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Probing charge fluctuator correlations using quantum dot pairs
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We study a pair of quantum dot exciton qubits interacting with a number of fluctuating charges that can
induce a Stark shift of both exciton transition energies. We do this by solving the optical master equation using a
numerical transfer matrix method. We find that the collective influence of the charge environment on the dots can
be detected by measuring the correlation between the photons emitted when each dot is driven independently.
Qubits in a common charge environment display photon bunching, if both dots are driven on resonance or if the
driving laser detunings have the same sense for both qubits, and antibunching if the laser detunings have opposite
signs. We also show that it is possible to detect several charges fluctuating at different rates using this technique.
Our findings expand the possibility of measuring qubit dynamics in order to investigate the fundamental physics
of the environmental noise that causes decoherence.
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I. INTRODUCTION

Quantum dots (QDs) are semiconductor heterostructures
exhibiting electronic confinement in all three spatial dimen-
sions. As such, a QD is zero dimensional, and its eigenstates
resemble those of a particle in a box [1,2]. They are “artificial
atoms” and many properties typical of discrete energy level
spectra have been observed, for example, Rabi oscillations
[3–6]. Qubits may then be represented through a variety of
different kinds of particles in QDs, including electron and
hole spin or exciton states [3,7–11]. Such QD exciton qubits
have large transition dipoles and interact strongly with an
optical field, and therefore QDs make excellent sources of
single photons [12–14].

A key challenge in assessing the feasibility of any quan-
tum computer realization is to develop an understanding of
decoherence in the system. Although a great deal of work has
been done on how individual qubits suffer decoherence, less
is known about how correlated noise across multiple qubits
arises from different kinds of environment. Any long-range
interaction with an environmental disturbance will cause
correlated noise channels for relatively closely spaced qubits.
One such example is that of fluctuating charges in the vicinity
of QDs [15–19]. Semiconductors, by their nature, have a Fermi
energy in the band gap, which can be small enough in doped
samples that the conduction band can be thermally occupied
when the temperature is relatively low. Vacancies or impurities
in the crystal structure of a semiconductor lead to local alter-
ations to the band structure, and charges can become trapped
in lower-lying states. Depending on temperature, such charge
traps will randomly switch between empty and full, and they
may then be modeled as two-state fluctuators. In the vicinity of
QD excitons, such fluctuators lead to random telegraph noise
in the exciton energy, and so in the emitted photon frequency,
through the dc Stark shift [16,19]; see Figs. 1 and 2.

In this paper, we show that the common, correlated, noise
that is generated by charges fluctuating in the vicinity of
two QDs can be detected by driving the QDs optically and
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analyzing the subsequently emitted photons. Specifically, we
determine the cross-correlation function g(2)(t,t + τ ) of the
emitted light, and we show that it can reveal a wealth of
information about the nature of the charge environment,
including how common it is to both qubits. In some cases
we find that it is possible to determine how many charges
interact with the QD states, and at what rate they fluctuate.

In the following section, we present the model of the QDs
coupled to both a photonic bath and a common environment of
charge fluctuators and describe the Markovian master equation
for the QD-radiation coupling. We also present the transfer
matrix method for solving the time evolution of the density
matrix. In Sec. III we introduce the photon correlation function
for two driven QDs. In Sec. IV, we present out predictions
before summarizing in Sec. V.

II. MODEL

We consider two driven QDs that are modeled as two-level
systems with different energy spacings. These emit photons
of different frequencies, which can be measured by two
time-resolving detectors. The QDs are driven by lasers with
different frequencies to match their respective resonances,
although each can be slightly detuned from this condition. In
addition, these uncoupled QDs both interact with a common
environment that takes the form of a limited number of
charge fluctuators which will also be represented by two-level
systems; the situation is shown in Fig. 3. The fluctuators will
be treated as classical objects with no coherence between the
charged and uncharged states. The charges affect the qubits via
the Coulomb interaction, inducing a dc Stark shift. We neglect
any dielectric screening effects, which would anyway simply
introduce a renormalization of the effective distance between
qubits and fluctuators.

The Hamiltonian is written as (for full details of the
Hamiltonian construction see Appendixes A and B)

H =
∑

i

ωi

2
σz,i +

∑
k

θka
†
kak +

∑
j

ξj

2
ηj +

∑
k,i

ζi,k(a†
kσ−,i

+ akσ+,i) +
∑

i

	iσx,i cos(ωli t) +
∑
i,j

δji

2
σz,i . (1)
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FIG. 1. (Color online) The qubit energy shift for an unoccupied
(left) and charged (right) trap. The exciton creation energy is denoted
by ω and the charge-qubit interaction strength is δ.

