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Abstract 

A theoretical study of the R Coronae Borealis group of variables is 

presented. A modified Christy code is used for the non-linear 

calculations and Dr Worrell's codes are used for the linear 

calculations. These codes are used in conjunction with both Carson 

and Los Alamos opacity tables, following the work of Saio on the 

linear analysis of Hydrogen deficient Carbon stars. 630 linear models 

are presented in 3 surveys along with 10 non-linear models of RCB 

stars and 20 incidental models used for comparison purposes. 

A study of the observations, given in the literature showed that 

the masses and luminosities of these stars are poorly defined. A 

linear analysis of 7 of these stars, in conjunction with observations 

given in literature, has allowed luminosity limitations to be placed 

on seven of these stars, and for the two stars which also have 

spectroscopic data a rough mass was calculable. The spectroscopic 

mass and luminosity limits of R CrB are (0.96 +1- 0.07)M0 and 

(9,500 - 16,500)Lg and for BY Sgr are (0.95 +1- 0.06)Mg and 

(9,000 - 13,000)Lg • A non-linear model of RY Sgr using the best mass 

and luminosity produced a light curve that agreed well with the 

overall characteristics of the observations, i.e., period, amplitude 

m and semi-regularity. Another of the non-linear models showed a 7. 

drop in its luminosity curve, which lasted for about twenty days. 

This is greatly short of the months to years seen in the observations, 

but could be suggestive of the initiation of the 'deep minimum' 

phenomenon. It was followed by the rapid outward movement of all the 

outer zones, which could indicate a method of ejecting carbon grains. 

Further research needs to be done before any conclusions can be drawn. 



The non-linear analysis of the 5,000K and 6,000K models may 

indicate that the effective temperatures given in the literature for 

these stars are too low, as a value nearer 7,000K seems to give better 

results. From this analysis, it seems that the majority of the ReB 

group of stars have masses in the range (0.8 - 1.2)M
0

, which is 

consistent with the evolutionary analysis of Weiss. 
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CHAPTER 1 

INTRODUCTION 

1.1 WHAT IS A VARIABLE STAR? 

The definition of a variable star is usually cited in the 

literature as : 

A variable star is a star in which some property 

changes by an appreciable amount, at a rate which 

is fairly easy to observe i.e., a few 

milli-seconds to a few decades. 

The group of stars which are classified as variable, can be split into 

two main sub-groups: Intrinsic and Non-intrinsic. The non-intrinsic 

variables are stars in which their variability depends on external 

sources, i.e., interaction with the interstellar medium, eclipsing 

binaries, etc. While the intrinsic variables owe their variability to 

stellar sources, i.e., pulsation, novae, etc. 

The intrinsic variables can be further sub-divided into the 

following three groups: 'Eruptive variables' (i.e., Supernovae, 

Novae, T-Tauri stars, etc.), 'Rotational variables' (i.e., Pulsars, 

X-ray Bursters, Magnetic Variables, etc.), and 'Pulsational variables' 

(i.e., Cepheids, RR Lyrae stars, ZZ Ceti stars, etc.). Of these 

three groups we are only interested in the 'Pulsational variables' of 

which the main properties that vary are Luminosity, Radial Velocity, 

Colour, Spectral Line Profiles (53 Persei stars), etc. 
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The first variable of a cyclic type to be discovered was 0 Ceti 

(MIRA) by Fabricius in 1596. By the end of the 18th century only 

sixteen more variables had been discovered, of which five were Novae 

and two eclipsing binaries. Of those remaining, two were classical 

Cepheids Delta Cephei, discovered by J. Goodricke in 1784 and 

Eta Aquilae, discovered by E. Pigott in 1784. Since then some 25,000 

intrinsic variables have been recognised in our galaxy, of which some 

90% are of the pulsational type. From these numbers it has been 

inferred by Kukarkin et. ale (1963) that about 1 in 1,000,000 stars 

are of the pulsational class in our galaxy. The recent discovery of 

ZZ Ceti stars (White Dwarf variables) may mean this estimate is one or 

two orders of magnitudes too small. The rough positions of some of 

the pulsational variables and eruptive variables on the HR diagram are 

shown in Figure 2.1. The elongated dashed region in the centre of 

the HR diagram is usually termed 'The Instability Region'. The 

variables in this 'Instability Region' are all believed to be driven 

by the same mechanism, i.e., the second ionisation of Helium 

( + ++) He -He in the envelope. 

Historically and observationally, the most 

variable stars are the the Classical Cepheids. 

important group of 

This is because of the 

famous relation connecting total luminosity to period, which makes 

them one of the best tools for measuring inter-galactic distances. 

They are also important theoretically as their variations can be 

explained very well using the pure radial pulsation theory. To date 

only about 700 have been found in our own galaxy, most of which lie in 

the galactic plane and are obscured by dust. 

1-2 
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Classical Cepheids are yellow giants or super-giants of extreme 

population I which have absolute luminosities of (300 - 26,000)L0 and 

masses in the range (3.7 - 14.0)M0• They are periodic in both their 

light and radial velocity curves, which are non-symmetric in shape and 

have periods of (1 - 50)days. A common feature of the decreasing 

luminosity part of the light curves is a small secondary 'bump' that 

first appears at a period of about 7 days, occurs earlier in phase as 

the period increases and then disappears at a period of about 16 days. 

Finally, there is a phase lag of around 0.2 periods between the 

luminosity and the radial velocity maxima, indicating that maximum 

luminosity occurs when the star is expanding through its equilibrium 

radius and not at maximum compression as may be expected. 

The long period Cepheids, RV Tauri and W Virginis stars have been 

explained to a reasonable degree by radial pulsation theory. This 

then indicates that other high luminosity helium stars may also be 

explained by radial pulsation theory and this is the prime reason why 

the following research was undertaken. 

To conclude this brief discussion of variable stars, it cannot be 

overstated that stellar pulsation theory cannot only give great 

insight into stellar structure but also increases our understanding of 

phenomena in many other fields of astrophysics and phYSiCS, impossible 

to study in any other way. 
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1.2 AIMS, HOPES AND ASPIRATIONS 

The aim of this thesis is to try and obtain a better understanding 

of the semi-regular variations seen in some of the R Coronae Borealis 

group of stars (referred to as the RCB group throughout the rest of 

this thesis). Questions such as: why are they semi-regular in 

nature, in contrast to the regular behaviour of the Cepheid variables? 

Why are the amplitudes of the semi-regular variations in the observed 

light curves so small «O~5) in comparison to those found in other 

variable stars? Do these semi-regular variations have any bearing on 

the observed deep minima? It is hoped that not only will these 

questions be answered but a better estimate of the luminosity and mass 

of some of the RCB variables will be found. 

The thesis is split into five parts plus six appendices. The 

appendices mainly consist of raw data and useful references, and are 

not necessary for the understanding of the work presented in this 

thesis. The five parts split the work into the following sections: 

Review, Theory, Computational Schemes, Results and Conclusions. 

The Review section consists of Chapter 2 and gives a full account 

of all that is known about the RCB group observationally and 

theoretically, as well as an indication of the range of stellar 

parameters a typical RCB star might have. 

The Theory section consists of Chapter 3 & 4. Chapter 3 gives a 

basic derivation of the dynamic stellar equations and their radial 

formulation as used in this work. Chapter 4 summarises the physics 

required to solve the dynamic stellar equations derived in Chapter 3. 

1-4 
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The Computational Schemes section consists of Chapters 5 & 6. 

Chapter 5 shows how the dynamic stellar equations of Chapter 3 were 

differenced for non-linear non-adiabatic pulsation calculations. 

Chapter 6 shows how the dynamic stellar equations were differenced for 

the linear non-adiabatic pulsation calculations. 

The results section is again split into two chapters: Chapters 

7 & 8. Chapter 7 presents the results of a series of surveys carried 

out using the linear non-adiabatic codes and places some restrictions 

upon the masses and luminosities of 7 RCB variables. Chapter 8 tests 

some of the input physics used and attempts to discern whether the 

findings of the linear results, with regard to the opacity tables, are 

correct. Finally, the results of the non-linear analyses of the 7 RCB 

variables discussed in Chapter 7 are presented, discussed and compared 

with the observations. 

Chapter 9 presents the conclusions and gives an overall summary of 

what has been achieved in this thesis, as well as indicating the areas 

in which future work should be undertaken. 

1-5 





CHAPTER 2 

OBSERVATIONS OF THE RCB GROUP 

2.1 INTRODUCTION 

This Chapter deals with the observational information available in 

the literature on the RCB group of stars. Firstly, an overview of the 

group as a whole are considered, in which estimates of stellar 

parameters are discussed together with the sources used to obtain 

individual parameters. After this discussion, a brief 'history' of 

selected RCB stars is given. There follows a brief review of previous 

theoretical work and the evolutionary status of the RCB group as a 

whole. The overall findings and status of these objects are discussed 

in the summary. 

Figure 2.1 below shows the rough location in the HR diagram of the 

RCB group of stars in comparison with other variables and Table 2.1 

lists their location and apparent magnitude where known (by author). 

2.2 REVIEW OF THE RCB GROUP 

2.2.1 Definition And Distribution 

The RCB stars form a very interesting if small group of objects. 

Kukarkin et al (1969) lists 34 stars as RCB's, though several of these 

have been wrongly classified i.e., Rho Cas (Payne-Gaposchkin, 1963), 

Z Cir (Feast, 1975), etc. Table 2.1 gives a list of all stars that 

have not been definitely removed from the group. Of these, 24 have 
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OBSERVATIONS OF THE RCB GROUP 

been spectroscopically verified, though 5 of this 24 are in doubt for 

various reasons, e.g., too hot or few deep minima. 

The class definition has changed many times over the years, the 

present definition being: 

(i) The stars must be hydrogen deficient (X < 0.0001) 

carbon (Z ~0.04) objects. 
c 

(ii) The stars must undergo deep minima on an irregular 

basis of at least 2 magnitudes, the minima 

declining rapidly ( < few months) and recovering 

slowly (a few months to a few years). 

(iii) The stars must have large infrared excesses. 

(iv) The majority of the stars are of spectral class 

F,G or R. 

Case (iv) is not rigorously applied as there are three objects falling 

well outside this temperature range and case (ii) has been overlooked 

in the case of LR Sco, whose membership is doubtful. 

The stars of this group, though few in number, appear to be 

concentrated towards the disc of the galaxy, indicating that they may 

belong to the old disc population. Eggen (1965) has argued from the 

distribution of their proper motions that some belong to his Wolf 630 

group and hence are definitely old disc population objects. 
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Table 2.1 location of RCB group stars. 

STAR R.A. DEC. 1
0 bO m (m ) RCB v pg 

DZ And~ 00 27 17 25 28 06 117.65 -36.66 (10.0 - >14 ) 
UX Ant 10 52 30 -36 51 36 279.06 +20.12 (12.2 - 15.8) a 15 04 21 -71 52 18 313.21 -11. 99 9.6 - 15.2 SAps a 21 57 54 -17 06 36 039.15 -49.81 10.5 - 14.4 U Aqr 
XX Cama 04 00 55 53 05 36 149.84 +01.12 7.1 - 8.7 a 22 58 04 59 04 24 109.52 -00.38 (11.8 - 16.5 UV Casb V425 Cas 22 59 15 52 44 00 107.11 -06.25 (14.5 - 18.0) a 13 22 27 -53 59 11 307.96 +08.29 (12.0 - 16.4) DY Cen 
OW Cen~ 12 40 26 -54 15 15 301.74 +08.32 (9.6 - 16.0) 
AE Cir 14 40 23 -69 10 58 312.67 -08.69 (12.2 - 16.0) 
V CrAa 18 40 42 -38 15 48 357.67 -15.65 (9.4 - >14 ) 

WX CrAa 18 05 26 -37 20 17 355.12 -08.32 (11.0 - >16.5) 
R CrBa 15 44 27 28 27 48 045.05 +50.98 5.8 - >14 

V482 Cyga 19 55 54 33 42 00 070.43 +02.49 10.9 - 12.2 
W Mena 05 27 46 -71 16 00 282.09 -32.39 (13.8 - 16.0) 
Y Mus a 13 02 34 -65 14 44 304.43 -02.68 (10.5 - 12.0) 

RT Nor a 16 20 03 -59 13 47 327 .23 -06.93 (11.3 - 16.3) 
RZ Nor a 16 28 45 -53 10 48 332.45 -03.57 (11.1 - 12.7) a 17 24 17 -43 48 24 345.50 -05.00 (10.9 - 12.3) LR Sc0b CL Sge 20 08 18 18 11 42 058.87 -08.55 (13.9 - 15.2) a 19 03 45 17 28 12 050.52 +04.37 (10.8 - 14.5) SV Sge a 18 21 12 -24 17 08 008.32 -05.24 (11.0 - 15.0) GU Sgr a 18 41 33 -21 00 23 013.41 -07.93 (12.0 - 15.6) MV Sgr a 19 13 17 -33 36 12 004.44 -19.45 6.5 - 14.0 RY Sgr a 18 16 48 -27 28 00 002.51 -05.96 (11.8 - >14 ) VZ Sgr 

V348 Sgr~ 18 37 19 -22 57 24 011.20 -07.92 (11.0 - >16.5) 
V589 Sgrb 17 58 35 -34 45 00 357.05 -06.51 (14.2 - >17.6) 
V618 Sgr 18 15 20 -24 47 48 355.77 -07.82 (11.0 - >16.5) 

V37~6 ~~~: 18 07 12 -25 48 24 006.00 -04.00 (11.0 - >16.5) 
05 43 12 49 02 00 188.87 -04.42 9.5 - 16.0 a 18 15 07 -46 34 08 347.53 -14.14 (9.3 - >13.0) RS Telb CT Vul 19 43 11 18 11 42 057.83 -02.22 (13.9 - 15.6) 

HV5637a 05 11 32 -67 56 00 LMC LMC (15.8 - >16.0) 
HV12842a 05 45 03 -64 24 24 LMC LMC (13.7 - >16.0) 

Notes: 'a' indicates that the tabulated information was taken from 
Drilling & Hill (1986) and associated references. 
'b' indicates that the tabulated information was taken from 
Kukarkin et al (1969, 1970). 
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2.2.2 Abundances And Effective Temperatures 

Only five objects have undergone detailed spectroscopic study for 

abundance purposes (R CrB - Bidelman, 1953 , Searle, 1961 and Cottrell 

& Lambert, 1982; RY Sgr - Danziger, 1965 and Searle, 1961; xx Cam 

Bidelman (1948), Cottrell & Lambert (1982), Orlov & Rodriguez (1974); 

U Aqu - Bond et aI, 1979; OW Cen - Giridhar & Rao, 1986). All these 

analyses showed that the stars were hydrogen deficient carbon objects 

and that the heavier elements have roughly solar abundances, although 

Y and Sr were very over-abundant in U Aqu and Li was similarly 

over-abundant in R CrB and RY Sgr (Danziger, 1965 and Keenan & 

Greenstein, 1963). A good review of recent work on the chemical 

composition of the RCB group of stars can be found in Lambert (1986). 

All the spectroscopy of RCB objects show C2 bands to some degree. 

The stronger these bands are the cooler the star appears to be, e.g., 

SAps is a cool RCB and has very strong C2 bands, whereas RY Sgr is 

quite hot and has weak C2 bands. Bidelman (1953) has pointed out that 

13 isotope C is oddly absent from C2 molecules in RCB's, while it is 

generally present in other carbon stars. The main constituent of RCB 

stars seems to be helium. This conclusion is made on the direct 

evidence of He I lines being seen during obscuration of several RCB's. 

e.g., see Alexander et al (1972) or Bidelman (1953). The conclusion 

is valid, as at the effective temperatures of these stars, helium is 

virtually invisible, with carbon accounting for most of the opaCity. 

The effective temperatures for about 13 RCB stars have been 

estimated using broad band photometry by Kilkenny & Whittet (1984) and 

others. From these, together with estimates based upon the spectral 

class, the temperature range appears to be about (4000 -7000)K, 
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Table 2.2 some stellar parameters 

STAR a aT bV rad (kIn/sec) aSpec type Teff circ 

SAps 4,000 750 R3 
xx Cam 7,000 +16 G2 
DY Cen 10,000 <800 ? 
OW Cen 6,000 700 K? 

V CrA 4,000 ? 
WX CrA 5,000 900 R5 

R CrB 6,900 700 +21 GO 
Y Mus 7,000 900 G2 

RT Nor 7,000 900 R? 
RZ Nor 5,000 700 R8 
GU Sgr 5,000 700 ? 
MV Sgr 16,000 1500, 500 -91 B? 
RY Sgr 6,900 800 -10 GO 
SU Tau 6,000 900 +37 GO 
RS Tel 5,000 800 R8 

Table 2.3 : Table of variable RCB stars 

STAR PERIOD (dys) dm dV(kIn/s) k(dys/per) REMARKS v 
d 39.8 (138.7) <0.3 +0.019 (-0.184) Uncertainties in k S Apsh 

XX Cam 40 0.4 Doubtful RCB 
DY Cen c 120 (?) <0.2 Not verified 
OW Cen c 42.8 0.2 +0.003 Uncertainties in k 
AE Circ 100 (?) <0.1 Not verified 
V CrAc 

75 (?) <0.2 Not verified c 60 (?) <0.1 Not verified WX CrAf R CrB 44 0.15 4 Spasmodic 
RZ Nor c 68 (?) <0.2 Not verified 
RT Nor c 59 (175) (?) <0.2 Not verified 
LR Scog 104.4 1.4 Doubtful RCB c 38 (?) <0.1 Not verified GU Sgr 
RY S e 38.6 0.45 30 -0.00004 Good cyclic curve grc 
VZ Sgr 47 (?) <0.25 Not verified 
RS Telc 45.8 (?) <0.3 Not verified 

Notes: 'a' indicates that data was taken from Kilkenny & Whittet (1984). 
'b' indicates that data was taken from Drilling & Hill (1986). 
'c' indicates that data was taken from Bateson (1975). 
'd' indicates that data was taken from Kilkenny (1983b). 
'e' indicates that data was taken from Kilkenny (1982). 
'f' indicates that data was taken from Fernie et al (1972). 
'g' indicates that data was taken from Shapley & Swope (1974). 
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(see Table 2.2), MV Sgr (16,000 K), DY Cen (10,000 K) and V348 Sgr 

(15,000 K) are the only members that fall outside this range. So from 

the observational data available, we can fix the following stellar 

parameters: 

<x> < 0.0001 

<Y> = 0.9099 

<z> = 0.09 

<z > = 0.75 <Z> c 

Teff = (4000 - 7000)K. 

2.2.3 Luminosity And Mass 

The absolute magnitudes of RCB stars are still in doubt, though there 

have been many attempts to determine them. Eggen (1969) estimated 

M = -3.1 for R CrB based upon membership of his Wolf 630 group. 
v 

Feast (1972) derives M = -4 for RY Sgr by assuming a star 12" away is v 

a companion star. Feast (1972) also estimates absolute magnitudes of 

-4 for HV5637 and HV12842, as well as -5 for W Men based upon their 

being LMC objects. Assuming a theoretical mass of 0.8 solar masses, 

Wood (1978) finds 10g(L/LO) = (3.93 +1- 0.15) and from theoretical 

modelling of these objects, Saio et al (1984) finds the following 

limitations: 

4.2 < 10g(L/Lo) < 4.7 

0.9 < M/M@ < 3.0. 
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The mass is even more uncertain, though from fine spectroscopic 

analysis by Danziger (1965) and Schonberner (1975), the mass was found 

to be in the range 1-2 solar masses. Evolution work of Paczynski 

(1971) and Trimble (1971, 1972) on R CrB places the mass between 0.9 

and 2.5 solar masses. Thus in summary, we can place the following 

limits upon the absolute magnitude and masses of RCB objects: 

-3 < M v 

0.8 < MIMe 

< -6 

< 3.0 

2.2.~ Variability Of Some RCB Stars 

probably < -5 

probably < 2.0 • 

Semi-regular variations have been reported in 15 RCB stars of which 

9 have not been verified (see Bateson, 197~, 1975 and Bateson & Jones, 

1972). In the remaining 6, the variations are periodic in nature and 

generally have a period of around ~O days and amplitude < 0.5 mag. 

The exceptions are SAps which underwent what appears to be a period 

change (Kilkenny, 1983b) from 120 days to 39.8 days, and LR Sco which 

has a period of 104.4 days and amplitude 1.4 mag. (The membership of 

LR Sco star in the RCB group is not certain as it has not undergone 

any deep minima yet.) 

The variations appear to vary in amplitude, sometimes fading out 

altogether (R CrB - Fernie et aI, 1972 and RY Sgr - Mayall, 1972) and 

at other times increasing in amplitude ( UW Cen in recovery from deep 

minima Bateson, 1972). Sometimes there also appears to be a very 

rapid variation superimposed upon the slower one (R CrB 

Herbig, 1967 and XX Cam - Totochava,1973) 
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Two of these stars have sparse radial velocity curves along with 

light curves that vary with the same periods, thus indicating that the 

stars are pulsating radially. Furthermore, RY Sgr shows a definite 

decrease in its period over time of -0.00004 days/period which agrees 

well with that predicted from evolutionary models of low mass hydrogen 

deficient stars in Schonberner (1975). OW Cen and SAps also show 

changes in their periods, though these values are uncertain, being 

based upon far less data than that for RY Sgr. If the value for SAps 

is correct, it will be hard to explain how these objects evolve or 

even to model them (for variation parameters see Table 2.3). In 

contrast to these 'pulsators' SU Tau has been shown by Howarth (1976) 
m to have no semi-regular pulsations above 0 04 mag in its visual light 

curves. 

2.2.5 Deep Minima 

RCB stars are characterised by their irregular deep minima, up to 9 

magnitudes in V, while staying fairly constant in the infrared. These 

deep minima can be quite complex, involving several sub-minima on 

decline and sometimes on recovery. The following characteristics are 

common to virtually all deep minima 

(i) The deep minima start with a rapid decline in 

light (lasting about 5 days), during which the 

continuum fades rapidly and the absorption 

spectrum is replaced with an emission spectrum. 

Also the absorption component of the sodium D 

lines and calcium H & K lines are displaced by 200 

km/sec (Alexander et a1, 1972; Querci & 

Querci, 1978). 
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(ii) A slower (lasting about 20 days) decline in light 

is observed after the above decline. Throughout 

this phase the chromospheric emission spectrum 

fade and shows structure similar to that observed 

with height in the solar chromosphere during an 

eclipse. The broad bright lines remain roughly 

constant in intensity throughout this phase. 

The He I (3888), calcium H & K and sodium D 

broad emission lines remain roughly constant in 

half width (they are roughly constant from deep 

minima to deep minima and from star to star). 

Although they show complex structure and 'central 

wavelength' development in time (see Alexander et 

aI, 1972; Spite & Spite, 1974; Feast,1979). These 

broad lines are roughly centred on the stellar 

velocity. 

(iii) The recovery from deep minima is 

(500-1000 days). Throughout 

generally slow 

this time the 

spectrum gradually returns to normal and the star 

returns to its normal colour. During this phase 

P Cygni profiles have been observed in the He I 

(10830) line of R CrB (Querci & Querci,1978); also 

in sodium D and calcium H & K lines of RY Sgr 

(Alexander et aI, 1982). Zirin (1982) also found 

that the He I (10830) line was shifted to 10822A, 

indicating a veloCity of about 220 km/sec, after 

the star had fully recovered to maximum light. 

Alexander (1972) reports that the calcium H & K 
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and sodium D lines vanished after recovery to 

maximum light of RY Sgr (This result was obtained 

from low dispersion spectra). 

Several theories have been put forward to explain the observed 

light curves of these stars during deep minima. These models range 

from eclipsing infrared stars (Humphreys & Ney, 1974) to random 

'puffs' of soot. The eclipsing models can generally be eliminated as 

they cannot explain the development in the spectra with time. This 

leaves some form of ejection model. Forrest et al (1972) showed from 

energy considerations that any ejection of material must be asymmetric 

and only partially covers the star. Feast (1975) argues that as no 

noticeable change in the infrared occurs during deep minima, the 

amount of material ejected must be small in comparison to what is 

already in the circumstellar 'shell'. From the structure in broad 

emission lines noted above, it would seem the 'puff' is small and from 

wavelength changes that there may be more than one 'puff' at anyone 

time. Feast (1986) argues that the multiple 'puffs' can explain 

roughly all observations, though, of course, such a rough model cannot 

explain the detailed behaviour of such complex objects as these stars 

obviously are. 

2.2.6 Infra-red Excesses 

The infra-red excesses were discovered about the same time in both 

R CrB (Stein et al 1969) and RY Sgr (Lee & Feast, 1969). These 

observations indicated circumstellar 'shell' temperatures of about 

900 K. Since then, extensive broad band photometry by Feast & Glass 

(1973), Glass (1978), Kilkenny & Whittet (1984) and Walker (1985) have 

shown that infra-red excesses are characteristic of the RCB group, 

with only XX Cam (a doubtful RCB) not having an infra-red excess 
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(Rao et al 1980). From these observations, Feast (1986) has shown 

that the majority of well observed RCB stars fall in a narrow band 

when plotted on a (J-H) /(H-K) colour diagram (see Figure 2.2). This 
o 0 

suggests a narrow range of colour temperatures for both the central 

stars (5000-7000 K) and the surrounding circumstellar shells. Though 

the hotter RCB objects show complex energy distributions indicating 

that more than one shell is present, it also shows that the shell 

structure is probably more complex than a simple black body model 

assumes. The fluxes at Land M have been shown from rough 

calculations to be due almost entirely to the circumstellar shell and 

underlying star, respectively. This fact shows that the circumstellar 

shell is heated directly from the underlying star, as Feast et al 

(1977) showed that both J and L varied with a period of 38 days. 

Forrest et al (1972), Glass (1978) and Feast (1979) have all observed 

that L stays roughly constant throughout the deep minimum in the 

visual bands, showing that the deep minima are due to obscuration of 

some kind. From the spectroscopic studies we know that ejection is 

the most likely cause of these obscurations. This result, taken with 

the above invariance in L during an obscuration, indicates that the 

amount of ejected material is small in comparison to the circumstellar 

material. This leads on to the variations observed in R CrB's L band 

(Strecker, 1975 and references therein) with a timescale of about 1000 

days. Since then, similar variations have been observed in RY Sgr 

(Menzies, 1985) and 10 other RCB stars (unpublished SAAO observations 

mentioned in Feast, 1975), all varying on a timescale of (1000-2000) 

days with amplitudes of between (1-3) magnitudes. Feast (1986) has 

suggested that this variance maybe linked to the pulsation of the 

central star, which ejects 'puffs' of dust every period in a random 

direction. Obscuration then occurs when a 'puff' is ejected along the 

'line of sight'. 
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Figure 2.2 :(J-H) /(H-K) diagram for 12 RCB stars 
(taken from Fea~t 1989). Open boxes refer to 
SAps, open circles to HdC stars. The (straight) 
black body line is shown. The curve is the locus 
of normal stars. 
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The composition of the circumstellar material is thought to be 

mainly carbon particles mingled with some gas dragged from the central 

star upon ejection (see Rao et al ,1986, Nandy & Rao, 1986). This 

hypothesis is supported by the lack of silicon emission in RCB 

spectra, the peculiar reddening laws observed for these objects, and 

polarimetric observations. From several models,(e.g., 

Wickramasinghe, 1973), Borghesi et al 1985, Fadeyev, 1986) it has been 

shown that the particles are probably small (10-300)nm amorphous 

carbon grains. 

2.3 INDIVIDUAL STARS 

2.3.1 Variable RCB Stars 

2.3.1.1 R Coronae Borealis - Was discovered in 1795 by Piggot, though 

it was not observed regularly until 1855. A good list of references 

for observations at visual wavelengths can be found in Howarth (1977) 

(See Figure 2.3 for visual light curve of R CrB). In this paper, 

Howarth confirms the findings of Sterne (1935) that the fadings of 

R CrB are 'perfectly' irregular in nature, i.e., their distribution in 

time obeys Poisson statistics with a time constant of (1026 +1- 156) 

days. Stein et al (1969) were the first to do broad band photometry 

on this object. Since then many such observations have been made (for 

further details see Geisel (1970), Gillett et al (1970), Forrest et al 

(1971, 1972), Fernie (1972, 1982), Feast & Glass (1973), Humphreys & 

Ney (1974), Glass (1978), Shenavrin et al (1979) and references 

therein). The first low dispersion spectra were taken by Ludendorf 

(1906) and Joy & Humason (1923). The detail of these first spectra 

was limited and it was not until Berman (1935) took the first high 

dispersion spectrum of R CrB that any real abundance analysis could be 

done. Since then quite a few high dispersion spectra have been taken. 
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The following references refer to the more prominent papers in the 

literature: Herbig (1949), Bidelman (1953), Payne-Gaposchkin (1963), 

Keenan & Greenstein (1963), Whitford (1967), Coyne & Shawl (1973) and 

Cottrell & Lambert (1982). 

The RCB (R Coronae Borealis) group was first designated in 1855 

when it was found that RY Sgr also underwent irregular fading, in a 

similar manner to that of the group's progenitor. The criterion for 

membership in this group was that a star must rapidly fade by several 

magnitudes (up to 7 mag.) and then slowly recover to maximum light 

(generally over several months to years). The next Significant 

discovery was found by Ludendorf (1906) in his low dispersion spectra, 

that showed very weak hydrogen Balmer lines. This led to the 

tentative conclusion that R CrB was extremely hydrogen deficient. Joy 

& Humason (1923) took several spectra throughout the fading of R CrB 

and noticed that its spectrum changed radically as the fading 

progressed. Herbig (1949) gave a detailed account of the spectral 

changes he observed during his own observations, and this was later 

summarised by Mayall (1960) and then Payne-Gaposchkin (1963). The 

overall spectral changes observed were briefly: 

(i) The absorption spectrum was always present. Broad 

bright lines appear in initial stages of deep 

minima and remain roughly of constant intensity 

while the star fades, weakening as the star 

recovers to maximum light. 

(ii) The sharp emission lines are intense as the star 

fades, weakening during minima and recovery. 
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(iii) Throughout the recovery violet displaced 

absorption lines are present and remain until near 

maximum light (within 1~0). 

Bidelman (1953) found clear evidence that R CrB was a carbon star, 

his results being supported by Berman (1935) and by Herbig (1949). He 

then classified R CrB as a HdC (hydrogen deficient carbon) star. Both 

Berman (1935) and Bidelman (1953) noticed a strong line that could 

only be assigned to He I. Though the presence of this line is still 

not fully explained this gives a strong indication that the stars main 

constituent is helium. Searle (1961) carried out a coarse analysis on 

Berman's spectra, using a model atmosphere, and found the following 

abundances: 

<X> < 0.0001 

<Y> = 0.9099 

<Z> = 0.09 (heavier elements having solar abundances) 

<Z > = 0.75 <Z>. c 

Myerscough (1968) obtained similar abundances based on the spectral 

data of Berman (1935) and Keenan & Greenstein (1963) and gives a value 

of (5800 +1- 200) K for the effective temperature, based on model 

atmosphere results rather than spectral type alone. Schonberner 

(1975) and Cottrell & Lambert (1982) have carried out fine analyses of 

these spectra using more accurate modelling schemes and both agree 

(within the error limits) on the following parameters: 

Teff = (6900 +1- 500) K 

log(g) = (0.15 +1- 0.2) 

Vturb = (6.5 +1- 1.0) km/sec. 
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Whitford (1967) was the first to state the four main features of 

R CrB (also RY Sgr and XX Cam), which were: 

( i) Strong carbon feature in spectrum 

( ii) Weak or absent hydrogen lines 

(iii) Irregular fading by several magnitudes ( >1 mag.) 

( iv) Spectral class generally Supergiant F or G. 

This list was soon extended to include large infrared excesses upon 

the discovery of large infrared excesses in the broad band photometry 

of R CrB by Stein et al (1969) and soon after in RY Sgr (Lee & 

Feast, 1969) and SO Tau (Low, 1970). Indeed it was Feast who fixed 

the criteria for membership in the RCB group based upon the above 

features for R CrB. 

These large excesses fitted in with the theoretical work of Loreta 

& O'Keefe (1939) in which the star 'ejects' clouds of carbon grains, 

during deep minima, which after a few months or years join a 

circumstellar shell around the star. Forrest et al (1971) showed that 

in the case of R CrB the infra-red and visual wavelengths are 

uncorrelated and hence that such a circumstellar shell must be 

irregular and supplied by non-uniform 'ejections' of dust from the 

star. They put forward the hypothesis that perhaps the star was 

eclipsed by one or more large dust clouds. The 'ejection' model 

suffers from the problem that the grains would have to form near the 

star's photosphere to explain the spectral changes observed, and to 

date no one has been able to model such grain formation around such a 

hot star (see Coyne & Shawl, 1973 for further details). The 'dust 

cloud' model cannot explain the spectral changes at all. Coyne & 

Shawl (1973) shows that the circumstellar material during deep minima 
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consists of small graphite particles of size (50-100)nm, that appear 

to occur in irregular clouds. Whether these clouds are present during 

maximum light is unknown as the underlying star swamps out the light 

from the clouds during maximum light, thus preventing polarimetry. 

Using this grain size Ashby (1976) has shown that a free particle 

grain model fits the observed visual recovery phase of R CrB light 

curve (see Figure 2.4). 

By fitting Black Body curves and using colour diagrams Shenavrin et 

al (1979), Glass (1978) and Fernie (1982) have shown that a star with 

an effective temperature of (6500 +1- 500)K surrounded by an optically 

thick shell of dust of temperature (700 +1- 50)K fits the observed 

data quite well. 

Fernie et al (1972) observed a sporadic semi-irregular variation at 

visual wavelengths of period (46 +1- 5)days and amplitude 

(0.15 +1- 0.1) magnitudes (see Figure 2.5) which appears to be due to 

radial pulsation, as radial velocities with the same period and 

amplitude of about 4 km/sec were also observed. This variation was 

again observed by Glass (1978) and since confirmed by several other 

authors. Shortly after this discovery, Humphreys & Ney (1974) found 

that there was significant variation (about 1~4) in the infra-red over 

a period of 1100 days. Strecker (1975) gathered all the infrared 

observations together and plotted them along with some of their own 

results (see Figure 2.6) and showed conclusively that the above 

variation existed. 

periodic in nature. 

Since then the variation has been proved to be 
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20,000 ..u..IAN DAYS t2'OOOOCh) 25,000 

Figure 2.3: Light curve of the R CrB variable, 
as shown in Glasby (1978). 

R Coronae [lor'(38 Lis 

~973.'9" . " . . 

DEC JAN FEB' MAR APR MAY JUN 

Figure 2.4: This Figure shows a model fit, taken 
from Ashby (1976), of the light curve obtained by 
assuming a free carbon dust cloud moving away from 
the star in comparison with observed recovery of 
R CrB from a deep minimum. 
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Many attempts have been made to estimate the luminosity and mass of 

R CrB, e.g., Eggen (1969). These have usually been based upon the 

spatial distribution or spectroscopic analysis which until recently 

fixed the mass as 'low' and the bolometric magnitude somewhere between 

-1.0 and -6.0. Wood (1976) was the first to fix the mass at about 1 

solar mass from his linear non-adiabatic modelling of the star, from 

which he obtained a bolometric magnitude of (-5.1 +/- 0.4), which 

agrees well with what was expected. 

Later Saio (1983) found the following theoretical constraints: 

0.9 < M/M~ < 3.0 

4.2 < log (L/L0 ) < 4.7 • 

From evolution work of Paczynski (1971) and Trimble (1971,1972), it is 

possible to show that the upper mass limit should be 2.5Me. 

The last major issue is the evolution of these objects, which is 

poorly understood and a subject for speculation. Searle (1961) 

proposed that R CrE evolved from a 1 or 2 solar mass main sequence 

star that has obtained a C/O core (with helium shell and hydrogen 

envelope). Sometime during its evolution after leaving the main 

sequence, the star either consumes or ejects its hydrogen envelope. 

The possible ejection of the hydrogen envelope has led to speculation 

by Searle that R CrE may be the nucleus of a planetary nebula. (This 

could explain the marked differences in their respective abundances). 

Wheeler (1978) also expressed this view, connecting it with planetary 

nebulae via SN I. He pointed out that the spatial distribution of 

both classes of objects is similar. Schonberner (1975) has shown that 

stars with the above configuration and low mass, (0.65-1.0) solar 
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masses, progressed from RCB objects to He B like objects, in about 

10000 years and then evolve on to the white dwarf stage. Heber & 

Schonberner (1981) showed that the galactic distribution of He B stars 

is consistent with this evolutionary sequence. The work of Kilkenny 

(1982) on RY Sgr's period change is consistent with this evolutionary 

sequence, though Hunger (1975) pointed out that He B stars are 

comparatively poor in CNO compared with RCB objects. 

2.3.1.2 RY Sagittarii - RY Sgr has been known since 1751, though only 

spasmodically observed up until 1897 (i.e., Lacaille,1847), from which 

point it was systematically observed by Innes (1903, 1907) until 1902. 

Since then it has been fairly regularly observed at many observatories 

around the world. For a detailed list of visual observations from 

1897 to 1982 see the references cited in Marraco & Milesi (1982). See 

Figure 2.7 for light curve of RY Sgr. 

RY Sgr was found to be variable in its visual light curve, by 

Campbell & Jacchia (1946). This variability was confirmed by the 

intensive photometry and spectrometr~ of Alexander et al (1972) 

between 1967 and 1970. Alexander et al (1972) found that RY Sgr was a 

semi-regular variable in U, B and V with a period of about 38.6 days, 

and an amplitude of about 0.5 magnitudes in V (see Figure 2.8). From 

the spectroscopic analysis, a velocity curve 

varied in about the same period (amplitude of 

that the variations are due to small amplitude 

was obtained, which 

30 km/sec), showing 

pulsations. These 

pulsations were also observed in L, and seem to indicate that the 

infrared excesses are governed by the star and not by an eclipsing 

infrared companion star as put forward by Humphreys & Ney (1974). 

There was little phase-lag between the visual and infrared 'light' 

curves, which is to be expected if the star is surrounded by small 
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particles. The amplitude of pulsation seems to decrease with 

decreasing wavelength, as is found in the classical Cepheids 

(Wisniewski & Johnson, 1968). There is also a long term variation in 

the infra-red excess with a period of -1100 days and 1.4 magnitudes 

(see Humphrey & Ney,1974, Kilkenny,1978). Pugach (1977) has shown 

that the deep minima of RY Sgr always occur around the same phase in 

the semi-regular pulsations of the star, indicating that the deep 

minima may depend upon the pulsation in some way. Feast (1986) 

postulated that the star may eject material during this phase of 

pulsation, and tentatively shows that if material is ejected at every 

pulsation maximum in a random direction, then the solid angle of 

material required for obscuration of the underlying star, divided by 

four pi steradians times the observed pulsation period, is about 1100 

days, or the observed long term period of variation seen in L. 

Kilkenny (1982) analysed all available visual observations in the 

literature and found that the period of RY Sgr is changing by about 

-0.00004 days/day (confirmed by Marraco & Milesi, 1982). In this 

analysis he also found that the phase of the semi-regular pulsations 

changed sinusoidally over a 50 year period. There was also a further 

random 10 day phase change in some periods. 

The observed change in period can be explained by either mass loss 

or evolution. It has been shown that the former explanation would 

require a mass loss of about 0.001 solar masses a year, which is 

inconsistent with observation (e.g., Spite & Spite, 1979; Forrest et 

al, 1972) indicate that small amounts of material are ejected 

asymmetrically at deep minima. Also, such a large mass loss rate 

would contradict the estimated lifetime of about 1000 years (based on 

distribution and numbers). The evolutionary explanation has been 

shown by Kilkenny (1982) (using Schonberner's (1977) evolutionary 
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sequences for a one solar mass hydrogen deficient star of effective 

temperature 6900 K) to give good agreement with the observed decrease 

in period. 

Ludendorf (1906) noticed that the hydrogen Balmer lines were 

missing in his low dispersion spectra of RY Sgr. This was later 

confirmed by Bidelman (1953). Bidelman (1953) also noticed that 

RY Sgr's spectra also showed strong C I lines, though C2 bands were 

13 weak and the isotope C was virtually absent (this absence has still 

to be explained). Danziger (1965) and Searle (1961) obtained similar 

spectra from their own spectroscopy on RY Sgr. From the spectral 

analysis found in Bidelman (1953), Searle (1961), Danziger (1965) the 

following stellar parameters for RY Sgr can be found: 

Teff = (6900 +/- 600) K 

log(g) = ( 0.1 +/- 0.5) 

<X> < 0.0001 (by number) 

<z > = 0.1 (by number) c 

Spectral type = GO Ib 

Alexander (1982) gives a good description of how RY Sgr's spectrum 

changes during a deep minima. The main features are chromospheric 

emission lines that decay in about 22 days, while the initial decrease 

in photospheric radiation is on a time scale of 5 days. During this 

phase, Ca II lines show displacement velocities of about +250 km/sec, 

indicating the ejection of matter. This fits in well with Loreta & 

O'Keefe's (1939) carbon cloud model, as well as satisfying the Forrest 

et al (1972) and Lee & Feast (1969) theories of asymmetric ejection of 

matter. The absorption spectrum and colours follow a drop in light on 

the riSing branch, apparently due to filling in of the photospheric 

absorption lines by chromospheric emission lines. The primary cause 
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of this phase seems to be due to a decline in photospheric radiation. 

This may possibly be due to the formation of fresh dust near the 

photosphere. Displaced absorption lines Ca II and Na I are present 

throughout this stage. 

RY Sgr is heavily reddened. This fact combined with the large 

infra-red excesses observed by Lee & Feast (1969), Feast & Glass 

(1973) and Kilkenny & Whittet (1984), strongly supports Loreta & 

O'Keefe's (1939) dust shell model. From analysis of the broad band 

photometry of Lee & Feast (1969), Feast & Glass (1973) and Kilkenny & 

Whittet (1984), it can be shown that RY Sgr has an effective 

temperature of (7000 +1- 500)K and is surrounded by a circumstellar 

dust shell of about (800 +1- 100)K. This assumes that the cloud is 

opaque, isothermal and emits radiation as a black body. The shell has 

been shown by Hecht et al (1984) using IUE data, to consist of small 

(5 - 70)nm amorphous carbon grain's, though the estimates for the 

grain sizes range up to a few hundred nanometers. The absolute 

magnitude of this star is still in doubt. Estimates range from -3.0 

(Eggen, 1969) to -4.2 (Kilkenny & Whittet, 1984). Saio & Wheeler 

(1983) has shown using theoretical models that: 

0.8 < MIMe < 3.0 

4.1 < log(L/LG) < 4.8. 

This agrees with the .results of Hill et al (1981), based on 

Schonberner's evolution curves for hydrogen deficient objects, which 

give: 

MIMG = (1.25 +1- 0.25) 

log(L/LG) = (4.2 +1- 0.2 ). 
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2.3.1.3 S Apodis - SAps first appears in the Cape Photographic 

Catalogue of 1894. It was only scantily observed up until about 1960. 

Since, it has been well observed at visual wavelengths. Kilkenny 

(1983b) published light curves for the period 1960 - 1982 (See Figure 

2.9). Using quadratic fits to this data, he found that SAps was a 

semi-regular variable of amplitude <0.2 magnitudes and period 

(138.7 +/- 0.9) days. He also found an astonishing value for k (the 

growth rate) of (-0.184 +/- 0.07) days/period. This value is hard to 

explain as no model of hydrogen deficient stellar evolution has such a 

large k. Roser's (1975) values are the largest in the literature and 

these are a hundred times smaller than the above k. If this k is 

correct, there are two possibilities according to Kilkenny (1983a): 

(i) Schonberner (1975) has shown that for stars with 

stellar masses < 0.65 solar mass the helium flash 

does not occur and that it is possible for a star 

to collapse under gravity in a few hundred years, 

rising rapidly in effective temperature as it does 

so. 

(ii) Schonberner (1979) has shown that stars on the 

asymptotic giant branch (AGB) with steady mass 

loss can undergo helium flashes at low effective 

temperatures (4000 K), which cause extensive blue 

loops with time scales of about a 1000 years. The 

rapid changes in effective temperature give k of 

about -0.04 days/period. The problem with this 

mechanism is that the models assume normal main 

sequence abundances initially (X = 0.74). The 

loss of the hydrogen envelope poses a problem, as 

no mechanism for this is known. 
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Kilkenny (1983b) shows that there has been a mode change in SAps 

sometime between the 1971 deep minima and 1980, the new period being 

(39.8 +/- 0.2) days with a k of (0.019 +/- 0.019) days/period (least 

squares fit). This change can clearly be seen in Figure 2.10 • 

Kilkenny also notices that the amplitude of these small variations 

seem more prominent during or just after the recovery of the star from 

a deep minimum. 

Glass (1978) observed that the carbon feature is very strong in 

SAps, but states that this is probably due to a low effective 

temperature, rather than high carbon abundance. Payne-Gaposchkin 

(1963) found an effective temperature of (4200 +/- 500) K for SAps, 

which was later confirmed by the broad band photometry of Kilkenny & 

Whittet (1984). Kilkenny & Whittet (1984) also found a circumstellar 

opaque isothermal shell temperature of (800 +/- 50) K which fits the 

observations well. 

2.3.1.4 UW Centauri - Since OW Cen was discovered in 1885 it was 

infrequently observed beyond classification as an RCB star. The first 

systematic observing programme on OW Cen was by Bateson 

(1972, 1974, 1975 and 1978) from 1956 to 1978 and shows clearly that 

OW Cen undergoes small amplitude ( <0.4 mag.) semi-regular variations 

with a period of about 43 days (see Figure 2.11) in its visual light 

curve. Kilkenny (1983b) analysed the available visual data and found 

a period of (42.82 +/- 0.09) days with a growth constant (k) of 

(+0.003 +/- 0.0004) days/period. This disagrees with Schonberner's 

(1977) evolution of low mass hydrogen deficient stars where k is about 

-0.0001. 
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Figure 2.11 : This Figure shows the semi-regular 
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Bateson (1972, 1974, 1975 and 1978) 

2-29 

)!{ 

:a: 

;g; 
~ 
:a: 

~ 

j 

J 

~ 
I 

I 
j 
~ 

o 
o 
o 
--:t 

o 
o 
t.n 
o 
-.:t 

o 
o 
o 
o 
-.:t 

o 
o 
t.n 
0-
f'I') 

o 
o 
o 
0-
f'/') 

o 
o 
t.n 
CD 
f'I') 

o 
o 
o 
CD 
f'/') 

o 
o 
t.n 
f'-
f'I') 

o 
o 
o 
f'-
f'I') 

o 
o 
t.n 
'D 
f'I') 

, 

o 
o 
o 
'D 
f'I') 

o 
o 
t.n 
t.n 
f'/') 

o 
o 
o 
t.n 

t.n 

--:t 

o f'/') 

t.n 

+ 
o 
o 
o 
o 
o 
-.:t 
N 
o 
-; 



OBSERVATIONS OF THE RCB GROUP 

Kilkenny & Whittet (1984) estimated the effective temperature of 

the star to be (6000 +1- 500)K from their broad band photometry. They 

found it hard to fit an opaque isothermal shell to the infra-red 

observations and concluded that the shell in this case could not be so 

simplified (the best fit was about 700 K). This agrees with the 

spectral analysis of Feast & Glass (1973), who found a typical RCB 

spectra and a spectral type of R
3

• 

2.3.1.5 LR Scorpii - LR Sco was classified as an SR variable of 

period 104.4 days and amplitude 1.4 magnitudes by Shapley & Swope 

(1934) and later Kukarkin et al (1970). Recently Stephenson (1978) 

found that its spectrum was typical of the RCB group, i.e., no Balmer 

lines and a strong carbon feature. 

Carter et al (1979) found that the star had a typical RCB infra-red 

excess and argued that it should be classified as an RCB star. Its 

spectral class is Fp which at least places it in the right part of the 

HR diagram. The main problem with this classification is that the 

star does not appear to have ever faded during all the years it has 

been observed. If it does prove to be a member, then its long period 

wou1 d he1 p to 

(Kilkenny, 1983b) 

RCB's. 

confirm the mode change detected in SAps 

by showing that long period variations do exist in 

2.3.1.6 XX Came10parda1is -

xx Cam was discovered in 

recorded deep minimum in 

1948 by Yuin (1948) 

1939/40 (JD2429631.573). 

after its only 

Bide1man (1948) 

then showed by spectral analysis that XX Cam belonged to the RCB 

group, and also that it was a 'hot carbon star'. 

2-30 



OBSERVATIONS OF THE RCB GROUP 

Bidelman (1951) gives the following data: 

m = 8.7-10.3 v 

V = +15.9 KM/SEC (Radial Motion) rm 

Spectral type = F 
P 

The classification of this star was later confirmed by Warner (1967). 

Fernie (1971) shows that XX Cam has no Cepheid-like pulsations in its 

light curves at U, B and V wavelengths, confirming the findings of 

Landolt (1968) who found that the visual magnitude at maximum light 

was 7.32 magnitudes. Since then Totochava (1973, 1975) observed that 

a 40 day variation was present at UBV wavelengths (See Figure 2.12) 

during the period 1971-1973. Also, there appeared to be a rapid 2 

hour, small amplitude «0.2 mag.) variation in V, though the 

observations at UBV wavelengths were too widely spaced to notice such 

a rapid variation in their light curves. The first high dispersion 

spectrogram was taken by Bidelman (1948) who found the following 

atmospheric parameters: 

Vturb = 9 +/ -1 KM/SEC 

m v = 7.35 

Teff = 5,800 +/- 500 K 

Spectral type = G2• 

Orlov & Rodriguez (1974) gives abundances that agree with those found 

by Bidelman (1948). Wallerstein et al ( 1984) show from their 

spectral analysis of the surface of XX Cam; that XX Cam and R CrB are 

the only stars to show the activity of the Ne - Na burning cycle. 
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Cottrell & Lambert (1982) gives a detailed array of elemental 

abundances together with some other useful atmospheric parameters: 

Log(g) = 0.0 +1- 0.3 

Teff = 7,000 +1- 250 K 

[C]/[He] = 0.003 (by volume) 

[H]/[He] < 0.0001 (by volume). 

Shenavrin et al (1979) cast doubt upon XX Cam belonging to the RCB 

group, pointing out that it has undergone only one deep minimum since 

m 1895, and that this was a relatively shallow (about 1.7) symmetric 

one, instead of the usual asymmetric deep minima, characteristic of 

the RCB class. Also no appreciable infra-red excesses have as yet 

been found around XX Cam. This indicates that it probably belongs to 

the hydrogen deficient carbon class of stars rather than the RCB class 

of stars. 

2.3.2 Other RCB Stars 

2.3.2.1 UV Cassiopeiae - UV Cas was found to be variable by D'Esterre 

(1913) and from this minimum Ludendorf (1919) placed it in the RCB 

group. Payne-Gaposchkin & Gaposchkin (1938) doubted the membership 

of UV Cas in the RCB group and this seemed to be verified by Weber 

(1966) in his observations between 1945 and 1965, in which UV CAS does 

not appear to undergo any more deep minima. Its membership was 

doubted even more when Zavatti & Burchi (1975) published further 

observations from 1965 to 1975 in which no deep minima occurred. 

Finally Rao (1980) observed a deep minimum for this star in the late 

seventies and also argues that its spectrum shows classic RCB Signs, 

i.e., no Balmer lines and a strong carbon feature. UV Cas also has a 

large infra-red excess typical of the RCB group. 
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2.3.2.2 SU Tauri - SO Tau was first visually observed by Miss Cannon 

in 1906, though it was not classified as an RCB until Pickering 

(1908), who observed SU Tau during a deep minimum, and confirmed his 

findings by looking at Harvard patrol plates back to 1885. SU Tau is 

not circumpolar, making it impossible to get complete light curves. 

Nonetheless, it is the second best observed Northern hemisphere RCB 

after R CrB itself. 

Bidelman (1953) took a high dispersion spectrum of SO Tau in which 

though the C2 bands were weak, the C I lines were strong indicating a 

spectral class of GO • The next major discovery was made by Low ep 

(1970) and confirmed by Geisel (1970) that SU Tau has an infra-red 

excess. They gave the circumstellar shell a temperature of 1450 K 

based on their photometry. Yashmita (1974) finds that SU Tau has a 

radial velocity of (58 +/- 5) km/sec. This along with its galactiC 

co-ordinates (See Table 2.1) indicates that it could be a disc star. 

Howarth (1976) shows that the minima follow Poisson statistics with a 

time constant of (1143 +/- 220) days. Thus it would appear that 

SU Tau is perfectly aperiodic in nature. Yashmita's analysis of the 

light curves dating back to 1885 therefore show that there is no 

semi-regular behaviour with amplitude greater than 0.04 magnitudes. 

Shenavrin et al (1979), from his broad band photometry, has shown 

that SU Tau is best fitted by a supergiant F8 I (T
eff 

= 6000 K) 

surrounded by an opaque isothermal shell of temperature <900 K. 
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2.3.2.3 W Mensae -

W Men was discovered in 1927 by Luyten, who noticed it had the deep 

minima peculiarities of the RCB type variables and so assigned it to 

the RCB group. W Men was then virtually unobserved until 1956 when 

Feast (1956) took a high dispersion spectrogram of it. From this 

spectrogram he derived its absolute magnitude, effective temperature, 

radial velocity and spectral type along with an estimate of its visual 

magnitude: 

M abs = -5.4 

m < 16.0 
v 

V rad = +260 KM/SEC 

Teff = (6000-7000) K 

Spectral type = S.gt. F5-GO• 

The next paper of any significance was again by Feast (1970), in 

which the question of the mass of RCB's is raised (later found by 

Wheeler (1978) to lie within the range 0.8-2.5 Me). In this paper, a 

better estimate of -5.2 for the bolometric magnitude at maximum light 

is given, along with corrected differential magnitudes. Glass (1972) 

finally fixed W Men's visual magnitude at maximum light to be 13.83 

and assigned it a spectral type of F8:I. Later, Glass (1976) found 
p 

an effective temperature of 6,500 +/- 500 K by fitting black body 

curves to colour diagrams of the star. 

2.3.2.4 WX Corona Australis - Other than infrequent observations 

after it was classified as an RCB, little appears in the literature 

until Payne-Gaposchkin (1963) made a spectroscopiC analysis of the 

star. She found that WX CrA was of spectral type R5 and assuming that 
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it was a 1 solar mass star of absolute magnitude -4 assigned an 

effective temperature of (3700 +1- 500) K. Glass (1978) showed that 

it has a very strong carbon feature, although he pOints out that this 

is probably due to the low effective temperature and not to high 

carbon abundance (compared with other RCB stars). Kilkenny & Whittet 

(1984) carried out an analysis on his broad band photometry of this 

star and found that a star of effective temperature (5000 +1- 1000) K 

surrounded by an opaque isothermal dust shell of temperature 

(900 +1- 50) K fitted the observations quite well. The temperature of 

the dust shell was later confirmed by Walker (1985) using IRAS data 

(See Figure 2.13 for WX CrA's light curve). 

2.3.2.5 RS Telescopii - RS Tel first appears in The Cape Photographic 

Catalogue (1905). other than being classified as RCB in nature it 

appears infrequently in the literature until 1963, with the exception 

of a high dispersion spectral analysis by Bidelman (1953). In this 

analysis, Bidelman (1953) found that the hydrogen lines were very weak 

and the carbon feature was very prominent, with strong CN bands also. 

This confirmed its membership of the RCB group. Feast & Glass (1973) 

also found some He I lines in its spectrum, during a deep minima, as 

seen in other RCB stars. 

Payne-Gaposchkin (1963) fitted a model atmosphere to her spectra, 

found an effective temperature of 2500 K and assigned the star a 

spectral type of R8• The effective temperature was found to be 

(5000 +1- 500)K by Kilkenny & Whittet (1984) from a black body fit to 

their broad band photometry. The circumstellar shell was found to be 

fitted best by an isothermal opaque shell of temperature 

(800 +1- 50)K. This value is supported by IRAS observations in Walker 

(1985). See Figure 2.14 for RS Tel's light curve. 
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Figure 2.13: This Figure shows the light curve 
of wx erA taken from Bateson (1975). 
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Figure 2.14: This Figure shows the light curve 
of RS Tel also taken from Bateson (1975) 
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2.3.2.6 RZ Normae - RZ Nor seems to have been little observed after 

it was placed in the RCB group, until Feast & Glass (1973) carried out 

broad band photometry and found that it did not appear to have any 

infrared excess. This cast doubt upon its membership of the RCB 

group, and this view was further compounded by the uncertainty of any 

C2 lines in its spectrum. It was not until Glass (1978) observed 

RZ Nor and found strong infrared excesses, that this doubt was 

dispelled. The reason for the doubt, on closer examination, was due 

to observing the wrong star. Kilkenny & Whittet (1984) found that the 

fluxes from the broad band photometry were best fitted by a star of 

effective temperature (5000 +1- 500) K surrounded by a circumstellar 

shell (assumed isothermal and optically thick) of temperature 

(700 +1- 50) K. The temperature of the circumstellar shell was 

confirmed by Walker (1985) using IRAS observations. RZ Nor is notably 

redder than most of the RCB group (excepting RT Nor and GU Sgr). A 

light curve of RZ Nor is shown in Figure 2.15 • 

2.3.2.7 U Aquarii - U Aqr seems to have been first observed in any 

detail by Feast (1975), who found it to have infrared excesses. U Aqr 

went through a normal RCB type fading in 1977. The main feature of 

U Aqr that warranted attention was found in the spectra of Bond et al 

(1979). As well as the usual strong carbon feature, Y II and Sr II 

lines were found, making it the first RCB star to show s-process 

elements in its atmosphere. The evolution and hydrodynamic modelling 

of this star is presented in Malaney (1985) 
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Figure 2.15: This Figure shows the light curve 
of RZ Nor, taken from Bateson (1975) 
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Figure 2.16 This Figure shows the light curve 
of DY Cen, taken from Bateson (1975). Note that 
there are no deep minima in thi.s . p~riod of 
observation. 
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2.3.3 Hot RCB Stars 

2.3.3.1 DY Centauri - DY Cen has undergone few deep minima. In 4000 

days of observation by Bateson (1975), DY Cen did not fade once (see 

Figure 2.16). Further doubt about this star belonging to the RCB 

group was raised when Feast & Glass (1973) found no infra-red excesses 

at L wavelengths. Feast & Glass (1973) also found that all the 

spectral lines, including the calcium H & K lines were weak and that 

the star was bluer in the UBV region than most other RCB stars. Glass 

(1978) found similar results. 

Kilkenny & Whittet (1984) found infra-red excesses at M though not 

at L or N and concluded that the star has complex fluxes that may be 

similar to those seen in MV Sgr. From a rough black body fit to the 

data, a star of effective temperature 10,000 K surrounded by 

circumstellar material of temperature <800 K is as good a model as 

any, short of a detailed model of the star. 

