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Abstract

In this thesis we study P;(G) the probability of generating a non-abelian simple group G with
d randomly chosen elements. We restrict our analysis to G = PSL,(¢q), PSU,(¢q) and PSp,,(q).
Let m(G) be the smallest value of |G : M| over all maximal subgroups M of G. We show that
1 - 24:1))713?@ < P»(G) with equality occurring when G = PSU4(3). We also provide sharper
bounds for when we restrict our attention to PSLa(¢), PSL,(q) for n > 3 or PSp,,(¢) on their

own. We obtain the results 1 — m < P»(PSLy(q)) where equality only occurs when
g=11,1— m < P5(PSL,(q)) where equality only occurs when (n,q) = (3,4) and
1— m < P»(PSp,,(q)) where equality only occurs when (n,q) = (4,4).

The values of m(G) are known for the simple groups. However, in Chapter 5, we expand our
scope to almost simple groups G with socle S, and calculate m(G), the smallest value of |G : M|
over all maximal subgroups M of G such that S € M. We show which G satisfy m(G) = m(S),
and in addition provide the values of m(G) for the cases where m(G) # m/(S).



Acknowledgements

General acknowledgements

I would like to thank the following people for their help and support during the complicated time
that this theses was created. Firstly, I would like to thank my supervisors, Colva and Martyn,
for supporting and putting up with me for this long process. Without them, this thesis would
certainly not have existed. I would like to thank my parents, Gaynor and Jorge, for supporting
me all this time. I would like to thank Vesper for making sure I didn’t get stuck in the "Bubble".
Without her, the years would have been much less fun. Finally, I would like to thank Ali, Toby
and Ben for their entertaining group chats, and for being one source of (in)sanity during these
troubled times.

Funding

This work was supported by the University of St Andrews (School of Mathematics and Statistics).



Candidate's declaration

I, Adan Mark Mordcovich, do hereby certify that this thesis, submitted for the degree of PhD,
which is approximately 30,738 words in length, has been written by me, and that it is the
record of work carried out by me, or principally by myself in collaboration with others as
acknowledged, and that it has not been submitted in any previous application for any
degree. | confirm that any appendices included in my thesis contain only material permitted
by the 'Assessment of Postgraduate Research Students' policy.

| was admitted as a research student at the University of St Andrews in September 2016.

| received funding from an organisation or institution and have acknowledged the funder(s) in
the full text of my thesis.

Date 23/11/2021 Signature of candidate

Supervisor's declaration

I hereby certify that the candidate has fulfilled the conditions of the Resolution and
Regulations appropriate for the degree of PhD in the University of St Andrews and that the
candidate is qualified to submit this thesis in application for that degree. | confirm that any
appendices included in the thesis contain only material permitted by the 'Assessment of
Postgraduate Research Students' policy.

Date 17/11/2021 Signature of supervisor

Permission for publication

In submitting this thesis to the University of St Andrews we understand that we are giving
permission for it to be made available for use in accordance with the regulations of the
University Library for the time being in force, subject to any copyright vested in the work not
being affected thereby. We also understand, unless exempt by an award of an embargo as
requested below, that the title and the abstract will be published, and that a copy of the work



may be made and supplied to any bona fide library or research worker, that this thesis will be
electronically accessible for personal or research use and that the library has the right to
migrate this thesis into new electronic forms as required to ensure continued access to the
thesis.

I, Adan Mark Mordcovich, confirm that my thesis does not contain any third-party material
that requires copyright clearance.

The following is an agreed request by candidate and supervisor regarding the publication of
this thesis:

Printed copy

No embargo on print copy.

Electronic copy

No embargo on electronic copy.

Date 23/11/21 Signature of candidate

Date 17/11/21 Signature of supervisor



Underpinning Research Data or Digital Outputs
Candidate's declaration
I, Adan Mark Mordcovich, hereby certify that no requirements to deposit original research

data or digital outputs apply to this thesis and that, where appropriate, secondary data used
have been referenced in the full text of my thesis.

Date 23/11/21 Signature of candidate



Contents

Abstract 2
Acknowledgements 3
1 Introduction 10
2 Preliminaries 13
2.1 General definitions and notation . . . . .. ... L. 13
2.2 Largest maximal subgroups . . . . . . . ... o 14
2.3 Almost simple groups . . . . . .. 15
2.4  The probability Pij(G) . . . . . . . 20
2.5 The classical groups . . . . . . ..o 24
2.6 Bounds for classical groups . . . . ... . Lo 31
2.7 Aschbacher’s theorem . . . . . . . . .. . 35
2.8 Some basic estimates . . . . . .. ..o 37

3 Preliminary data on maximal subgroups of classical groups 39
3.1 Types of maximal subgroups . . . . . . . .. . Lo o 39
3.2 Linear groups . . . . . . .o e e 41
3.3 Symplectic groups . . . . . .. L 47
3.4 Unitary groups . . . . . . . .o e 56

4 Calculating o for simple classical groups 65
4.1 Bounds on the number of maximal subgroups . . . . . . ... ... ... ... 65
4.2 Calculating « for large dimension . . . . . . . .. . ... oo Lo 67
421 Linear groups . . . . . . ... oo e 67

4.2.2  Symplectic groups . . . . . ... 69

4.2.3  Unitary groups . . . . . . . .o e e e 73

4.3 Calculating « for small dimensions . . . . . . . .. ... L. 7
4.3.1  Linear groups . . . . . . . .. ..ot e 79

4.3.2  Symplectic groups . . . . . . .. 98

4.3.3  Unitary groups . . . . . . ..o oo e e 107

5 Largest non-trivial maximal subgroups of almost simple groups 120
5.1 Preliminaries about groups of Lie type . . . . . . .. . ... . L. 120
5.1.1 Untwisted groups of Lie type . . . . . . . . . . . ... ... ... 120



5.2

9.3

5.4

5.5
9.6

5.1.2 Twisted groups of Lie type . . . . . . . . . . . .. 125

5.1.3 Further information on groups of Lie type . . . . . . . . ... .. .. .. 128
The main theorem . . . . . . . . . . . .. .. 134
5.2.1 A recap of relevant information . . . . .. ... .. ... ... ... 137

Orders of non-trivial maximal subgroups of almost simple groups with socle PSL,,(¢) 143
5.3.1 Sizes of non-trivial maximal subgroups of almost simple groups with socle

PSL,(q) forn>7 . . . . . 143
5.3.2 Sizes of non-trivial maximal subgroups of almost simple groups with socle
PSL,(q) forn <6 . . . . .. . 148
Orders of non-trivial maximal subgroups of almost simple groups with socle PSp,, (q)
or PSUL(q) - - . o o o 154

Orders of non-trivial maximal subgroups of almost simple groups with socle PQ (¢) 159
Largest maximal subgroups of almost simple groups with exceptional simple group

SOCle . Lo e 176
5.6.1  Ga(q) - . o oo 176
562 Fu(q). - o o oo 178
5.6.3 Ee(q) - . o oo 179
564 E7(q)and Eg(q) . . - . . o o .o 182
5.6.5 Twisted groups of Lie type . . . . . . . . . . . .. 182



List of Tables

2.1
2.2
2.3
2.4

3.1
3.2
3.3
3.4
3.5
3.6

4.1
4.2
4.3
4.4
4.5
4.6
4.7
4.8
4.9
4.10

5.1
5.2
5.3
0.4
5.5

0.6
5.7
0.8
5.9
9.10
5.11
5.12
5.13

m(G) for simple classical groups . . . . . .. ... o L 16
Order of I . . . . . . 29
Indices of classical groups 1 . . . . . . . . ... Lo 30
Indices of classical groups 2 . . . . . . . .. L o 30

Geometric subgroups of SL,

(

Geometric subgroups of SL,(q) . . . . . . . ..o 43
Geometric subgroups of Sp,,(¢) - . . . . . ... 48
Geometric subgroups of Sp,,(¢) . . . . . . .. 49
Geometric subgroups of SU,(q) . . . . . . . ..o Lo 56
Geometric subgroups of SU,(q) . . . . . . . .. 57
cg for small PSLy,(q) . . . . . o o o o o 78
cg for small PSU,(q) and PSp,,(q) . . . . . . .« ... L 78
Maximal subgroups of SLa(q) for ¢ >3 . . . . . . . .. ... ... 81
Maximal subgroups of SLg(q) . . . . . . . . .. . L 82
Maximal subgroups of SLy(q) . . . . . . . ... 85
Maximal subgroups of SLs(q) . . . . . . . . . ... 87
Maximal subgroups of SLg(q) . . . . . . . . .. 89
Maximal subgroups of Spy(q) for¢g>2 . . . . . . . ... oL 99
Maximal subgroups of SUs(q) for ¢ >5. . . . . . ... ... 109
Maximal subgroups of SUy(q) for¢g >3 . . . . . . . ... ... ... ... 111
Information on Simple Lie Algebras . . . . . . . . ... ... ... 124
Orders of exceptional groups . . . . . . . . . . ... 135
Outer automorphisms of exceptional groups . . . . . . .. .. .. ... ... ... 136
Largest non-trivial maximals for almost simple groups with socle PSL,(¢) . . . . 137
Largest non-trivial maximals for almost simple groups with socle PSp,,(¢) and

PSURQ) « « v oo oo e 138
Largest non-trivial maximals for almost simple groups with socle PQ,(¢q) . . . . . 139
m(G) for exceptional simple groups . . . . . . . ... 140
m(G) for sporadic simple groups . . . . . ... 141
m(G) for sporadic simple groups (cont.) . . . . . ... ... L. 142
Largest non-trivial maximals for almost simple exceptional groups and sporadics 143
Conditions for geometric subgroups of Q. (q) . . . . . . . ... L. 161
Geometric subgroups of Q7 (q) . - . . . . .. 162
Geometric subgroups of Q. (q) . . . . . . . 163



Chapter 1

Introduction

In this thesis we study two questions concerning finite groups: probabilistic generation of classi-
cal simple groups and the largest non-trivial maximal subgroup of almost-simple groups. At first
blush these questions may seem unrelated, however both are actually questions about the orders
of certain subgroups of simple groups.

In the first part of the thesis we study Py;(G), the probability of generating a finite group G
with d randomly chosen elements. We study the cases where G is a linear, symplectic or unitary
simple group. A natural point for further investigations would be to include the orthogonals,
however due to time constraints we have not covered this case, though we intend to do further
work to correct this.

By the Classification of Finite Simple Groups all finite simple groups are 2-generated, conse-
quently P(G) > 0 for all finite simple groups G.

In 1969 Dixon [15] showed that in fact P»(A,) — 1 as n — oo, settling a long standing con-
jecture by Netto [43]. Dixon would later provide a sharper statement in [16]. Upper and lower
bounds for P»(A,,) are given in work by Maroti and Tamburini [37] and more recently by Morgan
and Roney-Dougal [41].

In [15], Dixon also conjectured that for all finite simple groups G we have P»(G) — 1 as |G| — oo.
This was proved by Kantor and Lubotzky [22] for classical groups and some exceptional groups,
with the result proved for the remaining exceptional groups by Liebeck and Shalev [31].

These results are asymptotic in nature, however concrete lower bounds for P,(G) were later
obtained in [39]; it was shown that in fact P»(G) > % for all finite simple groups G with equality
if and only if G = Ag.

Let m(G) be the index of the largest maximal subgroup of the simple group G. Liebeck and
Shalev [32] showed that there exists constants «, 5 > 0 such that for all finite simple groups G
the following holds

o p

-G ShO - (1.1)
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For the case where G = A,,, values for a and § are provided by Morgan and Roney-Dougal
|41]. In Chapter 4 we continue such work and provide values for « for each of the cases where
G = PSL,(q), PSp,,(¢) and PSU,(q). In chapter 4 we prove the following

Theorem. Let n > 2 and let q be a prime power. Furthermore let G = PSL,(q),PSp,(q) or
PSU,(q). Then

1199
T < .
243m(G) ~ P(@)

Furthermore

o Let ¢ > 4. If G = PSLa(q) then 1 — ¢/m(G) < P»(G) where ¢ = 32 ~ 2.534. Equality only
occurs when ¢ = 11.

o Let n > 3, where (n,q) # (3,2). If G = PSL,(q) then 1 — ¢/m(G) < Pi(G) where
57 ’4)

ot = 2.85. Equality only occurs when (n,q) = (3
e Let n > 4 be even, and (n,q) # (4,2). If G = PSp,,(q) then 1 — ¢/m(G) < P2(G) where

€= 20
= %% ~ 4.214. Equality only occurs when (n,q) = (4,4).

o Letn >3, and (n,q) # (3,2). If G =PSU,(q) then 1—c/m(G) < Py(G) where c = 12 ~
4.935. Fquality only occurs when (n,q) = (4,3).

All decimals above are rounded up values to three decimal places.

One related avenue of research lies in asking if it is possible to find a pair of generators of pre-
scribed orders. We say that a finite group G is (a, b)-generated if there are two elements of G, one
with order a, the other with order b, that together generate the whole group. It has been shown
that sufficiently large non-abelian finite simple groups are (2, 3)-generated with the exception of
PSp4(27), PSp,(37) and 2By(g). This is shown by Miller [40] for alternating groups, Liebeck and
Shalev [33] for classical groups, Liibeck and Malle [34] for exceptional groups. In addition this
problem has been covered for sporadic simple groups by Woldar [53]. An overview on this topic
can be found in [7].

As is hinted in Equation (1.1), the probability P»(G) is actually related to the subgroup structure
of G, in particular the maximal subgroups of G. Work from Cooperstein [10], with later correc-
tions from Bray [5] and Kleidman and Liebeck [26, Theorem 5.2.2] provide us with information
on the values of m(G) for all classical simple groups G.

This leads us to the second part of the thesis, where we widen our field of view and consider
all almost simple groups, groups G that satisfy S < G < Aut(S) for a non abelian simple group
S. We calculate the index of the largest non-trivial maximal subgroup of GG, that is, the largest
maximal subgroup that does not contain .S. We present our results in Theorems 5.2.1 and 5.2.2.
This work builds on previous work on maximal subgroups of simple groups.

There is bountiful literature on this subject. In particular, we would like to point the reader to
various results and sources on this topic. For example, in the cases of A,, and S,, the O’Nan-Scott
Theorem gives us a classification of the subgroups; a subgroup either satisfies certain geometric
conditions or is an almost simple group itself. Further work by Liebeck, Praeger and Saxl [28§]
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has shown which of these groups are actually maximal.

An analogous result to the O’Nan Scott Theorem for classical groups is given by Aschbacher’s
Theorem [2]. More detailed information on the structure of certain non-trivial maximal subgroups
of classical groups was provided by Kleidman and Liebeck [26] for dimension n > 13. In fact for
dimension n < 12 Bray, Holt and Roney-Dougal [6] give us complete information on the maximal
subgroups, and for dimension 13, 14 and 15 one may find information in work by Schréder [45].

For certain exceptional groups, the maximal subgroups are also known. For the Suzuki groups
2B5(q) the maximal subgroups were determined by Suzuki himself [47]. For almost simple groups
G with socle groups Ga(q), the maximal subgroups were determined by Kleidman [24] for ¢ odd,
by Cooperstein [11] for ¢ even and G simple, and by Aschbacher [4] for the remaining cases. The
small Ree groups 2Ga(q), and the groups *Dy4(q) were determined by Kleidman in [24] and [25].
Finally the maximal subgroups of almost simple groups with socle 2F4(q) were determined by
Malle [36].

For the remaining exceptional groups full classifications of maximal subgroups are currently
incomplete. Nevertheless, there is still a large amount of information on these subgroups as out-
lined [30]. There is also further information on the maximal subgroups of the exceptional groups
Fy(q), Es(q) and 2Eg(q) in recent work by Craven [12]. Finally, in the case of almost simple
sporadic groups, a complete classification of the maximal subgroups, with the exception of the
Monster, can be found in [52].

12



Chapter 2

Preliminaries

Let us first start with some fundamental definitions and notation. The following chapter discusses
almost simple groups, classical groups and their subgroups in more detail. Throughout we will
assume that all groups are finite unless otherwise stated.

2.1 General definitions and notation

Let us begin with a some general definitions.

Definition 2.1.1. Let A and B be groups. Then G is an eztension of A by B if there exists an
N < G such that N is isomorphic to A and G/N is isomorphic to B. In this case we use A.B to
denote G.

Furthermore if there also exists M < G such that MN = G, M NN = 1 and M is isomor-
phic to B then this is a split extension. We denote this by A : B while in the case where there is
no such subgroup M then we have a non-split eztension denoted by A" B.

The cyclic group of order n is denoted by C,, or when as a component of a group structure just
by n. For example S3 = C5 : (s, since there exists an element a of order 3 and another element
b of order 2 such that the intersection of (a) and (b) meet trivially. Meanwhile Cy = Cy "~ Cy,
since given a normal subgroup Cy of Cy there does not exist another Cy subgroup that meets it
trivially.

Definition 2.1.2. An elementary abelian group is an abelian group where all non-trivial elements
have order p for some prime p.

An elementary abelian group of order p™ will be denoted by p™. Furthermore groups of the form
p®.p* may be denoted by p®*. By [n] we denote a group of order n of unspecified structure.

We denote by S,, and A,, the symmetric group and alternating group on n elements respec-
tively. For even n we have that D,, denotes the dihedral group of order n and for n a power of 2
we write Q,, for the quaternion group of order n.

Definition 2.1.3. Let H and K such that there is an isomorphism ¢ from Z; < Z(H) to
Zy < Z(K). Define Z < Hx K by Z ={(z,¢(x)) : x € Z1}. Then G = (H x K)/Z is a central
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product of H and K, often denoted by H o K. The groups H and K are called central factors of
G. If Z; and Z, are not specified, then they are assumed to be the largest isomorphic subgroups
of Z(H) and Z(K).

Definition 2.1.4. Given a group G, the Frattini subgroup, ®(G) is the intersection of all maximal
subgroups of G.

® (@) is equal to the set of all non-generating elements of G. A non-generating element of G is an
element that can always be removed from a generating set. A group with a non-trivial Frattini
subgroup is G = C2 where p is prime and G is generated by a; here we have ®(G) = (a”).

Definition 2.1.5. A p-group G is an estraspecial group if G' = Z(G) = ®(G) = C),.

It can be shown that all extraspecial groups have order p'*2" for n > 1. In addition for each such
number there are exactly two extraspecial groups up to isomorphism. For r an odd prime, we

write r_lﬁzn for an extraspecial group of order r'*2" and exponent 7, and 72" for an extraspecial

group of the same order, but exponent 2. We write 2f2m for an extraspecial group of order
21+2m that is isomorphic to a central product of m copies of Dg, and we write 2172™ for an
extraspecial group of the same order, but that is isomorphic to a central product of m — 1 copies
of Dg and one of Qg.

Definition 2.1.6. If G has a unique subgroup of index 2, then we denote this subgroup by %G.

Definition 2.1.7. By shape we mean a rough description of an isomorphism type. This is not a
complete description of the group but allows the reader to read off the composition factors.

We may denote finite field of order ¢ = p" by F,. We denote the multiplicative group of a field
F by F*.

Definition 2.1.8. Let H be a subgroup of G' then we define Clg(H) to be the set of subgroups
of G that are conjugate to H.

2.2 Largest maximal subgroups

We first generalize the idea of a simple group.

Definition 2.2.1. e For a group G, the socle is the subgroup of G generated by its minimal
normal subgroups.

e An almost simple group G is a group satisfying S = Inn(S) < G < Aut(S) for non-abelian
simple group S. The socle of G is S.

Definition 2.2.2. A group G is perfect if G = G’ where G’ is the derived subgroup of G.
Definition 2.2.3. A group G is quasisimple if it is perfect and if G/Z(G) is simple.

Definition 2.2.4. e If G is almost simple with socle S then we define m(G) to be the mini-
mum of |G : M| over all maximal subgroups M of G such that S £ M. In cases where we
want to stress the subgroup S we use the notation mg(G).

14



e If G is quasisimple then we define m(G) to be the minimum of |G : M| over all maximal
subgroups M of G.

Note that if G is non-abelian simple then it is also almost simple so the definition above also
applies in such a case.

For some cases we would like to look beyond the largest order of maximal subgroups so for
that end we have the following definitions.

Definition 2.2.5. e Let (G be almost simple with socle S. Let A be the set of integers arising
as indices of maximal subgroups M of G that do not contain S. Then we define m,(G) to
be the nth smallest element of A. In cases where we want to stress the subgroup S we use
the notation m,, g(G).

e Let G be a quasisimple group. Let B be the set of integers arising as indices of maximal
subgroups M of G. If G is quasisimple then we define m,,(G) to be the nth smallest element
of B.

Again, we note that if G is simple then it is also almost simple so the definition above also applies
in such a case.

Lemma 2.2.6. If G is a perfect group then its maximal subgroups are in one-to-one correspon-
dence with the mazimal subgroups of G/Z(G).

Proof. Suppose that M is a maximal subgroup of G and that Z(G) € M. Then G = Z(G)M.
Therefore M must be normal in G and G/M = Z(G)/(M N Z(G)) = 1, which is a contradiction.
We conclude that every maximal subgroup of G contains Z(G) and the results follows from the
correspondence theorem. O

The following theorem is due to [10]|, with corrections from |26, Theorem 5.2.2| and further
corrections by [5] as presented in [38].

Theorem 2.2.7 ([10], [5], [26]). Let G be a simple classical group. Then the values of m(G) as
reproduced in Table 2.1.

Corollary 2.2.8. Let G be a quasisimple group such that G/Z(QG) is a simple classical group.
Then m(G) = m(G/Z(G)) and as such can be obtained from Table 2.1 from the relevant row. In
addition mp(G) = mn(G/Z(G)).

2.3 Almost simple groups

Recall the definition of an almost simple group from Definition 2.2.1. For the rest of this section
we shall assume that G is an almost simple group, and S is a simple group unless stated otherwise.

Note that as S is simple it is isomorphic to Inn(S). Since S is isomorphic to Inn(S) and G

is a subgroup of Aut(S) we may consider G/S to be a set of outer automorphisms which act on
the conjugacy classes of subgroups of S.

15



Table 2.1: m(G) for simple classical groups

“ m(G)
-1
PSLn(q), (n,q) # qq_l
(2,5),(2,7)(2,9), (2,11), (4, 2)
PSLy(5), PSLa(7), PSL2(9), 5.7.6, 11, 8
PSLs(11), PSL4(2)
2m _ 1
PSP2m(Q),m22,q>2 q —
Sp2m<2)7 m 2 3 2m—1<2m _ 1)
Sp4(2)', PSp4(3) 6, 27
PSU3(q)7q7é255 q3_|_1
PSUs(q) ¢'+¢ +q+1
PSU (q) n>>5 (qn - (-1)")(q”_1 — (_1)71—1)
n , N = 9, 5 —
(n,q) # (2m,2) (> —1)
n—1/9n
PSU,(2),n even,n > 6 2(?31)
2m __
Qom+1(g),m > 3,9 > 5 odd qqll
Qom+1(3),m >3 3 (32 -1
mo__ m—1
POy, (q),m > 4,q > 4 (g 1)((11 +1)
q J—
m—1/qm __ 1
PQ;,(3),m > 4 3 <?; )
— m + 1 m—1 _ 1
PQQm(q)7m>4 (q q)(_ql )
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Definition 2.3.1. A maximal subgroup M of G is called trivial if soc(G) < M. Otherwise it is
non-trivial.

In general we shall focus on the non-trivial case; the reason being that if M < G is trivial, then
by the Correspondence Theorem we can associate M with a subgroup of Out(soc(G)). In this
case, the outer automorphism groups of simple groups are well known and therefore so are the
trivial maximal subgroups M. In addition the trivial maximal subgroups of G have no relation
with the maximal subgroups of soc(G).

Consequently the main focus will be on non-trivial maximal subgroups, which we can also split
into two cases.

Definition 2.3.2. Let G satisfy S < G < Aut(S), where S is a non-abelian simple group, and
let M < G. Then

e M is an ordinary maximal subgroup if S N M is maximal in S.

e M is a novel maximal subgroup (or just a nowvelty) if S N M is a proper non-maximal
subgroup of S.

As can be seen from these definitions an important source of information about non-trivial max-
imal subgroups of G is their intersection with the S = soc(G). Consequently we introduce the
following notation.

Definition 2.3.3. Let G be an almost simple group with socle S, and let H be a subgroup of
G. Then we define Hg to be SN H.

Even though we can see how maximal subgroups of G lead us to subgroups of S = soc(G), in
general we would prefer to be given a subgroup H of S and see if there exists a maximal subgroup
M of G such that Mg = H.

Lemma 2.3.4. Let G be an almost simple group with socle S. If K is a subgroup of G such that
Kg = H then K < Ng(H).

Proof. S <4G,s0 H=SNK < K. Hence K < Ng(H). O

Lemma 2.3.5 (|6]). Let G be a finite almost simple group with socle S. Suppose that M is a
mazimal subgroup of G. Then SN M # 1.

Lemma 2.3.6. Let G be an almost simple group with socle S. If M is a non-trivial mazimal
subgroup of G, then there exists a subgroup H in S such that M = Ng(H) and H = Ng(H).
Furthermore H = Mg.

Proof. Consider Mg = M NS < S. By Lemma 2.3.5 we know that Mg # 1. Also, by Lemma
2.3.4 we have that M < Ng(Mg). However by the simplicity of S we have that Ng(Mgs) 2 S,
and by maximality of M we have that Ng(Mg) = M. So Mg = Ng(Mg) NS = Ng(Mg). O

This leads us to the fact that all non-trivial maximal subgroups of finite almost simple group
G are in fact normalizers of subgroups of S in G. Furthermore we see that in order to find all
non-trivial maximal subgroups of G we need only look at the normalizers of subgroups H < §
such that Ng(H) = H.

17



So now given a subgroup H < S such that H = Ng(H) and an almost simple group G with
socle S, we would like to see if in fact Ng(H) is actually a maximal subgroup of G. Firstly we
cover some necessary conditions.

Lemma 2.3.7. Let G be an almost simple group with socle S, and let H # 1 be o proper subgroup
of S. If N¢(H) is mazimal in G then Nq(H)S = G.

Proof. Suppose otherwise. We note that H € S and so Ng(H) < G and also S £ Ng(H). Then
Ng(H) < Ng(H)S < G, a contradiction. O

Recall that G/S can be considered to be a subgroup of the outer automorphisms of G, and thus
acts on the conjugacy classes of subgroups of S.

Lemma 2.3.8. Let G be an almost simple group with socle S, and let H be a subgroup of S
so that H < S = Inn(S) < G < Aut(S). Then Ng(H)S = G if and only if G/S fizes the
S-conjugacy class of H.

Proof. If Ng(H)S = G then HE = HNe¢(H)S — H5,
Let G/S fix the conjugacy class of H in S. Therefore for any ¢ € G, g maps H to a conju-

gate of H in S. Thus there exists an s such that gs € Ng(H). We therefore conclude that
g=gss~ '€ Ng(H)S. O

Consequently we may rephrase Lemma 2.3.7 as

Lemma 2.3.9. Let G be an almost simple group with socle S, and let H # 1 be o proper subgroup
of S. If No(H) is mazimal in G then G/S fizes the conjugacy class of H in S.

The advantage of this formulation is that if we are given an almost simple group in the form of
G = S.T where T' < Out(S) we can work out whether a subgroup H of S may lead to a maximal
subgroup Ng(H) without having to calculate Ng(H) exactly.

It is also of value to understand what happens if G/S fixes the conjugacy class of a subgroup H
in S. To this end we start with the following lemma

Lemma 2.3.10 ([3]). Let G be transitive on X, x € X and H < G. Then H is transitive on X
iof and only of G = G, H.

Lemma 2.3.11. Let G be an almost simple group with socle S, and let H be a subgroup of S.
If G/S fizes the conjugacy class of H in S then there does not exist a subgroup M such thal
Nog(H) <M <G and S < M.

Proof. We have that G = Ng(H)S. By Lemma 2.3.10 S acts transitively on the set of G-
conjugates of H.

Suppose otherwise, then there exists an M such that S < M and Ng(H) < M < G and so
SNg(H) < M < G. However, since G/S fixes the conjugacy class of H in S this means that
SN¢g(H) = G, which is a contradiction. O

This in turn gives us the following:
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Corollary 2.3.12. Let G be an almost simple group with socle S, and let H be a subgroup of S.
If G/S fizes the congugacy class of H in S and there exists K such that Ng(H) < K < G, then
H<Kg<SS.

Proof. By Lemma 2.3.11, S £ K. Hence Kg = KNS < S. We note that H < Ng(H) =
Neg(H)NS < KNS = Kg. However if H = Kg then K < Ng(H) by Lemma 2.3.4, a
contradiction. O

We now look at our first necessary and sufficient condition.

Lemma 2.3.13. Let G be an almost simple group with socle S, and M a mazimal subgroup of
S. Then Ng(M) is mazimal in G if and only if No(M)S = G.

Proof. Suppose that Ng(M) is not maximal in G. Then there exists a subgroup K satisfying
Ng(M) < K < G. By Lemmas 2.3.8 and 2.3.12 that would imply that M < Kg < S contradict-
ing the maximality of M in S. The other direction is covered by Lemma 2.3.7. O

In the case where H < S is not maximal in S then the problem is a bit more difficult. In fact it
is due to the different nature of these two problems that we have Definition 2.3.2. We will focus
primarily on the novelty case from now on in this section.

As noted in [6, p. 10|, for Ng(H) to be a novelty we require that Ng(H)S = G which we shall
assume to be the case. Here Ng(H) fails to be maximal in G if and only if Ng(H) < Ng(K)
for some K such that H < K < S. Furthermore, by repeatedly replacing H with Ng(H) and K
with Ng(K) we may assume that Ng(H) = H and the analogue for K.

Definition 2.3.14. Let G be almost simple with socle S. If H = Ng(H) < K = Ng(K) < S < G
and Ng(K)S # G, then Ng(H) is called a type 1 novelty with respect to K.

One example that was presented in |6, p. 10] is that of G = PSLa(7), S = PSLs(7), H = D,
M = D;2. Here K can only be Sy, but that would give Ng(K) = K.

Another relevant example for later on in section 4.2, is that of S = PSL(3,¢) and G = Aut(S).
In this case we consider the two subgroups of S, P; and U, where U is the subgroup of upper
diagonals and P; the subgroup of invertible matrices with the first column (a,0,0)T where a is
non-zero. It turns out that Ng(P1)S # G and Ng(U)S = G, the first inequality resulting from
the fact that the inverse transpose does not preserve the conjugacy class of P; in S. Here we
have that Ng(U) is a type 1 novelty with respect to Py.

The other possibility that arises is:

Definition 2.3.15. Let G be almost simple with socle S. If we have H < K < § < G, with
Ng(H) = H, Ng(K) = K, and Ng(H)S = Ng(K)S = G and such that M = Ng(H) £ Ng(K)
then M is type 2 novelty with respect to K.

We note that these subgroups H are defined to be novelties with respect to a K. This is because
there is the possibility that there is a novelty H where there are multiple different K such that
H < K < S holds. We also note that a subgroup M being a novelty with respect to some group
K does not imply that M is a maximal subgroup, only that it remains a candidate.
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Again, we provide an example which comes from |6, p. 10]. Consider G = PSpy(7) : 2,
H = PSLy(7), and M = PSLy(7) : 2. The only possibility for K is A7. The two conjugacy
classes of groups isomorphic to H in K are fused in Ng(K) = Sy.

We include the following proposition from [6, Proposition 1.3.10], the proof of which can be
found there, which gives conditions as to when type 2 novelties occur.

Proposition 2.3.16. Let G be almost simple with socle S. If we have H < K < S < G with
Ng(H) = H, Ng(K) = K and Ng(H)S = Ng(K)S =G. Then M = Ng(H) £ Ng(K) if and
only if there exists a subgroup Hy < K with H and Hy congugate in Ng(K) but not in K. In this
situation H and Hy are in fact also conjugate in S.

We conclude with some results regarding the indices of subgroups of almost simple groups.

Lemma 2.3.17. Let G be almost simple with socle S. Let H < S be such that H = Ng(H).
Then if Ng(H)S = G we have
|G : Nq(H)|=|S: H|.

Proof. Since H® = HNe(H)S — H5 the conjugacy classes have the same size, i.e. |G : Ng(H)| =
|S: Ng(H)|=|S: H|.
O

The above lemma leads us to the following lemma

Lemma 2.3.18. Let G be an almost simple group with socle S. If H < S is the largest mazimal
subgroup of S and Ng(H)S = G then Ng(H) is the largest non-trivial mazimal subgroup of G.
In particular m(S) = m(QG).

Proof. By Lemma 2.3.13, Ng(H) is a non-trivial maximal subgroup, and by Lemma 2.3.17 its
index is equal to |\S : H|. If there were a larger non-trivial maximal subgroup, let us call it M, then
there would exist a proper subgroup K in S such that M = Ng(K) and K = Ng(K) by Lemma
2.3.6. By Lemma 2.3.17 the index of this group is |[S : K|. So if there were a larger maximal
non-trivial subgroup we would have |G : M| < |G : Ng(H)| or alternatively |S : K| < |S : H|.
This in turn implies that there would be a proper subgroup larger than H in S; a contradiction.
By Lemma 2.3.17 we have

m(G) = |G : Ng(H)| = |S : H| = m(S).

2.4 The probability P,;(G)
Definition 2.4.1. Let G be a finite group.

e The Eulerian function ¢4(G) gives us the number of d-tuples (g1,...,9q) € G? such that
G is generated by the set g1,...,gq4-

e Let d(G) denote the minimal number of generators for a group G.
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e Assume d > d(G) then P;(G) is the probability that d independent and uniformly dis-
tributed random elements of G generate the whole group.

e For a simple group G such that d(G) < 2, we define ¢ to be (1 — Po(G))m(G).
Rearranging the definition of c¢g gives us
Lemma 2.4.2. 1 — c¢/m(G) = P2(G).

Furthermore from Definition 2.4.1 we have that

ey - 449

Theorem 2.4.3 ([32, Theorem 1.6]). There exist constants o, B > 0 such that
B

1—L§P2(G)§1—m(G)

m(G)
holds for all finite simple groups G.

Our aim is to provide actual values for « for specific families of simple groups. To this end let us
derive some bounds for P;(G).

Lemma 2.4.4. Assume that d(G) < d. Let N <G. Then Py(G) < P;(G/N).

Proof. If (g1,...,9q) is an d-tuple of elements of G that generate G then (g1 N, ..., gq/N) generates
G/N. In addition if (g1 N,...,gaN) is an d-tuple of elements of G/N then there are |N¢| pairs
of elements of G' that get mapped onto (g1 N,...,g4N) by the quotient map. Consequently we
observe that ¢4(G/N) > ¢4(G)/|N?|. Finally we have

G G/N)|N4 G/N
- 240 ol ‘/Gd’)\ _ %/z\/md)\ = Pi(G/N).

Py(G)
O

Lemma 2.4.5. Let M be a set of conjugacy class representatives for the mazimal subgroups of
the finite group G. If d(G) < d, then

PyG)=1— Y |G:M[™=1- ) |G M|,
M max G MeM

where the notation Y, . o means sum over all M where M is mazimal subgroup of G.

Proof. Let Q be the set of d-tuples that generate G. So |Q| = ¢4(G).

If a d-tuple (g1,...,94) does not generate G, then it must generate a subgroup of M where
M is some maximal subgroup of G. Therefore we get

¢hha= J M
M max G
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So from there we see

o< Y MY

M max G
Hence
6a(G) =10 = |GY — |G\ 2|6 - M|
M max G
and so we get our first inequality
Py(G) = qﬁféﬁ) >1- Y |G:M[

M max G

For the second inequality we notice that the number of conjugates of a maximal subgroup M of
G is |G : Ng(M)| <|G: M|, and so

oG M < |G M
M max G MeM

and our inequality follows. O

Proposition 2.4.6. Let M be a set whose elements are maximal subgroups of G and d(G) < d.
Then
PG)<1— > |G:M[™+ > |G:MnN[T
MeM M,NeM
M#N
Proof. Using the same notation as before we have
¢ha= |J M2 | M
M max G MeM

By Inclusion Exclusion Principle we observe that

el S M- S (MK

MeM M,NeM
M#N
Hence
¢a(G) < |G = Y MU+ Y [(MAN)Y.
MeM M,NeM
M#N
Dividing both sides by |G| achieves the required inequality. O

Lemma 2.4.7. Let G be a simple group, let M be a set of conjugacy class representatives for
mazimal subgroups of G and let d(G) < 2. Then we have

M
]
MeM | ‘
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Proof. By the previous Lemma 2.4.5 we have that
P(G)>1- Y |G: M|,
MeM

and by definition we have that
cq = (1= Py(G))m(G).

Therefore we have
_ M|m(G
ca <(1-1+ Z |G- M|™YYm(G) = Z ’|]G|()
MeM MeM

O

Corollary 2.4.8. Let G be a quasisimple group, let Mg be a set of conjugacy class representatives
for mazimal subgroups of G, let d(G) < 2. Then we have

[M]m/(G)
Gz < ) T
MeMg

Proof. Let Mg /7(c) be aset of conjugacy class representatives for maximal subgroups of G/Z(G).
By Lemma 2.2.6 we have

Yo M= Y IMI1Z(G)].

MEMG/Z(G) MeMg

We also have that m(G/Z(G)) = m(G) by Corollary 2.2.8. Substituting this into the previous
Lemma 2.4.7, we get

[M|m(G/Z(G)) _ (MI|Z(G)Im(G) _ [M|m(G)
2 G/z(G) 2 z@lar 2

CG/2(G) <

MeMg,z(q) MeMcg MeMg ‘ |

as required. O

By Lemma 2.4.5 we have a way of bounding P»(G) from below, which gives us a way of bounding «
from above. In cases where we have conjugacy class representatives for the maximal subgroups of
G we can use this bound directly, however in cases where we do not, for example large dimension
classical groups, we may use Lemma 2.4.10 instead. However before we present the lemma we
present the following definition.

Definition 2.4.9. Let G be a group, let H < G be a maximal subgroup, and let M be a set
of conjugacy class representatives of the maximal subgroups of G. We define My to be the set

Lemma 2.4.10. Let G be a group, d(G) < d, let H < G be a mazimal subgroup, and let M be
a set of conjugacy class representatives of the mazimal subgroups of G. Furthermore let My be a
set that satisfies My C M; C M, then

Py(G)=1— > |G: M= N |G H|
MeM; MeM/M;
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Proof.

PyG)=1— > |G:M[P>1- Y |G: M| by Lemma 2.4.5
M max G MeM
=1- > |G: M= M |G M
MeM; MeM/M;
>1- Z |G M|~ Z |G H|74 since [M| < |H| for M € M/M,;.
MeM, MeM/M;
O

Consequently, when calculating o we need only know the exact orders of the larger maximal
subgroups. Instead of requiring the orders of representatives lying in M € M/M; we now only
require an upper bound.

2.5 The classical groups

Throughout let K be a finite field of characteristic p and let V' be a vector space of finite dimension
n over K.

Definition 2.5.1. We write GL(V, K) for the general linear group of V over K, the group of all
non-singular K-linear transformations of V.

Definition 2.5.2. We write SL(V, K) for the special linear group, the group of elements of
GL(V, K) with determinant 1.

Let 8 = {v1,...,v,} be a basis of V. Then each element of GL(V, K) is determined by where
it maps each vector v; of B. If g € GL(V, K), then gg denotes the n x n matrix that satisfies

vig = >27_1(98)iVj-

Definition 2.5.3. Let GL,,(K) denote the group of invertible n x n matrices with entries in K.
In the case where |K| = ¢ we also denote this group by GL,(q).

Under the map g — gg we have an isomorphism between GL(V, K) and GL, (K).

Definition 2.5.4. For A € K let diagg(\) € GL(V, K) be the transformation satisfying (v)diagg(\) =
Av for all v € V. We call this a scalar.

The centre of GL(V, K) consists of all non-zero scalars, and is isomorphic to K*. In this section
we shall denote the centre by Z.

Definition 2.5.5. A map g : V — V is a K-semilinear transformation if there is a field auto-
morphism o4 of K such that for all v,w € V and X € K,

(v+w)g =vg+wg and (Av)g = A%9vg.
A K-semilinear transformation g is non-singular if the only solution to gv = 0is v = 0.

Definition 2.5.6. The general semilinear group of V over K, I'L(V, K), is defined to be the group
of all non-singular K-semilinear transformations. We may also denote this group by 'L, (K) and
I'L,(q) when |K| = q.
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It is relatively straightforward to verify that I'L(V, K) is in fact closed under composition and
is actually a group. Given a basis {vy,...,v,} of V we note that each element g € TL(V, K) is
determined by its action with respect to the basis along with o,.

We note that Z is a normal subgroup of I'L(V, K).
Definition 2.5.7. The projective semi-linear group PI'L(V, K) is the group I'L(V, K)/Z.

Definition 2.5.8. Let o be an automorphism of K. A map 5:V x V — K is a o-sesquilinear
form on V if, for all u,v,w € V and all \,u € K:

() Blu, v+ w) = Blu,v) + Blu, w).

(b) Bl + v,w) = Bu, w) + B, w).

() B\, i) = i B, v).

Definition 2.5.9. (a) A o-sesquilinear form is bilinear if o = 1.

(b) A bilinear form is alternating if 5(v,v) =0 for all v € V.

(¢) A bilinear form is symmetric if f(u,v) = B(v,u) for all u,v € V.

(d) A o-sesquilinear form is Hermitian if 5(u,v) = B(v,u)? for all u,v € V and o has order 2.
Definition 2.5.10. The map @ : V — K is a quadratic form if

(a) Q(\v) = \2Q(v) forall \ e K, v e V.

(b) The map § defined by B(u,v) = Q(u +v) — Q(u) — Q(v) for all u,v € V, is a symmetric
bilinear form on V. Furthermore we call § the polar form of Q.

We note that §(v,v) = 2Q(v) and so when the characteristic of K is not 2, @ is determined by
[ and vice-versa.

Definition 2.5.11. Let 8 be a o-sesquilinear form on V, let ) be a quadratic form on V and
let g € GL(V). Then g is an isometry of 5 if B(ug,vg) = B(u,v) for all u,v € V. In turn, g is an
isometry of Q if Q(vg) = Q(v) for all v € V.

Definition 2.5.12. Let 8 be a o-sesquilinear form on V, let (Q be a quadratic form on V and
let g € GL(V). Then g is a similarity of 5 if there exists a A € K such that S(ug,vg) = \5(u,v)
for all w,v € V. In turn g is a similarity of Q if there exists a A € K such that Q(vg) = AQ(v)
forallve V.

Definition 2.5.13. Let 8 be a o-sesquilinear form on V, let @ be a quadratic form on V and
let g € TL(V). Then g is a semi-similarity of B if there exist 0 # A € K and field automorphism
¢ of K such that B(ug,vg) = A\B(u,v)? for all u,v € V. In turn, g is an similarity of Q if there
exist 0 # A € K and a field automorphism ¢ of K such that Q(vg) = AQ(v)? for all v € V.
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For a given o-sesquilinear or quadratic form x, the set of all isometries forms a group, the isom-
etry group. The set of all similarities also forms a group, the similarity group. Note that if & is
identically zero then both groups are equal to GL(V, K). Furthermore the isometry group of  is
a normal subgroup of the similarity group of k. We also note that the set of all semi-similarities
forms a group, called the semi-similarity group. In the case where « is identically zero this group
is equal to I'L(V, K).

Let xk be a o-sesquilinear form or quadratic form on V. Then we have the following chain of
subgroups
S<I<AZ<T. (2.1)

Here I denotes the isometry group of k, A the similarity group of x, and I' the semi-similarity
group of k. Finally S denotes the special group, the intersection I N SL(V, K), or equivalently
the set of isometries with determinant 1.

Definition 2.5.14. Two o-sesquilinear forms a and S on V are isometric if there is a g €
GL(V, K) such that a(u,v) = B(ug,vg). The forms are similar if there is a ¢ € GL(V, K) such
that a(u,v) = A\B(ug,vg). Two quadratic forms @1 and Q2 on V are isomelric if there exists a
g € GL(V, K) such that Q1(v) = Q2(vg), the forms are similar if there exists a g € GL(V, K)
such that Q1(v) = AQ2(vg).

Definition 2.5.15. A o-sesquilinear form 3 is non-degenerate if 5(u,v) = 0 for a fixed v € V
and all u € V implies that v = 0. A quadratic form @ with polar form S is non-degenerate if 3 is
a non-degenerate bilinear form. The form @ is non-singular if Q(v) # 0 for all v € V' such that
B(w,v) =0 for all w e V.

Let us note that a non-degenerate quadratic form is by definition non-singular.

Definition 2.5.16. Let 8 be a o-sesquilinear form on V and let W be a subspace of V. Then
(a) W is non-degenerate if the restriction of 8 to W is non-degenerate.

(b) W is totally singular of totally isotropic if B when restricted to W is identically 0.

Definition 2.5.17. Let Q) be a quadratic form on V with polar form 3, and let W be a subspace
of V then

(a) W is totally singular if Q(w) =0 for all w € W.

(b) W is totally isotropic if f(v,w) =0 for all v,w € W.
(c) A vector v € V' is singular if Q(v) = 0.

(d) A vector v € V is isotropic if B(v,v) = 0.

It turns out that all singular vectors are isotropic, however the converse is not necessarily true in
characteristic 2. We now consider certain o-sesquilinear forms.

Definition 2.5.18. Let 8 be a non-degenerate alternating form on V. Then the isometry group
of 8 is called a symplectic group, and is denoted by Sp(V, K, B).
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It turns out that up to isomorphism Sp(V, K, ) is independent of choice of alternating form f
, and that V has even dimension, see 26, Proposition 2.4.1]. Consequently we may denote the
group by Sps,, (K) or even Spy,,(¢) when K =TF,.

Definition 2.5.19. Let 8 be a non-degenerate hermitian form on V. Then the isometry group
of 8 is called a unitary group, and is denoted by GU(V, K, ().

We note firstly, following the notation in Definition 2.5.9, that since the field automorphism o
has order 2 the underlying field K of V' must be F 2 for some prime power g. Much like before it
turns out that the isomorphism type of GU(V, K, ) is in fact independent of choice of hermitian
form S, see [26, Proposition 2.3.1]. Therefore, we denote the group by GU,(K) < GL, (V) or
even GU,(q) when K = F 2.

Definition 2.5.20. Let @ be a non-degenerate quadratic form on V. Then the isometry group
of 3 is called an orthogonal group, and is denoted by GO(V, K, Q).

By |26, Proposition 2.5.1| if K is of even characteristic then n = dim(V') is even also. If the
dimension of V' is odd, then, up to isomorphism, there is only one group GO(V, K, @), and so we
denote this group as GOy, (K) or GO;,(¢) when K = TF,. In the case where there is no confusion
as to n being odd, we may also denote the group as GO, (K) = GO, (q).

In the case where the dimension of V' is odd, then, up to isomorphism there are two or-
thogonal groups, which we refer to as plus type and minus type. We denote these groups by
GO (K) = GO} (¢) and GO, (K) = GO, (¢) respectively. Finally if we want to refer to orthog-
onal group without specifying what type it is we use the notation GOf,(K) = GO;,(¢). A much
more thorough review of orthogonal groups can be found in |26, §§2.5-2.8].

Recall the chain of groups from Series 2.1, we extend the chain. If I = GL,(¢) with n > 3
then the group S possesses an inverse-transpose automorphism v = —T.

Definition 2.5.21. If I = GL,(¢) with n > 3 then A is defined to be the split extension
I'L,(q) : (v). Otherwise A is defined to be equal to T.

Definition 2.5.22. In the case where I = GO, (q) then S contains a certain subgroup of index
2, for more information on such a subgroup see [26, §2.5]. If I = GO, (q) then we define €2 to be
this subgroup, otherwise (2 is defined to be the same as S.

Consequently, we now have a chain of groups

N<S<I<A<T<A. (2.2)
This chain is A invariant, that is, each group is normalized by A. In addition Z N A < A.
Definition 2.5.23. If H < A we denote by PH or H the group H/(H N Z).

This gives us another chain of groups
O<S<I<ALT <A (2.3)

Definition 2.5.24. Let I = GL,(q), Sp,,(¢), GU,(q) or GO, (q). Then the groups in the Series
2.2 and 2.3 are called classical groups.
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It turns out that Q is non-abelian simple, save for a few cases.

Theorem 2.5.25. Assume that n = dimg (V) is at least 2,3,4 and 7 in the cases where I =
GL,(q), GU,(q), Sp,(q) and GO%(q). Then Q is non-abelian simple, except for when Q =
PSLQ(Q)z PSL2(3)? PSUS(Q)f Sp4(2)'

A proof of the above Theorem 2.5.25 can be found in [1] and [14].

Proposition 2.5.26 ([6, 1.10.3]). Let 2 be SL,,(q), SU,(q), Sp,,(q) or ,(q), with n > 2. Then
if Q is simple, then the group Q is quasisimple.

It also turns out that A =2 Aut(Q) except in a few cases. The following result is classical, a proof
of which can be found in [8, Chapter 12] and [46, Chapters 10 & 11].

Theorem 2.5.27. Assume that Q is simple and that n is as in Theorem 2.5.25. Then A = Aut(Q)
except when Q = Spy(q) with ¢ even and when Q = Qf (q).

Definition 2.5.28. Let Q be a simple classical group. Furthermore let, G be such that Q < G <
Aut(Q), then G is defined to be G/Q.

For g € G, we have that g and § are the corresponding elements in G and G. Note that since,
Q is simple then Q is isomorphic to the group of its own inner automorphisms. Consequently a
group G such that Q < G < Aut(Q) can be considered as a group of automorphisms of ) acting
by conjugation. Furthermore G can be considered as a group of outer automorphisms of €.

Let ¢ be an automorphism of S. Then we also have a corresponding outer automorphism .
Furthermore there are elements in TL(V, K) : (v) which are coset representatives of ¢ modulo
Z. However this coset representative is clearly not unique. We do, however, have preferred coset
representatives, which may be found in [6,1.7.1].

Furthermore, in an abuse of notation, we will mostly use the notation ¢ for all three of these differ-
ent objects; the automorphism, the outer automorphism, and our preferred coset-representative
in TL(V, K) : (7). In general, we reserve the notation ¢ and ¢ for situations where confusion may
arise.

We have specific notation for the groups €2, S, I, A, T' depending on whether I = GL,(q),
Sp,,(q), GU,(q) or GOS,(¢q). We rewrite the chain Q < S < T < A < T using this notation for
each case to obtain the following four series of groups.