The first term represents the individual energies ωi of the QDs
and σz,i is the z Pauli spin operator for QD i. The second term
represents the photon energies θk of the bath of photons with
wave vectors k; a

†
k and ak are photon creation and annihilation

operators The next term represents the energies ξi of the
classical charge traps with ηi = +1 for an occupied trap and
−1 for an unoccupied trap. The next Jaynes-Cummings terms
represent the interaction of the qubits with the bath of photons
with coupling strength ζi,k. The next term describes the effect
of two lasers, one coupled to each QD, where ωli is the laser
frequency and 	i is the coupling to QD i. The final term is the
interaction δji between the charge j and QD i; δji = 1 when
the charge trap is occupied and is zero otherwise.

We model our system by using a separate 4 × 4 density
operator for each possible charge configuration, each of which
evolves under the Hamiltonian parameters for that particular
configuration. By stacking these on top of each other, we
effectively create a rectangular matrix description of our
system, as discussed in Appendix B: Thus altogether we have
an object with 4 × (4n) elements where n is the number of
possible charge trap states. When a charge fluctuates, we
simply swap the density operators into a new order, reflecting
the changed charge configuration. If the charges traps were
quantum objects then we would require (4n) × (4n) elements
to represent it—so we save a factor of n in the state description
by doing this.

In order to proceed we treat the bath of photons as weakly
coupled to the QDs and express the dynamics of the QDs-

FIG. 2. (Color online) Demonstrative graph of telegraph noise.
The fluctuating charge switches stochastically between states 1
(charged) and 0 (uncharged).

FIG. 3. (Color online) Diagram of the experimental setup. The
two QDs are driven by lasers of different frequencies. The emitted
photons are captured by the detectors, where the Hanbury Brown–
Twiss style of experiment is performed.

fluctuators system in terms of a density matrix, leading to the
quantum optical master equation [20]

d

dt
ρ(t) = −i[HI ,ρ(t)] +

∑
i

γi(Ni + 1)[σ−,i ,ρ(t)]

+
∑

i

γiNi[σ+,i ,ρ(t)], (2)

where HI includes all but the Jaynes-Cummings and photon
energy terms in Eq. (1), following a transformation into a frame
rotating with the two laser frequencies and a rotating-wave
approximation:

HI =
∑

i

νi

2
σz,i +

∑
j

ξj

2
ηj +

∑
i

	i

2
σx,i +

∑
i,j

δji

2
μji, (3)

where νi ≡ ωi − ωli are the laser detunings. The dissipaters
are given by

[L̂,ρ(t)] = (
L̂ρ(t)L̂† − 1

2 L̂†L̂ρ(t) − 1
2ρ(t)L̂†L̂

)
. (4)

The parameters in Eq. (2) are γi , which is the optical decay rate
for the QD i, and Ni , which is the Bose-Einstein occupation
number of the photon bath taken at the transition frequencies
of QD i.

Our calculation proceeds using a transfer matrix approach.
This is performed by first writing Eq. (2) in the form

ρ̇(t) = Mρ(t), (5)

where M is the superoperator acting on the density operator
ρ. Since we are solving the system numerically and for small
time steps, we can write

ρ(t + �t) = (1 + M�t)ρ(t). (6)

This tells us that the transfer matrix for a system that does
not fluctuate but has a constant charge bias can be defined as
1 + M�t . We can now introduce the fluctuating nature of the
charge by using a Pauli x operator σxc (where the c indicates
that it operates on a charge) to flip the charge between its two
states (see Appendix B). We then divide the time steps into
two parts: we assume that there is a probability P�t within
the time �t that there is a change in the fluctuator’s state, and
a probability that there will be no change 1 − P�t [16]. In
this paper, we will restrict the model to having the same rates
for hopping onto and away from the trap sites corresponding
to a temperature higher than the energy gap of the fluctuators.
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If �t is small then higher-order terms can be neglected, and
we find that the (1 + M�t) term in Eq. (6) is modified to

(1 − P�t)(1 + M�t) + P�tσxc

≈ 1 + (M − P + Pσxc)�t. (7)

Equation (7) defines the transfer matrix for fluctuating charges,
and with this we can calculate the dynamics of the system.

