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Abstract

Let S be a semigroup, C(S) the automaton constructed from the right Cayley
graph of S with respect to all of S as the generating set and 3(C(S)) the
automaton semigroup constructed from C(S). Such semigroups are termed
Cayley automaton semigroups. For a given semigroup S we aim to establish

connections between S and X(C(S5)).

For a finite monogenic semigroup S with a non-trivial cyclic subgroup C,, we
show that 3(C(5)) is a small extension of a free semigroup of rank n, and

that in the case of a trivial subgroup 3(C(5)) is finite.

The notion of invariance is considered and we examine those semigroups S
satisfying S = 3(C(S)). We classify which bands satisfy this, showing that
they are those bands with faithful left-regular representations, but exhibit
examples outwith this classification. In doing so we answer an open problem

of Cain.

Following this, we consider iterations of the construction and show that for
any n there exists a semigroup where we can iterate the construction n times
before reaching a semigroup satisfying S = ¥(C(5)). We also give an ex-
ample of a semigroup where repeated iteration never produces a semigroup

satisfying S = X(C(9)).



Cayley automaton semigroups of infinite semigroups are also considered and
we generalise and extend a result of Silva and Steinberg to cancellative semi-
groups. We also construct the Cayley automaton semigroup of the bicyclic

monoid, showing in particular that it is not finitely generated.
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Chapter 1

Introduction and Preliminary

Semigroup Theory

Automaton groups are groups of automorphisms of labelled rooted trees gen-
erated by actions of automata. One of the first examples of these groups was
the infinite periodic group constructed by Aleshin as a means of providing a
solution to the Burnside Problem (that is, is every finitely generated group in
which each element has finite order necessarily finite?) — see [2]. Many other
examples followed in the years after this, including Grigorchuk’s example of
a group with intermediate growth [16] and the Gupta—Sidki group [19]. A
significant theory has developed featuring prominent works by authors such
as Nekrashevych [29], Grigorchuk, Bartholdi and Suni¢ [4, 5, 18]. In recent
years, research in this area has included topics such as applications of these

groups to fractal sets and dynamical systems (see, for example, [6]).



Automaton semigroups are the natural generalisation of automaton groups.
They are semigroups of endomorphisms of labelled rooted trees generated by
actions of automata. The study of these objects is much more recent than
that of automaton groups, with some of the early work in this area being
carried out by Silva and Steinberg [32] and Grigorchuk, Nekrashevych and
Sushchanskii [I7]. More recently, further work has been carried out by, for

example, Cain [7], Akhavi, Klimann [1] and McCune [26].

One particular class of automata that has received attention in recent years
(see [T, 25 28]) is the class of Cayley automaton. These are automata that
intuitively are constructed from the Cayley graphs of semigroups with the
transitions in the automata being defined by the multiplication in the semi-
groups. These semigroups, despite a recent increase in the attention they
have received, have their foundations in the works of Krohn and Rhodes
B, 22]. A Cayley automaton semigroup, denoted X(C(S)), is an automa-
ton semigroup constructed from such an automaton. The overarching theme
of the research in this particular area is to establish connections between a
semigroup and the Cayley automaton semigroup constructed from it. For
example, considerable effort has gone into establishing precisely when, for
the class of finite semigroups, the Cayley automaton semigroups constructed

from semigroups in this class are finite (see Theorem |3.5|).

In this thesis we seek to extend the theory in the area of Cayley automaton
semigroups. Preliminary semigroup theory is given in this chapter, followed

by the basics of automaton semigroup theory in Chapter [2] There we will see



how an automaton semigroup is constructed from a given automaton before
presenting an overview of some of the main results that are known in the lit-
erature (such as all automaton semigroups are residually finite (Proposition
and that all free semigroups of rank at least two are automaton semi-
groups (Proposition ) This chapter should provide a good grounding in

automaton semigroup theory before we specialise in Cayley automaton.

In Chapter 3| we define Cayley automata and the semigroups constructed
from them, which will form the foundation for the remainder of the thesis.
We will see how the Cayley Table of a semigroup can naturally be viewed
as an automaton; equivalently, the Cayley automaton can be constructed
from the (right) Cayley graph of the semigroup with transitions defined by
(right) multiplication in the semigroup. Of fundamental importance in this
field are results by Silva and Steinberg (Theorem - for a finite non-trivial
group G, X(C(Q)) is free) and by Mintz (Theorem [3.5]- for a finite semigroup
S, X(C(S)) is finite and aperiodic if and only if S is aperiodic). These re-
sults, presented in Chapter [3| will be used frequently throughout this thesis.
Some elementary classes of semigroups (such as left- and right-zero semi-
groups and rectangular bands) will be considered and their Cayley automa-
ton semigroups constructed. After classifying these, we turn our attention to
examining how basic semigroup constructions (such as the direct product)
are related to the Cayley automaton construction. The results obtained in

this section will be used throughout the thesis.

Chapter [4] considers the Cayley automaton semigroups constructed from ele-



ments of a particular class of semigroups - the finite monogenic semigroups.
We split into two cases, considering first those monogenic semigroups with
non-trivial subgroups and then those with trivial subgroups. In the first case,
we show that the Cayley automaton semigroup is a small extension of a free
semigroup F; for some n and that there is a close connection between the
order of the cyclic subgroup C,, < S and which words over the generators
of ¥(C(S)) coincide in 3(C(S)) \ F,. In the case of trivial subgroups, we
know that by Mintz’s result above (Theorem [3.5)) ¥(C(.S)) will be finite. The
order of the semigroup completely determines which words over the genera-
tors of X(C(5)) coincide and we use this to determine X(C(.5)). Since every
finite semigroup contains finite monogenic subsemigroups, understanding the
Cayley automaton semigroups of the monogenic semigroups may help with

determining 3(C(S)) for an arbitrary finite S.

Chapter |5| considers those semigroups that are invariant under the Cayley
automaton construction. In discussing these so-called self-automaton semi-
groups, we will see how the class of bands provides a plentiful source of these
semigroups (as all bands with a faithful left-regular representation are self-
automaton - Theorem but that there are self-automaton semigroups
outwith this class. Considering Cain’s treatment of the motivating ques-
tion for this chapter - can the self-automaton semigroups be classified? - we
present his original notion of a self-automaton semigroup in the framework
of this thesis before resolving an open problem he poses in [7] (Open Prob-
lem [5.1)) where he suggests that the self-automaton semigroups are precisely

the finite bands with square D-classes in which every maximal D-class is a



singleton.

After examining which semigroups are invariant under one iteration of the
Cayley automaton construction, it is natural to explore the cases where sev-
eral iterations of the construction can be considered. These sequences, or
Cayley chains, of semigroups obtained by repeatedly iterating the construc-
tion are the object of focus in Chapter[6] We will see how to construct a chain
of any arbitrary finite length and exhibit an example of a finite semigroup
with an infinite Cayley chain (which resolves a question posed by Maltcev in
[25] where he asks if every Cayley chain is finite). Connections between the
length of the Cayley chain of a semigroup S and the length of the chain of a

subsemigroup of S will be discussed.

The vast majority of the work in this thesis concerns Cayley automaton
semigroups arising from finite semigroups. We conclude the main body of
the thesis by considering how the construction can be applied to infinite
semigroups in Chapter [ We are able to completely classify the Cayley
automaton semigroups arising from infinite cancellative semigroups (we show
that they are all free - Theorem and, after looking at some general results,

consider the special case of the Bicyclic Monoid.

Finally, in Chapter [§] we present some further questions relating to the work

that has been carried out in this thesis.



1.1 Preliminary Semigroup Theory

This section will introduce and define the basic semigroup theory that will
be used throughout this thesis. Further details on the material given here

can be found in [9] and [21].
Throughout, we adopt the convention that N = {1,2,3,...}.

A semigroup is a set S with an associative binary operation - : § x § — S.
We will assume throughout that all semigroups are non-empty. For s,t € S,
we usually write the product s-t as st. A semigroup is said to be commutative
if st = ts for all s,t € S. An element 1 € S is called an identity if, for all
s € S we have 1s = s1 = s. A semigroup containing such an identity element
is called a monoid. A monoid in which, for each s € S there exists a unique

57t € S such that ss™' = s71s = 1 is called a group.

Unlike a group, a semigroup does not necessarily contain an identity element.
We denote the monoid obtained from the semigroup S by adjoining an iden-
tity element 1 by S'. Tt is routine to verify that S' = S U {1} is a monoid.

Identity elements are necessarily unique.

An element z € S satisfying zs = z for all s € S is called a left-zero. If z € S
satisfies sz = z for all s € S then z is a right-zero. An element which is both
a left- and a right-zero is called a two-sided zero, or simply a zero. It is easy
to show that if a semigroup has a two-sided zero element then it is unique.

If S does not have a zero element then we may adjoin one and obtain a new



semigroup S® = S U {0} which satisfies s0 = 0s = 02 = 0 for all s € S. A
semigroup in which every element is a left- (resp. right-) zero is called a left-
(resp. right-) zero semigroup (denoted L, and R, respectively in the finite
cases, where n € N is the size of the semigroup). Semigroups with a zero
element 0 satisfying st = 0 for all s,t € S are called zero or null semigroups,

denoted Z,,, where n € N is the size of the semigroup.

A subset T'C S is a subsemigroup of S (denoted T < S) if T' forms a semi-
group under the operation inherited from S. Submonoids and subgroups are
defined analogously. A semigroup S is a small extension of a subsemigroup
T if |[S\T| < co. A non-empty subsemigroup 7T satisfying st € T for all
se€ SandteTisa right ideal. A left ideal is a subsemigroup T satisfying
ts € T for all s € S and t € T. A subsemigroup which is both a right and
a left ideal is a two-sided ideal or simply an ideal for short. An ideal I is
proper if I # S and, in the case when S has a zero element, I # {0}. For
an ideal I C S, the Rees factor semigroup S/I is the set (S\ I) U {0} where

multiplication is defined by s-t = st if s,¢ and st are in S\ I and 0 otherwise.

Every finite semigroup contains a unique minimal ideal (that is, it has no
proper ideals strictly contained in it). This ideal takes the form of a Rees-
Matriz semigroup which is constructed as follows: let I, A be non-empty sets,
G be a group and P = (py;) be a A x I matrix with entries in G. Then the
Rees-Matrix semigroup is the set I x G x A with multiplication defined by
(1, 91, A1) (12, g2, A2) = (i1, G1Pxi,92, A2). Such a Rees-Matrix semigroup is
denoted as M[G; I, A; P].



The direct product of two semigroups S and T is the set S x T with the

operation (sy,t1)(S2,t2) = (8182, t1l2).

An element s € S satisfying s> = s is called an idempotent and semigroups
in which each element is an idempotent are called bands. Left- and right-zero
semigroups are examples of bands. A rectangular band is a semigroup of the
form I x J where I, J are sets and (i1, j1)(i2, j2) = (i1, jo) for all 41,45 € I and
J1,J2 € J. Observe that a rectangular band is just a Rees-Matrix semigroup
in which the group is trivial, or equivalently, the direct product of a left- and
a right-zero semigroup. An element s € S is called regular if there exists

t € S such that sts = s. Note that every idempotent is regular.

Let A C S. Then the set of all elements of S that can be expressed as a finite
product of elements in A is the subsemigroup generated by A, denoted (A).
The set A is referred to as a generating set. If the set A is finite then (A)
is finitely generated. A semigroup S is finitely generated if there exists any
finite subset A such that S = (A) and is said to be monogenic if there exists
a generating set of size one. The right Cayley graph with respect to a finite
generating set A is the graph with vertex set {s: s € S} and a directed edge
from s to t labelled by a € A if and only if t = sa. The left Cayley graph

with respect to A is defined analogously.

A function f : S — T between two semigroups is a homomorphism if
f(s1)f(s2) = f(s1s2) for all s1,s9 € S. A homomorphism f is a monomor-
phism if it is injective and an epimorphism if it is surjective. A homomor-

phism which is both injective and surjective is an isomorphism. If f: S — S



is a homomorphism then f is an endomorphism. An isomorphism S — S
is called an automorphism. A semigroup T is a divisor of a semigroup S if

there exists a subsemigroup U of S such that 7" is a homomorphic image of

U.

A function f satisfying f(s1)f(s2) = f(s2s1) is called an anti-homomorphism.

The analogues of the maps named above are defined in the obvious way.

The set of all functions from a set X to itself under composition forms a
semigroup called the full transformation semigroup on X, denoted Tx. This
semigroup is in fact a monoid and every semigroup is isomorphic to a sub-

semigroup of some transformation semigroup.

An equivalence relation p on S is called a congruence if for all (s,t), (u,v) € p
we have (su,tv) € p. For a congruence p, the congruence class of an element
s € S is the set [s] = {t € S : spt} and the set S/p of congruence classes
is a semigroup under the operation [s1][se] = [s1s2] called the quotient of S
by p. The free semigroup on a non-empty set A is the set of all finite non-
empty words over A under concatenation of words. Finitely generated free

semigroups will be denoted F), where |A| = n.

If A is a generating set for S then there is a map ¢ : A — S defined by
¢(a) = a for all @ € A. There exists an epimorphism v : Fj4 — S given by
Y(aras ... an) = ¢(ar)d(az) ... ¢p(a,) and so S = Fju / kertp (where

ker¢ = {(a,b) € S xS :¢(a) =1(b)} and is a congruence). If |[A] =n < 0o

and there exists a finite set R = {(w1, 21), (w2, 22), ..., (w,, z,)} of elements



in [ X Fj4 such that the smallest congruence containing 2 is ker > then

we say that S is finitely presented with presentation

(a1, a9, ... ap|lwy = 21, Wy = 29, ..., W, = Z).

For a semigroup S and n € N (where n > 2), we have the set S" =
{s182...5, :s; € S} of all products of length n in S. The set S\ S? consists
of all indecomposable elements in S. These elements must be present in any
generating set for S. If a semigroup with a zero element 0 satisfies S™ = {0}
but S*71 £ {0} for some n then S is said to be nilpotent of class n. A

semigroup is nilpotent of class 1 if and only if it is trivial.

Green’s L-relation is defined by a£b if and only if S'a = S'b for a,b € S.
Similarly, Green’s R-relation is defined by aRb if and only if aS! = bS? for
a,b € S. Equivalently, we have a£b if and only if there exist z,y € S! such
that za = b and yb = a and aRb if and only if there exist u,v € S! such
that au = b and bv = a. The intersection of £ and R is Green’s H-relation
so we have aHb if and only if aLb and aRb. The composition of £ and R
is Green’s D-relation and we have aDb if and only if there exists ¢ such that
alc and ¢Rb. Finally, Green’s J-relation is defined by aJb if and only if
StaSt = S'bSt. In finite semigroups we have that D = J and so in this case
we will say that aDb if and only if S'aS! = S'bSt.

There is a natural partial order on the J-classes of a semigroup S. We

denote the [J-class containing a by .J, and we have that J, < J, if and only

10



if StaS! C S'bS!. The partial orders for £ and R are defined similarly. The
partial order for J is illustrated visually by an egg-box diagram. In the case
when S is finite we have that D = J and so we may instead consider this as

a partial order on the D-classes.

A semigroup is right-cancellative if for all a, b, c € S we have ac = be = a =
b and it is left-cancellative if ca = ¢cb = a = b. A semigroup that is both
left- and right-cancellative is a cancellative semigroup. A finite semigroup is
cancellative if and only if it is a group. A semigroup is called aperiodic if for
each s € S there exists n € N such that s® = s""1. Equivalently, for finite
semigroups, a semigroup is aperiodic if it contains no non-trivial subgroups

or every H-class is trivial.

A left-action of S on a set X is a map S x X — X satisfying (st)x = s(tz)
for all s,t € S and x € X. Dually, a right action is a map X x § — X

satisfying x(st) = (xs)t for all s,¢ € S and x € X.

11



Chapter 2

Automaton Semigroup Theory

In this chapter we will introduce the necessary theory to define and construct
automaton semigroups. Having done so, we will then see some examples of
automaton semigroups and consider some natural classes of semigroup that
arise in this way. Finally, some of the basic properties of these semigroups

will be discussed.

2.1 Construction of Automaton Semigroups

We will follow the definitions given in [7] and [32] in defining an automaton.
The automata that we define are automata with outputs — this thesis will not
be concerned with, for example, (non)-deterministic finite state automata or

pushdown automata. Further background on automata may be found in, for

12



example, [13].

Definition 2.1. An automaton Ais a triple (@, B, §) consisting of a finite set
of states @), a finite alphabet B and a function § : Q x B — ) x B called the
transition function. The automaton will be thought of as a directed labelled
graph with vertex set ) and an edge from ¢ to r labelled by x|y precisely

when 6(q,z) = (r,y). Pictorially, we have

In the interests of clarity, the following definitions will be adhered to through-

out:

Definition 2.2. A word in () is an element of

QT ={qq...¢.:n>1,q € Q}.

A sequence in B is an element of B* = B* U {¢}, consisting of symbols from

B. Here, € denotes the empty sequence of length zero.

Sequences in B are acted on by the states in (). We define states to act on
sequences from the left which is in contrast to some authors (most notably
[7 and [25]). The action is defined as follows: the result of state ¢ acting on
the sequence « is denoted by ¢-« and is by definition the sequence outputted
by the automaton after starting in state ¢ and reading a. More precisely, if
A reads the sequence o = ajas . .. ay, (where a; € B) then q-a = 5155... 5,

where §(q;_1, ;) = (¢;, 5;) for i =1,...,n and ¢o = q.

13



When comparing the left- and right-action approaches, it may appear that
choosing to act on a particular side is simply a notational preference. How-
ever, this choice has profound implications on the resulting automaton semi-
group as it induces an anti-isomorphism (see Section for details in the
setting of Cayley automaton semigroups) which will allow us in Chapter 5| to
obtain a wider class of so-called self-automaton semigroups than was possible
in [7]. In this chapter, and in Chapter [3| we will reprove several results from

the left-action viewpoint and obtain dual results to those already known.

For each symbol read by the automaton exactly one symbol is outputted and
hence |q-a| = |a| (where |a| denotes the length of the sequence). Automata
with this property are termed synchronous automata. As such, the action of
A on finite sequences determines the action on infinite sequences and vice-
versa. On occasion it will be more convenient to reason about the action of
an automaton 4 on a single infinite sequence rather than on sets of finite
sequences of some given length. We will denote an infinite sequence that
consists of countably many repetitions of a finite sequence a by o* and the
set of all infinite sequences by B“. The sequences in B are infinite on
the right, and as such are indexed by the natural numbers rather than the
integers. The set of all sequences of a given finite length n will be denoted

B".

We can identify the regular | B|-ary rooted tree with the set of sequences B*.
We label the root vertex with the empty sequence and a vertex labelled « has

| B| children with labels a3 for each § € B. We will not make any distinction

14



between the labels and the vertices of the tree. Each state ¢ acting on B*
can therefore be considered as a transformation of the corresponding tree. A

vertex w is mapped to the vertex ¢ - w.

By the definition of the action, if ¢-aa/ = B’ (for o, f € B* and o/, ' € B)
then we have ¢-a = 3. This tells us that if a vertex a is the parent of a vertex
ac’ then their images under the transformation are also parent () and child
(B6"). Hence the action on the tree is adjacency- and level-preserving and is

thus an endomorphism of the tree.

We can naturally extend the action of a state to an action of words. A word

GnGn-1 - - -Q2q1 acts on a sequence « as follows:

QH'(anl‘~--'(Q2'<Q1'Oé>)...).

There is therefore a natural homomorphism ® : QT — End(B*) where
End(B*) denotes the endomorphism monoid of B*. The image of ® is de-
noted by X(A).

We are now in a position to define an automaton semigroup.

Definition 2.3. A semigroup S is said to be an automaton semigroup if

there exists an automaton A such that S = 3(A).

We now explain the conditions under which two words v and v in Q" repre-
sent the same element in ¥(A). This follows immediately from the definitions

but is stated here explicitly due to the fundamental nature of the results:

15



Lemma 2.4 ([7, Lemma 2.2]). Let u,v € Q. The following are equivalent:

1. u and v represent the same element of 3(A),

3. u-a=v-a foralae B,
4. uw and v have the same actions on B" for alln € NU {0},

5. uw and v have the same actions on B“.

Proof. (1 = 2) If ®(u) # ®(v) then u and v cannot represent the same

element of ¥(A).

(2= 3)Ifu-a # v-a«afor some o € B* then the words act differently

on the |B|-ary rooted tree and so represent different endomorphisms. Thus

O(u) # P(v).

(3 = 4) If u,v have different actions on B™ for some n then there exists

a € B* such that u-a # v - a.

(4 = 5) If v and v do not have the same action on B“ then there exists
a=ayay... € B and i such that u-a = p16...5;-16ifBiv1 ... and v - =
BiPa ... Bi—1ViYi+1 - .. where B;,v; € B and 5; # 7;. Hence u and v act

differently on B°.

(5 = 1) If w and v do not represent the same element of ¥(.A) then there

exists o = a1 ... € B¥ and 7 such that u - o = 6162 .. 'Bi—lﬂiﬁi—l—l ... and
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veoo= P1Bar. . Bic1ViYit1 - - where 85,7, € B and 3; # 7;. Hence u and v
act differently on B“. O

At this point is would be instructive to consider an example of an automaton
semigroup being constructed from a given automaton. We will follow an

example from [7].

Example 2.5. Let A = ({a,b},{0,1},0) be the automaton below:

00

EogoX

10

If, for example, A is in state a and reads the sequence 0011 then the calcula-

tion will proceed as follows: a-0011 = 0(b-011) = 00(b-11) = 000(a-1) = 0001.

We must consider the actions of a and b on sequences to determine the
automaton semigroup. Let a be an infinite sequence. Observe that b-«a must
start with 0 for all sequences o and so we may write b - a = 05 for some

sequence (. Observe now that
a-b-a=a-08=0(b-p)

and
b-b-a=0b-08=0(b-p).

Hence in $(A) we have the relation ab = b*. This means that any element
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in X(A) can be written in the form b'a’ for some 7,7 € NU {0}.

