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Preface and acknowledgements

Although every group is a semigroup, groups are by no means typical examples
of semigroups. For this reason it is not customary to date the beginnings of
semigroup theory together with the beginnings of group theory. Neverthless, the
concept of a semigroup presentation is almost identical to the concept of a group
presentation. In this sense semigroup presentations are older than semigroup
theory itself.

Both the theory of group presentations and semigroup theory have had a
dynamic development over the years. Slightly surprisingly, the theory of semi-
group presentations has stayed somewhat behind. The majority of results about
semigroup presentations have been obtained in connection with so called de-
cidability problems, most notably with the word problem. Other achievements
include Adian’s embeddability results, Aizenstat’s and Popova’s presentations for
some semigroups of mappings, Rédei’s treatment of commutative semigroups and
the modification of the Todd—Coxeter enumeration procedure by Neumann and
Jura.

The original results presented in this thesis constitute an attempt at a fur-
ther development of the theory of semigroup presentations, which is built on the
above mentioned foundations. This research has been done during my research
studentship at the School of Mathematical and Computational Sciences of the
University of St Andrews, under the supervision of Professor John M. Howie
and Dr Edmund F. Robertson. At first the research started in two separate ar-
eas: finding presentations for common semigroups and investigating the structure
of semigroups defined by presentations. Soon, however, some ideas common for
both approaches emerged. The most important ones are the use of computational
methods and semigroup constructions.

Most of the results presented here have been or will be published in papers
Campbell, Robertson, Ruskuc and Thomas (1994), (1994a), (1995), (1995a),
(1995b), (1995¢), (1995d), Campbell, Robertson, Ruskuc, Thomas and Unlid
(1995), Howie and Ruskuc (1994), Ruskuc (1994), (1995). However, the the-
sis is not a compilation of these papers. The main reason for this is that the
papers have been written as the research progressed, so that special results have
been followed by more general ones. Here this order is completely reversed: the
special results are proved as consequences of the general ones. I hope that this
will make more apparent the strength of various results and connections that
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exist between different areas of research in semigroup presentations. However, I
have tried to retain some of the flavour of the original research by commenting
frequently on the history and motivation for the main ideas.

The thesis begins with an introduction to semigroup presentations and general
problems that are considered in the text. The first of these problems—finding gen-
erators and defining relations for common semigroups—is considered in Chapters
4 and 5. Presentations for various semigroup constructions are given in Chapter
6, and a detailed discussion on presentations for subsemigroups is given in Chap-
ters 7 and 10. Chapters 8, 11, 12 and 13 contain applications of these general
results to various semigroups defined by presentations, while in Chapter 10 con-
nections between the semigroup and the group defined by the same presentation
are explored. Chapter 14 contains a discussion of Todd—Coxeter type computa-
tional methods for semigroup presentations. The elementary facts of semigroup
theory which we use in the main text are given in Appendix A, and Appendix B
contains a list of all open problems posed in the main text.

Mathematical statements in this thesis are classified as theorems, corollaries,
propositions and lemmas. Theorems are the main original results of the thesis.
Corollaries are consequences of theorems. Propositions are relevant results by
other authors, included here for the reasons of completeness, or general well-
known results which cannot be attributed to any particular author. Lemmas
are technical results that are needed for the proof of a theorem. The black
square symbol (M) denotes the end of a mathematical argument, and is typically
found at the end of a proof or an example. The black square at the end of a
theorem, corollary, proposition or lemma means that the statement will have no
proof. With few exceptions, mappings are written on the right. The list of open
problems in Appendix B is not intended as a complete list of open problems in the
field; it is rather a list of the author’s unsuccessful attempts in proving theorems.

There are several reasons for the success of the research described in this
thesis. First of all I would like to mention the contribution of my supervisors
Professor John M. Howie and Dr Edmund F. Robertson, whose ideas, guidance,
patience and support has been essential at all stages. I would also like to thank
my supervisors for giving me an insight into their perception of mathematics, for
hours of mathematical and non-mathematical conversation, for careful reading of
the drafts of various papers and this thesis, and for trying unsuccessfully to teach
me how to use the words ‘the’ and ‘a’ in the English language.

Next I would like to thank Dr Colin M. Campbell, Professor J.M. Howie, Dr
Edmund F. Robertson and Dr Richard M. Thomas, who are co-authors of the
various results appearing here, for most enjoyable time I have had working with
them, and for enabling me to use what is a result of their work as well as mine
in this thesis. I sincerely hope that this thesis is not the end of our cooperation,
but merely a stage of it (see Appendix B).

I also gratefully acknowledge the financial support of the University of St
Andrews Research Scholarship and ORS award.



Although the results presented here have all been obtained in the last two
and a half years during my stay in St Andrews, my fascination with mathematics
started much earlier. Since then it has been one of the most valuable parts of
my life. Therefore I would like to express my deepest gratitude for those who
have most contributed to this fascination. They are: Mr Petar Kulesevi¢, Mr
Dusan Kovacevié, Professor Sinisa Crvenkovié, Professor John M. Howie and Dr
Edmund F. Robertson.

This thesis also marks the end of a chapter of my life, and I feel obliged to
mentioned the people that I have lived with over the years: my mother Mrs
Margarita Ruskuc, my father Mr Vladimir Ruskuc, my grandmother Mrs Anka
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Abstract

In this thesis we consider in detail the following two fundamental problems for
semigroup presentations:

1. Given a semigroup find a presentation defining it.

2. Given a presentation describe the semigroup defined by it.

We also establish two links between these two approaches: semigroup construc-
tions and computational methods.

After an introduction to semigroup presentations in Chapter 3, in Chapters 4
and 5 we consider the first of the two approaches. The semigroups we examine in
these two chapters include completely 0-simple semigroups, transformation semi-
groups, matrix semigroups and various endomorphism semigroups. In Chapter 6
we find presentations for the following semigroup constructions: wreath product,
Bruck—Reilly extension, Schiitzenberger product, strong semilattices of monoids,
Rees matrix semigroups, ideal extensions and subsemigroups. We investigate in
more detail presentations for subsemigroups in Chapters 7 and 10, where we prove
a number of Reidemeister—Schreier type results for semigroups. In Chapter 9
we examine the connection between the semigroup and the group defined by the
same presentation. The general results from Chapters 6, 7, 9 and 10 are applied
in Chapters 8, 11, 12 and 13 to subsemigroups of free semigroups, Fibonacci
semigroups, semigroups defined by Coxeter type presentations and one relator
products of cyclic groups. Finally, in Chapter 14 we describe the Todd—Coxeter
enumeration procedure and introduce three modifications of this procedure.
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Chapter 1

Introduction: semigroups and their
presentations

1. Semigroups

Semigroup theory, in its half century or so of history, has undergone a big change:
from a study of various generalisations of groups it has become a separate scien-
tific subject with a great number of published results, its own journal, a growing
number of monographs and many open research fronts. The main reason for
this development is that semigroups appear naturally in almost all mathematical
contexts, and information about semigroup(s) related to a mathematical object
yields some information about the object itself.

The monograph Howie (1976) is an excellent introduction to semigroup theory.
Parts of this theory which we will need in this text can be found in Appendix A,
while in this section we content ourselves with listing some important examples
of semigroups. The main objective in doing this is to introduce specific types of
semigroups that we will be dealing with throughout the text. However, we hope
that the examples will also illustrate different mathematical contexts in which
semigroups appear.

Transformation semigroups

The trivial fact that the composition of functions is associative gives rise to
one of the most important families of semigroups—transformation semigroups.
For a set X, the set of all mappings X — X is denoted by T, and called
the full transformation semigroup. If X = {1,...,n} then we write T, for T.
The importance of the full transformation semigroups lies in the fact that every
semigroup is isomorphic to a subsemigroup of Tx. The proof of this is trivial, and
is based on the fact that any semigroup S acts faithfully by postmultiplication on
S with an identity adjoined; the corresponding representation is usually called the
right reqular representation. This parallels the Cayley theorem for groups which
asserts that every group is isomorphic to a subgroup of a suitable symmetric group

1



2 Semigroup Presentations

Sx. In the following chapters we shall encounter various important subsemigroups
of T,,.

Some generalisations of the full transformation semigroup are:

e the partial transformation semigroup PTx, consisting of all partial map-
pings on X;

o the symmetric inverse semigroup Ix, consisting of all one-one partial map-
pings on X;

e the semigroup By of all binary relations on X.

Richer algebraic structures as semigroups

Probably the simplest examples of semigroups are additive and multiplicative
semigroups of various number sets. Also, as we already mentioned, every group is
a semigroup. There is a strong link between group theory and semigroup theory.
Group theory, being an older discipline, has a larger body of results and methods.
Generalising these results for semigroups is a widespread direction of research in
semigroup theory, and we shall frequently embark on it. For instance in Chapters
6 (Section 7), 7, 8, 9 we shall show how Reidemeister—Schreier results for groups
(see Magnus, Karrass and Solitar (1966)) can be generalised to semigroups.

On the other hand, the fact that groups are much better understood than
semigroups justifies attempts to describe semigroups in terms of groups. Almost
all structure theories for various classes of semigroups have this idea in common.
We shall exploit this idea in the later chapters, where we shall describe the
structure of various finitely presented semigroups by examining their subgroups.

Slightly more surprisingly, methods of semigroup theory are becoming in-
creasingly relevant for some aspects of group theory. Examples of this link can
be found in Baumslag et al. (1991), Epstein et al. (1992) and Sims (1994), where
the connection between semigroups, formal languages and rewriting systems has
been exploited for investigations about group presentations.

Semigroup theory is also strongly related to ring theory. The theory of ideals
of semigroups (the beginnings of which can be found in Appendix A) is directly
influenced by the corresponding theory for rings. On the other hand the family
of so called semigroup rings is an important and interesting family of rings; see

Okninski (1990).

Endomorphisms of mathematical structures

Just as the set of all automorphisms of a mathematical structure forms a
group, so the set of all endomorphisms of such a structure forms a semigroup—
the endomorphism semigroup of the structure. Endomorphism semigroups are the
main link between semigroup theory and other branches of mathematics, and are
very common objects of investigation in semigroup theory. The best understood
ones are



Introduction 3

o endomorphisms of vector spaces over fields; see Dawlings (1980), (1982);

¢ endomorphisms of linearly ordered sets; see Aizenstat (1962), Howie (1971),
Howie and Schein (1973), Schein (1975/76) and Gomes and Howie (1990);

¢ endomorphisms of boolean algebras; see Magill (1970) and Howie and Schein
(1985);

e endomorphisms of independence algebras; see Gomes and Howie (1995) and
Fountain and Lewin (1992), (1995).

Note that the full transformation semigroup T is also an example of an endo-
morphism semigroup: it is the endomorphism semigroup of the set X with no
operations defined on it, or, alternatively, of the set X with one trivial unary
operation (i.e. z +— ).

Free semigroups

For a set A (often called alphabet), we denote by A* the set of all (finite)
words over A, and by AT the set of all non-empty words in A*. Thus A* =
At U {¢}, where € denotes the empty word. The sets A* and A" can be made
into semigroups if we define multiplication of words to be the concatenation.

The semigroup A" is obviously generated by A. Moreover it is freely generated
by this set in the following sense:

Proposition 1.1. Let A be a set, and let S be any semigroup. Then any mapping
¢ : A — S can be extended in a unique way to a homomorphism ¢ : At — S,
and AT is determined up to isomorphism by these properties. B

We say that A™ is the free semigroup on A. Proposition 1.1 has the following
important consequence:

Proposition 1.2. Every (finitely generated) semigroup S is a homomorphic im-
age of a (finitely generated) free semigroup. W

The proofs for both Proposition 1.1 and Proposmon 1.2 are standard, and
can be found in Lallement (1979).

In a similar way, A* is a free object in the category of all monoids (i.e. al-
gebraic structures with one associative binary operation and one constant acting
as an identity). If we adjoin a zero to At or to A*, we obtain a free semigroup
with zero AT and a free monoid with zero Aj, with obvious meanings. Results
analogous to Proposition 1.1 and Proposition 1.2 hold for these free objects as
well, and are straightforward to prove.

So far we have seen various examples of semigroups. It is clear, however, that
in itself the listing of specific examples is not a particularly hopeful method for



4 Semigroup Presentations

studying wider classes of semigroups. There are three main approaches that one
might adopt in an attempt at such a study. The first is to try and construct
new semigroups out of the known ones. This approach is usually called structure
theory. The other possibility is to investigate subsemigroups of full transformation
semigroups, since every semigroup is isomorphic to such a semigroup. This is
particularly fruitful in the case of finite semigroups, since in this case it is possible
to use various computational techniques; see Lallement and McFadden (1990) and
Howie and McFadden (1990). Finally, one can consider homomorphic images of
free semigroups, again because of the fact that every semigroup is isomorphic to
such a homomorphic image (Proposition 1.2). In this thesis we concentrate on this
last approach, and in the next section we shall see that semigroup presentations
are a very natural tool in this type of investigation.

2. Presentations

Let A be an alphabet. A semigroup presentation is an ordered pair (A | R),
where R C At x A*. An element a of A is called a generating symbol, while
an element (u,v) of R is called a defining relation, and is usually written as
u=wv. Alsoif A = {ay,...,an} and R = {u; = v1,...,u, = vy}, We write
(@1, -y am | U1 = v1,...,u, = vy,) for (A|R). It is important to note at this
stage that a presentation is a purely syntactical device—it.is just a sequence of
symbols.

The semigroup defined by a presentation (A | R) is AT /p, where p is the
smallest congruence on A" containing R. More generally, a semigroup S is said
to be defined by the presentation (A |R) if S = A*/p. Thus, elements of S are
in one-one correspondence with the congruence classes of words from A7, or, to
put it differently, each word from A* represents an element of S. It is customary,
although sometimes confusing, to identify words and elements they represent. To
lessen the likelihood of confusion, for w;,w,; € AT we write w; = w, if w; and
wq are identical words, and w; = w, if they represent the same element of S
(i.e. if (wy,ws) € p). Thus, for example, if A = {a,b} and R is {ab = ba}, then
aba = a?b but aba # a?b.

Let T be any semigroup, let B be a generating set for T, and let  : A — B
be an onto mapping. By Proposition 1.1 the mapping ¢ can be extended in
a unique way to an epimorphism ¢ : At — T. The semigroup 7 is said to
satisfy relations R if for each (u,v) € R we have ug = v¢, or, in other words, if
R C ker(4). Note that by definition the semigroup S defined by (A |R) satisfies
relations PR. Actually, from the minimality of p, we obtain the maximality of §
among all semigroups satisfying R, in the following sense:

Proposition 2.1. Let (A |fR) be a presentation, let S be the semigroup defined
by this presentation, and let T be a semigroup satisfying R. Then T is a natural
homomorphic image of 5. B
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Let wy,w; € AT be two words. We say that wy is obtained from wy by one
application of one relation from R if there exist o, € A* and (u,v) € R such
that w; = ouf and wy, = avf. We say that wy can be deduced from wy if
there is a sequence w; = a3, a9,...,05_1,0; = wy of words from A% such that
;41 is obtained from «; by one application of one relation from fR; alternatively,
we say that w; = ws is a consequence of R. A straightforward modification of
Proposition 1.5.9 in Howie (1976) gives the following

Proposition 2.2. Let (A |R) be a presentation, let S be the semigroup defined
by it, and let wy,w, € AT. Then wy = wy in S if and only if wy can be deduced
from wy;. M

Actually, a stronger result holds:

Proposition 2.3. Let S be a semigroup generated by a set A, and let )R C
AT x A*. Then (A|fR) is a presentation for S if and only if the following two
conditions are satisfied:

(i) S satisfies all the relations from R; and

(i1) if u,v € A are any two words such that S satisfies the relation u = v, then
u =v 18 a consequence of R.

PRrOOF. (=) If (A|fR) is a presentation for S, then S satisfies all the relations
from 2 by the definition, while (ii) follows from Proposition 2.2.

(<) Let ¢ : AT™ — S be the epimorphism extending the identity mapping
id : A — A, and let  be the smallest congruence on A% containing fR. Since
S satisfies all the relations from $R we have R C ker¢, and hence n C kerg. On
the other hand, if (u,v) € ker¢g, then S satisfies the relation u = v, and so u = v
is a consequence of R, which implies (u,v) € n by Proposition 2.2. Therefore,
n = kerg, and hence S = A% /ker¢ = A* /7 is defined by (A |R). m

As we said before, presentation is a syntactical concept. Sometimes it is
fruitful to manipulate with presentations in a syntactical manner, i.e. without
referring to the semigroups defined by them. Proposition 2.2 is the key result in
this approach.

Now we give some examples of semigroup presentations and semigroups de-
fined by them.

Example 2.4. The smallest congruence on A* containing the empty set is the
diagonal relation {(w,w) |w € A%}, and thus the semigroup defined by the
presentation (A | ) is the free semigroup A*. ®

Example 2.5. The presentation {a | a* = a) defines the trivial semigroup; the
corresponding congruence is obviously the full congruence on {a}*. m



6 Semigroup Presentations

Example 2.6. The presentation (a | a"™* = a) defines the cyclic group of order
n. Obviously, each word a* can be transformed by using a®t* = a into a word
from {a,a?,...,a"}, and so the semigroup S defined by (a|a™*! = a) has at most
n elements. On the other hand, if we note that, modulo n, the exponent of «a is
an invariant of the relation a"*! = a and recall Proposition 2.2, we see that all
a,a?,...,a" represent distinct elements of S, and thus S is the cyclic group of
order n. More generally, the presentation (a | a™*" = a”) defines the monogenic
semigroup of order n + r — 1 and period n. R

Example 2.7. Let T be any semigroup. Let A = {a;|¢ € T} be an alphabet,
let R be the set of all relations of the form a;a, = ay, where z,y € T', and let
S denote the semigroup defined by (A | ). The semigroup 7 satisfies relations
from PR by the choice of our relations, and so there is a natural epimorphism
¢: S — T, a; — t, by Proposition 2.2. Let wy,w; € AT, and assume that
w1¢ = we¢. It is clear that there are z,y € T such that wy = a; and w; = a,
hold in S. Thus we have a,¢ = a,¢, i.e. z =y, so that a; = a,. Therefore, ¢ is
an isomorphism, and T is defined by the presentation (A | R). B

Example 2.7 in effect asserts that every semigroup can be defined by a pre-
sentation. Besides, if the semigroup is finite, both the set of generators and the
set of defining relations can be chosen to be finite.

One should note the difference between Examples 2.6 and 2.7. To prove that
certain words represent different elements in Example 2.6 we used certain (syn-
tactic) invariants of the presentation, while in Example 2.7 we found a semigroup
satisfying all the relations, in which the words represented different elements.

If in the definitions at the beginning of this section we replace AT by A*,
AY or A} we obtain notions of monoid presentations, presentations of semigroups
with zero and presentations of monoids with zero respectively. Both Propositions
2.1 and 2.2 have straightforward modifications in all these cases.

All these four types of presentations are closely related one to each other. For
example, every semigroup presentation is a monoid presentation as well. If S is
the semigroup defined by (A |fR), then the monoid defined by (A|R) is S with an
identity adjoined to it. If S possesses an identity, represented by a word e € A™,
then (A |, e = 1) is a monoid presentation for S. If M is the monoid defined
by a monoid presentation (B | &), then M can be defined as a semigroup by
(B,e| B, e =¢, eb=be=b (b € B)), where & is obtained from & by replacing
every relation of the form w = 1 by the relation w = e. Similar connections hold
between any other two types of presentations.

Most of the material in this thesis will be presented in terms of semigroup
presentations. Sometimes, however, we will use other types, usually without
explicitly stating this, but having in mind the above-mentioned connections.

Frequently we shall also encounter another type of presentations—group pre-
sentations. We assume the reader’s familiarity with the basic concepts and results



Introduction 7

of combinatorial group theory; see Magnus, Karrass and Solitar (1966). If a group
G is defined by a group presentation (A|9R), then G can be defined by the monoid
presentation (A, A™' |R,aa' =ala=1 (a € A)), where A™! = {a"! | a € A}
i1s a new alphabet in one-one correspondence to A, and disjoint from A. On
the other hand each semigroup presentation (and each monoid presentation) is
a group presentation, but the connection between the group and the semigroup
defined by the same semigroup presentation is much harder to determine. Chap-
ter 10 will be devoted to this task.

3. Combinatorial semigroup theory

In the previous section we have seen that presentations are a means of defining
semigroups as homomorphic images of free semigroups. The main advantage of
presentations when compared to other ways of defining semigroups (such as Cay-
ley tables or transformation semigroups) is that they allow us to study a larger
class of semigroups, including various infinite semigroups. However, one should
note that, although theoretically every semigroup can be defined by a presen-
tation (see Example 2.7), not every semigroup can be defined ‘nicely’ in such a
way. The most plausible class of semigroups for analysis via presentations are
so called finitely presented semigroups, i.e. semigroups which can be defined by
presentations (A | &), where both A and R are finite. We have already encoun-
tered examples of finitely presented semigroups: finite semigroups (Example 2.7),
free semigroups (Example 2.4), and monogenic semigroups (Example 2.6). Less
trivially, every finitely generated commutative semigroup is finitely presented; see
Rédei (1965) or Clifford and Preston (1967).

It is important to note that the property of being finitely presented does not
depend on the choice of a generating set.

Proposition 3.1. Let S be a semigroup, and let A and B be two finite generating
sets for S. If S can be defined by a finite presentation in terms of generators A,
then S can be defined by a finite presentation in terms of generators B as well.

PROOF. Since B is a generating set for S, for each a in A there exists a{ € B+
such that a and a( represent the same element of S. The mapping a — a(
can be extended to a homomorphism ( : AT — BT by Proposition 2.1. This
homomorphism obviously has the property that w and w( represent the same
element of S for each w € A*. Similarly, for each b in B there exists by € A
such that b and bn represent the same element of S, and this mapping can be
extended to a homomorphism n : BY — AT with the property that w and wn
represent the same element of S for each w € B*.

Let (A |fR) be a finite presentation defining S in terms of the generating set
A, and let JR( denote the set {u( = v( | (u = v) € R}. We shall show that the
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(finite) presentation

B = (B[R, b="btn¢ (b€ B))

defines S in terms of the generating set B. The semigroup S certainly satisfies
the relations from the above presentation because of the definitions of { and 7.
By Proposition 2.3, to finish the proof, it is enough to prove that if a relation
w1 = ws holds in S then it is a consequence of .

Let wy,ws be words from B representing the same element of S. Then
the words wyn and wen belong to A' and represent the same element of S.
Since (A |fR) is a presentation for S, w,n can be obtained from wqn by applying
relations from $R. Hence won( can be obtained from wyn( by applying relations
from R(. Now suppose that w; = biby...br, where b; € B, 1 < ¢ < k. Then
win = (b1n¢)(b2n() .. . (bgn(), since both 5 and ( are homomorphisms, and we
see that the relation w; = win( is a consequence of relations b = bn{ (b € B).
Similarly, we can obtain the relation w, = wyn(, and so the relation w; = w, is
a consequence of P as required. W

However, the class of finitely presented semigroups is far from covering all
semigroups. First of all, every finitely presented semigroup is finitely generated,
but there are even finitely generated semigroups which are not finitely presented,
as the next example shows.

Example 3.2. Let S be the semigroup defined by the presentation
B = (a,b|ab'a = aba (i € N)).

Suppose that S is finitely presented. Then, by Proposition 3.1, S can be defined
by a finite presentation (a,b | $R) in terms of the generators a and b. Since the
relation ab‘a = aba holds in S for each ¢ € N, aba can be obtained from abia by
applying relations from R. On the other hand, it is not possible to apply any
relation from B to the word ab’. Therefore, the word ab’ does not satisfy any
non-trivial relations, in the sense that ab’ = w in S implies ab* = w. Similarly,
the word b'a does not satisfy any non-trivial relations. The conclusion from all
this is that for each ¢ > 1, R must contain a relation whose left-hand side or right
hand side is identical to ab'a, so that %R is infinite, a contradiction.

The situation is complicated further by various undecidability results. Here
are the best known of them:

e there exists no algorithm for testing if two presentations define isomorphic
semigroups; see Markov (1951);

e there exists no algorithm for deciding if a given presentation defines a finite
semigroup; see Markov (1951a);

e there exists a finitely presented semigroup for which there is no algorithm
which decides equality of two words in the semigroup; Markov (1947) and
Post(1947);.
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We say that the isomorphism problem, the finiteness problem and the word
problem all are not soluble for semigroup presentations.

On the other hand, the experience of combinatorial group theory, where the
same anomalies are present, suggests that despite these problems semigroup pre-
sentations might be a powerful tool for handling semigroups, and we hope that
the results of this thesis will add some evidence for this view. These results can
be grouped into two main types:

1. given a semigroup find a presentation defining it;
2. given a presentation describe the semigroup defined by it.

Actually, we have already encountered both types of results. In Examples 2.4,
2.5, 2.6 and 2.7 we found presentations for some well known semigroups, while
in Example 3.2 we defined a semigroup by a presentation, and then went on to
prove some properties of this semigroup.

It should be noted that both 1 and 2 are far too general to be considered
as mathematical problems; they rather mark two relatively separated areas of
research in the theory of semigroup presentations. The purpose of this thesis is
to present some new work in both these areas, and link it to the already existing
results. Thus, Chapters 4, 5 and 8 will mainly contain results related to 1, while
Chapters 10, 11, 12 and 13 will be concerned with finding the structure of various
semigroups defined by presentations. )

We shall also seek to establish connections between these two approaches to
semigroup presentations. Connections are many, but we shall concentrate on
two of them: presentations for semigroup constructions, and the use of computa-
tional methods. We review existing computational methods for finitely presented
semigroups, and present some new ones in Chapter 14. These methods have been
frequently used during this research, although the statements and proofs of the fi-
nal results do not depend on the computational evidence. Nevertheless, we shall
give a number of examples which, we hope, will illustrate how computational
techniques were used to obtain various results.

When semigroup constructions are concerned, in Chapters 6, 8 and 9 we shall
consider various special cases of the following general problem:

3. Suppose that the semigroups S;, ¢ € I, are defined by presentations (A;|9R;),
and that a semigroup S is obtained from the family S;, ¢ € I, by applying
a semigroup construction. Find a presentation for S. '

The connection between 1 and 3 is clear, since constructions are means for
creating new semigroups out of existing ones. We also link 2 and 3 via sub-
semigroups and Rees matrix semigroups. The main idea here is to investigate
a finitely presented semigroup S by investigating some distinguished subsemi-
groups of S, which have a simpler structure (e.g. are groups, or Rees matrix
semigroups). We first find a presentation for such a substructure, and then try
to derive information about the substructure from its presentation.



Chapter 2

Generating sets for common
semigroups

The first step in finding a presentation for a semigroup S is to find a generating
set for S. In this chapter we give generating sets for various semigroups that
will be considered in the next two chapters. In doing so it is natural to seek the
‘best possible’ generating set. Since, unlike for vector spaces, minimal generating
sets of a semigroup do not necessarily have the same cardinality, it is reasonable
to look for a generating set with the minimal possible number of elements; the
cardinality of such a set is usually called the rank of S, and is denoted by rank(S).
Ranks of various transformation semigroups have been calculated by Gomes and
Howie (1986), (1990), and Howie and McFadden (1990).