III. CALCULATING INTENSITY CORRELATIONS

From the dynamical simulations of the system density
matrix, we obtain predictions of emitted photon correlations.
To this end we calculate the two-photon intensity correlation
function

g(2)(t,t + τ ) = 〈a†
1(t)a†

2(t + τ )a2(t + τ )a1(t)〉
〈a†

1(t)a1(t)〉〈a†
2(t + τ )a2(t + τ )〉

. (8)

The operators ai and a
†
i refer to the photon field detected by

a detector i ∈ 1,2 (see Fig. 1). Each detector is responsive
only to a range of frequencies around the resonant frequency
of each QD, and for QDs that are sufficiently detuned
from one another we expect that photons which activate
detector i originate from QD i only. The QDs in a typical exper-
imental setup would be quite closely spaced and so a Hanbury
Brown–Twiss apparatus [21] could be used. In this experiment,
the photons from the QDs are passed through a beam splitter
so that there are two paths that each lead to a detector, before
which filters and polarizers can be placed depending on what
exactly the experiment requires. The detection of a photon in
the first detector begins a timer, which is then stopped by a
detection of a photon in the second detector [22]. The results
are collected into a histogram to display the number of events
as a function of time between detection events.

The cross-correlation in Eq. (8) is in terms of photon
creation and annihilation operators, but we can relate these
field operators to our system operators through input-output
theory [23]. In general an output field is a sum of contributions
from an input field and from the decay of the systems (QDs in
our case) that decay optically: aout(t) = ain(t) + √

γ1σ−,1(t) +√
γ2σ−,2(t). We presume a typical setup in which ain is in

the vacuum state, and so the output field is then the sum of
two well-frequency-resolved fields, which will be separately
detected. We can then associate each detector field with a
particular system operator:

ai(t) = √
γiσ−,i(t). (9)

This leads to an expression for g(2)(t,t + τ ) which depends
only on the QD system operators [24]:

g(2)(t,t + τ ) = 〈σ+,1(t)σ+,2(t + τ )σ−,2(t + τ )σ−,1(t)〉
〈σ+,1(t)σ−,1(t)〉〈σ+,2(t + τ )σ−,2(t + τ )〉 .

(10)
A general way of finding the two-time correlation function

from the master equation is to exploit the quantum regression
theorem [25]. However, we can user a simpler method if we
assume that experimental measurements take place when the
system has reached a steady state (ss) with density operator

ρss . In this case g(2) is dependent only on the delay time τ :

g(2)(τ ) = 〈σ+,1(0)σ+,2(τ )σ−,2(τ )σ−,1(0)〉ss
〈σ+,1σ−,1〉ss〈σ+,2σ−,2〉ss

= tr[σ+,1(0)σ+,2(τ )σ−,2(τ )σ−,1(0)ρss]

〈σ+,1σ−,1〉ss〈σ+,2σ−,2〉ss . (11)

Owing to the invariance of the trace under cyclic permutations
we can project the steady-state density matrix into the ground
state:

g(2)(τ ) = tr[σ+,2(τ )σ−,2(τ )(1〈1|ρss |1〉1)|0〉11〈0|]
〈σ+,1σ−,1〉ss〈σ+,2σ−,2〉ss , (12)

where |1〉1 and |0〉1 represent the two basis-state vectors for
QD 1. We may now define a new density operator ρP , which is
properly normalized and represents the steady state projected
from the excited state of QD 1 to its ground state:

ρP = 1〈1|ρss |1〉1|0〉11〈0|
〈σ+,1σ−,1〉ss = |0〉11〈0|, (13)

and write

g(2)(τ ) = tr[σ+,2(τ )σ−,2(τ )ρP ]

〈σ+,2σ−,2〉ss = tr[σ−,2ρP (τ )σ+,2]

〈σ+,2σ−,2〉ss . (14)

After a long enough period, ρP (τ ) becomes ρss and so
limτ→∞[g(2)(τ )] = 1 as expected.

IV. RESULTS

In this section we present the g(2)(τ ) results across a variety
of parameters and for a single fluctuator or two fluctuators.

A. One charge fluctuator

We begin with the case of a single fluctuator. Our aim is to
assess what kinds of photon cross-correlation signatures are
obtained for different charge fluctuation rates and interaction
strengths. As a starting point, we will assume there is a single
charge fluctuator that affects each of the two qubits in the same
way—i.e., δ11 = δ12 in Eq. (1). We use QD parameters typical
of InGaAs structures: Fixed throughout the paper will be the
spontaneous decay rates (γ1 = γ2 = 1 GHz), and the Rabi
frequencies (	1 = 	2 = 1 GHz). Other parameters are varied
for particular sets of results but their default values will be as
follows: Laser detuning ν1 = ν2 = 0, and charge fluctuation
rate P = 1 MHz. Using values of 0.8 nm for the permanent
dipole and −34nm2/V for the polarizability [26], for our
default choice of charge interaction strength μ11 = μ12 = 1
GHz, we would need a charge at a distance of 1.32 μm. As
the charge is brought closer to the qubits it detunes the qubits
either towards or away from the laser frequency, depending on
the initial size and direction of detuning.

