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Abstract 

In this thesis, an investigation into the modal characteristics of novel beam shapes is 

presented. Sculpting the phase profile of a Gaussian beam can result in the 

generation of a beam with unique properties. Described in this thesis are Laguerre-

Gaussian (LG), Hermite-Gaussian (HG) and Bessel beams (BBs).  

The diffraction of LG beam modes from a triangular aperture is explored and 

this effect can be used for the efficient measurement of the azimuthal mode index l 

that indicates the number of multiples of 2π of phase changes that the field displays 

around one circumference of the optical axis. In this study, only LG beams with zero 

radial mode index p, with p + 1 denoting the number of bright high intensity 

concentric rings around the optical axis, were considered. Then, a powerful 

approach to simultaneously determine both mode indices of a pure LG beam using 

the principal component analysis (PCA) algorithm on the observed far-field 

diffraction patterns was demonstrated. Owing to PCA algorithm, the shape of the 

diffracting element used to measure the mode indices is in fact of little importance 

and the crucial step is ‘training’ any diffracting optical system and transforming the 

observed far-field diffraction patterns into the uncorrelated variables (principal 

components). Our PCA method is generic and it was extended to other families of 

light fields such as HG, Bessel and superposed beams. This reinforces the 

widespread applicability of this method for various applications. Finally, both 

theoretically and experimentally investigations using interferometry show the 

definitive linkage between both the radial and azimuthal mode indices of a partially 

coherent LG beam and the dislocation rings in the far-field cross-correlation 

function (CCF). 
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1.1 Introduction 

ight is our primary means of observing the world in which we live. 

Nowadays light can not only be used in its raw form, but can also be used as 

a tool, when ‘harnessed’ and ‘sculptured’. In this thesis, light will be 

manipulated and shaped into novel beam shapes with unique properties that can then 

be applied to many exciting applications. Hence, different methods will be discussed 

for measuring their transversal properties. 

A light beam can carry angular momentum that has a spin part when every 

polarization vector rotates that is commonly referred to as spin angular momentum 

(SAM); in case the light beam’s phase structure rotates, its angular momentum has 

an orbital part, which is known as orbital angular momentum (OAM).  

It has only been realized in the past two decades that light beams carrying OAM 

can easily be made in the laboratory. Allen et al. reported the first experimental 

studies in 1992 which recognized that laser beams can carry OAM [1]. The light 

beams carrying OAM were realized as Laguerre-Gaussian (LG) beam modes and 

have an optical vortex (OV) along the beam axis. These light beams appear as 

annual rings with zero on-axis intensity and are characterised by two mode indices: l 

and p. The radial index, p, denotes the number of nodal (concentric bright) rings, Nr, 

about the beam axis such that Nr = p + 1. The azimuthal index, l, indicates the 

number of multiples of 2π of phase changes around one circumference of the optical 

axis. It is sometimes denoted as the topological charge or winding number of the LG 

beam. The wavefronts - that is, surfaces of constant phase - of light beams with 

azimuthal phase dependence are helical, resulting in a Poynting vector also 

possessing an azimuthal component [1]. The spiral motion of the Poynting vector 

around the optical axis indicates an OAM component of lℏ per photon, where ℏ is 

the Planck’s constant/2π. The intensity vanishes at the position of the phase 

singularity, forming a dark hole in the intensity profile of the vortex beam. Two-

dimensional (2D) intensity plots and phase structures for LG beams with different 

(azimuthal and radial) mode indices are shown in Figure 1.1. For a given value of l, 

the LG beam has l intertwined helical phase structures (helicoidal twists along a 

wavelength) possessing a screw singularity on the beam axis (Figure 1.1b). As 

metaphorically explained by Padgett: ‘if there is a single helix, the wavefront looks 

like a screw thread; if there are two helices, the wavefront looks like DNA; and for 

three helices, the wavefronts have the shape of fusilli pasta. In fact, LG beams can 

be made with any number of helices’ [2]. 

The history of this subject dates to the early 1900s, when Poynting’s work on 

the wave motion of a revolving shaft suggested that a circularly polarized light beam 

carries an angular momentum that would exert torque on a cascaded array of 

L 
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quarter-waveplates [3]. Furthermore, the circularly polarized light beam carries 

SAM of -ℏ or +ℏ per photon and thus it can be described as being right-handed or 

left-handed, depending on the rotation’s direction. The waves of the optical field at 

every point in the cross-section of a circularly polarized light beam are in step and 

rotate together. Schematically this can be illustrated by the use of a ‘plane wave’, in 

which the wavefronts are parallel planes; each separated from the next by a distance 

of one optical wavelength [2]. This fact contrasts with the helical wavefronts of light 

beams carrying OAM, as seen in Figure 1.1b below. 

 

 
 

Fig. 1.1. Laguerre-Gaussian (LG) beams. a) The 2D intensity plots of LG beams 

for different mode indices (numerically simulated) are shown. The rows and columns 

define the azimuthal and radial mode indices, respectively. The hue colour chart 

coded for the intensity is also highlighted where the blue and red colours accordingly 

indicate the lower and higher intensity. b) The helical wavefronts of LG beams with l 

= 1 to 3 increasing in integer step while the radial index was kept zero, p = 0, are 

presented. A horizontal propagation axis was considered and λ is the wavelength. 

 

Additionally, in early 1930s, Sir C. G. Darwin (the grandson of Charles Darwin) in 

his ‘Notes on the Theory of Radiation’ made the first assumption that linear 

momentum at a radius exerts a torque [4]. Moreover, providing the lever is long 

enough, a fixed linear momentum can exert an arbitrary high torque. 

A few years later, Beth followed up Poynting’s suggestion in his classic 

measurement of the torque arising from photon spin [5]. Beth was able to measure 

the torque that was exerted by a circularly polarized light on a birefringent half-

waveplate suspended from a filament, reacting as a torsional pendulum. His 

measurements were performed by assigning an angular momentum of ℏ (or -ℏ) per 
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photon of left-handed (or right-handed) circularly polarized light in vacuum and 

assuming the conservation of angular momentum holds at the plate’s surface (Figure 

1.2). Beth observed that a circularly polarized light beam reverses the handedness of 

its polarization when passing through a half-waveplate, thus transferring angular 

momentum to it. 

 

 
 

Fig. 1.2. Beth’s experiment performed in 1936. It was based on measuring the 

torque as a circularly polarized light beam was passing through a birefringent half-

waveplate suspended from a filament (schematic reproduced based on Ref. [1]). 

 

Therefore, after light beams carrying OAM have been successfully generated in the 

laboratory, the apparent challenge was the OAM transfer to matter. But how to do 

so? The answer was to use optical tweezers [6]. 

Optical tweezers (OT) is a term used for the single beam optical trap, which has 

been the most popular form of optical manipulation over the last few decades. In 

1970, Ashkin reported the first observation of acceleration of freely suspended 

micron sized particles via the forces of radiation pressure from a continuous wave 

(cw) visible laser beam [7]. When a laser beam is tightly focused, a large electric 

field gradient will result. Thus, the illuminated freely suspended small transparent 

particle will experience an electric field gradient that acted as a force directed 

towards the beam focus. Only a few years later, Ashkin et al. presented the first 

experimental observation of a single-beam gradient radiation pressure optical trap 

[8].  

The first demonstration of angular momentum transfer to micron sized particles 

was reported by He et al., in 1995 [9]. The absorption of the linear momentum 

caused the highly absorbing ceramic powder particles to rotate at several Hz. 

However, the particles could only be confined in 2D near the intensity null on the 

beam axis. So, in a refined experiment by Simpson et al., this problem was 

overcome by comparing the transfer of both SAM and OAM components in the trap 

beam to partially absorbing Teflon particles [10]. Due to the fact that these particles 

were largely transmitting, the gradient force was sufficient to trap them in 3D; thus, 
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the apparatus acts as an ‘optical spanner’. A laser power of a few tens of milliwatts 

could result in a rotation speed of the trapped particle of a few Hz. By altering the 

handedness of a circularly polarized LG beam with an OAM of l = 1, the total 

angular momentum was changed from ℏ - ℏ = 0 to ℏ + ℏ = 2ℏ per photon. The spin 

and orbital components give torques in opposite senses so there is no overall torque 

on the particle and, as predicted, a LG beam with an azimuthal index l = 1 has a 

well-defined OAM of ℏ per photon.   

Therefore, LG beams can be extensively used in the field of optical 

micromanipulation, where they may trap low refractive index particles, set 

microscopic particles into rotation, and create micropumps [11-13]. These 

experiments are receiving considerable attention in cell biology [14, 15]. 

Furthermore, the use of fabricated light driven micromachines [16, 17] or the 

transfer of SAM and OAM components of the trap beam to the optically trapped 

particles has been widely explored earlier [18-20]. As a final note, these experiments 

have also elucidated the intrinsic and extrinsic nature of OAM [21, 22].  

Owing to their unique characteristics, such as helical wavefronts and their dark 

core [23], OVs have also been applied to light microscopy [24] and wireless 

communication [25-28], where LG beams have created much interest for data 

transmission. In this case, OAM can represent a fundamentally new optical degree 

of freedom of light that arises as a consequence of the spatial distribution of the 

intensity and phase of the optical field. It has been demonstrated that the wireless 

communications with OAM multiplexing can work in both optical and radio 

frequency domains [29, 30]. Thus, the topological charge of a LG beam can be used 

in optical information encoding, which has advantages such as high capacity and 

security [31, 32]. 

Recently, more and more photonic applications have evolved which also use 

light fields deviating from the fundamental Gaussian beam profile. OVs have also 

been used for stellar detection [33, 34], and nanometre precision metrology by using 

the effect of OAM on beam shifts [35]. To conclude, light beams carrying OAM are 

of great interest and the reader is guided to two recent reviews on the advantages in 

OAM where the exciting applications of LG beams are discussed in detail [36, 37].  

In general, how can such novel beam shapes be generated? After the first 

realization of the LG beam, many different generation techniques have been 

introduced. The first demonstration used the so-called π/2-mode converter, which 

belongs to a family of astigmatic mode converters that applies the appropriate Gouy 

phase to appropriate HG modes to create well defined mode indices of LG beams 

[38]. This was soon followed by the demonstration of a spiral phase plate (SPP) to 

directly transform a Gaussian beam to an OV [39]. At the same time, computer 
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generated holograms (CGHs) were applied to convert Gaussian beams into LG 

beams [40]. Diffractive optical elements (DOEs) made by state-of-the-art 

photolithographic techniques to etch small scale structures on an optical element can 

also be used for the generation of LG beams [41, 42]. Finally, q-plates can be 

applied to convert SAM to OAM in an anisotropic and inhomogeneous media to 

create LG beams [43]. A detailed description on the generation of OVs will follow 

in Chapter 2. 

Now that the importance of LG beams has been explained, let us consider how a 

physicist knows when he/she has actually created a LG beam mode. Finding a 

simple and direct way that can be used for the characterization of a pure LG beam is 

a key area of this study. A commonly used technique is based on the interference 

between the helical wavefront under study with its mirror image [44] or a plane 

wavefront [45]. If a LG beam is interfered with a co-linear plane wavefront, then the 

resultant interference pattern would comprise of  dark spokes. Likewise, when a 

LG beam interferes with its own mirror image, the resultant interference pattern has 

2  dark spokes or fringe dislocations (Figure 1.3).  

 

 
 

Fig. 1.3. Interference between a LG beam and its mirror image produces 2  

dark spokes or fringe dislocations. Numerically simulated a) interference between a 

LG beam with l = 2 and its mirror image results in four dark radial fringes, while b) 

for a LG beam with l = 4, eight dark radial fringes will be produced. c) Finally, nodal 

rings will appear if the radial index is also considered, in the present case for the LG 

beam with l = 4, p = 2. The colour coded for the intensity is highlighted on the right-

hand side where the blue and red colours indicate the lower and higher intensity, 

respectively. 

 

Hence, these interferometric methods allow one to distinguish between infinitely 

many OAM states [44, 45]. However, if the size of the vortex beam is large 

compared to the detector area, the measurement of the phase distribution becomes 

difficult since the dark region around the singularity will accordingly increase, 

leaving less light to interfere with. Other approaches that can identify the azimuthal 
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mode index, l, of an incident LG beam, include parametric downconversion [25, 46] 

and Mach-Zehnder interferometers [47]. However, these approaches are difficult to 

implement, are sensitive to alignment, or are not programmable.  

Diffraction of OVs past a variety of apertures and obstacles can also be used to 

measure the azimuthal mode index, l, of an unknown vortex beam, as will be 

presented in Chapter 3 where a detailed description of classical and quantum (single 

photon) measurements of l will take place. The far-field diffraction of an OV from a 

triangular aperture results in a well-shaped truncated intensity lattice that can 

determine both the sign and the magnitude of the azimuthal mode index of the 

incident vortex beam [48]; it is a simple and reliable method that we focus on in 

Chapter 4 [49]. However, an adjustment is required so that the size of the triangular 

aperture is chosen to be of the order of the beam waist of the LG beam under study. 

Additionally, the far-field diffraction pattern gets more complicated when both the 

azimuthal and radial mode indices are considered and no clear rules can be 

established for the characterization of a pure LG beam directly from the complex 

far-field diffraction pattern as will be discussed in Chapter 3. 

Therefore, we developed a new method using the principal component analysis 

(PCA) algorithm in Chapter 5. Whilst PCA has been established for over one 

hundred years (a technique dating back to 1901) [50], for the first time, this method 

is used here in the case of diffraction theory and the analysis of the transverse state 

of a light field. PCA has been widely used in various areas, such as in face 

recognition [51].  

 

 
 

Fig. 1.4. An example of some of the basis motions computed from a facial 

articulation application. b) Raw basis vectors (‘eigenfaces’) computed by PCA in 

order to lead to an easy selection of representative points for (as an example) the a) 

rest pose (figure reproduced based on Ref. [52]). 

 

The first step of the procedure is concerned with creating a database of all the 

possible faces that need to be detected. After subtraction of the common mean 

intensity, the covariance matrix of the test faces is calculated. Its eigenvector with 

the largest eigenvalue is termed the first ‘eigenface’ or principal component (PC), 

corresponding to the largest variability of the test faces set. In the same way, one can 
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introduce the second ‘eigenface’ as the image corresponding to the second largest 

eigenvalue of the covariance matrix and so on. Thus, a set of ‘eigenfaces’ is created 

that represents the most significant features from a sample of pictures of test faces. 

Then, a picture of the face that one wants to identify is projected onto this subset of 

‘eigenfaces’, delivering projection coefficients to approximate the given face (Figure 

1.4) [52]. This enables comparison to identify a face, which is much faster than 

comparing the face to every single face in the database picture by picture, while 

reducing the dimensionality of the analysed data. By the same token, PCA is used 

here in order to determine the largest variations between the different far-field 

diffraction intensity patterns of pure LG beams, even when a random aperture is 

used. Our approach is robust and it is shown that it can tolerate a certain degree of 

beam misalignment and beam waist variations [53].  

This powerful method can be generalized to other orthogonal mode families as 

will be seen in Chapter 6. In this regard, Hermite-Gaussian (HG) beams are of major 

interest in laser resonator output analysis [54] and spectroscopy [55]. Pure HG 

beams are characterized by nodes in orthogonal direction in a cartesian coordinate 

space as is well documented [56]. On the other hand, Bessel beams (BBs) offer new 

directions in manipulation [57], nanosurgery [58], and microscopy [59] and can be 

delineated by an azimuthal index l and a radial wavevector (kr), since BBs can have 

vortices embedded. Both of these fields are also of interest for information 

processing [60]. It is important to establish the validity of our method for the other 

families of light fields to demonstrate its full applicability [61]. Finally, BBs are one 

example of ‘non-diffracting’ waves and their ‘self-healing’ property makes them 

very useful in OT and many other areas [62-65].  

It is noteworthy that all of the previously stated studies have assumed that the 

optical field is fully spatially coherent. However, the interest for partially coherent 

fields has recently grown, since they are used in many cases, such as optical 

coherence tomography (OCT), optical communication, imaging science and 

astronomy [66, 67]. The preservation of the vortex structure during propagation 

makes partially coherent beams good candidates for various applications; 

accordingly, a better understanding of the spatial coherence properties is of 

fundamental importance. Recently, the coherent OVs or the phase singularities of a 

partially coherent field have been studied by optical coherence theory [68, 69]. The 

cross-correlation function (CCF) of a partially coherent vortex beam has also been 

studied theoretically and experimentally [70-73]. It has been shown that spatial 

correlation functions have interesting topological properties associated with their 

phase singularities, and there exist correlation singularities (denoting nulls of the 

cross-spectral density function) in the regions where the phase is ill-defined. 
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Therefore in Chapter 7, attention is paid to the dependency of the far-field CCF on 

both the radial and azimuthal mode indices of a partially coherent vortex field. 

 

1.2 Thesis outline 

This thesis describes an investigation into the parameters that can delineate the 

properties of novel beam shapes. Described in this thesis are Laguerre-Gaussian 

(LG), Hermite-Gaussian (HG) and Bessel beams (BBs). The current chapter 

provides a brief introduction to these novel beam shapes and to the numerous fields 

that can be applied to. Chapter 2 explores the considered beam shapes and describes 

the existing methods used to generate these beams. The relevancy of technology in 

spatial light modulators (SLMs) to produce these beam shapes in an easy manner 

will be also pointed out. Chapter 3 describes previous studies investigating 

diffraction of OVs past a variety of apertures and obstacles that have revealed 

interesting structural phase properties of the wavefronts of the considered beams and 

can be employed to measure the azimuthal mode index l of an unknown vortex 

beam. Chapters 4 - 7 present the experiments carried out during this research.  

I began by investigating the diffraction of an OV from a triangular aperture. 

Chapter 4 describes how the resultant far-field diffraction pattern can extract 

information about the azimuthal index, l, which characterizes the incident OV in a 

simple and direct way (while keeping the radial index zero, p = 0): by counting the 

number of external points (interference lobes) of the resultant far-field diffraction 

pattern [48]. The number of the interference lobes on any side of the far-field 

diffraction intensity pattern is equal to the modulus of the azimuthal index plus one 

( 1) . As will be seen, there are ( 1)  parallel rows or lines of interference 

lobes making up a truncated optical lattice. Furthermore, the effect of changing the 

sign of the azimuthal mode index, l l, is to rotate the orientation of the truncated 

optical lattice by 180o. Thus, the number of the interference lobes in the truncated 

optical lattice (far-field diffraction intensity pattern) and its orientation can be used 

as a detector of the azimuthal mode index, l, of an incident OV. 

In addition, the far-field diffraction patterns for incident OVs possessing non-

integer values of l are explored, resulting in the visualization of the birth of an OV. 

For fractional (non-integer) values of the azimuthal index, l, there is a phase 

discontinuity which gives rise to a line of low intensity. Our experimental data are in 

agreement with the key theoretical prediction of Berry, that the birth of a vortex 

within the light beam takes place as the fractional phase step reaches and passes a 

half-integer value [74]. Finally, this method was further extended to explore the 

diffraction of a broadband OV from a triangular aperture. These results demonstrate 
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the extended versatility of a triangular aperture for the study of an OV for both 

monochromatic and broadband light fields [49].  

The previously discussed diffraction based method encouraged an investigation 

into the possibility of finding an aperture that can extract information for both 

(azimuthal and radial) mode indices that characterize a LG beam. Thus, in Chapter 5 

the far-field diffraction intensity pattern for LG beams of various mode indices, l 

and p, was numerically and experimentally explored to ascertain the performance of 

a triangular aperture. It is shown that the inclusion of the radial index, p, makes a 

dramatic difference to the form of the far-field diffraction intensity pattern, but no 

clear rules may be established for determining both mode indices directly from the 

complex far-field diffraction patterns. Therefore, a new method is developed using 

the principal component analysis (PCA) algorithm. This method is used for the 

simultaneous determination of both the azimuthal and radial mode indices (l and p) 

of both pure and mixed (superposed) LG light fields. It is shown that the shape of 

the diffracting element used to measure the mode indices is in fact of little 

importance and the crucial step is ‘training’ any diffracting optical system and 

transforming the observed pattern into uncorrelated variables (principal 

components). Modest fluctuations in the beam parameters such as beam waist and 

alignment variations can be tolerated in this scheme. Additionally, preliminary 

results demonstrate reliable decomposition of superpositions of LG beams, yielding 

the intensities and relative phases of each constituent mode. These results 

demonstrate the complete characterization of LG beams, including both independent 

degrees of freedom corresponding to the radial and azimuthal mode indices [53].  

Initially our approach was generic, but was then extended to other families of 

light fields, such as the Hermite-Gaussian (HG) and Bessel beams (BBs), and 

represents a powerful method for characterizing the optical multi-dimensional 

Hilbert space. The experimental procedure and results are detailed in Chapter 6 [61].  

All of the previously presented studies (Chapters 4 - 6) have assumed that the 

optical field is fully spatially coherent, however in Chapter 7 the dependency of the 

far-field cross-correlation function (CCF) on both the radial and azimuthal mode 

indices (p and l) of a partially coherent vortex beam is demonstrated through an 

observation of the dislocation rings in the far-field CCF. A well-defined relationship 

between the number of the dislocation rings (dark zones), Nd, of the far-field CCF 

and both the radial and azimuthal mode indices in the partially coherent vortex beam 

can be established, i.e. 2dN p  , and this relationship is verified experimentally. 

These results may contribute to a better understanding of the connection between the 

correlation vortices of a partially coherent field and the OVs of the corresponding 

fully coherent field.  
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Furthermore, the dependency of the CCF upon both the radial and azimuthal mode 

indices of a partially coherent vortex beam may create new ways to study other 

topological phenomena for the complex coherence function.  

Finally, Chapter 8 summarizes this thesis, while future work and applications 

are suggested. 



 

 

 

 

 

 

 

CHAPTER 2 

Optical Phase Singularities 
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2.1 Synopsis and Motivation 

ccording to the terminology, introduced in the wave theory by Nye and 

Berry [75], the crystallographic term ‘dislocation’ may be used to describe 

wavefront imperfections. The three main kinds of wavefront dislocations 

in a monochromatic wave are the edge, screw and mixed edge-screw dislocations. 

An edge dislocation is a defect where an extra half-plane is introduced mid-way 

through the wavefront; on the other hand, a screw dislocation takes its name from 

the helical path which the phase covers around the dislocation line. Finally, when a 

simple edge dislocation ends in a screw one, a mixed edge-screw dislocation is 

created. 

The clearest example of a screw dislocation is the vortex, which is certainly the 

most fascinating and commonly studied phase singularity. Vortices can be found in 

many branches of physics [76-78]. Since Nye and Berry’s seminal paper on wave 

dislocations, these phase singularities in optics are commonly known as optical 

vortices (OVs) and as previously discussed, OVs were deeply investigated because 

of their manifold applications [36, 37]; OVs have been also applied in astronomical 

studies [79, 80]. In the current chapter, different aspects of OVs will be discussed, 

focusing on their generation and characteristics. 

Other novel beam shapes can also find many applications due to their unique 

characteristics. The transverse intensity profile of a Bessel beam (BB) does not 

spread over a finite range and is therefore termed as ‘diffraction-free’ [81, 82]. 

Consequently, a BB’s central core is immune to transverse spreading and thus it can 

be used for the extended optical guiding of objects [57, 62]. Additionally, the 

transverse intensity profile of a BB is able to reform around objects, i.e. it ‘self-

heals’, so a BB can be used to reduce scattering artefacts while simultaneously 

increase image quality and penetration depth in dense media [59]. Furthermore, BBs 

are also of interest for information processing [60]. Recently, entanglement in the 

BB basis has been measured, showing an increased spiral bandwidth [83]. In the 

present chapter, the properties of BBs and methods to generate them, including the 

use of computer generated holograms (CGH), will be presented. The CGH can be 

designed to imprint any phase profile on an incident light beam [84]. Finally, the 

device which displays CGHs, the spatial light modulator (SLM), will be introduced.  

 

2.2 Introduction 

Light beams can be described as superpositions of many plane waves propagating in 

different directions [85]. In general, when three or more plane waves interfere, light 

vanishes at some points, where the phase becomes undefined (singular); these points 

have received different names, such as: wave dislocations, phase singularities, nodal 

A 
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points and optical vortices (OVs). The dislocation axis produces a dark region 

captured inside the light beam [1]. The screw dislocation is presented in Figure 2.1.  

 

 
 

Fig. 2.1. Screw dislocation. a) Helical wavefront and b) phase singularity in an OV, 

where the hue colour chart shows the corresponding phase. 

 

2.3 Optical vortex (OV) 

An optical vortex (OV) is the optical analogue of a fluid vortex [86-89]. As 

previously stated, the light beams carrying OAM were realized as LG beams and 

have an OV along the beam axis [1]. Thus, the LG beam has an annular shaped 

transverse intensity profile [90]. The (numerically simulated) intensity profiles of 

several LG beams are presented below in Figure 2.2. The intensity profile of an LG 

beam with l azimuthal index is identical to the –l case. The equation describing the 

scalar field of a LG beam is a solution to the paraxial wave equation in cylindrical 

coordinates and the amplitude of a LG beam is given by [91]: 

 
   

     
2

,

2

2
, , exp exp exp 2 1 exp

2
1LG

p

pikr r
u r z i p i

R z w z
      

   
   

   
 

    
   

2 2

2 2

/2
2

2 p

r r
L

w z w z

   
   
   

                       (2.1) 

where k = 2π/λ is the wavenumber, λ is the wavelength, r, φ and z are the cylindrical 

coordinates, l is the azimuthal mode index, p is the radial mode index,  pL x  is the 

generalized Laguerre polynomial,  exp i   is the azimuthal phase term and  w z  

is the beam waist measured at the propagation distance z. The Gouy phase shift is 

contained in the term   exp 2 1i p    , with  1 / Rtan z z
   where 

2

0 /Rz w   is the Rayleigh range and 0w  is the beam waist in the focal plane. The 

radius of curvature of the wavefront,  R z , and the beam waist as a function of z, 

 w z , are given by the following Equations (2.2) and (2.3), respectively: 
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The  pL x is a generalized Laguerre polynomial obtained from [92]: 
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The transverse intensity profile for a Laguerre-Gaussian beam is given by: 
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where 0P  is the incident power and the radius of the maximum intensity,  
maxIr z , 

varies as a function of l according to the following equation [93]: 
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Fig. 2.2. The transverse intensity profiles of LG beams with different radial and 

azimuthal mode indices (numerically simulated). The intensity profiles for 

absolute values of OAM are the same and the rows and columns define the azimuthal 

and radial mode index, respectively. For visualization purpose higher intensity is 

represented by lighter side, while gray scale is used. 

 

The following Figure 2.3 illustrates how the transverse intensity profile and 

azimuthal phase of an OV change with l value. In terms of its intensity cross-section, 

a LG beam with l > 0 comprises p + 1 concentric rings with zero on-axis intensity. 

Higher order Bessel [82] and Mathieu beams [94] can have similar phase structure. 
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As a final note, when LG beams interfere, they produce vortex structures resulting in 

complex patterns of bright and dark regions [95] (see Figure 1.3). 

 

 
 

Fig. 2.3. Numerically simulated intensity profiles of LG beams with p = 0, a) l = -

1, b) l = 0, c) l = 1 and d) l = 2 are shown. The corresponding azimuthal phase is 

presented below the intensity profile in e), f), g) and h), respectively. The 3D 

representations of the helical wavefronts along the propagation axis z are accordingly 

shown in i), j), k) and l). The gray scale is used, where higher intensity is represented 

by lighter side. 

 

2.3.1 Generating an optical vortex 

In the present subsection, an expression for the Hermite-Gaussian (HG) modes will 

be introduced as it is essential for an understanding of the direct generation of an 

OV in a laser cavity, as well as the generation through mode converters, discussed 

afterwards. The HG modes arise as solutions of the paraxial wave equation in 

cartesian coordinates [56, 96]. The solutions are expressed in terms of Hermite 

polynomials multiplied by a Gaussian envelope. These HG beams are categorized by 

their mode indices n and m and have an amplitude given by: 
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where 
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0 1w w   , 0w  is the beam waist at the focal plane, Hn is 

the nth order Hermite polynomial and x, y and z are the cartesian coordinates. The 2D 

(numerically simulated) intensity plots of the first nine HG modes are shown in 

Figure 2.4 below. The values of n and m correspond to the number of nodes in the 

electromagnetic field. The Hermite polynomials obey the following recursion 

relation: 

     1 2n n n

d
H x x H x H x

dx


         (2.8) 

This can provide a useful way of calculating the higher order polynomials in 

numerical computations. The nth order function has n nulls and n + 1 peaks. 

Likewise, the mth order function has a similar behaviour.  

 

 
 

Fig. 2.4. The 2D intensity plots of HG beams with different mode indices 

(numerically simulated). The rows and columns define the n and m mode indices in 

the x and y directions, respectively. The blue and red colours are accordingly 

indicating the lower and higher intensity. 

 

2.3.1.1 Direct generation from a laser cavity 

In the early 90s, Tamm and Weiss developed the first optical system that gave 

experimental evidence for the bistability and optical switching of a transverse 

pattern of a Helium-Neon (HeNe) laser source [97]. The operation principle for this 

will be explained in the next subsection, where the mode converters for OV 

generation are presented. Similar laser systems that directly emit LG beams have 

been developed including Ishaaya et al. [98] and Okida et al. [99]. The latter 

demonstrated direct production of high power LG beam mode and suggested the 
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possibility of the production of high power OVs in the visible and ultra-violet (UV) 

regimes.  