We show now that every product in 3(A) can be uniquely expressed as b'a’

for some i,j € N U {0}. By writing 0’ as a state we mean p-...-b. Let
1 times
17,7 > 0. We have that
bi . CLj L01Y = bz . Oj-i-llw _ 0i+j+11w (21)
and, for n > 1
b'ea? - 1M0% = b -1M0% = 0°1" 0%, (2.2)

Now suppose that b-a? = b*-a! for some k,1 > 0. Then by (2.2) n—i =n—k
and hence i = k. By (2.1)) i+j+1 = k+{+1 which gives j = [. The semigroup

Y(A) is therefore presented by (a, blab = b?).

Having seen an example of a finitely presented infinite semigroup arising as
an automaton semigroup, we conclude this section by showing that small
changes in the automaton can lead to a radically different automaton semi-

group.

Example 2.6. Let B = ({a,b},{0,1}, €) be the automaton below:

0[0

oG Dow

11

Then for any sequence « € {0,1}*, a-a = b-a = a-a-a = « and consequently

Y (B) is trivial.
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2.2 Basic Properties of Automaton

Semigroups

Some authors make use of wreath recursions when studying automaton semi-
groups. This is not the approach that will be favoured in this thesis. However,
we outline it here and make use of it to establish some fundamental proper-
ties of automaton semigroups. The results in this section can be found in [7]

and further details about wreath products can be found in [10] and [30].

The endomorphism semigroup of B* can be written as a recursive wreath
product End(B*) = T End(B*) where Tp denotes the transformation semi-

group on the set B (see [4], [I7, [I8] for more details). Hence we have

End(B*) = T x (End(B*) x ... x End(B"))

N i
-~

n times

where Tp acts from the left on the co-ordinates of the elements in the direct

product.

If we have p = 7(x1,...,2,) and ¢ = p(y1,-..,Yn) (Where 7,p € T and
z;,y; € End(B*)) then

pq=T(T1,. )Yy Yn)
=71p (21, 20) (Y1, -y Yn)

= 7p(Tp)¥Y1; - s Tp(n)Yn)
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where ?(xy,...,x,) denotes the result of p acting on (z1,...,x,).

If p € End(B*) then 7 describes the action of p on B and each z; is an element
of End(B*) whose action on B* mimics the action of p on the subtree b; B*.
So to act on B* by p we act on each subtree with the corresponding x; and

then act on the collection of subtrees that result by 7.

Let A = (Q, B, ) be an automaton where B = {by,...,b,}. Define the maps
7,: B — Bby 1,(b) =p-band m, : Q — Q by m(q) = r where 6(q,b) = (r, 2)

for some z € B. If p € Q) then 7 = 7, and z; = m, (p). That is,

p = Tp(Tb, (), -+, (P))-

The main purpose of the wreath recursion is, by using the multiplication

outlined above, to determine the action of a word w € Q" on B*.

If we have a wreath recursion 7(uq,...,u,) which describes the action of
w € QT then we may add a state w to A with an edge from w to u; labelled
by b;|7(b;) for each i (this may require extra states u; to be added). The new

automaton A’ results in the same semigroup as A.

Let us return briefly to Example [2.5] and consider it in the context of wreath
recursions. We obtain as the wreath recursions corresponding to the states
a = id(b,a) and b = A(b, a) where id, A : {0,1} — {0, 1} are the identity map
and the map defined by A(0) = A(1) = 0 respectively. Using the multiplica-

tion defined above we see that
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a> = id(b,a)id(h,a) = idid(bb,aa) = id(b?,a?),
ab = id(b,a)A(b,a) = id\(bbba) = A(b? ba)
ba = Aba)id(b,a) = Nd(bb,aa) = A2, a?),
B o= AbaAba) = M(bbba) = b ba)

Notice that this agrees with the earlier conclusion that ab = b%.

Recall that a semigroup is said to be residually finite if for any u,v € S with
u # v there is a homomorphism 6 from S onto a finite semigroup with the

property that 6(u) # 6(v).

Proposition 2.7 (|7, Proposition 3.2]). Every automaton semigroup is resid-

ually finite.

Proof. Let A = (Q, B,d) be an automaton and let u,v be distinct elements

of ¥(A). Then there exists n such that u and v act differently on B™.

Define a new automaton A; = (Q1, By, d;) where @1 = @ and B; = B". This
new automaton A; essentially simulates A but instead considers a block of
n symbols from B as a single new symbol. Therefore 3(A) = ¥(.A;). Notice
also that in A; we have 7, # 7, where 7,,7, are defined as above. The
semigroup T = {7, : w € (Q1)"} is finite and is a homomorphic image of
¥(A) under the map w + 7,. One sees that the map is well-defined and u

and v have different images. Hence ¥(.A) is residually finite. ]

Proposition 2.8 ([7, Proposition 3.4]). Automaton semigroups have a sol-

uble word problem.
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Proof. 1t is shown originally in [I7, Theorem 2.22] that this result is true for

automaton groups and that it generalises to automaton semigroups.

Let A = (@, B,0) be an automaton with B = {1,...,n}. Let u,v € Q7.

Suppose that the wreath recursions for u and v are u = 7,(wy, ..., w,) and

v = Tv<y17 s 7yn)

We have that v = v in X(A) if and only if 7, = 7, and w; = y; in X(A) for
each ¢ € B. First check whether 7, = 7,. If 7, # 7, then stop as we have

shown v # v. If 7, = 7, then proceed as follows:

For each ¢ € B repeat the above process to check if w; = y;. That is, compute

the wreath recursions for w; and y; and check to see if 7, = 7,,.

If, at some iteration, all of the pairs of words to be compared have already
been encountered in a previous iteration then stop with the conclusion that

u ="v.

This process terminates as the words w; and y; whose equality is to be checked
have length at most |u| and |v| respectively. This gives us at most |Q["
possibilities for w; and |Q|I*! possibilities for y;. Therefore there are at most
]QU“H‘”‘ possible pairs of words to be compared. In the worst case, we obtain
only one such new pair at each iteration and so any differences in the actions

of u and v must occur within |Q|*** iterations. O
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2.3 Natural Classes of Automaton

Semigroups

In this section we will see that some classes of semigroup occur naturally as
automaton semigroups before looking at some semigroup constructions that
interact nicely with the automaton semigroup construction. Again, we will

mostly be following [7].

Example 2.9 ([7, Proposition 4.1]). For any integer n > 2 the free semigroup

of rank n is an automaton semigroup.

Proof. Let n > 2. We define an automaton A = (Q, B,J) as follows: the
alphabet B will be {1,...,n}, the state set is Q = {¢; : i € B} and the
transition function is given by (g;,j) = (g;,7). This is illustrated in the

diagram below:

k|k

If A reads the symbol 7 it moves to state ¢; and the next output will be 7.

An infinite sequence « is sent to the sequence ia under the action of state g;.
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So for a word w = ¢;,¢s, - . . ¢;, where ¢; € B we have

U)leZl’LQanw

and

w-2Y = leQZnQW

The common prefix of w-1¥ and w - 2% determines w and so %(.A) is free on

(). Finally note that |Q| = |B| = n. O

An alternative way to construct free semigroups as automaton semigroups
will be presented later in Sections [3.2] and [3.3 This will make use of Cayley

automaton semigroups, which will be introduced in Chapter [3]

Example 2.10 ([7, Proposition 4.3]). The free semigroup of rank one is not

an automaton semigroup.

Proof. We identify the free semigroup of rank one with the natural numbers.
Suppose that N = ¥(A) for some automaton A = (Q, B, J). First note that if
|Q] = 1 then ¥(A) is isomorphic to the subsemigroup of End(B*) generated
by {7, : ¢ € Q} and so is finite, which is a contradiction. Hence we may
assume that |Q| > 2. The element 1 is indecomposable in N so must be
present in any generating set for N. Hence we may assume that 1 € Q) as )

generates X(A).

With respect to the usual ordering of N, let k be the largest element in Q.
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Suppose that we have used the wreath recursion for 1 to calculate the wreath
recursion for k and have found that it is 7(qi1- - @i, - @B UBJE)
where ¢;; € Q. In N, each string ¢;1---¢ix is equal to an element of @)
which appears in the wreath recursion for k. As we chose k to be maximal
we must have ¢; ; = 1 for all ¢, j. Hence 1 = o(1,...,1) for some ¢ and so is
a periodic element of N which is a contradiction. Hence the free semigroup

of rank one is not an automaton semigroup. ]

By way of contrast, the free monoid of rank one is an automaton semigroup.

Example 2.11 ([7, Proposition 4.4]). The free monoid of rank one is an

automaton semigroup.

Proof. Consider the following automaton A:

0l0 0jo
11

For any x € ) and any sequence « notice that a-x-a = x-a-a = r-« and so

a is the identity in $(A). We also have that p-...-5-1¥ = 0¥1* and hence
—

k times
all powers of b are distinct. Thus X(A) is the free monoid of rank one. [

Example 2.12 ([7, Proposition 4.6]). All finite semigroups are automaton

semigroups.

25



Proof. Let S be a finite semigroup. For each z € S define the map \,
in Ts1 by M\;(s) = xs where s € S'. This gives the extended left-regular
representation of S in T (see [21, Theorem 1.1.2] for details). Therefore the
subsemigroup T'= {\, : # € S} < T is isomorphic to S. Let A = (S, S, 4)
be an automaton where § is given by d(z, s) = (x, A\,(s)). Then

(A =T. O

Proposition 2.13 ([7, Proposition 5.5]). Let S and T' be automaton semi-
groups. Then S x T is an automaton semigroup if and only if it is finitely

generated.

Proof. By Proposition there is nothing to prove if S and T are both

finite so we may assume that at least one of S and T is infinite.

If § x T is an automaton semigroup then it is clearly finitely generated.

For the converse, suppose that S x T is finitely generated. We have that
S x T is generated by X x Y for some finite subsets X C S and Y C T.
Let A= (P,C,0) and B = (Q, D, €) be automata such that S = 3(A) and
T = ¥(B). We calculate wreath recursions for elements of P™ and Q" (for
m,n € N) such that X C P™ and Y C @Q". We obtain new automata
Ay = (P, C,6) and By = (Q", D, €) by adding new states corresponding to

these wreath recursions to A and B.

Let C be the automaton with state set P™ x Q" that acts on C' x D in the

natural way. Then 3(C) = X(A;) x X(By) = S x T. O
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Proposition 2.14 ([7, Proposition 5.6]). Let S and T be automaton semi-

groups. The normal ideal extension of S by T is an automaton semigroup.

Proof. A semigroup U is the normal ideal extension of S by T'if U = SUT

and st =ts =t for all s € S and t € T (see [9, Section 4.4] for details).

Let A= (Q,C,0) and B = (R, D, ¢) be automata such that S = 3(A) and
T = %(B).

Define a new automaton K = (QU R,C'U D U{0},0) where 0 ¢ C'U D. The

transition function 6 is defined by:

(g,¢) = d(q,¢)
(q,d) = (g, d)
(¢,0) = (¢,0)
(ryc) = (r,0)
(r,d) — €(r,d)

(r,0) — (r,0)

where ¢ € Q,r € R,ce C and d € D.

We go on to show that 3(K) is the normal ideal extension of S by 7'
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In a state g € @, K acts on symbols from C' like A does. It skips over symbols
in DU {0} leaving them unchanged and remains in state ¢. Similarly, if C is
in a state r € R then it acts on D in the same way as B and sends symbols

in C'U{0} to 0 whilst staying in state r.

Let a € (CUDU{0})“. We can write « as a = 31718272 . .. where ; € C*
and v; € (DU{0})*. Now let u € Q*. Then

w-a=BmBya...

where the (3! are given by w - $18... = 155 ... and |5;| = |5.|.

Thus the action of a word over @) is completely determined by its action on
C*. As it has no effect on symbols from D U {0}, the subsemigroup of ¥(K)

generated by () is isomorphic to S.

Now decompose a as « = 31718272 ... where 8; € (C'U{0})* and ~; € D*.

For a word v € RT we have

vea = 0"y 082,

where v/ is determined by v-v172 ... = {75 ... and |[vi| = |:|. We also have
k; = |Bi]- So the action of a word over R is determined only by its action on

D* and so the subsemigroup of 3(K) generated by R is isomorphic to 7.

28



For any sequence a € (CUDU{0})* and words u € Q" and v € R* we have

uv - =7%w-ax =7 -«

as u does not alter symbols in DU {0} and v sends all symbols from C'U {0}

to 0. Hence X(K) is the normal ideal extension of S by T. O

Immediate corollaries of Proposition [2.14] are the following:

Corollary 2.15 ([7, Proposition 5.1]). Let S be an automaton semigroup.

Then S° is also an automaton semigroup.

Corollary 2.16 ([7, Proposition 5.2]). Let S be an automaton semigroup.

Then St is also an automaton semigroup.

Proposition 2.17 ([7, Proposition 5.7]). Let S and T be automaton semi-

groups. The S Uy T is also an automaton semigroup.

Proof. Recall that the zero-union of two semigroups S and 7" is the semigroup

U=SUTU{0} where st =ts=0foralls€ SandteT.

Let A = (Q,C,6) and B = (R, D, €) be automata such that S = 3(A) and
T = X(B). Define a new automaton H = (QURU{0}, CUDU{z},v) where
0¢ QUR, z2¢ CUD and v is defined by:
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(g,¢) = d(q,¢)
(q,d) — (0, 2)
(rye) = (0, 2)
(r,d) — €(r,d)
(x,2) — (0,2)

(0,e) — (0, 2)

where g € Q,r € R,ce C,de D,x € QURU{0} ande € CUD U{z}.

The action of a state ¢ € Q in H on C¥ is the same as the action in A. If
ae€C*and f € (DU{z})(CUDU{z})¥ then q¢-af = (¢ «)z*. Hence
the action of states in @) in the automaton H is defined by their action in A.
Therefore the subsemigroup of X(#) generated by @ is isomorphic to S. By
a similar argument, we obtain that 7' is isomorphic to the subsemigroup of

Y(H) generated by R. Evidently 0 is the zero element in 3 (H).

For any words v € Q1 and v € R and any sequence o € (CUDU{z})¥ we

have wv-a=vu-a=0-a= 2" and so X(H) =S Uy T O
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Chapter 3

Cayley Automaton Semigroup

Theory

Having considered general automaton semigroups in Chapter [2 we go on now
to define Cayley automata. These are automata that are constructed from
the Cayley Tables of finite semigroups. We shall term the automaton semi-
groups arising from these automata Cayley automaton semigroups. These

semigroups will be the focus of study for the remainder of this thesis.

We will begin by defining Cayley automata before looking at some of their
basic properties. Several examples will be constructed and some fundamental

results established.
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3.1 Definition

Following [7, 25, 27, 28|, 32] we make the following definition:

Definition 3.1. Let S be a finite semigroup. The Cayley automaton is
the automaton C(S) = (5,5,0) where the transition function is defined by

d(s,t) = (st,st) for s,t € S.

Since st is a product in the semigroup note that this is still a synchronous

automaton. A typical edge in such an automaton has the following form:

: t|st : :

Intuitively, if outputs are ignored, the automaton obtained is simply the right

Cayley graph of S with respect to S as the generating set.

Having defined Cayley automata, we can now make the following definition:

Definition 3.2. A semigroup 7 is said to be a Cayley automaton semigroup

if there exists a finite semigroup S such that T' = 3(C(5)).

In Definition above, notice that the state set and the alphabet used are

the same. In order to avoid confusion, we adopt the following convention:

Notation 3.3. For s € S the state in the Cayley automaton corresponding

to s will be denoted s and the symbol as s.
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Let se S and o = oqavy ... v, € S*. A direct calculation shows that

S-a=(s)(saiaz) ... (saqas. .. ay).

Each state 5 in the Cayley automaton therefore gives rise to a transformation

S* — S* given by

Sy ..o > (sag)(saqas) ... (saqag .. .ay).

We may therefore view 3(C(S)) as the subsemigroup of End(S*) generated

by {5: s € S} under composition of transformations.

3.2 Known Results

We give now two major results in this area which will be used throughout

this thesis.

The following is proved in [32, Theorem 4.1]:

Theorem 3.4. Let G be a non-trivial finite group. Then X(C(G)) is a free

semigroup of rank equal to the order of G.
The original proof of this result makes use of the properties of reset automata,

something which we will not discuss here. An alternative proof using actions

on sequences will be given in Section

33



Having considered groups, we now consider aperiodic semigroups (recall that
in the finite case, these are the semigroups with no non-trivial subgroups).

Mintz establishes the following in [2§]:

Theorem 3.5. Let S be a finite semigroup. Then X(C(S)) is finite and

aperiodic if and only if S is aperiodic.

The proof of this result is long and involved and as such is not presented here.
The main idea of the proof is to consider the ideal structure of an aperiodic
semigroup and act on sequences of elements from these ideals. Alternative
proofs of this result are given in [7] and [25] using actions on sequences and
wreath recursions respectively. Although shorter than Mintz’s proof, both

proofs are still lengthy and technical.

3.3 Basic Properties and Examples of Cayley

Automaton Semigroups

We begin by proving a simple, yet fundamental, theorem regarding when two
elements of a semigroup give rise to the same transformation in the Cayley

automaton semigroup.

Theorem 3.6. Let S be a semigroup and let x,y € S. ThenT =7 € 3(C(S5))

if and only if xa = ya for all a € S.

A proof of this appears in [25] using wreath recursions. An alternative proof
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using actions on sequences is given here:

Proof. (=) Let a € S and o € S*. Since T = 7§ we have that

(za)(Ta - o) =7 aa =7 - aa = (ya)(ya - @)

and hence za = ya as the outputs must agree on all terms (in particular, the

first term).

(<) Since xa = ya we have that

T-aa = (ra)(Ta-a) = (ya)(ya- o) =7 - aa

and hence ¥ = 7. O

Proposition 3.7 ([7, Proposition 6.3]). Let S be a finite semigroup. Then
2(C(S%) = (2(C(9)))°

Proof. Let a € S¥ and s € S. Then

E'C(SO) a=3s C(s) &

where the subscripts denote which automaton is acting on a.

If p€S™and v e (SU{0})¥ then

5 -¢(s0) B0y = (5 -¢(s0y B)0Y = (5 -¢(s) )0
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and 0 - = 0v. Hence ¥(C(S%)) = (2(C(9)))°. O
Proposition 3.8 ([7, Proposition 6.5]). Let U,V be finite semigroups. Then

B(C(U U V) = E(C(U)) Up B(C(V)).

Proof. This is a consequence of Proposition|2.17} In that proof, let A = C(U)
and B = C(V). It remains to replace the symbol z by 0. Then we have
K=C(UU,V). O

Proposition 3.9. Let x € S be a left-zero. Then T € X(C(S)) is a left-zero.

Proof. Let x € S be aleft-zero, a € S be arbitrary and a = ayay ... v, € S™.

Then
T-a-a=(ram)(raciaciag) ... (raciacias ... aaq ... ap)
= (z)"
=7 -«
and hence T is a left-zero. O

Proposition 3.10. Let x € S be a right-zero. Then T € ¥(C(S)) is a right-

ZEro.

Proof. Let x € S be a right-zero, a € S be arbitrary and o = e ... @, €
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S*. Then

a-T-a=(aro)(araizagas) . .. (axoqzonas ... xoq ... ap)
= (xaq)(ranag) ... (xaq ... ap)

=T «

and hence 7 is a right-zero. O]

Combining Propositions and we immediately obtain the following:

Corollary 3.11. Let 0 € S be a two-sided zero. Then 0 € X(C(S)) is a

two-sided zero.

Having considered left /right /two-sided zero elements, let us now construct
the Cayley automaton semigroups arising from left-zero, right-zero and null

semigroups.

Example 3.12. Let L, = {x1,2,...,2,} be a left-zero semigroup. Then
by Proposition T; is a left-zero in X(C(L,,)) for all i € {1,...,n}. Also,
for i # j we have ; # ; by Theorem [B.6] Hence ¥(C(Ly)) = Ly,.

This is the first non-trivial example of a self-automaton semigroup (that is,
one that is isomorphic to its Cayley automaton semigroup). These semi-

groups will be the main object of study in Chapter [5

Example 3.13. Let R, = {z1,22...,2,} be a right-zero semigroup. Then
by Proposition [3.10, Z; is a right-zero in 3(C(S)) for all ¢ € {1,...,n}. By
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Theorem [3.6] we have that 7; = 7; for all 7,5 € {1,...,n}. Hence £(C(R,,))

is generated by {77} and so is trivial.

Example 3.14. Let Z, = {0,21,25...,2, 1} be a null semigroup (that is,
a semigroup satisfying ab = 0 for all a,b). By Theorem [3.6| we have that
T;=%; =0foralli,j € {1,...,n—1}. Consequently ¥(C(Z,)) is generated

by 0 and is trivial.

Example 3.15. Let S = I x J be a rectangular band where I = {1,... i}

and J = {1,...,7}. Then by Theorem we have (i,71) = (4, j2) for all

i € I,j1,72 € J. Hence 3(C(5)) is generated by {(1,1),(2,1),...,(3,1)}

(note also that (i1, 1) # (ig, 1) for all 41,15 € ). We have, for (i1,1), (iz,1) €
2(C(9)) and o = (A1, 1) (g, pe2) - - . (A o) € S* (where \; € I and p; € J)

(G2, 1) - o = (2, pa) (d2, pt2) - - - (42, ftn)

Hence

(11, 1) - (i2, 1) - v = (in, 1) - (i2, pua) (i2pa2) - - - (i2ptn)

= (ilhul)(ila,UQ) ‘e (%Mn)

=(i,1) -«

I

and so (i1,1) is a left-zero. Consequently, X(C(S)) = L,.

So far we have established that left-zero semigroups and rectangular bands

give rise to left-zero semigroups when we construct the Cayley automaton
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semigroups. We now classify exactly which semigroups give rise to left-zero

semigroups.

Proposition 3.16. Let S be a finite semigroup. Then X(C(S)) is a left-zero

semigroup if and only if abc = ac for all a,b,c € S.

Maltcev establishes a dual result to this in [25] via his use of right actions.

We give an amended version of his proof here in the setting of left-actions.

Proof. (=) Assume that X(C(S5)) is a left-zero semigroup and let a,b € S.
Then @-b- o =a-« for all @ € S*. Consider the sequence o = ¢ of length

one. Then

abc=a-b-c=a-c=ac

and hence abc = ac for all a,b,c € S.

