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ABSTRACT

We study the probability of generating a finite simple group, together with
its generalisation Pg soc ¢(d), the conditional probability of generating an
almost simple finite group G by d elements, given that these elements
generate G/socG. We prove that Pg socc(2) 2 53/90, with equality if
and only if G is Ag or Sg, and establish a similar result for Pg soc ¢(3)-
Positive answers to longstanding questions of Wiegold on direct products,
and of Mel’nikov on profinite groups, as well as to a conjecture of Holt
and Stather, follow easily from our results.

1. Introduction

Results of Dixon [8], Kantor—-Lubotzky [17] and Liebeck—Shalev [27] establish
that the probability that two randomly chosen elements of a finite almost simple
group G generate a subgroup containing soc G converges to 1 as |G| — oo. We
obtain explicit lower bounds, and deduce several important consequences.

If G has a normal subgroup N, we write Pg n(d) to denote the conditional
probability of generating G by d randomly chosen elements, given that these
elements project onto a generating set for G/N. We write d(G) to denote the
minimum number of generators of G. Notice that Pg g(d) = Pg(d), where
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G PG,socG<2) 3d.p. G PG,socG’(Q) 3d.p.
As, Sy 19/30 0.633 Ag 133/180 0.738
Ag,Se  53/90 0588  Lo(7)  19/28  0.678
As 229/315  0.726  Lo(11) 127/165  0.769
G PGL2(9) Mjyp Ag.22 S, Ss Ay
PG’S(Q) 0.866 0.866 0.866 0.817 0.815 0.848
G So Aqp S10 A Sii PGLy(7)
PG75(2) 0.863 0.875 0.875 0.893 0.894 0.821
G L(8) L2(8).3 PGLy(11) L3(3) Ly(4) PELy(4)
PG,S(2) 0.845 0.845 0.884 0.863 0.864 0.896
G | 3 S:3)2 My Mn
Pa s(2) 0.887 0.887 0.817 0.813

Table 1. The probability p = Pg soc ¢(2) for those finite almost
simple groups G for which p < %. Decimals are lower bounds,
correct to 3 d.p.

Pg(d) denotes the probability that d random elements of G generate G. We
investigate Pg soc ¢(d), where G is almost simple, and establish:

THEOREM 1.1: Let G be a finite almost simple group with socle S such that
d(G/S) < 2. Then

Pg,s(2) > 28 =0.588,
with equality if and only if G is Ag or Sg. If Pg g(2) < % then G and Pg s(2)
are as stated in Table 1.

In [14], Holt and Stather conjectured that Ps(2) > Pa,(2) = 53/90 for all
finite simple groups .S; Theorem 1.1 proves their conjecture.

It would be reasonably easy to generalise the proof of Theorem 1.1 to bound
P¢ s(d) for other values of d; we present only the case d = 3.

COROLLARY 1.2: Let G be a finite almost simple group with socle S. Then

139 :
PG,S(S) = vy = ﬁ = 09267

with equality if and only if S = As.
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The Eulerian function ¢c(d) counts the ordered d-tuples of elements of a
finite group G that generate G. By definition,
_ 9c(d)
Gl
Define hg(d) to be the largest integer h such that the direct product of h copies
of G can be generated by d elements. Philip Hall [12] observed that if S is a
non-abelian finite simple group, then

Pc(d)

_ ¢s(d)
hsld) = T s
and consequently
_ Ps(d)|s*!
hs(d) = |Out S|

There has been much study, by Wiegold [45] and others, of the growth of
he(d) for various classes of groups G. Theorem 1.1 and Corollary 1.2 allow us to
easily deduce a precise bound for hg(d), for S non-abelian simple. Throughout,
all logarithms are to base 2.

THEOREM 1.3: Let S be a non-abelian finite simple group. Then

a‘5|d—1
hg(d) >
S( ) 10g|5|
for all d > 2, where v = {2k 10g 20160 > 1.029. Moreover, equality holds if and

only if d =2 and S = L3(4).

Proof. We deal first with d = 2. If Ps(2) > 9/10 then, by Lemma 2.1, hg(2) >
215|/|0ut S| > 21|S|/log|S|. We then verify the inequality for the groups S in
Table 1, and use PL3(4)(2) = %. For d > 3, use Corollary 1.2 to observe that
Ps(d) > Ps(3) > v and hence, by Lemma 2.1, hg(d) > £v|5|*7/log|S|. n

Theorem 1.3 is asymptotically optimal. Let S; = Ly(2%), then as i — oo

hs,(d)log|S:|  Ps,(d)log|S;| log(1—27%)
u = L = Pq. _— — o.
it |Out S| s:(d) |3+ i 3

It is also possible, using additional data on Pg s(3) in [37], to produce the

optimal constant for hg(3) in Theorem 1.3.

