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Abstract

Hausdorff and box dimension are two familiar notions of fractal dimension. Box
dimension can be larger than Hausdorff dimension, because in the definition of
box dimension, all sets in the cover have the same diameter, but for Hausdorff
dimension there is no such restriction. This thesis focuses on a family of
dimensions parameterised by 6 € (0, 1), called the intermediate dimensions,
which are defined by requiring that diam(U) < (diam(V))? for all sets U,V in

the cover.

We begin by generalising the intermediate dimensions to allow for greater
refinement in how the relative sizes of the covering sets are restricted. These new
dimensions can recover the interpolation between Hausdorfl and box dimension
for compact sets whose intermediate dimensions do not tend to the Hausdorff
dimension as 6 — 0. We also use a Moran set construction to prove a necessary
and sufficient condition, in terms of Dini derivatives, for a given function to be

realised as the intermediate dimensions of a set.

We proceed to prove that the intermediate dimensions of limit sets of infinite
conformal iterated function systems are given by the maximum of the Hausdorff
dimension of the limit set and the intermediate dimensions of the set of fixed
points of the contractions. This applies to sets defined using continued frac-
tion expansions, and has applications to dimensions of projections, fractional

Brownian images, and general Holder images.

Finally, we determine a formula for the intermediate dimensions of all self-
affine Bedford-McMullen carpets. The functions display features not witnessed
in previous examples, such as having countably many phase transitions. We
deduce that two carpets have equal intermediate dimensions if and only if the
multifractal spectra of the corresponding uniform Bernoulli measures coincide.
This shows that if two carpets are bi-Lipschitz equivalent then the multifractal

spectra are equal.
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Chapter 1

Introduction

1.1 Fractal geometry

Beautiful, damn hard,
increasingly useful. That’s

fractals.

Benoit Mandelbrot

Fractals are geometric objects which display intricate structure at arbitrarily small scales.
There is no precise definition of a fractal, but many exhibit some form of self-similarity, in
the sense that the fractal is made up of several copies of itself which are scaled down and
possibly distorted. For instance, the Sierpinski carpet in Figure [I.1]is comprised of eight
scaled copies of itself. Fractal features are ubiquitous in nature; in one striking example,

the buds of a Romanesco broccoli resemble scaled copies of the entire flower bud. Fractal

Figure 1.1: Left: the Sierpiniski carpet is a self-similar fractal. Right: Romanesco broccoli
exhibits fractal-like features. Both pictures are CCO, from references |htt1], |htt2] respect-

ively.

patterns have been used for centuries by many different cultures in creative work such as

art and architecture. For example, clusters of houses in Benin city and its surrounding


https://creativecommons.org/publicdomain/zero/1.0/

villages (in present-day Nigeria) are laid out in fractal patterns |[Egl|. However, it was not
until the 1970s that Mandelbrot [Manl; Man2| coined the term ‘fractal’ (from the Latin
word ‘fractus,” meaning ‘fractured’ or ‘broken’), and widely popularised the concept. Today,
fractal geometry is a flourishing branch of mathematics which puts fractals into a rigorous
framework |Bar2; |Bar3|, and has particular relevance to chaotic dynamical systems |[PJS].

An especially important notion in fractal geometry is that of dimension. The question
of how best to define dimension for fractal sets is a challenging problem because, unlike for
smooth manifolds, there is no obvious way to associate ‘tangent’ vector spaces to points on
fractals. Therefore, it is natural to define notions of dimension that make sense even for
fractal sets using covers the set (or a part of it). Most notions of dimension satisfy standard
properties such as dim M = d for a smooth d-manifold, and dim F < dim F' whenever
E C F. For fractal sets, notions of dimension very often take non-integer values. For
example, if S is the Sierpinski carpet from Figure[I.I]and dim is Hausdorff or box dimension
(described below), then dim S = log8/log3 ~ 1.89. This makes intuitive sense, since S
appears to fill up more space than a one-dimensional curve, but less than a two-dimensional
filled square. For general background on fractal geometry and dimension theory, we refer
the reader to Falconer’s seminal books |Fal3; [Fal6)|.

The Hausdorff dimension is perhaps the most widely used notion of fractal dimension in
mathematics; we give the precise definition in Section [I.3] One first defines s-dimensional
Hausdorff measure H* on R? for each s > 0. If a set I’ happens to satisfy 0 < H*(F) < oo
for some s (for example if F is a disc and s = 2), then for all ¢ # s, the value of H!(F) can
be shown to be 0 or co. This suggests that s is in some sense the correct value at which
to measure F', and the Hausdorff dimension of F' is s. Hausdorff dimension can also be
defined for sets whose Hausdorff measure is never positive and finite.

Box dimension is another familiar notion of fractal dimension. It has some properties
that may be considered mathematically undesirable; for example countable compact sets
can have positive box dimension (but always have 0 Hausdorff dimension). However, in
many situations, box dimension is easier to calculate or estimate numerically than Hausdorff
dimension. Box dimension of real-world fractals such as coastlines can be estimated over
a range of scales. If the box dimension of a set I’ exists and equals s then this says that
the number of balls of size § needed to cover F scales approximately like 7% as § — 07;
if box dimension does not exist then one can define upper and lower box dimension by
considering the scales at which the set looks largest or smallest respectively. There are
many longstanding open problems about Hausdorff and box dimension, such as the Kakeya
conjecture [KT]. The Hausdorff dimension of any set cannot exceed its lower (or upper)
box dimension. For many nice sets, box dimension exists and coincides with Hausdorff
dimension, but this is not always the case. If the dimensions do indeed coincide, this
indicates that the set has a large amount of spatial regularity. For example, the dimension
version of Falconer’s distance set conjecture is known for this class of sets [SW|, but is wide
open in general.

The main topic of this thesis are the intermediate dimensions, which are an example of



dimension interpolation. This area has gathered significant interest since around 2018; for
a survey of this topic we refer the reader to [Fra2|. The idea is to consider two different
notions of dimension and find a geometrically meaningful family of dimensions which lie
between them. This family should share some characteristics of both dimensions, but
provide more information about sets than either does in isolation. The hope is that, as well
as being interesting in its own right and leading to a rich theory, dimension interpolation
can help illuminate why for some sets the two endpoint dimensions give different values. A
different example of dimension interpolation is the Assouad spectrum, which lies between
the upper box and Assouad dimensions, giving information about the ‘thickest’ part of
the set. We will encounter many applications of dimension interpolation in this thesis, for
example to distinguish when sets are not bi-Lipschitz equivalent or to bound the Hélder
distortion between two sets. As discussed below, the intermediate dimensions can give
information about dimensions of images of sets under projections or stochastic processes,

and the Assouad spectrum has been used in functional analysis and conformal geometry.

1.2 Structure of thesis

The introduction (Chapter (1)) describes background material, mostly from |Fal6; FFK2|; we
provide references where appropriate.

Chapter [2] introduces a family of dimensions, which we call the ®-intermediate di-
mensions, and is based on our paper |[Ban2| which has been accepted for publication in
Monatshefte fir Mathematik. These dimensions also lie between Hausdorff and box dimen-
sion, and put the intermediate dimensions into a more general framework by restricting the
sizes of allowable covers in ways that allow for greater refinement than in the definition of
the intermediate dimensions. We show that for any compact subset of an appropriate space,
these dimensions can be used to ‘recover the interpolation’ between the Hausdorff and
box dimensions of sets for which the intermediate dimensions are discontinuous at # = 0,
thus providing more refined geometric information about such sets. We also study many
analytic and geometric properties of the ®-intermediate dimensions, and investigate their
relationships with several other notions of dimension. Moreover, we prove Holder distortion
estimates which imply bi-Lipschitz stability for the ®-intermediate dimensions. We prove a
mass distribution principle and Frostman type lemma, and use these to study dimensions
of product sets, and to show that the lower versions of the dimensions, unlike the upper
versions, are not finitely stable. Furthermore, we extend the theory from Euclidean space
to a wider class of metric spaces, namely those that are uniformly perfect and doubling
with more than one point.

Chapter [3] describes the general behaviour of the intermediate dimensions, and is based
on the paper |BR] (joint with A. Rutar, published in Annales Fennici Mathematici). In
Section [3.2f (which also includes a little material from [Ban2|), we provide general bounds for
the intermediate dimensions, some of which can be proved using the continuity bounds for

the ®-intermediate dimensions in Chapter 2] These results improve existing bounds in the



literature, and in Section , based on joint work with J. M. Fraser from |BF1|, we use
them to calculate the intermediate dimensions of the inversion of the lattice {17,2P, 3P, ... }¢
in the unit d-sphere in R%. In Section based on joint work with H. Chen from the
paper |[BC| published in the Journal of Fractal Geometry, we use the bounds to calculate
the intermediate dimensions of the graph of the well-known ‘popcorn function’ and its
pyramid-like higher-dimensional analogues. One bound that we prove is that any function
that can be realised as the intermediate dimensions of a subset of Euclidean space must
satisfy a straightforward constraint in terms of its Dini derivatives. In fact a converse result
also holds: any function that satisfies this constraint (together with some mild continuity
and monotonicity assumptions) can be realised as the intermediate dimension function of
some set, showing that a wide variety of behaviour is possible. We prove this using a Moran
set construction that is homogeneous at each fixed scale, but has inhomogeneity between
different scales. We also show that the lower and upper intermediate dimensions can be
prescribed simultaneously, using a set which behaves like a union of homogeneous Moran
sets at each fixed scale.

Chapter [4] relates to limit sets of iterated function systems consisting of a countably
infinite number of contractions, and is based on a joint paper |[BF1| with J. M. Fraser
which has been accepted for publication in Transactions of the American Mathematical
Society. Our main results are in the case when all the contractions are conformal. Under a
natural separation condition we prove that the intermediate dimensions of the limit set are
given by the maximum of the Hausdorff dimension of the limit set and the intermediate
dimensions of the set of fixed points of the contractions. This builds on work of Mauldin
and Urbanski concerning the Hausdorff and upper box dimension. Our results apply to
well-studied examples such as sets of numbers which have real or complex continued fraction
expansions with restricted entries. We prove general upper bounds for the Hausdorff, box
and intermediate dimensions of infinitely generated attractors in terms of a topological
pressure function, without assuming conformality or separation conditions. We also make a
few remarks from the preprint |[BF2| (also joint with J. M. Fraser), in particular that our
results can be applied to infinite parabolic IFSs. Moreover, we show that the limit set of
a ‘generic’ infinite IF'S has box and intermediate dimensions equal to the ambient spatial
dimension, where ‘generic’ can refer to either full measure or comeagre.

Chapter [5| relates to self-affine Bedford—McMullen carpets and is based on joint work
with I. Kolossvary from the preprint |[BK1|. In Theorem which we consider to be
one of the best results in this thesis, we calculate a precise formula for the intermediate
dimensions of any Bedford-McMullen carpet for the whole range of 6 € (0, 1), in terms of
a certain rate function from large deviations theory. The intermediate dimensions exist
and are strictly increasing in 6, and the function 6 — dimg A exhibits interesting features
not witnessed on any previous example, such as having countably many phase transitions,
between which it is analytic and strictly concave. We make an unexpected connection to
multifractal analysis by showing that two carpets have equal intermediate dimensions if

and only if the Hausdorff multifractal spectra of the uniform Bernoulli measures supported



on the two carpets are equal. Since intermediate dimensions are bi-Lipschitz invariant, this
shows that the equality of these multifractal spectra is a necessary condition for two such

carpets to be bi-Lipschitz equivalent.

1.3 Notation and preliminaries

Throughout this thesis, we denote the natural logarithm by log, and the cardinality of
a set S by #S. We write a < b to mean a < ¢b for some constant ¢ which may depend
on parameters in the subscript of < but is independent of other parameters unless stated
otherwise. For each x > 0, we write |x| := max{n € N* : n < x}. All the sets F we
consider will be assumed to be non-empty and totally bounded subsets of an underlying
metric space. We usually take the underlying space to be R% with the Euclidean metric, but

the theory in Chapter [2f works in more general spaces. We denote the (Euclidean) diameter

of a subset of R? by | - |, and d-dimensional Lebesgue measure on R? by £4. The symbol
N will denote {1,2,3,...}, and || - || will denote either the Euclidean norm on R or the
supremum norm of a continuous function, depending on context.
We write
B(z,8)={yeR*:|ly—z|| <} (1.3.1)

for the open ball of radius § > 0 centred at # € R? and B (z,r) := B(x,r)NF. We denote
by Ns(F') the smallest integer such that there exist z1,...,zy,(p) € F such that

N5 (F)
FcC |J B(i,6/2). (1.3.2)
i=1
For subsets of R?, by calculations similar to |Fal6, Equivalent definitions 2.1], there
are several other definitions for Ngs(F') which would work equally well when calculating
dimensions. For U C R?% and § > 0 let

Ss(U) = {x € R%: there exists y € U such that ||z —y|| < ¢}

be the closed d-neighbourhood of U. For d € N and r > 1, we denote by Ay, € N the
smallest integer such that for all U C R? there exist Uy, ..., Uy ar C R?, each of diameter

|U|/r, which cover U, meaning that

Ad,r
Uc|JU. (1.3.3)
k=1

Given z € R% we denote the j™ coordinate of z by (/). We write F to denote the
topological closure of F'.

Hausdorff measure and dimension were first introduced in the early 20th century in |Car;
Hau|. Given s > 0 and a finite or countable set & = {U;,Us, ...} of non-empty subsets of
R9, we call the quantity >, |U;|* the s-cost of U. As explained in [Fal6, Chapter 3], the



Hausdorff content of a subset F' of R% can be defined, for s > 0 and § > 0, by

H3(F) = inf {Z \U;|*

i=1

F C | Ui, diam(U;) < 5}.
=1

As § decreases, the class of covers is reduced so the infimum increases, and therefore
converges to a limit
H(F) — H*(F) € [0,00] as § — 0T,

called the s-dimensional Hausdorff measure of F'. It can be shown that this is an outer
measure on R, and so its restriction to the H*-measurable sets is a measure, as is its
further restriction to the Borel sets. It is straightforward to see that for each F' there is a
unique s > 0, called the Hausdorff dimension of F, such that if 0 <t < s then H!(F) = oo
and if t > s then H!(F) = 0, as illustrated in Figure . The s-dimensional Hausdorff
measure of F' may be any value in [0, oo]; if it is positive and finite then F' is called an s-set.
Sets with Hausdorff dimension less than 1 are necessarily totally disconnected, see |Falo,
Proposition 3.5|. Hausdorff measures and dimension have been studied in detail in |Fall;

Fed; Mat; Rog].

HE(F)

0 dimy F d °

Figure 1.2: Graph of the s-dimensional Hausdorff measure of a subset of R? against s.

The upper and lower box dimensions, also called box-counting, Minkowski—Bouligand
or Minkowski dimensions, originated in [Bou; |PS| and are respectively defined by

T log Ns(F loe Ns(F
dimpF := lim sup L‘S(); dimp F = lim inde().

1.3.4
5o+  —logd s—»0t —logd ( )

If the two coincide, it is called simply the box dimension, denoted dimpg F'. Box dimension

can also be described in terms of the Lebesgue measure of the d-neighbourhood of the set:

d—0t log ) 50+ log 5



for F C RY, see |Fal6, Proposition 2.4]. The packing dimension, introduced in |Tri] and
studied in [Mat|, can be defined using packing measure, or equivalently as the modified

upper box dimension:
L o
dimp F = inf { supdimpF; : F C U F;, each F; non-empty and bounded } . (1.3.5)
ieN e

Since the important work of Assouad |Assl; Ass2; Ass3| and Larman [Lar|, other notions
of dimension which describe the local scaling behaviour of sets have been studied. The
Assouad and lower dimensions, studied in detail in |Fral|, give information about the
‘thickest” and ‘thinnest’ part of a set respectively. The Assouad dimension of a subset F' of
a metric space with more than one point is defined by

dimp F' = inf{ o : there exists C' > 0 such that N,(B(z,R) N F) < C(R/r)*

(1.3.6)
forallz € Fand 0 <r < R}.

Dually, the lower dimension of F' is defined by

dimy, F = sup{ \ : there exists C' > 0 such that N,(B(z, R)NF) > C(R/r)*
forallz € Fand 0 <r < R< |F|}.

For 6 € (0,1), the Assouad spectrum of F at 6 is defined by fixing the scales R = r? in the

definition of Assouad dimension:

dim{ F = inf {s: there exists C' > 0 such that for all z € F and

0 < R <1, we have Nyyo(B(z, B) N F) < CR8<1—1/9>} :
Clearly dimpF < dimi F < dimy F for all 8 € (0,1). The lower spectrum is defined by

dim{ F = sup {s: there exists C' > 0 such that for all z € F' and
0 < R <1, we have Npijo(B(z,R)NF) > CR5(1—1/9)} )

The Assouad spectrum is not always monotonic in 0 (see |[FY2|). The upper Assouad

spectrum at 6, however, is monotonic, and is defined by

ﬁiF = inf {s: there exists C' > 0 such that for all z € F' and

0 <r<RY" < R<1, we have N, (B(z,R) N F) < C(R/r)S} .

The Assouad spectrum was introduced in |[FY2| and has been calculated for various
families of fractals in [BF2; BFF2; FS; FY1| and other works. Rutar [Rut| has given a
complete description of the attainable forms of Assouad spectra of sets, showing that a
wide variety of behaviour is possible in general. The Assouad spectrum can be used to give

information about dimensions of orthogonal projections of sets [FFS|, and has applications



related to spherical maximal functions [AHRS} RS2| and conformal geometry |GT]. The
quasi-Assouad dimension, introduced in |LX], can be defined by

dimga F == lim dimf F, (1.3.7)
(%

—1-
or equivalently dimga F' = limy - diimeAF (see |Fral, Corollary 3.3.7]). We always have
dimg F < dimpF < dim} F < dima F < dimga F < dimp F

and all inequalities can be strict. We sometimes write dim}% or ﬁi to mean the quasi-
Assouad dimension, and since miF — dimpF as 6 — 07, we sometimes write dim} F or
MF to mean the upper box dimension of F'. The Assouad spectrum and upper Assouad
spectrum are continuous in 6 € (0,1), see [FHHTY; [FY2|. In [FHHTY], Fraser et al. show
that we always have MiF = SUPg/c(0,0] dim?{ F.

There are also various different notions of fractal dimension of a measure. The Assouad

dimension of a Borel probability measure p is

dimp p:=1inf{s > 0 : there exists A > 0 such that if 0 < r < R < |[supp(p)|
n(B(z, R)) R\®
and = € supp(p) then ———= < A — .
u(B(z,r)) r
To obtain bounds involving the lower dimension in Chapters [2| and |3 we will use the dual

notion of lower dimension of a measure:

dimy, == sup{ A > 0: there exists A > 0 such that if 0 < r < R < [supp(u)|

w(B(z, R)) R A (1.3.8)
sz >4 (7) }

,
A measure p is said to be doubling if there exists M > 1, called the doubling constant, such
that u(B(z,2r)) < Mu(B(x,r)) for all x € supp(u) and r > 0. For further details we refer
the reader to |Fral, Section 4.1].

Given a closed set D C R?, a contraction on D is amap S: D — D for which there exists
r <1 with |[S(z) — S(y)|| < r|jlx — y|| for all x,y € D. An iterated function system (IFS)
on D is a finite set ® := {F},..., F},} of contractions on D, with m > 2. Hutchinson |[Hut]
showed that given such an IFS, there is a unique non-empty compact set K C D called the
attractor or limit set of the IFS, such that

and x € supp(u) then

K:6mm.
=1

This can be proved either directly or using Banach’s contraction mapping theorem. The
attractor is very often fractal in nature; examples include the Sierpiiiski carpet in Figure[l.1
(page [1) and the fractal in (page [108). Define F(E) :== U, F;(E) for non-empty,
compact sets E, and let FO(E) = E and F¥(E) = F(F*(E)) for each k € N. Then if
is any non-empty compact subset of D such that F;(F) C E for all 4, then

K:ﬁFWﬂ
k=0
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Furthermore, K is the closure of the set of fixed points of finite compositions F;, o--- o F;
of the F;.

Given positive numbers pq, ..., p, summing to 1, one can define a measure by repeated
subdivision according to the probabilities p;. The resulting probability measure p will have

supp(u) = K and satisfy

m

p(A) = pip(F;H(A))

i=1
for all Borel sets A. If all of the contractions are similarity maps, which means that there
exists r; depending only on the map for which ||Fj(x) — F;(y)|| = ri||z — y|| for all x,y € D,
then the attractor is said to be a self-similar set and u a self-similar measure. In [Vard],
Varji has surveyed results relating to the dimension theory of self-similar sets and measures
in R.
To obtain dimension results, one often assumes the open set condition (OSC), which

means that there is a non-empty, bounded, open set V' C R? such that
m
Vol JE(W)
i=1

with the union disjoint. Intuitively, this says that the components F;(K) do not overlap
too much. If this is satisfied, then the Hausdorff, box, Assouad and lower dimensions of
self-similar sets are all equal to the similarity dimension dimgy, ®, which is the unique

non-negative number satisfying
m
2 : dimgj, ®
7,7: sim — 1’
i=1

see |Fal6; |Fral} [Hut|. This is known as the Hutchinson—Moran formula. Moreover,
the attractor has positive and finite Hausdorff measure in its Hausdorff dimension, and
this measure is Ahlfors regular: there exists C' > 1 such that O~ RI™sim® < 1)(Br) <
C RYmsim ® for all closed balls B of radius 0 < R < diam(supp(u)). Even if the OSC is
not satisfied, the Hausdorff and box dimension of all self-similar sets still coincide. The
famous exact overlaps conjecture asks whether the only way the Hausdorff dimension of a
self-similar set in the real line can differ from the general upper bound min{dimg,, ®, 1} is
if there are exact overlaps, in other words if different finite compositions of the defining
contractions can result in the same function. Hochman |[Hoc| has made important progress
in this direction, showing that any potential counter-example to the conjecture would have
to be given by an IFS with very rapidly accumulating cylinders (but without exact overlaps).
The first examples of IFSs with this ‘super-exponential concentration’ property were given
in [Bak; [BK3|, and there has been further work on the dimension theory of such IFSs |Rap;
RV]|. There are also longstanding open problems about dimensions and absolute continuity
of overlapping self-similar measures such as Bernoulli convolutions [BV} Erd1} Erd2} Varl;
Var2; Var3|.

We often require the metric spaces we work with to satisfy certain properties, especially
in Chapter [2



Definition 1.3.1. For c € (0,1) we say a metric space X is c-uniformly perfect if for all
z € X and R € R such that 0 < R < |X| we have

B(z,R)\ B(z,cR) # 2.
The space X is uniformly perfect if there exists ¢ € (0,1) such that X is c-uniformly perfect.

Intuitively, a metric space is uniformly perfect if it does not have islands which are very

separated from the rest of the space.

Definition 1.3.2. A metric space is said to be doubling if there exists a constant M € N
(called the doubling constant ) such that for every x € X and r > 0, there exist x1,...,xp €
X such that B(x,2r) C Uf\il B(x;,r).

In |[Fral| Section 13.1.1] it is shown that a metric space X with more than one point is
uniformly perfect if and only if 0 < dimy, X. Such a space cannot have any isolated points,
so must be infinite. It is also shown that a space X is doubling if and only if dimy X < co.
In this case we will see in Proposition that all dimensions of all subsets F’ will be finite,
as we will need to assume for many of the results in this chapter. A metric space is said to
be Ahlfors regular if there exists s > 0, C' > 1 and a Borel regular measure p supported
on X such that C~'R® < u(Bgr) < CR? for all closed balls Bg of radius 0 < R < diam(X).
By [Hei, Corollary 14.15], every Ahlfors regular space with more than one point is uniformly
perfect and doubling. An example of such a space which is not bi-Lipschitz equivalent
to any subset of R? is the Heisenberg group with its usual Carnot-Carathéodory metric,
see |LLR} [Pan; Sem|. In Chapters [2| and (3] we will use the fact that if F' is a complete,
uniformly perfect, totally bounded, doubling metric space with more than one point, then

dimp F = inf{dimp p : p € Pr }, (1.3.9)
dimy, F' = sup{ dimp, pu : u € Pr },
where Pr is the set of doubling Borel regular finite outer measures p with suppy = F. For
more on these results, we refer the reader to [BG; KLV LS; VK|, |KL, Theorem 3.2, and
[Frall, Section 4.1].

1.4 Intermediate dimensions

1.4.1 Definitions and general theory

Since the Hausdorff dimension of a set F' is the infimum of values s for which H*(F) = 0,

an equivalent definition of Hausdorff dimension is

dimpg F = inf{s > 0: for all € > 0 there exists a finite or countable cover

{U1,U,...} of F such that Y |U;|* <e}. (1.4.1)
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It is clear from ((1.3.4) that lower box dimension can equivalently be defined as

dimp F = inf{s > 0 : for all £ > 0 there exists a finite cover {Uy,Us, ...}

of F' such that |U;| = |Uj| for all ¢, 7, and Z |Ui|° <e}. (1.4.2)
i

These definitions look rather similar, and we see that in the definition of Hausdorff
dimension there is no restriction on the size of the covering sets, whereas for the box
dimension all the sets in the cover have the same size, as illustrated in [Fral, Figures 1.2
and 1.3]. Note also that it is immediate from the definitions that dimp F' < dimp F' < dimpF
always holds. This motivates the definition of the intermediate dimensions, which lie between
the Hausdorff and box dimensions and require the sizes of the covering sets to be restricted
in a way that depends on a parameter . These dimensions form the basis around which
this thesis is built. Given 0 € [0, 1], we say that a family of sets {U;}; is a (4, §)-cover of F'

if
FclJui and Vi: s <|U| <6 (1.4.3)

i

where for convenience we take §%/0 = 0.

Definition 1.4.1 (Falconer—Fraser—Kempton [FFK2|). For 6 € [0,1], the upper 6-

intermediate dimension of a non-empty, bounded subset F C R? is given by

dimgF = inf{s > 0: for all ¢ > 0 there exists &y € (0, 1] such that for all & € (0, )
there exists a (6,0)-cover {U;}; of F' such that Z |Ui|° <e}.

Similarly the lower f-intermediate dimension of F' is

dimgF = inf{s > 0: for all e > 0 and dy € (0, 1] there exists 6 € (0,dp)
and a (0,0)-cover {U;}; of F' such that Z |U;|° < e}

2

If these coincide, then we refer to the intermediate dimension of F', denoted dimg F'. Note

that dim; = dimp and dim; = dimp and dimg = dim = dimpy.

For all non-empty, bounded F C R?, these satisfy the inequalities

dimgF < dimpF < dima F < d,
dimg F < dimpF.

0 < dimpg F <dimyF

(1.4.4)
@QF

NN

The intermediate dimensions have been studied in [Ban2; BC; [BF1; [BK1:; BR; |Burl; [Bur2;
BFF1; BFF2; Daw; DK} DS2; |[Fal8; [Fal9; FFK2; |[Fen2; |[Fra2; Koll; Tan|. A specific variant
was used in |[KP2| (before the paper [FFK2|) to study the singular sets of certain partial
differential equations. The intermediate dimensions satisfy standard properties that most
other dimensions satisfy; for example if £ C F' then dimg E < dimg F'. In several ways, the
intermediate dimensions behave more like box than Hausdorff dimension. For example, it

is straightforward to see that box and intermediate dimensions are unchanged under taking
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closure of the set, but Hausdorff dimension is not. A dimension dim is said to be countably

stable if for all countable sequences of sets Fi, Fb, ..., it holds that

dim (U Fn) =sup{dim F}, : n € N }.
n=1

It is shown in [FFK2, Proposition 3.1] that for p > 0 and 0 < 0 < 1,

. _ 0
dimp({0} U{nP:neN}) = el
so although Hausdorff dimension is countably stable, box and intermediate dimensions are
not.

Some examples of the possible forms of intermediate dimension functions are given
in [FFK2, Section 3.2|, and a full characterisation is obtained in Chapter [3] The maps
0 — dimyF and 6 +— dim,F are trivially increasing in 6 € [0,1]. They were shown in [FFK2,
Section 2.1] to be continuous in 6 € (0, 1]. For many classes of sets for which the intermediate
dimensions have been calculated, they are also continuous at 8 = 0, so fully interpolate
between the Hausdorff and box dimensions. Such classes include elliptical polynomial
spirals [BFF2|, concentric spheres and attenuated topologist’s sine curves [Tan|, polynomial
sequences and lattice sets (see |[FFK2, Proposition 3.1] and Section , popcorn-like
pyramid sets (see Section [3.2.4), and Bedford-McMullen carpets (see [FFK2|, Section 4]
and Section . In Section we will see that continuity of the intermediate dimensions
at § = 0 has powerful consequences.

On the other hand, there are a plethora of compact subsets of R, such as {0} U
{ @ ckeN k>3 } (see [FFK2, Section 3.2]), for which the intermediate dimensions are
constant at the value of the box dimension and discontinuous at 6 = 0, thus providing very
little information about the set. Note that every compact subset of R can be obtained
by starting with a closed interval and removing a sequence of disjoint open intervals from
it. Now fix any non-increasing, summable sequence of positive numbers (ay)32; such that
—logag/logk — 1 as k — oo (for example ay, == k~1(log(2k))~%). By [BT, Theorem 1],
for all s € [0,1], one can start with a closed interval of length ».7 | a; and recursively cut
out open intervals of length a; in such a way that the resulting compact set F' satisfies
dimg F = s. But by [Fal3, Section 3.2|, dimg F' = 1 (independent of precisely which
intervals are removed). It was shown in [FFK2, Proposition 2.4] (see also Chapter [3|) that
this implies that dimg F' =1 for all 6 € (0, 1]. Therefore if dimp F' < 1 then 6 — dimgy F' is
discontinuous at 8 = 0.

Following |[BFF1|, for a bounded and non-empty set F' C R? 6 € (0,1) and s € [0, d],

we introduce

Sso(F) = inf{ Z \U;|* - {U;}, is a cover of F such that 6% < |U;| < § for all i }

)

(1.4.5)
The motivation for introducing Sj ,(F) is that from |[BFF1, Lemma 2.1] and the definitions
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of dimyF' and dimg F it follows that

. log 55 4(F)
dimyF' = the unique s € [0,d] such that liminf ————— =
5\0 —logd
and
— . . log S54(F)
dimgF = the unique s € [0,d] such that limsup ———— = 0. (1.4.6)
50 —logd
log S§ log S§
For each 6 € (0,1), liminfs\ o %g((f) and lim sups\ %’ggp) are strictly decreasing

and continuous functions of s.

Some methods for estimating Hausdorff and box dimension are given in [Fal6, Chapter 4].
In particular, to obtain an upper bound, one often uses covers which arise naturally in
the construction of the fractal, and to obtain lower bounds one often puts an appropriate
measure on the set and applies a mass distribution principle. Similar strategies often work
for the intermediate dimensions as well. In particular, we will use the following version
of the mass distribution principle for the intermediate dimensions of Falconer, Fraser and
Kempton, |[FFK2, Proposition 2.2].

Proposition 1.4.2. Let F be a non-empty, bounded subset of R%, and let § € [0,1], s >0,

0o € (0,1). Suppose that for all 6 € (0,dp) there exists a Borel measure pg with support

supp(us) € F such that us(U) < |U|* for all Borel sets U C RY with 6% < |U| < 6. Then
log 536 (F) _ .+ 10g s (supp(ps))

liminf —————— > limin

5\0 —logd 5\0 —logd

The same holds if we replace liminf with lim sup.

Proof. If {U;} is a cover of F with /¢ < |Uy| < ¢ for all 4, then supp(us) € F C U;Us.
Therefore

ps(supp(ps)) < O ps(Ui) < > |U°.
Since the cover was arbitrary, also ps(supp(us)) < S5 o(F). O

The intermediate dimensions also satisfy an appropriate analogue of Frostman’s lemma
(see [FFK2| Section 2.3] and Section of this thesis). Moreover, bounds for dimensions
of products have been obtained in [FFK2| Section 2.5] and Section m

There are several natural questions about the intermediate dimensions which no-one has
yet investigated, and which we will not pursue in this thesis. We give three possible lines of
enquiry here; others relevant to the different chapters, and some specific open questions,

are given later in the thesis.

e In this thesis we write dimg = dim, = dimy to keep notation consistent with the
literature on intermediate dimensions (where ‘continuity at § = 0’ is frequently
discussed) and with Definition under the convention 6%/ = 0. However, it
could be argued that it is mathematically more natural to define these quantities

as dimpF = limg_,o+ dimpF and dimyF = limy_,o+ dimyF. One could study these
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limits in their own right, for example by asking what geometric information they
provide about F', characterising when they coincide with Hausdorff dimension, and

calculating them for some families of sets where they do not.

e Douzi and Selmi [DS2| have introduced a family of dimensions which they call the
modified intermediate dimensions by making the intermediate dimensions countably
stable, similarly to . They are larger than the Hausdorff dimension but smaller
than the packing/Hewitt—Stromberg/modified box dimensions. It could be of interest
to calculate the modified intermediate dimensions of families of sets such as those
considered in Chapters [4 or [f] However, we suspect that for many dynamically
defined fractals they will coincide with the intermediate dimensions, and for others,
such as level sets of local dimensions of self-affine measures on Bedford—McMullen
carpets, this is likely to be a hard problem because even packing dimension is not

fully understood.

e Many notions of fractal dimensions of sets (such as Hausdorff, packing, box, Assouad)
have analogous notions for measures, and it would be natural to try to define an

appropriate notion of intermediate dimensions of a measure.

1.4.2 Dimensions of images of sets

Different notions of fractal dimension, including the intermediate dimensions, can be used
to give information about the possible Holder exponents of maps between different sets.
For a more in-depth discussion of the Hélder mapping problem in the context of dimension
theory we refer the reader to |Fral, Section 17.10]. Let (X,dx) and (Y,dy) be metric
spaces. We say that a map f: X — Y is Hdélder, a-Hdélder or C, a-Holder if

dy (f(x1), f(z2)) < Cdx(z1,22)" for all 1,29 € X

for constants € (0,1] and C' € [0,00), and we call o the Holder exponent. It is a
straightforward exercise to show that if f: F — R? is a-Holder and dim is any one of
Hausdorff, upper box, lower box, or (for fixed § € [0,1]) upper f-intermediate or lower

f-intermediate dimensions, then
dim f(F) < o 'dim F. (1.4.7)

For further Holder distortion estimates for the intermediate dimensions we refer the reader
to |[Bur2, Theorem 3.1].

In Section [2:3] we prove more such estimates for generalised intermediate dimensions
which, interestingly, are different to . In previous examples such as elliptical polyno-
mial spirals [BFF2|, the box dimension gives the best information about Holder exponents.
In this thesis, however, we will see that for several classes of sets, the intermediate dimen-
sions for 6 € (0, 1) can give better information than either the Hausdorff or box dimensions.

In particular, this is the case for some popcorn-like pyramid graphs (see Corollary [3.2.16| on
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page , continued fraction sets (see Example on page , and Bedford—McMullen
carpets (see Proposition on page. Fraser |Fra3| showed that for the spiral winding
problem, another spectrum of dimensions (the Assouad spectrum) gives better information
about Holder exponents than has been obtained from either of the two dimensions (the
upper box and Assouad dimensions) that it interpolates between.

Lipschitz maps are simply 1-Holder maps and we see from that the intermediate
dimensions of sets cannot increase under Lipschitz maps. Two sets F' and G are said to
be bi-Lipschitz equivalent if there exists a Lipschitz bijection f: F' — G with a Lipschitz
inverse. It is clear from the definitions that all of the notions of dimension considered in this
thesis take the same values for two bi-Lipschitz equivalent sets. Dimensions can therefore
be used to give necessary conditions for two sets to be bi-Lipschitz equivalent. As we will
see in Chapter o] for the intermediate dimensions this is particularly relevant in the setting
of Bedford—McMullen carpets.

Potential-theoretic methods have been used to study the intermediate dimensions (and
variants) of images of sets under various deterministic and random functions in [Bur2;
BFF1} |DK; DS2; [Fen2|. Burrell, Falconer and Fraser |[BFF1] have proved a Marstrand-
type projection theorem for the intermediate dimensions, namely that the intermediate
dimensions of orthogonal projections of a set are almost surely independent of the choice
of subspace. Continuity of the intermediate dimensions has powerful consequences, as

illustrated by the following result.

Theorem 1.4.3 (Burrell-Falconer—Fraser). Let 1 < k < d be integers and let F' C R4
be bounded with dimg F < k and dimgF continuous at § = 0. Then there exists ¢ < k
such that dimpm(F) < ¢ for every orthogonal projection 7: RY — R* and dimpn(F) = ¢
for almost every such orthogonal projection w (with respect to the natural measure on the

Grassmannian). The same holds with dim replaced by dim throughout.
Proof. This follows by combining [BFF1, Corollary 6.4] with |[Fal7, Theorem 1.8|. O

In Example [1.377] we observe that this can be applied to a particular class of dynamically
generated sets whose intermediate dimensions we prove are continuous. The modified
intermediate dimensions also satisfy a Marstrand-type projection result [DS2].

Fractional Brownian motion is an important stochastic process, introduced by Mandel-
brot and Van Ness [MV] and studied by Kahane |[Kah|; we refer the reader to those texts for
the precise definition. In the cases of interest to us, it is a random function B, : R? — R%,
where 0 < o < 1 and d € N are fixed. One can write By, = (Ba,1,. - -, Ba,q4) and show that
each B,;: RY — R is almost surely locally (o — ¢)-Holder continuous for all ¢ > 0 but
almost nowhere differentiable. Moreover, B, ;(0) = 0, and the increments By, ;(z) — Ba,i(y)
are normally distributed with mean 0 and variance |z — y|?®. For all =,y € R? and distinct
i,j € {1,...,n}, the processes B, ;(x) and B, j(y) are independent. The case o = 1/2 is
usual Brownian motion, and in this case the increments B, ;(z) — B i(y) are independent,

but if « # 1/2 then the increments are dependent.
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Falconer |Fal9] has explicitly computed the intermediate dimensions of fractional
Brownian images of certain sequence sets. Burrell |[Bur2, Corollary 3.7| has shown that for

sets F with dimyF continuous at § = 0, almost surely
T . 1.
dimpF < d if a > p dimy F, (1.4.8)

but that almost surely dimgF = d if a < édimH F. The analogous result holds for
the lower versions of the dimensions. Note the interplay between Hausdorff and box
dimension in . This result can in particular be applied for several classes of sets
whose intermediate dimensions we prove are continuous in this thesis, such as lattices (see
Section , popcorn-like pyramid sets (see Section , and sets of numbers with
real or complex continued fraction expansions with restricted entries (see Section .
Intermediate dimensions of more general Rosenblatt processes have been studied in [DK].

After the paper on which Chapter [2]is based appeared on arXiv, Feng |Fen2| showed that
the potential-theoretic methods in [Bur2; [BFF1| can be adapted to study the ®-intermediate
dimensions. He has obtained information about ®-intermediate dimensions of images of sets
under projections and fractional Brownian motion if the function ® satisfies the property
that for all ¢ > 0, 6°log ®(§) — 0 as § — 0. He has also shown that for every subset E
of the symbolic space, the intermediate and ®-intermediate dimensions of the projections
of F under typical self-affine coding maps are constant and given by formulas in terms of

capacities.
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Chapter 2

(GGeneralised intermediate dimensions

2.1 Introduction

2.1.1 Discussion of main results

This chapter introduces a more general family of dimensions and is based on [Ban2|. Recall
from Section that the intermediate dimensions are always continuous in 6 € (0, 1]
but are often discontinuous at § = 0. In this chapter, we introduce the ®-intermediate
dimensions, by restricting the sizes of the covering sets to lie in a wider class of intervals
of the form [®(§),d] for more general functions ®. These dimensions give even more
refined geometric information than the intermediate dimensions about sets for which
the intermediate dimensions are discontinuous at § = 0. While many results for the
d-intermediate dimensions are similar to results for the intermediate dimensions, others,
such as the Holder distortion estimates in Theorem [2.3.1] are rather different.

A class of dimensions which generalise the Assouad spectrum were defined in [FY2,
Section 9], greatly developed by Garcia, Hare and Mendivil in [GHM2|, and further studied
in |[BRT}; (GHM1; [HH; HM1; [HM2; Tro|. They are defined by fixing the relative scales in
more general ways than for the Assouad spectrum, thus giving more refined geometric
information about sets whose quasi-Assouad dimension is less that the Assouad dimension.
These Assouad-like dimensions were part of our original motivation for considering the ®-
intermediate dimensions, and there are parallels between the two settings in a philosophical
sense.

This chapter is structured as follows. In Section we define the notions of dimension
that we will work with and make some standing assumptions to reduce repetition. In Sec-
tion we give relationships between the different notions of dimension (Propositions
and . In Theorem and Proposition we prove quantitative continuity-like
properties for the ®-intermediate dimensions, which intuitively say that if two functions
® and ®; are ‘close’ to each other then the dimensions of subsets do not differ too much.
Interestingly, the precise bounds depend on the Assouad and lower dimensions of the set,
which give information about its extremal scaling properties. From this result we deduce a

condition for the ®- and ®;-intermediate dimensions to coincide for all subsets with finite

17



Assouad dimension (Proposition (i1)).

In Section 2.3 we prove Holder distortion estimates for the ®-intermediate dimensions
(Theorem which are different from the usual bound on page The estimates
imply bi-Lipschitz stability (Corollary , which is an important property that most
notions of dimension satisfy. This means that the ®-intermediate dimensions provide yet
another invariant for the classification of subsets up to bi-Lipschitz image.

In Section we prove a mass distribution principle (Lemma and a converse,
a Frostman type lemma (Lemma for the ®-intermediate dimensions. The latter
is an example of where the extension from Euclidean space to the more general metric
spaces in which we work is non-trivial; we use an analogue of the dyadic cubes in general
doubling metric spaces given in [HK|. The mass distribution principle and Frostman type
lemma combine to give Theorem [2.4.3] a useful alternative definition of the ®-intermediate
dimensions in terms of measures. We use this characterisation to prove Theorem
on the dimensions of product sets, giving new bounds in terms of the dimensions of the
marginals, one of which we improve further in the case of self-products. In particular,
(dim®, dimp) and (dimy, dimp) satisfy the inequalities that many ‘dimension pairs’
<I>(E' x F) is different to what might be expected.
We also use the mass distribution principle to prove in Proposition [2:4.5] that the lower

satisfy, although our upper bound for dim

versions of the intermediate and ®-intermediate dimensions are not finitely stable (in
contrast to the upper versions).

Proposition also gives an example of a set to which Theorem [2.5.1] which is perhaps
the most significant result of this chapter, can be applied. Theorem [2.5.1] implies that for
all compact subsets of an appropriate space there is a family of functions ® which ‘recover
the interpolation’ between the Hausdorff and box dimensions, even if the intermediate
dimensions are discontinuous at § = 0. In fact, there exists a single family of ® which
interpolate for both the upper and lower versions of the dimensions, and whose dimensions
vary monotonically for all sets, but in Proposition 2.5.2] we show that it might not be

possible to ensure that the dimensions vary continuously for all other sets.

2.1.2 Definitions of dimensions

For the purposes of this thesis, we make the following definition.

Definition 2.1.1. A function ®: (0, A) — R is admissible if ® is monotonic, 0 < ®(J) <
for all § € (0,A), and ®(6)/6 — 0 asd — 0.

In some situations, in particular in Chapter [4] it will be convenient to work with ad-
missible functions that satisfy the additional mild condition that ®(J)/d — 0 monotonically
as & — 0T. This is satisfied by many reasonable functions such as §'/¢ and 6_670'5), and we
call such functions monotonically admissible. To minimise repetition, we make the following

standing assumptions for the rest of this chapter:

e The letter ® will represent an arbitrary admissible function (except in Proposi-
tion [2.2.11| where we explore the conditions on ®).
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e The underlying metric space is denoted by X (or sometimes Y'), and will be assumed
to have more than one point and be uniformly perfect. The letter d will denote

the the metric of the underlying space, and ¢ will usually denote the constant from
Definition [1.3.1]

e Subsets of X are denoted by F' (or sometimes E or G), and are assumed to be

non-empty and totally bounded.

Using these conventions, and based on Definition [1.4.1) we now make the main definition of

this chapter.

Definition 2.1.2. We define the upper ®-intermediate dimension of a subset F' by

dim"F = inf{s > 0: for all e > 0 there ezists 5y € (0,1] such that for all § € (0, o)
there exists a cover {Uy,Us,...} of F' such that
O(6) < |Ui| <6 for all i, and Y |Ui|* <e}.

Similarly, we define the lower ®-intermediate dimension of F' by

dim®F = inf{s > 0: for alle > 0 and & € (0,1] there exists § € (0,80) and a cover
{U1,Us,...} of F such that
() <|Ui| <6 for alli, and Y |Ui]* < e}.

If these two quantities coincide, we call the common value the ®-intermediate dimension of
F and denote it by dim® F.

In the above definition, the cover {U;} of F' is a priori countable, but since it satisfies
0 < ®(0) < |Us| for all 4, and Y, |U;|® < ¢, it must be finite. If F' were not totally bounded
then the ®-intermediate dimensions of F' would be infinite according to Definition If
6 € (0,1) and ®(8) = 6/ for all § € [0,1], then it is straightforward to check that ® is
admissible, and dim"F = dimgF and dim®F = dimy I are the definitions of the upper and

lower intermediate dimensions of F' at 6, respectively.

2.2 General bounds

In this section we examine general bounds and continuity-like properties for the &-
intermediate dimensions. Recall that the letter d is reserved for the metric in this chapter.
Note that since we work in a more general space than R"™, balls of radius ¢ (as defined
in ) can have diameter less than 2§, which makes several of the proofs in this chapter
more technical. In the special case X = R", if dimp, F' is replaced by 0, and dima F is
replaced by n, then the bounds in this section will hold for all subsets. The dimensions
satisfy the inequalities in Proposition below, as with the intermediate dimensions.

We assume that the ambient metric space X is c-uniformly perfect with more than one
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point, and that ®(§)/6 — 0 as 6 — 0T, to ensure that Proposition will hold and to
avoid cases like the two-point metric space, which would have infinite intermediate and

P-intermediate dimensions according to Definition [2.1.2]

Proposition 2.2.1. For a subset F,

Proof. We first prove dm"F < dimpF. Recalling that |X| is the diameter of X, since
®(6)/6 — 0, there exists A € (0,min{|X|,1}) such that ®(4)/§ < ¢/2 for all § € (0,A).
Let s > dimgF and £ > 0. Let t € (dimpF, s), so we can reduce A further to assume that
A < 7 and that for all § € (0,A) there exists a cover of F by 6~ or fewer sets {U;},
each having diameter at most §. We may assume without loss of generality that each U;
intersects F. If |U;| > /2 then leave U; in the cover unchanged. If |U;| < /2, then fix
x; € U; and y; € B(x;,0/2) \ B(x;,c0/2); add the point y; to U;, and call the resulting

cover {V;}. For each 1,

by the triangle inequality. Moreover,

Vi< <5y <

Thus dim - F < s by Definition so dim" F < dimpF, as required.

The proof that dim®F < dimgF is similar. Indeed, let s’ > dimgF and ¢ > 0. Let
t' € (dimgF,s"), so for all A’ € (0, min{(e’) S’it’, | X|,1}) there exists 0’ € (0,A’) and a
cover of F by (8')~" or fewer sets, each having diameter at most &’. As above, we can use
this cover to form a cover {V/'} which satisfies ®(") < V]| < ¢’ for all j and 3, [V][* < ¢€'.
Therefore dim®F < s', so dim®F < dimgF.

The inequalities dimy F' < diiméF, diim‘bF < RQ)F and dimpF < dimpF follow
directly from the definitions. The inequality dimgF < dima F holds by fixing R = |F| in
the definition [I.3.6] The inequality dimp F' < dima X follows from since F C X. [

It follows from Proposition that if ¥ C R"™ is non-empty and bounded then
dim®F < dim" F < n, and if in addition F' is open with respect to the Euclidean metric
then dim®F = H(DF = n, as one would expect. There is no general relationship
between the lower box dimension and the upper intermediate dimensions. Indeed, it is a
straightforward exercise to construct a non-empty bounded F' C R such that dimpF = 0
and dimgF = 1, in which case dimyF = 1 for all # € (0,1] by [FFK2, Proposition 2.4] (see
also Corollary . But if G = {1/n : n € N}, then dimyG = % < 1/2 = dimpG for
all € (0,1) by |[FFK2, Proposition 3.1].

The dimensions satisfy the following basic properties.

Proposition 2.2.2.
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(i) Both m‘l’ and dim® are increasing for sets: if E C F then HQ)E < HQ)F and
dim®FE < dim®F.

(ii) Both dim” and dim® are stable under closure: dim F = dim F and dim®F =
dim®F.

Proof. This is straightforward from the definition. O

Example 2.2.3. The set F:=Qn [0,1] C R is countable, so dimy F = 0, but diim®F =
dim"F =1 for all admissible ®, directly from Definition . This demonstrates that:

. . . - . .
e The dimensions dim® and dim are different from dimpy.

e There are subsets of R, such as F', for which there does not exist a family of admissible
functions for which the ®-intermediate dimensions interpolate between the Hausdorff
and box dimensions of the set. This means that the assumption of compactness in

Theorem [2.5.1] on page [{3 cannot be removed in general.
o The dimensions dim® and &im" are not countably stable.

