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Abstract. In this paper we examine the stability of quasi-geostrophic hetons in a

stably, continuously stratified fluid. To this purpose we first determinate numerically

equilibrium states. Equilibrium hetons consist of two vortices of equal and opposite

strength lying at different depths that are steadily translating without deforming. The

situation is studied through a parameter space comprising the vertical offset between

the vortices, their horizontal separation distance and their aspect ratio. The study

first shows that the equilibrium vortices are not only strongly deformed in the vertical

but that their instability modes are also varying within the height of the structures.

The main purpose of the present contribution is to study families of equilibria which

stem from the case of two vertically aligned cylindrical vortices. It is however shown

that other branches of solutions exist with different properties. The paper concludes

that hetons may be sensitive to baroclinic instabilities provided the separation distance

between the poles of the hetons is moderate both in the horizontal and in the vertical

directions. The hetons become stable and efficient ways to transport properties as

fas as the poles are distant from one another. The critical separation distance in a

non-trivial function of the radius-to-height aspect ratio of the poles.
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1. Introduction

Vortices play an essential part of the oceans and the atmosphere dynamics. Ebbesmayer

et al (1986) estimated that the surface of the North Atlantic alone was populated at all

time by about 1000 up to 10000 vortices. Vortices are not restricted to the surface layers

of the oceans and also exist at various depths. These vortices may arise for example

from the baroclinic-barotropic destabilisation of intense jets such as the Gulf Stream.

Such vortices (called ‘rings’) have been extensively studied in the literature, see a review

by Robinson (1983).

In such contexts, vortices can be seen as compact volumes of anomalous potential

vorticity. Potential Vorticity is the central dynamical prognostic variable for stably

stratified, rapidly rotating flows, as observed at large and meso scales in the oceans and

the atmosphere. Indeed, within the quasi-geostrophic approximation, all fields derive

from the potential vorticity (hereinafter referred to as PV), see e.g. Vallis (2006).

The stability and the dynamics of pairs of three dimensional geophysical vortices

have been extensively studies. Both pairs of co-rotating (von Hardenberg et al (2000),

Dritschel (2002), Reinaud & Dristchel (2002), Bambrey, Reinaud & Dritschel (2007),

Ozugurlu, Reinaud & Dritschel (2008) and counter-rotating (see e.g. Reinaud &

Dritschel (2009)) have been considered in the literature. In all these studies the two

vortices were either horizontally aligned or at least overlapped in the vertical. In the

present paper we address the stability of a pair of counter rotating vortices in the case

where the two vortices are completely offset in the vertical, i.e. they do not share

any vertical level. Due the lack of vertical advection within the quasi-geostrophic

approximation, the vortices are physically prohibited to enter into contact. However

the configuration is still sensitive to the baroclinic instability due to the vertical shear

vortices induce to one another (and to some extend on themselves). Such vortex

configurations are referred to as ‘Hetons’, following the seminal paper by Hogg &

Stommel (1985). Note that the motion of vortex charges (i.e. singularities) both in

the continuous approximation and in a two-layer model has been originally studied by

Gryanik (1983a) (resp. 1983b) as well as in Young (1985) and Gryanik and Tevs (1989)

in a N-layer model. Experimental measurement are provided for a two layer flow in

Griffiths and Hopfinger (1986). The translation velocity of hetons can be found in these

papers. Finite core hetons have mostly been studied in layered models. For example,

Flierl (1988) studied the stability of hetons in a two layer model. In this study the two

vortices were placed on the top of one another. Reviews of the topic in layered models

may be found in Gryanik, Sokolovskiy and Verron (2006) and Sokolovskiy and Verron

(2014). Sokolovskiy (1997) studied the stability of hetons in a two layer model with finite

amplitude potential vorticity in the middle layer. Both studies showed the influence

of the aspect ratio of the vortices, wider vortices being sensitive to higher azimuthal

modes. Reinaud & Carton (2009) studied the stability and nonlinear evolution of

vertically aligned hetons using both a three layer model and a discretised model based

on continuous stratification. In their study no potential vorticity is placed between the
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poles of the heton (i.e. no PV in the middle layer for the three layer model). This

study confirmed the sensitivity to higher azimuthal modes of the wider vortices, as well

as showing a weakening of the instabilities and their shifting to lower azimuthal modes

as the poles of the hetons are separated in the vertical. In this study vortex equilibria

could be found in an ad hoc manner, due to the lack of horizontal shift between the

two poles. In that case, one can assume a horizontal radial form for the poles. i.e. the

overall PV distribution is of the form q(r, z) where r is the cylindrical polar radius and

z the height. In that case one can find a solution for the stream function of the form

ψ(r, z). This means that the streamlines for the (horizontal) advecting velocity field are

circular. Therefore they coincide with the boundary of the vortices implicitly set by the

PV distribution q(r, z). In that case the boundary of the vortex do not deform as it is

tangent to the velocity field. However the two poles do not induce a global velocity field

on one another and the structure stands still (while rotating on itself).