Wiegold asks (see [34, Problem 17.116]) for an explicit lower bound for hg(2)
and, in particular, whether hg(2) > /|S| for every non-abelian finite simple
group S. This was recently answered in the affirmative by Maréti-Tamburini [33],
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showing that hg(2) > 24/|S|. The Mar6ti-Tamburini bound follows immedi-
ately from Theorem 1.3 (with the exception of S = Aj where an additional
calculation is required). We can now easily compute the largest possible con-
stants for both this and another bound for hg(2).

COROLLARY 1.4: Let S be a non-abelian finite simple group. Then

(i) hs(2) = B/|S|, where = 19/,/60 > 2.452. Moreover, equality holds
if and only if S = As.

(ii) hs(2) = |S|*, where A = log53/log360 > 0.674. Moreover, equality
holds if and only if S = Ag.

Proof. (i) We observe that |S|'/2?/1log|S| is an increasing function of | S| so, from
Theorem 1.3, hg(2) > «|S|/log|S| > £+/|S| for |S| > 437. The inequality is
verified directly for the remaining groups, namely As, Ag and Lo (7).

(ii) Similarly, |S|'*~*/log|S| increases with |S|, and so S|/ log|S| > |S|* for
|S| = 1125. The inequality is verified computationally for the remaining groups,
namely A57 A6, LQ(?), LQ(S), Lg(ll) and L2(13) |

Lucchini in [29] makes the nice observation that proving Ps(2) > 1 would
be sufficient to establish a conjecture of Fireman. In [9], Fireman shows that
proving this conjecture would in turn resolve a 1978 problem of Mel'nikov [36].
We complete this work. If S is a finite simple group, then a poly-S group is
a finite group with all composition factors isomorphic to S and a pro-S group
is an inverse limit of poly-S groups. We deduce from Theorem 1.1 and [29,
Theorem 1.2]:

THEOREM 1.5: Let S be a non-abelian finite simple group. Then

(i) for every positive integer n, there exists a 2-generated poly-S group
with a normal subgroup isomorphic to S™;

(ii) every free pro-S group of finite rank has, for every positive integer n,
a closed normal subgroup of S-rank n.

LAYOUT OF PAPER: In Section 2 we establish some preliminary results, includ-
ing proving a bound on the order of the outer automorphism group of an almost
simple group. In the next four sections we prove Theorem 1.1, and along the
way we collect additional data to enable us to prove Corollary 1.2. We deal
with the families of simple groups starting with the most complicated (for us).
Thus Section 3 proves Theorem 1.1 for the exceptional groups, Section 4 for
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the classical groups, Section 5 for the alternating groups, and Section 6 for the
sporadic groups. In Section 7 we prove Corollary 1.2.

We use ATLAS notation [5] for group names throughout.

2. Preliminary results

Let G be a group with normal subgroup N. Let g1,...,94 € G be such that
G ={91,.--,94,N). If d(G) < d, then, by Gaschiitz [11, Satz 1], there exist
elements n1,...,nqg € N such that G = (g1n1, ..., gana). Define

91,---,9d :{(n1,~~~,nd) e N4 | <91n17~~~,gdnd> :G}~

As observed in the proof of the above result of Gaschiitz, the size of Q, . 4, is
independent of the choice of g1, ..., g4. Then Pg n(d) = |Qqg, ... gal/IN|%

In the following, let M; be the set of maximal subgroups of G that supplement

d

N, let M be a set of representatives for the G-conjugacy classes of the elements
of My, and let £ be a set of representatives for the N-conjugacy classes of
subgroups of the form M; = M N N where M € M. Then:

1 1
PG,N(2)>1_ Z \G:TP>1_ Z m

MeMy MeM
1
) oy b
& IN:MAN]
1
>1- _ .
PR

The following lemma is straightforward, but extremely useful.

LEMMA 2.1: Let S be a non-abelian finite simple group. Then |Out(S)| <
S log|S].
7

Proof. If S is alternating or sporadic then this is easy.

Let S be one of: Ly, (¢q) with n > 6, U, (q) withn > 6, S,,(2) with n > 4, O%(q)
with n > 7, O (q) with n > 10, O, (¢) with n > 8, or an exceptional group.
Then one may swiftly check in, for example, [5, p zvi] that [Out(S)| < £ log,,|S|p,
where |G|, denotes the p-part of |G|.

This leaves only L, (q) for 2 < n < 5, Uy,(q) for 3 < n <5 and OfF (¢), where
a more detailed examination of the group orders proves the result. |
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The group which is closest to attaining the bound in Lemma 2.1 is L3(4).