SLn(q) < SLn(q) < GLn(q) < GLy(q) < T'Ly(q).

SU,(q) < SUn(g) < GUn(g) < CGU,(g) < CTU,(g).
Sp,.(q) < Sp,(q) < Sp,(q) < CSp,(q) < CI'Sp,(q).
0,(q) <50;,(q) < GOy (g) < CGO;(q) < CrOy(g).

The orders of the classical groups are well known, for example see [8, 3.3.1, 3.5, 3.6 & 3.7.2] for
derivations of the orders of the isometry groups I. |26, Tables 2.1.C and 2.1.D], reproduced here
as Tables 2.3 and 2.4 provide a summary of the indices of the groups in Series 2.2 and 2.3. The
proof of the following can be found in [26, §2.2-2.8|.
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Table 2.2: Order of I

I 1]
GLn(q) "V (¢ — 1)
GU,(q) YT (¢ — (—1))
Spn(q) ¢TI (g% 1)

GO(q)  2qVPATIIV (g2 1)

GOE(q) 2¢"=2/4(q/2 £ 1) M2 (g% - 1)

Theorem 2.5.29. Let ¢ = p/, let n > 2 and let I = GL,(q), Sp,,(q), GUn(q) or GOS(q). Then
the order of I is as in Table 2.2. Furthermore the indices between adjacent groups in the Series
N<S<KI<KALT<Aand Q< S<I<ALT <A can be found in the Tables 2.3 and 2.4.
Finally |I N Z| can be found in Table 2.4.

Here a+ is either 1 or 2, aya— = 2329 and when q is odd, ar = 2 if and only if in(q - 1)
is even. If I = GLy,(q) and n = 2 then ¢ = 1, otherwise ¢ = 2. If I = GO; (q) and n =1 then
d =1, otherwise d = 2. If I = GU,(q) and n =2 then ' = f otherwise f' = 2f.

We note that when n > 7, the different () are always simple and give rise to always distinct
groups. However for n < 6 the Q are not always pairwise non-isomorphic. However in certain
cases there are exceptional isomorphism, these isomorphisms may be obtained from [26, Proposi-
tion 2.9.1.]. In light of [26, Proposition 2.9.1.], for groups in @ < G < A and O < G < 4, we will
often assume that n > 2 when Q = SL,,(¢), n > 3 when Q = SU,(¢q), n > 4 when Q = Sp,(q),
and n > 7 when Q = € (¢). Furthermore P{Qy,;(2™) is isomorphic to a symplectic group as
noted in [26, Section 2.5]. Consequently if n is odd for PQ,,(q) we will assume that ¢ is odd also.

Finally let us generalize Lemma 2.2.6 for the classical simple groups.

Lemma 2.5.30. Let Q = SL,(q), Sp,,(¢), SUn(q) or Q5(q) be such that Q is simple, and let
O < G < A. Then there is a one to one correspondence between the non trivial mazimal subgroups
of G and the mazimal subgroups of G that do not contain Q, where a mazimal subgroup M of G
corresponds to M/(GN Z).

Proof. Let us first show that if M is a maximal subgroup of G that does not contain €2, then
Z NG < M. Suppose otherwise. Then M (Z N G) = G, by maximality of M. Therefore M < G
and G/M is abelian. Since  is perfect we have that QM /M = 1, but that would imply that
Q) < M, which is a contradiction.
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Table 2.3: Indices of classical groups 1

I |S:Q |I:8 |C:I] |r:C| |A:T
GLn(g) 1 qg-—1 1 f ¢
GUn(q) 1 q+1 q—1 £ 1
Spn(g) 1 1 q—1 f 1
GO;(q) d 2 s(e=1)  f 1
GOx(q) 2 (2¢—1) q—1 f 1
Table 2.4: Indices of classical groups 2
I Inz| [§:9Q| |I:S| [C:1] |T:C| [A:T
GLn(¢) q-1 1 (¢q—1,n) 1 f c
GUn(q) gq+1 1 (¢+1,n) 1 i 1
Spu(q)  (2,—1) 1 1 (2,¢-1)  f 1
GO;(9) d 2 1 1 f 1
GOx(q) (2,¢—1) ax (2,¢—1) (2,¢—-1) f 1
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We now note that

91¢4 Q Q —
(meGG) = TAcra - zna- Q by the Second Isomorphism Theorem.

By the Correspondence Theorem, every subgroup of G = G/(Z N G) corresponds to a unique
maximal subgroup of G which contains Z N G. In particular Q(Z N G) corresponds to € and ev-
ery maximal subgroup of G corresponds to a unique maximal subgroup of G which contains ZNG.

It M is a maximal subgroup of G that does not contain € then as M > Z NG, we know
that M # Q(Z N G). By the Correspondence Theorem M/(Z NG) # €.

If M < G is a maximal subgroup that does not contain €, then by the Correspondence Theo-
rem there is a subgroup M of G such that (ZNG) < M and M/(Z N G) = M. Furthermore,
by the Correspondence Theorem, M 7? Q(ZNG), and since (ZNG) < M we conclude that Q £ M.

Therefore every maximal subgroup of M of G that does not contain €2 corresponds with a sub-
group of M of G that does not contain €. In addition every maximal subgroup M of G that does
not contain {2 corresponds with a subgroup M of G that does not contain 2. O

2.6 Bounds for classical groups

In this section we bound the orders of the classical groups, as defined in the previous section. We
start with a few bounds.

n(n+1)
—3 2

Lemma 2.6.1. Letn > 2. Then [[L,(2" — 1) > 2

Proof. We first have

n n

[[@ -1 =2=""T[a-27.

i=1 i=1
By induction on n we can prove that

n

[[a-27=>

i=1

1
2n+1 :

_l’_

Ll M

Let us expand further. This is true for n = 1. Suppose that

k

[[a-27=>

i=1

1
+ 2k+1°

> =

Then

k+1

10272 (G + 5o~ ge0)
=1
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1 1 1
ok+1 — 9k+3  92k+2
1 1 1 1

T o T o T g Tk

_l’_

>

el Y

n n n

. - n - n; 1 1 n n(n )
[[@ -1 =@ -1 =22""[x-27) >2=1(- + ) > 2 TN — g 2t

4 on+1
=2 =1 =1

O]

Lemma 2.6.2 ([13, Lemma 32]) Let I be a finite set of positive integers, and let ¢ > 3.
Then ;e (¢" — 1) > g "2iert In particular T[7(¢% — 1) > ¢~ 40D for all ¢ > 2; and
[11(q" — 1) > ¢~ HD/2 for all g > 3.

Corollary 2.6.3. Let n > 2. Then (2" — 1) T[7-1(2% — 1) > 271,

The following lemma is an extension of [13, Proposition 3.3]. We give both upper and lower
bounds for the orders of SL,(q), Sp,,(¢), SU,(q) and SO, (q) for ¢ > 2. In addition we correct an
error in [13, Proposition], the upper bound for SO, (q) given there does not hold for ¢ even.

Lemma 2.6.4. Let g be a prime power.

(a) If G = SLy(q) then ¢" 2 < |G| < ¢** 1.

(b) If G = Sp,,(q) then ¢"*/2t1/2=1 < |G| < ¢*/27/2,

(c) If G = SUy(q) then ¢"° 2 < |G| < ¢~ 1.

(d) If G = SOy (q) then q is odd and gv/2 /21 < |G| < g2z,
(¢) If n >4 and G = SOX(q) then ¢ /27271 < |G| < (2,q)g"" /> /2.
Proof. (a) By Theorem 2.5.29 we have that

n

ISLn(q)| = ¢"™ V2 ][ (" = D).

=2

First note that

n(n—1)

SL,(2)] > 2" H 2 g2
by Lemma 2.6.1. If ¢ > 2 then the lower bound follows from Lemma 2.6.2, since

n(n—1)+n(n+1) 92 7'L2—2
2 =

SLn(@)] = ¢

For ¢ > 2 the upper bound follows from ¢* — 1 < ¢*, so

n(n—1)+n(n2+1)_1 _ n2-1

SLn(9)] < ¢
(b) By Theorem 2.5.29 we have that

n/2

1Sp,(0)] = ¢4 T](@* — D).
=1
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Note that by Lemma 2.6.2

Spn(a)| = q"2/4+”/2(n/2+1)_

Here the upper bound follows since ¢%* —

1Sp,,(q)] < g /AT +2)/4 = gn

(c) By Theorem 2.5.29 we have that

1 _ qn2/2+n/2—1.

1 < ¢* and so

2/2+n/2.

ISUn(q)| = q”(”_l)/QH(qi — (=1)")

Note here that (¢%* — 1)(¢?*~! 4+ 1)

SUn ()| =

— qn(n

>qnn
=4q
:qn(n
>q

If n is odd then

n(n—
/242

n?/2—n/24+1 n?/24+n/2—3

> ¢** 1 for all k£ > 1. If n is even then

D@ -] - (-1))

=3
n/2

2@ - D@ - D)@ + 1))

=2
n/2

Hq4z 1

_ 1)q21:/2 (4i—-1)

o 1)q(n/271)(2n+6)/2

1/2

DR (g?

n2—2

q =4q

SUn(q)| = ¢"™ V2 T (q
=2

— qn(nfl)/Z(
n(nfl)/2(

=4q

> qn(n—l)/Q(

>

¢ —1)(¢"+1)

n—1

q+1H

¢ —1)(¢"+1) !

(n—1)/2

qn(n—l)/2+1+n H q4i—1

=2
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n2/2+n/2+1ngigl)/2(4z¥1)

=4q
_ qn2/2+n/2+1q(”T_l—l)(Zn—HL)/Q
_ qn2/2+n/2+1qn2/2—n/2—3 _ qn2—2.

Now mnote that (¢2* — 1)(¢***! + 1) < ¢***! for all k > 1. If n is odd then

n

SUA(a)] = ¢"" V2 T](d" = (=1)))
=2
(n—1)/2 |
— qn(nfl)/2 H ((q2z o 1)(q21+1 + 1))
i=1

n—1)/2

(
<qn(n—1)/2 H q4k+1
i=1
_ (n—1)/2
— =172 500 Y k)
n—1on
_ qn2/2—n/2q = (2n+4)/2

_ qn2/2—n/2qn2/2+n/2—1 _ qn2—l'

If n is even then

SUA(a)] = "2 ](d" = (1))
=2

n—1

="V — 1) ((@* = 1) (¥ +1))

(n—2)/2
< qn(n+1)/2 H g+l
i=1
_ qn2 /24n/2 ngg;”/ % (4k+1)
_ qn2/2+n/2an_2(2n+2)/2

_ qn2/2+n/2qn2/2—n/2—1 _ qn2—1.

(d) By Theorem 2.5.29 we have that

(n—1)/2
805.()| = ¢4 T (@ - 1.

i=1
The lower bound follows from Lemma 2.6.2

1S0° (q)] > q(n71)2/4q—1+"7*1(”7*1+1) _ qn2/4fn/2+1/4qn2/475/4 _ qn2/27n/271.
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Here the upper bound follows since ¢% — 1 < ¢?*, therefore

n—1/n—1
IS0 (q)] < q(n—1)2/4q (P55 +1) _ qn2/4—n/2+1/4qn2/4—1/4 _ qn2/2—n/2.

(e) Let us assume that n > 4. By Theorem 2.5.29, [SO;, (¢)| > [SO; (¢)| and |GOZ(q) : SOZ(q)| =

(2, —1). So
n/2—1

SOE(q)| = " 24 (g™ — 1) T] (¥ - D).

i=1

If ¢ = 2 then by Corollary 2.6.3, taking n/2 in place of n, we have

|SO$(C])| > qn(n72)/4qn2/471 — qn2/27n/271.

If ¢ > 3 then by the first part of Lemma 2.6.2

n/2 1

’SOi( )’ > qn(n 2)/4 71+n/2+z

n(n—2)/4_—14n/2+(n/2—-1)(n/2) _ qn2/4fn/2qn2/4fl _ qn2/2fn/271'

=9 q
By Theorem 2.5.29 we have that [SO; (¢)| < |SO,, (¢)] = 2q+1 |GO (q)]- So
n/2—1
SOE(9)] < (2,9)¢" " 4 q"? +1) ] (¥ - 1).
i=1

If n =4 then
ISOE(q)] < (2,0)%(@® + 1)(? — 1) = (2,0)¢%(¢" — 1) < (2,9)¢*™ = (2,q)¢* />~

If n > 6 then

n/2—1
SOE(g) < (2,0)" " (¢ + 1)(¢* = 1) [] (¥ —1)
=2
n/2—1
_ (27 q)qn(n—2)/4(qn/2+2 + q2 _ qn/2 _ 1) H (q21 N 1)
=2
n/2—1 . n/2 .
< (zjq)qn(an)/4qn/2+2 H (q21) — (27(]) n? /442 Z
=2

_ (2,q)qn2/4+2 (n/2-2)(n+2)/2
_ (2’(]) n? /442 n2/4 n/2—2 (2 Q) 2/2—n/2'

2.7 Aschbacher’s theorem

For this section we define u = 1 when talking about linear, symplectic or orthogonal groups, and
u = 2 when talking about unitary groups. A rough description of the classes C; to Cg from [26]
is as such:
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Cy Stabilisers of totally singular or non-singular subspaces.

Co Stabilisers of decompositions of the form V = @;‘le V; where the V; all have the same
dimension and are similar with respect to the underlying form.

C3 Stabilisers of extension fields of Fy« of prime index.
C4 Stabilisers of tensor product decompositions V =V ® V5.
Cs Stabilisers of subfields of Fy« of prime index.

Ce¢ Normalisers of symplectic-type r-groups (where r is prime) in absolutely irreducible repre-
sentations (a definition for absolutely irreducible may be found in [6, p.38.]).

C; Stabilisers of tensor product decompositions V' = ®2:1 V; where the V; all have the same
dimension.

Cg Classical subgroups.

Let Q@ = SL,(q), Sp,,(q), SUx(q) or Q,(q). A more precise definition of these classes can be found
in [6, Section 2.2| for the group I'. We shall write these classes as C;(I"). If A # I' then we define
C(A) to be the set {N4(H)|H € C;(T")}. For Q@ < G < A we now define C(G) to be the set
{HNG|H € ¢;(I")} if G <T and theset {HNG|H € C;(A)} if G LT.

It is a fact that all members of C;(T") contain the group Z of scalars. Therefore HNG = HNG
whenever H € C;(I") and X <T. In fact the above holds even when replacing A with I". In light
of the above we may define the classes for Q < G < A. Here C;(G) is the set {H NG|H € C;(T)}
if G <T and the set {HNG|H € C;(A)} if G £ T.

In general we shall omit reference to the group and refer to the classes as C;, especially when the
group we are referencing is clear.

Definition 2.7.1 ([6, Definition 2.1.2]). Let H be a subgroup of G where < G < A, or
Q < G < A with Q = SL,(q), SU,(q), Sp,(q) or QS(q) with the restrictions that n > 2 if
Q =8L,(q),n >3if Q=S8SU,(¢q),n >4if Q@ =Sp,(q),andn >T7if Q@ =Q5(q). f H<G
belongs in Class C; for some 1 <1 < 8, then H is defined to be a geometric subgroup.

Definition 2.7.2 (|6, Definition 2.1.3]). Let H be a subgroup of G where Q@ < G < A with 2 as
in Definition 2.7.1. Then H lies in Class S of G if H/(H N Z) is almost simple and the following
all hold:

(a) H does not contain €.

(b) H®® acts absolutely irreducibly (a definition for an absolutely irreducible action may be found
in [6, p.38.]).

(c) There does not exist a g € GL,,(¢") such that (H*°)? is defined over a proper subfield of Fgu.
(d) H® preserves a non-zero unitary form if and only if Q = SU,,(q).

(e) H® preserves a non-zero quadratic form if and only if Q = Qf (q).
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(f) H* preserves a non-zero symplectic form and no non-zero quadratic form if and only if
Q= Sp,(q).

(g) H® preserves no non-zero classical form if and only if Q = SL,(q).

For given group G in Q < G < A if H < G lies in S, then we also say that the subgroup H < G
lies in S. Note that H is almost simple.

Theorem 2.7.3 ([6, Theorem 2.2.19]). Let Q be a quasisimple classical group, and let G be any
group such that Q < G < A.

(a) Let H be a geometric subgroup of G that is maximal in G. Then:

(i) The group H is a member of C; for some 1 < i < 8 where the classes are defined in [6,
Section 2.2].

(i) The shape of H N is as given in [6, Tables 2.3, 2.5-2.11].

(15i) The number of conjugacy classes in Q0 of groups of the same type as H and their sta-
bilisers in G, are as given in [26, Tables 3.5.A-F|, except that in SL,(q) with n > 3 the
groups of type Py and P,_ are both conjugate to their groups of type Py where k < n/2.

(b) If K is any other mazimal subgroup of G, and K does not contain Q, then K lies in Class S.

2.8 Some basic estimates

Lemma 2.8.1. The number of factors of an integer n is bounded above by 2/n.

Proof. Let d be a divisor of n. Then either d = /n or precisely one of d and n/d is less than /n.
Then all the divisors of n are of the form d or n/d for some d < y/n. We conclude that the total
number of divisors of n is bounded by 24/n. O

Lemma 2.8.2. Let t > 1 and ¢ > 2. Then t! < ¢t°8:(1)

Proof. Here we notice that t! < ' = qt1ogq(t) < gtlogs(t), O

Lemma 2.8.3. The number of prime divisors of an integer n is bounded by logy(n).

Proof. Write n = p{* ...p* where the p; are distinct primes and o; > 1 for 1 < i < k. We
observe that n > 24+t > 9% Jeading us to conclude that the number of prime divisors
k <logyn. O

k

Lemma 2.8.4. Let n > 2. Then logy(n) < n%3.
Proof. Assume first that n > 6. Consider the function f(n) = n%% —log,(n). Here

d 1 0.55
%(f(”)) BET0)) + 045
1
(0.551n(2)) 0-55
tends to infinity, we conclude that f(n) is increasing for n > 6. Combining this with the fact

that f(6) > 0 gives us our result for n > 6.

The turning point of f(n) occurs when n = < 6. Since f(n) tends to infinity as n

The cases where 2 <n <5 can be shown to hold by direct calculation. O
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Lemma 2.8.5. Fiz n > 4, and let ny1, no satisfy ning = n and 2 < ny < \/n then n% + n% <
2
n”/4 + 4.

Proof. n? + n3 = n?3 + n?/n?. Differentiating f(ni) = n? + n?/n? with respect to n; gives
f'(n1) = 2n1 — 2n?/n3. We see that f'(n1) = 0 for ¢/n1 = n and no other positive ni. Therefore
the maximum value for f(n;) occurs either at n; = 2 or ny = y/n. Finally f(2) = n?/4 +4 >

o = f(v/n). O
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Chapter 3

Preliminary data on maximal
subgroups of classical groups

Since our main focus ends up on the C; subgroups we shall introduce them with more detail.
Subgroups in this class, roughly speaking, are ones which preserve certain subspaces of V. There
are a couple of types of important subgroup here that we shall consider.

First recall the definition A and ) from Definitions 2.5.21 and 2.5.22.

Definition 3.0.1. Let Q@ < G < A. If Q = Sp,,(¢), SU,(q) or Q(q) then a group of type Py is
the stabilizer of a totally singular subspace of dimension k. If Q = SL,,(q), it is the stabiliser of
any k-space.

Definition 3.0.2. Let Q@ < G < A, and let Q = SL,,(¢). A group of type Py, is the stabiliser
of two subspaces, one of dimension k and the other of dimension n — k such that the (n— k)-space
contains the k-space.

Definition 3.0.3. A group of type A @ B is the stabiliser of a pair of subspaces with trivial
intersection which span the space.

Definition 3.0.4. A group of type A L B is the stabiliser of a pair of non-degenerate subspaces
which are mutually orthogonal and span the space.

Definition 3.0.5. A subgroup H of I'L,(q) is reducible if the subgroup H stabilises a proper
non-zero subspace of Fy. Let G be a group satisfying Q < G' < A as in Series (2.2), and let K be
a subgroup of G. If G <T'L,(q), then K lies in Class C; if K = Ng(W) or Ng(W,U) where W
and U are subspaces described in [6, Table 2.2|. Otherwise, K lies in Class C; if K = NAa(H)NG
where H is a Cy-subgroup of T'.

3.1 Types of maximal subgroups

Let n > 2, and ¢ be a prime power, and let G = SL,(q), Sp,,(q), SU,(q) or Q (q) unless stated
otherwise. Let us recall a few facts from Section 2.7. We have noted previously a special class
of maximal subgroups of our classical simple groups, namely the geometric class of subgroups
denoted by C(G), which we shall now refer to as C;. We may split this class into 8 smaller classes
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C1 to Cg. More information about these classes C; and the structure of the maximal subgroups of
G belonging to them can be obtained from |6, Chapter 2|; information which we shall rely on to
obtain bounds on the sizes of these groups.

We have also noted in Definition 2.7.2 the existence of other subgroups belonging to the class
of subgroups S, the ones that do not belong in the geometric class. To that end we provide the
following.

Definition 3.1.1. Let Q be simple, and let Q < G < A. By & we denote the maximal
subgroups H < G in S which are isomorphic to A, 1, Syy1, Ani2 or S,i2, and which are
embedded according to [27, Section 4]. We also denote by &g the subgroups of H of G such that
H lies in &a-

We note that maximal subgroups of this form only occur when G is symplectic or orthogonal.

Lemma 3.1.2 (|38, Lemma 5.1.11|). Let G be a simple classical group, let Gy < G < Aut(Gy),
and let mg(G) denote the number of conjugacy class representatives for mazimal subgroups of G
lying in Eg. Then we may bound me(G) as follows.

(a) If Go = PSp,,(q) for n >4, then mg(G) < 4.
(b) If Go = Qn(q) for n > 7, then meg(G) < 4.
(c) If Go = PQE(q) for n > 8, then mg(G) < 16.

Theorem 3.1.3 (|27, Theorem 4.1]). Let Gy be a simple classical group with natural projective
module V' of dimension n over Fy, and let G be a group such that Go < G < Aut(Gy). Let H be
a mazximal subgroup of G such that G = HGy. Then one of the following holds:

(a) HECG;
(b) H € &g;
(c) [H| <™

Corollary 3.1.4. Let Q be a quasisimple classical group with natural projective module V' of
dimension n over F, such that A = Aut(Q). Let H be a mazimal subgroup of Q, then one of the
following holds:

(a) H € Cq;
(b) H e &q;
(c) [H| < g

Proof. By Lemma 2.2.6 , H is a maximal subgroup of Q and so we may apply Theorem 3.1.3 to
it. If H ¢ Cq and H ¢ & then |H| < ¢*". Therefore |H| < |Z|¢*" and so |H| < |¢®"H]. O

Note that in the case where the classical group Go = PSL,(q), PSp,,(¢) or P2t (q) the natural
projective module V' is defined over the field F,. If Gy = PSU,,(¢) the natural projective module
V is actually defined over the field F,2. Therefore, if Q2 = SU,(q) then either H € Cq, H € &g or
’H’ < q6n+2.
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3.2 Linear groups

In this section our aim is to show, for sufficiently large n, that P» type subgroups of PSL,(q),
are larger than all other subgroups of PSL, (q) other than P; type subgroups and their PT'L,,(¢)-
conjugates. In other terms, if H is a P» type subgroup of PSL,(q) then |PSL,(q) : H| =
ma(PSL,,(q)) where ma(G) is defined in Definition 2.2.5. Before we compare the orders of sub-
groups of SL,(q) let us first categorise the geometric subgroups.

Theorem 3.2.1. Let n > 5, let q be a prime power and let G = SLy(q). Furthermore, let M
be a mazimal subgroup of G. Then either M is a geometric subgroup, and is one of the types
given in Table 3.1 or M lies in S. If M is in Table 3.1 then c, the number of PSL,(q) conjugacy
classes of that type of group, lies in Table 3.1 also. Furthermore if M is found in Table 3.1 then
the structure of M can be found in Table 3.2.

Proof. The theorem is a sub-case of |6, Theorem 2.2.19]. We obtain the data for Tables 3.1 and
3.2 from [6, Tables 2.2-2.11], which present conditions for the existence of and the shapes of the
geometric subgroups of G. Information for ¢ comes from [26, MAIN THEOREM], though note
we are following the conventions for P; from [6] which differs from those of [26] in that we consider
P; and P,,_; separately. ]

Let us take this moment to note that although P, ,,—, and GL;,(q) ® GLy—_p,(¢) are not maximal
in SL,(q) we include them in Tables 3.2 and 3.1 as we will refer to them later on, when we look
at almost simple groups with socle PSL,,(q).

Lemma 3.2.2. Let G be SL,,(q), let My and My be subgroups of G, each respectively of Py and
P, type. Then |M;| = |Ms].

Proof. By [6, Theorem 2.2.19] both Py and P,_j type subgroups are Aut(PSL,(q))-conjugate to
subgroups of type Py as presented in [26]. Therefore |M;| = | M. O

In light of Lemma 3.2.2, when doing calculations about the order of Pj type subgroups we will
in general make the assumption that 1 < n < n/2 to ease calculation.

We now compare the orders of P; type subgroups.
Lemma 3.2.3. Let G be SL,(q). If n/2>1i > j > 1 then |P;| < |Pj.

Proof. The size of an arbitrary Py subgroup is

1P| = (q — 1)¢" ™ ®|SLy(q)||SLn_x(q)] by Theorem 3.2.1
= (q — 1)gF=R gkk=1)/2g(n=k)(n=k=1)/2 ﬁ(qi —1) nik(qi ~1) by Theorem 2.5.29
(2kn—2k%+k%—k+n?—nk—n—k +k2—ik)2/2 L - =
=(g—1)q iHQ(q 1)}_[2( - 1)

k n—k
= (- D¢"" V2T =) [[ (¢ - D).
=2 =2
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Table 3.1: Geometric subgroups of SL,(q)

Class Subgroup Type Conditions c
C1 P 1<m<n-1 1
C1 GL(q) ® GLp—m(q) 1<m<n/2 1
C1 Prn-m 1<m<mn/2 1
Co GL,(q) 1St n=mtt>2 1
Cs GL(q") n = mr, v prime 1

Cy GLp, (q) ® GLy,(¢)  n=mnin2,2<nj; <+/n (¢ —1,n1,n9)

Cs GLn(qo) q = g, v prime (2=, n)
Co 127 Spo, (1) n = 7™, r prime (g—1,n)
Cr GL,(q) 1St n=mim>3 cr

Cs Sp,,(q) n even (¢g—1,n/2)
Cs GO, (q) q,n odd (¢g—1,n)
Cs GOs,(g) € =+, q odd,n even (¢g—1,n)/2
s GU(4") g square (@2~ 1,m)

Here ¢7 = %(q— 1I,m)ift=2,m=2 mod4and ¢=3 mod 4 and c7 = (¢ — 1, &) otherwise
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Table 3.2: Geometric subgroups of SLy,(q)

Class Subgroup Type Structure

Ci P, [q™" ™))+ (SLyn(q) X SLn—m(q)) : (¢ — 1)
C1 GLm(q) ® GLn—m(q) SLin(q) X SLn—m(q)) : (¢ — 1)
G - [q™®"=3™)] + (SLin(9)* x SLn—2x()) : (¢ — 1)°
Cs GLin(q) 1S SLin(g)'.(¢ —1)'7 1.8
Cs GLn(q") (Lmla'=D) o 51, (q7). Lk
Cs GLn, (q) ® GLn,(q) (SLny (4) © SLi, (9))-[(g — 1,71, m2)?]
Cs GLn(q0) SLn(90)-[(£=F, )]
Co P12 S Py (1) ((g = 1,n) 0 F2™).Spyp, (1)
Cr GLyn(q) 1S, t =2, (¢ — 1,m).PSLin(q)*.[(g — 1,m)?]

m =2 mod 4,

g=3 mod4
Cr GL;(q) ! St, otherwise (g —1,m).PSLi(q)".[(qg — 1, 2)(qg — 1,m) 1.8,
Cs Sp,(a), (g —1,n) PSp,(q)

(¢—1,n/2) =(q—1,n)/2
Cs Sp,(a), (¢ —1,n) PCSp,(q)
(¢—1,n/2)=(q—1,n)

Cs GO;,(q) SU.(¢"?).(¢"* = 1,n)
Cs GU(¢'?) SO5,(9)-(¢ — 1,n)

43



For 1 <k <n/2
n—=k '
[T -1
2
k+1 ‘ n—k—1 ‘
> (¢ - Dg"" V2T = 1) J] (@ =1) =1Peal  since ¢"* =12 ¢ 1.
2 2

k
Pl = (q— D" 2] - 1)
2

Consequently we can see that
|P1| > [Po| > ... > | Pl

holds, thus giving us the desired result. O

Lemma 3.2.4. Let M < SL,(q) be a Ci subgroup of type P ,—1 or of type Ps. Furthermore let
H < SL,(q) be a mazimal subgroup from the Aschbacher classes C; with 2 <1i < 8. Ifn > 7 then
|M| > |H|. Moreover:

o Ifn>5 then |M| > |H| for H in Aschbacher classes C; for i € {4,5}.
e [fn>6 then |M| > |H| for H in Aschbacher classes C; fori € {3,4,5,7,8}.
e [fn>7T then |M| > |H| for H in Aschbacher classes C; for i € {2,3,4,5,6,7,8}.
Proof. Let M be a Py ,_1 type subgroup. Then
M| = (g —1)%¢*"73|SL,,_2(q)| by Theorem 3.2.1

> (g — 1)2g2 3" —An+2 by Lemma 2.6.4

2_on—
:(q_1)2qn 2n 1.

In the case where H belongs to Cy and t # n we know that

|H| < [SL(q)|*(qg — 1)'7Sy| from Theorem 3.2.1
< [SLim(q)["(9)'#!
< gm*=Dtgty) = gm*ty) by Lemma 2.6.4
< ¢/t since mt = n
< g/t gtlosa(®) by Lemma 2.8.2
< qn2/t+tl'55 by Lemma 2.8.4
< gV since 2 < ¢t < n/2

n

2 2 # . .
< q” / t7045,5155 since (7)0'45 > 1, assuming n > 7

< (]0'65"2 < (]”2*2"*1 assuming n > 7.
In the case where t =n
|H| < (¢ —1)""'n! < (q)"n! from Theorem 3.2.1
< gtnlogs(n) by Lemma 2.8.2
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1.55

< gt by Lemma 2.8.4

2
_n___ 2_ _ .
< @Tm < gl <M assuming n > 7.

In the case where H belongs to C3 then

T—1 T—1
|H| < r(q (’]ﬂz)iq )]SLm(qr)] from Theorem 3.2.1
< rmq" "™ < pmg™ by Lemma 2.6.4
< q™n since rm = n, Theorem 3.2.1
< gmnHlogs(n) < gmntn®®? by Lemma 2.8.4

2 0.55 .
<q" /2+n since m < n/2

2 n? 2 2 .
<q" [T < gOo8 < g2l < | M| assuming n > 6.

In the case where H belongs to C4 then

|H| < |SLy, (¢)||SLiny (@)|(q — 1,n1,12)? from Theorem 3.2.1
< q”%—lqng—l(q -1)< gmitn by Lemma 2.6.4
< (1”2/4‘*'4 by Lemma 2.8.5
< q”2_2n_1 < |M| assuming n > 5.

In the case where H belongs to C5 then

-1
|H| < ‘SLn(QO)\(qil,n) from Theorem 3.2.1
qo —
<@ Mg-1)<a(q-1) by Lemma 2.6.4
< qn2/2(q —1) since gy < ¢'/?
< ¢ g - 1) < | M assuming n > 5.

In the case where H belongs to Cg then

|H| < (q 1)T1+2m\sp2m(7")’ from Theorem 3.2.1
< (q- 1)7_1+2mr2m2+m =(¢— 1)r2m2+3m+1 by Lemma 2.6.4
<(g-— 1)n2m+3+1/m asn=r"
< (g~ nlor as m < logy(n)
< (q _ 1)q2 logy (n)?+4logy(n) as n < qlogz(n)
<(q— 1)q2n1'1+4n0'55 by Lemma 2.8.4

i+47” n2—92n—1 .
<(qg—1)g79" 085 < (g—1)q < |M]| assuming n > 7.

In the case where H belongs to C7 then there are two relevant cases. In the first case, i.e. where
t=2,m=2 mod4 and g =3 mod 4, we have

|H| < (¢ — 1)\PSLm(q)|2(q - 1)2 from Theorem 3.2.1
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m2—
< (¢—1?SLin(q)]* < (g — 1)°¢*™ 72
2_ —
§ (q_ 1)2q2m 1 S (q_ 1)2q2n 1
< (qg— 1% < M|

In the second case where H belongs to C; we have

[H| < (¢ — 1)|PSLm(q)|*(g — 1,m)"t!
= (¢—1)[SLm(q)["t! < (g — 1)g"™* D!
< (g —1)g'" gt e
<(q- 1)qtm2—t+tlog2(t)
< (g — 1)ginttioe®
< (g — 1)qlo82(m)n-+logs(n) logs (logy(n))
< (q— 1)qn1~55+n0~55 log, (n0-55) <(g— 1)qn1A55+n0A55n043025
= (g D" T < (g 1)gFT
<(q— 1)q0.45n2+0.77n <(q- 1)q”2*2”*1 < |M|

by Lemma 2.6.4
as n = m?

assuming n > 5.

from Theorem 3.2.1
by Lemma 2.6.4
by Lemma 2.8.2

since n > m?, Theorem 3.2.1
since t < logy(n), Theorem 3.2.1
by Lemma 2.8.4

assuming n > 6

assuming n > 6.

Finally let us consider the Cg case. There are three forms that H can take. We tackle each one

in turn. If H is of the Sp(q) form then

|H| < (¢ — 1)|PCSp,,(q)|
< (g = 1)%"
< (g—1)2¢" 21 < | M|

If H is of the GO(q) form then
[H| < (¢ —1)[SO; (9)]
< 9(g — 1)
<(g—- 1) < M|
Finally if H is of the shape GU(q) form then
[H| < (¢ - 1)[SUn(q"/?)|

< (g—1)g" )
< (g—1)2%¢" 72" < M|

from Theorem 3.2.1
by Lemma 2.6.4

assuming n > 6.

from Theorem 3.2.1
by Lemma 2.6.4

assuming n > 4.

from Theorem 3.2.1
by Lemma 2.6.4

assuming n > 5.

By Theorem 3.2.1 we have considered all possible H. Therefore if M is a P ,—1 type subgroup

then [M| > |H].

Finally we show that if M is a P ,—1 type subgroup and Ms is a P type then |M;| < |Ma].

Let n > 3. Then

|Mi| = (g — 1)%¢**?|SLp—2(q)|
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= ¢""q(q — 1)*|SLa—2(q)|

<" q(¢* — 1)|SLn—2(q)|

= ¢*"*SLa(q)||SLyn_2(q)| = | M| from Theorem 3.2.1.
Consequently if M is a P type subgroup then |M| > |H]|. O
Lemma 3.2.5. Let G be SL,(q) for n > 6, let M < G be a Py type subgroup and let H < G be
subgroup of type S. Then |M| > |H|.

Proof. There are no subgroups which belong to &g, and so by Theorem 3.1.4 |H| < ¢***!. This
gives us

M| > qz(”_z)\SLQ((])HSLH—2(Q)‘ by Theorem 3.2.1
> "2 ¢%SL,_s(q)| > q2("_2)q("_2)2_2+2 by Lemma 2.6.4
_ qn272n > q3n+1 since n > 6.

O

Proposition 3.2.6. Let G be SL,(q) for n > 7, let M1 < G be a P; type subgroup, and let
My < G be a Py type subgroup. Then m(G) = |G|/|Mi|. Furthermore mao(G) = |G|/|M2| as
defined in Definition 2.2.5.

Proof. 1t is a straightforward calculation to calculate the index of My in G, which is q;:ll. The-
orem 2.2.7 shows us that m(G) = |G|/|M;|. Lemma 3.2.2 also shows us that if H < G was a

P,,_1 subgroup then m(G) = |G|/|H| also.

Let H < G be a maximal subgroup of G that is not a P, or P,_1 type subgroup. Then H
either lies in Cg or in S. If H € C; then H is of P; type for 2 < i < n — 2, in this case Lemmas
3.2.2 and 3.2.3 show that |Msy| > |H|. If H lies in C; with 2 < i < 8 then Lemma 3.2.4 shows
that |Ms| > |H|. Finally if H € S then Lemma 3.2.5 shows that |M| > |H|. This shows that
ma(G) = |GI/| Mo O

3.3 Symplectic groups

In this section our aim is to show, for sufficiently large n, that P, type subgroups of PSp,,(q) are
larger than all other subgroups of PSp,,(¢q) other than P; type subgroups or those lying in the Cg
class of subgroups. Before we compare the orders of subgroups of Sp,,(¢) let us first categorise
the geometric subgroups.

Theorem 3.3.1. Let n > 4, let q be a prime power and let G = Sp,,(q). Furthermore, let M
be a maximal subgroup of G. Then either M is a geomelric subgroup, and is one of the types
given in Table 3.3 or M lies in S. If M is in Table 3.1 then c, the number of PSp,,(q) conjugacy
classes of that type of group, lies in Table 3.1 also. Furthermore if M is found in Table 3.3 then
the shape of M can be found in Table 3.4.

Proof. The theorem is a sub-case of |6, Theorem 2.2.19]. We obtain the data for Tables 3.3 and
3.4 from [6, Tables 2.2-2.11], which present conditions for the existence of and the shapes of the
geometric subgroups of G. Information for ¢ comes from [26, MAIN THEOREM]. O
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Table 3.3: Geometric subgroups of Sp,,(q)

Class Subgroup Type Conditions c
Ci P 1<m<n/2 1
C1 Spm(q) L Sp,_,m(q) 2 <m < n/2, meven 1
Cs Sp,,(q) 1St n =mt, m even, t > 2 1
Co GL,,/2(q)-2 q odd 1
Cs SPm(¢") n = mr, r prime, m 1

even
Cs GU, 5(q) ¢ odd 1
Ca Spy, (¢) ® GOy, (q) n = ning, q odd, 1
3 <mny<n/2, n even
Cs Sp,,(q0) q = qj, v prime (2,r,q—1)
Ce 2M2m O (2) n = 2", 2 prime C6
Cr Sp,,(q) 1St n=mt, qt odd, m 1
even, (m,q) # (2,3)
Cs GO (q) q even 1

Here ¢s =2 if p= 41 mod 8 and ¢5 = 1 otherwise
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Table 3.4: Geometric subgroups of Sp,,(q)

Class Subgroup Type Structure

Cy P, [ "] 1 (GLin () X SPy—2in(0))

C1 SPim () L SPp_m(q) SPin () X SPp—m(q)

Cs SPm () 1S SPm ()" : St

Ca GLy/2(q)-2 GL;/2(q)-2

Cs SPy(q") SPp(q")-1

C3 GU,/2(q) GU,,/2(q).2

Cy Spn, (@) ® GOy, (q) (Spn, (@) © GOy, (9))-(n2,2)

Cs Sp(90) Spy(90)-(2,9 — 1,7)

Ce 2i2m 0o (2), 21+2m 50, (2)
g =41 mod 8

Cs 21H2m O (2), 2Mt2m O (2)
qg==+3 mod 8

Cy Sp,,(q) 1Sy 2.PSp,,(q)t.211.S;

Cs GO (q) GO; (q)
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We start first with a bound.

Lemma 3.3.2. Let n > 10, and let 3 < k <n/2. Then

3k —2kn —3k+n2+n < n?2—3n+4
2 - 2 '

Proof. Let us fix n and differentiate 3k2_2k"_23k+"2+n with respect to k. This gives us 3k — n.
Therefore the local minimum turning point occurs at n/3 = k. The maximum in the range of
3 <k <n/2 occurs either at k =3 or k =n/2.

If Kk =n/2, then

3k* —2kn —3k+n*+n _ 3n®—2n

2 8
§712_2n+4 since n > 10.
If £ =3, then
3k* —2kn — 3k +n*+n  n®?—5n+18
2 2
gnQ_;)Wl since n > 8.

O]

Lemma 3.3.3. Let n > 10 and q be a prime power, let M < Sp,,(q) be a Py type subgroup and
let H < Sp,,(q) be a Py type subgroup for 3 <k <n/2. Then |M|> |H|.

Proof.

1+

H| = ¢" = 2| GL(9)1SP, ok (9)] by Theorem 3.3.1

< GHln—L) g2 (=) by Lemma 2.6.4
_ qS’“Q’%”;S’“*"QM < q"27§’"+4 by Lemma 3.3.2
_ q2n—5q2q("’4)2¢—1

< (g~ 1)(g? - g

< q2"—5ygL2(q)HSpn_4(q)‘ by Theorem 2.5.29 and Lemma 2.6.4

= |M]| by Theorem 3.3.1.

Lemma 3.3.4. Let n > 10, and let 4 < k <n/2. Then

2k% — 2kn +n?®+n - n?2—3n+4
2 - 2 '
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Proof. Let us fix n and differentiate w with respect to k. This gives us 2k — n.
Therefore the local minimum turning point occurs at n/2 = k. The maximum in the range of
4 < k <n/2occurs at k = 4.

If kK =4, then
2k* —2kn+n*+n _ n?—Tn+ 32
2 2
< W since n > 8.
O
Lemma 3.3.5. Let n > 2 and let ¢ > 2. Then
gL 1) < (g% - q)g" L
Proof.
gL (G2 1) < (g — @) R = (P — q)g L
O

Lemma 3.3.6. Let n > 10 and q be a prime power, let M < Sp,,(q) be a Py type subgroup and let
H < Sp,,(q) have shape Sp(q) X Sp,,_r(q), where k is even and 2 < k <n/2. Then |M|> |H|.

Proof. Let k> 4. Then

|H| = [Spx(9)[ISPn-r(9)] by Theorem 3.3.1
K24k (n—k)>+(n—k)
<q?q 2 by Lemma 2.6.4

2k2—2kn+77,2+n < n2—3n+4

=q 2 <q 2 by Lemma 3.3.4

(n=0)2+(n-4)
2n—5 2 ~—_ 21
"Pq%q 2

=4q
e (n—4)%4+(n—4)
<N -V -qq 2 !
< ¢*"°|GLa(q)||Sp,,_4(q)] by Theorem 2.5.29 and Lemma 2.6.4
= |M| by Theorem 3.3.1.
If k = 2, then
|H| = [Spg(a)]|Spy—1(q)] by Theorem 3.3.1
i (n-2)/2
= (QQ - 1)q(n_2) /4+1 H (q22 -1) by Theorem 2.5.29
=1
) (n—4)/2 '
< (¢* - 1)(¢* —q)g" /*" H (% —1) by Lemma 3.3.5
=1
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G
5 =) — g ] (¢ -1

=dq

i=1
- q2"_5]GL2(q)||Spn,4(q)| by Theorem 2.5.29
= | M| by Theorem 3.3.1.

O]

Lemma 3.3.7. Let n > 8, let ¢ be a positive integer, and let H be a Py type subgroup of Sp,,(q).
Then |H| > g™ =4 t10)/2 . Fyrthermore, if n > ¢ then |H| > q1 gl

Proof.
|H| 2n 5|GL2((])||Spn 4(q)| by Theorem 3.3.1
> q2n 5(¢% — q)(q® — 1)g > +7=D/2=1 by Theorem 2.5.29 and Lemma 2.6.4
q2n 5( q)(qQ )q(n—4) /2+(n—6)/2
> 2 5(g% — ¢)(¢* — )q(n—4)2/2 since n > 8
> q(n —4n+10)/2
> q(n —4n)/2 > ql t/ep2 assuming n > c.

O

Lemma 3.3.8. Let n > 10 and let M < Sp,,(q) be a Cy subgroup of type of type Pa. Furthermore
let H < SLy,(q) be a mazimal subgroup from the Aschbacher classes C; with 2 < i < 7. Then

|M| > [H].

Proof. We will show that |M]| is larger than the order of maximal subgroups of C; type for
2 <1 <7 in order.

Let H be a geometric subgroup of type Co. Here there are two possibilities by Theorem 3.3.1,
the first of which is where H has the shape Sp,,(q)! : S; where n = mt. We note also that
n/2 > m > 2 must be even. Assume that n > 18, then

|H| = [Sp,,,(9)"¢!

< gtm*+m)/24 by Lemma 2.6.4
< gl(m*+m)/24tlog, (1) by Lemma 2.8.2
— q(nm+n)/2+t10g2(t) as n =mt
< ¢(n*/2+n)/2+n/2logy (n/2) as m,t <n/2
< /At /2)1 042 by Lemma 2.8.4

q% 21'55 18’5%+% _ q(i+421A55X11870.45 +35)n2 asn > 18

< g™ < |M]| by Lemma 3.3.7, taking ¢ = 18.

By Lemma 3.3.7
|M’ > q(n274n+10)/2
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for n > 8. For the cases where n = 10, 12, 14 and 16, the possibilities for (m,t) are (2,5), (2,6),
(4,3), (6,2), (2,7), (2,8), (4,4) and (8,2). Direct substitution of these values shows that

|H| < qt(m2+m)/2t! < q(nm+n)/2+tlog2(t) < q(n2—4n+10)/2 < |M|

Therefore, |[H| < |M| for n > 10.

In the second possibility for H, where H has shape GLn/Q(q).Z, we have

|H| < 2|GL;,/2(q)] = 2(q — 1)[SLy, j2(q)| by Theorem 3.3.1
<2(q— 1)q”2/471 < (1”2/4Jrl by Lemma 2.6.4
gq%”Q since n > 9
< |M]| by Lemma 3.3.7, taking ¢ = 10.

Let H be a geometric subgroup of type C3. Here there are two possibilities by Theorem 3.3.1,
the first of which is where the H has shape Sp,,(¢").r where ms = n and r is prime. Note that
2 <m <n/2iseven. Let n > 12. Then

|H| < |Sp,,,(¢")|r < rg (M Hm)/2 by Lemma 2.6.4
< gloga(r)n/Atn/2 since mr =n and m < n/2

< qlogQ(n/2)+n2/4+n/2 since r < TL/2

< /A /24 (n/2)05 by Lemma 2.8.4
< q(%"'i"'m)# asn > 12
< q%”z < |M]| by Lemma 3.3.7, taking ¢ = 12.

By Lemma 3.3.7
M| > q(n2f4n+10)/2

for n > 8. For the cases where n = 10, the possibilities for (m,s) is (2,5) and (5,2). Direct
substitution of these values shows that

’H’ < qlog2(3)+s(m2+m)/2 < q("2*4n+10)/2 < |M’

For the second possibility of H, where H has shape GU,, 5(q).2

|H| < 2|GU,2(q)] < q|GU,,/2(q)] by Theorem 3.3.1
= q(q = 1)ISUn/2(q)|
< QQ\SUn/z(q)\ < (1"2/‘“r1 by Lemma 2.6.4
< q%”2 since n > 5
< |M]| by Lemma 3.3.7, taking ¢ = 10.

Let H be a geometric subgroup of type C4. Here, by Theorem 3.3.1, the shape of H is (Sp,,, (¢) o
GOy, (q))-(n2,2), where niny = n and where n/2 > ny > 3. If na is even then

|H| < 2[Sp,,, (¢)]|GO,, ()]
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< 4[Sp,,, (9)[1SO, (9)]
< 4g(nitn)/2g(n3—n2)/2+1 by Lemma 2.6.4.

If n9 is odd then

|H| < 2[Spy,, (¢)]|GOny (q)|
< 4[Sp,,, (¢)[|SOn, (q)]
< 4g(nitn)/2g(n3—n2)/2+1 by Lemma 2.6.4.

Therefore we have

|H| < 4q(ni+m)/2g(n3—n2)/2+1

< q(n§+n1+n§fn2+6)/2 since q > 2
< q(”Q/ng"/?’sz/4*”/2%)/2 since 2 <nj <n/3 and 3 < nyg <n/2
_ q13/72n2—n/6+3 < q13/72n2+3

< q(%+§7)”2 asn > 8
< gt < |M| by Lemma 3.3.7, taking ¢ = 8.

Let H be a geometric subgroup of type Cs. Here, by Theorem 3.3.1, H has shape Sp,,(90).(2,¢ —
1,7) where ¢; = ¢ and r is prime. Therefore we have

(n?4n)/2

|H| < q|Sp,,(q0)| < g % gy by Lemma 2.6.4
< g x ¢PH/A = ((PHntd)/4 as qo < ¢/
< ¢t t o) asn > 10
< q%"Q < |M| by Lemma 3.3.7, taking ¢ = 10.

Let H be a geometric subgroup of type Cg. Here, by Theorem 3.3.1, H has shape 21_+2m.802_m(2)
or 2£+2m.95m(2), where n = 2. Since, no such H occurs when n = 10 we may assume n > 16
here. Therefore we have

[H| < 257271805, (2)]

< 9l+2mo(4m?—2m+2)/2 < 92m?+m+2 by Lemma 2.6.4
< 92logy(n)?+logy (n)+2 asn =2m
< q2n1‘1+n0'55+2 by Lemma 2.8.4
< q(m%+1611.45 +135)n asn > 12
< 3" < |M| by Lemma 3.3.7, taking ¢ = 12.

Let H be a geometric subgroup of type C;. Here, by Theorem 3.3.1, the shape of H is 2.PSp,,,(¢q)?.2!71.S,
where n = m!. Since, no such H occurs when n = 10 we may assume n > 14 here.

|H| < 2!|Sp,,(q)['t! < ¢[Sp,,(q)["t!
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< qtqt(m2+m)/2t! by Lemma 2.6.4

< qtqt(m2+m)/2q“°g2(t) by Lemma 2.8.2
_ qtm2/2+tm/2+tlog2(t)+t

< glog2(n)n/2+logs (n)n'/2 /2-+logy (n)?+log, () as m < n'/? and t < logy(n)
< qnlA55/2_;'_”1‘1_;'_”1‘05/2_’_”0‘55 by Lemma 2 8 4
< q(m—i_ﬁ—km_‘_ﬁ)rﬂ as n > 14
< qﬁnz < |M]| by Lemma 3.3.7, taking ¢ = 14.
By Theorem 3.2.1 we have considered all possible H. O

Lemma 3.3.9. Let M < Sp,,(q) be a Cy subgroup of type of type Py. Furthermore let H < SL,(q)
be a non-geometric mazimal subgroup lying in S. If n > 10 then |M| > |H]|.

