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ABSTRACT
We aim to study the migration of growing dust grains in protoplanetary discs, where growth
and migration are tightly coupled. This includes the crucial issue of the radial-drift barrier for
growing dust grains. We therefore extend the study performed in Paper I, considering models
for grain growth and grain dynamics where both the migration and growth rate depend on
the grain size and the location in the disc. The parameter space of disc profiles and growth
models is exhaustively explored. In doing so, interpretations for the grain motion found in
numerical simulations are also provided. We find that a large number of cases is required to
characterize entirely the grains radial motion, providing a large number of possible outcomes.
Some of them lead dust particles to be accreted on to the central star and some of them do not.
We find then that q < 1 is required for discs to retain their growing particles, where q is the
exponent of the radial temperature profile T (R) ∝ R−q . Additionally, the initial dust-to-gas
ratio has to exceed a critical value for grains to pile up efficiently, thus avoiding being accreted
on to the central star. Discs are also found to retain efficiently small dust grains regenerated
by fragmentation. We show how those results are sensitive to the turbulent model considered.
Even though some physical processes have been neglected, this study allows us to sketch a
scenario in which grains can survive the radial-drift barrier in protoplanetary discs as they
grow.

Key words: hydrodynamics – methods: analytical – planets and satellites: formation –
protoplanetary discs – dust, extinction.

1 IN T RO D U C T I O N

Developing a rigorous theory of the radial motion of growing dust
grains is a worthwhile effort since determining the final outcome of
the radial motion of grains is crucial for planet formation. During
the early stages of dust evolution in protoplanetary discs, grains
grow efficiently and reach the optimal size of migration, sopt, for
which the orbital time-scale equals the drag stopping time. Then, it
is widely believed that they rapidly drift inwards and are accreted on
to the central object. In observed discs, like Classical T-Tauri Star
(CTTS) discs, this size sopt is approximately 1 cm at 50 au. This pro-
cess is catastrophic for planet formation since planets cannot form if
solid particles are accreted on to the central star. This phenomenon
is commonly referred to as the ‘radial-drift barrier’ and was first
highlighted by Weidenschilling (1977, hereafter W77). The nebula
parameters of W77 were computed using the standard Minimum
Mass Solar Nebula model for which the size sopt corresponds to
metre-sized grains at 1 au, and thus W77 introduced the phrase

� E-mail: guillaume.laibe@monash.edu

‘metre-size barrier’. The radial motion has also been widely stud-
ied analytically by Nakagawa, Sekiya & Hayashi (1986, hereafter
NSH86) in the case of non-growing grains. Since sopt is a func-
tion of the radius r, Youdin & Shu (2002) and Laibe, Gonzalez &
Maddison (2012, hereafter LGM12) have argued that the outcome
of the radial grain motion was actually related to the radial disc pro-
files. Indeed, as they migrate through the disc, grains may strongly
be affected by a pile-up. This pile-up occurs if −p + q + 1/2 < 0 in
the Epstein drag regime, p being the exponent of the radial temper-
ature profile �(R) ∝ R−p, and is highly relevant for CTTS discs. In
this case, the radial drift of all grains is strongly reduced, ensuring
that the disc retains a much larger fraction of its grains than without
the pile-up. This scenario is likely to occur when colliding grains are
large enough to be in the bouncing regime (Blum & Wurm 2008),
hence maintaining their size constant. However, the main argument
that can be opposed to this process is that is neglects grain growth,
which is very efficient during the early stages of dust evolution.

The existing analytic derivations for studying the coupling be-
tween grain growth and radial drift remains simplistic since they do
not simultaneously couple the size and the radial evolution for the
grains. Such a theory should answer the following questions: What
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are the parameters governing grain evolution? What are the possi-
ble outcomes for the grains? Which disc configurations allow the
discs to retain their material? As an example, Brauer, Dullemond &
Henning (2008) highlight from their simulations the importance of
the initial dust-to-gas ratio (higher dust-to-gas ratios provide more
efficient grain growth). Moreover, both Brauer et al. (2008) and
Laibe et al. (2008) suggest that if the grains size efficiently cross
the s = sopt regime (efficient grain growth), the phase of fast mi-
gration occurs only on a short time-scale, the grains then decouple
from the gas and overcome the radial-drift barrier. However, this
observation may not be generalized and adopted as a definition of
the radial-drift barrier for two reasons. First, growth and migration
depend both on the grain size and on the radial location. It is there-
fore not clear whether grains will decouple from the gas during
their motion or not. Secondly, the outcome of the grains migration
is the result of the global motion through the disc (i.e. pile up or
not, decoupling at a finite radius or not) which cannot depend only
on local parameters.

In Paper I (Laibe, Gonzalez & Maddison 2014a), we studied the
radial motion of growing grains using simple toy growth models.
Using a linear growth model, we have detailed the role of the param-
eter �, which quantifies the competition between grain growth and
migration. With the growth power-law prescription, we studied the
role of the A (drag dominated) and the B (gravity dominated) mode
of migration on the radial motion of the particles and highlighted an
additional physical process that prevents the radial-drift barrier. For
accelerating growth, grains decouple from the gas at a finite radius
which prevents the grains from being accreted. For other growth
models, grain accretion can still be prevented by a pile-up. While
pedagogical, such models cannot be used to quantitatively predict
grain behaviour in real protostellar discs since in reality, the growth
rate depends on the radial position of the grains as well as on the
grain size.

In this paper, we study the radial motion of dust grains, incorpo-
rating realistic growth models. We aim to derive a model sufficient
to explain the major features of the radial drift of growing grains and
use it to predict the final dust outcome in observed protoplanetary
discs. Hyperrealism (i.e. taking into account as much physics as
possible) is therefore not the aim of this study. We have instead per-
formed an analytic study (which complements existing numerical
simulations) highlighting the dimensionless parameters governing
the problem and the ways they affect the grains motion. Exploring
a continuous set of parameters, the dynamics of the dust found in
numerical simulations is explained and discs that retain their solid
material for the next steps of planet formation are quantitatively
determined.

We present the properties of the different models of grain growth
used in our study in Section 2. The general properties of the radial
evolution of the grains are discussed in Section 3. We then derive
the radial evolution of growing grains in Section 4 and apply our
results to real discs in Section 5. We discuss a possible scenario for
the grains to avoid the radial drift barrier in Section 6.

2 PH Y S I C A L G ROW T H M O D E L S

2.1 Size evolution

Determining a realistic expression for the growth rate of the grains is
in general difficult as is depends on a large set of unknown physical
parameters (e.g. composition, shape, porosity, porous and fractal
structure of the grains, sticking efficiency, nature of the local gas

turbulence). However, assuming that the dust distribution is locally
monodisperse and neglecting fragmentation leads to

dmd

dt
= md

tc
, (1)

where the mean free time tc is given by

tc = (ndσvrel)
−1 , (2)

md is the mass of a single grain, σ the cross-section of collision, vrel

the averaged differential velocity of collisions between the grains
and nd the number density of the dust fluid (we have assumed that
the efficiency of the collisions is perfect). Denoting ρ̂d = mdnd the
dust density of the fluid:

dmd

dt
= σ ρ̂dvrel. (3)

Assuming homogeneous compact spherical grains of material den-
sity ρd, size s, uncharged and gravitationally non-interacting, equa-
tion (3) becomes

ds

dt
= vrel

ρ̂d

ρd
. (4)

While crude, this approximation is suitable when grains are small
enough (roughly less than a centimetre in size; Zsom et al. 2010).
Since the quantities vrel and ρ̂d/ρd are set by the drag between the
dust and the gas, they strongly depend on the ratio s/sopt, where sopt

is the optimal size of gas–dust coupling introduced in Paper I. Since
sopt only depends weakly on the vertical coordinate, the growth
rate should not be a function of z. However, it depends on the
radial coordinate and on the grain size itself. Using dimensionless
quantities introduced in Paper I (see Appendix A), this suggests that
the dimensionless growth rate has the form

dS

dT
= γ f (R, St) , (5)

St being the ratio ts
tk

of the drag and the Keplerian time-scales called
the Stokes number which is given by

St = ts

tk
= s

sopt
= SRpe

Z2

2R3−q . (6)

When Z = 0 (i.e. neglecting the vertical dimension),

St = SRp. (7)

The dimensionless growth rate is therefore a function of the dimen-
sionless grain size and radial position. γ characterizes the relative
effects of growth and drag on the dust dynamics, with γ � 1 (resp.
γ � 1) corresponding to a rapid (resp. slow) growth regime. A pri-
ori, γ is a function of the dimensionless parameters of the problem,
including the viscous turbulent parameter α and the initial dust-to-
gas ratio. Mathematically, γ represents the ratio between the drag
stopping time and the growth time (which is the typical time for a
particle to reach sopt).

2.2 Differential velocities

The differential velocity vrel arises from the process of microscopic
collisions between the dust grains. For the grain sizes studied in
this paper, these collisions are induced by the turbulent fluctuations
of the gas which are transmitted by the gas drag to the dust. The
particles’ Brownian motion is neglected since grains are supposed
to be large enough. There is also no net mean relative drift between
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particles since grains have the same size. From dimensional analy-
sis, vrel scales according to

vrel = g1(α, St)cs, (8)

where cs is the local gas sound speed and g1(α, St) is an arbitrary
function of the two dimensionless parameters α, the turbulent vis-
cosity coefficient and St, the local Stokes number. Several models
are derived for g1 in the literature. In a Prandtl description of the
disc’s turbulence, the gas turbulent velocity vT is parametrized such
as vT/cs = √

α, implying for g1 to scale accordingly:

g1(α, St) = √
αg′

1(St). (9)

Thus, the more turbulent the disc is, the more efficient the collisions
between dust grains are.