In the present study the poles are no longer aligned in the vertical and there is

no trivial equilibrium shape for the vortices. They first need to be computed. Once

the equilibria are determined, we perform a linear stability analysis. The study can

be completed by the computation of the nonlinear evolution of unstable equilibria

using a purely Lagrangian method: Contour Surgery, see Dritschel (1989) for the two-

dimensional method and e.g. Reinaud & Dritschel (2009) for its application to three-

dimensional QG model.

We find that the instabilities first observed for no horizontal offset disappear rather

rapidly as the vortices are separated in the horizontal. More to this, we show that the

vertical structure of the instability modes is crucial to the dynamics. Finally we shortly

illustrate the existence of multiple branches of possible equilibria with different stability

properties.

2. The numerical model and basic equations

The equations governing a continuously stratified and rapidly rotating flow within the

quasi-geostrophic (QG) approximation are first presented. For the sake of simplicity,

we use the QG equations derived from the Boussinesq approximation, and we take the

buoyancy frequency N constant. Within the Boussinesq approximation, this means we

assume a linear background stratification of the density. We also take the Coriolis

frequency f constant, neglecting its background latitudinal variation. These two

simplifying assumptions allow to rescale the problem in the vertical direction by the

ratio N/f , and the linear relation between the stream function ψ and the potential

vorticity anomaly q is a Poisson’s equation. The full governing equations read

dq

dt
= 0, (1)

∆ψ = q, (2)

u = −∂ψ
∂y

, and v =
∂ψ

∂x
, (3)
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where d/dt = ∂/∂t + u∂/∂x + v∂/∂y is the material derivative, (u, v) is the advecting

(geostrophic) velocity.

Equation (2) can be inverted using the appropriate Green’s function and the

ψ(x, y, z) → 0 as x, y, z → ∞ for a compact support of potential vorticity.

ψ(x) =

∫ ∫ ∫

G(x− x′)q(x′)dx′ ; G(x) = − 1

4π|x| , (4)

and x = (x, y, z).

The fluid domain is discretised in the vertical by N layers. To calculate the influence

of the PV distribution laying on the layer k, we first integrate the Green function over

the thickness dz of the layer. This is done analytically

Gk(x, y, z) =

∫ zk+dz/2

zk−dz/2

G(x, y, z − z′)dz′ (5)

= − 1

4π
ln
z − (zk − dz/2) +

√

r2h + (z − (zk − dz/2))2

z − (zk + dz/2) +
√

r2h + (z − (zk + dz/2))2
. (6)

where r2h = x2 + y2, zk is the mid-depth of the layer and dz is its thickness. We obtain

ψ =

N
∑

k=1

∫ ∫

S

qk(x, y)Gk(x− x′, y − y′, z)dx′dy′. (7)

Then we further integrate the function to be transformed into contour integral using

Green’s theorem

P = −1

2

∫

Gk(x− x′, y − y′, z)dy′, Q =
1

2

∫

Gk(x− x′, y − y′, z)dx′, (8)

and,
∫ ∫

S

GkdS =

∮

C

Pdx+Qdy. (9)

Both P and Q are obtained analytically.

The method used to find the equilibrium adapted from the ones outlined in Reinaud

& Dritschel (2002) with the rotation of the pair of vortices being replaced by their

translation. It consists of an iterative method which makes the vortex contours converge

to streamlines, making use explicitly of the integrals presented above. The method used

to perform the linear stability is the same as used in Reinaud and Dritschel (2002)

and originate from the two-dimensional method proposed in Pierrehumbert (1980).

The modes of instability correspond to deformation modes of the boundary of the

vortices. Note that this framework allows to study a flow explicitly unbounded. Due

to the inherent existence of small amplitude numerical truncation error, and the finite

numerical accuracy of the various schemes (including the one used to calculate the

equilibria, which leads to a very small amount of residual unsteadiness in the states),

any mode with a growth rate less that 2.5e− 3 is considered stable.
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Figure 1. General geometry of a finite core heton and definition of the main symbols.

The notations are the same as in Reinaud and Carton (2009). r is the radius of the

poles, hv is the half-height of the pole. d is the vertical separation between the poles.

∆x is the horizontal separation between the poles centres.

3. General geometries

The general geometry of the configuration is presented in figure 1. Each pole (vortex) of

the heton has an identical volume, and an assigned PV of ±2π. They are characterised

by a half-height hv and a mean horizontal radius r (the surface area of each horizontal

cross-section of the vortices is πr2 and the poles have a volume of 2hvr
2π each). Initially

(for no horizontal offset) the pole are indeed two cylinders of radius r and half-height

hv. The x-axis is taken to be the axis joining the two centres without loss of generality.

∆x represents the horizontal separation distance between the centres of the two poles

of the heton. In this paper we also make use of δ the gap between the two outermost

edges of the vortices. Initially δ = ∆x + 2r = 2r. The gap δ contains information

on the centroid separation between the poles as well as their width, known to be

important. d corresponds to the vertical distance without PV in-between the two poles

(in an analogue 3-layer model that would be the thickness of the middle layer). In

the numerical approach, each vortex is mapped in the vertical by nv = 25 layers. The

horizontal resolution is chosen such that it is consistent with the vertical one. If nv

contours are mapping the height 2hv of the cylindrical poles then the vertical resolution

is dz = 2hv/nv. Therefore the number of points needed to map a circular horizontal

contour of length 2πr is np ≃ 2πr/dz ≃ π(r/hv)nv. This set-up provides a very high

resolution of the vortices.
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4. Equilibria

4.1. First family of symmetric equilibria

The vortices of the heton share the same volume and the same PV (in absolute value).