(<) Suppose that abc = ac for all a,b,c € S and let @ = s ... a,. Then

a-b-a=(abay)(abarbajas) ... (abarbaias ... bay ... ap)
= (a)(aonaz) ... (aciay . .. ay,)

=a-«

and hence @ is a left-zero for all ¢ € S. Thus X(C(.59)) is a left-zero semigroup.

]

We can also classify which semigroups give rise to right-zero semigroups.
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Proposition 3.17. Let S be a finite semigroup. Then X(C(S)) is a right-
zero semiagroup if and only if S? is the minimal ideal of S and this ideal forms

a right-zero semigroup.

Again, a dual result is established in [25] and a proof for the left-action case

is presented here:

Proof. (=) Suppose that X(C(S)) is a right-zero semigroup. Since it is
finitely generated it must be finite. Let I = {iy,... it} be the minimal
ideal of S.

Since I* C S§* and [ is an ideal of S we have that I* is invariant under
the actions of {i1,...,i}. Hence, the subsemigroup of ¥(C(S)) generated
by {i1,...,i;} can be homomorphically mapped onto ¥(C(I)) via the map
i; —ij [+ The ideal I must be a Rees-Matrix semigroup and since %(C(S))
is finite we conclude by Theorem that S is aperiodic. Hence I must in
fact be a rectangular band X x Y where X is a left-zero semigroup and Y is

a right-zero semigroup. As per Example|3.15, X(C(I)) = L.
g group p p |X]

Since 3(C(9)) is a right-zero semigroup, every subsemigroup and homomor-
phic image of ¥(C(S)) must also be a right-zero semigroup. In particular,
Y(C(I)) must be a right-zero semigroup, which forces |X| = 1. Hence [ is a

right-zero semigroup.

Let s € Sand i € I. Then i-35 = 5 since 5 is a right-zero and by acting on

the sequence o = x (where « € S) we obtain isx = sz for all x € S. Hence
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58 =1isS C I for all s € S and so S? C I. However, since I was assumed to

be minimal, this forces S? = I.

(<) Now suppose that {iy,...,i,} = I = S?is the minimal ideal of S and is a
right-zero semigroup. Let s € S and fix ¢ € I. Then sx € I and isx = sz for
any x € S. By Theorem is = 5 and so for every s € S there exists j € I

such that 5 = j. Consequently, 3(C(S)) can be generated by {iy, ...}

Let o € S*. Then iy - o = 3 where 3 € I*. Now since each term in 3 is a
right-zero and i; € I we have i, - 3 = . Hence i, - iy = i5 and hence X(C(S))

is a right-zero semigroup. O]

Having established which semigroups give rise to left- and right-zero semi-
groups, one may now consider if it is possible to obtain a rectangular band
as a Cayley automaton semigroup. Such semigroups do arise as Cayley au-

tomaton semigroups and an example is exhibited after Proposition

Recall that a semigroup is nilpotent of class n if S™ = {0} but S"~! # {0}

where 0 denotes the zero element of S.

Proposition 3.18 ([7, Proposition 6.13]). Let S be a finite nilpotent semi-

group of class n. Then X(C(S)) is a finite nilpotent semigroup of class n—1.

Proof. Let x1,...,2,_1 € 5. Also let a € 5“. Then
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as every symbol in the output sequence is a product of at least n terms.

Hence %(C(.9)) is nilpotent of class at most n — 1.

Now let z1,..., 2,1 € S be such that zy ...z, 1 # 0. Then

Il'...'{En_Q'ZEn_l:(xl...$n_1)§é0:6'$n_1

and 5o Ty - ... Tp 5 # 0. Thus X(C(S)) is n — 1 nilpotent. O

We now classify which semigroups give rise to free Cayley automaton semi-
groups. This result is proved from the perspective of wreath recursions in

[25]. A simpler proof by acting on sequences is given here.

Proposition 3.19 (|25, Proposition 3]). Let S be a finite semigroup. Then
Y(C(9)) is free if and only if the minimal ideal K of S consists of a single
R-class in which every H-class is non-trivial and there exists k € K such

that st = skt for all s,t € S.

Proof. (=) Let X(C(S)) be free and K be the minimal ideal of S. Then
K is isomorphic to a Rees-Matrix semigroup K = M|G; I, J; P| where G
is a group with identity e, I and J are finite sets and P is a J x [ matrix
with entries in G. We may assume by [2Il Theorem 3.4.2] that all entries
in the first row and column of P are e. Thus the element £ = (1,¢,1) is an

idempotent.

First we show that st = skt for all s,t € S.
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Let & = ajas. ..o € S*. Then k- a = 515 ... 3, where §; = kajas . .. .

We have, for s € S

sk-k-a=sk-3
= (Skﬁl)(Sk)ﬁlﬂg) e (8]65162 Ce ﬁn)
= (Sﬁl)(55162) Ce <86152 . ﬁn)

B

I
Wl

I
vl
=
Q

since skf; = skka; = skay = sB;. Hence sk -k = 5-k. Since (C(5)) is

free, and hence cancellative, we have that sk =5 which implies by Theorem

[3.6] that skt = st for allt € S.

Now we show that kst = st for all s,t € S. We will use this fact in deter-

mining the number of R-classes in K.

Now let ks-a = B1fs... B, where §; = ksoy...a; and 5-a = Y172 ... 7n

where ; = say ... q; (so 5; = kv; and kB; = ;). Observe that

7@'61’—&—1 = S¥1Qy . .. Oéi_lOéZ'k'SOélOéQ O
= SX1Qy . .. Oéi_l(()éikS)OélOéQ O
= S G2...0; 10501 Qg ... Qi q

= Yi%i+1
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since skt = st for all s,t € S. Hence

Egazgﬁlﬁgﬁn
= (51)(51@) s (5152 .- -5n)

= (ky1)(kv1y2) - - (kvvya - - - 7m)

=l

"Y17Y2 - In

I
=l
Wl

e

and so k-ks = k-5. Since X(C(S)) is cancellative we obtain ks = 3. Therefore

by Theorem kst = st for all s,t € S.
Finally, we consider the structure of the minimal ideal.

Now let s = (is, gs, js) and t = (i, g¢, j¢) be elements of K. Then

(17 gSPjsitgt7jt) = kst = st = (isa gSPjsitgt7jt)'

Hence s = 1 for all 75 € I so [ is a singleton and K has only one R-class.

Since st = kst we have S? C K. Suppose that H is a non-singleton H-class
containing elements a and b. Then there exist elements u, v, z,y such that
a =vb = by and b = ua = ax. Hence a,b € S? C K. Therefore the only
non-singleton H-classes of S must lie in K. If K contains only singleton

H-classes then S is aperiodic and so 3(C(S)) would be finite by Theorem

44



3.5 which is a contradiction. Hence all H-classes in K are non-trivial (and

isomorphic to each other).

(<) Since K has only one R-class it is of the form G x R where G is a non-

trivial group with identity e and R is a right-zero semigroup. Let k = (g,7)

(where g € G and r € R) be such that st = skt for all s,t € S (so5 = s(g,r

~—

by Theorem |3.6]).

Let s € S be arbitrary. Then s(g,r) = (h,r;) for some h € G and r; € R.

Since (g,7)(e,r) = (g,7) we have

S(QaT) = 8(9,7”)(6,7’) = (h,rl)(e,r) = (h,T)

and so s(g,r) = (h,r). Hence s(g,r) = (h,7).

Hence for every s € S we can write s = s(g,7) = (h,r) for some (h,r) €

H, (where H(,,) denotes the H-class containing (e,r)) and so 3(C(S))

is generated by {(g1,7),(g92,7),-..,(gn,7)} where |G| = n. Since H,) is a
non-trivial group isomorphic to G we conclude that ¥(C(S)) = X(C(He))),

which is free of rank |G| by Theorem [3.4] O

We conclude this section by stating a theorem that describes precisely when
the Cayley automaton semigroup of a finite semigroup is a group. The proof,

due to its length, is not given here.

Proposition 3.20 ([25, Theorem 6]). Let S be a finite semigroup. Then the

following are equivalent:
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1. ¥(C(S)) is a group,
2. 3(C(9)) is trivial,

3. S is an inflation of a right-zero semigroup by null semigroups.

A semigroup S is an inflation of a right-zero semigroup 7" by null semigroups
if T' < S and we can partition S into disjoint subsets S; (for each t € T') such

that ¢t € Sy and S,S; = {t} for all t,u € S.

Maltcev’s proof follows via the chain (1) = (3) = (2) = (1). The implication
(2) = (1) is clear and (3) = (2) is also fairly short. The difficulty is in the

step (1) = (3).

3.4 Subsemigroups, Quotients and Direct

Products

In this final section we consider how the Cayley automaton semigroup con-
struction behaves with respect to taking subsemigroups, direct products and

quotients.

Proposition 3.21 ([28, Lemma 9(2)]). Let S be a finite semigroup and let
T <S. Then X(C(T)) is a divisor of 3(C(S)).

Proof. Recall that a semigroup W divides a semigroup U if there exists

V <Usuch that U >V — W.
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Let Y = (t:t € T) < X(C(S)). The elements of Y act on S* and notice
that T C S*. Hence T is invariant under the action of Y. Hence the map

t+—t |7+ is an epimorphism Y — X(C(T)). O

In general it is not the case that if 77 < S then X(C(T)) < 3(C(5)). If,

for example we consider {1} < G where G is a non-trivial finite group then

{1} £ Fo|

However, we can state the following:

Proposition 3.22. Let S be a finite semigroup and let G be a non-trivial

subgroup of S. Then X(C(G)) is isomorphic to a subsemigroup of 3(C(S5)).

Proof. Let G ={g1,92,--.,9n}- Then by Proposition F,, divides
Y(C(S)). We have

F,=%(C(G) = (91 le, R la+ - - Tn lc*) « (T, %2> - - - Tn)-

Hence an<muﬁvg_n> -

Proposition 3.23 (|28, Lemma 9(1)]). Let S,T be semigroups and let f :
S — T be an epimorphism. Then X(C(T)) is a quotient of X(C(S5)).

Proof. Let s € S and a = ajay ..., € S*. Then

S-a=(sa)(sajs) ... (saras ... ay). Now let = 105, ... 03, where
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Bi = f(ay). Applying the map f gives us

m B =(f(s)B1)(f(s)B1B2) ... (f(s)B1B2- .. Bn)
(f(sa1))(f(saqae)) ... (f(saras...ay))

Hence the map s — f(s) extends to a map 5+ f(s). Extend this again to a
map X(C(S)) — X(C(T)). Now it follows from the previous calculation that

71 T2...T0n =01 Y2 .. Um in X(C(S)) then

flxe) - f(wo) .. flxn) = fly) - fy2) - [(Ym)

in X(C(T")). This shows that the map is well-defined and that any relation in

¥(C(9)) is satisfied in 3(C(T)). Hence X(C(T)) is a quotient of X(C(S)). O

Proposition 3.24 ([28, Lemma 20]). Let S and T be semigroups. Then
E(C(S xT)) <X(C(S)) x X(C(T)).

Proof. Define ¢ : X(C(S x T')) = X(C(S)) x £(C(T")) by

This maps X(C(S x T')) onto the subsemigroup of 3(C(S)) x X(C(T')) of pairs
of words of equal length. To see that this is well defined, let f; -...- f, €
Y(C(SxT)) map astring w = (s1,t1)(s2,t2) ... (sp, tn) (where s; € S,t; € T')

to w’. Denote by wg the string obtained from w by replacing each pair (s;,t;)
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with s; and we see that ¢(f - ...- f,) maps wg to wly regardless of how we
expressed fi - ...- f, as a product of generators. A similar argument works

for T'. The converse of this argument shows that the map ¢ is injective.

We now show that this is a homomorphism. Let f = [[\_, (s;,t;) and
g =11L"4 (us,v;). Then ¢(f) = ([[;-; 5, [, &) and
o(g9) = (I~ w, [T2, 7). Hence

We conclude this section by using Proposition to show by example that

rectangular bands can arise as Cayley automaton semigroups.

Example 3.25. Let T be the semigroup defined by the following Cayley
Table:
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First we show that the multiplication in 7" is associative. A three-element
product is determined entirely by the third element unless it is d. Consider a
product of the form zyd where xz,y € {a,b,c,d}. If y # ¢ then (zy)d = yd =
a = za = z(yd). In the remaining case we have (zc¢)d = ¢d = b = xb = x(cd).

Hence the multiplication is associative.

By Theorem [3.6) (C(T)) = (a,c). Observe that T? = {a,b,c} = Rs. Let
a € T%. Then

Ty a=(xym)(ryaiyoaias) ... = (yai)(yoiag) ... =7 - «

(where z,y € {a,c}) since each yajas ..., is a right-zero. Hence 7 -7 =7

and X(C(T)) = R,.

Now let Ly = {z,y} and S = L, x T. By Proposition [3.24]

S(C(S)) < S(C(Ls)) x B(C(T)) = Lo X Ro

and so |X(C(S))| < 4. By Theorem Y(C(9)) = {(x,a),(z,c), (y,a), (y,c))
and so we conclude that 3(C(S)) = Ly X Rs.
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Chapter 4

Cayley Automaton Semigroups
of Finite Monogenic

Semigroups

A semigroup is said to be monogenic if it can be generated by a single element.
In this chapter, we will construct the Cayley automaton semigroups arising
from finite monogenic semigroups. We will consider separately the cases
where the semigroups do and do not have a non-trivial subgroup. The case

of the infinite monogenic semigroup is deferred to Chapter

Throughout this chapter the semigroup S will have the presentation

S = (z]z" = ™)
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where n,r € N (so S = {xz,2% ...,2"""1}). The value r is referred to as
the index of the semigroup and n is the period. In this chapter, @ = ajas. ..

will be an element of S¥.

If a word - 2% - . ... 2% (where a; € {1,2,...,7+n—1}) acts on « then
we will denote the output by g = [15>... € S¥. Since S is commutative,
each f3; can be written as x®~; where e; is a sum of the indices ay, as, ..., an,

and ~; is a product of the terms aq, as, ..., q;.

Lemma 4.1. Let 2% - 2% - ... - 2% -« = 3. Then By = %%, where
kE—1 N k R kE+4+m—2
er = a as + ... A
g o )T \1) m—1
and i 1S a product of aq, as, . .., Q.

Proof. We will act on the sequence « one generator at a time. First consider

z%n . 'We obtain

x%m - = (2 aq) (2" an) (o asag) ..

Now consider z@m-1 . z%m . v = gom-1 - (2% ) (2" o) (T yeaz) . ... As

the output we obtain

(¥t ay) (¥t et ag o) (20T Y an 20 g e o i)

am—1+am am—1+1+1)am 2 )(xam_1+(l+l+l)am 3

=(z ay)(z ajas ajasas) ...

= (g1t ) (20 P2 o) (2 A tadas) L
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Now introduce the next generator and consider x%m-2 - x@m-1 . xam . o which

we write as

am—1+am am—1+2am 2 )(xam—l+3am 3.2 ) .

xm=2 . (x ap)(x ajas ajasag

We obtain as the output v15v5. .. where

am—1+am

v = a2y o

— xam—2+am—1+amod1

and
Vg = xam72xam—1+ama1xam71+2ama%a2
— $am72+(1+1)am71+(1+2)ama?a2
— xGM72+2am71+3ama?a2
and
Am—1+am Am—1+2am .2 Am—1+3am 3,2

vy ="y o oo ajasas

am—2+(14+14+1)am—1+(14+24+3)am -6 .3

— ma7n72+3am71+6am CE?O./%OZ:),.

Let us now consider x%m-3 . xom-2 . gom-1 . x@m . v which we write as
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x%m=3 - v . ... As the output we obtain &1&€3 ... where

§1 =21

am—2+am—1+am

= g3y o

— xam73+amf2+amfl+ama1

and
S = 2",
— xam73mam72+amfl+amalxam72+2amfl+3ama?a2
— xam73+(1+1)a1’n72+(1+2)am71+(1+3)a'mOéélla2
— Iam73+2amf2+3amfl+4a7n 0/110{2
and

&3 = 2" Pu1KYs

— xam—3xam—2+am—1+amalxam—2+2am—1+3am ai’a2xam—2+3am—l+6am a?aga:g

am—3+(1+1+1)am—2+(14+2+3)am—1+(1+3+6)am 10 4

A —3+3apm—24+6am,—1+10ay, 10 4

Continuing in this way will eventually yield, after all generators have been

considered, x% - x% . ... - 2% - o = (15503 ... where

_ _.a1+az2+az+...4+a
ﬁl — pdiTazTas m717
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ﬁ2 — xal+(1+1)a2+(1+1+1)a3+...+(1+1+...+1)am

Y2,
63 — CL,al—Q—(1—&-2)0,2—l—(1—|-2—l-3)z13—|—...—l—(1—|—2—i—...—&—m)am,y?)'
and the v; are products of o, ..., a;.
Hence we have
e = a1 + as + az+ ...+ A

eo=a;+(1+Day+1+1+1Dag+...+ (I1+1+...4+1ay,

es=a;+ (1+2)ay+(1+2+3)ag+ ... +(1+2+...+m)ay,

e = ai + Colo + c3az + ...+ CnQim

where ¢; = 1+ (k — 1) = k, ¢ = 1+ (k — 1) + 2450 = MEED g

em =14 (k—1)+ 50 4 4 Glbelam=t) _ Kt (ime2)

Reading down the columns above we observe that the figurate (or g-topic)
numbers appear (see [12, Chapter 1] for more details on g-topic numbers).
The b g-topic number is denoted by P,(b) and in general they are defined
recursively by Fy(b) =1 for all b > 1 and P,(b) = i P,_1(i) (so, for clarity,
the O-topic numbers are 1,1, 1,1, ..., the 1-topic nu;;l;ers are 1,2,3,4, ..., the
2-topic (or triangular) numbers are 1,3, 6, 10, . . ., the 3-topic (or tetrahedral)

numbers are 1,4, 10,20, ... and so on).
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This gives us P, (b) = (b+g_1) (see [12, p.7]) and so we may rewrite the above

as

e = (0)‘11 + (1)“2 + (2)(13 ( 1)am
e2=()ar + (Daz + (5)as (1)@
€3 = (0)a1 + (?)az + (2)0’3 (Zj)am

The g-topic numbers are related to Pascal’s Triangle. The first five rows of

Pascal’s Triangle are shown below:

and we observe that this can also be written as
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Po(5) Pi(4) Py (3) Ps(2) Py(1)

(see [I1L Section 4.2] for details). Note also that the g-topic numbers satisfy
P

,(0) = Py(b—1)+PF,_1(b). We will return to the connection between Pascal’s

Triangle and the g-topic numbers later.

4.1 Non-trivial Subgroups

We move on now to consider the cases where the period n of the semigroup
S = (x|z" = 2"*") is at least two. First we note that the cyclic group of

order n is denoted C,,.

Lemma 4.2. The free semigroup F), of rank n is an ideal in (C(S)).

Proof. As a subgroup of S we have {z", 2"t ... 2"t '} = C,. By Propo-

sition F, = (am,artl, oo artnsl) < B(C(S)). Let s € €y, and t ¢ C,,.
Since st € (), there exists u € C,, such that st = ts = us = su. This follows

from the fact that C,, is an ideal in S and that S is commutative.

Assume that st™ = su” for some n € N (note that the case n = 1 is established
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above). Then by induction we have

st"t = (st™)t = (su™)t = (st)u™ = (su)u™ = su™.

Hence st™ = su™ for all n € N.

Hence

|
S
=

5-t-a=(stag)(st’ajas) ... = (suay)(su’ciay) ... =

and so5-t=3-1.

Now consider (@ -z - ... zam) . (zb - 2b2 . ... - %) where
a; € {r,r+1,...,r+n—1}and b; € {1,2,...,r+n—1} with by <r —1.
Hence x% - z% . ... . 2% € F,. Using the result in the preceding paragraph,

we can write z0m - 21 = @ - 1% where ¢; € {r,r +1,...,7 +n —1}.
Applying this repeatedly gives us

where ¢; € {r,r+1,...,7+n —1}. Hence F, is a left ideal.

By a symmetric argument, F}, is also a right ideal and is therefore a two-sided

ideal. O

m

Lemma 4.3. z%-z%.. . ..x% € F, if and only zfz a; > r—1. Consequently,
i=1

any element T - 1% -, . .-x% € F, can be written uniquely as xbr-xb2-. . . - zbm
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where b; € {r,r+1,...,r+n—1} and a; = b; mod n.

Proof. Let a; € {1,2,...,r+n — 1}. Then there exists a unique
b; € {r,r+1,...,r +n — 1} such that a; = b; mod n. By acting on a
sequence o with the words 701 - 79 - .. .- 7@ and xb - 2% - . . .- zbm we obtain

the following:

T g0z xtme o =(2% ) (2 ) (2P 3) -

gbr gz . pbm :(xflfyl)(xfzfyg)(mf?’fyg) .

where e; and f; are as in the notation used in Lemma 4.1} Since the ; terms

depend only on a and m the same terms appear in both output sequences.
m

Hence e¢; = f; mod n for all 7+ and provided that e; = 2 i > r — 1 we have

x¢; = xfiy; and the outputs are equal. If e < r — 1Z;i1en it is possible to

have z¢17; € S\ C,, and 2/, € C, which would contradict equality of the

outputs. Hence z - g2 . ., . q0m = gbr . gb2. . gbm € F, .
. m - (f: ai>+1
Conversely, if > a; < r — 1 then z% - % . ... . 2% . g = g =1 and
i=1

m
> a; + 1 <r—1. Hence this can not be an element in the ideal as
i=1

(;

"L‘ (2

ai)+

\gE

"es\C,. 0

Il
—

We also have the following corollary:
Corollary 4.4. 3(C(95)) is a small extension of F,.
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Proof. Recall that a semigroup U is a small extension of V if |U \ V| < oo.

The statement of Lemmal4.3]is equivalent to saying that z91-z%.. . ..z ¢ [,

if and only if > a; < r — 1. Given that a; € {1,2,...,7 +n — 1} there are
i=1

only finitely many such sums. [

Many properties of semigroups are preserved when passing to a small exten-
sion, such as finite generation [§], finite presentability [31] and automaticity

[20]. Hence we have the following:

Corollary 4.5. X(C(S)) is finitely generated, finitely presented and auto-

matic.

