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Abstract

In this Thesis, we introduce two new combinatorial objects known as Disjoint
Partial Difference Families and External Partial Difference Families: these ob-
jects generalise Disjoint Difference Families (DDFs), External Difference Families
(EDFs) and Partial Difference Sets (PDSs), which have all been well-studied in
the literature. We demonstrate how DPDFs and EPDFs can be formed from
PDSs and Relative Difference Sets (RDSs), presenting both cyclotomic and non-
cyclotomic constructions of these objects.

We also develop two new cyclotomic frameworks within this Thesis, which
allow us to identify new cyclotomic constructions of DPDFs and EPDFs along
with other types of difference structures. The first of these cyclotomic frameworks
relies upon a series of partition results, the second utilises natural connections
between cyclotomic numbers and cyclotomic cosets. These frameworks remove
the need to evaluate all cyclotomic numbers in a particular finite field.

We primarily use these frameworks to identify new DPDF and EPDF con-
structions, however, we also use the cyclotomic techniques underpinning these
frameworks to establish a series of algorithms that compute the cyclotomic num-
bers in a given finite field. Further, we use one of these frameworks to prove that
a PDS with Denniston parameters exists in the group Z3: as 3 is an odd prime,

it was previously believed that such a PDS would not exist in this group.
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Chapter 1

Introduction

1.1 Motivation and Outline

In this Thesis, we introduce two new combinatorial structures known as Disjoint
Partial Difference Families (DPDFs) and External Partial Difference Families
(EPDFs). These objects generalise three well-studied combinatorial objects in
the literature, known as Disjoint Difference Families (DDFs), External Difference
Families (EDFs) and Partial Difference Sets (PDSs).

We can group all of these objects together under the umbrella term “difference
structure”. Difference structures first arose in the literature in the 1930s in the
work of Paley [56] and Bose [7]. (These objects were implicitly defined in these
papers; we now refer to these objects as Partial Difference Sets (PDSs) and
Difference Sets respectively.) PDSs are closely connected to association schemes
and strongly regular graphs. Bose’s motivations for constructing Difference Sets
centred around design theoretic applications, specifically he wanted to identify
new construction of balanced incomplete block designs (BIBDs). In the 1970s,
Wilson demonstrated that PDSs can also be used to find constructions of block
designs known as partial BIBDS (PBIBDs), in [66] he also defined Difference
Families in this paper (DFs). DFs are a generalisation of Difference Sets: a DF
with disjoint component sets is known as Disjoint Difference Family (DDF). DDF's
have been particularly well-studied (see for example Novak’s conjecture [29],[54]).
More recently, they have been studied for their various applications in information
security and other areas of combinatorics (see [9],[10],[14],[32],[46],[53]).

In the early 2000s, Ogata et al. defined an external analogue of Disjoint Dif-



ference Families, known as an External Difference Family (EDF) [55]. EDF's are
of particular interest to cryptographers, as they can be used to build a type of
cryptographical tool, known as an authentication code, which protects against
attacks from active adversaries (see [19],[55],[58]). Owing to their applications in
information security, many variants of EDFs have been studied in the literature
(see [2],[16],[21],[33],[37],[38],[58]). The objects introduced in this Thesis very
naturally extend many of these structures.

A second theme of this Thesis is using and developing finite field cyclotomy to
identify constructions of difference structures (including the first cyclotomic proof
that a PDS with Denniston parameters exists an elementary abelian group in
which p is an odd prim(e). Finite field cyclotomy was first studied by Gauss in the
1800s and continues to be studied, owing to the difficulty of determining concrete
values of cyclotomic numbers in finite fields. Currently mathematicians have only
been able to determine certain sporadic values of cyclotomic numbers of order up
to 24 (see [5]), and as these results are expressed indirectly in terms of character
sums, they can be hard for combinatorialists with no experience of character
theory to interpret. This Thesis develops two new cyclotomic frameworks that
identify alternative ways of working with finite field cyclotomy.

In the first Chapter of this Thesis, we introduce DPDFs and EPDFs, as well
as necessary group theoretic and cyclotomic results. The second Chapter is con-
cerned with developing two cyclotomic frameworks for establishing new DPDF
and EPDF constructions: the first framework relies upon a series of partition re-
sults to identify certain structural properties which yield new DPDF and EPDF
constructions, while the second framework establishes a connection between cy-
clotomic numbers and cyclotomic cosets. In Chapter 3, we use the frameworks
developed in Chapter 2 to establish new constructions of DPDFs and EPDFs. In
Chapter 4, we apply the cyclotomic techniques developed in Chapter 2 to more
general problems in this area of combinatorics, namely we develop a series of al-
gorithms that may be used to compute cyclotomic numbers in large finite fields,
and we discuss how cyclotomy may be used to prove that PDSs with Denniston
parameters (see [23]) exist for odd primes.

Finally, in Chapter 5 we present a series of non-cyclotomic DPDF and EPDF
constructions, which use group rather than field properties. We also present the
first examples of DPDF's that are not EPDFs and vice versa.



1.2 Preliminaries/notation

Before we move on to the main themes of this Thesis, we must first cover some of
the common notation used in this area of combinatorics, as well as some important
preliminary results. For further information on all of the classic combinatorial
structures discussed throughout this Thesis, see [17].

Let G be a group, which we write additively, unless otherwise stated the identity
of G is 0. Throughout this Thesis, the notation G* be used to denote the set
G\{0} (this is consistent with notation used in literature on difference families).
For an element g € G, we will consistently use the notation (g) to denote the
subgroup generated by g € G.

Throughout this Thesis we introduce various sets: note that capital italic letters
will henceforth only be used to describe sets. For the purposes of this Thesis, we
assume that S* denotes the non-zero elements of the set S. We also introduce
various multisets throughout this body of work: note that the symbols A(D),
A(Dy, Dy), Int(D) and Ext(D) (where D, D; and Dy are sets) will be exclu-
sively used to describe multisets. Below we introduce the multisets A(D) and
A(Dy, Ds); the multisets Int(D) and Ext(D) will be introduced in a later part of
this Chapter.

Definition 1.2.1. (i) For a subset D C G, we define the multiset
AD)={z—y:xz#ye D}

(ii) For two subsets Dy, Dy C G, we define the multiset
A(Dy, D) ={x —y:ax € Dy,y € Dy}

In the literature, it is often specified that Dy, Do C G must be disjoint subsets
of a group G. As in Chapter 4 we will look at a special case in which we allow
Dy, Dy C G to be non-disjoint sets, we specify that it is possible for D; and D,
to be non-disjoint in Definition 1.2.1. Finally, for a subset D C G and a non-
negative integer A\, we denote the multiset conisting of A copies of the set D by
the notation AD. With the multisets A(D) and A(D;, D;) defined, we note the

following.



Remark 1.2.2. Let G be a group and D be a k-subset of G, then
A(D,D) = A(D) U E{0}.

We now establish some new notation which is used throughout this Thesis.

Definition 1.2.3. Let S' = {D,...,D,,} denote a collection of m (usually
pairwise disjoint) subsets of G. We define the following multisets:

(i) Tnt(S") :iL:le(Di)

1<i,j<m
i#]
We refer to Int(S") as the internal differences of ' = {Ds,...,D,,} and
Ext(S’) as the external differences of S’ ={D,...,Dy,}.

The following lemma plays an important role in many subsequent results.

Lemma 1.2.4. Let S be a subset of elements of a group G, partitioned by S" =
{Dx, ..., Dy}, where S’ is a collection of m disjoint subsets. Then the following

multiset equation holds
Int(S") U Ext(S") = A(S).

Proof. Since S’ is a partition of S into m disjoint subsets, we may write

A(S) = A(D1UD,U...UDy) = JAD)U | A(D:, D)) = Int(S")UExt(S).
i=1 1<i,j<m
i#]
O
Some results within this Thesis rely upon translating subsets of a group. The

formal definition of a translate is given below.

Definition 1.2.5. Let G be an additive group, g € G and S C G. The translate
of S by g is defined by the set g+S = {g+s|s € S}. Suppose G is a multiplicative
group, then the translate of S by g is the set gS = {gs|s € S}.



1.3 Difference families

Disjoint and External Partial Difference Families are relatively new combinatorial
objects, that I first defined at the outset of my PhD. My supervisor and I formally
define these objects in our joint paper [34]. Both of these objects are types of
difference structures. In this Section, we cover the definitions and applications
of related difference structures, and we also explore how the new objects that I
have defined fit into this area of combinatorics.

In essence, the term difference family refers to a combinatorial object with
certain uniform difference properties. The study of objects with interesting uni-
form difference properties began in the 1930s, when in [56] Paley recorded the an
infinite construction of a family of objects, which exist in any finite field GF(q) of

order ¢ = 3 mod 4. These structures are now known as Partial Difference Sets.

Definition 1.3.1. Let G be a group of order n and P be a k-subset of G. Then P
is an (n,k, A\, u)-Partial Difference Set (or (n,k,\, u)-PDS) if the following

multiset equation is satisfied:
A(P) = A(P*) U p(G"\P),

for some non-negative integers \, u. We say that P is proper if A # u and that
P is regular if P= —P and 0 &€ P.

PDSs are now well-researched combinatorial objects (see [49],[61],[63]), owing
to their links with association schemes and strongly regular graphs ([48],[61]),
their connections with combinatorial designs ([47],[66]) and their applications in
coding theory (]22],[39]).

Paley’s construction in [56] also yields an infinite construction of another type

of difference family known as a Difference Set.

Definition 1.3.2. Let G be a group of order n and D be a k-subset of G. Then
D is an (n, k, \)-Difference Set if the following multiset equation is satisfied:

for some non-negative integer .



Difference Sets were later generalised to structures known as Difference Fam-
ilies in [66].

Definition 1.3.3. Let G be a group of order n and S" = {D1,...,Dy,} be a
collection of k-subsets of G. Then S’ is an (n,m, k, \)-Difference Family (or
(n,m, k,\)-DF) if the following multiset equation is satisfied:

Int(S') = M(G*).

We say that a difference family is disjoint if S" is a collection of disjoint
subsets. Throughout this thesis, we often use DDF as an abbreviation of Disjoint
Difference Family. We say that a DDF is near-complete if its sets partition
G*.

In fact, the following remark demonstrates that both PDSs and (D)DFs can

be thought of as generalisations of Difference Sets.

Remark 1.3.4. Let D be an (n, k, \)-Difference Set in the group G observe that

we can also view D as being
(i) an (n,k, A\, \)-PDS,
(ii) an (n,1,k,\)-DDF.

Example 1.3.5. In the group Z7, the set D = {1,2,4} forms a (7,3, 1)-Difference
Set. To see this observe that

AD)={1-21-4,2—-1,2—4,4—1,4—2} = {6,4,1,5,3,2}

The set D = {1,2,4} is thus consistent with the definition of (7,3, 1)-Difference
Set since it is a subset of size 3 in the group Z-, in which every element of Zr
occurs once in the multiset A(D). Notice that this is also consistent with the
definition of a (7,3,1,1)-Partial Difference Set, as all of the elements in the set
D = {1,2,4} occur with frequency 1 in the multiset A(D), and all of the ele-
ments in G\D = {3,5,6} also occur with frequency 1 in A(D). Similarly, we
can view D as a (7,1,3,1)-DDF. For an example of a PDS that is not also a
Difference Set, observe that the set {(0,1),(0,2)} forms a (9,2,1,0)-PDS in the
group Zs x Zs. The collection of subsets S" = {{1,2,4},{3,5,6}} in Z; is an
example of a (7,2,3,2)-DDF that is not simultaneously a Difference Set.



Difference Sets and Difference Families (particularly DDFs) have also at-
tracted a lot of attention from the combinatorial community, owing to their appli-
cations in various areas of combinatorics. In fact, Difference Sets and Difference
Families were first defined by Bose and Wilson respectively (in [7] and [66]) to
identify new constructions of balanced incomplete block designs. In more recent
years, the connection between these objects and partitions of complete multipar-
tite graphs have been well-studied ([12],[57]). The applications of these objects

in information security have also attracted recent attention (see [11],[52],[53]).

External Difference Families (or EDFs) are another type of difference family that
have been well-researched in recent years. First defined in [55] and [19], these

objects are essentially external analogues of DDFs.

Definition 1.3.6. Let G be a group of ordern and S’ = {Dy, ..., D,,} be a collec-
tion of disjoint k-subsets of G. Then S" is an (n, m, k, \)-External Difference
Family (or (n,m,k,\)-EDF) if the following multiset equation is satisfied

Ext(S") = A(GY).

We say that an EDF is near-complete if its sets partition G*.

Example 1.3.7. InZs, let S’ = {{1,4},{2,3}}. The first subtraction table below
contains the elements of the multiset A({1,4},{2,3}), and the second subtraction
table contains the elements of the multiset A({2,3}, {1,4}).

—|2 3 — |1 4
1
9

4

Notice that since Ext(S") = A({1,4},{2,3}) UA({2,3},{1,4}), it follows that
every non-identity element of Zs occurs twice in the multiset union Ext(S") hence
S"is a (5,2,2,2)-EDF.

EDF's have attracted much attention in recent years, predominantly due to
their applications in cryptography: they can be used to design cryptographical
tools that meet particular optimality constraints. They can also be used to

build cryptographical tools with perfect secrecy. A cryptographical tool is said



to have perfect secrecy if each encoded message reveals no information about
the plaintext source that has been encrypted. In the paper [58], many variants
of EDFs are detailed, all of which have their own interesting applications in
information security.

As EDFs and DDF's are analogues of one another, there are interesting connec-
tions between these objects. In what follows, we cover a result of [14] that high-
lights the connections between DDFs and EDF's that partition the non-identity
elements of a group G. Before we arrive at this result, we require an intermediary

Proposition.

Proposition 1.3.8. Let G be a group of order n, then A(G*) = (n — 2)G* and
G* is an (n,n — 1,n — 2)-Difference Set.

We can now prove the following result of Chang and Ding detailed in [14].
Note that a similar result is also given in [21]: in this paper the authors show that

any partition S’ of G* is a near-complete DDF if and only if it is a near-complete
EDF.

Proposition 1.3.9. Let (G,+) be an abelian group of order n and S’ = {Dx, ...,
Dy} be a collection of k-subsets of G. If S” is a partition of G*, then S’ is an
(n,m,k,n —k —1)-EDF in G if and only if it is an (n,m, k,k — 1)-DDF in G.

Proof. By Proposition 1.3.8, it follows that A(G*) = (n — 2)G*. Since S’ parti-
tions G*, when S’ is an (n,m, k,n — k — 1)-EDF, it follows by Proposition 1.2.4
that

(n—k—1)G*UInt(S") = (n — 2)G",

and hence, Int(S") = (k—1)G*. It therefore follows by Definition 1.3.3 that S’ is a
(n,m, k,k—1)-DDF when S" is an (n, m, k,n—k—1)-EDF. It analogously follows
that if S" is a (n,m, k, k —1)-DDF then S’ is also an (n,m, k,n—k—1)-EDF. [

Observe that for any DDF S” partitioning G*, the multiset union Int(S’)
must consist of precisely k — 1 copies of each non-identity element of G*. To see
this, note that |Int(S")| = mk(k — 1), where mk = n — 1 as the m k-subsets of
S" partition the elements of G*. As Int(S’) must comprise an equal number of
copies of each element of G*, it follows that Int(S") = (k — 1)G*. Hence, the
DDF and EDF parameters in Proposition 1.3.9 apply to any DDF or EDF that

partitions G* when G is an additive abelian group.



Moreover, notice that the relationship between the multiset unions Int(S’)
and Ext(S’) in Proposition 1.3.9 depends upon the multiset A(G*) containing
precisely n — 2 copies of each non-identity element of G* in the above proof. By
replacing G* by a general (n, k, \)-Difference Set, S, where clearly A(S) = AG*,
we can see that it is possible to partition any Difference Set into a collection of
disjoint subsets that is simultaneously a DDF and an EDF (it should be noted
that this change will alter the DDF and EDF parameters). However, this prop-
erty does not hold for a proper (n,m,k, A\, u)-Partial Difference Set, P, since
A(P) = A(P) U u(G*\P) by definition. The following remark therefore estab-
lishes an equivalent relationship between the multiset unions Int(S”) and Ext(S")
for S’ partitioning an (n, m, k, A, u)-PDS. This remark motivates the definitions of
Disjoint Partial Difference Families (or DPDFs) and External Partial Difference

Families (or EPDFs), as we will see presently.

Remark 1.3.10. Let G be a group of order n, and let S be an (n,k, A\, u)-PDS
and suppose S" = {Dy, ..., Dy} is a collection of subsets that partition S, then

(i) if S" is an (n,m,k,\')-DDF, by Lemma 1.2.4,

Ext(5) = (A = X)(S7) U (p = A)(G\9).

(i1) if S" is an (n,m,k, \')-EDF, it follows by Lemma 1.2.4 that

Int(S") = (A = A)(S) U (= X)(G™\S).

Remark 1.3.10 therefore demonstrates that in order to study partitions of
PDSs, new combinatorial objects must be defined, in which the internal/external
differences produce each non-identity of a group G at one of two frequencies,
dependant upon membership/non-membership of the PDS. Hence, this Remark
lead me to define DPDFs and EPDFs, which are objects with precisely these
structural properties.

These seemed like natural objects to define since similar analogues of Differ-
ence Sets (namely DDFs and EDFs) had already been defined, and proven to have
many interesting applications to other areas of combinatorics (see abov(e). For-
mal definitions of these objects first appear in my joint paper with my supervisor
(34].
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Definition 1.3.11. Let G be a group of ordern, 8" ={Ds,...,D,,} be a collec-
tion of disjoint k-subsets of G* and S = U",D;. Then S" is an (n,m,k, \, ut)-
Disjoint Partial Difference Family (or (n,m,k, A\, u)-DPDF) if the follow-

g multiset equation is satisfied
Int(S") = A(S*) U u(G*\S).

If X\ # p then S’ is called proper.

Definition 1.3.12. Let G be a group of ordern, 8" ={D1,...,D,,} be a collec-
tion of disjoint k-subsets of G* and S = U™, D;. Then S’ is an (n,m,k,\, u)-
External Partial Difference Family (or (n,m,k,\,u)-EPDF) if the fol-

lowing multiset equation is satisfied
Ext(S") = A(S*) U u(G*\S).

If X\ # p then S’ is called proper.

Example 1.3.13. In the group 73, let S' = { Dy, Dy}, where D, = {(0,1),(0,2)},
and Dy = {(1,2),(2,1)}. S’ is both a (9,2,2,1,0)-DPDF and a (9,3,2,0,2)-
EPDF. To highlight this, I have included two subtraction tables below the first
table contains the internal differences between elements in Dy and Dy, and the

second table contains all external differences between these sets.

- oy 02]e 2y - [0y 02]02 @
0,1)| - : (0,1) 2,2) (1,0
0,2) | (0,1) - (0,2) 2,0) (1,1
(1,2) @) L)Ly (Lo
(2,1) L2) - @D|20 @22

From these tables, it is clear that Int(S") = {(0,1),(0,2),(1,2),(2,1)} and
Ext(S") contains two copies of each of the elements {(1,1),(2,2),(1,0),(2,0)}. As
DLUD, = {(0,1),(0,2), (1,2), (2, 1)} and (Z3)\{D:UDs} = {(1,0), (2,0), (1, 1),
(2,2)}, it follows by Definitions 1.3.11 and 1.3.12 that S’ is both a (9,2,2,1,0)-
DPDF and a (9,3,2,0,2)-EPDF.

Some related structures to DPDFs and EPDFs have previously been explored

in the literature. For example, Almost Difference Families, first studied in [27],
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are structures in which every non-identity element of a group G, occurs either A or
A+ 1 times in the multiset Int(S’): note that the frequency at which an element
occurs as a difference in Int(S’) is not determined by whether it is contained
within one of the subsets of S’. Another related, existing structure, also known
as an External Partial Difference Family, was defined in [21]. Under the definition
of an External Partial Difference Family given in [21], if a collection of m disjoint
k-subsets S = {Dy,...,D,} is an External Partial Difference Family, then S’
must partition G* and the frequency at which an element of G* occurs in Ext(S”)
depends upon membership /non-membership of the collection of subsets U;_, D;
for v € {1,...,u — 1}. Finally, in [52], the authors implicitly explore various
EPDF constructions in order to construct a type of combinatorial object known
as a Difference System of Sets. These objects are all similar to DPDFs/EPDFs
but do not naturally subsume other difference family definitions: in following
results, we see that other varieties of difference families can be thought of as
DPDFs/EPDFs that meet particular constraints.

We now observe an important result about the parameters of a DPDF /EPDF.

Lemma 1.3.14. (i) If S’ is a (n,m, k, Ay, p1)-DPDF, then

mk(k —1) = A\ymk + py(n — 1 — mk).

(i) If S" is a (n,m, k, Ag, pio)-EPDF, then
m(m — 1)k* = Aomk + pa(n — 1 — mk).

Proof. (i) Suppose that S” = {Ds,...,Dp}, and let S = U, D;. By def-
inition, since S’ is a DPDF, then the following multiset equation must
hold Int(S") = A1 (S) U p1(G*\S). We may then write |Int(S")| = A |S| +
i |(G*\S)|. As Int(S’) comprises s multisets of the form A(D;), where
D; € 5, and each multiset A(D;) has cardinality k(k — 1), it follows that
|Int(S")| = mk(k—1). Moreover, since S comprises the union of m pairwise

disjoint k-subsets, it is clear that |S| = mk, and from this we can obtain
|IG*\S| =n—1—mk.

(ii) The proof of this result is analogous to the proof of part (i). O
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Remark 1.3.15. Let G be a group and suppose that S is a collection of m

disjoint k-subsets, then
(i) every (n,k,\, u)-PDS is an (n,1,k, X\, u)-DPDF.
(ii) every (n,m,k,\)-DDF is an (n,m,k, \,\)-DPDF,
(i1i) every (n,m,k,\)-EDF is an (n,m,k, A\, \)-EPDF.

With DPDFs and EPDFs defined, we are able to partition both Difference
Sets and PDSs into DDFs/EDFs/DPDFs/EPDFs.

Theorem 1.3.16. In a group G of ordern, let 8" = {Ds,..., Dy} be a collection
of m disjoint k-subsets and suppose that S = U, D; is an (n,mk, \)-Difference
Set. Then

(i) S is an (n,m, k, \')-DDF if and only if S" is an (n,m,k,\ — X')-EDF,

(ii) S"is an (n,m,k, N, 1')-DPDF if and only if S" is an (n,m,k, A= N, p—p')-
EPDF.

Proof. (i) It follows by Remark 1.3.4 that we can think of a DS as being a PDS
in which A = p. This result then immediately follows from Remark 1.3.10.

(ii) When S'is an (n, m, k, A) Difference Set, by Definition 1.3.2, A(S) = A(G*).
If we then assume that S’ is an (n,m,k, N, 1/)-DPDF, this means that
Int(S") = N(S*) U 1//(G*\S). It then follows by Lemma 1.2.4 that

(N(S*) U 1/ (G*\S)) U Ext(S") = AG*
& Ext(S) = (A — X)(S*) U (A — ) (G\S).

By Definition 1.3.12, this then implies that S” is an (n,m, k, A =X, pu— u')-

EPDF. The reverse direction is analogous. O]

Theorem 1.3.17. In a group G of ordern, let 8" = {Ds,..., Dy} be a collection
of m disjoint k-subsets and suppose that S = U™, D; is an (n,mk, A, u)-PDS.
Then

(i) S" is an (n,m,k, N, u')-DPDF if and only if S" is an (n,m, k, A= N, u—p')-
EPDF.
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(i) S" is an (n,m,k,\')-DDF if and only if S" is an (n,m,k,A\ — XN pu— \)-
EPDF.

(i1i) S"is an (n,m,k,o)-EDF if and only if S" is an (n,m, k, N, ’)-DPDF, where
A=XN=p—p =o.

Proof. By Definition 1.3.1, as S is an (n, mk, A, u)-PDS, this means that A(S) =
A(S) U pu(G*\S). Moreover, if we assume that S” is an (n,m, k, N, i')-DPDF, by
Definition 1.3.11, Int(S") = N (S) U 1/(G*\S). By Lemma 1.2.4, this means that

N(S*) U i/ (G\S) U Ext(S") = A(S*) U u(G*\S)
& Ext(S") = (A = N)(S") U (1 — 1) (G™\S).

It then follows by Definition 1.3.12 that S’ is an (n,m,k, A — X, u — ¢/)-EPDF.
By Lemma 1.3.15, parts (ii) and (iii) are special cases of part (i), in which X = ¢/
and A — X = u — i/ respectively. ]

Lemma 1.2.4 highlights a clear, bidirectional relationship between the inter-
nal/external differences of a collection of subsets, S’, that partition a larger set .S
and the behaviour of the multiset A(S). In the previous result, we looked at how
we can partition PDSs into DPDFs and EPDFs. We now see that if we have a
collection of subsets, S, that simultaneously is a DPDF and an EPDF, the union
of these subsets in S” must be a PDS.

Theorem 1.3.18. Let G be a group, and S" = {Ds,..., Dy} be a collection of
k-subsets of G. Suppose S’ partitions a set S, then if S’ is both an (n,m,k, N, i')-
DPDF and an (n,m, k, \, u)-EPDF, then S is always an (n, mk, \A+X, u+u')-PDS
and an (n,m, k, A + X')-Difference Set in the case where A+ XN = p+ .

Proof. By Definitions 1.3.11 and 1.3.12, when S’ is both an (n, m, k, A, u)-DPDF
and an (n,m, k, N, p/)-EPDF, this means that Int(S") = A(S*) U u(G*\S) and
Ext(S") = N (S*) U p/(G*\S). It therefore follows by Lemma 1.2.4 that

(ST Un(G\S) U (N (57) U (GT\9)) = A(S) &
(A+N)S"U (4 p)(G\S) = A(S).

It then follows by Definition 1.3.1 that S is an (n, mk, A+ X, u+u/')-PDS. O
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We have seen so far in this Section that DPDFs and EPDFs subsume the
definitions of various other difference structures. We have also demonstrated
that these structures can also be used to partition both Difference Sets and PDSs
into interesting sub-structures. We now close this Section by further motivating
DPDFs and EPDFs by demonstrating that constructions of DPDFs and EPDF's
naturally arise from existing constructions of PDSs. Before we get onto these
results, we require the following Theorem, which summarises a series of results

in [47], and is recorded in a similar format in [34].

Theorem 1.3.19. Let G be a group of order n. Let S C G, such that S has
cardinality k and S is an (n, k, A, u)-PDS.

(1) If S is not proper (i.e. S is a Difference Set), its complement G\S is also
a Difference Set.

(i1) If S is a proper PDS, then S = —8S.

(111) If S is a regular PDS then SU{0}, G*\S, G\S and (G\S)\{0} are all also
PDSs.

(iv) If S is a non-reqular proper PDS, then S\{0}, G*\\S G\S and (G\S)U{0}
are also PDSs.

(v) If S is a non-trivial subgroup of G, then it is a (n,k,k — 1,0)-PDS.
(vi) If X # 0 and p = 0, then SU{0} is a subgroup of G.

The following results from [34] demonstrate how DPDFs and EDPFs can be

obtained from existing PDS constructions.

Theorem 1.3.20. Let G be a group of ordern, S" = {Dy,..., Dy} be a collection
of disjoint k-subsets of G and S = U™, D;. Suppose that each D; € S’ is an
(n, k, A\, u)-PDS. Then

(1) S"is an (n,m,k, \(m — 1)u, mu)-DPDF,

(i) if S is an (n,mk,n,v)-PDS, then S’ is also an (n,m,k,n—(A(m—1)u),v—
mu)-EPDF.
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Proof. (i) It follows by Definition 1.2.3 that

m

Int(S") = | J A(Dy).

i=1
Since each D; € S" is an (n, k, A\, u)-PDS, it follows by Definition 1.3.1 that

Int(S") = (A(D1) U pu(G*\D1)) U (A(Dg) U u(G*\D3)) U ... U
(A(Dm) U n(G\Drn ))
= (MD1)Upu(DyU...UDp))U (AND2)Up(DyUDsgU...Dy))U
S UADp)Upu(DyU ... Dyy)).

The above multiset union, Int(S’), is broken up into precisely m expressions,
with each expression corresponding to the elements of a multiset of the
form A(D;), where D; € S’. Notice that for every D; € S’, D; occurs at
frequency p in precisely m — 1 of these expressions, while in the expression
corresponding to the multiset A(D;), D; occurs at frequency A. For every
a € G*\S, where S = Dy U Dy U ...U D,,, a occurs at frequency p in each
of the m expressions in Int(S’). Since Dy U Dy U ... U D, = S, we may

rewrite this multiset union as;
Int(S") = (A + (m — 1)u)S Umu(G*\S),

and therefore S” is an (n,m, k, A + (m — 1)u, mu)-DPDEF.

It follows by Lemma 1.2.4, Definition 1.3.11 and Definition 1.3.1 that when
S"is an (n,m,k, A+ (m — 1)p, mu)-DPDF and S is an (n, mk,n, v)-PDS,

this implies
A+ (m = 1)p)S Umu(G*\S) UExt(S") = n(S) Ur(G*\S).
Notice that this expression is equivalent to

Ext(S) = (n = (A + (m = 1)u))S U (v — mu)(G™\S).
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By Definition 1.3.12, the above equation implies that S is also an (n, m, k, n—
(A+ (m —1)u), v — mu)-EPDF.
m

Theorem 1.3.21. Let G be a group of order n and let 8" = {Ds,..., Dy} be
a collection of disjoint k-subsets, where each D; € S’ is an (n,k,\, u)-PDS.
Moreover, suppose that S = U" | D;. If

(i) G\S is a PDS or
(i) G*\S is a PDS (providing 0 € S),
then S" is a DPDF which is also an EPDF.

Proof. (i) It follows by Theorem 1.3.19 that when G\S is a PDS (irrespective
of whether G\ S is proper or regular) then its complement, S, is also a PDS.
It then follows by Theorem 1.3.20 that since each D; € S’ is a PDS, and S’
partitions the PDS S, that S’ is both a DPDF and an EPDF.

(ii) The proof of this result is analogous to the proof of part (i). O

1.4 Cyclotomy in finite fields

Throughout the majority of this Thesis, I use a technique known as finite field
cyclotomy to find new constructions of disjoint and external partial difference
families, as well as other related combinatorial structures. The book [60], by
Thomas Storer, is the earliest known source to explore the connections between
between Difference Sets and cyclotomic classes since this book was written, cy-
clotomy has been used as a standard technique for developing constructions of
various types of difference family (see [2],[34],[65],[66]).

Many cyclotomic constructions of difference families utilise formulas for com-
puting the cyclotomic numbers of order e in a finite field of order ¢ (see for
example the constructions of a sub-classification of EDFs, known as SEDFs,; in
2]) to take many of these results further, formulas for computing the cyclotomic
numbers of order e in general finite fields of order ¢ need to be extended to larger
values of e. Generally speaking, identifying the cyclotomic numbers of order e in

any finite field of order ¢ is a hard problem to resolve, and is indeed a problem
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that has received a lot of attention since it was first approached by Gauss. In [60]
Storer determines a formula for the cyclotomic numbers of order 2 and 3 also giv-
ing selective formulas for cyclotomic numbers of orders 4, 6 and 8, in [43] Emma
Lehmer derives formulas for all cyclotomic numbers of order 8, and between the
papers [25], [42] and [50] formulas for selective cyclotomic numbers of order up
to e = 12 are detailed. In [5], the cyclotomic numbers were resolved for order up
to 24 but we have not come across explicit cyclotomic number formulas in the
literature for e > 24. Uniform cyclotomy can be used to determine cyclotomic
numbers of order e in particular finite fields, even when e is greater than or equal
to 22, but uniform cyclotomy is only applicable if e meets certain criteria. Due
to the difficult nature of determining formulas for cyclotomic numbers of order
e in general finite fields, a feature of Storer’s work in [60] is seeking alternative
methods for simplifying the computation of cyclotomic numbers. In this Thesis,
I apply some Storer’s techniques to identify cyclotomic constructions of disjoint
and external partial difference families and I also develop some new techniques
that may be used to evaluate cyclotomic numbers in certain cases.

In this Section, we use [60], [34] and [4], to set up a series of definitions and
preliminary results which are later used to find cyclotomic constructions of dis-
joint and external difference families in later chapters. Before we cover these

results, we must first cover some basic algebraic results.

The Fundamental Theorem of Finite Fields.

(1) There is a field with exactly ¢ elements if and only if ¢ = p® for a prime p
and s > 1.

(2) Any two finite fields with the same cardinality are isomorphic.
(3) For any finite field F of order p®, where p is prime

(a) the additive group (F,+) = ((Z,)*, +),

(b) the multiplicative group (F*,-) is cyclic and a generator of the multi-

plicative subgroup is called a primitive element of [F.

Throughout this Thesis, we will use the notation GF(q) to denote the unique

S

(up to isomorphism) finite field of order ¢ = p°.
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The Fundamental Theorem for Cyclic Groups
(1) Every subgroup of a cyclic group is cyclic.

(2) In a finite cyclic group G of order n, if H < G then the order of H divides

n.

(3) For each m | n, there is exactly one cyclic subgroup H < G of order m.

We can now define cyclotomic classes and cyclotomic numbers. In [60], Storer

defines a cyclotomic class as follows:

Definition 1.4.1. In a finite field GF(q) of order ¢ = p™ = ef + 1 (where p is
prime and e, f € N), we define the cyclotomic class of order e, C:™, in GF(q)
to be the set:

O = ala),

where « is a primitive element of GF(q) and i € Z.. Notice that each cyclotomic

class comprises f distinct elements.

The reader should observe that the elements of each cyclotomic class of order

e depend upon the primitive element chosen.

Example 1.4.2. Note that o = 3 and a = 6 are two distinct primitive elements
of the finite field GF(17). When a = 3, the cyclotomic classes of order 4 in
GF(17) are as follows

Cyt ={a’ a* a® a'?} = {1,13,16,4}
Ot ={a,a®,a”, ) = {3,5,14,12}
Oyt ={a? a’ o', o™} = {9,15,8,2}
Céf’l = {a*,a" o™ o} = {10,11,7,6}.

When o = 6, the cyclotomic classes of order 4 in GF(17) are as follows

Cyt ={a’ a* a® a'?} = {1,4,16,13}
Ot = {a, a0, a®} = {6,7,11,10}
Oyt ={a? a’ o', o™} = {2,8,9,15}
Oyt ={a’, o™, o't o’} = {12,14, 5, 3}.
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Surprisingly, cyclotomic classes, which are in essence multiplicative structures,
have some inherent additive properties. The study of finite field cyclotomy ex-
plores the additive relationships between elements contained within the same or
distinct cyclotomic classes in the finite field GF(g). To understand these addi-
tive properties, we study the cyclotomic numbers of order e in a given finite field
GF(q). The following definition of a cyclotomic number is again based on a defini-
tion given in [60]. Note that if iy = i; mod e and j; = j, mod e then the number of
solutions for a®* 41 = "1 is the same as the number for a2 +1 = 172,

for this reason we assume that ¢ and j in the following definition lie in Z..

Definition 1.4.3. Let GF(q) be a finite field of order ¢ = p™ = ef + 1 and let
a be a primitive element of GF(q). For fized integers i,j € Z., the cyclotomic
number (i, 7). (of order e) is the number of ordered pairs (s,t) (where 0 < s,t <
f —1) such that

aeerz + 1 = &et+j’
where ot € C7™ and o € CP™.

The reader should note here that there are two different ways of viewing the
2-tuple (7, j) which indexes the cyclotomic number (7, j).. One can either view
1 and j as element of Z, or as two integers that lie in the following interval:
0 <i,75 <e—1 1t is clear that these two viewpoints are analogous to one
another, but we point this out as we will change the convention used across
the various Sections and Chapters of this Thesis. In this Chapter, we will view
(1,7) € Ze X Z. and we will follow this same convention in Section 2 of Chapter
2, however in Section 1 of Chapter 2, Chapter 3 and Chapter 4, we will follow
the convention that 0 < i,5 < e — 1. Our reasoning for this is that in Chapter
1 and Section 2 of Chapter 2, we gain additional insight into certain proofs by
viewing ¢ and j as elements of the group Z., whereas we follow the standard
cyclotomic number convention in the other Sections. This is because the other
Sections contain published material, and we keep the notation in these Sections
in-line with the notation used in the original papers that these Sections are based
upon.

The reader should also note that the cyclotomic numbers of order e depend
upon the primitive element chosen as the generator for the cyclotomic class C5™.

Whilst the cyclotomic numbers vary for different primitive elements, the cyclo-
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tomic numbers will always be equivalent up to isomorphism. We demonstrate

this property with an example.

Example 1.4.4. In Example 1.4.2, the elements of each of the cyclotomic classes
of order 4 when o = 3 are recorded. Notice that from the cyclotomic classes
generated by o = 3, we obtain the following sets (where the notation C{™ — 1

denotes usual subtraction)

Oyt —1=1{0,12,15,3}
Ot —1=1{2,4,13,11}
Oyt —1=1{8,14,7,1}
Cyt —1=1{9,10,6,5}.

From the above sets, we obtain that the cyclotomic numbers of order 4 are as
follows when o = 3: (0,0)4 = (3,0)4 = (1,1)4 = (0,3)3 =0, (2,0)4 = (2,1), =
(3,1)4 =(0,2)4 = (1,2)4 = (2,2)4 = (3,2), = (1,3)4 = (2,3)4 = 1 and (1,0)4 =
(0,1)4 = (3,3), = 2.

By undergoing the same process with the cyclotomic classes of order 4 generated
by the primitive element o = 6 in the finite field GF(17), we obtain the following
cyclotomic numbers: (0,0)4 = (1,0)4 = (0,1)4 = (3,3)4, =0, (2,0)4 = (2,1)4 =
(0,2), = (1,2)4, = (2,2)4, = (3,2), = (3,1), = (1,3), = (2,3)4 = 1 and (3,0), =
(1,1)4, =(0,3)4 = 2.

This illustrates the well known fact (see page 24 of [60]) that the cyclotomic

numbers are determined up to choice of primitive element.
We will now split the cyclotomic numbers into the following sub-classifications.

Definition 1.4.5. For all i,j € Z., the cyclotomic numbers of the form (i,i).,
(7,0). and (0,i). are referred to as internal cyclotomic numbers, and all cy-
clotomic numbers of the form (i,7)e, where 0 # i # j # 0, are referred to as

external cyclotomic numbers.

We require these sub-classifications because, as we see in a later Chapter on
cyclotomic orbits, we can establish identities between collections of internal cy-
clotomic numbers and collections of external cyclotomic numbers. The following

Definition and Theorem, first recorded in [4], demonstrate that in certain finite
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fields, we can in fact take this further, and demonstrate that internal (respectively

external) cyclotomic numbers are equal to one another.

Definition 1.4.6. The cyclotomic numbers in GF(q) are said to be uniform if
(i,7)e = (4,0)e = (0,4). = (1,1), for all i € Z. (the internal cyclotomic numbers
have the same value) and if (i,j)e = (1,2)e for all i # j € Z. (the external

cyclotomic numbers have the same value).

Theorem 1.4.7. Let GF(q) be a finite field of order ¢ = p" = ef + 1, where p is
prime and e > 3. The cyclotomic numbers of order e are uniform if and only if
—1 1s a power of p modulo e. When the cyclotomic numbers are uniform either
p is odd and f is even or p = 2. Moreover, when the cyclotomic numbers are

uniform q = s?, where s =1 mod e, and we may express the cyclotomic numbers

(0,0), = (5;1>2—<e—3> (5;1) -1,

(0,1). = (1,0)c = (i,1). = (5_ 1)2+ (5_ 1) fori £ 0,

(&

of order e as follows

s—1\2
w)e:( : ) for0 1 # .

Example 1.4.8. In the finite field GF(9), let e = 4 and observe that p = 3.
Notice that 3 = —1 mod 4, and moreover f = %=L = 2 is even. It therefore
follows that the cyclotomic numbers of order 4 are uniform in GF(9). Observe
that s = —3 satisfies both s = 1 mod 4 and s*> = 9. It follows from Theorem 1.4.7
that as s = —3 when e = 4, this means (0,0), = 1, (4,0)4 = (4,7)4 = (0,7)4 =0
foralll1 <i<3and (i,7)s =1 for all 1 <i+#j <3.

To verify this, observe that in GF(9), Co* = {1,2}. By definition, (0,0), is
the number of elements in o € Cy? (1 < s < 2) such that o* —1 € Cy° and
the cyclotomic number (0,1), is the number of elements in o € Cy” (1 < 5 < 2)
such that o* — 1 € Cf’Q (1 <i<3). Since2—1=1, we can directly compute
(0,0)4, =1 and (0,4), = 0. We can similarly verify the other cyclotomic numbers
of order 4 in the finite field GF(9) by directly computing the elements of each

cyclotomic class. This is left to the reader.

We return to the notions of internal/external cyclotomic numbers in later
Chapters to establish cyclotomic constructions of DPDFs and EPDFs.
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In the remainder of this Section, we establish identities between individual
cyclotomic numbers. Before we present these identities, we must first define the
Frobenius automorphism: a well-known endomorphism of finite fields of charac-
teristic p, which is an automorphism when the field is finite (see [64] for further
details).