After introducing in Section 1 a class of completely 0-simple semigroups, which
we call connected completely 0-simple semigroups, we find formulae for the rank
of such a semigroup in Sections 2 and 3. Sections 4, 5 and 6 contain various
applications of these formulae. In Section 4 we find the minimal rank of a finite
completely 0-simple semigroup, given the rank of its Schiitzenberger group. In
Section 5 we show how the results of Howie and McFadden (1990) about the
ranks of principal ideals of a full transformation semigroup can be obtained as
corollaries of our results about connected 0-simple semigroups, and in Section 6
we obtain similar results for matrix semigroups. Finally, in Section 7 we consider
some interesting semigroups which are not finitely generated.

The results of Sections 1 to 5 have been published in Ruskuc (1994), and the
results of Section 6 will appear in Ruskuc (1995). The results of Section 7 appear
here for the first time.

1. Connected completely 0-simple semigroups

We shall introduce the class of connected completely 0-simple semigroups by a
number of equivalent conditions (Theorem 1.2). All the background facts about
completely 0-simple semigroups that we need can be found in Appendix A. A
more complete introduction to these semigroups can be found in Howie (1976).

10
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We use the notation for completely 0-simple semigroups introduced in Section
2 of Appendix A. Thus, for a completely 0-simple semigroup S, R, i € I, denote
the 0-minimal right ideals of S, and L), A € A, denote 0-minimal left ideals of
S. The semigroup S has two D-classes S — {0} and {0}. The non-zero R-classes
of S are R; = R; — {0}, ¢ € I, the non-zero L-classes of S are L, = L} — {0},

A € A, and we have
S—{O}ZURi= U L.
el AEA

When I is finite we assume that [ = {1,...,m}. Similarly, if A is finite, we write
A = {1,...n}. Nevertheless, sometimes we will need to assume that TN A = {)
and in that case we will distinguish elements of I and A by putting appropriate
subscripts, e.g. 17 € I, 15 € A etc. Any two distinct R; and R;, as well as any
two distinct Ly and L,, are disjoint. The intersection of R; and L, is denoted
by Hix (1 € I, X € A). Each H;, (1 € I, X € A) is either a group or it is a set
with the zero multiplication by Proposition A.2.1 (vi). If H;, is a group, then ;)
will denote its identity. All the (non-zero) group H-classes are isomorphic. The
group to which they are all isomorphic is called the Schitzenberger group of S.
When considering completely simple semigroups, we sometimes assume (without
explicitly stating this) that such a semigroup has a zero adjoined to it, making
it into a completely 0-simple semigroup. E(S) and F(S) denote the set of all
idempotents of S, and the subsemigroup generated by that set respectively, for
an arbitrary semigroup S.

In what follows we shall frequently refer to the following properties of com-
pletely 0-simple semigroups.

Lemma 1.1. Let S be a completely 0-simple semigroup.
(1) If £ € H;\ and y € Hj, then zy # 0 if and only if H; is a group, in which
case vy € H;,.
(i) If za # 0 for some z € Ly then ya # 0 for all y € Ly. Dually, if ax # 0
for some x € R; then ay # 0 for all y € R;.

(i) aras...a; = 0 if and only if at least one of products ajaz,azas,a;_ja; is
equal to zero.

(iv) If p € F(S) then every inverse of p also belongs to F(S).

PROOF. (i), (ii) and (iii) can be easily deduced from Proposition A.2.1 (ix) and
(x). For (iv) see Fitz-Gerald (1972). ®

For an arbitrary completely 0-simple semigroup S we define a graph I'(S) as
follows. The set of vertices of I'(.S) is

{(z,X) € I x A| H;y is a group}.

Two vertices (i, A) and (j, ) are adjacent if and only if 2 = j or A = p.
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Theorem 1.2. The following conditions are equivalent for any completely 0-
simple semigroup S:

(i) T(S) is a connected graph.
(it) LyF(S)R; = S for every i € I and every A € A.
(iit) F(S)N Hyy # 0 for every 1 € I and every X € A.

(iv) For every i,j € I and every A, u € A there exist p(i, A, 7, 1), q(, X, 7, 1) €
F(S) such that the mapping (2, A, j, ) : Hix —> H;, defined by

¢, A, 7, p)(z) = p(2, A, J, ) zq(2, A, 7, 1) (1)
is a byjection.

If both H;y and H;, are groups, then the elements p(z, A, 5, 1), q(¢, A, J, 1) can
be chosen so that

Sli, N\, 5, 1) = (7, py i, A)

and @(i, A, 7, 1) is a group isomorphism.

ProoF. (i)=(ii) LyF(S)R; is a two-sided ideal, and therefore is equal to {0}
or S. By Proposition A.2.1 (viii), Ly contains at least one group H-class, say
H;). Similarly, there exists a group H;, within R;. Since I'(:S) is connected there
exists a path (j,A\) — (k1,11) — ... — (ky, 1) — (i,p) connecting (j,A) and
(2, 1). Now, by Proposition A.2.1 (ix), we have

ej/\ekllll # O7 ekllll ekzl/g ?é 0’ ety ektuteiu ;é 07

because in every case the two factors are either in the same R-class or in the same
L-class. By Lemma 1.1(iii) we have €;j\ék,,, - . . €y # 0. However, e;rex,,, .- - € €

LyF(S)R;, and thus L,F(S)R; # {0}.

(ii)=(iii) Both R; and L contain at least one group H-class, say H;, and H;,.
From L,F(S)R; = S and Lemma 1.1(ii) it follows that there exists p € F(S)
such that zpy # 0 for every z € L, and any y € R;. In particular e;,pe; # 0,
and therefore e;,pe;) € Hi N F(S).

(iii)=(iv) Each of R;, R;, L), L, must contain at least one group H-class, say
H,,, H;., Hy, Hy, (see Figure 1, in which group H-classes are shaded). By (ii)
there exist p(i, A, 7, p) € H;, N F(S) and ¢(3, A, j, ) € Hy, N F(S). Proposition
A.2.1 (xi) and Lemma 1.1(iv) imply the existence of p(j,pu,2,A) € Hix N F(S)
and q(j, 4,%,A) € Hjy N F(S) which are inverses of p(i, A, j, x) and ¢(z, A, 7, )
respectively.

If we now define mappings é(z, A, j, ) and ¢(j, ,7,A) by the rule (1), it is
obvious that they map H; into H;, and H;, into H;) respectively, and that they
are inverses one of each other.
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If both H;, and Hj, are groups, p(i, A, j, 4) can be chosen from Hj,, and then
for (3, A, j, 1) we can choose its inverse from H;,. By Green’s theorem ¢(z, A, 7, 1)
is a group isomorphism from H;y onto H;,.

(iv)=(i) Let (z,A) and (j,u) be any two vertices of the graph I'(S). This

means that H;, and H;, are groups. Let p(¢, A, 7, 1), (¢, A, j, 4) € F(S) be such
that

B3, A, g, 1)+ = p(i, A, 7, w)q (2, A, 7, 1)
is a bijection. If p(7, A, J, ) = €15, €450, - - - €0y, then iy = j because p € R;. Also,

all H,»,, Hiy»,, - - -5 Hiox,_y, Hiy, are groups, because of p(z, A, 7, u) Hix # {0} and
Lemma 1.1(i). But then

Grop) = (G, M) = (G2, A1) = (22, A2) — ..
= (sy Asm1) = (255 As) = (2, As) = (2, A)

is a path connecting (J, ) and (¢, A) in the graph I'(S). m

Definition 1.3. If a completely 0-simple semigroup S satisfies any of the (equi-
valent) conditions of Theorem 1.2 we say that S is connected.

We finish this section by giving examples of both connected and non-connected
completely 0-simple semigroups.
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Example 1.4. If S is a completely simple semigroup, then all H;) are groups;
see Proposition A.2.2 (iv). Therefore e;y € F(S)N Hy, so that S is connected by
Theorem 1.2. The set of vertices of the graph I'(S) is the whole set I x A. ®

Example 1.5. The second principal factor P, of the full transformation semi-
group T4 is a completely 0-simple semigroup. The egg-box picture of this com-
pletely 0-simple semigroup is given in Figure 2; see also Table 3 in Clifford and
Preston (1961). From this egg-box picture it is easy to compute the graph I'(P,).
Figure 3 represents this graph with loops omitted. In particular, P, is connected.
This is actually a special case of a more general situation: any principal factor of
any finite full transformation semigroup is a connected 0-simple semigroup; see
Lemma 5.5. B

2 3 4
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%

.

Figure 2.

N
W-

AN
i
A\

N
X

=)
N

Example 1.6. A Brandt semigroup is defined as a completely 0-simple inverse
semigroup; see Petrich (1984). The product of any two distinct idempotents of
a Brandt semigroup is zero (Lemma I1.3.2 in Petrich (1984)), and therefore a
Brandt semigroup is not connected, unless it is a group with zero adjoined. If S
is a Brandt semigroup with |I| non-zero R-classes, then I'(.S) has |I| vertices and
all the edges are loops. B

2. Ranks of connected completely 0-simple semigroups

The main purpose of this section is to establish a formula for the rank of a finite
connected 0-simple semigroup. First, however, we find a generating set for a
general completely 0-simple semigroup, which we will use in Chapter 6.
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Theorem 2.1. Let S be a completely 0-simple semigroup, and let 10 € I, Ag € A
be such that Hy, is a group. If A C H,,\, generates H; ), as a semigroup, and
if by € Higx, A € A—{ )Xo}, and ¢; € H;y,, 1 € I —{io}, are arbitrary, then the set

X=AU{br|#reA}U{clioc#ieI}U{0}
generates S.
In order to prove Theorem 2.1 we need the following

Lemma 2.2. Let S be a completely 0-simple semigroup, let T' be a subsemigroup
of S, and assume that H;,», is a group. If0 €T, H;)», €T and TN H;y # 0 for
allireI, A€ A, thenT =S.

PROOF. Let ¢ € I, A € A be arbitrary. For z € T'N H;,, we have H; ),z = H;,»,
since H;,», is a group (Proposition A.2.1 (x)), so that H;;y € T. A similar
argument shows that H;,, C T. Now H;),H;,» # {0}, since H; ), is a group
(Lemma 1.1); hence H;y = H;),Hi;» C T by Proposition A.2.1 (x). Finally, we -
have

s={yu( U HaCT,

eI \eA
which completes the proof. m

PROOF OF THEOREM 2.1. Since H;, ), is a group, we have ¢;by € H;y, 1 € 1,
A € A, by Lemma 1.1(i). Therefore (X) N H;y # 0 for all : € I and all A € A,
and the theorem follows from Lemma 2.2. B
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As a corollary we obtain an upper bound and a lower bound for the rank of
an arbitrary completely 0-simple semigroup.

Corollary 2.3. If S is a completely 0-simple semigroup, then
max(|I], |A]) € rank(S) < rank(G) + |I| + |A| — 1,
where G is the Schitzenberger group of S.

PROOF. The first inequality has been proved in Howie and McFadden (1990),
although they state it with less generality. We prove it here again for the sake of
completeness.

First note that, if e € R; and b € S, then either ab € R; or ab = 0 by Lemma
1.1(i). Therefore, each generating set A of S must have a non-empty intersection
with each non-zero R-class, and thus has at least |I| elements. Similarly, |A| >
|A], and hence |A| > max(|I],|Al]), as required.

The second inequality is a direct consequence of Theorem 2.1. &

The following two examples show that both bounds can be attained.

Example 2.4. Let S be the five element semigroup defined by the following
multiplication table:

0 a b ¢ d
0/0 00 0O
al0 a b 0 0
b|0 a b a b
cl0 ¢cd 00
d|0 ¢ d ¢ d

Alternatively, S can be considered as the semigroup consisting of the following
five matrices

o) (i) (e) () (5o)

It is easy to see that S is 0-simple, and thus completely 0-simple, since it is finite.
It has two non-zero R-classes R; = {a,b}, Ry = {c,d}, as well as two non-zero
L-classes Ly = {a,c} and L, = {b,d}. S obviously is not monogenic, but it is
generated by {b,c}, so that

rank(S) = 2 = max(|I],|A]). ®

Example 2.5. Let G be a group, and let S be G with a zero adjoined. S is
obviously a completely 0-simple semigroup with |I| = |A| = 1. Every generating
set for S has the form A U {0}, where A is a (semigroup) generating set for G,
so that

rank(S) = rank(G) + 1 = rank(G) + [I| + |A|—1. &
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Now we continue to work towards an exact formula for the rank of a finite
connected completely 0-simple semigroup, and first we establish some technical
lemmas. In all of them we assume the notation for completely 0-simple semi-
groups and connected completely 0-simple semigroups from Section 1. In par-
ticular, if S i1s a connected completely 0-simple semigroup, we assume that the
elements p(z, A, J, 1), q(2, A, J, 1), as well as the mappings ¢(z, A, j, ¢) are fixed in
accord with Theorem 1.2.

Lemma 2.6. Let S be a connected completely 0-simple semigroup. Then for all
,j€ I, \,u €A, and all a € Hy,,

@ € F(S)6(i, M i w)(@]F(S).
PROOF. Since ¢(7, A, 7, )™ = ¢(4, 4,7, A) we have

o4, 1,8, A)(B(2, A, 7, ) (a))
p(J, 1,5, A)[@(2, A, 7, 1) (a)]q(d, 4,2, A)
F(S)[¢(, A, 5, p)(a)]F(S),

a

m

as required. W
Lemma 2.7. Let S be a completely 0-simple semz'gf"oup. If H; is a group then
ei,\F(S)ep\ — {0} = H, N F(S)

PROOF. (2) If p € Hin N F(S) then p = e;pein (since e;y is the identity of the
group H;,) and therefore p belongs to ;) F(S)ein — {0}.

(C) This inclusion follows from Lemma 1.1(i). m

Lemma 2.8. Let S be a connected completely 0-simple semigroup, let A = {ay,
o0} €S witha; € Hijn,, j=1,...,r, and let H;y be a group. If we write

B = {¢(i1, M1, 4, M) (a1), - - -, ¢(ir, Ary 3, A)(ar) } C© Hin

then
(F(S)U AYN Hy, = ((F(S)N Hix) U B).

PRrOOF. (2) From B C H;y and F(S) N H;y C H;y it follows that
(F(S)n H;)) U B) C H;,.
On the other hand, we have

F(S) N Hy C (F(S)U A),
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which together with
B C F(S)AF(S)C(F(S)U A)
gives
(F(S)NHy)UB) C(F(S)U A).
(C) By Lemma 2.6 we have

A C F(S)BF(S) C (F(S) U B),

and therefore

(F(S)UA)N Hix (F(S)U B)) N Hiy
B) N H;,

U B> N Hi,\)ei)\

N

L5 CcC

(ei,\F(S)ei,\UB> ﬂHi)\ (B Q Hi)\)

( eiAF(S)eD\ — {0}) U B> N H;» (O € Hi,\)
H@\ﬂF(S))UB) ﬂHi)\ (Lemma 27)
(HaNF(S))UB),

NN

|
—~
e R

since (Hix N F(S))UB) C H;,. &

Lemma 2.9. Let S be a connected completely 0-simple semigroup, let 1,7 € I and
let \,p € A. If both H;\ and H;, are groups then ¢(i, A, j, 1) maps F(S)N H;)
onto F'(S)N H;, isomorphically.

ProoFr. Certainly, ¢(z, A, 7, ) is a homomorphism by Theorem 1.2. It is clear
that
¢(1, A, 7, w)(F(S) N Hin) € F(S) N Hyy,

since both p(z, A, 7, 1) and ¢(¢, A, 7, ¢) are products of idempotents. The converse
inclusion follows from

p=o(i, A, 5, 1) (9(J, 1,2, A)(P)),
and the result follows. &

Definition 2.10. Let S be a semigroup and let T be a subsemigroup of S. The
rank of S modulo T, denoted by rank(S : T), is the least possible cardinality of
all sets A € S for which (AUT) = S.

Lemma 2.11. Let S be a connected completely 0-simple semigroup, leti € I and
let \ € A. If H;, is a group then

rank(S) > rank(H;y : Hi 0 F(S)).
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PrROOF. Let A be any generating set of S, and define B C H;, as in Lemma 2.8.
Then Lemma 2.8 implies that

Hiy = S0 Hiy = (A) N Hyy = (F(S) U A) N Hiy = (F(S) N H) U B),

and therefore
|A| > |B| > rank(H;» : F(S)N H;y),

as required. W

Remark 2.12. Although H;, is a group, rank(H;y : H;y N F(S)) retains its semi-
group meaning as in Definition 2.10. In other words, it is the minimal cardinal
number of all sets A such that AU (H;y N F(S)) generates H;, as a semigroup.
However, this possible source of confusion is going to disappear in a minute, when
we are going to assume that S, and hence H;y, is finite: a subset of a finite group
G generates G as a group if and only if it generates G as a semigroup.

Lemma 2.13. Let S be a finite completely 0-simple semigroup, let H;y be a
group, and let
t = max(|I], |A|,rank(H; : Hix N F(S9)).

Then there exists A C S with |A| =t such that S — {0} C (A).

PRrROOF. First we prove that there exist ¢y,...,2; € Tand Ay,..., \; € A such that
for any choice of ¢ € H,»,, k=1,...,t,and any j € I, p € A, the intersection
H;, N {q,-..,q) is non-empty. Let {(j1,p1),---,(Js, #s)} be a maximal set of
ordered pairs having the property that all Hj,,,,..., Hj,,. are groups, ji,...,Js
are all different, and p1, ...,y are all different. It is clear that this set contains
at least one pair and that for any group H;, either j € {ji,...,Js} or u €
{p1,---,ps}. Since t > max(|I|,|A|) we can choose 7y,...,%; € [ and Ay,..., A €
A so that the following conditions hold:

?:1 st, ’iz :jl, ,is:js-—-la {is+1,...,it} :I—{il,...,is},

)\1 = M1, AQZ/LQ, ,/\szl.ts, {)\s+1,...,)\t}=A-{)\1,...,/\3}.

Let gx € Hia,, k=1,...,t, be arbitrary and let j =y € Tand A = A\, € A. If
[ < s and m < s the product ¢qi41 - -.¢m (Wwith the subscripts reduced modulo
s) is non-zero because Hj,,,..., Hj, _ 4., are groups, and so qiqi41---¢m €
H;, N {q,...,q). Consider now the case when [ > s+ 1 and m < s. The
L-class Ly, contains at least one group H;,,. But now k£ < s and m < s so
that H;,», contains an element ¢ from (g1,...,¢:). The product g;q is non-zero
since H;,, is a group, and so qi¢ € Hj, N {q1,...,q:). The case when [ < s and
m > s+ 1 can be treated similarly. Finally, if { > s+ 1 and m > s +1 we choose
any group H; . with k,r < s. Then there exist ¢: € Hi, N {q1,---,¢:) and
¢z € Hin, N {q1,---,qe), so that qigz € Hix N (g1, - .., q)-
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Since rank(H;y : F(S) N Hin) < t, there exists a set B = {b1,...,b;} C H;,
such that

((F(S)NH;\)UB) = H;. (2)
Now choose ai € H;, 5, k=1,...,t, such that
Ok, Aky B, A (ag) = bgy, k=1,...,1, (3)
and denote {ai,...,a:} by A. The choice of iy,...,4; and Aq,..., A gives
(AYNH;, #0, foralljel, peA. (4)

Since S is finite so are all non-zero group H classes, and (4) implies F(S) C (A),
which, together with (3), gives B C (A). Now H;y C (A) by (2), and the result
follows from (4) and Lemma 2.2. W

Now we are in the position to prove the main result of this section.

Theorem 2.14. Let S be a finite connected 0-simple semigroup, let {R;| i € I}
and {Ly| X € A} be the sets of all non-zero R- and L-classes respectively, and let
H;, = R; N Ly be any non-zero H-class which is a group.

(i) If S has divisors of zero then
rank(S) = max(|1|, |A|,rank(H;y : H;y NF(S))).

(it) If S has no divisors of zero then
rank(S) = max(|1|, |A|,rank(H;y : Hi N F(S))) + 1.

PROOF. (i) In this case S — {0} C (A) implies (A) = S for any A C S, so that
result follows from Corollary 2.3 and Lemmas 2.11 and 2.13.

(i1) In this case S — {0} is a semigroup of rank max(|I|, |A|,rank(H;) : H;x N
F(S))) by Corollary 2.3 and Lemmas 2.11 and 2.13, and zero cannot be avoided
as a generating element. W

Remark 2.15. Lemma 2.9 implies that the number max(|1|, |A|, rank(H;) : H;xN
F(S))) does not depend on the choice of H;,.

Remark 2.16. From the proof of Lemma 2.13 it is clear that the condition that
S is finite in Theorem 2.14 can be replaced by the weaker condition that the
Schiitzenberger group of S is periodic.

Remark 2.17. If we consider a completely 0-simple semigroup S as a semigroup
with zero, so that the zero is automatically included in any subsemigroup, then
Theorem 2.14 simply says that

rank(S) = max(|I|,|A],rank(H;y : Hix N F(S))).
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An important consequence of Theorem 2.14 is a formula for the rank of any
finite simple semigroup.

Corollary 2.18. If S is a finite simple semigroup then
rank(S) = max(|I|, |A|, rank(H;x : H;x N F(S))),

where |I| and |A| are the numbers of minimal right ideals and minimal left ideals
respectively, and H;) s the intersection of any two of them.

ProOF. Since S is finite and simple, it is necessarily completely simple. Adjoin-
ing a zero to S results in a completely 0-simple semigroup T', which is connected
(see Example 1.4), and has no divisors of zero. The rank of such a semigroup is
given in Theorem 2.14(ii). The corollary now follows from the observation that
each generating set of T' necessarily has the form AU {0}, where A is a generating
set for 5. W

The formula from Corollary 2.18 takes a particularly pleasing form when
H;, N F(S) is a normal subgroup of H;y:

Theorem 2.19. If S is a finite simple semigroup such that H;y N F(S) < H;),
for some H-class H;y, then

rank(S) = max(|I|, |A|,rank(S/p(S)))

where |I| and |A| are the number of minimal right ideals and the number of
minimal left ideals respectively, and p(S) is the least group congruence on S.

Remark 2.20. Every completely simple semigroup is regular, and thus possesses
a least group congruence. However, non-regular semigroups do not necessarily
have a least group congruence; see Exercise 5.26 in Howie (1976).

In order to prove Theorem 2.19 we have to introduce some more notation and
technical results.

Following Higgins (1992) we say that a subsemigroup T of an arbitrary semi-
group S is full if it contains all the idempotents of S. Also, T' is said to be
self-conjugate if aTa’ C T for any pair of mutually inverse elements a,a’ (i.e. -
aa’'a = a, a'ad’ = a’). Since the intersection of any family of full self-conjugate
subsemigroups of any semigroup S is again full and self-conjugate, there exists a
least such subsemigroup, which we will denote by C(S).

Lemma 2.21. Let S be a completely 0-simple semigroup, let H;\ be a group, and
let N;y be the normal subsemigroup of H;y generated by H;\ N F(S). Then

H; N{N;yU F(S)) = Nix.
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PrOOF. (2) This inclusion is obvious.
(C) Let a € Hix N (N U F(S)) be arbitrary. Then there exist a natural
number [ and elements py,...,p,piv1 € F(S), ny,...,n; € N;y such that a =

P1N1PaNg . - . P PLL1- OINCE €;) 1s the identity of H;y, and since a, nq,...,n; € H;y,
we have

A = €0A€5), M1 = €RTNEN, ..., T = €ATE; ),
so that

A = €XAEN = ENP1EANIENP2EIATI2E ) - - - PIEATUENPI41 64N
Now if we note that
€iAP1€ixs - - - s EnPirr€in € F(S) N Hyy € Niy,
we obtain a € N;), as required. W

Lemma 2.22. Let S be a connected completely 0-simple semigroup, and let H;)
and N;, be as in the previous lemma. Then

C(S) = <Ni>\ U F(S))

PROOF. Let us denote (N;, U F(S)) by T. Clearly, T is full. We want to show
that T is self-conjugate as well. Let a,a’ € S be any pair of mutually inverse
elements and let ¢ € T. If ata’ = 0 then, clearly, ata’ € T. Therefore the
nontrivial case is when ata’ # 0. If a € H;, and o’ € Hy,, then both Hy, and
H;, are groups by Proposition A.2.2 (vii), and we have

atd’ = aepter,a’ = atyd’ (5)
for t; = ep ter, € Hy, NT. By Theorem 1.2 we have
ty = p(J, s b, v)taq(g, 1, b, v),
for some t; € H;,; also t; = p(k, v, j, p)t1q(k,v,j,4) € T. Hence
atia’ = ap(j, p, k,v)taq(J, g, k,v)d'
= ap(j, p, k, v)ejutaejng(y, u, k,v)a' = blac, ©)
for b= ap(j, p, k,v)eju, ¢=e;uq(g, p,k,v)d'. Clearly b,c € H;, and

be = ap(j, p, k,v)e;ue;,q(J, 1, kyv)a = aepa’ = ad’ = ¢,

(since ¢(j, t, k,v) is an isomorphism), so that b and ¢ are inverses of each other
in the group H;,. By Theorem 1.2

btac = &(i, A, 7, 1) (67, 1,7, A) (btac))
= p(i,A,J,ﬂ)[cb(J 1,8, A)(B) - @3, 1,3, A)(t2)-
(7, 1,5, A)()lq(s, A, 4, 1) (7)
p(s, A J,u)[qﬁ(J fhy 8, A) (D) - ¢
q(g, 1,5, A) - 9(y
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By Lemma 2.21, the product p(j, i, ¢, A)t2¢(7, i, 7, A) belongs to N;,. The elements
&(7, pt,1, A)(b) and ¢(J, 1, %, A)(c) are inverses of each other in the group H;), since
é(J, 1,2, A) is an isomorphism. Therefore

¢(.77 K, iv )‘)(b) ) p(]7 My iv )‘)t2Q’(j7 K, i7 /\) ) ¢(]7 Iy iv )‘)(C) € ]Vi)\

(because N;y is normal), and thus

p(i7A’j7ﬂ)[¢(j7lll’i7A)(b).p(j7u,i7A)t2 (8)
q(7, 1,7, A) - 8(J, 1,8, A)()lq(i, A, j ) € T
From (5), (6), (7) and (8) it follows that T is self conjugate.

To prove that T is the least self conjugate subsemigroup of S, let T} be any
other such semigroup. T contains F(S), and therefore contains H;»NF(S). Since
it is closed under conjugation, 77 must contain all conjugates of H;, N F(S) in
H;), i.e. it must contain N;y, and thus (Np U F(S)) =T. ®

The following lemma gives a description of the least group congruence p(5)
on a regular semigroup S. It was proved in Feigenbaum (1979).

Lemma 2.23. If S is a regular semigroup then
p(S) ={(a,b) € S x S| za = by for some z,y € C(S)}. m

As our next lemma, we prove the following relation among S, p(S), H;y and
N;) for any completely simple semigroup S:

Lemma 2.24. If S is a completely simple semigroup then
S/p(S) = Hi,\/Ni/\.