To determine g′
1(St), two steps are usually required. First, with

a simplified model of turbulence, turbulent velocities of individual
dust particles vp is determined (Voelk et al. 1980; Markiewicz,
Mizuno & Voelk 1991; Cuzzi & Hogan 2003; Ormel & Cuzzi
2007). To do so, turbulence is usually treated like a correlated noise
whose power spectrum mimics that of an isotropic homogeneous
turbulence. Usually, the typical turbulent time is taken to be the
orbital period, as indicated by numerical simulations (Carballido,
Bai & Cuzzi 2011). vp is shown to be related to the gas turbulent
velocity via the Schmidt number

vp = Sc−1/2vT. (10)

Equation (10) defines the Schmidt number Sc of a particle [this is
the definition adopted by Stepinski & Valageas (1997); there exist
several definitions for the Schmidt number, see Youdin & Lithwick
(2007) for a discussion]. Then, the relative velocities between the
particles vrel are computed from vp. The simplest way to do it is to
adopt

vrel = vp. (11)

In this case, g′
1(St) = Sc−1/2. However, the expression given by

Cuzzi, Dobrovolskis & Champney (1993) or Stepinski & Valageas
(1997) is more accurate:

vrel =
√

Sc − 1

Sc
vT, (12)

where Sc is still given by equation (10). Then, one has to connect the
Schmidt and the Stokes numbers. From models treating turbulence
as a correlated noise, a linear relation follows:

Sc = 1 + St. (13)

In this case, the prescription given by equation (11) gives
model V1:

g′
1(St) =

√
1

Sc
=

√
1

1 + St
. (14)

Alternatively, the prescription of equation (12) provides model V2:

g′
1(St) =

√
Sc − 1

Sc
=

√
St

1 + St
. (15)

In model V1, collisions become less and less efficient as the grain
size increases since large grains decouple from the gas turbulent
eddies. Small grains are strongly coupled and follow the gas fluctu-
ations, encountering each other frequently. In model V2, an identical
dependence on St−1/2 is obtained for large grains (St � 1) com-
pared to model V1, but a different scaling is obtained for small grains.
Physically, model V2 takes into account the fact that small grains
experience no differential motions with respect to each other when

Table 1. Dependence of the dimen-
sionless function vrel/cs at small and
large Stokes numbers for the V1, V2,
V3 (Section 2.2) and V4 (Section 5.4)
models.

vrel/cs mA; St � 1 mB; St � 1

V1 0 −1/2
V2 1/2 −1/2
V3 1 −1
V4 1/2 0

they are trapped in gas vortices. The degrees of refinement in the
recent models lie in the way the dust particles interact with different
classes of vortices. Model V2 has been used in numerical simula-
tions by e.g. Stepinski & Valageas (1997) and Laibe et al. (2008).
Recent numerical results of Carballido, Cuzzi & Hogan (2010) con-
firm the evolution predicted by models V1 and V2 for large Stokes
numbers, but tend to indicate that equation (12), i.e. model V2, is
more appropriate for small Stokes numbers, as expected.

Finally, it should be noted that the general expression for turbulent
dust velocities is〈

v2
p

〉
=

〈
v2

p,x

〉
+

〈
v2

p,y

〉
+

〈
v2

p,z

〉
. (16)

〈v2
p,z〉 originates from stochastic vertical oscillations around

the disc mid-plane whereas 〈v2
p,x〉 and 〈v2

p,y〉 from stochas-
tic epicyclic oscillations in the disc mid-plane (Youdin &
Lithwick 2007). Rigorously, the linear relation between the Schmidt
and the Stokes numbers of equation (13) concerns the vertical mo-
tion only. Youdin & Lithwick (2007) have shown that the radial
Schmidt number S̃c and the Stokes number are related by a quadratic
relation instead

S̃c = 1 + St2. (17)

Assuming that the gas turbulence is homogeneous and isotropic, the
vertical component of the relative velocities dominates over the ones
in the mid-plane at large Stokes numbers since 1/St + 1/St2 
 1/St.
However, to study the influence of the radial diffusion on the radial-
drift barrier, we voluntarily neglect the vertical component of the
relative velocities. Using equation (12) to get the relative velocities
between particles, we have

g′
1(St) =

√
Sc − 1

Sc
= St

1 + St2 , (18)

hereafter V3. The prescription given by equation (18) provides a
decoupling of the dust from the gas larger than that obtained with
the prescription given by with equation (15) when the grains Stokes
number departs from unity.

In any case, in the limits of small and large grains, g′
1(St) is a

power law of S, i.e.

g′
1(St) = Stm, (19)

where m = mA for St � 1 (which we call the A mode) and m = mB

for St � 1 (which we call the B mode). The values of mA and mB

for all models of relative velocities are summarized in Table 1.

2.3 Dust thickness

Equation (4) can be simplified further if one assumes that the dust
density depends only on the radial direction and neglect the over
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concentration due to radial motion. Following Brauer et al. (2008),
this gives

ρ̂d = ε0
hg

hd
ρg, (20)

where ε0 is the initial dust-to-gas ratio (which is supposed to be
homogeneous in the disc) and hg and hd are the scaleheights of the
gas and the dust components of the disc respectively. Usually, for
CTTS discs, ε0 
 10−2. Since the thickness of the dust layer is fixed
by the competition between the turbulence and particle settling, the
ratio of the gas and the dust scaleheights is a function g2 of α and
St:

hg

hd
= g2 (α, St) . (21)

Several prescriptions for the dust thickness have been derived in
the literature, from both analytic and numerical arguments (see e.g.
Cuzzi et al. 1993; Dubrulle, Morfill & Sterzik 1995; Carballido,
Fromang & Papaloizou 2006; Fromang & Papaloizou 2006). It is
found that the function g2 can be written as

g2(α, St) = g′
2(St)√

α
. (22)

Large values of α correspond to active turbulence in the gas which
spreads the particles out from the disc mid-plane efficiently, thicken-
ing the dust layer. The function g′

2 is usually determined considering
that gas turbulence acts on dust as a diffusive process. This implies
that

g′
2(St) =

√
St. (23)

Thus, the diffusion is highly efficient for small particles which are
well coupled to the gas and poorly efficient for larger bodies which
are not. We call this model YL (see Youdin & Lithwick 2007 for
an exhaustive discussion). In equation (23), we have neglected the
effect of the temporal correlations of the turbulence, since Youdin
& Lithwick (2007) have shown that it does not affect the value of
hg/hd significantly. Moreover, since St is a function of R, hg/hd

depends on R as well. The YL model is an improvement of an older
model, denoted the CDC model from Cuzzi et al. (1993), for which
g′

2(St) is unity at large Stokes numbers. However, in a recent study,
Carballido et al. (2011) ran dust and gas simulations of turbulence
in a box and compare the predictions of the CDC model and the YL
models and confirms that the diffusion approximation is accurate
for the large grains (St � 1) as well. In any case, as for the relative
velocities, a general formulation for the function g′

2(St) in the limit
of small and large grains is given by

g′
2(St) = Sth, (24)

where h = hA for St � 1 and h = hB for St � 1. The values of hA

and hB for all models of dust thickness are summarized in Table 2.
It should be kept in mind that Fromang & Nelson (2009) found

Table 2. Dependence of the dimen-
sionless function

√
αhg/hd at small and

large Stokes numbers for the CDC, YL
(Section 2.3) and hom (Section 5.4)
models.

√
αhg/hd hA; St � 1 hB; St � 1

CDC 1/2 0
YL 1/2 1/2
hom 0 0

that the turbulent diffusion coefficient may vary with the vertical
coordinate, leading to a different dependence of g2 with respect to
St for the small grains (h = 0.2), which seems to be corroborated
by the observation in IM Lupi done by Pinte et al. (2008). This
variation is neglected here.

2.4 Physical growth rates

Combining equations (4), (8), (9), (20) and (22), we obtain for the
growth rate:

ds

dt
= csε0

ρg

ρd
g′

1 (St) g′
2 (St) , (25)

or, using dimensionless quantities,

dS

dT
= ε0R

−3/2−pg′
1(SRp)g′

2(SRp). (26)

The dimensionless factor γ of equation (5) is simply the initial
dust-to-gas ratio, i.e.

γ = ε0. (27)

Remarkably, equation (26) does not depend on α. Indeed, the two
contributions from the relative velocities and the dust scaleheight
cancel each other out (turbulence enhances the collisional efficiency
between the particles but also spreads the grains vertically). In the
case of small (St � 1) or large (St � 1) grains, equation (26) takes
the form

dS

dT
= ε0R

p(m+h−1)−3/2Sm+h, (28)

which can be rewritten as

dS

dT
= ε0R

xgSyg , (29)

with xg = p[m + h − 1] − 3/2 and yg = m + h. The fact that mB and
hB have opposite signs implies that the collision efficiency of large
grains is improved by a strong dust concentration towards the disc
mid-plane, but counterbalanced by the fact that large grains are less
excited by the gas turbulent fluctuations. In xg, the term −3/2 − p
comes from the fact that collisions are more efficient in the inner
disc regions, which are warmer and where there is more material
(csρg is a function of R, see appendix B of LGM12 for a complete
derivation). The term p(m + h) takes the fact that the Stokes number
is a function of R into account as well. It should be noted that xg

and yg take different values for the different regimes of small and
large grains (see Tables 1 and 2). In some physical models, γ may
differ from ε0 by a factor of order unity which may appear in the
differential velocity and dust thickness model (see below).

As a first example of the use of these physical growth model,
Brauer et al. (2008) explain the dust radial behaviour (limiting
themselves to the case of small grains only) adopting the V2 model
(mA = 1/2) for the differential velocity and the CDC model for the
dust scaleheight (hA = 1/2), obtaining

ds

dt
= ε0s
K, (30)

using the relation

s
ρgcs

ρd
k

= s

sopt
= St (31)

for the Epstein drag regime, or equivalently with dimensionless
quantities:

dS

dT
= ε0R

−3/2S. (32)
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As a second example, Stepinski & Valageas (1997, hereafter
SV97) present a model for the growth rate with the general model
V2 for the relative velocity and find that

ds

dt
=

√
23/2Ro

√
α

√
s/sopt

1 + s/sopt

ρ̂d

ρg

sopt

tk
, (33)

where Ro is the Rossby number, taken to be 3/2. The SV97 model
shows that numerical factors (here, the factor

√
23/2Ro) may modify

the value of γ . Omitting this correction, the SV97 model actually
reproduces the model of Brauer et al. (2008) for the small grains
(mA = 1/2, hA = 1/2) and extends it naturally for the large grains.
In this case, mB = −1/2, hB = 0 with the CDC model and

dS

dT
= ε0R

−(3/2)(p+1)S−1/2, (34)

or mB = −1/2, hB = 1/2 with the YL model and

dS

dT
= ε0R

−(p−3/2)(p+1)S0. (35)

The decoupling of large grains from gas vortices is counterbal-
anced by their vertical concentration in the YL model. The main
unknown to determine correctly the growth rate comes from the
limited knowledge we have regarding turbulence in discs. First,
the turbulence is modelled using a Kolmogorov-like prescription,
which is unlikely to be the case in real protoplanery discs (see the
discussion in Fromang & Nelson 2009). Secondly, in all the astro-
physical turbulent models involving dusty gas flows, the lifetime
of the gas vortices is chosen to be the Keplerian time-scale of the
disc. This is obviously a crude approximation: the Mach number
(i.e. the ratio H/r) at least should play an important role since the
size of the largest vortices is given by the disc scaleheight, as well
as the dimensionless numbers characterizing the relative effects of
the magnetic processes which induce the turbulence. This may give
a different radial scaling for the turbulent properties. Thirdly, the
calculation of the growth rate depends on the expression of the
thickness of the dust layer, taken to be the value at equilibrium for
non-growing grains. However, at the beginning of the dust settling,
there exists a transient phase where turbulence has not yet equili-
brated the settling of the grains because of the efficient growth. In
this case, the model giving the dust thickness at equilibrium should
be carefully applied (see Laibe et al. 2014b; Laibe 2013). Finally, it
should be noted that obviously, our model is not suitable when the
grains have reached a size where they bounce or fragment. In this
case however, the results of LGM12 hold.