In Proposition [2.2.4] we give a sufficient condition for the ®-intermediate dimension
always to equal the box dimension. As an example, the function ®(¢) := %ga satisfies the
assumptions of Proposition Recall that in this chapter N5(F') is defined as in (1.3.2)).

Proposition 2.2.4. Let ® be an admissible function such that 180 s 1 45§ — 0.

log ®(9)
Then for any subset F, diimq)F = dimpF and dim®F = dimp F.

Proof. We prove that dim”F = dimgF; the proof of dim®F = dimp F is similar. Assume
(for the purpose of obtaining a contradiction) that dim”F < dimpF, and let s,t € R be
such that dim® F < s <t < dimgF. Then for all sufficiently small § there exists a cover
{U;} of F such that ®(5) < |U;| < 0 for all ¢, and ), |U;|* < 1. Therefore

t
Ui|s|Ui’t—s |Ui|85t_5 SlH(t—s)/t
t < t| < t <
No(E)' < 2 0= — < 2 ey <\ ey )

7

which converges to 0 as 6 — 07. This contradicts t < dimgF and completes the proof. [J

We now consider continuity-like results for the ®-intermediate dimensions. The main
such result is Theorem which roughly implies that if two admissible functions ®
and ®; are in a quantitative sense ‘close’ to each other, then the ® and ®;-intermediate
dimensions of sets whose Assouad dimension is not too large do not differ greatly. In
a similar spirit, quantitative continuity results have been proven for the intermediate
dimensions in R", for example [FFK2| Proposition 2.1] and [Fal8, (14.2.2)]. In Chapter [3]
we will see what Theorem [2.2.5|says about the #-intermediate dimensions of sets and deduce
a complete characterisation of attainable forms of intermediate dimensions (we will also

give a self-contained proof for completeness).
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Theorem 2.2.5. Let ® and ®, be admissible functions. Let F' be a subset satisfying
0 < dimp F < oo, and assume that F is complete. Suppose that 0 < dm”F < dimpy F,
and let n € [0,dimp F' — M(DF). Define
dim” F — dimy, F dimy F — dim" F
R l— ; o= . (2.2.1)
dim F' 47 —dimp, F

 dimp F — &m F —
If

By (8) < (B(8Y))7 (2.2.2)
for all sufficiently small § > 0, then dm”'F < dim"F + 1. The same holds with dim
replaced by dim throughout.

By a similar argument, if we only assume that ®; (§) < (®(6Y/%))7 (with v and a as
in ([2.2.1)) holds only for a sequence of § — 0T, then we can only conclude dim®' F <
dim" F + .

Proof. Without loss of generality assume 1 > 0, so v < 1 < a. The idea of the proof is to
convert a cover for the interval [®(6), d] into a cover for [®1(d%), d%]. We do this by using the
Assouad dimension to replace sets which are too large with sets of size §* (corresponding
to indices I1). We use the lower dimension to replace sets which are too small with sets of
size (®(60))7 (corresponding to indices I3). We have chosen the parameters v and « so that
the ‘cost’ of each of these actions in terms of how much the dimension can increase is the
same, namely 7.

Without loss of generality we assume that F' is closed. Now for s € (ﬁq)F ,dimp F'—n)
let ' € (ﬁéF, s), a > dima F and A < dimy, F' satisfy

Y(s+n—X)—(s=X)>0 and a—s —ala—s—mn)>0. (2.2.3)

Let ¢ € (0,1/2) be such that X is c-uniformly perfect. Fix C' € (0,00) such that
Ny (B(x,R)NF) < C(R/r)* for all z € F and 0 < r < R. Since F' is assumed to be
complete, by there exists a doubling Borel probability measure pu with supp(p) = F
and dimp, 4 € (A, dimy, F]. In particular, there exists A € (0,1) such that if 0 < r < R < |F|
and z € X then

A
B (2)
u(B(z,r)) r
Fix M > 1 such that p is M-doubling.
Let £ > 0. Choose A > 0 such that for all 6 € (0, A) there exists a cover {U; }ier of F'

such that ®(§) < |U;| < 0 for all 4, and
STIU < (¢TI M2ATII0%H 4 35 4 200) e,
We may reduce A to assume that and §/®1(8) > 5/c hold for all § € (0,A), and
A <1, A <|X|. Write I as a disjoint union I = I; U Is U I3 where
L ={iel:®() <|Uij <P1(67)}
Iy={iel: (6% <|U;] <0%/2}
Is={iel:0"/2<|Uij| <0},

22



noting that some of these sets may be empty. Let z1,. .., zx be a maximal 494 (§%)-separated
subset of
F\N U Seem@) |,
1€lUl3
recalling that S, (U) is the r-neighbourhood of U.
For each k € I3 pick

Th1s - T | C2U|/59)a) € F
such that
I-QacIUk‘a(Sfan
So,(50)(Up) NF C U Bz, 0/2).
=1
Define

Ur = { B(2m,5®1(6%) /c) : 1 <m < K },

Uy = { o,y (U)) 5 € I},

Us = | J { B(ary,6/2) : 1 <1< [2°CIU|" ] }.
kels

Then Uy Uls UlUs is a cover of I, and for sufficiently small § the diameter of each covering
set lies in the interval [®1(d%), 6%].

We bound the (s + n)-powers of the diameters of each part of the cover separately. First
consider Uy. For m € {1,... K} let J, =={i € I : U; N Bz, ®1(6%)) # @ }. If i € Jp,
let w;pm € Ui N B(2m, ®1(6%)). Then

1#(Us) < (B (tim, 2|Ui]))

®y(59)\
|Us| )

Oy (59)\
‘Ui’> '

< AL Bug s 201 (5°)) (

< M2A™ (B2, ®1(5%))) <
Therefore
H(B (2, @1(0%))) < D lU3) < MPAT (B am, @1(5%))) - (22(5°) - Y Ul
i€dm i€Jm

Since supp(p) = F, we can cancel through by the positive number p(B(zp,, ®1(d%))). Note
also that if ¢ € I; then there is at most one m for which U; N B(zy,, ®1(0%)) # @. Therefore

Z (U5 < K (101 (6%))5H
Uelh

< N ATI0 (@ (69)) T Y |

el
< C—(s+n)M2A—11os+77((I,1(5a))s+n—)\(¢)(5))—(s’—)\) Z ‘Ui|8/
el
< cf(s+17)M2A71 103+17(@(5))7(s+nf/\)f(s’f)\) Z ’Ui‘S/

il
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< e CTIAMZ AT Uy
el

where we used (2.2.3) in the last step.

For Us,
Yo UpEtT <Y @) <3y Uyl
Uelss jel> jerl

Finally, consider Us. Since |Uy| < 0 for k € I3,

L2a0|Uk|a57an

Z Z | B(g1,6%/2)"T" < Z 20C|Uy, 262§ (s+m)

kels =1 kels
/ /
< 2a057aa+a(s+n)+afs Z |Uk|s
kels
<2°C) Uk
kel

Bringing the above bounds together, for all § € (0, A),

Z |U|s+77 < (C—(5+U)M2A—1105+7l 435t 29C) Z |Ui|s’ <e.
U el U2 Ul el

It follows that dim- ' F < s+, as required. The proof for when dim is replaced by dim is

similar. O
We have a similar result for the case when the ®-intermediate dimension of F' is 0.

Proposition 2.2.6. Let &, Py be admissible functions, assume 0 < dima F < oo, let
n € (0,dimp F'), and let b > 0. If for all sufficiently small ¢,

dimp F

= — 224
dimpa F' — 17 ( )

b
®1(9) < (@(51/a)> where a=an):
holds, then if dim®F = 0 then dim®' F < n, and if ﬁQF = 0 then M%F <n If
we assume only that ([2.2.4)) holds for a subsequence of § — 0T, then ifﬁéF =0 then
dim® F < .

Proof. This is a straightforward modification of the proof of Theorem [2.2.5] A cover for
[®(6),d] is converted into a cover for [®1(6%),d%] by breaking up the largest sets using
the Assouad dimension of F', and fattening the smallest sets. The details are left to the

reader. O

In particular, if ®1(8) < (®(5))® holds for some b > 0 and all sufficiently small d,
then dim F = 0 implies dim™' F = 0. The following corollary of Theorem [2.2.5] and
Proposition says that if the underlying metric space is doubling, then if & and ®;

are ‘close’ in a way that depends only on X, then the difference between the ®- and

®;-intermediate dimensions of subsets will be small, independently of the particular subset.
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Corollary 2.2.7. Let X be a doubling metric space and suppose F' C X 1is bounded. If

_dimp X dimy X
D, <5dimAX—n> < (@(5))dimAX+n (2.2.5)

holds for all sufficiently small §, then if dim"F < dimp F' and n € [0,dimp F — diim(DF)
then Tm" ' F < dim" F + 1, and the same holds with dim replaced by dim throughout. If
we only assume that holds for a subsequence of § — 07, and if dm"F < dimp F
and 7 € [0,dimp F — dim® F), then dim® F < dim" F + 1.

Proof. Using notation from (2.2.1]), by Proposition m

dima X dima X
TS TV - Sl —F—— <o
dima X +1n dima X — 7

so the result follows from Theorem in the cases dim- F > 0 and dim®F > 0, and from
Proposition in the cases dim~ F = 0 and dim®F = 0. O

We now define an equivalence relation = on the set of admissible functions by setting
®; = P, if for every subset F' with dimp F' < oo of every underlying space X we have
mq)lF = R(PZF and diimq’lF = diim%F. We define a non-strict partial order < on the
equivalence classes of = by setting [®1] < [®o] if Tm ' F < Tm 2 F and dim®' F < dim®?*F
for all such F'. We abuse notation by writing ®; < ®2 to mean [®1] < [P3].

Consider the topology on the set of equivalence classes generated by the basis of open
sets

{No o : ® an admissible function, a € (1, 00) },

where

Ng o = { C : there exists ®; € C such that (®(5%))* < ®1(8) < (®(6/2))Y/a
for all @ € (1, «) and all sufficiently small 0 }.

Then for any given subset F' of finite Assouad dimension, the maps [®] — dim”F and
[®] — dim®F are well-defined and, by Theorem and Proposition continuous
with respect to this topology. This provides motivation for calling these ‘continuity-like’
results. It is natural to ask about abstract properties of the topological space, such as
connectivity and separability (see [BRT], Corollary B| and the remarks after it relating to
the generalised Assouad dimensions), but we will not pursue this.

Corollary gives a condition for the dimensions to coincide for all sets.
Corollary 2.2.8. Let &, P be admissible functions.
(i) If for all a € (1,00) there exists A > 0 such that for all § € (0, A) we have
D1(0) < (B(61/))1/ (2.2.6)
(noting that this will be the case if, for example, there exists C € (0,00) such that

lim sup;_,o+ % < 0), then ®1 <X ®. If we only assume that for all a € (1,00)

and dg > 0 there exists 6 € (0,d9) such that (2.2.6) holds, then we can only conclude
that dim®' F < H(DF for all subsets F' with finite Assouad dimension.
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(i) If for all a € (1,00) there exists A > 0 such that for all 6 € (0,A),
(2(6)* < @1(8) < (@(5)) (2.2.7)
holds, then ® = ®;.

Proof. In the cases dm”F =0 and dim" F = dimp F, (i) follows from Propositions [2.2.6
and [2.2.1] If 0 < dim" F < dima F then for all 5 € [0,dima F — dim" F), by the case

of [2.2.6) with

_ dima F — dim F  dim F 417
o = min S , T ,
dimp F'—dim F—-7n dim F
it follows that dim ' F < dm" F + n by Theorem Since 1 was arbitrary, dm" ' F <

M‘I’F. Similarly, in all cases dim®' F < diimq)F, so ®; <X ®. The case when we only
assume ([2.2.7)) along a subsequence is proved similarly, and (ii) follows from (i). O

We now use Corollary [2.2.8] to explore the conditions that can be imposed on the
function ®, and show that nothing is really lost by only considering functions which are

strictly increasing, invertible and continuous.

Proposition 2.2.9. For cvery admissible function ® there exists an admissible function
®1:(0,1) — (0,1) that is a strictly increasing, C* diffeomorphism, such that ® = ®;.

Proof. Fix N € N such that ® is positive and increasing on (0,2~"] with ®(2=V) < 1. We
construct a strictly increasing function ®2: (0,1] — (0, 1] by defining ®2 to be linear on
27N 1] with ®5(27") = ®(27) and ®5(1) = 1 and defining ® inductively on (0,27V) as
follows. Suppose we have defined ® on [27",1] for some n > N. If ®(27"71) < ®5(27)
then define ®(27"71) = ®(27"~!) and ®, linear on [27"~!,27"]. If, on the other hand,
®(27"1) = ®3(27™), then let m > n be the smallest integer such that ®(27™) < ®(27"),
define ®9(27™) := max{P2(27")/2, ®(2~™)}, and define ®5 to be linear on [27™,27"]. Then
by construction ®q is strictly increasing on (0, 1] with ®5(5/4) < ®(J) and 2P2(25) > P(0)
for all § € (0,27N~1). Each of the countably many points of non-differentiability of ®5 can
be locally made smooth to give an admissible function ®;: (0,1) — (0,1) that is C*> on
(0, 1), still strictly increasing, and such that ®5(8)/2 < ®1(5) < 2®(6) for all 6 € (0,277).
Then
D1(6)/0 < 2P2(0)/0 < 2P(49)/6 = 8D(46)/(40) —— 0,

6—07+
so ®1 is admissible. Moreover,

B(6/2) /4 < D2(5)/2 < B1(5) < 2B2(5) < 2B (49)

for all § € (0,27V=3), so ®; = ® by Corollary (ii). By the smooth inverse function

theorem, ®; has a C'™ inverse, as required. O

In the proof of Theorem [£.3.1] on page [88| we will use the following technical lemma.
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Lemma 2.2.10. If®: (0, A] — R is monotonically admissible then there exists an invertible
monotonically admissible function ®1: (0, A] — (0, ®(A)] such that ¢ = ¢1.

Proof. Define ®; by ®;(A/2") = ®(A/2") and ®; linear on [A/2"T!1 A/2"] for n =

0,1,2,.... Then clearly ®; is invertible and satisfies ®1(J) < ¢ for all § € (0,A] and
®1(8)/6 \¢ 0 monotonically as & — 0t. Moreover ®(§/2) < ®1(§) < P(26) for all
6 € (0,A/2], so by Corollary 2.2.8, ¢ = ¢1. O]

The following proposition shows that the assumption that ® is monotonic and strictly

positive does not really lose anything.

Proposition 2.2.11. Let ®: (0,A] — [0,00) be any function (not necessarily mono-
tonic) such that ®(8)/6 — 0 as § — 0T, and define the ®-intermediate dimensions as in
Definition[2.1.3. Let F' be a subset.

(i) If @1 is defined by ®1(5) = sup{ ®(¢’) : &' € [0,0] } then dm"F = dim" ' F.

(i) (1) If there is a sequence of § — 0T for which ®(§) = 0 then dim®F = dimy F.

(2) Suppose ®(5) > 0 for all 6 € (0,A) but for all 62 € (0,A) there exists 63 € (0, d2)
such that inf{ ®(8) : & € [03,02] } = 0. Then if F is compact then dim®F =
dimyg F'. In particular, if F' is a non-empty, bounded subset of X = R" then
dim®F = dimy F.

(3) If ®2: (0,A) = R defined by P2(5) = inf{ ®(d") : ' € [§, A] } is positive for all
5 € (0,A), then dim®*F = dim®? F.

Proof. We may assume that A < min{1, | X|} and that ®(§) < (1+2/c)~16 for all § € (0, A).
In the proofs of the different parts of the proposition, the same symbols may take different

values.

(i) For all 6 € (0,A),

(1)1(5)/52811[){(1)(6,)/55/ c (0,5]}<sup{<1>(5,)/5,6/ (= (0,5]} —>§_)0+ O,

and ®1(d) is monotonic, so Py is admissible. Also, ®(J) < ®1(0), so dm"F < dim ' F.

It remains to prove the reverse inequality. Let s > dim”F and e > 0. Then there
exists dg > 0 such that for all § € (0, min{dp, A}) there exists a cover {U;} of F such that
®(0) < |U;| <6 for all i, and

MU <27 (1 +1/e) % (2.2.8)

i
Then if ¢’ € (0,dp) then there exists § € (0,9’] such that ®(d) > ®1(6”)/2. Let {U;} be the
cover corresponding to ¢ as above. For each i, if |U;| > ®1(¢") then leave |U;| in the cover
unchanged, noting that ®;(8") < |U;| < § < §'. If 1(8") > |U;|, on the other hand, then

fix p; € U;, and ¢; € X such that ®1(¢") < d(pi, ¢;) < ®1(8")/c. Replace U; in the cover by
U; U{¢}, and denote the new cover of F' by {V;};. Then

®1(8") < d(piqi) < Ui U{gi}] < (14+1/c)@1(8") <6
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Also,
Ui U{gi}| < 2(14+1/¢)@(0) < 2(1 +1/¢)|Usl.

Therefore

W < X o =+ e

by , so dim ' F < s, hence dim®' F < Jm"F as required.

(ii) (1) Follows directly from and Definition [2.1.2]

(ii) (2) Assume that F' is compact. Let s > dimy F', € > 0 and 2 € (0,1], so there
exists d3 € (0,02) such that inf{®(J) : § € [d3,02] } = 0. There exists a countable
cover {U;} of F such that ), |U;|* < min{d3,e}. In particular, |U;] < d3. Since F' is

compact, there is a finite subcover {V;}, so min;{|V;|} > 0, and each |V;| < d3. Since
inf{ ®(J) : 6 € [d3,02] } = 0, there exists 04 € [d3, 2] such that ®(d4) € (0, min;{|Vi|}).
Then 0 < ®(04) < ming{|V;|}) < |Vi| < 03 < Iy for each ¢, and ), |Vi|* <D, |Uil]* < e. As

€ and &y were arbitrary, dim®F < S, SO dlim(DF = dimpg F.

(i) (3) Clearly @5 is admissible and dim®? F < dim® F, so it remains to prove the reverse
inequality. Let s > dim®2F and ¢ > 0. Let d; > 0 and let §y € (0, ®o(min{A,5;})/2).
Then there exists 6 € (0,09) and a cover {U;} of F such that ®9(d) < |U;| < ¢ for all 4, and

Z Us]* <2751+ 1/¢) %, (2.2.9)

By the definition of ®9, there exists d2 € [, A] such that ®(d2) < 2P5(5). But since
Dy(d) < P(0) < dp < Po(min{A,d1})/2, it must be the case that d2 < min{A,d;}. If
|U;| = ®(02) then leave U; in the cover unchanged. If |U;| < ®(d2) then fix p; € U; and ¢; € X
such that ®(d2) < d(pi, ¢;) < ®(d2)/c¢; replace U; in the cover with U; U{g;} and call the new
cover {V;}. Now, ®(d2) < |U;U{qi}| < 2. Also, |U;U{qi}| < 2(1+1/c)P2(0) < 2(1+1/c¢)|Us).

Therefore
Z!VIS Z (L+1/0)|Uil)* =2°(1+1/e)* Y |Uil* <&
by (2.2.9). It follows that dim®F < s, as required. O

Another consequence of Corollary is the following relationships between the

d-intermediate and intermediate dimensions.

Proposition 2.2.12. Let ® be an admissible function, and let

log ¢ log &
0, =1 f————; 0y = 1i 2.2.10
L= I (5 T Tog @(5)” (22.10)
noting that 0 < 01 < 6y < 1. If dimp F' < 0o then the following bounds hold:

« If 0 = 0 = limg_g+ 5525 then dim®F < dimgF and dim" F < dimgF for all
0 € (0,1].

o I[f0 =01 <0y then dimy, F' < dim" F < ﬁgQF (so if dimg, F' exists then dim~F =
dimg, '), and dim®F < min{dimyF, dimy, F'} for all § € (0, 1].
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o [f0 < 61 <0y then

dimy, F <dim®F < min{dimy, F, dimy, F'},

max{dimg, F, dim,, F'} <dim" F < dimg, F.

e [f0 < 61 =0y then dim®F = dimy, F' and EQF :M&.

Proof. As an example, we prove mq)F < R%F under the assumption that 65 > 0; the
other bounds are proved similarly. If #o = 1 then this follows from Proposition [2.2.1] so
assume 0y € (0,1). Then letting n € (0,1 — 2), by the definition of 65,

lim sup (%)

I SUD Ty — 0 < O

Corollary (i) now gives dim*F < dimg, 4, F. It is straightforward to verify from
Theorem that the intermediate dimensions are continuous at 62 > 0 (see also The-
orem [3.2.5)), so the result follows upon letting n — 0F. O

For sets whose upper intermediate dimensions are continuous at 6 = 0, usually we will
not study the ®-intermediate dimensions, because much information about the general
P-intermediate dimensions of such sets can be obtained directly from results about their
intermediate dimensions and the inequalities from Corollary [2.2.8]

2.3 Holder and Lipschitz maps

2.3.1 Holder distortion

We now investigate how these dimensions behave under Holder and Lipschitz maps and

prove bounds which are different from the usual dim f(F) < a~!dim F.

Theorem 2.3.1. Let ® and ®1 be admissible functions and let (X,dx) and (Y,dy) be
uniformly perfect. Let f: F — 'Y be a Holder map with exponent o € (0, 1] for some F C X,
assume dimp f(F) < 0o, and let v € [1,1/a]. Assume that

B () < (B(6Y (@MY (2.3.1)

for all sufficiently small §, and suppose dim"F < adimy f(F).

Then

——d;

T () < dim”F + aly — 1) dimy f(F)

oy
The same holds with dim replaced by dim throughout.

Proof. The idea of the proof is to consider a cover of F' with diameters in [®(), 0], consider

the cover of f(F') formed by the images under f of this cover, and ‘fatten’ the smallest sets
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in the new cover to size ®1(0%7) and break up the largest sets in the new cover to size 0*7.
Assume that f is C, a-Hélder with C' > 1. Let € > 0. Let

. dim"F + a(y — 1) dimy f(F)
ary '

Then there exist s > dim" F and a > dim A f(F) such that s < aa and

s+aly—1)a
ary '

t>

Define
o 2]

Since a > dimp f(F'), there exists M € N such that for all y € f(F) and 0 < r < R, we
have N,.(B(y, R) N f(F)) < M(R/r)*. Let ¢ € (0,1) be such that X and Y are c-uniformly
perfect. For all small enough ¢ we have ®(0)/d < ¢/2 and ®1(5)/0 < ¢/2, and there exists
a cover {U;} of F such that ®(0) < |U;| < ¢ for all ¢, and

SO < ((C + 1) + M(2C)+190) e /2, (2.3.2)

Without loss of generality assume U; N F' # & for all i. Now, {f(U;)} covers f(F'), and
|f(U;)| < C|U;|« for all 4. There are two cases.
Case 1: Suppose i is such that |f(U;)| < §*7/2. Fix any y; € f(U;). There exists
yg € Y such that ®1(6*7) < dy(yi,y.) < ®1(6*7)/c, hence dy (y;,y:) < (P(0))%/c. Let
= f(U;) U{y}}. By the triangle inequality,

©1(6°7) < dy (yi, i) < Vil < [f(UD)] + @1(677) /e < 07 (2.3.3)
Moreover, by the assumption (2.3.1]) about @1,
Vil < 1F(T0)] + 8167 fe < CIUHI" + (B(8)* /e < (C+ T (23.4)

Case 2: Now suppose that i is such that §*7/2 < |f(U;)] < C§% Then
(2C)~Y*§7 < |U;| < 6 so there exists 3; € [1,] such that (2C)~ Y% < |U;| < §%.
Then §%7/2 < |f(Us)] < C6*P < C§*. There exists a collection of M (2C)25*Fi=7e
M (2C)%|U;|*(t=7/B:) or fewer balls, each of diameter at most 6*7/2, which cover
f(U;) N f(F). For each ball we can add a point in ¥ whose distance from the centre
of the ball is between ®1(0*7) and ®1(d*7)/c. Each of the new sets, which we call {W; ;};,
will satisfy

P1(6%7) < |Wi 4| <697, (2.3.5)

Moreover,

Wi j| < 697 = (208 ((2C) M@ gPiyerlBe < (20 B Ug | B (2.3.6)
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Note that g(n) is linear and decreasing in 7, so t > g(1) > g(n) > g(y) = s/a for all
n € [1,7], and in particular ¢ > ¢(/3;) for all i. Therefore using and (2.3.6),

STVl Y Wil < VI Y W)
k i,j k 2

< Z((C + Y| UR)¥ + Z M (20)%|U;| =180 (20)1/ 8| ;| 7/ Biy9(8i)
. ,

< (CH e U + M(20)a+vg(ﬁ@ 153 (O
k 7

<,
where the last equality follows from [2.3.2). Also, {Vi}x U {W,}ij covers f(F), and
(noting (2.3.3) and ( - dlm 'f(F) < t, as required. O
We make several comments about Theorem 2.3.71
e An important special case is when v =1/« and ®; = ®. Then we can conclude
dim” f(F) < dim" F + (1 — a) dimy f(F).
e Another special case is for the ®; which satisfy (2.3.1) with v = 1, when we can
conclude diimq)lf(F) <a 'dim’F.
- . .
o If dim F > adimp f(F') (contrary to the assumption of Theorem ) then the
simple bound dim” f(F) < o~ dim" F follows immediately.
o If dim F < a dimp f(F') but we only assume that (2.3.1]) holds along a subsequence
of § — 07, then we can conclude only that

dim” F +a(y—1)dima f(F)
ay '

dim® f(F) <

Setting ®(§) = §'/¢ gives a Holder distortion estimate for the intermediate dimensions
in Corollary . For subsets of Euclidean space, Corollary was noted in [Fal§|
Section 14.2.1 5.], and it also follows from the stronger result [Bur2, Theorem 3.1] which
is proven using capacity theoretic methods and dimension profiles, but we include it

nonetheless because our proof works for more general metric spaces.

Corollary 2.3.2. If f: F — Y is an a-Holder map with exponent o € (0,1] and
dimp f(F) < oo, then dimgf(F) < a~tdimgF and dim, f(F) < a~'dim,F for all 6 € [0, 1].

Proof. These estimates hold for the Hausdorff and lower and upper box dimensions (similar
to [Fal6| Exercise 2.2 and Proposition 3.3|), so assume that § € (0,1) and let ®(J) =
®1(6) = 69, If dimgF > adimp f(F) then dimgf(F) < dimp f(F) < o 'dimgF. If
dimpF < adimy f(F) then since

1(0) = B(9) = 617 = ((8Y/)/0)* = @(51/*),

the case ¥ = 1 of Theorem m gives that dimg f(F) < a~'dimgF. Similarly, the bound
for the lower intermediate dimensions follows from the version of Theorem 2.3.1] for the

lower ®-intermediate dimensions. O

31



2.3.2 Lipschitz stability

Recall that a map is Lipschitz if it is 1-Holder, and bi-Lipschitz if it is a Lipschitz bijection
with a Lipschitz inverse. Corollary shows that the ®-intermediate dimensions cannot
increase under Lipschitz maps. It follows that mé and dim® satisfy the important property
of being stable under bi-Lipschitz maps. Bi-Lipschitz stability has already been proven for
the Hausdorff and box dimensions in |Fal6| Propositions 2.5 and 3.3] and, for subsets of R,

for the intermediate dimensions in [Fra2, Lemma 3.1].

Corollary 2.3.3. Let X and Y be underlying spaces, let ' C X, let f: F'— Y be Lipschitz,
and assume that dimp f(F') < co. Then

(i) We have ﬁ(bf(F) < dim”F and dim?® f(F) < dim®F.
(ii) If moreover f is bi-Lipschitz then ﬁq)f(F) = dim"F and dim? f(F) = dim®F.

In the assumption dimy f(F') < oo is equivalent to dimp F' < oo since the Assouad

dimension is stable under bi-Lipschitz maps.

Proof. If dim” F > dimp f(F') then Mq)f(F) < dimy f(F) < dim” F by Propositionﬂ
if dm"F < dimp f(F') then the case « = v = 1, ®; = @, of Theorem [2.3.1] gives
diimq)f(F) < dim”F. The proof that dim®f(F) < dim®F is similar, and follows
from (i) O

2.4 A mass distribution principle

In this section we prove a mass distribution principle for the ®-intermediate dimensions and a
converse result (a Frostman type lemma), which together give an alternative characterisation
of the intermediate dimensions. We then prove some applications regarding product sets
and finite stability.

2.4.1 A mass distribution principle

The mass distribution principle is a useful tool to bound dimensions from below by putting a
measure on the set. The original version was for the Hausdorff dimension (see |Fal6| page 67]),
and a version was proved for the intermediate dimensions in |[FFK2, Proposition 2.2]. The

following natural generalisation for the ®-intermediate dimensions holds.
Lemma 2.4.1. Let F be a subset and let s,a,c,dy > 0 be positive constants.

(i) If there exists a positive decreasing sequence 6, — 0 such that for each n € N there
exists a Borel measure p, with support supp(u,) C F with pu,(supp(un)) = a, and
such that for every Borel subset U C X with ®(d,) < |U| < §,, we have p,(U) < c|U|?,
then diiméF > s.
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(ii) If, moreover, for all § € (0,dy) there exists a Borel measure ps with support supp(us) C
F with ps(supp(ps)) = a, and such that for every Borel subset U C X with ®(J) <
|U| < 6 we have us(U) < c|UJ*, then dim®F > s

Proof. We prove (i); the proof of (ii) is similar. If n € N and {U;} is a cover of F' such that
®(6,) < |U;| < 6, for all 4, then the closures U; are Borel, satisfy ®(d,) < |U;| = |U;| < 6,

and cover supp(iy,), S0

a < pn(supp(pn)) = (UU) < Zun(ﬁz) < CZ |U;|* = CZ |U; | (2.4.1)
Therefore Y, |U;|* > a/c > 0, so dim” F> O

2.4.2 A Frostman type lemma

Another powerful tool in fractal geometry and geometric measure theory is Frostman’s
lemma, dual to the mass distribution principle. Lemma [2.4.2]is an analogue of Frostman’s
lemma for the ®-intermediate dimensions, generalising [FFK2, Proposition 2.3 for the
intermediate dimensions both to more general functions ® and to more general metric
spaces.

The main difference with the proof of [FFK2, Proposition 2.3| is that in R™ there are
the dyadic cubes to work with, but here we use the fact that dima F' < oo, and use an
analogue of the dyadic cubes constructed in [HK] for general doubling metric spaces. We
now state a special case of [HK|, Theorem 2.2|, using notation from that theorem (note
in particular that § denotes a certain constant). We take the quasi-metric p simply to
be the metric d restricted to F' (so the usual triangle inequality holds and Ay = 1). Fix
0 :=1/20 (in fact any ¢ € (0,1/12) will do). Since dimp F' < oo, for each k € N we have
Nk j3(F) < oo. Therefore there exists a finite §F-separated subset {2"}, of F, of maximum
possible cardinality. Then applying [HK|, Theorem 2.2] with ¢o = Cy =1, ¢; =1/3, C1 = 2,
for each k € N there exist subsets Q¥ := {Q*},, of F such that:

1. forall k € N, F = J, Q% with the union disjoint;

2. BF(25,(20)7%/4) C BY (2§, c1(20)7%) € Q% C B¥ (2], C1(20)7%) = B¥ (2§, 2(20)7%),
recalling that BY" denotes the open ball in F;

3. if k,1 € N with k <[ then for all «, 3, either Q% N Q% =g or Qlﬁ C QF, and in the
latter case, also BF(zé, 2(20)7") € BF(2F,2(20)7%). We call QF a parent of Q%.

We say that Q’Oi is a dyadic cube with centre z(’;
Lemma 2.4.2. Assume that dimp F' < oo.

(i) Ifdiim(bF > 0 then for all s € (O,diim(bF) there exists a constant ¢ € (0,00) such that
for all 69 > 0 there exist &' € (0,09) and a Borel probability measure pg with finite
support supp(ps) € F such that if v € X and ®(0") < r < &' then

wsr(B(z, 1)) < erf.
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(ii) If dim®F > 0 then for all s € (0,dim®F) there exists ¢ € (0,00) such that for all
sufficiently small &' there exists a Borel probability measure g with finite support
supp(ue’) C F such that if v € X and ®(8') <r < & then pg(B(x,r)) < er®.

Proof. We prove (ii); the proof of (i) is similar. The idea of the proof is to put point masses
on an analogue of dyadic cubes of size approximately ®(¢') so that the measure of sets
with diameter approximately ®(4’) is controlled by the ®-intermediate dimension of F', and
then iteratively reduce the masses so that the mass of larger cubes is not too large either.
The proof is based on the proof of [FFK2, Proposition 2.3| for the intermediate dimensions,
which is in turn based on |[Mat, pages 112-114]. In |[FFK2, Proposition 2.3|, the assumption
that the set F' is closed is not necessary as it is not used in the proof.

We use notation from [HK| Theorem 2.2|, as above. Let ¢o € (0,1) be such that X is
co-uniformly perfect. Suppose dim®F > 0 and let s € (0, dim®F ). Then there exists € > 0
such that for all sufficiently small 6’ and all covers {U;} of F satisfying ®(¢8') < |U;| < ¢’

for all 7,
M |U e (2.4.2)

Let ¢’ be small enough such that this is the case, and moreover that ®(§")/d" < ¢2/320.
Define m = m(¢') to be the largest natural number satisfying ®(¢’) < $(20)~™. Define the

Borel measure u,, by
fn =207 M
(0%

where M is a unit point mass at zk.

Let [ be the largest integer such that 8(20*(’”*1)) < ¢, noting that [ > 1. In particular,
Q1] < 6'/2 for all Q,,—; € @™ L. In order to reduce the mass of cubes which carry too
much measure, having defined p,,_j for some k € {0,1,...,] — 1}, inductively define the

Borel measure tt,,_r_1, supported on the same finite set as p,,, by

207(m7k71)5
Hom—k—1|Qpm_p_; = ming 1, Horn—k| Qo
" ’Q o Mm—k(Qm—k—l) " |Q o

for all Q,—r—1 € Q™ %1, By construction, if k € {0,1,...,1} and Q,,—x € Q™ ¥ then

Nmfl(mek) < 207(m7k)8 < 4SC2_S|Qm7k’s (243)

by Condition Moreover, each @, € Q™ satisfies i, (Qn) =207 If k € {0,1,...,1—1}
and Q_r € Q™" satisfies fy_p(Qm-_r) = 20~ (m=K)s and Q,u_r_1 € Q™ * 1 is the
parent of @Q,,—x, then by the construction of pi,—r_1, either pi,—r—1(Qm—k) = 20~ (m—Fk)s
or fim—k—1(Qm—_k—1) = 20~ (m=k=1)s  Therefore for all y € F there is at least one k €
{0,1,...,1} and Q, € Q™ F with y € @)y such that

pim—1(Qy) = 207 0"7R > 4721, |0, (2.4.4)

where the inequality is by condition [2}
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For each y € F', choosing @, such that is satisfied and moreover @, € Q™ F for
the largest possible k € {0,1,...,1} yields a finite collection of cubes {Q; } which cover F'. For
each i, let z; be the centre of Q);, and by the uniformly perfect condition there exists p; € X
such that ®(0') < d(pi, 2;) < ®(8')/ea < §'/2. Letting U; == Q; U {p;}, by condition [2] we
have ®(0") < |U;| < 0’. Then {U;} covers F, and each |U;| < |Qi|+P(6")/ca < (1+41/¢2)|Qil-
Therefore by (2.4.2) and (2.4.4)),

o t(F) = 3 i (@) = SO 475 1Qul > 475(1 4+ 1/e0) ™ SO (U 3 475(1 + 1) .

Z (2.4.5)
Define ps: = (ftm—1(F)) ™ fty—y, which is clearly a Borel probability measure with finite
support supp(us) C F'.

Now, since dimpa F' < oo there exists C' € N such that for all p € F and d > 0,
Nyg(BF(p,13d)) < C. Let x € X and r € [®(d"),8]. Let j = j(r) be the largest integer
in {0,1,...,1} such that 20~ (m=i+t1) < p: such an integer exists by the definition of
m. If BX(z,r) N F = @ then ps(BX(z,7)) = 0, so suppose that there exists some
x1 € BX(z,r) N F, so BX(z,r) C BY(x1,2r). Suppose BX(x,r) N Qm—; # @ for some
Qm—; € Q™. with centre z,,_;, say. Then there exists 2 € BX(z,7) N Qp—j, and by
condition [2| and the definition of j,

d(x1, 2m—j) < d(x1,2) + d(2, 2m—j) < 2r + 2(20)~M 71 < 6(20)~ (M),

Therefore z,,,—; € BY (21,6(20)~(m9)), and the centres of the cubes in Q,,—; which intersect
BX(z,7) form a 20~(m~7)_separated subset of BY (z1,6(20)~(™~7). But

N6(20)*<m*1')/13(BF(5'317 6(20)"m 7)) < C.

Therefore there are most C such centres, so at most C' elements of ™7 which intersect
BX(z,r). Therefore by (2.4.3) and (2.4.5)) and the definition of j,

1157 (B (2,7)) = (et (F)) ™ ot (BX (2,7)) < €ty (F)) 7120~ 0"=D* < o,

where ¢ := C4°(1 + 1/c2)*c71(20)*, as required. O

Putting Lemmas [2.4.1| and [2.4.2| together, we obtain a useful characterisation of the

d-intermediate dimensions.

Theorem 2.4.3. If ® is an admissible function and dimp F' < oo then

(1) dim"F = sup{s > 0 : there exists C' € (0,00) such that for all 5, >0
there exists § € (0,01) and a Borel probability measure i

with support supp(us) C F such that if U is a Borel subset
of X which satisfies ®(§) < |U| < 0 then us(U) < C|U|*}

(i3) dim®F = sup{s > 0 : there exist C,8; € (0,00) such that for all § € (0,6,) there
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ezists a Borel probability measure ps with support
supp(us) C F such that if U is a Borel subset satisfying
(5) < U] < then pug(U) < C|UP}

Proof. We prove (ii) using Lemma [2.4.1] (ii) and Lemma (i1); (i) follows from
Lemma [2.4.1] (i) and Lemma [2.4.2) (i) in a similar way. We denote by sup the supremum
on the right-hand side of the equation (ii). Fix y € F. If s = 0, then letting C' =1
and letting us be a unit point mass at y for all sufficiently small §, we see that sup is
well-defined and non-negative. Suppose that dim®F > 0 and let s € (0, dim®F ). Then by
the Frostman type Lemma [2.4.2] (i), there exist constants ¢, d; € (0,00) such that for all
0 € (0,01) there exists a Borel probability measure ps with finite support supp(us) C F
such that if z € X and ®(§) < r < 0 then ps(B(x,r)) < cr®. If U is a Borel subset of X
satisfying ®(0) < |U| < 9§, then U N F' = @ implies us(U) = 0. Suppose there exists some
z € UNF. Let M be the doubling constant of F. Then U Nsupp(us) C B(x,2|U]), so there
exist x1,. ..,z € BF(x,2|U|) such that U Nsupp(us) € B (z,2|U]) C Uf\il B (x;,|U)).

Therefore
M

M
us(U) <Y us(B (i, |UN) = Y us(BX (23, |U)) < C|UP*,
i—1 i=1

where C' := Mec. Thus s < sup.

For the reverse inequality, if sup > 0 and ¢ € (0, sup) then by the mass distribution
principle Lemma (ii), t < dim®F. Therefore if max{sup,dim®F} > 0 then in fact
sup = dim®F. But both sup and dim®F are non-negative, so they must always be

equal. O

2.4.3 Product formulae

It is a well-studied problem to bound the dimensions of product sets in terms of the
dimensions of the marginals. Very often, dimensions come in pairs (dim, Dim) which satisfy
dim F' < DimF' and

dim E + dim F < dim(E x F) < dim E + DimF < Dim(E x F) < DimE + DimF (2.4.6)

for all ‘reasonable’ sets F¥ and F' and ‘reasonable’ metrics on the product space. Examples are
(Hausdorff, packing) [How]|, (lower box, upper box) |[RS1|, (lower, Assouad) and (modified
lower, Assouad) [Frall Corollary 10.1.2] and, for each fixed 6 € (0,1), (lower spectrum
at 0, Assouad spectrum at 6) and (modified lower spectrum at 6, Assouad spectrum at
0) |FY2, Proposition 4.4]. In Theorem we show that for any given ® or 6, (lower
®-intermediate, upper box) and (lower f-intermediate, upper box) are also such pairs.
However, our upper bound for ﬁé(E x F) is dm"E + dimpF, rather than the expected
dim"E + dim” F. Theorem M generalises [FFK2, Proposition 2.5] on the intermediate
dimensions of product sets to more general funcq‘fions ® and more general metric spaces,

(

and also gives an improved lower bound for dim (E x F') and an improved upper bound
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for dim®(E x F). We improve the lower bound for mé(E x ) further for self-products
in (iii).
Theorem 2.4.4. Consider uniformly perfect metric spaces (X,dx) and (Y,dy). Let dxxy
be a metric on X x'Y such that there exist constants cy,cy € (0,00) such that
C1 maX(dx,dy) < dXXy < CgmaX(dx,dy). (2.4.7)
Then if E C X and F CY have finite Assouad dimension, then
(i) dm"E + dim®F < dim" (E x F) < dim" E + dimpF;

(ii) dim®E + dim®F < dim®(E x F) < dim®E + dimpF.

In the case of self-products, (i) can be improved to
(iii) 2dim" F < dim" (F x F) < dim" F + dimpF.
Note that (2.4.7)) is the same condition as [RS1, (2.4)], and familiar metrics which satisfy
this are dx vy = max{dx,dy} and dxxy = (d5 + dl}’,)l/p for p € [1, 00).

Proof. The idea of the proof of the upper bounds is to consider a cover of one of the sets F
with diameters in [®(0), d], and, for each set U; in that cover, to form a cover of that other
set F' with all the diameters approximately equal to |U;|, with the number of sets in this
cover controlled by dimgF. We can then cover the product set with approximate squares
with sizes between ®(J) and ¢ to obtain the result. The idea of the proof of the lower
bounds is to use the Frostman type lemma to put measures on each of the marginal sets
such that the measure of sets with diameter in [®(d), ] is controlled by the ®-intermediate
dimensions of the sets, and then apply the mass distribution principle with the product
measure on the product set.

Since X and Y each have more than one point, so does X x Y. A straightforward
calculation shows that since (X, dy) is uniformly perfect, so is (X x Y, dxxy). Another
routine calculation shows that since F and F' have finite Assouad dimension, so does F x F.

(i) We first prove the upper bound of (i), following the proof of the upper bound in [FFK2|
Proposition 2.5]. Let € > 0. Let ¢, € (0,1) be such that X x Y is ¢p-uniformly perfect, and
without loss of generality assume 0 < ¢, < ¢; < 1 < ¢3 < 00. Since dimp(E X F) < 00
there exists A € N such that N,.(BF*F(p,4cor)) < Aforallp € E x F and r > 0. Let
A > 0 be such that ®(§)/0 < ¢,/2 for all § € (0,A). Fix s > dim"F and d > dimpF. Let
81 € (0, A) be such that for all » € (0,d1) there is a cover of F' by r~¢ or fewer sets, each
having diameter at most r. Let dp € (0,01) be such that for all § € (0,dp) there exists a
cover {U;} of E such that ®(J) < |U;| < 6 for all 4, and

DU <A ea + ¢, ) e (2.4.8)
i
For such a cover, for each i let {U;;}; be a cover of F by |U;|=¢ or fewer sets, each
having diameter |U; ;| < |U;|. Then for all 4 and j,

Ui x Ui j| < comax{|U;],|Ui ;

} = e2|Ui] < 20, (2.4.9)
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so U; x U;j can be covered by A sets {U;;r}r, each having diameter at most
min{é/2,|U; x U; j|}. We may assume that each of these sets is non-empty, and fix
Pijk € Uik Fix ¢ijr € X x Y such that ®(6) < dxxy(Pijks k) < ®(0)/cp. Let
Viik ="Ui;irU{¢  k}, so by the triangle inequality

D(8) < dxxy (Pijk: igk) < [Vigrl < 6/2+P(8)/cp <6, (2.4.10)
since § < dp < A. Also, by (2.4.9),
Vil < c2|Uil +@(8) /e < (e2 + ¢ H)|Uil. (2.4.11)

Therefore by (2.4.11) and (2.4.8]),

D WVigrl <D AU (2 + U < Az + ¢, ”dz Usl* <
ik i

Also

ExFC U Uijk © U Vijk-
i,k i,k
This gives dim” (ExF)<s+d,so dim” (E x F) <di7mq)E—|—di7mBF.
The proof of the lower bound is somewhat similar to the proof of the lower bound
in [FFK2, Proposition 2.5|. First assume dim®F = 0. Fix any f € F. By [2-4.7),
the natural embedding £ — X XY, z — (z, f), is bi-Lipschitz onto its image, so by

Corollary 2. and Proposition [2.2.2] (i),
- . P - - -
dim E+dim”F =dim F=dim (E x {f}) <dim (E x F).

Now assume that dim" £ > 0 and dim®F > 0. Fixt, € (O,diimq)E) and to € (0,dim®F). By
Lemma[2.4.2] (i) there exists cg € (0,00) such that for all 5 > 0 there exists d3 € (0, d2) and
a Borel probability measure p;5, with supp(us,) € E such that if z € X and ®(d3) < r1 < J3
then pgs, (BX(2,71)) < cgri’. By Lemma (ii) there exist cp,ds4 € (0,00) such that
for all d5 € (0,d4) there exists a Borel probability measure vs, with supp(vs,) C F such
that if y € Y and ®(J5) < 12 < 05 then vs, (BY (y,72)) < cpriz. If §7 > 0, then there exists
d¢ € (0, min{d7,d4}) and Borel probability measures us5, and vs, as above. Let us, x vg, be
the product measure, which satisfies supp(ps, X vs,) € E x F.

If U C X xY is Borel and satisfies ®(dg) < |U| < dg then if we fix any (z,y) € U then

U C BXY ((z,y),2|U|) € BX(z,2|U|/c1) x BY (y,2|U|/c1). (2.4.12)

Fix x1,...,2z¢c € F and y1,...,yc € F such that

C
EnBY(a,2U|/er) € |JBY (@i, |UD;  FNBY (y,2|Ul/er) € |J B (i, IU]).
i=1

i=1

Now,
(E x F) N (B*(2,2|U]/e1) x BY (y,2|U|/e1))
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= (En B*(2,2|U|/c1)) x (F 0 BY (y,2|U|/e1))
c C
- (U BX xza‘UD) X UBY(y]’|U|)
i=1 j=1

C
U (BX (x4, |U]) x BY (y;,|U]))-

W'CQ

Then by (2.4.12)) and the definition of the product measure,

(156 % v86) (U) < (155 % v5e) (B (2, 2|U|/ex) x BY (y,2|U] /1))
c C

< (s % vse) | U U B (@i, [U]) x BY (35, 1U]))
i=1j=1

¢ c
<Y D (s X vse) (B (i, [U]) x BY (y;,|U]))

=1 J:]_

=C CECF‘U|t1+t2.

~.

Therefore by the mass distribution principle Lemma [2.4.1| (i), ﬁq)(E X F) > t1 + to, as
required. The bound dim" (E x F) > dim®E + dim " F follows similarly.

(ii) The proof of (ii) is a straightforward modification of the proof of (i).

(iii) The upper bound is just the upper bound of (i) with £ = F'; the improved bound
is the lower bound. Assume dim F > 0 and let t € (O,Hq)F). By Lemma [2.4.2] (i)
there exists ¢y € (0,00) such that for all dg > 0 there exists § € (0,0p) and a Borel
probability measure ps with supp(us) € F such that if z € X and ®(0) < r < 0 then
ps(BX (z,7)) < cprt. Then supp(us x us) € F x F, and as in the proof of the lower
bound of (i), if ®(§) < |U| < & then (us x ps)(U) < C2c4|U|*. Therefore by Lemma [2.4.1
ﬁ@(F x F') > 2t, as required. O

In the particular case ®(J) = Proposition [2.2.4] gives dim” G = dimpG and

log 07
dim®G = dimp G for a subset G of an underlying space X. Therefore from (i) and (ii) we

recover the inequalities for the upper and lower box dimensions of product sets in |[RS1,
Theorem 2.4| (which is proven directly, without putting measures on the sets). Note also
that bounds on the dimensions of products of more than two sets can be obtained by

applying Theorem [2.4.4] iteratively, for example

dim”(E x F x G) > dim" (E x F) + dim®G > dim" E + dim®F + dim®G.

2.4.4 Finite stability

Our next application of the mass distribution principle is Proposition [2.4.5 which illustrates
an important difference between the upper and lower versions of the dimensions. It was
stated in |Fal8, Section 14.2.1 2.] that in Euclidean space, the upper intermediate dimensions

are finitely stable but the lower intermediate dimensions are not.
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Proposition 2.4.5. Let ® be an admissible function.