In Fig. 4, we show g(2)(τ ) as a function of μ11 = μ12

between 0 and 10 GHz. This corresponds to effective detunings
of 0 and 6 μeV, which encompasses the photoluminescence
range from resonance to effectively zero photon emission for
InGaAs-type QDs [19]. We can see that the greater the charge-
qubit interaction, the greater the initial cross-correlation of
the detected photons. This initial correlation then decays back
to the no-correlation value of g(2) = 1. For all values of the
interaction strength this decay is on the 1 μs scale, which

245301-3



V. PUROHIT, B. BRAUNECKER, AND B. W. LOVETT PHYSICAL REVIEW B 91, 245301 (2015)

FIG. 4. (Color online) g(2)(τ ) cross-correlation for two qubits
interacting with a single charge, where the charge-qubit interaction
strength (δij ) is varied. γi , the spontaneous decay rate of the qubits,
is set to 1 GHz, and determines the time scale of the return to
uncorrelated photons.

corresponds to the charge fluctuation rate. The explanation for
this is straightforward: For a larger interaction, then either QD
is likely to emit only when the charge trap is empty. If one QD
emits, then since the noise is correlated, the other is likely to
also emit—at least over a time scale smaller than the charge
fluctuation time. On the other hand, for a smaller interaction—
below the Rabi frequency 	—then it is also possible for a QD
to be excited when the charge trap is occupied: and so we
expect no cross-correlations for μ1i 
 	i .

We next keep the charge-qubit interaction constant, and in
Fig. 5 look at how a changing fluctuation rate affects g(2)(τ ).
When the fluctuation rate is smaller than the photon emission
rate, we simply find that g(2)(τ ) decays on a time scale similar
to that of the charge fluctuation rate. At the fastest fluctuation
rates studied, however, there is a decrease in the initial value
g(2)(0); this happens when the charge fluctuation rate exceeds
the photon emission rate. In this regime, the experiment is no
longer sensitive to the charge fluctuator.

Since the effect of a charge fluctuator is to shift
the resonance frequency of the qubits away from that
of the lasers, we can use laser detuning as a further probe
of the fluctuator correlation dynamics. In Fig. 6 we illustrate
a typical photoluminescence spectrum of two QDs. We know

FIG. 5. (Color online) g(2)(τ ) cross-correlation for two qubits
interacting with a single charge, where the fluctuation rate (P ) of
the charge is varied. The values of P are given relative to γi (the
spontaneous decay rate of the qubits).

FIG. 6. (Color online) Schematic drawing of the shifting detun-
ing caused by charge interactions when the lasers are detuned in the
same direction.

that if the two lasers are resonant with the two QDs, then we
expect to see correlated emitted photons as shown in Fig. 4.
Imagine instead allowing both the lasers to be detuned from
the QD resonance (see Fig. 6), by the same amount and in the
same direction. Depending on the direction of the detuning,
the effect of the charge will be to bring the QDs back into
resonance or take them further from resonance. In this way,
the emitted photons, regardless of the direction of detuning,
will display a positive cross-correlation.

On the other hand, if the lasers are detuned in opposite
directions, i.e., if one is blueshifted and the other redshifted
with respect to the QD resonant frequencies, then charging
the trap will shift one QD towards resonance and the other
further away from it. This situation is shown in Fig. 7. In
this way the QD closer to resonance is more likely to emit a
photon, while the other is less likely. We then expect a negative
correlation between the emitted photons, for a large enough
initial detuning.

In Fig. 8 we show the cross-correlation for both the
detuning scenarios just described. As expected, we see positive
correlation for same-sense detuned, and negative for opposite
sens—except around ν = 0, when the charge fluctuation
moves both QDs away from resonance and we recover a
positive cross-correlation.

B. More than one charge

Let us now introduce a second charge fluctuator into the
model, and establish whether it is possible to distinguish

FIG. 7. (Color online) Schematic drawing of the shifting detun-
ing caused by charge interactions when the lasers are detuned in
opposite directions.
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FIG. 8. (Color online) g(2)(τ ) cross-correlation for two qubits
interacting with a single charge, where the laser detuning (νi) is
varied. On the left of the zero-detuning line, detuning increases and
is equal in magnitude and sign for both dots; on the right it increases
with equal magnitude but opposite signs.

multiple from single fluctuators by using cross-correlation
measurements.