Moreover the equations themselves are symmetric (x and y play similar roles and z can

be reversed). As a consequence, it is natural to first investigate branches of symmetric

solutions where the vortices are symmetric with respect to the centre of the domain. In

the discrete problem this means in practice that contours defining the horizontal cross-

section of the vortices are first symmetric with respect to the x-axis which joins the two

centres. Furthermore the jth horizontal contour of the first vortex is the mirror image,

with respect to the plane x = 0, of the nv−(j−1)th contour of the second vortex, where

nv is the number of contour spanning each vortex.

Since we know that a radial distribution of PV is an equilibrium, we start the

calculation with two cylinders of PV vertically aligned. We then offset them slightly in

the horizontal direction and find the equilibrium for this new separation distance. The

initial guess in the iterative method consists of the previous equilibrium shape obtained,

the vortices being only slightly pushed further apart. This procedure is resumed until the

separation between the two centroid exceeds twice the initial mean radius or when the

algorithm fails to converge. In the later case we can restart the calculation from further

apart. Indeed when further apart the mutual influence of the two vortices decreases

and near-to-circular horizontal shapes should be at equilibrium as well. The algorithm

is then resumed and we attempt to complete the branch of solutions by decreasing the

separation between the two vortices of the family of equilibria sought. In certain cases

however, we cannot complete the branch and our data are incomplete for such branches.

The data presented in this section relate to branches of solutions stemming from

the initial radial distribution of PV for no horizontal separation. We will mention in a

subsequent section the existence of other branches of solutions.

Figure 2 illustrates the shape of the vortices at equilibria for 5 examples taken

along the branch of solutions for r/hv = 4 and d/hv = 1. The shapes are in fact

qualitatively generic for this family of solutions for the range of aspect ratios r/hv and

vertical offsets d/hv sought. For small horizontal offsets, the equilibrium remain close

to the cylindrical one. The deformation increases first as the separation is increased. It

then reaches a maximum. As the distance is further increased the deformation decreases

as the mutual influence is then reduced. Qualitatively, in a point vortex approximation,

the horizontal velocity induced by one pole varies as ℓ/(ℓ2 + z2)3/2 hence the vertical

shear as −3ℓz/(ℓ2 + z2)5/2 where ℓ (resp. z) is a horizontal (resp. vertical) distance.

The shear reaches a maximum at finite distance (ℓ = ±z/2). It is expected that the

deformation needed to withstand the vertical shear will increase with its intensity. Note

that similar qualitative arguments can be put forward for the horizontal shear.

We next illustrate the shape of the vortices at equilibrium along the full branch

of equilibria (spanned by the gap δ) for r/hv = 4 and various values of the vertical

offset d/hv. We focus in particular on the vertical dependence of the shape. This shape
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(a) (b)

(c) (d)

(e)

Figure 2. Top view of equilibria vortices for r/hv = 4, and d/hv = 1. Figures are

(a) δ/r = 2.23, (b) δ/r = 2.49, (c) δ/r = 3.69 and (d) δ/r = 4.37. And at a view of 45◦,

(e) δ/r = 2.83.
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Figure 3. Relative deformation measures ǭ/r and υ/r vs the gap δ/r for r/hv = 4

and d/hv = 1 (black), 2( blue), 3 (red), 4 (green), 5 (yellow).

Figure 4. Relative centroid displacement variance ξ/r vs the gap δ/r for r/hv = 4

and d/hv = 1 (black), 2( blue), 3 (red), 4 green, 5 (yellow).
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would not be available is each pole was mapped by a single layer. The deformation

of the shape of poles of an equilibrium state is measured from its departure from a

cylindrical shape with circular cross-section. Two measures are used for that purpose.

The first one is related to the shape of the horizontal cross-sections of the vortices, the

second one is is related to the vertical tilt of the structure. We start by determining the

centroid location Xc(j) of each contour j of the nc contours describing the equilibria

(nc = 2nv). We denote (xi(j)),1≤i≤np
the np nodes describing the contour j and ρi(j)

the local horizontal radius. Next, ǫ(j) measures the departure from a circular shape by

calculating the standard deviation of the local horizontal radius ρi(j) from the mean

r̄(j) along the contours. υ measures a part of the vertical deformation by measuring

the standard deviation of ǫ(j) across the contours. The second part of the vertical

deformation is the tilt of the structure measured by the standard deviation ξ of the

contour centroid location Xc(j). The measures are summarised in the formulae (10-18)

below.

Xc(j) =

∫ ∫

Aj
x dA

∫ ∫

Aj
dA

, (10)

In practice, the surface integrals are transformed into contour integrals, ı.e.

xc =

∮

Cj
(1/2)x2dy − xydx
∮

Cj
xdy − ydx

, (11)

where Cj bounds Aj . Note that yc = 0 by construction and zc is fixed.