3. Exceptional groups

In this section, we find estimates for the conditional probability Pg ¢(2), where
G is almost simple with socle S an exceptional group. For exceptional groups of
small rank, our strategy is similar to that of Kantor-Lubotzky [17], namely to
use the classification of maximal subgroups of these (almost simple) groups that
already exists in the literature. For some of the other exceptional groups, we
use a refinement of the method of Liebeck—Shalev [27], but for certain groups
more care is needed, and we handle these separately.

SMALL RANK EXCEPTIONAL GROUPS. If G is almost simple with socle S = X (q)
where X € {?Bg, Ga,2Gg,3Dy,%F4} and ¢ is an appropriate prime-power, then
the maximal subgroups of G are known up to conjugacy (see [41, Theorem 9]
and [4], [6, Theorem 2.3] and [4], [19, Theorems A and B], [19, Theorem C],
[18], and [31], respectively). From these results, we conclude that if M is a
maximal subgroup of GG that supplements S, then M N S is conjugate in S to
either X (qo), where ¢ = ¢ for some prime r (and there are consequently at
most log ¢ such conjugacy classes), or to one of a known list of maximal sub-
groups, as summarised in Table 2. Consequently we deduce from Equation (1)
that

41
Poopyg)(2) > 1— — ——=2 5 0.03 for ¢ > 8,
q
501
Pgayq)(2) > 1 - — = og;q > 0.99 for even q > 8,
q q
111
Po.ca(@)(2) > 1= = = Oq%q > 0.95 for all 0dd g,
501
P ray(q)(2) > 1 - i (;g4q > 0.99 for ¢ > 27,
10 1
Pon,@)(2) > 1= 5 Ziq > 0.96 for all g,
11
Posru@(2) > 1= o5 - % > 0.99 for ¢ > 8.

We verify from the ATLAS [5] that if S is the Tits group 2F4(2)’, or Ga(4),
then Pg g(2) > ~, where « is as in Corollary 1.2.
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Index of Number of Index of
Group X(¢q) maximal X(go) other maximals other maximals

Bs(q) > ¢ 4 > q°
Ga2(2™), m >3 > q7 5 > ¢°
Ga(q), g odd > q" 11 > ¢°
*Ga(q), ¢ > 27 > ¢ 5 > ¢
*Dy(q) > ¢ 10 > ¢®
*Fa(q) > ¢ 11 > q'?

Table 2. Data concerning small rank exceptional groups

LARGE RANK EXCEPTIONAL GROUPS (GENERAL CASE). Let G be almost simple
with socle S one of F4(q), Ee(q), 2Es(q), E7(q) or Eg(q) for some prime-power
q = p™. Define K (the known groups) to be a set of S-conjugacy class represen-
tatives of maximal subgroups M of G that supplement S such that M; = M NS
satisfies either

(i) M is not almost simple, or
(ii) soc M is a simple group of Lie type over a field of characteristic p and
of untwisted Lie rank greater than half the rank of G.

Let U (the unknown groups) be a set of S-conjugacy class representatives of the
remaining maximal subgroups of G that supplement S. Note that the groups
in I are known up to S-conjugacy, whilst the groups in U are only known to
within finitely many isomorphism types.

We work with the description from [26, Theorem 8] of the groups in K,
where they are divided into eight classes (we merge Classes (I)(d) and (IV),
for conciseness). The maximal subgroups are defined up to (at most) inner
and diagonal automorphisms, the number of diagonal automorphisms of groups
F4(q), Es(q), 2Eg(q), E7(q) and Eg(q) being at most 1, 3, 3, 2 and 1, respectively.
Thus the number of classes of each type of maximal subgroup M can be found
in [26, Theorem 8] and the references therein as follows:

(i) parabolic (parametrised by nodes in the Dynkin diagram);
(ii) reductive of maximal rank: [24, Tables 5.1 & 5.2], up to S-conjugacy
with listed exceptions;
(iii) S = E7(q), p > 2, and two possible M N S;
(iv) S = Es(q), p > 5, and two possible M NS, up to S-conjugacy;



8 N.E. MENEZES, M. QUICK & C.M.RONEY-DOUGAL Isr. J. Math.
Case Fu(g) Eo(q) *Es(g) Er(q) Es(q)
i) 4 6 6 7 8
(i) 14 9 9 13 29
(i) 0 0 0 4 0
iv) 0 0 0 0 2
v) 2 15 15 16 9
(vi) 2logq 6logqg 3logg 2loggq logg
(vii) 1 3 3 0 2

Table 3. Bounds for the number of S-classes of maximal -subgroups

(v) M NS as given in [26, Table 3];
(vi) M NS is of the same type as S (possibly twisted);
(vil) M NS an exotic local subgroup.

The bounds obtained for each type of conjugacy class are summarised in Table 3,
where the first column gives the case in the above description.