(i) The dimension Tm” s finitely stable: we always have
dim”(E U F) = max{dim" £, dim" F}.

(i) The dimension dim® is not finitely stable: there exist compact sets E,F C R such
that
diim(I’(E UF) > max{diim(DE,diimch}.

Proof. 1t is a straightforward exercise to prove (i) directly from Definition SO we
prove only (ii). To do so, we take inspiration from |[Fal6| Exercises 2.8, 2.9|. The idea is
to construct generalised Cantor sets £ and F', each of which looks ‘large’ on most scales
but ‘small’ on some sequence of scales. We do this in such a way that the sequences of
scales where the two sets look small do not even approximately coincide, so for each small
J, either F looks large at every scale between § and ®(9), or F' looks large at every scale
between § and ®(9).

Assume without loss of generality that ®: (0,1] — R. We inductively define the
numbers k, € {0,1,2,...} and ejgkn, fior > 0, for n =0,1,2,..., as follows. Let kg := 0,
e1oko = figro = 1. Having defined £, e1gkn, figr. for some n = 0,1,2,..., there are two
cases depending on the parity of n. If n is even, let k, 1 be the smallest integer such that
kpy1 > kyn and

(1/3)L0 110t g < @ ((1/5)10"”“—10“(1 /3)10’“"“—10’“"“elokn) , (2.4.13)

and let

(1/5)10’%“—10’% (1/3)10kn+1_10kn+1

elokn+1 = elOk" )

kn — kn
flo’“n+1 = (1/3)10 o fiokn-
If, on the other hand, n is odd, then let k,4+1 > kj, be the smallest integer such that
(1/3>10kn+1_10kn€10kn < ® <(1/5)10kn+1_10kn (1/3)10kn+2_10kn+1f10kn> ’ (2414)

and let

(1/5)10kn+1—1okn (1/3)10’“n+1—10kn+1

flokn+1 = flokn ’

k _10k
€1 0kn+1 = (1/3)10 10 nelokn.

Now let Fy = [0, 1] and for j € N, if 10F» < j < 10%»+! for some even n € {0,2,4,...}
then obtain E; by removing the middle 3/5 of each interval in E;_i, otherwise obtain
E; by removing the middle 1/3 of each interval in E;_;. Let Fy = [2,3] and for j € N,
if 10 < j < 10**! for some odd n € {1,3,5,...} then obtain F; from removing the
middle 3/5 of each interval in Fj_;, otherwise obtain F; by removing the middle 1/3 of each
interval in Fj_1. Define E := ﬂ;’il E; and F = ﬂj’;l F};, noting that both are non-empty
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and compact subsets of R. For all j € N, let e; and f; be the lengths of each of the 2J
intervals in F; and F} respectively, noting that for each n € N, the two different definitions
that we have given for e;gr, and figr, agree by induction. The sequences e; and f; lie in
(0,1] by induction and converge monotonically to 0.

We now find an upper bound for dimpE. Let n € N be even. Then Eyk,+1 is made
up of 210" intervals, each of length eyg+1 = (1/5)10°" =107 ¢ < (1/5)10% 110

Covering E with these intervals, we see that for all n € N,

log Ne, .. F'(E) o log 210°"** _ 10log2
—log(eggkn+1)  log5l0FH1=10%" — 9logh

Therefore dimp E < 19011)0;527 and similarly using Fjgk,+1 for n odd to cover F' gives dimp F' <
10log2
9logh *

Therefore
10log 2
9logh

> max{dimgF, dimg F'}. (2.4.15)

To bound dim®(E U F) from below, we use the mass distribution principle. Define the

sequence (ry)p>0 by

€10knt+2 = (1/5)10k"+1_10kn(1/3)10kn+2_10kn+1610kn if n even,

Ty =
Froknsz = (1/5)107 =107 (g ygyrokn2z—1obntte e p odd.

This sequence is strictly decreasing, because if n > 0 is even then by (2.4.13)),

Tn+l = flokn+1+2 < flOk"H < D(eyghnt2) < €10knt2 = Tn,

and similarly if n is odd then r,+; < r, by . Let § € (0,79). Define ns € N by
Tnsg <O < Tps—1.

There are two cases depending on the parity of ng. If ns is even, then let us be any
Borel probability measure on F' which gives mass 2_101%‘S+1 to each of the 2101%‘5+1 intervals
in F_x Let U be a Borel subset of R with ®(d) < |U| < J. Define j € N (depending

10 ns+1-°

on |U]) by f; < |U| < fj—1. By (2.4.13),
10kn5+1 < q)(elokn5+2) = (I)(T‘n5) < (I)((S) < |U‘ < fj*lv

so j — 1 < 10Fns+1. Also, [i <WU| <6 <rpg—1 =
10%75+1. Therefore by the construction of F,

[\ 205 gm0ttt (2 N /2

Since U has diameter less than f;_1, it can intersect at most two of the 27=1 intervals in

Ky, . Ky, . .
Fj_1. Therefore U can intersect at most 2(21° ‘5“*3) of the 210 """ intervals in F g1

Therefore

10Fng—1+2, SO in fact 10F2s-1+2 < j <

2log 2

. n .7/2 ']/2 log 15 2log 2 og
s(U) < 2(21075 1) (910" “l>:2<(§> @ ) <2f 8 < 2uits.
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If, on the other hand, ns is odd, then let us be a Borel probability measure on F
which gives mass 2_10kn5+1 to each of the 210%#1 intervals in Eloknﬁl. As above, if
®(0) < |U| < 6 then pus(U) < 2\U|?Ol§7gif Therefore by the mass distribution principle
Lemma [2.4.1] (i) and Proposition [2.2.1] and (2.4.15),

2log2  10log?2
dm®(EUF) > =% Olog

Z g 15~ 9logs > max{dimg F, dimp F'} > max{dim®E, dim®F}. O

It follows from Propositions and and the fact that the Hausdorff dimension is
countably stable that for all admissible functions ®; and ®», the three notions of dimension
dimy, dim®' and M‘I’Q are pairwise-distinct, even just working in R.

Letting F, F' be as in Proposition [2.4.5] applying the mass distribution principle as in
the proof of that result at the scales d := f{gr,+2 shows that

10log2  2log2  —— .
o8 987 < Tm"F < dimpF,

dimy F < dim®F < <
9logh log 15

and similarly for £. Suppose F' is the set corresponding to a ® satisfying % — 0 as
§ — 0 (for example ®(8) = 0 ""). Then by Proposition [2.2.12]

< dm"F < dimpF

for all @ € (0,1], so dimyF is discontinuous at § = 0. Let ®; be an admissible function
such that @1 (fiprn+1) < P1(f)ginso+1) for all sufficiently large n. Then for all sufficiently

small 4, there exists an odd integer n(d) such that ®(5) < f, k,+1 < 0, and the natural

. 10log 2 2log2
cover of I x,;+1 with 9logh ~ logls

indication of how one might construct the admissible functions from Theorem below

which recover the interpolation for this particular set.

910"

. . - . .
intervals gives dim ' F < This gives an

2.5 Recovering the interpolation

It is clear from |[FFK2, Proposition 2.4] and the proof of Proposition that there are
many compact sets with intermediate dimensions discontinuous at 8 = 0. For these sets the
intermediate dimensions do not fully interpolate between the Hausdorff and box dimensions.
The main result of this section, Theorem [2.5.1] shows that for every compact set there is
indeed a family of functions ® for which the ®-intermediate dimensions interpolate all the
way between the Hausdorff and box dimensions of the set. Moreover, there exists a family
of ® which interpolates for both the upper and lower versions of the dimensions, and forms
a chain in the partial order introduced in Section Banaji, Rutar and Troscheit |[BRT]|
prove that the Assouad-like dimensions studied in [GHM]1| fully interpolate between the

quasi-Assouad and Assouad dimensions of all non-empty, bounded, doubling metric spaces.

Theorem 2.5.1. For each non-empty, compact subset F', there exists a family

{ P, }SG [dimy F,dimp F]
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of admissible functions such that if s,t are such that dimp F < s < t < dimpF' then the

following three conditions hold:
(i) dm™*F = s;
(i) dim®s F = min{s, dimp F'};
(117) @5 = Dy.

The key definition in the proof is (2.5.1)). The assumption of compactness allows us to
take a finite subcover in Definition of Hausdorff dimension, which ensures that ®4(0)

is well-defined and positive.

Proof Define @z 1 (9) = %g&, so (i) and (ii) are satisfied for s = dimgF by Proposi-
tion We henceforth assume that dimyg F' < dimpF, or else there is nothing more to
prove. The same symbols may take different values in the proofs of parts (i), (ii), (iii).

(i) Let A € (0,1/5) be such that 0 < %g& < ¢0/3 for all § € (0,A). For
now, let s € (dimpg F,dimpF). For each 6 € (0,A) there exists a countable cover
{Vi}iz1 of F such that |V;| < § for all i, and Y, |V;|* < 27172, We may assume
that each V; is non-empty and fix p; € V;. Each V; C B(p;, max{2|Vi|,27172/%)}), so
{B(p;, max{2|V;|,2717%/5})},>1 is an open cover for F. Since F is compact, there is a
finite subset {U;} C {B(p;, max{2|V;|,27172/*})} which also covers F. Now,

oo

DU < Y 1B(pi max{2|Vil, 27727} IS<Z 27205 1N (4fvi)?

i>1 i>1

- 1/3+4SZmys
< 1.

Since {U;} is a finite collection of sets, and each has positive diameter as X is uniformly
perfect, it follows that min; |U;| > 0. Therefore ®4: (0, A) — R is positive and well-defined
by

D, (0) :=sup{z € [0,5/(—logd)] : there exists a finite cover {U;} of F
such that z < |U;| < 4§ for all ¢ and Z |U;|° <1}.

(2.5.1)
By construction, ®4(0)/J < ( 1og5) /6 — 0asd — 0T, and Py is increasing in d, so Py is
admissible.

We now show that dim *F < s. Given n,e > 0, define dg := min{sl/”cs/”zl—s/n,A}.
Then for all § € (0,0p) there exists a finite cover {W;} of F satisfying ®4(0)/2 < |W;| < 6
for all ¢, and >, |[W;|* < 1. If [W;| > ®4(J) then leave W; in the cover unchanged. If
|W;| < ®4(9) then pick any w; € W; and ¢; € X such that ®4(0) < d(g;, w;) < ®s(d)/c.
Replace W in the cover by W; U {¢;}. Call the new cover {Y;}. By the triangle inequality,

®5(6) < d(gi,wi) < |WiU{gi}| < @s(0) + Ps(6)/c < 25/(—clogd) < 4.
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Also
Wi U{gi}| < 29,(5)/c < (4/c)Ps(6)/2 < 4Wil/c.

Therefore

DY YiPET < 65(4/)° Y IWilP < e

It follows that dim " F < s+ 1, so in fact ImF <s

To prove the reverse inequality, assume for a contradiction that diimcbsF < s. Then
there exists d; € (0, A) such that for all d; € (0, 1) there exists a cover {Z;} of F' such
that ®4(d2) < |Z;| < 92 for all 4, and ), |Z;|° < 37°¢®. By Proposltlonthere exists
d2 € (0, 91) such that ®4(d2) < d2/(—logd2), and let {Z;} be the cover corresponding to this
2, as above. Choose any z; € Z; and let x; € X be such that 2|Z;| < d(z;, z;) < 2|Z;]/c.
Then by the triangle inequality,

2(135((52) S 2’21’ § d(zi,:ci) § |Zz U {:L’Z}’ § |Zz’ + 2’ZZ“/C § (3/6)(52/(— 10g(52) < 52.

Moreover, {Z; U {x;}}; covers F, and
S 12U ) < @1 0" < 3 Y|z < 1
Therefore

((52) mln{2<I> ((52) (52/( 10g52)} > @5(52),

a contradiction. Hence dim *F > s for all s € (dimy F,dimgF), so dim™F = s.
Now consider the case s = dimyg F. Let N € N satisfy

N > max
(hIIlBl (hlllH F A

For § € (0,1/N], let n > N be such that § € (-1 and define

n+1’ *]
®,(8) = min{q)s+1/N(5)7 SRR (I)s—‘rl/n((s)}'

Then ®,(8) < ®ypq/n(0) < 0/(—1logd) for all 6 € (0,1/N], so ®4(6)/6 — 0 as & — 0F. For
allm > N and § € (0, A) it holds that (I’S+1/n(5) > 0, s0 if § > 0 then ®4(J) > 0. Moreover,

if 1 < dg, say 01 € (15 ——g 1l'and 6, € (-1, L] where n > m > N, then

P5(61) < min{®@yy1/n(01),- -, Pog1/m(d1)} < P5(d2)

m+17

by the monotonicity of each ®4,/;. Thus @4 is monotonic, so admissible. For all n >
N and ¢ € (0,1/n), clearly ®4(5) < ®,1/,(d). Therefore by Proposition and

Corollary (1),

- 1
s=dimg F < dim®F < dm > F < dim /" F = s + =
n

. . . - . .
Letting n — oo gives dim® F = dim °F = s = dimy F, as required.
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(iii) By construction, (iii) holds since if dimy F < s < t < dimpF then ®4(5) < ®4(J)
for all sufficiently small 6.

(i) It suffices to prove dim® F' > min{s, dimp F'}, since the opposite inequality follows
from Proposition and (i). If s = dimg F or s = dimgF then we are done by
Propositions [2.2.1| and [2.2.4L Suppose s € (dimg F,dimgF] N (dimy F, dimpF). Assume
for a contradiction that dim®*F < s. Let t,t' be such that dim®F < t < ¢ < s.
Since t' < dimpF', there exists A € (0,min{1,|X|}) such that N(;(F) > 6" for all
0 € (0,A). Reducing A if necessary, we may assume further that Clozd 1 o2 6)t > (1+2/c)"®
and —logd > 2(1 4 2/c) for all § € (0,A). Since t > dim®* F, for all §y > 0 there exists
0 € (0,min{A, do}) and a cover {U;} such that ®5(J) < |U;| < 6 for all 4, and

(142/¢)” Z\U\t Z\UZ»\S. (2.5.2)

But

. st—t L 5 t
(1+2/c) <7(—log6)t:5 <—log(5> ,
so there exists ¢ such that ¢6/(—logd) > |U;j| > P5(6). If i is such that |Uj|
min{2®;(J),d/(—logd)} then leave U; in the cover unchanged. If, however, i is such
that |U;| < min{2®4(d),0/(—logd)} then fix p; € U;. Fix ¢; € X such that 2®4(J) <
d(p,q) < 2®4(0)/c, replace U; in the cover by U; U{¢;}, and call the new cover {V;};. In
the case |U;| < min{2®4(d),d/(—1logd)},

204(0) < d(piyqi) < Ui U{aqi}| < |Uil +2P5()/c < 2(1 +2/c)P4(0)

<2(1+2/¢)d/(—logd)
< 0.

Then min{d/(—logd),2P4(d)} < |Vi| < 6 for each i, and

Z Vil® < Z((l +2/0)|Uil)* = (1 + 2/C)SZ: Uil* <1

by (2.5.2). This means that ®4(d) > min{2®4(d),d/(—logd)} > ®4(J), a contradiction.
Hence dim®: F > s for all s € (dimy F, dimp F].

Now suppose s € (dimpF,dimpF). By (iii), ®gim,r =< Ps, so by what we have
just proved, min{s,dimpF} = dimpF < dim®dmer 7 < dim® F. Together, the cases
show that for all s € [dimy F,dimgF] it holds that dim®sF' > min{s, dimy F'} and hence

dim® F = min{s, dimp F'}, as required. O

In the definition (2.5.1]) of @, any positive constant would work in place of the constant
. . . . . ciés’
1, so there are many different ®4 that will work. The family of dimensions dim ° and

dim®s may not vary continuously for all sets, as shown by the following proposition.
Proposition 2.5.2. There exist non-empty, compact subsets F,G of R such that:

(i) if (Ps)se(dimy Fdimg F) 8 a family of admissible functions such that dm™F = s for all
s € (dimpg F,dimpF') then the function s — dim™* G is not continuous on (dimp F, dimp F),

and
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(i) if (Vs)se(dimy FdimgF) 8 such that dim¥: F = s for all s € (dimy F,dimgF) then
the function s — dim¥*G is not continuous on (dimg F, dimgF).
Proof. Let G :== {0} U{1l/n : n € N}, so dimyG = % for all # € [0,1] by |[FFK2,
Proposition 3.1|. Let £ C R be a compact countable set with dimgF = dima F = 1/4 and
let = EUG, so as in [FFK2, Example 3| dimg F' = 0 and dimg F' = max{$,1/4}
for all 6 € (0,1]. We now prove (i) using Proposition the proof of (ii) is similar.
Suppose (Ps)se(dimy Fdimg F) Satisfies dm > F = s for all s € (dimpg F,dimp F'). Then if

s > 1/4 then dm ™ F = s > 1/4 = dim, 3 F', so by Proposition [2.2.12]

i log ®4(0)
limsup ————=
50+ logd

>1/3

and dim °G > dim; /3G = 1/4. For all s < 1/4, logf(;}gg(s(é) — 0 as & = 07, so since

dimg G = %9 — 0 as  — 0, it follows that dim® G = 0. Therefore the function

—d, . .
s — dim °G is not continuous at s = 1/4. O

We believe that the results of this chapter demonstrate that the ®-intermediate dimen-
sions give rise to a rich and workable theory in their own right, and there are several further
questions about them that we will not explore in this thesis. In particular, it would be

natural to calculate the ®-intermediate dimensions of two extreme types of cutout sets.

Specifically, decreasing sequences with decreasing gaps such as {0} U { loén :neN,n>3}
are in some sense the least spatially homogeneous in space of all cutout sets corresponding
to a given sequence of lengths. On the other hand, homogeneous Moran sets are the most
spatially homogeneous, and in this case the ®-intermediate dimensions will satisfy the

natural analogue of Proposition from Chapter [3 page [64]
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Chapter 3

Attainable forms of intermediate

dimensions

3.1 Introduction

This chapter considers the general form of intermediate dimensions of sets, and is mostly
based on our joint paper [BR] with A. Rutar. The main result is to obtain a full character-
isation of possible intermediate dimension functions for subsets of Euclidean space. Recall
that the upper Dini derivative of a function f: R — R at x is given by

fla+e)— fz)

3

DT f(x) = limsup

e—0t

(3.1.1)

We will prove that the following characterisation holds.

Theorem 3.1.1. Let h: [0,1] — [0,d] be any function. Then there exists a non-empty
bounded set F C R® with dimg F' = h(0) for all 0 € [0,1] if and only if h is non-decreasing,

is continuous on (0, 1], and satisfies

h(0)(d — h(0))

D*h(0) < 3.1.2
0 - (312)
for all 0 € (0,1).

Proof. This follows immediately from Theorem below. O

We see that the intermediate dimensions can have highly varied behaviour; such
behaviour has not been seen in any prior examples. In particular, without stronger
assumptions on the set F', very little can be said about the possible forms of the intermediate
dimensions. For example, it follows directly from that if f is any non-decreasing
Lipschitz function on [0, 1], there exists some constants a > 0, b € R, and a set F' C R such
that dimg F' = af(0) 4+ b for all § € [0,1]. In particular, the following behaviours for the

intermediate dimensions are all possible:

1. Constant on countably many disjoint closed intervals in [0, 1], and strictly increasing

otherwise.
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2. Strictly concave, strictly convex, or linear and non-constant, on [0, 1].

3. Non-differentiable at each point in a dense subset E of (0,1) with dimg F =1 (in
fact, the points of non-differentiability in (0, 1) can form an arbitrary Gs, subset of

(0,1) with Lebesgue measure zero |Zah]).

This resolves all remaining questions asked in Falconer’s survey |Falg|.
To state a stronger form of the main result of this chapter, we define the following class

of functions.

Definition 3.1.2. Let 0 < A < a < d. If A < a, we denote by H(\, «) the set of functions
h: [0,1] — [\, o] which satisfy the following constraints:

1. h is non-decreasing,
2. h is continuous on (0,1], and

3. for each 6 € (0,1),

(h(0) — A)(a — h(6))

Dh(0) < CESN

(3.1.3)

Otherwise, A\ = « and we let H(\, ) be the set consisting only of the constant function
h(f) = a.

We now state the main result of this chapter precisely.

Theorem 3.1.3. Suppose F C R? has dimp, F = X\ and dima F = . Then if h and h
denote the functions h(0) = dimyF and h() = dimgF, it holds that h,h € H(\, ), h < h,
and h(0) = h(0).

Conversely, if 0 < A < a < d and h,h € H(\, «) satisfy h < h and h(0) = h(0), then
there exists a compact perfect set ' C RY such that dimy, F' = A, dims F = «, dimyF' = h(6),
and dimgF = h(0) for all § € [0,1].

Proof. This follows from Corollaries [3.2.6] and [3.3.12] O

This result gives a full characterisation of all possible forms of the upper and lower
intermediate dimensions of a bounded set F' € R%. The constraint generalises all
previously known bounds [Fal8; FFK2|. We see that the Assouad and lower dimensions
influence the possible forms of the intermediate dimensions in a natural way. Note that
also provides quantitative information about the Assouad and lower dimensions in terms of
the intermediate dimensions. This is in contrast to the box and Hausdorff dimensions, which
provide no more information about the Assouad and lower dimensions beyond the usual
order constraints. We can also view the bound in as (20)~! times the harmonic mean
of h(6)— X and a—h(#). In particular, if 0 < N < A < a < o < d, then H(N, o) D H(\, ).
Of course, by taking h = h we can also ensure that the intermediate dimensions exist.
Therefore, Theorem [3.1.1] follows from Theorem [3.1.3]
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The proof of the bound is given in Corollary using some similar ideas
to the proof of Theorem [2.2.5] In Sections [3.2.3] and [3.:2.4] we will use it to calculate
the intermediate dimensions of some natural classes of sets, including certain lattice sets
and the graph of the popcorn function; in particular, the bound is attained at all
0 € (0,1) for the lattices. More remarkable than the bound itself, however, is the fact

that it is essentially the only constraint that a function must satisfy in order to be realised

as the intermediate dimensions of a set. In order to establish this converse result, our
main strategy is to construct sets which we call homogeneous Moran sets. These sets are
analogous to the 2%-corner Cantor sets in R?, except we only require the subdivision ratios
to be equal within each stage in the construction, and not necessarily between stages.
The following nice property was essentially observed in [CHM]: the optimal covers for a
homogeneous Moran set can be taken to consist of sets with equal diameter. This result is
given in Lemma[3.3.1] A direct application of this result is a convenient formula for the
upper intermediate dimensions of these sets, given in Proposition [3.3:2] Using this formula,
in Lemmas [3.3.6] and [3.3:8] we present a general strategy to construct homogeneous Moran
sets with upper intermediate dimensions given by a certain infimum over a ‘sliding window’
of a function g satisfying certain derivative constraints. Then for each h(f) satisfying
the general bounds, in Theorem [3.3.9] we construct a function satisfying the derivative
constraints so that the corresponding Moran set has upper intermediate dimensions given
by the prescribed formula. This establishes Theorem for the upper intermediate
dimensions.

Finally, in Theorem [3.3.11] we construct an inhomogeneous Moran set which, at a
fixed scale, looks like a finite union of homogeneous Moran sets each with prescribed
upper intermediate dimension h(f). This process is done in such a way to ensure that
the intermediate dimensions exist. Then, taking a disjoint union of this set with the set
provided in Theorem [3.3.9, we complete the proof of Theorem [3.1.3] The details are
provided in Corollary 3.3.12] Heuristically, the covering strategy for Corollary [3.2.6] will
be sharp when the relative covering numbers in the Assouad and lower dimensions are
realised uniformly on the entire set for a fixed scale. In some sense, this motivates the
choice of homogeneous Moran sets, which have the maximum possible uniformity at a fixed
scale. The key observation is that inhomogeneity between scales is sufficient to obtain all
possible forms of the upper intermediate dimensions. In order to prove that the lower and
upper intermediate dimensions can be prescribed simultaneously in Section we use a
set which behaves like a union of homogeneous Moran sets at each fixed scale, but whose
resolution increases as the scale reduces.

Rutar [Rut]| has used ideas about homogeneous Moran sets from the paper [BR| on
which this chapter is based to obtain a full characterisation for attainable forms of Assouad

spectra, building on previous results in [FHHTY].
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3.2 General bounds

3.2.1 Dini derivatives

We begin with some standard results on Dini derivatives, which will be useful later in the

chapter. We refer the reader to |Bru| for more details.

Definition 3.2.1. Let g: R — R be a function. Then the upper right Dini derivative is
given by

DYg(z) = limsup gl te) - g(x)
e—0t €
The lower right Dini derivative is defined with liminf,_,g+ and denoted Dyg, and the left
Dini derivatives are defined analogously using € — 0~ and denoted D~g and D_g.

We first make the following observation.

Lemma 3.2.2. Let f and g be continuous functions on [a,b] with Dig < DYf and
g(a) = f(a). Then g < f.

Proof. Observe that DY(f — g) = D*f — D, g > 0 so by |Bru, Corollary 11.4.2|, f — g is
non-decreasing. But (f — g)(a) =0so g < f. O]

As an application, we obtain the following analogue of the mean value theorem.

Corollary 3.2.3. Let g be a continuous function on [a,b] and set s = w. Then for
all ¢ € {D+ 7D+g7DigvD—g}a

1. there exists x € [a,b] such that ¢(z) < s, and
2. there exists x € |a,b] such that ¢(z) > s.

Proof. We prove that there is some z such that Dig(x) > s; the other cases are similar.
Without loss of generality, there is some zy € (a,b) such that g(z¢) > g(a) + s(xo — a).
Suppose for a contradiction Dyg(x) < s for all z € [a,z9]. By Lemma g(z) <
s(x —a) + g(a) for all x € [a, xo], contradicting the choice of xy. O

It follows from Corollary that in (3.1.3) one could take instead the lower Dini
derivative and the class of functions would remain unchanged. We now have the following

elementary result.

Lemma 3.2.4. Let 0 < A\ < a < d, let g: RY — (\,a) be continuous, and let U C RT be

an open set. Then the following are equivalent:
1. DYg(z) € [N —g(z),a — g(x)] for allz € U.
2. Dig(z) € [A—g(x),a — g(x)] for allz € U.
3. D7g(z) € [N\ —g(z),a — g(x)] for allz € U.

4. D_g(z) € [\ —g(z),a — g(x)] for allz € U.
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Proof. We will see that D g(x) € [\ — g(z), @ — g(z)] for all z € U implies that DTg(x) €
A —g(x),a — g(z)] for all x € U; the remaining implications are similar. Suppose for a
contradiction there is some x¢ € U such that DTg(xg) ¢ [A\—g(xo), a—g(z0)]. If Dg(z0) <
A — g(zo) then there is an immediate contradiction, so we assume DYg(zo) > o — g(zg).
Then there is some € > 0 and z; such that

9(x1) — g(zo)

r1 — X0

[0, z1] C U, and |g(y) — g(z0)| < /2 for all y € [xg, x1]. Then by Corollary there is
some y € [zg,x1] such that

> a—g(xo) +¢,

19
Dyg(y) =2 a—g(wo) +e>a—g(y) + B

a contradiction. O

3.2.2 Bounding the intermediate dimensions

In this section, we prove general bounds for the intermediate dimensions which improve
existing bounds in the literature. Theorem [3.2.5] is a quantitative continuity result for
the intermediate dimensions which improves |[FFK2, Proposition 2.1] and |Fal8, (14.2.2)].
The proof of |[FFK2, Proposition 2.1| involves breaking up the largest sets in the cover,
while [Falg| (14.2.2)] is proved by ‘fattening’ the smallest sets in the cover. The novelty in
the proof of Theorem (from which Theorem follows) is to deal with the smallest
and largest sets at the same time in such a way that the ‘cost’ of each (in terms of how

much the dimension can increase) is the same.

Theorem 3.2.5. Suppose F' is a non-empty, totally bounded subset of a uniformly perfect
metric space with more than one point. Write A = dimy, F, o = dima F, and let h and h
denote the functions h(p) = dim F and h(p) = dim,F. Assume that 0 < A < a < 00 and
let h € {h,h} and 0 < 0 < ¢ < 1. Then

h(0) = A)(a = h(6))

(
h(6) < h(¢) < h(B) + d(h(0) — \) + 0(cr — h(0))

(6 —0). (3.2.1)

Furthermore, h is continuous on (0, 1], Lipschitz on [0, 1] with Lipschitz constant QTE/\’ and

differentiable Lebesgue-almost everywhere on (0,1).

Proof. We prove the version for dim; the version for dim is similar. The inequality h(6) <
h(¢) is immediate from the definitions. The only non-trivial case of the other inequality is
when 0 < 8 < ¢ <1 and 0 < h(f) < a. Define ®(8) :== 6%/7. If ¢ < 1, define ®,(8) == §'/%,
but if ¢ = 1 then define ®1(9) := 6/(—logd). Then dim"F = h(6) and dim”'F = h(®).

Define
(h(6) — A)(a — h(0))

T Ghi8) ) + 0~ h(e)) "
Write h(6) — A — ho)
T RO =N ﬁ:a—h(e)—n'
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A direct manipulation now shows that 5/¢ = /6. Therefore
B (6°%) = 5B/ — §7/0 — (®(5))".

Thus dim ' F < dm"F + 71 by Theorem as required.
IfO0<O<0 <¢p<1then

((a—=2)/2)°

h(6) = h(0") < S35

(6—0) < (¢ -0,

a— A
46

proving Lipschitz continuity on [, 1]. Differentiability almost everywhere now follows from
Lipschitz continuity and Rademacher’s theorem, or alternatively from monotonicity and

Lebesgue’s theorem. O

For the convenience of the reader, we now give an alternative direct proof of for
subsets of R? and 0 < 6 < ¢ < 1 that does not rely on Theorem but instead uses
similar ideas to those used in the proof of Theorem More specifically, we will bound
dimg,.F in terms of #, dimpF, and the Assouad and lower dimensions of F. Given an
optimal cover for [51/ 0 d], we want to convert this to a cover for the smaller range of scales
[68/(0+) 58]  [§1/95]. We then use the Assouad dimension to replace the sets with large
diameter with sets with smaller diameter (corresponding to the indices in I3), and the lower
dimension to cover the sets with small diameter (corresponding to the indices in I7). The
remaining elements of the cover remain essentially the same. The parameter [ is chosen to
optimise this process.

Recall the definition of the lower dimension of a measure from on page |8l We
also recall that H(\, «) is defined in Definition

Proof of ([3.2.1)). Assume F C R? is non-empty and bounded with A < a, and let 0 < 8 <
¢ < 1. We prove (3.2.1)) for the upper intermediate dimensions; the proof for the lower

version is similar. Let € := ¢ — 0 and let 7, 8 be the unique solutions to the equations

B A — h(0)

a—h(f) — B(a—h(@)—n) =0 0+E(h(0)+n—)\)+ 7 =0.
One can verify that n and S are given by
_(h(8) — N — h(®))- g (0=
(h(0) — Ne + (a—N)b (a— N0 '
Now for s > h(0), let s € (h(0),s), & >« and X < X satisfy
. I p oy N =
a'—s—pd—s—n)>0 6+€(8+n X))+ 7 > 0.

For all sufficiently small § € (0,1) there exists a (0, 8)-cover {U; }icr of F whose s'-cost is
less than 1. Define

Ilz{ieI:|Ui]<6rfs}

L={iecl:§m <|U;| <6°/2}
I={iel:|U]|>d/2}.
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There exists C' > 0 such that for all 0 < r < 2R, every set of diameter R contained in
F can be covered by |C(R/r)* | balls of diameter 7. Then for k € I3, let

Bi1s -+ By (o)) /6% |

satisfy
LC(@IU]) /6% |
|Bk,i| = (55 and 85/3/(9+s)(Uk) NF C U Bk’,ia
i=1
recalling that S, denotes the r-neighbourhood. Let z1,...,2zx be a maximal 4568/ (0+e)_

separated subset of
E\ U Sss/(0+0) (Us)
i€laUls

Set

Uy = {B(2m,5677) : 1 <m < K }
Uy = {Ssp/0040(Uj) 1 j € 12}

Us = | J{Bre:t=1,....[C(2IU)/5") ] }.
kels

Then for sufficiently small 9,
U=U Ul Uls (3.2.2)

is a (6°,0 + €)-cover of F.
We now bound the (s + n)-cost of U independently of §. First consider U;. By (1.3.9)),
there exists a doubling Borel probability measure p with suppu = F and dimg, g € (X, \].

Let M be a doubling constant for p. In particular, there is ¢ > 0 such that if 0 < r < R < |F|

and x € F then N
p(BR) _ (R
w(Ba.r) ~ () |

Jm = {i € I : U N B(2m, 0%/019)) £ &},

Forme {1,...,K} let

If i € Jpp, fixing x;,, € U; N B(Zm756/(9+8))’

s -
0+¢
w(Us) < (B i, 2Ui)) < (B i m, 207)) ( !Uj\ )

5o\ N B\ A
O+¢ 0+¢
< ¢ Bz, 46757 (‘5 _ ) < ¢ M2 (B2, 675) ((T(;| ) :

Then
H(B(zm, 072)) < 3 u(U) < ¢ M2 (B2, 6752))5 72 S U

1€Jm 1€Jm
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s _
Note that p(B(zm,d9+)) > 0 since suppu = F. Moreover, if i € I, then U; intersects at
most one of the balls of radius §/+¢) | so for sufficiently small 6,

ST Ut = 3 | Blai, 5675
Uelh i€l
K
_ Z (10(59%;)3% < 1os+nc—1M259%(s+n—/\’) Z |U¢|’\'
m=1 i€l
<1077 V275 (P65 ST < 1042,

iel

Next, consider Us:

STIUET =" [Ssos0e0 (U)[T < D BIU)T < 350,

Ueclts J€l2 JEl2

Finally, consider Us. Since |Uy| < 9,

LC((21U])/67) |

Z ’U|S+77 _ Z Z |Bk,€|s+n < Z 2&'0|Uk|a/57ﬁa’55(s+n)

Uells kels /=1 kels
< 2a’c Z |Uk|86a’—8—5a/+5(s+ﬁ) < 2(1’02 ‘Uk‘s < 20/0.
kels kel

Thus Y ey [UF7 < 105716 M2 + 3577 4 2°C which does not depend on 8. Since s > h
was arbitrary, we have shown that h(6 + ) < h(0) + 7, as required. O

Corollary 3.2.6. Suppose F' is a non-empty, totally bounded subset of a uniformly perfect
metric space with more than one point, write A = dimp, F', a = dimp F', and assume that
0< A< a<oo. Let h and h denote the functions h(p) = dim,F" and h(p) = dim,F, and
let h € {h,h}. Then h € H(\ «), and if h(0) € {0, \,a} for some 0 < 0 < 1 then h(0) is

constant on (0, 1].
Proof. Rearranging (3.2.1)) and dividing through by ¢ — 6 gives

hg) —h(0) . (W) = N(a — h(0))
¢—0 (h(0) = N(¢—0)+(a— N0

Taking the limit ¢ — 0T, we verify (3.1.3]). The particular cases h(6) € {0, A, a} for some
0 € (0, 1] follow directly from (3.2.1)). O

Note that by Theorem (or more precisely by Theorem below), every function
h € H(\,«) can be realised as the upper intermediate dimensions of some set, so must
satisfy (3.2.1)) by Theorem We now give a direct proof of this fact which does not

use the intermediate dimensions.

Proposition 3.2.7. If 0 < A < a < oo then every function h € H(\, «) satisfies (3.2.1)
for0< < o<1,

54



Proof. All functions in H(\, ) are non-decreasing, so the bound h(f) < h(¢) is immediate.
Suppose g: (0,1] — [\, a] is continuous on (0, 1], differentiable on (0, 1) and satisfies

(9(0") — A)(a —g(0")
(@ — N

qg ) = for all # € (0,1).

Solving this differential equation by separation of variables gives g(#') = Aﬁ;,ajl)‘ for some

A > 0 and all ¢ € (0,1]. Therefore the unique solution satisfying g(6) = h(f) has

A= % and satisfies

(h(6) = M) (e = h(B))
¢(h(0) = A) + 0(c = h(0))

Using conditions [2| and [3| from Definition we can apply Lemma to give h(¢) <
g(¢), completing the proof. O

9(¢) = h(0) + (¢ —90).

The fact that h(0) € {0, A\, a} implies that h is constant extends results in [Fal8; FFK2|.
It implies a certain ‘mutual dependency’ between box and intermediate dimensions: in
order to check that the box dimension of a set is 0, it suffices to check the a priori weaker
condition that the f-intermediate dimension of the set is 0 at a small 6 € (0, 1]. It would be
interesting to know if there are sets whose box dimension has resisted calculation by other
methods but can be calculated in this way. Another mutual dependency result between
different notions of dimension is that the upper box dimension of a set is 0 if and only
if its Assouad spectrum and quasi-Assouad dimensions are 0, which follows from work
in [FHHTY} FY2; GH]J.

Falconer noted that his continuity result [Fal8, (14.2.2)| shows that HT‘)F and di*H;QF
are monotonically decreasing in 6 € (0, 1], so the graphs of §# — dimpF and  — dimyF
for 0 € (0,1] are starshaped with respect to the origin. Corollary shows that in fact

the graphs are strictly starshaped, and every half-line from the origin in the first quadrant

intersects the graphs in a single point. The following two corollaries again hold for any
non-empty, totally bounded subset F' of a uniformly perfect metric space with more than

one point.

Corollary 3.2.8. As above, let h and h denote the functions h(0) = dimyF and h(0) =
dimgF, let h € {h,h}, and write A\ = dim, F, o = dimy F. If 0 < h(1) < a < oo then
h(6)/0 is strictly decreasing in 0 € (0, 1].

Proof. The only non-trivial case is when A < «. Suppose 0 < 0 < ¢ < 1. By Corollary
h(#) > 0, so by Theorem and a direct algebraic manipulation,

MO 1 (04 (KO-l h)
o <o \"DF 5@ 0 +ota - hie)
If0<6<¢<1, Theorem gives an upper bound for h(¢) in terms of h(#) which

can be rearranged to

h(@)(d(h(0) — ) + 0(a — h(0))) < h(O)(d(h(0) = A) + 0(a — h(B)))
+ (h(0) = N)(a = h(8))(¢ - 0).

(¢9)> <h(90). O
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Expanding brackets, cancelling terms and rearranging, we obtain what can be thought of
as a lower bound for h(6) in terms of h(¢):

af(h($) — A) + pA(a — h(9))
O(h(¢) = A) + d(a — h(¢))

Of particular interest is the lower bound for the intermediate dimensions in terms of the

h(8) >

(3.2.3)

box dimension, because the box dimension of many sets is known independently. Recall
that dim; ¥ = dimp F' and dim; F' = dimp F.

Corollary 3.2.9. As above, let h and h denote the functions h(0) = dimyF and h(0) =
dimgF, and let h € {h,h}. If \ < a < oo, then for all 6 € (0,1],

ab(h(1) — \) + Ao — h(1))
O(h(1) = A) + (@ = h(1))

Proof. Set ¢ =1 in (3.2.3)). O

h(6) >

Figure 3.1: Plots of the bound in Corollary for A = 0.05, a = 0.52, and box dimensions
hi(1) =1i/10 for i = 1,2,...,5.

Plots of this bound for particular parameters are given in Figure We make several

remarks about the bound.

e Working in R?, we can replace A by 0 and « by d to obtain bounds which hold for all

subsets.

e This bound improves previous general lower bounds in the literature such as [FFK2,
Proposition 2.4| and |Fal8, Corollary 14.4].

e Assume A < h(1) < a. Then one can differentiate the bound and show that it is real

analytic, strictly increasing, strictly concave, and takes value A at § = 0 and h(1) at

0=1.
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e As h(1) approaches a or A respectively, so does the lower bound pointwise.

e For some self-affine Bedford-McMullen carpets, in particular when the maps in
the defining iterated function system are very unevenly distributed in the different
columns, Corollary can give non-trivial information when 6 is close to 1. For
much more on the intermediate dimensions of Bedford—McMullen carpets, we refer
the reader to Chapter [5]

3.2.3 Lattice sets

In Proposition [3.2.10] below, we will use the bounds from Section [3:2.2] to calculate the
intermediate dimensions of certain lattice sets. Specifically, consider the inversion of the
lattice {17,2P,3P,...}¢ in the unit d-sphere in R? and observe that the bound
is attained at each # € (0,1). In the case d = 1, the sets are just the polynomial
sequence sets {177,27P,37P ...} whose intermediate dimensions were calculated in [FFK2|
Proposition 3.1] using a mass distribution principle. Since we have the benefit of the general
bound, we do not need to use a mass distribution principle. Proposition will be

useful in Section 4] related to continued fraction sets.

Proposition 3.2.10. For d € N and p € (0,00) define
Gpa = {afllall? -z € (17,22,37, . }}.

Then for all 6 € [0,1],
do

p+6

In particular, the intermediate dimensions are continuous at 6 = 0.

dimg Gp g =

Proof. We begin with the upper bound. Let 6 € (0,1]. For § € (0,1/10) let n = [§/®+0)].
We form a cover U by covering each point in {z/||z||? : z € {17,2P,...,nP}?} with a ball

of diameter &, and covering [0,nP]? with < (n7P/6? 4 1)¢ sets of diameter §, where here

dé

< means up to a multiplicative constant independent of § and n. Then for s > o1

S UP S (nP/6% 4 1)46% + nds?

veu
< 5dp9/(p+9)5—d9595 + 50s + 5—d9/(p+6)5s
< §0(s=db/(p10)) | 55—db/(p+0)

<1,

~

proving mer,d <s.
For the lower bound, for § € (0,1/10), let m = [6~Y/®+1D]. A direct geometric argument
shows that {z/||z||? : 2 € {17,2P,...,mP}¢} is a > é-separated set, so if 0 < p < 1 then

> md > 5=/ +D),

~

N5(Gpa) = Ns({z/||z]|* - @ € {17,27,... ,mP}1})
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A geometric argument shows that for each n > 0,

sup inf ||z —yl| <67, (3.2.4)
z€[0,m—P]d y€Gp,d

so if p > 1 then
N5(Gpa) = Ns(Gpa N [0,m™P)?) Z 6%(m7P/5)" 2 6~ @/ E+D=dn),

Therefore dimpG,q > d/(p + 1) for all p € (0,00). Moreover, by (3.2.4)), for all n > 0

sufficiently small,

_ m P\
N617’q([0,m p] m prd) ~ <51_77> y

so dimp G g = d. Furthermore, G), 4 has isolated points so has lower dimension 0. Thus by
our general lower bound Corollary

df - dimpGpa _ df-d/(p+1) _ df
d— (1 -0)dimpG,qg ~ d—(1—0)d/(p+1) p+6

dimerjd =

completing the proof. O

These sets have isolated points so their lower dimension is A = 0, and we have shown
that the Assouad dimension a = d. A direct algebraic manipulation shows that the upper
bound from and the bound in Corollary are attained: if h(f) = dimy G, 4 and
0<0<¢<1, then

(h(O) = N(a—h(0) . . dp
(h(0) =) + 0(a — h(e)) @ 7 h(®)-

h(8) + S

This family of examples also shows that the Lipschitz constant of d/(46) for subsets
of R? in Theorem cannot be improved in general. Note also that it follows from

Proposition [3.2.10| and Burrell’s ([1.4.8) on page [16] that for all d € N, p € (0,00) and « €
(0,1), if By : R? — R? is index-« fractional Brownian motion on R? then dimp B, (Gpq) < d.

3.2.4 Popcorn-like pyramid sets

Another family of sets whose intermediate dimensions can be calculated using the bounds
in Section [3.2.2] are related to the popcorn function, also known as Thomae’s function.
This is an important example in real analysis, with many interesting properties, such as
being Riemann integrable despite not being continuous on any open interval. In fact, it is
discontinuous at the rationals but continuous at the irrationals. There are several intriguing
connections between the popcorn function and different areas of mathematics ICop; GLj
Ree| and computer science [SM].

In this section, as well as working with the popcorn function itself, we will consider the

following higher-dimensional generalisations of it. Throughout the section, d will denote an
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integer with d > 2, and 0 < t < co. Then the popcorn pyramid function f; 4: [0, 11T - R
is defined by

¢t fz=(p1/q,-...pi-1/0),a €N, Vi: p; € {1,...,q—1},gcd (pi,q) = 1,

0 otherwise.

fra(z) =

(3.2.5)
The popcorn function itself is f12. Note that the function is 0 unless all numbers in the
product have the same denominator, for example in the d = 3 case f;3(1/2,1/3) = 0. The
graphs of the functions are denoted by

Gra = { (z, fra(z)) : xz € [0, l]dfl } )

Two of the graphs in the d = 2 case are shown in Figure the graph on the left is that of
the popcorn function. For completeness, we also include the full set in our analysis, since

we will see that the corresponding sets have the same dimensions:

Fiq = { (I;l,...,pdql, <;) ) :qe N, Vip; € {1,...,q—1}}u([0,1]d_1 x {0}).

Then Gy q C Fyq C [0, 1]d; for example, the convex hull of G 3 (or F}3) is a square-based
pyramid in R3, and (1/2,1/2,1/4) € F1 3\ G1 3.

(a) The popcorn graph G2 (b) Go.3,2

Figure 3.2: Two popcorn-like graphs

The sets G g and F} 4 have an interesting fractal structure, and it is natural to consider
different notions of dimension of these sets. This was done in the case d = 2 in |Che; |CFY].

First consider the Assouad dimension.
Theorem 3.2.11 (Banaji-Chen, Theorem 1.1 from |BC|). We have

d for0 <t < 4,

dimA th = dlmA Ft,d =
d—1 fort> d%‘ll.

It follows from Theorem [3.2.11] and (1.4.4) that if ¢t > d/(d — 1) then the Hausdorff,

box and Assouad dimensions are all equal to d — 1, so in all other results in this section we

assume that t < d/(d — 1). Next, consider box dimension.

Theorem 3.2.12 (Banaji-Chen, Theorem 1.2 from |BC|). If0 <t < d/(d —1) then

d2
d+t

dimB Gt,d = dimB Ft,d =
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Note that dimp G4 is continuous in ¢ but dima Gy 4 is not, since Assouad dimension
depends sensitively on the local scaling behaviour of the set. In order to keep this thesis
to a reasonable length, we omit the proofs of Theorem (in the t > d/(d — 1) case)
and Theorem and refer the reader to [BC|. The lower bound of Theorem
uses the Chung—Erdgs inequality from probability theory, the estimate ¢(n) = n/(loglogn)
for Euler’s totient function ¢(n), and higher-dimensional Duffin—Schaeffer type estimates
from Diophantine approximation. Special cases were proved before the paper |[BC| in |[Che;
CFY].

Next, we use Theorem (more precisely, we only use the lower bound) as a black
box to calculate the intermediate dimensions. Our proof also uses the general bounds from
Section [3:2.2} for a direct proof using similar ideas to those used in the proof of those bounds

(fattening the small sets and breaking up the large ones), we refer the reader to [BC|.
Theorem 3.2.13. If0 <t <d/(d—1) then

d—1 fm’OéQéT,

2 d—1)t
drty  for TP <0<,

dimg th = dlmg Ft,d =

Proof. Note that dimp, F' = 0 since F' has isolated points, and dima F' < d. Therefore
combining Theorem with the bound from Corollary proves the lower bound for
6 > (d —1)t/d. The idea for the upper bound for this range of 6 is to fix a small number
6 > 0 and separate F} into two parts:

Ft(,il) — Ft,d N ([0’ 1]d—1 > [0’5dt/(d9+t)]); Ft(,z) — Ft7d N ([07 1]d—1 « (6dt/(d0+t)7 1])
Covering [0,1]471 x [0, §6%/(@9+1)] with balls of size & gives

Né(Ft(,il)) < §—(d—1) gdt/(do+t)~1 _ 5—d?0/(d0+t)

It follows from a simple cardinality estimate that

#Ft(zl) < (5—d/(d9+t))d — §5—d*/(do+t)
We can cover each point in Ft(fl) with a ball of size 61/¢ and the result now follows from the

estimate
Na(Ft(,(li)) L 50/ (do+t) | #Ft(,? . (51/0)d20/(d0+t) <1

This proves the upper bound.

Since the intermediate dimensions are non-decreasing in 6, it follows that diimgFt’d <
dim(g_1)/aFra < d —1 for all § € [0,(d — 1)t/d]. Moreover, dimyG;q > dimy Gq =
d—1 for all 6 € [0,1]. Since G¢q C F;q, we have dimyG; g < dimyF; 4 < dimgF} 4 and
dimyGy g < ﬁth,d < MQFM, and Theorem follows. O

Note that one could alternatively have proved the upper bound for the intermediate
dimensions by combining the simple special case dimg_1);/q Ft,q < d — 1 with The
t < d/(d—1) case of Theorem [3.2.11| on the Assouad dimension follows by combining
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Theorem [3.2.13{ with the general bound ([3.2.9)), and the ¢t > d/(d — 1) case is proved in |BC].
As a special case of Theorem we obtain a formula for the intermediate dimensions
of the graph of the popcorn function.