Proof. Let H be a maximal subgroup of Sp,,(¢q) of type £g as defined in Definition 3.1.1. Assume
first that n > 16.

|H| < (2, — 1)(n+2)! < g(n+ 2)! < ¢+ loga(n+2)+1 by Lemma, 2.8.2
< q%”logz(%”)ﬂ as n > 16, %n >n+2
< qiiﬁ%"l“ﬂ by Lemma 2.8.4
< q%w%%f)ﬂ = q18116';5"2+1 asn > 16
< gs"* < | M| by Lemma 3.3.7, taking ¢ = 16.

In the case where 8 < n < 14, we may verify by direct calculation that

|M| > ¢*"7°|GL2(9)||Spn—4(a)] by Theorem 3.3.1
> 22"75|GLy(2)[[Spy—4(2)]
>2(n+2)! > |H]|.

Let K be a maximal subgroup of Sp,,(¢q) that is non-geometric but not of type ;. Furthermore,
assume that n > 6. Then

|H| < ¢*" ! by Lemma 3.1.4

< q(n2—4n+10)/2 since n > 10
< |M| by Lemma 3.3.7.

O

Lemma 3.3.10. Let G be Sp,,(q) for n > 10, let M < G be a Py subgroup and let H < G be a
mazimal subgroup that is not of Py or in the Csg class. Then |M| > |H]|.

Proof. If H lies in the class C; then Theorem 3.3.1 shows that H is either of Py type or has shape
Spi(q) X Sp,,_x(q). If H is the former, then Lemma 3.3.3 shows us that |H| < |M|. If H is the
latter, then Lemma 3.3.6 gives us the required result.

If H lies in the classes C; for 2 < ¢ < 7 then the result follows from Lemma 3.3.8. Finally if
H belongs to S then Lemma 3.3.9 gives us the result. O
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Table 3.5: Geometric subgroups of SU,(q)

Class Subgroup Type Conditions c
C1 P, 1<m<n/2 1
Cq GUn(q) L GU,—n(q) 1<m<n/2 1
C GUn(q) 1S n=mt, t>2 1
Co GLn/z(q2)2 q odd, n even 1
Cs GU,(¢") n = mr, r odd prime 1
Cy GU,, (q) ® GU,,(q) n = ning, (g + 1,n1,n2)

2<n; <+n

Cs GUn(qo) q = qfy, v odd prime (L5,5)
Cs Spn(q) n even (g+1,n/2)
Cs GO5(q) ¢ odd ot
Cs r1+2m Sp, (r) n =", r prime (g+1,n)
Cr GUpn(q) 1S, mt, m > 3, c7

(m.q) # (3.2)

Here ¢; = %(q +1,m)ift=2, m=2 mod4and ¢ =1 mod 4, and ¢7 = (¢ + 1,n/m) otherwise

3.4 Unitary groups

In this section our aim is to show, for sufficiently large n, that P» type subgroups, of PSU,(q)
are larger than all other subgroups of PSU,(q) other than P; type subgroups or those of type
GUi(q) L GU,_1(q). Before we compare the orders of subgroups of SU,,(¢), let us first categorise
the geometric subgroups.

Theorem 3.4.1. Let n > 5, let g be a prime power and let G = SU,(q). Furthermore, let M
be a mazimal subgroup of G. Then either M is a geometric subgroup, and is of one of the types
given in Table 3.5 or M lies in S. If M is in Table 3.1 then c, the number of PSU, (q) conjugacy
classes of that type of group, lies in Table 3.1 also. Furthermore if M is found in Table 3.5 then
the shape of M can be found in Table 3.6.

Proof. The theorem is a sub-case of |6, Theorem 2.2.19]. We obtain the data for Tables 3.5 and
3.6 from [6, Tables 2.2-2.11], which present conditions for the existence of and the shapes of the
geometric subgroups of G. Information for ¢ comes from [26, MAIN THEOREM]. O

Let us now derive an upper bound for the order of P type subgroup H < SU,(q).
Lemma 3.4.2. Let H be a P> type subgroup of SU,(q). Then |H| > q”2_4”+9. Furthermore, if

n > 11 then |H| > q%”z,
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Table 3.6: Geometric subgroups of SU,(q)

Class Subgroup Type Structure
C Pp, m < n/2 [qCr=3m)] 2 (SLin(¢?) X SUn—2m(q))-(¢* — 1)
C1 Py, m=n/2 [/ : SLim(¢®).(g — 1)
Cy GUn(q) L GUp—m(q) (SUm(q) X SUp—m(q)-(¢+ 1)
Co GUp(q) 1St SU(q)t.(q — 1)IL.S,
Ca GLy,/2(¢%).2 SL,,/2(q?)-(q + 1).2
Cy GUpn(g") (D o §UL (¢)). )
Cy GUn, (¢) ® GUny(q) (SUn, (q) © SUp, (9))-[(q + 1,11,m2)?]
Cs GUn(qo) SUn(q0)- (55, n)]
Cs Spn(q) Spn(9)-[(q +1,n/2)]
Cs GO;(q) SO5,(q)-[(g + 1,n)]
Co T2 Spy,, (7) ((g +1,n) o r!2™).Spyy, (q)
Cr GU,(q) 1S, t = 2, (g +1,m).PSU,,(¢)%.[(qg + 1,m)?]
m =2 mod 4,
g=1 mod4
Cr GU,(q) 2S¢, otherwise (¢4 1,m).PSU(¢)"[(¢+ 1, Z)(g+ 1,m)"1].S,
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Proof.

|H| _ q2(2n_6)‘SL2(q2)HSUn_4(q)|(q2 _ 1) by Theorem 3.4.1
> q2(2"_6)q2(q4 — l)q(”_4)2_1(q2 —1) by Theorem 2.5.29 and Lemma, 2.6.4
_ qn2—4n+5(q4 _ 1)(612 _ 1)
S At S since n > 11.

O]

Before we compare the order of P, type subgroups with that of other Py type subgroups for
3 < k < n/2 we obtain the following bound.

Lemma 3.4.3. Let n > 12, let 3 <k <n/2 and let ¢ > 2. Then

n—4 k
I «@-E0)=>][E@ 0.
i=n—2k+1 i=3

Proof. For ease of reference we define P(q) to be H?;f_2k+1(qi —(=1)") and Q(q) to be Hf:g (g% —
1). We split the proof into four cases, where k < (n—4)/2, where k = (n—3)/2, where k = (n—2)/2
and where k = (n —1)/2.

Let us first assume that k < (n — 4)/2. Then the j’th largest factor of Q(n), ¢**+1-7) — 1,
is smaller than the j’th largest factor of P(q), ¢" 377 — (—1)"37J. This is because

qn—3—j _ (_1)n—3—j > qn—3—j —1> qn—2—2j -1
= 2 =/242-2) _ > 2622 since k < (n —4)/2.

In addition there are 2k — 4 factors in P(n) while there are £ — 2 factors in Q(g). Consequently
we have that P(q) > Q(q).

Let us assume that k = (n — 3)/2. In this case, n is odd,

n—4
P(g) =[] (¢ - (1))
i=4
and
(n=3)/2
Q= [ -1
=3

The (¢"3—1) factor of Q(q) is smaller than the product of the two factors (¢"~*+41) and (¢°+1) of
P(q). Note that we are assured the existence of these two distinct factors (¢"~*+1) and (¢°+1) as
n > 11. In addition the remaining factors of Q(g) are also factors of P(q). Therefore P(q) > Q(q).

Let us assume next that £ = (n — 2)/2. In this case n is even, we have

n—4

P(g) =[] (@ - (1))

1=3

o8



and

(n—2)/2
Q)= [] «*-0.
=3
The (¢" 2 — 1) factor of Q(n) is smaller than the product of the two factors (¢"~® + 1) and
(¢ + 1) of P(q). Note that we are assured the existence of these two distinct factors, (¢"~° + 1)

and (¢>41), as n > 10. The remaining factors (g% —1) of Q(q) are also factors of P(q). Therefore
P(q) 2 Q(q).
Let us assume next that k = (n — 1)/2. In this case n must be odd, we have
P(n) =[] - (-1))

=2
and

(n—1)/2

=3

Here we have that
(@ + 1)@+ D@ = D@ + D" = D@ + 1) > (")) (¢*)(")
> (" )@ ) > (" = 1" - 1),

Consequently the product of factors (¢"~! —1) and (¢" 3 —1) of Q(n) is smaller than the product
of the factors (¢" % +1), (¢" % +1), (¢>—1), (¢*+1), (¢* —1) and (¢° +1) of P(n). Note that we
are assured the existence of these distinct factors since n > 13. The remaining factors (g% — 1)
of Q(n) are also factors of P(n). Consequently we also have P(q) > Q(q). O

Lemma 3.4.4. Let n > 12 and let q be a prime power, let M < SU,(q) be a Py type subgroup
and let H < SU,(q) be a Py type subgroup for 3 <k <mn/2. Then |M| > |H]|.

Proof.
|M| = (92 - 1)(12(%76)|SL2(Q2)HSUn—4(Q)| by Theorem 3.4.1

n—4
— (q2 _ 1)q2(2n—6)+2+ ("*4)2('”*5) (q4 _ 1) H(qz _ (_1)1) by Theorem 2529
1=2

:(q2_1) n(n— 1/2q _1 H
=2

n—2k
> (g% — 1)g"= /2H H (¢ — (-1)) by Lemma 3.4.3
=2
(n—2k)(n—2k—1) k ) n—2k )
_ (q2 . 1)qk(2n73k)+k(kfl)+f H(q21 _ 1) H (qz B (_1)z)
i=2 i=2
= (¢® — 1)¢"@ 3R |SLy(¢*)||1SUn—2k(q)] by Theorem 2.5.29
= |H| by Theorem 3.4.1.

O
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Before we compare the order of P type subgroups with that of P, , type subgroups, we derive
the following lemma.

Lemma 3.4.5. Let n > 14 be even and let ¢ > 2. Then

n—4 n/2
RV | (G VO = | [CREnE
=2 =3

Proof. For ease of reference we define P(q) to be (¢ + 1) [ (¢ — (=1))) and Q(q) to be
]_[ZL:/?)(q2Z — 1). First notice that

(@+ 1@ =D = D@+ D" T+ (" + 1)(¢" " +1)

q1+1+3+(n—5)+(n—7)+(n—9)+(n—11) _ q4n—27

>
2n—2 n n—2
> ¢ =2 (" =g - 1) asn > 13.

Consequently the product of factors (¢" — 1) and (¢"~2 — 1) of Q(n) is smaller than the product
of the factors (¢+1), (¢* — 1), (¢*—1), (¢"°+1), (¢""+1), (¢"?+1) and (¢" " +1) of P(n).
Note that we are assured the existence of these distinct factors since n > 14. The remaining
factors (¢** — q) for 3 < i < (n —4)/2 of Q(n) are also factors of P(n). Consequently we also
have P(q) = Q(q). O

Lemma 3.4.6. Let n > 14 be even and let q be a prime power, let M < SU,,(q) be a subgroup of
Py type, and let H < SUy(q) be a subgroup of P, /o type. Then |M| > |H|.

Proof.
|M| = (¢ — 1)¢>®"=%)|SLy(¢?)||SU,_4(q)] by Theorem 3.4.1
2 n—4
— (g% — 1) P02+ R T 20 i~y by Theorem 2.5.29
(" —1)q q q y
=2 =2
2 ] n—4
= (- D" V2T - [ (¢ - (-1))
=2 =2
n/2
> (q— )" V2 [(e* - 1) by Lemma 3.4.5
=2
n/2
_ (q . 1)qn2/4+(n/2)(n/271) H(qu o 1)
=2
= (¢ — 1)¢"/1|SU,.o(¢*)| = | H| by Theorems 2.5.29 and 3.4.1.

O]

Lemma 3.4.7. Let n > 5, let q be a prime power and let 2 < k < n/2. Furthermore, let
H, < SU,(q) be a Py type subgroup, and let Hy < SU,(q) be a GUr(q) L GU,_x(q) type
subgroup. Then |Hi| > |Ha|.
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Proof. By Theorem 3.4.1,

|Hi| = ¢""=3R)|SLy.(¢?)||SU,—ar(q)|(¢* — 1)

and

|Hz| = [SUL(q)[ISUn—1(q)[(g +1).

Then

|Hi| = ¢**" M |SLi(¢%)]|SUn-ar(@)|(¢* — 1)

> qkz(2n—3k)q2(k2—2) q(n—zk)2—2 (q2 .

2_ 2_

q3k 2kn+n 6<q2 1)
2_ 2_

> q2k 2kn+n~=—2 (q 1)

= ¢¥ g g 1)

> [SUK()[ISUn—r(q)l(q + 1) = | H2]

by Lemma 2.6.4

since k > 2

by Lemma 2.6.4.

O

Lemma 3.4.8. Let n > 13, and let M < SU,,(q) be a Cy subgroup of type of type P>. Furthermore
let H < SLy(q) be a mazimal subgroup from the Aschbacher classes C; with 2 < i < 7. Then

[M] > |H].

Proof. By Lemma 3.4.2

M| > ¢15™

We will show that |M] is larger than the order of maximal subgroups of C; type for 2 < i < 8 in

order.

Let H be a geometric subgroup that lies in Class Co. Here there are two possibilities by Theorem
3.4.1, the first of which is where H = SU,,(q)!.(¢ + 1)!"1.S; where n = mt.

In the case where t < n/2 we have

2

!H!<qtm g+ 1)
’ t(sq/ )l
(3(]/ )t 1 tlogg()

< qtm 71qt71q10g2(3/2)(t71)qt log, (t)

_ qtm2+tlog2(t)+t10g2(3/2)+t—1og2(3/2)—2

tm

< qn2/2+n/2 log,(n/2)4n/2log,(3/2)+n/2—logy(3/2)—2

n2 n1A55 1 3/2 n .
< 7t T g logy(3/2) 2

'rL nl-55 | n(logy(3/2)+1)
< g torss T 25

1 1 logo(3/2)+1
< q(§+21.5sxg045+ s )n?
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by Lemma 2.8.2

as n = mt and m,t < n/2

by Lemma 2.8.4

asn > 8



0.71n?2

<q <q%"2§|M\.

In the case where t = n we have

|H| < (¢+1)"n! by Theorem 3.4.1
< (3q/2 )niln! as q > 2
< (3¢/2)" g losa(n) by Lemma 2.8.2
< glogz(n)+n—1,(n—1)log;(3/2)
— qnlOgQ( n)+nlogy(3/2)+n—logy(3/2)—1
<q" n1-354(1+log,(3/2))n—logy(3/2)— by Lemma 2.8.4
<q" n' %54 (1+logy(3/2))n
S ( 1 +1+10g62(3/2)) as T Z 6

qs
< T < gl < Jur)

The second possibility where H lies in Class Co is where it has shape SLn/Q(qQ).(q —1).2 by
Theorem 3.4.1. Therefore

[H| = 2|SLy5(¢%)|(q — 1)

<2(q— 1)qn2/2_2 by Lemma 2.6.4

Let H be a geometric subgroup of type C3. Here, by Theorem 3.4.1, the order of H is bounded
above by 7(¢" + 1)?|SU,,,(¢")| where mr = n and r > 2.

|H| < 7(q" +1)?|SU,n(q")]

<r(¢"+ I)qu(mkl) by Lemma 2.6.4
<Adpg*g"™m % < 471(]2"(]"2/2*2 by mr=nand 2<r <n
< 9logs (n)+2 qn2/2+2n72 < qn2/2+2n+10g2(n)

< q”2/ 24200 o2 by Lemma 2.8.4
< q(%Jr%J“wlﬁ)nQ asn > 13
< g% < g1 < M),

Let H be a geometric subgroup of type C4 subgroup. Here by Theorem 3.4.1, the order of K
is bounded above by (q + 1)2|SUy, (¢)||SUn,(¢)| with n = ning. Note that 1 < nj,ny < n/2.
Therefore

|H| < (q+ 1)%|SUn, (9)]|SUn, (9)]
< glghitlgnit = it by Lemma 2.6.4

9
< VA2 /242 <yt < | M| since n > 4.
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Let K be a geometric subgroup of type Cs. Here by Theorem 3.4.1 we have 3 possibilities for the
structure of H. In the first case the order of K is bounded above by (¢ + 1)|SU,(qo)| for where
q = qi where 7 is an odd prime. Therefore

|H| < (g +1)[SUn(qo0)]
<@gl < P2 by Lemma 2.6.4 and gy < ¢'/2
< q(n2+3)/2 < (]1%712 <|M]| as n > 11.

In the second case, the order of H is bounded above by (¢ + 1)|Sp,,(¢)|. Therefore

|H| < (¢+1)[Sp,(q)]
< g2 = g(n*+ntd)/2 by Lemma 2.6.4

< g1 < |M| asn > 11.

In the third case the order of H is bounded above by (¢ + 1)|SO,, (q)|- Therefore

|H| < (¢ +1)[SO;, (q)]

< 2q2q(n2+n)/2 by Lemma 2.6.4
< qu(n2+n)/2 _ q(n2+n+6)/2
Sq%"2§]M\ asn > 11.

Let H be a geometric subgroup of type Cg. Here by Theorem 3.4.1 we have that the order of H
is bounded above by (g + 1)r1*2™|Sp,,, ()| where r™ = n with r prime. So

[H| < (g4 1)r' 27 [Spy,, (r))|
< (g + 1)riFEmp2miEm (g g q)pmismt] by Lemma 2.6.4
<q + )n2m+3+l/m asn=rm
< (q + 1)n2m+4 (q + 1) 2logs(n)+4 asm < IOgQ(TZ)
< (q + 1)(]2 logs (n)2 44 logy(n) as n < qlogg(n)
< Ploga(n)*+4logy(n)+2 2t dn® 042 by Lemma 2.8.4
< (]( 09+71 5t < (q— 1)q”2_2”_2 asn>"7T
C]O .63n? < qﬁnQ < |M|

Let H be a geometric subgroup of type C7. Here by Theorem 3.4.1, |H| is bounded above by
(¢+1,m)! (g +1, 2)|PSU,(q)[*t! where n = m! and t # 1. Therefore

[H| < (q+1,m)" (g + 1, =) |PSUp ()|t
= (¢ +1)ISUn(g)|'t!
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< quth_tt! by Lemma 2.6.4

< q2qtm2—tqt logs(t) qm2t+tlog2(t)+2 by Lemma 2.8.2
< 1082(n)Flogs(n) logy (log5 (n))+2 since t < logy(n) and m < n'/?
< g2 by Lemma 2.8.4
< q(ﬁ+714;475+%)"2 asn > 7.

< q0‘6n2 < q%nQ < ‘M’
By Theorem 3.4.1 we have considered all possible H. O

Lemma 3.4.9. Let n > 10 and q be a prime power, let M < SU,(q) be a subgroup of type P
and let H < SU,(q) of type S. Then |M| > |H]|.

Proof. Theorem 3.1.4 states that H cannot be a maximal subgroup of type &g, therefore the
subgroups H in S must satisfy |H| < ¢%"*2 by Lemma 3.1.4. Consequently we obtain

|M| > N L |H | by Lemma 3.4.2 and since n > 10.
O

Lemma 3.4.10. Let G be SU,(q) for n > 13, let M < G be a Py subgroup and let H < G be a
mazimal subgroup that is not of type Py or GUy(q) L GU,_1(q). Then |M| > |H]|.

Proof. If H lies in C; then Lemmas 3.4.4, 3.4.6 and 3.4.7 show the result. In further detail, if
H is of P; type, then Lemmas 3.4.4 and 3.4.6 cover that case, depending on whether i is n/2 or
not. Finally if H is of GUg(q) L GU,,_x(q) type then Lemma 3.4.7 shows that the order of H is
smaller than a that of a subgroup of type Py, and therefore |H| < |M| also.

If H lies in the classes C; for 2 < ¢ < 8 then the result follows from Lemma 3.4.8. Note that by

Theorem 3.4.1 the class Cg is empty. Finally, if H belongs to & then Lemma 3.4.9 gives us the
result. O
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Chapter 4

Calculating « for simple classical groups

The aim of this section is to calculate the values for « such that the inequality
1 —a/m(G) < P(G)

holds for all simple groups G = PSL,,(q), PSp,,(¢) and PSU,,(¢). More specifically we will prove
the following theorem.

Theorem 4.0.1. Let n > 2 and let q be a prime power. Furthermore let G = PSL,(q), PSp,,(q)
or PSU,,(q). Then
1—(1199/243)/m(G) < P2(G).

Furthermore

o Let ¢ > 4. If G = PSLy(q) then 1 — ¢/m(G) < P»(G) where ¢ = 32 ~ 2.534. Equality only
occurs when g = 11.

e Let n > 3, where (n,q) # (3,2). If G = PSL,(q) then 1 — ¢/m(G) < P(G) where
c= % = 2.85. Equality only occurs when (n,q) = (3,4).

o Let n > 4 be even, and (n,q) # (4,2). If G = PSp,(q) then 1 — ¢/m(G) < P>(G) where
¢ = %97 ~ 4.214. Equality only occurs when (n,q) = (4,4).

o Letn >3, and (n,q) # (3,2). If G =PSU,(q) then 1 —c/m(G) < Py(G) where c = Y2 ~
4.935. Fquality only occurs when (n,q) = (4,3).

All decimals above are rounded up values to three decimal places.

The proof will be spread throughout the whole chapter. The cases for large dimension, i.e. n > 12
for PSL,(¢q) and PSp,,(¢) and n > 14 for PSU,(q), are covered in Section 4.2. The remaining
small cases are covered in Section 4.3.

4.1 Bounds on the number of maximal subgroups

We may bound the number of conjugacy classes of maximal subgroups of an almost simple
classical group G via the following.
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Theorem 4.1.1 ([20, Theorem 1.1]). Let G be a finite almost simple group with socle Gy a
classical group of dimension n over the field F,. Let max(G) denote the number of conjugacy
classes of mazximal subgroups of G not containing the socle. Then

maz(G) < 2n°5? 4 nlog, logy(q).

We also may estimate the number of conjugacy classes of maximal subgroups of the corresponding
quasisimple group to G. There is in fact a one to one correspondence in this case. By Lemma
2.2.6 we obtain the following.

Corollary 4.1.2. Let G be a quasisimple group, where G/Z(G) is a classical simple group of
dimension n over the field Fy. Let max(G) denote the number of conjugacy classes of mazimal
subgroups of G . Then

maz(G) < 2n°? 4 nlog, logs(q).

We also obtain the following corollary.

Corollary 4.1.3. Let G be a quasisimple group where G/Z(Q) is a classical group of dimension
n over the field Fy. Let maxs(G) denote the number of conjugacy classes of mazimal subgroups
M < G which also lie in the class S. Then

maxS(G) < mCLl’(G) < q5210g2(n)+1.68‘
Proof.

mazs(G) < mazx(G) < 2n°? + nlogylogy(q)

< 2n°2 4 n(¢%%)0%5 = 2p52 4 ng0302° by Lemma 2.8.4

< q5.210g2(n)+1 + qlogQ(n)+0.3025 since ¢ > 2

< q5.210g2(n)+1 +0‘6qlog2(n)+1
< 1_6q5.210g2(n)+1 < q5.210g2(n)+1+1og2(1.6) _ q5.210g2(n)+1.68_

O]

At certain points we also require sharper bounds on the number of conjugacy classes of specific
types of maximal subgroups.

Lemma 4.1.4 (|20, Table 16]). Let G be a finite almost simple group with socle Gy a classical
group of dimension n over the field Fy,. Then the number of conjugacy classes of mazimal Cs sub-
groups of G is bounded above by n(logylogy(q) +1). The number of conjugacy classes of mazimal
subgroups of G belonging to other geometric families is bounded above by %nQ + 8nlogy(n) + 8n.

Lemma 4.1.5. Let n > 10 and let q be a prime power. Then

3
5.1¢%39%n2 > n(log, logy(q) + 1) + §n2 + 8nlogy(n) + 8n.
Proof. We have
3 9
n(logy logy(g) + 1) + 3" + 8nlogy(n) + 8n
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< n(qo.552 +9) + -n? + 8! by Lemma 2.8.4

yn? as q>2

< (q0.552 + 4.1(10.552)”2 _ 5'1q0.552n2 < 51030252

O

Corollary 4.1.6. Let G be a quasisimple group where G/Z(Q) is a classical group of dimension
n over the field Fy. Let maxc(G) denote the number of conjugacy classes of mazimal geometric
subgroups of G . Then maxc(G) < 5.1¢%39%5n2.

Proof.
mazxe(G) = maze(G/Z(Q)) by Lemma 2.2.6
< n(logylogy(q) + 1) + gnQ + 8nlogy(n) + 8n by Lemma 4.1.4
< 5.1¢030%5p2 by Lemma 4.1.5.

4.2 Calculating « for large dimension

As noted earlier, Lemma 2.4.10 gives us a way to bound « without having complete knowledge
of all the different maximal subgroups of GG, instead we only need to know the exact orders of the
larger maximal subgroups and an upper bound for the orders of the remaining subgroups. Using
this lemma, we calculate « for G = PSL,,(q), PSp,,(¢) and PSU,,(q) for sufficiently large n.
4.2.1 Linear groups

In this section we prove Theorem 4.0.1 for the case where G = PSL,(q) and n > 13.

Lemma 4.2.1. Let n > 13 and let ¢ > 2 be a prime power. Then

q5.210g2(n)+1.68q3n+1(qn _ 1) 5-1(]0'3025”2((]2 _ 1)

< 17/20.
L@l 1) -1 =
Proof. Let us first notice that
2n72
since q > 2

<
qn—l -1 qn—2(2n—1 _ 1)
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- 211 - 2048 _ 0.501
— qn—2(212 _ 1) 4095(]”_2 qn—2

since n > 13.

So
¢F2108a(n)+1.68 g3n+1 (g _ 1) ) 5.1¢03025,2 (g2 — 1)
SLn()l(g — 1) -1
5.2logy(n)+1.68 ,3n+1(,n _ | 5.1¢9-3025,2(,2 _ 1
< a =3 4 (g ) a — (g ) by Lemma 2.6.4
¢ g —1) ¢t -1
g P2108a (W) FLE8 dAnt1 5 1230252
— qn2—2 + qn—l _ 1
_ A5 2logy(n)+4.68 5.1¢%%925n?
=4 qnfl -1
9 2.56q2'3025n2
<q n?+4n+5.21log, (n)+4.68 + qn_2
< q—n2+4n+5.210g2(n)+4.68 + 2'56q—n+210g2(n)+4.3025 since n = qlogq(n) < qlogQ(n)'

We recognize that —n + 2logy(n) + 4.3025 is negative when n > 12, and that its derivative

nhf(z) — 1 is negative for n > 3. We also notice that —n? + 4n + 5.2log,(n) + 4.68 is negative

when n > 7, and that its derivative ﬁ() 2n + 4 is negative for n > 4.

Therefore if n > 14

—n? —
q n +4n+5‘210g2(n)+4.68+2'56q n+2log, (n)+4.3025

< 2—n2+4n+5.210g2(n)+4.68 +92.56 % 2—n+210g2(n)+4.3025 since n > 12 and q > 2
< 27142+4><14+5.210g2(14)+4.68 1 2.56 x 2~ 14+2logz(14)+4.3025 < % since n > 14.
If n =13 and ¢ > 3 then
q—n2+4n+5.210g2(n)+4.68 + 2.56q—n+210g2(n)+4.3025
S 3—n2+4n+5.210g2(n)+4.68 4 256 % 3—n+210g2(n)+4.3025 Since n Z 12 and q Z 9
< 3—132+4><13+5.210g2(13)+4.68 1 2.56 x 3 13+2logy(13)+4.3025 < % since n — 13.
If n =13 and ¢ = 2 then the required inequality is shown to hold via direct substitution. O

Proposition 4.2.2. Let S = PSL,,(q) for n > 13. Then 1 — ﬁ?‘?) < Py(9).

Proof. Let G = SLy(q) and let H < SL,(q) be a subgroup of type P». Let M; be the set of
SL, (q)-conjugacy class representatives of maximal subgroups of SL,,(q) of type Py, P,_1 and the
non-geometric subgroups S. By Proposition 3.2.6 M; D My, where My is defined in Definition
2.4.9. We also note that if M is a maximal subgroup of type P; then by Proposition 3.2.6
|G : M| = m(G) and Theorem 2.2.7 says that m(G) = qq— It is a straightforward calculation,
using Theorems 3.2.1 and 2.5.29, to show

(q—1)(¢* = 1)
("t =1)(g"—1)
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Consequently

P(S) > Py(SLy(q)) by Lemma 2.4.4
>1- Z G M|~ — Z G:H|™! by Lemma 2.4.10
MeM, MeM/ My
> 1= Z G M| —5.1¢"%%n|G : H|™! by Corollary 4.1.6
MeMy
—1 5.1g93025,2(0 — 1)(02 — 1
>1-297L v gy B el - Dig 1)
=1 S s ("' =1(g" - 1)
1 3n+1 1939252 (0 — 1) (a2 — 1
>1-2 ('i - Z g _2ld n—1n (a n)(q ) by Lemma 3.1.4
71l BL@l @ D@D

g—1  P2losa(m+Le83n+1 50030250200 1)(g2 1)

>1-2 by Lemma 4.1.3

¢ —1 [SLa(9)] ("1 =1)(¢" ~ 1)
>1- <2 + q5~21°g2|(8”£112;q(2”i11()q" =\ 5.1q0'212_5:12_(qf - 1>>/m(G) by Theorem 2.2.7
>1-— W) =1- 75;(/(2;()) by Lemma 4.2.1
=1- in7(/§()) by Lemma 2.2.8.

O

4.2.2 Symplectic groups
In this section we prove Theorem 4.0.1 for the case of G = PSp,,(¢) and n > 14.

Lemma 4.2.3. Let n > 14 be even, and let ¢ > 3. Then
q—n2/2+7n/2+5.2 log,(n)+3.68 + (5'1(10.3025”2 —|—4)q_”2/2+5”/2_4|GL2(q)]\Spn_4(q)\ < 1747/1440.

Proof. Let us bound from above the first term. For the function f(n) = —n?/2 + Tn/2 +
5.2logy(n) + 3.68 we have that f'(n) = —n + 7/2 + 1n5('22)n. We note that f'(n) is negative
for n > 6. In addition since f(13) < 0, we have that f(n) < 0 for n > 13. Consequently

q—n2/2+7n/2+5.21og2(n)+3.68 < 3—n2/2+7n/2+5.2 log,(n)+3.68

< 37142/2+7><14/2+5.210g2(14)+3.68 < 0.01.

We now look at the second term,

(51920 + 4)g~" /22 GLa(9)]Sp,-a (0)
< (5.1¢%30%n% 4 4)q7"2/2+5"/2|Spn_4(q)| by Lemma 2.6.4
< (5.1¢%30%p% 4 4)(1_"2/2+5"/2c‘]((”_4)2+("_4))/2 by Lemma 2.6.4
< (5.1¢030%2 4 4)q~"H6 = 5.1 nF63025,2 | 4, -n+6
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< 5.1g "21ogs(M)+6:3025 | g —n+6 since ¢ > 3.

We notice that function f(n) = —n + 2logs(n) + 6.3025 has derivative f'(n) = ﬁ(g) — 1. Note
that f’(n) < 0 for n > 2 and that f(11) < 0, therefore f(n) < 0 for n > 11. So

5'1q—n+210g3(n)+6.3025 + 4q—n+6 <5.1x% 3—n+210g3(n)+6.3025 +4 % 3—n+6

< 5.1 x 3714421085 (14)46.3025 | 4 o 3=14+6 e gy > 14
< 0.22.

Therefore

1747
1440°

O]

qfn2/2+7n/2+5.2logQ(n)+3.68+ (5.1q0.3025n2+4)q7n2/2+5n/274‘GL2(q)"Spn_4(q)‘ <0.23 <

Proposition 4.2.4. Let n > 14 be even, let ¢ > 3, and let S = PSp,,(¢). Then 1 — % <
Py(S).

Proof. Let G = Sp,,(q), let H < Sp,(¢) be a subgroup of type P», let M; be the set of con-
jugacy class representatives of maximal subgroups of type Py, G:OiE (¢), and the non-geometric
subgroups S\&g where &g is defined in Definition 3.1.1. By Lemma 3.3.10 M; O My, where
My is defined in Definition 2.4.9. In addition, by Lemma 3.1.2 and Corollary 4.1.6 we have
that [M\Mi]| < 5.1 x ¢*3925n2 4+ 6. We note that |H| = ¢**~°|GLa(q)||Sp,,_4(q)|, as written in
Theorem 3.3.1.

Let Mya: be a P subgroup, then M,,q, has shape ¢"~! : (GLi(g) x Sp,,_2(q)) by Theorem
3.3.1. We also note here that since G is transitive on 1-spaces, then the |G : M,,q| is the number

of 1-spaces, i.e. qzn:ll We also note that |G : M4 = m(G) by Theorem 2.2.7. Furthermore by

(n—2)2+(n—2)
Lemma 2.6.4 we have [Mpmee| > ¢"Lq 2 1> ¢g7/2n/2-1

Py(8) = P5(Sp,(q)) by Lemma 2.4.4
> 1- Z G M| — Z G H|™! by Lemma 2.4.10
MeM, MeM/My
>1- Y |G M| = (5.1¢"%%n? + 4)|G : H|T!
MeM;,
=1- > G M = Y |G M| = (5.1¢"%%n? 4 4)|G - H[!
MeM\S MeMinS
q3n+1
>1-— Z |G- M|~ — Z o (5.1¢%39%°n2 + 4)|G - H|™* by Lemma 3.1.4
MeMi\S MeMins ‘ ’
3521085 (n)+2.68
>1-— Z |G- M|~ — a — (5.1¢"39%5p2 4 4)|G : H|! by Lemma 4.1.3
MeMi\S
_, Z |M’ N q3n+5.2log2(n)+2.68 N (5.1(]0.3025”2 + 4)|H| /m(G)
N | Mimaz| [ Minaz| [ Minaz|
MeMi\S max mazx mazx
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3n+5.2logy(n)+2.68 0.3025,,2
q (5.1¢%392°n2 + 4)|H|
g"*/2—n/2-1 T g /2nj2—1 >/m(G)

21—(3+

We note that |H| = ¢*"®|GLa(q)||Sp,,_4(q)|, as written in Theorem 3.3.1. So

3n+5.21log,(n)+2.68 0.3025,,2 2n—5
q (5.1¢ n? 4+ 4)¢*"°|GL2(q)||Sp,_4(q)]
qn2/27n/271 + qn2/2fn/271 >/m(G)

Py(S)>1— (3 +
— 34+ q—n2/2+7n/2+5.2log2(n)+3‘68 + (5.1q0.3025n2 + 4)q_"2/2+5”/2_4\GL2(q)||Spn,4(q)|.

Finally by Lemmas 4.2.3 and 2.2.8 we have that

6067 6067
<l——— =1-——
PS) =1 440m(G)  * 1440m(S)

We now deal with the case ¢ = 2 with n > 14 separately.
Lemma 4.2.5. Let n > 14. Then

93n+5.2logy (n)+2.68 N (63712 + 4)22n75|GL2(2)||Spn_4(2)|
GO, (2)] GO, (2)]

< 1747/1440.

Proof. Firstly we bound the first fraction,

93n+5.2logy (n)+2.68 93n+5.2logy (n)+2.68

<
GO, ()]~ 20ewp
_ 9—n?/2+47n/2+5.2logy (n)+3.68

by Lemma 2.6.4

For the function f(n) = —n?/2+7n/2+5.2logy(n)+3.68 we have that f/'(n) = —n+7/2+ %

We note that f’(n) is negative for n > 6. Consequently

27n2/2+7n/2+5‘2logQ(n)+3.68 < 27142/2+7><14/2+5.210g2(14)+3.68 < 0.001 since n > 14.

Finally let us bound the second fraction,

(6-3n° + 4)22"°|GL2(2)||Sp,_4(2)|
GO, (2)]
6(6.3n2 + 4)22"7%|Sp,,_,(2)|
GO, (2)]
210g2(37.8n2+24)+2n75‘Spn_4(2)‘
GO, (2)]
9log, (37.8n%+24)+2n—59(n—4)? /4 H(ZI4)/2(227; —1)
2n(n—2)/4+1(2n/2 4 1) HZ(ZIQ)/Q(Q% _ 1)
9logy (37.8n2+24)+2n—59(n—4)/4 9logy (37.8n%+24)+n/2-2
T on(n=2)/At1(Qn/2 1 1)(2n2 — 1) (202 4 1)(2n2 — 1)

IN

by Theorem 2.5.29
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9logy (37.8n2424)—2  9logy(37.8n7+24)—2

< < _ 27n+10g2(37.8n2+24)+1.
B (2"_2 — 1) - on—3

We note that the function f(n) = —n+logy(37.8n24-24)41 has derivative f'(n) = m—

1. Here f'(n) < 0 for n > 3. Furthermore, f(14) is negative therefore f(n) < 0 for n > 14. So
—n 4 logy(37.8n% 4+ 24) +1 < 0.

Therefore

93n+5.2logy(n)+2.68 N (6.3712 + 4)22n_5’GL2(2)‘|Spn_4(2)’
GO, (2)] GO, (2)]

< 0.001 +2° < 1747/1440.

Proposition 4.2.6. Let S = PSp,,(2) for even n > 14. Then 1 — $7?17(5) < Py(S).

Proof. Let G = Sp,,(2), let H < Sp,,(2) be a subgroup of type Pa, let M; be the set of con-
jugacy class representatives of maximal subgroups of type P, GOf(2), and the non-geometric
subgroups S\&g. By Lemma 3.3.10 M; O Mpy. In addition, by Lemma 3.1.2 and Corollary
4.1.6, and taking q = 2, we have that M\ M| < 5.1 x 2030252 4+ 6 < 6.3n2 + 6.

We note that
_ ISp,(2)]
GO, (2)]
_ 2 AT 2% — 1)
2 x 2nn=2)/4(2n/2 4+ 1) [T (2% — 1)
2n2/4(2n _ 1) B 2n2/4(2n/2 _ 1)

- on(n=2)/4+1(2n/2 1 1) on(n—2)/4+1
_ 2n/2—1(2n/2 o 1)

|G : GO, (2)|

by Theorem 2.5.29

Furthermore note that |G : GO,, (2)| = m(G) by Theorem 2.2.7.

Py(S) = P»(Sp,(2)) by Lemma 2.4.4
>1- Y |G:MT = Y |G H[T by Lemma 2.4.10
MeM, MeM/My
>1- Y |G: M| = (6.3n" +4)|G: H|™!
MeM;y
=1- > G:M' = ) |G:M|T' (630" +4)|G: H|™!
MeMi\S MeMins
23n+1
>1— > jGMT - Y — (6.3n> +4)|G : H| ™! by Lemma 3.1.4
M€M1\$ MeMiNS ’ |
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95.2logy(n)+1.6893n+1

>1— > |G:M|T' - & (6302 +4)|G: H| by Lemma 4.1.3
M€M1\S ‘ ’
‘M| 25.210g2(n)+1.6823n+1 (6.3712 + 4)|H|
=1- s - + G L DN ).
( 2 |GO,, (2)] |GO,, (2)] |GO,, (2)] )

MeMi\S

Since |G : GO,, (2)] = m(G) we know that all other maximal subgroups M have smaller order
than GO,, (2). Consequently,

| M]
E — < |M\S| < 3.

Finally since H is a P, type subgroup |H| = ¢*"°|GL2(q)||Sp,,_4(q)| by Theorem 3.3.1. So

93n+5.2logy (n)+2.68 N (63712 + 6)22”_5|GL2(2)||Spn_4(2)]
GO, (2)] GO, (2)]

P(S)<1— (3 + )/m(G).

Finally by Lemmas 4.2.5 and 2.2.8 we have that

6067 6067
P <l-——+—=1—- —— .
(@) == Tom@) 1240m(S)

4.2.3 Unitary groups
In this section we prove Theorem 4.0.1 for the case of G = PSU,(¢) and n > 11.

Proposition 4.2.7. Let S = PSU,(q) for n > 11. If n is even then assume that ¢ # 2. Then
1— 99 < Py(S)
243m/(5S) 2

Proof. Let G = SU,(q), let H < SU,(q) be a subgroup of type P, and let Mj be the set of
conjugacy class representatives of maximal subgroups of type P, GU1(q) L GU,_1(q), and the
non-geometric subgroups §. By Lemma 3.4.10 My O My, where My is defined in Definition
2.4.9.

Let M. be a Py subgroup. Then M., has shape ¢?"3 : (SL1(¢?) x SU,_2(q)).(¢*> — 1)
by Theorem 3.4.1. We also note here that

1SUA(q)]
(¢* — 1)g*"3(SU,—2(q)|
_ VR IT (- (<))
B (¢ — 1)q2n—3q(n—2)(n—3)/2 HZTL:—QQ(qi — (=1)%)
L@ - (-1)
(= DL (@ = (<))

(¢" = ()" (" = (=)™

(¢ 1) '

|G : Mypaz| =

by Theorem 2.5.29
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Note that |G : Myez| = m(G) by Theorem 2.2.7.

Py(S) > P»(SUx(q)) by Lemma 2.4.4

>1- Z G: M| - Z G H|! by Lemma 2.4.10
MeM;y MeM/ My

>1- Z G M|™! = (5.1¢"%%n?)|G : H|7! by Corollary 4.1.6
MeM;y

=1— Y G:M[T = > |G M = (5.1¢%%0?)|G : H| !
MeMi\S MeMiNS

B q6n+2 3025 9 .

>1- Z |G : M| 1_ Z Il —(5.1(]030 n?)|G : H| by Lemma 3.1.4

MeMi\S MeMins
(Or5-21085(n) +3.68

>1- Z |G M|~ - ] — (5.1¢%39%p2)|G - H| ! by Lemma 4.1.3

MeMi\S

‘M‘ q6n+5.210g2(n)+3.68 (5.1q0‘3025n2)|H\
e 1 —
(Y modt L)@

max ’

MeM\S
6n-+5.2logy (n)+3.68 0.3025, 2
q (5.1¢"°%°n?)|H|
—1-(2+ + )/m(G).
’Mmaaz| ‘Mmax|

By Theorem 2.2.7, the group H has order ¢*"~12|SUs(¢?)||SUn—4(q)|(¢*> — 1). As noted before,
Maq has order ¢?"3|SU,,_2(q)|(¢*> — 1). Therefore

|Minaz| = q2”_3|SUn,2(q)](q2 —1)
> q2"_3q("_2)2_1(q2 -1) by Lemma 2.6.4
— qn2—2n(q2 _ 1) > qn2—2n_
In addition
[H| ¢ "*[SU2(¢*)|ISUn-4(a)l(¢* — 1)

|Mipaz| ¢*"31SUpn—2(q)[(¢* — 1)
_ ¢ 2I8U2(¢*)[18Un-a(a)l(¢* — 1)
- an—Qn
4n—12 6 (n—4)2—1 2
<t LT 1 by Lemma 2.6.4
e
— g2t

Therefore, we have

Py(S)>1—(2+ q6n+5.2logQ(n)+3.68qfn2+2n + 5.1q0'3025n2q’2”“1)/m(G)
>1— (2 + q7n2+8n+5.210g2(n)+3.68 + q72n+2 log2(n)+11.3025+10g2(5.1))/m(G)

>1— (2 + q—n2+8n+5.210g2(n)+3.68 + q—2n+2log2(n)+13.66)/m(G).
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Finally, we note that the derivative of f(n) = —n? + 8n + 5.2logy(n) + 3.68 is f'(n) = —2n +
% + 8. Since f'(n) < 0 for n > 5 and that f(11) < 0, we conclude that f(n) is negative for
n > 11. Similarly, one can deduce that —2n + 2logy(n) + 12.66 < 0 for n > 11 also. Therefore,

by Lemma 2.2.8

1199 1199
Po(S) > 1 (24 a0t o N e

Proposition 4.2.8. Let S = PSU,(2) for n > 12 even. Then 1 —1199/(243m(S)) < P2(S)

Proof. For n = 12 we calculate

> M|,

MeM
the sum of the orders of representatives of the conjugacy classes of maximal subgroups in
PSU15(2), in MAGMA, and then apply Lemma 2.4.7 to get an upper bound for cg smaller
than 4.9. Note that a complete list of the maximal subgroups of PSU;2(2) may be found in
[6, Tables 4.78 & 4.79], both geometric and non-geometric. Finally, by Lemma 2.4.2 we have
1 —cg/m(S) = Py(S).

Let n > 14, let G = SU,(2), let H < SU,(2) be a subgroup of type P, let M; be the set
of conjugacy class representatives of maximal subgroups of type P, GU1(2) L GU,—1(2), and
the non-geometric subgroups §. By Lemma 3.4.10 M1 2O M.

Let Mynae be a GU1(2) L GU,—1(2) subgroup. Then M, has shape (SU;(2) xSU,,_1(2)).(2+1)
by Theorem 3.4.1. We also note here that

[SUA(2)]
3|SU,—1(2)]
2R - (1))
3 2 D/ T[] (20— (~1))
T2 (1))
[T (2 - (-1))

_anmien — 1)

Sl —
Note that |G : Myaez| = m(G) by Theorem 2.2.7.

|G : Mypas| =

by Theorem 2.5.29

Py(S) > P,(SU,L(2)) by Lemma 2.4.4
>1- > |G:MT' = > |G H[ by Lemma 2.4.10
MeM;, MeM/Mi
>1- Y |G M| = (5.1 x 203%n?) |G H|T! by Corollary 4.1.6
MeM;
>1— > |G:MT = Y |G M| -6.290%G  H| !
MeMi\S MeMiNS
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26n+2

>1- Z |G M|t — Z ﬁ—6.29112|G:H|_1 by Lemma 3.1.4
MeM1\S MeMinS
96n+5.2logy (1) +3.68
>1- Z |G M|t — Il —6.290%|G - H|! by Lemma 4.1.3
MeM\S
) ( Z ‘M‘ N 26n+5.2log2(n)+3.68 N 6.29%2‘1‘[‘)/ (G)
—1_ m
26n+5.210g2(n)+3.68 629n2|H|
=1-(2+ + )/m(G).
Mona] Myl /™)

By Theorem 2.2.7, the group H has order 3 x 24"712|SU5(4)||SU,,_4(2)|. As noted before M4,
has order 3|SU,,_1(2)|. Therefore

|Mmam‘ = 3‘SU7L_1(2)| >3 x 2(n—1)2—3 =3 x 2”2—2n—2

Also

[H| 3 x 2" 2[SUs(4)||SUn—4(2)]
| Minaz| 31SU,_1(2)]
180 x 24712|SU,_y(2))
- 3 x 2n2—2n—2

_ 60 x 94n—129(n—4)>~1
- on2—2n—2

=60 x 272 PP by Lemma 2.6.4.

Therefore, we have that

97n+5.2logy (n)+3.6827n2+2n+2

3
9—n?+9n+5.2logy (n)+5.68

3

Py(S)>1—(2+ + 377.4n%27275) /m(QG)

-1 (2 + + 2—2n+5+2logQ(n)+log2(377.4))/m(G)
Finally, we note that f(n) = —n?+9n+5.2logy(n)+5.68 has derivative f/'(n) = —2n+9+ nfT%Q)
Here f’(n) < 0 for n > 6, and furthermore f(11) < 0. Therefore f(n) < 0 for n > 11. A similar
approach shows us that —2n + 5+ 2logy(n) + log,(377.4) is negative for n > 11. So we conclude,
by Lemma 2.2.8, that

20 1199 1199

pg(s)21—(2+§+2°)/m(G)>1—m:1_M'

O

We conclude this section noting that we have shown Theorem 4.0.1 to be true for the cases of
PSL,(q) for n > 13, PSp,,(¢q) for even n > 14 and PSU,(q) for n > 11.
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4.3 Calculating o for small dimensions

In this section we prove Theorem 4.0.1 for the cases of PSLy(q) for n < 12, PSp,,(¢q) for even
n < 12 and PSU,(q) for n < 12.

Since we want to find values for o such that
1—a/m(G) < P(G)

for all G = PSL,(q), PSp,(¢) and PSU,(q), it would be valuable to calculate (1 — P2(G))m(G)
for small G. Recall the definition of c¢g from Definition 2.4.1. We notice that a requirement of «
is that it must satisfy cg < a for all G. Also recall from Lemma 2.4.2 that 1 —cq/m(G) = P2(G).

Theorem 4.3.1. Let G satisfy one of the following cases
1. G =PSLa(q) for 5 < g < 25.

2. G =PSL3(q) for 3 <q<8.

G = PSL4(q) for ¢ =2,3.
G = PSL5(2).
G = PSp,(4).
(2).

S S T

G = PSU3(q) for 3 < g <5.
G =PSUy(q) for ¢ =2,3.

9. G = PSU5(2).
Then Py(G), m(G), cg and cg rounded up to 3 d.p may be found in Tables 4.1 and 4.2.

Proof. From the work of N. Menezes [38, Tables 3.1 & 3.2 & 5.1] we obtain P»(G) for various
groups in Tables 4.1 and 4.2: the groups PSLa(q) for 4 < ¢ < 19, PSL3(q) for ¢ = 2 and 3,
PSpg(2), PSU3(3) and PSU4(2). The remaining results are obtained from Magma, by computing
the value of P»(G). We then calculate ¢ using the values of m(G) obtained from Theorem
2.2.7. O

For the remaining PSL,(q),PSp,(¢) and PSU,(q) we require information about the maximal
subgroups. Luckily this information can be found in [6] and so we provide the following theorem,
a subcase of [6, Main Theorem 2.1.1.].

Theorem 4.3.2 ([6, Main Theorem 2.1.1.]). Let q be a prime power, let n < 12, and let
G = PSp,(q),PSp,,(q¢) or PSU,(q). Then representatives of the conjugacy classes of maximal
subgroups of G are as specified in the appropriate table in [6, Chapter 8.