Figure 9 shows g(2)(τ ) as a function of (equal) fluctuation
rates for the two charges. We can see immediately that g(2)(0)
is larger in this case than for the single-fluctuator case shown
in Fig. 5. This is expected since the two fluctuators working
together increase the total possible detuning of each QD;
as we have seen in Fig. 4 this results in a higher initial
cross-correlation. As the fluctuation rate increases, the decay
of g(2)(τ ) happens at shorter times, as in the single-charge case.

It is unlikely, however, that the two charge traps will be
fluctuating at exactly the same rate, so let us now look into
how different rates of fluctuation affect the cross-correlation.
In Fig. 10, we show the impact on g(2)(τ ) of altering one
fluctuation rate while keeping the other fixed at 10−3 GHz.
Comparing this figure with that for a single fluctuator shown
in Fig. 5, we find that in certain cases it is possible to see a clear
qualitative difference between the results for a single and two
fluctuators. This is easier to discern by taking cuts through the
plots for particular fluctuation rates and using a logarithmic
scale for the time; for the single- and two-fluctuator cases
these are shown in Figs. 11(a) and 11(b). If the rates for the
two fluctuators are significantly different then two plateaus can
be seen in the curves, with two decay rates corresponding to

FIG. 9. (Color online) g(2)(τ ) cross-correlation for two qubits
interacting with two charges, where the fluctuation rates (Pi) of the
charges are varied. The values of P are set equal to each other.

FIG. 10. (Color online) g(2)(τ ) cross-correlation for two qubits
interacting with two charges, where the fluctuation rate (Pi) of one
charge is varied and the other held at 10−3 GHz.

two different fluctuation rates; this effect washes out once the
faster fluctuation rate approaches the QD optical decay rate.

As would be expected, when the fluctuation rates of
the charges are very similar, no deviation from the single-
fluctuation curves can be distinguished: They do not exhibit
the plateaued structure that can be seen in Fig. 11(b).

Finally, we look at varying the laser detunings for two qubits
and two charges. In Fig. 12 we show the cross-correlation
function for the same detuning parameters as in Fig. 8,
in the case where the two fluctuation rates are not equal
(1 GHz and 1 MHz). We also display various cuts through this
three-dimensional plot, for different values of the detuning, in
Fig. 13. There is a clear contrast here with the surface shown

FIG. 11. (Color online) Logarithmic time plots for some repre-
sentative frequencies of the data shown in (a) Fig. 5 and (b) Fig. 10.
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FIG. 12. (Color online) g(2)(τ ) cross-correlation for two qubits
interacting with two charges, where the laser detuning (νi) is varied.
The two charges fluctuate with different rates of 1 MHz and 1 GHz.

in Fig. 8; The cuts in Fig. 13 show that the plateaued structure
characteristic of two different rates survives as detuning is
varied. At negative detuning a negative correlation is observed,
but with a clear long-time plateau. The oscillatory behavior as
detuning increases is a consequence of the increasing effective
Rabi frequency, which is no longer fully damped by the 1 GHz
optical decay processes.

V. SUMMARY

We have described a measurement which can reveal in-
formation about the long-range correlations in the decohering
environment of a controlled quantum system. We have shown
that, for an environment consisting of one or two fluctuating
charge traps, the time dependence and initial value of the cross-
correlation generate a signature of a correlated environment
and in some cases can give an indication of how many charge
traps are present.

Figures 8 and 12 display the variation of the experimental
signature as a function of the detuning. Since detuning can
be varied in a single experiment, these are key predictions
that provide the most experimentally accessible signature of
correlation, and clear differences are observed for the single-
and two-charge-trap cases. The switching from a positive to
a negative correlation as a function of detuning serves as a

FIG. 13. (Color online) Cuts through Fig. 12, for five values of
the detuning parameters.

distinctive signature of a common environment; The double-
plateaued structure is a sign of two distinct fluctuation rates.

As the number of charges increases beyond 2, several
changes are expected to the g(2)(τ ) plots. The initial correlation
of the emitted photons will be higher, due to the larger number
of charges giving an effective greater charge interaction
strength in line with Fig. 4. Additionally, if the charges have
widely varying fluctuation rates, then each charge will be seen
as a separate plateau.