PROOF. Let G be the group S/p(S) and let £ : S — G be the natural epi-
morphism. Since H;y = €;35€; it is easy to show that ¢ [g,, is also onto.
Now we show that ker({ 1m,,) = N and the lemma then follows from the
first isomorphism theorem for groups. Clearly, £(F(S)) = {lg} , and there-
fore F(S) N Hy, C ker(€ 1g,,) so that N;y C ker(€ [g,,). On the other hand, if
a € ker(¢ g, ), then (a,e;) € p(S), and by Lemmas 2.22 and 2.23 there exist
z,y € C(S) = (N;y U F(S)) such that za = e;3y. The standard £L-R argument
proves that z € R; and y € L,. But then za = e;,y implies (ze;))a = e;y. Since
zepn, eny € (N U F(S)) N H;y, Lemma 2.21 implies that ze;y, ey € N;y, and
thus a € N;y. Therefore ker(£1g,,) € N,y B

Now we are in the position to prove Theorem 2.19.

PROOF OF THEOREM 2.19. Since H;x N F(S) < H;y, we have N;y = H; N F(S),
and Corollary 2.18 implies

rank(S) = max(|I|, |A], rank(H;» : N;»)).

If we note that rank(H; : N;)) = rank(H;»/N;») and apply Lemma 2.24, the
result follows. B



24 Semigroup presentations

Corollary 2.25. If the Schiitzenberger group of a finite simple semigroup S is
abelian (or, more generally, hamiltonian) then

rank(S) = max(|I|, |A|,rank(S/p(S5))).

ProOF. The proof follows from Theorem 2.19 and the fact that every subgroup
of an abelian (hamiltonian) group is normal. W

Remark 2.26. No result similar to the previous ones holds for 0-simple semi-
groups, even if zero is adjoined, since S/p(S) is always trivial in that case.

We finish this section by posing the following

Open Problem 1. Find a formula for the rank of a general (finite) completely
0-simple semigroup.

In addition to Corollary 2.3 and Theorem 2.14, the following result of Gomes
and Howie (1987) is highly relevant for this problem.

Proposition 2.27. If S is a Brandt semigroup with n non-zero R-classes, and
if G is the Schitzenberger group of S, then

rank(S) =n +rank(G) - 1. W

3. Rees matrix semigroups

By the Rees—Suschkewitsch Theorem (Proposition A.2.3) every completely 0-
simple semigroup is isomorphic to some Rees matrix semigroup M°[G; I, A; P]
with the regular Rees matrix P = (pxi)aeaer- Regularity means that there is no
column or row consisting entirely of zeros. Using this representation we are able
to obtain a more concrete formulation for Theorem 2.14 and Corollary 2.18.

Let S be a Rees matrix semigroup MP[G; 1, A; P], with P regular. Howie
(1978) defined a bipartite graph on the set 7 UA (assuming I and A are disjoint)
in which 7 € I and A € A are adjacent if and only if py; # 0. We shall denote
this graph by I'(P). Two vertices z and y of I'(P) are connected (z ~ y) if there
exists an oriented path starting in z and endinginy. Hr =21 2 2 > ... — 2
is a path in I'(P) then the value of 7 is defined as

V(ﬂ-) = (zla 22)¢ : (22323)¢ Teset (Zt—lyzt)¢7
where

(i7 )‘)¢ = p;ila (/\77')¢ = Pxi (Z € I, A€ A)
The value of the zero path from z to z is 1, the identity of G. Define P,, to be
the set of all paths connecting z and y, and and then let

Vay = {V(7)I7 € Pry}.
With this notation the following result was proved in Howie (1978):
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Lemma 3.1. The subsemigroup generated by the set of all idempotents of a Rees
matriz semigroup S = MO[G; 1, A; P) is

F(S)={(G,a,\) | i~XNa€Vy) m

It is possible to express the connectedness of S (Definition 1.3) as a condition
on the graph I'(P):

Theorem 3.2. Let S be the Rees matriz semigroup MO[G; I, A; P]. The semi-
group S is connected if and only if the graph T'(P) is connected.

PROOF. By Theorem 1.2 the semigroup S is connected if and only if H;xNF(S) #
0 for any ¢ € I,XA € A. However, this is true if and only if 7 ~ X in T(P), by
Lemma 3.1. &

Now we start with establishing the facts needed to prove the main result of this
section (Theorem 3.6). In the following lemmas S will denote a finite connected
0-simple Rees matrix semigroup MPC[G; I, A; P]. Without loss of generality we
also assume that p;; # 0, so that Hi; is a group. (Notice that here p;; and Hyy
stand for py,1, and Hy,1, respectively, where 1; € I and 15 € A.)

Lemma 3.3. The mapping ¢ : H;; — G defined by
(1,9,1)¢ : gp11
is a group isomorphism. It maps Hyy N F(S) onto Viipi1.
PrOOF. Since
((1,9,1)(1,h,1))% = (1, gpuh, 1)¢ = gpurhps = (1,9,1)¢ - (1, b, 1)3h,

1 1s a homomorphism. It is easy to see that it is bijective. The second part is a
consequence of Lemma 3.1. B

Since S is connected, for any A € A there exists a path 7, connecting 1;
and A. Analogously, for each ¢ € I there exists a path m; connecting ¢ and 14.
Certainly, we can choose both 71, and 71, to be equal to the path 17 — 14. For
any 7 € I, A\ € A we define

@i = V(ma)pxV (7)) pur-
Note that ¢,; = 0 if and only if py; = 0.
Lemma 3.4. If
T=1lr—2 M —=ia—= XA — ... =1 —>1p
is a path from Py,1,, then

V(ﬂ.)pll = qk_llquAl”::Z q;gléz ce ql_Alic'
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PROOF. Since 7 is a path, all py;1;,Pxi,,- -5 P14ic are different from zero, so
that all the corresponding ¢’s are different from zero as well.
Now we have

q)_qllI q)\li2 qA_Qliz et ql_Alit
= pl_llv(ﬂ'l)_lp;lllv(ﬂ-h)_IV(WM)p)qizV(ﬂ.2)p11p;llv(7ri2)—1p;21i2
V(ma) ™t Vima )P VI(ma)pup Vi) 7 pi Vim) ™
= PyaPAinPagiy - - - PhecaiePTi P11 = V(7)p11-
as required. W
Lemma 3.5. Viyp;; is generated by the set {qr|t € I, X € A}.
ProOOF. The lemma is a direct consequence of Lemma 3.4. ®

Now we can prove the main result of this section:

Theorem 3.6. Let S = MP[G;1,A; P] be a finite connected Rees matriz semi-
group, with regular matriz P, p;; # 0 and p,; = 0 forsomej € I, p € A. Let also
7; and 70y, (1 € I, A € A) be paths connecting i and 15, and 11 and X respectively,
with w1, = 71, = 11 — 15 and let

@i = V(m)prV(mi)p1a-
If H is the subgroup of G generated by the set {gx; | A € A,i € I, q\; # 0} then
rank(S) = max(|I|, |A|,rank(G : H)).

Ifpu; # 0 forall j € I and u € A (the completely simple case) the rank of S
is greater by one, while

rank(S — {0}) = max(|I|, A, rank(G : H)).

PRrROOF. The theorem is a direct consequence of Theorem 2.14 and Lemmas 3.3
and 3.5. W

We can obtain an even nicer result for the completely simple case. In that
case the matrix P can be chosen to have normal form, i.e.

pa=pu=1, t€LA€A
(Proposition A.2.6), and to have no zero entries.

Theorem 3.7. Let S = M|G; I, A; P] be a finite Rees matriz semigroup with P
wn normal form. Then

rank(S) = max(|I|, |A|,rank(G : H))
where H is the subgroup of G generated by {px; |1 #1 € [,1# X € A}.
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PROOF. Since all entries in P are non-zero, we can choose m; = ¢ — 1, and
m = 17 — A, so that

o = V(m)paV (mi)pu = pyi praipia'pin = pas
because P is normal. By Theorem 3.6
rank(S) = max(|I|, |A|, rank(G : H))
where H is the subgroup of G generated by
{pilreNiely={pu| A€ Aicl}

However, py; = p1; = 1, and the theorem follows. B

4. An extremal problem

In Section 3 we established a formula for the rank of certain types of finite com-
pletely 0-simple Rees matrix semigroups. This formula expressed the rank of
S = MG, I,A; P] as a function of |I], |A|, G and P. It is therefore interesting
to ask how each of these factors influences the rank. For example, if we fix I,
then

rank(S) > |1

by Corollary 2.3. Actually, by choosing G to be trivial and varying A, we see
that rank(S) can take any value > |I|. Similar considerations show that, if we
fix A, rank(S) can take any value > |A|.

In this section we consider the case when we fix the group G. Our first
observation is that rank(.S) may well be less than rank(G).

Example 4.1. Let G be any finite group of rank 9 with generators ¢i,..., 9o,
and let S be the Rees matrix semigroup M|G; I, A; P] where

I=A=1{1,234}
and

1 1 1
g1 g2 93
g4 G5 Yge
gr g8 9o
Then the subgroup of G generated by the entries of P is G, so that, by
Theorem 3.7,

P =

Pt gt

rank(S) = max(|I],|A|,rank(G : G))
= max(4,4,1) =4 <9 =rank(G). &
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This can raise the following question: For a given finite group G, what is
the minimal possible rank of a (0-)simple Rees matriz semigroup M[G;1,A; P|
(MO[G; I, A; P])?

First we consider the completely simple case. As remarked before, in this
case we may suppose that P has normal form without loss of generality. For a
real number z, [z] denotes the least integer which is not less than z. Thus, for
example, [v2] =1, [5] = 5, etc.

Theorem 4.2. If G is a finite group of rank r then for every Rees matriz semi-
group M[G;1,A; P|, with P normal,

rank(M([G; I, A; P]) > {”zﬂ] .

There exists a semigroup M[G; I, A; P| with rank Pi@-' .

Proor. If

[1+\/247——_31

then
m—1

3

1++4r—3
<—+ 27‘ <m

which is equivalent to
m?—3m+3<r<m?—m+1. (9)

For an arbitrary simple Rees matrix semigroup S = M[G; I, A; P] with P in
normal form, let ¢ denote its rank, and let H be the subgroup of G generated by
{pxi|ll # X € A, 15 ¢ € I}, so that, by Theorem 3.7,

t = max(|I|, |A],rank(G : H)).
Since
rank(G : H) <t and rank(G) =r

we have

rank(H) > r —t. (10)

On the other hand H is generated by (|/|—1)(]A| —1) elements, and, since |I| < ¢
and |A| < ¢, we have
(t —1)* > rank(H). (11)

From (10) and (11) it follows

t2—t+1—-r>0.



Generating sets 29

Since r > 0 we deduce that

t>1+\/47'—3>l+\/4m2——12m+9
= 2 2

=m-—1

((9) was used in proving the last inequality), so that ¢ > m.

Let {g1,...,9-} be a generating set for G. Define I = A = {1,...,m} and
let P be the matrix with ones in the first row and the first column, and elements
91,--->9(m-1)2 as Temaining entries. If r < (m — 1), the entries g,41,. .., gom-1)
may be arbitrary. Then it is easy to see that

r—(m-—1)2% if r>(m-1)?
0 otherwise,

rank(G : H) = {
where H is the subgroup of G generated by {g,,..., J(m-1)2}. Since
r—(m-=12<m’—m+1—(m-1)Y2=m
(because of (9)), we obtain

rank(M|[G; I, A; P}) = max(|I|,|A|,rank(G : H)) = m,

as required. W

Surprisingly, if we consider O-simple semigroups (rather than simple), the
bound remains the same.

Corollary 4.3. If G is a finite group of rank r then for every 0-simple Rees
matriz semigroup S = M°[G; I, A; P)

i) » [L47T)

PRrOOF. If P is obtained from P by replacing all zero entries by 1, then
rank(M|[G; I, A; P)) < rank(MP[G; 1, A; P))

since every generating set of MC°[G; I, A; P] generates M[G; I, A; P) as well. The

corollary now follows from Theorem 4.2. B

5. Transformation semigroups

Transformation semigroups have been studied extensively over the years, and
ranks for many important classes are known. In the following proposition we list
some well known results; all of them have very easy proofs.
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Proposition 5.1. (i) The full transformation semigroup T,, n > 2, has rank 3.
It is generated by any set {a,b,t}, where a,b are two permutations generating the
symmetric group S,, and t is any mapping of rank n — 1.

(it) The semigroup of partial transformations PT,, n > 2, has rank 4. It
is generated by any set {a,b,t,s}, where a,b,t are as above, and |Dom(s)| =
Ims| =n—1.

(11i) The symmetric inverse semigroup I,, n > 2, has rank 3. It is generated
by any set {a,b, s}, where a,b,s are as above. M

The rank of the semigroup of singular mappings Sing, is more difficult to
determine; see Gomes and Howie (1987). Even more difficult are the ranks of the
semigroups

K(n,r)={a€T,||Ime|<r}, 1 <r <n,

which were determined by Howie and McFadden (1990). In this section we show
how our results about ranks of completely 0-simple semigroups can be used to

obtain alternative proofs for the results of Gomes and Howie (1987) and Howie
and McFadden (1990). The following is the key lemma for doing this.

Lemma 5.2. Let S be a semigroup, let J be a mazimal J-class of S, and let J

be the corresponding principal factor. If (J) = S then rank(S) = rank(J).

PROOF. Note that if 81,50 € S and ¢t € S — J, then s1tsy &€ J, since J is
maximal. Hence, for any generating set A of S, J C (AN J), which implies

rank(S) > rank(J).

Assume now that B is a generating set of J having the minimal possible
cardinality. Since (J) = S we see that either S = J, or J has divisors of zero. In
any case we may assume that 0 € B, or, equivalently, B C J. Now in S we have
S C(J) C (B), and thus

rank(S) < rank(J),

which completes the proof. B

Let us now recall the Green’s structure of the full transformation semigroup.
For more details and proofs the reader is referred to Clifford and Preston (1961).
It is well known that

aRp <= Kera = Ker §3, (12)
alf < Ima=Imp, (13)
aDf < aJf < |Ima| = |Im}f|. (14)

We see that T, has n J-classes:

J(n,r)={a||lma|=r}, r=1,...,n,
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which form a chain. The corresponding principal ideals are precisely the semi-
groups K(n,r), r = 1,...,n, while the corresponding principal factors will be de-

noted by J(n,r), r =1,...,n. Note that K(n,n) =T, and K(n,n—1) = Sing,,.

Each J(n,r) is a D-class as well. The number of R-classes in J(n,r) is
equal to the number of equivalence relations on the set {1,...,n} with exactly r
equivalence classes; this number is known to be the Stirling number of the second
kind S(n,r); see Riordan (1958). The number of L-classes in J(n,r) is equal to
the number of r-element subsets of {1,...,n}; this number is

An important observation about K(n,r) is that it inherits the Green’s struc-
ture from T,,.

Lemma 5.3. Green’s relations R, £, D and J in K(n,r) are given by (12),
(13), (14).

PROOF. We prove the lemma just for R; the assertions about £, D and J can
be proved similarly. In one direction the lemma is obvious: if two mappings are
R-equivalent in K(n,r), they are R-equivalent in T,, as well, and so they have
the same kernel. For the converse suppose that Kera = Ker 5. This means that
aRp in T, or, in other words, ay = § and 36 = a for some v,6 € T,,. Now note
that ‘

(Ima)y| = [m 8 = [Imal,

so if we define y; by
zypy=zifz €Ima, 2y € Imaif z € Im e,
we have ay; = a and
Im (vi7)| < [Imm| = [Ime| <.

Therefore, for 7, = 717, we have 73 € K(n,r) and ay, = . Similarly, there
exists 6, such that 8, € K(n,r) and 86, = a, and hence RS in K(n,r). &

Now we show that K (n,r) satisfies the conditions of Lemma 5.2.

Lemma 5.4. The semigroup K(n,r), r=1,...,n—1, is generated by its mazi-

mal J-class J(n,r).

PrOOF. The lemmais a direct consequence of the fact that any mapping o with
Ima|] = r < n — 2 can be written as a composition of two mappings of rank
r + 1; see Lemma 4 in Howie and McFadden (1990). =

Our next goal is to prove that the principal factor J(n,r) is a connected
completely 0-simple semigroup. To do this we recall the following result of Hall
(1973).
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Lemma 5.5. A regular semigroup S is idempotent generated if and only if every
principal factor of S is idempotent generated. W

Lemma 5.6. J(n,r), r=1,...,n—1, is a connected completely 0-simple semi-
group.

PROOF. The semigroup Sing, is generated by its idempotents (Howie (1966)),
and J(n,r) is a principal factor of Sing,, (Lemma 5.3), so that J(n,) is idempo-
tent-generated as well by Lemma 5.5.

A principal factor of a semigroup is either 0-simple or is a null semigroup; see
Proposition A.4.7. Since J(n,r) contains idempotents, it is O-simple, and since it
is finite it has to be completely 0-simple. Moreover, since J(n,r) is idempotent-

generated, each non-zero H-class has a non-empty intersection with F(J(n,r)),
so that J(n,r) is connected. m

Now we have all the ingredients for an alternative proof of the following the-

orem from Howie and McFadden (1990):

Theorem 5.7. rank(K(n,r)) = S(n,r), r=1,...,n — 1.
PROOF. By Lemmas 5.2 and 5.4 we have rank(K(n,r)) = rank(J(n,r)). By
Lemma 5.6 J(n,r) is a finite connected completely 0-simple semigroup, and hence

its rank is given in Theorem 2.14. The number of R-classes in J(n,r) is S(n,r),
while the number of £-classes is (’:) Finally, the subsemigroup of J(n,r) gen-

erated by the idempotents is J(n,r) itself by Lemma 5.5, and so we have

rank(J(n,r)) = max(S(n,r), <n>)

r

It is well known that S(n,r) > (’:), and the result follows. ®

Note that S(n,n—1) = (g), and since K(n,n—1) = Sing,,, Theorem 5.7 has
as a consequence Theorem 2.1 from Gomes and Howie (1987).

We finish this section by mentioning that the rank of the semigroup O, of
endomorphisms of a finite chain was determined in Gomes and Howie (1990).
The rank of the semigroup B,, of binary relations on a finite set is not yet known.
Devadze (1968) proved that rank(B,) > n + 1. Actually, as noted in Kim and
Rousch (1977), rank(B,) grows at least exponentially with n.

6. Matrix semigroups

In this section we consider semigroups of matrices over a field in a similar way as
we did with transformation semigroups in Section 5.
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Let us first introduce some notation. Let F' be a field. The set of all d x d
matrices over F' with non-zero determinant is a group, with respect to the usual
multiplication of matrices. We denote this group by GL(d, F') and call it the
general linear group. Another important group of matrices is the special linear
group SL(d, F'), consisting of all d x d matrices with determinant 1. It is a normal
subgroup of GL(d, F'); it is the kernel of the determinant homomorphism det :
GL(d, F') — F, so that GL(d, F')/SL(d, F') is isomorphic to the multiplicative
group F — {0}. For details on linear groups see Rotman (1965).

The set of all d x d matrices over F is a semigroup with respect to the mul-
tiplication of matrices; we denote this semigroup by GLS(d, F') and call it the
general linear semigroup. It is a semigroup analogue of GL(d, F'). The semigroup
analogue of SL(d, F) is the special linear semigroup SLS(d, F'), consisting of all
matrices having determinant 0 or 1. We also note that GL(d, F') and GLS(d, F)
are isomorphic to the automorphism group and the endomorphism semigroup
respectively of the vector space F.

The Green’s structure of GLS(d, F') closely resembles that of T),. In particular,
for any two matrices A, B, we have

ARB <= Ker A = Ker B, (15)
ALB <= ImA =ImB5B, (16)
ADB <= dim(Im A) = dim(Im B) (17)

(see Exercise 2.2.6 in Clifford and Preston (1967)). We also have
Theorem 6.1. 7 =D in GLS(d, F).

PRrROOF. The vector space F?, being finite-dimensional, satisfies the descending
chain condition on subspaces. Therefore, both the set of R-classes and the set of
L-classes satisfy the descending chain condition, and thus J = D by Proposition
1.11 of Howie (1976). m

GLS(d, F) has d + 1 principal two-sided ideals
I(r,d,F)={A|dim(ImA)<r}, r=0,...,d
The corresponding J-classes are
J(r,d,F)={A|dim(ImA) =r},r=0,...,d,
and the corresponding principal factors will be denoted by J(r,d, F'). The semi-
group I(d—1,d, F) consists of all singular matrices, and we denote it by Sing(d, F').
It is clear that
GLS(d, F) = GL(d, F) U Sing(d, F'),
SLS(d, F) = SL(d, F) U Sing(d, F).
The main technical result needed for determining ranks of various matrix
semigroups is the following:
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Lemma 6.2. The semigroup Sing(d,F) is generated by its mazimal J-class
J(d—-1,4d,F).

ProOOF. We show that each matrix A of rank r, r < d — 2, can be written as
BC, where B and C have rank r + 1.

Let {a1,...,aqs} be a basis for the vector space F'?, and let us write a;A = &;,
i=1,...,d. Thesubspace V of F¢ generated by {b1,...,bs} has dimension r, and
therefore {by,. .., bs} contains an r-element basis for V. Without loss of generality
we assume that by,..., b, are linearly independent; hence b,41,...,b, are linear
combinations of by,...,b,. Let ¢,41,...,cq be such that {b1,...,b,,¢rq1,...,¢a}
is a basis for F¢. Let B and C be matrices such that

aiB = bi if 2 ;é r+ 1, CZT+1B = Cr41;
b,C=bfor1 <i<r, ¢ 41C = bry1, €120 = 42, ¢;C =0for y > r+3.

Im B is generated by {b1,...,b,,¢41,b0,42,...,b4} and has dimension r + 1;
ImC is generated by {by,...,b,,b,41,¢42} and has dimension r + 1 as well.
Finally, it is clear that A = BC, which completes the proof. ®m

Now we are in the position to find the ranks of GLS(d, F') and SLS(d, F).

Theorem 6.3. If S € GLS(d, F) is any matriz of rank d = 1, then
(GL(d, F)u {S}) = GLS(d, F).

In particular

rank(GLS(d, F)) = rank(GL(d, F')) + 1.

Proo¥F. For any matrix T of rank d — 1 there exist non-singular matrices P
and @ such that PTQ = diag(l,...,1,0). In particular, PTQ = PSQ; (=
diag(1,...,1,0)) for some non-singular matrices P; and (1, so that we have
T = P7'P,SQ:Q 7%, and the first part of the theorem follows from Lemma. 6.2.
The second part now follows from the fact that Sing(d, F') is an ideal in GLS(d, F),
so that each generating set for GLS(d, F') necessarily contains a generating set
for GL(d, F). =

Slightly more surprisingly we have
Theorem 6.4. If S € GLS(d, F) is any matriz of rank d — 1 then
(SL(d, F)U{S}) = SLS(d, F).

In particular

rank(SLS(d, F')) = rank(SL(d, F)) + 1.
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PROOF. Let T be any matrix of rank d — 1, so that PTQ = diag(1,...,
1,0) for some non-singular matrices P and (). Then

T = P ldiag(l,...,1,0)0Q7"
= P'diag(l,...,1,det(P)) - diag(l,...,1,0) - diag(1,...,1,det(Q))Q*
= Pdiag(1,...,1,0)Q,

where P = P~'diag(l,...,1,det(P)) and Q = diag(1,...,1,det(Q)) Q! are
matrices of determinant 1. The rest of the proof is the same as in Theorem 6.3.
]

Now we turn our attention to the principal ideals I(r,d, F) of GLS(d, F).
Again, as in the full transformation semigroup, the principal ideals inherit the
Green’s structure from the semigroup.

Lemma 6.5. Green’s relations R, £ and D in I(r,d, F) are given by (15), (16),
(17), and J = D.

PrOOF. The lemma can be proved by an argument analogous to the proof of
Lemma 5.3. m

As an immediate corollary of Lemmas 5.2, 6.2 and 6.5 we obtain
Lemma 6.6. rank(I(r,d, F)) = rank(J(r,d, F)). &

Now, however, we have to distinguish the case when F'is an infinite field from
the case when F' is finite.

Theorem 6.7. If F is an infinite field then the semigroup I(r,d, F), r=1,...,
d —1, is not finitely generated.

PROOF. The semigroup J(r,d, F), being a principal ideal, is either O-simple,
or it is a null semigroup. It is, however, easy to see that J(r,d, F) contains
idempotents, and hence it is 0-simple. Moreover, it is completely 0-simple, since
F satisfies the descending chain condition on subspaces. By Corollary 2.3 we
have

rank(J(r,d, F)) > max(|I], |A]),

where [ is the number of non-zero R-classes, and |A| is the number of non-zero
L-classes in J(r,d, F). By (16), the number of non-zero L-classes in J(r,d, F) is
equal to the number of subspaces of F¢ of dimension r; we shall show that this
number is infinite. The theorem will then follow from Lemma 6.6.

For f in F, consider the set

B(f) = A{a(f),---,ar(f)} € F,
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where
a;(f)=(0,...,0,1,0,...,0, f).
—— e —r
i—1 d—-i—1
It is obvious that a;(f),...,a,(f) are linearly independent; let V(f) denote the
r-dimensional subspace of F?¢ generated by B(f).
We claim that, for f # g, we have V(f) # V(g). Indeed, if V(f) = V(g),

then a;(g) is a linear combination of a;(f),...,a.(f):

al(g) = alal(f) + ...+ C!,,-Gu,-(f),
which gives
Q1 = 1’ a;;:O,..., (675 :0, (a1++ar)f:g’

or, in other words, f =g¢. &

Now we turn our attention to the case where F' is a finite field. For the infor-
mation on finite fields the reader is referred to Lidl and Niederreiter (1983). In
particular, each finite field has order p™, where p is a prime, and, up to isomor-
phism, there exists exactly one field of order p”; this field is usually denoted by
GF(p™). If n = 1 then GF(p") is simply Z,, the field of integers modulo p.

If F = GF(p"), we will write GLS(d, p™) for GLS(d, F'). We will also use
analogous notation for all other matrix groups and semigroups introduced so far.
With this notation we have

Theorem 6.8. The semigroup I(r,d,p"), r=1,...,d —1, has rank

nd __ 1)(pn(d—1) _ 1) . (pn(d—'r+1) _ 1)
(e =DV =1)...(pr =1)

In particular, Sing(d,p") has rank (p™ —1)/(p" — 1).

N(rd,p) = &

PrOOF. By Lemma 6.6 the rank of I(r,d, p*) is equal to the rank of the principal
factor J(r,d,p"). As before, J(r,d, p") is a finite completely 0-simple semigroup.
Actually, 1t is connected as well. To prove this we recall that the semigroup
Sing(d, p") is idempotent generated; see Erdos (1967). By Lemma 5.5, J(r,d, p")
is also idempotent-generated, and so the intersection of any non-zero H-class
with F(J(r,d,p")) is the whole H-class. By Theorem 2.14, J(r,d, p") has rank
max(p, A), where p and X are respectively the number of non-zero R-classes and
the number of non-zero £-classes in J(r, d, p*) (or, equivalently, in J(r,d, p*)). As
in Theorem 6.7, the number of R-classes of J(r,d, p") is equal to the number of
subspaces of GF(p")? of dimension d—r, and the number of L-classes of J(r, d, p")
is equal to the number of subspaces of GF(p“)d of dimension r.