Proposition 4.6. ¥(C(95))/F, is nilpotent of class r — 1.

Proof. We have that z@ - z% ... . z% ¢ F, if and only if > a; <7 —1. A
i=1
word z -z ... .- x%-1 of length r — 1 must satisfy Y a; > r—1since a; > 1
i=1

for each ¢ and hence lies in F,,. Hence 3(C(S))/F, is nilpotent of class at

most  — 1. The word T-T - ... - T satisfies > a; = r — 2 and so does not lie
— =
in F,,. Hence %(C(S))/F, is nilpotent of class equal to r — 1. O

Having established that there are only finitely many words not in the ideal

F,, we move now towards identifying when two words are equal. For the

remainder of this section we will assume that the words z% - za2 . .. . . xom
- - m k
and xb - xb2 - ... xbk are such that Y a;, <r—1land > b; <r—1.
i=1 j=1

m k
Lemma 4.7. [fZaﬁéij then T@ - % . . g% £ gbr . gbz . L g

i=1 j=1
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Proof. Consider both words acting on the sequence x. Then

m K
AT gE. g (Eo)r, (o) _ o o
a1l . o2 . .qpQm . = g i=1 #x]zl =t .02 bk g
and hence
xal .xaQ ”.xam ;é,],’bl-[lij :L‘bk
O
Lemma 4.8. If m # k then x% - x%2 - . . x%m £ gbi . gb2 . . gbe,
roof. um 0oz . qgam = bbbk u
P Assume that z@ - r%2 a br . b2 b . Let p be such that

Y. a;+p>r—1land ) bj+p >r—1. Consider the words z%-z92.. . ..z%m . .gP
i=1 =1

and abt - b2 . ...z . 7P, These words lie in F,, by Lemma and so can be

k

written uniquely as z¢ -z -. . -z - 2Pt and x% - zd2 .. - xd% . gP1 where a; =

¢; mod n, b; = d; mod n, p = p; mod n and ¢;,d;,py € {r,r+1,...,r+n—1}.

Hence x¢ - z% - ... - xém - gPt = gd . gd2 . . gde . xP1 € [, which can only

hold if m = k. ]

Thus far we have established two necessary, but not sufficient, conditions for

m k
equality of words. Namely, £ =m and ) a; = > b;.
i=1 j=1

If 207 - 7% - ... - 7% and 2P - 22 - ... - %= both act on the same sequence o
then we will denote the outputs obtained by (xz¢*'7)(z%27,)... and

(x17p)(x27,) . .. respectively.
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Recall from Lemma [4.1] that

€at = (tgl)al + (i) a9 —+ ...+ (t+m72) A

m—1

= Po(t)al -+ Pl(t)ag + ...+ Pm,1<t)am

and
€bt = (t_ol) bl + G) b2 4+ ...+ (t+m_2) bm

m—1

= Py(t)by + Pi(t)bs + ... + P 1(t)by.

Let us define

E(mv t) = ea,t - eb,t

= ()X +(OX +o ()X

m—1

=Rt)X: +PA(t)Xo+ ...+ Pp1(t) X
where X; = a; — b;.

Observe that

Lemma 4.9. If two words are equal then E(m,t) =0 mod n for all t.

Proof. Suppose that E(m,i) # 0 mod n for some i. So e,; # ey,; mod n.
Write ; = 2V for some v. We have that e, ; +v # e,;, +v mod n. Therefore

xea,i% — pCaitV 7& ity — meb,i%‘ ]
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Lemma 4.10. [f 2% - 2% .. z% qnd o -2b2 - - 2bn are equal then there

exists j such that x°iry;, xiy; € Cp but a1y _q, 2%, 1 & C,,.

Proof. 1f there does not exist such a j then there must exist g such that
(without loss of generality) z¢97, € C,, but a9, ¢ C,, which contradicts

the equality of the words. m

If 2@ . 7@ . . 7% = gh . gb2 . . gbn then we have E(m,1) = 0 and
E(m,t) =0 mod n for all t. Hence there must exist f such that E(m,i) =0
for all i < f and E(m, f) =0 mod n but E(m, f) # 0. Note that we must
have f < m otherwise we would have m equations in Xy,...,X,, which

would force a; = b; for all 7.

Lemma 4.11. [f 7% 2% .. .z@m = gbi.gb2. . gbn then z¢/~y; = 2/~ €

Ch.

Proof. Suppose that x°fv; = 2%+~ ¢ C,. Write y5 = ¥ for some v. Then
xal TV = gt — e, p = e,y = FE(m,f) = 0 which contradicts the

value of f. O

Lemma 4.12. There exist t; < to such that E(m,t;) = E(m,t3).

Proof. A typical E(m,t) has the form

E(m,t) = Po() X, + Pi()Xa + ..+ Po_y(£) Xom.

63



Notice that the X; terms are not dependent on ¢t. By considering each P;(t)
modulo n (and noting that Py(t) = 1 for all ¢) there are at most n™~! different

such E(m,t). Hence there must exist ¢1, to such that E(m,t,) = E(m,t3). O

Since the coefficients of the X; terms are defined by the recurrence relation
P,(b) = P,(b— 1)+ P,_41(b) with Fy(b) = 1, once we have E(m,1) the
remaining E(m,t) are completely determined. Once we find the values ¢,
and t, as per Lemma all of the subsequent E(m,t) are determined by
E(m,te + k) = E(m,t; + (k mod (ty — t1))).

Collating the above results, we can state exactly when two words are equal:

Theorem 4.13. Let x% - x9% - ... - 2%m gnd xb - xb2 - .. - 2b% be words in

m k
¥(C(9)) such that Z a;, Z b; <r—1. Then the words are equal if and only
=1 j=1

iof the following hold:

1. k=m,
2. There exists f € {1,...,m} such that

(a) E(m,i) =0 fori< f,
(b) E(m,j)#0 but E(m,7) =0 mod n forj > f,

(c) x°fyp, xfvys € Cp.

Proof. The forwards implication holds by Lemmas [4.8 and .11 Tt re-

mains to establish the reverse implication.
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Suppose first that &k = m. Then x® - 2% .. .. x0m . q = (217 )(z%27y,) . ..

and b1 - xb2 - xbn o = (2010, (225,) . . ..

Since 7; and d; depend only on m and « we conclude that v; = §; for all i.

Thus we may write o - b2 - ... - xbm - a = (x%19,)(2%27,) . . ..

By condition 2a, E(m,i) =0fori < fandsoe,; =ep; fori =1,2,..., f—1

and so the first f — 1 terms of the outputs are equal.

Condition 2b ensures that e, ; = e;,; mod n for j > f. By condition 2c we
have z¢/ vy, s, € C,. Write v; = x¥ for some v. Hence xf*v g/+0
C,, and since e, 5 + v = €,y + v mod n we conclude z%/v; = 2% /v All
the terms x¢7v;, x®Jv; where j > f are also in C,, and we obtain equality

for each 7 by the same reasoning. O

We now seek to improve the conditions given in Theorem [4.13] In particular,
we seek a condition that is easier to check than condition 2b in Theorem
[4.13] We begin by considering the cases when the period of the semigroup
is prime (and so the subgroup in S is C), the cyclic group of order p). We
do this by first returning to the connection between the g-topic numbers and

Pascal’s Triangle.

Lemma 4.14 (Lucas’s Theorem [14, Theorem 1]). For n,m € NU {0} and

ORGEY

a prime p we have
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where

m = mpp" + m_p" 4+ map 4+ me

and

n = nkpk + nk_lpk_l + ...+ np+ng

are the base p expansions of m and n and (Tr’;) =01fm; <n;.

In [24], Long considers Pascal’s Triangle modulo a prime p. He defines V¢, to

be the triangle of entries in Pascal’s Triangle with corners ( t;fil), ( tpdi’;i_l)

and (jﬁjﬂ)’jﬁ) where 0 <t < s and d > 1. All entries are taken modulo p.

Thus every entry in V¢, has the form (‘Z;Zig) where 0 <y < z < p? — 1.

Lemma 4.15. For all d > 0, all entries (zg:fz’) € V¢, are congruent to 0

modulo p.

Proof. By Lemma |4.14 (Spd+y)

tpd+tz (s) (y) =0 mod p since y < z. O

t/) \z

As an illustration, let us fix p = 2 and consider V7, which is highlighted in

bold. This has corners (4), (4) and (g)

1 3
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Lemma 4.16. Let p be a prime. Then E(m,t) =0 mod p for all t if and

only if X; =a; —b; =0 mod p foralli € {1,...,m}.

Proof. The reverse implication is trivial.

For the forward implication, find d such that p?~' < m < p? and consider
Vil,o- This has corners (pld), (pfil) and (2;5__12)‘ With the exception of the
entries on the outermost diagonals, Vio spans the width of Pascal’s Tri-

angle along its top. The coefficients of the X; (i > 2) terms in E(m,p?)

correspond to the first m — 1 terms on the diagonal edge of Vio, namely

(7). ().

By L 4.15we have E(m, p?) = ("~ X140+ ...+ 0=0 mod p which
y Lemma we have E(m, p®) (o) 1+0+ ...+ mod p whic

m—1 times
forces X1 =0 mod p and hence a; = b; mod p.

d_9o d_1 _ :
WehaveE(m,pd—l):(po )Xﬁ—(p1 )X2+O—|—...+O:0 mod p which

m—2 times
forces Xo =0 mod p and hence as = by mod p.
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By continuing in this fashion, when we consider E(m,p? — j) we will have
already shown that X;, Xs,...,X; =0 mod p. The coefficient of X, can
never be zero as this would contradict P;(p?—j) = P;(p?—j+1) — Pj_1(p® —
j+1) as we know Pj(p? —j+1) =0 and P;_1(p? — j + 1) # 0. This then

forces X; =0 mod p for all j. O]

We now have a modified version of Theorem in the case of a prime

modulus:

Theorem 4.17. Let S = (x|a" = z"*?) where p is prime. Let x%-x%-. . g%
m k

and b1 - b2 - .- 2t be words in X(C(S)) such that Zai,ij <r—1.
=1 j=1

Then the words are equal if and only if the following hold:

1. k=m,
2. a; = b; mod p for all 1,
3. There exists a mazimal f € {1,...,m} such that

(a) E(m,i) =0 fori< f,

(b) xfatrys, x iy € C.

Note that the condition in Theorem where we required E(m,j) = 0

mod p for j > f is subsumed by condition 2 above.

Having considered prime moduli, we now extend the arguments to an arbi-
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trary modulus n. We show the existence of [ such that

l [+1 l+m—2\ _
<1>,< 5 ),...,( 1 ):O mod n.

This will give us E(m,1) = (1—01)X1 +0+...4+0 =0 mod n which forces
—1ti

X7 =0 mod n. Working back up the diagonals of Pascal’s Triangle, similar

to in the prime modulus case, we will always force X;;;1 =0 mod n at the

(I — j)™ congruence. This gives a; = b; mod n for all i.

We require (i) =[=0 mod n and so | = gn for some ¢. Notice that

(l+z‘> D42 () g+ 1)1 42) . (1 +9)
i+1 (i +1)! B (i +1)!

and so if ¢ = lem(2!,3!,...,(m — 1)!) = (m — 1)! then (le:) =0 mod n for

all i € {0,1,...,m — 2}. This gives us the required congruence.

We can now state a further amended version of Theorem .13k

Theorem 4.18. Let S = (z|a” = 2™™). Let x% - z% - ... - x% and

m k

ab - gbe . xbe be words in X(C(S)) such that Zai,ij <r—1. Then
i=1 j=1

the words are equal if and only if the following hold:

1. k=m,

2. a; = b; mod n for all 1,

3. There ezists a mazimal f € {1,...,m} such that
(a) E(m,i) =0 fori< f,
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(b) xotry, xivyy € C.

Having completely determined the elements of X(C(S))\ F,, in Theorem [4.1§]

we now put some bounds on the size of ¥(C(S5)) \ F,.

Theorem 4.19. Let S = (z|a” = 2"™"). Then

r—2<|B(C(S)\ F| <272~ 1.

Proof. The set (C(S)) \ F, must at least contain {Z,x2,...,27-2} and so
r—2 < [B(C(9))\ Ful.

A word z@ - % - ... - z% € X(C(9)) \ F, must satisfy iai <r—1hby
Lemma [4.3] Therefore, by considering all ordered partitio:s1 of the integers
1,2,...,r—2 (that is, ways to express an integer as a sum of smaller integers
where the order of the terms matters) we obtain an upper bound on

1X(C(S))\ Fu| (note that we must consider ordered partitions and not simply

partitions as in general 3(C(5)) is not commutative).

A positive integer k has 25! ordered partitions. Hence the total number of

ordered partitions to consider is 20 +2' + ... 273 =272 — 1, O

We will see later in Example that the upper bound can be attained.
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4.2 Trivial Subgroups

We now consider the cases where the semigroup S has a presentation
S = (x|z" = 2"t1)

and hence the subgroup is trivial. The semigroup is therefore aperiodic and
by Theorem [3.5[3(C(5)) is finite. Note also that S is nilpotent of class r and
so by Proposition we see 2(C(S)) is nilpotent of class r — 1.

First notice that 2"a = 2" = 2" 'a for all @ € S and so by Theorem we

conclude that 2" = 2" 1.

Lemma 4.20. Let 2% -z%-...-x% € ¥(C(S)). Then x4 -z%.. .. .xom = gr—!

if and only ifZai >r—1.

=1

Proof. 1f >~ a; > r — 1 then

=1

- —_— i i i ia; m T\W 1

x4 g2 . gt = (zE o) (= ofag) .. = (") =27«
and so % - g% . .. . gom = grL,
If zov . x% . . . 2% = 71 then by equating the first terms of the outputs

m m

. > ai > ai i
we obtain =t o; = 2" la; = 2". Hence xi=1 oy = 27 where ¢ is at least

a; +1>r and so a; > r— 1. O
>
i=1 i=1

Lemma 4.21. Let 7@ -3 . .-zom € X(C(S)). Then 7 -z .. ..z = 772
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if and only ifZai =r—2.

=1

m

Proof. If >~ a; = r — 2 then

=1

- S 2 @ > ia;

T 7. g = (2= a) (2= o). .. = (27 2a) (") =272
and so x - x% .. . . gom = g2,

If zov . zo2 . . 29 = 272 then by equating the first terms in the output

we obtain /=1 @ = 2" % and so for equality with all values of a; (and in

particular oy = z) this forces > a; = r — 2. O
i=1

As a consequence of Lemmas or it is possible for words of different

lengths to be equal in 3(C(S)). Observe that this is in stark contrast to the

non-trivial subgroup case in Section 4.1 where to have equality of words we

required the words to have the same length.

This behaviour can also happen when the sums of the indices in the words

are less than r — 2. Consider S = (z|z? = 2°). Then

2223 a = (%)) (2 =23 -T-T - .

For equality of words x® - % - ... z% and zb - zb2 - ... - 2% where k # m

m k
and ) a;, > b; < r — 2 we still require the condition from Lemma 4.7| that

=1 7j=1

72



m k
Y. a; = Y, bj. We now classify exactly when words of different lengths are
i=1 j=1
equal.

Lemma 4.22. Let k # m and v - x% - ... - x%m gbr . gb2 . . abr be such
k

m
thatZai = ij <r—2. Then x% - 3% - - g% = gb . gb2 . . gbr 4f

i=1 j=1
and only if x¢2yy = x2yy = 2.

Proof. The reverse implication is trivial.

For the forwards implication, assume that x¢-27, # " and x2vy, # x". After

acting on a sequence «, we obtain x2vy, = x°2a"ay and %2y = a;ebﬂo/fag

m k
where e, = > ia; and epn = Y, jb;.
i=1 j=1

m k
If Y da; = > jb; then since m # k, " # of and so x°27y # 2279 which
i=1 =1

J

gives Z01 - 202 - .. pOm £ gbr . gbz . L gbe,
m k

Now assume without loss of generality that > ia; = jbj + p for some
i=1 j=1

p > 0. If K =m + s for some s > 0 then acting on the sequence zzx ... and

equating x®2vy, with 25 we obtain 2 = 2“2 where

k
e=(>_jb)+p+m+1

j=1

and
k

CQZ(Zjb])—Fm—I—S—I—l

j=1

which forces p = s. Conversely, by acting on an arbitrary sequence « and

73



setting x¢27y, = 27, we obtain
c,.p,m _ . m P
xaPal ay = o o g
k
(where ¢ = 3 jb;) which forces 27 = of and hence = = ;.
i=1

Hence by taking oy = x? we can show that x01- 2% .. . .z0m £ gbi.gb2. . gbk,
In the cases when p # s we show z% - x% - . . g@m £ gbi.gb2 . . gbe by

choosing a; = .

If m = k + y for some y > 0 then acting on a sequence a and setting

xe2yy = %275 we obtain

r°afanaPal = xtafay

k
(where ¢ = 3" jb;) which forces zPa¥ to be equal to the empty word which

J=1
is a contradiction and hence x@ - 2% - .. . z%m £ gb . gb2 .. ogpbe,
Acting on the sequence xxx ... now verifies that x€2y, = x%2y, = 2". [

Having considered the case when two words have different lengths, we look

now at what happens when they have the same length.

Lemma 4.23. 191 . g% .,  .g0m = gb.gb2.  .abm 4f and only if there exists

f such that E(m,i) =0 fori < f and xf/v; = z%fyp = a”.

Proof. Suppose that xo - x% .. . x%m = gb . gb2. . xbn Then since 2"
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is the zero element of S, there must exist f such that x®/vy; = /v = 2"
but z/-1y;y = /-1y, # 2". The only way to have the equalities

xfein; = x%i7y; when ¢ < f is to have e,; = ey, and hence E(m,i) = 0 for

1< f.
Conversely, suppose we have x@ - z% - ... . z0m = (g°17;)(x%2v,)... and
abogbe . ogbm = (z%1)(z%2,) . ... For i < f we have E(m,i) =0 and

SO €4,; = €p; and hence xivy; = 2%, for i < f. Since a®/yy = /vy = 2"

and 2" is the zero element of S we conclude that z®ivy; = a%Jv; for j > f.

Hence zot - 92 . ... . gom = gbr . gb2 . . gbm, O

Collating Lemmas and we obtain the following classification:

m k
Theorem 4.24. Let S = (x|a" = 2™1), Zai, ij <r—2. Then
=1 j=1
2otz ptm = gbogba . oabe gf and only if, for k = m, there exists f

such that E(m,1) =0 for i < f and z°/vp = x®/vp = x", and, for k # m,

m k
E a; = g b and x+2yy = 27y, = 2"
i=1

j=1

Similarly to Theorem [4.19] we seek to place upper and lower bounds on

12(C(S))| now that we have determined all the elements by Theorem [4.24]

Theorem 4.25. Let S = (x|z" = 2" ). Thenr—1 < |3(C(S))] < 273 +1.

Proof. The semigroup X(C(S)) must at least contain {7, z2,...,2"~1} and

sor—1<|X(C(9))|.
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A word z@ - z% - ... . z% € 3(C(S)) which is not equal to either 272 or

2"~ must satisfy Y a; < r — 2 by Lemmas [4.20 and [4.21} Therefore we
i=1

consider all ordered integer partitions of 1,2,...,r — 3. There are 273 — 1

such partitions. O

4.3 Examples

We conclude this chapter by illustrating Theorems and with some

examples.

Example 4.26. Let S = (z|z° = 2%). Then by Lemma [4.2] we have that,
Fy = (x5,26 27, 28) < 3(C(S)). By Lemmaa word z%1 -x% .. ... z% ¢ F,

m —_—
if and only if >~ a; < 4. Hence the words outside of Fj are: T, x?, x3,
i=1

T-7T,T-2%2%2-7 and T -7 -T. Notice that no pair of these words satisfy
all the conditions of Theorem and hence they are all distinct. Thus

¥(C(9)) = {7,22,23,7 - 7,7 - 22,22 -T,T-T- T} U Fy.

By Theorem {4.19 we have 3 < |X(C(S5)) \ Fu| < 7 and so the upper bound
on |X(C(9)) \ Fy| is attained.

Example 4.27. Let S = (z|2'® = 2?*). Then by Lemma {4.3| a word

@ - x2 .. . xon ¢ Fy if and only if ) a; < 18. Consider the words
i=1

%70 = g4 g8 and abr -2tz = 2824 € (C(S)) \ Fy. Clearly the words have

the same length and 8 = 4 mod 4 so the first two conditions of Theorem
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417 are satisfied. Notice

E2,1)=12-12=0

and

E(2,2)=20—-16=4=0 mod 4.

Hence the value of f that we seek for condition 3 is f = 2. We have

0 20

r2yy = 100ty = 22027

and
6 2 16

12y, = 2103y = 2107

where 24 = 04%042 and hence ¢ > 3. Thus

16

169 = x19xq73 23xq73 20

=z =gz

and so x2vyy = x27, € (; and condition 4 is satisfied. Hence

TF =B A es(ClS)).

Example 4.28. Let S = (xz]z7 = 28). Then X(C(S)) is generated by

{Z, 22,23, x4, x>, 20}, all of which are distinct elements in X(C(S)) by Theo-

rem [3.6, A word 7% - 7% . ... - 7% of length greater than one must satisfy

> a; < 5 by Lemmas [4.20{ and [4.21] in order to be distinct from a generator.
i=1

m
We split into the cases where > a; = 2,3, 4.
i=1
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m
In the case where ) a; = 2 there are two possible words. We act on a
i=1

sequence « with both of them and compare the outputs:
22 =(2) (2% a10n) . . .

77 a=(2%a)(#?das) . ...

Since the lengths of these words are different, in order to have equality we

would require z2a 00 = 2302ay = 27 by Theorem [4.24] However, this does
1 Yy

not hold if we choose a3 = as = z and so we conclude that x2 +7T-T.

m
In the case where ) a; = 3 there are four possible words. Again, we act on
i=1

a sequence « and compare the outputs:

23 o =(23o)(zPar0n) . ..