Experiments which detect the effects we have described
would not rely on any fast detectors or particularly fast
optics. They are relatively simple measurements that could
be performed on a suitable sample immediately, and would
provide a unique probe of the unexplored collective effects of
open system environments.
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APPENDIX A: QUBITS AND CHARGE HAMILTONIAN

Here we present the Hamiltonian construction in the case
of two QDs and a single charge; more complex situations
follow similarly. Each QD i (i ∈ {1,2}) has a ground state
|0〉i and excited state |1〉i , so that their uncoupled Hamiltonian
is denoted in spin language as σz,i = |1〉i〈1| − |0〉i〈0|. The
charge fluctuator two-level systems are classical and so
cannot have coherences. While a quantum two-level system
is represented as a 2 × 2 density matrix, a classical object
has no coherences, so the off-diagonal matrix elements are
unnecessary. A two-vector of classical populations (ηj ) then
describes the state of fluctuator j , with the first element giving
the population in the ground (no-charge) state and the second
that in the excited (charged) state. If we use the usual tensor
product formulation of quantum mechanics of more than one
subsystem, our overall description of our qubit-fluctuator state
must then be a rectangular matrix, corresponding to 2N stacked
square matrices, one for each of the classical states of N

fluctuators. Between charge fluctuation events each square
density operator acts independently of the others and so each
can be treated individually. For example, the case of two qubits
and a single charge, which is described by a 4 × 8 matrix, can
be treated as two 4 × 4 matrices, each corresponding to one of
the states of the charge.

With this in mind we define the system Hamiltonian as

HS = 1
2ω1σz,1 + 1

2ω2σz,2 + 1
2ξ1η1, (A1)

where we use

σz,1 =
(

1
1

)
⊗ 12 ⊗ σz,

σz,2 =
(

1
1

)
⊗ σz ⊗ 12, (A2)

η1 =
(

1
−1

)
⊗ 12 ⊗ 12.
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The first column vector describes the charge state; ωi is the
energy required to excite an uncoupled QD i from the ground
to the excited state. ξ is the energy difference between the
charge being at the trap site and the charge being elsewhere,
which we assume to be at an infinite distance. Each operator
is now of dimension 4 × 8; during coherent evolutions the
top and bottom square matrices of this object are treated
individually and act on the top and bottom square matrices
of the corresponding density operator, respectively, following
the usual rules of quantum mechanics. Operator eigenstates
corresponding to the different charge configurations can be
found for each square component matrix.

APPENDIX B: INTERACTION HAMILTONIAN
AND FLUCTUATIONS

The qubit-bath interaction Hamiltonian is defined as

Hq,B =
∑

k

ζ1,k(a†
kσ−,1 + akσ+,1) + ζ2,k(a†

kσ−,2 + akσ+,2),

(B1)
where

σ+,1 =
(

1
1

)
⊗ 12 ⊗ σ+,

σ+,2 =
(

1
1

)
⊗ σ+ ⊗ 12,

(B2)

σ−,1 =
(

1
1

)
⊗ 12 ⊗ σ−,

σ−,2 =
(

1
1

)
⊗ σ+ ⊗ 12.

The interaction here describes the couplings between the QDs
and the photonic bath, with coupling strengths ζ1,k or ζ2,k,
where ak and a

†
k are the annihilation and creation operators for

the photon bath mode with wave vector k. The QD raising and
lowering operators in the interaction Hamiltonian are denoted
by the σ+ and σ− Pauli matrices, which are constructed as
|1〉〈0| and |0〉〈1|, respectively. The effect of this part of the
interaction with the system is taken into account by deriving a
Born-Markov optical master equation.

We also account for a coupling between the qubits and the
(classical) lasers. The qubit-laser Hamiltonian is

Hq,l = 	1σx,1 cos(ωl1t) + 	2σx,2 cos(ωl2t), (B3)

where 	i is the Rabi frequency of the ith QD and ωli is the
laser frequency of laser i, which is assumed to drive only the
ith QD with which it is closely resonant. Similarly to previous
definitions:

σx,1 =
(

1
1

)
⊗ 12 ⊗ σx,

(B4)

σx,2 =
(

1
1

)
⊗ σx ⊗ 12.

The final interaction is between the qubits and the charge:

Hq,c = δ11

2
μ11 + δ12

2
μ12, (B5)

where

μ11 =
(

1
0

)
⊗ 12 ⊗ σz,

(B6)

μ12 =
(

1
0

)
⊗ σz ⊗ 12.