 

2.3.1.2 Mode converters 

The key point of Allen et al. [1] was that OAM is a natural property of spiral phased 

beams and thus it could be generated in a laboratory. Hence, Beijerbergen et al., 

following the work of Tamm and Weiss on low-order modes, dealt with suitable 

astigmatic elements which conserve the mode character and thus operate as beam 

mode converters [38]. In 1999, Allen et al. developed a matrix formulation 

describing transformations of the phase and intensity structure for monochromatic 

light beams possessing OAM based on one particular basis set of orthogonal laser 

modes, namely HG beam modes [100]. The matrix formulation based on HG beam 

modes was then derived in full by O’Neil and Courtial [101]. A mode converter 

consisting of two cylindrical lenses of focal length f separated by 2f  can 

transform suitably oriented HG beams into simply related LG beams with 

m n    and p = min(m, n), acting as a π/2-converter in analogy with a quarter-

waveplate for polarization; leaving the mode order (N = n + m = 2p + ) unchanged 

(Figure 2.5b). When the cylindrical lenses are separated by 2f then they act as a π-

converter that only rotates the LG beam by 180o and the apparatus works by direct 

analogy with the half-waveplate for polarization [45] (Figure 2.5a).  

 

 
 

Fig. 2.5. The schematics of cylindrical lenses operate as π- and π/2- mode 

converters. The distance between two cylindrical lenses and the decomposition of 

the considered LG beam modes in the HG basis are indicated. The sample intensity 

cross-sections are those of a HG beam at 45o and -45o with mode indices n = 0, 1 and 

m = 0, 1 and a LG mode with mode indices l = ±1, p = 0. 
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The combination of π/2- and π-converters provides considerable freedom in 

manipulating the LG beam and its OAM. The reader is guided to Ref. [102] where a 

general prescription for transforming combinations of HG beams into any particular 

LG beam is given. The main drawback of this mode transformation is that a higher 

order HG beam is required as an input and any imperfection in the specification or 

alignment of the cylindrical lens leads to a residual astigmatism in the resulting LG 

beam. This is manifested as a non-circular beam cross-section as well as in the fact 

that higher index LG beams tend to split upon propagation in a series of OVs with 

unity charge [103, 104]. However, mode converters can be used with high power 

laser sources. 

The analogy between transverse light beams and polarization states extends to a 

description of light beams and their transformation with an equivalent to the 

Pointcaré sphere that is a graphical tool for visualizing different types of polarized 

light (Figure 2.6) [105]. The coordinates of the point, on or within a unit sphere 

centred on a rectangular (x, y, z) coordinate system, describe the state of 

polarization. Orthogonal polarizations are located diametrically opposite on the 

sphere. As shown in Figure 2.6a below, linear polarizations are located on the 

equator and circular states are located at the poles with intermediate elliptical states 

continuous distributed between the equator and the poles. For OAM, the states , 

  are represented by the poles of the sphere, while equally weighted 

superposition of  and   correspond to points around the equator, an example 

for l = 1 is shown in Figure 2.6b. 

 

 
 

Fig. 2.6. a) The Pointcaré sphere and b) sphere of first-order LG beams. The 

encountered polarization states and beam modes are indicated. Schematic was 

produced based on Ref. [105]. 

 

2.3.1.3 Spiral phase plates (SPPs) 

The use of spiral phase plates (SPPs) is another approach for generating beams with 

phase singularities [39]. A SPP is an optical element constructed from a piece of 

transparent material in the form of a disc with refractive index n and optically 
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variable height hSPP that increases linearly with azimuthal angle φ resembling a 

spiral staircase. This can convert a Gaussian beam into a LG beam [106]. The 

relation between height and azimuthal angle is given by: 

 02SSPPh h h



                        (2.9) 

where Sh  is the step height and 0h  is the base height of the SPP. The spiraling 

thickness variation imprints an azimuthal retardation on the incident light beam, 

resulting in the spiraling phase distribution of an OV. The azimuthal optical phase 

delay, δ, is given by: 

 0
0

2

2
Sn n h

nh



 

 
  

 
    (2.10) 

where 0n  is the refractive index of the surrounding medium. If the height of the step 

corresponds to a phase difference of 2π, a SPP inserted in the waist of a Gaussian 

beam will imprint an azimuthal phase profile generating the OV along the beam 

axis. The optical thickness of the SPP increases with azimuthal position according 

to:  / 2 1n   . If the step height of a SPP is not an integer, in addition to the 

on-axis OV, a radial phase discontinuity is created [74, 107]. SPPs with half-integer 

step heights have been deliberately fabricated for experiments in quantum optics 

[108]. The SPP must be smooth and accurately shaped to a fraction of a wavelength, 

so precise micro-machining techniques have been employed to manufacture SPPs 

[109]. However, if the SPP is successfully produced, it is only applicable to one 

wavelength of light and one topological charge l. Even though, achromatic SPPs 

have been also developed for use with broadband sources [110]. As with mode 

converters, a SPP can be used with high power beams.  

A more versatile way to create OVs is by means of an adjustable SPP [111]. A 

twisted piece of cracked Plexiglas is used in order to create an adjustable SPP. The 

Plexiglas is then oriented so that one tab of the SPP is directly perpendicular to the 

incident light beam, and the other tab is bent at some angle φ away from the other. 

An incident light beam at the end of the crack will then result in an OV because of 

the azimuthally varying tilt around the centre of the SPP. If the elastic limit of the 

plate material is not exceeded, the twisting process is controllable and versible. 

These adjustable SPPs can be used with multiple wavelengths and produce a range 

of topological charges. 

 

2.3.1.4 Diffractive optical elements (DOEs) 

The use of diffractive optical elements (DOEs) to transform spatially coherent 

beams into beams containing OVs have also began to be explored in the early 1990s. 
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For example, computer generated holograms (CGHs) can be used to imprint a phase 

profile on an incident light beam and produce novel beam shapes. Bazhenov et al. 

demonstrated a simple technique of generating optical beams with an isolated screw 

dislocation using the diffraction by lithographically defined CGHs [112]. They 

reconstructed the helical wavefront by using the diffraction of a plane wave by a 

synthesized grating. It looks like the usual holographic technique, however in this 

case a hologram is not reconstructed by optical waves, but is computer generated. 

They discovered that when a diffraction grating is modified to include an edge 

dislocation at its centre, in the form of a fork, an optical singularity appears in the 

first order diffracted beam. Thus, the resulting hologram has a ‘forked’ dislocation 

with an imprinted l-value that corresponds to the difference between the number of 

lines above and below the dislocation. This difference depends on the value of l, as 

seen in Figure 2.7. For example, for l = 1 there is one more line at the top of the 

grating than at the bottom. Similarly, for l = 2 there are two more lines at the top of 

the grating than at the bottom and so on (number of prongs = desired topological 

charge l + 1). 

In general, there are two possible kinds of holograms: amplitude and phase. An 

amplitude hologram transmits the light in the transparent fringes and absorbs it in 

the opaque ones. However, the phase hologram does not absorb light. Instead, it 

changes the optical retardation spatially based on the printed phase pattern. A 

hologram can be characterized by its efficiency, which is a fraction of power located 

in the first order of diffraction, P1, to the imprinted power on the hologram, P0, i.e. 

Ef = P1/P0. In average, an amplitude hologram absorbs about half of impinging 

power assuming total absorption in the opaque fringes. Hence, amplitude holograms 

result in lower efficiency compared to the phase holograms that can be designed to 

ideally achieve 100% efficiency by blazing the used grating. The blazed phase 

holograms theoretically diffract all incident light into one of the first order LG 

beams and the pattern for such a blazed hologram is calculated based on the 

following Equation (2.13). 

In general, the complex amplitude, u(r), that the generated beam has (after 

being incident on the CGH), is described by:   

      0 expu r u r i r                             (2.11) 

where   0u r  is the complex amplitude of the beam incident on the SLM and  r

is the phase imprinted on the beam by the CGH. In order to apply a spiral phase 

when no diffraction grating is added to the hologram, the phase imprinted on the 

incident light beam will be given as: 

   mod ,2r         (2.12) 
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where mod(a,b) gives the remainder of a/b and when a spiral phase front with a 

diffraction grating are added to the hologram in use, the phase imprinted on the 

incident light beam becomes [91]: 

    
2

mod cos , 2r r


    


 
 
 

                              (2.13) 

where Λ is the grating period. The blazed CGHs designed to create a single-ringed 

LG beam with topological charge, l = ±1 and 2, are respectively shown in Figure 2.7 

below, where the spiral phase distribution of the desired hologram is typically added 

to a linear phase ramp (phase grating) and the sum is expressed as mod(2π). The 

resulting hologram is a blazed phase grating that has a ‘fork’ feature in its centre. 

 

 
  

Fig. 2.7. Typical ‘forked’ CGHs used to generate OVs with p = 0 and a) l = -1, b) l 

= 1, and c) l = 2. Also shown are the spiral phase (first column) and the linear phase 

ramp (second column) that are combined to give the ‘forked’ holograms (third 

column). The hologram is reversed for opposite signed but same magnitude helical 

beam. The CGH (that is displayed on the SLM) is an 8-bit per pixel bitmap image 

where black (grayscale level 0) represents a phase of 0 and white (grayscale level 

255) represents a phase of 2π.  

 

DOEs made by state-of-the-art photolithographic techniques to etch small scale 

structures on an optical element can be also used for the generation of LG beams 

[113]. An incident light beam on the DOE diffracts from the microstructures and the 

resulting beam profile is the superposition of the diffracted waves. There is no 

fundamental limit to the mode purity of beam shapes created with this method; it is 

only limited by the resolution of the lithographic techniques used to etch the DOEs 
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[41]. Furthermore, a helical mirror can be also used to create OVs of various 

azimuthal mode indices [114]. A piezoelectric actuator controls the mirror shape in 

order to provide a continuous phase variation along the azimuthal direction. 

However, it also introduces radial phase variations because of unavoidable material 

stresses, thus lowering the quality of the generated OVs. Likewise, a deformable 

mirror (DM) can be used to generate an OV [42]. By using this method, one can 

apply any azimuthal index to the incident light beam, up to the mechanical limits of 

the DM. This allows a great variability of the azimuthal mode index and even 

fractional (non-integer) values. Finally, q-plates can be applied to convert SAM to 

OAM in an anisotropic and inhomogeneous media to create LG beams [43]. To 

conclude, DOEs give freedom to generate OVs at any wavelength and from a GB 

which makes them more versatile. 

 

2.4 Bessel beam (BB) 

Next, let us move on another novel beam shape. A new type of solution to the 

paraxial wave equation in terms of Bessel function was spotted by Durnin in 1987 

[81] and the first experimental realization of the equivalent optical beam, the Bessel 

beam (BB), soon followed [82]. A complete discussion on BBs is presented in this 

section. 

 

2.4.1 Introduction to the Bessel beam 

From a mathematical point of view, BBs are particular solutions to the paraxial 

equation in cylindrical coordinates [81]. The electric field of the lth order BB can be 

described by the formula: 

      0, , exp z rE r z E i k z J k r      (2.14) 

where Jl is the lth order Bessel function, and kr and kz are the radial and longitudinal 

wavevector components of the free-space wavevector, such that 2 /k   

2 2
r zk k k  , and r, φ and z are the radial, azimuthal and longitudinal components 

of the cylindrical coordinates and E0 is the field amplitude. The transverse intensity 

profiles of BBs with different l values are shown in Figure 2.8. The zeroth order BB 

has a central maximum, whereas all the higher order BBs have zero on-axis intensity 

surrounded by concentric rings of light. The central zero of the higher-order BBs is 

due to the phase singularity of charge l associated with the azimuthal phase term 

exp(-ilφ) [115]. 

In theory, the intensity profile of a zeroth order BB can propagate for an infinite 

distance without spreading. It is obvious, that in the laboratory, one deals with an 

approximation of a BB or a ‘quasi-BB’, which can propagate ‘diffraction-free’ for 
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only a finite distance and it is surrounded by a certain number of rings. Finally, 

another surprising property of this ‘diffraction-free’ beam is that a BB can 

reconstruct beyond obstructions placed in its optical path, thus BB ‘self-heals’ [116, 

117]. The reason for this will be explained in the next subsection, where different 

methods for BB generation are presented. 

 

 
 

Fig. 2.8. The transverse intensity profiles of BBs (numerical simulated). BBs with 

l
th order Bessel function of the first kind, where l = 0 to 3 increasing in integer step 

are shown in a) to d), respectively. All BBs have the same kr value. 

 

2.4.2 Generating a Bessel beam 

Experimentally, there are a number of methods to generate a BB. As first 

demonstrated by Durnin et al., a BB can be generated by illuminating an annular 

aperture situated at the back focal plane of a lens [82]. Thus, the resulting Fourier 

transform of this annulus will provide a BB. The maximum ‘diffraction-free’ 

propagation distance of the resulting BB, zmax, depends on the focal length, flens, and 

the radius, Rlens, of the lens and also the diameter of the annular aperture, da, such 

that: 

     max tan
lensR

z


  and tan
2

a

lens

d

f
                 (2.15) 

where γ is the opening angle. However, this approach is an inefficient method 

because the most of the incident power from the Gaussian beam (GB) is blocked by 

the opaque part of the annular aperture used. A more efficient method for generating 

a BB is to use a conical lens, known as axicon [118]. As illustrated in Figure 2.9, by 

illuminating an axicon with a GB, a conical wavefront is generated that interferes to 

produce a zeroth order BB. Higher order BBs can be produced by illuminating an 

axicon with a LG beam [119]. The maximum ‘diffraction-free’ propagation distance 

of the resulting BB by this method depends on the beam waist of the incident beam, 

winc, the refractive index of the axicon material, nax, and the base angle of the axicon, 

α, such that: 

 
max 1

inc
inc

r ax

wk
z w

k n 
 


     (2.16) 
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Thus, a larger beam waist, winc, results in a larger maximum ‘diffraction-free’ 

propagation distance, zmax. Also, a smaller value of the base angle of the axicon, α, 

will result in a larger value of zmax. Finally, the most flexible method for generating a 

BB is the use of a hologram that is computer generated or through microfabrication 

[120-122]. This allows direct control over the parameters of the resulting BB and is 

the method employed in the experiments discussed in Chapter 6. The function ψ(r) 

that can be substituted into Equation (2.11) to generate a BB is given by: 

      
2

mod tan , 2r r


    


 
 
 

               (2.17) 

where the base angle of the axicon is α and l is the order of the BB.  

 

2.4.3 Self-healing property of a Bessel beam 

Now that the generation of a BB has been explained, another remarkable feature of 

the BB will be discussed, i.e. the self-healing property of the BB. An axicon 

generated BB is seen to reform after striking an opaque obstruction that blocks a part 

of the incident BB (Figure 2.9).  

 

 
 

Fig. 2.9. Generation of a BB making use of an axicon lens. The ‘Bessel zone’ is the 

region where the waves interfere to produce a BB and the ‘Bessel reconstruction 

zone’ is the area where the BB reforms after the obstruction placed in the beam’s 

path. 

 

Furthermore, the BB can be thought as an interference pattern generated by waves 

propagating on a conical wavefront. If an obstruction is placed in the Bessel beam’s 

path, the BB will reform at some distance after the obstruction, thus the BB ‘self-

heals’. The previously presented Figure 2.9 clearly illustrates that the optical rays 

illuminating the axicon close to the optical axis are responsible for the construction 

of the BB nearest to the axicon. While the optical rays illuminating the axicon away 

from the optical axis construct the BB further away from the axicon. Hence, the 
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waves that pass the obstruction are able to interfere and reform the BB. Finally, the 

minimum distance that it takes the BB to reconstruct around an obstruction, zmin, is 

related to the radius of the obstruction measured from the centre of the beam, robs, 

and the wavevectors kr and k, such that: 

 min 1
obs

ax

obs

r

r

n

r k
z

k 



     (2.18) 

Equation (2.18) can be compared to the Equation (2.16) when the refractive index, 

nax, and the base angle, α, of the axicon are considered. 

 

2.5 The Spatial Light Modulator (SLM) 

The generation of novel beam shapes carrying phase singularities has been made 

easier through the use of the spatial light modulator (SLM). The commercial 

availability of SLMs has massively enhanced the popularity of DOEs for generating 

novel beam shapes. The SLM is a real-time computer controlled pixelated device 

that has a liquid crystal (LC) display where the spatial variations of phase can be 

transferred on an incident light beam [123]. One of the main advantages of the SLM 

is that the parameters of the light beam can be easily altered. The size of the incident 

GB is a compromise between resolution and power efficiency. On one hand, if the 

incident GB has a large beam waist, it will make a better use of the active area of the 

SLM, which in turn results in a higher resolution of the generated beam shape. On 

the other hand, if the beam waist of the incident GB is too large, a part of the 

incident power will miss the active area of the SLM and will therefore be either lost 

or go into the unmodulated zeroth order. Thus, the standard compromise is to use a 

beam waist that roughly matches to the size of the active area of the SLM. 

Additionally, any significant incident beam power must be distributed, so as to avoid 

boiling or damaging the LC active element of the SLM.  

A LC-SLM can be either nematic or ferroelectric. Nematic SLMs can modulate 

the phase by a range of values (in phase steps of 2π/256) between 0 and 2π, but are 

slow (in practice, an update rate for a near-IR nematic SLM would typically be 

20Hz). Ferroelectric SLMs have only two phase levels (phase shift 0 and π), which 

limits the choice of algorithms for the calculation of the hologram patterns and the 

diffraction efficiency. However, with update rates of typically tens of kilohertz, 

ferroelectric SLMs are significantly faster. During this research only electrically 

addressed nematic SLMs are used since a more precise control over the applied 

phase can be achieved and the high repetition rate of a ferroelectric device was not 

required. 

Commercial LC-SLMs are either optically or electrically addressed. A 

photosensor allows the optically driven SLMs to sense the brightness of each pixel 
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and replicate an image using LCs. The display of an electrically addressed nematic 

SLM consists of a layer of birefringent LCs. There is a transparent electrode on one 

side and silicon pixilated electrodes on the other side of the LCs. The magnitude of 

the voltage applied to the nearest pixelated electrode can alter the orientation of the 

LCs at a location. Thus, when there is no electric field present, the LCs line up in a 

preferred orientation. However, as an increasing electric field is applied the 

orientation of the LCs begins to align accordingly with the considered electric field. 

Therefore, the refractive index of each pixelated electrode can be controlled by 

modulating the voltage applied to each silicon pixelated electrode in the LC displays 

(Figure 2.10) [123]. 

 

 
 

Fig. 2.10. A liquid crystal on silicon (LCOS) spatial light modulator (SLM). The 

individually addressed pixel electrodes, which act as one electrical contact layer are 

shown at the left-hand side and a transparent second electrical contact layer is placed 

above the LC layer. When an electric field is applied the LCs rotate and change the 

local refractive index, thus altering the retardation imparted to the wavefront in that 

pixels area. Image adapted from Ref. [123]. 

 

  
 

Table. 2.1. The specifications of the three SLMs used during this study. SLM1 is 

the Holoeye LC-R 2500, SLM2 is the Hamamatsu x10468-01 and SLM3 is the 

Holoeye 1080P. 

 

Table 2.1 details the specifications of the three SLMs that were used during this 

research. SLM1 is the Holoeye 2500, SLM2 is the Hamamatsu X10468-01 and 
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SLM3 is the dual-head Holoeye 1080P. All considered SLMs use a liquid crystal on 

silicon (LCOS) display. 

 

2.6 Discussion and Conclusions 

In this chapter, different aspects of LG beams were presented, focusing on their 

generation and characteristics. An expression for the HG beams was also introduced 

which is essential for the understanding of the direct generation of a LG beam in a 

laser cavity, as well as generation through mode converters. Next, a thorough 

discussion on BBs followed. The properties of BBs and methods to generate them, 

including the use of computer generated holograms (CGH), were presented. The 

CGH can be designed to imprint any phase profile on an incident light beam [84]. 

Finally, the device used to display CGHs, the spatial light modulator (SLM), was 

introduced. 

Quantitative measurement of the parameters that can delineate the properties of 

the Laguerre-Gaussian (LG), Hermite-Gaussian (HG) and Bessel beams (BBs) is 

essential for the studies and potential ground-breaking applications that these beams 

have found over the last few decades. Consequently, the modal characterization of 

the novel beam shapes under consideration here will be studied in this thesis. 

Finally, the following chapter will detail the previous studies investigating 

diffraction of OVs past a variety of apertures and obstacles that have revealed 

interesting structural phase properties of the helical wavefronts of LG beams and can 

be employed to measure the azimuthal mode index l of an unknown vortex beam. 

This forms a theoretical basis for the diffraction of an OV from a triangular aperture 

presented afterwards in Chapter 4. 
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Analysis of Optical Vortices based  
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3.1 Synopsis and Motivation 

uantitative measurement of the OAM is essential for the studies and 

potential ground-breaking applications that LG beams have found over the 

last decades (see Chapter 1). A key issue is the simple, direct 

measurement of the OAM content of the LG beams. Therefore, measuring 

the topological charge, l, of a vortex beam becomes a task of great significance.  

Diffraction of OVs by a variety of apertures and obstacles can reveal interesting 

structural phase properties of their spiral wavefronts and can be employed to 

measure the azimuthal mode index, l, of an unknown vortex beam. The present 

chapter provides an overview into the analysis of OVs based on the diffraction 

theory, where an analytical description of classical and quantum (single photon) 

measurements of l will take place. 

 

3.2 Analysis of LG beams  

Two commonly used techniques for the identification of the azimuthal mode index 

of a vortex beam are based on the interference between the vortex beam under study 

with its mirror image [44] or a plane wave [45]. The interference pattern through the 

appearance of fringes clearly reveals the OAM state of the considered OV and these 

interferometric methods allow one to distinguish between many states. In the first 

case, the most striking feature of the resultant interference pattern is the fringe 

splitting or ‘forking’ arising from the phase discontinuity at the centre of the OV 

(see Figure 1.3). 

On the other hand, for example when a LG beam with l = 3, p = 0 interferes 

with an obliquely plane wave, at the beam waist the 6π phase change around the 

circumference gives rise to three fringe dislocations. Away from the beam waist, 

spiral fringes are observed. Thus in this case of study, the number of radial fringes is 

equal to [45]. This method can be also applied to less symmetric OVs such as 

those occurring in speckle patterns, where the resultant interference pattern can be 

used to trace their position and OAM state [124]. However, if the size of the OV is 

large compared to the detector area, the measurement of the phase distribution 

becomes difficult, since the dark region around the singularity will accordingly 

increase, leaving less light to interfere with. 

 

3.2.1 Young’s double slit experiment 

In 1802, the English polymath Thomas Young performed a celebrated experiment 

demonstrating interference from two closely spaced slits [125]. Furthermore, 

Thomas Young was the first to observe the phenomenon of interference and his 

Q 
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experimental apparatus is depicted in the Figure 3.1 below. A monochromatic light 

beam is incident on the first screen which contains a slit, S0. The diffracted light 

beam then arrives at the second screen which has two parallel slits, S1 and S2. Hence, 

the diffracted light beams from the two slits interfere and result in a far-field 

diffraction pattern of bright bands due to constructive interference, interlaced with 

dark bands due to destructive interference on the viewing screen, C. The bright 

bands (fringes) correspond to interference maxima, and similarly the dark bands 

correspond to interference minima which are highlighted by white or dark spots, 

respectively shown in Figure 3.1. 

 

 
 

Fig. 3.1. Schematic of Young’s double slit experimental apparatus. a) The 

diffracted light beams from the two slits interfere and result in a far-field diffraction 

pattern of bright bands due to constructive interference, interlaced with dark bands 

due to destructive interference on the viewing screen. b) The resulting far-field 

diffraction intensity pattern is presented. 

 

The ubiquitous Young’s double slit experiment, which has been quoted as the most 

beautiful experiment in physics [126], may be used to determine the phase structure 

of OVs [127]. In this case, the length of the double slits has to be of the order of the 

size of the beam waist of the incident vortex beam and as the distance from the 

centre of the slit increases, the phase difference between opposite points on the slits 

decreases. Thus, the interference fringes exhibit a diagonal shift in the centre 

causing the formation of bent interference fringes with either a maximum (for even 

l) or minimum (for odd l) at the centre (Figure 3.2). The sign of l can be determined 
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by observing the direction of the bend in the x-direction as one looks from the top of 

the interference pattern to the bottom, and the modulus of the topological charge can 

be determined by measuring the magnitude of the bend [127] (Figure 3.3).  

 

 
 

Fig. 3.2. Illustration of the Young’s double slit experiment. a) An incident 

Gaussian beam on Young’s double slit apparatus produces the familiar linear 

interference fringes. b) The bent interference fringes in the far-field intensity 

diffraction pattern that results for an incident LG beam, can be employed to 

characterize the azimuthal mode index of the OV (l = 1 in this case) [127].  

 

 
 

Fig. 3.3. Numerically simulated far-field diffraction intensity patterns for vortex 

beams incident on double slits aperture based on Equation (6) in Ref. [127]. For 

incident LG beam with a) l = 3, b) l = 6, c) l = - 3 and d) l = 7 while p = 0 (linear gray 

scale is used, white corresponds to high intensity). The sign and the modulus of l can 

be determined by observing the direction and the magnitude of the bend as indicated 

by the red solid lines. 

 

In fact, the interference effect will have some correlation to the width of the double 

slits, because the wider the slits are, the more the phase varies across the slits. 

Consequently, an adjustment of the size of the beam waist of the incident LG beam 

should be done such that the double slits are located at the peak intensity of the LG 

beam. Using Young’s double slits one can measure the azimuthal mode index, l, of 
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the incident vortex beam, even for polychromatic vortices generated by broadband 

supercontinuum (SC) radiation [128]. 

 

3.2.2 Multipoint interferometer (MPI) 

In 2008, Berkhout and Beijersbergen presented an efficient method for probing the 

OAM of OVs of arbitrary sizes [129]. In this method, based on a multipoint (or 

multipinhole) interferometer (MPI), the OAM of a vortex beam was recognized 

according to the fact that OVs with different azimuthal mode indices, l, will result in 

a different far-field diffraction intensity pattern after the OVs pass through a 

multipoint (or multipinhole) (MP) plate, in which the pinholes are uniformly 

distributed in a ring.  

 

 
 

Fig. 3.4. Numerically simulated far-field diffraction intensity patterns for vortex 

beams incident on a MPI of N points based on Equation (2) in Ref. [129]. The 

columns and rows define the MPI points and the value of the azimuthal mode index 

of the incident LG beam, respectively. The different far-field diffraction intensity 

patterns can be employed to measure l (linear gray scale is used, white corresponds to 

high intensity). Finally, the red circled line indicates an example of an area where the 

different azimuthal mode indices can be easily identified (in case of N = 5). 

 

Some examples of the far-field diffraction intensity patterns are presented in Figure 

3.4 above that have been numerically calculated based on Equation (2) in Ref. [129]. 

The size of the MPI was chosen to be of the order of the beam waist size of the LG 
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beam in order to collect maximum intensity from the ring-shaped intensity profile of 

an LG beam with l = 1. The far-field diffraction intensity patterns for opposite 

signed l values are mirrored in the x-axis and one can determine the sign of l for an 

odd number of points of the MPI. Nevertheless, for an even number of points there 

is no difference between the pattern for positive and negative l, making it impossible 

to differentiate between negative and positive OAM states. However, this method 

can decompose a superposition of LG beams, which is potentially useful for 

application in free space communication [130]. The resultant far-field diffraction 

intensity patterns have a high sensitivity to noises and phase deviations and this may 

result in some difficulty in distinguishing the OAM state of the OVs directly from 

the intricate interferometric patterns; nevertheless, the OV can be identified as long 

as the singularity is enclosed by the MPI.  

Guo et al. also studied the OAM of OVs through extracting the phase values 

sampled by a MP plate [131]. In this case, the phase of an OV passing through a MP 

plate can be directly extracted from the Fourier transform of a single far-field 

intensity diffraction pattern according to a simple algorithm and hence the azimuthal 

mode index, l, can be quantitatively measured. Moreover, triangular and non-

uniformly distributed MP plates can be also used for characterizing the OAM of an 

OV [132, 133]. 

 

3.2.3 Coordinate transformation 

Berkhout et al. have also presented another efficient method to sort OAM states of 

light using two static optical elements [134]. The optical elements perform a 

cartesian (x, y) to log-polar (u, v) coordinate transformation (where 

 2 2ln /u a x y b    and  arctan /v y x ) converting the incident helically phased 

light beam corresponding to OAM states into a beam with a transverse phase 

gradient and a, b are scaling coefficients. Each input OAM state is focused to a 

different lateral position. Two spatial light modulators (SLMs) are used to create the 

desired optical elements, and this method based on the coordinate transformation has 

been also applied to measure OAM superpositions [135]. Furthermore, a mapping of 

this type transforms a set of concentric rings at the input plane into a set of parallel 

lines in the output plane. This efficient approach is limited by the fact that the 

resulting spots can slightly overlap. However, this can be corrected by adding a 

binary phase grating to the transforming elements, producing different diffraction 

orders. Nevertheless, there is approximately a three quarters light loss associated 

with the two used SLMs that can be eliminated by replacing the SLMs with the 

equivalent custom-made refractive optical elements.  
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As a consequence, Lavery et. al. showed that the conversion of OAM states into 

transverse momentum states can be also achieved by replacing the previously used 

SLMs with refractive optical elements [136]. In this case, the transmission 

efficiency is approximately 85%, which makes this approach attractive for use with 

single photons.  