3 G R A I N EQUATI O N S O F M OT I O N

3.1 The parameter �

The equations for the motion of a grain in the mid-plane of a laminar
non-magnetic and non-self-gravitating protoplanetary disc are (see
Paper I)⎧⎪⎨
⎪⎩

dṽr

dT
= ṽ2

θ

R
− ṽr

S(T ) R
−

(
p+ 3

2

)
− 1

R2

dṽθ

dT
= − ṽθ ṽr

R
− ṽθ −

√
1
R −η0R−q

S(T ) R
−

(
p+ 3

2

)
.

(36)

Since the NSH86 expansion with respect to η0 does not depend on
S(T), it can be generalized with grain growth, giving the expression
of dR

dT
to O(η0) as

ṽr = dR

dT
= −η0S(T ) Rp−q+ 1

2

1 + R2pS(T )2 . (37)

Equation (37) describes the evolution of S(T), which can be rig-
orously determined from the growth rates given by equation (26).
It should be noted that in the A mode (i.e. drag dominated, St � 1)
or the B mode of migration (i.e. gravity dominated, St � 1), equa-
tion (37) reduces to

dR

dT
= −η0R

xdSyd , (38)

where xd,A = p − q + 1
2 , yd, A = 1 and xd,B = −p − q + 1

2 ,
yd, B = −1. The very different values for yd, A and yd, B imply that
if a grain migrates in the A mode, growth enhances its migration
efficiency, whereas in the B mode growth slows it down. A growing
grain may also reach the B mode of migration during its evolution
or not (see example of Section 4.1). Combining equations (5) and
(37) provides

dS

dR
= −�F (R, S), (39)

where � is the dimensionless parameter that represents the relative
efficiency of the growth with respect to the migration introduced in
Paper I and F is a function of R and S. The size evolution given by
equation (39) is scaled by the single parameter �. In the case of the
physical growth models, equation (28) gives γ = ε0, so that

� = ε0

η0
. (40)

An important case arises when a grain experiences its radial motion
in the A- or the B mode. Combining equation (38) and the growth
rate of equation (29) gives therefore

dS

dR
= −�RxSy, (41)

where x = xg − xd and y = yg − yd. Thus, when one mode of
migration dominates over the other one, the function F reduces to
a power law in both R and S. Importantly, if x �= −1 or y �= 1, one
can define a scaled dimensionless radius R′ by

R′ = �
1

x+1 R, (42)

so that equation (41) becomes

dS

dR′ = −R′xSy, (43)

which is equation (41) with � = 1. The same transformation can
be applied for solving S(R), setting

S ′ = �
1

y−1 S. (44)

Thus, � to a given power is the factor of proportionality for a
linear transformation between R and R′ (equation 45) or S and S′

(equation 46). However, if x = −1 or y = 1, the system can also be
reduced to equation (41) with � = 1, setting

R′ = R�, (45)

or

S ′ = S
1
� . (46)

The transformation relating R and R′ (resp. S and S′) are now power
laws with an exponent which is function of �, In this case, the
solutions of equation (41) are extremely sensitive to the sign of
� − 1. Since in protoplanetary discs � = O(1), overcare has to be
taken in the special cases x = −1 or y = 1 (see below).
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Figure 1. Values of � as a function of the distance to the central star
in au in a typical CTTS disc for different values of the initial dust-to-gas
ratio (ε0 = 0.005, 0.01, 0.02) and temperature exponents (q = 0.5, top
and q = 0.6, bottom). The surface density exponents, the temperature at
1 au and the mass of the central star are fixed to p = 1, T1 au = 150 K and
M� = 1 M�, respectively. � is of order unity, is a decreasing function of
the distance to the central star and strongly varies with the discs parameters.

3.2 Values of � in discs

Equation (40) shows that the initial dust-to-gas ratio plays a crucial
role for determining the radial motion of growing dust grains, since
it fixes the value of the parameter � (as shown by Brauer et al.
(2008) in their simulations). In protoplanetary discs, � depends on
the radial distance from the central star r. Using physical quantities,
� is given by

� (r) = ε0

(p + q/2 + 3/2) (H/r)2 . (47)

Fig. 1 shows typical values of � for CTTS discs, varying two
parameters: the initial dust-to-gas ratio ε0 and the temperature ex-
ponent q. Since ε0 = O(10−2) and η0 = O(10−2) (e.g. LGM12),
then � = O(1) and does not vary over orders of magnitude. This
value indicates that protoplanetary discs provide a configuration
where one cannot neglect the grain growth compared to the radial
drift and that we have to treat them simultaneously to understand the
grains evolution. From the discussion above, the fact that � = O(1)
explains why simulations results are highly sensitive to the value
of ε0. Moreover, it should be noted that � is a decreasing function
of the distance to the central star. Especially, in CTTS discs, we
expect to have � larger than unity in regions spanning a few tens
of au. We also expect to have � smaller than unity roughly out-
side 100–200 au. Finally, the values of � are sensitive to the set of
chosen parameters and can easily be shifted along one axis or the
other, depending on the disc structure. As an example, Fig. 1 shows
that q = 0.5 and q = 0.6 provide different values of � compared to
unity in the disc. Thus, given the wild diversity of protoplanetary
discs, several profiles of � are expected to exist.

4 G R A I N R A D I A L M OT I O N

4.1 An analytic solution

We now derive the radial motion of the grains, integrating the evo-
lution of S directly from the expression of the growth rate. We start
with the pedagogical example where yg = 0. While relevant only for

the physical case mB = −1/2, hB = 1/2, this simplification allows
a detailed analytic treatment, while still considering the A- and the
B mode simultaneously. We thus consider the system of equations:⎧⎨
⎩

dR
dT

= −η0
SR

p−q+ 1
2

1+R2pS2 ,

dS
dT

= γRxg .

(48)

Taking the ratio of those two equations while setting w = S2,
q̃ = q + xg leads to

dw

dR
+ 2�Rp+q̃− 1

2 w = −2�R−p+q̃− 1
2 , (49)

which is the same as equation 27 of Paper I. Thus, the expression
of S(R) is

S(R) =

√
S2

0 e
2� 1−R

p+q̃+ 1
2

p+q̃+ 1
2 + 2�e

−2� R
p+q̃+ 1

2

p+q̃+ 1
2 J̃ (R), (50)

J̃ being the function defined in equations 29 and 30 of Paper I while
replacing q by q̃. Therefore, in the case yg = 0, the expression of
S(R) can be integrated analytically, the A- and the B mode being
treated simultaneously. Fig. 2 shows the radial evolution of a particle
as given by the analytic solution of S(R) of equation (50). The
parameters are chosen to be xg = −3/2, St0 = S0 = 10−2, � = 1,
p = 1 and q = 0.6 to be consistent with Brauer et al. (2008). Several
lessons can be learned from this plot. First, the curve representing
S(R) is divided in three parts: (i) an initial efficient growth stage
(close to R = 1) where the migration is poorly efficient, (ii) a
plateau of fast migration for which St = O(1) (see Paper I) where
the grain migrates through the disc and (iii) another efficient growth
stage. This ‘emu shape’ was also obtained numerically by Laibe
et al. (2008). Secondly, it is remarkable that the dimensionless grain
size tends to infinity when the grain reaches the inner disc regions
whereas the Stokes number St tends to zero. This implies that the
particle experiences most of its migration process in the A mode
(infinitely large grains in size may be small grains with respect to
the dynamical parameters). Thirdly, using the previous remark, we

Figure 2. Analytic solution for the dimensionless grain size S and the
Stokes number St = SRp plotted for yg = 0 and xg = −3/2. At small radii,
S reaches infinity whereas St reaches zero. SA shows the evolution of S
assuming the radial drift occurs in the A mode only. p = 1, q = 0.6, � = 1
and S0 = 0.01. The particle starts its motion at R = 1.
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integrate equation (48) neglecting the B-mode term to obtain a good
approximation for the radial evolution of the grains size. We get

S(R) = O (
Rxg−p+q+1/2

)
, (51)

which provides

T (R) = O
(
R1/2[−p+q+1/2−xg]

)
. (52)

Equation (52) shows that the particle pile-up occurs if −p + q +
1
2 − xg ≤ 0. Since xg = −3/2, this growth model with yg = 0
prevents the dust from piling up for usual values of p and q of
protoplanetary discs. This has to be compared to the case where
grains have a linearly increasing size (example detailed in Paper I),
in which case the criterion for the dust pile-up reduces simply to
−p + q + 1

2 < 0, which is consistent with Paper I. We have there-
fore shown the counterintuitive result that infinitely large grains
may be accreted in a finite time on to the central star (in the case
of Fig. 2, this occurs at T 
 400). It should however be kept in
mind that this pedagogical example concerns only a particular set
of parameters. Nevertheless, it illustrates the method we will now
develop for studying the general case.

4.2 Initial behaviour and plateau of migration

Turning back to the general case, grains first initiate their migration
motion and the following relations hold:

S(R) = S0 + �F (1, S0) (1 − R) + O (
(1 − R)2

)
, (53)

R(S) = 1 − 1

�F (1, S0)
(S − S0) + O (

(S − S0)2
)
. (54)

Thus, the larger � is , the quicker the grain motion becomes indepen-
dent of the initial value S0. Then, in a second time, the grain grows
and may experience a regime where St = O(1). In this regime, the
grain migrates inwards through a significant fraction of the disc
radius since � = O(1), as shown in Section 3.2. To prove this as-
sertion, we can use the following ansatz for S(R) in equations (37)
and (41):

S(R) = S1(R) + ζS2(R) + O (
ζ 2

)
, (55)

where ζ � 1, expanding close to the point
(
R̃1, S̃1

)
for which

S̃1R̃
p
1 = 1. From equation (53), for � = O(1), we expect both S̃1

and R̃1 to be of order unity (see e.g. Fig. 2). To the zeroth order, we
have

S1(R) = S̃1 − |O(1)| × (
R − R̃1

)
. (56)

Equation (56) gives a linear relation for the grain’s evolution close
to S̃1R̃

p
1 = 1. The region where the grain’s dynamics is accurately

described by this relation is defined as the plateau of migration since
it has a small constant negative slope in a (log S, R) diagram. To
study when and how the grain’s motion departs from this regime,
we expand to the higher order and obtain

S2(R) = O(1)

(
1

a

(
1 − e−a(R−R̃1)

)
− (R − R̃1)

)
, (57)

where a is also a quantity of order unity. The typical length on to
which the solution departs form the linear regime (zeroth order) is
a−1, being therefore of order unity. Then, the grain is accreted or it
reaches a regime where St � 1 or St � 1, its asymptotic regime
depending on the disc’s parameters.

