Assouad-type dimensions and the

local geometry of fractal sets

Alex Rutar

A thesis submitted for the degree of PhD
at the
University of St Andrews

2024

Full metadata for this thesis is available in
St Andrews Research Repository
at:
https://research-repository.st-andrews.ac.uk/

Identifier to use to cite or link to this thesis:

DOI: https://doi.org/10.17630/sta/1060

This item is protected by original copyright

This item is licensed under a
Creative Commons Licence

https://creativecommons.org/licenses/by-nc-sa/4.0/



https://research-repository.st-andrews.ac.uk/
https://doi.org/10.17630/sta/1060
https://creativecommons.org/licenses/by-nc-sa/4.0/




Abstract

We study the fine local scaling properties of rough or irregular subsets of a metric
space. In particular, we consider the classical Assouad dimension as well as two
variants: a scale-refined variant called the Assouad spectrum, and a location-refined
variant called the pointwise Assouad dimension.

For the Assouad spectrum, we first give a simple characterization of when a
function ¢: (0,1) — [0, d] can be the Assouad spectrum of a general subset of R”.
Using this, we construct examples exhibiting novel exotic behaviour, answering
some questions of Fraser & Yu. We then compute the Assouad spectrum of a
certain family planar self-affine sets: the class of Gatzouras—Lalley carpets. Within
this family, we establish an explicit formula as the concave conjugate of a certain
“column pressure” combined with simple parameter change. This class of sets
exhibits novel behaviour in the setting of dynamically invariant sets, such as strict
concavity and differentiability on the whole range (0, 1).

We then focus on the interrelated concepts of (weak) tangents, Assouad dimen-
sion, and a new localized variant which we call the pointwise Assouad dimension.
For general attractors of bi-Lipschitz iterated function systems, we establish that
the Assouad dimension is given by the Hausdorff dimension of a tangent at some
point in the attractor. Under the additional assumption of self-conformality, we
moreover prove that this property holds for a subset of full Hausdorff dimension.
We then turn our attention again to planar self-affine sets. For Gatzouras-Lalley
carpets, we obtain precise information about tangents which, in particular, shows
that points with large tangents are very abundant. However, already for Bararski
carpets, we see that more complex behaviour is possible.
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I. Fractal geometry and the Assouad
dimension

1 THE GEOMETRY OF FRACTAL SETS

1.1 FRACTAL GEOMETRY

Perhaps one of the oldest branches of mathematics is the study of geometry. What
is geometry? The Merriam—Webster dictionary [ ] defines geometry as

a branch of mathematics that deals with the measurement, properties, and
relationships of points, lines, angles, surfaces, and solids;

and more broadly,

the study of properties of given elements that remain invariant under specified
transformations.

A classical setting for the study of geometry is the geometry of smooth objects,
such as circles, lines, or graphs of smooth functions. Such smooth objects look
essentially the same everywhere at sufficiently high resolutions: for example,
they have well-defined tangents at each point, which are real vector spaces with a
well-defined dimension.

In contrast, many classical examples of sets such as the middle-third Cantor
set or the graph of the Weierstrass function do not exhibit the same level of local
uniformity. Moreover, concepts such as dimension, while easy to define for smooth
objects, can be difficult to define more generally: for instance, a definition such
as “a continuous path is one-dimensional” is fundamentally flawed, since contin-
uous space-filling curves such as the Peano curve have domain [0, 1] and image
0, 1]%. Furthermore, the occurrence of such irregular sets is not limited to the
classical constructions in analysis: widely studied and important examples from
the natural world include turbulence in fluid dynamics to diffusion processes and
Brownian motion and even to the irregularity of coastlines. Indeed, the study of
such irregular sets was termed fractal geometry by the pioneering work of Mandel-
brot [ ; ; ], which also emphasized the many connections to
processes occurring in nature.

A general motivating theme in fractal geometry from a pure mathematical
perspective is to make some attempt at understanding the following question: to
what extent can we generalize classical concepts from smooth geometry to the geometry of
fractal sets? The study of dimension theory is a fundamental part of fractal geome-
try and there are many different ways to define sensible notions of dimension for
fractal sets. The most well-studied notions of dimensions, such as the Hausdorff
and box dimensions, capture average scaling properties of sets. In contrast, in this
thesis, we will focus on localized notions of dimension (motivated primarily by the
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I. FRACTAL GEOMETRY AND THE ASSOUAD DIMENSION

Assouad dimension), which attempt to capture the geometry of the “thickest” parts
of a set, or which allow one to focus on scaling properties at individual points.
A particular emphasis will be placed on dimensions and tangents of sets without
any a priori structure, and we will also attempt to understand how the notions of
dimension and tangents are interconnected.

Unfortunately, certain conclusions about general sets are either very challeng-
ing to make or simply false, as a result of pathological constructions. In order to
impose more structure on our sets under consideration, we will take inspiration
from the second half of the definition of geometry: namely that of invariance. It
will turn out that our conclusions will be the strongest for sets exhibiting various
forms of invariance, and moreover certain classes of invariant sets will provide us
with an important source of examples.

1.2 BOX AND HAUSDORFF DIMENSIONS

Perhaps the simplest way to define a sensible notion of dimension is through the
process of subdivision or covering.

Suppose we begin with a unit square, which has side-length 1. We can subdi-
vide the unit square into sub-squares each with side-length 1/2, and we obtain
4 subsquares. On the other hand, if we instead subdivide the unit cube into sub-
squares with side length 1/2, we obtain 8 subcubes. More generally, subdividing
the unit square into sub-squares of side length 1/2" will yield (2¥)? subsquares,
and the same process with cubes will yield (2¥)? subcubes. These exponents 2
and 3, obtained by subdivision, are precisely our intuitive notion of dimension for
squares and cubes.

This approach readily generalizes to the case of arbitrary bounded metric
spaces ([, d). First, given an r > 0 and an arbitrary non-empty set F' C K, let
N,(F') denote the least number of closed balls of radius r required to cover the set
F. We then define the upper box dimension as the worst-case exponential growth
rate of the number N, (K) relative to r:

_ log N, (K
dimp K = lim sup og—().
r—0  log(1/7)
We define the lower box dimension, denoted dimy K, with a limit infimum in place
of the limit supremum. If the upper and lower box dimensions coincide, we
denote the common value by dimp K. Alternatively,

(1.1)

Qi K = int{a > 0: (30> 0) (Y0 < r < ) No(K) < 0(%) L
In the case of the unit square and the unit cube, even though we considered
subdivision into sub-squares, since we are only interested in the exponential
growth rate of the covering number N, (F), the counts are the same up to a
constant factor which does not influence the dimension.

One downside of the box dimension is that it has various inconvenient prop-
erties: for example, the box dimension is preserved under closure, which means
that the box dimension of a countable set such as Q N[0, 1] is 1. Another notion of
dimension, which is more measure-theoretically robust, is the Hausdorff dimension.
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THE LOCAL GEOMETRY OF FRACTAL SETS
First, given r > 0 and § > 0, define for F' C K

H(F) = inf{i(diam B) :AcC G B; and diam B; < 5},
=1

=1

with the convention that inf @ = 0. In the above, the infimum is taken over all
countable families of sets { B;}:°,. Note that #j(F') is a monotonically increasing
as  converges to 0 from above, so we may set

H*(F) = im H3(F).

We refer to H* as s-dimensional Hausdorff (outer) measure. It can be verified that
H*(F') is a metric outer measure and therefore defines a Borel measure on K. For
completeness, we also define the Hausdorff content, which is not a measure, as

Hi(F) = ég(f) H5(F). (1.2)
In general, H: (F) < H*(F) and H3_ (F) = 0 if and only if #*(F) = 0.

Moreover, there is a unique value s > 0 such that for all 0 < ¢ < s, H'(F) = oo,
and for all t > s, H'(F) = 0. This value of s is the Hausdorff dimension of F,
which we denote by dimy F' = s. Alternatively, the Hausdorff dimension satisfies
s = inf{t : HL (F) = 0}. Note that at the critical exponent s, H*(F') may take any
value in the interval [0, oo].

We may also define a relative to the Hausdorff dimension, which is the packing
dimension. Here, we define the packing dimension to be the countably stabilized
upper box dimension:

dimp F' = inf{supﬁg E, . EC UEZ}

i=1

In general, dimy F' < dimp F' < dimg F, and all of these inequalities can be proper
inequalities. The packing dimension can also be defined using packing measures;
however, this formulation will not be required in this thesis and so we omit it here.

To conclude this section, we also recall the definition of Ahlfors—David reqularity.
For an exponent s > 0, we say that a metric space (X, d) is Ahlfors—David s-reqular
if there is a constant C' > 1 so thatforallz € K and 0 < r < diam K

C~'r* <H (KN B(z,r)) < Cre.

Ahlfors-David s-regular sets are very homogeneous in space and in scale and all
of the notions of fractal dimension that we will consider in this thesis coincide and
take value s for s-regular sets.

1.3 THE ASSOUAD DIMENSION

In the previous section, we introduced the notions of the Hausdorff and box
dimensions. However, the Hausdorff and box dimensions are global measurements
of scaling. In contrast, the Assouad dimension is a notion of fractal dimension which

3



I. FRACTAL GEOMETRY AND THE ASSOUAD DIMENSION

in some sense captures the “worst-case local scaling” of a set. More precisely, the
Assouad dimension of a compact metric space K is defined as

dimAK:inf{sz(EIC>O)(V0<T§R< 1) (Vz € K)

N,(B(z,R) N K) < 0(?)}
Here, B(x, R) denotes the closed ball centred at = with radius R. Similarly to the
definition of the upper box dimension, we are interested in the exponential growth
rate of some covering number V,, but unlike the box dimension we also localize
to a ball B(x, R). Again, similarly to the upper box dimension, the Assouad
dimension is unchanged on taking closure. For completeness, and we also briefly
mention the dual to the Assouad dimension: the lower dimension of K, defined as

dimLK:sup{s:(30>0)(v0<r§R<1)(vxeK)

N,(B(z,R)NK) > C(?)}
Since dimy, K is also unchanged under taking a closure and since the Hausdorff
dimension is countably stable, this inequality does not hold for general sets (for
instance, 1 = dimy, QNI0, 1] > dimy Q N[0, 1] = 0).

It always holds that dimy K < dimg K < dims K, and for compact sets,
dimy, K < dimy K. If K is Ahlfors-David s-regular, then all of the above notions
of dimension coincide: dim;, K = dimy K = dimp K = dimpg K = dimy K = s.

The term Assouad dimension originates from the work of Patrice Assouad in
his PhD thesis [ ] to study the embedding theory of metric spaces: indeed,
any local obstruction is sufficient to prevent embedding of one space into another.
We note that similar dimensional notions were also studied earlier by Larman
[ ]. Independently, an analogous theory in terms of dynamics on fractals
was studied by Furstenberg | ; ], though the explicit relationship with
the Assouad dimension was not noticed until more recently; see the discussion
surrounding Proposition 1.1. More generally, in recent years, the Assouad dimen-
sion has received a significant amount of attention in the literature from a variety
of perspectives: see, for example, the books by Mackay & Tyson on conformal
geometry [ ], Robinson on embedding theory [ ], and Fraser on Assouad
dimension in fractal geometry [ ]

One downside of the Assouad dimension is that it can provide scaling informa-
tion which is too coarse. The Assouad dimension captures the worst case scaling
at all locations and between all pairs of scales. In the following two sections, we
will consider variants of the Assouad dimension: the first, which imposes some
restrictions on the relevant scales, and the second which imposes some restrictions
on the relevant locations.

1.4 THE ASSOUAD SPECTRUM

If the box dimension and the Assouad dimension of a set agree, this implies that
the set has a large amount of spatial regularity. However, it is also very easy for
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THE LOCAL GEOMETRY OF FRACTAL SETS

the box dimension and Assouad dimensions to be distinct. In this situation, one
way to obtain a more fine-grained understanding of the Assouad dimension is
through the Assouad spectrum, which was introduced by Fraser & Yu in [ I
For 6 € (0, 1), the Assouad spectrum of a compact metric space K is given by

dim’, K = inf{a L (3C > 0)(Y0 < § < 1)(Vz € K)

o \«
Ny (K 0 B(x,6)) < 0(51/0> }
The definition is very similar to the Assouad dimension, with the only restriction
being that the relationship between the upper and lower scales is constrained.
Unlike the Assouad dimension, the Assouad spectrum can also be expressed as a
limit:
log sup,c g Nsie(K N B(x,9))

dim% K = limsu 1.3
AR = s ) ) oa(1/9) 3
In general, limy_, dimi K = dimp K, and limy_,; dimi K = dimgs K by [ ,

Theorem 2.1], where dim,sy K denotes the quasi-Assouad dimension of K as
introduced by Lii & Xi [ ]. Like the Assouad dimension, the Assouad spectrum
measures the worst-case local scaling of the set, but the Assouad spectrum specifies
the relationship between the small and large scales.

Besides being a useful bi-Lipschitz invariant and an important notion of fractal
dimension in its own right, the Assouad spectrum provides more refined infor-
mation about the Assouad dimension itself. As a result, the Assouad spectrum
has been explicitly studied for a wide range of examples (see, for example, | ;

; ; ; ; ). This relationship has also been useful in
applications outside of fractal geometry. For instance, the Assouad spectrum plays
an important role in the work by Roos & Seeger [ ] on L? bounds for spherical
maximal operators (and the analogous work in Heisenberg groups [ D.
The Assouad spectrum has also been used to obtain bounds for quasiconformal
distortion in geometric mapping theory [ I

We will also consider the upper Assouad spectrum, which is defined by bounding
the lower scale from above, rather than specifying the relationship precisely:

Qi F = inf{a L (3C > 0)(Y0 < § < 1)(V0 < & < §Y%)(Vx € F)
Ny (B(z,6)) < o(g)a}

The upper Assouad spectrum can alternatively be recovered directly from the
Assouad spectrum: by [ , Theorem 2.1],

di_meAF = sup dimf} F.
0<6'<6
For context, we note that the Assouad spectrum is part of a more general
scheme commonly called dimension interpolation | ], of which other notable
example include the lower spectrum which is analogous to the Assouad spectrum
except for lower dimensions, and the intermediate dimensions [ ], which lie

5
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between the upper box and Hausdorff dimensions. A more refined version of
the Assouad spectrum, where the relationship between the larger and smaller
scales can be specified in essentially an arbitrary way, has also been considered in
[ ; ] (see also the many references cited therein).

1.5 WEAK TANGENTS, TANGENTS, AND POINTWISE ASSOUAD DIMENSION

In contrast to the previous section, instead of constraining the relevant scales, we
will constrain the relevant locations to obtain the pointwise Assouad dimension. In
order to motivate this connection, we begin by recalling an important relationship
between the Assouad dimension and the notion of a weak tangent.

Given a set E C R? and ¢ > 0, we denote the open §-neighbourhood of E by

E® = {z € R?: 3y € E such that |z — y| < §}.

Now given a non-empty subset X C R?, we let C(X) denote the set of non-empty
compact subsets of X equipped with the Hausdorff metric

dH(KlyKQ) = maX{pH(Kl;KQ)apH(K2§K1)}
where
pu(Ky Ko) = inf{6 > 0: K, ¢ K"},

If X is compact, then well-known arguments show that (X ) is a compact metric
space itself. We also write

dist(Eq, By) = inf{|z —y| : z € Ey,y € Ey}

for non-empty sets £y, By C RY.

We say that a set F' € KC(B(0,1)) is a weak tangent of K C R? if there exists
a sequence of similarity maps (7})72, with 0 € T} (K) and similarity ratios A
diverging to infinity such that

F = lim T(K) N B(0,1)

k—o0

in K£(B(0,1)). We denote the set of weak tangents of K by Tan(K). A key feature
of the Assouad dimension is that it is characterized by Hausdorff dimensions of

weak tangents. This result is originally from [ , Proposition 5.7], though
the arguments underlying the proof are essentially due to Furstenberg [ I
We refer the reader to [ , Section 5.1] for more discussion on the context and
history of this result.
Proposition 1.1 ([ ; D. We have
o = dima K = max dimyg F.
FeTan(K)

Moreover, the maximizing weak tangent F' can be chosen so that H*(F') > 0.

6
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In a similar flavour, we say that F'is a tangent of K at x € K if there exists a
sequence of similarity ratios (\;)52, diverging to infinity such that
F = lim \(K — 2) N B(0, 1)
k—ro0
in K£(B(0,1)). We denote the set of tangents of K at x by Tan(K, z).

Of course, Tan(K,z) C Tan(K). Unlike in the case for weak tangents, we
require the similarities in the construction of the tangent to in fact be homotheties.
This choice is natural since, for example, a function f: R — R is differentiable at
x if and only if the set of tangents of the graph of f at (z, f(z)) is the singleton
{B(0,1) N ¢} for some non-vertical line ¢ passing through the origin. In prac-
tice, compactness of the group of orthogonal transformations in R? means this
restriction will not cause any technical difficulties.

Continuing the analogy with tangents, we also introduce a localized version
of the Assouad dimension which we call the pointwise Assouad dimension. Given
r € K, we set

dimy (K, z) = inf{s L(3C>0)(3p>0)V(O0<r<R<p)

R\s
< — .
N(Bx. R)NK) < (=)}
The choice of p > 0 in the definition of dimu (K, z) ensures a sensible form
of bi-Lipschitz invariance: if f: K — K’ is bi-Lipschitz, then dims(K,z) =
dima (f(K), f(x)). It is immediate from the definition that

dimy (K, z) < dimy K.

Moreover, if for instance K is Ahlfors-David regular, then dimy (K, z) = dimpy K
for all z € K. This holds, for example, with self-similar sets satisfying the open set
condition.

1.6 OUTLINE OF THIS THESIS

With all of the key definitions now in place, we give a bird’s-eye view of the thesis.

In §2, we introduce some general symbolic terminology and machinery which
will be helpful subsequently in the thesis. In that section, we also establish some
results on the regularity of the Assouad dimension, and use these results to
establish a formula for the Assouad dimension of a certain class of sets: namely
non-autonomous self-similar sets satisfying certain conditions. Non-autonomous
self-similar sets will resurface in §4, and moreover the results on non-autonomous
self-similar sets will play an important role in §11 and §12. To conclude the
introductory chapter, in §3 we introduce Gatzouras—Lalley and Barariski carpets,
which are certain families of invariant sets of which we will provide an in-depth
study.

Next, in Chapter II, we provide a detailed study of the Assouad spectrum.
In §4 we classify the possible forms of the Assouad spectrum and in §5 we use
this classification result to construct some sets exhibiting novel behaviour of the
Assouad spectrum. We then turn our attention to Gatzouras—Lalley carpets, and

7
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derive an explicit formula for the Assouad spectrum and study its qualitative
properties. The derivation of the formula and the study of its properties can be
found in §§6-8.

Finally, in Chapter III, we study the pointwise Assouad dimension and its
relationship with tangents. After establishing some basic properties of general sets
in §9, in §10 we study the pointwise Assouad dimensions of sets satisfying certain
forms of invariance, which we call self-embeddability and uniform self-embeddability.
Since these two forms of invariance can be thought of as two extremes, we then
turn our attention to intermediate behaviour by again studying Gatzouras-Lalley
and Bararniski carpets in §11 and §12 respectively.

1.7 ASYMPTOTIC NOTATION

We will find it useful to use various forms of asymptotic notation. Given functions
f,9: A— R, wewrite f < g if there is a constant C' > 0 such that f(a) < Cg(a) for
alla € A. We write f =~ gif f < gand f = g. We will also use Landau’s O notation:
we say that f = O(g) if there is a constant C' > 0 so that | f(a)| < C|g(a)| for all
a € A. The constants in the asymptotic notation will often implicitly depend on
the underlying data, such as the parameters defining an iterated function system
or a fixed parameter ¢ € (0, 1). If any dependence is explicitly indicated it will be
done so by a subscript, such as <. or O..

2 SYMBOLIC CONSTRUCTIONS AND
NON-AUTONOMOUS SELF-SIMILAR SETS

In this section, we introduce some general symbolic constructions and define non-
autonomous self-similar sets. We will also establish a formula for the Assouad
dimension of a non-autonomous self-similar set.

2.1 METRIC TREES

Throughout this thesis, many of the objects we define will have an underlying
“coding space”. In this section, we set up some notation to handle such coding
spaces by defining a metric tree.

First, fix a reference set 2 and write 7y = {Q2}. Let {7;}°, be a sequence of
countable partitions of {2 so that 7., is a refinement of the partition 7;. For each
Q € Tr with k € N, there is a unique parent @ € Tr1 with Q C @ Suppose that for
any v; # 72 € (2 thereis a k € N such that there are )1 # Q)2 € Ti so that v, € @4
and v, € Q,. We call such a family {7,};°, a tree, and write T = |J;=, 7. We
call ©2 the boundary of the tree and we refer to each element () € T as a cylinder.
Note that for each v € Q there is a unique sequence (Q,,);>, with @),, € 7, where

Qn = Q1 foreachn € N.
Now, suppose that there is a function p: 7 — (0, c0) which satisfies

~

1. 0 < p(Q) < p(@), and
2. there is a sequence ()72, converging to zero from above such that p(Q) < 7y,

for all Q € 7.
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The function p induces a metric d on the space (2 by the rule

d(y1,72) = inf{p(Q) : Q € T and {v1,72} C Q}.

In particular, diam(Q) = p(Q) with respect to the metric d. We then refer to the
data (2, {7k}, p) as a metric tree.

We say that a subset B C T is a section if ()1 N Q2 = & whenever @1, € B
with QQ; # Q.. If UQeg Q) = Qo, we say that B is a section relative to ()y, and we
say that a section is complete if it is a section relative to (2. Note that sections
are necessarily countable and, for example, each 7}, for k € NU{0} is a complete
section. The set of sections is equipped with a partial order B, < B, if for all
Q1 € By thereisa (), € B, such that @, C @. In this situation, we say that B is
refined by B,. The order is chosen to respect the partial order on inclusion of the
cylinder sets Q € 7. This partial order is equipped with a meet: that is, given a
finite family of sections By, .. ., B,, there is a unique section B; A - - - A BB,, which is
maximal with respect to the partial order such that

BiA---NB,<B;

foralli=1,...,n.
A metric tree is also equipped with a natural family of complete sections which
respect the geometry of the metric d. We define

~

T(r)={QeT:p@Q) <r<pQ)} (2.1)

~

where, abusing notation, we write p(§2) = oo. Property 1 above ensures that this is
indeed a section and property 2 ensures that 7;, < 7 (r) for all k£ sufficiently large.

2.2 NON-AUTONOMOUS SELF-SIMILAR SETS

The notion of a non-autonomous self-conformal set was introduced and studied
in [ ], where under certain regularity assumptions the authors prove that
the Hausdorff and box dimensions are equal and given by the zero of a certain
pressure function. In this section, we consider a special case of their construction.
For each n € N, let 7, be a finite index set and let ®,, = {5, ; } e, be a family of
similarity maps S, ;: R* — R? of the form

Snj(®) = 1000 ;T + dp 5

wherer, ; € (0,1) and O, ; is an orthogonal matrix. To avoid degenerate situations,
we assume that associated with the sequence (®,,)72 ; there is an invariant compact
set X C R (thatis S, ;(X) C X foralln € Nand j € J,) and moreover that

lim sup{ryj, -+ ", : ji € Jiforeachi=1,...,n} =0. (2.2)

n—oo

Under these assumptions, associated with the sequence (®,,)7° , is an attractor

K= U Sijy 0+ 085, (X).

n=1 (j1,....Jn) ET1 XX Tn

9
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Since X is compact and invariant under any map S, ; with j € 7, finiteness
of each J, implies that K is the intersection of a nested sequence of compact
sets and therefore non-empty and compact. The sequence (®,,)7°, is called a
non-autonomous iterated function system (IFS) and the attractor K is called the non-
autonomous self-similar set. We refer the reader to [ , §2] for more detail on this
construction in a general setting.

Definition 2.1. We say that the non-autonomous IFS (®,,)7°,
(i) satisfies the open set condition if the invariant compact set X can be chosen
to have non-empty interior U = X° so that for eachn € Nand j,j" € J,,
Snj(U)CcUand S, ;(U)NS,;(U)=afor j #j € J,; and
(ii) has uniformly bounded contractions if there is 0 < 7y, < rmax < 1 so that
Tmin < Thj < max foralln € Nand j € J,.

Since Leb(}".. 7 Sn;(U)) < Leb(U) and Leb(S,, ;(U)) > rd;, > 0, the above two
conditions combine to give the following additional condition:
(iii) Thereis an M € N so that #.7,, < M foralln € N.

Our main goal in this section is, assuming the open set condition and uniformly
bounded contractions, to establish an explicit formula for dim, K, depending only
on the r, ;. This will be done in Theorem 2.12. In order to obtain this result, we
first make a reduction to a symbolic representation of the attractor /&, which we
will denote by A. Since this symbolic construction will later be required in §11,

we establish this concept in a somewhat more general context.

2.3 REDUCTION TO SYMBOLIC REPRESENTATION

Recalling the definition of a metric tree from §2.1, we now introduce a symbolic
representation of the non-autonomous self-similar set .
Let A =[[2, Ju For (ji,...,Jn) € J1 X -+ X Ty, we define the cylinder set

s s dn) = {1} X oo X {Jn} X H T

k=n+1

We recall that 7,, denotes the set of all cylinders corresponding to finite sequences
in Jp x -+ x J,. Itis clear that this sequence of partitions, equipped with the
valuation p (recalling the non-degeneracy assumption (2.2)), induces the structure
of a metric tree on A, which we denote by 7 = |J,—, 7,,. We also define a natural
projection 7: A — K by

{m(Gn)pz)} = [) Swjr o+ © Snji(X).

Again, this map is well-defined by (2.2). A direct argument shows that 7 is
Lipschitz.

We now prove that dimy K = dima A. The open set condition ensures that the
only work in this result is to handle the mild overlaps which occur from adjacent
rectangles. In fact, our result will follow from the following standard elementary
lemma for metric spaces which are “almost bi-Lipschitz equivalent”.

10
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Lemma 2.2. Let (X, d,) and (Y, dy) be non-empty bounded metric spaces and suppose
there is a function f: X — Y and constants M € Nand ¢ > 0 so that forall 0 < r < 1,
(i) diam(f(B(z,r))) <crforallx € X; and
(i) for every y € Y thereare x,, ...,y € X such that B(y,r) C UM, f(B(x;,7)).
Then dima X = dim, Y.

Proof. We first prove that dimy X < dim, Y. Without loss of generality, we
may assume that ¢ > 1. Throughout the proof, lete > 0and 0 < r < R < 1
be arbitrary. First, let ©+ € X be arbitrary and, writing, N = N, (f(B(z, R))), get
Yy1,...,yn € Y sothat f(B(z, R)) € U, B(y,r). Since diam f(B(z, R)) < ¢R,

dimp Y+e dimp Y+e
N <. cR < (B .
~ r ~ r

Moreover, for each i = 1,..., N, there are x;1, ..., ;s € X such that B(y;,r) C

Ujj\/il f(B(x;j,7)). Thussince { B(z; j,7):i=1,...,Nand j=1,..., M} isacover
for B(z, R),

R dimp Y+e

vpery s s (T)

Since e > 0and 0 < r < R < 1 are arbitrary, we see that dimy X < dim, Y.

Conversely, let y € Y be arbitrary and get x4, ...,z € X such that B(y, R) C
UMY, f(B(z;, R)). Moreover, for eachi = 1,..., M, writing N; = N,-1,(B(z;, R)),
there are z; 1, ..., x; n, where B(z;, R) C Ujvzl B(z;j, ¢ 'r) and

dimp X+e dima X+e
N, <. ck < R ,
T T

Thus since {f(B(x;j, ¢ 'r)):i=1,...,Mand j = 1,..., N;} is a cover for B(y, R)
with diam f(B(z;;,c¢7'r)) <,

dimp X+e
NB(y.R)) S Ny + -+ Ny <. (—) |

Again since ¢ > 0 and 0 < » < R < 1 are arbitrary, we get dim, Y < dimy X,
completing the proof. O

We now obtain our result on the Assouad dimension as a direct corollary.

Corollary 2.3. Let {®,}5°, be a sequence of self-similar IFSs with associated non-
autonomous self-similar set K and metric tree T with boundary A. Suppose the IFS
also satisfies the open set condition and has uniformly bounded contractions. Then

Proof. Let 0 < r < 1. First, recall that the map 7: A — K is Lipschitz. More-
over, if [i1, ..., im], [J1, .., Je] € T(r) are distinct, then

5177;1 ©---0 Sm7i7n(U) m Slyjl ©---0 S&]Z(U) = @

11
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and by the uniformly bounded contraction assumption,
Leb (S14, 00 S, (U)) a Leb (Sy 4, 0+ 08,,,(U)) =t

But for z € K, Leb(B(z,r)) ~ r?. Thus there is a constant M € N not depending
on r so that if x € K is arbitrary, there are cylinders I;,..., Iy € T(r) so that
B(z,r) C w(I;)U---Um(Iy) so that each I; € T (r) and therefore diam /; < r. Thus
the conditions for Lemma 2.2 are satisfied and dima K = dimy A. O

2.4 REGULARITY PROPERTIES OF ASSOUAD DIMENSION

In this section, we establish some regularity properties related to the Assouad
dimension. We begin with the following subadditivity-type lemma, where we re-
place the usual subadditivity hypothesis with an “endpoint” hypothesis combined
along with a certain asymptotic upper semi-continuity.

Lemma 24. Let A = R" or A = {kon : n € N} for some kg > 0. Suppose g: A —
{—o0} UR is any function satisfying the following two assumptions:
(i) Forally,z € A,

9(y + z) < max{g(y), g(2)}.
(ii) Forall e > 0, thereisa 6 > 0 so that forall y,t € Awitht < dy,

gy +1t) < gly) +e.

Then
limsup g(y) = inf g(y).

Yy—r00 yEA

Proof. Let e > 0 be arbitrary, and let 6 > 0 be chosen to satisfy the conclusion
of (ii). Let z € A be arbitrary and let y > z6~! be arbitrary. Write y = (z + ¢ for
¢ € Nand 0 <t < z. Then applying (ii) followed by (i) £ — 1 times,

9(y) = g(lz +1) < g(l2) + ¢ < g(2) +¢.

Thus
limsup g(y) < g(z) +e.
Yy—00
But z € A and ¢ > 0 were arbitrary, so the desired result follows. O

Remark 2.5. The assumptions of Lemma 2.4 are satisfied by the function f(z)/z,
where f: A — RU{—o0} is any subadditive function bounded from above. The
proof is similar to the proof of Lemma 2.7 below.

Note that assumption (i) of Lemma 2.4 is not sufficient by itself to guarantee the
existence of the limit lim,_,, g(y). For example, consider the function g: N — R

defined by
1 :nodd,
g9(n) =
0 :neven.
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We now observe the following generalization of Lemma 2.4, with an addi-
tional varying second parameter. It is this form that will be essential for us in
applications.

Lemma 2.6. Let A=R" or A = {kon : n € N} for some ry > 0. Suppose f: Ax A —
{—o0} UR is any function satisfying the following two assumptions:
(i) Forall x,y,z € A,

f(x,y +2) <max{f(z,y), f(x +y,2)}.

(ii) For all ¢ > 0, there is a 6 > 0 so that for all z,y,t € A witht < dy and
ng,§$+t/

flz,y+1t) < f(2',y) +e.
Then

B = limsup limsup f(z,y)

Yy—00 T—00

= lim limsup f(z,y)

Y0 oo

= lim sup f(z,y)
Y= xcA

= inf sup f(x,y).
Inf sup f(z, )

Moreover, if B C Ais of the form B = {kn : n € N} for some k > 0, then

B = lim sup f(x,y).
yyZ%o z€eB )

Proof. We assume that 3 > —oo: the proof for f = —oo is similar (and substan-
tially easier).
Write g(y) = limsup,_,, f(x,y). We first show that 5 = lim,_, ¢(y). First,

g(y1 + yo) = limsup f(z, y1 + y2)

T—00

< lim sup max{ f(z,v1), f(z + y1,92)}

T—r0o0

< max{g(y1),g(y2)}

Moreover, if € > 0 is arbitrary, taking 0 > 0 to satisfy the conclusions of (ii) and
y,t € Awitht < 4y, applying (ii),

gy +t) =limsupg(z,y +t) <limsup f(x,y) +c = g(y) + <.

T—00 T—00

Thus the function ¢ satisfies the hypotheses of Lemma 2.4, and therefore the
limit defining 3 indeed exists. The same argument with respect to the function

h<y) = SUPge4g f(ill', y) giVGS that

limsup sup f(z,y) = inf sup f(z,y).
y—o0 zEA YEA zcA

13
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To complete the proof of the various equalities involving §, it remains to show
that

inf sup f(z,y) < B. (2.3)

YeA zcA

Let ¢ > 0 be arbitrary and let 6 > 0 be chosen as in (ii). By definition of 3, there are
yo and K so that for all z > K, f(z,y0) < f + ¢. Now let y € A be arbitrary and
write y = ly, + t for some ¢ € NU{0} and 0 < ¢ < y,. By (i) and (ii), there is some
M € A depending only on € and y, so that forall x > K and y > o0 *,

f<x7y) = f(‘x7€y0 +t> < f(xvgy()) te

< max f(z+iyo,yo) £ <F+2e (24)
Now let z € (0,K) N A and y > max{yod ', K6 '}. Then again applying (ii)
followed by (2.4), for all z € A,

f(x7y)§f<K7y+x_K>+5§B+35

Since ¢ > 0 was arbitrary, this proves (2.3).
Finally, suppose B C A is of the form B = {xn : n € N} for some x > 0. First,
note that since B C A,

B > lim sup f(z,y)
B

Yy—00
yeB xe

and moreover the limit exists as proven above. Conversely, let (z,y) € A x A
be arbitrary with y > 2x and get (x¢,y0) € B x B such that z < 2y < z + x and
r+y—k<z90+y <x+y. Lete > 0 be arbitrary and get § > 0 satistying the
conclusion of (ii). Then for y > 6~ 'x, applying (ii) twice,

f(xo,v0) > f(z,y) — 2e.