Hence, it was demonstrated that this approach is also efficient for single photon 

experiments by using an electron multiplying camera (EMCCD) in single photon 

counting mode and a laser source that was attenuated such that on average there is 

less than one photon present within the system per measurement period. This 

method was recently improved, extending the measurement bandwidth to > 50 OAM 

states and showing a simultaneous measurement of the radial component [137], 

making it an effective measurement technique that can be implemented as a tool in 

the fields of optical communication and quantum optics. 

 

3.2.4 Diffraction gratings 

As previously introduced in Chapter 2, the generation of LG beams is most often 

accomplished using a hologram, the design of which is a diffraction grating 

containing a ‘fork’ dislocation on the beam axis [112].  

In 2009, Moreno et al. proposed a technique to characterize the azimuthal mode 

index, l, of an OV through its diffraction intensity pattern after a fork-shaped grating 

[138]. The advantage of this system is that it is compact, completely programmable 

and appears to be valid even for fractional values of the azimuthal mode index, l 

[139]. However, this technique allows photons to be tested for only one particular 

OAM state. A more complex CGH could be adopted to detect several different 

OAM states, but its efficiency will be low.  

 

3.2.5 Fourier transform of the intensity distribution of an OV 

Another method that can discriminate between the different topological charges of 

the OVs was recently proposed by Prabhakar et al. [140]. They showed that the 

number of dark rings in the logarithm of the Fourier transform of the intensity 

distribution of an OV is equal to the magnitude of the azimuthal index, l. The strong 

point of this technique is its simplicity. One can get the topological charge of an OV 

in real time; however, this method cannot determine the sign of the azimuthal mode 

index. Recently, this method was also used in order to study the effect of spatial 

coherence on determining the azimuthal index of an OV [141]. 
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3.2.6 Far-field diffraction of OVs past a variety of apertures and 
obstacles  

There is a lot of research on the diffraction characteristics of a vortex beam passing 

through a variety of apertures and around obstacles. The far-field diffraction 

intensity pattern of an OV passing through a slit hexagon [142] or an annular ellipse 

aperture [143] was recently investigated theoretically and experimentally. It was 

found that the number of the dark spots or stripes in the far-field diffraction intensity 

pattern is just equal to the magnitude of the azimuthal mode index, l, of the incident 

LG beam, and that the centre of each dark spot or stripe is a phase singularity. 

Hence, the modulus of the azimuthal mode index can be identified but no 

information can be extracted for the sign of l. Likewise, circular and diamond-

shaped apertures may be used but also cannot distinguish between LG beams of 

opposite helicity but the same magnitude of the azimuthal mode index, l [144, 145].  

Moreover, the far-field diffraction intensity pattern of an incident LG beam on a 

slit aperture has been studied for two different cases; in one, it is incident slightly 

above the slit aperture, and in the other it is centred on the slit. The symmetry and 

the fringe formation in the far-field diffraction pattern can give information of the 

magnitude of l [146]. Additionally, the far-field diffraction intensity pattern of an 

OV passing through a square aperture can result in an intensity square truncated 

lattice. It can be seen that there is a relation between the number of lateral spots or 

interference lobes, N, and the azimuthal index, l, i.e.  = 2N – 2, but only for even 

values of l. For odd values of l, the square lattice is not very well formed [147]. 

However, these methods cannot determine the sign of the azimuthal index. 

In 2010, Hickmann et al. showed that the far-field diffraction of a vortex beam 

by an equilateral triangular aperture results in a truncated optical lattice, which has 

correlations with the OAM of the incident OV [48]. To have a physical insight, 

Hichmann et al. used a simple qualitative argument to analyze the effect of the 

azimuthal phase over each edge of an equilateral triangular aperture. When the 

diffraction patterns corresponding to each edge in the considered equilateral 

triangular aperture are superposed, i.e. they interfere, one recovers the truncated 

optical lattice.  

Some examples of the stated research in the current subsection are shown in the 

Figure 3.5 below. The presented far-field diffraction intensity patterns were 

calculated based on the Matlab code presented in Appendix A, where the 

propagation was performed in two steps. The field was first propagated to the 

aperture plane, where the field distribution was multiplied by the relevant 

transmission function. The transmission function has a unity transmission inside the 
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considered aperture and zero outside the aperture. Then, the resultant field 

distribution was propagated to the far-field. As a final note, for the numerical 

implementation of the far-field diffraction intensity pattern, the scalar field of each 

LG beam is discretized over a square grid and aperture by the used aperture. 

 

 
 

Fig. 3.5. Numerically simulated far-field intensity distributions of OVs of order l 

= -1 to 3 increasing in integer step (from left to right). The rows present different 

results for the circular, square and triangular aperture. The hue colour chart coded for 

the intensity is also highlighted. The aperture plane is presented as inset to the images 

and the scale is the same for all images. 

 

When a triangular aperture is used, a well-shaped truncated intensity lattice is 

generated in far-field for any value of the OAM that can determine the magnitude of 

the azimuthal mode index, l, of the incident vortex beam in a simple and direct way, 

just by counting the number of external points (interference lobes), N, of the 

triangular lattice, namely = N - 1. Changing the sign of l will result in a rotation 

by 180o of the far-field diffraction patterns. This effect can be used for the 

determination of the sign of l and proves that a triangular aperture illuminated with 

an OV is a simple and reliable technique for the determination of both the magnitude 

and the sign of the topological charge of the vortex beam. Figure 3.5 shows a 

comparison between three apertures, where the far-field diffraction intensity pattern 

is numerically calculated for OVs with l = -1 to 3 increasing in integer step. The 

triangular aperture is shown to be a direct approach that can extract information for 
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both the sign and the magnitude of the azimuthal mode index, so prevails over the 

other apertures. Moreover, in 2011, de Araujo and Anderson measured the vortex 

charge via the approach of the triangular aperture for vortex beams up to charge of l 

= ±7. They also demonstrated the use of this technique for measuring femtosecond 

vortices, but care must be taken when interpreting the results for fractional (non-

integer) values of the azimuthal mode index, l [148]. Then, Liu et al. proposed a 

simple and feasible method to determine the magnitude and the sign of l of an OV 

through its far-field diffraction intensity pattern after an annular triangle (or 

triangular slits) aperture [149].  

These studies demonstrate the extended versatility of a triangular aperture for 

the study of OVs and set the scene for a further investigation into this diffraction 

effect, such as whether this is valid for fractional (non-integer) values of the 

azimuthal index. In our study presented in the next chapter, we address this issue 

together with a demonstration that the rotation of the far-field diffraction pattern is 

related to the Gouy phase component of the incident vortex beam [49]. It is also 

shown that this is valid for both monochromatic and broadband light fields. 

 

 
 

Fig. 3.6. Numerically simulated far-field intensity distributions of OVs with l = 3 

diffracted by a triangular aperture. The OV falls in the centre of the aperture and 

the ratio of the beam waist of the incident OV to the aperture’s size, η, is given by a) 

η = 0.2, b) η = 0.3, c) η = 0.4, d) η = 0.5 and e) η = 1. The aperture plane is presented 

in the first row, a) to e), while the far-field diffraction intensity pattern is accordingly 

presented in the second row from f) to j), for the different considered ratios. If the 

ratio is lower or higher than the presented conditions in a) and e), this effect of 

diffraction is negligible. The hue colour chart coded for the intensity is also 

highlighted and the scale is the same for all images. 

 

Finally, one important point about the methods discussed here, is that the phase 

singularity must fall in the centre of the aperture used and the edges of the aperture 
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should be illuminated by the inner border of the incident LG beam. As illustrated in 

Figure 3.6 above, the far-field diffraction intensity pattern is blurred and deformed if 

the size of the triangular aperture is not commensurate with the beam waist of the 

considered LG beam.  

 

3.2.6.1 Which is the optimal aperture that can determine 
simultaneously the azimuthal and radial mode indices of an OV? 

As previously described, a wide array of diffractive structures have all recently been 

used to measure the azimuthal index of LG beams. To date, all these experimentally 

realized approaches have only been considered when irradiated with LG beams of 

zero radial index, p = 0. In the present subsection, the far-field diffraction intensity 

pattern for LG beams of various mode indices, l and p, is numerically explored to 

ascertain the performance of a triangular aperture. 

 

 
 

Fig. 3.7. Numerically simulated far-field intensity distributions of OVs with 

different mode indices diffracted by a triangular aperture. The rows and columns 

define the azimuthal and radial mode indices, respectively. The aperture plane is 

presented as an inset in every image. The hue colour chart coded for the intensity is 

highlighted and the scale is the same for all images. The considered triangular 

aperture is also highlighted at the bottom right corner. 
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It is shown that the inclusion of the radial index p makes a dramatic difference to the 

form of the far-field diffraction pattern. Furthermore, no clear rules may be 

established for determining both mode indices directly from the complex far-field 

diffraction patterns (Figure 3.7). However, it should be noted that regardless of the 

radial mode index, the orientation of the far-field diffraction intensity pattern does 

depend on the sign of the azimuthal mode index. The far-field diffraction intensity 

pattern rotates for opposite sign but same magnitude of the azimuthal index, l. 

Thus, an interesting question is addressed that is raised by the previously 

presented numerical simulations: which is the optimal aperture that can determine 

simultaneously the azimuthal and radial mode indices of an OV? Therefore, our aim 

in the present subsection, is to examine the potential of determining both l and p 

mode indices simultaneously in any measurement.  

 

 
 

Fig. 3.8. Numerically simulated far-field intensity distributions of OVs with 

different mode indices diffracted by a double concentric triangular slits 

aperture. The rows and columns define the azimuthal and radial mode indices, 

respectively. The aperture plane is presented as an inset in every image. The hue 

colour chart coded for the intensity is highlighted and the scale is the same for all 

images. The considered double concentric triangular slits aperture is also highlighted 

at the bottom right corner. 
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Since the far-field diffraction from a triangular aperture is one of the most powerful 

methods for determining the azimuthal mode index by simply counting the number 

of interference lobes in the far-field diffraction intensity pattern [48, 49, 148, 149]; 

superposing multiple such apertures might appear, at the first glance, an appropriate 

method to determine both the radial and azimuthal mode indices of an incident LG 

beam (Figure 3.8). Furthermore, in order to extract the information of the radial 

concentric rings present in the LG beam profile when the radial index is considered, 

a tailored aperture such as a triangular slits aperture with radial spokes was also used 

(Figure 3.9). Although, it cannot be excluded that there exists a specifically designed 

aperture that would deliver a simple rule for the detection of both l and p, this is not 

the case for the double concentric triangular slits aperture or a triangular slits 

aperture with radial spokes. 

 

 
 

Fig. 3.9. Numerically simulated far-field intensity distributions of OVs with 

different mode indices diffracted by a triangular slits aperture with radial 

spokes. The rows and columns define the azimuthal and radial mode indices, 

respectively. The aperture plane is presented as an inset to every image. The hue 

colour chart coded for the intensity is highlighted and the scale is the same for all 

images. The considered triangular slits aperture with radial spokes is also highlighted 

at the bottom right corner. 
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Finally, (as discussed in the previous subsection) the incident LG beam must fall in 

the centre of the considered aperture and the edges of the aperture should be 

illuminated by the inner border of the incident LG beam, in order to simulate distinct 

far-field diffraction patterns. These regulations were also kept when a double 

concentric triangular slits aperture and a triangular slits aperture with radial spokes 

were used (see Figures 3.8 and 3.9). The ratio of the beam waist of the incident OV 

to the aperture’s size was η = 1. 

 

3.3 Discussion and Conclusions 

In the present chapter, different methods that can be employed to measure the 

azimuthal mode index l of an OV are presented. The methods are briefly reviewed 

here. Details of the methods and operation are found in the reference papers.  

To date, all of these approaches have neglected the radial index, in spite of the 

efficient method of the coordinates transformation [136] that has recently been 

extended to > 50 OAM states and also showed a simultaneously measurement of the 

radial component [137]. This could be beneficial for increased bandwidth quantum 

cryptography applications, where the unlimited range of l gives an unbounded state 

space, and hence a large potential information capacity [25-32]. 

Since the far-field diffraction from a triangular aperture can give information 

about the sign and the magnitude of the azimuthal index by counting the number of 

interference lobes in any side of the resultant truncated optical lattice [48, 49, 148, 

149]; the far-field diffraction intensity pattern for LG beams of various mode 

indices, l and p, is numerically explored to ascertain the performance of a triangular 

aperture. It is shown that the inclusion of the radial index makes a dramatic 

difference to the form of the far-field diffraction pattern and no clear rules may be 

established for determining both mode indices directly from the complex resultant 

far-field diffraction intensity patterns. However, it should be noted that regardless of 

the radial mode index, the orientation of the far-field diffraction intensity pattern 

does depend on the sign of the azimuthal mode index. The far-field diffraction 

intensity pattern rotates for opposite sign but equal magnitude of the azimuthal 

index, l.  

As a consequence, superposing multiple triangular apertures might appear, at 

the first glance, an appropriate method to determine both the radial and azimuthal 

mode indices of an incident LG beam. Furthermore, in order to extract the 

information of the radial concentric rings present in the LG beam profile when the 

radial index is considered, a tailored aperture such as a triangular slits aperture with 

radial spokes is also used. Although, it cannot be excluded that there exists a 

specifically designed aperture that would deliver a simple rule for the detection of 
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both l and p, this is not the case for the double concentric triangular slits aperture or 

a triangular slits aperture with radial spokes. Finally, it is shown that the far-field 

diffraction intensity pattern is blurred and deformed if the size of the triangular 

aperture is not commensurate with the beam waist of the incident LG beam. 

In the next chapter, our approach to measure the phase singularity of LG beams 

is explored, based on the diffraction by a triangular aperture that is shown to be one 

powerful method for the characterization of an OV. The results of this study are 

within an agreement with the already stated studies and reveal that the form and 

orientation of the far-field diffraction pattern, i.e. a truncated optical lattice, can be 

used as a simple and direct way for the determination of l. 



 

 

 

 

 

 

 

CHAPTER 4 

Diffraction of an Optical Vortex 

from a triangular aperture 
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4.1 Synopsis and Motivation 

he study and application of optical vortices (OVs) have gained significant 

prominence over the last two decades [36, 37]. The determination of the 

azimuthal index (topological charge), l, of a vortex beam for a range of 

applications remains an interesting challenge. In this chapter, the diffraction of such 

beams from a triangular aperture is explored. It is shown that the form of the 

resultant far-field diffraction pattern is dependent upon both the magnitude and the 

sign of the azimuthal index, l, and this is valid for both monochromatic and 

broadband light fields. In the present study, only LG beams with zero radial mode 

index are considered. For the first time, it is demonstrated that this behaviour is 

related not only to the azimuthal index, l, but crucially to the Gouy phase component 

of the incident light beam. In particular, the far-field diffraction patterns for incident 

LG beams upon a triangular aperture, possessing fractional (non-integer) values of 

the azimuthal mode index, l, are explored. Such optical fields have a complex vortex 

structure. This study is able to infer the birth of an OV which occurs at the half-

integer value of the azimuthal index, l, and explore its evolution by observations of 

the far-field diffraction intensity patterns. These results demonstrate the extended 

versatility of a triangular aperture for the study of OVs [49]. 

 

4.2 Introduction 

In the current chapter, our approach to measure the phase singularity of LG beams is 

explored, based on diffraction by a triangular aperture. The results of this work are 

within agreement with the already stated studies in Chapter 3 [48, 148, 149], and 

reveal that the orientation of the far-field diffraction pattern from a triangular 

aperture illuminated by a LG beam, which is a triangular optical lattice, depends 

crucially upon the sign and the magnitude of the azimuthal mode index, l, which 

characterizes the incident vortex beam. The azimuthal mode index, l, can be 

determined in a direct way from the form of the far-field diffraction intensity 

pattern. It is also shown that the Gouy phase shift causes the 180o rotation of the far-

field diffraction intensity pattern as observed by Hickmann et al. when changing the 

sign of the azimuthal mode index [48]. 

Recently, there has been significant interest in fractional azimuthal index 

dislocations embedded within optical beams for studies of entanglement and 

quantum information processing [108]. For fractional (non-integer) values of the 

azimuthal index, l, there is a phase discontinuity which gives rise to a line of low 

intensity. To date, for the generation of an optical beam of half-integer fractional 

azimuthal index, l, both SPP and off-axis holograms, have been used. Basistiy et al. 

T 
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made use of a computer generated hologram (CGH), based on a half-integer screw 

dislocation, to generate a monochromatic fractional LG beam [150]. In 2004, Berry 

discussed mathematically the evolution of waves with phase singularities of 2πl, 

where l may now be either integer or fractional [74]. For the case of the fractional 

phase step (2πl) being non-integer, a key theoretical prediction of Berry is the birth 

of a vortex within the light beam as the fractional phase step reaches and passes a 

half-integer value. One important characteristic is its instability upon propagation, 

which was explained by a propagation mechanism that involves an infinite chain of 

OVs annihilating in pairs during the propagation. The vortex instability is 

characterized by the OVs breaking into fundamental units in the Fourier plane, 

where the OVs are spatially separated [74].  

Thus, to experimentally investigate such fractional topological charges we need 

to both generalize the range of fractional phase steps available as well as find a way 

of studying the evolution. Experimental studies have been performed using 

interference [151]; however observation of the far-field diffraction pattern from a 

triangular aperture offers a simple route for exploration of this topic and one can 

deduce the birth and evolution of a vortex within the light field upon the triangular 

aperture [49]. This remarkable result is discussed here and is valid for both 

monochromatic and broadband light fields.  

 

4.3 Theoretical background 

In the present section, the theoretical background necessary for discussing the 

experimental results is given. The basic model involves diffraction of an incident 

monochromatic OV of wavelength λ and azimuthal index l that is centred on a 

triangular aperture located at z = 0, where z being the propagation axis. In the 

present study, the propagation was performed in two steps in order to introduce the 

aperture into the propagation. The same configuration was applied for the numerical 

calculations previously presented in Chapter 3. The field was first propagated to the 

aperture plane, where the field distribution was multiplied by the relevant 

transmission function. This field distribution was then propagated to the far-field. 

Denoting the transverse coordinates on the aperture plane as (x, y) = (ρ, θ) in either 

cartesian or cylindrical polar coordinates, the aperture transmission function is 

written as t(x, y) = t(ρ, θ). 

 

4.3.1 Basic equations 

For the specific case studied here, t(x, y) describes an equilateral triangular aperture 

which has unity transmission inside the aperture and zero outside the aperture, and 
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over the spatial extent of the aperture the slowly varying electric field envelope of 

the incident OV at z = 0 is written as:  

                       ( ) ( )( , ,0) ( sgn( ) ) ( , ,0) iE x y A x i y E A e                   (4.1) 

where A measures the field strength, and we hereafter set A = 1. In the study at hand, 

the far-field diffraction patterns were created using a standard 2f Fourier 

transforming optical system based on a lens of focal length f, and the transverse 

cartesian coordinates were denoted in the focal plane as (ξ, η) (Figure 4.1). 

 

 
 

Fig. 4.1. Geometry for the transforming lens. The Fourier plane is always at the 

image plane of the illuminating source, in this case a triangular aperture illuminated 

by a vortex beam with l = 2. 

 

The diffracted field at the distance z = 2f past the aperture is then proportional to the 

Fourier transform of the product of the OV times the aperture transmission function 

yielding the following result [48, 152]: 

                              ( ) ( )( , , ) ( , )( sgn( ) ) i Xx YyE X Y z dx dyt x y x i y e
 

 

 

           (4.2) 

where 2 /X f   and 2 /Y f   are scaled transverse coordinates in the 

observation plane. The Equation (2) was numerically solved using the discrete 

Fourier transform algorithm for the case of a triangular aperture and for a variety of 

input azimuthal indices, l, both of integer and fractional values. The numerical code 

was checked against the known analytical solution for the uniformly triangular 

aperture [152]. In Appendix B, the numerical calculations of the far-field intensity 

profile 
2

( , , )E X Y z  are presented for a variety of conditions.  
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4.3.2 Far-field diffraction intensity profile for integer azimuthal 
indices 

As already stated in Chapter 3, Hickman et al. have explored the properties of 

diffraction of OVs of integer azimuthal indices by a triangular aperture and their use 

for measuring the azimuthal mode index, l, of an incident LG beam [48]. Some of 

their findings are repeated here for completeness in presentation. In particular that 

the far-field diffraction pattern is rotated by 180o upon reversing the sign of the 

azimuthal index, while the origin of this rotation is explored which has not been 

done before.  

In Figure 4.2, the numerical simulations of the far-field diffraction intensity 

profiles are presented for integer azimuthal mode indices, l = 2, 3, 4 in the upper 

row, and l = -2, -3, -4 in the lower row. One observes what Hickmann et al. refers to 

as truncated optical lattices [48]. The red-black colour palette is used in the 

following Figures 4.2 and 4.3 for direct comparison with our experimental results 

for which the CCD uses this palette. From these numerical simulations one can 

verify the rule that the number of the interference lobes on any side of the far-field 

diffraction intensity pattern is equal to the modulus of the azimuthal mode index 

plus one ( 1) . As can be seen, there are ( 1)  parallel rows or lines of 

interference lobes making up a given truncated optical lattice. Furthermore, the 

effect of changing the sign of the azimuthal index, l l, is to rotate the orientation 

of the truncated optical lattice by 180o, as can be verified by inspecting the upper 

and lower rows in Figure 4.2. Thus, the number of interference lobes in the 

truncated optical lattice and its orientation can be used as a detector of the azimuthal 

mode index, l, of an incident OV. 

It has been previously shown in Chapter 3 that other apertures can be used to 

detect the modulus of the azimuthal index of an OV. The triangular aperture is even 

more flexible in that it can reveal both the magnitude and the sign of the azimuthal 

index using the orientation of the far-field diffraction intensity pattern. This begs the 

question of the physical origin of the 180o rotation of the intensity pattern upon 

reversing the sign of the azimuthal mode index, and here, an answer to this question 

is provided by demonstrating that the 180o rotation may be traced to the Gouy 

phase-shift. This explains the fact that the diffraction of an OV from a polygonal 

aperture in general depends upon the sign of the azimuthal index, and furthermore 

exposes that this dependence stems from the Gouy phase-shift, giving new physical 

insight into this problem, compared to previous studies [49]. An analytical study on 

the Gouy phase-shift dependence is discussed in Appendix B. 

Theoretically, the intensity profile of an OV with l azimuthal index is identical 

to the –l case (see Chapter 2). This makes it impossible to deduce the azimuthal 
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mode index directly from the intensity profile of the vortex beam. The triangular 

aperture breaks this symmetry and any mask that is not inversion symmetric would 

be able to distinguish between the two different signs of l.  

 

 
 

Fig. 4.2. Numerical simulations of the far-field diffraction intensity profile for 

integer azimuthal mode indices. Where l = 2, 3, 4 in the upper row, and l = -2, -3, -4 

in the lower row (from left to right). These far-field diffraction intensity patterns 

reveal the truncated optical lattice generated by the triangular aperture for incident 

OVs with integer azimuthal mode indices, and the fact that the far-field diffraction 

intensity patterns are rotated by 180o under reversal of the sign of the azimuthal 

index, l. The orientation of the triangular aperture is indicated on the right-bottom 

corner of the patterns [49]. 

 

In conclusion, for example the far-field diffraction intensity pattern produced by a 

circular aperture is also rotated but this is clearly not observable, and the triangular 

aperture is likely the simplest aperture that can act as a detector of both the 

magnitude and sign of the azimuthal mode index. As a final remark, Arlt has 

previously considered diffraction of an OV by a knife edge as a detector of the 

absolute handedness of vortex beams [153]. 

 

4.3.3 Far-field diffraction intensity profile for fractional azimuthal 
indices 

The second novel topic of the present chapter is now discussed, namely the far-field 

diffraction intensity patterns obtained for incident OVs possessing fractional 



Diffraction of an Optical Vortex from a triangular aperture Chapter 4 

 

50 
 

azimuthal mode indices, l. The following Figure 4.3 shows the far-field diffraction 

intensity patterns obtained for l = 2 to 3 increasing in fractional steps of 0.1. The 

main feature that should be pointed out is that for azimuthal indices in the range 2 < 

l < 2.3 the far-field diffraction intensity pattern remains largely unchanged and close 

to that for l = 2 in that it has (  + 1) = 3 rows of interference lobes in the truncated 

optical lattice. In contrast for l ≥ 2.4 one can see that the far-field diffraction 

intensity pattern starts to distort on the left side as indicated by the circled region in 

the far-field diffraction intensity pattern for l = 2.4 in Figure 4.3 below.  

 

 
 

Fig. 4.3. Numerical simulations of the far-field diffraction intensity profile for 

fractional azimuthal mode indices. Far-field diffraction intensity patterns obtained 

for l = 2 → 3 increasing in fractional steps of 0.1. These far-field diffraction intensity 

patterns illustrate the birth of an OV (region indicated by white dashed ellipse) as the 

azimuthal mode index passes through a half-integer value [49]. 

 

This distortion is the beginning of a new row of interference lobes that develops for l 

< 2.4, and for l = 3 the new row is fully formed and there are ( + 1) = 4 rows in the 

truncated optical lattice in the far-field diffraction intensity profile. What the 

sequence of the intensity profiles in Figure 4.3 reveals is how the birth of an OV is 

manifested in the truncated optical lattice generated by the triangular aperture, and 

in particular how the optical lattice deforms from having three to four rows of 

interference lobes as l = 2 → 3 in this example: there is little distortion of the 
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truncated optical lattice from its l = 2 form with 3 rows for 2 < l < 2.3, and the birth 

of the l = 3 vortex with its 4 rows is clearly evident for l ≥ 2.5 until it is completed 

for l = 3. This sequence of events is perfectly in keeping with the prediction due to 

Berry [74] that the birth of a vortex occurs at the point where the fractional 

azimuthal mode index passes a half-integer value. The numerical results are easily 

generalized to higher azimuthal mode indices, l, with the same general result: as the 

azimuthal index of the incident OV passes ( + 1/2) the birth of an OV is revealed 

in the optical lattice produced by diffraction of the OV by the triangular aperture, in 

keeping with Berry’s prediction [74]. To illustrate this, Figure 4.4 provides an 

animation in which the intensity pattern is shown as the azimuthal mode index is 

varied from l = 2 → 5, so that several examples can be viewed. To aid viewing the 

animation pauses at integer values of l so that the reader can view the different 

examples involving variation between the integer values of the azimuthal index. The 

animation paints a fascinating picture in which starting from an integer l azimuthal 

index, the optical lattice has ( + 1) rows which persist until the azimuthal index 

reaches ( + 0.3) at which point the optical lattice appears to move to the right as a 

new row of lobes starts to appear on the left. This process culminates when the 

azimuthal index reaches ( + 1) for which the optical lattice has ( + 2) rows, and 

this scenario is seen in each example displayed in the animation (Figure 4.4). 

 

 
 

Fig. 4.4. Numerical simulations of the far-field diffraction intensity profile for 

azimuthal mode indices l = 2 → 5 in steps of 0.01. The figure includes an animation 

in which the intensity pattern is shown as the azimuthal index is varied from l = 2 → 

5 in steps of 0.01, so several examples can be viewed. To aid viewing the animation 

pauses at integer values of l so that the reader can view the different examples 

involving between integer values of the azimuthal index [49]. 

 

To access the animation, see the published work in Ref. [49]. As a final remark, 

Jesus-Silva et al. have recently presented a new ingredient to the studies of the birth 
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of an OV at the Fraunhofer zone, where it was shown that the birth of an OV occurs 

at a fractional value a, i.e. a = n + ε, where n is an integer number and ε is a small 

fraction [154]. 

 

4.4 Experiments 

The above numerical simulations demonstrate that the optical lattice revealed in the 

intensity profiles generated from the far-field diffraction of an OV by a triangular 

aperture can provide a visualization of the birth and evolution of an OV as the 

azimuthal mode index, l, is varied. In this section, the experimental realization of 

these results will take place for both monochromatic and broadband light fields. 

 

4.4.1 Experimental setup 

The experimental setup is shown in the following Figure 4.6. A Helium-Neon 

(HeNe) laser source (JDS Uniphase, 633nm, Pmax = 4mW) served for the 

monochromatic measurements, while for the broadband while light measurements a 

commercially available supercontinuum (SC) source (Fianium Ltd, 4ps, 10MHz) 

was used, which delivers radiation across a spectral range of 464-1750nm and a 

maximum average power of 6W. An IR mirror was used in order to reflect the IR 

component of the beam, so a bandwidth of 464-700nm was selected (shown in the 

spectrum displayed in Figure 4.5). The white light beam was additionally sent 

through a photonic crystal fiber (Thorlabs LMA-25) in order to obtain a beam 

featuring a homogeneous Gaussian intensity profile. 

 

 
 

Fig. 4.5. The spectrum of the white light supercontinuum laser source used. The 

Avaspec 3648 spectrometer was used to take the spectrum in the range from 420nm 

to 750nm. 

 

A half-waveplate (λ/2) was used in order to rotate the polarization of the incident 

light beam to the optimum angle for the SLM so as to maximize the power 
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diffracted into the first-order. The polarization state was verified by the use of a 

polarized beam-splitter (PBS) after the λ/2 plate.  