4.3 Asymptotic behaviour of the grains

4.3.1 Methodology

Once grains have left the plateau of migration, they enter an asymp-
totic regime which determines the outcome of the grains radial
motion. In the general case of a growth rate that is a combination
of power laws of both R and S, we did not manage to obtain an
analytic solution of the problem. However, since we mainly focus
on the asymptotic behaviour of the grain (i.e. at R → 0) in order
to study the radial-drift barrier problem, we solve the general prob-
lem treating the A mode and the B mode separately (keeping in
mind that if at some stage, St = O(1), the grain will experience the
plateau of migration described above). In this case, we can integrate
the first-order non-linear autonomous differential equation equa-
tion (41). We thus proceed as follows.

(i) Calculate the exponents xd, A and yd, A in the A mode.
(ii) Solve analytically the reduced problem for S(R).
(iii) Check if the solution is compatible with the A mode calcu-

lating St(T). If yes, go ahead. If not, redo the same reasoning with
the B mode.

(iv) Verify if the grain decouples at a finite radius.
(v) Otherwise, substitute the solution of S(R) into equation (38)

– xd and yd being the values of the stable mode – and check whether
the grain piles up or is efficiently accreted.

We will first detail the mathematical procedure in the following
Sections 4.3.2–4.3.6 (this part can be skipped in a first reading) and
give a summary of the main results in Section 4.3.7.

4.3.2 Solution for S(R)

Returning to equation (41) and solving it with a straightforward
integration gives the following solutions for S(R) and R(S):

If y �= 1, x �= −1,

S(R) =
[
S

−y+1
0 + � (−y + 1)

x + 1

(
Rx+1

0 − Rx+1
)] 1

−y+1

, (58)

R(S) =
[
Rx+1

0 − x + 1

�(−y + 1)

(
S−y+1 − S

−y+1
0

)] 1
x+1

, (59)

If y = 1, x �= −1,

S(R) = S0e
�

x+1

(
Rx+1

0 −Rx+1
)
, (60)

R(S) =
[
Rx+1

0 − x + 1

�
ln

(
S

S0

)] 1
x+1

. (61)

If y �= 1, x = −1,

S(R) =
[
S

−y+1
0 + �(−y + 1) ln

(
R0

R

)] 1
−y+1

, (62)

R(S) = R0e
− 1

�(−y+1)

(
S−y+1−S

−y+1
0

)
. (63)

If y = 1, x = −1,

S(R) = S0

(
R0

R

)�

, (64)

R(S) = R0

(
S

S0

)− 1
�

. (65)
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Figure 3. Asymptotic behaviour of the function S(R) in the (x, y) plane.
The colour code is similar to a traffic light: red, particles stop and green,
they move away. More precisely, green zones correspond to regions where
grains reach R = 0 with a finite size (mode G1). Yellow zones correspond
to regions where grains reach the origin with an infinite size (mode G2).
Red zones corresponds to regions where grains reach an infinite size at a
given radius R = rl (mode G3). The different cases C1–9 are detailed in the
Appendix B.

The expression of S(R) can be expanded in Taylor series for R
close to unity (in this case, S is given by equation 53) and for R
close to zero (we called this asymptotic behaviour). Fig. 3 presents
the asymptotic behaviour of S(R) when R → 0, the mathemati-
cal justification being given in Appendix B. The parameter space
(x, y) is divided in nine regions – from C1 to C9 – depending on the
values of x and y compared to the critical values x = −1 and y = 1.
In the asymptotic regime, the grain motion can experience three
different behaviours, denoted G1, G2 and G3. We found that for the
protoplanetary discs parameters, the asymptotic regime is suited for
approximating S(R) in all cases, except for the cases C1, C2 and C3-a
when � � 1 (in these special cases, S(R) is correctly approximated
by the linear expansion). However, this does not change the nature
of the grains motion and all the results derived for the cases C1, C2
and C3-a with the asymptotic expansion hold.

4.3.3 Case G1

The first case, which we call G1, occurs in the limit

lim
R→ 0

S = Sl. (66)

This corresponds to the standard behaviour for the migration without
any growth. This situation includes the sub-cases C1, C2 and C3-a.
From equations (7) and (66), we have also

lim
R→ 0

St = 0, (67)

which means that the motion ends up in the A mode (i.e. the A mode
is stable). Thus, the case G1 is stable if the exponents x and y have
been calculated with xd, A and yd, A. Moreover, since � = O(1), Sl

is also O(1) (see Appendix B). In the marginal sub-case C2, the
value of Sl is highly sensitive to the sign of � − 1.

4.3.4 Case G2 and the criterion q < 1

The second case, which we call G2, concerns evolutions such as

lim
R→ 0

S = ∞. (68)

The growth becomes more efficient: the grain size is not finite when
it reaches the central star. This situation occurs for the previous sub-
cases C3-b, C4, C5, C7 and C8. From equation (68), the migration
can occur in the A mode or in the B mode. The distinction has to
be made case by case. For the sub-case C3-b, from equation (B15),
x + 1 > 0, −y + 1 < 0 and

St(R) = O(Rp+ x+1
−y+1 ). (69)

Thus, (i) if p > − x+1
−y+1 , the migration occurs in the A mode; (ii)

if p = − x+1
−y+1 , the migration occurs in either mode; (iii) if p <

− x+1
−y+1 , the migration occurs in the B mode. For the sub-case C4,

St(R) = O
(

ln

(
R0

R

) 1
−y+1

Rp

)
. (70)

The migration occurs in the A mode. For the sub-case C5,

St(R) = O(Rp−�). (71)

Thus, (i) if p > �, the migration occurs in the A mode; (ii) if
p = �, the migration occurs in both modes; (iii) if p < �, the
migration occurs in the B mode. It is the only case where � directly
determines the mode of migration for the asymptotic regime. The
sub-case C7 is identical to C3-b (x + 1 < 0, −y + 1 > 0). For
the A mode, the stability criterion is p + (x + 1)/(− y + 1) > 0 or
equivalently, p(−y + 1) + (x + 1) > 0 (since y < 1 for every
physical model), which finally provides q > 1. In contrast, for the
B mode, the stability criterion is

q < 1. (72)

Those criteria do not depend on p, nor on m + h, since the effects
of the variation of the growth due to S and R counterbalance each
other. For sub-case C8,

St(R) = O(e− �
x+1 Rx+1

Rp). (73)

The migration occurs in the B mode.

4.3.5 Case G3

In the third case, which we call G3, particles end their migration at
a finite radius, i.e.

lim
R→ rl

S = ∞, (74)

The growth is so efficient that the grains decouple from the gas at a
finite radius from the star without being accreted. This situation was
not encountered with the case of non-growing grains. From Paper I,
this corresponds to the signature of a growth process becoming
more and more efficient. Here, values of x and y, such as x < −1
(growth more and more efficient with the migration) and y > 1
(growth efficient with the grain size), help the grains to efficiently
decouple. This situation occurs for the previous sub-cases C3-c, C6
and C9. Moreover, equation (74) ensures that

lim
R→ rl

St = ∞. (75)
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Therefore, for the growth case G3, the migration in the asymptotic
regime occurs in the B mode. Finally, since � = O(1), rl is also
O(1) (see Appendix B), being not too small to be relevant for planet
formation – i.e. rl = O(r0). In the marginal sub-case C6, the value
of rl is highly sensitive to the sign of � − 1.

4.3.6 Pile-up and decoupling of the grains

From the derivation above, we know the value of the radial distance
to the central star that corresponds to a given grain size R(S), in
the asymptotic regime. In particular, some grains never reach the
central star and stop at a finite radius. For the other grains, we
now need kinematic information R(T) to know whether the grain
will efficiently reach the central star or pile up in the disc’s inner
regions. To find this pile-up condition, we denote S′ the asymptotic
equivalent of S(R) such as close to R = 0,

S(R) ≡ O (
S ′(R)

)
. (76)

Combining equation (38) with the expression of S′ – whose analytic
expression is given in Appendix B – we obtain

T (R) = 1

η0
O

(∫ R0

R

dR

Rxd [S ′(R)]yd

)
. (77)

From equation (77), we determine if grain experiences a pile-up or
not. More precisely, if the integral on the right-hand side of equa-
tion (77) diverges, the particles pile up in the disc’s inner region. If
not, the accretion of the particle occurs in a time T of order O(1/η0).
For the sub-cases C1, C2, C3-a, C3-b, C5 and C7, S′(R) is of the
form

S ′(R) ≡ S ′
0R

z, (78)

where the coefficient S ′
0 and the exponent z are calculated for

each case in Appendix B. (In the sub-cases C1, C2 and C3-a,
z = 0. In the sub-case C3-b, C5 and C7, z < 0.) Grains pile up
if −(xd + ydz) + 1 ≤ 0. Detailing this criterion for the case C7
provides

−
(

q + 1

2

)
(m + h − 1) + 3

2
< 0 (79)

for the A mode, and

−
(

q + 1

2

)
(m + h − 1) − 3

2
< 0 (80)

for the B mode. The term ±3/2, which comes from the Keplerian
differential rotation, dominates over the other contributions in in-
equalities equations (79) and (80). Thus, for standard discs and a C7
migration, grains are piling up in the B mode but not in the A mode
(see Section 5 for the application to real discs). For the sub-case
C4,

S ′(R) = S ′
0 ln

(
R0

R

)z

, (81)

with z > 0. The pile-up occurs for −xd + 1 < 0 or xd = 1 and
zyd ≤ 0.

As shown below in Section 5, the sub-case C8 is particularly
important,

S ′(R) = S ′
0

(
e−Rx+1

)z

, (82)

with z = �
x+1 ≤ 0 and x + 1 < 0. Mathematically, the pile-up always

occurs. However, because of the exponential, the radius at which
the pile-up occurs strongly depends on z and thus �. If z > −1, i.e.

� < −(x + 1), the pile-up will occur at a radius which is several
orders of magnitude too small to be relevant for planet formation.
However, if z < −1, i.e. � > −(x + 1), the grains are piling up
extremely efficiently, at a radius such as R = O(1). In this case, as
soon as grains reach the C8 regime, they roughly stop migrating.
It should be noted that the transition between the two regimes is
extremely brutal. When z < −1, increasing � by a factor of 2 gives
roughly a migration time to a given radius which is increased by
two orders of magnitude.