X̄c =
1

nc

nc
∑

j=1

Xc(j), (12)

ρi(j) = |xi(j)−Xc(j)|, (13)

r̄(j) =
1

np

np
∑

i=1

ρi(j), (14)

ǫ(j) =
1

√
np

√

√

√

√

np
∑

i=1

(ρi(j)− r̄(j))2, (15)

ǭ =
1

nc

nc
∑

j=1

ǫ(j), (16)

υ =
1√
nc

√

√

√

√

nc
∑

j=1

(ǫ(j)− ǭ)2, (17)

ξ =
1√
nc

√

√

√

√

nc
∑

j=1

(

Xc(j)− X̄c

)2
. (18)
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Figure 5. Translation velocity v of the equilibria vs the gap δ/r for r/hv = 3 (black

·), 3.5 (black +), 4.0 (red ·), 4.5 (red +), 5 (blue ·), 5.5 (blue +), 6.0 (green ·), 7.0
(green +) and d/hv = 2. The velocity scales as the strength of the vortices divided

by a distance squared and divided by π. Here the strength of each vortex is set to

qVv = 2π2, so the velocity scales as π/(2r2)

Results for the horizontal shape of the vortices are presented in figure 3 for r/hv = 4.

We see that the relative standard deviation of the radius reaches values of order 10−1

(with maxima, as a function of δ/r, in the range 0.04 − 0.16). This means that the

standard deviation can be about 10% of the radius. More importantly, the vertical

standard deviation of this value is again of about 10% of the mean. This implies

that there is a significant vertical variation of the vortex horizontal shape, even is the

structure itself is rather flat. Recall r/hv = 4 means that the vortex is typically 4 times

wider than tall. The vortices are also tilted as shown in figure 4 with the standard

deviation for the centroid reaching typically a few percents of the vortex radius. The

deformations reach peaks at finite separation distances as anticipated.

Figure 5 shows the translation velocity v of the equilibria vs the relative gap δ/r

for a fixed vertical offset d/hv = 2 and various values of the aspect ratio r/hv. To

be able to compare the various cases, the scaling is set by imposing that the strength

(volume integral of PV) is the same in all cases as well as the PV itself. The strength

alone determines the far field while the PV determines the rotation rate of the poles.

Indeed, the PV sets a time scale T . For example, the turnover period of a sphere of

PV q is Tt = 6π/q, here PV is set to 2π. The total volume Vv of each pole is set to

π, i.e. Vv = 2hvr
2π = π, which means r2hv = 1/2. Therefore, by denoting the aspect

ratio α = r/hv, the height scale hv associated with the problem is such α2h3v = 1/2,

hv =
3
√
0.5α−2.
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To analyse the translation velocity, we first compared it to the one of equivalent

singular point vortices. The translation velocity associated with singular hetons

corresponding to charges of the same strength Γ = qVv = 2π2 and separated by ℓ

in horizontal and z in the vertical direction is

vs =
Γ

4π

ℓ

(ℓ2 + z2)3/2
=
π

2

ℓ

(ℓ2 + z2)3/2
(19)

This estimate would be accurate if the poles of the hetons were non deformable spherical

vortices. This is far from being the case in the present study as the vortices are flat

structures (as we focus on the margin of stability of baroclinically unstable hetons),

and their shape at equilibrium cannot be assumed in an ad hoc manner. The first

determinant factor is the fact that the vortices are here flat structure (typically from

three up to eight times wider than tall). This means that the PV is concentrated on

fewer, larger vertical section compared to a same volume sphere. A first influence of the

shape of a vortex on the velocity field it induces can be obtained representing vortices by

ellipsoids, which is the next degree of refinement from a single charge at the centre. Even

then, the external field is non-trivial and discussed in Dritschel, Reinaud and McKiver

(2004) and Dristchel, Scott and Reinaud (2005).

A comparison between the full calculation and the translation velocity of equivalent

charges located at the centre xc of each vortex is provided in figure 6 for d/hv = 1 and

various r/hv.

We also include a stable configuration in which the family of equilibria for r/hv = 1

was additionally computed. Note that this family is stable to baroclinic modes. In

this case, the vortices are likely to be well modelled by singularities located at the

poles centres. The figure 6 indeed shows that for compact vortices the approximation is

accurate. But as soon as we depart from near unit height-to-width aspect ratio vortices,

the point vortex approximation fails to capture the translation velocity of the structure

at close range. Convergence between the two models is recovered at long range, but this

is not the purpose of the current study.

We mainly focus on the margin of stability of hetons for baroclinic modes, i.e.

hetons consisting of wide, close poles. To this purpose we first need to determine

equilibria. The procedure has a numerical cost which is proportional to the square of the

number of points used to discretize them, hence determining equilibria is a numerically

expensive problem. There is little interest in calculating stable states.

