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1 | INTRODUCTION

Let G be a finite group that acts faithfully and transitively on a set I" with point stabiliser H. A
sequence (¥, ..., ¥;) of points of I is an irredundant base for the action of G on T if

G>G, >G,, >->G, ., =1 ¢))
Let b(G, H) and I(G, H) denote the minimum and the maximum sizes of an irredundant base in
I for G respectively.
Recently, Gill and Liebeck showed in [7] that if G is an almost simple group of Lie type of rank
r over the field F s of characteristic p and G is acting primitively, then

I(G,H) < 177r® + Q(f),

where Q(f) is the number of prime factors of f, counted with multiplicity.
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2 | RONEY-DOUGAL and WU

Suppose now that G is the symmetric group S,, or the alternating group A,. An upper bound
for I(G, H) is the maximum length of a strictly descending chain of subgroups in G, known as the
length, £(G), of G. Define €(G) := £(G/ soc G). Cameron, Solomon, and Turull proved in [4] that

£(G) = [3112—3

J - bl’l + E(G)’
where b,, denotes the number of 1s in the binary representation of n. For n > 2, this gives
3
2(G) < zn -3+ ¢(G). 2

This type of upper bound is best possible for such G in general, in that for the natural action of
S, or A, on n points, the maximum irredundant base size is n — 2 + (G). A recent paper [8] by
Gill and Loda determined the exact values of I(G, H) when H is maximal and intransitive in its
natural action on n points, and in each case I(G,H) > n — 3 + £(G).

In this article, we present improved upper bounds for I(G, H) in the case where H is primitive.
Note that whenever we refer to the ‘primitivity’ of a subgroup of G, we do so with respect to the
natural action of G on n points. We say that a primitive subgroup H of G is large if there are
integers m and k such that H is (S,,2S;) N G in product action on n = mk points or there are
integers m and r such that H is S,, N G acting on the r-subsets of a set of size m, i.e.on n = (Vf)
points. Logarithms are taken to the base 2.

Theorem 1. Suppose G is S, or A, (n > 7) and H # A,, is a primitive maximal subgroup of G.

(i) Either 1(G,H) < (logn)? + logn + 1, or H is large and 1(G, H) < 3\/5 -1
(ii) There are infinitely many such G and H for which I(G,H) > \/ﬁ
(iii) There are infinitely many such G and H for which

I(G, H) > (logn)* /(2(log 3)?) + logn/(21og 3)
and H is not large.

We also state our upper bounds for I(G,H) in terms of t := |G : H|. It is easy to show
that I(G, H) < b(G, H) logt. Burness, Guralnick, and Saxl showed in [3] that with finitely many
(known) exceptions, in fact b(G, H) = 2, in which case it follows that

I(G,H) < 2logt.

Similar O(log t) upper bounds on the maximum irredundant base size were recently shown to
hold for all non-large-base primitive groups of degree ¢ [9, 10], raising the question of whether
such bounds are best possible in our case. Using Theorem 1, we shall obtain better bounds in
terms of ¢.

Corollary 2.

(i) There exist constants c,,c, € Ry, such that, if Gis S,, or A,, (n > 7) and H # A, is a primi-
tive maximal subgroup of G of index t, then either 1(G, H) < c,(loglogt)?, or H is large and
I(G,H) < ¢, (logt/loglog t)l/z.

(ii) There is a constant c; € Ry, and infinitely many such G and H for which I(G,H) >
c; (logt/loglog t)l/z.
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(iii) There is a constant c, € R, and infinitely many such G and H for which 1(G,H) >
¢,(loglogt)? and H is not large.

Remark 3. We may take c; = 3.5,¢, = 6.1,¢; = 1, ¢, = 0.097. If we assume n > 100, thenc; = 1.2
and c, = 4.4 sulffice.

A sequence B of points in I is independent if no proper subsequence B’ satisfies Gsy = Gp).-
The maximum size of an independent sequence for the action of G on T is denoted H(G, H). It
can be shown that b(G, H) < H(G, H) < I(G, H). Another closely related property of the action is
the relational complexity, denoted RC(G, H), a concept which originally arose in model theory.
Cherlin, Martin, and Saracino defined RC(G, H) in [5] under the name ‘arity’ and showed that
RC(G,H) < H(G,H) + 1.