4.3.7 Summary

At this stage, we have determined three major properties of the
radial motion of the grains in protoplanetary discs as follows.

(i) Depending on the values of the exponents which define the
dependence of the growth rate with respect to radius and the grain
size (i.e. x and y, respectively), three major behaviours can occur
for S(R): grains can either reach R = 0 in a finite time (case G1),
reach R = 0 in an infinite time (case G2) or reach an infinite size at
a given radius R = rl (case G3).

(ii) In the first case (G1), a particle migrating in the A mode
remains in the A mode. In the third case (G3), a particle migrating
in the B mode remains in the B mode. In the second case (G2), the
ability of a particle to remain in a given migration mode (either the
A- or the B mode) has to be determined case by case.

(iii) We have now characterized the two situations where the
grains are not accreted on to the central star: when grains decouple
from the gas at a finite radius (due to an efficient growth, see Paper I)
or when they reach the central star with a diverging power law in time
(the LGM12 pile-up). The pile-up criterion depends a priori both
on the exponents that characterize the dependence of the growth
and the migration rates with respect to the radial coordinate and the
grain size, which are themselves functions of the surface density
and temperature exponents p and q.

An important comment has to be done in the case of a motion
ending in the B mode of migration. The value of � which has to
be considered for studying the asymptotic regime is not its initial
value �0, but the effective value �1 taken when the grain reaches
the B mode. Since the grain has already migrated inwards and � is
a decreasing function of the distance to the central star, �1 > �0.

5 T H E R A D I A L - D R I F T BA R R I E R
I N PROTOPLANETA RY DI SCS

5.1 Outcome of the grains radial motion; model (V2,YL)

We now study the final outcome of grains in protoplanetary discs,
considering values for p and q between 0 and 2. For clarity, the ex-
ponents involved in the different turbulent models are summarized
in Table 3.

We first consider the growth model which best reproduces the
numerical results of Carballido et al. (2011). It is given by the
combination V2+YL described in Section 2. The related values
of the exponents of the growth rate are mA = 1/2, mB = −1/2,
hA = 1/2 and hB = 1/2, which also implies yA = 1/2 + 1/2 − 1 = 0.
We apply the procedure described in Section 4.3.1 to test if grains
survive the radial-drift barrier, either by decoupling at a finite radius
or by piling up as in LGM12.

As summarized by Fig. 4, we find that the (p, q) plane is divided
in two regions: q > 1 (case C1, C4, C7, for which the A mode is
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Table 3. Values of the exponents xg, yg, x, y in the A- and B modes, respectively, for the different turbulent models studied. For the
remainder, x = xg − xd, y = yg − yd, where xd, A = p − q + 1/2, xd, B = −p − q + 1/2, yd, A = 1, yd, B = −1 in the Epstein regime
(top) and xd, A = −q/2 − 1, xd, B = 2, yd, A = −3q/2 + 2, yd, B = −2 in the linear Stokes regime (bottom).

Model xg, A xA yg, A yA xg, B xB yg, B yB

(V1; CDC) −p/2 − 3/2 −3p/2 + q − 2 1/2 −1/2 −3p/2 − 3/2 −p/2 + q − 2 −1/2 1/2
(V1; YL) −p/2 − 3/2 −3p/2 + q − 2 1/2 −1/2 −p − 3/2 q − 2 0 1
(V2; CDC) −3/2 −p + q − 2 1 0 −3p/2 − 3/2 −p/2 + q − 2 −1/2 1/2
(V2; YL) −3/2 −p + q − 2 1 0 −p − 3/2 q − 2 0 1
(V3; CDC) p/2 − 3/2 −p/2 + q − 2 3/2 1/2 −2p − 3/2 −p + q − 2 −1 0
(V3; YL) p/2 − 3/2 −p/2 + q − 2 3/2 1/2 −3p/2 − 3/2 −p/2 + q − 2 −1/2 1/2
(V4; hom) −p/2 − 3/2 −3p/2 + q − 2 1/2 −1/2 −p − 3/2 q − 2 0 1
(V4; YL) −3/2 −p + q − 2 1 0 −p/2 − 3/2 p/2 + q − 2 1/2 3/2

(V2; YL) p + q/2 − 3 −p + q − 2 2 0 −p − 3/2 −p + 3q/2 − 7/2 0 2
(V4; hom) −p + q/4 − 9/4 −p + 3q/4 − 5/4 1 −1 −p − 3/2 −p + 3q/2 − 7/2 0 2
(V4; YL) −p + q/2 − 3 −p + q − 2 2 0 −p + q/4 − 9/4 −p + 7q/4 − 17/4 1 3

Figure 4. Radial behaviour of dust grains in the (p, q) plane using the
(V2,YL) model for the dust scaleheight. If q > 1, the radial motion ends up
in the A mode, but the grains do not experience a pile-up and are submitted
to the radial-drift barrier. If q < 1, the radial motion ends up in the B mode.
The grains pile up very efficiently at a radius relevant for planet formation
if � > 1 − q and are therefore not submitted to the radial-drift barrier.

stable) and q < 1 (case C8, for which the B mode is stable). The
derivation of this condition is given in Section 4.3.4.

5.1.1 Case q > 1

In the first region (q > 1), y = 0 and the (p, q) plane is sub-
divided in two sub-regions delimited by the straight line of equation
q − q − 1 = 0. For small values of p, the motion occurs according
to the sub-case C1 and for large values of p, according to the sub-
case C7 (at the transition, the grains migrate in the sub-case C4).
Since they cannot decouple at a finite radius, they can survive the
radial-drift barrier only by experiencing a pile-up. However, from
equation (79), the value of mA + hA is too low for such a pile-up
to occur. Therefore, for q > 1, the growing grains are efficiently
accreted by the central star.

5.1.2 Case q < 1

The second region (q < 1) is likely to encompass most protoplane-
tary discs as constrained by observations and discussed in LGM12.

The motion occur in the sub-case C8 since y = (mB + hB) + 1 = 1
and is therefore stable (it should be noted that the values of x are
not continuous between the A- and the B modes since the values of
m and h are themselves not continuous). Thus, x = q − 2 takes neg-
ative values for usual discs. Importantly, as discussed previously,
the value y = 1 is a marginal case for which the grain dynam-
ics is strongly dependent on the value of � compared to unity.
As discussed above, the grains reach an infinite size only at the
limit R = 0 but experience a pile-up when they migrate inwards
whose efficiency strongly depends on the value of � compared to
the value 1 − q. As discussed in Section 4.3.6, if � > −(x + 1),
i.e. � > 1 − q the pile-up will occur almost as soon as the grain
reaches the B mode, which occurs for R = O(1). If � < 1 − q, the
pile-up will occur in a region too close to the central star, irrelevant
for planet formation. Values of � compared to 1 − q are presented
in Fig. 1.

Thus, the criterion for grains to survive the radial-drift barrier in
protoplanetary discs is

q < 1, (83)

and

� > 1 − q. (84)

Physically, the outcome of the migration comes from a combina-
tion of three processes. First, for q < 1, the migration is not efficient
enough, allowing the grains to reach the B mode of migration before
being accreted. Secondly, even though large grains are poorly cou-
pled to turbulent eddies, they remain efficiently concentrated close
to the disc mid-plane. This maintains a growth which is efficient
enough. Thirdly, in the B mode, grain growth reduces the migration
efficiency. Therefore, for discs with q < 1, grains can reach and
stay in the B mode of migration where, during their radial motion,
migration becomes less and less efficient while growth becomes
more and more efficient.

5.2 Varying the growth model

Noticeably, the criterion derived above arises from a specific com-
bination of the growth parameters, themselves coming from a de-
scription of the effects of turbulence on dust particles. We may
expect however that turbulent processes in real discs may differ
from those descriptions or that the turbulent parametrization may
be described by a model different than the one we adopted. There-
fore, we now study the impact of the choice of the growth model
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on the results derived in the previous section. Hereafter, we present
the most interesting cases.

5.2.1 Model (V1; YL)

The difference between the models (V1; YL) and (V2; YL) is the
relative velocities of particles when St � 1. However, from the
previous discussion, this aspect has very little effect on the gen-
eral outcome of the grains radial motion. The grains behaviour for
the model (V1; YL) can be summarized by a figure similar than
Fig. 4, the transition for the C4 mode being given by the equation
q = 1 + 3p/2. This behaviour is very general, implying that using
equation (11) or (12) has a very limited impact on the radial-drift
barrier problem.

5.2.2 Model (V2; CDC)

Fig. 5 shows the results obtained with the CDC model for the
scaleheight. From the values of mA and hA given by Tables 1 and
2, we find that whatever the combination of models considered,
mA + hA < 2. This implies that y < 1: grain evolution will only
occur in the modes C1, C4 and C7. Then, as previously, the radial
motion of the grains is stable in the A mode (resp. the B mode) if
q > 1 (resp. q < 1). This result is general and satisfied whether we
consider the YL or the CDC model, see Section 4.3.4. However,
in the B mode, y = 0.5 < 1 for the CDC prescription of the dust
scaleheight. Therefore, in this case, the grains do not decouple at a
finite radius and may reach the central star. Thus, they may survive
the radial-drift barrier if they experience an efficient pile-up as they
reach the disc’s inner regions. From equation (80), this occurs for
q < 1/2. Thus, and contrary to the YL case, the region q < 1 is
sub-divided in two sub-regions for the CDC case: q < 1/2, where
the grains pile up and 1/2 < q < 1, where the grains are efficiently
accreted.

Physically, the YL and the CDC models may comprise two limit-
ing cases for the dust scaleheight profile. If in protoplanetary discs,
hB takes an intermediate value, the grain behaviour will be similar
to that predicted for the CDC model, with a limit between the two
regions of the B mode comprised between 0.5 and 1. However, as
discussed by Carballido et al. (2011), we expect the YL model to

Figure 5. Same as Fig. 4 but for the CDC model. The grains behaviour for
q > 1 is the same as for the YL model. However, for q < 1, the grains do not
decouple at a finite radius anymore. They can survive the radial-drift barrier
only if they experience a strong pile-up, which occurs for q < 1/2.

Figure 6. Same as Fig. 4 but for the V3 model. The features of the grain
motion with this turbulence model are essentially similar to the one described
in Fig. 5.

be more realistic, providing q < 1 and � > 1 − q as a criterion for
growing grains to survive the radial drift barrier.