Any subspace of GF(p“)d of dimension r is generated by r linearly independent
vectors, vy,...,v, say. Since v; can be any non-zero vector, there are p™¢ — 1
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possible choices for v;. Having chosen v, v, can be any vector which is not a
scalar multiple of v; there are p™® — p* such vectors. By repeating this argument
we see that there are exactly (p"*—1)(p™ —p") ... (p"¢ —p™"~V) different linearly
independent sets of r vectors in GF(p")d. By the same argument, each subspace
of dimension r has exactly (p™ — 1)(p™ — p")...(p"" — p™"=V) different bases.

Therefore there are exactly
(pnd . 1)(pnd _ pn) o (pnd _ pn(r—l))
(pnr _ 1)(pnr — pn) . (pnr — pn(r—l))

different subspaces of dimension r. Finally, note that N(r,d,p"™) = N(d—r,d, p"),
and the result follows. ®

= N(r,d,p")

Remark 6.9. Dawlings (1980) and (1982) proved that the idempotent rank (i.e.
the minimal number of idempotent generators) of Sing(d, p") is (p™* — 1)/(p" —
1). Therefore, the rank and the idempotent rank of Sing(d, p™) are equal. This
parallels the results of Gomes and Howie (1987) for the semigroup Sing,,.

7. Some infinitely generated semigroups

On the basis of Proposition 5.1 and Theorem 6.3 one might be tempted to con-
jecture that the endomorphism semigroup of an algebraic structure is always gen-
erated by the automorphism group together with one additional endomorphism.
Of course, this is not so, and in this section we show that the conjecture fails
even for some ‘tame’ algebraic structures, such as free semigroups, free abelian
groups and free groups.

In what follows, Aut(2) and End(2() denote the automorphism group and the
endomorphism semigroup of an algebraic structure 2.

Theorem 7.1. Let A be a finite set and let F = A%t be the free semigroup on
A. The group Aut(F) is isomorphic to the symmetric group on A, while the
semigroup End(F) is not finitely generated.

PROOF. lLet f : FF — F be an automorphism, and assume that Af Z A.
Then there exists a € A — Af. However, since |zf| > |z| for each z € F, we
have a € Im f, a contradiction. Therefore, each automorphism of F' induces
a permutation on A. On the other hand, each permutation on A induces an
automorphism on F' by Proposition 3.1.1.

For the second part of the theorem, consider the set B(p), p prime, consisting
of all endomorphisms f : FF — F, such that af = b for some a,b € A and
(A—{a})f = A — {b}. We prove that if an element f of B(p) is a product of
two endomorphisms, then one of those endomorphisms also belongs to B(p). As
a consequence we obtain that each generating set of End(F') has a non-empty
intersection with each set B(p), so that End(F) is not finitely generated.
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So, let us assume that f € B(p) with

af =, (A—{a})f = A—{b},

and that f = gh. Then clearly |zg| = 1 for every z € A—{a},so that (A—{a})g =
A — {c} for some ¢ € A, since A is finite. Similarly, (A — {c¢})h = A — {b}, so0
that ag does not contain any letter from A — {c}; hence ag = ¢™ for some m. For
a similar reason, ch is a power of b; let us say ch = ™. But then

¥ = af = agh = ¢™h = b™".

Since p is a prime, we have either m = p or n = p, so that either g € B(p) or
h € B(p). m

The proof for free abelian groups is even simpler.

Theorem 7.2. Let F = Z" be a finitely generated free abelian group. Then the
group Aut(F') is finitely generated, but End(F') is not finitely generated.

PROOF. F is a free Z-module, and therefore End(F') is isomorphic to the semi-
group GLS(n,Z) of all n x n integer matrices, while Aut(F) is isomorphic to the
group GL(n,Z) of all such matrices with determinant 1 or -1; see Blyth (1990).
It is well known that GL(n,Z) is finitely generated—this-fact can be deduced
from the fact that each integer matrix can be transformed to a diagonal matrix
by applying elementary transformations; see again Blyth (1990).

On the other hand, the determinant homomorphism det : GLS(d,Z) —
Z maps GLS(d,Z) onto Z. The multiplicative semigroup of Z is not finitely
generated since there are infinitely many primes, and therefore GLS(n,Z) is not
finitely generated either. B

Theorem 7.3. Let I be the free group on a finite set A. The group Aut(F) is
finitely generated, while the semigroup End(F) is not finitely generated.

PrOOF. The proof of the first part of the theorem can be found in Magnus,
Karrass, Solitar (1966).

For the second part assume that A = {z1,...,z,}, and let {y1,...,y,} be the
natural free basis for the free abelian group Z™. Let ¢ : F' — Z" be the natural
epimorphism induced by z; — y;. Define a mapping

¥ : End(F) — End(Z")

by

yi(f) = (z:f)e. (18)
We shall prove that ¢ is an epimorphism, and the second part of the theorem
then follows from Theorem 7.2.
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Obviously (18) defines a homomorphism (fv) € End(Z™), since Z" is free,
and yi,...,Y, is its basis. We want to prove that 1) is a homomorphism. Let
f,g € End(F), and let f act on the generating set {z1,...,2,} as follows:

i f = wi(z1,...,2,), 1 L1 <,
where w; is a (group) word. Then

vi((f9)y) = (2i(f9))¢ = ((z:if)9)¢ = (wi(z1, ..., 2a)g)¢
= (wi(219,-.-,2n9))¢ = wil(219)9, - - - (229)9),

and

vi(f)(gv)) = (wlfv))(g) = (z:f)8)(g¢) = ((wi(z1,- .-, 20))9)(9%)
= (wi(y1,---,¥n))(g%¥) = wily1(g¥), - - -, Yn(g¥))
= wi((219)9,.--,(zng)d),

proving that ¢ is a homomorphism.
To prove that 1 is an epimorphism let 2 € End(Z") and let

yih = wily1, ..., yn), 1 <2< n.
Define f € End(F) by
o f = wi(z1,...,2,),1 <2< .

Then
yi(f) = (z:£)¢ = (wi(21, .-, 20)) = wily1, - - -, ¥n) = ik,
so that fiy =h. &



Chapter 3

Defining relations for common
semigroups

In this chapter we will work on the first of our two fundamental problems for
semigroup presentations: given a semigroup find a presentation for it.

After reviewing already known results for groups and semigroups in Section
1, in Section 2 we describe different methods for approaching the above problem.
Two of these methods are then used in Sections 3 and 4 to find presentations for
the special linear semigroup SLS(2, p) and the general linear semigroup GLS(2, p).
Finally, in Section 5 we describe how computational methods can be used in this
area, and consider the interdependence of our defining relations for SLS(2, p) and
GLS(2, p).

Sections 1 and 2 have an introductory character. The results of Sections 3 and
4 and a shorter version of the discussion from Section 5 will appear in Ruskuc

1995.

1. Known presentations

‘Nice’ presentations for many interesting groups have been known for a long time.
Here we give some examples, which we will need later. More examples can be
found in Coxeter and Moser (1980).

One of the earliest presentations for the symmetric group S, is the following
presentation given by Moore (1897); see also Coxeter and Moser (1980).

Proposition 1.1. The presentation
(a,b]a® =b" = (ba)"™! = (b7ab)® = (ababl)* =1 (2<j<n—2))
defines S, in terms of generators (12), (12 ... n). |

If we consider the larger generating set (12), (23),..., (n — 1 n) we obtain
a larger, but more symmetrical set of defining relations; see again Coxeter and

Moser (1980):

40
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Proposition 1.2. The presentation

(a1, an [0 = (a0541)° = (arar)® = 1
(1<i<n—1,1<j<n-21<k<I-2<n-3)

defines S, in terms of generators (12), (23),..., (n—1n). W

The first presentation for the alternating group A, was given by Moore(1897):

Proposition 1.3. The presentation

(a1,.- s an_2 | @} = a} = (aim10:)® = (ajar)? =1
(l<i<n-21<j<k-1<n—3)

defines Ay, in terms of generators (12)t+1:4+2),i=1,....,n~2. ®

Another presentation for A, is due to Carmichael (1923):
Proposition 1.4. The presentation

(a1, vanz|ad=(a;ar)? =1, (1<:1<n—-2,1<j<k <n-—2))

defines A, in terms of generators (in—1n),1=1,...,n—2. &

Linear groups have particularly nice presentations in dimension 2.
Proposition 1.5. If p > 2 is a prime then the presentation

(a,b|a® =1, ¥ = (ab)® = (a4ba%b)2)

defines SL(2,p) in terms of generators

(19)-(5)-

The above presentation is due to Sunday (1972), and an alternative presenta-
tion can be found in Campbell and Robertson (1980). A presentation for GL(2, p)
can be obtained from Proposition 1.5 by adjoining another generator

(6 7)

where £ is a primitive root of 1 modulo p, and specifying the action of this
generator on a and b:



42 Semigroup presentations

Proposition 1.6. If p > 2 is a prime, then the presentation

(a,b,c|a? =1, b2 = (ab)® = (a®ba"F b)?, P! =1,

clac=cf, ¢ lhc= ba_%ba‘ﬁba—%b)
defines GL(2,p). ®

A more general (and necessarily more complicated) presentation for SL(n, F'),
where F' is a division ring, was given by Green (1977). Corollary 10.3 in Milnor
(1971) gives a finite presentation for the special group SL(n,Z) over the ring of
integers. Since SL(n,Z) has index 2 in GL(n,Z), this means that GL(n,Z) is also
finitely presented. This is in contrast to the case of the semigroups GLS(n,Z)
which are not finitely generated by results from Section 4.7, let alone finitely
presented.

Turning our attention to ‘proper’ semigroups, we see that much fewer presen-
tations are known. Aizenstat (1958) gives the following presentation for the full
transformation semigroup T),:

Proposition 1.7. Assume that {(a,b|R) is any (semigroup) presentation for the
symmetric group S, in terms of generators o = (12) and §=(12 ... n). Then
the presentation .

(a,b,t| R, ct =b"2ab’tb"2ab® = bab™ abtb" labab™! = (tbab™ !)? =t,
(b labt)? = tb" labt = (16" tab)?, (tbab™ 2ab)? = (bab™ 2ata)?)

defines the full transformation semigroup T, in terms of generators «, 8 and
. 123 ... n =
\1 13 ... n)°
A nice feature of the above presentation is that, in addition to the ‘group

relations’ R, it requires just seven ‘semigroup relations’. It is natural to ask if
this is the minimal number of relations:

Open Problem 2. Find the minimal number k such that there exists a presen-
tation of the form (A, B |2, &) for the full transformation semigroup T,,, where
the presentation (A | R) defines the symmetric group S, and |§| = k.

Another interesting question concerning the full transformation semigroup is
to find presentations for its principal ideals (generating sets of these semigroups

were considered in Section 4.5):

Open Problem 3. Find presentations for the semigroups Sing,, and K(n,r).
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A presentation for the semigroup PT, of partial transformations in terms
of the generating set given in Proposition 4.5.1(ii), was found by Popova (1961).
The following presentation for the symmetric inverse semigroup is given in Meakin
(1993), where it is attributed independently to Popova, Lipscomb and Easdown
and Meakin:

Proposition 1.8. Let (a1,...,a,—1 |R) be any (semigroup) presentation for the
symmetric group S, in terms of generators (12),...,(n —1n). Then the presen-
tation

{(ag,...an1,t| R, 2 =1t ta; = ait, ta,_1t = tap_1ta,_1,
tan_lt = an-ltan_lt (1 S ) S n — 2))

?

defines the symmetric inverse semigroup in terms of generators (12),...,(n—1n)
and
(1 2 ... n—1 n) -
12 ...n—-1 -]~
A similar presentation for the alternating inverse semigroup was given in
Lipscomb (1991).
In contrast with Aizenstat’s presentation for T, the number of ‘semigroup’

relations in the above presentation grows with n. ‘So it is sensible to ask the
following question:

Open Problem 4. Can I, be defined by a presentation of the form (A, t|R,, &,),
where (A | R,) is a presentation for S,, and |G, | does not depend on n? If yes,
what is the minimal possible cardinality for &,7

Finally, let us mention that presentations for some semigroups of endomor-
phisms of linearly ordered sets were given by Aizenstat (1962) and Popova (1962).

2. General methods for finding presentations

There are three main general methods for finding presentations for a semigroup S

e direct method (guessing and proving);
o Tietze transformations;

e using semigroup constructions.

The direct method is most commonly used—all the presentations mentioned
in Section 1 have been obtained by using this method. Although there are slight
variations, it usually consists of the following steps:

e find a generating set A for S;
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e find a set R of relations which are satisfied by the generators A, and which
seem to be sufficient to define S;

o find a set W C A", such that each word from A% can be transformed to a
word from W by applying relations from *A;

e prove that distinct words from W represent distinct elements in S.

In the following theorem we prove that (A |2R) is indeed a presentation for
S. The set W satisfying last two conditions is often called a set of canonical (or
normal) forms for S.

Proposition 2.1. Let S be a semigroup, let A be a generating set for S, let
R C AT x At be a set of relations, and let W C A*T. Assume that the following
conditions are satisfied:

(i) the generators A of S satisfy all the relations from R;
(ii) for each word w € A™ there exists a word W € W such that w = W is a
consequence of R;

(iit) if u,v € W, uZF v, thenuz#v inS.
Then the presentation (A |R) defines S in terms of generators A.

PROOF. Let w;,w; € At be any two words such that the relation w; = w, holds
in S. By condition (ii) we have that wy = W; and w,; = W, are consequences of
R, and by condition (iii) we have W; = W,. Hence w; = w, is a consequence of
R, and it now follows from Proposition 3.2.3 that the presentation (A |R) defines
S.m

A very common modification of the described method, which can be applied
when S is finite, has the same first three steps, and the fourth step consists of
proving that |W| < |S|.

Proposition 2.2. Let S be a finite semigroup, let A be a generating set for S, let
R C At x AT be a set of relations, and let W C AT. Assume that the following
conditions are satisfied:

(I) the generators A of S satisfy all the relations from R;

(II) for each word w € AT there exists a word W € W such that w = W is a
consequence of R;

(IIl) |W| < |S|.
Then (A |R) is a presentation for S.

PROOF. We prove that conditions (I), (II) and (III) imply conditions (i), (ii) and
(iii) of Proposition 2.1, and the result will follow. Since (I) and (II) are identical
to (i) and (ii) respectively, we are left with proving that (iii) follows from (1),
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(IT) and (III). Since the generators A satisfy relations R, each element of S is
represented by a word from W by (II). Hence |W| > |S]|, so that (III) implies
|W| = |S|, which means, since S is finite, that distinct elements of W represent
distinct elements of S, as required. W

Remark 2.3. It is worth pointing out again that finding a generating set for S,
the problem we discussed in detail in Chapter 4, is the first step in the direct
method for finding a presentation for S. ®

Remark 2.4. The described method has obvious modifications if we consider
monoid presentations, or presentations of semigroups with zero, or presentations
of monoids with zero. B

The second method, Tietze transformations, is possible to apply only if we
already know a presentation (A |R) for S, and then it yields alternative presen-
tations for S. The idea is to transform the presentation (A |R) by applying some
elementary moves, but without changing the semigroup defined by the presenta-
tion. These elementary moves, usually called elementary Tietze transformations,
are:

(T1) adding a new relation u = v to (A|R), providing that v = v is a consequence
of (A |R); ‘

(T2) deleting a relation (u = v) € R from (A | R), providing that v = v is a
consequence of (A | R — {u = v});

(T3) adding a new generating symbol b and a new relation b = w for any non-
empty word w € A™;

(T4) if (A |R) possesses a relation of the form b = w, where b € A, and w €
(A—{b})*, then deleting b from the list of generating symbols, deleting the
relation b = w, and replacing all remaining appearances of b by w.

Proposition 2.5. Two finite presentations define the same semigroup if and
only if one can be obtained from the other by a finite number of applications
of elementary Tietze transformations (T1), (T2), (T3), (T4).

PRroOOF. First we show that a single application of an elementary Tietze trans-
formation to a presentation does not change the semigroup it defines. We prove
this for transformations (T1) and (T3); the proofs for (T2) and (T4) are very
similar.

Let (A|fR) be a presentation, let 7 be the corresponding smallest congruence
on A*, and assume that the relation u = v is a consequence of . Consider the
presentation (A | R, u = v), and let { be the corresponding smallest congruence
on A*. Since R C (, we have n C (. On the other hand, (u,v) € 7, since u = v
is a consequence of R, and thus ¢ C 7.
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Consider now two presentations (A |R) and (A,b|R, b = w), where w € AT,
and let S and T denote the semigroups defined by these two presentations. Then
the identity mapping id : A — A induces a homomorphism ¢ : S — T by
Proposition 3.2.1. Actually, ¢ is onto since b is a redundant generator in 7. Now
let wy,w; € (AU{b})* be two words such that w; = w; in T. This means that the
relation w; = w, can be deduced by using relations B U {b = w} by Proposition
3.2.2. However, if we omit all the applications of the relation b = w from this
deduction, we obtain a deduction of w; = w; by using just 58. Therefore, w; = w,
holds in S, and hence ¢ is an isomorphism.

Now we prove the converse: if two finite presentations (A | R} and (B | &)
define isomorphic semigroups S and T then (B|&) can be obtained from (A|R) by
applying elementary Tietze transformations. Let ¢ : S — T be an isomorphism.
For a € A let @ € Bt be such that af =@ in T. Similarly, for b € B let b¢~1 = b,
b€ At. Let ¢ : At — Bt and ¥ : BY — AT be homomorphisms extending
a — @ and b — b respectively. (The homomorphisms ¢ and v can be thought
of as rewriting mappings: they rewrite each word in one generating set into a
corresponding word from the other generating set.)

Now, start from the presentation (A | 9R). All the relations from the set

&y = {uyp = vy | (u=v) € &}

certainly hold in S, and therefore are consequences of SR. Similarly, the rela-
tions a¢yp = a are consequences of R. By adding all these relations to (A | R)
(transformation (T1)) we obtain

(AR, 69, a=agy).

Now we introduce new generating symbols B by means of the relations b = by
(transformation (T3)), and by using these relations and Gt we obtain & (trans-
formation (T1)). Now we eliminate &1, all relations of which are consequences
of R (transformation (T2)), and obtain

(A,B|®, &, a =ad, b= by).

This presentation defines S in terms of generators A U BE™! (or, equivalently,
it defines T in terms of generators A¢ U B), so that the relations a¢ = a, a €
A are consequences of it, and we can add these relations to the presentation
transformation (T1)):

(A,B| R, 6, a=a¢p, b="by, a =ag).

Now we eliminate generators A by using ¢ = a¢ (transformation (T4)), and
obtain

(B|9R¢, 6, b="byd).
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Finally we note that all the relations from fR¢ as well as all the relations b = b ¢,
b€ B, hold in T, and therefore are consequences of &, so that we can eliminate
them by using (T2), leaving the presentation (B | &) as required. B

The third method for finding a presentation for a semigroup S is via semigroup
constructions. Here we try to express S in terms of some other (usually simpler)
semigroups T;, ¢ € I. Then we find presentations for the semigroups T, 1 € I,
and the way they combine to give a presentation for S.

In the next two sections we will use the first two methods to find presenta-
tions for some general and special linear semigroups, while in Chapter 6 we will
concentrate on the developing the third method.

3. Special linear semigroups SLS(2,p)

Let us recall that the special linear semigroup SLS(2,p) consists of all 2 x 2
matrices over the field Z, which have determinant 0 or 1. By Theorem 4.6.4 it is
generated by any generating set for the special linear group SL(2, p) together with
any matrix of rank 1. It is well known that any special linear group is generated
by transvections, i.e. by matrices having ones on the diagonal and exactly one
other non-zero entry; see Rotman (1965). Hence, SL(2,p) is generated by the

matrices ‘
10 1 1
A:(l 1>’B”(0 1)‘

Two natural choices for the additional matrix of rank 1 are

£ 0 10
S:(o 0>°rT:(o 0)’

where £ = £(p) is a primitive root of 1 modulo p (i.e. { is a generator for the
cyclic multiplicative group Z, — {0}). As the main results in this section we are
going to prove the following two theorems.

Theorem 3.1. Let (a,b|R) be any (monoid) presentation for SL(2,p) with re-
spect to generators A and B. Then

By = (a,b,sR, bs = sa =s, sha? s =0, batls = a1”5_132, b lg = szbl_g_l)
is a presentation for SLS(2,p) with respect to generators A, B and S.

Theorem 3.2. Let (a,b|R) be any (monoid) presentation for SL(2,p) with re-
spect to generators A and B. Then

By = (a,b,t | R, t2=bt =ta=t, tha?"'t =0, b* 'ath = PRI A

is a presentation for SLS(2,p) with respect to generators A, B and T'.
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Remark 3.3. By Proposition 1.5 the presentation
(a,by |a® =1, b2 = (aby)® = (a4bla?dzib1)2)

defines SL(2, p) as a group in terms of the generators A and
0 1
a-(53)

B, = BA™'B, B = AB A,

However, if we note that

we can use (group) Tietze transformations to obtain the following presentation
in terms of A and B:

(a,b]a? =1, b= aba~ba, (ba~'b)? = (aba™'b)® = (a*ba~'ba"* ba~'b)?).

A semigroup (or monoid) presentation for SL(2,p) can be obtained from this
presentation as is described in Section 3.3. A simpler presentation is

(a,bla? = b =1, b= aba® 'ba, (ba?~'b)* = (aba?"'b)® = (a4ba”—1ba’?_lba7’_1b)2).

The plan of the proof of Theorem 3.1 and Theorem 3.2 1s to prove first Theo-
rem 3.1 by using the direct method, and then to prove Theorem 3.2 by applying
Tietze transformations to the presentation $R;. Before that, however, we consider
the case p = 2, which is somewhat exceptional.

Theorem 3.4. Let (a,b|R) be a presentation for GL(2,2) (= SL(2,2)) in terms
of generators A and B. Then

(a,b,s| R, s*=bs=sa=s,sbas =0) (1)

is a presentation for GLS(2,2) (= SLS(2,2)) in terms of the generators A, B
and S (=T).

PRrROOF. We prove the theorem by using the direct method, or, more precisely,
its variant described in Proposition 2.2. By Theorem 4.6.4 the matrices A, B,
S generate SLS(2,p), and it is a routine matter to verify that these generators
satisfy relations (1). The relations a® = b = 1 and aba = bab hold in GL(2, p),
and therefore are consequences of (1). Hence each word from {a,b,s}*U {0} can
be transformed by using (1) to a word from the set

W = {1, a,b,ab,ba,aba, s, sb, sba,as, asb,asba, bas, basb, basba,0}.

Now we have

|GLS(2,p)| =16 = [W],
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and the result follows by Proposition 2.2. ®

Note that, for p = 2, both By and 9B, are equivalent to the presentation
(1). Thus for the rest of this section we concentrate on the case p > 3. As we
already mentioned, we aim to apply Proposition 2.1, so that we have to check
that the conditions (i), (ii) and (iii) of that theorem are satisfied. The condition
(1) requires that A, B and S generate SLS(2,p), which we proved in Theorem
4.6.4. The second condition does not pose any problems either:

Lemma 3.5. The generators A, B, S of SLS(2,p) satisfy all the relations from
P

ProOOF. The lemma can be proved by a straightforward matrix calculation. B

Now we need a set of canonical forms. Let W1 C {a,b}* be a set of canonical
forms for SL(2, p). Since (a,b|R) is a presentation for SL(2, p), this means that
for each w € {a,b}* there exists W € W such that w = W is a consequence
of R. On the other hand, distinct elements of W) represent distinct elements
of SLS(2, p), since they represent distinct elements of SL(2,p), and SL(2,p) is a
subsemigroup of SLS(2,p). Therefore we have:

Lemma 3.6. For each w € {a,b}* there exists W € Wy such that w = @ is a
consequence of Pi. Distinct words of Wy represent distinct elements of SLS(2, p).
|

Let us now consider the following words:

cf1(i,7,k) = a's’bF, i k=1,....p,j=1,...,p—1,
cfo(i,7) = bP~tas't!, i=1,...,p—1,57=1,...,p,
cfs(i,7) = a's?ba?™t, i=1,...,p, 7=1,...,p—1,
cf4(i) = b tas'baP™t, t=1,...,p—1,

cf5=0,

and let W, be the set of all these words. We aim to prove that W = W; U W,
is a set of canonical forms, i.e. that each word from {a,b,s}* U {0} is equal to
a word from W, and that distinct words from W represent distinct elements of
SLS(2,p). The latter of these assertions is easier to prove:

Lemma 3.7. The elements of W represent distinct matrices in the semigroup

SLS(2, p).

PROOF. We have already proved the assertion for W; (Lemma 3.6). The words
cf1(2,7, k), cfa(s,7), cf3(z,7), cfa(t) and cfs in SLS(2,p) respectively represent

matrices
¢ k¢ 0 0 0 & 0 0 00
iﬁj Zkéj ’ éi ]62 ’ 0 ij 9 0 51’ ’ 00 ’
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which are clearly all distinct. Finally, since any w; € W represents a non-singular
matrix, while any w, € W, represents a singular matrix, we see that they cannot
represent the same element in SLS(2,p). m

In order to prove the former assertion we first need to establish some conse-
quences of 3y, which we shall then use to transform any word to its canonical
form.

Lemma 3.8. If u,v € {a,b}* are such that u = v holds in SL(2,p), then u = v
is consequence of Pi.

PROOF. Since {(a,b|fR) is a presentation for SL(2,p), u = v is a consequence of
R. On the other hand, PB; contains R, and the result follows. B

Lemma 3.9. The following relations are consequences of Py
(i) babP~1a’b = b~ la;
(i) abP~lab = b""1a;
(iii) bal™ T el g I T . 1Ty > 1

ProoOF. By Lemma 3.8 it is enough to check that the matrices A and B satisfy
relations (1), (ii), (iii), which can be done by a straightforward matrix calculation.
|

Lemma 3.10. The following relations are consequences ofﬂ31:
(i) bat"1s = a'=¢" 1™ for allm > 1;
(it) sP =s;

(iii) baP~ls = PP las™F;
(iv) ab*~las = P las;
(v) sbP~las = 0.

PrROOF. (i) We prove this relation by induction on m. For m = 1 it is the

relation baé~'s = ¢'~¢ " s2, which is in ;. Let us assume that it is true for some

m > 1. Then

bat™ 1

bat™ € gEm 1

bat™ =" g 1pgE 1 g

bat™ T T pp-1g1mE T g14m (the hypothesis)

bad™ " T 11T 1€ g ggm

bat™H T pp g2 g 11 g gm

ba£m+1 _&mbp_la_€+2_§—m bp—lal—f_l 525m (by baﬁ—ls —_ al—f—l 52)
_ ba§m+1_€m bp_la___g_*_Q_{—m bp_lal—g—l b£m+2—§m+1 +€82+m

i

(relation bs = s)
— gl Ti4m (by Lemma 3.9(iii))
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(i) This relation can be obtained from relation (i) for m = p — 1.