Definition 1.4.9. Let GF(q) be a finite field of characteristic p. The Frobenius
automorphism ¢ : GF(q) — GF(q) is defined by ¢(w) = wP, for every w € GF(q).

We also require the following Lemma (often referred to as Freshman’s Ex-
ponentiation Lemma) to derive later results in this chapter. For a proof of the

following result, see [64].

Lemma 1.4.10. Let GF(q) be a finite field of characteristic p. For any elements
a,be GF(q), (a+0b)? =a? + P,

Finally, we require the following Lemma, originally proven by Storer in [60].

Lemma 1.4.11. Let GF(q) be a finite field of order ¢ = p™ = ef + 1, where p
is prime and m € N. Moreover, for each i € Z., let C{"™ = a'{a®), where « is a

primitive element of GF(q). When
(i) e and f are both odd, —1 € C5"™,
(i1) f is even, —1 € C5"",

(111) e is even and f is odd, —1 € C’gm

Proof. (i) When e and f are both odd, this implies that ¢ = p™ = ef + 1 is
even, meaning that p = 2. When p =2, 1= -1 mod p.

(ii) When f is even, ¢ = p"™ = ef + 1 is odd, meaning p # 2. As a consequence
of Lagrange’s Theorem, a? = —1. When f is even, £ is an integer, hence

2
i
az =—-1eCy™.

(iii) As in part (ii), when e is even and f is odd, ¢ — 1 = ef is even and so

af =-1l¢ GF(q). When f is odd, g is not an integer, but £ is an integer.
U-1

Observe that we may write af2 = al/=D3+3 = 472

Nlo

= —1, since we

have expressed —1 as a power of the form o***2, where 0 < s = % < f-1,

it is clear that —1 € C2™. O
2
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With the preliminary results and definitions outlined, we are now able to
prove all known identities between cyclotomic numbers. The following Theorem
is based on the cyclotomic number identities introduced in [60] and [65] and also
includes a new result in part (e) on the summation of all cyclotomic numbers
with 7 = j.

Theorem 1.4.12. Let g = p™, where m > 1, p is prime and ¢ — 1 =ef (e > 2).
Let (i,7)e be the cyclotomic numbers of order e in GF(q), then

(a) (ivj)e = (6 —1,) — i)e;
(b) (ivj)e = (ipajp)ea

(c) suppose p is a prime, then

. (7,1)e, if p = 2o0r fiseven
A
(j+ 5,0+ %), if fisodd,

(d) (i) when either p =2 or f is even,

—_
Ch
,_.

e—

e—1
Z(i,O)e: —ie—1)e=f—1,

=0 i:() 1:0

(ii) when e is even and f is odd,

e—1 e—1 o1
;(i,o)e = ;(gﬂ:)e = ;(6 —i,e— i)e =f-1,

(¢) (i) foranyj#0 € Ze, 5 0(i,j)e = [,
(i1) when either p =2 or f is even, for any i #0 € Z¢, ) ;- O(Z Ne=1,
(i1i) when e is even and f is odd, for any i # § € Ze, Y ;_ oG 9)e = f.

Proof. By Definition 1.4.3, for all i, j € Z. the cyclotomic number (i, j). is pre-

cisely the number of solutions (s,t) € Z; x Zy to the following equation

a* et 41 = ot (1.1)

Analogously, for all I,J € Z., the cyclotomic number (I,.J). is precisely the

number of solutions (s',t') € Zy x Zy to the following equation

as’e+] +1= at’e+J' (12)



24

In subsequent parts of this proof, we aim to establish a bijection between the
solution sets of (1.1) and (1.2). This will demonstrate the solution sets have the

same size and thus (4, 7). = (I, J). for appropriate I, J € Z,.

(a) Let I =e—iand J = j —i. We define a mapping g : Zy x Zy — Zy X Zy
by g(s,t) = (f —1—s,t —s). We will prove that g : Zy x Zy — Z; X Zy
is a bijection, show that g maps solutions of (1.1) to solutions of (1.2) and

! maps solutions of (1.2) to solutions of (1.1).

demonstrate that g~
We begin this process by demonstrating that g is an injective mapping. Let
51, S2,t1,t2 € Zy and suppose that g(s1,t1) = g(s2,t2), it then follows from

the definition of g that the following equations must hold

fol—s=f—1—so, (1.3)
tl — S1 = tQ — S9o. (14)

It is immediate from (1.3) that s; = so and it then naturally follows from
(1.4) that t; = t5. We can therefore conclude that g is an injective mapping
and hence a surjective mapping as set sizes are equal. We now determine
the inverse of g. Suppose that (X,Y) € Z; x Zys; we now find (z,y) €
Zs x Zy such that g(z,y) = (X,Y). If we assume that g(z,y) = (X,Y),
then this requires (X,Y) = (f —x — 1,y — x), which would mean that
X=f—1—xand Y =y —z, hence we may then write zt = f —1— X and
y=Y+zrz=f-1-X+Y.

By applying ¢~! to (X,Y’) we obtain

We now demonstrate that g maps every solution (s, ) of (1.1) to a solution

g(s,t) of (1.2). Suppose that (s,t) € Zy x Zs belongs to solution set of
(1.1), it then follows that

aseJr'L + 1= O[teJr].

se+i)

By multiplying this equation by alf=1=9)¢+(e=) (the inverse of « we



25

obtain

se+i+fe—e—sete—i + a(fflfs)eJr(efi) te+j+fe—e—se+e—i

(67 =«

Since /¢ = 1 by Lagrange’s Theorem, it follows that

14+ af—1=slet(e~)) _ (t=s)e+(j—1)

Since g is a bijective mapping, every solution (s,t) in the solution set of
(1.1) corresponds to a solution ¢(s,t) = (f — 1 —s,t — s) of (1.2).

1

We now demonstrate that g—' maps a solution of (1.2) to a solution of (1.1).

Suppose that (s',t') is in the solution set of (1.2), then this implies that

as’e+(e—i) +1= at’e-‘r(j—i)'

By multiplying this equation by o/=1=5)e+?

/ . _ / : I . / s s :
o ete—i+fe—e+s +z+a(f 1—s")e+i t'e+j—it+fe—e se—&—z7

=

1+ a(f—l—s’)e—i—i _ a(f—l—s’—i—t’)e—‘rj.

It is then immediate that g=' maps each solution (s,#') in the solution set
of (1.2) to a solution g7 *(s/,¢') = (f —1 -5, f —1—5 +¢) of (1.1).

This is immediate by properties of the Frobenius automorphism (see Defi-
nition 1.4.9 and Lemma 1.4.10).

By Lemma 1.4.11, 1 = —1 when p = 2, thus

ase—H + 1 — ate+] = ate—l—j + 1 — ase—l—z‘

It then immediately follows from Definition 1.4.3 that when p = 2, (i, 7). =
(7,7)e. When p is an odd prime the situation is more complicated. In what
follows, we will tackle the cases for f even and f odd when p is an odd prime.
To do this, we will establish two bijections hy and hs and demonstrate that
these bijections map solutions of (1.1) onto solutions of (1.2) in the case

where f is even and f is odd respectively.
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When f is even, we define a bijection h; between the solution set of (1.1)
and the solution set of (1.2). In this instance, suppose I = j and J = i.
We define the mapping hy : Zy x Zy — Zy x Zy by hi(s,t) = (t+£,s+ ).
We will prove that hy : Z;y x Zy — Zjs x Zy is a bijection, show that h,
maps solutions of (1.1) to solutions of (1.2) and demonstrate that h; ' maps
solutions of (1.2) to solutions of (1.1).

We begin this process by demonstrating that h, is an injective mapping.
Let s1, S2,t1,t2 € Zy and suppose that hy(sq1,t1) = hy(S2,t2), it then follows
from the definition of hy that the following equations must hold

t1+g:t2+g, (1.5)
Sl+g :Sg—f—g. (16)

It is immediate from (1.5) that ¢; = ¢, and it is similarly immediate from
(1.6) that s; = s5. We can therefore conclude that hy : Zy x Zy — Zy X Zy
is an injective mapping, and hence a surjective mapping, since set sizes are

equal.

We next determine hy'. Suppose (X,Y) € Z;xZy; we find (2,y) € Z; X Z;
such that hi(z,y) = (X,Y). If we assume that hi(x,y) = (X,Y) then this
implies that (X,Y) = (y + %,x + %), meaning © =Y — % and Y = X — %
By applying h~! to (X,Y’) we obtain

XY =y = (v -2 x )
We will now demonstrate that when I = j, J =i and f is even, the bijection
hy guarentees that we can map every solution in the solution set of (1.1) to
a solution in the solution set of (1.2). Suppose that (s,t) € Z X Z; belongs
to the solution set of (1.1), it then follows that

ase—i—z + 1= ate-l—j.

We will now multiply both sides of this equation by the element —1 €

GF(q)*. Notice that since we are in the case where f is even, —1 = o =

oﬁé, hence when we multiply each term of the above expression by —1, we
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obtain

ase+i+e% te+j+e£ ]

—l=a
By rearranging this equation, we obtain

a(t-i—%)e-‘rj +1= a(s-‘ré)e-ﬁ-i‘

As hy is a bijective mapping, every solution (s,t) in the solution set of (1.1)
corresponds to precisely one solution hy(s,t) = (t+ %, 5+ %) in the solution
set of (1.2).

We will now demonstrate that h; ' maps every solution of (1.2) to a solution
in the solution set of (1.1). Suppose that (s',t") € Z; x Z; in the solution
set of (1.2), then this implies that

/ - ! ;
as e+j + 1= Oét e—H.

We will now multiply the equation through by —1. As above, since we are
. We therefore obtain the

following equation when we multiply this equation by —1

assuming f is even, this means that —1 = a°

a(s’+£)e+j 1= Oé(t’—l—%)e—&-i'

We can then rearrange this equation to give

1 f ; 1 f ;
a(t+2)e+z _ a(s +2)e+z+ 1.

Since h; is a bijection, ;' maps every solution (s',#') € Z; x Z; of (1.2)
to a solution hy'(s',t') = (' — %, s — %) of (1.1), so the solution sets must

have the same size and therefore (i, 7). = (j,7). when f is even.

We now define a bijection hy : Zs X Zy — Z¢ x Zys by ho(s,t) = (t—i—%, s+
%) Owing to the similarities between the mappings h; and hsy, we will
leave it up to the reader to prove for themselves that h, is a bijection, but
we will note that the inverse mapping h, * : Ly x Ly — Ly X Ly is defined by
h((X,Y) = (z,y) = (Y =55, X — 551 for any two pairs (X,Y) € Z; xZ;
in the solution set of (1.2) and any (z,y) € Z; x Zy in the solution set of
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(1.1).

We will now prove, using the bijection hy, that when I = j+ 5, J =14+ §
and f is odd, every solution in the solution set (1.1) maps to precisely one
solution in the solution set (1.2). To see this, suppose (s,t) € Zs x Zy is in
the solution set of (1.1). It then follows that (s,t) € Zy x Z; satisty

ase—i—z + 1= at@-ﬁ-‘j.

We will now multiply the terms of this equation through by —1. As f is odd
in this instance, we can write —1 = a% = a7 +5. We therefore obtain

the following equation when we multiply each term of the above equation
by —1

Gttt ) _ 1 — 5 er (L)

Which we can then rearrange to

Qe+ 1 = st Eheti+]),

As hy is a bijection, every solution of (s,t) € Zy x Z; in the solution set
of (1.1) maps to precisely one solution h(s,t) = (t + %, 5+ %) in the
solution set of (1.2).

Finally, we will demonstrate that h, ' maps every solution (s, #') € Z; x Z;
in the solution set of (1.2) to a solution in the solution set of (1.1) in the
case where f is odd. Suppose (s',t') € Zy x Zy is in the solution set of

(1.2), then
as/e+(j+§) + 1 — at/e—‘,-(i—‘r%)'

We will now multiply each term of this equation through by —1. As above,
since f is odd, we may write —1 = a5, Multiplying each term of the
above equation through by —1 therefore yields

F=1yo F=1yoys
T3t 1 = Oé(t"i‘T)@‘H’

which can be rewritten as

a(t’—i—%)e-‘ri +1= a(s’-&-%)e-ﬁ-j.
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As hy is a bijection, hy ' maps every solution (s',') € Z x Z¢ of (1.2) to a
solution hy ' (s',t') = (t' — f L s/ — %) of (1.1), so the solution sets of (1.1)
and (1.2) must be of the same size, and therefore (7,j). = (j + 5,7+ §)e
when f is odd.

By Definition 1.4.3, the cyclotomic number (i,0). denotes the number of
pairs (s,t) € Zy x Zy, such that:

ase+z + 1 — O‘/te.
This can be rewritten as:

Oése—&-z — ate o 1’

or the number of elements of C;"™ (where i € Z.) that be expressed as an
element of the set C5"™ —1 = {a'*—1|t € Z;}. This means that 3¢ (,0).
is the number of elements in Cy"™ — 1 that are contained in some cyclotomic
class ™ for i € Z..

There are precisely f distinct elements in the cyclotomic class Cy™ = (a®).
As the element 1 € C5™ (since 1 = a¢/), this means that 0 € C5"™ — 1
Since the element 0 is the only element of GF(g) not contained within one
of the cyclotomic classes of order e, this means that precisely f —1 elements
of the set C5"™ — 1 can be expressed as an element of one of the cyclotomic
classes of order e. Therefore Y7 (i,0), = f — 1.

Moreover it follows from part a) that for every i € Z,, (i,0). = (e—1i,e—1),,
therefore 32"} (e—i,e—i), = f—1. Notice that by part (b) (i,0), = (ip, 0).,
however the sum S (ip, 0), counts the same cyclotomic numbers as the
sum Zf;& (7,0), since i,ip € Z., so no new information is gained from this

identity.

(i) When either e and f are both odd or when f is even it follows from part
(c) (4,0). = (0,4), for alli € Z,, which implies that > (0,4), = f—1.

(ii) When e is even and f is odd by part (c) (i,0)e = (5,7 + §)e, hence

S (L i+ £)e = f — 1. Observe that by part a), (§,i+ £)e = (£,9)e,
however as i, 5,1+ § € Z, the sums )~ 0(2,2 + 5)e and Zi:0(§, i)e
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count the same cyclotomic numbers, so no new information is gained

from this identity.

By Definition 1.4.3 the cyclotomic number (7, j). is the number of pairs
(s,t) € Zy x Zy such that:

ase+z — ate+j —1.

In other words, 3770 (4, j). is the number of elements in i -1 =

{a'**7 — 1|t € Z;} that lie in some cyclotomic class C{™, where

it € Z.. Note that for each 7 € Z. and j € Z}, the cyclotomic classes
Cy™ and CP™ consist of f distinct elements of GF(g)*. As in part

(2

(d), for a fixed j € Z?, we can therefore think of 3¢ (4, j) as being

e’

the number of non-zero elements of GF(q) contained within the set
Cy™ —1. Asj € Z{ (ie. j # 0) this means that 1 ¢ C7™, and
therefore 0 ¢ C7™ — 1. This means all f of the elements in C7™ — 1

are non-zero element of GF(g), and therefore S5 (i, j) = f.

As above, by Definition 1.4.3 the cyclotomic number (i, j), is the num-
ber of pairs (s,t) € Z; x Zy such that:

ase+z — ate—i—] —1.

It follows from this that Z;;é
al*t e USZ{CT™ = GF(q)* satisfying a**"' +1 = o/**/, where a** €
C™. In other words, Z;;é (i, 7)e is the equivalent to the number of ele-

ments in the intersection C;""N(GF(¢)*\{—1}), where GF(q)*\{—1} =
{a't7—1|j € Z., t € Z;}. By Lemma 1.4.11, when either e and f are
both odd or when f is even, —1 € C;™, meaning that for all i € Z,
1C™ N (GF(q)*\{—1})| = f and so 3_ (4, j)e = f for all i € Z,.

Jj=0

(7,7)e counts the number of elements

By Lemma 1.4.11 when e is even and f is odd, —1 € C2"™. This means
2

that when i # § € Z, |C;"™ N (GF(¢)\{—1})| = f. By part (e)(ii) it

follows that Y570 (i, j)e = f for all i # § € Z. O
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Chapter 2
Cyclotomic frameworks

In this Chapter, we establish two new cyclotomic frameworks that can be deployed
in different ways to find new constructions of difference families, as well as being of
independent interest. In the beginning of this Chapter, we present the cyclotomic
framework established in [34], that combines the partition results introduced in
Chapter 1 and finite field cyclotomy to obtain new cyclotomic techniques that
can be used to construct PDSs, DPDFs and EPDFs. The paper [34] is a joint
paper with my supervisor Dr Sophie Huczynska. The key ideas of the paper were
mine but I worked closely with my supervisor to refine and express these ideas.
In Chapter 4 we will demonstrate how these techniques can be used to find new
cyclotomic constructions of PDSs, DPDFs and EPDFs.

In the second half of this Chapter, we outline a framework for determining of
cyclotomic orbits of order e for a particular finite field GF(g). In Chapter 4, it is
demonstrated that this framework can be used to establish a more sophisticated
algorithm for computing the internal cyclotomic numbers of order e, where e > 5
is prime and f is even (for further details see Algorithm 2 in Chapter 4). The
results in Section 2 of this Chapter are new results that I obtained myself whilst
developing the algorithms in Chapter 4: working on these algorithms highlighted
the necessity of idenitfying the equivalent cyclotomic numbers in a given finite

field.
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2.1 Key cyclotomic number framework

2.1.1 Internal differences

Throughout this Subsection, it is assumed that ¢ is a prime power and can be
expressed by ¢ = p* = ef+1, where p is prime, s € N and e, f are integers greater
than 1, unless otherwise stated. We also use the notation C{* to denote the "
cyclotomic class of order e in the finite field GF(g). Finally, it is assumed for all
results that « is a primitive element of GF(¢). All results in this Subsection are
included in my joint paper with my supervisor [34].

In this Subsection, we establish tools for determining the elements contained
within each multiset of the form A(C{®), where C;* is a cyclotomic class. We

begin this subsection with stating the definition of a transversal of the multiset
A(C).

Definition 2.1.1. (i) For each 1 <r < f —1, we define
T, ={a"™—a™:n—m=rmodf,0<n#m< f—1}

Notice that T, C A(Cy®) (as defined in Chapter 1). We refer to T, as a
transversal of A(Cy°) (these are also simply referred to as transversals
throughout this Thesis). Fach transversal T, is simply a cyclotomic class
of order e, therefore |T,.| = f (see Lemma 2.1.2 below).

(ii) For each 1 <r < f—1, leta,. € {0,...,e —1} be such that o™ — 1 € Cyr.

The following Lemma demonstrates how transversals can be used to split the
multiset A(C;”) up into a series of cyclotomic classes, since each transversal is

effectively a copy of the cyclotomic class Cf*, where a, € {0,1,...,e — 1}.
Lemma 2.1.2. (i) For 1 <r < f—1,T, CA(Cy®). We may write the set T,
as follows: T, = (o™ — 1)C5° = C5°.

f—1

f—1 e—1
i Ay = Ut = U oz = Yo

) f-1r e—1
(i) For 0 < j<e—1, A(C}") = ?A(CY") = U T, = U (i — 4,0).C7°.
p=1 =0
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(i) It follows from Definition 2.1.1 (i) that for each 1 <r <e—1

T, ={a™—=a™:0<m< f—1}.

Note that since 0 < n #m < f — 1, we may write n =m +r mod f. We

may then write

TrZ{CY(m”)e—ozme:O§m§f—1}:{ame(aTe—1):Ogmgf—l}
— (07— 1)C5".

By Definition 2.1.1 (ii), this means 7, = C*.

By Definition 1.4.3, for 0 < j < e — 1, the elements of the cyclotomic class
C7* can be written in the form a*/, where « is a primitive element of
GF(¢g) and 0 <t < f— 1. This means that A(C5°) = {a™—a™ : 0 < n #
m < f —1}. Since for each pair 0 < n # m < f — 1, there is a unique up
to modulo f value of 1 <r < f — 1 such that n = m +r mod f, we may

rewrite this multiset as

A(CF) = {ame —am 1 <r < f-1,0<m < f-1)

f-1 f-1 f-1
= J{am —a 0<m<f—1}—UT—U e —1)C5*
r=1 r=1

by part (i). By Definition 1.4.3, for each 0 < i < e — 1 there are precisely
(4,0), values of 1 <7 < f—1 such that o™ —1 € C;*. This means that for

0 <i < e—1 the cyclotomic class C;** occurs (7,0), times in the multiset
f-1

union A(Cy*) = U (a"¢ — 1)Cy*, hence
r=1
f—1 e—1
A(C®) = [ (e = 1)C5° = U cor = J(i,0).05.
r=1 1=0

As in part (ii), we can use Definition 1.4.3 to write the elements of the
multiset A(CS") as follows
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A(CE*) = {a™ —am T 0 <n#m < f—1}
—{o/(a" —a™):0<n£m < -1}
= A(Cy”).

It then follows by part (ii) that

f-1 f-1 e—1
A(CS*) =/ AC5*) = | o/ (T3) = | o/ (C2%) = | (6, 0)e (a7 C*).
p=1 r=1 1=0

Notice that we may rewrite

e—1 e—1 e—1
U@ 0@crn) = Je0ecix) = Ua-g.04007). 0
=0 =0 i=0

Using the above result, we are able to show that if the cyclotomic numbers of
order e meet certain conditions (i.e. all cyclotomic numbers of the form (a,0).
where 1 < a < e — 1 are equal) then each multiset of the form A(C}*") (where
0 < j < e—1) is automatically a PDS. Moreover, any collection, S’, of distinct
cyclotomic classes satisfying the above property will be a DPDF. We demonstrate

this in the following result.
Lemma 2.1.3. Let GF(q) be a finite field of order ¢ = p* =ef + 1.

(i) For0<i<e—1, each C° is a (q, %,A, B)-PDS if and only if there are
integers A and B satisfying A = (0,0). and B = (j,0), forall1l < j <e—1.
The PDS is proper precisely when A # B.

(ii) Suppose that there exist integers A and B satisfying A = (0,0). and B =
(4,0)c for all 1 < i < e—1. Let D' = {C}"}jer be a collection of u
cyclotomic classes of order e, where R C {0,1,...,e —1}. Then D' is a
(q,u, =2, A+ (u—1)B,uB)-DPDF, which is proper precisely when A # B.

) e

Proof. (i) Assume that C{* is a PDS, then by Definition 1.3.1

A(CE) = A(CE*) U B(G\C).

(2
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By Lemma 2.1.2 (iii), we may then write

e—1
ACET) = ACT) U BGNCT) = (@ = 1,0)¢5"

=0

When i’ = i, it follows that (i —7,0). = (0,0). = A, moreover for all 7/ # i,
it’s clear that (/ —4,0). = B. In other words, for all 1 < j < e — 1,
(7,0) = B.

For the reverse direction; by Lemma 2.1.2 (iii), when A = (0,0). and B =
(7,0), for all 1 < j <e—1, then

A(C) = (0,0)e(C77) U (4, 0)(GNCTT).

By Definition 1.3.1 it is then immediate that C;* is a (g, %,A, B)-PDS,
where A = (0,0), and B = (5,0), for all 1 < j <e — 1. Since A = (0,0),
counts the number of occurrences of the elements of C7"° in A(C;®), and
B = (j,0), counts the occurrences of all other non-zero elements of GF(q)
then by Definition 1.3.1 this implies that C*° is a proper PDS when A # B.

(ii) In part (i) it was demonstrated that when A = (0,0), and B = (j,0), for
all1 <j<e—1,then C{*is a (¢, u, q;el,A—i— (u—1)B,uB)-DPDF. It then
follows as a direct consequence of Theorem 1.3.20 that if D’ comprises a

collection of u of these cyclotomic classes then D’ is a (q, u, %, A+ (u—

1)B, uB)-DPDF. O

Note that Lemma 2.1.3 (i) is stronger than Lemma 2.1.3 (ii) (i.e. part (i) is
an if and only if statement, whereas part (ii) is an if statement). This is because
for a PDS, S, the multiset of internal differences Int(S) comprises only of the
multiset A(C;"), meaning that each element of G*\{C;"°} must occur equally
often in the multiset A(C{*). For a DPDF, S’, comprising of more than one
cyclotomic class, Int(S”) comprises multiple multisets of the form A(C;”) (where
0 <i < e—1), this means that B # (j,0)., where 0 < 7 < e — 1 is no longer a
requirement. However, when B = (5,0), for all 1 < j < e — 1, this means that
each of the component sets of the DPDF is an individual PDS.

We now turn our attention to the following Lemma, which demonstrates how we

can partition cyclotomic classes into unions of smaller cyclotomic classes.
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Lemma 2.1.4. Letq=ef +1=¢p+ 1, wheree|e. Then

e/e—1

(i) = U Ci,

e/e—1

(ii) for0<j<e—1,C7° = u Cicl
1=

Proof. (i) The cyclotomic class C5° consists of ¢ powers of «, where a is a

primitive element, while the cyclotomic class Cg* consists of all e’ powers

of . Ase | e, itis clear that Cy® C C5°, and moreover that for 0 < i < e—1,

C2® C Cf°. Tt then naturally follows that

e/e—1

€8 e,s
CO - U Cie
1=0

(ii) Immediate from part (i). O

Building upon the idea of partitioning larger cyclotomic classes into smaller
cyclotomic classes, we are able to extend the notion of transversals to structures
which, for a collection of cyclotomic classes S’, contain elements of every multiset
A(C?) € Int(S") (where 0 < i < e —1). We call these new structures diagonals
of transversals. Establishing a definition of these new objects will simplify the
process of computing the elements of Int(S”), which will in turn allow us to build
machinery that is more easily able to identify cyclotomic constructions of DPDF's

in which the component sets are not individually PDSs.

Definition 2.1.5. Let GF(q) be a finite field of order ¢ =ef +1 = ep+ 1, where
ele. For1<r<f—1, we define

e/e—1
D, = U QT
i=0
We refer to D, as a diagonal of a transversal.

We now replicate the results of Lemma 2.1.2 for diagonals of transversals.
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Lemma 2.1.6. Let GF(q) be a finite field of order ¢ = p* =ef+1=¢ep+1 such
that € | e. Moreover, let S' = {Cy*,C%*, ... Co* }.

€ 7

(i) Int(S") = f@i D,.

Foreach1<r<f-—1

(i) D, = (o™ —1)C5”,

(i11) D, = C:°, where a, is defined by o' — 1 € C;°.

Proof.

(iii)

(i) By Defintion 1.2.3 and Lemma 2.1.2 (iii), it follows that
e/e—1 e/e—1
Int(S') = U AC) = | aA(CE).
1=0

Moreover, by Lemma 2.1.2 (ii)

e/e—1 -1 f—1 [e/e—1 f—1
Int(S") = U ' (U ) U U T, | = U D.,.
r=1 r=1

i=0 r=1 =0

It follows by Lemma 2.1.2 (i) that foreach 1 <r < f—1, T, = (o™ —1)C5”,
thus by Definition 2.1.5

e/e—1 e/e—1
D, = U a“(a” - 1)Cy° = (@™ — 1) U Co.
i=0 1=0

The result then follows by Lemma 2.1.4.

Since a"® —1 € GF(¢) (by the additive closure of GF(q)), there exist values
of 0 <u<p—1and0<da. <e—1suchthat o’ —1 = a**+% hence it
follows by part (ii) of this result that

- re €5 __ _wuetal es
DT‘ — (O{ - 1)00 — Oé TCO .

Moreover, observe that since ¢ € Cf°, we may write a*+orCg® = a9 Cg”.
The result is then immediate by Definition 1.4.1. O
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With these results replicated for diagonals of transversals, we now set up fur-
ther machinery to identify relationships between diagonals of transversals. This
will further aid in the process of establishing new cyclotomic DPDF construc-
tions. We start by establishing a quantity ¢; which, for each 0 < ¢ < € — 1,
counts the number of diagonals of transversals in the multiset Int(S’) (where
S'={C5%,Co*, ..., C° }) that are copies of the cyclotomic class C;°.

Definition 2.1.7. Let GF(q) be a finite field of order g =p* =ef +1 =¢€p+1,
such that € | e. Let a be a primitive element of GF(q), C* = a'(a€) for 0 <i <
e—1 and C5° = (a®). We then define, for 0 <i<e—1,

P, ={xeCi:x#1l,x—-1€Cand ¢; = |P,|.

Proposition 2.1.8. Let GF(q) be a finite field of order q =ef +1=¢ep+1 such
that €| e, then for 0 < j <e—1,

e/e—1
¢j = Z (E'L +.]7 0)6
i=0
e/e—1
Proof. By Lemma 2.1.4, it follows that C7*° = L,JO Citj, where 0 < j < e — 1.

This means
b={relC@:z-1eCt={relCi:z—-1¢ Uffo_lee’ij}.

e/e—1
By Definition 1.4.3, this implies ¢; = > (i€ + 7,0).. O
i=0

Theorem 2.1.9. Let GF(q) be a finite field of order g =ef +1 =€p + 1, such
that € | e. Moreover, let (C3°) = {C5%,C%%, ..., C*° }.

(i) If 1 = ... = ¢e_1, then Int((CS®)") = ¢o(C5”) + ¢1(G*\C®) meaning
(C?) is a DPDF (or PDS if e = e).

(it) If oo = ¢1 = ... = ¢e_1, then Int((C5*)) = G* meaning (Cy°)" is a DDF
(or DS when € = e).

(iii) If ¢; # ¢; for some distinct 1,5 € {1,...,e—1} then (C$°) is not a DPDF
(and therefore not a DDF).
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Proof. The proofs of both (i) and (ii) follow by Definition 2.1.7 and Lemma
2.1.6. In part (iii), suppose that there exist values of 7,j € {1,...,e — 1} such
that ¢; # ¢;. This implies that Int((C{®)") contains ¢; copies of C;** and ¢; copies
of C§°. Since C7*,C}* € GF(q)*\Cy”, where Cy° = ZE;& C&*, it is immediate

by Definition 1.3.11 that (C5®)" is not a DPDF. O

In the following Theorem and Corollary, we observe that the transversals and

diagonals of transversals naturally pair up with one another.

Proposition 2.1.10. Let GF(q) be a finite field of order q = p* = ef +1 = ep+1,
Cy? = (af) and C7° = (af).

(i) Foreach1 <r < f—1 Ty, =-T,.
(i) For each 1 <r < f—1, Dy = —D,.

Proof. (i) By Lemma 2.1.2 (i), foreach 1 <r < f—1, =T, = — (o™ —1)C5”° =
(1 —a™)Cg5°. By Lagrange’s Theorem a®/ = 1, we can therefore rewrite
T, = (a* — a")Cy = a™(a — 1)C5* = a"(a®V~) — 1)C§°. Since

Te

a™ € Cp°, which is closed under multiplication, it follows that —7, =

(afV=") —1)C5* = Ty,

(i) It follows by Lemma 2.1.6 that —D, = —(a™ — 1)C§”. The proof of this

result is then analogous to the proof of part (i). O

Corollary 2.1.11. Let GF(q) be a finite field of order g =p°* =ef +1=¢€p+1,
where € | e. Moreover, let C5° = (af) and C5° = (af), where « is a primitive
element of GF(q).

(a) Suppose that T, = C$*® (as definied in Definition 2.1.1) for 1 <r < f —1,
then

(i) if either f is even or p = 2, then Tj_, = C5° (note that when r = %,
trivially Tf—g = Té)
(ii) if e is even but f is odd, then Ty_, = CO°

ar“l‘% !

(b) Suppose that D, = CZ}TS (as definied in Lemma 2.1.6.) for 1 <r < f—1,
then
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(1) if either p is even or p = 2, then Dy_, = C’;’f (again, when r = &,
§=Dy)
(11) if € is even but p is odd, then Ds_, = C;

’ € -
ap+35

trivially D s

(¢) When f is even Té = (2)Cy”* and D% = (2)C5”.

Proof.  (a) By Proposition 2.1.10, Ty_, = —Cg°. It follows immediately by

Lemma 1.4.11 that when f is even or p = 2, —1 € C¢°, hence Ty_, =
—C%* = C%*°, as multiplying an element of C$* (a coset of Cg®) by an
element of C3” trivially returns an element of C'*. When f is odd and e is
even, it follows by Lemma 1.4.11 that —1 = a5 5 € C%*. By choosing a
particular coset representative a®** € Co° (where v € ?Zf), we may then
write Ty, = —Co° = a'Tetigeter et = oUTHvet@ oo Since

a"z e e 08 it follows that we may write Ty_, = a®T5CS*, and hence

€,s
e-
(lr+§

by Definition 1.4.1, when f is odd and e is even, Ty_, =

Similarly, it follows from Lemma 1.4.11 that when p is even or p = 2, then
—1 € Cy”, and when p is odd but € is even, —1 = o’ 5 € 0. The
2

proof is then analogous to part (a).

By Lemma 2.1.2 (i), Ty = (aée—l)C’g’s. Moreover, by Lagrange’s Theorem,
at® = —1, therefore T; = (—1—1)CS* = (—=2)C5*. As f is even, it follows
by Lemma 1.4.11 that —1 € Cy”°, so therefore T; = (2)Cy°. When f is
even, it is immediate that p must be even (since f | p), therefore —1 € Cy*

when f is even. It then follows by similar reasoning that D; = (2)C5°. O
2

In what follows, we refer to Ty as the central transversal and D; as the
2 2

central diagonal.

In the case where € = 2, we have the following useful cyclotomic result from

[60] (can be found in Theorem 4 of the e = 2 chapter, which can be found on
page 31 of the book [60]).

Lemma 2.1.12. Let GF(q) be a finite field, where ¢ = p* = 2p + 1 and suppose

p 1S even, then

(i)
(i)

if¢=1 mod 8, then 2 € C*°,

if =5 mod 8, then 2 € CP*°.
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The next result then follows as an immediate consequence of Corollary 2.1.11(c)
and Lemma 2.1.12.

Corollary 2.1.13. Let GF(q) be a finite field, where g = p* =ef +1=2p+ 1.
Let e and f be even, then

(i) ifg=1 mod 8, Dg =2,
(i) if ¢=5 mod 8, Dy = P,

We now establish a quantity ¢;, which we will subsequently use to count the
number of paired diagonals of transversals in Int(S"), where S" = {C5*, C5, ..., C”° }

is a partition of the cyclotomic class Cj”.

Definition 2.1.14. Let GF(q) be a finite field of order ¢ = ef +1 =€ep+1, such
that € | e. For0<i<e—1, let

\Ili = {1 S r < g NS @Z}and@m = |\Ijz|

In the final results of this subsection, we demonstrate how the machinery that
we have built can be used to find new constructions of PDSs, DPDFs and EPDF's.

Theorem 2.1.15. Let GF(q) be a finite of order ¢ = p°* =ef+1=e€ep+1, where
e | e. Moreover, let (C3°) = {C5*°,Co%, ..., C° ).
(a) Suppose that p is even (i.e. p is odd) and ¢, = ¢; for all1 < j < e—1,
then (Cg’s)/ is a (Q7 %7 f7 ¢07 ¢1)'DPDF (07” (Q7pa ¢Oa qbl)_PDS when € = 6)‘
(i) If f is odd then ¢y = 21y and ¢y = 21);.
(ii) If f is even and € > 2, then ¢pg = 29 + 1 and ¢1 = 2¢4.
(iii) If e =2 and ¢ =1 mod 8, then ¢g = 21pg + 1 and ¢1 = 2¢;.
(iv) If e =2 and ¢ =5 mod 8, then ¢y = 21y and ¢1 = 2y + 1.

(b) Let p =2 and suppose that ¢p1 = ¢; for all1 < j < e—1. Then ¢y = 29y,

¢1 = 2¢1 and (CS,S)/ s a (Q7 gv f7 ¢07¢1)'DPDF (07’ (Q7p7 ¢07 (bl)_PDS when
e=e).

(c) Let € be even and p be odd, and suppose ¢p1 = ¢; for all1 < j <e—1, then
do = ¢1 and (C5°) is a (q,%, f,¢0)-DDF (or (q, p, ¢o)-Difference Set when

e=e).
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Proof. As g =-ef + 1 =¢€p+ 1 such that €| e, then this implies that f | p.

(a) It follows by Corollary 2.1.11 (b)(i) that when p is even, if D, = C° for
1<r<f—1(note0<i<e—1),then Df_, = C{°. This means that
if for some 1 < r < %, r € U, (where 0 < i < € — 1), then o™ € ¥,
and a/="¢ ¢ ®;. By Corollary 2.1.11(c), it follows that if f is even, then
D% = Cp° (where 0 < k <e—1)if 2 € Cp°. We can therefore conclude

that ¢; = 2¢); (where 0 <i <e—1)if 2 ¢ CP° and ¢; = 2¢); + 1 if 2 € CF°.

Note that when p is even, f | p can be odd or even.

(i) It follows from the above that when f is odd, there is no central
diagonal Dy, so ¢g = 219 and ¢ = 21);.

(ii) Suppose that € > 2 and 2 € C}° for 1 <[ < e — 1, it then follows
from part (i) that Dé = ()" and thus ¢; = 21, + 1. This contradicts
¢pr=¢jforalll <j<e—1 sinceforalll <i#l<e—1,it was
demonstrated in part (i) that ¢; = 2¢);. This means that if ¢, = ¢; for
all 1 <i<e—1,then 2 € Cj® and thus ¢g = 21y + 1.

When f is even and € = 2, the only values of 0 < i <e—1arei=0,1.
This means that when ¢ = 2, the above contradiction does not hold.

This result is then immediate from Corollary 2.1.13.

(b) When pis odd, % is not an integer meaning that there is no central diagonal,
therefore each D, (where 1 < r < f — 1) pairs up with a distinct Dy_,.

The proof of this result is otherwise analogous to the proof of part (a).

(c) As above, since p is odd, there is no central diagonal, therefore each D,
(where 1 <r < f — 1) pairs up with a distinct Dy_,. By Corollary 2.1.11,
when p is odd, if D, = C{* for some 0 <i<e—land 1 <r <e—1
then Dy, = C{°. This then means that if for some 1 < r < %, rew,;
then o’ € ®; and al/~"e € Dy e (where 0 < i < e —1). It then follows
that ¢; = ¢i1¢ for all 0 < ¢ < e —1: in particular, ¢g = ¢<. Finally, since

pr=¢;foralll <j<e—1, ¢1=0¢5= . L
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Corollary 2.1.16. Let GF(q) be a finite field of order g = ef +1 = ep+1, where
€le. Let (Cy°) ={C5%,C%, ... Co° ).

(a) Assume that p is even.

(i) If C5* is a PDS, then it must be proper (and therefore regular).

(i1) Suppose f is even, then if (Cy°)" is a DPDF, then it must be proper.
Suppose € > 2.

(i11) If C5° is a proper PDS then 2 € C§”°.
(iv) Let f be even, then if (Cy*) is a proper DPDF, then 2 € C§”°.

(b) Let € be even and p be odd, then

(i) C§° is either a Difference Set, or it is not a PDS.
(i1) (C5*) is either a DDF, or it is not a DPDF.

Proof.  (a) Assume that e > 2. Since Cj” is a PDS, we apply e = e and p = f
to Theorem 2.1.15 (a)(ii). As p is even, it follows by Theorem 2.1.15 (a)(ii)
that ¢g = 299 + 1 and ¢; = 2¢/;. When we assume ¢ = 2, it follows by
Theorem (a)(ii) that either ¢g = 2¢g + 1 and ¢ = 21y or ¢y = 2¢hy and
¢1 = 21 + 1. In all cases, ¢y and ¢, have opposing parity, and therefore
Cy” is a proper PDS. Since Cy® comprises the elements of a cyclotomic
class, 0 ¢ C5* and so Cy” is a regular PDS.

The proof of (ii) is analgous to the above here we simply assume that e > e.
Parts (iii) and (iv) are immediate from the proof of part (ii) of Theorem
2.1.15.

(b) When C§” is a PDS, we apply € = e and p = f to Theorem 2.1.15 (¢) and
obtain that ¢g = ¢; for 1 < j < e — 1. It is immediate from this that C§*
must be a Difference Set, and cannot be proper PDS. We can analogously
prove that (C5*) is always a DDF. O
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2.1.2 External differences

We can define similar tools for analysing the relationships between elements con-
tained within multisets of the form A(C;*, C7%) (where 0 < # j < e—1) which
we refer to as external multisets. Note that the results in this subsection are also
recorded in my joint paper with my supervisor [34].

We begin this Subsection by establishing an external analogue of a transversal.
Definition 2.1.17. Let « be a primitive element of GF(q), where ¢ = p* = ef+1.

(i) Let Ty € A(C)°,C5°) (where 1 <1 <e—1) then for0 <r < f—1,

Tirpy = {ane+l_am€;n—m57’ mod f,0 <n,m < f—1}.