We will liberally use the above theorem; in each of the following sections we will present a table
with a selection of information gathered from tables in [6, Chapter 8] to aid with the calculation
in that given section. However we note that this information is an incomplete version of those
in [6], ours containing only the information needed for our calculations. We will state in each
section the tables of [6] we are citing, for ease of reference.
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Table 4.1: ¢ for small PSLy,(q)

G Py (G) m(Q) cG cg to 3 d.p
PSLy(5) 19/30 5 11/6 1.834
PSLy(7) 19/28 7 9/4 2.250
PSLy(8) 71/84 9 39,/28 1.393
PSLy(9) 53/90 6 37/15 2.467
PSLs(11) 127/165 11 38/15 2,534
PSLy(13)  165/182 14 17/13 1.308
PSL2(16) 313/340 17 27/20 1.350
PSLo(17)  283/306 18 23/17 1.353
PSL,(19)  157/171 20 280/171 1.638
PSLy(23)  2881/3036 24 310/253 1.226
PSLy(25)  911/975 26 128/75 1.707
PSL(3) 101/117 13 16/9 1.778
PSLs(4) 121 /140 21 57/20 2.850
PSL3(5) 175087/186000 31 10913/6000 1.819
PSL3(7) 302467/312816 o7 10349/5488 1.886
PSL3(8) 892163/915712 73 23549/12544 1.878
PSL4(2) 133,180 8 94/45 2.089
PSLy(3)  706709/758160 40  51451/18954 2.715
PSLs(2)  310801/333312 31  22511/10752 2.094
Table 4.2: ¢ for small PSU,(¢q) and PSp,,(q)
G Py (G) m(Q) ca cg to3d.p
PSp,(4) 116333/122400 85 6067/1440 4.214
PSps(2)  219703/241620 28  153419/60405 2.540
PSUs(3) 58/63 28 20/9 2.223
PSU;5(4) 5089,/5200 65 111/80 1.388
PSU3(5)  19483/21000 50 1517 /420 3.612
PSU,(2) 767,864 27 97/32 3.032
PSUL(3)  26017/27216 112 1199/243 4.935
PSU5(2) 3370951/3421440 165  50489/20736 2.435
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4.3.1 Linear groups

Let us first tackle the case of PSLy,(¢) for n < 12. We will show that cg < 38/15 ~ 2.534 rounded
up to 3 decimal places, for S = PSLa(q) with equality if and only if ¢ = 11. Secondly we show
cs < 57/20 = 2.85 for S = PSL,(q) for 3 <n < 12 with equality occurring only when n = 3 and
g = 4. Since we have ready information about the subgroup structure of SL,(¢q) for n < 12 in [6]
we may find an upper bound for

Z ’M‘7

MeMm

the sum of the orders of the conjugacy class representatives of maximal subgroups of SL,,(g). By
then applying Lemma 2.4.8 we may find appropriate bounds for cpgy,, (4)-

Calculating « for PSLy(q)

In this section we show that cg < 38/15 &~ 2.534 rounded up to 3 decimal places, for S = PSLs(q)
where g > 4. We also show that ¢g = 38/15 occurs if and only if ¢ is 11. This certainly holds for
q < 25, by Theorem 4.3.1. We now show that cg < 38/15 does in fact holds for larger ¢q. We also
note here that even though our main reference for the maximal subgroups is [6], the subgroups
of PSLy(q) were originally worked out by Dickson [17].

Theorem 4.3.3. Let ¢ > 4 and let S = PSLa(q). Then 1 — ey < Py(S), where ¢ = 3% ~ 2.534
rounded up to 3 decimal places. Furthermore equality happens if and only if ¢ = 11.

Proof. The cases of 4 < g < 25 are covered by Theorem 4.3.1. We make special note of when

g =11, here ¢g = 38/15 and so 1 — #8(5) = Py(9).

For 27 < g < 156 we calculate

> M|,

MeM

the sum of the orders of representatives of the conjugacy classes of maximal subgroups in PSLy(q),
in MAGMA, and then apply Lemma 2.4.7 to get an upper bound for cg smaller than 38/15. Fi-
nally by Lemma 2.4.2 we have 1 — cg/m(S) = P(S5).

Let ¢ > 157 and let G = SLa(q). Here m(G) = ¢+ 1, by Theorem 2.2.7. Furthermore
|G|/m(G) =q(q—1) by Theorem 2.5.29. (4.1)

Let M be a set of representatives for the conjugacy classes of maximal subgroups of G. Table
4.3 describes the types of maximal subgroups that may appear in SLa(q) as listed in [6, Table 8.1
& 8.2]. We first aim to bound from above ), 1. |M].

If H < G lies in C; then |H| = g(q — 1). Furthermore, there is at most 1 conjugacy class of
Cy subgroups in G.

If H < G lies in Cy then |H| = 2(q — 1). Here also is at most one conjugacy class of Co subgroups
in G.
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If H < G lies in C3 then |H| = 2(¢+1). There is at most one conjugacy class of C3 subgroups in G.

If H < @ lies in C; then

|H| < 2|SLa(qo)| = 2q0(¢2 — 1) by Theorem 2.5.29
<2¢"*(g—1) since gy < ¢°”.

Furthermore there are at most 2 conjugacy classes of Cs subgroups for each gg such that ¢ = ¢
such that r is prime. In other words, if ¢ = p® for prime p, it is the number of prime factors of e.
We may bound e above by log,(¢) and bound the number of prime factors of e by log,(e) also.
Consequently, we may bound the number of r by logs(logs(g)). This in turn can be bounded
above by ¢*39%® by Lemma, 2.8.4.

If H < G lies in Cg then |H| < 48. We note that there are at most 2 conjugacy classes of
such subgroups in G.

Finally, if H € S then |H| = 120. Here there are at most 2 conjugacy classes of S subgroups in G.

Consequently

S IM|<qlg—1)+2(g— 1) +2(g+1) +4¢°%%¢ 2 (g — 1) + 2 x 48 + 2 x 120

MeM
_ q2 +4q1.8025 +3g _4q0.8025 1336 < q2 +4q1.8025 + 3¢ + 336.
Therefore
M|m(G
CPSLy(q) = Z m by Lemma 2.4.8
siem 1G]
- (q% + 418925 + 3¢ + 336)m(G)
B |G|
2 4 1.8025 3 336
¢+ +ogt by Eq. (4.1)
q(qg—1)
. q + 4q0'8025 + 3 + 336
¢g—1 q¢—-1 q¢—1 gq(g—1)
157 4 x 15708025 3 336
<—4+— 4+ —+———< 253 1 > 157
=156 7 156 156 | 157 x 156 siee q =
38
< 5 ~ 2.534 rounded up to 3 d.p.
The result now follows from Lemma 2.4.2. O

Calculating « for PSL3(q)

Theorem 4.3.4. Let ¢ > 3 and let S = PSL3(q). Then 1 — mE:S < Py(S), where ¢ = 5T = 2.85.
Furthermore, equality occurs if and only if ¢ = 4.

|
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Table 4.3: Maximal subgroups of SLa(q) for ¢ > 3

Class Subgroup Details Number of Stab
conjugacy
classes
Gt lgl:(g—1) Py type 1 (0, 9)
Ca Qa(g-1) q#5,7,11;q odd 1 (6, 8)
Co Dogg—1) q even 1 ()
Cs Qa(q+1) q#7,9qodd 1 (6, 8)
C3 Dogg+1) q even 1 (¢)
Cs SLa(qo)-2 q=qp, qodd, r=2 2 (o)
Cs SLa(q0) q = qj, ¢ odd, r odd prime 1 (0, @)
Cs PSLa(qo) q = qp, g even, qo # 2, v prime 1 ()
Co 211235 ¢=p==+1 mod8 2 1
Co 2123 q=p=+2,5+13 mod 40 1 (6)
S 2:Aj g=p==£1 mod 10 2 1
g=7p*p=+3 mod 10 2 (¢)
Novelties
Cs Qa(g_1) N1ifq=7,11 1 (5)
Ca Qa(g-1) N2ifg=9 1 (6, 9)
Cs Qa(q+1) Nlifg=7 1 (0)
C3 Q2(q+1) N2ifg=9 1 (6, 9)
Cs 2112 .3 Nlifg=p==411,+19 mod 40 1 (6)

N1 denotes maximal under (4)

N2 denotes maximal under subgroups not contained in (¢)
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Table 4.4: Maximal subgroups of SL3(q)

Class Subgroup Details Number of Stabilizer
conjugacy classes
C1 [¢%] : GLa(q) Py, P, type 2 (6, )
Co (4—1)%:8s q>5 1 (6, ¢,7)
Cs (> +q+1):3 q#4 1 (0,6,7)
Cs SLa(q0)-(4=F,3) q = qf,  prime (£=,3) (6, ¢,7)
O g=p=1 mod3 (¢-1,9)/3 (6, 7)
Cs  (¢—1,3) xS03(q) q odd (¢—1,3) (¢,7)
Cs (90 —1,3) x SUs(qo) q=q3 (90 —1,3) (6% 0,7)
S (¢—1,3) x PSLy(7) g=p=1,2,4 (¢—1,3) ()
mod 7,p # 2
S 3 Ag qg=p==+1,4 mod 15 3 ()
q=p*p=+2 mod 5, 3 (6,7)
p#3
Novelties
Ci [a'*?] (g = 1)? N1 1 (6, ¢,7)
Ci GL2(q) N1 1 (0,¢,7)
C3 (*+q+1):3 N2if =4 1 (6,0,7)

N1 denotes maximal under subgroups not contained in (4, ¢)

N2 denotes maximal under subgroups not contained in (¢, )
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Proof. The case of 3 < ¢ < 8 follows from Theorem 4.3.1. We make special note of when ¢ = 4,

here ¢g = 57/20 and so 1 — ﬁ?s) = P(9).

For 9 < ¢q < 23 we calculate

> M,

MeM

the sum of the orders of representatives of the conjugacy classes of maximal subgroups in PSL3(q),
in MAGMA, and then apply Lemma 2.4.7 to get an upper bound for ¢g smaller than 57/20. Fi-
nally by Lemma 2.4.2 we have 1 — cg/m(S) = Pa(S5).

Let g > 25, let G = SL3(q). Here m(G) = £-1 by Theorem 2.2.7. Furthermore

q—1>
IG|/m(G) = ¢*|GLa(q)| = ¢*(¢° — 1)(¢ — 1) by Theorem 2.5.29
2
> BSL9_ 6y .
2455 =4 /4 (4.2)

Let M be a set of representatives for the conjugacy classes of maximal subgroups of G. Table
4.4 describes the types of maximal subgroups that may appear in SL3(q) as listed in [6, Tables
8.3 & 8.4]. Also, let M; be the subset of M consisting of subgroups that do not lie in C;, do not
lie in C5 and are also not isomorphic to (go — 1,3) x SU3(qp). One can show that if H € M; then
|H| < 6¢> for ¢ > 13. To see this the case of H = (¢ — 1,3) x SO3(q) then

[H| < 3q(¢> — 1) <3¢
by Theorem 2.5.29. Furthermore, by Table 4.4,

IMi| <5+2(g—1,3)+ (¢ —1,9)/3=5+3x 3 = 14.

If H lies in C; then |H| = ¢?(¢?> — 1)(¢ — 1). Note that there are 2 conjugacy classes of such

subgroups in SL3(q). If H lies in C5 then H = SLg(qO).(q%%ll, 3), so
|H| < 3¢3(q5 — 1)(g2 — 1) by Theorem 2.5.29
<3¢"°(¢"° = 1)(¢—1) <3¢ since g < ¢'/2.

Note that there are at most 3 conjugacy classes of Cs subgroups for each go such that ¢5 = q. We
can bound the number of distinct gg satisfying ¢; = g by log,(¢). This in turn can be bounded
above by ¢*°° by Lemma 2.8.4. If H € Cg where H = (qg — 1,3) x SU3(qp) we note that there
are at most 3 conjugacy classes of subgroups H. Then

|H| < 3q3(q5 +1)(q5 — 1) < 6¢" since g = ¢*/2.

Consequently

> M| < 2 G + (14 % 6¢%) + (3¢™% x 3¢") + (3 x 6¢%)
MeM m(G)
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|G| 4.55 4 3
=2—— +9g¢™ 18 84q°.
m(G) I I8+ 54

So

Mm(G

CPSL3(q) < Z "|G\() by Lemma 2.4.8

MeM
(9¢* + 18¢* + 85¢*)m(G)

G|
4(9¢*" +18¢" + 844°)
6

q

=24 36¢ 1° + 72¢72 + 3363

<2+

<2+

by Eq. (4.2)

57
<2436 x25 ) 4 (72 x2572) + (336 x 2573) < 2.5 < 5 = 285 since ¢ > 25.
The result follows from Lemma 2.4.2. O

Calculating a for PSL4(q)

Theorem 4.3.5. Let ¢ > 2 and let S = PSL4(q). Then 1 — % < By(9).

Proof. The cases of ¢ = 2,3 follow from Theorem 4.3.1.

For 4 < ¢ <11 we calculate
> M|,
MeM

the sum of the orders of representatives of the conjugacy classes of maximal subgroups in PSL4(q),
in MAGMA, and then apply Lemma 2.4.7 to get an upper bound for ¢g smaller than 57/20. Fi-
nally by Lemma 2.4.2 we have 1 — c¢g/m(S) = P(S5).

Let ¢ > 13 and let G = SL4(q). Here m(G) = q;_—_ll, by Theorem 2.2.7. Furthermore

IG|/m(G) = ¢*|GL3(q)| = ¢°(¢° — 1)(¢* — 1)(¢ — 1) by Theorem 2.5.29

3.2
9949 12
> 0o =18 4.3
24y 570 (4.3)
Let M be a set of representatives for the conjugacy classes of maximal subgroups of G. Table
4.5 describes the types of maximal subgroups that may appear in SL4(q) as listed in [6, Table
8.8 & 8.9]. Here ¢ denotes the number of conjugacy classes of groups of a given type. Let M;
be the subset of M cousisting of subgroups that do not lie in C; and are also not isomorphic to

Sp4(q)-(q — 1,2).

One can show that if H € M; then |H| < ¢® for ¢ > 17. To see this we note cases where
this may not be obvious. If H € C; for i = 2,3,5,8 we apply Lemma 2.6.4. Moreover in the case
of H € Cs5, we note that ¢y < ¢'/2? and so in particular ¢ > 16.

There are at most 4 conjugacy classes of C5 subgroups for each go such that ¢; = ¢. We can
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Table 4.5: Maximal subgroups of SL4(q)

Class Subgroup Details c Stab
Gy [¢°] : GL3(q) Py, Ps type 2 (9, ®)
C1 [q*] : SLa(q)®: (¢ — 1) P, type 1 (6,¢,7)
Cs (g—1)%:S4 q>7 1 (0,¢,7)
Cs SLa2(g)* : (¢ —1).2 q=>4 1 (0,6,7)
C3 SLa(¢?) : (¢ +1).2 1 (6, 0,7)
Cs SLa(q0)-[(£=5, 4)] ¢ = gj, r prime (=5, 4) (6,6,7)
Co (4 02H4) " Sq p=qg=1 mod 8 4 {(v)

Co (4024 Ag p=q¢=5 mod 8 2 (62,7)
Cs SO7 ()-[(q = 1,4)] g 0dd (¢—1,4)/2 (6%, ¢,7)
Cs SOy (9)-[(g —1,4)] q odd (q—1,4)/2 S1
Cs Sp4(q)-(¢ — 1,2) (¢-1,2) (0%, ¢,7)
Cs SU4(q0)-(q0 — 1, 4) q=q5 (g0 —1,4) (0,97
S Ar q=2 1 ")
S (g—1,4)02 A7 ¢g=p=12/4 (g—1,4) (1)
mod 7,q # 2
S (g—1,4) 02 PSU4(2) g=p=1 mod 6 (g—1,4) ()
Novelties
Ci ¢ : (GLa(g) x (¢ — 1)) N1 1 (6,¢,7)
Cy GLs(q) N1 1 (6,8,7)
Ca (q—1)3:8,4 N2ifg=5 1 (6,7)
Ca SL2(q)%: (¢ —1).2 N3 if g =3 1 (8,7)
S (g —1,4) 0 2.PSLy(7) N4, g=p=1,2,4 (q—1,4) S2
mod 7,q # 2

N1 denotes Maximal under subgroups not contained in (4, ¢)
N2 denotes Maximal under subgroups not contained in (62, )
N3 denotes Maximal under subgroups not contained in (7y)
N4 denotes Maximal under S2
S1 denotes (8¢, p0P~1/2 ~5)

S2 denotes (v) if p = +1 rélgd 8, (67) if p=+£3 mod 8



bound the number of distinct o satisfying g = ¢ by logy(¢). This in turn can be bounded above
by ¢%® by Lemma 2.8.4. So, by Table 4.5,

(M| < 844¢"% + (g0 — 1,4) +3(q — 1,4) + (¢ — 1,2) = 8+ (4 x 4) + 2 + 4¢"° = 26 + 4¢"°.

If H is a P; type subgroup, then we notice that there are 2 conjugacy classes. It is also straight-
forward to calculate that |H| = |G|/m(G) using Theorem 2.5.29. If H is a P5 type subgroup
then |H| = ¢%(¢®> — 1)?(q — 1) by Theorem 2.5.29. Note that there is only one conjugacy class for
P, subgroups.

If H = Spy(q).(¢g — 1,2) then |H| < 2¢*(¢* — 1)(¢*> — 1) by Theorem 2.5.29. We note that
there are at most 2 different conjugacy classes of such Cg subgroups.

Consequently
G
S M) <210 - 020 1)+ 2020 = (e - 1)+ 26+ 40
MeM
G
-9 ’ | _|_q11_|_3q10_2q9+4q8.55+24q8+q7_5q6+4q4
m(G)
G
<2 ’ | _|_q11+3q10+4q8.55+24q8+q7+4q4
m(G)
<9 G| 4 g 43¢0 + 455 4 2548 < 2 G| +g" 4 4410
- m(G) - m(G)
since ¢ > 13. Therefore
Mm(G
CPSL4(q) = Z m by Lemma 2.4.8
viem |G
11 4 41m(G 8(g! 4 4410
<oyl HAg)mG) | 8la” +4g7) by Eq. (4.3)
G| q'?
8(131 + 4 x 1310
<2+ ( —1F312X ) <240.81 <2.85 since ¢ > 13.
The result follows from Lemma 2.4.2. O

Calculating « for PSL;(q)

Theorem 4.3.6. Let ¢ > 2 and let S = PSL5(q). Then 1 — % < Py(9).

Proof. First we note that the case of ¢ = 2 follows from Theorem 4.3.1.

For the small cases of 3 < g < 4 we calculate
> M|,
MeM

the sum of the orders of representatives of the conjugacy classes of maximal subgroups in PSL5(q),
in MAGMA, and then apply Lemma 2.4.7 to get an upper bound for ¢g smaller than 57/20. Fi-
nally by Lemma 2.4.2 we have that 1 — cg/m(S) = P2(S5).

86



Table 4.6: Maximal subgroups of SLs(q)

Class Subgroup Details No. of conj. Stab
classes - ¢
G [4"] : GLa(q) P, Py type 2 (0, 0)
Ci [q°: (SLa(q)xSLs(q)) : (¢—1) P, Py type 2 (0,9)
Cy (¢—1)*:Ss ¢>5 1 (0, 6,7)
Cs 215 1 (6,6,7)
Cs SLs(¢0)- (3=, 5) ¢ = qj, r prime (2=7.5)  (6%9,7)
Co 5172+ Spy(5) p=q 5 (7)
Cs (¢ —1,5) x SOs5(q) q odd (¢—1,5) (¢,7)
Cs (g0 —1,5) x SUs(qo0) q=q (o —1,5)  (6%0,7)
S (g—1,5) x PSLy(11) q=p (¢—1,5) ()
S My, qg=3 2 ()
S (¢ —1,5) x PSU4(2) q=p (¢—1,5) ()
Novelties

Gy [4'+°] - (GLs(q) x (¢ — 1)) N1 1 (0,9,7)
Ci [¢*"] : GL2(g)? N1 1 (6, ,7)
Cy GLa4(q) N1 1 (0,9,7)
Ci (SLa(q) x SLs(q)) : (¢ — 1) N1 1 (0,6,7)
S d x PSLy(11) N2, ¢g=3 1 1

N1 denotes maximal under subgroups not contained in (J, ¢)

N2 denotes maximal under (vy)
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Let ¢ > 5 and let G = SL5(q). Here m(G) = qq *11, by Theorem 2.2.7. We have that

IG|/m(G) = ¢*|GLa(q)| = ¢"%(¢* = 1)(¢* = 1)(¢* = 1)(¢ — 1) by Theorem 2.5.29
410 624¢" 124¢° 24¢° 4¢q
=7 7625 125 25 5

> 0.76¢%° since ¢ > 5. (4.4)

Let M be a set of representatives for the conjugacy classes of maximal subgroups of G. Table
4.6 describes the types of maximal subgroups that may appear in SLs(q) as listed in [6, Table
8.18 & 8.19].

Let M be the subset of M consisting of subgroups that do not lie in C;. One can show that if
H € Mj then |H| < ¢'3 for ¢ > 5. To see this note that if H € C; for i = 5,6, 8 we apply Lemma
2.6.4. Moreover in the case of H € Cs, we note that go < ¢'/2. Finally we note that if H = My,
then |H| = 7920.

Note that there are at most 5 conjugacy classes of Cs subgroups for each go such that ¢5 = ¢q. We
can bound the number of distinct gg satisfying ¢; = ¢ by log,(¢). This in turn can be bounded
above by ¢”% by Lemma 2.8.4. Therefore, by Table 4.6

M| <945¢"% + (g0 —1,5) +3(¢ — 1,5)
=9+4x5+5¢"% =29 +5¢°% < 29¢ since ¢ > 5.

If H is a P; type subgroup, then we notice that there are 2 conjugacy classes. As noted before,
|H| = |G|/m(G). If H is a P, type subgroup then H = [¢%) : (SL3(q) x SL2(q)) : (¢ — 1). Then

|H| = ¢"°(¢®> — 1)(¢®> = 1)*(¢ — 1) by Theorem 2.5.29.
Consequently
S M) £ 2050 + 20 = 1)(6 - 1~ 1) + (290 x ¢
MeM
|G| 18 14
2——— +2 29¢-°.
) + 2¢°° + 29¢q
Therefore
M
CPSLs(q) < Z | |m by Lemma 2.4.8
MeM
(2q18 + 29q14)m(G) 2¢'* + 29¢"
<2 < = =7 by Eq. (4.4
<2+ q S 24 e y Eq. (4.4)
(2 x 518) + (29 x 514) :
<24 0776 x 520 <2+0.11 < 2.85 since q > 3.
The result follows from Lemma 2.4.2. O
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Table 4.7: Maximal subgroups of SLg(q)

Class Subgroup Details Number of
conjugacy
classes
Cy [¢°] : GL5(q) Py, Ps type 2
Ci [¢®]: (SLa(q) x SLa(q)) : (g —1)  P», Py type 2
Ci [¢°]: (SLa(g) x SLs(q)) : (¢ —1) Py type 1
Ca (¢—1)°: Se q>5 1
Cs SLa(q)” : (¢ — 1)*.S3 q>3 1
Ca SL3(q)? : (g —1).S2 1
Cs SL3(¢?).(g +1).2 1
Cs SLa(¢®).(¢> + ¢+ 1).3 1
Cs SLa(q) x SLs(q) q>3 1
Cs SLe(90)- (5= 6)] a=dqbr (35-1,6)
prime
Cs (g —1,3) x SO{ (¢).2 q odd (g —1,6)/2
Cs (¢ —1,3) x S04 (q)-2 q odd (¢—1,6)/2
Cs (g —1,3) x Spg(q) (¢—1,3)
Cs SUs(q0)-(g0 — 1,6) q=q (g0 — 1,6)
S (g—1,6) 02 PSLy(11) (q—1,6)
S 6" Ar 12
S 6" PSLs(4) "2y 6
S 2" My, 2
S 61 PSU4(3)" 25 6
S 6, PSU4(3) 3
S (¢ —1,6) o SLs(q) 2
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Calculating « for PSLg(q)
Theorem 4.3.7. Let ¢ > 2 and let S = PSLg(q). Then 1 — % < By (9).

Proof. For the small cases of 2 < g < 4 we calculate

> 1M,

MeM

the sum of the orders of representatives of the conjugacy classes of maximal subgroups in PSLg(q),
in MAGMA, and then apply Lemma 2.4.7 to get an upper bound for ¢g smaller than 57/20. Fi-
nally by Lemma 2.4.2 we have 1 — c¢g/m(S) = P(S5).

Let ¢ > 5 and let G = SLg(q). Here m(G) = (](]6_;117 by Theorem 2.2.7. If H is a P, type
subgroup, then we may show that |H| = |G|/m(G) using Theorem 2.5.29. Furthermore

|H| = q5|GL5(q)| > q5q52_2 =¢*® by Lemma 2.6.4. (4.5)

Let M be a set of representatives for the conjugacy classes of maximal subgroups of G. Table
4.7 describes the types of maximal subgroups that may appear in SLg(q) as listed in [6, Table
8.24& 8.25].

Let M be the subset of M consisting of subgroups that do not lie in C;. Then we can show,
using Lemma 2.6.4 and the fact that gy < ¢'/2 that |H| < ¢*2 for ¢ > 5.

There are at most 6 conjugacy classes of C5 subgroups for each gg such that ¢; = ¢. We can
bound the number of distinct o satisfying ¢ = ¢ by logy(g). This in turn can be bounded above
by ¢*® by Lemma 2.8.4. Therefore

M| <3746¢"%° + (q0—1,6)+2(¢ — 1,6) + (¢ — 1,3)
<37+ (3% 6)+3+6¢"% =58+ 6¢"% < 12¢ + 6¢*%° < 18¢ since ¢ > 5.

There is 1 conjugacy classes each for Py and Ps type subgroups As noted before, |H| = |G|/m(G)
using Theorem 2.5.29.

If H is a P, type subgroup then then
|H| < ¢*(q—1) by Table 4.7.
There are at most 2 conjugacy classes of Py type subgroups.
If H is a Py type subgroup, then H 2 [¢°] : (SL3(q) x SL3(q)) : (¢ — 1). Then
|H| < ¢*¢ by Table 4.7.

There is at most 1 conjugacy class of Ps type subgroups. Consequently

G
> M| < 2‘c|¥ +2¢%(¢ — 1) + ¢°° + (18¢)¢*
MeM m( )
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Gl

<9 2027 — 26 1 18423
< 7m(G) + 2q q~ + 18¢q
G
< 2m‘,(G’) + 2q27 since g > 5.
Therefore
M|m(G
CPSLg(q) < Z |:G() by Lemma 2.4.8
MeM
2q27m(G) 2q27
<24 — L =24 —— by Eq. (4.5
<2+ el + v Eq. (4.5)
2 2 .
:2+7<2+g<2.85 since g > 5.
q
The result follows from Lemma 2.4.2. O

Calculating o for PSL7(q)
Theorem 4.3.8. Let ¢ > 2 and let S = PSL;(q). Then 1 — 285 < Py(S).

m(S)
> 1M,

MeM

Proof. For 2 < q <8 we calculate

the sum of the orders of representatives of the conjugacy classes of maximal subgroups in PSL7(q),
in MAGMA, and then apply Lemma 2.4.7 to get an upper bound for ¢g smaller than 57/20. Fi-
nally, by Lemma 2.4.2 we have 1 — cg/m(S) = P»(S5).

Let ¢ > 9 and let G = SL7(q). Here m(G) = q;_—f, by Theorem 2.2.7. Furthermore

|G|/m(G) = ¢°|GLg(q)| > ¢°¢® 2 = ¢*° by Lemma 2.6.4. (4.6)

Let M be a set of representatives for the conjugacy classes of maximal subgroups of G. |6, Tables
8.35 & 8.36] describe the types of maximal subgroups that may appear in SL7(q).

Let M be the subset of M consisting of groups that are not of P; or Py type. We may bound
| M| using Theorem 3.2.1 for the geometric subgroups and [6, Table 8.36] for the non-geometrics.
There are at most 4 conjugacy classes of C; subgroup not of P; or Py type. There is only 1 of
Cy and only 1 of C3 subgroups since 7 is prime. There are at most 7 conjugacy classes of Cs
subgroups for each gg such that g5 = g. We can bound the number of distinct go satisfying ¢f = ¢
by logs(q). This in turn can be bounded above by ¢*® by Lemma 2.8.4. There are at most 7
conjugacy classes of Cg subgroups and at most 14 of C; subgroups. Finally from [6, Table 8.36]
we see that there are at most 7 non-geometric subgroups of SL7(q). Consequently

IMi| <4+1+14+7¢"% + (4 x7) =34+ 7¢"%.

By Proposition 3.2.6, if H € M then H has order at most that of a subgroup of P> type. That
means that

|H| < ¢"(g — 1)|SLs(q)[|SL2(q)| by Theorem 3.2.1
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< l0+1+24+3 _ 38 by Lemma 2.6.4.

There is 1 conjugacy class each for P; and Py type subgroups. By Proposition 3.2.6 |H| = %

Hence

G
> M| <2 G| (334 7¢°5)g%.

Viem m(G)
Therefore
M|m(G
CpsLi() S D MIm(©) by Lemma 2.4.8
MeM ]
34 7 0.55) 38 G 34 7 0.55) .38
<oy (BEHT)IME) (344 74" F)g by Eq. (4.6)
G q*°
34 + (7 x 9099
<2+ +(9;< )<2+0.71<2.85 since ¢ > 9.
The result follows from Lemma 2.4.2. O

Calculating o for PSLg(q)
Theorem 4.3.9. Let ¢ > 2 and let S = PSLg(q). Then 1 — % < Py(9).

> M|,

MeM

Proof. For q = 2,3,4 we calculate

the sum of the orders of representatives of the conjugacy classes of maximal subgroups in PSLg(q),
in MAGMA, and then apply Lemma 2.4.7 to get an upper bound for cg smaller than 57/20. Note
that [6, Tables 8.44 & 8.45| list the maximal subgroups PSLg(¢) which aids in our calculation.
Finally, by Lemma 2.4.2 we have 1 — c¢g/m(S) = P»(S5).

Let ¢ > 5 and let G = SLg(q). Here m(G) = %, by Theorem 2.2.7. Furthermore

|G|/m(G) = q7\GL7(Q)\ by Proposition 3.2.6
> ¢ =g by Lemma 2.6.4. (4.7)

Let M be a set of representatives for the conjugacy classes of maximal subgroups of G. [6, Tables
8.44 & 8.45] describe the types of maximal subgroups that may appear in SLg(q).

Let M1 be the subset of M consisting of groups that are not of P, or P; type. We may bound
| M| using Theorem 3.2.1 to count the number of conjugacy classes of geometric subgroups and
[6, Table 8.45] for the non-geometric subgroups.

We note that there are 5 conjugacy classes of C; subgroups that are not of P; or P type. Since

n = 8 there are three divisors of n larger than 1, so there are 3 conjugacy classes of Co subgroups.
There is only one prime factor of 8 and so there is only 1 conjugacy class of C3 subgroups. There
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only case where there is a C4 subgroup is when n; = 2 and then there are at most 2 conjugacy
classes of such subgroups. There are at most 8 conjugacy classes of Cs subgroups for each gg such
that ¢j = ¢. We can bound the number of distinct gy satisfying ¢, = ¢ by log,(¢). This in turn
can be bounded above by ¢%% by Lemma 2.8.4. There are at most 8 conjugacy classes of Cg
subgroups, and at most 20 of Cg subgroups. Finally we note that, by [6, Table 8.45|, there are at
most 16 conjugacy classes of non-geometric subgroups.

Therefore
IM1] <5434+ 1+248¢%%° + 84204 16 = 55 + 8¢5,

By Proposition 3.2.6, if H € M then H has order less than a subgroup of P, type. That means
that

|H| < ¢'(g — 1)|SLs(q)[|SL2(q)| by Theorem 3.2.1
< 233 — 51 by Lemma 2.6.4.
There is 1 conjugacy classes each for P; and P type subgroups. By Proposition 3.2.6 |H| = %
Hence

’G‘ 0.55Y 51
<2— : .
> IM| <2, 7 + (55 +8¢" )

MeM
Therefore
M|m(G
CPSLs(q) < Z |’m|() by Lemma 2.4.8
MeM
55+8 0.55 SImG 55+8 0.55\ .51
§2+(( qG|)q ym( )§2+( qg4 )q by Eq. (4.7)
55 8 50.55
<24+ +(5;< )<2+0.6<2.85 since q > 5.
The result follows from Lemma 2.4.2. O

Calculating o for PSLg(q)
Theorem 4.3.10. Let ¢ > 2 and let S = PSLg(q). Then 1 — % < By(9).

> M|,

MeM

Proof. For q = 2,3 we calculate

the sum of the orders of representatives of the conjugacy classes of maximal subgroups in PSLg(q),
in MAGMA, and then apply Lemma 2.4.7 to get an upper bound for ¢g smaller than 57/20. Fi-
nally, by Lemma 2.4.2 we have 1 — cg/m(5) = P(95).
Let ¢ > 4 and let G = SLg(q). Here m(G) = qqg_—_ll, by Theorem 2.2.7. Furthermore

|G|/m(G) = ¢®|GLs(q)| by Proposition 3.2.6
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> B2 = ¢ by Lemma 2.6.4. (4.8)

Let M be a set of representatives for the conjugacy classes of maximal subgroups of G. |6, Tables
8.54& 8.55] describe the types of maximal subgroups that may appear in SLg(q).

Let M1 be the subset of M consisting of groups that are not of P; or Ps type. We may bound
| M| using Theorem 3.2.1 to count the number of conjugacy classes of geometric subgroups and
[6, Table 8.55] for the non-geometric subgroups.

We note that there are 6 conjugacy classes of C; subgroups that are not of P; or Ps type. Since
n = 9 there are two divisors of n larger than 1, so there are 2 conjugacy classes of Cy subgroups.
There is only one prime factor of 9 and so there is only 1 conjugacy class of C3 subgroups. There
are no C4 subgroups. There are at most 9 conjugacy classes of C5 subgroups for each g such that
¢y = q. We can bound the number of distinct go satisfying ¢j = ¢ by logy(g). This in turn can be
bounded above by ¢*®® by Lemma 2.8.4. There are at most 9 conjugacy classes of Cg subgroups,
at most 3 conjugacy classes of C; subgroups, and at most 18 of Cg subgroups. Finally we note
that, by [6, Table 8.55], there are at most 15 conjugacy classes of non-geometric subgroups.

Therefore
IMy| <6+1+2+9¢"% +9+3+18+15 = 54 + 9¢%.
By Proposition 3.2.6, if H € M; then H has order a subgroup of P, type. That means that

|H| < ¢"*(q — 1)|SL(q)|ISL2(q)| by Theorem 3.2.1
< IS _ 66 by Lemma 2.6.4.

There is 1 conjugacy classes each for P, and Py type subgroups. As noted before |H| = %

Consequently

G a
> M) < 21504 (544 94055) 486,

VM m(@)
Therefore
CPSLy(q) = Z M}ZFG) by Lemma 2.4.8
MeM
ooy (544 9q0'2’)q66)m(G) o4 (41 ?;2’5%66 by Eq. (4.8)
<o 2 (94;( ) o020 <28 since ¢ > 4.
The result follows from Lemma 2.4.2. O

Calculating « for PSLio(q)

Theorem 4.3.11. Let ¢ > 2 and let S = PSL1o(q). Then 1 — % < Py(S).
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Proof. For ¢ = 2 we calculate

Z ’M|7

MeM
the sum of the orders of representatives of the conjugacy classes of maximal subgroups in
PSL1o(2), in MAGMA, and then apply Lemma 2.4.7 to get an upper bound for cg smaller
than 57/20. Finally, by Lemma 2.4.2 we have 1 — cg/m(S) = P»(S5).

Let ¢ > 3 and let G = SLi1o(q). Here m(G) = q;(:l, by Theorem 2.2.7. Furthermore

|G|/m(G) = qg\GL9(Q)\ by Proposition 3.2.6
> ¢%" % = ¢ by Lemma 2.6.4. (4.9)

Let M be a set of representatives for the conjugacy classes of maximal subgroups of G. [6, Tables
8.60 & 8.61] describe the types of maximal subgroups that may appear in SLjo(q).

Let M be the subset of M consisting of groups that are not of P, or Py type. We may bound
| M| using Theorem 3.2.1 to count the number of conjugacy classes of geometric subgroups and
[6, Table 8.61] for the non-geometric subgroups.

We note that there are 7 conjugacy classes of C; subgroups that are not of P; or Py type.
Since n = 10 there are three divisors of n larger than 1, so there are 3 conjugacy classes of Co
subgroups. There are two prime factors of 10 and so there are 2 conjugacy classes of C3 subgroups.
In the case of C4 there is only possibility for ny, and in that case there are is only one conjugacy
class of such a subgroup. There are most 10 conjugacy classes of Cs subgroups for each gg such
that ¢j = ¢. We can bound the number of distinct gy satisfying ¢, = ¢ by log,(¢). This in turn
can be bounded above by ¢% by Lemma 2.8.4. There are at most 25 conjugacy classes of Cg
subgroups. There are no Cg nor Cy subgroups, since 10 is not a prime power. Finally we note
that, by [6, Table 8.61|, there are at most 67 conjugacy classes of non-geometric subgroups.

Therefore
IMy| <T+34+2+1+10¢"% +25+89 <15+ (10.5 x 10) + 5 + 2 + 10¢°%5 = 105 4 10¢%5.

By Proposition 3.2.6, if H € M then H has order at most that of a subgroup of P> type. That
means that

|H| < ¢'%(q — 1)|SLg(q)||SLa(q)| by Theorem 3.2.1

< q16+1+63+3 _ q83 by Lemma 2.6.4.

There is 1 conjugacy class each for P; and Py type subgroups. As noted before |H| = % So,

G
> M| < o 1GL + (105 + 10¢%55)¢%3.
VM m(G)

Therefore

M|m(G
CPSL1o(q) = Z |||() by Lemma 2.4.8
MeM
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((105 4+ 10¢°2%)¢%)m(G) (105 + 10¢°°%)¢%

<2 <2 by Eq. (4.9
<2+ I <2+ s y Eq. (4.9)
105 + (10 x 3955
<2+ —1—(35>< )<2+0.51<2.85 since q > 4.
The result follows from Lemma 2.4.2. O

Calculating o for PSLi(q)
Theorem 4.3.12. Let ¢ > 2 and let S = PSL11(q). Then 1 — % < Py(S).

> M|,

MeMm

Proof. For ¢ = 2 we calculate

the sum of the orders of representatives of the conjugacy classes of maximal subgroups in
PSL11(2), in MAGMA, and then apply Lemma 2.4.7 to get an upper bound for cg smaller
than 57/20. Finally, by Lemma 2.4.2 we have 1 — cg/m(S) = P2(S5).

Let ¢ > 3 and let G = SLy1(q). Here m(G) = q;__ll, by Theorem 2.2.7. Furthermore

|G|/m(G) = qlo\GLlo(q)! by Proposition 3.2.6
> q10q102*2 = q'*® by Lemma 2.6.4. (4.10)

Let M be a set of representatives for the conjugacy classes of maximal subgroups of G. [6, Tables
8.70 & 8.71] describe the types of maximal subgroups that may appear in SL11(q).

Let Mj be the subset of M consisting of groups that are not of P; or Py type. We may
bound |M;| using Theorem 3.2.1 to count the number of conjugacy classes of geometric sub-
groups and |6, Table 8.71] for the non-geometric subgroups.

We note that there are 8 conjugacy classes of C; subgroups that are not of P or Pig type.
Since n = 11 there is only one divisor of n larger than 1, so there is 1 conjugacy class of Cy
subgroups. There is only one prime factor of n and so there is only 1 conjugacy class of Cs
subgroups. There are no C4 subgroups since n = 11 is prime. There are at most 11 conjugacy
classes of Cs subgroups for each go such that ¢j = ¢. We can bound the number of distinct gg
satisfying g = ¢ by logy(g). This in turn can be bounded above by ¢%% by Lemma 2.8.4. There
are at most 11 conjugacy classes of Cg subgroups. There are no C; subgroups since n is prime.
There are at most 22 conjugacy classes of Cg subgroups. Finally we note that, by [6, Table 8.71],
there are at most 22 conjugacy classes of non-geometric subgroups.

Therefore
IMi| < 84141+ 11¢%% +11 4 22 + 22 = 65 + 11¢°%.

By Proposition 3.2.6, if H € M then H has order at most that of a subgroup of P» type. That
means that

|H| < ¢"®(g — 1)|SLg(q)[|SL2(q)| by Theorem 3.2.1
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< 18+1480+3 _ 102 by Lemma 2.6.4.

There is 1 conjugacy class each for P; and Py type subgroups. As noted before |H| = % So,

> M| < 2 1G4 (65 1 114055)4102.

Viem m(@)
Therefore
CPSL11(q) < Z W}TCZLFG) by Lemma 2.4.8
MeM
coy (654 11q0"2")q102)m(G) <oy (651 1(111%(;55)&02 by Eq. (4.10)
<94 7 (1;;( %) 94012 <285 since ¢ > 3.
The result follows from Lemma 2.4.2. O

Calculating « for PSLi2(q)

Theorem 4.3.13. Let ¢ > 2 and let S = PSL12(q). Then 1 — % < Py(S).

Proof. Let ¢ > 2 and let G = SL12(q). Here m(G) = q::ll, by Theorem 2.2.7. Furthermore

|Gl/m(G) = QH\GLH(Q)! by Proposition 3.2.6
> Mgt 2 = 10 by Lemma 2.6.4. (4.11)

Let M be a set of representatives for the conjugacy classes of maximal subgroups of G. [6, Tables
8.76 & 8.77| describe the types of maximal subgroups that may appear in SL13(q).

Let Mj be the subset of M consisting of groups that are not of P; or P type. We may
bound |M;| using Theorem 3.2.1 to count the number of conjugacy classes of geometric sub-
groups and [6, Table 8.77] for the non-geometric subgroups.

We note that there are 9 conjugacy classes of C; subgroups that are not of P or Py; type.
Since n = 12 there are five divisors of n larger than 1, so there are 5 conjugacy classes of Co
subgroups. There are only two distinct prime factor of 12 and so there are only 2 conjugacy
classes of C3 subgroups. In the case of C4 there are two possibilities for ni, either n; = 2 or
n1 = 3. In the first case there are at most 2 conjugacy classes of such C4 type subgroups, in the
second there is at most 1. Therefore there are at most 3 conjugacy classes of C4 subgroups. There
are at most 12 conjugacy classes of C5 subgroups for each gp such that ¢; = ¢. We can bound the
number of distinct o satisfying i, = ¢ by logy(q). This in turn can be bounded above by ¢°-*
by Lemma 2.8.4. There are no Cg nor C; subgroups, since n = 12 is not a proper power. There
are at most 30 conjugacy classes of Cg subgroups. Finally we note that, by [6, Table 8.77], there
are at most 24 conjugacy classes of non-geometric subgroups.
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Therefore
IMi| <945 +2+3+12¢%% + 30 + 24 = 73 + 12¢"5.

By Proposition 3.2.6, if H € M then H has order at most that of a subgroup of P, type. That
means that

|H| < ¢*(g — 1)|SL10(q)[|SL2(q)| by Theorem 3.2.1

< q20+1+99+3 _ q123 by Lemma 2.6.4.

There is 1 conjugacy classes each for P; and Pi;. As noted before |H| = % Therefore,

> M| < 2 11y (73 1 124055123,

Mie m(G)
and
CPSLa(g) = Z |M|m|(G) by Lemma 2.4.8
MeM
coy (B 12q0|'5G5|)q123)m(G) <o (34 161213355)&23 by Eq. (4.6)
<oy 07 u;f 2%) o407 <285
The result follows from Lemma 2.4.2. O

4.3.2 Symplectic groups

Let us now tackle the case of PSp,,(¢) for even n < 12, here we will show that cg < 6067/1440 ~
4.214 rounded up to 3 decimal places, for S = PSp,,(¢) for 4 < n < 12. The approach will be
uniform throughout: since we have ready information about the subgroup structure Sp,,(q) for
n < 12 in [6] we are able to find an upper bound for

> 1M,
MeM

the sum of the orders of the conjugacy class representatives of maximal subgroups of Sp,,(¢). By
then applying Lemma 2.4.8 we may find appropriate bounds for cpg (4)-

Calculating « for PSp,(q)

Theorem 4.3.14. Let ¢ > 3 and let S = PSp,(q). Then 1 — ﬁ < Py(S), where ¢ = %% ~

4.214 rounded up to 3 decimal places. Equality occurs if and only if ¢ = 4.
Proof. Both cases of ¢ = 3 and 4 follow from Theorem 4.3.1.

For 5 < g < 31 we calculate

> 1M,

MeM
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Table 4.8: Maximal subgroups of Sp,(q) for ¢ > 2

Class Subgroup Details Number of conjugacy
classes
Ci [¢""?]: ((g—1)xSpy(q)) 1
Cy [4°] : GL2(q) 1
Ca Spy(q)? : 2 1
Co GL2(q).2 g > 5 odd 1
Cs Spy(g?) : 2 1
Cs GUsz(q).2 q>5odd 1
Cs Sp4(q0)-(2,m,q — 1) q = q, v prime (2,7)
Ce 2148, g=p=+l mod38 2
Cs 2l+4 Ay g=p=+3 mod 8 2
Cs SO; (q) q even 1
Cs SOy (q) g even 1
S 2" Ag qg=p=5,7 mod 12 1
S 2" S¢ qg=p=1,11 mod 12 2
S 2" Ay g="1 1
S SLa(q) p>549>7 1
S Sz(q) q > 8 even 1
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the sum of the orders of representatives of the conjugacy classes of maximal subgroups in PSp,(q),
in MAGMA, and then apply Lemma 2.4.7 to get an upper bound for cg smaller than 6067,/1440.
Finally, by Lemma 2.4.2 we have 1 — cg/m(S) = P(95).

Let ¢ > 32 and let G = Sp,(q). Then m(G) = %, by Theorem 2.2.7. Furthermore

31q 102342
Gl/m(G) = ¢*(qg— D)(P? —1) > g* ot

7 .
. > 32. .
24" 55 Tooa > 0.96¢ since g > 32 (4.12)

Let M be a set of representatives for the conjugacy classes of maximal subgroups of G. Table 4.8
describes the types of maximal subgroups that appear in SU4(q) as listed in [6, Tables 8.12 & 8.13].
If H lies in C; then we note that

_ 16l

There are at most two conjugacy classes of C; type groups.

If H 22 Spy(q)? : 2 then by Lemma 2.6.4 we have that |H| < 2¢°. There is at most one conjugacy
class of H in Spy(q).

If H = GLs(q).2 then by Lemma 2.6.4 |H| < 2¢*. This subgroup only appears when ¢ is
odd and there is at most one conjugacy class of H in Sp,(q).

If H = Spy(q?) : 2 then |H| < 2¢% by Lemma 2.6.4. Furthermore there is at most one con-
jugacy class of such an H in Spy(q).

If H = GUjy(q).2 type group then by Lemma 2.6.4 and Theorem 2.5.29 we have that |H| <
2(q + 1)¢3. Since ¢ > 3 we have that |H| < 3¢*. This subgroup only appears when ¢ is odd and
there is at most one conjugacy class of such an H in Sp,(q).

If H lies in C5 then
|H| < (2,9 — 1)‘13(@3 ~1)(gg - 1) by Theorem 2.5.29
=(2,0-1)¢*(¢* —1)(g—1) < (2, —1)¢° since go < ¢'/2.

We note that there are at most 2 conjugacy classes of such subgroups for each g such that g = g.
We can bound the number of distinct gg satisfying g = ¢ by log,(¢). This in turn can be bounded
above by ¢%% by Lemma 2.8.4.

If H lies in Cg, then |H| < 3840. Note that there are at most 2 conjugacy classes of Cg sub-
groups, and that these only occur when ¢ is odd.
If H lies in Cg then we note that

S
1= oy
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Note that H only exists if ¢ is even, and if ¢ is even there are at most 2 classes of Cg subgroups.
Finally, if H lies in § and ¢ is odd, then we have four possibilities for the shape of H. However
for all four cases, we notice that |H| < ¢* since ¢ > 32. If H = SLy(q) then |H| < ¢* follows from
Lemma 2.6.4. There are at most 3 different conjugacy classes of subgroups of Sp,(¢) belonging
to S.
If g is even, and H lies in S, then H = Sz(q). Then from [47] we have

H| =*(¢* + 1)(g—1) < ¢".

Here there is at most one conjugacy class of such a subgroup.

Now suppose that ¢ is odd, then by the above we have

G
> M| < o 101 c|: +2¢° + 2¢" +2¢° + 3¢* + (2¢°%° x 2¢°) + (2 x 3840) + 3¢*
MeM m(G)
—9 10 g a5 g sgt o0 < 21CL g since q > 32.
m(G) m(G) =
Consequently
M|m(G
CPSpy(q) = Z HZ() by Lemma, 2.4.8
MeMg ‘ |
9¢°m/(G) 94"
<2+ —5— <2 by Eq. (4.12
SiF G| S2+ 0.96¢7 y Eq. ( )
6067
<24 o <2403 < — i > 32.
R TR AR VVTy since ¢ =
Suppose that ¢ is even, then we have
Gl 6 6 , (055 5 5 G| 6 .
> IMl<4 +2¢°+2¢° + (¢ xq°) +¢° <4——~ +6q since ¢ > 32.
Ak m(G) m(G)
Consequently
M|m(G
CPSp,(q) < Z m by Lemma 2.4.8
siem G
6¢°m(G) 64°
<4 by Eq. (4.12
+ |G| sS4 0.9647 y Ea. ( )
6 6067
<44 —<44020< —— i > 32.
St oeex3 <0t 1440 Smee g =
The result now follows from Lemma 2.4.2. O

101



Calculating « for PSp4(q)

Theorem 4.3.15. Let ¢ > 2 and let S = PSpg(q). Then 1 — nf(é) < By(9).

Proof. For q = 2, the result follows from Theorem 4.3.1.

For 3 < ¢ < 5 we calculate
S jm.
MeM
the sum of the orders of representatives of the conjugacy classes of maximal subgroups in PSpg(q),
in MAGMA, and then apply Lemma 2.4.7 to get an upper bound for cg smaller than 4.2. Finally,
by Lemma 2.4.2 we have 1 — cg/m(S) = P2(95).

Let ¢ > 7 and let G = Spg(q). Here m(G) = %, by Theorem 2.2.7. Furthermore

IG|/m(G) = ¢°(¢ — 1)|Sp4(q)] = ¢°(¢ — 1)(¢* — 1)(¢" — 1)
6q 48¢> 2400¢* 69120046 _
92 = > 0.83¢0 > 7. 4.1
=977 749 2401 s23513 = U834 since ¢ > 7 (4.13)

Let M be a set of representatives for the conjugacy classes of maximal subgroups of G. A table
of the non-geometric maximal subgroups may be found in [6, Table 8.29].

Let M; be the subset of M consisting of groups that do not lie in Cy, C5 or Cg, nor are of
the shape Ga(q).

If H € C; for 2 <4 <7, then we know the shape of H and the number of conjugacy classes
of subgroups H by Theorem 3.3.1. Applying Lemma 2.6.4 one can show that |H| < ¢'° when
q > 7. There are at most 2 conjugacy classes of subgroups in Cs since there is only one even
proper divisor of 6. There are at most 2 conjugacy classes of subgroups in Cs, one of type Spy(q®)
and one of type GUs(gq). There is at most 1 conjugacy class of subgroups in C4. Finally we
note that there are no subgroups belonging to Cg and Cy since 6 is not a prime power. Therefore

My NUL, Gl <5.