At closer range, which is our focus, the actual shape of the equilibria is key to

measure the hetons translation velocity. Nevertheless, qualitatively, the point vortex

approximation still shed some light on global trends for the phenomena. Indeed, as

expected from a point vortex calculation the velocity is non-monotonic as a function of

the horizontal separation. It first increases from zero as the vortices are pushed further

apart then reaches a maximum before slowly decaying. The figure shows indeed a strong

influence of the aspect ratio of the vortices on the translation velocity. It is shown that

flatter vortices may produce higher translation velocity for the same overall volume of

PV. We attribute this to the fact that vortices overlap more as we separate them in the
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Figure 6. Comparison of the translation velocity of the flat equilibrium hetons and

the translation velocity of singularities at close range in the case r/hv = 1, 3, 4, 4.5.

Equilibria (black), point vortex (blue).

horizontal.

Figure 7 shows the translation velocity vs vs δ/r for r/hv = 7 and various values

of vertical offset d/hv. Here, with r/hv fixed, the trend is easier to understand from

the crude point vortex model as the horizontal extend of the vortex is comparable in

all cases. For any given horizontal distance, the velocity decreases with the vertical

distance (hence the overall distance) as the velocity decays as the inverse squared of

the three dimensional distance. On the other hand, the maximum velocity in the point

vortex approximation is obtained at ℓ = z (from a point vortex calculation). Therefore,

one expects the maximum velocity of the equilibria to be reached at larger gaps, as d/hv
is increased.

We next turn our attention to the stability properties of the equilibria. The

structure of the modes analysed is briefly described in the appendix. The modes allow

both the deformation of the contours as well as the tilt of the vortices. Figure 8 presents

the complex eigenvalues σ of the normal modes vs the gap δ for r/hv = 4 and d/hv = 1.

The modes are proportional to eσt. Therefore, the real part σr of σ corresponds to
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Figure 7. Translation velocity v of the equilibria vs the gap δ/r for r/h = 3.5

and d/hv = 2 (black ·), 2.5 (black +), 3 (red ·), 3.5 (red +), 4 (blue ·), 5 (blue +). The

velocity scales as the strength of the vortices divided by a distance squared and divided

by π. Here the strength of each vortex is set to qVv = 2π2, so the velocity scales as

π/(2r2)

Figure 8. Eigenvalues σ/q corresponding to the two most unstable modes for r/hv = 4

and d/hv = 1, where q = 2π is the PV. The growth rate of the most unstable mode (·),
second unstable mode (+). (⋆) indicate the frequency of the modes before the margin

of stability.
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(a) (b)

Figure 9. Spatial structure (contour plot of the imaginary part of the eigenvectors) of

the two unstable modes for r/hv = 4, δ/r = 2.44 and d/hv = 1. (a) the most unstable

mode and (b) the second most unstable mode. In each case the top figure represent

the top vortex while the bottom figure represents the bottom vortex.

growth rate of the mode while the imaginary part σi is its frequency. In this case (and

this is generic for the modes along this family of equilibria) the eigenvalue σ is such that

σ2 ∈ R, i.e. σ is real or pure imaginary. From neutrally stable equilibria (σ = i σi) the

frequency of a mode decreases rapidly as the gap δ is reduced and eventually collapses

to zero at δ = δm. Then the mode becomes unstable for smaller gaps (the eigenvalue

becomes real with σ = σr). Figure 8 shows that the growth rate of the modes increases

as the gap (and the overall distance) between the two vortices is decreased. We should

note that the modes in fact come in pairs. If σ is an eigenvalue, so is −σ. Each unstable

mode is therefore coupled with a stable one. The figure shows the emergence of two

unstable modes (we do not represent the associated stable modes as their eigenvalues

are symmetric with respect to the horizontal axis). However, we see that the two modes

have growth rates which are converging together as the gap is reduced.

The spatial structure of the modes is presented in figure 9 for δ/r = 2.44. The

figure shows contour plots of the eigenvectors, i.e. lines of iso-deformation. The solid

lines corresponds to negative values (i.e. deformations toward in the interior of the

structure) while the dashed lines corresponds to deformations outward. The vertical
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axes are the heights of the vortices. The top figures correspond to the top vortex while

the bottom figures correspond to the bottom one. The horizontal axis corresponds to a

labelling of the nodes mapping the contours. It corresponds exactly to the polar angle

for the axisymmetric case as the nodes are initially evenly distributed between 0 and

2π. Figure 9(a) shows the spatial structure of to the most unstable mode while 9(b)

shows the second most unstable mode. We note that in both case, the deformation

presents two positive ranges and two negative ranges in alternate order, corresponding

in the axisymmetric basic state (∆x = 0) to the azimuthal mode m = 2. Here it is

not strictly speaking m = 2 because the basic state is no longer axisymmetric, but the

modes along the branch stem from m = 2. We also recover the angular shift in the

deformation of the two vortices. This is generic of the baroclinic instability, as pointed

out in Reinaud & Carton (2009). We first recover that the deformation varies within

the height of the vortices, parts of a given vortex closest to the other one being more

deformed, due to the increased mutual influence. Comparing the spatial structure of

the two unstable modes we obverse that, qualitatively, they are similar apart for the

phase between them. However, there is a slight difference in the vertical structure of

the two modes. By calculating the norm of the deformation associated with the modes

along each layer, we observe that the most unstable mode corresponds to a deformation

which varies more in height inside the vortices. We could say that it is more ‘baroclinic’.