Corollary 3.2.14.

1 for 0 <

0 <
w1 fory <0<

1
dimg GLQ = dimg FLQ = z
1

Proof. This is immediate from Theorem [3.2.13] O

We see that the intermediate dimensions are constant and equal to the Hausdorff
dimension until a phase transition at § = (d — 1)t/d (which is § = 1/2 for the popcorn
function) and then strictly increasing, concave and analytic. This form has not previously
been seen in ‘natural’ examples of sets, though we will see in Section [4.4]that the intermediate
dimensions of certain sets defined using continued fractions have a similar form. Note
that the graph of the intermediate dimensions is neither convex on the whole domain nor
concave on the whole domain. The fact that the phase transition takes place at § = 1/2
for the popcorn function means that for the dimension to increase above the Hausdorff
dimension, the sizes of the covering sets need to be restricted to lie in intervals that are
smaller than [62, 6].

Recalling the discussion in Section [[.4.2] in the following corollary of Theorem [3.2.13]
we apply results of Burrell [Bur2| to give bounds for the box dimension of images of the

sets G4 and F} 4 under fractional Brownian motion.

Corollary 3.2.15. Fizr d € N with d > 2, 0<t<d/(d—1) and a > (d—1)/d. If

Bu: R?* - R? is indez-a fractional Brownian motion then the following hold almost surely:

. . d—1
dimg Ba(Gt,d) = dimy Boz(Ft,d) = Ta

diimBBa(Gt,d) < diimBBa(Ft,d) <d.

Proof. The value of the Hausdorff dimension of the fractional Brownian image is a direct
consequence of Kahane’s general results [Kah, Chapter 18|, since G4 and F; 4 are Borel.
The box dimension result follows from Burrell’s ((1.4.8)), since the intermediate dimensions

of G4 and F; 4 are continuous at § = 0 by Theorem O

It is interesting to note that the condition o > (d — 1)/d does not depend on ¢, even
though the box dimension of the sets G 4 and F} 4 does depend on ¢.

Corollary shows that for the sets G 4 and F} 4, the intermediate dimensions for
6 € (0,1) can give better information than either the Hausdorff or box dimensions. The

bound achieved by different values of 6 for a certain choice of parameters is shown in

Figure [3.3]
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Corollary 3.2.16. Suppose 0 < t; < to < d/(d —1). Then if f: G, 4 — R satisfies
[(Gty.a) 2 Gt .a and is a-Hélder, then

a< (d—l)tg—i—tl'

dito
The same holds if Gy, q 1s replaced by Fy, q or Gy, q is replaced by Fy, 4.
Proof. If § = (d — 1)t2/d then

Rth27d < dimy Gtg,d . (d — 1)t2 + 1t

a < = < = = O
dlm@f(GtQ,d) dlmg th,d dtQ

It is straightforward to see that the value of € which gives the best bound for « in the proof
of Corollary [3.2.16)is indeed 6 = (d—1)t2/d (the largest value 6 for which dimg Gy, g = d—1).
It may be of interest to determine whether the bounds in Corollary are sharp, but
we will not pursue this. It follows from Corollary (and directly from Theorem
that if 0 < t; <ty < d/(d—1) then Gy, g and Gy, 4 are not bi-Lipschitz equivalent.

Y Y Y

4

2.3

4/3 |
1 J 1 ! _\/
0.65 1

- — 3 — — 3 — _ dimg GLQ
y =dimp Gy 2 y = dimp Go 3,2 Y= dmege
0 0.5 1 0 o015 1 O o015 05 10

Figure 3.3: Graph of the intermediate dimensions of the popcorn sets from Figure on
page and their ratio (which gives upper bounds on the possible Hoélder exponents of

surjective maps from G2 to Go.3.2).

3.3 Moran sets

3.3.1 Definition and dimensions of homogeneous Moran sets

In this section, we prove the converse direction to Theorem The main objects which
we use to do so are what we call homogeneous Moran sets. The construction of these
sets is analogous to the usual 2%-corner Cantor set, except that the subdivision ratios
need not be the same at each level. Because of the nature of these Moran sets, in this

chapter it is convenient to make two changes to notation when we are in R¢ which will not
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affect any definitions or results related to dimensions (see |[Fal6, Equivalent definitions 2.1|).
Specifically, we fix some d € N and work in R? equipped with the max norm rather than
the Euclidean norm, and we define Ns(F') to be the smallest number of sets of diameter §
needed to cover F.

The construction of homogeneous Moran sets is as follows. Fix Z = {0, 1}¢. We write
T* = U2 7", and denote the word of length 0 by @. Suppose we are given a sequence
r = ()5, with 0 < r,, < 1/2 for each n € N. Then for each n and i € Z, we define
Sr:RY — RY by

Si(x) == rpx + by,

where b7 € R? has
0 if §0) = 0,

(b)) = .
1—r, ifil) =1,

recalling that y9) denotes the j™ coordinate of a point y € R?%. Given o = (i1,...,%,) €I™,

we write S, = Sil1 0---0 Sg‘n. Then set

oo
Co=J 5:(0,17) and C=C(r):=()Cn (3.3.1)
oeln n=1
We refer to the set C' as a homogeneous Moran set. Note that C,, consists of 29" hypercubes

each with diameter p,, == ry - - -7, (with respect to the max norm).
Given § > 0, let k = k(d) be such that py < 0 < pg—1. We then define

k() - dlog2

s(0) = sp(0) = “Togs

(3.3.2)

One can interpret s(d) as the best candidate for the ‘box dimension at scale §.” We now
prove the following key covering lemma for intermediate dimensions. This result essentially
shows that the optimal covers for a homogeneous Moran set can be taken to consist of balls

all of the same diameter.

Lemma 3.3.1. Let 0 € (0,1] be arbitrary. Then for all 6 > 0 sufficiently small, with
t= inf¢e[51/975] S(d)),
474 < inf{ Z \U|" = U is a (6,0)-cover ofC’} <1
veud

Proof. We first prove the lower bound. Let p denote the uniform Bernoulli measure on C,
i.e. the measure which gives mass 279" to each hypercube in C), for all n. Let U be a set
with §1/¢ < |U| < 8, and let k be such that p, < |U| < pp_1. Note that |U[*IVD) = 2-kd,

Then since U intersects at most 4% hypercubes in C,
ILL(U) < 4d . 2—kd — 4d . |U‘S(|U|) < 4d’U|t
In particular, if ¢ is an arbitrary (4, 6)-cover of C,

1=p(C) <Y wU) <4ty U

veu Ueu
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so that >, U] = 474
For the upper bound, since s(J) is continuous and increasing on each interval [pg, pr—1),

there is ¢ € [61/7, 6] such that t = s(¢) = %. For each y = (j1,...,74) € {0,1}% and

o € I*, let E, 4(y) denote the hypercube with side length ¢ contained in S, ([0, 1]¢), with
edges aligned with the coordinate axes, and containing the point S, (y). Since ¢ > pj4),

V= |J {E.sy:ye{o1}"}

ceTk(#)—1

is a cover for Cp4), and therefore C', consisting of 2k(9)-d hypercubes each with diameter ¢.
Thus >y oy [V[F =1 O

A direct application is the following formula for the intermediate dimensions of C.

Proposition 3.3.2. Let C be a homogeneous Moran set as above. For all § € (0,1],

dimyC = lim sup( inf s(¢)), in particular dimgC = limsup s(4),
50 pe[61/.4] 5—0
and
dimp C = dimyC' = dimgC = liminf 5(J).
6—0
Proof. This is immediate from Lemma [3.3.1 O

3.3.2 Constructing homogeneous Moran sets

In this section, we establish a general strategy for constructing homogeneous Moran sets,
which will be used to show that the bounds from Section [3.2.2] are sharp. We introduce the

following definition, which is in some sense analogous to the definition of H(\, «).

Definition 3.3.3. Given 0 < A < o < d, we write G(A\,a) to denote the functions
g: RT — (\, ) which are continuous and satisfy

Dg(z) € [A = g(z),a — g()]
for all x € RT.

We will essentially show that for any function g € G(0,d), there exists a homogeneous
Moran set such that s(d) ~ g(loglog(1/§)). The transformation § — loglog(1/¢) is useful
since it converts the exponentiation map & — 6%/¢ into addition = — z + log(1/6). In
order to construct such a set, it suffices to define the corresponding contraction ratios by
‘discretising’ the function ¢g. In particular, in Lemma [3.3.6] we show that there exists a

sequence of contractions r = ()5 ; such that the corresponding covering numbers s,(9)

(recall (3.3.2))) are close to g(loglog(1/8)) in the precise sense given in (3.3.4). Of course,
depending on the choice of the function g, this bound may be impossible to attain for
small . Thus we begin with a function ¢ and then translate it by some constant amount.
The contraction ratios are then used to define a corresponding Moran set C', and is
useful to prove dimension results for the Moran set C. Then, in Sections [3.3.3] and 3:3.4] we
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use this technique to construct Moran sets with the desired properties. In Theorem [3.3.9
we construct the function g depending on some h € H (A, «) such that the corresponding
homogeneous Moran set has the desired dimension formulas. This construction is also used
in Theorem where we use the sequence of contraction ratios provided by Lemma|3.3.6
directly. Here, translations of the function g are used to define an inhomogeneous Moran set
which ‘locally’ looks like the homogeneous Moran set C, but with a much greater amount
of uniformity between scales (so that the intermediate dimensions exist). Finally, these
results are combined in Corollary to obtain a proof of Theorem

We now begin to describe our general strategy for constructing homogeneous Moran

sets.

Lemma 3.3.4. Let 0 < A < a < d and suppose g € G(A,«). Then for all xg,x € RT,
A= (A= g(wo)) exp(—2z) < g(xo + =) < a — (o — g(x0)) exp(—1).
Proof. This is a direct application of Lemma [3.2.2] O

Definition 3.3.5. Given a sequence of functions (fi)72, each defined on some interval
(0,ay], the concatenation of (f)52, is the function f: (0,> 72, ar) — R given as follows:
for each x € RY with Z?;é a; <x < Z?:o a; where ag =0, we define

k-1
f(@) = fi l‘—zaj
=0

Given a function g € G(\, ) and w > 0, we define £, (g) € G(\, @) by the rule

g(x —w) for z > w,
rw(9)(@) =4~
lim,_,o+ g(y) for 0 <z < w.

Note that «,, translates the function g by some value w, and extends it to 0 by the constant
function. The following technical lemma is stated to be useful in the proof of Theorem|3.3.11

where many offsets of the same function will be required.

Lemma 3.3.6. Let 0 < A < a < d and let g € G(\,«). Assume that for all y > 0 there

exists some minimal Y (y) >y such that

g(y) exp(=v¥(y) +y) = g(¥(y)) — dlog(2) - exp(—1(y)). (3.3.3)

Then there ezists a sequence r = (r;)32; C (0,1/2] and a constant wyg > 0 such that

g = Ku,(9) satisfies
|sr(exp(—exp(x))) — g(z)| < dlog(2) - exp(—x) (3.3.4)

for all z > wy.
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Proof. By Lemma g(W(y)) < d—(d—g(y))exp(—y(y) + y), which after algebraic
manipulation yields ¥ (y) > log(e¥ + log2), i.e. exp(—exp(¥(y))) < exp(—exp(y))/2.

Let go = lim, o+ §(y) and note that go € (A ) by Lemma Choose rq such

2d log(2)
that log(‘ﬁm

Tp+1 = YP(zy) for each k € N. Let py = exp(— exp(xy)) denote the corresponding scales,
and set 1 = p/pr—1 for k > 2. Observe that prpi1 < pr/2 and ri € (0,1/2] for all k£ € N.
Thus for 0 < § < rq, if k is such that pp < 6 < pp_1, we set

log 2
5(0) = kdlog

—logd
It suffices to prove by induction that for each k € N, 5(pr) = g(xx), and

= go and let wy = loglog(1/r1). Now set 1 = wy and, inductively, set

g(x) — dlog(2) exp(—x) < 3(exp(—exp(x))) < g(x) for all x € [x1, zg]. (3.3.5)

We first note that $(p1) = g(x1) by construction. In general, suppose the hypothesis holds
for k € N. By the definition of ¢ and the fact that g(zx) = 3(pk),

9(xr11) = 5(pr) exp(—zp41 + x) + dlog(2) exp(—xk+1)
d(k + 1)log 2

= — dlog(2 -
ol eP(—ic) exp(ay) + dlog(2) exp(—i)

d(k +2)log2
exp(zp41)
= 3(pr+1)-
Moreover, by Lemma g(x) = g(zk) exp(—z + zy,) for all x > xy, so (3.3.5]) follows for
x € [Tk, Tr11] by the minimality of x;,1 in the definition of . O

We make several observations about Lemma [3.3.6], which be will used in the proof of
Theorems [3.3.9 and B.3.111

Remark 3.3.7. (i) For all continuous functions g for which limsup,_, ., g(x) > 0, the
assumption that for all y > 0 there exists ¥(y) =y such that (3.3.3|) holds is indeed
satisfied.

(i1) Observe that wy depends only on the value limy o g(y) and the ambient dimension d.

In particular, we may take wy to be any sufficiently large value.

(117) Since s(6) has discontinuities of size l(;igl(oilg,/?s), the gap of S(exp(— exp(x))) between the
lower and upper bounds in (3.3.5)) cannot be reduced.

We now use the sequence r constructed in the previous lemma to define a homogeneous
Moran set C, and prove that it satisfies the correct properties. Recall that G is defined in
Definition and homogeneous Moran sets are defined in (3.3.1)).

Lemma 3.3.8. Let g € G(0,d), and suppose r = (r;)52; C (0,1/2] is such that
|sr(exp(—exp(z))) — g(z)| < dlog(2) - exp(—x) (3.3.6)
for all x sufficiently large. Then the corresponding homogeneous Moran set C = C(r) C R?

satisfies:
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1. dimyC = limsu inf or 8 € (0,1],
; o, mt, 9) foroc .

T—r00

2. dimyC = dimy C = liminf g(x) for § € (0, 1],
T—00

3. dima C < limsup,_,..(D%g(z) + g()), and

4. dimp, C > liminf,_,(D%g(z) + g(x)).

Moreover, suppose 1: RT — RT is any function such that exp(¢(z)) — exp(z) — oo as
x — co. Then

5. dimp C' > limsup ( inf  (D%g(y) + g(y))> , and
z—oo  \YE[z,¥(z)]

6. dimy, C < liminf ( sup (D7g(y) + g(y)))
ye

FTreo [z,9 ()]

Proof. We first observe that [I] and [2| follow immediately from Proposition [3.3:2] We verify [3]
and and [0] are given by an analogous argument.

We first establish a general formula for the Assouad dimension of C' in terms of the
numbers s,(d). Suppose 0 < d; < do are arbitrary. Then the number of subdivision steps

between scales 41 and 9, up to an error of size 2, is

sr(01) log(1/61) — sr(d2)log(1/d2)
dlog?2 ’

Thus there is a bounded function h(z,d1,d2) such that

log N5, (B(x,02) NC) _ sp(61)10og(1/61) — 55(02) log(1/d2) + h(x, b1, d2)
log(02/01) - log(1/61) — log(1/42)

Therefore by the definition of the Assouad dimension, for all §y € (0,1),

87.(51) 10g(1/51) — Sr(52) 10g(1/52) '

dimy C = lim su 3.3.7
A e—0 0<(§12%<50 log(l/él) — 10g(1/52) ( )
1€02

Now we may inductively choose sequences of positive numbers (61.,)52; and (62,,)52; such

that d1.,,/d2,, and dz,, converge to 0, and

5r(01,0)10g(1/61.5) — ¢ (d2.5) log(1/62.1,)
log(1/61,,) — log(1/d2.5)

1 1
IS (dimAC— —,dimp C + 7)

n n
for all n € N.

For 0 <z <y, let

_ salexp(—exp(9))) — salexp(~ exp(2)))
Bl = T exple 1)

+ sp(exp(—exp(x))).

Moreover, write x,, = loglog(1/d2 ) and y,, = loglog(1/6; ). Next, let YW denote the family
of functions 1: RT — R™ such that lim, o (exp(¢)(x)) — exp(z)) = oco. The condition that

01.n/02,n converges to 0 is equivalent to exp(yy,) — exp(xy) diverging to infinity. Thus we
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may choose a function 1y € W so that ¢y(x,) = y, for infinitely many n. Then with some
rearrangement using (3.3.7)) and the definition of @,

lim sup ®(z, ¢o(x)) > dimp C.

T—r 00
Conversely, if ¢ € W is arbitrary, applying the substitutions d2 = exp(—exp(z)) and
01 = exp(—exp(¥(x))) and using the fact that d;/d2 converges to 0 as x — oo gives

lim sup ®(z, ¢ (x)) < dimy C.

T—r00

Therefore

dimp C' = sup limsup ®(z, ¥ (z)), (3.3.8)
YEW zT—00

and moreover the supremum is attained.
To conclude the preliminaries, we also note, for 0 < z < y,

exp(—y) + exp(—x) o) = 2
T—ep—9) P = o) - enl@)

+ 2exp(—x). (3.3.9)

This bound will be used to control the error resulting from ([3.3.6)).
We now prove [3] Write

@ = limsup(DTg(x) + g(x)),

T—r00

and let € > 0. Then there exists M. > 0 such that for all z > M, we have DYg(x) + g(z) <
a+e¢e. For x > M., define g,,: [z,00) — R by

9.(y) =a+e—(@+e—g(z)) exp(z —y).
Then g(z) = g,(z), and

9:(y) +9.(y) =a+e > DYg(y) + g(y)

for all y > z. It follows from Lemma that g(y) < g,(y) for all y > x. Now taking a
function vy which attains the supremum in (3.3.8]), for all x > M, using (3.3.6]) and (3.3.9)

combined with the condition on )y,

9(o(z)) — g(x)
®(z,90(z)) < 1 — exp(z — o(z))

4—2dlog(2)<

+g()

1
exp(to(z)) — exp(z)

+ exp(—x)) .
Moreover, since g € W,

) 1
lim sup 2d log(2) <exp<wo<x>> —oxp(z)

+am—@):o

Thus

lim sup ®(z, ¢o(x)) < limsup

T—00 T—00

g(o(x)) — g(x)
<1 = explz — vo(x)) *““)
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< 9o (Yo (x)) — g(x)

1 —exp(x — vo(x)

-+ 9(0))

< lim sup
T—00

=a-+e.

But € > 0 was arbitrary, giving the claim.
Finally, we prove 5| Fix any ¢ € W and € > 0, and write

o= timsuwp (_inf (D'9(0) +9(0) ).

T—00 9071/1(50)}

Get a sequence (xy)32; diverging to infinity such that for all & € N,

inf  (DY(y) +9(y) > a—-c.
yEz,(zy)]

As above, define g, : [k, 0) — R by
9, (%) =a+e—(a+e—g(xx)) exp(ag — ).

Then g(zy) = g, (z) and g(z) > g, (z) for all @ € [z, 1 (zy)]. Thus the same computations
as before yield that

lim sup ®(z, o (x)) > limsup ®(zg, (7))

T—00 k—o00

2dlog 2

oxp () — oxp(an) ~ 2108(2) exp(=ay).

Za—¢e—
Since exp(¢(xy)) — exp(xy) diverges to infinity and e > 0 was arbitrary, the claimed
inequality follows. O
In general, [3| and [4] will not be equalities since one would require more robust regularity
assumptions about the function g.
3.3.3 Prescribing the upper intermediate dimensions

Now, using the general construction in the previous section, we show how to construct
homogeneous Moran sets with upper intermediate dimensions given by a function A: [0,1] —
(0,d). The main idea is to construct functions which we call mountains, which have the
property that there are exactly two points {x,x + log(1/6)} which have value h(#). This
ensures that the limit supremum of infima over windows [z, x + log(1/6)] is exactly h(6).
Figure depicts this construction.

Theorem 3.3.9. Let 0 < A < o < d and let h € H(\, «). Then there exists a homogeneous
Moran set C such that dimy, C = A, dimpa C = «, dimyC = h(0), and

JmeC = h(6)

for all 6 € [0, 1].
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Figure 3.4: The construction of the mountain f,.

Proof. We will assume that A < h(0) < h(f) < « for all § € (0,1], and that there exists
6o > 0 such that h(fy) < h(1). The other cases are easier and can be proven with minor
modifications, except the case h(1) = 0, which we address separately at the end of the
proof.

Let (€,)5%; C (0,1) converge monotonically to 0 and (v,)72; C (A, «) converge
monotonically to h(0) in such a way that v, < h(ep41) < h(1) for all n € N, and
Yn +1/n < h(epg1) for all n sufficiently large. Note that if h(0) > A we can take 7, = h(0)
for all n. We will define functions which we refer to as mountains f, and valleys e,; a
valley will be used to connect two mountains. Graphical representations of the functions
fn and e, are given in Figures and respectively. Then we will define a function g
by concatenating the f, and e,, and the corresponding Moran set C will be defined using
the sequence given in Lemma m The functions f,, will ensure that dimgC = h(f) for
6 > 0, and the functions e,, will ensure that g is continuous, dimyg C' = h(0), dimy, C' = A,

and dimp C' = a.

Part 1. Construction of the mountains fy: [0,log(1/e,)] — [h(en), h(1)] for n € N.

"= (30

and for z € [0,z*] define f,(z) = a — (o — h(ey,)) exp(—x). Observe that f,(0) = h(e,),
fu(x*) = h(1), and

First set

D_fn(z) = (a— h(ey))exp(—x) = a — fn(x) (3.3.10)

for x € (0,2*]. Now for x € [0,2*], if 6 € (0,1] is such that h(0) = fn(x), we define
fn(z +1og(1/0)) = h(). This is well-defined since h is non-decreasing and continuous. In

particular, f,(x) is non-increasing and continuous on [z*,log(1/e,)] with f,(log(1/e,)) =

fn(0) = h(en).
We now wish to bound D_ f,,(x + log(1/6)) for x € (0,z*]. First, note that

o ()

Then rearranging (3.1.3)), we obtain

D*R(9) < (h(6) = ) <m * ;>
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Since h(6) < a, DTh(0) < afg(e) so that 200 4 £ > 0. Therefore

h(0)—a
DTh(6
Dwe)(_)l > A= h(0) = A= fu(x +1log(1/0)). (3.3.11)
a—h(0) 0

But if x and 6 are related as above, x + log(1/6) is a smooth function of # and h(#), and
h(0) = fn(x +log(1/0)), and x decreases as 6 decreases. Thus

.
D*h(6) = D_f(x +log(1/6)) - <f_h}f(90)) _ ;)

which when combined with (3.3.11)) yields D_ f,,(z+1og(1/6)) > XA — fn(x +1og(1/0)). Note
that we have shown that

D_fn(z) € [A = fa(2), o = fu(z)]

for all z € (0,1og(1/ep)].

Part 2. Construction of the valleys ey [0,wy] — [yn, h(en)] where w,, is given in (3.3.12)

forn € N.
w* = log <h(€n) — )\>
Tn — A

and for x € [0, w*] define e, () = XA — (A — h(ey,)) exp(—x). Observe that e, (w*) = 7,. Let

Set

* @ — Tn
= log [ —&—Tn 3.3.12
=t Og(a—h<en+1>> (3.3.12)

and for x € [w*, wy,] define e, () = a—(a—y) exp(—z+w*). Of course, e, (wy,) = h(eny1).
It is clear that D_e,(z) = A — e,(x) for z € (0,w*] and D_e,(z) = a — ey (z) for all

x € (W*, wy).
h(en)

h(en41)

h(0)

|
|
L
|
0 w* Wn

Figure 3.5: The construction of the valley e,,.

Part 3. Construction of g € G(\, ) and the corresponding Moran set C.

Let g denote the concatenation of the sequence (f1,e1, f2,€e2,...). By Lemma (3.2.4]
as well as Remark and the assumption h(1) > 0, § satisfies the hypotheses of
Lemma [3:3.6] Let g and 7 be the function and sequence respectively given by this lemma.
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Note that g € G(\, @), and let C = C(r) denote the corresponding Moran set. That
dimpC = h(f) for 6 € (0, 1] follows by definition of the functions f,, and the fact that

n—00 2€[0,wn) 6—0

lim ( sup en(x)> < lim A(0).

Moreover, Lemma directly gives that dimy C' = dim,C = h(0) for 6 € [0,1], A <
dimp, C', and dimp C < a.

To see that dimy C' > «, note that the derivative of the strictly increasing part of each
mountain is uniformly bounded above by a. Therefore, for all n € N, the length of the

domain of the n'" mountain can be uniformly bounded below:

log (1) > log (1> S M)

En €1 Q

Similarly, for all n sufficiently large, the length w, of the domain of the n'® valley can be
bounded below by 1/(an). Therefore there exists § > 0 and a sequence (b,,)2°_; such that
for all m € N we have b,, > dm, and D*g(x) + g(x) = « for all z € [by,, by + 6/m]. Then
for all m € N,

exp <bm + i) — exp(bm) = <exp (i) - 1> -exp(bm) > 0 exp(om)

m

which diverges to co as m — co. Thus we can define a function ¢: R™ — R™ such that
Y(bm) = by + 0/m for all m € N and lim,_,~ (exp(¢)(z)) — exp(x)) = oo. In particular,
Dtg(y)+9(y) = afor all y € [by,, ¥ (by,)] and infinitely many m. By part of Lemmam
it follows that dima C' > a. An analogous application of part [6] gives that dimy, C' < .
Finally, we address the case when h(1) = 0. We avoid using Lemma an alternative
strategy would be to apply this lemma to a carefully-chosen function g which satisfies (3.3.3]).
By the same arguments as |[ORS, Lemma 3.2], if M is any homogeneous Moran set with

notation as above, then for all K € N,

dlog 2
dima M = lim sup sup naoe

_ 3.3.13
n—oo k>K 10g(ﬂk/ﬂk+n) ( )

Therefore if o = 0, then choosing the sequence r,, € (0,1/2] inductively such that p,11 <
prXp(n) for all n € N, we have dimy M = 0. Now suppose that a € (0,d]. Let ny = 1, and
for k € N, inductively define ng11 = ng + k. Define a homogeneous Moran set M which
satisfies pp, < pz)zp_(?’“) for all k € N, and r; = 279 for all integers j which are not of the
form nyg. It follows directly from (3.3.13)) that dima M = «, and after a short calculation,

Proposition m gives that dimpM = 0, as required. O

3.3.4 Prescribing the intermediate dimensions

We can get more varied behaviour for the lower intermediate dimensions by taking a finite

union of Moran sets, as illustrated by the following result.
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Proposition 3.3.10. Suppose g; € G(0,d) fori=1,...,m have corresponding sequences
r; C (0,1/2] satisfying

|9i(x) — sy, (exp(—exp(z)))| < dlog(2) exp(—x).
Let M be a disjoint union of translations of the homogeneous Moran sets C(r;). Then for
0 € (0,1],

1. dimpM = limsup max inf - ;
0 oo izlwm(yE[w,xﬂog(l/e)] 5:())

2. dimpyM = liminf ma inf i ,
=0 T—00 i:l,...}fm(ye[:p,a:—i-log(l/@)]g (y))

3. dimp M = max liminf g;(z).
i=1,....m T—00

Proof. It is a straightforward exercise to verify these dimension formulae. O

Suppose h(f) satisfies h(e) = h(0) for some £ > 0, and let g denote the infinite
concatenation of a mountain f: [0,log(1/¢)] — (0,d) constructed as in Theorem If
C denotes the corresponding Moran set, then dimpC = h(f). Now suppose N is large,

and define functions g; == Ky, (g) where w; = (ij_vl) log(1/e) for each i € {1,..., N}. Write

A = dlog(1/¢e). Then if x is arbitrary, since the g; are Lipschitz continuous with constant
d, there is some ¢ depending on x such that

inf i > h(0) — —
y€[a:,x+log(1/9)]g (y) ( ) N

for all large x. In particular, if M denotes the set given by Proposition [3:3.10] this implies
that 4

In other words, by taking a finite union of homogeneous Moran sets, we can ensure that
the upper and lower intermediate dimensions are arbitrarily close.

Motivated by this observation, we now construct a set such that the intermediate
dimensions exist and are given by a prescribed formula h(6). At a fixed scale § > 0, the
set M will look like a finite union of Moran sets each with the same upper intermediate
dimensions. As d goes to zero, the resolution increases, so that the intermediate dimensions
exist. The construction here is mildly complicated by the fact that the mountains f, and

valleys e, can have arbitrarily large support if A(#) > h(0) for all 6 > 0.

Theorem 3.3.11. Let 0 < A < a < d and let h € H(A,«). Then there exists a compact
perfect set M such that dimp, M = A\, dima M = « and

dimy C' = h(0)
for all 6 € [0, 1].

Proof. As in the proof of Theorem we will assume that A < h(0) < h(f) < « for all
6 € (0, 1], and that there exists 6y > 0 such that h(6p) < h(1). The remaining cases follow

by similar, but slightly easier, arguments.
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Part 1. Construction of the set M.

As in the proof of Theorem fix non-increasing sequences (€,)5%; and (7,)5% 4
and construct corresponding mountains (f,)5°; defined on intervals [0, z,] and valleys
(gn)52; defined on intervals [0, wy,|, where z, = log(1/e,) and w, is defined as in (3.3.12]).
We may choose ¢, and ~, such that w, + z, = 2". Let ¥ = {0,1} x {0,1,2,3} and let
U* = o2, U™ We first associate to each n € U* a number a(n) € [0, 00) as follows. Given
k€ Nand i = (u,v) € U, we define

Yk, i) = u2™F 4 pak-1

and then for n = (i1,... i), we set

Observe that a(¥F) = {j27% . j € Z} N [0,4%).
For k € N and i € ¥, we define ¢ ;(x) = h(ex) for all z € [0,9(k,i)]. Now for each

n = (i1,...,in) € ¥, let g, denote the concatenation of the sequence

(fla 617 cl,i17f27 627 c2,i27 e ey fna ena Cn,in, fn—l—l, en—i—l, fn+27 en+27 EEEIN )

In light of Remark and the fact that h(1) > 0, Lemma can be applied directly,
giving wo, and we set g, = Kuwy(gy). It follows from Remark that wy does not
depend on the choice of 1, and can be taken to be arbitrarily large. Thus there is a sequence
r(n) = (r;(n))72; C (0,1/2] such that for all x > wo,

|sn(exp(—exp(z))) — gn(z)[ < dlog(2) - exp(—z),

where s, = sp.(,)). Let @ denote the word of length 0, and let py = r1(9)---r(@). For

k>0, let
k

Yk = wo + Z(wz + 2) = wo + 2M1 — 1.
i=1
Then let ny be the maximal index such that loglog(1/py,, ) < yi. Choosing wy large, we
may assume that nj > 3k for all k € N. Let Z = {0,1}¢ and let L: Z> — ¥ be given by
L(i,5,k) = 1,50 + 2(kM)). For £ € N, we let k¢ denote the maximal index such that
ni, < £. We then define a map A: 7% — U* by

A(dy, ... 30) = (L(41,92,13), L(24, 85, 96), - - -, L(83(k,—1)+1> 83(kp—1)+2> 83 (kp—1)+3))-

This is well-defined since ¢ > ng, > 3k.

We now construct our inhomogeneous Moran set M as follows. Given a word o =
(81, .. ,%0) € T let n = A(o). We then set S, = Sill,n 0---0 szm’ where S:-"n(x) =
ri(n) - x + b (n) with
0 if 4U) =0,

b)) = |
’ 1—ri(n) ifi0) =1.
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We now set

M= | S-([0,1]%).

oeTt
Note that if ¢ is a prefix of 7, then A(c) is a prefix of A(7) and therefore S, (]0,1]%) D
S-([0,1]4). Thus My D My D ---, so the set

o
M = () M,
(=0
is non-empty.
Intuitively, at a fixed scale §, M looks like a union of 8% homogeneous Moran sets
corresponding to the sequences r(n) for n € ¥*. We can make this precise in the following

sense. For 7 € U* we define
Bi(n) ={(o1,...,00) € I3 : L(0;) = n; for each 1 <i < k},
Jy=J S.(10,1)9.
o€B(n)

Let C, := C(r(n)) denote the homogeneous Moran set corresponding to the function g,.
Let ¢ € N satisfy

ye +a(n™) <loglog(1/(ri(n)---re(n))) < Yr+1 + a(n),

where = € WF~1 is the unique prefix of 7. Since g (yx) = g,(yr + a(n™)), if ¢ € Z*, then
n is a prefix of A(o). Moreover, if 7 € ¥* is a word with 1 as a prefix, then g,(x) = g, (x)
for all z < yr11 + a(n). Thus for any such ¢, we have

My Jy = (Cy)eN Jy. (3.3.14)
But then if 7 is a prefix of 7, then r¢(n") = r¢(n) for all £ such that

loglog(1/(r1(n) - --7e(n))) < Y41 + a(n). (3.3.15)

Thus (3.3.14)) holds for all ¢ satisfying (3.3.15). We also note that (Cy), N J, consists of
exactly 2%73% hypercubes with diameter 71(n) - - - 7¢(n).

Part 2. Proof that dimg M = h(0) for 6 € (0,1].

Fix 0 € (0,1]. We first show that dimgM < h(6). Let § be sufficiently small such that
§ < pr, where g5, < 6. Now let k be such that p,, < /. Tt now follows by the same
argument as Lemma that for each € W*, with sn = 1Infyei51/0 5) sp(9),

inf{ ST U U s a (8, 0)-cover of (Cy)e Ny } <87k
vecu

where /(1) is minimal such that r1(n)---7¢(n) < 6%, But £(n) satisfies (3.3.15) since
P, < 0% so M C Unewr (Cy)e 0 Jy. Therefore, s, < h(0) + dlog(2) - exp(—yn, ). This
implies that dimgM < h(6).

Now fix € > 0; we will show that dimyM > h(f) — (2 + d)e. The various variables in
this proof are depicted in Figure Let k be such that 27% < e. Let § > 0 be small and
let 2 :=loglog(1/d). We may assume that
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1. dlog(2) exp(—x) < ¢,
2. x = yg, and
3. & = Yy, for some m with €, < 6.

For each m € N, there is some vy, such that f,,(v,) = h(0). Equivalently, 9o (ym+vm) =
h(0). Let m be maximal such that y,, + v, < x. Since Ym+1 + Vms1 — (Ym + Vm) < 4™,
there is some 79 € U™ such that |a(ng) — (£ — ym —vm)| < 27%. Then since D*g(x) € [—d, d]
for all z € RT,

inf s > inf —e > h(0) — (1 +d)e.
$€[61/9,6] n(9) y€[z,z+log(1/6)] 9n(v) ©) = )
Set s = h(f) — (2+ d)e. Again by the same argument as Lemma since x +log(1/6) <
Ymal + Umil < Ymaa, With n € U™ satisfying 9no = 9n, wWe have

C- (;:n < inf{ Z |U|*: U is a (6, 0)-cover of M N Jn}
Ueud
< inf{ Z |U|*: U is a (6, 0)-cover of M}
Uveld

for some constant C' > 0 independent of §. But « > y,, > 2™ — 1, so

5 _ (exp(exp(2™ — 1)))°

(.¢]

gm = 8m m—»00

as required.

h(6)

h(em)

F— a(n) —

| | | | |
I [ [ [ I

Ym Ym + vm B x + log(1/6) Ym+1

Figure 3.6: Choice of g, for the lower bound of dimg M.

Part 3. Proof that dimyg M = h(0), dimy, M = X\, and dimy M = «.

It is clear that dimy M > h(0) since liminfs g s,(8) > h(0) for all n € ¥*. Conversely,
let € > 0; we will show that dimg M < h(0) 4+ 2¢. Let ng be sufficiently large such that
Yno < h(0) + . Then let 6 > 0 be sufficiently small such that with 2 = loglog(1/4d), we
have x > ypn,+1 and dlog(2) - exp(—z) < €. Let m be such that = < y,,. For each n € ¥,
by the choice of ng, there exists some = < x,; < ym+1 + a(n) such that

() = ym < h(0) +&.
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Then by the same argument as Lemma since dlog(2)-exp(—z) < ¢, with s = h(0)+2¢
and with £(n) minimal so that loglog(1/p(,)) = =y, we have

inf{ Z \UJ* : U is a (0, 0)-cover of (Cy) ey N Jn} <8
veu

Moreover, for x sufficiently large, we can ensure that loglog(1/py()) < Ym+1 < Ymt1+a(n).
Thus M C UnE\Ilm (Cn)g(n) N Jy, so

inf{z |U|® : U is a (0,0)-cover of M} < 1.
Ueu
But ¢ > 0 was arbitrary, so dimg M < h(0) + 2¢, as required.

Now we will show that dima M = «; the proof that dimy, M = X follows similarly.
Observe that there is some § > 0 such that DYgy(z) + go(x) = a for all m € N and
z € [Ym+1 — 0, Ym+1]. Let 7 = {(0,0),(0,0,),...,(0,0)} € ¥ and observe that gz = g.
Then if loglog(1/p¢) € [Ym+1 — 0, Ym+1], we have My N J; = Cy N Jr. Thus dimy M > «
follows by the same computation from Theorem [3.3.9

Conversely, it suffices to show that for all € > 0 there exist a, fy > 0 such that for all
0>ty and I € My with |I| = R, and all r € (0,aR), we have

N.(INM) < (R/r)*t%.

Let r > 0 and let m, k be minimal such that loglog(1/r) < loglog(1/pm) < y. First
suppose £ > 3k, and suppose I € M, satisfies |I| = R. Then there exists a unique n € ¥*
such that I C J,), so

(Cy); NI M, =10 M,

for all £ < j < m. Then since DYg, + g, < «, a similar computation to the proof of
Lemma [3.3.8| gives that for all € > 0 there exists £y depending only on £ and M such that
if we additionally assume that £ > £y, then

2d

No(I A M) < (297 < (rega(n) -+ rn(m)) ™75 < (Ryr)rae,

For the other case, suppose ¢ < 3k. Let n € U* satisfy JyN1 # @& and let 0 € 73k
satisfy S,([0,1]%) C I N.J,. Again,

No(I0 (Co)m) < Y™ < (R/r)*F e,

N (I N (Co)im NS4 ([0, 1)) < (27)™F
— (Qd)£—3k(2d)m—£
< (Qd)é—f}k (R/T’)QJF% )
But 1N (Cy)m N Ss([0,1]4) = 1N M, N S,([0,1]%) and there are precisely (2¢)3*~* words o,

SO

No(I0 M) < No(I0 M) < (R/r)*H 557,
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We can therefore choose a small enough so that in either case N,.(I N M) < (R/r)*2¢) as
required. O

Using this construction, along with the preceding construction for the upper interme-
diate dimensions, we can now simultaneously prescribe the upper and lower intermediate

dimensions.

Corollary 3.3.12. Let 0 < A < a < d and let h,h € H(\, a) satisfy h(0) = h(0) and
h < h. Then there exists a compact perfect set M such that dimy, M = A\, dima M = « and

dim,C = h(0) dimyC = h(6)
for all 6 € [0, 1].

Proof. Let E, F be disjoint compact perfect sets such that dimy, £ = dimp, F' = A, dimpa F =

dimp F' = o, dimyg F = dimyg F' = h(0) = h(0), and for 6 € (0, 1]
dimyF < dimg E = h(0) < h(9) = dimg F.

For example, such a set E is provided by Theorem and such a set F is provided by
Theorem Let M = EUF. Then dimj, M = min{dimy, F,dimy, F'} = X, dimy M =
max{dimp F,dimp F'} = «,

h(0) = dimyE < dimyM < max{dimgFE, dimyF'} = h(0),

and
MQM = maX{ng,ﬁgF} = E(Q)

for 0 € (0,1]. Thus M satisfies the requirements. O
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Chapter 4

Infinitely generated attractors

4.1 Introduction

4.1.1 Background

This chapter focuses on infinite IFSs and is based on our joint paper |BF1] with J. M. Fraser.
The dimension theory of limit sets of finite iterated function systems (IFSs) has been
studied extensively since Hutchinson’s paper [Hut|. In a seminal 1996 paper [MU1| Mauldin
and Urbaniski extended the theory to infinite iterated function systems (IIFSs) consisting
of countably many contractions, with the contraction ratios uniformly bounded above by
some p < 1. The dimension theory of IIF'Ss has been studied further in |[BF2; |(CN; KR}
Mau; MU2; NT| and many other works. Mauldin and Urbanski paid particular attention
to (infinite) conformal iterated function systems (CIFSs, defined in Definition [4.2.2)), where
the contractions are conformal and are sufficiently separated. Approximations to one such

limit set are shown in Figure 4.1

0 /4 1/3 1/2 1

Figure 4.1: First and second level cylinders for an infinitely generated self-similar set.

There are many similarities, but also many differences, between finite and infinite
iterated function systems. One notable difference is that Hausdorff and box dimension
coincide for the limit set of every finite CIFS, but can differ for infinite CIFSs, as the
presence of infinitely many maps can cause the limit set to have greater inhomogeneity in
space. In particular, Mauldin and Urbariski showed that for a CIFS the Hausdorff dimension
can be determined from a certain topological pressure function defined in below
(see [MU1, Theorem 3.15]). The same authors proved that the upper box and packing
dimensions are given by the maximum of the Hausdorff dimension of the limit set and the
upper box dimension of images of any given point under the maps in the CIFS (noting

that the box dimension of a countable set, unlike the Hausdorff dimension, can be strictly
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positive), see [MU2, Theorem 2.11]. They applied their results to sets of irrational numbers
whose continued fraction expansions have restricted entries, as these are limit sets of an
appropriate CIFS (see Section [4.4)).

The following result describes the Assouad type dimensions of the limit set of a CIFS.

The Assouad spectra can display interesting behaviour, such as having two phase transitions.

Theorem 4.1.1 (Banaji-Fraser [BF2|). Let F' be the limit set of an infinite CIFS and let
P be the set of fized points of the contractions. Then for all 6 € (0,1),
max{dimy F, dims P} < dim% F = dimy F

(¢! — )dimy P + (0~ — ¢~ V)dimp F
= sel0.) -1 -1 ’

and these bounds are sharp in general. If we assume the additional separation condition
that S;(V)NS;(V) = @ for all distinct i, j € I (using notation from Deﬁm'tion below),
then

dimp F' = max{dimy F,dimp P}.

To prevent this thesis from becoming unreasonably long, we omit the proof of The-
orem and instead refer the reader to |[BF2|. In this chapter we study the intermediate

dimensions of limit sets of infinite iterated function systems.

4.1.2 Structure of chapter and discussion of results

In Section [4.2| we introduce notation, define limit sets, and define the notions of dimension
we will be working with. We introduce and prove basic properties about the topological
pressure function that we will use to obtain bounds for dimensions of the limit sets. We
also define conformal iterated function systems (CIFSs) and prove geometric consequences
of the definition of a CIFS that we will use in the proof of the main result of this chapter,
Theorem £.3.4]

In Section [£.3] we prove Theorem which gives upper bounds for the Hausdorff,
box, intermediate and ®-intermediate dimensions in terms of the topological pressure
function that hold in the very general setting of arbitrary IIFSs (without any conformality
assumptions or separation conditions). The proof is an induction argument, using efficient
covers at larger scales to construct efficient covers at smaller scales. In the conformal
setting, Mauldin and Urbanski [MU1; MU2| proved results for the Hausdorff and upper box
dimensions. We use our upper bound to prove the main result of this chapter, a simplified

version of which we now state.

Theorem (See Theorem [4.3.4] for a stronger statement). If F' is the limit set of an (infinite)
CIFS (defined in Deﬁnition and P is the set of fixed points of the contractions then
for all 6 € [0, 1],

dimp F' = max{dimy F, dimy P}.
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Our methods also apply to infinite parabolic IFSs. In Example we consider an
example with intermediate dimensions continuous at # = 0 and apply a result of Burrell,
Falconer and Fraser [BFF1| to give an upper bound for the upper box dimension of
orthogonal projections.

In Section [4.4] we apply our results to give a formula in Theorem for the upper
intermediate dimensions of sets of irrational numbers whose continued fraction expansions
have restricted entries. Recalling the discussion in Section[I.4] we show that the intermediate
dimensions of continued fraction sets are continuous at § = 0 apply our results and those
in |Bur2| to give information related to Holder distortion and fractional Brownian images
of continued fraction sets. We also obtain similar results in Section [£.4.2] for sets of complex
numbers which have complex continued fraction expansions with restricted entries.

In Section [4.5] we consider the limit sets of ‘generic’ ITFSs, in the same vein as the seminal
paper |Fal2| where Falconer considered the generic dimension of a (finitely-generated) self-
affine set by fixing a set of matrices and randomising the translates in a suitable way. We
show that under certain conditions, the limit set of an IIFS with ‘generic’ translates is
somewhere dense, and so in particular the box and intermediate dimensions equal the
ambient spatial dimension, where ‘generic’ can mean either almost surely with respect to a
natural measure, or comeagre with respect to a natural topology. This is in stark contrast
to the Hausdorff dimension, which Kéenméki and Reeve |[KR] showed satisfies an analogue
of Falconer’s affinity dimension formula for a generic ITFS of affine contractions.

In this chapter, as in [MU1; MU2|, the separation condition we assume in Deﬁnition
for a CIFS is the open set condition (OSC). Ngai and Tong [NT] and Chu and Ngai |CN]
study the Hausdorff, box and packing dimensions of the limit sets of IIFSs with overlaps
that do not satisfy the OSC but do satisfy suitable extensions of the weak separation
condition. It is therefore natural to ask (though we will not pursue this) what can be said
about the intermediate or ®-intermediate dimensions of the limit sets of infinite iterated
function systems with overlaps that do not satisfy the OSC but perhaps satisfy weaker
separation conditions such as the extensions of the weak separation condition considered
in [NT].

4.2 Infinite IFSs and pressure functions

We will work with infinite iterated function systems, defined as in [MU1| as follows.

Definition 4.2.1. Let d € N and let X be a compact, connected subset of R® with more
than one point, equipped with the metric induced by the Euclidean norm || - ||. We say that
an infinite iterated function system (IIFS) on X is a collection of maps S;: X — X, i € 1,

where I is a countable index set, such that there exists p € [0,1) such that
||Si(x) — Si(y)|| < pllx —y|| forallz,y € X and i€ I.

The assumption that the maps are uniformly contracting will be important when defining
the limit set. We now introduce some notation. Define I := {@} and I* := [J;2, I". We
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call elements of I* finite words and elements of I infinite words. We usually denote words
by the letter w, and we write w =i - - - i, and w = iyig - - - instead of w = (41,...,4,) and
w = (41,12, ...) respectively. We say that a word in I"™ has length n, and an infinite word
has length oo. If w € I* U IV and n € N does not exceed the length of w then we write
Ww|p = wy - -wy, € I", and wlg == @. If w € I UI*UIYN and v € Iy U I* then we say that

v is a prefix of w if there exists n € {0,1,2,...} such that v = w|,. For w € I" we define
Sy =Sy, 008y,

and we define Sy to be the identity function on X.

Mauldin and Urbanski [MU1L; MU2| study the IIFSs in Definition [4.2.2] where the
contractions are assumed to extend to conformal maps (seebelow for a formal definition),
which means that locally they preserve angles. This assumption is crucial for Mauldin and
Urbarnski’s formulae for the Hausdorff and box dimensions of the limit set, and they will
be crucial when we prove a formula for the intermediate dimensions in Section [£:3.2] In
one dimension, conformal maps are simply functions with non-vanishing Hoélder continuous
derivative. In two dimensions, they are holomorphic functions with non-vanishing derivative
on their domain. In dimension three and higher, by a theorem of Liouville (1850) they
have a very restricted form: they are Mdbius transformations, so can be composed from
homotheties, isometries, reflections in hyperplanes, and inversions in spheres. Recall that

L4 denotes d-dimensional Lebesgue measure.

Definition 4.2.2. A conformal iterated function system (CIFS) is an IIFS (as in Defini-
tion which satisfies the following additional properties:

(i) (Open set condition (OSC)) The set X has non-empty interior U := Intpa X, and
S;(U) C U foralliel and S;(U)NS;(U) =@ for alli,j € I withi# j.

(ii) (Cone condition) inf,cx inf,¢(o 1) La(B(w,7) N Intga X) /7% > 0.

(i4) (Conformality) There exists an open, bounded, connected subset V. C R? such that
X C V and such that for each i € I, S; extends to a C'*¢ diffeomorphism from V to
an open subset of V which is conformal, so for all z € V the differential S}|, exists,
is non-zero, is a similarity map (so ||S:|=()|| = [|SHz|| - ||yl for all y € RY), and is
e-Holder continuous in x. Moreover, there exists p € (0,1) such that ||Si|| < p for all

i €I, where || || is the supremum norm over V.

(iv) (Bounded distortion property (BDP)) There exists K > 0 such that ||S},|,|| <
K|S}, ||| for all z,y € V and w € I*.