 

 

 
 

Fig. 4.6. Experimental apparatus. a) Experimental setup for the monochromatic 

studies: L = lens, SLM = spatial light modulator, M = mirror, CCD = charge coupled 

device camera, PBS = polarizing beam splitter. Focal widths of lenses: f1 = 50mm, f2 

= 250mm, f3 = 750 mm, f4 = 250mm and f5 = 100cm. b) The beam profile of the 

resulting monochromatic LG beam with l = 2. For visualization purposes the LG 

beam is presented in grayscale. c) For the broadband studies, the dispersion 

introduced by the SLM is compensated by using an f3 – (f3 + f4) – f4 imaging scheme 

on a glass prism (10o) in the back focal plane of L4, where f3 = 250mm and f4 = 

160mm. Finally, a static equilateral triangular aperture (each side was 3.5mm) was 

used instead of the second SLM to avoid issues related to dispersion. 
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The incident laser beam was subsequently expanded with a telescope in order to 

slightly overfill the chip of a spatial light modulator (SLM) which was a Holoeye 

LC-R 2500 with LCoS display area ≈ 1.5cm. The LG beam was created in the far-

field of the SLM. As previously presented in Chapter 2, the holograms were of the 

form of forked diffraction gratings in order to impose a 2πl phase shift on the 

incident GB, where l is the azimuthal mode index of the LG beam. The SLM was 

calibrated and wavefront corrected using the optical eigenmode (OEi) technique (see 

Appendix C) [155, 156]. Moreover, a pair of lenses were used (lenses L3 and L4 in 

the Figure 4.6) so as to filter the first-order diffracted beam carrying the vortex, from 

the unmodulated zero-order diffracted beam using an aperture located in the back 

focal plane of lens L3. For the broadband studies a prism (10o) (shown in Figure 

4.6c) was situated in the back focal plane of the lens L4. With this configuration, a 

compensation was achieved, for the dispersion mediated by the linear phase shift 

imposed onto the incident laser beam by the SLM in order to separate the first-order 

from the zero-order diffracted beam. The two lenses (L3 and L4) are not necessary 

for the monochromatic studies, but we intended to perform both the monochromatic 

and the broadband studies on the basis of the same experimental setup. After L4, the 

generated LG beam was incident onto a triangular aperture. 

The triangular aperture was realized in a different manner for the 

monochromatic and broadband studies. A second SLM (Hamamatsu X10468-01) 

was used for the monochromatic studies. This allowed us to flexibly change the 

geometry of the triangular aperture using dedicated LabVIEW software. In 

particular, the change in size of the LG beam when changing l was taken into 

account for the monochromatic studies. In contrast, a static triangular aperture 

imprinted onto a photographic film was used for the broadband measurements. With 

this configuration, further dispersion onto the broadband LG beam was avoided, that 

would require further prism compensation. Each side of the printed equilateral 

triangular aperture has a length of 3.5mm; the aperture was mounted on an x-y-z 

translation stage that permitted positioning to an accuracy of 5.5μm in order to be 

carefully aligned with the vortex beam. Finally, lens L5 was used to create the far-

field diffraction pattern in the respective back focal plane where a colour CCD 

camera (Basler piA640-210gc, pixel size: 7.4 μm x 7.4μm) served to record and save 

the images of the far-field diffraction patterns onto the hard drive of a computer.  

On a final note, the quality of the prism dispersion compensation critically 

depends on the beam diameter. To account for this, the size of the broadband LG 

beam was reduced by extracting a central part of the beam using the first SLM. 

Satisfactory results in terms of dispersion were obtained when reducing the beam 

diameter by a factor of two. Additionally, since the diffraction angle from the 



Diffraction of an Optical Vortex from a triangular aperture Chapter 4 

 

55 
 

grating is dependent on wavelength, the white light vortex splits up into its 

constituent monochromatic vortices [157]. As previously mentioned, to compensate 

for this dispersion, an f3 – (f3 + f4) – f4 imaging scheme (shown in Figure 4.6c) was 

used to image the SLM plane onto a prism (10o) with opposite dispersion to that of 

the SLM, in order to give a 3.5mm diameter white light LG beam with l = 3. The 

period of the diffraction grating was altered until the magnitude of the dispersion 

introduced by the SLM exactly matched that of the prism. 

This compensation scheme worked well for most of the spectrum of the beam, 

although dispersion in the blue part of the spectrum could not be completely 

compensated. This can be seen in the far-field diffraction patterns for all the beams, 

but is most clearly visible in the intensity profile of the LG beam with azimuthal 

index, l = 6 in the following Figure 4.7: the blue vortex is shifted slightly to the left 

and the red vortex slightly to the right. 

 

 
 

Fig. 4.7. Intensity profiles of white light vortices. White light LG beams with 

azimuthal index of l = 1 to 6 increasing in integer step, were all generated and are 

depicted in a) to f), respectively. 

 

To record distinct images of the monochromatic far-field diffraction intensity 

patterns, an adjustment was made between the size of the triangular aperture and the 

size of the LG beam under consideration, since the diameter of the bright ring 

depends on the azimuthal mode index, l [91, 158]. The far-field diffraction pattern is 

blurred and deformed if the size of the triangular aperture is not commensurate with 

the beam waist of the incident LG beam (see Figure 3.6). Moreover, the far-field 

diffraction intensity pattern is larger for a large thickness while the pattern gets more 

distinct for a small thickness, when an annular triangular aperture is used [149]. The 

CCD exposure time was also adjusted in order to best highlight the pattern 

morphology for each recorded pattern. 
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4.4.2 Experimental results 

4.4.2.1 Far-field diffraction intensity profile for integer azimuthal 

indices using monochromatic light field 
The experimental results obtained for the far-field diffraction intensity patterns for 

integer azimuthal indices using monochromatic light fields are seen in Figure 4.8. 

The triangular aperture was the same for l = 2 and l = 3 and it was adjusted to a 

larger size for l = 4. The experimental results are in excellent agreement with the 

theoretical prediction shown in Figure 4.2: the number of interference lobes on any 

side of the diffraction pattern is equal to (  + 1), so there are (  + 1) parallel lines 

of interference lobes in any of the three directions, and the pattern orientation is 

flipped when the sign of the azimuthal mode index is changed. 

 

 
 

Fig. 4.8. Measured monochromatic far-field diffraction intensity profile for 

integer azimuthal indices. Where l = 2, 3, 4 in the upper row, and l = -2, -3, -4 in the 

lower row (from left to right). The orientation of the triangular aperture is indicated 

on the right-bottom corner of the patterns. This should be compared to the theoretical 

prediction seen in Figure 4.2 [49]. 

 

4.4.2.2 Far-field diffraction intensity profile for fractional azimuthal 
indices using monochromatic light field 

The experimental data obtained for the far-field diffraction intensity patterns for 

fractional azimuthal mode indices using monochromatic light fields are also in an 

excellent agreement with the theoretical prediction. This is best seen through 
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comparison of Figures 4.9 and 4.3, where the former shows far-field intensity 

diffraction patterns recorded with the CCD camera for l = 2 → 3 in fractional steps 

of 0.1. The experimental data clearly manifest the expected distortion of the far-field 

diffraction pattern for l > 2.4 as indicated by the white circled region. A new row 

arises that develops for l > 2.4, and finally the l = 3 far-field diffraction pattern is 

formed. The experimental data therefore verify Berry’s prediction [74] of the birth 

of a vortex occurring at half-integer values of the fractional azimuthal mode index. 

 

 
 

Fig. 4.9. Measured monochromatic far-field diffraction intensity profile for 

fractional azimuthal indices. Far-field diffraction intensity patterns obtained for l = 

2 → 3 in fractional steps of 0.1. The white dashed ellipse indicates the region where 

the birth of the vortex is observed. Compare to theoretical prediction in Figure 4.3 

[48]. 

 

4.4.2.3 Far-field diffraction intensity profile for integer azimuthal 
indices using broadband light field 

In the present subsection, a study was performed in order to investigate whether the 

characteristic far-field diffraction intensity patterns may be observed for broadband 

‘white light’ source. By placing the CCD camera on a translation stage that 

permitted positioning to an accuracy of 5mm and translation steps of 20cm, we 

follow the creation of the diffraction pattern as the LG beams with azimuthal indices 

l = ±3, ±4  propagate in a distance z from the triangular aperture. In general, the 
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Fraunhofer region occurs when the Fresnel number, NF, is given by: NF = 
2

1
W

z
, 

where W is the aperture or slit size (3.5mm), λ is the wavelength of the incident 

beam (0.6μm) and z is the distance from the aperture [159]. For the case studied 

here, the Fraunhofer region can be employed if the viewing distance is almost equal 

to two metres (≈ 2m).  In the following Figures 4.10 and 4.11 the recorded 

diffraction intensity patterns for LG beams with l = ±3, ±4 in different distances 

from the triangular aperture plane to the detector plane are presented. 

 

 
 

Fig. 4.10. Diffraction intensity patterns in near-field. Diffraction intensity patterns 

obtained for LG beams with l = ± 3, ± 4 at different distances from the aperture plane. 

The orientation of the triangular aperture is the same as shown in the following 

Figure 4.12. 

 

The far-field diffraction pattern is created in a distance close to two metres (≈ 

190cm), and the experimental results also verify that the orientation of the far-field 

diffraction pattern depends on the sign of the azimuthal mode index that 

characterizes the considered LG beam (Figure 4.11). The CCD exposure time was 

adjusted in order to best highlight the pattern morphology for each recorded 

diffraction pattern. 
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Fig. 4.11. Measured diffraction intensity profiles for different propagation 

distances close to far-field. Diffraction intensity patterns obtained for l = ± 3, ± 4. 

The far-field diffraction pattern is created in a distance ≈ 190cm, and the dependence 

of the orientation of the diffraction pattern on the sign of the azimuthal index can be 

noticed. 

 

 
 

Fig. 4.12. Measured broadband far-field diffraction intensity profile for integer 

azimuthal mode indices. Where l = 2, 3, 4 in the upper row, and l = -2, -3, -4 in the 

lower row. The orientation of the triangular aperture is indicated on the right-bottom 

corner of the patterns. This may be compared to the theoretical prediction seen in 

Figure 4.2. 
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It was previously demonstrated that the triangular aperture can reveal both the 

magnitude and the sign of the charge of a vortex beam, and in the current subsection 

it is also applied to white light OVs with integer values of the azimuthal indices 

(Figure 4.12). The magnitude of l is directly related to the external interference lobes 

forming the sides of the far-field diffraction intensity pattern and it is given by l = (N 

- 1), where N is the number of interference lobes on any side of the far-field 

diffraction intensity pattern. For example, in the case of LG beam with l = 3, one can 

observe in the far-field intensity diffraction pattern that the number of lobes in any 

side of the pattern are N = 4, and therefore the azimuthal index is equal to l = 4 – 1 = 

3, which is the case (as seen in Figure 4.12). 

 

4.4.2.4 Far-field diffraction intensity profile for fractional azimuthal 

indices using broadband light field 
In the present subsection, the far-field diffraction of a white light vortex beam with a 

fractional phase step from a triangular aperture will be studied. To generate these 

vortex beams, differing fractional topological charge variations were imprinted 

within an incident GB using a SLM. The same scheme was previously used for the 

monochromatic measurements. The OAM carried by the LG beam is a continuous 

function of the azimuthal mode index, l, and it is not restricted to take only integer 

values. The fractional white light LG beams, due to a phase discontinuity seem to 

have a missing point at their ring-like intensity structure [160]. This point seems to 

reassemble for the next integer value of l (Figure 4.13). Here, the diffraction of the 

fractional white light LG beams from a triangular aperture is presented. The 

experimental data obtained are also in an excellent agreement with the theoretical 

prediction. This is best seen through comparison of Figures 4.14 and 4.3. 

The far-field diffraction intensity patterns are less distinct compared to the 

monochromatic data previously shown in the Figures 4.6 and 4.7, which apart from 

the broadband nature of light, must be attributed to the reduced LG beam size (only 

half of the SLM display used due to dispersion compensation) and the use of static 

triangular apertures imprinted onto photographic film which did not allow the 

adjustment of the considered aperture size to the beam waist of the incident LG 

beam as flexibly as in the monochromatic studies.  

Nevertheless, the birth of the vortex can be clearly identified in the broadband 

data as well and all the characteristic effects can be observed, that is a new row of 

interference lobes arises for l > 2.4. The discrepancy between the broadband and 

monochromatic data in terms of pattern orientation and region of vortex birth is 

explained in the final section of this chapter. On a final note, the same diffraction 

based method was recently used to measure ultra-broadband OV beams and it was 
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shown that the topological charge is constant, and can be consistently measured 

across a wide range of colours [161]. 

 

 
 

Fig. 4.13. Intensity profile of fractional white light OVs. Fractional white light LG 

beams with azimuthal index l = 2 → 4.25 with a fractional step of 0.25 are presented. 

 

 
 

Fig. 4.14. Measured broadband far-field diffraction intensity profile for 

fractional azimuthal indices. Far-field diffraction intensity patterns obtained for l = 

2 → 3 in fractional steps of 0.1. The white dashed ellipse indicates the region where 

the birth of the vortex is observed [49]. The orientation of the triangular aperture is 

the same as previously shown in Figure 4.12. 
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4.4.3 What decides the side of the optical lattice that distorts and 

finally leads to the birth of an optical vortex? 
In the present section, an interesting question is addressed that is raised by our 

simulations and experiments: what decides the side of the optical lattice that distorts 

and finally leads to the creation of the new row following the birth of an OV? In 

particular, for the case of integer azimuthal indices, the generated optical lattice is 

found to depend only on the orientation of the triangular aperture, and does not 

depend on any rotation of the OV around its axis, thus amounting to a trivial 

homogeneous phase-shift of the field. This is, however, not the case for fractional 

azimuthal mode indices for which the phase of the OV, exp(-ilφ), exhibits a 

discontinuity at a definite azimuthal angle that can be physically identified, so that 

the relative orientation of the triangular aperture and azimuthal position comes into 

play and indeed dictates the spatial direction in which the optical lattice distorts and 

the lattice symmetry is broken. Thus, experimentally it should be the case that if the 

triangular aperture is rotated keeping the azimuthal mode index and orientation of 

the OV fixed, then the orientation of the optical lattice should also rotate. Moreover, 

the optical lattice should melt and reassemble at a different spatial location.  

 

 
 

Fig. 4.15. Spatial dependency of the birth of the vortex on the orientation of the 

triangular aperture. The figure shows measured monochromatic far-field diffraction 

intensity patterns obtained for l = 2.6 and different orientations of the triangular 

aperture as indicated on the right-bottom corner of the patterns. The white dashed 

rectangles indicate where the birth of the vortex should be observed according to the 

rotation of the diffraction pattern. The white dashed ellipse shows the spatial location 

where the birth of the vortex is actually observed [49]. 

 

This is indeed observed as it is demonstrated in Figure 4.15 on the basis of 

experimentally recorded monochromatic far-field diffraction intensity patterns. As 

the triangular aperture is rotated in steps of 90o so does the far-field diffraction 

intensity pattern. However, the region of the vortex birth does not follow the rotation 

as indicated by the white dashed rectangles indicating the expected regions and the 

white dashed ellipses indicating the actual regions where the birth of the vortex is 
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observed. This observation also explains why the broadband data would not coincide 

with the monochromatic data if rotated accordingly. 

 

4.5 Discussion and Conclusions 

In the current chapter, the diffraction of OVs with various azimuthal mode indices 

from a triangular aperture was explored. The results of this study are within an 

agreement with the previously discussed studies [48] and reveal that the orientation 

of the diffraction intensity pattern in far-field from a triangular aperture illuminated 

by a LG beam, which is a triangular lattice, depends crucially upon the sign and the 

magnitude of the azimuthal index l which characterizes the incident vortex beam. 

The number of the interference lobes on any side of the far-field intensity pattern is 

equal to the modulus of the azimuthal index plus one ( 1) . As can be seen, there 

are ( 1)  parallel rows or lines of interference lobes making up a given truncated 

optical lattice. Furthermore, the effect of changing the sign of the azimuthal index l

 l is to rotate the orientation of the truncated optical lattice by 180o and in the 

Appendix B, it is demonstrated that the 180o rotation may be traced to the Gouy 

phase-shift. This analysis explains the fact that the diffraction of an OV from a 

polygonal aperture in general depends upon the sign of the azimuthal index, and 

furthermore exposes that this dependence stems from the Gouy phase-shift, giving 

new insight into this problem, compared to previous studies [49]. 

Thus, the number of lobes in the truncated optical lattice and its orientation can 

be used as a detector of the azimuthal index l of an incident OV. The behaviour of 

the far-field diffraction pattern is shown to be dependent upon the Gouy phase of the 

light field for the first time. For fractional (non-integer) values of the azimuthal 

index, l, there is a phase discontinuity which gives rise to a line of low intensity. The 

evolution and form of the far-field diffraction pattern from the triangular aperture for 

incident fields of fractional values of azimuthal index has also been explored. Our 

experimental data were in agreement with the key theoretical prediction of Berry, 

that the birth of a vortex within the beam takes place as the fractional phase step 

reaches and passes a half-integer value [74]. Our experimental data show that the 

methodology is applicable to both monochromatic and broadband light sources.  

Theoretically, the intensity profile of an OV with l azimuthal index is identical 

to the –l case. This makes it impossible to deduce the azimuthal index from the 

intensity profile of the beam. The triangular aperture breaks this symmetry and any 

mask that is not inversion symmetric would be able to distinguish between the two 

different signs of l. In conclusion, for example the far-field diffraction intensity 

pattern produced by a circular aperture is also rotated but this is clearly not 
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observable, and the triangular aperture is likely the simplest aperture that can act as a 

detector of the magnitude and sign of the azimuthal index. 

In the current study, the values of l are limited by our present setup to no more 

than 7 or less than -7. For example, the annular intensity profile may go out of range 

of the CCD chip when  is larger. Actually, the values of the azimuthal mode 

index, l, can go up to higher values while one can still determine the l, by simply 

counting the number of interference lobes in the far-field diffraction intensity 

pattern, if for example a larger CCD could be used or a different telescope with a 

higher magnification. As a final note, the size of the triangular aperture should be 

chosen to be of the order of the waist size of the LG beam in order to collect 

maximum intensity from the ring-like intensity profile of the considered LG beam 

and observe a distinct far-field diffraction pattern. 
This method allowed photons to be tested for one particular OAM state, but 

recently it was used for the measurement of the OAM at photon level via the spatial 

probability distribution, where it was also shown that by changing the aperture size 

it is possible to discriminate OAM state superpositions [162].  
However our approach, discussed here, has only been considered for LG beams 

of zero radial index, p. Some prior results in Chapter 3 presented the resultant 

complex far-field diffraction patterns when both mode indices are considered. 

Moreover, in the next Chapter 5, the far-field diffraction intensity pattern for LG 

beams of various mode indices l and p will be numerically and experimentally 

explored to ascertain the performance of a triangular aperture. 
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5.1 Synopsis and Motivation 

he determination of the azimuthal mode index, l, of a LG light field is of a 

key importance in a number of fields. Recently, a wide range of diffractive 

structures, such as an array of pinholes [129-133], triangular apertures [48, 

49, 148, 149], slits [127, 146] and holograms [134, 135], have shown much promise 

in this regard, as previously presented in Chapter 3. However, to date, the far-field 

diffraction pattern of the system has only been considered when irradiated with LG 

light fields of zero radial index p. Thus, all these experimentally realized approaches 

measure only one degree of freedom of LG beams, neglecting the radial component 

or p index, so are therefore not applicable for a priori unknown beams. Chapter 3 set 

the scene for an examination of the potential of the simultaneous determination of 

both mode indices in any measurement. Additionally, it is unclear which is the 

optimal aperture and scheme needed to determine simultaneously the azimuthal and 

radial mode indices (l and p), nor the extent with which such an aperture can tolerate 

deviations in beam parameters. As a consequence, in the present chapter the far-field 

diffraction intensity patterns for LG beams of various mode indices, l and p, are 

numerically and experimentally explored to ascertain the performance of a triangular 

aperture. As seen in prior results in Chapter 3, the inclusion of the radial index p 

makes a dramatic difference to the form of the far-field diffraction pattern and is an 

important consideration in using a triangular aperture for measuring the azimuthal 

index l, but no clear rules may be established for determining both mode indices 

directly from the complicated far-field diffraction patterns. Therefore, a novel 

method is developed using the principal component analysis (PCA) algorithm [50]. 

This method is used for the simultaneous determination of both the azimuthal and 

radial mode indices (l and p) of both pure and mixed (superposed) LG light fields. It 

is shown that the shape of the diffracting element used to measure the mode indices 

is in fact of little importance and the crucial step is ‘training’ any diffracting optical 

system and transforming the observed pattern into uncorrelated variables (principal 

components). Modest fluctuations in the beam parameters, such as beam waist and 

alignment variations, can be tolerated in this scheme. Additionally, preliminary 

results demonstrate reliable decomposition of superpositions of LG beams, yielding 

the intensities and relative phases of each constituent mode. These results 

demonstrate the complete characterization of LG beams, including both independent 

degrees of freedom corresponding to the radial and azimuthal mode indices. The 

approach is generic and may be extended to other families of light fields (e.g. Bessel 

or Hermite-Gaussian (HG) beams) as will be discussed in the next chapter, and 

represents a powerful method for characterizing the optical multi-dimensional 

Hilbert space [61]. 

T 
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5.2 Introduction 

In virtually all experimental realisations of LG beams, we are presented with light 

fields that are appropriately described as superpositions of LG modes, each of the 

same l index but of different p index [163]. Thus, it is crucial to include the 

influence of both mode indices on the diffraction pattern of any aperture or slit and 

further ascertain whether by using any diffracting aperture we are able to determine 

both the azimuthal and radial mode indices simultaneously. Additionally, the radial 

index itself adds a major new degree of freedom that may be exploited for quantum 

communication in its own right. The need for both azimuthal and radial mode 

analysis is reinforced by recent theoretical work on the angular and radial mode 

analysis of optical beams that deals with decomposition of beam into LG 

components by using a Mach-Zehnder scheme [164]. However, this interferometric 

method does not measure the relative phase between the modes and needs multiple 

exposures. 

In the current chapter, a powerful approach to simultaneously measure the radial 

and azimuthal mode indices of LG beams, using the algorithm of PCA, is presented 

[53]. Principal component analysis (PCA) refers to an orthogonal transformation that 

converts multiple measures into a set of linearly independent and uncorrelated 

variables called principal components (PCs) or ‘eigenfaces’. The first principal 

component (PC1) accounts for the largest variance within the set of measures and 

each subsequent component reflects the next highest variance whilst ensuring no 

correlation (orthogonality) to the preceding PCA components. Whilst established for 

over one hundred years [50] and widely applied in various areas (e.g. data analysis 

for spectroscopy, face recognition, data compression), this method has never been 

considered nor used in the case of diffracting theory. Furthermore, by employing the 

PCA approach, modest fluctuations in beam parameters such as beam waist size and 

alignment variations can be tolerated.  

To begin with, a triple concentric triangular slits aperture is illuminated by LG 

light fields with non-zero azimuthal and radial mode indices. This is an extension of 

the single triangular aperture already considered in Chapter 4, which is presently one 

of the most powerful techniques for determining the azimuthal index by simply 

counting the number of interference lobes in the far-field diffraction intensity 

pattern. Superposing multiple such apertures might appear, at the first glance, an 

appropriate method to determine both the radial and azimuthal mode indices of an 

incident vortex field (as previously discussed in Chapter 3). Our aim is to explore 

how the form of the far-field diffraction pattern is altered by the radial index, p, as 

well as to examine the potential of determining both l and p mode indices 

simultaneously in any measurement. Furthermore, open questions include the 
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optimal aperture to use and the robustness of the determination of mode indices in 

the presence of any misalignment.  

The generic PCA approach implemented here addresses all these issues. In the 

last part of this chapter, the applicability of the PCA method is considered for the 

modal characterization of the complex superposition of LG beams, i.e. the detected 

beams are not pure modes but the result of a general linear superposition of these 

modes. Here, the PCA method is generalized by using an optical eigenmode (OEi) 

[155, 156] decomposition together with a Gerchberg-Saxton (GS) algorithm [165]. It 

is shown that our extended PCA method is able to measure the complex amplitudes 

of the different LG components in a limited superposition of LG beams, key for 

practical applications. In the next section, the theoretical background necessary for 

discussing the experimental results is given. 

 

5.3 Numerical implementation 

For the numerical implementation of the far-field diffraction pattern, the scalar field 

of each LG beam is discretized over a square grid and apertured by the triple 

concentric triangular slits aperture, in the same way as it was numerically simulated 

in Chapter 3, where the Matlab code presented in Appendix A was used. The choice 

of the aperture is based on the properties of the triangular aperture to distinguish 

between different azimuthal mode indices [48, 49] and the need to extract the 

information of the radial concentric rings present in the LG beam profile when the 

radial index is considered. 

 

 
 

Fig. 5.1. Numerical simulation of the far-field diffraction of an LG beam from a 

triple concentric triangular slits aperture.  (a) Cross-section of the LG beam with 

mode indices, l = 1 and p = 1, (b) the triple concentric triangular slits aperture, and (c) 

far-field diffraction intensity pattern of the LG beam represented in part (a) 

diffracting of the triple concentric triangular slits aperture represented in part (b). The 

phase is represented by the hue. 
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Figure 5.1 shows an example LG beam (with l = 1, p = 1), the triple concentric 

triangular slits aperture and the associated far-field diffraction intensity pattern and 

Figure 5.2 depicts the far-field diffraction intensity patterns that were observed for 

different LG beams. In general, these far-field diffraction intensity patterns show a 

complex interference interaction between the beam waist, the size and width of the 

triple concentric triangular slits aperture, the number of concentric triangular slits 

apertures, and the azimuthal and radial mode indices of the incident LG beams (see 

Chapter 3). From Figure 5.2, one may deduce that the far-field diffraction patterns 

from the triple concentric triangular slits aperture do not offer any simple way to 

determine the l and p beam mode indices. Nevertheless, it should be noted that 

regardless of the radial index, the pattern orientation does depend on the sign of the 

azimuthal index. The far-field intensity diffraction pattern rotates for opposite sign 

but same magnitude of the azimuthal index l.  

 

 
 

Fig. 5.2. Numerical simulations of the far-field diffraction intensity patterns of 

LG beams with different radial and azimuthal mode indices after diffraction 

from a triple concentric triangular slits aperture. The columns and rows define the 

azimuthal and radial number, respectively. The colour scale is inverted for clarity, 

where black and white accordingly define the higher and lower intensity. 
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Although, it cannot be excluded that there exists a specifically designed aperture that 

would deliver a simple rule for the detection of both l and p, this is not the case for 

the triple concentric triangular slits aperture. Importantly, the deduction of a 

complicated l and p retrieval rule can be replaced by considering a face-recognition 

algorithm readily employed in biometric identification [53]. 

 

5.4 Principal component analysis (PCA) algorithm 

The main goal of the PCA algorithm is to reduce the dimensionality of the data set 

while accounting for as much of the original variation as possible present in the data 

set [51]. Hence, the data set is rotated according to the PCA algorithm, around its 

centre in order to find the orientation that delivers the largest variation along an axis 

(Figure 5.3). This axis corresponds to the first principal component (PC1).  

In the second step, the PCA algorithm further rotates the data set, leaving PC1 

invariant, in order to find a second axis, perpendicular to PC1, showing the second 

largest variation. This corresponds to the second principal component (PC2). This 

process can be repeated until all major variance of the dataset are taken into account. 

The number of the PCs is less than or equal to the number of the original observed 

data. 

 

 
 

Fig. 5.3. The PCA algorithm. The data set is rotated according to the PCA 

algorithm, around its centre in order to find the orientation that delivers the largest 

variation along an axis. This axis corresponds to the first principal component (PC1). 

In the second step, the PCA algorithm further rotates the data set, leaving PC1 

invariant, in order to find a second axis, perpendicular to PC1, showing the second 

largest variation. This corresponds to the second principal component (PC2). This 

process can be repeated until all major variance of the dataset are taken into account. 

 

Furthermore, this orthogonal transformation is defined in such a way that the first 

principal component (PC1) has the largest possible variance within the set of 
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measures and each subsequent PC reflects the next highest variance possible under 

the constraint that it be orthogonal to the components considered. The resultant PCs, 

or ‘eigenfaces’ (see Figure 1.4), are ordered such that few of them can be used in 

order to account for most of the variation in all the original data set. Thus, a simpler 

basis can be provided for the multivariate analysis of the data [166]. Whilst PCA has 

been established for over one hundred years (a technique dating back to 1901) [50] 

and widely applied in various areas, e.g. face recognition [51, 52, 167] and cancer 

detection [168], for the first time, this method is used here in the case of diffraction 

theory and the analysis of the transverse state of a light field.  

 

5.4.1 Detection through ‘eigenface’ classification 

In the present study, the PCA approach is used in order to determine the largest 

variations between the different far-field diffraction intensity patterns from the triple 

concentric triangular slits aperture. The first step of the procedure corresponds to 

creating a database of all the possible beams that need to be detected. After 

subtraction of the common mean intensity, the covariance matrix of these intensity 

patterns is calculated. Its eigenvector with the largest eigenvalue is termed the first 

‘eigenface’ or principal component (PC), corresponding to the largest variability of 

the LG beam training set. In the same way, one can introduce the second ‘eigenface’ 

as the image corresponding to the second largest eigenvalue of the covariance matrix 

and so on.  

From mathematical point of view, after observing a set of N sample images 

corresponding to the different illuminations, every rectangular image, Ii, can then be 

represented as a column image vector, Aij. 