To measure the difference between the two modes, we measure the square of the norm

of the eigenvector for each contour of the vortex 1 and compare it to the overall mean

to obtain the variance. The vertical variance is 0.738 for the most unstable mode and

0.559 for the second most unstable mode. Here the difference is small but enough to

explain the asymmetry between the two modes, and is observed in all configurations

where the two modes differ. Recall that the two modes have the same growth rate

when the two (cylindrical) vortices are vertically aligned by symmetry. Note that this

distinction would be impossible if the poles were modelled by a single layer.

The nonlinear evolution of the flow with r/hv = 4, d/hv = 1 and δ/r = 2.44 is

illustrated in figure 10. The heton remains close to its equilibria shape up to t ≃ 40,

then the deformation becomes noticeable. The two poles deform in a shape consistent

with the m = 2 mode and eventually the central part of the elongated poles shrinks to

form dumbbell-like vortices. The PV bridge connecting the new poles of the dumbbells

eventually breaks and the heton breaks into two separate hetons which start to translate

apart. In the later evolution (not shown) the hetons briefly re-interact before translating

away from one another.

We next summarise results over a larger parameter space. The aspect ratios

investigated are r/hv = 3, 3.5, 4, 4.5, 5, 5.5, 6, 6.5, 7, 7.5 and 8. The vertical offsets

are d/hv = 1, 2, 3, 4, and 5. Two additional vertical offsets (2.5 & 3.5) have been used

for r/hv = 7 for illustration purposes. Unfortunately, in practise not all branches could

be obtained in full. We focus on the two most unstable (dominant) modes.

Figure 11 shows the growth rates of the two most unstable modes vs δ for r/hv = 7

and d/hv = 2, 2.5, 3, 3.5, and 4. The effect of increasing the vertical offset is to weaken
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t=0 t=41

t=53.5 t=59.5

t=65.5 t=74.5

Figure 10. Time evolution of the unstable equilibria for r/hv = 4, δ/r = 2.44 and

d/hv = 1. Each image is centred at the global point coordinates average.

Figure 11. Growth rates σ of the two unstable modes vs the gap δ for r/hv = 7 and

d/hv = 2 (black), 2.5 (yellow), 3 (red), 3.5 (green), 4 (blue).
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Figure 12. Top view of the equilibria for r/hv = 7, and d/hv = 2 and (a) δ/r = 2.24

(b) δ/r = 2.30 and (c) δ/r = 2.44.

the instability as the growth rates are smaller and the critical horizontal gap δm beyond

which the heton stable becomes smaller. This is arguably a consequence of the increasing

overall distance between the two vortices. More interestingly, the difference between the

two most unstable modes increases as the gap is increased. Recall that the two modes

are equivalent dynamically when ∆x = 0, which is δ = 2r where the outermost gap is

the diameter of the cylindrical configuration. This shown that one of the modes becomes

predominant when adding vertical variation such as in the shape of the vortices. This

is consistent with the observation that the modes defer from their vertical structure of

the modes as pointed out in a previous paragraph. In the case of r/hv = 7, the curve

describing the evolution of the growth rate vs the gap even changes concavity, most

noticeably for d/hv = 2. Nonetheless, the variation of all data describing the branch

vary smoothly indicating that this is not a bifurcation. The shape of three equilibria

along the branch is presented in figure 12. The spatial structure of the most unstable

mode remains qualitatively the same along branch. This is illustrated in figure 13. All

indicates that they indeed belong to the same family of equilibria.

Figure 14 shows the influence of the aspect ratio r/hv on the instability for a fixed

d/hv = 2. The figure first confirms the higher sensitivity to instability of wider vortices,

for at least the most unstable mode. We see that not only for a given gap δ the growth

rate of the instability (in the range sought) is higher the wider the vortex is, but the

extend of the range in δ sensitive to the instability increases (i.e. δm, the gap at the

margin of stability, increases). Due to the increased asymmetry between the two most

unstable modes, the second mode is stabilised for shorter gap. This gap may be smaller

than the marginal gap for the most unstable mode of narrower vortices. For r/hv = 7

the second mode becomes stable for δ/r > 2.35 while the most unstable mode remain

unstable for δ/r < δm/r = 2.65. δ = 3.56 is smaller than the margin of stability

corresponding to the most unstable mode for r/h = 3 and 3.25.

Results are summarised in table 1. The information provided in the table is as

follows. The table shows the overall margin of stability (gap δm) for various values of

the aspect ratio r/h and vertical offset ∆z/h when available. We indicate by a symbol
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(a) (b) (c)

Figure 13. Spatial structure of the most unstable modes for r/hv = 7, and d/hv = 2

and (a) δ/r = 2.24 (b) δ/r = 2.30 and (c) δ/r = 2.44. In each case the top figure

represents the top vortex while the bottom figure represents the bottom vortex.