5.2.3 Model (V3; YL)

Fig. 6 shows how the outcome of the grains radial motion is affected
when considering a relation between the Schmidt and the Stokes
number which is quadratic instead of being linear. Fig. 6 shows
essentially the same features as in Fig. 5: grains will pile up in the
inner disc only if q < 1/2. For q > 1/2, all the grains are accreted
on to the central star. The reasons for this discrepancy is however
different than for the (V2; YL) model and originates from two mech-
anisms. First, in the A mode, the steeper coupling between gas and
dust tends to help grains decouple faster. However, the effect is
not sufficient to counterbalance the efficient migration. Secondly,
in the B mode, the decoupling of the particles from the turbulent
fluctuations becomes too intense, slowing down the growth which
is not efficient enough to counterbalance migration anymore. The
consequence is that conditions for planet formation become more
stringent with this model of turbulence. Grains turbulent diffusion in
the disc’s mid-plane is therefore found to be unhelpful for prevent-
ing the radial-drift barrier. It may however be a convenient source
for low, non-destructive relative collision velocities at large Stokes
numbers.

5.3 Piled-up versus regular accretion

To illustrate the potential effect of a strong grains pile-up, Fig. 7
compares the outcome of the grain migration for values of � varying
from 0.1 to 10 in the two different models of turbulent velocities
given, respectively, by a linear Schmidt number (V2, equation 15,
top) and a quadratic Schmidt number (V3, equation 18, bottom), the
YL model being adopted for dust scaleheight. We solve for S(T)
and R(T) numerically, using p = 1, q = 0.5, S0 = 0.01 and plot the
resulting radial evolution of the particle.

Starting with the linear Schmidt model (top), we see that after
a small transient regime, the grain migrates through the disc. For
values of � smaller than 0.5, this resulting migration becomes more
and more efficient as � increases. As predicted by the theory, the
grains are ultimately piling up, but at a radius which is so close to the
central star that this process may certainly be irrelevant for planet
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Figure 7. Radial evolution of dust grains for several values of � using the
YL model for calculating dust scaleheights and comparing two different
models for dust turbulent velocities given, respectively, by V2 (top) and
V3 (bottom). The disc and grains parameters are fixed to p = 1, q = 0.5
and S0 = 0.01. As predicted by the theory, a very efficient pile-up occurs
for � > 0.5 with the linear model. Particles almost stop their radial motion
instantaneously. In contrast, with the quadratic model, grains will be accreted
on to the central star.

formation. One can consider that grains will be accreted. When
� > 1 − q = 0.5, grains migrate efficiently throughout a relevant
fraction of their initial distance to the central star. However, they
experience a very efficient exponential pile-up which almost stops
the radial migration of the grains (we checked that this pile-up
occurs when grains reach the B mode of migration). Moreover, we
also verify that the closest to the central star the pile-up occurs, the
more efficient it is (a larger value of an effective � when grains
reach St = 1 provides a smaller slope of R(T)), which corroborates
what was predicted above.

Comparing those results to the case where the Schmidt number
is taken to be quadratic with respect to the Stokes number, we first
see that the global trend for the grains behaviour is the same for
� < 1 − q. Only minor differences are seen in the time-scales,
the migration being slightly less efficient in the second case. We
do not see any indication of any pile-up, even close to the central
star, as predicted by the theory. However, for � < 1 − q, the
situation completely differs from the previous case. The efficient
pile-up occurring for the linear case does not happen anymore and
the grains are accreted on to the central star efficiently (even if they
have reached the B mode, i.e. St > 1).

5.4 Accreting small grains

Until now, we have restrained ourselves to the study of a locally
monodisperse distribution in size of dust grains, implying a Ballistic
Cluster–Cluster Agglomeration growth (see Blum & Wurm 2008).
However, when dust aggregates become large enough, they regen-
erate a population of small particles by fragmentation as they col-
lide. Then, grains can grow by accumulating small dust fragments
(Ballistic Particle–Cluster Agglomeration growth). Using equa-
tion (3) to determine the growth rate of a large grain during a
sticking interaction with a small grain, we now try to investigate
the grains behaviour when they are accreting small particles gener-
ated by fragmentation. Denoting ρ̂d,s the density of small grains and

assuming σ = πs2 (we neglect the contribution of the small grain
in the cross-section), provides

ds

dt
= vrel

4

ρ̂d,s

ρd
. (85)

Thus, the growth rate given by equation (85) differs from the one
given by equation (4) for three reasons. First, the effective � is
reduced mechanically by reducing both the cross-section of the
collisions (giving the factor 1/4) and the dust-to-gas ratio involved
in the collision rate (the density of small grains ρ̂d,s is smaller
than the density of the entire grains distribution ρ̂d). Secondly, the
differential velocities between a large and a small particle scale
differently with the Stokes number:

g′
1 (St) =

√
St

1 + St
, (86)

as determined by Cuzzi & Hogan (2003) and verified numerically by
Carballido et al. (2011), implying that mA = 1/2 and mB = 0 (i.e. V4

in Table 1). Thirdly, the ratio between the dust and gas scaleheights
has to be calculated for small particles. One has to be careful,
since two limiting cases have to be considered. At equilibrium,
small bodies coming from the refragmentation of large grains are
expected to be redistributed in the whole disc. In this case, the dust-
to-gas ratio scales like the initial dust-to-gas ratio (i.e. hA = hB = 0,
‘hom’ in Table 2). However, the typical time for the transient regime
of turbulent stirring is the settling time, which is much larger than
the typical growth time for small grains. We therefore expect the
small grains generated by the fragmentation of large bodies to stick
on a big grain before being redistributed in the whole disc. In this
case, the radial profile of ρ̂d,s/ρg scales like the one for the large
grains, and hA and hB are the exponents described in Section 2.
In any case, the velocity profile given by V4 maintains an efficient
growth between a large and a small grain, even if the large body
has St � 1, whereas spreading small particles in the whole disc’s
scaleheight tends to inhibit the growth efficiency.

Considering first that grains have reached their vertical equilib-
rium position, the behaviour of grains in the (p, q) plane is given
by a behaviour essentially similar to the one of Fig. 4 (the only
difference being the limiting C4 case obtained for q = 1 + 2p).
Thus, the relative velocities of collision are favourable enough for
the grains to reach the B mode before being accreted on to the
central star. However, effective values of � are strongly decreased
in this case (by almost one order of magnitude). It is therefore not
expected to have � > 1 − q in the discs inner regions and grains are
submitted to the radial-drift barrier. However, if the small grains are
still located close to large fragmenting bodies as they re-stick, they
are concentrated enough for the growth to become highly efficient.
Fig. 8 shows that particles decouple at a finite radius for q < 1 and
will therefore not be accreted on to the central star. This mechanism
shows the importance of treating accurately the vertical motion of
dust particles in quantitative simulations of the radial-drift barrier.

5.5 Stokes regime

When the gas is dense enough, i.e. when the mean free path of
gas–gas collisions is smaller than the typical grain size, dust grains
are submitted to the Stokes drag regime instead of the Epstein drag
regime (see e.g. Laibe & Price 2012 for an extensive discussion
on the different drag regimes in protoplanetary discs). In CTTS
discs, this happens in the inner discs regions, roughly for r < 1 au
(see fig. 5 of LGM12 for more quantitative study of the transition
between the two regimes). When the local Reynolds number of the
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Figure 8. Radial behaviour of growing dust grains in the (p, q) plane as
they accrete small particles, using the YL model for the dust scaleheight
and the V4 model for the relative velocities of collisions. If q > 1, the radial
motion ends up in the A mode, but the grains do not experience a pile-up and
are submitted to the radial-drift barrier. If q < 1, the radial motion ends up
in the B mode and grains stop their migration motion extremely efficiently,
avoiding the radial-drift barrier.

particles in the gas flow is smaller than unity, the drag regime is
linear. Therefore, the formalism derived for the Epstein regime can
easily be transposed from one regime to the other (see LGM12),
noting that the Stokes number in the Stokes regime scales like the
square of the grain size instead of the size itself for the Epstein
regime. LGM12 have shown that the equation describing the radial
drift of the grains in the linear Stokes regime is given by

dR

dT
= −η0

S2R− q
2 −1

1 + Rq−3S4
. (87)

LGM12 have also shown that the transition St = 1 is given by the
curve S = R(3 − q)/4. This implies that in the Stokes regime, both
non-growing and growing grains necessarily end up their motion in
the B mode. In the Stokes drag regime, the dimensionless equation
governing the grain’s size evolution is

dS

dT
= ε0εesR

−p−3/2+(m+h) q−3
2 S2(m+h), (88)

where m and h refer for either the A- or the B mode and εes denotes
the initial ratio between the optimal sizes of migration in the Epstein
and the Stokes regime (see appendix C of LGM12)

εe,s = sopt,0,e

sopt,0,s
= 1

3
√

π

�0√
ρdtk,0μ0

, (89)

μ0 denoting the initial dynamical viscosity of the gas. It should be
noted that in equation (88), the models for determining the coef-
ficients m and h are derived using the Stokes drag regime as well
for consistency. εes modifies the value of γ and thus, of �. Fig. 9
shows the value of εe, s in a typical CTTS disc. We see that for
r 
 1 au, where taking the Stokes regime into account starts to be
relevant, εes is of order unity, thus not changing the nature of the
particles kinematics drastically. In the very inner disc regions, εes in-
creases, leading growth to dominate more and more over migration.
Grains reach therefore the B mode more quickly. Once particles
have reached the asymptotic regime, they decouple very efficiently
from the gas and are not accreted on to the central star, as shown
by Fig. 10. This comes directly from the fact that the linear Stokes
drag regimes scales quadratically with the grain size, providing

Figure 9. Values of sopt, 0, e/sopt, 0, s as a function of the distance to the
central star in au in a typical CTTS disc. The surface density exponents,
the temperature at 1 au and the mass of the central star are fixed to p = 1,
T1 au = 150 K and M� = 1 M� respectively. sopt, 0, e/sopt, 0, s is of order
unity at 1 au, therefore not changing the grains behaviour when they migrate
in the Stokes regime. In the disc’s inner regions, the growth becomes more
and more efficient, which is favourable to retain the solid particles.

Figure 10. Radial behaviour of growing dust grains in the (p, q) plane as
they are submitted to the linear Stokes drag regime, using the YL model
for the dust scaleheight and the V2 model for the relative velocities of
collisions. For every value of (p, q), grains stop their migration motion
extremely efficiently, avoiding the radial-drift barrier. The transition given
by the C6 regime occurs for q = 4p/7 + 13/7.

large values of yB. This property is general and applies wherever
one considers a monodisperse growth or accretion of small particles
on large ones (in this case, the features of Fig. 10 remain essentially
the same). Thus, we expect solid bodies submitted to the Stokes
drag regime not to be submitted to the radial-drift barrier as well.