Mauldin and Urbanski [MU1, (2.8)] use a stronger form of the cone condition, but
note on page 110 that is sufficiently strong for their aims. Both forms of this technical
condition will be satisfied if X is ‘reasonable,” for example if X is convex or has a smooth
enough boundary. In |BF1], there is a typo in the BDP (it should read ‘for all z,y € V’
rather than ‘for all z,y € X).
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For every IIFS, since |S,,, (X)| < p"|X| by the uniform contractivity, the map
oo
o IN = X, m(w) = ﬂSw|n(X)
n=1

is well-defined and continuous. We are interested in the following set, which will often be

fractal in nature.

Definition 4.2.3. The limit set or attractor of an IIFS is defined by

welNn=1
For w € I" define Fy, = Fs,, = Sy(F) and X, = Xg, = Sw(X). Now, F is clearly

non-empty and satisfies the relation

F=JF. (4.2.1)
i€l

It is the largest (by inclusion) of many sets which satisfy . If I is finite then
F is compact (and is indeed the only non-empty compact set which satisfies by
Hutchinson’s application of the Banach contraction mapping theorem [Hut|), but if T is
infinite then F' will not generally be closed. When [ is finite, the limit set F' equals the
closure of the set of fixed points of all finite compositions of maps in the IFS, and also
satisfies F' = N2, S™(X) (where S(E) = U;erS;(E) for E C X), but when I is infinite
these sets may strictly contain F'. Some cylinder sets in the construction of an infinitely

generated self-similar set are shown in Figure [4.1] on page [79]
We define some more quantities that will enable us to define a topological pressure

function for the system. For every IIFS, for w € I,, define
[Sw(x) — Sw®)l.

T = T'Sw = lnf )
v eyexaty ||z —yll
S, -5

R Re e sup Sl = Su@)
z,yeX,x#y H:U - y”

noting that 0 < ry < Ry < p. The value Ry, is the smallest possible Lipschitz constant for
Sw, and these constants are clearly submultiplicative; R, < R, R,, for all v,w € I'*. For
n € N define M,, .= {S,, : w € I" }, and for t € [0, 00) define

$n(t) = Y _ R €[0,00]. (4.2.2)
oceM,
Note that as in [NT], we sum over o € M, instead of w € I" so that distinct words w that

give rise to the same S,, contribute only one term in the sum (exact overlaps are removed).
Lemma 4.2.4. For every IIFS, for allt € (0,00), using the convention logoo = 0o and
log0 = —o0,

1 1
= log ¢t inf = log ¢ (t) € [—o00,00).
nquﬁ()mgNnquﬁ()e[wm]
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Proof. By the submultiplicativity of the Lipschitz constants, if n,m € N then

l0g ¢n-m < log ( > > (RURTY) = log < IR Ri) = log ¢y + 10g fm.

c€EMy, TEMpm, oMy, TEMm

Therefore the sequence (log¢,)5; is subadditive, so the claim follows from Fekete’s

lemma. O

In light of Lemma we can make the following definition, which will later be used

when giving bounds and formulae for the different notions of dimension for the limit sets.

Definition 4.2.5. For an IIFS, define the (topological) pressure function P: (0,00) —

[_007 OO] by

— 1 1
P(t) = lim —log ¢, (t) = inf —log ¢y (t).
neN N

n—oo N

Lemma 4.2.6. For every IIFS, P is a decreasing function, and if 0 < t < s < 0o and
P(t) € R then P(t) > P(s).

Proof. For all n € N, for all w € I", R, < p" < 1, so ¢, is a decreasing function.
Therefore P is a decreasing function. If 0 < t < s < oo and P(t) € R then for all
n €N, ¢n(s) < p=m¢,(t) so Llog ¢n(s) < (s —t)logp + loggn(t), hence P(s) <
(s —t)logp+ P(t) < P(t), as required. O

Definition 4.2.7. Throughout this chapter, using the convention that inf @ = oo, we define

the finiteness parameter of the system
s =inf{t >0:P(t) < 0o} €[0,00],

and the quantity
h:=inf{t>0:P(t) <0} €[0,00].

We use the letter h because we will see that it is related to the Hausdorff dimension of
the limit set. For all n € N and t € [0, 00),

n
o)< > RL< Y ][R
weln i1-in €™ k=1

Therefore if ¢, () is replaced by either >, - m RE, or Y ivinern Hp—1 Rﬁk in the definition
of the pressure function then the resulting functions would overestimate P(t). Thus the
infimal values of ¢ > 0 for which these new functions are negative provide upper bounds for
h. These may be easier to compute than h itself. For all n € N, the function %log On(t)
can also be used to give an upper bound, which will be very good when n is large, by
Lemma [£2.4]

We now establish several geometric facts that hold for all CIFSs and will be important

when proving a formula for the intermediate dimensions of the limit set in Section [4.3.2]
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The following geometric property was proved in [MU1, page 111], recalling that K is the

constant from the bounded distortion principle.

Sw(B(z,7)) D B(Sy(x), KY|S,||r) forall z € X,r € (0,dist(X,0V)],w € I*.
(4.2.3)
The following lemma says that the Lipschitz constants are comparable to the norm of

the derivatives of the corresponding map.

Lemma 4.2.8. For every CIFS there exists D > 1 such that for all w € I*,
D741 < 1 < Ru < DIIS, I

Proof. The proof is similar to the proofs of some of the consequences of the bounded distor-
tion principle in [MU1, page 110-111]. For the upper bound, note that dist(X, R?\ V') > 0
since X is compact and disjoint from the closed set R¢\ V. Let w € I*. If B is a ball of
radius at most dist(X, R? \ V) centred at a point in X and x,y € B then by the mean value
inequality ||Sy(x) — Sw(y)|| < |ISL|]- ||z —y||. Since X is compact and connected, it can be
covered by a finite chain of open balls By, ..., B, centred at points in X and with radii at
most dist(X,R?\ V)/(2K) (chain in the sense that B; N B;y1 # @ for i = 1,2,...,q — 1).

Suppose
K|X|
D 2 7K7 . :
A {q dist(X,R7\ V) }

Then since D > ¢, the upper bound R,, < D||S},|| holds.
Trivially, 7, < Ry. For the lower bound, if z,y € X and ||z — y|| < dist(X,R%\ V)
then by (4.2.3) and the bijectivity of Sy,

15w (@) = Sw@)|l = KIS, - [l = yll = DTY[SLII - [le = yll.
If 7,y € X and | X| > ||z — y|| > dist(X,R?\ V) then since
Sy (B(z,dist(X,RY\ V))) D B(Sy(x), K|S, ||dist(X,R%\ V),
it holds that

15w (@) = Sw(®)|| = K|S, [1dist (X, R\ V) > K|S, [[dist(X, R\ V)||z — y| - |X]|

Z
> D7HISLI1 - llz = yll.
Therefore the lower bound 7, > D~1||S/ || holds, as required. O

Lemma [4:2.9] essentially says that the cone condition holds not just for the set X itself
but also for its images under the conformal map corresponding to any given finite word.
The purpose of Lemma is to prove Lemma

Lemma 4.2.9. For all CIFSs, with D as in Lemma[{.2.8,

inf  inf inf 4. La(B(z,r) N Sy(Intra X)) > 0.
WET* 2eSu(X) re.D|ISL D) a(B(z,7) (Intga X))
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Proof. Write U = IntpaX. Let n € N and let w € I™. The idea is that given any ball
centred on S, (X) whose diameter is not too large we can find a large enough ball centred
on X that is mapped into it under S,,, a uniform proportion of which intersects U by
the cone condition. The measure of the image of this part under 5, is large enough by
conformality and the BDP.

Consider an arbitrary point in S,,(X), which we can write as S,,(z) for some x € X, and
let r € (0, D||S/,||). By the cone condition there exists ¢ > 0 such that Ly(B(x,r)NU)/r® >
cforallz € X and r € (0,1). By the upper bound of Lemma[4.2.8] S,,(B(x,r/(D||S,|]))) C
B(Sy(x),7). Now, Lg(B(x,r/(D]||SL|)) NU)r~<D9||S. || > ¢, so by the inner regularity
of the Lebesgue measure, there exists a compact C' C B(z,r/(D||S},||)) N U such that
L4(C) > er®D?|S!||7¢. Since C is compact and disjoint from the closed set R\
(B(z,7r/(D||S,|]))NTU), it follows that dist(C, R\ (B(z,r/(D||S,|[))NU)) > 0. Let n € N
be large enough so that

27" < min{dist(C, R\ (B(z,r/(D||S.|])) N U))/Vd, dist(X,R*\ V)1

Define ¢4 € (0,1) by

. £4(B(0,1))

La([-1,1]9)

Then the balls of diameter 27" inside each of the dyadic cubes of sidelength 27" which
intersect C' form a disjoint collection of balls inside B(z,r/(D||S,,||)) N U whose total
Lebesgue measure is greater than ccqr?D=9||S!,||=%. By ({£.2.3), the image of each of
these balls under S,, contains a ball of radius K~1|S/,[|2=™+1). These balls are dis-
joint subsets of B(Sy(z),r) N Sy (U) whose total Lebesgue measure is greater than
ccgr®D=Y|S! 174|801 T K~ = ccqr? DK . Therefore

inf _inf inf  Lq(B(z,r) N Sy(IntgaX))/r > ccgD™K~* >0,
ah sl reo By LB ) 0 Sulintra )1 > ccq

as required. O

Lemma says that it is impossible for too many cylinder sets that are larger than
a given size to cluster together and intersect a region that is smaller than that size. This
will be useful when proving facts about dimensions, as it shows that a set of a given size
cannot cover another set which intersects too many cylinders that are larger than that
given size. Lemma and its proof are an application of Lemma and the OSC,
and are similar to (2.2) in [MU2, Proposition 2.9]. The use of the cone condition to obtain
Lemma is similar to [GMW, Theorem 4.9].

Lemma 4.2.10. For all CIFSs there exists M € N such that for all z € R® and v > 0, if
wi, ..., wy are distinct words in I* such that for all i,j € {1,...,l}, w; is not a prefix of
wj, and for all i € {1,...,1} it holds that B(z,7) NSy, (X) # @ and |Sw,(X)| = 7/2, then
<M.
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Proof. Write U = Intp« X, and let k4 be the d-dimensional Lebesgue measure of a ball in
R? of unit radius. By Lemma there exists ¢ > 0 such that

inf inf inf La(B(z,7) N Su(U))/re > c.

o2 ol ) reco.oi 1 LB ETI N Sull))/r7 > c
For each i = 1,...,[ there exists z; € X such that S, (x;) € B(z,r). By the upper bound
from Lemmal4.2.8, 7/2 < | Sy, (X)| < D||S%||-| X[, s0 La(B(Sw, (:),7/2)NSw(U))2% =% > c.
Since no w; is a prefix of any w;, by the OSC the [ sets B(Sy,(xi),7/2) NSy, (U) are disjoint
subsets of B(z,2r), each having d-dimensional Lebesgue measure at least cr¢27¢. Therefore
ler®2=4 < L4(B(z,2r)) = kg2%9, so if we let M = kq22%c! then | < M, as required. [

i

Lemma [£:2.10] shows in particular that for all CIFSs, for all n € N,
#{wel":B(z,r)NSw(X) # @ and |Sy,(X)| > r/2} < M,

so the family { S, (X) : w € I"} is pointwise finite in the sense that each element of X

belongs to at most finitely many elements of this family. Therefore the limit set satisfies

F= ﬂ U Sw(X)7

n=1weln

and so is a Borel subset of X in the class F,s. Mauldin and Urbanski noted this in [MU1,
(2.5)] and also showed that the limit set need not be in the class Gs (i.e. it need not be a
countable intersection of open sets). Lemma says that the Lipschitz constants are
comparable to the norm of the derivative of the corresponding map; Lemma [£.2.11] uses

this to show that the sizes of the corresponding cylinder sets are also comparable.

Lemma 4.2.11. For every CIFS there exists D > 1 such that for all w € I*,
D7H[S,II < |Fu| < [Sw(X)] < DIIS, ]

Proof. Lemma [4.2.10| shows in particular that the family {S; : ¢ € I } is pointwise finite, so
since I is infinite, F' has positive diameter. Therefore the result follows from Lemma [£.2.§]

if we increase D as required. O

For a CIFS, for each n € N define 9,,: [0,00) — R by
Un(t) = lISull"
weln

Mauldin and Urbanski [MU1,, Section 3| define the pressure function by

lim > log tn(t), (4.2.4)

n—oo n

showing that this limit always exists in [—00, 00| and proving many properties about this
function. Lemma [4.2.12] shows that this coincides with our definition for the pressure

function P(t), and is in particular independent of the open set V.
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Lemma 4.2.12. For all CIFSs, for all t € (0,00),

1 _
ﬁlogwn(t) — P(t) as n — 0.

Proof. The OSC means that there are no exact overlaps, so ¢,(t) = >, o RE, for all
n € N and t € (0,00). Therefore by Lemma
D™"¢n(t) < Pn(t) < D'ou(t).

Taking logarithms and dividing through by n gives

1 1 1 1

——tlog D + —log ¢, (t) < —log ¥ (t) < —tlog D + log ¢n(2),

n n n n

and the result follows upon taking the limit n — oco. O

One of the properties proved in [MUI1| Section 3] for a CIFS is that the finiteness
parameter for the pressure function is the same as the value at which each of the finite-level
approximations to the pressure function becomes finite: g = inf{¢ > 0: 1, (t) < co } for
all n € N. Note that for a CIFS where each of the maps 5; are similarities, which means
that there exists ¢; € (0,1) such that ||S;(z) — S;(y)|| = cil|lx — y|| for all z,y € X, the
quantity A from Definition |4.2.7| satisfies the simple form

h:inf{t>o:zc‘;<1}. (4.2.5)

el
4.3 Dimension results

4.3.1 General upper bounds

In Theorem [4:31] we provide general upper bounds for the Hausdorff, box, intermediate

and ®-intermediate dimensions of the limit set of an arbitrary IIFS.
Theorem 4.3.1. For a IIFS with limit set F' and notation as above,
(i) dimg F < h
(ii) dimpF < max{h,lim, . inf{dimgP : P C X and Yw € I", PN S, (X) # @ }}
(iit) For all 6 € [0,1],

dimgF < max{h, li_}m inf{dimgP : P C X and Vw € I", PN S,(X) # @}}

(iv) If ® is monotonically admissible (recall Definition from page[18) then

dim” F < max{h, lim inf{ dim"P: P C X and Yw € I", PN Sy(X) £ @ }}
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Since dimp F' < dimpF always holds, also gives an upper bound for the packing
dimension. Note that the above upper bounds hold even when there are overlaps of cylinders,
and for contractions which are not differentiable and do not satisfy any bi-Lipschitz or
bounded distortion condition. However, in some such cases h can overestimate dimpyg F'

significantly, and may even be infinite.

Proof. All the bounds are trivial if h = oo, so assume h < oc.

(1)} The proof is similar to the proof of the first part of [MU1, Theorem 3.15|. Let
s > h. By Lemma and the definition of h, P(s) < 0. Therefore there exists N € N
such that 1 log ¢, (s) < P(s)/2, s0 ¢n(s) < e"P®)/2 for all n > N. Therefore

> lo(X)F <[X[guls) < [X[Pe" PO — 0.

ceM,
But {o(X):0 € M, } forms a | X|p"-cover of F, and |X|p" — 0 as n — 00, so this means
that the s-dimensional Hausdorff measure of F' is 0. Thus dimyg F' < s. Letting s — h™
gives dimy F' < h, as required.

follows from the case 8 = 1 of

The proof is motivated by the proof of [MU2, Lemma 2.8|, which gives a result for
the box dimension in the less general setting of a CIFS. We will consider § € <n%r1, H and
induct on n. The idea is that if we fix a large enough ¢ € N, the level-q cylinders with size
< § can be covered efficiently using a cover of a set P corresponding to level ¢, and the
cylinders with size 2 § can be covered efficiently using images of efficient covers of F' with
larger diameters that are assumed to exist by the inductive hypothesis, and the fact that
P(s) <0if s > h.

By definition dimg = dimpy, so since we can take P to be a countable set (with Hausdorff
dimension 0) for all n € N, the case # = 0 follows from Henceforth suppose 6 € (0, 1].
Let

5> max{h,nli_)ngoinf{diimgP :PC X andVwe I, PNS,(X) # 2 }}.

Since s > h, it holds that P(s) < 0. Therefore there exists Q € N such that élog bq(s) <
P(s)/2 for all ¢ > Q. Fix ¢ > @ large enough such that ¢4(s) < 1/2 and p? < 1/4, so
R, < 1/4 for all words w of length at least q. By the definition of s, increasing ¢ further
if necessary, we may assume there exists a subset P, C X such that P, N S, (X) # @ for
all w € 19, and dimg P, < s. Therefore there exists A > 0 such that for all § € (0, 1] there
exists a cover {V;} of P, such that § < |V;| < 6? for all j, and 2 1VilP < A Let Agqyox
be as in (1.3.3). Fix any B > % large enough so that for all § € (1/2,1] there exists
a cover {U?}; of F such that § < |U;| < 6% for all 4, and Y, |U;|* < B. It suffices to show
that dimgF < s, which follows from the following claim.

Claim: For all n € N, for all § € (n%rl, %} there exists a cover {U?}; of F' such that
§ <|Ui| < 6% for all 4, and 3, |U;|* < B.

Proof of claim: We prove the claim by induction on n. The claim holds for n = 1
by the definition of B. Let n € N, n > 1, and assume the claim holds for 1,2,...,n — 1.
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n+1’
< |V < 67 for all j, and Z |V;|* < A. By the definition of Ag142x|, for all j there exist

Vj71, LV C R%, cach of diameter

Let § € (# l]. By the definition of A there exists a cover {V;} of P, such that

JAd 142X
max{9, [S)xs(V;)|/(1 + 2|X])},

such that
Ag1421x]

Sxs(Vi) < |J Viw
By the triangle inequality,
[Ss1x (Vi) < [V + 21 X8 < (142X ])[Vj| < (1 +2|1X])6°

so & < |Vl < 6% and |Vjx| < |Vj| for all j,k. Recalling that M, is the set of maps
corresponding to words of length ¢, let Cs := {7 € M, : |F,| < |X|d}. Since {V}} covers
Py, {S1x15(V;)} covers Urecs Fr, s0 U?d 1+2‘X‘V & covers Urcc, Fr.

Now suppose o € M, \ Cs, so | X[ < |Fy| < |X|Ry, so 0/R, < 1, and since R, < 1/4,

) 1 4 1

2 > > —
R, m+1)R, n+1" n

Therefore by the inductive assumption there exists a cover {Uf/ R"} of F such that §/R, <
]Uf/R"| < (0/R,)? foralliand 3, |UZ-5/R" |* < B. For each i, let W, ; be a set with diameter

(Wi| = max{|S, (U ")|, 6} (4.3.1)

such that S, (Ué/R") C Wy,i. Since {S,(U, J/R")}l covers Fy, also {Wy ;}i covers F,. By the
definition of Ry, |S(U, 5/R‘7)| < R, |U5/R"| for all j, and also § = R,d/R, < RJ|UZ§/R"], SO

by (T30,

< Wail < RoUY | < Ry(5/Ry)? < 8°. (4.3.2)

The last inequality (which is crucial to the argument) holds since R, < 1.
Now, {Vjr} U{Ws;} is a cover of F' and the diameter of each of these sets lies in the
interval [6, 67]. Moreover, since |V; x| < |V;| and by (£.3:2),

SN el Admqu\V! + Y RsZ\U‘VRwS

ceM\Cs 1 o€My\Cs
d1+2/x]A + Boy(s)

)

Ag1421x)

DD il
i k=1

<A
<B

so the claim holds by induction.

. By Lemma from page [27| we may assume without loss of generality that
® is invertible. Then holds by almost exactly the same proof as with dimg, ¢
and (§/R,,)? replaced by diimq), ®~1(8) and ®71(6/Ry) respectively throughout. In place
of (4.3.2), the key inequality R, ®~!(6/Ry) < ®*() holds since (8)/8 \, 0 monotonically
as § — 0T by assumption. O
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4.3.2 Precise formulae for conformal iterated function systems

In order to use the upper bounds in Theorem [£.3.1]to prove a simpler formula for intermediate
dimensions of the limit set of a CIFS in Theorem [£.3.4] as the maximum of the Hausdorff
dimension and the intermediate dimensions of the fixed points, we need further lemmas.

The following lemma and proof are similar to [MU2, Proposition 2.9] for the box dimension.

Lemma 4.3.2. Fix any CIFS, let n € N, and assume that P and @ are both subsets of X
which intersect Sy, (X) in exactly one point for each w € I"™. Then dimgP = dimyQ for all
0 €10,1], and dim” P = diimq)Q for all monotonically admissible functions ®. The same
holds with dim replaced by dim throughout.

Proof. The idea is to use an efficient cover of () at scale § to construct an efficient cover of
P at scale §. Elements of P in cylinders of size < ¢ can be covered using the cover of the
element of @ in the same cylinder, and the conditions of a CIFS (via Lemma mean
that each element of the cover can intersect only a bounded number of cylinders that are
larger than the covering set in question.

Since for each n € N, { S, : w € I} forms a CIFS with the same limit set, we may
henceforth assume without loss of generality that n = 1. Let Ag3 be as in and
let M be as in Lemma If § = 0 then dimgP = dimg@ = 0 because P and Q are
countable, so henceforth assume that 6 € (0, 1].

Claim: Given any § > 0, if {U;} is a cover of Q such that § < |U;| < &% for all j
then there exists a cover {Vj,,} of P such that ¢ < |Vp,| < 6% for all m, and 3, [V;n|* <
(Ags+ M) > |Uj|* for all s > 0

Proof of claim: For each j, if i € I is such that |S;(X)| < |U;| and S;(X)NU; # @,

then
Aag3

Si(X) € Sy, (U U3|U|

where S|y, (Uj) is the neighbourhood set, which has diameter 3|U;|. By Lemmathere
exist 41,...,iy € I, not necessarily distinct, such that S;, (X)NU; # @ for k=1,..., M,
and such that if i € I'\{i1,...,ip} and [S;(X)| > |Uj| then S;(X)NU; = @. Ifk=1,...,M
then we can cover the single element of PN S;, (X) by a ball B;, of diameter |U;|. Since

{U;} covers Q,
Ads

M
PclJ(USuiwinul Bix
j \I=1 k=1

Each element of this cover of P has diameter in the interval [4, 6°] by construction. Moreover,

Ad,3
S IS, +Z| = (Aas + M) U,
5 \i=1 j

proving the claim.
The claim shows that dimyP < dimyQ@ and dimy P < dimy@). The reverse inequalities
hold by symmetry, so dimgP = dimygQ@ and dimy,P = dim,Q, as required. If ® is a
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monotonically admissible function then by Lemma [2.2.10] we may assume without loss of
generality that ® is invertible. Then the same proof works with 4, dimg and dim, replaced

by ®~1(9), dim” and dim® respectively throughout. O

Lemma [£:3.3] shows that the upper intermediate dimensions of a set of points corres-
ponding to the n-th level cylinders are either all bounded above by the finiteness parameter,
and hence the Hausdorff dimension of the limit set, or they all equal the upper intermediate
dimensions of the level-1 fixed points. We will combine this lemma with the upper bounds
in Theorem (which considers arbitrarily deep levels) to prove that the dimensions
in fact depend only on the level-1 fixed points (and the Hausdorff dimension). Mauldin
and Urbarnski prove in [MU2, Lemma 2.10] that the upper box dimension of the level-1
iterates of a given point is greater than or equal to the finiteness parameter g, and deduce
that it equals the box dimension of the n-th level iterates for all n € N. The intermediate
dimensions, on the other hand, will not always exceed the finiteness parameter, so we

cannot make the same conclusion for the intermediate dimensions in Lemma [£.3.3]

Lemma 4.3.3. Consider a CIFS, and suppose that for each n € N, P, C X 1is any set

which intersects Sy, (X) in exactly one point for each w € I"™. Then

(i) for all § € [0,1], either dimgP, < s < h for alln € N or dimgP,, = dimy Py for all
n € N.

(ii) If ® is monotonically admissible then either diimchn < 0g < h foralln € N or
dim” P, = im" P, for all n € N.

Proof. . This is true for the Hausdorff dimension because each P, is countable, so
henceforth suppose 6 € (0,1]. By Lemma dimy P, does not depend on the particular
set P,, so dimgP; < dimgP, < ---. By Lemma , we can henceforth fix x € X and
assume without loss of generality that P, :== { Sy,(z) : w € I" } for all n € N. It suffices to
prove that dimgP, < s for all n € N, which follows from the following claim.

Claim: For all s > max{fs,dimyP,}, for all n € N there exists B, € (0,00) such that
for all § € (0, 1] there exists a cover {Uf’"}j of P, such that § < \Uf’"| < 0% for all i and
> 1UP < By,

Proof of claim: Fix s > max{fg,dimyP;}. We prove the claim by induction on n.
Suppose n > 1 and assume the claim holds for 1,2,...,n — 1. Let § € (0,1]. By the
definition of Aj119x| in , for all j there exist Uf”{hl, L uontt C R4, each of

YA 421x) T
diameter 1
yN—
) s |Six1s (U )]
14 2|X| ’
such that

Ag142)x)

Sm—1 Sn—1

SxisUy" e |J v

k=1
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By the triangle inequality,
o,n—1 on—1 o,n—1 0
|Ss1x (U7 I < U714 21X16 < (142X DU | < (1+2[X])6"

Therefore & < [U07 | < 6% and |UJ " < (U™ for all j, k.

Let C5 == {w € I"!:|X,| <|X|§}. If w € Cs then there exists p, € Sip(X) N Py,
and there exists j such that p,, € Uj’"fl, so the neighbourhood set S‘X|5(Uf’n71) covers
Sw(X). Thus

Ad142/x|
PN Su(X) € Su(X) S Sy e | Uit (4.3.3)
k=1

If, on the other hand, w € 1"\ Cj, then | X|6 < | Xy| < |X|Ryw and §/R,, < 1. Consider

the cover {Ul§/ Rw’l}l of P; whose existence is guaranteed by the base case n = 1. For

each [, let W,,; be a set with diameter |W,,;| = maux{|Sw(U;S/R’”’1 N X)|,0} such that

Su(UP 1 1 X) € Wy, Since Py i= { Sw(@) : w € I}, the sets {S, (U7 n X))},

cover P, NSy, (X), so {Wy, 1} covers P, NS, (X). By the definition of R,,, for all [ we have

1S (U A X)) € Ry U 1 X < Ry U/, and also 6 = Rwd/ Ry < Ru|UY/ Y,
S0

§ < [Waa| € Ru|UY Y < Ry(6/Ry)? < 6°. (4.3.4)

Now, {Uj’: iy {Wy,} covers P, and the diameter of each element of this cover lies in
the interval [6, 6%]. Moreover, since |UJ‘.S’,?71| < \UJ‘.S’"71| for all j, k, and by (4.3.4),

Ad,1+2\X|
d.n—
Do D T D YWl
j k=1 weln\Cs 1
Sn—1 0/Rw,1
<Ad,1+2\X|Z|an * + Z RwZ|Ul/ °
j 1

J wel™\Cs

< Agiy21x1Bn-1 + Bién(s),

recalling the definition of ¢, from . Therefore letting By, :== Ag 149x|Bn-1+B19n(s),
since s > 0g, ¢n(s) < 00, so B,, < oo, and the claim holds by induction.

By Lemma we may assume that @ is invertible. Then holds by the same
proof as with dimg, 6% and (6/R,,)? replaced by ﬁq), ®~1(6) and ®~1(6/R,,) respect-
ively. In place of ([.3.4), R,® '(6/Ry) < 1(6) holds since ®(8)/6 N\, 0 monotonically
as 6 — 0T by assumption. O

Mauldin and Urbariski [MU1, Theorem 3.15| show that the Hausdorff dimension of
the limit set F' of a CIFS is h. In fact, this is true even if the cone condition is not
assumed (see [URM, Theorem 19.6.4|), but in this chapter we do use the cone condition
in the proof of Lemma (and hence Lemmas 4.2.10[ and [4.3.2]). We now use the fact
that h = dimpg F, together with the upper bounds in Theorem and Lemmas
and [£:3.2] to prove the main result of this chapter, Theorem [£.3.4] This gives the following

simple formulae for other dimensions of the limit set as the maximum of the Hausdorff
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dimension of the limit set and the corresponding dimension of any set P which intersects
each cylinder in exactly one point. Examples for the set P include { S;(z) : ¢ € I } for any
given x € X, as in [MUZ2], or the set of fixed points in X of the contractions S;.

Theorem 4.3.4. For all CIFSs with limit set F' and notation as above, for all subsets
P C X which intersect S;(X) in exactly one point for each i € I,

(i) dimgF = dimp F = max{h,dimpgP} (very similar to Mauldin and Urbariski [MU2,

Theorem 2.11] but with a more general condition on P)
(ii) dimgF = max{h, dimyP} for all 6 € [0,1]
(1i1) dim"F = max{h,diim(bP} if ® is monotonically admissible

Proof. follows from the case 6§ = 1 of and the fact that dimgF = dimp F by |[MU1,
Theorem 3.1].

For eachn € Nlet P, :=={z € X : x = Sy(x) for some w € I"}, so P, C F C X.
Then by Lemmas [4.3.2]and m dimg P,, < max{h, dimyP} for all n € N. Therefore by

Theorem

dimyF < max{h, 1i_>m dimg P, } < max{h, max{h,dimpP}} = max{h, dimgP}.
n—oo

But P, C F so since dimy is monotonic for subsets, by Lemma 4.3.2|, dimyP = dimyP; <
dimgF, and by [MU1, Theorem 3.15|, h = dimy F < dimgF, so max{h, dimgP} < dimyF.
Therefore dimgF = max{h, dimg P}, as required.
is similar to |(ii) O
A consequence is the following bounds for the lower versions of the dimensions in

Theorem [4.3.41

Corollary 4.3.5. For all CIFSs with limit set F' and notation as above, for all subsets
P C X which intersect S;(X) in exactly one point for each i € I,

(i) max{h,dimp P} < dimpF < max{h,dimgP}
(ii) max{h,dim,P} < dimyF < max{h,dimgP} for all § € [0, 1]
(iii) max{h,dim®P} < dim®F < max{h,diimq)P} if ® is monotonically admissible.

Proof. We prove and are similar. By Theorem dimyF < dimpF =
max{h,dimgP}. If Py is the set of fixed points in X of the maps {S;}ic; then by
Lemma dimyP = dimyP; < dimyF', and by [MUI1| Theorem 3.15|, h = dimpg F' <
dim,y F', so max{h,dim,P} < dimyF, as required. O

Question 4.3.6. Are the bounds in Corollary sharp or can they be improved in

general?
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If the fixed points are arranged to be at @ then by Falconer, Fraser and Kempton
|[FFK2, Example 1|, the intermediate dimensions of the set of fixed points will be 1 for all
6 € (0,1]. However, the contraction ratios can be made small enough (and tending to 0
rapidly enough) so that h < 1. In this case, the limit set and its closure will have the same
Hausdorff dimension as they differ by a countable set (namely the images of the point 0
under maps corresponding to finite words) by Mauldin and Urbanski [MU1, Lemma 2.1].
Therefore by Theorem [2.5.1] from page [42] the ®-intermediate dimensions can be used to
‘recover the interpolation’ between the Hausdorff and box dimensions of the limit set F' in
the sense that for all s € [h, 1] there exists an admissible function ®, with dim®* F = s.
Theorem can help to find these functions. It is possible for the intermediate
dimensions to be discontinuous at # = 0 even when the box dimension is less than 1. Indeed,
consider a countable compact subset P C R with box and Assouad dimension equal and
strictly between 0 and 1, so by |[FFK2, Proposition 2.4|, dimyp P = dimp P for all § € (0,1).
We may then choose a set of similarity maps whose fixed points form the set P and whose
contraction ratios are small enough that the system forms a CIFS with the Hausdorff
dimension of the limit set being smaller than dimpg P. Then the intermediate dimensions of
the limit set will be discontinuous at § = 0 by Theorem

Our results are also relevant to the dimension theory of infinite parabolic iterated function
systems. In such a system, each map S: X — X still satisfies ||S(z) — S(v)|| < ||z — ||
for all x,y € X, but finitely many of the maps may contain a parabolic fixed point p € X,
meaning that S(p) = p but the derivative of S (or an extension of S) at p has norm 1.
The other countably many maps must be uniformly contracting, and are called hyperbolic.
Manneville-Pomeau maps of the form z — x — x4 for fixed ¢ > 1 are examples of functions
with a parabolic fixed point at 0. The theory of parabolic IFSs has been developed by
Mauldin and Urbaniski in [MU3|, and they have also been studied in [BF2; MU4|, [Fral,
Section 9.2], and many other works. Given an infinite parabolic IFS as defined in [MU3,
Section 2|, one can associate an ‘induced’ uniformly contracting infinite CIFS (see [MU3,
Theorem 5.2|). It is clear that if F' is the limit set of the parabolic IF'S and F™ is the
limit set of the induced CIFS then F* C F' with F'\ F'* countable, and F' and F* have
the same closure. Therefore if dim is Hausdorff/box/intermediate/Assouad dimension,
then dim F' = dim F*. In particular, Theorem [4.3.4] can be applied directly to the induced
system to give information about the corresponding dimension of F. This is only relevant
for systems consisting of infinitely many hyperbolic maps (and finitely many parabolic
maps), because the limit sets of finite parabolic IFSs have equal Hausdorff and upper
box dimensions (see |Urb, Remark 6.6] and [MU4|). In |[BF2, Section 6|, however, we use
inducing to calculate the Assouad spectrum of a class of ‘parabolic Cantor sets’ (see [Urb]),

which are generated by finite parabolic IFSs.

4.3.3 An example and a first application

We use Proposition [3.2.10] from page and a result of Burrell, Falconer and Fraser to
give an application of Theorem to orthogonal projections. Dimension theory of
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orthogonal projections has a long history in fractal geometry, see [FFJ; |[Shm1|. There has
been particular interest in orthogonal projections of dynamically defined sets, where one can
often obtain more precise information than is provided by the general projection theorems,

see [HS; [Shm1|. The following example falls into this category. Recall the definition
Gpa = {z/||z|> 2 € {1P,2F,3P,.. .} }.

Example 4.3.7. Let p > 0 and consider a set of contracting similarity maps on R? with
fized points lying in the set Gpo from Proposz'tion with no two maps having the
same fized point. Assume the contraction ratios are small enough that the system forms a
CIFS, with limit set F, say, and small enough that dimg F < 1. Then by Theorem [{.3.])

and Corollary

20
dimg F = dimy F, ——§
1My max { 1My P + 9 }

which is continuous at § = 0. Therefore by Burrell, Falconer and Fraser’s Theorem
from page there exists ¢ < 1 such that dimpm(F) < ¢ for every orthogonal projection
7: R? = R, and dimpn(F) = ¢ for almost every orthogonal projection 7 (with respect to
the natural measure on projective space). This conclusion is perhaps most interesting when

p is very close to 0 (and so dimp F' is very close to 2) and dimy F' is very close to 1.

More generally, if 1 < k < d are integers and the contraction ratios lie on G, 4 and

dimy F < k, then dimp7(F) < k for every orthogonal projection m: R% — RF,

4.4 Continued fraction sets

4.4.1 Real continued fractions

In this section we apply Theorem [£.3:4] to give information about sets of irrational numbers

whose continued fractions have restricted entries, as in the following definition.

Definition 4.4.1. For a non-empty, proper subset I C N, define

1
Fr=42€(0,)\Q:2=——5—,bp €1 forallneN
b1+b2+i

The following lemma shows why our general results can be applied in this setting.
Lemma 4.4.2. Working in R, letting X = [0,1] and V := (—1/8,9/8),
(i) If 1 ¢ I then { Sp(x) :=1/(b+x):be 1} is a CIFS with limit set Fr.

(i) If 1 € I then {Sp(z) =1/(b+=z):bec I,b+# 1}U{Slb(x) ::Hll:bel} is a
CIF'S with limit set F7.

1+4+x
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Proof. is verified in [MU2, page 4997|, and can be verified similarly, noting that
when 1 € I the different CIFS is needed to ensure that the system is uniformly contractive,
because the derivative of z — 1/(1 +z) at z =0 is —1. O

It follows from [MU1, Theorem 3.15| that dimy F; = h; the Hausdorff dimension of
such limit sets has been studied in |[CLU; HUZ2; |Ing; KZ; [IMU2| and other works. It follows
from [MU2, Theorem 2.11] that dimgF; = max{h,dimg{1/b:b € I }}. In Theorem
we apply Theorem to give information about the intermediate dimensions of F7.

Theorem 4.4.3. Using the notation in Definition [[.4.1], for all non-empty proper I C N,
(i) For all 0 € [0,1],
dimgF; = max{h,dimg{1/b:bec 1}};
max{h,dimy{1/b:b € I}} < dimyF; < max{h,dimy{1/b:b € I}}.

(ii) The maps 0 — dimgF; and 6 — dimyF; are continuous at 0 = 0.

Proof. Case 1: Assume 1 ¢ A. Then the result follows from Theorem and
Corollary [4.3.5|[(i1)] if we take P = {S(0):be I} ={1/b:be}.

Case 2: Assume 1 € A. Since the map z + 1/(1 + x) is bi-Lipschitz on [0, 1] and dimg

is stable under bi-Lipschitz maps,

- 1 -
di = di 1/b:bel}.
1m9{1+117} 11119{/ }
Since the removal of finitely many points from a set does not change its dimension,
dimp{1/b:beI,b#1}=dimp{1/b:beI}.

It is clear from the definition that dimg is finitely stable, so the equality for dimyF; follows

from Theorem (i1)| if we take
1
P = u{1/b:bel,b#1}.
{Hi} (/ #1)

The lower bound holds since
max{h,dimg{1/b:b € I }} = max{dimy F7,dimg{1/b: b€ I[,b# 1}} < dimyFy

by [IMU1, Theorem 3.15].
For all 0 € (0, 1],

dimgF; = max{h,dimg{1/b: b€ I}} by [(@)]
< max{h,dimp{1/b: b N}}
= max{h,0/(1+6)} by [FFK2, Proposition 3.1]
P max{h,0} = h = dimy F; = dimgF; by [MU1, Theorem 3.15],

so 0 +— dimgF; is continuous at # = 0. Since dimyg F; < dimyFy < dimgF; for all 6 € [0, 1]
it follows that 6 — dimyF7 is also continuous at 6 = 0. O
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The following example is similar to [MU2, Theorem 6.2]; we consider a nice family of

subsets I which result in the upper and lower intermediate dimensions coinciding.

Corollary 4.4.4. Fixp > 1 and forl € N, [ > 2 define
Ly ={|n"] :n>1}.

Then the intermediate dimensions of the continued fraction set exist and are given by
. . 0
dimg Fy,, = max { dimg Fy,_,, e (4.4.1)
Moreover, there exists ¢ € N such that for all l > q we have
di a4 1
1myg Ffp,z < dimp FIp,l = m
Proof. Since I,; is bi-Lipschitz equivalent to a cofinite subset of {77 : i € N}, [FFK2,

Proposition 3.1| gives

0

for 6 € [0, 1]. Therefore the bounds in Theorem coincide and (4.4.1]) holds. It was
shown in [MUI1} Section 3| that fg = inf{¢ > 0:¢1(t) < oo }. But there exists C > 1 such
that 1/(Cv?) < ||S}]| < C/b? for all b € N. Therefore, since

((nP)=)MCP =3 "7t = oo
n=1 n=1
AP => n?/ <00 forall s >1/(2p),
n=1 n=1

it follows that the finiteness parameter 07,, = 1/(2p) and so dimg Fy,, > 1/(2p). But
in [MU2, Theorem 1.5] Mauldin and Urbanski showed that 0 , is the infimum of the
Hausdorff dimension of cofinite subsystems, so dimy Fy,, — 1/(2p) as | — co. Since
1/(2p) <1/(p+1) =dimp{1/b:b € I, }, for all sufficiently large [ we have dimy F,, <
dimBFlp’l = 1/(p+ 1). ]

The graph of the intermediate dimensions of the continued fraction set from Corol-
lary in the case p = 2 and [ large enough that 1/4 < dimgyg FIN < dimp Ffp,z =1/3is
the black curve in Figure [£.2] Note that the intermediate dimensions of the graph of the
popcorn function in Figure [3:3] on page [62] has a similar form.

Recall the discussion in Section [I.4.2] Example .45 shows that the intermediate
dimensions can give better information about Holder exponents than either the Hausdorff

or box dimensions.

Example 4.4.5. Let p,q be such that 1 <p < ¢ <2p—1 < co. As in Corollary[{.4.4 there
exists | € N large enough so that if I,,; .= { [nP] : n > 1} then

1/(2p) <hp <1/(¢+1)<1/(p+1)
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where hy is the Hausdorff dimension of the continued fraction set dimy Fp,,, and then
dimy Fy,, = max {hp, [%}. Similarly, if I, is a subset of N whose symmetric difference
with { [n?] : n € N} is finite then dimg Fj, = max{hq, qfo@}, where hq = dimyg Fr,. If
1, is also such that hg € (%, q%) and f: Fi, — R is an a-Hdlder map such that

f(F1,) 2 Fy,, then (L.4.7) gives the best upper bound for o when 6 = 1q_h;iq, when

0 qhg

a~'hg = o~ dimg Fy, > dimg f(Fy,) > dimg Fy,, =

and so
o< p—phq+qhq'
q
Using the Hausdorff dimension merely gives that o < hq/hy, and the box dimension merely
gives o < %. The intermediate dimensions of the two sets and the upper bound with a

certain choice of parameters are plotted in Figure [{.2

hq/hp e saresasesasass e et sasa R s mAe i asasasa su e man, .

p—phg+qhg | ASOTRTS
q

y =dimg £y, = max {h;,. prﬁ}

———- Y =dimy I}, = max {hq. q-%ﬂ}

....... y = dimg Fi, / dimg Fi,, (upper bound for «)

Figure 4.2: Graph of the intermediate dimensions of the real continued fraction sets in
Example and the upper bound for « against 6 in the case p = 2, ¢ = 2.9, hy, ~ 0.26,
hq = 0.22.

In the following corollary of Theorem we apply results of Burrell [Bur2| to give
some consequences of the continuity of the intermediate dimensions of continued fraction
sets for dimensions of images of F7 under index-« fractional Brownian motion. Perhaps the
most interesting part of Corollary is the sufficiency of the condition o > h for the
upper box dimension of the image to be strictly less than 1; this is an example of how the

intermediate dimensions can be used to obtain information about the box dimension of sets.
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Corollary 4.4.6. Let a € (0,1) and let By: R — R denote indez-« fractional Brownian
motion. Then for all non-empty, proper subsets I C N, recalling that h = dimg F7,

(i) The maps 0 +— dimgB,(F) and § + dimyB,(F;) are almost surely continuous at
6 =0.

(i) If & > h then almost surely

h/a = dimg BQ(F]) < diimBBa(F[) < 1.

(1ii) If o < h then almost surely

dimH Ba(FI) = diIIlB Ba(F]) =1.

Proof. [(i)] follows immediately from Theorem and Burrell [Bur2, Corollary 3.5].
[()] The set Fy is the limit set of a CIFS so it is Borel (see the discussion after
Lemma [4.2.10)), so Kahane’s general results [Kah, Chapter 18] give h/a = dimy Bo(F7)
almost surely. The middle inequality is a general property of the dimensions, and
dimp B, (F) < 1 almost surely by Theorem and Burrell [Bur2, Corollary 3.7].
follows from Kahane |[Kah, Chapter 18] since F7 is Borel. O

Note that since dimp B, (F)),dimpBa(Fr) € (dimyg B (Fy), dimp B, (Fr)), if @ > h
then almost surely dimp B, (Fr) < 1 and dimg B, (F7) < 1. On the other hand, if & < h
then almost surely dimp B, (Fr) = dimp B, (F7) = 1.

4.4.2 Complex continued fractions

In this section we study sets of complex numbers which have a complex continued fraction

expansion with restricted entries. For a non-empty I C {m +ni: m € N,n € Z}, define

1
Fr=¢2€eCiz=—F—bypelforallneN
bo+ -

If 1 ¢ I then it can be verified, as in [MU1, Section 6|, that if 1 ¢ I then {Sy(z) =
1/(b+ z):be 1} isa CIFS with limit set Fy, with X C C being the closed disc centred at
1/2 with radius 1/2, and V = B(1/2,3/4). If 1 € I then S is not uniformly contracting
but it is straightforward to verify that

{Sp(z) = 1/(b+z):b€],b7é1}u{51b(z) ::lH_ll:bEI}

142

is a CIFS with the same limit set. By [MU1, Theorem 3.15], the Hausdorff dimension can
be determined by the topological pressure function, and has been studied in [HU1| with
estimates given in [MU1|, Section 6] and [FN; |GM; [Ing; Pri|.
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Theorem 4.4.7. Using the notation above, for all € [0, 1],
(i) For all 0 € [0,1],

dimgF; = max{h,dimg{1/b:be I}};
max{h,dimy{1/b: b€ I}} < dimyF; < max{h,dimg{1/b:b € I}}.

(ii) The maps 0 — dimgF; and 6 — dimyF; are continuous at 0 = 0.

Proof. We sketch the proof as it is similar to the proof of Theorem [4.4.3]

follows from Theorem m
follows from |(1)|since { 1/b : b € I } is the disjoint union of bi-Lipschitz copies of two

subsets of G2, whose intermediate dimensions are continuous by Proposition @ O
Corollary 4.4.8. Forp € (1,00) and R € [0,00) let
I, r={|mP|+ [nP]i:n,m e N}\ B(0,R).

Then o0
dlmg FIPYR = max {dlmH FIPVR’ p—i-e} 5 (442)
and for all R sufficiently large, dimy Fr, , < dimp Fy, , =2/(p +1).
Proof. The set {1/b:b € I} is bi-Lipschitz equivalent to a cofinite subset of the set G, 2
from Proposition SO
20
p+6
Therefore the bounds in Theorem coincide and (4.4.2)) holds. For all ¢ > 0, writing

~ to mean up to multiplication by a positive, finite function of ¢, p and R and/or addition

dimg{1/b:bel} =dimy G, =

by a real-valued function of ¢, p and R, and using the convention that aco = 0o 4+ ¢ = o0

for a € (0,00) and ¢ € R, we have

O SR

bEInR

~ Z b2 (Koebe distortion theorem)
bEImR

>y w

n=0 bEIp’R
2ng|b|<2ntt
[e.9]
~ > #{bel,p: 2" < b < 27T }(2m)
n=0
[e.9]
~ Z(2n/p)2(2n)—2t
n=0
oo
— Z4H(P_1—t)‘
n=0
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Therefore the finiteness parameter 67, , = 1/p. By [MU2, Theorem 1.5],

1 2

dimyg F;, , —— — < ,
H5 DR R—oo D p+1

as required. O
Again there are consequences for fractional Brownian images.

Corollary 4.4.9. Let a € (0,1) and let B,: C — C denote indez-« fractional Brownian
motion (identifying C with R?). Then for all non-empty I C {m +ni: m e N,n € Z},

(i) The maps 6 v dimgB,(Fr) and 6 — dimy B, (Fy) are almost surely continuous at
6 =0.

(i) If o > (dimy F7)/2 then almost surely

(dimy Fr)/a = dimy Ba(Fr) < dimp B, (Fy) < 2.

(11i) If a < (dimy Fr)/2 then almost surely dimyg B, (F7) = dimp B, (F7) = 2.

Proof. This follows from Theorem [£.4.7] in a similar way to how Corollary follows
from Theorem [4.4.3] O

Since dimp By, (Fy),dimg B, (F) € (dimy Bo(Fr),dimp By (Fy)), if a > (dimy Fy)/2
then almost surely dimp B (F7) < 2 and dimgB, (F7) < 2, whereas if a < (dimy F7)/2
then almost surely dimp B, (F7) = dimp B, (F7) = 2.

4.5 (Generic attractors

4.5.1 Background and motivation

Often, and especially in non-conformal settings and in the presence of overlaps, it is difficult
to compute the dimension of a particular IFS attractor. In a seminal paper from 1988 [Fal2]
Falconer introduced the idea of studying the generic dimension of a (finitely generated)
self-affine set by fixing a set of matrices and then randomising the translations in a suitable
way. It turns out that, for Lebesgue almost every choice of translations, the Hausdorff
and box dimension of the associated self-affine set are given by the affinity dimension: a
dimension formula depending only on the matrices.

Kéenmaiki and Reeve |KR]| extended Falconer’s approach to the theory of infinitely
generated self-affine sets. Here one needs to randomise infinitely many translations, and do
so in a manner which outputs a bounded set. As such, the natural space to draw from is VN
for some bounded set V' C R? with positive d-dimensional Lebesgue measure L£4(V) > 0.

For convenience from now on we assume V = [0,1)%. The space VN carries a natural infinite

p=]~Lav.

1€EN

product probability measure
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Kéenméki and Reeve proved that if one fixes an infinite collection of strictly contracting
matrices on R? and randomises the translations according to x, then the Hausdorff dimension
of the associated attractor is almost surely given by the natural extension of the affinity
dimension to the infinite case. In comparison with Falconer’s result, this notably omits
the box dimension. There is good reason for this since the box dimension of an infinitely
generated attractor depends much more sensitively on the translations themselves, as we
have seen above.