The smallest index of a proper subgroup of G is given in [42, 43, 44]. Putting
this all together, we obtain the following estimates for all ¢:

1 21+ 2loggq
2 < 0.0008
@ pRJREEIIS L LY
S=Fa(q),
MeK
1 33+ 6logq
> < < 0.001
. 16
S=Eq(q), |G ' M| 4
MeK
1 33+ 3loggq
< < 0.001
2 oGS
S="E¢(q),
MeK
1 40+ 2logq
> < < 0.001
. 27
S=E7(q), &= M q
MeK
1 50 + log q
< .001.
Z G M| 7 <0.00
S=FEs(q),
MeK

We now consider the class U of maximal subgroups not belonging to K. We
shall make use of the following lemma;:
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LEMMA 3.1: Let G be an almost simple finite group with socle S. Let V be a
set of representatives for some G-conjugacy classes of maximal subgroups that
supplement S such that each M € V is almost simple. Define V1 = { M NS |
M € V}. Let k be the maximum value taken by |Aut T'||Out T'|, where M € V
and T = soc M, let m be an upper bound for the orders of subgroups in Vi,
and let i(S) be the number of involutions in S. Then

. 1 i(S)k 6i(S)mlogm
— < .
O 2 @< w2 g pr

Proof. Let T be the set of socles of the G-conjugates of M for M € V and
let W be the set of G-conjugates of such M. Note that socM < M NS,
Ng(M)=M and |G: M|=1|S: MnNS|for all M € V. Hence

> D
2, 1G] T (&, 15 A S
Y AT < =5 > IT| <
ISPTGT ISPM i

using [27, Lemma 3.1(i)]. Inequality (ii) follows similarly since if T" is a socle of
the almost simple subgroup M € V, then |T| < [M N S| < m and so |OutT| <
%logm by Lemma 2.1. |

PROPOSITION 3.2: Let M be an almost simple maximal subgroup of G with
T = soc M either not a Lie type group of characteristic p, or of untwisted Lie
rank at most half that of S = socG. In addition, if S = F4(q), Es(q) or 2Eg(q)
assume q # 2.

If S = Fu(q), Es(q), *Es(q), E7(q) or Eg(q), then [M| < 4¢*°log ¢, 4¢** log q,
4¢% log q, 9¢°° log q, 12¢°% log q, respectively.

Proof. For T a group of Lie type in characteristic p, this is immediate from [27,
Theorem 1.2].

Theorem 1 of [25] describes which alternating groups, sporadic simple groups
and Lie groups of cross-characteristic may exist as subgroups of an exceptional
Lie type. We consult [22] to establish that Fiss is not a subgroup of Eg(q)
for ¢ < 4 nor of E7(q) or Eg(q) for any ¢g. The required inequalities can now be
established for each remaining group, making use of the assumption that ¢ > 3
when S = Fy(q), Es(q) or ?Eg(q). |
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Finally, the conjugacy classes of involutions in S were determined in [15, 1].
In each case, there are at most five such conjugacy classes and the order of the
centraliser for a conjugacy class of maximal size is listed in [27, Table II]. As a

consequence, we estimate

5/51/ISL2(q)|[Sps ()| if S'=Fa(q)
5(3,¢ —1)[S]/[SL2(q)[|SLe(q)| if S = Ee(q)
3) i(S) < 5(3,¢+1)|5]/ISL2(q)[|SUs(q)| if S = *Es(q)
10[S1/|SLs(q)| if S =Ex(q)
5[S1/(4,¢* = 1)[0T5(q)] if §=Esg(q).

Hence, Lemma 3.1(ii) enables us to conclude

< 0.0725 for ¢ > 17;

Z 1 1204¢° (log q) log(44° log q)
s |G M 7ISL2(4) 1S (4)]
Meu

< 0.029 for q > 3;

5 1 _ 120(3,9 — 1)¢**(log g) log(4¢** log q)

S=E¢(q) |G = M| 7|SL2(q)||SLe(q)|
Melu
> 12 1)¢% (log ) log (4425 1
|G : M| < o +7|S)](i (( )Oﬁsq{)j ?g)(| 4" logq) < 0.027 for q > 3;
S=2E¢(q) ’ 2q 6lq
Meu

< 0.001 for all ¢;

> 1 _ 540¢*(log q) log(9¢* log )
|G M|~ 7|SLs(q)|

S=E7(q)
Meu

< 0.001 for all q.

Z 1 360¢°% (log q) log(12¢°% log q)
o2 TGMI S T g - 1)[05(a)]
Meu
Combining the estimates for the classes K and U in Equation (1), we conclude
that Pg g(2) > v if S = Fy(g) with ¢ > 17, or S = Eg(q) with ¢ > 3, or

S = 2E¢(q) with ¢ > 3, or S = E;(q) for any ¢, or S = Eg(q) for any q.