We refer to the set T(,;) as an external transversal of A(C)*,Cy*°) (or

simply external transversal). Note that |T(, | = f

1) Foreach0 <r<f—1andl1<Il<e—1, letany €{0,...,e—1} be such
)
that o' — 1 € C%*

aery)

The following Lemma demonstrates that, like transversals, we can use external

transversals to split the multiset A(C;*, C7°) into individual cylotomic classes.
Lemma 2.1.18. Let GF(q) be a finite field of order ¢ =p° =ef + 1

(i) For 0 <r < f—1and1 <1 < e—1, each external transversal T(,;) =
(ot —1)C5* is a copy of C&*

RGUN

e—1

(i) For 0 <r < f—1, A(Cy*,C5") = U Toy = U C;(S y = kL_JO(k:,l)eC,i’S.
, =1
(iii)) For 0 < i # j < e —1, A(C{*,C5°) = oIA(C), Cy) = TL:JO Ty =
:L_Jl(k —7,0.C°, where l =i — 7 mod e.
=0
Proof. The proof of this result is analogous to the proof of Lemma 2.1.2. m

We now demonstrate that we can use the above machinery to establish new
EPDF constructions when the cyclotomic numbers meet certain criteria. Note

that in the following proof, we refer to the cyclotomic classes C¢* and C;** as the
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components of the multiset A(C%*, C;*). An element that is not a component

of the multiset A(C¢*, Cy®) is referred to as a non-component.

Proposition 2.1.19. Let GF(q) be a finite field, where ¢ = p* = ef + 1. Let
I c{0,1,...,e —1} (where |I| = u, 2 <u <e—1) and D' = {C"}ic;. If
there exist integers B and X such that B = (i,0). = (i,1), and X = (i,7). for all
1<i#j<e—1, then

(i) A(CE*,Cf") = B(Cg* U CP") U X (GH\(Cp* U CF)).

(i) D' is a (q,u, =1, 2B(u—1)+ X (u—1)(u—2), Xu(u — 1))-EPDF (which is
proper if B # X ).

Proof. (i) It follows from Lemma 2.1.18 (iii) that

e—1
A(CE*,C®) = o' A(C52, Cp®) = | (k= t,r — £).C5°.

k=0

Notice that the cyclotomic number (k —t,r —t), is an external cyclotomic
number except when k = r or k = t. Since all internal cyclotomic numbers
have value B, and all external cyclotomic numbers have value X, this means

that we can rewrite A(C%*, C}°) as
A(CE.CE) = BCE* U CE) U X(G\(C U CE)).
(ii) It follows by Definition 1.2.3 that

Ext(D') = | ] A(Ces,cp).

ritel:r#t

By part (i), the components C¢* and C;*° of the multiset A(CS* Cy*)
occur at frequency B in this multiset A(CS*, Cf*), while each the non-
components occurs at frequency X. There are precisely u(u — 1) multisets
in Ext(D’). For each r € I, C'¢*® is a component of precisely u — 1 multisets
of the form A(C%* C;®) (where t € I and ¢ # r), and is also a component
of precisely u — 1 multisets of the form A(C}®, C%*) (where similarly, t € T

and ¢ # r) there are no further multisets for which C¢*® is a component.
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This means that there are 2(u — 1) multisets in which (for r € I) C%* has
frequency B and a remaining u(u—1) —2(u—1) = (u—1)(u — 2) multisets
in which C¢* has frequency X. For any v ¢ I, it follows by part (i) that
C¢* has frequency X in all multisets in Ext(D’). It then follows that D’ is
a(q,u, =4, 2B(u—1)+ X (u—1)(u—2), Xu(u—1))-EPDF, which is proper
when B # X. |

Notice that we have not defined an external analogue of a diagonal of a
transversal in this Subsection. This is because diagonals of transversals are only
able to establish connections between unions of transversals and copies of cyclo-
tomic classes of order ¢, if the transversals partition a cyclotomic class of order e.
This means that if the multiset Int(S’"), where S" = {Cy*, C¢*,...,C._.}, can be
split into a collection of diagonals of transversals, then we can partition results
in Section 1 to establish the elements contained in the multiset Ext(S’), since we
know that S’ partitions the cyclotomic class Cf°. In other words, an external
analogue of a diagonal of a transversal would give us no extra information. It is,
however, still useful to define an external transversal, since we may use external
transversals to determine the behaviour of multisets of the form A(C;*, C°)
(where 0 <@ # j < e— 1), when the cyclotomic classes C;*, C7* € S, where S’
is a collection of cyclotomic classes that does not partition a larger cyclotomic

class. We see this machinery in action in Section 6.

2.1.3 Uniform cyclotomy

The concept of uniform cyclotomic numbers was defined in Chapter 1. We now
close this Section of Chapter 2 by looking at how this concept can be used to find
constructions of cyclotomic DPDFs and EPDFs. We begin this Section with the

following results from [34].

Lemma 2.1.20. Let GF(¢') be a finite field of order ¢ = p* = ef + 1, where p

is prime and e > 3. The following conditions are equivalent
(i) —1 is a power of p modulo e,
(ii) there exists a prime power q such that ¢ = ¢** (b € N) and e|q + 1.

Proof. For the forwards direction, notice that p* = 1 mod e, since e | p® — 1.

If we then suppose that p' is the smallest positive integer satisfying p' = —1
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mod e, we can see that 2t | s, and so s = 2tb for some b € N. This then means
that ¢’ = p* = p** = (p")?*, where e | p' + 1. For the reverse direction, note that

g = —1 mod e and we may write ¢ = p°, where ¢ € N. O

The following result recorded in [34] demonstrates that we can use uniform
cyclotomy to find new constructions of PDSs, DPDFs and EPDFs. Note that as
a special case of Theorem 2.1.21 part (iii), we obtain the result of Calderbank and
Kantor in Section 9 of [13], which is also presented in Section 10 of the survey
paper [49]. Calderbank and Kantor demonstrated that the set D is a PDS when
e = ¢+ 1. Moreover, Theorem 2.1.21 part (iii) also subsumes a result of [26],
an alternative proof of which is given in [4]. In [26] and [4], both sets of authors

demonstrate that D is a Difference Set when 7, e and © meet certain criterion.

Theorem 2.1.21. Let GF(¢') be a finite field of order ¢ = ¢** = ef + 1, where
B € N and ¢ = p*™ for some prime p and m € N. Let e | ¢+ 1 and let
n = (%) For any I C {0,1,...,e — 1} (where |I| = u for some u with
2<u<e—1)let D' ={C""}ic;. Then

(i) each C“*™ is a (regular) (¢, ‘7/—8_1,772 —(e—=3)n—1,7*+n)-PDS,

(ii) D' is a (¢, u, ©=L, un?+(u+2—e)n—1,u(n?+n))-DPDF and a (¢, u, =2, u(u—

e

1)n* +2(u — 1)n,u(u — 1)n*)-EPDF,

(iii) D = J;c; C2™ is a (regular) (q’,u(q/T_l), u?n? 4+ (3u —e)n — 1,u*n? + un)-
PDS, which is proper except whenn =1=2u—e andn=—1=2u—e.

Proof. (i) Ase|q+ 1 for a prime power ¢ satisfying ¢’ = ¢**, where 8 € N, it
follows, by Lemma 2.1.20 and Theorem 1.4.7, that the cyclotomic numbers
of order e are uniform in the finite field GF(¢’). Moreover, by Theorem
147 forall1 <i#j<e—1
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where for ¢ = s

, s =1 mod e. Notice that since e | ¢ + 1, this implies
that ¢ = —1 mod e and therefore that —¢ = 1 mod e. Since ¢’ = s? and

q' = ¢*8, it follows from the above that s = (—¢)®. We can therefore write

(0,0)e =n* = (e =3)n — 1,
('L.’ 0)6 = (Ovi)e = (iv i)e = 772 + 17,
(Lj)e = 7727
where 1 <i1# j<e—landn= %. It is then immediate from Lemma
2.1.3 (i) that for each 0 < I < e—1, Cf*™ isa (¢, q/;1a772—(€—3)77—1, n2+n)-
PDS.

(ii) This is immediate from the above and Lemma 2.1.3 (ii).

(iii) This result is similarly immediate from the above and Proposition 2.1.19
(ii). Notice that when u?n* + (3u — e)n — 1 = u?n? + un, then D is a

Difference Set. We can rearrange the above to give
un* + Bu—e)n—1=u*n* +un < u—-e)n=1.

It follows that the only solutions to thisaren = 2u—e =1 and n =2u—e =
—1. [

The following result is a new proof of a result in Section 8 of [4].

Corollary 2.1.22. Let GF(¢') be a finite field of order ¢ = ¢** = ef + 1, where
p €N and g = p" for some prime p (i.e. q is a prime power). Let e | q+ 1 and
let n = (%). For any I C {0,1,...,e — 1} (where |I| = u for some u such

that 2 <u<e—1) let D =J,., Co*"

er G then D 1is a proper PDS unless

(i) e =3, u=2 and n =1, in which case D is a (16,10, 6)-Difference Set,

(1) e =2°+1, u =21 andn = —1, in which case D is a (4u* u(2u—1), u(u—
1))-Difference Set.

Proof. As demonstrated in the proof of Theorem 2.1.21 (iii), D is a proper PDS,
except when n = 2u —e = 1 and n = 2u — e = —1. In both of these cases

(2u — e)n = 1: we can rearrange this to give
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2un =en+ 1. (2.1)

Observe that

en+l=e (%) +1=(—¢q)". (2.2)

It follows from the above that 2un = (—¢)#, and since ¢’ = ((—¢)?)?, it follows

that ¢ is a power of 2 (as ¢’ is a prime power). We therefore write ¢’ = 2%¢, where

m € N.

(i)

When n =1, it follows from the above that

e+tl=(—q)f e=(—q" -1

As e is a positive integer, note that this means § > 2 must be an even
integer. Assuming that 3 is even, we may rewrite this e = ¢® — 1. Moreover,
as e | ¢+ 1, this means that e = ¢ + 1, since if e < ¢ + 1, then it is not
possible for e = ¢? — 1, where > 2 is an integer. Observe that e = ¢” — 1
and e = ¢+ 1 can only both be satisfied if e = 3, ¢ = 2 and 5 = 2 (since
q is a power of 2). Since 8 = 2, it follows that ¢’ = ¢*) = 16. Moreover, it
follows that as n = 1, 2u = (—2)?, meaning v = 2 thus @ = @ =10
and u?n+un = 4(1)+2(1) = 6. It is then immediate that D is a (16, 10, 6)-
Difference Set when n = 1.

When 1 = —1, it follows from the above that

—e+1=(—q)f @e=1—(—q).

As e is a positive integer, it follows that 5 > 1 is an odd integer, and so
e=¢"+1. Ase | q+1, it follows that e = ¢+ 1 and 3 = 1. Since
q = 2% = (q)% = ¢, it follows that ¢ = 2™, and so e = 2™ + 1.

Moreover, since ¢ = 2™, this implies (—¢)! = —2™. By combining this fact

with Equations (2.1) and (2.2) we obtain

2un = —2" & —2u=—-2" & u=2"""1

where m € N. Tt then follows that since e = 2™ — 1, u =2m"! and n = —1

that “(q/e_l) = 2m_;£n2iT_l) =271 2m —1) = u(2u—1), u?n’+un = u? —u =
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u(u — 1) and ¢’ = 22™ = 4(220"=D) = 442, It therefore follows that D is a
(4u?, u(2u — 1), u(u — 1))-Difference Set. O

As demonstrated in my joint paper with my supervisor [34] further to Corol-
lary 2.1.22, we can also use Theorem 2.1.21 to obtain the recursive construction
below. As demonstrated by the result below, this recursive construction only pro-
duces an EDF when the component sets partition the non-identity elements of
GF(¢')*. (Here the term recursive construction refers to the fact that component
sets are PDSs that can be individually partioned into DPDFs/EPDFs.) This
means that non-trivial DPDF/EPDF constructions obtained from the following
result do not encompass any pre-existing cyclotomic DDF/EDF constructions in

the literature.

Theorem 2.1.23. Let GF(q¢') be a finite field of order ¢ = ¢*° = p*™, where

m,3 € N. Fore >3, lete|lqg+1 andnz%. Let u,w € N such that wu < e
and for 1 < a <w, let I, € {0,1,...,e — 1} such that |I,| = uw and I, NI, = )

foralll <a#b<w. Let D, =J,., CO*" and W = {Dy,D,,...,D,}. Then

1€lq 1

(i) W' is a (q’,w,uq/T_l,u%Q—i-(i%u—e)n—1+(w—1)(u2772+u77),w(u277+u77))-
DPDF.

(i1) whenw > 2, W' is a (q’,w,u%,w(w—l)u2n2+2(w—1)un,w(w—l)u2n2)—
EPDF.

(iii) if W' does not partition GF(q'), then W' is a DDF if and only if each D, is
a Difference Set. W' is only a DDF with w > 2 when e = 2% +1, u = 2971,
n=—1and w=2.

(iv) Let w > 2. If W' does partition GF(q'), then W' is not an EDF.

Proof. (i) By Theorem 2.1.21 (iii), each D, = U, C;*™isa (¢, @, u*n’+
(3u—e)n—1,u*n*+un)-PDS. Tt is then immediate from Theorem 1.3.20 (i)
that W' is a (¢, w, uq/gl J P+ (Bu—e)n— 1+ (w—1)(u?*n? +un), w(u?n®+
un))-DPDF.

(ii) Let w > 2 and W = U*_, D,, where D, € W'. As D, = Use;, C7*™, we may
write W = UY_, (Ujer, C7™). Notice that this means that W is a collection

of uw cyclotomic classes of order e. It then follows by Theorem 2.1.21
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that W is a (¢, wu%, (uw)*n? + (Buw — e)n — 1, (uw)*n* + vwn))-PDS.
Therefore, by Theorem 1.3.20, W' is also an EPDF.

By Lemma 1.2.4 as Int(W') = (v*n® + Bu —e)n — 1 + (w — 1)(uv?n* +
un))W' U w(u?n + un)(GF(¢')*) and AW') = ((uw)*n? + (Buw — e)n —
W' U (uvw)?n? + uwn)(GF(¢)*\W'), it follows that Ext(IW’') = (w(w —
Du*n? + 2(w — Dun)W Uw(w — D)u*n*(GF(¢)*\W'). Tt is then clear that
when w > 2, Wisa (¢, w, u%, w(w—1)u*n? +2(w —1)un, w(w —1)u’n?)-
EPDF.

(iii) For the forwards direction W' is a DDF when u?*n* + (3u —e)n — 1+ (w —
1)(u*n* + un) = w(u?n + un) this happens precisely when (2u — e)n = 1.
By Theorem 2.1.21, when (2u — e)n = 1, then each D, € W' is a Difference
Set. The reverse direction is immediate, since any collection of disjoint
Difference Sets forms a DDF.

By Corollary 2.1.22, there are two cases for which a set D, = U;er, Cy 2
forms a Difference Set this happens when either e =3, u =2 and n =1 or
when e = 2% + 1, u = 2%°! and n = —1. In the first case, we may apply
the recursive construction when w = 1, since if w > 2, wu > 4, which is
greater than e = 3. Therefore, in the first case, the recursive construction
produces the (16,10, 6)-Difference Set found by Corollary 2.1.22. In the
second case, notice that w € {1,2}, since when w = 2, wu = 2% where
2% < 241 = e. Notice if w > 2, then wu > e. In the case where w = 2,
we obtain a (4u?, 2, u(2u — 1), 2u(u — 1))-DDF (using the parameters given
Corollary 2.1.22).

(iv) Let w > 2. If W'is an EPDF, then w(w—1)u?n?*+2(w—1)un = w(w—1)u’n?
must hold. In order for this equation to hold (w — 1)un = 0 must be true,
but if (w — 1)un = 0 then either u =0, 7 =0 or w —1 = 0. Since u and 7
have to be non-zero integers, and w > 2, W’ is always a proper EPDF. [

Example 2.1.24. In the finite field GF(16), where 16 = 2%, let ¢ = 4 and e = 5.
When u = 2 and w = 2, W' = {Dy, Dy}, where D1 N\ Dy = 0 and Dy and Do
comprise elements of two distinct cyclotomic classes of order 5. For example, we
can choose Dy = 005’4 U 02’4 and Dy = C’f’4 U C§’4. By Corollary 2.1.22, Dy and
Dy are individually (16, 6, 2)-Difference Sets, so naturally if W' = { Dy, Dy} then
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W' is a (16,2,6,4)-DDF. It then naturally follows by Theorem 2.1.23 that W' is
also a (16,2,6,4,8)-EPDF. It is left up to the reader to check this.

2.2 Cyclotomic orbit framework

In this Section, we introduce a new cyclotomic tool, which we refer to as a
cyclotomic orbit. Essentially, cyclotomic orbits are equivalence classes, in which
any two cyclotomic numbers, indexed by distinct values of (i,j) € Z, X Z, are
related to each other under a collection of the identities outlined in Theorem
1.4.12. Note that whilst there is an inherent group action underpinning the
relationship between each pair of cyclotomic numbers contained within the same
cyclotomic orbit, in this Section we will be studying these objects from a purely
combinatorial point of view.

The work in this Section enables us to identify the number of cyclotomic
numbers of e, indexed by distinct values of (i, j) € Z. X Z., that have the same
value when e > 5 and f is even. This addresses a gap in the literature as there
is currently no way of enurmerating the number of distinct cyclotomic numbers
of order e in a given finite field. The machinery developed in this Section is used
to identify a new method for constructing DPDFs in Chapter 3.6 and to create
a more efficient algorithm for computing the cyclotomic numbers in large finite
fields in Chapter 4.1.

Throughout this Section, we will use a combinatorial object known as a cy-
clotomic coset to understand more about the structure of cyclotomic orbits. Cy-
clotomic cosets have only previously been used in coding theory (see [45]). The
relationship between cyclotomic cosets and cyclotomic orbits, explored in this
Section, inherently will establish a connection between cyclotomic cosets and cy-
clotomic numbers. No such connection between cyclotomic cosets and cyclotomic

numbers has previously been explored in the literature.

Definition 2.2.1. (i) A cyclotomic orbit, Orby(i, 7). is the set of cyclo-
tomic numbers equivalent to the cyclotomic number (i,7)e ((i,7) € Ze X Z¢)

under a collection of cyclotomic relations, R.

(ii) The orbit representative of Orbyn (i, j). is the lezicographically smallest

cyclotomic number (a,b). such that d = |b—al|, where d = min (g y). corby (i,j).
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ly — x|. Throughout the rest of this document, we write the orbit as

Orbg(a, b)..

The reasoning behind the rigid definition of the cyclotomic representative
of the cyclotomic orbit Orb(i,j). will become clear later. As each indiviudal
cyclotomic orbit is defined under a particular collection of relations, R, we will
need to highlight the particular collection of relations that we are referring to
in each subsequent result/example. We therefore define the three special sets of

relations which will be used throughout subsequent results.
Definition 2.2.2. (i) Ry :={(4,))e = (ip, jp)e},

(it) Ro == {(i,5)e = (J1)e, (4, 5)e = (e — 1,7 —i)e},

(ii1) Rg = {(i, J)e = (J i)e, (¢, ))e = (€ = 4,5 = i)e, (4, )e = (ip, jp)e}-

With these sets of relations defined, we will now look at an example of the
Definition 2.2.1.

Example 2.2.3. In the finite field GF(81), there are 10 orbits under the relations
Of %3 N

Orbg, (0,0)s = {(0,0)s}

Orb%3(171)8 = {(171)87(3>3)87(77 0)87 70)8’< ,)s: (0, 8}

Orbm3(272)8 = {(272)87 (676)87 (670)87 » V)8 ’6)87 ) )8}

Orbg, (47 4)8 = {(47 4)87 (47 0)87 (07 4)8}

Orbg, (57 5)8 = {(’57 5)8: (77 7)87 (37 O)8> (L 0)87 (Oa 3)87 (07 1)8}

Orb{ﬂg(lv 2)8 = {(19 2)87 (37 6)87 (27 1)87 (67 8\ 1y 1)87 (5’ 3)8a (17 7)8a (37 5)87 (67 7)87
(2,5)s,(7,6)s,(5,2)s}

OI‘bmS(l, 3)8 = {(17 3)87 (37 1)87 (77 2)87 (57 6)87 (27 7)87 ( ) 8}

Orbg, (3,4)s = {(1,4)s, (3,4)s, (4, 1)s, (4, 3)s, (7,3)s, (5, 1)s, (3, 7)s, (1,5)s, (4,5)s,
(4,7)s,(5,4)s,(7,4)s}

Ol"bm3 (27 3)8 = {(17 6)87 (37 2)87 (67 1)87 (27 3)8; (77 5)87 (57 7)8}

Orbg, (2,4)s = {(2,4)s, (6,4)s, (4,2)s, (4,6)s, (6,2)s,(2,6)s}

Definition 2.2.4. Any two cyclotomic numbers (a,b). and (x,y). contained
within the same orbit Orbwy(i, 7). are said to be co-orbital. (Note that for
i,] € Ze, (i,])e is the orbit representative of Orbw(i,j)e.) Two co-orbital cy-
clotomic numbers (a,b). and (z,y)., indexed by (a,b), (z,y) € Ze X Ze, are said
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to be identical if a = x and b = y, and distinct otherwise. We define the
order of a cyclotomic orbit Orbx(i,j)e to be the number of distinct co-orbital

cyclotomic numbers it contains.

Notice that for any cyclotomic number (i, 7)., indexed by (i,j) € Ze X Ze,
we can view the elements ¢ and j individually as elements of Z.. This viewpoint
allows us to learn more about the impact of the cyclotomic number relations on
cyclotomic numbers, and thus understand more about size of individual cyclo-
tomic orbits. The following definition of a cyclotomic coset, which is based upon
the definition given in [45], allows us to understand more about the structure of

cyclotomic orbits under the relation in R;.

Definition 2.2.5. Let p be a prime such that ged(e,p) = 1 and let Z, = {0,1,... e—
1} be the ring of integers modulo e. Then the cyclotomic coset C;, where i € Ze,
1s defined by the set

C; = {ip” (mod e)|0 < x < y},

where y is the smallest positive integer such that ip¥ = i (mode).

Definition 2.2.6. The smallest positive integer k, such that p* = 1 mod e is
denoted ord.(p). Notice that this is the size of the cyclotomic coset C;.

Example 2.2.7. Let ¢ = 8 and p = 3. [t is clear that the ged(8,3) = 1 and
the cyclotomic cosets in Zs are as follows; Co = {0}, C; = {1,3} = C3, Cy =
{2,6} == CG; C4 - {4}, C5 - {5, 7} - (C7.

Note that in [45], as well as many other papers in the literature, the definition

of a cyclotomic coset is often given in terms of a prime power g. For the purposes
of this Thesis, the definition is given in terms of a prime p, as we want to use
the behaviour of the cyclotomic cosets to study the cyclotomic number relation
(i, 5)e = (ip, jp)e-
Throughout following results, we use the notation U(Z,) to refer to the group of
units of the ring Z.. As any element = € Z. is a unit if ged(z,e) = 1, we can
observe that there is an interesting connection between the cyclotomic coset C,
and the group U(Z.).

Remark 2.2.8. Since ged(e,p) = 1, p € U(Z.). By Definition 2.2.5, it follows
that C; = {1,p,...,p" %P1} is a multiplicative subgroup of U(Z,), comprising
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ord.(p) elements. Moreover, asp € U(Z.), for eachi € Z%, ip is a unique element

of Z.

Having established that the cyclotomic coset C; is a subgroup of U(Z,), we
can use this relationship to determine the order of each cyclotomic coset C;, where

2 <1 <e—1. To do this, we require the following preliminary Lemma.

Lemma 2.2.9. Let e € N, where ged(e,p) = 1 for some prime p. Fori € Ze, let

n; be the smallest positive integer ip™ =i mod e. Then

WG

(i) for every w € N, ip*™ =i mod e,

(i) if for x € N ip® =i mod e, then this implies n; | .

Proof. (i) We show inductively that ip*™ = ¢ mod e for every w € N. The

base case ip™ =i mod e is true by definition.

Assume for some v € N that "™ = i mod e. It then follows that
iplvthne = gpvratni = jpvnipni = ipn mod e by the inductive hypothe-
sis. Therefore, we have proven by induction that ip“™ =i mod e for every
w € N.

(ii) Since n; is the smallest positive integer satisfying ip™ = i mod e, we as-

sume that x > n;. Assume n; 1 z, this implies that x = gn; + r, where

g=%"and 1 <r <n;— 1. Theni=ip® = ip™™ = ip™p" mod e.

It follows from part (i) that ip? =i mod e, therefore ip?ip" = ip" =i
mod e. This is a contradiction as r < n; and n; is the smallest positive

integer satisfying ip" =¢ mod e. [

We can now use this result to prove that the order of any cyclotomic coset C;
(where ¢ € Z,.) must divide the order of C;.

Proposition 2.2.10. Let {1,p,p?,...,p"%®=1Y C Z* where p be is a prime
and ged(e, p) = 1. Moreover, let C; = {i,ip,ip?, ..., ip°" %P1} for i € Z,, then

(i) when i € U(Z), |C;| = ord.(p),

(i1) when i ¢ U(Z.), |C;| divides |Cy| = ord.(p).
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Proof. (i) It is immediate from Remark 2.2.8 that C, = {1,p, ..., p" @)1} is
a multiplicative subgroup of Z, consisting of ord.(p) distinct elements. Now
suppose that for i # 1 € Z,, i € U(Z,) then C; = {i,ip,...,ip P11 =
i(Cy). As C; C U(Z.) and i € U(Z.), it follows that C; = i(Cy) is a
multiplicative coset of C; in the group U(Z.), and therefore C; also has
order ord.(p).

(ii) When ¢ = 0, observe that Cy = {0} and therefore |Cy| = 1, so the statement

is true for 7 = 0.

Now suppose that for 2 < i < e—1, i ¢ U(Z.). Since p € U(Z.), there
are no zero divisors under multiplication by p in the ring Z.. This means
that for i & U(Z.), there exists some s € N that is the smallest positive
integer satisfying ip® = ¢ mod e. It follows directly from Lemma 2.2.9 that
s | orde(p), and thus |C;| divides ord(p). O

Example 2.2.11. In the ring Zs, U(Zg) = {1,3,5,7} and the

elements of Zg not contained within the group of units are the elements
{0,2,4,6}. It was demonstrated in Example 2.2.7 that when p = 3 and e = 8§,
Cy = (3) ={1,3} = C;. As the elements {5,7} are also units, it is clear that the
cyclotomic coset Cs = 5(3) = {5,7} = C; is a multiplicative coset of Cy in the
group U(Zs).

It follows from Proposition 2.2.10 that each of the non-units is contained within
a cyclotomic coset, C;, whose order divides |C,| = 2. Observe that |Cy| = 1,
|Ca| = |Cg| =2 and |Cy| = 1, all of which divide 2.

Using the above Proposition, we can establish an interesting connection be-
tween the cyclotomic classes of order e in the finite field GF(q) (¢ = p° = ef +1)
and certain cyclotomic classes in the finite field GF(e) when e and p are both

prime.

Corollary 2.2.12. Let (p) C Z, where e and p are distinct primes. For each
i € ZLe, let C; = {i,ip,...,ip" '} C Z.. Then

(1) |Co| =1,

(i1) fori € Z:, |C;| = ord.(p),
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(111) for eachi € Z%, the cyclotomic coset C; is equivalent to the cyclotomic class

C;.’l C GF(e), where € = Oril’e(lp) and i € Cj’l for some j € Zk.

Proof. (i) This result is immediate by Proposition 2.2.10.

(ii) When e is prime, the group U(Z.) comprises all the elements of Z}. It
therefore follows from Proposition 2.2.10 (i) that since every element of Z}

is a unit, each cyclotomic coset must have order ord.(p).

(iii) When e is prime, the ring Z. is equivalent to the finite field GF(e). It then
follows from Remark 2.2.8 that C; is a multiplicative subgroup of order
ord.(p) in GF(e)*. By the fundamental theorem of cyclic groups, as GF(e)*
is a cyclic group, each subgroup of GF(e)* is unique. This means that,
irrespective of the generator chosen, the subgroup of order ord.(p) in GF(e)*
contains the elements {1,p, ..., p°%®~11 and thus C, is equivalent to the
cyclotomic class C5" = (af), where « is a primitive element of GF(e) and
€= #e(lp). Moreover, for 2 < i < e —1, C; = iC; is a multiplicative coset
of Cy. Asi € GF(e)*, there exists a j € Z. and an 0 < s < ord.(p) — 1 such
that a®*J = ¢ (where « is a primitive element of GF(e) as above). Observe
that a1/ € C’;’l, therefore the cyclotomic coset C;, where 1 <i <e—1, is

equivalent to the cyclotomic class C;-’l. O

Let (i,j) € Ze X Z. denote the ordered 2-tuple which indexes an arbitrary
cyclotomic number (7, j).. In the following results, we demonstrate that by view-
ing 7 and 7 as individual elements of the group Z., in particular viewing i as an
element of the cyclotomic coset C; and j as an element of the cyclotomic coset
C,, allows us to compute number of distinct co-orbital cyclotomic numbers lying

in each Orbw, (7, 7)e.

Proposition 2.2.13. In Z., let p be a prime such that the ged(e,p) = 1. More-
over, suppose that C; = i(p) and C; = j(p) are cyclotomic cosets, where |C;| = n,,
|C;| = n; and i,j € Z.. The smallest positive integer z;; | ord.(p) for which

p¥id =1 and jp*i = j is Zij = lCm(nianj)'

Proof. It follows from Lemma 2.2.9 that z,; = lem(n;, n;) satisfies ip*i = i
mod e and jp*7 = mod e. As a further consequence of Lemma 2.2.9, any integer

0 < z < z;; can satisfy ip*7 =14 mod e and jp*s = mod e simultaneously if
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3>y s the lowest common multiple
ged(ni,n;)

and only if n; | z and n; | z. Since z;; =
of n; and nj, no integer 0 < z < z; ; can satisfy both ip*J =¢ mod e and jp*i =

mod e simultaneously. O

Lemma 2.2.14. Let GF(q) be a finite field of order ¢ = p™ = ef + 1, where p
is an odd prime (note that ged(e,p) = 1). Suppose that for i,j € Z., C; and C;
denote the it and j™ cyclotomic cosets modulo e, where |C;| = n; and |C;| = n;.

Then the Orbwy, (i, ). has order z; ;, where z; j = lem(n;, n;) and z; ; | ord(p).

Proof. All cyclotomic numbers contained within the cyclotomic orbit Orbg, (4, j)e
are of the form (ip”, jp")., where ip” € C;, jp" € C; and r € Z. To determine
the order of Orbgy, (7,j)e for a particular (i,j) € Z. X Z., we therefore need
to determine the number of distinct cyclotomic numbers that can be written
in the form (ip", jp")., where r € Z, ip” € C; and jp" € C;. By Proposition
2.2.13, the smallest positive integer r satisfying ip” = ¢ mod e and jp" = j
mod e simultaneously is z; ; = lem(n;, n;), where |C;| = n; and |C;| = n;. Since
ip¥i =i mod e and jp*i = j mod e, the cyclotomic numbers (ip*-, jp*), and
(,7) are identical. Further, assume that two cyclotomic numbers (ip™, jp™ ).

and (ip", jp)e, where 0 <1y <1y < z;; — 1, are identical to one another. This

792 T2

is true if and only if ip™ = ™ mod e and jp™ = jp™ mod e which in turn
is true if and only if p™ "™ = ¢ mod e and jp™ "™ = j mod e. Notice that
0<ry—r <z —1,so it follows by Proposition 2.2.13 that there are no values
0 <r <ry < z; — 1 satisfying ip™ ™ = ¢ mod e and jp™™™ = j mod e
simultaneously, therefore the cyclotomic numbers (ip™, jp™). and (ip"2, jp™).,
where 0 < 7 < ry < z,; — 1 must be distinct. Finally, for ¢ > z;;, observe
that we may write t = uz; ; + s, where u = ';_—5 and 0 < s < z;; — 1. Since by
Proposition 2.2.13 ip*7 = ¢ mod e and jp*7 = j mod e, it follows by Lemma
2.2.9 that ipt = ip“iip®* = ip® mod e and jp! = jp*“ip* = jp* mod e. This
means that each cyclotomic number (ip’, jp')., where ¢ > z; ; is equivalent to the
t—s

cyclotomic number (ip®, jp°)., where t = uz; ;+sfor 0 <s < z;,—1 and u = =2
¥

(as above). O

We now demonstrate that when e is an odd prime, all cyclotomic orbits under

the relation (7, j). = (ip, jp). have order ord.(p).
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Corollary 2.2.15. Let GF(q) be a finite field of order ¢ = p™ = ef + 1, where
e and p are distinct primes. Then Orbgy, (i,7)e has order ord.(p) for all (i,7) €
Le X L.

Proof. By Lemma 2.2.14 that |Orbw, (7,7)e] = 2j, where, for n; = |C;| and
n; = |Cj|, z;; = lem(n;,n;). It then follows by Corollary 2.2.12 that |C;| =
|C;| = ord.(p) for all i, j € Z. O

Remark 2.2.16. As a direct consequence of Corollary 2.2.15, we can say that
when e and p are distinct primes, the relation (i,j)e = (ip, jp)e maps each cy-
clotomic number (a,b). (where (a,b) € Ze X Ze) to orde(p) cyclotomic num-
bers of the form (ap®,bp®), where 0 < x < ord.(p) — 1. It is evident from the
proof of Lemma 2.2.1/ that the cyclotomic numbers (ap®, bp™) are all distinct for
0 <z <orde(p) — 1.

Lemma 2.2.17. Let GF(q) be a finite field of order g = p™ = ef + 1, where p is
an odd prime and f is even. Suppose that i,7 € Z.. Then the cyclotomic orbit
Orbw, (i, j)e has order at most 6.

Proof. By Lemma 1.4.12, when f is even, the following relations (i, ). = (J,)e
and (i,j). = (e —1i,j — 1) hold for all i,j € Z*. It is immediately clear that the
relation (i, 7). = (Jj,1). is self-inverse. It is less clear that (i,j). = (e — 4,5 — 7).

is self-inverse, but observe that under relation:
(e—i,j—i)e=(e—(e—1i),(j—1) = (e—i))e = (4,5 —€)e = (i, ])e.

It is immediately clear from the above relations that the cyclotomic numbers
(257)e, (4,7)e, (6 — 4,5 — i)e € Orbm,(4,5)e. To find further cyclotomic num-
bers contained within Orbg, (4, j)e, the cyclotomic relations (7,j). = (j,7). and
(1,7)e = (e—1,j —1i). must be applied in combination with one another. Note the
relations (¢,7). = (e —i,7 — i) and (4,7)e = (j,7). must be applied alternately,
as both relations are self-inverse.

By first applying the relation (,j). = (e —i,7 — 7). to the cyclotomic number
(7, 7)e, followed by the relation (i,7). = (j, 7)., we obtain the cyclotomic number
(j—1i,e—1).. By then applying the relation (i, j). = (e—1, j—1). to the cyclotomic

number (j —i,e — i), we obtain the cyclotomic number:

(U—de—i)e=(e=(j—i)(e—i)=(j—i))e=(e+i—jre—jle = (i—Jre—J)e
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Applying the relation (i, j). = (j, 7). to the cyclotomic number (i —j, e —j). yields
the cyclotomic number (e — j, i — j).. Applying the relation (i, 7). = (e —1,7 — 1)

for a final time to (4, ). = (e — j,7 — j). gives:
(e—jii—jle=(e—(e—13), (i —j)—(e—j))e=(J,i—e€)e = (4, i),

which is an existing cyclotomic number in the cyclotomic orbit Orbg, (4, 7). Since
both relations are symmetric, applying the relations in the reverse direction pro-
duces a series cyclotomic numbers, already contained in the cyclotomic orbit
Otba, (i, ). Hence, Orba, (i, ) = {(i, 1)es (s D)es (€ = i, j — i)es (j — iy e — )., (i —
Jre —J)e,(e — 4, — j)e}. Therefore Orbg, (7, j). has order exactly 6 when the
cyclotomic numbers (i, j)., (4,%)e, (€ =4, — )¢, (j — 1,6 —1)e, (1 —j, e — j)e and
(e—j,i—7). are all distinct cyclotomic numbers, and order less than 6 when any

collection of these cyclotomic numbers are identical. O

Next we look to identify the size of each orbit Orbw, (7, j).. We first identify
the conditions under which certain pairs of elements from the orbit Orbw, (7, j).
are identical, and the conditions under which pairs of elements in Orbg, (i, j). are
always distinct.

As demonstrated in the proof of Lemma 2.2.17, each distinct cyclotomic num-
ber in Orbw,(i,j). can be written as at least one of the following cyclotomic
numbers (2, j)e, (7,%)e, (€ — 1,7 — 1), (€= J,0 — J)e, (J — 1,6 —0)e, (1 —J, € — J)e-
To determine the number of identical/distinct co-orbital cyclotomic numbers
in the orbit Orbg, (7, 7)., we need to determine whether each pair of 2-tuples
((a,b),(c,d)) € Z. X Z. indexing the elements of Orbg, (i, 7). is identical /distinct
under certain conditions. As there are 6 distinct 2-tuples (a,b) € Z. X Z, in-
dexing the co-orbital cyclotomic numbers of Orbg, (i, 7)., we need to consider all

(5) = 15 possible pairs of indicies ((a,b), (c,d)) € Z X Ze.

Lemma 2.2.18. Let GF(q) be a finite field of order g =ef + 1 = p", where p is
an odd prime and f is even. Let i,7 € Z.. Under the relations in Rs, the pairs

of indicies of co-orbital cyclotomic numbers in Orbw, (7, j)e satisfy the following

(Z) {(i’j)7<€_i>j_i)}7 {(i7j)7(i_j>€_j)}7 {(jai)7(€_j7i_j)}f {(jal)’(]_
ive—i)}, {(e—i,j—1),(G—i,e—i)} and {(e —j,i—j),(i—je—j)} are
always distinct from one another.
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(ii) {(i.4), (G, 0)}, {(e =i, j—i), (e —j,i—Jj)} and {(j —i,e—i),(i = j.e—j)}.

are identical when ¢ = j and distinct otherwise,

(”Z) {(27])7 (6 - ]77' - j)}; {(%])7 (.] - i7€ - Z)}; {(6 - j?Z - j)? (] - ive - Z)}?
{(372)7 (e_iaj_i)}7 {(]72)7 (i_jae_j)} and{(e—i,j—i), (i_jae_j)} are
identical when the conditions 1 = 27 mod e and 37 = 0 mod e are both

satisfied, and distinct otherwise. Observe that this case can only arise if
3] e.

Proof. (i) Observe that for all i,j € Z* we have j # j — i, and analogously, for
all 7,5 € Z%, v # i — j. This means that the following pairs of indicies must

always be distinct: {(i,7), (e —i,7 — 1)}, {(4,4), (i —j,e — 1)}, {(4,9), (e —
J,i—7)} and {(4,7),(j —i,e—1i)}. Note that for all i,j € Z}, e—j # i — j,
since if e — j = ¢ — 7 this implies ¢ = e, meaning that 7 is outside of
the set range of integer values. Analogously for all 1 < 7,7 < e — 1,

e — 1 # j —i. This means that the following pairs of indicies are always
distinct: {<€ - 27.7 - Z), (j - i7e - Z)} and {(6 - jul _]>7 (Z - .j? € — j)}

(ii) When i = j € Z, observe that the following pairs of indicies are identical
{(,5), G0} {le—i,j—1),(e=j,i—j)} and {(i — j,e = j), (j —i,e —0)}.
Moreover, when @ # j € Z, then i # j,e—i # e —jand j — i # i — 1,
therefore the above pairs of cyclotomic numbers are not identical when
1# ] €L

(iii) Finally, when for i # j € Zf, i =2j mod e and 3j = 0 mod e hold, this

means:

(,7) = (27,])
(e—Jdii—j) =34 —14,25 —j) = (24.4)
(J—de—1i)=(j—24,3 — 2j) = (24, 4)
(7,4) = (5,24)
(e —i,j —1i) = (e— 24,5 —2j) = (4, 2))
(i —jre—3j)= (21— j,e — j) = (5, 29).

J:2
Js

It then immediately follows from the above that when, for ¢ # j € Z, 1 =

27 mod e and 37 = 0 mod e, the following pairs of indicies are identical
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{(,9). (e —gyi—=)} {@,5), (G —i,e =)}, {le—j.0—J),(J —i,e — i)},
{(.9), (e =i, j—a)}, (4,0), (i — j,e— j)} and {(e —i,j —4), (i — je — j)}.
We now prove that the pairs of indicies {(7, ), (e —j,i—7)} and {(j,4), (i —
J,e—j)} are only identical when, for i # j € Z, i =2j mod e and 3j =0
mod e. The above pairs of cyclotomic numbers are only identical if i = e—j
and j = ¢ — j from the second condition, we obtain that 25 = ¢ mod e,
therefore immediately follows that if ¢ Z 25 mod e, then these pairs of
cyclotomic numbers are not equal. Moreover, suppose ¢ = 25 mod e, but
35 # 0 mod e, then it is clear that ¢ # e — j mod e, and so the pairs of
indicies, {(¢,J), (e — j,i — j)} and {(j,%), (i — j,e — j)}, cannot be identical
when ¢ # 2j mod e or 3j Z0 mod e.
Using an analogous proof strategy, we can demonstrate that the following
pairs of indicies are identical only if ¢ = 25 mod e and 35 = 0 mod ¢
{(6,5), G —ie=i)}, {(G,0), (e—i,j =)}, {(e—j,i—j),(j —i,e —1)} and
{le—u,j—14),(i—je—J)}

m

Remark 2.2.19. In case (ii), observe that as i = j, the orbit representative
is automatically the cyclotomic number (i,1).. In case (iii), there are only two
elements in (i,). and (j,i). in the orbit Orby,(i,j)e notice that i = 2j mod e
and 37 =0 mod e if and only if j = 2i mod e and 3i =0 mod e.