Figure 14. Growth rates σ/q of the two unstable modes vs the gap δ/r for r/hv = 4.5

(yellow - upper curves), 5 (green), 5.5 (blue), 6 (red), 6.5 (black), 7 (yellow - lower

curves) and d/hv = 1.
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d/hv — r/hv 3 3.5 4 4.5 5 5.5 6 6.5 7 7.5 8

1 2.26 2.51 2.57 2.62 2.75 × × × × × ×
2 ◦ ◦ ◦ 2.31 2.45 2.51 2.56 2.60 2.65 × ×
3 ◦ ◦ ◦ ◦ ◦ ◦ 2.32 2.42 2.46 2.52 ×
4 ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ 2.18 2.36 2.43

5 ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦

Table 1. Stability diagram: ◦ (stable for all δ), figure (δm/r), × (unstable for at least

small δ but δm not reached numerically.)

(◦) cases where δm does not exist (or can be seen as ∞), i.e. the heton is stable for all

δ. As previously mentioned, some branches could not be completed and we were not

able to reach δm in practice. However, for these branches we can calculate the stability

for the first few steady states (corresponding to small δ), and indeed always for the first

state corresponding to the original cylindrical state with ∆x = 0. If, at least the first

state is unstable, indicating the existence of a range of δ for which the configuration is

unstable, we indicate it by another symbol (×). These figures illustrate quantitatively

the trends previously discussed.

The upshot of the study of these families of equilibria is that hetons are stabilised

rather rapidly when slightly offset in the horizontal, even if, as expected wide vortices

remain the most unstable. The second important result is the non-negligible influence

of the vertical structure of the equilibria and of the vertical structure of the instability

modes. Modes with a similar azimuthal structure have different properties due to their

different vertical structure.

4.2. Second families of symmetric equilibria

In the previous section, we have indicated that not all the branches of solutions could

be obtained. One of the reasons is the existence of other branches of solutions with

the same symmetries in the vicinity of the branch sought. In practice, the iterative

method used to obtain the equilibria may ‘jump’ onto the alternative branch. Because

the ‘new’ branch shares the same symmetries as the targeted one, it is impractical to

find simple ways to prevent the code from accessing it (e.g. by imposing symmetries or

attempting to break symmetries). For the same reasons it is impractical to study the

full new branches nor it is the purpose of this contribution. However, we offer a few

examples of the results obtained, with no attempt to be comprehensive.

This first secondary branches observed are for the smallest vertical offset

investigated d/hv = 2, and r/hv > 5. In these cases, for the original branch of

equilibria, not only the two modes m = 2 are unstable, but the two next modes

m = 3 are also unstable, although their growth rate is smaller. For example, for

r/hv > 5.5, d/hv = 1 and ∆x = 0 (case included in Reinaud & Carton (2009)), we

have σ(m = 2) = 0.0406q while σ(m = 3) = 0.0365q, where q = 2π is the PV. For
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mode r/hv = 5.5 r/hv = 6.0

1st 0.0291q (0.0219 + i 0.0160)q

2nd 0.0245q (0.0219 − i 0.0160)q

3th 0.0113q (0.0163 + i 0.0117)q

4th 0.0091q (0.0163 − i 0.0117)q

Table 2. Growth rates of the modes of instability for the two cases along the second

branch shown in figure 15. The frequency is no longer necessarily zero. In that case,

the eigenvalues have to be complex conjugates of one another. However, the spatial

structure of the two conjugate modes is different.

r/hv = 6 we have σ(m = 2) = 0.0427q and σ(m = 3) = 0.0386q. With the existence of

this new instability, another different branch of equilibria emerges, co-existing with the

original. This new branch has different stability properties, and shows a brutal change

in the values of the translation velocity for example. By running the same computation

at different resolutions, we were able to change the location where the method jumps

from one branch to one another and hence, at least for a few states, have similar states

on both branches. We briefly discuss these branches on two examples.

Firstly, the shape of the alternative equilibria includes a m=3-like deformation as

illustrated in figure 15 for r/hv = 5.5 (as well as r/hv = 6). We include in the figure

the equivalent cases for the original branch. The equilibria shown on the second branch

is the first one obtained after the jump compared to the ‘same’ case obtained when

remaining on the original branch. Both the shape of the vortices along the second

branch and their unstable modes have been checked vs various numerical resolutions.

We see in particular that the frequency of the unstable modes are not necessarily zero.

However in that case the modes are a pair of complex conjugates which appears to be

a mathematical constraint of the formulation. We conjecture that these modes with

non-zero frequencies may stem from another bifurcation along the branch of solutions

from a original mode with zero frequency.

This branch clearly does not stem from two vertically aligned cylindrical vortices.

Following the branch as the gap is increased shows a reduction of the m = 3-type

deformation (not shown). We conjecture that the vortices would tend back to vortices

with circular horizontal cross-sections as δ −→ ∞. In other words, the two branches

may in fact converge together at infinity. We also conjecure that these vortices are in

fact stemming from a fully-developed ‘m = 3 type shape’. This cannot be asserted as

the complete branch connected all states along the branch cannot be filled. However the

shapes of a few examples of equilibria along this potential branch give a convincing hint

that it is the case. These equilibria are showed in figure 16. Unfortunately we do not

know of any usable single parameter monotonically varying along the branch to follow

it in a systematic way.