(iii) In this case we have
baP~1s

p=1 =1
= bagP~lg=¢ 7 Tlpp-1peé 2 1,

ba”‘la“ﬁ%l“bp‘lal'é_z?sH%

= (by (i)

= baPla2bP-lg2s%E (5%‘ “Ll = —1)

= babPla2bs"F (relatlon bs = s)
b-las® . (by Lemma 3.9(i))

(iv) Now we use the relation bs = s and Lemma 3.9(ii) to obtain
abtP~las = abtP~labs = PP as.

(v) Using (ii) and (iii) we obtain

B+l p—1

sbP~las = sbPas™s 57 = sbaP lss"T = 05T = 0,

which completes the proof of the lemma. ®

Let us now define a mapping

é:{a,b,s}*U{0} — {a,b,s}* U {0}

by
¢(a) =, ¢(b) = a, ¢(s) =s, ¢(0) =0, ¢(¢) =
¢lonas...ax) = (ax) ... ¢(az)d(an),
where ay, . ..,a; € {a,b,s}. Since it is obvious that ¢? is the identity mapping, we

will refer to w and ¢(w) as dual words. It is obvious that the matrix represented
by the word ¢(w) is the transpose of the matrix represented by the word w.

Lemma 3.11. Let u,v € {a,b,s}*U{0}. If u = v is a consequence of Py then
0 15 9(u) = H(v).

ProOF. It is obviously enough to prove the lemma when u = v 1s any relation
from the presentation 3;. If u = v belongs to R, then v and v represent the same
matrix X in SL(2,p). But then both ¢(u) and ¢(v) represent X7. Therefore the
relation ¢(u) = ¢(v) holds in SL(2, p), and is a consequence of R. The relations
bs = s and sa = s, and bat~ls = a'~¢ "% and sb¢"la = s2617¢7" are dual in pairs.
Finally, the relation sba?~'s = 0 is dual to the relation sb*~'as = 0, which is a
consequence of PB; by Lemma 3.10(v). m
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Lemma 3.12. For any word w € {a,b,s}*U{0} there exists a word w € W such
that w = W holds in SLS(2,p).

PrOOF. If w € {a,b}* then this is Lemma 3.6. So we assume that w contains
s, and prove the lemma by induction on the length of w.

If |lw| = 1 then w = s = cf1(p,1,p) € W. For |w| > 1, w can be written in one
of the forms w'a, w'd, w's, aw’, bw’ or sw’, where w’ also contains s. Therefore,
it is enough to show that the product of any element of W and any generator
a, b or s is equal to another element of W. Note that, with respect to the anti-
isomorphism ¢, the words cfy(¢, 7, k) and cfy(k, 7,7), and cf,(7, 5) and cf3(j, ) are
dual in pairs, and that the words cf4(z) and cf5 are self-dual. It follows that it
is enough to show that premultiplying of a word from W by a generator yields a
word which is equal in S to another word from W—the result for postmultiplying
follows by applying ¢ and Lemma 3.11. Using Lemma 3.10 and relations from
B it is easy to see that:

a- Cfl 27]7k> = Cf1(2+1 (mOd p)7j7 k)a
b-cfi(¢™ —1 (mod p),7,k) = cfi(1 — €™ (mod p),j + m (mod p — 1), k),

) i -~ 1
b-cfi(p—1,7,k) =che(s + ET (mod p — 1), k),

V)
a,
—
o~
L
eyl
—r
Il
O
gl
~~
=
s,
+
oy
E)
O
jol
3
|
—_
N
ey
——

a- )

b-cfy(z,j) = cfi(1,4,7)

s - cfy(e,7) = cfs,

a-cfs(i,7) = cfs(i + 1 (mod p), 5),

b-cf3(€™ — 1 (mod p),j) = cf3(1 — €™ (mod p),j + m (mod p — 1)),
b chy(p—1,) = efa(j + 25— (mod p— 1),

s-cfs(i,7) = cfs(p,j + 1 (mod p — 1)),

a - cfq(2) = cfy(7),

b-cfs(e) = cfs(1,2),

s - cfy(2) = cfs,

a-cls =b-cfs = s-cfs = cfs.

The calculations modulo p and modulo p—1 have been performed with the values
in the sets {1,...,p} and {1,...,p — 1} respectively, and the fact that

{fm—l(modp)]meN}={1,...,p—2,p}

has been used.m

Now we have all the ingredients for proving the first of our main theorems.
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PrOOF OF THEOREM 3.1. For p = 2 the result follows from Theorem 3.4 and
the remark after it. For p > 3 the matrices A, B, S generate SLS(2,p) by
Theorem 4.6.4, and satisfy all the relations from §3; by Lemma 3.5. Each word
from {a,b,s}* U {0} is equal to a word from W by Lemma 3.12, and distinct
elements of W represent distinct elements of SLS(2, p) by Lemma 3.7. Therefore,
conditions (i), (ii), (iii) of Proposition 2.1 are satisfied, and the result follows by
that theorem. ®

We prove Theorem 3.2 by applying Tietze transformations to the presenta-
tion P;. First, however, we need to establish some consequences of the presen-
tation P,.

Lemma 3.13. If u = v, u,v € {a,b}*, is a relation which holds in SLS(2,p),
then u = v 1s a consequence of Po,.

PROOF. The proof is exactly the same as the proof of Lemma 3.8. m

Lemma 3.14. The following relations are consequences of Pa:

(i) qETIHETR T T g 1T 2 T T 81y o > (),
(i) bat=2b~¢+1g8 7 pE % = g1 ¢
(iti) af LGt T pmeH2ET = B

(iv) a8 b8~ p~¢ = b la.

ProOF. By Lemma 3.13 it is enough to check that the matrices A and B satistfy
all the relations (i) to (iv). ®

Lemma 3.15. The following relations are consequences of Po:

(i) (t¢1at)F = tb¢" tat for k > 1;
(ii) baf~ b lat = o' ~¢7 (b4 Vat)?;
(iii) b lathé~ta = (¢ at)?pi=¢

PROOF. (i) We prove this relation by induction on k, the case k¥ = 1 being
obvious. Suppose the relation is true for some k£ > 1. Then

(tbg—lat)k+1
= tbé~1latbé"~lat  (by the hypothesis and t* = t)
= thal¢ b 2at (since B lath = o tba'"¢" and ta =t)
_ ta_5—1+5—2+5—k~1 —g—k-2 b€a1_€—1 b{k_zabé—k_s—k—lt
(since ta = bt = t)
= b at. (by Lemma 3.14(i))
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(i1) Now we have

bat~1tb¢tat
= ba*~?(atb)b*2at
= bat 21T tbEa T b6 2at  (since b4 lath = af” tblal~ET)
= baf 2t g€ e 2 g TIHETIHE TP e e e e -2 e -6y
(since ta = bt = t)

= a1t (by Lemma 3.14(i) for : = 1
and Lemma 3.14(ii))
= a7 (1 lat)2. (by (1))

(iii) In this case

(tbé~1at)2p1 ¢
= tbi'latbl‘ﬁ_1 1 (by (1))
t6¢ "1(ath)b=¢"
b8 18T b ¢ b (since b6 lath = af théal~¢T")
b€ R PR g6 k2= g e g1 - g
(since ta = bt = t)

= tb¢1atbé g,

where Lemma 3.14(iii) and (iv) have been used. m

PROOF OF THEOREM 3.2. Let us add to the presentation B; a new generating
symbol ¢, and the relation ¢ = s?~* (elementary Tietze transformation (T3)).
The matrix represented by ¢ in SLS(2, p) is

-(34)

Since we know (Theorem 3.1) that J3; defines SLS(2, p), and since all the relations
from P, hold in SLS(2,p), we can also add all these relations to 9B; (transfor-
mation (T1)). Finally we add the valid relation s = tb*"'at and obtain the
presentation:

(a,b,s,t| R, bs = sa=s, sba?"1s =0,
bat~ls = a1t 52 shElg = $2B1¢T | t = sP71 s = thé~lat,
t2 =0t =ta=t, tha? 't = 0, b*lath = ot théal~¢ 7).

Now we eliminate s by using s = tb*!at (transformation (T4)) and obtain the
presentation:

(a,b,t| R, btb*lat = th*"lata = th* lat, tb* latbaP~'tb*at = 0,

bat~1tb¢lat = a1~ (th¢at)?, thEtatht e = (b6 tat)?b ¢
t = (tb¢lat)Pl, t2 = bt = ta = t, tha? "'t = 0, b lath = o tbal~¢T").
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Then we use the transformation (T2) to eliminate the first six relations (after )
as consequences of the remaining five. The first three of them are easy conse-
quences of bt = t, ta =t and tbaP~'t = 0 respectively. The next two follow from
Lemma 3.15 (ii) and (iii) respectively, while the relation t = (¢6°~1at)?~! follows
from Lemma 3.15 (i) for k = p — 1. The obtained presentation

(a,b,t|R, 2 =t, bt =ta=t, tha? 't =0, b*ath= aE_ltbgal'g—l)

is obviously .. m

4. General linear semigroups GLS(2, p)

As mentioned before SL(2,p) is a normal subgroup of GL(2,p), and is in fact
the kernel of the determinant homomorphism det : GL(2,p) — Z,. Therefore
GL(2,p)/SL(2, p) is isomorphic to the multiplicative group of Z,. As Z, is a finite
field, its multiplicative group is cyclic, and we denote by £ an arbitrary generator
of this group. Thus, GL(2,p) is generated by SL(2,p) and another matrix of
determinant £. Here it will be convenient to choose this matrix to be

e=(50).

The main result of this section is the following

Theorem 4.1. Let (a,b, c|R) be any (monoid) presentation for GL(2, p) in terms
of generators A, B and C. Then the presentations

Pz = (a,b,¢,5| R, cs =sc=3s, sba?1s =0,
bat~ls = al¢7' 5%, sbilg = 201 7¢TT)
and
Bs = (a,b,c,t | R, 2 =ct =tc=t, tha? 't =0, b ath = a® ' tblal=¢7")

define the semigroup GLS(2,p) in terms of generators A, B, C, S and A, B, C,
T respectively.

Remark 4.2. By Proposition 1.6 the presentation
(a;bcla? =1, B = (ab)® = (a*ba™3 B, @71 =1,
clac = af,cTbe = ba¢ " ba~¢ba~¢ T b).

defines GL(2, p) in terms of generators

N ENEREN ]

It is not difficult, however, to modify this presentation into a presentation which
would define GL(2,p) in termsof A, Band C. ®
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PROOF OF THEOREM 4.1. For p = 2 both presentations 3 and B, are equiva-
lent to the presentation (1), and the theorem follows by Theorem 3.4. To prove
the theorem for p > 3 we first show that the presentation

By = (a,b,c,8| R, bs =sa=cs =sc=s, sha? s =0,

bat~ls = a'7¢7 %, shila = s21ETTY,

which has been obtained from 3; by adding a new generating symbol ¢ and two
new relations ¢s = s and sc = s, defines GLS(2,p). The matrices A, B, C, S
generate GLS(2, p) by Theorem 4.6.4, and it is easy to check that they satisfy all
the relations from .

Let W; C {a, b, c}* be a set of canonical forms for GL(2, p), and let W, be the
set of canonical forms for Sing(2, p) as defined before Lemma 3.7. We claim that
the set W = W; U W, is a set of canonical forms for GLS(2,p). That distinct
elements of W represent distinct elements of GLS(2, p) follows as in Lemmas 3.6
and 3.7. In order to prove that each word from {a,b,c,s}* U {0} is equal to a
word from W, we first note that each word from {a, b, ¢}* is equal to a word from
W, since W, is a set of canonical forms for GL(2, p), and B, contains defining
relations R for GL(2, p). Also, each word from {a, b, s}* is equal to a word from
W, by Lemma 3.12, since J, contains defining relations for SLS(2, p).

If we {a,b}* is any word, then we = cw; and cw = wac for some wy,w, €
{a,b}*, because SL(2,p) is a normal subgroup of GL(2,p). But then swc =
scw; = swy and cws = wycs = wes. This can be used to prove that every
word involving s can be transformed by using relations from %, to a word not
involving ¢, and hence can be transformed to a word from W,. Therefore, o,
defines GLS(2,p) by Proposition 2.1.

Now we eliminate the relations bs = s and sa = s. If we use the relation
s? = ¢ pal s, (2)

which is a consequence of bat~ls = !¢ 5%, together with the relations ca = atc
and ¢b = b ¢, which are true in GL(2,p), we obtain

s% = cs? = a~¢HpE T 0 s, (3)
From (2) and (3) it follows that

s = @ HpT LTR80T (4)

since q=6+1p~1g=6+2-¢7 p¢ 7 g8 ~¢ = p=¢7 7" holds in GL(2, p). Since pis a prime
number greater than 2, we have —£™! + {72 # 0, so that (4) implies bs = s, and
this relation can be eliminated from 93, by using Tietze transformation (T2).
Note that in eliminating the relation bs = s we have not used the relation sa = s,
so that sa = s can be eliminated as well by a dual argument. Hence, 33 is a
presentation for GLS(2, p).
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Now we prove that Py is a presentation for GLS(2, p). The argument proving
that B, is a presentation for GLS(2, p) can be essentially repeated to prove that
the presentation

Ba=(a,b,c,t|R, P =bt =ta=ct=tc=t,
thaP~1t = 0, b lath = at 'thtal ¢ )
is a presentation for GLS(2,p) as well. To eliminate the relation 5 = ¢ we use
the relation

t=a b gt T b T Y, (5)
which is a consequence of the last relations of §3,. Premultiplying (5) by ¢ gives
t=a~¢p7 1 atbfal ¢ p L, (6)

Combining (5) and (6) gives
t = g ¢ pE g T oy b(ﬁ-—l)zt’ (7)

since a~¢ b1~ EH15714¢7 g = p(6=1)” holds in GL(2,p). The relation (7) implies
bt = t, since p > 2. Again, we have not used the relation ta = ¢, so that a dual
argument shows that this relation is redundant as well. ®

Remark 4.3. Inclusion of ‘group relations’ R in all presentations Py, P2, P and
‘B4 does not cause any loss of generality. Since Sing(2, p) is an ideal in GLS(2, p)
(respectively, in SLS(2,p)), and since GLS(2,p) — Sing(2,p) = GL(2,p) (respec-
tively SLS(2,p) — Sing(2,p) = SL(2,p)) is a subsemigroup, any presentation for
GLS(2,p) (respectively SLS(2, p)) has the form (A, B[R, &), where (A|R) is a
presentation for GL(2, p) (respectively SL(2, p)).

As in the case of full transformation semigroups it seems reasonable to pose
a problem about finding minimal presentations.

Open Problem 5. Find the minimal number £ such that there exists a pre-
sentation of the form (A, B | R, &) for the special linear semigroup SLS(2, p)
(respectively, for the general linear semigroup GLS(2,p)) such that the presen-
tation (A | 9R) defines the special linear group SL(2 p) (respectively, the general
linear group GL(2,p)) and |G| = k.

It would be also interesting to find presentations for some more general matrix
semigroups. '

Open Problem 6. Find presentations for the semigroup GLS(d, R) of all d x
d matrices over the ring R for various d and various R. In particular, find
presentations for GLS(d, R) in the following cases:
(i) d =2, R = GF(p")—a general finite field;
(ii) d =2, R = Z,—the ring of integers modulo m;
(ii) d > 2, R = Z,, p prime.
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5. Using computational tools

Computational techniques can be used very successfully as an aid in the type of
investigation we have described in previous sections.

First of all these techniques can be used to predict results. The most impor-
tant algorithm in this context is the Todd—Cozeter enumeration procedure. This
procedure is described in detail in Chapter 14, but, for the moment it is sufficient
to think about it as the simple program illustrated in Figure 4.

INPUT:
a finite semigroup presentation
(defining a semigroup )

TC
S ﬁy wﬁnite

OUTPUT: runs forever
order of § +
the Cayley table

Figure 4.

So, if we are looking for a presentation for a finite semigroup S, and if we have
a ‘candidate’ B, then we can test our conjecture by inputting P into the Todd—
Coxeter enumeration procedure. If the procedure terminates with the result
equal to |S|, then B is a presentation for S by Proposition 2.2; if the procedure
terminates with the result different from |S| then P is not a presentation for S.
However, if the procedure does not terminate after finite time we cannot draw
any conclusions: we do not know if the procedure will never terminate or it will
terminate eventually.

Actually, if we are looking for a presentation for a single semigroup, a satisfac-
tory output from the program is a proof (if we trust the actual implementation).
For example, this would be an alternative way to prove Theorem 3.4.

However, in Sections 3 and 4 we were dealing with infinite families of semi-
groups SLS(2,p) and GLS(2,p), p prime. In this case we cannot expect a com-
puter to prove theorems for us, as it cannot check our presentation for infinitely
many primes. We can, however, check our conjectured presentations for small
values of p.
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Suppose, for the sake of an example, that we are looking for a presentation
for SLS(2, p) in terms of generators A, B and T' (and without knowing the results
of Section 3). It is well known that

IGL(2,p)| = (¢ = 1)(p* — p)
(see Rotman (1965)), so that

_IGL] 5
ISL(2,p)| = - =p(p" = 1).

Also, |GLS(2,p)| = p*, and hence

ISLS(2, p)| = |GLS(2, p)| —|GL(2, p)|+|SL(2, p)| = p* — (p* —1)(p* —p) +p(p* - 1).

We also know (see Remark 4.3) that any presentation for SLS(2, p) contains
defining relations for SL(2, p); let us denote by %R(p) a set of such relations.

To begin with we choose p = 3, so that [SLS(2, p)| = 57. If we take obvious
relations ¢2 = at = tb = ¢t and input the presentation

{a,b,t|R3), P =at =th=1), (8)

the procedure does not terminate in a reasonable time. Although we cannot draw
any conclusions from this, it is reasonable to expect that the semigroup defined
by (8) is infinite. If we add the relation tba*t = 0, we obtain the presentation

(a,b,t|R(3), t* = at =tb =1, tha’t = 0), 9)

which still seems to define an infinite semigroup. Finally, if we add the relation
batb = a*tb?a® we obtain a semigroup of order 57. Thus

(a,b,t | R(3), t* = at = th=t, tha’t = 0, batb = a*tb%a?) (10)

defines SLS(2,3).
Now we consider p = 5. An analogue of (10) for p = 5 might look like

(a,b,t|R(5), t* = at = th=t, tha*t = 0, batb = a’th’a®). (11)

And indeed, (11) defines a semigroup of order 265, which is the same as |[SLS(2, 5)/.
After this we might hope that

(a,b,t|R(p), t2 = at =tb=t, tha?~'t = 0, batb = a’* tt%a"S)  (12)

is a presentation for SLS(2, p).
However, for p = 7 the presentation (12) becomes

(a,b,t|R(T), t* = at = tb = t, tba®t = 0, batb = a*tb’a*), (13)
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and if we input this presentation into the Todd—Coxeter program, the procedure
does not terminate. Actually, we can prove that (13) does not define SLS(2,7),
for, if we add the relation

th*ath = th%a®,

to (13) we obtain a semigroup of order 1105, while |SLS(2,7)| = 721.

The first plausible explanation for this is that presentation (12) worked for
p = 3 and p = 5 just because they are small enough, while, in general, some
more relations are needed. However, if we test presentation (12) for p = 11 and
p = 13, we obtain semigroups of orders 2761 and 4537 respectively, which is the
same as the orders of SLS(2,11) and SLS(2,13) respectively. Presentation (12)
fails again for p = 17.

On the other hand, if we replace the relation batb = a%tb?a* in (13) by b2atb =
a’tb®a® we obtain a semigroup of order 721 = |SLS(2,7)|. Similarly, we see
that batb = a®tb%a® in the presentation (12) for p = 17 should be replaced by
b2atb = abtb3a’2.

Let us now recall the fact that £ = 2 is a primitive root of 1 modulo p, for
p=3,5,11,13, but is not a primitive root of 1 for p = 7,17, in which cases £ = 3
is a primitive root. Therefore one might expect that the last relation of (12)
should be replaced by a relation depending on £. In view of the above discussion,
it seems that the left-hand side of the new relation should. be 5*~1atbh, and it is
then easy to see that the right-hand side should be a¢™ tb¢al~¢"". Therefore, we
arrive at the presentation

(a,b,t|R,, t* = at =tb=1,tbaP 't =0, b* 'ath = af—ltbga1_5-1>,

which indeed is a presentation for SLS(2, p)—the fact which we prove in Section 3.

Possibilities of using computational techniques do not stop here. In the pro-
cess of proving a conjecture various computer algebra packages (such as GAP)
can be used to perform calculations.

For instance, in the proof of Lemma 3.12 we have a list of relations, some
of which are too complicated to be guessed by looking at the presentation ;.
However, the main point of this lemma is to show that multiplying of a canonical
form by a generator results in a word equal to another canonical form. By means
of a GAP routine writing a singular 2 x 2 matrix in its canonical form, it is
possible to see what the resulting canonical form is, and therefore to obtain a list
of relations which we needed to prove. For example, consider the canonical word
cf1(3, 7, k) = a’s7b¥; it represents the matrix

(& )
i€ ke
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as noted in Lemma 3.7. Premultiplying this matrix by B gives

( 11 ) ( & kg ) _ ( G+1)& (i +1)ke ) _y
0 1)\ it kel i€l ik =X

We see that X is equal either to cfy(z, 7, k) for some 7, 3, k, or to cfy(¢, j) for some
t,7, depending on whether ¢ # p— 1 or 7 = p — 1; thus we obtain the second and
the third relation from the list in the proof of Lemma 3.12.

A similar GAP routine helped us to find canonical forms of elements of Sing(2, p)
in terms of generators A, B,T. These canonical forms are

cfi(s,5,k) = a’baltb®, i k=1,...,p,5=1,....,p— 1,
cfy(i,5) = P atbiabl, i=1,...,p—1,j=1,...,p,
cfs(i,7) = a'baitbaP™, i=1,...,p, j=1,...,p—1,
cfy(i) = b T thaP™l,  i=1,...,p—1,

3520.

Finally, after we have found presentations for our semigroups, computational
techniques can be used to investigate the interdependence of our relations. Here
we shall show that the presentations Pi, P2, Bs, Py have no redundant relations
for p =7 (with £ = 3).

The orders of GLS(2, 7) and SLS(2, 7) are 2401 and 721 respectively. Consider
the presentation

By = (a,b,c,t| R, t? =bt =ta=ct=tc=t, tha®t = 0, b’atb = a°tb’a®)

from the proof of Theorem 4.1. Let ¥, ¥, ¥7 be the presentations obtained
from 9B, by replacing t* = ¢, tha’t = 0, b*ath = a®tb%a® respectively by #° = ¢,
tba®tb = tba®t, tb%atb = tb%a® respectively, and let Xy, Y3, L4, U5 be obtained
from P, by omitting the relations bt = t, ta = t, ¢t = t, tc = t respectively.
The orders of the semigroups defined by ¥;, 2 = 1,...,7, are 2786, 2401, 2401,
4321, 4321, 2408 and 4321 respectively. This shows that no relation from %,
except bt =t and ta = t, is redundant. Consequently, the presentation PB4 has no
redundant relations, and the presentation 3, has no redundant relations except,
possibly, bt = ¢ and ta = t. However, if we replace fhe relation bt = t in P by six
relations tbit = ¢, 7 = 1,...,6, the resulting semigroup has order 3025, showing -
that bt = t is not redundant. Similarly, replacing ta =t by ta't =¢,7=1,...,6,
yields a semigroup of order 3025, and ta = t is not redundant either. Similar
considerations show that, in general, there are no redundant relations in either

B, or PBs.



Chapter 4

Constructions and presentations

In this chapter we work on the following general problem:

Problem. If (A4; |R;), ¢ € I, are presentations for semigroups S;, ¢ € I, and if
the semigroup T is obtained from the family S;, ¢ € I, by applying a semigroup
construction, find a presentation for 7.

For example, if the monoids S; and S, are given by presentations (A4; | R;)
and (A; |R2), and if T is the direct product Sy x Ss, then T has a presentation

(A1, Az | Ry, Re, araz = aza; (a1 € Ay, a2 € A7), (1)
while the free product S * S, has a presentation
(A1, A2 | R4, Ra). (2)

It is worth noting that if S; and S; are assumed to be semigroups rather than
monoids, then (1) fails to be a presentation for S; X S, in general. For example if
S1 = S3 = N, the free monogenic semigroup, then both S; and S; can be defined
by the presentation (a | ). The direct product S; x S,, however, is not even
finitely generated, let alone finitely presented: all the elements (1,n), n € N, are
indecomposable, and so every generating set for S; x S, must contain all of them.

The constructions considered in this chapter are:

o the wreath product of two monoids (Section 1);

e Bruck—Reilly extension of a monoid (Section 2);

e Schiitzenberger product of two monoids (Section 3);

e strong semilattices of monoids (Section 4);

¢ Rees matrix semigroups over a monoid (Section 5);

e ideal extensions of a semigroup by another semigroup (Section 6);

¢ subsemigroups of semigroups (Section 7).

62
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The results of the last section are of crucial importance for the rest of this
thesis. They, together with the results of Sections 5 and 6, will be used in the
following chapters to investigate the structure of semigroups defined by presen-
tations.

It is also worth noting that the results of the first five sections do not generalise
naturally to semigroups, for reasons similar to those mentioned for the direct
product.

The results of Sections 1-5 will appear in Howie and Rugkuc (1994), the result
of Section 6 will appear in Campbell, Robertson, Ruskuc and Thomas (1995d),

and the results of Section 7 will appear in Campbell, Robertson, Ruskuc and
Thomas (1995b).

1. The wreath product

In this section we are going to find a presentation for the (restricted) wreath
product of two monoids. We shall do this by using the direct method described
in Section 5.2 (Proposition 5.2.1). First, however, we recall the definition of the
wreath product; for more details see Eilenberg (1976).

Let S and T be two monoids. The cartesian product of |T'| copies of the
monoid S is denoted by S*7, while the corresponding direct product is denoted
by S®T. One may think of $*7 as the set of all functions from T into .S, and of
S®T as the set of all such functions f with finite support, that is to say, having
the property that zf = 1g for all but finitely many = € T. If we equip S*T and
59T with the componentwise multiplication, we obtain two monoids, both having
the function

1:T— S, z1 =15,
as the identity.

The unrestricted wreath product of the monoid S by the monoid T', denoted
by SWrT, is the set $*T x T with the multiplication defined by

(f:)g,t) = (fg', 1),
where ¢' : T — S is defined by
zg' = (zt)g, z € T.

The restricted wreath product of the monoid S by the monoid 7', denoted by
SwrT, is the set S8 x T, with the same multiplication. Both SWrT and
SwrT are monoids with the identity (1,17). Also, SWrT = SwrT if and only
if |S| =1 or T is finite.