As we have determined when the indicies of the cyclotomic numbers in Orbg, (7, 7).
are identical, and when they are distinct, we can now determine the size of each
orbit Orbg, (7, j)e.

Lemma 2.2.20. Let GF(q) be a finite field of order g = ef +1 = p", where p is
an odd prime and f is even. The cyclotomic orbit Orbg, (i, j). has size 6 except

for in the following cases:
(i) i =7 =0, in which case |Orbwn,(i,j).| =1,
(i1) i = j # 0, in which case |Orbgy, (i, j).| = 3,
(i5i) i =2j mod e and 3j =0 mod e, in which case |Orbg, (7, j).| = 2

PTOOf' Notice that Orbi)’sg (iaj)e - {(Lj)ev (]7 Z.)ev (6 - Za] - i)ey (6 - ]7Z - j>€7 (] -
iye —1i)e, (i —j,e — j)c}. This result is then immediate from Lemma 2.2.18. [
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In the remaining part of this Subsection, we build upon previous results to
determine the size of each cyclotomic orbit Orbg, (7, j).. Throughout all subse-
quent results, it will be assumed that f is even. Note that the set $R3 contains all
known cyclotomic numbers relations listed for f even in Theorem 1.4.12, there-
fore these orbits under the relations of PR3 are the most useful orbits explored
in this Subsection when it comes to establishing new cyclotomic constructions of
combinatorial objects in the f even case. In the result below, we establish the

maximum possible size of each orbit Orbg, (7, j)e.

Theorem 2.2.21. Let GF(q) be a finite field of order ¢ = p" = ef + 1, where
e > 5 and p are both odd primes and f is even. In the finite field GF(e), let
CS' = (af) = (p), where a is a primitive root of GF(e) and ny = |C5'| = ord.(p)
15 odd.

(i) Each cyclotomic number in the orbit Orb, (i, j). can be written in the form
(ap”,bp")e, where (a,b) € Orbg,(i,7)e and 0 <r <mn; — 1.

(ii) Let GF(q) be a finite field of order ¢ = ef +1 = p", where p is an odd prime
and e is prime. Then the cyclotomic orbit Orbw,(i,j). has order at most

6n1, where ny = ord.(p).

Proof. (i) By applying the relation (i, 7). = (ip, jp). to the cyclotomic num-
bers contained in the cyclotomic orbit Orbgy, (7, j). we obtain all co-orbital
cyclotomic numbers of the form (ip“, jp*)e, (jp*, ip")e, ((e—7)p*, (j—1)p“)e,
((e=5)p" (t=7)p")e, (G —9)p", (e —1)p¥)e and ((i —j)p*, (e — j)p*)e, where
0 < wu,v,w,x,y,z < ny — 1. These are precisely the cyclotomic numbers
contained within the cyclotomic orbit Orbg, (7, j).. To see this, observe that
we may write all of the cyclotomic numbers above as a cyclotomic number
in Orbg, (4, j). with the cyclotomic relation (7, j). = (ip, jp). applied to it,
as a cyclotomic number of the form (ap”, bp”)e, where (a,b) € Orbw, (7, j)e
and 0 < r < n; — 1. By applying the relation (i,j). = (j,4). to the cy-
clotomic number (ap”, bp")., we obtain the cyclotomic number (bp", ap”).,
which has already been obtained by applying the relation (7, j)e = (ip, jp)e
to the element (b,a). of the orbit Orbg, (4, j).. Similarly, by applying the
relation (7, ). = (e—1i,7—1)e to (ap”, bp")., we obtain ((e—a)p", (b—a)p").,
which has also already been determined by applying (i, 7). = (ip, jp)e to an
element of Orbg, (7, j)e.
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(ii) By Lemma 2.2.17, the cyclotomic orbit Orbg, (7, j). comprises at most 6
cyclotomic numbers it therefore follows by Remark 2.2.16 that Orbg, (i, 7).

comprises at most 6n; cyclotomic numbers, where n; = ord.(p). O

As the maximum size of each orbit Orbg, (7, j). has now been established, we
now seek to determine the exact size of each orbit. Before we can do this, we

require a few preliminary results.

Proposition 2.2.22. Let GF(q) be a finite field of order ¢ = p" = ef+1, where p
s prime, e is prime and f is even. Let ny, as it is definied statement of Theorem
2.2.21, be odd and let 1 <m <e—1, then

r

(i) if m € CS', then —m € C’f’_&g, where 0 < r <e—1.
(ii) for all0 < z,y <mny —1, mp® # (—m)p?Y mod e.
(111) for alll1 <z <n;—1, mp** #Zm mod e.

Proof. (i) As |Cy'| = ny is odd, it follows by Lemma 1.4.11 that —1 € C¢".
2
This means that if m € C%!, then —m = (—1)m € Cfig where 0 < r <e—1.
2

(ii) Since 05’1 = (p), there exist integers 0 < z,y < ny; — 1 such that mp® =
(—m)pY mod e, if m and —m are contained within the same cyclotomic
class. By part (i), m and —m are in distinct cyclotomic classes, we see that

mp® #Z (—m)p? mod e for all 0 < x,y <ny — 1.

(iii) As 1 <m <e—1,m € C%, where 0 < r < ¢ —1. By Corollary 2.2.12,
|CSY = ord.(p) = ny meaning that n; is the smallest positive integer such
that mp™ = m mod e. As n; is odd, there is no integer 1 < z < mny; — 1
such that 2z = 0 mod n; by Lemma 2.2.9 as ny 1 2z for 1 <z < ny — 1,

this means mp?®* Zm mod e for all 1 < x < n; — 1. O

We can now use the above result to identify the conditions under which cer-
tain pairs of co-orbital cyclotomic numbers are identical to each other under the
relations in PR3 as well as when pairs of co-orbital cyclotomic numbers are always
distinct from one another under the relations in fRs.

Recall from Lemma 2.2.21 that for each cyclotomic number (ap”,bp"). €
Orbg, (4, j)e, indexed by (ap”,bp") € Ze X Ze, the 2-tuple (a,b) indexes a cy-
clotomic number (a,b). € Orbg,(i,7).. Therefore, if a pair of cyclotomic num-
bers ((ap”, bp")e, (cp®,dp®)e) € Orbwm,(i,7)e X Orbn,(7,j)e, then (a,bd)., (¢,d). €
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Orbg, (4,7)e and 0 < 7, s < ny — 1. Note that, for any pair of co-orbital cyclo-
tomic numbers ((ap”, bp")e, (cp®, cp®)e) € Orby, (7, j)e X Orbwm, (i, 7)., there are 4
possibilities

(i) (a,b) = (c,d) € Orbg,(i,7)e and 0 <r =5 <ny — 1,
(ii) (a,b) = (¢,d) € Orbgp,(i,7)e and 0 <7 # s <my — 1,
(iii) (a,b) # (¢,d) € Orbg,(i,j)e and 0 <7 =5 <mny — 1,

(iv) (a,b) # (¢,d) € Orbg,(i,j). and 0 <7 # s < ny — 1.

Case (i) is trivial as any cyclotomic number is identical to itself, however,
determining whether a pair of cyclotomic numbers satisfying Cases (ii)-(iv) is
distinct /identical requires more work. Over the next three results, we identify all
pairs of co-orbital cyclotomic numbers in Cases (ii)-(iv) that are distinct under the
relations in PR3, and we also identify when certain pairs of co-orbital cyclotomic
numbers in Cases (ii)-(iv) are identical under the relations in 9R3. Each Lemma

below covers one of Cases (ii)-(iv) outlined above.

Lemma 2.2.23. Let GF(q) be a finite field of order g =ef + 1 = p", where p is
an odd prime, e > 5 is prime and f is even. In the finite field GF(e), let C’S’l =
(o) 2 (p) and suppose ny = |C5"| = ord.(p) is odd. Let (a,b) € Orby, (i, ). and
let 0 < r # s <ny—1. Then the cyclotomic numbers (ap”,bp")e, (ap®,bp®). €
Orbg, (4, j)e are distinct.

Proof. This result is immediate from Remark 2.2.16. O

Lemma 2.2.24. Let GF(q) be a finite field of order ¢ = ef + 1 = p", where
p is an odd prime, e > 5 is prime and f is even. In the finite field GF(e),
let C5' = (a) = (p) and suppose ny = |C5'| = orde(p) is odd. Let (a,b) #
(c,d) € Orbg,(i,7)e and let 0 < r < ny — 1. Then the cyclotomic numbers
(ap”, bp")e, (cp”,dp")e € Orbw,(i,7)e are distinct if

(i) {(a,b),(c,d)} is a pair in Case (i) of Lemma 2.2.18,
(i1) {(a,b),(c,d)} is a pair in Case (ii) of Lemma 2.2.18 and i # j,

(iii) {(a,b),(c,d)} is a pair in Case (iii) of of Lemma 2.2.18.
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If{(a,b),(c,d)} is a pair in Case (ii) of Lemma 2.2.18 and i = j then (ap”,bp").,
(ep”,dp"). € Orbw(i,j) are identical.

Proof. Let (ap”,bp")e, (cp”, dp"). be any two cyclotomic numbers satisfying 0 <
r < ny — 1, where (a,b) # (¢, d) € {(i,), (j,9), (e — 4,5 — ), (e — j,i — j), (J —
i,e —1),(i — j,e — 7)}. The cyclotomic numbers (ap”,bp”). and (cp”,dp"). are
identical if and only if ap” = ¢p” mod e and bp” = dp” mod e, which is true if
and only if ap”™" = ¢ mod e and bp"™" = d mod e. We can see that ap”™" = a
and bp"~" = b, therefore, the cyclotomic numbers (ap”,bp”). and (cp”,dp”). are
identical if and only if the cyclotomic numbers (a, b). and (¢, d). are identical.

Since f is even and p is prime, parts (i) and (ii) are immediate from Lemma
2.2.20.

For part (iii) notice that the pairs in Lemma 2.2.20 are identical precisely
when ¢ = 25 mod e and 357 = 0 mod e, however the second condition requires
e | 3j, which is not possible since e > 5 and e is prime. This means that these

pairs are not identical pairs under the above conditions. O

Theorem 2.2.25. Let GF(q) be a finite field of order ¢ = ef +1 = p", where p is
an odd prime, e > 5 is prime and f is even. In the finite field GF(e), let C’S’l =
(o) =2 (p) and suppose ny = |C5"| = ord.(p) is odd. Let (ap”,bp"). and (cp®, dp®)e
be two co-orbital cyclotomic numbers in the cyclotomic orbit Orbg, (i, j)e such that
(a,b) # (¢,d) € ZeXZ, index two cyclotomic numbers (a,b)., (¢,d). € Orbs, (7, j).
and 0 <r #s<ny—1. Then if

(Z) {(CL, b)7 (C, d)} S {(laj)a (e_iaj _i)}’ {(Z>])7 (Z _j7 e_j)}7 {(j7i)e> (G—j, 1=
N A,9),(j —i,e — i)} the cyclotomic numbers (ap”,bp"). and (cp®, dp®).

are distinct.

(1) {(a,0), (c;d)} € {{(i,7), (5: D)} {(e =1, =), =, =)}, {(e =g, i =3), (i =

Jj,e —J)}} the cyclotomic numbers (ap”,bp"). and (cp®,dp®)e are distinct.

(iii) {(a,b),(c,d)} € {{(e —i,j —i),(e—j,i= )} {( —t,e—4), (i —j,e—j)}}
the cyclotomic numbers (ap”,bp”). and (cp®, dp®). are distinct.
() (a) For {(a,b),(c.d)} € {{(z,7),(e —j. i =)} {(e=j.i—j),(j—ie—

i)}, {(,9), (i — j,e = j)}} we have (ap”,bp")e = (cp®,dp*) precisely if
i=(—7)p*" mode and j =i(p* "+ 1) mod e.
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(b) For {(a,b),(c,d)} € {{(i,5),(j —i,e =)}, {(4,7), (e = 4,5 — )}, {(e =
i,j —1),( — j,e —7)}} we have (ap”,bp"). = (cp®,dp®) precisely if
i=(—7)p"° mode and j =i(p"*+1) mod e.

Proof. As 0 < r # s < e — 1 are arbitrary, the number of distinct cases

((ap”

,bp")e, (cp®,dp®). € Orbw,(i,7). depends only on the number of distinct

pairs ((a,b), (¢,d)) € Orbw,(i,7)e X Orbg,(7,j).. Since there are 6 different ele-

ments in the cyclotomic orbit Orbgy (i, )., there are (g) = 15 different pairs of

cyclotomic numbers (ap”, bp"). and (cp®, dp®). in Orbw, (1, j). for which (a,b) #
(¢,d) € Orbg,(i,7)e and 0 < r # s < ny; — 1. We account for 4 of the pos-
sibilities in part (i), 3 of the possibilities in part (ii), 2 of the possibilities in

part (iii) and 6 of the possibilities in part (iv) thus all 15 possible cases of cyclo-

tomic numbers (ap”, bp"). and (cp®, dp®). where (a,b) # (¢, d) € Orbg, (i, j). and

0 <r+#s<mny—1 are accounted for in this result.

(i)

The cyclotomic numbers (ip", jp"). and ((e—1)p®, (j —i)p®)., where 0 < r #
s < ny—1, are identical if and only if ip" = (e —)p® mod e and jp" = (j —
i)p® mod e. By Proposition 2.2.22, for all 0 < r # s < n;—1, ip" # (e—i)p*
mod e (since e —i = —i) this means that the cyclotomic numbers (ip”, jp").
and ((e —4)p°, (j — i)p°). are always distinct. We can also see that this
implies that the cyclotomic numbers (jp",ip"). and ((j — i)p®, (e — i)p®).
are always distinct. Similarly, by Proposition 2.2.22, for all 0 < r # s <
ny — 1 jp" # (e — j)p® this implies that the pairs of cyclotomic numbers
[0 307)er (= )0, (e — )p°)e and L8787, (e — )0 i )p)e} e
always distinct.

Assume that for 0 < r # s < nj; — 1, the cyclotomic numbers (ip", jp"). and
(jp®,ip®)e are identical. This means that ip” = jp® mod e and jp" = ip®
mod e. By rearranging these expressions, we obtain ¢p"~® = j mod e and
J =p
"% = ip® " mod e, which we can then multiply through by p"=% to give
z'pz(’“_s)zi mode. AsO<r#s<n;—1 either0<r<s<n; —1or
0 <s<r<n;—1. Inthefirst case, 1 <r—s < n;—1 and so by Proposition
2.2.22, ip?"=%) £ 4 mod e. In the second case, —(n; — 1) <r —s < —1.

Since p™ =1 mod e, p"*T™ = p"~* mod e, where 1 < r—s+n; < n;—1.

*~" mod e. We can then combine the resultant equalities to give
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By Proposition 2.2.22, as 1 <7 —s+n; < nq — 1, ip?r—stm) = jp2(r=s) £ 4
mod e. Therefore, (ip”, jp®). and (jp",ip*). must always be distinct.

An analogous argument can be used to show that the ensuing pairs of
cyclotomic numbers must also be distinct {((e — @)p", (j — )p")e, ((7 —
i)p*, (e —i)p*)e} and {((e — j)p", (i — j)p")e; (i — j)p", (e — j)p*)e} for all
0<r#s<mn;—1.

(iii) Assume that the cyclotomic numbers ((e—i)p", (j—i)p"). and ((e—7)p®, (i—
J)p®). are identical for 0 < r # s < ny — 1, then this means that (e —i)p" =
(e—7)p® mod eand (j—i)p" = (i—7)p® mod e. Observe that if 0 < i # j <
e—1,j—1i=—(i—j), and so by Proposition 2.2.22 (ii) (j —i)p" # (i—j)p°
mod e, which is a contradiction. This means that if (7 —i)p" = (i — j)p°
mod e then 0 <i=j<mn;—1 When0<i=j<n; —1,(e—jp° =
(e —i)p® and therefore (e —i)p” = (e — i)p® mod e. By Remark 2.2.16
(e —i)p" # (e —i)p® mod e for any 0 < r # s < ny — 1, so therefore the
cyclotomic numbers ((e—i)p", (j—i)p"). and ((e—7)p®, (i—j)p®). are always
distinct when 0 < r # s < n; — 1. The same argument can be used to show
that the cyclotomic numbers ((5 —4)p", (e —i)p"). and ((i — 7)p°, (e — J)p*)e

are always distinct.

(iv) In case (a), the cyclotomic numbers (ip", jp"). and ((e —j)p®, (i — j)p°). are
identical for 0 < r # s < n;—1, precisely if ip” = (e—7)p®* mod e and jp" =
(1 — j)p® mod e. These conditions can rearranged to give i = (e — j)p"*

S—1T

mod e and j = (i—7)p"~* mod e, which is equivalent to i = —jp mod e

and j =" "* 4+ 147 mod e. All other cases follow analogously. O]

Remark 2.2.26. It can be shown that (i, 7). satisfies the conditions of Theorem
2.2.25 (iv) precisely if (a,b). also satisfies these conditions for any other (a,b).

in the orbit. Hence the condition does not depend on the choice of (i,7)e.

As we have found all pairs of conditionally identical/distinct cyclotomic num-
bers under the relations in $R3 between the three results above, we can determine

the size of all cyclotomic orbits under the relations in Rs.
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Theorem 2.2.27. Let GF(q) be a finite field of order ¢ = ef + 1 = p", where
p is an odd prime, f is even and e > 5 is prime. Moreover, in the finite field
GF(e), let C5' = (o) = (p), where |C5'| = ord.(p) = ny is odd. The cyclotomic

orbit Orbw, (7, j)e has order 6ny except in the following cases:
(i) when i =7 =0, Orby(i,j)e has order 1,
(ii) when i = j € Z%, Orby(i, ). has order 3n,

(11i) when i = —jp* mod e and j = i(p® + 1) mode for 1 < z < ny — 1,
Orbw (7, j)e has order 2n;.

Proof. Part (i) follows from Lemma 2.2.20; notice that when ¢ = j = 0, Orbg, (¢, 7).
contains only 1 element, the element (0,0).. Applying the cyclotomic number
relation (i, 7). = (ip, jp)e to the cyclotomic number (0,0), only returns the cy-
clotomic number (0,0).. Part (ii) is immediate from above. For part (iii) by
Theorem 2.2.25 (iv) it is immediate that if there is some 0 < x < ny; — 1 such

that i = —jp® mod e and j =i(p” + 1) mod e then

o (ap",bp")e = (cp’™*,dp™*). for {(a,b), (c,d)} € {{(i,7), (e—j,i—j)}, {(e—
j,i—j),(j—i,e—i)},{(j,i),(i—j,e—j)}.

i (apr’ bpr)e = (Cprixv dprix)e for {(a7 b)’ (Ca d)} € {{(27])’ (j_i7 G—i)}, {(ja i),
(e =i, j—i)}{(e—1i,j—1),(i—je—j)} O

I now introduce a final new definition, this is the definition of internal and
external cyclotomic orbits. It is important distinguish between internal and ex-
ternal cyclotomic orbits as internal cyclotomic orbits can be used as tools to find
new constructions of disjoint partial difference families, whilst external cyclo-
tomic orbits may be used to construct external partial difference families. Note
that the following definition discusses internal and external cyclotomic numbers;

for a formal definition of these concepts, we refer the reader back to Definition
1.4.5.

Definition 2.2.28. When a cyclotomic orbit comprises only internal cyclotomic
numbers, this cyclotomic orbit is referred to as an internal cyclotomic orbit.
Similarly, a cyclotomic orbit that comprises only external cyclotomic numbers, is

referred to as an external cyclotomic orbit.
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Note that it is not always possible to cleanly partition the cyclotomic orbits
into internal cyclotomic orbits and external cyclotomic orbits. Whilst in the f
even case every orbit is either an internal cyclotomic orbit or external cyclotomic
orbit, since the relations (7,j). = (j,i)e, (4,7)e = (e — 4, — 1) and (i,])e =
(ip, jp)e (which are the only cyclotomic number relations that hold when f is
even) relate internal cyclotomic numbers to internal cyclotomic numbers and
external cyclotomic numbers to external cyclotomic numbers, the same is not true
in the case where f is odd. When f is odd is the relation (4, 7). = (j + 5,4+ 5)e
relates internal cyclotomic numbers to external cyclotomic numbers (for details,
see Theorem 1.4.12), therefore we can only classify cyclotomic orbits as internal
and external cyclotomic orbits when f is even.

With the above definition established, we can determine the order of all in-

ternal and external cyclotomic orbits.

Corollary 2.2.29. Let GF(q) be a finite field of order ¢ = ef +1 = p™, where p
is an odd prime, f is even and e > 5 is prime. Moreover, let ny (as defined in
the statement of Theorem 2.2.27) be odd. Then

(i) (a) we can index: ny of the cyclotomic numbers in each internal cyclotomic
orbit by (i,1) € Ze X Ze, ny of the cyclotomic numbers by (e —i,0) x

Ze X Lo and ny of the cyclotomic numbers by (0,e — i) € Ze X Ze.
(b) all internal cyclotomic numbers are contained in internal cyclotomic

orbits of order 1 or 3n;.

(c) there is 1 internal orbit of order 1 and € internal orbits of order 3n,.

(i1) all external cyclotomic numbers are contained in external cyclotomic orbits

of order 2n, or 6n;.

Proof. (i) (a) This result is immediate from the proof of Theorem 2.2.21.
(b) It is clear that Orbw,(0,0). = {(0,0).}, so the internal cyclotomic

number (0,0), is contained in an orbit of order 1.

By Definition 1.4.5 the remaining internal cyclotomic numbers of order
e are indexed by one of the following; (j, j) € Z X Z%, (4,0). € Z} X Z¢
or (0,7)e € Z, x Z. It follows from part (i)(a) that all cyclotomic

numbers, indexed by the above, are in internal orbits of length 3n;.
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(¢) The cyclotomic orbit Orbg,(0,0), has size 1. There are then a re-
maining 3(e — 1) internal cyclotomic numbers. By part (i)(b), all
other internal cyclotomic orbits have order 3n;. There are therefore
3(e — 1) internal cyclotomic numbers contained in orbits of order 3n;.

3e—1) _ em — ¢ ipternal cyclotomic

It follows from this that there are 3
ni ni

orbits of order 3n;.

(ii) From part (i), all orbits of the form Orbg,(i,4). of order 3n; only contain
internal cyclotomic numbers. Further, the only orbit of order 1 contains
an internal cyclotomic number. Since by Theorem 2.2.27, all orbits when
e and p are both prime and n; is odd are of order 1, 2ny, 3n; or 6nq, it
follows that the orbits of order 2n; and 6n; must be external cyclotomic
orbits. O

In Theorem 2.2.27 we demonstrate that external cyclotomic orbit Orbg, (i, 7).
has order 2n; when i = —jp®” and j = i(p® + 1). In the following Corollary we
demonstrate that ¢ and ;7 have to lie in particular cyclotomic classes in order for

this phenomenon to occur.

Corollary 2.2.30. If1 < i,j5 < e — 1 satisfy the conditions of Theorem 2.2.27
then i € CS' and j € C’fig for0<r<e-—1.
2

Proof. Recall that e = eny; + 1, where e > 5 is an odd prime and n; is odd.
By Lemma 1.4.11, as n; is odd, this means that —1 € C%'. As p generates the
cyclotomic class C’S’l, we know that if i = —jp® and ¢ € C’f’ffor some () <r <e—1,
then j € C:j% ]

In fact, I have been able to do more analysis of this type to determine further
results about the structure of external orbits of order 2n;, but it is not included
in this thesis due to time and space considerations.

We have now established the size and classification of each cyclotomic orbit in
a finite field GF(q), in which e > 5 and p are both prime, f is even and n; = |(p)|
is odd. In the following example, we use the above results to present the size and
classification of each cyclotomic orbit in GF(243) under the relations of R3 when
e=11.



72

Example 2.2.31. In the finite field GF(243), it is clear that p = 3. Observe that
243 = 11(22) + 1. If we choose e = 11, then we satisfy the conditions that e is
a prime greater than 5 and f is even. Notice that (3) = {1,3,9,5,4} in GF(11),
it therefore follows that the elements of (3) coincide with the cyclotomic class
Co' € GF(11). This means that € is equal to 2, and as (3) comprises 5 distinct
elements, this implies ny = 5 and thus, we meet all the conditions of Theorem
2.2.27 and Corollary 2.2.29. It is immediate from the proof of Corollary 2.2.29
that when e = 11, each internal cyclotomic orbit Orbw(i,j)11 has order 3ng,
except for the cyclotomic orbit containing the element (0,0)11, which has order
1. Ezcluding the cyclotomic number (0,0)11, there are 30 internal cyclotomic
numbers of order 11 by Corollary 2.2.29 (i)(c), as € = 2, this means there are 2

internal orbits of order 3ny = 15. As follows

Orbg(0,0)1; = {(0,0)11}

Orbg (1, 1)11 = {(1, D11, (3,3)11, (9, 911, (5,5) 11, (4, 4) 11, (10, 0)11, (8, 0)11, (2, 011,
(6,0)11, (7,0)11, (0,10)11, (0, 8) 11, (0, 2)11, (0,6) 11, (0, 7)11 },

Orba (2, 2)11 = {(2,2)11, (6,6)11, (7, )11, (10, 10)11, (8, 8)11, (9, 0)11, (5, 0)11,
(4,0)11, (1,0)11, (3, 0)11, (0, 9)11, (0, 5)11, (0, 4)11, (0, D11, (0, 3)11 -

From Corollary 2.2.30, we need to check where there are any i € 002’1 =
{1,3,9,5,4} and j € o = {2,6,7,10,8} such that i = —j3* mod e and j =
i(3* + 1). As there are no elements of this type, there are zero external orbits of

order 2ny = 10 in this case. The remaining 3 orbits of size 6ny = 30 are

Orbiﬂ(17 2)11 = { 17 2)117 (37 6)11a (97 7)11a (5a 10)11a (47 8)117 <2a 1)117 (67 3)117 (77 9)117

3,8)11, (9 2)11, (5,6)11, (4, 7)11, (9, 10)11, (5, 8)11, (4, 2)11, (1, 6)11,
10,9)11, (8,5)11, (2,4)11, (6,1)11, (7, 3)11}

3,911, (9:5)11, (5, 4)11, (4, D11, (3, D11, (9, 3)11, (5, 9)a,
1,4)11,(10,2)11,(8,6)11, (2, 7)11, (6,10)11, (7,8)11, (2, 10)11,
7,2)11, (10,6)11, (8, )11, (8,9)11, (2, 5)11, (6, 4)11, (7, D,
1 3)11,(9,8)11, (5,2)11, (4,6)11, (1, 7)11, (3,10)11 }

97 1)117 (5; 3)117 (47 9)117 (57 1)117 (47 3)117 (17 9)117
10,4)11, (8, D11, (2, 3)11, (6,9)11, (7, 5)11, (4, 10) 11,
9,6)11, (5, )11, (6, 7)11, (7, 10)11, (10, 8)11, (8, 2)11,
10, 7)11, (8,10)11, (2, 8)11, (6,2)11}

=
—
N A/~ I/~

s (
)117(
s (
)i, (
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2.2.1 Cyclotomic coset representatives

In the previous subsection, we determined the number of cyclotomic orbits of
order e in a finite field of characteristic p. In this subsection, we shift focus
slightly and determine the orbit representatives of each cyclotomic orbit in a
finite field GF(q), where for ¢ = p™ = ef+1, e > 5 is prime, p is prime, f is even
and |(p)] € GF(e) is odd. Ultimately, we are interested in doing this, because
knowing the cyclotomic orbit representatives in these finite fields enables us to
design an algorithm for computing the cyclotomic numbers in finite fields that
meet these criteria in a later chapter.

We will use the following notation throughout this subsection.

Definition 2.2.32. The notation o, is used to denote the smallest positive in-
teger in GF(e) that is contained within the cyclotomic class C';’l = o’ (a), where
C5' C GF(e) and e is a prime.

Theorem 2.2.33. Let GF(q) be a finite field of order ¢ = p™ = ef + 1, where p is
an odd prime, e > 5 is prime and for (p) C GF(e)*, |(p)| = n1 is odd. Moreover,
in the finite field GF(e), for all0 < j < e—1, let C;’l = o?{af) = o’/ (p). The
representative of each internal cyclotomic orbit of order 3ny is the cyclotomic

number (e, Ajc)e-

Proof. 1t follows from the proof of Corollary 2.2.29 that when p is an odd prime,
f is even, e > 5 is prime and n, is odd, all internal cyclotomic numbers, exclud-
ing (0,0)., are contained within a cyclotomic orbit of order 3n;. Further, each
cyclotomic orbit of order 3n; contains exactly ny elements of the form (ip”,ip").,
ny elements of the form ((e —4)p",0). and n, elements of the form (0, (e —i)p").
(where 1 <i<e—1and 0 <r <mn; —1). Notice that d = |i —i| = 0, therefore
the cyclotomic number (i,4), with smallest 0 <1 < e — 1 is the representative of
each orbit of order 3n;.

Moreover, it follows by the proof of Corollary 2.2.29 that two cyclotomic numbers
(ip",ip")e and (ip®,ip®). where 0 < r # s < n; — 1 are only equivalent to one
another under the relation (7, j). = (ip, jp).. It therefore follows that ip” and ip®
(where 0 < r # s < n; — 1) must be contained within the same cyclotomic coset

C; = {i,ip,...,ip™}. By Corollary 2.2.12, each cyclotomic coset C; is equivalent

to some cyclotomic class Cj-’l, where € = Ored:(lp) and 7 € C’;’l. It therefore follows

that the smallest cyclotomic number (i,%), in each cyclotomic orbit of order 3n;
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corresponds to the cyclotomic number (o, o), where o is smallest element

of the cyclotomic class C;-’l. O

Example 2.2.34. Let GF(243) and choose e = 11. Note that in this finite field,
p = 3. It follows from Ezample 2.2.31 that there are two internal orbits of order
3ny = 15: the orbit representatives of these orbits are (1,1)11 and (2,2)11.

Observe that in the finite field GF(11), a = 6 is a primitive element of this finite
field. Moreover, o® = 3 mod 11, therefore Co' = (o?) = {3,9,5,4,1} = (3)
in GF(11). It follows that in GF(11), apa = 1, this corresponds to the orbit
representative (1,1)11. Further, the only other cyclotomic class of order 2 in
GF(11) is the cyclotomic class C7" = {6,7,10,8,2} and it is clear that oy 5 = 2,

where (o1, a11)11 corresponds to the cyclotomic number (2, 2)..

At this present time, I have not been able to replicate these results to find

the cyclotomic orbit representatives for all external cyclotomic orbits.
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Chapter 3

Cyclotomic constructions of
DPDFs and EPDF's

In this Chapter, we utilise the cyclotomic frameworks developed in Chapter 2,
to establish further DPDF and EPDF constructions. As mentioned in the in-
troductory chapter, field cyclotomy has long since been an established tool for
constructing various types of difference family with more recent papers in this area
centering around finding new constructions of DDFs and EDFs (see for example
[14],[16]). As DPDFs generalise DDFs and EDFs, the results in this Chapter
extend previous DDF and EDF constructions. We also able to extend some more
historic difference family results, for example, one of our results expands upon
the main PDS result in [4].

This Chapter is organised as follows in the first Section of this Chapter, we
explore cyclotomic PDS constructions, which we use in subsequent Sections to in-
form new DPDF and EPDF constructions. In the second Section of this Chapter,
we utilise the PDS constructions found in Section 1 to identify new DPDF /EPDF
constructions, in which the component sets of the DPDF's are individually PDSs.
In Section 3, we construct DPDFs and EPDFs by partitioning cyclotomic PDSs
into smaller cyclotomic classes. In Sections 4 and Section 5, we look at partitions
of the squares into cyclotomic classes with small values of e and f respectively.
Finally, in Section 6, we look at a standalone cyclotomic PDS/DPDF construc-
tion obtained using cyclotomic orbits. The results in Sections 1 to 4 are from the
paper [34], while Section 5 largely contains results from the upcoming preprint

[40].
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3.1 PDS constructions for small e

As demonstrated in the Introduction, PDSs can be used to construct DPDFs and
EPDFs in two different ways we can partition PDSs into DPDFs/EPDFs and we
can also construct DPDFs (and EPDF's) from collections of PDSs. In this Section
we therefore explore cyclotomic constructions of PDSs, as we utilise these results
in later Sections to find new cyclotomic constructions of DPDFs and EPDFs.

Throughout this Section, we investigate when a particular cyclotomic class
Cy™ C GF(q), where ¢ = ef + 1, forms a PDS. (In a later Chapter we construct
PDSs from unions of cyclotomic classes.) We begin this Section by looking at
some key results in the papers [60] and [67] which provide insight into when
C§ is/isn’t a Difference Set. In the second part of this section, we explore the
conditions under which C§ is a PDS for small, selected values of e (namely the
values e = 2,3,4,6,8). Finally, in the last part of this Section, we include some
more general PDS results that depend on the relation between e and f, as opposed
to evaluating specific cyclotomic numbers. All results in this Section are recorded
in my joint paper with my supervisor [34].

The result below is a concatenation of results from [60] and [67]. The book [60]
is the earliest known resource to explore cyclotomic constructions of Difference
Sets, and hence contains many interesting results about when C7™ is a Difference
Set. However, in [60], most of the results are predicated on ¢ being an odd prime
power. The paper [67] is a more up to date resource which establishes new
results, including results where ¢ is an even prime power. (Note that since it
was demonstrated by Remark 1.3.4 that we can view any cyclotomic Difference
Set as being a PDS, we can also use Difference Sets to inform DPDF/EPDF

constructions.)
Theorem 3.1.1. Let g =p™ =ef + 1 be a prime power.

(1) If q is even then C5™ is not a Difference Set for any value of e.

(i1) If q is odd and C3™ is a Difference Set, then e must be even and f must be
odd.

(iii) If g=2f +1=3 mod 4, then C’g’m 1s a Difference Set.

(i) If g =4f + 1 then Cé’m is a Difference Set if and only if ¢ = 1+ 4t> and t
18 odd.
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(v) When q = 6f + 1 then CJ™ is not a Difference Set.

(vi) If ¢ = 8f + 1 then C3™ is a Difference Set if and only if q admits the
simultaneous representations ¢ = 9 + 64y? = 1 + 8b2, where y = b = 1
mod 2.

We now look at when C5™ is a PDS. We begin by looking at when Cy™ is a

PDS for small values of e.

The result below covers the case e = 2. (Notice that part Theorem 3.1.2(ii) is a
rewriting of Theorem 3.1.1(iii).) Proposition 3.1.2 was first recorded in [60], but
is essentially a rewrite of Paley’s classical PDS construction in [56] in cyclotomic

notation.

Proposition 3.1.2. Let GF(q) be a finite field, where ¢ = p* = 2f + 1. Then
Co®is a

(i) (q, 51;_1’ %, q%,tl)—PDS if g=1 mod 4,

(ii) (g, %5+, 2)-Difference Set if ¢ =3 mod 4.

We now establish similar results for e € {3,4,6,8}. The cycltomic number
expressions quoted below in Theorem 3.1.3 have been taken from the following
sources: [25], [42], [43], [60] and [67]. For a full list of internal cyclotomic number
expressions when e € {3,4,6,8} see Appendix A. The notion of a proper rep-
resentation is a number theoretic technicality, for further information on proper

representation, see the formal definition presented in Appendix A.

Theorem 3.1.3. Let GF(q) be a finite field, where ¢ = p™ = ef + 1. Suppose f

15 even:

i) whene =3, thenq=p™ =1 mod 3 and 4q = c*>+27d? is the unique proper
(1)
representation of 4q with ¢ = 1 mod 3. It follows that Cg’m is a PDS if
. . . —1 q—8+4c 2q—4—c
and only if d = 0. The parameters of this PDS are (q, 45, &5, “—)
and C’g”m 15 a proper PDS if it is non-trivial. The case d = 0 holds precisely

m

when ¢ = p™, such that p =2 mod 3 and m is even.

(11) when e =4, then g =p™ =1 mod 4 and q = s* + 4t* is the unique proper
representation of ¢ with s =1 mod 4. It follows that C’é’m 1s a PDS if and



(iii)

(iv)

78

only if t = 0. The parameters of this PDS are (g, %, q71116763, %gﬂs). The

case t = 0 holds precisely when q = p™, such that p =3 mod 4 and m is

even.

when e = 6, then ¢ = p™ =1 mod 6 and q¢ = s> + 3t? is the unique proper
representation of ¢ with s = 1 mod 3, then Cg’m 1s a proper PDS if and

oy ‘ —1 ¢—17-20s g—5+4s
only if t = 0. The parameters of this PDS are (q, 4=, =5, T=55—). The

case t = 0 holds precisely when q = p™, such that p =5 mod 6 and m is

even.

when e = 8, then ¢ = p™ = 1 mod 8 and q = 2% + 4y* = a® + 2b* are
the unique proper representations of ¢ with x = a = 1 mod 4, then CS””
1s a proper PDS if and only if x = a and y = b = 0. The parameters of
this PDS are (q, %, q72§;42:p’ quiﬁx). The case v = a and y = b =0 holds
precisely when g = p™, such that p =7 mod 8 and m is even.

Proof. (i) For the forwards direction, note that if Co"™ is a (g, %, A, 1)-PDS,

(i)

(iii)

then by Lemma 2.1.2 (ii), A = (0,0)3 and p = (1,0)3 = (2,0)3. By Theorem
A.0.2,if (1,0)3 = (2,0)3 then this implies

2q—4—c—9d 2q—4—c+9d
18 B 18 ‘

The above equality is satisfied precisely when d = 0. For the reverse di-
rection, observe that if d = 0, by Theorem A.0.2, this means that p = 2
mod 3. This means that p! = —1 mod 3 and so it then follows by Lemma
2.1.20 and Theorem 1.4.7 that the cyclotomic numbers of order 3 are uni-
form in this case, and thus C’g”m is a PDS. By Theorem A.0.2, when d = 0,
A= (0,03 = 2 and p = (1,0); = (2,0); = 2=, It follows that
\ = 4=8tc _ 2-d-c

5 = 45— = ponly when ¢ =4, ¢ = 4, which is the trivial case

(meaning that C’g "™ is always proper except for in the trivial case).

For the forwards direction, take the appropriate case from Theorem A.0.3
the rest of the proof is then analogous to the proof of part (i). This result

was stated without proof in [49].

By Corollary 2.1.16, if C§ is a proper PDS, then 2 € Cg’m this determines

the cyclotomic number formulae that we require from Theorem A.0.4 for
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this proof. Both the forwards and reverse directions of this proof are then
analogous to the proof of part (i). The parameters can be obtained from
Theorem A.0.4.

It follows from Corollary 2.1.16 that if Cg’m is a PDS, then f is even and
2 € O™ this determines the cyclotomic formulae from Theorem A.0.5 that
should be used in the forwards direction of this proof. For the reverse
direction, observe that when y = 0, p =3 mod 4 and when b =0, p=5,7
mod 8, so y = b = 0 implies p = 7 mod 8. Both directions of this proof
are otherwise analogous to the proof of part (i). The parameters can be
obtained from Theorem A.0.5. m

We now end this Section with two results that depend upon the relation

between e and f, and therefore do not require evaluation of small cyclotomic

numbers.

Proposition 3.1.4. (i) Let ¢ = p™, where m > 1. Forr | m (where r # m),

let F, be the subfield GF(p") of GF(q) then F* is the cyclotomic class Cg™
of GF(q), where e = L1

pr—1°

(ii) Let ¢ = p™ = ef + 1. Then C5™ is a (q, f, f — 1,0)-PDS if and only if

and

Cy™ U {0} is a subfield of GF(q). Here, q is a prime power, e = ;f_ll
f=p -1

Proof. (i) As F, is a subfield of GF(q), it follows that F* is a multiplicative

(i)

subgroup of GF(¢)*. As GF(q)* is the multiplicative group of a finite field,
GF(q)* is cyclic. It then follows by the fundamental theorem of cyclic
groups that F¥ is the unique multiplicative subgroup of index e of GF(q)*

up to isomorphism. Moreover, since F,. has order p", ¥ has order p" — 1,

_ g-1

and so e i

For the forwards direction, assume C5"™ is a (g, f, f — 1,0)-PDS. It immedi-
ately follows by Theorem 1.3.19 (vi) that C5™U{0} is an additive subgroup
of GF(q). By definition, every cyclotomic class C5™ is a multiplicative sub-
group of GF(q)*. It therefore follows that C;™ U {0} is a subfield of GF(q).
For the reverse direction, notice that if C5™ U {0} is a subfield of GF(g),
then we can view C5™ U {0} as an additive subgroup of GF(g). It then
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follows by Theorem 1.3.19 (v) that C5™U{0} isa (¢, f+1, f+1,0)-PDS in
GF(q). Since A(C5™,0) = A(Cy™) UA(CF™,0) UA(0,C5™) (UA(0,0)),
and A(C5™,0) = A(0,C5™) = Cy™, observe that A(Cy™) = (f — 1)C5™.
It therefore follows that C;™ is a (q, f, f — 1,0)-PDS. The values of e and
f can be obtained from part (i). O

The final result in this Section demonstrates that a PDS must consist of the
non-identity elements of a subfield of GF(q) if e > f and Cy™ cannot consist

entirely of the non-identity elements of a subfield otherwise.