We show here that almost surely the box dimension is d, that is, the ambient spatial
dimension. In fact we show more. We show that for an arbitrary IIFS (not necessarily
consisting of affine maps), the associated attractor is generically somewhere dense, and
therefore the box and intermediate dimensions are all generically equal to d. Moreover,
generically can refer to either py-almost surely, or for a comeagre set of translates (topolo-
gically generic). If one equips VY with a topological group structure as the infinite product
of the group V under addition mod 1 with the product topology, then being prevalent in
the sense of |Chr; [EN} HSY; |OY] is the same as holding p-almost surely.

4.5.2 Results

Fix an IIFS {S;}ien defined on [0,2]¢ with the property that S;([0,2]¢) C [0, 1] for all
i € N. For t = (t1,t2,...) € VN let F; denote the attractor of the IIFS {S; + t;};en with
S; + t; defined on [0,2]¢ by (S; + t;)(x) = S;(x) + t;. We assume throughout that the
contraction ratios of the maps S; only accumulate at zero. The assumption that [0, 2]¢
maps into [0, 1] is to ensure the maps can be composed with translations in a well-defined
way.

Write fix(g) to denote the unique fixed point of a contraction g on [0, 2]¢. We use the
following simple lemma to relate random translations to random fixed points. Fixed points

are useful because they necessarily belong to the attractor.

Lemma 4.5.1. Let u € V, g be a contraction on [0,2]% with g([0,2]%) C [0,1]%, q € [0,2]¢,
and 6 > 0. Then

fix(g +u) € B(q,9) & u € B(q— g(fix(g + u)),d).
Proof. By the definition of a fixed point,

fix(g +u) € B(q,0) & ||fix(g +u) —q|| <0
< [lg(fix(g +u)) +u—ql|[ <6
< u € B(q — g(fix(g + u)),d),

as required. O

Theorem 4.5.2. For u-almost all t € VN, the attractor F; is somewhere dense in [0, Q]d,
so for all 6 € (0,1],
dimg Ft = dlmB Ft =d.
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Proof. Let z € [0,1]¢ be an accumulation point of the set {fix(S;)};. We prove that Fj is
almost surely dense in the explicit (unit) square V + z. The idea is that for infinitely many
7 € N the fixed point of S; will be close to z and the contraction ratio of S; will be small,
so if the fixed point of S; + t; is far away from a given point ¢ € V' + z then t; must be far

away from ¢ — z, which we use to bound the measure. We have
{t evh . F} is nowhere dense} - {te VN F} is not dense in V—i—z}

c U U {tEVN : \ﬁeN,ﬁx(siHi)ng(q,é)}
q€(V+2)NQ4 5eQt

- U U {tEVN L VieN, ti¢B(qui(ﬁx(Si+ti)),6)} (Lemma [15.1)

qe(V+2)NQd eQt

= U U ) T

¢€(V+2)NQ4 6€Q+ N=1

where for N € N,

N 0o
Tys.N = <H{t eV :llqg— Si(fix(S; +t)) —t|| = 5}) H 1%

i=1 j=N+1

Foreachi e N, {t € V : ||¢— S;(fix(S; +1t)) —t|| = ¢ } is a Borel set as it is the preimage
of [§,00) by a continuous function, so each T, s n is p-measurable. By definition of z we
can find infinitely many i € N such that the maximum of ||fix(S;) — z|| and the contraction
ratio of S; is less than 6/10. For all such i € N, if t € B(¢ — 2,6/2) NV then

llg = Si(fix(Si + 1)) =t < [lg = 2 — 1| + [[z = fix(Si) || + [[fix(Si) — S (fix (S + )]
LA
10 10

<.

Therefore for infinitely many i € N,

calte vl xS+ 0) o > 07) <120t (BRI

where kg is the d-dimensional Lebesgue measure of a ball in R? of unit radius. This uniform
bound away from 1 is independent of i, so for all ¢ and 0, u(7T,s5n) — 0 as N — oo,

s0 i) Tys,n is p-measurable (as the countable intersection of pi-measurable sets) with

p(Niey Tys.n) = 0. Therefore

J uUnr

q€(V+2)NQ4 6eQt i=1

is a countable union of p-measurable sets with u-measure 0, so it is itself u-measurable

with p-measure 0, which proves the result. O
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Next, we establish a topological result. We endow VY with the Hilbert cube metric

o0 '—S,L' 2
it ) = (Z”“ sl )
i=1

noting that this generates the product topology on V. Recall that a subset of VN is called

1/2
b

residual or comeagre (topologically generic) if it contains a countable intersection of open
dense sets. Note that V' is homeomorphic to the separable complete metric space [0, ),
so V is a Polish space, hence the countable product VY is also a Polish space. The Baire
Category Theorem therefore implies that VY is a Baire space, meaning that residual subsets

are dense.

Theorem 4.5.3. For a residual set of t € VN, the attractor Fy is somewhere dense in
[0,2]¢, so for all § € (0,1],
dimg Ft = dlmB Ft =d.

Proof. Let z € [0,1]¢ be as in the proof of Theorem [4.5.2, Then

{t evh . F} is somewhere dense }
D) {tEVN : Fj} is dense inV+z}

= N N {teVN : EieN,ﬁX(Si+ti)€B((J75)}
ge(V42)NQd 6€Q+

- N N {t eVN . JieN t; € Blg— Si(fix(S; +:)),0) } (Lemma [£5.1)
ge(V+2)NQe 6eQ+

- N Nt

qe(V+42)NQ? 6€Q+

Fix ¢ € (V+2)NnQ% and § € Qt. The set Ty, is immediately seen to be open since
fix(S; + t;) is continuous in ¢; and we use open balls. Moreover, it is also dense since an
element ¢t € VN may be approximated arbitrarily well in the metric d within the set 7, 0,5 by
replacing t; with ¢ — z for sufficiently large i. O

Remark 4.5.4. In the above setting, all the contraction ratios were bounded above by 1/2,
but we can easily avoid this. Indeed, fix any ¢ > 0 and fiz any IIFS {S;}ien of contractions
defined on [0,1 + c]¢ satisfying S;([0,1 + ¢]?) C [0,1]¢ for alli € N. Then the contraction
ratios are bounded above by l%c and we assume they accumulate only at 0. We can let
V= [O,C)d, and again VN can be equipped with a natural probability measure by taking
the infinite product of the Lebesque measure on V and then normalising. Moreover, VN
can be equipped with a topological group structure by taking the infinite product (with the
product topology) of the group V under addition mod ¢ on each of the d coordinates. If
t = (t1,t2,...) € VN then {S; + t;}ien is an IIFS of contractions on [0,1 + c]¢, with
limit set Fy, say. Similar proofs show that under the assumptions of either Theorem
or Theorem Fy is somewhere dense in [0,1 + c|?, so the same conclusions about
dimensions hold.
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Under the assumptions of either Theorem or Theorem either in the setting of
those theorems or in the more general setting of Remark the attractor F; is somewhere
dense. This means that if dim is any notion of dimension which is stable under closure, for
example any of the ®-intermediate or Assouad type dimensions, then dim F; = d. If all of
the S; are bi-Lipschitz, then by a result of Mauldin and Urbanski [MU1, Theorem 3.1| the
upper box and packing dimensions of the attractor coincide, so under the assumptions of
Theorem |4.5.2| or |4.5.3] it holds that dimp F; = d.
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Chapter 5

Bedford—McMullen carpets

5.1 Introduction

5.1.1 Self-affine carpets

In this chapter, which is based on |[BK1| (joint with I. Kolossvary), we consider self-affine
sets, which are the attractors of IFSs consisting of affine contractions. The dimension theory
of self-affine sets (surveyed in |Fal5|) is broadly divided into two strands of research. The
former is concerned with verifying that in many ‘generic’ situations the Hausdorff and box
dimensions coincide with Falconer’s affinity dimension |[BHR} [Fal2|. This chapter, however,
is concerned with the exceptional theory, where the dimensions can take different values,
and the intermediate dimensions are therefore relevant. In particular, self-affine sets in
the plane for which the matrices of the defining contractions are diagonal are often called
‘carpets,’” and various models with different levels of generality have been studied |Barlj
Bed; FW} [KP1; LG; McM]. The three-dimensional versions are often called sponges, and
surprisingly a class of such sets appear in the paper [DS1] as the first examples of expanding
repellers whose Hausdorff dimension is not attained as the Hausdorff dimension of any
ergodic invariant measure; it is not known whether a repeller with this property exists in
the plane. There are many interesting open problems about self-affine sets, such as whether
the box dimension of every self-affine set exists.

In this chapter, we work with the simplest model of self-affine carpets, which were
originally introduced independently by Bedford |Bed| and McMullen [McM]. A Bedford—
McMullen carpet A is a subset of the plane, but can also be viewed as an invariant subset
of the 2-torus [0,1)? under the toral endomorphism (x,y) — (mz mod 1,ny mod 1).
Figure shows a simple example of a Bedford-McMullen carpet with distinct Hausdorff
and box dimension. The three shaded rectangles show the image of [0, 1]? under the three
maps in the IFS, and the attractor is also shown. For this carpet, dimyg A =~ 1.34968 <
1.36907 = dimg A. These carpets can be realised as cross-sections of invariant sets of
discrete dynamical systems given by iterating three-dimensional horseshoe maps, showing
that dynamically invariant sets can have distinct Hausdorff and box dimensions. We refer

the interested reader to the survey |Frad| for background on the dimension theory of these
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carpets. Our main objective is to determine a formula for the intermediate dimensions of all
Bedford—McMullen carpets. In the process, we uncover new interesting features about the
form of the intermediate dimensions and make an unexpected connection to multifractal

analysis and bi-Lipschitz equivalence of these carpets.
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Figure 5.1: A Bedford-McMullen carpet with non-uniform fibres. The images of [0,1]?

under the iterated function system generating the carpet are shaded.
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These carpets are constructed by splitting [0, 1]% into m columns of equal width and n

rows of equal height for some integers n > m > 2 and considering maps of the form

_[(1/m O x (t—1)/m
ro= () ) (G
for the index set (7,7) € A C{1,...,m} x{1,...,n}. The attractor

A= U fap@)

(i,5)eA
of the IFS F = {f(; j)}(ij)ea is called a Bedford-McMullen carpet. Fix notation

_ logn

’Y'_l
ogm

For the remainder of the chapter, we index the maps of F byi € {1,...,N}. Let 1 < M <m

denote the number of non-empty columns and N := (Ny,..., Nys), where Nj is the number
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dimg A = 1.37

dimy A = 1.35

0 v 2 v! 1

Figure 5.2: The graph of the intermediate dimensions of the Bedford-McMullen carpet from
Figure [5.1] is plotted in blue, using the formula obtained in this chapter. Note that there
are countably many phase transitions (one at each negative integer power of 7, the first

three of which are labelled). Certain bounds which were obtained previously are plotted in

of maps f; that map [0, 1]? to the j-th non-empty column. Observe that N = Ny +---+ Nj;.
Let Pjs denote the set of probability vectors on {1,..., M}. The entropy of q € Py is

M
H(q)=—_ glogq;,
=1

where we use the convention that 0log0 = 0. We introduce

_ (M Ny (1 1
P_(Pl,...,PM)._<N,...,N> and Q._<M,...,M>.
For q € Py, it holds that H(q) < log M with equality if and only if ¢ = Q. For the entire

chapter, we also introduce
1M
t= i Z;logNj and t:=logN — H(P). (5.1.1)
]:
We say that A has uniform (vertical) fibres if and only if P = Q, in other words each

non-empty column has the same number of maps. Bedford and McMullen showed that the

Hausdorff and box dimensions of A are equal to

M
. . 1 logm/logn
dimyg A = ogm log <j2_1 N; , (5.1.2)
log N 1 log M
dimpg A = —8°% 4 (1 28T ©80% (5.1.3)
logn logn / logm
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In particular, dimpy A = dimp A if and only if A has uniform fibres, meaning that N; takes
the same value for each 7 € {1,..., M}. In this case, 6 — dimg A is just a constant function.
Therefore, we assume throughout that the carpet has non-uniform fibres, in which case the
appropriate dimensional Hausdorff measure of A is infinite |Per|. Using the concavity of the
logarithm function, an immediate consequence of non-uniform fibres is that ¢t < log(N/M).

Carpets with uniform and non-uniform fibres are shown in |Frad, Figure 15.1].

5.1.2 Previous results

Previous papers on the topic [FFK2; [Frad; Koll| have established crude bounds for
the intermediate dimensions and speculated about the possible form. The question of
determining the intermediate dimensions of all Bedford—McMullen carpets was explicitly
asked in |Fal8; FFK2; Fra4; Koll]. Loosely speaking, the results of Falconer, Fraser and
Kempton |[FFK2| concentrate on the behaviour of dimg A for 6 close to 0, while the results
of Kolossvary |[Koll| concentrate on the behaviour for § > 1.

A linear lower bound for the intermediate dimensions of Bedford—McMullen carpets
with non-uniform fibres was obtained in [FFK2| which shows that dimyA > dimg A for
every 6 € (0,1]. For many carpets, but not all, a lower bound in |Koll| performs better
than the linear bound and general bounds such as Corollary from page [56| for large
values of 6. The lower bound depicted in Figure |5.2|is the best combination of these results.
Falconer, Fraser and Kempton |[FFK2, Proposition 4.1] show an upper bound of the form
dimgA < dimg A + ¢/(—log#) for an explicit ¢ > 0 and @ sufficiently small. In particular,
this implies that 6 — dimyA and § — dimgA are continuous also at § = 0. Hence, the
results of Burrell, Falconer and Fraser [BFF1, Section 6] and Burrell [Bur2), Section 3| can
be applied. For example, if dimg A < 1 then dimp7(A) < 1 for every orthogonal projection
7 from R? onto a 1-dimensional subspace, regardless of the value of dimg A. For almost
every projection, dim,7(A) and dimgm(A) are continuous at 6 = 0, and if v ¢ Q then this
holds for every orthogonal projection. Furthermore, if By, : R? — R? is index-h fractional
Brownian motion, then 6 + dim,Bj,(A) and 6 +— dimyBy,(A) are almost surely continuous,
and if A > (dimyg A)/2 then almost surely dimpBj(A) < 2.

A cover of A is constructed in |Koll| using just the two extreme scales to obtain an
explicit upper bound of the form dimgA < dimp A — A(f) for 6 > v~1, where A(#) \, 0
as # — 1 and has a strictly positive derivative at § = 1. This bound was used to show
that dimgA is not concave for the whole range of 6 in general, already hinting at richer

behaviour than previously witnessed in other examples. Figure shows this upper bound.

5.1.3 Summary of results

The formal statements are presented in Section In Theorem [5.2.1] we state an explicit
formula for dimyA = dimgA for all §, thus fully resolving the problem of calculating the
intermediate dimensions of all Bedford-McMullen carpets A. For illustration see Figure
where 6 — dimg A is plotted for the carpet from Figure Central to the formula is a large
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deviations rate function for which we give three additional equivalent characterisations in
Proposition [5.2.11} one in terms of a pressure-like function, another as a certain probability
vector with an entropy maximising property, and finally a relationship to the multifractal
spectrum of the uniform self-affine measure on A. In the proof of Theorem [5.2.1] we
construct a cover of A that uses an increasing number of different scales in the permissible
range as § — 0. We also show in Corollary [5.2.2] that using more than two scales is
necessary.

In Corollary [5.2.3] we prove all the features suggested by the plot in Figure about
the form of the intermediate dimensions for all carpets. Namely, 6 +— dimg A is strictly
increasing and has phase transitions at all negative integer powers of v. Between consecutive
phase transitions the intermediate dimensions are analytic and strictly concave. Moreover,
for § small enough dimg A behaves like dimy A + ¢(log #) ~2. In particular, the derivative
tends to +00 as & — 0. No previous family of sets has shown such rich and complex
behaviour. Some illustrative examples are presented in Section

We show in Theorem [5.2.5] that two different carpets with non-uniform fibres have equal
intermediate dimensions for every 6 € [0, 1] if and only if the multifractal spectra of the
uniform Bernoulli measure on the two carpets are equal. If, in addition, it is assumed that
the two carpets are defined on the same grid, then Theorem [5.2.5| provides further equivalent
conditions for their intermediate dimensions to be the same: a certain condition on the
rate functions appearing in the formula or certain relationships between the parameters
of the carpets, or the equality of the intermediate dimensions on any one open interval
of [y~%,1]. Our main application relates to bi-Lipschitz equivalence. It is known [RYZ,
Corollary 1.1] that the equality of these multifractal spectra is necessary for two carpets to
be bi-Lipschitz equivalent if it is assumed that the two carpets are defined on the same grid
and are totally disconnected. Since bi-Lipschitz maps preserve intermediate dimensions,
Theorem [5.2.5] implies that both of these assumptions can be dropped, see Corollary [5.2.10]
In Proposition [5.2.14] we construct two carpets which are not bi-Lipschitz equivalent by
Corollary but where this does not follow from [RYZ]. This is the first instance where
intermediate dimensions are used to show that two sets are not bi-Lipschitz equivalent,
but where this fact does not follow from any other notion of dimension or existing result.
For this example, we also use the intermediate dimensions to give estimates on the Holder
distortion of the two carpets.

For comparison, we mention that the calculation of the Assouad spectrum of Bedford—
McMullen carpets [FY1] is not as involved as the proof of Theorem for the intermediate
dimensions. Indeed, the intermediate dimensions are more subtle in that they depend on
all the V; individually, as does the Hausdorff dimension. This is in contrast to the Assouad
spectrum (and indeed the lower spectrum and the box, packing, Assouad, quasi-Assouad,
lower and quasi-lower dimensions) which depend only on m,n, N, M, max;<;<p N; and
min;<;<pr N;, see [Frad|. The Assouad spectrum also has just one phase transition at

1

0 = ~~*, which occurs when the spectrum reaches the Assouad dimension and thus is

constant for 6 € (y~1,1).
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5.2 Results and examples

5.2.1 Main result: formula for intermediate dimensions

Recalling (5.1.1), let ¢ € (¢,¢). This is a non-empty interval because non-uniform fibres
implies that t < log(N/M) < t. Let X1, Xa,...,X,... be a sequence of independent and
identically distributed random variables taking values in the set {log Ny, ...,log Ny}, with

]P(X1:logNi):%-#{je{l,...,M}:Nj:Ni}. (5.2.1)

Then t is the expectation of X;. The large deviations rate function of the average % E;'le X;

I@):sup{ bg( E:N*>} (5.2.2)

AER

is

noting that ﬁ Z;‘il Nj’\ is the expectation of e*X1. For t € [t, maxy <i< s log IV;), differenti-
ating shows that the supremum in the definition of I(t) is attained at the unique A > 0
satisfying t = wa 1 % log N;. This allows I(t) to be calculated numerically. On this
interval, I(t) is real ajﬂalytlc (as the Legendre transform of an analytic function). The
derivative I'(t) > 0 is the value of A\ at which the supremum is attained and I(t) is strictly
increasing for ¢ € [t, maxlog N;]. Moreover, I”(t) > 0, so the function is strictly convex on

this interval. Some particular values of interest are

I(t) =0, I'(t)
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see |[DZ, Lemma 2.2.5]. Moreover,

I( max log N;) =log M —log#{j€{1,...,M}: N;= max N},
IisM 1<k<M

and

I'(t 5 t log IV;
(t) > 00 as —>(11<I%E<l}]§40g ).

For s € R, we define the function Ts: R — R by

log M

T,(t) = <s - ) logn +~I(t). (5.2.3)

logm

For ¢ € N we denote the composition by Tf i=Tso0---0Ts, and T? denotes the identity
N——_———

¢ times
function. We use the sequences (t¢)7; = (t¢(s))72, defined by
_ log M
b1 B
te(s) =T, ((s logm> log n) . (5.2.4)

Note that these depend only on s and the carpet, but not on 8. Observe that Ts(t) = t1(s)
for all s € R. We are now ready to state the main result of this chapter (see Section for

the rather involved proof).
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Theorem 5.2.1. Let A be a Bedford—McMullen carpet with non-uniform fibres. For
all @ € (0,1), dimg A exists and is given in the following way. For fized § € (0,1) let
L=1L() =1+ H;;gveJ; soy b <0 <y, Then there exists a unique solution
s = s(0) € (dimg A, dimp A) to the equation

vEGlog N — (720 — 1)tr(s) + (1 —~L710)(log M — I(t1(s))) — slogn =0,  (5.2.5)
and s(0) = dimy A.

In the case L = 1 the formula (5.2.5)) simplifies to

. 1 1
dlmBA—@ 9_1> I(t]_(S))_S—O

If 6 === for some L € N with L > 2, then it becomes

1 1
imp A — 1—— _ —s=0.
dimp log ( V) I(tp—1(s)) —s=0

Theorem and Corollary below fully resolve |Frad, Problem 15.8.1] and the
questions about Bedford-McMullen carpets in Falconer’s survey paper |Fal8, Section 14.§],
and indeed provide more information. In particular, this is the first time it has been
shown that the intermediate dimensions of Bedford-McMullen carpets exist for 6 € (0, 1).
Tools used in the proof include the method of types (see |Kol2|) and a variant of a mass
distribution principle for the intermediate dimensions, see Proposition from page
The proof of the upper bound involves the construction of an explicit cover using scales
5,867,867 .. 57 and 610 §Y/00) . §1/("7'0) This cover consists of approzimate
squares, which we define in Section We decide which parts of each approximate square
to cover at which scale depending on how the different parts of the symbolic representation
of the approximate square relate to each other. The proof simplifies when 6 > 1/ (where
we just use the smallest and largest permissible scales), and when 6 = v~ for k € N (where
we use scales 6,02, ... ,(Wk due to scales ‘lining up’). Note that the cover jumps from using
2k scales when 6 € (%, 4~ (=1) to using 2k + 2 scales when 6 € (v~ 1D ~=*) (and uses
only k scales when § = §~%), which gives an indication of why one might expect a phase
transition at § =y,

For sets whose intermediate dimensions have previously been calculated such as spir-
als [BFF2|, sequences [FFK2, Section 3.1], and concentric spheres and topologist’s sine
curves |Tan|, only the two extreme scales were used in the cover. Several of the results in
this thesis, however, use many different scales to obtain the upper bound. In particular, we
see from on page [90| that many different scales in the interval [§,§%] are generally
used in the construction of the cover for infinitely generated self-similar sets. Moreover, it
is clear from the construction in Theorem on page [73| that there are inhomogeneous
Moran sets for which every cover approximating the intermediate dimensions arbitrarily
closely would require an unbounded number of scales as ¢ tends to zero. This answers a
question of Falconer |Fal8, Section 14.8|. Corollary , which we prove in Section ,
shows that for Bedford—McMullen carpets with non-uniform fibres, more than two scales

are needed when 6 is small.
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Corollary 5.2.2. Let A be a Bedford—McMullen carpet with non-uniform fibres. There
ezist 0, €, 00 > 0 such that for all 0 € (0,6p) and all covers {U;} of A that uses at most two
scales, both of which are less than dy, we have Y, |U;|dmo A+e > 1,

We now continue with corollaries of Theorem about the form of the graph of the
function 6 — dimg A that do not follow from the general theory, a rather unexpected con-
nection to multifractal analysis and bi-Lipschitz equivalence of two carpets, and equivalent

formulations of the rate function I(t).

5.2.2 Form of the intermediate dimensions

We assume that the carpet has non-uniform fibres, otherwise, 8 — dimg A is just a constant

function. We denote the left and right derivatives at 6 by

dimgyp A — dimg A

img A — dimg_p, A
O_dimg A = hlim dimg dimg—p,

lim, N and O dimg A == hlim

—0+ h
Corollary 5.2.3. Let A be a Bedford—McMullen carpet with non-uniform fibres. Then the
function 6 — dimg A has the following properties:

(i) it is real analytic on the interval (y~%, v~ (=1) for all L € N;

(i) 0— dimg A ezists at every 6 € (0,1] and 04 dimg A exists at every 6 € (0,1);

(#3) it is strictly increasing and has phase transitions at every negative integer power of .

More precisely, there exists Cy > 0 depending only on A such that for all 0 € (0,1),

Co < 0_dimg A < 3+ dimg A

Oy dim__ A
with equality if and only if for all L € N we have 0 # v~%. Moreover, %
o

converges to a constant in (1,00) as L — oo;
(iv) there exist C € [1,00) and 0y > 0 depending only on A such that for all 6 € (0, 6],

—1
¢ 2<dim9A<dimHA+L'

dimg A+ -2
At 00 0) (log 6)2

(v) it is strictly concave on the interval [y~%, 4~ =1] for all L € N.

In [FFK2, Proposition 4.1] for small enough 6 the upper bound dimpA < dimyg A +
c(—log #)~! was proved for a constant ¢ depending only on A. Corollary shows
that although this bound is not sharp, we do indeed have that w — 00 as
60— 0T,
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5.2.3 Multifractal analysis and bi-Lipschitz equivalence

In this section, and in Section [5.5.3| where we prove the results in this section, it is convenient
to change notation. Here, the parameters (Mo, Ni,..., Ny, Ri,. .., Ra,) will define a
Bedford-McMullen carpet. Now M, denotes the number of different values that the number
of maps in a non-empty column can take. Note that My > 2, since My = 1 corresponds
to the uniform fibre case. We write Ny,..., Ny, for the actual values that the number
of maps in a non-empty column can take, and we order them as Ny > Ny > --- > Njy,.
For each 7 € {1,..., My}, we write R; for the number of columns containing exactly V;
maps. As with the previous notation, we write M = Zf\i % R; for the number of non-empty
columns, and N = Zé\i(’l R; N; for the total number of maps. For example, for the carpet
in Figure the number of maps in a non-empty column is either 1 or 2, so N; = 2 and
Ny = 1. Each corresponds to just one column, so Ry = Ry = 1, and My = #{1,2} = 2.

A central problem in multifractal analysis is to examine the way a Borel measure p
is spread over its support supp . For a survey of this topic, we refer the reader to |Fal6),
Chapter 17|. The local dimension of u at x is

dimjge(p, ) = lim w
r—0 logr
if the limit exists, which approximately measures the rate of decay of u(B(x,r)) as a power
law r®. The measure u is exact dimensional if dimy.(u, z) is equal to a specific « for
p-almost all z. However, dimj,.(i, ) can still potentially take up a whole spectrum of

different . This motivates the definition of the fine or Hausdorff multifractal spectra
fu(e) == dimp{ 2 € supp p : dimyoe(p, ) = a }.

Concentrating on the self-affine setting, given a self-affine iterated function system
S = {S1,...,Sy}, meaning that all S;: RY — R are contracting affine maps, and a
probability vector p with strictly positive entries, the self-affine measure pp is the unique

probability measure supported on the attractor of S satisfying
N
pp(A) = Zpi,up(Si_lA) for all Borel sets A C R?.
i=1

It is known that all self-affine measures are exact dimensional [BK2; Fenl]|; this was resolved
earlier in [KP1] for those supported on Bedford-McMullen carpets. Moreover, the dimension
satisfies a Ledrappier—Young type formula, as per the strand of research initiated in |[LY1}
LY?2|. The fine multifractal spectrum of self-affine measures on Bedford-McMullen carpets
is also known [BM} JR} Kin| and (under the separation condition assumed in [Kin|) has
been generalised to higher dimensions in |Ols2]. When p = (1/N,...,1/N) is the uniform
vector, we simply write v = up and call it the uniform self-affine measure. In this case,

define the function 3,(&) for £ > 0 by

My
m_ﬁ”(g)N_£ZRgN;’ (1=t -1 (5.2.6)

=1
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Note that because of the minus sign before (,(£) (which in some papers is erroneously

omitted), £, (§) is a convex function. Define

logN 1—~71 logN 1—771

Qi = log Ny; Omax = log Ny, .
logm logm logm logm
Then by [JR) Theorem 1], the multifractal spectrum is
fula) = irslf(ozf +Bu(8) = =B (—a) for all @ € (Qmin, Mmax), (5.2.7)

where (;(a’) = supg (a/¢" — B,(£')) is the Legendre transform of 3, (defined in the same
way as for the rate function in (5.2.2)).

Another quantity that is closely related to the multifractal spectrum is the L? spectrum
of a measure p (see |Fal3, Chapter 11]). It is a function 7),: R — R which quantifies the
global fluctuation of u, and its value at ¢ = 0 describes the box dimension of the support of
the measure. The L7 spectrum of a measure can be defined by

T.(q) = 51_1>%1+ bg_jido(g(;ﬁl) (5.2.8)

if the limit exists, where

Ts(1,q) == sup { Z(M(Bz'))q : B; disjoint balls of radius 0 centred in supp(u) } .
i

The L7 spectrum of self-similar measures has been studied in [CM], |Fal3, Chapter 11|,
and more recently (under the exponential separation condition) in Shmerkin’s ground-
breaking paper [Shm2|. For self-similar measures satisfying the open set condition, the
limit exists and the multifractal formalism is satisfied, meaning that the Legendre
transform of the L? spectrum equals the multifractal spectrum |Olsl]|. Now let v be the
uniform self-affine measure on a Bedford-McMullen carpet with non-uniform fibres, and
let v, be the measure obtained by projecting v orthogonally onto the z-axis. Note that v,
is a homogeneous self-similar measure with all contraction ratios equal to 1/m, satisfying
the open set condition. For 1 < 7 < My, the weight N;/N occurs with multiplicity R;.
Therefore for ¢ in an open neighbourhood of 1, T}, (q) satisfies

%RA % q i TVw(‘I)_l
=1 Z N m o

A direct calculation shows that
_logN log 1% R;(IN;)4

logm logm ’
The L7 dimensions of self-affine measures have been studied in [Fal4; FW} Kol2|. For
self-affine measures supported on Bedford-McMullen carpets, the limit in (5.2.8)) still exists
but the multifractal formalism does not generally hold. Applying a result of Feng and
Wang |[FW|, Theorem 2| shows that T}, (q) satisfies

1,,(q) =

N - N~ 9p " Tve (@)~ (To(@9) =Tz (9) — 1.
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A direct manipulation shows that for ¢ in an open neighbourhood of 1,

_logN  log N . logm logzij‘iol R;(N;)4
logn logm logn logm

()= ()

Before describing the connection between the multifractal spectra and the intermediate

T,(q)
(5.2.9)

dimensions, we observe that the grid on which a carpet can be defined is not unique, and
in fact by iterating the IF'S one can see that every carpet can be defined on infinitely many
grids. For example, by iterating the IFS, the carpet from Figure [5.1] can be defined on a
2 x 3 grid or on a 4 x 9 grid (though of course many carpets on a 4 x 9 grid cannot be
realised on a 2 x 3 grid). Theorem m gives information about the grids on which a carpet
can be defined, and is proved in Section [5.5.3] It demonstrates for example that since 2
and 3 are multiplicatively independent, a carpet with non-uniform fibres defined on a 2 x 4

grid cannot be defined on a 3 x 9 grid (even though log4/log2 =log9/log3).

Theorem 5.2.4. (i) If a Bedford—-McMullen carpet A with non-uniform fibres can be
defined on both a m x n grid and on a m' x n’ grid, then logn/logm = logn’/logm’
and logn/logn' € Q.

(i) Consider two carpets Ay and Ao with non-uniform fibres which are defined by IFSs Sy
and Sy on grids of size my X n1 and msy X no respectively. Then they can be realised

on the same grid if and only if

logny  logmy

logny  logms

In fact, we will see below that if two carpets with non-uniform fibres are bi-Lipschitz
equivalent then they can be defined on the same grid. The same is true even if we merely
assume the carpets have the same intermediate dimensions, or support uniform Bernoulli
measures with equal multifractal spectra.

We make some remarks about part The reverse implication is immediate. Indeed,
if logni/logny = logmy/logms = a/b € Q, then the b-th iterate of S; and the a-th
iterate of Sy are both defined on the same grid of size m% x n8. It is straightforward to see
that the rate function I(t) of S; and the rate function I(*)(¢) of the b-th iterate of Sy are
related by I®)(bt) = bI(t). Geometric quantities such as the intermediate dimensions and
multifractal spectra of course do not change by taking an iterate of the system. For the
reverse implication, if both carpets can be realised on the same grid, then the fact that
logni/logm; = logns/logma was noted by Fraser and Yu using the Assouad spectrum
in [FY1] Theorem 3.3], and also follows from the intermediate dimension formula. The
fact that n and n’ must be multiplicatively dependent (as must m and m') follows from
Lemma on page and is related to work of Meiri and Peres [MP} Theorem 1.2].
This is in turn related to Furstenberg’s x2, x3 principle, which suggests that expansions in

different bases should have no common structure. Other work along these lines includes |Fur;
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Shm2; Wul, but there are many challenging open problems, such as whether there exists a
non-atomic measure on the torus that is x2- and x3-invariant but not Lebesgue.

Our next result, which we prove in Section [5.5.3] using Theorem [5.2.1] gives a direct
connection between the intermediate dimensions and the multifractal and LY spectra of the

uniform self-affine measure.

Theorem 5.2.5. Let A and A’ be two Bedford—McMullen carpets with non-uniform fibres,
and denote the corresponding uniform self-affine measures by v and v'. Then the following

are equivalent:
(i) dimg A = dimg A’ for every 6 € [0, 1];

(ii) fu(a) = fu(a) for all @ € (Qmin, Cmaz) -

Moreover, if hold, then both carpets can be defined on the same grid.

Now assume that A and A’ are defined on the same m x n grid to begin with, with para-
meters { Mo, N1, ..., Ny, Ri, ..., Ry, b and {Mj, Ny, ..., ]/\/[6’ Lo RE\/[(,)}, respectively.
Denote the corresponding rate functions defined in by I(t) and I'(t). Lett and t be

as defined previously, for the carpet A. Let (a,b) C (y~1,1) be a (non-empty) open interval.
Then each of 1s equivalent to each of the following:

(117) dimg A = dimg A" for every 6 € (a,b);
() T,(q) =T (q) for all ¢ € R.
(v) I(t) =1'(t — vylog(M'/M)) for all t € (t,t);
(vi) Mo = M), furthermore, N;/N! = (R,/R;)" = (M'/M)7 for alli=1,..., M.
We make several comments about Theorem

Remark 5.2.6. 1. For carpets defined on the same grid, the equivalence of and the
explicit condition was proved by Rao, Yang and Zhang in [RYZ, Theorem 1.2],
using [JR).

2. In Step 4 of the proof of Proposition [5.2.11] in Section[5.3, we use scaling properties
of Legendre transforms to establish a direct link between the multifractal spectrum of
the uniform Bernoulli measure and the rate function I(t). Since I(t) appears in the
intermediate dimension formula, this indicates why the link between the intermediate

dimensions and multifractal spectrum in Theorem[5.2.5 is to be expected.

3. For carpets defined on the same grid with M = M’, 18 simply saying that the

column sequence of one carpet is a permutation of the column sequence of the other.

4. Equality of the LY dimensions and the coarse multifractal spectra can be added to the
above equivalences in Theorem [5.2.5 if the carpets are defined on the same grid, since
these quantities can be obtained from the L spectrum by dividing by 1 — q or taking

the Legendre transform respectively.
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. If holds then other notions of dimension of v and v which can be deduced from
their L9 spectra must be equal, such as exact (Hausdorff/packing/entropy) dimension,
correlation dimension (Rényi entropy), Frostman dimension, and box dimension (in
the sense of [FFKI)).

6. The formulae in [Fraj] and can be used to show that equality of intermediate
dimensions implies equality of other notions of dimensions of sets such as packing,
Assouad, quasi-Assouad, lower, quasi-lower or modified lower dimensions, or the

Assouad spectrum or lower spectrum for any fized 6 € (0,1).

7. Since the multifractal spectrum is analytic (as the Legendre transform of an analytic
function), if I C (Qmin, mag) 15 an open interval, then [(ii)] holds for all o € I if and
only if it holds for all & € (min, Wmaz)- Similarly, if J C (t,t) is an open interval
then holds for all t € J if and only if it holds for all t € (t,t).

Question 5.2.7. In the statement of Theoremm can (a,b) be taken to be an arbitrary

non-empty open subinterval of (0,1)?

Since the proof strategy of Lemma [5.5.3| on page does not seem to work under the

assumption that the LY spectra are equal, we ask the following question.

Question 5.2.8. Do there exist two Bedford-McMullen carpets with non-uniform fibres
which cannot be realised on the same grid but whose uniform Bernoulli measures have the

same L1 spectra?

Turning now to bi-Lipschitz equivalence, recall that two metric spaces (X,dx) and
(Y, dy) are bi-Lipschitz equivalent if there is a bi-Lipschitz map f: X — Y. In our setting
X and Y are two Bedford—McMullen carpets with the Euclidean distance. The following

open problem seems challenging:

Question 5.2.9. Find an explicit necessary and sufficient condition that determines, given
two iterated function systems each generating a Bedford—McMullen carpet, whether or not

the two carpets are bi-Lipschitz equivalent.

Partial progress towards Question has been made in [LLM; RYZ; YZ], all of which
assume some disconnectivity property. Fraser and Yu |[FY1] used the Assouad spectrum to
show that ~ is a bi-Lipschitz invariant within the class of Bedford-McMullen carpets, a fact
which is also evident from observing the form of the intermediate dimensions. Moreover,
the gap sequence of a set is a topological quantity which has been shown to be bi-Lipschitz
invariant [RRY], and which is known for Bedford-McMullen carpets [LMR; [MXX]. Using
the fact that the intermediate dimensions are stable under bi-Lipschitz maps, we obtain
the following necessary condition for bi-Lipschitz equivalence as an immediate corollary of
Theorem

Corollary 5.2.10. Let A and A’ be two Bedford—McMullen carpets with non-uniform fibres

which are bi-Lipschitz equivalent, and let v and V' be the corresponding uniform Bernoulli
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measures. Then f,(a) = fu (@) for all o € (min, Omaz) and T,(q) = T,/ (q) for all ¢ € R,
and both carpets can be defined on the same m X n grid, on which condition above holds.

This strengthens [RYZ, Corollary 1.1], where it is assumed that A and A’ are totally
disconnected and defined on the same grid. In Proposition [5.2.14] we construct two
carpets which we know are not bi-Lipschitz equivalent by Corollary but where [RYZ,
Corollary 1.1] does not apply. Corollary also shows in particular that if two carpets
defined on the same grid with the same number of non-empty columns are bi-Lipschitz
equivalent then the column sequence of one must be a permutation of the column sequence
of the other (though we are not able to draw this conclusion if the number of non-empty
columns is different, see Example .

One natural question would be to investigate the intermediate dimensions of self-affine
carpets of Lalley—Gatzouras |LG| or Baranski |[Barl|, or higher-dimensional self-affine
sponges. We expect this to be challenging, not least because there is no clear single
analogue of the important quantity -, and this is not something which we will explore in
this thesis. We remark, however, that Huang, Rao, Wen and Xu [HRWX] have introduced
so-called box-counting measures of metric spaces and shown that Bedford—McMullen and
generalised Lalley—Gatzouras type sponges and Baranski carpets admit such measures.
Indeed, for Bedford-McMullen carpets, these are simply the uniform Bernoulli measures.
After the paper |[BK1] on which this chapter is based appeared on arXiv, Huang et al.
proved without any connectivity assumption that the multifractal spectrum of box-counting
measures is a bi-Lipschitz invariant; this was proved directly, without using the intermediate
dimensions. Their result therefore generalises both the result from [RYZ| and our result
that the multifractal spectrum of uniform Bernoulli measures on Bedford—McMullen carpets
with non-uniform fibres is bi-Lipschitz invariant. Huang et al. also ask in [HRWX| Open
problem 1| whether two generalised Lalley—Gatzouras or Barariski sponges have the same
intermediate dimensions if and only if their corresponding box-counting measures have the

same multifractal spectra.

5.2.4 Equivalent forms of the rate function

In this section we provide equivalent formulations of the rate function I(¢) in terms of a
pressure-like function, a certain probability vector with an entropy maximising property,
and the multifractal spectra f, () defined in (5.2.7). As a result, our main formula
for dimg A can be expressed with any of these quantities.

We begin by defining the pressure-like function. For 7 = (i1,...,i) € {1,..., M}’ and
ke {0,1,...,J}, we introduce

k
Gii(s) = MM -~ T NG, (5.2.10)
(=1

In particular, for k& = 0, ¥;9(s) = 1. The interpretation of 1/;;(s) later is that it gives the
s-cost of a set in the cover with diameter related to k, see Remark [5.4.12] Moreover, we
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define the sum

Uy(s)= min - g(s).

e{l,...M}J
This is connected to the total s-cost of the optimal cover, see Remark [5.4.12| for additional
explanation. To determine the critical exponent it is natural to define a pressure-like

quantity as the exponential growth rate of W ;(s), more formally,
.1 = . 1

P(s) = liminf — log ¥ ;(s) and P(s):=limsup — log ¥ ;(s). (5.2.11)
J—oo J Jooo

The probability vector Q; € Py is defined by

M
H(Qj) =sup { H(p): p € Py such that ijlog N;=t } (5.2.12)
j=1

It is well defined, see Lemma Moreover, H(Qj) < log M since t > t.

We regularly relate the arguments s and ¢ to each other via the transformation

log M t log M

t=ti(s) = <s - logm> logn, or equivalently s = ogn | logm’ (5.2.13)
We do so to ensure that
1< log M
Yia(s) <1 = < ;logl\fig < <s - logm) logn = t, (5.2.14)

which now follows from (5.2.10)) and straightforward algebraic manipulations. Now, us-
ing (5.1.2)) and (5.1.3)), ¢ maps to

1 logn 1 Y loem
= di A— ——1 — N.#™ )| —t 5.2.15
s HH logn \ logm 8 M Jz_; J = ( )
while ¢ maps to
logM — H(P
5 :=dimg A + o8 (P) (5.2.16)
logn

Observe that by Jensen’s inequality and non-uniform fibres, s < dimpy A < dimgp A < 5. In
Proposition [5.2.11] the key technical result of Section we make a clear connection

between (5.2.11)), (5.2.12)), (5.2.2) and (5.2.7) for pairs of (s,t) related by (5.2.13). The

proof is non-trivial and is given in Section [5.3]

Proposition 5.2.11. Assume s € (s,5). Then P(s) = P(s). Let P(s) denote this common
value. Furthermore, for every pair (s,t) related by (5.2.13]),

log M — I(t) = P(s) = H(Q]) = (log m) f, Gi A <1og1m - 1;n) t) L

Note also that by (5.2.9) and standard properties of Legendre transforms, f, and I can

be written in terms of the Legendre transform of 7T},.
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5.2.5 Illustrative examples

A simple example of a carpet with non-uniform fibres is shown in Figure The examples

in this section show additional interesting behaviour.

Remark 5.2.12. All figures of the graphs in this chapter were created using Wolfram
Mathematica 12.3, keeping simple implementation in mind rather than efficiency. For a
fized 0 € (0,1), the value of dimg A was approzimated by taking 225 equally spaced points in
the interval (dimyg A, dimpg A) and choosing the point s(0) for which the expression in

was closest to 0.

Remark 5.2.13. It was first observed in [Koll] that the graph 6 — dimg A can approach
dimp A from below the straight line £(0) = dimpg A 4+ 6(dimp A — dimyg A), indicating that it
is possible for dimg A not to be concave on the whole range of 8. From Corollary[5.2.5 it
follows that in this case the graph 0 — dimg A must intersect £(0). In fact, there are even
carpets where the graph intersects £(0) twice, as shown on the left of Figure . For the
carpets in this figure, all parameters remain the same except for m, which causes different
behaviour for larger values of 6 as it changes. For m < 25, the graph stays above ¢(0) for
all 6.

dimgA4

dimyA4 Lo

| | "] ! - 8
0 v v? v 1 0 vl v oy M

Figure 5.3: Parameters n = 100 and N = (51,50, 50, 50,50, 50) are the same in each

example, only m varies from 30 on left to 50 on right.
Fraser and Yu |[FY1], Proposition 3.4| proved a similar result to Proposition [5.2.14] for
the Assouad spectrum.

Proposition 5.2.14. Consider the two Bedford—McMullen carpets A and A’ with m =
M =32 and n = 243 and the following parameters:

A ]\40:37 {Nl,NQ,Ng}:{27,3,1} and {Rl,RQ,Rg,} = {2,11,19},

A My =3, {Nj,Nj, Ni} ={27,9,1} and {R}, R,, Ry} = {1,6,25}.
There exists 0 € (0,1) with dimg A # dimg A’, so A and A’ are not bi-Lipschitz equivalent.

However, dim A = dim A’ where dim can be Hausdorff or box dimension or any of the

notions of dimensions mentioned in part[ of Remark[5.2.6
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Proof. Since all R;/R; are different, it follows from part of Theorem that there
exists 6 € (0,1) with dimg A # dimg A’. Since N = 106, max;<;<3 N; = maxi<;<3 N} = 27,
and min;<;<pr N; = minj<;<pr N] = 1, we can use and |Fra4), Corollary 15.5.3] to
show that the Hausdorff and modified lower dimensions are equal, and the formulae in [Fra4]

to show that the other dimensions are equal. O

Figure shows the plots of dimg A and dimy A’ from Proposition side-by-side on
the left, and the ratio dimg A’/ dimg A on the right. Note that the fact that A and A’ from
are not bi-Lipschitz equivalent is revealed only by the intermediate dimensions, not by any
of the other dimensions mentioned above. If all the rectangles are chosen in a specific row,
then neither A nor A’ is totally disconnected, so |[RYZ|, Corollary 1.1] does not apply. We
can use Holder distortion to obtain a quantitative improvement of the assertion that A and
A’ are not bi-Lipschitz equivalent. Indeed, assume f: A’ — R? is a-Holder with f(A’) D A.

2
Then the optimal value of 6 to consider is § = y~2 = ({ggg) ~ 0.40. By (1.4.7),

dim.,—2 A’ dim, > A/
a < — ~ <
dim,— f(A') ~ dim,—2 A

< 0.9995,

with the last inequality computed numerically using Theorem [5.2.1]

dimgA'/dimgA

dimgA - - 1.0000 -
0.9999 -
0.9998
0.9997
0.9996 |-

dimyA

: 0
0 vy v 1
Figure 5.4: Left: plot of dimg A (blue) and dimg A’ ( ) from Proposition [5.2.14] Right:

ratio of dimg A’/ dimg A for § > =%,

Proposition 5.2.15. For any carpet with just two column types, meaning that My = 2 using
notation from Section the rate function can be given explicitly by I1(t) = log M —H(QY),

where

. -1 t — log No log Ny —t )
HQ) = ———((t —log No)log ———802 1 (log Ny — 1) log — 2L "° )
Q) 1og(N1/N2)<( N2 log NNy T es L = los B )

Proof. Let q = (qi,-..,qum,) € Pun,. Entropy is increased the more uniform a vector is, so
it is enough to consider vectors p € Py satisfying (5.2.12)) of the form

pi = qj/Rj, if the i-th non-empty column has N; maps, (5.2.17)
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in other words measure is distributed uniformly amongst columns with the same number of
maps. As a result, the linear constraints in ((5.2.12)) can be rewritten as

Mo MO
1= qu and t = qu log IV;. (5.2.18)
i=1 =1

In particular, since My = 2, there is a single vector (g7, ¢3) which satisfies ([5.2.18)), namely

N t —log Ny . log Ny —t
=—————— and ¢

U= 10g(Ny /) 2~ log(N1/Ns)’

recalling N1 > Ns. Using ((5.2.17)), we can calculate the entropy of the entropy-maximising

vector,
My
H(Q;)=-> qlog(q}/R;),
j=1
and conclude from Proposition [5.2.11| that I(t) = log M — H(QY), as required. O

Example 5.2.16 (using the parameters from Example 1.2 of Rao, Yang and Zhang [RYZ]).
Consider two Bedford—McMullen carpets defined on the same grid with m = 8, n = 27 and

the following parameters:

A . MO = 2, {Nl,NQ} = {6,3} and {Rl,RQ} = {1, 1},
N My=2, {N{,N3} ={2,1} and {R}, Ry} = {2,2}.

Then conditionfrom Theorem holds, so dimg A = dimg A" for all 6 € [0, 1], despite
the fact that the carpets are defined on the same grid with different parameters. This is only

possible because the number of non-empty columns is different.

It is shown in |[RYZ]| that the carpets in Example [5.2.16| are not bi-Lipschitz equivalent.
Therefore equality of the intermediate dimensions is not a sufficient condition for two
carpets with non-uniform fibres to be bi-Lipschitz equivalent, even if they are assumed to

be defined on the same grid and totally disconnected. This raises the following question.

Question 5.2.17. Suppose two Bedford—McMullen carpets both have non-uniform fibres,
are defined on the same grid, and are bi-Lipschitz equivalent. Does it follow that both carpets

must have identical parameters (Mo, N1, ..., Ny, R1, ..., Ruy) ?

Example 5.2.18. Consider the two carpets A and A’ with parameters
A n:36, m:6, M:M0:2, {Nl,NQ}:{9,6} and {Rl,RQ}:{l,l}
A/: n:36, m:4, M:M0:2, {Nl,NQ}:{6,4} and {Rl,RQ}:{l,l}.