2.3.3.2 V348 Sagittarii -

V348 Sgr was discovered to be variable independently by Woods 

(1926) and Schajn (1929). Parenago (1931), on the basis of the first 

light curve, classified it as an RCB object. Hoffliet (1958), after 

re-examining the star for the period 1900-1954, concluded that during 

the period JD2417500-JD2425000 it did indeed have an RCB type light 

curve. But since then its light curve has been more like that of a 

semi-regular variable. V348 Sgr was reported to spend most of its 

time near either maximum or minimum light, with quite rapid 

transitions between extremes (30-60 days rise, but decline was 

somewhat more rapid). The star shows quite frequent changes between 

extremes (150-250 days). The extremes are generally about 

magnitudes (see Figure 2.17) in size. 
2-40 
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High dispersion spectroscopy was carried out by Houziaux (1968) who 

found that it was a hydrogen deficient carbon object with strong C II 

lines in spectra. The spectra were reported by Houziaux (1968) to be 

nebula-like during minima and that P Cygni profiles were present at 

shorter wavelengths. Webster & Glass (1974) attempt to link V348 Sgr 

with a small group M4-18, He2-113 and CPD-56 8032 which are apparently 

old disc population stars in a late stage of evolution. These 3 form 

a natural extension of planetary nebulae with WC nuclei towards 

slightly cooler temperatures. Allen et al (1982) point out that there 

may be a connection between MV Sgr and V348 Sgr, both being hot RCB 

type objects, and with similar spectra. 

From Feast & Glass (1973) and Roche & Aitken (1984) V348 Sgr is 

modelled, using a simple black body fit to broad band photometric 

data, as a star of effective temperature 10,000 K surrounded by a 

'shell' of material at 900 K. Hence, along with MV Sgr, this is a hot 

RCB object and could indicate a later/earlier stage of evolution than 

the rest of the RCB group. 

2.3.3.3 MV Sagittarii -

Miss Wood first found that MV Sgr was variable in her 1928 paper. 

Although it was not confirmed to be variable and a possible member of 

the RCB group until 1958 (Hoffliet, 1958). This membership was later 

confirmed by Herbig (1963). Using the photometry and spectroscopy of 

Hoffliet's paper, he found the following stellar parameters near 

maximum light: 

Teff = 20,000 K 

V d = -68 +/- 3 km/sec ra (20 blended lines) 

m = 11.38. v 
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Herbig (1963) also noted that He I was the predominant spectrum 

with a fainter underlying C II spectrum. Indeed the object appeared 

to resemble BD+10 2179 in most aspects except that MV Sgr also had 

faint Ne II lines in its spectra. In 1975, Herbig (1975) noticed that 

MV Sgr has forbidden Ca II lines in its spectra, which are quite rare 

in stellar objects, there being only a few objects known to have them. 

Freidjung & Viutti (1976) completed some theoretical work on the 

observed data using model atmospheres and found, assuming an optically 

thick circumstellar cloud, that: 

R* > 4.6 Re 

Teff = (16,000 +1- 5,000)K 

R i = (26-45) R* c rc 

T i = (1500-2000) K. c rc 

Freidjung also derives the evolutionary sequence which is 

attributed to Heber & Schonberner (1981) who produced extreme HdC 

evolutionary sequences across the RCB region of the HR diagram. From 

these results, the following relation was shown to exist for these 

sequences: 

Log(Teff ) = 3.7 + 0.25 Log(g). 

Freidjung also obtains an over-estimate of the effective 

temperature of 19,600 K by neglecting all back warming from lines 

other than those due to He I. He does point out that the majority of 

RCB's have temperatures below 8,000 K and that: 

Log(L/Le) = 4.1 +1- 0.5 • 
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Drilling et al (1984a) place the effective temperature firmly at 

16,000 K, by using full back warming in their analysis of IUE data. 

They note that MV Sgr is very similar to HD124448 in all respects in 

the ultraviolet, except that HD124448 only has stronger C II lines and 

no infra-red excess, and pose the question of whether this similarity 

may indicate some evolutionary connection between extreme He stars and 

MV Sgr. It seems more probable that extreme He stars come from HdC 

stars (Drilling et aI, 1984b), and MV Sgr evolved from RCB stars on 

the ground that MV Sgr has an infrared excess while HdC stars do not. 

A light curve of MV Sgr can be seen in Figure 2.18 

2.4 REVIEW OF LINEAR MODELS 

This Section is a brief review of linear non-adiabatic models of 

the RCB stars. There are 6 main papers in the literature Saio 

(1982), Saio & Wheeler (1983, 1985), Saio et al (1984), Cox & 

Stellingwerf (1980) and Wood (1976). The majority of this work has 

been done for abundances (0.0,0.9,0.1) and (0.0,0.98,0.02) using 

either the codes in Castor (1971) or the modified Castor (1971) codes 

in Saio (1983). In these codes, convection is treated using mixing 

length theory (mixing length = 1.5 x pressure scale height) in the 

initial equilibrium model. The reason for it not being included in 

the dynamic stage is that the theory is not very good and for the 

region of interest, (Teff > 6000 K) convection carries only a small 

part of the flux. The outer boundary condition of total reflection 

was brought into doubt by Wood (1976), who thought that a running wave 

boundary condition would be more appropriate (due to the fact that his 

models showed running waves in their outer envelope). Saio (1984) 

showed from theory that the reflective boundary condition was quite 

acceptable as long as the pulsation frequency remained larger than a 
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critical frequency (see Saio (1984) appendix B for proof). He also 

demonstrated that in all his models this criterion was met, though 

some came quite close to the critical frequency. 

Cox & Stellingwerf (1980) found 'strange modes' which they 

attributed to some envelope ionisation mechanism. Saio (1982) defines 

them by the He I stabilisation effect they have in contrast to 

de-stabilisation usually observed for ordinary modes. This can be 

clearly seen if the work curves of the strange modes (Saio, 1982; Cox 

& Stellingwerf, 1980), which show damping in ionisation zones, are 

compared with ordinary mode work curves (Cox, 1974) which do not. 

This damping type behaviour is also seen in secular modes 

(Hansen, 1978) and has led Saio (1984) to associate these with the 

'strange modes'. He pOints out that for high Teff (log(T
eff

) > 4.1) 

the He I zone is very near or outside the outer boundary and this 

makes mode identification difficult. 

Wood (1976) and Saio (1984) found the following trends of the 

periods in their linear analysis (P
k 

= period of mode k): 

(i) Pk-Pk- 1 increases with increasing (LIM) 

(ii) P1/Po increases rapidly with L for given mass 

(iii) (P d - P d) increases with increasing L nona a 

(iv) nonadpk -> ad P
k 

for lower Teff (log(T
eff

) < 3.88) in 

many cases 

nonad ad ) ) (v) Pk -> Pk+1 for higher Teff (log(Teff >3.88 

in many cases. 

The strange modes behaved in a more complex manner, having sequences 

of their own in log(P)-log(Teff ) diagrams (especially at higher 

luminosities and effective temperatures), or appearing in the middle 
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of ordinary mode sequences (especially at lower luminosities and 

effective temperatures). The models of Wood (1976), Cox & 

Stellingwerf (1980) and Saio (1984) find good agreement between their 

models' strange modes, though some of those found by Cox & 

Stellingwerf (1980) are very non-adiabatic ordinary modes. Saio 

(1984) splits the strange modes into 3 distinct types with the 

following properties: 

TYPE I Long periods with relative low Teff 

TYPE II 

TYPE III 

Short period high harmonic for Teff < 3.9 

Fundamental or low harmonics for Teff > 3.9 

Saio (1984) notes that when a strange mode sequence crosses an 

ordinary mode sequence in the 10g(P)-10g(Teff ) diagram, that the 

ordinary mode is stabilised. Although at relatively high Teff 

(log(Teff ) > 4.1) it becomes unstable again. This might explain the 

sTable region found for the first overtone in his HR diagram (see 

Figure 2.19). From Figure 2.19 it can also be seen that the blue edge 

behaves peculiarly at very high luminosities, in that it shows a 

marked blueward shift above some critical luminosity. This was also 

seen by Wood (1976) and Cox & Stellingwerf (1980) in their models. 

This effect was thought to be due to extreme non-adiabatic effects 

which somehow cause damping interior to the He II ionisation zone. 

The following characteristics were found for Lcrit : 

(i) Lcrit increases with increasing mass 

(ii) A compOSition change from Z =0.1 to 0.02 causes a 
c 

30 per cent increase in Lcrit (This is probably due 

to the product of opacity and luminosity in the 

radiative transfer equation) 

(iii) Strange mode periods decrease as Teff decreases 

(Teff < 6000) below Lcrit 

(iv) Strange mode periods increase as Teff decreases 

(Teff < 6000) above Lcrit • 
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Saio (1984) thought that the small amount of hydrogen might explain 

these strange modes and so he constructed models using opacity Tables 

containing the observed quantity of hydrogen (X=0.0001). He found 

that the inclusion of this small amount of hydrogen did cause quite 

large changes in opacity for Teff < 6000 K (neglect of convection 

would probably cause greater deviations than this), but insignificant 

changes for the region of interest. He also showed that the periods 

and stability coefficents are insensitive to the opacity gradients 

throughout the stellar envelope, except in the region just below the 

He II ionisation zone (most of the pulsation K.E. is locked up in 

this region). 

Saio (1984) shows that the non-adiabaticity of these objects is due 

to the large LIM ratio and that in objects with slightly lower LIM 

ratios (i.e., Cepheids or RR Lyrae stars) the non-adiabaticity is 

confined to, or above, the ionisation regions. Thus the regions in 

which most of the pu1sationa1 K.E. is locked are unaffected; the 

periods are unchanged and no strange modes are apparent. 

Non-adiabaticity has been noted to be larger for increasing Teff and 

LIM ratios; higher modes also tend to be more non-adiabatic than lower 

modes. 

In Saio (1984) the following observations and explanations were 

made for the observed phase changes in the modes with depth: 

ORDINARY MODES Phase increases from centre to surface 

with a total phase change n PI (n = mode) in the adiabatic 

limit, or (n+1) PI in the non-adiabatic limit. The 

displacements form a standing wave towards the centre, 

though the phase changes are not discrete due to 
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non-adiabaticity in outer layers. The increase in phase can 

be explained if we assume that they are acoustic waves, 

i.e. , 

nonadC s 
= isothermC s 

< adC s :. d(phase) increases 

STRANGE MODES Phase decreases from centre to surface with 

a total phase change approaching 0 for the non-adiabatic 

limit, or one of two values for the adiabatic limit. That 

is, TYPE II strange modes appear to approach a finite phase 

change, while TYPE I strange mode phases tend to increase 

indefinitely. The TYPE I behaviour is explained if we 

assume they are thermal waves. i.e., 

nonadC -> 
therm 

adC -> 
therm 

infinity 

o 

:. d(phase) -> 0 

:. d(phase) -> infinity 

The following explanations and results are based entirely upon Saio 

(1984) and specifically his 'alpha' experiment in which he altered the 

non-adiabaticity of a model by multiplying the ratio of the thermal 

timescale to dynamic timescale by a constant factor, alpha (alpha ; 0 

for non-adiabaticity and infinity for adiabaticity). For clarity the 

results and hypotheses will be presented in modular form. 

ORDINARY MODES In the 'alpha' experiment Saio (1984) 

found that lw: (where lwl is the modulus of the complex 

frequency) decreased slowly as alpha increased (becomes 

adiabatic) and that around alpha = 1 the modes change to 

strange modes, reverting to ordinary modes at high and low 
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alpha's. These are essentially long wave acoustic modes in 

which the adiabatic mode (i) changes considerably with 

increasing non-adiabaticity (alpha) approaching the period 

of adiabatic mode (i+1) in the extreme non-adiabatic limit. 

This increase is explained by the fact that the adiabatic 

sound speed is greater than the non-adiabatic (isothermal) 

sound speed resulting in a large change in the wave number 

(K). Why the phase changes by PI between the extremes is 

not known. 

STRANGE MODES The 'alpha' experiments show that the 

periods of these strange modes are insensitive to the value 

of alpha. This leads to the conclusion that the 

'strangeness' of these modes is confined to the outer 

regions, i.e., as the period is set by the region just 

interior to the He II ionisation zone, the 'strangeness' 

must occur in or exterior to the He II ionisation region. 

TYPE I: In the 'alpha' experiment Saio (1984) found that 

Iwl decreases as alpha increases (becomes more adiabatic) 

and that Iwl is roughly proportional to 1/alpha. These are 

essentially secular (thermal) modes and have been studied in 

some depth by Hansen (1978). 

TYPE II: In the alpha experiment Saio (1984) found that 

Iwl increases as alpha increases (becomes more adiabatic) 

and that Iwl is roughly proportional to alpha. This type of 

strange mode only appears in the adiabatic to non-adiabatic 

tranSition of an ordinary mode. Such a transition requires 

that Iw x alpha I approximately equals Iw 2 1 and indicates 
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that this condition is necessary for the appearance of these 

modes. This condition is met when Iwl _ alpha and for such 

modes the energy involved in accelerating the material is 

comparable with that of heat exchange. Hence, TYPE II 

strange modes can be said to be present when strong coupling 

between acoustic and thermal waves occurs. 

The condition Iwl _ alpha occurs just below the He II 

zone in RCB objects (the region where most of the 

pulsational K.E. is locked), resulting in strong 

dissipation of pulsational K.E. (damping) and stability. 

This probably explains the appearance of the stabilty strip 

in the HR diagram for the first overtone of the 1 solar mass 

models (see Figure 2.19). It also explains the 

stabilisation of ordinary modes in log(P)-log(T
eff

) diagram 

when crossed by a TYPE II strange mode. 

TYPE III: In the 'alpha' experiment Saio (1984) found that 

Iwl increases very slowly with alpha and that these modes 

only occur during the transitions of TYPE I or TYPE II 

strange modes to ordinary modes. These modes occupy a broad 

band of Teff (for Teff > 1000 K) in the log(P)-log(Teff ) 

diagram due to their insensitivity to alpha, and behave in a 

similar manner to adiabatic ordinary modes with T
eff

• This 

probably means that they are due to some kind of weak 

coupling between thermal and acoustic waves. 

Saio (1984) also notes from his 'alpha' experiment that increasing 

luminosity causes the thermal timescale to dynamic timescale ratio to 

fall rapidly in and just below the He II region. When alpha has 
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fallen enough (extreme non-adiabaticity) in these regions, the 

luminosity perturbations become 'frozen in' (see Cox (1974) for a 

description of 'freezing in' effects) which decreases the effects of 

driving/damping of the region. This ratio falls faster in the 

radiative damping zone than in the He II ionisation zone, resulting in 

a greater 'freezing in' of radiative damping zone, compared to that of 

the He II ionisation zone. Hence increasing luminosity causes less 

damping and could result in a b1ueward excursion of the blue-edge. It 

could even explain the critical luminosity seen in blue edges. 

2.5 REVIEW OF NON-LINEAR MODELS 

In the literature only four papers mention non-linear models of RCB 

type objects, these being King et a1 (1980), Trimble (1972), Wood 

(1976) and Saio & Wheeler (1985). The latter's paper is primarily 

concerned with linear non-adiabatic models and only mentions the 

non-linear models briefly. This review is therefore based mainly on 

the work done by Trimble (1972). 

Trimble (1972) reports that the model with (MIM0,L/LO,Teff) = 

(1,104,6000) was violently unsTable and never produced a repeaTable 

light curve (this is similar to the results that Wood 1976 reports for 

the Po mode in his model with the same parameters.) TRIMBLE's other 

two non-linear models with parameters (2,5x103,6000) and (2,104,6000) 

settle down to steady pulsations with roughly constant period and 

irregular amplitudes. (Again Wood, 1976 reports similar results for 

his P,,2 and P2 ,3 modes.) From this limited number of models she draws 

the following comparisons with Christy's (1966b) work on W Virginis 

type stars: 
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(i) Both RCB and W Virginis models showed violent 

behaviour in the high LIM limit, with the upper 

model layers lifting off and falling back every 

second period, producing alternate maxima and 

minima in light amplitudes. 

(ii) In both models the light curve had a 'shoulder' 

(see Figure 2.20) on the decline from maximum 

light. Trimble (1972) however pOints out that 

Christy's (1966b) light curve for W Virginis is 

much smoother. 

(iii) Both sets 

values 

of models have large Q = P(PIP )1/2 o 
(0.056) in comparison with Christy's 

(1966b) models of RR Lyrae which have lower Q 

values. 

These similarities would seem to indicate that the overall 

characteristics of the star's light curves are governed by the high 

LIM ratio rather than the exact composition of the star. 

Trimble (1972) found that, though her models had roughly correct 

velocity amplitudes (after dividing by a correction factor of 1.33; 

see Parsons 1971 for explanation of where this factor comes from), the 

luminosity and temperature amplitudes were too large and out of phase 

when compared with the observations. Trimble (1972) puts this down to 

incorrect opacities in the atmosphere of the models and also the lack 

of convection, which would be present in real stars. 
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Figure 2.20: A theoretical light curve of one of 
Trimble's models published in her 1972 paper 
(Trimble, 1972). 
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From her results she concludes that RCB objects probably have LIM 

4 ratios « 10. Wood (1976) found for his hotter models 

(log(Teff ) =4.0 and 4.08) that at minimum the light curves showed 

sharp dips due to a shock wave reaching the surface at Rmin causing a 

rapid reversal in the velocity. 

Since these four papers there have been no further attempts to 

produce non-linear models of RCB objects (or very high LIM objects). 

2.6 EVOLUTION OF THE RCB GROUP 

From observations we know that at least three of the RCB group of 

stars are undergoing a change in their periods; these are RY Sgr, 

UW Cen and SAps. The latter of which has a k (change in 

period/period) of -0.388, which is far too large for present evolution 

calculations and hence will be ignored for the majority of this 

discussion. From the work of Kilkenny (1982) and Marraco & Milesi 

(1982) we know that RY Sgr has a k of _10-3 to -1.5 x 10-3 and UW Cen 

a value of k between 0.006 and -0.012 with 0.006 having the best fit. 

As the periods of the fundamental mode decrease with increasing 

effective temperature on the upper horizontal branch of the 

evolutionary track of extreme helium stars (see Figure 2.21 for a 

sample evolutionary track, or Schonberner, 1977), and as stars 

modelled in this region by Weiss (1986) with RY Sgr's parameters, are 

in good agreement with its observed period and k; it seems likely that 

RY Sgr is indeed evolving along the upper horizontal branch from the 

supergiant region to the white dwarf region of the HR diagram. On the 

other hand, UW Cen would appear to be evolving along the lower 
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luminosity branch of the evolutionary track, though the value of k is 

still too uncertain to be sure about this. 

Having given a brief outline of the probable evolution of two of 

the better observed RCB objects, let us now consider evolutionary 

limitations on the group as a whole. Assuming that all RCB's have a 

homogeneous compOSition, we see from Habets' (1985) evolutionary 

models of extreme helium stars with MIMe> 2.9 that the effective 

temperature never drops below 7,000 K and thus excludes the majority 

of the RCB group. His evolutionary models with 2 < MIMe < 2.9 became 

m too luminous (> -6.3) for all known RCB objects as well as the 

stability strip being too "hot" for the cooler RCB objects and too 

cool for the "hotter" RCB objects. Also the models with masses 

> 2.0M0 had positive k values, in contradiction to the k's found for 

RY Sgr and SAps. Thus it seems likely that all RCB objects have 

masses < 2M0 • 

Weiss (1986) has shown that although extreme helium models with 

masses between 0.9Me and 2.0MG can be evolved down to effective 

temperatures of 4,000 K and have luminosities in the accepted RCB 

range (2,000L0 - 20,000L0 ). That these models when leaving the red 

edge of the RCB region have luminosities greater than those observed 

amongst the RCB objects (the lower mass limit here is dependent upon 

the maximum luminosity allowed, which in turn is dependent on 

observation and correction errors). Hence models in this mass range 

can only describe RCB's if they are on the lower luminosity branch of 

the evolutionary track (see Weiss, 1987). These models have negative 

k values and hence probably do not include most of the RCB objects 

(ow Cen may possibly be described by these models). 
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Weiss (1986) and Law (1982) have shown that models of 0.9MQ and 

1 Me (respectively) evolving along the lower luminosity branch of the 

o evolutionary track, remain stable to pulsation below 7,000 K. These 

models therefore can not account for RY Sgr, R CrB or any of the other 

RCB stars (with perhaps the exception of OW Cen), as not only are they 

stable in the RCB region, but also k has the wrong sign. The upper 

horizontal branch models in this mass range are too luminous for 

observed RCB stars. 

For models with masses between 0.8M~ and 0.9Me , Schonberner (1977) 

has shown that such models evolve through the RCB region of the HR 

diagram on the upper horizontal branch. Not only do they occupy the 

right region of the HR diagram, but they also have the correct periods 

and k values. The models also extend to high enough effective 

temperatures to include all but the two hottest RCB objects (whose 

membership of the RCB group is in doubt, anyway). From these models 

Weiss (1987) infers that all RCB's, with perhaps the exception of 

OW Cen, V348 Sgr and MV Sgr, have masses in the range (0.8-0.9)Me and 

are evolving along the upper horizontal branch of the evolutionary 

track. He also points out that other extreme helium stars with 

slightly higher effective temperatures do not pulsate and that the 

instability is probably the cause of the RCB syndrome. This is 

supported to some extent by the fact that the demarcation between the 

two groups of objects appears to be about where the blue edge of the 

instability strip occurs. Finally, he pOints out that stars on the 

lower luminosity branch of the evolutionary track will be either 

stable or have shorter periods than those on the upper horizontal 

track and hence, given detailed observations, it should be possible to 

tell which branch of the evolutionary track the stars are evolving 

along. 
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Thus the ReB group appear to have masses in the range (0.8-1.2)Me 
and to be evolving along the upper horizontal branch of the 

evolutionary track, from the red supergiant region to the white dwarf 

region of the HR diagram. They also appear to be unstable to 

fundamental, very non-adiabatic, radial pulsations which may be the 

cause of the ReB syndrome. 

2.7 SUMMARY OF ReB OBSERVATIONS 

From the above summation of observations in the literature, it can 

be seen that the average ReB star has a mass between 0.8 and 2.0 solar 

masses and an absolute magnitude between -4 and -6. This typical ReB 

star is a hydrogen deficient, 

temperature in the range (5,000 -

carbon 

7,000) 

object, with an effective 

K. The central star is 

surrounded by circumstellar clouds of small amorphous carbon grains 

which are probably maintained by irregular ejection of 'soot' from the 

star itself. If this average ReB star pulsates, it will be a small 

amplitude pulsation of <0.5 magnitudes and have a period of between 40 

and 60 days 

change quite 

(fundamental pulsator ?). The periods will probably 

rapidly with time (k - -0.00001 dys/period) due to 

evolutionary effects upon the star. 

The exceptions to this typical star are generally hotter and hence 

are probably at an evolutionary stage, either before or after the ReB 

stage of evolution. The fossil shell found around MV Sgr seems to 

indicate that these hotter objects are post- rather than pre-ReB in 

their evolution. The recent discovery of hydrogen lines in V348 Sgr's 

spectrum (Pollacco ,1987), may indicate that these hotter objects are 

not connected with the ReB group at all. 
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The other exception whose membership of this group is in doubt is 

LR Seo, which might perhaps represent a fundamental mode pulsator 

immediately prior to the ReB star stage of evolution. SAps, which 

previously had a period similar to that of LR Seo, appears to have 

undergone a period change to 40 days and seems to support this pre-ReB 

view. 
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3.1 INTRODUCTION 

CHAPTER 3 

PULSATION THEORY 

Shapley (1914) created the theoretical foundation of the postulate 

that the cyclic variability observed in stellar objects was due to 

free adiabatic radial oscillations. Soon after this paper, Eddington 

(1918a,b; 1926) put Shapley's (1914) theories into a mathematical form 

and in so doing established the mathematical theory for the free 

adiabatic radial oscillations of a gaseous sphere. Eddington found 

that free oscillations soon decayed, which was contrary to 

observations. To overcome this problem he postulated the existence of 

a 'driving' mechanism, that would prevent this rapid decay. Eddington 

first considered that the nuclear reactions might supply the required 

'driving'. This has now been shown to be untenable, as the amplitude 

of pulsation in the interior is a million times smaller than that at 

the surface (see Epstein, 1950). 

Eddington (1941) also put forward the idea of a 'valve' mechanism, 

in which some layers in the star would act as a thermodynamic heat 

engine. If a mass element can absorb energy upon compression and 

release it upon expansion, then it can 'drive' the pulsations. This 

is the approach taken by modern theories of pulsation analysis. 



PULSATION THEORY 

To date, three possible 'valve' mechanisms have been put forward. 

Baker & Kippenhahn (1962) stated the following possibility: given an 

opacity law of the form K~Kopn T-S (n,s)O), the opacity may increase 

upon compression if (r3-1) is small enough, e.g., in an ionisation 

region. This would lead to 'damming' of the radiation causing more 

'driving' • Another mechanism based upon the same opacity law was put 

forward by Stellingwerf (1978, 1979). This mechanism, called the 

'bump' mechanism, relies on's' in the above opacity law being either 

large and negative or just less positive, i.e., as in the hydrogen 

ionisation zone. Under these circumstances radiation can be 'dammed' 

even for large (r3 -1) and so may cause 'driving' in some stars. The 

last and most important mechanism is the V-mechanism put forward by 

Cox et a1 (1966) which relies upon the fact that in an ionisation 

region (r3 -1) becomes small, due to energy causing ionisation rather 

than increased temperature. This then 'dams' the radiation upon 

compression. Upon expansion, the gases then de-ionise causing a 

higher temperature than would otherwise be expected and hence 

'driving' • 

Whether or not a particular ionisation region will cause driving in 

a star seems to depend upon whether it lies in or below a transition 

region. This is the region that separates the quasi-adiabatic 

interior from the non-adiabatic exterior. This transition region 

moves outwards in mass for decreasing effective temperature (for given 

mass, luminosity and composition). Above this region, variations in 

the luminosity seem to be 'frozen in', maintaining the values they had 

in the transition region, i.e., despite variations in adiabatic 

luminosity, the luminosity variations become spatially independent. 
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When the He II ionisation region coincides with this transition 

region, the inner part of the ionisation region follows the 

quasi-adiabatic variations and the outer part is 'frozen' to the small 

value the luminosity perturbation had at the transition region. This 

results in less 'damping' and can lead to pulsational instability due 

to more 'driving'. It appears that this coincidence is responsible 

for the whole region termed the 'Cepheid Instability Strip' in the HR 

diagram (the outer hydrogen ionisation region having little effect 

upon the instability). As the effective temperature decreases, the 

hydrogen ionisation region coincides with this transition region, 

giving potentially very strong 'driving'. This driving is, however, 

heavily damped by convection, which brings the star back to stability 

and hence forms the 'red-edge' (this coincidence is probably the cause 

of the red variables, which are only seen at higher luminosities). 

The suggestion that the He II ionisation region was the 'seat' of 

Eddington's 'valve' mechanism was put forth by Cox & Whitney (1958) 

and Aleshin (1959). Work by Baker & Kippenhahn (1967) and Cox (1963) 

confirmed 

mechanism. 

the effectiveness of the He II region 

This mechanism has since been confirmed 

as a driving 

by many other 

studies. A history of pulsation theory may be found in Rosseland 

(1949), Ledoux & Walraven (1958), Zhevakin (1963) and Cox (1980), 

while a good treatise on stellar structure is given in Cox & Giuli 

(1969). 

The rest of this chapter briefly derives the basic dynamic 

equations of stellar pulsation and indicates the approximations and 

assumptions used in each case. The equations derived here will be 

used in chapters 5 and 6, where computational schemes and 

linearisation are discussed. 
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3.2 ASSUMPTIONS AND DEFINITIONS 

The following assumptions will be made throughout the remainder of 

this thesis : 

a) Space is assumed to be Euclidean everywhere inside and 

outside the stellar models. 

b) Newtonian gravitation is assumed, as it is adequate for all 

models considered in this thesis. 

c) All velocities are assumed to be much less than the speed of 

light. 

The major part of this thesis is concerned with radial modes only, 

and so will be presented using the Lagrangian description, though the 

derivations will require the use of the Eulerian description. For 

clarity in the brief derivations that follow, a definition of both 

descriptions and the Stokes derivative follow : 

EULERIAN DESCRIPTION 

properties of the 

(Y), total pressure 

In this view, all physical 

flUid, such as fluid velocity 

(P), temperature (T), etc. 

are regarded as field quantities, i.e., as 

functions of the independent variables ~ and t. 

In this view, ~ is a point of observation and 

consequently it is meaningless to take a time 

derivative of ~ unless a qualitative reason is 

given. 
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LAGRANGIAN DESCRIPTION In this view, the motion 

of a given fluid element is followed. Now ~ 

represents the position of the element and is 

therefore no longer independent. Thus some other 

variable ~ is defined as independent and this need 

not be a position variable, i.e., it could be 

temperature in a [1D] space. 

STOKES DERIVATIVE We are sometimes interested in 

following the motion of a particular fluid 

element, and/or observing the rate of change of 

some physical property, e.g., P, T. Such a 

derivative taken following the motion of a 

particular fluid element is the Stokes Derivative 

and is denoted by d/dt. The Stokes Derivative 

operator for the above descriptions can be shown 

to be: 

EULERIAN DESCRIPTION 

LAGRANGIAN DESCRIPTION 

where: 

1L = 1L + y. _"l , 

dt at 

~ ~ 
dt at 

Y (r ,t) = QC ~ F lu i d V8 Loc it 'j. 

ot 

(3.1) 

(3.2) 

~ is obviously no longer the Eulerian position 

vector, but rather a Lagrangian position variable. 
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3.3 CONSERVATION OF MASS 

In the Eulerian description, the conservation of mass principle is 

synonymous with the continuity equation: 

~ + :sz. (py) = 0 I 
at 

where P is the fluid density and y the fluid velocity. 

(3.3 ) 

By using 

_~. (cpA) rp'5L. A + A. y¢' and the definition given in (3.1) we obtain: 

ill + P (:sz. y) 

dt 
o. (3.4) 

As we are only concerned with the radial component of this equation, 

it can be re-written as: 

1 dR- = 
p dt 

2 1 iL (r y) • 
1'2 or 

(3.5) 

Upon re-arranging in a more useful way, we can integrate w.r.t. time, 

to obtain: 

Ln (p) - Ln (C) = - J 12 cit iL (1_ 2 de.) cll~ cit 
r clr or cit cit 

2 
Ln (r y). (3.6 ) 

Then at some time t, r = 

C: 

a and P = P , which lets us find the constant o 

2 
C = p a oa ) 

o at 
(3.7) 

2 
.!d- = Q

2 
oa. 

p I' or 
o 

(3.8) 
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This may be written in a more familiar form if it is stated that the 

mass of a thin concentric shell that moves with the fluid is constant. 

2 2 This statement means that dm =P4nr dr =P4na da. Thence: 

Qe = 
am 

3.4 CONSERVATION OF MOMENTUM 

-1-2' 
4rrpr 

<3.9) 

A general form of the conservation of momentum can be written in the 

Eulerian description as: 

~ (py) + y. (py Y + £) 
at 

pi, (3.10) 

where P is the fluid density, y the velocity of fluid motion, I the 

pressure tensor. If we assume that the principle of the conservation 

of mass is valid (as we will for all the theoretical work in this 

thesis), then (3.10) reduces to Newton's second law as applied to 

fluids: 

pdv 
dt 

-.7. £ + pi . (3.11) 

The 'dot product' is in dyadic notation (for further explanation of 

this see Appendix D) and ~ is the external body force per unit mass. 

If the pressure stresses reduce to a pure hydrostatic pressure (as is 

generally the case), we may write f =P.l, where 1 is a unit tensor 

normal to the surface of the element in question. Thus we now have: 

pdv = -.7P +pi. 
dt 

<3.12) 

The pressure tensor form can be used when turbulence, viscosity or 
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large scale magnetic fields are present. Equation (3.12) can be 

re-written in the Lagrangian description as: 

2 3 ck
2

= -lJ~l(."laJ)2!P + J, 
at p aa 

J 

(3.13) 

where a j is an identifying variable component of the Lagrangian 

description, instead of rj of the Eulerian description. We may reduce 

this, for our purposes, to the radial component only and substitute m 

for a 1 giving: 

.2 ar = -1 QI)l. 2!P + J (01, t). 
2 at p 2!r 2!m 

(3.14) 

Then using the form of the continuity equation given in (3.9), we can 

re-write this as: 

2 2 2!r = -4TTr aP + J (01, t). 
2 at am 

(3.15) 

From here on, it is assumed that ~ is due to self gravitation only and 

is thus directly identifiable with &, the graVitational acceleration. 

Then from the Poisson equation for the gravitational potential we can 

obtain the equation for g: 

2 ."lljJ 4nGp) 

.£ g = -."lIjJ) 

."l.J =-4ITGp. 
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We can solve equation (3.18) in the radial case using (3.9), the 

equation for mass conservation, to obtain ~: 

f = -Lip- + A. (3.19 ) 
r 

Note that, as ~ must vanish for zero mass, the constant (A) must be 

equal to zero. (3.15) can then be re-stated as follows: 

2 2 or 2 = -4ITr oP - Gp.. 
ot orn r 

(3.20) 

3.5 CONSERVATION OF ENERGY 

Firstly, the equation for the conservation of mechanical energy can be 

found in the Eulerian description by forming a scalar product of the 

momentum equation (3.11) with y: 

::L. dv = -1 y. (S/.. £) + y. i ) (3.21) 
dt p 

~ (v
2/2) -1 y. (.S/.. £) + ::L. i . (3.22) 

de p 

For a better understanding of this equation we can use the identity 

'Y·(y·E)=..I!., (.S/..£)+£: (.S/. y)' (the I:' signifies the double dot product of 

the tensors or their complete contraction; see Appendix D for further 

explanation) to replace the first term on the R.H.S. and then 

integrate over the entire volume (V) of the fluid mass (M): 

~I~I idm = --Iv.S/.· (y. E) dT + Iv £: (:z y) dT + f~1 1. Ycln, . 
dt 2 
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Using the generalized divergence theorem on the first term on the 

R.H.S. of this equation, we can obtain equation (3.25) using one of 

two assumptions that either the pressure is approximately zero at 

the surface or that (y.£) is perpendicular to dS at the surface 

(generally the case for uniformly rotating stars). We can obtain the 

following result: 

f v y. (Y. E) d T = § c\'.. £) . dS ~ 0 J 
S -

.kLIM idm = Iv £: (y y) dT + fM £. ydrn • 
dt 2 

(3.24) 

(3.25) 

If we now invoke mass conservation and reduce the pressure stresses to 

that of a pure hydrostatic pressure, the first term on the R.H.S. of 

(3.24) can be further reduced to: 

Iv £: (y y) dT J ~1 P.kL (lip) drn I 

dt 

.~Ir1 .~/dm = 
dt 2 

Iri PiL ( 1 / p) drn + I M £. ydm . 
dt 

(3.26 ) 

(3.27) 

We can obtain the equation for conservation of thermal energy 

(internal energy) by writing the equation for the conservation of 

mechanical and thermal energy (3.28) and then subtracting (3.22) from 

it: 

iL 
2 -1 y. (£.y) +i.y+Qq., (3.28) (v 12 + E) = 

dt p dt 

. dE = -1 £: (y .\'.) + .dq . (3.29) 
dt p dt 
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Here, E represents the internal energy and dq/dt represents the rate 

o~ loss/gain o~ heat ~ollowing the ~luid motion. We can reduce 

'i:u?~)' as be~ore, i~ we assume pure hydrostatic pressure, and 

obtain: 

ill+ = dE + P~(l/p) = dE + PdV I (3.30) 
dt dt dt dt dt 

where V =_ 1/ P is the spec~ic volume o~ the ~luid. I~ it is assumed 

that there are no composition changes due to nuclear reactions and 

that P and E are state variables given at every point by two other 

state variables (~or given composition), e.g., P, T. Then we can 

re-write the above equation in the useful ~orm: 

where: 

.cL In (P) 
dt 

, 

(13- 1 ) 

-- 'I..:L In (p) + p W
3

-- 1) dq 
dt dt 

I - .dLoJJ?LI 
dln (p) ) 

ad 

d Ln (T) I 
d Ln (p) 

ad 

(3.31) 

(3.32) 

(3.33) 

As we are only interested in the radial component and a pure 

hydrostatic pressure is assumed, we may reduce equation (3.28) to: 

2 .<:L (v 12+E) f v = 
dt 

r 
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I 
+ 00 -, 
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Using the continuity equation (3.9) and the expression obtained for ~ 

in equation (3.19) we can simplify (3.34) to: 

2 £L (v 12+E-Gm/r) = 
2 - SL (4rrr Pv) +.dq 

dt am dt 

Now we may write the heat flow equation (3.30) in another form: 

To~ = 
at 

dq = 
dt 

-QL , 
am 

(3.35) 

(3.36 ) 

where s is the specific entropy. Then, assuming that there is no 

energy generation, we can re-write (3.35) in the following form: 

£L (v2/2+E-Gm/rJ + 
dt 

3.6 TRANSPORT EQUATIONS 

SL (4nr2pv + L) = 0 . 
am 

(3.37 ) 

In this section the problem of energy transport is dealt with. For 

our study conduction can be considered negligible, leaving radiative 

and convective transport as the two most efficient ways of energy 

transport. In general the heat flow term dq/dt is just the difference 

between the heat sources and heat sinks. Let E represent the energy 

generated per unit mass, and let E be the total energy flux vector, 

perpendicular to the surface dS of a mass element, due to all 

transport mechanisms. We may then write the general equation for 

energy transport as: 

.dQ f; - 1 .'l. E (3.38) 
dt p 
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In the stellar interior external to the oore, it is generally 

adequate to oompute the integrated radiative flux from a formula based 

upon the diffusion approximation (no energy generation is assumed): 

[= -~ dB(T),yT) 
3~RP dT 

(3.39) 

where T is the temperature, P the denSity, K~ the mean Rosseland 

opaoity and B(T) the integrated Planok funotion. 

The oonveotive part of (3.38) is either ignored due to the poor 

understanding of how convection works (usually with no serious effects 

for Teff > 6000K) or described by a simple mixing length model. 

3.7 BOUNDARY CONDITIONS 

For the models considered here, we shall only consider a purely 

reflective boundary condition. There are two main reasons for thiS, 

the first being that in the case of non-linear analysis it would be 

quite difficult to implement a 'running wave' or transmitting boundary 

condition. The second reason is that Saio et al (1984) have shown 

that providing the cyclic frequency remains above some critical 

frequency (defined in their paper), then the 'standing wave' or total 

reflective boundary condition is quite adequate (compared with effects 

like convection and transport approximations made). Christy (1967) 

defined his outer boundary condition as: 

sLwfacep 

TOT o . (3.40) 
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A better condition, if the radiation pressure is not insignificant, 

is: 

surfacep 0) 
9 (3.41) 

sur facep 1 /2 sur facep 
TOT rad I <3.42) 

where Ptot is the total pressure, Prad is the radiation pressure and 

P is the gas pressure. The 1/2 in (3.42) allows for the fact that 
g 

only half the radiation produces a net back pressure upon the surface. 

Near the surface of the star, the radiation should be described by a 

time dependent transport equation. ThiS, however, proves to be a much 

more difficult problem, needing temperature points from several mean 

free paths. Thus, to reduce complexity and computing time the 

radiative diffusion approximation is used instead. Although this is 

not a very good description, it produces a simpler and more rapid 

solution, requiring only the adjacent temperature points (for models 

using a dynamic transport equation, see Deupree, 1976). The radiative 

outer boundary condition is chosen to approximate Christy's (1967) 

"extrapolated boundary". In the Eddington approximation, this may be 

expressed as: 

(T4) I iL 
3, surface 

= 3T
4 

I; elf. 
<3.43) 

The inner boundary conditions are much simpler. In this study, it is 

assumed that inside some radius Hi ~ 0.1 H., the stellar core is 
~ nner 

adiabatic and non-pulsating, radiating a constant luminosity of L •• 

So at the inner boundary of the envelope (in the radial approximation) 

we have: prl 0 J 

dt 
Rlnnor 

l_ L 
Inner Jot: 
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PULSATION THEORY 

3.8 SHOCKS AND VELOCITY PROFILES 

During a pulsation, shock waves may appear, causing rapid compression 

of some regions of the stellar envelope. This is particularly 

noticeable in outer regions of the stellar envelope. These rapid 

compressions are a problem, in that the variable mesh used to model 

the stellar pulsation is quite coarse and hence such shock waves cause 

discontinuities in the variables. To overcome this problem an 

artificial viscosity is introduced, based upon the Von 

Neumann-Richtmyer method. This basically introduces an artificial 

viscous pressure Q, which spreads the shock across several coarse 

zoneD of the model and so removes any discontinuities that may have 

occurred. The particular form of the artificial viscous pressure used 

here is that given by Stellingwerf (1975): 

Q (r) 

Q (r) 

= CoP (r) [dU (CL + oVl
2

) 1 f dU (r) < -CQC
s 

(r)j 
C (r) s _ 

o ) If dU (r) > -CQC
s 

(r). 

(3.46 ) 

Here Q(r) and P(r) are the artificial and total pressure at radius r, 

Cg(r) is the speed of sound at r and dU(r) is the change in velocity 

over a distance dr at r. frv is a constant introduced by Stellingwerf 

to reduce energy disSipation in the lower envelope due to the 

artificial viscosity. This is important as it affects the limiting 

amplitude of the pulsation; frv should have a value between 0.0 and 

0.2, with 0.1 being about right. CQ is a constant, chosen to produce 

stability without too much loss of accuracy (e.g., about 1.2 is 

usually adequate). 
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Now we have all the equations to solve the dynamics of a stellar 

model. Given a static stellar envelope, we could find its pulsational 

stability by allowing computational noise to perturb it. This is a 

very good way of seeing if a marginally stable envelope (i.e., one 

that is very close to the edge of a stability region) is unstable to 

pulsation or not. The major problem with this method is that it can 

take a long time for an instability to show and grow to its limiting 

amplitude. To overcome thiS, a velocity profile can be introduced 

into the model envelope, so that the star is artificially forced to 

pulsate. The general form of the profiles used is: 

5 10 
U (r) = - A. (r/R) -- B. (r/R) Km/~;ec .. 0.47) 

* 

Christy used A = 13 and B = 7, while Stobie (1969) used A = 18 and 

B = O. Stobie (1969) gives several profiles for classical Cepheids, 

depending upon the mode of pulsation required. For the case of RCB 

objects mode contamination should not be a problem as the e-folding 

time is very short and the first overtone is unstable to pulsation in 

the HR-diagram where the fundamental instability strip occurs (Saio et 

al, 1984). Due to the short e-folding times of the RCB class of 

objects, no artificial amplification of the velocities is needed; the 

pulsations reaching their maximum amplitudes within 8 to 14 periods. 
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CHAPTER 4 

THE PHYSICS 

4.1 THE EQUATION OF STATE 

4.1.1 General Overview Of The Problem 

To complete the set of stellar equations, we need an equation of 

state. That is, given the abundances of elements, the denSity, p and 

temperature, T at a given point, we need an equation to find the total 

pressure P, the total entropy per unit mass S, the internal energy per 

unit mass E and the mean molecular weight~. In the majority of 

stellar objects the alpha elements are probably the most important, 

along with Hand N. So in the equation of state used for this study 

the following elements were included: H, He, C, N, 0, Ne, Mg, Si, S 

and Fe. It was also thought that for cooler stars some molecules 

might become important. To allow for this possibility, the 10 most 

likely diatomic molecules (H2 , CH, NH, OH, C2, CN, CO, N2, NO and 02) 

and the 5 most likely tri-atomic molecules (H
2

0, c
2

0, HCN, N
2

0, N0
2

) 

were included. For the stars considered in this study, the 

temperature at the bottom of the pulsation envelope seldom exceeded 

1.5 x 106K and hence was not likely to deplete the heavier elements of 

more than a few electrons. With this in mind and given the speed of 

computation of the dynamic stellar envelope, only the first four 

ionisation states were included. The negative ion states of all 

elements allowed such were also included as the objects under 

consideration were generally cool enough for such states to be 



THE PHYSICS 

non-negligible. The gas is assumed to be ideal and in L.T.E., 

allowing the use of Boltzmann statistics throughout. 

Before solving the main equations we note that the equation for 

converting the abundance by mass/I into the abundance by number (l' and 

the equation for ~ are: 

CX I = ~/ AI 
-all-- ) (4.1) 

I (~ fA ) 
1.1 I I 

.ll 

I-l = I (cx A ) 
I=' I I 

(4.2) 

where Ai is the atomic mass of element i. To simplify things further, 

ion the number density ni of element i is defined as: 

Ion N n = pcx 
I _0 __ 1 

(4.3) 

I-l 

Using these and defining the number density of element i in ionisation 

state j to be nij and the number density of element i tied up in 

molecules to be mol 
(= 

D T n
i

) , write the following ni ni + we can 

expression for the electron number density, n • 
e' 

oll all 

n = L: L: j n (n~ IT). 
e I J IJ 

(4.4) 

This equation is generally non-linear (only exactly solvable for pure 

hydrogen) and must be solved by some iterative scheme. A 

Newton-Raphson scheme is slow and requires a good initial guess of n , 
e 

because on In must be small for rapid convergence. Rather than using e e 

this method, the equations are solved for n by an iterative scheme in 
e 
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which the geometric mean of converging extremes is used (see equations 

4.5 - 4.7) to find n in consecutive iterations: e 

n (01 In) 
e 

= max [n (01 I n) ,011 n (nn I n+'n ) ] ) 
e e e 

n (max) 
e 

= min [n (max) I max (nn , n+'n ) ] ) 
e e e 

n = In (m I n) • n (max) 
e e e 

(4.5) 

(4.6 ) 

(4.7) 

The iterations are repeated until both n and molecular number e 

densities converge to 6 figures. When convergence has been achieved, 

the state variables P, Sand E can then be found ~sing: 

p = lonp + Dp + T P + n e k T + 1 /3 aT", 
(4.8) 

E lonE + DE + TE + [3/2 ne kT + aT"J/PJ 
(4.9) 

s = IonS + Os + TS + [(S/2-rt) nekT + 4/3 aT
4J /pT J (4.10) 

where the super-scripts 'ion', 'D', 'T' indicate that the variable 

represents the contributions from free ions, diatomic molecules and 

triatomic molecules, respectively. The Planck radiation constant is 

a, ~ is the electron degeneracy factor and the other variables have 

their usual meaning. 
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4.1.2 Diatomic Molecules 

The equilibrium abundance for diatomic molecules has to be found, to 

enable the partial D pressure P, partial D entropy per unit mass S, 

partial energy density D per unit mass E and the number density of 

neutral ions D 
i, n

i
, bound up in diatomic molecules, to be found. 

Figure 4.1 below defines some of the parameters used in this 

sub-section. Zk1 and zk2 represent the atomic numbers, and ~1 and 

~2 the atomic masses of the atoms making up diatomic molecule k. The 

bonding length is given by bk , and the main vibration frequency by v
k

' 

D.c.; vk 
A,,~,~«\ , fI AKt., ll(j!. 

Figure 4.1 : A diagram of the diatomic molecule k 
and its associated parameters. 

The reduced mass,uk for molecule k is given by: 

ftk (Au' Ak2 ) 0 

(A
k1 

+A
k2

) 
(4.11) 

D Using the definition of the equilibrium constant Kk for diatomic 

molecule k, we have: 

OK 
K 

Ion Ion 
n

k1 
n k2 

-~-l'f- ---
n

k 

, 
lonZ lonZ -x/kT 

kl k2
8 

-----n--- -
Zk 

(4.12) 

where Zk1' Zk2 and ~1' ~2 are the total partition functions and 

number denSities of the free constituent atoms 1 & 2 of molecule k, 

before any 'reactions'. Zk is the total partition function, D 
~ the 

k number denSity and Xv the dis-association energy of diatomic molecule 
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k. The total diatomic molecular partition function, 

expanded to give: 

Oz = ozk.ozk .OZk. oZ· 
k e tr'ans rot v Ib I 

DZ 
k 

can be 

(4.13) 

D k 
where Z is the electron partition function (multiplicity and e 
s et ) DZk D k is 

ymm ry, trans is the translational partition function, ~ro~ 
D k the rotational partition function and Z* is the vibrational 

y/b 

partition function of diatomic molecule k. These individual partition 

functions are given below: 

°z k = ( 2 TT J k T) 3/2 
trans ~ k ) 

h2 

(4.14) 

Ozk = 8rr2 I:} k T 
rot ~ k I 

(4.15) 

h2 

OZk = 1 
vlb ------

(1 -e -hv/kT) 

(4.16) 

°Z~ = Mk\ ) (4.17) 

in which: 

Sk=0.5} jf atom 1 = atom 2 and Ak = 0) 

Sk = 2. 0 , jf atom 1 = at om 2 and Ak = 1) 
S = k 

1. O} otherw J se • 

Here ~ is the mul tipl ici ty, Sk a symmetry term and ~ k the quantum 

associated with the C+ 1,d component of the electronic angular 

momentum. The equilibrium constant is further modified by a pressure 

D k dissociation factor Kp given by: 

number 

n~ 

°K k 
press 

+X~I k T 
e I 

4-5 
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K in which Xp is a pressure dissociation term. I( 
XI' can be found 

approximately by assuming that it is roughly equal to the difference 

in the molecule's Coulomb repulsion potential, at equilibrium 

separation and at the actual separation: 

k 2 ) Xp = Zkl z k2e (1 - 1 J 
b

k 
r (4.19) 

where: 

r = N- 1/3 (4.20) 

The variables zk1' zk2 and bk are as defined in Figure 4.1, N is the 

number density of free particles in the gas, and e is the charge of an 

·electron. The partition 

associated translational 

function of a free ion i is 

partition function multiplied 

just the 

k by gi (a 

degeneracy term). Hence we can now write down the equilibrium 

constant in terms of known parameters: 

0KK = MKSKg~g~(8n2 f-J
k
k T) 112 (l-e -h'l/kT) e - (x~-x~) IkT 

b2h2 
k 

(4.21) 

Using the equilibrium constant, the total number denSity of free ions 

D i ( ni ) tied up in the diatomic molecules can be found: 

° n 
I 

.11 L 0 Ion Ion 
~kl n kl n k2 

k 0 
Kk 

(4.22) 

where Ski is the number of element i atoms in molecule k. The 

contributions of the diatomic molecules to the state variables P, E 

and S are now easily found to be: 
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Dp = (IIDn) kT 
k k 

(4.23) 

o .uO k k h" IkT 
E = I n

k
[S/2 kT - Xv + Xp + h'Y/(e k -l)J/p ) 

k (4.24) 

o 0 0 .u 0 0 
S =: E + [P + (I ( n k 'lk) k TJ I p T " 

k 
(4.25) 

The degeneracy factor or chemical potential, D 
1]1( is defined by: 

o 
e'lK N 

---'--'-----~2:---;-;1 12 ., 
[2TT (A

k1 
+Ak) k T Ih ] 

4.1.3 Triatomic Molecules 

(4.26) 

In a similar way to the diatomic molecules, we can find the partial 

T T P, partial entropy per unit mass S, energy density pressure per 
T T E and number density of neutral ions i, ni bound up unit mass in 

the triatomic molecules. Figure 4.2 below defines some of the 

parameters used in this sub-section. Zk1' zk2 & zk3 represent the 

atomic numbers and ~1' ~2 & ~3 represent the atomic masses of the 

constituent atoms. Also in each molecule bk , ck ' d
k 

represent the 

bond lengths, e k represents the bond angle, and v 
k1 ' 

represent the main vibration frequencies. 

A,a, l,:,; 

A ,(11;" 

A 
"." v" \<.,. \V,' 

-- -\A"',,,,,, - - - - " 
J,,) 'UJ 

- - -

Figure 4.2: A diagram of triatomic molecule k 
and its associated parameters. 
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It is useful to define Pk , the reduced mass and I
k

, the angular 

momentum of the molecule about an axis passing through the triatomic 

molecule's centre of mass, perpendicular to its plane. 

simplify the algebra later on: 

I-J k = 
[ 

A kl , A k2, Ak3 ] 1/2. 

(A kl +Ak2+Ak3) J 

222 
Ik = (AklAk2bk + Ak2Ak3Ck + Ak3A kl d k) I 

--~+A~;- + A
k3

) ~ 

This will 

(4.27) 

(4.28) 

Using the definition of the equilibrium constant T 
Kk for triatomic 

molecule k, we have: 

TK 
k 

Ion Ion Ion 
n

kl 
n

k2 
n k3 ----1--

n
k 

k = lonZ lonZ lonZ -X/kT 
kl k2 k3

8 
---r

Z 
) 

k 

(4.29) 

where Zk1' Zk2' Zk3 and ~1' ~2' ~3 are the partition functions and 

number densities of the free constituent atoms 1, 2 & 3 before any 

'reactions' • TZk is the total partition function, T 
~ the number 

density and X~ the dis-association energy of molecule k. The total 

triatomic molecular partition function, T Zk' can now be expanded as 

in (4.13). The individual partition functions for the triatomic 

molecules are given below: 

T k (2 3/2 
Ztrens::: ~ (A kl +Ak2+Ak3) kT) (4.30) 

T Zk 
rot 

( 

2 ) 3/2 1/2 
::: 8~2 kT (IT 1 k) I-Jkbkc k S I n8

k 
) i f 8

k 
::: 1800 

" 
(4.31) 

2 
BIT IkkT I f 8k " l80~ 

h2 
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TZk 
vlb 

5k = 0 I 

5k = 1 I 

3 

= TT (1 , .. , -

I f I 

If 

(1 

_+_S-"ke -h",/kT) 

_ e-hv.,1kT) 'J 

= 2 or 8
k 

I:. 1800 
J 

I:. 2 and 8
k 

= 1800 
I 

TZk = 
MkLk I 

LK = 0.5 1 

LK = 1.0, 

e 

if atom 

if atom 
= atom 3) 
I:. atom 3. 

(4.32) 

(4.33) 

The symbols are the triatomic equivalents of those used in the 

diatomic equations (4.14) (4.17). The pressure dis-association 

T k factor K for triatomic molecules is given by: press 

TKk 
press 

e +x~/U 
) 

and the pressure dis-association .' term XI" is found by a 

approximation as that used in the diatomic case: 

k 
Xp 

. 2 

Zkl Zk2 e (1 
b2 

k 

1) + zk2zk3e2!~2 - 1) + Zk3
z

kl
e2

/ ~ - 1) ) 
r C k r I d

k 
r 

where: 

r W 1/3 

4-9 
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The total partition function of a free ion is the same as before. 

Hence we can now write down the equilibrium constant in terms of known 

parameters: 

TK 
k 

k k k 2 2 3/2 112 
919293 (8IT kT Ih ) (i-J/IT I k) (1 IbkckS i n8k) ) 

[~I (1 + Ske-hV/kT)] 
- (1 _ e-hv / kT) 

I f 8
k 

~ 180
0 

J 
(4.37 ) 

k k k 2 2 = 9 9 9 (8IT k T Ih ) ( 3/2/1 ) 
1 2 3 [3 i-J k k) 

IT (1 + S e -hV/kT)j 
._1 k 

(1 _ e-hv,IkT) 

if 8
k 

= 1800
, 

Using this equilibrium constant, we can find the total number 

density of ion i, Tni tied up in the triatomic molecules: 

T 
n

l 

.llT '" J Ion Ion Ion 

~ ::'Ik n k1 n k2 n k3 

'K 
k 

(4.38) 

where ~ki is the number of element i atoms in molecule k. The 

contributions of triatomic molecules to the state variables P, E and S 

are now easily found to be: 

Tp = (~ITn) kT 
~ k 

E = ~ n k ~I ~~~e- '. + (1. 5+0k) kT - Xv + 
T [0 liT 3 h IkT k 

(1-e -). ) 

where: 

Ok = 1. 0, 
Ok = 1. 5 f 

If 8 k = 180~ 

if 8
k 

~ 180~ 

T T T .11 

S = E + [P - L (nkf"lkKTl ] / pT. 
1(=1 

4-10 
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The degeneracy factor or chemical potential, T 
7]k is given by 

4.1.4 Free Ions 

T 

e'lK = N 
2 1/2 

[2IT (A kl +Ak2+Ak3) k T Ih ] 
• 

Having obtained expressions for the number denSity, D n
i

, 

(4.42) 

T 
n

i
, of 

neutral ions i tied up in the molecules, we can now find the number 

denSity ionn ij of ion i in ionisation state j and hence the 

contribution of these free ions to the state variables P, Sand E as 

ion well as the total number density of free ions n. Before finding 

ion . ion nij , we have to find the number dens~ty of ion i ( ni ) by 

subtrating from ni the number densities of ion i tied up in the 

molecules: 

Ion T 0 
n n 

I I 
n n 

I I 

We can now use Saha's equation to find the number denSity, 

ion i in ionisation state j: 

in the above: 

eli (1) := 
IJ 

where: 

Ion 
n 

IJ 

Ion 
n

l 

J,-I 

IT n (!l (T) 
I.~I e 1 J 

.It J,-l 

L: IT n eli (T) 
I=W

I 
J=1 e I J 

Ion 1 B ( . 2 )312 X / k T n :=. h e 1) 

~ __ ~I~J__ IJ 
lonn n 2 B--- 2TTm k T J 

I,J+I e I,HI . e 

B = 9 1! IJ 

(9 - R.), 9' 
, 

I I) • I. 
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J i is the highest ionisation state (or highest ionisation state 

considered) of ion i and wi is zero, unless the atom can have negative 

ions in which case it is -1. Bij is the internal partition function 

(i.e., translational part of partition function is excluded) or the 

statistical weight of the outer shell configuration of ionisation 

state j of ion i; X
ij 

is the transition energy of ion i between 

ionisation states j and j+1; gi is the statistical weight of the outer 

shell of ion i and Pij is the number of electrons left in the 

outermost shell of ion i. It is now a simple matter to find the total 

number denSity of free ions, ion n, the partial pressure, ionp, the 

internal energy per unit mass ion E and the partial entropy per 

mass, ionS: 

lonE 

Ions 

Ion 
n 

lonp = 

oll 

In 
(.1 1 

Ion 
n k T, 

= [rf'(lonn X ) + 3/2 IonnkTJ/PJ 
1.1 1_1.1, I J I J 

oll 
= lonE + [IOnp _ I (n lon

1 
kT)] /pT , 

1=1 I I 

The degeneracy factor or chemical potential, ionry is given by: 
i 

e lonrtl = N , 
[2TT (A ) kT /h2

] 1/2 
I 
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4.2 STELLAR OPACITIES 

A lot of the theoretical work on stellar pulsation has made use of the 

Cox-Stewart (1965) opacity tables or later modifications, known as the 

Los Alamos opacities. These opacities are based upon work by 

stromgren (1932), etc. The models used in Cox-Stewart (1965) are 

based on the hydrogenic approximation using an effective nuclear 

charge to obtain the initial field, which is then perturbed for the 

specific atomic species. This approach was questioned by Carson & 

Hollingsworth (1968) who showed, using a numerically exact method for 

the one electron case, that great care has to be taken in choosing the 

effective nuclear charge. To overcome this problem, Carson & 

Hollingsworth (1968) used a non-hydrogenic method and showed in the 

few results that they obtained that the opacities may be 2-3 times 

larger than those given in the Cox-Stewart tables. 

Carson (1976) went on to calculate a full series of tables using a 

method that treats hydrogen and helium exactly and all other elements 

using the Thomas-Fermi statistical model. Negative ions and a few 

selected diatomic molecules were also included in the calculations 

(these contributing Significantly at lower temperatures). Conduction 

was treated by codes supplied by Hubbard & Lampe (1968). 