Theorem 3.1.5. Let g = p™ = ef + 1. Suppose that C$™ is a proper (q, f, A, it)-
PDS. Then

(i) if e > f then C5™ U {0} is a subfield of GF(q).
(ii) if e < f then C5™ U {0} is not a subfield of GF(q) and p > 1.
(iii) the case where e = f cannot occur for f > 2.

Proof. When C5™ is a proper (g, f, A, u)-PDS, the following multiset equation
must hold

A(Cr™) = MC™) U (GF(g)"\C™).

Since the set Cy™ has cardinality f, this means that |A(Cy™)| = f(f — 1)
and |GF(¢)*\Cy™|=q—1—f=(ef+1)—1— f = f(e—1). This then implies
that

FUF=1) = Af) + p(fle=1)).
By dividing each term by f, we find
f—1=X+pule—1). (3.1)

(i) When e > f, as A and p are both non-negative integers, it follows imme-
diately from Equation 3.1 that p = 0. By Proposition 3.1.4 (ii), as u = 0,
Cg™ is a subfield of GF(q).
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(i) It follows from the proof of Proposition 3.1.4 (ii) that if C5™ U {0} is a

subfield, then |C5™| = p" — 1 = f and e = 2= for some r | m it follows
p

that we can write m = rk for some k € N. This in turn means that we can

m—1

write e = o= = P+ )2+ +(p)+1>p —1=f. When

e < f, we therefore get a contradiction, so C5"™ is not a subfield if e < f.

(iii) Suppose that e = f > 2. By substituting e = f into Equation 3.1, we
obtain the expression f —1 = XA + u(f — 1). Since A and p are both
non-negative, this means that p € {0,1}. When p = 0, this forces \ =
f — 1, meaning that C5™ is a (q, f, f — 1,0)-PDS. By Proposition 3.1.4,
as Cy™ is a (q, f, f — 1,0)-PDS, this means that C5™ consists of the non-
identity elements of a subfield. However, we can see from the proof of part
(ii) that if C5™ is a subfield, then e = 7;:__11 > p" —1 = f, which is a
contradiction, so p # 0. This leaves the case ¢ = 1. Notice that when
g = 1, this means that A = 0 and Cy"™ is a (g, f,0,1)-PDS. This means

that the multiset A(Cy™) consists of 1 copy of each cyclotomic class C;™

for 1 <4 < e—1 and no copies of Cy"™. Notice by Lemma 2.1.2 that we may
write A(CS™) = (J/Z} T,., where each transversal is a copy of the cyclotomic
class C,, (0 < a, <e—1). By Corollary 2.1.16, as C5"™ is a proper PDS,
this means that ¢ = 1 mod 2e¢, it then follows by from Corollary 2.1.11
that for all 1 < s £ % <f-1T,=C, =T, Therefore, for any r # %,
there are at least 2 copies of C5™, a contradiction unless f = 2. When
e = f =2, then ¢ =5 and 03’1 is a (5,2,0,1)-PDS. Otherwise p # 1, and
therefore e # f. m

Notice that if ¢ = p™ = ef + 1 and e > f, then C5™ is only a proper PDS
when m > 2. When m = 1, this means ¢ is prime and therefore the only subfield
is the trivial subfield.

3.2 DPDF/EPDF constructions from unions of
PDSs

In this Section, we use the PDS constructions identified in the previous Section to
construct DPDF's in which the component sets are individually PDSs. When the
DPDFs also partition larger PDSs, we are also able to obtain EPDF constructions.
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Our first result in this Section follows from Theorem 3.1.5 in the last section.

Proposition 3.2.1. Let GF(q) be a finite field of order ¢ = p™ = ef + 1, where

q—1
pr_l )

0<i<e—1. Let S’ consist of any collection of u sets amongst the cyclotomic
classes {Cy™,...,C"}. Then

m > 1. Forr | m, let C{™ be the i™ cyclotomic class of order e = where

(i) S"is a (q,u,p" —1,p" —2,0)-DPDF,
(i) ifu=e—1, 5" is also a (q,u,p" — 1,q— 3p" + 2,q — p")-EPDF.

Proof. (i) By Theorem 3.1.5, the cyclotomic class Cg™ is a (¢, f, f —1,0)-PDS:
meaning that A(Cg™) = (f —1)Cy™ by Definition 1.3.1. It then follows by
Lemma 2.1.2(iii) that for 0 < j <e—1, C7™ = o/C™ = o/ (f — 1)C5™ =
(f=1)C7™, hence it follows by Definition 1.3.1 that for each 0 < j <e—1,
C7™is a (q, f, f —1,0)-PDS. It is then immediate by Theorem 1.3.20 that
S’ is a DPDF.

(ii) This is immediate from Theorem 1.3.21 and Theorem 1.3.20. O

Theorem 3.2.2. Let GF(q) be a finite field of order ¢ = p*™ = ef + 1, where
e €{3,4,6,8}. Further, let I C{0,1,...,e—1} (where|I| =uand2 <u <e—1)
and D' = {C{* " Yier. If C5*™ is a PDS (with parameters (q, =2, n° — (e — 3)n —

L,n*+n)) then D" is a (¢, u, =2, un? + (u+ 2 — e)n — 1,u(n? + n))-DPDF and a
(q,u a-1 wlu — 1)n? +2(u — 1), u(u — 1)n?)-EPDF (where n = _(—p)em—1)'

’ e

Proof. Observe that in each part of Theorem 3.1.3 it is demonstrated that Cj™,
where e € {3,4,6,8}, is a PDS precisely when ¢ = p™, where p = —1 mod e and
m is even. It is then immediate from Lemma 2.1.20 and Theorem 2.1.21 that each
cyclotomic class C{*™ is (¢, =2, n? — (e—3)n—1,1*+n)-PDS (where 0 < i < e—1)
and that D’ is both a (q,u, =%, un? 4+ (u+2 — e)n — 1,u(n* + n))-DPDF and a
(q,u, =2 u(u — 1)n? + 2(u — 1)n, u(u — 1)n?)-EPDF (where 5 = (_p)#) O

) e

Example 3.2.3. Let ¢ = 9, e = 4 and f = 2. Notice that ¢ = 32, where
3 = —1 mod 4, therefore for each 0 < ¢ < 3, the cyclotomic class C’f’Q S a
(9,2,1,0)-PDS. When u =2, D" is both a (9,2,2,1,0)-DPDF and (9,2,2,0,2)-
EPDF. When u = 3, D' is both a (9,3,2,1,0)-DPDF and (9,3,2,2,6)-EPDF.
When u = 4, then D' is both a (9,4,2,1)-DDF and a (9,4,2,6)-EDF.
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3.3 DPDF/EPDF partition constructions

In this Section, we develop new DPDF and EPDF constructions by partitioning
cyclotomic PDSs into collections of smaller cyclotomic classes. It is possible
to identify DPDF and EPDF constructions of this type when, for a finite field
GF(q), we may write ¢ = p™ = ep+1 = ef + 1, where € | e we can then partition
the cyclotomic class C5™ into the following set of cyclotomic classes of order e
{Cg™,cem ..., CaM Y.

Similar construction techniques have been used in the literature to establish
new DDF and EDF constructions (see for example Proposition 1.3.9 from the
paper [14], or the papers [16] and [32]). Many of these constructions are special
cases of the constructions explored in this Section. Note that all results recorded
in this Section are from the paper [34].

We begin this Section by identifying all DPDFs and EPDFs that partition
Difference Sets. Recall that we defined ¢; in Definition 2.1.7.

Theorem 3.3.1. Let GF(q) be a finite field of order q =p™ =ep+1=cef + 1,
where € | e. Let Cg™ be a (g, =, N)-Difference Set (A = 5=<) and denote by
(Ce™y ={cgm, cem L Com Y

e,m)

(i) If ¢i # ¢; for some distincti,j € {1,...,e—1} then (C5™) is not a DPDF
or an EPDF.

. . €,M\/ - e f—1 € (6_6)f
) ? ? 9 ) 9 2 .
(ii) Otherwise, (Cy™)" is a (q,, f,*—)-DDF and a (q, ¢, f,*~=*)-EDF

It follows that (Cg™)" is never a proper DPDF nor a proper EPDF.

Proof. (i) By Theorem 2.1.9(iii), if ¢; # ¢; for some distinct ¢, j € {1,...,e—1}
then (Cy™)" is not a DPDF and therefore not an EPDF.

(ii) As Cy™ is a Difference Set, it follows by Theorem 3.1.1 that ¢ must be odd,
e must be even and p must be odd. It is then immediate from Corollary
2.1.16 that (C5™)’ is either a DDF or not a DPDF (i.e. (Cy™)" cannot be
a proper DPDF). Since ¢ = ¢<, this means ¢y = ¢1 = ... = @1, hence
(Cg™) is a DDF and Cy™ is a Difference Set, it follows by Lemma 1.2.4
that (Cy™)" is also an EDF.
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For the parameters note that [Cg™| = p = 1, therefore |[A(CF™)| =
eled 1) = el A5 O™ is a Difference Set, it follows that each
of the (¢ — 1) elements of GF(q)* occurs an equal number of times in the
multiset A(C5™). It therefore follows that A = <—~<. Similarly, since

there are f — 1 diagonals of transversals in Int((Cy™)’), and each cyclo-

tomic class of C5™ occurs at equal frequency in Int((Cy™)'), it follows that
Int((Cy™)) = (%)GF((])* It is then immediate from Lemma 1.2.4 that
Ext((C5™)) = (A = L) GF(g)" = (< — L2)GF(q)" = <L 0

The following two specific partition results follow as an immediate conse-
quence of Theorem 3.3.1. The first of these results has been recorded in [32] and
[62] (as well as in [34]).

Corollary 3.3.2. Let GF(q) be a finite field of order ¢ = p™ = ef +1 =
mod 4, where e is even. Let C’Q’m denote the set of squares and let ( gm)
{csm, o™, .. 0o Y. Then (Co™) s always a (¢, , f, 152)-DDF and a (¢, %, f,
A1) EDF,

Proof. Case (i) of Theorem 3.3.1 is always impossible when € = 2, since the only
integer in the range [1,e — 1] is 1. It therefore follows by Theorem 3.3.1 that
(C’g’m)' is always a (q, §, f, %)—DDF and a (q, 5, f, (e_f)f)—EDF. O

Corollary 3.3.3. Let GF(q) be a finite field of order ¢ = p™ = ef +1 =1
mod 4, where 4 | e, such that ¢ = 1+ 4t* is the unique proper representation of q
and t is odd. Let (Cy™) = {C&™, Ce’m,. LCOMY I by = o = s, then (Cy™)
is a (q, 4,f, =1 _DDF and a (q, 4,f, )-EDF.

Proof. By Theorem 3.1.1 when ¢ = 14+4¢? and ¢ is odd, then C’é’m isa (g, %17 q1;65)—
Difference Set. It then immediately follows from Theorem 3.3.1 that (Cy™)" is a
DDF. O

Example 3.3.4. A (2917,81,9,2)-DDF and (2917,81, 9, 180)-EDF was constructed
by computational checking in [16]. Since ¢ = 2917 = 14+4(27)?, this is an ezample

of the construction in Corollary 3.3.3.

In the following result, we now consider partitions of proper PDSs.
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Theorem 3.3.5. Let GF(q) be a finite field of order g = p™ = ep+ 1 =ef +
1, where € | e. Let C5™ be a proper (g, <L, \, u)-PDS and denote (Cg™) =
{cg™, cem . Com )

(i) If ¢; # ¢; for some distinct i,j € {1,...,e — 1}, then (Cg™)" is neither a
DPDF nor an EPDF.

Otherwise assume that ¢; = ¢; for all i,j € {1,...,e — 1} and let kK = ¢1 — ¢o
then

(i4) when k=0, (Cg™) is a (q,%, f, %)-DDF and a (q,%, f,A— %,,u— %)-
EPDF.

(i) when k = p— X, (Cg™) is a (q, %, [, A — (62—5)’[,# — (e:—f)f)-DPDF and a
(Q7§7f7(6;—26)f)_EDF'

(iv) when k & {0, u — A} then (Cy™)" is a proper (q, %, f, ¢o, ¢o + k)-DPDF and
a proper (q, <, f, A — ¢o, pt — ¢o — k)-EPDF.

Proof. By Lemma 1.2.4, since Cy™ is a (q, %, A, 1)-PDS; it follows that
Int((C5™)") + Ext((C5™)") = ACy™ U u(GF(q)"\Cg™).

(i) By Theorem 2.1.9, it is necessary for ¢, = ¢; for all 4,5 € {1,...,e — 1}
in order for (C5™)" to be a DPDF. As this does not hold, (Cy™)" is not a
DPDF, and by the above, (C5™)’ is also not an EPDF.

(ii) Since ¢ = ¢; for all i € {1,...,e — 1}, it follows by Theorem 2.1.9 that
(C5™) is a (not necessarily proper) DPDF. When x = 0, this implies that
po = ¢; for all 1 < ¢ < e — 1. It therefore follows by Theorem 2.1.9
that (C5™)" is a DDF. Since there are f — 1 transversals in Int((C5™)’), €
cyclotomic classes of order e and since (Cy™)" is a DDF, each cyclotomic
class must occur an equal number of times in the multiset Int((C5™)") this

means that Int((Cy™)’) = %GF(q)*. It then follows from the above that

€

(5™ = (A= L2 ) @ (n- L2 wronesm,
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(iii) When k = p — A, notice that this means ¢; = ¢g + pu — . As above, it

follows by Theorem 2.1.9 that since ¢; = ¢; for all i € {1,...,e — 1}, this
means that (C5™)" is a DPDF. More specifically, when k = pu — A, (C5™)’
is a (q7 27 fa ¢07 ¢0 + /{)_DPDFa where

Int((C5™)") = ¢oCy™ U (do + £)(GF(q)"\Cp™).

It then follows that since Kk = u — A

Ext((C5™)) = (A = ¢0)Cg™ U (1 — do + 1) (GF(q)"\C5™)
= (A= 0)C5™ U (1 — do + A = p)(GF(q)"\Cy™)
= (A= ¢0)GF(q)".

To obtain the value for ¢g, note that the % — 1 transversals of the multiset
A(CE™) are all either contained in Int((Cy™)") or Ext((C5™)"). Notice
that f — 1 of the transversals are diagonals of transversals contained in
Int((C5™)") (since C5™ has cardinality f) so the remaining

of oy e _(e=af
€ € €

transversals must be contained in the multiset Ext((Cy™)"). As (C5™)" is
an EDF, each of the e cyclotomic classes of order € must occur equally often
in the mulitset Ext((Cy™)’) i.e. (e;—f)f times. Then since A — ¢ = (EZ—S)’C,
this means ngO:)\—(e;—;)f andqbl:gzﬁo—i—/i:gbo—i—,u—)\:u—(e;—;)f.

As ¢y = ¢; for all 2 < j <e—1, but k # 0, it follows that (Cy™)" must be
a proper (q, ¢, f, o, ¢o + £)-DPDF. It then follows that

Int((C5™)') = doCy™ U (¢0 + £)(GF(g)"\Cy™).
By the above, this in turn implies that
Ext((C5™)") = (A = ¢0)C™ U (1 — (do + £))(GF(9)"\C5™).

It is then clear that since k # p — A that A — ¢g # 1 — (o + k), so (C5™)
is also a proper (¢, ¢, f, A — ¢o, t — (¢o + &)-EPDF. ]
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We can then immediately use the above result to classify all DPDFs/EPDFs
partitioning the squares (the cyclotomic class Cg ™). Notice that the EDF result

in part (ii) was noted in [16].

Corollary 3.3.6. Let GF(q) be a finite field of order g = p™ = ep+1=ef+1=
1 mod 4, where ¢ = 2 and e is even. Let Cg’m denote the set of squares, let
(O™ ={Cs™, C5™,...,CY and let k = ¢y — ¢o. Then

(i) when 5 =0, (C3™) forms a (¢,5, /. 55*)-DDF and a (.5, f, “=2=2,

4
=242y pPDF.

(”) when Kk = 17 (Ogym)/ for’ms a (Q7 §7fa f727 %)_DPDF and a (Q7 gvfa (6—42)]”)_
EDF.

(iii) when & € {0,1} (C3™)" forms a proper (q,%, f,do, do + K)-DPDF and a

proper <Q7 %7 f7 q%i - ¢07 q_14_4ﬁ - (bO)_EPDF

Proof. As we saw in Proposition 3.1.2, C7 is a (g, %, 2 ¢1).PDS when ¢ = 1

mod 4. The result then follows by Theorem 3.3.5. O

Example 3.3.7. Below are examples of cases (i)-(iii) in Corollary 3.3.6.

(i) Let ¢ = 41 with e = 8 and f = 5. Then Cy' = {1,10,16, 18,37}, we can,
then observe that @y = {10,37} and ®, = {16, 18}, therefore Kk = ¢1 — g =
2—2 =0, and hence (C3™") is a (41,4, 5,2)-DDF and a (41,4,5,7,8)-EPDF.

(ii) Let ¢ =29 with e = 14 and f = 2 then ¢9 = 0 and ¢1 =1, so k = 1. It
follows that (C2Y is a (29,7,2,0,1)-DPDF and a (29,7,2,6)-EPDF.

(i1i)) When q = 17, e =8 and f = 2 ¢g = 1 and ¢1 = 0. It then follows that
k= —1 and so (C2") is a (17,8,2,1,0)-DPDF and a (17,8,2,2,4)-EPDF.

We observe that when we set f = 4 in Corollary 3.3.6, we obtain the EDF
result in Proposition 21 of [14].

In the following result, we are able to determine conditions, purely in terms
of ¢ and f, for when a DPDF/EPDF partitioning Cg’m must be proper.



88

Theorem 3.3.8. Let ¢ = p™ =ef +1 =1 mod 4, and suppose the e is even.
Then, if both of the conditions in (i) or both of the conditions in (ii) hold, (C™)'
is a proper (q, 5, f, o, ¢1)-DPDF and a proper (q, 5, f, ‘%—5 — o, % — ¢1)-EPDF
(where proper implies ¢g # ¢1).

(i) ¢g=1 mod 8 and f =2 mod 4.
(ii)) g =1 mod 4 and f =3 mod 4.

Proof. (i) Recall that (Cg™)" is a proper (q,$, f, ¢, ¢1)-DPDF if and only
¢o # ¢1, and that (C5™) is a proper EPDF if and only if %—qbo # g,

As f is even, there are precisely % values of 0 < r < % Since f = 2
mod 4, it follows that % is an even integer. As 1y + ¢y = % (see
definition of 1);), it follows from this, that there are three cases for 1, and
1y either they are equal, they are both odd or they are both even. This
means that we can establish the following relationships between 1)y and
y: either (1) 299 = 21, (2) 291 — 29 > 4 or (3) 2¢0; — 2¢hg < —4. Tt
follows from Proposition 2.1.12, that when ¢ = 1 mod 8, this means that
0o = 209 + 1 and ¢; = 2¢;: we may also write 299 = ¢y — 1. In case
(1), since 2¢y = 21y, it follows that Kk = ¢; — ¢pg = —1. In case (2), since
21p1 —21pg > 4, it follows that that ¢1 —(¢po—1) > 4, which means ¢ —¢po > 3.
Finally, in case (3), as 21 — 21y < —4, this means ¢; — (¢pg — 1) < —4,
meaning ¢, — ¢y < —5. By Corollary 3.3.6, we know that (C2™)" is a DDF
k =0 and an EDF if Kk = 1 as k ¢ {0,1} in cases (1)-(3), it follows that

(C’g’m)’ is a proper DPDF and a proper EPDF in all cases.
(ii) The proof of this result is analogous to part (i). O

We return to the idea of using values of f to determine cyclotomic DPDF /EPDF
constructions in a subsequent Section. For now, we present some further corol-

laries of Theorem 3.3.5. We begin by looking at partitions of the cubes.

Corollary 3.3.9. Let GF(q) be a finite field of odd order, where ¢ = p™ =
ef +1=¢ep+1==1 mod 3, where e = 3 and 3 | e. Suppose that the unique
proper representation of q is given by 4q = ¢*+27d?* (c =1 mod 3), where d = 0.
Let (CO™Y = {Co™,CS™, ..., C<™Y and k = ¢1 — ¢o. If ¢1 = o, then
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(Z) when kK = O, (Ogvm)’ forms a (q, g,f, %)—DDF and a (q7 §7f, Lf*‘l“’

9
2f(e—=3)+4—c
Ule=tiey pppp,

i) when k = 45, C3™Y forms a (g, <, f, 3508 6f 2 <)-DPDF and a (q, &, f,
0 3 9 5
(e=3)f 3) )- EDF

i) when k & {0, 4=< C’S’m " forms a proper (q, £, f, ¢o, oo + k)-DPDF and a
6 3
proper (Q> 30 f> = 8+c ¢O> M - ¢0)'EPDF

Proof. By Theorem 3.1.3, C§ is a (g, &, f, ©5F¢, 2222¢). PDS when d = 0. The

result is then immediate from Theorem 3.3.5. OJ

Example 3.3.10. To see an example of case (iii) of the above corollary, let
q =121, e = 60 and f = 2. In GF(121), C2* is a (121,40, 15,12)-PDS. Since
O = {1,120} and 120 € @y, it is immediate that (Co*) is a (121,20,2,1,0)-
DPDF. By Corollary 3.3.9, we obtain that (Cy?) is also a (121,20,2,14,12)-
EPDF.

We now look at look at the case where ¢ = 4. Notice that the EDF result in
part (ii) below subsumes that of [16].

Corollary 3.3.11. Let GF(q) be a finite field of order ¢ =p™ =ep+1=ef +1,
where ¢ = 4 and 4 | e. Suppose that ¢ = s* is the proper representation of q, where
m is even, p = 3 mod 4 and s = (—p)%. Let (Cy™) = {Co™, C™, ..., C<"}
and let kK = ¢1 — ¢g. If 1 = ¢ = @3, then

(i) when k=0, (C3™)' is both a (g, yelk %)—DDF and a (q,<, f, (e=4)/—6-6s

16

(ii) when /<a(: sH(Cg™) is both a (g, <, f, =% A2E29) DPDE and a
(¢.5. f. “55)-EDF.

(#i) when r & {0, SH} then (C4 ™) is both a proper (q, 5, f, ¢o, po + K)-DPDF
and a proper (Q> 47f> (e 4f7 == 11 = ¢ 05 = 3+2$ 1o ¢ )_EDF

Proof. Notice that since ¢ = s? is the proper representation of ¢, this implies
that t = 0. By Theorem 3.1.3, when ¢ = 0, this implies that C’4’m is a proper

(q, ef, %, = 3+2S) PDS. The result then follows by Theorem 3.3.5. ]
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Example 3.3.12. Let g =81, e =4 and p = 20. Since 4 | 3+ 1, where 3* = 81,
it follows by Theorem 2.1.21 that Cy* is an (81,20,1,6)-PDS in the finite field
GF(81). The only value e, where 4 | e, and ¢1 = ¢o = ¢3 is e = 40. In this case
$o =1 and ¢, = 0. So r & {0,—4} and hence (Cy*) is a (81,20,1,0)-DPDF
and a (81,20,0,6)-EPDF.

In the final part of this Section, we demonstrate that we can apply the argu-
ment used to construct PDSs in Theorem 3.1.5 to DPDF and EPDF construc-

tions.

Theorem 3.3.13. Let ¢ = p™ = ep+ 1 =ef + 1, where € | e. Let (C5™) =
{ngm7 Cee,m’ s ’C:,_m} be a <Q7 E? f7 ¢07 ¢1)_DPDF

€

(i) If e > f, then ¢o = f —1 and ¢, = 0, meaning that (C3™)" is a (¢, %, f, f —
1,0)-DPDF.

(i) If e >2 and e = f, then (Cg™) is a (q,<, f, f — 1,0)-DPDF.

(i1i) In both cases (i) and (i), if C§™ is a (q, p, A\, u)-PDS, then (C5™) is also
a(q, %, f,\— f+1,u)-EPDF, which is proper unless yp — A = f — 1.

Proof. There are f — 1 diagonals of transversals in Int((C5™)), and € — 1 cyclo-
tomic classes of the form C;™, where 1 <i < e — 1. As in the proof of Theorem
3.1.5, we can derive the following expression for the diagonals of tranversals in
Int((C5™)") f—1= ¢o+ ¢1(e —1). Note that f, €, ¢ and ¢, are all non-negative
integers. In part (i), it is clear that if € > f then ¢; = 0, and so (C5™) is a
(¢,%,f —1,0)-DPDF. In part (ii), notice that there are two cases to consider in
order for f —1 = ¢y + ¢1(e — 1), either (1) ¢po = f — 1 and ¢; =0 or (2) ¢9 =0
and ¢; = 1. In both cases (1) and (2), as ¢y # ¢1, it follows by Theorem 2.1.15
that this means that € cannot be even while p is odd, since in this case we require
¢o = ¢1 (in order for (Cy;™)" to be a DPDF). Therefore, in cases (1) and (2) we
only need to consider the cases where p is even and € and p are both odd. It
follows by Theorem 2.1.15 that when € > 2 and p is even, ¢; is even. Similarly,
when € and p are both odd, it follows that ¢; must be even. We can therefore
see that case (2) cannot hold, hence case (1) must hold. Part (iii) of this proof is

immediate from Theorem 3.3.5. OJ

The specific case where ¢ = f = 2 is explored later in this Chapter, in Theorem
3.5.1.
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Example 3.3.14. (i) In GF(49), whene =8, e = 16 and f = 3, it follows that
(C32) = {CL5,CI%Y is a (49,2,3,2,0)-DPDF and a (49,2,3,3,0)-EPDF.

(ii) In GF(64), whene =3, e =21 and f = 3, (C°) = {C2"°, C310, 340, €' F,
CA0,. 28 0% s a (64,7,3,2,0)-DPDF and a (64,7,3,6)-EDF.

3.4 Explicit DPDF/EPDF constructions obtained
by partitioning the squares into cyclotomic

classes with small e

In this Section, we look at DPDF and EPDF results that can obtained by specif-
ically partitioning the squares in a given finite field GF(g). All results in this

Section are also recorded in my joint paper with my supervisor [34].

In our first result, we partition the squares into sets of cyclotomic classes of order
4. Notice that EDF result in part (ii) of the following Theorem corresponds to
Theorem 3.2 in [32].

Theorem 3.4.1. Let q be a finite field of order ¢ = p™ = 4f+1 and let (C’g’m)’ =
{C3™,Cy™Y. Let s be defined as in Theorem A.0.3. Then

(i) when f is even, (Co™) is a (¢, 2, u, 78 25 4= 3+2$) DPDF and a (q,2 ,qT,
#, %) - EPDF which are both proper, except in the case when s = 1.

When s =1, (C3™)" is a (¢q,2, 5, 1) -EDF.

(i) when 1 s o, (C3™) i (g2, 2, 52, 1522 DPDF and (02,2
q—38—2s q+1+23)_EPDF which are both proper except when s = 1. When

s=1,(CY™) is a (¢,2, %%, 22)-DDF.

Proof. Notice that Int((C3™)) = A(Cy™) U A(Cy™). By Lemma 2.1.2 (ii),
A(CP™) = (0,0)4C5™U(1,0)4C™U(2,0)4Cy ™U(3,0)4C5™ and by Lemma 2.1.2
(iii), A(Cy™) = (2,0),C5™U(3,0)4C™U(0,0)4Cy ™ U(1,0)4C5™. Tt then follows
that Int((C>™)) = ((0,0)44(2,0)4)(Co™UCy™ U ((1,0)4+(3,0),) (CH™UCE™).
By definition, ¢ = (0,0)4 + (2,0)4 and ¢y = (1,0)4 + (3,0)s.

i) By Theorem A.0.3, when f is even, ¢o = (0,0)s + (2,0), = =27 and
(1) 3

dr = (1,04 + (3,0)4 = %. By Corollary 3.3.6, this means that (C"™)’
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9= 283 7 M) DPDF, except in the case where k =

¢1—po = 0 and a proper (q, 2, q41, i 38+25 gl 28) EPDF, except in the case

where k = 1. There are no values of s for Wthh q+288_3 — =27 — (), but

8
g+2s—3  q—2s—7
8 8

is a proper (q, 2, %,

=1 when s = 1.

(ii) By Theorem A.0.3, when f is odd then A = (0,0); = (2,0)4 and B =
(1,0)4 = (3,0)s. It then follows that ¢y = 24 = T2=T and ¢; = 25
The result is otherwise analogous to part (i). O

We now produce similar results for e = 6. We first make the following inter-

esting remark about the f odd case when e = 6.

Remark 3.4.2. Let GF(q) be a finite field of order ¢ = p™ = 6f + 1, where f
1s odd. When f 1s odd, ¢ = 3 mod 4. By Theorem 3.1.1, when ¢ = 3 mod 4,
C2™ is a Difference Set. It then follows by Theorem 3.3.1 that (C2™) is a
(q,3, f, Y-DDF and a (¢, 3, f, f)-EDF.

We now look at the case where e = 6 and f is even.

Theorem 3.4.3. Let GF(q) be a finite field of order ¢ = p™ = 6f + 1, where p
1s an odd prime and f is even. Let s be defined as it is in Theorem A.0.4. Then
(C’g’m)' is a proper (q, 3, %, i 51)2 ds 4 5+4s) DPDF and a proper (q, 3, qﬁl, i 36“3
W =25)EPDF, except for when s = 1. In this case, (C2™) is a (q,3, T2, T2)-

EDF.

Proof. Note that by Theorem A.0.4, ¢ = (0,0) + (2,0)6 + (4,0)5 = =2 and

)
¢1 = (1,0)6 + (3,0)6 + (5,0)s = =22 The proof is otherwise analogous to the

proof of Theorem 3.4.1. O]

Example 3.4.4. (i) In GF(13), ¢ = 13 = 1 + 3(2)?, is the proper representa-
tion of q, therefore (C’g’m)’ is a (13,3,2,0,1)-DPDF and a (13,3,2,2)-EDF.

(ii) In the finite field GF(37), s = —5 and so (Co™)' is a (37,3,6,4,1)-DPDF
and a (37,3,6,4,8)-EPDF.
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Theorem 3.4.5. Let g = p™ = 8f+1, where p is an odd prime. Let x and a be de-

fined as in Theorem A.0.5. Then (C3™) is always a proper (¢, 4, q%sl, W,

—q_7t26x+4“)—DPDF and a proper (q,4, %, Sq_gJ{g”%, 3q+3;§x_4“)—EPDF, except in

the following cases

(i) when f is even and z + 2a = 3. In this case (C3™) is a (q,4, =2, 39=3)-
EDF.

(ii) when f is odd and x+2a = —1. In this case (C;™) is a (q,4, f, =2)-DDF.

’ 16

Proof. Suppose, as in Theorem A.0.5, that ¢ is represented by g = 2% + 4y* =
a® + 2b%, where z = a =1 mod 4. By Theorem A.0.5, it follows that

(i) when f is even, ¢ = (0,0)s + (2,0)s + (4,0)s + (6,0)s = 2242 and
¢1=(1,0)s 4+ (3,0)s + (5,0)s + (7,0)s = %.

(ii) when f is odd, A = (0,0)s(4,0)s and N = (2,0)s = (6,0)s, meaning ¢y =
2A + 2N = 1202 Giilarly 1 = (1,0)s = (5,0)s and J = (3,0)s =

(7,0)s meaning ¢ = 21 + 2] = =Tt2rtde.

The proof of this result is otherwise analogous to the proof of Theorem 3.4.1.
]

Example 3.4.6. (i) In the finite field GF(17), when e =8, f = 2, therefore f
is even. Moreover in GF(17), x = 1 and a = —3, it therefore follows that
(C2YY s a (17,4,2,1,0)-DPDF and a (17,4,2,2,4)-EPDF.

(ii) In the finite field GF(41), when e = 8, f = 5 is odd. In this finite field,
=5 and s = —3, hence (C3")' is a (41,4,5,2)-DDF (since x + 2a = —1)
and a (41,4,5,7,8)-EPDF.

3.5 DPDF/EPDF constructions obtained by par-
titioning the squares into cyclotomic classes
with small f

In this Section, we explore cyclotomic constructions of DPDFs and EPDF, found

by partitioning the squares (the cyclotomic class 0371) in a finite field GF(q) into
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cyclotomic classes in which 2 < f < 6. This gives an alternative way of using the
cyclotomic framework developed in Chapter 2. All results in this subsection are
recorded in the preprint [40] and have been adapted from results in [52]. Note
that as all DPDFs and EPDFs in this Subsection partition the set of squares,
we will consistently use the notation (C5°)’ to denote the component sets of the
DPDFs and EPDFs presented in this subsetion. Further, throughout this section
we will use the notation D; (1 < i < f — 1) to denote diagonals of transversals:
for a formal definition of these objects, we refer the reader back to Definition
2.1.5.

We start by going through the f = 2 case. The following result is from the
paper [34] and is the specific case of Theorem 3.3.13. The EDF result in part (ii)
of the following Lemma was also recorded in [14] and the EDF and EPDF results

from parts (i) and (ii) were also implicitly recorded in [52].

Theorem 3.5.1. Let g = p* =2p+1 =ef + 1, where f =2 and e = 2
even. Let (C3°) = {CS®,...,C%%,}. Then

(i) when ¢ =1 mod 8, (C2*) forms a (q, 12.1,0)-DPDF and a (¢, 5,2,

0 a1y EPDF.

(ii) when ¢ =5 mod 8, (C2®Y forms a (q, ©1.2.0,1)-DPDF and a (¢, 5,2,
3 EDF.

Proof. By Lemma 2.1.6, when f = 2, Int(C’g’s)’ = D;. Moreover, since ¢ = 1
mod 4 in both cases (i) and (ii), it follows by Proposition 3.1.2 that C? is a

<Q7 115_1’ %7 %1>_PDS

(i) By Lemma’s 2.1.6 and 2.1.12 when ¢ = 1 mod 8, Int((C3*)) = Dy = C3*°
By Lemma 1.2.4, this then means that

Ext((C2%)) = (ﬂ — 1) CP* U (%) (GF(q)"\C5™)

2
— 1
= (L 2) v () (@F@\C).
2 4
(ii) The proof of this result is analogous to the proof of part (i). O

The following results for 3 < f < 6 are generalisations of results in [52].
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Theorem 3.5.2. Let GF(p) be a finite field of order p =2p+1=3e+1=1
mod 4, where p is prime and e = L% is even. Let (c2hy = {Cot, ...,
Then (C2"Y is a

(i) (p,%5*,3,2,0)-DPDF and (p, 2%, 3,252, 22)-EPDF if (=3)"7 =1

1
mod p,

(ii) (p,25+,3,0,2)-DPDF and (p,22*, 3,352 34)_EPDF if (-3
mod p.

Proof. (i) By Lemma 2.1.6, when f = 3 it follows that Int((C¢™")") = Dy U Dy,
where D; = (o —1)Co" and D, = (o? 1)C2 LTt was proved in [52] that
(—3)M =41 mod p. When (—3) = 2 =1 mod p, o — 1,02 —1¢ ot
meaning D = Dy = C’g ' Tt then follows from the first line of this proof
that Int((C2")) = Dy U Dy = 2(C2Y), and so (C2) is a (p, 22, 2,0)-

6 ) Y
DPDF. Further, as p =1 mod 4, it is immediate by Proposition 3.1.2 that

Cotis a (p, el e85 1) PDS. Since (C2MY is a partition of C3', (CoY

is a (p, 61,3 2,0)-DPDF and C>' is a (p, ’%1 p=5 21y PDS, it follows by

Y40 4

Theorem 1.3.17(i) that (C7')' is also a (p, 5%, 3, 2512, 221)-EPDF.

(p—1)

(ii) It was proved in [52] that when (—3) =
C’12 ! Using this fact, and analogous proof strategy to the proof presented

= —1 mod p, then a®—1,a*—1 ¢

in part (i), we can prove the statement of (ii). This is left up to the reader.
[

Example 3.5.3. (i) When ¢ = 13, e = 4 and f = 3, observe that (—3)3 =
—27 = —1 mod 13. It therefore follows from Theorem 3.5.2(ii) that (Co') =
{Cy*, Oy Y is a (13,2,3,0,2)-DPDF and a (13,2,3,2,1)-EPDF.

(11) Let ¢ = 37, e = 12 and f = 3, then (=3)° = 1 mod 37, hence Theo-
rem 3.5.2(i) implies that (C3') = {Cy>", O, CyY, C>t, Ot L3t s
a (37,6,3,2,0)-DPDF and a (37,6,3,6,9)-EPDF.

Throughout the following result, we use the notation “||” to mean “strictly

divides” i.e. a | b and a # b.

Theorem 3.5.4. Let GF(p) be a finite field of orderp =2p+1=4e+1=1
mod 4, where p is prime and e = 7 is even. Let (C3') = {C5',...,CoLY,
then (C3'Y is a
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(i) (p, 5, 4,3,0)-DPDF and (p, 2%, 4,25, 21)-EPDF if 4 | e and 2 € Cjf or
if 2 || e and 2 € C3.

(ii) (p,25*,4,1,2)-DPDF and (p, 24, 5,4,25 — 2)-EDF if 4 | e and 2 € C§ or if
2| e and 2 € C§.

Proof. When f = 4, it follows that Int((Cg®)') = D; U Dy U Ds, where D, =
(af —1)CP', Dy = Df( )C2' (by Corollary 2.1.11) and Ds = (o’ — 1)Co". As
e = ”Tl is even, it follows that p = 1 mod 8, thus it follows by Lemma 2.1.12
that Dy = C>' in both cases.

It was proven in [52] that when f =4, a® — 1,0 — 1 € C2' if —2a° € Cy" and
af—1,0%—-1¢€ 012 Lif —2a¢ € C . We can see that —1 € C’41 by Lagrange’s
Theorem —1 = a°% = a2 is a fourth power, since f = 4 and e is even. Therefore,
—20¢ € Cy! if and only if 20¢ € C'' this happens when either 4 | e and 2 € C4
or when 2 || e and 2 € Cf. In both of these cases D; = Ds = Cg', and
so Int((C3")) = 3C3", meaning that (Cg') is a (p, 2-14,3,0)-DPDF. When
20¢ € Cy', it follows from the above that D; = Dy = C>' and D, = C>',
meaning Int((CZ")) = C2' U2C?": this happens when 4 | e and 2 € C# or when
2 || e and 2 € C¢. Notice that when Int((C3')) = C2' U207, then (C3) is a
(p,24,4,1,2)-DPDF.

By Proposition 3.1.2, as p = 1 mod 4, it follows that Co" is a (p, 7%1, ’%5, ey
PDS. By Theorem 1.3.17(i), we can then see that since (Cg") is a (p, el 4,3,0)-
DPDF when 4 | e and 2 € Cf or 2 || e and 2 € C4, it follows that (C>")" must
also be an (p, pg1,4, 417,p41
prove that (C3") is a (p, 2= L, 5,4,2s — 2)-EDF when 4 | e and 2 € Cj or 2 || e

and 2 € Cj. O

)-EPDF. We can then use analogous reasoning to

Theorem 3.5.5. Let GF(p) be a finite field of order p =2p+1=5e+1=1
mod 4, where p is prime and e = E=L is even. Let (Co') = {Co', ..., C%},

5
then (C2') is a
(i) (p, 101,5 2)-DDF and (p, 101,5 2, =2)-EPDF when 57 = —1 mod p.

(i) (p, 101,5 4,0)-DPDF and (p, 2= 10 , J p;) EPDF when 5" 7 =1 mod p
and o5 — 1€ C3.

(iii) (p, 101,5 0,4)-DPDF and (p, ' L5, 222 =) EPDF when 57 =1 mod p
and o5 — 1 € C%.
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Proof. By Lemma 2.1.6, when f = 5, Int((Cg*)') = Dy U Dy U D3 U Dy, where
Dy = (af=1)C3, Dy = (@* = 1)C3', Dy = (a®—1)Cy' and Dy = (a* —1)C3".
Since p is even (notice that 2p = 0 mod 4) it follows by Corollary 2.1.11 that
D; = C’ = D, and Dy = 021—D3f0r80m60<23<1

It is demonstrated in [52], that when (— 5)p4;1 = —1 mod p, then exactly one of
a® —1 and o° — 1 is in the cyclotomic class C meaning either Dy = 02 T =

and Dy = 0121 = Dsor Dy = 021 = D, and Dy = 021 = Ds. In either case,
Int((C3)) = 2C5'U2C?" . Tt then follows by Lemma 1.2.4 and Proposition 3.1.2
that Ext((C5')) = (&52) ¢t U (&2) CF.