6 OV E R C O M I N G T H E R A D I A L - D R I F T
BA R R I E R O F P L A N E T FO R M AT I O N

6.1 What individual motions of particles do tell

Most of the observed discs satisfy q < 1 (e.g. LGM12) and have the
transition � = 1 − q at a few tens or hundreds of au (see Fig. 1).
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If the linear relation between the Schmidt and the Stokes numbers
holds, the grains evolution happens as follow. First, grains located
in the disc’s inner region reach the B mode of migration, where
they pile up efficiently. They are therefore not accreted on to the
central star. Grains initially located in the disc’s outer regions have
just initiated their migration motion since the scaling by the orbital
period is an increasing function of the distance to the central star.
Those grains are first growing without experiencing much migra-
tion until they reach the plateau of migration regime (St = O(1)),
where they migrate through the disc. When they reach the disc’s
inner regions, they decouple efficiently as well since the effective
value of � they reach is larger than the critical value for a pile-up.
However, the decoupling radius predicted by the theory of individ-
ual motions of particles may be too small to be relevant for planet
formation.

This prediction holds while the grains are still growing. How-
ever, the configurations for which the grains are not accreted on
to the central star imply an infinite size for the dust grains (mode
C7 for CDC and C8 for YL). Obviously, this is only meaningful
until the grains reach their bouncing or fragmentation barrier. In
this case, the criterion obtained for no-longer growing grains (i.e.
−p + q + 1/2) becomes fully relevant, especially in CTTS discs
as shown in LGM12. Thus, combining this study and the results of
LGM12, we now have criteria which determine if a solid body will
survive the radial-drift barrier:

(i) q < 1 and � > 1 − q for growing grains (grains decouple at
a finite radius in the Epstein regime). Large grains accreting small
particles remain in the disc as well;

(ii) −p + q + 1/2 < 0 for no-longer growing grains (grains pile
up in the Epstein regime);

(iii) q < 2/3 for planetesimals (grains pile up in the Stokes
regime).

As the models used to derive those criteria suffer inevitably from
limitations (see LGM12), these results may be considered as good
indicators (rather than strict mathematical conditions) for telling
the ability grains have to survive the radial-drift barrier, though the
limitation arising from the nature of dusty turbulence at large Stokes
numbers has to be addressed.

6.2 The missing feedback

Probably, the main limitation of this study is that it does not take the
feedback from the radial concentration of the dust on to the growth
rate of the grains into account. Youdin & Shu (2002) have shown
that for a distribution of non-growing grains initially distributed
homogeneously with the gas, such that its surface density profile is
given by

�d(R, 0) = ε0�g,0R
−p, (90)

the evolution of the dust surface density is given by

�d(R, T )= ε0�g,0

Rṽr (R)
ṽr (�−1[�(R) − T ])

(
�−1[�(R) − T ]

)−p+1
,

(91)

where �(R) is the function defined by

�(R) =
∫ R

R0

dR′

ṽr (R′)
, (92)

and �−1(R) is its reciprocal function (equation 91 is a generalized
version of Youdin & Shu (2002) calculations, treating simultane-
ously the A- and the B mode to be consistent with our study).

However, such an analytic solution has been derived from a method
of characteristic which is inefficient when treating simultaneously
a non-linear model of grain growth. The detailed treatment of the
feedback from the radial motion on to the grain growth may be
accessible only using numerical simulation.

However, if we cannot quantify the consequences of the feedback
analytically, we can still extrapolate a qualitative trend since it is
certainly related to the individual behaviour of the grains. Its main
effect is to evolve ε0 into an effective dust-to-gas ratio εeff(T) coming
from a local under-/overconcentration of the grains due to radial
migration. Since the Keplerian period is much smaller in the disc’s
inner regions, grains initially located there are expected to pile up
before grains located outside would have ended up experiencing
their plateau of migration. Thus, as they reach the disc’s inner
region, those grains initially located in the outer disc encounter
a local overconcentration of dust grains for which εeff > ε0. As
a consequence, those grains have their growth locally enhanced,
decouple faster from the plateau of migration and experience their
asymptotic regime in a region where the εeff is large enough for
particles to efficiently pile up. We therefore expect the feedback
from migration on to growth to have a stabilizing effect when inner
grains are piling up, preventing grains coming from the outer regions
in the disc from being accreted even more. If inner grains are not
piling up, no particular effect is expected from the feedback. This
mechanism was actually observed in the simulations of Laibe et al.
(2008), but its origin was not explained by a quantitative theoretical
analysis, like we do in this study.

6.3 Grains fractality

In this study, we have assumed that grains were compact and spheric.
They may however be better described by a fractal structure instead.
In this case, the grain’s size s is usually defined from its cross-section
σ = πs2, their mass being given by

md = 4

3
πs3

(
s

sf

)−f

, (93)

where f is an exponent usually comprised between zero and unity
(f = 0 corresponds to the non-fractal structure) and sf is a scaling
factor. The ratio between the cross-section and the mass of frac-
tal grains scales therefore like s−1 + f, modifying the expression of
gas drag and the growth rate of the particles accordingly. Particles
have a fractal structure essentially during the first stages of grains
growth. Small particles forming a dust aggregate have not rear-
ranged themselves into a non-fractal structure, dissipating by this
process the energy transmitted by high-velocity collisions (Blum &
Wurm 2008). We thus expect that fractality plays a role only on the
A mode of migration. However, in the A mode, both the migration
and the growth rates are modified according to the same scaling by
the grains fractality, preserving therefore the value of yA and the
results derived above. It is thus unlikely that fractality plays a major
role in the radial-drift barrier problem.

6.4 Some other limitations

The derivation presented above explains several properties of the
radial motion of growing dust grains found in numerical simula-
tions. However, several steps stand between this and a fully realistic
physical description of the general grain evolution in protoplane-
tary discs. At first, it should be noted that we have restricted our
study to the case where both the initial surface density exponent
for the dust and the gas are the same (i.e. p), which corresponds to
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a typical set-up in numerical simulations. However, having varied
this parameter would not have affected the main results of this study
which are: the grain behaviour in protoplanetary discs may vary a
lot depending on the disc parameters, and grains can survive the
radial-drift barrier in some cases. It can also be argued that initially,
the dust-to-gas ratio may not be homogeneous in the disc. However,
while true, the homogeneous model may be the less unrealistic one
and avoids to increase the parameter space again. Moreover, the
impact of changing the initial dust distribution would also be hard
to test observationally.

Similarly, the vertical concentration of the grains due to the bal-
ance between the settling and the turbulent stirring can also have
a positive feedback on to the growth rate of the grains. The thick-
ness of a layer of growing dust grains may probably not be given
by the value found at equilibrium for non-growing grains. To treat
these two points analytically, the entire distribution of the dust fluid
cannot be reduced to the independent motion of a single grain. This
issue will be addressed in a further study.

Finally, as discussed in LGM12, the grain growth model can be
refined to be more realistic and treat non-monodisperse local dis-
tribution of grains with sticking efficiencies calculated according
to the physical properties of the grains. However, models of turbu-
lence have to be carefully benchmarked against results of numerical
experiments such as in Carballido et al. (2010) or Carballido et al.
(2011) before being included in growth simulations. The model for
the gas dynamics is also not realistic since effects like the local
fluctuations of the gas flow, the viscous spreading of the disc, the
self-gravity, the effect of the magnetic field or even the feedback of
the grains motion on to the disc’s thermodynamics are neglected.

6.5 On numerical simulations

From this study, we expect a significant fraction of discs to retain
their planetesimals. Why does this result seem to be contradicted
by some numerical simulations? Two explanations have being pro-
posed above. First, this discrepancy can result from a different
choice of initial parameters: cold discs, initially not enriched enough
in solid materials, with small temperature exponents, will be more
likely affected by the radial-drift barrier process (see Fig. 1). As
for exoplanets, we expect a large variety of protoplanetary discs to
exist, therefore not favouring an outcome with respect to another
one. Secondly, not resolving the vertical structure of the disc may
affect the results, especially when large bodies accrete small parti-
cles coming from a fragmentation process. The local concentration
of small grains may be underestimated, leading to an efficient mi-
gration instead of a pile-up.

Analytics do not lie. We should however keep in mind that the
model of grain’s evolution derived in this paper may be not refined
enough to take correctly the complexity of the interplay between
grain growth and dynamics into account. However, while more
complex, current numerical simulations are also unsatisfactory since
they do not reproduce observations accurately (e.g. Guilloteau et al.
2011 or Perez et al. 2012).

7 C O N C L U S I O N S A N D P E R S P E C T I V E S

We have studied the interplay between grain growth and the radial
drift of dust particles in protoplanetary discs. We derived analyti-
cally the grains evolution and performed a comprehensive parameter
study. We believe that our study is the first that solves for the mo-
tion of a growing dust grain, even with a simplified growth model,

entirely analytically and explains physically how growth and mi-
gration interplay as simply as possible given the large number of
physical parameters involved. To be exhaustive, we used different
growth models, each of them based on different prescriptions for
the relative differential velocities of the dust particles and the dust
scaleheight. This implies for the growth rate of the particles to
depend on the radial coordinate of the grain and provides an addi-
tional complexity compared to the motion derived with toy models
of grain growth in Paper I. We found that:

(i) In CTTS protoplanetary discs, the dimensionless growth scal-
ing parameter is the initial dust-to gas ratio ε0 in the disc (given a
numerical factor of order unity), which is of order 0.01. This im-
plies for the dimensionless migration parameter � to be of order
unity. Radial drift and grain growth are therefore strongly coupled.
In some physical configurations, the dust behaviour is found to be
strongly sensitive to the value of � compared to unity. This ex-
plains the various outcomes found for the grains radial motion in
numerical simulations when different sets of disc’s parameters are
used.

(ii) The evolution of the grain size is found to occur in three
stages: an initial phase of efficient growth, a plateau in the growth
rate in conjunction with fast migration and a last stage of efficient
growth already identified in numerical simulations by Laibe et al.
(2008). During this last stage, the grain motion can follow two kinds
of evolutions. First, grains can be accreted on to the central star
while having a finite or an infinite size. As for non-growing grains,
they may remain in the disc if they efficiently pile up. Secondly,
for a highly efficient growth, grains can decouple from the gas at a
finite radius in the B mode of migration. This process is specific to
growing dust grains and is an alternative way for grains to survive
the radial-drift barrier. It should be noted that growing grains do
not always reach the regime where the Stokes number is larger than
unity since it depends on the disc parameters. The analytic results
derived may be useful for modellers who are running complex
numerical simulations to compare their results with.

(iii) When considering realistic models of growth, we found that
the grains radial outcome depends on the value of the radial tem-
perature profile of the disc q in the Epstein regime. If q > 1, grains
end their radial motion in the A mode, but do not pile up, implying
that they are efficiently accreted on to the central star given a value
of � close to unity. If q < 1 (which is expected for most discs) and
� > 1 − q (which occurs in the disc’s inner regions), grains pile up
extremely efficiently at a finite radius in the B mode. Grains which
originate in the external part of the disc will migrate efficiently in-
ward but decouple in the disc’s inner region. This decoupling may
also be reinforced by the overdensity created by the inner grains that
have already piled up. In this model, the radial-drift barrier does not
exist for most of the growing grains in most discs. If grains reach
the Stokes drag regime in the disc’s inner regions, they will not be
accreted as well.