Corollary 4. SupposeG isS, orA, (n > 7)and H # A, is a primitive maximal subgroup of G. Then
either RC(G,H) < (logn)? + logn + 2, or H is large and RC(G, H) < 3\/ﬁ.

The maximal subgroups of the symmetric and alternating groups were classified in [1, 11]. In
order to prove statements (i) and (ii) of Theorem 1, we examine two families of maximal subgroups
in more detail and determine lower bounds on the maximum irredundant base size, given in the
next two results.

Theorem 5. Let p be an odd prime number and d a positive integer such that p® > 7 and letn = p@.
Suppose G is S, or A, and H is AGL;(p) N G. Ifd = 1, then

I(G,H)=1+Q(p—1) + £(G).

Ifd > 2and p = 3,5, then

@ +d—1+£G) <G, H) < @(1 +1og p) + £(G).
Ifd >2and p > 7, then
1
@ +dO(p—1)=1+e6) <16 H) < LD (1 L 1og p) +¢(G).

Theorem 6. Let m > 5 and k > 2 be integers and let n = m¥. Suppose G is S, or A,, and H is
(S, tSx) N G in product action. Then

14 m =1k —1)+£G) < I(G,H) < %mk— %k—l.

After laying out some preliminary results in Section 2, we shall prove Theorems 5 and 6 in
Sections 3 and 4, respectively, before proving Theorem 1 and Corollary 2 in Section 5.

2 | THE MAXIMUM IRREDUNDANT BASE SIZE

In this section, we collect two general lemmas. Let G be a finite group acting faithfully and tran-
sitively on a set I" with point stabiliser H. If (y;, ..., ;) is an irredundant base of G, then it satisfies
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4 | RONEY-DOUGAL and WU

(1). The tail of the chain in (1) is a strictly descending chain of subgroups in G, , which is conjugate
to H. Therefore,

I(G,H)<¢(H)+ 1< Q(|H|) + 1.

To obtain a lower bound for I(G, H), one approach is to look for a large explicit irredundant
base. The following lemma says it suffices to find a long chain of subgroups in G such that every
subgroup in the chain is a pointwise stabiliser of some subset in T

Lemma 2.1. Let I be the largest natural number such that there are subsets Ay, Aq,...,A; CT
satisfying

Gag) > Gy > > G-
ThenI(G,H) =L

Proof. Since [ is maximal, we may assume that A; = @ and A; =T and that A;_; C A;, replac-
ing A; with A; U -+ U A; if necessary. For each i € {1,..., I}, write A; \ A;_; ={y;1, ..., ¥im,}- Then
(V1,155 V1my s V2,10 s Vaumys o> V115 - Vi, ) is @ base for G and every subgroup G, ) appears in the
corresponding chain of point stabilisers. Therefore, by removing all redundant points, we obtain
an irredundant base of size at least [, so I(G,H) > L.

On the other hand, given any irredundant base (y4, ..., ¥,,) of G, we can take A; := {y, ..., 7;}.
Therefore, I(G,H) = L. O

Once we have an upper or lower bound for I(G, H), we can easily obtain a corresponding bound
for the maximum irredundant base size of various subgroups of G.

Lemma 2.2. Suppose M is a subgroup of S,y with M £ A,,. Then
I(S,,M) —1<I(A,,MNA,) <IS,,M).

Proof. This follows immediately from [9, Lemma 2.8; 10, Lemma 2.3]. O

3 | THE AFFINE CASE

In this section, we prove Theorem 5. The upper bounds will follow easily from examinations of
group orders. Therefore, we focus most of our efforts on the construction of an irredundant base,
leading to the lower bounds.

Let p be a prime number and d be an integer such that p? > 7 and let V be a d-dimensional
vector space over the field F,. LetG be Sym(V) or Alt(V). Consider the affine group AGL(V), the
group of all invertible affine transformations of V, and let H := AGL(V) N G.