Further, it is proven in [52] that when 57 =1 mod p, either a°—1, a?*—1 € C’g’l
or a¢ —1,a%* —1 € CP' meaning D; = Dy = D3 = D,. Therefore, when
a5 —1 ¢ C2, Dy = Dy = D3 = D,y = Cy' meaning Int((C3')) = 4C3".
Since Int((Co")) = 4C2" when a5 - 1€ CZ, it follows by Lemma 1.2.4 and
Proposition 3.1.2, that Ext((C3")") = (1) cetu (22) C7. Analogously, when
a5 — 1€ C2, Dy = Dy = Dy = Dy = C?" meaning Int((Cy")) = 4C7', and
Bxu((C2Y) = (52) G (552) ¢ .

Example 3.5.6. (i) In Ezample 3.5.7, we saw that ¢ =41, e = 8 and f =5,
(C2YY is a (41,4,5,2)-DDF and a (41,4,5,7,8)-EDF. Observe that 5'° =
—1 mod 41.

(ii) When q =121, e = 24 and f = 5, (C3°) is a (121,12,5,4,0)-DPDF and a
(121,5,4,25,30)-EPDF. Here 5°° =1 mod 11 and o** —1 € 03’2.
Theorem 3.5.7. Let GF(p) be a finite field of order p =2p+1=6e+1=1

mod 4, where p is prime and e = 221 is even. Let (c2hy = {cot, ..., o,
then (C3') is a
(i) (p,5,6,5,0)-DPDF and (p, 25, 6,35—6,35)-EPDF if 4 | e and (=3) "5 =
1 mod p.

(ii) (p, 1%1,6) 4,1)-DPDF and (p,2*,6,3s — 5,3s — 1)-EPDF if 2 || e and
(-3)"3

(iii) (p, %5+, 6,3,2)-DPDF and (p,25",6,3s — 4,35 — 2)-EPDF if 4 | e and
(P 1)
(=3)"

=1 mod p.

= —1 mod p.

(iv) (p,25.6,2,3)-DPDF and (p,25",6,3s — 3)-EDF if 2 || e and (-3 )(p .

—1 mod p.
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Proof. When f = 6, it follows that Int((C>*)’) = Dy U Dy U DsU Dy U D5, where
Dy = (a® = 1)CY', Dy = (0 — 1)CY', D3 = (o —1)C3', Dy = (a* — 1)
and D5 = (o — 1)C7".

It follows by Corollary 2.1.11 that Dy = D5, Dy = Dy and D3 = (2)05’1.
Notice that when 2 || e, then p = 0 mod 12, and hence, it follows by Lemma
2.1.12 that 2 € C?'. When 4 | ¢, p = 0 mod 24, and so by Lemma 2.1.12,
2€CH

(a® —1)*(a* —1)* = -3.

Further, it is also demonstrated in [52], that (a® — 1)> € Cy'. It therefore
follows that when —3*T =1 mod p, then (a?*—1)% € 05171, and so it follows that
a®—1,0%°—1¢ 002’1 when —3"7 =1 mod p. This means that when |
mod p, Dy = Dy = Dy = Dy = C3"'. The DPDF results in parts (i) and (ii) can
then be obtained by combining this with the earlier D3 result. Moreover, notice
that since (o — 1)2 € Ci', this means that (a2 — 1)2 € C3* when —3"7 = —1
mod p hence D; = D5 = 03’1 and Dy = Dy = C?'. Again, parts (iii) and (iv)
can be obtained by combining this with the earlier D3 results. Apply Lemma
1.2.4 and Proposition 3.1.2 to obtain the relevant EPDF results. O

In the upcoming pre-print [40], I have extended these results for 7 < f < 10,

however these results have been omitted due to space constraints.

3.6 Cyclotomic DPDF construction obtained via

the use of cyclotomic orbits

In this short Section, we demonstrate that cyclotomic orbits can be used to
produce PDS/DPDF constructions.

Lemma 3.6.1. Let GF(q) be a finite field of order ¢ = p™ = ef + 1, where p
15 an odd prime. If e is an odd prime and p is a generator of the multiplicative
group 7., then for all1 <i<e—1, p=(i,i) = (i,0). = (0,7),

Proof. By Theorem 1.4.12, the following relations relations apply to the cyclo-
tomic numbers of order e (i,7)e = (J,4)e, (1,7)e = (e — 4,5 — 1) and (i,7). =

(ip, jp)e. As p is a generator of Z7, it follows that for 0 < i # j < e — 1,
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the cyclotomic numbers (i,7). and (7, j)e must be co-orbital, since the relation
(1,7)e = (ip, jp)e maps all cyclotomic numbers of the form (i,7). and (j,j). to
each other. By the relation (i,j). = (e — 14,5 — i), for each 1 < ¢ < e — 1, the
cyclotomic number (i,7) = (e —1,0), and under the relation (7, j). = (e—1,j —1i)e,

the cyclotomic number (e —7,0), = (0,e — 7). O

Part (i) of the following Theorem is immediate from the above. Notice that
part (ii) then follows by Theorem 1.3.20(i).

Theorem 3.6.2. Let GF(q) be a finite field of order ¢ = p™ = ef + 1, where p
1s an odd prime. If e is an odd prime and p is a generator of the multiplicative

group 7, then if e | ¢ — 1:
(i) C5™ is a (¢, %2, A, p)-PDS in GF(q),

(ii) any collection of s distinct cyclotomic classes of order e is a (g, s, %, A+
(s —1)p, su)-DPDF in GF(q).

Example 3.6.3. Notice that a = 3 is a multiplicative generator of Z%, as a® = 1,
a=30a>=2 0a0>=6,a* =4and o® = 6. As such when e = 7 and
p =3, (1,0); = (3,0); = (2,0); = (6,0); = (4,0); = (6,0); under the identity
(1,7)e = (ip, jp)e in Theorem 1.4.12, It therefore follows by Lemma 2.1.2 that in
any finite field GF(3™), where 7 | 3™ — 1, the cyclotomic class C’g’m is a PDS,
and moreover, any collection of order 7 cyclotomic classes is a DPDF.

For exzample, in the finite field GF(729), 7| 728, so Cf is a (729,104,19,12)-
PDS, and any collection of u cyclotomic class of order 7 is also a (729,104,19 +
(u—1)12,12u)-DPDF.

The following Remark demonstrates that this construction is a special case of

uniform cyclotomy.

Remark 3.6.4. Observe that if p is a multiplicative generator of Z, then it
follows that pe;zl = —1 mod e.

With further investigation, we hope to use this technique to prove that the
external cyclotomic numbers are also identical when p is a generator of the mul-

tiplicative group Z.
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Chapter 4

A cyclotomic number algorithm
and Denniston PDSs

The cyclotomic frameworks developed in Chapter 2 are a powerful tool for find-
ing new DPDF/EPDF constructions, but can also be deployed as tool to find
constructions of other difference families. This Chapter presents the work of two
different projects in which I have deployed my knowledge of finite field cyclotomy
in order to tackle mathematical problems outside of the remit of finding new
DPDF and EPDF constructions.

Section 4.1 develops an algorithm for computing general cyclotomic numbers
in large finite fields currently there are no standard methods recorded in the
literature which can be used to do this directly [65]. Section 4.2 is an application
of the cyclotomic techniques that we developed in Chapter 2, together with the
algorithms in Section 4.1, to produce a new PDS with Denniston parameters in
elementary abelian groups in which p is odd these PDS were previously thought

not to exist [1].

4.1 Algorithm for computing cyclotomic num-

bers in large finite fields

In this Section, we connect the use of cyclotomic orbits with other standard
cyclotomic techniques in order to produce an Algorithm that computes the cy-

clotomic numbers in large finite fields. The work in this Section is inspired by the
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preprint [65]. In [65], the authors develop an implicit method for computing a
subset of the internal cyclotomic numbers of order 11 in the finite field GF(243).
I formalise their approach into an algorithm for directly computing internal cy-
clotomic numbers. I then expand upon this algorithm and present an algorithm
which automatically computes all internal cyclotomic orbit representatives when
e and p meet the constraints presented in Theorem 2.2.33. Finally, I also present
an algorithm for computing external cyclotomic numbers.

I begin this Section by stepping through the techniques used by Wen et al. in
[65] to compute the internal cyclotomic numbers of order 11 in the finite field
GF(243) = GF(3°). I then demonstrate how these techniques can be further

developed to produce general algorithms for computing cyclotomic numbers.

4.1.1 The Wen et al. paper

In [65], the authors use the following method to compute all internal cyclotomic
numbers of the form (i,4);; where 0 < ¢ < 10 in the finite field GF(243). Note
that in this particular finite field p = 3, m = 5, and |C}!| = f = 22 when e = 11.
Further n; =5 and € = 2, in the notation of Chapter 2.

Summary of method for computing internal cyclotomic numbers:

(1) The authors begin by computing all orbits of the form Orby; j),, =(3i,35),, (4, ©)e
for 0 < i < e—1. They find that there are precisely three orbits of this

form when e = 11 and p = 3, these are:

Orb(; ). =(ip.jp) (0, 0)11 = {(0,0)11},
Orb(ivj)e:(ipajp)e(17 1)11 = {(17 1)117 (37 3)117 (97 9)117 (57 5)117 (47 4)11}
Orb(i:j)e:(ipvjp)e(z 2)11 = {(27 2)117 (67 6)11, (77 7)117 (107 10)117 (87 8)11}'

(2) The authors then use the fact that —1 € C3"° (since f = 22 is even, it
follows by Lemma 1.4.11 that this is true) to demonstrate that
(0,0)1; > 1. Since 1 € C3"° and (=1) —=1=2—1=1 mod 3, it follows
that there is at least one pair of elements a,b € C’é % guch that
11,5

(3) The authors then choose an irreducible polynomial of order 6 over

GF(3)[z]. The polynomial that they choose is the polynomial
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flx) =2° + 2* + 23 + 22 + 22 + 1, which can be used to show that
2° =2zt + 22 + 227 + 1 + 2 € GF(3)[z].

(4) Note that if {1,6,6% 6% 61} is a basis of GF(243), then for every
a € GF(243), we may write a = ¢y + 10 + ¢20? + ¢30° + ¢40*, where
Co, C1, C2, 3, ¢4 € GF(3): we can also write « in vector form
(o = (cocrcacseyq)). Using the irreducible polynomial found in step 3) and
primitive element # = (01000), the authors compute the elements
0°,0', ... 0" € GF(243) in vector form.

0 = (10000), 6* = (01000), 6* = (00100), 6* = (00010), 6* = (00001),
0° = (21222), 6% = (11200), 7 = (01120), 6® = (00112), 6° = (12122),
0 = (10020), ' = (01002).

(5) With the element §'' € GF(243) computed, the authors go on to
compute the first % = 11 elements of the cyclotomic class C}!, we label
this set D. They find that:

D = {90 911 022 633 944 055 066 977 988 999 6110}
= {(10000), (01002), (21101), (21102), (12212), (11112),
(10121), (12011), (12112), (22002), (02010)}.

The reason why Wen et al. only compute the first 11 elements of the
cyclotomic class Cé 1% instead all 22 elements of C’é Y5 will become clear as

we progress through their algorithm.

(6) In the paper [65], the authors use a counting argument to obtain the values
of cyclotomic numbers of order 11 in GF(243). Notice that a contribution
of 2 to the cyclotomic number (11 — 1,11 —)3; (0 <7 <10 =e—1) can
be obtained from every pair {6 611} where 0 < s # ¢ < 21, satisfying

gtts — g1t = ¢, This is because, given such a pair

9115 o ellt — 9@ PN 911(571)+(117i) . 911(t71)+(117i) —1.

Using Lagrange’s Theorem and Theorem 1.4.12, we may obtain a second

pair of powers of § contributing to the cyclotomic number (11 —4,11 —14)q4
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by rearranging the above equation. Observe

¢t e

_(_(911(3—1)—1—(11—2’) . 911(t—1)+(11—i)))
_(011(t—1)+(11—i) . 911(5—1)+(11—i)) _

9121<011(t—1)+(11—¢) . 011(5—1)+(11—i)) _

GLL(+10)+(11-1) _ pli(s+10)+(11—i) _ |

It is therefore clear that since 15— £ gLL(s+10) gli(t=1) £ gLi(t+10) ¢ b5
we can think of the above pair {0 1!*} satisfying 6'1¢ — 011t = @ as
contributing 2 to the cyclotomic number (11 —¢,11 —4)y; (0 < i < 10).
However, notice that when running through all possible values of 0 < s #
t < 21 satisfying ') — 911" = ¢* (0 < i < 10), we double count every
cyclotomic number of the form (11—, 11—4)y; because the pairs {§'1%, #11¥'}
and {9110 guE+I0L() < ' #£ ¢/ < 21) are both picked up as we run
through all pairs 0 < s # ¢t < 21, unless we force some restrictions on s and
t. (Note that as f is even, every pair {6'1* 61} satisfying 6'1* — 11t =1
should be double counted, except for the pair {§'',6°}, as the expression
021 — 09 is self-inverse. We must therefore count the pairs contributing to
the cyclotomic number (0,0);; in a slightly different manner to cyclotomic
numbers of the form (11 — 4,11 —4);; where 1 <1 < 10.)

In the paper [65], Wen et al. enforce the restriction that 0 < s # ¢ < 10
to avoid this double counting. (Note that under this restriction, the pair
{1 (H10) Q1110 won't be picked up independently, since 11 < s-+10, ¢+
10 < 21 when 0 < s # t < 10.) However, we see in a later example, that
we cannot universally apply this restriction in an arbitrary finite field and

compute all cyclotomic numbers.

Using this counting method, Wen et al. find that there is one pair (6'1¢, 1)
satisfying 9115 — 91t = ¢* for 0 < s # t < 10 this is the pair (6%3,0%)
((21102) — (21101) = (00001)), meaning (7,7)y; > 2. Similarly, they find
one pair (', §11%) satisfying 611 — 91" = 62 for 0 < s # t < 10 this is the
pair (6%, 0) ((12112) — (12212) = (00100)), meaning (9,9);; > 2.

As the authors of [65] have not run through all possible pairs {§'!() 111}
satisfying 0 < s # t < 21, they need to verify the cyclotomic numbers val-
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ues that they have obtained in previous steps they use Theorem 1.4.12 to
do this. By letting A denote the cyclotomic number contained in the cyclo-
tomic orbit Orby; ;). =(ip,jp).(0,0)11, B denote the value of each cyclotomic
number contained in the cyclotomic orbit Orb; ;). —(ip.jp).(1,1)11 and C de-
note the value of the cyclotomic number contained in Orby; j).—(ip.jp). (2, 2)11
the authors use Theorem 1.4.12 (c)(i) to establish the equation 21 = A +
5(B 4 C). In part 2), the authors of [65] established that A > 1, and in
part 6), they established that B,C > 2. By substituting these values into
the formula, we obtain 21 = A+ 5(B+ C),andso A =1, B=C =2 are

the values of the cyclotomic numbers of order 11.

4.1.2 Comments on Wen et al. algorithm

Most cyclotomic constructions of various types of difference family recorded in
the literature are reliant upon uniform cyclotomy (see for example [13],[49]), the
computation of cyclotomic numbers via Gauss sums (see for example [2],[67]),
results on small e/f (see [34],[52]) or direct computation (as in [60]). How-
ever the methods for computing internal cyclotomic numbers of the form (i,17),
(0 <i<e—1),in [65] are novel. The approach used in [65] can be viewed as
an improvement upon direct computation: to compute the internal cyclotomic
numbers in the finite field GF(243) directly, the elements of each cyclotomic class
C¢, where 0 < i < e — 1, must be compared to the set {a* — 1ja*® € C5™},
whereas the methods of Wen et al. only rely on the comparing the elements of
the sets a®, a!, ... al® € GF(243) to the elements of the set D € GF(243), where
D = {a* — a0 < s,t < 10}. In the first approach, 242 non-identity elements
of the finite field GF(243) must be computed, whereas using the Wen et al. ap-
proach, only 21 elements of GF(243) are required to find the internal cyclotomic
numbers it is therefore clear that the methods in [65] are more computationally
efficient.

However, the methods of Wen et al. need to be adapted in order to be used as
a standard technique for computing the internal cyclotomic numbers of the form
(1,i)e (0 < i < e—1) in finite fields other than GF(243). As discussed in the
previous Subsection, one reason that this method cannot be universally deployed
is that the authors of the Wen et al. use a counting technique that cannot be

used in all finite fields. Below, I demonstrate why this counting method cannot
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be used in the finite field GF(729) = GF(3°).
Example 4.1.1. In the finite field GF(729), let o be a primitive element of

GF(729). In this ezample, we are looking at the cyclotomic numbers of order 13.
Notice that for every pair {a'?*, '3t} (0 < s # t < 56) satisfying a'** —a'3 = o,
for some 0 < 1 < 13, we have four possibilities 0 < s £t <27, 0 < s < 27 and
28 <t <56,28<s<56and0<t<27and?28 < s #t<56. If we apply the
Wen et al. restriction (i.e. we restrict to powers of o' up to g), we obtain all

13s, B — o for some 0 < i < 13, where either

pairs {a'3%, a3t} satisfying o' — «
0<s#t<27 and 28 < s #t <56, but not any pairs in which 0 < s < 27 and
28 <t <56 or28<s<56 and 0 <t <27.

There is only one pair {a'3 o'} satisfying a'®* — a3 = o2, for 0 < s #
t < 27 this is the pair {a'*(®) — aB316)Y ysing the Wen et al. method, this would
indicate that (9,9)13 > 2 in the finite field GF(729), but infact (9,9)13 = 4. (To
see this, observe that the following pairs all satisfy a'3) — a'3® = a? for 0 <
s £t < 56 {aB@W aBE)) [o130) o1362Y o1305) 3060} gpd {o1343) 41340} )
Therefore, we see that the counting argument used by Wen et al. is not always

able to reliably count the cyclotomic number values in every finite field.

We can, however, derive the following important result from the methods
developed by Wen et al. in [65].
Theorem 4.1.2. Let GF(q) be a finite field of order ¢ = p™ = ef + 1, where
p is prime and m € Z. Let C;™ = a'(af) (0 < i < e — 1) denote the i™"
cyclotomic class of order e in GF(q) and let (i,i). (0 <i <e—1) be an internal

cyclotomic number of order e in GF(q). The number of ordered pairs (s,t), where
0<s,t<f—1, satisfying:

afs — aet = ¢t

is precisely the cyclotomic number (i,1)..

Proof. 1t follows from Definition 1.4.3 that the cyclotomic number (i,7). (0 <
i < e —1) is the number of pairs (s',t'), where 0 < &', ¢ < f — 1, satisfying:

! N / :
aes +i aet +1 — 1

By multiplying each term of the above equation through by a®~%, we obtain:

» ;L ;o . , , »
of z(aes +1 _aet +z) — ol e ae(s +1) +ae(t +1) _ ot
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By letting s = s+ 1 mod f and t =¢ +1 mod f, we see that (i,i). (0 <

i < e —1) is the number of solutions (s, t), where 0 < s,t < e — 1, satisfying:

]

The rest of this Section is dedicated to using the above Theorem to develop
an algorithm which computes the internal and external cyclotomic numbers of
order e in a finite field GF(q).

4.1.3 Adapted Wen et al. algorithm for computing inter-

nal cyclotomic numbers

We can use the ideas presented in Theorem 4.1.2, to develop an algorithm for
computing all internal cyclotomic numbers of order e. As Theorem 4.1.2 demon-
strates, the cyclotomic number (i,17), is equivalent to number of pairs of elements
(%, at®) € C§ x C¢ satisfying a*¢ —a'® = a®~* (where 0 < i < e—1). By develop-
ing an algorithm which counts the number of pairs (a*¢, a'¢) € C§ x C§ satisfying
the above, we can compute each cyclotomic number (i,7), (0 < i < e—1). In later
Subsections, we will repeat this process for internal cyclotomic numbers in which
we have additional information about the elements of each internal cyclotomic
orbit, and can thus build a step into the Algorithm which computes an element
of each of the internal orbits to reduce the number of computations required.
We will also design a similar algorithm that computes the values of the external
cyclotomic numbers.

Whilst we have not tested the computational complexity of these new algorithms
(which are all based upon the same methodology) or the standard approach for
computing the values of cyclotomic numbers, a dramatic difference can be seen
between the two methods when computing the cyclotomic numbers using these
methods. In tests that we have run, it takes around two days for the standard
method for computing the cyclotomic numbers of order 13 in GF(729), whereas
using the methods adapted from the Wen et al., it only takes one afternoon to
compute the cyclotomic numbers of order 13 in GF(729).

We now present the first of algorithms, which is used to determine general internal

cyclotomic numbers. This Algorithm is presented in pseudocode below.
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Algorithm 1 - Internal cyclotomic number algorithm

Input: To determine the cyclotomic number (b, b), in the finite field GF (p™), input
the values of p , m, e and b. Input a primitive polynomial, o™ = ¢y + cra+ . .. ¢p_1a™ 1,
of GF(p™), in vector form (cpcy ... cm—1) (where 0 < ¢, <p—1forall0<a<m—1
and ! is a primitive element of GF(p™)).
Output: The value of the cyclotomic number (b, b)e.

1: smallelt[1] = «

2: for 2 <i<edo

3:  smallelt[i] := smallelt[i — 1]«
> Generates the first e powers of o in GF(p™)
4: classelt[1] := smallelt[e]
5: for 2 < j < P~ do
6:  classelt[i] := classelt[i — 1]smallelt|e]

> Generates the elements of the cyclotomic class C5'™ = (a®)

7: bbcount := 0
8 for1<I1<?=1 _1do

e

9: forl<k§pm7_1do

10: if classelt|[k] — classelt[l] = smallelt[e — b] then

11: bbcount := bbcount + 1

12: else if classelt[l] — classelt[k] = smallelt[e — b] then
13: bbcount := bbcount + 1

14: print “(”b“,”7b%)” = bbcount
> This loop determines the cyclotomic number (b,b), by calculating the number

of pairs of elements in C§ with difference ¢~

We will now step through the design of this Algorithm. Algorithm 1 requires
the computation of all f elements of the cyclotomic class Cj™, as well as the first
e powers of a primitive element o € GF(q), whereas the Algorithm used by Wen
et al. only requires the computation of % + e elements of GF(243). However,
we can see that Algorithm 1 can be used to find all internal cyclotomic numbers
of the form (7,7). (where 0 < ¢ < e — 1) in any finite field GF(q), while (as
demonstrated in Example 4.1.1) the implicit Wen et al. algorithm won’t be able

to compute all cyclotomic numbers in a given finite field.
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In the following example, we demonstrate how Algorithm 1, and prior knowl-
edge about the elements contained within each of the cyclotomic orbits when
e = 11, can be used to provide an alternative way of finding all internal cyclo-
tomic numbers of order e = 11 in the finite field GF(243).

Example 4.1.3. As identified in Example 2.2.31, there are precisely e +1 = 3
internal cyclotomic orbits in the finite field GF(243) when e = 11, these are

)11, (5,5)11, (4,4)11, (10,0)11, (8,0)11, (2, 0)11,
0)11, (0,8)11, (0,2)11, (0,6)11, (0, 7)11 },
)11, (10,10)11, (8, 8)11, (9, 0)11, (5, 0)11,
)11’ (Oa 9>117 (0’ 5)117 (07 4)117 (07 1)11’ (Ov 3)11}'

S O O W
N N N
—
=
~—~ o~~~
w N o ©
S N = ©

We can see that the cyclotomic orbit representatives of each of these orbits are
(0,0)11, (1,1)11 and (2,2)11 thus by substituting each of these cyclotomic numbers
into Algorithm 1, we obtain all of the internal cyclotomic numbers of order e = 11.

When Algorithm 1 is given (0,0)11, the Algorithm finds that the only pair
(0%, at®) € C3"° x Cy"° satisfying o — at® = 1 is the pair (a'*',a®), hence
(0,0)17 = 1. When Algorithm 1 is given (1,1)11, it is found that the only two pairs
of cyclotomic numbers (a*¢,a'¢) € Cy"° x Cy"° satisfying o — ot = o''7! =
a'f are the pairs (®3,a5%) and ('™, '), therefore (1,1)1, = 2. Finally, the
only two pairs of cyclotomic numbers (o, a¢) € C&LE’ X 031,5 satisfying ¢ —
ate = a2 = o are (a%,a't) and (32, a'7), so (2,2)1, = 2. We then know
that every cyclotomic number in the same cyclotomics as the cyclotomic numbers
(1,1)11 and (2,2)11 must also equal 2.

As demonstrated in Example 4.1.3, prior knowledge of the structure of the
cyclotomic orbits, simplifies the process of computing the internal cyclotomic
numbers of order e. In Theorem 2.2.33, I was able to demonstrate that when e >
5, p is odd and n; = ord.(p) is odd, the cyclotomic orbit representative of every
internal cyclotomic orbit Orbw(Z, j). (where R = {(¢,7)e = (J,%)e, (4,7)e = (e —
i, —1)e, (1,7)e = (ip, jp)e}) has to be the cyclotomic number (o, ajc)e, Where
o ¢ is the lexicographically smallest element contained within the cyclotomic class
C’;’l C GF(e). I therefore decided to create an extended version of Algorithm 1,

which computes the lexicographically smallest element of the cyclotomic class
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C’S’l >~ (p), we can therefore build an Algorithm that directly computes the
value of the cyclotomic orbit representative of each internal cyclotomic orbit
when e > 5 is prime, p is odd and n; = ord.(p) is odd. By then applying the
relations R = {(7,)e = (4,%)e, (4,))e = (€ — 1,5 — )¢, (4, 7)e = (ip, jp)e} to each of
the cyclotomic orbit representative (o, ac)e, we are able compute the internal
cyclotomic numbers of order e more efficiently. The pseudocode on the next page
(labelled Algorithm 2) describes this process in more detail. Below I demonstrate
how Algorithm 2 computes the internal cyclotomic numbers using our running
example where e = 11 in the finite field GF(243).

Example 4.1.4. Algorithm 2 can also be used to identify the internal cyclotomic
numbers of order e = 11 in the finite field GF(243), since e = 11 and p = 3 are
both prime, and here ny = ord.(p) = 5 however, in Algorithm 2, the Algorithm
computes the internal cyclotomic orbit representatives automatically. Once the
values of e = 11, p = 3 and ny = 5 have been substituted into the Algorithm, the
Algorithm computes the cyclotomic orbit representatives, by finding the lexico-
graphically smallest b in each cyclotomic coset C; = i(p), where 0 < i <e—1. In
this example, the Algorithm identifies that the lexicographically smallest elements
in each of the three cyclotomic cosets are the elements 0, 1 and 2.

Once the Algorithm has identified the lexicographically smallest element b €
C,, it automatically computes the cyclotomic number (b, b)11. So in this example,
Algorithm 2 automatically computes the cyclotomic numbers (0,0)q1, (1,1)1; and
(2,2)11. The actual process used to compute each of the cyclotomic numbers is

analogous to the process used in Algorithm 1 to compute each cyclotomic number

(b,b)11.
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Algorithm 2 - Internal cyclotomic number algorithm: special case

Input: For the finite field GF(p™), specify the prime p, the integer m, a prime
value of e > 5 and the value of n; = orde(p). Input a primitive polynomial,
a™ = cg + cra + ...cpmo10™ Y of GF(p™), in vector form (cpcr...cm-_1) (where
0<c,<p-—1forall0 <a<m-—1anda'isa primitive element of GF(p™)).
Output: The value of each cyclotomic number of the form (b,b)., where 0 < b <

e—1.

1: smallelt[1] := «
2: for 2 <i<edo
3:  smallelt[i] := smallelt[i — 1]«
> Generates the first e powers of « in GF(p™)
4: classelt[1] := smallelt[e]
5: for2§j§w%do
6:  classelt[i] := classelt[i — 1]smallelt|e]

> Generates the elements of the cyclotomic class C5'™ = (a®)

7:for0<b<e—1do

8: for1<c¢<n;—1do
9: if bp® mod e < b then
10: next b

> The nested for loop in lines 7-10 is identifying the orbit representatives
we skip b if it is not the orbit representative
11:  bbcount :=0
12: forlglgg—ldo

13: for | < k < ?°=! do

14: if classelt][k] — classelt[l] := smallelt[e — b] then

15: bbcount := bbcount + 1

16: else if classelt[l] — classelt[k] := smallelt[e — b] then
17: bbcount := bbcount + 1

18:  print “(”b%,7b*)” = bbcount
> This loop determines the cyclotomic number (b,b). by calculating the number

of pairs of elements in Cf§ with difference P
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4.1.4 Algorithm for computing external cyclotomic num-

bers

After determining the two previous algorithms that compute all internal cyclo-
tomic numbers of order e in a finite field GF(q) we decided that it would useful
to write an Algorithm that was able to compute all external cyclotomic numbers

in a given finite field. As a first step in this process, I found an external analogue
of Theorem 4.1.2.

Theorem 4.1.5. Let GF(q) be a finite field of order ¢ = p™ = ef + 1, where
p is prime and m € Z. Let C;™ = o'(af) (0 < i < e — 1) denote the i™"
cyclotomic class of order e in GF(q) and let (i,5). (1 < i # j <e—1) be an
external cyclotomic number of order e in GF(q). The number of ordered pairs
(s,t), where 0 < s,t < f — 1, satisfying:

es aet+d — e—1

o a”

where d = j — 1 mod e, is the cyclotomic number (i,7)e.

Proof. 1t follows from Definition 1.4.3 that the cyclotomic number (7,7). (1 <
i # 7 < e—1) is the number of pairs (s',t'), where 0 < ', ¢’ < f — 1, satisfying:

aes’+i _ aet'+j -1

By multiplying each term of the above equation through by a®~%, we obtain:
ae—i<aes/+z’ . aet/+j) — ¢! PN ae(s/+1) + ae(t/-‘rl)-i-j—i — ot

By letting s = s+ 1 mod f,t =t 4+ 1 mod f and d = j —i mod e, we

see that (4,j)e (1 < i # j < e — 1) is the number of solutions (s,t), where
0 <s,t <e—1, satisfying:

o€ — ate+d = a7t

]

Using this Theorem 4.1.5, we can give the following algorithm which computes

the value of any cyclotomic number of order e in a given finite field GF(q).
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Algorithm 3 - External cyclotomic number calculator

Input: To calculate the value of the cyclotomic number (i,j). in the finite field
GF(p) input the values of: p, n, e, i and j. Further, input a primitive polynomial,
a® = cg + cra + ...cp_1a™ L, of GF(p™), in vector form (coci...cn—1) (where
0<c¢,<p—1forall0<a<n-—1and «is a primitive element of GF(p")). Output:

The value of the cyclotomic number (i, j)e.

1: smallelt[1] := «
2: for 2 <k <edo
3:  smallelt[k] := smallelt[k — 1]a
> Generates the first e powers of o in GF(p™)

4: classelt[1] := smallelt[e]
5: for2§l§w%do
6:  classelt[l] := classelt[l — 1]smallelt[e]

> Generates the elements of the cyclotomic class C5™" = (a®)
T d=j5—1

8: otherclasselt[1] := smallelt[d]
9: for2§m§$do
10:  otherclasselt[m] := otherclasselt[m — 1]smallelt[e]
I> Generates the elements of the cyclotomic class C" = a®{a®)

11: z:=e—1
12: ijecount := 0
13: forlgrgw%ldo
14: forlgsgpm%do
15: if classelt[r] — otherclasselt[s] := o* then
16: ijcount := ijcount + 1
17: print ijcount

> This loop determines the cyclotomic number (7, j)e by calculating the number

of pairs of elements in C§ x Cf with difference b

Note that once we have further results about the cyclotomic orbit representa-
tives of external cyclotomic orbits, we will be able to make this Algorithm more
efficient by writing in such a way that all external orbit representatives will be
automatically generated by this Algorithm. For now, this Algorithm can be used

by substituting in the external cyclotomic orbit representatives. In the Example
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below, I demonstrate how this Algorithm can be used to determine the external
cyclotomic numbers of order e = 11 in the finite field GF(243).

Example 4.1.6. In the finite field GF(243), when e = 11, we know from Example
2.2.81 that the external cyclotomic orbits under the relations R = {(i,j). =

(J,1)e, (1, 5)e = (€ =0, — i)e, (4, J)e = (ip, jp)e} are

Orbw(1,2)11 = {(1,2)11, (3,6)11, (9, T)11, (5,10)11, (4, 8)11, (2, )11, (6, 3)11, (7, 9)11,
(10,5)11, (8,4)11, (10, 1)11, (8,3)11, (2,9)11, (6, 5)11, (7, 4)11, (1,10)11,
(3,8)115 (9, 2)11, (5,6)11, (4, 7)11, (9, 10)11, (5, 8)11, (4, 2)11, (1,6)11,
(3,7)11,(10,9)11, (8,5)11, (2,4)11, (6, 1)11, (7, 3)11 }

Orbn(4,5)11 = {(1,3)11, (3,9)11, (9, 5)11, (5,4)11, (4, 1)11, (3, 1)11, (9, 3)11, (5,9)11,
(4,5)11, (1,4)11, (10, 2)11, (8,6)11, (2, 711, (6, 10)11, (7, 8)11, (2, 10)11,
(6,8)11, (7, 2)11, (10,6)11, (8, 7)11, (8,9)11, (2, 5)11, (6, 4)11, (7, L)1,
(10,3)11, (9, 8)11, (5, 2)11, (4,6)11, (1, 7)11, (3,10)11 }

Orbw(3,4)11 = {(1,5)11, (3,4)11, (9, 1)11, (5,3)11, (4,9)11, (5, 1)11, (4, 3)11, (1,9)11,
(3,5)11, (9, 4)11, (10,4)11, (8, 1)11, (2, 3)11, (6,9)11, (7,5)11, (4, 10)11,
(1,8)11,(3,2)11,(9,6)11, (5, 7)11, (6, 7)11, (7,10)11, (10, 8)11, (8, 2)11,
(2,6)11, (7,6)11, (10, 7)11, (8,10)11, (2, 8)11, (6,2)11 }

Therefore the cyclotomic orbit representatives are the cyclotomic numbers (1,2)11,
(4,5)11 and (3,4)11. Therefore these are the external cyclotomic numbers that
we substitute into Algorithm 3 in order to determine the value of each external
cyclotomic number of order e = 11.

In each of these cases d = |j —i| = 1, so the Algorithms compute all elements
of the cyclotomic C5* = (p) € GF(e) and all elements of the cyclotomic class CJ"
as well. The second stage of the Algorithm runs through all pairs (¢, a'*1) €
C’S’l X Cf’l to determine the value of each of the above cyclotomic numbers.

The Algorithm finds that there is only 1 pair of elements (¢, alt1) € C5* x
Cob such that o — oft! = a2 = o, this is the pair (o', %) meaning
(1,2)11 = 1. The Algorithm then identifies 1 pair of the form (a®¢, a'tl) €
CSt x C such that o€ — af*t! = a5 = ab, this is the pair (%%, a'%®) meaning
that (4,5)11 = 1. Finally the Algorithm identifies that there are 4 pairs of the
form (o, oty e C5' x OO such that o — of*T' = o = o, these are
the pairs (a7, a3%), (a®,a®), (%, at%) and (a2, a*%). From this Algorithm

we deduce that (3,4)1; = 4. All cyclotomic numbers in the respective orbits of
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these cyclotomic orbit representatives take the same value as their respective orbit

representative.

4.2 Denniston partial difference sets

I developed the results in this Section whilst my supervisor and I were undertak-
ing a collaborative research project with Prof. Jim Davis and Prof. John Polhill,
looking at the relationship between partial difference sets with Denniston param-
eters and cyclotomy. We were asked to take part in this collaborative research
project with a view to establishing a cyclotomic interpretation of PDSs with
Denniston parameters. My work in this Section was instrumental in giving us
an understanding of the cyclotomic situation and clarified the need to develop
proof techniques that combine both character theory and cyclotomy in order to
further generalise Denniston’s results. Our results establishing the existence of
cyclotomic Denniston PDSs occur in [20]; however in this Chapter, I only present
the work for which I had the key input.

4.2.1 Background

A PDS with parameters (p*™, p" (p" —p™ " +1)(p"—1),p" (p" " —1+(p" —p" "+
D" —2),p (" —p™ 7"+ 1)(p" — 1)), where p is prime, m > 2 and 1 <r < m,
is said to have Denniston parameters. In [23] Denniston provides a construction
technique that can be used to find PDSs with parameters (23™,2"(2™ — 2™~ +
nEm™—1),2r2m " =14+ 2m=2""+1)(2"—-2)),2" (2™ —-2™""+1)(2" — 1)) for
every value of 1 <r < m (i.e. all PDSs with Denniston parameters that exist in
the elementary abelian group Z3™, where m > 2). These correspond to maximal
arcs in Desarguesian projective planes of even order. Since such arcs do not exist
in odd characteristic, it was assumed that no Denniston PDSs would exist for
odd primes [1]: as such little attention has been paid to PDSs with Denniston
parameters until recently [6] and [24].

In undertaking this research project, we aimed to extend Denniston’s results
in [23] to the elementary abelian group ng, where m > 2 and p is an odd
prime, meaning that each PDS has parameters (p*™ p"(p™ — p™ " + 1)(p™ —
Dp (™" =14+ " —p™ "+ )" =2),p" (" —p" T+ (" - 1)) for 1 <7 <
m. Our motivation for looking at PDSs of this type arose from computational
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investigations undertaken by Prof. Jim Davis and Prof. John Polhill. The next
two Theorems outline the main results from our paper [20]. The first of these
results demonstrates that a PDS with Denniston parameters in which » = 1 and

m > 2 exists in the elementary abelian group Zf,m when p is odd.

m
1
B 2m

Theorem 4.2.1. Let w be a primitive element of GF(p™) and let C;* " C
GF(p*™). The set

p—1 m pM—1
—1

D .= U (wl<wpf’7:11>) X (Cipigm U {Ocrp2m)})

is a (P*™, (P =1)- (p— D" +1)+1),p" —p+ (@™ = p™ +p)(p—2), (p™" —
p" +1)(p—1))-PDS in GF(p™) x GF(p*™).

By applying Delsarte’s Duality Theorem (for further information see [22]) to
the parameters of D we were able to prove the second major result of our paper:
a PDS with Denniston parameters in which r = m — 1 and m > 2 exists in the

elementary abelian group Zf;m when p is odd.

Theorem 4.2.2. Let D' be the dual of D in ng (here we are viewing the group
Z3™ as GF(p™) x GF(p*™); for the defintion of D see Theorem 4.2.1). Then D'
s a (p3m7 (pmel _pm _I_pmfl)(pm _ 1>7pm _pmfl + (mefl _pm _f_pmfl)(pmfl _
2)7 <p2m—1 _ pm _|_pm—1)<pm—1 _ 1))_PDS

The proof of Theorem 4.2.1 (and thus of Theorem 4.2.2), which we ultimately
presented in [20], was expressed in terms of character theory. The character
theory argument can be split into three non-trivial cases: two cases in which there
is a non-principal character and a principal character, and a third case in which
both characters are non-prinicipal. The third case depended on demonstrating
that the kernel of a certain character had a particular form: this could not be
proven using a purely character theoretic approach. However, we realised that
we could express the kernel cyclotomically, and used finite field cyclotomy to
determine that the kernel satisfied the desired properties. Let Tr,,/; : GF(p™) —
GF(p) be the trace map, given by Tr,,/1(z) = = + 2P + 2 + ...+ 2" then
proving this result boils down to using finite field cyclotomy to determine that
the set:
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i@;%2m BiiiﬂnL m

Dyt T = (U (oFs ) U {Ocr@en } C GF(p*™), (4.1)
Jel

where I = {l| Trp1(af) = 0, ! € GF(p™)}, is a PDS in the group Z2™ when

m > 2. Using quadratic forms and cyclotomy, we were able to prove in [20]
p™m—1

that the set D7’ ™ is indeed a regular (P> p™tHp™ —p+ 1), p" Hp™ —
p+1),p" (p™ ' —1))-PDS in the group Z2™, and were thus able to prove that
D and D’ are both PDSs with Denniston parameters in the group Zf;m. Under-
standing of the cyclotomic structure of D, gained from my direct computation,
was instrumental in developing this approach.

In the next Subsection, I will discuss the initial approach to proving that

pm_1’2
D,"! ™ is a PDS in the sz. This approach centred on direct computation

in small groups to attempt to determine a general, purely cyclotomic proof that

P g
D,"! ?™ is a PDS in the Z;™. The majority of Subsection 4.2.2 is dedicated to
looking at a particular example in the finite field GF(729). We will prove that

forall 0 <i < p;”_—ll —1 =12, the set

D;** = " U CHY U Gl U Oy U {0Gr(ras } (4.2)

(2 K3 7 7

(where I = {l | Tr3/1(a!) = 0,a! € GF(3%)} = {0,4, 10, 12}) forms a (729, 225, 63,
72)-PDS in the finite field GF(729) using a purely cyclotomic argument. We will
also discuss the limitations of current cyclotomic techniques in generalising this
result to other finite fields.

4.2.2 Proving that a PDS with Denniston parameters in

which r = 1 exists in ZJ

As we can see from the definition of the set D;** = C;{**UC PP UCi UCH, U
{Ocr(ra0)} (where 0 < i < 12), the set D;*® comprises a union of cyclotomic
classes in the finite field GF(729). By thinking of each set Di1 % in this way, we
can adapt some of the techniques that we developed in Chapter 3 to understand
more about the structure of each D;>° and thus prove that each D> is a partial

difference set.
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D36y -
) into a union of

In the Lemma below, we decompose the multiset A(D;
multisets of the form A(C;%,C;?’ %) (where 0 < i,j < e —1). Note that in
all following results in this Subsection, we write Ogr(r29) as 0, since we are only

looking at results in the finite field GF(729) in this subsection.