If H € M;NS then H is listed in [6, Table 8.29]. One can show that |H| < 1209600 < ¢®
for ¢ > 7, when H does not have shape 2 " PSLa(q) or Gz2(q).Of particular note we have that if
H has shape 2 J then |H| = 1209600 which is the largest of such subgroups. In the case where
H has shape 2 PSLy(q) we may use Lemma 2.6.4 to show that the |[H| < ¢®. By [6, Table 8.29],
|IM1 N S| <17. Therefore

> M| < (5¢" + 17¢°).
MeMq

If H is a P, subgroup or lies in Cg then we bound their order above by % Here there is only 1

conjugacy class of P; type subgroup H in Spg(g), while there are 2 conjugacy classes of subgroup
H lying in Cg.

If ‘21 1S a ‘l 2 tjpe gloup t:he]:l
]‘ 1 < q by Ih(i()I‘(im 2. .29.
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If H is a P3 type group then
1Hlg"(¢* = 1)(¢® = 1)(g — 1) < ¢"° by Theorem 2.5.29.

If H = Spy(q) x Spy(q) then

|H| < ¢3¢'° < ¢*3 by Theorem 2.6.4.
If H lies in C5 then
|H| < 2¢3 by Lemma 2.6.4
= 2q10'5 since gy < q1/2.

We note that there are at most 2 conjugacy classes of such subgroups for each g such that g = ¢.
We can bound the number of distinct gq satistying g = ¢ by log,(¢). This in turn can be bounded
above by ¢%% by Lemma 2.8.4. Now, if H = Ga(q) then according to the ATLAS [9] we have

H|=d°(¢" - 1)(@* —1) <q™.
Furthermore by |6, Table 8.29], there is only one conjugacy class of H. Consequently

Gl

Z M| < 3m(G) £5¢0 41765 + M + ¢ 4 ¢ + (2q0'55 % 2q10'5) +gM
MeMm
G
_ 37T|L((‘;) T g% 4 2¢M 4 13 4 441105 4 5410 41748
G
< 3|(C‘¥) +2¢"° since g > 7.
m
And so
M|m(G
CPSpg(q) < Z m by Lemma 2.4.8
MeM Gl
2¢"°m(G) 2¢"°
<3+ Tel <3+ 08341 by Eq. (4.13)
§3+m<3+035<42 since ¢ > 7.
The result follows from Lemma 2.4.2. O

Calculating o for PSpg(q)
Theorem 4.3.16. Let ¢ > 2 and let S = PSpg(q). Then 1 — % < P(S).

Proof. For q = 2,3 we calculate

> M|,

MeM

the sum of the orders of representatives of the conjugacy classes of maximal subgroups in PSpg(q),
in MAGMA, and then apply Lemma 2.4.7 to get an upper bound for c¢g smaller than 4.2. Finally,
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by Lemma 2.4.2 we have 1 — cg/m(S) = Pa(S5).

Let ¢ > 4 and let G = Spg(q). Here m(G) = %, by Theorem 2.2.7. Furthermore

36+6
IG|/m(G) =q"(¢—1)|Sps(q)| = ¢"¢" 2 ' =¢*" (4.14)
by Lemma 2.6.4.

Let M be a set of representatives for the conjugacy classes of maximal subgroups of G. A
table of the non-geometric maximal subgroups may be found in [6, Table 8.49].

Let M; be the subset of M consisting of groups that are not of P; type, and do not lie in

Cs. Note that by Theorem 3.3.1, I[M\M;| = 3. For H € M\M;, we bound the order of H by
(€]

m(G)

If H is a P, type group then by Lemma 2.6.4 one can calculate that |H| < ¢*®. We note
that there is at most one Spg(q)-conjugacy class of such subgroups. Otherwise for H € M; NC;
we have that there are at most 3 other conjugacy classes in Spg(q): they are of P», P35 and
Spe(q) L Spy(q) type subgroups. By Theorem 3.3.1 and Lemma 2.6.4, we have for these cases
that |H| < ¢?°. In further detail, if H is a P» type subgroup then, |H| < ¢"1+410 = ¢25 If H is
a Pj type subgroup then |H| < ¢'27973 = ¢4, Finally if H is a Spg(q) L Sps(q) type subgroup
then |H| < ¢?'+3 = ¢*.

If H € C; for 2 < i < 7, then by Theorem 3.3.1 one can show that |H| < ¢?! where ¢ > 4.
Of particular note is the case where H lies in Cg, here |H| < 6635520 < 42! for the remaining
cases we obtain the result by applying Lemma 2.6.4.

By Theorem 3.3.1 there are at most 3 conjugacy classes of Co subgroups, since there are two
even proper divisors of 8. There are at most 2 conjugacy classes of C3, one of type Sp,(¢?) and
one of type GUy4(q). There is at most 1 conjugacy class of C4 subgroups since the only possibility
for no is mo = 4. We note that there are at most 2 conjugacy classes of Cs subgroups for each qg
such that ¢j = ¢. We can bound the number of distinct g satisfying g = ¢ by logy(g). This in
turn can be bounded above by ¢%?° by Lemma 2.8.4. There are at most 2 conjugacy classes of Cg
subgroups. Also, there is at most one conjugacy class of C;y subgroups since the only possibility
for m is m = 2.

Finally if H € S then again one can show, with reference to [6, Table 8.49] that |H| < ¢*!
for ¢ > 4. Note that if H has the shape 2 "PSLy(q) or 2 "'PSLa(¢?).3 then the result follows from
Lemma 2.6.4. For the remaining cases, we note that the order of H must divide 4|PSLy(7)|, 2|S¢|,
|PSL2(17)] or |Sig|, and that therefore |H| < 4!'. By [6, Table 8.49], IM; N S| < 8.

Therefore
Z |M|Sgﬂ+q26_’_3q25+(9+2q055)q21+8q11<3ﬂ+2q26 Sinceq24.
2 MG m(G)
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Consequently

M|m(G
CPSpa(a) S D [M|m(&) by Lemma 2.4.8
MeM ’ |
2 26 G 92 26
—3y 2O 5, 207 by Eq. (4.14)
|G| q
2
§3+Z:3+0'5<4'2 since q > 4.
The result follows from Lemma 2.4.2. O

Calculating o for PSp4(q)

Theorem 4.3.17. Let ¢ > 2 and let S = PSpyy(q). Then 1 — % < Py(S).

Proof. For ¢ = 2 we calculate

> M|,
MeM
the sum of the orders of representatives of the conjugacy classes of maximal subgroups in PSp;,(2),
in MAGMA, and then apply Lemma 2.4.7 to get an upper bound for cg smaller than 4.2. Finally,
by Lemma 2.4.2 we have 1 — cg/m(S) = Pa(95).
Let ¢ > 3 and let G = Spyp(q). Here m(G) = q(110:117 by Theorem 2.2.7. Furthermore one
can calculate that

6448
Gl/m(G) = ¢*(¢ = 1)ISps(@)| = ¢°¢ > ' =q* by Lemma 2.6.4. (4.15)

Let M be a set of representatives for the conjugacy classes of maximal subgroups of G. [6, Table
8.64| describes the types of geometric maximal subgroups that may appear in Sp;y(q). A table
of the non-geometric maximal subgroups may also be found in |6, Table 8.65].

Let M; be the subset of M consisting of groups that are not of P, type, and do not lie in
Cs. Note that by Table 3.3.1, IM\M;| = 3. We bound the order of H € M\ M;, by %

By Lemma 3.3.10, if H is a maximal subgroup of Sp,(¢) that is not of P; type or in the Cg
class then H has order at most that of a subgroup of P» type. That means that

|H| < q"°|GL2(q)|ISps(q)] by Theorem 3.3.1

< giitat2l _ 40 by Lemma 2.6.4.

We may bound | M| using Theorem 3.3.1 for the geometric subgroups and [6, Table 8.81] for the
non-geometrics. There are at most 6 conjugacy classes of C; subgroup not of P; type. There are
at most 2 conjugacy classes of Cy subgroups, since there is one even proper divisor of 10. There
are at most 2 conjugacy classes of C3, one of type Sp,(¢°) and one of type GUs(q). There is at
most 1 conjugacy class of C4 subgroups since the only possibility for ng is ne = 5. We note that
there are at most 2 conjugacy classes of C5 subgroups for each go such that ¢; = g. We can bound
the number of distinct qo satisfying ¢y = ¢ by logy(¢). This in turn can be bounded above by
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¢*5% by Lemma 2.8.4. There are no Cg nor C; subgroups since 8 is not a prime power. Finally
from |6, Table 8.65| we see that there are at most 11 non-geometric subgroups of Sp;((g).

Therefore
M| <64+24+2+142¢%% + 11 = 2¢%%° + 22.
Consequently
G| 0.55y, 40 G| 41 .
Z |M| <3 +(22+2¢°°°)¢" < 3—— + 10q since ¢ > 3.
= m(@) m(@)
Therefore
M|m(G
CPSprol) S D H|() by Lemma 2.4.8
MeM
10¢"m(G 10g*
§3+q£|1( ) <54 qff4 by Eq. (4.15)
10 .
§3+3f3<3+0.38<4.2 since q > 3.
The result follows from Lemma 2.4.2. O

Calculating o for PSp5(q)
Theorem 4.3.18. Let ¢ > 2 and let S = PSp5(q). Then 1 — 22 < Py(S).

Proof. For ¢ = 2 we calculate
> 1M,
MeM

the sum of the orders of representatives of the conjugacy classes of maximal subgroups in PSp;5(2),
in MAGMA, and then apply Lemma 2.4.7 to get an upper bound for c¢g smaller than 4.2. Finally,
by Lemma 2.4.2 we have 1 — cg/m(S) = Pa(S5).

Let ¢ > 3 and let G = Spy5(q). Here m(G) = q::ll, by Theorem 2.2.7. Furthermore

100410 _q _ 65

G|/m(G) = ¢" (¢ = 1)|Sp1o(9)| > ¢"'q" > q by Lemma 2.6.4. (4.16)

Let M be a set of representatives for the conjugacy classes of maximal subgroups of G. A table
of the non-geometric maximal subgroups may be found in [6, Table 8.81].

Let My be the subset of M consisting of groups that are not of P; type, and do not lie in

Cs. Note that by Table 3.3.1, |M\M;| = 3. We bound the order of H € M\Mj, by %

By Lemma 3.3.10, if H is a maximal subgroup of Sp,,(¢) that is not of P, type or in the Cg
class then H has order at most that of a subgroup of P» type. That means that

|H| < ¢"%|GL2(q)||Sps(q)] by Theorem 3.3.1

< gO+4+36 _ ;59 by Lemma 2.6.4.
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We may bound |M;| using Theorem 3.3.1 for the geometric subgroups and [6, Table 8.81] for
the non-geometrics. There are at most 7 conjugacy classes of C; subgroup not of P; type. There
are at most 4 conjugacy classes of Co subgroups, since there are three even proper divisors of 12.
There are at most 3 conjugacy classes of C3, one of type Spg(q?), one of type Spy(¢®) and one of
type GUg(q). Also, there are at most 3 conjugacy classes of C4 subgroups, since there are only
three possibilities for nq, which are ny = 2, 4 and 6 . We note that there are at most 2 conjugacy
classes of Cs subgroups for each o such that ¢j = ¢. We can bound the number of distinct go
satisfying ¢, = ¢ by logy(g). This in turn can be bounded above by ¢"% by Lemma 2.8.4. There
are no Cg nor Cy subgroups since 12 is not a prime power. Finally from [6, Table 8.81] we see
that there are at most 15 non-geometric subgroups of Spy5(q).

Therefore
IMy| <T4+4+3+34+2¢%%° + 15 = 2¢"%° + 32.
Consequently
G
> M| <3 | (L + (32 + 2¢°5%) ™.
AieM m(@)
Therefore
[M|m(G)
CPSp,y(q) = Z T by Lemma 2.4.8
MeM
<34 (32 + 2¢"2%) ¢ m(G)
B G|
32 2 0.55),59
<34 827 q‘é5 Ja by Eq. (4.16)
32 + (2 x 3055
<3+ +(3;< )<3+0.049<4.2 since ¢ > 3.
The result follows from Lemma 2.4.2. O

4.3.3  Unitary groups

Let us now tackle the case of PSU,(q) for 3 < n < 12, here we will show that cg < 1199/243 ~
4.935 rounded up to 3 decimal places, for S = PSU,(q) for 4 < n < 12. The approach will be
uniform throughout: since we have ready information about the subgroup structure of SU,(q)
for n <12 in [6] we may find an upper bound for

> 1M,

MeM

the sum of the orders of the conjugacy class representatives of maximal subgroups of SU,,(¢). By
then applying Lemma 2.4.8 we may find appropriate bounds for cpgy, (¢)-
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Calculating o« for PSU3(q)

Theorem 4.3.19. Let ¢ > 3 and let S = PSU3(q). Then 1 — % < Py(S).

Proof. If 3 < g <5 then the result follows from Theorem 4.3.1.

For 7 < q < 13 we calculate

> 1M,
MeM
the sum of the orders of representatives of the conjugacy classes of maximal subgroups in PSU3(q),

in MAGMA, and then apply Lemma 2.4.7 to get an upper bound for c¢g smaller than 4.9. Finally,
by Lemma 2.4.2 we have 1 — cg/m(S) = Pa(S5).

Let ¢ > 16 and let G = SU3(q). Then m(G) = ¢® + 1, by Theorem 2.2.7. Furthermore

48¢*
IG|/m(G) = ¢*(¢* —1) = qug > 0.97¢° since ¢ > 7. (4.17)
Let M be a set of representatives for the conjugacy classes of maximal subgroups of G. Table
4.9 describes the types of maximal subgroups that may appear in SU3(q) as listed in [6, Tables
8.5 & 8.6]. We note that earlier results listing the maximal subgroups of SU3(¢) can be found in
[19] for ¢ even, and [42] for ¢ odd.

Let Mj Dbe the subset of M consisting of groups that do not lie in C;. Note that by Table
4.9, IM\M;| = 2. We bound the order of H € M\Mj by TJLL' We first note that if H € Cs

@)
then either H = SUg(qo).[(q%i;l, 3)] or H= (¢+1,3) x SO3(q). In the first case
|H| < 3¢3(q8 +1)(g2 — 1) by Theorem 2.5.29
<3q'(¢"' + 1)(¢*° — 1) < 6¢° since gy < ¢'/*.

Furthermore there are at most 3 conjugacy classes of Cs subgroups for each gg such that ¢ = ¢
such that r is prime. In other words, if ¢ = p® for prime p, it is the number of prime factors of e.
We may bound e above by log,(¢g) and bound the number of prime factors of e by log,(e) also.
Consequently, we may bound the number of r by logs(logs(g)). This in turn can be bounded
above by ¢*39% by Lemma, 2.8.4.

In the second case
|H| < 3q(¢® — 1) < 3¢° by Theorem 2.5.29.

Here there are at most 3 conjugacy classes of such subgroups in SU3(q). If H € M;\C5 then by
Lemma 2.6.4 one can show that |H| < ¢3 since ¢ > 23. Also from Table 4.9 we may see that

IMINGs| <54+ YD (g 41,3) <5+4+3+3=11
Therefore

G
> M| < 0 161 (3¢"7%° x 6¢%) + (3 x 3¢°) + 11¢°
MeM m(G)
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Table 4.9: Maximal subgroups of SUs(q) for ¢ > 5

Class Subgroup Details Number of
conjugacy
classes
Cy [ %] (¢ = 1) 1
2 GUs(q) 1
Cy (q + 1)2 1S3 1
Cs (®>—q+1):3 1
Cs SUg(qo).[(q‘f)ill,B)] q=qp, rodd (qqofrll ,3)
prime
Cs  (¢+1,3) xSOs3(q) (¢+1,3)
Co 3}r+2 , Qs.(q+31’9) (q+31,9)
S (g+1,3) xPSLy(7) (¢+1,3)
) 3" Ag 3
G| 3.3025 3
=92 18¢~ 20q°.
(@) + 15¢ +20q
Consequently
M|m(G
CPSU;(q) < Z | :G]( ) by Lemma 2.4.8
MeM
(18(]3 3025 4 QOQS)W(G) 18q3.3025 4 20q3
<2 <2 by Eq. (4.17
+ Gl =St T 0T ¥ Eq. (417)
(18 x 73:3025) + (20 x 73) :
<24 0.97 x 75 <2412<4.9 since q > 7.
The result follows from Lemma 2.4.2. O

Calculating o for PSU,(q)

Theorem 4.3.20. Let ¢ > 2 and let S = PSUy(q). Then 1 — gy < Py(S), where ¢ = 32 ~

4.935 rounded up to 3 decimal places. Equality occurs if and only if ¢ = 3.

Proof. The case of ¢ = 2,3 the result follows from Theorem 4.3.1.
For 4 < ¢ <9 we calculate
> M|,

MeM
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the sum of the orders of representatives of the conjugacy classes of maximal subgroups in PSUy4(q),
in MAGMA, and then apply Lemma 2.4.7 to get an upper bound for cg smaller than 1199/243.
Finally, by Lemma 2.4.2 we have 1 — cg/m(S) = P(95).

Let ¢ > 11 and G = SUy(q). Then m(G) = ¢* + ¢ + ¢ + 1, by Theorem 2.2.7. Furthermore

|G|/m(G) = q4|SL2(q2)|(q —-1)= (]6(q4 —1)(g—1) by Theorem 2.5.29
146404¢* 10q .
=¢° —= > 0.9¢" > 11. :
464l 11 2 0.9¢ since ¢ > 11 (4.18)

Let M be a set of representatives for the conjugacy classes of maximal subgroups of G. Table
4.10 describes the types of maximal subgroups that may appear in SU4(q), as listed in [6, Tables
8.10 & 8.11].

Let M be the subset of M consisting of subgroups that do not lie in C;, nor are isomor-
phic to Spy(q).(¢ + 1,2). If H € My, then |H| < ¢ for ¢ > 11. In particular we note some
useful bounds that are a consequence of Lemma 2.6.4; note that |SUz(q)| < ¢2, |SLa2(¢?)| < ¢°,
SUa(0)| < ¢5° < ¢°, and [SO™(q)| < 2¢°.

We note that for each go such that ¢y = ¢ there exists at most 1 conjugacy classes of sub-
groups H = SUy4(qp). We can bound the number of distinct go satisfying g5 = ¢ by logy(q). This
in turn can be bounded above by ¢"®® by Lemma 2.8.4. Therefore

IM| < 3+q0'55 +(g+1,4)+4+2(q+1,4) =7+ (3 x4) +q0.55 _ 19+qo.55.
If H is a P; type subgroup then
|H| = ¢°SUx()|(¢* — 1) = ¢°(¢* — 1)* < ¢*° by Theorem 2.5.29.
In this case there is a maximum of one conjugacy class of such a subgroup of SU4(q).

If H lies in C; but not a P; type subgroup, or if H = Sp,(q).(¢ + 1,2) then we bound their

order by nl(ic‘:) We notice that there are at most four SU4(q) conjugacy classes of such subgroups.

Therefore
G
> M| < 4m(G’) + (194 ¢"%)q" + ¢"°
MeM
G| 10 , 755 7 G| 10 .
=4——-— : 19¢' <4———+2 > 11.
m(G)+q +q + 19¢q m(G)+ q since q >
Consequently
M|m(G
CPSUL(q) Z | |g( ) by Lemma 2.4.8
viem Gl
2q10m(G) 2q10
<4 <4 by Eq. (4.18
TTa =T 000 y Eq. (4.18)



Table 4.10: Maximal subgroups of SUy4(q) for ¢ > 3

Class Subgroup Details Number of
conjugacy
classes
Ci ¢ :SUsx(q) : (¢°~1) Py type 1
C1 q*:SLa(g?) : (g — 1) P, type 1
Ci GUs(q) 1
Ca (g+1)3.84 1
Ca SUs(q)%: (¢ +1).2 1
Ca SLa(¢%).(q — 1).2 1
Cs SU4(qo) q = qp, r odd 1
prime
Cs Sp4(q)-(¢ +1,2) (¢+1,2)
s SOf(a)l(q+1,4) (4+1,4)/2
G SO7(q)l(a+1,4) (q+1,4)/2
Cs (4 0214).S4 p=q="7 4
mod 8
Cs (4 021%4) Ag p=q= 2
mod 8
S (g+1,4)02 A; (q+1,4)
S (¢g+1,4)02 PSU4(2) (g+1,4)
<4+ 2 since ¢ > 11
0.9 x 111199
<44011< EYTR
The result follows from Lemma 2.4.2.
Calculating o for PSU;(q)
Theorem 4.3.21. Let ¢ > 2 and let S = PSUs(q). Then 1 — —% < P5(S).

(

v

Proof. The case of ¢ = 2 follows from Theorem 4.3.1.
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The case of ¢ = 3,4 we calculate
> M,
MeM

the sum of the orders of representatives of the conjugacy classes of maximal subgroups in PSU5(q),
in MAGMA, and then apply Lemma 2.4.7 to get an upper bound for cg smaller than 4.9. Finally,
by Lemma 2.4.2 we have 1 — cg/m(S) = Pa(S5).

Let ¢ > 5 and let G = SU5(q). Then m(G) = %, by Theorem 2.2.7. Furthermore

IG|/m(G) = q"|SU3(q)|(¢% — 1) > ¢®¢¥ 2 = ¢*" by Lemma 2.6.4. (4.19)

Let M be a set of representatives for the conjugacy classes of maximal subgroups of G. The
shape and number of conjugacy classes of the subgroups of SU5(q) can be found in Theorem 3.3.1
for the geometric type subgroups and in [6, Tables 8.21] for the non-geometric subgroups.

If H lies in C; then we bound its order by % Tthere are at most 4 conjugacy classes of
maximal C; groups in G.

Note that Cy4, C7, Cg are empty. If H lies in Co, C3, Cg, then one can show using Lemma 2.6.4 that
|H| < ¢° for ¢ > 5. In further detail if H lies in Cy then |H| < 5!(¢ + 1)%, if H lies in C3 then
|H| < 5(¢°+1) and if H lies in Cg then |H| = 15000. Furthermore there are at most 7 conjugacy
classes of such groups.

If H € Cs then one can calculate using Lemma 2.6.4 and the fact that gy < ¢*/3 that |H| < ¢
for ¢ > 5. We note also that for each go such that gj = ¢ there exists at most 5 conjugacy classes
of subgroups H. We can bound the number of distinct gy satisfying ¢ = ¢ by logy(¢). This in
turn can be bounded above by ¢°®® by Lemma 2.8.4. Therefore

IMNCs| < 5¢%°° 4 5.
Finally if H € S then |6, Table 8.21| shows that |H| < 5|PSU4(2)| = 129600 < ¢® for ¢ > 5.

Furthermore, note that there are at most 10 classes of such subgroups H. Therefore

G
}:\M}S&ilf+m9+®f%+ﬂmn+1m8

MeM m(G)
G G
= 47| | +5¢"%° 4+ 5¢M + 7" + 10¢° < 47| | +5¢ 1% 4+ 6¢* since ¢ > 5.
m(G) m(G)
Consequently
M|m(G
CPSU;(q) < Z [M|m(G) by Lemma, 2.4.8
siem 1G]
11.55 11 11.55 11
<qy OO0 )mG) y, 5e A0 by Bq. (4.19)
G| g’
5 x 5lL55 6 x 51
gy O OX5) 03 < a9 since ¢ > 5.

515

The result follows from Lemma 2.4.2.
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Calculating o for PSUg(q)
Theorem 4.3.22. Let ¢ > 2 and let S = PSUg(q). Then 1 — % < Py(S).

> M|,

MeM

Proof. For q = 2,3 we calculate

the sum of the orders of representatives of the conjugacy classes of maximal subgroups in PSUg(q),
in MAGMA, and then apply Lemma 2.4.7 to get an upper bound for cg smaller than 4.9. Finally,
by Lemma 2.4.2 we have 1 — cg/m(S) = Pa(S5).

Let ¢ > 4 and let G = SUg(q). Then m(G) = %, by Theorem 2.2.7. Furthermore

IG|/m(G) = ¢°|SU4(q)|(¢* — 1) = ¢"°(¢* = 1)(¢* + 1)(¢* = 1)*> by Theorem 2.5.29
>q"q"¢* = ¢ (4.20)

Let M be a set of representatives for the conjugacy classes of maximal subgroups of G. From
Theorem 3.4.1 we know the shapes of the geometric subgroups of SUg(q). We also know the
shapes of the non-geometric subgroups from |6, Tables 8.27] .

If H is a P, type group then one may calculate using Theorem 3.4.1 and Lemma 2.6.4 that
|H| < ¢%3. Here, |H| < ¢*2-9¢5¢3¢=¢%3. By Theorem 3.4.1, there is at most 1 conjugacy class
of such a group in SUg(q).

If H = SU4(q) x SUs(q) : (g + 1) then |H| < ¢*° by Lemma 2.6.4. Here also there is at
most 1 such conjugacy class.

If H € Cy, but not a Py type subgroup nor H = SUy(q) x SUa(q) : (¢ + 1) then we bound

the order of H by % Here we notice that there are at most 3 such conjugacy classes of maxi-

mal subgroups in SUg(q): the classes of P, P and for GUy(q) x GUs2(q) type subgroups.

If H lies in Co, C3 or C4, then we may show using Lemma 2.6.4 that |H| < ¢?°. Expanding further,
we note that [SUs(q)| < ¢® and that |SUs(q)| < ¢3, and in particular |H| < 2¢**%(¢ + 1) < ¢%.
Furthermore, there are at most 4 conjugacy classes of Cy subgroups, and only one conjugacy class
each of C3 and C4 subgroups, therefore |[M N U?:Q Ci| <6.

If H € Cs5 then, by Lemma 2.6.4 and the fact that gy < ¢'/3, we show that |[H| < 3¢*'. Note here
that, [SUs(qo)| < ¢§° < 4", [Spg(9)] < ¢®9/? = ¢* and [SOg (¢)] < ¢".

We note also, that for each gp such that ¢y = ¢ there exists at most 6 conjugacy classes of
subgroups H & SUﬁ(qO).[(q%ill ,6)]. We can bound the number of distinct go satisfying ¢j = ¢ by
log,(g). This in turn can be bounded above by ¢%% by Lemma 2.8.4. So

q+1
MnNCs| < ,
| 5\_(q0+1

Finally if H € S then we can show that |H| < ¢'3 for ¢ > 4. The order of Mys is 443520 < 4'3
by the ATLAS [9]. Also note that if H = 6, " PSU4(3) : 25, then |H| = 39191040 < 413 < ¢'3.

6)q055+3(q+1,3) S 6q0.55+9.
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Furthermore IM NS| <26+ (¢+1,6) < 32.

Therefore
G
> 1M < Snl«';) + % + ¢ + 607 + (66" +9) x 3¢”) + 324"
MeM
G
=< 3Tf‘L(CL) + ¢%3 4+ 18¢%1% + 27¢" + 7¢%° 4 32¢"? < 5¢*3 since q > 4.
Consequently
M|m(G
CPSUg(q) = Z |:G\<) by Lemma 2.4.8
MeM
5 23 G 5 23
<3+ q’g;'( )§3+qq% by Eq. (4.20)
5
§3+E<4.9 since q > 4.
The result follows from Lemma 2.4.2. O

Calculating o for PSU7(q)
Theorem 4.3.23. Let ¢ > 2 and let S = PSUz(q). Then 1 — 23 < Py(9).

m(S)
> 1M,

MeM

Proof. For q = 2 we calculate

the sum of the orders of representatives of the conjugacy classes of maximal subgroups in PSUg(2),
in MAGMA, and then apply Lemma 2.4.7 to get an upper bound for cg smaller than 4.9. Finally,
by Lemma 2.4.2 we have 1 — cg/m(S) = Pa(S5).

Let ¢ > 3 and let G = SU7(q). Here m(G) = %, by Theorem 2.2.7. Furthermore

IG|/m(G) = ¢"1|SUs(q)| (¢ — 1) > ¢! T(* =241 = 435 by Lemma 2.6.4. (4.21)

Let M be a set of representatives for the conjugacy classes of maximal subgroups of G. Theorem
3.4.1 describes the types of geometric maximal subgroups that may appear in SU7(q), and |6,
Tables 8.38] describes the non-geometric maximal subgroups.

Let M be the subset of M consisting of groups that are not of P; type, not of Ps type, nor of
shape GUg(q), nor of GU7(qo) type.

We note that there are 3 conjugacy classes of C; subgroups that are not P; type, not of Ps
type, nor of shape GUg(q): they are subgroups of type P, type GUa(q) x GUs(q) and type
GUs(q) x GUy(q). If H is of one of these types then, applying Theorem 3.4.1 and Lemma 2.6.4,
we have that |H| < ¢?149)|SLy(¢?)[|SUs(q)|(¢® — 1) < ¢"¢*3¢8¢® = ¢°2.
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Since n = 7 there is only one divisor of n larger than 1, so there is 1 conjugacy class of Ca
subgroups. There is only one odd prime factor of 7 and so there is only 1 conjugacy class of Cs
subgroups. If H lies in C3 or C3 we can show that |H| < ¢%2.

There are no C4 subgroups. There are at most 7 conjugacy classes of GO7(q) type subgroups.
Note that |SO7(q)| < q% = ¢*!, therefore if H is of GO7(q) type then |H| < ¢32.

There are at most 7 conjugacy classes of Cg subgroups. Here also, if H lies in Cg then |H| < ¢2.

There are no C; subgroups. Finally we note that there are at most 7 conjugacy classes of non-
geometric subgroups, and they have order at most 7|PSU3(3)| = 42336 < ¢*2.

In conclusion, we have that
M| <3+14+14+T7+7+7=26.
We also have that if H lies in M; then |H| < ¢*2.

We note that for each go such that ¢j = ¢ there exists at most 7 conjugacy classes of sub-

groups H & SU7(q0).(qq(;L—+1l, 7). We can bound the number of distinct go satisfying ¢j = ¢ by

logy(q). This in turn can be bounded above by ¢%% by Lemma 2.8.4. We also note that if

H SU7(qo).[($—+11, 7)] then |H| < 7¢g® < 7¢'S. Finally if H does not lie in M; then we bound
G

its order from above by I (eIR There are 3 conjugacy classes of maximal subgroups not lying in

M;.

Therefore
G
Z M| < 3|C‘¥ + 2632 + (7¢"%° x 7¢'%) < 27¢% since ¢ > 3.
MeM m( )
Consequently
M|im(G
CPSU;(q) < Z ’}G\() by Lemma 2.4.8
MeM
27¢%m(G 27¢%?
<34 qmg”‘() <3+ 2L by Hq. (4.21)
27 .
§3+§:4<4.9 since q > 3.

The result follows from Lemma 2.4.2.

Calculating o for PSUg(q)
Theorem 4.3.24. Let ¢ > 2 and let S = PSUs(q). Then 1 — 22 < Py(5).

> 1M,

MeM

Proof. For ¢ = 2 we calculate
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the sum of the orders of representatives of the conjugacy classes of maximal subgroups in PSUg(2),
in MAGMA, and then apply Lemma 2.4.7 to get an upper bound for cg smaller than 4.9. Finally,
by Lemma 2.4.2 we have 1 — cg/m(S) = Pa(S5).

Let ¢ > 3 and let G = SUg(q). Then m(G) = (‘18_;2)#, by Theorem 2.2.7. Furthermore

IG|/m(G) = ¢"3|SUs(q)|(¢2 — 1) > ¢3¢+ — ;48 by Lemma 2.6.4. (4.22)

Let M be a set of representatives for the conjugacy classes of maximal subgroups of G.

Let M be the subset of M consisting of groups that are not of P type, not of P, type, nor
of shape GU7(q), nor of GUg(qo) type. From Theorem 3.4.1 we know the shapes of the geo-
metric subgroups of SUg(q). From [6, Table 8.47] we also know the shapes of the non-geometric
subgroups. From Lemma 2.6.4 we may see that for geometric subgroups H € M; we have
|H| < ¢".

Let us look at some specific large cases; if H is of Py type, then |H| < ¢®%¢>3¢'%¢% = ¢*.
If H is of Py type then |H| < ¢®'¢**8¢3¢*> = ¢*2. If H is of GUg(q) x GUs(q) type, then
|H| < ¢%¢3¢* = ¢*°. Finally if H is of GUs(q) x GUjz(q) type, then |H| < ¢**¢®¢*> = ¢**. Also in
the case where H lies in C5 then we note that [SOF (¢)| < |Sps(q)| < ¢®48/2 = ¢%6. If H € M,
is a non-geometric subgroup then |H| < 16|PSL3(4)| = 322560 < ¢*3 .

We may bound |M;| using Theorem 3.2.1 to count the number of conjugacy classes of geo-
metric subgroups and [6, Table 8.47] for the non-geometric subgroups.

We note that there are 4 conjugacy classes of C; subgroups that are not of Py, Py, nor of shape
GUr(q). Since n = 8 there are three divisors of n larger than 1, so there are 4 conjugacy classes
of Cy subgroups. Since n is even there are no Cs subgroups. In the case of C4 the only possibility
is when n; = 2. Therefore there are at most 2 conjugacy classes of C4 subgroups. There are at
most 4 conjugacy classes each of Spg(q), GOg (¢) and GOg (q) type subgroups. There are at most
8 conjugacy classes of Cg subgroups. Also, there are no C; subgroups. Finally there are at most
16 conjugacy classes of non-geometric subgroups.

Therefore
M| <4+4+24+12+ 8+ 16 = 46.

If H = SUg(go) we note that for each go such that ¢ = g there exists at most 8 conjugacy classes
of subgroups H = SUg(qp). We can bound the number of distinct go satisfying g = ¢ by logy(q).
This in turn can be bounded above by ¢°®® by Lemma 2.8.4. Furthermore, by Lemma 2.6.4 and
the fact that gy < ¢%/3 we may deduce that |H| < q83 < gL

If H is of P; type, or of Py type, or has shape GU7(q) then we bound the order of H by

%. Furthermore there are 3 conjugacy classes of maximal subgroups not in Mj.
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Therefore

M|m(G
CPSUs(q) < Z Hg() by Lemma 2.4.8
siem |G
<5 (4647 + (80" x ¢*))m(G)
|G|
46q43 + 8q32 05
<3 e by Eq. (4.22)
7q43
<34+ —g <4<49 since ¢ > 3.
q
The result follows from Lemma 2.4.2. O

Calculating a for PSUy(q)

Theorem 4.3.25. Let ¢ > 2 and let S = PSUg(q). Then 1 — ﬁ < Py(S).

Proof. Let ¢ > 2 and let G = SUg(q). Here m(G) = M , by Theorem 2.2.7. Furthermore
|G|/m(G) = ¢"°|SUz(q)| (4> — 1) > o+ =2+1 = ¢8 by Lemma 2.6.4. (4.23)

Let M be a set of representatives for the conjugacy classes of maximal subgroups of G.

Let M be the subset of M consisting of groups that are not of P; type, nor of shape GUg(q).
From Theorem 3.4.1 we know the shapes of the geometric subgroups of SUg(q). From Lemma
2.6.4 and the fact that go < ¢'/? we may see that for geometric subgroups H € M; we have

[H| < ¢
From [6, Tables 8.57] the bound holds for the orders of non-geometric subgroups too. Let us look
at some of the larger groups in more detail. If H is a P, type subgroup then |H| < ¢**¢**3¢*¢® =

¢®8. If H is a P3 type subgroup then |H| < ¢*"¢**%¢%¢®> = ¢®3. If H is a P, type subgroup then
]H] < @ @® 5 = ¢ If H is a GUz(q) x GUa(q) type subgroup then |H| < ¢®¥¢%q2 = ¢». If
H is a GUg(q) x GUj3(q) type subgroup then |H| < ¢*°¢®¢2 = ¢*°. In the case where H is of
GUy(qo) type then |H| < 9¢§° < 9¢°" < ¢3! and if H is of GOg(q) type then |H| < 9¢*° < ¢*°.

From [6, Table 8.57] we may also show, for a non-geometric subgroup H, that |H| < ¢°°. Note
that here, the order of H divides one of the following, 9|PSL2(19)], |3 "J3| or 6/SL3(¢?)|. From
the Atlas [9], if the order of H divides one of the two first cases then |H| < 150698880 < ¢°%. If
the order of H divides the latter case, then applying Lemma 2.6.4 we may show that |H| < ¢°°

We may bound |M;]| using Theorem 3.2.1 to count the number of conjugacy classes of geo-
metric subgroups and [6, Table 8.57| for the non-geometric subgroups.

We note that there are 6 conjugacy classes of C; subgroups that are not of P; or GUg(q) type.

Since n = 9 there are two divisors of n larger than 1, so there are 2 conjugacy classes of Cs
subgroups. There is only one odd prime factor of 9 and so there is only 1 conjugacy class of Cs
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subgroups. There are no C4 subgroups. There are at most 9 conjugacy classes of Cs subgroups of
type GUg(qo) for each go such that ¢ = g. We can bound the number of distinct gy satisfying
qh = q by logy(q). This in turn can be bounded above by ¢%%° by Lemma 2.8.4. There are at
most 6 conjugacy classes of GOg(q) type subgroups. There are at most 9 conjugacy classes of Cg
subgroups, and at most 3 conjugacy classes of C7 subgroups. Finally we note that, by [6, Table
8.57], there are at most 15 conjugacy classes of non-geometric subgroups.

Therefore
IMi| <6+24+149¢"° +64+9+3+15 =42+ 9¢°.

If H is of P; type, or of shape GUg(g) we bound their order from above by % There are at

most 2 conjugacy classes of such H.

Consequently
M|m(G
CPSUq(q) < Z m by Lemma 2.4.8
viem |G
<o (424 9¢°)"m(G)
B G|
42 4+ 9 0.55Y 56
<o U2 . Ja by Eq. (4.23)
q
42 + 9¢%-5
—o+ 2 o34y since ¢ > 3.
q
The result follows from Lemma 2.4.2. O

Calculating o for PSU;o(q)
Theorem 4.3.26. Let ¢ > 2 and let S = PSUjo(q). Then 1 — % < Py(S).

Proof. Let ¢ > 2 and let G = SUjo(q). If ¢ = 2 then m(G) = %, by Theorem 2.2.7, and
IG|/m(G) = GUy(2) > 2972 = 27 by Lemma 2.6.4. (4.24)
If ¢ > 3 then m(G) = %, by Theorem 2.2.7, and
|G|/m(G) = ¢""|SUs(¢)|(¢* — 1) > g THE =D (80 5 79 by Lemma 2.6.4. (4.25)

Let M be a set of representatives for the conjugacy classes of maximal subgroups of G.

Let M be the subset of M consisting of groups that are not of Py type, not of Ps type, nor of
shape GUg(q). From Theorem 3.4.1 we know the shapes of the geometric subgroups of SU10(q).
From Lemma 2.6.4 and the fact that gy < ¢'/3 we may see that for geometric subgroups H € M,

we have
|H| <q".
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Let us look at some larger cases in more detail; if H is a P» type subgroup then |H| <
¢*8¢>3¢%¢*> = ¢"'. If H is a P3 type subgroup then |H| < ¢33¢**8¢"%¢* = ¢%5. If H is a
Py type subgroup then |H| < ¢*2¢>*12¢3¢% = ¢57. If H is a GUg(q) x GUz(q) type subgroup then
|H| < ¢%3¢3¢2 = ¢%. If H is a GUjp(qo) type subgroup then |H| < 10¢)? = 10¢®3. Finally for

the remaining cases where H lies in Cs note that |[SOY;(q)| < [Spio(q) < ¢°°.

From [6, Tables 8.63] the bound holds for the orders of non-geometric subgroups too. Note
here the order of H must divide one of the following 10|PSL2(19)|, 20|M;2|, 20|Ma|, 30|PSUs(q)|,
20|PSU4(q)| or 10|SUs(q)|. From the ATLAS [9] we have that order of Mag is 443520 and the
order of Mys is 95040. By Lemma 2.6.4 and the fact that ¢ > 2 one can show that |H| < ¢"'.

We may bound | M| using Theorem 3.2.1 to count the number of conjugacy classes of geo-
metric subgroups and |6, Table 8.63] for the non-geometric subgroups.

We note that there are 6 conjugacy classes of C; subgroups that are not of P, P5; or GUg(q)
type. Since n = 10 there are three divisors of n larger than 1, so there are 4 conjugacy classes
of Co subgroups. There is only one odd prime factor of 12 and so there is only 1 conjugacy class
of Cs subgroups. In the case of C4 we have that ny = 2 and there is at most 1 conjugacy class
of C4 subgroups. There are at most 10 conjugacy classes of Cs subgroups of type GUjg(qo) for
each go such that ¢f = ¢. We can bound the number of distinct go satisfying g5 = ¢ by logy(q).
This in turn can be bounded above by ¢"®® by Lemma 2.8.4. There are at most 5 conjugacy
classes each of Spy((q), GOYy(¢) and GO, (q) type subgroups. There are no Cg nor C; subgroups,
since n = 10 is not a prime power. Finally we note that, by [6, Table 8.63|, there are at most 67
conjugacy classes of non-geometric subgroups.

Therefore

M| <6+4+1+1410¢"% +15 + 67 = 94 + 10¢°.

If H is of P; type, of P5 type, or of shape GUg(q) we bound the order of H above by nl(ict) Also

there are at most 3 conjugacy classes of such H.

Consequently
M|m(G
CPSU1o(q) < Z m by Lemma 2.4.8
viem 19
<34 (94 + 10q0'55)q71m(G)
B G
94 10 0.55),71
<gq 4% £l Ja by Eqs. (4.24) and (4.25)
q
94 + 10¢°-%°
=3+ % <4<4.9.
q
The result follows from Lemma 2.4.2 O
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Chapter 5

Largest non-trivial maximal subgroups
of almost simple groups

5.1 Preliminaries about groups of Lie type

5.1.1 Untwisted groups of Lie type

The following constitutes a brief summary of the basic information needed to understand simple
groups of Lie type and their parabolic subgroups. However for a more thorough approach and
further information we recommend as a reference [8]. The information presented here comes from

18] and [48].

Let £ be a simple Lie algebra over field C, with product operation denoted by [zy], and with
L=K&L, ®L,D...DL,, its Cartan decomposition. In this case K is a Cartan subalgebra as
defined in [8, 3.2] and L,,,...,L,, are one-dimensional subspaces. We pick a non-zero element
e, of each 1-dimensional subspace L,. For each k € K, [ke,] is a scalar multiple of e,, and so we
may write

[ker] = r(k)e,

This map r : K — C is an element of the dual space of . The maps r1,r9,...,7r; obtained this
way are called the roots of £ and the related subspaces L,, are the root subspaces of L.

It can be shown that the Killing form (,) : £ — C, the definition of which can be found in
[8, 3.1], of a semi-simple Lie algebra is non-singular. It follows that the Killing form of £ remains
non-singular when restricted to the Cartan subalgebra JC. Therefore each element of the dual
space of KL may be expressed as h +— (x, h) for a unique element x in K. The element x associated
with the map h +— r(h) therefore may be identified with the root r. Let ® be the subset of K
obtained by considering the roots as elements x of L. We may then consider Kg, the set of all
elements of IC which are linear combinations of elements of ® with real coefficients. It turns out
that r may be considered as a Euclidean space, a space isomorphic to the inner product space
R™ and (,) may be taken as the inner product, and there exist corresponding notions of length
and angle. The subset ® of Kg forms a root system in the sense of |8, 2.1]. More details on the
information in the above two paragraphs can be found in [8, Chapter 3].
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Since ® is a root system, there exists a subset IT = {p1,...,p;} C ® such that the p; are a system
of simple roots (fundamental system of roots); that is, a set of linearly independent elements such
that all elements of ® are linear combinations of the elements of II where the coefficients are
either all non-negative integers or all non-positive integers. These p; form a basis of the vector
space Kg, and the elements of IT are called simple roots. The number [ is called the rank of £. An
element x of ® which is a non-negative linear integral combination of the II is called a positive
root, respectively z is a negative root if = is a non-positive linear integral combination. By ®*
we denote the set of positive roots corresponding to the system II, by @~ we denote the set of
negative roots. For more information, we recommend |8, 2.1].

We may also define the length of a root a as (a,a)'/?. In the cases which we consider, where ® is
irreducible, then at most two root lengths occur, as shown in [21, p.53 Lemma C]. Consequently,
we may refer to roots as long and short.

We can encode information about a simple Lie algebra in a Dynkin diagram, by letting the
vertices be the simple roots II and the edges represent the angle between the roots. For example,
if between two vertices there is no edge, then it means that the corresponding simple roots are
orthogonal. For convenience we label the point associated with the simple root p; by k. More
information can be found in [8, 3.4].

More details about the simple Lie Algebras can be found in Table 5.1, including the number
N = |®T| of positive roots, and the related Dynkin diagram. The d; and d values are invariants
associated with the simple Lie algebra, which are useful for the following Lemma 5.1.13.

Definition 5.1.1. Given z € Kr we define w, to be the map Kr — Kr satisfying
2

(,y)
(z, )

for all y € Kr. In other words the reflection of Kg in a hyperplane orthogonal to x.

we(y) =y —

)

The Weyl group W of the root system ®, as defined in [8, 2.1], is the subgroup of GL(Kg) gen-
erated by the set {w,|r € ®}. By [8, p.26] the set {w,|r € II} also generates W.

Let J be some subset of II. We denote by Kg ; the R-linear span of vectors in J. In turn
®; is defined to be the set ® N Kg s, and W the subgroup of W given by (w,|r € J). In the
case where J = II\{p;}, where p; is a simple root, we denote J in this case by J;, ®; by ®;, and
Wy by W;. Further information may be found in [8, 2.5].

According to [8, p.61], for t € C and r € ® we may define an automorphism z,(t) of the
Lie algebra £ by

x,(t) = exp(t - ade;).
Given a simple Lie algebra £ over C with Chevalley basis, defined in [8, 4.2], we denote by Lz
the subset of £ of all linear combinations of the basis elements with coefficients in the ring Z. As
stated in [8, 4.4], this Lz is a Lie algebra over Z.

Given any field K, we can form the tensor product of the additive group of K with the ad-
ditive group of L£7. We denote this tensor product by Lx. Further information regarding this
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Lie algebra may be found in [8, 4.4].

One may define automorphisms of Lx analogous to the z,(t) of £, as defined in [8, 4.4]. A
Chevalley group of type L over a field K is the automorphism group of the Lie algebra Ly gener-
ated by these z,(t). The group is denoted by L(K), however if the field K is of order ¢ we may
also denote the group by L(q).

Definition 5.1.2. Given G = L(K) and r € ® we denote by X, the set {z,(t) | t € K}. We call
X, a root subgroup of G.

Indeed X, is a subgroup of G as shown in [8, 5.1]. Furthermore it is abelian and isomorphic to the
additive group of K under the isomorphism i : t = z,.(t). As a consequence x,(t)~! = z,.(—t).

Definition 5.1.3 ([8, 5.1]). The subgroups of G = L(K) defined by (X,|r € ®1) and (X,.|r € &)
are denoted by U and V respectively.

Definition 5.1.4 (|8, Lem. 6.4.4|). e n,(t) € G is defined to be z,(t) - x_.(—t"1) - ,.(t) for
te K*.

e h.(t) € G to be n,(t) -n,(—1) for t € K*.
e n, is defined to be n,(1).
We note that n,.(—t) = n,(t)~L.
Definition 5.1.5 ([8, 7.1]). The subgroup (h,(t)|r € ®,t € K*) of G is denoted by H.

The subgroup H can be shown to be also abelian. The order of H may be found in [8, p.121].
Proofs of the fact that H normalizes the subgroups U and V| and the fact that UNH = VNH =1
may also be found there [8, p.100 & p.101]. For more information on H we point to [8, 7.1].

Definition 5.1.6 ([8, 8.1|). The subgroup UH of G is denoted by B.

Definition 5.1.7 ([8, 7.2]). The subgroup of G generated by the subgroup H and the elements
n, for all » € ® is denoted by N.

Lemma 5.1.8 (|8, Thm. 7.2.2|). There exists a homomorphism ¢ from N onto the Weyl group
W such that ¢(n,) = w,, and ker(¢) = H.

Corollary 5.1.9. Let J be a subset of the system of simple roots 11, let Wy < W be the subgroup
(wy | r € J), and let Ny be the full pre-image of W; under ¢. Then Ny = (H,n, | r € J).

Lemma 5.1.10 ([8, Prop. 8.2.2 & 8.2.3|). For all w € W, let n,, be a preimage of an element
w € W under the natural homomorphism ¢ in Lemma 5.1.8. Then

(a) G =y,ew BnuwB.
(b) If BnwB = Bn, B, then w = w'.

(c) Let J be a subset of the system of simple roots 11, let W be the subgroup of W generated
by the reflections w, for r € J <11, and let Ny be the full preimage of Wy under ¢. Then
Py = BN;B is a subgroup of G.
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Definition 5.1.11. e A subgroup of G which is conjugate to a Py as defined in Lemma 5.1.10
is called parabolic.

e Let J CII, then we may denote Py by Py, cs} instead.
e Let p € Il and J = IT\{px} then we refer to P; as P.

We remark that a subgroup of G is parabolic if and only if it contains a conjugate of B, by [8,
8.3].

Lemma 5.1.12. For an Chevalley group G = L(K), each subgroup Py of G is equal to its
normalizer.

Proof. [8, 8.2.1] shows that G has a (B, N)-pair which is defined in [8, 8.2]. [8, 8.3.3] then states
that if a group has a (B, N) pair then P is equal to its normalizer. O

Let us now look at the order of a parabolic subgroup of P; of a Chevalley group G. For a proper
subset J of II, we call a subset of simple roots, I C .J, a connected component if the part of the
Dynkin diagram corresponding to the roots in I is a connected graph and if (r,s) = 0 for any
two roots r € I and s € J\I. From here we see that J can be uniquely represented as the union
LUl U... U of pairwise disjoint connected components.

Lemma 5.1.13 ([48, Prop. 1]). Let Py be a parabolic subgroup of G, a Chevalley group of type
L over a field K. Let J CII be represented as the union Iy UlsU. ..Ul of pairwise disjoint con-
nected components. Furthermore let L., be a simple Lie algebra over the same field K, however
with Dynkin diagram the connected component I, .