This study employs smoothed and unsmoothed cubic interpolations in 

Z of Dr Carson's H -C series of tables, and the Demarque XIX table of c e 

Cox & Tabor (1976). Details of the tables used in this study can be 

found in Table 4.1 below, and the actual tables can be found in 

Appendix A (Figures 4.3 - 4.9 give a graphical representation of these 

tables) • The interpolation used to obtain table K610 was a simple, 

third order Taylor expansion in Zc' about Zc = O. The fit was found 

to be good enough, though there was no noticeable difference in the 
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models if a second order fit was used. 

TABLE X Y Zc REMARKS 

R040 0.00 1.00 0.00 Dr Carson's He-C series 
R631 0.00 0.75 0.25 Dr Carson's He-C series 
R622 0.00 0.50 0.50 Dr Carson's He-C series 
R613 0.00 0.25 0.75 Dr Carson's He-C series 
K610 0.00 0.90 0.10 Interpolation of He-C tables 
BD9C 0.00 0.90 0.10 Interpolation of He-C tables 
DXIX 0.00 0.90 0.10 Demarque XIX table 

Table 4.1 A table of all the opacity tables used in 
this study. 

In this study the opacity gradient is found by a numerical method 

using linear interpolation within the table. This was the method used 

by Bridger (1983), who found that a quadratic fit was unreliable. 

From work in in Stothers (1974a, 1974b), Carson & Stothers (1976) and 

Vemury & Stothers (1977, 1978), etc., it has shown that opacity 

tables, using the same techniques as used to create tables K610 and 

BD9C give good and generally better results than the equivalent 

Cox-Stewart opacity tables. The only problem with these tables is 

that the CND bump is too large by a factor of 2 or 3. To overcome 

thiS, the CND bump has been smoothed by Dr Jeffrey in opacity table 

BD9C. Judging by the good results obtained in Stothers & Vemury 

(1981), Carson & Stothers (1982) on BL Her variables and Bridger 

(1983) on bump Cepheids (all using opacity tables generated by the 

same techniques as the opacity tables used in this study), we may 

confidently assume that the opacity tables used here will also produce 

good results. 
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Figure 4.3 A graph showing a cubic spline 
surface fitted to opacity table R040 over the 
region of the table used in this study. The 
original opacity points, to which the spline was 
fitted, are shown by the dots. 
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Figure 4.4 A graph showing a cubic spline 
surface fitted to opacity table R631 over the 
region of the table used in this study. The 
original opacity pOints, to which the spline was 
fitted, are shown by the dots. ' 
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Figure 4.5 A graph showing a 
surface fitted to opacity table 
region of the table used in this 
original opacity pOints, to which 
fitted, are shown by the dots. 
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Figure 4.6 A graph showing a cubic spline 
surface fitted to opacity table R613 over the 
region of the table used in this study. The 
original opacity points, to which the spline was 
fitted, are shown by the dots. 
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Figure 4.7 A graph showing a cubic spline 
surface fitted to opacity table K610 over the 
region of the table used in this study. The 
original opacity points, to which the splinewas 
fitted, are shown by the dots. 
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Figure 4.8 A graph showing a cubic spline 
surface fitted to opacity table BD9C over the 
region of the table used in this study. The 
original opacity points, ~o which the spline was 
fitted, are shown by the dots. 
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surface fitted to opacity table DXIX over the 
region of the table used in this study. The 
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fitted, are shown by the dots. 
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CHAPTER 5 

DIFFERENCING THE NON-LINEAR EQUATIONS 

5.1 PRELIMINARIES 

The method used here is a semi-implicit one in that the thermodynamic 

equations are solved implicitly, while the dynamic equations are 

solved explicitly (following the method in Christy, 1967). Firstly, a 

static stellar envelope is required (see appendix C), along with the 

velocity profile to be used, if any (see section 3.8). This envelope 

is split into N mass zones; the zone boundaries being labelled by i. 

The innermost boundary has i = 1 and the outermost boundary has i = N; 

the zones are represented by half integers: see Figure 5.1 for 

details. The present time step is denoted by the superscript n. 

N· 

IV - 111 . IV _ , 

w- 3/;2 N-J. 

31 :z 

/12. 

j 

2 

----------------------------------1 

Figure 5.1 : This Figure shows how the boundaries 

and zones were labelled in the model envelope. 



DIFFERENCING THE NON-LINEAR EQUATIONS 

Defining the mass contained within boundary i by~Mi' the zonal 

masses defined in zone i-1/2 and on boundary i are: 

fl.M
I

_
1/2 

= M - M I 
I I-I (5.1) 

fl.M 
I 

I 
= 2" U'lM

'
+I12 + fl.M

I
_ I/) = 

I -(M - 2M 
2 1+1 I 

+ M,_I
) • (5.2) 

The radius r(m,t) and velocity U(m,t) at time step n of boundary i are 

R~ and U~' respectively. For better results and quicker convergence 

the veloCity is usually time-centred (represented by half integers of 

n). A time-centred variable X is defined, for simplification of the 

following theory, by: 

x"tll2 ~ (X"tl + X") • 
2 (5.3) 

. • 1\' II';' 

Then in time increment ~t' we can write the new radius at time step 

n+1 of boundary i as: 

where: 

Rn+ 1 

I 

R" + fI. t n+ 1/2un+ I 12 
I I I 

fI. t n. I 12 _ n.1 
t 

n 
t 

n+1 We can also write the acceleration a i of boundary i as: 

where: 

fl.t" 

a"" (Un
•

1/2 _ UO
-
1/1-) 

I I I 

n+1/2 
= t 

fI. t n 

t n - 1/2 1 (. n+ 1 _ n-1) 
= 2" t - t • 

(5.4) 

(5.5) 

(5.6) 

(5.7) 

In the following discussion V represents the specific volume. The 

other symbols have their usual meaning unless otherwise stated. 
5-2 



DIFFERENCING THE NON-LINEAR EQUATIONS 

5.2 DIFFERENCING THE CONTINUITY EQUATION 

A direct difference of equation (3.9) for zone i-1/2 will give: 

V~_1/2 4 n (Rn ) 2 (Rn _ Rn ) 
1-1' I 1-1 

liM
I

_
I12 

-

An exact value for the specific volume of zone 

from: 

V~_1/2 = 4n [ (Rn) 3 _ (Rn ) 3 ] 
I 1-1 _. 

liM 
1-1/2 

In this study the zones were too coarse for 

expression (5.9) was used. 

5.3 DIFFERENCING THE MOMENTUM EQUATION 

i ... 1/2 can be 

(5.8) so the 

(5.8) 

found 

(5.9) 

exact 

The acceleration in equation (5.6) is found by differencing (3.20), 

the momentum equation. To facilitate understanding, the area of 

n boundary i at time step n will be represented by Ai 

differenced momentum equation is then: 

= 4n(R )n i • 

unt I 12 
I 

Un
-

1/2 

I 
GM 
_I 

+ An (pn +On-1/2_ p " _On-1/2) IJt" 
I 1+1/2 1+1/2 1-1/2 1-1/2 J 

(Rn) 2 
I 

IJM 
I 

2The 

(5.10) 

where 
(1.- II L 

<2 i.- II? is the artificial time-centred viscous pressure of zone 

i-1/2. It is time-centred so as to give the best representation of 

the viscosity in a rapidly accelerating shock wave. The equation of 

artificial pressure (3.48) is differenced as follows: 

On- 1/2 

1-112 
= C pn-I/2 

o 1-1/2 
MIN [ (Un

-
1 12 _ Un

- 1,2 
I I-I 

(pn-I12Vn- I 12) 1/2 
1-112 1-1/2 

5-3 

2 
+ a I 0 

v 
(5.11) 
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n+1/2 (\ M So, given U1 ' PN+1/2 and .1 tv, we can find the new velocity for 

every zone for time step n+1. From the inner boundary condition 

(3.46) of a non-pulsating core, we have: 

Un
+

I
/
2 = 0.0 , 

1 (5.12) 

n 
PN+1/2 is found from one of the two possible outer boundary conditions 

given in equations (3.42) and (3.43). If we assume that the 

4 atmosphere is nearly isothermal and let W = T , then: 

p~+ 1/2 

pn 
N+112 

P~-1/2 J If (3. 42) J 

2Ba\.J~_1/2 + P~-1/2) If (3. 43)) 

(5.13) 

(5.14) 

where B is between 0 (no radiative pressure) and 1/3 (full radiative 

pressure). If the envelope has been zoned using constant mass ratio a 

instead of by constant sound speed, it is sometimes useful to include 

a zone extending out to T = 0.0 and having mass il111(' (This can be 

useful in preventing the outer zones of stars with low effective 

temperature from leaving the stellar surface and wandering off, 

causing the model to become numerically too large for the computer.) 

As the atmosphere is approximately isothermal, we can proceed as in 

Bridger (1983) and make the approximation that P
N

+
1/2

"'.1/"Ii,'-I,;U and 

hence: 

pn_ ~ r)n 
N.!/2 - ,,' N-1/2 • (5.15) 

Finally ilMN can be found for all the above cases from: 

LlMN 
1 • J 

= 2{IlM
N

_
i
/
2 

+ CL: (IlMN_11/ a ) } ) 
J,;;J 

(5.16) 

LlMN = [1 + C 1'~-1/2' 
_ (0: 1 2 

(5.17) 
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C is 0 for no direct inclusion of the external mass and 1 if the 

external mass is to be explicitly included. The required outer 

boundary condition is selected by the values of Band C. 

5.4 DIFFERENCING THE ENERGY EQUATION 

For energy conservation, the energy equations must be differenced 

implicitly. To do this we substitute (3.36) in (3.30) and make the 

reasonable assumption of constant entropy throughout the pulsation: 

[ En+' _En + (pn+1/2+0n+1/2) (Vn+1 _Vn )] liM 
- 1+112 -1+112 1+112 1+1/2' 1+112 1-11/2 1+1/2 

(L ntl~2L n+1/2) Lit n+1/2 • (5.18) 
1 1 + I 

Before an attempt can be made to solve equation (5.18), we need to 

n+1 find L1 and the photospheric radius, R ,'hO}: " The inner boundary 

) n+1 condition (3.47 lets us find L1 : 

L N+ 1 = L (5. 19 ) 
I 

To find the photospheric radius we need the outer boundary condition, 

which in this case is 

approximation we know 

the Eddington approximation. From the Eddington 

II II 
that T., = 21's where 'l'S is the temperature at erl-

the stellar surface, or roughly the temperature at zone N-1/2. Having 

found T
eff

, a rough location can be found by finding in which zone the 

temperature crosses Teff • Once this zone is known, a simple 

interpolation (taking care to use the correct space centring) can be 

performed to locate Rphot • Having found Rphot ' we can now write the 

outer boundary condition as: 

[
EMI _En + (pn+1/2+0n+ll2) (Vn+1 _Vn )l L1M _ 

N-1/2 -N-1/2 . N-1/2 N-1/2' N-1/2 N-112 J ,..-1/2-

{L n-1/2_ 2o (An I,t +An+l \In+l ) } L1tn+1/2, 
1 phD' N-1/2 N-1/2 N-1/2 

5-5 
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The luminosity in the above equations is found by differencing the 

radiative transport equation (3.39): 

L n = (An) 2 (\,t ' _ \.In ) 2Fn 
I I 1-1 12 1+1 12 I ) 

(5.21) 

where 2F~ is an interpolation of '-+ 0:/3 X LlI'1 which must stay 

continuous, numerically bound and properly weighted to represent the 

effective opacity in the limit of coarse zoning. 

5.5 THE LUMINOSITY INTERPOLATION 

Chri3ty (1964) at first used the following simple interpolation scheme 

n to find Fi : 

Fn 

I 
~Q 
3 (n f1M + n M1 ) 

X I + 1 12 I + 112 X 1- 112 i - 1/2 

I (5.22) 

where X ~ r"~ is the Rosseland mean opacity in zone i+ 1/2. This formula 

suffers from convergence problems in regions where large changes in 

opacity occur across a zone. The reason is that too little weight is 

given to the larger opacity. To overcome this problem, Christy 

n developed the following equation for Fi : 

F
n 

:= 40 
I 

3 (I1M I + 1/2 -+ f1M
I

_
1/

) (\.I~;112 " \'/~-I I) [
It + 

1+1/2 

x~+ 1 12 

Stobie (1969) proved that this was the best overall 

I,t ~ 1-1/2 

<e1/2 

(5.23) 

formula for n F
i

, 

though Stellingwerf found a more complex formula involving logarithms 

that gave slightly better results away from the opacity peak. The 

increase in accuracy of Stellingwerf's equation is offset by the 

5-6 



DIFFERENCING THE NON-LINEAR EQUATIONS 

increase in computing time, and so for this study equation (5.23) will 

be used. In the solution of the energy equations we will need the 

following partial differentials: 

aF
n 

= Fn 

I I 

aW~_112 

aFn 
= Fn 

_I I 

a'v(1/2 

l,t 
1-112 

aXn 
n 

X
I
_1/2 (X~_I/) 2 aW~_1/2 
'vt + 'vt 

1+112 1-112 
n n 

X 1+1/2 
X

I
_

I12 

'vt ~ n 
----L±..lfl v X 

n 

XI+112 
(n 2 
X 1+1/2) aWn _ 1+112 -

I,t
l
_
i/2 

n 

X i+ 1/2 

+ W'I'+1/2 
-n-

X
I

_ 1/2 

n,t +'vt) 
1+1/2 1-1/2 

(W~+1/2 + W~_I/) 

5.6 SOLVING THE DIFFERENCED ENERGY EQUATIONS 

(5.24) 
) 

(5.25) 

The differenced energy equation (5.18) was linearized and then solved 

by a Newton-Raphson type iteration n t 1 
procedure, iterating on Wi+1/2 

until convergence of at least 5 figures is reached. The new 

temperatures are corrected as follows on each iteration: 

1+1\,1" . == JWnti + JAWn 
Itll? I+IIZ Itlll 

(5.26) 

J " nd where L1W.",~is the correction to Wi+1/2 on iteration j. The new 

values of P, E and F can be found by using the first order terms of a 

nt1 
Taylor expansion about Wi+1/2: 

J--+lprHl 

I .. 1 12 

Jt1En+1 

1+ 1 12 

J+ 1 FrH 1 

1+1/2 

JrfH I + 
1+112 

Japn'I J/I..'vt'l 
0\./"+1 1,112 

1+1/2 

JEn,1 + JaEntl J
iJW

ntl 

1+112 oW'" I 1+ 1/2 

1+112 

JF n +1 + JaFn+1 Jf'.,W n + I + JaFn+l J/l..W ntl 

/+112 a \,In+ 1 1+1/2 aWn+l 1-112 

5-7 1+1/2 1-1/2 

(5.27) 

(5.28) 

(5.29) 
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By placing equations (5.27) (5.29) in the differenced energy 

equation (5.18), we can produce a group of linear equations involving 

the above temperature corrections as the unknowns. So after the above 

substitutions and much tedious algebra we obtain: 

in which: 

J 

J 

°1+1/2 

Jf:3 1 + 1/2 

J 

y 1+ 1/2 = 

J ,I, _ 
'f' 1+ 1/2 

EO 
1+ 1/2 

J J J P J J J J 
-C( 6 + f-' 6 - 6 

1 + 1/2 1 +3/2 1 + 112 1 + 1/2 Y 1 + 1/2 1- 1/2 ¢ 1+ 1/2 ) (5.30) 

(A n+l) 2 
1 • 

[

JF
n

+
1 _ JOFn+1 (\t+ 1 

1+1 - I 1+1/2 

_ a 'W~:3/2 
J \.i n

+
1 )]Ii n+1I2 

1 +3/2 . t ) (5.31) 

JoEn+l + !:1M Jo pn+l (V n+1 _ vn ) 
- 1 1+1/2 - I 1+1/2 1+1/2 ol,.r -2- o\t+ 

1+1/2 1+1/2 

(5.32) 

(A~::) 2 I JF~+I_ joFn+1 (J\.(+I J \,In+ I ) , tn n+1/2 + -
- i-1/2 i+!/2 
OWn-I 

1+1/2 

+ 
(A n+ I) 2 

[ Jr ;"_ J
o

Fn+l (JWn+1 
- ; It'+ I ) 1" Ii tn. 1/2 

1+ I - I 1+1/2 1+312 ) 

OW~:1I2 

(A n+l) 2 [JF O

" 'aFo"IV' ',,0" l 0 
n+1/2 

, i + I 12 t ) I I - 1-1/2 
0\.(+1 

1-1/2 

(5.33) 

(J L n+ 1 + L n _ J L n+ 1 _ L n ) /j t n+ 1/2 
I I I + I I + I 

(5.34) 

[JEn,1 _En + {~(pn +Jpn+l) 
1+1/2 1+1/2 2 1+1/2 1+1/2 

+ On+1/2} (Vn,1 _Vn )] liM 
1+1/2' 1+112 1+1/2 1+1/2 

J fj I,.t+ I • 
1+1/2 (5.35) 
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Applying the inner boundary condition (5.19) to equation (5.21), the 

transport equation, we have: 

lL n+ 1 
1 

= (An+l) 2 (\I n + 1 _ lWn+l) 21Fn+l = L 
1 ' 1/2 3/2 1 * (5.36) 

Now if we compare the linearised form of (5.36) with equation (5.30), 

we can obtain the inner boundary val ues of a, f3, Y, pi • The resul ts of 

this comparison are given below: 

1 2 IA"") 2 ['F"" oFn+ 1 (J \,/n+ 1 'V"")] ~ ".'12 °112 = 1 - 1 - 112 312 t ) 
o \,/n+ 1 

3/2 

1 2 (A ~+ 1) 2,,- J F~+ 1 or n+ 1 e ~t+ 1 J \,/n+ 1) l fj n+l/2 
~1/2 - 112 3/2 t J 

o \,/n+ I 
1/2 ~ 

1 

Y 1/2 0 I 

1 [_ ') (An+l) 21-,,+1 (J\t+1 __ )\_1",1) I ] A n+1/2 
(P 1 12 <- I ' , I' 1/2 3/2 + 1- Ll t , 

(5.37) 

(5.38) 

(5.39) 

(5.40) 

Repeating this process on equation (5.20), we can obtain the outer 

values of a,jj,y,.fj. The results of this comparison are given 

below: 

J 
°N_112 o J 

(5.41) 

1~N_1/2 = 2 (An+l) 2 [ J
F n+l _ oF~n+1 (\(>+1 

N-I N-I --- - N-3/2 
r ~1".l 
a N- '512 

\(H 1 ) 1 fj t n+ I 12 + 0 A n+ 1 
N-I/2 phot ) 

(5.42) 

lV_ = 2 (An+l) 2 iJFn+1 

'1~-1/2 N-I - N-i 
oFn+1 e~t+~ 
---- , 1'<-)/2 
~ \,In+ I 
a N-3/2 

J ~t+ 1 ) 1 6. n+ I 12 
N- 1/2 - t ) (5.43) 

1 
¢N-1/2 

= ~[l" ~JLn+l 
2 -N-I N-l 

20 (An It +J A,,,-1 )~('+1 ) ] Lltn+I/2 _ 
phot N- I 12 phot N-l/2 

(5.44) 

[lEn+1 En ,{I (pn JpnTl) 
N-l /2 - N-I/2 T 2- N- i 12 + N-1/2 + O~:~;~}, (V~:~/2-V~_II) ] fjM 1\_1/2 • 
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The gradients ~P/~W and ~E/~W are found using numerical means. 

Equation (5.30) can be written as a matrix equation: 

where: 

J O = _ J a 8 
lm L-1/2 l-I,m 

JO j -)r/.. 
=§i-!I!-, 

J J 

+ ~l-1/2oL,m y l_1/2o l+I,m_/ 

jOll = J~1/20L I - \'120 l 2 I , , 

J

OlN = - Ja 8 
N-1/2 L, N-I 

J 0 
+ ~N-112 L,N 

(5.45) 

for 1 < m < N I : (5.46) 

(5.47) 

(5.48) 

b;. m is the Kronecker delta symbol. ~ is now easily found by 
) 

inverting the tri-diagonal matrix Q (see Richtmyer and Morton, 1967 

for one possible method of inverting g). Having found ~ the 

temperatures of each zone are corrected using (5.26) and then another 

temperature iteration is performed, using the new temperature values, 

until the desired degree of convergence is obtained. 

5.7 TIME STEP 

At each time integration step L11: ,', ",' must be found. The size of the 

time increment L1 t"''''is limited by two main restrictions. Firstly, the 

time increment must be small enough to prevent any adjacent zone 

boundaries from crossing. Secondly, no information from one boundary 

should be able to affect an adjacent boundary during one time 

increment. This is the same as saying that an event travelling at the 

sound speed of the zone, should not be able to cross the zone in one 
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time increment. Thus these two conditions can be combined into the 

following formulation: 

d t nt 112 < MIN [ _ (Rnt.I._ pnt I ) 
I " I I-I 

(Unt1/2 ~-Un.l72) 
I I-I 

(RfHI + Pfltl)J-
I 1- I 

("y"pn+1 i2V-".T72) I 

I "" 112 I - I 12 

(5.49) 

dt
ntl12 = MIN (dt~tI/2) , for :3 L L i I 

(5.50) 

where Y is the ratio of specific heats. Usually (5.50) is halved to 

allow for the fact that the velocities are found explicitly, and hence 

would not allow for the rapid transit time of a shock front across a 

zone. Even when the time step has been halved, a check must be made 

to ensure that no two zones will cross on the following timestep. If 

two such zones were found to cross, the timestep is repeated with the 

timestep increment halved. 

5.8 MODEL OUTPUT ON COMPLETING A PERIOD 

The completion of a period is defined to be the time at which a 

pre-selected zone or observation point crosses its own equilibrium 

radius while contracting or expanding. Three possibilities are 

considered for this pOint. This point maybe the radius of the 

'halfway zone' of the stellar envelope (N/2), the photospheric radius, 

or the radius of any zone under observation. At the end of each 

period the following quantities are given for the observation point. 

Umin,Umax = Minimum and Maximum Velocity, 

L11i = (Umax - Umin); 

Rmin,Rmax = Minimum and Maximum RadiUS, 

L1£ = (Rmax - Rmin)/RO; 

Lmin,Lmax = Minimum and Maximum Luminosity, 

L1 f1 gll/_ = 2.5 log(Lmax/Lmin); 

Period (days) = The Period of observation point. 
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Along with these observational quantities, the total work (W), kinetic 

energy (K.E.), potential energy (P.E.) and overall energy (E) for the 

model envelope are given. The forms used are shown below: 

Po E. _~ [GM/Rn
+

1 + f..(P.E.)nri J , 
I , , 

(5.51) 
1=1 

Ko E. = i: C;f..M'_1/2 (U~::I) 2 + f.. (Ko E. ) ~+iJ) 
1:::1 

(5.52) 

1,1, 6M'_1/2"( (P'-II2+ Q'-1/2) dV + ; (P~-1/2-P~::/) ,(V~_1/2-V~::~2' (5.53) 

" 1,1 L. I), ) 
'=-I 

(5.54) 

E = PoE. + KoE. + ~JI (5.55) 

where W; is the nett work of zone i over one period. .1 (X) is the 
~ 

relevant cross-over correction to variable X, to allow for the fact 

that time is discrete and hence the period probably occurs between 

time steps n and n+1 rather than on time step n+1. A simple linear 

interpolation of respective quantities between time steps is found to 

be adequate for our purposes. The overall energy (E) should remain 

constant in time since energy is conserved (This is a good check on 

the model). It is sometimes useful also to have a stability 

coefficient K, defined below: 

K I\tl - I\n (5.56) ------ ) 

11)'1 + 11,1-1 

where: 

<Ill 

for~ I) > 0 J 1,1+ = 2. \./ I , I 

(5.57) 
.tt 

for 1,1 < o. ~r=L:w) , , 

5-12 



DIFFERENCING THE NON-LINEAR EQUATIONS 

This stability coefficient indicates whether the pulsations are 

growing (K)O) or decaying (K<O) and usually approaches 0 when the 

pulsations are approaching the limit cycle. 

At the completion of a period a graph showing the work integral 

with depth is given along with a graphical history of the Radial, 

Velocity and LuminoSity variations of the observation point. There is 

also an option for producing the complete history of Luminosity and 

Velocity over one period for the whole stellar envelope. This last 

option should be used with care, as it requires a lot of disk space 

(2.0 - 2.5 Mbytes). 
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CHAPTER 6 

THE LINEAR EQUATIONS 

6.1 THE BASIC EQUATIONS 

In this chapter a brief derivation of the linear equations and a 

description of how they can be solved will be given for completeness. 

Along with these equations the growth rate coefficient and work 

integral will also be be derived. The derivation will be along 

similar lines to that found in Castor (1971) and Cox & Stellingwerf 

(1980). In this derivation, the radiative approximation will be used 

and convection completely ignored (for a complete discussion on the 

effects of convection and how to include it in the linear equations, 

see Worrell, 1985) • To simplify the algebra further, radiative 

diffusion will be assumed to be the only mechanism of energy 

transport. To further aid the derivation, the required hydrodynamic 

equations (derived in chapter 3) are re-written below: 

1 
3 

- An. _dr I (6.1) 
p 3 drn 

d2 ~ c := - Gm -- /1 Tw'-dP (6.2) 
-----:--:;; - - I 
dt 2 I r om 

dL Td5 (6.3) 

dm dt 

L := !:to . (4nr2) 2 dT
4 (6.4) 

--.- , 
3 X dm 



THE LINEAR EQUATIONS 

where X is the Rosseland mean opacity and the other variables have 

their usual meaning. 

6.2 THE LINEAR NON-ADIABATIC HYDRODYNAMIC: EQUATIONS 

Following the method of Castor (1971), equations (6.1) 

differenced as follows: 

d
2 

r 
I 

dt 2 

3 3 = 4 IT ,(r I r ) 
1+ I 

P 3 ~ dm 
I 

-Gm 
I -2-

r 
I 

T dS 
I I 

at 

_ 4nr2 (P 
I I 

- PI_I)) 

/l.,.m 
I 

(L
j 

- L'I_I) 

dm 
I 

, B (4 2,2 (T4 T4) 
L I = 0, rrr /' I_I - I 

"3 ~m-> 

in these, t,Mi. ,dmi and <XlJrn>are defined as: 

dm = (m I - m)) I I + I 

/l.,.m = (m I - m I) 12 I 
I 1+ 1-

<xdm> 
I = Xl o m, + XI_ldml_l 

(6.4) are 

(6.5) 

(6.6) 

(6.7) 

(6.8) 

(6.9) 

(6.10) 

(6.11) 

Equations (6.5) - (6.8) can now be perturbed, keeping only the linear 

(first order) terms; the perturbation of variable X being represented 
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by 8X. It is assumed that all the perturbations have a time 

iwt dependence of the form e where w is a complex frequency, so that we 

can write the following linear equations: 

( .8-£2) = ~TT ,(r~+lorl+l 
p dm 

I I 

2 
r Or ) I 

I i 

-\.lor = 
I 4Gm,,8r, 

-3 
r , 

') 

!.;rrr'- ,(8P - oP I) I __ I I 1_ 

6m , 

i w T oS = (8L - oL I) 
, I 1_ I 

dm ,_1 

( 0 L \ = 4 ( 0 r) + [ 4 LI T ~ _ I 4 - X I -I d ill I _! (X T) 1_ I], ( 0 T ) 
\ L I r (T - T) <xdrn> T I 

' , '-I I 1_ 

+ [ 4 T" - X drn (X
T

) 
I I I I 

(T4 _ T4 ) <X drn->--
I I-I 

(8~ ) 
" 

<XClrll> \ 8~), I 

X'_ldM'~1 (Xp),_1 (OP) -

<XOill > \ P, '-I 

x dM (X) 
I I I P I 

(6.12) 

(6.13) 

(6.14) 

(6.15) 

where Xp andXT are the derivatives of the opacity w.r.t. P and T. 

We also need to linearise the equation of state to get 8P/P and oT/T, 

thus: 

( o~), o logll 
o loq T 

~e 

051 -I- 0 lOSePI , (Of!) I 

C a Loq ~ P P, I v I ~ e 5, , I 

(6.16) 

(oT\ = 05\ -I- a lC?g eT j , liSP) 
\ T), C v, a L 0ge P 5, P , 

I 

(6.17) 
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Before continuing, it is useful to define the following variables, 

which will simplify the algebra greatly: 

A = 4rrr2 
1 1 (6.18) 

o = 4 T4 
I I-I 

(T4 _ T4) 
i-I I 

X,_,dm ,_1 (XT)I_I 
--'--'----'--'--'-'-'. ) 

<xdm> 
(6.19) 

E 4 T4 
1 --,~I_-;:-

(T 4 _ T4 ) 
I I-I 

x dm (X
T

) 
1 1 1 

<xdm> 
(6.20) 

F = X dm (X) 
lip 1 

<-..xdm> 
(6.21) 

We now define two dependent vectors X and I such that Yi -> 0 in the 

adiabatic limit and X satisfies: 

L (S~ J: (8~) ."dm = 0" [L 18~1: r'dm r [5, 1
8; I: r'dm r (6.22) 

or, 

i (X ) * (X.) = 8 k d ~ -,XJ2i, d i , X k I 2') 
1=1 J I 1 J 1=1 J 1 1=1 1 

(6.23) 

where 8 jk is the Kronecker delta function. Comparing (6.22) with 

(6.23) and noting that 8Si goes to zero in the adiabatic limit, lets 

us write the components of vectors X and I: 

X = j lJm l or I 
I I I (6.24) 

Y = T 8"S 
I I 1 
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We can now eliminate 8P/P, 8Plp and 8T/T from equations (6.12), (6.16) 

and (6.17) and re-write (6.15) in terms of the components of the 

vectors X and I: 

(8~), = B1 (1) ,X'_I+B1 (2) ,X,+B1 (3) ,Xi+I+B2 (1) 'Y'_I+B2 (2) ,Y, I (6.25) 

where: 

B1 (1) o a log) \ -
I a logeP 5,,-1 

F 
'-I 

A 
'-I 

(6.26) 

om'_1 ffin'_1 

B1 (2) 4 - 0 0 Log T 1 - F. A, (6.27) 
J 8m' ---;: 'a Lo~ PSI _,-_I d~"-! J 6m' 

, , e I ,- '-I' 

i=" a Lac -: I -F A 1 
-a L~~p 5 'dm '+I~, 

e I I I , 

81 (3) = E 0 Loa TI - F A I ' (6.28) 
, a lo~ep 'dm'+ .J 6rn' I 

Of' 5, , I ,+ 

B2 (1) = Ell ,-
ev ;-: 

(6.29) 

B2 (2) 
= 0, t-\ ' 

v I 

(6.30) 

It is now a simple matter to substitute (6.25) into (6.14), to give: 

iwY = Kl (1) X + K1 (2) X + Kl (3) X + K1 (4) X 
, ,-I , , , '+1 , ;.,2 

(6.31) 

+ K2 (1) 'Y'_I + K2 (2) ,Y i + K2 (3) 'Y'+I I 
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where: 

KI ()) = ~I (I) L /dm , (6.32) , , , 
Kl (2) = ([31 (2) 61 (1) ,) L /dm , , , 
KI (3) (81 (3) 61 (2) 1) L_ /dm ,+ , " 

Kl (4) = -SI (3) 1 L / dm ) ,+ , , 
K2 (1) = B2 (1) L /dm ) , , 
K2 (2) = (82 (2) - 62 (I) ) L /dm I , , , 
K2 (3) = -B2 (2) L /dm • , , 

A similar sequence of substitutions and eliminations can be done on 

equation (6.13) to give: 

2 
W CI (1) X +G) (2) X-IGI (3) X +G2()) Y 1+ G2 (2) Y J 

, '-1 , i , 1+ 1 , ,- , , 

where: 

G I (1) A, a Logli A'_l 
(11m,) 312' a LogeP 5 1-1~' (I1m ,_1

) 1/2 J 
, 

Gl (2) -- 4Gm + A a LO~Jll A, + ~. C LOgePI 

G I (3) 

G2 (1) = 

G2 (2) ::: 

, 
~

r , 
-~, 

(!J.m ) 2 , . om (!J.nl)22JLog~ '1 
5, Iii e u, r-

A'+l C LogE?1 ~ 
-- -/2' . 

(11m,.) J C Log
8
P 5,' dm, (!J.m ) 1/2 I , 

A p OIOgil

l (6-:;3/2 1-1 a LogeT '1 (C
y 

T) 1 
1 e P, 1- ,-

APe Log ~ 
" e. --3/2 

(CyT) , (fjm ) cLog" 
, " p, 
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(6.35) 

(6.36) 
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It is now obvious that (6.25) and (6.33) can be re-written as two 

matrix equations: 

2 
'W X = Gl X+£iZl) (6.39) 

iwY = Kl X + K2 Y - = - =-} (6.40) 

where X and X are vectors of N-1 elements and the matrices are square 

(N-1) x (N-1) matrices. To complete this section the boundary 

conditions must be found. The inner boundary condition is simply: 

Xl = O} (6.41) 

all o. (6.42) 

The outer boundary conditions for the radiative diffusion 

approximation, assuming perfect reflection of the momentum at the 

stellar surface boundary, are: 

(8l) = 2/8r) + (8T
4

4
) } 

IN \rN TN 
(6.43) 

\ 8P) = (4 -~ )(or) . 
P N GmN r N 

(6.44) 

This last eq'ua tion is from Castor (1971) and not particularly good if 

the stellar atmosphere is extended or the radiation pressure in the 

atmosphere is not negligible. For a full discussion on this and other 

more useful boundary conditions see Worrell (1985). 
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6.3 SOLVING THE LINEAR NON-ADIABATIC EQUATIONS 

Having now found the differenced linear non-adiabatic equations, we 

must consider ways of solving them to give the vectors X and I as well 

as the complex frequency w. We first note that: 

G1 (1) = Gl (3) 
1-1 (6.45) 

This tells us that G1 is a symmetric tri-diagonal square matrix. This 

is useful as in the adiabatic limit of Yi -> 0 equation (6.39) 

becomes: 

/ X = Gl X arad == -ad I (6.46) 

2 and so wad is real. Now in most stars the non-adiabatic effects will 

be small, and wad and X should be good approximations for w and X for 

each particular eigenmode. The adiabatic problem is easily solved as 

the zeroes of the characteristic polynomial of (6.46) can be found 

using Sturm's Theorem (as used by Castor, 1971). A sequence of m 

polynomials fm(x) is a Sturm sequence in the interval x=a to x=b if: 

i) r.~(x) does not vanish in interval x=a to x=b; 

ii) when f,«x) = 0, then f'("1 (x) .f/
H

" (x) < 0; 

iii) no consecutive polynomials are zero. 

Sturm's theorem states that for a given value of x, if we count the 

number of sign changes as k varies from 0 to m this number equals the 

number of zeroes on the range x=a to 'x'. This then allows us to find 

the location of the roots of the equations. From this a good estimate 

of wad can be made and some iterative scheme can then be used to find 

the exact value. 
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Having found w~ and X~J for a mode, we can then use the 

quasi-adiabatic approximation of Castor (1971) to obtain an estimate 

for w, by first of all finding ~a from (6.40): 

'( :=; (iVJ,~.l- K2)-I K1 X 
'-qa oK1 = -ad ) (6.47) 

where 1 is the unit matrix. Then placing this approximation to I in 

(6.39), thus: 

w2X = G 1 X , + G2 ( i \.J 1 
-ad =: --ao = ad= 

K2)-I K1 X 
= = -ad) (6.48) 

which upon transposing vector X and substituting in (6.46) gives us 

the following estimate of w: 

2 
vi .} + X' G2(iw 1 - 1(2)-11(1 X 

\. ad --8d--'- - ad-- ----.- = ~-dd ~ 
(6.49) 

This is a very good approximation to w when the non-adiabaticity is 

small (Im(w)/Re(w)« 1 ). It is not such a good approximation if 

this condition is not met, but generally gives the right sign for 

Im(w) and can be used for the initial estimate of w. 

To solve the full non-adiabatic problem we first re-write equations 

(6.39) and (6.40) as one eigenequation: 

,flo Z K) (6.50) 
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in which A, Z and R are defined by: 

,6,21_1 

A 
=21 

Z21_1 

Z~I 

R , 

2 
G21 and (G 1 - w 1) 1 J for 

for (K~ - j \'11) 1 and K 111 

Y11 

Xi I 

for 

for 

= 0) fOI~ i 

= to N-l J 

to N-l) 

to 2t'-J-6, 

R
2N

_
5 

= 

R
2N

_
4 

K 1 (4) 1'_2XN I 

= -G 1 ( 3) N- 1 X N J 

- -Kl (3) l\_iXN ' R
2N

_
3 

= 1 to N-l) 

= 1 to N- 11 

(6.51) 

(6.52) 

(6.53) 

Since the system of equations is homogeneous we are allowed to specify 

X',,, in such a way as to fix the normalisation of the eigenvectors. X:/v 
is chosen so that: 

e5~)N = (6.54) 

Using the above estimate of w the system can now be solved using some 

form of Gaussian elimination and back substitution to find Z. This 

solution for Z is then placed in the momentum boundary condition: 

G1 (1) /N-I + G2 (1) NYN-I + G1 (3) NXN o . (6.55) 

However, the R.H.S. of (6.55) is not zero but a function of w because 

w was only an estimate and not the real value. Thus our task is to 

solve the equation f(w)~O, to find the next estimate of w. This can 

be done using the secant method. For a discussion of this method and 

the accuracy of the final result see Castor (1971) and Worrell (1985). 
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6.4 THE STABILITY COEFFICIENT AND WORK INTEGRAL FOR LINEAR PULSATION 

The stability coefficient ry is defined as the logarithm of the factor 

by which the pulsation energy increases/decreases over one period. 

This can be found in two ways, the first being quick but dependant on 

knowing w: 

'Ij Log (lel"~12) 
e 

-2Tlm (w) J (6.56) 

where T is 2n/Re(w); the period. The other method requires us to find 

the total pulsational energy Epul and the change in Epul over one 

period which are then substituted into the following equation: 

n = d ( Log E l) T ·1 e pu 

CIT 
<LIE > r < put> 

(6.57) 

The angular brackets < ••• > represent a time average over one period. 

To find the pulsational energy and the change in it over one period we 

have to substitute (3.17) into (3.27) and re-arrange as follows: 

dE 
--put 

dt 

I f (1 2)' I 
a ~I "2V Om 

dt ' 
-f I" P ~ (1 / p) d rn - f p y. d S . 

-1 +-
'--' C 

(6.58) 

The surface integral in (6.58) is easily evaluated for the radial case 

if we assume that the velocity at the bottom of the envelope is zero. 

Representing the stellar radius by R, the surface integral then 

becomes: 

(Py, dS 2 4rrR PR dR 
dt 

(6.59) 
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Using the above formulae we can find ry and the contribution of each 

zone to the driving of the pulsations. 

The work integral can be found by multiplying the momentum equation 

(6.40) by iWX+, to give: 

i'} X 2 i wX'G1 X:'Z X+G2 (i wi) J (6.66) 

which, following Cox & Stellingwerf (1980), can be re-written as: 

3 2 
i w J - i wJI = C) (6.67) 

where: 

J r 
J f1 18r~ 12

dm J (6.68) 

cJ2:
2 

= f M ( ~ IQ~12G~ - II 18~ n dm I 
(6.69) 

C = f (l'~ ;) (8¥)~(i\.JTbS) orn. 
M J space 

P space 

(6.70) 

Sometimes J is called the oscillatory moment of inertia and L the 

oscillatory radius of gyration. The real part of C in the above 

equations is the required work integral. 
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CHAPTER 7 

LINEAR NON-ADIABATIC RESULTS 

7.1 INTRODUCTION 

This Chapter is split into four main Sections. The first three 

Sections give the results of three linear surveys of the HR diagram 

using different opacity tables. The fourth Section deals with the 

limitations the above surveys place on the mass and luminosity of 7 

variable RCB stars. 

The surveys were carried out using Dr Worrell's linear codes, which 

he graciously allowed me to use. The three surveys were carried out 

using Dr Carson's pure helium opacity table R040, the smoothed carbon 

opacity table BD9C produced by Dr Jeffery from Dr Carson's He-C 

sequence of tables, and the Demarque XIX mix opacity table of Cox & 

Tabor (1976). Each survey was carried out for masses of 0.8MO' 1.0M0 

and 1.2MO between temperatures 5,000 K - 30,000 K and luminosities 

1,000LO - 20,000L0 (see Figure 7.1 for actual models attempted). In 

all the surveys, convection was only treated in the static models 

using Saio's version of the mixing length theory, with non turbulent 

viscosity (a mixing length of 1.2 pressure scale heights was chosen). 

For each model in the surveys, the program was asked to stop after 

finding 6 eigenmodes, as generally the fundamental and first overtone 

modes will be amongst these. This is especially needed for very 
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non-adiabatic models in which the eigenmodes can occur in any order. 

For each model the program outputs the adiabatic period, non-adiabatic 

period, non-adiabatic growth rate and the change in phase of ~(8R/R) 

between the inner and outer boundaries of the model's envelope. There 

is also the option of having the eigenfunction and work integral of 

each mode found and output in graphical form. This latter option was 

only selected for the fundamental mode (where found) of the 1.0Me 
models in each survey, to get an idea of how the eigenfunctions 

changed with temperature and luminosity. 

The results of the surveys will be presented in four parts. The 

first part is a detailed discussion of one model's eigenfunctions and 

work integrals for each mode found. The second part will give a brief 

description of how the eigenfunctions vary with luminosity and 

temperature and of the effects on the stability of the models. The 

third part will present and discuss the dynamical parameters of the 

models and how these vary with log(Teff ), log(L/L0 ) and M/MG• The 

last part will present the instability edges for each mass in the 

survey and compare these with previous work in the field. 

The last main Section will apply the results of the linear surveys 

to 7 of the pulsating RCB stars, in the hope of finding limitations 

upon their luminosities and masses. 

7.2 THE WHY AND WHERE OF THE SURVEYS 

The first thing to consider is why have a survey at all? The 

primary reasons were to find out where in the HR diagram the stability 

edges occur for hydrogen deficient models based on mixes that are 

similar to those found in RCB stars. It is also desirable to place 

limits upon the masses and luminosities, to reduce the range of 
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parameters over which non-linear models have to be made, in order to 

model some of the variable stars in the RCB group. A secondary reason 

was that this presented a good opportunity to compare the results of 

the two methods of opacity table generation over a wide range of 

densities and temperatures. From the surveys it was hoped that the 

major differences between the hydrogenic model of opacity generation 

used by Cox & Tabor (opacity table DXIX) and the hot Thomas-Fermi 

model of opacity generation used by Dr Carson (opacity table BD9C) 

would be seen in the survey results. Another useful by-product of the 

surveys is the production of simple polynomials linking 10g(PO) and 

log(P1) with stellar parameters log(L/Le) and log(Teff ). 

Having decided upon two surveys, one for each opaCity generation 

model, it was thought that a third survey using a pure helium mix 

(opacity table R040) would be useful, in that we could then see the 

underlying effects of helium on the model envelopes. This then lets 

us see how the introduction of carbon affected the models in the two 

earlier surveys. 

The next consideration was to decide upon the range of stellar 

parameters over which the survey was to be carried out. The 

temperature proved to be the easiest to decide as the lower limit was 

set by the lack of convection theory for efficient convection, i.e., 

5,000 K. As the majority of the RCB group of stars seem to have 

effective temperatures of between 5,000 K and 7,500 K with errors of 

about 500 K, it was decided that the survey should have models with 

effective temperatures starting at 5,000 K and increasing by a step of 

500 K, up to 8,000 K. Now, as DY Cen has a reputed effective 

temperature of 10,000 K +1- 1,000 K, it was decided that models with 

effective temperatures of 9,000 K, 10,000 K and 12,000 K would also be 

useful. Finally, the hotter members of the RCB group have 
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temperatures ranging up to 20,000 K +1- 5,000 K (depending upon which 

paper you read). Therefore to make sure that these were also 

encompassed, the survey was extended in effective temperature from 

10,000 K in 5,000 K steps up to 30,000 K. 

The luminosities at which stellar models were to be made were even 

more of a problem as the observational literature only gives the 

probable range of luminosities as (3,000-20,000) Le with 10,000Le 
being preferred. So in an attempt to split this range up evenly in a 

logarithmic sense, it was decided that luminosities of 6,000Le and 

15,000Le would also be included. The upper limit was about as high as 

anyone had predicted for the RCB group of stars, but some papers 

amongst the literatUre had mentioned a possible lower limit of 1,000Le 
and so this value of luminosity was also included. The location of 

the survey models on a HR diagram are shown in Figure 7.1 • 

The final consideration was that of the masses at which the models 

were to be made. It was decided that no more than 3 different masses 

should be included in the survey as the work would soon become 

prohibitive. The only major work in the literature at the time of 

these surveys was by Saio & Wheeler (1985) and this seemed to indicate 

that the RCB group of stars must have masses in the range (0.8-2.0)Me , 

with 1.0MG being favoured by Saio. Not being too sure whether to 

favour the low end of this range or to split it evenly, a range of 

linear models at 0.1Me steps over the whole mass range, for effective 

temperatures of 5,000 K, 6,000 K and 7,000 K at the most favoured 

luminosity of 10,000Le, were produced. This was done for both carbon 

opaCity tables. The results of this brief sequence of models can be 

seen in Figure 7.2, opaCity table DXIX is at the top of the page and 

opacity table BD9C is at the bottom. For each table mass sequence, 

the L.H.S. graphs are for the fundamental modes and the R.H.S. 
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Figure 7.2: This figure gives the results of the 
mass sequence for opacity tables DXIX (top) and 
BD9C (bottom). The graphs show plots for three 
effective temperatures: 7000 K (chain line), 
6000 K (light solid line) and 5000 K (heavy solid 
line). For other details see text. 
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graphs are for the first overtone modes. From the 7000 K plots on the 

fundamental graphs it can be seen that the lower mass limit would be 

preferred. The different opacities are already showing marked 

differences, as the DXIX models predict stability for all 7000 K 

models at this luminosity, while the BD9C models predict instability. 

The lower effective temperature models are more of a problem, 

indicating that they are probably of lower luminosities. Though it is 

worth noting that at around 1.0M
0 

the first overtones have about the 

right periods. Again we find a contradiction in the stability of the 

models between opacity tables. Taking this brief survey in mass into 

account, it was decided that the models of the surveys should be made 

with masses of 0.8M
0

, 1.0Me and 1.2MQ• 

To sum up, each opacity table survey was made at 3 masses each 

consisted of a grid of 78 models. The grids consisting of an array of 

13 effective temperatures by 6 luminosities. 

7.3 RESULTS OF THE SURVEY USING OPACITY TABLE R040 

In the following sub-sections, the results of the pure helium table 

survey described in the previous Section will be presented. As stated 

in the last Section, the main reason for this survey is to understand 

how the helium affects the pulsation parameters and the eigenfunctions 

in the survey models. It will also be useful to see if 

non-adiabaticity is present in these models or if it is a consequence 

of adding carbon. Similarly, the occurrence of 'strange' modes 

requires investigation. 
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7.3.1 A Detailed Discussion of One Model 

The model chosen for this detailed description has a mass of 1M0, 

luminosity of 10,000L0 and an effective temperature of 7,500 K. The 

mass was chosen because it is in the middle of the surveyed range, and 

the other stellar parameters were chosen because they are the nearest 

the survey models came to the optimum specification of RY Sgr. 

The first thing that is noticed about this model is that the nodes 

in 10R/RI are well defined and are accompanied by a phase 

change $(oR/R) of II (see Figures 7.3 - 7.4) which indicates that the 

star is close to the adiabatic limit. This can be further seen from 

the similarity in the non-adiabatic period and adiabatic period, i.e., 

37.44 days and 37.56 days, repectively (see R040 results tables in 

Appendix E). The next feature of interest is the sharp drop in 18L/LI 

as we go into the star and the lack of features after this drop. This 

decrease in 10L/LI is caused by the rapid increase in helium opaCity 

at this point, which is mainly due to the ionisation of neutral helium 

to He+. This drop in !8L/LI is accompanied by a large narrow peak in 

18T/T! and an integral II change in $(oL/L) of roughly the same width 

as the toT/TI peak, due to the 'damming up' of the radiation in the 

He+ ionisation region mentioned above. It is this 'damming up' that 

causes the driving peaks seen in the work diagrams of Figure 7.5 • 

This model is quite unusual, in that it does not have the He++ damping 

region which is usually present in these model envelopes. A detailed 

look at the equilibrium model seems to show that the cause of this 

anomaly is the presence of strong convection throughout the entire 

inner envelope below the 10T/Tt peak. Finally, the 'freezing in' of 

the luminosity perturbations (as discussed in Cox, 1980) can clearly 

be seen in the outer part of the model envelope. 
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Figure 7.3: This figure shows ISR/Rl, I~LILI 
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LlLe = 10,000 and Teff = 7,500 K. 

7-9 



........ . 
til . 
~ 

rl 
ro 

4.J 
0 
8 
'-' 
........ 

rl 
ro 
H 
tn 
OJ 

4.J 
C 
'.-I 

~ 
H 
0 
~ 

LINEAR NON-ADIABATIC RESULTS 

1q 
')( 10 1.. .• , I I • T 

dW 
dM 

0 

-c 

-l.. 

-> 

-4 

-5 

-{, 

O.IZ 

0.1 I 

0.10 

CJ.lY( 

O.c8 

0.07 

o·bb 

0.0;;-

D.04 

o,oJ 

()·O2.. 

D.OI 

6.00 

- 1= 

----~~~----~,l w 
Vi _ -i 

- .' r-~-__ ~2 H 
i 
I 

\ 

- il 

}{ 
)11 -~ '" J. I , '~ . 

II 11.. 1 3 / 4 '> 1(, '7 ''iJ,q :t.".21 

Log~ (M-m r ) -24 

. - , 
r 
\ 

..... y--' =- - ::::.-

---

lfH 

If 
1/ 

H 
If 
F= 

~.I -' 

'I '2 If '4 15 't I T 1~ 191.020/ 

Log(, (M-mr ) -24 

Figure 7.5: This figure shows the work function 
and work integral versus log(M-m ) - 24 for the 

r first 6 eigen modes of the 1Me pure Helium model 
with LIL0 = 10,000 and Teff = 7,500 K. 

7-10 



LINEAR NON-ADIABATIC RESULTS 

7.3.2 Fundamental Eigenfunctions of the 1 MG Models 

The first thing noticed in Figures 7.6 - 7.7 is the marked 

difference in loT/T' for effective temperatures above and below 

15,000 K. This is due to the fact that below 15,000 K the opacity is 

rising rapidly with temperature (see Figure 4.3), while above 15,000 K 

the opacity levels off, and even starts to decrease slightly with 

temperature. For effective temperatures below 15,000 K, the envelope 

temperature rises very rapidly with mass, and the first helium 

ionisation zone occurs just below this large temperature change 

causing the radiation to be 'dammed up' by the resultant opacity bump. 

This 'damming' up of radiation is what causes the large peak in loTIT' 

and the sharp rise in roL/Ll seen in Figures 7.8 - 7.9. loT/Tl has 

a peak rather than a step, as the opacity drops away very rapidly 

below 15,000 K. Also ,oL/L' remains roughly constant for 

temperatures below 15,000 K as it becomes 'frozen in'. The loTIT' 

peak narrows and gets larger with both increasing effective 

temperature of models (up to 10,000 K) and increasing luminosity. 

This is mainly due to the increase in the opaCity gradients of the 

opaCity bump and thus the 'damming' up of the radiation in a smaller 

area. It is generally this region that produces any 'driving' present 

in the model. 

The small peak in loL/LI (Figures 7.8 - 7.9) to the right of the 

steep rise is due to the He+-He++ ionisation region of the model, and 

is the main cause of 'damping' in the model envelope. The size of 

this bump in !oL/LI increases as it moves out in mass with rises in 

effective temperature. Some of the other smaller bumps towards the 

centre of the model envelopes are due to convection and have little 

effect upon the pulsation properties of the model envelopes. For 

effective temperatures above 10,000 K, we see that the peaks in loT/TI 
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are much broader and smaller in size. This is mainly due to the lack 

of rapid changes in opacity, so the opacity bump is well spread out, 

in mass. In the case of Teff = 15,000 K we can see the two peaks in 

18T/TI due to the opacity bumps caused by the He-He+ and He+-He++ 

ionisation zones. As the effective temperature increases the model 

+ ++ envelopes become diffuse and the He -He ionisation peak in 18T/TI 

vanishes. Bumps in 18L/LI vanish and the size of the 18L/LI step 

increases with rising effective temperatures or falls in luminosity, 

as more radiation can seep out due to a drop in opacity of the outer 

envelope. 

Figures 7.10 - 7.11 give !8R/R! for this set of models and add 

little to the above discussion, but have been included for 

completeness. The missing graphs are those of models that would not 

converge. After a close look at the equilibrium models of these 

models, it was decided that convection was the probable cause. This 

conclusion was drawn from the fact that in all the non-converging 

models convection had replaced radiative transfer as the major form of 

energy transport in the envelopes below the 15,000 K opacity drop. As 

the convection is modelled using the mixing length theory, which is 

only valid in regions of inefficient convection, it is reasonable to 

assume that this is the most likely cause of the non-convergence seen 

in the lower effective temperature models. 

To summarise, the major features found above are that the models 

increase in non-adiabaticity with increasing effective temperature and 

luminosity. Above Teff = 10,000 K they become diffuse and for the 

larger luminosities very non-adiabatic. This is mainly due to the 

outward movement of the helium ionisation zones. Below about 8,000 K 

convection becomes significant and results in the diminution or loss 

++ of He 'damping' in the envelope extending the red edge to lower 

effective temperatures. For lower effective temperatures, convection 

becomes dominant and the models no longer converge. 
7-12 
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7.3.3 Presentation of Results 

In the following sub-sections, the results of the R040 opacity 

table survey will be given in graphical fo~, along with several 

polynomial fits to the fundamental and first overtone data. The raw 

data has been tabulated for the fundamental and first overtone modes 

and can be found in the R040 Section of Appendix E (pages E-1 to 

E-18) • 

The graphs are in groups of 4 showing from top left to bottom 

right: 

TOP LEFT 

TOP RIGHT 

BOTTOM LEFT 

BOTTOM RIGHT 

adiabatic and non-adiabatic Log (period) vs Log (Teff ) 

adiabatic and non-adiabatic Log (Q) vs Log (Teff ) 

non-adiabatic Growth Rate vs Log (Teff ) 

Nonadiabatic lle vs Log (T
eff

). 

where llc is the phase change in degree of cD(8R/R) between the inner 

and outer boundaries of the model envelope in question. The symbols 

and lines used in the graphs are given below to maximise the size of 

the graphs and reduce repetition: 

DOTTED SOLID LINE - Shows the adiabatic fundamental modes 

LIGHT SOLID LINE - Shows the adiabatic first overtone modes 

CHAINED LINE - Shows the adiabatic second overtone modes 

DOTTED LINE - Shows the adiabatic third overtone modes 

+ PLUS - Shows the non-adiabatic fundamental modes 

• ASTERISK - Shows the non-adiabatic first overtone modes 

o CIRCLE - Shows the non-adiabatic second overtone modes 

X CROSS - Shows the non-adiabatic third overtone modes. 
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For each mass in the survey three polynomial fits have been made to 

the data. The first of these will fit the following polynomial to 

non-adiabatic Log (Period), with Log (Teff ) as the independent 

variable at each luminosity. 

2 Log (Period) = aO + a,.Log(Teff ) + a2.[Log(Teff )] 

A table of the coefficients at each luminosity, together with the mean 

residual, M.R., of fits and range in effective temperature, over which 

fits were made, will be given for each mass and mode considered. 

The second and third fits will fit a [2D] polynomial of the form: 

x L L 6, [Log (T eff) J' [Log (LILa) ] J I Vi + j 
1=0 )=0 J 1, 2 J 

where X is the non-adiabatic Log (Period) in the second fit, and 

non-adiabatic Log (Q) in the third fit. For each mass, for the modes 

considered, the range in Teff at each luminosity over which the fit 

was made is the same as that used in the first fits. For each fit the 

root mean of the residual squares divided by the range of X used in 

the fit is given as a percentage (Xi) alongside the polynomial 

coefficients. 
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7.3.3.1 Survey Results for 0.8 Me Models - Table 7.1, below gives the 

coefficients of fits to the non-adiabatic fundamental mode 

Log (periods) at constant luminosities. 

L/Le aO a 1 a2 M.R LOg(Teff ) 

1,000 55.577 -23.634 2.450 0.00717 3.954 - 4.301 
3,000 34.987 -13.221 1.162 0.00381 3.954 - 4.477 
6,000 8.559 -3.563 -0.384 0.01712 3.903 - 4.477 

10,000 -5.803 6.778 -1.253 0.02400 3.875 - 4.477 
15,000 17.057 -4.428 0.133 0.03295 3.845 - 4.477 
20,000 5.379 1.343 -0.571 0.02157 3.845 - 4.477 

TABLE 7.1 : Table of coefficients of first fit for fundamental 
mode. 

The coefficients for the [2D] fit to the non-adiabatic fundamental 

mode Log (periods) are: 

bOO = 
b10 = 

bOO = 
b01 = 

b02 = 

10.958 

-3.490 

9.608 

-0.746 

0.218 

b01 = 

b10 = 

b11 = 

b20 = 

1.066 Xi = 2.29% i+j = 1 

-1.270 Xi = 1.93% i+j = 2 

0.050 

-0.287 

The coefficients for the [2D] fit to the non-adiabatic fundamental 

mode Log (Q's) are: 

bOO = 
b10 = 

bOO = 
b01 = 

b02 = 

-0.675 

-0.230 

-6.514 

1.806 

0.483 

b01 = 0.126 Xi = 20.60% i+j = 1 

b10 = 0.719 Xi = 14.71% i+j = 2 

b11 = -1.256 

b20 = 0.477 
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Table 7.2, below gives the coefficients of fits to the non-adiabatic 

first overtone mode Log (periods) at constant luminosities. 

L/LG) aO a 1 a2 M.R Log(Teff ) 

1,000 16.739 -5.068 0.226 0.00437 3.954 - 4.301 
3,000 132.623 -61.100 7.014 0.14904 3.954 - 4.477 
6,000 5.067 0.786 -0.468 0.01090 3.903 - 4.477 

10,000 16.739 -5.068 0.226 0.03904 3.875 - 4.477 
15,000 43.656 -17.946 1.819 0.03290 3.845 - 4.477 
20,000 30.200 -11.315 1.011 0.04615 3.854 - 4.477 

TABLE 7.2 Table of coefficients of first fit for first 
overtone mode. 