Theorem 3.1 [11]. The subgroup H is maximal in G (with p® > 7) if and only if one of the following
holds:

(i) d=2andp>3;
(i) G=Sym(V),d=1,and p > 7;
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(iii) G =Al(V),d > 3,and p = 2;
(iv) G=Alt(V),d=1,and p =13,19 0r p > 29.

In this section, we only consider the case where p is odd. Owing to Lemma 2.2, we shall assume
G = Sym(V) and H = AGL(V) for now. In the light of Lemma 2.1, we introduce a subgroup T of
diagonal matrices and look for groups containing T that are intersections of G-conjugates of H
(Subsection 3.1) and subgroups of T that are such intersections (Subsection 3.2), before finally
proving Theorem 5 (Subsection 3.3).

3.1 | Subspace stabilisers and the diagonal subgroup

Let T be the subgroup of all diagonal matrices in GL(V') with respect to a basis by, ..., b,. Let 1t be
a primitive element of FF,. We now find a strictly descending chain of groups from Sym(V) to T
consisting of intersections of G-conjugates of H. We treat the cases d = 1 and d > 2 separately.

Lemma 3.2. Supposed =1 and G = Sym(V). Then there exists x € G such that HNH* =T.

Proof. Since V' is one-dimensional, GL(V) = T is generated by the scalar multiplication m,, by u.
Letu € V \ {0} and let ¢, be the translation by u. Then H = (t,,) X (mu> is the normaliser of (¢,,)
in G and (¢,) is a characteristic subgroup of H. Hence H is self-normalising in G. Define (in cycle
notation)

1 2 b3 o -kl
x:=(mayuy wpuyu)--(uz2uy 2ued.
Then x ¢ H and so x does not normalise H. But x normalises (mﬂ>, as mﬂx = mﬂ‘l. Therefore,
T=(m,) <HNH* <H.
Since theindex |[H : T| = pisprime, HNH* =T. 1
The following two lemmas concern the case d > 2. An affine subspace of V' is a subset of the
form v + W, where v € V and W is a vector subspace of V. The (affine) dimension of v + W is
the linear dimension of W. For an affine transformation h = gt, with ¢ € GL(V) and t,, denoting
the translation by some u € V, if fix(h) is non-empty, then fix(h) is an affine subspace of V, since

fix(h) = v + ker(g — idy,) for any v € fix(h).

Lemma 3.3. Supposed > 2, p > 3, and G = Sym(V). Let W be a proper, non-trivial subspace of V
and let K < GL(V) be the setwise stabiliser of W. Then there exists x € G such that H N H* = K.

Proof. Letd € [F; \ {1} and define x € Sym(V) by setting

N Av, ifvew,
v =
v, otherwise.

We first show that K = C(x) and then that H N H* = Cy(x).
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6 | RONEY-DOUGAL and WU

Firstly, let ¢ € K. For all v.€ W, we calculate that v¥" = (171v)9* = (1~1v9)* = v¥. For all
v € V' \ W, we see that v9 = v9% = v9. Hence g* = g, and so K < Cy(x). Now, let h be an ele-
ment of Cp;(x) and write h = gt, with ¢ € GL(V) andu € V, so that h~! = t_,,g~'. Suppose for
a contradiction that there exists v.e W \ {0} with Av? + u & W. Then

v= v 2 Qe 2 v+ = v+ ) = v

Since A # 1, this is a contradiction and so for allv € W,

v=vi+u) T =i+ A ) = v+ A = Dud

Hence u = 0 and vY € W. Therefore, h = gt stabilises W, whence h € K. Thus, Cy(x) = K.

Since Cy(x) < H n H¥, it remains to show that H N H* < Cy(x). Suppose otherwise. Then
there is some h € H N H* such that h’ := xhx~'h~! # 1. The set fix(h’) is either empty or an
affine subspace of dimension at most d — 1. Moreover, for any v € V, if v & (W \ {0}) U wh,
then x fixes both v and v/, and v/ = v """ = vhh™! =y when v € fix(h'). Therefore,

vV =W\{0)uw"" ufix(h).
Then
pl=1VI< W\ {0} + |Wh_1| + |fix(h)| < (p =D+ pd~t + pT =3piTt -1
This is a contradiction as p > 3, and so H N H* = Cy(x) =K. O
We now construct a long chain of subgroups of G by intersecting subspace stabilisers.