T-22-a =(2’a)(r°fay) ... = (zPo)(a7)”
227 a =) (2" alay) . .. = (2Pay)(2")”
777 a=(r’a)(e’ajay). .. = (a¥o)(aT)”

and we conclude by Theorem M that 7-22 =22-T =T -7 - . Note that

we can show 23 is distinct from the other words by choosing a; = as = z.

m
In the case where ) a; = 4 there are eight possible words. Again, we act on
i=1
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a sequence « and compare the outputs:

21 a = (vloy)(ztaran)

2222 a = (vhon)(2%a2an) ... = (ztar)(z7)”.
723 a = ('a)(@Tafay). .. = (atar)(27)” .
237 a= (i) (2%2an) ... = (ztar)(z)”.
277 a = (o) aday) ... = (ehar)(2T)”
72?7 a=(r'ar)(@dafag) ... = (zlar)(aT)”.
-7 22 a = (2ta;)(2%3an) ... = (zlay)(zT)~.
7-T-7-T-a=(vta)(2%das) ... = (2tay)(27)*

and hence by Theorem .24, 22 - 22 =7 - 283 =23 T =22 - T - T=T-22-T =

T-T-22=7T-T T % Again, we show z? is distinct from the others by

choosing a; = ap = .

Therefore X(C(S)) = {7, 22, 23, 2%, 25,26, 7 - 7,7 - 22, 2% - 22}.
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Chapter 5

Self-Automaton Semigroups

With expansion-like constructions, such as the Cayley automaton semigroup
construction, it is often natural to consider the objects which are invariant
under the construction. In this chapter, we will investigate such semigroups,
termed self-automaton semigroups. This viewpoint is adopted by Cain in
[T, Section 6.4] where he gives as examples of self-automaton semigroups
semilattices and I x [ rectangular bands with an identity. This led him to

pose the following:

Open Problem 5.1. Classify the finite self-automaton semigroups. The
class of such semigroups might consist of precisely those finite bands in which
every D-class is square (that is, I x I for some I) and every topmost D-class

is a singleton.

Initially, the need for square D-classes may appear surprising. However,
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further consideration of the problem suggests that this may have arisen as a
consequence of Cain’s choice (and also the choice of Maltcev in [25]) to act
on sequences from the right with states of the automata, as opposed to the
convention adopted by other authors (such as Mintz in [28] and Silva and
Steinberg in [32]) of acting from the left. As the left action approach seems
more natural to us, we will translate the notion of being self-automaton, as

defined by Cain, into this alternative setting.

It should be noted here that the results of acting from the left rather than
the right go far beyond a simple anti-isomorphism. By acting on the left,
a wider and more interesting class of self-automaton semigroups is obtained
than by acting on the right. Indeed, the examples presented by Cain in [7]

can be interpreted fully in the framework of left actions.

Section [5.1| will introduce self-automaton semigroups and consider the initial
links between these semigroups and their left-regular representations. Moti-
vated by Open Problem we consider bands in Section [5.2] where we show
that a band is self-automaton if and only if its left-regular representation is
faithful. This suggests a rephrasing of Cain’s original question in terms of

left actions, which may go as follows:

Question 5.2. Does the class of self-automaton semigroups consist precisely

of those bands which have a faithful left-regular representation?

The majority of this chapter will be aimed at answering this question. In
trying to do so, positive results are proved for the classes of regular semi-

groups and monoids, but, in general, the question has a negative answer. An
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example of a non-band self-automaton semigroup is constructed in Section
but this is not an answer to Open Problem[5.1]due to a lack of self-duality

in the semigroup.

In Section [5.4] we present Cain’s original notion in terms of left actions and
exhibit an example to answer Open Problem in the negative. Further
properties of self-automaton semigroups are discussed in Section 5.5, Finally,
in Section [5.6{we consider the semigroups that arise as a result of constructing
automata from left Cayley graphs and describe fully the link between left and

right graphs and left and right actions.

The material in Sections [5.1] to |5.5{ can be found in [27].

5.1 Definitions

We begin by making the following definition:

Definition 5.3. Let S be a finite semigroup. Then S is self-automaton if

the map S — X(C(S)) which maps s +— 5 is an isomorphism.

Notice that the map s + § is always a surjection onto the set {5 : s € S}
which generates X(C(S)) and so to prove that it is an isomorphism it will
suffice to show that it is a monomorphism. Below we discuss injectivity of
the map s — 5 before returning later to a discussion of when the map is a

homomorphism, which requires more careful consideration.
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Before continuing, let us consider an example of a self-automaton semigroup.

Example 5.4. Let L, = {z1,z9,...,2,} be a left-zero semigroup (i.e.

xix; =x; for all i, j € {1,...,n}). Notice that for i # j we have

T X =% F X =T L

and hence 7; # 7; showing that the map x; — 7; is injective.

For any sequence « € L} we have T; - a = (x;)* where |a| = k. Now we have

and hence the map z; — 7; is a homomorphism. Hence we conclude that L,,

is self-automaton.

Motivated by Example we now move towards establishing when the map

s — 5 is injective in general.

Definition 5.5. Let S be a finite semigroup. For each a € S define the
map A\, : S — S by A\(z) = ax where x € S. Then A\, € Tg (the full
transformation semigroup on S) and so there is a map A\ : S — Tg given by
Aa) = A,. The map A is the left-reqular representation of S and is said to

be faithful if X is injective.

Lemma 5.6. Let S be a finite semigroup. The map s — 5 is injective if and

only if the left-reqular representation of S is faithful.
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Proof. (=) Let x,y € S. If x # y then T # 7 and so by Theorem there

exists a € S such that xa # ya. Hence

r#y = Ja:zaFya = N F Ny = ANa) # Ay)

and the representation is faithful.

(<) Since A is injective we have, for z,y € S,

r#y = AMN2)#MNy) = MF Ny = Ja:zaFya = T#Y

and hence s — s is injective. ]

Having established when s — 5 is injective, it remains to determine when it

is a homomorphism.

The original definition of being self-automaton, as stated in [7], is simply that
S = ¥(C(5)). At this point, we may pause to consider why we have chosen
to instead define the concept of being self-automaton in terms of a particular

isomorphism, rather than a direct analogue of the original definition.

The original definition is somewhat loose. There is no explicit isomorphism
to work with, thus making it difficult to determine where to start when
attempting to find examples of self-automaton semigroups. We chose to
consider the “canonical”’map s + s initially as having a concrete map allowed

us to find several initial examples.
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Currently, no examples of an isomorphism ¢ : S — 3(C(S)) have been found
where ¢ is not the map s — s (we do not consider examples such as s +— 6(s)
where € is an automorphism of S to be examples of a different isomorphism).

Further inspection of the map s — s reveals the following:

Lemma 5.7. Let S be a finite semigroup such that S = ¥(C(S)). If the map

s — 5 1s an injection then it is an isomorphism.

Proof. Since S = 3(C(5)) and s +— 3 is injective we have that

Y(C(S)) ={s5:s € S}. Let s,t € S. Then there must exist u € S such that
5 -t =1u. By acting on the sequence consisting of a single symbol a € S we
obtain

sta=s-t-a=u-a=ua

and by Theorem we conclude that @ = st. Hence the map s — 5 is an

isomorphism. O

An immediate consequence of Lemma|5.7|is that if an example of a semigroup
S satisfying S = X(C(S)) but not via s +— 5 exists then it can not have
a faithful left-regular representation. Interestingly, there exist examples of
semigroups S without faithful left-regular representations satisfying |S| =
1X(C(S))| but S 2 X(C(S)) (such an example is given by the zero-union of a
nilpotent monogenic semigroup and a right-zero semigroup of the appropriate
size). However, an example where S = ¥(C(.S)) will not be found in this way
as if T' is a nilpotent semigroup of class n then ¥(C(7")) is nilpotent of class

n — 1 (as per Proposition [3.18)).
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Given the relative ease with which we can work with Definition 5.3 and the
lack of examples of semigroups S satisfying S = 3(C(S)) but not via the
map s — S, it may be the case that the more restricted Definition is the

correct definition to use, which we record below:

Question 5.8. Let S be a semigroup such that S = ¥(C(S)). Then is the

map s +— S necessarily an isomorphism?

5.2 Bands

Having already seen Example [5.4] we show now that the class of bands pro-

vides a plentiful source of self-automaton semigroups in the left action setting.

Lemma 5.9. Let B be a finite band. Then the map b — b is a homomor-

phism.

Proof. First notice that for any band B and elements 31, (s, ..., 3, € B and

forz'SjSnwehaveﬁl...ﬁiﬁl...ﬂjzﬁl...ﬁj.
Let = ajas ..., € B*. Let s,t € B. We have that

S-t-a=35-(tay)(taag) ... (tanas ... )
= (staq)(stagtarag) ... (stagtoqas ... tag . .. ap)
= (staq)(starag) ... (stagas . .. ap)

=st-a.
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Hence s — s is a homomorphism. O]

By considering Lemma [5.9) together with Lemma [5.6] we immediately obtain

the following:

Theorem 5.10. A finite band is self-automaton if and only if its left-reqular

representation s faithful.

With this result, and considering Question [5.2, we prove the following:

Theorem 5.11. Let S be a finite semigroup with relative left and right iden-
tities (that is, for all s € S there exist e, f € S such that se = fs = s). Then
S s self-automaton if and only iof S is a band with a faithful left-reqular

representation.

Proof. (=) Let s € S and let e, f € S be such that se = fs = s. Let

aq, a9 € 5. We must have

(saq)(sagearas) = (saq)(sarsaias)

since

S e-qiap =8€- a1 =S a1y = fs-ajas = f 5 ajaa

and hence sajeajas = saijsajas for all ap,as € S. By taking a; = ay = ¢

we see that s> = s and hence S is a band.
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Since S is self-automaton, the map s — 5 is injective and so by Lemma

the left-regular representation of .S is faithful.

(<) This follows from Lemmas [5.6] and [5.9] O

We immediately deduce positive answers to Question [5.2] in the following

cases:
Theorem 5.12. A finite monoid is self-automaton if and only if it is a band.

Theorem 5.13. A finite reqular semigroup is self-automaton if and only if

it 1s a band with a faithful left-reqular representation.

5.3 Non-Band Examples

Theorems and show that Question [5.2] has a positive answer in the
cases of monoids and regular semigroups. However, we go on to show that
the answer in general is negative. Question [5.2] will be discussed further in

Chapter [§

First we prove a result (which is a generalisation of Lemma [5.9)) that we will

use in Example [5.15

Lemma 5.14. Let S be a finite semigroup. If S? is a band then the map

s — 5 is a homomorphism.

Proof. First recall that S = {zy : z,y € S}.
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Let s,t € S and let o € S*. Then

S - f Q= (StOél)(StOéltOélOéQ) Ce (StOélthOéQ Ce tOzl ce Oén)
= (staq)(stayag) ... (stag ... «y) as each tag ... «q; is an idempotent

= st - a.

Hence s — 5 is a homomorphism. O

Example 5.15. Let S be the semigroup defined by the following Cayley

Table:
a b ¢ d
alb b b c
b|b b b b

We first verify associativity. A three-element product is determined by the
leftmost term unless this is a and the second or third term is d. Suppose
that in a three-element product the first term is a and the second is d. Let
x € {a,b,c,d}. Then (ad)x = ¢ = a(dx). Now suppose that the first term
is a and the third is d. Now if z € {a,b,c} then (ax)d = b = a(xd) and if

x = d then (ax)d = ¢ = a(xd) and the multiplication is associative.

Clearly the left-regular representation of S' is faithful and so by Lemma [5.6
s+ 5 is injective. Observe that S? = {b, ¢,d} = L3, a three-element left-zero

semigroup. Hence by Lemma s+ 5 is an isomorphism.
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Notice that in Example [5.15, a?> # a and hence S is not a band. This is the

first counterexample to Question [5.2]

Next, we exhibit examples of semigroups which satisfy S = S? and are self-

automaton, but which are not bands.

Example 5.16. Let 51, ..., S, be finite self-automaton semigroups and de-
ﬁne T = Sl U...U Sm U {&171, e ,&17711,&271, .. 'a2,n2> e 7&m,17 Ce ,amynm,O}
where the product in T" extends the products in each S; and we set a; js; = a; ;

for all j € {1,...,n;}, s; € S; and all other products to 0.

In a product of three terms in 7', if all three terms are from the same S;
then associativity of this product is inherited from S;. For all other possibil-
ities, the only way to obtain a non-zero product of three terms is a product
of the form a;;s1s2 where s1,s9 € S;. Observe that (a;;$1)ss = a; ;52 =
a;; = a;;s3 = a;;(s152) (where s3 = s152). Hence the multiplication in 7 is

associative.

To better illustrate the construction of 7', we have the following egg-box

diagram:
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S, S,

aii s a1.ny Am 1 e A

Let s;,,s:, € S;. Consider the sequence o = X;Xs5... Xy, ZB1 By ... where
Xi,..., X, €8, Z€T\S;and B; € T. Then

iy Bip r = (54, - 5y, - X1 Xy .. XG)0”
= (53,55 - X1 X5 ... X})0” since S; is self-automaton

= 54, Siy * O

Notice that by taking the string X; X5 ... X} to be empty we have accounted
for acting on any sequence over T which is not a sequence of elements entirely
from S;. If B is a sequence of elements entirely from .S; then it follows from
the fact that S; is self-automaton that s;; - 5;, - 8 = 5;,5;, - 5. Hence all the

products in each S; hold in ¥(C(7")) and so S; embeds in X(C(T)).
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We also have that

Again, by taking the string X; X, ... X} to be empty we have accounted for
acting on all sequences over T' that are not sequences of elements entirely
from S;. If 5 is a sequence of elements entirely from .S; then

@i ;5,0 =(a;;)* =@, -P. Hence a;; -5, =a;,; forall i € {1,...,m}
and j € {1,...,n;} and we conclude that all of these products also hold in

2(C(T))-

Every other product in T is of the form zy = 0 and so these products will
also hold in ¥(C(7")). Hence all products from 7" hold in ¥(C(T")) and so the
map s — § is a homomorphism. Using Lemma [5.6, we show below that the

map is also injective.

For sq, s € S; with s; # sy there exists a € S; such that sja # sqa (since S;
is self-automaton) and hence 357 # 53. For s; € S; and s; € S; (S; # 5;) then
5;8; = 0 # s;5, € S; and hence 5; # 5. If a; ; # ax,; then there exists b € S
such that a; ;b # ay;b (we can choose b € S;). Note also that s;s; # a,s; for
all 4, k,l and hence 5; # @y;. Finally observe that for all x # 0 there exists
y € S such that 2y # 0 and so T # 0 for all z # 0.

Hence the map is an isomorphism.
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5.4 Comparisons with Cain’s Construction

As indicated earlier, we have defined states to act on the left of sequences,
in contrast to the approach taken by Cain who views states as acting from
the right. The aim of this section is to address the similarities and differ-
ences between the two approaches and show how the two are related, before

resolving a question stated in the introduction to this chapter.

In line with [7] we make the following definition:

Definition 5.17. Let S be a finite semigroup. Define II(C(S)) to be the
semigroup generated by {5 : s € S} by acting on sequences from the right.

That is, for a sequence o = ajas . .. oy, and states 3, ¢, we have
a-35=(sai)(sayas)...(saqas ... ap)

and

Recall that a map ¢ is an anti-homomorphism if, for x,y € S we have

o(xy) = ¢(y)o(x).

Theorem 5.18. Let S be a finite semigroup and x4, ...,x, € S. The map
¢ X(C(S)) — I(C(S)) which maps Ty - ... Ty ¥ Ty - ... Ty 1S an anti-

1somorphism.

Proof. InII(C(S)) we have ¢(T1-...-Tp) = Tp-. . .-T1 = ¢(Ty,)-. . .-¢(T1). Hence
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¢ is an anti-homomorphism. The generating sets {5 : s € S} for 2(C(.5)) and

I1(C(S)) are in bijection so we conclude that ¢ is an anti-isomorphism. [J

By this result, we have that 3(C(S)) and II(C(S)) are dual copies of each
other. Hence, to obtain information about I1(C(SS)) it will suffice to determine
Y(C(9)) and then take the dual. Given the way that the action is defined,
it is perhaps more natural to work with ¥(C(S)) and this is the reason for

using left actions rather than right actions.

In Cain’s setting of right actions, our main question becomes the following:
when is the map S — II(C(5)) defined by s — 5 an anti-isomorphism?
Cain’s notion of being self-automaton means that S = II(C(S)) and so we

make the following definition:

Definition 5.19. A finite semigroup is said to be C-self-automaton if and

only if S = II(C(9)).

In the following theorem, we express being C-self-automaton in terms of our

setting.

Recall that a semigroup is said to be self-dual if it is anti-isomorphic to itself.

Theorem 5.20. Let s — 5 be an anti-isomorphism S — II(C(S)). Then S

is C-self-automaton if and only if S is self-dual and self-automaton.

Proof. If the map s — 3 is also an isomorphism S — II(C(S)) then S is

commutative and is hence self-dual. By Theorem S is self-automaton.
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If s — 3 is an anti-isomorphism S — II(C(S)) but not an isomorphism then
again by Theorem S is self-automaton. Suppose that ¢ : II(C(S)) — S
is an isomorphism. Define the map ¢ : S — S by ¥(z) = ¢(T) for all z € S.

It is clear that ) is a bijection.

For z,y € S we have

U(zy) = ¢(@y) = 0y - T) = 0(H)o(T) = (y)v(z).
Hence v is an anti-isomorphism S — S and S is self-dual.

Conversely, it is clear by Theorem that if S is self-automaton and self-
dual then S = II(C(9)). O

The remainder of this section will address Open Problem [5.1] although
in light of Definition [5.3] “self-automaton”should be interpreted as C-self-
automaton in Open Problem [5.1]

Lemma 5.21. Let S be a self-automaton semigroup. If a,z € S are such

that xa = a then a*> = a.

Proof. Assume that S is self-automaton. Consider T - Z and 22 acting on a
sequence g and equate the second outputs to obtain x(xa1)2a2 = 220y,

Setting oy = a gives a’ay = aay for all ay € S and we conclude by Theorem

[3.6] that a? = a. O

We immediately deduce the following as a corollary of Lemma [5.21]
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Lemma 5.22. Let S be a self-automaton semigroup and a € S be such that

a® # a. Then the L-class of a is trivial.

Proof. We know from Lemma that if S is self-automaton and a? # a
then there does not exist x € S such that xa = a. Now suppose that aLly
for some y € S. So there exist u,v € S such that ua = y and vy = a. This
gives us vua = a which is a contradiction unless vu = 1. If v % 1 and u # 1
then vu # 1 as 1 ¢ S. If v = 1 and uw # 1 then we have ua = a which is a
contradiction (similarly, if v # 1 and v = 1 we obtain va = a). Therefore we

must have v = u = 1 and hence a = y and L, is trivial. O

Lemma 5.23. Let S be a self-dual, self-automaton semigroup and let

a,v € S. If ax = a then a is an idempotent.

Proof. Let ¢ : S — S be an anti-isomorphism. Then we have that
o(z)¢p(a) = ¢(a) and by Lemma ¢(a) is an idempotent. Hence a is also

an idempotent. O

This means that in self-dual self-automaton semigroups, no non-idempotent

elements can be stabilised by multiplication on either side.

Lemma 5.24. Let S be a self-dual, self-automaton semigroup and let z = xy

where either x or y is a reqular element of S. Then 2 = z.

Proof. 1f z is regular then write x = gx for some g € S. Then

R=TY =4qry = gz
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and by Lemma 22 = 2.

If y is regular then write y = yp for some p € S. Then

z =y =TYp = 2p

and by Lemma 22 =z O

Theorem 5.25. Let S be a self-automaton and self-dual semigroup. If
S? = S then S is a band.

Proof. Let a € S and suppose that a? # a. Then by Theorem we know
a is not a regular element. We can choose a such that a is in a maximal
D-class with respect to the non-regular elements of S. Write a = bc for some

b,c € S. By Lemma neither b nor ¢ can be regular elements of S.

Since S is self-dual, by Lemma D, = {a}. If b = a or ¢ = a then we
have either a = ac or a = ba which would be a contradiction by Lemma [5.21

or Lemma [5.23] Hence b # a and ¢ # a.

This gives us at least 2 non-regular elements in S. Since a = bc we have
D, > D, which is a contradiction as D, was assumed to be maximal with

respect to the non-regular elements of S. Hence a? = a and S is a band. [

So we have established that in the case when S? = S and s +— 5 is an anti-
isomorphism it is necessary for S to be a band in order to have S = II(C(S)).

Combining this with Theorem [5.20] we obtain the following:
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Corollary 5.26. The only semigroups satisfying S*> = S and S = TI(C(9))
(where s «— § is an anti-isomorphism) are the self-dual bands with faithful

left-reqular representations.

If, however, we could find an example of a self-dual semigroup satisfying
S # S? and fulfilling the conditions of Lemmas and [5.14], we would have
a counterexample to Open Problem[5.1] After a discussion of these conditions

with Benjamin Steinberg, he suggested the following [33]:

Example 5.27. Let X ={1,2,3,4,5} and X’ = {1',2', 3,4, 5'}. Let

a,b: X — X be the functions given by

1 23 45 ; 1 23 45
2 3 3 45 4 5 4 4 5

Let T' = (a,b) where a,b act on the right of X. We have that

a#a®=d

=0

and

ba = b.

This gives T = {a, a?, b, ab, a®b}.

Note T # T? = {a?,b,ab, a*b} which is a band.
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Now let o', 0 : X' — X' be given by

1/ 2/ 3/ 4/ 5/ 1/ 2/ 3/ 4/ 5/
a = , b

203 3 4% 4" 5 4" 4 F

Let T" = (a/, V') where o/, b" act on the left of X’. We have that

and
ath =V,
This gives T" = {d/, (a')?, ¥, V',V (a')*}.
Note T" # (T")% = {(a’)%, 0/, b'a’, ¥/ (a’)*} which is a band.
Note that T" and 7" are dual to each other.

Now let T = ((d’,a), (V/,b)) < T’ x T. It is easily shown that |7| = 11 and

that

~

T ={(d,a),(¥,b),((a)? a®), ¥, ab), (t'd,b), (b, a*b),(td, ab),

(V(d')?,b), (V'd',a®b), (b (a')?, ab), (V' (a')?, a®b)}.