Since ¢ > 0 and (z,y) € A x A were arbitrary, it follows that

limsup sup f(zo, yp) > limsupsup f(z,y) = 3
yOZJOBO ro€EB y—oo €A
Yo

as required. O

Finally, we show that the hypotheses of Lemma 2.6 are satisfied by functions
satisfying a two-parameter version of subadditivity.

Lemma 2.7. Let A =R" or A = {kon : n € N} for some ko > 0. Suppose f: Ax A —
{—o0} UR is any function such that for all x,y, z € A,

Hay+2) < yf(rc,y);;ifz(ﬂ%y,d 25)

Then:
(i) Forall x,y,z € A,

[,y + 2) <max{f(x,y), f(x +y,2)}.
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(ii) Suppose moreover that f is bounded from above. Then for all € > 0, thereisa § > 0
so that for all x,y,t € Awitht < dyandx <z’ <z +1t,

fla,y+1) < f(@'y) +e.

Proof. Of course, (i) is immediate. To see (ii), let C' € R be such that f(z,y) < C
for all z,y € A. Lete > 0 be arbitrary and let § = eC~!. Then for all z,y,t € A
witht < éyand z < 2’ < 2 + ¢, applying (2.5) twice,

(' —x)f(z, 2 —2)+ (y+t+az—2)f(,y+t+x—2)

<
flr,y+1t) < S
(' —x)f(z,2' —2) +yf(a",y) + (t+x—2) f(2' +y,t + 2 —2)
B y+1
Y , tC
< —= =
_y+tf(:v,y)+y+t
< f(@'y) +e
as claimed. O

As an application, we obtain a nice reformulation of the Assouad dimension of
an arbitrary set which is reminiscent of a notion of definition first introduced by
Larman [ ]. Let X be a compact doubling metric space and for ¢ € (0,1) and
r € (0,1), write

(r, ) = sup Nys (B(m, )N K)

rzeX

and then set log $(r. 5)
og Yir,
U(r,d) = ——"=.
"0 = Qog(1/9)
One can think of W¥(r, §) is the best guess for the Assouad dimension of X at scales
0 < rd < 0 < 1. This heuristic is made precise in the following result.

Corollary 2.8. Let X be a compact doubling metric space. Then

dima X = limsup limsup ¥(r, ) = lim sup ¥(r,d). (2.6)

50 r—0 =0 re(0,1)

Proof. Since X is doubling, there is an M > 0 so that ¥(r,d) € [0, M]. Moreover,
given r, 01,02 € (0, 1), by covering balls B(x,rd;) by balls of radius 7d;d,,

@Z}(Ta 5152) S ¢(T7 51)¢(T51a 62)
and therefore

log (1, 0102)

Tog(1/6102)

< log ¢(r,01) + log ¥ (réy, 0)

- log(1/d162)

_ log(1/61)W(r,é1) + log(1/d2) ¥ (réy, b2)
N log(1/01) + log(1/02) '

\I/<T, 6152) =
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Thus with the change of coordinate g(z,y) = (e™*, eY), the second equality in (2.6)
follows by applying Lemma 2.7 and Lemma 2.6 to the function ¥ o g.

To see the first equality in (2.6), it is a direct consequence of the definition of
the Assouad dimension that

lim sup lim sup ¥(r, §) < dimy K

6—0 r—0

and that there are sequences (9,)32 ; and (r,)2 ; with lim,,_, 0, = 0 such that

n=1

lim sup ¥(r,d) > limsup ¥(r,,d,) > dimy K,

0=0,¢(0,1) n—00

as required. O

Finally, we prove that in the definition of the Assouad dimension one may replace
the exponent associated to localized coverings of balls of the same size by an
exponent coming from localized packings of balls which may have different sizes.
This will be useful since the natural covers appearing from the symbolic repre-
sentation of K consist of cylinders which may have very non-uniform diameters
when indexed by length. First, for a metric space X, z € X, and R € (0,1), denote
the family of all localized centred packings by

0<Z<R72 X’B isTi B ,R7
pad{(X’x’R):{{B(l‘i,n)};’il: ri < R,x; € (i, r;) C Bz )}.

B(z;,r;) N B(xj,r;) = @ foralli # j

In our proof, we will also require the Assouad dimension of a measure. Given a
compact doubling metric space X and a Borel measure p with supp 1 = X, the
Assouad dimension of 1 is given by

dimAu:inf{OzZO:VxeXV0<r§R<diamX

s = (1) )

The main result of [ | (the original Russian version can be found in [ ] is
that for a compact doubling metric space X,

dimp X = inf{dimp g : supppu = X}.

In the following result, we observe that the existence of good measures provides a
convenient way to control the localized disk packing exponent.

Proposition 2.9. Let X be a bounded metric space. Then

dimpy X = inf{a V0 < R < 1Vx € XV{B(z;,r;)}2, € pack(X, z, R)
Zr? Sa Ra}.
i=1
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Proof. That

dimy X < inf{a Y0 < R < 1¥z € X V{B(xi,r:)}%, € pack(X, z, R)
Z 7, Na Ra}
=1

is immediate by specializing to packings with r; = r for some 0 < r < R, using
the equivalence (up to a constant factor) of covering and packing counts.

Now to show the lower bound, if X is not doubling, then dims X = oo and the
result is trivial. Otherwise, by passing to the completion (which does not change
the value of the Assouad dimension) and recalling that a bounded doubling
metric space is totally bounded, we may assume that X is also compact. Thus let
a > dimy X be arbitrary. By [ , Theorem 1], there is a probability measure
p with suppp = X and dima ¢ < a. Then forany 0 < R < 1, z € X, and
{B(x;,1;)}2, € pack(X, z, R), by disjointness,

p(Bla ) = > p(Bair) 2 u(Bl.R) Y (5)"

Therefore,

which, since o > dima X was arbitrary, yields the claimed result. O

2.5 PROOF OF THE ASSOUAD DIMENSION FORMULA

We can now state and prove the desired formula for the Assouad dimension of
the non-autonomous self-similar set K. Let n € N and m € N be arbitrary, and let
6(n, m) denote the unique value satisfying the equation

DI DI | G

]1€jn+1 jmejn+nL k=1

Note that §(n, m) is precisely the similarity dimension of the IFS

q)n+1o"'oq)n+m:{flo"'ofm:fieq)n—i-i}'

For the remainder of this section, we fix a non-autonomous IFS (®,,)7° ; satisfying
the open set condition and with uniformly bounded contraction ratios. Associated
with this IFS is the function § and the non-autonomous self-similar set K.

We begin by showing that the function 6 has a certain continuity properties.
To do this, we require some notation. Let n, m € N and define ¢,, ,,: [0,1] — R by

Pn, m Z Z H rn-&-k’ Ik

]16jn+1 ]m€jn+mk 1

Of course, ¢, , is strictly decreasing with unique zero 6(n, m).

17
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Lemma 2.10. Foralln,m,k € Nandn <n’' <n +k,
, k
60, m+ k) — O, m)| S
m

Proof. First, let n,m € N be arbitrary. Since the IFS has uniformly bounded
contraction ratios and sup,cy #J: < oo, by definition of 6(n, m),

0(n,m 0(n,m O(n,m
gbn,m-‘rl(e(n: m)) - Z T Z Z Tn(Jrl,jl) T rn&m,}m ’ Tn(er+)l,i

leJn+l jmejn+m iEJn+m+1

_ § O(n,m)
- 71n—&-m—|—1,i ~ L

iejn+m,+l

2.7)

On the other hand,
(Z)n’erl((g(n, m) + 5) < ¢n,m+1 (9(n7 m)) ’ rzisn

so that, if f(n, m) + ¢ > 0(n, m + 1), applying (2.7), we observe that 77;, ~ 1 which

forces € ~ 1/m. The same argument also holds for the lower bound.
Iterating this bound % times,

Thus if n < n' < n+ k is arbitrary,

O(n,m+k)—0(n,m)| <|0(n,m+k)—0(n,m+n"—n)|
£ 10(n, m+ o — ) — ()|

<k

~m
as required. O
We now establish the fundamental property of the function 6.

Lemma 2.11. The function 6: N x N — [0, d| satisfies the assumptions of Lemma 2.6.

Proof. Let n, mi, my € N be arbitrary. We first show that
O(n,my; +my) < s :=max{f(n,my),0(n+ my,ms)}.
Indeed,

m1 0(n,m1) mi+mse 0(n+mi,mz2)
1= Z Z <H7’n+k,jk) ( H rn+k7jk>

jl GJVLJrl jm1+m2 eJn+m1+m2 k=1 k:m1+1

18
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sy ()

jleJn+1 jm1+m2 Ejn+m1+m2 k=1

= On,my+ma (5).

Since ¢, my+m, (0(n, m1 +m2)) = 1 and ¢y, +m, 1S strictly decreasing, it follows
that (n, m; + my) < s, which is (i).

Next, let ¢ > 0 be arbitrary, let n,m,k € N, and let n < n’ < n + k. Then by
Lemma 2.10, there is a constant C' > 0 so that

|0(n';m) —0(n,m + k)| < Cﬁ.
m
In particular, taking 6 = eC'~*! yields (ii). O

Finally, we establish the following formula for the Assouad dimension of the
non-autonomous self-similar set K.

Theorem 2.12. Let ()72, be a non-autonomous IFS satisfying the open set condition
and with uniformly bounded contraction ratios. Denote the associated non-autonomous
self-similar set by K. Then
dimy K = lim supd(n,m). (2.8)
m—00 neN

Proof. Recall that the limit in (2.8) exists by Lemma 2.11 and Lemma 2.6, and

moreover
s = lim supf(n,m) = lim limsupf(n,m)

We verity the lower and upper bounds separately.

First, recall from Corollary 2.3 that dimy K = dima A, where A denotes the
metric tree associated with K. Let ¢ > 0 be fixed and let M be sufficiently large so
that for all m > M, there is an n € N so that

|0(n,m) — s| <e.
Now fix a cylinder [j3, ..., j,| C A for some (ji,...,jn) € J1 X -+ X J,, and write
R = diam([j1,...,Jn]) =71, - - Tn,- Note thatif m > M, by definition of §(n, m)

n+m

Z ce Z H TZ,(;:m) — RG(n,m).

jn+1€s7n+l jn+7n€jn+m k=1

But the family of cylinders

{[jla- .. 7jn+m] . (jn+17- .. 7jn+m) S jn+1 XX jn+m}

forms a packing of B(z, R). Moreover, since m > M is arbitrary, by the uniform
boundedness assumption, the width of each cylinder in this family relative to
[j1, - - ., jn] converges uniformly to 0. Thus by Proposition 2.9, dima K > s — .
Conversely, let us upper bound dimy K. Recall that ¢ > 0 is fixed as above
and let m > M be fixed. Now let 0 < » < R < 1 and fix a ball B(z, R) C A. By
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I. FRACTAL GEOMETRY AND THE ASSOUAD DIMENSION

definition of the metric on A, B(x, R) = [j1,-..,jn) Where 1, ---1,,;, < R. We
inductively build a sequence of covers (By):2, for B(x, R) such that each By is
composed only of cylinder sets and

Z (11, - 1es,)"Te < RO (2.9)
[ll ..... Zg}EBk
and
T4y T, Z T- T:Zin fOI' all [ih e ,ig] € Bk (210)
Begin with By = {[j1, ..., jn|}, which clearly satisfies the requirements.
Now suppose we have constructed By, for some k € N. Let [iy, ..., ] € By be

an arbitrary cylinder set. If 71 ;, - - - 7;, < r, do nothing; this guarantees that (2.10)
holds. Otherwise, replace the cylinder [iy, . . ., i, with the family of cylinders

{[il,...,’ig,jl,...,jm]Z(jl,...,jm)€ﬂ+1X"'X%er}.

The choice of m > M and the definition of (¢, m) ensures that (2.9) holds.

Repeat this process until every cylinder in B), has diameter < r. That this
process terminates at a finite level k is guaranteed by (2.2). Thus replacing each
cylinder [iy, ..., i] with a ball B(z;,,. ;,.r) for some z;, _;, € [i1,...,i], by (2.9)
and (2.10) the corresponding cover has

s+e —m(s+e) s+e s+¢€
E : r < Tmin § : <T17i1 T TEJQZ) 5 R

[i1,.-.,5¢] €Bg, [i1,.-.,i¢] €By,

which guarantees that dimy K < s + ¢, as claimed. O

3 SELF-AFFINE CARPETS FOLLOWING
GATZOURAS-LALLEY AND BARANSKI

In this section, we introduce the self-affine carpets originally studied by Gatzouras
& Lalley [ ] and Baranski [ ]. These planar self-affine carpets are examples
of iterated function system attractors and are invariant under certain families of
planar self-affine maps {7} },cz. The geometry of self-affine sets has been a highly

active area of research going back to the original works of Bedford [ ] and
McMullen [ ] under a grid structure; and without grid structure to the
“parameter-typical” results of Falconer [ I

Within the geometry of self-affine sets, there are two complementary perspec-
tives. The first “typical” case attempts to find general conditions under which
the Hausdorff and box dimensions are equal and are determined by the affinity
dimension determined by the singular values of the matrix parts of the affine trans-
formations. Especially in the plane, substantial recent progress has been made
on this problem; see for instance [ ; ] and the many references cited
within.

The second “non-typical” case is complementary: the goal is to study self-
affine sets for which the box and Hausdorff dimensions may be different and
moreover may not be given by the affinity dimension. These exceptional carpets
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(A) Gatzouras-Lalley (B) Baranski

FIGURE I.1: Some diagonal self-affine sets, which are attractors of the
iterated function systems depicted in Figure 1.2.

exhibit features such as alignment and a lack of rotation. The carpets of Gatzouras—
Lalley and Barariski fall into this category. Outside of some exceptional choices
of parameters, the Hausdorff, box, and Assouad dimensions are all distinct and
moreover the Assouad spectrum indeed approaches the Assouad dimension as ¢
converges to 1.

For the remainder of this section, we formally introduce these classes of sets
and the notation and constructions which are important for their study.

3.1 DIAGONAL ITERATED FUNCTION SYSTEMS

We begin by introducing a general rotation-free family of iterated function systems:

those formed by affine maps for which the linear parts are diagonal matrices.
Fix a non-empty index set 7 and for j = 1, 2 fix contraction ratios (5; ;)icz C

(0,1) and translations (d; ;)icz C R. We then call the IFS {7} };cz diagonal when

T%(ZL‘l, Ig) = (ﬁi71$1 + di,h 6@21‘2 + di,Q) foreach 1 cT.

For j = 1,2, let ; denote the orthogonal projection onto the j* coordinate axis,
i.e. nj(x1, x3) = ;. We denote by {S; ; }icz the projected systems, where S; ;: R — R
is the unique map satisfying n; o T; = S; ; o n;. Of course, S, ;(z) = B, ;x + d; ; are
iterated function systems of similarities. We will sometimes write = 1, to denote
simply the projection onto the first coordinate axis.

By Hutchinson’s application of the contraction mapping principle [ ], as-
sociated with the IFS {7} };c7 is a unique non-empty compact attractor K satisfying
K = U, Ti(K). Of course, for j = 1,2, the projected IFS {S; ; }icz has attractor
K; = n;(K) for j = 1,2. Some images of attractors can be found in Figure I.1.

We now introduce some symbolic notation. Set Z7* = | J.~ , Z" equipped with
the operation of concatenation. Given i € 7", we denote the length of i by |i| = n.
We say that a word i € Z* is a prefix of k if there is a word j so thatk = 1j, and we
write i < k. If |[i| > 1, we let i~ denote the unique prefix of i of length |i| — 1. We
denote the unique word of length 0 by @.
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I. FRACTAL GEOMETRY AND THE ASSOUAD DIMENSION

Given i = (iy,...,1,) € " and j = 1,2, we write

T,=Tyo-oT,,
Sij=54,j0 05,4
Bij = Birj Bing

Now 7; induces an equivalence relation ~; on Z where ¢ ~ ¢’ if S; ; = Sy ;. Let
n;j: Z — I/ ~; denote the natural projection. Intuitively, n;(4) is the set of indices
which lie in the same column or row as the index i. Then 7, extends naturally to
amap on Q by 1;((i,)2,) = (0;(in))2; C n;(Z)N = n;(ZV); and similarly extends
to a map on Z*. For notational clarity, we will refer to words in Z* using upright
indices, such as i, and words in 7;(Z*) using their underlined variants, such as i.
Note that if i ~; j, thenand S; ; = S; ;. In particularly, we may unambiguously
write S; ; and f; ; for i € n;(Z*).

Next, we let 2 = IV denote the space of infinite sequences on Z. The concatena-
tion iy for i € 7* and vy € 2 is defined similarly, so we also speak of finite prefixes
of infinite words. Given i € 7%, we denote the cylinder set

[i]l={yeQ:ixn~}

Finally, we define the surjective coding map 7: 2 — K for v = (4,)52, by

()} = (Tio--- o T, (K).
n=1
Equivalently, the coding map 7 is defined by the rule = ([i]) = T;(K) for i € Z*.

3.2 INVARIANT MEASURES AND THE SPACE OF PROBABILITY VECTORS

We now introduce notation to handle the space of Bernoulli measures associated
with the IFS {T;};c7. Let

P=PI) = {(pi)iel S 2 072292‘ = 1} C R,
i€l

which is a compact metric space with the metric inherited from ambient Euclidean
space. We refer to probability vectors in P using bold-face letters, such as w. Recall
for j = 1,2 that n; denotes the orthogonal projection onto the first coordinate axis.
In a similar way as before, n; induces a map 7;: P — 7,;(P) by the rule

nj(w) =< > wz‘)

jeni (T)
ien; ' (4) s

Given a probability vector w = (w;);ez € P, we define the entropy

H(w) = Z w; log(1/w;)

1€T
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FIGURE I.2: Generating maps associated with a Gatzouras-Lalley and
Barariski system. The parameters from the Bararski carpet correspond
to the example in Corollary 12.7 with 6 = 1/40. The corresponding
attractors can be found in Figure 1.1.

(we extend the value of zlog(1/z) to z = 0 by taking the limit) and Lyapunov
exponents

Yi(w) = Zwi log(1/8;1) and  xo(w) = Zwi log(1/8:2).
i€l ieT
For p € 1,(Z), we define entropy in the same way, and also note that y;(p) is
well-defined since x;(w) = x;(n;(w)). Note that H, x;, and x» are continuous
positive functions on P, and moreover y; and x» are uniformly bounded away
from 0.
Finally, we denote the logarithmic eccentricity of w € P by

I(w) = x2(w) :
X1 (w)
Note that I" takes values in a compact interval

I'(P) = [Fmin, Kmax] C (0, 00),

where

. log B2 B log B; 2
Kmin = Min and Kmax = Max )
i€z log B;1 i€z log Bi1

We will use I' to measure the exponential distortion of the rectangle T;([0, 1]?)
in terms of the digit frequencies corresponding to the word i € Z*, with Ky
corresponding to the cases when the rectangle looks as close as possible to a
square.

3.3 GATZOURAS-LALLEY AND BARANSKI CARPETS

Recall that an IFS {F} },c s satisfies the open set condition with respect to an open set
Uif Fi(U) c Uand F;(U) N F;(U) = @ for all i # j € J. The following definition
concerns the main class of self-affine sets studied in [ ]
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Definition 3.1. We say that the IFS {7} },c7 is Gatzouras—Lalley if:
(i) the original IFS {T;},c7 satisfies the open set condition with respect to (0, 1)?,
(11) ﬁ@g < Bi,l foralli e 7, and
(iii) the projected IFS {S;}.cy(z) satisfies the open set condition with respect to
(0,1).
and Barariski if:
(i) the original IFS {T;},c7 satisfies the open set condition with respect to (0, 1)?,
and
(i) the projected IFS {S; ; }icy,(z) satisfies the open set condition with respect to
(0,1) for j =1,2.

As depicted in Figure 1.2, the key features of a Gatzouras-Lalley IFS are that
the rectangles T;([0, 1]*) are wider than they are tall, they cannot overlap except
possibly along edges, they lie in columns which themselves cannot overlap except
possibly along edges, and the height of each rectangle is strictly less than its width.
For a Barariski carpet, the rectangles can also be taller than they are wide, but they
must lie in rows and columns which cannot overlap except possibly along edges.

Note that if {T;},cz is Gatzouras-Lalley, then x;(w) < xq(w) for all w € P,
and I" takes values in a compact subset of (1, c0).

A special class of carpets which are simultaneously Gatzouras-Lalley and
Baranski are known as Bedford—McMullen carpets, introduced in [ ; I
In this class, there are numbers natural numbers 2 < m < n so that 5;,; = 1/m and
Bia=1/nforalli € Z.

Finally, we recall some standard results on the dimensions of Gatzouras-Lalley
carpets. We defer the corresponding results for Barariski carpets to §12.1. We

state the main results of [ |—stated below in (i) and (ii)—as well as the result
of ]—stated below in (iii). We also note that the same proof as given in
[ ] (which is explained more precisely in [ , Theorem 2.13]) gives the

analogous result for the lower dimension.
Proposition 3.2 ([ ; D. Let K be a Gatzouras—Lalley carpet.

(i) The Hausdorff dimension of K is given by

dimy K = sup s(p)
peEP

where

_ H(n(p)) , H(p)— H(n(p))
W= T ewm

Moreover, the supremum is always attained at an interior point of P (i.e. at vector
w € P with w; > 0 forall i € I).

(ii) The box dimension of K exists and is given by the unique solution to

Z BdlmB n(K)6d712mB K—dimp n(K) -1 where Z dlmB n(K)

i€Z Jjen(T)
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FIGURE 1.3: Two iterations of a Gatzouras-Lalley IFS within a cylinder,
with a wide pseudo-cylinder in highlighted in blue and a tall pseudo-
cylinder in red.

(iii) The Assouad dimension of K is given by

dima K = dimp n(K) + max t({)
Len(7)

where t({) is defined as the unique solution to the equations

> -1

jen—1 ()
Similarly, the lower dimension of K is given by

dimy, K = dimg n(K) + min ¢({).
Len(1)

3.4 PSEUDO-CYLINDERS, APPROXIMATE SQUARES, AND SYMBOLIC SLICES

A common technique when studying invariant sets for iterated function systems
on some index set 7 is to first reduce the problem to a symbolic problem on
the coding space Z*. However, the main technical complexity in understanding
the dimension theory of self-affine carpets is that the cylinder sets 7;(K) are
often exponentially distorted “rectangles”. As a result, we will keep track of two
symbolic systems simultaneously, which together will capture the geometry of
the set K. In this section, we focus our attention on Gatzouras-Lalley carpets:
these concepts generalize in a natural way to Baranski carpets, but we defer the
discussion to §12.

Fix a Gatzouras-Lalley IFS {7} };cz. We first introduce some notation for han-
dling cylinders. We then associate with the IFS {7} },cz, and the related defining
data that we introduced in §3, two metric trees: first, the metric tree of approximate
squares, and second the metric tree of symbolic slices.

First, recall that Q = 7" is the space of infinite sequences on Z. The family of
cylinders {[i] : i € ZF}2, defined in §3.1 defines a tree (in the sense of §2.1). We
sometimes abuse notation and simply refer to {Z"}7°  as a tree. We will associate
with this tree a variety of metrics, such as those induced by the maps i — f3; ; for
J = 1,2. We will also use the same notation for the projected words {n(Z*)}52,.

Next, we define the metric tree of approximate squares. Before we do this, we
introduce the notion of a pseudo-cylinder. Suppose i € ZF and j € n(Z*). We then
write

P(i,l) = {’)/ = (’Ln)zozl eN: (il, N ,Zk) =iand ﬁ(ik+1, PN ,ik+g) = l}
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Note that map (i, j) = P(i, j) is injective. Another equivalent way to understand
the pseudo-cylinder P(i, j) is as a finite union of cylinders inside the cylinder [i],
all of which lie inside the same column; that is,

P(i,j)= |J [iK. (3.1)

ken=1(j)

We refer the reader to Figure 1.3 for a depiction of the definition of a pseudo-
cylinder.
Now given an infinite word v € , let L () be the minimal integer so that

6’7171 o 'B’YL,C(A,)J < B’yl,Q o 'B’Yk,Q'

In other words, L(7) is chosen so that the level L; () rectangle has approximately
the same width as the height of the level k rectangle. Write 71, ,) = ij where
i € Z*. We then define the approximate square Qi (y) C Q by

Qr(y) = P(i,n(3))-

While different v may define the same approximate square, the choice of i and 7(j)
are unique. For fixed i, let /(i) C n(Z*) denote the set of j so that P(1,j) is an
approximate square. Of course, Qx11(7) C Qx(7) and moreover for any 7,7’ € Q,
either Qx(v) = Qk(?’) or Qr(y) N Qk(v') = @. In particular, ¢(i) is a complete
section and the approximate squares P(i, j) are disjoint in symbolic space for
fixed 1i. -

We say that a pseudo-cylinder P(i, j) is wideif j < k for some k € U(i); in other
words, P(i, j) contains approximate squares of the form P(i, k). Otherwise, we
say that P(i, j) is tall. In other words, one can think of the wide pseudo-cylinders
as “interpolating” between the cylinder P(i, @) = [i] and the approximate square
P(i.3) = Qu(7):

Denote the tree of all approximate squares by
S ={Qkr(y) : v € Q} and S = U Sp.
k=0

As discussed above, every approximate square is uniquely associated with a
pair (i, j), so we may therefore define a metric induced by p(Q)) = S 2, which
makes the collection of approximate squares into a metric tree. In particular, we
recall for 0 < r < 1 that S(r) denotes the set of approximate squares with width
approximately r; see (2.1) for the precise definition.

To conclude this section, we define the metric tree of symbolic slices. Suppose
we fix a word v € Q. The word v = (i,,)5°, defines for each n € N a self-similar
IFS @, = {S;2:j € n7 (n(i,))}. This I[FSis prec1sely the IFS corresponding to the
column containing the index i,,. Note that there are only finitely many possible
choices for the ®,,, so the sequence (®,,)7°; has as an attractor a non-autonomous
self-similar set K, and corresponding metric tree 2(n(v)), as defined in §2.1.
This non-autonomous IFS has uniformly bounded contractions and satisfies the

26



THE LOCAL GEOMETRY OF FRACTAL SETS

OSC with respect to the open interval (0, 1). For notational simplicity, we denote
the cylinder sets which compose this metric tree as

Fopym = s 3dnl U1y -0 dn) €P1 X - x @} and F(y) = U Fo)n-

n=0

We call K, the symbolic slice associated with the word . If the projected IFS
{Sin bien(z) satisfies the SSC, then if x = n(7 (7)),

{z} x Kyipy =0 (@) N K

is precisely the vertical slice of K containing . In general, K, is always con-
tained inside a vertical slice of K. The symbolic fibre K, (and its associated
Assouad dimension) was introduced and studied in [ , §1.2] in the more
general setting of overlapping diagonal carpets.

3.5 COVERING LEMMAS FOR GATZOURAS-LALLEY CARPETS

As a result of the local inhomogeneity of Gatzouras—Lalley carpets, obtaining
sharp bounds on the size of various covers of Gatzouras-Lalley covers requires
some care. In this section, we will prove a sequence of lemmas which, morally,
provide optimal covers for a variety of symbolic objects: these covering arguments
will be essential for the covering arguments in §6 and §11.

We first show that, as a result of the vertical alignment of their component
cylinders, pseudo cylinders can essentially be covered by their projection. Recall
that S denotes the set of all approximate squares. Then if P(i,j) is any wide
pseudo-cylinder, we can write it as a union of the approximate squares in the
family

Q(i,j) ={Q €S : Q= P(i,k) forsomek € n(Z*) and Q C P(1,j)}.

Since each Q = P(i,k) for some k, we have () € S(f;2) so that this family of
approximate squares forms a section.

Lemma 3.3. Let P(i, j) be a wide pseudo-cylinder. Then

N dimp n(K)
#Q(1,3) (ﬂ”’l) -

- 51,2
Proof. First, enumerate Q(i,j) = {Q1,...,Qn}, and for each i = 1,...,m,
there is a unique k; so that ); = P(i,k;). Moreover, {k,...,k,,} forms a section

relative to [j], so that writing s = dimp 7(K) and recalling that n(K) is the attractor
of a self-similar IFS satisfying the open set condition,

> B =551 (32)
=1

But 8ix 1 ~ (i 2 since each @); is an approximate square, which gives the desired
result. O
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In the next result, we provide good covers for cylinder sets using approximate
squares with diameter bounded above by the height of the corresponding rectan-
gle. Heuristically, a cylinder set can first be decomposed into approximate squares
using Lemma 3.3, and an “average” approximate square itself has box dimension
the same as the box dimension of K. To make this notion precise, we simply
reverse the order: we begin with a good cover for the box dimension of K, and
take the image under some word i. The image of each approximate square is a
wide pseudo-cylinder, so we may apply Lemma 3.3 to complete the bound.

Lemma 3.4. Suppose i € 7* and 0 < r < [3; 5. Then
) dimp K ] dimp n(K)
Haesn oeun~(22) (52

Proof. Fixi € T and 0 < r < f3; 5. Write § = r/3; 2, so by inspecting the proofs
of [ , Lemmas 2.1, 2.2, & 2.3], we see that

#S(0) ~ (1/9)m= .

Enumerate S(0) = {Q1,...,Qn} and for each i = 1,...,m, we may write @); =
P(ji,k;) for some j; € Z* and k; € n(Z*). Then foreachi=1,...,m,

Q(ijink)CS(r) and [i]=] | @
i=1QecQ(ij:.k;)

Thus by Lemma 3.3 applied to each pseudo-cylinder P(ij;,k;), since Q; is an
approximate square and ;.1 ~ 3j, 2,

#QeSr):QClill =) #Q(jik)

#
. (B )m )

i=1 ﬁith

5.2 dimp K ﬁ . dimp n(K)
- ( r ) . (5172)

as claimed. O

To conclude our collection of preliminary lemmas, we use the Assouad dimension
of the symbolic fibre K, to control the size of “column sections” of approximate
squares. We note that the word i appears in the hypothesis but not the conclu-
sion: this is simply to clarify the application of this lemma when it is used in
Proposition 11.7.

Lemma 3.5. Let ¢ > 0 and v € Q be arbitrary. Suppose k € Nand Qx(v) = P(1, ).
Let BB be any section of T* such that B < 1" (j). Then

dim 5 KTI(W)+E
z :/Bk,Q rS&’Y 1'
keB
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Proof. The assumption on the section B precisely means that {ik : k € B} isa
section relative to i in ;). Then by Proposition 2.9 applied to the metric space
Q(n(7)) (recalling that dimy Q(n(y)) = dima K,y from Corollary 2.3), since Bis a

section,
dimp K, +e
ﬁi 2 A Bn(y)
> (% St
keB i2
Cancelling the j; , gives the desired result. O
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II. The Assouad spectrum

In this chapter, we study the first of our two main variants of the Assouad dimen-
sion: the Assouad spectrum. We recall that the Assouad spectrum is formally
defined in §1.4.

The Assouad spectrum has been explicitly computed for a wide variety of
well-studied dynamical sets with distinct box and Assouad dimensions, such as
some overlapping self-similar sets and self-affine sets [ ; ], Bedford-
McMullen carpets [ ], certain Kleinian limit sets [ ], parabolic Julia sets
[ ], elliptical polynomial spirals [ ], and random sets such as Mandelbrot
percolation [ ; ]. In all of these examples, the Assouad spectrum has
a very particular form: it is piecewise convex, with pieces of the form 6 —
a+0b- ﬁ for some a, b € R, and with points of non-differentiability corresponding
to certain “geometrically meaningful” values. The Assouad spectrum has also
been computed for certain infinitely generated self-conformal sets, where more
complicated forms can appear based on the fine structure of the set of fixed points
(which may be prescribed in a non-dynamical way) [ 1.

On the other hand, there are fewer results exhibiting more general behaviour.
Perhaps the main construction result of note can be found in [ ], which pro-
vides some interesting examples which exhibit, for instance, non-differentiability
at countably many points. In this chapter, we will consider the problem of general
behaviour of Assouad perspective from two perspectives.

First, we focus on the general question of classification: what constraints
on a function ¢: (0,1) — [0,d] guarantee that there is a set F' C R? such that
dim F = ¢(0) for all & € (0,1)? In 84, we will give a precise answer to this
question. Using this classification, in §5, we provide some examples exhibiting
exceptional behaviour, namely non-monotonicity on every open set and Holder
failure at 1.

A downside of the above results is that the sets constructed in the classification
are very far from being general dynamically invariant sets. In the second part
of this chapter, we focus on the problem of computing the Assouad spectrum
for a particular class of self-affine sets, namely the Gatzouras—Lalley carpets first
introduced in [ ] and defined earlier in §3. Roughly speaking, we recall that
the difference between Bedford-McMullen and Gatzouras-Lalley carpets is that
all rectangles for a Bedford-McMullen carpet have the same widths and heights,
while Gatzouras-Lalley carpets allow inhomogeneity across the widths of columns
and also of the heights of rectangles within columns. However, we emphasize
that the difference between Bedford—-McMullen carpets and Gatzouras—Lalley
carpets is more than just technical. For instance, it is known that Gatzouras—
Lalley carpets need not have a unique measure of maximal dimension [ I
More famously, the simplest known example of a self-affine set with no ergodic
measure of maximal dimension is defined using a 3-dimensional analogue of
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the Gatzouras-Lalley construction [ ]. These features are not exhibited by
Bedford-McMullen sponges in any dimension.