LARGE RANK EXCEPTIONAL GROUPS (SPECIAL CASES). The maximal sub-
groups of F4(2) and AutF4(2) = F4(2).2 (see [39]), E¢(2) and AutEg(2) =
E6(2).2 (see [21]), and all almost simple groups with socle 2Eg(2) (the list in
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the original printing of the ATLAS is stated to be complete in the improvements
section of the reprint [5]) are now known. Hence Pg socg(2) > v when G is an
almost simple group with socle Fy(2), Eg(2), or 2Eg(2).

We deal with the group F4(q) for ¢ € {5,7,11,13} by making use of the
work of Magaard in his Ph.D. thesis [30]. Note that if ¢ € {5,7,11,13} then
F4(q) = Aut F4(q). For these ¢, we take K to be representatives for the maximal
subgroups listed in [47, Theorem 4.4(i)—(xv)]. There are no maximal subgroups
of the form F4(qo), since ¢ is prime. Comparing with the information about
conjugacy classes in [26] we see that there is at most one class of each type of
maximal subgroup. There are 14 classes listed, and each subgroup has index at
least ¢'°, s0 Y\ e 1/|Fa(q) : M| < 14/¢"® < 0.001 for ¢ € {5,7,11,13}. The
groups in the class U of “unknown” maximal subgroups are almost simple, with
the largest possible almost simple group having socle 3D4(2). Hence if M € U
with socle T', then |[Aut T'||Out T'| < ko = 3%|>D4(2)|. Using Lemma 3.1 (i), and
the same estimate for i(S) as above, we conclude

5]4;0

1
< < 0.001
MZ@, [Falq) - M| |SL2(q)[ISps(q)]

for g € {5,7,11,13}. Hence
Pr,(q)(2) > for ¢ € {5,7,11,13}.

It remains to deal with Fy(q) for ¢ € {3,4,8,9,16}. This is done by refine-
ments of the arguments presented above. We describe the steps for F4(3) in
detail and summarise them for the other values of q.

S = F4(3): Note that |Fu(3)] = 21°-3%4.52.72.132.41 73, and that
F4(3) = Aut F4(3), so we only need determine Py, (3)(2). Using the fact that
F4(3) has a 25-dimensional faithful representation over a field of characteristic 3
(see [28]), whereas Of (2) does not [16], and consideration of divisors of the
group order to further refine the lists in [25, Table 1], we conclude that if
M € U (as defined earlier) and the socle S is not of Lie type of untwisted rank
at most 2 and characteristic 3, then S is one of:
Ap (n < 10), Ja, La(7), L2(13), L2(25), Ls(4), S6(2), *Da(2).

The remaining maximal subgroups M have socle S that is of Lie type in char-
acteristic 3 and Lie rank at most 2. For such a socle X (3%), we exploit the fact
that |M| < 4 - 3*°log 3, by Proposition 3.2, and [26, Theorem 8 (VI)] to obtain
for each possible X an upper bound for the value of ¢t. Consideration of divisors
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of |[F4(3)| then give further restrictions on ¢, and we conclude that such an S is
one of:

Lo(3%) for t € {2,3,4}, S.(3) for t € {1,2},

L3(3t) for t € {1,2}, G2(3),2G2(3)".

Us(3) for t € {1,2},

Define Uy to be the set of almost simple maximal subgroups M of F4(3) such
that the socle S lies in either of the above two lists but is not isomorphic to
S4(9). Define Us, 9y to be the set of almost simple maximal subgroups M of G
with socle isomorphic to S4(9). Then U = Uy UUs, 9y, while if T' = soc M with
M € Uy then

|[Aut T||Out T| < |Aut 3Dy (2)||Out 3D4(2)| = ko.

Hence, by Lemma 3.1(i) and Equation (3),

5ko

1
< < 0.044.
zv%z;o |G = M| = [SL2(3)[|Sps(3)]

To estimate the sum over maximal subgroups in Us, (), we use the follow-
ing lemma, which is established by a simple counting argument, to replace
Lemma 3.1. When T = S4(9), we shall determine an estimate for the value d
that appears below via a sequence of MAGMA calculations [2].

LEMMA 3.3: Let T be a non-abelian finite simple group that can be generated
by an involution and an element of prime order p. Suppose that there are
d pairs (t,x) € T x T such that o(t) = 2, o(z) = p and (t,z) =T. If G is
any group, let i(G) and i,(G) denote the number of elements of order 2 and p,
respectively, in G. Then the number of subgroups of G isomorphic to T is at
most i(G)i,(G)/d.