Observe that (T)2 =T\ {(d’,a)} and (T)? is a band.
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The egg-box diagram of T is:

(b',b) (b'a',b) | (V'(d)?,D)
(b, ab) (b'a,ab) | (V' ()2, ab)
(b',a%b) | (V'd',a?b) |(V(a')?, a®D)

Observe that 7T is self-dual under that map that fixes (a’,a), ((a’)2, %), and

the diagonal of the bottom D-class, and flips all other elements over the main

diagonal.

The left-regular representation of T is not faithful - notice that

(ba',t) = (V(a')?,t) for t € {b, ab, a®b}.

To remedy this, let R = X’ x X, a 5 x 5 rectangular band. Let S = TUR

with multiplication defined by retaining products from T and R and setting

(u,0) (i, 7) = (u(@), j)

and

(i,j)(% U) =
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forue T v eT,ie X' je X. Note that (u(i),7) and (i, jv) are elements

of R.
It is easily checked that this multiplication is associative.

Observe that R is the minimal ideal of S and note that S? # S, S? is a
band and S is self-dual. It remains to verify that S has a faithful left-regular

representation.

Observe:

(Va',b)(1,2) = (5,2) # (4,2) = (V/(d')*)(1,2)

and hence (0'a’,b) # (b'(a’)?,b).

Similarly, (Va’, ab) # (V'(a')?,ab) and (V'a’, a?b) # (V'(a’)?, a?b).

If i # k then (4, j) and (k,!) do not act the same on the left of R so

(i.9) # (k.1).

If {j,k} # {2,3} then (i,j)(d',a) = (i,ja) # (i,ka) = (i,k)(a’,a) and so

(é7) # (i, k).
Also, (4, 2)(V/,b) = (4,5) # (i,4) = (5, 3)(V/, b).
Hence the left-regular representation of S is faithful. Observe that |S| = 36.

We have shown that S satisfies the following:

1. S # 5% and hence S is not a band,
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2. 5% is a band and so by Lemma 5+ 35 is a homomorphism,
3. S has a faithful left-regular representation,

4. S is self-dual.

Conditions 2 and 3 show us that S is self-automaton. Condition 4 shows
that, by Theorem [5.18, S = II(C(S)). Since S is not a band, this is clearly a

counterexample to Open Problem [5.1]

5.5 Other Properties of Self-Automaton

Semigroups

We now establish some properties of self-automaton semigroups in general.

Lemma 5.28. Let S be a finite semigroup such that s — 5 is a homomor-
phism. Let f : S — T be an epimorphism of semigroups. Then the map

t — t is also a homomorphism T — X(C(T)).

Proof. As the map s — 5 is a homomorphism, notice that, for x,y € S and

a=aaay...a, €S we have T -7 - a =7y - o and hence
(xyan) ... (zyaryarag . .. yoqas ... o) = (xyay) ... (Tyaias . .. ap)

Hence zyoiyaias ... yaias. .. a, = zyaqas . . . «a, for all n.
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Let 8 = p1f2...0, € T* where §; = f(a;) for some «; € S. Then, for

r,y €S,

(@) fy)- 8= (@) f@)b)...(f@) ()b f()bbBa...f(y)br...Bn)
= (f(zyon)) ... (flayoryaras .. .yar . .. )
= (f(zyon)) ... (flayoras . .. an))
= (flay)Br) .. (f(xy)BiBa- .. Bn)

f(zy) - B

F@)fy)-B.

Hence t — t is a homomorphism. O

In particular, if s — 5 is a homomorphism then it is in fact an epimorphism
(since the set {5 : s € S} generates %(C(S5))) and this property is passed to
¥(C(S)). This leads to the following result:

Theorem 5.29. Let S be such that s — S is a homomorphism. Then 3(C(S))

15 isomorphic to the image of the left-reqular representation of S.

Proof. Let L = {\, : * — ax : a € S} be the image of the left-regular
representation of S and define ¢ : L — X(C(S)) by ¢(A\,) = a. It is clear that

¢ is a surjective map. To establish injectivity we have

d(Aa) = 0(Npy) = G=b = ar=brforallzesS = N\, =\
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and hence ¢ is injective. Therefore ¢ is a bijection.

We also have ¢(A,)d(Ny) =@ b = ab = ¢(Aap) = ¢(AaNy) and hence ¢ is a
homomorphism and L = ¥(C(S5)). O

In the case when S is a band, we can go a little further than Theorem [5.29]

Theorem 5.30. Let S be a band. Then 3(C(S)) is self-automaton.

Proof. 1t suffices to show that 3(C(S)) has a faithful left-regular representa-

tion, since by Lemma we know that the map 5 +— (3) is a homomorphism

for all 5 € ¥(C(9)).

Let a,b € S be such that @ # b. Then by Lemma there exists € .S such
that ax # bx. It now follows by using Lemma [5.9] that

arr #bry = AT #£br = @-T#b-T
and hence the left-regular representation is faithful. O

However, it is not possible to replace the hypothesis that S is a band with
the assumption that the map s — 5 is a homomorphism in Theorem [5.30} as

we now show by means of an example:

Example 5.31. Let S be the semigroup defined by the following Cayley
Table:
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It was shown in Example that the multiplication in S is associative and
that X(C(S)) = Ra, a fact which we will re-establish using the theory of this

chapter.

Observe that S? = {a,b,c} = R3, a three-element right-zero semigroup and
so by Lemma the map s — 5 is a homomorphism. Note also that
@ = b = d by Theorem .

It now follows that T -y = Ty = 7 where x,y € {a, ¢} and hence
Y(C(9)) = Ry which does not have a faithful left-regular representation so is

not self-automaton. In fact, X(C(Ry)) = {1}.

It is also worth noting that self-automaton semigroups are closed under tak-

ing direct products.

Theorem 5.32. S, T are self-automaton semigroups if and only if S x T is

also self-automaton.

Proof. Recall Proposition which states that for finite semigroups S and
T, 2(C(S xT)) <X(C(S)) x 2(C(T)) and (s,t) can be written as (5,¢) as
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Y(C(S x T)) is isomorphic to the subsemigroup of (C(S)) x X(C(T')) where

the words in each component have the same length.

(=) Let S, T be self-automaton semigroups. Define ¢ : SxT — 3(C(SxT))
by &((s,t)) = (s,t). This map is clearly a surjection to the generating set
{(s,t): s € S,t € T}. If (s,t) = (u,v) then by Lemma

(s,t)(a, B) = (u,v)(a, B) for all v € S, B € T

= (s, tf) = (ua, vp)

= sa = ua, tf =vp

= s =wu and t = v since 9,7 are self-automaton

= (s,t) = (u,v)

and the map is injective.

We also have that

(s,t) - (u,v) = (5,t) - (u,v)
= (—.ﬂ’z.g)

= (su, tv) since S and T are self-automaton

= (su, tv)

= (s,t)(u,v)

and hence ¢ is an isomorphism.
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(<) Assume that S x T is self-automaton. Then

(s,t) - (u,v) = (s,t)(u,v) = (su,tv).

Hence by equating the outputs of (s,t) - (u,v) - v and (su,tv) - v (where
v = (a1, f1)(ag, B2) ... and a; € S, B; € T') we obtain

SucLuUIQg .. .U ... Oy = SUA ... Oy

and

tvﬁlvﬂlﬁg Ce ’061 e ﬁn = tU/Bl . ﬂn

for all n. This forces 5-u-a=35u-aand t-7-3 =tv- 3 (where a = ajaz . ..

and 8 = 31035 ...). Hence the maps s — 3 and t — ¢ are homomorphisms.

If 51 # so then (s1,t) # (s9,t) for all t € T. Hence by Lemmathere exists
(a,b) € S x T such that

(s1,t)(a,b) # (s2,t)(a,b) = (s1a,tb) # (s2a,th) = sja # s2a = 51 # 52

and hence s — 3 is injective. Similarly, ¢ — £ is injective.

It now follows that s — 5 and ¢ + ¢ are isomorphisms. O
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5.6 Constructions on the Left Cayley Graph

In Section we considered what happened to the Cayley automaton semi-
group when we acted from the right with states of the automaton instead of
from the left. In this spirit, we now consider what happens to the Cayley
automaton semigroup if we had instead constructed the automaton from the
left Cayley graph of the semigroup rather than the right Cayley graph. The
four possible cases of left and right actions with left and right graphs will be

considered and we will see how all four are connected.

In [25] Section 8], Maltcev also considers an alternative construction of an
automaton. He defines the “dual Cayley automaton”to be the automaton
constructed from the right Cayley graph with a transition function ¢ defined
by 0(s,t) = (st,ts). We note that this is a different construction from what

is defined below.

Let CE(S) be the automaton arising from the left Cayley graph of S where
we take all of S as the generating set. Therefore CL(S) = (S,5,5) where

6(s,t) = (ts,ts). A typical edge in C¥(S) has the form:

: t|ts : :

Since we have started with the left Cayley graph, it is perhaps more natural
to first consider the case of right actions. The semigroup generated by CL(S)

using right actions will be denoted by I1(C*(S5)).
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For the left Cayley graph cases, the analogous result to Theorem is that
T =7y <= ax = ay for all a € S. Hence for a sequence a = ajas...qa, we
have

a-T = (oz)(agaix) ... (ape,_1 ... oq1).

Theorem 5.33. T1(CL(S)) 2 TI(C(S°P)).

Proof. Recall the definition of II(C(S)) from Definition [5.17] The dual of a

semigroup S is denoted by S and is anti-isomorphic to S.
Define the anti-isomorphism ¢ : S — S by ¢(z) = x for all z € S.
Define the map ¢ : ITI(C*(S)) — TI(C(S%)) by (Ty ... Tp) =T - ... Tp.

Note that for all s,t € S we have

5=1cIl(C*S)) —= as=atforallac S
<— sa = ta for all a € S

= 5=1eTI(C(S™)).

Hence the generating sets {5 : s € S} for II(C*(S)) and {5 : s € S} for

II(C(S°P)) are in bijection.

Let @ = ajay. .. ay,. In TI(CH(S)) we have

a-T 7= (aqzy)(marzarzy) ... (am_1 ... 1T, 1 ... 04T ... 1 2Y)
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and in II(C(S°P)) we have

a T 7 =(yraq)(yroyraias) . .. (yrajzagas ... xaq ... Q)

=(p(a1zy)) (d(eanzanzy)) ... (d(ay . ..cqx ... agoqx . .. aqzy))

and hence TI(CF(S)) = II(C(S°P)).

Alternatively, we could have noticed that the anti-isomorphism ¢ : S — S
defined by ¢(s) = s induces an isomorphism between the automata CL(S)

and C(S).

A typical edge in C(S°) can be written as

@ o(1)|(t5) @

and since ¢(s) = s this is just the edge from s to ts in C(S). Therefore we

are acting from the right with isomorphic automata and hence

T(CE(S)) = TI(C(SP)). O

Had we instead generated a semigroup from C*(.S) with left actions we would

denote this by %(C*(S)). Using Theorem we obtain

I(CH(S)) = II(C(S™)) <= II(CH(S))” = I(C(S™))”

= X(CH(9)) = B(C(S™))
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since (CE(9)) is anti-isomorphic to II(C*(S)) via the map
Ty ... Ty > Ty ... T as per the case for X(C(.5)) and I1(C(5)) in Theorem
.18,  The connection between all four semigroups is summed up in the

following diagram:

Left Cayley Graph Right Cayley Graph
Left Action  B(CE(S)) —225" L se(s))
Dual Dual
Right Action  TI(C%(S)) PN I1(C(9))
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Chapter 6

Cayley Chains of Finite

Semigroups

In Section we began to consider iterations of the Cayley automaton con-
struction. We saw in Theorem that if a semigroup S is such that s — 5
is a homomorphism then Y(C(S)) is isomorphic to the left-regular repre-

sentation of S. Theorem showed that in the case of bands, %(C(S))
is actually self-automaton. However, we saw in Example that there
exist semigroups satisfying s +— § is a homomorphism but X(C(S)) is not

self-automaton. In doing so, we constructed the chain of semigroups
S — X(C(S)) = Ry — X(C(Ry)) = {1}.

Chains such as this one will be the focus of study in this chapter.
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6.1 Definitions and Finite Chains

Definition 6.1. Let S = Sy be a finite semigroup. For ¢ > 1 define
S; = X(C(S;-1)). The Cayley chain of S is the sequence of semigroups
So, 51,52, . ... If there exist minimal n and r (with n < r) such that S,, = S,

then we will say that the chain has length r + 1, denoted A(S) =r + 1.

We shall restrict ourselves to aperiodic semigroups to ensure that S; is finite

for all i (see Theorem [3.5)).

Proposition 6.2. A semigroup S satisfies S = X(C(S)) if and only if
A(S) =1.

Proposition 6.3. Let S be an n-nilpotent semigroup. Then A(S) = n.

Recall Proposition which states that if S is n-nilpotent then 3(C(S5))
is (n — 1)-nilpotent. Hence there exist Cayley chains of any arbitrary finite

length.

6.2 Infinite Chains

Maltcev poses the following question:

Question 6.4 ([25, Question 23)). Is it true that for every finite aperiodic

semigroup S there exists n > 1 such that S,_1 = S, ¢
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By means of an example, we show now that this question has a negative

answer.

Example 6.5. Let S = Z1 = S be a two-element null semigroup with an

identity adjoined. Then S has the following Cayley table:

Note that by Corollary the element @ € X(C(5)) is the zero element.

Let @ = aqay ... € S¥. We will act on « with various words in %(C(.5)) to
determine the Cayley table of ¥(C(S)). First notice that by Theorem [3.6| the

elements @, b and ¢ are all distinct.

We have

b-a=(bay)(bajas) ...

¢-b-a=(bay)(barbaiay) . ..

and since (bay)?ay = a for all oy € S, if we choose a; = ay = ¢ we obtain

babaras = (be)*c = a # b = bc* = bajay

and hence ¢-b # b as the words do not act the same on sequences of the form

ccasay . ... Note that since ¢b = b the only possible word of length one that
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- b could possibly be equal to is b.

We also have

ol

ca =(caq)(caras) ...

ol
ol

~a =(caq)(cajcarag) ...

and by choosing a; = b and as; = ¢ we have

caycaray = (cb)?c = a # b = cbc = caja

and hence ¢ - ¢ # €.

So far we have shown S; D {@,b,¢,¢-b,¢-¢}. We now show that in fact these

are all the elements of 5;.

If we have the relation xyz3 ...z, = a € S then we must have
T1 T ... Ty =a € X(C(S)). Hence the only other word of length two to

consider is b -  as all other words of length two are equal to @.

The only possible equality to check is b-¢ = b. A sequence a € S“ can be
written as either o = (¢)¥ or a = (¢)" X 12043 ... wheren > 0, X € {a, b}

and o; € S. In the case where o = (¢)* we have
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and in the case a = (¢)" X 120443 . .. we have

b-a=0b)"a)=b-t a

and hence b-¢ = b.

Consider also the words ¢-¢ and ¢ - ¢ - ¢. Similarly to above, we can write a
sequence « as a = (), a = (¢)"(a)@pi20n43 ... or @ = (¢)"(b)ps20ni3 - - ..

We now have the following cases:

for v = (¢)* we have

ol
ol
o
I
—
o
SN—
I
ol
ol
ol
L

ol
ol
Q
I
—
)
N—
3
—
S
N—
€
Il
ol
ol
ol
Q

and hence¢-¢=¢-¢-¢C.

Finally we consider the words ¢-b and ¢-¢-b. We now observe that a sequence
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« has one of three forms: a = acsas. .., a = basas .

examine each case in turn. Firstly, when a = aasas

ol
S
Q
I
—
S
N—
€
Il
ol
ol
S
Q

For a = basas ... we get

ol
S
Q

c-b-a=(a)’=c¢-

and finally, for « = casags ... we have

We now have enough information to complete the Cayley table for S;:

S]]
o
ol
ol
o
ol

.. O @ = Cc3 . . ..

... we obtain

ol

Q|
S]]
S]]
S]]
S]]
Q|

ol

ol
o
SIS

ol
S]]

S
al ol
> ol

ol
S]]

Sy
ol ol

ol
ol
Q|
ol
S
ol
ol
ol
Sy
ol
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and we will relabel the elements of S; for the purpose of clarity as follows:

ol
S
I
VA

ol
o

1
o

This gives rise to the following modified Cayley table:

We now explicitly calculate Sy = X(C(Sy)). This is, strictly speaking, un-
necessary, as we will see how S; forms the basis of an inductive argument
for constructing the Cayley chain of S. However, it is included to better

illustrate the structure of the semigroups in the Cayley chain.

First notice that 7 = t and that o;r = a;t and a;q = a;s for all o; € S;. So we
can partition S into three subsets: {0}, {q, s} and {r,t} and the elements in
each subset act the same on the right of S;. Hence we only need to consider

actions on sequences over {0, ¢, r}.
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Consider the words g and G- 7. Note also that r* =t for k > 2. A sequence
a over {0, q,r} either has the form a = (r)"0, 120443 - . -,
a = (1) "qa,120m 3. .. or a = (r)¥ where n > 0. We observe the following:

for a = (r)"0a 10043 ... and a = (1)"q, 120443 . .. we have

and for a = (r)* we have

and hence g =1¢q-T.

We have that 7- G- a = (sa;)(0)¥ =T7-5-a =T -7-¢-«a and hence

By choosing a; = q we see T - T # t.

Now consider the words -7 and 5. If a = (r)"0c 10043 ... OF

(r)"qan 12013 - . . then we obtain

If = (r)¥ we get

|
el
Q
I
—~
Va)
~—
€

and hence s-7 = 3.

Finally, we consider the words 7 -7 and 7 - 7 - 7. If & = (r)"0a, 100543 . .. We
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obtain

T-r-a=(t)"(s)(0)* =F-T-T-a.
If = (r)¥ we get
Fra=0)Y=F-T T .
Hencer -7 =7-7-T.
We can now complete the Cayley table for S:
0 g 7 5 T-qT-T
0/0 0 0 0 0 0O
7 /0 0 g 0 0 g
r |0 7.q 7T T-q T-q T-T
510 0 5 0 0 5
r-g/0 0 7-g 0 0 T-7
T r-q 7T T-q T-q T-T
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Let us rename the elements of Sy as follows:

=
3|

I

N
<

=
B
I
N

We see that S5 is a member of the family of semigroups with the following

general Cayley table:

0 v 2z x x v o2y 22
0/0 0 0 0 O 0 0 0
y 0 0 vy 0 O 0 0 y
2|0 zy 22 2y zy - zy 2y 22
z7/0 0 2 O O -~ O 0 =
220 0 a5 0 0 -+ 0 0 @
zz !0 O =z O O -+ 0 0 =z

zgy 0O 0 2zy O O -~ 0 0 =2y
200 2y 22 zy 2y - 2y 2y 22

If the set of elements {x1,...,z;} were empty then S; would be the first

member of this family. We now show, that for i > 0, [S;11| =i+ 5 and that
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Siy1 is in this family of semigroups.

We proceed by induction on ¢ and note that the calculations above establish

the base case ¢+ = 0. So for an arbitrary ¢, let S;;1 have the required form.

First note that Z = 22 and that we may partition S;,; into three subsets
according to elements acting the same on the right of S;;1: {0},

{y,x1,..., 2,2y} and {z, 2°}. Hence it will suffice to act on sequences « over

{0,y,z}.
By choosing oy = y and ay = 2 we obtain

Z-yz = (2y)(zy) # (2y)(0) =Z - Z - y2

and hence Z # 7 - Z.

Similarly, by choosing a1 = as = 2z we see

7y -2z = (zy)(zy) # (2y)(0) =Z-§ - 22

and hence zy # Z - ¥.

Now observe that an arbitrary infinite sequence « over {0, y, z} can be written

w

as (2)"0n120043 -« (2)"YQni2Qnis ... or (2)* where n > 0. Now consider

the words Z-Z and Z- Z - Z. For a = (2)"0c 420,13 - . . We obtain

Z-Z-a= ()"0 =2-2-Z-a.
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If we have oo = (2)" Y1200 43 . .. we obtain

7 Z-a=(2)"(2)(0)*=2-2-7- .

Finally, for o = (2)“ we obtain

ol

and hencez-z2=2-%-

We have established so far that S;;2 = X(C(S;41)) contains the elements

{0,9,2,%1...,7,2y,Z - 9,Z - Z} and aim to show that it contains no more.

In the cases where a = (2)"0t 120043 . .. OF (2)"YQp 120,43 . .. observe that

and

and
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and

and

and hence 7; - 2 =7;,y-z2=yand 2y - 2 = %

We now consider « in the form a = yasas.... We obtain
e = =
Z-Z,-a=0"=2-2-7;-a=2Z-J-a=2-%

and hence

We can now complete the Cayley table for S; o:
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ol
<
Y|
&
=
=
[N}
8
ol §|
|
<
|
|

0 |0 0 0 0 0 0 0 0
7 |0 0 ] 0 0 0 0 0 0
z |0 z.9 2.2 27 27 .7 z.7 27 Z-%
7Z7 |0 0 71 0 0 0 0 0 77
T |0 0 @3 0 0 0 0 0 =

H
ol
ol
H
Sl
Sl
l
ol
<l
H

zy |0 0 =z O 0 0 0 0 zy
z-g|0 0 =7 0 0 0 z7
z-z zZ-y Z:Z2 Z°Y Z-9 z-y Z:Yy Y Z-%

This has the required form, perhaps made clearer by renaming the elements
as follows: 0 0,7 = Y,z Z,7; — X; (for j <1), 2y X;41,2- 5y — ZY

and 7 - Z — Z2. This gives, as a rewritten Cayley table for S;,,:
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oY Z X Xo - X, X;nu 2ZY 72
ol/o 0o 0o 0O 0O -~ 0 0 0 0

o0 Y ©0 0 .- 0 0 0 Y
Z |0 zvy z* ZY ZY - ZY ZY ZY 22
Xxl/00 X, 0 0 -~ 0 0 0 X
X, /0 0 X, 0 0 -~ 0 0 0 X,
X, /0 0 X, 0 0 -~ 0 0 0 X
X1 |0 0 X O 0 - 0 0 0 X
Zylo o zv 0o 0O -~ 0 0O 0 2ZY
70 Zy Z2* ZY ZY .- ZY ZY ZY 72

Notice also that [S;io| =i +6=(i+1)+5.