Our second main contribution is to establish an explicit formula for the As-
souad spectrum of a Gatzouras-Lalley carpet as the concave conjugate of the mini-
mum of a finite family of elementary functions combined with a simple parameter
change—see Theorem 7.1 for the precise statement. We observe novel and unex-
pected behaviour which has not been previously witnessed in any dynamically-
invariant examples. More precisely, we obtain the following direct qualitative
consequences of our explicit formula:

1. The Assouad spectrum can be a non-trivial differentiable function of ¢. In
fact, we give a simple characterization of differentiability, and observe that
non-differentiability is generic (both topologically and measure theoretically)
within the parameter space of Gatzouras-Lalley carpets—see Corollary 8.5.

2. The Assouad spectrum can have a non-trivial interval on which it is strictly
concave. Again, this property holds generically—see Corollary 8.7

3. The Assouad spectrum is increasing and piecewise analytic, but with poten-
tially arbitrarily many phase transitions and phase transitions of arbitrarily
high odd order—see Remark 8.6.

These properties are direct consequences of the explicit formula, and their proofs
can be found in §8. The proof of the explicit formula constitutes the majority of
the work.

In contrast to the Bedford—McMullen case (for which the derivation of the
Assouad spectrum is, generally speaking, straightforward), the Gatzouras-Lalley
case has substantially more technical complications as a result of the inhomogene-
ity between columns and within each column. Our proof of the general formula
uses recent techniques developed in the context of multifractal analysis, which we
highlight here. First, in §6 we establish a general variational formula for the Assouad
spectrum as a certain constrained maximization problem involving information-
theoretic quantities evaluated at Bernoulli measures. A key tool here is the method
of types from large deviations theory, which was used in [ ] to compute the
Li-spectrum of self-affine sponges and in [ ] to calculate the intermediate
dimensions of Bedford-McMullen carpets. The explicit covering arguments build
on and refine the fine covering strategies for self-affine carpets used in [ ;

; ]. Secondly, in §7 we solve this variational formula to obtain our
explicit formula. The main complexity here is that the variational formula is a
non-smooth and non-convex optimization problem. Our key technique here is the
geometry of Lagrange duality, which was used in [ ] in order to elucidate the
concave conjugate relationship apparent in the multifractal formalism.

4 ATTAINABLE FORMS OF ASSOUAD SPECTRA

In this section, we establish a complete classification of the possible forms of
Assouad spectra.
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A (% )\1‘/2 )\/9 1

FIGURE II.1: A plot of 5(6) = (1 — 0)p(#) where ¢ € A;, and the lines
with slopes corresponding to (4.2).

4.1 THE FAMILY OF FUNCTIONS A4

We first define the family of functions .4, which we will prove are the possible
forms of the maps # + dim} F' for non-empty bounded sets F' C R

Definition 4.1. Let .4, denote the set of functions ¢: (0,1) — [0, d] where for any
O<A<O<],

0< (1= Vel — (1= 0)p(0) < (0 - N (5 @)
In Proposition 4.6, we will prove that functions in A, are uniformly continuous.
Thus, we will embed A, in C([0, 1]) by defining ¢(0) = limg_,o () and ¢(1) =
limy_,1 p(#). We will use this notation once we prove uniform continuity.
Given ¢ € Ay, define §(6) = (1 — 0)p(0). In (4.1), the first inequality implies
that () is decreasing, and the second states that forall0 < A < 6 < 1,

B —586) _ B()
6—X T 12

(4.2)

The left hand side is the negative of the slope of the line passing through (A, 5()))
and (¢, 3()), and the right hand side is the negative of the slope of the line passing
through (A\/6, 8(A/6)) and (1, 0). The secants in this constraint for a function j are
depicted in Figure IL.1.

We can now state the main classification.

Theorem 4.2. Let d € Nand let p: (0,1) — [0,d] be a function. Then there exists a
non-empty bounded F C R? such that dim% ' = (0) for all 6 € (0,1) if and only if
p e A,

The forward implication is well-known (see, for example, | , Theorem 3.3.1]);
the reverse implication is proven in Theorem 4.15.

We can interpret the first inequality in (4.1) as a growth rate constraint, and
the second inequality as an oscillation constraint. In fact, the second inequality is
always satisfied when ¢ is increasing (the short argument is given in Lemma 4.18),
which yields the following corollary.
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Corollary 4.3. Let d € Nand let ¢: (0,1) — [0, d] be an increasing function. Then there
exists a non-empty bounded F C R* with dim%, F = ¢(0) if and only if  — (1 — 0)(0)
is decreasing.

Finally, we obtain a classification of the upper Assouad spectrum. Let
Md:{(ﬁ,c):og,‘igd,0<c<l}

and for ¢ = (k, c) € My, we may define

_Jr(l=c¢) :0€]0,q
fil0) = {H(l —0) :0¢cc1] (43)

Then, let

fi0) .
Jie Md}. (4.4)

My = {9>—)

Combining this with Corollary 4.19 gives a full characterization of the upper
Assouad spectrum (the details are given in §4.5).

Corollary 4.4. Let d € Nand let ¢: (0,1) — [0, d] be an arbitrary function. Then the
following are equivalent:

(a) There exists a non-empty bounded F C R? such that ﬁiF = ¢(0) for all
g€ (0,1).

(b) p(0) is increasing and 6 — (1 — 0)p(0) is decreasing.

(c) ¢ is the supremum of functionsf € M.

Beyond giving a full classification, Theorem 4.2 also clarifies many of the properties
of the Assouad spectrum: certain observations which might a priori depend on
explicit properties of the Assouad spectrum in fact only require the bound (4.1). For
instance, the observation that if dimg F' = 0 then dim} F' = 0 only requires the fact
that limy_,o dimi F =dimg F along with the general bound (see Proposition 4.6).

We note that the 2-parameter family of functions M, corresponds to the As-
souad spectra of sets with upper box dimension (1 —c), quasi-Assouad dimension
r, and Assouad spectrum as large as possible. In [ ], such sets are called quasi-
Assouad regular.

4.2 BASIC PROPERTIES OF THE FAMILY A4

In this section, we collect various properties of the family .4,. First, we observe
the following useful lemma which was essentially proven in [ , Remark 3.8].
Here, we obtain it as a direct consequence of (4.1). Heuristically, this lemma states
that the function ¢(#) is “almost increasing”, up to some possible local oscillations.

Lemma4.5. Let p € Ay. Given 0 < 0, <0y < --- <6, <1,

©(01) < max {gp(?—l),gp(%), .. "(’0<€Z;1)’¢(9n>} :

In particular, for any n € Nand 0 € (0,1), p(0) < @(6/™).
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Proof. Let0 < 6 < 0y < --- <6, <1. Applying (4.1) to each pair 0;, 60,4,

Or—1
_ < _
(1—0)p(0) < (1 - +Zek O1) (9 )
from which the result follows. Taking 6, = 0" for each i = 1,...,n, observe
that 0,1 /0, = 0'/" and 0,, = 0'/" so that () < 4,0(91/”) O

We now have the following essential properties of .A;. All of these properties have
been previously observed for the Assouad spectrum, but the main point here is
that these properties only depend on the family .4; and not on other properties
of the Assouad spectrum. Some of these properties will be used in the proof of
Theorem 4.15, so we cannot formally depend on the corresponding results for the
Assouad spectrum. We draw on ideas from [ ; I

Proposition 4.6. Let ¢ € A, be arbitrary. Then the following properties hold:
(i) The limits p(0) := limg_,o p(0) and p(1) = limy_,1 p(0) exist.
(ii) Each ¢ € Ay is uniformly continuous.
(iit) p(0) = infoe(o,1) (0) and p(1) = supge o1y P(0).
(iv) Forany 6y € (0,1), if p(6o) = ¢(1), then () =
(v) If p(0) = 0, then ©(0) = 0 for all 6.

©(0) forall 6y < 6 < 1.

Proof. First, we show that ¢(6) is continuous on (0, 1). For 0 < 6; < 6, < 1 we
have 0; < 0,/6, < 1, so applying (4.1) we obtain

(1= 0)p(0) < (1= 00)0(0) < =)o)+ (1= 3 )o(). @9)
This implies that
(00— p(6a) < 2T (6 - 01).

Similarly, from the first inequality of (4.5),

1-0 0y — 0
) = 00 < (124t — 1) 0) = 2= ot00.

Since p(0:/6>) < d and ¢(6,) < d, it follows that ¢(f) is Lipschitz on any closed
subinterval of (0, 1), and therefore continuous on (0, 1).

Now consider (i). Observe that (1 — #)y(0) is a bounded decreasing function of
6, so limy_,o(1 — 0)p(0) exists so limy_,o ¢(0) exists as well. To see that limy_,; ¢(0)
exists, we use the proof from [ , Section 3.2]. Set L = limsup,_,; ¢(0)
and let ¢ > 0. Since ¢(f) is continuous, we can find 0 < u < v < 1 such that
©(0) > L — e forall 6 € [u,v]. Thus by Lemma 4.5, with

X = U [ul/”,vl/”]
n=1

we have ¢(f) > L — ¢ for all # € X. But v'/" > «/*) for all n > ng with

s > igg Y, so in fact (u'/",1) C X. Thus limg_,; ¢(6) exists as well. In particular,
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combining the existence of endpoint limits with continuity of ¢ on (0, 1), (ii) also
follows immediately.

To see (iii), if ¢, € (0,1), then §,, = «9}/ " is a sequence converging monotonically
to 1 with ¢(6,,) > ¢(61) by Lemma 4.5. Thus ¢(1) > ¢(6,). Similarly ¢(67) < ¢(6,)
for any n € N, and lim,,_,, 07 = 0. But 6, was arbitrary, giving (iii).

Now we see (iv). Suppose ¢(1) = ¢(6;) for some 0 < 6; < 1. By (4.5),

(1=01)p(1) = (1 = 02)p(02) < (02 — 01)p(01/02) < (02 — 01)p(1)

since ¢(61/62) < ¢(1) by (iii). This implies that ¢ (1) < ¢(6,), so (iv) follows.
To see (v), if p(0) = 0, then limy_,o(1—60)p(f) = 0. But (1—6)¢(0) is a decreasing
function of 6, so (1 — 0)p(f) =0 forall § € (0,1),i.e. ¢(f) =0foralld € (0,1). O

4.3 BOUNDING THE ASSOUAD SPECTRUM

We recall the following general bounds, which are given in [ , Proposition 3.4]
and [ , Theorem 3.3.1]. We include the details here for completeness.

Proposition 4.7. For any non-empty bounded F' C R, the function ¢(0) = dim% F is
ﬁ1¢4¢

Proof. Let 0 < 6, < 6, < 1 and let ¢ > 0 be arbitrary. For 6 > 0 sufficiently
small, since B(z, %) C B(x,6%) forallz € F,

sup Ns(F N B(x,6%)) > sup Ns(F N B(z, §%))

zeF zeF

5§02 (¢(B2)—¢)
> [
()

(591,1)@0(92)—5)(%)

which proves that (1—6,)p(6;) > (1—65)(p(f2) —¢). This gives the lower inequality
in (4.1).
To obtain the upper inequality, by covering B(z, §") by balls with radius 6%,

sup Ns(F N B(x,6%)) < sup Nys, (F N B(z, %)) sup Ns(F N B(x, 6%)).

el el el
This implies for all § > 0 sufficiently small

, 5 @(01/02)+e 502 ©(02)+¢
Ns(FNB(x,0™)) < | = —
sup 5( (2,6M)) < (592) ( 5 )

(501-1) (11049 (F ) e+ (137)

which implies that

(1 =01)p(01) < (02 — 01)(p(61/62) + &) + (1 — 02)(0(02) + €)

as required. O
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4.4 CONSTRUCTING SETS WITH PRESCRIBED SPECTRA

Now for any ¢ € A, we construct a homogeneous Moran set C such that dim%, C' =
©(0) for all § € (0,1). The techniques here are based on ideas first introduced by
the author and Banaji used to solve an analogous question for the intermediate

dimensions | ]. We refer the reader to the paper [ ] for more details on
this general technique.
We first recall the notion of homogeneous Moran sets from [ ], which is a

special class of the general non-autonomous self-similar construction described in
§2. The construction is analogous to the usual 2?-corner Cantor set, except that the
subdivision ratios need not be the same at each level.

LetZ = {0,1}%, set Z* = |J;”, Z", and denote the word of length 0 by @. Let
r = (r,)%%, C (0,1/2] and for each n and i € Z, define S}': R? — R? by

SP(x) = rx +

where b7 € R? has j coordinate for j = 1,...,d given by

a0 —
o =" 69 =0,
v 1—r, :19=1.

Giveni = (41,...,1,) € I", write S; = S} o---0 S} . Then set

C=C(r)=[) U S(l0,1]%.

n=1ieI"

We refer to the set C' as a homogeneous Moran set. Alternatively, C' is precisely the
non-autonomous self-similar set associated with the sequence of IFSs {®,,}°°,
where @, = {S}'}iez.

Given o > 0,let k = k(0) be such thatry - -7, < § <71y ---7,_1. We then define

k() - dlog2
log(1/6)

Heuristically, s(¢) is the best candidate for the box dimension of C at scale §.

We now define a family of functions which we may interpret as a reparametriza-
tion of the space of sequences (0, 1/2]. That this forms an alternative representa-
tion is described precisely in [ , Lemma 3.4].

Definition 4.8. Let 0 < A < a < d and let G(\, «) denote the set of functions
g: R = [ of satisfying

s(0) = s-(0) =

A=A —g(y)) exp(—t) < gy +1) < a—(a—g(y)) exp(—t)

forany y € Rand ¢t > 0.

This family is very similar to the family defined in [ , Definition 3.1]; see in
particular [ , Lemma 3.2].

To construct sets with prescribed Assouad spectrum, we will use [ ,
Lemma 3.4]. However, the published version of | , Lemma 3.4] contains
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some minor inconsistencies. To clarify these inconsistencies, and moreover to be
entirely self-contained, we present a corrected version here.
Given a function g € G(\, o) and w € R, we define the offset ,,(g) € G(A, a) by

; o) = gz —w) :x>w,
«(9)(@) {g(O) cx < w.

We also say that a function g € G(\, «) is rapidly decreasing if thereisa y € R and a
constant C' > 0 so that for all z > v,

g(x) < g(y) exp(y — ) + Cexp(—z). (4.6)

Note that if g is rapidly decreasing, then lim, ., g(x) = 0. Moreover, for all w € R,
g is not rapidly decreasing if and only if x,,(g) is not rapidly decreasing.

Lemma 4.9. Let 0 < X\ < o < dandlet § € G(\, ). Suppose § is not rapidly decreasing.
Then there is a constant wy € R depending only on §(0) and d such that for all w > wy,
there exists a sequence v == (r;)32; C (0,1/2] so that g := k., (g) satisfies

|sr(exp(—exp(z))) — g(z)| < dlog(2) - exp(—1) (4.7)

forall x > wy.

Proof. Noting that §(0) € (0, d), choose r; such that li‘;t‘ig/;s,?)) = g(0). Then let
wo = loglog(1/ry), let w > wy be arbitrary, and let g = k,,(g). Since § is not rapidly
decreasing, g is also not rapidly decreasing so by (4.6) for every y € R there is a

minimal ¢ (y) > y so that

g(y) exp(y — ¥(y)) = g(¥(y)) — dlog(2) - exp(—¢(y)).

Now set x; = wy and, inductively, set ;.1 = 1 (z;) for each k € N. Let
pr = exp(— exp(zy,)) denote the corresponding scales (note that p; = ), and set
Tk = pr/pr—1 for k > 2. Observe that r; € (0, 1) for all k. Thus for 0 < § < ry,if k
is such that pp < 6§ < pp_1, we set

_ kdlog?2
- log(1/6)’

We will prove by induction that for each & € N we have r, € (0,1/2], 5(px) =
g(xy), and

3(5)

g(x) — dlog(2) exp(—z) < 5(exp(—exp(z))) < g(2) (4.8)

holds for all z € [z, ;). From this, the result follows.

We first note that, by construction, € (0,1/2] and 5(p1) = g(z1) = §(0). In
general, suppose the hypothesis holds for k£ € N. By definition of ¢ and the fact
that g(zx) = S(px),

9(wr11) = 3(pr) exp(—Tpy1 + 1) + dlog(2) exp(—Tx41)
d(k+1)log2

— AT 8L xp(— d10g(2) exp(—
oxp(zr) exp(—xp41) exp(ay) + dlog(2) exp(—zr41)
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_ d(k + 2)log2 (o).
eXP(ka) i

Moreover, g(x) > g(xy)exp(—z + xx) for all x > x; so that (4.8) follows for
T € [xk, Trpy1] by the minimality of x4, in the definition of ¢. Finally, g(xj4+1) <
d— (d — g(zi)) exp(—xp41 + x1). Substituting, this implies that

d(k + 2)log2 (., dk+1)log2\ log(1/ps)
log(L/prer) = ° (d log(1/p2) > log(1/prs1)

which after simplification gives that py1 < pi/2,i.€e. rpy < 1/2. O

Remark 4.10. If instead g is rapidly decreasing, then the function g is eventually
bounded above by any function s,. for a sequence r C (0,1/2].

Remark 4.11. The bound (4.8) is optimal since s(d) has discontinuities of size
dlog?2

Tog(1/3) "

Next, we show that triviality of a function g € G(0, d) also implies triviality of a
certain Assouad spectrum-type limit.

Lemma 4.12. Let d € Nand g € G(0,d). If lim, o, g(z) = 0, then for all § € (0,1),

y g(x + log %) —Og(x)
im

Z—00 1—6

=0.

Proof. We prove the contrapositive. Suppose thereisa ¢ > 0, § > 0, and
sequence (z,)5° , diverging to infinity such that for all n € N,

g(:cn + log %) — Og(z,)

> 0.
1-46 =0

We may assume that z,, > w for all n € N. Rearranging,

1
g(wn + log 5) >0(1—0)+0g(x,) >6(1—6)>0.

In other words,
limsup g(z) > 6(1 —6) > 0,

T—00

so the claim follows. OJ

Using Lemma 4.9, we establish the following general result which allows us to
prescribe Assouad spectra for homogeneous Moran sets.

Proposition 4.13. Let d € Nand g € G(0,d). Then there exists a homogeneous Moran
set C' such that

, g(flﬁ +log %) —0g9(z)
dim, C = limsup .

(4.9)
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Proof. If g is rapidly decreasing, then lim, ., g(x) = 0, so Lemma 4.12 implies
that

=0

g(x + log %) — Og(z)
lim sup

for all 6 € (0,1). Thus we can define the Moran set C(r) where r is a sequence
converging monotonically to 0.

Otherwise, performing an appropriate translation of g which does not change
(4.9), Lemma 4.9 provides a sequence r C (0, 1/2] satisfying (4.7). To obtain (4.9),
first recall from (1.3) that

, , log Njs16(C' N B(x,6))
dim% C' = lim sup su ’
A 5550 p;peg (1—-1/0)logo

Observe that there is some constant A/ > 0 such that B(z, J) intersects at most M
cylinders in level k(8). In particular, C'N B(z, §) can be covered by M - 24(+(8"/*)=k(®))
balls of radius §'/?. On the other hand, C'N B(x,§) contains an interval in level
k(5), and therefore contains a 6-separated subset of size 24*(@"/*)=1-k() Thus there
is a constant M’ > 0 so that

M- 2466 KO < qup Nywyo(C N Bz, §)) < M - 24066 —k(®)
zeC

and therefore

log Ny16(C N B(x,6)) 0(k(6'/%) — k(6)) - dlog 2

lim sup su = limsu
5—>0prIC) (1—-1/0)logd 6—>0p (1—10)-(—logd)
: 5(619) — 6 - 5(6)
= lim su .
o 10
Taking § > 0 small and applying (4.7) yields the desired formula. O

Definition 4.14. Given a sequence of continuous functions ( f;);°, each defined
on some interval [0, ax], the concatenation of (fi)52, is the function

f: (—oo,Zak) —R
k=1

. . : k1 k _
given as follows: for each z > 0 with > /"5 a; <z < }7_;a; where g = 0 we

define -
f(z) = fi (:B - Z%) :
j=0

and we define f(z) = f1(0) for x < 0. The concatenation of a finite tuple of
functions is defined similarly.

We next prove the converse direction of Theorem 4.2. For the convenience of
the reader, we also give an explicit description of the construction technique in
R. Note that in the proof of Theorem 4.15, the precise choice of the contractions
(ri)72, C (0,1/2] is concealed in the application of Lemma 4.9 in Proposition 4.13.
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Let ¢ € A; be some fixed function. Fix some small constant 4;. Then we will
inductively choose constants 7"5 e in (0,1/2] for each n € N so that for each
1<j<m,

. 1 ¢(0)
J ~ _
2~ () (4.10)

’)"1 ---’r‘j

where 6 is such that 6% ~ 5, - r&") . 7"]( , and mn satlsfles S, - r&") OIS on.
Then take R,, very small, and set §,,+1 = 9,, - 15 (n)., rmn R,,. Now let C' denote the
Moran set corresponding to the sequence

(51,7“9),... R, 7”1 ,...,T(Q),Rg,...).

) m17 mao

Forn € Nand z € C, N;0(C N B(z,4,)) ~ 2/ where 5/ ~ 8, r™. ~~r§"). In
particular, (4.10) guarantees that the Assouad spectrum of C' with respect to 6 at
scale 6, is precisely ¢(6), for all n sufficiently large so that 1/n < 6.

The main details of the proof are to show (1) that such a choice of the constants
r; is possible, and (2) that for fixed 6 and sufficiently small scales ¢ not of the form

d,, the Assouad spectrum at 6 of C' at scale ¢ is at most ¢(0).

Theorem 4.15. Let ¢ € A, be arbitrary. Let o be such that p(1) < a < d. Then there
exists a homogeneous Moran set C' C R? such that dimy C' = « and, for all 6 € (0, 1),

dim{ C' = p(6).

Proof. We may assume a > 0, or the result is immediate. We will prove the
result for the Assouad spectrum, and then explain how to modify the proof to
accommodate the Assouad dimension as well.

First, we apply some convenient rescaling to ¢(6). Given y € (0, 00), exp(—y) €
(0,1) so we may define

£(y) = (1 — exp(—y))p(exp(—y)).

In particular, given 0 < y; < y» < 00, it follows that 0 < exp(—y2) < exp(—y1) <1
so by the definition of 4, from Definition 4.1,

(1 — exp(—y2))p(exp(—y2)) — (1 — exp(—y1))p(exp(—u1))
exp(—y1) (1 — exp(—(y2 — 11))) w(exp(—(y2 + 11)))

or equivalently
0 < &(y2) — &(y1) < exp(=y1)€(y2 — ). (4.11)

Moreover, observe that ¢(1) = lim,_,¢ p(exp(—y)) so lim, o {(y) = 0, and similarly
lim, o £(y) = (0). In particular £ is continuous, increasing, and bounded.
Now for z € (0, ), let £, denote the function

§.(y) = &(y) + exp(—y)z

and similarly ¥, (y) = exp(—y)z. We note that £,(0) = U,(0) = z.
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f1 el f2

FIGURE II.2: The concatenation of (f, e1, f2) corresponding to a func-
tion ¢ € C,; defined in §5.2 restricted to the domain (0, o).

Now, set z; = 0 and choose constants w,,, 2,, such that the functions f,, := &, |0n]
and e,, == VU, |jo,n) satisfy f,(n) = e,(0) and e, (n) = f,+1(0) for all n € N. Then,
let g be the infinite concatenation of the sequence

(f1’617f27627--.).

This construction is illustrated in Figure I1.2.

First, let us verify that ¢ € G(0,¢(1)) C G(0,a). Since membership of G is
equivalent to a pointwise derivative constraint (see [ , Lemma 3.2]), it suffices
to verify Definition 4.8 piecewise. Let n € N. Note that e,, € G(0, ¢(1)) since the
e, are differentiable with ¢/ () = ¢(0) — e, (). Nextlet 0 < y < y +t < oo. First
observe that

§(y +1) < &) +&(y) exp(—t) < (1 —exp(—t))p(1) + £(y) exp(—t)
by (4.11) and Proposition 4.6 (iii). Thus
fuly +1) = &(y +1) + exp(=(y + 1)) 2n

< (1 —exp(—t))e(1) + &(y) exp(—t) + exp(—(y + 1)) zn
= (1 —exp(—t))p(1) + fu(y) exp(—t)

as required. To obtain the other bound, since ¢ is increasing,

faly +1) = &(y + 1) +exp(=(y + 1)) 2
> {(y) exp(—t) + exp(—y) exp(—t)z,
= fuly) exp(=t).
Now;, let C' denote the Moran set corresponding to the function g. Let 6 € (0, 1):

we must show that dim} ¢ = ¢(0). Let 3 = log(1/6). By Proposition 4.13, it
suffices to show

©(f) = lim sup gz +1ﬁ)__9 b9(z) : (4.12)
Forn € Nsetx, =23 "'iand let N € N be sufficiently large so that N > 3 + 1.
Now if n > N, g(z, + ) = fn(B8) and g(x,,) = f,(0) = z, so that

9(xn +16)__9 0g(zn) _ (1— 0)@(?_"_802% — 0z, _ 90<9)
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This gives the lower bound in (4.12).
It remains to see the upper bound. We first observe for all y > 0 and z € R that

Indeed, expanding the definition of £, and applying (4.11),

&y +P) = 08:(y) = &(y + B) + exp(=(y + 7))z — exp(=F)(£(y) + exp(—y)2)
=&y + P) — exp(=B)E(y)
<&(B) = (1= 0)p(0).

Now let © > zy be arbitrary and let n be such that z € [z, — (n — 1), z,, + n].

First note that for y € [z, — (n—1), z,, +2n], we have g(y) = exp(—(y —x,)) 2, + ¢(y)
where

0 cx,—(n—1)<y<uz,
o(y) = &(y —a) Ty SY S Tyt
Em)exp(—(y—zp+n)) zp+n<y<z,+2n

by choice of the constants w,, and z,. If z € [z, x, +n], since x+1og(1/0) < z,,+2n
and g(y) < &, (y — zy,) for all y € [z, z,, + 2n], the prior computation shows that
g(x+ p) —0g(x) < (1 —0)p(#). Otherwise, x € [z, — (n — 1), z,]. fx 4+ < x,,
then g(x + 3) — 0g(x) =0 < (1 — 0)¢(0), and if x,, < x + 5 < z,, + n, then

g(x + ) = 0g(x) = &(x + B — an) < E(F)

since ¢ is increasing. Thus (4.12) holds, finishing the proof.

In order to obtain the result for the Assouad dimension as well, we modify
the construction as follows. Define functions u,: [0,1/n] — (0,a) by the rule
up(x) = a — (o — gn) exp(—z). Choosing the constants ¢, appropriately and
modifying the constants w,, and z,, the concatenation g of the sequence

(f1,e1,uq, fa, €2, ug, . ..)

is continuous and § € G(0,«) since o > (1). Since the u, are supported on
intervals with lengths converging to 0, the same arguments as before yield the
correct bounds for dimf, C up to an error decaying to 0 as n goes to infinity. On the
other hand, the same arguments as given in [ , Lemma 3.7 and Theorem 3.9]
give that dim, C' = a. We leave the precise details to the reader. O

4.5 ATTAINABLE FORMS OF THE UPPER ASSOUAD SPECTRUM

In this section, we prove Corollary 4.4.
First, we obtain bounds on growth rates of functions in 4, in terms of their
derivatives. Recall that the upper right Dini derivative of f at x is defined by

D*f(z) = limsup flere) = f(:c)

e—0t €

We similarly denote the lower left Dini derivative by D~f(x) by taking the limit
from right left instead of the right.
We obtain the following regularity property for functions ¢ € A,.
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Proposition 4.16. Let ¢ € A, be arbitrary and 6 € (0, 1). Then

A=) 5(9) < Dp(6) < %9)9

In particular, ¢ is d/o-Lipschitz on [0,1 — 6] for any § > 0.

Proof. The first inequality in (4.1) is equivalent to saying that 3(6) = (1 —
8)¢(0) is decreasing. Since ¢ is continuous by Proposition 4.6 (ii), by [ ,
Corollary 11.4.2] g is decreasing if and only if DY3(0) = —¢(8)+ (1 —-0)DTp(6) <0,
or equivalently

»(0)
Dp(0) < 1-¢

This gives the upper bound.
To obtain the lower bound, let 0 < A < 6 < 1 be arbitrary. By (4.1),

BN — 6(0)

—e(M/0) < P

and taking § — X from the right,

—(1) < D'B(N) = —p(8) + (1 = ) D ().

Since 0 < ¢(f) < dand 0 < (1) — p(#) < d, it follows that ¢ is d/é-Lipschitz on
0,1 — 4] for any § > 0. O
Remark 4.17. In §5.1, we will see that, in general, elements of .4; need not be

Lipschitz (in fact, not even Holder) on the entire interval [0, 1].

Using this, we can characterize precisely when elements of A; are increasing
functions.

Lemma 4.18. If ¢: (0,1) — [0,d] is increasing, then v € A, if and only if

DYp(6) < %. (4.13)

Proof. The forward direction is Proposition 4.16. To obtain the reverse implica-
tion, let 0 < A < # < 1. Since ¢ is increasing, if < A\/6, then p(\) < ¢(8) < p(N/0)
and

0< (1= Np() — (1= 0)p(6) < (6~ No(6) < (6~ V()
and if \/6 <6,
0< (1= Ne) ~ (1= 0)p(0) < (1 = No(5) ~ (1 =00(5) = @~ N (5)
which is (4.1). O

We obtain the following convenient application, which we use to characterize the
upper Assouad spectra.
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Corollary 4.19. Let ¢ € Ay. Then p € A, where
P(0) = sup o(¢').

0<6/<8
Proof. As proven in Lemma 4.18, since $(¢) is increasing, we only need to
verify that D*%(6) < (0)/(1 — 6). Since ¢(0) < B(6), it suffices to show D'p <
max{ D%y, 0}.
Fix 6, and let (0,,)72; — 0, be strictly decreasing. Passing to a subsequence if
necessary, we may assume (6,,) > p(6o) for all n; otherwise D*5(6,) < 0. Thus
for each n there is 6, < ¢/, < 6,, be such that p(0.,) = %(0,,). Thus

@(Q;T)Z :Z(Qo) < @(eélz : go(e‘)) < DYp(6).

But (6,,);°, was an arbitrary sequence, so the result follows. d

Finally, we prove that A, is closed under taking suprema. This essentially follows
since A, is uniformly Lipschitz on [0, 1 — ] for any ¢ > 0.

Proposition 4.20. Let (¢;);cs be some family of elements in Ay Then sup;c 7 0; € Aqg.

Proof. Let f = sup,c s ¢;. Get a sequence J; C J, C --- C J such that each J,

is finite and with

fo =max{p; i € J,}
that f = lim,_, f, pointwise. An easy computation shows that if ¢y, s € Ay,
then max{y, p2} € Ag; in particular, each f, € A,.

We first show that f € C([0, 1]). Since (f,,)s2, is monotonically increasing, by
the Arzela—Ascoli Theorem, it suffices to show that (f,)>2, is uniformly bounded
and uniformly equicontinuous. Uniform boundedness is immediate, so we must
verify uniform equicontinuity.

Set b = lim,,_, f,,(1) and let N be sufficiently large so that f,(1) > b — /2 for
alln > N. Since fy is continuous, get § > 0 so that fy(y) > fn(1) — /2 for all
y € [1 —46,1]. Then |f,(z) — fu(y)| < € whenever z,y € [1 — 4, 1]. Finally, since
each f, € A, the function f, is uniformly Lipschitz on [0,1 — 4] as proven in
Proposition 4.16. It follows that ( f,,)>°, is uniformly equicontinuous on [0, 1].

Thus f € C([0,1]). To verify that f € Ay let 0 < XA < 6 < 1 be arbitrary. Then
for any € > 0, get n such that || f,, — f||., < € so that

(L= M) = (L= 0)F(0) < (L= N)(fulN) +&) = (1= 0)(u(0) — )
< (6= N fulV6) + 2
< (0 —=XN)f(ANO)+ 3¢

for any € > 0, so the inequality holds. The lower inequality follows identically. (]

Remark 4.21. Note that A, is not compact: for example, consider the functions
©n(0) = min{c,/(1 — 0),1} with constants ¢, > 0. If lim, ¢, = 0, then ¢,
converges pointwise to the function which is 0 on [0,1) and 1 at 1, and hence
has no uniformly convergent subsequence. However, a simple modification of
the above proof gives that for every ¢ > 0, the restriction of A, to C([0,1 — ¢]) is
compact.
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We recall that the family M, is defined in (4.4). A direct argument shows that each
¢ € M, is an increasing element of A,.

Proof (of Corollary 4.4). To see that (a) implies (b), if F C R* has dim% F = ¢(6)

and EGAF =p(0), by [ , Theorem 2.1],
P(0) = sup o(0)
0<0'<6

so by Corollary 4.19, p € A;s0 0 — (1 — 0)p(0) is decreasing. Of course, P is
increasing as well.
Next, (b) is equivalent to saying that for each A € (0, 1),

feon (@) <p(0) - (1 —0)

for all € (0,1), with equality at # = \. Since ¥ € A; by Lemma 4.18, 7 is
uniformly continuous on (0, 1) and therefore % = sup,co fz(»),\) for any countable
dense subset Q C (0, 1). This implies (c).

Finally, to see (c) implies (a), since A, is closed under suprema by Proposi-
tion 4.20, if () = sup;.r f(0) for some F C My, then G € Ay Thus the result
follows by Theorem 4.15. O

5 EXCEPTIONAL CONSTRUCTIONS FOR ASSOUAD
SPECTRA

Using the classification proven in §4, we now construct some exceptional sets.