We take T = S4(9) and p = 41 in this lemma. Working in MAGMA, we
calculate the conjugacy classes of T and fix an element x of order 41 in T. We
determine there are 298152 involutions ¢ € T such that (¢,2) = T, and that
|Cr(x)] = 41. Consequently, we deduce d > 7272|T'| in this case. The largest
divisor of |G| congruent to 1 (mod 41) is |G|/2* - 41, so i41(G) < 40|G|/2* - 41.
Hence

5 L 5-40/S4(9)[[Out S4(9)P

< .001.
G S @ -41)- 7272 SLa3)|[Spe(3)] 0

Mels, (o) |
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Putting this information together with Equation (2), we conclude that

Pr3(2) 21— Z ﬁ > .
MeKuu
F4(4): For G an almost simple group with socle S = F4(4), we let U consist
of those almost simple subgroups of S that are either groups of Lie type of
untwisted rank at most 2 and characteristic 2, or are not groups of Lie type in
characteristic 2. Using [25, Theorem 1] and [26, Theorem 8 (VI)], we observe
that if M € Y and T = soc M, then

|Aut 7||Out T| < |Aut Ls(16)||Out Ls (16)| = ko.

We shall use the bound i(S) < 5|S|/4¥|SLy(4)|? that follows from informa-
tion for even ¢ in [27, Table II]. Hence, by Lemma 3.1(i),

1 i(S)ko
< .
e v T

and, using (2), we conclude that Pg r,4)(2) > 7.

F4(q), g = 8,16: For G an almost simple group with socle S = F4(¢q) with
q € {8,16}, we define U as before, and calculate that if T = soc M where
M €U, then

|Aut T||Out T| < [Aut Ga(8)||Out G(8)]| = ko.

By [27, Table II], i(S) < 5/5|/¢*®|SLa(q)|*>. Hence

1 i)k
< .
2 T

and, using (2), we conclude that Pg r,(4)(2) > 7

F4(9): For G an almost simple group with socle S = F4(9), we proceed as in
previous cases to conclude that if T' = soc M where M € U, then

|Aut T]|Out 7| < [Aut G2(9)]|Out G2(9)| = ko.

Hence, by Lemma 3.1(i),

1 i(S)ko
< < 0.001
2 e < s

and, using (2), we conclude that Pg p,9)(2) > 7.
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REMARK 3.4: All exceptional finite almost simple groups G satisty d(G) = 2,
so in this section we have established that if G is almost simple with socle S,
where S is a finite exceptional group that is not isomorphic to a classical group,
then Pg s(2) > .

4. Classical groups

For almost simple classical groups G of small dimension we make use of the
tables found in Bray—Holt—Roney-Dougal [4], which list all maximal subgroups
of G that supplement the socle of GG, together with the relevant Aschbacher
class, for soc G one of L, (q), Sn(q), Un(q), O2(q) and OX(q) for n < 12. This
data is also implemented in the MAGMA function ClassicalMaximals, so for
individual cases we use this to estimate the bound of Equation (1). For larger
dimensions, our method is essentially along the lines of Kantor—Lubotzky [17]
but also making use of a result of Liebeck [23] to bound the size of an almost
simple maximal subgroup. We calculate the probability Pg soc¢(2) precisely
for the classical almost simple groups G that cannot be handled in these ways
(most of which are displayed in Table 1).

Throughout this section, G is a simple classical group of dimension n over a
field of order ¢ = p* with p prime.

SMALL DIMENSION CLASSICAL GROUPS. Only certain of the simple classical
groups of dimension n < 12 need to be handled using the tables in [4]. The rest
are dealt with by the general method. For Ly(q), a detailed analysis is required,
whereas for other small dimension classical groups it is sufficient to bound the
number of conjugacy classes of maximal subgroups.

L2(q): Let M be a set of S-conjugacy class representatives of the maximal
subgroups of G < AutLy(g) that supplement S = socG = La(q), let £ =
{HNS | H e M}, and let Ly denote the corresponding subgroups of SLa(q).
Then by analysing the order, occurrence, and number of conjugacy classes of
possible groups in M as stated in [4] we deduce that

q* +3q+ 336 if k=1,
> ILI< S ¢ +3q +2¢1%(g — 1) + 240 if k=2,
beko ¢ +3q¢+2¢"%(q— 1)+ ¢"3(¢*® — D) logq if k>3,
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from which

1 243 336

Z S'M<Q+2q+1 <0.06  for ¢g=p>29,
e 15 M| q(¢*> = 1)

and similarly that the sum is at most 0.03 for ¢ = p?> > 49, and at most 0.07

for ¢ = p* > 27 with k > 3. We conclude that

PG,LQ((]) (2) >y for g > 27.

The values of Pg 1,(q)(2) for 4 < ¢ < 25 are computed precisely using the
EulerianFunction and library of Table of Marks implemented in GAP [10, 38].
These values appear in Table 1 if they are at most 1—90. The groups G such that
2 < Pg,s(2) < v are listed in Remark 4.1, below.