Let | = |II|, and let l,,, = |I,n| and ly = an:l lmm = |J|. Let dp; be the invariant d; of Ly,
as found in Table 5.1. Let N = |®%|, which can also be found in Table 5.1. Finally let d be the
wnwvariant of L found in Table 5.1.

Then the order of Py in G = L(K) is equal to
) t
N -1 dm, _ dnz, _ d'm,m _
S0 (g =17 T (@™ = 1)(g™2 = 1) (g*im = 1),

m=1
We end this section with a look at certain automorphisms of L(K).

Definition 5.1.14. Let R = Z® be the root lattice, the abelian group of Z-linear combinations
of elements of ®, and x : R — K* be a K-character, in other words a group homomorphism
from the additive group R to K* (for more information see |8, Section 7.1, p. 97]). Then x gives
rise to an automorphism, h(x), of the Lie algebra £(K) whose action is given in [8, Section 7.1,
p. 98]. We denote the group {h(x)|x : Z® — K*} by H.

We note h,(t) introduced previously are examples of h(x), more precisely
Lemma 5.1.15 ([8, Prop. 8.4.6.]). HNG = H.

Definition 5.1.16. We call elements in ﬁ\H diagonal automorphisms.
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Table 5.1: Information on Simple Lie Algebras

Type N =|®T] dy,da, ..., d; d Undirected Dynkin
Diagram
0-0—0—0—0—0
A, 1(1+1)/2 2,3,...,1+1 (I+1,g—1) Lo =
0--0—0—0—0=0
B, 12 2,4,6,...,2 (2,¢—1) Lo =
0 0—0—0—0=0
o 12 2,4,6,...,21 (2, —1) Lo =
-1
o---o—o—o—o(Z
D, I(1—1) 2,4,6,...,2l — 2,1 (4,¢' — 1) e R
=0
Ga 6 2,6 1 12
oO—0O=—=0—-o0
Fy 24 2,6,8,12 1 1 2 3 4
4
E6 36 2; 57 67 87 97 12 (37 q— 1) 1 2 3 5 6
5
E; 63 2,6,8,10,12,14,18 (2,¢—1) L9 3 4 6 7
6
Es 120 2,8,12, 14,18, 20, 24, 30 1 L s 3 4 5 7 8
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5.1.2 Twisted groups of Lie type

We follow up the previous section with a brief summary of the basic information needed for the
twisted groups of Lie type and their parabolic subgroups. For a more thorough approach and
further information we recommend as a reference [8, Ch. 13-14]. The information presented here
comes from [8] and [50].

For this section let £ be a simple Lie algebra, let K be the Cartan subalgebra of £. Let W
be the Weyl group of L. Let II be a system of simple roots of £ and let ® be the root system of
L spanned by II, and & the corresponding positive roots.

Let p be a nontrivial symmetry of the Dynkin diagram of £, and let 7 = p(r) the image of
r € II under the action of p. Then there exists a unique isometry 7 of the Fuclidean space
V = K such that 7(r) = ¢r. Here the value of ¢ depends on r. Further information can be found
in [8, Section 13.1 p. 217|

Denote by V! the subspace of fixed vectors of V with respect to 7. We also denote by v!
the orthogonal projection of v € V onto V1. If |7| = ¢ then v! = %Zi;lo 7%(v) by [8, Section 13.1
p. 217]. For every r € II, we have 7w,7~! = wr. So 7 normalizes W in the group of isometries
of V.

We denote by W' the centralizer of the automorphism 7 in W. Recall the definition of w,
from Definition 5.1.1. From [8, Cor. 13.1.4] we have that W = (w,1|r € II).

We denote by &', &' and II! the projections of ®, ®+ and II onto V! respectively. In this
case, V! is a R-linear span of ®! and every element of ®+! is a linear combination of vectors in
IT' with nonnegative coefficients. Also, for every r! and s' in ®!, w,1(s') is an element of ®!.
Therefore ®! akin to a root system for W', and II' acts similarly to a system of simple roots for
®!. To see the exact extent of the similarity we point the reader to [8, Prop. 13.2.2.]. We note
that there may exist vectors in ®' and II such that one is a positive multiple of the other. For
that we have the following result.

Lemma 5.1.17 ([8, Lemma 13.2.1]). Let w run through the elements of W' and I run through
the p-orbits of IL. Then the sets w(®) = {w(r)|r € ®F} form a partition of ®. In addition, the
roots r and s lie in the same set w(@}') if and only if r' = cs' for some ¢ € RY. For such r and
s, the reflections w1 and wg coincide.

Definition 5.1.18. Denote by 3 the set of equivalence classes from Lemma 5.1.17. We also
denote by T the subset of & consisting of classes containing elements from I1.
Definition 5.1.19. For S € & we denote by wg a reflection w,1 where r € S.

If {I;,I5,..., I} is the set of all p-orbits of II then o= {@Zh =1,...,k}. Let r1,72,...,7% be
a set of roots, one from @Z. Then this set forms a basis for V1.

Let G = L(K) be a finite Chevalley group of type L over finite field K of order ¢ = p®, where
p is the characteristic of K, such that its Dynkin diagram has a nontrivial symmetry p of order
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t. In the cases where £ = By or F4 then let p = 2, if £ = Gy then let p = 3, in the other cases
we have no restriction on p. Then, as noted in |8, Section 13.4]| with further details in |8, 12.2.3,
12.3.3 & 12.4.1], there exists an automorphism ~ of G such that v(X,) = X7 for every r € IL.
We call this automorphism a graph automorphism. We look at two specific cases, Fy and Eg.

Lemma 5.1.20. Let ® be an indecomposable self-dual root system of type Fy, let r € @, let
IT = {p1,...,pa} and let p be the non-trivial symmetry of the Dynkin diagram. Suppose the
co-root, defined to be h - satisfies

r = (rr)?

4
he =Y nihy,.
i=1
Then the element

4
T= Z NiPp(i)

i=1
s in D.
Proof. See [8, Lemmas 12.3.1 and 12.3.2]. O

We also note, according to the proof of [8, Lemma 12.3.1], that p,; is a long root if and only if
p; is a short one.

Lemma 5.1.21. Let G be the Chevalley group F4(K), where K is a perfect field of characteristic
2. For each root r € ® define \(r) to be 1 if r is a short root and 2 if v is a long root. Then the
map

2y (t) = (M)

where v € ® and t € K can be extended to an automorphism of G. Here T is as defined in the
previous lemma.

Proof. See (8, Prop. 12.3.3]. O

Lemma 5.1.22. Let G be a Chevalley group of type Eg, let Il = {p1,...,ps}, and let r — T be
a map of ® into itself arising from a symmetry of the Dynkin diagram that swaps p1 and pg, p2
and ps and fizes p3 and py. Then there exists numbers v, = +1 such that the map

zr(t) = zr(vrt)

can be extended to an automorphism of G. The ~, can be chosen so that v, = 1 if r € Il or
—r e II.

Proof. All the roots of Eg have the same length as can be seen in [8, Section 3.6 (ix) p.49].
Therefore we may appeal to [8, Prop. 12.2.3.]. O

Furthermore we also note, from [8, p. 202]|, that for » € ® we have v,v_, = 1. Equivalently, we
have v, = v_,.

Further details about such automorphisms may be found in [8, Sections 12.2-12.4].
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For every field automorphism ¢ of K there corresponds an automorphism ¢g of the group
G = L(K) such that f(x,(t)) = z,(¢(t)) for all » € ®. This is called a field automorphism
of G. When it is clear that we are talking about the group automorphism and there is no risk of
confusion we often omit the reference to G and denote the group automorphism by just ¢.

Definition 5.1.23. Suppose that G has an associated Dynkin diagram with a non-trivial sym-
metry p of order ¢t. If there exists a field automorphism ¢ of G such that the automorphism
o = ¢ has order t, we call such an automorphism a Steinberg automorphism.

If there exists a Steinberg automorphism o, then all the subgroups U,V, H and N of G are o-
invariant, and o acts on N/H = W by the rule o(w,) = wy for every r € II |8, Prop. 13.4.1].

There exists an automorphism ¢ where o = ¢ has order t if the following conditions on the
field K hold:

(a) if L=A;forl>2,D; for | >4, or Eg, then |K| is a square of a prime power.
(b) if £ =Dy, then |K]| is a cube of a prime power.
(c) if £L =By or Fy, then |K| = 22m+1,
(d) if £ = Gg then |K| = 3?mF1,
Further details of this may be found in [8, p. 225 & 250-251].
Definition 5.1.24 ([8, 13.4.2.]). o Ul = (z € Ulo(z) =2z), VI = (z € V]o(x) = x), where
U and V are defined in Definition 5.1.3.
e G'is defined to be (U, V1),
e H' is defined to be G' N H where H is defined in Definition 5.1.5.
e N!is defined to be G N N where N is defined in Definition 5.1.7.

e B!l is defined to be G N B where B is defined in Definition 5.1.6.

Also note that G! = {z € G|o(x) = z} as noted in [44, p.242], and consequently H', N! B!
are also the fixed point sets of their corresponding group H, N, B under 0. We may denote this
group G' by ‘L(K), and it is called the twisted group of type 'L over K.

Definition 5.1.25. If 1L = 2A; for [ > 2, 2D, for [ > 4, or 2Eg, then let ¢ = |K|. If {£ = 3Dy,
then let ¢° = |K|. If 'L = 2By or %Fy, then let ¢ = |K| = 2?"*1 If £ = 2Gy then let
q = |K| = 3*"*! Then we may denote ‘L(K) by L(q).

Definition 5.1.26. Let S be an equivalence class on ®, as defined in Lemma 5.1.17. Define Xg
tobe (X, | reS) =]cqXr

Definition 5.1.27 ([44, p.243]). Define X! to be the set of fixed points of o acting on Xg.

By [8, 13.5.2.] we have that for every element w € W there exists an element n,, € N corre-

sponding to w under the natural homomorphism from N onto W. Furthermore, the factor group
N1/H! is isomorphic to W

Recall the definition for wg in Definition 5.1.19. Let J be a subset of ﬁl, let Wi = (wg|S € J)
and let N} be the preimage of W} in N'. Then P} = BIN}B1 is subgroup of G*.
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Definition 5.1.28. A subgroup conjugate to P} in G! is defined to be parabolic.

Further justification of this may be found in [8, Section 13.5]. Also, as previously noted W' =
(w,1|r € II) and so W7} is indeed a subgroup of W1,

Lemma 5.1.29. For G' a twisted group of Lie type, each subgroup P} of G' is equal to its
normalizer.

Proof. [8, 13.5.4] shows that G! has a (B, N)-pair. [8, 8.3.3] then states that if a group has a
(B, N) pair then Pj is equal to its normalizer. O

We end this section with the following formulation of the Levi decomposition for twisted groups
from [50].

Lemma 5.1.30 (|50, Lemma 2|). Let &) = &+ N {&\&)}, U} = (XL | S € 3Y), and let
LY = (H', X} | S €®)). Then P} =ULLL.

5.1.3 Further information on groups of Lie type

It is worth noting that the simple classical groups discussed previously are examples of groups of
Lie type.

Lemma 5.1.31. Let q be a prime power.

e Then A, (q) = PSL,+1(q).

If n > 3 then B,(q) = PQant1(q).

If n > 2 then C,(q) = PSpy,(q).

If n > 4 then Dy(q) 2 PO (q).

If n > 2 then 2A,,(q) = PSU,11(q).
n(q

o Ifn >4 then *Dy(q) = P, (q).

We note that definitions of parabolic subgroups coincide under these two approaches, and results
regarding groups of Lie type in general will also apply to the classical simple groups. In addition,
information on the outer automorphisms of the classical groups can be found in |6, Sections 1.7.1
& 1.7.2]. For convenience we reproduce the information of [6, Section 1.7.2].

Lemma 5.1.32. Let G be a classical simple group. Let q = p® with p prime. Let d,¢,7,T, o
all be the elements of Aut(G) as defined in [6, 1.7.1]. Furthermore, let 6, ¢,%,7,d" denote their
images in Out(G). Then the following are presentations of Out(G).

e PSL :
" 6615019 = 5 = 5.6 =)

e PSL,(q), n > 3:

(8,64 | 8071 =52 = §° = [5,] = 1,87 = 671,57 = ).
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PSU,(q), n > 3:

(8, ¢, | 8l =52 = 1 de = 5 57 = §1 5% = §7).

PSp,(p°), n>2, (n,p) # (4,2):

(.61 8079 = 6 = .6 = 1)

PSp,(p°®), p = 2:

#,0 | 5% = ¢,6° = 1)
PQ7(q), n > 3 odd: o
(0,0 | 0% =¢° =[0,¢] = 1).

PQ(q), n > 6 even, n # 8, q even:

(3,6 | 5% = ¢° = [#,¢] = 1).

PO (q), q even:

(79,0 | 72 =42 = (§7)* = ¢° = [#,¢] = [, 6] = 1).

PQ, (q), n > 4 even, q even:

n

F, o | 32 =1,6°=7).

PO (q), g odd:

(5, 7,%,8,6 | 82 =73 =52 = (59)2 =8 = 1,87 = &, 8" = 65,
(69)° =&, 0" = [0,6] = [#,6] = [, 6] = 1).

PO (q), n > 12, 4|n, q odd:

(0,59,0,9 | 0% =57 =8 = 1,(09)* = &',0° = [0, 9] = [§, 6] = 1).
PQr(g),n>6,n=2 mod4, ¢=1 mod 4:

(§,5,6,6 | 82,42 =1,82 =8 =57 =571, d° =[5, 4] = 1,8 = 7).
PQt(q),n>6,n=2 mod 4, ¢g=3 mod 4:
(3,0, | 572 = 0> = [0,5] = 6° = [¥, 9] = [0, 6] = 1).

PQ. (q), n >4, 4n or g =1 mod 4, q odd:

n

(3,0, | 42 =8> = [0,5] = [0, 9] = 1,¢° = #).

PQ. (¢),n>4,n=2 mod 4, ¢ =3 mod 4:

n

(6,%,6,6 | 82 =42=1,62=8,67 =571,¢° = [3,6] = [, 4] = 1).
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Since we will be dealing with parabolic subgroups we would also like to know how some outer au-
tomorphisms act on the conjugacy classes of parabolic subgroups. We continue with the notation
introduced in the two previous sections. Let us start with the following lemma.

Lemma 5.1.33 ([8, Prop 8.5.1.]). Let G be a Chevalley group and let J C II. Furthermore let
D5 be the set of roots which are integral combinations of roots in J. Then Py is the subgroup of
G generated by H and the root subgroups X, forr € ®T U ® ;.

Theorem 5.1.34. Let G be a simple group of Lie type over a finite field K, let J C Il and let
a be an automorphism of G. If a is a diagonal or a field automorphism, both defined in Section
5.1.2, then

(a) a(X,) = X, where X, is the root subgroup {x,(t)|t € K}.
(b) a(H) = H, where H is defined in 5.1.5.

(c) a(Py) = Py.

(d) a preserves the G-conjugacy classes of parabolic subgroups.

Proof. First, let a be a diagonal automorphism. Then a is, by [8, p.200], defined to be one of
the form a(g) = h(X)g\h(X)_l for some h(x) as defined in Definition 5.1.14. Remember from
Definition 5.1.14 that H is the group of all A(x). From [8, p. 100] we have that a(X,) = X,.

Remember the definition for H from Definition 5.1.5. By Lemma 5.1.15 we have a(H) =
a(HNG)=HNG=H.

Let a be a field automorphism. Then by [8, Section 12.2] we have that a(z,(t)) = x,(f(t)),
where ¢ is an automorphism of the field K, for all r € ® and t € K. We may see that we
a(X,) = X,.

Since h,(t)

=n,(t)-n.(=1) and n,(t) = 2,.(t) - 2_(=t~1) - 2,.(), we have that a(n,(t)) = n.(f(t))
and a(h,(t)) =

hr(f(t)) for the given field automorphism ¢ of the underlying field of G.

Therefore, in both cases we have that
a(H) = H.

By Lemma 5.1.33 we have that P; = (H, X, |r € ®T U ®) therefore we have
a(Py) =a({H, X, [r€c @ u®,)) = (a(H),a(X,) re @ Ud;) = (H, X, |[rc dtUd,;) = Pj.

The fact that a preserves the G-conjugacy classes of parabolic subgroups follows from the fact
that a(Py) = Py for all J C II and that all parabolics are conjugate to a Py for some J € II.
O

As a supplement to the above Theorem 5.1.34 we have

Lemma 5.1.35 (|26, Prop. 4.1.17-20]). Let G be a classical simple group of dimensionn > 9 and
H < G be a parabolic subgroup of type Pp,. Then all outer automorphisms of G fix the conjugacy
class of H in G, except in the following cases:
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(a) G = PSLy(q) with m # n/2. In this case the outer automorphisms of G which fir the
conjugacy class of H in G lie in (3, ).

(b) G = O (q) with m =n/2.

Proof. In the four propositions cited from [26], a value ¢ appears in the statement. The value c ,
defined on [26, p. 62], is the length of the orbit of the conjugacy class of H in G under the action
of Out(G).

The 7 that appears in the four propositions cited from [26] is also defined on [26, p. 62]. This is
the corresponding permutation representation on this set of ¢ conjugacy classes.

If ¢ = 1 then the premutation representation m is trivial and the conjugacy class of H in G
is fixed by all elements of Out(G). In particular from the statements in [26] we conclude that,
with the exception of cases (a) and (b) listed, ¢ = 1 and so all outer automorphisms of G fix the
conjugacy class of H in G.

For the two exceptions where ¢ # 1 information on the action 7 can be found in |26, Action
Table 3.5.G] under L; 73 and O; 7. O

Lemma 5.1.36. Suppose that ¢ = 2", for some positive integer n, and let v be a graph automor-
phism of G = Fy4(q). If J C II then the parabolic subgroup Py is mapped by y to Py where J is
the image of J under the related map r — 7 of ®.

The conjugacy class of a parabolic subgroup P for J C 11 is fized by ~y if and only if J = J.

Proof. We know how v acts on the z,(t) due to Lemma 5.1.21. By Lemma 5.1.20 can see that
the related map r — 7 of ® permutes the p; € II and so maps all roots in ®* to ®*. To expand
a bit more, if r € ®* the coefficients when written as a sum of elements p; are all positive. Since
the co-root h, is a positive scalar multiple of r we have that h,, when written as a sum of h,,, has
positive coefficients also. Finally that implies that 7 also has positive coefficients when written
as a sum of p;. By Lemma 5.1.3, U is generated by the x,.(t) for r € ®T, and consequently U is
mapped to U under ~.

Since n,.(t) = x,(t)z_,(—t~ )z, (t), the image under 7 is z(t*M)z—((—t) )2z (A7), We
note first that since ¢ € Fon that ¢ = —¢. Let us also recall that p,(; is a long root if and only if p;
is a short one. Therefore if 7 is a short root, then the image is z7(t?)r—(t?)z#(t?) = nr(t?). If r is
a long root then the image is x7(t)r=x(—t)xr(t) = nz(t). In either case y(n,) = v(n,(1)) = nz(1).

Since H is generated by h,(t) for r € ® and ¢t € K* according to Definition 5.1.5, we look at
the image of h,(t) under . In this case since h,(t) = n,(t)n,.(—1) the image is n(t*")ns(1) =
h(t*™)). Therefore v(H) = H. Coupled with the fact that v(U) = U , we get that v(B) = B.

From Corollary 5.1.9

Y(Ng)=~((H,n, | 7€ J)) = (H,v(n,) | 7 € J) = (H,nz | r € J) = N7.
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From Lemma 5.1.10(c) we see that therefore Py gets mapped to P;. By [8, Theorem 8.3.3.] no
two Py are conjugate to each other, consequently the conjugacy class of Pj is fixed by g if and
only if J = J. O

Lemma 5.1.37. Let v be a graph automorphism of G = Ee(q). If J C II then the parabolic
subgroup Pj is mapped to Py where J is the image of J under the related map v — 7 of ® as
introduced in Lemma 5.1.22.

Furthermore, a conjugacy class of a parabolic subgroup Py for J C 11 is fized by v if and only if
J = J. In particular v fixes the conjugacy class of P3 and Py, but does not fix the conjugacy class
of any other P; where ¢ =1,2,5,6.

Proof. We know how « acts on the z,(t) due to Lemma 5.1.22. The related map r — 7 of ®
arising from the symmetry of the Dynkin diagram maps all roots in II to II. Consequently, it
also maps all roots in &1 to ®T. By Lemma 5.1.3, U is generated by the z,(t) for r € ®7.
Consequently U is mapped to U under ~.

Since n,(t) = z,(t)z_(—t~Hz,(t), if 7 = 1 we have that

(e (1) = ar(t)r=(—t~)ar(t) = nz(t).

If v, = —1 then
(1)) = ar(~) et ar(—t) = ne(-).

If r € II then 7, = 1 and so y(n,(t)) = ns(t). In particular, y(n,) = ny for r € II.
Remember that h,(t) = n,(¢)n,.(—1). Therefore if 7, = 1 then
V(e (t)) = ne(t)nz(—1) = hz(t).
If v, = —1 then
V(b (=) he (1)) = v (e ()0 (=1) 1) = ne(O)ne(1) ™ = ne(t)nr(=1) = he(t).

Since H is generated by h,(t) for r € ® and ¢t € K* according to Definition 5.1.5, we conclude
that H < v(H). Since « is an automorphism we have v(H) = H. Coupled with the fact that
v(U) = U, we get that v(B) = B.

From Corollary 5.1.9 we have that

V(Ng) =~((H,np | 7€ J)) = (H,y(ne) | r€J)=(H,nz|reJ)=Ny
From Lemma 5.1.10(c) we see that therefore Pj is mapped to P;. By [8, Theorems 8.3.3.] no
two Py are conjugate to each other, consequently the conjugacy class of Py is fixed by v if and
only if J = J.
In addition we see that v maps P; and Ps to each other, it also maps P» and Ps to each other,

while v(P3) = Ps and y(Py) = Py. O
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Let G be a Chevalley group with Steinberg automorphism o and graph automorphism ~. A field
automorphism ¢ of G commutes with v according to [8, p. 225|, and so also commutes with o.

We notice that an automorphism of G that commutes with ¢ is an automorphism of G' when
restricted to G'. Since G! is the fixed-point set in G of o, if automorphism a of G commutes
with o we have

a(x) = a(o(z)) = o(a(z))

for all  in G'. That therefore implies that a(x) is fixed by ¢ and thus lies in G' also. This leads
us to the following definitions

Definition 5.1.38. Let ¢ be a field automorphism of G, then we call such an automorphism
when restricted to G! a field automorphism of G'.

Definition 5.1.39 ([44, p.244]). Let d be a diagonal automorphism of untwisted Chevalley group
G, then if d commutes with Steinberg automorphism o then it a diagonal automorphism of G*.

Theorem 5.1.40. Let G' be a simple twisted group of Lie type, let J C II, and let a be an
automorphism of G*. If a is a diagonal or a field automorphism then a(Py) = Pj. Furthermore
they preserve the G'-conjugacy classes of parabolic subgroups.

Proof. Let G be the corresponding untwisted group of G1. Let X, be the root subgroup {z,(t) | t €
K} for r € @, and for S C @ let Xg be the group generated by X, for r € S.

a(HY) = a(HNGY) = a(H) Na(Gh) by Definition 5.1.24
= HnNa(GY) from Theorem 5.1.34
=HNG'=H"
Also,
a(X:) = a(XsNGY) = a(Xs) Na(Gh) by Definition 5.1.27
=a((X; |i€S))Na(Gh) by Definition 5.1.26
=(X; i€ S)yna(Gh from Theorem 5.1.34
=(X;|lieS)NnG' = XsnG' = XL

Consequently, using the same notation as Lemma 5.1.30,
a(P}) =a(UMLY) =a((H', XL | S € 5?} UE},)) according to Lemma 5.1.30
=0 =1
= (a(H'),a(Xg) | S€D;UT,)
= (H', XL | Sed,ud)) =UIL, = P}

The fact that a preserves the G''-conjugacy classes of parabolic subgroups follows from the fact
that a(P}) = P} for all J C II and that all parabolics are conjugate to a P} for some J € II. [

Now that we have introduced, diagonal, field and graph automorphisms, let us consider Aut(G)
and Aut(G1).
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Theorem 5.1.41 (|46, Theorem 30]). Let G be a group of Lie type, then every automorphism of
G can be expressed as the product of an inner, a diagonal, a graph and o field automorphism.

Theorem 5.1.42 ([46, Theorem 36]). Let G be a twisted group of Lie type, then every auto-
morphism of G' is a product of an inner, a diagonal and a field automorphism

Due to us making arguments depending on the choice of simple group it would be expedient to
collate some information about the different exceptional groups. For that end we reproduce the
relevant information from the ATLAS [9] and [51], presented in the same format as Tables 2.8 and
2.9 from [38]. Table 5.2 gives the orders of the simple exceptional groups of Lie type; and Table
5.3 presents some information as to the shape of their outer automorphism groups respectively.

Theorem 5.1.43. Let G be a simple exceptional groups of Lie type then the order of G may be
found in Table 5.2.

Theorem 5.1.44. Let G be a simple exceptional group group of Lie type, let d be the order of
the subgroup consisting of elements in Out(G) corresponding to diagonal automorphisms, let [ be
the order of the subgroup consisting of elements in Out(G) corresponding to field automorphisms.
Also, let g be the order of the subgroup consisting of elements in Out(G) corresponding to graph
automorphisms (modulo outer field automorphisms) as discussed Section 5.1.2. Then the orders
d, f and g can be found in Table 5.3.

We note that the outer automorphism group has order dfg. Also we note that the subgroups of
Out(G) consisting of elements corresponding to diagonal automorphisms referenced in Theorem
5.1.44 is cyclic. Let ¢ be the Frobenius automorphism ¢ : x — 2P of the field F,». This Frobenius
automorphism generates all field automorphisms, and so the corresponding field automorphism
o of G generates all field automorphisms of G.

5.2 The main theorem

Our aim to is to calculate the largest non-trivial maximal subgroup of the almost simple groups
A with socle being a classical simple group. When A = soc(A) this information is already known
as noted in the following theorem, as previously stated in Section 2.2, Theorem 2.2.7. Recall that
if G is a classical simple group, then the values of m(G) are reproduced on Table 2.1.

The following chapters will be dedicated to proving the next result.

Theorem 5.2.1. Let A be almost simple, with socle S a classical simple group. Then the index
of the largest non-trivial mazimal subgroup of A equals m(S), except for the cases noted in Tables
5.4, 5.5 and 5.6.

In addition to the above theorem we will prove in Section 5.6 the following theorem .

Theorem 5.2.2. Let A be almost simple, with socle S a simple exceptional group of Lie type.
Then the index of the largest non-trivial mazimal subgroup of A equals m(S) are as found in Table
5.7, except for the cases noted in Table 5.10.

We note that the information from Table 5.7 is obtained from [48], [49] and [50], where we note
in the table which resource each one comes from.
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Table 5.2: Orders of exceptional groups

Group

Order

Ga(q)

¢°(¢* = 1)(¢° — 1)
q24:IIie{2J18J2}(qi'_ 1)
ﬁq% Hie{2,5,6,8,9,12}(qi -1)
(2,(11771)‘]63 Hi€{2,6,8,10,12,14,18}(qi —1)
q'* Hi€{2,8,12,14,18,20,24,30}(qi -1)
¢*(¢* +1)(¢ - 1)
¢*(¢® +1)(¢ - 1)
¢*(¢® +1)(¢* = 1)(¢* + (g — 1)
¢%(¢* +q* +1)(¢° - 1)(¢* ~ 1)

) : .
Gt 0* [licq256.8912) (@ — (=1))
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Table 5.3: Outer automorphisms of exceptional groups

Group d f 9
Ga(q) 1 g=p’  2ifp=3,1
otherwise
F4(q) 1 g=p/  2ifp=21
otherwise
E(q) (3,4 —1) q=p' 2
Ez(q) (2, -1) q=p' 1
Es(q) 1 q=p' 1
*E¢(q) (3,¢+1) ¢ =p 1
*Da(q) 1 ¢ =p 1
*Ba(q) 1 q=2/ 1
*F4(q) 1 q=27 1
*Ga(q) 1 q=3/ 1

136



Table 5.4: Largest non-trivial maximals for almost simple groups with socle PSL,(q)

n q Conditions on G Subgroup Type m(Q)

2 7 G = PSLy(7).(6) P 8

2 9 G £ PSLy(9).(¢) P 10

2 11 G = PSLy(11).(6) P 12

3 3 G = PSL3(3).(3) Pi 52

3 4 G £ PSL3(4).(3, ¢) 3" Ag 56

3 =5  G£PSLy(q).(6,9) Py e

4 3 G = PSL4(3).(3) Sp4(q) 117

4 3 G % PSLy(3).(y) and P 130

G & PSL4(3).(6)

4 >4 G & PSLy(q).(5, b) P, b

5 all G £ PSLs(q).(3, ) Py (@® = 1)(¢* + 1)
6 all G % PSLe(q).(5, ) P <q571)((q;_+11)>(q2+1>
>7 all G %PSL.(q).(5,4) Pl e

For completion we also include the following result which is a collection of information from
the ATLAS [9].

Theorem 5.2.3. Let A be almost simple, with socle S a sporadic simple group. Then the index
of the largest non-trivial mazimal subgroup of A equals m(S) are as found in Table 5.8 and 5.9,
except for the cases noted in Table 5.10.

5.2.1 A recap of relevant information

Before we tackle the proofs of Theorems 5.2.1, 5.2.2 and 5.2.3, we would like to remind the reader
of certain key concepts which play an important role in the following sections.

For this subsection let € be a simple group. In addition let G be a group satisfying Q < G <
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Table 5.5: Largest non-trivial maximals for almost simple groups with socle PSp,,(¢) and PSU,(q)

n q Conditions on G Subgroup m(Q)
Type
PSp, (q)
4 g>4 g even with G £ PSp,(q).(6) A e
PSU,(q)
3 5 G = PSU3(5).T, T is not P, 126

contained in any

Out(PSU3(5))-conjugates of (¢)

Aut(2). Our aim in the following sections is to compare the indices of the non-trivial maximal
subgroups M of G (subgroups such that M # Q).

For a given non-trivial maximal subgroup M of G by Lemma 2.3.6 we have Mg = Ng(Mg)
and M = Ng(Mg). So, by Lemma 2.3.17 we have that G : M = |[Q : Mg|. In other words
the problem of comparing the indices of non-trivial maximal subgroups of X becomes one of
comparing the indices of subgroups of Q (note that these subgroups are not necessarily maximal).

To this end we will employ work from [26] and [6] in the cases where Q is a classical simple
group, i.e. where Q equals PSLy,(q), PSU,(q), PSp,,(¢) or O%(q). For the other cases we will be
using a variety of sources, information of which will be given at the beginning of the appropriate
subsection.

However as a note, in the cases where ) is a classical simple group we may sometimes instead com-
pare the indices of subgroups H < ) where Z(Q2) < H. Here, 2 is the quasisimple group SLy(q),
SU.(q), Sp,,(q) or Q5 (¢g). We note that by the isomorphism theorem |Q : H| = |% : %L and
so this change of viewpoint is justified. An important fact to note here also, is that the maximal
subgroups of €2 do contain Z(€2) and so are in one-to-one correspondence with the maximal sub-
groups of by Lemma, 2.2.6.
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Table 5.6: Largest non-trivial maximals for almost simple groups with socle PQ,,(q)

n q Conditions on G Subgroup m(Q)
type
PQ(q)
8 2 = PQZ(2).T, T is not contained in any Py 1575
Out(PQg(2))-conjugate of (%)
8 3 G= PQJr 3) T, T is contained in a conjugate P 1120

of (5,%,0") and T is not contained in any
Out(PQg(3))-conjugate of (¥,0')
8 3 G =PQJ (3).T, T is contained in a conjugate 2" Q4 (2) 28431
of (¥,7) and T is not contained in any
Out(PQg(3))-conjugate of (4,5,

8 3 G =PQJ (3).T, T is not contained in any Py 36400
conjugate of (¥, 7') nor any
Out(PQg(3))-conjugate of (4,5, ")
8 >4 G =PQJ(¢).T, T is not contained in any Py (@+D*(¢°=1)
Out(PQs(g))-conjugate of (6,%,8', ), where
0" and 4 are non-trivial only if ¢ is odd
> 10 3 G =PQf(q).T, T is not contained in any Py w
Out (P, (3))-conjugate of (¥,0’), where ¢’ is
non-trivial only if 4|n
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Table 5.7: m(G) for exceptional simple groups

G m(G) Reference
G2(3) 351 [48]
Ga(4) 416 [48]

Ga(q), q # 3,4 . [48]

Fy e [48]

Eq (qg—lzc(]q_slw;q‘“rl) [49]

E- (qM—l)Egﬁ;)(Q"’H) [49]

g (q3°—1)(q124(r(113(f)1°+1)(116+1) [49]

2E4(¢?) (qufl)(q?qf_(zi)ﬂ)(q“ﬂ) [50]
3Du(¢?) (q8+(q;_+117)2()q+1) [50]
“By(22"*1) (¢®+1) [50]
2Fy(2°7H1) (@ +1)(¢* + (@ +1) [50]
2Fq(2) 1600 [50]
2Gy (3% (¢ +1) [50]
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Table 5.8: m(G) for sporadic simple groups

G m(Q)
My, 11
Mo 12
Mz 22
Mas 23
Moy 24

J1 266

Jo 100

J3 6156

Jy 173,067, 389
Coy 98, 280
Coy 2,300
Cog 276
Fioo 3,510
Fiog 31,671
Fi, 306, 936
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Table 5.9: m(G) for sporadic simple groups (cont.)

G m(Q)

HS 100
McL 275

He 2,058

Ru 4,060

Suz 1,782
O'N 122,760
HN 1,140,000
Ly 8,835, 156
Th 143,127,000

B 13,571, 955,000
M 97,239,461, 142,009, 186, 000
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Table 5.10: Largest non-trivial maximals for almost simple exceptional groups and sporadics

Soc(G) Conditions on G m(Q)
Es(q) G £ Ee(q).(9,0) <q‘°‘*1><q"’+(;>_<§‘)*+1><q3+1>
Fa(q) G % Fu(q)-(4) <q12—1>(<qu512><q4+1>
Ga(q) G % Ga(q).(9), %

g=3%e#1

Fa(2) G = 2F4(2) 1755

Mis G=Mp:2 144
O'N G=0N:2 2,624,832

5.3 Orders of non-trivial maximal subgroups of almost simple
groups with socle PSL,(q)

Before we begin this section it will be valuable to revisit the concepts of parabolic subgroups in
the context of linear groups. For further information on the structure of parabolic subgroups see
Theorem 3.2.1.

The group SL,(q) acts naturally on a vector space V of dimension n. Subgroups which fix
subspaces of V' are called parabolic subgroups. Of particular note, with their own notation, we
have Py subgroups, which we call mazimal parabolic, which are the stabilisers of k-subspaces of
V. Also of note we have Py ,_j subgroups, which are the stabilisers of two subspaces, one of
dimension k and the other of dimension n — k, such that the n — k-dimensional subspace contains
the k-space.

The projective image of a parabolic Py subgroup H < SL,(q) is called a parabolic P sub-
group of PSL,,(¢). Similarly the projective image of a parabolic Py ,_j subgroup of H < SL,(q)
is called a parabolic Py, subgroup of PSL,(q).

5.3.1 Sizes of non-trivial maximal subgroups of almost simple groups with
socle PSL,(q) for n > 7

We start by noting the following

Lemma 5.3.1. Let n > 3, let G be almost simple with socle PSL,(q).
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e If H < PSL,(q) is a P; subgroup for i # n/2, then Ng(H)PSL,(q) = G if and only if
G < PI'L,(q).

e If H <PSLy(q) is a Pip—; subgroup fori < n/2, then for all G we have Ng(H)PSL,(q) =
G.

Proof. In the first case where H is a P; type subgroup the result follows from [26, 4.1.17]. Re-
call the definition of ¢ and 7 introduced in the proof of Lemma 5.1.35. Information on the
permutation representation m of the action of Out(PSL,(g)) on the conjugacy classes of H can
be found in [26, Table 3.5.G|. We notice that the point stabilizer of this action, and kernel, is
I' = PI'L,(q)/PSL,(q) < Out(PSL,(q)). Consequently, by Lemma 2.3.8, Ng(H)PSL,(q) = G if
and only if G < PT'L,(q).

For the second case, where H is a P;,,—; type subgroup we refer to [26, 4.1.22]. Here c is equal
to 1, therefore all elements of Out(PSL,(q)) fix the PSL,,(¢)-conjugacy classes of H. Therefore
Ng(H)PSL,(q) = G. O

We now aim to compare the order of a P, of SL,(¢q) with other maximals of SL;(q).

Lemma 5.3.2. Let n > 7, let m > 3 and let q be a prime power. If Hi < SLy(q) is a Pyp—m
type subgroup and Hay < SL,(q) is a GLy(q) ® GLp—m(q) type subgroup with the same m and n,
then |Hy| > |Hal.

Proof.
_ 1\2,,m(2n—3m) 2
|H1| = (¢ — 1)“q |SLy (q)]%|SLn—2m(q)] from Theorem 3.2.1
> (q _ 1)|SLm(q>’qm(2n73m)qm272qn274nm+4m272 by Lemma 2.6.4
= (¢ — 1)[SLmn(q)lg™ > 2™ =1 > (g — 1)|SLin(q)]g" 2" as m > 3
> (g = 1)[SLm(q)||SLn-m(q)| by Lemma 2.6.4
= |Ho| from Theorem 3.2.1.
O

Lemma 5.3.3. Let n > 5 and q be a prime power. If Hy < SL,(q) is a Py o type subgroup and
Hy < SL,(q) is a GLa(q) ® GL,,—2(q) type subgroup, then |Hy| > |Ha|.

Proof.
|Hy| = (¢ — 1)?|SLa(q)|¢**"~9|SLa(q)||SLn—4(q)| from Theorem 3.2.1
n—4
= (¢ — 1)%|SLa(q)|¢>*" " Oq(¢* — 1)g" P2 [T (¢" - 1)
i=2
n—4 '
> (¢ — 1)’SL2(q)|q2(2n76)+1+(n74)(n75)/2 H (¢ —1)

=2

n—4
= (¢~ DISLa(q)lg™ ™22 ] (¢ — 1)
1=2
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n—4
= (¢ — 1)|SLa(q)|g"" =924 ] (¢ — 1)

=2
n—4
> (¢ - 1D)ISLa(g)l(¢" ™ = 1)(¢" > = )¢ 22 ] (¢ - 1)
=2
n—2 A
= (¢—1)[SLa(q)|¢" P32 T (¢ = 1)
1=2
= (¢ — 1)|SLa(q)||SLn—2(q)| = |Ha| from Theorem 3.2.1.

O]

Lemma 5.3.4. Let n > 3 and q be a prime power. If Hi < SL,(q) is a Pin—1 type subgroup and
Hy < SLy,(q) is a GL1(q) ® GL,—1(q) type subgroup, then |Hy| > |Ha|.

Proof.
|Hi| = (q — 1)2q2”_3\SLn,2(q)] from Theorem 3.2.1
n—2
=2
n—2 .
_ (q o 1)2qn(n71)/2 H(qz - 1)
=2
n—2 .
_ (q _ 1>2qn—1q(n—2)(n—1)/2 H(qz _ 1)
=2

n—2
> (q—1)(¢" " = 1)g" IR (¢ - 1)
=2

n—1
= (q—1)g" V2T (¢ - 1)
1=2
= (¢ —1)|SLp—1(q)| = |H2| from Theorem 3.2.1.

O]

Lemma 5.3.5. Let n > 3 and g be a prime power. If H < SLy(q) is a Py n—1 type subgroup then
[H| > (q—1)%¢" 271,

Proof.

|H| = (¢ —1)*¢""*|SLn—2(q)| from Theorem 3.2.1
> (g — 1)2q2n—3q(n—2)2—2 = (q— 1)2qn2—2n—1 by Lemma 2.6.4.

O

Lemma 5.3.6. Let n > 7 and n/2 > m > 2. If H < SLy,(q) is a Py pn—1 type subgroup and
Hy < SLy(q) is a Pyn—m type subgroup, then |Hy| > |Hs|.
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Proof. In the case where n/2 > m > 4 we have

‘H1‘> q_12 n2—2n—1

2 (n?2—2)+(2mn—2n)—2mn

2 (n?—2)+(4m2—4m)—2mn
2 3m2—2mn+n2-3

(¢—1)%q
= (g —1)%¢"
> (g —1)%q"
= (¢— 1)2q n?2—2)+(3m2—1)—2mn
> (¢ —1)%""
= ( )2qm (2n—3m) 2(m2—1)q(n—2m)2—1
> (@—1)7q

¢ = 1)%q" "™ |SLy (q) *|SL—2m(q)| = |H2|

In the case where m =3

[Hi| > (g —1)%q" !
> (¢ — 1)2q24—6n+n2
= (q— 1)2q3(2n g)q (9— l)q(n—6)2—
> (q— 1)°¢*"2|SLy(q)*|SLn—6(q)| = |Ho|

by Lemma 5.3.5
since n/2 > m

since m > 4

by Lemma 3.2.1.

by Lemma 5.3.5

since n > 7

by Lemma 2.6.4

by Lemma 5.3.5

since n > 6

by Lemma 3.2.1.

Finally we show that Py, type subgroups are larger than P, /; type.

Lemma 5.3.7. Let n > 8 be even and let q be a prime power. Let Hy < SLy(q) be a P -1 type

subgroup, and let Hy < SLy(q) be a P, 5 type subgroup. Then |Hy| > |Ha|.

Proof. We first consider the case where n > 10. Then

[Hyi| > (g — 1)%q" 2
"l2
> (g = 1%
2 2 2
> (q—1)%q" /4?4 > ¢Sy, 0 (g) P
= |Ha|

In the case where n = 8

[Hi| = (¢ 1)%q 13|SL6( )|

1)g'3¢" H (¢ —1)q

by Lemma 5.3.5

asn>9
by Lemma 2.6.4
from Theorem 3.2.1.

from Theorem 3.2.1



= (¢—1)(¢®* = 1)(¢" — 1)g*® H(qi ~1)
> (¢—1)q°q q28H
> P H(qz

=2

4 4
> (" - 1)@ -1 - D)e®[J(¢ = 1) = "¢ [[(¢" - 1)
=2

i=2
_ q16]SL4(q)|2 = |Ho| from Theorem 3.2.1.

O

We finally look at the maximal subgroups which are not of geometric type (i.e. not of a type in
Table 2).

Lemma 5.3.8. Let n > 6 and let Hy < SLy(q) is a |Py 1| type subgroup. Then |Hy| > ¢+
Proof.

|Hy| > (q — 1)261”272"71 by Lemma 5.3.5
> (g -1 > g3ttt since n > 6, by assumption.

Combining the above results we get the following result.

Proposition 5.3.9. Let n > 7 and let q be a prime power. Furthermore, let M < PSL,(q) be a
subgroup of type Py ,—1. Let H < PSLy(q) be a subgroup in CpSL,(q): Then, if |H| > |M]| then H
is a P; type subgroup where 1 <i < mn/2.

Proof. For H and M there exist subgroups H and M of SL,(q) of the same type. Note that
H=H/(ZNSLy(q)) and M = M/(Z NSLy(q)). We compare the sizes of M and H.

By Theorem 3.2.1, the types of subgroups that H can be are listed in Table 3.1. In the case
where the maximal subgroup H lies in C; for 2 < i < 8 then |H| < |M| by Lemma 3.2.4.

If H lies in C; and is of parabolic P,/ type then |H| < |M| by Lemma 5.3.7. Finally, if H
is a Py p—m or GLp,(¢q) ® GL,—m(q) type subgroup then we have [M| > |H|. To elaborate, by
Lemma 5.3.6, the order of a P;,_1 type subgroup is larger than that of a P, n—m type sub-
group for 1 < m < n/2. By Lemmas 5.3.2 - 5.3.4, we have that a P, ,—, type subgroup, for
1 <m < n/2 has larger order than a subgroup of type GLi(q) ® GL;,—1(q). Therefore unless H
is a P; type subgroup where 1 <i < n/2 we have that |H| < |M]|, and so |[H| < |M]|. O

Proposition 5.3.10. Let n > 7, q be a prime power, and let G have socle PSL,(q).

e If G < PI'L,(q) then m(G) = m(PSL,,(q)) = |PSL,(q) : H|, where H is a P, subgroup of
PSLn(q).
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e If G £ PT'L,(q) then m(G) = |PSL,(q) : H|, where H is a P ,—1 subgroup of PSLy(q).
Proof. By Lemma 5.1.32, we note that Out(PSLy(q)) = (¥,9, ¢).

Let H; be a P; subgroup of PSL,(¢). In this case |PSL,(¢) : Hi| = m(PSL,(q)), as can
be seen in Theorem 2.2.7. Therefore if G < PI'L,(q) then by Lemma 5.3.1 we have that
N¢(H1)PSL,(q) = G. By 2.3.18 we have that m(G) = m(PSL,(q)).

Now suppose that the image of G in Out(PSL,(¢)) is not contained in the stabilizer of the
conjugacy class of Hy, or equivalently G £ PI'L,,(¢). Let Ha be a Py 1 subgroup of PSL,(q).
By Lemma 5.3.1 we know that Ng(H2)PSL,(¢) = G.

Let M be a non-trivial maximal subgroup of G and let K = M N PSL,(¢q). By Lemmas 2.3.6
and 2.3.7 we have that K # PSL,(q), and Ng(K) = M, and Ng(K)PSL,(q) = G.

By Theorem 3.1.4, either M belongs in Cg or |K| < 33". If | K| < 33" then |K NPSL,(3)| < 33"
By Lemma 5.3.8 a P;,_1 subgroup of Q(3) has order larger than 337+1 and so therefore a
[Ha| > |K].

If K € Cg then, by Lemma 5.3.9, |Ha| > |K| unless K is a P; type subgroup for i # n/2. How-
ever if K is a P; type subgroup for i # n/2, by Lemma 5.3.1 we have that Ng(K)PSL,(q) # G.
Therefore Ng(K) is not a maximal subgroup of G.

We have shown that if M is any non-trivial maximal subgroup of G then M = Ng(K) for a

subgroup K < PSL,(q) that satisfies |K| < |Ha|. Hence |G : Ng(H2)| = |PSL,(q) : Ha| <

|PSL,(q) : K| = |G : M|, by Lemma 2.3.17. Therefore m(G) = |G : Ng(H2)| = |PSL,.(q) : Hal.
O

5.3.2 Sizes of non-trivial maximal subgroups of almost simple groups with
socle PSL,(q) for n <6

Here we aim to calculate the largest maximal subgroups for almost simple groups G with socle
PSL,(¢q) where n < 6. We aim to do this by considering each dimension separately, and heavy
use of the tables from [6, Chapter 8|.

Proposition 5.3.11. Let n = 2, q be a prime power, and let G be an almost simple group
satisfying PSL,(q) < G < PT'L,(q). The following all hold.

e Ifq=>5 then m(G) = m(PSLa(5)) = |PSLa(5) : H|, where H is of Cs type.

o Ifq="7 and G = PSLy(7) then m(G) = |PSLa(7) : H|, where H is of Cs type, where H is
isomorphic to Sy.

o Ifq =T and G = PSLy(7).(0) then m(G) = |PSLa(7) : H|, where H is of P; type.

e Ifq=9 and G < PSLy(9).(¢) then m(G) = m(PSL2(9)) = |PSL2(9) : H|, where H is not
of geometric type and H is the image of a subgroup of SLa(9) with shape 2°'As.

e I[fqg=9 and G ﬁ PSL2(9).(¢) then m(G) = |PSLa(9) : H|, where H is of Py type.
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e If g =11 and G = PSLy(11) then m(G) = |PSLy(11) : H|, where H is not of geometric
type and H is the image of a subgroup of SLa(11) with shape 2°As.

e Ifq=11 and G = PSLy(11).(0) then m(G) = |PSL2(11) : H|, where H is of P; type.
e otherwise m(G) = m(PSLa(q)) = |PSLa(q) : H|, where H is of Py type.

Proof. Let us first note that by Lemma 5.1.32 that Out(PSLa(g)) = (4, @). For the cases where
q = 5,7,9,11 this is a direct calculation, either from reading the subgroups off Table 4.3, or
calculating in MAGMA the subgroups with the largest order.

Theorem 2.2.7 and Table [6, Table 8.1| show us that for the cases where ¢ # 5,7,9,11 and
G = PSLy(q), a largest maximal subgroup is in fact of P; type; let us call this subgroup H.
The stabilizer of the PSLa(g)-conjugacy class of H, when acted upon by Out(PSLs(q)) is in fact
($,8) = Out(PSLy(q)). Therefore we have Ng(H)PSLy(¢) = G. By Lemma 2.3.18 we have that
m(G) = m(PSLa(q)). O

Before we tackle 3 < n < 6 separately we derive the following general lemma.

Lemma 5.3.12. Let n > 3, q be a prime power and (n,q) # (4,2). Let furthermore G satisfy
PSL,(q) < G < PSL,(q).(0,$) = PT'Ly,(q). Then m(G) = m(PSL,(q)) = |PSLy(q) : H|, where
H is a P; type subgroup.

Proof. The index of H in PSL,(q) is q;%ll and so by Theorem 2.2.7 we have |PSL,(q) : H| =
m(PSL,(¢)). By Lemma 5.3.1 we have that Ng(H)PSL,(¢) = G. By Lemma 2.3.18 we get the
required result. ]

From here on we tackle the remaining cases for G with 3 < n < 6.

Proposition 5.3.13. Let n = 3, q be a prime power and let G be almost simple with socle
PSLy(q).

e Ifq=3 and G = PSL3(3).(§) then m(G) = |PSL3(3) : H|, where H is a Py 2 type subgroup.

e If ¢ =4 and G = PSL,(q).T, where T lies in a Out(PSL3(4))-conjugate of (¥y,$) and T
does not lie in (3, @), then m(G) = |PSL3(4) : H|, where H is non geometric, and H is the
image of a subgroup of SL3(4) with shape 3'Ag.

e Ifq=4 and G = PSL3(4).T, where T does not lie in any Out(PSLs(4))-conjugate of (¥, )

and T does not lie in (5, ¢), then m(G) = |PSL3(4) : H|, where H is a Py o type subgroup.

e if ¢ > 5 and G £ PSL3(q).(3,¢) then m(G) = |PSLs(q) : H|, where H is a Pyo type

subgroup.

Proof. Let us first note, by Lemma 5.1.32 that that Out(PSL3(q)) = (4, ¢,4). For the smaller
cases ¢ = 3 and ¢ = 4 we appeal to Table 4.4, which provides us with a comprehensive list of the
maximal subgroups of G.