5.1 HOLDER FAILURE AT 1

Our first result concerns Holder regularity. In fact, we prove the following re-
sult which states that there is no control of the rate at which Assouad spectrum
approaches the quasi-Assouad dimension. This result is sharp: recall from Propo-
sition 4.16 that dim% F is (uniformly) Lipschitz on (0,1 — ¢) for all § > 0, with
constants depending only on § and the ambient dimension d. This observation
provides a complete answer to [ , Question 9.2].

Theorem 5.1. Let f: [0,1] — [0,d] be an increasing function with f(0) > 0. Then
there exists a compact set F C R? such that dim% F < f(0) for all 6 € (0,1) and
limg_,; dim% F = f(1).

Proof. For(0 < 6 < 1,let h(f) = ming<p<g(1—6") f(¢') and let p(0) = h(6)/(1—0).
By definition, h is decreasing, ¢ < f, and since f(#) < d, limy_,; h(f) = 0. Next, let
us verify that ¢ is increasing. Let 0 < A < # < 1 be arbitrary. If h(\) = h(f), then it
follows immediately that ¢(6) > ¢()). Otherwise, let ' attain the minimum in the
definition of ~(#). Since h(\) > h(#), we must have A < #' < 0 so that

h(6)

P(A) < F) = f0) = 75 =< ¢(0).

Therefore p € Ay and ¢(0) < f(0).
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( 10—e< 0)71}
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FIGURE II.1: Plot of a spectrum which is not Holder at 1, along with
the general upper bound.

Finally, we verify that limy_,; ¢(6) = f(1). Since (1—0)f(6) > 0forall0 <6 < 1
and limg_,; h(0) = 0,forall0 < A < 1, thereisa A < 6 < 1sothath(0) = (1—0)f(0).
Thus ¢(6) = f(0) for a sequence of # converging to 1; but f and ¢ are continuous

so limg_,1 p(0) = f(1).
To conclude, Theorem 4.15 gives a compact set F' C R? such that dim} F' = ((6).
By the properties of ¢ established above, the claim follows. O

We also consider an explicit example. Consider the function f(f) = 1 + m ;
note that f is not Holder at 1. A direct computation shows that there is some
minimal 6, € (0, 1) so that (1 — 0) f(0) is decreasing on [0y, 1]. Thus if we define

0) U0/ (B) 0 < 6 < G
f(6) 10y <0 <1
then o is a continuous increasing function of 6 with (1 —6)o(#) decreasing. Thus by

Lemma 4.18, o € A;. A plot of ¢(#) and the upper bound min{(1 — 6y) f(6y)/(1 —
6),1} is given in Figure II.1.

5.2 A FAMILY OF NON-MONOTONIC SPECTRA

This family generalizes the example considered in [ , Theorem 3.4.16]. Let
Ca = {(FL’CI’CQ) 0<Kk<d0<c << C}/z < 1}.

Suppose ¢ = (K, ¢1,¢2) € Cq. If 1 =0, let he(0) = k(1 — 0) for 6 € [0, 1]. Otherwise,
¢ < ¢1/cy. Thus we may define h = h.: [0, 1] — [0, d] to be the unique continuous
function which has slope 0 on [0, ¢1] U [¢2, ¢1/¢2], has slope —k on [c1, o] U [c1/ca, 1],
and satisfies h(1) = 0. Now, let

Cy = {0 o ?_(9(3 ce Cd} (5.1)
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K h(w,cl.CQ)(g)

1-6
f(n,c2)(9)
1-6

H<1—01+62—Cl>

c2

2 c1 c2 c1 1

FIGURE I1.2: A plotof h.(0)/(1—6) and f;(6)/(1—0) where ¢ = (k, c1, ¢2)
and ¢ = (k, c2).

We note that h, satisfies a certain rescaling invariance: for ¢3 < 6 < ¢;,

0
he(6) hc<02> = k(e — c1).
In particular, he(c3)/(1 — c3) = he(c2) /(1 — ).

There are degenerate cases: if ¢, = c}/ ? then Pixeres) = firer) and if ¢ = ¢
or k = 0, then hy ., ., = 0. Otherwise, h.(#)/(1 — ) is strictly increasing on [0, ¢
and [c2, ¢1/¢2], constant on [¢; /cs, 1], and strictly decreasing on [c;, ¢s]. A plot of
the function %.(0)/(1 — #) for non-degenerate parameters is given in Figure I1.2.

Proposition 5.2. Foranyd € N,Cqy C Aj,.

Proof. Fix 0 < 61,6, < 1and ¢ = (k, ¢, ¢3) € Cq. We may assume 0 < ¢; < 1.
Since h. is decreasing, it suffices to show that

P ell) <, (2) (5.2)

forall 0 < A < 6 < 1. Since (5.2) is invariant under scaling by a positive factor, we
may assume ~ = 1. We prove this result in cases depending on the positions of A
and 6.

If A\ € [0,c¢3] U [eo, 1], then he(N)/(1 — ) < he(0)/(1 —0) forall A < 6. In
particular, as argued in Lemma 4.18, (5.2) holds for all such A. Moreover, suppose
that (5.2) holds for the choice A = ¢; and all A < 6. Since h. is the constant
function on [c3, ¢1], this implies the bound on [c3, ¢;]. Moreover, for \ € [c1, 2],
since he(c1/0) — he(A/0) < (c1 — M) /6,

C1

he(N) = he(0) < Ohe(2) — (er = X) < 00 (5).

Thus it suffices to establish (5.2) for A = ¢; and 6 > A. Write g(0) = (he(c1) —
he(0))/0: we must show that g(6) < he(c1/6).
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1. If 0 € [c1, ¢o), then ¢, /0 > ¢1 /¢y and
8 _, (&
90 =1-5 h0<9)‘
2. If6 e [CQ,Cl/CQ] then 01/9 S [CQ,Cl/CQ] and

Co — C1 C1 C1
= <] === —
9(9) 0 : Co hc(@)'

3. If 0 c [Cl/CQ, 1], then Cl/e S [01,02] and

c1 C1 C1 €1
g(0) = (0 —c1) + (CQ 02) < (1 0) 1 <02 02) hc<9>
This treats all the cases 0 < A < 6 < 1, as required. O

5.3 NON-MONOTONICITY ON ANY OPEN SET

In this section, we prove that Assouad spectra which are non-monotonic on every
open subset of (0, 1) are dense in the set of upper Assouad spectra. Throughout this
section, we fix a non-zero increasing ¢ € A,, and as usual write 3(0) = (1 —0)p(0).

We recall that the functions hy,c, .,) for (k,ci1, c2) € Cy are defined in §5.2. Fix
0<A<landfor0 <y < (A, define

_ A +y/eN) =1+ VO yfe(N) 1) +4X
5 .

The constraint on y ensures that ¢(\, y) = (p(\), A, ¢()\,y)) € C4. Note that ¢(), y)
is chosen precisely so that

c(\,y)

hc(/\’y)(/\) =Y.

Observe that he(y,) < 3 by Corollary 4.4. We also let L , denote the unique affine
function on (0, 1) passing through the point (A, y) with slope —¢ (). Equivalently,

Lyy(0) = he(ry)(0) for all A <0 <c(\y).

Note that L) , has unique zero A + y/¢()). These functions will play a key role in
the construction.

Next, we define a useful family of approximations of the function ¢. For each
1 <t < oo, define the functions

pu(0) =p(0")  and  Bi(0) = (1—0)p(0).

This family of functions uniformly approximates ¢ from below while also satisfy-
ing a key “affine partitioning” property (i).

Lemma 5.3. Suppose p € Ay is strictly increasing. Then the following hold.
(i) Lett € (1,00) and X € (0,1) and let { == Ly g(ny. Then £(\) = B;(\). Moreover,
0(0) > Be(0) for 0 < 0 < Xand £(0) < (0) for A < 6 < 1.
(i) Let X € (0,1). Then Ly g,(»)(0) < B:(0) forall A < 0 < 1.
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(iii) Forall 0 <ty < tyand 0 < 0 < 1, we have @y, (0) > ¢,(0).

(iv) Forall 1 <t < oo, B is strictly decreasing.

(v) Forall 1 <t < oo, g, is strictly increasing and an element of A,.
(vi) We have lim,_,; ||¢, — ¢||, = 0.

Proof. Lett € (1,00) and A € (0,1), and let ¢ be defined as in (i). Itis a
direct computation that /(\) = 3,()\). Moreover, since ¢ is strictly increasing, the
family of lines L, g,(») is strictly increasing in the following sense: Ly, 5,x,)(f) <
Ly, g0 (0) for all Ay < Ay and 0 < 6 < 1. Thus by monotonicity of § — 6" and
since L) g,(n)(A) = B¢(A), this implies (i) and (iii). Now, (ii) follows from (i) since ¢
is strictly increasing, so Ly g,(») () < ¢(6) forall A < 0 < 1.

Next, since ¢ is strictly increasing, it is clear that ¢, is strictly increasing.
Moreover, by (i), Lyg ) (0) < 6,(6) for all # > A, and since (1 — 0)/(1 — ¢") is
decreasing (resp. strictly decreasing for ¢t > 1), 3, is also decreasing (resp. strictly
decreasing for ¢t > 1). This yields (iv). Thus observing that /() = f(x.,,(»)(0) for all
6 € [\, 1], it follows from Corollary 4.4 that ¢, € A, which completes the proof of
(V).

And finally, (vi) holds since § — 6" uniformly converges to the identity map on
0,1]ast — 1. O

Remark 5.4. There is nothing particularly special about the function 6 — 6" for
1 <t < oo. Take any increasing homeomorphism ¢ of [0, 1] such that ¢(6) < 6 and
6 — (1—-46)/(1—¢(8)) is decreasing. Then ¢ o ¢ is an increasing element of A,
which satisfies (i).

We now introduce the key property for our inductive construction.

Definition 5.5. Let £ C (0,1) be a finite set, lety: £ — R,and let 1 < ¢t < 2. We
say that the triple (L, y, t) is monotone if the following conditions hold:

(a) The function y is strictly decreasing.

(b) Forall A € £, Bi(A) < y(A) < B(N).

(C) ForallA\ € Land 0 € L \ {)\}, hc(97y(9))()\) < y(/\)

If (£,y,t) is monotone, we define the corresponding function

Y=Yy = maX{Iil&X Pe(ayn)) ﬁt} (5.3)

Observe that ¢ < 3, and moreover ¢ = he(y (1)) in a neighbourhood of .
The key observation is that monotone families can be extended by arbitrary
elements not in £ in a way which only changes the definition of 1 locally.

Lemma 5.6. Let ¢ € A, be strictly increasing and let (L, y,t) be monotone with corre-
sponding function 1. Let ¢ € (0,1) \ L. Then for all § > 0, there exists an extension
y(¢) € R such that (L U{(},y,t) is monotone, y(¢) < (¢) + 9, and

hecye)(0) <w(0) forall 6> X+6.

Proof. Let (L, y,t) be monotone with corresponding function . Let § > 0 be
tixed. The proof will follow from two key observations.
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1. Forall y < p(¢) and 6 > ¢(C,y), hc(gy)(e). < Bi(#). Recall that he ) (0) =
fieoon(@) forall @ > ¢/c(¢,y) > (V2. By (i) of Lemma 5.3, 52(0) > fic.o(c)(0)

for all & > (/2. Moreover, 3; > 3, by Lemma 5.3 (iii). Then the claim follows
since 3, is decreasing and h(¢ ) is constant on the interval [¢(¢, y), (/c(C, y)]-

2. We have L ) (0) < ¥(0) forall { < 6 < 1. There are three cases.

First, if ¢/(¢) = B:(¢), then L¢y)(8) < Bi(0) < () forall ( < 6 < 1 by
Lemma 5.3 (ii).

Second, suppose 1(() = he(ry(n)) for some A > (. Since ¢ is strictly increasing
and y(A) < B(A) = (1 = A)p(N),

y() (wi—i) ca-nEN o y<a-c

(€ »(V) (C)
The second inequality follows since /3 is decreasing. Rearranging,
y\N) yN)
+ L <A+ —.
=IOV

But the left hand side is the unique zero of L ,(») and the right hand side is
the unique zero of L, ,\). Thus for all § > (, recalling that ¢/(¢) = y()\) by
assumption,

L) (0) < hepyon) (0) < 4(0).

Finally, suppose ¥(¢) = he(r y(n)) for some A > (. But p(X) < ¢((), so for all
6 > (, since he(x y(1)) has slope either 0 or —p(X),

Leyo)(0) < hepryony) < ¥(0).
This treats all possible cases, as required.

Now let § > 0 be arbitrary. We may assume ¢ + ¢ < A forall A € £ with A > (. Let
s = min{y(A) : A < (}; note that s > ¢(() since 7 is monotone. By 2 and since
is continuous, by choosing ¢(¢) < y(¢) < min{s,¢(() + ¢} sufficiently small, we
may assume that L ,)(0) < 4(0) forall ( + 6 <0 < ¢(¢,y(()). But

he(ew(c)(0) < B2(0) < B:(0) < ()

forall & > ¢(¢,y(¢)) by 1. Thus choosing y(¢) > v¢(¢) sufficiently small, the claim
follows. O

With this result, we have the following key non-monotonicity result.

Theorem 5.7. Let p € A, be increasing and let L C (0, 1) be an arbitrary countable set.
Then for any > 0, there exists F' C R such that f(0) = dim% F satisfies || f — ¢ < ¢
and for all X € £, D~f(\) > 0 and D*f()\) < 0. In particular, there exists an F C R*
such that dimf F is non-monotonic on every open interval.
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Proof. First, since every increasing function of A; can be uniformly approxi-
mated by a strictly increasing function in A;, we may assume that ¢ is strictly
increasing. Next, by Lemma 5.3 (vi), we may choose 1 < ¢ < 2 sufficiently small
so that || — ¢4]| is arbitrarily small.

Now, enumerate £ = {), : n € N}, and write £, = {A\,...,\,}. We in-
ductively define a function y: £ — R and a decreasing sequence of continuous
functions +, such that for each n € N, setting ¥, = ¢, ,,+ as in (5.3), the following
hold:

(i) The triple (£,,y,t) is monotone.
(ii) The functions 7, are continuous and decreasing.
(iii) v,(0) > ¢, (0) forall @ € (0,1) \ £,,, and for A € L, v,(\) = ¢,(\) and

D*,(A) = D¥heayay (A).

We begin by choosing y(A1) € (5:(A1), B(A1)) arbitrarily; it is clear that (i) holds
and that a function 7, satisfying (ii) and (iii) exists.

Now suppose we have defined y on £,, and a function v, such that (i) and (iii)
hold. Let 0 < 6 < 1 — A, be sufficiently small such that E5 = [A\,+1 — 0, A1 +
0] N L, = @ and moreover ¢, < min{y(\) : A < \41; A € L,,} on Ejy. This choice
is possible since D", (\) < 0 for A € L,, since (L,,y,t) is monotone. Reducing o
more if necessary, we may also assume that 7,, > 1,(A\,41) + d on E;. Applying
Lemma 5.6 with this choice of 9, get a value y(\,+1) such that the triple (£,,41,,t)
is monotone. Moreover, since v, is decreasing, it follows that (iii) holds with v, 1
in place of ¢,,. Therefore we may choose 7,41 < 7, such that (ii) and (iii) hold.

Finally, let ¢ = lim,_,o ¢, and let f(6) = ¥(0)/(1 — #). Then f € A, by
Proposition 4.20, and moreover || f — ¢/, < e by choice of ¢ since 3, < ¢ < by
construction. Moreover for each A € D, by properties of the inductive construction,

L (A) = hepry(A) = y(A) < B(A),

2. D_1/1<)\) = D_hc()\yy()\)), and

3. DP(A) = DT heiayn)-

From this, the non-monotonicity result follows since y(\) < () gives that

~( ey (V) o heryon (M)
D(ZRT) >0 and  DY(EREEE) <o

so f is non-monotonic at each A € D. Finally, the existence of the corresponding
set follows by Theorem 4.15. O

The construction is quite flexible: the countable set £ can be chosen arbitrarily and
moreover the function y at each step of the inductive construction can be chosen
from an open set of parameters. This motivates the following question.

Question 5.8. Are “typical” elements of A, non-monotonic? Does the set of functions
@ € Ay where ¢ is non-monotonic on every open subset of (0, 1) form a residual subset of

Aq?
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6 A VARIATIONAL FORMULA FOR THE ASSOUAD
SPECTRUM OF GATZOURAS-LALLEY CARPETS

We now begin our derivation of the Assouad spectrum of Gatzouras-Lalley car-
pets. In this section, we establish a formula for the Assouad spectrum as the
solution to a continuous but non-smooth and non-convex optimization problem
over the compact space of pairs of probability vectors P x P.

6.1 STATEMENT OF THE VARIATIONAL FORMULA AND PROOF STRATEGY

We begin by explicitly stating our variational formula. First, define a parameter
change for v € P by

¢G%v)::T%#%%i%5 and ¢unzzggg¢@%v>=:T%4%i;i;~

We recall that I'(v) is the logarithmic eccentricity; see §3.2. Note that ¢ is strictly
decreasing in § and I'(v). We let

Aiin(0) = {(v,w) € P x P : ¢(0,v) <T'(w)}, 6.1)
Athick(‘g) = {(’U,U)) EPXP: ¢(97U) 2 F<w)} .
Recall that t,,;, = dimg K — dimpg 1(K), and set
fthin(e, v, ’UJ) = dlmB T](K) + H(w)xz(ign(w)) y
T 1 H(w) — H(n(w)) — tminxz(w)
P, ) = i €+ 55 () )
Finally, write
) fain(0,v,w) (v, w) € Awin(6),
f18,0,w) = { Foi (0.0, w) : (0, w) € Agyiac(0). (62

It is straightforward to check that finin = finick ON Athin(0) N Atnick(#), so f is indeed
well-defined and continuous.

Theorem 6.1. Let K be a Gatzouras—Lalley carpet. Then for all § € (0,1),

dim% K = 0 .
imj (mi??%{xpf( , U, W)

We now summarise the main idea of the proof. In order to compute dim§ K, it
suffices to consider approximate squares. Each approximate square is composed
of cylinders, all of which have various heights. For our application there are two
cases: either the cylinder is thin, i.e. it has height at most § 10 or the cylinder is thick,
i.e. it has height at least §'/%. This corresponds to the two cases in the variational
formula stated in (6.2), and the covering strategy for each case is different.
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1. In the thin case (which is handled in §6.3), we can simply group cylinders
together (forming a pseudo-cylinder) until the heights are approximately
6. We cover such cylinders simultaneously, and the count depends on
dimp n(K) (the dimp K count does not appear).

2. In the thick case (which is handled in §6.4), we must cover each cylinder
at a scale 6'/%, which is smaller than the height of the cylinder. We note
that pseudo-cylinders of height §'/Y and a certain width can be realized as
images of approximate squares in K, so we can count the number of such
pseudo-cylinders in terms of dimp K, and then cover each one at scale § 1/6
using dimg n(K).

The key observation is that the covering strategy for the cylinder depends only
on the digit frequency (or type) of certain indices corresponding to each case. In
the thick case, these digit frequencies are precisely a pair (v, w) € P x P, where
v is the digit frequency of the cylinder defining the approximate square, and
w is the digit frequency of the smaller cylinder. In the thin case, v is the same
but now w corresponds instead to the pseudo-cylinder. The precise definitions
of these types are given in §6.2. The resolutions at which these bounds become
relevant depend on the logarithmic eccentricity of both the original cylinder v and
the composing cylinders w. But now the crucial observation (based on the same
strategy underlying the main results in [ ]) which allows us to complete this
argument is a combination of the following two facts:

3. Since the scales §'/? and § are exponentially separated, the set of possible
types is much smaller than the number of cylinders with each type; and

4. The covering strategy within each type class is the same, with cost precisely
corresponding to the functions fipi, and finick.

This means that the cost to cover the approximate square is dominated by the
maximal type, yielding the variational formula for the Assouad spectrum.

6.2 SECTIONS FOR APPROXIMATE SQUARES AND TYPES

In this section, we make the notion of a type rigorous, which is the starting point
for our covering strategy:.

6.2.1 Defining the section 5°(1, j)

Recall the definition of a section from §2.1.

Fix § € (0,1) and an approximate square () = P(i,j) where i € 7* and
j € n(Z*). Recall that ' (j) C Z* is in bijection with the set of cylinders composing
the approximate square () (see (3.1)), and moreover is a complete section. We now
define a section

BY(i,j) ={k €T : fua<Biy ' <Peso and 7k <j}

In words, this set codes the cylinders intersecting () with height (diam Q)'/? and
width greater than diam (). However, this set of cylinders may not entirely cover
(), so we add the missing cylinders to form

B(1,3) = By(4,3) An~' (3)-
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Note that if k € B%(i, j), there is a unique 1(k) € 7(Z*) such that j = 7(k)1(k).
Thus the section B°(i, j) induces a decomposition of ) into wide pseudo-cylinders
(recall §3.4 for the definitions):

Q=PHj= |J Plik1(K).

keBY(i,j)

By definition of B%(i, j), if 1(k) # @, then the height of the corresponding pseudo-

cylinder P(ik, 1(k)) is (up to a constant multiple) ﬁ;g.
Another equivalent way to think about the decomposition is as follows. First,
observe that

Blia(i,3) = B(1, )Ny ' (j) = ke B'(i,j) : 1(k) = &}

Then set BY,,(1,3) = B’(i,3) \ B%,u(i,j).- The pseudo-cylinders correspond-
ing to the elements of BY,, (i, j) are prec_isely formed by “grouping” the cylin-
ders composing the approximate square @ which have height less than §'/¢ into
pseudo-cylinders with height approximately 6'/¢. Moreover, the pseudo-cylinders
corresponding to the elements of BY;, (i, j) are in fact cylinders, and they have

height greater than §%/¢.

6.2.2 Defining types and counting type classes

We first define the notion of the type corresponding to a word. Suppose i =
(11,...,1,) € I" for some n € N, and write

:#{kzl,...,n:ik:j}
- .

€(i) = (pj)jez  where  p;

Of course, £(1) € P.

Now, fix 6 € (0, 1), an approximate square ) = P(1, j), and corresponding
section B?(1, j) as defined in the previous section. Fix k € B%(1, j) and define the
type of k as the pair -

and denote the set of all types
T'(1.3) ={¢(k) : k € B'(3,))}.
Conversely, given a type (v, w) € T%(i, j), define the corresponding type class by
C*(v,w) = € (v, w) = {k € B(3,3) : (k) = (v.w) |
An important observation is that if k, k" € C ;(v, w) have the same type, then

|k| = |k/|7 n(k) = n(k'L 5k,1 = 51(/71, and Bk,Q = 51(/72.

We will require the following key estimates on the exponential growth rate of the
number of possible types and the size of each type class.
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Lemma 6.2. Fix 6 € (0, 1). Then the following hold:
(i) We have

log#Te(i,i) _0 <log|i|)
log(1/Pi,2) B .
(ii) Letk € BY(i, j) have type ¢ (k) = (v, w). Then

4

log #C% (v, w)
k|

— H(w) - H(j(w)) + O (1"5'”) .

4

Proof. To see (i), there is a constant M > 0 so that [k| < M-|i|forallk € B%(i, j).
Thus by [ , Lemma 2.1.2],

M1l

L<#T(1,3) <) #{€x) ke I} < (M]i]+ 1)#
n=0

But log(1/5;2) =~ |i| ~ |k|, from which the result follows.
Next, we prove (ii). Letk € B%(1, j) have type (k) = (v, w), and recall that for
all¥' € C%(v,w),

m=[k|=[k] and  n(k) =nk).
Now, by [ , Lemma 2.1.8],
(m+ 1) exp(m - H(w)) < #{j € T" : £(j) = w} < exp(m - H(w)).

However, Cf(v, w) consists only of those j for which 7(j) = n(k). Moreover, the
quantity
#{j €I™:€£(j) = wand n(j) = h}

is independent of the choice of h € 7(Z™) as long as £(h) = n(w), and 0 otherwise.
Thus again applying [ , Lemma 2.1.8] to count the number of possible choices
forh,
(m+1)"# exp(m - H(w))
exp(m - H(n(w)))

<#{jeI™:&(j) = wand n(j) =n(k)}

exp(m - H(w))
= (m+1)7#1 D exp(m - H(n(w)))

Taking logarithms, dividing by m, and recalling again that |k| ~ |i| yields the
desired result. O

6.3 COVERING THIN CYLINDERS

We now begin our covering arguments for the individual types, beginning with
the thin cylinders.

We first require a covering lemma for wide pseudo-cylinders in terms of
approximate squares. Recall that S denotes the set of all approximate squares, and
S(r) denotes the approximate squares with diameter approximately . Moreover,
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if P(i, j) is a wide pseudo-cylinder, recall that we can write it as a union of the
approximate squares in the family

Q(i,j) ={Q €S :Q = P(i,k) forsomek € n(Z") and Q C P(i,j)}.

Note that since each ) = P(i,k) for some k, we have Q(i, j) C S(fi2). We can
obtain our main covering bound for thin cylinders.

Proposition 6.3. Fix ¢ € (0, 1). Then for all approximate squares Q = P(i, j) and type
classes (v, w) = ¢(k) for some k € BY, (4, j), the following hold:

(i) We have ¢(0,v) < I'(w) + O(|i|*1)._

(ii) Set E'= Uy cco(pap) P(1K', 1(K')). Then

log#{Q € S(By) : Q' NE#2} log |1]
(10— 1) og(1/Brs) ‘ﬂmw”“”+0(|ﬂ>'
1/0—1

Proof. To see (i), first observe by the definition of Bf;, that 5;, " ~ [, and
since () is an approximate square, 3; 1 8x1 2 (12. In particular,

(1) lal- o) = b xetw) + O (63)

and
1] xa(v) + [k - xa(w) < [i] - xa(v) + O(1). (6:4)
Substituting the value of |k| from (6.4) into (6.3) and dividing through by |i| yields

1 1 1
— 4+ (==1) - —— <1+ 0(i| ™).
oy (51) Ty 51000
Since I' takes values in a compact subinterval of (1, 00), this is a rearrangement of

(i).

To see (ii), first note that for each k' € C?(v, w),

1/6
611{’,2 ~ 61,/2 and ﬁik’;(k’),l = ﬂii,l ~ 51,2

and moreover by (6.3) and Lemma 6.2 (ii),

log#C’(v,w)  log#C’(v,w)  H(w)— H(n(w)) log |1
(1/6 —1)1og(1/B12) — |i]- (1/0 — D)xa(v) X2(w) O ( | ()6'5)
Thus by Lemma 3.3, .

o dimp 1(K)
HQ S @nE£oh~ Y (_ﬁlkﬂkﬂ) '

k'ec? P 2

(’U,
~ #C (v, w) - iy ),

w)

Taking logarithms, dividing through by(1/6 — 1)log(1/5;2), and applying (6.5)
completes the proof. O
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6.4 COVERING THICK CYLINDERS

We now obtain our main bounds for thick cylinders. First, we require the following
covering lemma for cylinders by approximate squares with height smaller than
the height of the cylinder. This result is an immediate consequence of Lemma 3.4,
with notation modified for ease of usage. Recall that t,,;, = dimp K — dimg 7(K).

Lemma 6.4. Suppose i,k' € Z* are such that 51/0 < S Bw o and Biw 1 &~ Bio. Then

1/9 1\ (1/6-1)-dimg K 1\ “twin
#{Q € S(B;2) : Q C [iK]} = ' :
Biz By 2

With this lemma in hand, we now obtain our main results concerning thick cylin-
ders.

Proposition 6.5. Fix § € (0, 1). Then for all approximate squares (Q = P(1, j) and type
classes (v, w) = ¢(k) for some k € B (1, j), the following hold: -

(i) We have ¢(6,v) > I'(w) + O(|i|™).

(ii) Set E = Uy cco(p ) (1K, 1(K')). Then

log #{Q' € S(8i) : Q' NE # &7}
(1/6 — 1) log(1/B; )

Proof. First, by the definition of Bfj; (1, j), 51/ < Px2 and since () is an
approximate square, 3; 15c1 ~ Si2. Therefore the sumlar as used in the proof of
Proposition 6.3 (i) yield (i).

Next, we see (ii). Let k' € C?(v, w) be arbitrary. Since 1 ~ f;2;, taking
logarithms and rearranging gives that

il (1/0 = Dxa(v) = [K] - xa(w) (8, v) + O(1).

= fthlck(e v ’UJ) + O (10g| |) .

4

In particular,

log ((1/fw2)~"™n) ~lmin K[ - x2(w) _ tnin X2 (W) e
(1/60 — ) log(1/Bs2)  1/0—1 |i|- x2(v) (0, v)x1(w) +O(l17), (6.6)

and by Lemma 6.2 (ii),

log#C’(v,w) _ log#C’(v,w) _ H(w)— H(n(w)) L0 (10g!i|)
(1/0 —1)log(1/Bs2)  (1/60 — 1)]i|x2(v) ¢(0,v)x1(w) i (é 7

Moreover, since k¥’ € BY,, we have 1(k') = & so we may apply Lemma 6.4 to each
cylinder P(ik’,1(k’)) = [iK/] giving

1/8) / 1 (1/6—1)-dimp K 1 ~tmin
#{Q € S(By") : @mE#@b(Bm) Y (5)

k' eC?(v,w)

1 (1/971)d1mB K 1 —tmin
= - H#C (v, w <—> .
(ﬁi,2) #C (v, w) P2
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Recalling the computations in (6.6) and (6.7), taking logarithms and dividing by
(1/60 — 1)log(1/B;.2) gives

log #{Q' € S(BY"): Q' N E # 2}
(1/6 — 1)log(1/Bs.2)
H(

— dim w) — Hn(w))  —tminXa(w) log |1
= dims K+ = v (w w) +¢(970)X1(w)+0< ‘. >
= finiek(0, v, w) + O (10i||1|>

as claimed. 0

6.5 COMBINING BOUNDS AND COMPLETING THE PROOF

To complete the proof, it simply remains to combine the results established in the
previous sections.

Proof (of Theorem 6.1). Let § € (0, 1) be fixed. First, there is a constant M > 0
such that any ball B(x, r) can be covered by M approximate squares in S(r) and
vice versa. Thus if we set forn € N

D, = {P(i, j) : P(i,j) is an approximate square with [i| = n} :

then by (1.3)

1/9 i
dim} K = limsup max g #1Q € 5(Ai,) : QN PELJ) # }

oo PAJED: (/0 — 1) Tog(1/5:.) ©9)

Now, fix an approximate square P(i, j), which we recall that we can decompose
as

PG5 = |J Plxix)= J U Plk ).

B keB(4,3) (v,w)eT (i, J)k669 (v w)
For (v, w) € T’(i, j), write
N(v,w) = # {Q € S(8Y) : QN P(ik,1(k)) # @ for some k € C, (v, w)} .

Next, let (vg, wy) = ¢ (k) be chosen so that N (v, wy) is maximized. Suppose
thatk € Bf};,(i, j). Then by Lemma 6.2 (i) and Proposition 6.3 (ii),

log #{Q € S(BY) : QNP3 # 2} logN(wpw)) (logm)
(1/0 = 1) log(1/.2) (/0= 1)log(1/.) H

|
= finin (6, vo, wo) + O ( og |1 ’) )

4

Moreover, since f and fi,;, are continuous functions on the compact domain
P x P, they are in fact uniformly continuous. In particular, for all € > 0 and all |1
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sufficiently large depending on ¢, by Proposition 6.3 (i), for allk € BY;, (i, j) with
type (v, w) = ¢(k),
|f(0,v,w) — finn(0,v,w)| <e.
Of course, the analogous results hold with fi« in place of finin for k €
BY.a(1, 3) by Proposition 6.5 (i) and (ii).
Combining these observations, for all ¢ > 0 and n sufficiently large depending

on &, with
= U Ty
1J€Dn

denoting the set of all types at level n,

log #{Q € S(Bi%) : QN P(4,j) # @}

max — max 0,v,w)| <e.
PEPeD, (1/6 = 1)Tog(1/B2) ormeee, 16,0, w)

But 7,Y converges to P x P in the Hausdorff metric as n diverges to infinity, and
since € > 0 was arbitrary, the result follows from (6.8). O

7 AN EXPLICIT FORMULA FOR THE ASSOUAD
SPECTRUM OF GATZOURAS-LALLEY CARPETS

In this section, we obtain the explicit formula for the Assouad spectrum as stated
in Theorem 7.1. Our main tool to solve the optimization problem which arises
in the variational principle in Theorem 6.1 is the duality theory of constrained
optimization. This approach is based on the general strategy outlined in [ ,
§3.1 and §4], and we recall the main components that we require in §7.2 and §7.3.
With these preliminaries out of the way, in §7.4 we obtain explicit solutions to the
optimization problems that will be relevant for our derivation of the main formula.
The proof of the main result is then completed in §7.5.

7.1 ASSOUAD SPECTRUM OF GATZOURAS-LALLEY CARPETS

We can now state our main result, which is an explicit formula for the Assouad
spectrum of a Gatzouras-Lalley carpet.
Let K be a Gatzouras—Lalley carpet. Let ¢,,;, denote the unique solution to

dlmBn mm J— 1
§ § -

Jen(Z) ien=1(j)

or equivalently
dimB K — dlmB n(K) = tmin-

We denote this quantity by ¢,,;, because of the usage in (7.1) below. We interpret
tmin as the “average” column dimension, weighted appropriately using the column
widths 3 ;. Finally, for each j € (Z), define s; and t,,. by the rules

E =1 and tmax = INax S;.
iz P et
ien=1(j)
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In other words, s, is the dimension of the attractor of the IFS consisting only of
the maps in column j, and #,,., is the maximal column dimension. Of course,

tmax = dimy K — dimg n(K).

Note that
0 < min S; < tmjn < max S = tmax < L.

Jjen(Z) = Jjen) =

Moreover, if either the second or third inequalities are equalities, all notions of
dimension for K under consideration in this paper coincide (in fact, K is Ahlfors—
David regular).