The coefficients for the [2D] fit to the non-adiabatic first overtone 

mode Log (periods) are: 

bOO = 
b 10 = 

bOO = 
b01 = 

b02 = 

8.923 

-2.810 

36.156 

2.112 

-0.032 

b01 = 

b10 = 

b11 = 

b20 = 

0.798 Xi = 5.62% i+j = 1 

-17.089 Xi = 4.99% i+j = 2 

-0.273 

1.842 

The coefficients for the [2D] fit to the non-adiabatic first overtone 

mode Log (Q's) are: 

bOO = 

b 10 = 

bOO = 

b01 = 

b02 = 

-2.234 

-0.061 

16.581 

1.673 

0.226 

b01 = 0.252 Xi = 17.35% 

b10 = -10.536 Xi = 13.21% 

b 11 = 

b20 = 

-0.821 

1.679 

i+j = 

i+j = 2 

The results presented here will be discussed in Section 7.3.4 • 
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7.3.3.2 Survey Results for 1.0 Ma Models - Table 7.3, below gives the 

coefficients of fits to the non-adiabatic fundamental mode 

Log (periods) at constant luminosities. 

LILa ao a 1 a2 M.R Log(Teff ) 

1,000 25.360 -9.094 0.699 0.00000 4.000 - 4.301 
3,000 165.580 -76.506 8.814 0.12007 3.954 - 4.477 
6,000 20.562 -6.221 0.326 0.01494 3.903 - 4.477 

10,000 7.193 0.328 -0.461 0.01696 3.875 - 4.477 
15,000 2.710 2.634 -0.742 0.01548 3.875 - 4.477 
20,000 21.518 -6.580 0.394 0.03357 3.845 - 4.477 

TABLE 7.3 Table of coefficients of first fit for fundamental 
mode. 

The coefficients for the [2D] fit to the non-adiabatic fundamental 

mode Log (periods) are: 

bOO = 
b 10 = 

bOO = 
b01 = 

b02 = 

10.388 

-3.490 

20.163 

3.036 

0.166 

b01 = 1.066 Xi = 6.01% i+j = 

b10 = -10.020 Xi = 5.40% i+j = 2 

b11 = -0.799 

b20 = 1.188 

The coefficients for the [2D] fit to the non-adiabatic fundamental 

mode Log (Q's) are: 

bOO = 
b10 = 

bOO = 
b01 = 

b02 = 

-0.056 

-0.288 

-9.015 

2.679 

0.466 

b01 = 0.017 Xi = 21.86% i+j = 

b10 = 1.154 Xi = 14.16% i+j = 2 

b11 = -1.448 

b20 = 0.511 
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Table 7.4, below gives the coefficients of fits to the non-adiabatic 

first overtone mode Log (periods) at constant luminosities. 

LILe aO a1 a2 M.R Log(Teff ) 

1,000 14.636 -4.014 0.090 0.03357 4.000 - 4.301 
3,000 139.104 -64.177 7.373 0.13641 3.954 - 4.477 
6,000 11.776 -2.447 -0.083 0.01202 3.903 - 4.477 

10,000 14.636 -4.014 0.090 0.01280 3.875 - 4.477 
15,000 19.392 -6.046 0.360 0.03214 3.875 - 4.477 
20,000 33.521 -12.982 1.216 0.03069 3.845 - 4.477 

TABLE 7.4 Table of coefficients of first fit for first 
overtone mode. 

The coefficients for the [2D] fit to the non-adiabatic first overtone 

mode Log (periods) are: 

bOO = 
b 10 = 

bOO = 
b01 = 

b02 = 

8.923 

-2.890 

27.387 

2.112 

-0.049 

b01 = 

b10 = 

b11 = 

b20 = 

0.800 Xi = 5.64% i+j = 1 

-13.471 Xi = 5.13% i+j = 2 

-0.273 

1.842 

The coefficients for the [2D] fit to the non-adiabatic first overtone 

mode Log (Q's) are: 

bOO = -1.517 b01 = -0.108 Xi = 18.28% i+j = 

b10 = 0.121 

bOO = -0.570 b10 = -2.641 Xi = 13 .95% i+j = 2 

b01 = 2.122 b11 = -1.005 

b02 = 0.271 b20 = 0.805 

The results presented here will be discussed in Section 7.3.4 • 
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and M/M0 = 1.0 (R040 opacity table). 
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7.3.3.3 Survey Results for 1.2 Me Models - Table 7.5, below gives the 

coefficients of fits to the non-adiabatic fundamental mode 

Log (periods) at constant luminosities. 

L/Le 

1,000 
3,000 
6,000 

10,000 
15,000 
20,000 

ao 
128.825 
35.438 
36.057 
16.082 
4.906 
1.673 

a 1 

-59.978 
-13.631 
-13.650 
-3.957 

1.519 
3.191 

a2 

6.948 
1.228 
1.211 
4.982 

-0.607 
-0.812 

M.R 

0.24469 
0.00317 
0.00725 
0.01556 
0.01648 
0.02105 

Log(Teff ) 

4.000 - 4.477 
3.954 - 4.398 
3.954 - 4.398 
3.903 - 4.477 
3.875 - 4.477 
3.875 - 4.477 

TABLE 7.5 Table of coefficients of first fit for fundamental 
mode. 

The coefficients for the [2D] fit to the non-adiabatic fundamental 

mode Log (periods) are: 

bOO = 

b 10 = 

bOO = 
b01 = 

b02 = 

11.222 

-3.292 

8.369 

4.093 

0.427 

b01 = 0.718 Xi = 8.31% i+j = 

b10 = -5.389 Xi = 5.12% i+j = 2 

b11 = -1.545 

b20 = 0.982 

The coefficients for the [2D] fit to the non-adiabatic fundamental 

mode Log (Q's) are: 

bOO = 
b10 = 

bOO = 
b01 = 

b02 = 

-0.013 

-0.261 

-2.553 

3.371 

0.423 

b01 = -0.033 Xi = 22.60% i+j = 

b10 = -2.566 Xi = 13.97% i+j = 2 

b" = -1.546 

b20 = 1.003 
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Table 7.6, below gives the coefficients of fits to the non-adiabatic 

first overtone mode Log (periods) at constant luminosities. 

L/Le aO a 1 a2 M.R Log(Teff ) 

1,000 -8.716 4.796 -0.662 0.41234 4.000 - 4.477 
3,000 4.296 1.060 -0.510 0.00296 3.954 - 4.398 
6,000 3.035 1.672 -0.571 0.00254 3.954 - 4.398 

10,000 -8.716 4.796 -0.662 0.00918 3.903 - 4.477 
15,000 6.406 0.206 -0.392 0.01328 3.875 - 4.477 
20,000 16.757 -4.754 0.205 0.03254 3.875 - 4.477 

TABLE 7.6 Table of coefficients of first fit for first 
overtone mode. 

The coefficients for the [2D] fit to the non-adiabatic first overtone 

mode Log (periods) are: 

bOO = 
b 10 = 

bOO = 
b01 = 

b02 = 

10.053 

-2.824 

11.445 

2.519 

0.474 

b01 = 0.504 Xi = 8.66% i+j = 1 

b10 = -0.787 Xi = 5.66% i+j = 2 

b11 = -1.303 

b20 = 0.369 

The coefficients for the [2D] fit to the non-adiabatic first overtone 

mode Log (Q's) are: 

bOO -1.225 b01 = -0.244 Xi = 20.83% i+j = 

b10 = 0.181 

bOO = -10.484 b10 = 2.266 Xi = 13.59% i+j = 2 

b01 = 1.903 b11 = -1.491 

b02 = 0.464 b20 = 0.370 

The results presented here will be discussed in Section 7.3.4 • 
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Figure 7.24 : Pulsation parameters for 
and M/M0 = 1.2 (R040 opacity table). 
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and M/M0 = 1.2 (R040 opacity table). 
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7.3.4 A Discussion of the Survey Results 

In Figures 7.12 - 7.29 we can see the pulsation parameters for the 

pure helium survey models. In these graphs it can be seen that all 

models that did not converge are excluded, leaving only the high 

effective temperature models. We first of all consider the upper two 

graphs of each quartet showing Log(Period) and Log(Q versus 

effective temperature. From these graphs it was clear that something 

was happening in the low luminosity high effective temperature models, 

i.e., there was an unexpected step. This did not appear to be 

connected with the mean envelope density which could cause such an 

effect or the non-adiabaticity of models as both adiabatic and 

non-adiabatic periods show the same step. The only other things that 

could have affected the period are the pressure and 'Y', of which the 

latter is the more likely cause. No time was available to check this 

conclusion; hence no firm cause can be given. 

In the results sections, [2D] fits using first and second order 

polynomials were made to all Log(Period) and LogCQ) data in given 

Log(Teff ) ranges, at each mass. From this we see that a better fit 

can be made to the period data: for periods only, a [1D] second order 

polynomial was fitted to the data of each mass and luminosity 

sequence. Below are given the fits to fundamental periods at each 

mass (this mode was chosen as it is the mode that ReB stars are 

thought to pulsate in) 

Po = 9.1 x 1010CTeff)-3.49(L/L0)1.066 (3%) M/M0 = 0.8 

Po = 2.4 x 1010CTeff)-3.49(L/LQ)1.066 C6%) MIMQ = 1.0 

Po = 1.7 x 1011CTeff)-3.29CL/LQ)0.718 (8%) M/MQ = 1.2 
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From the above we see that as the mass increases, the dependence upon 

Teff and L/Le decreases, as is to be expected, due to the decrease in 

the non-adiabaticity of models. As there are so few mass points it 

was decided not to try and fit a [3D] polynomial to the whole of the 

data, as the fit would be dubious and not very accurate. Finally, it 

can be seen that at the lower effective temperature end of the higher 

luminosity graphs the periods 'turn-over' with decreasing Teff and 

start diminishing. This is due to the increased efficiency of 

convection in the lower temperature models, which causes a slight 

decrease in mean density and hence period. 

Wc then consider briefly the lower two graphs of the quartets, 

which show growth rates and phase change of ~(8R/R) between inner and 

outer boundaries of envelope. The phase graphs are quite useful in 

locating the instability edges, as the phase either changes down or up 

when the growth rate drops or increases sharply. This is mainly due 

to large increases/decreases in 'dammimg' of radiation and hence 

'driving'. These phase graphs are also a useful indication as to 

whether you have found the right modes or not, as they are reasonably 

continuous at lower luminosities. The growth rate graphs are only 

really used to find the instability region, as there are not enough 

points to map these complex curves properly. From fits to the 

fundamental and first overtone growth rates at each mass, the blue 

edges have been found and are displayed in Figure 7.30. These edges 

are blue-wards of the usual Cepheid edges, due to the reduction in 

available electrons and hence decrease in 'damping'. This may help to 

explain why some extreme helium stars with effective temperatures 

around 8,000 K pulsate (see Morrison & Willingale, 1987) where 

normally you would expect stability. The 'dog-leg' discussed in Saio 

& Wheeler (1985) is evident at the lower masses in both modes shown, 
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but vanishes as the model mass is increased. The reason for this is 

not obvious, but may have something to do with the increase in 

non-adiabaticity as the LIM ratio increases which results in less 

'driving' than would otherwise be the case. The values of Log(Teff ) 

along the blue edges are given in Appendix F.1. It is seen that in 

the case of these pure helium models the first overtone and 

fundamental mode are unstable in the same region of the HR diagram. 

Hence when both modes have similar growth rates bi-periodicity could 

occur. Generally one would expect the fundamental mode to be the 

dominant pulsating mode has it as the larger growth rate for any given 

effective temperature in the instability region. 
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Figure 7.30: This figure shows the position of 
the blue edges of pure Helium opacity table 
survey, on HR diagrams. The heavy solid lines 
represent the Fundamental blue edges and the light 
solid lines the first overtone blue edges. 
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7.4 RESULTS OF THE SURVEY USING OPACITY TABLE DXIX 

In the following sub-Sections, the results for the hydrogenic opacity 

table DXIX of Cox & Tabor (1976), will be presented and compared with 

the results found in the pure helium survey of Section 7.3. The main 

purpose of this survey is given in Section 7.2 together with the 

reasons as to why these particular models were chosen. As no 

'strange' modes were found in the models created for the pure helium 

survey, in Section 7.3, it was decided to see if any could be found 

amongst the models in this survey. 

7.4.1 A Detailed Discussion of One Model 

The model chosen for this detailed description has the same mass 

and luminosity as that used in Section 7.3.1 for the pure helium 

description. However, in this case, an effective temperature of 

7,000 K has been chosen, as this is the value the two best known ReB 

stars are thought to have, i.e., RY Sgr and R Cr B. This change of 

effective temperature has no major effect upon the shape of the 

perturbation curves and work diagrams in Figures 7.31 - 7.33, and can 

still be compared with that of the pure helium description in 7.3.1 • 

The first thing to notice in Figure 7.31, is that loR/RI no longer 

extends all the way down to the inner boundary (R.H.S. of graphs), 

and, with the exception of the first overtone, the nodes of higher 

overtones are no longer well defined. Also, that loR/RI in the 

higher modes has a lot more structure than in the pure helium case. 

It can be seen, from Figure 7.31, that lolL' also has structure in 

the same mass regions, which is due to the ionisation of the carbon 

atoms. The changes in ~(oR/R) are not well defined; the step-wise 

change seen in the pure helium model being smoothed out. In the 
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higher non-pulsating modes, ~(oR/R) increases by n towards the inner 

envelope boundary, while in the low pulsating modes, it does not. 

Even though the nodes of loR/RI are not well defined we see by 

comparing the adiabatic period with the non-adiabatic periods 

(Appendix E, DXIX results Section), that the model's envelope is again 

quite close to adiabaticity. 

From Figure 7.31 we see that the drop in loL/LI (as we go inwards) 

seen in the pure helium case is still present, and coincident with the 

peak in foT/TI although now it is less steep and contains a lot of 

structure due to the ionisation of carbon. The peak in loT/TI is 

smaller and broader, as the first few ionisation states of carbon have 

raised the opacity below the 15,000 K edge, above that seen in the 

pure helium opaCity (see Figures 4.3 and 4.9). The peak in toL/Ll at 

mode 0 can be seen to break up into 3 peaks as we go to higher 

++ +++ + ++ overtones. These peaks are due to the effects of C -C , He -He 

+++ IV and C -C ionisation as the envelope temperature increases. 

The change in phase ~(oL/L) is still an integral multiple of n in 

the ionisation region. In Figure 7.32, it can be seen, however, that 

for the unstable low modes, the phase does not return to its inner 

value, but remains at the ionisation value. This could mean that 

loL/LJ is 'frozen in' or, more likely, that it is being 'dammed' all 

the way up to the outer boundary. This view is supported by the drop 

in ~(oT/T) seen in the lower modes as we approach the outer boundary. 

Finally, Figure 7.33 shows the work integral and work function with 

mass of the model envelope. From these diagrams, the effects that the 

introduction of carbon has had on the model envelope can clearly be 

seen, namely, the elimination of efficient convection seen in the pure 
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Figure 7.31 : This figure shows l~R/RI, I~LILI 
and J~T/TI versus lo~(M-m ) - 24 for the first 6 
eigen modes of the 1~ DXIX model with 
LIL0 = 10,000 and Teff = 7,000 K. 
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eigen modes of the 1~ DXIX model with 
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+ ++ helium model, which resulted in the loss of the He -He 'damping', 

and the increase of the 'driving' in the fundamental and first 

overtone modes. 

7.4.2 Fundamental Eigenfunctions of the 1 Me Models 

In Figures 7.34 - 7.35 it can again be seen that there is a 

definite change in 18T/TI between those models with effective 

temperatures below and above 15,000 K. Again this is due to the steep 

drop in opacity at 15,000 K (see Figure 4.9) caused by the He-He+ 

ionisation region. The gradient of this drop is now far less than it 

is in the pure helium opacity due to the presence of C-C+ and C+-C++ 

ionisation regions below this drop. The reduction in the opacity 

gradient of this drop has caused the marked decrease in the size and 

the broadening of the peaks in 18T/TI below Teff = 15,000 K. In 

these models 18T/TI is also significant throughout the majority of 

their envelopes, in contrast to what was found in the the pure helium 

model survey. This is entirely due to the various degrees of 

ionisation in the carbon atoms. Above Teff = 10,000 K the I 8 T/TI 

peaks are similar to those of the equivalent pure helium models with 

. ++ +++ the except~on that C -C ionisation has filled in the valley 

between the helium ionisation peaks, visible in pure helium models 

(see Figures 7.6 - 7.7). 

In Figures 7.36 - 7.37, for models below Teff = 9,000 K, the 

beginnings of the drop in 18L/LI, which was so pronounced in the pure 

helium models, can be seen. In the model with (Teff , L/Le) = 

( ++ +++ 5,000 K, 1,000) two bumps can be seen in 18L/LI, due to C -C and 

+ ++ ( He -He ionisation regions as we go into the model envelope from 

left to right) which, as the effective temperature or luminosity 

increases, 'merge' with the 'frozen in' part of 18L/LI. At the 

luminosities below L/LG = 15,000 it is this 'merging' that is the 

apparent cause of the hotter models being stable, i.e., the loss of 

'driving' from the helium ionisation zones. This means that the He++ 

damping is large 
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enough to stabilise the hotter models. The reason for the movement of 

the stability edge of the L/L9 = 20,000 is not obvious from these 

models but could possibly be due to the increase in the size of the 

helium ionisation opaCity bumps as we go to lower densities. (See 

Figure 4.9 .) The other bumps seen in high luminosity and high 

effective temperature models are due to the higher levels of 

ionisation of the carbon atoms. 

Figures 7.38 - 7.39 give loR/RI for this set of models, which have 

been included for completeness. The missing graphs are those for 

which the linear codes did not find a fundamental mode. This was due 

to the linear codes converging to a higher overtone mode or a secular 

mode instead. As can be seen from the graphs this only occurred in 

the high luminosity limit where the model envelopes have become very 

non-adiabatic. In the Figures presented here, the eigenfunctions of 

model (Teff , L/LG) = (5,500 K, 15,000) have been drawn in the wrong 

place and those of model (Teff , L/L9 ) = (15,000 K, 20,000) have been 

mis-identified as belonging to the fundamental mode. 

To summarise: the major features found above are that the models 

increase in non-adiabaticity with effective temperature and 

luminosity; this is enhanced over that seen in the pure helium case, 

due to the increase in opacity caused by the introduction of carbon, 

and the subsequent drop in envelope densities. This drop in density 

appears to be the cause of the dramatic shift in the blue edge of the 

instability strip, seen for these models. The models of this survey 

did not suffer from convection, as did those in the previous pure 

helium survey. This may be due to the decrease in denSity of the 

inner envelope coupled with the lowering of the temperature gradients 

in this region due to the increase in 'damping' produced by the highly 

ionised carbon ions. 
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Figure 7.36: This figure shows plots of IGLILI 
versus lo~M-mr)-24 for the Low luminosity 
fundamental modes of the 1M0 models of the survey 
using opacity table DXIX. 
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using opacity table DXIX. 
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Figure 7.38: This figure shows plots 
versus lo~M-mr)-24 for the Low 
fundamental modes of the 1M0 models of 
using opaCity table DXIX. 
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fundamental mode~ of the 1M0 models of 
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7.4.3 Presentation of Results 

In the following sub-sections, the results of the DXIX opacity 

table survey will be given in graphical form, together with several 

polynomial fits to the fundamental and first overtone data. The raw 

data has been tabulated for the fundamental and first overtone modes 

and can be found in the DXIX Section of Appendix E (pages E-19 to 

E-36) • 

The graphs are in groups of 4 showing from top left to bottom 

right: 

TOP LEFT 

TOP RIGHT 

BOTTOM LEFT 

BOTTOM RIGHT 

adiabatic and non-adiabatic Log (period) vs Log (Teff ) 

adiabatic and non-adiabatic Log (Q) vs Log (Teff ) 

non-adiabatic Growth Rate vs Log (Teff ) 

c Nonadiabatic 17 vs Log (Teff ). 

where nC is the phase change in degree of Q) (8 R/R) between the inner 

and outer boundaries of the model envelope in question. The symbols 

and lines used in the graphs are given below to maximise the size of 

the graphs and reduce repetition: 

DOTTED SOLID LINE - Shows the adiabatic fundamental modes 

LIGHT SOLID LINE - Shows the adiabatic first overtone modes 

CHAINED LINE - Shows the adiabatic second overtone modes 

DOTTED LINE - Shows the adiabatic third overtone modes 

+ PLUS - Shows the non-adiabatic fundamental modes 

• ASTERISK - Shows the non-adiabatic first overtone modes 

o CIRCLE - Shows the non-adiabatic second overtone modes 

X CROSS - Shows the non-adiabatic third overtone modes. 
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For each mass in the survey three polynomial fits have been made to 

the data. The first of these will fit the following polynomial to 

non-adiabatic Log (Period), with Log (Teff ) as the independent 

variable at each luminosity. 

2 Log (Period) = aO + a,.LOg(Teff ) + a2 .[Log(Teff )] 

A table of the coefficients at each luminosity, together with the mean 

residual, M.R., of fits and range in effective temperature, over which 

fits were made, will be given for each mass and mode considered. 

The second and third fits will fit a [2D] polynomial of the form: 

x - 2: 2: B, [Log (Teff) ] ' [Log (LlLo) ] J, 
1 .. 0 J .. Q J \li+j = 1,21 

where X is the non-adiabatic Log (Period) in the second fit, and 

non-adiabatic Log (Q) in the third fit. For each mass, for the modes 

conSidered, the range in Teff at each luminosity over which the fit 

was made is the same as that used in the first fits. For each fit the 

root mean of the residual squares divided by the range of X used in 

the fit is given as a percentage (Xi) alongside the polynomial 

coefficients. 
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7.4.3.1 Survey Results for 0.8 Me Models - Table 7.7, below gives the 

coefficients of fits to the non-adiabatic Fundamental mode 

Log (periods) at constant luminosities. 

L/Le aO a1 a2 M.R Log(Teff ) 

1,000 23.956 -8.498 0.641 0.00343 3.669 - 4.301 
3,000 20.392 -6.398 0.366 0.00613 3.669 - 4.398 
6,000 9.539 -0.940 -0.299 0.00763 3.669 - 4.477 

10,000 -2.230 4.737 -0.968 0.01182 3.778 - 4.477 
15,000 92.974 -40.584 4.420 0.00890 3.669 - 4.477 
20,000 233.391 -108.671 12.656 0.25972 3.669 - 4.477 

TABLE 7.7 Table of coefficients of first fit for Fundamental 
mode. 

The coefficients for the [2D] fit to the non-adiabatic Fundamental 

mode Log (periods) are: 

bOO = 
b 10 = 

bOO = 
b01 = 

b02 = 

12.074 

-3.921 

5.896 

3.541 

0.682 

b01 = 1.236 Xi = 13.91% 

b10 = -29.377 Xi = 12.97% 

b 11 = 

b20 = 

-1.855 

4.013 

i+j = 

i+j = 2 

The coefficients for the [2D] fit to the non-adiabatic Fundamental 

mode Log (Q's) are: 

bOO = 
b 10 = 

bOO = 
b01 = 

b02 = 

0.755 

-1. 074 

37.305 

1.000 

1.070 

b01 = 0.660 Xi = 13.64% 

b10 = -19.749 Xi = 11.48% 

b 11 = 

b20 = 

7-54 
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3.286 

i+j = 1 
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Table 7.8, below gives the coefficients of fits to the non-adiabatic 

first overtone mode Log (periods) at constant luminosities. 

L/Le aO a1 a2 M.R Log(Teff ) 

1,000 15.331 -4.455 0.159 0.00261 3.669 - 4.301 
3,000 9.459 -1.414 -0.208 0.00336 3.669 - 4.398 
6,000 7.241 -0.337 -0.324 0.02084 3.669 - 4.477 

10,000 15.331 -4.455 0.159 0.09508 3.778 - 4.477 
15,000 28.144 -10.585 0.952 0.08271 3.669 - 4.477 
20,000 39.093 -16.096 1.641 0.05717 3.669 - 4.477 

TABLE 7.8 Table of coefficients of first fit for first 
overtone mode. 

The coefficients for the [2D] fit to the non-adiabatic first overtone 

mode Log (periods) are: 

bOO = 
b10 = 

bOO = 
b01 = 

b02 = 

9.224 

-2.927 

11.965 

-1.274 

7.583 

b01 = 0.849 Xi = 6.22% i+j = 1 

b10 = -2.329 Xi = 5.64% i+j = 2 

b11 = 0.397 

b20 = -0.262 

The coefficients for the [2D] fit to the non-adiabatic first overtone 

mode Log (Q's) are: 

bOO = 

b 10 = 

bOO = 
b01 = 

b02 = 

-2.137 

0.066 

-0.943 

-2.374 

0.123 

b01 = 0.115 Xi = 11.50% i+j = 1 

b10 = 1.748 Xi = 11.26% i+j = 2 

b11 = 0.402 

b20 = -0.397 

The results presented here will be discussed in Section 7.4.4 • 
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and M/MG = 0.8 (DXIX opacity table). 

PERIODS V£RSUS EFFECTIVE TEMPERATURE 

" 
~ 
~ 

o VALUES V£RSUS EFFECTIVE TEMPERATURE 
0.2 

15 1 '& 
E o 

E 

'0 

{ 
a. 

.-., 

" 
~ 
E 
(; 

" o 

~ 

'0 0.1 
~ 

~ 

~ 
o 

,.,'..., 

-1' -.y o LI ____ ~ ________ ~ ________ ~ __________ ~--J 

3.8 4.0 4.2 4.4 3.8 
Elfeclive temperature 

GROWTH RATES V£RSUS EFFECTIVE TEMPERATURE 
400 

~ 200 

E 
(; 

o~ \,.~·'GB~·1:~ 
~ 
a. 0 

-2LI--~--------~--------~--------~~ -200 
3.8 4.0 4.2 4.4 3.8 

(ffective temperature 

Figure 7.41 : Pulsation parameters for 
and M/M0 = 0.8 (DXIX opacity table). 

7-56 

4.0 4.2 4.4 
Effective temperoture 

PHI V£RSUS EFFECTIVE TEMPERATURE 

• .-<3···-···B ·'·'· 

.X· .. · .. X .. 

4.0 4.2 4.4 
Effective ttmp4lfOll.Kt 

L/LG = 3,000 



~ 

~ 
E 

'0 

~ 
t 0 
"-

~ 
,.j 

LINEAR NON-ADIABATIC RESULTS 

PERIODS VERSUS EffECTIVE TEMPERATURE 
0.2 

~ 

~ 
o 
E 

'0 0.1 
~ 
~ 

" ~ 
& 
-' .,., ., 
'" 

a VN..UES VERSUS EffECTIVE TEMPERATURE 

-2'L---~--------~------~--------~--~ O~I--~------~------~ ______ ~~ 
3,6 4.0 4.2 4.4 3.6 4.0 4.2 4.4 

Effective temperature Effective temperature 

GROWTH RATES VERSUS EFFECTIVE TEMPERATURE PHI VERSUS EFFECTIVE TEMPERATURE 
400 

~ 
E 
'0 ~ 200 

E 
'0 

~.C~H~'_':~~:~:~'~'~·~'~"~"~'~~'·~'·-"~·~·-'·' 
o ~~,;J; v0-'."":·,:0,~:~~"~_._,,.~, ... ;:d :c 0 "-

-2 I 0 

~ 

~ 
E 

'0 

] 
t 0 

'0-

3.B 
-200 

4.0 4.2 4.4 3.8 4.0 4.2 
Elfective temperature Effective temperoture 
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and MIMe = 0.8 (DXIX opacity table). 
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and MIMe = 0.8 (DXIX opacity table). 

PERIODS VERSUS EFFECTIVE TEMPERATURE o VAlUES VERSUS EFFECTIVE TE'-'PERATURE 

~ 
~ 

" o 
E 

0.2 

'OO.t 

g 
<; 
> 
o 

+ 
+ 

* 

4.4 

4.4 

+ 

-2 ~I----~--------~--------~--------~~ o 
~'~;;·19·C.~·C:Q·~·C'{)'C:C:'·Z·~·C'.-:C:C~'C:C:C::QC'C:. 

10 

~ 

~ 
E 

'0 
0 X 

" u 
"§ 
c -10 .. 
0 

" 
-20 I 

3.6 4.0 4.2 4.4 3.6 4.0 4.2 
Effective temperature Effective temperature 

GROWTH RATES VERSUS EFFECTIVE TE'-'PERATURE PHI VERSUS EFFECTIVE TEI.<PERATURE 

:x. .. 

L 
3.6 

400 

Xx 
Xx·X x 

,.,.-G.,., ' X 

~ 200 

E 

'0 
:l' 0 "-

-200 
4.0 4.2 4.4 3.6 4.0 4.2 

Effective temp.,otUfe Effective temp. faitH. 

Figure 7.45 : Pulsation parameters for L/LG = 20,000 
~nd MIMe = 0.8 (DXIX opacity table). 

7-58 

4.4 

4.4 



LINEAR NON-ADIABATIC· RESULTS 

7.4.3.2 Survey Results for 1.0 M@ Models - Table 7.9, below gives the 

coefficients of fits to the non-adiabatic fundamental mode 

Log (periods) at constant luminosities. 

L/Le aO a 1 a2 M.R Log(Teff ) 

1,000 23.483 -8.343 0.627 0.00219 3.699 - 4.301 
3,000 21.101 -6.805 0.419 0.00557 3.699 - 4.398 
6,000 18.227 -5.253 0.229 0.00662 3.699 - 4.301 

10,000 5.501 1.053 -0.536 0.01839 3.699 - 4.477 
15,000 -40.763 23.246 -3.177 0.05427 3.699 - 4.477 
20,000 -22.169 13.922 -2.007 0.07035 3.699 - 4.477 

TABLE 7.9 : Table of coefficients of first fit for fundamental 
mode. 

The coefficients for the [2D] fit to the non-adiabatic fundamental 

mode Log (periods) are: 

bOO = 
b10 = 

bOO = 
b01 = 

b02 = 

9.798 

-3.041 

2.201 

-1.380 

-0.180 

b01 = 

b10 = 

b11 = 

b20 = 

0.861 Xi = 4.93% i+j = 1 

2.868 Xi = 3.92% i+j = 2 

0.903 

-1.161 

The coefficients for the [2D] fit to the non-adiabatic fundamental 

mode Log (Q's) are: 

bOO = 
b 10 = 

bOO = 
b01 = 

b02 = 

-1.491 

-0.004 

-8.709 

-2.102 

-0.186 

b01 = -1.105 Xi = 14.33% i+j = 

b10 = 5.657 Xi = 11.38% i+j = 2 

b11 = 0.908 

b20 = -1.137 
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Table 7.10, below gives the coefficients of fits to the non-adiabatic 

first overtone mode Log (periods) at constant luminosities. 

L/L0 aO a 1 a2 M.R Log(Teff ) 

1,000 17.499 -5.596 0.305 0.00181 3.699 - 4.301 
3,000 12.111 -2.730 -0.005 0.00312 3.699 - 4.398 
6,000 8.508 -0.901 -0.265 0.00562 3.699 - 4.301 

10,000 17.500 -5.596 0.305 0.03049 3.699 - 4.477 
15,000 15.093 -4.216 0.168 0.03279 3.699 - 4.477 
20,000 16.786 -5.387 0.358 0.03141 3.699 - 4.477 

TABLE 7.10 Table of coefficients of first fit for first 
overtone mode. 

The coefficients for the [2D] fit to the non-adiabatic first overtone 

mode Log (periods) are: 

bOO = 
b 10 = 

bOO = 
b01 = 

b02 = 

9.248 

-2.855 

14.066 

-0.432 

-0.122 

b01 = 

b10 = 

b11 = 

b20 = 

0.741 Xi = 2.81% i+j = 

-4.091 Xi = 2.18% i+j = 2 

0.521 

-0.098 

The coefficients for the [2D] fit to the non-adiabatic first overtone 

mode Log (Q's) are: 

bOO = 
b 10 = 

bOO = 
b01 = 

b02 = 

-2.001 

0.134 

1.777 

-1.068 

-0.129 

b01 = -0.008 Xi = 16.33% i+j = 

b10 = -0.692 Xi = 13 .65% i+j = 2 

b'1 = 0.506 

b20 = -0.141 

The results presented here will be discussed in Section 7.4.4 • 
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and MIMe = 1.0 (DXIX opacity table). 
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Figure 7.49 : Pulsation parameters for L/LG = 10,000 
and M/M@ = 1.0 (DXIX opacity table). 
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7.4.3.3 Survey Results for 1.2 Me Models - Table 7.11, below gives 

the coefficients of fits to the non-adiabatic fundamental mode 

Log (periods) at constant luminosities. 

L/Le 

1,000 
3,000 
6,000 

10,000 
15,000 
20,000 

ao 
21.974 
22.762 
18.844 
11.454 
2.354 

14.321 

a
1 

-7.633 
-7.703 
-5.556 
-1.860 

2.630 
-3.412 

a2 

0.541 
0.535 
0.262 

-0.185 . 
-0.725 

0.039 

M.R 

0.00239 
0.00440 
0.00405 
0.00749 
0.01851 
0.03729 

Log(Teff ) 

3.699 - 4.301 
3.699 - 4.398 
3.699 - 4.477 
3.699 - 4.477 
3.699 - 4.477 
3.699 - 4.477 

TABLE 7.11 : Table of coefficients of first fit for fundamental 
mode. 

The coefficients for the [2D] fit to the non-adiabatic fundamental 

mode Log (periods) are: 

bOO = 
b10 = 

bOO = 
b01 = 

b02 = 

10.542 

-3.305 

12.060 

0.290 

-0.005 

b01 = 0.929 Xi = 1.81% i+j = 1 

b10 = -3.456 Xi = 1.75% i+j = 2 

b11 = 0.171 

b20 = -0.063 

The coefficients for the [2D] fit to the non-adiabatic fundamental 

mode Log (Q's) are: 

bOO = 
b10 = 

bOO = 
b01 = 

b02 = 

-0.707 

-0.307 

0.822 

-0.504 

-0.005 

b01 = 0.181 Xi = 11.63% i+j = 1 

b10 = -0.420 Xi = 11.18% i+j = 2 

b11 = 0.182 

b20 = -0.073 
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Table 7.12, below gives the coefficients of fits to the non-adiabatic 

first overtone mode Log (periods) at constant luminosities. 

L/Le aO a 1 a2 M.R Log(Teff ) 

1,000 14.803 -4.240 0.132 0.00375 3.699 - 4.301 
3,000 15.000 -4.183 0.130 0.00190 3.699 - 4.398 
6,000 10.056 -1.655 -0.176 0.00419 3.699 - 4.477 

10,000 14.803 -4.240 0.132 0.01453 3.699 - 4.477 
15,000 4.044 1.134 -0.480 0.03948 3.699 - 4.477 
20,000 14.053 -3.784 0.127 0.05105 3.699 - 4.477 

TABLE 7.12 Table of coefficients of first fit for first 
overtone mode. 

The coefficients for the [2D] fit to the non-adiabatic first overtone 

mode Log (periods) are: 

bOO = 
b 10 = 

bOO = 
b01 = 

b02 = 

9.566 

-2.960 

11.009 

0.142 

-0.135 

b01 = 0.756 Xi = 2.66% i+j = 1 

b10 = -3.051 Xi = 2.29% i+j = 2 

b11 = 0.407 

b20 = -0.183 

The coefficients for the [2D] fit to the non-adiabatic first overtone 

mode Log (Q's) are: 

bOO = 
b 10 = 

bOO = 
b01 = 

b02 = 

-1.687 

0.036 

-0.529 

-0.563 

-0.136 

b01 = 

b10 = 

b11 = 

b20 = 

0.009 Xi = 16.41% i+j = 

0.052 Xi = 2.29% i+j = 2 

0.398 

-0.193 

The results presented here will be discussed in Section 7.4.4 • 
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Figure 7.53 : Pulsation parameters for 
and MIMe = 1.2 (DXIX opacity table). 
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Figure 7.54 : Pulsation parameters for L/Le = 6,000 
and M/M0 = 1.2 (DXIX opacity table). 
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Figure 7.55 : Pulsation parameters for L/Le = 10,000 
and MIMe = 1.2 (DXIX opacity table). 
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and M/M0 = 1.2 (DXIX opacity table). 
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7.4.4 A Discussion of the Survey Results 

The Figures that the following discussion is based upon are Figures 

7.40 - 7.57 • First let us take the upper two graphs of each quartet 

in which we again see the 'step' in both Q and periods which were 

present in pure helium results. It is again only present in low 

luminosity, high effective temperature models, and is probably an 

intrinsic feature of such hot helium models. Here we can see one use 

of the Q-value graphs, as the divergence of non-adiabatic and 

adiabatic values with increasing luminosity at lower effective 

temperatures is far more evident. The flattening out of the 

non-adiabatic Q-values and periods with decreasing Teff is due to the 

increasing loss of heat or the growth of non-adiabaticity in the 

models. We can see that this 'flattening' is very pronounced at high 

luminosities, where the adiabatic values soar off to infinity. This 

could indicate that the adiabatic pulsation is swapping from 

'acoustic' to 'thermal' standing waves, while the non-adiabatic 

remains 'acoustic' in nature (see Saio & Wheeler, 1985). 

Amongst the results there are some 'odd' points that have periods 

either too low, or high for their modes. These are not high order 

overtones as first thought, but appear upon investigating their phase 

diagrams, to be 'strange modes'. In this study little more was done, 

beyond recognising and eliminating them from the data set (this was 

due to lack of time, and the fact that they did not appear to be 

numerous enough to have a serious influence upon survey results). It 

is worth noting that a distinct drop in Q is visible at the rough 

location of the stability edges and may be a good way of locating 

these edges for such models. 

It can seen that the higher overtones are not affected nearly as 

much as the fundamental mode, though they do show signs of shortening 
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their periods to that of the next mode, as was seen by Saio & Wheeler 

(1985) in his models. Looking at the [2D] fits for the fundamental 

mode: 

Po = 1.2 x 1012{Teff)-3.92{L/Le)1.236 (13%) M/M0 = 0.8 

Po = 6.3 x 109 {T
eff

)-3.04{L/Le)0.861 ( 5%) MIM0 = 1.0 

Po = 3.5 x 1010(Teff)-3.31(L/L0)0.929 ( 2%) M/M0 = 1.2 

from which it can be seen that, with the exception of 0.8MG fit, the 

powers are roughly the same as those found for the pure helium survey. 

This discrepancy could be due to the poor nature of the fit (although 

it is good enough for our purposes). Again we see that as the mass 

increases the fits are more accurate, as the models are less 

non-adiabatic and better behaved. Indeed most of the problems occur 

at 20,000LG where the scatter in the fundamental data is quite large 

due to non-adiabaticity. 

The bottom two graphs in each quartet behave in a similar way to 

those in the pure helium case and need no further description here. 

In obtaining the instability edges, shown in Figure 7.58, it was 

necessary, at the higher luminosities, to take only values that were 

more than marginally unstable, i.e., in some cases, where the growth 

rate curves just pop above/below zero at one point, the point was 

ignored. The instability edges of fundamental and first overtone 

modes found in this survey are given in Appendix F.2 • 

From the graphs in Figure 7.58 we can see that the 'dog-leg' in 

both fundamental and first overtone blue edges is very pronounced for 

all masses of the survey, instead of only the lowest mass as found in 

the pure helium survey. However in this case the first overtone 
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instability region breaks up into narrow strip-like regions for the 

0.8MO survey. This is due to the ionisation levels of carbon and 

their increased contribution to the 'driving' at higher luminosities 

and effective temperatures. This 'dog-leg' effect is apparently only 

present in helium models, and may be due to the sudden increase in 

electrons at higher luminosities due to increased ionisation of helium 

and in this case carbon. This effect could be very useful in 

explaining why some extreme helium stars pulsate and some do not, as 

the luminosities of these objects are very close to the onset of the 

'dog-leg' effect. We did not find, however, as in Saio & Wheeler 

(1985), that the first overtone is stable over the instability region 

of the fundamental mode. this could lead to contamination problems, 

although for most of the range we find that the fundamental mode has a 

far larger growth rate than that for the first overtone mode and 

should swamp the contamination for the first 50 or so periods of a 

non-linear calculation. The red edge found for 1Me fundamental modes 

is not necessarily correctly placed as the graphs of the growth rates 

used are scattered for the low effective temperature, high luminosity 

models. There is always the problem that red edges below about 

Teff = 5,500 K could be moved redward by increased convection (i.e., 

if a proper convection model was available). 

We can see that the introduction of carbon has had a significant 

effect upon the instability and associated periods of the models, 

especially at high luminosities (>10,000L0). Indeed, the opacity at 

these high luminosities could Significantly alter the outcome of any 

stability analysis. We can see that if opacity table DXIX is correct, 

the major effect is to move the instability strip redward and to lower 

the 'dog-leg' onset luminosity. The overall shape of the blue edge 

remains the same, if more pronounced. 
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7.5 RESULTS OF THE SURVEY USING OPACITY TABLE BD9C 

In the following sub-sections the results for the smoothed 'hot' 

Thomas-Fermi opacity table BD9C, produced by Dr Jeffery from Dr 

Carson's He-C opacity table sequence, will be presented and compared 

with the results of previous surveys. This survey was mainly carried 

out to find limitations upon mass and luminosity for variable RCB 

objects, and how these compared with the limitations found using 

opacity table DXIX. It will be interesting to see if the 'strange' 

modes found in the survey on DXIX are also found in this survey, 

especially as all previous 'strange' modes have been found for models 

using the hydrogenic method of opacity generation. 

7.5.1 A Detailed Discussion of One Model 

This discussion will be based on a model with the same parameters 

as the model used in the 'one model' discussion of the DXIX opacity 

table survey (see section 7.4.1) which will be called the DXIX model 

in this sub-section for simplicity. 

In Figure 7.59 we see that a lot of the structure of 18R/RI and 

18L/L I that was present in the DXIX model's eigenfunctions, is no 

longer present. This has led to the low overtone nodes becoming more 

distinct and to the merging of the higher overtone anti-nodes, making 

it more difficult to differentiate between them. 

$(8R/R) for the eigen modes (see Figure 7.60), with the exception 

of mode 3, are similar to those of the pure helium model (see Figure 

7.4) with the 'steps' smoothed out, as was the case in the DXIX model. 

In this case, however, there is no increase in $(8R/R) towards the 

envelope's inner boundary (R.H.S.). The loss of phase in $(8R/R) in 

the outer part of envelope for mode 3 appears to be due to the loss of 

'driving' from the He-He+ ionisation region (see Figure 7.61). 
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In Figure 7.59, it can be seen that loL/LI has a distinct drop at 

the 15,000 K He-He+ opacity edge (see Figure 4.7), as was the case for 

the pure helium models. Although this time the drop is not so sharp 

( ++ +++ ) or deep, due to the presence of carbon C -C transition. The 

+ ++ left peak in loL/LI is due to He -He as it was in the DXIX models, 

which with the C++-C+++ region make up the dual 'driving' peak seen in 

the work function for the fundamental mode (see Figure 7.61). In this 

model, the highly ionised carbon atoms have little effect, only 

appearing as minor spikes in Figures 7.59 and 7.60 • 

The only change in loT/T! is that it returns to zero in the inner 

part of the envelope, in contrast to that found in the DXIX model. 

The changes in ~(oL/L) and ~(oT/T) are similar in nature to those seen 

in the DXIX model and so will not be discussed again here. Finally, 

it is worth comparing the work functions of this model with that of 

the DXIX model (see Figure 7.33) as this shows how the difference in 

opacity can alter the fundamental behaviour of the envelope, i.e., 

this model's 'driving' zones are much clearer than those of the DXIX 

model. Again, convection was negligible throughout the envelope and 

is probably attributable to the presence of carbon, as the same was 

found in the DXIX model. 

7.5.2 Fundamental Eigenfunctions of the 1 Me Models 

Comparing Figures 7.62 - 7.63 with those for the pure helium models 

(Figures 7.6 - 7.7) we can see that for effective temperatures below 

15,000 K and luminosities below 15,000LG the loT/TI graphs are very 

similar in shape. The major differences are in amplitude and a small 

value of loT/Tl in the inner regions of the envelope due to the 

presence of carbon. This is quite different to that seen in opacity 

table DXIX models (Figures 7.34 - 7.35) where loT/TI is quite 
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prominent throughout the envelope. Above the above limits, we can see 

an additional peak in ISTfTI, due to C++-C+++ ionisation. Thus the 

temperature perturbations, ISTfTI are not greatly affected by the 

presence of carbon in the envelope, as they were for the DXIX opacity 

table models. In ISTfTI we can also see that the peaks are nearer 

the inner boundaries of the envelopes, which is probably due to the 

smaller envelope masses. 

On comparing Figures 7.64 - 7.65 with those for the pure helium 

models (Figures 7.8 -7.9) it can be seen that a lot of the valleys in 

tSLfLI have been filled in by the carbon features, and the shapes are 

similar to those found for opaCity table DXIX models (Figures 

7.36 - 7.37). In this case however, the bumps due to various levels 

of carbon ionisation are less prominent or absent altogether. This 

reduction in the size of these bumps for the ED9C models can be 

attributed to the decrease in envelope denSity compared to that of the 

DXIX opaCity models and to a corresponding decrease in opacity. The 

differences in f8L/L J are especially noticeable for effective 

temperatures below 15,000 K as then the outer envelope opacities are 

much smaller in the ED9C opaCity table models than in the equivalent 

DXIX opaCity table models. 

Again, comparing Figures 7.66 - 7.67 for 16R/RI with those of the 

DXIX opacity table models (Figures 7.38 - 7.39) we see a Similarity in 

shape, although the amplitude of perturbation is less in the ED9C 

opacity table models, as well as the anti-nodes are more compressed 

with respect to mass. This can be attributed to the narrower 18T/TI 

peak and the corresponding large drop in opacity at 15,000 K. 
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Convection in these models was inefficient for Teff < 5,500 K, and 

confined to a small region near the inner boundary. In models below 

Teff = 5,500 K, convection sometimes grew very efficient throughout 

the inner envelope and in the models with blank graphs prevented 

convergence. The other blank graphs are due to codes not finding the 

fundamental mode or finding a secular mode instead. None of the 

models considered here had any 'strange' fundamental modes, although 

many were very non-adiabatic. 

In summary, these models are similar to DXIX opacity table models 

in loRIRI and loL/LI, though the effect of carbon is muted somewhat. 

carbon is still the main cause of the structure seen in JoL/L1. On 

the other hand, helium plays the main role in the temperature 

perturbations, loTITI, of these models with carbon only. causing a 

slight increase in loTITI towards the inner boundary of envelope, or 

when effective temperature and luminosity become large. Even then, 

helium is the main contributor to loT/TI. In this discussion the 

graphs of models in which the fundamental mode was unstable have been 

drawn using a broken line. 
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versus log(M-m )-24 for the Low 
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using opacity table BDge. 
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r fundamental modes of the 1Me models of 
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Figure 7.64: This figure shows plots 
versus log(M-m )-24 for the Low 

r fundamental modes of the 1Me models of 
using opacity table BD9C. 
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Figure 7.65: This figure shows plots 
versus log(M-m )-24 for the High 

r fundamental modes of the 1M0 models of 
using opacity table EDge. 
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Figure 7.66: This figure shows plots 
versus log(M-m )-24 for the Low 
fundamental mode~ of the 1M0 models of 
using opacity table BDge. 
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Figure 7.67: This figure shows plots 
versus log(M-m )-24 for the High 
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fundamental modes of the 1M0 models of 
using opacity table BD9C. 
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7.5.3 Presentation of Results 

In the following sub-sections, the results of the BD9C opacity 

table survey will be given in graphical form, together with several 

polynomial fits to the fundamental and first overtone data. The raw 

data has been tabulated for the fundamental and first overtone modes 

and can be found in the BD9C section of Appendix E (pages E-37 to 

E-54) • 

The graphs are in groups of 4 showing from top left to bottom 

right: 

TOP LEFT 

TOP RIGHT 

BOTTOM LEFT 

BOTTOM RIGHT 

adiabatic and non-adiabatic Log (period) vs Log (Teff ) 

adiabatic and non-adiabatic Log (Q) vs Log (Teff ) 

non-adiabatic Growth Rate vs Log (Teff ) 

Nonadiabatic Ilevs Log (Teff ). 

c where II is the phase change in degree of ~(8R/R) between the inner 

and outer boundaries of the model envelope in question. The symbols 

and lines used in the graphs are given below to maximise the size of 

the graphs and reduce repetition: 

DOTTED SOLID LINE - Shows the adiabatic fundamental modes 

LIGHT SOLID LINE - Shows the adiabatic first overtone modes 

CHAINED LINE - Shows the adiabatic second overtone modes 

DOTTED LINE - Shows the adiabatic third overtone modes 

+ PLUS - Shows the non-adiabatic fundamental modes 

* ASTERISK - Shows the non-adiabatic first overtone modes 

o CIRCLE - Shows the non-adiabatic second overtone modes 

X CROSS - Shows the non-adiabatic third overtone modes. 
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For each mass in the survey three polynomial fits have been made to 

the data. The first of these will fit the following polynomial to 

non-adiabatic Log (Period), with Log (Teff ) as the independent 

variable at each luminosity. 

2 Log (Period) = aO + a1·Log(Teff ) + a2 .[Log(Teff )] 

A table of the coefficients at each luminosity, together with the mean 

reSidual, M.R., of fits and range in effective temperature, over which 

fits were made, will be given for each mass and mode considered. 

The second and third fits will fit a [2D] polynomial of the form: 

x !: 2: 8
1 

[Log neff) ] 1 [Log (LILa) ] J I Y i +J 
,~O J~O J 1,2, 

where X is the non-adiabatic Log (Period) in the second fit, and 

non-adiabatic Log (Q) in the third fit. For each mass, for the modes 

considered, the range in Teff at each luminosity over which the fit 

was made is the same as that used in the first fits. For each fit the 

root mean of the residual squares divided by the range of X used in 

the fit is given as a percentage (Xi) alongside the polynomial 

coefficients. 
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7.5.3.1 Survey Results for 0.8 Me Models - Table 7.13, below gives 

the coefficients of fits to the non-adiabatic fundamental mode 

Log (periods) at constant luminoSities. 

LILe aO a 1 a2 M.R Log(Teff ) 

1,000 21.588 -7.239 0.474 0.00910 3.778 - 4.301 
3,000 19.105 -5.653 0.267 0.09095 3.699 - 4.398 
6,000 48.904 -2.064 2.162 0.01235 3.699 - 4.477 

10,000 35.000 -1.404 1.333 0.03627 3.699 - 4.477 
15,000 -12.657 9.920 -1.423 0.05320 3.699 - 4.477 
20,000 18.653 -6.277 0.483 0.07129 3.699 - 4.477 

TABLE 7.13 : Table of coefficients of first fit for fundamental 
mode. 

The coefficients for the [2D] fit to the non-adiabatic fundamental 

mode Log (periods) are: 

bOO = 
b 10 = 

bOO = 
b01 = 

b02 = 

9.345 

-2.913 

29.305 

0.049 

-0.380 

b01 = 0.873 Xi = 5.32% i+j = 

b10 = -11.807 Xi = 4.21% i+j = 2 

b11 = 0.900 

b20 = 0.661 

The coefficients for the [2D] fit to the non-adiabatic fundamental 

mode Log (Q's) are: 

bOO = 
b 10 = 

bOO = 
b01 = 

b02 = 

-1.896 

0.068 

13.561 

-0.894 

-0.359 

b01 = 0.117 Xi = 20.41% i+j = 1 

b10 = -6.454 Xi = 17 .19% i+j = 2 

b11 = 0.913 

b20 = 0.363 
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Table 7.14, below gives the coefficients of fits to the non-adiabatic 

first overtone mode Log (periods) at constant luminosities. 

L/L@ aO a 1 a2 M.R Log(T
eff

) 

1,000 18.068 -5.788 0.321 0.00755 3.778 - 4.301 
3,000 18.017 -5.642 0.314 0.01382 3.699 - 4.398 
6,000 45.587 -19.640 2.100 0.04094 3.699 - 4.477 

10,000 18.068 -5.788 3.214 0.01235 3.699 - 4.477 
15,000 24.506 -8.931 0.759 0.10737 3.699 - 4.477 
20,000 56.031 -2.436 2.640 0.05094 3.699 - 4.477 

TABLE 7.14 : Table of coefficients of first fit for first 
overtone mode. 

The coefficients for the [2D] fit to the non-adiabatic first overtone 

mode Log (periods) are: 

bOO = 
b10 = 

bOO = 
b01 = 

b02 = 

9.104 

-2.769 

34.187 

1.532 

-0.202 

b01 = 

b10 = 

b11 = 

b20 = 

0.701 Xi = 5.08% i+j = 1 

-15.783 Xi = 4.04% i+j = 2 

0.154 

1. 521 

The coefficients for the [2D] fit to the non-adiabatic first overtone 

mode Log (Q's) are: 

bOO = 
b10 = 

bOO = 

b01 = 

b02 = 

-2.240 

0.262 

24.043 

0.578 

-0.230 

b01 = 

b10 = 

b11 = 

b20 = 

-0.833 Xi = 12.57% i+j = 1 

-13.178 Xi = 9.03% i+j = 2 

0.251 

1.526 

The results presented here will be discussed in Section 7.5.4 • 
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7.5.3.2 Survey Results for 1.0 Me Models - Table 7.15, below gives 

the coefficients of fits to the non-adiabatic fundamental mode 

Log (periods) at constant luminosities. 

L/LCi) aO a1 a2 M.R Log(Teff ) 

1,000 26.845 -9.899 0.806 0.00499 3.813 - 4.301 
3,000 21.013 -6.711 0.401 0.01139 3.740 - 4.398 
6,000 17.525 -4.763 0.152 0.01603 3.699 - 4.477 

10,000 22.883 -7.356 0.479 0.03881 3.699 - 4.477 
15,000 23.634 -7.846 0.566 0.05511 3.699 - 4.477 
20,000 -26.172 1.597 -2.266 0.05058 3.699 - 4.477 

TABLE 7.15 : Table of coefficients of first fit for fundamental 
mode. 

The coefficients for the [2D] fit to the non-adiabatic fundamental 

mode Log (periods) are: 

bOO = 
b10 = 

bOO = 
b01 = 

b02 = 

10.411 

-3.263 

17.117 

-0.488 

-0.113 

b01 = 

b,O = 
b11 = 

b20 = 

0.939 Xi = 3.96% i+j = 

-5.167 Xi = 3.69% i+j = 2 

0.565 

-0.038 

The coefficients for the [2D] fit to the non-adiabatic fundamental 

mode Log (Q's) are: 

bOO = 
b 10 = 

bOO = 
b01 = 

b02 = 

-0.830 

-0.266 

7.258 

-0.889 

-0.145 

b01 = 0.178 Xi = 17.74% i+j = 

b10 = -3.171 Xi = 16.45% i+j = 2 

b11 = 0.533 

b20 = 0.304 
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Table 7.16, below gives the coefficients of fits to the non-adiabatic 

first overtone mode Log (periods) at constant luminosities. 

L/Le aO a 1 a2 M.R LOg(Teff ) 

1,000 12.382 -2.996 -0.024 0.00575 3.813 - 4.301 
3,000 15.604 -4.454 0.163 0.00981 3.740 - 4.398 
6,000 13.063 -3.155 0.013 0.01725 3.699 - 4.477 

10,000 12.382 -2.996 -0.024 0.02351 3.699 - 4.477 
15,000 31.885 -1.249 1.186 0.01808 3.699 - 4.477 
20,000 -20.130 1.278 -1.863 0.04620 3.699 - 4.477 

TABLE 7.16 Table of coefficients of first fit for first 
overtone mode. 

The coefficients for the [2D] fit to the non-adiabatic first overtone 

mode Log (periods) are: 

bOO = 
b10 = 

bOO = 
b01 = 

b02 = 

9.365 

-2.907 

20.850 

-0.842 

-0.038 

b01 = 0.764 Xi = 2.95% i+j = 1 

b10 = -7.009 Xi = 2.53% i+j = 2 

b11 = 0.495 

b20 = 0.265 

The coefficients for the [2D] fit to the non-adiabatic first overtone 

mode Log (Q's) are: 

bOO = 
b10 = 

bOO = 
b01 = 

b02 = 

-1.903 

0.089 

9.437 

-1.605 

-0.053 

b01 = 0.009 Xi = 16.26% i+j = 

b10 = -3.930 Xi = 13.89% i+j = 2 

b11 = 0.501 

b20 = 0.251 

The results presented here will be discussed in Section 7.5.4 • 
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7.5.3.3 Survey Results for 1.2 Me Models - Table 7.17, below gives 

the coefficients of fits to the non-adiabatic fundamental mode 

Log (periods) at constant luminosities. 

L/L0 aO a 1 a2 M.R Log(Teff ) 

1,000 45.504 -19.364 2.002 0.00171 3.813 - 4.301 
3,000 22.461 -7.480 0.499 0.00819 3.740 - 4.398 
6,000 20.840 -6.462 0.364 0.01096 3.699 - 4.477 

10,000 16.341 -4.117 0.076 0.02229 3.699 - 4.477 
15,000 22.243 -7.053 0.451 0.04612 3.699 - 4.477 
20,000 31.379 -11.748 1.059 0.05568 3.699 - 4.477 

TABLE 7.17 Table of coefficients of first fit for fundamental 
mode. 

The coefficients for the [2D] fit to the non-adiabatic fundamental 

mode Log (periods) are: 

bOO = 
b10 = 

bOO = 
b01 = 

b02 = 

10.550 

-3.377 

24.130 

-0.803 

0.076 

b01 = 1.011 Xi = 2.91% i+j = 1 

b10 = -8.358 Xi = 2.72% i+j = 2 

b11 = 0.313 

b20 = 0.459 

The coefficients for the [2D] fit to the non-adiabatic fundamental 

mode Log (Q's) are: 

bOO = 
b10 = 

bOO = 
b01 = 

b02 = 

-0.686 

-0.380 

12.474 

-1.506 

0.074 

b01 = 0.260 Xi = 15.26% i+j = 

b10 = -5.199 Xi = 14.33% i+j = 2 

b11 = 0.304 

b20 = 0.443 
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Table 7.18, below gives the coefficients of fits to the non-adiabatic 

first overtone mode Log (periods) at constant luminosities. 

L/Le aO a 1 a2 M.R Log(T
eff

) 

1,000 21.903 -7.831 0.586 0.00791 3.813 - 4.301 3,000 17 .264 -5.242 0.253 0.00995 3.740 - 4.398 6,000 13.767 -3.460 0.042 0.01492 3.699 - 4.477 10,000 21.903 -7.831 0.586 0.02358 3.699 - 4.477 15,000 26.015 -9.535 0.811 0.05016 3.699 - 4.477 20,000 42.145 -17.759 1.816 0.02828 3.699 - 4.477 

TABLE 7.18 Table of coefficients of first fit for first 
overtone mode. 