Lemma 3.4. Supposed > 2and G = Sym(V). Letl; :=d(d + 1)/2 — 1. Then there exist stabilisers
Ky,...,K), in GL(V) of linear subspaces such that

ll
G>H>K; >K nK,>>[ K =T. ?3)
i=1

Proof. Let T :={(,j)|i,je€{l,..,d},i<j}\{(1,d)} be ordered lexicographically. Note that
|Z| =1,. For each (i, j) € 1, let K;; be the stabiliser in GL(V) of (bi,biﬂ,...,bj) and define
L ={k,DeI|kD<(j}SinceT <K;;foralli, j, we see that

d

(i.)er i=1

Hence equality holds, proving the final equality in (3).
We now show that, for all (i, j) € 7,

Ky, > ﬂ Ky -
(k.DEL; H\{(E.))} (k.DEL )
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For1 < j <d,let g, ; be the linear map thatsendsb; tob; + b, and fixes by for k # j. Then g, ;
stabilises (b, ), ..., (b;_; ) and any sum of these subspaces, but not (b, ...,b;). Hence g, ; € K,
foralll < jbutg, ; K, ;. For2<i< j<d,letg;be thelinear map thatsendsb; tob;_; +b;
and fixes by for k # j. Then g; ; stabilises (b;), ..., (bj_1> , <bj,bi_1> , (bj+1> ,-»{by) and any
sum of these subspaces, but not (b;,...,b;). Hence g; ; € K, forall (k,I) < (i, j) but g; ; € K; ;.
Therefore, the K; ;s, ordered lexicographically by the subscripts, are as required. O

We have now found the initial segment of an irredundant base of Sym(V). The next subsection
extends this to a base.

3.2 | Subgroups of the diagonal subgroup

We now show that, with certain constraints on p, every subgroup of T is an intersection of G-
conjugates of T, and hence, by Lemma 3.4, an intersection of G-conjugates of H. We first prove a
useful result about subgroups of the symmetric group generated by a k-cycle.

Lemma 3.5. Let s € S,, be a cycle of length k < m and let a be a divisor of k. Suppose that (k, a) #
(4,2). Then there exists x € S,,, such that

()N (s)” = (s).

Proof. Without loss of generality, assume s = (12 --- k)and a > 1.Ifa = k, then take x := (1 m),
so that (s) N (s)* =1, as m & supp(s’) and m € supp((s')*) for all 1 <i < k. Hence we may
assume a < k and k # 4. We find that

=1 a+1 - k—-a+1)Q2a+2 - k—a+2)---(a 2a - k).
Let

x: =12+ a)a+1a+2 - 2a)-(k—a+1k—a+2 - k).
Then (s%)* = s%. Hence (s%) = (s9)* < (s) N {s)*.

To prove that equality holds, suppose (s®) < {s) N {s)*. Then there exists b € {1,...,a — 1} such
that (s?)* = s¢ for some c not divisible by a. Computing

1 =1 =" = (a4 b =a+b+1=1°

a+b

Therefore,
2Sc=25a+b= a+b+2, ifb#a—1ork>2a, @
1, ifb=a—-1andk = 2a.
On the other hand,
_ b+2, ifb -1,
X 1gbx — 1sbx =(b+ 1)x — ith#a (5)
1, ifb=a-1.
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8 | RONEY-DOUGAL and WU

Comparing (4) and (5), we see that b = a — 1 and k = 2a. In particular, a # 2 by the assumption
that k # 4. It follows that a*° = ™ =q - 1, whereas

@ = (@ -1 = (2a -2 =2a -1,

a contradiction. The result follows. O

Recall from Subsection 3.1 the subgroup T of GL(V') and the primitive element 1 of F,. For each
i €{1,..,d}, let g; € GL(V) send b; to ub; and fix b; for j # i. Then T = (g;, ..., gq)-