1

1 N

j ij
i

A
N 

                                            (5.1) 

where i = 1, 2, …N is the index number of each image. Each rectangular image, Ii, 

has a size of (W*L), where W, L correspond to the width and length of the 

rectangular image in pixel number, respectively. Hence, the array containing all the 

column image vectors, Aij, will have dimensions of (N x W*L). New feature vectors 

can be defined by subtracting the mean image vector, such as: 

 ij ij jA           (5.2) 

So next, the covariance matrix, C, can be computed by the following tensor product: 

             
1

N

jk ij ik
i

C


             (W*L x W*L) matrix    (5.3) 

The eigenvectors uj of the covariance matrix are then calculated by solving the 

eigenvalue equation: 
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1

W L

ij jk k jk
j

C u K u




                                               (5.4) 

where Kk are the eigenvalues. The eigenvectors ujk are reordered by the 

corresponding eigenvalues. The resultant eigenvectors are referred to as principal 

components (PCs), or ‘eigenfaces’, as it was previously discussed, and build the 

analysis space with them as the axes (Figure 5.4a). To project a new image, Uj, into 

the analysis space, we need to first centre the image by subtracting the mean of the 

training data, Ψj. Then, a simple projection operation follows:  

                                                   
1

W L

k j j jk
j

U u




                                            (5.5) 

The vector ω can be seen as the new encoding of the image in the analysis space. 

 

 
 

Fig. 5.4. The PCA detection method. This figure includes an animation in which the 

PCA algorithm is presented. (a) To aid viewing the animation pauses after the 

‘training’ step (cluster identification) and the classification of the ‘unknown’ data, so 

that the reader can view the construction of the 3D chart of the confusion matrix 

which depicts the efficiency of this method in (b). To access the animation, see the 

published work in Ref. [61]. 

 

The measured beams are then projected onto the new coordinate system defined by 

the ‘eigenfaces’, so the first and the subsequent principal components (PCs) 

representation of the measure will be delivered. The LG beams having the same l 

and p form tight clusters (Figure 5.4a) and the different LG beams can be depicted 

by using a different colour based on a chosen colour scheme.  

Finally, a classification algorithm of the nearest neighbour is applied in order to 

classify the ‘unknown’ data [169]. Under this scheme, an ‘unknown’ LG beam is 

recognized (classified) by assigning to it the values (for l and p mode indices) of the 

closest LG beam in the ‘training set’, where distances are measured in the image 

space. If all of the images (far-field diffraction intensity patterns) are normalized to 

have zero mean and unit variance, then this procedure is equivalent to choosing the 
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LG beam in the ‘training set’ that best correlates with the ‘unknown’ LG beam. 

However, other methods such as Mahalanobis distance can be also applied [170]. 

Figure 5.4b shows the 3D chart of the confusion matrix, displaying the efficiency of 

this method, i.e. whether all the ‘unknown’ beam modes have been correctly 

identified as the expected beam modes. The ideal confusion matrix is the identity 

matrix. Finally, if the images in the ‘training set’ are gathered under small vibrations 

of the optical system, the points in the projected space will not be well clustered. 

Nevertheless, correct identification still results if the ‘training set’ samples the 

possible illumination or vibration conditions being in the data set.  

 

5.5 Experiments 

Our approach is to consider the intensity profile of an LG beam after diffraction of a 

triple concentric triangular slits aperture and a glass diffuser (random aperture). The 

far-field diffraction intensity patterns are in general complicated and contain 

information for the different mode indices for the considered LG beam modes. First, 

the ‘training’ step is applied in which the response of the optical diffracting system 

is measured for every single LG beam considered. Then, the second step followed 

where the classification algorithm is used that corresponds to the actual 

identification or measurement of an ‘unknown’ LG beam, delivering simultaneously 

its radial and azimuthal mode indices. In this section, the experimental results will 

be presented. Additionally, beam superpositions of LG beams can be experimentally 

decomposed, delivering the intensity and relative phases of each constituent mode. 

 

5.5.1 Experimental setup 

The experimental apparatus (see Figure 5.5) uses a Helium-Neon (HeNe) laser 

source (JDS Uniphase, λ = 633nm, Pmax = 4mW). A half-waveplate was used in 

order to rotate the polarization of the incoming beam to the optimum angle for the 

SLM (Holoeye LC-R 2500) so as to maximize the power diffracted into the first 

order. The polarization state was verified by the use of a polarized beam-splitter 

(PBS) after the half-waveplate. The laser beam was additionally sent through a 

50μm pinhole in order to obtain a beam featuring a homogeneous Gaussian intensity 

profile and was then subsequently expanded with a telescope (L1 and L2) to slightly 

overfill the chip of a spatial light modulator (SLM). The SLM operated in the 

standard first-order diffraction configuration and was used to imprint the vortex 

phase on the incident laser beam. Thus, the LG beam was created in the far-field of 

the SLM. The SLM was wavefront corrected using the OEi technique (see Appendix 

C) [155, 156]. In order to filter the first-order beam carrying the vortex, from the 

unmodulated zeroth-order beam, a pinhole aperture F was located in the back focal 
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plane of lens L3. Lenses L4 and L5 were then used to image the l and p beam mode 

onto a diffracting aperture with feature sizes roughly matching the beam waist. Two 

different apertures were used, namely a triple concentric triangular slits aperture 

imprinted onto a photographic film and a glass diffuser (Edmund Optics, 0.5o 

diffusing angle). Finally, Lens L6 served to create the far-field diffraction pattern in 

its back focal plane where a CCD camera (Basler pi640-210gm, pixel size: 7.4μm x 

7.4μm) was used to record and save the pattern onto the hard drive of a computer.  

 

 
 

Fig. 5.5. Schematic of the experimental apparatus. L = lens, SLM = spatial light 

modulator, CCD = charge coupled device camera, and PBS = polarizing beam 

splitter, α < 10o. Focal lengths of lenses: f1 = 25mm, f2 = 1000mm, f3 = 680mm, f4 = 

400mm, f5 = 400mm, and f6 = 800mm. Two different apertures were used: (a) a triple 

concentric triangular slits aperture, or (b) a glass diffuser (random aperture). 

 

To record distinct images, there should be an adjustment between both the size and 

the thickness of the used triangular aperture to the size of the beam waist of the 
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incident LG beam (see Figure 3.6). The triple concentric triangular slits aperture was 

mounted on an x-y-z translation stage with a precision of ±0.005mm, in order to be 

carefully aligned with the incident vortex beam. 

 

5.5.2 Experimental results 

Forty-nine different LG beam modes were considered owing to our present setup, 

the values of  and p are limited to no more than 7. For example, the annular 

intensity profile may go out of range of the CCD chip when  is larger. Thus, we 

explored LG beams where the azimuthal mode index, l, varied from -3 to 3 

increasing in integer step, and for seven different values of the radial mode index, p, 

that could vary from 0 to 6, with integer step. The LG beams considered here are 

presented in Figure 5.6 below and were generated using phase CGHs of type 2, as 

demonstrated by Arrizon et al. [171]. 

 

 
 

Fig. 5.6. Experimentally observed transverse intensity profiles of the forty-nine 

considered LG beam modes (l = [-3, 3] and p = [0, 6]).  The columns and rows 

define the azimuthal and radial number, respectively. For visualization purpose 

higher intensity is represented by a whiter shade. 
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5.5.2.1 Far-field diffraction of LG beams from a triple concentric 
triangular slits aperture 

To illustrate our approach, we begin with a discussion of the far-field diffraction 

pattern of a general LG beam from a triple concentric triangular slits aperture 

(Figure 5.7).  

 

 
 

Fig. 5.7. Triple concentric triangular slits aperture experiment. (a) Table showing 

the nine lowest-order LG beam modes (l = [-1, 1] and p = [0, 2]) and their (c) far-field 

diffraction intensity pattern of the (b) triple concentric triangular slits aperture. 

 

 
 

Fig. 5.8. Experimental implementation of the triple concentric triangular slits 

aperture. (a) A triple concentric triangular slits aperture imprinted onto a 

photographic film was used, and (b) an adjustment between both the size and the 

thickness of the aperture to the size of the beam waist of the incident LG beam with 

mode indices, l = p = 3 (which is the middle value of the considered data set) was 

done in order to record distinct images. 

 

For each different LG beam mode, its pattern was recorded for 100 beam samples. 

The ‘training’ step is firstly applied, in which the response of the optical diffracting 

system is measured for every LG beam mode, each with different l and p mode 

indices. In this manner, a database of all the possible forty-nine LG beams is 

created. A triple concentric triangular slits aperture imprinted onto a photographic 

film was used, as is presented in Figure 5.8a. Each side of the printed equilateral 
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triangular aperture has a thickness of 0.5mm (Figure 5.8b). As previously explained, 

the PCA algorithm is used in order to create the covariance matrix of all the 

recorded far-field diffraction patterns (Figure 5.9), by subtraction of the common 

mean intensity of the recorded intensity patterns (see Figure 5.2), according to the 

Equations (5.1), (5.2) and (5.3). 

 

 
 

Fig. 5.9. Triple concentric triangular slits aperture PCA experimental analysis. 

The forty-nine presented covariance matrices were calculated for the 100 examples of 

the considered LG beam modes (l = [-3, 3] and p = [0, 6]) diffracted by the triple 

concentric slits aperture (see Figure 5.2). 

 

The covariance matrix captures the variance and linear correlation in 

multivariate/multidimensional data. As previously stated, each rectangular recorded 

far-field diffraction intensity pattern, Ii, has a size of (W*L), where W, L correspond 

to the width and length of the rectangular image in pixel number, respectively. 

Hence, the array containing all the column image vectors, Aij, will have dimensions 

of (N x W*L) and the new feature vectors, ij , can be defined by subtracting the 

mean image vector. So next, the covariance matrix, C, can be computed by the 

tensor product 
1

N

jk ij ik
i

C


   and have dimensions of a (W*L x W*L) matrix (see 

Section 5.4.1. for a step-by-step calculation) (Figure 5.9).  
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The covariance of two variables, Ai and Aj, can be mathematically represented as: 

             cov ,i j i i j jA A A A   
 

                 (5.6) 

where Ψi or Ψj, is the mean image vector, calculated by Equation (5.2). This relation 

can be further generalized to a multivariate situation and for estimated new feature 

vectors, Φij, can be more explicitly represented as: 

                

1 1 1 2 1

2 1 2 2 2

1 2

ˆ ˆ ˆ ˆ ˆ ˆcov( , ) cov( , ) ... cov( , )

ˆ ˆ ˆ ˆ ˆ ˆcov( , ) cov( , ) ... cov( , )ˆcov
... ... ... ...

ˆ ˆ ˆ ˆ ˆ ˆcov( , ) cov( , ) ... cov( , )

k

k
ij

k k k k

     

     
 

     

     (5.7) 

where the diagonal of this matrix represents the variance of the vector ̂  with k 

elements. Therefore, the matrix can be rewritten as: 

 

1 1 2 1

2 1 2 2

1 2

ˆ ˆ ˆ ˆ ˆvar( ) cov( , ) ... cov( , )

ˆ ˆ ˆ ˆ ˆcov( , ) var( ) ... cov( , )ˆcov
... ... ... ...

ˆ ˆ ˆ ˆ ˆcov( , ) cov( , ) ... var( )

k

k
ij

k k k

    

    
 

    

                   (5.8) 

This essentially represents the covariance matrix. If the information that the different 

mode indices provided was different then the covariance matrix between the mode 

indices should be a diagonal matrix – i.e, the non-zero entries only appear on the 

diagonal.  

So, it turns out that the eigenvectors of the covariance matrix will carry all the 

information needed to characterize the complicated data set and for data reduction 

the corresponding eigenvectors and eigenvalues of the covariance matrix are then 

calculated by solving the eigenvalue equation, see Equation (5.4). The eigenvector 

with the largest eigenvalue is termed the first ‘eigenface’ or principal component 

(PC), corresponding to the largest variability of the complicated data set. In the same 

way, one can introduce the second ‘eigenface’ as the image corresponding to the 

second largest eigenvalue of the covariance matrix and so on. Thus, a set of the 

subsequent ‘eigenfaces’ or principal component (PC) representation of the measure 

is created that represents the most significant features from the data set (Figure 

5.10). 

Additionally, the plot of the calculated eigenvalues, depicting the corresponding 

‘eigenfaces’ or principal components (PCs) of the measure, is presented in the 

following Figure 5.11. As it is shown, there is little variance after the principal 

component nine (PC9), so there is no need to keep the rest of the data for the 

experimental data analysis. Thus, the dimensionality of the data set has been reduced 

while accounting for as much of the original variation as possible present in the data 

set by using the PCA algorithm. 
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Fig. 5.10. Triple concentric triangular slits aperture PCA experimental analysis. 

Table showing the first nine principal components (PCs) resulting of the PCA 

experimental analysis (see covariance matrices in Figure 5.9) of the considered LG 

beam modes (l = [-3, 3] and p = [0, 6]). 

 

 
 

Fig. 5.11. Triple concentric triangular slits aperture PCA experimental analysis. 

Plot of the calculated eigenvalues, depicting the corresponding ‘eigenfaces’ or 

principal components (PCs) of the considered LG beams (l = [-3, 3] and p = [0, 6]). 
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As is depicted in the following Figure 5.12b, the measured far-field diffraction 

patterns are then projected onto this subset of PCs, delivering projection coefficients 

to approximate the incident LG beam. Where each cluster in this representation 

corresponds to LG beams having the same l and p mode indices (Figure 5.12d). 

Finally, by representing the far-field diffraction pattern of an ‘unknown’ beam in the 

same way, one can use a classification algorithm to determine the membership of 

beams with ‘unknown’ mode indices. For simplicity, the nearest neighbour measure 

was chosen for classification [169]. Figure 5.12c shows the classification results 

displaying a 100% efficiency, i.e. all unknown beams have been correctly identified. 

Each axis is representing the forty-nine considered LG beam modes (l = [-3, 3] and p 

= [0, 6]) and the hue colour chart coded for the efficiency is also highlighted. The 

PCA ‘training step’ was done using the first nine PCs of the measure (see Figure 

5.10) and the best results were achieved when averaging over the four closest 

neighbours. 

 

 
 

Fig. 5.12. Triple concentric triangular slits aperture PCA experimental analysis. 

(a) Table showing the first three principal components (PCs) of the considered LG 

modes (l = [-3, 3] and p = [0, 6]) and their (b) first two PCs analysis and (d) colour 

coded for the azimuthal and radial mode indices. (c) 3D chart of the confusion matrix 

linking the expected and detected mode indices. 
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5.5.2.2 Random scattering mask 

It is straight forward to deduce the radial mode index of an LG beam from its 

intensity profile by simply counting the number of nodal (concentric bright) rings on 

the beam profile. Unfortunately, the complete characterization of LG beams is more 

difficult when it has a non-zero azimuthal index and thus possesses a topological 

vortex. Theoretically, the intensity profile of a beam with l azimuthal index is 

identical to the –l case (see Chapter 2). This makes it impossible to deduce the 

azimuthal mode index from the intensity profile of the beam. The triangular aperture 

breaks this symmetry and any mask that is not inversion symmetric would be able to 

distinguish between the two different signs of the azimuthal mode index, l. More 

generally, any random mask or aperture can be used to break this symmetry and its 

diffraction pattern can be used to detect simultaneously both beam mode indices. 

Figure 5.13a shows that the diffraction patterns do not present any prominent 

features at all.  

 

 
 

Fig. 5.13. Random aperture PCA experimental analysis. (a) Experimental 

implementation of the random mask, (b) first three principal components (PCs) or 

‘eigenfaces’, based on the far-field diffraction patterns (l = [-3, 3] and p = [0, 6]) from 

the random mask, and (c) first two PCs analysis using the same colour coding for the 

azimuthal and radial mode indices as seen in the following Figure 5.14a [53]. 

 

Furthermore, when the random aperture is used, any distinct LG beam results in a 

different diffraction pattern of similar overall form. Consequently, the variations in 

the plane of the first two principal components (PCs) are more evenly distributed not 

privileging any specific radial index as is the previously discussed case for the triple 

concentric triangular slits aperture. This is due to the uniformity of the random mask 

over which the beam extends for different radial mode indices. 
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Fig. 5.14. Random aperture PCA experimental analysis. (a) Colour coding for the 

azimuthal and radial mode indices of the considered LG beams (l = [-3, 3] and p = [0, 

6]), and (b) 3D chart of the confusion matrix linking the expected and detected mode 

indices. 

 

Additionally, it is to be noted that the use of the random mask (glass diffuser) 

presents an experimental benefit as all diffraction patterns have similar peak 

intensity enabling the intensity acquisition with similar exposure durations. Using 

the random mask we achieve, as indeed for the triple concentric triangular slits 

aperture, a 100% classification efficiency while eliminating the need to match the 

beam waist and radial index to the size of the triangular apertures used (Figure 

5.14b). Finally, the PCA ‘training step’ was also done using the first nine PCs of the 

measure and averaging over the four closest neighbours in order to classify the 

‘unknown’ data. 

 

5.5.2.3 Beam parameter fluctuations 

The fundamental question of the interdependence between the azimuthal and radial 

mode indices, beam alignment, and the beam waist is also interesting [31, 172]. 

Therefore in the present subsection, the influence of the beam waist fluctuation and 

beam mis-alignment are investigated on the classification ability of our scheme. 

Using the PCA detection method, outlined above, it is possible to study the effect of 

the variation of these parameters by controllably changing the amplitude profile of 

the LG beam generated by the SLM [173]. This study was performed when a triple 

concentric triangular slits aperture was used. 

The first nine PCs for the beam waist fluctuations of 10% relative to the waist 

and beam position fluctuations of 10% relative to the waist size are depicted in 

Figure 5.15. While the Figure 5.16 shows the results when considering the effect of 

these parameter fluctuations.  
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Fig. 5.15. Experimental study of position and beam fluctuations. (a) and (b) first 

nine principal components (PCs) for (a) the beam waist fluctuations of 10% relative 

to the waist and (b) beam position fluctuations of 10% relative to the waist size. 

 

 
 

Fig. 5.16. Experimental analysis of position and beam fluctuations. (a) and (b) 

first two PCs analysis using the same colour coding as in Figure 5.14a for (a) the 

beam waist fluctuations of 10% relative to the waist and (b) beam position 

fluctuations of 10% relative to the waist size, (c) and (d) respective confusion 

matrices for the same cases. An efficiency of (c) 75% and (d) 86% for nine PCs in the 

studied range was achieved [53]. 
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The first effect is a clear widening of the scattering cluster of each given beam 

parameter. This is understandable as beam parameter fluctuations naturally induce a 

certain variability of the intensity beam profile.  

Nevertheless, the correct detection can still be achieved provided that either a 

larger training set is considered and/or a larger dimensionality of the data is allowed 

by taking more principal components (PCs) into account. This last point is 

illustrated in Figure 5.17 where the detection efficiency of position fluctuations, 

defined by the trace of the confusion matrix normalized to the total number of 

unknown beams considered, is evaluated as a function of the number of principal 

components (PCs). It should be noted that the beam axis and waist information is 

actually included in the ‘training’ set and as such its explicit knowledge is not 

necessary to correctly identify the azimuthal and radial mode indices. 

 

 
 

Fig. 5.17. Detection efficiency of position fluctuations. The detection efficiency as 

a function of the number of PCs used for the beam parameter identification, where N 

is the number of far-field diffraction images used as a ‘training set’ for the PCA, is 

presented. 

 

5.5.2.4 Laguerre-Gaussian beam superposition 

In quantum optics, entanglement requires an analysis of superpositions states. Such 

superpositions may also occur in the classical domain, for example when 

considering light fields with fractional azimuthal mode index [160]. It is therefore 

interesting to extend our PCA approach to the more general case of a superposition 

of multiple LG beams having different relative amplitudes and phases [174]. To that 

end, the PCA eigenface algorithm is ‘trained’ on a set of 900 random complex 

superpositions (keeping the total intensity constant) of four LG beams (l = [0, 1] and 

p = [0, 1]). A startling observation is that 97% of the whole training set’s variability 

can be accounted for only the first nine PCs (Figure 5.18). Then, the amplitude 

distribution of an ‘unknown’ beam can be identified by using nearest neighbour 
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classification. Experimentally, the best results were achieved when averaging over 

the six closest neighbours. The relative phase between the constituent beams can be 

retrieved by using an OEi [155, 156] decomposition (see Appendix C) together with 

a GS algorithm. The GS algorithm is an iterative algorithm that can retrieve the 

phase of a pair of light distributions related by the Fourier transform, if their 

intensities at the respective optical planes are known [165]. More details are 

discussed in the next subsection. The knowledge of these amplitudes and phases of 

the individual components makes their representation on a higher-order Poincaré 

sphere possible [175]. 

 

 
 

Fig. 5.18. Modal characterization of the LG beam superposition. The first a) 

experimental and c) theoretical PCs deduced from 900 random LG beam 

superposition (l = [0, 1] and p = [0, 1]), b) first two PC projections (experimental), d) 

experimentally measured individual beam detection errors for a different set of 100 

random superpositions. The intensity error is defined as (ci - mi)
2, where ci and mi are 

the encoded and respectively measured real and amplitude superposition coefficients, 

respectively [61]. 
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5.5.2.4.1 LG beam superposition phase retrieval using optical 
eigenmode (OEi) Gerchberg-Saxton (GS) algorithm 

The PCA method employed in the current chapter is able to retrieve the real 

amplitude of a superposition of LG beams. To deduce the relative phase between the 

different LG beam constituents, a method based upon a generalized GS algorithm 

[165] is used working in tandem with an OEi [155, 156] decomposition. These OEis 

correspond to a family of electromagnetic fields that in the imaging plane form, by 

construction, an orthogonal set of fields (see Appendix C).  

The OEi can be measured experimentally by probing the optical system with a 

set of interfering beams created by the SLM (schematically illustrated in Figure 

5.19a). Then, the closure relationship of the OEi base corresponds to a projection 

operator that accounts for the optical degrees of freedom of the system [176]. 

 

 
 

Fig. 5.19. LG beam superposition phase retrieval using optical eigenmode (OEi) 

Gerchberg-Saxton (GS) algorithm. a) Example LG input beam probing the optical 

system and resulting OEis, b) schematic representing the generalized GS algorithm 

based on the closure relation defined by the OEis from part a), c) convergence plot of 

the GS algorithm in the complex plane representing the amplitude and phases of the 

LG beam superposition (l = [0, 1] and p = [0, 1]), and d) relative detection error for a 

set of 100 random superpositions. We observe that 80% of tests are below the 2% 

relative error mask defined as (ci - mi)
2, where ci and mi are the, encoded and 

respectively measured real and amplitude superposition coefficients [53]. 
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Here, replacing the Fourier transform in the GS algorithm with this projection 

operator delivers a constrained iterative GS procedure that can be used to deduce the 

complex superposition coefficients of the incident LG beams (Figure 5.19b). Figures 

5.19c and 5.19d show that this iterative process converges to the correct relative 

phases in more than 60% of cases. This convergence is helped through the use of the 

amplitudes measured using the PCA method (discussed in previous subsection) as 

starting points. 

 

5.6 Discussion and Conclusions 

In the present chapter, a triple concentric triangular slits aperture is illuminated by 

LG beams with non-zero l and p mode indices. This is an extension of the single 

triangular aperture already considered in Chapter 4, which is presently one of the 

most powerful techniques for determining the azimuthal mode index l by simply 

counting the number of interference lobes in the far-field diffraction intensity pattern 

[48, 49]. Superposing multiple such apertures might appear, at the first glance, an 

appropriate method to determine both the radial and azimuthal mode indices of an 

incident vortex field (see Chapter 3). Thus, we explored how the form of the far-

field diffraction pattern is altered by the radial index, p, as well as the potential of 

determining, theoretically and experimentally, both mode indices (l and p) 

simultaneously in any measurement. 

From the current study, one may deduce that the far-field diffraction patterns 

from the triple concentric triangular slits aperture do not offer any simple way to 

determine the l and p beam mode indices. However, it should be noted that 

regardless of the radial index, the pattern orientation does depend on the sign of the 

azimuthal index. These results are in agreement with the theoretical simulations 

previously presented in Chapter 3. The far-field intensity diffraction pattern rotates 

for opposite sign but same magnitude of the azimuthal index l. Although, it cannot 

be excluded that there exists a specifically designed aperture that would deliver a 

simple rule for the detection of both l and p mode indices, this is not the case for the 

triple concentric triangular slits aperture. Importantly, the deduction of a 

complicated l and p retrieval rule can be replaced by considering a face-recognition 

algorithm readily employed in biometric identification, the principal component 

analysis (PCA) algorithm [50]. 

Consequently, our straight forward approach for the simultaneous determination 

of both the radial and azimuthal mode indices of LG beams followed. Our detection 

method is based on the projection of the far-field diffraction pattern onto a set of 

uncorrelated variables, using the PCA algorithm [51]. This method is robust and can 

even tolerate a certain degree of beam misalignment and beam waist variations. 
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Whilst here we focus on the LG family of optical beams, the approach presented in 

the present chapter can be generalized to other orthogonal mode families, which will 

be useful for many applications relating the optical technologies, such as the modal 

decomposition for optical fibers, laser resonators and information processing. 

In this study, the values of  and p are limited by our present setup to no more 

than 7. For example, the annular intensity profile may go out of range of the CCD 

chip when  or p is larger. Actually, the values of the mode indices can go up to 

higher values, if for example a larger CCD could be used or a different telescope 

with a higher magnification. It should be noted that this method preserves a high 

detectability even in case of strong distortions (e.g. those caused by random 

aperture), provided that the ‘training set’ members undergo the same distortions 

[167]. Here, the PCA ‘training set’ was done using ten LG beams in the studied 

range. 

Finally, with suitable training, one could envisage the use of this approach to 

detect low order aberrations that can be described by the family of Zernike 

polynomials. This mode determination method may be applied beyond the field of 

electromagnetic waves to sound and matter waves, for example, and electron beams. 

Our method is generic and may be extended to superpositions of different families 

of lights fields. Here, the amplitudes of the different LG components in a limited 

superposition of LG beams were measured.  

In future work, the applicability of this method to superposition of a larger 

number of modes will be tested and its limitations for general beam characterization 

will be studied. It is important to establish the validity of our method for the other 

families of light fields to demonstrate its full applicability. In this regard our 

approach was extended to Hermite-Gaussian (HG) and Bessel beams (BBs) which 

will be discussed in the following chapter.  

 

 

 

A significant portion of this chapter was reprinted with permission from [M. Mazilu 
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6.1 Synopsis and Motivation 

he modal characterization of various families of beams is a topic of current 

interest. As previously discussed in Chapter 5, we recently developed a new 

method for the simultaneous determination of both the azimuthal and radial 

mode indices for light fields possessing orbital angular momentum (OAM). Our 

novel method is based upon probing the far-field diffraction pattern from a random 

aperture and using the recorded data as a ‘training set’. Subsequently, one can 

transform the observed data into uncorrelated variables using the principal 

component analysis (PCA) algorithm. In this chapter, the generic nature of this 

approach is presented, for the simultaneous determination of the modal parameters 

of Hermite-Gaussian (HG) and Bessel beams (BBs). This reinforces the widespread 

applicability of this method for various applications including information 

processing, spectroscopy and optical manipulation. 

 

6.2 Introduction 

The characterization of the modal decomposition of light remains a key requirement 

in numerous fields in optics. This includes classical and quantum information 

processing [177], laser resonator dynamics [178], fiber optics delivery of light [179-

181] and the OAM of light [182, 183]. As previously discussed in Chapter 5, we 

recently developed a new method using multivariate analysis to obtain both the 

radial and azimuthal mode indices simultaneously for LG beams [53]. This approach 

is based on ‘training’ our optical system, with the measured far-field diffraction 

patterns from known pure incident LG beams, upon a random diffuser and 

transforming the observed patterns into uncorrelated variables using the principal 

component analysis (PCA) algorithm.  

It is important to establish the validity of our PCA method for the other families 

of light fields to demonstrate its full applicability. In this regard, HG modes are of 

major interest in laser resonator output analysis [54] and spectroscopy [55]. As 

previously presented in Chapter 2, pure HG modes are characterized by nodes in 

orthogonal directions in a cartesian coordinate space as is well documented [56]. 

BBs offer new directions in manipulation [57], nanosurgery [58], microscopy [59] 

and are delineated again by an azimuthal index l and a radial wavevector (kr), since 

BBs can have vortices embedded. Both HG and Bessel beams are also of interest for 

information processing [60]. Recently, entanglement in the Bessel basis has been 

measured, showing an increased spiral bandwidth [83]. 

In the present chapter, the application of our multivariate analysis approach for 

the modal characterization of both HG and Bessel beams is demonstrated [61]. The 

variations between the different far-field diffraction patterns of both HG and Bessel 

T 
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beams from a random aperture (glass diffuser) are reported, upon which PCA is 

performed. The different far-field diffraction patterns contain information for the 

different mode indices for the considered laser beam modes. Using PCA, the optical 

system is ‘trained’ and it is subsequently possible to simultaneously determine the 

modal characteristics of ‘unknown’ HG or Bessel beams incident upon our random 

aperture. Additionally, the role of rotational misalignments upon our method is 

investigated.  

 

6.3 Theoretical background 

In the current section the theoretical background necessary for discussing the 

experimental results is given. Both light fields, HG and Bessel beams considered 

here, are presented. Finally, the detection through ‘eigenface’ classification when 

applying the PCA algorithm is described. 