The coefficients for the [2D] fit to the non-adiabatic first overtone 

mode Log (periods) are: 

bOO = 

b10 = 

bOO = 
b01 = 

b02 = 

9.633 

-2.971 

25.191 

-0.008 

-0.128 

b01 = 0.751 Xi = 3.01% i+j = 

b10 = -9.839 Xi = 2.53% i+j = 2 

b11 = 0.430 

b20 = 0.632 

The coefficients for the [2D] fit to the non-adiabatic first overtone 

mode Log (Q's) are: 

bOO = 

b10 = 

bOO = 
b01 = 

b02 = 

-1.657 

0.004 

14.311 

-0.935 

-0.130 

b01 = -0.003 Xi = 15.91% i+j = 1 

b10 = -6.863 Xi = 11.93% i+j = 2 

b11 = 0.475 

b20 = 0.615 

The results presented here will be discussed in Section 7.5.4 • 
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7.5.4 A Discussion Of The Survey Results 

The results are shown graphically in Figures 7.68 - 7.85. The 

overall features are the same as found in the DXIX opacity table 

survey, with the following exceptions. In the adiabatic Q-value (top 

left) graphs there is a noticeable turnover at the lower effective 

temperatures of the low luminosity models, which was also seen, to a 

lesser extent, in the pure helium models. This seems to indicate that 

carbon is less pronounced in its effects in opacity table ED9C than in 

opacity table DXIX. From these figures it can be seen that the dip in 

non-adiabatic Q-values and periods seen in DXIX opacity table survey 

below 10,OOOLQ have become far more pronounced at the blue edge of the 

instability region. Indeed, as the mass of the models increases, the 

dip becomes very sharp and approaches a discontinuity. This, with the 

change in phase of $(8R/R), is very useful in fixing the exact 

location of the instability blue edges for the lower luminosity survey 

sequences. We can see in the graphs that there is quite a large 

amount of wandering in the higher overtone periods, but little that 

cannot be explained by non-adiabatic effects. Although in the 1.2M0, 

20,000LQ models at 7,500 K, 8,000 K and 9,000 K, a strange mode 

sequence appears in the second overtone modes. This sequence is 

characteristic of those found by Saio & Wheeler (1985) and Worrell 

(1985), and its probable cause and effects are discussed therein. As 

with the previous survey discussions, the best [20] fit to the 

fundamental period data is given below: 

Po = 2.2 x 109 (T
eff

)-2.91(L/L
Q

)0.873 (5%) MIMQ = 0.8 

Po = 2.6 x 1010(Teff)-3.26(L/L0)o.939 (3%) MIMg = 1.0 

Po = 3.5 x 1010(Teff)-3.38(L/LQ)1.011 (3%) MIM@ = 1.2 
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Unlike the previous surveys, the above fits are very good and there is 

no loss of accuracy for the lower mass models. For this opacity table 

we can see that the periods slowly increase with mass and are roughly 

proportional to (R./R
0

)1.4. Although this is slightly lower than that 

found for Cepheids, (R./R0 )'·7, it is consistent in mass. Indicating 

that this opacity table may be better for modelling helium-carbon mix 

envelopes than the DXIX opacity table, which was less consistent in 

mass. 

If we now consider the instability diagrams shown in Figure 7.86, 

we see that the 'dog-leg' effect is only present in the lower mass 

models as was the case for the pure helium survey. The blue edge of 

the fundamental mode occurs at about the same effective temperature as 

that of the DXIX opaCity table survey. This indicates that the blue 

edge position in the HR diagram is defined by the carbon while the 

'dog-leg' effect is more dependent upon the helium. In this survey, 

we can see that the first overtone blue edge slopes backward with 

increasing luminosity at higher masses, due to an increase in 

'damping' for low luminosity models. In this case, we can see that 

the mass of the stellar model could play a crucial role in its 

stability at higher luminosities. This alone could explain why two 

similar stars have different pulsational properties. The main cause 

++ of the 'dog-leg' effect appears to be in the movement of the He 

damping region out in mass, where the denSity is lower and 18L/LI is 

'frozen in'. The vertical 'turn up' in the O.8M0 fundamental blue 

edge seems to be real, and apparently is connected with the loss of 

the 'driving' regions into the atmosphere of the envelope, thus 

causing stabilisation of the envelope for higher effective 

temperatures. The fundamental red edge is only indicative and could 

be quite a long way redward of this pOSition, if convection were 

treated properly. The values of the instability strip edges of the 

fundamental and first overtone modes can be found in Appendix F.3 • 
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7.6 MASS-LUMINOSITY LIMITS FOR 7 VARIABLE RCB STARS 

In this section, the results of the previous surveys will be used 

to find limitations on the luminosities of several variable RCB stars. 

In deciding which of the variable RCB stars are to be considered, the 

first criterion must be that they have both effective temperatures and 

periods within the range of the survey. Taking this criterion, we 

find that there are only ten observed RCB stars that fall within this 

category, of which XX Cam and LR Seo are doubtful and so were dropped 

from this analysis. Of the remaining eight DY Cen belongs to the 

'hot' RCB sub-group, of which, the members are doubtful RCB type 

variables (Pollacco, 1988) and so was also eliminated from this 

analysis. This then leaves the seven RCB variable stars listed in 

Table 7.19 below. 

STAR Teff <+1-500k) PERIOD (days) 

UW Cen 6,000 42.8 
WX CrA 5,000 60 

R CrB 6,900 44 
RT Nor 5,000 59 
GU Sgr 5,000 38 
RY Sgr 6,900 38.6 
RS Tel 5,000 45.8 

TABLE 7.19 Table of the 7 RCB variables, for 
which luminosity limitations will be 
found. 

Within the observational errors, the periods of RT Nor and WX CrA are 

the same and hence were treated together in the following analysis. 

To find the luminosity limitations all we have to do is plot graphs 

of luminOSity versus period for Teff = (4,500, 5,000, 5,500, 6,000, 

6,500, 7,000, 7,500)K for each mass of the DXIX and BD9C opacity table 

surveys. This is done by using the [2D] fit coefficients of the 

results Sections, and finding the luminOSity for given periods while 

Teff is held constant. This has been done in Figures 7.87 - 7.88 , 
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for the fundamental and first overtone modes. In Figures 7.87 - 7.88, 

the graphs on the R.H.S. refer to the DXIX opacity table survey and 

those on the L.H.S. to the BD9C opacity table survey. As we go from 

top to bottom, the graphs are for 0.8, 1.0 and 1.2 solar mass models 

and the lines in the graph represent the following effectiY~ 

temperatures: 

Teff = 4,500 K (BOTTOM) 

Teff = 5,000 K (BOTTOM) 

Teff = 5,500 K 

Teff = 6,000 K 

Teff = 6,500 K 

Teff = 7,000 K (TOP) 

- Teff = 7,500 K (TOP) 

The following analysis is split into two parts. The first part deal::l 

with the low effective temperature RCB variables (OW Cen, WX CrA, 

RT Nor, GU Sgr, RS Tel) and the second deals with the high effective 

temperature variables (R CrB, RY Sgr) in Table 7.19. (Throughout this 

analysis we assume that the given periods are correct.) 

For the low effective temperature variables listed above it is a 

simple matter to read the luminosities from the luminosity-period 

plots for both modes under consideration. This was done, and th(3 

results can be seen in Figure 7.89 which shows the luminosity 

limitations versus mass that the observed period imposes on the ReB 

star in question. For both opacity tables, the horizontal lines in 

graphs of Figure 7.89 are from top to bottom Teff + 500, Teff , 

Teff - 500, respectively (where Teff is the effective temperature of 

the RCB star in question). In Figure 7.98, the BD9C opacity table 

models were unstable to fundamental and first overtone mode pulsation 

at all masses considered; while the DXIX opacity table models were 

only unstable to fundamental mode pulsation. From this figure the 

following two tables of probable luminosity at given masses (assuming 

fundamental mode pulsation) were obtained: 
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ED9C (R.R.S.) opacity table surveys. 
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Figure 7.88: This figure shows First 
mode Period - Luminosity graphs for DXIX 
and BD9C (R.H.S.) opacity table surveys. 
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LUMINOSITY LIMITATIONS FOR TABLE DXIX 

STAR O.SM(i) 1.0M(i) 1.2Me 
OW Cen 7100 + 200 

-3700 
9400 + 200 

-5000 
12200 + 200 

-6600 

WX CrA 5300 + 300 
-3000 

7400 + 400 
-4400 

10000 + 600 
-5500 

RT Nor 5300 + 300 
-3000 

7400 + 400 
-4400 

10000 + 600 
-5500 

GU Sgr 3200 + 100 
-1500 

4600 + 100 
-2200 

6200 + 100 
-3100 

RS Tel 4000 + 100 
-2000 

5600 + 200 
-2S00 

7600 + 200 
-4200 

TABLE 7.20 Table showing Probable 
luminosity (solar units) 
of RCB stars, (using DXIX 
opacity table survey) at 
each mass of the survey, 
assuming fundamental mode 
pulsation. 

LUMINOSITY LIMITATIONS FOR TABLE BD9C 

STAR O.SMe 1.0M€) 1.2M0 

OW Cen 6010 +2S0 
-110 

7940 +270 
-230 

10270 +250 
-400 

WX CrA 4690 + 50 
-160 

6440 + 80 
-130 

8610 +100 
- 70 

RT Nor 4690 + 50 
-160 

6440 + so 
-130 

8610 +100 
- 70 

GU Sgr 2810 +230 
- 10 

3920 +260 
- 60 

5300 +290 
-150 

RS Tel 3470 +190 
- 40 

4780 +260 
- 10 

6460 +260 
- 80 

TABLE 7.21 Table showing Probable 
luminosity (solar units) 
of RCB stars, (using BDge 
opacity table survey) at 
each mass of the survey, 
assuming fundamental mode 
pulsation. 
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Tables 7.20 and 7.21 indicate that the 5000 K RCB variables are 

fundamental pulsators near the lower limit of the observed luminosity 

range. The BD9C opaCity table survey however, also allows them to 

pulsate in the first overtone mode, which would then give them 

luminosities close to the 'best value' quoted throughout the 

literature. 

For the high effective temperature RCB variables mentioned above, 

the same procedure was followed, to find limitations on the luminosity 

at each mass point of the surveys (solid line curves in Figure 7.90). 

This time, however, we also used the surface gravity given in the 

literature for these stars to find a second limitation on the 

luminosity at each mass point of the surveys (chained lines in 

Figure 7.90). The area of overlap is then where the RCB star in 

question must lie and where the central line of each 'grid' crosses is 

the most probable location of the star. As can be seen from the 

graphs in Figure 7.90, the RCB stars in question are very probably 

fundamental mode pulsators. This is further confirmed in the DXIX 

survey models, as they are stable to first overtone mode pulsation in 

the range of masses considered here. From Figure 7.90, assuming 

fundamental mode pulsation, the following mass and luminosity 

limitations were obtained: 

STAR PERIOD Teff Log(g) L/Le MIMe TABLE 

R CrB 44d 
6900+1-500 0.15+1-0.2 12000+ 500 

-6500 
o 93+0•07 

• -0.04 DXIX 

15500+1000 
-1000 

o 95+0•02 
• -0.03 

BDge 

RY Sgr 38d6 6900+1-500 0.1 +1-0.5 12000+1500 
-6500 

o 96+0•03 
• -0.06 DXIX 

10500+1000 
-1000 

o 99+0•06 
• -0.06 BD9C 
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In both the stars the DXIX opacity table survey models were stable in 

the range of masses considered. From this it was concluded that the 

BD9C opacity table is probably the best table to use when modelling 

such He-C objects. 

7.7 CONCLUSION 

From the surveys carried out in this chapter and their application 

to some of the RCB group of stars, we can see that opacity table BD9C 

gives better and more consistent results than opacity table DXIX and 

therefore will be used to produce the non-linear models of the RCB 

stars discussed in this chapter. 

The main reason for the surveys has been fulfilled, in that a limit 

has been placed on the luminosities of the 'lower' effective 

temperature models considered in this chapter. But more importantly, 

R CrB and RY Sgr have been found to have masses of (0.95 +1- 0.03)Me 
and (0.99 +1- 0.06)MG and luminosities of (15,500 +1- 1,000)L0 and 

(10,500 +1- 1,000)LG respectively (from opacity table BD9C results, as 

opacity table DXIX results were stable to pulsation). These figures 

agree very well with the recent evolutionary work of Weiss (1987), in 

which he indicates that the 'hotter' RCB variables (of the type 

considered in this chapter) should have masses in the range 

(0.9-1.0)MG• The masses have recently been confirmed (within errors) 

by Saio & Jeffery (1988), who used a similar spectroscopic method. 

Their work was not published until after this work was completed. 

The blue edges of the models are interesting, and could show why 

two hydrogen deficient carbon stars (HdC stars), having similar masses 

and effective temperatures, have different properties, i.e., why one 

pulsates and the other does not. The difference in pulsational 
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stability indicates that the pulsating HdC star has a luminosity above 

the 'dog-leg' critical luminosity, and the other has a luminosity 

below it. 

Finally, the surveys have shown that 'strange modes' are not 

opacity table dependent and seem to occur in any model with high 

abundances of helium and carbon and very little hydrogen. As no 

'strange modes' were found in the pure helium opacity table survey, 

this may indicate that the presence of carbon or some similar element 

is needed before they manifest themselves. 
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CHAPTER 8 

NON-LINEAR NON-ADIABATIC RESULTS 

8.1 INTRODUCTION 

In this Chapter some of the results obtained from a modified (the 

modifications being due to Dr Bridger, Dr Worrell and myself) version 

of Dr Carson's non-linear codes are presented and discussed. For this 

Chapter the majority of the models were made using Dr Jeffery's 

modified version of Dr Carson's He-C Opacity tables, namely the BD9C 

opacity table. Some of the test models, however, also use Cox & 

Tabor's (1976) Demarque XIX opacity table: DXIX. 

The following presentation of results is split into 3 main 

sections: tests; check of linear results, and non-linear models of 7 

RCB variable stars. The first section attempts to fix some of the 

input physics and also to find what approximations can be made without 

altering the results; the approximations are required as the amount of 

memory is finite and cpu-time is also limited. 

The second Section attempts to ascertain whether the results found 

in the linear analysis for the Demarque XIX opacity table are valid in 

the non-linear limit. Specifically, it is desirable to know whether 

the models made using the DXIX opacity table are unstable to pulsation 

for the values of stellar parameters the RCB variable stars are 

thought to have. The third and final section will present 7 models 

which give the best theoretical representation of the 7 RCB stars 

described in Section 7.6 of the linear results Chapter. 
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x = 0.00001 ZNe = 0.00000 

y = 0.95999 ZMg = 0.00000 

Zc = 0.04000 ZSi = 0.00000 

ZN = 0.00000 Zs = 0.00000 

Zo = 0.00000 ZFe = 0.00000 

TABLE 8.1 : Abundances (by mass) of elements used 
in the non-linear models of this thesis. 

Convergence To 6 sig. figs. 

States calculations Using exact equations 

Number of elements 3 

Molecules included No 

Opacity calculations Using tables 

Opacity interpolation Linear 

Opacity table BD9C 

Outer momentum B.C. B=1/3, C=O (See 5.13 & 5.17) 

Radiation dilution Included 

Depth of static model Excluding central core 

Zones in static model >500 

Re-zoning method By sound travel times 

Zones in coarse model >50 

Viscosity parameter CQ = 4.2 

TABLE 8.2: List of parameter values used in the majority 
of the non-linear analyses carried out in this thesis. 
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Throughout this work, the homogeneous abundances (by mass) given in 

Table 8.1 were used, unless otherwise stated. The following molecules 

were sometimes included: C2, N2 , 02' CN, CO, NO, C20, N20 and N02 

(but only where specifically stated in the text). Other parameters 

that are pre-set, unless otherwise stated, are given in Table 8.2. 

This then only leaves the effective temperature, luminosity and mass 

as free parameters which can be found from linear theory and 

observations. 

8.2 PRELIMINARY TESTS 

This Section tries to justify the choice of parameters in Table 8.2 

bearing in mind the memory and cpu-time limitations, i.e., keeping 

both these quantities to a minimum while still maintaining the 

accuracy of the final results. In some cases, Figures will be used to 

help show that the compromises made did not alter the dynamic 

parameters appreciably or affect the basic shape of the photospheric 

light curves. 

8.2.1 CALCULATION OF STATE VARIABLES 

One of the first and most important questions to ask is how are the 

state variables to be found and should molecule formation be included 

in the state equations? As far as the first question is concerned, we 

have one of three possibilities: 

(i) an empirical formula 

(ii) exact calculations using an iterative process 

(iii) pre-calculated tables 
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Option (i) can be ruled out immediately, as no accurate empirical 

formula exists for the abundances in question, and would be only a 

rough approximation if it did. Of the 

gives the most accurate results if 

remaining two options, (ii) 

slightly slower to use (a lot 

slower if molecules are included) while (iii) is far quicker when 

molecules are included but is too coarse when it comes to evolving the 

static models in time. Option (iii) has the added problem that 3 very 

large tables must have been pre-generated for Pressure (P), Internal 

Energy (U) and Specific Entropy (S); even then it is usually necessary 

to fit spline surfaces to the tables in order to meet the convergence 

conditions imposed by the non-linear codes (the convergence conditions 

are discussed briefly, later on). The saving in cpu-time option (iii) 

gives is offset by the greatly increased working space and preparation 

time required to include it. Thus, it was decided that for most 

non-linear models, option (ii) would be used (the exceptions are all 

models which include molecules). 

The lowest effective temperature considered in this survey was 

5,000 K, because at lower effective temperatures the convection 

becomes efficient, resulting in incorrect and uncertain results. To 

see what effect the inclusion of molecules has at low effective 

temperatures, two models were made at 5,000 K with luminosities of 

3,000L0 (the bottom end of the RCB range) and masses of 1.0M
G

, one 

model including, and the other excluding, molecules. From Figures 

8.1 - 8.4, we can see that the effects on the luminosity and velocity 

curves at each zone are negligible, and that the work integral is not 

affected greatly by the exclusion of the molecules. This then 

confirms the belief that the molecules have virtually no effect on the 

results of models with effective temperatures above 5,000 K and may be 

safely excluded from all models considered in this thesis. 
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Figure 8.1 : The top graph shows photospheric 
luminosities of model with molecules (solid line) 
overlayed on model without molecules (chained 
line). The middle and bottom graphs, show the 
luminosity histories over the same time interval 
of the model, including molecules (top) and the 
model excluding molecules (bottom), respectively. 
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'0 n--+----+-----t 

1:~S2:,',S 

235 240 245 250 255 260 265 270 275 200 265 290 295 300 305 310 

Tift. Cdav.' 

T ."'0 (days) 
260 265 290 295 300 305 310 

Figure 8.2 The top graph shows photospheric 
velocities of model with molecules (solid line) 
overlayed on model without molecules (chained 
line). The middle and bottom graphs, show the 
velocity histories over the same time interval of 
the model, including molecules (top) and the model 
excluding molecules (bottom), respectively. 
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Figure 8.3 The top graph shows photospheric 
radii of model with molecules (solid line) 
overlayed on model without molecules (chained 
line). The middle and bottom graphs, show the 
radii histories over the same time interval of the 
model, including molecules (top) and the model 
excluding molecules (bottom), respectively. 
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Comparison of .Work Integrals 
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Figure 8.4: This shows the work integrals with 
zone number of the model with molecules (solid 
line) overlayed on the model without molecules 
(chained line). 
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8.2.2 CALCULATION OF OPACITY 

Let us now consider how the opacity is to be treated in the 

non-linear calculations. We again have several options available: 

(i) Kramers' polytropic opacity formula 

(ii) empirical formula (Stellingwerf's polynomial) 

(iii) full on-line computation 

(iv) using pre-calculated tables. 

Option (i) is really only used for de-bugging purposes and can be 

eliminated immediately. Option (iii) would take a very long time, 

especially at the lower temperatures and hence is not viable. This 

leaves options (ii) and (iv). 

Option (ii) was derived for stars containing an appreciable amount 

of hydrogen, and not the hydrogen deficient carbon objects under 

consideration here. In any case, the use of such an empirical formula 

would be a needless introduction of error, when it is just as easy and 

sometimes quicker to use pre-calculated opacity tables designed 

specifically for this sort of task. 

Having decided to use tables, some form of interpolation procedure 

within them was needed. We followed the results found in both Dr 

Worrell's and Dr Bridger's theses, regarding such interpolation in 

Carson tables; linear interpolation was not only adequate, but 

desirable. 

This then led to the all important question: which opacity table 

should be used for the non-linear analysis of the RCB variable stars, 

Carson's or Cox & Tabor's? From the linear results, Carson's BD9C 

opacity table would appear to be the better choice. However, 
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Figure 8.5: This shows the radius in solar units (top), 
velocity (middle) and magnitudal variations (bottom) for 
each opacity table model. The top 3 graphs are the curves 
for the DXIX opacity table model and the bottom 3 graphs the 
curves for the ED9C opacity table model. 
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Figure 8.6: This figure shows work integrals versus zone 
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overlaying the DXIX opacity table models work integral 
(chained line). 
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this may not be the case in the non-linear arena. To try and see if 

the linear results were correct, two models were made using both 

opacities. The models had the following stellar parameters (M/M
0

, 

L/L0, Teff ) = (1.0, 104 , 9,000) and were allowed to run until the 

curve shape became reasonably constant. Such a high effective 

temperature was chosen so that the periods would be short and hence 

the 'limit cycle' reached quickly. The light curves for both models 

can be seen in Figure 8.5 and the work integrals in Figure 8.6. We 

can see that there is a marked difference in the pulsation curves, the 

BD9C model curves being smooth and even while the DXIX model curves 

are 'wobbly' and uneven. The 'wobbles' in the DXIX model curves is 

due to small shock waves in the outer zones of the stellar envelope. 

An effect of these shock fronts is to produce luminosity spikes, due 

to the resulting increase in zone temperature and opacity. The 

absence of this 'wobble' from the BD9C model curves may indicate that 

these are a spurious effect of the DXIX opacity tables. Also when the 

work integrals are compared (see Figure 8.6) we see that the 'driving' 

and 'damping' in the BD9C model are far more prominent than those of 

the DXIX model. 

If we now look in more detail at the two models above (Figures 

8.7 - 8.9) we can see that not only does the DXIX opacity table model 

(RD2090) have half the period of the BD9C opacity table model 

(RB2090), but model RD2090 has far larger shock waves passing through 

the outer zones and large luminosity spikes preceding minima on every 

second period. The luminosity spikes appear to be due to the 

rarefaction following every second shock, caused by the larger 

acceleration of matter in every second shock. Thus, the luminosity 

spikes are caused by fast moving shocks travelling up through the 

outer zones, heating and expanding the gases of the outer zones as 
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I. 
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Figure 8.7 This figure shows partial radial 
histories of a stellar model with the following 
input parameters: (T f' L/L0 , MIM ) = 
(9,000K, 10,000, 1.0). The efop graph s~ows 
radial history of opaCity table BD9C model 
(RB2090) and the bottom the histories for the DXIX 
opaCity table model (RD2090). 
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Figure 8.8 This figure shows partial velocity 
histories of a stellar model with the following 
input parameters: (T, L/L0, M/M ) = 
(9,000K, 10,000, 1.0). The efhp graph s~ows 
velocity history of opaCity table BD9C model 
(RB2090) and the bottom the histories for the DXIX 
opaCity table model (RD2090). 
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RB2090 
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Figure 8.9 This figure shows partial luminosity 
histories of a stellar model with the following 
input parameters: (T f' L/L

0
, MIM ) = 

(9,000K, 10,000, 1.0). The etop graph s~ows 
luminosity history of opacity table BDge model 
(RB2090) and the bottom the histories for the DXlX 
opacity table model (RD2090). 

8-15 

1230 



NON-LINEAR NON-ADIABATIC RESULTS 

they pass. Due to the low heat capacities of these outer zones, the 

shock heating is rapidly radiated away, causing the luminosity spike 

seen. The spikes are perhaps more prominent in the RD2090 model as 

the inner zone expansion seems to 'collide' with the outer zone infall 

+ ++ around the bottom of the He -He ionisation region, whereas in the 

RB2090 model the 'collisions' occur approximately halfway through this 

ionisation region. Also, the shallower opacity gradient of the RD2090 

model in these outer zones could also contribute to the presence of 

the luminoSity spikes. In the RB2090 model we can see that a second 

inward shock is formed, at the top of the helium ionisation zone, that 

is more powerful than the first and soon merges with the first in the 

inner regions of the star, though in this case there is no 'Christy 

echo' of the shock from the adiabatic core. This second shock may 

also help to prevent the formation of unwanted luminoSity spikes, as 

it is not present in the RD2090 model. Since the luminoSity spikes 

are not observed in real objects it seems that the BD9C opacity table 

should be used in preference to the DXIX opacity table. To see if 

these undesirable luminosity spikes are present at other stellar input 

parameters, several models were made using the DXIX opacity table; the 

results can be found in Section 8.3 • 

8.2.3 HOW VISCOUS SHOULD A STAR BE ? 

A problem that occurs when the static models are evolved in time is 

that shock waves form in the outer envelope which have high 

accelerations and cause the time steps to become small and the 

computations processor intensive. To overcome this problem it is 

usual to introduce an artificial viscosity (see Chapter 3, for 

details) • The problem is, how large should the viscosity parameter, 

CQ be? A basic rule of thumb is that a shock wave is spread over ~ 
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zones by the artificial viscosity so CQ must be kept as low as 

possible to maintain energy conservation and to keep the models as 

accurate as possible, while being large enough to prevent the 

disastrous reduction in the time increment. 

This problem was solved by producing several models with varying CQ 

values and observing the value at which the time increment remained 

unaffected by further increases in CQ• Once this point was found, the 

next step was to reduce CQ until the total energy was again conserved, 

without reducing the time increment too much. In Figure 8.9 the 

effect of changing C
Q 

from 1.2 to 4.2 can be seen in the outer 3 

zones, as the small oscillations seen in the luminosity on the L.H.S. 

are 'smoothed' out within a few periods. 

Figure 8.10 shows the work integral before and after CQ was 

changed. From this figure it can be seen that the work integral is 

unaffected by this change which spreads the shocks over several zones, 

and hence eliminates these undesirable fluctuations in luminosity. In 

all succeeding models CQ = 4.2 was adopted as this greatly improved 

the calculability of the models, and perhaps gives a better 

representation of the viscous fluids found in real stars? 

8.2.4 BOUNDARY CONDITIONS AND DILUTED RADIATION 

It was decided not to include a 'radiation dilution' term in the 

outer atmosphere of the model as there are no opacity tables that 

reach to low enough temperatures (the temperatures being too low for 

accurate extrapolation). Also, if 'radiation dilution' were to be 

included, then one would also have to treat the radiation transfer 

equations differently, at the bare minimum introducing some geometric 

term (see Fadeev & Tutukov, 1981). Indeed, as the radiation diffusion 
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term is incorrect for such conditions, one would either have to treat 

the atmosphere using NLTE methods or some form of variable Eddington 

factor (Mihalas, 1978), which would greatly add to the cpu-time 

required to run the routines. 

The next question was which outer boundary momentum condition 

should be adopted in the majority of the models? As most of the 

models were to be made using constant sound travel times (see Section 

8.2.6), the external mass outer momentum boundary condition was 

rejected, i.e., C = O. Now, as the radiation pressure of such 

luminous stars as the RCB group is not a negligible percentage of the 

total surface pressure, it was decided to use the full radiative outer 

boundary momentum condition. As the degree of radiative back pressure 

on the model surface was not obvious, several models were made with B 

ranging from 0 to 1/3, in order to see the effects this had on the 

pulsation of the model. It was found that the outer boundary momentum 

condition only altered the amplitude of the photospheric light curve 

slightly and had a negligible effect on the period of pulsation. 

(This boundary condition could be important if the model atmosphere 

were modelled using NLTE or Eddington factor methods.) It was felt 

that there was no need to complicate things, as the basic results were 

not dependent on this boundary condition, so B = 1/3 was taken for all 

the models presented in this thesis. 

8.2.5 HOW MUCH STAR? 

Having dealt with most of the dynamic problems and considerations, 

we must decide how much of the star is to be included in the initial 

static model and how many zones should be used in its creation. The 

first part of this question is answered in Appendix C, which shows 

that only the outer envelope and atmosphere need be made as this is 
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all the dynamic codes model, i.e., the core is considered static. 

The second part of the question was a little more complicated and 

to answer it required the production of several static models. 

Basically it depended on how consistently the static models could be 

re-zoned and relaxed onto the dynamic difference equations. It was 

found that if the static model had more than about 450 zones, then the 

relaxed models were similar to 6 part in 10 , the order of convergence 

used in the dynamic codes. The consistency was found by finding the 

mean residual of squares of T4 , between the relaxed model under 

consideration and a relaxed static model initially having a 1,000 

zones. To err on the side of safety, all initial static models 

created in this study had at least 500 zones. 

8.2.6 RE-ZONING A STATIC MODEL ENVELOPE 

A very important consideration was how to re-zone the initial 

static model to a far coarser static model, and still maintain enough 

zones to show the gross details and return accurate results. For 

computation to remain viable the number of zones had to be minimised, 

while still keeping results as accurate as possible. Linked with this 

question is the choice of method used to create the coarse zones, 

i.e., constant mass ratio, or constant sound travel times (see 

Appendix C part 2 for computational details). Experience soon showed 

that although the constant mass ratio method allowed choice of the 

external mass boundary condition, it had the disadvantage of 

shortening the time increments with which the model could be evolved. 

This could partially be offset by altering the inner zone mass ratio 

to increase the sound speed travel time in these zones. Generally, 

however, it was found that the outer layers were well behaved, and the 

constant sound travel time method of zoning could be used. This 
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simplified things a lot, as the time increment was then independent of 

the inner zone size. However, care must be taken to ensure that the 

inner zones do not become too heavy, and thus distort the results. 

This is usually controllable, by increasing the number of zones in the 

coarse model. An indication of the effect of the number of zones on 

the photospheric light curves can be seen in Figure 8.11 • It was 

generally found from the models used in this work that about 55 zones 

in the coarse model gives the best compromise between speed and 

accuracy. 

8.2.7 OTHER CONSIDERATIONS 

This only leaves us with two considerations, the convergence and 

the initial velocity profile. The convergence was set to 6 

significant figures, as this was the best accuracy that could be 

obtained on the computer used. If a greater accuracy was imposed, the 

grand iteration in temperature at each time step failed to converge, 

causing the time increment to be continually halved until an underflow 

occurred. If this problem was relieved, then the iteration in the 

'states' routine failed to converge and indefinitely oscillated 

between two values for the electron number density. Thus, there is an 

accuracy of about part in 107 for each zone, and the results are 

probably reasonably accurate for the first few hundred thousand time 

steps (see Worrell (1985) for a full discussion on propagation of 

errors in hydrodynamic calculations of stellar models). 

It was found that, in most cases, the empirical formula that Stobie 

used for his Classical Cepheids (equation 3.47 with A = 10 km/sec and 

B = Okm/sec ) started the models pulsating in their fundamental modes. 
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As these models have lowe-folding times, reaching their limit cycles 

within a few periods (unless stable to pulsation, in which case the 

light curve variations rapidly decayed) and contamination due to 

higher overtones was generally damped out within a few periods, or was 

not present at all. 

8.3 CHOOSING THE OPACITY TABLE FOR NON-LINEAR RCB MODELING 

8.3.1 How Stellar Parameters Affect The Non-linear DXIX Opacity Table 

Models 

In Figure 8.12, the luminosity and velocity curves of a sequence of 

models at L = 10,000L0 and Teff = 7,000 K, and having masses of 1.0, 

1.2, 1.6,2.0 M0 are shown. 

that they do not pulsate 

For the 1.6M0 and 2.0M0 models it is clear 

in the fundamental mode, which is in 

agreement with the linear results for higher masses (see Figure 7.2). 

The small cyclic variation in the velocity curve, and to a lesser 

extent in the luminosity curve , are due to small shock waves in the 

outer zones of the model envelopes. As the mass is reduced the shocks 

become more pronounced and begin to dominate the light curves, 

becoming erratic in nature and penetrating deep into the stellar 

envelope. This effect is not found in models using the BD9C opacity 

table, and may be a spurious effect of the DXIX opacity table. To 

check that this effect is present at other luminosities and effective 

temperatures, another two sequences can be seen in Figures 8.13 and 

8.14 , in which luminosity and effective temperature are the variable 

parameters, respectively. 

From Figure 8.13 again we see that the amplitude of the variations 

is decaying; this observation is borne out by a Fourier analysis of 

the light curves which shows a negative growth constant. These models 
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also show pronounced shock-wave features, that grow in amplitude with 

increasing luminosity, and also become spike-like. The reason for 

this correlation between shock induced luminosity spikes and 

luminosity appears to be the reduction in the envelope density of the 

outer zones caused by the increased luminosity. This has the effect 

of reducing the shock front size and hence the time for which the 

opacity is reduced. The shock-wave spikes in luminosity could be 

reduced by increasing C
Q 

(see Section 8.2.3 above), but care has to be 

taken not to spread the shocks out too much, as above CQ = 5, the 

total energy is no longer conserved. Again, these shock waves were 

not present in the equivalent BD9C models. 

In Figure 8.14, the models for which the effective temperature was 

varied, shock-wave luminosity spikes are very evident and, with the 

exception of the 6,000 K model, dominate the light curves. In the 

higher effective temperature models, the shock wave effects were found 

to penetrate up to 50% of the way into the model envelopes, and could 

no longer be considered surface effects. As the BD9C opacity table 

. models of identical input parameters only had minor shocks present in 

the outer 2 or 3 zones, it is hard to decide whether these shocks are 

real or a spurious effect of the DXIX opaCity table. For this reason 

and the fact that the shocks cause the incremental times to become 

alarming small (from about 6,000 seconds down to about 200 seconds), 

opaCity table BD9C was chosen for most of the non-linear modelling in 

the next section. This has the other useful effect of making the 

underlying fundamental mode pulsation easier to see, and to describe. 

These shock waves are probably real effects, though perhaps not so 

pronounced, and could explain why the luminosity amplitudes seen in 

the majority of variable RCB stars are so small (compared with other 

variable stars in adjacent regions of the HR diagram). 
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8.3.2 A Brief Look At Some Models Of DY Centauri 

As DY Cen is thought to pulsate with a period of 120 days and is the 

only 'hot' member of the RCB group whose membership of the RCB group 

has not, as yet, been brought into to doubt, it was decided to make 

several models, using both opacity tables, to see whether either of 

them produced a period of the right magnitude. Also, this was used as 

another check on our preference of opacity table BD9C over DXIX. 

From Figure 8.15 we again see that the two attempts at modelling 

the star using opacity table DXIX are dominated by the 'wobbles' 

caused by the small shock waves in the outer envelope, this effect is 

far worse in the higher mass model, where the underlying periodicity 

of the model envelope is obscured. 

If we now look at the two BD9C models on the bottom half of 

Figure 8.15, we see that the shock waves are small in the 10,000K 

model, and are quite well behaved when they appear in the 12,000K 

model. From all the curves for both opacity tables, it is apparent 

that none of the models have a 120 day period, although the 12,000K 

BD9C model does m have an amplitude of about 0.4, which is consistent 

with the observed amplitude of variation in DY Cents visual light 

curve (allowing for the fact that the model's output is in bolometric 

magnitude and not visual magnitude). Also, the 12,000K BD9C model is 

semi-regular in nature with no luminosity spikes, unlike the best DXIX 

models which are full of shock wave luminosity spikes. Again the 

results seem to favour the BD9C opacity table (although still not 

conclusively). Figure 8.16 shows a 40,000K model that is a classic 

case of stability, as is to be expected in such a 'hot' model. 

8-28 



NON-LINEAR NON-ADIABATIC RESULTS 

-," 
.000 Lsol Teft • 10,000 K UO$$ • 0.6 I.Isol 

l-".~ 
o.~ 

_ 20 
u 
w . 
~ 10 
~ 

6 0 

!'\ .11'\ t:.n 2_ ~o 60 
1""0 (Ooy.) 

80 

'~-IO. 
g W ~ - 20 20 1;me (Ooy.) 

TAEl.E DXIX L - 10,000 Lsof lef( • 10,000 K lJoss - 1.2 1.1501 
-o.~ 

i-'-'- _ _ _ _ 
c 0 ____ _ j -~ 0.2 

0.4 
20 '0 

Time (Doys) 

!: 
I I . > -10 20 

lime (Days) 

r:: TABLE SDge l - 10,000 lsol Teff - 10.000 K J,!oss - 1.0 t.4$01 

.~ -0.5 

~ 0 

0.5 
o 50 100 150 

lime (Days) 

-.~ ~ 
'" ? 0 

i ~:: 
50 100 150 

Time (Oo)'s) 

-.. TABlE eDge L - 10.000 Lsol Tefl - 12,000 K Moss - 1.0 Msol 

I-M~ c 
'a. 

% 0 50 
0.2 

lime (Days) 

-.~ 
u 
t:! 10 

~ '-------- - -----~ § -10 ~__ __ __ ~O ~'-;:>o ---

FIGURE 8.15 
models with 
table DXIX 

(1,),-' <: I. I)t.,! 1-\/ 

This figure shows two 10,000K 
different masses made using opacity 

and two models with effective 
temperatures of 10,OOOK 
opacity table BDge. 

and 12,000K, made using 

8-29 



N 

c:i 
I 

NON-LINEAR NON-ADIABATIC RESULTS 

..,. 

Vi' 

~ 
Vi' 

~ '"' '"' 0 0 
"0 "0 

N~ N~ 

<V <V 

E E 
F F 

0 

0 
N 

0 0 0 0 
cD N 0 

<f) <l) 0 " c:i c:i c:i I ~ ~ ~ ~ 
I 

("pnHu60~)p (J3s/~>l) A1POI"A (SHun JOIOS) 

FIGURE 8.16 A special case, showing what 
happens when a stable model envelope perturbed; 
showing clearly a rapid decay back to the stable 
state. 

8-30 

..,. 

Vi' 
'"' 0 
"0 

N~ 

<V 

E 
F 

0 

co cD " 0> 0> 0: 
c:i c:i 0 

sn!po~ 



NON-LINEAR NON-ADIABATIC RESULTS 

A more detailed understanding of these models, as well as an 

understanding of why the two opacity tables produce such remarkably 

different behaviour in the light curves, can be obtained if we have a 

closer look at the history of the envelopes over one or more periods. 

Figures 8.17 - 8.28 show Radial, Velocity and Luminosity histories for 

all the outer zones of the models discussed above. 

From these figures it is apparent that luminosity spikes are a 

definite feature of models created using the DXIX opacity table. It 

is also apparent that they are not eliminated by reducing the star's 

mass or increasing its effective temperature. The luminosity spikes 

only appear when steep shocks sweep through the outer zones, as can be 

seen in Figures 8.17 - 8.18 and Figures 8.20 - 8.21 • We can see that 

even a shallow shock (i.e., the secondary shock following the first) 

can cause large changes in the luminosity, approaching that of a 

spike. They appear to be caused by the heating the gases undergo as 

the shock front passes, which not only causes a drop in the opacity of 

the gases behind the shock front, but also causes shock generated 

radiation. This radiation is emitted as soon as the shock front has 

passed, as the gases have little heat capaCity and, due to the 

rarefaction after the shock, low opacity as well. This helps us 

understand why the spikes only occur in the DXIX models. The reason 

appears to be the steep 15,000K opacity drop seen in the BD9C opacity 

table, which is far shallower in the DXIX opacity table. This then 

leads to the DXIX models having 'thinner' or less dense zones in the 

outer regions and a corresponding drop in heat capacity. At the same 

time, the opacity gradient in the outer zones is larger and more 

dependent upon the temperature and density. These two differences 

combine to allow a luminosity spike where the denser and shallower 

opacity gradient of the BD9C models suppresses such rapid changes in 
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luminosity, i.e., where the luminosity variations are 'frozen in'. 

The pulsation in all four models seems to be driven by a sort of 

shock ~ -mechanism, in which subsequent pulsations are driven by the 

shock produced when the infalling outer zones meet the expanding inner 

zones. This leads, to a large increase in the ionisation of helium 

and hence a large increase in pressure, which rapidly develops two 

shock waves. One of these drives the outer zones rapidly out, and the 

other re-compresses the inner zones for the next period. The inward 

shock only seems to build up once the helium ionisation region is 

truly met, and the top of the opacity bump is reached. After this 

point the 'dammed' radiation is released allowing zones to decelerate 

until the opacity bump peak is reached again and a second shock is 

formed. This second shock is usually steeper than the first and hence 

merges with the first somewhere in the inner regions (this can be seen 

in most of the histories). This accounts for the peiodicity of the 

majority of the models, although model RD3010 seems to go through 

cycles of periodic behaviour followed by semi-erratic cycles of 

roughly the same period but with greatly reduced amplitudes. These 

cycles appear to be connected with fluctuations of up to 100K in the 

outer zone temperatures, and occur when the zones are cooler. 

The bi-periodicity seen in the light curves of model RB2012 

(Figures 8.26 - 8.28) seems to be explained by the fact that the 

second inward shock does not merge with the first inward shock, and 

hence causes the inner zones to be driven out further. This then 

causes the second inward shock to vanish and the first inward shock to 

be much weaker on the next compression. Hence the next outward shock 

is correspondingly weaker. This means that the next infall of the 

outer zones is longer and thus has more momentum for the following 

period, leading to the larger amplitude variation seen. 
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l cEl.:l.:lIO S3lVJS ) sniped 

Figure 8.17: This figure shows the radial (dR/R) 
history for all zones of the DXIX opacity table 
model, which as a mass of O.8M0 , a luminosity of 
10,OOOLe and a effective temperature of 10,OOOK 
(RD1010). 
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( cEl.:l.:l 10 SJlVJS ) Al!::lOI 8 A 

Figure 8.18: This figure shows the velocity 
history for all zones of the DXIX opacity table 
model, which as a mass of O.8M0, a luminosity of 
10,OOOLG and a effective temperature of 10,OOOK 
(RD1010). 
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Figure 8.19: This figure shows the luminosity 
(dLIL) history for all zones of the DXIX opacity 
table model, which as a mass of O.8M0, a 
luminosity of 10,OOOL0 and a effective temperature 
of 10,OOOK (RD1010). 
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Figure 8.20: This figure shows the radial (dR/R) 
history for all zones of the DXIX opacity table 
model, which as a mass of 1.2M0, a luminosity of 
10,OOOL0 and a effective temperature of 10.000K 
(RD3010J. 
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Figure 8.21: This figure shows the velocity 
history for all zones of the DXIX opacity table 
model, which as a mass of 1.2M0 , a luminosity of 
10,OOOLe and a effective temperature of 10.000K 
(RD3010). 
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Figure 8.22: This figure shows the luminosity 
(dLlL) history for all zones of the DXIX opacity 
table model, which as a mass of 1.2M0• a 
luminosity of 10,000L0 and a effective temperature 
of 10.000K (RD3010). 
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Figure 8.23: This figure shows the radial (dR/R) 
history for all zones of the BDge opacity table 
model, which as a mass of 1.0M0, a luminosity of 
10,OOOLe and a effective temperature of 10,OOOK 
(RB2010). 
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Figure 8.24: This figure shows the velocity 
history for all zones of the BD9C opacity table 
model. which as a mass of 1.0M0, a luminosity of 
10.000L0 and a effective temperature of 10,OOOK 
(RB2010). 
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Figure 8.25: This figure shows the luminosity 
(dLlL) history for all zones of the BD9C opacity 
table model, which as a mass of 1.0M0, a 
luminosity of 10.000L0 and a effective temperature 
of 10,OOOK (RB2010). 
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Figure 8.26: This figure shows the radial (dR/R) 
history for all zones of the BDge opacity table 
model, which as a mass of 1.0M0, a luminosity of 
10,OOOL

0 
and a effective temperature of 12.000K 

(RB2012). 
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1'"1gure 8.27: This figure shows the veloci ty 
history for all zones of the BD9C opacity table 
model, which as a mass of 1.0M0, a luminosity of 
10,OOOL0 and a effective temperature of 12.000K 
(RB2012). 
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Figure 8.28: This figure shows the luminosity 
(dLlL) history for all zones of the BDge opacity 
table model, which as a mass of 1.0M0, a 
luminosity of 10,OOOL0 and a effective temperature 
of 12,OOOK (RB2012). 
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We can see from these figures that the periods and shapes of the 

light curves are governed by the power of the outward shock and the 

natural frequency of the inner envelope. The rising part of the 

curves are defined by the outward shock, and the falling part of the 

curves by the time taken for gravity to bring the outer zones back for 

the star's next cycle. 

8.4 NON-LINEAR NON-ADIABATIC MODELS OF 7 RCB STARS 

In the following section the best 6 models that approach some of 

the observed parameters, of the RCB stars discussed in the previous 

chapter will be presented and discussed. As before, the discussion 

will be split into two main parts: the models with effective 

temperatures of 5,000 K and 6,000 K, and the models with effective 

temperatures of 6,900 K. As was the case in the linear analysis, 

WX CrA and RT Nor are grouped together and for the rest of the thesis 

will be treated as having identical stellar parameters. 

Table 8.3 below, shows the adopted masses and luminosities of the 7 

selected RCB stars as found from the linear theory. Table 8.3, also 

shows the observed effective temperatures, periods, amplitudes (in m ) 
v 

and radial velocities for the stars as well. Only in the case of 

RY Sgr are the observations extensive enough for us to be sure that 

the star is pulsationally unstable and that the given amplitudes of 

luminosity and radial velocity are probably the real maxima. In all 

other cases, the observations are far too few and dispersed to be sure 

of the limitations given or even that the periods quoted are correct. 

This is why the 5,000K and 6,000K models have been treated in a 

separate section to the 6,900K models. 
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STAR M/MG L/LG Teff Period dm dV v r 

UW Cen - 1.00 9,400 6,000 42.8 <0.2 

WX CrA - 1.00 7,400 5,000 60 0.1 

R CrB - 0.95 15,500 6,900 44 0.15 4 

RT Nor - 1.00 7,400 5,000 59 <0.2 

GU Sgr - 1.00 4,600 5,000 38 <0.1 

RY Sgr - 0.99 10,500 6,900 38.6 0.45 30 

RS Tel - 0.80 4,000 5,000 45.8 <0.3 

TABLE 8.3 Table showing calculated parameters (M/MG, 
L/LQ) for models and observed parameters 
(T ff' Period, dm , dV ) for RCB stars. e v r 

8.4.1 The 5,000K And 6,000K RCB Models 

8.4.1.1 The GU Sagittarii Model -

The model was run until the radius, velocity, and luminosity curves 

maintained a roughly constant amplitude and the peak kinetic energy 

also remained constant (this is generally a good indicator of whether 

a model has reached its limit cycle). As can be seen from Figure 

8.29, the kinetic energy flattened out after about 6 or 7 periods. 

However, in Figure 8.30, we can see that the period never really 

settled down to anyone value, but wandered about by +1- 3 days. 

Still, towards the end of the run it maintained a reasonably 

consistent mean of about 38 days, which is in agreement with the 

observations. We can also see from Figure 8.30 that the luminosity 

m amplitude is around 2 5 which is far too high for this group of stars. 

This may perhaps be due to the fact that this amplitude was measured 

at the (N-1)th zone instead of at the photosphere. 
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The model (after an initial contraction of about 1%) settled down 

to a steady, if semi-regular, pulsation with no extreme behaviour as 

has been seen in other similar high luminosity helium stars by other 

authors. If we look at the work integral in Figure 8.31, we can see 

that there is a lot of damping in the zones above the helium driving 

region. Also from this figure it is just possible to see a small 

++ radiative damping region below the large He damping region (about 

zone 10) which appears to be due to the bigher ionisation states of 

carbon. Such heavy damping in the outer zones confirms the belief 

that convection would have a insignificant effect upon the period and 

stability of the model, though perhaps playing a crucial role in 

limiting the amplitude of the pulsation. 

Figures 8.32 - 8.34 show the zonal history of the model over one 

period. The figures show the fractional change in radius, the 

fractional change in luminosity, and the velocity of each zone, versus 

phase. Above each history graph is a plot versus phase of the 

photospheric 

multiplied 

quantity 

by 17/24 

in question; the photospheric velocity is 

to allow for limb darkening. (However, in this 

case there is no radial veloCity curve to compare it with.) The light 

curves were repetitive in shape with the exception that the small 

luminosity bumps seen around minimum light (phase 0.0 and 1.0) were 

transitory in nature and were sometimes absent for 2 or 3 periods 

before returning. 

If we look closely at the histories, we can see that the outer zone 

is greatly expanded due to the nature of the outer boundary condition 

which holds the temperature of this zone constant and thus as its heat 

content builds, it has no choice but to expand. The same effect was 

seen in both Bridger (1983) and Worrell (1985) and did not seem to 

have any major effect upon the pulsation parameters. This is why the 
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(N-1)th zone was chosen to measure parameters rather than the Nth 

zone, as has also been done by many other authors in the field. In 

Figures 8.32 - 8.34 we can see that zones 8-21 (counting down from 

outer zone) become highly compressed due to the meeting of the 

infalling outer envelope with the expanding inner zones. As in the 

10,000K models, this has the effect of causing two shocks to form, one 

travelling inwards and the other outwards. The production of these 

shocks causes a sharp increase in temperature which, due to the 

sensitivity of the opacity in this region, pushes the opacity down 

(over bump) causing the luminosity bump that can be seen in zones 

14-19 (from surface) of Figure 8.33 to travel slowly outward. Also in 

Figure 8.33 we can see the classic up-down 'groove' in luminosity 

caused by the passing of a shock wave. In this particular history the 

'Christy echo' is very evident, as both the velocity and luminosity 

curves clearly show the shock being reflected at the inner adiabatic 

core. However, in this case the reflection is not perfect, as several 

echoes of the shock are also produced due to 'ringing' of the inner 

boundary. It is the creation of this shock that causes the initial 

high acceleration of the outer zones, and the echo that causes the 

infall by over-expanding the already 'thin' gases and allowing gravity 

to pull them back. It is also this reflected shock that, on passing 

through the helium ionisation region, causes a far weaker inward 

travelling pressure wave that is eventually reflected at the adiabatic 

core and leading to the next large shock-waves. Thus the two distinct 

eras in the light curves are governed by the travel times of pressure 

waves - the short steep rise between phase -0.2 and 0.1 by the steep 

shock wave that reflects off the adiabatic core, and the slow descent 

between phase 0.1 and 0.8 by the slow moving secondary pressure wave 

described above, which again reflects off the adiabatic core. Figures 

8.35 - 8.37 show snapshots of dLIL, dRIR and velocity versus 

8-48 



NON-LINEAR NON-ADIABATIC RESULTS 

fractional radius at 1/16 phase intervals. They start at phase 0.0625 

at top L.H.S. and finish at phase 1.0 at bottom R.H.S. In Figures 

8.35 & 8.36 showing the velocity and dR/R profiles it is easy to 

follow the development of the shocks and the corresponding expansion 

and contraction of the zones. The increase in luminosity can be seen 

to lead the shock front and is mainly caused by the radiation 

following the sharp increase in temperature caused by the passage of 

the shock wave. As the heat capacity and opacity of the outer zones 

are low, the variation in luminosity is not held long and the shock 

wave effects soon die out. 

From this model it can be seen that a shock driven ~ -mechanism is 

the main driving force behind the pulsation, the period depending upon 

travel times of pressure and shock waves in the model's interior. 

These shock waves govern the acceleration of the outer zones and hence 

the amplitude of the velocity and luminosity variations. To limit the 

amplitude one only needs to reduce the shock power, which to some 

extent can be controlled by CQ and the opacity table chosen. The 

problem is that the period is related to the speed of travel of the 

shock through the inner zones, which in turn is related to the power 

of the shock, so care must be taken not to distort the physics in any 

way. This generally meant that the shock strength and hence 

amplitudes of the photospheric variations could not be reduced by 

much. 
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Figure 8.29 Shows the peak kinetic energy 
versus period number for models GU Sgr (+), 
RS Tel ~), WX CrA & RT Nor (0) and OW Cen (solid 
line). 
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Figure 8.30: This Figure shows graphs of the 
period in days and the amplitudes of luminosity in 
magnitudes, velocity in km/sec and fractional 
radius versus period number for the GU Sgr model. 
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Figure 8.31 : This Figure shows the work integral 
of GU Sgr model, for period 19, versus zone number 
(zone 1 = innermost zone). 
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Figure 8.32 : 
history for 
GU Sgr. 
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This Figure shows the radial (dR/R) 
all zones of the RCB star model: 
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Figure 8.34: This Figure 
(dL/L) history for all 
model: GU Sgr. 
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Figure 8.35: Shows 'snapshots' o~ dRIR versus 
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Figure 8.36 Shows 'snapshots' of velocity 
versus fractional radius for model GU Sgr, with 
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As this model is shock driven to a certain extent, it was felt that 

perhaps the initial kick was the cause of the large amplitude seen in 

the light curves, so a model was made with B = -1 km/sec instead of 

the usual 10 km/sec. The sole result of this reduction in kick was to 

extend the time taken for the model to reach its limit cycle; 

otherwise, it was virtually identical to this model in its features. 

8.4.1.2 The RS Telescopii Model -

This model is quite similar to that for GU Sgr. If we compare 

Figures 8.33 - 8.35 (the zonal histories of GU Sgr) with Figures 

8.41 - 8.43, we see that the decrease in mass has had very little 

effect upon the gross features of the curve, and that the period has 

only changed marginally to about 42 days +1- 1 day, which is again of 

the right order. As with the GU Sgr model, we can see that a lot of 

shock damping occurs in the atmosphere (see Figure 8.40) indicating 

again that in comparison any effect of convection would be small. 

From Figure 8.39 we can see that none of the amplitudes have become 

steady, even though the the peak kinetic energy in Figure 8.29 shows 

that the model has reached its limit cycle. It is hard to say for 

certain, but the trend in the velocity amplitudes seems to indicate 

that the pulsation is decaying, though this is not supported by the 

consistency of the peak kinetic energy. Also, we can see from the 

fractional radius that the model is developing some form of 

bi-periodicity, with large and small amplitudes alternating. The 

velocity amplitude is now nearer that seen in BY Sgr though the 

luminosity amplitude is again far too large. This could perhaps be 

due to the star having a higher effective temperature and luminosity 

than is stated in the literatUre. Otherwise, the model is very 

similar in characteristics to that found for GU Sgr. 
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8.4.1.3 The RT Normae & WX Coronae Australis Model -

As in previous models, we can see from Figure 8.44 that the period 

is unsettled at first but after about 10 or 12 periods settles down to 

about 60 days, which again agrees with the linear results. We can 

also see that although the amplitudes are not constant, they vary 

about fixed means rather than showing any signs of decreasing or 

growing. Along with the flattening out of the peak kinetic energy 

curve in Figure 8.29, this indicates that the model has reached its 

limit cycle. The work integral for period 24, shown in Figure 8.45, 

is very much the same as those of GU Sgr and RS Tel and indicates that 

the model is probably driven and damped by the same mechanisms as 

these previous models. This is confirmed by looking at the histories 

in Figures 8.46 - 8.48, although we can see that the initial and 

secondary shocks are far weaker, leading to a more 'rounded top' to 

the velocity curves of each zone, And also that the outer zones are 

less sensitive to variations in the underlying zones. The outer zone 

is still attached to the star, although it now extends out to about 

400R@ and moves through large distances over one period. 

The reduction in the shock strength appears to be due to the 

concentration of the mass towards the centre of the model, resulting 

-8 3 in the outer zones having very low densities (10 gm/cm) which do 

not have the mass to support such a large shock as the previous models 

did. This also means that the opacity in the helium ionisation zones 

is more sensitive to variations in temperature and density, hence the 

increased structure seen in the luminosity variations (Figure 8.48), 

which follows the passing of pressure waves and shocks far more 

closely than the previous less luminous models did. We can see that 

the luminosity variation in the outer zones is 'frozen in' and the 

large variation in the helium ionisation zones is 'ironed' out to some 
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extent. However, the variation is still big enough to produce a 1~8 

variation in the photospheric luminosity curve, which is obviously too 

large, m considering the observed limit of 0.1. Again it seems likely 

that the effective temperature given in the literature may be wrong, 

or failing that, that convection may play some important role in 

limiting the amplitude of the luminosoity variations. 

8.4.1.4 The UW Centaurii Model -

Increasing the temperature by 1,000K means that the luminosity has 

had to approach the values more often quoted for these stars. This 

however has not affected the density of the outer zones which remains 

similar to that found in models GU Sgr and RS Tel. The main effect 

has been the increase in the amount of variation the period and 

amplitudes (Figure 8.49) undergo from period to period, and hence an 

increase in the number of periods modelled to ensure that the model 

has reached the limit cycle (though we can see from Figure 8.29 that 

the peak kinetic energy curve flattened out fairly early on, and that 

these later variations have very little effect upon it). Though the 

model is not purely cyclic, it is not really irregular either, as the 

curve shape remains roughly the same after about the sixth period and 

repeats itself quite regularly. 

The work integral shown in Figure 8.50 shows a broader and stronger 

driving region than was found for the 5,000K models and the helium 

damping region has become quite negligible in comparison to the shock 

damping in the outer zones. This is as expected, as the increase in 

effective temperature has caused the denSity of the helium ionisation 

region, the seat of the driving, to be increased and hence have more 

inertia when expanding. 
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The history curves for the whole model, shown in Figures 

8.51 - 8.53, are very similar to those found for the GU Sgr and RS Tel 

models, and probably will prove to be the underlying structure of all 

models having a period of around 40 days. Figure 8.54, a 'snapshot' 

history of the variation in luminosity ($L/L), has been included as it 

shows very well the increase in luminosity as the shock passes, and 

how the luminosity grows in amplitude, spreads out in mass and finally 

diminishes after the shock has passed. From this figure we can 

clearly see that there is a cut-off between the outer and inner zones, 

and that the 'freezing in' of luminosity prevents the initial shock 

travelling directly into the outer regions. When it does penetrate 

however, the whole outer region behaves as one and the luminosity 

bump, that can be seen in Figure 8.53, is obtained around phase 0.9 • 

8.4.2 The Models Of The 6,900K RCB Variables 

8.4.2.1 The RY Sagittarii Model -

In Figure 8.55 we can see that the peak kinetic energy, after an 

initial climb that is common to all the models created in this thesis, 

has levelled off and remains reasonably constant for the great 

majority of the model's history. As this model was made with the hope 

of comparing it with the comparatively few observations given in 

Alexander et al (1972), the kinetic energy and potential energy were 

also saved for each time step in the hope that this would perhaps shed 

some light on the final results. These curves can be seen in Figure 

8.56. Two things are worth noting in these energy curves. Firstly, 

the potential energy is nearly perfectly sinusoidal and has a period 

of (39 +1- 1) days, which is in agreement with the pulsational period 

of the star, and perhaps would be a better and more dependable way of 

finding the period of future models. Secondly, the kinetic energy 
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curve alternates between large and small peaks in its amplitude, the 

small peaks corresponding with contraction of the model. The latter 

point indicates that a good percentage (.;..20%) of the kinetic energy is 

lost in the contraction phase. From Figure 8.57, showing the work 

integral of the 64th period, we can see that this loss of energy is 

due to dissipation of the shock waves in the outer zones. The work 

+ ++ + integral is a little strange in that the He -He and He-He 

ionisation zones are quite separated, and the helium 'damping' zone is 

very shallow. The majority of the 'damping' is due to the dissipation 

of the shock wave energy in the outer zones, instead of the usual 

radiative 'damping'. Also there appears to be a third small driving 

peak just above the inner boundary which may be due to the higher 

ionisation levels of carbon, as this element is very rich in these 

models, and the CIV ionisation peak occurs around this region. 