Now, for j € n(Z) and t € R, define

uylt) = EZer i e
S log 51,1 '

Note that ¢; is strictly increasing and concave with unique zero s;. The Assouad
spectrum of K will be described in terms of the column pressure

T(t) _ minzen(z) wl@) te [tminj tmax] (71)
—00 : otherwise.

Observe that 7 is strictly increasing on [tmin, tmax] and 7(¢max) = 0 is the unique
zero of 7, with 7(t) < 0 for t,, <t < tyax. Moreover, 7 is a minimum of concave
functions, and is therefore concave. We denote its concave conjugate by

() = %gﬂg(ta —7(t)).

Finally, define the parameter change

1/ —1
gb(@) = #/Kmax where Rmax = Hileai_X

log 51‘,2
log 5@1 .

Our main result in this section is the following formula for the Assouad spectrum
of a Gatzouras-Lalley carpet.

Theorem 7.1. Let {T;}.cz be a Gatzouras—Lalley IFS with attractor K. Then for all
6 €(0,1),

T (6(0))
¢0)

In §8, we derive a more transparent formula for the Assouad spectrum, and
deduce many interesting qualitative features of the spectrum from it.

dimf, K = dimgn(K) +

7.2 THE GEOMETRY OF CONSTRAINED OPTIMIZATION

Suppose A is a compact Hausdorff topological space and suppose we are given a
continuous function u: A — R and an upper semicontinuous function v: A — R.
We consider the constrained optimization

F(a) = max{v(w) : u(w) = a}

weEA
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with corresponding unconstrained dual

T(t) = glelg{t cu(w) — v(w)}. (7.2)
Here, the maximum over the empty set is —co. Note that both the maximum and
minimum are attained on compact sets since v is upper semicontinuous. Of course,
T is a concave function of ¢ since it is an infimum of affine functions. On the other
hand, F need not be concave.
In some sense, one can think of the function 7'() as encoding the geometry of
the Lagrange multiplier problem associated with F'(«). However, this is only a
motivating heuristic since in our abstract setup, there is no differentiable structure

in sight.
Before we continue, let’s recall some basic facts from convex optimization. For
a more in-depth introduction, we refer the reader to [ ]. First, for a general

function g: R — RU{—o00}, we denote the concave conjugate by

* = inf(ta — g(2)).
0" (a) = inf(ta — g(1))
Note that g* is always concave, and ¢** is the concave hull of g.
Now suppose moreover that g: R — RU{—o0} is a concave function. Then
for t € R, we write Jg¢(t) to denote the subdifferential of g att, i.e.

9g(t) ={a:aly—t)+g(t) = g(y) forally € R}.

Equivalently,
g*(a) +g(t) < at (7.3)

with equality if and only if a € dg(t). We also let 0~ g(t) (resp. 0" ¢(t)) denote the
left (resp. right) derivative of g at ¢. Then 0g(t) = [0 ¢(t), 0~ ¢(t)]. In particular, g
is differentiable at ¢ if and only if dg(t) = {a}, in which case ¢'(¢) = «. Since the
subdifferentials form an ordered family of intervals of R which overlap only on
their endpoints, there can be at most countably many points with non-singleton
subdifferential: in particular, g is differentiable at all but countably many ¢ € R.
Now, we say that a line
lx)=a-x+Db

is a supporting line for T at ¢ if T'(t) = ((t) and ¢(z) > T'(x) for all x € R. Equiv-
alently, 07'(t) is precisely the set of possible slopes of supporting lines for 7" at
t.

Now consider specifically the function 7" from (7.2). We say that T is supported
at (t,«) fort € Rif thereisaw € Asothat7T(t) =t - u(w) — v(w) and u(w) = .
Equivalently, the line ¢ — ¢ - u(w) — v(w) is a supporting line for 7" at ¢ with slope
a. Therefore, the problem of determining the values of « for which 7" is supported
at (¢, «) is precisely the problem of determining the slopes of supporting lines
which appear from the minimization defining 7'(¢).

For the remainder of this section, we establish some elementary facts concern-
ing the dual problems 7'(¢) and F'(«). For each ¢ € R, denote the set of minimizers
by

Mit)={we A:t - ulw) —v(w)=T(t)}.
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Since u is continuous and v is upper semicontinuous, M (t) is a compact set for all
t.
We begin with the following basic fact about supports of the function 7.

Lemma 7.2. Foranyt € Rand a € {0 T(t),0T(t)}, T is supported at (t, o). In
particular,

i =0'T(t d =07 T(1). 7.4

i u(w) (t) an Jhax u(w) (t) (7.4)

Proof. Let (t,,)22, be a sequence converging to ¢ monotonically from the left.

Foreach n € N, write T'(t,,) = t,, - u(w,,) —v(w,,) for some w,, € A. By compactness

of A, passing to a subsequence if necessary, we may assume that lim,,_,., w, = w.
Next, observe that the line

lp(x) =2 - u(w,) — v(w,)

is a supporting line for T at t,, and therefore u(w,) € 07(t,). Moreover, since
lim,, .. 0~ T(t,) = 0~ T(t), it follows that

u(w) = lim u(w,) = 0T (t).

n—o0

But then by upper semicontinuity of v and continuity of 7',

T(t) < t-ulw) — v(w) < lim (¢ - u(w,) — v(w,)) = lim T(t,) = T()
so that equality holds and 7" is supported at (¢, 0~ 1(¢)). The same argument works
for 01T'(t), giving the result.

In particular, the above shows that there is a w € M (t) so that u(w) = 0*T'(t),
and similarly for 0~7'(t). Moreover, if T" is supported at (¢, o), then necessarily
a € dT'(t), so (7.4) follows. O

Remark 7.3. Since u is continuous and A is compact, it follows that the left and
right derivatives are uniformly bounded away from +oo.

Using Lemma 7.2, we can now characterize concavity of the function F'.

Proposition 7.4. Forany a € R, F(a) < T*(«), and if T'is supported at (t, o) for some
t € R, then F(a) = ta — T'(t) = T*(«). Moreover, the following are equivalent:
(i) Forallt € Rand o € 0T'(t), T is supported at (t, ).
(ii) F(a) =T*(«) forall a € R.
(iii) F is a concave function.

Proof. First,let a € R be arbitrary. If F'(ov) = —oo, we are done; otherwise, since
A is compact and u and v are continuous, there is some w € A so that u(w) = «
and v(w) = F(«). Then for any ¢ € R,

Tt) <t-ulw)—v(w)="ta— F(a).
But ¢ was arbitrary, so F(o) < T*(a).
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Next, if T is supported at (¢, ) for t € R, get w so that u(w) = aand T'(¢) =
ta — v(w). But then

T () > Fla) > v(w) =ta—T(t) > T («a).

as claimed.

Now, (i) implies (ii) was proven above, and (ii) immediately implies (iii). It
remains to verify that (iii) implies (i). Let ¢ € R. Then if o € 07T(t), write
a = XTT(t) + (1 — N0~ T'(t) for some A € [0,1]. Then by concavity of /' and
Lemma 7.2,

T () > F(w)
> ANF(OT(t) + (1= N F(07T(t))
=Nt T(t) —T(t)) + (1 =Nt~ T(t) —T(t))
=ta—T(t)
> T («).
Thus all the inequalities are in fact equalities. In particular, taking w so that

uw(w) = a and F(a) = v(w), substituting this into the previous equation implies
that v(w) =t - uw(w) — T'(t), as required. O

We conclude this section with two explicit situations in which we can establish the
concave conjugate relationship. The first situation, even without any knowledge
of the underlying optimization, occurs when T'(¢) is differentiable.

Corollary 7.5. Ift € R is such that o = T"(t) exists, then F'(a) = T*(«). In particular,
T(t) = F*(t) forall t € R.

Proof. If t € Rand 7"(t) = « exists, by Lemma 7.2, T' is supported at t. Thus by
Proposition 7.4, F(«) = T*(«). In particular, T'(t) = F*(¢) for all t € R for which
T'(t) exists. But F* and T" are both continuous functions and 7"(t) exists for a
dense set of t € R, soin fact T'(t) = F*(t) forall t € R. O

As our second (and final) application, we can also use information about the
structure of the set on which the optimization is attained to abstractly establish
the concave conjugate relationship.

Corollary 7.6. Suppose t € R and M(t) is connected. Then F(a) = T*(«) for all
a € 0T'(t). Moreover, if M (t) is a singleton, then T is differentiable at t.

Proof. By Lemma 7.2, T' is supported at (¢,0~7(t)) and (t,07T(t)). Thus get
w_,w, € M(t) so that

ww ) =0T and  u(w.) =0 T(t).

Since M (t) is connected and u is continuous, u(M(t)) C Ris an interval containing
0~ T(t)and 07T'(t), and therefore 0T'(t) C u(M(t)). In particular, for any o € 97'(¢),
there is a w € M (t) so that u(w) = «, so that T is supported at (¢, o) and therefore
F(a) = T*(«) by Proposition 7 4.

If moreover M (t) is a singleton, then we must have w_ = w., forcing 0~ 7'(t)
01T (t) so that T is differentiable at t.

oo
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7.3 ATTAINING THE OPTIMIZATION ON THE BOUNDARY

We now introduce the concept of an island-free function, and use this to establish
some general conditions under which certain constrained optimization problems
are attained on the boundary.

Definition 7.7. Let A be a topological space and let f: A — R. We say that f is
island-free if for all t € R the upper level set

{reA: f(x) >t}

is connected.

Here, the empty set is always connected. The following lemma provides some
simple conditions to establish island-freeness.

Lemma 7.8. The following hold.

(i) Suppose A is a convex subset of a linear space. Suppose f: A — R is concave and
g: A — (0,00) is affine. Then f /g is island-free.

(ii) Suppose A; is a topological space and f;: A; — Rx is island-free for each i =
1,...,m. Equip A == Ay x--- x A, with the product topology. Then f: A — Rx
defined by

f(xl, SR ,l‘m) - f1<xl) T fm(xm)

is island-free.

Proof. To see (i), let f be concave and g affine. Then for each ¢t € R, using
positivity of g,

{reA:f(z)/g(x) 2t} ={z c A: f(z) —1g(x) > 0},

This is a convex set (and in particular connected) since f(z) — tg(x) is concave as a
function of z.

Next, we see (ii). Let A; and f; be defined as in the statement of the lemma and
let t € R be fixed. Set

At) ={(z1,. .. xm) : filzy) -+ frxm) >t}

We must show that A(¢) is connected. First, let (v1,...,yn) € A(t) be arbitrary.
Then

m

E(yi,... ym) = H{fl?z tfilwi) 2 filys)} € A()

=1
is a connected set since each f; is island-free. Moreover, if (z1,...,2,) € A(t) is
arbitrary, since the f; are non-negative,

o+ H{xl s filzy) > max{fi(yi),fi(zi)}} CEW, .y Ym) N E(21, .. 2m).

Since the union of two intersecting connected sets is connected, any two elements
of A(t) are contained in a connected subset of A(t). Thus A(t) is connected. O
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The preceding lemma, along with concavity of w — H(w) — H(n(w)) (which fol-
lows by the log-sum inequality, see for instance [ , §2.7]), yields the following
result.

Corollary 7.9. Forall § € (0,1), the functions (v, w) — fihin(0, v, w) and (v, w) —
finiek (8, v, w) are island-free.

Our main use for island-freeness appears in the following elementary lemma,
which provides a partial description of the constrained maximizers of an island-
free function in the case that the constrained maximum is not equal to the global
maximum.

Lemma 7.10. Let A be a compact Hausdorff topological space and let f: A — R be
continuous and island-free. Then the set of global maximizers

X = {a: eA: f(x)= maxf(y)}
yeA
is a non-empty, compact and connected subset of A.
Moreover, suppose E C A is a non-empty compact set satisfying X N (A \ E) # .
Then the set of constrained maximizers

Xp = {x cE:f(z)= maXf(y)},

yeE
intersects the topological boundary of E.

Proof. Since f is continuous, it is immediate that X is well-defined, non-empty
and compact. Since f is island-free, X is connected.
Next, suppose E C A is compact and X N (A \ E) # @. Consider the set

G = {x eA: f(x) > maxf(y)} .
yeE
Note that Xp = GNEsoGNE # g,and X C GsoGN(A\ FE) # @. But f
is island-free, so GG is connected and therefore X intersects the boundary of £
relative to A. O

7.4 FIBRED OPTIMIZERS

We now solve a few useful global minimization problems, and also see how these
minimization problems encode the Assouad dimension of the Gatzouras-Lalley
carpet K.

For ¢t € R, write

bra(w) — [H(w) = H((w))]
() } . (7.5)

g(t) = min {

wePpP

We first prove in Proposition 7.11 that this definition of g(¢) coincides with the
alternative definition given in (8.1). Moreover, we will give an explicit description
of the set of minimizers.

66



THE LOCAL GEOMETRY OF FRACTAL SETS

For each j € 7(Z), recall the definition of ¢); from the introduction:

it) = log Zien—l@ 552
S log 51,1 '

Equivalently, for each i € n71(j),

t
1,2 =5 (t) ot

=—=08,1" B, (7.6)

Zﬂen*(z) 55,2 ot ?

Therefore given p € n(P), we may define a probability vector

‘ Wiy (t)
2(.2) = (oo B8 Bl -

The reason for introducing z(¢, p) will become clear below.
We also recall the definition of the Kullback-Leibler divergence of two probability

vectors w and v as
Dy (w || v) Z w; log (wl) (7.7)

€L

where we set 01og(0/v;) = 0 regardless of the value of v;. In general, Dk, (w ||v) >
0 with equality if and only if w = v.

Finally, we introduce some notation to denote the set of minimizers for g(t).
For eacht € R, let

() = {3 €n@): wy(t) = min vi(n)}.
We then write
R(@)={pen(P):supppC J()}  and  Z(t)={z(t,p):p e R(H)}.
We now have the following formula for the function g(¢).

Proposition 7.11. Foreacht € R,
g(t) = min{e;(t) : j € n(Z)}.

Moreover, the set of minimizing vectors

fowep, b)) - Hutw)] )}z

x1(w)

Proof. Suppose w € P is arbitrary and let n(w) = p. We then compute
0 < Drr(wl| 2(t,p))

1 %) 5
=3 Y wilog (wz-p; 1176)

jen(Z) ien~'(j)

— _H(w) + Z pi;(t)1og B4 + txa(w).

Jjen(Z

67



II. THE ASSOUAD SPECTRUM

Rearranging, we obtain that

ta(w) — [H(w) — H(g(w))] _ ~ 2enm Pi¥ilt)108 i
X1(w) - x1(w)
> min{y;(1) : j € (D)}

Observe that the second equality holds if and only if p € R(¢). Moreover, for all
p € n(P), the first equality holds if and only if w = z(¢, p). Thus the desired result
follows. g

To conclude this section, we show how the function ¢(¢) encodes the Assouad
dimension. Recall from the introduction that for j € 1(Z), s, is the unique solution

to the equation
s
2 fia=l

i€n~1(4)

Moreover, we recall the definition of ¢,,,x, which by the main result of [ ]
satisfies

tmax = Mmax s; = dimy K — dimg n(K).
Jjen(@) =

It turns out that ¢,,,« is precisely the unique zero of g.

Lemma 7.12. We have

maX{H(w) - H(n(’lﬂ))} I

weP XQ('lU)

Moreover, ty,x is the unique zero of g and the set of maximizing probability vectors is
2 ().

Proof. Write
Rinax = {p €n(P):suppp C{j en(Z):s; = tmax}}-
Now suppose w € P is arbitrary. Write p = n(w) and v = (p,;53,5"),_,- Then

0 S DKL(’LU H 'U)

— Z Z wilog(wipfﬁ@:zsl)

Jen(T) ien=1(4)
= —H(w) + H(n(w)) — Z Sj Z w; log B
jen(@)  ien=1(j)

< —H(w) + Hn(w)) 4 tmaxxz(w).

The second inequality is an equality if and only if suppp C Ruax, in which
case the first inequality is an equality if and only if w = v. But if w = v (and
SUPP P C Rumax), then w = z(tax, p) by the definition of v.

68
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We have shown that

tmaxX2(w) — [H(w) — H(n(w))]

x1(w) =0

with equality if and only if w = 2(tmax, P) for some p € R,.«. But this is precisely
the same minimization as the definition of ¢(¢,..x), so the set of maximizing
probability vectors must be Z(t,,.x) by Proposition 7.11. (Alternatively, observe
that Ruax = R(tmax)-)

To see that ¢,,,« is unique with this property, since the left and right derivatives
of ¢(t) lie in the compact interval I'(P) C (1, o) (see Remark 7.3), it follows that
g(t) is strictly increasing. O

7.5 SOLVING THE VARIATIONAL FORMULA

Finally, we can establish an explicit formula for the Assouad spectrum of K by
solving the maximization process underlying the variational formula. This proof
can be subdivided effectively into three parts:
1. First, solve the unconstrained maximization problems corresponding to the
functions finic and finin and determine the values of 6 for which the respec-
tive unconstrained and constrained maxima agree (this is Lemma 7.13).
2. Next, recalling that finick = finin 0N Agpick (6) N Agnin(€), solve the correspond-
ing boundary maximization (this is Lemma 7.14).
3. Finally, using island-freeness and Lemma 7.10, reduce the general maximiza-
tion to the above cases.
With this outline in mind, we begin the proof.
Recall that we defined

emin = (bil (a+g(tm1n>) and emax = (bil (aig(tmax)) )

and recall the definitions of Ay, (f) and Ak () from (6.1). We begin by ap-
plying the results from §7.4 to solve the unconstrained maximization problems
corresponding to finick and finin-

Lemma 7.13. Let 6 € (0, 1) be arbitrary. Given t € R, let P,: R — RU{—o0} denote
the function defined by P,(t) = g(t) and P,(z) = —oo for x # t.
(i) We have

L)
¢(0)

and the set of probability vectors for which the maximum is attained is given by

max  finin(0, v, w) = dimy K = dimg n(K) +
(v,w)EPxP

Ethin =P x Z(tmax)-

In particular, Evin, N Awpin(0) # @ if and only if 6 > 0.
(ii)) We have

g(tmin) — dim P{;m(qﬁ(e))
50) dimp n(K) + —=2 =

max fthick(e, v, w) = dlmB K —
(v,w)ePxP
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and the set of probability vectors for which the maximum is attained is given by
Ethick = Fil(ﬂmax) X Z(tm1n>
In particular, Eiic N Agick(0) # @ if and only if 6 < Oppiy,.

Proof. To see (i), by inspecting the definition of fi,, the first equality and
the formula for Ey,;, are immediate consequences of Lemma 7.12, recalling that
dimp K = tiax + dimp n(K). To see the second equality, since ¢(0) € 0P, (tmax)
and since P, (tmax) = 0 by Proposition 7.4 and Lemma 7.12,

. Py 5 (d)(@)) tmax : ¢(9) - Pt (tmax)
dimg n(K) + —tmax 2777 ax

s )+ ) 5(0)

by the definition of ¢,,,. Finally, recalling that 6,,,« is defined from (8.2) and using
Proposition 7.11 and Lemma 7.2,

= dimp n(K) + = dimpy K

we@gfax) I'(w) = 07 g(tmax) = ¢(Omax)-
Recall that ¢(f) = inf,ep ¢(6,v), and ¢ is decreasing in 6. Therefore Eiy, N
Anin(0) # @ if and only if 6 > 6,,,x.

To see (ii), the maximization in v is clearly attained by any v which is supported
on indices for which the logarithmic eccentricity I' is as large as possible. The
tirst equality and the formula for Epiq then follows from Proposition 7.11 since
the remaining term in fua (6, v, w) is precisely the negative of the reciprocal
of the objective function defining ¢(t..in). To see the second inequality, since

¢(9) € aPtmin (tmin)r
Ptmin (tmin) + By ((b(e)) = tmin ' (b(e)

tmin

But recall that ¢, = dimp K — dimp 1(K), so rearranging gives

Poa@(0) _ o gltun)

¢(0) ¢(0)

as claimed. Finally, let (v,w) € I' ' (kpax) X Z(tmn) be arbitrary. By Proposi-
tion 7.11 and Lemma 7.2,

dimp n(K) +

min  I'(w) = 07 g(tmin) = ¢(Omin)-

’wEZ(tmin)

Now, ¢(8,v) = ¢(0), 0 Einick N Anick (0) # @ if and only if § < 6,0 O

Next, we solve the maximization problem constrained to the boundary. For
notational simplicity, we write

A(0) = Athin(0) N Agpick (0).

This is the topological boundary of A, (#) and A¢piek(6) (relative to P x P). We
also recall that f = fiin = finiac on A(6).
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Lemma 7.14. Suppose (v, w) € A(0). If 6 < Opay, then

0,v,w) = max (0, v, w
o o) ( ) 2K gy fib ( )
: g"(o(0))
= dim K)+ )

Proof. In order to prove the desired formula on the boundary, first introduce
the auxiliary function

Note that F'(«) is the constrained optimization problem corresponding to the
unconstrained problem g(t). Moreover, by Proposition 7.11, the minimization
defining ¢(¢) is attained precisely on the set Z(¢), which is a connected set. (Alter-
natively, connectedness of the set of minimizers can be indirectly observed since
the negative of the objective function defining ¢(¢) is island-free by Lemma 7.8.)
Thus applying Corollary 7.6, F'(a) = ¢*(«) for all « € I'(Z()).
We now obtain the desired bounds. First,
(uur%g}é(e)f(ﬁ,v,w) dimg n(K)

= (0, v, w) — di K
B (v,wgiim(g) fth ( ) 1mp 77( )

o [H@) - Haw)
_(v,w)EPXP{ XQ(’LU) F< )

: > ¢(0,v

weP Xg(w)

) } (7.8)

since inf,ep ¢(0,v) = ¢(f). Now recalling Lemma 7.13 (i), the unconstrained

optimization
{H(’w) — H(n(w)) }
Xz(w)
is attained precisely on the set Z(t,ax) and, since 6 < Oy,.x, I'(w) < ¢(0) for all

W € Z(tmax). Thus by Lemma 7.10 (island-freeness again follows by Lemma 7.8),
the maximization is attained on the boundary {w € P : I'(w) = ¢(0)}. But

L™ (max) x {w € P : T(w) = 6(0)} C A(0),

max
wePpP

so in fact there is equality throughout (7.8) and

0 — di K
(v,gg}é(@)f( ) U, w) lmg 77( )

weP XQ(w)
{1 H@w) - H@w) o
‘wep{ae) aw) L) W)}
_ Fo0)

5(0)
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In the second equality, we used the substitution y2(w) = I'(w)x1 (w). Recalling
that F'(¢(0)) = g*(¢(0)) yields the claimed formula. O
We can finally complete the proof of our main result.
Restatement (of Theorem 7.1). Let K be a Gatzouras—Lalley carpet and let
) = {g<t> 1€ [fmin ]
—oo : otherwise.

Then for all 6 € (0, 1),

dimf} K = dimg n(K) +

Proof. Let 0 < 6 < 1. Recall that fipi, and finie are island-free by Corollary 7.9.
Moreover, recall from Theorem 6.1 that

dim{ K = max 0,v,w
A ('u,w)€77><77f( )

where f = fipin on Ay (0) and f = finicc on Agnic(0)-
If 6 < 0.0, then by Lemma 7.13, fini, does not attain its global maximum but
Jinick does. Therefore by Lemma 7.10 as well as the formula in Lemma 7.13 (ii),

. m(4(0))
max iek(0,v,w) =dimgn(K) + > max w(0, v, w
(vvw)EAthick(e) fth k( ) b 77( ) ¢(9) (vzw)eAthin(Q) fth ( )
yielding the desired formula. The analogous argument provides the result for
9 2 emax-
Otherwise, suppose Opin < 0 < Opax. By Lemma 7.13, the unconstrained
maxima are not attained for either fii, or finick. Therefore by Lemma 7.10,

, . Q)

dim% K = 0. v, w) =d K) 4+ Z00)

K i 1O ) = dimen(R)+ =5,

where in the last equality we applied Lemma 7.14 and used the fact that 0,,;, <
0 < Omax 50 g7(0(0)) = 7 (6(0))- .

Remark 7.15. The choice of vy to maximize f(6, vy, w) does not depend on the
choice of ¢; we can simply take v, to be any probability vector fully supported
on the indices i for which (log 8;2)/(log 8;1) = Kmax- This is the reason for the
appearance of K,y in the parameter change ¢(0).

The dependence of w on ¢ is more complex. If 0 is such that ¢(0) = 0% g(¢(6))
(resp. 0~ g(0)) for some value #(0) € (tmin, tmax), then n(z(#)) can be taken to be
supported on a single column. In this case, by the formula for the optimization
given in Proposition 7.11, z(#) can be given more explicitly as z(0) = z(¢(9), 9,),
where §; is the probability vector fully supported on a column satisfying g(t) =
¥;(t) for some ¢ > 0 and t € (t(9),t(0) + ¢) (resp. (t(0) — ,t(0))). Otherwise, if
0 < Opin OF 0 > Oy, then by Lemma 7.13 we can again take z(6) to be an explicit
vector supported on a single column. Finally, if dg~(¢(6)) < ¢(68) < dg™(t(9)) for
some t(f), then z(f) can be taken to be a convex combination of the optimizing
vectors corresponding to dg~ (¢(0)) and dg*(¢(6)), so n(z(#)) can be taken to be
supported on at most two columns.
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8 QUALITATIVE FEATURES OF THE ASSOUAD
SPECTRUM OF A GATZOURAS-LALLEY CARPET

Throughout this section, we recall the notation introduced in §7, in particular the
notation used in the statement of Theorem 7.1.

8.1 AN ALTERNATIVE FORMULA FOR THE ASSOUAD SPECTRUM

We begin by introducing some notation to decompose the function 7 in a mean-
ingful way.

First, we distinguish a particular type of column.
Definition 8.1. We say that a column j € 7(Z) is homogeneous if there is a 3;» so
that 3,2 = f;2 foralli € n~'(j).

For example, when K is a Bedford-McMullen carpet, every column is homoge-
neous.

Homogeneity is characterized by the following elementary lemma, the proof
of which follows directly from the definition of v;.

Lemma 8.2. A column j € n(Z) is homogeneous if and only if 1); is affine. Moreover:
(i) If 4; is affine, then

logBj2  log#n~'(j)

i(t)=t- =K (L —85).
B = gt gy )
(i) If v is not affine, then it is strictly concave.
Now write
g(t) = min ;(t) (8.1)

which is a minimum of analytic functions (note the close relationship with the
function 7). By analyticity, for all 7, j € n(Z), either ¢); = 1; or the set {t € R :
¥i(t) = ¢;(t)} is finite. Thus there exists a partition

2(f-lrnin:tO<tl<"'<tm:tmax

of the interval [t,in, tmax|, With corresponding parts I,, = [t,_1,t,], such that for
each n € N, there is a J, so that

¢l1(t) ItE[l

wj (t) Zte[m

m

and moreover forall1 < n <m—1,¢; # Vi The latter property ensures
that the partition (1,,)", is uniquely determined. We refer to this partition as the
spectrum partition associated with the IFS {T;},cz. We associate with the spectrum
partition the following additional information, all of which depends only on the
underlying IFS.
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FIGURE II.1: A depiction of the spectrum partition. The dotted lines
are tangents to the function g = min{wl1 , %2} at the points t,,;,, t1, and
tmax corresponding to the left and right derivatives, where appropriate.
The labels indicate the slopes of the dotted lines.

1. We say that a part I,, is homogeneous if j is homogeneous, and inhomogeneous
otherwise. -

2. We associate with each part I,, the function g, = v; , which is analytic on
the open interval I7. -

3. We associate with each part /,, = [t,_1,t,] the endpoint derivatives

en,min = ¢_1(g;(tn—l)) and en,max = gb_l(g;’b(tn)) (82)
Expanding the definitions of ¢! and g, we may equivalently write
1 1

en,min = and en,max =

Otg(tn_1) - (1 = 1/Kmax) + 1 O=g(tn) - (1 = 1/Kmax) + 1
Here, and elsewhere, for a concave function f, we write 0~ f(x) and 0% f(z) to
denote the left and right derivatives of f at = respectively (when they exist), and
set Of(z) = [0F f(x), 0 f(x)]. In particular,

el,min S el,max S 02,min S T S en,max

and moreover 6,, ,in = 0, max if and only if 7, is homogeneous. We define 6,,i, =
el,min and emax = em,max-

Using this notation, Theorem 7.1 yields the following explicit piecewise for-
mula for the Assouad spectrum of K. For clarity in the below formula, note that

g is strictly increasing with ¢(t.,.x) = 0. The cases of this formula are depicted in
Figure IL.1.

Corollary 8.3. Fix a Gatzouras—Lalley IFS {T;};cz with spectrum partition (1,)7_,,
and associated data g, 05 min, and 0, max as above. If dimp K = dimy K, then K is
Ahlfors—David reqular and dimp K = dimy K = dim} K forall 6 € (0,1).

Otherwise, one of the following conditions holds for each 6 € (0,1):
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(i) We have 0 < 6,,;,. Then

g(tmin>
o(0)

(ii) Thereisann € {1,...,m} so that 0,, in < 0 < 01, max. Then

gn(6(0))
o(0) -

(iii) Thereisann € {1,...,m — 1} so that 0,, ymax < 60 < 0,41 min- Then

Gn(tn)
o(0)

dim{ K = dimg K —

dimf, K = dimgn(K) +

dimf K = dimp n(K) + t, —

(iv) We have 0 > 0,,.«. Then
dimf} K = dimy K.

Moreover,
Omax = inf{0 € (0,1) : dim} K = dimy K},

and Orin = Omax if and only if m = 1 and 1, is homogeneous.

Proof. We recall the definition of 7 and the main result proven in Theorem 7.1.
Note that the formulae for § < 0,,;, and 6 > 0,,,,« follow directly by the definition
of the concave conjugate applied at the endpoint. Similarly, for 0, < 6 < Oyax,
the formulae follow directly since

dimf, K = dimgn(K) + 2=~

The parts in case (ii) correspond to the interiors of /,,, in which case ¢* and ¢,
agree, and the parts in case (iii) correspond to the points of non-differentiability of
g, which can only occur on the endpoints between adjacent /,,. In the latter case,
g* is an affine function of o with an explicit formula depending only on the value
of g, att,.

Moreover, suppose dimpg K # dimy K, so that ¢, < tmax. First, since we recall
that s; is the unique zero of v, for all j € n(Z) and ty.x = max s;, it follows that
tmayx is the unique zero of g. Thus, for 6 < .., let ¢ be such that ¢(d) € dg(t), so
t < tmax and since g is concave,

9°(¢(0)) = g(tmax) + 9" (¢(0)) < tmax(0).

Dividing through by ¢(6) gives the claim.

It is also clear directly from the definition that 6,,;, = 0y if and only if gis a
affine function on the interval [t,,in, tmax), Which occurs if and only if m = 1 and I
is homogeneous. O

We note that the formulae in (i) and (iv) are in fact special cases of (iii) after substi-
tuting the respective value of ¢,,. In these three cases, expanding the definition of
¢, the formula is of the form a + b-%, which has occurred previously as discussed
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dimA K { -
/ dimf K

(A) Plot of the original spectrum.

(B) Plot restricted to the rectangular region.

FIGURE II.2: A depiction of decomposition provided by Corollary 8.3.
The coloured curves are of the form dimg n(K) + g7 (¢(0))/¢(0) for i =
1, 2. The spectrum is differentiable but not twice differentiable at each
0; min and 0; oy fori =1,2.

in the introduction. In contrast, case (ii) is novel and very much not of this form.
This case occurs only in the presence of an inhomogeneous column.

In case (ii), an implicit formula for the concave conjugate can be obtained
from Proposition 7.11 (also see the discussion in Remark 7.15). The spectrum
can also be obtained parametrically as a function of ¢: given a part /,, = [t,,_1, ;]
with corresponding column function ¢ = ¢; = gn, the graph of the function

0 — dimﬁ K on (8,,min, 0.max) is the same as the image of the interval (¢,_1,t,)
under the map

t
t— (qb_l(z//(t)),dimB n(K)+t— ¢/( ) ) . (8.3)
¥'(t)
A graphical depiction of the curve g(¢) is given in Figure I1.1, and the decom-
position provided by Corollary 8.3 is given in Figure I1.2. The case 0in = Omax 1S
satisfied, for example, by every Bedford-McMullen carpet (or more generally by

any Gatzouras-Lalley carpet with % constant for i € 7).

Using this decomposition, we can establish that dim% K is an increasing func-
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tion of K, and in particular by [ , Theorem 2.1] has equal Assouad and
upper Assouad spectra.

Corollary 8.4. Let K be a Gatzouras—Lalley carpet. Then dimf K is strictly increasing
011 (0, Omax) and constant on [Opax, 1). In particular, dimy K = dim®, K forall 0 € (0,1).

Proof. Using the formula in Corollary 8.3, it is clear that dim% K is strictly
increasing on intervals corresponding to cases (i) and (iii). Moreover, dimf K
is constant on (iv) (which corresponds to the case when 6 € [0y, 1)). For the
remaining case (ii), fix some n = 1,...,m, write ¢ = g,, and let s denote the unique
zero of 1. Now let 6 € (6, min, On max) be arbitrary and let & = ¢(#). Note that o > 0
and moreover o > ¢’(s) since v is strictly concave (for otherwise 6,, min = 05, max)
with ¥ (s) = 0.

Note that 1 is strictly increasing and strictly concave, so —i)~! is a well-defined
strictly concave function. For notational simplicity, let

o= (=~ and F(a) = *(a),

In particular, by definition of the concave conjugate, using the change of variable

y=(t),

Fla) = }gﬂg{t - @} = ;gﬂg{y- (—é) - (—@D‘l)(y)} = (—é) -

Moreover, ¢ is maximized at

Thus since ¢ is strictly concave, its derivative is strictly decreasing, so

’F'(a) = ¢ (—é) < <—ﬁ) =0.