There are two terms, which show the interaction of the charge
(labeled 1 here since we are considering only a single charge)
with both of the QDs. In general the interaction is δji , where
the subscript denotes an interaction of charge j with QD i.
The term describes a process in which the stationary charge
at some well-defined distance introduces a Coulomb potential
that gives rise to a Stark shift of the excitonic states, thus
creating a two-level system with a larger energy spacing.

The qubit-laser Hamiltonian is time dependent, but we
can remove that time dependence by moving into a rotating
frame and performing the rotating-wave approximation. This
is done by applying a unitary transformation to all parts of the
Hamiltonian that involve the dots and the charges, i.e., all parts
except Hq,B . From the time-dependent Schrödinger equation,
we get

−i�∂t (U
−1|ψ〉) = −i�(∂tU

−1)|ψ〉 + U−1H |ψ〉
= HU−1|ψ〉.

Therefore, the effective Hamiltonian becomes, after moving
to the rotating frame,

Hrf = UHU−1 + U (i�∂tU
−1). (B7)

The operator U−1 is

⎛
⎜⎜⎝

e(1/2)it(ωl1+ωl2) 0 0 0
0 e(1/2)it(ωl2−ωl1) 0 0
0 0 e(1/2)it(ωl1−ωl2) 0
0 0 0 e(1/2)it(−ωl1−ωl2)

⎞
⎟⎟⎠ . (B8)

Notice that this is a 4 × 4 matrix. As stated previously, we can consider the two charge states as independent and, as such, the
4 × 8 rectangular matrix can be thought of as two 4 × 4 matrices. This unitary transformation operates on each of those two
parts individually. After performing the rotating-wave approximation, which removes rapidly oscillating terms, i.e., those with
twice the frequency of ωl1 and ωl2, and letting ωi − ωli = νi , we get

H ′
S = 1

2
(ν1σz,1 + ν2σz,2 + 	1σx,1 + 	2σx,2) + 1

2

(
δ11

2
μ12 + δ12

2
μ22 + ξ1η1

)
. (B9)

This is now our final system Hamiltonian; in the main text we show how this is taken together with Hq,B to find a quantum
optical master equation for the qubit-charge system.
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Additionally, we need to define an operator in which a single charge fluctuates from occupied to unoccupied or vice versa, an
operation executed by the operator σxc. In our rectangular density operator notation for a single charge, this simply corresponds to
swapping over the upper and lower square matrices. For more complex situations of more charge fluctuators, a similar reordering
of the now multiple square matrices achieves the desired effect.
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S. Hoöfling, M. Kamp, C.-Y. Lu, and J.-W. Pan, Nat. Nanotech-
nol. 8, 213 (2013).

[14] P. Kok and B. W. Lovett, Introduction to Optical Quantum
Information Processing (Cambridge University Press,
Cambridge, 2010).

[15] T. Itakura and Y. Tokura, Phys. Rev. B 67, 195320
(2003).

[16] B. Cheng, Q.-H. Wang, and R. Joynt, Phys. Rev. A 78, 022313
(2008).

[17] Y. M. Galperin, B. L. Altshuler, J. Bergli, and D. V. Shantsev,
Phys. Rev. Lett. 96, 097009 (2006).

[18] H. J. Wold, H. Brox, Y. M. Galperin, and J. Bergli, Phys. Rev.
B 86, 205404 (2012).

[19] A. V. Kuhlmann, J. Houel, A. Ludwig, L. Greuter, D. Reuter,
A. D. Wieck, M. Poggio, and R. J. Warburton, Nat. Phys. 9, 570
(2013).

[20] H. Breuer and F. Petruccione, The Theory of Open Quantum
Systems (Oxford University Press, Oxford, 2002).

[21] R. Hanbury Brown and R. Q. Twiss, Nature (London) 177, 27
(1956).

[22] A. M. Fox, Quantum Optics: An Introduction (Oxford University
Press, Oxford, 2006).

[23] D. F. Walls and G. J. Milburn, Quantum Optics (Springer, Berlin,
2008).

[24] H. Carmichael, Statistical Methods in Quantum Optics, Sta-
tistical Methods in Quantum Optics Vol. 1 (Springer, Berlin,
1999).

[25] M. O. Scully and S. Zubairy, Quantum Optics (Cambridge
University Press, Cambridge, 1997).

[26] J. J. Finley, M. Sabathil, P. Vogl, G. Abstreiter, R.
Oulton, A. I. Tartakovskii, D. J. Mowbray, M. S. Skolnick,
S. L. Liew, A. G. Cullis et al., Phys. Rev. B 70, 201308
(2004).