 

6.3.1 Hermite-Gaussian (HG) beams 

The Hermite-Gaussian (HG) modes are described in part by the product of two-

independent Hermite polynomials, for the field distribution in the x and y directions, 

respectively [56] (as seen in Chapter 2). The values of m and n correspond to the 

number of nodes in the electromagnetic field. The electric field, E(x, y, z), transverse 

to the direction of propagation for the HG modes is essentially given by the product 

of a Gaussian function and a Hermite polynomial, apart from the phase term: 
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                      (6.1) 

where the E0 is the field amplitude, R(z) is the radius of curvature, 2
0 /Rz w   is 

the Rayleigh range, 0w  is the beam waist in the focal plane, k is the wavenumber of 

the electromagnetic wave, while x, y and z are the cartesian coordinates and w(z) is 

the beam radius. The Hermite polynomials obey the following recursion relation 

(see Equation 2.8), which is also discussed here for completeness in presentation: 

                                                     1 2n n n

d
H x x H x H x

dx


                    (6.2) 

 The following Figure 6.1 illustrates the transverse mode patterns for HG beam 

modes of various orders. 
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Fig. 6.1. Numerical simulation of the transverse intensity profiles of the lowest-

order Hermite-Gaussian beam modes. Starting with HG00 (lower left-hand side) 

and going up to HG33 (upper right-hand side). The colour coded for the intensity is 

highlighted on the left-hand side where the blue and red colours indicate the lower 

and higher intensity, respectively. 

 

6.3.2 Bessel beams (BBs) 

The electric field, E(r, φ, z), of the BB is given by (see Equation 2.14) [81]: 

     0( , , ) exp expz rE r z E ik z J k r i           (6.3) 

where the E0 is the field amplitude, kz and kr are the longitudinal and radial 

components wavevectors, with 2 2 2 /z rk k k     , Jl is the Bessel function of the lth -

order and r, φ and z are the radial, azimuthal and longitudinal cylindrical co-

ordinates respectively.  

As previously discussed in Chapter 2, a zeroth order BB has a transverse 

intensity profile with a bright central spot surrounded by concentric rings. For higher 

order BBs, integer l ≠ 0, the phase singularity on the beam axis results in a 

transverse intensity profile of concentric rings but with a phase singularity on the 

beam axis. This results in a ‘non-diffracting’ dark, rather than bright, core whose 

radius increases with the azimuthal index l. Due to their intensity profile and 

reconstructed properties, these beams can find many applications in various fields 

[184]. The transverse intensity profiles of BBs with different l, kr values are shown 

in Figure 6.2 below. 
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Fig. 6.2. Numerical simulation of the transverse intensity profiles of the sixteen 

lowest-order BB modes considered. The rows and columns define the radial 

wavevectors and azimuthal mode indices, respectively. The colour coded for the 

intensity is also highlighted on the right-hand side where the blue and red colours 

accordingly indicate the lower and higher intensity. 

 

6.3.3 Detection through ‘eigenface’ classification 

As previously described in Chapter 5, the central aim of the principal component 

analysis (PCA) algorithm is to reduce the dimensionality of a multivariate data set 

while accounting for as much of the original variation as possible present in the data 

set. This aim is achieved by the orthogonal transformation to principal components 

(PCs) or ‘eigenfaces’ that are linear combinations of the original variables. The PCs 

are uncorrelated variables and are ordered so that the first few of them account for 

most of the variation in all the original data set [53]. Thus, a simpler basis can be 

provided for the further multivariate analysis of the data. 

The first step of applying the PCA algorithm to our study corresponds to creating 

a database of all possible HG or Bessel beams that we wish to detect. After 

subtraction of the common mean intensity, the covariance matrix of the recorded 

intensity patterns is calculated. Then, the resultant eigenvector with the largest 

eigenvalue is termed the first ‘eigenface’ which corresponds to the largest variability 

of the HG or BB modes ‘training set’. In the same way, the second ‘eigenface’ 

corresponds to the second largest variability of the covariance matrix and so on. 

Projecting the measured beams onto these ‘eigenfaces’, we determine the first and 
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subsequent principal components (PCs) representation of the measure. The HG or 

BB modes with the same (mode indices) variables form very tight clusters. Finally, a 

classification algorithm of the nearest neighbour is applied in order to classify the 

‘unknown’ data [169]. 

 

6.4 Experiments 

Our multivariate analysis approach is applied for the modal characterization of both 

HG and Bessel beams. The variations between the different far-field diffraction 

patterns of both HG and BB modes from a random aperture (glass diffuser) are 

measured, upon which will be performed. The different far-field diffraction patterns 

contain information for the different mode indices for the considered laser beam 

modes. Using PCA the optical system is ‘trained’ and it is subsequently possible to 

simultaneously determine the modal characteristics of ‘unknown’ HG or BB modes 

incident upon our random aperture. 

 

6.4.1 Generation of Hermite-Gaussian and Bessel beams 

Nowadays both light fields, considered here, can be holographically generated using 

a computer controlled device, such as a spatial light modulator (SLM) [84]. The 

holograms were calculated according to Equations (6.1) and (6.3); additionally the 

required phase distribution was imprinted onto the incident Gaussian beam which 

was illuminating the SLM. The optical Fourier transform algorithm of a HG 

function is always another HG function of the same order. The modulations of the 

encoded transmission functions, used for creating the four lowest-order HG modes, 

are depicted in Figure 6.3. In the present study, the forty-nine lowest-order HG 

modes were created and analyzed. 

 

 
 

Fig. 6.3. The phase modulations of the encoded phase-only transmission 

functions used for generating the four lowest-order Hermite-Gaussian beam 

modes. The HG00, HG10, HG20, and HG30 beam modes are depicted exemplarily. 

Numerical simulated intensity profiles are given as inserts. 
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For the study of BBs, far-field diffraction patterns of forty-nine different BB modes 

from a random aperture were also determined. Here, annuli were displayed on the 

SLM, which when Fourier transformed, created the different BBs considered (Figure 

6.4). A wavefront correction to all beams was applied using the OEi decomposition 

technique (see Appendix C) [155, 156]. Finally, a blazed grating was added in order 

to select the 1st diffraction order. 

 

 
 

Fig. 6.4. The phase modulations of the encoded phase-only transmission 

functions used for generating the BB modes. By altering the diameter of the annuli 

holograms which were displayed on the SLM, different Bessel beams can result with 

kr = [0, 3] and l = 3 that are depicted exemplarily. Numerical simulated intensity 

profiles are given as inserts. 

 

6.4.2 Experimental apparatus 

The experimental set-up used is shown in the following Figure 6.5 and is similar to 

that used in the previous study discussed in Chapter 5 [53]. A laser beam (He-Ne, λ 

= 633nm, Pmax = 5mW) with an output Gaussian profile of beam waist w = 5mm, 

was expanded using a dual lens telescope (L1 and L2). A half-waveplate (λ/2) was 

used in order to rotate the polarization of the incoming beam tο the optimum angle 

for the SLM (Holoeye, LC-R 2500) so as to maximize the power diffracted into the 

first-order. The polarization state was verified by the use of a polarized beam-splitter 

after the half-waveplate. The holograms used to generate the HG and Bessel beams 

were displayed on the SLM. A lens (L3) and a pinhole were introduced to the beam 

path to allow for spatial filtration to block all the unwanted diffraction orders. Then, 

a lens (L4) was used to image the different laser beam modes on the random 

aperture, which in our case was a glass diffuser (Edmund Optics, 0.5o diffusing 

angle). Finally, lens L5 served to create the far-field diffraction patterns in its back 

focal plane where a CCD camera (pike, Allied Vision Technologies, pixel size: 

7.4μm x 7.4μm) was used, in order to record and save the far-field diffraction 

patterns onto the hard-drive of a computer. 
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Fig. 6.5. The experimental arrangement for the observation of the far-field 

diffraction patterns of Hermite-Gaussian and Bessel beams from a glass diffuser. 

L = lens, SLM = spatial light modulator, M = mirror, CCD = charge couple device 

camera, F = ND filter. Focal lengths of lenses: f1 = 150mm, f2 = 1000mm, f3 = 

680mm, f4 = 400mm, and f5 = 800mm [61]. 

 

6.4.3 Experimental results 

6.4.3.1 Modal characterization of Hermite-Gaussian beams 

To illustrate our generic approach, let us begin with a discussion of propagating HG 

beams. For each different HG beam mode considered, its pattern was recorded for 

1000 beam samples. The ‘training step’ is firstly applied, in which the response of 

the optical diffracting system is measured for every HG beam mode, each with 

different m and n values. The beam mode indices m and n could vary from 0 to 6, 

increasing in integer step, yielding seven different values for each. In this manner, a 

database of all possible forty-nine HG beams is created.  

Then, the PCA algorithm is used so as to create the covariance matrix of all the 

recorded patterns, by subtraction of the common mean intensity of these recorded 

intensity patterns. The experimentally observed transverse intensity profiles of the 

slightly rotated (≈ 3
o) lowest-order Hermite-Gaussian beam modes are depicted in 

Figure 6.6; since the effect of the rotation of the HG beams is studied in a later 

subsection. 



Modal Characterization of Hermite-Gaussian and Bessel 

beams using Principal Component Analysis 

Chapter 6 

 

97 
 

 
 

Fig. 6.6. The experimentally observed transverse intensity profiles of the slightly 

rotated (≈ 3
o) lowest-order Hermite-Gaussian beam modes. Starting with HG00 

(lower left-hand side) and going up to HG33 (upper right-hand side). The colour coded 

for the intensity is highlighted on the left-hand side where the blue and the red 

colours indicate the lower and higher intensity, respectively. 

 

The subsequent principal components (PCs) of the measure are shown in the Figure 

6.7a. The intensity patterns of the ‘unknown’ beam modes can be represented in the 

same way, using the method of the nearest neighbour measurement in order to 

classify them [169]. The colour coded for the different m and n mode indices of the 

HG beams (m = [0, 6], n = [0, 6]) is presented in Figure 6.7d. The first two principal 

components (PCs) analysis is shown in Figure 6.7b, where HG beams with the same 

(mode indices) variables form very tight clusters. As seen by ‘training’ our optical 

system by using the first nine PCs of the measure and averaging over the four 

closest neighbours, a 100% classification efficiency for the detection of the 

‘unknown’ propagation HG beams can be achieved. By the same token, all the 

‘unknown’ HG beam modes have been correctly identified as the expected HG beam 

modes. 

 

6.4.3.1.1 Random scattering mask 

Then, the diffraction of HG beams from a glass diffuser was considered. This is an 

aperture that can break the symmetry of a given HG beam mode and, as might be 

expected, speckle patterns result (Figure 6.8a). Here, the resulting speckle patterns 

from the diffraction of HG beams from a glass diffuser can be used to probe the 

modal characteristics of the HG beams (Figure 6.8b).  
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Fig. 6.7. Modal characterization of propagating Hermite-Gaussian (HG) beam 

modes. a) The first 9 principal components (PCs) of the measure, b) first two PCs 

analysis, c) second and third PCs analysis, and d) colour coded for the m and n 

indices of the HG beam modes (m = [0, 6], n = [0, 6]) [61]. 

 

 
 

Fig. 6.8. Experimental implementation of the random aperture. a) Design of the 

experiment where a HG (HG13) or a Bessel (l  = 0, kr = 2) mode is focused on a glass 

diffuser aperture and a speckle pattern is generated, and b) the figure includes an 

animation in which the incident HG00 beam mode is presented on the left-hand 

picture while on the right-hand picture the speckle pattern resulting from its 

diffraction from the glass diffuser is seen. To access the animation, see the published 

work in Ref. [61]. 
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In Figure 6.9 below, the range of speckle patterns that result from the random 

perturbation of the glass diffuser and their subsequent analysis is presented. 

Furthermore, it is to be noted that the use of a random aperture presents an 

experimental benefit as all diffraction patterns have similar peak intensities enabling 

acquisition with similar exposure durations. Remarkably, using this ‘random’ 

aperture we achieve a 100% classification efficiency, by ‘training’ our optical 

system using the first nine PCs of the measure and averaging over the four closest 

neighbours, as indeed for the propagating beams (Figure 6.9d). 

 

 
 

Fig. 6.9. Modal characterization of the diffracted Hermite-Gaussian (HG) beams 

from a random aperture. a) The first 9 principal components (PCs) of the measure, 

b) analysis for the first two PCs, c) analysis for the second and third PCs, d) the 3D 

chart of the confusion matrix linking the expected and detected indices of the HG 

beam modes and the colour coded for the m and n indices of the HG beam modes (m 

= [0, 6], n = [0, 6]) is the same as in Figure 6.7d [61]. 

 

6.4.3.1.2 Beam parameters fluctuations 

The fundamental question of beam misalignment in the optical system and the 

impact upon the detection efficiency is also very interesting. Therefore in this 

subsection, the influence of the beam rotation around its central optical axis on the 
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classification ability of our method is investigated. This can be done by controllably 

rotating the SLM mask used to generate the considered beams.  

Here, the effect of rotation angles from -7π/32 to -7π/32 is studied. By ‘training’ 

our optical system using the first nine PCs of the measure and averaging over the 

four closest neighbours, we observed 99% classification efficiency for correctly 

identifying the ‘unknown’ HG beam mode even in presence of rotation (Figure 

6.10). This may prove very useful for applications such as beam converters and laser 

resonators, where the beam alignment is crucial [185, 186].  

 

 
 

Fig. 6.10. Modal characterization of the rotated Hermite-Gaussian (HG) beams 

which were diffracted from a random aperture. a) The first 9 principal 

components (PCs) of the rotated HG beam modes, b) the first 9 PCs of the diffracted 

HG beam modes from a random aperture, and their c) first and second PCs analysis. 

d) The figure includes an animation in which the incident HG13 beam mode is 

presented on the left-hand picture while on the right-hand picture the speckle pattern 

resulting from its diffraction from the glass diffuser is seen. The colour coded for the 

m and n indices of the HG beam modes is the same as in Figure 6.7d. To access the 

animation, see the published work in Ref. [61]. 
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Rotating the HG beam introduces additional degrees of freedom in the beam profile. 

This is clearly a different behaviour as in the case of pure LG beams for which a 

rotation would not induce any change of the beam profile. Training and detecting 

without the ground glass also work provided that the CCD camera measures the full 

HG beam profile.  

However, partially probed beams are more challenging and here the random 

mask helps in delivering a more adequate sample. Furthermore, as already stated, 

the use of a random aperture presents an experimental benefit as all diffraction 

patterns have similar peak intensities enabling acquisition with similar exposure 

durations. As previously discussed in Chapter 5, this detection method can 

accommodate a certain degree of misalignment or variations in the optical system 

[53]. Since the correct detection can still be achieved, provided that either a larger 

‘training set’ is considered and/or a larger dimensionality of the data is allowed by 

taking more PCs into account. Our PCA detection method is limited by the number 

of detectable degrees of freedom of the far-field diffraction patterns [176]. Indeed, 

low resolution cameras would greatly decrease the distinguishability between the 

different beams. It should be noted that very specific misalignments, such as a 

rotation by π/2 for example, would make some HG modes indistinguishable. We can 

deduce from this statement that the PCA method is also limited by specific beam 

dependence misalignments. The precise limitation can be assessed by considering 

the optical degrees of freedom (see section on Laguerre-Gaussian beam 

superposition in Chapter 5). 

 

6.4.3.2 Modal characterization of Bessel beams 

Our PCA detection method was then applied to BBs. Forty-nine different BB modes 

were considered. We explored beams where the azimuthal index l, varied from -3 to 

3 increasing in integer step sizes, and for seven different values of the radial 

wavevector, kr. This maintains the same dimensionality used before for the analysis 

of HG beams.  

The experimentally observed transverse intensity profiles of the lowest-order 

BB modes are depicted in the following Figure 6.11. The recorded image is not 

centred on the CCD display because we wanted to avoid an area with damaged 

pixels close to that region. The values of the BB mode indices  and kr are limited 

by our present setup to no more than 6. For example, the rings in the intensity profile 

may go out of range of the CCD chip when  is larger. Actually, both mode indices 

can go up to higher values if for example a larger CCD could be used or a different 

telescope with a higher magnification. 
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Fig. 6.11. The experimentally observed transverse intensity profiles of the 

lowest-order BB modes considered. The rows and columns define the radial 

wavevectors and azimuthal mode indices, respectively. The colour coded for the 

intensity is highlighted on the right-hand side where the blue and red colours 

accordingly indicate the lower and higher intensity. 

 

 
 

Fig. 6.12. The experimentally observed images and transverse intensity profiles 

of the BB modes considered. (Top row) The BB mode with kr = 6, l = 0 results in a 

central spot width equal to 0.3mm in the detector plane, going up to 0.5mm when a kr 

= 0, l = 0 is considered (in the left hand-side). (Bottom row) The intensity profiles are 

shown, respectively.  
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After the ‘training step’ and the application of the classification algorithm, as 

depicted in Figure 6.13d below, a 100% classification efficiency was achieved i.e. 

all the ‘unknown’ BBs have been correctly identified. The PCA ‘training step’ was 

also done using the first nine PCs of the measure and the classification by averaging 

over the four closest neighbours. 

 

 
 

Fig. 6.13. Modal characterization of propagating Bessel beams. a) The first 9 

principal components (PCs) of the measure, b) analysis for the first two PCs using the 

same colour coding as in the following Figure 6.14d, c) analysis for the second and 

third PCs, and d) the 3D chart of the confusion matrix linking the expected and 

detected mode indices of the Bessel beams. 

 

It should be noted that recently it has been demonstrated that the mode sorter [136, 

137], which was comprising two free-form refractive optical elements that can be 

used to transform OAM states into transverse momentum states, was also applied to 

extract the information in both the azimuthal and radial components of BBs [187]. 

The two free-form optical elements are used to map a position (x, y) in an input 

plane to a position (v, u) in the output plane by a conformal mapping. In this 

arrangement, an annular ring of light (Fourier transform of the BB) is mapped to a 

horizontal line of fixed width and any azimuthal phase variation into a tilt of the 
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phase front. Thus, a focused spot is produced at an l-dependent horizontal position. 

An optical system with three cylindrical lenses can be implemented and care should 

be taken during the alignment in order to avoid any distortion. Finally, an example 

of a BB superposition is also discussed in Ref. [187].  

 

6.4.3.2.1 Random scattering mask 

In the present subsection, the study of the far-field diffraction patterns of the 

diffracted BBs from a random (glass diffuser) aperture is presented (Figure 6.14).  

 

 
 

Fig. 6.14. Modal characterization of the diffracted Bessel beams from a random 

aperture. a) The first 9 principal components (PCs) of the measure, b) first two PCs 

analysis, c) second and third PCs analysis, and d) colour coded for the azimuthal 

index l and the radial index kr of the BBs considered [61]. 

 

First the ‘training step’ is applied in which the response of the optical diffracting 

system is measured for every single BB considered. Then the second step followed, 

where we used the classification algorithm which corresponds to the actual 

identification or measurement of an ‘unknown’ BB, delivering simultaneously the 

mode indices which characterize this beam. Finally, the classification results again 
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displaying a 100% efficiency i.e. all the ‘unknown’ BBs have been correctly 

identified, by using the first nine PCs in the ‘training’ step and averaging over the 

four closest neighbours. 

 

6.5 Discussion and Conclusions 

The present chapter presents a powerful method by which the mode indices of both 

Hermite-Gaussian and Bessel beams can be determined [61]. In addition to standard 

methods used to characterize higher-order beam modes, it is shown how a PCA 

analysis algorithm can be used to characterize diffracted light modes. Our method is 

based on the measurement of correlations between the probed far-field diffraction 

pattern and the ‘training set’ of preliminary recorded far-field diffraction patterns of 

standard HG and BBs. The principal component analysis (PCA) algorithm calculates 

a projection of the ‘unknown’ beam onto the term of the mode composition.  

The experimental data show that the methodology preserves a high detectability 

in case of strong beam distortions (e.g. ground glass), provided that the ‘training set’ 

members undergo the same distortions. Since the correct detection can still be 

achieved, provided that either a larger ‘training set’ is considered and/or a larger 

dimensionality of the data is allowed by taking more PCs into account. Here, the 

PCA ‘training set’ was done using ten HG or BB modes in the studied range 

The influence of the HG beam rotation around its central optical axis on the 

classification ability of our method is also investigated. This can be done by 

controllably rotating the SLM mask used to generate the considered beams. Here, 

the effect of rotation angles from -7π/32 to 7π/32 is studied. By using the first nine 

PCs in the ‘training set’, we observed a 99% classification efficiency for correctly 

identifying the ‘unknown’ HG beam mode even in presence of rotation. This may 

prove very useful for applications such as beam converters and laser resonators, 

where the beam alignment is crucial [185, 186].  

Furthermore, partially probed beams are more challenging and here the random 

mask helps in delivering a more adequate sample. Moreover, as previously stated in 

Chapter 5, the use of a random aperture presents an experimental benefit as all 

diffraction patterns have similar peak intensities enabling acquisition with similar 

exposure durations, while eliminating the need to design a clever aperture and match 

the beam waist of the incident beam to the size of the used aperture. 

Finally, very specific misalignments, such as a rotation by π/2 for example, 

would make some HG modes indistinguishable. We can deduce from this statement 

that the PCA method is also limited by specific beam dependence misalignments. 

The precise limitation can be assessed by considering the optical degrees of freedom 

(see section on Laguerre-Gaussian beam superposition in Chapter 5).  
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It should be also noted that in this study, the values of the HG and Bessel beams 

mode indices are limited by our present setup to no more than 6. Actually, both 

mode indices can go up to higher values if for example a larger CCD could be used 

or a different telescope with a higher magnification.  

In future work, we will expand our PCA detection method to explore complex 

superpositions of BBs, enabling the encoding, decoding and manipulation of both 

the radial and azimuthal degrees of freedom. 
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7.1 Synopsis and Motivation 

ll of the previously presented studies have assumed that the optical field is 

fully spatially coherent, however here the dependency of the far-field cross-

correlation function (CCF) on both the radial and azimuthal mode indices 

(p and l) of a partially coherent vortex field is demonstrated through an observation 

of the dislocation rings in the far-field CCF. The number of the dislocations rings 

(dark zones), Nd, of the far-field CCF is theoretically shown to be equal to Nd = 2p + 

 and this is verified experimentally. Our results are consistent with earlier 

experimental results for the limiting case where: p = 0, l = 1 [188]. Thus, the 

dependency of the far-field CCF on both the radial and azimuthal degrees of 

freedom (p, l) in a partially coherent light field through an observation of the phase 

correlation singularities is demonstrated. This offers a powerful method for the 

measurement of partially coherent fields with embedded vortices.  

 

7.2 Introduction 

To begin with, a brief introduction into the optical coherence will take place. The 

concept of coherence is related to the stability, or predictability, of phase. Spatial 

coherence describes the correlation between waves at different points in space. 

Temporal coherence describes the correlation, or predictable relationship, between 

waves observed at different moments in time [189]. 

All functions of time can be expressed as a linear combination of pure sine 

waves of various frequencies. When the temporal coherence is high, the range of 

frequencies is very small, i.e. the wave is nearly monochromatic. Thus, if one knows 

the phase of a wave under study at time t, how well can the phase of the wave at a 

later time, Δt, i.e. t + Δt, be predicted? The delay over which the phase changes by a 

significant amount is defined as the coherence time. Temporal coherence gives the 

ability to observe good interference patterns between the wave and the time-delayed 

version of itself, for example in a Michelson interferometer [66]. 

Spatial coherence is exactly the same thing except that wavevectors are 

considered (i.e. vector spatial frequencies; cycles per unit length in 3D) instead of 

temporal frequencies [66]. Hence, the lateral coherence length is determined, which 

is a measure of how far apart two points in a wavefront can be, such that knowing 

the phase at one point still let us confidently predict the phase at the other point. 

Spatial coherence relates to the ability to focus a beam down to a diffraction-limited 

spot. It also relates to the ability to perform experiments in areas such as holography, 

which rely on building up an interference pattern by illuminating a large area [190]. 

A 
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Spatial coherence can be improved with lenses and apertures and is taking into 

account in the current study. 

The partially coherent fields have found many applications, such as optical 

coherence tomography (OCT), optical communication, and imaging science [66]. 

Moreover, the interest for OAM of light in astronomy and astrophysics has grown 

[67, 79]. OVs generated from starlight beams have been observed at the Asiago 

telescope [67], and the light coming from a distant star is certainly partially 

coherent. The properties of OVs have found interesting applications in astronomical 

coronagraphy [79]. The preservation of the vortex structure during propagation 

makes partially coherent beams good candidates for various applications; 

accordingly, a better understanding of the spatial coherence properties is of 

fundamental importance.  

Recently, the coherence of OVs or the phase singularities of a partially coherent 

field have been studied by optical coherence theory [68, 69], and the cross-

correlation function (CCF) of a partially coherent beam has been studied 

theoretically and experimentally [70-73]. It has been shown that spatial correlation 

functions have interesting topological properties associated with their phase 

singularities, and there exist correlation singularities (denoting nulls of the cross-

spectral density function) in the regions where the phase is ill-defined.  

 On the other hand, determining the radial and azimuthal mode indices, p and l, 

of an OV remains an intriguing problem in both the quantum and classical domain 

[77]. For partially coherent vortex light fields, the mutual coherent function (MCF) 

may denote the spatial coherence properties of the field in question [191]. From an 

experimental viewpoint, it has been noted that the projections of the four-variable 

MCF, as the CCF, may yield information with regard to the field [192]. In particular, 

one may observe phase correlation singularities denoting nulls of the cross-spectral 

function [66, 71, 188, 192, 193] which they have recently been shown to be linked to 

the azimuthal mode index of the partially coherent OV field [71]. Applications of 

these approaches have shown that a partially coherent beam, with no overall OAM, 

may be described as a statistical sum of completely coherent beams with a well-

defined OAM [194]. As previously mentioned in Chapter 3, a recent study has 

shown that the low degree of coherence may invalidate the method of detecting a 

vortex based on the Fourier transform of its intensity distribution and the complex 

degree of coherence should be considered [141]. However, a generic understanding 

of how both the radial and azimuthal degrees of freedom influence the form of the 

CCF has never been presented.  

Additionally, the radial degree of freedom is usually neglected but is crucial 

facet for the correct description of the transversal state of a light field and thus it is 
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important to understand this in relation to the CCF. In the present chapter, the form 

of the CCF for a partially coherent light field including both the azimuthal and radial 

mode indices is theoretically and experimentally delineate. The results show the 

definitive linkage between both the radial and azimuthal mode indices of partially 

coherent OVs to the number of dislocation rings in the CCF. 

 

7.3 Theoretical background 

In the cylindrical coordinate system, a fully coherent OV field with topological 

charge, l, at the source plane z = 0 has complex amplitude that is given by Equation 

(2.1). By propagating a fully coherent LG beam through an optical diffuser, a 

partially coherent LG beam can be rendered with a random phase that has a Schell-

model correlator [195, 196]: 
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where Lc is the transverse coherence length. One can write the mutual coherence 

function (MCF) of such a partially coherent LG beam at the source plane z = 0 in the 

cylindrical coordinate system as [188]: 
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Therefore, the far-field MCF in the detection plane after the beam has propagated a 

distance z, may be expressed as: 
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     (7.3) 

where λ is the wavelength. 

 

7.3.1 The cross-correlation function (CCF) of a partially coherent 
vortex beam in far-field 

From the far-field MCF in Equation (7.3), one may determine the far-field cross-

correlation function (CCF) such as: 

   ,c r r r           (7.4) 

which is a more robust pattern than the intensity in a partially coherent beam. 

Importantly, dark dislocation rings emerge where the two-point correlation vanishes 

due to the absence of coherence. Spatial correlation singularities may exist even in a 
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non-vortex beam when l = 0. Numerically calculated far-field CCF of partially 

coherent OVs with different radial and azimuthal mode indices, as seen in Figure 

7.1, give a definitive general relationship between the number of dislocation rings 

and the radial and azimuthal mode indices of partially coherent OVs as:  

2dN p                    (7.5) 

The examples shown in the following Figure 7.1 are numerical evaluations that have 

been calculated based on Equations (7.4) and (7.5).  

 

 
 

Fig. 7.1. Numerical simulation of the far-field CCFs of partially coherent LG 

beams. The beam mode indices are given as inserts. 

 

To explore the relationship between the number of dislocation rings (Nd) in the far-

field CCF and the radial and azimuthal mode indices of a partially coherent OV, 

more examples are given in Table 7.1.  

 

 
 

Table 7.1. Number of dark ring dislocations (Nd) in the far-field CCF versus 

different radial and azimuthal mode indices of a partially coherent OV. 

 

It should be also noted that the relationship established in Equation (7.5) is 

consistent with the earlier experimental results for the limiting case of p = 0, l = 1, 

namely, there is one dark dislocation ring in the far-field CCF [188]. When p = 0, 

Equation (7.5) is rewritten by Nd = , which is consistent with the earlier 
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theoretical study in [71]. Equation (7.5) can be understood by considering the 

different steps involved in measuring the CCF of a partially coherent LG beam.  

The following Figure 7.2 shows how the CCF cross-correlates two regions of 

the beam diametrically opposite to each other (highlighted using the yellow circles 

in parts a), d) and g)). The size of these regions is determined by the transverse 

coherence length, Lc. The product of the two fields in these two regions, 

corresponding to the integrand of the CCF is represented in parts c), f) and i) of 

Figure 7.2. It is observed that this product function has multiple features.  