OTHER SMALL DIMENSION CLASSICAL GROUPS. Table 4 provides an upper
bound ¢ for the number of conjugacy classes of maximal subgroups of G that
supplement soc G, which can be read off the tables in [4], and a lower bound p
for the index of those maximal subgroups, given in [17, Table 5.2.A], for the
classical groups we now consider. Then Pg s(2) > 1 —¢/p and so Pg g(2) > v
for S = Ls(q) for ¢ > 17, La(q) for ¢ > 8, Us(q) for ¢ > 7, Uy(q) for ¢ > 5,
Us(gq) for ¢ > 3, Us(q) for ¢ >3, Sa(q) for ¢ =5, Se(q) for ¢ >3, O;(q) for
all odd ¢, OfF (¢) for ¢ > 4 and Og (q) for ¢ > 3.

We use the MAGMA function ClassicalMaximals to check Pg g(2) > 7 when
S is one of Ls(q) for 5 < ¢ < 16, Ly(q) for 4 < ¢ < 7, Usz(4), Uy(q) for
q=3,4, Us(2), Ug(2), Sa(4), OF (q) for ¢ = 2,3 and Og (2). We calculate the
probabilities for the remaining groups of these dimensions precisely and those

with Pg s(2) < 35 are found in Table 1.

LARGER DIMENSION CLASSICAL GROUPS. We now assume that n > 5, and
moreover that n > 7,8,9 if G is unitary, symplectic, or orthogonal, respectively.
Theorem 4.1 of Liebeck [23] states that if M is a maximal subgroup of G that
supplements soc G then one of the following holds:
(i) M is a “geometric maximal subgroup”, that is, belongs to one of the
Aschbacher classes €1—%s;

(ii) M is A or S, embedded in G and n € {c — 1,¢ — 2};

(iii) |M| < ¢®*", where u = 2 if G is unitary, and u = 1 otherwise.
We write mq(G) for the number of conjugacy classes of maximal subgroups of
types (i) and (ii) in G and m(G) for the total number of conjugacy classes of
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S c Min. index
L3(p*), k <2 16 ?+qg+1
Ls(p*), k>3 10+ 3logq P +q+1
Li(q), g>3 24+44logq P +q+1
Us(q), g #5 13 +3logq e +1
Us(q) 27 +logq P +qg+1
Us(q) 11+ 5logg (¢° +1)(¢* +1)
Us(q), ¢ =3 34+46logg  (¢®+1)(¢* +¢*+1)
Si(q),q=4  9+logg P+ +q+1
Se(q), ¢=3  21+logg (@ -1)/(g-1)
Oz(q) 14 +1logg (¢°—1)/(q—1) for g =5,

3333 —1)/2forqg=3
Of(q), =>4 8l+logg (¢*—1)(*+1)/(g—1)

O (9) 12+ loggq (" + 1)@ +q+1)
Table 4. Data for small dimension classical groups

maximal subgroups. We use the bound
m(G) < 2n°2 + nloglogq

given by Hésa [13, Theorem 1.1] and this provides us with an upper bound for
the number of conjugacy classes of maximal subgroups M of type (iii). We
can use Tables 3.5.A-G in [20] to estimate the number of conjugacy classes of
geometric maximal subgroups, and add in the groups with socle A, as specified
by Liebeck, getting

m1(G) < 6n+ %nlogn + nloglogq
unless G = O (¢) in which case
m1(G) < Sn+ 12n'/% + 9logn + loglog g + 12.
We then employ the estimate

(G) _ m(G)g™"

m

1
Fes(2)> 1= 5]
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where p(G) is the bound for the index of a maximal subgroup given in [20,
Table 5.2.A] together with corrections for S = U, (2) for n even and > 6 and
for S = O;f(3) (Bray [3]). Hence Pg g(2) > v for all such G with the possible
exception of the following socles:

Lu(q), (n,9) € {(5,2),(5,3),(5,4),(6,2),(6,3),(7,2),(8,2),(9,2)},
Un(q), (n,9) € {(7,2),(7,3),(7,4),(7,5),(7,7),(7,8),(7,9), (8,2)},
Sn(q), (n,9) € {(8,2),(8,3),(10,2)},

05(q), (n.q) €{(9,3),(9,5)},

0, (9), (n,q) €{(10,2),(10,3)},

O/ (q), (n,q) €{(10,2)}.

These groups are all of sufficiently small dimension to be covered by the Bray—
Holt-Roney-Dougal tables. If S = L5(2) then we calculate the precise values
of Pz s(2), and find that Pg g(2) > «. For the remaining groups we use the
MAGMA function ClassicalMaximals to verify that Pg s(2) > 7.

REMARK 4.1: In this section, we have established that if G is almost simple
with socle S, where S is isomorphic to a finite classical group, then Theorem 1.1
holds for G. In addition, 2 10 < Pc,5(2) < vy if and only if one of the following
holds: S = Ly(13); S = Lo(16); G = Ly(17); G = Ly(19); G = Ls(4).2
(where the involution is the product of the field and duality automorphisms);
G =PGL3(4); G =PTLs(4); S=Us(3); or G = Se(2).