If we now look at Figure 8.58, we first of all note that the period 

seems to oscillate between two diminishing extremes. The cycle 

repeats about every 16 periods. The reason for this is unknown, but 

is probably due to some resonance within the model envelope. The 

luminosity amplitude at first glance looks large, but once we have 

taken into account that the amplitude is due to very rapid dips in the 

luminosity curve (for the majority of the time the amplitude is around 

0~6), it is not too far from the observed amplitude given in Alexander 

et al (1972). The velocity amplitude also has this problem in that it 

initially looks too large, but after multiplying by 17/24 (limb 

darkening and projection correction) we get an average amplitude of 

about (27 +1- 5)km/sec. This value is slightly less than the radial 

velocity amplitude observed by Alexander et al (1972). To compare the 

theoretical model with observation, the observed and theoretical light 

curves were reduced to phase diagrams, using 38.6 days as the mean 
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period and an arbitrary zero was taken. The stars maximum visual 

magnitude was subtracted from the observational magnitude so that it 

could be easily overlayed on the theoretical ~ol curve. This helps 

show that the amplitude is roughly right and also that the phase is 

nearly correct, though of course, with such semi-irregular behaviour, 

there can be little hope that the curves will in any other way be 

similar (see Figure 8.59). A similar overlaying was also done for the 

velocity after adding 10 km/sec (star's radial velocity) to the 

observed velocity, which allowed for a better comparison to be made. 

We again see that the amplitude and phase of the curves are not too 

incorrect, though there was little hope of the curves being more than 

grossly similar. To give some idea of how irregular the curves can 

be, a portion of the model's history is shown in Figure 8.60 • 

To see why the curves are so irregular in shape, though 

semi-regular in period, the full zonal histories of dRIR, Velocity and 

dLIL can be seen for periods 63 and 64 in Figures 8.61 - 8.63, along 

with the associated photometric curves. From Figure 8.61, we can see 

that the outer zones, with the exception of the outer boundary, 

experience regular outward accelerations on top of the periodic 

outward movement. The inner zones undergo nearly sinusoidal motion 

with periods varying slightly about the characteristic frequency of 

the model envelope. We can also see that in the transitionary or 

middle zones, 2 or 3 distinct changes in the inward acceleration of 

these zones occur about 0.1 in phase before the contraction of the 

inner zones. The smallness and number of these changes in 

acceleration is in contrast to the single sharp acceleration seen in 

the cooler 5,000 K and 6,000 K models. 
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A look at Figure 8.62, which shows the velocity variations 

throughout the envelope, gives us some idea of why the curves are so 

different from those of the cooler models referred to above. Instead 

of the single sharp shock followed by the secondary shock seen in most 

of the cooler models, we have a series of small successive shocks. 

Thus instead of driving the outer zones out to large distances with 

one powerful shock where the gravitational force is slow to bring them 

back, the shocks only push them out a little way before gravitational 

acceleration exceeds the initial outward acceleration and brings the 

outer zones back. Hence the shocks repeat with a frequency that is 

dependent upon the time it takes for the helium ionisation zone to 

respond to compression and cause the next expansion shock, due to 

opacity and pressure changes due to the increased ionisation. 

Underlying all this outer zonal activity is the oscillation of the 

inner zones, which are only slightly affected by the multiple shocks 

present in the outer regions of the envelope. Thus, in the case of 

these hotter models, the period of the inner zones dictates the mean 

period of the observed fundamental pulsation, and the outer zones 

cause the slight variations seen in the period. This to some extent 

explains the changes seen in the velocity and luminosity amplitudes, 

as large velocity amplitudes occur when maximum compression occurs in 

the helium ionisation region, i.e., when the outer and inner zones 

have large opposite velocities causing large compression in the 

ionised helium zones. 

The deep minima seen in Figure 8.63 and the light curves in Figure 

8.60 appear to be due to the rapid increase in temperature and denSity 

of the helium ionisation region resulting in an increase in the 

opaCity, which is quite sensitive to such changes in this region of 

the envelope. This increase in opacity acts in a similar way to the 
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Figure 8.58 Shows Periods and luminosity, 
velocity and fractional radius amplitudes of the 
RY Sgr model versus period number. 
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Figure 8.57: Shows the work integral versus zone 
number for period 64 of the RY Sgr model. 
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Figure 8.61 : 
history for 
RY Sgr. 
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This Figure shows the radial (dR/R) 
all zones of the RCB star model: 
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shock fc- -mechanism seen in the cooler models, and results in an outward 

travelling shock and luminosity wave. The luminosity is partially due 

to the release of 'dammed' radiation caused by the compression, and 

partially due to the radiative loss following the shock heating of the 

zone gases. The deep 'minima' naturally occur when the largest shocks 

occur, causing the greatest change in opacity, although not pushing it 

over the opacity peak. This is the reverse effect to that seen in the 

DXIX opacity table models, where the opacity sometimes decreased with 

such compressions, resulting in the luminosity spikes seen in those 

models. 

This result then gives us a good indication that our choice of BD9C 

opacity table was correct, since irregular drops of a few tenths to 

several magnitude are known to occur in the RCB group of stars. To 

model such drops would require a far better treatment of the outer 

atmosphere and also the production of low temperature and density 

opacity tables, allowing for the effects of carbon grain formation. 

8.4.2.2 The R Coronae Borealis Model -

This is the last model that will be presented in this thesis, and 

perhaps the most peculiar. In Figure 8.64, we can see that for about 

the first 5 periods the model behaved in a roughly regular way, the 

light curve being cyclic with a period around 33 days. Beyond thiS, a 

major drop in luminosity took place (-7m) followed by a ragged climb 

back to maximum light. Subsequently the variations in the light curve 

m m become much subdued, being only 0.1 - O. 2 in size. The model was 

soon abandoned after this point as the time step increment plummetted 

to about 10 seconds, which meant that it would take too much processor 

time for the variations to grow back to their initial amplitude (as 

they seem to be doing, in the velocity curve). Time was very short 
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and there was no time to study this phenomenon further. This however 

is the only model, amongst all the models made, to show such a large 

drop in luminosity. It is doubtful whether the pre-drop curve 

represents any known star, especially not R Coronae Borealis. After 

the luminosity drop this could well represent R Cr B, though the 

period is only about 20 days, contrary to that observed for the real 

star or that predicted by the linear theory of the previous chapter. 

It would appear that the peculiar nature of this light curve is due to 

non-linearity caused by the high luminosity. 

In Figure 8.65, the work integral for the period just before the 

drop in luminosity is shown, from which we can see that, except for a 

driving region just below the helium radiative damping zone, it looks 

quite normal. This inner driving region is not unexpected, as a 

similar region was seen in the RY Sgr model. Again, we find no outer 

zone dissipation of shock energy, and generally there is nothing to 

indicate why the model envelope should undergo such a large and 

traumatic drop in its luminosity. To try and get a better 

understanding of this drop, zonal histories of dR/R, velocity and dL/L 

are shown in Figures 8.66 - 8.68. Figure 8.66 seems to indicate that 

all the outer zones are undergoing continuous expansion, with only the 

lower zones being pulled back by gravitational effects of the star. 

It is also worth noting that there does not appear to be the usual 

heavy compression of the outer zones which was the cause of the shocks 

in previous modelsIn Figure 8.67 we can see the shallow shock of the 

previous period moving outward from the L.R.S. to about 330 days. 

The inward travelling shock and its reflection can also be seen 

between 260 and 300 days. Both these shocks seem normal and do not 

seem to account for the powerful shock that follows at 358 days. The 

large shock seems to be due to the amalgamation of the reflections of 
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two large inward shocks (caused by changes in the helium ionisation 

zone pressure) meeting with a third outward moving shock. The 

resultant outward moving shock then causes the envelope to expand 

rapidly with a high velocity and prevents gravity bringing the outer 

zones back, quickly suppressing the natural period in the photospheric 

curve. If we now look at Figure 8.68, we find that the history is 

even more peculiar, as the deep drop in luminosity does not occur at 

the large shock front but 20 days earlier, in the helium ionisation 

zones. The abrupt change in luminosity seen here then moves very 

rapidly (in less than two time steps or about 1.5 hours) inward 

towards the core and outward towards the surface. This outward moving 

luminosity step causes the luminosity of the outer zones to remain 

constant until the large 

opaCities, after which 

outward moving shock decreases the zone 

the luminosities of the outer zones rapidly 

return to their pre-minimum value. Once the shock has passed, we can 

see that the opacity gradually rises and the shock heating of zones 

causes the luminosity to drop back towards its normal value. Beyond 

this, the luminosity variation is very small, with a period of around 

20 days. The shallowness of the luminosity curve is due to the 

continual expansion of the outer zones. In time, the variations 

should build in amplitude back to the large value they had before the 

'deep minimum' unless of course, another deep minimum occurs. 

To try to understand what is really happening during the deep drop, 

a further set of 'snapshots' of dRIR, velocity and dLIL are shown in 

Figures 8.69 - 8.71 • The 'snapshots' start at 337 days, proceeding 

in steps of 2 days down the page and end at 369 days. The radius 

'snapshots' (Figure 8.69) show that at the onset of the rapid 

luminosity drop, the radius of the inner zones starts to expand, 

reaching a maximum after 12 days in the helium ionisation region of 
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the envelope before collapsing again. Throughout the whole of this 

time the outer zones are only barely affected and so would appear to 

have little to do with the cause and subsequent development of the 

very large shock. Figure 8.70 shows quite well the coming together of 

all the shocks, culminating in the large outward moving shock that 

signals the end of this deep luminosity minimum. Again we can see 

that there is a sharp change in the luminosity between 337 and 339 

days, after which the luminoSity remains constant until the large 

shock wave passes causing the luminosity to rise rapidly. This, as 

stated above, is due to the large changes in temperature and density 

causing large changes in the opacity, and also to the post shock 

radiation of excess heat from the shock zones. 

Although the model does not look too much like the star it was 

modelled on, it does show some of the more peculiar characteristics of 

m the star in question, such as a luminosity drop of >7 in its light 

curve. Now, as the radius did not increase greatly throughout the 

deep luminosity minimum, we can also surmise that the effective 

temperature of the model must have dropped significantly, possibly 

causing reddening (not unlike that seen in the real object during its 

deep minima) • The post minimum expansion of the atmosphere may also 

allow the outer zones to move out far enough and for long enough to 

allow grain formation. This is hard to tell from the model presented 

here, as the atmosphere of the star was treated in a very rough manner 

which did not attempt to model the NLTE conditions that would reign in 

such tenuous regions. With more time a better treatment of the 

atmosphere could have been attempted, possibly with the inclusion 
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velocity in km/sec and the radius in solar radii 
versus time in cays for model R Cr B. 
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Figure 8.70 Shows 'snapshots' of velocity 
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Figure 8.71 : Shows 'snapshots' of dL/L versus 
fractional radius for model R Cr B, with the time 
between 'snapshots' being 2 days. The sequence 
starts at top L.H.S (337 days) working down the 
page and then continues at the top R.H.S., ending 
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of Carbon grain formation. As it now stands, we can only show that in 

at least one model the deep minima seen in the RCB group of stars were 

producable (though it should be stressed that the model does not 

appear to be representative of the star it models) without resorting 

to ejection of matter or occultation of the underlying star by the 

ejection. As the deep minimum seen in this model appears to be the 

result of three shocks amalgamating (as well as some unknown cause of 

the sharp luminosity change seen in the lower zones), it can be 

concluded that it is a rare event and not predictable. Its occurrence 

may thus explain the irregular nature of the deep minima seen in the 

RCB group of stars. Indeed, it was fortuitous to have seen the event 

at all, as the RY Sgr model was followed for over 60 periods (about 7 

years) without showing any such deep minima. Then again it may be due 

to the very high luminosity (resulting in extremely non-adiabatic 

behaviour) of this model, combined with effects due to non-linearity. 

8.5 SUMMARY OF RESULTS 

In this chapter we have seen that the major difference between the 

two opacity tables used is that the DXIX opacity table produces large 

luminosity spikes in most of the models produced using it, while the 

BD9C opacity table generally does not. The spikes are attributable to 

the shallowness of the opacity gradient in the outer zones of the 

models. For this reason, and because the light curves of the 7,000K 

models appear to be stable to pulsation, the table was rejected in the 

final modelling of the RCB stars. However, although the table was 

rejected and it looks as if the Carson opacities may be better at 

modelling this kind of object, it must be stressed that no firm proof 

has been found to reject the Los Alamos based opacity table generation 

method, as the 7000K models produced using opacity table BD9C are 
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subject to deep minima of the reverse nature to the luminosity spikes 

seen in the models made with the DXIX opacity table. The BD9C opaCity 

table was only chosen because the periods in the nonlinear regime were 

in agreement with those of the real stars, they were unstable to 

pulsation and, more importantly, the 'spikes' were minima which had a 

similar appearance to some of the shallow irregular drops in 

luminosity seen in the light curves of real RCB stars. Thus, although 

the BD9C opaCity table has been preferred to that of the DXIX opaCity 

table, no firm conclusion oan be made upon which table and hence 

opacity generation method is nearer reality. To answer this question, 

each method would have to produce opaCity tables, using the best known 

abundances of the RCB group of stars, and the non-linear models 

presented in this thesis repeated. Another good reason for not being 

able to confirm or refute one of the opaCity tables is that the BD9C 

table is a smoothed interpolation of the original Carson opaCities, 

and hence is probably subject to large errors in places, as the number 

of original tables were sparse in Z and the opacity changes quite c 

significantly with increasing Z for low Z . c c 

The 5,OOOK and 6,OOOK models were a little disappointing in that 

they all had amplitudes that were far too large when compared with the 

observed values in Table 8.3. This can perhaps be put down to the 

effective temperatures given for the stars in the literature being too 

low. If they all had effective temperatures nearer that of RY Sgr and 

R Cr B, then the amplitude would be smaller (if luminosity minimum 

spikes are ignored) and would approach a value more in line with 

observations. From models not presented in this theSiS, it has been 

found that the amplitude of the light curves seems to diminish for 

7,OOOK models as the luminosity approaches the critical luminosity at 

which the 'dog-leg' occurs in the blue edges of the stability strip 
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seen in the linear results of Chapter 7. The required increase in 

effective temperature is quite feasible as the present effective 

temperatures were found using two black body fits of broad band 

photometry at maximum light of the star (Kilkenny, 1978) and its 

circumstellar shell, which allows quite a large margin of error in the 

estimates. 

Finally, we can see that, in the RY Sgr model, the small cyclic 

variation has about the right size (ignoring luminosity drops) and 

period. When the observed data given in Alexander et al (1972) are 

overlayed, the periods are not too dissimilar. Although the radial 

velocity had to be shifted by +10 km/sec, to allow for the stars 

radial veloCity. This then leaves us the R CrB model which does not 

initially look anything like R CrB having enormous variations in its 

light curves as well as a period that is about 2/3 of what it should 

be. It has been included because it was the only model to show a deep 

drop in its luminosity curve of the order seen in the deep minima of 

some RCB stars. It also appears to have a much reduced amplitude in 

its light curve after the deep minimum with a period which is roughly 

half the period of R CrB given in the literature. This then lets us 

speculate as to whether the deep minima are due to intrinsic 

variability of the star itself, instead of having to evoke non-uniform 

ejections of dust grains that then travel out in random directions and 

occasionally obscure the underlying star. Alternatively, these 

intrinsic deep minima could be the pre-cursors to grain formation, 

brought about by lifting the outer zones away from the stellar surface 

(reducing their temperature) and reducing the incident radiation as 

well. There is plenty of scope here for further research, especially 

into these 7,000K high luminosity stars with luminosities near that of 

the 'dog-leg' critical luminosity seen in linear blue edges. 
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CHAPTER 9 

CONCLUSIONS 

9. 1 OVERALL SUMMARY 

From the review of the literature carried out in Chapter 2, it soon 

become evident that little was known about the majority of the stars 

classed as RCB. Of the seven picked for study in this thesis, only 

two had been studied in any detail, giving us some hope of fixing 

their mass and luminosity. Of these two, only RY Sgr had a 

simultaneous luminosity and radial velocity curve (Alexander et aI, 

1972) of more than a few random points. From the literature, it was 

soon discovered that there were only two serious efforts to understand 

these objects theoretically, one using linear theory (Saio, 1984) and 

the other evolutionary modelling (Weiss, 1987). Saio (1984) placed 

some constraint upon the mass using the criterion of instability, and 

Weiss (1987) further constrained the masses by showing that for stars 

to evolve through this region of the HR diagram, they must have masses 

in the range (O.9-1.0)Me• The results found in Chapter 7 for RY Sgr 

and R CrB which gave masses of (0.96 +1- 0.07)Me and (0.95 +1- 0.06)M@ 

respectively, agree quite well with the above mass range found from 

Weiss's evolutionary work. It was also found that the linear results 

gave luminosities around those predicted by Weiss, although this time 

they were more sensitive to which opacity table was used. RY Sgr was 

found to have a luminosity in the range (9,000 - 13,000)Le and R CrE a 

luminosity in the range (9,500 - 16,500)Le. 



CONCLUSIONS 

From the above results it seemed likely that all RCB stars would 

probably have mass around 1M~, and so this is the mass adopted for the 

other 5 RCB stars considered in this study (see table 8.3 for 

luminosity limitations). 

Also in Chapter 7, we tried to see if we could decide which opacity 

table g~ve the better results, i.e., Cox & Tabor's Demarque XIX table 

or Carson's BD9C table. The results were inconclusive, though the 

DXIX opacity table survey found that the 7,OOOK models were stable to 

pulsation (or marginally stable depending upon the mass). As this is 

not the case, it indicates that perhaps the ED9C opacity table is a 

better choice for modelling these Helium-Carbon type objects. In the 

non-linear analysis of Chapter 8, the difference between the BD9C and 

DXIX opacity tables was further demonstrated by the striking 

difference in the behaviour of the models produced using both tables 

but otherwise identical input parameters. The models made using the 

DXIX opacity table have large luminosity spikes which are not observed 

in real stars and also do not appear in any of the ED9C opacity table 

models. Their cause seems to be attributable to the steeper opacity 

gradients and high opacities found in the DXIX models' outer zones, 

which lessen the 'freezing in' effect found in the ED9C models, and 

allow the massive change in luminosity seen as a 'spike' by allowing a 

large change in the opacity as the shock passes. This then indicates 

that, as the luminosity spikes are not seen in real stars and are also 

not seen in the ED9C opacity table models, the ED9C opacity table 

should be preferred over the DXIX opacity table when modelling 

helium-carbon objects. It must be stressed, however, that this is not 

conclusive and further models need to be made as well as a 

purpose-built Carson opacity table instead of the present smoothed 

interpolation. 
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CONCLUSIONS 

From the non-linear models of the 5,OOOK and 6,OOOK RCB variables, 

it was generally found that the amplitudes of the luminosity and 

velocity curves were too large. This could not be alleviated by 

changing the opacity table, and indicates that the effective 

temperatures quoted in the literature are probably too low. This is 

quite possible, as nearly all the effective temperatures come from two 

sources (Kilkenny, 1972 and Walker, 1985), both of which use broad 

band photometry of the objects and black body fits. As the objects 

all have large infra-red excesses this complicates the fits further 

and could mean that the effective temperatures are 2,OOOK hotter than 

quoted in the literature. This could at least be the case for UW Cen, 

RS Tel and GU Sgr, which have periods similar to RY Sgr and R CrB. 

This would also bring the luminosities found in Chapter 7 up to the 

values generally expected for RCB stars, and make the class less 

heterogeneous and perhaps easier to understand from a evolutionary 

point of view. 

Finally, the non-linear models for the 6,900K RCB variables have 

been shown to have about the right period and amplitude of variation 

in the light curves for the RY Sgr model. The light curves of the 

RY Sgr model also had roughly the same phasing as the observed light 

curve (Alexander et al, 1972). This along with the semi-regular 

behaviour, indicates that the model is reasonably good, allowing for 

the approximations used and coarseness of model zoning. The only 

set-back to the model was the appearance of inverted luminosity 

spikes, which mayor may not be real. Certainly they are not present 

in the observed light curve, though due to the small number of points 

in this curve, and the lack of any other published light curve (as far 

as the author knows), it is hard to say whether these inverted 

luminosity 'spikes' are due to spurious opacity table effects or not. 
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CONCLUSIONS 

The other 6,900K model R CrB, probably does not represent any known 

RCB star, as its initial amplitude of variation is far too large. Its 

final amplitude is not inconsistent with RCB stars, however, and it is 

hard to say whether the amplitude of the pulsation will grow back to 

the original large value or not· (although it seems very likely that 

once the outer zones have returned, this will be the case). This 

model is interesting as it was the only model to show an irregular 

deep minimum of the order of those seen in the RCB group of stars. 

The cause is uncertain, but appears to be the appearance of a 

luminosity bump at the lower edge of the helium ionisation zone which 

passes very rapidly inward and outward. This luminosity 'edge' has 

the effect of causing two large shocks, which amalgamate with a third, 

which then causes a massive upsurge of all the outer zones, resulting 

in the observed reduction in pulsation amplitude and period. This is 

the first time in the author's knowledge that such a deep minimum as 

been seen in a non-linear model. However with the uncertainties in 

the opacity table and the unpredictable effects of non-linearity, the 

result should be treated carefully until a lot more modelling has been 

done to find the cause of this deep minimum. No such minima were 

observed in the RY Sgr or cooler RCB models made during the study for 

this theSis, which in total have an accumulative model time exceeding 

100 years. The lifting of the outer zones seen here, could be the 

pre-cursor of carbon grain formation, resulting in the spectral 

changes observed in the RCB group of stars, during their deep minima. 

Thus, from the work carried out in this study and from previous 

work by other researchers (see review in Chapter 2), it seems likely 

that the 'hot' RCB objects form a distinct group away from the main 

ReB group. This 'hot' group consists of the stars DY Cen, MV Sgr and 

V348 Sgr. 
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The linear results further indicate that the effective temperature 

of the 'cooler' RCB objects have been underestimated by about 2,000K, 

although this conclusion is based upon scanty light curve data and 

dubious periods. 

From the above discussion, and t5aking account of the good 

non-linear model for RY Sgr, it seems that most of the real RCB stars 

will be semi-regular variables with periods around 40 days, with the 

following parameters: 4 
Teff~ 7,000K, L/L01!:: 10 and M/m0~1.0 • 

9.2 FUTURE DEVELOPEMENTS 

Future work on the RCB stars should proceed in two stages: the 

first being observational, and the second theoretical. On the 

observational front, a detailed spectral analysis of as many of the 

member stars as is possible would be useful to obtain reasonable 

values of the effective temperature, Log(g) and abundance. Only four 

stars of the group have had high dispersion spectroscopy carried out 

on them, of which only RY Sgr (Searle, 1961) and R CrB (Schonberner, 

1975) have had Log(g) values found for them, to date. Also more broad 

band photometry (including infra-red) at maximum light combined with 

better 'dust models' would be useful in obtaining a better estimate of 

the effective temperature. 

A longer and more desirable project would be to carry out 

simultaneous spectroscopy and photometry on at least some of the 

stars, to obtain light curves and, more importantly, radial velocity 

curves. This would be a great asset, as in the literature only RY Sgr 

(Alexander, 1972) has had such simultaneous spectroscopy and 

photometry carried out on it for any length of time. Finally, on the 

observational front continuous observations of the variable stars, 
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CONCLUSIONS 

Over several years, would be useful to determine the periods more 

accurately, which, combined with other stellar parameters and theory, 

would help to fix the mass and luminosity of these stars. 

On the theoretical front, there is still much to be done. Firstly, 

the radiation transfer equations could be altered to a form that would 

be more valid in an extended stellar atmosphere, as the proposed 

mechanism of 'carbon grain ejection' (deep minima) and their 

subsequent collation into a circumstellar cloud could be modelled. In 

particular, it would be interesting to see if the the periodicity 

observed in the infra-red (and hence circumstellar cloud) is connected 

in any way with the radial pulsations of the underlying star. This 

would, of course, mean the calculation of very low temperature opacity 

tables, and the inclusion of grain formation in the outer regions of 

the extended atmosphere. The inclusion of convection would also be an 

advantage, although this will have to wait until a good theory of 

convection has been formulated, and not the present ad hoc 'mixing 

length' methods. 

Finally, more evolutionary work needs to be carried out, so that a 

good understanding of how the ReB stars and similar objects form, 

i.e., from which stellar objects do they originate, and how do they 

evolve into the RCB group. Where do they evolve too (after passing 

out of the RCB group)? These and many other questions need to be 

answered before we can state with confidence that our knowledge of 

these objects is complete. I hope this gives any future researcher, 

anticipating doing research in this field, whether observational or 

theoretical, an indication of work that still needs to be done. 
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2 
. -.);.1 18m J 

I+4 1+5 - ,.. 1.·:-0 

3.18 -12 -7.0301 -7.3072 -7.4763 -7.4510 -1.3002 -7.1002 -6.8697 
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4.00 -10 -2.2255 -2.0101 -1.25&8 -0.4401 0.3075 1.1335 1.9350 
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log (Opacity . 

I+2 T'l-3 I+4 
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3.30 -12 -4.4437 -4.4442 -4.4442 -4.4440 -4.4438 -4.4435 -4.4427 -4.4369 -4.3932 -4.0692 
3.40 -12 -4.4261 -4.4265 -4.4264 -4.4262 -4.4260 -4.4257 -4.4250 -4.4209 -4.3919 -4.1798 
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3.80 -11 -4.1836 -4.1884 -4.1894 -4.1887 -4.1859 -4.1784 -4.1587 -3.9828 -3.7686 -3.1037 
3.90 -11 -3.6398 -3.8380 -3.9240 -3.9335 -3.5319 -3.1004 -2.5678 -2.3938 -2.1538 -1.5677 
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6.00 -7 -0.6992 -0.6963 -0.6809 -0.4758 0.8398 0.3351 0.9853 1.7986 2.41112 3.2463 
6.20 -6 -0.6993 -0.6955 -0.6242 0.2890 -0.2243 0.2506 1.0339 1.7324 2.6317 3.0478 
6.40 -6 -0.7002 -0.6981 -0.6771 -0.6695 -0.5527 -0.2652 0.3421 1.0253 1.9716 2.4757 
6.60 -5 -0.7012 -0.6978 -0.6917 -0.6485 -0.5321 -0.1728 0.3749 1.2756 1.9167 1.9340 
6.80 -5 -0.7029 -0.6984 -0.6971 -0.6876 -0.6472 -0.4753 -0.1299 0.6016 1.3352 1.8266 
7.00 -5 -0.7054 -0.7054 -0.7053 -0.7038 -0.6956 -0.6352 -0.4490 0.0337 0.7326 1.2413 
7.20 -4 -0.7094 -0.7094 -0.7092 -0.7091 -0.6905 -0.6150 -0.3588 0.1655 0.7113 -0.4473 
7.40 -4 -0.7156 -0.7156 -0.7156 -0.7154 -0.7117 -0.6876 -0.5776 -0.2698 0.2278 0.5699 
7.60 -3 -0.7250 -0.7250 -0.7252 -0.7249 -0.7187 -0.6805 -0.5366 -0.2000 0.0580 -0.5060 
7.80 -3 -0.7392 -0.7392 -0.7392 -0.7394 -0.7383 -0.7279 -0.6746 -0.4988 -0.2755 -0.8131 
8.00 -3 -0.7601 -0.7601 -0.7601 -0.7603 -0.7602 -0.7580 -0.7428 -0.6724 -0.5382 -0.7332 
8.20 -2 -0.7898 -0.789S -0.7899 -0.7899 -0.7896 -0.7866 -0.7653 -0.7083 -0.6929 -0.9374 
8.40 -2 -0.8302 -0.8302 -0.8302 -0.8302 -0.8302 -0.8299 -0.8255 -0.8079 -0.8102 -1.0308 
8.60 -1 -0.8822 -0.8822 -0.8822 -0.8822 -0.8823 -0.8820 -0.8788 -0.8920 -1.0548 -1.1051 
8.80 -1 -0.9456 -0.9456 -0.9456 -0.9456 -0.9456 -0.94~9 -0.9461 -0.9545 -0.9972 -1.1619 
9.00 -1 -1.0196 -1.0196 -1.0196 -1.0196 -1.0196 -1.0197 -1.0202 -1.0244 -1.0591 -1.1805 

Opacity table R040 x = 0.0, Y = 1.00, Z = 0.00 

8.-2 



log(T) 
log (D) I I 1+1 1+2 

OPACITY TABLES 

l06(Opacity, (!m
2
1.[1rn-) 

1+3 , 1+~ 1+5 1+6 1+7 1+8 1+9 

3.30 -12 -3.7216 -~.0595 -4.2943 -~.4625 -4.5322 -~.5523 -4.5514 -4.5~55 -4.~998 -4.159~ 
3.40 -12 -3.3926 -3.4533 -3.11~36 -3.6060 -3.9250 -4.2310 -4.4200 -4.5141 -4.~822 -~.2506 
3.50 -12 -3.2763 -3.3467 -3.3136 -3.3357 -3.3825 -3.4895 -3.7400 -4.0519 -4.1473 -4.1175 
3.60 -11 -3.1931 -3.1906 -3.2154 -3.2420 -3.2447 -3.1609 -2.8795 -2.4260 -2.5653 -1.3867 
3.70 -11 -2.6423 -2.8~3~ -2.9283 -2.8364 -2.5147 -2.0366 -1.4545 -0.7813 -0.8453 -0.0724 
3.80 -11 -1.9470 -2.2051 -2.2722 -1.95~7 -1.11374 -0.8838 -0.2867 0.39~7 0.2060 0.9275 
3.90 -11 -1.00G7 -1.8757 -1.642~ -1.1739 -0.5009 0.1312 0.138~ 1.4215 1.23~8 1.9290 
~.OO -11 -1.7863 -1.7490 -1.~89~ -0.7162 0.1704 0.9053 1.5327 2.2963 2.1916 2.5113 
~.10 -10 -1.2702 -1.2126 -0.5870 0.2654 1.3214 2.1513 3.0073 2.9~76 3.0130 4.038J 
4.20 -10 -0.8837 -0.5100 0.0695 0.6~70 1.5098 2.4~78 3.4561 3.3875 3.4~36 3.9655 
4.30 -10 -0.9137 -0.6538 -0.0365 0.6499 1.2125 1.6677 2.4781 3.2886 4.0761 3.9811 
4.40 -10 -0.7310 -0.7260 -0.1739 0.5936 1.3906 2.2005 2.8539 3.5628 4.2783 3.9422 
4.50 -10 0.3201 -0.4271 0.2311 0.7272 1.577~ 2.1590 3.2387 3.9455 4.6114 3.8905 
4.60 -9 0.4925 1.1843 1.2504 1.8132 2.5990 3.2918 4.247~ 4.9234 4.3768 6.3836 
~.70 -9 0.4014 0.9651 1.3079 2.2861 2.664& 3.3418 ~.3600 5.1223 4.8067 5.9701 
4.80 -9 0.17~7 0.8805 1.1248 2.6175 3.1891 3.7123 4.4192 5.1353 5.1419 5.6730 
4.90 -9 -0.6649 -0.1816 0.7958 2.~639 3.1566 3.8775 ~.5209 5.0782 5.2071 5.4785 
5.00 -9 -0.6669 -0.5354 -0.113~ 1.4056 2.~743 3.6868 4.5063 4.9679 5.0859 5.2082 
5.20 -8 -0.6339 -0.3366 0.3345 1.3041 2.6080 3.6823 4.2954 4.5983 4.6708 5.1964 
5.40 -8 -0.6970 -0.6195 -0.29911 0.3893 1.30111 2.6501 3.2462 3.9029 4.1279 11.4949 
5.60 -7 2.2035 2.1365 -0.0982 0.4176 1.2165 2.2429 3.2291 3.6708 3.0327 4.6785 
5.80 -7 1.2818 1.3402 1.4578 1.6266 1.8136 1.7543 2.6423 3.3079 3.3850 4.0240 
6.00 -7 0.2868 0.3391 0.4224 0.5904 1.1554 1.1748 2.5734 3.1369 3.1277 3.5030 
6:20 -6 -0.2904 -0.2641 -0.1934 0.3410 0.1995 1.4125 2.4280 2.7421 2.9639 3.4056 
6.40 -6 -0.5068 -0.5754 -0.5516 -0. 11982 -0.3602 0.1359 1.4211 2.0227 2.3548 2.8760 
6.60 -5 -0.6736 -0.6681 -0.6611 -0.5865 -0.4159 0.4487 1.1615 1.6931 2.3320 2.2175 
6.80 -5 -0.6980 -0.6971 -0.6992 -0.6744 -0.5983 -0.17~3 0.3647 1.0055 1.7316 2.0867 
7.00 -5 -0.7048 -0.7047 -0.7042 -0.7009 -0.6870 -0.5238 -0.2068 0.3524 1.0802 1.5325 
7.20 -4 -0.7094 -0.7094 -0.7088 -0.7059 -0.6719 -0.5202 -0.16~1 0.~345 0.9940 -0.3293 
7.40 -4 -0.7156 -0.7156 -0.7156 -0.71~5 -0.7087 -0.6570 -0.4853 -0.0958 0.4683 0.8166 
7.60 -3 -0.7250 -0.7250 -0.7250 -0.7245 -0.7106 -0.6458 -0.4450 -0.0216 0.2946 -0.2109 
7.80 -3 -0.7392 -0.7392 -0.7393 -0.739~ -0.7364 -0.7171 -0.6346 -0.3901 -0.0846 -0.6823 
8.00 -3 -0.7601 -0.7601 -0.7602 -0.7602 -0.7599 -0.7552 -0.7284 -0.6187 -0.4100 -0.5586 
8.20 -2 -0.7890 -0.7698 -0.7899 -0.7899 -0.7890 -0.7823 -0.7440 -0.6395 -0.5705 -0.5581 
8.40 -2 -0.8303 -0.8303 -0.8303 -0.8303 -0.8302 -0.8290 -0.8187 -0.7777 -0.7347 -0.8670 
8.60 -1 -0.8822 -0.8822 -0.8823 -0.8823 -0.8821 -0.8802 -0.8680 -0.8550 -0.9845 -0.4011 
8.80 -1 -0.9456 -0.9~56 -0.9456 -0.9456 -0.9456 -0.9454 -0.9429 -0.9397 -0.9~70 -0:8540 
9.00 -1 -1.0196 -1.0196 -1.0196 -1.0196 -1.0196 -1.0196 -1.0195 -1.0198 -1.0393 -1.0520 

Opacity table n631 x = 0.0, Y = 0.75, Z = 0.25 

B-3 



log('r) 
log(D) I I I+l I+2 

OPACI'fY TABLES 

log (Opacity .cm218"(Y1 ) 

1+3 I+4 I+5 I+6 I+7 I+8 I+9 

3.30 -12 -3.5437 -3.9748 -4.2805 -4.5372 -4.6640 -4.7046 -4.7037 -4.6975 -4.6495 -4.2843 
3.40 -12 -3.0943 -3.1831 -3.1933 -3. 11209 -3.8085 -4.2222 -4.4760 -4.6494 -4.6149 -4.3565 
3.50 -12 -2.9714 -3.0663 -3.0307 -3.0513 -3.1085 -3.2623 -3.5880 -3.9880 -4.1747 -4.2019 
3.60 -11 -2.9197 -2.9088 -2.9316 -2.9658 -2.9903 -2.9489 -2.8115 -2.4743 -2.6417 -1.5482 
3.70 -11 -2.4219 -2.6111 -2.6980 -2.6640 -2.4079 -1.9729 -1.4091 -0.7538 -0.0497 -0.2084 
3.00 -11 -1.6478 -2.0015 -2.1732 -1.9507 -1.4609 -0.9103 -0.3204 0.3511 0.1532 0.8443 
3.90 -11 -1.5894 -1.5891 -1.4224 -1.1149 -0.5130 0.1359 0.7317 1.3898 1.2814 2.0703 
4.00 -11 -1.5201 -1.4690 -1.2817 -0.4958 0.1600 1.0073 1.5566 2.3137 2.3470 2.6895 
4.10 -10 -1.2408 -1.1332 -0.4462 0.4279 1.5454 2.2254 3.0541 3.1619 3.1892 4.1834 
4.20 -10 -0.9441 -0.6321 -0.0232 0.6896 1.6725 2.6153 3.5038 3.6113 4.0966 4.3224 
4.30 -10 -0.9302 -0.7163 -0.1554 0.5415 1.2246 1.8698 2.8938 3.6505 4.3531 4.2732 
4.40 -10 -0.6452 -0.6376 -0.1501 0.5462 1.2557 2.2185 3.0183 3.9506 4.5997 4.1659 
4.50 -10 0.4370 0.1104 0.4022 0.8503 1.6246 2.0416 3.2993 4.1440 4.8702 4.1258 
4.60 -9 0.6562 1.3765 0.8175 1.9224 2.7289 3.2999 4.3596 5.0533 4.4708 6.2164 
4.70 -9 0.6263 1.0925 1.2122 2.4278 2.7345 3.4230 4.4199 5.1396 4.7790 6.1338 
4.80 -9 0.3543 1.1263 1.1385 2.7659 3.3083 3.8353 4.4626 5.0985 5.0537 5.6884 
4.90 -9 -0.7132 -0.2543 0.8496 2.6692 3.2566 3.9783 4.5236 5.0068 5.0957 5.3773 
5.00 -9 -0.7099 -0.5997 -0.2561 1.4975 2.4953 3.7397 4.4611 4.8806 4.9679 5.1202 
5.20 -3 -0.6786 -0.4255 0.1722 1.2093 2.4072 3.5245 4.2291 4.5125 4.6585 5.1473 
5.40 -8 -0.7094 -0.6515 -0.3828 0.2401 1.1289 2.4344 3.2462 3.8575 4.0765 4.4005 
5.60 -7 2.4742 2.4576 0.0146 0.4276 1.1256 2.1179 3.1465 3.7695 3.8345 4.7467 
5.80 -7 1.5703 1.6328 1.7520 1.9232 1.9165 1.8084 2.7099 3.4315 3.4635 4.1331 
6.00 -7 0.5152 0.5756 0.6679 0.8637 1.3107 1.4099 2.7920 3.3792 3.2909 3·6595 
6.20 -6 -0.1655 -0.1225 -0.0379 0.4001 0.3250 1.6182 2.7058 2.9962 3.1456 3·6023 
6.40 -6 -0.5355 -0.5204 -0.4874 -0.4088 -0.1123 0.2657 1.6956 2.2805 2.5522 3.0814 
6.60 -5 -0.6579 -0.6499 -0.6362 -0.5377 -0.3710 0.6749 1.4191 1.8990 2.5417 2.3986 
6.80 -5 -0.6946 -0.6932 -0.6967 -0.6585 -0.5566 -0.0121 0.5779 1.2081 1.9360 2.2476 
7.00 -5 -0.7044 -0.7042 -0.7033 -0.6986 -0.6832 -0.4583 -0.0725 0.5275 1.2710 1.7075 
7.20 -4 -0.7094 -0.7094 -0.7082 -0.7032 -0.6575 -0.4565 -0.0433 0.5975 1.1654 -0.2826 
7.40 -4 -0.7156 -0.7156 -0.7156 -0.7136 -0.7068 -0.6334 -0.4207 0.0207 0.6206 0.9702 
7.60 -3 -0.7251 -0.7251 -0.7249 -0.7242 -0.7042 -0.6188 -0.3777 0.0979 0.4452 -0.2190 
7.80 -3 -0.7393 -0.7393 -0.7393 -0.7393 -0.7348 -0.7080 -0.6030 -0.3124 0.0430 -0.6822 
8.00 -3 -0.7601 -0.7602 -0.7602 -0.7602 -0.7596 -0.7527 -0.7162 -0.5774 -0.3202 -0.4639 
8.20 -2 -0.7899 -0.7899 -0.7899 -0.7898 -0.7885 -0.7784 -0.7265 -0.5874 -0.4865 -0.5582 
8.40 -2 -0.8303 -0.8303 -0.8303 -0.8304 -0.8302 -0.8280 -0.8127 -0.7533 -0.6789 -0.8671 
0.60 -1 -0.8823 -0.8823 -0.8823 -0.8823 -0.8819 -0.8785 -0.8587 -0.8260 -0.9830 -0.4012 
8.80 -1 -0.9456 -0.9456 -0.9457 -0.9~57 -0.9456 -0.9451 -0.9400 -0.9275 -0.9210 -0.8540 
9.00 -1 -1.0196 -1.0196 -1.0196 -1.0196 -1.0196 -1.0196 -1.0189 -1.0158 -1.0292 -1.0520 

OpaCity table R622 x = 0.0, Y = 0.50, Z = 0.50 

B -4 



10g(T) 
10g(D) I I I+1 

OPACITY TABLES 

log (Opacity 

I+2 'I+3 I+4 

cm2/l1f1'1- ) 

I+5 I+6 I+7 I+8 I+9 

3.30 -12 -3.4306 -3.9275 -4.2877 -4.6432 -4.8699 -4.9582 -4.9573 -4.9505 -4.8977 -4.4827 
3.40 -12 -2.9029 -3.0202 -3.0506 -3.3144 -3.7377 -4.2128 -4.5588 -4.8775 -4.8380 -4.5294 
3.50 -12 -2.7781 -2.8976 -2.8621 -2.8793 -2.9442 -3.1324 -3.4997 -3.9554 -4.2451 -4.3663 
3.60 -11 -2.7559 -2.7401 -2.7595 -2.7972 -2.8357 -2.8367 -2.8202 ~2.6401 -2.8364 -1.8457 
3.70 -11 -2.2957 -2.4699 -2.5592 -2.5419 -2.3815 -1.9967 -1.11522 -0.8358 -0.9223 -0.4943 
3.80 -11 -1.4723 -1.8950 -2.1642 -2.0982 -1.6623 -1.1216 -0.5380 0.1222 -0.0807 0.6019 
3.90 -11 -1.4136 -1.4258 -1.3442 -1.2489 -0.7023 -0.0318 0.5564 1.2022 1.1983 2.1156 
4.00 -11 -1.3495 -1.3012 -0.8898 -0.4799 0.0092 0.8907 1.4155 2.2261 2.4100 3.3051 
4.10 -10 -1.2084 -0.9248 -0.4575 0.3822 1.5711 2.1950 3.0177 3.2489 3.7986 4.2067 
4.20 -10 -1.0153 -0.7048 -0.1813 0.5495 1.6665 2.5863 3.4956 3.6604 4.2447 4.4297 
4.30 -10 -0.9507 -0.7942 -0.3430 0.3503 1.1986 1.9666 3.0286 3.8627 4.5297 4.4031 
4.40 -10 -0.5836 -0.6189 -0.1765 0.4519 1.2668 2.1997 3.1650 4.1604 4.7926 4.3602 
4.50 -10 0.4592 0.1804 0.3971 0.9008 1.6541 1.7865 3.3182 4.3178 4.9405 4.3525 
4.60 -9 0.3915 1.5385 0.7280 1.9832 2.8041 3.1927 4.4155 5.1207 4.5991 6.3701 
4.70 -9 0.8769 1.1643 1.0499 2.5254 2.7755 3.4135 4.4326 5.0908 4.8179 5.8816 
4.80 -9 0.4479 1.2628 1.4279 2.8501 3.3661 3.8560 4.4605 4.9867 11.9468 5.3006 
4.90 -9 -0.7672 -0.4788 0.8453 2.7350 2.8558 4.0000 4.4846 4.8820 4.3931 5.2199 
5.00 -9 -0.7587 -0.6773 -0.4120 1.5016 2.4537 3.7466 4.3785 4.7563 4.7922 5.1298 
5.20 -8 -0.7284 -0.5443 -0.0577 0.9279 2.0503 3.4386 4.1269 4.3866 4.5115 5.0806 
5.40 -8 -0.7226 -0.6805 -0.4948 0.0381 0.8939 2.0985 3.1670 3.7863 4.2340 4.4598 
5.60 -7 2.6327 2.6377 0.0919 0.4253 1.5495 1.9358 3.0421 3.8268 3.8456 4.7971 
5.60 -7 1.7415 1.7928 1.9251 2.0993 1.9862 1.8531 2.7343 3.5760 3.5375 4.2129 
6.00 -7 0.6594 0.7232 0.8210 1.0263 1.4142 1.3017 2.9241 3.5181 3.4056 3.7517 
6.20 -6 -0.0749 -0.0265 0.0676 0.4517 0.4237 1.7248 2.8681 3.1499 3.2713 3.7453 
6.40 -6 -0.4977 -0.4800 -0.~403 -0.3432 0.0157 0.2486 1.8576 2.4480 2.3918 3.2258 
6.60 -5 -0.6454 -0.6354 -0.6157 -0.4916 -0.2585 0.8245 1.5155 2.0361 2.6859 2.5424 
6.80 -5 -0.6918 -0.6900 -0.694D -0.6450 -0.5200 0.0452 0.7165 1.3441 2.0162 2.3654 
1.00 -5 -0.7040 -0.7036 -0.1025 -0.6963 -0.6760 -0.4326 0.0234 0.6495 1.4040 1.8340 
7.20 -4 -0.7094 -0.1093 -0.7014 -0.7001 -0.6469 -0.4068 0.0461 0.7156 1.2892 -0.2313 
7.40 -4, -0.7157 -0.7157 -0.1151 -0.1128 -0.7049 -0.6137 -0.3699 0.1097 0.7329 1.0852 
7.60 -3 -0.7251 -0.7251 -0.7248 -0.1239 -0.6983 -0.5962 -0.3235 0.1890 0.5574 -0.2192 
7.80 -3 -0.7393 -0.7393 -0.7393 -0.7393 -0.7332 -0.6999 -0.5762 -0.2507 0.1402 -0.6822 
8.00 -3 -0.7602 -0.7602 -0.7602 -0.7601 -0.7593 -0.7505 -0.7054 -0.5433 -0.2486 -0.3842 
8.20 -2 -0.7900 -0.7900 -0.7900 -0.7899 -0.7881 -0.7750 -0.7113 -0.5444 -0.4183 -0.5583 
8.40 -2 -0.8303 -0.8304 -0.8304 -0.8304 -0.8301 -0.8210 -0.8073 -0.7322 -0.6320 -0.8671 
8.60 -1 -0.8823 -0.8823 -0.8823 -0.8823 -0.8811 -0.8769 -0.8504 -0.8007 -0.9815 -0.4013 
8.80 -1 -0.9451 -0.9451 -0.9457 -0.9457 -0.9456 -0.9441 -0.9373 -0.9163 -0.8978 -0.8541 
9.00 -1 -1.0196 -1.0196 -1.0196 -1.0196 -1.0196 -1.0195 -1.0183 -1.0120 -1.0197 -1.0521 

Opacity table R613 x = 0.0, Y = 0.25, Z = 0.75 

13-5 



log(T) 
log (D) I I I+l 

OPACITY TABLES 

log (Opacity 

I+2 \ I+3 I+lj 

em 2,t b'tYl- ) 

1+5 I+6 I+7 I+8 I+9 

3.30 -12 -lj.0896 -lj.25lj3 -lj.3679 -lj.ljljlj7 -lj.lj7ljO -lj.lj818 -lj.lj809 -lj.lj751 -lj.lj307 -lj.l0ll 
3.ljO -12 -3.92lj5 -3.9529 -3.9lj5lj -lj.0219 -lj.1795 -lj.3255 -lj.lj157 -lj.lj531 -lj.lj229 -lj.2039 
3.50 -12 -3.8613 -3.89118 -3.8777 -3.8893 -3.9122 -3.9621 -lj.0831 -lj.2333 -lj.2622 -lj.16lj2 
3.60 -11 -3.7888 -3.7883 -3.8013 -3.81ljO -3.8126 -3.7637 -3.5990 -3.3lj27 -3.3607 -2.3295 
3.70 -11 -3.lj801 -3.5861 -3.6300 -3.5753 -3.ljOOl -3.1lj62 -2.8lj06 -2.lj833 -2.lj733 -1.7lj28 
3.80 -11 -3.0565 -3.1815 -3.20lj3 -3.0275 -2.7539 -2.lj620 -2.1lj12 -1.7013 -1.6955 -0.9975 
3.90 -11 -2.7639 -2.8520 -2.76ljO -2.5056 -1.959lj -1.lj205 -0.8lj78 -0.lj060 -0.3973 0.2336 
lj.OO -11 -2.0lj25 -2.2895 -2.1298 -1.6018 -0.8872 -0.2591 0.3566 0.8292 0.8lj48 1.1689 
4.10 -10 -1.2902 -1.2720 -0.8270 -0.1863 0.6020 1.3288 1.8ljlj7 1.8578 2.0040 2.8362 
lj.20 -10 -0.855lj -0.lj582 0.1031 0.59lj8 1.2604 2.0156 2.615lj 2.6079 2.6lj84 3.1079 
lj.30 -10 -0.9172 -0.6333 0.0065 0.6772 1.llj89 1.lj893 2.0530 2.6971 3.lj297 3.3399 
lj.ljO -10 -0.8398 -0.7617 -0.2lj60 0.5557 1.lj350 2.1055 2.66lj5 3.2189 3.8853 3.6101 
lj.50 -10 -0.llj69 -0.5308 -O.Olljlj 0.5154 1.lj258 2.1547 3.0965 3.7333 lj.3ljljl 3.5691 
lj.60 -9 0.llj75 0.7736 1.1020 1.600lj 2.2957 3.1795 lj.lll1 lj.78ljl lj.2226 5.5825 
lj.70 -9 -0.0198 0.6431 1.30011 2.10lj7 2.5168 3.1612 4.2605 5.0656 lj.78lj3 5.59lj4 
lj.80 -9 -0.2153 0.3lj18 0.9801 2.2976 3.0181 3.5536 4.3lj56 5.1310 5.1860 5.56lj3 
lj.90 -9 -0.6383 -0.28ljO 0.5318 1.9130 2.8672 3.7322 lj.49lj2 5.1022 5.2531 5.ljljljO 
5.00 -9 -0.6lj19 -0.4997 -0.Olj20 1.1762 2.3089 3.5470 lj.510lj 5.0066 5.1411 5.2126 
5.20 -8 -0.6089 -0.2881 0.lj215 1.lj753 2.6915 3.7565 4.3326 4.64lj2 4.6873 5.1578 
5.ljO -8 -0.6902 -0.6019 -0.2540 0.4599 1.3809 2.7572 3.2483 3.8876 4.1014 4.lj845 
5.60 -7 0.78lj9 0.78lj5 -0.2119 0.3625 1.6364 2.2161 3.1lj87 3.lj959 3.8255 4.6190 
5.80 -7 0.2973 0.3342 0.4309 0.74lj7 1.6166 1.4801 2.4604 2.9329 3.2581 3.9295 
6.00 -7 -0.2139 -0.1863 -0.1366 0.0509 0.9853 0.7435 1.7G54 2.465lj 2.7786 3.3647 
6.20 -6 -0.5068 -0.4882 -0.lj188 0.3095 -0.0190 0.8301 1.7255 2.2270 2.7826 3.2104 
6.40 -6 -0.6lj7lj -0.6409 -0.6195 -0.5912 -0.4823 -0.0722 0.8702 1.5121 2.1lj72 2.6592 
6.60 -5 -0.6887 -0.68lj5 -0.6788 -0.6221 -0.4771 0.1232 0.7530 1.4680 2.1075 2.0597 
6.80 -5 -0.7008 -0.6982 -0.6985 -0.6826 -0.6268 -0.3382 0.1017 0.7873 1.5168 1.9lj25 
7.00 -5 -0.7051 -0.7051 -0.70lj8 -0.7026 -0.6916 -0.5851 -0.3392 0.1784 0.8905 1.3717 
7.20 -4 -0.7094 -O.709lj -0.7091 -0.7078 -0.6826 -0.5733 -0.2721 0.2858 0.8377 -0.3915 
7.40 -4 -0.7156 -0.7156 -0.7156 -0.7150 -0.7104 -0.6745 -0.537Q -0.1933 0.3346 0.6798 
7.60 -3 -0.7250 -0.7250 -0.7251 -0.7247 -0.7153 -0.6657 -0.4970 -0.1216 0.1630 -0.3567 
7.80 -3 -0.7392 -0.7392 -0.7393 -0.7394 -0.7375 -0.723lj -0.6576 -0.4516 -0.1915 -0.7lj51 
8.00 -3 -0.7601 -0.7601 -0.7602 -0.7602 -0.7601 -0.7568 -0.7368 -0.6lj9lj -0.lj828 -0.653J 
8.20 -2 -0.7893 -0.7898 -0.7899 -0.7899 -0.7893 -0.78lj8 -0.7563 -0.6788 -0.6393 -0.7402 
8.ljO -2 -0.8303 -0.8303 -0.8303 -0.8302 -0.8302 -0.8296 -0.8227 -0.7951 -0.7776 -0.9lj56 
8.60 -1 -0.8822 -0.8822 -0.8823 -0.8823 -0.8822 -0.8813 -0.87lj3 -0.8762 -1.018lj -0.7390 
8.80 -1 -0.9lj56 -0.9lj56 -0.9lj56 -0.9lj56 -0.9lj56 -0.9lj57 -0.94lJ8 -0.9lJ83 -0.97lj2 -1.0013 
9.00 -1 -1.0196 -1.0196 -1.0196 -1.0196 -1.0196 -1.0196 -1.0199 -1.0225 -1.0500 -1.1137 

Opacity table K610 x = 0.0, Y = 0.90, Z = 0.10 
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log(T) 
log(D) I I I+1 I+2 

OPACITY TABLES 

log (Opacity cm2
/ g'f"Q. ) 

I+3 I+4 I+5 I+6 I+7 I+8 I+9 

3.30 -12 -4.2363 -4.2559 -4.2737 -4.2835 -4.1987 -3.8559 -3.3490 -2.8297 -2.2538 -1.3420 
3.40 -12 -4.1620 -4.1937 -4.1607 -4.1684 -3.9666 -3.5620 -1.2901 -2.5146 -1.9385 -1.0361 
3.50 -12 -4.0575 -4.0900 -4.0677 -4.0371 -3.7807 -3.3483 -1.4816 -2.3284 -1.7995 -1.0220 
3.60 -11 -3.9683 -3.9396 -3.8390 -3.4866 -3.0385 -2.5600 -2.0712 -1.5833 -0.9792 -0.1225 
3.70 -11 -3.7438 -3.7921 -3.7053 -3.3342 -2.8167 -2.3211 -1.7806 -1.3413 -0.9133 -0.2547 
3.80 -11 -3.4078 -3.4792 -3.3963 -3.0748 -2.6038 -2.0787 -1.4983 -1.0644 -0.6840 -0.0657 
3.90 -11 -3.0124 -3.0549 -3.0114 -2.6735 -2.0393 -1.3905 -0.7053 -0.3277 0.0209 0.5625 
4.00 -11 -2.1531 -2.3701 -2.2740 -1.5887 -1.0417 -0.1273 0.4637 1.2184 0.9876 1.5901 
4.10 -10 -1.2868 -1.2860 -0.8778 -0.3463 0.4790 1.1164 1.7321 1.5987 1.9092 2.7132 
4.20 -10 -0.8370 -0.4383 0.1093 0.5797 1.1683 1.7916 2.2394 2.2602 2.4646 3.0054 
4.30 -10 -0.9149 -0.6172 0.0439 0.7010 1.1362 1.4520 2.0252 2.4318 3.1436 3.2913 
4.40 -10 -0.9106 -0.7512 -0.2679 0.5689 1.4731 2.0842 2.6313 3.0778 3.6883 3.5337 
4.50 -10 -0.5175 -0.4825 -0.1396 0.4436 1.3791 2.2008 3.0469 3.6362 4.2071 3.5013 
4.60 -9 -0.1379 0.4835 0.9112 1.5001 2.1828 3.1617 4.1101 4.4081 3.9763 2.6496 
4.70 -9 -0.1650 0.4853 1.2984 1.9965 2.6299 3.2515 4.2286 4.6967 4.8027 2.9796 
4.80 -9 -0.3773 0.2404 0.9268 2.0939 2.9447 3.5074 4.3061 4.9278 5.1814 3.3262 
4.90 -9 -0.4580 -0.1266 0.5487 1.6342 2.6768 3.6450 4.4899 4.9805 5.2223 3.7799 
5.00 -9 -0.3758 -0.4005 0.2939 1.2246 2.2583 3.4326 4.4989 4.9484 3.5843 4.2503 
5.20 -8 -0.2775 -0.1763 0.5663 1.7209 2.8409 3.8099 4.3507 4.3066 4.2647 1.9506 
5.40 -8 -0.6291 -0.2910 -0.1417 0.6640 1.8219 2.8790 3.3346 3.8559 3.9069 2.5890 
5.60 -7 -0.5610 -0.2249 -0.0906 0.6406 2.1246 2.3906 3.1244 3.2684 3.3610 0.8097 
5.80 -7 -0.4878 -0.4449 -0.2276 0.1026 1.2349 1.5687 2.3683 2.7539 2.8932 1.4170 
6.00 -7 -0.5573 -0.5478 -0.4754 -0.0857 0.6049 0.8593 1.6011 2.2386 2.5893 2.2991 
6.20 -6 -0.6165 -0.6093 -0.5032 0.1785 0.2572 0.9726 1.7052 2.0871 2.4663 0.2239 
6.40 -6 -0.6578 -0.6580 -0.6409 -0.5497 -0.1764 0.3158 1.1082 1.5596 2.0860 0.8681 
6.60 -5 -0.6759 -0.6787 -0.6657 -0.5467 -0.1819 0.4479 1.0406 1.5040 1.5856 -0.9519 
6.80 -5 -0.6866 -0.6855 -0.6893 -0.6705 -0.5470 -0.1297 0.4485 0.7433 1.2746 -0.3558 
7.00 -5 -0.6964 -0.6973 -0.6955 -0.6988 -0.6773 -0.5243 -0.1653 0.1965 0.7419 0.5508 
7.20 -4 -0.7062 -0.7077 -0.7063 -0.7021 -0.6537 -0.4555 -0.1235 0.3034 0.6084 -1.5894 
7.40 -4 -0.7154 -0.7154 -0.7153 -0.7145 -0.7051 -0.6327 -0.4119 -0.1246 0.2849 -0.9146 
7.60 -3 -0.7249 -0.7249 -0.7251 -0.7240 -0.7113 -0.6348 -0.4249 -0.1310 -0.2441 -2.7522 
7.80 -3 -0.7392 -0.7392 -0.7392 -0.7393 -0.7374 -0.7184 -0.6400 -0.4580 -0.3321 -2.1498 
8.00 -3 -0.7601 -0.7601 -0.7601 -0.7603 -0.7600 -0.7550 -0.7339 -0.6567 -0.5287 -1.2141 
8.20 -2 -0.7898 -0.7898 -0.7899 -0.7899 -0.7894 -0.7831 -0.7580 -0.7172 -1.0062 -3.3483 
8.40 -2 -0.8302 -0.8302 -0.8302 -0.8302 -0.8302 -0.8268 -0.8232 -0.8112 -0.9566 -2.6608 
8.60 -1 -0.8822 -0.8822 -0.8822 -0.8822 -0.8823 -0.8810 -0.8816 -0.9555 -1.8108 -4.5435 
8.80 -1 -0.9456 -0.9456 -0.9456 -0.9456 -0.9457 -0.9451 -0.9481 -1.0309 -1.6096 -3.8884 
9.00 -1 -1.0196 -1.0196 -1.0196 -1.0196 -1.0196 -1.0198 -1.0212 -1.0592 -1.4442 -2.7621 

Opacity table BD9C x = 0.0, Y = 0.90, Z = 0.10 
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APPENDIX C 

INITIAL STATIC EQUILIBRIUM MODEL 

C.1 CALCULATING THE EQUILIBRIUM MODEL 

This Appendix gives a brief description of how the initial static 

equilibrium model required for the solution of the hydrodynamic and 

thermal equations can be calculated. The four basic equations needed 

for the static model are (3.9), (3.20), (3.36), and (3.39) with the 

time derivative in (3.20) equal to zero. Thus we have: 

oT 
dr 

dm 
r 

err:-

dP 

dr 

2 
4nl~ PI 

-Gpm 
-'-----"-

2 
r 

3Y\pl-r 
2 3 4ac (4 TTr~ ) T 

dl = G. 

om 
r 

(c.n 

(C.2) 

(C.3) 

(C.4) 

To increase accuracy and keep the gradients to manageable sizes, it is 

usually better to use logarithmic gradients (as Schwarzschild did), 

rather than those given in (C.1) - (C.4) above. Now, rand m are 
r 



INITIAL STATIC EQUILIBRIUM MODEL 

slow moving variables in the stellar atmosphere, and T is virtually 

constant. This leaves P as the only choice for the independent 

variable (In(P) being roughly linear with depth and fast moving in 

comparison to rand m). Thus we can now write the logarithmic forms 
r 

of gradients (C.1)-(C.4) w.r.t. In(P) as: 

d In (m ) 
r 

4 = -4nr P I 

d In (P) 

d Ln (r) = 

d In (P) 

d Ln tT) = 

d In (P) 

d Ln (l) 

d In (P) 

Cm
2 

r 

- rP 
Cpm

r 

Il . L .• P 
16npG mr~1 

r 

4 
-4ne.l- • P 

G m 
r 

(C.5) 

(C.6) 

(C.7) 

(C.8) 

In this study, the stellar envelope being modelled is assumed to be 

non-rotating, non-magnetic, homogeneous and in thermal equilibrium. 