 

 
 

Fig. 7.2. Step by step numerical simulation of the far-field CCF pattern for 

different mode indices of a partially coherent OV beam: (a - c) p = 0, l = 2; (d - f) 

p = 3, l = 0; (g - i) p = 3, l = 2. The phase is represented by the hue and the amplitude 

by the luminosity. Parts (a, d, g) correspond to the beam profile superimposed by the 

two regions that are used for each CCF point. Parts (c, f, i) correspond to the CCF 

integrand and parts (b, e, h) to the CCF as a function of the radial distance. 

 
In the ‘horizontal’ direction, it is shown that the p dark dislocation rings originating 

from the p ≠ 0 beam appear doubled up, one for each region. In the ‘vertical’ 
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direction, it is shown that the phase changes due to the l vortex charge. As the 

distance between the two regions increases, a number of destructive interferences 

appear, each corresponding to a dark dislocation ring in the far-field CCF (Figure 

7.2). The number of destructive interferences is given by 2p +  originating from 

the doubling up of the rings due to the three regions and l originating from the 2πl 

phase changes in the ‘vertical’ direction. Therefore, a relationship between the 

number of dark dislocation rings in the far-field CCF and the radial and azimuthal 

mode indices of a partially coherent LG beam, can be established as: Nd = 2p + . 

 

7.3.2 Calculation of the spatial coherence 

According to the van Cittert-Zernike theorem, the effective coherence length, Lc, 

after the use of a rotating diffuser may be written as [195]: 
 @ 3.2787f
c i s

f

L w w
R

w f
                   (7.6) 

where, wi is the initial beam radius after the ISLM, f = 1m is the focal length of the 

lens after the ISLM, ws is the aperture radius on the PSLM and wf   is the focal spot 

radius on the focal plane after PSLM, where the SLM pixel size is 8μm. This 

relationship can be visualized to the following graph (Figure 7.3). The ratio between 

Lc and wf decreases dramatically with the increasing coherence. 

 

 
 

Fig. 7.3. Relationship between the ratio R = Lc/wf and the diffuser location (step 

by step numerical calculation for different distances based on Equation 7.6). One 

can see that the ratio decreases gradually with the increasing coherence.  
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7.4 Experiments 

In this section, the general relationship between the dislocation rings of the far-field 

CCF and the radial and azimuthal mode indices of partially coherent OVs is 

experimentally verified. It is demonstrated that the number of dark dislocation rings 

(Nd) in the far-field CCF have a clear relation with the radial and azimuthal mode 

indices as shown in Equation (7.5), i. e. Nd = 2p + . Our experimental data verify 

that the number of dislocation rings in the far-field CCF of a partially coherent 

vortex beam is exactly equal to the azimuthal index  when p = 0, which is in 

agreement with the recent theoretical work [71]. Thus, this study shows one may 

determine both the radial and azimuthal mode indices of a partially spatially 

coherent vortex field by observing the CCF in the far-field.  

 

7.4.1 Experimental setup 

Here, the CCF of a partially coherent vortex beam was measured with the aid of a 

wavefront folding (WFF) interferometer [188]. A schematic overview of the 

experimental setup is shown in Figure 7.4. A partially coherent optical field is 

generated by focusing a He-Ne laser beam (λ = 633nm, Pmax = 5mW) onto a rotating 

holographic diffuser (Edmund Optics, 0.5o diffusing angle). The spatial coherence of 

the optical field is controlled by changing the position of the holographic diffuser 

along the optical axis, as previously seen in 7.3.2 [195, 196].  

The beam is re-collimated onto a dual display liquid crystal spatial light 

modulator (SLM) system (Holoeye, HEO1080P). The first SLM display ISLM in 

conjunction with two crossed polarisers P1 and P2 performs intensity modulation of 

the beam and the second display PSLM modulates the phase. For this, the linearly 

polarized laser beam is expanded with a telescope (L1 and L2) such that it visually 

fills the active area of the ISLM with homogeneous intensity. The polarizer P1 

makes sure the polarization is correct. Depending on the encoded 8-bit value the 

ISLM turns the polarization of the light such that the intensity is spatially modulated 

by the polariser P2. Via a 1 : 1 telescope consisting of lenses L3 and L4, the ISLM is 

imaged onto the PSLM and the half-waveplate (λ/2) turns the polarization as it is 

required for phase modulation by the PSLM, where an intensity-coded phase 

function [197] is imprinted in order to generate LG beams with different radial and 

azimuthal mode indices. By selecting the first diffraction order with a pinhole 

(Pinhole1), we realise a partially coherent vortex beam results at the back focal plane 

of lens (L5) with a designated radial and azimuthal mode indices (p, l). This partially 

coherent vortex field is then imaged onto a CCD camera (Basler pilot piA640-
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210gm, 648 × 488 pixel resolution, 7:4μm pixel pitch) by a 2× telescope (L6 and 

L7).  

The spatial distribution of the far-field CCF can be obtained by the WFF 

interferometer. The WFF interferometer was created by placing two Dove prisms, 

DP1 and DP2, in each arm of the Mach-Zehnder interferometer. These prisms 

inverted the beam in one arm across the x-axis     1 , ,E x y E x y      and the other 

arm across the y-axis     2 , ,E x y E x y     . When both optical arms in the WFF 

interferometer are unblocked, the recorded interference intensity patterns can reveal 

the locations of dislocation rings in the CCF which are sued to determine the 

original radial and azimuthal mode indices. The aberrations due to unevenness of the 

display surfaces were corrected by a wavefront correction using the OEi technique 

(see Appendix C) [155, 156].  

 

 
 

Fig. 7.4. Schematic of the experimental apparatus used for measuring the 

dislocation rings of CCF in a partially coherent vortex field. D = rotating glass 

diffuser, L = lens, P = polariser, SLM = spatial light modulator, M = mirror, CCD = 

charge coupled camera, B = beam splitter cube and DP = dove prism. Focal widths of 

lenses: f1 = 50mm, f2 = 250mm, f3 = f4 = 400mm, f5 = 1000mm, f6 = 200mm, and f7 = 

400mm. 

 

A circular aperture (Ap1) was displayed onto the ISLM of 500 pixels in diameter 

(the pixel bitch is 8μm). The spatial coherence of the source was controlled by 

varying the position of the rotating diffuser in the focal plane of the circular aperture 
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(Ap1). During the experiment the rotating diffuser was mounted onto a translation 

stage with a precision of ±0.005mm. The dislocation rings may be observed at a 

very high contrast in the raw interference patterns without any post processing if we 

set the coherent length and the beam waist properly. At the largest transverse 

coherence length, the predicted ring dislocation was barely detectable.  

 

7.4.2 Experimental measurement of the degree of coherence 

Since the fundamental paper on partial coherence in 1938 of Zernike’s [198], the 

measurement of the maximum visibility of the interferences obtainable from two 

points in a wave field is defined as their degree of coherence, 12  [195, 199, 200]. 

Here, double slits were displayed onto the PSLM of 300 pixels in length and 150 

pixels in width (the pixel bitch is 8μm). Let Imax be the maximum intensity and Imin 

be an adjacent minimum; then the visibility of the fringes  , is given by: 

max min

max min

I I

I I






                  (7.17) 

Hence, when Imax = Imin, 0   and 
12 0  . This is the incoherent limit. When Imin = 

0 (very sharp fringes), 1   and 
12 1  . This is the coherent limit. Here, the degree 

of coherence was investigated over a range of different positions of the rotating 

glass diffuser. The two beams selected by the two slits (displayed in PSLM) were 

then allowed to interfere and the resulting fringes were investigated. In the quasi-

monochromatic approximation the function 
12  is given by: 

 12 12 /J x x        (7.18) 

where  1J x  is a Bessel function of the first kind and x is a function of the 

separation of the two points, α, and the angle subtended by the diameter of the 

source at the mid-point of the line joining the two points, φ, and it is given by: 

     
2

sinx

 


                  (7.19) 

The degree of coherence 
12  may be split up into its magnitude,

12g , and its relative 

phase, 
12 , which may have a value of either 0 or π. The following Figures 7.5 – 7.7 

show the variation in the degree of coherence for each position, P, of the rotating 

glass diffuser at the focal plane of lens L3. The observed fringe systems and the 

calculated intensity distributions are shown. The chain lines represent the maximum 

and minimum of intensity and the fall-off is due to the diffraction envelope 

associated with the individual slits. Thus, this well-known double slits method can 

provide information about the degree of coherence in our optical system. 
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Fig. 7.5. Two-beam interference with partially coherent light, showing the 

change of phase. a) – c) Observed interference patterns and, d) – f) observed 

intensity curves, respectively. The chain lines represent the curves Imax and Imin. d) 
12g

= 0.063, 
12 = π at position P1 = 0mm; e) 

12g = 0.088, 
12 = π at P2 = 5mm, and f) 

12g

= 0.166, 
12 = 0 at P3 = 10mm. 

 

 
 

Fig. 7.6. Two-beam interference with partially coherent light, showing the 

change of phase. a) – c) Observed interference patterns and, d) – f) observed 

intensity curves, respectively. The chain lines represent the curves Imax and Imin. d) 
12g

= 0.477, 
12 = 0 at P4 = 15mm; e) 

12g = 0.659, 
12 = 0 at P5 = 17.5mm, and f) 

12g = 

0.773, 
12 = 0 at P6 = 20mm. 
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Fig. 7.7. Two-beam interference with partially coherent light, showing the 

change of phase. a) – c) Observed interference patterns and, d) – f) observed 

intensity curves, respectively; d) 
12g = 0.857, 

12 = 0 at P7 = 22.5mm; e) 
12g = 0.850, 

12 = 0 at P8 = 25mm, and f) 
12g = 1, 

12 = 0 at P1 = 0mm for an incident coherent 

Gaussian beam. 

 

7.4.3 Dependency of the far-field CCF upon the mode indices of a 

partially coherent vortex field 

In the present study, partially coherent LG beams with both radial and azimuthal 

mode indices ranging each from 1 to 4, increasing in integer step, were considered. 

The experimentally observed interference patterns when l = 1 to 4, increasing in 

integer step, and p = 1, 2 are presented in the following Figures 7.8 and 7.9.  

As it can be predicted, the phase dislocation ring is located at the π phase shift 

which is indicated by the fringe shift (from bright to dark) in the recorded 

interference patterns. A clear relationship between the number of dislocation rings 

(Nd) in the CCF and the mode indices (p and l) can be established as Nd = 2p  + , 

which is in agreement with the theoretical prediction described in the previous 

section. Then, the far-field CCF of the different partially coherent LG beams with 

azimuthal indices l = 1 to 4, increasing in integer step and radial indices p = 3, 4 

were experimentally observed and are presented in the following Figures 7.10 and 

7.11. 

In Figure 7.8, the dislocation rings are experimentally observed and visualized 

by dashed-line black concentric circles for clarity. It should be noted that the ring 

size is dictated by the coherence length and the beam waist size. In this study, the 

dislocation rings may be observed at a very high contrast in the raw interference 
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patterns in the absence of any post processing if the coherence length and the beam 

waist are properly adjusted. From the experimental results presented in the present 

subsection, a clear relationship between the number of dislocation rings in the CCF, 

which is represented by the dislocation rings in the Figures 7.8 – 7.11, and the mode 

indices (p, l) of a partially coherent OV, as in Equation (7.5), can be established. 

These experimental results verify our theoretical and numerical predictions 

described in the previous section.  

 

 
 

Fig. 7.8. Far-field CCFs of partially coherent LG beams (l = 1, 2 and p = 1, 2). 

The beam waist on the CCD, w, is given by: w = 2.7mm. Degree of coherence is 

measured as 0.05 by the previously described double-slit method at position P1 = 

0mm. Dashed-line black concentric circles are drawn purposely to visualize phase 

dislocation rings. The light intensity increases from black to white. 

 

In the current study, the values of  and p are limited by our present setup to no 

more than 5. For example, rings may go out of range of the CCD chip when p is 

larger. The method presented here is also limited by the number of detectable optical 

degrees of freedom of the far-field CCF [176]. Indeed, low resolution cameras 

would greatly decrease the distinguishability between the different partially coherent 

beams and decrease the number of modes that can be detected.  
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Fig. 7.9. Far-field CCFs of partially coherent LG beams (l = 3, 4 and p = 1, 2). w 

= 2.7mm for LG31 and LG32 beam modes, and w = 3.2mm for LG41 and LG42 beam 

modes (w is the beam waist on the CCD). Degree of coherence is measured as 0.05 at 

position P1 = 0mm. Dashed-line black concentric circles are drawn purposely to 

visualize phase dislocation rings. 

 

 
 

Fig. 7.10. Far-field CCFs of partially coherent LG beams (l = 1, 2 and p = 3, 4). w 

= 2.7mm, which is the beam waist on the CCD. Degree of coherence is measured as 

0.05 at position P1 = 0mm. Dashed-line white concentric circles are drawn purposely 

to visualize phase dislocation rings. The light intensity increases from black to white. 
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Fig. 7.11. Far-field CCFs of partially coherent LG beams (l = 3, 4 and p = 3, 4). w 

= 2.7mm for LG33, and w = 3.2mm for LG34, LG43 and LG44 beam modes (w is the 

beam waist on the CCD). Degree of coherence is measured as 0.05 at position P1 = 

0mm.  

 

In the case of a partially coherent LG beam with both mode indices equal to five, l = 

p = 5, the contrast in the interference pattern is too low to precisely locate the 

dislocation rings. Actually, both l and p mode indices can go up to higher values 

while one can still have the established relationship if for example a larger CCD 

could be used, a different telescope with a higher magnification, a lower coherent 

field or a more powerful laser source. 

For the partially coherent beams with no embedded vortices (l = 0), two 

experiments were performed for the different cases of p = 1, 2 (Figure 7.12). The 

number of dislocation rings in the recorded far-field CCFs is equal to 2p, which 

obeys the relation in Equation (7.5). Due to the limited purity of generated LG 

beams with our method, the central spot when l = 0 has very high intensity and 

makes the other outer rings very dim. As a result, the data showed very low contrast 

in the far-field CCFs when p > 2 and l = 0. 
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Fig. 7.12. Far-field CCFs of partially coherent LG beams with p = 1, 2 and l = 0. 

w = 2.2mm, which is the beam waist on the CCD. Degree of coherence is measured 

as 0.05 at position P1 = 0mm. Dashed-line white concentric circles are drawn 

purposely to visualize phase dislocation rings. The light intensity increases from 

black to white and the exposure time was altered in order to highlight the 

characteristics of the interference patterns. 

 

7.4.4 Measuring the topological charge of partially coherent OVs 

through correlation singularities in their far-field CCFs 

It is straight forward to deduce the topological charge of a partially coherent LG 

beam from its far-field CCF by simply counting the number of dislocation rings in 

the far-field CCF images, when p = 0 while l ≠ 0. Our experimental data verify that 

the number of dislocation rings in the far-field CCF of such a partially coherent 

vortex beam is exactly equal to the azimuthal index (topological charge) , which 

is in agreement with the recent theoretical work [71]. Let us start by generating the 

coherent LG beams with different azimuthal indices, l ranging from 0 to 3 increasing 

in integer step, while the radial index was kept zero, p = 0.  

The following Figures 7.13 and 7.14 show the far-field intensity profile and 

cross-correlation functions (CCFs) for coherent LG beams; the rotating diffuser has 

not been used in this case. As expected, the coherent vortex fields have a well define 

dark core in the far-field intensity profile and CCF images. Then, the far-field 

intensity profile and CCFs for partially coherent OVs for different positions of the 

rotating diffuser, which result in different coherence lengths, were considered. The 

dark vortex core fills with diffuse light as the coherence decreases, a feature well 

established in the literature [188].  

Furthermore, interestingly dislocation rings appear in the dark core of the vortex 

fields in the far-field CCF images as the degree of coherence decreases (Figures 7.15 

and 7.17). Although, the dislocation rings in the far-field CCF are still not 

distinguishable for a higher-order vortex field, in this case, when l = 3. 
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Fig. 7.13. Experimentally observed far-field intensity profile and CCF. Coherent 

LG beams with a) l = 0 to b) l = 1 were generated and their CCFs are presented in c) 

and d), respectively. The light intensity increases from black to white.  

 

 
 
Fig. 7.14. Experimentally observed far-field intensity profile and CCF. Coherent 

LG beams with a) l = 2 to b) l = 3 were generated and their CCFs are presented in c) 

and d), respectively. 
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Fig. 7.15. Experimentally observed far-field intensity profile and CCF. Partially 

coherent OVs with a) l = 0 to b) l = 1 were generated and their far-field CCFs are 

presented in c) and d), respectively. Degree of coherence is measured as 0.849 at 

position P7 = 22.5mm. The region of the dislocation rings is indicated by the black 

circles. 

 

 
 
Fig. 7.16. Experimentally observed far-field intensity profile and CCF. Partially 

coherent OVs with a) l = 2 to b) l = 3 were generated and their far-field CCFs are 

presented in c) and d), respectively. Degree of coherence is measured as 0.849 at 

position P7 = 22.5mm. 
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Fig. 7.17. Experimentally observed far-field intensity profile and CCF. Partially 

coherent OVs with a) l = 0 to l = 1 were generated and their far-field CCFs are 

presented in c) and d), respectively. Degree of coherence is measured as 0.464 at 

position P4 = 15mm. The region of the dislocation rings is indicated by the black 

circles. 

 

 
 

Fig. 7.18. Experimentally observed far-field intensity profile and CCF. Partially 

coherent OVs with a) l = 2 to b) l = 3 were generated and their far-field CCFs are 

presented in c) and d), respectively. Degree of coherence is measured as 0.464 at 

position P4 = 15mm. 
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Fig. 7.19. Experimentally observed far-field intensity profile and CCF. Partially 

coherent OVs with a) l = 0 to b) l = 1 were generated and their far-field CCFs are 

presented in c) and d), respectively. Degree of coherence is measured as 0.078 at 

position P2 = 5mm. The region of the dislocation rings is indicated by the black 

circles. 

 

 
 

Fig. 7.20. Experimentally observed far-field intensity profile and CCF. Partially 

coherent OVs with a) l = 2 to b) l = 3 were generated and their far-field CCFs are 

presented in c) and d), respectively. Degree of coherence is measured as 0.078 at 

position P2 = 5mm. 
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Fig. 7.21. Experimentally observed far-field intensity profile and CCF. Partially 

coherent OVs with a) l = 0 to b) l = 1 were generated and their far-field CCFs are 

presented in c) and d), respectively. Degree of coherence is measured as 0.05 at 

position P1 = 0mm. 

 

 
 

Fig. 7.22. Experimentally observed far-field intensity profile and CCF. Partially 

coherent OVs with a) l = 2 to b) l = 3 were generated and their far-field CCFs are 

presented in c) and d), respectively. Degree of coherence is measured as 0.05 at 

position P1 = 0mm. 
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As the degree of coherence decreases to 0.464 at position P4 = 15mm, the 

dislocation rings in the far-field CCF become visible even for the higher-order 

partially coherent vortex field, in this case, l = 3 (Figure 7.18). These results are in 

agreement with the recently published theoretical prediction [71]. The various far-

field CCFs with different topological charges for the partial and low-coherence 

cases of OVs are seen in the Figures 7.19 to 7.22 above. 

 

 
 

Fig. 7.23. Experimentally measured diameters of dislocation rings of the far-field 

CCFs as a function of the coherence length in partially coherence vortex beam 

when p = 0. The dislocation rings are presented with red dashed lines for l = 1, with 

black dashed lines for l = 2, and pink solid lines for l = 3. Subscripts denote the mode 

indices of the dislocation rings. Each point is an average of five experimental 

measurements. The coherent length was estimated using the theoretical calculation 

described in section 7.3.2. 

 

In the current subsection, the experimental verification of the recently published 

theoretical prediction for the measurement of the orbital angular momentum of 

partially coherent OVs through singularities in their cross-spectral density functions 

is presented [71]. Therefore, one can measure the topological charge of a partially 

coherent OV through the analysis of the CCF. 

The relationship between the measured diameters of dislocation rings of the far-

field CCFs and the coherence length of the partially coherent vortex beam is also 

plotted as presented in Figure 7.23. The diameter of dislocation rings decrease when 

the coherence length of the partially coherent vortex field becomes larger. In a 

highly coherent vortex field, the dislocation rings of the far-field CCFs vanish as 

recently theoretically described [71].  
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Finally, it should be noted that the measured interference patterns in subsection 7.4.3 

are raw data without any post processing. However in subsection 7.4.4 the far-field 

CCFs were obtained by the measured interference patterns and subtracting the single 

intensities, which were obtained by blocking either arm of the interferometer.  

 

7.5 Discussion and Conclusions 

In conclusion, the dependency of the far-field cross-correlation function (CCF) on 

both the radial and azimuthal mode indices (p and l) of a partially coherent optical 

vortex (OV) is demonstrated through an observation of the dislocation rings in the 

far-field cross-correlation function (CCF). A well-defined relationship between the 

number of the dislocations rings (dark zones), Nd of the far-field CCF and both the 

radial and azimuthal mode indices in the partially coherent OV can be established, 

as presented in Equation (7.5), i.e. 2dN p   and it is verified experimentally. 

These results are consistent with earlier experimental results for the limiting case of: 

p = 0, l = 1 [188].  

In this study, the values of  and p are limited by our present setup to no more 

than 4. Actually, both mode indices can go up to higher values while one can still 

have the established relationship if for example a larger CCD could be used, a 

different telescope with a higher magnification, a lower coherent field or a more 

powerful laser source.  

Thus, the dependency of the far-field cross-correlation function (CCF) on both 

the radial and azimuthal degrees of freedom (p, l) in a partially coherent light field 

through an observation of the phase correlation singularities is demonstrated. These 

results may contribute to a better understanding of the connection between the 

correlation vortices of a partially coherent field and the OVs of the corresponding 

fully coherent field. The dependency of the CCF upon both the radial and azimuthal 

mode indices of a partially coherent OV may create new ways to study other 

topological phenomena for the complex coherence function. 
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8.1 Summary of the thesis 

he study of light beams carrying angular momentum started with the 

realization by Poynting that circularly polarized light could exert torque on a 

cascaded array of quarter-waveplates [3]. Several experiments have been 

carried out to measure this quantity, including an elegant one proposed by Beth, 

where he used a birefringent half-waveplate hanging from a filament (see Figure 

1.2) [5]. The mechanical torque measured in all these experiments relays on the 

polarization of the incident light and it is due to what is usually refer to as the spin 

angular momentum (SAM) of photons. Additionally, in early 1930s, Sir C. G. 

Darwin (the grandson of Charles Darwin) in his ‘Notes on the Theory of Radiation’ 

made the first assumption that linear momentum at a radius exerts a torque [4]. 

Moreover, providing the lever is long enough, a fixed linear momentum can exert an 

arbitrary high torque. Several years later in 1992, a new form of angular momentum 

of light arising from the spatial mode of a light beam was realized by Allen et al. [1]. 

This form of angular momentum, called orbital angular momentum (OAM), has 

started new lines of research and found numerous applications, but is still at its early 

days [36, 37, 201]. The OAM of light is fundamentally associated with the phase 

properties of the light field. This contrast with the SAM associated to the 

polarization of the light field. Furthermore, the OAM of light is associated to screw 

dislocations embedded in the phase of the electromagnetic field and a quantized 

OAM of l  can be associated to this helically phased light beams, where l is the 

azimuthal mode index (sometimes it is denoted as the topological charge or winding 

number) indicating the number of multiples of 2π of phase change around one 

circumference of the optical axis (see Figure 1.1). Reference [90] gathers several 

published papers on both theoretical and experimental results in which the concept 

of OAM plays a crucial role. 

An introduction to the present thesis and the light beams carrying OAM was 

presented in Chapter 1. This was followed, in Chapter 2, by a detailed discussion on 

the optical phase dislocations. The existing methods to produce the considered beam 

shapes were discussed, where the relevancy of technology in spatial light modulators 

(SLMs) to produce these beam shapes in an easy manner was also pointed out. Then, 

Chapter 3 described previous studies investigating diffraction of OVs past a variety 

of apertures and obstacles that can reveal interesting structural phase properties of 

the wavefronts of the considered LG beams and can be employed to measure the 

azimuthal mode index, l, of an unknown vortex beam. In Chapter 4, an investigation 

into the far-field diffraction of LG beams with various azimuthal mode indices from 

a triangular aperture was explored. The behaviour of the far-field diffraction 

intensity pattern was shown to be dependent upon the Gouy phase of the light field 

T 
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for the first time [49]. The evolution and form of the far-field diffraction intensity 

pattern from the triangular aperture for incident fields of fractional values of the 

azimuthal index has also been explored. The experimental data showed that the 

methodology is applicable to both monochromatic and broadband light sources and 

results in an intensity lattice forming a triangle. The magnitude of the azimuthal 

index, l, is directly related to the external points (interference lobes) of the lattice. 

The total charge is given by  = N - 1, where N is the number of points on any side 

of the triangle. The far-field diffraction pattern will be rotated by 180o in relation to 

the former when opposite signed value of the azimuthal index will be used. 

Therefore, this method is a direct way to determine the magnitude and the sign of 

the topological charge of the LG beam. This method allowed photons to be tested 

for one particular OAM state, but recently it was used for the measurement of the 

OAM at photon level via the spatial probability distribution, where it was also 

shown that by changing the aperture size it is possible to discriminate OAM state 

superpositions [162].   

In this study, the values of l are limited by our present setup to no more than 7 

or less than -7. For example, the annular intensity profile may go out of range of the 

CCD chip when  is larger. Actually, the values of the azimuthal mode indices, l, 

can go up to higher values while one can still determine the azimuthal mode index 

by simply counting the number of interference lobes in the far-field diffraction 

intensity pattern, if for example a larger CCD could be used or a different telescope 

with a higher magnification. It should be also noted that the size of the triangular 

aperture should be chosen to be of the order of the waist size of the incident LG 

beam in order to collect maximum intensity from the annular shaped intensity 

profile of the LG beam under study. Finally, in Chapter 4, this method has only been 

considered for LG beams of zero radial index p, so next in Chapter 5 the far-field 

diffraction intensity pattern for LG beams of various both mode indices l and p was 

numerically and experimentally explored to ascertain the performance of a triangular 

aperture. 
Consequently, in Chapter 5, it was shown that the inclusion of the radial mode 

index, p, makes a dramatic difference to the form of the far-field diffraction pattern 

and is an important consideration in using a triangular aperture for measuring the 

azimuthal index, l, but no clear rules could be established for determining both mode 

indices directly from the complex far-field diffraction patterns. Therefore, a new 

straight forward approach for the simultaneous determination of both the radial and 

azimuthal mode indices of LG beams using the method of the principal component 

analysis (PCA) was developed [53]. Our PCA detection method is based upon 

probing the far-field diffraction pattern from a random aperture and using the 
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recorded data as a ‘training’ set. Subsequently, we can transform the observed data 

into uncorrelated variables (principal components) using the PCA algorithm. Our 

PCA detection method is very simple to implement and uses a straightforward 

optical system (e.g. works with ground glass). It is based on the measurement of 

correlations between the probed far-field diffraction patterns and the ‘training set’ of 

preliminary recorded far-field diffraction patterns of the considered LG and 

superposed beams. The PCA calculates a projection of the ‘unknown’ beam onto the 

term of the mode composition. The experimental data show that the methodology 

preserves a high detectability in case of strong beam distortions (e.g. those caused 

by a random aperture), provided that the ‘training set’ members undergo the same 

distortions. Thus, it is tolerant to misalignment, beam fluctuations, rotation, focusing 

and defocusing provided it has been ‘trained’ for these fluctuations. Furthermore, 

the used mask does not need any clever design or complicated mathematical 

framework. The shape of the diffracting mask used to measure the mode indices is 

of little importance. The crucial step is ‘training’ any diffracting optical system. This 

allows the transformation of the observed far-field diffraction pattern into 

uncorrelated variables (‘eigenfaces’ or principal components) that can be mapped 

onto transversal mode profile index. Our method presented here is limited by the 

number of detectable optical degrees of freedom of the far-field diffraction pattern 

[176]. Since the correct detection can still be achieved, provided that either a larger 

‘training set’ is considered and/or a larger dimensionality of the data is allowed by 

taking more PCs into account. In the current study, the values of  and p are 

limited by our present setup to no more than 7. 

Importantly, beam superpositions can be experimentally decomposed delivering 

the intensity of each mode and their relative phase. Here, our approach was extended 

to the more general case of a superposition of multiple Laguerre-Gaussian (LG) 

beams having different relative amplitudes and phases. To that end, we trained the 

PCA algorithm on a set of 900 random complex superpositions (keeping the total 

intensity constant) of four LG beams (l = [0, 1] and p = [0, 1]). These results 

demonstrate the complete characterization of LG beams including both radial and 

azimuthal mode indices. 

Our PCA approach is generic and was further extended to other families of light 

fields such as Hermite-Gaussian (HG) and Bessel beams (BBs) as it was next 

discussed in Chapter 6 [61]. It is important to establish the validity of our method to 

the other families of light fields to demonstrate its full applicability for various 

applications including information processing, spectroscopy and manipulation. 

Additionally, the role of rotational misalignments upon our method was 

investigated. This further degree of freedom is particularly important when 
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considering HG beams, which compared to LG or Bessel beams do not possess a 

cylindrical symmetry. Rotating the HG beam introduces additional degrees of 

freedom in the beam profile. This is clearly a different behaviour as in the case of 

pure LG beams for which a rotation would not induce any change of the beam 

profile. Furthermore, partially probed beams are more challenging and here the 

random mask helps in delivering a more adequate sample. Moreover, the use of a 

random aperture presents an experimental benefit as all diffraction patterns have 

similar peak intensities enabling acquisition with similar exposure durations. It 

should be noted that very specific misalignments, such as a rotation by π/2 for 

example, would make some HG modes indistinguishable. We can deduce from this 

statement that the PCA method is also limited by specific beam dependence 

misalignments. It should be also noted that in this study, the values of the HG or BB 

mode indices are limited by our present setup to no more than 6. The precise 

limitation can be assessed by considering the optical degrees of freedom (see section 

on Laguerre-Gaussian beam superposition in Chapter 5). Thus, our PCA detection 

approach is a powerful method for characterizing the optical multi-dimensional 

Hilbert space. 