Lemma 3.6. Supposed >1, p >3, and G = Sym(V). Let i € {1, ...,d} and let a be a divisor of
(p — D) with (p, a) # (5,2). Then there exists x € G such that

TNT* = <gl, s Gic15 Gi%5 Gig1s e s 9d>-
Proof. Up to a change of basis, i=1. The map ¢; € GL(V) <G has a cycle s=
(b, ub, u?b; --- uP=?b,). Treating s as a permutation on the subspace (b, ), we see that, for all
u e (b;)andw € (b,,...,b;) (if d = 1, then consider w = 0),

u+w) =ud +w=u’+w.

By Lemma 3.5, since s is a (p — 1)-cycle and (p — 1, a) # (4, 2), there exists x € Sym((b;)) such
that (s) N (s)* = (s%). Define X € G by setting

u+w) :=u'+w

for all u € (b;) and w € (b,,...,b,;). Let g be any element of T and write g = glcg’ with c €
{1,..,p—1}and ¢’ € {g,, ..., g4)- Then, with u and w as above,

u+w) =u +w’ =u’ +w?
and similarly
@+w)? =ul 4w

Hence ¢* € T if and only if (s°)* € (s), which holds if and only if a | c. Therefore, T NT* =
(9%, g3 > 9q )» as required. O

Lemma 3.7. Supposed > 1, p > 3, and G = Sym(V). Letl, :=difp=3,5andl, :=dQ(p—1)
otherwise. Then there are subsets Y1, ..., le C G such that

T> ﬂTX> ﬂTX>---> ﬂ T =1.

XEY, XEY, X€EYy,

Proof. First, suppose p =3or p =5.Foralli €{l,...,d}, by Lemma 3.6, there exists y; € G such
that

TNTY = <gl,...,gi—1’gi+1""’gd>;
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setting Y; = {yy, ..., y;} gives

N 7% = (G0

X€Y;
Therefore, Y, ..., Y, are as required.
Now, suppose p > 7. Let ay, ..., agp_1) be a sequence of factors of (p — 1) such that a; | a;, for

alli.LetT :={1,...,d} x{1,..., Q(p — 1)} be ordered lexicographically. For each pair (i, j) € T, by
Lemma 3.6, there exists y; ; € G such that

TNT" = <91’---agi—l’giaj’gi+1"--’gd>;
setting Y, . :={y, » | (', j) € I,(i’, j") < (i, j)} gives
ttingY; ; :={yy | (@',j) € L,(,j") < (i, j)} gi

ﬂ T = (g%, giy1s 294 )-

X€Y; j
Therefore, the Y; ;s, ordered lexicographically by the subscripts, are as required. O

This completes our preparations for the proof of Theorem 5.

3.3 | Proof of Theorem 5

Recall the assumption that G is S ,a or A ¢ (pisan odd prime and p? > 7), which we identify here
with Sym(V) or Alt(V), and H = AGL,(p) n G, which we identify with AGL(V) N G.

Proof of Theorem 5. First, suppose d > 2, p >3, and G = Sym(V). Let Kl,...,Kl1 be as in

Lemma 3.4. For each i € {1, ...,1;}, by Lemma 3.3, there exists x; € G such that Hn H* =K.
Define X; :={1}U{x; | 1 < j < i} C G for all such i. Then by Lemma 3.4,

G>H= (|H*> (|H*>-> (] H*=T. (6)

XEX, X€EX, xeXll+1

LetYy,.., le C G be asin Lemma 3.7. Foreach i € {1, ..., L}, let Z, :={xy | x € Xll+1,y €Y},
so that

Nw-n| N wl-nr

zEZ; YEY; XEX11+1 YEY;
Then Lemma 3.7 gives
T>ﬂH"> ﬂHx>---> ﬂHx=1. @)
ZEZy ZEZ, 2€Z;,

Concatenating the chains (6) and (7), we obtain a chain of length [; + [, + 1.
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10 | RONEY-DOUGAL and WU

Now, suppose d > 2, p > 3,and G is Sym(V) or Alt(V). By Lemmas 2.1 and 2.2, since AGL(V) £
Alt(V), the lower bounds in the theorem hold. For the upper bound on I(G, H), simply compute

I(G,H) < 1+ Q(IH|) < Q(p(p? = 1)(p® - p) -+ (p — p?~1)) + £(G)

<D 10g((p ~ D = 1) (p = D) +E(O)
< @(1 + log p) + &(G).