Thus by the chain rule, since ¢/(¢) < 0 forall § € (0, 1),
d .0 /! /
B dimy K = F'(¢(0)) - ¢'(8) > 0.

In particular, the spectrum is a strictly increasing function of 6 on (0, Oyax]- O

8.2 DIFFERENTIABILITY AND HIGHER-ORDER PHASE TRANSITIONS

We can also obtain precise information concerning differentiability, as well as
higher-order phase transitions. We say that a continuous real-valued function &
has a phase transition of k™ order at  when k > 1 is the smallest integer such that
the k™-derivative h(¥)(#) does not exist. Recall that we denote the number of parts
in the spectrum partition by m.
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Corollary 8.5. The function 0 — dim% K is piecewise analytic and the set of points
where the function is not analytic is given precisely by

H={0:0=0,mnor0 =0,m.,x forsome n=1...,m}.

At each § € H there is a phase transition that either has odd order or order 2. Moreover:
(i) The set of 0 € (0,1) at which dim% K has a 1% order phase transition is given by

Hy ={0:0=0,min=0pmax forsome n=1...,m}.

This implies that dim®, K has precisely k points of non-differentiability, where k is
the number of i = 1,...,m such that I; is homogeneous, and k < #n(Z) — 1. In
particular, diim% K is differentiable if and only if each I,, is inhomogeneous.

(ii) The set of 0 € (0,1) at which dim% K has a k" order phase transition for some odd
integer k > 3 is given by

Hpigher = {0 : 0 = 0y max = Opy1,min forsome n=1,...,m—1}\ H;.
(iii) The set of 0 € (0,1) at which dim% K has a 2" order phase transition is given by
Hy = H \ (H; U Hpigher)-
In particular, at 0., and Opax, dimi K either has a 1° or 2" order phase transition.

Proof. Piecewise analyticity follows directly from the piecewise formula given
in Corollary 8.3. Moreover, since the distinct parts correspond to distinct analytic
curves and any intersection of distinct analytic curves must have a phase transition
of some order, we obtain the formula for H.

First, to see (i), by standard properties of the concave conjugate, the derivative
of 7* at a exists if and only if 7 is strictly concave at all ¢ for which a € 97(¢). But
7 fails to be strictly concave at ¢ if and only if ¢t € I}, for a homogeneous part /,,,
in which case 0 = 0,, min = 0 max, as claimed. Since the curves v, are affine for
a homogeneous column j and otherwise strictly concave, and moreover there
must be at least one column i with ;i < tmin, there are at most #n(Z) — 1 points of
non-differentiability.

Next, suppose 6 = 0,, max = Ont1,min for somen = 1,...,m — 1. Equivalently,
0 = g,,(tn) = 9,41 (t,), and since g,, — g1 changes sign at t,,, g, — gn+1 has a saddle
point at ¢,,. Therefore if k£ € N is minimal so that g,(f) (tn) # gfjf@l (t,), then k an odd
integer which is at least 3. In particular, if ¢ H,, then dimeA K is differentiable at
¢, and therefore has a phase transition of odd order k > 3.

Otherwise, suppose 0 € Hy; and 6 = 0, 1max < Gpi1mm- Since (¢*)” = 0
on (¢ (Ons1min), @ (Onmax)) and (¢g*)” is uniformly bounded away from 0 on
(¢ (Onmax); @' (Onmin)), and since the parameter change g*(¢(6))/¢(6) is smooth,
the second derivative does not exist at 6, nax. The case 0, max < Ont1min = 0 is
analogous. Otherwise, § = 0,,,x, but again dim% K is constant on [f,,.x, 1) so the
same argument yields non-existence of the second derivative at 6,,,x.

Combining these two observations yields (ii) and (iii), and in particular that
every phase transition has either odd order or order 2. O
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Remark 8.6. It is straightforward to see that phase transitions of order 1 and order
2 already occur in many of the examples given later in this document. We sketch a
construction giving a phase transition of arbitrary odd order k > 3.

We consider a Gatzouras-Lalley carpet with three columns each of width 1/3,
the first of which contains only one map (with arbitrary height less than 1/3). Let
N € Nbe large and let B C R" denote the set of all N-tuples (by,...,by) with
0<b <1/3and b; + --- + by < 1. Note that to any pair (b, 13) € B x B there is
an attractor K = K (b, b’ ) where the second column has contraction ratios given
by b, and the third given by b. Fix b = b = b, for some arbitrary initial choice of
by whose entries are not all equal, let ¢,,i,, tmax be the values corresponding to the
carpet K (bg, by), and let ¢ satisfy

tmin < T < Tmax-

Exponentiating, we see that for any given d > 1, the functions ¢ and ¢ corre-
sponding to the non-trivial columns have the same d derivative at ¢ if and only
if

N

> ((log ;)b — (log b;)*(b:)") = 0.

i=1
Moreover, by the implicit function theorem, for typical choices of (b, by) and for
sufficiently large NN, the set of parameters in B x B for which at least the first
k derivatives match at ¢ is a non-trivial submanifold of B x B containing the
point (by, by). But given that the first k£ derivatives match, the parameters for
which the first k& + 1 derivatives match is a proper submanifold, so there must
exist parameters (b, b) arbitrarily close to (b, by) such that precisely the first k
derivatives of ¢ and v agree, but the next derivative does not.

Since the parameters ¢,,;, and ¢,,,x are continuous functions of (b, 5), and since
the sign of ¢ — ) must change at ¢ since k is odd, it follows that the function ¢
corresponding to the carpet K (b, b) must have a phase transition of order k at ¢.
Finally, since k£ > 3, g* is differentiable so the derivative of g* is the inverse of ¢'.
Since the reparameterization in terms of ¢ is smooth, it follows that dim% K (b, b)
has a phase transition of order k at ¢~(¢'(¢)).

If one instead chooses points ¢y, < 1 < -+ < t,, < lax, a similar argument
gives arbitrarily many phase transitions of arbitrary odd orders at least 3.

8.3 CONVEXITY AND CONCAVITY

As the final result of this section, we obtain some information concerning convexity
and concavity.

Corollary 8.7. The spectrum dimf} K is:
(i) Strictly convex on each interval (0, max, On+1,min) forn =1,...,m — 1 as well as
the interval (0, Oin);
(ii) Strictly concave on the interval (Omax — 0, Omax) for some § > 0 if and only if I,,, is
inhomogeneous; and
(iii) Constant on the interval [Oax, 1).
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In particular, if dim%, K is not constant, then dim®, K contains a non-trivial interval of
convexity, and if every column is inhomogeneous, then dim% K also contains a non-trivial
interval of concavity.

Proof. Cases (i) and (iii) follow directly from the piecewise formula for the
Assouad spectrum given in Corollary 8.3. The remaining case which requires
checking is (ii). If I,, is homogeneous, dim%, K is strictly convex in a neighbour-
hood to the left of 6,,,,x by (i).

Otherwise, assume that I, is inhomogeneous with corresponding column
Jj € n(Z). Writing ¢ = 7; and continuing the computation from the proof of
Corollary 8.4 with the same definitions of ' and ¢, forall § € I¢,

2

462 dim} K = F"(¢(0)) - (¢/(8))* + F'(4(6)) - 6" (6).
But F'(¢(fmax)) = 0 and

F(0ln)) = ¢" (_ as(e;m)) Sy % (‘ ¢(ellnax>) Sy <"

since we recall that ¢ is strictly concave so ¢ < 0, and ¢'(—1/¢(t;max)) = 0 where
Y (tmax) = ¢(Omax)- Thus, by continuity of the second derivative,

d2

for some ¢ > 0 and 0 € (Oax — 0, Omax), as claimed. O
Remark 8.8. For most of the examples we present in this document, the Assouad
spectrum is strictly concave on each non-trivial interval (6,, min, &n.max). However,
in §8.4.3, we construct an example with a non-trivial inhomogeneous column

and a non-trivial open sub-interval of (6, imin, &n,max) ON Which dimi K is strictly
convex.

8.4 EXAMPLES

Finally, we consider a few explicit examples to highlight the results in this section.

8.4.1 Homogeneous carpets

Consider the special case of Gatzouras-Lalley carpets whose columns are all
homogeneous, i.e. for each j € n(Z), there is a unique Bj 2 s0 that 3,5 = Bj2 for all
i € n7'(j). Recall from Lemma 8.2 that v, is the affine function

10gﬁj2
(1) = ks (t — 85 where K = =
Vi) =y - i) L log B

and we recall that s; is the dimension of column j. Hence, the function g(t)
is piecewise affine, so for any 6 € (0,1), ¢(8) € 9y(t,) for some n = 0,...,m.
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(A) Plot of the function g(¢).

" dim, K

~

(B) Plot of the Assouad spectrum.

FIGURE II.3: Plot of the Assouad spectrum corresponding to a system
with 4 homogeneous columns, 3 of which are non-trivial. The func-
tion g(t) is a minimum of affine lines, so the corresponding spectrum
dim{ K is a piecewise convex function. The slope of g;(t) corresponds
to the value 6;, for ¢ = 1, 2, 3. The dotted lines correspond to the concave
conjugates at each ¢; for i = 0, ..., 3, extended beyond the range given
by the corresponding affine lines.

Equivalently, 6,, := 0, min = 05 max foralln = 1,...,m, so case (ii) of Corollary 8.3
never occurs.

We can also derive an explicit formula for case (iii) of Corollary 8.3. Since ;
are affine for all j € n(Z), two functions ¢; and v; either have the same slope (in
which case one of them does not appear in the formula at all) or intersect at

; RiSi — KjS; ith val Gt ) ST 5
=== with value (tij) = —F————.

Bl ﬁi_/{l L 1/K1_1/Ki

Given the spectrum partition of the carpet, for every n = 1,...,m — 1, we have
tn=1; j » and we can express 0, as
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FIGURE II.4: Spectrum plot restricted to a small domain with a given
column being relevant on multiple intervals. Note that the values 61 yin
and 03 .« are not in the domain of this image.

To conclude, we obtain the formula

dim}y K = dimp n(K) + e MR PR PR (1 —1/Kmax) Sipis — 5,
* “n+1 In

=n “n+1

In particular, dim% K = dimgn(K) + s; . The spectrum dimf K is piecewise
convex with a point of non-differentiability at each 6,,. The number of such points
is bounded from above by the number of columns minus one, and this bound is
clearly optimal.

A plot of the function g and the Assouad spectrum for a system with four
columns (three of which are non-trivial) and three phase transitions is given in
Figure IL.3.

8.4.2 An example with three columns and six phase transitions

In this section, we provide an explicit example of a Gatzouras-Lalley system with
6 phase transitions, each of order 2. Define maps

Tia(x,y) = (0.1-2,0.05-y)

Tyi1(z,y) = (0.4 -2+ 0.2,0.00001 - y) Too(x,y) = (0.4-2+40.2,0.39 -y + 0.61)
T51(x,y) = (0.31 -2 4 0.69,0.000177 - y) T3:1(x,y) = (0.31- 24 0.69,0.2 -y + 0.8)
This is a system with three columns, consisting of a single map 7} ; in the first
column, maps 751 and 75, in the second, and 7% ; and T3 5 in the third. This system

has the following properties, which can be determined by a straightforward (albeit
tedious!) computation:
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(A) Plot of the function g(¢).
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(B) Plot of the Assouad spectrum.

FIGURE I1.5: Plot of the Assouad spectrum which has a convex part in
the interval (61 min, 01.max)- Note that the spectrum is differentiable on
(0,1), including at 1 yax.

1. The spectrum partition has three parts I;, I, and I3 where the second column
dominates on the parts /; and /3 and the third column dominates on part /5.
2. The Assouad spectrum has six phase transitions.
A plot of the Assouad spectrum on a restricted domain is given in Figure I1.4.

8.4.3 Inhomogeneous column with corresponding part convex

The Assouad spectrum corresponding to case (ii) of Corollary 8.3 is often concave;
in particular, this is the case for the other examples given above. However, this
is not necessarily the case in general. To give an explicit example, we consider
an IFS consisting of two columns. The first column consists of the single map
Ti1(x,y) = (42/5,y/1000). The second column has maps

TgJ(l’,y) = (m/5vbjy) + (4/57t]) for ] = 17 .- 752

where b; = by = 19/100 and b3 = - - - = bs; = 107?°, and the t; are chosen so that
the IFS is a Gatzouras-Lalley carpet.

The convexity of the Assouad spectrum on a non-trivial open sub-interval of
(01 min, 01,max) can be easily (albeit tediously) verified using the parametric formula
(8.3). A plot of the Assouad spectrum is given in Figure II.5.
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III. Pointwise Assouad dimension

One of the most fundamental concepts at the intersection of analysis and geometry
is the notion of a tangent. For sets exhibiting a high degree of local regularity—
such as manifolds, or rectifiable sets—at almost every point in the set and at all
sufficiently high resolutions, the set looks essentially linear. Moreover, the concept
of a tangent is particularly relevant in the study of a different class of sets: those
equipped with some form of dynamical invariance. This relationship originates
in the pioneering work of Furstenberg, where one associates to a set a certain
dynamical system of “zooming in”. Especially in the past two decades, the study
of tangent measures has played an important role in the resolution of a number
of long-standing problems concerning sets which look essentially the same at all
small scales; see, for example, [ ; ; ; ; ].

In contrast, (weak) tangents also play an important role in the geometry of
metric spaces. We recall from Proposition 1.1 that the Assouad dimension, which
bounds the worst-case scaling at all locations and all small scales, is precisely the
maximal Hausdorff dimension of weak tangents. Tangents and weak tangents are
introduced in §1.5.

In this section, we study the interrelated concepts of tangents and Assouad
dimension, with an emphasis on sets with a weak form of dynamical invariance.
Our motivating examples include attractors of iterated function systems where the
maps are affinities (or even more generally bi-Lipschitz contractions); or the maps
are conformal and there are substantial overlaps. In both of these situations, the
sets exhibit a large amount of local inhomogeneity. As we will see, these classes of
sets exhibits a rich variety of behaviour while still retaining some fundamental
properties.

Motivated by the relationship between the Assouad dimension and weak
tangents described in Proposition 1.1, our primary questions relevant for the
pointwise Assouad dimension and tangents are as follows:

* Does it hold that dimy (K, z) = max{dimy F' : F' € Tan(K,z)}?

¢ Is there necessarily an 2z, € K so that dimy K = dimy F' for some F' €

Tan(K, x¢)? If not, is there an zy € K so that dimy K = dimy (K, x)?

* What is the structure of the level set of pointwise Assouad dimension {z €

K : dimy (K, z) = o} for some a > 0?
A particular emphasis will be given sets satisfying some form of dynamical in-
variance, such as overlapping self-similar sets and self-affine sets. A study of
general dynamically invariant sets (through a weak assumption which we call
self-embeddability) can be found in §10. In that section, we will prove essentially
that any attractor of a strictly contracting bi-Lipschitz IFS must contain at least
one tangent with Hausdorff dimension equal to the Assouad dimension of the
underlying set, and attractors of self-conformal IFSs must contain many such
tangents. Here, the IFSs are not required to satisfy any separation conditions.

We then turn our attention to an intermediate class of sets: namely planar
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self-affine carpets. For Gatzouras-Lalley carpets, we obtain precise information
about tangents which, in particular, shows that points with tangents that are as
large as possible are very abundant (see §11). However, already for Bararski
carpets, we see that more complex behaviour is possible §12.

9 BASIC PROPERTIES OF THE POINTWISE ASSOUAD
DIMENSION

In this section, we provide a broad introduction to the pointwise Assouad dimension
and establish some basic results for general sets.

9.1 LEVEL SETS AND MEASURABILITY

We now make some observations concerning the multifractal properties of the
function x — dimy (K, z). In particular, we are interested in the following quanti-
ties:

V(K,a)={x € K :dimy(K,z) = o} and (o) = dimg V(K ).

We use the convention that dimy @ = —oo. Observe that ¢ is a bi-Lipschitz
invariant.

Given a compact set K C R’ we let N°(K) denote the minimal number of
open sets with diameter r required to cover K, and NP**(K) denote the size of a
maximal centred packing of K by closed balls with radius r. Then, for 0 < r; <y,
we write

N7 (K@) = N (B(z,m2) N K)

Nop o (K, ) = NP*K(B°(,m5) N K)
The following lemma is standard.

Lemma9.1. Fix 0 < r; < ry. Then:
(i) N2, : K(RY) x R — [0, d] is lower semicontinuous.

1,72 "

(ii) Ny K(RY) x R — [0, d] is upper semicontinuous.

We can use this lemma to establish the following fundamental measurability
results.

Proposition 9.2. The following measurability properties hold:
(i) For a fixed compact set K and t > 0, the set {x : dima (K, x) > s} isa Gy set.
(ii) The function (K, x) — dim (K, x) is Baire class 2.
(iii) A(K, o) is Borel for any compact set K.

Proof. Since R? is doubling,

dimy (K, ) :inf{s 30 >03IM eNVM < k<n

Nyl ) < 02001,
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Equivalently, we may use N . in place of \,, ,,. In particular,

1,72
{(K,z) : dima (K, x) >S}—ﬂﬂUU o-no-k) “L(C20Ps | o)
C=1 M=1k=M n=k
isa G set. Thus {z : dima (K, x) > s} is also a G set, so
{z :dimp(K,z) >t} = ﬂ{m cdima (K, x) >t —1/n}
n=1

is also a G set, as claimed in (i).
Moreover,

{(K,z) - dims(K,2) <t} = | UﬂﬂNznzk (—00, C2=k)t)

CeQN(0,00) M=1 k=M n=k

Thus {(K,z) : dima (K, z) € (s,t)} is a Gs,-set, i.e. it is a countable union of sets
expressible as a countable intersection of open sets, so dim, is Baire class 2.

Of course, the same argument also show that = — dimy (K, ) is Baire class 2
for a fixed compact set K, so that A(K, «) is G, and, in particular, Borel. O
9.2 TANGENTS AND POINTWISE DIMENSIONS OF GENERAL SETS

We first observe that upper box dimensions of tangents provide a lower bound for
the pointwise Assouad dimension.

Proposition 9.3. For any compact set K C R* and v € K, dims (K, ) > dimg F for
any F € Tan(K, z).

_ Proof. Let o > dima (K, z) and suppose F' € Tan(K,z): we will show that
dimp F' < a. First, get C > 0 such that foreach0 <r < R <1,

R\«
< — ] .
N,(B(z,R) N K) < c( : )
Let 0 > 0 be arbitrary, and get a similarity 7" with similarity ratio A such that

T(xz) =0and
du(T(K)N B(0,1), F) <.

Then there is a uniform constant // > 0 so that

M - Ns(F) < N5(T(K) N B(0,1)) = Nsx(K 0 Bz, \)) < c(%)a — o5,
In other words, dimg F < a. O
One should not expect equality to hold in general: in Example 9.10, we construct
an example of a compact set X' C R and a point x € K so that dims (K, z) = 1 but

every F' € Tan(K, z) consists of at most 2 points.
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We now establish some general results on the existence of tangents for general
sets. These results will also play an important technical role in the following
sections: for many of our applications, it is not enough to have positive Hausdorff
a-measure for o = dimy K, since in general Hausdorff a-measure does not interact
well with the Hausdorff metric on K(B(0,1)).

We begin with a straightforward preliminary lemma which is proven, for
example, in [ , Lemma 3.11].

Lemma 9.4. Let K C R” be compact. Then Tan(Tan(K)) C Tan(K).

Proof. First suppose £ € Tan(K) and F' € Tan(E). Write £ = lim,, .o T5,(K) N
B(0,1) and F' = lim,,_,» S, (E£)NB(0, 1) for some sequences of similarities (7;,) and
(S,) with similarity ratios diverging to infinity. For each € > 0, let IV be sufficiently
large so that

dH(SN(E) N B(Ov 1)’F) S

DO ™

Suppose Sy has similarity ratio Ay, and let M be sufficiently large so that

dy (T (K)N B(0,1), E) < Pn

It follows that

But € > 0 was arbitrary, as required. d

Now, given a set with positive and finite Hausdorff measure, we can always
find a tangent with large Hausdorff content.

Lemma 9.5. Let K C R? be a compact set with 0 < H*(K) < oo. Then for H*-almost
every v € K, thereis an F' € Tan(K, x) such that HS (F') > 1.

Proof. By the same proof as [ , Theorem 6.2], for H*-almost every = € K,
there is a sequence of scales (7,)22, converging to zero such that

1 < lim 7, *HS (B(z,m) N K).

n—so0
Then

HE (r (K —2) N B(0,1)) =, *He (B(z,r,) N K) nos
But Hausdorff a-content is upper semicontinuous (see, e.g. [ , Theorem 2.1]),

so passing to a subsequence if necessary,

F = lim (r, (K — 2) N B(0,1))

n—o0

satisfies HS (F') > 1. O

Of course, we can combine the previous two results to obtain the following
improvement of Proposition 1.1.
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Corollary 9.6. Let K be a compact set with dima K = «. Then there is a weak tangent
F € Tan(K) with HS(F) > 1.

Proof. By Proposition 1.1, there is E' € Tan(K) such that H*(E) > 0. By [ ,
Theorem 4.10], there is a compact £’ C E such that 0 < H*(E’) < oo. Then
by Lemma 9.5, there is F’ € Tan(E') with H% (F’) > 1. But F' C F for some
F € Tan(E), and by Lemma 9.4, F' € Tan(K) with H (F') > HE(F') > 1. O

The above results allow us to guarantee points with somewhat large tangents
or large pointwise Assouad dimension.

Proposition 9.7. Let i C R%. Then:

(i) If K is analytic, for any s such that H*(K) > 0, there is a compact set E C K
with H*(E) > 0 so that for each v € E, there is a tangent F' € Tan(K, z) with
He(F) > 1.

(ii) If K is compact, there is an x € K such that dimy (K, z) > dimp K.

Proof. The proof of (i) follows directly from Lemma 9.5, recalling that we can
always find a compact subset £ C K such that 0 < #*(E) < oo (combine [ ,
Theorem 8.19] and | , Corollary B.2.4]).

We now see (ii). Let dimg K = t. We first observe that for any r > 0, there is an
z € K so that dimg B(z,7) N K = t. In particular, we may inductively construct a
nested sequence of balls B(xy, ) with limy_,o, 7 = 0 so that dimg KNB(xg, 1) =t
for all £ € N. Since K is compact, take x = limy_,, 2, € K. We verify that
dimy (K, z) > t. Let C > 0 and p > 0 be arbitrary. Since the z; converge to z and
the r, converge to 0, get some k so that B(xy, ;) C B(z, p). Thus for all ¢ > 0 and

r > 0 sufficiently small depending on ¢ and p, since dimg K N B(zy, 1) =1,

N(B(r,p) N K) 2 No(Blawr) N K) > 0 ()7

r

Thus dimy (K, z) > t. O

Remark 9.8. Note that compactness is essential in Proposition 9.7 (ii) since there
are sets with dimg K = 1 but every point is isolated: consider, for instance, the set
E ={(logn)™':n=2,3,...}. Inthis case, E = E U {0} and dims (F, 0) = 1. This
example also shows that (ii) can hold with exactly 1 point.

To summarize, by Proposition 9.3, we have the inequalities
sup{dimg F : F € Tan(K,z)} < dimp(K,z) < dimy K

for all € K and, by Proposition 9.7 (ii), there is always an z € K so that
dimg K < dima (K, z). However, in general one cannot hope for more than this:
an example in [ ] already has the property that X C R such that dimy K =1
but dims (K, x) = 0 for all x € K (see Example 9.9 for more detail); and moreover,
in Example 9.10, we construct a compact set K C R with a point # € K so that
dima (K, x) = 1 but each F' € Tan(K, =) consists of at most two points.
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9.3 EXAMPLES EXHIBITING SHARPNESS

Finally, we construct some general examples which go some way to showing that
the results for general sets given in this section are sharp.

Example 9.9. In general, the Assouad dimension can only be characterized by
weak tangents rather than by tangents. For example, consider the set K from
[ , Example 2.20], defined by

K={0yu{2"+u"*:keNe{01,...,k}}

Since K contains arithmetic progressions of length k for all £ € N, dimy K =
1. However, dima (K, z) = 0 for all z € K and, therefore, by Proposition 9.3,
dimy F = 0forall F € Tan(K,z) and z € K.

Example 9.10. We give an example of a compact set K and a point z € K so that
dima (K, z) = 1 but each F' € Tan(K, =) consists of at most finitely many points.

Set a;, = 4% and observe that kapy1/ar < 1/k. For each k € N, write (;, =
2% /k| and set

e}

ok — g 2k g —1
K:{O}UU{CLk ok , Qg ok ,...,ak}
k=1

and consider the point z = 0. First observe for all ¢ > 0 and all % sufficiently small
depending on ¢,

12
NQ—k,ak (B(O, ak) N K) > Ek > 2(1—£)k

which gives that dimy (K,0) = 1.
On the other hand, for k € N,

a,' K N B(0,1) C [0, agy1/ax] U[1/k,1].

Since kayi1/ar < 1/k, it follows that for any A > 1 and AK N B(0, 1) can be
contained in a union of two intervals with arbitrarily small length as A diverges to
oo. Thus any tangent F' € Tan(X, 0) consists of at most 2 points.

10 TANGENTS OF DYNAMICALLY INVARIANT SETS

10.1 INVARIANCE AND SELF-EMBEDDABILITY

In §9.2, we established some general results concerning the pointwise Assouad
dimension but we saw that for general sets we could not say much. However,
many commonly studied families of “fractal” sets have a form of dynamical
invariance, which is far from the case for general sets. To this end, we make the
following definition.

Definition 10.1. We say that a compact set K is self-embeddable if for each z € K
and 0 < r < diam K, there is a constant a = a(z,r) > 0 and a function f: K —
B(z,r) N K so that

arlz —y| < |f(z) = f(W)] < a”'rlz—yl. (10.1)
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for all x,y € K. We say that K is uniformly self-embeddable if the constant a(z,r)
can be chosen independently of z and r.

The class of self-embeddable sets is very broad and includes, for example, attrac-
tors of every possibly overlapping iterated function system { f; };cz, where Z is a
finite index set and f; is a strictly contracting bi-Lipschitz map from R to R".

The class of uniformly self-embeddable sets includes the attractors of finite
overlapping self-conformal iterated function systems. It is perhaps useful to
compare uniform self-embeddability with quasi self-similarity, as introduced by
Falconer [ ]. Our assumption is somewhat stronger since we also require the
upper bound to hold in (10.1). This assumption is critical to our work since, in
general, maps satisfying only the lower bound can decrease Assouad dimension.
We also note that uniform self-embeddability is the primary assumption in [ p
Theorem 2.1].

Within this general class of sets, we establish general results which guaran-
tee the existence of at least one large tangent under self-embeddability, and an
abundance of tangents under uniform self-embeddability.

We recall from Example 9.10 and Example 9.9 that the Assouad dimension
of K need not be attained as the Assouad dimension of a point, and even the
Assouad dimension at a point need not be attained as the upper box dimension of
a tangent at that point.

10.2 SELF-EMBEDDABLE SETS HAVE TANGENTS OF MAXIMAL DIMENSION

For self-embeddable sets, we can prove directly that the Assouad dimension of K
is attained as the Hausdorff dimension of a tangent. In fact, the tangent can be
chosen to have positive H*-measure for a = dim, K. Moreover, the set of points
with maximal pointwise Assouad dimension is a subset of full packing dimension.
However, we will see in Theorem 12.5 that a similar result does not hold with
Hausdorff dimension in place of packing dimension.

Theorem 10.2. Let K C R? be compact and self-embeddable with o = dimp K. Then
there is a dense set of points x € K for which there exist F' € Tan(K,x) such that
HE(F) > 27, In particular,

dimp{z € K : dimp (K, z) = dimy K} = dimp K.

Proof. We first note that it suffices to construct a single point x such that
HS(F) > 2. By self-embeddability and since dim (K, z) = dima (f(K), f(2))
for a bi-Lipschitz map f, this immediately yields a dense subset of such points.
Moreover, recalling Proposition 9.2 (i), since dim (K, z) < dimy K forall z € K,
{z € K : dimy(K,z) = dimp K} is a dense G; subset of K and therefore has
packing dimension equal to the packing dimension of K (see, for instance, [ ,
Proposition 2.9]).

It therefore remains to construct such a point. Begin with an arbitrary ball
B(x1,m) with z; € K and 0 < r; < 1. Since K is self-embeddable, get a bi-
Lipschitz map fi: K — K N B(zy,r;). Since dimy f1(K) = «, by Corollary 9.6
there is a weak tangent F; of fi(K) such that HS (Fy) > 1. Since F; is a weak
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tangent of f;(K), there is a similarity 7} with similarity ratio A\; > 1 such that
0 € T (K) and

Then choose 7, € K and r, < 1/2 so that B(zq,75) C T, *B°(0,1).

Repeating the above construction, next with the ball B(xz,r;), and iterating,
we obtain a sequence of similarity maps (75,);2 , each with similarity ratio A, > n,
bi-Lipschitz maps f,,, and compact sets F;, such that

1. T,.),B(0,1) C T,,' B(0, 1),

2. dy(To(fu(K)) N B(0,1), F,) <

3. Ho(F,) > 1.
Let z = lim,_, 7, *(0) and note by 1 that = € T,; ' B(0,1) for all n € N. Let h,, be a
similarity with similarity ratio 1/2 such that

,and

S|

w2 () = ) A B0, 1), ha(F)) < =

Observe that HE (h,(F},)) > 2~*. Thus passing to a subsequence if necessary, since
fn(K) C K, we may set

Fy = lim ﬁ(fn(K)—x)ﬂB(O,l) and F = lim &(K—x)ﬂB(O,l),
and observe that [, C F. Again passing to a subsequence if necessary, by compact-
ness of the orthogonal group, 2 and the triangle inequality, there is an isometry
h so that lim,,_, h o h,(F,) = F,. Thus by upper semicontinuity of Hausdorff
content,

HO(F) > HO(Fy) > Tim HO(ho hy(F)) = 27°

n—oo

as required. O

We recall from Proposition 9.7 (ii) that, for a general compact set K, the upper box
dimension of K provides a lower bound for the pointwise Assouad dimension
at some point. For self-embeddable sets, we observe that the upper box dimen-
sion provides a uniform lower bound for the pointwise Assouad dimension at
every point. On the other hand, the upper box dimension does not lower bound
the maximal dimension of a tangent. For an example of this phenomenon, see
Theorem 11.8.

Proposition 10.3. Let K C R? be self-embeddable. Then for any x € K, we have
dimy (K, z) > dimg K.

Proof. Fix a < dimg K and z € K. Let C > 0 and p > 0 be arbitrary. Since
K is self-embeddable, there is some bi-Lipschitz map f: K — B(z,p) so that
f(K) C K. Since dimg f(K) > «, there is some 0 < r < p so that
p «
No(B(x.p) N K) > N,(f(K)) = O(2)"

Since C' > 0 and p > 0 were arbitrary, dimy (K, z) > «, as required. O
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10.3 UNIFORMLY SELF-EMBEDDABLE SETS HAVE MANY TANGENTS OF
MAXIMAL DIMENSION

Now assuming uniform self-embeddability, we will see that the set of points
with tangents that have positive H“-measure has full Hausdorff dimension for
a = dimy K. Since uniformly self-embeddable sets satisfy the hypotheses of ,
Theorem 4], it always holds that dimg K = dimy K (see also [ , Theorem 2.10]).
On the other hand, it can happen in this class of sets that dimg K < «: for example,
this is the situation for self-similar sets in R with dimg K < 1 which fail the weak
separation condition; see [ , Theorem 1.3]. We provide a subset of full
Hausdorff dimension for which each point has a tangent with positive Hausdorff
a-measure.

The idea of the proof is essentially as follows. Let F' be a weak tangent
for K with strictly positive Hausdorff a-content. For each s < dimg K, using
the implicit method of [ , Theorem 4], we can construct a well-distributed
set of N balls at resolution J, where 6~° < N. Then, inside each ball, using
uniform self-embeddability, we can map an image of an approximate tangent
T;'(B(0,1)) N K ~ F where Tj has similarity ratio \. Choosing N to be large,
the resulting collection of images of the approximate tangent F' is again a family
of well-distributed balls at resolution \~'4, with (A\~10)~* ~ N. Repeating this
construction along a sequence of tangents converging to I’ yields a set ¥ with
dimy £ > s such that each z € E has a tangent which is an image of F' (up to
some negligible distortion), which has positive Hausdorff a-content by upper
semicontinuity of content.

We fix a compact set K. To simplify notation, we say that a function f: K — K
isinG(z,7,¢) for z € K and ¢,r > 01if f(K) C B(z,r) and

crle —yl < |f(2) = fW)| < ¢ Hrlz —y
forall z,y € K.

Theorem 10.4. Let K C R* be uniformly self-embeddable and let o = dimp K. Then
dimp{z € K : 3F € Tan(K, r) with H (F) > 1} = dimy K = dimg K.

Proof. Write o = dimy K. If dimg K = 0 we are done; otherwise, let 0 < s <
dimp K be arbitrary. Since K is uniformly self-embeddable, there is a constant
a € (0,1) so that for each z € K and 0 < r < diam K there isamap f € G(z,7,a).
Next, from Corollary 9.6, there is a compact set F* C B(0, 1) with H% (F) > 1 and
a sequence of similarities (7});2 , with similarity ratios (\x)72, such that

F = lim T(K) N B(0,1)
k—o0

with respect to the Hausdorff metric. Set Q) = T,,'(B(0,1)) N K. We will construct
a Cantor set £ C K of points each of which has pointwise Assouad dimension at
least o and has dimyg £ > s.