Whilst success has been seen for determining the azimuthal phase term of LG 

beams, the more typical and demanding case of partially coherent light fields has 

lagged behind its fully coherent counterpart in this respect. All of the previously 

presented studies have assumed that the optical field is fully coherent; however in 

Chapter 7, a study upon the dependency of the far-field cross-correlation function 

(CCF) on both the radial and azimuthal mode indices (l and p) of a partially coherent 

OV is presented. For the case of partially coherent vortex light fields, the spatial 

correlation function shows interesting behaviour. Furthermore, the spatial 

correlation function may possess phase correlation singularities denoting nulls of the 

cross-spectral density function. In Chapter 7, this concept was both theoretically and 

experimentally generalized to show that looking for the dislocation rings in the 

cross-correlation function (CCF) can directly lead to a determination of both the 

azimuthal and radial mode indices of a partially coherent light field possessing 

OAM. Both the radial and azimuthal degrees of freedom need to be considered in 

tandem as both are needed to describe the full transversal state of the partially 

coherent light field. In this study, partially coherent LG beams with both radial and 

azimuthal mode indices ranging from 0 to 5, increasing in integer steps, were 

considered. As it can be predicted, the phase dislocation ring in the far-field cross-

correlation function (CCF) is located at the π phase shift which is indicated by the 

one fringe shift in the recorded interference fringes. Our experimental results verify 

that the dislocation rings may be observed at a very high contrast in the raw 

interference patterns without any post processing if the coherence length and beam 
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waist are properly adjusted. The detectable values of  and p are limited by our 

present setup to no more than 4. Without considering this limitation, a clear 

relationship between the number of dislocation rings in the CCFs and the mode 

indices (p, l) of a partially coherent OV can be established as 2dN p  . The 

dependency of the CCF upon both the radial and azimuthal mode indices of a 

partially coherent OV may create new ways to study other topological phenomena 

for the complex coherence function. On a final note, Jesus-Silva et. al. recently 

showed that a distributed triangular aperture can be used to study strong correlations 

between incoherent OVs using numerical intensity correlation [202].  

Lastly, the present chapter summarizes the thesis and in the next section future 

work and applications will be suggested. 

 

8.2 Future outlook 

This thesis describes an investigation into the parameters that can delineate the 

properties of novel beam shapes, such as Laguerre-Gaussian (LG), Hermite-

Gaussian (HG) and Bessel beams (BBs). Quantitative measurement of these 

parameters is essential for the studies and potential ground-breaking applications 

that these beams have found over the last few decades. Consequently, the 

advantages and challenges of the considered methods were highlighted and future 

directions have been pointed out. 

One of the most promising applications of an OAM mode is found in quantum 

cryptography, where it can be used to code cryptographic keys with increased 

security in distribution having important consequences for new quantum information 

protocols [25]. Thus, in recent years, a lot of research has been devoted to study the 

more general case of a superposition of multiple light beams carrying OAM [174]. 

Our PCA detection method (that was discussed in Chapters 5 and 6) was 

applicable to a limited superposition of LG beams, and the intensity of each mode 

and their relative phase were measured. Our method is generic and may be extended 

to superpositions of different families of light fields. In future work, the applicability 

of the method to superposition of larger number of modes will be tested and its 

limitations for general beam characterization will be also studied. 

 We firmly believe that the modal characterization of novel beam shapes holds 

promise for a vibrant future full of exciting applications. For example, one could 

envisage the use of our PCA approach to detect low order aberrations that can be 

described by the family of Zernike polynomials. Additionally, this mode 

determination method may be applied beyond the field of electromagnetic to sound 

and matter waves, for example, and electron beams.  
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As seen in Chapter 6, our PCA method was successfully extended to HG and Bessel 

beams; thus it represents a powerful method for characterizing the optical multi-

dimensional Hilbert space, which will be useful for many applications relating the 

optical technologies, such as the modal decomposition for optical fibers, laser 

resonators and information processing. Furthermore, our PCA approach could be 

also applied to optical manipulation so as to study the trap dynamics, like detecting 

the position and correlations in trapped particles motion.  

Our PCA method is applicable for classical light fields and in the presented 

studies a laser beam (P = 5mW, HeNe) was used leading to a flux of 1020 

photons/sec though lower light levels will suffice. Further, any method that 

measures a single photon is at the same time probing the transversal profile of this 

single photon. This profile is determined by the optical system that the photon 

propagates through prior to detection. This optical path can also include lenses to 

determine the plane wave component or holographic masks that achieve mode 

transformation mapping a circle into a line that is further focused onto a point [134-

137]. Our PCA approach is a measure of multiple photons detected in the same 

OAM state and it cannot be translated to the single photon level detection because at 

the single photon level detection would only occur in a single pixel of the CCD. This 

will not deliver enough information for correct detection of the OAM state using the 

PCA approach.  

To conclude, in the studies of partially coherent vortex beams, interesting 

questions are raised, such as: whether the OV is really there and when it evolves. 

Therefore, our PCA method may be combined with our study on the dependency of 

the far-field CCF on both the radial and azimuthal mode indices of a partially 

coherent LG beam in order to study the properties of a partially coherent vortex 

beam. This might be a major benefit that can contribute to a better understanding of 

the connection between the correlation vortices of a partially coherent field and the 

OVs of the corresponding fully coherent field. As a final remark, this approach 

could be employed in astronomy, where the interest for OAM has grown.  
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For the numerical implementation of the far-field diffraction patterns, the scalar field 

of each incident LG beam is discretized over a square grid and apertured by the used 

aperture. The Matlab programming code that was used to the numerical simulations 

presented in Chapter 3 is the following: 

 

% Vortex propagation through different types of apertures 

% Areti Mourka - am2547@st-andrews.ac.uk 

  

clc 

clear all 

close all hidden 

  

%   Setup Grid 

xmax = 250.00;              % x grid size in microns 

ymax = xmax;                % y grid size in microns 

N  = 2*1024+1;             % number of x & y grid points 

v = 0:1:(N-1);             % integer vector from 0 to N-1 

dx = xmax/(N-1);           % spacing in x 

dy = ymax/(N-1);            % spacing in y 

[x,y] = meshgrid(v,v);      % meshgrid containing NxN points (integer values) 

x = -xmax/2 + x*dx;         % shifts mesh to cover +/- xmax/2, 2D-grid 

y = -ymax/2 + y*dy;         % shifts mesh to cover +/- ymax/2, 2D-grid 

xar = -xmax/2 + v*dx;      % cross section to cover +/- xmax/2, 1D 

yar = -ymax/2 + v*dy;     % cross section to cover +/- ymax/2, 1D 

dkx = 2*pi/xmax;            % spacing in kx (inverse microns) 

dky = 2*pi/ymax;           % spacing in ky (inverse microns) 

kxmax = 2*pi/dx;            % grid size in microns (from kx1 to kxN) 

kymax = 2*pi/dy;            % grid size in microns (from ky1 to kyN) 

[kx,ky] = meshgrid(v,v);  % meshgrid containing NxN points (integer values) 

kx = -kxmax/2 + kx*dkx;  % shifts mesh to cover +/- kxmax/2, 2D-grid 

ky = -kymax/2 + ky*dky;  % shifts mesh to cover +/- kymax/2, 2D-grid 

kxar = -kxmax/2 + v*dkx; % cross section to cover +/- kxmax/2, 1D 

kyar = -kymax/2 + v*dky; % cross section to cover +/- kymax/2, 1D 

%   System Properties 

wx = 15;            % field width in x in microns 

wy = wx;           % field width in y in microns 

E0 = 1;              % peak field strength (arbitrary units) 

lambda = 1;        % wavelength in microns 

L = 1.00e4;        % distance to observation screen in microns 
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l = 6;                   % azimuthal mode index 

% convert to polar coordinates 

[theta,rho]=cart2pol(x,y);   

%   Generate aperture 

E = zeros(N);      % 0 matrix to setup aperture & propagate 

aperture = 5; 

switch aperture 

case 1 

% Triangular aperture 

deg = 30*pi/180;       % angle of equilateral triangle in radians 

h = find (y>(x./(tan(deg))-(wx)*2/3)&y>-x./tan(deg)-(wx)*2/3&y<((wx)*1/3)); 

case 2 

% Square Aperture 

Squareaperture = (abs(x)>=0 &abs(x)<wx).*(abs(y)>0 &abs(y)<=wy); 

h = find (Squareaperture); 

case 3 

% Circular Aperture 

R = 20; 

Circularaperture = sqrt(abs(x).^2 + abs(y).^2) < R ; 

h = find(Circularaperture); 

case 4 

% Annular Triangle with Radial spokes Aperture 

wxInner=wx; 

wx1=wx; 

dw1=2; 

deg = 30*pi/180;         % angle of equilateral triangle in radians 

h1= find (y>(x/tan(deg)-(wx1+dw1)*2/3)&y>-x/tan(deg) 

(wx1+dw1)*2/3&y<((wx1+dw1)*1/3)&... 

~(y>(x/tan(deg)-(wx1-dw1)*2/3)&y>-x/tan(deg)-(wx1-dw1)*2/3&y<((wx1 

-dw1)*1/3))); 

% Create cross 

lineLength=10;   %microns 

lineThickness=0.1*lineLength; 

apAngle=pi/6; 

h2=find((rho.*cos(theta-apAngle)>=0 & rho.*cos(theta-apAngle)<=lineLength & 

abs(rho.*sin(theta-apAngle))<=lineThickness/2) |... 
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(rho.*cos(theta+2*pi/3-apAngle)>=0 & rho.*cos(theta+2*pi/3-

apAngle)<=lineLength & abs(rho.*sin(theta+2*pi/3-apAngle))<=lineThickness/2) 

|... 

(rho.*cos(theta-2*pi/3-apAngle)>=0 & rho.*cos(theta-2*pi/3-

apAngle)<=lineLength & abs(rho.*sin(theta-2*pi/3-apAngle)) 

<=lineThickness/2); 

h=union(h1,h2); 

case 5 

% Multi Annular Triangle Aperture  

% First Annular Triangle Aperture 

wx1=wx; 

dw1=2; 

deg = 30*pi/180;         % angle of equilateral triangle in radians 

h1 = find (y>(x/tan(deg)-(wx1+dw1)*2/3)&y>-x/tan(deg)-

(wx1+dw1)*2/3&y<((wx1+dw1)*1/3)&... 

~(y>(x/tan(deg)-(wx1-dw1)*2/3)&y>-x/tan(deg)-(wx1-dw1)*2/3&y<((wx1-

dw1)*1/3))); 

% Second Annular Triangle Aperture 

wx2=2*wx1; 

dw1=2; 

h2 = find (y>(x/tan(deg)-(wx2+dw1)*2/3)&y>-x/tan(deg)-

(wx2+dw1)*2/3&y<((wx2+dw1)*1/3)&... 

~(y>(x/tan(deg)-(wx2-dw1)*2/3)&y>-x/tan(deg)-(wx2-dw1)*2/3&y<((wx2-

dw1)*1/3))); 

h = union(h1,h2); 

end 

% find martix elements inside used aperture 

E(h) = 1;                % set aperture values to 1 

Eaperture = E;         % store aperture   

%   Generate Fraunhofer propagation pattern                                

w0 = 7;                              

p = 5;                           % radial mode index 

T = theta(h); 

R = rho(h); 

Z=[]; 

beamWaist=w0;         % beam waist 

pValue = p;                 % radial index value 

lValue = l;                  % azimuthal index value 
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fieldValues(h)=laguerreGaussian(R,T,Z,pValue,lValue,lambda,beamWaist);   

                                    % calculate the generalized LG beams 

E(h) = fieldValues(h);               % electric field envelope  

k0 = 2*pi/lambda;                    % propagation vector prefactor 

X = kx*lambda*L/2/pi;           % propagated X grid, 2D 

Y = ky*lambda*L/2/pi;            % propagated Y grid, 2D 

Xar = kxar*lambda*L/2/pi;      % cross section of X Grid, 1D 

dX = dkx*lambda*L/2/pi;        % propagated dX spacing 

dY = dky*lambda*L/2/pi;        % propagated dY spacing 

Ek1 = dx*dy*fftshift(fft2(E));      % FT of pattern 

EX1 = (1/sqrt(-1)/L/lambda)*exp(sqrt(-1)*k0*L)... 

    *exp(sqrt(-1)*k0*(X.^2+Y.^2)/2/L).*Ek1; 

                                      % Full Fraunhofer propagation 

% Plot 

% scrsz = get(0,'ScreenSize');   % gets screen size 

% figure('OuterPosition',[1 .05*scrsz(4) scrsz(3)/1 .95*scrsz(4)]) 

  

figure; 

subplot(1,2,1); 

imagesc(abs(E)); 

axis square; 

title('amp'); 

subplot(1,2,2); 

imagesc(angle(E)); 

title('phase'); 

axis square; 

  

imagesc(Xar,Xar,abs(EX1).^2); 

axis equal 

set(gca,'FontSize',15); 

set(gca,'color',[0 0 0]); 

title(['m = ', num2str(m)]) 

xlim([-1.5*L 1.5*L]); 

ylim([-1.5*L 1.5*L]); 
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The generalized LG beams were calculated based on the following Matlab function: 

 

% fieldValues=laguerreGaussian(R,T,Z,pValue,lValue,lambda,beamWaist) 

% 

% Input: 

%     R: radial coordinate grid [m] 

%     T: azimutal coordinate grid [rad] 

%     Z: axial coordinate grid [m] 

%     pValue: the p value of the beam (radial) 

%     lValue: the l value of the beam (azimutal phase index, must be integer) 

%     lambda: the wavelength to simulate [m] 

%     beamWaist: the beam waist [m] 

% 

% Example: 

%         xRange=[-4e-6:.05e-6:4e-6]; 

%         [X,Y]=meshgrid(xRange,xRange); 

%         [T,R]=cart2pol(X,Y); 

%         Z=[]; 

%         lambda=500e-9; 

%         beamWaist=2*lambda; 

%         pValue=3; 

%         lValue=0; 

%         fieldValues=laguerreGaussian(R,T,Z,pValue,lValue,lambda,beamWaist); 

%         imagesc(abs(fieldValues).^2) 

% 

function fieldValues=laguerreGaussian(R,T,Z,pValue,lValue,lambda,beamWaist) 

    if (nargin<1), 

        xRange = [-768/2:1:768/2]; 

        [X,Y] = meshgrid(xRange,xRange); 

        [T,R] = cart2pol(X,Y); 

        Z = []; 

        pValue = 4; 

        lValue = 3; 

    end 

  

    if (nargin<6) 

        lambda = 500e-9; 

end 

    if (nargin<7) 
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beamWaist = 100; 

    end 

    if (isempty(Z)), 

        Z = zeros(size(R)); 

    end 

     

    rayleighRange = pi*beamWaist^2/lambda; 

    W = beamWaist*sqrt(1+(Z./rayleighRange).^2); 

    radiusOfCurvature = (Z+(Z==0)).*(1+(rayleighRange./Z).^2); 

    gouyPhase = atan2(Z,rayleighRange); 

    fieldValues = (1./W).*(R.*sqrt(2)./W).^abs(lValue).*exp(-R.^2./W.^2)... 

.*L(abs(lValue),pValue,2*R.^2./W.^2).*exp(1i.*(2*pi/lambda).*R.^2./(2*radiusof

Curvature))... 

 .*exp(1i*lValue.*T).*exp(-1i*(2*pValue+abs(lValue)+1).*gouyPhase); 

 

    %Normalize 

    fieldValues=fieldValues./sqrt(sum(abs(fieldValues(:)).^2)); 

    if (nargout==0) 

        figure; 

        colormap gray; 

        imagesc(abs(fieldValues).^2); 

        clear fieldValues; 

    end 

end 
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1. Basic equations 

For the specific case studied here and explored in Chapter 4, t(x, y) describes an 

equilateral triangular aperture which has unity transmission inside the aperture and 

zero outside the aperture, and over the spatial extent of the aperture the slowly 

varying electric field envelope of the incident optical vortex at z = 0 is written as:  

                       ( ) ( )( , ,0) ( sgn( ) ) ( , ,0) iE x y A x i y E A e                  (B.1) 
where A measures the field strength, and we hereafter set A = 1. Denoting the 

transverse coordinates on the aperture plane as (x, y) = (ρ, θ) in either cartesian or 

cylindrical polar coordinates, the aperture transmission function is written as t(x, y) 

= t(ρ, θ). In this study, the far-field diffraction patterns were created using a standard 

2f Fourier transforming optical system based on a lens of focal length f, and the 

transverse Cartesian coordinates were denoted in the focal plane as (ξ, η). 

The diffracted field at the distance z = 2f past the aperture is then proportional to 

the Fourier transform of the product of the optical vortex times the aperture 

transmission function yielding the following result [56, 152]: 

                         ( ) ( )( , , ) ( , )( sgn( ) ) i Xx YyE X Y z dx dyt x y x i y e
 

 

 

               (B.2) 

where 2 /X f   and 2 /Y f   are scaled transverse coordinates in the 

observation plane. The Equation (B.2) was numerically solved using the discrete 

Fourier transform algorithm for the case of a triangular aperture and for a variety of 

input azimuthal indices l, both integer and fractional (non-integer) values. The 

numerical code was checked against the known analytical solution for the uniformly 

triangular aperture [152]. In the following section, the numerical simulations of the 

far-field intensity profile 
2

( , , )E X Y z  are presented for a variety of conditions. 

 

2. Far-field diffraction intensity profile for integer azimuthal 
indices 

To begin with, a simpler free-space version of the model introduced in the previous 

section is used; both models yielding the Fourier transform of the field at the 

aperture. In the style of Equations (B.1) and (B.2), let’s start with the electric field 

just beyond the aperture at z = 0: 

                         ( ) ( , , 0) ( , )( sgn( ) ) ( , ) iE z t x y x i y t e                      (B.3) 
In writing this, it is explicitly assumed that the vortex core of the form ie   is 

isolated by the aperture.  

To proceed, the field beyond the triangular aperture is expanded in terms of the 

complete orthonormal set of LG modes: 

                             
2 (2 1) ( )/2 ( )

, ,( , , ) ( , ) i p m zik R z im
p m p mU z u z e e e   

  
              (B.4) 
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where the real functions , ( , )p mu z are given by [56]: 

                
2 2
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, 2
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m m w z
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u z L e

m p w z w z w z
 


 


 

  (B.5) 

where k = ω / c, w(z) and R(z) are the Gaussian spot size and radius of curvature of 

the propagating modes, w(0) = w0  and 1 / R(0) = 0. The Gouy phase-shift of the 

propagating modes is Φ(z), with Φ(0) = 0 and Φ(z → ∞) = π / 2. Then, we may write 

the field beyond the aperture as an expansion of LG modes: 

    
2 (2 1) ( )( ) ( ) /2 ( )

, ,
0

( , , ) ( , ) i p m zik R z im
p m p m

p m

E z C u z e e e   
 

  

 

                 (B.6) 

where the expansion coefficients   
,p mC  are evaluated at z = 0 are given by: 

2
( ) ( ) *

, ,

0 0

( , ,0) ( , ,0)p m p mC d d E U


      


             (B.7) 
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                    (B.8) 

Based on this definition, the following symmetry will be used later: 
( ) ( ) *

, ,( )p m p mC C 

       (B.9) 
and that this symmetry holds independent of the choice of LG spot size w0. The next 

step is to specifically consider the far-field for which the Gouy phase-shift is Φ(z) → 

π/2 [152], in which case the diffracted field becomes: 

         
2 ( /2)( ) /2 ( ) ( )

, ,
0

( , , ) ( 1) ( , ) i m mik R z p
p m p m

p m

E z e i C u z e    
 



 

     (B.10) 

           
2 /2 ( ) ( ) ( , , )ik R ze F z                     (B.11) 

where:             
( /2)( ) ( )

, ,
0

( , , ) ( 1) ( , ) i m mp
p m p m

p m

F z i C u z e  
  

 


 

                (B.12) 

The far-field intensity is therefore: 
2 2( ) ( ) ( )( , , ) ( , , ) ( , , )I z E z F z          (B.13) 

Next the same procedure is followed for an incident field with azimuthal index – l, 

giving the far-field profile: 

         
2 ( /2)( ) /2 ( ) ( )

, ,
0

( , , ) ( 1) ( , ) i m mik R z p
p m p m

p m

E z e i C u z e    
 

 

 

    (B.14) 
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                   (B.15) 
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2 ( ( ) /2)/2 ( ) ( ) *
, ,

0

( 1) ( ) ( , ) i m m mik R z p
p m p m

p m

e i C u z e   
 

  



 

        (B.18) 

2 */2 ( ) ( ) ( , , )ik R z me F z           (B.19) 
where in the second line, m switched to –m, in the third line the symmetry (Equation 

B.8) was used, and in the fourth line
i m ime e  . By comparing with Equation 

(B.11), one therefore can see that the far-field intensity pattern is given by: 
2( ) ( ) ( )( , , ) ( , , ) ( , , )I z F z I z                         (B.20) 

Thus the far-field intensity patterns for    have the structure given by: 

2( ) ( , , )F z                             (B.21) 

but are rotated by 180o with respect to each other around the vortex center. It should 

be noted that if one artificially sets the Gouy phase-shift to zero Φ(z) = 0 in the far-

field in place of the correct value Φ(z) = π/2, then the intensity pattern would not be 

rotated upon reversing the sign of l, meaning that the rotation has its origin in the 

Gouy phase-shift. This is the main result of this analysis, and it explains the fact that 

the diffraction of an optical vortex core from a polygonal aperture in general 

depends upon the sign of the azimuthal index, and furthermore exposes that this 

dependence stems from the Gouy phase-shift, giving new physical insight into this 

problem, compared to previous studies [48].  

In conclusion, for example the far-field diffraction intensity pattern produced by 

a circular aperture is also rotated but this is clearly not observable, and the triangular 

aperture is likely the simplest aperture that can act as a detector of the magnitude 

and sign of the azimuthal index. 

 

 



 

 

 

 

 

 

 

Appendix C 

Calibration of the SLM & 

Wavefront correction using  

Optical Eigenmodes (OEi)  

 

 

 

 

 

 



Calibration of the SLM & 

Wavefront correction using Optical Eigenmodes (OEi) 

Appendix C 

 

165 
 

1. Calibrating the SLM system 

The SLM system must be optimized for a single wavelength. Clearly, with 256 

phase levels, represented by 256 grayscale values, an individual pixel can change the 

phase by 2π/256 or for 633nm light beam a distance of 633nm/256 ≈ 2.5nm. The 

voltage that would give rise to these increments in retardation over the full 2π range 

needs to be determined. Thus, the phase modulation that can be achieved with a 

SLM for a coherent light source will be measured here by using a two beam 

interference apparatus (Figure C.1).  

 

 
 

Fig. C.1. Calibration of the SLM system. a) Experimental apparatus used for a 

reflective SLM (Holoeye LC-R 2500) with LCoS display area ≈ 1.5cm. HeNe = 

helium neon laser, NDF (v) = variable neutral density filter, PBS = polarizing beam 

splitter, L = lens, SLM = spatial light modulator, CCD = charged coupled device. b) 

Three examples of addressed gray level pattern for each display half on the SLM, and 

c) observed interference pattern shift for increasing phase delays. Swift with default 

gamma curve (left) and optimized gamma curve (right). With the new gamma curve a 

linear relationship between the SLM input and the associated retardance is obtained. 

Focal widths of lenses: f1 = 10cm, f2 = 30cm, f3 = 50 cm and f4 = 100cm. 

 

The display is illuminated by two coherent and collimated laser beams by using a 

double hole mask. Both beams are separately guided to an appropriate display half. 

The right one will be addressed with a constant gray level whereas the other half will 

be addressed with changing gray levels from 0 to 255 (Figure C.1b). A telescope 
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behind the display let both reflected beams interfere with each other and also 

expands the interference pattern onto a CCD camera. A phase shift as a function of 

the addressed gray level will appear as a shift in the interference pattern and will be 

evaluated by the supplied software from the manufacturer. 

The experimental apparatus used for measuring the phase shift of the considered 

reflective SLM is shown above in Figure C.1a. The laser beam is guided through a 

variable neutral density filter to adjust the intensity detected by the CCD camera. A 

telescope (L1 and L2) is then used in order to expand the beam that illuminates the 

whole display aperture of the reflective SLM (Holoeye LC-R 2500). A half-

waveplate (λ/2) was used in order to rotate the polarization of the incoming beam to 

the optimum angle for the SLM. The polarization state was verified by the use of a 

polarizing beam-splitter (PBS) after the λ/2 plate. A double hole mask (hole 

diametre ≈ 2mm, distance ≈ 7mm) creates two incident beams, one for each display 

half on the SLM. The interference pattern of the two reflected beams will then be 

imaged onto the CCD camera. Thereby an intensity minimum of the interference 

pattern is the starting point of the measurement. This minimum will be detected by 

the software (provided by the manufacturer) and its movement as a function of the 

addressed gray level, is a measure for the phase shift. Hence, extracting a single line 

from the same place in each interference pattern and stacking them vertically results 

in Figure C.1c. 

The manufacturer of the SLM system provides software in order to modify the 

gamma curves stored on the controller. The gamma curve is the internal look up 

table (LUT) which converts the input of the user to the appropriate voltage for the 

LC display (transferred via parallel port). Ideally, a linear increase in SLM input 

leads to a linear increase in phase delay.  

Adjusting the gamma curve based on the calibration experiments explained 

above; allow us to obtain a linear input-phase relation. The gamma curve translates 

8-bit values sent to the controller into a voltage that is applied to the LC pixel, thus 

translating a gray scale value into a phase shift. The measured points of the recorded 

interference pattern have been translated into the gamma curve as depicted in the 

Figure C.2 and finally the gamma curve was modified such that for the linear gray 

scale range from 0 to 255 the SLM delivers a linear phase shift as shown in the 

following Figure C.3. 
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Fig. C.2. Phase modulation after the calibration. The new calculated linear phase 

shift, where the 0 gray level corresponds to 0π and the 255 gray level corresponds to 

2,33π. 

 

 

 

Fig. C.3. Gamma curves. New calculated gamma curve compared with the one 

provided by the factory when a red wavelength used. Correction to the voltage versus 

gray scale should be placed on the SLM hardware to act as the LUT.  

 

The amplitude modulation for a certain phase modulation can be achieved by a 

slightly modified experimental apparatus. One beam is blocked and the CCD camera 

has to be replaced by a photo detector. The software has to be driven in amplitude 

mode and the whole display should be addressed with homogeneous gray level. 

Here, the amplitude SLM (used in studies presented in Chapter 7) was already 

calibrated and no further steps were required.  
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2. Optical Eigenmode (OEi) decomposition 

The optical eigenmode (OEi) decomposition is based on the definition of the total 

intensity measured in a given region of interest (ROI). In these studies, 

superpositions of LG beams were considered and described by 
1

1

N

j j
j

E a E


 with

2( , )j j jE u p . The total intensity, I, incident in the region of interest is given by: 

 
(0)* *

,
jk kj

j kROI

I E E dxdy a M a                    (C.1) 

where 
(0) *

j jkj

ROI

M E E dxdy  . Matrix 
(0)
kjM  can be decomposed into a set of 

eigenvectors delivering an orthonormal set of optical eigenmodes defined as: 

1
q qj jq

j

E E


                   (C.2) 

with 
q

qjjk qk
j

M     and where q  is an eigenvalue and qk  the associated 

eigenvector. 

 

2.1. Wavefront correction using Optical Eigenmodes 

To account for optical aberrations, the theoretical SLM masks used in this study 

were corrected, using an eigenmode wavefront correction algorithm. This approach 

is based on the above Equations (C.1), (C.2) transposed in the experimental setting. 

In a first step, the intensity operator 
(0)
kjM  was measured, describing the linear 

transfer between the SLM plane and imaging plane. This is done by interfering a 

reference beam (Eref) with each single probe beam Ej (in this instance the probe 

beams were chosen to correspond to transversal deflection in the SLM plane giving 

rise to transversal displacement in the image plane) and retrieving the relative phase 

and amplitude of the probe field in the image plane. Both beams, reference and 

probe are encoded on the SLM using random phase encoding technique. The phase 

between the two beams is varied in four steps of π/2 and the complex field is 

retrieved via: 

3
2 /4 2 /4

0

1
( )

4
i p i p

j jref
p

F e f E e E 



                 (C.3) 

where the term f(E) corresponds to intensity measured on the detector when 

illuminated by field E. This procedure can be seen as a phase sensitive lock-in 

technique where the reference beam Eref corresponds to a reference signal with 

respect to which the phase and amplitude of Ej is measured. Using these measures 

the intensity operator 
(0) *

jkj kM F F  is defined. Its principal eigenvector defines the 
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optical eigenmode that delivers the largest intensity on the detector maintaining the 

total power in the system. The phase only part of the SLM mask implementing this 

eigenmode delivers the wavefront correction mask (see Ref. [155, 156] for a 

discussion on the number of probes used). 

 

 

 