Finally, suppose d = 1 and p > 7. Using Lemma 3.7, we obtain the chain (7) again. Concate-
nating the chain G > H > T with (7) and applying Lemmas 2.1 and 2.2, we see that I(G,H) >
14+ Q(p — 1) + &(G). In fact, equality holds, as I(G,H) < 1+ Q(|H|) =1+ Q(p— D) +e(G). O

4 | THE PRODUCT ACTION CASE

In this section, we prove Theorem 6. Once again, most work goes into the explicit construction of
an irredundant base in order to prove the lower bounds, while the upper bounds will be obtained
easily from the length of S,,.

Throughout this section, let m > 5 and k > 2 be integers, and let G be S, x or A, k. Let M :=
S,, 1Sy act in product action on A :={(a,,...,q;) | a;, ..., q, €1{1,...,m}} and identify M with a
subgroup of S, .

Theorem 4.1 [11]. The group M N G is a maximal subgroup of G if and only if one of the following
holds:

(i) m=1 (mod 2);
(ii) G=S, k, m=2 (mod 4), and k = 2;

mks
(iii) G = Ak, m =0 (mod 4), and k = 2;
(iv) G=A,x, m=0 (mod 2), and k > 3.

The strategy to proving the lower bound in Theorem 6 is once again to find suitable two-point
stabilisers from which a long chain of subgroups can be built.
For each pair of points a, § € A, let d(a, 8) denote the Hamming distance between « and f§,
namely the number of coordinates that differ.
Lemma 4.2. Let x € M. Then foralla,§ € A,
d(a*, %) = d(a, B).

Proof. Write x as (vy, ..., 0 )w with vy,..,v, €S, and w € S;. Let a = (a;,...,q;) and § =
(by, .., by). Write a* = (a{, s al’{) and B* = (b, ..., bl’c). Then foreach i € {1, ..., k},

— v _ MU /Y
ai—bi<=>ail—bil<=>aiw—biw.

Since w is a permutation of {1, ..., k}, the result holds. O
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Defineu € S,,tobe (12 - m)if misodd, and (12 --- m — 1) if m is even, so that u is an even
permutation. Let U := (u) < S,, and note that Cg (u) = U. The group U will play a central role
in the next lemma.

Lemma4.3. Leti € {2,...,k}andr € {1, ...,m}. Let T, be the stabiliser of r in S,,, and let W; be the
pointwise stabiliser of 1 and i in Sy.. Then there exists x; , € A,k such that

M M = <U X (S,) 2% T, x (sm)"“') W,

Proof. Without loss of generality, assume i = 2. Define x = x,, € Sym(A) by

(ay, a0, @) = (4%, ay,...,q;) ifa, =r,
(ay,ay,...,a;) otherwise.

The permutation x is a product of m =2 disjoint |u|-cycles and is therefore even.

LetK := <U X T, X (Sm)k_2> X W,. We show first that K < M N M*. Let h = (vy, ..., U, )w ™!
be an element of K. Then v, € U, v, fixes r, and w fixes 1 and 2. Therefore, for all a =
(a1, 0ay,...,a;) € A,ifa, =r, then

hx v v v X v u v v,
a™ = (a;", ay, a0, ., G K ) = (a1, ay, 4303, L, Qg )

uv v v, u h xh.
=(a;"", 05,0507, o, ) = (a4, ay, as, . )" =

and if a, # r, then

hx v v v Upw \X v v v v,
a™ = (a;", 0,2, a5, ., @) = (01", 0,2, a5, ., Gp ORY)

=(a;,a,,as, ...,ak)h = ",

Therefore, x and & commute. Since A is arbitrary, K = KN K* < M N M”*.