245301-8

http://dx.doi.org/10.1103/PhysRevLett.87.133603
http://dx.doi.org/10.1103/PhysRevLett.87.133603
http://dx.doi.org/10.1103/PhysRevLett.87.133603
http://dx.doi.org/10.1103/PhysRevLett.87.133603
http://dx.doi.org/10.1103/PhysRevA.40.5103
http://dx.doi.org/10.1103/PhysRevA.40.5103
http://dx.doi.org/10.1103/PhysRevA.40.5103
http://dx.doi.org/10.1103/PhysRevA.40.5103
http://dx.doi.org/10.1103/PhysRevLett.87.246401
http://dx.doi.org/10.1103/PhysRevLett.87.246401
http://dx.doi.org/10.1103/PhysRevLett.87.246401
http://dx.doi.org/10.1103/PhysRevLett.87.246401
http://dx.doi.org/10.1103/PhysRevLett.104.017402
http://dx.doi.org/10.1103/PhysRevLett.104.017402
http://dx.doi.org/10.1103/PhysRevLett.104.017402
http://dx.doi.org/10.1103/PhysRevLett.104.017402
http://dx.doi.org/10.1038/nphys544
http://dx.doi.org/10.1038/nphys544
http://dx.doi.org/10.1038/nphys544
http://dx.doi.org/10.1038/nphys544
http://dx.doi.org/10.1103/PhysRevA.57.120
http://dx.doi.org/10.1103/PhysRevA.57.120
http://dx.doi.org/10.1103/PhysRevA.57.120
http://dx.doi.org/10.1103/PhysRevA.57.120
http://dx.doi.org/10.1146/annurev-conmatphys-062910-140514
http://dx.doi.org/10.1146/annurev-conmatphys-062910-140514
http://dx.doi.org/10.1146/annurev-conmatphys-062910-140514
http://dx.doi.org/10.1146/annurev-conmatphys-062910-140514
http://dx.doi.org/10.1126/science.1126074
http://dx.doi.org/10.1126/science.1126074
http://dx.doi.org/10.1126/science.1126074
http://dx.doi.org/10.1126/science.1126074
http://dx.doi.org/10.1126/science.1173684
http://dx.doi.org/10.1126/science.1173684
http://dx.doi.org/10.1126/science.1173684
http://dx.doi.org/10.1126/science.1173684
http://dx.doi.org/10.1088/0034-4885/75/12/126503
http://dx.doi.org/10.1088/0034-4885/75/12/126503
http://dx.doi.org/10.1088/0034-4885/75/12/126503
http://dx.doi.org/10.1088/0034-4885/75/12/126503
http://dx.doi.org/10.1038/nnano.2012.262
http://dx.doi.org/10.1038/nnano.2012.262
http://dx.doi.org/10.1038/nnano.2012.262
http://dx.doi.org/10.1038/nnano.2012.262
http://dx.doi.org/10.1103/PhysRevB.67.195320
http://dx.doi.org/10.1103/PhysRevB.67.195320
http://dx.doi.org/10.1103/PhysRevB.67.195320
http://dx.doi.org/10.1103/PhysRevB.67.195320
http://dx.doi.org/10.1103/PhysRevA.78.022313
http://dx.doi.org/10.1103/PhysRevA.78.022313
http://dx.doi.org/10.1103/PhysRevA.78.022313
http://dx.doi.org/10.1103/PhysRevA.78.022313
http://dx.doi.org/10.1103/PhysRevLett.96.097009
http://dx.doi.org/10.1103/PhysRevLett.96.097009
http://dx.doi.org/10.1103/PhysRevLett.96.097009
http://dx.doi.org/10.1103/PhysRevLett.96.097009
http://dx.doi.org/10.1103/PhysRevB.86.205404
http://dx.doi.org/10.1103/PhysRevB.86.205404
http://dx.doi.org/10.1103/PhysRevB.86.205404
http://dx.doi.org/10.1103/PhysRevB.86.205404
http://dx.doi.org/10.1038/nphys2688
http://dx.doi.org/10.1038/nphys2688
http://dx.doi.org/10.1038/nphys2688
http://dx.doi.org/10.1038/nphys2688
http://dx.doi.org/10.1038/177027a0
http://dx.doi.org/10.1038/177027a0
http://dx.doi.org/10.1038/177027a0
http://dx.doi.org/10.1038/177027a0
http://dx.doi.org/10.1103/PhysRevB.70.201308
http://dx.doi.org/10.1103/PhysRevB.70.201308
http://dx.doi.org/10.1103/PhysRevB.70.201308
http://dx.doi.org/10.1103/PhysRevB.70.201308