5. Alternating groups

In this section we obtain bounds on the probability Pg a, (2), where G is almost
simple with socle A,, and n > 5.

For small values of n (namely 5 < n < 13), a direct computation in GAP using
the table of marks of G determines Pg a, (2). In particular, all such groups with
P A, (2) < & are given with precise probabilities in Table 1.

For 14 < n < 21, information on the conjugacy classes of maximal subgroups
of A, is stored in MAGMA. This enables us to compute an estimate for Pg 4, (2)
using Equation (1), and to conclude that Pg s, (2) > 35 for 14 < n < 21, whilst
Pgoa, (2) >~ for 17 < n <21,

For n > 22 we use recent work of Maréti and Tamburini [32], where they prove
that the probability that 2 random elements of A,, or S,, generate a subgroup
containing A, is at least 1 — 1/n — 13/n?. Examining their proofs shows that
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if G is almost simple with socle S = A,, then Pg (2) > 1 —1/n —13/n?. For
n > 22 this is greater than ~.

REMARK 5.1: In this section we have proved that Theorem 1.1 holds for almost
simple groups with socle A,,, and also that if Pg a, (2) < -y then n < 16.

6. Sporadic simple groups

Bounding the conditional probability of generating the almost simple sporadic
groups is, on the whole, straightforward.

For the Mathieu groups Mi;, Mys or Aut Mys = Mjs.2, a computation in
GAP or MAGMA can be used to obtain the precise value of the conditional
probability. Only the values of Py, (2) and Py, (2) are at most v, and these
are given in Table 1.

For all other sporadic almost simple groups G, except for the Monster, the
conjugacy classes of maximal subgroups are known and listed in the ATLAS [5].
We compute an estimate for Pg g(2) using Equation (1) and conclude that
Pg (2) > v for all such G.

The maximal subgroups of the Monster M = Aut M are not fully known, but
sufficient information exists in the literature to bound the probability Py(2).
We express the set M of conjugacy class representatives of the maximal sub-
groups of M as a union of the three subsets £, P and U.

The set L consists of maximal subgroups L that are p-local for some prime p.
A set containing the groups in £ is known (see [35, 46]) and provides us with
at most 39 conjugacy classes of maximal subgroups of index at least 10'%.

The set P consists of maximal subgroups L that are normalisers of a direct
product of two or more isomorphic non-abelian simple groups. The list of these
maximal subgroups given in the ATLAS is complete, and gives 9 conjugacy
classes of maximal subgroups of index at least 103°.

The set U consists of almost simple maximal subgroups L of M, and is deter-
mined up to a finite list of isomorphism types. Here we make use of Lemma 3.1.
The possible simple socles of these subgroups of M are listed in [40, Table 2]
(with the addition of Ly(41) [48]), and so if S is the socle of an almost simple
maximal subgroup of M, then |Aut S||Out S| < |Fizs|. The character table of
M in [5] determines that (M) < 5.8 x 1027.
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Putting these together, we conclude that

1 30 9 i(M)[Figy|
< < 0.001.
2 Bz STom T T

REMARK 6.1: In this section we have establised that if G is almost simple with
sporadic socle S, then Pg ¢(2) < v if and only if G = My, M.

7. Proof of Corollary 1.2

By [7], d(G/S) < 3, with equality only if S = L,,(¢) with n > 4 and ¢ an even
power of an odd prime, or S = O, (¢) with n > 8 and ¢ as before. If d(G) =
then PG75(3) > PG75(2)

If S = A, and Pg s(2) < 7, then it follows from Remark 5.1 that n < 16. For

> 14 we use knowledge of the maximal subgroups of G to show that Pg s(3) >
v, whilst for 5 < n < 13 we calculate exact bounds using EulerianFunction in
GAP. If S is a classical group and d(G) = 2, then we note in Remark 4.1 that
Pg 5(2) > v except for the groups in Table 1, and certain G with socles La(q)
(with ¢ < 19), L3(4), Us(3), or Se(2). It is straightforward to verify these cases
computationally using MAGMA. If S is an exceptional group then d(G) = 2,
and we note in Remark 3.4 that P g(2) > . Finally, if S is sporadic then we
note in Remark 3.4 that Pg s(2) > 7 unless G is in Table 1, and we check these
computationally.

It remains to consider the groups G with d(G/S) = 3. When we proved
Theorem 1.1 for groups H with d(H/S) < 2, we bounded ), .\ 1/|H : M|
for M a set of conjugacy class representatives of maximal subgroup of H that
do not contain S. When doing so, we in fact check that this holds for all
groups G with socle S, and so in particular the bounds that we establish cover
the 3-generator groups G. This completes the proof.
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