Let B be the base group (Sm)k of M. Since K < M n M*, we find that BN K < BN M*. We
now show that BN M* < BNK, so let h; = (vy,...,0;) € BN M*. Then hl"_1 € M. We show
that v; € U and v, fixes r, so that h; € K. By letting ¢; :=(1,1,v;,...,0;) € K and replacing
h, with g~'h,, we may assume v3 = -+ = v = 1. Let h, := xh)x 'h;! = h1x71h1‘1 € M, and let
a :=(a,b,c,...,c)and B :=(a,r,c,...,c) be elements of A with a # m and b & {r, r“z_l}. Then «
and a’t are both fixed by x, and so a2 = a. On the other hand,

—1,-1 .
gh = {(a“””‘ “1,r,¢,..,0), ifrz=r,

(a*,r,c,...,0), otherwise.

Since d(ahz,ﬁhz) =d(a,B) =1 by Lemma 4.2 and a* # a, it must be the case that r’2 = r and
T = g Therefore, v, € T, and, as a is arbitrary in {1,...,m — 1}, we deduce that v, €

Csm(u) = U and hence h; € K. Thus, BnM* < BNK andsoBNnM* =BnK.
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12 | RONEY-DOUGAL and WU

To show that M N M* < K,leth e M N M*. Now,BIM andsoBNK =BNM*<IM nM~.
Therefore,

hy € Ny (B K) = (Ns (U)X T, X (5,)") X Wy,

The equality uses the fact that Ny (U) # T, (asm > 5). Through left multiplication by an element
of K, we may assume h3 € Ng (U) X (1g )<=1. Then h; € BN M* < K. Since hj is arbitrary, the
intersection M N M* < K. Therefore, K = M N M~*, as required. O

We are now ready to prove the main result for the product action case. Recall the assumption
that Gis S,k or A, x and H =M NG.

Proof of Theorem 6. Firstly, suppose that H = M. Let T :={2,...,k} x{1,...,m — 1}, ordered
lexicographically. For each (i,r) € 7, let x; . € A, x < G be as in Lemma 4.3, and define

X, ={3uixy . | (. r)eL,d,r)<inrn}caG.

Then for all (i,r) € T,

.....

XEX; ,

Hence, for all (i,r),(j,s) € T with (i,r) < (j,s), ﬂxeX”M" > ﬂxerSMx. This results in the
following chain of stabiliser subgroups, of length (m — 1)(k — 1) + 2:

G>M > ﬂM">---> ﬂ M* > ﬂMx>---> ﬂ M* > 1.

xX€X; XEXH m—1 X€X3, XEX ) m—1

Therefore, by Lemma 2.1, (G, H) = I(G,M) > (im — 1)(k — 1) + 2.

Now, if H#M, then G=A and I(G,H) > IS, x,M)—-12(m—-1)(k—1)+1 by
Lemma 2.2.

Finally, for the upper bound on I(G, H), we use (2) and [4, Lemma 2.1] to compute

mk s

I(G,H) <1+ £(H) <1+ (M) < 1+k£(S,,) + £(S)

<1+k(%m—2)+<%k—2)s%mk—%k—l. 0

5 | PROOF OF THEOREM 1

In this final section, we zoom out for the general case and prove Theorem 1 by considering the
order of H and assembling results from previous sections.

Recall that G is S,, or A, (n > 7) and H # A,, is a primitive maximal subgroup of G. Maréti
proved in [12] several useful upper bounds on the order of a primitive subgroup of the symmetric

group.
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Lemma 5.1.

(i) [H| < 50nV".
(ii) At least one of the following holds:
(a) H =S,, N G acting on r-subsets of {1, ..., m} with n = (T) for some integers m,r with m >
2r > 4;
(b) H=(S,,2Sx)NGwithn = mkforsomem >5andk > 2;
(c) |H| < nttllognl: gnd
(d) H is one of the Mathieu groups M,;, M,,, M55, M,, acting 4-transitively.