We begin with a preliminary construction. First, since s < dimg K, there is
some 79 > 0 and a collection of points {y; ZN:ol C K such that |y; — y;| > 3r( for
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all i # j and Ny > 2°a~*r;®. Now for each i, take a map ¢; € G(y;, o, a). Write
Z=A1,...,No},and for i = (iy,...,i,) € I" set

¢;s = ¢, 0+ 0Py,

and, having fixed some z, € K, write x; = ¢:(xo) € ¢:(K). Observe that if the
maximal length of a common prefix of i and j is m, then

dist(¢s (K), ¢5(K)) = ro(aro)™.

We now begin our inductive construction. Without loss of generality, we may
assume that \,, > 12 forall n € Nand ry < 1. First, for each n € N, define constants
(my)52, € {0} UNand (p,)22, converging monotonically to zero from above by
the rules

2, \—1
1 9-mn < a‘ro,

4

2. po = diam K, anld
3. P = pPai- M_
Next, for n € NU{0} we inductively choose points y,; € K and maps V,,; €
G(Ynis pn,a) for i € I™ x --- x I™. Let @ denote the empty word and let
Yo, € K be arbitrary and let ¥ ,, denote the identity map. Then for each k = 1j
withi € Z™ x ... xI™ 1 and j € I™", sequentially choose:

4. Yoy € G(V,_1:(x5), pprnat, a)

5. Ynx = 77ZJn,k © Tnil(o)

6. Vyx € G(Ynxs Pn, @)
Finally, write Jy = {@}, J,, =Z"™ X --- x I for n € N, and let

E,= | Bnis:30n) and E=Kn ﬁ E,.

i€eJdn n=1

Suppose i € J,—1 and j € I"". Since x5 € K, V,_1:(K) C B(Yn-1,1, Pn—1), and
Ynij € Uni3(K) C B(V,_1,1(25), pn), we conclude since p,,_; > 3p,, that

B(yn,ija 3Pn> C B(yn—l,ia 3pn—1)'

Moreover, Ynij € K, so the sets E,, are non-empty nested compact sets and
therefore E is non-empty.

We next observe the following fundamental separation properties of the balls
in the construction of the sets E,. Let n € N and suppose j; # j» in Z™" and
i€ Jy-1 (writing Jo = {@}). Suppose j; and j; have a common prefix of maximal
length m. First recall that |z, — z3,| > 79(arg)™, so that

Wo14(25,) = Cnor5(255) ] > pri(are)™ .
Then, since for j = 1,2

Pn—l(aro)m">

Ynij; € Ungij, (K) C B(\Ijn—lﬁi<xjj>’ 3
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we observe that

m+l 2:011*1(6”“0)”1" > /)nfl(ar())m—i_l

3 - 3

‘yn,ijl - yn,ijz‘ 2 Pn—l(m’o)

Since we assumed that \,, > 12, by the triangle inequality

Pnfl<mﬁ0)m+1

3

' Pn_1(ar m+1
dist (B(yn,ijla 3pn)7 B(yn,ijza 3pn)) Z - 6pn Z % (102)
We first show that dimy £/ > s. By the method of repeated subdivision, define

a Borel probability measure ;¢ with supp 4 = E' and for i € 7,,,

1
#Tn
Now suppose U is an arbitrary open set with U N E # @. Intending to use the

mass distribution principle, we estimate ;(U). Assuming that U has sufficiently
small diameter, let n € N be maximal so that

(B (Yn,i,3pn) N K) =

71>\ Mn
diam U < a 5 nlon:%

By (10.2), there is a unique i € J, such that U N B(y, 1, 3p,) # @. We first recall
by choice of the constants m,, that

= (diam K) - @’ TO )\ 1 ../\_1 arg mi+-Fmy
( — -

> (diam K)2~(mattma) (g ymit-tmn

There are two cases. First assume p,, /6 < diam U. Thus

1 3(m1+"'+mn)
w(U) § < (2ar0> < (diam K)"*p;,
<
- <d1am K) (diam U)*.

Otherwise, let k € {0,...,m,,1 — 1} be so that

k+1 k
o0 i o)

By (10.2), U intersects at most N(’)”"*k balls B(yn+1.w, 3pn+1) for w € J,11, so since
2—sk S 1’

1
pU) < g < (diam K) 7", - (27 (aro))*
n 0
k+1

= <ar0d16amK>s. (pn(ag)) )s

< <m>s . (diam U)S.
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This treats all possible small values of diam U, so there is a constant // > 0 such
that u(U) < M(diam U)®. Thus dimy £ > s by the mass distribution principle.
Now fix
C=@B+a?)™

We will show that each z € E has a tangent with Hausdorff a-content at least C.

Let z € FE and define
T —2z

)

Our tangent will be an accumulation point of the sequence (S,,(K) N B(0,1))>,.

Now fix n € N. Since z € E, there is some w € J, so that z € B(y,,3p»). By
choice of Y, Qn = B(¢,, L (Ynw), Ayt) N K so that

Unw(Qn) € B(Ynw, pna ?) N K C Bz, pu(3+a72)) N K
and therefore, writing ®,, = S,, 0 ¢, , 0 T, 1,
O, (T,(K) N B(0,1)) € S,(K)N B(0,1).

Then for z,y € T,,(K) N B(0, 1), by the choice of + in (4),

B [z —y|
< |®, - o, < — 10.3
3+a2 (z) W)l a?(3+a=2) (10.3)

Now, passing to a subsequence (n;)7>,, we can ensure that

lim @, (F) =%, and  lim S, (K)NB(0,1) = Z.

k—o00 k—o00

Moreover, recall that limy,_,. 7;,, (K) N B(0,1) = F and H% (F) > 1. Observe by
(10.3) that HZ (P, (F')) > C for each k, so by upper semicontinuity of Hausdorff
content, H% (Zy) > C. But again by (10.3),

dH(F7 Tnk(K> A B(07 1))

d (Zo, P, (T, (K) N B(0,1))) < dyy(Zo, @y, (F)) + 2B+ a?)

soin fact Zy C Z and HZ (Z) > C, as claimed. d

Remark 10.5. We note that the upper distortion bound in the definition of uni-
form self-embeddability is used only at the very last step to guarantee that the
images @, (T, (K)NB(0, 1)) converge to a large set whenever the 7,,, (K)N B(0,1)
converge to a large set.

Remark 10.6. As a special case of Theorem 10.4, suppose K is the attractor of a
finite self-similar IFS in the real line with Hausdorff dimension s < 1. In this case
there is a dichotomy: either H*(K) > 0, in which case K is Ahlfors-David regular,
or dimy K = 1. In particular, the conclusion cannot be improved in general to give
a set with positive Hausdorff s-measure.
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11 TANGENT STRUCTURE AND DIMENSION OF
GATZOURAS-LALLEY CARPETS

Our main goal in this section is to establish the following theorem, which states
that Gatzouras—Lalley carpets have an abundance of large tangents. Recall for
z € R? that /, is the vertical line passing through z.

Theorem 11.1. Let K be a Gatzouras—Lalley carpet. Then
HIm K ({7 € K @ dimy (K, 2) # dima K}) = 0.
On the other hand, for any dimp K < o < dimy K,
dimpg{zr € K : dimy (K, z) = a} = dimyg K.

Moreover, if n(K) satisfies the SSC, then for any x € K,
(i) max{dimyg F': F' € Tan(K,z)} = dimg n(K) + dims {, N K,
(ii) dima (K, z) = max{dimp K, dimp n(K) + dimy £, N K}.

Of course, if a ¢ [dimp K, dimy K], then {x € K : dimy (K, z) = o} = @. It follows
immediately from Theorem 11.1 that

dima (K, ) = max{dimyg F' : F € Tan(K,z)}

if and only if dimy ¢, N K > dimg K — dimgn(K). Moreover, if s = dimyg K,
then #°(K') > 0 and furthermore #*(K) < oo if and only if K is Ahlfors-David
regular (see [ 1), in which case the results are trivial. We thus see that the
majority of points, from the perspective of Hausdorff s-measure, have tangents
with Hausdorff dimension attaining the Assouad dimension of K. However, we
still have an abundance of points with pointwise Assouad dimension giving any
other reasonable value.

The proof of Theorem 11.1 is obtained by combining Theorem 11.8 and Theo-
rem 11.10. The dimensional results given in (i) and (ii) exhibit a precise version of
a well-known phenomenon: at small scales, properly self-affine sets and measures
look like products of the projection with slices. Note that, in order to obtain (i) and
(ii), the strong separation condition in the projection is required or the pointwise
Assouad dimension could be incorrect along sequences which are “arbitrarily
close together at small scales”. The formula holds for more general Gatzouras—
Lalley carpets if one restricts attention to points where this does not happen (see
Definition 11.2).

11.1 REGULAR POINTS AND INTERIOR WORDS

One difficulty with establishing pointwise results for dimensions is that, especially
for carpets with “adjacent” columns, it can happen that a purely symbolic quantity
depending only on the coding of a point loses some geometric information when
a corresponding metric ball centred at the point contains different points with
substantially different coding.

To avoid this issue, we introduce the notion of a regular point and an interior
word.
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Definition 11.2. We say that a point = € K is reqular if for each r € (0, 1), there is
an i € Z* with ; ; < rsuch that B(n(x),r) Nn(K) C Si1(n(K)). Given i € Z*, we
say that i is an interior word if S; 1([0,1]) C (0,1). We let B,, C Z" denote the set of
interior words of length n.

The following lemma is standard. Here, and elsewhere, given an n € N and
Y C I", we embed YN in Q in the natural way. We will abuse notation and
interchangeably refer to elements in the subsystem or in the full system.

Lemma 11.3. Let K be a Gatzouras—Lalley carpet.
(i) If n(K) satisfies the SSC, then each x € K is regular.
(it) Suppose v € BY for some n € N. Then w(vy) is regular.

We can now guarantee the existence of large subsystems consisting only of regular
points. This result is essentially [ , Lemma 4.3].

Proposition 11.4 ([ D. Let K be a Gatzouras—Lalley carpet corresponding to the
IFS {T;};cz. Then for every € > 0, there is an n € N and a family J C I" so that the IFS
{T5 : j € J} with attractor K. satisfies the following conditions:
(i) each i € J is an interior word,

(ll) dlmH K€ Z dlmHK — g,

(iii) dimgn(K.) > dimgn(K) — ¢, and

(iv) there are 0 < py < p1 < 1so that B;1 = p1and ;o = ps for all 1 € T and each

column has the same number of maps.

In particular, each x € K. is a reqular point with respect to the IFS {T;},cr and
dimA Ks = lelH KE = lelL Kg.

Proof. First, if K is contained in a vertical line, then K is the attractor of a
self-similar IFS in R and the result is substantially easier. Now applying [ ,
Lemma 4.3], there exists a family 7, C Z"° with attractor K| satisfying conditions
(ii), (iii), and (iv). By condition (iv), thereisat € Rso thatt(i) =t forall i € Jj.
Therefore

dimy Ko = dimgn(K) + ¢

and since K is not contained in a vertical line, we may assume that dimg 7( %) > 0.

Since 7(K)) is the attractor of a self-similar IFS, iterating 7, if necessary and
removing the maps in the first and last column, obtain a family J C J;' with
corresponding attractor K. such that t(j) = ¢ for any j € J, and dimgn(K.) >
dimp n(K') — e. Since words which correspond to rectangles that do not lie in the
tirst or last column are necessarily interior words, combining this construction
with Lemma 11.3 provides a family 7 satisfying the desired properties. O

11.2 TANGENTS OF GATZOURAS-LALLEY CARPETS

It turns out that the pointwise Assouad dimension at x = 7 (7) is closely related
to the Assouad dimension of the symbolic fibre K. In this section, we make
this notion precise, and moreover use it to construct large tangents for Gatzouras—
Lalley carpets.

In our main result in this section, we prove that approximate squares con-
taining a fixed word v € Q converge in Hausdorff distance to product sets of
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weak tangents of K, with the projection (K’), up to some finite distortion and
contributions from adjacent approximate squares. First, we define

Py (z,y) = (SilLka (z), 5%1,2 (y)) .

By choice of Lj(7), the maps ®; , are (up to some constant-size distortion) homo-
theties. One can think of ®; ., as mapping the approximate square 7(Q(7)) to the
unit square [0, 1]2.

Proposition 11.5. Let K be a Gatzouras—Lalley carpet and let v € € be arbitrary.
Suppose (i), is any sequence such that n(i,) = n(~v1,,). Then

Yz (U(K) X (Si_nl,2(Kn('y)> M [07 1])§ Cbnw(K) N [Oa 1]2) 5 cr (11.1)

where C' = max{ﬁ i€ I} € (0,1). Moreover, suppose v is regular. Then for any
v € Qand F € Tan(K, w(v)), there is an E € Tan(K, ) and a similarity map h so that
h(F) C n(K) x E.

Proof. We first prove that

dy (U(K) X (Si_nl,Q(Kn(’Y)) N [O’ 1])a (I)nry(ﬂ(Qn('V)))) NS

Fix n € N and write k = L, (). Let Q.(v) = ( ., j) and enumerate n71(j) =
{j1,...,3n} C ZF " Observe that n(T},(K)) = (K) does not depend on the
choice of i = 1,...,m. Now &, (7 ; (K )) is contamed in the rectangle n(K) x
Si,.2(K). Moreover, the rectangle n(K ) x S5, 2(K) has height < C™. Therefore

d?-t <77<K) X U Sji72([07 1])a ®H7V(Qn(7)>> S cr. (11-2)

But approximating the set S;, »([0, 1]) N K, at level n with cylinders at level
k = L, (v), using the fact that n(i,) = n(71,,),

dy (Si_n172<K77(’Y)) N [07 1]7 U szﬂ([o? 1])) 5 c". (11-3)

i=1

Combining (11.2) and (11.3) gives the claim. In particular, noting that @),,(y) C K

and @,,,(Q. (7)) C [0,1]* gives (11.1).
Now suppose in addition that z = 7 (v) is regular and let » > 0 be arbitrary.
Since x is regular, there is an n € Nwithr < 3, ; < r such that

J4
B(z,r)nK C | Ty, (K
j=1
where

{i1,..., i} ={i€I":n(i) =n(v1,) and T3 (K) N B(z,r) # }.
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Now exactly as before, each rectangle T} ,(K') has width ~ r and height < »C™".
Therefore identifying € K with the analogous point x € K, there is a simi-
larity map h, with contraction ratio in some interval [1, | for a fixed ¢ depending
only on the IFS so that

pr (r (K = 2) N B(0, 1) by (n(K)) x 17} (Koy(y) — 7)) S O™

Now suppose F' € Tan(K, z) so that F' = lim,, o, r,,* (K — z) N B(0, 1). Passing to
a subsequence, we may assume that the &, have contraction ratios converging to
some ro > 1. Thus passing again to a subsequence, let Fy = lim,,_,o (ror,) " (K —
x) N B(0,1). Since ry > 1, we have F' C Fj. Passing again to a subsequence, let

lim (rorn)’l(Knm) —x)NB(0,1) = E € Tan(K ).

n—oo

Thus ry'F C Fy C n(K) x E, as claimed. O

To conclude this section, we establish our general result which guarantees the
existence of product-like tangents for arbitrary points in Gatzouras-Lalley carpets.

Proposition 11.6. Let K be a Gatzouras—Lalley carpet. Then for each x € K, there is an

F € Tan(K, ) so that
Fdimun(K)+dima Koy () >

Y

where € Q) is such that 7(y) = x. In particular,
dima (K, z) > max{dimg n(K) 4+ dimp K, dimp K'}.

Proof. We will construct the set F essentially as a product n(K) x E where

E is a weak tangent of K. First, recall from Corollary 2.3 that dimy K, =

dima 2(n(7y)). Thus by Corollary 9.6, there is a sequence (n;);>, diverging to
infinity and words i, € Z™ with n(iz) = 71, such that

E = lim S;!

k—o00 1r2

(Kn(v)> M 1[0, 1]

has Hma Knen (E) > 1.

Thus by Proposition 11.5 applied along the sequence (ix);2, since the images
@1 ([0, 1]*) are rectangles with bounded eccentricity containing 7(7), there is a
tangent F' € Tan(K, =) containing an image of 7(K) x E under a bi-Lipschitz map
with constants depending only on K. But n(K) is Ahlfors-David regular so that

HdimH n(K)+dima Ky (F) Z HdimH n(K)+dima Kn) (U(K> X E) 2 1

as claimed. The result concerning dim, (&, ) then follows by Proposition 9.3 and
Proposition 10.3. O

11.3 UPPER BOUNDS FOR THE POINTWISE ASSOUAD DIMENSION

We now prove our main upper bound for the pointwise Assouad dimension of
Gatzouras—Lalley carpets.
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Let us begin with an intuitive explanation for this proof. Since x is regular,
we will reduce the problem of computing covers of balls to computing covers for
approximate squares. Thus suppose we fix an approximate square P(i, j), which is
the union of cylinders {ik : (k) = j}. We wish to cover this set with approximate
squares in S(r). There are two cases. First, the rectangle corresponding to the
cylinder ik has height greater than or equal to r, in which case we simply keep
this cylinder and obtain a good bound for the cover using Lemma 3.4: this is the
family B;. Otherwise, the rectangle is shorter, and we instead want to cover groups
of cylinders simultaneously. Such groups are precisely wide pseudo-cylinders
corresponding to elements of B, and have height r, which we can then cover using
Lemma 3.3. These covers are then combined using Lemma 3.5. We recall the
notation for symbolic slices introduced in §3.4.

Proposition 11.7. Let K be a Gatzouras—Lalley carpet and suppose x = () € K.
Then
dima (K, ) > max{dimp K, dimg n(K) + dimp K}

with equality if x is reqular.

Proof. Recalling the general lower bound proven in Proposition 11.6, we must
show that

dimy (K, z) < max{dimg K, dimy n(K) + dimp K, } = ¢

when z is regular. We obtain this bound by a direct covering argument. We will
prove that for any k € N and approximate square Qx(7) = P(i,j),if 0 <7 < Bi»,
then

\¢
#Haesn ecam 5 (22) . (19

Assuming this, since z is regular, for any ball B(z, R), there is an R’ < R and at
most two approximate squares ), @2 € S(R’) lying in the same column such that
B(z,R) C m(Q1) Un(Q2). Since @1, Q; lie in the same column, Q; = Qy,(v;) for
some k; € N where 7(v;) = n(y). Moreover, if 0 < r < R and () € S(r) is arbitrary,
then diam 7(Q)) < r. Thus (11.4) immediately gives the correct bound, up to a
constant factor, for N, (B(z, R) N K).

It remains to prove (11.4). Fix an approximate square Q(vy) = P(1,j) and
suppose 0 < r < f3; , is arbitrary. Recall the notation F,,,, from §3.4. First, let

By =17 (G) A Fuy(r/Biz)  and  B={ik:k € By}.
We then decompose B = B; U B;, where
Bl =B \ ]:77(7)(7“) and BQ =BN ]:77(7) (7“)

First, suppose ik € B;. Then, by definition, 8,2 > r which, by definition of 5,
implies that 7(k) = j. Thus by Lemma 3.4 applied to the cylinder ik and scale r,
since dimp 7(K) < dimp K and Bix1 = fi 9,

B'k2 dimp K 1 dimp n(K)
#{Q € S(r) : Q C [ik[} ~ ( = ) (@) . (11.5)
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Otherwise, suppose ik € By C F, ) (r). Since By < 7 *( j ), there is a B " so that
n(k)j" = j. Thus choice of j" ensures that

P(ik, ') = Qu(7) O [iX].

Thus by Lemma 3.3 and since Qy(v) = P(i, j) is an approximate square,

1 dimp n(K)
> . (116)

B2

Thus by applying (11.5) and (11.6) to the respective components and recalling that
Bix2 = r whenever ik € B,

#{Q € S(r): Q C (M}
=Y #{QeSr):Qclix}+ > #{QeS(r):QCQuly)N[ik]}

ikeB ik€Bs

/B'k ) dimg K 1 dimp n(K) 1 dimp n(K)
~ - — + —
Z ( r ) <5k2> 11{6282 (51{2)

ikeBy

#{Q € S(r) : Q C Qu(y) N [1K]} = #Q(ik, ') ~ (

¢
/Bik,Q 5 dimp KW(’Y) dlmA K”I(W)
3 (Be) (=) ey (2
ikeB; * ikEBsy
ﬁl 2 ) Z dimp K
— 5 n(v)
( keBy

(%)
T

where the last line follows by Lemma 3.5 applied to the section By. Thus (11.4)
follows, and therefore our desired result. O

11.4 DIMENSIONS OF LEVEL SETS OF POINTWISE ASSOUAD DIMENSION

Given an index i € Z, let ,;) denote the IFS corresponding to the column con-
taining the index i, that is

D) = {Sj2: 7 € Land n(j) = n(i)}.

Now given a word v = (i,);2, € (), recall that the symbolic slice K, is the
non-autonomous self-similar set associated with the IFS {®,; )} ;. Since there
are only finitely many choices for the ®,;,), the hypotheses of Theorem 2.12 are
automatically satistied and

dimp K,y = lim sup 6, (n, m)

m—o0 neN

where

Z H On () (n,m)
k2

(G15dm) €N H(n(i1,00500)) k=
We now obtain our main formula for the pointwise Assouad dimension of arbitrary
points in Gatzouras—Lalley carpets.
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Theorem 11.8. Let K be a Gatzouras—Lalley carpet. Then for every x € K with x =
(%), there is an F' € Tan(K, x) with H*(F') 2 1 where

s = dimp n(K) + dima K,
= dimg n(K) + lim sup b, (n,m)

m—00 neN
In particular,
max{dimyg F': F € Tan(K,z)} > s and dimy (K, ) > max{s, dimp K}

where both inequalities are equalities if x is reqular. In particular, if n(K) satisfies the
strong separation condition then equality holds for all x € K.

Proof. By Proposition 11.6, there is an F' € Tan(K, z) so that

HdimH n(K)+dimA Kﬁ("/) (F) > 1

Moreover, dimy K, = limy, o0 SUP,,cry O(+) (7, m) by Theorem 2.12. The formula
for dimy (K, z), including the case when z is regular, then follows by Proposi-
tion 11.7.

If = is regular, it moreover follows from Proposition 11.5 that for any F' €
Tan(K, x), there is a similarity map h and a weak tangent £ € Tan(K,)) so that
h(F) C n(K) x E. Since dimg n(K) = dimy n(K),

dimyg F' = dimy A(F) < dimg n(K) + dimyg F < dimpg n(K) + dimp Ky

as required.
Finally, we recall that if n(K) satisfies the strong separation condition, then
each z € K is regular by Lemma 11.3 (i). O

Our next goal is to prove that the set of pointwise Assouad dimensions forms an
interval. First, for i € Z", let t(i) be chosen so that

> AE =1

NSA
n(3)=n(4)

Equivalently, the function ¢ is chosen precisely so that
97)(’7)(n’ m) = t<7n+17 v 77n+m)'
We now have the following result.

Lemma 11.9. Let K be a Gatzouras—Lalley carpet and suppose dim;, K < o < dimp K.
Then for all ko € N sufficiently large, for all n € N there is i,, € By, C I*" satisfying

lim supt(in41 - ingm) = @ — dimp n(K).
m—00 neN
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Proof. First, fixing any interior word j € Z* and ¢ € T so that dimy K =
dimp n(K) + t(7),
dimy K = dimg n(K) + klim t(33%);
—00

and similarly for the lower dimension. Thus for all sufficiently large k, there are
words jr,ja € By, so that

dimp n(K) +t(jr) < a < dimgn(K) +t(ja).

We inductively construct (jr z, jax)3>, so that, for each k € N,

1. a —dimgn(K) — 1 < t(jre) < o — dimgn(K),

2. a—dimpn(K) <t(jar) < dimy K + dimgn(K) + %,

3. jL,k; jA,k € BZO and, for k > 2, jLJg, jAJg € {jL,kfl, jAjkfl}*, and

4. |jL,k‘ > k and |jA,k| > k.
First, set j;1 = jr and ja1 = ja which clearly satisfy the desired properties. Now
suppose we have constructed j, , and j 4. Since t(jax) > o — dimg n(K), for any
meN,

7}1_{20 t(jrﬁka,k) > a — dimg n(K).

Moreover, (j7',) < a — dimgn(K) and, by taking m > k sufficiently large and
applying Lemma 2.10, for all n € N sufficiently large,

n m 1 1
|t (JLkJA—Zl) t(3Trde)] < T2 < T

Combining these two observations, there is a pair m, n so that jax1 = 373 3%, €
B;,, satisfies conditions 1 and 4. The identical argument gives jz .1 € By, satisfy-
ing 2, as claimed.

To complete the proof, since jr, € By for all k£ € N, we may identify the
sequence (jr k)72, with a sequence (i,);>,; where i, € By, for all n € N. It
immediately follows from 1 and 4 that

lim supt(ingqg - inem) > a — dimgn(K).

m—00 neN

To establish the converse bound, it suffices to show for every k € N that

1
lm supt(ingg - inem) < a—dimgn(K) + —.

m— 00 neN l{}

By 3, for all k£ € N, thereisa K € Nso thatforalln > K, i,, € {jLx, jax}*. For
each ¢ € N, write k) = ix¢t1 - -+ ix(e+1) and note that k, € {jrk, jar}* forall ¢ € N.
Thus for any n,m € N,

1

1 m
t(kps - Kopm) < ~ ;t ki) < a — dimp n(K) + -

But by Lemma 2.6 and the property of ¢ established in Theorem 2.12,

lim Supt(in+1 e in+m) = lim Supt(knJrl e kner)
M—00 pcN M—00 neN

which gives the claim. O
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To conclude this section, we assemble the results proven in the prior two sections
to obtain our main result.

Theorem 11.10. Let K be a Gatzouras—Lalley carpet. Then for any dimg K < o <
dimA K,
dimpg{z € K : dimy (K, x) = a} = dimy K. (11.7)

Otherwise, if a ¢ [dimp K, dimp K], then {z € K : dimy (K, z) = a} = &. However,
HImn K (fp € K dimy (K, 7) # dima K}) = 0. (11.8)

Proof. Note that if dimp K = dimy K, then dimy (K, z) = dimy K forall z € K
and the results are clearly true. Thus we may assume that dimy K < dimpg K <
dim A K.

We first establish (11.7). Let ¢ > 0 be arbitrary and dimg K < a < dimy K.
Apply Proposition 11.4 and get k¥ € N and a family J C B;, with corresponding
attractor K. satisfying dimy K — ¢ < dimyg K. = dimy K, and dimgn(K) —e <
dimg n(K.). If o < dimy K, iterating the system if necessary, by Lemma 11.9 get a
sequence (i,)s°, with i,, € By, for all n € N and moreover

lim supt(ing1 - ingm) = o — dimg n(K). (11.9)

m—0o0 neN

If instead o = dimy K, instead simply take i, = ik where iy € T is any word
such that dimy K = dimg n(K) + t(ip). Note that ¢(j) = dima K. — dimg n(K)
for any j € J. Thus by taking ¢ to be sufficiently small, we may assume that
t(j) < a—dimgn(K) forall j € J.

Now, let (Vi) , be a sequence of natural numbers satisfying limj,_,., Ny /k =

oo and write
o0

Qo = [T x {ar} <+ x {14}
k=1
By taking each N, to be sufficiently large, we may ensure that dimy 7(£2y) >
dimy K. — . Fix v € Qq: it remains to verify that dim (K, 7(7)) = «. Since y € B},
7(7y) is a regular point of K by Lemma 11.3 (ii). By passing to the subsystem
induced by By, C Z%, write v = (k;)?2, where k; € By. Thus by Theorem 11.8 and
Lemma 2.6,

dimp (K, z) = max{dimB K, lim supt(kyq1- - Kpim) + dimp n(K)}.

m— 00 neN

Since i; - - - i,, appears as a subword of v for arbitrarily large m, by (11.9) and
since a > dimp K, it follows that dim (K, ) > a.

We now obtain the upper bound. Let ¢ > 0 be arbitrary. By (11.9), there is an
ly € N so that whenever ¢ > ¢, we have t(i;1;---1;4¢) < a —dimgn(K) +e. Let
C be the implicit constant from Lemma 2.10 and let m be sufficiently large so that
Cly/m < e. Since limy,_, o Ni/k = 00, for all n sufficiently large, there is a j € N so
that

Kpt1 - Knpm = J1 - Jm—edjrr - 40
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Thus for m, n sufficiently large, if ¢ > ¢;, by Lemma 2.11,

t(Eng1 - Knpm) < maX{t(jl o Jmet), t<ij+1 T ij+€)}
<a—dimgn(K)+e¢

and similarly if ¢ < ¢y, recalling that ¢(i,:1---i;4¢) <1, by Lemma 2.10 recalling
the definition of C,

t(Rnt1 - Knam) < a—dimgn(K) + .

Therefore
lim sup limsup t(k, 11 ko) < o — dimpn(K) + ¢

m—0o0 n—oo
and since € > 0 was arbitrary,

lim supt(k,41 - Kpgm) = limsup limsup t(k, 11+ - Kpim) < o — dimp n(K)

m—00 pneN m—00 n—00

so that dimy (K, z) < «, as claimed. Of course, we recall as well that dimg K <
dimy (K, z) < dimy K by Proposition 10.3.

We finally consider the points x such that dima (K, z) < dims K. Let iy € Z be
such that dimy K = dimg n(K) + t(ip). Let

jM = {(21777/M) EIM : <21772M> 7é (i07"'>i0)}

have attractor K, C K. Since J) is a proper subsystem, dimy K, < dimyg K
so that Hi™# K (K,,) = 0. Now let € K have dima (K, z) < dimp K. Suppose
x = m(y) where v = (i,)92,, so that

dimu (K, ) > max {dimB K,dimgn(K) 4+ lim supt(iny1,. .- ,in+m)} :

m—0o0 neN
Since dimy (K, z) < dimy K,

Hm supt(ini1, .- lnam) < t(io).
m—0o0 neN

In particular, there is a constant M so that v does not contain i}’ as a subword.
Thus x € K, for some M and therefore

/HdimHK ({l‘ c K: dlmA<K,l’) < dlmAK}> < Z HdlmHK(KM) =0
M=1
as required. -

Remark 11.11. We recall thatif K is a Gatzouras-Lalley carpet, then H4™n £ (K) >
0, with Hima K () < oo if and only if K is Ahlfors regular; see [ ]. In
particular, the positivity of the Hausdorff measure guarantees that the claim
(11.8) in Theorem 11.10 is not vacuous; and, if the Hausdorff measure is finite,
Theorem 11.10 is trivial.
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12 TANGENT STRUCTURE AND DIMENSION OF
BARANSKI CARPETS

It turns out that the fact that Gatzouras-Lalley carpets have an abundance of large
tangents does not extend to the non-dominated setting. More precisely, we prove
the following result.

Theorem 12.1. There exists a Barariski carpet K such that
dimpg{z € K : dima (K, z) = dimp K} < dimyg K.

In other words, the conclusion of Theorem 10.4 for uniformly self-embeddable
sets does not necessarily extend beyond the uniformly self-embeddable case, even
in the at first glance minor generalization consisting only of strictly diagonal self-
affine functions acting in R*. The proof of Theorem 12.1 is given in Corollary 12.7,
and it follows from a more general result (Theorem 12.5) describing when Barariski
carpets satisfying certain separation conditions have a large number of large
tangents. This result can be found in Theorem 12.5, and it follows from more
general formulas for the pointwise Assouad dimension at points which are coded
by sequences which contract uniformly in one direction; see Proposition 12.4 for a
precise formulation.

12.1 DIMENSIONS AND DECOMPOSITIONS OF BARANSKI CARPETS

Recall the definition of the Bararniski carpet and basic notation from §3. Suppose K
is a Baraniski carpet and v € ) is arbitrary. For each k € N, we define a probability
vector & () by the rule

1<ti<k:vy=1
Sk(’}/)i:#{ = _k: e =1} foreachi € T.

In other words, () is the distribution of the letter frequencies in the first & letters
of v. We then define
X1 (&k(7))

B x2(&e(7))
The function I';, induces a partition 2 = QU 2; U (), by

Lr(7)

Qo = {7: liminf T (7) < 1 < limsupTy(7)}
—00

k—o0

Q= {v : limsupTx(y) < 1}
k—ro0
Qo ={v:1 <liminf'y(y)}.
k—o0

We now recall the dimensional formula for a general Bararski carpet. First, we
decompose P = P; U P, where

Pj={w € P:x;(w) < xj(w)}.

Now given a measure w € 7;, recall [ , Corollary 5.2] which states that
X5 (w) X (w)
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Here and for the remainder of this document, for notational simplicity, given j = 1
we write ;' = 2 and given j = 2 we write j' = 1.

We also introduce some notation for symbolic slices both in the horizontal and
vertical directions. Given v € Q2 and j € 1,2, let 0,,(,) ; be defined by the rule

z : Hﬁ W](’Y)J(nm
JksJ

(G1seeesdm) €Myt (1 (i1ennvin)) B=

The value 6,,) = 0,,(,),1 was defined previously in the context of a Gatzouras—
Lalley carpet. As is the case with a Gatzouras-Lalley carpet, if we denote by
K., (v),; the non-autonomous self-similar set associated with the non-autonomous
self-similar IFS {S; ; : i € n~'(n(vk))}32,, then

dima Koy )5 = ln sup Oy, m).

Assuming 7 (K) (resp. n2(K)) satisfies the SSC, then K, ;)1 (resp. K, (1)2) is
precisely the intersection of K with the vertical (resp. horizontal) line containing
x = m(y). We now recall [ , Theorem 2.12] concerning the Assouad dimension
and the main result of [ ] on the Hausdorff dimensions of Baranski carpets.
While this result is not stated explicitly, the relevant details can be obtained directly
by inspecting the proof.