Then it can be checked from Theorem that dimg A = dimg A’ for all 0 € [1/2,1], but
not for the whole range of 6; by Theorem [5.2.5 this is only possible because the carpets are
defined on different grids. By Corollary[5.2.3, the graph of dimg A has a phase transition at
0 = 1/2 but the graph of dimg A’ does not, see Figure .
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Figure 5.5: Plots of the intermediate dimensions of carpets in Example [5.2.18

5.3 Proof of equivalent forms of the rate function

In this section we will prove Proposition [5.2.11] Recall notation from Section [5.2] and

assume that s € (s,3) and that (s, t) are related by (5.2.13)). We will prove Proposition|5.2.11
in four steps.

Step 1 H(Qj) =log M — I(t)
Step 2 P(s) < H(Qj)

Step 3 H(Qj) < P(s)

Step 4 I(t) = —(logm)f, (logN —( 1 1 >t) —I—%—HogM

logm logm = logn

We will prove the steps in separate subsections, which will also contain some auxiliary

results which are important in their own right in the proof of Theorem [5.2.1]

5.3.1 Preliminaries

First, we need some preliminaries, in particular to describe the probability vectors P} and
Q; which have certain optimising properties, and to recall some facts from the method of
types. If k, ki, ko € N satisfy 0 < ky < ko < k, and 4 € {1,..., M}*, then we define the

average

ko

1

7(%, k1, ko) = max {t, T Z log Ni]}. (5.3.1)
Jj=ki1+1

Recall, Py denotes the set of probability vectors on [M] = {1,..., M} and we introduced
two distinguished probability vectors P :== (N7 /N,...,Ny/N) and Q :== (1/M, ..., 1/M).
Recall that the Kullback—Leibler divergence, also known as the relative entropy of p € Pys
with respect to q € Py is

M M
Pi
H(plla) ==Y pilog <¢> = —H(p) - Y _pilogaq,
=1 ! i=1
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where we again use the convention 0log0 = 0. It is asymmetric and H(p|lq) > 0 with

equality if and only if p = q. In particular,
H(p||P)=1log N — H(p Zpl logN; and H(p||Q)=logM — H(p). (5.3.2)

Recall that ¢ == 4 Zj\il log N; and ¢ :=log N — H(P), and let ¢ € (¢,t). We divide the
set Pjs into two parts:

M M
G ::{pGPM:ZpglogNggt} and F; ::{pEPM:ZpilogNg>t}, (5.3.3)

=1 =1

so that & = GiNF; = { P € P Zl pilog N; =t } The reason for doing this will become
clear in (5.3.9) in the proof of Step 2. Since ¢ > t, it follows that Q € G; \ &, whereas
P e F \ & because t < t = Zf\il P;log N;.

Lemma 5.3.1. Assume t € (t,t) and p € &. Then

H(p|P) = H(p||Q) + log(N/M) —t.

Proof. Let p € &. Assume Nj < Ny < --- < N}, denote the different values that the set
{N1,..., Ny} takes. For 1 < j < Mo let I; = {7 € [M]: N; = Nj} and ¢; = > ier, Pi-
Then,

M M() M MO
122])522% and t:Zp@logNg:qulogN]’».
i=1 J=1 i=1 j=1

This is a linear system of equations for {qj 01 Straightforward Gaussian elimination

yields
1 . 1 1 11 1 . 1 1
log N ... log N/, t] R - T R "o e
Thus, for every solution (qi,...,qn,), we see that gs,...,qn, are free variables, and
moreover

Mo
g2 = IC%(NI/N'( qulogN < Z%’)logl\’{)

J=3

and ¢ = 1 — ¢ — 2?4:03 gj- It now follows by a straightforward calculation that
Z?@l g;log N ]’ = t. By (5.3.2)), the result follows. O

Let us introduce P; € G, Q; € F; defined by
H(P{||P) = inf H(p[[P)  and  H(Q/[|Q)= inf H(q[Q). (5.3.4)
PEG: qEF:

Due to and Lemma |5.3.2 u this definition of Qj is equivalent to (5.2.12)).
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Lemma 5.3.2. Assume t € (t,t). Then both P} and Q; are well defined and unique, with
P;,Qf € &. Moreover,

H(P{[|P) = H(Q;[|Q) + log(N/M) — . (5.3.5)

Proof. Both H(-||P) and H(-||Q) are continuous on the domain Pjs, and G, and F; are
compact, so both infima are attained.

We will proceed to differentiate the relative entropy (with respect to a fixed vector q
in the interior of Py) along straight lines in Py;. Fix p,q € Pas, and assume that all
entries of q are positive. Fix v € RM \ {0} satisfying S>, v; = 0. Let [~t_, . ] denote the
maximal interval (containing the origin) such that H(p + tv||q) € Pas for all t € [—t_,t4].
Then for all t € (—t_,t), a direct computation gives

2

d p; + tu; d? Vs
—H t = ilog (| ——— | ; —H t = 0 ,
e +tvia) > v 0g< - > e +tvia) > P >0

where the sums are taken over all indices 1 < 7 < M for which p; + tv; > 0 for all
t € (—t_,t4). Therefore t — H(p+tv||q) is strictly convex, and has at most one minimum
in [—t_,ty]. In particular, the uniqueness of P} and Qj follows from the convexity of G;
and F; respectively. Note also that for all ¢ € (0,t4),

M

d (%
&H(q—k tv|q) = ;vilog (1 + Qit) > 0,

so t — H(q+ tvl||q) is strictly increasing on (0,¢). Applying this with q taken to be P or
Q respectively gives that P}, Q; € &;.

To conclude, Lemma [5.3.1| gives that

H(Q;|P) = H(Q; Q) +log(N/M) — t < H(P¢[|Q) + log(N/M) — t = H(P¢|[P)
< H(Q(|[P),

so there is equality throughout. O

The importance of choosing ¢ to lie in the interval (¢,7) (or equivalently s € (s,3)) is
that in this case the hyperplane & separates P and Q. Otherwise, either H(P}||P) =0 or

H(Q7||Q) =0, and (5.3.5)) does not necessarily hold.

5.3.2 Method of types

The method of types is an elementary tool developed to study discrete memoryless systems
in information theory. It has since found applications in hypothesis testing, combinatorics
and large deviations (see |Csi| for some background). Kolossvary used it to calculate the
box dimension of Lalley-Gatzouras and Baranski sponges in R? [Kol2|.

Let [M] = {1,..., M} denote a finite alphabet and assume 7 = (i1, ...,i;) € [M]’. For
J" < J, the type of 7 at level J' is the empirical probability vector

1 . .
(@) = — (#{1<U< T vig = })je[M] € [0, 1)M.
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When J' = J, we simply write 7;(7) :== 77 (7). The set of all possible types of [M]7 is
77 ={p € Pu: there exists 7 € [M]’ such that p = 7,(7) },
and for J' < J, the type class of p € Ty amongst [M]” is the set
Ti(p) = {1€ (M : 7/(1) = p }

Similarly, T (p) = T/ (p).

We use the following two simple facts:
#T < (J+ 1M (5.3.6)
and for every type class
(J+1)" M7 HP) < 47, (p) < e/ HP), (5.3.7)

see |DZ, Lemmas 2.1.2 and 2.1.8]. The importance of is that #7T; grows only
polynomially in J, on the other hand, the exponential terms in are the same in both
the lower and upper bounds. Since we are looking for critical exponents, sub-exponential
multiplicative terms do not influence our calculations. To simplify notation, we write
f(J) < g(J) if the exponential rates of growth of f(J) > 0 and g(J) > 0 exist and are

equal to each other, so
f()=<g(J) < i 1 log f(J) = li 1 log g(J)
=g Jim ~log = lim —logg(J).

In particular, if f(J) is sub-exponential in J, then f(J) =< 1.

The set 77 is a discrete set with polynomially many points which becomes dense in Py
as J — oco. For p € Pjs let py denote the ‘best approximation’ of p in 77, in the sense
that ||p — ps|| = minge7; ||p — ql|, where we can take any norm. If there are many such
ps then we can choose the one with smallest coordinates when ordered lexicographically.
For large enough J, ||p — py|| is arbitrarily small. In particular, property and the

continuity of the entropy imply that #T;(ps) =< e’ (P),

5.3.3 Proof of Step 1

This is a standard argument in large deviations theory, and in fact holds for all ¢ €
(t, maxi<;<prlog N;). We include a sketch of it for the convenience of the reader. An
alternative approach would be to use Lagrange multipliers.

Let I = Iy, 15, ... be an infinite sequence of independent and identically distributed
random variables on the set {1,..., M} according to q € Pys. Let Pqy = q" denote the
product measure corresponding to the distribution of the sequence I. Then 7;(I), the type

of (I1,...,1y), is a vector-valued random variable. For all p € T,
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see [DZL Lemma 2.1.9]. Sanov’s theorem |[DZ, Theorem 2.1.10| shows that the family of
laws Pq(7(I) € -) satisfies a large deviations principle with the rate function H(-||q). In
particular, for q = Q = (1/M,...,1/M) and the subset F:

Pq(rs(1) € Fp) < e~/ infacr H@Q) — ,—JH(QIQ)

Now define the random variable X, :=log Nj, and the averages Y; = % Z:{:l Xy. Then

M
Y;= ZTJ,i(I) -log N;
=1

is a continuous function of 7;(I). Hence, by the ‘contraction principle’ [DZ, Section 4.2.1],

the rate function I(t) of Pq(Y; € -) is equal to

M
1(t) = inf { H(alQ): > ailog Ny = ¢ }.
i=1
In particular, Lemma [5.3.2] implies that

1(t) = inf H(q)Q) 22 5(qQ;|Q) BE2 1051 — H(Q)).

qeét
5.3.4 Proof of Step 2
Since mingego 1,....73 Yok (s) < min{1, 5 5(s)}, recall definition of 1 (s) from (5.2.10),

Uy(s) <#{1€[M)7:1< Pra(s) } + Z Y1 (s). (5.3.8)

TE[M)7:r 5 (s)<1

Lemma 5.3.3. Assume t € (t, max;<;<nlog N;) and (s,t) are related by (5.2.13). Then
#{1€ [M])7 1< Py(s) § < el H(Q7),

Proof. For any given word 7 € [M]’, the average of the log N;, does not depend on the

particular order of the symbols in 7, just on the relative frequency of each symbol. In other
words, only the type 7;(2) = (771(2),...,77Mm (7)) of 7 matters, and (recalling (5.2.14]))

M
Gas(s) <1 <= ) 7(0)log N; < 1.

=1

This reduces the problem back to a condition on probability vectors p € Pjys. This is the
reason why we introduced G; and F; the way we did in (5.3.3)); we now see that

Yig(8) <1 <= 7;02) € G (5.3.9)

We are now ready to determine the exponential rate of growth of the two terms in (|5.3.8))
separately by grouping together words according to type class. Let QZ" 7 € (F:N'Ty) be the
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type for which H(Qj ;) = maxqe(r,n7,) H(q) (if there is more than one such vector then

we can choose the smallest lexicographically). Then

(J+1) MU <pfe M) 1 <gy(s) ) = D #Tu(a) < #Ty- "M@,
qe(FeNTy)

where we used ([5.3.7) for the two inequalities. As J — oo, the set 7; becomes dense in
P, as a result, HQ;J — Qf|| — 0, in particular, H(Q;J) — H(Qj). Hence, it follows
from (5.3.6) that #{7 € [M]7 : 1 <y,(s) } < e/ HQD),

An alternative way to see this would be to let X1, Xs,...,X,... be a sequence of i.i.d.
random variables defined by (5.2.1]). Then

J
#{1e M) 1 <thyy(s)} = M'P (Z X; > tJ) = M7 e /1) = ¢/ HQD)
=1

where we used ([5.2.14]) for the first equality, Cramér’s theorem from large deviations theory
for the asymptotic equality, and Step 1 for the final equality. O

Lemma 5.3.4. Assume s € (s,5) and (s,t) are related by (5.2.13)). Then

S i) = )

7€[M]7: 9715 (s)<1

Proof. 1f 1 € Tj(p), then

M log M
Lﬁgu(s) — M 108m ny=sJ . HNipiJ _ BJ((logm—s)~1ogn+Zipz logNi) _ eJ(_t+Zipi 10gNa)‘

=1

(5.3.10)
Using (5.3.7) and (5.3.2),

#T5(p) - rs(s) =< e (—t+2; pilog Ni+H(p)) _ oJ(—t+log N=H(p|[P))

Similarly to Q; ;, let P} ; € (G: N T;) satisty H(P} ;||P) = minyeg,n7,) H(p||P). We have
H(P; ,;[|P) — H(P;|P) as J — oco. Then

St = S dy(s) = ! (s N-HPLIP),

1€[M]7 4y 5 (s)<1 PE(G:NT;) €Ty (P)
Using (5.3.5)) and ((5.3.2) in the exponent, —t +log N — H(P}||P) =log M — H(Q}||Q) =
H(Qj), and the assertion follows. O

Note the importance of the assumption ¢ < ¢ in the proof of Lemma Lemmas|[5.3.3]
and [5.3.4| and (5.3.8)) immediately imply that P(s) < H(Qj).
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5.3.5 Proof of Step 3

This in fact holds for all ¢ € (¢, maxj<;<n log N;). Assume (s, t) are related by (5.2.13). Fix
ReN. For JeN,ifl €{0,1,...,R—1}, let Jy g = [({+1)J/R]| — [lJ/R]. We introduce

St ={1= (i1, ..,i7) € M) :(ijuy/r)s1s > iaenyar) € T (QF )

(5.3.11)
forall 1 € {0,1,...,R—1} }.
Then
R-1 5 Q)
#St,J,R _ H #TJL,R(Q:,JLR) S H LR tI R — o H(QE) — oJ(log M—I(t))
1=0 =0
(5.3.12)

as J — 00, using Step 1 of Proposition [5.2.11]in the last step.

Suppose (i1,...,i7) € Siyr. Forall € {0,1,...,R — 1}, Qi , = Qf € &, so
w(iLu/RJ+1v---ait(z+1)J/RJ)|JZ,R(3) =1asJ — oo by . Let J' € N be lalige enough that
forall J > J and 1 € {0,1,..., R — 1}, d)(iLLJ/RJ+1:---viL(l+1)J/RJ)|JZ,R(S) > e MLr/R - Agsume
J > J'. For each k € {1,...,J} let p(k) denote the type class of (i,...,i;) and let
1€{0,1,...,R—1} be such that |IJ/R] < k < |(I+1)J/R]. Then

Vi i o(3) B310 k(143 pi(k) log Ni) 5 (LLI/RI (=45 pi([1T/R)) log N:) o ([1T/R] k)t
> Vi1 (5)e 7R
> e IR (5.3.13)

where in the last step we use that by (5.2.10)),

w(ilv“'viA7iA+17"'7iA+A/)|A+AI (S) = w(il7"'7iA)|A(8)¢(iA+17"'77;A+A/)‘A, (8) :

Therefore

1 1 | o
P(s) =liminf —log ,(s) > liminf — logesz ecin  di(s) > H(Q7) - 31/R.
1C0t,J,R

Since R € N was arbitrary, the assertion P(s) > H(Qy) follows.

5.3.6 Proof of Step 4

This is an application of |[JR, Theorem 1], and in fact holds for all
te < min log IV, max log Ni> .

1<i<M 1<i<M
Indeed, by (5.2.6)), for all A,

A—n A= igm
(logm) | By 1fy I T log ml —log M
(log m)(logm B logn) (log m)(logm B logn)
| M
log (M 3 N3> |
=1
Taking the Legendre transform of each side and using standard properties of Legendre trans-

forms and (5.2.2)) and ((5.2.7)) proves Step 4. This completes the proof of Proposition |5.2.11
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5.4 Proof of the intermediate dimensions formula

In this section, we prove Theorem [5.2.1, We begin by collecting some notation and facts used
in the proof. Throughout the section, A is a Bedford-McMullen carpet with non-uniform
fibres.

5.4.1 Approximate squares

Let F = {f;}X, be an IFS generating a Bedford-McMullen carpet A with M non-empty
columns. Recall, [N] = {1,2,...,N} and [M] = {1,2,...,M}. To keep track of which

column f; maps to, we introduce the function
¢: [N] = [M], ¢(i) =1 if f; maps to column i. (5.4.1)

We define the symbolic spaces ¥ = [N]N and ¥y = [M]Y with elements i = i1ip--- € ¥
and 7 = 7182 - - - € Xg. We use the convention that indices ¢ corresponding to maps have
a ‘dot’ while the indices 7 corresponding to columns have a ‘hat’ on top. To truncate i
(respectively 2) at the first n symbols we write ijn = i1ia-- -4, (respectively Z|n). The
longest common prefix of i and j is denoted by iAj: its length is [iAj| = min{ &k : iy # jx } —1.
The function ¢ naturally induces the map ®: ¥ — ¥4 defined by

Slightly abusing notation, ® is also defined on finite words: ®(i1 - --iy) = ¢(i1) - - - ¢(in).
For compositions of maps, we use the standard notation f; ..., == fi, o fi,0---0o fi,.

The n-th level cylinder corresponding to i is Cyp(i) := f;}, ([0, 1]?). The sets {C,, (i)}, form

a nested sequence of compact sets with diameter tending to zero, hence their intersection is

a unique point € A. This defines the natural projection II: ¥ — A,
(o)
(i) = lim (] Cu(i) = lim_fi(0)-
n=1

The coding of a point x € A is not necessarily unique, but I is finite-to-one.
It is not efficient to cover cylinder sets separately, instead they are grouped together to
form ‘approximate squares’ which play the role of balls in a cover of the attractor. Recall,

v =log,,n and for ¢, K € N let
Y(K) = | K.

In particular, we write y(K) = v(K), and n=% < m™ ") < p=E=-1_ A level- K

approrimate square is
Bi(i) = { Cy)(9) : 7€ INDH) 31K =K, ®(7) = ®(i|7(K)) }.

It is a collection of level-y(K) cylinder sets that lie in the same level-y(K) column of a
specific level-K cylinder set. In other words, II(j) € Bg (i) if and only if |[i A j| > K and
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|®(i) A ®(j)| = v(K). Hence, abusing notation slightly, we identify B (i) with the single

sequence

BK(i) = (ila v 7iK7 d)(iK—i-l)v cee 7¢(Z7(K))) = (ila BRI iKa iK-f—la C) i’y(K))

The choice of v(K) implies that there exists C' > 1 independent of K and i such that
C~'n=K < |Bg(i)] < Cn~ K. The constant C' does not influence the behaviour of the
s-cost of any cover with approximate squares. It is easy to see that two approximate squares
are either disjoint, completely agree or intersect just on the boundary. Hence, the set of

K

all level-K approximate squares, denoted by By, gives an efficient n™" -cover of A with

cardinality
LB = NE . E)-K I dimp A

5.4.2 Two lemmas

Recall that T,(t) = (s — logM) logn + ~I(t). Since I(t) is strictly convex, there exists a

logm

unique ¢’ such that I'(t') = y~L.

Lemma 5.4.1. For each fized s € R, the function Ts(t) is strictly convex with a minimum
at t, and satisfies To(t') = 1. Moreover, for all s > dimpg A and t € R we have Ty(t) >t
with equality if and only if s = dimg A and t =t'.

Proof. Since I(t) is strictly convex with a minimum at ¢, the same is true of T,(¢) for each
fixed s € R, and the definition of ¢ implies that T%(t') = 1. Using the formula (5.1.2) for
dimyg A and then that

M
_ 1 -1
I(t') = v — log (M >N )
=1
one gets Tgimy A(t') = ¢’ after simplifications. Note that Ts(t') > Tgimy a(t') = ¢’ for all
s > dimy A, which is enough to complete the proof. O

Since I(t) is strictly increasing, let t* denote the unique solution to the equation

I(t)
logm’

dimg A = dimp A — (1 —~771) (5.4.2)
Recall the notation for t,(s) from ([5.2.4]).
Lemma 5.4.2. We have t1(dimg A) < ¢/ < t*.

Proof. Since I(t) = 0, we have t;(dimpg A) = Taimy a(£). Also I'(t) <y~ = I'(¢') and I is

strictly convex, so t < t'. But Tgimy A IS strictly increasing, so
t1(dimg A) = Taimy A(£) < Taimg A (') =1,

where the last equality is by Lemma [5.4.1
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To prove t' < t*, for z € R define

Moo= M N oo N,
f(z) = lognlogM—lognlogZNilog" +lognlog(N/M) — (logn — z) 21 i — i
= S NF

Then after some algebraic manipulations,

i) =~ (1 N 10271) Z

z _Z
Togn logn

NA A
—t —(log N\;)? — (Z ——
Zj leogn & ZE logn

for all z € [logm,logn) by Jensen’s inequality, using that A has non-uniform fibres.

2
logN> <0

Moreover, f is continuous on R, so f(logm) > f(logn) =0, so

f(logm)

log(n/m)
B d . log M . . logm
_d)\<)\(< m)logn—l—'y(dlmBA—dlmHA)l_7_1>

~log (1 §M N%>> ( (5.4.3)
M J A=y—1 o
p

d M
= a )\TdimH A( — log ( Z ) ‘ 1’ (544>

where (5.4.3) is by (5.1.2)) and (5.1.3), and (5.4.4) is by (5.4.2) and (5.2.3). This means
that the value of A at which the supremum in the definition of I(Tqim, A (%)) in (5.2.2)) is

attained is greater than v~!. Equivalently, ’(TdimHA(t*)) > 4!, By the definition of #',
this means that Tyim, A(t*) > t'. By Lemma | it follows that ¢/ < t*. O

5.4.3 Upper bound for § = (=1

In Lemma we construct a cover in the case when 8 = 4~ (L= in order to establish
certain relations which are crucial in bounding the s-cost of the more complicated general
cover in Section In Section [5.4.4] we will establish the matching lower bound. Recall,
for § € (0,1) we defined L =1+ L_lggiaj so that 7L < 0 <~~~ and for § > 0 we
define K = L_logdj. Figure is a diagram representing some approximate squares of

logn

levels K, v(K) and v?(K). The proof strategy is to keep a level-K approximate square

at level K if and only if 7(%, K, ’y(K )) exceeds a constant 73 which remains unspecified for

now (recalling notation from (5.3.1))).

~v(K) if and only if 7(2, v(K), vy ( )) = T2. Continuing this process gives a cover of A using
(K),...,y* Y (K) = |K/#]. This means that, up to

some constant, all covering sets have dlameter in the correct range [4,6'/%]. In Lemma

Of those which we subdivide, we keep them at level
approximate squares at levels K,

we calculate the s-cost of this cover for an arbitrary tuple, which will allow us to prove in
Lemma [5.4.5/ that the relevant t;(s) are bounded above by ¢, so results from Section |5.3| will
apply. At the end we will optimise the thresholds so that the exponential rate of growth of
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Figure 5.6: Approximate squares of size §7 and 57" inside an approximate square of size 9.

each part is the same. The unique s for which this can be done gives us the upper bound
for dimgA.

Lemma [5.4.3] will be used to calculate the cost of the cover in Lemma[5.4.4l Lemma[5.4.3]
is rather similar to Lemma [5.3.4] and is also proved using the method of types. For a
probability vector p we write t, = Y p;log N;. For a word (i1,...,is) € [N]7, we write

= (ilv o 7’ZJ) = (¢(Z1)7 s 7¢(2J)) S [M]Ja recall "
Lemma 5.4.3. For all t € [t, max;<i<prlog N;),
#{ (ila o 7iJ) e [N]J . 7_(,2’ 0, J) < t} — e(min{t,f}—i-logM—I(min{t,f}))J‘

If, on the other hand, t € (minj<;<pslog N;, t), then

J
1
limsupjlog#{ (i1,...,i5) € [N]” ZlogNij < tJ} <t+logM < t+log M.
j=1

J—o0

Proof. The second part of the statement holds simply by the fact that there are M7 strings
of length J on the alphabet [M], so we only prove the first part of the statement. The
strategy for the upper bound is to work with an arbitrary type class and then use the
fact that there are only polynomially many type classes. Note that if p € 77 and 7 is any
representative of the type class T7(p) then

M
#{ie [N :a=7) =[N

k
k=1
Therefore
M J
. . J ~ - Pi.
H{ (i, ig) €NV i r@0, ) <th = S0 #T(p)- [ N
pET itp<t k=1

M J
pAJ ~ J.l
< > IV -#{iem = log Ni, > tp }
(=1

pPET; tp<t ]Ag:l
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= Z elod ¢ H Q) by Lemma [5.3.3]

pET itp<t
= Z e’ (tptlog M—I(tp)) by Step 1 of Proposition [5.2.11
pET tp<t
< H#T7 p(min{t,t}+log M—I(min{t,t}))J i) 0 0<I’'(T)<1if T€(L,t],
~

I'(m)>1 if 7€(t,max;i i< log N;)
— p(min{t,i}+log M—I(min{t,i}))J by the upper bound of (5.3.7)).

For the lower bound, if q is the closest approximation in 7 to Q.. ) for which tq < ¢,
then

#{ (i1,...,i5) € [N)) : 7(2,0,J) <t} > #Ty(q Hqu

> elal(J41)"Me J-H(a) by the lower bound of ([5.3.7] -

(mm{t t}+H(Qm1n{t t}))J since q%Qmm{t i
and since H is continuous

= e(mm{t’{}HOg M —I(min{t,t}))J by Step 1 of Proposition [5.2.11

€€ min{¢,7y Py Lemma[5.3.2

Therefore the first part of the statement of Lemma holds. O
In order to calculate the s-cost of the cover we construct in the proof of Lemma [5.4.4]
for 7= (r1,...,7_1) € (t,£)*! and s € [dimy A, dimp A] we introduce
log N _ 1\ log M _
T L-1 1 L-1
— 1 _ _
i(s) logn 7 ( i )logm s
vl L—2
i
logn ; V' (Tr-1-i +log M — I(11,-1-;))
and
L-1-¢
logN  ~v—=1/ ;_,
GT(s) = L (55" (10g M — I( log M — I )
7 (s) logn | logn (log (Te-1)) + Zz;’YTle-F og (T-1-4))
_ Lt

for £ =2,3,..., L. In particular, when ¢ = L the sum is empty and

: 1y 1 (L-1)
T(s) = dimp A — (1 — 7! -
GF(9) = dimp A~ (1 -9~ 7
(note the similarity with (5.4.2))). Recall from (1.4.5)) on page (12| that
S3o(A) = inf{ Z |Ui|” : {U;}; is a cover of A such that §Y0 < |U;| < 6 for all i }

Lemma 5.4.4. For all L > 2, all tuples T = (11,...,7.-1) € (£, )L7Y, and all s €

[dimp A, dimp A],
log S A= (L=1) (A)

li < G7 (s).
WD T s S amy ()
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Proof. We construct a cover of A as follows. For £ € N, let J; :== v/(K) — /71 (K). Define
ur = {BWH(K) (i) € Byooi (g 2 7(8,7/F(K), /F 1 (K)) < mpo1og for k=0,...,L — 2} .

For ¢ € {2,3,...,L — 1}, define U] to be the set of level-y“~¢(K') approximate squares
B,YL—Z(K)(i) for which

T(i7’7k(K)’7k+1(K)) S TL—k—1 for k = Oa .. 'aL — - ]-3
and 7(2, 7" (K), v Y K)) > 7o

Define U] = { Bi (i) € Bx : 7(3, K,7(K)) > 71,—1 }. By construction this is a cover:

L
AcJur
/=1
Observe that for all 0 < k < ¢ < L — 1, if B € Uy and B’ € Uy then they are either disjoint
or intersect on their boundary, but it can never happen that BN B’ = B'.
For ¢ € {2,3,..., L}, the symbolic representation of a level-y“~(K) approximate square
B,nyz(K) (i) eU] is

(B0 ey B TR Ly e ey bmg(K)s " 5 GmL—t—1 K)d1s -+ by Ll () s oLt (JC) 115 -+ + 3 by L—l41 ([ ).
V(K) ¥ (K) YEH(K) Iyl H(K) ¥ (K)
€[N] freely (i, K y(K)<rp—1 Ty K) yE U (K)) <y (B () y B (K)) > T

Therefore the s-cost of U] is

S© U = Uy S
veuy
L—¢—1
=N T #{ie [N :7(5,0,0p41) < 7p—p1 }
k=0

X {7 € M2+ - 7(3,0, 00 p1) > 701 } -1 K

L—(-1
=N H e(TL—k—1+log M—I(7r k1)) k11 ,e(logM*I(T571))JL71+1H*’YL_ZKS
k=0
. T
= nfKGIs) (5.4.5)

by Lemmas [5.4.3[ and [5.3.3| and algebraic manipulations. In the case | = L we used the

convention that the empty product equals 1.

The symbolic representation of B, -1k (i) € U] is

. A~

(B0, oo s B TR 15 - - o () > " > Iy L=2() 15+ - - 3 nL=1([(), ] L71K+1,...,'ZLK).
v(K) YE2(K) (K)> AP H(K) vH(K)

e[N] freely (3K y(K))<rp—, (@A L2(K) U (K))<m e[M] freely

Therefore, as in ((5.4.5)),

L—2
Z ’U|S =N% H e(TL—k—l-HOgM—I(TL—k—1))Jk+1 'M’YLK—WLflKn—WLflKS — nK'G'f(S).

veuy k=0
(5.4.6)

We have bounded the s-cost of each part of the cover, so the proof is complete. O
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In (5.45) and (5.4.6) it was crucial that each 7; € (¢,7) when using Lemma [5.4.3

Lemma tells us the exponential growth rate of the cover for all tuples 7, but motivated
by ([1.4.6)), of particular interest is the case when

Gi(s)=--=Gr(s) =0

A tuple T = (11,...,71-1) € (t,£)L7! satisfies GT(s) = - -- = GT(s) if and only if 7 = #;(s)
(from GT(s) = G3(s)) and 7 = Ts(7p—1) for k = 2,3,... L (from G (s) = G[,(s)).
Equivalently, 7, = tx(s) for k = 1,2,...,L — 1. The next lemma ensures that each of
t1(s),...,tr(s) lies in the correct range (t,t). In particular, writing t := (¢1(s),...,tr—1(s)),
we can then apply Lemma to obtain the upper bound

log S ., 1, (A)
SOV G (s) = dimp A — (1 — 7,1)71(&71(8)) ~

lim sup
S\0 —logd

logm

Lemma 5.4.5. Let 6 € (0,1), L = L(#) =1+ H;ggf'J and s € (dimy A, dim_— -1y AJ.
Then, using notation from (5.2.4) and (5.4.2)),

t < tl(dimH A) < tl(s) < tQ(S) - < tL( ) (dlm —(L— 1)A) < lemHA(t ) < t.

Proof. Recall from (5.2.15)) and (5.2.16) that s < dimg A < s. It is therefore immediate
that

t= t1(§) < tl(dimH A) < tl(S).
It follows from Lemma that ¢1(s) < ta(s) < --- < tr(s) for all s > dimg A. Since
s < diimy_(L_l)A we have t7,(s) < tL(diimv_(L_l)A).

We now prove Tgimy A (t*) < £. To do so, we define, for every fixed p € Py, the function
fp: (0,00) = R by

M
fp(2) :==logn -log szlz/logn — (logn — 2z)H (p).
i=1

Recall that Q = (1/M,...,1/M) and P = (Ny/N,..., Ny /N). Clearly, fp(logn) =0 for
all p and fq(z) = 0 for every z. The derivative of f(z) with respect to z is

z/logn
fP +Z z/logn1 g bi
= lZ] 1P i

while after some algebraic manipulations, we obtain that

1 M pz/ logn M pz/ logn 2

" i 2

o(z) = Y it (logpi)® — (Z 1 logpi> >0
logn i=1 Zj:lp;/ s i=1 Z] 1P j/ e

by Jensen’s inequality with equality if and only if p = Q (here we use that p has strictly

positive entries). Hence, for p # Q, fp(z) is a strictly convex function for all z > 0,
and also fy,(logn) = 0, so fp(2) has a global minimum at z = logn. In particular, since

m # n and P # Q as we assume the carpet has non-uniform fibres, fp(logm) > 0. Using
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formulae (5.1.2) and (5.1.3) for dimg A and dimp A, algebraic manipulations show that

fp(logm) > 0 is equivalent to

log M 1
dimg A — 227 ) logn + 7—2™ (dimp A — dimg A) < log N — H(P).
log m 1—~1

But we can express I(t*) from and use the definition ¢ := log N — H(P) to show
that this is equivalent to the assertion Tgim, A(t*) < ¢, as required.

It remains to prove tr, (ﬁf(umA) < Tgimy A(t*). To do so, we first prove the weaker
claim tL_]_(ﬁ,y—(L—l)A) < t* using the fact that Lemma holds for an arbitrary
tuple 7. Assume for a contradiction that tL_l(dim,y—(L—l)A) > t*. We define a tuple
T = (11,...,70-1) € (t,1)F7! as follows. If t1(dim -z-yA) > t*, then define 7 = t*
for all I € {1,2,...,L — 1}, noting that ¢t < t* < Tqimy A(t*) < t. If, on the other hand,
tl(m,yf(L—l)A) < t*, then define

Lo=max{l € {1,2,...,L -2} : {(dim -z-nA) < t* }.

For I € {1,2,...,1,} let 7 = tl(ﬁr@,m\). For I € {l, + 1,l4 +2,...,L — 1} let
T =1, + Ll_—ll_*l* (t* — 1, (3))7 SO

t < tl(dimH A) < tl(dimT(Lq)A) =T <M< - <T_9<T_1=t"< TdimHA(t*) < t.

In either case, 71 < ¢1(dim, - -1 A) and 741 < Tgg " 1)A(Tl) foralll € {1,2,...,L—2},
-
S0

GI(diim,y—(L—l)A) < G;(diim,y_(L_nA) <o < GZ(diim,y—(L—l)A).

Therefore by Lemma [5.4.4

dim__(p_1A
. 10g S(; ,Y—AEL—l) (A) P I S I
0= hr;l\s(lle “logs < Joax. G7 (dim,—z-nA) = G7(dim,—z-1A) <0

(the last inequality holds since 77,1 = t* and dim, - A > dimp A, see |[FFK2, Section 4]),
a contradiction. Thus tL,l(dimT@q)A) < t* < Tiimy A (") < T (using Lemma .
To complete the proof that ¢ L(dim,y—(L—l)A) < Tdimy A(t*), we apply Lemma again

but this time with the optimal tuple t := (tl(dimv_(L_l)A), . ,tL_l(dim,Y_(L_UA)) which

we now know lies in the correct range:

0 = limsup
§\0 —logé

< max GY(dim._-nA
S max ¢(dim, - -1y A)

_ G (@m0 A)
I(tL_l (mvf(/:q)A))

logm

=dimgA— (1 —~71) — dim_ 1A, (5.4.7)

noting that all terms in the maximum are in fact equal by the definition of t. Therefore

tr(dim, —z-nA) = Ty 7<L71)A(tL_1(M7,<L,UA)) (5.4.8)
Y
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— log M 1 B
< <dim7_<L_1)A - l(())gg m) logn +77 O_gfy”fl (dimp A — dim_z-1)A)
(5.4.9)
log M 1
< (dimpg A — 087 logn + vﬂ(dimB A —dimp A) (5.4.10)
logm 11—t
= TdimHA(t*)a (5.4.11)

where (5.4.8)) is by (5.2.4); (5.4.9) is by (5.2.3)) and ((5.4.7)); (5.4.10)) is since diimv,(L,UA >
dimpy A; and (5.4.11)) is by (5.2.3]) and (5.4.2). This completes the proof. O

5.4.4 Lower bound

For 6 € (0,1), s € (dimyg A,dim,y—(L—l)A], sufficiently small 6, and R € N, we define a
measure (i = 159 r Which we will use to apply the mass distribution principle. Recall
that K = K(§) = L_lolgi 6]. The measure will be defined by putting point masses on some
carefully chosen level-| /6| approximate squares (corresponding to the very smallest scale

51/8.

If k € N and By, is a level-k approximate square in By, we can choose a point A, € A

in the interior of Bi. We can make this choice explicitly by choosing the image of a
distinguished point in A inside the top-most (in the plane) level-y(k) cylinder within Bj.
Let 6ABk denote a unit point mass at Ap,. For [ € N define

J=A )~ K/ g = K/ - A (K. (5.412)

Using notation from (5.3.11)), define C 59 r to be the set of level-| K/0| approximate

squares (i1, - .-, k/6]5 2| K/0)+1>- - in(|K/60))) € B|i/g) for which

(Lo 1) 41 -+ B (1)) € Sty sy for 1€ {1,2,...,L—1}. (5.4.13)
and

(1011 s y2-10))) € Sty rir(opr for 1€ {1,2,... L}, (5.4.14)

Note that when § = v~ we do not impose the condition (5.4.14). Now we define the

measure

W= H6,s5,0,R = > DA
B|k/0)€CK,s,0,R

Abpyeso; (5.4.15)

This is clearly supported on A.

For the remainder of this section, for
ke{K,K+1,...,|K/0]},

By, will denote an arbitrary level-k approximate square in By, N supp(u). By the definition
of the Sy s g sets, u(By) depends on k, 4, s,0, R and the carpet, but if k = 7/(K) or k =
| K/496] for some j € {0,...,L — 1}, then u(By) = u(By},) for all By, B, € B(k) Nsupp(u).
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Lemma 5.4.6. Fiz 6 € (0,1), s € (dimyg A,dimpA], and R € N as above. For all
1=0,1,...,L—1, as K — o0, the following two asymptotic equalities hold:

_ Al
15,50,R(Byi(x)) =~ TE?, (5.4.16)
__ Ks
146,5,6,R <B K ) =n ovtTt (5.4.17)
199V LmJ

Proof. The proof is an induction argument, starting with the smaller scales. Note
that holds for [ = L — 1 by the definition of u. We first use this to prove for
l =L — 1. Indeed, consider an approximate square B, -1 (i) € B,r-1(k) and assume it
intersects supp(u). Because of the way p is defined, the mass of all such squares will be the
same. To calculate this mass, we need to count up the number of level-| K/0| approximate
squares B| /g (j) which lie inside the level-y2~1(K) square (so B ko)) C Byr-1)(1)),
and which also carry mass.

To count the number of such smaller squares, it is helpful to compare the symbolic
representation of any such square B g g)(j) with that of B 1 g (i):

estl(s),J’L‘R

B,YL—I(K)(i) : (il, ce ,Z',YL—l(K),i,yL—l(K)_i_l, ce 77:[K/9J72[K/9J+1’ ce ,i,YL(K))

Bir o)) (s s Jyb1(K)s Sy b1 (K415 - - s J K /0] JLK/0) 415 - - - 5 Iy B (K )5 Iy B (K) 415 - = » Iy (LK /6)))

equal same column equal e[M] freely

For t € (t,t), J € N, R e N, let p(t,J,R) = (p1(t, J, R),...,pnm(t, J, R)) be the type class
of every element of S; jr. Then p(t, J, R) J—> Q; € & by Lemma [5.3.2] Therefore
—00

M
MU0 B ] B Ve
=1

— ot () +K((v/0—7") log M—(slogn)/0)

_~L-1
= KS’

using (5.4.12)) and the definition of ¢;(s) in ((5.2.4)). Therefore ((5.4.16|) holds for | = L — 1.
We now use this to prove (5.4.17) for I = L — 2. If Byr-1(x)(j) C B|x/(10)) (i), then

GStl(s)yJLflvR

(01 UK/ (60 UK/ (00) 410+ Tyt () Ty (R )1+ K /0))
(s -+ o3 TR/ (40) s JLK/(10) ) +15 - -+ Ty L1 (K)s Iy Bt ()15« + + 5 JLK/0) 5 T LK /0] 415 -+ + 5 Iy T (K))-
eqﬁal same column equal e[M] freely

Therefore by Lemma case [ = L —1 of (5.4.16)), (5.4.12), and (5.2.4)),

(B jyy) () = €1 Tma ypy K=K /0 =" H s = Ks/(00)

so (b.4.17)) holds for | = L — 2.

)
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Now fix any [ € {0,1,...,L — 2} and assume that (5.4.17)) holds for [. We show that
this implies that (5.4.16) holds for /. Indeed, if BLMLIizflJ(j) C B.i(k)(i), then

€Si 1 7fy R
(i1 (1)1 Iyt (K415 ’i[wL_ff_l_GJ’ALWLJ,,‘_LGJH""’i”l“(K))
(15 s Tyt () Tyt ()15 - ’j[waf_l_eJ’jLLff_l_gJH’ e IRy Ty (K )1 - - - ’ij_If_Q_QJ)'
equal same column equal €81 1 1) g
Therefore
(B () = e Sy, gy T i ease o1 B1TD
- ethl(S)Jl’H ,e(logM*I(thz—l(8)))J[+2n—KS’Yl+1_L9_1 by
= n 7 Ks by (5.4.12) and (5.2.4),

so indeed (|5.4.16]) holds for I.
Finally, fix any [ € {0,1,...,L — 3} and assume (|5.4.16)) holds for  + 1. We now show

that this implies that (5.4.17) holds for I. Indeed, if B i+1(x)(j) C BL K J(i), then

,YL—l—lg
EStL—l—l(S)vJH—lvR
(il,.,.,i K ,i K v'"”Z’yl‘*'l(K)?i'y""'l(K)-ﬁ—l?'"72 )
I e S JI=i—1g |1 I e P
(jlv"'vj K 7j K 7"'7j'yl+1(K)7j'yl+1(K)+17"'aj K 7j K a"'?jfyl+2(K))'
JI=i-1, JI=i—1g | T JI=i—7, JI=i—35 |1
equal same column equal €5tp 1 _9(s),Ji40.R

As above,

Ks
m <BL « J(1)> ~ etr—1-1(8)Jip1 e(logM—I(thzd(S)))Jl+2n—71+lK5 =n LT
,YLflflg

so indeed (5.4.17)) holds for I. The proof is complete by induction. O

In Lemma [5.4.7] we prove that if we make R large enough then the mass is sufficiently
evenly distributed for us to apply the mass distribution principle Proposition from
page [13]in Section [5.4.6]

Lemma 5.4.7. Let 0 € (0,1) and s € (dimpg A,dimpA]. For all ' < s there eists
9o € (0,1) and R € N depending on s,s',0 and the carpet such that for all 6 € (0,d) and
ke {K,K+1,...,|K/0]}, if by, is any level-k approzimate square then s g r(bx) < n "

Proof. Fix 6 € (0,1), s € (dimyg A, dimgA] and R € N. The idea is that for each scale k,
we will choose from the finitely many scales considered in Lemma [5.4.6] the one which
corresponds to the largest size that is smaller than n~*. We will then bound the number of
approximate squares of this level which are contained in each level-k approximate square
which carries mass, and use Lemma to bound the mass of the level-k approximate

square.

142



Let J' € N be large enough that for each ¢t € {t1(s),...,t—1(s)} and (s, t) related
by (5.2.13), (5.3.13)) holds for all J > J" and ¥’ € {1,...,J}. By Lemma we may
increase J' to assume further that if 7 € Sy ;g then H}-le Ni; < e+1/R)J  Then

J J
H N, = szl Nij < elt+1/R)J < €(1+3f)J/R€tJn—k’stM'yk’
j=k ’ Hf’;% Nij Pl ) (s)n¥'se M=+ (5.4.18)

_ (43I /RA(T-K )t
We may increase J' to ensure that for all J > J' and k¥ € {1,...,J}, letting I €
{0,1,..., R — 1} be such that [I'J/R| < k¥ < |(I' +1)J/R), if (j1,...,5x) € [M]* then

#{ (il, .. .,i]) € St,J,R : ’ip = jp for p € {1, .. .,k/}} e(qulJ/RJ)(H(QI)+1/R)

NN

o(J—K")(log M—I(t))+3J(1+H(Q}))/R

(5.4.19)

Let 09 > 0 be small enough that for all 6 € (0,dp), J' < J1 < Jo < J3 < -+ and, if
0 £~ D J < J < Jb < Jb < ---. By decreasing 6y further we may assume by
Lemma that for all € {0,1,...,L — 1},

Lpe(_ K —s+1/R
M(S,S,@,R(B'yl(l()) <n’ K(—s+1/R) and 15,5,0.R (BL ke J) < nvL—l—le( s+1/ ).
—I-Tg
(5.4.20)

We now consider symbolic representations of approximate squares in a similar way to

Lemma [5.4.6]
Case 1: Suppose l € {0,1,..., L — 2} and

ke {7 (K)+ 1,7/ (K)+2,..., [KyT 7Rt — 1)

The symbolic representations of approximate squares B|x+1-1g-1)(j) C Bg(i) are as

follows (broken onto two lines because they do not fit onto one line):

EStL—z(S)»Jl’_‘_l,R
(il,---,iyl(K)vi«,l(K)H’---,ikjfk+1,---,ﬂ K|
SL—T-Tg
(jla'--,j'yl(K)aj'yl(K)+la'-wjkajk—l—l,'"7]{ K Ja
,nylflg
equal same column
and continuing
LyL—If—laJ*'l’ Iyt () By ()10 -+ By (k)

j{ K JH,---JWZH(K)JyHl(K)H,---,jy(k)ajq(k)Jru---,% K J)-

equal
! EStL,lfl(s),Jl/H,R
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Therefore we can bound the mass

[ . / .
pBri) <C ] Niye(m”k)(1°gM—I(thH(s)))+3Jl+2(1+H( )R
y=k+1
K
v nﬂ/L—l—lg( s+1/R) (5.4.21)
<Ce(ﬁ—k:)tL_l(s)+(1+3¥)J{+1/Re(ﬁ—’Yl€)(IOgM—I(tL—l—l(S)))
~X
y €3J;+2(1+H(Q:L7l71(S)))/Rnﬁj{_lg(*SH/R) (5.4.22)
_ Cn_m((1+3%>J;+1/<logn>+3Jz+2<1+H< EUICEOR S = S (5.4.23)
(1+32)+3<1+H(Q§L_l_1(s)))+logn)
—s+ k
< (Jn< ’ FoTogn , (5.4.24)

where C' is a constant depending only on the carpet, (5.4.21)) is by (5.4.19)) and (5.4.20));
(5.4.22)) is by (5.4.18)); (5.4.23) is by (5.2.4)) and algebraic manipulations; and (5.4.24)) is

since max{Jl'+1,Jl’+2, WLL} < K/0 <k/0.

—i—1g
Case 2: Suppose I € {0,1,...,L —3} and k € {| Ky =L~ +-1,... +"*(K) -1}
If B,yl+1(K) (j) € Bg(i), then

GStL—l—1(3)7Jl+17R

(ila"'ai K N K J ,---,ik,ik-fl,---,i,lerl(K),
[t ) [

(jla v 7]{711 K J’j{WL7[§719J+1’ v 7jk’7jk+1a cee 7jyl+1(K)7

same column

equal
continuing
) ) )10 )
FHL(K)+1 LYL—IE'—QGJ LYL—IZ{—%J'H (k)
Tty | e |t o B o Jytsai)
equal

EStL—l—2(S)le+2vR
Therefore there is a constant C > 0 such that
u(Bi(i)) < Cel' T K=t (5)+ (148041 /R (2 K —yk) (log M=T(t1.1-2(5)))

% €3Jl+2(1+H(QtL7172(s)))/Rn’YHIK(_S"Fl/R)

(1+3¥)+3(1+H(QjL_l_2(s)))+logn
< C —s5+ R6logn k
<On

Case 3: It k € {|K/(v0)] +1,...,v* " (K) — 1} and B -1 (j) C By(i), then

€Sty (s),Jp_1,R

(il’.."iL%J,i{%J+1"..’ik’ik—’—l’."’l'yL_l(K)’

(jlv- . 'aj{KJajL%J+lv' . 'ajk?jk‘-l—la"')j'y['—l(K)a
vy

~0

~~ same column
equal
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continuing

Iyl (K415 -+ A K/0) DLK/0) 415+ -+ » (k)
IyL 1K) 415 -+ 2 JLK 0] DK /0) 15+« + s Ty(k)s Ty(k)+15 - - - » Iy E(K))-
equal e[M] freely

Therefore by the definition of ¢1(s) in ((5.2.4)) there is a constant C' > 0 such that

W(By()) < CeOr KRt ()+ (143D T, 1 /R prH K =k o P K (=s1/R) O (st e )k

Case 4: Finally, if k € v27H(K) +1,..., [ K/6] — 1 and B|kg(j) C Bi(i) then

€541 ()., R
7\

(B0 eyt () Tyt (K) 410 - - - Gk BT - - -5 0| K0
(15 oy Iy 1 (&) Jo e (K410 - - - Jho Tkt 15 - - - J| K /65
equal same column
continuing
UK/B) 115 B (K) (K1 -+ By (k)
UK /B1415 s Iy B (K) Ty ()41 -+ Jyk)s Jo(R) 410 -+ > Ty (5 /6))-
equal e[M] freely

Therefore by the definition of ¢;(s) there exists a constant C' > 0 such that

,U(Bk(i)) < Ce(K/G—k)h(S)+(1+3E)J’L/RM7K/9—7kn—Ks/9 < C?’L(_S+(l+3g)/R)k.