Proof. Part (i) follows immediately from [12, Corollary 1.1]. Part (ii) follows from [12, Theorem 1.1]
and the description of the maximal subgroups of S,, and A, in [11]. O

Equipped with these results as well as Theorems 5 and 6, we are ready to prove Theorem 1.

Proof of Theorem 1. If H is as in case (a) of Lemma 5.1(ii), then n = (’f) > (") = mm=b Hence

2 2
m < 24/n and, by (2),
I(G,H) <1+ ¢(H)<1+£(S,,) <3y/n—1.

If H is as in case (b) of Lemma 5.1(ii), then n = m*. By Theorem 6, I(G, H) < %mk - %k —1.1If

k = 2, then
I(G,H)<3m—-2<3yn-—1.

If k > 3, then

3 logn 3 ,~logn
I(G,H) < = < =yn—— <3yn-1.
( )< 2mlogm Zﬁlogs < \/E

If H is as in case (c) of Lemma 5.1(ii), then
I(G,H) <1+ £(H) < 1+1log|H| <1+ log (n'*'°6") = (logn)* + logn + 1.

Using the lists of maximal subgroups in [6], one can check that (M) = 7, £(M,,) = 8, (My3) =
11, and #(M,,) = 14. It is thus easy to verify that I(G,H) < 1 + #(H) < (logn)? in case (d) of
Lemma 5.1(ii). Therefore, part (i) of the theorem holds.

We now prove parts (ii) and (iii). By Theorem 3.1, if n = 3¢ for some integer d > 2, then H =
AGL,(3) N G is a maximal subgroup of G. Theorem 5 now gives

2 1 21
6.1 > Ly d - (ogm =L
2 2 2(log3)? 2log3

as required.
By Theorem 4.1, if n = m? for some odd integer m > 5, then H = (S,,2S,) N G is a maximal
subgroup of G. Theorem 6 now gives I(G, H) > m = 4/n, as required. O

Finally, we prove an additional lemma.
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Lemma 5.2. Lett be the index of H in G. There exist constants cs, ¢g, C7,C3 € Ry such that

(i) cslogt/loglogt < n < cqlogt/loglogt; and
(ii) c;loglogt < logn < cgloglogt.

Proof. 1t suffices to prove that such constants exist for n sufficiently large, so we may assume
n > 100. We first note that log ¢t < log |G| < nlogn, from which we obtain

loglog 100

< 1.412logn.
log 100 ogn

loglogt < logn + loglogn < logn + (logn)
Hence we may take c; = 1/1.412 > 0.708 for n > 100. By Lemma 5.1(i),
!
logt =log|G : H| =log |G| —log|H| > 10g% — log (50’1\/2)

>(nlogn—nloge — 1) — (\/Zlogn+log50> =nlogn —nloge — \/Zlogn—logloo

nlogn
100 log 100

1
>nlogn — n(loge) ogn _ \/Z(log n)

n
— (log 100
IOg 100 A /100 ( o8 )

>0.672nlogn,

where the second inequality follows from Stirling’s approximation and the last inequality follows
from the fact that loge/log 100 < 0.218. We deduce further that loglogt > logn and hence take
cg = 1for n > 100.

Finally, logt/loglogt < nlogn/logn =n and logt/loglogt > 0.672nlogn/1.412logn =
0.672n/1.412. Therefore, for n > 100, we may take cs = 1, ¢ = 1.412/0.672 < 2.11. O

Corollary 2 now follows by combining Theorem 1 and Lemma 5.2.

Remark 5.3. Verifying all cases with 7 < n < 100 by enumerating primitive maximal subgroups
of S, and A, in Magma [2], we may take c5 = 1, ¢g = 4.03, ¢; = 0.70, and c¢g = 1.53 in the state-
ment of Lemma 5.2. With these values of the constants and those in the proof of Lemma 5.2,
it is straightforward to obtain the values of the constants c,,c;,c, given in Remark 3. For the
values of c;, we use in addition the fact that, for any n,, if n > n,, then (logn)? + (logn) + 1 =
(logn)? (1+1/logn +1/(logn)*) < ¢ (1+1/logn, + 1/(logny)?) (loglogt)>.
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