(iv) Grains which are reaccreting small particles originating from
previous fragmentation processes are found to remain in the disc.
The evolution of the vertical distribution of small grains plays a
crucial role in this result. The grain’s radial diffusion or their frac-
tality do not provide them any additional stability for preventing the
radial-drift barrier.

The final conclusion of this study is that a wide range of be-
haviours can be observed in protoplanetary discs and in numerical
simulations since �(r) is a function highly sensitive to the initial set
of parameters and the growth model adopted. In particular, we have
explained why nearly identical sets of initial conditions can lead to
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the radial-drift barrier or not. However, since the condition q < 1 is
true for most discs, we are confident in claiming that the radial-drift
barrier for growing grains is not a dead-end issue for the process of
planet formation since it may not happen for a significant number
of physical discs.
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A P P E N D I X A : N OTAT I O N S

The notations and conventions used throughout this paper are sum-
marized in Table A1.

A P P E N D I X B : A S Y M P TOT I C B E H AV I O U R O F
S(R)

We calculate the asymptotic expansions of S(R) and R(S) as R → 0,
which depend on the values of x and y. We have to distinguish nine
cases.

Table A1. Notations used in the article.

Symbol Meaning

M Mass of the central star
g Gravity field of the central star
r0 Initial distance to the central star
ρg Gas density
ρ̄g (r) ρg(r, z = 0)
cs Gas sound speed
c̄s (r) cs(r, z = 0)
cs0 Gas sound speed at r0

T Dimensionless time
T Gas temperature (T0: value at r0)
�0 Gas surface density at r0

p Radial surface density exponent
q Radial temperature exponent
P Gas pressure
vk Keplerian velocity at r
vk0 Keplerian velocity at r0

H0 Gas scaleheight at r0

φ0 Square of the aspect ratio H0/r0 at r0

η0 Sub-Keplerian parameter at r0

s Grain size
S Dimensionless grain size
S0 Initial dimensionless grain size
St Initial dimensionless grain size
y Grain size exponent in the drag force
vg Gas velocity
v Grain velocity
ρd Dust intrinsic density
md Mass of a dust grain
ts Drag stopping time
ts0 Drag stopping time at r0

B1 Case C1

x > −1, y < 1 (x + 1 > 0, −y + 1 > 0). Introducing the limit size
Sl given by

Sl =
[
S

−y+1
0 + � (−y + 1)

x + 1
Rx+1

0

] 1
−y+1

, (B1)

equations (59) and (58) become

S(R) =
[
S

−y+1
l − �(−y + 1)

x + 1
R(x+1)

] 1
−y+1

(B2)

R(S) =
[

x + 1

� (−y + 1)

(
S

−y+1
l − S−y+1

)] 1
x+1

. (B3)

Thus, the particle reaches R = 0 having a finite size Sl. Mathemati-
cally,

lim
R→ 0

S = Sl, (B4)

and

lim
S → Sl

R = 0, (B5)

with

R(S) =
[

x + 1

�
S

−y
l (Sl − S)

] 1
x+1

+ O
(

(Sl − S)
−x
x+1

)
. (B6)

The large value of x tends to slow down the growth as well as large
values of y

 at U
niversity of St A

ndrew
s on Septem

ber 9, 2014
http://m

nras.oxfordjournals.org/
D

ow
nloaded from

 

http://mnras.oxfordjournals.org/


Growing dust grains: radial-drift barrier 3053

B2 Case C2

x > −1, y = 1 (x + 1 > 0, −y + 1 = 0). Introducing the limit size
Sl given by

Sl = S0e
�

x+1 Rx+1
0 , (B7)

equations (61) and (60) become

S(R) = Sle
− �

x+1 Rx+1
, (B8)

R(S) =
[

x + 1

�

(
ln

(
Sl

S0

)
− ln

(
S

S0

))] 1
x+1

. (B9)

Thus, the particle reaches R = 0 having a finite size Sl. Mathe-
matically,

lim
R→ 0

S = Sl, (B10)

and

lim
S → Sl

R = 0, (B11)

with

R(S) =
[

x + 1

�

(
1 − S

Sl

)] 1
x+1

+ O
(

(Sl − S)
−x
x+1

)
. (B12)

B3 Case C3

x > −1, y > 1 (x + 1 > 0, −y + 1 < 0). We introduce a quantity
S0, c defined by

S0,c =
(

−� (−y + 1)

x + 1
Rx+1

0

) 1
−y+1

, (B13)

such as, using Sl defined by the equation (B7)

(i) Case C3-a: if S0 < S0, c,

S
−y+1
0 − S

−y+1
0,c = S

−y+1
l . (B14)

In this case, the equations are similar to the Case 1.
(ii) Case C3-b: if S0 = S0, c, this constitutes the intermediate case

between the previous and the following ones. equations (59) and
(58) become

S(R) =
[
−�(−y + 1)

x + 1
Rx+1

] 1
−y+1

, (B15)

R(S) =
[
− x + 1

�(−y + 1)
S−y+1

] 1
x+1

. (B16)

Thus, the particle stops its migration at R = rl = 0, having a
diverging size,

lim
R→ rl=0

S = ∞, (B17)

and

lim
S →∞

R = rl = 0. (B18)

(iii) Case C3-c: if S0 > S0, c

S
−y+1
0 − S

−y+1
0,c = −S

−y+1
l . (B19)

In this case, we can define a quantity rl by

rl =
[
Rx+1

0 + x + 1

�(−y + 1)
S

−y+1
0

] 1
x+1

(B20)

=
[
− x + 1

�(−y + 1)
S

−y+1
l

] 1
x+1

. (B21)

Equations (59) and (58) now become:

S(R) =
[

�(−y + 1)

x + 1

(
rx+1

l − Rx+1
)] 1

−y+1

, (B22)

R(S) =
[
rx+1

l − x + 1

�(−y + 1)
S−y+1

] 1
x+1

. (B23)

Thus, the particle stops its migration at R = rl, having a diverging
size,

lim
R→ rl

S = ∞, (B24)

and

lim
S →∞

R = rl, (B25)

with

S(R) = [−�(−y + 1)rx
l (R − rl)

] 1
−y+1 + O

(
(R − rl)

y
−y+1

)
.

(B26)

B4 Case C4

x = −1, y < 1 (x + 1 = 0, −y + 1 > 0). From equations (63)
and (62), we find directly that the particle reaches R = 0 having a
diverging size, i.e.

lim
R→ 0

S = ∞, (B27)

and

lim
S →∞

R = 0. (B28)

Moreover,

S(R) =
[
�(−y + 1) ln

(
R0

R

)] 1
−y+1

+ O
(

ln

(
R0

R

) 1
−y+1 −1

)
,

(B29)

and

R(S) = R0e− 1
�(−y+1) S

−y+1 + O
(

e− 1
�(−y+1) S

−y
)

. (B30)

It should be noted that these functions are very flat however
and that the transition to the diverging behaviour (as well as the
asymptotic behaviour) for S occurs very close to 0, especially if �

is small. The particle reaches thus R = 0, but it is therefore not
probable that its diverging size plays a crucial role.

B5 Case C5

x = −1, y = 1 (x + 1 = 0, −y + 1 = 0). The behaviour of the
system is given by equations (65) and (64). We have

lim
R→ 0

S = ∞, (B31)
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and

lim
S →∞

R = 0, (B32)

In this very particular case, the asymptotic behaviour of the solution
strongly depends on the values of �. If � < 1, the transition to the
diverging sizes occurs close to R = 0. If � > 1, the transition to the
diverging sizes occurs close to R = R0.

B6 Case C6

x = −1, y > 1 (x + 1 = 0, −y + 1 < 0). In this case, we define a
quantity rl by

rl = R0e
S
−y+1
0

�(−y+1) . (B33)

Then, equations (63) and (62) become

S(R) =
[
−�(−y + 1) ln

(
R

rl

)] 1
−y+1

, (B34)

and

R(S) = rle
−S−y+1
�(−y+1) , (B35)

Thus, the particle stops its migration at R = rl, having a diverging
size,

lim
R→ rl

S = ∞, (B36)

and

lim
S →∞

R = rl, (B37)

with

S(R) =
[
−�(−y + 1)

(R − rl)

rl

] 1
−y+1

+ O
(

(R − rl)
y

−y+1

)
.

(B38)

B7 Case C7

x < −1, y < 1 (x + 1 < 0, −y + 1 > 0). The particle is accreted at
R = 0 having an infinite size Sl. Mathematically,

lim
R→ 0

S = ∞, (B39)

and

lim
S →∞

R = 0, (B40)

From equations (59) and (58),

S(R) =
[
−�(−y + 1)

(x + 1)
Rx+1

] 1
−y+1

+ O
(
R

y
−y+1

)
, (B41)

and

R(S) =
[
− (x + 1)S−y+1

�(−y + 1)

] 1
x+1

+ O
(
S

−x
x+1

)
. (B42)

B8 Case C8

x < −1, y = 1 (x + 1 < 0, −y + 1 = 0). Similarly to the case C7,

lim
R→ 0

S = ∞, (B43)

and

lim
S →∞

R = 0. (B44)

From equations (61) and (60),

S(R) = S0e− �
x+1 Rx+1 + O

(
e− �

x+1 Rx
)

, (B45)

and

R(S) =
[
− (x + 1)

�
ln

(
S

S0

)] 1
x+1

+ O
(

ln

(
S

S0

) −x
x+1

)
. (B46)

B9 Case C9

x < −1, y > 1 (x + 1 < 0, −y + 1 < 0). Introducing the quantity rl

defined by

rl =
[
Rx+1

0 + (x + 1)

�(−y + 1)
S

−y+1
0

] 1
x+1

, (B47)

equations (59) and (58) become

S(R) =
[

�(−y + 1)

x + 1

(
rx+1

l − Rx+1
)] 1

−y+1

, (B48)

and

R(S) =
[
rx+1

l − x + 1

�(−y + 1)
S−y+1

] 1
x+1

. (B49)

Thus, the particle stops its migration at R = rl, having a diverging
size,

lim
R→ rl

S = ∞, (B50)

and

lim
S →∞

R = rl, (B51)

with

S(R) = [−�(−y + 1)rx
l (R − rl)

] 1
−y+1 + O

(
(R − rl)

y
−y+1

)
.

(B52)

This paper has been typeset from a TEX/LATEX file prepared by the author.
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