Lemma 4.2.3. In the finite field GF(729), let a be a primitive element of
GF(729), 0;3’6 denote the j™ cyclotomic class of order 13, I = {0,4,10,12}
and for 0 < i < 12, let S;*° = D;*\{0}, where D;** = C>° U ClP U ClPf U
C35, U {0}, It then follows that

(i) A(S™") = Uier(A(G, Cp™) U a*A(CE], Cp™°) U a!OA (G2, Gy )U
a?A(C 2, Cp™)) — 224{0},

(ii) A(S;*) = a’A(S5™).

(iii) A(D*%) = A(S*F)u255>.

Proof. (i) Notice that since 2=t = 56, for 0 < r < e — 1, each cyclotomic
class C1*9 has cardinality 56, meaning that as S3>° = C;*° U C;*° U
0113’6 U CJ2°% S, has cardinality 224. It then follows by Remark 1.2.2 that
A(Sy>°,55%%) = A(S;*%)U224{0}. Since S;>° = C>uC>PuCUCS,

this means that we can partition the multiset A(S;>°, S;*°) as follows

A(SSS’G, 533,6) _A 033,6’ 033,6

Al Y
:UA(CJ?)G 0136 UUA 136 0136)U

lel lel
UA( 136 0136 UUA 136 0136).

lel lel
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By Lemma 2.1.18(iii), we may rewrite the equation for A(S;>°, S3%°) as

A3, 557 = J A (G, 6 uat | J A (G2, 6% u
lel lel
oA (2.6 L A (65 €3
lel el

=@, cifyuata (¢, o)

lel

@A (G G U ot (0 5.
As above, A(Sé3,6) _ A(Sé?)ﬁ, 5'33,6) — 224{0}. Tt then follows that

A" = JAGP, G ua’A (G, ) U oA (G2, C5™)

lel

U oA (G125, ™)) — 224{0}.

(ii) As above

A(Sl3,6) — U(A(Cli’),ﬁ 0_13,6) U OC4A (013,6 013,6) U OZIOA (011_3’1%_1_@ 02'13,6)

) I+i ) >4 l—441° >4
lel

U oA (015, C%)) — 224{0}

By Lemma 2.1.18(iii), we may then write

A(S;ZS,G) — U(O/A(Cl]ﬁﬁ, 08.3,6) U OéiOé4A (011_3;16, C[:)I.?),ﬁ)

lel
Uaia®A (CFE Ci*%) U ala2A (G35, C3*%)) — 224{0},
o ( U(A(C}S’ﬁ, CoPY U A (O, C*%) U A (CF2, Cy™°)

U a'2A (G2, Cp*°)) — 224{0},

(ili) Observe that we may write D;>® = S;/*° U {0}. Tt therefore follows that

A(DP%) = A(SE,0) U A0, 5> U A(SP9).

)
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By definition, A(S;*°,0) = {s = 0|s € S;*°} = {s]|s € 5;/*°} = /3
Similarly A(0,S5;>°%) = {—s|s € S;*°}. By definition, S;*° comprises a
union of four cyclotomic class of order 13 in GF(729). Notice that for each
cyclotomic class 136 (0 < r < 12), of order 13 in GF(729), f = £ = 56.
It then follows by Lemma 1.4.11 that for each cyclotomic class C36 where
0 < r < 12, the additive inverse of each element of C''*® is contained within

13,6

C!5. This means that additive inverse of each element of S;°” is also

contained in S;>°, and so A(0, S;*%) = §/*°. The result then immediately

follows. L

By exploiting the known connections between cyclotomic classes and cyclo-
tomic numbers, we can use this result to write the number of occurrences of
each element of GF(q) in the multiset A(D;*°) in terms of a sum of cyclotomic

numbers. This is demonstrated in the following result.

Lemma 4.2.4. In the finite field GF(729), let « be a primitive element of
GF(729), 0;3’6 denote the j cyclotomic class of order 13, I = {0,4,10,12} and
for0 < < 12, S5 — DO\ (0} where DI — CILERSLEIE SIS o)
It then follows that

(i) A(Sy>0) = U S ((r D+ (r—4,1—4)154 (r—10,1—10) 13+ (r — 12,1 —
12)15)C136 _ 224{0}

(i) A(S>°) = U S ((r =i, D13+ (r—i—4,1—4)13+ (r—i— 10,1 —10);3+
(r—i—12, - 12)13)C136 — 224{0},

(iii) A(D;>°) = U Sier((r—i D+ (r—i—4,0—4);3+ (r—i—10,1—10)13 +
(r—i—12, - 12)13)C136 U 28130 — 224{0}.
Proof. By Lemma 4.2.3

A(Sé3,6) _ U(A<Cll3,6’ 033,6) U Oé4A (Ol13467 013 6) O./loA (0113160’ 013 6)
lel

Ua?A (C2, Cp™°%)) — 224{0}.
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It then follows by Lemma 2.1.18 that:

12 12 12
A5 = (D uat | (r 1 — 415025 U o' | (r,1 = 10)15C)3
lel r=0 r=0 r=0
12
Ua'? | J(r,1 = 12)15C%%) — 224{0}.
r=0
12
= UD (1O U (r,1 = 415035 U (1,1 = 10)13C,71 U (1,1 — 12)13C,575)
r=0 lel

—224{0}.

A(S330) = U Z 7, D) 13CB0U (r— 4,1 — 4)13C5 U (r — 10,1 — 10)13C136

r=0 lel
U(r — 12,1 — 12);3C*%) — 224{0}.
12
S Dis + (r = 4,0 = 4)15 + (r — 10,1 — 10)15
r=0 lel

+(r — 12,1 — 12)13)C*% — 224{0}.

(ii) By Lemma 4.2.3(ii) and part (i) that

ASPO) =’ (D (s + (r— 4,1 — 413+ (r — 10,1 — 10)15+

r=0 [e]
(r —12,1 —12)33)C**%) — 224{0}
12

=D (s + (r =40 —4)15+ (r — 10,1 — 10)15+

r=0 lel

(r—12,1—12)13)C2¢ — 224{0}.

It then follows by Lemma 2.1.18 that

A(5136 UZ r—i l)13+(7’—2—4l—4)13—|—<7‘—2—101—10)13+

r=0 lel

(r—i—12,1—12);3)C*% — 224{0}.

(iii) Immediate from Lemma 4.2.3 and part (ii). O
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Now that we have determined a formula for the number of times each element
of GF(729) occurs in the multiset A(D;*°) (where 0 < i < 12) in terms of
cyclotomic numbers of order 13, we are able to prove that each set Di1 30 is a PDS
by substituting in the values of the cyclotomic numbers of order 13. As e = 13 is
prime p = 3is odd and n; = ord;3(3) = 3 is odd, we are able to use Algorithm 2 to
identify the values of each internal cyclotomic orbit representative. By exhaustive
search, we can also identify the external cyclotomic orbit representatives, and
then use Algorithm 3 to find the values of each cyclotomic orbit representative.
The next few results in this Chapter are dedicated to stepping through the process
of computing the internal and external cyclotomic numbers of order e = 13 in
the finite field GF(729) in detail, as such, the internal cyclotomic number values
will be listed separately from the external cyclotomic number values. To see a
more accessible list of the cyclotomic numbers of order e = 13 in the finite field
GF(729), we refer the reader to Appendix C.

We now record the values of each of the internal cyclotomic orbit representa-
tives. These values were found by inputting e = 13, p = 3 and n; = ord;3(3) into
Algorithm 2.

Lemma 4.2.5. In the finite field GF(729), when e = 13 there are precisely 5
internal cyclotomic orbits under the relations R = {(i,5)e = (4,4)e, (,7)e =
(e — 4,5 —1)e,(1,7)e = (ip,jp)e}. The internal cyclotomic orbit representatives
are as follows (0,0)13, (1,1)13, (2,2)13, (4,4)13 and (7,7)13. The values of each
of the cyclotomic orbit representatives are as follows (0,0)13 = 7, (1,1)13 = 4,

(2, 2)13 = 2, (4,4)13 = 6 and (7, 7)13 =4.

Below we record the value of each of the internal cyclotomic numbers. These
values have been found by then equating the value of each of the cyclotomic orbit

representatives to the other elements contained within the same cyclotomic orbit.

Proposition 4.2.6. In the finite GF(729), the internal cyclotomic numbers of
13 are as follows
7=1(0,0)13

= (1,1)13 = (3,3)13 = (9,9)13 = (12,0)13 = (10,0)13 = (4,0)13 = (0,12)15 =
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6 = (4,4)13 = (12,12)13 = (10,10)13 = (9,0)13 = (1,0)13 = (3,0)13 = (0,9)13 =
(0,1)13 = (0,3)13
4 = (7,713 = (88)13 = (11,11)13 = (6,0)13 = (5,0)13 = (2,0)13 = (0,6)13 =
(0,5)13 = (0,2)13.

We now compute the value of each of the external cyclotomic numbers. To
do this, we use an exhaustive approach to identify that there are 4 external
cyclotomic orbits of order 6 and 6 external cyclotomic orbits of order 18 under
the relations R = {(2,7)e = (4,9)e, (4,))e = (6 — 1,5 — 1)e, (4,5)e = (ip, jp)e}. (To
see the elements contained within each of these orbits see Remark 4.2.9). We
identify the values of each of the external orbit representatives in the following
Lemma. Note that these values have been found by applying Algorithm 3 to each

of the cyclotomic orbit representatives.

Lemma 4.2.7. When e = 13 in finite field GF(729), there are precisely 10
external cyclotomic orbits under the relations R = {(i,7)e = (J,0)e, (4,))e =
(e —i,7 —i)e, (4,7)e = (ip,jp)e}t. The orbit representatives for these external

cyclotomic orbits as follows:

(1) the orbit representative for the 4 cyclotomic orbits of order 6 are (3,4)13,
(9,10)13, (5,7)13 and (6,8)13,

(i1) the orbit representatives for the 6 cyclotomic orbits of order 18 are (1,2)13,
(2,3)13, (4,5)13, (5,6)13, (6,7)13 and (7,8)13.

The values of the orbit representatives are as follows (3,4)13 = 8, (9,10)13 = 1,
(5,7) = 6, (6,8)13 = 6, (1,2)13 = 6, (2,3)13 = 2, (4,5)13 = 4, (5,6)13 = 6,
(6, 7)13 = 2, (7, 8)13 == 5

By equating each of the external cyclotomic orbit representatives to the other
elements contained within the same external orbit, we can then find the value of

each external cyclotomic number.

Lemma 4.2.8. By applying Algorithm 3 to each of the external cyclotomic orbit
representatives found in Remark 4.2.7 when R = {(i,7)e = (j,1)e, (4,7)e = (€ —
i,] —1)e, (1,4)e = (ip, jp)e} and e = 13 in the finite field GF(729), we find that
6 =(1,2)13, 2 =1(2,3)13, 8 = (3,4)13, 4 = (4,5)13, 6 = (5,6)13, 2 = (6,7)13 and
5=(7,8)13, 1 = (9,10)13, 6 = (5,7)13 and 6 = (6,8)13.
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Proposition 4.2.9. In the finite GF(729), when e = 13, the external cyclotomic
numbers are take the following values

6 = (1,2)13 = (3,6)13 = (9,5)13 = (2,1)13 = (6,3)13 = (5,913
(10,3)13 = (4,9)13 = (1,12)13 = (3,10)13 = (9,4)13 = (11,12)43
(8,4)13 = (12,11)13 = (10,7)13 = (4, 8)13,

2 =1(2,3)13 = (6,913 = (5,1)13 = (3,2)13 = (9,6)13 = (1,5)13 = (11,1)13 =
(7,3)13 = (8,9)13 = (1,11)13 = (3,7)13 = (9,8)13 = (10,12)13 = (4,10)153 =
(12,4)13 = (12,10)13 = (10,4)13 = (4, 12)13,

8 =(3,4)13=1(9,12)13 = (1,10)13 = (4,3)13 = (12,9)13 = (10,1)y3,

4= (4,5)13 = (12,2)13 = (10,6)13 = (5,4)13 = (2,12)13 = (6,10)13 = (9,1)13 =
(1,3)13 = (3,9)13 = (1,9)13 = (3,1)13 = (9,3)13 = (8,12)13 = (11,10)13 =
(7,4)13 = (12,8)13 = (10,11)13 = (4, 7)1,

(12,1)13
(7,10)15 =

6 = (56)13 = (2,5)13 = (6,2)13 = (6,5)13 = (5,2)13 = (2,6)13 = (8, 1)13 =
(11,3)13 = (7,9)13 = (1,8)13 = (3,11)13 = (9,7)13 = (7,12)13 = (8,10)153 =
(11,4)13 = (12,7)13 = (10, 8)13 = (4, 11)13,

2 =1(6,7)13 = (5,8)13 = (2,11)13 = (7,6)13 = (8,5)13 = (11,2)13 = (7,1)13 =
(8,3)13 = (11,9)13 = (1,7)13 = (3,8)13 = (9,11)13 = (6,12)13 = (5,10)13 =
(2,4)13 = (12,6)13 = (10,5)13 = (4, 2)13,

5= (7,8)15 = (8,11)13 = (1L, T = (8, T = (11,8)13 = (7, 11)13 = (6, 1)1 =
(5.3)15 = (2915 = (1,613 = (3,5)15 = (9,215 = (5,12)15 = (2,10)15 —
(6,4)15 = (12,5)15 = (10,2)13 = (4, 6)13,

1= (9,10)13 = (1,4)13 = (3,12)13 = (10,9)15 = (4, 1)13 = (12, 3)13,

6= (5,7)13 = (2,8)13 = (6, 11)13 = (7,5)13 = (8,2)13 = (11,6)13,

6 = (6,8)15 = (5, 1115 = (2, T)1s = (8,6)15 = (11,5)15 = (7, 2)15.

With the internal and external cyclotomic numbers of order e = 13 in the finite
field GF(729) calculated, we are able to prove that each Di1 36 where 0 <4 < 12
is a PDS in the finite field GF(729).

Theorem 4.2.10. In the finite field GF(729), let C;*° denote the ™ cyclotomic
of order 13 for 0 <i <e—1. Then the set

13,6 13,6 13,6 13,6 13,6
D;™" = Ci U Ci+4 U Cz'+10 U Ci+12 U {OGF(729)}

2

is a (729,225, 63,72)-PDS.
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Proof. This result can be obtained by substituting the cyclotomic numbers, de-

tailed in Propositions 4.2.6 and 4.2.9 into the formula

12
ADP) =D (=i s+ (r—i— 4,1 = 4)15+ (r —i — 10,1 — 10)15+

r=0 lel
(r—i—12,1—12)3)C% U 28/*% — 224{0},

found in Lemma 4.2.4. It is left up to the reader to satisfy themselves that this is
true. A complete proof that the set D33’6 is a (729, 225,63, 72)-PDS is recorded
in Appendix C. The reader can use Lemma 4.2.3 to obtain a formal proof that
this results also holds for the set Di1 36 when 1 < g < 12. O

As the reader can see from the above results, this cyclotomic result is not
generalisable because the result relies upon direct computation of the cyclotomic
numbers of order 13 in the finite field GF(729). To generalise this result, we
would need to identify a formula or technique for determining the cyclotomic
numbers of order e = p;__ll,
numbers, in a general finite field GF(p?*™) (which we can also view as the group

or at least certain symmetries in the sums of these

Zf,m). As no such results currently exist, to get around this issue in the paper
[20], we relied upon quadratic forms.

Subsequent to the original submission of this Thesis, I have been involved in
a collaborative project with Dr. Sophie Huczsnyska and Prof. Maura Paterson,

in which we developed a technique for computing cyclotomic numbers of order
1

e | p;n__l when m > 3. For further information, see our preprint [36]. In the m = 3

case, our new techniques signficantly speed up the computation of cyclotomic

numbers. By generalising the techniques in this paper, we hope to identify new

cyclotomic number results, 1Which will ultimately allow us to produce a purely
o

cyclotomic proof that D"~ is a PDS in the group Zf,m.
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Chapter 5

Non-cyclotomic constructions of
DPDFs and EPDF's

The previous Chapters in this Thesis are concerned with developing new cyclo-
tomic techniques for constructing cyclotomic PDSs, DPDFs and EPDF's; however
finite field cyclotomy is not the only tool that we can deploy to identify new DPDF
and EPDF constructions. In this Chapter, we present a series of non-cyclotomic
constructions of these objects. One particularly interesting feature of these non-
cyclotomic DPDF/EDPF constructions is that unlike their cyclotomic counter-
parts, they rely heavily on the structure of additive subgroups/complements of
subgroups. This gives wider variety to the DPDF and EPDF constructions and
parameter sets in this Thesis. Another point of interest that arises from the study
of non-cyclotomic DPDFs and EPDFs is that we can find examples of DPDF's
that are not simultaneously EPDFs and vice versa.

We begin by covering a selection of non-cyclotomic DPDF and EPDF con-
structions that can be obtained via non-cyclotomic PDSs in Section 5.1. In
Section 5.2, we look at some non-cyclotomic DPDF and EPDF results that can
be constructed from Relative Difference Sets (we define these objects in Section
5.2). Section 5.2 includes our main result, in which we demonstrate that the
“affine” RDS construction first obtained by Bose in [8] can be extended to a
non-cyclotomic DPDF and EPDF construction. In the final part of the Chapter,
we introduce the first examples of DPDFs that are not simultaneously EPDF's
and vice versa. Note that all DPDF and EPDF constructions contained in this

Chapter can be found in my joint paper with my supervisor [35].
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5.1 DPDF and EPDF constructions arising from

non-cyclotomic PDSs

We begin this Section by looking a result that narrows down the possibilities for
DPDFs and EPDFs that partition proper PDSs.

Theorem 5.1.1. Let Z, be the cyclic group of order v. Suppose S’ = {D,...,Ds}
is a (v, s,k, A1, u1)-DPDF and a (v, s, k, Ag, pio)-EPDF in Z,, which partitions a
proper PDS, S = U;_,D;. Then either;

(i) v is an odd prime and v =1 mod 4, in which case S’ partitions the set of

non-zero quadratic residues, or the non-residues modulo v,

(ii) or v is a composite number, in which case S’ partitions a proper non-trivial

subgroup H of Z,, or its complement Z,\H.

Proof. By Definition 1.3.11, the element 0 ¢ S’ since all DPDFs partition G*.
As S’ partitions S it is immediate that 0 € S. Further, as S is proper, for each
s € S, it follows that —s € S (s and —s occur the same number of times in the
multiset A(S), so if —s € G\S it immediately follows from Definition 1.3.1 that
S is not proper), hence we can conclude that S = —S. It therefore follows by
Definition 1.3.1 that since 0 € S and S = —S5, S must be a regular PDS. It is
stated in Corollary 5.7 of [49] that when S is a regular PDS in Z,, either v = 1
mod 4 is an odd prime and S is the set of quadratic (or non-quadratic) residues
modulo v or v is a composite number, and H = S U {0} is either a subgroup of

Z, or S is the complement of a subgroup H of Z,. O
Below we give one example of both of the cases in Theorem 5.1.1.

Example 5.1.2. (1) In the cyclic group Zy7, S = {1,2,4,8,9,13,15,16} is the
set of non-zero squares. By a result in [56] (Proposition 3.1.2 is an analogue
of this result, written in cyclotomic notation) in any cyclic group of order

p, where p is prime and p = 1 mod 4, the set of non-zero squares is a

(p, ’%1, ]%5, %)—PDS. It therefore follows that S is a (17,8,3,4)-PDS.

Notice that the following collection of sets, S’ is a partition of S

S = {{1,4,13,16}, {2,8,9,15}}.
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Moreover, observe that

Int(S') = A({1,4,13,16}) U A({2,8,9, 15})
= {2,3,3,5,5,8,9,12,12,14,14, 15} U {1,4,6,6,7,7, 10, 10, 11, 11,
13,16}
={1,2,4,8,9,13,15,16} U 2{3,5,6,7,10, 11,12, 14}
= SU2ZE\S).

Hence, it naturally follows by Definition 1.3.11 that S" is a (17,2,4,1,2)-
DPDF, and it therefore follows by Theorem 1.8.17(iii) that S’ is also a
(17,2,4,2)-EDF. Thus, S’ is an example of one of the sets described in
Theorem 5.1.1(i).

Let G = Zg and H = {0,3} < G. Since H is a subgroup of Zg, it follows by
Theorem 1.3.19 that S = Z¢\H = {1,2,4,5} is a (6,4,2,4)-PDS.

The following collection sets

S = {{17 4}7 {27 5}}

is a partion of S. By computing the elements of Int(S”) and Ext(S’), the
reader will be able to determine that S’ is both a (6,2,2,0,4)-DPDF and a
(6,2,2,2,0)-EPDF. Therefore, S" is an example of one of the sets described
in Theorem 5.1.1 (i1).

The following result, recorded in [49], is used in subsequent results.

Lemma 5.1.3. Let G be a group of order mn with identity e and let H be a
subgroup of G of order n.

(1) H\{e} is an (mn,n —1,n —2,0)-PDS.

(i) G\H is an (mn,n(m —1),n(m — 2),n(m — 1))-PDS.

(iii)

The sets H, H\{e}, G\H and G\H U {e} are PDSs, with H\{e} and G\H

being reqular.
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Proof. For part (i), it is immediate that A(H\{e}) = (n — 2)H. For part (ii),
notice that A(G) = A(G\H) UA(G\H,H) U A(H,G\H) U A(H); since A(G) =
(mn)G, A(H) = nH, A(G\H,H) = n(G\H) and A(H, G\H) = n(G\H), we can
deduce that A(G\H) = (mn —n)HU (mn —2n)(G\H). Part (iii) is an immediate

consequence of part (i) and Theorem 1.3.19. O

Following on from the above Lemma, we can establish the following impor-
tant result about DPDFs and EPDF's that partition subgroups with the identity

removed.

Theorem 5.1.4. Let G be a group of order mn and H be a subgroup of G of
order n. Let S = H*.

(i) If S" is an (mn, s, k, A\, u)-DPDF' (respectively EDPF) partitioning S, then
w=20, and S’ is a near-complete (n, s, k, \)-DDF (respectvely EDF) in the
group H (i.e. the component sets of S’ partition H*) .

(ii) Each near-complete (n, s, k, \)-DDF (respectively EDF) in the group H cor-
responds to an (mn, s, k,\,0)-DPDF' (respectively EPDF') partitioning S in
every group G, in which H < G.

Proof. (i) As H is a subgroup it follows by Lemma 5.1.3 that A(S) = (n—2)SU
0(G*\S). As S"is a (mn, s, k, A\, 1)-DPDF,| Int(S") = AS U u(G*\'S), where
A, i > 0. As consequence of Lemma 1.2.4, 0 < A <n —2 and pu = 0. Since
S’ partitions H*, and hence Int(S”) comprises A copies of the non-identity
elements of H, it naturally follows that S’ is a near-complete DDF in H.

We can analogously show that any EPDF partitioning H is a near-complete
EDF in H.

(ii) This result naturally follows by embedding H into G. O

Example 5.1.5. As previously noted in Example 1.5.5, the sets {1,2,4} and
{3,5,6} form a (7,2,3,2)-DDF in Z;. This DDF is near-complete as the compo-
nent sets partition Z%. Notice these sets are also a (7,2, 3, 3)-near-complete EDF
m L.

The group Zs contains the subgroup H = {0,3,6,9,12,15, 18}, which is iso-
morphic to Zz via the embedding f : Z7 — Za1, x +— 3x. It therefore follows that
the sets {3,6,12} and {9, 15,18} form a (21,2,3,2,0)-DPDF and a (21,2,4,3,0)-
EPDF wn Zo.
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Note that as near-complete DDFs and EDFs have been well-studied in the
literature (see for example see [14],[21]), we can find many examples of the above
construction. We therefore turn our attention to DPDFs and EPDFs that par-
tition G\H. Note that from this point in the Chapter onwards, we will be using
the term non-trivial cosets of H to refer to the set of all cosets of H, excluding
H itself.

Theorem 5.1.6. Let G be a group of order mn and H be a normal subgroup of
G of order n. Then the set of non-trivial cosets of H in G forms an (mn,m —
1,n,0,mn —n)-DPDF and an (mn,m — 1,n,mn — 2n,0)-EPDF.

Proof. 1t follows by Lemma 5.1.3 that G\H is an (mn, mn —n, mn —2n, mn —n)-
PDS. Moreover, it is clear that non-trivial cosets of H partition G\H, and the
multiset of internal differences of each non-trivial coset of H, consists of n copies of
H* and 0 copies of G\H. As there are m — 1 non-trivial cosets of H in G, it follows
that the set of non-trivial cosets of H forms a (mn,m — 1,n,0, mn — n)-DPDF

and consequently an (mn,m — 1,n,mn — 2n,0)-EPDF by Lemma 1.2.4. O

We finish this Section by establishing some parameter constraints for DPDF's
and EPDFs that partition the complement of a subgroup, but before we get onto

our main result, we require the following technical Lemma.
Lemma 5.1.7. If ged(sk,v — 1) =1, then;
(i) for every (v,s,k, A1, pu1)-DPDEF, either py =0 or p; = sk.
(i1) for every (v, s, k, Ag, po)-EPDF, either pio = 0 or us = sk.

Proof. By Lemma 1.3.14 (i), sk(k—1) = A\ sk+ (v —1—sk), it is therefore clear
that sk | pi(v —1 — sk). Since sk and v — 1 are coprime, it therefore follows that
sk | u1, and as p; < sk, it follows that py = 0 or puy = sk. Part (ii) analogously
follows by Lemma 1.3.14 (ii). O

We may now state our main result of this Section.

Theorem 5.1.8. Let G be a group of order v = mn. Suppose that S’ is a
(v,8,k, A1, pu1)-DPDF and a (v, s, k, Ao, 2)-EPDF that partitions G\H, where H

1s a subgroup of G order n. Then;

(i) n| p1 and n | po.
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(i) If gcd(mn —n,mn — 1) = 1, then S’ is one of the following:

(a) an (mn, s, k,k—1,0)-DPDF and an (mn, s, k,mn—2n—k+1,mn—n)-
EPDF,

(b) an (mn,s, k,k —n,mn —n)-DPDF and an (mn,s, k,mn —n —k,0)-
EPDF.

(i1i) If n =2 then S’ is one of the following:

(a) a (2m,s, k,k—1,0)-DPDF and a (2m, s, k,2m—3—k,2m —2)-EPDF,
(b) a(2m,s, k., k—2,2m—2)-DPDF and a (2m, s, k,2m—2—£k,0)-EPDF.

Proof. In part (i), notice that since S’ partitions G\H, this means that sk =
n(m — 1). Note that there are n — 1 elements in H\{e}. It is then immediate
form Lemma 1.3.14 (i) that

nim—1)(k—1) =X n(m—1)+ pu(n—1).

Similar to the proof of Lemma 5.1.7, since n | g1(n — 1) and ged(n — 1,n) = 1,
we have n | u;. We can use a similar technique to prove that n | pe. Parts (ii)
and (iii) are a direct consequence of Lemma 5.1.7. Note that in part (iii), when

n =2, ged(mn —n,mn—1) = 1. O

5.2 DPDF and EPDF constructions arising from

Relative Difference Sets

In this Section, we write G multiplicatively and we don’t assume that G abelian.
Relative Difference Sets (RDSs) are combinatorial objects that were first de-
fined by Elliot and Butson in [28], but were previously introduced implicitly by
Bose in the paper [8] as an affine analogue to Singer Difference Sets. RDSs are
similar objects to PDSs, in the sense that the non-identity elements of a group G
occur as a pairwise difference between elements of the RDS at one of two frequen-
cies: the distinction is that the frequency at which an element of G occurs as a
pairwise difference is dependent upon membership/non-membership of a partic-
ular subgroup H. Like PDSs, RDSs have been well-studied in the literature (see
[10],[15],]28],[30],[44]); for an extensive survey of RDSs see [59].
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Definition 5.2.1. Let G be a group of order mn and let H be normal subgroup of
G of order n. We say a k-subset R of G is an (m,n, k, \)-relative difference
set (or RDS) in G relative to H if the following multiset equation holds;

A(R) = A(G\H)

i.e. A copies of each element in G\H and no copies of any element of H. Ifn =1,
R is a Difference Set.

Example 5.2.2. Let G = Zs. The set R = {1,6,7} is a (4,2,3,1)-RDS with
respect to H = {0,4} as the multiset A(R) consists of one copy of every element
in G\H, and no copies of the elements of H.

To be consistent with the original definition of an RDS, I have chosen to
define RDSs as difference structures that are relative to normal subgroups in this
Thesis, however it is important to note the following fact, which will be used to

make a later result more general.

Remark 5.2.3. In Definition 5.2.1, it is possible to relax the condition that H
is a normal subgroup. In fact, in Theorem 1.1 of [15] the authors present an
RDS construction in the group As relative to a subgroup of order 2. Whilst
this construction satisfies most requirements of an RDS, it fails to satisfy the

requirement that H is a normal subgroup.

We can use RDSs to identify new DPDF and EPDF constructions. In this
Section, we present some theoretical results and DPDF and EPDF constructions
that utilise RDSs. We begin this Section by presenting some important general
results required to construct DPDFs and EPDFs from RDSs. This Section then
culminates by demonstrating that Bose’s original RDS construction in [8] can be

extended to a construction of DPDFs.

Proposition 5.2.4. Let G be a group of order mn and let H be a (not necessarily
normal) subgroup of G of order n. If 8" = {Ds,...,Ds} is a family of disjoint
k-subsets of G such that;

(i) each D; (1 <i<s) is an (n,m,k,\)-RDS in G relative to H,

(i1) S’ partitions G\H,
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then S’ is an (mn, s, k,s\,0)-DPDF and an (mn, s, k,mn — 2n — s\,mn — n)-
EPDF.

Proof. As each D; is an (n,m, k,\)-RDS, A(D;) = A\(G\H) U 0(H). As Int(S") =
Us_A(D;), it follows that Int(S”) = sA(G\H) U0(H), and so S’ is an (mn, s, k, s\, 0)-
DPDF. It was demonstrated in Lemma 5.1.3 that G\H is an (mn, mn —n, mn —

2n, mn—n)-PDS, and so it follows by Lemma 1.2.4 that S’ is also an (mn, s, k, mn—
2n — sA,mn —n)-EPDF. O

One way of identifying DPDF and EPDF constructions arising from RDSs
is to take a series of disjoint translates of an RDS in a group G that partitions
G\H. The following Lemma, based on a result of [30], highlights a property that

translates of an RDS must have in order to be disjoint.

Lemma 5.2.5. Let G be a group and H be a (not necessarily normal) subgroup
of G and let S be an (m,n,k, \)-RDS relative to H. Let g1 # g2 € G. Then the
translates ¢S and oS are disjoint if and only if g5 ‘g, € H.

Proof. For both directions of this proof we prove the contrapositive. In the
forwards direction, suppose g, g1 € G\H; notice that we may write g5 g, = v,
where y € G\H. As S is an RDS relative to H, for every element z € G\H,
there are precisely A > 0 pairs (s1,82) € S x S such that sys;’ = z (since
sp571 € A(S)). Further, this means that there are \ pairs (sy,52) € S x S such
that sos7" = y (where g;'g1 = y as above). It follows from the above that
when gglgl € G\H, there exist s1,s, € S such that g;lgl = szsfl. We can
rearrange this expression to give g;8; = ¢289; this then implies ¢S N ¢S # 0.
For the reverse direction, suppose that ¢;.S N ¢3S # (), meaning that there exist
elements sy, s € S such that g;s1 = gos9. We can rearrange this expression to
give g5 'g1 = s957 . As S is an RDS relative to H, this means that sys;' € G\H,
this implies that g, 'g; € G\H.

Notice that since the argument of this proof does not depend upon the sub-
group H being normal, we can use Remark 5.2.3 to apply this result to RDSs

relative to a subgroup H, where H is not normal. O

The following Remark about the parameters of an RDS, whose translates

partition G\H, is a consequence of Lemma 5.2.5.



133

Remark 5.2.6. (i) Suppose S is an (n,m,k, \)-RDS, then k(k —1) = (mn —
n)A. To see this, note that A(S) = k(k—1) and there are precisely mn—m
elements in G\H.

(ii) Suppose S is an (n,m,k,\)-RDS, whose translates partition G\H. By
Lemma 5.2.5 two translates hy + S and ho + S will be disjoint if and only if
hi,he € S. As |H| = n, this means that that there are precisely n disjoint
translates of S partitioning G\H, and since there are nm — m elements
in G\H, it follows that nk = (nm — m), implying k = m — 1. By sub-
stituting k = m — 1 into the equation obtained in part (i), we find that

(m —1)(m —2) = n(m — 1)\ or in other words A\ = ™=2.
Henceforth, we assume that H is a normal subgroup of G.

Lemma 5.2.7. Let G be a group and H be a normal subgroup of G. Suppose that
S is an (m,n, k,\)-RDS relative to H. Then;

(i) A(S) = A(gS) for any g € G. This means that any translate gS is an
(m,n,k, \)-RDS relative to H.

(ii) S cannot contain more than one representative from any coset gH (g € G).

In particular, k < m.

Proof. (i) The multiset A(gS) consists of all elements of the form gs;(gss) ™! =

g(s1551)g !, where 51,1 € A(S). As S is an RDS, it follows that A(S)
comprises A copies of G\H and 0 copies of H. As H is a normal sub-
group, it follows that gHg™! = H and ¢Gg~! = G, therefore we have that
g(G\H)g~! = G\H. It then naturally follows that A(gS) comprises A copies
of G\H and 0 copies of H.

(ii) Suppose that S contains two elements s; # sy € gH; we write s; = gh; and
sy = ghy. Observe that ;55" = ghi(ghy) ™' = g(hihy')g™!, but as we saw
in part (i), as H is a normal subgroup, this means s;s,' = g(hihy ')g~' € H.

We must therefore have s; = sy which is a contradiction. O

We conclude this part of this Section with a result that ties the above results
together to demonstrate that any collection of disjoint RDSs that partition G\H
and meet the parameter constraints outlined in Remark 5.2.6 forms both a DPDF
and an EPDF.
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Theorem 5.2.8. Let G be a group of order mn and let H be a normal subgroup
of G of order n. Suppose there exists an (m,n,m — 1, mTﬂ)—RDS R in G relative
to H. Then there exists an (mn,n,m —1,m — 2,0)-DPDF and an (mn,n,m —
1,(m —2)(n —1),(m — 1)n)-EPDF which partitions G\H.

Proof. 1t is immediate from Lemma 5.2.7 that any translate gR, where g € G,
is an (m,n,m — 1, m7_2)—RDS. We also demonstrate in Lemma 5.2.7 that every
RDS R contains at most one coset representative of every coset of H. Since
|G : H] = m and the cardinality of R is m — 1, this means that R contains one
representative from m — 1 of the cosets of H and no representative from the final
coset. Let aH be the only coset of H without a representative in R and suppose
ah € aH. We will now prove that the translate S := a 'R, where a=! € G is
the multiplicative inverse of a € G, is an RDS comprising only of representatives
of non-trivial cosets of H. Let R' = R U {ah}, where ah € aH as above, then
a 'R =a'RU{a"'ah} = a ' RU{h}. Notice that since h € H and R’ contains
one representative of each distinct coset of H, this implies that S = ¢~ 'R cannot
contain an element of H.

Let Sy = {hS|h € H}, meaning that Sy is the set of all translates of S
by elements of the multiplicative subgroup H. As S contains no elements of H,
it follows that hS N H = 0, since if hS N H was non-empty, this would imply
that there exists a h; € H such that hy = hs for some s € S i.e. s = h™hy,
which is clearly not true. By Lemma 5.2.7, the translates of S contained in
Sy are all disjoint, so the union of the sets in Sy has (m — 1)n elements. It
therefore follows that Sy partitions G\H; thus, by Proposition 5.2.4, Sy is both
an (mn,n,m—1,m—2,0)-DPDF and an (mn,n,m—1,(m—2)(n—1), (m—1)n)-
EPDF. O

Example 5.2.9. Let G = Zg. We saw in a previous example that the set S =
{1,6,7} is a (4,2,3,1)-RDS relative to the (normal) subgroup H = {0,4}. By
translating S by 4, we obtain the set {5,2,3}, which by Lemma 5.2.7 is also a
(4,2,3,1)-RDS. As the RDSs {1,6,7} and {5,2, 3} partition Zg\{0,4}, it follows
that {1,6,7} and {5,2,3} form an (8,2,3,2,0)-DPDF and an (8,2,3,2,6)-EPDF.
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5.2.1 Extension of Bose’s construction to DPDFs/EPDFs

In this Subsection, we cover an elegant extension of Bose’s original RDS construc-
tion in the paper [8] to constructions of DPDFs and EPDFs. This constructions
fits in well with the general themes of this Thesis, as in contrast to previous re-
sults, it presents a non-cyclotomic DPDF and EDPF construction in finite fields
of order ¢, where ¢ is an even power of a prime. Note, while cyclotomic classes
appear as multiplicative cosets in the proof below, cyclotomic techniques are not

used.

Theorem 5.2.10. Let q be a prime power and let o be a primitive element of
GF(q?) with primitive polynomial f over GF(q). For each o* € GF(¢?) (0 <i <
q* — 2), there exist a;,b; € GF(q) such that o' = a; + bav.

(i) For each c € GF(q)*, let
S, = {ai c GF(QQ) | ol =a; + ca, a; € GF(q)}.

Then the family {Sc}eecr(g is a multiplicative (¢* — 1,9 — 1,q,q — 1,0)-
DPDF and a multiplicative (¢*> —1,q—1,q,(¢—1)(¢ —2),¢* — q)-EPDF in
GF(¢%)".

(i1) For each c € GF(q)* let
Sli={ila'€8,0<i<q¢*—2} CZg ;.

Then the family {S.}cear(g+ is an additive (¢* —1,q —1,¢,q —1,0)-DPDF
and an additive (¢* —1,q—1,q,(¢ —1)(¢ — 2),¢* — q)-EPDF in Z,_.

Proof. Let ¢ € GF(q)*. To construct each set S,, we first identity the elements

*

contained in each multiplicative coset of GF(g)* in GF(¢*)*, and we express the

elements of each of the multiplicative cosets as elements of the form a + ba
(a,b € GF(q)) via the primitive polynomial. There are % = q + 1 cosets of
Co = {a?™!) = GF(q)* and each of them can be written in the form C; = o'Cy,
where 0 < i < ¢). The elements of each coset C;, where 0 < i < ¢, can be written

as

C; = {ta’ |t € GF(q)*} = {ta; + thia |t € GF(q)*}.
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In each multiplicative coset Cj, there is one unique element whose coefficient

of a is ¢; this is the element cb; ' (a; + b;ax). For each ¢ € GF(q)*, observe
S. = {cby (a1 + brar), cby Hag + boar), . . . ,cbgl(aq +b,)a}.

Therefore, precisely one element of every non-trivial multiplicative coset C;
with 7 # 0 is contained in S.. As ¢ runs through GF(q)*, the ¢ — 1 sets in
{Sc}eear(q partition the elements of GF(¢*)*\Cp. Each S, is an example of a
multiplicative (¢+1,¢—1,¢,1)-RDS in GF(¢?)* with respect to the multiplicative
subgroup Cy. Further, each of these RDSs is an example of the original RDSs
obtained by Bose in [8]. To see that no element of Cj arises as a multiplicative
difference between a pair of elements of a particular S., observe that every element
of S, is in a distinct coset of Cy. It can be shown by direct computation that
each element of GF(¢*)*\Cy arises precisely once as a difference in the multiset
A(S.) (the details of this are left up to the reader). As each S, is an RDS, and
{Sc}eear(q partitions GF(¢?)*\Cy, it follows by Theorem 5.2.8 that {S.}cear(q)
isa(¢*>—1,q—1,q,q,0)-DPDF and a (¢*—1,q—1,¢,(¢—1)(¢—2), ¢*> — q)-EPDF.

Finally, we convert each S, to a set of powers of a i.e.a set S’ = {i|a’ €
Se,0<i<¢*—2} C Zp . Clearly each S/ is an additive (¢ + 1,¢ — 1,4,1)-
RDS, hence {S.}ccar(q)+ is an additive DPDF and EPDF in Zg_;. O

There is a natural interpretation of Theorem 5.2.10 in finite geometry; we may
consider each element o' = a; + b;a € GF(¢?) to be a point (a;, b;) in the affine
plane AG(2,q). We may then view each set S. as a line in a given parallel class,
which gives us the connection to Bose’s original construction in [8]; for further

information see our paper [35].

Example 5.2.11. In the finite field GF(25), let a be a primitive element, with
primitive polynomial x> +x+2 over GF(5). By computing the first 6 powers of «;
a, o = 3+4a, o = 2+4a, ot = 2430, a® = 4+4a, of = 2, we can compute the
non-trivial multiplicative cosets of the multiplicative subgroup Co = {1 = a°,2 =
ab 4 = a3 = a® = GF(5)* in GF(25)*, which are: C; = {a,2a,4a,3a},
Cy = {3+ 4a,1 + 30,2+ a,4 4+ 2a}, C3 = {2 + 4,4 + 3,1 + 20,3 + a},
Cy={2430,4+ a,1+4a,3+2a}, C5 = {4+ 40,3 + 3,2 + 20,1 + a}.