Let H be a P; 5 subgroup of PSL3(q) and let G £ PSL3(q).(3, ). Let d = (¢g—1,3) = | Z(SL3(q))|

so that d|H| = ¢*(q — 1)%. Note that the stabilizer of the conjugacy class of H in PSL3(q) is the
whole of Out(PSL3(q)).
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Let M be a non-trivial maximal subgroup of G and let K’ = M NPSL3(q). By Lemmas 2.3.6 and
2.3.7 we have that K # PSL3(q), and Ng(K) = M, and Ng(K)PSL3(q) = G. The possibilities
for K are found in the rows of Table 4.4 for which the stabilizer listed is not contained in (8, @).
One may show that |H| > |K].

There are two cases where this inequality is not necessarily obvious, so we elaborate upon this
inequalities for when K is the image of a subgroup of SL,,(q) with shape SLg(CIO).(%, 3) where
q = ¢4 and r is prime and K is the image of a subgroup of SL,,(¢) with shape (go — 1, 3) x SU3(qo)
where ¢ = qfy.

Neither of these cases occur when ¢ = 5 or 7, so we may assume that ¢ > 8. We notice that

q—1 a, <
SLs(0)- (7 —73)1 < 3¢5(q5 — 1)(a5 — 1)

< 3q3/2q3/2q = 3¢ since qp < q1/2
<@ (g—1)*=d|H| since ¢ > 8.

We also notice that

|(q0 — 1,3) x SUs(qo)| < 3q5(g5 — 1)(a5 +1)
< 6¢*%qq** = 64" since go < ¢'/*
< ¢@(g—1)*=dH]| since ¢ > 8.

We have shown that if M is any non-trivial maximal subgroup of G then M = Ng(K) for
a subgroup K < PSL3(q) that satisfies |K| < |H|. Hence |G : Ng(H)| = |PSL3(q) : H| <
|PSL3(q) : K| = |G : M|, by Lemma 2.3.17. Therefore m(G) = |G : Ng(H)| = |PSL3(q) : H|.

O

Proposition 5.3.14. Let n = 4, q be a prime power, and let G be almost simple with socle
PSLy(q).

o If g =2 and G = PSL4(2).(y) then m(G) = |PSL4(2) : H|, where H is of non-geometric
type and H is the image of a subgroup of SL4(2) isomorphic to Az.

e If g =3 and G = PSL4(3).(§) then m(G) = |PSL4(3) : H|, where H is a Sp,(3) type
subgroup.

e If ¢ =3 and G £ PSL4(3).(0) and G £ PSL4(3).(3), then m(G) = |PSL4(3) : H|, where H
18 Py type subgroup.

o Ifq>4and G £ PSLy(q).(6,¢) then m(G) = |PSL4(q) : H|, where H is a P» type subgroup.

Proof. The smaller cases ¢ = 2 and 3 are covered by appealing to Table 4.5 which provides us
with a comprehensive list of the maximal subgroups of G. Recall that for this table ¢ is the
number of conjugacy classes of groups of a given type.

Now let ¢ > 4, let H be a P, subgroup of PSL4(q) and let G £ PSL4(q).<5, gb) Let d =
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(g —1,4) = | Z(SL4(q))| so that d|H| = ¢5(¢®> — 1)?(q — 1). Note that the stabilizer of the conju-
gacy class of H in PSL4(q) is the whole of Out(PSL4(q)).

Let M be a non-trivial maximal subgroup of G and let K = M NPSL4(g). By Lemmas 2.3.6 and
2.3.7 we have that K # PSL4(q), and Ng(K) = M, and Ng(K)PSL4(q) = G. The possibilities
for K are found in the rows of Table 4.5 for which the stabilizer listed is not contained in (8, @).
One may show that |H| > | K| for such K.

Let us see this in more detail. If K is a P; 3 subgroup then
dIK| =¢°(¢" = 1) (g —1)(¢—1) < d|H]|.

Furthermore Lemma 5.3.4 now covers the case for where K is a GL; & GL3 subgroup.

If K is a Cy subgroup then we have two possibilities. If K stabilises a decomposition into four
1-spaces then

dEK|=4q¢—1)° <¢®(¢ -1’ < ¢®(¢* = 1)*(¢ - 1) = d|H]|.
If K stabilises a decomposition into two 2-spaces then
d|K| = 2[SLa(q)|*(q — 1) = 2(¢> — 1)%¢°(¢ — 1) < d|H|.
If K is a C3 subgroup then
d|K| = 2[SLa(¢*)(g + 1) = 2¢°(¢" — 1)(g+1) <2¢°(¢ + 1) < d|H|.
If K is a C5 subgroup then

d|K| < 4SLy(q0) = 440 (a5 — 1) (a5 — 1) (g5 — 1)
< 4SLa(qo) = 4¢*(¢ — D(¢"° = 1)(¢* — 1) as ¢'/% > qo
<¢®(q> = 1)*(g—1) = d|H]|.

If K is a Cg subgroup then ¢ > 5 and so
dIK| =2x2°x 720 < ¢°(¢* —1)*(¢ — 1) = d|H]|.
If K is a SO (q) type subgroup then ¢ > 3, and we have

d|K| <1805 (9)-[(¢ = L, <8¢*(¢* + 1)(¢* — 1)
=8¢%(q+1)(* +1)(¢— 1) < (¢ +1)(¢ — 1) < d|H| since q > 3.

If K is a Sp,,(¢q) type subgroup then

d| K| = |Sp4(q)]-(q — 1,2) < 2(¢"* — 1)g*(¢* — 1)
< (@* - 1)(qg—1g*(¢* — 1) = d|H| since g > 4.

Finally if K is a SU,,(qo) type subgroup then, where ¢ = qg > 4, we have

d| K| = [SUs(qo)|.(q0 — 1,4) < 4gS(q5 — 1)(g5 + 1)(g§ — 1)
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=4¢* (> - 1)(¢** +1)(¢ - 1)
<8¢ < ¢(¢* —1)*(¢ — 1) = d|H]|.

Finally, if K is a non-geometric maximal subgroup then by Table 4.5 we have
dlH| = ¢%(¢® —1)%(q — 1) > 45(4% — 1)*(4 — 1) = 2764800 > d|K]|.

We have shown that if M is any non-trivial maximal subgroup of G then M = Ng(K) for
a subgroup K < PSL4(q) that satisfies |K| < |H|. Hence |G : Ng(H)| = |PSL4(q) : H| <
|PSL4(q) : K| = |G : M|, by Lemma 2.3.17. Therefore m(G) = |G : Ng(H)| = |PSLa(q) : H|.

O

Proposition 5.3.15. Let n = 5, ¢ be a prime power, and let G be almost simple wilth socle
PSLs(q). If ¢ > 2 and G £ PI'Ls(q) then m(G) = |PSLs(q) : H|, where H is a Py 4 type
subgroup.

Proof. Let H be a Py 4 subgroup of PSLs(q) and let G £ PSLs(q).(0,¢). Let d = (¢ — 1,5) =
|Z(SLs(q))| so that d|H| = q¢"(¢g—1)|GL3(q)| = ¢'°(¢®>—1)(¢> —1)(¢—1)2. Note that the stabilizer
of the conjugacy class of H in PSL5(q) is the whole of Out(PSL5(q)).

Let M be a non-trivial maximal subgroup of G and let K’ = M NPSL;5(q). By Lemmas 2.3.6 and
2.3.7 we have that K # PSLs(q), and Ng(K) = M, and Ng(K)PSLs(q) = G. The possibilities
for K are found in the rows of Table 4.6 for which the stabilizer listed is not contained in (8, @).
One may show that |H| > |K]| for such K.

Let us see this in more detail: Lemma 5.3.6 shows that when K is Py, ,—m type for m # 1
then |K| < |H|. Furthermore Lemmas 5.3.3 and 5.3.4 cover the cases where K is GL,(q) ®
GL,,—m(q) type subgroup for m = 1,2. Finally we note that if K is a P, type subgroup then
Ng(K)PSLs(q) = G by Lemma 5.3.1.

If K is a C subgroup then
dIK|=5(g - 1) < ¢"(¢ - 1)* <¢"(¢" - )(¢* - 1)(¢ - 1)* = d|H|.
If K is a C3 subgroup then
dK| = 5‘1;__11 < ¢® < d|H]|.
Lemma 3.2.4 covers the cases where K is a C5 subgroup.

If K is a Cg subgroup we note that
d|K| = 15000 < 21504 = (23 — 1)(22 — 1)(2 — 1)?2%° < 4|H|.

If K is a Cg subgroup we have two possibilities, if K is the image of a subgroup of SL5(¢q) with
shape d x SO5(q) then

d|K| < 5[S05(q)| = 5¢*(¢* — 1)(¢* — 1) < 5¢'° < d|H]|.
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If if K is the image of a subgroup of SLs(g) with shape (g0 — 1,5) x SU;(go) where g3 = g, then

d|K| < 5|SUs(q0)| = 5¢ H

=5(¢*%+ 1)¢°(q — 1)((12 —1)(¢"? +1)
<2632 (¢ — 1)(¢* - D)(¢* — 1)
<¢’(g—1)(¢* —1)(¢* — 1) < d|H]|.

In the case where K is non-geometric we refer to Table 4.6. Please note that the subgroup of
form d x PSU4(2) does not occur until ¢ > 7.

We have shown that if M is any non-trivial maximal subgroup of G then M = Ng(K) for a sub-
group K < PSLs(q) that satisfies |K| < |H|. Hence |G : Ng(H)| = |PSLs(q) : H| < |PSL5(q) :
K| =|G: M|, by Lemma 2.3.17. Therefore m(G) = |G : N¢(H)| = |PSLs(q) : H|. O

Proposition 5.3.16. Let n = 6, ¢ be a prime power, and let G be almost simple with socle
PSLe¢(q). If ¢ > 2 and G £ PT'Lg(q) then m(G) = |H : PSL¢(q)| where H is Ps type subgroup.

Proof. Let H be a P3 subgroup of PSLg(q) and let G £ PSLs(q).(0,). Let d = (¢ —1,6) =
|Z(SLe(q))| so that d|H| = (¢ — 1)¢°|SL3(q)|? = (¢ — 1)¢**(¢® — 1)?(¢> — 1), as can be seen in
Table |6, Table 8.24 & 8.25]. Note that the stabilizer of the conjugacy class of H in PSLg(q) is
the whole of Out(PSLg(q)).

Let M be a non-trivial maximal subgroup of G and let K’ = M NPSLg(q). By Lemmas 2.3.6 and
2.3.7 we have that K # PSLg(q), and Ng(K) = M, and Ng(K)PSLg(q) = G. The possibilities
for K are found in the rows of |6, Tables 8.24 & 8.25| for which the stabilizer listed is not con-
tained in (4, ¢). One may show that |H| > | K| for such K.

Let us expand on this statement further: if K is a P 5 subgroup then
@ - -1~ @D -1)=¢"-¢" —¢ +q=(¢*-1alg—1) >0 forg>2.
Therefore (¢ —1)(¢®> — 1) > (¢ — 1)(¢* — 1). From Theorem 3.2.1 we have
d|K| = (¢ = 1)*¢’|SLa(a)| = (¢ — 1)*¢"(¢* = D(¢* = 1)(¢* — 1)
<(q-1)q"(¢’ = 1)*(¢* — 1)* = d|H]|.

Consequently, if K is a Py 4 type subgroup then |H| > |K| by Lemma 5.3.6. Furthermore Lem-
mas 5.3.3 and 5.3.4 cover the cases where K is GL,,(q) ® GLy,—,(q) type subgroup for m = 1,2.
Finally we note that if K is a P, type subgroup for m # 3 then Ng(K)PSLg¢(¢) = G by Lemma
5.3.1.

By Lemma 3.2.4 if K is a C; subgroup where i = 3,4,5,7,8 then we have |H| > |K|. Lemma
5.3.8 in turn covers the case where K is a non-geometric subgroup.

If K is a Cy subgroup that stabilizes a decomposition of six 1-spaces, then

K| =6(q—1)° < ¢"°(q—1)° < d|H|.
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If K is a Cy subgroup that stabilizes a decomposition of three 2-spaces, then
d|K| = 6[SL2(q)]*(a — 1)* = 64°(¢* = 1)°(¢ — 1)* < ¢"°(¢* = 1)°(¢ — 1)* < d|H]|.
If K is a Co subgroup that stabilizes a decomposition of two 3-spaces, then
d|K| = 2|SL3(q)](q — 1) = 2¢°(¢° = 1)(¢* = 1)(¢ — 1) < ¢"°(¢’ = 1)(¢” — 1)(¢ — 1) < d|H].

We have shown that if M is any non-trivial maximal subgroup of G then M = Ng(K) for
a subgroup K < PSLg(q) that satisfies |K| < |H|. Hence |G : Ng(H)| = |PSLs(q) : H| <
|PSL6(q) : K| = |G : M|, by Lemma 2.3.17. Therefore m(G) = |G : Nq(H)| = |PSL¢(q) : H|.

O

Combining the above Propositions 5.3.11, 5.3.12, 5.3.13, 5.3.14, 5.3.15 and 5.3.16 we prove the
case where n < 6 and S = PSL,(q) for Theorem 5.2.1. Lemma 5.3.10 covers the case where
n > 7 and S = PSL,(q) for Theorem 5.2.1. This completes the proof for Theorem 5.2.1 where
S = PSL,(q).

5.4 Orders of non-trivial maximal subgroups of almost simple
groups with socle PSp, (¢) or PSU,(q)

This section’s aim is to provide the proof for Theorem 5.2.1 for the cases where our simple group
has socle PSp,,(¢) or PSU,(q).

Lemma 5.4.1. Let n > 6 be even, ¢ > 3 be a prime power, and let G have socle PSp,,(q). Then
m(G) = m(PSp,,(¢)) = |PSp,,(q) : H| where H is a Py subgroup of PSp,,(q).

Proof. Let H be a P; subgroup of PSp,,(¢). The index of this subgroup is

1Sp,,(q)]
7" (g —1)Sp,_2(9)|

(n/2)2 TTV2 (42 — 1
- q Hli (g . /2_1) : by Theorem 2.5.29
¢" g = 1)g" P LG (¢ = 1)

(TL/2)2 n __ 1 n __ 1

|PSp,,(q) : H| = by Theorem 3.3.1

Recall the definition of ¢ introduced in the proof of Lemma 5.1.35. [26, Prop. 4.1.19] states that
the number ¢ of PSp,,(¢)-conjugacy classes that lie in the Aut(PSp,,(¢))-conjugacy class of H is
1. So Out(PSp,,(q)) fixes the PSp,,(¢)-conjugacy class of H, and so by Lemma 2.3.8 we know
that Ng(H)PSp,,(¢) = G. Therefore by Lemma 2.3.18 we have that m(G) = m(PSp,,(¢)).

O

Lemma 5.4.2. Let n > 6, ¢ = 2 and let G have socle PSp,,(2). Then m(G) = m(PSp,(2)) =
|PSp,,(2) : H|, where H is a GO,, (2) type subgroup of PSp,(2).
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Proof. Let H be a GO,, (2) type subgroup of PSp,,(2). The index of this subgroup is

Sp,(2)]
|PSp,,(2) : H| = =2~ by Theorem 3.3.1
GO, (2)]
(n/2)% T7/2(92i _

= 2 I1i5:(2 /21_)1 : by Theorem 2.5.29

% 2n(nf2)/4(2n/2 + 1) H?:l (22z _ 1)
2(n/2)* (gn _ 1)

= 2n2/47n/2+1(2n/2 +1)
2n/271(2n _ 1)

_ -~ 0 7 — 271/2—1 2n/2 _ 1

= m(PSp,,(2)) by Theorem 2.2.7.

[26, Prop. 4.8.6] states that the number ¢ of PSp,,(2)-conjugacy classes that lie in the Aut(PSp,,(2))-
conjugacy class of H is 1. Therefore Out(PSp,,(2)) fixes the PSp,,(2)-conjugacy class of H, and
so by Lemma 2.3.8 we know that Ng(H)PSp,(2) = G. So, by Lemma 2.3.18 we have that
m(G) = m(PSp, (2)).

O

Lemma 5.4.3. Let n =4, ¢ > 4 be a prime power, and let G have socle PSp,(q).

o Ifqis odd, or q is even with G < PSp,(q).(¢), then m(G) = m(PSp4(q)) = |PSp4(q) : H|
where H is P type subgroup.

e Otherwise m(G) = |PSps(q) : H| = %, where H is a Ay type subgroup as found in
[6, Table 8.14].

Proof. First, let us note, by Lemma 5.1.32, that if ¢ is odd then Out(PSpy(q)) = ($,6). If q is
even then Out(PSp4(q)) = (¢,7%).

We make reference to [6, Tables 8.12-8.14|. Let H; be a P; subgroup of PSp,(¢q). Here fol-
lowing the calculations in Lemma 5.4.1

[PSpa(g)] _ ¢" -1
|H| q-—1

= m(PSpy(q))-

Let G = PSpy(q).T where T lies in the Out(PSp,(q))-stabilizer of Clpg, ()(H1). In the case
where ¢ is odd then the stabilizer is the whole of Out(PSp,(g)), in the case where ¢ is even the
stabilizer is (¢). By Lemma 2.3.8 we have Ng(H;)PSp,(q) = G. Note that in both cases the
stabilizer is a normal subgroup of Out(PSp,(q)). Therefore by Lemma 2.3.18 m(G) = (PSp4(q)).

Now suppose that G = PSp,(q).T where T in the stabilizer of the PSp,(q)-conjugacy class
of H;. Note that this only occurs if ¢ is even. Let Hy be a A; subgroup of PSU3(5) as in [6,
Table 8.14]. Here (§) = Out(PSp,(q)) stabilizes the PSp,(¢)-conjugacy class of Ha, and so by
Lemma 2.3.8 we know that Ng(H2)PSps(q) = G.

Let M be a non-trivial maximal subgroup of G and let K = M N PSp,(¢). By Lemmas 2.3.6
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and 2.3.7 we have that K # PSp,(q), and Ng(K) = M, and Ng(K)PSp,(¢) = G. The possi-
bilities for K are found in the rows of |6, Table 8.14| for which the stabilizer listed does not lie

in the stabilizer of the PSp,(q) conjugacy class of Hy, in other words not contained in (¢). The
only subgroups from [6, Table 8.14| that satisfy this conditions are those where K is A; type for
1 <4 < 5. We compare the orders of K, for K not conjugate to Ha, with the order of Ho.

If K is a subgroup of As type, then
K| =8(¢+1)* < (¢ = 1)*¢" = |H]|, since q > 4.
If K is a subgroup of As type, then
K| =4(¢* +1) < (¢—1)%¢" = |H], since ¢ > 4.
If K is a subgroup of Ay type, then
K|=|S =gt — (@ -1 <P -1)(g—1) < |H i > ¢
[K| = 1Sp4(q0)l = qo(q0 — 1)(g5 —1) < ¢°(¢" = 1)(¢ — 1) < [H] since ¢ > ¢p.
If K is a subgroup of As type, then
K| =1S2(g)| = ¢*(¢* + (g — 1) = ¢"(¢ = 1)* = |H] since ¢ > 4.
Note that the order of Sz(q) may be found in the ATLAS [9].
We have shown that if M is any non-trivial maximal subgroup of G then M = Ng(K) for a
subgroup K < PSp,(q) that satisfies |K| < |Hz|. Hence |G : Ng(H2)| = |PSps(q) : Ha| <

|PSp4(q) : K| = |G : M|, by Lemma 2.3.17. Therefore m(G) = |G : Ng(H2)| = |PSp4(q) : Ha|.
U

Lemma 5.4.4. Let n =4, ¢ = 3, and let G have socle PSp,(3). Then m(G) = m(PSpy,(3)) =
|PSp4(3) : H|, where H is a Cg subgroup of PSp,(3).

Proof. First let us note, by Lemma 5.1.32, that in general Out(PSp,,(q)) = (¢,6). However since
g = 3, we have that Out(PSp,(3)) = (9).

Let H be a Cg subgroup of PSp,(3). With reference to [6, Tables 8.12|, one may show that
|PSp,(3) : H| = 27, which by Theorem 2.2.7 equals m(G). Furthermore the stabilizer of
the PSp,(3)-conjugacy class of H is Out(PSp,(3)). Therefore by Lemma 2.3.8 we get that
Ng(H)PSpy(3) = G. The result now follows from Lemma 2.3.18. O

Lemma 5.4.5. Let n > 6 be even, ¢ = 2, and let G have socle PSU,(2). Then m(G) =
m(PSU,(2)) = |PSU,(2) : H|, where H is a GU1(2) L GU,,—1(2) type subgroup of PSU,(2).

Proof. Let H be a GU;(2) L GU,_1(2) type subgroup of PSU,,(2). The index of this subgroup
is

SUn(2)]
PSU,(2): H| = —— by Theorem 3.4.1
P 160,0)

2D [T (21— (<1)Y)

T o D22 [P (2 — (—1)))

by Theorem 2.5.29
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2(n)(n—1)/2(2n _ 1n)
T 20D (n-2)/2(3)
_anmian — 1)
=—a
[26, Prop. 4.1.4] states that the number ¢ of PSU,,(2)-conjugacy classes that lie in the Aut(PSU,,(2))-
conjugacy class of H is 1. In other words, Out(PSU,(2)) fixes the PSU, (2)-conjugacy class of
H, and so by Lemma 2.3.8 we know that Ng(H)PSU,(2) = G. Therefore by Lemma 2.3.18 we
have that m(G) = m(PSU,(2)).

= m(PSU,(2)) by Theorem 2.2.7.

O

Lemma 5.4.6. Let n > 5, q be a prime power, (n,q) # (2m,2), and let Ghave socle PSU,(q).
Then m(G) = m(PSU,(q)) = |PSU,(q) : H|, where H is a Py type subgroup of PSU,(q).

Proof. Let H be a P; subgroup of PSU,,(¢). The index of this subgroup is

1SUn(q)|
PSU,(q): H| = - by Theorem 3.4.1
PEUna) 11 = s, (@ = D Y

(n)(n—=1)/2 TT™ —(=1)¢

a [imo(d” = (=1)") by Theorem 2.5.29

(e~ DI (¢ (1))

R () — (1))
q2n73 (q2 _ 1)q(n72)n73)/2

— ("' - (_t;z__l)l()qn —(=1)") =m(PSU,(q)) by Theorem 2.2.7.

[26, Prop. 4.1.19] states that the number ¢ of PSU,, (¢)-conjugacy classes that lie in the Aut(PSU,(q))-
conjugacy class of H is 1. Thus Out(PSU,(q)) fixes the PSU, (¢q)-conjugacy class of H, and so
by Lemma 2.3.8 we know that Ng(H)PSU,(q) = G. Therefore by Lemma 2.3.18 we have that
m(G) = m(PSU,(q)). O

Lemma 5.4.7. Let n =4, q be a prime power, (n,q) # (2m,2), and let G have socle PSUy(q).
Then m(G) = m(PSUy(q)) = |PSU4(q) : H|, where H is a Py type subgroup of PSU4(q).

Proof. First let us note, by Lemma 5.1.32, that Out(PSUy(q)) = (¢,0).

Let H be a P5 subgroup of PSU4(gq). The index of this subgroup is

[SU4(q)|
PSUy4(q) : H| = by |6, Table 8.10
PV = s Lol - 1) ! |
6(,4 _ 3 2 _
_ el — D@+ 1)g"—1) by Theorem 2.5.29

¢'¢*(¢* = 1)(g—1)
(@ +1)(*=1)
(@=1)
=(@+1)(g+1)=q¢"+¢*+q+1=m(PSUsq)) by Theorem 2.2.7.

By [6, Table 8.10] we know that the stabilizer of the PSUy(q)-conjugacy class of H is (9, @) =
Out(PSU,(q)). Consequently all outer automorphisms fix the PSUy4(q)-conjugacy class of and
by Lemma 2.3.8 we have that Ng(H)PSU4(q) = G. Therefore by Lemma 2.3.18 we have our
result. O
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Lemma 5.4.8. Let n = 3, ¢ # 2,5 be a prime power, and let G have socle PSUs(q). Then
m(G) = m(PSUs(q)) = |PSUs(q) : H|, where H is a Py type subgroup of PSU,(q).

Proof. First let us note, by Lemma 5.1.32, that Out(PSU,(q)) = (4, ¢).

Let H be a P; subgroup of PSU3(q). The index of this subgroup is the number of singular
1-spaces, i.e

IPSUs(q) : H| = (¢* + 1) = m(PSUs(q)) by Theorem 2.2.7.

By [6, Table 8.5] we know that the stabilizer of the PSU,(q)-conjugacy class of H is (4, ).
Consequently all outer automorphisms fix the PSU3(g)-conjugacy class of H and so by Lemma
2.3.8 we have that Ng(H)PSU;3(q) = G. Therefore by Lemma 2.3.18 we have our result. O

Lemma 5.4.9. Let n =3, ¢ = 5, and let G have socle PSU3(5).

o If G = PSU3(5).T where T lies in some Out(PSUs(5))-conjugate of (¢). Then m(G) =
m(PSU3(5)) = |PSU3(5) : H|, where H is the image of a subgroup of SU3(5) with shape
3A7.

o Otherwise m(G) = |PSUs(5) : H| = 126 where H is a P; type subgroup of PSU3(5).

Proof. First let us note, by Lemma 5.1.32, that Out(PSU3(5)) = (0, ¢). We also note that ¥ = é
here.

We appeal to [6, Table 8.5 & 8.6]. Let H; < PSU3(5) be the image of a subgroup of SU3(5)
isomorphic to 3'A7. One may show that |PSUs(5) : H1| = m(PSUj3(5)), where m(PSU3(5)) can
be found in Table 2.2.7.

Let G = PSU3(5).T where T lies in a conjugate of the Out(PSUz(5))-stabilizer of Clpgy,s)(H1)-

We note that here the stabilizer is (§) = (¢). Therefore, T also fixes the PSU3(5)-conjugacy
class of a Aut(PSU3(5))-conjugate of Hy, let us call this conjugate Hy. By Lemma 2.3.8 we have
Ng(Hr)PSU3(5) = G. Therefore by Lemma 2.3.18 m(G) = (PSU3(5)).

Now suppose that G = PSU3(5).T where T is not contained in any Out(PSUjs(5))-conjugate
of the stabilizer of the PSU3(5)-conjugacy class of H;. Let Ha be a Py subgroup of PSU3(5). [6,
Table 8.50] shows that the whole of Out(PSUs3(5)) stabilizes the PSUs(5)-conjugacy class of Hy,
and so by Lemma 2.3.8 we know that Ng(H2)PSU3(5) = G.

Let M be a non-trivial maximal subgroup of G and let K = M NPSU;3(5). By Lemmas 2.3.6 and
2.3.7 we have that K # PSU;3(5), and Ng(K) = M, and Ng(K)PSU3(5) = G. The possibilities
for K are found in the rows of [6, Table 8.5 & 8.6] for which the stabilizer listed does not lie in
any Out(PSUs(5))-conjugate of the stabilizer of the PSU3(5) conjugacy class of Hi. One may
show that |K| < |Hy| for these cases.

We have shown that if M is any non-trivial maximal subgroup of G then M = Ng(K) for a

subgroup K < PSUjz(5) that satisfies |K| < |Ha|. Hence |G : Ng(H2)| = |[PSU3(5) : Ha| <

|PSU3(5) : K| = |G : M|, by Lemma 2.3.17. Therefore m(G) = |G : Nq(Hz2)| = |PSU3(5) : Ha|.
O
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We conclude our proof of Theorem 5.2.1 for S = PSp,,(¢) or PSU,(¢q). Lemmas 5.4.1-5.4.4 show
that if PSp,,(¢) < G < Aut(PSp,,(¢)) then m(G) = m(PSp,,(¢)) except when (as shown in Lemma
5.4.3) n =4, ¢ >4 is an even prime power and G £ PSp, (¢).(¢) where m(G) = %.
Lemmas 5.4.1-5.4.4 show that if PSp,,(¢) < G < Aut(PSp,,(¢)) then m(G) = m(PSp,,(q)) except
when n = 3, ¢ = 5 is an even prime power and G £ PSp,,(¢).(¢). In this case m(G) = 126, as
shown in Lemma 5.4.9.

Meanwhile Lemmas 5.4.5-5.4.9 show that if PSU,(¢) < G < Aut(PSU,(q)) then m(G) =
m(PSU,(q)) except in the case where n = 3, and ¢ = 5 and G = PSU,(q).T" where T is
not contained in any Out(PSU,(q))-conjugates of (¢).

5.5 Orders of non-trivial maximal subgroups of almost simple
groups with socle PQ¢ (q)

This section aims to provide the proof for Theorem 5.2.1 for the cases where our simple group
has socle PQ¢ (q). We attack these cases by considering different n and ¢ in addition to the type
of orthogonal group. Here once more the small cases in particular make heavy reference to [6,
Chapter 8]. In particular, due to P, (¢q) being a more involved case, we present information
from [6] about its geometric subgroups.

Theorem 5.5.1. Let n > 6 be even, let q be a prime power and let G = Q. (q). Furthermore, let
M be a non-trivial mazimal subgroup of G. Then either M is a geometric subgroup, and is one
of the types given in Table 5.11 or M lies in S. Furthermore if M is found in Table 5.11 then
the structure of M can be found in Tables 5.12 and 5.13.

Proof. The theorem is a sub-case of |6, Theorem 2.2.19]. We obtain the data for Tables 5.11,
5.12 and 5.13 from [6, Tables 2.2-2.11], which present some conditions for the existence of and
the shapes of the geometric subgroups of G. O

Please note, that for clarity, that not all of the subgroups in Table 5.11 are necessarily maximal.
For a complete list of necessary and sufficient conditions, we point the reader to |6, Section 2.2]
and [26, MAIN THEOREM].

We also present some information as to the structure of C; subgroups of Qf(¢q), since we will
often make reference to them.

Lemma 5.5.2 (|26, Propositions 4.1.6, 4.1.7 & 4.1.20], [6, Theorem 2.2.19]). If G = Q¢,(q) then:

e a Py type subgroup has the shape [q%] : (GLy(q) x Q_5:(q)) if q even.

a Py type subgroup has the shape [q%] : $GLy(q) if k = |n/2], q odd.

a Py type subgroup has the shape [q%] : (3GLy(q) x Q5_5,.(q)).2 otherwise.

a GO} (q) L GO (q) type subgroup has the shape. (4! (q) x ;7(q)).2 if k =1 or q even.

a GO (q) L GO32(q) type subgroup has the shape (25! (q) x Q52(q)).2% otherwise.
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If G = QF(q) then:
e a Sp,,_o(q) type subgroup has the shape Sp,,_5(q) if q even.
Where d = k(n — 23%). ¢; and € are defined in [6, Table 2.2].

Lemma 5.5.3. Let n > 7 odd, ¢ > 5 be an odd prime power, and let G have socle PQ,(q). Then
m(G) = m(PQ,(q)) = |[PQn(q) : H|, where H is a Py type subgroup of PQy,(q).

Proof. Let H be a P; subgroup of PQ,(q). The index of this subgroup is the number of singular
1-spaces, in other words

nfl_l

[PQ(q) : H| = qil = m(PQ,(q)) by Theorem 2.2.7.
q —

Recall the definition of ¢ introduced in the proof of Lemma 5.1.35. [26, Prop. 4.1.20] states that
the number ¢ of PQ,(q)-conjugacy classes that lie in the Aut(P,(q))-conjugacy class of H is
1. Out(PQ,(q)) fixes the PQ,(¢q)-conjugacy class of H, and so by Lemma 2.3.8 we know that
Na(H)PQ,(q) = G. Therefore by Lemma 2.3.18 we have that m(G) = m(PQ,(q)).

0

Lemma 5.5.4. Let n > 7 odd, g = 3, and let G have socle P, (3). Then m(G) = m(PQ,(3)) =
|PQy,(q) - H|, where H is a GO, _(3) L GO1(3) type subgroup of PQ,(3).

Proof. Let H be a GO,,_,(q) L GO1(q) type subgroup of P$,,(3). The index of this subgroup is

26| 12.0)
21, 3 B)]  2Q,_,3)]
2 n— .
_ EA | R R by Theorem 2.5.29
2 x 3(n=D)(n=3)/4(3(n-1)/2 4 1) HEZI?’W(?W ~1)
3(n—1)2/4(3n—1 _ 1)
2 % 3(n—1)(n—3)/4(3(n—1)/2 +1)
3(n—1)/2(3(n—1)/2 _ 1)

= 5 = m(PQ,(3)) by Theorem 2.2.7.

IPQ,(3) : H| = by [6, Table 8.10]

|26, Prop. 4.1.6] states that the number ¢ of P, (3)-conjugacy classes that lie in the Aut(PQ,(3))-
conjugacy class of H is 1. Therefore Out(P$,(3)) fixes the PQ,(3)-conjugacy class of H, and
so by Lemma 2.3.8 we know that Ng(H)PQ,(3) = G. Therefore by Lemma 2.3.18 we have that
m(G) = m(PQ,(3)). O

Lemma 5.5.5. Let n > 10 even, ¢ > 4 be a prime power, and let G have socle PQt(q). Then
m(G) = m(PQt (q)) = |PQt(q) : H|, where H is a Py type subgroup of PQ(q).

Proof. Let H be a P; subgroup of PQ;F'(g). The index of this subgroup is

POy (q) : 1] = ——, O] by Theorem 5.5.1
q"2(q — 1), _(q)]
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Table 5.11: Conditions for geometric subgroups of ;' (q)

Class Subgroup Type Conditions
Ci Py, m<mn/2
C1 GOs,(¢q) L GOS,_,.,.(q) 1<m<n/2;
g even = m even
C1 Spr—2(q) q even
Cy GO1(p) 1S q=p>2;
n %2 mod 4 or ¢ %3 mod 4
Co GOl (g) 1S, mt =n,m > 1; meven = ¢ =1,
m odd with t even = (—1)(¢=n/4 =1
Co GLn/Q(q).2
Ca GO, 5(q)? (—1)@t/2 = 1, g odd
Cs GO (q%) s prime, m > 3,m =n/s
Cs GU,/2(q) n=0 mod4, s =2
Cs GOy, 5(q q?) qn/2 odd, s =2
Cy Spy, (9) @ Spy, (q) n1 < /n,n = ning
Cy GO, (9) ® GO, (q) q odd, ny >3, ny > 4,n =ning
Cy GOy, (¢) ® GOy, (q) ni,ng > 4,
n; even, n = ning, q odd,
ny < +/n
Cs GO, (q0) g = qg, v prime
Cs GOy, (a0) 4=
Cs 2}r+2m.Q3'm(2) n =7r" r prime, ¢ = +1 mod 8 or
g ==+3 mod 8
Cr SPm(q) 1 S¢ n =mt qt even, (m,q) # (2,2),(2,3)
Cr GOy, (q) 1S n=m! qodd, e=+ = m > 6,

e=— —= m2>4
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Table 5.12: Geometric subgroups of Q7 (q)

Class Subgroup Type Structure
G Py, q even [¢™" 2] - (GLim(q) x Q. (q))
¢ Py, q 0dd (g2 0] LGLya(a)
C Py, otherwise [ (LG (q) X 2y, ()2
G GOy, () L GO;_p(a), (5 (a) x Q. (q))-2
m =1 or q is even
Ci GOy, (g) L GO; (), (25(a) % Q5,1 ()22
otherwise

G Sp,—2(q) SPn—2(q)
Co GO1(p) 1Sy, on—l A,

q =43 mod 8
Co GO1(p) 1Sy, -1,

q==+1 mod 8
Co GO/ (g) 1S Q5i(a)".2 (2”‘1)'“‘1)-8::
Ca GLn/z(Q)-2 SLy/2(9)- 5y 12) (n/2,2)
Co GO}, 5(q)? 805, 5(a)
Cs GOy, (¢%) Qf(a°)[(s,2)s]
Cs GO}, (%) (4 —1,4)/2 x Q »(¢*)2
Cs GU,/2(q) ((q+1) 0SU,/2(9)-[(¢:2)(q + 1, 3)]
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Table 5.13: Geometric subgroups of 2 (¢)

Class Subgroup Type Structure
C Py, (9) © Spy, (9) (Spp, (@) © Sp, (9))-(2,¢ — 1,n/4)
Ca GOy, (9) ® GOy, (q) SO7, (9) x 7, (q)
Cy GOy, (q) ® GO;, (q) (505, (q) 2 SO;,(9))-[c]
Cs GOy (90), 7 (q0)
r odd or ¢q even
Cs GOy (90, SO, (90)-b
r =2 and ¢ odd
Cs GO, (q0), q even 2, (q0)
Cs GO,, (q0), ¢ odd SO, (q0)-b
C6 2}F+2m‘92+m(2)7 2}|-+2m802+m(2)
q= =41 mod 8
Cﬁ 2i+2m‘Q;m(2)7 23r+2mQ2+m(2)
¢ ==+3 mod 8
m =2 mod 4
Cr Sp,n(q) 1S, otherwise (g —1,2).PSp,,(q)t.(¢ — 1,2)!7L.S;
Cr GOS,(q) 1S, t =2, 2.PSO¢,(q)%.[4]
m =2 mod 4
Cr GOS () 180, £ =2, 2.PSO,, ()28
m =0 mod 4
Cr GOS,(q) 1S, t =3, 2.PSO¢, (¢q)3.12°].3
m =2 mod 4,

V1 non-square discriminant

Cr GO¢,(q) 1 S, otherwise 2.PSOC, (¢)".[22071].8,

Note: ¢ = 4,8, the precise conditions for the value of ¢ may be found in [6, 2.2.4]
b = 1,2, the precise conditions for the value of b may be found in [6, 2.2.5]

Information on Vi may be found in [6, 2.2.7]
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n(n—2)/4(,n/2 _ 1\ TTY2 (2 — 1
_ a (g iy (e 2_)2 , by Theorem 2.5.29
q"2(q — 1)g(n—2(n—)/4(g(n-2)/2 _ 1)1—[?:/1 (¢% — 1)
q n(n— 2)/4( n/2 _ )(q"‘Q _ 1)
g 2(q 1)q(n 2)(n—4) /4( (n—2)/2 _ 1)
(qn/2 (¢"2-1)
0= D7 1)
_ (@ =1 ("2 1)
qg—1

—

=m(PQf (q)) by Theorem 2.2.7.

[26, Prop. 4.1.20] states that the number ¢ of PQ.F (¢)-conjugacy classes that lie in the Aut(PQ;F (q))-
conjugacy class of H is 1. Therefore, Out(PQ,! (¢)) must fix the PQ;F(¢)-conjugacy class of H,
and so by Lemma 2.3.8 we know that Ng(H)PQ (q) = G. Therefore by Lemma 2.3.18 we have
that m(G) = m(PQ; (q)). O

Lemma 5.5.6. Let ¢ = 3, let n be even, and let M < Q7(3) be a C1 subgroup of type Pi.
Furthermore let H < Q7 (3) be a non-trivial mazimal subgroup from the Aschbacher classes C;
with 2 <19 <8. Ifn>10 then |M| > |H|. Furthermore

e Ifn > 6 then M has larger order than every mazimal subgroup from the Aschbacher class
Cs and Cs.

e Ifn > 8 then M has larger order than every maximal subgroup from the Aschbacher class
Cy.

e [fn > 10 then M has larger order than every mazimal subgroup from the Aschbacher classes
Cy and Cr.

Proof. Let M be a P; type subgroup. We begin by deriving a lower bound for |M].

(M| =3""2(3 - 1) ,(3)] by Theorem 5.5.1
= 3""21SO;"_,(3)| by Theorem 2.5.29
> 3n723(n=2)*/2-(n=2)/2-1 _ 3(n*~3n)/2 by Lemma 2.6.4.

Let us now compare M with the different possibilities for H.

If H belongs to Cs according to Theorem 5.5.1 we have four cases to consider. If H is a GO1(p)S,,
type subgroup

|H| < 2" in! by Theorem 5.5.1
< gn—lonlog:(n) by Lemma 2.8.2
< gn-lgn'® _ glogg(2)(n**+n-1) by Lemma 2.8.4

2
1.55 _ _n___ — .
< 3065(n"*4n—1) - 30.65(5575 +n=1) assuming n > 9

< 3(n*=3n)/2 - | M| assuming n > 9.
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If H is a GOSL(q) 1 S; type subgroup
n > 12 then

H| < 195,(3)] 2%V
< 3t(m27m)/222(t71)t!
< 3t(m27m)/222t722t log, (t)
; St(mQ—m)/QQQt—22t1~55
; 3(nm—n)/22t1‘55+2t—2

< 3(n2/2—n)/22(n/2)1~55+n—2

— 3(n/2-n)/2+logy(2)(n/2) ¥ 4n—

< 3(n2/2—n)/2+0.64((n/2)1-55+n—2)

< 3n2/4+0.22n1‘55+0.14n71.28 < 3"

. Then we have the conditions m =n/t and 1 <t < n/2. If

by Theorem 5.5.1

by Lemma 2.6.4 and Theorem 2.5.29
by Lemma 2.8.2

by Lemma 2.8.4

astm=mn

as m,t <n/2
2)

2
2 /4492215 +0.14n-1.28

< 30.33n2+0.14n—1.28 < 3(n2—3n)/2 < |M| as n > 10.

If H is a GL,,/2(q).2 type subgroup then

[H| < 2|SLy/2(3)]
S 2 X 3TL2/4—1

by Theorem 5.5.1
by Lemma 2.6.4

< 3/ < 3P =In)/2 o | M| since n > 6.

If Hisa GL;/z(q)Q type subgroup then

|H| = [SO5, 5(3)[ by Theorem 5.5.1

< 3n2/4—n/2

by Lemma 2.6.4.

<3/ < | M| since n > 6.

If H belongs to C3, according to by Theorem 5.5.1 we have three cases to consider. Firstly if H
is a GO} (¢®) type subgroup. We have that, that m = n/s, s prime and m > 3. Furthermore,

|H| < 25|55, (3°)]
< 2335(m27m)/2

< 283(nmfn)/2

by Theorem 5.5.1
by Lemma 2.6.4

asm=n/s

< 9p3(n*/2-=n)/2-1 _ glogy(n)+n?/4—n/2 as n/s >3 and m < n/2
< 3% 4n?/4-n/2 - gn?/4=n/24n’>® by Lemma 2.8.4
< g /An/2t s < gn®/4 since n > 0
< 3(*=3m)/2 | since n > 6.

If His a GOZ/Q(qQ) type subgroup then

[H| <197, 5(3%)]

by Theorem 5.5.1
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< 3(n?/4=n/2)/2 by Lemma 2.6.4
< 3n°/8 < g(n?=3n)/2 | M| since n > 6.

If Hisa GUZ/Q(q), type subgroup and n > 8 then

|H| < 16|SU,, /2(3)] by Theorem 5.5.1
< 16 x 3(7*/4-1) by Lemma 2.6.4
< 342 < 3(n*=3n)/2 | M| assuming n > 8.

If H is a GU}, 5(q) type subgroup and n = 6, we can show that [H| < | M| by substitution.

If K belongs to Cy4, where nine = n and nj,ng # n as in Table 5.11, then we note |Sp,,(¢)| >
SO, (q). Therefore in all cases we have that

[H| < 4ISp,,,(3)]|Sp, (3)] by Theorem 5.5.1
< 4 x 3(itm)/23(n3+n2)/2 by Lemma 2.6.4
<4 x 3(n?/4+n/2)/23(n?/44n/2)/2 since ny,ng < n/2
<A x FV/AR/2 o gt /A 242 < (P =3n) /2 | assuming n > 8.

We note that H cannot belong to Cs in this case as ¢ = 3

If H is belongs to Cg, then n = r™ where r is prime.

|H| < 217205 (2)] by Theorem 5.5.1
< gl+2mg2m?—m by Lemma 2.6.4
< 21+2 logQ(n)22 log, (n)2—logy(n) as m < 10g2 (n)
< gl+2n®* g2ntl—n050 by Lemma 2.8.4

_ 22n1.1+n0A55+1 _ 310g3(2)(2n11+n0,55+1)
log- (2)(¢+L+1) (n?—3n)/2 :
< 3TERE09 0.5 T 3 < |M]| since n > 6.

If H belongs to C; and n = m! then we have two possibilities. If H is a Sp,,(¢) 1.S; type subgroup
then

|H| < 2'|PSp,,(3)"! by Theorem 5.5.1
< otgt(m?+m)/2yy  g2tgi(m®+m)/2y) by Lemma 2.6.4.

If H is a GOS,(q) 1 Sy type subgroup then

|H| < 2YPSO,,(3)|"t! by Theorem 5.5.1
< 2tgt(m*=m)/2y) o 92t gt(m*+m)/2y by Lemma 2.6.4.

In either case

|H| S 22t3t(m2+m)/2t!
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< 2tgt(m*+m)/29tlogy (1) by Lemma 2.8.2

< 92108, (n)+logy(n) logy (logy (n)) glogs (n) (n++/n) /2 as m < v/n and t < logy(n)
< 9220 4n08920 gn0 55 (nty/n) /2 by Lemma 2.8.4
_ 3log3(2)(2n0'55+n0'8525)+n1‘55/2+n1'05/2

< 310g3(2)(10%?45+100,7{475)+2X17E,20.45+2Xﬁ)20495 since n > 10
< 30-24n°+0.9n < g(n*=3n)/2 | pp| since n > 10.

O

Lemma 5.5.7. Letn > 8, and q = 3. If M < Q' (3) is a mazimal subgroup of Py and H < Q(3)
is a Py type subgroup where k # 1. Then |M| > |H|.

Proof. Let M be a Py type subgroup. As in the previous lemma
M| > 3 =3n)/2,

We split the different possibilities of H into two cases: Py type for k = n/2 and then for
1 < k < n/2. We compare the orders of these groups with Hy separately.

If H is a P,/ type subgroup and n > 10 then

1 2 1+3n/2)
|H| = 532 2 /|GLy,, 2(3)] by Theorem 5.5.1
n n 'n,2
< 35("_%/2)37_1 by Lemma 2.6.4
”l2 n
_ 3% 41 < g(n?=3n)/2 _ |M| since n > 10.

If H is a P,/ type subgroup and n = 8 then |[M| > [H| can be show via direct substitution.

If H is Py type for 1 < k < n/2 then

|H| = 35| GLy(3) |0, (3)] by Theorern 5.5.1
n— 2_ n—
< gh(n—15%) g2 g =2t sln=2t) by Lemma 2.6.4
— 3%(3k272kn+k+n27n).

To get an upper bound of |H| independent of k we analyse the exponent of 3. We define the func-
tion f(x) = (3z2—2zn+x+n?—n) and find the x € [2,n/2—1] that maximises f(z) for this range.

We differentiate f(x) with respect to x giving us 6z — 2n + 1. Thus the turning point hap-
pens at = %. We see that this turning point occurs in the range of [2,n/2 — 1] and also that
it is a local minimum. Consequently the largest value for f(z) for x € [2,n/2 — 1] occurs either

atx=2orx=n/2—-1

f(n/2—1):%(n2—2n)§n2—5n+12:f(2) since n > 8.
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Therefore we have an upper bound on f(x) for the range [2,n/2 — 1]. Furthermore this upper
bound is achieved when x = 2. Therefore

’H| S 3%(3k2—2kn+k‘+n2—n—2) S 3%(n2_5n+12) S 3(n2—3n)/2 — ‘M’ Since n Z 6
]

Lemma 5.5.8. Let n > 6, and ¢ = 3. If M < Q}(3) is a mazimal subgroup of type Py and
H < QfF(3) is a GOY(3) L GOS,_1(3) type subgroup for k # 1. Then |M| > |H|.

Proof. Let M be a P; type subgroup. As before
’M‘ > 3(n273n)/2'
We now derive an upper bound of H.
|H| = 4]Q5.(3)]|2,_1(3)] by Theorem 5.5.1
< 48, (3)1192,,_,(3)]

—k_ (n—kK)2—(n—k)

2
<4x3 73 by Lemma 2.6.4
— 4 x 3%(2k2—2kn+n2—n).

To get an upper bound of |H| independent of k we analyse the exponent of q. We define the
function f(z) = (222 —2xn+n? —n) and find the z € [2,n/2] that maximises f(x) for this range.

The turning point of f(x) occurs at * = n/2, so f(x) is decreasing on [2,7n/2]. Hence f(2)
is the maximum value. Since

f(2) =n?—5n+8,
we have that

|H| < 4%(2k2—2kn+n2—n) <4 x 3%(n2—5n+8) < 3(n2—3n)/2 < ‘M| since n > 6.

Recall that Cq is the class of geometric subgroups of G. Combining the above we obtain

Proposition 5.5.9. Let n > 10, ¢ = 3, let M, H < PQ}(3) both lie in Cpor(z)- Then, if
|H| > |M]| then H is a GO1(3) L GO,_1(3) type group.

Proof. For H and M there correspond subgroups H and M of Q. (q) of the same type. Note
that H=H/(ZNQ}(3)) and M = M/(Z N Q;}(3)). We compare the sizes of M and H.

By Theorem 5.5.1, the types of subgroups that H can be are listed in Table 5.11. In the case
where the maximal subgroup H lies in C; for 2 < i < 8 then |H| < |M| by Lemma 5.5.6.

If H lies in C; and is of parabolic Py type for k # 1 then |H| < |M]| by Lemma 5.5.7. Fi-
nally, if H is a GOg(3) L GO;,_4(3) type subgroup for k # 1 then |H| < |M| by Lemma 5.5.8.

In all above cases we have that |H| < |M| and so we have that |H| < |M]|. O
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Before we tackle the next lemma, recall the definition of £z found in Definition 3.1.1.

Lemma 5.5.10. Let n > 10, and ¢ = 3. If M < PQ}(3) is a subgroup of P type and H <
PO (3) is a subgroup of Epaz(s) type, then M| > |H|.

Proof. For H and M there correspond subgroups H and M of ;7 (q) of the same type. Note
that H = H/(ZNQ}(q)) and M = M/(Z N Q. (q)). We compare the sizes of M and H.

As in previous lemmas [M]| > 3(n*=3n)/2,

|H| < 2(n+2)! by Definition 3.1.1
< 2(n+2)logy (n+2)+1 by Lemma 2.8.2

< 9(n+2)120+1 by Lemma 2.8.4

) logg(2)
< 310g3(2)((n-~-2)l 5541) <3 Tioas (n+2)%+logs(2) because n > 10

< 30.22(n+2)2+10g3(2) _ 30.22(n2+4n+4)+10g3(2) < 3(n2—3n)/2 < |M| for n > 10.