Therefore the result follows (using Lemma if k€ {K,v(K),...,v*"Y(K)}) if we take
R large enough depending on s, s, 6, C and the carpet. O

We write
G(0,s) =~L0log N — (v20 — 1)tp(s) +v(1 — 4L 710) (log M — I(t1(s))) — slogn. (5.4.25)
Lemma 5.4.8. Fiz 0 € (0,1), s € (dimyg A,diimv_@_l)A], and R € N. The total mass
pss.0,r(A) < GO0/ 45 K 5 o0,

Proof. The symbolic representation of a level-K approximate square By (i) € By Nsupp(u)

1s

(815K B 41, 5 D oy (=11 5 D g (L1 g1 | 415 - - - ’iw(K)J)'
e[N] freely GStL;,s)J{,R €St _1(s).J1,R
Therefore
w(A) =< #(Bg Nsupp(p)) - n by case [ = 0 of
= NK(log M=I(tL(s))J] (log M—I(tL—1(s)) )1 = Ks by
= eKG(8:5)/(7"6) by (5.4.12),(.2.4),(5.4.25),
completing the proof. O

We have now proved enough to give Theorem [5.2.1] in the case when 6 is a negative

integer power of v, see Section [5.4.0]
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5.4.5 Upper bound for general ¢

Suppose L € N, 0 € (v L, 4~ s e (dimp A,diim,y—(L—l)A} and 0 < § < 1. We define a
cover {V;}; of A (depending on 6, s and ¢) as follows. Every level-K cylinder will be covered
in the same way, and the cover will consist of approximate squares (i1, ..., g, tk41, - - - ,iﬁy(k))
of different levels k € {K, K+1,...,|K/0]}. This means that the diameter of each element
of the cover will, up to an irrelevant multiplicative constant depending only on the carpet,
lie in the interval [61/¢,6]. In fact, we will use only the scales 4*(K) and |K/(~'6)] for
1e€{0,1,2,...,L —1}. Figure provides a diagram which may help the reader follow the

construction of the cover.

Uor—1-1,--- U1 011

Uo,1, Uo, -1 Ui r—1 Ur—1-1 Uoo, .- UL—20
Uo Uy 1,1 U U111 Ur—11 Ur-1p
| tr | tr 1 | | tr | tr | tr—1-1 | | ty | t |
| J | J1 | o | T L g, 1 Jl |
Koy ) SR PE) (K

Figure 5.7: Visualising the cover in for L > 3. Here, I denotes an arbitrary
number in {1,2,...,L — 2}. The indices of the symbolic representation and the lengths
of the different parts are in black. Above the scales explicitly written out are the sets
(in blue) which make up the part of the cover consisting of approximate squares of the
corresponding level. The ‘critical’ thresholds for the averages of the different parts of the
symbolic representation are in red. Recall that the ¢; depend on s, and the sets that make

up the cover depend on s and 6.

Recall that L == 1+ Lflggg,ygj, and 2 = (1, -+, Uk, Ut 1, - - - » by(k))> and we use the notation

from (5.3.1). We define U1 to be the set of level-y~1(K) approximate squares for
which (5.4.26]) and (5.4.27)) below hold for all j € {1,2,..., L — 1}, and (5.4.28) holds:

(@, [ K/ (v"770) )47 (K)) < tr—;(s); (5.4.26)

- L-j v = (o) PR Lgy| ~i
(2,97 (K), [K/ (v G)J)<(,YL,je),liryj,l(tL*J(S) (2, [K/(v*770) ], (K)))

+ tL_j_H(S); (5.4.27)

(3, 7" U K), [K/0)) = ti(s). (5.4.28)

Note that when defining U1 we imposed no restriction on VK041 - - - byL(K)s OF
on i1,...,ix—1. Define Ur_10 to be the set of level-| K/f]| approximate squares for
which and hold for all j € {1,2,...,L — 1}, and does not hold
(no restriction on @ g /g 41, - -, iy(|K/6)))- If L =1 then our cover is simply Uy o UUp,1, so

for the rest of the construction of the cover we assume that L > 1.

For | = 0,1,...,L — 2 we define U; to be the set of level-y/(K) approximate squares
which satisfy condition for all j € {1,2,...,1+ 1}, and which satisfy for
all 5 € {1,2,...,1} but do not satisfy for j =14+1. Forl=0,1,...,L —2 we
define U 1,—; to be the set of level-y!(K) approximate squares for which holds
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for all j € {1,2,...,1} but not for j = [+ 1, and (5.4.27) holds for all j € {1,2,...,1},
and ([5.4.29) holds:

(8,9 (K),LK/("7710)]) >
1 1 1
TS(maX {L (A L1-26)—1 _ i1 <<7L—l—29 - 7L-1—19>tL*l*1(8) (5.4.29)

. (,lerl _ (,nylfle)*l)T(i, LK/(’YLilile)J’flerl(K))) })

For 1 =0,1,...,L —2define U] ; , , to be the set of level-| K/(v-~'"10)| approximate
squares for which (5.4.26) and (5.4.27)) hold for all j € {1,2,...,1}, and (5.4.29) does not

hold, and (5.4.30]) holds:
T, K/ (" 710) ) A (K)
1

1
AT (4 L-T-1g) 1 ((7L71729 - ,nyl—lg)tL—l—l(S) — (") - 7”1)2)-
(5.4.30)

R\

Note that means that does not hold for j =1+ 1, and that the maximum
in equals ¢ (since t;_;—1(s) > t). Note also that we imposed no restriction on
(i1 (K10 - - -5 U K j(E-1-20))))- For I = 0,1,...,L — 2 define Uj 1,11 to be the set of
level-| K/ (v*~!=16) | approximate squares for which holds for all j € {1,2,...,1}
but not for j =141, and holds for all j € {1,2,...,1}, and does not hold,
and does not hold, and holds:

7(3, 7l+1(K)a LK/(’YL_Z_QQ)J) > (,YL—Z—29)1—1 — A (<7L—1l—29 B 7L_1l_16>tL_l_1(5)

B (,YlJrl _ (,)/Lflfl(g)’l)T(i, LK/(’YLilile)L’YlJrl(K)))'
(5.4.31)

For 1 =0,1,...,L — 2 define U o to be the set of level-| K/f]| approximate squares for

which (5.4.26)) holds for all j € {1,2,...,1} but not for j =1+ 1, and (5.4.27)) holds for all
je{1,2,...,1}, and (5.4.29) does not hold, and (5.4.30) does not hold, and ([5.4.31)) does
not hold, and ([5.4.32) holds for all j € {1,2,...,L —1—2}:

7(i, [K/(Y0)], LK/ (¥ 710)]) < t;(5). (5.4.32)

Note that we imposed no restriction on 2| g /g 41, - -, iy(|K/9)), and in the case [ = L — 2 we
did not require the extra condition (5.4.32)). If L = 2 then we have constructed the cover

A C Uy UZ/{O’O UZ/[O’l @] U(S’l U Z/[O,Q U Z/{Lo U L{Ll.

If L > 2, then for ! =0,1,...,L -3 and k =1,2,...,L — [ — 2 define U ;, to be the
set of level-| K/(7*0)| approximate squares for which (5.4.26)) holds for all j € {1,2,...,1}
but not for j = 1+ 1, and (5.4.27) holds for all j € {1,2,...,1}, and (5.4.29) does not
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hold, and (5.4.30) does not hold, and (5.4.31)) does not hold, and ([5.4.32)) holds for all
je{k+1,k+2,...,L—1—2} but not for j = k. We have finally constructed a cover of A:

L—2 L1
ACUL10UUL 11U | (ul S|/ ul,k>. (5.4.33)
1=0 k=0

For simplicity, we denote the cover by {V;};. Observe that any two elements of this cover
are either disjoint or intersect on their boundary; it can never happen that one is contained
within the other. Figure depicts the different parts of the cover in the most complicated
case, namely when v~ < 0 < 4~ (=1 for some natural number L > 3.

We will bound the s-cost of this cover in Lemma [5.4.11] For this, we need Lem-
mas [5.4.3] [5.4.9] and [5.4.10] which we prove using the method of types. The inequalities in

Lemma mimic (5.4.26)) and ([5.4.27)).

Lemma 5.4.9. Suppose c € (0,1),t >t; >to >t and J € N. Then as J — oo,

(i)
#{ie [M]J :7(3, |eJ ], J) <to, (3,0, [c]]|) = t1 + (1 —¢)/c)(te — 7(3, |c] ], ])) }
— ¢ (c(log M—I(tl))+(1—6)(logM—I(tz)));

(i)
#{i€ [N :7(3, e] ], J) <t 7(2,0, [e]]) Sty + (1= 0)fe)(t = 7(3, ]| ])) }
= eJ(elta-+log M—I(t2))+(1—0)(ta-+log M—I(t2))).

Proof. The lower bounds for the asymptotic growth follow from considering those strings
for which %¢7)41,...,2; and i1,...,7|.y| are the best approximations to Q; and Qi}s(t)
respectively in 7;_|.7) and 7|,y for which the required inequalities hold. The strategy for
the upper bounds is to fix arbitrary type classes for the different parts of the string which
satisfy the desired inequalities and then use the fact that there are only polynomially many
type classes.

Fix p € T|c7] and q € Tj_|cs) such that tq <tz and tp, > t1 + ((1 — ¢)/c)(t2 — tq),
recalling that t, =) . p;log N;. Then

BT 1071 (D) - #T_og) (@) < (08 M=1(t0))+(1-0)(10g M—T(max{ta.t})) (5.4.34)
< ¢ (cllog M—I(t1+((1=) /<) (t—max{tq.t})+(1—c) (log M~ (max{tq.})))

(5.4.35)

< 6J(c(logM—I(tl))—l—(l—c)(logM—I(tg)))‘ (5.4.36)

In (5.4.34) we used (5.3.7) and Step 1 of Proposition |5.2.11] In (5.4.35)) we used that the
rate function is increasing. In (5.4.36|) we used the convexity of the rate function. Therefore
using ([5.3.6)) we can bound the cardinality of the set in the statement of |(1)| from above by

(LCJJ + 1>M(J _ LCJJ + l)MeJ(c(logM—I(tl))—i—(l—c)(logM—I(tg)))'
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Similarly, fix p € T|cj) and q € Tj_|cs) such that tq < f3 and tp, < # +
((1—=¢)/c)(ta —tq). Then

#{ie N ae Ty o)} -#{ie N e Ty )}
< ¢ (clmax{tp,t}+log M—1(max{tp,t}))+(1—c) (max{tq £} +log M—I(max{tq,1})))

< eJc(min{tl—i- l;c (ta—max{tq,t}),t}+log M —I(min{t; + 1;‘: (ta—max{tq,t}),t}))

x eJ(l—c)(max{tqu

75 (t—t1) }+log M—I(max{tq,t,ta— 755 (t—t1)})) (5.4.37)
g eJ(C(tl“rlOgM—I(tl))“r(l—c)(tQ“rlOgM—I(tz)))' (5438)
In (5.4.37) we used the fact that I'(t) < 1 if ¢ € (¢,¢) and I'(¢) > 1 if t €

(t,maxi<;i<prlog N;). In (5.4.38) we used the convexity of the rate function. In light
of (5.3.6)), the result follows. O

The inequalities in Lemma [5.4.10| mimic (5.4.26), (5.4.30)), (5.4.29) and (5.4.31).

Lemma 5.4.10. Suppose s € (dimg A,dimg A), ¢ € (0,1), t <t < Ts(t) <t and J € N.
Then as J — oo,
1
¥ #{ie M) 7@ |c]],J) >t

and 7(2,0, [cJ|) = Ts(max{t, (1 — c +yc)t/(ve) — (L = o)7(8, [e]], J) /(ve)}) }
- eJ(c(logM—I(Ts(t)))-‘r(l—c)(logM—I(t)));

(i1) o ) _
#{ (21,..., Bt 415 - 8 81y - s 8 (1)) € [N]ETD x (]l I=led]y

J]
<72, [e]], ) < (1= e+ o)t —vet) /(1 —¢)

Cde(l 0,cJ]) S T((L —c+ye)t = (1 = o)7(%, [c]], J))/(ve))
and 7(3,J, |(L+~ve)J]) = (1 —c+ye)t — (1 — )7 (2, [T ], J))/(ve) }

— (T () +og M=I(T () +(1—c¢)(log M—I(0)).

(1) #{i€ [N|LOTI) ¢t < 7(3, (e ], T) < (1 = ¢+ ve)t — yet) /(1 — ¢)

It
and 7(3,0, [¢J]) < Ts((1 = e+ ye)t = (1= o)7(3, [e] ], J))/(v¢))

and 7(2,J, [(ye + 1)J]) < (1 = c+rye)t = (1 = o)7(3, [e]], J))/(ve) }
J(c(TS(t)—HogM I(Ts(t)))+(1—c+ve) (t+log M—I(t)))

Proof. The proof strategy is rather similar to that of Lemma [5.4.9] The lower bounds

follow from considering those strings for which &|.7)41,...,%s and 21,...,7|.s) are the best

approximations to Qj and Q*TS ® respectively in 7;_|.; and 7|y, and (for and
1J+15 -+ 1[ycg) 18 the best approximation to Qf in 7|(14+c)s)—7, for which the required
inequalities hold. The upper bounds follow from the following estimates and :

Fix p € 7|.s) and q € Tj_|¢s| such that {4 > ¢ and

tp > Ty(max{t, (1 — c+e)t/(76) — (1 = c)ta/(7e).
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Then
#Tes|(P) - #Ty—ey)(q) < oJclog M—I(Ts(max{t,(1—c+7¢)t/(ve)~(1=c)ta/(v0)})))
x ¢’ (1=¢)(log M —I(min{tq,((1—ct+yc)t—yct)/(1=c)})))

< eJ(c(log M—I(Ts(t)))+(1—c)(log M—I(t))) ]

The final step holds since

< tq§

(L=c+rye)t —qct)/(1 —c) <t
<To(t) <1,

Ts(((1 = e +ye)t —et) /(1 = ¢))

so using standard properties of the rate function, the derivative of the exponent with respect
to tq is negative.

. Now fix p € Ty, 4 € Tj—|cs) and v € T|(144¢)7]—s such that ¢ < tq <
(1= e+ 70t —7et)/(1 = 0), tp < T(((1— c+70)t — (1 — O)tq)/(7¢)) and b > (1 -+
ve)t — (1 — ¢)tq)/(ve). Then

#{ie [Nl e Teq)(P) b #Tr—1cq)(@) - #T| (14¢)7 - (T)

< (T ((A—etre)t=(1=c)tq)/ (ve)) Hlog M—I(Ts (1—ctrye)t—(1—e)tq)/(v¢))) +(1—c)(log M—I(tq)))

« et (ve(log M—I(((1—ct+rye)t—(1=c)tq)/(v¢))))

< eJ(c(TS (t)+Hlog M—I(Ts(t)))+(1—c+~yc)(log M—I(t)))

since the derivative of the exponent with respect to tq is negative.

Now fix p € Tie5), @ € Tj—|es) and T € T|(14yc)g)—s such that { < tq <
(L =c+ryo)t —vct) /(1 = ¢), tp < Ts(((1 = c+y0)t = (1 = ¢)iq)/(7¢)) and tr < (1 —c+
ve)t — (1 — ¢)tq)/(ve). Then

#lic N e T (o)} #{5 € IV G e Ty o)}
x #{k € [Nk € T (140001 s(r) }
< el (A=etye)i=(1=0)tq)/ (ve))Hlog M—I(T:((1—ct+re)t—(1=c)tq)/ (7)) (5.4.39)
« ¢ (1=0)(min{tq,F}+log M—I(min{tq,I}))
« el 1e(((I—ctre)t—(1—0)tq)/(ve)+log M—I(((1—c+rye)t—(1—c)tq)/(vc)))
< e T ((1=etye)t—(1—c) minftq,t})/ () +log M —I(Ts ((1-etrye)t—(1—c) mintq,t})/ (7¢))))
« ¢ (1=¢) (min{tq,F}+log M—I(min{tq,}))
x eel((1=etre)t—(1—c) minta )/ (y0) +log M=I((1=ctre)t=(1=c) min{tatD/(e)) (5 4.40)

< e/ (eTs(t)+log M—I(Ts (1)) +(1—ct7e)(t+log M—I(t)) (5.4.41)
We have ((5.4.40)) because t < tq < ((1 — ¢+ ve)t —vet)/(1 —c¢), so

t<((I=ctye)t = (1= 0o)tq)/(ve) < Ts((1 — e +70)t — (1 = o)tq)/(ve)) < Tu(t) <7,

so the derivative of the rate function here is between 0 and 1. We have ([5.4.41)) since the

derivative of the exponent in (5.4.40|) with respect to tq is negative. In light of (5.3.6)), this
completes the proof. O
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We are now ready to prove an upper bound for the s-cost of the cover that we have

constructed. Recall that G(0, s) is defined in ([5.4.25).

Lemma 5.4.11. ForLe N, 0 € (v £, 4=, s € (dimyg A dim, -1 A and0 < 0 < 1,
let {V;}; be the cover of A defined in (5.4.33). Then as K = K(§) — oo,

Z ’V'J|s - eK-G(G,s)/(’yLG).
J

Proof. The strategy is to bound the s-costs of the different parts of the cover separately
using Lemmas [5.4.3} [5.4.9 and [5.4.10, which can be applied since the t;(s) lie in the right
range by Lemma We use the convention that an empty product equals 1. In the
following, as above, R € N will be fixed and arbitrary. We first consider the s-cost of I for
le{0,1,...,L —2}:

ST U = #h 0K

Uely,

l
~ NK HeK(tL—j(s)'HOgM_I(tL—j(5)))('Yj_'77(L7j)071)

j=1
« B (t—jr1(s)Hlog M—I(tr—j11(s)(y~F7671 =77 1))

K ((log M—I(t1,—1-1()) ("1 =7~ F=1=D0=1) - (log M—I(t1,1)) (v~ (P~ D61 —1))

X e
<K by Lemma [-A.9][(1] and [(i]
_ MK by (5.3.12)
-~ #(Byl(K) N Supp(ﬂ&s,@,R)) RO and Propos?ti Step 1
= p5,5.0,R(A) by (5.4.15)) and Lemma
= KGO/ by Temma 548 (5.4.42)

The s-costs of Uj o are equal for all [ € {0,1,...,L —1}:

Y UP=#UL10-n
UGU[YO
L-1
- H oK (tL—j(s)Hog M—I(tr—;(s)))(r7 —y~ =267
Jj=1
~ eK(tL,jﬂ(s)-s-logM—I(tL,Hl(s)))(yf(ij)gfl_ijl))

o« N pt1(s)Hlog M—I(t1(5)))(1/0—~+2 1)K § p(y—1)K/6

T by Lemmas 523
and (when [<L—1) Lemma [5.4.10]

—Ks/6 — KG(0,5)/(v"0)

= #(B| ko) Nsupp(is,s,6,r)) - 1 = 5,6,0,R(A)

To bound the s-cost of U ;,—; when I € {0,1,...,L — 2}, note that by Lemma and
Step 1 of Proposition [5.2.11]

#{ae PO 26, K (rETI10) ) = A (K) A () = 1 (K))

1 1 1
> G gy (g — g )fa-a() = (0F80) 7 =o' )
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and 7(3,0, [K/(v*71710)] =7 (K)) > Ty(t) |

_K(VHI_VHPLQ)I((71+1,(7L171719)71> ((,YL711729 - 7L711719)tL—l—l(5)—((71“71729)71—7“’1)1))

e

I T AT log M| K (V1 E0—4") (log M—1(Tx(1)))

< eK((WHl—WHl_L@_l)(lOgM—I(thzfl(8)))+(’YZ+1_L9_1—’Yl)(logM—I(thz(S)))), (5.4.43)
where the last step follows from the case tq = ((1—c+~c)t—~ct)/(1—c) of Lemmal5.4.10
Now, for I € {0,1,...,L — 1},

l
Z ’U‘S -~ NK H eK(tL_j(s)-HogM—I(tL_j(s)))('yj—'y*(L’j)H’l)
Uel, - Jj=1
« B (tL—ji1(s)Hog M—I(tr—j11(s)(y~F 7671 —771))

w« B ((og M—I(tr—i—1(s)) (YT =y~ =m0 ) (log M—I(t1 1)) (v~ (E =100~ 1))

_ Al
Xn’st

Ks K-G(0,5)/(v"0)

_ Al
= # By Nsupp(psso.r)) - n 70 =X pussor(A) < e -

In the case [ = L — 1 we used Lemma and Lemma and Step 1 of Propos-
ition In the case [ < L — 1 we used Lemma and (in the case when the
maximum in does not take the value ¢, or equivalently when does not
hold) Lemma [5.4.10][(0)} and (in the case when the maximum does take the value t) we

used (5.4.43)).
Now, for [ € {0,1,...,L — 2},

!
Z U < NK H oK (tr—j(s)+Hlog M—I(t1—(s))) (v =y~ E=Do~)
Uely 14 i=1

% eK(tL—j-H(5)+10gM*I(tL—jJrl(8)))(7_(L_j)9_1*’7j_1) .BK(’YZH*’YH‘I_L@_I)

—K(’YHI—’Yl+17L‘971)I(71+1,(,YL1_J_19)—1 ((,YL—ll—29 - VL_11_19)tL—l—l(5)—((7Lil729)71—"11+1)§))

X e
w« KOHITE0T ) (T () +Hlog M—I(Ty(1))) | \pK (220 —4H+h) K/ (2110

!
< NK T efCtumso)Hou M—Itrs() (=~ ¢D07)

j=1
% e (tL—jt1(s)Hlog M=I(tr—j41(s) (v~ 79071 —43 1)
« KO T2TEOT AL log M—1(tp—1-1(s))
« K OMTTEOT =) (tL i (s)Hlog M—I(tL—i(s)))) ., K/(v"'710)

L—-1-1
nk/(v 0) =

< #(Bk/(vE-1-19)) N SUPP(H6,5,0,R)) - 145,5,0,R ()

— KG0.9)/(270)

where the inequality follows from the case tq = ((1 — ¢+ ye)t — yet)/(1 — ¢) of the proof of

Lemma .
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For [ € {0,1,...,L — 2}, using Lemma [5.4.10 (and Lemma [5.4.9)[(ii))),

l
Z \UJ® < NEK H oK (t—j(s)+Hlog M—I(tr—;(s)))(v7 —y~(E=Do~)
Ueldi,—i—1 J=1
« e (t—j1(s)Hog M—I(tr—j11(s))) (v~ F=9g~1 =47 71)

o eK(,YH-Q—Lg—l,fyH-l—LO—l)(log M—I(tr—1-1(s))

« KOO ) (b1 (s)+Hlog M—I(t1—1(s)))),, K/(v2 =1~ 16)

= #(BLK/(WL*“W)J N SUPP(M(S,&Q,R)) . nK/("/L71719)

= Hss.0,0(A) = fCO/0F0),

Finally, if L > 3,1 € {0,1,...,L —3} and k € {1,2,...,L — [ — 2},
L—k—1 . ‘
Z Ul° =< NEK H eK(tL—j(5)+10gM*I(tL—j(5)))(7]*77@7])971)
Ueld i 7j=1
% eK(thle(S)‘HOgM_I(tL7j+1(3)))(7_(L_j)9_1_7j_1)
« KR =P (g1 () Hog M—I(tp—j—1))

w KOOy ko) (log M—I(tp—k—2(5))) . ,,—Ks/(+%6)

< #B| k) (v+0)| N SUPP(H6,5,0,R) * n IO = s g () = fCE0)/010)

using Lemma [5.4.10 (and Lemma and Lemmas [5.4.3] [5.3.3 and [5.4.8)). We

have now bounded the s-cost of each part of the cover, so the proof is complete. O

Note that when we applied Lemma in the proof of Lemma [5.4.11| (for example
in (5.4.42)), we used that t1(s) <t for all s € [dim -z A,dim_—z-1) A], see Lemma|5.4.5
We needed Section to establish the inequality t7,(s) < t before Section m

5.4.6 Conclusion and discussion of the proof

We now conclude the proof of Theorem [5.2.1] by combining the upper bounds in Sections[5.4.3]
and and a lower bound from the mass distribution principle Proposition [1.4.2] on
page which can be applied by virtue of the results in Section

Proof of Theorem[5.21, Fix 6 € (0,1) and s € (dimy A, dim_z-1)A]. Then

lim su 10g5§’0(A) < G0, 5)
5\0p —logd  ~LOlogn’

This follows from Lemma and Lemma with 7 = (t1(s),...,tr—1(s)) in the case
9 =~~~ and from Lemma [5.4.11]in the case v~ % < § < =L~V If U ¢ R? is Borel
with |U] < 1 then the number of approximate squares of level [711%5]'] which U intersects
is at most an absolute constant depending only on the carpet. Therefore by Lemma
for all s’ < s there exists 6y > 0 and R € N such that for all § € (0,d), if 6/¢ < |U| <6
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then pss0,r(U) < |U]*". This means that we can use Lemma and apply the mass

distribution principle Proposition [1.4.2| and deduce that

log S, (A
lim inf s 6’6( )2 G(9,5) .
N0 —logd vLOlogn

log 535 (A)
—logé

> G(0,s)/(v"01logn). Thus

Since s’ < s was arbitrary and lim infs\ o is continuous in s’ by |BFF1, Lemma 2.1],
log 5§ 5(A)

lim infs\ g — Togd

log 554(A) _, G,
—logé vLOlogn

as § \, 0.

Therefore by (|1.4.6)), dimy A exists and G(, dimy A) = 0. By induction t1(s), t2(s), ..., tL(s)
are strictly increasing functions of s. Thus for fixed 6, G(0, s) is strictly decreasing in s, so

s = dimg A is the only solution s € [dimp A, dimp A] to the equation G(6,s) = 0. O

Remark 5.4.12. The significance of the pressure function can be illustrated by the simple
case @ > y~L. Indeed, in this case the optimal cover which gives the smallest possible s-cost
(up to absolute multiplicative constants depending only on the carpet) involves subdividing
a level-K approzimate square to a level k € {K,K + 1,...,|K/0|} which minimises
w(iKJrlw-’iLK/GJ”k(S)' By considering the symbolic representation of the approrimate squares

in such a cover, the s-cost is, up to multiplicative constants,

N5 g gy — e () MO~ LSOy =K oK (1og N+(071 ~1)P(s)—6~" log M —slogn)

— K ((dimp A) logn—(0—1—1)I(t)—slogn)

by Proposition|5.2.11], where (s,t) are related by (5.2.13)). Therefore the exponential growth
rate of this s-cost is in fact the same as that of the cover constructed in Section [5.4.5] using

Just the two extreme scales K and | K/6].
5.5 Proof of corollaries and applications

In this section we prove the corollaries and consequences of Theorem [5.2.1

5.5.1 Proof of Corollary |5.2.3
Proof of part . For
0,s) € (v 5,4~y x (dimg A, dimg A) == D C R?,

define G(6, s) by (5.4.25)). Then G(6, s) has continuous partial derivatives of all orders, so
is C*°, on D. Moreover, the rate function I is analytic (as the Legendre transform of an
analytic function) and compositions of analytic functions are analytic. It follows that for
all (6,5s) € D and (1,s1) € R? there exists r = 7(6,s,01,s1) > 0 such that the function
A = G(0 + My, s + Asp) is real analytic for A € (—r,r). Therefore by a result of Siciak
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[Sic, Theorem 1], G(6, s) is jointly analytic in (0, s) € D. Thus by the analytic implicit
function theorem, the function 6 — dimy A (describing the zero set of G(6,s)) is analytic
for € (y~£, 4~ (L=1), O

The next lemma gives a formula for the derivative. Recall, if § € (y~%, v~ (Z=1] then

the formula for the intermediate dimension s(f) = dimg A is
vEQlog N — (vE0—1)tr(s(0)) +~v(1—~+E710) (log M —1(t1(s(F)))) —s(f)logn = 0. (5.5.1)

Lemma 5.5.1. For all L€ N and 6 € (v"L, v~ we have d_ dimg A = 0, dimy A =
s'(0), where

yall log N — t1,(s(8)) —log M + I(t1(s(6)))
logn 11 (750 — 1+ 7(1— 2 10) I (t2(5(0)))) - AL(6)

where I' denotes the derivative of the rate function I and

-1 ¢
0)=> T I'(tL-m(s(9))),
=0 m=1

with the empty product defined to be 1. It follows that for § =L
Y log N —trya(s(y™") —log M + I(tr11(s(v")))

s'(0) =

d_dim. 1 A = : 5.5.2
myih = foen T+ 01 A D) (5:5.2)
L logN —t L)) —log M + I(t -L
0y dim, A= — . 2% L(s("7)) ~ log s ( L(S(VL ) (5.5.3)
logn Lt (y = DI (tr(s(v7))) - AL(v=5)
Proof. We first show by induction on L that
d
@t,;( 5(0)) = s'(9) -logn - AL(6). (5.5.4)
For L = 1, we have t1(s()) = (s(6) — ﬁi%) logn and A;(f) = 1, so the claim holds.
Assuming (5.5.4)) for L — 1, we now prove for L:
d d d
@tL(S(e)) = @Ts(o) (tr-1(s(0))) = s'(0) -logn +~I'(tr-1(s(9))) - @tLA(S(Q))

= 5'(0) -logn +vI'(tr—1(s(9))) - s'(6) - logn - Ar_1(6)
¢

=5'(0) -logn - <1+Z’y£+1 HI/ tr—1-m( ))))

=5'(0) -logn - AL(9),
completing the proof of (5.5.4 -

Differentiating (5 with respect to 6,

(0) - logn = 7o N — 11 (s(6)) — (40 — 1) S5t2(5(6)

o (log M — I(t4(s(60)))) — (1 —+*"10) ST (12(s(0))).

Using (5.5.4)), after rearranging we obtain the formula for s'(6). The claims for § = v~ %
follow by analyticity. O
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Proof of part . Follows directly from Lemma m O
The following lemma describes the behaviour of t,4)(dimg A) for small 6.

Lemma 5.5.2. We have
o limy oo tr—1(dim, —z-1) A) = liminfy_,o+ t1,(9)(dimg A) = ¢
o limy oo tr(dim —z-1 A) = limsupg_,o+ trg)(dimg A) = Taimy A (1)

Proof. By (5.4.2), the equation that dim, -1 A satisfies from Theorem and

the fact that the intermediate dimensions and rate function are continuous, we have

tL_]_(dim,yf(L—l) A) — t* as L — oo. It follows that tL(dim,y—(L—l) A) = Tqimy A (),

and that limsupg_,o+ t(g)(dimg A) > Tgimy, A (t*). By considering 6 > y~*

—L

very close
to y7%, we see that liminfg_ g+ i) dimp A < ¢*. If v < 8 < 4D then
tL(dim,y—L A) < tL(dimg A) < tL(diHl,yf(Lfn A) Therefore

t* = lim tr(dimg A) < liminf ;) (dimg A) < limsupt gy (dimg A)
L—oo 6—0+ 6—0+

< Lh—r};o tL(dim,yfufn A)
completing the proof. O

Proof of part . For brevity, let us write

7 fr.(6)
~logn 1+ gr(0)AL(0)

s(0) (5.5.5)

Lemma ensures that ¢ < t1(dimg A) < ¢(s(0)) < Taimy a(t*) <t forall 1 < ¢ < L.
Using that I is strictly increasing and convex, there exist constants ¢, ¢}, co,ch > 0
independent of # such that for all ¢;(dimpg A) < ¢ < Taimg A (1),

0<c <I(t)<dc<logM—H(P) and 0<cy < I'(t) <ch<1.

Hence, recalling that ¢ :=log N — H(P) and I(t) = log M — H(P), there exists c3 > 0 such

that the numerator

Jo(6) =T — t1.(s(6)) — (I() — I(t2(s(6)))) = e3 > 0.

Furthermore, there also exists ¢4 > 0 such that 0 < ¢4 < gr.(6) < ch < 0o. Therefore,

L L
§(0) > 2 7 > 8 1 > S iy >0

Tlogn 14ertAp(0) T logn 14t 25T ggp(yt 4 )

Next we show that 0_ dim, - A < 84 dim.—r A for all L € N from (5.5.2) and (5.5.3)).
We can divide both (5.5.2) and (5.5.3) by v*/logn. We claim that

T Apa () = I(tn(s(E)) - AL ) =7
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implying v~ - (1 —|—gL+1(7_L) -AL+1(7_L)) =1 —|—gL(fy_L) -AL(V_L). Indeed, applying the
definition of Az ,1(y~ %) and Ar(y~%), observe that it is a telescopic sum with only 7~*

not cancelling out. Since we also have

trea(s(y™5) = to(s(v") = (I(tsa(s(v™5))) = I(te(s(v™5)))) > 0
for the same reason that f1(0) > 0, it follows that J_ dim,-r A < 04 dim,- A. Finally,

by Lemma [5.5.

Oy dim., - A log N —t* —log M + I(t*)
O—dim - A (L—oo) log N — Taimy A(t*) — log M + I(Taimy A (t*))

€ (1,00). O

Proof of part[(iv] The idea is to estimate L(f) (which is the number of the ;(s(f))) in
terms of s(f) := dimy A. We do this by using the fact that ¢’ is a neutral fixed point of the

function T4im A, and

. log M ,
t1(s(0)) m (dlmHA — logm> logn <t

and lim infy_,o+ t7,g)(s(0)) > t' by Lemmas and so most of the t;(s(0)) lie close
to t'.

By Lemma and Taylor’s theorem, since T7(t') = 1 and T7(t') > 0, there exists
¢ > 1 such that for all ¢ € (¢, 1),

To(t) + Ty(')(t = ') + ¢t = ') S T(t) < To(t) + Ty(¢')(t — 1) + et — )%
B o o (5.5.6)
t+ et —t)E < Tu(t) <t +e(t—t)

If L is large enough and kj, :== Lmax {L/lO, é log (L(s(a)—dii;fH ) logn> }J then

L(s(0) — d14mH A)logn <t and ¢ 42k L(s(0) — d14mH A)logn o7

Suppose k € {1,2,...,k}. Then by (5.5.6)),

(s(0) — dimyg A) logn
4

' — kL

#{i c{1,2,... L)} : ¢ — 2+ < t;(s(0))

< 2k L

(s(0) — dimy A) logn }
4
16¢

<1 .
* 2k L(s(0) — dimg A) logn

Summing up, it follows that

16¢
L(s(#) — dimp A)logn’

L(s(#) — dimg A) logn
4

#{z‘ ti(s(0)) < f } <kt

and we similarly obtain the same bound for the number of ¢;(s) which are greater than
n L(s(@)—&—dlan A) logn. But

L(s(#) — dimg A) logn

<ti(s(0)) <t + 1

4 {z s L(s(0) — dimg A) logn

<14+ L/2.
; feiri
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Therefore for L sufficiently large,

32¢c L 40c
L <2k 1+ 2 <09L , .
L T(s(6) — dimp Mlogn 2 T L(5(6) — dimp A) log n

Decreasing g further if required, this tells us that for all § < 6,

400¢ _ 500c - (log )2

< di — <
s(0) < dimg A + I2logn &

(log6)2logn ’
proving the upper bound. This shows in particular that L(s(6) — dimg A)logn — 0 as
60— 0t.

For the lower bound, we may decrease 6y further to assume that for all 8 < 6y,
t1(dimpg A) < t1(s(0)) <t — 3L(s(f) — dimp A)logn and t1,(s(f)) > t' by Lemmas
and Then by , for large enough L,

L>#{i:t'—3L(s(f) — dimp A) logn < t;(s(#)) <t — L(s(f) — dimy A) logn}
2L(s(0) — dimpg A) logn
1.1((s(#) — dimpy A) logn + ¢(3L(s(0) — dimy A) logn)?)’

P

Rearranging, for large enough L,

0.9 . (log)”
- >d A .
L?-99clogn T log n(log 6)2

Proof of part[(v]} One can differentiate (5.5.5) to obtain

oy = 2 O+ 916)4160) ~ £160)a,O)A1(6) + 9,(6)4,0)
(1+gr(0)AL(9))%logn :

The sign of s”(6) is determined by the sign of the term in parenthesis in the numerator.
We know that there exists ¢ > 0 such that f1,(0), g5(0), AL(0) > c. There also exists ¢ > 0

such that
d

11.00) = (I'(t(s(0))) = 1) - 5te(s(0)) < —(¢)* <0
Se<0 >¢/>0 by

and A (0) > ¢ because all I’ (t¢(s(6))) and I”(t,(s())) are uniformly positive. Finally,

g1.(0) =" (1= T'(tL(s(0)))) +7 (1 —+*710) I" (tL(s(0))) - %tL(S(G)) >~"d > 0.
>0 >0 >0 5

Hence, s”() < C < 0 for some uniform constant C' > 0, implying that s(f) is strictly

concave on every interval [y~L, y~(L=1)], O

Note that s”(0) < C < 0 holds for a constant C' that is independent of both L and 6.
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5.5.2 Proof of Corollary

We now use the fact that dimg A is strictly increasing in 6 to prove Corollary [5.2.2]

Proof of Corollary[5.2.3. Fix n > 0 small enough that dimg A + 1 < dimp A. Since dimy A
exists and is continuous in 6 (see Theorem and |[FFK2, Proposition 4.1]), we can fix
01 < 1/v small enough that dimy, A + 7 < dimp A. Let s € (dimy A, dimg, A + 7], and for
each & € (0,1), let K = K(8) € N be such that n=% < § < n=(K=1_ For some string i, let
Bﬁ’{i/a | denote the set of level-| K /6] approximate squares within the level-K approximate
square By (i). For each By (i) it is more cost efficient (in terms of s-cost, up to irrelevant
multiplicative constants depending only on A) to subdivide it into level-| K/6]| approximate

squares if and only if
—Ks K,i —sK/0
nKE > B (5.5.7)

To determine #Bﬁ(’i/a | for some 6 < 1/, we compare the sequences that define B (i)

and a level-| K/6| approximate square within it:

i UK | UK (k)
JU o JK | JK+1 0 Jy(K) | Jy)+1 0 J1K/0) | JIK/0)+1 " Jny(K)0) -

-~

equal same column €[N] freely €[M] freely
Thus, #Bﬁ’(i/ej = NLE/BI=E) . ppv(K/0)-1K/0] . HZS;()H N;,. Substituting this back

into (5.5.7)), we get after algebraic manipulations that it is more cost-efficient to sub-
divide if and only if

6 ~-1 1 W) logN ~v—1logM

6
> log N; —(1/6 — .
° (1—0) logn (7(K)—K£22K;1 8 e>+1—9( / 7)logn +1—9 logn

But since s < dimg, A + 7, if is more cost-efficient to subdivide then the following condition

for the average must hold:

(K)
1 \ 1 logn
VA a—— E log N;, <log(N/M)—|-—1 dimp A — dimg, A — 7).
W(K)—KEZKH ¢ (N/M) (9 )fy—l( ! )

As 6 — 0, the right-hand side tends to —oo, so there exists 6y < 61 /2 small enough that
for all 8 < 20y it is more cost efficient not to subdivide any of the level-K approximate
squares, if using only scales § and 6Y/?. Now, since dimg A is strictly increasing in 6 by
Corollary there exists € < 1 small enough that dimg, A + ¢ < dimgg, A. Then by the
definition of 6y and since dimg, A + 1 < dimp A, there exists d; < 1 such that if {U;} is a
cover of A using just two scales § and & with & < §/(200) < § < §;, then for all 8 < 26y,

)

1

Since dimg, A + ¢ < dimgg, A, there exists dyp < 01 such that if {U;} is a cover using
just two scales &, & with 61/(200) < §' < § < &, then for all 6 < 6o, > |U;|dime Ate >
S |Us|4me0 ATe > 1 completing the proof. O
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5.5.3 Proof of Theorems [5.2.4] and [5.2.5]

We use primes to denote the parameters of A’, and use notation from Section In
particular, in this section only, I’ will denote the rate function associated with A’, and not

the derivative of I.

Lemma 5.5.3. Let A and A’ be two Bedford—McMullen carpets with non-uniform fibres
defined on grids of size m x n and m’ x n' respectively. If either of or from
Theorem hold, then 1981 = losm o )

logn logm

Proof. First assume that |(i) holds. Since the intermediate dimensions of A and A’ have
phase transitions at v~! and (7/)~! respectively (see Corollary [5. , we must have v = +/.
To show that % € Q, note that Theorem [5.2.1| and the equahty of the intermediate

dimensions for 6 € (771, 1) tells us that for an open interval of s,

1 log M 1 log M’
I||s— logn | = ——1 5 ——— ) logn/
logn logm logn/ log m/

Taking Legendre transforms of both sides and using scaling properties of Legendre transforms,

using ((5.2.2)), for all A,

My Mé !
1 1 log M 1 1 log M
log [ — Y RN} | 4+ A = log | — Y RINDM| + 2 . (5.5.8
logn o8 (M; ! ’) * logm  logn/ o8 M’; (N |+ log m/ ( )

Fix K € N large enough that

!
logn logM'  log M )

N (Vo N < Ny - () (B 5.

Then exponentiating (5.5.8]),

logn” n’

og 1 R , o by My logn
M Tog ZR/ <Nl . (n/)<110§]7\,{/_110§%)> — <Z RiN§>\>
=1
logn’ (logn’ log n’
oot [ R (8 1) (JEY — k1) (Mo gy A
(R1N1)10g" Z Zi Ny

k! R\

log n'

k

k=0

A
logn/ N K+1
+0 (Nllogn <N2> )
1

as A — 400, by the generalised binomial theorem. This means that the coefficient of

=2

logn

N,*#™ (No/N1)®A| which is a polynomial equation in llc(’) gg” with rational coefficients, must

log n'
be 0. So logg" is algebralc But nlosn = n’, so by the Gelfond-Schneider theorem, %% ¢ Q.

» logn

Now we assume only We first show that M € Q. Since the functions £, and S,
are equal, using with the change of varlable )\ =771+ (1 -7,

_ _ 1y y—1A=y "1
/1\:371 logN log ZM() R; N)\ i\:z*i log N/ — logz Mg R N/(W) +(1=(") 173—1

logm log m/
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for all A\. A similar argument to the above using the generalised binomial theorem and

log m/’
logm

Gelfond—Schneider theorem now gives that € Q. To show moreover that v = «/,
note that these quantities are bi-Lipschitz invariants which depend only on the respective
carpets, not the choice of iterated function system (see |[FY1, Theorem 3.3]). So since m
and m’ are multiplicatively dependent, we can iterate the IFS to assume without loss of

generality that A is defined on an m x n grid, and A’ is defined on an m x n’ grid, for the

same m. Then by (5.2.6),

M, Mg
Nfé Z RQN;Y 1+(17’7 1)§ — N/_E Z Rijf('Y ) 1+(1_(7 ) I)E (559)
=1 =1

for all £. So using a similar argument to the proof of [RYZ, Theorem 1.2|, equating

logm

logm
exponential terms and coefficients gives My = M(. Also, N,'*" = (N])le"’ , so

log n'

N} =N""  forall ie{l,..., M} (5.5.10)

7 7

Equating corresponding exponential bases in (5.5.9)), applying (5.5.10|) and using that the
carpet has non-uniform fibres (so not all N; are equal) shows that n = n/. In particular,

/ .
lf;ggz € Q, as required. O

Proof of Theorem[5.2.7) The equality logn/logm = logn’/logm’ follows from ob-
serving the phase transitions of the Assouad spectrum (see [F'Y1, Theorem 3.3|) or interme-
diate dimensions. The fact that logn/logn’ € Q follows from Lemma m

The forward implication follows from and the backward implication holds by
iterating the IFSs (recalling the discussion after the statement of Theorem . O

We now prove Theorem [5.2.5, Since the intermediate dimension and multifractal
spectra obviously do not depend on the grid on which the carpet is defined, in light of
Lemma [5.5.3] and Theorem [5.2.4] it suffices to assume henceforth that both carpets are
defined on the same m x n grid to begin with. We already mentioned that the equivalence
of and was proved in |[RYZ, Theorem 1. 2] To complete the proof, we show that
[(0)] =] Gid)]| =] ()] =] (vi)] ={ ()] = (vi)] = (v)] ={ (D)} Of these, the implication [(7)] ={ (z22)]

is obvious.

Proof of ={(v)} Assume dimg A = dimy A’ on the open interval (a,b) C [y, 1]. After
rearranging the formula in Theorem for dimg A in the case L = 1, we obtain that

: L 1 I(t1(dimg A))
dlmgA = dlmBA - (5 - 1)W

By Corollary part|(i), dimg A and dimg A’ are real analytic on (y~%, 1), hence dimy A =

dimg A’ on the whole interval [y~1, 1]. In particular, dimg A = dimp A’, so
I(t1(dimg A)) = I'(t} (dimg A"))

= 1(amo - FEEE o)
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(a5

=t1(dimg A)

) logn — log(M’/M)) :

Setting ¢t = t1(dimg A), we see that I(t) = I'(t — ylog(M'/M)) on the open interval
(t1(dimg A), t1(dimp A)). Since the rate function is analytic, follows. O

Proof of [(v)] =] (vi)] Assume I(t) = I'(t —~log(M’/M)) on an open interval of t. Without
loss of generality we assume that M’ > M. Using definition (5.2.2)) of the rate function,

M
I'(t — ylog(M'/M)) = sup {)\t —log <(]W/W\ ZO: R%(Ni’))) }
AER M =

Since I and I’ are convex functions, their Legendre transforms must agree on an open
interval, implying that

1 Mo M

7 > RN} = ZR’ (M'/M)"N) (5.5.11)

=1

on an open interval of A.

From here the proof follows the idea of the proof of |[RYZ, Theorem 1.2|. Taking the
k-th derivative of both sides of (5.5.11]) with respect to A gives

MO

— Z R;N - (log N;)F = Z Ri((M'/M)YN))™ - (log((M'/M)'ND)F.  (5.5.12)
Recall that the N; and N/ are ordered in decreasing order. Since (5.5.12)) holds for all k,
the largest term on either side must be equal, so Ny /N = (M'/M)7, and also its coefficient

RN} Ry ((M'/M)'N}) B M (MNT NNY M
M M’ R~ M \M N) M’

After subtracting these terms from both sides of ((5.5.12)), we repeat the argument for the
next largest term and so on. If My # M| then after min{My, M/} steps one side would

be 0 and the other non-zero, a contradiction. Hence, we conclude that My = M/, and
N;/N! = (R/R;)" = (M'/M)" for all i = 1,..., Mp. O

Proof of [(vi)|={ (2v)] If|(vi){holds, then substituting Rl = R;M'/M and N} = N;(M' /M)~
gives N = N(M'/M)'~7. Substituting into gives T,,(q) = T, (q). O

Proof of ={(vi)] Equating the constant term and coefficient of ¢ from (5.2.9) gives
that

lognoglogn M
ZR’ < ) B ZR

By the same differentlatlon argument from |[RYZ| that was used in the proof of
logn
My = My and N;/N] = (R}/R;)" = (N'/N) os(n/m for all 3. Now observing that

M/ ZMD R/ N’ logl?s/r:n)
M EMO R; N
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shows that holds. O

Proof of [(vi)]={ (v)] Assume that My = M} and N;/N] = (R}/R;)? = (M'/M)? for all
1=1,...,Mp. Then (5.5.11) holds for every A € R. Since both sides of (5.5.12|) are strictly
positive for k = 2, both sides of (5.5.11)) are convex functions of A\. Hence, their Legendre

transforms are also equal:

M() /
1 (M /M
supq At —lo ( RiNi)‘) } = sup {)\t —lo ( R(N, ) }
/\ER{ #\m ; AR g Z

for all ¢, which is precisely I(t) = I'(t — v log(M'/M)). O
Proof of [(v)] =] (i)} Assume I(t) = I'(t —~ylog(M'/M)) for every t € R. We claim that for
every s € (dimp A, dimp A),

Ml
ty(s) = te(s) — ylog <M> for every ¢ € N. (5.5.13)

The proof goes by induction on ¢. For ¢ = 1, t1(s) = (s —log(M'M /M) log m) logn =
t1(s) — ~ylog(M'/M). Assuming (5.5.13) for £ — 1, we prove for ¢:

ty(s) = Ty(tp—1(s))

1 M’
og M ) logn +~I' (tgl(s) —~vlog (M))

(%
( log M'M/M)> logn + I (te-1(s))
T

logm

(e-a(o)) = 1ox (37 ).

which completes the proof of (5.5.13)) since Ts(ts—1(s)) = te(s).
From ([5.5.13]) and assumption it immediately follows that

I(te(s)) = I'(t)(s)). (5.5.14)
Assumption also implies thus we know that
-1
M'R M\ M\"
Z RN "= Z 1) =N : (5.5.15)

Writing s, = dimg A’, using (5.5.13), (5.5.14), (5.5.15)) and algebraic manipulations, we

obtain

0= —splogn + 7" 0log N' — (v — 1)t} (sp) + (1 — " 710)(log M" — I'(t},(sp)))
= —splogn +~y"0log N — (v"0 — 1)t (sp) + (1 — 7" 10)(log M — I(t1(sp))).

By Theorem dimg A is the unique solution to this equation, so dimg A = dimg A’.
This completes the proof of Theorem [5.2.5] O
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