Proposition 12.2 ([ ; D. Let K be a Barariski carpet such that )y # & and
Qy # &. Then:
(i) Foreachj=1,2,
dlmH W(QO U Q]> S dj

where

d; = max
weP;

(WmWD+HW%JMMWU'
X (w) X (w)
In particular, dimpy K = max{d;, d>}.
(ii)) We have
dimy K = max {dimp n;(K) +t,}
J=1,

where

and t;({) is the unique solution to the equation

> 4=

jen; (@)
12.2 POINTWISE ASSOUAD DIMENSION ALONG UNIFORMLY CONTRACTING
SEQUENCES

In this section, we state a generalization of our results on Gatzouras-Lalley carpets
to Baranski carpets, with the caveat that we restrict our attention to points coded
by sequences which contract uniformly in one direction. The arguments are
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similar to the Gatzouras—Lalley case so we only include detail when the proofs
diverge. Handling more general sequences would result in a more complicated
formula for the pointwise Assouad dimension depending on the scales at which
the contraction ratio is greater in one direction than the other, which we will not
treat here.

We begin by defining the analogues of pseudo-cylinders and approximate
squares. Fix j = 1,2. Suppose i € Z" and j € n;(Z*). We then write

Pj<lﬂl) = {’}/ = (Zn)zozl eN: (il, . ,’Lk) =1iand T]j(ik+1, . 7ik+l) = l}

Now let v € ) be arbitrary and let £ € N. Let j be chosen so that 3, _; > 3, ;.
We then let Ly (y) > k be the minimal integer so that

/BpﬂLk’j('y)’j < /Bfﬂk’j/'
Write 71, (,) = 1j and define the approximate square

Qr(v) = Pj(1,m;(3))-

Finally, we call a pseudo-cylinder wide if P;(i, j) contains an approximate square
P;(i, k); otherwise, we call the pseudo-cylinder tall.

In the case when the Baranski carpet is in fact a Gatzouras-Lalley carpet, these
definitions with j = 1 coincide with the definitions in the Gatzouras-Lalley case.

Next, the collection of approximate squares forms a metric tree when equipped
with the valuation p(P;(i,7;(j))) = fi,;. Note that for each approximate square
Q, there is a unique choice for j except precisely when 3., ; = 3,1, j, so indeed p
is well-defined.

Similarly as in the Gatzouras-Lalley case, given a pseudo-cylinder P;(i, j), we
write B

Q;(1,]j) = max{A : Ais a section of S relative to P;(i, j)}

where S is the collection of all approximate squares and the maximum is with
respect to the partial ordering on sections. That the maximum always exists
follows from the properties of the meet. In the case when the pseudo-cylinder is
wide, this coincides precisely with the definition in the Gatzouras-Lalley case.

However, unlike in the Gatzouras-Lalley case, we will also have to handle tall
pseudo-cylinders, which have a more complex structure. This additional structure
is handled in the following covering lemma.

Lemma 12.3. (i) Let P;(4, j) be a wide pseudo-cylinder. Then

Bij i dimg 7; (K)
By ) '

(ii) Let P;(i, j) be a tall pseudo-cylinder. Then

dimp 7./ (K)
Bij ’
Bil',j

#Q;(1,]) = (

#Q;(1,3) S (
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(iii) Let ¢ > 0 be arbitrary. Suppose i € Z* and let j be chosen so that (3; j; < [3; ;. Let
0<r < pBi,. Then

Bi o dimp K+e By ; dimp n; (K)
#Qes(r):Qc m}sg( T) (6—) |

(iv) Let ¢ > 0 and v € 2 be arbitrary. Suppose k € Nand j = 1,2 are such that
Qr(v) = Pj(4, j)- Let B be any section of T* satisfying B < 17]_1(1) Then

dimp K, . +e
6 ‘A 15 (7),J < 1
k,]/ ~E,Y :
keB

Proof. The proof of (i) is identical to the proof given in Lemma 3.3 and similarly
the proof of (iv) is identical to that of Lemma 3.5.

We now prove (ii). In order to do this, we must understand the structure of
the pseudo-cylinder P;(1, j). Heuristically, when (for instance) j = 1, Pj(i, j) isa
union of cylinders which fall into one of two types: those which are tall, and those
which are wide. If a cylinder is tall, we apply (i) in the opposite direction to cover
it with approximate squares, and if a cylinder is wide, we group nearby cylinders
together to form approximate squares. We then combine these counts using the
slice dimension ¢;, which is bounded above by dimg 7; (K).

Write B = 77 '(j) and partition B = B; U B, where

Bl = {k eB: Bik,j' > Bllaj} and BQ =B \ 81.

First, for k € B;, note that P (ik, @) is a wide pseudo-cylinder and we set

B, = U Q; (ik, 2).

keBy
By applying (i), since iy j ~ 511 i
6 ' dimB 'I7jl (K)
#B1 = #Qu(ik, @)~ ) <5—) (12.1)
kEB) kEB) 130

Otherwise if k € By, let 1;(k) denote the prefix of k of maximal length so that
Biry ), = Piy,j- Writing k = 1;(k)12(k), this choice guarantees that

B(k) := P;(ili(k), n;(12(k)))
is the unique approximate square contained in [i] containing [ik]. Finally, let
B, ={1,(k) : k € By} and B, ={B(k) : k € By}.
We then note that, since i1 j» ~ f4; ; by the choice of 1, (k),
/8 ' dimB nj/(K)
#By~ Y (5#) (12.2)
1e, \ 7137
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To conclude, observe that Q;(i, j) = B, U B, and applying (12.1) and (12.2),

#Q;(1,]) = #B1 + #B2

dimp 7,/ (K) dimg n;/ (K)
5 Z ﬂik,j/ + Z ﬁil,j/
511,j Bil‘,j

keBy leB;
ﬁ dimp 7,/ (K)
S e Z BdlmB m1(
(ﬁ i“) xeBUB,
dimB U (K)
< By ’
Bil‘,j
where the last line follows since B; U B < n; ' (j) is a section and dimg 7/ (K) >
tj(j) where
t;(3)
> o
keB1UB,

Finally, we combine the bounds given in (i) and (ii) with a similar argument to
the proof of Lemma 3.4 to obtain (iii). Let ¢ > 0 be arbitrary and fix i € Z* and
j=0,1sothat0 < r < g < B;,. Write § = r/f; ;s so, recalling the proof of
[ , Theorem B],

#8(0) e (1/g)tmm e,

Now enumerate
5(5) = {Ql,j? < 7Qmj,j} U {Ql,j’: SR Qm]-/,j’}

where foreach z = j,j/and 1 <7 < m,_,

Q _P(Jl?«'?—zz)

for some j;. € 7" and k; . € 7.(Z*). Observe that each P.(ij;.,k; ) is a wide
pseudo-cylinder if z = j and a tall pseudo-cylinder if = = j'. Thus we may
complete the proof in the same way as Lemma 3.4, by applying (i) to the wide
pseudo-cylinders and (ii) to the tall pseudo-cylinders. O

We can now prove the following formulas for the pointwise Assouad dimension.

Proposition 12.4. Let K be a Barariski carpet. Then for each j = 1,2, if n;(K) satisfies
the SSC, for all v € Q; and x = © (),

dim (K, z) = max{dimp K, dimg n;(K) 4 dima K, ;) ;}

and
max{dimy F' : F' € Tan(K, x)} = dimp n;(K) + dima K, () ;-

Furthermore,

<
dimp Ky (), nlbl_r)noosupQ (), (10, M) égl;?(}é)t ().

111



III. POINTWISE ASSOUAD DIMENSION

Proof. 1If v € Q;, by definition there is a constant C' € (0, 1) so that

B'Y]k:j/ <o

In particular, there is a constant ¢’ € (0,1) so that each maximal cylinder [i]
contained in Qx(7) has fi j//8:; < (C')*, which converges to zero. Thus the same
proof as given in Proposition 11.7 but instead applying Lemma 12.3 in place of the
analogous bounds for Gatzouras-Lalley carpets gives that

dimy (K, z) < max{dimg K, dimg 7;(K) + dima K, () }-
Similarly, the same proof as Proposition 11.6 shows that
max{dimy I : F' € Tan(K, x)} = dimp n;(K) + dima Ky, ()5
Finally, using Lemma 2.11,

lim supéb,, y(n,m) < max t;(£).
et neg i ( ) < ﬁe%é) i(0)

as required. O

12.3 BARANSKI CARPETS WITH FEW LARGE TANGENTS

In contrast to Gatzouras-Lalley carpets, the analogue of Theorem 11.10 need
not hold for Bararski carpets. We first give a precise characterization of when
a Baraniski carpet has few large tangents. Fix the definitions of ¢; and d; from
Proposition 12.2.

Theorem 12.5. Let K be a Barariski carpet such that n;(K) satisfies the SSC and Q; # &
for j =1,2. Suppose for one of j = 1,2, d; < dj and dimp n;(K) +t; > dimpn; (K) +
tjr. Then

dimp{z € K : dima (K, z) = dimpy K} < dimpy K.

Proof. Suppose d; < dy and dimp 7, (K) + t; > dimpg 72(K) + t2 (the opposite
case follows analogously). By Proposition 12.2, dimyg K = d; and dimy K =
dimp 7; (K') 4 ¢;. In particular, by Proposition 12.4, if dima (K, z) = dimy K =
dimp 7, (K')+t;, then necessarily © = () where v € Q,US;. But dimy 7(QoUS2;) =
d; < dy = dimy K, as required. O

Remark 12.6. In the context of Theorem 12.5, one can in fact prove that the fol-
lowing are equivalent:
(i) dimp{z € K : dimp (K, z) = dimpy K} < dimy K.

(ii) dimp{z € K : 3F € Tan(K, x) such that dimyg F' = dimy K} < dimpy K.

(iii) Foroneof j = 1,2, d; < dj and dimg n;(K) + t; > dimg n;(K) + t;.
Such a proof follows similarly to the Gatzouras-Lalley case with appropriate
modifications to restrict attention only to the family ©; or €2,. The only additional
observation required is that [ , Lemma 4.3] also holds in the Barariski case
and the uniform subsystem can be chosen so the maps are contracting strictly in

112



THE LOCAL GEOMETRY OF FRACTAL SETS

direction j and the dimension of the corresponding attractor is arbitrarily close to
d;.

In particular, if one of the above equivalent conditions hold and without loss
of generality d; > dy and dimp 71 (K) + t; < dimp 12(K) + t5, then the Hausdorff
dimension of the level set (o) = dimp{z € K : dims (K, z) = a} is given by the
piecewise formula

(@) dimg K :dimg K < a < dimgm (K) +
o) =

7 do cdimg n (K) + 1 < a < dimy K.
We leave the remaining details to the curious reader.

With Theorem 12.5 in hand, we can now give an explicit example of a Barariski
carpet which has few large tangents.

Corollary 12.7. There is a Baraniski carpet K such that
dimg{zr € K : dimy (K, z) = dimy K} < dimyg K.

Proof. Fix some § € [0,1/6) and define parameters 5 = 1/4 — 0, oy =1/3 =,
and ay = 1/6 — 0. Now define the families of maps

®, = {(v,y) = (aux, By +iB) :i=0,...,3}
Do = {(2,y) = (22 + a1 + jag, By +1ifB) : j=0,1and i = 0,1}
Doy = {(z,y) — (o + ay + jas, By +if) : j = 3,4and i = 2,3}

—~

and then set
@2 = (1)27(1 U (I)Q,b and b = q)l U q)gﬂ U @231,.

We abuse notation and use functions and indices interchangeably. Note that ® is a
Bararski IFS with five columns; the carpet is conjugate to the carpet generated by
the maps depicted in Figure I.1b. Note that if § > 0, both projected IFSs satisfy the
SSC.

We now simplify the dimensional expression in Proposition 12.2 (ii) for our
specific system. First, forw € P, set p = > ., w;. Note that x;(w) = —ploga, —
(1 — p)loga; and x2(w) = —log S depend only on p. But since entropy and
projected entropy are maximized uniquely by uniform vectors, defining the vector

z(p) € P by
1-p .,
z(p)iz{ 1 1€ dy

—_

(bS]

827:6(1)2

we necessarily have

H(m(w))  H(w) = H(m(w)) _ Hm(z(p)  H(=z(p) - Hin(=(p)))
X1 (w) X2 (w) ~ xi(=(p) x2(z(p))
_ —plogp— (1 —p)log(l —p) +plog4
—plogas — (1 —p)log oy
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(2—p)log2
—log 8
= Di(p)
and
Hnp(w)) | H(w) — Him(w))  H(m(2(p))  H(z(p) — H(n:(2(p))
Xa2(w) x1(w) ~ xe(z(p)) x1(z(p))
_ —plogp—(1—p)log(l—p)+plog2  log4
—plogay — (1 —p)logay —log 8

=t Dy(p).

Moreover, writing p, = %, z(p) € Pyifand only if p € [0, po] and z(p) € P

if and only if p € [py, 1]. We thus observe that

Di(p) :0<p<po

pe(0,1] Dy(p) po<p<1

dimpg K = sup D(p) where D(p) = {

Now, a manual computation directly shows that, substituting 6 = 0,

sup Di(p) =~ 0.489536 and sup Ds(p) =~ 0.529533

pG[O,l] pE[O,l]

and moreover the maximum of D, (p) is attained at a value p, € (po, 1). Thus for all
d sufficiently close to 0, since all the respective quantities are continuous functions
of §, there is a value p; € (po, 1) so that

dy < sup Di(p) < sup D(p) = Dy(p2) = da.
p€[0,1] p€[0,1]

(In fact, one can show that this is the case for all 6 € (0, 1/6), but this is not required
for the proof.)
On the other hand, when § = 0, t; = 2 whereas ¢, = 1+s < 2 where s ~ 0.72263

is the unique solution to
1 s . ) 1 s _,
3 6)

Thus for all ¢ sufficiently close to 0, the conditions for Theorem 12.5 are satisfied,
as required. O

114



Bibliography

[AKT20]

[Ass77]

[BE23]

[BE24]

[BFK+24+]

[BK21+]

[BR22]

[BR24+]

[BRT23+]

[Bar07]

[BHR19]

[BF11]

[Bed84]

[BP17]

[Bru94]

[BFF22]

J. Angelevska, A. Kdenmaéki, and S. Troscheit. Self-conformal sets with
positive Hausdorff measure. Bull. Lond. Math. Soc. 52 (2020), 200-223.
zb1:1441.28003.

P. Assouad. Espaces métriques, plongements, facteurs. French. These de
doctorat d’Etat. Orsay: Univ. Paris XI, 1977. zb1:0396.46035.

A. Banaji and J. M. Fraser. Intermediate dimensions of infinitely generated
attractors. Trans. Amer. Math. Soc. 376 (2023), 2449-2479. zb1:07662347.

A. Banaji and J. M. Fraser. Assouad type dimensions of infinitely generated
self-conformal sets. Nonlinearity 37 (2024), Paper No. 045004, 32pp.
zb1:07844477.

A. Banaji, ]. M. Fraser, 1. Kolossvary, and A. Rutar. Assouad spectrum of
Gatzouras—Lalley carpets. Preprint. arxiv:2401.07168.

A. Banaji and I. Kolossvary. Intermediate dimensions of Bedford—McMullen
carpets with applications to Lipschitz equivalence. To appear in: Adv. Math.
arxiv:2111.05625.

A. Banaji and A. Rutar. Attainable forms of intermediate dimensions. Ann.
Fenn. Math. 47 (2022), 939-960. zb1:1509.28005.

A. Banaji and A. Rutar. Lower box dimension of infinitely generated
self-conformal sets. Preprint. arxiv:2406.12821.

A. Banaji, A. Rutar, and S. Troscheit. Interpolating with generalized Assouad
dimensions. Preprint. arxiv:2308.12975.

K. Baranski. Hausdorff dimension of the limit sets of some planar geometric
constructions. Adv. Math. 210 (2007), 215-245. zb1:1116.28008.

B. Bardny, M. Hochman, and A. Rapaport. Hausdorff dimension of planar
self-affine sets and measures. Invent. Math. 216 (2019), 601-659.
zp1:1414.28014.

J. Barral and D.-J. Feng. Non-uniqueness of ergodic measures with full Hausdorff
dimensions on a Gatzouras—Lalley carpet. Nonlinearity 24 (2011), 2563-2567.
zbl1:1228.37025.

T. Bedford. Crinkly curves, Markov partitions and box dimensions. PhD thesis.
University of Warwick, 1984.

C.]. Bishop and Y. Peres. Fractals in probability and analysis. Vol. 162.
Cambridge University Press, 2017. zb1:1390.28012.

A. M. Bruckner. Differentiation of real functions. Vol. 5. Providence, RI:
American Mathematical Society, 1994. zb1:0796.26004.

S. A. Burrell, K. J. Falconer, and J. M. Fraser. The fractal structure of elliptical
polynomial spirals. Monatsh. Math. 199 (2022), 1-22. zb1:07573927.

115


https://zbmath.org/1441.28003
https://zbmath.org/0396.46035
https://zbmath.org/07662347
https://zbmath.org/07844477
https://arxiv.org/abs/2401.07168
https://arxiv.org/abs/2111.05625
https://zbmath.org/1509.28005
https://arxiv.org/abs/2406.12821
https://arxiv.org/abs/2308.12975
https://zbmath.org/1116.28008
https://zbmath.org/1414.28014
https://zbmath.org/1228.37025
https://zbmath.org/1390.28012
https://zbmath.org/0796.26004
https://zbmath.org/07573927

BIBLIOGRAPHY

[CT22]

[CTO06]

[DS17]

[DZ10]

[Fal89]

[Falo0]

[Fal88]

[Fal14]

[EFK20]

[FJS10]

[FHO+15]

[Fral4]

[Fra20]

[Fra21]

[FHH+19]

[FR24]

[FS22+]

[FS23]

[FT21]

E. K. Chrontsios Garitsis and ]. T. Tyson. Quasiconformal distortion of the
Assouad spectrum and classification of polynomial spirals. Bull. Lond. Math. Soc.
55 (2022), 282-307. zb1:07731255.

T. M. Cover and J. A. Thomas. Elements of information theory. John Wiley &
Sons, 2006. zb1:1140.94001.

T. Das and D. Simmons. The Hausdorff and dynamical dimensions of self-affine
sponges: a dimension gap result. Invent. Math. 210 (2017), 85-134.
zbl:1387.37026.

A. Dembo and O. Zeitouni. Large deviations techniques and applications.
Vol. 38. Berlin: Springer, 2010. zb1:1177.60035.

K. ]J. Falconer. Dimensions and measures of quasi self-similar sets. Proc. Amer.
Math. Soc. 106 (1989), 543-554. zb1:0683.58034.

K. Falconer. Fractal geometry: mathematical foundations and applications. John
Wiley & Sons, 1990. zb1:0689.28003.

K. ]. Falconer. The Hausdorff dimension of self-affine fractals. Math. Proc.
Cambridge Philos. Soc. 103 (1988), 339-350. zb1:0642.28005.

K. ]. Falconer. Fractal geometry. Mathematical foundations and applications.
Hoboken, NJ: John Wiley & Sons, 2014. zb1:1285.28011.

K.J. Falconer, ]. M. Fraser, and T. Kempton. Intermediate dimensions. Math.
Z.296 (2020), 813-830. zb1:1448.280009.

A. Ferguson, T. Jordan, and P. Shmerkin. The Hausdorff dimension of the
projections of self-affine carpets. Fund. Math. 209 (2010), 193-213.
zbl1:1206.28011.

J. M. Fraser, A. M. Henderson, E. J. Olson, and ]. C. Robinson. On the
Assouad dimension of self-similar sets with overlaps. Adv. Math. 273 (2015),
188-214. zb1:1317.28014.

J. M. Fraser. Assouad type dimensions and homogeneity of fractals. Trans. Amer.
Math. Soc. 366 (2014), 6687-6733. zb1:1305.28021.

J. M. Fraser. Assouad dimension and fractal geometry. Vol. 222. Cambridge:
Cambridge University Press, 2020. zb1:1467.28001.

J. M. Fraser. Interpolating between dimensions. In: “Fractal geometry and
stochastics VI”. Cham: Birkhiuser, 2021, 3-24. zb1:1462.28007.

J. M. Fraser, K. E. Hare, K. G. Hare, S. Troscheit, and H. Yu. The Assouad
spectrum and the quasi-Assouad dimension: a tale of two spectra. Ann. Acad. Sci.
Fenn. Math. 44 (2019), 379-387. zb1:1410.28008.

J. M. Fraser and A. Rutar. Assouad-type dimensions of overlapping self-affine
sets. Ann. Fenn. Math. 49 (2024), 3-21. zb1:07808129.

J. M. Fraser and L. Stuart. Assouad type dimensions of parabolic Julia sets.
Preprint. arxiv:2203.04943.

J. M. Fraser and L. Stuart. The Assouad spectrum of Kleinian limit sets and
Patterson—Sullivan measure. Geom. Dedicata 217 (2023), 32. zb1:07603182.

J. M. Fraser and S. Troscheit. The Assouad spectrum of random self-affine
carpets. Ergodic Theory Dynam. Systems 41 (2021), 2927-2945.
zb1:1479.28005.

116


https://zbmath.org/07731255
https://zbmath.org/1140.94001
https://zbmath.org/1387.37026
https://zbmath.org/1177.60035
https://zbmath.org/0683.58034
https://zbmath.org/0689.28003
https://zbmath.org/0642.28005
https://zbmath.org/1285.28011
https://zbmath.org/1448.28009
https://zbmath.org/1206.28011
https://zbmath.org/1317.28014
https://zbmath.org/1305.28021
https://zbmath.org/1467.28001
https://zbmath.org/1462.28007
https://zbmath.org/1410.28008
https://zbmath.org/07808129
https://arxiv.org/abs/2203.04943
https://zbmath.org/07603182
https://zbmath.org/1479.28005

[FY18a]

[FY18b]

[Fur70]

[Fur08]

[GHM21]

[HR22a]

[HR22b]

[HS12]

[HS15]

[Hut81]

[KOR17]

[KR16]

[KR23+]

[KSS15]

[Kol23]

[LG92]

[Lar67]

[LR15]

THE LOCAL GEOMETRY OF FRACTAL SETS

J. M. Fraser and H. Yu. Assouad-type spectra for some fractal families. Indiana
Univ. Math. J. 67 (2018), 2005-2043. zb1:1407.28002.

J. M. Fraser and H. Yu. New dimension spectra: finer information on scaling and
homogeneity. Adv. Math. 329 (2018), 273-328. zb1:1390.28019.

H. Furstenberg. Intersections of Cantor sets and transversality of semi-groups.
In: “Problems in Analysis”. Vol. 31. Princeton University Press, 1970, 41-59.
zp1:0208.32203.

H. Furstenberg. Ergodic fractal measures and dimension conservation. Ergodic
Theory Dynam. Systems 28 (2008), 405-422. zb1:1154.37322.

I. Garcia, K. E. Hare, and F. Mendivil. Intermediate Assouad-like dimensions. J.
Fractal Geom. 8 (2021), 201-245. zb1:1485.28006.

K. E. Hare and A. Rutar. Local dimensions of self-similar measures satisfying the
finite neighbour condition. Nonlinearity 35 (2022), 4876—4904.
zbl1:07591215.

M. Hochman and A. Rapaport. Hausdorff dimension of planar self-affine sets
and measures with overlaps. J. Eur. Math. Soc. 24 (2022), 2361-2441.
zb1:1502.28005.

M. Hochman and P. Shmerkin. Local entropy averages and projections of fractal
measures. Ann. Math. 175 (2012), 1001-1059. zb1:1251.28008.

M. Hochman and P. Shmerkin. Equidistribution from fractal measures. Invent.
Math. 202 (2015), 427-479. zb1:1409.11054.

J. E. Hutchinson. Fractals and self similarity. Indiana Univ. Math. J. 30 (1981),
713-747. zb1:0598.28011.

A. Kédenmiki, T. Ojala, and E. Rossi. Rigidity of quasisymmetric mappings on
self-affine carpets. Int. Math. Res. Not. 2018 (2017), 3769-3799.
doi:10.1093/imrn/rnw336.

A. Kdenmaki and E. Rossi. Weak separation condition, Assouad dimension, and
Furstenberg homogeneity. Ann. Acad. Sci. Fenn. Math. 41 (2016), 465—490.
zbl1:1342.28016.

A. Kdenmaéki and A. Rutar. Tangents and pointwise Assouad dimension of
invariant sets. Preprint. arxiv:2309.11971.

A. Kédenmaiki, T. Sahlsten, and P. Shmerkin. Dynamics of the scenery flow and
geometry of measures. Proc. Lond. Math. Soc. 110 (2015), 1248-1280.
zbl1:1318.28026.

I. Kolossvary. The L4 spectrum of self-affine measures on sponges. J. Lond.
Math. Soc. 108 (2023), 666-701. zb1:07731132.

S. P. Lalley and D. Gatzouras. Hausdorff and box dimensions of certain
self-affine fractals. Indiana Univ. Math. J. 41 (1992), 533-568.
zbl1:0757.28011.

D. G. Larman. A new theory of dimension. Proc. Lond. Math. Soc. 17 (1967),
178-192. zb1:0152.24502.

E. Le Donne and T. Rajala. Assouad dimension, Nagata dimension, and
uniformly close metric tangents. Indiana Univ. Math. J. 64 (2015), 21-54.
zp1:1321.54059.

117


https://zbmath.org/1407.28002
https://zbmath.org/1390.28019
https://zbmath.org/0208.32203
https://zbmath.org/1154.37322
https://zbmath.org/1485.28006
https://zbmath.org/07591215
https://zbmath.org/1502.28005
https://zbmath.org/1251.28008
https://zbmath.org/1409.11054
https://zbmath.org/0598.28011
https://doi.org/10.1093/imrn/rnw336
https://zbmath.org/1342.28016
https://arxiv.org/abs/2309.11971
https://zbmath.org/1318.28026
https://zbmath.org/07731132
https://zbmath.org/0757.28011
https://zbmath.org/0152.24502
https://zbmath.org/1321.54059

BIBLIOGRAPHY

[LX16]

[Mac11]

[MT10]

[Man75]

[Man77]

[Man82]

[Mat95]

[MM97]

[McM84]

[Mer22]

[MR24]

[RU16]

[Rob11]

[Roc70]

[RS23]

[RSS22+]

[Rut21+]

[Rut22+]

[Rut23+]

[Shm19]

F. Lii and L.-F. Xi. Quasi-Assouad dimension of fractals. ]. Fractal Geom. 3
(2016), 187-215. zb1:1345.280109.

J. M. Mackay. Assouad dimension of self-affine carpets. Conform. Geom. Dyn.
15 (2011), 177-187. zb1:1278.37032.

J. M. Mackay and J. T. Tyson. Conformal dimension. Vol. 54. Providence, RI:
American Mathematical Society, 2010. zb1:1201.30002.

B. B. Mandelbrot. Les objets fractals. Forme, hasard et dimension. Paris:
Flammarion, 1975. zb1:0900.00018.

B. B. Mandelbrot. Fractals. Form, chance, and dimension. Translation. English.
1977. zb1:0376.28020.

B. B. Mandelbrot. The fractal geometry of nature. Rev. ed. of “Fractals”, 1977.
English. 1982. zb1:0504.28001.

P. Mattila. Geometry of sets and measures in Euclidean spaces. Fractals and
rectifiability. Vol. 44. Cambridge University Press, 1995. zb1:0819.28004.

P. Mattila and R. D. Mauldin. Measure and dimension functions: Measurability
and densities. Math. Proc. Cambridge Philos. Soc. 121 (1997), 81-100.
zb1:0885.28005.

C. McMullen. The Hausdorff dimension of general Sierpiriski carpets. Nagoya
Math. J. 96 (1984), 1-9. zb1:0539.28003.

Merriam-Webster, ed. Merriam—Webster Dictionary. 2022.
isbn:9780877790952.

A. Mitchell and A. Rutar. Multifractal analysis of measures arising from
random substitutions. Comm. Math. Phys. 405 (2024), 44. zb1:07811484.

L. Rempe-Gillen and M. Urbariski. Non-autonomous conformal iterated
function systems and Moran-set constructions. Trans. Amer. Math. Soc. 368
(2016), 1979-2017. zb1:1404.28017.

J. C. Robinson. Dimensions, embeddings, and attractors. Vol. 186. Cambridge:
Cambridge University Press, 2011. zb1:1222.37004.

R. T. Rockafellar. Convex analysis. Vol. 28. Princeton University Press,
Princeton, NJ, 1970. zb1:0193.18401.

J. Roos and A. Seeger. Spherical maximal functions and fractal dimensions of
dilation sets. Amer. J. Math. 145 (2023), 1077-1110. zb1:07732556.

J. Roos, A. Seeger, and R. Srivastava. Spherical maximal operators on
Heisenberg groups: Restricted dilation sets. To appear in: Studia Math.
arxiv:2208.02774.

A. Rutar. A Multifractal Decomposition for Self-similar Measures with Exact
Overlaps. Preprint. arxiv:2104.06997.

A. Rutar. Attainable forms of Assouad spectra. To appear in: Indiana Univ.
Math.J. arxiv:2206.06921.

A. Rutar. Multifractal analysis via Lagrange duality. Preprint.
arxiv:2312.08974.

P. Shmerkin. On Furstenberg’s intersection conjecture, self-similar measures, and
the L9 norms of convolutions. Ann. Math. 189 (2019), 319-391.
zb1:1426.11079.

118


https://zbmath.org/1345.28019
https://zbmath.org/1278.37032
https://zbmath.org/1201.30002
https://zbmath.org/0900.00018
https://zbmath.org/0376.28020
https://zbmath.org/0504.28001
https://zbmath.org/0819.28004
https://zbmath.org/0885.28005
https://zbmath.org/0539.28003
https://openlibrary.org/9780877790952
https://zbmath.org/07811484
https://zbmath.org/1404.28017
https://zbmath.org/1222.37004
https://zbmath.org/0193.18401
https://zbmath.org/07732556
https://arxiv.org/abs/2208.02774
https://arxiv.org/abs/2104.06997
https://arxiv.org/abs/2206.06921
https://arxiv.org/abs/2312.08974
https://zbmath.org/1426.11079

[Tro20]

[VK87]

[VKS88]

[Wul9]

THE LOCAL GEOMETRY OF FRACTAL SETS

S. Troscheit. The quasi-Assouad dimension of stochastically self-similar sets. Proc.
Roy. Soc. Edinburgh Sect. A 150 (2020), 261-275. zb1:1437.28014.

A. L. Vol'berg and S. V. Konyagin. On measures with duplication condition.
Izv. Akad. Nauk SSSR, Ser. Mat. 51 (1987), 666—675. zb1:0649.42010.

A. L. Vol'berg and S. V. Konyagin. On measures with the doubling condition.
Math. USSR, Izv. 30 (1988), 629-638. zb1:0727.28012.

M. Wu. A proof of Furstenberg’s conjecture on the intersections of xp- and
X g-invariant sets. Ann. Math. 189 (2019), 707-751. zb1:1430.11106.

119


https://zbmath.org/1437.28014
https://zbmath.org/0649.42010
https://zbmath.org/0727.28012
https://zbmath.org/1430.11106

	Abstract
	Acknowledgements
	Declarations
	Contents
	List of symbols
	Fractal geometry and the Assouad dimension
	The geometry of fractal sets
	Fractal geometry
	Box and Hausdorff dimensions
	The Assouad dimension
	The Assouad spectrum
	Weak tangents, tangents, and pointwise Assouad dimension
	Outline of this thesis
	Asymptotic notation

	Symbolic constructions and non-autonomous self-similar sets
	Metric trees
	Non-autonomous self-similar sets
	Reduction to symbolic representation
	Regularity properties of Assouad dimension
	Proof of the Assouad dimension formula

	Self-affine carpets following Gatzouras–Lalley and Barański
	Diagonal iterated function systems
	Invariant measures and the space of probability vectors
	Gatzouras–Lalley and Barański carpets
	Pseudo-cylinders, approximate squares, and symbolic slices
	Covering lemmas for Gatzouras–Lalley carpets


	The Assouad spectrum
	Attainable forms of Assouad spectra
	The family of functions Ad
	Basic properties of the family Ad
	Bounding the Assouad spectrum
	Constructing sets with prescribed spectra
	Attainable forms of the upper Assouad spectrum

	Exceptional constructions for Assouad spectra
	Hölder failure at 1
	A family of non-monotonic spectra
	Non-monotonicity on any open set

	A variational formula for the Assouad spectrum of Gatzouras–Lalley carpets
	Statement of the variational formula and proof strategy
	Sections for approximate squares and types
	Covering thin cylinders
	Covering thick cylinders
	Combining bounds and completing the proof

	An explicit formula for the Assouad spectrum of Gatzouras–Lalley carpets
	Assouad spectrum of Gatzouras–Lalley carpets
	The geometry of constrained optimization
	Attaining the optimization on the boundary
	Fibred optimizers
	Solving the variational formula

	Qualitative features of the Assouad spectrum of a Gatzouras–Lalley carpet
	An alternative formula for the Assouad spectrum
	Differentiability and higher-order phase transitions
	Convexity and concavity
	Examples


	Pointwise Assouad dimension
	Basic properties of the pointwise Assouad dimension
	Level sets and measurability
	Tangents and pointwise dimensions of general sets
	Examples exhibiting sharpness

	Tangents of dynamically invariant sets
	Invariance and self-embeddability
	Self-embeddable sets have tangents of maximal dimension
	Uniformly self-embeddable sets have many tangents of maximal dimension

	Tangent structure and dimension of Gatzouras–Lalley carpets
	Regular points and interior words
	Tangents of Gatzouras–Lalley carpets
	Upper bounds for the pointwise Assouad dimension
	Dimensions of level sets of pointwise Assouad dimension

	Tangent structure and dimension of Barański carpets
	Dimensions and decompositions of Barański carpets
	Pointwise Assouad dimension along uniformly contracting sequences
	Barański carpets with few large tangents


	Bibliography