It follows above that S; = {a', o, a' o' al™}, Sy = {a”, a®, a?, alf a?3},

S = {a'? a8, ot at'} and S, = {a'?,a% a3, a??,a%}. Each S. forms a
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multiplicative (6,4,5,1)-RDS with respect to the multiplicative subgroup Cy =
{1,2,3,4} in GF(25)*, and as the subsets partition GF(25)*\Cy, it is clear that
they also form a (24,4,5,4,0)-DPDF and a (24,4,5,12,30)-EPDF in GF(25)*.
Moreover, S} = {1,14,15,10,17}, S§ = {7,20,21, 16,23}, S, = {19,8,9,4,11},
Sy = {13,2,3,22,5} are individually additive (6,4,5,1)-RDSs in Zsy, and thus
form both a (24,4,5,4,0)-DPDF and (24,4, 5,12,20)-EPDF in the group Zo,.

5.3 DPDFs that are not EPDFs and vice versa

In this short section we present a construction of a DPDF that is not also an
EPDF and include some computational examples of EPDF's that are not DPDF's.

Proposition 5.3.1. Lett > 2. Then in Zo,11, the collection of sets
S"={{2,3},{4,5},...,{2t — 2,2t — 1}}

form a (2t +1,t —1,2,0,t — 1)-DPDF which is not also an EPDF.

Proof. Each S; C S’ takes the form {2i,2i+ 1} for (1 < ¢ <t¢—1). It follows that
for each S; C S, A(S;) = {—1, 1}. Therefore the multiset Int(S") comprises ¢ — 1
copies of the elements of the set {—1,1}, and no copies of the other elements of
Lot 1. Since S = U;_,S; (where S; € S’) consists of all non-zero elements of Zg; 1,
except the elements +1, it is immediate that S”is a (2t+1,t—1,2,0,t—1)-DPDF.

Notice that there are ¢t — 2 pairs of consecutive sets in S’; for each pair of
consecutive sets, we may write S; = {2¢,2¢ + 1} and S;y1 = {20 + 2,2 + 3},
where 1 < i <t — 2. Notice that foreach 1 <i<t—1,2i+2—(2i+1)=1¢€
A(Si41,5:) and 2i +1 — (20 + 2) = —1 € A(S;, Si+1); meaning that there are at
least t — 2 copies of the elements in the set {1, —1} in Ext(S’"). Similarly, since
2i+2—2i,2i+3— (2i+1) € A(Si11, S;) and 2i+2— 23,2 +3— (2i+1) = 2, this
means that there are at least 2(¢ — 2) copies of 2 in Ext(S’). We can analogously
show that there are at least 2(¢ — 2) copies of —2 in Ext(5").

As each sub-multiset A(S;, S;) € Ext(S") (1 < 4,5 <t — 1) has cardinality
4, and there are (t — 1)(t — 2) multisets of the form A(S;,S;) € Ext(S’),; this
means there are 4(t — 1)(¢t — 2) elements in Ext(S’). If we assume that S is an
EPDF, then each element in Z3, ,\{1, =1} must occur at the same frequency
as {2,—2}, which is at least 2(¢t — 2). After the removal of the copies of the
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elements of the set {£1, 42} from the multiset Ext(S’), we are left with at most
4t —1)(t —2) — 6(t —2) = 2(t — 2)(2t — b) elements in the multiset Ext(S").
There are 2t + 1 — 5 = 2(t — 2) elements in Z3, ,\{£1,£2}. This means if
Ext(S’) contains at least ¢ — 2 copies of {1, —1} and at least 2(¢ — 2) copies of
{2, —2}; then every element of Z3,,,\{£1,+2} occurs with frequency at most

22D — 9t — 5, and since 2t — 5 < 2(t — 2), §' is not an EDF. 0

The following EPDF examples in cyclic groups (found by Prof. Chris Jefferson
[41] via computation in GAP [31]) are, to date, our only examples of EPDFs that
are not also DPDFs. We are yet to find an overarching construction for these
results, but they have been included within this Thesis as they may be of interest

to the reader.

Example 5.3.2. (i) The sets {1,8},{3,6} form a (9,2,2,0,2)-EPDF in Z,,
which s not simultaneously a DPDF.

(ii) Similarly, the sets {1,2,11,12},{3,5,8,10} form a (13,2,4,2,4)-EPDF which
18 not also a DPDF.
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Chapter 6
Conclusion and further work

In this Thesis, we introduced two new combinatorial objects, known as Disjoint
Partial Difference Families (DPDFs) and External Partial Difference Families
(EPDFs), that generalise many of the existing structures in the literature. We
established two new cyclotomic frameworks which may be used to identify new
cyclotomic constructions of these objects. A key strength of the cyclotomic frame-
works developed in this Thesis is that they give mathematicians a novel way of
using finite field cyclotomy to identify new constructions of various difference
structures, without having to rely upon evaluating specific cyclotomic numbers.

We applied the cyclotomic frameworks to identify new DPDF and EPDF
constructions in various finite fields. Moreover, we used the techniques from
these frameworks to create a series of algorithms that compute the cyclotomic
numbers of order e in large finite fields; it is useful to have algorithms that
allow one to generate cyclotomic numbers in large finite fields in order to analyse
patterns of cyclotomic numbers within larger finite fields and thus identify new
universal cyclotomic behaviour. In this Thesis, we used this algorithm to produce
the cyclotomic numbers of order 13 in the finite field GF(729), thus proving that
a PDS with Denniston parameters exists in this particular finite field. Finally,
we established the first non-cyclotomic constructions of DPDFs and EPDF's from
collections of non-cyclotomic PDSs and RDSs.

There are many different ways in which we can expand upon the work of this
Thesis. One natural direction is to look at further developing the cyclotomic
frameworks that we established in Chapter 2. In the paper [51], the authors use

lifting constructions to identify new constructions of cyclotomic Difference Sets.
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By incorporating such techniques into our framework, we will be able to identify
new cyclotomic constructions of Difference structures. Another idea that we will
explore is looking at cyclotomy in Galois Domains Storer laid the foundations
for this in the second half of [60], and we explored similar ideas in our Denniston
project.

In terms of the cyclotomic orbit framework, there are several questions that

it would helpful to answer, for example:

Question 1. When p and e > 5 are distinct odd primes and ny = ord.(p)
in GF(e) is odd, can we determine the cyclotomic orbit representative of any

cyclotomic orbit of order 2ny ?

Question 2. When p and e > 5 are distinct odd primes and ny = ord.(p) is odd,
can we determine the cyclotomic orbit representative of any cyclotomic orbit of

order 6n, ?

Resolving these questions will allow us to generate an algorithm which auto-
matically computes the external cyclotomic numbers of e in a finite field GF(q)
of order ¢ = p™ = ef + 1, where p is prime, f is even, e > 5 and n; = ord.(p)
is odd, which will increase the scope of the current algorithm. Moreover, we will
also continue to explore the connection between cyclotomic orbits and cyclotomic
numbers more generally. In particular, we can look at cases where f is odd, e is
not prime and where n; = ord.(p) is even.

We also hope to continue to deepen our understanding of the finite field cy-
clotomy underlying the constructions of Denniston PDSs, in the hope that we
can identify new constructions of related combinatorial structures. We note that
since the original submission of this Thesis, some of the questions in open ques-
tions in our paper [20] have been answered by the paper [3]. In particular the
authors of [3] have resolved the intermediate Denniston PDS cases (the cases
where 2 <7 <m — 2).

Beyond cyclotomy, we plan to explore applications of DPDFs and EPDFs in
experiment design and information security we have begun this process in the
preprint [40].

Finally, we also wish to establish constructions for EPDFs that are not also
DPDFs, and vice versa, as this has not, as of yet, been explored. The examples

at the end of Chapter 5 are a first step in this process.
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Appendix A

Cyclotomic numbers

In this Appendix, we present some results on evaluating the cyclotomic numbers
of order e € {3,4, 6,8} these results are stated without proof. Before we cover the
results of this Appendix, we first define the term unique proper representation, as
this term is used throughout all theorems in this Section. The following definition

has been taken from page 24 of [18].

Definition A.0.1. An integral binary quadratic form f(x,y) is a quadratic

homogeneous polynomaial in two variables
f(z,y) = ax® + bxy + cy?,

where a,b,c € Z. An integer n is represented by f(x,y) if there exist integers
x and y such that n = f(x,y). A representation is proper if gcd(z,y) = 1. For

certain values of n, there exists a unique proper representation of n.

For further discussions on unique proper representations see page 56 of [60].
Note that we only give the values of internal cyclotomic numbers of the form
(7,0). (where 0 < i < e — 1) in many of the results of this Appendix. This is
because the results in this Section are only applied in Chapter 3 of this Thesis,
and in Chapter 3, we are only interested in the values of the internal cyclotomic
numbers.

Our first result details the cyclotomic numbers of order e = 3. These results have
been taken from [25] and [60].
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Theorem A.0.2. Let GF(q) be a finite field of order ¢ = p™ =1 mod 3. Let
4q = c* + 27d°, c=1 mod 3,

where,
(1) if p=2 mod 3 then m is even and d =0

(i) if p = 1 mod 3 then this is the unique proper representation of 4q with
c=1 mod 3.

] 8 q c Y

1
- (24—
18(q c+9d),

D=(1,2)3=(2,1)3 = %(q—l— 1+c¢).

A=(0.0)5 = (g —8+0), B=(2,2)5= (1,0)5 = (0,1)s =

C=(1,1); = (2,0); = (0,2);

Our next result details formulas for some of the cyclotomic numbers of order
4. The results quoted in this Theorem have been taken from [?], [42] and [60].

Theorem A.0.3. Let GF(q) be a finite field of order ¢ = p™ =1 mod 4. Let v
be a generator of GF(q)*.

(i) If p=3 mod 4, then s = (—p)= and t = 0.

(ii) If p=1 mod 4, define s uniquely by ¢ = s> +1t>, pts, s=1 mod 4, then
t is uniquely by v~Y/* = s/t mod p.

Then the cyclotomic numbers of the form (i,0), in GF(q) corresponding to v

are determined unambiguously by the formulae:

o When [ is even: A = (0,0)4 = $:(¢ — 11 — 6s), B = (3,3)s = (1,0)4 =
(0,1)s = (q—3+25+41), C = (2,2)s = (2,0)4 = (0,2)s = L(q—3+25),
D=(1,1)s=(3,001=(0,3)s = =(q—3+2s—4t), E = (1,2), = (1,3), =
(2,1)a=(2,3)a=(3,1)a=(3,2)s = 35(¢ + 1 - 25).

o When fis odd A= (0,0); = (2,0)s = 55(¢—7+2s), E = (1,0)4 = (3,0)4 =

l—lﬁ(q—?)— 2s).
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The next theorem details formulas for some of the cyclotomic numbers of
order e = 6 when f is even. These results have been taken from [25], [60] and
[67] (note that whilst [67] does not explictly include the cyclotomic numbers of
order 6, the cyclotomic numbers of order 6 can be derived using the results of

this paper).

Theorem A.0.4. Let GF(q) be a finite field of order ¢ = p™ =1 mod 6. The

cyclotomic numbers of order 6 are solely functions of the unique representation
qg=p" = s>+ 3t s=1 mod 4
determined by
(i) if p=5 mod 6 then m is even and ¢ = (£p=)? + 3(0)?

(11) if p=1 mod 6, then q = s*> + 31> is the unique proper representation of g,

with s =1 mod 3 the sign of t is ambiguously determined.

Then, when [ is even, the internal cyclotomic numbers of the form (i,0)¢ may

be determined by the following formulae:

o when2 € Cp™ or2€ C3™: A= (0,0) = &(qg — 17— 20s), B = (1,0)5 =
+(q—5+4s+18t), C = (2,0)5 = 35(q—5+4s+6t), D= (3,0)5 = 55(q —
5+4s), E=(4,0) = 55(q—5+4s—6t), FF = (5,0)6 = 5:(q—5+4s—18t).

o when2 € CY™ or2€ CO™: A= (0,0)s = +(q—17—8s+6t), B = (1,0)s =
+(q—5+4s+12t), C = (2,0)6 = 35(q—5+4s—6t), D = (3,0)s = 5:(q —
5+4s—6t), E=(4,0) = 35(¢q—5—85), F = (5,0)6 = 35(q —5+45—6t).

o when2 € Cy™ or2 € C3™: A= (0,0 = (q—17—8s—6t), B = (1,0) =
+(q—5+4s+6t), C =(2,0)6 = 35(q —5—8s), D= (3,06 = 3(¢ — 5+
4s46t), E = (4,0)s = (¢ —H5+4s+6t), F = (5,0)s = 5:(q — 5 +4s — 12t).

Our final result details formulas for the cyclotomic numbers of order e = 8.
These results can be found in [25], [60] and [43].

Theorem A.0.5. Let GF(q) be a finite field of order ¢ = p™ =1 mod 8. The

cyclotomic numbers of order 8 are uniquely determined by x,y,a and b defined

below.
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(1) ¢ = 2*+4y* x =1 mod 4 is the unique proper representation of ¢ = p™
ifp=1 mod 4 otherwise x = +p? andy = 0.

m

(ii) ¢ = a®> + 2b%, a = 1 mod 4, is the unique proper representation of ¢ = p
ifp=1 mod 8 or p=3 mod 8 otherwise a = +p? and b= 0.

The signs of y and b are ambiguously determine.
The cyclotomic numbers of the form (i,0)s are then uniquely determined by

the following formulae

o When 2 is a quartic residue and f is even: A = (0,0)s = & (¢ — 23 —
182 — 24a), B = (1,0)s = L (g — 7+ 2z + 4a + 16y + 16b), C = (2,0)s =

a(q — 7+ 6z + 16y), D = (3,0)5 = 4(q—7+2x+4a—16y+16b)
E=(4,0) = i(q—7+2x+8a) = (5,0)s = 5;(¢—7+22+4a+16y—16b),
G =(6,0)s = L(q—T+6x—16y), H=L(q —7+2x+4a—16y—16b).

e When 2 is a quartic residue and f is odd: A = (0,0)s = (4,0)s = 6_14(q _
15—2z), I = (1,0)3s = (5,0)s = 5;(¢—T+2zx+4a), N = (2,0)s = (6,0)s =
gila—7—22—8a), J =(3,0)s = (7,0)s = g;(q — 7+ 2z + 4a — 16y — 16b).

o When 2 is not a quartic residue and f is even: A = (0,0)s = g;(¢—23+62),
B=(1,0)3s = g;(¢g—T+2x+4a), C = (2,0)s = g;(¢ — 7 — 2z — 8a — 16y),
D= (3,05 =2L(q—T+2r+4a), E = (4,05 = L(q— 7+ 10z), F =
(5,0)s = 5;(q¢ — 7T+ 22 + 4a), G = (6,0)s = #;(¢ — 7 — 2z — 8a + 16y),

H=4(q—7+ 2z + 4a).

o When 2 is not a quartic residue and f is odd: A = (0,0)s = (4,0), =
a(q—15 =10z — 8a), I = (1,0)s = (5,0)s = z;(¢ — 7+ 22 + 4a + 16y),
N =(2,0)s = (6,0)s = g;(¢ — 7T+ 6x), J = (3,0)s = (5,0)s = (¢ — 7+
22 + 4a — 16y).
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All cyclotomic DPDF's and
EPDF's

This Appendix contains a series of tables which list all known DPDF and EPDF
constructions in finite fields of order ¢ < 121 and € € {2, 3,4, 6, 8}.

q | €| p | PDS Parameters | e | f | DPDF Parameters | EPDF Parameters
9 12| 4 (9,4,1,2)-PDS 4 |21 (9,2,2,1,0-DPDF | (9,2,2,0,2)-EPDF
13126 | (13,6,2,3)-PDS | 4 | 3| (13,2,3,0,2)-DPDF | (13,2,3,2,1)-EPDF
13126 | (13,6,2,3)-PDS | 6 | 2| (13,2,3,0,1)-DPDF | (13,2,3,2)-EPDF
1712 8 | (17,8,3,4)-PDS | 4 | 4| (17,2,4,1,2)-DPDF | (17,2,4,2)-(S)EDF
1712 8 | (17,8,3,4)-PDS | 8 | 2| (17,4,2,1,0)-DPDF | (17,4,2,2,4)-EPDF
25 12|12 (25,12,5,6)-PDS | 4 | 6 | (25,2,6,3,2)-DPDF | (25,2,6,2,4)-EPDF
25 12|12 ] (25,12,5,6)-PDS | 6 | 4 | (25,3,4,3,0)-DPDF | (25,3,4,2,6)-DPDF
25 | 2|12 | (25,12,5,6)-PDS | 8 | 3 | (25,4,3,0,2)-DPDF | (25,4,3,5,4)-EPDF
25 [ 2|12 ] (25,12,5,6)-PDS | 12 | 2 | (25,6,2,1,0)-DPDF | (25,6,2,4,6)-EPDF
25 |3 (25,8,3,2)-PDS | 6 | 4 | (25,2,4,3,0)-DPDF | (25,2,4,0,2)-EPDF
25 |3 (25,8,3,2)-PDS | 12 | 2 | (25,4,2,1,0)-DPDF (25,4,2,2)-EDF

25| 6 (25,4,3,0)-PDS | 12 | 2 | (25,2,2,1,0)-DPDF | 25,2,2,2,0)-EPDF
29 | 2|14 | (29,14,6,7)-PDS | 4 | 7 | (29,2,7,4,2)-DPDF | (29,2,7,2,5)-EPDF
29 | 2|14 | (29,14,6,7)-PDS | 14 | 2 | (29,7,2,0,1)-DPDF (29,7,2,6)-EDF

37 | 2|18 | (37,18,8,9)-PDS 9 (37,2,9,4)-DDF (37,2,9,4,5)-EPDF
37 12|18 | (37,18,8,9)-PDS 6 | (37,3,6,4,1)-DPDF | (37,3,6,4,8)-EPDF
37 12|18 | (37,18,8,9)-PDS | 12 | 3 | (37,6,3,2,0)-DPDF | (37,6, 3,6,9)-EPDF
37 12|18 | (37,18,8,9)-PDS | 18 | 2 | (37,9,2,0,1)-DPDF (37,9,2,8)-EDF




153

q | €| p PDS Parameters f DPDF Parameters EPDF Parameters
41 | 2|20 | (41,20,9,10)-PDS | 4 | 10 | (41,2,10,3,6)-DPDF (41,2,10,6,4)-EPDF
41 | 2| 20 | (41,20,9,10)-PDS (41,4,5,2)-DDF (41,4,5,7,8)-EPDF
41 | 2|20 | (41,20,9,10)-PDS | 10 (41,5,4,3,0)-DPDF (41,5,4,6,10)-EPDF
41 | 2| 20 | (41,20,9,10)-PDS |20 | 2 | (41,10,2,1,0)-DPDF | (41,10,2,8,10)-EPDF
49 | 2| 24 | (49,24,11,12)-PDS 12 | (49,2,12,5,6)-DPDF (49,2,12,6)-EDF
49 | 2| 24 | (49,24,11,12)-PDS 8 (49,3,8,3,4)-DPDF (49, 3,8, 8)-EDF

49 | 2| 24 | (49,24,11,12)-PDS 6 (49,4,6,5,0)-DPDF (49,4,6,6,12)-EPDF
49 | 2 | 24 | (49,24,11,12)-PDS | 12 | 4 (49,6,4,3,0)-DPDF (49,2,8,12)-EPDF
49 | 2| 24 | (49,24,11,12)-PDS | 16 | 3 (49,8, 3,2,0)-DPDF (49,8, 3,9,12)-EPDF
49 | 2| 24 | (49,24,11,12)-PDS | 24 | 2 | (49,12,2,1,0)-DPDF | (49,12,2,10,12)-EPDF
49 [ 4 | 12 | (49,12,5,2)-PDS 8 | 6 (49,2,6,5,0)-DPDF (49,2,6,0,2)-EPDF
49 | 4|12 | (49,12,5,2)-PDS | 16 | 3 (49,4, 3,2,0)-DPDF (49,4, 3, 3,2)-EPDF
49 | 4|12 | (49,12,5,2)-PDS |24 | 2 (49,6,2,1,0)-DPDF (49,6,2,4,2)-EPDF
49 | 8 (49,8, 5,0)-PDS 16 | 3 (49,2,3,2,0)-DPDF (49,2,3,3,0)-EPDF
49 | 8 (49,8,5,0)-PDS 24 | 2 (49,3,2,1,0)-DPDF (49,3,2,4,0)-EPDF
53 12|26 | (53,26,12,13)-PDS | 4 | 13 | (53,2,13,4,8)-DPDF (53,2,13,8,5)-EPDF
53 | 2|26 | (53,26,12,13)-PDS | 26 | 2 | (53,13,2,0,1)-DPDF (53,2,13,12)-EDF
61 | 2|30 | (61,30,14,15)-PDS 15| (61,2,15,8,6)-DPDF (61,2,15,6,9)-EPDF
61 | 2|30 | (61,30,14,15)-PDS 10 | (61,3,10,2,7)-DPDF | (61,3,10,12,8)-EPDF
61 21|30 (61,30,14,15)-PDS | 10 | 6 (61,5,6,4,1)-DPDF (61,5,6,10,14)-EPDF
61 2|30 (61,30,14,15)-PDS | 12 | 5 (61,6,5,2)-DDF (61,6,5,12,13)-EPDF
61 | 2|30 | (61,30,14,15)-PDS | 20 | 3 | (61,10,3,2,0)-DPDF | (61,6,5,12,15)-EPDF
61 | 21|30 (61,30,14,15)-PDS | 30 | 2 | (61,15,2,0,1)-DPDF (61,15,2,14)-EDF
64 | 3|21 | (64,21,8,6)-PDS 9 | 7 (64,3,7,6,0)-DPDF (64,3,7,2,6)-EPDF
64 | 3|21 | (64,21,8,6)-PDS |21 | 3 (64,7,3,2,0)-DPDF (64,7,3,6)-EDF
7312136 |(73,36,17,18)-PDS 18 | (73,2,18,9,8)-DPDF | (73,2,18,8,10)-EPDF
7312136 |(73,36,17,18)-PDS 12 | (73,3,18,7,4)-DPDF | (73,3,12,10,14)-EPDF
7312136 |(73,36,17,18)-PDS 9 (73,4,9,4)-DDF (73,4,9,13,14)-EPDF
7312136 |(73,36,17,18)-PDS | 12 | 6 (73,6,6,3,2)-DPDF (73,6,6,14,16)-EPDF
7312136 |(73,36,17,18)-PDS | 18 | 4 (73,9,4,1,2)-DPDF (73,9,4,16)-EDF
7312136 |(73,36,17,18)-PDS | 24 | 3 | (73,12,3,0,2)-DPDF | (73,12,3,17,16)-EPDF
7312136 |(73,36,17,18)-PDS | 36 | 2 | (73,18,2,1,0)-DPDF | (73,18,2,16,18)-EPDF
81 | 2| 40 | (81,40,19,20)-PDS | 4 | 20 | (81,2,20,7,12)-DPDF | (81,2,20,12,8)-EPDF
81 | 2 | 40 | (81,40,19,20)-PDS 10 | (81,4,10,5,4)-DPDF | (81,4,10,14,16)-EPDF
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q | el p PDS Parameters e | f DPDF Parameters EPDF Parameters
81 | 2|40 | (81,40,19,20)-PDS | 10 | 8 (81,5,8,7,0)-DPDF (81,5,8,12,20)-EPDF
81 | 2|40 | (81,40,19,20)-PDS | 16 | 5 (81,8,5,0,4)-DPDF (81,8,5,19,16)-EPDF
81 | 2|40 | (81,40,19,20)-PDS |20 | 4 (81,10,4,3,0)-DPDF (81,10,4,16,20)-EPDF
81 | 2|40 | (81,40,19,20)-PDS |40 | 2 (81,20,2,1,0)-DPDF (81,10,4,18,20)-EPDF
81 | 4] 20 (81,20,1,6)-PDS 40 | 2 (81,10,2,1,0)-DPDF (81,10,2,0,6)-EPDF
89 | 2|44 | (89,44,21,22)-PDS 22 | (89,2,22,9,12)-DPDF (89,2,22,12,10)-EPDF
89 | 2|44 | (89,44,21,22)-PDS 11 (89,4,11,2,8)-DPDF (89,4,11,19,14)-EPDF
89 | 2|44 | (89,44,21,22)-PDS | 22 | 4 (89,11,4,1,2)-DPDF (89,11, 4,20)-EDF
89 | 2|44 | (89,44,21,22)-PDS | 44 (89,11,4,1,0)-DPDF (89,11, 20,22)-EPDF
97 | 2 | 48 | (97,48,23,24)-PDS 24 | (97,2,24,9,14)-DPDF (97,2,24,14,10)-EPDF
97 | 2| 48 | (97,48,23,24)-PDS 16 | (97,3,16,5,10)-DPDF (97,3,16,18,14)-EPDF
97 | 2| 48 | (97,48,23,24)-PDS 12 (97,4,12,3,8)-DPDF (97,4,12,20,16)-EPDF
97 | 2|48 | (97,48,23,24)-PDS | 12 | 8 (97,6,8,3,4)-DPDF (97,6,8,20)-EDF

97 | 2|48 | (97,48,23,24)-PDS | 16 | 6 (97,8,6,3,2)-DPDF (97,8, 6,20,22)-EPDF
97 | 2|48 | (97,48,23,24)-PDS | 24 | 4 (97,12,4,1,2)-DPDF (97,12, 4,22)-EDF
97 | 2|48 | (97,48,23,24)-PDS | 32 | 3 (97,16, 3,0,2)-DPDF (97,16, 3,23,22)-EPDF
97 | 2|48 | (97,48,23,24)-PDS | 48 | 2 (97,24,2,1,0)-DPDF (97,24, 2,22,24)-EPDF
101 | 2 | 50 | (101,50,24,25)-PDS | 4 | 25 (101,2,25,12)-DDF (101,2,25,12,13)-EPDF
101 | 2 | 50 | (101,50,24,25)-PDS | 10 | 10 | (101,5,10,4,5)-DPDF (101, 5,10,20)-EDF
101 | 2 | 50 | (101,50, 24,25)-PDS | 20 (101,10,5,0,4)-DPDF | (101,10,5,24,21)-EPDF
101 | 2 | 50 | (101,50, 24,25)-PDS | 50 (101,25,2,0,1)-DPDF (101, 25,2,24)-EDF
109 | 2 | 54 | (109,54,26,27)-PDS | 4 | 27 | (109,2,27,12,14)-DPDF | (109, 2,27, 14, 13)-EPDF
109 | 2 | 54 | (109,54, 26,27)-PDS 18 | (109,3,18,8,9)-DPDF (109, 3,18, 18)-EDF
109 | 2 | 54 | (109,54,26,27)-PDS | 12 | 9 (109,6,9,4)-DDF (109, 6,9,22,23)-EPDF
109 | 2 | 54 | (109,54,26,27)-PDS | 18 | 6 (109,9,6,2,3)-DPDF (109,6,9,24)-EDF
109 | 2 | 54 | (109,54,26,27)-PDS | 36 | 3 (109, 18,3,0,2)-DPDF | (109, 18, 3,26, 25)-EPDF
109 | 2 | 54 | (109,54,26,27)-PDS | 54 | 2 (109,27,2,0,1)-DPDF (109,27, 2,26)-EDF
113 | 2 | 56 | (113,56,27,28)-PDS 28 | (113,2,28,15,12)-DPDF | (113,2,28,12,16)-EPDF
113 | 2 | 56 | (113,56,27,28)-PDS 14 | (113,4,14,5,8)-DPDF | (113,2,28,22,20)-EPDF
113 | 2 | 56 | (113,56,27,28)-PDS | 14 (113,7,8,3,4)-DPDF (113,7,8,24)-EDF
113 | 2 | 56 | (113,56,27,28)-PDS | 16 (113,8,7,2,4)-DPDF (113,8,7,25,24)-EPDF
113 | 2 | 56 | (113,56,27,28)-PDS | 28 (113,14,4,3,0)-DPDF | (113,14,4,24,28)-EPDF
113 | 2 | 56 | (113,56,27,28)-PDS | 56 (113,28,2,1,0)-DPDF | (113,28,2,26,28)-EPDF
121 | 2 | 60 | (121,60,29,30)-PDS | 4 | 30 | (121,2,30,17,12)-DPDF | (121,2,30,12,18)-EPDF
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q | el p PDS Parameters f DPDF Parameters EPDF Parameters
121 | 2 | 60 | (121,60,29,30)-PDS 20 | (121,3,20,13,6)-DPDF | (121, 3,20, 16,24)-EPDF
121 | 2 | 60 | (121,60,29,30)-PDS 15 | (121,4,15,10,4)-DPDF | (121,4,15,19,26)-EPDF
121 | 2 | 60 | (121,60,29,30)-PDS | 10 | 12 | (121,5,12,5,6)-DPDF (121,5,12,24)-EDF
121 | 2 | 60 | (121,60,29,30)-PDS | 12 | 10 | (121,6,10,9,0)-DPDF | (121,6,10,20,30)-EPDF
121 | 2 | 60 | (121,60,29,30)-PDS | 20 | 6 | (121,10,6,5,0)-DPDF | (121,10,6,24,30)-EPDF
121 | 2 | 60 | (121,60,29,30)-PDS | 24 | 5 | (121,12,5,4,0)-DPDF | (121,12,5,25,30)-EPDF
121 | 2 | 60 | (121,60,29,30)-PDS | 30 | 4 | (121,15,4,1,2)-DPDF (121,15,4,28)-EDF
121 | 2 | 60 | (121,60,29,30)-PDS | 40 | 3 | (121,20,3,2,0)-DPDF | (121,20,3,27,30)-EPDF
121 | 2 | 60 | (121,60,29,30)-PDS | 60 | 2 | (121,30,2,1,0)-DPDF | (121,30,2,28,30)-EPDF
121 | 3 | 40 | (121,40,15,12)-PDS | 6 | 20 | (121,2,20,11,4)-DPDF | (121,2,20,4,8)-EPDF
121 | 3| 40 | (121,40,15,12)-PDS | 12 | 10 | (121,4,10,9,0)-DPDF | (121,4,10,6,12)-EPDF
121 | 3 | 40 | (121,40,15,12)-PDS | 15 | 8 (121,5,8,3,2)-DPDF (121,5,8,12,10)-EPDF
121 | 3 | 40 | (121,40,15,12)-PDS | 24 | 5 (121,8,5,4,0)-DPDF (121,8,5,11,12)-EPDF
121 | 3 | 40 | (121,40,15,12)-PDS | 30 | 4 | (121,10,4,3,0)-DPDF (121,10,4,12)-EDF
121 | 3| 40 | (121,40,15,12)-PDS | 60 | 2 | (121,20,2,1,0)-DPDF | (121,20,2,14,12)-EPDF
121 |4 |30 | (121,30,11,6)-PDS | 12 | 10 | (121,3,10,9,0)-DPDF (121,3,10,2,6)-EPDF
121|430 | (121,30,11,6)-PDS |24 | 5 | (121,3,10,4,0)-DPDF (121,3,10,7,6)-EPDF
121 |14 ] 30| (121,30,11,6)-PDS | 60 | 2 | (121,15,2,1,0)-DPDF | (121,15,2,10,6)-EPDF
121 1 6 | 20| (121,20,9,2)-PDS |12 | 10| (121,2,10,9,0)-DPDF (121,2,10,0,2)-EPDF
121 |6 | 20 | (121,20,9,2)-PDS | 24 (121,4,5,4,0)-DPDF (121,4,5,5,2)-EPDF
121 |6 | 20 | (121,20,9,2)-PDS | 60 (121,10,2,1,0)-DPDF (121,10, 2,8,2)-EPDF
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Appendix C

Cyclotomic numbers of order 13
in the finite field GF(729)

In this Appendix, we have a table that presents the cyclotomic numbers of order
13 in the finite field GF(729). The purpose of this Appendix is to present these
cyclotomic numbers in a more readable format. Note that for a particular cyclo-
tomic number (i, j)., the number indexing the row of the table denotes the value

of 7 and the number indexing the column of the table denotes the value of j.

o 1 2 3 4 5 6 7 8 9 10 11 12
Oy 76| 4|6 |4 |44 2]2]|]6|4|2]4
116 4|6 4 (125|264 8] 2]6
2141622266665 |5 |2]4
316 412485622 4]6]6|1
4141112864546 |6 |2]6]|2
514126 | 5|42 |6|6][2]6|2|6]|5
6|4 (5|6 |6 |56 |2]2]6]|2|4]6]|2
7121262462 |4]5]6]|2|6]|05
81216 |6 2|62 6542|654
916 (4] 5|46 |6 |2 |6]2]|4|1|2]38
048|516 22426 |1]|6]|4]2
12721266 |66 |6 |52 |4]4]6
22416 |4 |12 |52 |5 |4 |8|2]6]6
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Appendix D

Cyclotomic number calculations
in GF(729)

In this Appendix, we run through the full proof that D(l]?”6 = 033’6U0i3’6 u(]llg’ﬁu
C15% C GF(729) is a (729, 225,63, 72)-PDS.

In Lemma 4.2.3, we determined the following expression for the multiset A(D§*°)

12
ADE) = S (1 0w+ (r = 4,0 = )13+ (r — 10,1 — 10) 15+

r=0 le]

(r—12,1 —12)13)CH36 U 2(8,>°) — 224{0}.

We may write this as

12
AD) = [ J((r, 0015 + (r = 4,9)15 + (r = 10,3)15 + (r — 12,1)13
r=0

+(r,4)13+ (r —4,0)13 4+ (r —10,7)13 + (r — 12,5)13
+(r,10)13 4+ (r — 4,6)13 + (r — 10,0)13 + (r — 12,11)43
+(r,12)13 + (1 — 4,8)13 + (1 — 10,2)13 + (1 — 12,0),3) OO
+2(Co* U G U O U ") — 224{0}.



We now write this expression out in full.

A(Dg™®) = ((0,0)15 + (9,9)13 + (3,3)13 + (1, 1)13 + (0,4)13 + (9,0)13
+(3,7)13+ (1,5)13 + (0,10)15 + (9,6)13 + (3,0)13 + (1,11)13
+(0,12)13 4+ (9,8)13 + (3,2)13 + (1,0)15 + 2)033’6

U((1,0)13 + (10,9)13 + (4,3)13 + (2,1)15 + (1,4)15 + (10,0)13
+(4,7)13 4+ (2,5)13 + (1,10)15 + (10,6)15 + (4,0)13 + (2, 11)13
+(1,12)15 + (10,8)15 + (4,2)15 + (2,0)13)C1*°

U((2,0)13 4+ (11,9)13 4+ (5,3)13 + (3, 1)13 + (2,4)13 + (11,0)13
+(5, 7)13 + (3, 5)13 + (2, 10)13 + (11, 6)13 + (5, 0)13 + (3, 11)13
+(2,12)15 + (11,8)15 + (5,2)13 + (3,0)13)C>°

U((3,0)13 + (12,9)15 + (6,3)13 + (4,1)13 + (3,4)13 + (12,0)13
+(6,7)13 + (4,5)13 + (3,10)13 + (12,6)15 + (6,0)15 + (4, 11)13
+(3,12)15 + (12,8)15 + (6,2)15 + (4,0)13)C,>°

U((4,0)13 4+ (0,9)13 + (7,3)13 + (5, 1)13 + (4,4)13 + (0,0)13
+(7,7)13 + (5,5)13 + (4,10)13 4+ (0,6)13 + (7,0)13 + (5, 11)13
+(4, 12)13 + (O, 8)13 + (7, 2)13 + (5, 0)13 + 2)6&3’6

U((5,0)13 4+ (1,9)13 + (8,3)13 + (6,1)13 + (5,4)13 + (1,0)13
+(8,7)13+ (6,5)13 + (5,10)13 + (1,6)13 + (8,0)13 + (6, 11)13
+(5,12)13 4+ (1, 8)13 + (8,2)13 + (6, 0)13)C§3’6

U((6,0)13 +(2,9)13 + (9,3)13 + (7, 1)13 + (6,4)13 + (2,0)13
+(9,7)13 4+ (7,5)13 + (6,10)13 + (2,6)13 + (9,0)13 + (7, 11)13
+(6,12)13 + (2,8)13 + (9, 2)15 + (7,0)13)CL3F

U((7,0)13 4+ (3,9)13 + (10,3)15 + (8, 1)13 + (7,4)13 + (3,0)13
+(10,7)13 4+ (8,5)13 + (7,10)13 + (3,6)13 + (10,0)15 + (8, 11)13
+(7,12)15 + (3,8)13 + (10,2)13 + (8,0)13)C7>°

U((8,0)13 + (4,9)13 + (11,3)153 + (9,1)15 + (8,4)13 + (4,0)13
+(11,7)13 4+ (9,5)13 + (8,10)13 + (4,6)13 + (11,0)13 + (9, 11)13
+(8,12)13 4+ (4,8)13 + (11, 2)15 + (9, 0)13)C§3’6
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U((9,0)13 + (5,9)13 + (12,3)15 + (10,1)15 + (9,4)15 + (5,0)13
+(12,7)13 4 (10,5)13 + (9, 10)15 + (5,6)15 + (12,0)15 + (10,11)13
+(9,12)15 + (5,8)13 + (12,2)15 + (10,0)13)Cy>°

U((10,0)13 + (6,9)15 + (0,3)13 + (11,1)13 + (10,4) 15 + (6,0)13
+(0,7)13 + (11,5)13 + (10,10)15 + (6,6) 13 4 (0,0)15 + (11,11)45
+(10,12)15 + (6,8)13 + (0,2)13 + (11,0)15 + 2)C1o°

U((11,0)13 4 (7,9)13 + (1,3) 15 + (12, 1)13 + (11,4) 13 + (7,0)13
+(1,7) 13 + (12,5)13 4 (11,10)15 + (7,6)15 + (1,0)15 + (12,11)y3
+(11,12)13 + (7,8)13 + (1,2)13 + (12,0)13)C1y°

U((12,0)13 + (8,9)13 + (2,3)13 + (0,1)13 + (12,4)13 + (8,0)13
+(2,7)13 4+ (0,5)13 + (12,10)13 + (8,6)13 + (2,0)13 + (0,11)33
+(12,12)15 + (8,8)13 + (2,2)13 + (0,0)13 + 2)C13° — 224{0}.

By then substituting in the individual cyclotomic number values obtained in
Propositions 4.2.6 and 4.2.9, we see that

A(D13’6) = 63(Cy>%) U T2(C*°) U T2(Cy>%) U T2(C3™°) U 63(C>°) U T2(C5™)
72(C") U T2(C7) U T2(CMT) U T2(Cy7) U 63(Cie ) U T2(C1i°) U 63(C1y)
—224{0}.

And so D> is a (729, 225,63, 72)-PDS. What is particular interesting about
this result is that, while all elements of D136 occur 63 times in the multiset
A(Dy*°), and all elements in GF(729)*\D;*° occur 72 times, there seem to be
no obvious relations between the cyclotomic number expressions for the different
cyclotomic classes contained in Dég’ﬁ. For example, it is clear from the above

calculations that there are

(0,0)13 + (9,9)13 + (3,3)13 + (1, 1)15+ (0,4) 13+ (9,0)13 + (3, 7)13 + (1,5)13 + (0, 10)13
+(9,6)13 4+ (3,0)13 + (1,11)153 + (0,12)15 + (9,8)13 + (3,2)13 + (1,0)13 + 2 =63

copies of each element of C, 720 in the multiset A(D, Dy>®). Notice that in this
expression for the number of copies of C;*° there is 1 element from Orbg(0, 0);s,
there are 6 elements from Orbn(1,1)13, there 3 elements from Orbg(4,4);3 and 6

elements from the orbit Orbgw(2,3)13.
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If we repeat this same process for Cf”G, it follows from the above calculations
that there are

(4,0)13 4+ (0,9)13 + (7,3)13 + (5, 1)13 + (4,4)13 4+ (0,0)13 + (7, 7)13 + (5,5)13 + (4,10)13
+(0,6)13 4+ (7,0)13 + (5,11)13 + (4,12)13 + (0,8)13 + (7,2)13 + (5,0)13 + 2 = 63

copies of each element of C;*® in the multiset A(D;>®). Notice that in this
expression for the number of copies of CiS’G there is 1 element from Orbgy(0,0)13,
4,4
7,7

(

there is 1 element from Orbw(4,4)13, there are 2 elements from Orbg(4,4)

there are 3 elements from Orbg(2,2)13, there are 3 elements from Orbw(7,7):3,
(2,3)

13,
there are 2 elements from Orbg (6, 8)13 and there are 4 elements from Orbgy(2, 3);3.

As these cyclotomic number expressions contain elements from distinct orbits,
there is no obvious mapping from the expression for the number of copies of 053’6
in A(Dy)'*8 and the number of copies of C;*® in A(Dy)'*S. Therefore cyclotomy

does not give us the full picture of the underlying behaviour.