For illustration purposes we perform a nonlinear simulation of the last equilibria

presented in figure 17. The state remains close to equilibria for a long time before
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Figure 15. Top view of equilibria vortices (top: second family, bottom: first family)

for d/hv = 1 and r/hv = 5.5 (left) or r/hv = 6 (right).

undergoing a rapid and destructive evolution where the original heton breaks into three

secondary hetons which translate away from each other.

4.3. Mode 2 and other symmetries

As a final illustration of the complexity and richness of the problem we present a last

result. In all the previous cases we had enforced a central symmetry onto the equilibria.

It appears that both the original branch stemming from the vertically aligned cylindrical

poles and the m = 3 branch were compatible with this symmetry. But if the second

branch is linked to the emergence of the mode m = 3, a similar branch associated

with the mode m = 2 could exist. However, in the case, due to the phase in the

deformation of the poles, The equilibria would not be compatible with the imposed

symmetry. Therefore our investigation would have not be able to access it. Allowing for
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Figure 16. Example of equilibria shape for r/hv = 5.5 and d/hv = 1 along the second

branch of equilibria.

non-symmetric shapes (apart from the natural symmetry with respect to the x−axis,)

we were able to observe a mode 2-like equilibrium shape presented in figure 18 along

the branch for r/hv = 3.5 and d/hv = 1. In this case mode 3 is not unstable but mode

2 is.

A linear stability analysis indicates that the heton of the secondary branch is

unstable. A nonlinear simulation (not included in the paper) shows a rapid near re-

alignment of the horizontal axis of the poles followed by a rapid breaking of the structure

into multiple hetons. This isolated result hints the existence of many other branches of

equilibria in the problem.

5. Conclusion

This paper studied hetons at equilibrium stemming from the case of a cylindrical

vertically aligned heton. Branches of solutions, spanned by the horizontal offset, have

been investigated for various aspect ratios and various vertical offsets between the poles

of the heton. The main result of the study is that the instabilities observed in the

aligned case disappear rather rapidly as the poles are offset in the horizontal, leading to

stably translating structures. It therefore confirms that hetons are indeed likely to be

very efficient means to transport heat and other properties carried by the vortices. This

is also consistent with the results in two-layer models, for example Gryanik, Sokolovskiy

and Verron (2006) where there is no separation in the vertical between the poles. And

a similar conclusion may be found in Gryanik et al. (2000). We also recover that

wide vortices are the most unstable. This study made use a continuous stratification

approach, where many baroclinic modes are allowed within the vortices themselves.

This proved to be very important in the dynamics. Firstly the shape of the equilibria
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t=45

t=0

t=35

t=50

t=40

t=20

Figure 17. Nonlinear simulation of the last equilibrium state presented figure 16.

r/hv = 5.5, d/hv = 1 and ∆x small.
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Figure 18. Illustration of the possibility of mode 2-like branch of equilibria for

r/hv = 3.5 and d/hv = 1.

is height dependent. Secondly the shape of the deformation mode in the vertical has

an impact on the growth rate of the modes. It also has an impact on the margin of

stability of the modes.

Finally we have also illustrated the existence of other branches of solutions for

the equilibria. These equilibria have different shapes and stability properties compared

to the first branch investigated. These branches are connected to the emergence of

instability modes. These equilibria do not stem from cylindrical vertically aligned

vortices. However, we conjecture that they may come from the same branch at ∞.

The different branches may be separating as the horizontal distance between the poles

is decreased. Further work, beyond the scope of this research would be necessary to fully

investigate such secondary branches. One possibility would be start the investigation

with a guess for the equilibria close to the targeted branch.

6. Appendix

Details about the stability analysis are provided below. It is based upon the analysis

of small deformations to the contours defining the vortices, and originates from two-

dimensional version by Polvani and Dritschel (1993). The perturbed boundary of a
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contour Ck is written as:

ρk(φk, t) = ρe,k(φk) + γk(φk, t)
{dye,k/dφk,−dxe,k/dφk}

(dxe,k/dφk)2 + (dye,k/dφk)2
(20)

where φk is the ‘travel time coordinate’, i.e. a quantity proportional to the time that

a fluid particle takes to travel along the contour Ck. ρe,k ≡ (xe,k, ye,k) is the horizontal

position vector describing the equilibrium, and γk is the perturbation in the normal

direction to the contour Ck. The perturbation equation reads

∂γk
∂t

+ Ωe,k
∂γk
∂φk

= −
nc
∑

l=1

ql
∂

∂φk

∮

Cl

γl Gk,l(̺) dφ
′
l (21)

where Gk,l(̺) is the Green’s function giving the velocity induced in the layer containing

the contour Ck by the PV within the contour Cl, ql is the PV jump across Cl, Ωe,k is

the constant rotation rate of fluid particles along Ck, ̺ = |ρe,k(φk) − ρe,l(φ
′
l)| denotes

the horizontal distance between the contour points, and nc denotes the total number of

contours.

The perturbation function γk is expanded in a truncated Fourier series expansion

as:

γk(φk, t) = eσt
M
∑

m=1

Ak,m cos(mφk) +Bk,m sin(mφk) (22)

Here, we use M = 10 azimuthal modes. m = 1 may represent the displacement of a

contour, hence enable to capture tilting modes.
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