We shall find a presentation for S wr T, and the first step is to find a generating
set. It is clear that the sets {(f,17)|f € S®T} and {(1,t)|¢ € T} are submonoids
of S wr T isomorphic to S®T and T respectively. Moreover, for f € S¥T andt € T,

(f’ 1T)(T’t) = (f?t)7
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and so SwrT is generated by these two submonoids.
For s € S and t € T we now define 3, : T — S by

_ {5 Hz=t
IS =

1ls otherwise.

Notice that if f : T — S has finite support then

f=Hmt-

teT

Notice also that if the monoid S is generated by a set A, so that every s € S is
expressible as a product aMa® ... a(™ of elements of A, then

5 =ava? .. .am,

for all t € T'. We therefore have

Lemma 1.1. Suppose that the monoids S and T are generated by sets A and B
respectively, and let

Ay ={(a,17)]|a€ A}, t €T,

B ={(1,b)|be B}.
Then the set (User At) U B generates Awr B. |

Unlike the wreath product of groups (see Johnson (1980)), the above gener-
ating set is, in general, the best possible for monoids. If the identity 15 of S is
indecomposable in the sense that

8152 = lg = 81 = 82 = 1g,

then the submonoid
T ={(1,t)|teT}

of SwrT has the property that
zyeT' = z€T andye T,

and so every generating set for Swr1 must contain a generating set for 7".
Similarly, if 17 is indecomposable in T', then each generating set for S wr T must
contain a generating set for

{(f,17) | f € 58T} = §®T,

and U,er A; is, in general, the smallest such set.
For any t;,t, € T let t;¢;" denote the set {t € T | tto = t1}.
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Theorem 1.2. Suppose that the monoids S and T are defined by presentations
(A|R) and (B | G) respectively. For each t € T, let Ay = {a; |t € T} be a
copy of A, and let R; be the corresponding copy of R. The presentation having
generators (U,er A:) U B and relations

R (teT); 6 (3)

aa, = a,a; (a,a' € A, u,t €T, u#t); (4)

ba;=( [[ au)b(a€ A, be B, teT) (5)
u€tb—1

defines Swr T in terms of the generators (User A:) U B.

Remark 1.3. Relations (4) imply that a product ay,ay, - . . at,, where {t1,...,tx}
= X C T andalltq,...,1 are distinct, does not depend on the order of its factors.
Therefore, we may use notation [,cx a¢, as in relations (5).

PrOOF OF THEOREM 1.2. The correspondence a — a; between A and A; can
be extended to a bijection between A* and A}; for a word w € A*, w; will denote
its image in A} under this bijection. Since the generators {J,cy A: generate the
submonoid {(f,17) | f € S®T} = ST, we see that, for each w € A* and each
t € T, the word w; represents the element (w;, 17) of SwrT, where w; is given

by
oTo= Y fz=t
7] 15 otherwise.

Hence, these generators satisfy all the relations R;, t € T', as well as all the rela-
tions (4). Similarly, from the fact that the generators B generate the submonoid
{(1,t) |t € T} = T, we deduce that they satisfy all the relations &.

To establish relation (5), note first that

(T,0)(@; 17) = (@, b) = (@, 1r)(1, ).

Now, for each z in T'

@ = (ob) = a ifzb=t _[a Hfzetb?
Ta = IV = lg otherwise = | 1lg otherwise
= [ z@ =« [] @)
u€th—1 u€tb—?!
Thus
71_;): H Ay,
u€th—?
and so

(Tv b)(ata 1T) = ( H (au’ lT))(Ta 6)7

ueth—1
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as required.

Now let w be any word in the letters from the alphabet (U;cr A:) U B. By
using relations (5) it is possible to transform w into a word of the form w'w”,
where w’ € (Ujer A¢)” and w” € B*. Furthermore, by using relations (4), the
word w’ can be transformed into a product [];er w(t):, where w(t) € A*, and
only finitely many of the words w(t), ¢t € T, are non-empty.

Let W; C A* denote a set of canonical forms for S, let Wy, C A}, t € T,
be the corresponding copy of Wi, and let W, be a set of canonical forms for 7.
Each word from A}, t € T, can be transformed into a word from Wj, by using
relations fR;, and every word from B”* can be transformed into a word from W,
by using relations &. We have just proved that each word from ((U;er A¢) U B)*
can be transformed into a word from the set

W = {(HteT wl(t)t)wg ] Wy € WQ, wl(t) S W1 for all ¢ € T,
wy(t) = € for all but finitely many ¢ € T'}
by using relations (3), (4), (5).
To finish the proof of the theorem we prove that different words from W rep-
resent different elements of S wrT. (Here, again, words from W which differ only

in order of terms w;(t) are considered equal.) So suppose that ([T, w1(t):)w2
and (Jl;er wy(t):)w) represent the same element of Swr T, that is to say

(H(wl(t)iv 1T))(T7 w2) = (H(Wt)h lT))(Tv wé)?

teT teT

which is equivalent to

(T (wi(®)sw2) = (I] (i (2)z, w)).

teT teT
Therefore
IT wi(®): = [ wi(®): in S®7T, (6)
teT teT
wy = wh in 7. (7

Since W, is a set of canonical forms for T', we have w, = w), while from (6) we

obtain, for z € T,
([T wi(t)e) = 2(J] wit)y),
teT teT
so that wi(z) = wi(z) holds in S. Since W is a set of canonical forms for S we
must have wy(z) = w}(z). The result now follows from Proposition 5.2.1. W

We can obtain a much nicer presentation in the case where T is a group. It is
a generalisation of the presentation for the wreath product of two groups given

in Johnson (1980).
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Corollary 1.4. Let S be a monoid and let T be a group. If (A |R) and (B | &)
are monoid presentations for S and T respectively, then the presentation

(A,B|fR, 6, a(t™d't) = (t 'd't)a (¢,d' € A, t € T)) (8)
defines SwrT.
ProOOF. If we denote ay, by a then it is easy to see that the relations

a(t™'d't) = (t7'd't)a (a,d' € A, t € T), (9)
a=t"at(a€ A, teT), (10)

hold in SwrT. Therefore, we can add these relations to the presentation (3),
(4), (5). Next we eliminate a;, a € A, t € T — {17} by using (10). A general
relation u; = v from Ry, t € T, becomes t~1ut = t~1vt, and is equivalent to
u = v. Therefore, all the relations R; can be replaced by R. The relations & do
not change as they involve only letters from B. Finally, relations (4) and (5) are
consequences of (9) and (10) since

aa, = tlatuTla'u =tTta(ut™) e (wt Tt = ¢ (wt ™) " (ut T at

= uld'ut™lat,

and '
( I @u)b=ap-1b=(tb7")""atb™ b = bt~ 'at = ba,.

ugth=1
Hence we can eliminate these relations from our presentation, thus obtaining
presentation (8). W

2. The Schiitzenberger product
Let S and T be monoids. For X C S xT,s € S5,t € T, we define

sX = {(sz1,22) | (z1,22) € X}
Xt = {(zy, z2t) | (wl,xQ) € X}.

The Schitzenberger productof S and T, denoted by SOT, is the set SxP(SxT)x
T, where P(S x T') denotes the set of all subsets of S x T', with the multiplication

(51, X1,t1)(82, Xa,t2) = (8152, X1ta U 51Xo, t1t2).

ST is a monoid with identity (1s, 0, 17). This construction plays an important
role in language theory, especially in the theory of so called star-free languages;
for details see Howie (1991).

In this section we find a presentation for SGT, when S and T are finite
monoids. First, as usual, we find a generating set.
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Lemma 2.1. If finite monoids S and T are generated by sets A and B respec-
tively, then SOT is generated by the set

{(a,0,17) |a € A} U {(1s5,0,0) | b€ B} U {(1s,{(s,1)},1r) | s € §, t € T},

PROOF. Let s € 5§, ¢t € T and let X C S x T be arbitrary. Since A is a
generating set for S, s can be written as s = ajas...ar, with aq,...,a; € A;
similarly ¢ = byb,...b;, with by,...,b; € B. Also, since both S and T are finite,
X can be written as a union X = U;cr{(s:,%:)}, where I is a finite set and s; € S,
t; € T for all - € I. Now we have

(37 (0, 1T) = (ah 07 1T)(a2’ @, 1T) s (aka wa 1T)7
(15,0,t) = (15,0,81)(15,0,82) .. . (15,8, bn),
(1S7X7 ]-T) - H(157 {(Si’ti)}7 1T>7

el
(37 X’ t) = (157 Q? t)(157Xa ]-T)(57 07 1T)a
and the lemma follows. W

In general this is the best possible generating set for SOT. Indeed, if all
the elements of the set AU {ls} and B U {17} are indecomposable in S and T'
respectively, then all the generators for SOT from Lemma 2.1 are indecomposable
in SOT, and therefore must belong to every generating set.

Theorem 2.2. Let S and T be finite monoids defined by presentations (A | R)
and (B | &) respectively. The Schitzenberger product SGT is then defined by the
presentation with generating symbols C = AUB U {cs;|s € S, t € T} and
relations

R; 6; (11)
€y = Coti CopCoyty = Csy ity Cts (12)
aCst = Cqas10; (13)
Cs,tb = bcs,tb; (14)
ab = ba; (15)

where a € A, b€ B, s,s1 € 5, t,t; € T.

PROOF. It is easy to see that the generators {(a,0,17) | a € A} generate the
submonoid {(s,®,1r)|s € S} which is isomorphic to S, and, since R is a set of
defining relations for S, they satisfy all the relations from . Similar arguments
show that the generators {(1s,0,56) | b € B} satisfy relations &, and that gener-
ators {(1s,{(s,t)},17) | s € S, t € T'} satisfy (12). Next we check that relations
(13), (14), (15) hold in SOT:

(a,0,17)(1s,{(s,8)},17) = (a; {(as, 1)}, 17) = (157{(% )}, 17)(e, 0, 17),

(15a{(57t)}71T)(15’®7b) = (157{(57tb)}7b) (1 )(1Sa{(37tb)}71T)7
(a,0,17)(15,0,5) = (a,0,) = (15,0,0)(a, 0, 17).
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Let W, and W, be sets of canonical forms for § and T respectively. We shall
show that the set

W= {wg(H st )W1 | w1 € W, wy € W, I is finite, s; € S, t; € T'}
i€l

is a set of canonical forms for S¢T.

First we show that each word w € C* can be transformed by using relations
(11)-(15) to a word from W. We do this by induction on |w|, the case |w| <1
being obvious. If |w| > 1 then w has one of the forms w'a, a € A, or w'b,
b€ B,or wesy, s €S,t €T, where w' is of shorter length than w. By the
inductive hypothesis w’ can be transformed into a word w)(IT;c; s, 1, )w] from
W. If w = w'a we have

= wIZ(H csz',ti)w;a = wlz(H csnti)wh
el i€l

where w; € Wy is the canonical form for w}a. In the case w = w'b we have

w = wy([Liescsit:)wib
wy(ITier €si )by (by (15))
wob(TTier Csisted)wy (by: (14))
wz(TL-eI Cs;,tgb)wi,

fl

i

il

where wq € W is the canonical form for wyb. Finally, if w = w'c,;, we have

w= w/Z(H csz',ti)w;cs,t = w;((H Csz‘,ti)cww,t)w;’
1€l 134
by using (13).
Now we prove that different words from W represent different elements of
SOT. So assume that

w;(H cSi,'ti)w,l? wg(H csg',tj)wlll ew
iel JjeJ
represent the same element of SOT. Then we have

uﬁ7LJ{ &7 } u@ wl?LJ{(QN

1€l JjEJ

Since Wi is a set of canonical forms for S, from w; = w{ in S it follows that
w! = w!. Similarly, we have w) = wj. Finally, {(si,t:) |7 € I} = {(s;,t;)|j € J}
implies that [Lier ¢ t; = Iljes Cs)0t;-

The theorem now follows by Proposition 5.2.1. ®
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3. The Bruck—Reilly extension

Let S be a monoid, and let § : § — S be an endomorphism. Define a binary
operation on the set N° x .S x N° by

(m,s,n)(p,t,¢) = (m—n +7,(s077")(20"F), g —p+r),

where r = max(n, p). It is an elementary exercise to show that this operation is
associative and that (0,1s,0) is a neutral element. Hence N° x S x N® with this
operation forms a monoid, which we denote by BR(S, §).

If S is the trivial semigroup, BR(S, 8) is the bicyclic monoid; see Howie (1976).
More generally, if S is not necessarily trivial, but the endomorphism @ satisfies
s0 = 15 for all s € S, BR(S,0) coincides with Bruck extension of S; see Bruck
(1958). If S is a group then BR(S,0) is known as Reilly extension of S; see
Reilly (1966). Finally, if the image of § is contained in the group of units of S,
we obtain a general Bruck—Reilly extension of S, which is a generalisation of all
previously mentioned extensions, and which was introduced by Munn (1970). All
these constructions play important roles in the theory of inverse semigroups; see

Howie (1976).

Lemma 3.1. If A is a generating set for the monoid S, then
{(0,a,0)[a € A} U{(0,1s,1),(1,15,0)}

is a generating set for BR(S,0).

PROOF. Let m,n € N°, s € S be arbitrary. Since A is a generating set for S, s
can be written as s = ajay...ax, where ay,...,a; € A. Now we have

(0,s,0) = (0,a1az...ax,0) = (0,a1,0)(0,as,0)...(0,ax,0),
(ma 1s, 0) = (1) Ls, 0)m7 (07 ls, n) = (07 Is, 1)n’
so that
(m,s,n) = (m,1s,0)(0,s,0)(0,1s,n)
implies the lemma. B

The obtained generating set is again the best possible in general. For example,
if § is the constant mapping s +— 1g, then BR(S, #) is the direct product of S and
the bicyclic monoid, and cannot be, in general, generated by fewer than |A| + 2
elements.

Theorem 3.2. Let S be the monoid defined by a presentation (A |R), and let
6:S5 —> S be an endomorphism. The monoid BR(S,0) is then defined by the
presentation

PB=(A,bc|R, bc=1, ba = (ab)b, ac = c(ah) (a € A))
in terms of the generators {(0,a,0)|a € A} U{(0,1s5,1),(1,1s5,0)}.
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In order to prove the theorem we first deduce some consequences of the given
relations.

Lemma 3.3. The following relations are consequences of B:

(1) bw = (w0>bf wE A%,
(it) we = c(wh), w € A*;
(iii) b"a = (a0™)b", n €N, a € A.

Proor. (i) If w =ay...a; then we have
bw = bajas . ..ar = (a10)bay...ar = ... = (a16) ... (ax8)b = (wh)b,

as required.
(i) The proof is analogous to (i).
(iii) This follows by a multiple application of (i), since, for a word w € A*, the

word w# 1s in A* as well. B

PrOOF OF THEOREM 3.2. The set {(0,a,0) | a € A} generates the submonoid
{(0,5,0) | s € S} = S of BR(S,6), and, since R are defining relations for S,
we conclude that they hold in BR(S,8) as well. Next, we check the remaining
relations from *B:

(0,15,1)(1,15,0) = (0 — 1 + 1, (156" 1) (156*71),0 = 1 + 1) = (0, 15,0),
(0,15,1)(0,a,0) = (0, (156°)(ab),1) = (0, ab,1) = (0, ad, 0)(0,1s,1),
(0,4a,0)(1,1s,0) = (1,a6,0) = (1,15, 0)(0, ad, 0).

Let W; be a set of canonical forms for 5. We shall show that the set
W = {"wb" | m,n € N°, w; € Wi}

is a set of canonical forms for BR(S,0). First we show that each word w €
(AU {b,c})* can be transformed into a word from W by applying relations from
B. We do this by induction on |w|, the case |w| < 1 being obvious. If |jw| > 1
then w can be written either as w'a, a € A, or as w'b, or as w'c. By the inductive
hypothesis w' can be transformed into a word ¢™w3b™ from W. Now, if w = w'a,
a € A, then
w = c"uw'ba
= ™w'(af™)b* (Lemma 3.3(iii))

- m n
= cwlb,

where w; € W; is the canonical form for w'(a8™). In the case w = w'b we have

w = c"wib"t € W.
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Finally, for w = w’c we have
w = c"wib"e.

Now, if n = 0 then
"wic = " (w)h)

by Lemma 3.3(ii), and by reducing the word w] € A* to a canonical form in W;
we reduce w to a word from W. If n > 1, we use the relation bc = 1 and obtain

w = c"wib" e W,

To finish the proof we note that a typical element ¢™w;b™ of W represents
the element (m,w;,n) of BR(S,0), from which it easily follows that different
elements of W represent different elements of BR(S,6). ®

It is worth pointing out that the presentation 8 from Theorem 3.2 has |A|+2
generating symbols and |PR| + 2|A| + 1 relations, so that we have the following

Corollary 3.4. If S is a finitely presented monoid, and if 6 is an endomorphism
of S, then the Bruck—Reilly extension BR(S,8) is finitely presented. W

4. Strong semilattices of monoids

Let Y be a semilattice, and let S,, @ € Y, be a family of (disjoint) monoids
indexed by Y. Denote by 1, the identity of the monoid S,, a € Y. Suppose
that for any two elements o, § € Y, with o > 3, there is a homomorphism ¢, g :
Sa — Sp, and that these homomorphisms satisfy the following two conditions:

(a) Gaq, @ € I, is the identity mapping;
(b) ¢apPsy = Gan, for all o, B,y €Y witha > 5> 4.

The set S = Uyey So can be made into a semigroup by defining

ab = (a¢q,08)(09p,a8)

for a € S, and b € Sz. (Notice that the product on the right hand side of
the above equation is a product within S,5.) We denote this semigroup by
S(Y; Sa, ¢a,p), and call it the strong semilattice Y of monoids S, with homomor-
phisms ¢, 3. The multiplication in this semigroup extends multiplications from
monoids S, & € Y, because of the condition (a), so that S(Y;S,, ¢ap) is a
disjoint union of monoids S,,.

Strong semilattices of semigroups provide one of the main tools for the struc-
ture theory of semigroups. Probably the best known result in this field is that a
semigroup is a Clifford semigroup (i.e. a regular semigroup in which the idempo-
tents are central) if and only if it is a strong semilattice of groups; see Clifford

(1941) and Howie (1976).
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Theorem 4.1. Let Y be a semilattice, let So, @ € Y, be a family of disjoint
monoids, and let do 5, 0, B €Y, a > 3, be a family of homomorphisms satisfying
(a) and (b). Suppose that the monoid S,, o € Y, is defined by a semigroup
presentation (As | Ra), with AgNAg =0 fora # . Let A= U,y Aoy R =
Uaey Ra, and let 1, € A} be a word representing the identity of S,. Then

‘,BZ (A\S‘{, lalg = 1515,, 15a = a15 =a¢7,5
(a7ﬂ)776€}/; a#ﬁa 7>67 aeA’Y))

is a presentation for S(Y; Sa, @a,8)-

Remark 4.2. Although S,, @ € Y, are monoids, the semigroup S(Y; Sy, ¢u ),
is not necessarily a monoid. This is the reason why in the above theorem we use
semigroup presentations rather than monoid presentations.

PrOOF OF THEOREM 4.1. Let S denote the semigroup S(Y; Sa, ¢a,5). Since S
is a disjoint union of semigroups S,, & € Y, it is certainly generated by the set
A = Uyey Ao Also, since R, is a set of defining relations for Sy, the generators A
satisfy all the relations from R = U,cy Ra- It is easy to check that the remaining
relations from P also hold in S:

Lol = (laba,ap)(1e0p,a8) = laplap = lap = lpa = 1pla,
lga = (1595,55)((19%75) = 15(a0%5) = a0%5 - alg.

Let W,, a € Y, denote a set of canonical forms for S,. We shall show that
the set
W= W,
a€Y
is a set of canonical forms for S. Let w = ajaz...ax be an arbitrary word from
At witha; € A,,, s € Y, i=1,... k. If we note that, for a € A,, the relations

al, = 1lya =a,

are consequences of 9B, since 1, represents the identity of S, and that the defining
relations R, for S, are included in 3, we have

w ajasg...ag

(1011(11)(10[2(12) . (1akak)

(1aylay - - - Lo @10z . . . a) relations 1sa = als)
1a1a2...aka1a2 1" relations 1cv1ﬁ = ]-a,B)

(
(
15ayas ... ax (relations Rg, b= 0y ... )
(
(

(1ga1)(1gaz) ... (1gak) relations lsa = als)
= (0100,5)(02005,8) - - - (akPay,8). (relations lsa = ag, s)

Since the last word is from Aj, it can be reduced to a canonical form from
W5 C W by applying relations Rg C R.
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Finally, from the fact that S is a disjoint union of monoids S,, o € Y, and
that W, is a set of canonical forms for S,, it follows that different elements of W
represent different elements of 5. The theorem now follows by Proposition 5.2.1.
|

5. Rees matrix semigroups

We have already encountered Rees matrix semigroups over a group in Chapter 4.
Basic facts about these semigroups can be found in Appendix A. Here we consider
a more general situation of a Rees matrix semigroup over a monoid, with the Rees
matrix not necessarily regular. First we recall the relevant definitions.

Let S be a monoid, let 0 be an element not belonging to S, let I and A be
two index sets, and let P = (pxi)ycpier Pe a |A| X |I| matrix with entries from
S U {0}. The Rees matriz semigroup M°[S;I,A; P]is theset (I x S x A) U {0}
with multiplication

. . . (7:17 ‘Slp)\lig'SZ’ Az) lf p)\li2 # 0
(11, 81, A1) (22, 52, A2) = { 0 otherwise,

0(z,s,A) = (¢,8,2)0 = 00 = 0.

If all the entries of P are equal to 0, M°[S; I, A; P] is the semigroup of order
[7||S]|A| + 1 with zero multiplication; the simplest presentation for such a semi-
group 1s its multiplication table. In the rest of this section we will consider the
non-trivial case where P contains at least one non-zero entry. Furthermore, we
will assume that P contains at least one unit (i.e. invertible element) of S; when
this condition is not satisfied generating sets for MP[S; I, A; P] strongly depend
on the semigroup S and the particular choice of the matrix P, and finding a rea-
sonable general generating set seems to be a difficult problem. The assumption
that P contains at least one unit is equivalent to assuming that P has an entry
equal to 1s. For if P has an invertible entry, which without loss of generality
we may denote by pi1, then the map (z,s,A) — (7,8p11,A) is an isomorphism

between M°[S; 1, A; P] and MP[S; I, A; P'], where

P = (p\;)aensier = (P11 Pri)reniels

and evidently pj; = 1s. Rees matrix semigroups over groups (such as completely
0-simple semigroups; see Appendix A) trivially satisfy this additional restriction.

Lemma 5.1. Let S be a monoid, let A be a set of semigroup generators for S,
let P = (pxri)renier be a |A] x |I| matriz with entries from SU {0} (0 € S), and
with p11 = lg. The Rees matriz semigroup is then generated by the set

{(1,a,1) |a € A}U{(i,1s,1) |1 #i € TJU{(1,1s,A) |1 # X € A).
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PROOF. Let : € I, A € A, s € S. Since A is a generating set for S we have
8= a1y ...0k, a1,...,a; € A. Therefore,

(iasﬂ\) = (i,lspllalpuw---Puakpuls,)\)
= (4,15, 1)1, a1, 1)(1,a2,1) ... (1, ax, 1)(1, 15, A),

and hence the lemma. ®

Remark 5.2. The generating set in Lemma 5.1 is a straightforward generali-
sation of the generating set given in Theorem 4.2.1 for the completely 0-simple
semigroups.

Remark 5.3. Although this is again the best possible choice of generators in

general (e.g. consider the case where all entries of P except p;; are equal to 0), in

most cases, including the completely 0-simple case, it is far from being optimal;
see Section 3 in Chapter 4. B

Theorem 5.4. Let T = M®S;I,A; P] be a Rees matriz semigroup, where S is
a monoid, P = (pri)aenier s a |A| x |I| matriz with entries from SU{0} (0 ¢ S)
and with p13 = 1g. Let (A|R) be a semigroup presentation for S, let e € AT be
a non-empty word representing the identity 1s of S, and let

B=Au{b|l#£iel}U{cn|1# )€}
be a new alphabet. Then the presentation

B = (B|R, be=>b, eb; = p1;, cxe = pa1, €cx = ¢y, b = p;
(1#£:€lI,1#X€AN))

defines T' as a semigroup with zero.

Remark 5.5. This time we opt for presentations of semigroups with zero, as T
does have a zero, but does not necessarily have an identity. The presentation 3
has no relations of the form w = 0 if and only if the matrix P has no entries equal
to 0, i.e. if and only if 0 is indecomposable in T. In this case, by considering ‘B as
a semigroup presentation, we see that it defines the semigroup 7' — {0}. In this
way, in particular, we obtain presentations for completely simple semigroups.

PROOF OF THEOREM 5.4. Theset {(1,a,1)|a € A} generates the subsemigroup
{(1,s,1) | s € S} = S, and hence satisfies the defining relations 2 of S. Also,
we see that a word w from A% represents the element (1,w,1) of T, and, in



76 Semigroup presentations

particular, e represents (1,1s5,1). Now we check that the remaining relations

from B also hold in T*:

(?;7 1571)(17157 1) (Z 1SP11157 1) = (i7157 1)7

. _ (1 1SP11157 ) (laplia 1) if P # 0
(1,15, 1)(5,15,1) = 4 if pui = 0,
(

(1,15, 2)(1,15,1) = { (Lpn1) o £0
(1,15,1)(1, 15, ) = (1,15, A,
1

(1,
. . ( 7p/\171) ifp’\i#o
(1,15, A)(3,1s,1) = { 0 if py; = 0.

if Prx1 = O,

Let W be a set of canonical forms for S. We shall show that the set
W = {bi’w1C)\ [Z € I, )\ € A, wy € VVl}U {0},

where b; and ¢; are defined to be equal to the empty word, is a set of canonical
forms for T'.

Let w € B* be an arbitrary word. By induction on |w| we prove that w can
be transformed into a word from W by using relations from B. The case |w| =1
is obvious; so let us suppose that |w| > 1. Then either w = w'a, a € A, or
w=wh,l1#i€l,orw=uwcy,,1# €A, wherew’ € BT is a word of shorter
length than w. By the inductive hypothesis w’ can be transformed into a word
bjwic, from W by using relations from . If w = w'a we have

w = bjwicua
= bjwic,ea (relations R)
= bjwipula- (relation c e = pﬂl)

If py1 = 0 then the last word is equal to 0; otherwise, wip,1a is a word from
A*, which can be transformed into a canonical form w, € Wi by using relations
2R, thus transforming the word w into the word bjwic; € W. If w = w'b;, we
distinguish the case y = 1, in which

b;wic; ifpy; #£0

where w; € W is the canonical form for w}p;; € AT, and the case p # 1, where

biwie; if py; #0
w=bjwﬁcubi:bngp“i:{ 0 ifpziiO,

where w; € Wi is the canonical form of wip,; € A*. Finally, if w = w'cy, we
have

bjwicy fpa#0
0 if p,1 =0,

/ ! !
w = bjwicuen = bjwicyecy = bjwipuicy = {
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where w; € W is the canonical form for w)p,; € A*.