This shows that the Cayley chain of S is infinite.

Consider now the aperiodic semigroups of order less than three (that is, the
trivial semigroup, the two-element left- and right-zero semigroups, the two-
element null semigroup and the two-element semilattice). These semigroups
all satisfy A(S) < 2 and so by means of the preceding example we note the

following:

Remark 6.6. Example is a minimal example of an aperiodic semigroup

with an infinite Cayley chain.
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6.3 Cayley Chains of Subsemigroups

In this section we will consider how the length of the Cayley chain for a
semigroup 71" is related to the length of the chain for a subsemigroup S. We
will also consider zero-unions of semigroups and consider how adjoining zeros

and identities to a semigroup impacts on the length of the chain.

Proposition 6.7. Let T, Ty be semigroups and let S = Ty Uy Ts. Then
A(S) = maX(A(Tl), A(Tg))

Proof. This follows from Proposition [3.8 which states that
Y(C(Th Up Tr)) = E(C(T1)) Uy (C(T3)). O

In particular, A(S) < oo if and only if A(T7) < co and A(T3) < 0.

In the cases where A(T) < oo it is possible for a subsemigroup S < T to
have either A(S) < A(T') or A(S) > A(T). Equality is also possible. We

illustrate these three possibilities by examples.

Example 6.8. Let 7" be a semigroup where A(7) > 1 (recall that such semi-
groups exist by Proposition and let S = {1} be a trivial subsemigroup
of T. Then A(T) > A(S) = 1.

Example 6.9. Let T = (R, X L,,)! for some n >2,m > 1 and let S = R,,.

Then A(S) =2 > 1= A(T) (see Example and Theorem [5.10)).

Example 6.10. Let T'= L, ; and S = L,, where n > 1. Then A(S) =1 =
A(T).
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We also show by means of an example that in the cases where A(T) = oo

there can exist non-trivial subsemigroups S such that A(S) < oc.

Example 6.11. Let T = Z; (see Example and S = Z,. Then
A(Zy) =00 > 2= A(Z,).

We have shown that if T has a finite Cayley chain then the Cayley chain of
a subsemigroup S can be longer, shorter or equal in length. We show now

that it is not possible for the Cayley chain of S to be infinite.

Theorem 6.12. Let S < T and A(T) = n. Then there exists k,r such that
Sk == Sk+r.

Proof. Recall by Proposition that since S < T we have that X(C(5))
divides X(C(T")) - that is, there exists a semigroup U such that

Y(C(T)) > U — X(C(9)). Also, by Proposition [3.23] if S — T then
%(C(9)) — X(C(T))-

Consider the Cayley chains of T" and S. We show by induction that S;
divides T; for all 7+ > 0. Since Sy < T} the base case holds so assume that the

statement is true for some arbitrary .

Since S; divides T} there exists U; such that T; > U, — S;. It now follows
that there exists U;,; such that T;.; > Uy — X(C(U;)) — Si11 and hence

the statement is true for all 7.

Since each T; (0 < i < n — 1) is finite there can exist only finitely many

divisors. Hence there exist k,r such that S, = Si.. O

128



In the case where T, is self-automaton (recall from Definition that this
means the map ¢ — ¢ is an isomorphism 7,, — 3(C(7},))) we can improve on

Theorem [6.12¢

Theorem 6.13. Let S < T and A(T) =n+ 1. If T, is self-automaton then

there exists k such that S, = Sgy1.

Proof. Since T, is self-automaton, it has the property that ¢ — ¢ is a homo-
morphism 7;, — T,,+1 = T,,. Let U be a subsemigroup of T" and let uy, us € U.
We have that uy - Uz - @« = wus - « for all o € T* since T is self-automaton.
Since U* C T™ it follows that w; - us - &« = Uyus - « for all a € U* and hence
the map u + @ is a homomorphism U — X(C(U)). We now apply Lemma
to see that for S, a homomorphic image of U, the map s +— 5 is a

homomorphism S — X(C(5)).

Hence if Sy is a divisor of T}, then the map s — 5 is a homomorphism
Sk — Ska1 and |Sg| > [Skaal|. If |Sk| = |Sks1| then the map s +— 3 is in fact
an isomorphism as it is an epimorphism between sets of the same size. Hence

there exists k such that Sy = Ski1. ]

Corollary 6.14. Let S <T. Then |S;| < |T;| for all i.

Proof. By Theorem [6.12| we know that S; divides 7; and hence there exists

U; such that T; > U; — S;. Consequently |T;| > |U;| > |Si|. O

We also consider now the adjunction of zeros and identities to a semigroup

S.
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Proposition 6.15. Let S be a semigroup and T = S°. Then T; = (S;)°.

Proof. This follows from Proposition [3.7 which states that

B(C(SY) = [3(C(S))]°. In particular, if A(S) =n then A(T) = n. O

Adjoining an identity does not behave in a similarly nice way. In Example
we saw that A(Zy) = 2 but A(Z}) = oco. The length of a a chain
can also stay the same after an identity has been adjoined - for example,

A(L,) =1= A(L}) - but it can also be reduced - A(R,) =2 > 1= A(R}).

Throughout this chapter, we have not seen an example of a finite aperiodic
semigroup satisfying S,, = S,4, where r > 2. This leads us to ask the

following, which will be discussed further in Chapter [§]

Question 6.16. Does there exist a finite aperiodic semigroup S with S, =

Spir wheren >0 and r > 27
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Chapter 7

Cayley Automaton Semigroups

of Infinite Semigroups

In this chapter we will move away from finite semigroups and consider the
construction of a Cayley automaton semigroup from an infinite semigroup.
Rather than building an automaton from a Cayley graph, we will instead
think of each element s in the semigroup S as giving rise to a transformation
5: 5% — S* and the Cayley automaton semigroup is simply the subsemigroup

of the endomorphism monoid of the |S|-ary rooted tree generated by {5 : s €

S}, as per Section [3.1]

We will consider the case of cancellative semigroups, where we will reprove
and extend Theorem [3.4]regarding the Cayley automaton semigroups of finite

groups before going on to make some basic statements about Cayley automa-
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ton semigroups of general infinite semigroups. Finally, we will construct the

Cayley automaton semigroup arising from the Bicyclic Monoid.

7.1 Cancellative Semigroups

Lemma 7.1. Let S be a right-cancellative semigroup. Then 3(C(S)) is also

right-cancellative.

Proof. Recall that a semigroup is right-cancellative if xra = ya — = =1y

for all z,y,a € S.

Let x # y be elements of S and let a € S be arbitrary. If T-a@ = 7 -@ then the
actions of the words agree on all sequences «. In particular, for the sequence

«a = a1, where « is arbitrary, we obtain

T-a-ap = (raay) = (yaay) =7 -a- o

and hence raa; = yaa;. By the right-cancellativity of S we get x = y and

hence T = 7. Thus X(C(5)) is right-cancellative. O

Lemma 7.2. Let S be a left-cancellative semigroup. Then X(C(S)) is also

left-cancellative.

Proof. Recall that a semigroup is left-cancellative if ax = ay = = =y for

all x,y,a € S.
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Similarly to the proof of Lemma [7.1], let us assume that, for z,y,a € S we
have @ - T = 7 - a. By acting on the sequence @ = «; for some a; € S we
obtain

a-7T- o1 = (azoy) = (ayay) =a-y- o

and hence ara; = ayay. By the left-cancellativity of S we have
xa; = yaq and now by Theorem we conclude T = g. Hence 3(C(9)) is

left-cancellative. O

Combining Lemmas and [7.2] we immediately obtain the following:

Theorem 7.3. Let S be a cancellative semigroup. Then 3(C(S)) is cancella-

tive.

Recall that a semigroup is cancellative if it is both left- and right-cancellative.

We now show that for a cancellative semigroup S there are no relations

between pairs of words of equal length in X(C(S5)).

Lemma 7.4. Let S be a cancellative semigroup, k > 1 and x;,y; € S for
i,j€{1,2,...,k}. ThenTg -Tgp—1+... T1 =Yk Yr—1 " ---- 1 if and only if
x;=vy; foralli e {1,2,... k}.

Proof. Let a = ajas . .. be a sequence in S* such that |«a| > k. First consid-

ering Ty - Tp_1 - ... T1, we act on « one generator at a time and consider the

outputs. We obtain the following:
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ZL’_I Q= (xloq)(xloqo@) Ce = (A171)<A172) .

To - .fll'_l = (l'QALl)(.’L'QALIALQ) RN = (AQJ)(AQ’Q) e

N

T3 Tg-T1 - o= (v3A271) (w3421 422) ... = (A31)(As2) ...

T T - T1 - = (T Ap_11) (@rAp—11Ak-12) - = (A1) (Ar2) - ..

where Al i = T10109 ... 0 and Al = xiAifl 1141‘,1 2. .. Aifl  for g Z 2.
7.7 -] ’] K bl 7.]

Similarly, considering yx - Yr_1 - ... - y1 and acting on « one generator at a

time, we obtain

Ui -a=(no)(yaias). .. = (Br)(Bia) ..

U271 - a= (y2B11)(y2B11B12) - .. = (B21)(Bag2) - -

Uz Yo Y= (ygBZl)(yng,le,Q) s = (B3,1)<B372) T

Uk Ukt Y- a= (YeBr—11) Wk Br-11Bk-12) ... = (Br1)(Bra) - ..

where Bl,j =o10g...Q5 and Bi,j = yiBi—l,lBi—1,2 . Bi—l,j for ¢ Z 2.

Assume that T - Tp 1 -... T1 =Yk " Yr_1---- - Y1 Then

Ak,l = $kAk—1,1 = kak—l,l = Bk,l-
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Since Ay = By 2 we obtain

ﬂkakfmAkq,z = kakfl,lkal,Q

and by the cancellativity of S we conclude that Ay_;9 = By_12. Similarly,

Aps = Bk,3 gives -TkAkfl,lAkfl,ZAkfl,?) = kakfl,lkal,Qkal,S and again

)

by the cancellativity of S we conclude A;_13 = By_13. Continuing in this

fashion will yield Ay_y ; = By_1; for j > 2.

More generally, if

331‘141'71,114@;1,2 ce Aifl,j = Ai,j

= Bi;

=yiBi_11Bi—12. .. Bifl,j

and

xiAi—l,lAi—l,Q e Az‘—l,in—l,j—‘rl = Ai,j-‘rl
= Bijn

=yiBi_11Bi—12... Bi—1;Bi-1,j4+1

then by the cancellativity of S we obtain A;_; j11 = B;_1 j+1. Thus once we

know Ai,j = Bi,j it follows that Ai—l,v = Bi—l,v for v Z j + 1.
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This will yield z1a 00 ... ap = A1 = Biy = y1ouas . .. oy and hence x1 =y

by the cancellativity of S and A, ; = By ; for all j.

Since we also have 941 1A19... A1y = Aoy = Boj, = yo2B11B12. .. By we
see that x5 = ys by the cancellativity of S. Indeed, since A;; = B, for all

i€ {l,...,k}, continuing in this way gives z; = y; for all i.

The converse of the statement is clear. O

Having considered relations between pairs of words of equal length, we look
now at relations between pairs of words of different lengths. We do this by

means of a more general lemma:

Lemma 7.5 ([32, Lemma 2.7]). Let X be an alphabet with at least 2 elements

and suppose that = is a congruence on X* such that, for u,v € X* we have

u=v,ul=v] = u=no.

Then = is the trivial congruence.

Proof. Let uw = v and assume without loss of generality that |u| < |v|. Let
a # b € X. Then we have that uav = vau and ubv = vbu. These all have
equal length, and it follows from our hypothesis that uav = vau. However,
since |u| < |v| we have that ua is a prefix of v. Similarly, since ubv = vbu,

we have that ub is a prefix of v. This contradicts a # b. O]

Note also that Lemma [7.5 can be found in [I5, Proposition 3.1.12].
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Since every semigroup is a quotient of a free semigroup on some set X by
some congruence (see [2I], Section 1.6] for details), Lemma [7.5 shows that if
there are no relations between words of equal length then there are in fact
no relations between any pairs of words. So to show that X(C(95)) is free
for a semigroup S (where |S| > 1), it suffices to show that 77 - ... T, =

T Yn = x; =y; for all 7.

By combining Lemmas [7.4] and [7.5] we have shown the following:

Theorem 7.6. Let S be a non-trivial cancellative semigroup. Then 3(C(S))

s free of rank equal to the cardinality of S.

In Chapter [4| we considered the Cayley automaton semigroups arising from
finite monogenic semigroups. The case of the infinite monogenic semigroup
was deferred to this chapter. Since the infinite monogenic semigroup N is

cancellative, we obtain the following:

Corollary 7.7. ¥(C(N)) is free of countable rank.

Since every group is a cancellative semigroup (indeed, the classes of finite
cancellative semigroups and finite groups coincide), and at no point did the
proofs of Lemmas|[7.4]and [7.5] actually depend on the semigroup being infinite,
we have reproved Theorem [3.4] and extended it to the case of infinite groups.

We now state the extended version for completeness:

Theorem 7.8. Let G be a non-trivial group (either finite or infinite). Then
Y(C(Q)) is free of rank equal to the cardinality of G.
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7.2 General Infinite Semigroups

We now look at infinite semigroups in general, considering the connection
between the semigroup S and a particular quotient. We will also see some
properties of Cayley automaton semigroups arising from monoids before con-

structing some examples.

Let S be an infinite semigroup. Define a relation ~ on S by = ~ y if and
only if xa = ya for all @ € S. By Theorem we have that x ~ y if and
only if 7 =7 € X(C(9)).

Lemma 7.9. The relation ~ is a congruence on S.

Proof. Clearly T =7 for all x € S and so ~ is a reflexive relation. We have

T =7y = Yy = 7T and hence ~ is symmetric. Finally,if 7 =gy andy =72

<

then * =z and ~ is transitive. Thus ~ is an equivalence relation on S.

Now suppose that z ~ y and let ¢ € S be arbitrary. Since xa = ya for all
a € S it follows that z(ta) = y(ta) for all a € S and so (zt)a = (yt)a. Hence
xt ~ yt. We also have txa = tya for all a € S and so tx ~ ty. Hence ~ is a

congruence on S. [

Under the congruence ~, the congruence class of x € S is

z]={yeS:za=yaVaec St={ye S:T=75¢€ X(C(9))}.
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For infinite semigroups S, we will use the congruence ~ to explore finite

generation of ¥(C(9)).

Lemma 7.10. If S/~ is finite then £(C(S)) is finitely generated.

Proof. Suppose that there are n equivalence classes and suppose that a set of
representatives for these classes is {;,, %, ..., 2;, }. Let y € S be arbitrary.
Then [y] = [z;,] for some k € {1,...,n} and so § = T;,. Hence X(C(5)) is

finitely generated by {7;,, 74, ..., Tq, - ]

If, in addition, we know that each 7 is an indecomposable element in 3(C(S5))

then the converse to Lemma [7.10] also holds.

Recall that an element x € S is indecomposable if z € S\ S2.

Lemma 7.11. Let S be a semigroup such that each T is an indecomposable

element in X(C(S)). If 3(C(9)) is finitely generated then S/~ is finite.

Proof. We always have that $(C(S)) \ (2(C(5)))? C {z : € S}. However,
since we are assuming that each = is indecomposable

(so T € (C(S)) \ (X(C(S)))?) we must have

S(CS))\ (B(C(9))*) = {7z € S}

Suppose that 3(C(S)) is finitely generated by {Z;,, @, ..., T;, }. Then for all

y € S,y =T, for some k. Hence [y] = [z;,] and so S/~ is finite. O
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It is not always the case that 3(C(S)) \ (2(C(S))?) = {T : z € S}, as we

show now by means of an example:

Example 7.12. Consider the semigroup defined by the following Cayley

table:
0 =z y t1 1t
0(0 0 0 0 O
z |0 « 0 0 O
y |10 0 yv 0 O
t7/0 0 0 0O O
t2{0 0 0 0 O

Since t; = 0 for all i we have that X(C(S)) = (7,7,0). However,
Z-y=7y-7=0so in fact X(C(S)) = (7,y) and 0 is decomposable. Hence
SIS\ (B(C(9))?) #{7: = € S}.

Lemma 7.13. If S/~ is uncountable then (C(S5)) is not finitely generated.

Proof. Suppose that S/~ = {[x;]}ics is uncountable. Then

X(C(S)) = ({7 : x € S}) where T; # Ty, for j # k. Now assume that
¥(C(9)) is finitely generated. Then ¥(C(S)) is countable which is a contra-
diction as X(C(S)) contains an uncountable generating set. Hence 3(C(S5))

is not finitely generated. O

Lemma 7.14. If X(C(S)) is finitely generated then S/~ is also finitely gen-

erated.
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Proof. Suppose that 3(C(S)) = (77, ..., Tm) where T; # T; and |S/~| = 0o
(otherwise there is nothing to prove). We have [z;] # [z;] for i # j and

{[z1] ..., [zm]} € S/~. For an arbitrary y € S we have

Y =T Ty Tap
— Yoy = T Tiy ... T 0 forall o € 5

= [yl = lzallzs] . 2]

and hence S/~ = ([x1],..., [Tm]). O

Lemma 7.15. Let S = {x;}icr. If 3(C(S)) is finitely generated then there

exists a finite subset of {T; : x; € S} that is a generating set for 3(C(S5)).

Proof. Let A = {7;,,...,%; } and suppose that X(C(S)) is generated by
AU{y %2 ... Um} where 5; € {7; : x; € S}. Then X(C(S)) is generated

by AU{"1, %3, ..., Um} which is a finite subset of {Z; : z; € S}. ]

In some cases we have X(C(S)) = X(C(S/~)) whilst S 2 S/~, which we

show now by means of an example.

Example 7.16. Let S = G x Z be the direct product of an infinite group

G = {91,092, ...} and an infinite null semigroup Z = {0, 21, 22, ...}. Then

by Theorem we have (g;,2;) = (9i,2x) = (¢;,0) for all 4,7,k and so

Y(C(S)) = {(91,0),(g2,0), (g3,0),...) = F, a free semigroup of rank equal to
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the cardinality of G since {(g1,0), (g2,0), (g3,0) ...} = G.

Again by Theorem we have S/~ = {[(g1,0)],[(g2,0)],[(g3,0)] ...} = G.
Hence £(C(S/~)) = F.

We can also have X(C(S)) 2 3(C(S/~)) when S 2 S/~.

Example 7.17. Let S be the semigroup defined by the following Cayley

table:

1 2 3 4 5 6 0 21 xy x3
110 0 00O OO O 0 O
210 3 0 5 00 O0 O O O
3]0 0 00 0O OO0 O0O O O
410 300 01 0 0 0 O
50 00O 0O OO0 0O 0 O

0503 000 O0 0 O
0 j]00O0O0OO0OO0OO0OO0O 0O O O
z/0 0 0 0 0O 0 0 0O 0 O
210 0 0 0 0 0 0 0 0 O
z3/0 0 0 0 O O O O O O

Note that S is 3-nilpotent (and hence is associative) and so

¥(C(9)) = (0,2, 4,6) is 2-nilpotent by Proposition [3.18|

Now consider S/~ = {[0],[2],[4],[6]}. Then S/~ is 2-nilpotent and so
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S(C(S/~)) = {1}. Hence %(C(S)) 2 2(C(S/~)).

Lemma 7.18. Let x € S be an element of infinite order (so (x) = N). Then

T has infinite order in X(C(S)).

Proof. Assume that T has finite order. Then there exist positive integers

n,ksuchthatz-...-ZT=7-...-Z. Acting with both of these words on the
—_—

n times k times
sequence x gives 2"t = 2**1 which is a contradiction as z has infinite order.

Hence 7 has infinite order. O]

We turn now to look at the specific cases of monoids. For a monoid M
denote the group of units of M (that is, all elements x € M such that there
exists y € M and xy = yx = 1) by U(M). If U(M) is non-trivial then by
Theorem [7.§ and Proposition [3.22| £(C(M)) contains a free subsemigroup of

rank equal to the cardinality of U(M).

An infinite monoid M either contains a copy of the Bicyclic Monoid B or
M\U(M) is an ideal (see [23, Theorem 6.6.7, Corollary 6.6.5] and [9, Lemma
1.31]). We will consider this latter case first before returning to the Bicyclic
Monoid.

Lemma 7.19. Let M be an infinite monoid and X C M. If X(C(M)) is
generated by {T : © € X} then M is generated by X. In particular, if
Y(C(M)) is finitely generated then so is M.

Proof. Suppose that X(C(M)) = (T : x € X) and let y € M be arbitrary.

Then we may write ¥y = @;, - Ty, - ... - T,

where z;; € X. By acting on
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the sequence 1 with both words we obtain y = z;,2;, ... z;, and hence M is

k

generated by X. O

Notice also that the finite generation case is a consequence of Lemma [7.14]

since the congruence ~ defined above is trivial on monoids.

The converse to Lemma [7.19 is false. Consider the free monoid of rank one
N U {0}. This is cancellative and so by Theorem Y(C(NU{0})) is free

of countable rank.

Lemma 7.20. Let M be an infinite monoid and U(M) its non-trivial group
of units. Suppose that M\ U(M) is an ideal. Then for x; € U(M), the word

Ty Ty ... Tp is uniquely represented in S(C(M)).

Proof. Since U(M) is a subgroup of M we have Fjyy < X(C(M)) (where
Fiyay denotes the free semigroup of rank equal to the cardinality of U(M)).
Elements of Fjy(a) have unique representatives as products of elements of

{t:ueU(M)} so assume that

where x; € U(M) and m; € M with at least one m; € M \ U(M).

Since M \ U(M) is an ideal of M, act on the sequence a = 1 of length one

with both words to obtain

U(M) 3 xixo. .. 2, =myimy...my € M\ U(M)
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which is a contradiction. Hence 77 - 73 - ... - T, is uniquely represented in

S(C(M)). O

Corollary 7.21. Let M be an infinite monoid and U(M) its group of units
where M\ U(M) is an ideal. Suppose that U (M) is infinite. Then 3(C(M))

is not finitely generated.