So, for a given chemical composition, opacity table (energy generation 

table if EiO) and outer boundary condition, only 3 stellar parameters 

L., M. and Teff are needed to calculate the static equilibrium model. 

Throughout this study, no energy generation (E=O) is assumed, which 

means that the luminosity is constant throughout the stellar envelope. 

So to calculate the stellar envelope we only need to know the 

photospheric pressure, which can be found by using one of the boundary 

conditions for Ptot (3.40) (3.42) in conjunction with boundary 

condition (3.43). The grey atmosphere approximation has T = Teff 

C-2 
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at T = 2/3 and gives the following temperature distribution in the 

stellar atmosphere: 

T4 .= 2ST:
ff 

('f + q (-r) ) 14 I (C.9) 

where q, (T) is the Hopf function and is -2/3 in the Eddington 

approximation (see Mihalas, 1978). In the atmosphere, m and r are 
r 

approximately constant, which when combined with the definition of 

optical depth (dT = -KPdr) allows us to rewrite equation (C.n as: 

dP = GM 
d'f 

~. 

2 
~r 

(C.10) 

Thus, for a small increment in optical depth, we can expand the 

pressure about T using a Taylor series, and hence find the pressure 

at zone i-1 from that at zone i: 

PI-I PI + dP I dT 
dT 

"', 

(C.11) 

Equations (C.9), (C.10), (C.11) and the ideal gas law are then used 

iteratively to find the pressure, Pi at each subsequent zone until we 

reach T=2/3 and have the required photospheric pressure. The 

increment in T is found by dividing 2/3 by the number of zones in the 

atmosphere (generally about 40 - 50 zones). We can now use the ideal 

gas law to find the denSity of the gas at the photosphere which, 

combined with the other photospheric quantities, gives us the starting 

point for the envelope integrations. 

C-3 
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INITIAL STATIC EQUILIBRIUM MODEL 

The group of logarithmic differential equations (C.5) - (C.B) can 

now be solved using numerical quadrature. A fourth order Runge Kutta 

integration method will be used here for simplicity. So, for a system 

of differential equations: 

f (Y ,x) ::: dY 
I I I 

ax 
for I ::: 1 to 4 J (C.12) 

where x is the independent variable. To integrate from point Xj to 

point Xj+1 = Xj + h, we have: 

Y = Y + (K
1 + 2K2 + 2K3 + K

4
)h/6 J (C.13) 1, J+ 1 1,J 

where: 

Kl = f ()' 
I, J I 

X ) J 
I J 

K f (y + hK
1
/2, x + h/2) I 2 I I, J J 

K = f (y + hK/2, x + h/2) J 3 I i,J J 

K = f ()' + hKy x + h) 
4 I I, J J 

in which we have: x = In(P), Y1 = In(r), Y2 = In(mr ), Y3 = In(T), 

Y4 = In(L) and the step h is given by: 

h Q. Ln (P IP ff) • 
cen e 

(C.14) 
N 

Peff is the photospheric pressure, N is the approximate number of 

zones in the stellar envelope, a is either equal to unity or the 

maximum gradient of previous zone, and P is an estimate of the cen 

pressure at the bottom of the envelope. a is required to allow finer 

zoning in regions of steep gradients so that discontinuities do not 

occur. P can be found by multiplying the equation of the lower cen 
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INITIAL STATIC EQUILIBRIUM MODEL 

limit of P found in Chandrasekhar (1968) by Pf t (-10). This cen ac or 

then gives us: 

p 3 GM 2p 
~ factor' (C.15) cen 

8ITG r2 

Starting at T = 2/3, the envelope is integrated inwards until some 

preset criterion is met, e.g., r = 0.1 R. is reached, or until the 

6 temperature of the innermost zone reaches 1.5 x 10 K. If the 

atmosphere is to be kept it should be re-integrated outwards from the 

photosphere using the above numerical quadrature. This is necessary 

as the atmosphere will be treated in the same way as the rest of the 

envelope. The number of zones in the stellar envelope should be 

between 500 and 700. 

As the core is ignored in these models some combinations of the 

stellar parameters M., L. and Teff will result in unrealistic 

solutions, i.e., some of the models may not represent real stellar 

objects. This can be overcome by integrating a few steps out from the 

centre and making the inward and outward integrations meet. 

All the calculations are performed in double precision and the 

variables Land m are scaled to prevent numerical overflow during the 
r 

computations. Care is also needed in the order of calculation, so 

that the computer's limits are not exceeded. For the VAX/VMS system 

-37 +37 these limits are 10 and 10 • 

C.2 REZONING THE EQUILIBRIUM MODEL 

The finely zoned static equilibrium model produced in Section C.1 

contains far too many zones to use in the non-linear dynamic codes. 

To overcome this problem a coarse model must be produced containing N 
c 
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(usually about 50-60) zones, found by aggregating several of the finer 

static zones together. There are two ways of producing this coarser 

and hence more manageable static equilibrium model. The first is to 

make all the zones in the coarser model of constant mass ratio, and 

the second way is to make all the zones have equal sound travel time. 

The latter method is preferred as it allows a larger time step to be 

used in the time integrations, hence saving computational time. 

The coarse zoning using constant sound travel times is found by 

first finding the total time for sound to travel across the whole 

envelope. This total time is then divided by N to give the travel c 

time across a coarse zone. The coarse zones are then aggregated from 

the surface inwards in groups of fine zones whose total sound travel 

time is approximately equal to the required coarse sound travel time. 

The boundaries of the new zones are the outer boundaries of the 

aggregated fine zones. 

The coarse zoning using constant mass ratio is found in a similar 

way, except that the zones are now linked together by mass rather than 

sound travel times. The masses of coarse zones are linked by: 

liM = o:Lil1 l' 
1 1-

(C.16) 

with 

0: mass rat io 
(

liM ) liNe 
~ ) 

liM 
1 

(C.17) 

where .1 1"1 L is the mass of zone i, and .1 11 1'H,)T is the mass of the zone 

directly below the photosphere. This method gives a few zones more if 

the atmosphere is included. It may be necessary to alter a in the 

inner zones as the sound travel times may become quite short, 

resulting in small time increments. 
C-6 



INITIAL STATIC EQUILIBRIUM MODEL 

C.3 RELAXATION OF THE REZONED EQUILIBRIUM MODEL 

The equilibrium model found above is not generally a solution of the 

difference equations and so must be 'relaxed' onto them. This is done 

by 'relaxing' the coarse equilibrium model found above onto a modified 

form of the difference equations. The difference equations are 

modified so that all time variances are ignored, the zonal velocities 

are set equal to zero, and the luminosity is held constant throughout 

the entire envelope. This then reduces the momentum (5.10) and energy 

(5.18) difference equations to: 

p = p - GM L1M 
1- 1 12 1 + 1 12 1 1 J 

4rrR~ 

(C.18) 

1 

2 2 L = l. = (4rrR) ('vi _1)- \J 1/) 2F • 
1 ,1- I ...... 1-1 <- , 

(C.19) 

From (C.18) Pi-1/2 can be found using values of M and R found in the 

coarse equilibrium model. Having found P
i

- 1/2 , (C.19) can be solved 

iteratively to give W
i

_
1/2 

and hence the specific volume V
i

_
1/2 

which 

can then be used in the continuity difference equation (5.9) to find 

Ri _1• Therefore, providing we have a boundary condition defining P 

4 and W (=T ) at the surface, we can 'relax' the whole envelope onto the 

difference equations. In this study the boundary conditions given in 

Chapter 5 (5.13 - 5.15) were used to fix P and W at the outer surface. 

The whole relaxation scheme above is repeated in a grand iteration 

until the r.m.s. of the changes in the zone boundary radii, between 

grand iterations, is less than some pre-set value (usually about 

10-6 ). 
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This is only one of many methods that can be used. It was 

invariably found that if a coarse model was used without some form of 

'relaxation', temperature or luminosity inversion between zones would 

occur at some point during the time integration. 
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APPENDIX D 

MATHEMATICAL NOMENCLATURE 

D.1 A FEW ESSENTIAL DEFINITIONS 

In this brief description of tensors, a basic knowledge of tensor 

calculus is assumed. Throughout this Appendix the summation 

convention will be used, and un-paired indices will indicate that the 

expression is valid for all values of the indice in question, i.e., Ai 

1 2 will represent A , A , etc. 

The first tensor to be defined is the FUNDAMENTAL TENSOR which, as 

the name implies, is the most fundamental and important of all the 

tensors: 

9 k= or, or = .ax I , .ax I I 

fJ oxf' oxk oxf' 0/ 
(D.n 

where we are transforming from co-ordinates xi to co-ordinates yi, and 

1 2 £ = £(y ,y , ••• ) . Then, if we represent the determinant of !:JfLl' by g, 

and the co-factor of elementJ fLl< byefLl : , we can define 9 fL '( as: 

gf'k= GPk
• (D.2) 

9 

The tensors defined in (D.1) and (D.2) can be used to lift or drop 

tensor indices, as shown below: 

k 
A = 9 A 

fJ fJk 
(D. 3) 

A
fJ- fJkA 
- 9 k' 

(D.4) 
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To complete this section, definitions of an inner product 

(contraction) and double dot product (double contraction) of two 

second rank tensors (Dyads), are given below: 

A.a 

,6,:Ei 

= AfJ8 
fJ 

AfJk6 
fJk 

D.2 COVARIANT DERIVATIVES USED IN THIS WORK 

(D.5) 

(D.6) 

Throughout the next two sections we define: cJ) has a scalar function, 

A has a vector, ~ has a tensor and £ has its usual meaning. Having 

defined the symbols, we can now quote the tensorial form of the the 

covariant derivatives: 

~rD 

~2tD 

~.A 

~fl 

~·Ei 

= orD 
-k' ox 

_1 iL i J9g kro<D \ 

Igo/\ oxr,' 

10 f [OAk'! ~- ~-k' 9 . 19' o>~\ I 

oN' ;-k i 
ux 

_1 iL ( fC'6fJ
k 

) ~ ~ kg· 
-J 9 ux . 

D-2 
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(D.8) 

(D. 9) 

(D.10) 

(D.11) 
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Using the above formulae, we can now derive the two expressions quoted 

in Chapter 3, i.e., the expansion of y. UDA) and .El: (y A) • 

y. (J)A) = _1 ~ (JQ(J)A k I -

19 ox k 9 /-
~ iLk ( fgA k J' + A kO(J) k 

rg ax ax 
(0.12) 

::: illy. A + A. (y(J)) I 

and 

.El: (y A) = BpkaA 
ok (0.13 ) 

axfJ 

B"KOA A a ( JgBfJk
) _ A a ( JgBfJK

) k + 
jJ ~-

Clx iJ 19 a7 19 axk 

B"kOAk + !y a I IgBfJk
) - fl. (Y'o~) 

oxfJ 19 ox k 

::: 1 a (JgA BfJ k
) 

--- jJ 

./l. (y.,Ei) 
1- k 9 ax 

y. (A . .El) -./l. (y . .Ell . 

To complete this section, the general divergence theorem is given by: 

fy.,Eid, ::: SBiJk d, ::: 
v I k 

rBfJ k 'S 5' 'I 0 ::: 
5 k 

fll . .:tdS I (0.14 ) 

in which vI( are the components of the unit vector normal to the 

surface element dS. 
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D.3 THE COVARIANT DERIVATIVES IN SPHERICAL CO-ORDINATES 

To transform to spherical polar co-ordinates, we must first of all 

find 9ft l< and g: 

II 
== 1 J (D. 15) 9 

22 2 
9 == l/r I (D. 16) 

33 1 Ir
2
s i n

2 
(8) I (D.17) 9 

fJk 0 9 == V f-J.:;z': k I (D. 18) 

4 2 
(D. 19) 9 == r sin (8), 

Using equations (D.15 - D19) above, the covariant derivatives quoted 

in equations (D.7 - D.9) can be transformed into spherical polar 

co-ordinates as follows: 

~O == 3~).2 + Q~ fi + 3ill 12 ) (D.20) 
31~ 38 oct) 

2 2 ~ 
~ (jJ == 1 3 

--)--- (r2~;) + ___ 1 ___ Q ... ( S i rl (8) iJill ) 
r

2
s i rl (8) 08 08 

+ 1 3ill I (D.21) 
-;: 2 --, 

l~cOI~ 

~.A 1 3 ( r2Arl + 
-2-
r Ol~ 

I~ sin (8) oq/ 

2 

a (s i n (8) a As) + oA:
f 

• 
sin (El) 08 38 o¢ 

(D.22) 

The derivatives in equations (D.20 - D.22) above can be further 

reduced to their radial components, which is the form in which they 

are used throughout this thesis: 

~(I a ill (D.23) 
or 

2 ( 2 ~ ill == 12~ r a ill ) J 

r or or (D.24) 

~. A == 1 ~ ( r 
2 
A ) , 

2 r 
r Ol~ 

(D.25) 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC PERIODS 

MODE 0 Opacity table : R040 Mass : 0.8 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 
5,500 
6,000 
6,500 
7,000 89.720 115.200 
7,500 37.440 69.400 106.700 
8,000 18.880 38.360 70.510 100.400 
9,000 2.900 7.840 16.870 30.460 48.280 59.190 

10,000 1.730 4.800 9.910 17.660 35.210 33.680 
12,000 0.860 2.460 5.270 10.380 16.760 23.160 
15,000 0.440 1.160 2.470 4.700 7.830 12.200 
20,000 0.180 0.410 0.820 1.510 2.690 3.810 
25,000 0.860 0.200 0.350 0.470 1.110 1.650 
30,000 0.470 0.120 0.190 0.300 0.980 0.880 

TABLE OF ADIABATIC PERIODS 

MODE 0 Opacity table : R040 Mass : 0.8 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 
5,500 
6,000 
6,500 
7,000 90.580 118.300 
7,500 37.560 70.990 119.800 
8,000 18.900 38.650 76.580 130.500 
9,000 2.910 7.840 17.170 32.050 57.620 95.900 

10,000 1.720 4.810 9.910 18.250 33.090 54.320 
12,000 0.860 2.340 4.550 8.280 14.470 22.450 
15,000 0.440 1.110 2.150 3.680 6.110 9.170 
20,000 0.180 0.410 0.760 1.260 1.970 2.810 
25,000 0.860 0.200 0.350 0.570 0.870 1.190 
30,000 0.470 0.120 0.190 0.300 0.450 0.620 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC Q VALUES 

MODE 0 Opacity table : R040 Mass : 0.8 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 
5,500 
6,000 
6,500 
7,000 0.100 0.104 
7,500 0.075 0.102 0.127 
8,000 0.064 0.088 0.119 0.138 
9,000 0.053 0.063 0.080 0.099 0.115 0.115 

10,000 0.045 0.054 0.067 0.081 0.119 0.092 
12,000 0.039 0.048 0.063 0.083 0.098 0.110 
15,000 0.037 0.043 0.054 0.070 0.086 0.108 
20,000 0.036 0.037 0.044 0.055 0.072 0.083 
25,000 0.351 0.036 0.038 0.034 0.059 0.072 
30,000 0.336 0.036 0.036 0.038 0.090 0.067 

TABLE OF ADIABATIC Q VALUES 

MODE 0 Opacity table : R040 Mass : 0.8 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 
5,500 
6,000 
6,500 
7,000 0.101 0.107 
7,500 0.075 0.105 0.143 
8,000 0.064 0.089 0.130 0.179 
9,000 0.053 0.063 0.072 0.104 0.138 0.186 

10,000 0.044 0.054 0.067 0.084 0.112 0.148 
12,000 0.039 0.046 0.054 0.066 0.085 0.107 
15,000 0.037 0.041 0.047 0.055 0.067 0.081 
20,000 0.036 0.037 0.041 0.046 0.053 0.061 
25,000 0.351 0.036 0.037 0.041 0.046 0.052 
30,000 0.336 0.036 0.036 0.038 0.042 0.046 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC GROWTH RATES 

MODE 0 Opacity table : R040 Mass : 0.8 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 
5,500 
6,000 
6,500 
7,000 0.289 0.682 
7,500 0.169 0.803 2.194 
8,000 0.556 0.414 1.766 3.313 
9,000 0.244 0.884 0.360 1.358 2.382 2.420 

10,000 0.571 -0.757 -0.448 -0.599 -0.734 -0.180 
12,000 -0.945 -0.764 -1.424 -1.114 -0.327 0.429 
15,000 -0.210 -0.326 -0.588 -0.604 -0.206 -0.312 
20,000 -0.453 -0.941 -0.359 -0.468 -0.379 -0.281 
25,000 -0.343 -0.498 -0.371 -0.351 -1.109 -0.563 
30,000 -0.261 -0.235 -0.258 -0.667 -0.842 -1.094 

TABLE OF NON-ADIABATIC PHI 

MODE 0 Opacity table : R040 Mass : 0.8 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 
5,500 
6,000 
6,500 
7,000 178.600 178.400 
7,500 178.700 178.500 178.400 
8,000 178.600 178.400 178.300 177.800 
9,000 177.900 177.700 177.400 177.400 175.100 173.300 

10,000 178.000 165.900 141.100 125.200 99.400 115.300 
12,000 -8.500 -51.900 -67.200 -74.600 -30.200 10.600 
15,000 -18.300 -53.200 -68.200 -71.800 -59.000 -32.700 
20,000 2.800 -11.600 -39.900 -51.800 -55.100 -34.200 
25,000 3.100 -4.800 -15.000 -32.000 -36.200 -34.100 
30,000 1.200 -11.300 -24.400 -35.500 -33.800 -35.200 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC PERIODS 

MODE 1 Opacity table : R040 Mass : 0.8 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 
5,500 
6,000 
6,500 
7,000 37.370 42.380 
7,500 18.740 24.680 29.030 
8,000 10.910 15.500 19.920 23.010 
9,000 1.750 3.970 6.760 9.960 13.070 24.960 

10,000 1.170 2.850 5.380 9.010 12.740 15.850 
12,000 0.650 1. 710 3.190 3.190 4.490 8.610 
15,000 0.340 0.870 1.640 1.720 2.450 3.080 
20,000 0.130 0.340 0.610 1.010 1.520 1.350 
25,000 0.590 0.160 0.290 0.640 0.750 1.010 
30,000 0.330 0.850 0.160 0.300 0.580 0.680 

TABLE OF ADIABATIC PERIODS 

MODE 1 Opacity table : R040 Mass : 0.8 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 
5,500 
6,000 
6,500 
7,000 37.420 42.420 
7,500 18.740 24.670 28.990 
8,000 10.920 15.490 19.910 23.040 
9,000 1.750 3.960 6.800 10.030 13.340 15.060 

10,000 1.170 2.850 5.090 7.630 9.910 11.070 
12,000 0.650 1.580 2.830 4.430 5.960 6.980 
15,000 0.340 0.800 1.450 2.290 3.210 3.890 
20,000 0.130 0.320 0.540 0.850 1.260 1.620 
25,000 0.590 0.160 0.270 0.400 0.570 0.760 
30,000 0.330 0.840 0.150 0.230 0.310 0.390 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC Q VALUES 

MODE 1 Opacity table : R040 Mass : 0.8 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 
5,500 
6,000 
6,500 
7,000 0.042 0.038 
7,500 0.038 0.036 0.035 
8,000 0.037 0.036 0.034 0.032 
9,000 0.032 0.032 0.032 0.032 0.031 0.048 

10,000 0.030 0.032 0.036 0.041 0.043 0.043 
12,000 0.029 0.033 0.038 0.025 0.026 0.041 
15,000 0.029 0.032 0.036 0.025 0.027 0.027 
20,000 0.026 0.030 0.033 0.037 0.041 0.029 
25,000 0.241 0.028 0.032 0.047 0.040 0.044 
30,000 0.231 0.265 0.031 0.038 0.053 0.052 

TABLE OF ADIABATIC Q VALUES 

MODE 1 Opacity table : R040 Mass : 0.8 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 
5,500 
6,000 
6,500 
7,000 0.042 0.038 
7,500 0.038 0.036 0.035 
8,000 0.037 0.036 0.034 0.032 
9,000 0.032 0.032 0.032 0.033 0.032 0.029 

10,000 0.030 0.032 0.034 0.035 0.033 0.030 
12,000 0.029 0.031 0.034 0.035 0.035 0.033 
15,000 0.028 0.029 0.031 0.034 0.035 0.034 
20,000 0.026 0.029 0.029 0.031 0.034 0.035 
25,000 0.241 0.028 0.029 0.029 0.031 0.033 
30,000 0.232 0.262 0.029 0.029 0.028 0.029 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC GROWTH RATES 

MODE 1 Opacity table : R040 Mass : 0.8 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 
5,500 
6,000 
6,500 
7,000 0.138 0.200 
7,500 0.104 0.213 0.308 
8,000 0.623 0.160 0.275 0.293 
9,000 0.325 0.578 0.103 -0.365 -0.935 0.293 

10,000 -0.161 -0.160 -1.153 -1.491 -0.282 1.790 
12,000 -0.306 -0.712 -0.484 -0.698 -0.211 -0.451 
15,000 -0.158 -0.424 -0.197 -0.418 -0.557 -0.418 
20,000 -0.803 -0.257 -0.262 -0.379 -1.019 -1.137 
25,000 -0.585 -0.347 -0.290 -0.729 -0.720 -1.808 
30,000 -0.286 -0.402 -0.654 -0.667 -1.084 -1.611 

TABLE OF NON-ADIABATIC PHI 

MODE Opacity table : R040 Mass : 0.8 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 
5,500 
6,000 
6,500 
7,000 180.300 180.100 
7,500 179.600 179.300 
8,000 179.700 179.600 179.400 178.800 
9,000 178.900 178.800 178.600 177.500 178.300 181.200 

10,000 177.900 170.300 116.400 187.700 163.300 165.200 
12,000 -19.800 -84.800 120.200 111.300 113.900 
15,000 -36.400 -83.200 -157.200 97.000 82.300 90.200 
20,000 -15.600 -46.500 -114.200 167.800 149.000 57.600 
25,000 -7.300 -20.400 -69.600 184.300 136.200 138.600 
30,000 -27.500 -36.300 135.800 123.500 130.800 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC PERIODS 

MODE 0 Opacity table : R040 Mass: 1.0 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 
5,500 
6,000 
6,500 
7,000 98.790 
7,500 30.530 49.700 77.020 
8,000 16.270 28.300 51.760 78.050 
9,000 6.670 13.450 23.730 37.860 56.520 

10,000 1.460 4.150 7.760 13.730 25.020 33.040 
12,000 
15,000 0.360 0.930 1.790 3.250 5.580 8.530 
20,000 0.150 0.380 0.660 1.160 1.960 2.970 
25,000 0.740 0.190 0.310 0.500 0.830 1.210 
30,000 0.340 0.930 0.150 0.230 0.360 0.950 

TABLE OF ADIABATIC PERIODS 

MODE 0 OpaCity table : R040 Mass: 1.0 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 
5,500 
6,000 
6,500 
7,000 99.630 
7,500 30.560 49.950 78.700 
8,000 16.280 28.350 52.570 84.610 
9,000 6.670 13.580 24.280 41.350 62.930 

10,000 1.460 4.160 7.910 13.930 23.540 36.000 
12,000 
15,000 0.360 0.920 1.640 2.720 4.280 6.100 
20,000 0.150 0.380 0.640 1.030 1.570 2.160 
25,000 0.740 0.190 0.310 0.470 0.700 0.950 
30,000 0.350 0.930 0.150 0.220 0.320 0.420 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC Q VALUES 

MODE 0 Opacity table : R040 Mass: 1.0 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 
5,500 
6,000 
6,500 
7,000 0.100 
7,500 0.068 0.082 0.103 
8,000 0.061 0.073 0.098 0.120 
9,000 0.057 0.072 0.086 0.101 0.122 

10,000 0.042 0.051 0.058 0.070 0.094 0.101 
12,000 
15,000 0.036 0.039 0.047 0.058 0.073 0.090 
20,000 0.035 0.037 0.040 0.047 0.059 0.072 
25,000 0.339 0.036 0.037 0.041 0.050 0.058 
30,000 0.315 0.357 0.036 0.037 0.043 0.051 

TABLE OF ADIABATIC Q VALUES 

MODE 0 Opacity table : R040 Mass: 1.0 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 
5,500 
6,000 
6,500 
7,000 0.101 
7,500 0.068 0.082 0.105 
8,000 0.061 0.073 0.099 0.130 
9,000 0.057 0.072 0.088 0.110 0.136 

10,000 0.042 0.051 0.060 0.071 0.089 0.110 
12,000 
15,000 0.036 0.039 0.043 0.048 0.056 0.065 
20,000 0.035 0.037 0.038 0.042 0.047 0.052 
25,000 0.340 0.036 0.037 0.038 0.042 0.046 
30,000 0.316 0.357 0.036 0.036 0.038 0.041 

E-8 



TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC GROWTH RATES 

MODE ° Opacity table : R040 Mass: 1.0 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 
5,500 
6,000 
6,500 
7,000 0.262 
7,500 0.523 0.247 0.780 
8,000 0.140 0.124 0.651 1.690 
9,000 0.320 0.232 0.733 1.842 2.053 

10,000 0.142 -0.600 -0.183 -0.616 -1. 588 -0.813 
12,000 
15,000 -0.584 -0.161 -0.488 -0.648 -0.534 -0.181 
20,000 -0.198 -0.344 -0.234 -0.440 -0.487 -0.416 
25,000 -0.172 -0.188 -0.159 -0.554 -0.727 -0.718 
30,000 -0.143 -0.836 -0.541 -0.487 -1.159 -0.589 

TABLE OF NON-ADIABATIC PHI 

MODE 0 Opacity table : R040 Mass: 1.0 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 
5,500 
6,000 
6,500 
7,000 178.600 
7,500 178.600 178.500 178.400 
8,000 178.600 178.200 178.300 178.200 
9,000 177.800 177.700 177.700 177.100 173.700 

10,000 177.600 168.700 151.100 130.600 92.500 108.600 
12,000 
15,000 -12.500 -43.500 -61.000 -72.700 -67.000 
20,000 6.900 -5.300 -30.600 -48.500 -54.300 -53.400 
25,000 4.600 -2.700 -11.600 -25.800 -33.800 -36.400 
30,000 3.500 -5.300 -18.600 -29.200 -32.100 -35.000 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC PERIODS 

MODE 1 Opacity table : R040 Mass: 1.0 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 
5,500 
6,000 
6,500 
7,000 41. 770 
7,500 17 • 570 22.630 27.150 
8,000 10.120 14.090 18.480 21.900 
9,000 3.660 5.960 8.970 12.180 14.470 

10,000 1.050 2.570 4.440 7.420 11.420 14.550 
12,000 
15,000 0.270 0.730 1.290 2.080 1.990 2.650 
20,000 0.110 0.300 0.530 0.840 1.270 1.660 
25,000 0.510 0.140 0.250 0.400 0.600 0.820 
30,000 0.250 0.640 0.120 0.200 0.280 0.530 

TABLE OF ADIABATIC PERIODS 

MODE 1 Opacity table : R040 Mass: 1.0 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 
5,500 
6,000 
6,500 
7,000 41.820 
7,500 17.580 22.630 27.130 
8,000 10.120 14.090 18.470 21.900 
9,000 3.660 5.980 9.040 12.270 14.870 

10,000 1.050 2.580 4.440 6.790 9.310 11. 040 
12,000 
15,000 0.270 0.690 1.140 1.810 2.630 3.310 
20,000 0.110 0.300 0.490 0.720 1.050 1.380 
25,000 0.510 0.140 0.240 0.360 0.490 0.630 
30,000 0.250 0.640 0.110 0.180 0.240 0.290 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC Q VALUES 

MODE 1 Opacity table : R040 Mass: 1.0 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 
5,500 
6,000 
6,500 
7,000 0.042 
7,500 0.039 0.037 0.036 
8,000 0.038 0.036 0.035 0.034 
9,000 0.032 0.032 0.033 0.033 0.031 

10,000 0.030 0.031 0.033 0.038 0.043 0.044 
12,000 
15,000 0.027 0.031 0.034 0.037 0.026 0.041 
20,000 0.025 0.029 0.032 0.034 0.038 0.040 
25,000 0.233 0.027 0.030 0.033 0.036 0.040 
30,000 0.224 0.247 0.028 0.032 0.033 0.037 

TABLE OF ADIABATIC Q VALUES 

MODE 1 Opacity table : R040 Mass: 1.0 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 
5,500 
6,000 
6,500 
7,000 0.042 
7,500 0.039 0.037 0.036 
8,000 0.038 0.036 0.035 0.034 
9,000 0.032 0.032 0.033 0.033 0.032 

10,000 0.030 0.031 0.033 0.035 0.035 0.034 
12,000 
15,000 0.027 0.029 0.030 0.032 0.034 0.035 
20,000 0.025 0.029 0.029 0.029 0.032 0.034 
25,000 0.234 0.027 0.029 0.029 0.029 0.030 
30,000 0.225 0.246 0.027 0.029 0.029 0.028 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC GROWTH RATES 

MODE 1 Opacity table : R040 Mass: 1.0 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 
5,500 
6,000 
6,500 
7,000 0.129 
7,500 0.611 0.130 0.208 
8,000 0.346 0.945 0.194 0.265 
9,000 0.334 0.137 -0.465 -0.591 -1.037 

10,000 0.132 -0.848 -0.407 -1.691 -0.852 1.048 
12,000 
15,000 -0.874 -0.387 -0.272 -0.276 -0.454 -0.584 
20,000 -0.404 -0.201 -0.313 -0.203 -0.558 -1.011 
25,000 -0.211 -0.243 -0.424 -0.256 -0.488 -1.079 
30,000 -0.922 -0.190 -0.652 -0.544 -0.271 -1.185 

TABLE OF NON-ADIABATIC PHI 

MODE 1 Opacity table : R040 Mass: 1.0 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 
5,500 
6,000 
6,500 
7,000 180.200 
7,500 179.800 179.700 179.600 
8,000 179.600 179.500 179.500 179.300 
9,000 178.800 178.900 178.000 177.600 178.300 

10,000 177.800 173.700 153.000 178.100 177.300 169.300 
12,000 
15,000 -29.300 -68.300 181.300 89.400 74.400 
20,000 -8.400 -32.500 -76.700 212.000 157.700 -205.200 
25,000 -3.200 -15.500 -34.200 249.800 162.500 -223.900 
30,000 -4.700 -25.100 -32.700 299.600 183.100 -236.600 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC PERIODS 

MODE 0 Opacity table : R040 Mass: 1.2 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 
5,500 
6,000 
6,500 
7,000 
7,500 39.800 58.580 
8,000 23.060 39.880 60.750 
9,000 5.730 11.240 19.480 31.430 42.440 

10,000 1.290 3.570 6.610 11.230 18.580 34.240 
12,000 
15,000 0.330 0.820 1.490 2.610 4.350 6.330 
20,000 0.140 0.340 0.570 0.950 1.550 2.290 
25,000 0.650 0.170 0.280 0.420 0.660 0.960 
30,000 0.300 0.830 0.140 0.200 0.290 0.420 

TABLE OF ADIABATIC PERIODS 

MODE 0 Opacity table : R040 Mass: 1.2 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 
5,500 
6,000 
6,500 
7,000 
7,500 39.870 58.920 
8,000 23.070 40.040 62.080 
9,000 5.730 11.260 19.760 32.450 47.500 

10,000 1.290 3.570 6.650 11.420 18.520 27.070 
12,000 
15,000 0.330 0.810 1.420 2.310 3.530 4.890 
20,000 0.140 0.340 0.570 0.890 1.330 1.790 
25,000 0.660 0.170 0.280 0.420 0.600 0.800 
30,000 0.300 0.830 0.140 0.200 0.280 0.360 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC Q VALUES 

MODE 0 Opacity table : R040 Mass: 1.2 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 
5,500 
6,000 
6,500 
7,000 
7,500 0.072 0.086 
8,000 0.065 0.083 0.102 
9,000 0.054 0.066 0.078 0.092 0.101 

10,000 0.041 0.048 0.055 0.063 0.077 0.115 
12,000 
15,000 0.036 0.038 0.043 0.051 0.062 0.073 
20,000 0.035 0.036 0.037 0.042 0.051 0.061 
25,000 0.328 0.036 0.036 0.038 0.043 0.051 
30,000 0.301 0.349 0.036 0.036 0.038 0.044 

TABLE OF ADIABATIC Q VALUES 

MODE 0 Opacity table : R040 Mass: 1.2 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 
5,500 
6,000 
6,500 
7,000 
7,500 0.072 0.086 
8,000 0.065 0.083 0.104 
9,000 0.054 0.066 0.079 0.095 0.113 

10,000 0.041 0.048 0.055 0.064 0.077 0.091 
12,000 
15,000 0.036 0.038 0.041 0.045 0.051 0.057 
20,000 0.035 0.036 0.037 0.040 0.044 0.048 
25,000 0.328 0.036 0.036 0.037 0.039 0.042 
30,000 0.302 0.349 0.036 0.036 0.036 0.038 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC GROWTH RATES 

MODE 0 Opacity table : R040 Mass: 1.2 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 
5,500 
6,000 
6,500 
7,000 
7,500 0.962 0.294 
8,000 0.441 0.258 0.779 
9,000 0.978 0.148 0.371 1.092 2.190 

10,000 0.149 -0.394 -0.117 -0.409 -0.981 -2.324 
12,000 
15,000 -0.225 -0.777 -0.395 -0.631 -0.652 -0.429 
20,000 -0.106 -0.151 -0.960 -0.315 -0.510 -0.449 
25,000 -0.104 -0.862 -0.534 -0.331 -0.686 -0.778 
30,000 -0.911 -0.442 -0.202 -0.139 -0.830 -1.191 

TABLE OF NON-ADIABATIC PHI 

MODE 0 Opacity table : R040 Mass: 1.2 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 
5,500 
6,000 
6,500 
7,000 
7,500 178.500 178.400 
8,000 178.400 178.100 178.200 
9,000 177 .900 177.800 177.800 177.600 177.300 

10,000 177.300 171. 900 159.300 134.900 111.200 67.000 
12,000 
15,000 -7.200 -34.200 -54.500 -64.600 -71. 1 00 -72.300 
20,000 7.200 0.600 -17.700 -42.000 -52.100 -52.700 
25,000 6.600 -2.600 -4.200 -18.000 -31.800 -38.300 
30,000 3.500 -2.400 -12.100 -25.300 -31.300 -36.700 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC PERIODS 

MODE 1 Opacity table : R040 Mass: 1.2 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 
5,500 
6,000 
6,500 
7,000 
7,500 21.100 25.340 
8,000 13.000 17.140 20.620 
9,000 3.340 5.380 8.140 11.250 13.830 

10,000 0.960 2.310 3.950 6.310 9.780 13.020 
12,000 
15,000 0.240 0.650 1.120 1.800 2.640 2.280 
20,000 0.950 0.260 0.470 0.730 1.090 1.460 
25,000 0.460 0.120 0.220 0.350 0.510 0.680 
30,000 0.220 0.570 0.100 0.170 0.250 0.310 

TABLE OF ADIABATIC PERIODS 

MODE 1 Opacity table : R040 Mass: 1.2 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 
5,500 
6,000 
6,500 
7,000 
7,500 21.100 25.330 
8,000 13.000 17.130 20.600 
9,000 3.340 5.380 8.200 11.300 13.920 

10,000 0.960 2.310 3.950 6.090 8.530 10.520 
12,000 
15,000 0.240 0.630 1.020 1.580 2.310 2.980 
20,000 0.960 0.260 0.450 0.650 0.910 1.190 
25,000 0.460 0.120 0.210 0.330 0.440 0.550 
30,000 0.220 0.570 0.990 0.160 0.220 0.270 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC Q VALUES 

MODE 1 Opacity table : R040 Mass: 1.2 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 
5,500 
6,000 
6,500 
7,000 
7,500 0.038 0.037 
8,000 0.037 0.036 0.035 
9,000 0.031 0.031 0.032 0.033 0.033 

10,000 0.030 0.031 0.033 0.035 0.040 0.044 
12,000 
15,000 0.026 0.030 0.032 0.035 0.038 0.026 
20,000 0.240 0.028 0.031 0.033 0.036 0.039 
25,000 0.229 0.026 0.029 0.032 0.033 0.036 
30,000 0.218 0.239 0.026 0.030 0.033 0.033 

TABLE OF ADIABATIC Q VALUES 

MODE 1 Opacity table : R040 Mass: 1.2 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 
5,500 
6,000 
6,500 
7,000 
7,500 0.038 0.037 
8,000 0.037 0.035 0.035 
9,000 0.031 0.031 0.033 0.033 0.033 

10,000 0.030 0.031 0.033 0.034 0.035 0.035 
12,000 
15,000 0.026 0.029 0.029 0.031 0.033 0.035 
20,000 0.240 0.028 0.029 0.029 0.030 0.032 
25,000 0.230 0.026 0.028 0.029 0.029 0.029 
30,000 0.220 0.239 0.259 0.028 0.029 0.029 
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TABLES OF LINEAR RESULTS 

MODE 0 Opacity table : DXIX Mass : 0.8 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 19.710 58.450 101.900 
5,500 13.790 38.630 67.470 
6,000 10.520 29.370 51.320 74.110 
6,500 7.410 20.690 38.910 53.940 
7,000 5.780 16.210 31.450 50.300 0.800 
7,500 4.200 11. 780 23.150 37.430 10.260 
8,000 3.590 9.990 21.820 34.630 114.400 0.210 
9,000 2.440 6.850 14.950 26.420 33.260 0.390 

10,000 1.670 4.670 10.230 18.570 23.200 23.960 
12,000 0.910 2.550 5.300 9.930 15.020 16.060 
15,000 0.460 1.240 2.580 4.480 6.960 8.620 
20,000 0.180 0.450 0.910 1.650 2.810 3.520 
25,000 0.870 0.210 0.400 0.760 1.020 2.630 
30,000 0.490 0.120 0.210 0.390 0.420 1.130 

TABLE OF ADIABATIC PERIODS 

MODE 0 Opacity table : DXIX Mass : 0.8 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 19.650 65.410 185.600 
5,500 13.810 44.530 115.500 
6,000 10.650 33.720 83.560 245.600 
6,500 7.590 23.510 55.610 136.500 
7,000 5.930 18.030 41.570 94.550 410.400 
7,500 4.290 12.740 28.450 60.340 154.300 
8,000 3.650 10.730 23.610 48.670 111.300 217.000 
9,000 2.460 7.030 14.970 29.200 58.000 119.000 

10,000 1.670 4.660 9.650 18.120 33.400 57.540 
12,000 0.910 2.480 4.840 8.860 15.500 24.060 
15,000 0.460 1.200 2.340 4.050 6.660 9.960 
20,000 0.180 0.440 0.840 1.410 2.240 3.210 
25,000 0.870 0.210 0.380 0.650 1.020 1.420 
30,000 0.490 0.120 0.210 0.350 0.540 0.750 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC Q VALUES 

MODE 0 Opacity table : DXIX Mass : 0.8 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 0.064 0.083 0.086 
5,500 0.059 0.073 0.075 
6,000 0.055 0.068 0.071 0.069 
6,500 0.051 0.063 0.071 0.067 
7,000 0.049 0.061 0.070 0.076 0.001 
7,500 0.047 0.058 0.068 0.075 0.015 1.643 
8,000 0.046 0.057 0.074 0.080 0.094 
9,000 0.045 0.055 0.071 0.086 0.080 0.001 

10,000 0.043 0.053 0.069 0.085 0.079 0.065 
12,000 0.041 0.050 0.063 0.079 0.088 0.076 
15,000 0.038 0.045 0.056 0.067 0.076 0.076 
20,000 0.036 0.040 0.049 0.060 0.076 0.076 
25,000 0.354 0.038 0.044 0.055 0.054 0.114 
30,000 0.347 0.037 0.040 0.050 0.039 0.085 

TABLE OF ADIABATIC Q VALUES 

MODE 0 Opacity table : DXIX Mass : 0.8 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 0.064 0.093 0.157 
5,500 0.059 0.084 0.129 
6,000 0.056 0.078 0.115 0.230 
6,500 0.053 0.072 0.101 0.169 
7,000 0.051 0.068 0.093 0.144 0.460 
7,500 0.048 0.063 0.084 0.121 0.228 
8,000 0.041 0.061 0.080 0.112 0.189 4.408 
9,000 0.045 0.056 0.011 0.095 0.139 0.230 

10,000 0.043 0.053 0.065 0.083 0.113 0.151 
12,000 0.041 0.049 0.051 0.011 0.091 0.114 
15,000 0.038 0.044 0.051 0.060 0.013 0.088 
20,000 0.036 0.040 0.045 0.052 0.060 0.010 
25,000 0.354 0.038 0.042 0.041 0.054 0.062 
30,000 0.348 0.031 0.039 0.044 0.050 0.051 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC GROWTH RATES 

MODE 0 Opacity table : DXIX Mass : 0.8 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 0.223 2.295 3.565 
5,500 0.346 1.706 2.708 
6,000 0.384 1.159 1.259 2.172 
6,500 0.228 0.613 0.166 0.544 
7,000 0.627 0.209 -0.865 -1.590 0.250 -5.478 
7,500 -0.566 -0.284 -0.790 -0.693 0.384 -1.243 
8,000 -0.964 -0.397 -1.523 -0.656 6.970 -0.230 
9,000 -0.165 -0.680 -1.477 -1.355 0.641 -0.303 

10,000 -0.170 -0.778 -1.327 -1.410 0.577 1.133 
12,000 -0.104 -0.650 -1.074 -1.056 0.233 0.819 
15,000 -0.397 -0.395 -0.953 -1.013 -0.704 0.934 
20,000 -0.128 -0.181 -0.675 -1.285 -1.422 0.703 
25,000 -0.419 -0.112 -0.442 -0.804 -0.487 0.499 
30,000 -0.167 -0.475 -0.324 -0.559 -0.742 0.548 

TABLE OF NON-ADIABATIC PHI 

MODE 0 Opacity table : DXIX Mass : 0.8 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 173.000 170.100 158.800 183.500 
5,500 176.800 158.300 153.800 181.200 
6,000 167.400 142.600 135.500 139.600 182.100 
6,500 143.200 123.400 105.300 121. 900 181.000 
7,000 116.400 96.500 75.900 70.600 
7,500 89.800 67.900 63.800 79.900 96.200 
8,000 71.400 58.400 11 .700 71.900 137.100 103.270 
9,000 31.100 14.300 -14.600 11. 700 102.900 100.200 

10,000 0.600 -14.000 -34.900 -28.000 104.500 104.600 
12,000 -17 .600 -34.600 -46.500 -47.900 112.800 99.200 
15,000 -16.800 -40.700 -52.000 -38.900 -40.700 105.700 
20,000 -12.400 -28.500 -52.000 -55.500 -65.800 146.800 
25,000 -22.300 -43.600 -64.300 96.500 -90.700 
30,000 -2.000 -18.200 -32.300 -57.400 122.900 -109.800 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC PERIODS 

MODE 1 Opacity table : DXIX Mass : 0.8 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 10.680 24.380 39.140 71.910 78.290 
5,500 7.920 18.270 29.790 123.100 67.150 
6,000 6.380 14.850 24.660 19.230 53.560 57.330 
6,500 4.700 11.170 19.460 19.690 43.270 44.930 
7,000 3.720 8.900 11.530 27.650 58.080 38.530 
7,500 2.740 6.770 8.910 12.700 25.590 22.500 
8,000 2.360 5.860 10.680 70.850 41.290 17 .620 
9,000 1.640 4.250 7.730 8.020 6.300 18.270 

10,000 1.150 3.020 5.610 5.630 10.220 399.700 
12,000 0.650 1.730 3.180 4.740 4.510 2.760 
15,000 0.340 0.880 1.690 2.610 7.050 2.960 
20,000 0.130 0.340 0.640 1.060 1.690 2.200 
25,000 0.640 0.160 0.300 0.500 0.810 1.300 
30,000 0.360 0.920 0.170 0.270 0.700 0.700 

TABLE OF ADIABATIC PERIODS 

MODE 1 Opacity table : DXIX Mass : 0.8 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 10.590 24.270 39.850 74.720 91.380 
5,500 7.870 18.480 30.680 57.660 70.250 
6,000 6.360 15.100 25.260 35.910 47.510 57.900 
6,500 4.770 11. 510 19.460 27.770 36.660 44.680 
7,000 3.830 9.360 15.970 22.850 30.150 36.760 
7,500 2.850 7.070 12.220 17.610 23.170 28.250 
8,000 2.450 6.130 10.670 15.450 20.310 24.730 
9,000 1.680 4.270 7.550 11.070 14.560 17 • 660 

10,000 1.150 2.950 5.300 7.910 10.470 12.640 
12,000 0.640 1.630 2.920 4.550 6.190 7.410 
15,000 0.340 0.820 1.500 2.360 3.320 4.070 
20,000 0.130 0.320 0.560 0.890 1.300 1.690 
25,000 0.640 0.160 0.270 0.420 0.610 0.800 
30,000 0.360 0.900 0.160 0.230 0.330 0.430 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC Q VALUES 

MODE 1 Opacity table : DXIX Mass : 0.8 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 0.035 0.035 0.033 0.031 0.027 
5,500 0.034 0.034 0.033 0.030 
6,000 0.034 0.034 0.034 0.018 0.037 0.032 
6,500 0.033 0.034 0.035 0.024 0.039 0.033 
7,000 0.032 0.033 0.026 0.042 0.065 0.035 
7,500 0.031 0.033 0.026 0.025 0.038 0.027 
8,000 0.031 0.033 0.036 0.163 0.070 0.024 
9,000 0.030 0.034 0.037 0.026 0.015 0.035 

10,000 0.030 0.034 0.038 0.026 0.035 1.093 
12,000 0.029 0.034 0.038 0.038 0.026 0.020 
15,000 0.028 0.032 0.037 0.039 0.077 0.026 
20,000 0.027 0.030 0.034 0.038 0.045 0.048 
25,000 0.263 0.029 0.033 0.036 0.043 0.056 
30,000 0.253 0.286 0.032 0.034 0.065 0.053 

TABLE OF ADIABATIC Q VALUES 

MODE Opacity table : DXIX Mass : 0.8 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 0.034 0.035 0.034 0.032 0.031 
5,500 0.034 0.035 0.034 0.032 0.032 
6,000 0.034 0.035 0.035 0.034 0.033 0.032 
6,500 0.033 0.035 0.035 0.034 0.033 0.033 
7,000 0.033 0.035 0.036 0.035 0.034 0.033 
7,500 0.032 0.035 0.036 0.035 0.034 0.034 
8,000 0.032 0.035 0.036 0.036 0.034 0.034 
9,000 0.031 0.034 0.036 0.036 0.035 0.034 

10,000 0.030 0.033 0.036 0.036 0.035 0.035 
12,000 0.029 0.032 0.035 0.036 0.036 0.035 
15,000 0.028 0.030 0.033 0.035 0.036 0.036 
20,000 0.027 0.029 0.030 0.033 0.035 0.037 
25,000 0.263 0.029 0.029 0.030 0.033 0.035 
30,000 0.254 0.281 0.029 0.029 0.031 0.032 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC GROWTH RATES 

MODE 1 Opacity table : DXIX Mass : 0.8 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 0.113 0.315 -0.305 -0.137 1.064 
5,500 0.176 0.364 -0.951 0.518 
6,000 0.289 0.248 -0.383 -1.677 -0.435 0.402 
6,500 0.367 0.188 -0.356 -0.754 0.771 0.642 
7,000 0.258 0.243 -1.420 0.320 2.204 0.760 
7,500 0.767 -0.287 -0.598 -0.635 1.775 0.936 
8,000 -0.256 -0.394 -0.582 -3.921 1.167 -1.264 
9,000 -0.312 -0.657 -0.830 0.217 -0.995 0.185 

10,000 -0.469 -0.671 -0.735 0.398 1.574 -13.600 
12,000 -0.399 -0.609 -0.538 -0.628 0.789 -2.575 
15,000 -0.191 -0.563 -0.336 -0.769 -7.215 -0.961 
20,000 -0.913 -0.399 -0.298 -0.327 -1.451 -0.441 
25,000 -0.517 -0.348 -0.362 -0.932 -0.369 -0.470 
30,000 -0.256 -0.287 -0.377 -0.197 -0.694 -0.946 

TABLE OF NON-ADIABATIC PHI 

MODE 1 Opacity table : DXIX Mass : 0.8 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 171.100 169.100 158.700 154.800 147.000 
5,500 176.100 162.200 157.900 142.700 
6,000 174.300 152.200 153.100 174.100 151.700 139.900 
6,500 158.900 141.000 159.100 145.600 144.300 135.700 
7,000 138.000 117.800 163.400 144.300 124.800 130.800 
7,500 113.600 78.800 140.800 130.900 133.800 124.700 
8,000 93.700 61.500 173.500 230.700 111.600 126.600 
9,000 43.000 -27.300 -150.300 122.600 157.500 94.500 

10,000 -4.100 -55.400 111.700 116.900 188.600 
12,000 -31.200 -71.000 -148.000 160.700 105.300 87.100 
15,000 -35.100 -71.300 -143.200 173.800 104.700 124.500 
20,000 -22.000 -58.100 -113.800 157.900 112.700 94.900 
25,000 -19.500 -41.600 -92.300 172.200 112.000 87.300 
30,000 -14.200 -34.100 -71.500 212.200 -75.700 92.900 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC PERIODS 

MODE : ° Opacity table : DXIX Mass: 1.0 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 16.160 48.210 89.360 131.400 37.150 83.200 
5,500 11.420 32.190 60.420 87.890 40.770 67.370 
6,000 8.790 24.280 45.860 66.480 87.830 59.860 
6,500 6.250 17.200 33.030 47.700 0.460 47.910 
7,000 4.900 13.460 26.200 41.060 65.420 0.190 
7,500 3.570 9.750 19.180 35.430 46.080 56.630 
8,000 3.060 8.330 16.900 29.120 41.860 0.220 
9,000 2.080 5.680 11.360 22.320 32.820 16.400 

10,000 1.420 3.870 7.830 14.700 21.150 25.680 
12,000 0.780 2.110 7.670 12.280 0.340 
15,000 0.400 1.030 2.040 3.680 9.250 18.180 
20,000 0.160 0.380 0.730 1.280 2.120 3.090 
25,000 0.760 0.180 0.580 1.000 1.470 
30,000 0.430 0.100 0.300 0.520 0.860 

TABLE OF ADIABATIC PERIODS 

MODE 0 Opacity table : DXIX Mass: 1.0 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 16.130 50.100 121.000 328.700 
5,500 11.420 34.650 80.310 187.100 
6,000 8.820 26.480 59.880 130.600 415.100 
6,500 6.320 18.670 41.080 84.390 195.500 
7,000 4.960 14.430 31.180 62.070 131.000 376.700 
7,500 3.610 10.290 21. 760 41.820 80.990 162.200 
8,000 3.080 8.710 18.230 34.470 64.600 119.400 
9,000 2.090 5.780 11. 780 21.520 38.130 62.630 

10,000 1.420 3.860 7.710 13.710 23.350 36.450 
12,000 0.780 2.080 6.920 11.440 16.810 
15,000 0.400 1.020 1.940 3.250 5.130 7.350 
20,000 0.160 0.380 0.710 1.160 1.780 2.480 
25,000 0.760 0.180 0.530 0.820 1.120 
30,000 0.430 0.100 0.290 0.440 0.600 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC Q VALUES 

MODE 0 Opacity table : DXIX Mass: 1.0 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 0.059 0.077 0.085 0.085 0.018 0.032 
5,500 0.055 0.068 0.075 0.075 0.026 0.034 
6,000 0.052 0.063 0.070 0.070 0.068 0.037 
6,500 0.049 0.059 0.067 0.066 0.039 
7,000 0.047 0.056 0.065 0.070 0.082 
7,500 0.045 0.054 0.063 0.079 0.076 0.076 
8,000 0.044 0.053 0.064 0.075 0.079 
9,000 0.043 0.051 0.061 0.081 0.088 0.035 

10,000 0.041 0.049 0.059 0.075 0.080 0.078 
12,000 0.039 0.046 0.068 0.080 0.002 
15,000 0.037 0.042 0.050 0.061 0.113 0.180 
20,000 0.036 0.038 0.044 0.052 0.064 0.075 
25,000 0.348 0.037 0.048 0.060 0.071 
30,000 0.339 0.036 0.043 0.054 0.073 

TABLE OF ADIABATIC Q VALUES 

MODE ° Opacity tabJe : DXJX Mass: 1.0 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 0.059 0.080 0.115 0.212 
5,500 0.055 0.073 0.100 0.159 
6,000 0.052 0.068 0.092 0.137 0.321 
6,500 0.049 0.064 0.083 0.117 0.199 
7,000 0.047 0.060 0.078 0.105 0.164 0.381 
7,500 0.045 0.057 0.072 0.094 0.134 0.216 
8,000 0.045 0.055 0.069 0.089 0.123 0.183 
9,000 0.043 0.052 0.063 0.078 0.102 0.136 

10,000 0.041 0.049 0.058 0.070 0.088 0.111 
12,000 0.039 0.045 0.062 0.075 0.089 
15,000 0.037 0.042 0.047 0.054 0.063 0.073 
20,000 0.036 0.038 0.042 0.047 0.054 0.060 
25,000 0.349 0.037 0.043 0.049 0.054 
30,000 0.340 0.036 0.041 0.045 0.050 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC GROWTH RATES 

MODE 0 Opacity table : DXIX Mass: 1.0 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 0.824 1.346 2.804 3.934 0.493 -0.128 
5,500 0.146 1.131 1.806 2.886 -1.486 -0.571 
6,000 0.191 0.878 1.409 1.923 3.083 -0.275 
6,500 0.134 0.344 0.551 -0.298 0.674 0.681 
7,000 0.467 0.655 -0.309 -0.763 -0.905 -0.448 
7,500 -0.262 -0.195 -0.499 -2.188 -0.195 0.993 
8,000 -0.577 -0.285 -0.783 -1.472 -0.149 0.608 
9,000 -0.889 -0.467 -0.908 -1.714 -0.729 1.836 

10,000 -0.773 -0.527 -0.976 -1.073 -0.322 0.711 
12,000 -0.442 -0.408 -0.926 -0.708 0.191 
15,000 -0.171 -0.196 -0.677 -1.068 -1.984 0.132 
20,000 -0.425 -0.830 -0.408 -1.000 -1.444 -1.817 
25,000 -0.139 -0.376 -0.674 -1.021 -1.219 
30,000 -0.705 -0.140 -0.428 -0.626 -0.461 

TABLE OF NON-ADIABATIC PHI 

MODE 0 Opacity table : DXIX Mass: 1.0 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 169.700 171.600 162.100 157.900 124.800 155.900 
5,500 176.500 159.600 148.600 151.300 139.900 155.700 
6,000 172.300 149.500 139.400 140.900 145.600 154.300 
6,500 148.000 124.100 114.900 115.400 144.600 
7,000 120.700 101.600 85.400 82.200 84.300 
7,500 90.800 71. 900 64.600 15.100 94.700 110.200 
8,000 71.300 35.300 30.900 90.100 
9,000 32.900 15.000 9.200 -30.100 51.600 127.100 

10,000 5.400 -12.400 -19.900 -38.900 59.800 107.900 
12,000 -12.300 -32.600 -45.900 -26.400 
15,000 -13.200 -33.500 -46.100 -51.000 -90.600 
20,000 -11.000 -19.700 -43.100 -51.100 -56.000 -61.600 
25,000 -6.900 -15.400 -54.400 -70.200 -77 .1 00 
30,000 1.900 -13.400 -43.900 -67.800 -80.600 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC PERIODS 

MODE 1 Opacity table : DXIX Mass: 1.0 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 9.400 22.100 36.230 50.170 63.200 48.690 
5,500 6.930 16.550 27.340 24.370 58.460 48.620 
6,000 5.570 13.290 22.270 20.560 32.380 38.460 
6,500 4.110 9.820 16.980 17.710 51.250 28.980 
7,000 3.260 7.880 13.400 22.640 20.730 38.210 
7,500 2.400 5.890 10.210 11. 920 15.390 18.690 
8,000 2.060 5.090 9.230 10.410 20.210 31.480 
9,000 1.430 3.650 6.680 10.280 13.660 11.600 

10,000 1.000 2.590 4.840 7.330 7.090 11.400 
12,000 0.570 1.470 4.290 3.810 6.100 
15,000 0.300 0.750 1.410 2.320 3.200 2.630 
20,000 0.120 0.290 0.540 0.880 1.350 1.870 
25,000 0.560 0.140 0.420 0.630 1.120 
30,000 0.310 0.790 0.230 0.340 0.660 

TABLE OF ADIABATIC PERIODS 

MODE 1 Opacity table : DXlX Mass: 1.0 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 9.350 21.850 36.520 51.890 68.380 83.170 
5,500 6.900 16.540 27.970 39.990 52.730 64.170 
6,000 5.560 13.460 22.920 32.960 43.430 52.880 
6,500 4.150 10.200 17 • 560 25.430 33.530 40.740 
7,000 3.320 8.260 14.340 20.920 27.560 33.510 
7,500 2.460 6.200 10.890 16.060 21.240 25.710 
8,000 2.120 5.360 9.470 14.050 18.640 22.540 
9,000 1.450 3.700 6.640 9.990 13.370 16.210 