In order to prove that different elements from W represent different elements
from T it is enough to note that a typical element b;w;c, of W represents the
element (z,w;y, ) of T. The theorem now follows from Proposition 5.2.1.

If we note that the presentation P has |A| + |I| + |A] — 2 generators and
IR| + 2|I| + 2|A] + (|I] — 1)(JA] = 1) relations we obtain the following

Corollary 5.6. Let S be a finitely presented monoid, and let I and A be both
finite. Then the Rees matriz semigroup MP[S; I, A; P], with matriz P containing
at least one invertible entry, is finitely presented.

Later, in Section 2 of Chapter 10, we will see that in the completely 0-simple
case the converse of this corollary is true as well.

6. Ideal extensions

Let S be a semigroup with zero, and let I and T be semigroups. We say that 7' is
an ideal extension of I by S if T' contains an ideal J 1somorphic to [ such that the
Rees quotient (see Appendix A) T'/J is isomorphic to S. Ideal extensions are not
constructions in the strictest sense: not only is there no ‘recipe’ for obtaining T
given S and I, but T' may not even exist or it may not be unique. For a detailed
introduction to ideal extensions and examples illustrating the above assertions
see Petrich (1973).
Here we just prove the following result which we will need in Chapter 8.

Theorem 6.1. Let S be a semigroup and let I be an ideal of S. If both I and
S/I are finitely presented then S is finitely presented as well.

PROOF. Suppose that I and S/I are defined by (semigroup) presentations (X |R)
and (Y | &) respectively. Suppose for the moment that no generator from Y
represents the zero of the semigroup S/I. In this case S is obviously generated
by the set X UY. Each word w € Y™ which represents the zero of S/I represents
an element of I in S, and so there exists a word o, € XT such that w = «,, in
S. Also, for each z € X and each y € Y the words zy and yx represent elements
from I in S; let Buy, Bye be words from X+ such that zy = By and yz = By,
hold in S. Let us fix a word z € Y+ representing the zero of S/I. We define the
following new sets of relations:

S ={(u=v)€6 : u#zin S/I},

S, ={(u=v)€6 : u=zin 5/I},
Gy={u=a,v=0a,: (u=v) €6} U{z=a.},
Gs = {2y = oy, yz =Py : TE€E X,y €Y},
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and let T denote the semigroup defined by the presentation
(XUY |RUGB, UGB, UGs). (16)

We claim that S = T'. It is obvious that S satisfies all the relations from R U
6, UG, U B3, and hence there is a natural epimorphism ¢ : T — S.

Assume now that two words wi,w; € (X UY)™" represent the same element
of S. If both w; and w, contain a letter from X then we can use relations from
S3 to find words w;, Wy € Xt such that wy, = w; and w,; = W, in T. Since the
relation w; = W, holds in I, it can be deduced from R, thus giving w; = w, in
T. If wy € Y* and w; represents an element of I in S then w; = 2 holds in S/1,
and so z can be obtained from w; by applying relations from &. If no relations
from &, are needed in this deduction then w; = z = @, holds in T'. Otherwise,
instead of the first application of a relation from &, we can use the corresponding
relation from &, and thus obtain a word @, containing a letter from X such that
wy = W, holds in T'. Applying a similar argument to w,, if necessary, we reduce
this case to the case where both w; and w; contain a letter from X. Finally,
if w; does not represent an element of I in S then w; = w; can be deduced by
just using relations from &;, and again w; = w, holds in T'. Therefore, ¢ is an
isomorphism and 7' = S as required.

Let us now suppose that Y contains generators representing the zero in S/1,
and let Y, be the set of all non-zero generators from Y. If the zero of S/I is
a product of two non-zero elements from S/I then Y, generates S/I and the
argument above can be repeated. Otherwise a similar argument would show that

(XUY |RUG, UGs) (17)

is a presentation for S.
Finally, note that if both presentations (X |2R) and (Y | &) are finite so are
the presentations (16) and (17).m

7. Presentations for subsemigroups—a general rewriting
theorem

The problem of finding presentations for subsemigroups can be formulated as
follows: given a semigroup S defined by a presentation (A|R), and given a set of
words X C A™, find a presentation for the subsemigroup T of S generated by X .

The analogous problems for groups and their subgroups is solved by theorems
of Reidemeister and Schreier; see Magnus, Karrass and Solitar (1966). The main
idea there is that of rewriting: the relations defining the group are rewritten under
certain rules to give a presentation for the subgroup.

In this section we develop the idea of rewriting for semigroups, and give a
general solution to the above problem. As in the case of groups, with this degree
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of generality, one may not expect a very satisfactory solution. For example, the
presentation obtained will have to be infinite, even when the semigroup is finitely
presented and the subsemigroup is finitely generated, since a finitely generated
subsemigroup of a finitely presented semigroup may be not finitely presented; see
Example 8.1.2. The real significance of the presentation obtained is that it gives
rise to a ‘recipe’ for obtaining presentations for subsemigroups in various special
cases. We shall use this recipe in Chapters 7 and 9 to find presentations for ideals
of finite index and maximal subgroups of (0-)minimal ideals of a semigroup.

Let S be the semigroup defined by a presentation (A | R), and let T be the
subsemigroup of S generated by a set X = {{; |7 € I}, where each £; is a word
from A*. We seek a presentation for T in terms of the generators X.

Although so far we have been identifying words in an alphabet with elements
that these words represent in a particular semigroup, in the case of the semigroup
T we may not do so—generators X of T are already words (not letters) from
the alphabet A. So we choose a new alphabet B = {b; |7 € I} in one-one
correspondence with X. Intuitively, b; is an abstract image of of the generator
&:. In other words, a word by, b;, ... b;, € Bt represents the element & &, ... &,
of T. This can be made more formal by introducing the mapping ¢ : Bt — A*
defined by

(bi1 bi2 .. bik)"/) = €i1€‘i2 R 62’;;7 (18)

which we call the representation mapping. Note that ¢ is defined constructively
(if A, R and X are defined constructively), and that it is a homomorphism.

On the other hand, each word from A* which represents an element of the
subsemigroup T is equal in S to a product of elements of X, which is in turn
represented by the corresponding word from B*. Thus we have a mapping

é:L(A,T) — B*,

where L(A,T) denotes the set of all words from A* which represent elements of
T, satisfying
(W) =win S (19)

for all w € L(A,T). Since ¢ ‘rewrites’ each word representing an element of T
into a corresponding product of generators of T, we call ¢ a rewriting mapping.

Note that the existence of a rewriting mapping is a consequence of the Axiom
of Choice. However, unlike the representation mapping, a rewriting mapping is
not necessarily unique, it is not necessarily a homomorphism and it is not defined
constructively by (19).

The main result of this section is

Theorem 7.1. Let S be the semigroup defined by a presentation (A|R), and let
T be the subsemigroup of S generated by X = {& |1 € I} C A*. Introduce a new
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alphabet B = {b; | i € I}, and let o) and ¢ be the representation mapping and a
rewriting mapping. Then T is defined by generators B and relations

b; =69, 1€ 1, (20)
(w1w2)¢ = w1 - w29, (21)
(wauws)¢ = (wzvws) e, (22)

where wy,ws € L(A,T), u = v is any relation from R, and ws, wy € A* are any
words such that wauwy € L(A,T).

We prove the theorem by using Proposition 3.2.3: we prove that relations
(20), (21), (22) hold in T and that any other relation which holds in T is a
consequence of (20), (21), (22). We do this in three lemmas.

Lemma 7.2. If o = 8 is any of relations (20), (21), (22), then atp = By holds
mn S.

ProOOF. If we use definition (19) of a rewriting mapping and the fact that ¢ is
a homomorphism we obtain

bip =& = (&)Y,
((w1w2) @) = wiwy = (w19)Y - (W20)¢ = (w16 - w2d)Y,

(wauws) 9P = wauws = wsvws = ((Wsvws) @),

as required. W

Lemma 7.3. Ifa,8 € L(A,T) are any two words such that the relation o = f
holds in S, then the relation a¢ = B¢ is a consequence of (20), (21), (22).

PROOF. Since (A |fR) is a presentation for S, there exists a sequence

aE717727"'77kE/87

of words from AT such that v;;; can be obtained from +; by one application of
one relation from R, for all ¢ = 1,...,k — 1. Therefore, relations (22) contain all
the relations v;¢ = 416, ¢ = 1,...,k — 1, and we have the sequence

agb = 71¢’72¢7' . 7k¢ = ﬂ(ﬁ,

in which every term can be obtained from the previous one by one application of
one relation (22). m

Lemma 7.4. For any word w € B the relation

w = (wy)o
is a consequence of (20), (21), (22).
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Proor. fw= bilbz’2 e bik7 with bz'17- . -7bik € B, then

’de = £i1 éiz - &'k (23)

by (18). Note that &;,...,&;, € L(A,T), so that a multiple application of (21)
gives

(&1 & - - €Zk)¢ = (§i1 ¢)(§zz ¢) e (&k Qé) (24)
Finally, by (20), we have
£ad=bi, L =biy,..., 66 = by, (25)

and from (23), (24), (25) we obtain the desired result. ®

ProoF oF THEOREM 7.1. Relations (20), (21), (22) hold in T' by Lemma
7.2. Let o,8 € BT be any two words such that the relation @ = 3 holds in
T'. This means that ai) = ¢ holds in S, and, by Lemma 7.3, we deduce that
(ap)g = (B¢)¢ is a consequence of (20), (21), (22). Finally, by Lemma 7.4,
both a = (a1p)¢ and 8 = (8v¢)é are consequences of (20), (21), (22), so that we
conclude that o = 8 is a consequence of (20), (21), (22), as required. ®

Remark 7.5. Theorem 7.1 is a semigroup analogue of Theorem 2.6 in Magnus,
Karrass and Solitar (1966). Relations (20), (21), (22) correspond respectively
to relations (5), (7), (8) of that theorem. In the group case one more family
of relations was necessary: relations of the type ¢(w1) = ¢(w,), where w; and
wq are freely equal words representing the same element of the subgroup. For
semigroups such a family of relations contains only trivial relations because of
the nature of the free semigroup. ®

Remark 7.6. The main disadvantages of the presentation from Theorem 7.1
are that it is always infinite and that neither the rewriting mapping ¢ nor the
set L(A,T) have been defined constructively. However, Theorem 7.1 yields a
uniform method for finding presentations for subsemigroups in various special
cases. (Given a semigroup S defined by a presentation (A |9R) and a subsemigroup
T of S, this method consists of the following three steps:

¢ find a generating set X for 7', and introduce a new alphabet B in one-one
correspondence with X;

e find a (specific) rewriting mapping;

o find a set & C B* x Bt of relations which hold on T and imply all the
relations (20), (21), (22).

It is easy to prove that (B | &) is indeed a presentation for T by using Tietze
transformations. First, since (20), (21), (22) are defining relations for 7', they
imply relations & which hold in T, so that & can be added to the presentation
(20), (21), (22), and then relations (20), (21), (22) can be eliminated from the
presentation, as they are implied by & by assumption. W



Chapter 5

Reidemeister—Schreier type theorems
for ideals

In this chapter we give presentations for an ideal and a right ideal of a semigroup
defined by a presentation. The main feature of the obtained presentations is that
they are finite if the semigroup is finitely presented and the ideal in question
has finite index. This can be considered as an analogue of the Reidemeister—
Schreier theorem for groups which asserts that a subgroup of finite index in a
finitely presented group is finitely presented.

Of course, the obtained presentation for right ideals is also a presentation for
two-sided ideals. There are two main reasons for giving a separate presentation
for two-sided ideals. The first reason is that the presentation for two-sided ideals
is less complicated and in general contains many fewer relations, and therefore
is more hopeful for further applications. The second reason is that the proofs in
the two cases are rather different, but both share the common general approach
outlined at the end of of the previous chapter; we hope that by giving both
presentations we will illustrate this general approach more successfully.

The results of Sections 1 and 2 will appear in Campbell, Robertson, Ruskuc
and Thomas (1995b), while the results of Section 3 will appear in Campbell,
Robertson, Ruskuc and Thomas (1995d).

1. A generating set and a rewriting mapping for
subsemigroups

If I is a (left, right or two-sided) ideal of a semigroup S, the index of I in S is
defined to be the number of equivalence classes of the corresponding (left, right,
two-sided) Rees congruence 7;; see Section 1 of Appendix A. In effect, the index
of I'in Sis equal to |S—I|+1. If I is a two-sided ideal this is equal to the order
of the Rees quotient S/1.

This closely parallels the notion of the index of a subgroup in a group. Let G
be a group, and let H be a subgroup of G. The index of H in G is the number

82
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of (left or right) cosets of H in G, which is equal to the number of equivalence
classes of the (left or right) congruence associated with H. If H is a normal
subgroup of G, then the index of H in G is equal to the order of the factor group
G/H.

Therefore, the notion of the index of a substructure in a structure is closely
related to a (one-sided) congruence of the structure associated with the substruc-
ture, or, to put it differently, to an action of the structure associated with the
substructure. In the cases of subgroups of a group and ideals of a semigroup, the
associated actions exist because of the fact that the substructure is an equivalence
class of a one-sided congruence; for the connection between actions and one-sided
congruences see Appendix A.

In the case of subsemigroups of a semigroup, there is no such natural asso-
ciated congruence. A subsemigroup may even fail to be a congruence class of a
one-sided congruence; an example of this is when S is the free group on generators
A, and T is the subsemigroup of S generated by A. Therefore, there seems to be
no natural definition for the index of a subsemigroup in a semigroup. Neverthe-
less, just for the needs of this thesis, we define the indez of a subsemigroup T of
a semigroup S to be |S — T'| + 1—the definition first introduced by Jura (1978).
Except for the fact that this agrees with the earlier definition of index for ideals,
the main justification for this definition lies in Jura’s result that a subsemigroup
of finite index in a finitely generated semigroup is itself finitely generated; see
Jura (1978). This is very similar to Schreier’s result for groups: a subgroup of
finite index in a finitely generated group is itself finitely generated; see Magnus,
Karrass and Solitar (1966).

In this section we give an alternative proof of Jura’s result. This proof has two
main advantages over the original proof: our generating set is smaller (actually,
it is best possible in general), and its definition is explicit enough to enable us to
find a corresponding rewriting mapping, which we will then use in the following
two sections.

Let S be a semigroup generated by a set A, and let T be a subsemigroup of
S. A set of representatives of S — T is a set 0 of words from A* such that

(1) Q contains the empty word ¢;
(2) each non-empty word in § represents an element of S — T';

(3) each element of S — T is represented by one, and only one, word in 2.

The empty word ¢ is included in  for technical reasons; since we are dealing with
semigroups € does not represent an element of S. The representative function
w — W associates with every element w € S — T its representative w € §) (and,
formally, associates the empty word to the empty word). This definition has the
following immediate consequences which we will frequently use:

Lemma 1.1. The representative function has the following properties:
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(i) W= for each word w representing an element of S — T';
(ii) iof wi,ws € Q represent the same element of S then w; = wy;

(iii) w =W holds in S for any word w representing an element of S — T .

The notions of the set of representatives and representative function parallel
closely these notions in the group context. There is, however, a somewhat hidden
but important difference. If we are given a finitely presented group G and a
finite set of generators for a subgroup of finite index H, the Todd—Coxeter
enumeration procedure for groups (see Todd and Coxeter (1936) and Neubiiser
(1981)) becomes an algorithm for finding coset representatives for G modulo H.
At present no such algorithm is known for semigroups.

Open Problem 7. Find a procedure which will take as its input a finite semi-
group presentation (A | R) (defining a semigroup S) and a finite set of words
X C At and which would terminate if and only if the subsemigroup T of S
generated by X has finite index in S, and would return in this case a set of
representatives of 5 — T'.

However, when T is a two-sided ideal then the Todd—Coxeter enumeration
procedure for semigroups (see Chapter 14) can be used for finding representatives
of S—T. If S is defined by a finite presentation (A | R), and if T is given by a
finite set of words X = {&1,...,&} € At which generates T as an ideal, then
the presentation

<A|m7 61:=§k20>

defines the Rees quotient S/T. If T has finite index in S, then the above presenta-
tion defines a finite semigroup, so that the Todd—Coxeter enumeration procedure
would terminate after a finite number of steps, yielding a set of representatives
for § — T'. This can be generalised to right ideals; see Section 3 of Chapter 14.
Now we find a generating set for a subsemigroup in terms of a set of represen-
tatives. Let us recall that for a semigroup generated by A and a subset T of S,
L(A,T) denotes the set of all words from A* which represent elements from 7.

Theorem 1.2. Let S be a semigroup generated by a set A, and let T' be a sub-
semigroup of S. If Q) is a set of representatives of S — T then the set

X = {P1GP2 ‘ P1, P2 € Q7 a € Aa p1a, prape € L(A7T)}
generates T'.

PrOOF. We prove that each word w € L(A,T) is equal in S to a product of
elements from X. We do this by induction on the length of w. If |w| = 1 then
w = a € A and w represents an element of T so that w = eae € X. For
lw] > 1 let w = wiawy (wy,wy € A*, a € A), where w;a is the shortest initial
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segment of w which isin L(A,T). If wo & L(A,T) (in particular, if w, = €) then
w = WaWz € X. Otherwise w = (Wya)w; and the assertion follows by induction
because Wya € X and |we| < |w|. W

This theorem has a certain similarity to Schreier’s theorem in groups (see
Magnus, Karrass and Solitar (1966)); for example it gives a bound for the rank
(i.e. the minimal cardinality of a generating set) of a subsemigroup.

Corollary 1.3. Let S be any semigroup and let T be a subsemigroup of S. Then
rank(T) < (|S — T'| + 1)*rank(S).

In particular, if S is finitely generated and T has finite indez, then T is finitely
generated. W

The following example shows that the set X given in Theorem 1.2 is, in
general, the best possible generating set for a subsemigroup.

Example 1.4. Let S = A* be the free semigroup on an alphabet A, let k > 1,
and let
T ={we A" ||w] > k}.

T is obviously a subsemigroup of S. Since each element of S can be written in
a unique way as a product of elements of A, the set of representatives of S — T'
has to be

Q={we A" |w| <k}

The generating set X given in Theorem 1.2 is

X = {wiaw, | wy,ws € A, a € A, w1, |we] < k, |wia|, |lwiaw,| > k}
= {we At |k<|w| <2 —1}.

On the other hand, being a subsemigroup of a free semigroup, T' has a unique
minimal generating set

T-T? = {weA"||w| >k} —{we AT ||w| > 2k}
{we At |k < |w| <2k -1};
see Lothaire (1983). Hence, X is the unique minimal generating set of 7. ®
Our next task is to find a rewriting mapping associated with the generating
set given in Theorem 1.2. (For the definition of rewriting mapping see Section 6

of Chapter 6.) First we introduce a new alphabet

B={byao|p,0€Q, a€A, papac € L(AT)} (1)
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in one-one correspondence with X. The representation mapping is now the unique
homomorphism v : Bt — A% extending the mapping

d) : bp,a.,o = pao (p,O’ € Qv ac Aa pa, pac & L(AaT)) (2)

For a word w € L(A,T) let w'a (w' € A%, a € A) be the shortest initial segment
of win L(A,T), and let w” be the rest of w. Define

¢ : L(A,T) — BY

by
[ bgaw Hw ¢ L(AT)
W‘{ by (09) i w" € L(A,T). )

Lemma 1.5. ¢ is a rewriting mapping.

PROOF. We have to prove that

(we)ep =

holds in S for any w € L(A,T). We do this by induction on |w|. If |w| =1 then
w=ac€ A, and a € L(A,T). By (3) we have

WO = ad = be g,

so that
(W)Y = (beoe )V = cae = a = w.

Let |w| > 1, and, as before, let w = w'aw”, where w'a is the shortest initial

segment of w which belongs to L(A,T). If w” & L(A,T) then
(wo)p = b, ot = waw” = waw”
by Lemma 1.1(iii). If w” & L(A,T), then

(wé)d (w Lw'8))d  (by (3))

= (

= w, . Ez/) (w"@)ip (¢ is a homomorphism)
= wa- (W)Y (definition of 1))

= w'a - (w"@) (Lemma 1.1(iii))

= waw, (inductive hypothesis)

which completes the proof. m

In the following two sections we shall use the generating set X given in The-
orem 1.2 and the above rewriting mapping to find presentations for T', when T
is a two-sided or one-sided ideal. We finish this section by proving the following
technical lemma, which gives certain rules for applying ¢ in the case when T is a
right ideal.
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Lemma 1.6. Let T be a right ideal in S, with all the other notation from this
section. Each word B € L(A,T) can be written as

B = Par. .. Bre1ar-1BkarBrs, (4)

where k > 1, ﬂl,...,ﬂk+1 € A*, ayy ..., 0 € A, ﬂl,...,ﬂk_*_l gL(A,T), ,Bla]_,...,
Brar € L(A,T), and then

B = (Bra1)¢- ... (Br-1ak-1)¢ - (Brarfri1)d. (5)
If B € A" is such that B; = B! in S then
Bo = (Prar...Ba;. .. Br-105-18kakBr+1)P (6)

(Bra1)g- ...  (Biai)p- ... (Br-1ak-1)¢ - (BrarPrs1)9.

In particular,

B¢ (Bra1 ... Biai - . Br-1ar_1BrarBrs1)$ (1)

(Bra1)¢ - ...~ (B;a:)d - ... - (Be-104-1)9 - (Brarfrs1)d-

PrOOF. The decomposition (4) can be proved by an easy induction, where f;a,
should be chosen to be the shortest initial segment of /5 representing an element
of T. Equality (5) then follows directly from the definition (3) of ¢. To prove (6)
it is enough to note that no initial segment of 8 can represent an element of T’
since T' is a right ideal and 8! = §; does not represent an element of 7. Finally,
(7) follows from (6) by Lemma 1.1(iii). ™

2. Two sided ideals of finite index

In this section we find a presentation for a two-sided ideal I of a semigroup S
defined by a presentation (A | R). The presentation obtained is in terms of the
generating set obtained in the previous section. We use the general approach
for finding presentations for subsemigroups outlined in Section 7 of Chapter
6. This approach, as well as the final result (Corollary 1.3), is similar to the
Reidemeister—Schreier theorems for groups; see Magnus, Karrass and Solitar
(1976).

The Reidemeister—Schreier presentation for a subgroup H of a group G de-
pends crucially on a set of coset representatives of H and the action of G on this
set. If G is a finitely presented group, and if H is a subgroup of finite index
given by a finite generating set, then a set of coset representatives of H and the
action of G on this set can be constructed effectively by using the Todd—Coxeter
enumeration procedure for groups.

In what follows we have a similar setting: the set of representatives Q of S —1
plays the role of the set of coset representatives, and S acts on the set QU {0}
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(where 0 replaces all the elements of I simultaneously), due to the fact that I is an
ideal; see Appendix A for details. As we mentioned in Section 1, the semigroup
version of the Todd—Coxeter enumeration procedure can be used to find both €
and the action of S on U {0} if I has finite index in S.

On the other hand, the actual presentation that we obtain, as well as the
proofs of technical details are rather different from the group case. This is pri-
marily due to the difference in the nature of the corresponding actions: the action
of Sin QU {0} in general does not have any symmetry, and, in particular, is not
transitive.

We now state the main result of this section.

Theorem 2.1. Let S be the semigroup defined by a presentation (A|R), and let
I be a two sided ideal of S. IfQ is a set of representatives of S — I, and if B and
¢ are defined by (1) and (3) respectively, then I is defined by generators B and
relations

(w1w2)¢ = w1 - w29, (8)

where

w; € {Plalo2 Iphp? € Qa a € Aa p1a € L(Aa I)}7
wy € {pra1...pragpr+1 |1 S k<3, p; €Q, a; € A, pray:..prar € L(A, 1)},

and

(w3uws)¢ = (wsvws), (9)

where

(u=v) € R, ws €N, wguwy € L(A,I),
Wy € {p1a1 e PRAE PR l k= 0, 1,2, pi € Q, a; € A,
p1ai - .. prarprsr € L(A, )}

Remark 2.2. Note that, when [ is an ideal, the generating set X and the cor-
responding alphabet B can be written as

X ={pac|p,0 €Q, a€ A, pa € L(A, I},
B={byoo|p,oc€Q, a€ A, pa€ LA I},

since pa € L(A,I) implies pac € L(A,I). For the same reason we have w;, w, €
L(A,I) in the statement of Theorem 2.1. It is also important to note that for
k = 0, the word wy takes all the values in ). &

If all the sets A, R and Q are finite, then so are the sets of all relations (8)
and (9). Therefore we have
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Corollary 2.3 (Reidemeister—Schreier Theorem for ideals) If S is a fi-
nitely presented semigroup, and if I is a two-sided ideal of finite index in S, then
I is finitely presented. M

We prove the theorem along the lines set out at the end of Section 7 of
Chapter 6. Actually, we have already gone a certain way in doing this: in Section
1 we have found a generating set for I and an associated rewriting mapping.
Therefore, we are left with proving that all relations (8) and (9) hold in I, and
that they imply all the relations

(PGO’)¢ = bp,a,oa (10)
(wi1w2)¢ = w19 - w2, (11)
(wguw4)¢ = (wng4)¢, (12)

where p,c € Q,a € A, pa € L(A,I), wy,wy € L(A,I), w3, ws € A*, (u = v) € R,
wauwy € L(A,I). We do this in a series of lemmas. In all these lemmas we
assume the notation from Theorem 2.1 and Section 1.

The first of the above assertions is easy to prove.
Lemma 2.4. Relations (8) and (9) hold in I.

ProoF. In the proof of Theorem 6.7.1 we proved that relations (10), (11), (12)
hold in I. Relations (8) and (9) are special cases of relations (11) and (12)
respectively, and the lemma follows. B

It is also easy to show that relations (10) are all implied by (8) and (9);
actually, with our particular choice of ¢ relations (10) become trivial:

Lemma 2.5. b,,, = (pac)¢, for all p,o € Q, and all a € A such that pa €
L(AT).

PROOF. Since [ is an ideal, and since p & L(A,I), it follows that no initial
segment of p belongs to L(A,I). Therefore, pa is the shortest initial segment of
pac which belongs to L(A,I), and the lemma follows from the definition (3) of

6. m

Relations (11) are much harder to deduce, and we do this in several steps.

Lemma 2.6. Let o, 3,7,6 € AT and ay, a2 € A be such that o, 8,v,6 & L(A,I),
aay,vaq € L(A,I); then the relation

(aa1ﬂ7a25)¢ = (04(115)@5' (’7025)¢

is a consequence of (8) and (9).
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PROOF. Assume first that 8y ¢ L(A,I). Since a ¢ L(A,I), and since I is an
ideal, no initial segment of o belongs to L(A,I). Similarly, no initial segment
of either v or é§ belongs to L(A,I). On the other hand aa; € L(A,I) by a
condition of the lemma, and Bvya; € L(A,I) since ya; € L(A,I) and I is an
ideal. Therefore, the decomposition of aa;fBvya26 in accord with Lemma 1.6 (4)
is B1a}B2a50;, with /1 = a, @} = a4, B2 = B, @, = a3, f3 = 6. By Lemma 1.6
(6) and (7) we have o

(aayByaz6)¢ = (@ayf7a26)¢. (13)
Now note that @, 3,%,6 € Q by the definition of the representative function, so
that the relation

(@a17028)¢ = (@ B)¢ - (Ta28)¢ (14)
is one of relations (8). Again by Lemma 1.6 (7) we have
(@a18)¢ = (aa18)¢, (Ta28)¢ = (va26), (15)

and from (13), (14) and (15) we conclude that

(ayBva50)8 = (a1 8)é - (vaz6)¢

is a consequence of (8), (9) when 8y & L(A, ).