Proof. By Lemma all words T of length 1 where x € U(M) are in-
decomposable in X(C(M)). Since there are infinitely many indecomposable

elements, these must be present in any generating set for ¥(C(M)). O

Lemma 7.22. Let M be a monoid containing some non-idempotent element.

Then 1 is not the identity in S(C(M)).

Proof. Let a € M be such that a* # a. Acting with @ on the sequence (1)(1)
gives @ - (1)(1) = (a)(a) whilst acting with 1-a gives 1-a- (1)(1) = (a)(a?).

Hence 1 is not a left-identity so is consequently not an identity. O

Lemma 7.23. Let X(C(M)) contain an element that can not be written as

words of two different lengths. Then X(C(M)) is not a monoid.

Proof. Let Z7 - ... @, be a word in ¥(C(M)) that is not equal to a word of
any other length. Assume that gy - ... - T is the identity in X(C(M)). Then
we have Ty ... Ty "Y1 ... Yp = T1- ... T, which is a contradiction. Hence
there is no identity. O]

Notice that the the proofs of Lemmas and did not use the fact that
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M was infinite. Hence these results also apply to finite monoids. In fact,

Lemma also applies to finite semigroups that are not monoids.

7.3 Bicyclic Monoid

We now consider the Cayley automaton semigroup arising from the bicyclic
monoid. This is the next natural example of an infinite semigroup to consider,
having already determined the Cayley automaton semigroups arising from

infinite groups and cancellative semigroups in Theorems [7.6] and [7.8]

Definition 7.24. The bicyclic monoid is the monoid with presentation
B = (b,clbc =1).

Elements in B have a unique normal form of ¢'0’ for some 7, > 0. Alterna-

tively, we can think of B as (NU {0}) x (N U {0}) with the operation
(a,b)(¢,d) = (a — b+ max(b, c),d — ¢ + max(b, c))

with generators (1,0) and (0,1) and identity (0,0). The two descriptions of

B are related by c't? < (i, 7).

First notice that by Theorem [3.6]we have T # y € £(C(B)) for all z # y € B.

Lemma 7.25. ¥(C(B)) is not finitely generated.
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Proof. Suppose for a contradiction that 3(C(B)) is finitely generated. Then

since ¥(C(B)) is generated by {b : b € B} there must exist some 7 (where

y € B) that is non-trivially decomposable. Suppose that § = 77 - T3 . . . T,
where z; € B and k > 2. Let ay,ay € B. By acting on the sequence ajas

we obtain

(ya1)(yaras) =7 - ara

= 1-$2-...-x_k-a1a2

= (r122. .. xpay)((T122 . . 2p) g (2o . a0y ... () g )

By equating the first outputs and choosing oy = 1 we see y = x125 ... 4.

Now consider the second outputs. Write yay = (1, j),
(129 ... xk)oq (2o ... xp)y ... () = (m,n) and as = (p, q)

where i, j,m,n,p,q > 0. Equality of the second outputs forces

(4,3)(p, @) =(i — j + max(j,p), ¢ — p + max(j,p))
=(1 — j —n+ m + max((n — m + max(j,m)), p),
q—p+ ma’X((n —m+ max(.ja m),p)))

=(i,5)(m,n)(p, q).
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Equating the first components gives

max(j,p) = m — n + max((n —m + max(j,m)), p).

We now show that we can choose «; such that m —n # 0.

Consider (z12y ... z5)aq (e ... xg)ay ... (Tp_12x) a1 (k). Let
TgTap1 ... Tp = (Mmg,ng). Let ay = (r,0) where r > max(ny,ng,...,ng).
Then

(ma,nq)(r,0) = (Mg — ng + r,0)

and

(ma — na +7,0)(Mar1 — nap1 +1,0) = ([ma — na] + [May1 — naya] +2r,0).

Hence

(m,n) = (mq,nq)(r,0)(mse,ng)(r,0) ... (mg,ng)(r,0)

= ([m1 — nq] + [ma — na] + ... + [my, — ng] + kr,0).

Notice that

[my — nq| + [me — no] + ... + [my — ng] + kr

=[mi—ni+r]+me—no+r|+.. +[my—ni+1] >0
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as r—mn; > 0 for all ¢ as r was chosen to be such that r > max(n, na, ..., nyg).

Hence m —n # 0.

Now choose p > max(j, max(n —m +max(j,m))). This givesp=m —n+p
which is a contradiction as m — n # 0. Hence all words of length one in
Y (C(B)) are indecomposable and so must be present in any generating set.

Thus X(C(B)) is not finitely generated. O

We go on now to show that there are no relations between words of different

lengths in X(C(B)).

Lemma 7.26. Let x;,y;,a,b >0 andn > 1. Then

(@, Yn) - (21, 91) - (a,b) = (xn — Yn + max(Ap 1, Ap2), b—a+ [y1 — 21]+

A [yn—l + an_l] + max(Anyl, An,g))

where A, Ag,, are terms involving 1, ..., %Tn, Y1, -, Yn, G, b.

Proof. We prove this by induction. By direct calculations, we obtain

(z1,91) - (a,0) = (v1 — y1 +max(A11, Ar12),b — a+max(Ay 1, A1)

and

(w2,12) - (1, 91) - (a,b)

= (z9 — yo + max(Agq, A2),b— a+ [y1 — x1] + max(Ay1, As))
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and so the claim holds for n = 1 and 2.

Now assume that the claim is true for an arbitrary k. That is,

(T, yi) - - - - (T1,y1) - (a,b) = (xp — Y, + max(Ag 1, Ago), b —a+ [y1 — 2]+

oot [Yk—1 + Tp—1] + max(Ag 1, Ag2)).

Now consider (zgi1,Yr+1) + (Tk, Yk) - -+ - (x1,71) - (a,b). By the inductive

hypothesis, we obtain

(Thg1, Yrr1) (T — Yo + max(Ag 1, Ag2),b—a+ [y1 — 2]+
oo+ Yk—1 + wpoq] + max(Ag 1, Ag2))
= (Tpy1 — Yrr1 + max(Agyr1, Apgr2),
b—a+[y1 —x1] + ..o+ [Y—1 — Tp—1] + max(Ag 1, Ak2) — (T — yr)
— max(Ag 1, Ag2) + max(Agi11, Arr12))
= (Tht1 — Y1 + max(Agi1 1, Akt12), 0 —a+ [y — o1+

oo [y — zk) + max(Agr11, Akr12))

and hence the claim is true for all n. OJ

We will now act on the sequence (a,b)(c,d) and consider the form of the

second letter in the output. The form of the first letter is known by Lemma

[(. 20l

Lemma 7.27. Let z;,y;,a,b,c,d > 0 and n > 1. Then the second letter in
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the output of

($n>yn) et (x17y1) ' (a’ b)(C, d)

has the form

([t —yn] + ...+ [r1 — 1] + a — b+ max(B,1, By2),
d—c+(n—1Dy1 —x1]+ (n—2)[ys — x2] + ... + 2[Yn_2o — Tp_o|+

[Yn—1 — Tp_1] + (n — 1)(b — a) + max(By,1, Bn2))

where By, By, are terms involving 1, ..., Tn, Y1, --,Yn, a,b,c,d.

Proof. By direct calculations in the cases n = 1 and 2 we see

(1:17 yl) : (CL, b)(C, d) =
(x1 — 1 + maX<A1,1> Aj9),b—a—+ maX(Al,h A 9))

([t — ] +a—0b+ maX(BLh B1,2), d—c+ maX(BLh 31,2))

and

<x27 y2) : (‘rly yl) ' (a7 b)(c7 d) =
(xg — yo + max(As1, As2),b—a+y; — x1 + max(Az 1, Aaz2))
(([22 = go] + [21 — 1] + (@ = b) + max(Bz,1, Ba),

d—rc + [yl — ZEl] + (b — CL) + maX(Bg,l, BQ’Q))

and so the claim holds in these cases.
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Now assume that the claim is true for an arbitrary k. That is, the second

letter in the output of (zg,yx) - ... (x1,11) - (a,b)(c, d) is

([zr —yk] + ... + [21 — y1] + @ — b+ max(By.1, Bi2),
d—c+(k—=1)y1 — 2]+ (k= 2)[ya — 2] + ... + 2[yp—2 — Tp_o]+

[Yk—1 — 1] + (k — 1)(b — a) + max(By 1, Br2))-

By the inductive hypothesis and Lemma [7.26] we obtain as the second letter

in the output of (zp11,Yx+1) - .- - (x1,41) - (@,0)(c, d)

(Trg1 — Yrgr + max(Api11, Arrr2),

b—a+ [y —x1]+ ...+ [yr — zx) + max(Agr11, Akr12))

(e —yr] + ... + [21 — 1] + a — b+ max(By.1, Bi2),

d—c+ (k—=1)[y1 — 21] + (k — 2)[y2 — z2|+

oot 2yk—2 — Thoo] + (ko1 — 2pa] + (B = 1)(b — a) + max(By,1, By,2))
= ([Te41 = Yera] + ...+ [v1 — ] + a — b+ max(Byi11, Beya2),
d—c+klyr — o]+ (k= Dlyz — zo] + ...+ 2ye—1 — o] + [ye — 2]+

k(b — a) + max(Byi11, Br+12))

and so the claim is true for all n. OJ

Lemma 7.28. Let x;,y;,pi,q; > 0. If n # k then

(TnsYn) - (21, 91) # (Prs i) - -+ - (P1,q1)-

Proof. Suppose that (zp, gn) - .- (1, 41) = (Prr@n) - -+ (P, 1) where n # k.
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Act on a sequence (a, b)(c,d) with both words and equate the second letters

of outputs. By Lemma we obtain

[Tp —Yn] + ...+ |21 — 1] +a— b+ max(B,, 1, Bn2) =

ok — @] + ...+ [p1— @] +a— b+ max(C, 1, Ch2)

where (), 1, C, 2 are terms involving p1,..., Pk, q1,---,qk, @, b, c,d, and

d—c+ (n - 1)[y1 - $1] +...+ Q[yn—2 - xn—Q] + [yn—l - xn—1]+
(n—1)(b—a) + max(B, 1, Bn2)
=d—c+ (k—=1)(q —p1) + ...+ 2[qe—2 — Pr—2] + [qh—1 — Pe—1]+

(k—1)(b—a)+ max(Cyp1,Ch2).

Solving these equations simultaneously gives

[T — Yn] + 201 — Yna] +... + 0z —y1] =

Pk — ak) + 2[pr—1 — Qo] + ... F E[p1 — @] + (n = k)(b—a).

All values of x;,y;, p; and ¢; are fixed and we have a free choice for a and b.
Since n — k # 0 we can obtain a contradiction in the above equality by an

appropriate choice of a and b.

Hence (z,,,yn) ... (x1,y1) # (P, qk) - - - -~ (P1,q1) and we conclude that there

are no relations between pairs of words of different lengths. m
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We now turn to look at relations between pairs of words of the same length

in $(C(B)).

There are infinitely many relations of the form (a,b) - (z,y) = (¢, d) - (x,y)

as a consequence of (a,b)(x,y) = (¢,d)(z,y) € B. We now try to find a

“canonical” (¢, d) so that we may rewrite products (a,b) - (z,y) in a normal

form with a view to obtaining a presentation for 3(C(B)).

For the relation (a,b) - (z,y) = (¢, d) - (x,y) to hold, we must have
(a,b)(x,y) = (¢,d)(z,y) which holds if and only if a« — b = ¢ — d and

max(b, z) = max(d, x).

Given that the values of a,b,z,y are fixed, max(b, z) is also fixed and this
will determine a range of possible values for d and hence c. Observe first that

we must have d < max(b, z). We now consider two cases:

Case 1: max(b,z) = b > x. Then b = d which forces a = c. In this case we

will say that the word is already in normal form.

Case 2: max(b,x) =2 >0b. Then0 <d<zandc=a—b+d. If a > b then

set d = 0 and we obtain (a — b,0) - (z,y) as the normal form. Otherwise set

¢ = 0 to obtain as the normal form (0,b —a) - (z,y).

We summarise this as follows:

Lemma 7.29. Every product (a,b) - (z,y) € X(C(B)) is equal to precisely

one of the following:
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1. (a,b) - (z,y) where b > x,

2. (a—15,0)- (z,y) where b <z and b < a,

3. (0,b—a)- (z,y) where b <z and b > a.

Lemma 7.30. The normal forms constructed above are unique.

Proof. Consider (a,b) - (z,y). If b > z then b > 1 as x > 0 and hence this

relation cannot be of type 2 above. We saw earlier that if

(a,b)-(z,y) = (¢,d)-(x,y) (for ¢,d > 0) and b > z then we have (a,b) = (¢, d).

Suppose that (p,0) - (z,y) = (¢,0) - (x,y). Then, by acting on the sequence
a = (0,0) and equating the outputs we obtain (p + x,y) = (¢ + z,y) and

hence p = q.

If (p,0)-(z,y) = (0,q) - (x,y) then again by acting on the sequence o = (0, 0)
we obtain (p + z,y) = (—¢ + max(q, x),y —  + max(q, x)) which gives
x = max(q,z) and hence p = —¢q. By the non-negativity requirement we

have p=¢ = 0.

If (0,p)- (z,y) = (0,q) - (x,y) then again by acting on the sequence o = (0, 0)
we obtain (—p + max(p, 2),y — @ + max(p,z)) = (—q + max(q,z),y — o +

max(q, z)) which forces max(p, x) = max(q,x) and hence p = q. O

Applying Lemma from right to left to words of length at least two will
give us a normal form for words in X(C(B)) which leads us to conjecture the

following:
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Conjecture 7.31. An infinite presentation for ¥(C(B)) is

%(C(B)) = ((1,4)(i,5 = 0)|(a, ) - (2,y) = (a = b,0) - (z,y)(a, 2 > b),

(a,0) - (z,y) = (0,6 — a) - (z,y)(x = b > a)).

7.4 Examples

We conclude this chapter by examining some more examples of Cayley au-

tomaton semigroups arising from infinite semigroups.

Example 7.32. Let R be the infinite right-zero semigroup and let x,y € R.
Then xa = ya for all @ € R and so the congruence ~ defined in Section
has only one congruence class. By Lemma Y(C(R)) is generated by one
element. By Proposition this element is a right-zero. Hence X(C(R)) is

trivial.

Example 7.33. Let L be the infinite left-zero semigroup. Then for each
x € L we have that [z] = {z} and so ¥(C(L)) is generated by infinitely many
elements which are all left-zeros by Proposition [3.9f Hence X(C(L)) = L.

Example 7.34. Let Z be the infinite null semigroup and let x,y € Z. Then
rxa = ya = 0 for all @ € Z and so the congruence ~ defined in Section
has only one congruence class. By Lemma Y(C(Z)) is generated by one
element. By Corollary this element is a zero. Hence ¥(C(Z)) is trivial.
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Example 7.35. Let S = {z1,25...,y1,¥2...} be defined by the relations
xr;a = 1 and y;a = yp for all @ € S and ¢ > 1. Then the congruence ~ has
two classes, namely [z1] and [y;]. Thus we may take Z7 and 7 as generators
for 3(C(S)). Note also that -« = (z1)” and 77 - o« = (y;)* for all sequence
a € S*. Hence X(C(5)) = Lo.

Note also that this example is easily extended and we may obtain L,, for any

n > 1.

Example 7.36. Let S be an infinite rectangular band (i.e. a direct product
of a left- and a right-zero semigroup, at least one of which is infinite). Then ~
has classes [(I1,71)], [(l2,71)], [(I3,71)] - . .. If the left-zero semigroup is finite
then there are only finitely many classes and by Lemma [7.10] £(C(9)) is
finitely generated; otherwise ¥(C(S)) is generated by the elements {(I;,71)}
where ¢ € N. In either case, as per Example [3.15] 3(C(S9)) is isomorphic to

a left-zero semigroup.
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Chapter 8

Further Questions

In this final chapter we present some questions which have not been fully
answered in this thesis which may lead to further work in the area of Cayley

automaton semigroups.

In Chapter [5| we considered self-automaton semigroups, defined to be those
semigroups satisfying S = ¥(C(S)) under the map s — 5. We commented
in Section that this definition is not a direct analogue of the original
definition given by Cain in [7], where a semigroup S was said to be self-
automaton if S = ¥(C(S)) for any isomorphism. A lack of examples of
semigroups satisfying S = ¥(C(S)) but not via the map s — 5 led to the
use of the more restricted Definition [5.3] However, the question of what is
the “correct”definition of a self-automaton semigroup remains open, and is

recorded below:
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Question 8.1. Do there exist semigroups S satisfying S = 3(C(S)) but not

under the mapping s — 5?

It was noted in Section[5.1]that if such an example exists then it does not have
a faithful left-regular representation. When considering the map s — s in
Chapter [5| we were able to determine precisely when it is injective in Lemma
In the case of bands, we showed in Lemma that the map is always a
homomorphism, and in Lemma we generalised this to semigroups where
S? is a band. However, in Example we were not able to make use of
these lemmas to show that s +— s was a homomorphism and had to show

this explicitly. This raises the following question:

Question 8.2. For which semigroups is the map s — s a homomorphism?

If an answer to Question [8.2]is obtainable then this, together with Lemma5.6
would enable us to classify all self-automaton semigroups when we take the

map s — s being an isomorphism as the definition of being self-automaton.

Regardless of what the correct definition of self-automaton is, the natural
question to consider is that of classifying all self-automaton semigroups. Cain
posed this question originally in [7] in the setting of right-actions, but his
suggested answer of bands with square D-classes and every maximal D-class
being a singleton was shown to be false in Example [5.27] In attempting to
classify self-automaton semigroups (using Definition we were able to ob-
tain results for the classes of finite bands, monoids and regular semigroups.

All self-automaton semigroups in these classes were shown to be bands with
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faithful left-regular representations, but examples not fitting this classifi-
cation were constructed in Sections and 5.4 A complete classification

remains an open problem, which is stated below:

Question 8.3. Is it possible to completely classify the finite self-automaton

semigroups?

The focus of Chapter [5| was on finite self-automaton semigroups. Infinite
semigroups were considered in Chapter [7] and so we may ask at this point if
we can say anything about infinite self-automaton semigroups. Notice that
the proofs of Lemmas[5.6land [5.9 and Theorems[5.10]and [5.11]did not actually
depend on the semigroup being finite. Thus the results there immediately
translate to infinite semigroups and we see that the infinite self-automaton
bands, monoids, regular semigroups and semigroups with relative left and
right identities are precisely the bands with faithful left-regular representa-

tions. It remains to be seen if other infinite semigroups are self-automaton:

Question 8.4. s it possible to completely classify the infinite self-automaton

semigroups?

Following on from self-automaton semigroups, Chapter [f] considered Cayley
chains of finite aperiodic semigroups; that is, the sequence of semigroups
obtained by iterating the Cayley automaton semigroup construction. Recall
that for a semigroup S, Sy = S and S; = 3(C(S;-1)) for i > 1. We showed
that there exist semigroups where the length of the chain is infinite, and that

there exist semigroups with S,,_; = S, for every n > 1 (see Proposition
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and Example [6.5]). Currently, there are no examples of Cayley chains with a

non-trivial loop and so we pose the following:

Question 8.5. Does there exist a finite aperiodic semigroup S with Sy = Sk,

where k >0 andr > 27

If such an example exists then the semigroup U = Sy Ug Sga1Up - ..Uy Skir_1
would satisfy U = %(C(U)) and would be a positive answer to Question
Note that such an example cannot satisfy U = ¥(C(U)) under the mapping
u — u as this would force Sy to be self-automaton as per Definition [5.3] and
hence we would have Sy = Sjy; (this follows from Proposition which
states that X(C(V UgW)) = X(C(V)) Uy X(C(W)) for semigroups V and W).

We know that there exist examples of finite aperiodic semigroups with Cayley
chains of any arbitrary finite length and examples where the Cayley chain
is infinite. We have not seen any way of determining if the Cayley chain is
finite or infinite without explicitly constructing it and so we pose the following

question:

Question 8.6. For a given finite aperiodic semigroup S, is it decideable

whether or not A(S) < 0o?

In Theorem we considered a semigroup T satisfying A(T) = n and
T, is self-automaton (in the sense of Definition [5.3). We showed that for
a subsemigroup S < T there exists k such that Sy = Sii1. We see from
this that a negative answer to Question 8.1 would give a negative answer to

Question [8.5]
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Proposition |6.7] showed how the lengths A(S) and A(T') of two semigroups S
and T" were related to the length of the zero-union of S and 7" and Proposition
6.15| considered how the length of the chain behaves after a zero element has
been adjoined to the semigroup. Other semigroup constructions (such as di-
rect product, semidirect products, wreath products, normal ideal extensions

and so on) could be considered and so we ask the following:

Question 8.7. Let S, T be semigroups satisfying A(S), A(T) < oo and let ®
denote a semigroup construction. Is it possible to express A(S©T) in terms

of A(S) and A(T)?

Before attempting to classify self-automaton semigroups in Chapter |5 we
were able to classify the Cayley automaton semigroups arising from finite
monogenic semigroups in Chapter 4. One may ask if it is possible to obtain
a similar result for other “nice”classes of semigroup, such as Rees-Matrix
semigroups, regular semigroups, inverse semigroups and so on. We ask the

following question:

Question 8.8. For which classes of semigroup is it possible to completely

classify all such 3(C(S)) where S is a member of the given class?

Finally, in Chapter[7], we considered Cayley automaton semigroups of infinite

semigroups. Examples [7.32] [7.33] [7.35] and [7.36] showed that the resulting

Cayley automaton semigroup can be either finite or infinite. Lemma(7.10|gave
a sufficient condition for 3(C(S)) to be finitely generated (but not necessarily

finite). This leads to the following questions:
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Question 8.9. For an infinite semigroup S, under which conditions is

Y(C(S)) finitely generated?

Question 8.10. For an infinite semigroup S, under which conditions is

X(C(S)) finite?

In Section[7.3| we constructed the Cayley automaton semigroup of the bicyclic

monoid. A natural question to ask following on from this is:

Question 8.11. Let

Pn = <b1,b2, .. .,bn,Cl,Cg, ce ,cn|bic,~ = 17biCj = O(Z 7£ j))

be the polycyclic monoid of rank n where n > 2. What is 3(C(P,))?
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