10,000 1.000 2.540 4.620 7.060 9.610 11.640 
12,000 0.560 1.400 3.980 5.590 6.840 
15,000 0.300 0.710 1.280 2.030 2.900 3.690 
20,000 0.120 0.280 0.490 0.760 1.100 1.440 
25,000 0.560 0.140 0.360 0.520 0.670 
30,000 0.310 0.780 0.210 0.280 0.360 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC Q VALUES 

MODE 1 Opacity table : DXIX Mass: 1.0 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 0.034 0.035 0.034 0.032 0.030 0.019 
5,500 0.033 0.035 0.034 0.021 0.037 0.025 
6,000 0.033 0.034 0.034 0.022 0.025 0.024 
6,500 0.032 0.033 0.034 0.024 0.052 0.024 
7,000 0.031 0.033 0.033 0.038 0.026 0.039 
7,500 0.030 0.033 0.034 0.027 0.025 0.025 
8,000 0.030 0.032 0.035 0.027 0.038 0.048 
9,000 0.029 0.033 0.036 0.037 0.037 0.025 

10,000 0.029 0.033 0.036 0.038 0.027 0.035 
12,000 0.028 0.032 0.038 0.025 0.032 
15,000 0.028 0.031 0.034 0.039 0.039 0.026 
20,000 0.027 0.029 0.032 0.036 0.041 0.045 
25,000 0.255 0.028 0.034 0.038 0.054 
30,000 0.243 0.274 0.033 0.035 0.047 

TABLE OF ADIABATIC Q VALUES 

MODE Opacity table : DXlX Mass: 1.0 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 0.034 0.035 0.035 0.034 0.033 0.032 
5,500 0.033 0.035 0.035 0.034 0.033 0.033 
6,000 0.033 0.035 0.035 0.035 0.034 0.033 
6,500 0.032 0.035 0.036 0.035 0.034 0.034 
7,000 0.032 0.035 0.036 0.036 0.035 0.034 
7,500 0.031 0.034 0.036 0.036 0.035 0.034 
8,000 0.031 0.034 0.036 0.036 0.035 0.035 
9,000 0.030 0.033 0.035 0.036 0.036 0.035 

10,000 0.029 0.032 0.035 0.036 0.036 0.036 
12,000 0.028 0.031 0.036 0.037 0.036 
15,000 0.028 0.029 0.031 0.034 0.036 0.037 
20,000 0.027 0.029 0.029 0.031 0.033 0.035 
25,000 0.256 0.028 0.029 0.031 0.032 
30,000 0.244 0.272 0.029 0.029 0.031 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC GROWTH RATES 

MODE 1 Opacity table : DXIX Mass: 1.0 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 0.723 0.235 0.329 -0.279 -0.782 0.483 
5,500 0.123 0.395 0.284 -0.896 -2.313 -0.707 
6,000 0.196 0.492 0.172 -1.216 -0.643 -0.798 
6,500 0.277 0.422 0.101 -1.897 3.549 -0.978 
7,000 0.206 0.215 -0.154 -0.613 -0.607 1.198 
7,500 0.646 -0.672 -0.525 -0.510 -0.455 -0.171 
8,000 -0.381 -0.255 -0.768 -0.435 1.136 3.942 
9,000 -0.218 -0.568 -0.847 -0.556 0.602 -0.148 

10,000 -0.276 -0.695 -0.710 -0.563 0.441 1.692 
12,000 -0.210 -0.681 -0.597 0.408 1.401 
15,000 -0.100 -0.523 -0.453 -0.492 -1.098 2.159 
20,000 -0.438 -0.284 -0.445 -0.221 -0.532 -1.663 
25,000 -0.214 -0.211 -0.278 -0.780 -0.643 
30,000 -0.113 -0.149 -0.337 -0.101 -0.588 

TABLE OF NON-ADIABATIC PHI 

MODE Opacity table : DXIX Mass: 1.0 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 169.600 171.100 164.400 157.400 154.500 102.800 
5,500 174.900 167.800 157.000 168.500 179.600 143.500 
6,000 176.000 162.900 151.200 172.000 146.000 146.900 
6,500 162.200 146.000 143.500 175.200 146.400 141.100 
7,000 140.600 125.800 117.500 168.300 142.000 
7,500 113.200 92.300 81.600 129.500 131.800 153.600 
8,000 92.900 70.900 -10.200 126.900 135.300 127.400 
9,000 44.300 0.900 -81.800 170.800 131.000 122.600 

10,000 5.300 -32.900 -106.500 182.600 112.300 118.000 
12,000 -22.700 -54.300 198.500 105.500 103.800 
15,000 -26.800 -59.200 -96.600 198.800 197.500 78.600 
20,000 -18.300 -41.300 -79.400 210.700 142.700 114.200 
25,000 -16.000 -29.300 243.600 148.700 94.600 
30,000 -8.900 -27.300 263.500 182.700 105.300 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC PERIODS 

MODE 0 Opacity table : DXIX Mass: 1.2 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 13.860 40.870 78.900 119.900 159.500 171.700 
5,500 9.880 27.690 53.150 79.510 107.500 136.600 
6,000 7.630 20.980 40.620 60.980 80.280 99.780 
6,500 5.460 14.810 29.080 45.860 61.700 80.540 
7,000 4.290 11.580 22.700 35.710 58.910 65.110 
7,500 3.130 8.460 16.390 27.910 43.640 57.360 
8,000 2.690 7.220 14.380 25.590 50.910 27.160 
9,000 1.830 4.890 9.660 17.160 28.600 16.690 

10,000 1.250 3.340 6.540 11.850 19.660 23.860 
12,000 0.690 1.820 3.480 6.210 10.400 13.890 
15,000 0.360 0.900 1.730 2.970 4.620 6.180 
20,000 0.140 0.340 0.620 1.060 1.680 2.370 
25,000 0.680 0.170 0.290 0.480 0.790 1.150 
30,000 0.380 0.940 0.160 0.260 0.410 0.600 

TABLE OF ADIABATIC PERIODS 

MODE 0 Opacity table : DXIX Mass: 1.2 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 13.850 41.210 92.630 201.200 669.900 2543.540 
5,500 9.870 28.730 62.960 128.300 298.000 1120.420 
6,000 7.630 22.080 47.580 93.880 195.500 558.100 
6,500 5.490 15.670 33.110 63.130 121.000 240.200 
7,000 4.320 12.180 25.360 47.440 87.380 156.500 
7,500 3.150 8.750 17 .890 32.660 57.680 95.810 
8,000 2.700 7.430 15.070 27.180 47.180 76.140 
9,000 1.840 4.960 9.860 17.330 29.020 44.330 

10,000 1.250 3.340 6.520 11.230 18.310 27.130 
12,000 0.690 1.810 3.380 5.780 9.220 13.070 
15,000 0.360 0.890 1.680 2.760 4.240 5.920 
20,000 0.140 0.340 0.610 0.990 1.500 2.050 
25,000 0.690 0.170 0.290 0.460 0.700 0.930 
30,000 0.380 0.940 0.160 0.250 0.370 0.500 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC Q VALUES 

MODE 0 Opacity table : DXIX Mass: 1.2 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 0.055 0.071 0.082 0.085 0.083 0.072 
5,500 0.052 0.064 0.073 0.074 0.074 0.076 
6,000 0.049 0.059 0.068 0.070 0.068 0.068 
6,500 0.046 0.055 0.065 0.069 0.069 0.073 
7,000 0.045 0.053 0.062 0.066 0.081 0.072 
7,500 0.043 0.051 0.059 0.068 0.079 0.084 
8,000 0.043 0.050 0.059 0.072 0.106 0.046 
9,000 0.041 0.048 0.056 0.068 0.084 0.040 

10,000 0.040 0.046 0.054 0.067 0.082 0.080 
12,000 0.038 0.044 0.051 0.061 0.074 0.081 
15,000 0.036 0.040 0.046 0.054 0.062 0.067 
20,000 0.035 0.037 0.041 0.047 0.055 0.063 
25,000 0.343 0.036 0.038 0.043 0.052 0.061 
30,000 0.330 0.356 0.037 0.040 0.047 0.056 

TABLE OF ADIABATIC Q VALUES 

MODE 0 Opacity table : DXlX Mass: 1.2 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 0.055 0.072 0.096 0.142 0.350 1.764 
5,500 0.052 0.066 0.086 0.120 0.205 0.774 
6,000 0.049 0.063 0.080 0.108 0.166 0.381 
6,500 0.047 0.058 0.073 0.096 0.135 0.216 
7,000 0.045 0.056 0.069 0.088 0.120 0.174 
7,500 0.044 0.053 0.064 0.080 0.104 0.140 
8,000 0.043 0.052 0.062 0.077 0.098 0.128 
9,000 0.041 0.049 0.058 0.069 0.085 0.105 

10,000 0.040 0.046 0.054 0.063 0.076 0.091 
12,000 0.038 0.043 0.049 0.056 0.066 0.076 
15,000 0.036 0.040 0.045 0.050 0.057 0.064 
20,000 0.035 0.037 0.040 0.044 0.049 0.054 
25,000 0.344 0.036 0.038 0.041 0.045 0.050 
30,000 0.332 0.357 0.037 0.039 0.042 0.046 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC GROWTH RATES 

MODE 0 Opacity table : DXIX Mass: 1.2 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 0.322 0.814 2.093 3.088 4.202 0.501 
5,500 0.733 0.792 1.480 2.151 3.402 3.784 
6,000 0.886 0.542 1.071 0.870 1.418 -0.102 
6,500 0.877 0.318 0.649 -0.287 0.161 0.461 
7,000 0.358 0.114 -0.353 -0.367 -1.676 0.746 
7,500 -0.147 -0.183 -0.278 -1.076 -0.760 -0.355 
8,000 -0.338 -0.209 -0.672 -1.438 -5.001 3.326 
9,000 -0.485 -0.298 -0.704 -1.192 -1.271 2.290 

10,000 -0.431 -0.340 -0.761 -1.210 -1.128 0.438 
12,000 -0.227 -0.238 -0.652 -0.950 -0.899 -0.561 
15,000 -0.758 -0.111 -0.420 -0.894 -0.809 -0.480 
20,000 -0.175 -0.364 -0.216 -0.721 -1.275 -1.802 
25,000 -0.606 -0.146 -0.108 -0.440 -0.881 -0.119 
30,000 -0.370 -0.534 -0.523 -0.277 -0.569 -0.585 

TABLE OF NON-ADIABATIC PHI 

MODE 0 Opacity table : DXIX Mass: 1.2 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 167.500 175.200 162.600 156.200 156.800 121. 700 
5,500 175.300 163.400 151.300 149.800 152.600 145.400 
6,000 175.000 145.900 137.100 131.100 137.100 145.900 
6,500 155.900 131.600 101.400 96.200 115.900 114.200 
7,000 127.300 109.800 92.800 91.500 58.800 112.700 
7,500 92.300 66.100 69.400 46.700 71.500 90.500 
8,000 69.600 55.100 29.900 7.800 -62.300 113.000 
9,000 35.700 23.500 8.400 -9.500 -12.400 127.900 

10,000 8.000 -9.200 -13 .400 -36.000 -38.700 83.200 
12,000 -10.200 -25.200 -35.800 -42.600 -48.900 -21.300 
15,000 -9.500 -27.900 -42.200 -45.000 -34.500 -5.100 
20,000 -8.300 -13.700 -32.200 ... 48.400 -47.700 -41.000 
25,000 -4.100 -13.600 -23.400 -45.500 -61.000 -67.100 
30,000 3.500 -8.900 -17.800 -33.600 -56.100 -69.500 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC PERIODS 

MODE 1 Opacity table : DXIX Mass: 1.2 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 8.440 20.160 33.620 47.800 61.020 70.060 
5,500 6.180 15.090 25.140 36.080 30.680 46.200 
6,000 4.970 12.070 20.520 29.610 23.280 36.880 
6,500 3.670 8.890 15.210 23.050 22.320 48.200 
7,000 2.910 7.080 12.220 18.670 30.420 23.060 
7,500 2.140 5.290 9.240 10.920 14.740 17.940 
8,000 1.850 4.580 8.270 12.800 19.670 8.850 
9,000 1.280 3.190 5.970 9.220 8.920 8.690 

10,000 0.900 2.260 4.250 6.690 6.180 10.750 
12,000 0.510 1.280 2.370 3.870 5.390 6.470 
15,000 0.270 0.660 1.230 2.020 2.870 3.530 
20,000 0.100 0.260 0.470 0.760 1.130 1.550 
25,000 0.500 0.130 0.220 0.360 0.540 0.720 
30,000 0.270 0.700 0.130 0.200 0.300 0.380 

TABLE OF ADIABATIC PERIODS 

MODE Opacity table : DXIX Mass: 1.2 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 8.410 19.940 33.740 48.500 63.840 77.450 
5,500 6.160 15.040 25.710 37.290 49.150 59.700 
6,000 4.960 12.200 21.010 30.660 40.490 49.170 
6,500 3.690 9.190 16.010 23.580 31.270 37.890 
7,000 2.950 7.410 13.010 19.320 25.700 31.150 
7,500 2.180 5.530 9.830 14.750 19.790 23.960 
8,000 1.880 4.770 8.520 12.860 17.340 21.010 
9,000 1.300 3.280 5.930 9.070 12.380 15.150 

10,000 0.900 2.250 4.100 6.340 8.800 10.860 
12,000 0.510 1.240 2.210 3.530 5.040 6.300 
15,000 0.270 0.640 1.130 1.780 2.570 3.310 
20,000 0.100 0.260 0.440 0.670 0.960 1.250 
25,000 0.500 0.130 0.220 0.330 0.460 0.580 
30,000 0.270 0.700 0.120 0.190 0.260 0.320 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC Q VALUES 

MODE 1 Opacity table : DXIX Mass: 1.2 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 0.034 0.035 0.035 0.034 0.032 0.030 
5,500 0.032 0.035 0.034 0.034 0.021 0.026 
6,000 0.032 0.034 0.035 0.034 0.020 0.025 
6,500 0.031 0.033 0.034 0.035 0.025 0.043 
7,000 0.030 0.033 0.033 0.035 0.042 0.026 
7,500 0.030 0.032 0.033 0.027 0.027 0.026 
8,000 0.029 0.032 0.034 0.036 0.041 0.015 
9,000 0.029 0.031 0.035 0.037 0.026 0.021 

10,000 0.028 0.031 0.035 0.038 0.026 0.036 
12,000 0.028 0.031 0.034 0.038 0.039 0.038 
15,000 0.027 0.030 0.033 0.037 0.039 0.038 
20,000 0.026 0.028 0.031 0.034 0.037 0.041 
25,000 0.248 0.028 0.030 0.032 0.035 0.038 
30,000 0.235 0.265 0.029 0.032 0.033 0.035 

TABLE OF ADIABATIC Q VALUES 

MODE 1 Opacity table : DXIX Mass: 1.2 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 0.033 0.035 0.035 0.034 0.033 0.033 
5,500 0.032 0.035 0.035 0.035 0.034 0.033 
6,000 0.032 0.035 0.035 0.035 0.034 0.034 
6,500 0.031 0.034 0.036 0.036 0.035 0.034 
7,000 0.031 0.034 0.036 0.036 0.035 0.035 
7,500 0.030 0.033 0.035 0.036 0.036 0.035 
8,000 0.030 0.033 0.035 0.036 0.036 0.035 
9,000 0.029 0.032 0.035 0.036 0.036 0.036 

10,000 0.029 0.031 0.034 0.036 0.036 0.036 
12,000 0.028 0.030 0.032 0.034 0.036 0.037 
15,000 0.027 0.029 0.030 0.032 0.034 0.036 
20,000 0.026 0.028 0.029 0.030 0.032 0.033 
25,000 0.249 0.027 0.029 0.029 0.030 0.031 
30,000 0.236 0.265 0.028 0.029 0.029 0.030 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC GROWTH RATES 

MODE 1 Opacity table: DXIX' Mass: 1.2 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 0.452 0.214 0.377 0.416 -0.460 5.469 
5,500 0.844 0.363 0.433 -0.163 -1.354 -1.284 
6,000 0.122 0.431 0.292 -0.157 -2.252 3.490 
6,500 0.211 0.462 0.160 -0.297 -1.545 0.534 
7,000 0.168 0.319 -0.395 -0.144 -0.283 -0.455 
7,500 0.428 -0.115 -0.349 -0.754 -0.646 -0.163 
8,000 -0.345 -0.199 -0.808 -0.818 1.077 -0.421 
9,000 -0.139 -0.444 -0.796 -0.830 0.343 -0.771 

10,000 -0.171 -0.654 -0.749 -0.754 0.386 0.608 
12,000 -0.121 -0.626 -0.605 -0.551 -0.587 -0.353 
15,000 -0.541 -0.404 -0.549 -0.380 -0.584 -0.707 
20,000 -0.222 -0.172 -0.449 -0.366 -0.253 -0.822 
25,000 -0.104 -0.126 -0.346 -0.425 -0.140 -1.387 
30,000 -0.610 -0.749 -0.302 -0.418 -0.282 -0.851 

TABLE OF NON-ADIABATIC PHI 

MODE Opacity table : DXIX Mass: 1.2 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 169.200 173.800 165.900 158.000 156.000 156.100 
5,500 173.100 171.200 159.400 156.100 171.800 137.800 
6,000 176.800 161.400 149.700 176.800 145.800 
6,500 167.600 150.500 127.600 149.900 148.600 
7,000 145.700 132.700 112.200 147.900 154.200 131.700 
7,500 113.900 83.600 76.400 141.500 126.600 130.300 
8,000 89.300 67.600 1.000 -144.800 139.500 
9,000 49.100 23.600 -46.500 -131.600 127.100 131.700 

10,000 9.800 -20.700 -67.800 -131.200 115.000 125.800 
12,000 -17.700 -41.800 -77.900 -136.700 -179.700 139.200 
15,000 -19.500 -49.300 -75.300 -129.400 -168.800 173.400 
20,000 -14.100 -61.800 -100.400 -175.400 145.300 
25,000 -12.600 -24.400 -46.500 -82.800 -154.200 143.100 
30,000 -5.900 -21.000 -34.400 -67.400 -118.800 170.400 

TABLE OF NON-ADIABATIC PERIODS 
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TABLES OF LINEAR RESULTS 

MODE 0 Opacity table : BD9C Mass : 0.8 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 56.430 118.600 267.600 76.250 86.110 
5,500 40.220 102.200 171.300 
6,000 9.330 34.910 71.460 100.100 37.080 76.360 
6,500 7.810 27.330 49.350 68.580 82.200 
7,000 6.490 20.010 33.900 46.840 56.410 64.610 
7,500 4.480 13.110 21.590 28.430 42.940 
8,000 3.730 10.730 17 .200 22.510 39.050 27.760 
9,000 2.410 7.010 14.590 13.240 38.770 32.330 

10,000 1.610 4.890 11.280 23.990 11.030 
12,000 0.870 2.550 6.300 12.820 18.790 6.180 
15,000 0.410 1.200 2.650 5.600 10.340 9.350 
20,000 0.170 0.450 0.960 1.960 3.460 4.600 
25,000 0.850 0.210 0.850 0.820 1.530 2.020 
30,000 0.410 0.100 0.840 0.690 0.940 1.620 

TABLE OF ADIABATIC PERIODS 

MODE 0 Opacity table : BD9C Mass : 0.8 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 56.520 363.900 
5,500 40.230 107.800 334.500 
6,000 9.340 35.130 85.680 234.600 
6,500 7.810 28.150 65.750 172.800 1521.320 
7,000 6.490 21.440 49.600 124.200 744.600 1023.190 
7,500 4.490 14.790 33.630 80.010 254.700 
8,000 3.760 12.300 27.670 64.260 180.600 487.540 
9,000 2.450 7.820 17.060 37.440 88.280 231.600 

10,000 1.620 5.010 10.590 22.150 47.310 
12,000 0.860 2.400 4.990 10.140 20.290 35.310 
15,000 0.410 1. 110 2.140 4.060 7.740 13.500 
20,000 0.170 0.440 0.800 1.410 2.530 3.640 
25,000 0.850 0.210 0.370 0.610 1.040 1.640 
30,000 0.410 0.100 0.170 0.280 0.450 0.710, 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC Q VALUES 

MODE 0 Opacity table : BD9C Mass : 0.8 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 0.077 0.101 0.155 0.032 0.030 
5,500 0.073 0.114 0.130 
6,000 0.053 0.083 0.105 0.101 0.027 0.077 
6,500 0.054 0.080 0.089 0.085 0.025 
7,000 0.055 0.072 0.076 0.071 0.063 0.058 
7,500 0.051 0.062 0.063 0.057 0.063 
8,000 0.048 0.059 0.058 0.052 0.066 0.038 
9,000 0.044 0.054 0.070 0.043 0.093 0.063 

10,000 0.042 0.053 0.076 0.110 0.100 
12,000 0.050 0.075 0.102 0.110 0.029 
15,000 0.037 0.045 0.062 0.089 0.121 0.089 
20,000 0.036 0.039 0.051 0.072 0.093 0.100 
25,000 0.348 0.037 0.091 0.060 0.082 0.088 
30,000 0.332 0.036 0.180 0.051 0.100 0.140 

TABLE OF ADIABATIC Q VALUES 

MODE 0 Opacity table : BD9C Mass : 0.8 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 0.077 0.102 0.210 
5,500 0.073 0.120 0.255 
6,000 0.053 0.084 0.126 0.236 
6,500 0.054 0.082 0.119 0.213 1.723 
7,000 0.055 0.077 0.111 0.189 0.832 2.031 
7,500 0.051 0.070 0.099 0.160 0.375 
8,000 0.049 0.067 0.093 0.148 0.305 0.903 
9,000 0.045 0.060 0.081 0.122 0.211 0.448, 

10,000 0.042 0.055 0.071 0.102 0.160 
12,000 0.047 0.059 0.081 0.119 0.168 
15,000 0.037 0.042 0.050 0.065 0.091 0.128 
20,000 0.036 0.038 0.043 0.052 0.068 0.079 
25,000 0.349 0.037 0.039 0.045 0.056 0.071 
30,000 0.333 0.036 0.037 0.040 0.048 0.061 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC GROWTH RATES 

MODE 0 Opacity table : BD9C Mass : 0.8 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 0.700 0.680 4.334 0.455 0.626 
5,500 0.168 1.804 5.277 
6,000 0.545 0.536 2.872 4.754 0.404 5.961 
6,500 0.174 0.950 3.025 4.474 -1.358 
7,000 0.846 1.154 2.649 3.536 -1.546 0.216 
7,500 0.962 0.851 1.435 2.191 -1.773 
8,000 0.115 0.255 0.573 2.398 -0.822 1.136 
9,000 -0.686 -0.993 0.198 1.423 -1.240 0.513 

10,000 -0.194 -1.587 -4.025 -3.364 0.159 
12,000 -1.251 -2.048 -1.968 -1.170 0.233 
15,000 -0.408 -0.880 -1.313 -1.160 -1.099 0.272 
20,000 -0.111 -0.305 -0.725 -0.720 -0.137 0.426 
25,000 -0.566 -0.140 -0.704 -0.756 -0.144 0.354 
30,000 -0.247 -0.506 -0.449 -0.984 0.373 -5.989 

TABLE OF NON-ADIABATIC PHI 

MODE 0 Opacity table : BD9C Mass : 0.8 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 171. 600 172.700 172.700 174.500 170.100 
5,500 173.400 172.200 176.200 
6,000 171.100 171.400 175.800 175.200 175.300 175.500 
6,500 170.900 174.900 175.100 173.300 177.800 
7,000 171.500 173.700 169.500 165.000 166.200 161.700 
7,500 176.000 156.100 153.700 153.900 121.000 
8,000 164.200 132.600 143.600 152.600 107.200 150.100 
9,000 94.500 51. 700 144.400 145.000 137.700 108.100 

10,000 24.900 -19.600 -60.800 -50.400 -36.300 
12,000 -46.800 -69.800 -65.900 -49.400 123.600 
15,000 -13.000 -55.500 -68.400 -71.300 -52.300 75.200 
20,000 -3.000 -37.100 -61.000 -64.400 -40.700 65.900 
25,000 -9.700 -21.600 -104.700 -52.500 -38.800 59.300 
30,000 -6.400 -32.400 -155.100 -42.800 -76.100 3.300 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC PERIODS 

MODE 1 Opacity table : BD9C Mass : 0.8 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 30.480 44.750 62.630 49.830 85.540 
5,500 20.840 32.380 43.030 
6,000 6.390 14.630 22.080 29.050 35.300 49.430 
6,500 4.820 11.230 17.200 21.980 27.290 
7,000 3.660 9.080 13.610 17 .360 21.900 28.230 
7,500 2.790 6.800 9.860 13.250 33.000 
8,000 2.410 5.790 8.310 11.800 15.650 16.010 
9,000 1.640 3.810 8.930 8.080 36.480 11. 730 

10,000 1.140 3.190 3.820 5.340 5.660 
12,000 0.660 1.770 3.140 3.040 4.320 5.250 
15,000 0.320 0.900 1.580 1.690 2.030 1.440 
20,000 0.130 0.380 0.670 1.080 0.670 0.900 
25,000 0.610 0.170 0.580 0.540 0.970 0.940 
30,000 0.290 0.790 0.710 0.350 0.630 0.880 

TABLE OF ADIABATIC PERIODS 

MODE Opacity table : BD9C Mass : 0.8 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 30.500 44.650 62.230 75.680 85.130 
5,500 20.800 32.210 42.680 
6,000 6.390 14.580 21.980 29.270 36.030 41.210 
6,500 4.820 11.220 17.230 22.700 28.040 
7,000 3.650 9.110 13.930 18.220 22.380 25.780 
7,500 2.790 6.970 10.760 14.110 17.250 
8,000 2.420 6.090 9.480 12.520 15.280 17.440 
9,000 1.680 4.310 6.880 9.270 11. 460 13.140 

10,000 1.160 3.020 4.930 6.810 8.560 
12,000 0.650 1.620 2.810 4.100 5.300 6.220 
15,000 0.310 0.810 1.400 2.130 2.850 3.410 
20,000 0.130 0.340 0.580 0.920 1.330 1.370 
25,000 0.610 0.160 0.280 0.440 0.650 0.850 
30,000 0.290 0.760 0.130 0.200 0.290 0.380 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC Q VALUES 

MODE 1 Opacity table : BD9C Mass : 0.8 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 0.042 0.038 0.036 0.021 0.029 
5,500 0.038 0.036 0.033 
6,000 0.036 0.035 0.033 0.029 0.019 0.030 
6,500 0.033 0.033 0.031 0.027 0.018 
7,000 0.031 0.033 0.030 0.026 0.024 0.026 
7,500 0.031 0.032 0.029 0.027 0.019 
8,000 0.031 0.032 0.028 0.027 0.026 0.022 
9,000 0.030 0.029 0.027 0.026 0.028 0.023 

10,000 0.030 0.035 0.026 0.025 0.037 
12,000 0.035 0.037 0.024 0.025 0.025 
15,000 0.028 0.034 0.037 0.027 0.024 0.014 
20,000 0.026 0.033 0.036 0.039 0.018 0.020 
25,000 0.248 0.030 0.062 0.039 0.052 0.041 
30,000 0.238 0.273 0.152 0.037 0.067 0.076 

TABLE OF ADIABATIC Q VALUES 

MODE Opacity table : BD9C Mass : 0.8 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 0.042 0.038 0.036 0.032 0.029 
5,500 0.038 0.036 0.033 
6,000 0.036 0.035 0.032 0.029 0.027 0.025 
6,500 0.033 0.033 0.031 0.028 0.025 
7,000 0.031 0.033 0.031 0.028 0.025 0.023 
7,500 0.031 0.033 0.032 0.028 0.025 
8,000 0.031 0.033 0.032 0.029 0.026 0.024 
9,000 0.031 0.033 0.033 0.030 0.027 0.025 

10,000 0.030 0.033 0.033 0.031 0.029 
12,000 0.032 0.033 0.033 0.031 0.030 
15,000 0.028 0.031 0.033 0.034 0.033 0.032 
20,000 0.026 0.029 0.031 0.034 0.036 0.030 
25,000 0.248 0.028 0.030 0.032 0.035 0.037 
30,000 0.239 0.263 0.028 0.029 0.031 0.033 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC GROWTH RATES 

MODE 1 Opacity table : BD9C Mass : 0.8 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 0.742 0.191 0.335 -0.298 0.912 
5,500 0.102 0.272 0.311 
6,000 0.194 0.186 0.204 -0.525 -0.222 -3.571 
6,500 0.384 0.189 0.132 -0.444 -0.156 
7,000 0.681 0.176 -0.208 -0.914 -0.996 -5.030 
7,500 0.736 0.226 -0.573 -0.413 -1.501 
8,000 0.116 0.846 -0.445 -0.267 -0.183 2.607 
9,000 -0.313 -1.199 -0.370 0.951 -1.989 1.678 

10,000 -0.394 -1.595 0.247 0.840 1.847 
12,000 -0.777 -0.570 -0.444 3.602 1.680 
15,000 -0.269 -0.429 -0.514 -0.676 2.327 0.461 
20,000 -0.138 -0.417 -0.220 -1.154 2.550 -0.147 
25,000 -0.798 -0.539 -0.824 -0.908 -3.111 0.376 
30,000 -0.276 -0.623 -0.471 -0.589 -1.240 0.945 

TABLE OF NON-ADIABATIC PHI 

MODE 1 Opacity table : BD9C Mass : 0.8 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 174.800 175.800 174.400 158.700 200.900 
5,500 175.700 174.800 174.800 
6,000 172.800 173.700 175.500 175.700 169.100 183.400 
6,500 173.100 174.700 177.100 174.900 166.600 
7,000 172.900 177.700 174.200 170.400 175.700 164.700 
7,500 177.700 167.100 159.400 165.700 156.100 
8,000 173.100 149.900 154.100 163.000 160.700 150.400 
9,000 116.000 117.700 164.300 153.400 145.200 140.800 

10,000 29.300 -91.000 137.700 137.300 129.300 
12,000 -103.200 173.100 113.600 123.600 116.500 
15,000 -32.900 -104.000 170.800 125.900 94.100 129.400 
20,000 -20.600 -72.600 185.000 147.700 125.100 113.100 
25,000 -19.100 -43.000 59.400 136.500 169.500 101.300 
30,000 -21.600 -46.400 86.100 143.300 133.700 90.400 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC PERIODS 

MODE 0 Opacity table : BD9C Mass: 1.0 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 86.780 186.000 331.100 84.800 
5,500 29.670 73.100 148.900 199.400 58.100 
6,000 25.840 63.350 105.900 134.900 
6,500 6.630 20.660 42.250 63.610 79.970 92.120 
7,000 5.380 15.570 29.770 44.230 55.320 62.780 
7,500 3.740 10.410 18.980 27.470 33.440 48.100 
8,000 3.120 8.560 15.540 21.420 26.190 29.000 
9,000 2.040 5.560 10.550 12.140 16.590 

10,000 1.370 3.730 8.320 17.830 30.480 
12,000 0.750 2.020 4.590 9.470 17 • 070 21.800 
15,000 0.390 0.990 2.190 4.360 8.020 
20,000 0.150 0.370 0.730 1.440 2.630 
25,000 0.740 0.180 0.310 0.600 1.100 1.650 
30,000 0.410 0.100 0.170 0.300 0.540 0.820 

TABLE OF ADIABATIC PERIODS 

MODE 0 Opacity table : BD9C Mass: 1.0 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 86.990 194.600 605.400 
5,500 29.670 73.570 178.800 547.200 
6,000 25.830 65.610 146.900 411.800 
6,500 6.640 20.790 47.480 103.400 260.400 1683.390 
7,000 5.380 15.860 35.980 77.380 182.400 706.400 
7,500 3.740 10.990 24.680 51.880 113.500 273.000 
8,000 3.130 9.170 20.450 42.390 90.140 195.300 
9,000 2.060 5.900 12.830 25.670 51.220 

10,000 1.380 3.830 8.100 15.680 29.770 
12,000 0.750 1.980 3.920 7.420 13.630 22.110 
15,000 0.390 0.960 1.870 3.350 5.840 
20,000 0.150 0.370 0.660 1 .110 1.830 
25,000 0.740 0.180 0.310 0.500 0.790 1.160 
30,000 0.410 0.100 0.170 0.270 0.420 0.600 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC Q VALUES 

MODE 0 Opacity table : BD9C Mass: 1.0 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 0.082 0.120 0.158 0.033 
5,500 0.062 0.091 0.127 0.125 0.029 
6,000 0.067 0.097 0.111 0.104 
6,500 0.052 0.070 0.086 0.088 0.081 0.076 
7,000 0.051 0.065 0.074 0.075 0.069 0.064 
7,500 0.047 0.058 0.062 0.062 0.055 0.062 
8,000 0.045 0.054 0.059 0.055 0.050 0.044 
9,000 0.042 0.050 0.056 0.044 0.044 

10,000 0.040 0.047 0.063 0.091 0.115 
12,000 0.037 0.044 0.061 0.084 0.112 0.066 
15,000 0.036 0.041 0.053 0.072 0.098 
20,000 0.035 0.037 0.044 0.059 0.079 
25,000 0.339 0.036 0.038 0.049 0.066 0.080 
30,000 0.324 0.036 0.037 0.042 0.056 0.069 

TABLE OF ADIABATIC Q VALUES 

MODE 0 Opacity table : BD9C Mass: 1.0 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 0.082 0.126 0.289 
5,500 0.062 0.092 0.152 0.344 
6,000 0.067 0.101 0.154 0.318 
6,500 0.052 0.071 0.096 0.143 0.265 1.435 
7,000 0.051 0.066 0.090 0.131 0.229 0.715 
7,500 0.047 0.061 0.081 0.116 0.188 0.364 
8,000 0.045 0.058 0.077 0.109 0.171 0.299 
9,000 0.042 0.053 0.068 0.093 0.137 

10,000 0.040 0.049 0.061 0.080 0.113 
12,000 0.037 0.043 0.052 0.066 0.089 0.117 
15,000 0.036 0.040 0.046 0.056 0.072 
20,000 0.035 0.037 0.040 0.045 0.055 
25,000 0.340 0.036 0.038 0.041 0.047 0.056 
30,000 0.325 0.036 0.037 0.038 0.043 0.050 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC GROWTH RATES 

MODE 0 Opacity table : BD9C Mass: 1.0 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 0.213 1.561 5.390 0.417 
5,500 0.459 0.579 3.244 5.733 0.268 
6,000 0.104 1.322 3.796 5.482 
6,500 0.363 0.383 1.982 3.520 5.042 4.995 
7,000 0.280 0.516 1.591 2.937 3.369 4.095 
7,500 0.443 0.485 0.815 1.374 2.580 5.670 
8,000 0.678 0.220 0.185 1.170 2.232 2.777 
9,000 -0.200 -0.487 -2.155 0.472 1.291 

10,000 -0.622 -0.743 -2.714 -4.223 -2.847 
12,000 -0.471 -0.786 -1.749 -2.461 -1.826 -1.274 
15,000 -0.157 -0.442 -1.236 -1. 371 -0.718 
20,000 -0.419 -0.796 -0.557 -0.866 -0.637 
25,000 -0.233 -0.377 -0.314 -0.666 -0.698 -0.313 
30,000 -0.137 -0.181 -0.186 -0.770 -1.081 -1.046 

TABLE OF NON-ADIABATIC PHI 

MODE 0 Opacity table : BD9C Mass: 1.0 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 172.100 173.000 174.000 175.000 
5,500 173.600 171. 900 173.800 176.200 174.000 
6,000 171.800 174.300 175.900 176.300 
6,500 169.700 173.200 175.800 173.400 175.000 168.000 
7,000 169.700 175.200 165.700 164.700 163.400 162.900 
7,500 176.400 156.100 147.200 149.100 155.300 165.800 
8,000 172.000 136.200 128.600 147.200 153.500 153.800 
9,000 104.600 62.200 20.600 147.400 139.600 

10,000 48.300 7.600 -45.200 -67.600 -40.800 
12,000 1.200 -35.300 -62.000 -67.000 -11.800 
15,000 -9.200 -43.800 -65.200 -71.300 -72.600 
20,000 0.900 -18.100 -53.600 -61. 700 -63.700 
25,000 -4.200 -11.600 -26.700 -50.100 -49.800 -28.500 
30,000 -5.200 -23.900 -33.700 -36.100 -34.000 -9.900 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC PERIODS 

MODE 1 Opacity table : BD9C Mass: 1.0 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 40.900 58.600 74.400 52.810 
5,500 18.180 29.780 40.950 50.700 37.380 
6,000 13.990 22.410 30.750 37.750 
6,500 4.260 9.650 15.980 21.440 26.140 29.860 
7,000 3.210 7.820 12.830 16.780 21.360 25.950 
7,500 2.440 5.880 9.480 12.080 16.920 37.750 
8,000 2.110 5.020 8.040 10.470 14.820 21.140 
9,000 1.450 3.410 5.190 7.170 10.270 

10,000 1.010 2.460 5.010 7.660 6.670 
12,000 0.570 1.500 2.770 2.880 3.280 11.670 
15,000 0.300 0.790 1.480 1.560 2.160 
20,000 0.110 0.300 0.570 0.930 1.300 
25,000 0.530 0.140 0.270 0.440 0.690 0.870 
30,000 0.290 0.740 0.140 0.250 0.390 0.660 

TABLE OF ADIABATIC PERIODS 

MODE 1 Opacity table : BD9C Mass: 1.0 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 40.890 58.390 73.880 84.190 
5,500 18.170 29.660 40.700 50.400 57.670 
6,000 13.960 22.310 30.580 37.870 
6,500 4.250 9.630 15.990 21.770 26.880 31.110 
7,000 3.210 7.830 13.010 17.560 21.560 24.850 
7,500 2.440 5.970 13.610 16.690 19.110 
8,000 2.120 5.190 8.770 12.040 14.780 16.970 
9,000 1.470 3.640 6.270 8.820 11.000 

10,000 1.020 2.520 4.440 6.390 8.130 
12,000 0.570 1.410 2.480 3.760 4.970 5.900 
15,000 0.290 0.730 1.310 2.020 2.780 
20,000 0.110 0.280 0.500 0.790 1.140 
25,000 0.530 0.130 0.240 0.370 0.540 0.720 
30,000 0.290 0.730 0.130 0.210 0.290 0.370 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC Q VALUES 

MODE 1 Opacity table : BD9C Mass: 1.0 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 0.039 0.038 0.035 0.020 
5,500 0.038 0.037 0.035 0.032 0.019 
6,000 0.036 0.034 0.032 0.029 
6,500 0.033 0.033 0.032 0.030 0.027 0.025 
7,000 0.031 0.033 0.032 0.029 0.027 0.026 
7,500 0.031 0.032 0.031 0.027 0.028 0.050 
8,000 0.031 0.032 0.030 0.027 0.028 0.032 
9,000 0.030 0.031 0.028 0.026 0.028 

10,000 0.029 0.031 0.038 0.039 0.025 
12,000 0.029 0.033 0.037 0.026 0.021 0.062 
15,000 0.028 0.032 0.036 0.026 0.026 
20,000 0.025 0.030 0.034 0.038 0.039 
25,000 0.242 0.027 0.033 0.036 0.041 0.042 
30,000 0.233 0.257 0.030 0.035 0.040 0.055 

TABLE OF ADIABATIC Q VALUES 

MODE Opacity table : BD9C Mass: 1.0 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 0.039 0.038 0.035 0.032 
5,500 0.038 0.037 0.035 0.032 0.029 
6,000 0.036 0.034 0.032 0.029 
6,500 0.033 0.033 0.032 0.030 0.027 0.026 
7,000 0.031 0.033 0.032 0.030 0.027 0.025 
7,500 0.031 0.033 0.033 0.030 0.028 0.025 
8,000 0.031 0.033 0.033 0.031 0.028 0.026 
9,000 0.030 0.033 0.033 0.032 0.029 

10,000 0.029 0.032 0.033 0.033 0.031 
12,000 0.029 0.031 0.033 0.034 0.032 0.031 
15,000 0.027 0.030 0.032 0.034 0.034 
20,000 0.025 0.028 0.030 0.032 0.034 
25,000 0.242 0. 027 0.029 0.030 0.032 0.035 
30,000 0.234 0.255 0.028 0.029 0.030 0.031 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC GROWTH RATES 

MODE 1 Opacity table : BD9C Mass: 1.0 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 0.110 0.266 0.374 0.404 
5,500 0.512 0.193 0.306 0.236 0.228 
6,000 0.947 0.249 0.185 0.663 
6,500 0.166 0.160 0.157 -0.189 -0.670 -1.473 
7,000 0.362 0.161 0.110 -0.583 -1.224 -1.460 
7,500 0.493 0.251 -0.232 -0.495 -0.670 3.049 
8,000 0.829 0.217 -0.984 -0.200 0.761 -7.930 
9,000 0.306 -0.443 .. 0.261 0.303 1.116 

10,000 -0.148 -1.247 -1.177 0.293 1.471 
12,000 -0.223 -0.978 -0.628 -0.160 -0.729 -7.190 
15,000 -0.152 -0.611 -0.377 -0.190 -0.859 
20,000 -0.630 -0.442 -0.228 -0.564 -1.419 
25,000 -0.274 -0.354 -0.393 -0.279 -1.470 -4.017 
30,000 -0.139 -0.295 -0.682 -0.217 -1.204 -0.932 

TABLE OF NON-ADIABATIC PHI 

MODE 1 Opacity table : BDge Mass: 1.0 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 174.900 176.000 174.800 155.500 
5,500 175.400 175.000 174.100 174.500 162.200 
6,000 174.300 175.200 175.300 175.700 
6,500 171.900 173.700 177.300 175.800 175.100 175.400 
7,000 172.000 177.100 174.100 169.200 169.800 173.800 
7,500 176.200 168.100 159.000 161.200 167.100 154.800 
8,000 177.000 153.200 145.100 157.600 164.300 212.700 
9,000 123.500 84.100 139.000 147.500 152.600 

10,000 59.900 -31.000 -148.000 144.000 140.800 
12,000 -8.000 -69.700 -147.000 110.200 124.800 227.100 
15,000 -24.900 -71.000 -153.700 98.700 94.600 
20,000 -14.800 -49.400 -112.300 154.900 162.500 
25,000 -11. 700 -28.500 -69.500 180.200 136.600 202.000 
30,000 -15.500 -38.900 -43.000 212.300 119.400 97.400 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC PERIODS 

MODE 0 Opacity table : BD9C Mass: 1.2 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 74.200 137.500 265.800 373.100 
5,500 27.230 56.560 118.900 187.600 220.200 
6,000 21.300 50.750 93.000 127.800 149.400 
6,500 6.140 17.290 35.880 57.110 77.360 89.990 
7,000 4.690 13.150 25.860 39.910 53.480 62.070 
7,500 3.250 8.930 16.990 25.460 33.150 37.820 
8,000 2.720 7.390 14.030 20.440 26.290 29.660 
9,000 1.790 4.800 9.020 18.420 15.230 18.410 

10,000 1.210 3.220 6.510 13.560 26.370 32.880 
12,000 0.670 1.730 3.550 7.450 13.870 18.860 
15,000 0.860 1.730 3.440 6.050 9.110 
20,000 0.330 0.600 1.110 1.990 3.190 
25,000 0.660 0.160 0.280 0.480 0.830 1.280 
30,000 0.360 0.920 0.160 0.250 0.420 0.920 

TABLE OF ADIABATIC PERIODS 

MODE 0 Opacity table : BD9C Mass: 1.2 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 74.290 138.700 304.500 813.300 
5,500 27.240 56.610 124.700 280.700 746.700 
6,000 21.290 51.150 106.100 223.800 550.100 
6,500 6.150 17.310 37.640 75.190 156.400 333.200 
7,000 4.690 13.250 28.590 56.870 115.600 228.000 
7,500 3.250 9.190 19.720 38.680 76.130 139.300 
8,000 2.720 7.690 16.410 31.860 61.680 109.700 
9,000 1.800 4.980 10.410 19.690 36.580 61.460 

10,000 1.210 3.270 6.660 12.250 21.970 35.370 
12,000 0.670 1.720 3.280 5.930 10.300 15.860 
15,000 0.850 1.600 2.730 4.550 6.900 
20,000 0.330 0.580 0.940 1.480 2.150 
25,000 0.660 0.160 0.280 0.430 0.660 0.920 
30,000 0.360 0.920 0.160 0.240 0.350 0.480 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC Q VALUES 

MODE 0 Opacity table : BD9C Mass: 1.2 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 0.077 0.097 0.138 0.157 
5,500 0.063 0.077 0.111 0.129 0.122 
6,000 0.060 0.085 0.107 0.108 0.102 
6,500 0.052 0.065 0.080 0.086 0.086 0.081 
7,000 0.049 0.060 0.071 0.074 0.073 0.069 
7,500 0.045 0.054 0.061 0.062 0.060 0.055 
8,000 0.043 0.051 0.058 0.058 0.054 0.050 
9,000 0.040 0.047 0.053 0.073 0.045 0.044 

10,000 0.038 0.045 0.054 0.076 0.109 0.110 
12,000 0.037 0.041 0.052 0.073 0.099 0.110 
15,000 0.038 0.046 0.062 0.081 0.099 
20,000 0.037 0.039 0.050 0.065 0.085 
25,000 0.330 0.036 0.037 0.042 0.054 0.068 
30,000 0.313 0.349 0.036 0.038 0.048 0.083 

TABLE OF ADIABATIC Q VALUES 

MODE 0 Opacity table : BD9C Mass: 1.2 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 0.077 0.098 0.158 0.443 
5,500 0.063 0.077 0.116 0.193 0.415 
6,000 0.060 0.086 0.122 0.189 0.376 
6,500 0.052 0.065 0.084 0.114 0.174 0.300 
7,000 0.049 0.061 0.078 0.106 0.158 0.253 
7,500 0.045 0.056 0.071 0.095 0.137 0.204 
8,000 0.043 0.053 0.068 0.090 0.128 0.184 
9,000 0.040 0.049 0.061 0.078 0.107 0.146 

10,000 0.038 0.045 0.055 0.069 0.091 0.118 
12,000 0.037 0.041 0.048 0.058 0.074 0.092 
15,000 0.038 0.043 0.050 0.061 0.075 
20,000 0.037 0.038 0.042 0.049 0.057 
25,000 0.331 0.036 0.037 0.039 0.043 0.049 
30,000 0.314 0.349 0.036 0.037 0.040 0.044 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC GROWTH RATES 

MODE 0 Opacity table : BD9C Mass: 1.2 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 0.845 0.572 2.892 5.753 
5,500 0.133 0.227 1.633 4.407 5.864 
6,000 0.384 0.594 2.453 4.477 5.564 
6,500 0.807 0.176 1.190 2.592 4.030 4.697 
7,000 0.889 0.288 1.163 2.492 2.877 3.825 
7,500 0.326 0.294 0.551 1.651 2.075 1.759 
8,000 0.265 0.133 -0.971 0.727 1.587 2.078 
9,000 -0.978 -0.269 -0.962 -5.107 1.058 1.290 

10,000 -0.324 -0.492 -1.882 -3.570 -4.221 -1.668 
12,000 -0.189 -0.425 -1.454 -2.416 -2.234 -1.092 
15,000 -0.185 -1.041 -1.280 -1.156 -0.482 
20,000 -0.305 -0.360 -0.774 -0.745 -0.563 
25,000 -0.120 -0.168 -0.125 -0.640 -0.858 -0.667 
30,000 -0.753 -0.792 -0.654 -0.541 -0.917 0.102 

TABLE OF NON-ADIABATIC PHI 

MODE 0 Opacity table : BD9C Mass: 1.2 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 171.300 171.800 172.600 174.500 
5,500 172.200 172.600 172.000 175.500 176.600 
6,000 172.900 172.800 175.300 175.600 175.300 
6,500 169.800 170.900 175.700 171.100 172.200 171.700 
7,000 170.800 175.300 167.400 167.300 161.500 165.900 
7,500 174.400 157.900 143.900 155.500 150.200 
8,000 174.500 134.200 117.800 142.000 146.000 150.100 
9,000 112.600 70.200 61.500 -58.300 143.800 137.900 

10,000 45.200 8.900 -28.900 -60.800 -73.400 5.200 
12,000 2.800 -25.800 -53.500 -69.600 -76.600 -62.200 
15,000 -32.400 -57.100 -68.900 -71.200 -72.100 
20,000 -7.700 -45.500 -61.400 -64.500 -67.800 
25,000 -3.400 -12.800 -19.200 -44.300 -46.800 -47.000 
30,000 -2.400 -18.900 -30.400 -38.700 -43.100 -82.100 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC PERIODS 

MODE 1 Opacity table : BD9C Mass: 1.2 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 39.840 54.660 71.580 83.460 
5,500 17.430 27.530 38.740 49.220 56.700 
6,000 12.790 20.800 29.080 36.840 42.160 
6,500 3.840 8.730 14.810 20.740 25.420 29.450 
7,000 2.890 7.060 11. 970 16.490 19.980 24.950 
7,500 2.200 5.320 8.890 12.120 15.230 13.690 
8,000 1.900 4.550 7.550 10.230 31.150 17.360 
9,000 1.310 3.100 4.920 10.870 9.020 11. 820 

10,000 0.910 2.200 4.380 4.660 4.990 7.760 
12,000 0.510 1.300 2.450 3.830 3.550 3.780 
15,000 0.680 1.300 2.040 1.990 1.760 
20,000 0.260 0.500 0.800 1.470 1.450 
25,000 0.470 0.120 0.230 0.390 0.580 0.780 
30,000 0.260 0.650 0.120 0.220 0.320 0.620 

TABLE OF ADIABATIC PERIODS 

MODE Opacity table : BD9C Mass: 1.2 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 39.850 54.500 71.240 82.840 
5,500 17.430 27.460 38.570 48.890 56.390 
6,000 12.780 20.730 28.960 36.770 42.410 
6,500 3.840 8.710 14.820 20.870 26.050 30.190 
7,000 2.890 7.070 12.090 16.910 20.970 24.190 
7,500 2.200 5.380 9.260 13.060 16.280 18.690 
8,000 1.900 4.670 8.080 11. 500 14.430 16.600 
9,000 1.320 3.250 5.720 8.320 10.650 12.370 

10,000 0.920 2.250 4.010 5.960 7.790 9.170 
12,000 0.510 1.260 2.210 3.440 4.670 5.600 
15,000 0.650 1.160 1.810 2.550 3.170 
20,000 0.250 0.450 0.690 1. 01 0 1.310 
25,000 0.470 0.120 0.210 0.330 0.470 0.620 
30,000 0.260 0.650 0.120 0.180 0.260 0.320 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC Q VALUES 

MODE 1 Opacity table : BD9C Mass: 1.2 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 0.041 0.039 0.037 0.035 
5,500 --- 0.040 0.038 0.036 0.034 0.032 
6,000 0.036 0.035 0.033 0.031 0.029 
6,500 0.033 0.033 0.033 0.031 0.028 0.027 
7,000 0.030 0.032 0.033 0.031 0.027 0.028 
7,500 0.030 0.032 0.032 0.030 0.027 0.020 
8,000 0.030 0.032 0.031 0.029 0.027 0.029 
9,000 0.029 0.030 0.029 0.043 0.026 0.028 

10,000 0.029 0.031 0.036 0.026 0.025 0.026 
12,000 0.028 0.031 0.036 0.037 0.025 0.022 
15,000 0.031 0.035 0.037 0.027 0.026 
20,000 0.028 0.033 0.036 0.048 0.039 

'> 25,000 0.237 0.026 0.030 0.035 0.038 0.041 ,'. 
{!" 

30,000 0.227 0.249 0.028 0.033 0.036 0.057 

TABLE OF ADIABATIC Q VALUES 

MODE 1 OpaCity table : BD9C Mass: 1.2 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 0.041 0.039 0.037 0.035 
5,500 0.040 0.038 0.036 0.034 0.031 
6,000 0.036 0.035 0.033 0.031 0.029 
6,500 0.033 0.033 0.033 0.032 0.029 0.027 
7,000 0.030 0.032 0.033 0.031 0.029 0.027 
7,500 0.030 0.033 0.033 0.032 0.029 0.027 
8,000 0.030 0.032 0.033 0.032 0.030 0.028 
9,000 0.030 0.032 0.033 0.033 0.031 0.029 

10,000 0.029 0.031 0.033 0.034 0.032 0.031 
12,000 0.028 0.030 0.032 0.034 0.033 0.033 
15,000 0.029 0.031 0.033 0.034 0.034 
20,000 0.028 0.029 0.031 0.033 0.035 
25,000 0.238 0.026 0.028 0.030 0.031 0.033 
30,000 0.229 0.248 0.027 0.028 0.029 0.030 
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TABLES OF LINEAR RESULTS 

TABLE OF NON-ADIABATIC GROWTH RATES 

MODE 1 Opacity table : BD9C Mass: 1.2 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 0.751 0.177 0.316 0.369 
5,500 0.350 0.130 0.264 0.319 0.248 
6,000 0.586 0.201 0.266 0.102 0.290 
6,500 0.739 0.112 0.198 0.303 -0.410 -0.892 
7,000 0.180 0.145 0.194 -0.118 -0.880 -1.569 
7,500 0.428 0.214 0.157 -0.343 -0.608 -1.014 
8,000 0.322 0.179 -0.616 -0.381 -0.177 -0.387 
9,000 0.121 -0.242 -0.531 -0.802 0.745 1.160 

10,000 -0.100 -0.880 -1.748 0.103 0.732 1.834 
12,000 -0.129 -0.874 -0.759 -0.509 -0.418 2.499 
15,000 -0.590 -0.436 -0.558 -0.384 -0.152 
20,000 -0.295 -0.453 -0.198 -0.852 -1.157 
25,000 -0.125 -0.216 -0.527 -0.226 -0.684 -1.953 
30,000 -0.699 -0.127 -0.647 -0.330 -0.368 -1.149 

TABLE OF NON-ADIABATIC PHI 

MODE 1 Opacity table : BD9C Mass: 1.2 Solar masses 

Luminosity (solar luminosities) 

Teff 1,000 3,000 6,000 10,000 15,000 20,000 

5,000 174.200 175.100 175.200 174.600 
5,500 174.100 175.100 174.000 174.700 175.100 
6,000 174.800 174.700 175.200 175.400 175.100 
6,500 172.000 172.300 176.600 175.900 173.800 173.000 
7,000 173.000 175.800 175.400 172.700 167.100 170.200 
7,500 174.800 169.500 158.600 159.200 161.200 170.800 
8,000 178.000 151.700 139.200 148.800 159.000 162.700 
9,000 128.200 91.900 129.200 163.500 151.700 150.600 

10,000 55.200 -8.300 -103.900 135.100 139.900 141.300 
12,000 -4.600 -51.900 -113.300 174.300 111.300 125.900 
15,000 -55.600 -113.100 -175.000 92.800 121.400 
20,000 -35.900 -75.800 ... 168.900 117.100 166.600 
25,000 -8.800 -25.300 -46.600 -117.500 145.000 142.900 
30,000 -11.000 -32.300 -40.200 -81.800 163.200 109.600 
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APPENDIX F 

TABLES OF LINEAR STABILITY EDGES 

F.1 LINEAR STABILITY EDGES FOR OPACITY TABLE R040 

OPACITY TABLE 

Luminosity 
L/LG 

1,000 
3,000 
6,000 

10,000 
15,000 
20,000 

OPACITY TABLE 

Luminosity 
L/Le 

1,000 
3,000 
6,000 

10,000 
15,000 
20,000 

OPACITY TABLE 

Luminosity 
L/Le 

1,000 
3,000 
6,000 

10,000 
15,000 
20,000 

R040 

Fundamental 
Blue Edge 

R040 

4.031 
3.977 
3.972 
3.984 
3.989 
4.134 

Fundamental 
Blue Edge 

4.035 
3.967 
3.978 
3.977 
3.977 
3.986 

R040 

Fundamental 
Blue Edge 

4.070 
3.986 
3.976 
3.973 
3.977 
3.975 

F-1 

MASS 0.8Me 
First overtone 

Blue Edge 

3.983 
3.989 
3.955 
3.914 
3.911 
4.064 

MASS: 1.0Me 
First overtone 

Blue Edge 

4.024 
3.964 
3.964 
3.933 
3.913 
4.115 

MASS : 1.2Me 

First overtone 
Blue Edge 

4.055 
3.962 
3.988 
3.970 
3.915 
3.913 



TABLES OF LINEAR STABILITY EDGES 

F.2 LINEAR STABILITY EDGES FOR OPACITY TABLE DXIX 

OPACITY TABLE DXIX MASS 0.8MG 

L tmlinosi ty Fundamental First overtone edges 
L/L0 Blue Edge Red 1 Blue 1 Red 2 Blue 2 

1,000 
3,000 
6,000 

10,000 
15,000 
20,000 

3.861 
3.857 
3.815 
3.817 
4.103 
4.670 

OPACITY TABLE DXIX 

3.829 
3.784 
3.699 

Luminosity Fundamental 
L/L0 Red Edge Blue Edge 

1,000 
3,000 
6,000 

10,000 
15,000 
20,000 

3.749 
3.783 

OPACITY TABLE : DXIX 

Luminosity Fundamental 
L/L0 Blue Edge 

1,000 3.867 
3,000 3.852 
6,000 3.831 

10,000 3.800 
15,000 3.813 
20,000 4.032 

F-2 

3.867 
3.872 
3.830 
3.804 
3.821 
4.179 

3.816 
3.857 
3.676 
3.854 3.946 
3.929 3.967 
3.888 3.942 

4.032 
4.089 
3.950 

MASS 1.0M0 

First overtone 
Blue Edge 

First 
Red Edge 

3.887 
3.975 

3.850 
3.893 
3.821 
3.670 
4.103 
4.243 

MASS: 1.2M0 

overtone 
Blue Edge 

3.891 
3.867 
3.818 
3.729 
4.031 
4.051 



TABLES OF LINEAR STABILITY EDGES 

F.3 LINEAR STABILITY EDGES FOR OPACITY TABLE BD9C 

OPACITY TABLE : BD9C MASS 0.8MG 

Luminosity Fundamental 
L/L@ Red Edge Blue Edge 

First overtone 
Red edge Blue Edge 

1,000 
3,000 
6,000 

10,000 
15,000 
20,000 

3.786 
3.686 

OPACITY TABLE : ED9C 

Luminosity Fundamental 
LILG Blue Edge 

1,000 3.938 
3,000 3.915 
6,000 3.902 

10,000 3.955 
15,000 3.966 
20,000 4.024 

OPACITY TABLE : BD9C 

Luminosity Fundamental 
L/L0 Blue Edge 

1,000 3.912 
3,000 3.916 
6,000 3.887 

10,000 3.906 
15,000 3.961 
20,000 3.973 

F-3 

3.906 
3.911 
3.953 
3.966 
4.427 
4.405 

3.974 
3.911 
3.975 
3.879 

3.913 
3.921 
4.026 
4.054 
4.345 
4.746 

MASS : 1.0M0 

First overtone edges 
Blue 1 Red 1 Blue 2 

3.984 
3.915 
3.852 
3.795 3.918 4.059 
3.791 3.889 4.054 
3.750 3.853 3.885 

MASS : 1.2M0 

First overtone edges 
Blue 1 Red 1 Blue 2 

3.978 
3.921 
3.886 
3.832 3.994 4.015 
3.778 3.910 4.048 
3.780 3.913 4.164 
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