Consequently, [H| < |M]. O

Lemma 5.5.11. Letn > 10, and g = 3. If M < QF(3)isa subgroup of Py type then M| > 33+l
Furthermore if M < PQF(3) is a subgroup of Py type then |M| > 33"+1L.

Proof. As in the previous lemma |M| > 3("=3m)/2 §o |M| > 3(*=3n)/2 > 33n+1 gince n > 10.
The second half now follows from Theorem 2.5.29. O

Lemma 5.5.12. Let n > 10 even, ¢ = 3, and let G have socle P} (3).

o If 4n and G < PQH(3).(5,8") then m(G) = m(PQ(3)) = [PQH(3) : H|, where H is a
GO1(3) L GO,—1(3) type subgroup of PO (3).

e I[fn=2 mod4 and G < PQ}(3).(4) then m(G) = m(PQ}(3)) = |PQ(3) : H|, where H
is a GO1(3) L GO,—1(3) type subgroup of PQ(3).

e Otherwise m(G) = |PSL,(3) : H| = w, where H is a Py type subgroup of
PO (g)-

Proof. By Lemma 5.1.32, we note that if 4|n then Out(P$;}(3)) = (%,8',6). Ifn =2 mod 4
then Out(PQ;5(3)) = (¥,0). Let H; < PQ;}(3) be the image of a subgroup of Q.F(3) of GOy (q) L
GO,,—1(q) type. The index of this subgroup is

o (3)]

PO (3) : Hy| = o

IO Al G it V) § T C )
2 x 32 ATE (32 - 1))

B 3(n272n)/4(3n/2 _ 1)

- 9 % 3(n—2)%/4

by Theorem 5.5.1

by Theorem 2.5.29
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n/2 _ 1)\3n/2—1
_ (3 2)3 = m(PQF(3)) by Theorem 2.2.7.

[26] gives us the stabilizer of the PQ(3)-conjugacy class of Hy, however this is given in their
notation. We will translate the outer automorphisms 70, 7, 6 and ¢ of PQ(3) presented in [26]
into the notation used in Lemma 5.1.32 and by extension into that used in [6, Sections 1.7.1 &
1.7.2]. We do this to match up the assertions of two different sources about what the stabiliser
of various subgroups are.

As shown in [26, Prop. 4.1.6.] and [26, Table 3.5.G], kerj:(7) is the stabilizer of the P (3)-
conjugacy class of Hy. Let T be CT'O;f(¢). Here 7 in [26, p.12] is a map from T to FJ, and 7,
a map from I to FqX/(FqX)Q, is defined further at the end of [26, §2.1]. Following their notation,
[26, p.36] tells us that 7(¢) = 1 and 7(§) = p where (u) = F*. Furthermore rg and 7y lie
in GO, (3), where 70, rx are defined in [26, p.30], therefore 7(rg) = 7(rm) = 1. Consequently
7(rn) = 7(rx) = 7(¢) = 1 and 7(8) # 1 since u & (F7)?. Therefore kerp(7) = (¢, 77, 7%), in the
notation of [26].

Let us translate the above results info one using the outer automorphisms 5,8 ,d) 4 as found
in Lemma 5.1.32 and [6]. Following [6, 1.7.1. Case O], § = rf, and if &' is non-trivial then
8" = riy7g, while the definition of é and ¢ coincides in both sources. Since ¢ = 3 remember that
é is trivial. Consequently, by Lemma 5.1.32, if 4|n then (§',%) = ker;(7) is the stabilizer of the
P (3)-conjugacy class of Hy. In addition, if n =2 mod 4 then (%) = kery(7). Note here that
in both cases the stabilizer is a normal subgroup of Out(P;(3)).

If 4)n and G < PQ;(3).(5,4"), then by Lemma 2.3.8 we have that Ng(H;)PQ;(3) = G. There-
fore by Lemma 2.3.18 we have that m(G) = m(PQ;(3)).

Ifn =2 mod 4and G < PQ;}(q).(¥), then by Lemma 2.3.8 we once again have that Ng(H;)PQ(3) =

G. Therefore by Lemma 2.3.18 we have that m(G) = m(PQ;}(3)).

Now suppose that the image of G in Out(P$;f(3)) is not contained in kery(7), the stabilizer
of the POt (3)-conjugacy class of Hy. Let Hs be a Py subgroup of PQF(3). [26, Prop. 4.1.20]
states that the number ¢ of PQ;}!(3)-conjugacy classes that lie in the Aut(PQ;(3))-conjugacy
class of Hy is 1. Thus, Out(PQ;(3)) fixes PQ;(3)-conjugacy class of Ha, and so by Lemma 2.3.8
we know that Ng(H2)PQ!(3) = G.

Let M be a non-trivial maximal subgroup of G and let K = M NP (3). By Lemmas 2.3.6 and
2.3.7 we have that K # PQ}(3), Ng(K) = M, and Ng(K)PQ (3) = G.

By Theorem 3.1.3, either M belongs in Cg, lies in Eg or |M| < 33", If |M| < 33" then |K| < 33,
By Lemma 5.5.11 a P; subgroup of PQ.F(3) has order larger than 33" and so therefore |Hy| > |K]|.

If M belongs in Cq or in & then K lies in CPQ$(3) or 5PQ,+L(3)' By Lemmas 5.5.9 and 5.5.10,
the only possibility for K where |Hy| < |K| is where K is Out(P;(3))-conjugate to Hy, a
GO1(q) L GO,,—1(q) type subgroup. However in this case, the image of G in Out(P;}(3)) is not
contained in the stabilizer of the PQ;!(3)-conjugacy class of Hy by our assumption of G, and so
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by Lemma 2.3.8 we have that Ng(H1).PQ(3) # G; a contradiction. Therefore |Hy| > |K]| .

We have shown that if M is any non-trivial maximal subgroup of G then M = Ng(K) for a
subgroup K < P (3) that satisfies |K| < |Hs|. Hence |G : Ng(Hz)| = |[PQE(3) : Ha| <
IPQF(3) : K| = |G : M|, by Lemma 2.3.17. Therefore m(G) = |G : Ng(Hz)| = [PQ;F(3) : Ha|.

Lemma 5.5.13. Let n > 10 even, ¢ = 2, and let G have socle P2 (2).  Then m(G) =
m(PQ(2)) = |PSp,,(2) : H|, where H is a Sp,,_5(2) type subgroup of PO} (2).

Proof. Let H be a Sp,,_5(q) type subgroup of PQ:(g). The index of this subgroup is

1ex @)
[SP,—2(2)]
_ 2n n—2) /4(2n/2 )an/z 1(22i —1)

PQF(2): H| = by Theorem 5.5.1

by Theorem 2.5.29

22 AT (22— 1)
on(n— 2)/4(2n/2 1)
N 2(n—2)?/4
= /2= (9n/2 _ 1) = m(PQE(2)) by Theorem 2.2.7.

[26, Prop. 4.1.7] states that the number ¢ of PQ,}(2)-conjugacy classes that lie in the Aut(P$;}(2))-
conjugacy class of H is 1. Thus, Out(PQ;(2)) must fix the PQ.f(2)-conjugacy class of H, and
so by Lemma 2.3.8 we know that Ng(H)PQ;(2) = G. Therefore by Lemma 2.3.18 we have that
m(G) = m(PQ;}(2)).

O

Lemma 5.5.14. Let n =8, ¢ > 4 be a prime power, and let G have socle PQ;(q).

o If q is odd, and G < PQF (q).T, for T = (6,%,8',8) or any of its Out(PQg (¢))-conjugates,
then m(G) = m(PQyg (q)) = |PQg (q) : H|, where H is a Py type subgroup of P (q).

o If q is even, and G < PQF (q).T , for T = <'y,qﬁ> or any of its Out(PQy (¢))-conjugates,
then m(G) = m(PQg (¢)) = |PQg (q) : H|, where H is a P type subgroup of PQ (q).

o Otherwise m(G) = |PQg (¢) : H| = %, where H is a Py subgroup of PQJ (q).

Proof. We will make reference to [6, Table 8.50] throughout, however that table is taken from [23].

First let us note, by Lemma 5.1.32, that Out(Qg (¢)) = (+,%, ¢) if ¢ is even and Out(QF (¢)) =
(6", 7,%,6,) if ¢ is odd.

Let Hy be a P; type subgroup of PQ; (¢). In this case, one may calculate directly from Theorems
5.5.1 and 2.5.29 that |PQJ (¢) : H| = m(PQg (¢)), where m(PQg (¢)) can be found in Table 2.2.7.

Recall the definition for CLg(H) from Definition 2.1.8. Now let G = PQg (q).T for T con-
tained in a conjugate of the Out(Py (q))-stabilizer of CIPQ;(g)(Hl). For ¢ odd this stabilizer

is <('5',"}'/, 5’,@, for ¢ even the stabilizer is (7,¢> Therefore, T' also fixes the PQy (q)-conjugacy
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class of a Aut(PQg (¢))-conjugate of Hi; let us call this conjugate Hy. By Lemma 2.3.8 we have
N (H7)PQ (¢) = G. Therefore by Lemma 2.3.18 m(G) = m(PQy (¢)).

Now suppose that G = PQg (q).T where T is not contained in any Out(PQg (¢))-conjugate of
the stabilizer of the PQJ (¢)-conjugacy class of Hy. Let Hy be a P> subgroup of P (¢q). The
4th row of [6, Table 8.50] shows that the whole of Out(PQg (¢)) stabilizes the PQg (¢)-conjugacy
class of Ha, and so by Lemma 2.3.8 we know that Ng(Hz)PQ (q) = G.

Let M be a non-trivial maximal subgroup of G and let K = M N PQJ(¢). By Lemmas 2.3.6
and 2.3.7 we have that K # PQF (¢), Ng(K) = M, and Ng(K)PQJ (¢) = G. The possibilities
for K are found in the rows of |6, Table 8.50| for which the stabilizer listed does not lie in any
Out(PQg (¢))-conjugate of the stabilizer of the PQJ (¢) conjugacy class of Hy. In this case, these
are the groups where the stabilizer listed contains 7. One may show that |K| < |Ha.

Let us expand on this further. We will look at the orders of the corresponding groups Kﬂg(q) in
Q7 (¢) and show that the order of Kﬂg(q) is smaller than that of a P, type subgroup of Qg (g).
Note that the order of a P, type subgroup of QF (g) is

qglGLQ(q)HQI(q)\ > 2¢¢° = ¢'7 by Lemma 2.6.4 (5.1)
> 417 = 17179869184 since ¢ > 4. (5.2)

We will compare this with the orders of Kﬁg(q)' For most of these we will apply Lemma
2.6.4. Let d = (¢ — 1,2). We now consider the KQ;(q) lying in C;. If KQ;(q) has shape
[q*] : [q%dl]Q%GrLQ(q).al2 then |KQ;(q)\ < ¢t = ¢ It Kot has shape d x Ga(q) then
by Theorem 5.1.43 we have that |KQS+(q)\ < 2¢5(q% —1)(¢®> — 1) < ¢ If KQ;r(q) has shape
(23 (4) x §GL3(q))-[2d] then Ko ()| < 2¢' < ¢". 1f K+ ) has shape (25 (q) x 3GUs(q)).[2d]
then \Kgg(qﬂ < 4g' 0 < g1,

Let us look now at the case where Kn;@) lies in Co. Here the order of Kﬂg(q) may equal

210|PSLy(2)|, 192d3|92 (9)%], 19231 ()%, 4d|f (9)?] or 4d(XEFD)2 I all of these cases,
since d < 2 and ¢ > 4, we have that |KQ;(q)| < q'".

Now consider the case where Kgg(q) lies in Cs. KQ;(q) has shape Qf (o) or SOg (g0).2, and
therefore ‘Kﬁg(q)’ < 4q3® < ¢'9 since o < g2,

Finally in the cases where KQS+ (q) 1S non-geometric then the order of KQ§ (@) is one of the follow-

ing 3d|PSL3(q)|, 3d|PSUs(q)|, d*Da(q0)|, 2/ (2)| or 2|Sz(8)| where go = ¢'/3. Recall that, by
Theorem 5.1.43, the order of 3Dy(qo) is ¢42(g§ + g4 +1)(g§ — 1) (g2 — 1) < gp*9T0+2 = ¢29/3 < ¢10.
In addition by the ATLAS [9], the order of Sz(8) is 29120. In all of the above case one can show
that ‘Kﬁg(q)| < q'7.

We have shown that if M is any non-trivial maximal subgroup of G then M = Ng(K) for a
subgroup K < PQJ(q) that satisfies |[K| < |Hs|. Hence |G : Ng(H2)| = |PQg(q) : Ha| <
IPQJ (q) : K| = |G : M|, by Lemma 2.3.17. Therefore m(G) = |G : Ng(Hs)| = |PQg (¢) : Hal.
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Lemma 5.5.15. Let n =8, ¢ = 3, and let G have socle PQ2J (3).

(a) If G = PQJ (3).T where T lies in a Out(PQF (3))-conjugate of (§,0") then m(G) = m(PQ (3)) =
IPQJ(3) : H|, where H < PQF(3) is a GO1(3) L GO7(3) type subgroup.

(b) If G = PQJ (3).T where T does not lie in any Out(PQy (3))-congugate of (3,0') but lies in a
Out (P (3))-conjugate of (¥,8,6) then m(G) = [PQg (3) : H| = 1120, where H < PQg (3)
is a Py type subgroup of PQ;{(B).

(¢) If G = PQg(3).T where T does not lic in any Out(PQ (3))-congugate of (5,5',6) but lies in
a Out(PQ (3))-conjugate of (7,7) then m(G) = |PQg (3) : H| = 28431, where H < PQJ (3)
is a S subgroup and is the image of a subgroup of QJ (3) with shape 2" QF (2).

(d) Otherwise m(G) = |PQg (3) : H| = 36400, where H is a Py type subgroup of PQUT (3).
Proof. First let us note, by Lemma 5.1.32, that Out(Qg (3)) = (5’,7’,"&,& as ¢ is trivial since
q = 3 is prime.

Let G = PQg (3).T for T lying in some Out(P€y (3))-conjugate of (¥, ). Let Hy be a GO1(q) L
GO~(q) type subgroup of PQZ (3). One may calculate from [6, Table 8.50] that [PQd (3) : Hy| =
m(PQg (3)), where m(PQg (3)) can be found in Theorem 2.2.7. From [6, Table 8.50] we see
that for X € ClAut(ng(?)))(Hl) the stabilizer of Clpﬂg(g)(X) is a Out(PQg (3))-conjugate of

(%,8"). So T fixes CIPQ;(:S)(X) for some X € ClAut(PQ;(s))(Hl)' Let us denote this conjugate

of Hy by Hr. By Lemma 2.3.8 we have Ng(Hr)PQg(3) = G. Therefore by Lemma 2.3.18
m(G) = |G : Ng(Hr)| = |[PQg (3) : Hi| = m(PQg (3)). This proves (a).

Let us now show (b). Let Hy be a P; type subgroup of PQ)d (3). The stabilizer of the PQJ (3)-
conjugacy class of Hy is (§,0",0). Let G = PQJ(3).T where T is contained in a Out(PQy (3))-
conjugate of the stabilizer of the PQ;(B)—conjugacy class of Hs but not contained in any of the
Out(PQg (3))-conjugates of the stabilizer of the PQg (3)-conjugacy class of Hj.

Let M be a non-trivial maximal subgroup of G and let K = M NPQJ (3). By Lemmas 2.3.6
and 2.3.7 we have that K # PQg (3), Ng(K) = M, and Ng(K)PQg (3) = G. Since T is not
contained in any Out(PQ4 (3))-conjugate of the stabilizer of the PQ{ (3)-conjugacy class of Hj,
any maximal subgroup of G has the form Ng(K) where K appears in |6, Table 8.50] and the
stabilizer (defined up to conjugate in Out(S)) listed cannot lie in any Out(S)-conjugate of (¥, 4’).
Translating the notation of [6], this means that the stabilizer is not an Out(P£y (3))-conjugate
to (§,0") or (§). In particular we have that Ng(H;) is not a maximal subgroup of G. By direct
substitution of the value of ¢ = 3 one may calculate that |K| < |Ha|.

Since T is contained in a Out(P€y (3))-conjugate of the stabilizer of the PQJ (3)-conjugacy class
of Hy, we have that T also fixes CIPQg(B) (X) for some Aut(PQy (3) conjugate of Hy. Denote this

conjugate of Hy by Hr. By Lemma 2.3.8 we have Ng(Hr)PQg (3) = G.

Consequently, for any maximal subgroup M < G we have that K = M N PQJ (3) satisfies
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M = Ng(K) and that |K| < |Hs|. Hence |G : Ng(Hy)| = |PQF(3) : Hr| = |PQJ(3) : Ho| <
IPQZ(3) : K| = |G : M|, by Lemma 2.3.17. Therefore m(G) = |G : Ng(Hr)| = |[PQ (3) : Ha| =
1120.

Let us now tackle (c). Let Hjz be the image of a non-geometric subgroup of QF (3) of shape
2" Q4 (2). The stabilizer of the PQ (3)-conjugacy class of Hs is (§,7). Suppose T is contained
in a Out(P€y (3))-conjugate of the stabilizer of the PQJ (3)-conjugacy class of Hs but not con-
tained in any Out(PQ4 (3))-conjugate of the stabilizer of the PQZ (3)-conjugacy class of Hj nor
of Hy. Therefore, T fixes CIPQg(B) (X) for some Aut(PQy (3))-conjugate of Hz. Let us denote

this conjugate of Hs by Hr. By Lemma 2.3.8 we have Ng(Hr)PQyg (3) = G.

Following the same arguments as in the (b) case we may show that for any maximal subgroup
M < G, we have that K = M NPQgF (3) satisfies M = Ng(K) and that |K| < |Hs|. Note that
the possibilities for K are found in the rows of |6, Table 8.42| for which the stabilizer listed does
not lie in any Out(PQg (3))-conjugate of the stabilizer of the PQg (3) conjugacy class of Hy nor
of Hy. Hence |G : Ng(Hr)| = |[PQg(3) : Hr| = [PQ(3) : H3| < [PQI(3) : K| = |G : M|, by
Lemma 2.3.17. Therefore m(G) = |G : No(Hr)| = |PQg (3) : H3| = 28431.

Let us now tackle (d). Let Hy be a P, subgroup of PQg(3). The stabilizer of the PQJ (3)
conjugacy class of Hy is Out(PQg (3)).

Suppose that 7' is not contained in any Out(PQg (3))-conjugate of the stabilizer of the PQg (3)-
conjugacy class of H; nor of Hs nor of Hs. Then following the same arguments as above we
may show that for any maximal subgroup M < G, we have that K = M N PQJ(3) sat-
isfies M = Ng(K) and that |K| < |H4|. Note that the possibilities for K are found in
the rows of [6, Table 8.42] for which the stabilizer listed does not lie in any Out(PQg (3))-
conjugate of the stabilizer of the PQ;(?)) conjugacy class of Hy nor of Hs nor of Hs. Hence
|G : Ng(Hy)| = PQE(3) : Hy| < |PQI(3) : K| = |G : M|, by Lemma 2.3.17. Therefore
m(G) = |G : Ng(Hy)| = |PQJ(3) : Hy| = 36400. O

Lemma 5.5.16. Let n =8, ¢ = 2, and let G have socle P2 (2).

o If G = PQF(2).T where T lies in some Out(PQg (2))-conjugate of (¥), then m(G) =
m(PQ (2)) = [PQE(2) : H|, where H < PQ(2) is a Spg(2) type subgroup.

o Otherwise m(G) = [PQg (2) : H| = 1575, where H is a Py type subgroup of P (2).
Proof. First let us note, by Lemma 5.1.32, that Out(PQyg (2)) = (¥,7).

Let G = PQd (2).T for T lying in some Out(PQy (2))-conjugate of (%). Let Hy be a Sps(q) type
subgroup of PQJ (2). One may calculate from Theorem 5.5.1 that [PQg (2) : Hy| = m(PQ4 (2)),
where m(PQg (2)) can be found in Table 2.2.7. From [6, Table 8.50] we see that there exists a
X € ClAut(PQ;r@))(Hl) such that the stabilizer of CIPQ;(Q)(Q) is (¥). So T also fixes CIPQ;(Q)(X)
for some X € ClAut(Pﬂg(Q))(Hl)7 let us denote this conjugate of H; by Hp. By Lemma 2.3.8 we

have Ng(Hr)PQgF (2) = G. Therefore by Lemma 2.3.18 m(G) = m(PQg (2)).
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Now suppose that G = PQZ (2).7 where T is not contained in any Out(PQg (2))-conjugate of the
stabilizer of the PQ{ (2)-conjugacy class of Hy. Let H be a P, subgroup of PQJ (2). The stabi-
lizer of the Py (2)-conjugacy class of Hj is the whole of Out(PQg (2)). Let M be a non-trivial
maximal subgroup of G and let K = M N PQJ(2). By Lemmas 2.3.6 and 2.3.7 we have that
K # PQF(2), No(K) = M, and Ng(K)PQ4 (2) = G. The possibilities for K are found in the
rows of [6, Table 8.42] for which the stabilizer listed does not lie in any Out(PQg (2))-conjugate
of the stabilizer of the PQ§(2) conjugacy class of H;. We can calculate the orders of these groups
directly by substituting in ¢ = 2 and so one may show that |K| < |Ha|.

We have shown that if M is any non-trivial maximal subgroup of G then M = Ng(K) for a sub-
group K < PQ{(2) that satisfies |K| < |Hs|. Hence |G : Ng(Hz)| = |PQZ(2) : Ha| < [PQ(2) :
K| =|G: M|, by Lemma 2.3.17. Therefore m(G) = |G : Ng(Hz)| = |PQg (2) : Ho| = 1575. O

Lemma 5.5.17. Let n > 8, q be a prime power, and let G have socle P2, (q). Then m(G) =
m(PQ, (q)) = |PQ,, (q) : H|, where H is a Py type subgroup of PQ (q).

Proof. Let H be a P; subgroup of PQ (¢). The index of this subgroup is

|PQ; (Q)| _ |Q; (Q)‘ _ by [6, Table 2.3]
|H | q"2|GL1(q)[1€2,,_2(q)|
"D/ (g2 DT (¥ - 1)

= = T2 by Theorem 2.5.29
¢"2(q — 1)qr=D =D/ (gn2~1 + DL (g% — 1)

D/ 4 1) - 1)
¢"2(q — 1)qn=2(=0/4(gn/2=1 4 1)
(PR
(@D + )
@ -
B (¢-1)

|26, Prop. 4.1.20] states that the number ¢ of PQ;; (¢)-conjugacy classes that lie in the Aut(PQ;; (q))-
conjugacy class of H is 1. So, Out(P2;, (¢)) fixes the PQ, (q)-conjugacy class of H, and so by
Lemma 2.3.8 we know that Ng(H)PQ, (¢) = G. Therefore by Lemma 2.3.18 we have that
m(G) = m(P€, (q)). O

=m(PQ,, (q)) by Theorem 2.2.7.

We conclude our proof of Theorem 5.2.1 for S = P$Q,,(¢). Let us note here that we can assume n >
7 and that if n is odd then ¢ is odd otherwise S is isomorphic to other classical groups. Lemmas
5.5.3-5.5.4 show for n odd, and Lemma 5.5.5 shows for n even, that if PQ,,(¢) < G < Aut(P$,(q))
then m(G) = m(PQ,(q)). Lemmas 5.5.12-5.5.16 show us that if PQf(q) < G < Aut(PQf(q))
then m(G) = m(PQ;(q)) except in the cases outlined in Table 5.6, with the values of m(G) also
as given in Table 5.6. Finally Lemma 5.5.17 shows us that if PQ, (¢) < G < Aut(PQ;, (¢)) then
m(G) = m(PQ; (q)).
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5.6 Largest maximal subgroups of almost simple groups with ex-
ceptional simple group socle

5.6.1 Gs(q)

The information about the subgroups of Ga(q) comes from [6], more specifically Tables 8.30,
8.41 and 8.42. However we note that this information comes from originally [4], [11] and [24].
Considering this information we pinpoint the largest maximal subgroups. In addition these ta-
bles contain information as to the outer automorphisms of the groups, and the stabilizers of the
Ga(g)-conjugacy classes of the subgroups of Ga(q).

For this section, if ¢ = p® where e > 2 let, let ¢ denote the field automorphism of Ga(q)
corresponding to the Frobenius automorphism of F,, and also denote by qb the image of ¢ in
Out(Ga(q)). Tf ¢ = p then define ¢ to be the identity element of Out(Ga(q)). If Ga(g) has a
graph automorphism, which only occurs when ¢ = 3¢, we denote it by v and we denote the image
of v in Out(Ga(q)) by 4. Finally we note that in the tables of [6, Chapter 8| the authors there
will omit the “when talking about the outer automorphisms of Ga(g) which may be a point of
potential confusion.

Lemma 5.6.1. Let g > 4 be a prime power not divisible by 3, and let G be almost simple with
socle Ga(q).

o Ifq=4 then m(G) = m(Ga(4)) = |G2(4) : H| = 416, where H = J5.

e Otherwise m(G) = m(Ga(q)) = |Ga(q) : H| = ((q;:ll)), where H is of shape [¢°] : GLa(q).
Proof. Let ¢ = 4 and H = Jo. Thus |Ga(q)| = 251596800. By [48, Theorem 1] m(Gz(4)) =
|Ga(4) : H| = 416. Also by [6, Table 8.30] we know that the conjugacy class for H in Ga(q) is
stabilized by Out(Ga(q)) and consequently Ng(H)Ga(q) = G. Therefore by Lemma 2.3.18 we
have our result.

Now let ¢ > 4, from Theorem 5.1.43 we get [Ga(q)| = ¢%(¢® — 1)(¢*> — 1). Furthermore from
Theorem 5.1.44 we have that Out(Gz(q)) = (¢). Let H be a of Ga(q) with shape [¢°] : GLa(q) as

provided by [6, Table 8.30]. So |[H| = ¢%(¢2—1)(¢—1) and |G2(q) : H| <(q;_—11)>. By [48, Theorem 1]
we know that m(Ga(q)) = ((q;__ll)). Finally, by [6, Table 8.30] we know that the conjugacy classes
for each subgroup of Ga(q) are stabilized by Out(Ga(q)), in particular the conjugacy class of H,

so Ng(H)Ga(q) = G. Therefore by Lemma 2.3.18 we have our result. O

Lemma 5.6.2. Let ¢ = 3%, and let G be almost simple with socle Ga(q).

e [fqg=3, and G = G3(3) then m(G) = m(G2(3)) = |G2(3) : H| = 351, where H = SU3(3) :
2.

o If g >3, and G < Gao(q).(d) then m(G) = m(Ga(q)) = |Galq) : H| = L= where
H = [¢°] : GLy(q).

o Otherwise m(G) = |Ga(q) : H| = %, where H is of shape [¢°] : (¢ — 1)2.
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Proof. Asbefore |Ga(q)| = q6(q6—1)(q2—1),“however by the ATLAS [9] we have that Out(Ga(q)) =
(%) for all ¢. Note that when g = 3 where ¢ = 1;

Let ¢ = 3, here we have that |G2(3)| = 4245696. Let H < G2(3) be of shape SU3(3) : 2 as
provided by [6, Table 8.42]. Then |H| = 12096 and thus |G2(3) : H| = 351. By [48, Theorem 1|
m(G2a(3)) = 351.

Let ¢ > 3, and let G < Ga(q).(#). Furthermore let H < Ga(g) be of shape [¢°] : GLa(q)
as provided by [6, Table 8.42]. Following the same argument as in Lemma 5.6.1 we have that

|G : H| = ((q;:l)) = m(Gz(q)). By [6, Table 8.42] we know that the conjugacy class of H is

1
stabilized by (¢), and so Ng(H)G2a(q) = G. Therefore by Lemma 2.3.18 we have our result.

Now let G £ Ga(q).(¢). Consider a maximal subgroup Ng(H) < G where H is a subgroup of
Gaz(q) of shape [¢%] : (¢ — 1) as provided by [6, Table 8.42]. Note here that the stabilizer of the
Ga(g)-conjugacy class of H is (§) = Out(Ga(q)).

Let M be a non-trivial maximal subgroup of G and let K = M N Gz(q). By Lemmas 2.3.6
and 2.3.7 we have that K # Ga(q), and Ng(K) = M, and Ng(K)G2a(q) = G. The possibilities
for K are found in the rows of [6, Table 8.42] for which the stabilizer is listed as (7). Let us
compare the order of these K with that of H.

If K = (SLa(q) o SLa(q)).2 then
|H| =¢°(q—1)* > 2¢°(¢ = 1)*(¢ + 1)* = |K] since ¢ > 3.

IfK2(g—1)%:Di2, K2 (qg+1)?:Dig, K= (¢? +q+1).6 or K = (¢ — g+ 1).6 then one can
show that

|H| > 4¢° > |K|.

In the case where K = 23 . PSL3(2), we note that

|H| > 2196 > 1344 = | K| since ¢ > 3.
If K= Ga(qp) then
|H | :q6(q—1)2 >q3(q3—1)(q—1) since g > 3
> q0(a0 —1)(g5 — 1) = | K| since ¢ > ¢g.

Finally if K 22 2Gg(q) by Theorem 5.1.43 we have
H| =g -1 > (" =) g = 1) > *(@° +1)(¢ - 1) = | K| since ¢ > 3.
We have shown that if M is any non-trivial maximal subgroup of G then M = Ng(K) for a

subgroup K < Ga(q) that satisfies |K| < |H|. Hence |G : Ng(H)| = |G2(q) : H| < |Ga(q) : K| =
|G : M|, by Lemma 2.3.17. Therefore m(G) = |G : Ng(H)| = |Ga(q) : H|. O
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Before we tackle the case where G = F4(q) recall the definition of a parabolic subgroup P; from
Definition 5.1.11, where here IT = {p1, p2, p3, pa} is the set of simple roots. Recall also that we
may encode information of these roots in a Dynkin Diagram as seen in Table 5.1. There is a sym-
metry of this graph, which induces a graph automorphism « of G in certain cases. Information
on this automorphism can be found in Lemmas 5.1.20 and 5.1.21.

For this section, if ¢ = p® where e > 2 let ¢ denote the field automorphism of F4(q) corresponding
to the Frobenius automorphism of F,, and also denote by ¢ the image of ¢ in Out(F4(q)). If
q = p then define ¢ to be the identity element of Out(F4(q)). If F4(¢) has a graph automorphism,
which only occurs when ¢ = 2¢, we denote it by v and we denote its image in Out(F4(q)) by 7.

Lemma 5.6.3. Let ¢ > 3 be a prime power, and let G be almost simple with socle Fy(q).

e IfG < Fu(q)4d) then m(G) = [Fa(q) : H| = m(Fa(q)) = (a2 1)(q" —1)/(q—1), where H
is a parabolic subgroup Py or Py of F4(q) corresponding to the roots p1 or py respectively.

o Otherwise m(G) = |Fa(q) : H| = (¢*?> = 1)(¢® — 1)(¢* + 1) /(¢ — 1)?, where H is a parabolic
subgroup Ppa 3y of Fa(q). Note that here the underlying field has characteristic 2.

Proof. By Theorem 5.1.44 the outer automorphism group Out(Fi(q)) = (¢) if ¢ is odd, and
Out(F4(q)) = (4, ¢) if ¢ is even. However, in the case where ¢ is even, we have from the ATLAS
9] that 42 = & s0 Out(Fi(q)) = (3).

Let G < F4(q)(¢>> and let H be a parabolic subgroup P; or Py of G. By [48, Theorem 2]
we have that m(F4(q)) = |F4(q) : H|. By Theorem 5.1.34 we know that the outer automorphism
¢ stabilizes the conjugacy class of H. Consequently we have that Ng(H)F4(q) = G. Therefore
by Lemma 2.3.18 we have our result.

Let G £ F4(q)<¢> This is only possible if socle F4(q) possesses a graph automorphism, and
so ¢ = 2° Let H be a parabolic subgroup Py 3y of F4(g). By Lemma 5.1.36 we see that v fixes
the conjugacy class of H in F4(¢) and so the whole of Out(F4(¢)) fixes the conjugacy class of H
also. Consequently we have that Ng(H)F4(q) = G. We note that Ng(H) is in fact a maximal
subgroup of G, a fact that will follow from later calculations.

We compute the order of the parabolic subgroup Ppy3;. In Lemma 5.1.13 N = 24, there is
a single connected component I; for J and £1 = Bs. Hence, using the information from Table
5.1, we conclude that

|H| = ¢*(a—1)*(¢* = 1)(¢" ~1).

Using the order of F4(q) obtained from Theorem 5.1.43, we deduce that

(¢ = 1(¢® - D' +1)
(¢ —1)?
From the main theorem of [29] it follows that if M is a non-trivial maximal subgroup of G then

either [M NF4(q)| < ¢** or F4(q) N M is a parabolic subgroup of F4(q) or F4(q) N M is isomorphic
to one of the following: B4(q), D4(q).S3, 3Da(q).3, F4(¢*/?) or 2F4(q).

[Falg) - H| =
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Let M be a non-trivial maximal subgroup of G, and let K = M N F4(q) such that K is not
Aut(F4(q))-conjugate to H. We will show that |K| < |H|. By Lemmas 2.3.6 and 2.3.7 we have
that K # F4(q), and Ng(K) = M, and Ng(K)F4(q) = G.

Suppose K is conjugate to the parabolic subgroup Py for J C II. We know by Lemma 5.1.34 that
¢ fixes the conjugacy class of K in F4(q). Notice here that the image of G in Out(F4(q)) contains
an element of the form ¢™¥ since 52 = ¢. Therefore we see that 5 also fixes the conjugacy class
of K in F4(q). By Lemma 5.1.36, for the graph automorphism to fix the conjugacy class of K we
require that J = J under the map described in Lemma 5.1.20. Under this map p; is mapped to
p4 and vice versa, while ps is mapped to ps and vice versa. Therefore K is a parabolic subgroup
conjugate to Pgj 41 or Py. However Py is a subgroup of H so |Fy| < |H]|.

We compute the order of the parabolic subgroup Py 4;. In Lemma 5.1.13 N = 24, there are
two connected component I} = {p1} and Iy = {p4} for J and £; = L2 = A;. Hence, using the
information from Table 5.1, we conclude that

K| =q**(q—1)*(¢* —1)* < (¢ — 1)*(¢* = D(¢* — 1) = [H].

Therefore if K is a parabolic subgroup of Fy4(q) such that Ng(K)F4(¢) = G, then |K| < |H]|.

Suppose that K is not a parabolic subgroup, then as noted before |K| < ¢?* or is isomorphic to
one of the following: B4(q), D4(q).S3, D4(q).3, F4(¢*/?) or 2F4(q).3.

If |[K| < ¢** then we have |K| < |H|.

If K =2 By(q), Da(q).S3 or 3Dy4(q).3 then by [29, Prop 7.1-7.3] Ng(K)F4(q) # G. If K = F4(q%)
or K = 2F(q) then by Theorem 5.1.43 one can show that |K| < |H|.

Therefore, we have shown that if M is any non-trivial maximal subgroup of G then M = Ng(K)
for a subgroup K < F4(q) that satisfies |K| < |H|. By Lemma 5.1.12 we have that Ng,,)(H) =
H, and so |G : Ng(H)| = |Fa(q) : H| < |F4(q) : K| = |G : M|, by Lemma 2.3.17. We note that
N¢g(H) is therefore not contained in any other non-trivial maximal subgroup of G, and combining
this with Lemma 2.3.11, we have that Ng(H) is actually a maximal subgroup of G. Therefore
m(G) = |G : Na(H)| = [Falq) : H]. 0

5.6.3 EG(Q)

Before we tackle the case where G = Eg(q) recall the definition of a parabolic subgroup P; from
Definition 5.1.11, where here IT = {p1, ..., pg} is the set of simple roots. Recall also that we may
encode information of these roots in a Dynkin Diagram as seen in Table 5.1. There is a sym-
metry of this graph, which induces a graph automorphism ~ of GG, as introduced in Lemma, 5.1.22.

From Theorem 5.1.44 the order of the subgroup of Out(Eg(q)) corresponding to the diagonal
automorphisms of Eg(q) is (3,¢ — 1). In the case where this subgroup is not trivial define § to
be a generator of this subgroup, in the case where this subgroup is trivial define 4 to be the
identity element of Out(Eg(q)). If ¢ = p® where e > 2 let ¢ denote the field automorphism of
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Eg(q) corresponding to the Frobenius automorphism of Fy, and also denote by gb the image of ¢
in Out(Eg(q)). If ¢ = p define ¢ to be the identity element of Out(Eg(g)). Finally let 4 be the
image of the graph automorphism 7 in Out(Eg(q)).

Lemma 5.6.4. Let q be a prime power, and let G be almost simple with socle Eg(q).

o If G < Eq(q).(6,8) then m(G) = m(Be(q)) = [Ee(q) : H| = =@ a’+D)

= where H is a
parabolic subgroup Py or Ps of Eg(q) corresponding to the rools py or pg respectively.

e Otherwise m(G) = |Fg(q) : H| = (qgfl)(‘l6+;)_(f{4+1)(q3+1), where H s a parabolic subgroup
Py of Es(q).

Proof. By Theorem 5.1.44 the outer automorphism group Out(Es(q)) = (3, ¢, ).

Let G < Eﬁ(q).(ﬁ, 5>, and let H be a parabolic subgroup P; or Ps of G. By [49, Theorem
1] we have that m(E¢(q)) = |Ee(q) : H| = (¢° — 1)(¢® + ¢* +1)/(¢ — 1). By Theorem 5.1.34 we
know that since H is parabolic that the outer automorphisms <Z5 and 0 fix the conjugacy class of
H. Consequently Ng(H)Eg(q) = G. Therefore by Lemma 2.3.18 we have our result.

Now let G £ E6(q).<q5, 6) Let H be a parabolic subgroup Py = Pf12356) of G. By Theo-
rem 5.1.34 once again we know that the outer automorphisms gf) and & fix the conjugacy class
of H. The associated map of v as defined in Lemma 5.1.22 maps {1,2,3,5,6} to itself. Lemma
5.1.37 shows that ¥ fixes the conjugacy class of H also. So the whole of Out(Eg(q)) fixes the
conjugacy of H. Therefore we have that Ng(H)Eg(q) = G. We note that Ng(H) is in fact a
maximal subgroup of G, a fact that will follow from later calculations.

We compute the order of the parabolic subgroup Ps. In Lemma 5.1.13 N = 36, there is a
single connected component I for J and £1 = As. Hence, using the information from Table 5.1,
we conclude that

1
|H| =

mq%(q —D(¢® = 1)(¢® = 1)(¢" = 1)(¢® = 1)(¢® = 1).

Using the order of E¢(q) obtained from Theorem 5.1.43, we deduce that

|E6(q) : H| = (¢” = D(¢° +ql)_(ql4 +1)(¢% + 1).

From the main theorem of [29] it follows that if M is a non-trivial maximal subgroup of G then
either |K| < ¢%7, or Eg(q) N M is a parabolic subgroup of Eg(q) or Eg(¢) N M is isomorphic to
one of the following Fs(q), (SLa(q) o As(q))-d, Es(q"?), Fe(q/2) or (Ds(g) o (g — 1)/es1)-fo1,
where d,ey; and fi; are constants defined in [29, Table 1].

Let M be a non-trivial maximal subgroup of G and let K = M N Eg(g) such that K is not
Aut(Eg(q))-conjugate to H. We will show that |K| < |H|. By Lemmas 2.3.6 and 2.3.7 we have
that K # Eg(q), and Ng(K) = M, and Ng(K)Ee(q) = G.

Suppose K is conjugate to the parabolic subgroup P; for J C II. Note that by assumption
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we have that K is not conjugate to Pry2356)- We know by Lemma 5.1.34 that é and § fix the
conjugacy class of K in Eg(q). We notice that the image of G in Out(Eg(g)) contains an element
of the form 551@6@2&. Therefore we see that 4 also fixes the conjugacy class of K in Eg(q). By
Lemma 5.1.37, for the graph automorphism to fix the conjugacy class of K we require that J = J
under the map described in Lemma 5.1.22. Under this map p; is mapped to pg and vice versa,
while ps is mapped to ps and vice versa, while pg and p4 are fixed. We note that if J; C Jy C II,
then Py, is contained in Py, and so |Pj| < |Ph|. |K| < |Pyoasel, or [K| < |Prsae| or
K| < |P234,5]-

We compute the order of the parabolic subgroups Piy2456), £(1,34,6) and Pa345) in turn
using Lemma 5.1.13.

Suppose K is a P(12456) subgroup. Then in Lemma 5.1.13 N = 36, there are three con-
nected components Iy = {1,2}, I = {4} and I3 = {5,6} for J and £1 = L3 = Ao, and Lo = A;.
Hence, using the information from Table 5.1, we conclude that

b
e

Suppose K is a Pfy 346y subgroup. Then in Lemma 5.1.13 N = 36, there are three connected
components I; = {1}, I = {3,4} and I3 = {6} for J and £; = L3 = A1, L2 = As. Hence, using
the information from Table 5.1, we conclude that

K| = ¢*%(q —1)(* = 1)*(¢* — 1)?

(¢ —1(¢@ - 1)(¢® - 1)(¢" = 1)(¢® = 1)(¢° — 1) = [H]|.

1

|K| N (Saq_ 1)

(¢ —1)*(* - 1%’ - 1) < |H|.

Suppose K is a P[3345) subgroup. Then in Lemma 5.1.13 N = 36, there is one connected
component I; for J and £1 = D4. Hence, using the information from Table 5.1, we conclude that

K| = (¢ —1)*(* - 1)(¢" = 1)*(° - 1) < |H|.

b
(3,(] - 1)

Therefore if K is a parabolic subgroup not Aut(Eg(q))-conjugate to H of Eg(q) such that
Ng(K)Eg(q) = G, then |K| < |H|.

Suppose that K is not a parabolic subgroup, then as noted before |K| < ¢®" or is isomorphic to
one of the following F4(q), (SLa(q) o As(q))-d, Es(q"/?), *Es(¢"/?) or (D5(q) o (¢ — 1)/e41).f11,
where d,ey; and fi are constants defined in [29, Table]. We go through these cases in turn.

If | K| < ¢ then |K| < |H|.

If K~ F4(q) then

|K| = qQA‘(q12 — 1)(q8 — 1)(q6 — 1)(q2 -1)< ¢ from Theorem 5.1.43
36 -1 2_1 3_1 4_1 5_1 6_1
<4 (4= 1)lg )4 G )(q1> ) ) ) = |H| By Lemma 2.6.1 or Lemma 2.6.2.
,qd —
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If K = (SLa(q) o As(q)).d, one can show by the fact that As(q) = PSLg(q) and applying Lemma
2.6.4 that |K| < |H|.

If K= E6(q%), or K & 2E6(q%) then by Theorem 5.1.43 we have that |K| < |H].

Finally if K = (D5(q)o(¢—1)/e41).f+1, where ey and fy; are defined in [29, Table 1], then by
the fact that D5(q) = PQ],(¢) and applying Lemma 2.6.4 we may also show that |K| < |H].

Therefore, we have shown that if M is any non-trivial maximal subgroup of G then M = Ng(K)
for a subgroup K < Eg(q) that satisfies |K| < |H|. By Lemma 5.1.12 we have that Ng(H) = H,
and so |G : Ng(H)| = |Es(q) : H| < |Es(q) : K| = |G : M|, by Lemma 2.3.17. We note that
N¢g(H) is therefore not contained in any other non-trivial maximal subgroup of G, and combining
this with Lemma 2.3.11, we have that Ng(H) is actually a maximal subgroup of G. Therefore
m(G) = |G : Na(H)| = [Eq(q) : H]. 0

5.6.4 E7(q) and Eg(q)
Lemma 5.6.5. Let q be a prime power and let G be almost simple with socle Ez(q). Then

m(G) = m(E7(q)) = |E7(q) : H| = (q1471)(397411)(q5+1)’ where H is a parabolic subgroup P;.

Proof. Let H < E7(q) be a parabolic subgroup P;. [49, Section 2B| shows that H is a subgroup
of least index in E7(q). By [49, Theorem 2]

r(q) ) = CmDEEVEED g,

By Theorem 5.1.44 the only outer automorphisms of E;(q) are diagonal and field type. Therefore,
by Theorem 5.1.34 we know that Out(E7(q)) preserves the conjugacy class of H, and therefore
Na(H)E7(q) = G. Therefore by Lemma 2.3.18 we have our result. O

Lemma 5.6.6. Let g be a prime power and let G be almost simple with socle Eg(q). Then

m(G) = m(Eg(q)) = |Es(q) : H| = (q30—1)(q12+;2(1‘110+1)(‘16+1), where H is a parabolic subgroup P;.

Proof. Let H < Eg(q) be a parabolic subgroup P;. [49, Section 3B| shows that H is a subgroup
of least index in Eg(q). By [49, Theorem 3|

(@ - D"+ 1) (" +1)(¢° +1)

E tH| =
Bs(a) : H] —

= m(Es(q))-

By Theorem 5.1.44 the only outer automorphisms of Eg(q) are field type. Therefore, by Theorem
5.1.34 we know that Out(E7(q)) preserves the conjugacy class of H, and so Ng(H)Es(q) = G.
Therefore by Lemma 2.3.18 we have our result. O

5.6.5 Twisted groups of Lie type

In this section we will prove Theorem 5.2.2 for the cases where S a simple twisted group of Lie
type.
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Lemma 5.6.7. Let ¢ = p*" be a prime power, and let G be almost simple with socle *Eg(q).
Then m(G) = m(*Ee(q)) = |*E¢(q) : H| = (q12_1)(q6q__qi+1)(q4+1) where

H = [¢%]: (ds - *As(q) x (¢ = 1)/dy) - dYy,
and dy = (2,q+1) and d', = (3,q+1).
Proof. Let H < 2Eg(q) be the parabolic subgroup of shape [¢*'] : (d - ?A5(q) x (¢ —1)/d,) - d',,
denoted by P! in [50, Section 4B|. By [50, Theorem 4| we have that

(@2 -1 -+ 1D)(¢*+1)
q—1

*Ee(q) - H| = = m(*Es(q)).

By Theorem 5.1.44 the only outer automorphisms of ?Eg(q) are diagonal and field type. There-
fore, by Theorem 5.1.40 we know that Out(*Eg(q)) preserves the conjugacy class of H, and so
N¢(H)?Eg(q) = G. Therefore by Lemma 2.3.18 m(G) = m(?Eg(q)) and we have our result. [J

Lemma 5.6.8. Let ¢ = p" be a prime power, and let G be almost simple with socle 3Dy(q).
Then m(G) = m(3Dy(q)) = I’Da(q) : H| = (¢® + ¢* + 1)(¢ + 1), where H = [¢°] : (d - (A1(¢®) x
(¢—1)/d))-d, and d = (2,q —1).

Proof. Let H < 3Dy4(q) be the parabolic subgroup of shape [¢°] : (d- (A1(¢®) x (¢ — 1)/d)) - d,
denoted by Pj in [50, Section 3B]. By [50, Theorem 3] we have

°Da(q) : H] = (¢ + ¢" + 1) (g + 1) = m(*Da(q)).

By Theorem 5.1.44 the only outer automorphisms of ®Dy(q) are field type. Therefore, by The-
orem 5.1.40 we know that Out(®D4(q)) preserves the conjugacy class of H in 3Dy(q), and so
Ng(H)3D4(q) = G. Therefore by Lemma 2.3.18 m(G) = m(®D4(q)) and we have our result. [J

Lemma 5.6.9. Let ¢ = 22"*! for n > 1, and let G be almost simple with socle Ba(q). Then
m(G) = m(*B2(q)) = "B2(q) : H| = ¢* + 1, where H = [¢*] : (¢ — 1).

Proof. Let H < 2Bs(q) be the parabolic subgroup of shape [¢%] : (¢ — 1) as provided by [50,
Section 2 & Theorem 1]. [50, Theorem 1| shows that

”Ba(q) - H| = (¢° +1) = m(*Ba(q)).

By Theorem 5.1.44 the only outer automorphisms of 2Bz (q) are field type. Therefore, by Theorem
5.1.40 we know that Out(*Ba(q)) preserves the conjugacy class of H in 2By(q) and therefore
Ng(H)?By(q) = G. Therefore by Lemma 2.3.18 m(G) = m(?Ba(q)) and we have our result. [J

Lemma 5.6.10. Let ¢ = 22"*! for n > 1, and let G be almost simple with socle *F4(q). Then
m(G) = m(*Fa(q)) = [’Falq) : H| = (¢® + 1)(¢* +1)(q +1), where H = [¢"] : (*Ba(q) x (¢ —1)).

Proof. Let H < 2F4(q) be the parabolic subgroup of shape [¢'°] : (?B2(q) x (¢ — 1)), denoted by
Py in [50, Section 5B|. [50, Theorem 5] shows that

*Fa(q) : Hl = (¢® + 1)(¢* + 1)(¢ + 1) = m(*F4(q)).

By Theorem 5.1.44 the only outer automorphisms of 2F,(q) are field type. Therefore, by Theorem
5.1.40 we know that Out(?F4(q)) preserves the conjugacy class of H in 2F4(q) and therefore
Ng(H)?*F4(q) = G. Therefore by Lemma 2.3.18 m(G) = m(?F4(q)) and we have our result. [J
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In the case of 2F4(2)" we obtain the following result from the Malle [36].

Lemma 5.6.11. Let G be almost simple with socle 2F4(2)’.
o if G =2F4(2) then m(G) = m(?F4(2)") = |*F4(2)’ : H| = 1600 where H = PSL3(3) : 2.
o if G =2F4(2).2 then m(G) = |G : H| = 1755 where H = 2.[2%].5.4.

Lemma 5.6.12. Let ¢ = 3?"*! for n > 1 and let G be almost simple with socle >?Ga(q). Then
m(G) = m(*Ga(q)) = [*Ga(q) : H| = ¢* + 1, where H = [¢°] : (¢ — 1).

Proof. Let H < 2Gy(q) be the parabolic subgroup of shape [¢3] : (¢ — 1) as provided by by [50,
Section 2 & Theorem 2]. By [50, Theorem 2]

?Ga(q) : H| = ¢* + 1 = m(*G2(q)).

By Theorem 5.1.44 the only outer automorphisms of 2Gg(q) are field type. Therefore, by Theo-
rem 5.1.40 we know that Out(2Ga(q)) preserves the conjugacy class of H in 2Ga(q). Therefore
Ng(H)?G2(q) = G and by Lemma 2.3.18 m(G) = m(?Ga(q)) and we have our result. O
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