Let us now assume that v € L(A,I). Then v can be written as v = y1as72,
where By1 & L(A,I) and Bvya; € L(A,I). Obviously, v» € L(A,I) because
v & L(A,I) and I is an ideal. If 15026 ¢ L(A,I), then similarly as above we have

(aa18va26)¢ (aa1By1a572a26)¢

(@a1B7,057,a20)¢ _ (Lemma 1.6 (6), (7))
(@a18)¢ - (F1a37,a26)¢ (relation (8))
(2a18)¢ - (11a372a26)¢ (Lemma 1.6 (6), (7))

(2a18)¢ - (va26)¢-

Finally, if voa26 € L(A, I), then é can be written as § = 61a46,, where y2a26; &
L(A,I) and ypa261a4 € L(A,I). This time § & L(A, I) implies 6, ¢ L(A,I), and

we have

(T | A O

(00157025)¢ aal_ﬂ_7103’7202<21045_2)¢

alé71a3720251a45_2)¢ _ (Lemma 1.6)
a18)® - (7,a37,a261a462)¢ (relation (8))
aa18)¢ - (71a372a2610462)¢ (Lemma 1.6)

a18)¢ - (7426)4,

(10 [ 1

R

which completes the proof. B

Lemma 2.7. Let wy € L(A,I) be an arbitrary word, and let v,6 € AT and
az € A be such that v,6 € L(A,I) and va, € L(A,I). The relation

(w1vaz6)¢ = w1 - (va20)é
is a consequence of (8) and (9).
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PRrROOF. Let
w1 = fray - Brar B

be the decomposition of w; in accord with Lemma 1.6 (4). We prove the lemma
by induction on k, the case k¥ = 1 being Lemma 2.6. For k > 1 let us denote 5,
by wj and Bsa ... Bra}Br+1 by wy. Then w{ € L(A,I), and we have
(w1va26)¢ (wyarwyyazd)o
(wia1)é - (wiva0)¢ (Lemma 1.6)
(wia1)¢ - wi¢ - (yaz0)¢ (induction)
(wiawy)é - (ya26)¢ (Lemma 1.6)
w1+ (7028),

N1 i

as required. W

Lemma 2.8. For any two words wy,ws € L(A,I), the relation
(wiw2)¢ = w1 - wa

is a consequence of (8) and (9).

PRroOOF. Let

wy = Praz ... BrakBrir

be the decomposition of w, in accord with Lemma 1.6 (4). We prove the lemma
by induction on k, the case k = 1 being Lemma 2.7. For £ > 1 we have

w1101 ... Br—1ak-1 € L(A,I),

so that
(wywq)d

(w111 - - - Br—1ak-1)(BrarBk + 1))¢ (16)
(wibras ... Br-1ak-1)9 - (BrarBrs1)d

by Lemma 2.7. Now, by induction we have
(wipray ... Pr-1ax-1)¢ = w19 - (5101 oo Bro1ak-1)¢- (17)
Finally, from (16) and (17) we have

(wiws)¢ = wig-(Bra1-.. Pr-10k-1)¢ * (BrarBr+1)9
w1 (ﬂlal . e 5kak5k+1)¢
w1 - wed

by Lemma 1.6 (5). B

Now we embark on deducing relations (12), again in several steps.
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Lemma 2.9. Let o, € AY and (u = v) € R. Ifa € L(A,]) and auB €
L(A,I), then the relation
(auf)¢ = (avB)¢

is a consequence of (8) and (9).

ProoF. If au ¢ L(A,I) then no initial segment of au belongs to L(A,I) since
I is an ideal. In other words, if fya; ... BrarBr+1 is the decomposition of auf in
accord with Lemma 1.6 (4), then au is an initial segment of $;, and by Lemma

1.6 (6) we have
(auB)¢ = (avf)$.

Therefore we may assume that au € L(A,I).
If 8 € L(A,I), then we have

(auB)é = (au)d - B4, (18)
(avB)¢ = (av)¢ - B¢, (19)
by Lemma 2.8. Also, since a ¢ L(A,I), by Lemma 1.6 (6) we have
(aw)é = (@), (av) = (@0)s. (20)
The relation ‘
(@u)¢ = (av)é (21)

is one of the relations (9), for wy =@ € Q and w2 =€ € Q. From (18), (19), (20)
and (21) we obtain

(aup)s = (avpB)¢.

So we may assume that 5 & L(A,I).
Now let

- — ! ! !
QU = aY1017202 - . YeOkYE+1, QU = abraibaay ... 6a)6141,
where

a1, Y2, - - - 77k+17a617623 . '7514—1 ¢ L(A7 I)7
aY1a1,V2a2, - - -, ViGk, @61a], 620y, . .., 61a] € L(A,I).

We distinguish the following four cases.

Case 1. yg118 € L(A,I) and 61418 & L(A,I). Since 8 & L(A,I), we have

(aupB)¢ (ema1 ... Yk ve18)¢
2571%1 e kY41 8)¢  (Lemma 1.6 (6), (7))
aufB)d
(@vB)¢ (relation (9))

(6751(1’1 - 51&;61+13)¢
(abra) ...61a}61418)¢  (Lemma 1.6 (6), (7))
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Case 2. v € L(A,I) and 61118 € L(A,I). We can write 8 as § = B1afs,
where 741610 is the shortest initial segment of 45418 which is in L(A4,I). By
applying Lemma 1.6 and relation (9), similarly as in the previous case, we obtain

(CWBW = (au-ﬂ—la@)‘ﬁ = (Evﬁlaﬁz)¢ = (503)975 = (awf)¢.

Case 3. 418 & L(A,I) and 6,418 € L(A,I). This is dual to the previous case.

Case 4. ve18 € L(A,I) and 6418 € L(A,I). Let yxy151a and ;41 58;a’ be the
shortest initial segments of 4416 and 6,410, respectively, which are in L(A, I),
and let 8 = frafs = p1a'B5. If B = B1, then a = o’ and B2 = G, so that

(aup)¢ = (aubrafs)d = (Euﬁlaﬁz)qﬁ = (5”B1aﬁ2)¢ = (avB)o

by Lemma 1.6 and relation (9). If |5i| < |8i| then S can be written as § =
BrafB2a’ B3, and we have

(cuB)¢ = (quBrafaa’Bs)d = (@uf,aB,a'B8,)¢ = (@vB,aB,a'83)é = (avB)é.

The case when |81 > |B;] is dealt with analogously.
This completes the proof of the lemma. B

Lemma 2.10. For any two words ws,wy € A* and any (u = v) € R such that
wauwy € L(A,I) the relation (wsuws)¢ = (wsvws)d is a consequence of (8)

and (9).

PROOF. If ws & L(A,I) this is Lemma 2.9. Suppose that ws € L(A,I) and
write w3 = Q14 ... 0RAEQry1, Where aq, ..., a1 € L(A,I) and ajaq, ..., ara; €
L(A,I). If agpiu & L(A,I) then (wsuws)¢ = (wsvws)d by Lemma 1.6, while, if
appiu € L(A,I), we have

(wauwg)p = (1a1...cpapapr1uws) = (qa1)d- ... - (rar)d - (Qri1uwy)d
= (1a1)d- ... (crar)¢ - (Qrp1vwa)p = (wavws)d
by Lemma 2.9. B
We can now prove Theorem 2.1.

ProOOF OF THEOREM 2.1. By Theorem 1.2 the set
X ={pac|p,0 €Q, a€ A, pac L(4,I)}

generates I, and the mapping ¢, defined by (3), is a corresponding rewriting
mapping. Relations (8) and (9) hold in T by Lemma 2.4, and imply relations
(10), (11), (12) by Lemmas 2.5, 2.8 and 2.10. Therefore the theorem follows from
Theorem 6.7.1 and Remark 6.7.6. &
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As we have already mentioned, defining relations (8), (9) for an ideal are more
complicated than the Reidemeister—Schreier relations for a subgroup of a group.
In particular, they seem to be rather hard to use for any practical purposes. This
prompts us to pose two different types of open problems. First of all, it would
be interesting to see if there is a simpler presentation for ideals in general, or, if
not, to find simpler presentations in some special cases.

Open Problem 8. Find a presentation for an ideal I of a finitely presented
semigroup S, which would be finite whenever I has finite index in S, and which
is simpler than the presentation given in Theorem 7.2.1.

Open Problem 9. Find a finite presentation for an ideal I of finite index in a
finitely presented semigroup S if S/I is known to be of some special type. In
particular, find such presentation if S/ is

(i) a group with a zero adjoined,;
(ii) a completely simple semigroup with a zero adjoined;
(iii) a completely 0-simple semigroup;

(iv) an inverse semigroup.

It would also be useful to have computational methods for handling large
presentations. In computational group theory such methods are available in the
form of so called Tietze transformations programs; see Havas et al. (1984).

Open Problem 10. Develop a semigroup version of the Tietze transformation
program for simplifying presentations.

Apart from the number and nature of defining relations, there are other, more
striking, differences between ideals of finite index and subgroups. We finish this
section by pointing out some of them.

Example 2.11. The action of a group on the cosets of a subgroup can be con-
sidered as an automaton (see Sims (1994)), giving that the set of all words rep-
resenting elements of a subgroup of finite index is a regular language. (For the
definitions and basic results on finite state automata and regular languages see
Howie (1991).) Moreover, the converse also holds: if the set of all words repre-
senting elements of a subgroup is a regular language, then the subgroup has finite
index; see Sims(1994), Corollary 2.2. .

In one direction this also holds for ideals of semigroups. Let S be a semigroup
generated by a set A, let I be an ideal of S, and let ) be a set of representatives
of S—I. Consider the deterministic automaton M = (QU{0}, A,¢,¢,{0}), where

t:(QU{0})x A— QU{0}
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is the action of the generators A on Q U {0}. Then t can be extended naturally
to a mapping
t: (RU{0}) x AT — QU {0},

and it is obvious that t(e, ) = 0 if and only if & € L(A, I). The automaton M is
finite if and only if I has finite index in S, and, in this case, the language L(A, I)
is regular.

However, the converse does not hold. For instance, let F' = (a,b| ) be the
free semigroup on {a, b}, and let I be the ideal consisting of all words containing
both a and b. Obviously, the language L(A,I) (= I) is regular, but I does not
have finite index in S. W

Example 2.12. Given a subgroup H of a group G the left (right) congruence g
defined by

y ez 'y e H (zy™' € H)

is a unique left (right) congruence having H as an equivalence class. Therefore,
H is a subgroup of finite index in G if and only if H is an equivalence class of a
congruence of finite index.

For an ideal I of a semigroup S the Rees congruence n; does have I as an
equivalence class. However, in general, it is not a unique, but only the smallest,
congruence with this property. If we change our definition of finite index to mean
that I is an equivalence class of a congruence of finite index, then the analogue of
Corollary 2.3 fails to hold. To show this, consider the free semigroup F = (a,b| )
on two generators a, b and its three-element homomorphic image

S ={a,b|a* = a, b* = b, ab= ba),

and let ¢ : F' — S be the natural epimorphism. The congruence ker¢ has three
congruence classes:

Ky ={d"|i>1}, K, = {b'|i>1}, K3 = {w | w contains both a and b}.

K3 is an ideal of F, and it has ‘finite index’ (by our alternative definition).
However, K3 is not finitely generated, let alone finitely presented—elements ab’,
7 > 1 are all indecomposable. B

Example 2.13. Given a finitely generated group G and a number k£ > 1, there
are only finitely many subgroups of G with index at most k. If G is finitely pre-
sented, then each of these subgroups is also finitely presented by the Reidemeister—
Schreier Theorem.

The analogous results are true for ideals: if S is a finitely generated semigroup
and k > 1, then there are only finitely many ideals of S having index at most k
(see Jura (1978)); if S is finitely presented each of these ideals is finitely presented
by Corollary 2.3.
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For groups there even exists an algorithm (usually called the Low Indez Sub-
group Algorithm) which as its input takes a presentation for G and a number £,
and gives as its output a list of generating sets for all subgroups of G' of index
at most k; see Dietze and Schaps (1974). Rather surprisingly, an analogous al-
gorithm does not exists for ideals—its existence would imply a solution to the
finiteness problem; for details see Jura (1980). ®

3. Right ideals

In this section we generalise results of the previous section to right ideals. The
set of defining relations we obtain is both larger and more complicated than in
the case of two-sided ideals.

When the parallelism between groups and semigroups is concerned, it is the
right (and left) ideals that really correspond to subgroups, as both of them give
rise to one-sided congruences; properties of two sided ideals are closer to nor-
mal subgroups. However, all the comments about this parallelism made in the
previous section remain valid if the word ‘ideal’ is replaced by ‘one-sided ideal’.

In this section we work in the same setting as in the previous one. Hence, we
consider a semigroup S defined by a presentation (A | 2R), and we let R denote
a right ideal of S. A set of representatives of S — R will be denoted by Q. Thus
Q) has properties (1), (2), (3) from Section 1. However, here we need to assume
that © has an additional property:

(4) each non-empty word of € is a word of minimal length representing the
corresponding element of 5.

If, as usual, z — 7 denotes the representative function, then the above condition
means that
z] < |zl

for all z € A* — L(A, R). By Theorem 1.2 the set
X ={pac|p,0 €Q, a€ A, pa € L(A,R)}

generates R. (Here, as in the case of two-sided ideals, the condition pa € L(A,T)
automatically implies pac € L(A,I).) An abstract image of X is the alphabet

B = {bp,a,a | p,o €Q, a €A, pa € L(A7 R)}7

and associated representation and rewriting mappings are defined by (2) and (3)
in Section 1. We also define the following six sets of relations:

Ri = {(p1a1p2)9 - (p3azps)d = (pra1)d - (papsazps)d | a; € A, p; € Q,
p1ai, p2p3as, paas € L(A, R)};
Ro = {(pra1p2)d - (p3a204)¢ = (pra1Pzp382p2)¢ | ai € A, pi € Q,
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p1a1, p3az € L(A, R), papsazps € L(A, R)};
Rs = {(p1p2)d - (p3apsps)d = (mP2Psapaps)e | a € A, p; € Q,
p1p2; p3a € L(A, R), p2psaps & L(A, R)};
Re = {(p1p2)9 - (p3ps)® = (p1P2p3pa)d | pi €Q,
p1p2, p3ps € L(A, R), p2ps & L(A, R)};
Rs = {(p1p2apaps)d = (mP2apspa)¢ | a € A, pi € Q,
pip2a € L(A, R), praps ¢ L(A, R)};
Re = {(p1up2)¢ = (prvp2)o | (u=1) €R, p; € Q, prup2 € L(A4, R)}.

With this notation we have:

Theorem 3.1. If S is the semigroup defined by a presentation (A |R), and if R
is a right ideal of S, then R is defined by the presentation (B | R, ... ,Re).

Theorem 3.1 has an obvious left-right dual. Hence, if we note that when all
A, R and ) are finite then all Ry, ..., Re are finite as well, we have:

Corollary 3.2 (Reidemeister—Schreier Theorem for one-sided ideals)
A one-sided ideal of finite index in a finitely presented semigroup s itself finitely
presented. W

The relations Ry, ..., Re are very complicated. In the case when S is finitely
presented and R has finite index, we can find a larger but more natural set of
defining relations.

Corollary 3.3. Let S be a semigroup with finite presentation (A|R), let R be a
right ideal of finite index, let Q) be a set of representatives of S — R, and let ¢ be
the corresponding rewriting mapping. If

m = max{|pl, lul, o] | p € O, (u = v) € R}
then R is defined by the presentation

B = (B|(wiwz)p = w16 - w2, ;’w3¢ = w4

(w1, wq, w3, wy € L(A,T), |wiws|, |ws|, |wal <B5m+2, ws=wy in S))

PRrOOF. All the relations from the given presentation hold in R, since ¢ is a
rewriting mapping, and they include all the relations from the presentation given
in Theorem 3.1. &

We now embark on the proof of Theorem 3.1. Our general strategy is the
same as in the previous section: we want to apply Theorem 6.7.1.

Lemma 3.4. All the relations Ry, ..., Re hold in R.
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ProOOF. The lemma follows from the fact that ¢ is a rewriting mapping similarly
as in Lemma 2.4. For an example we prove that a general relation

(p1a1p2)9 - (p3a2p4)9 = (p101P2P3G2P1)P

from R, holds in R. This equivalent to proving that

((p1a1p2)¢ - (p302p4)8)tb = ((p101P2P302P4) )Y

holds in S. Since % is a homomorphism and ¢ is a rewriting mapping we have
((p1a1p2)é - (p3a2ps)@) = pra1p2p3azpa,
((p1a172P3G2P1) )% = p1a1P2P3az2Pa,

and the assertion follows from Lemma 1.1. &
Lemma 3.5. (b,,,%)¢ =bpao, for all p,o € Q, a € A such that pa € L(A,T).
PRrROOF. The proof is exactly the same as the proof of Lemma 2.5. ®

Lemma 3.6. The following relations are consequences of P:

(i) (wiwq)d = wiqb - we, for all wy,wy € L(A, R); ,
(ii) (aB1)6 = (aB)6, for all a,y € A", § € A*, afiy € L(A,R), & L(A, R).

PROOF. We proceed by simultaneous induction on (i) and (ii). First we prove

(a) (wiw2)¢ = w16 - w2 if |wiws| = n, assuming that (u1uz)¢ = us @ - ugd if
|uiuz| < n, and that (afBv)¢ = (afv)¢ if |afy| < n; ‘

and then we prove

(b) (afy)p = (aBy)¢ if |aBy| = n assuming that (wiuz)¢ = w1¢ - uz¢ if
|luguz| < n, and that (6¢0)é = (6(0)¢ if |6¢0| < n.

For n = 1 there is nothing to prove in (a), while in (b) we have a =y = ¢
(the empty word), and § € A, and the relation (af8v)¢ = (af7)¢ belongs to Rs.
Now we prove (a) for a general n. Let w; = aja1mas ... agaragsr and wy =

B1b1B2bs . .. BibiBiy1 as in Lemma 1.6 (4). If & > 1 then
(w1w2)¢

(c1a102az . . . QRAEQEL1W2) D

(1a1)¢ - (@2as ... aparars1wr)@ (by (3))
(a1a1)¢ - (azaq. .. araragsr )¢ - we¢  (induction)
(cnara2as . .. QrGEOYt1 )@ - W (by (3) )

w14 - w2 .

So we may assume that £k = 1, i.e. that w; = aja1ap.
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Suppose that a,w, € L(A, R), so that
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(w1w2)¢ = (@101)¢ - (2w2)¢
by the definition of ¢. If apB1b; ... H1b—1 € L(A, R), then

(w1ws)¢

(@101)¢ - (c2fiby - .. Biorbi_1 BibiBiy1) ¢
(@1a1)¢ - (2 frby ... Bi—1bic1)9 - (BibiBiy1)d (
(a1a10961by ... Bi_ibiz1) @ - (BibiBiy1)d (by
(a1a103)0 - (Biby ... Bicibici)@ - (BibiBisa) @ (mductlon)
(041(1102) (5161 ﬂl—1bl—1ﬂlbzﬁl+1)¢ (

induction)

(3))

induction)

On the other hand, if a2f1b; ... 0i—1bi-1 & L(A, R), then

(w1w2)¢

)¢ - (cBiby . .. Bio1bim1 BibiBiia) ¢

If [ = 1, we have finished; otherwise

(wwa)p = (anaraz)¢ - (Bibr ... Bic1bi-1)¢

(04101

(alal) (0123151 Bi_abi- 1ﬁlblﬂl+1)¢
(a1a1a251b1 Br-1bi- 1)‘15 (ﬁlblﬁlﬂ
(alalazﬂlbl Bioabi- 1) (ﬂlblﬁlﬂ
(Chala:zﬂlbl ﬁl—lbl 1) ( lblﬂl-l-l .

(induction)
(relations R;)
(Lemma 1.6 (7))
(induction)

)¢
)¢
)¢

(BibiBia) ¢

(01101042)¢ : (5151 .. ﬂl—1bl—1ﬁlblﬁl+1)¢ = w19 - we

by induction. So we may assume that ayw,; ¢ L(A, R), and hence that no initial

segment of arws is in L(A, R). Now

(wiw2)¢ = (ararafiby ... BibiBiy1)d = (uaronfiby ... BibifBis1)o,

and

(ala1az)¢ : (ﬂlbl - -5lblﬁl+1)¢

by Lemma 1.6 (7),

w1 - wad

~—

(@ra102B101)¢ - . .. - (Bi—1bi—1)

0101026151 -ﬁl—lbl—lﬁlblﬁl+1)¢

w1w2)

(
(011010125151 - /31—1 bl—lﬂlblﬂl+l)¢
(
(

This completes the proof of (a).

(araiaz)¢ - (EZHW el (—Bl——_lbl—l)¢ : (Eblﬁl—;)ﬁb

(Lemma 1.6 (5), (7))

(BB )¢

(relations R,)

alalagﬂlbl . ﬂl_1b1_1)¢ . (-ﬂ_lbl.ﬂ_lg)é (relations 9‘{2)

(relations R2)
(Lemma 1.6 (7))
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We now start on the proof of (b). First suppose that a € L(A, R), so that
a = a1a; ... 0kQkQk4q as in Lemma 1.6 (4). If a8y € L(A, R), then

(aBy)é = (ay . .. aparars187)¢ = (anas - . . ararar167)¢ = (afy)é
by Lemma 1.6 (6), and we are done. If axy187y € L(A, R), then

(aBr)é = (aaa1-..oxar) - (ar187)é = (er01 ... 0rak)$ - (ar17)¢
= (ay...opap0p1107)0 = (afy)é

by Lemma 1.6 and induction. Therefore we may suppose that o & L(A, R).
If af ¢ L(A, R), the result follows immediately from Lemma 1.6; so suppose
that af € L(A,R). If v € L(A, R) (in particular, v # €), then

(aBy)¢ = (aB)é - 16 = (af)¢ - 79 = (afr)¢
by induction; so we may assume that v & L(A, R). Since o € L(A, R), we may
write
af = afibifBb; . .. BrbiBiy1,
where a1, is the shortest prefix of f in L(A, R). If k > 1, then

(afy)¢ (af1b1Baby . .. BrbiBry1Y)d
(af1b1B2by ... Br-1bk-1)¢ - (BrbrBes17)d
(@B1by Baby . . . Pr—1br—1)0 - (@W@VM
(CB1b1Ba2ba - . . Pre1br—1)d - (BibiBria7)d
(
(

(Lemma 1.6)
(Lemma 1.6)
(induction)

(relations MR3)

I

Qf1b1B2bs . .. Bro1bi—1PkbifBri17)d
ap7)¢-

Since |8| < |8], a similar argument shows that (afy)¢ = (’&?7)& But = ? by
Lemma 1.1, and thus (af8v)¢ = (afv)é. Hence we may assume that £ = 1, so
that af = af1b16,. If B2y € L(A, R), then the definition of ¢ gives that

(aB7)$ = (aBib1fa)¢ = (afrb1)é - (B27)6 = (@B1b1)¢ - (B27) 9
Since p1b1,v € L(A, R), we may use induction and relations R4 to get
(aBy)¢ = (Hm)é ’ (/—3;7)¢ = (aﬂlblﬁ27)¢ = (537%5-

As above we obtain (af7)¢ = (afy)é. So we may assume that fy & L(A, R).
Given this, Lemma 1.6 gives that

(af7)¢ = (afrbif2v)d = (aB1b1827) ¢,

and relations $Rs then give that

(aBy)¢ = (@P16:527)¢ = (aB7) 9.

Again we have that
()6 = (@B7)6 = (@BT)$ = (b9,

and this concludes the proof. m
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Lemma 3.7. The relations

(wauws)¢ = (wsvws),

where (u=v) € R, ws, ws € A*, wauws € L(A, R), are consequences of P.
PRrOOF. If wsu & L(A, R), then wsv & L(A, R), and

(wauwy)d = (Watwy)$ = (Wavws)d = (w3vws)d

by Lemma 1.6; so we may assume that wsu € L(A, R).
If wy € L(A, R) (in particular, wy # €), then

(wguw4)d> = (w3u)¢ cwgQ = (w30)¢ “wep = (wng4)¢

by Proposition 3.6 (i) and induction, so we may assume that wy ¢ L(A, R).
Assume that ws € L(A, R); then ws = aja; ... ararary; as in Lemma 1.6. If
app1uws € L(A, R) then

(wauws)d = (@101 .. 0kaEOE1UWY) D = (107 . .. akar)d - (rr1uwy)d

= (oq01...05ak)¢ - (rr1vWs) @ = (Wavwy)e

by Lemma 1.6, Proposition 3.6 and induction, while if arijuws ¢ L(A, R) we
have

(wauws)¢ = (107 . .. 0RAEOE41UW,) D = (@107 - - . R AEQE+10We) D = (W3vWy)P

by Lemma 1.6.
Given that ws ¢ L(A, R) and that ws ¢ L(A, R), we have

(wauwy)d = (WauWye)¢ = (WavWa)P = (wzvwy)¢

by Proposition 3.6 (ii) and relations Rg as required. W

Proor OF THEOREM 3.1. The set X generates T by Theorem 1.2, and ¢ is a
corresponding rewriting mapping by Lemma 1.5. All the relations from 8 hold
in T by Lemma 3.4 and imply all relations (20), (21), (22) of Theorem 6.7.1 by
Lemmas 3.5, 3.6 and 3.7. Therefore, the theorem follows by Theorem 6.7.1 and
Remark 6.7.6. &

As we have seen, ideals of finite index in a finitely presented semigroup are al-
ways finitely presented. Despite numerous attempts the author has not succeeded
in proving the analogous result for semigroups, so that we have

Open Problem 11. Is a subsemigroup of finite index in a finitely presented
semigroup necessarily finitely presented?
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It is not even clear what should be conjectured for an answer to the above
question. On one hand, the definition of index of a subsemigroup is very artifi-
cial, in the sense that it does not correspond to any one-sided congruence (see
Section 1), and this might be a reason for a negative answer. On the other hand,
all the attempts to generalise the results for ideals to subsemigroups have broken
down on technical details, giving no clear indication for construction of a pos-
sible counterexample. Also, in the following chapter we give a piece of positive
evidence for the above problem in the case of subsemigroups of free semigroups.



Chapter 6

Subsemigroups of free semigroups

One of the best known applications of the Reidemeister—Schreier theorem for
groups is a proof of the fact that a subgroup of a free group is itself free—the
result known as the Nielsen—Schreier theorem; see Magnus, Karrass and Solitar
(1966). Of course, there is no hope for such a nice result for free semigroups,
since it is well known that a subsemigroup of a free semigroup need not be free.
Nevertheless, one might expect that the Reidemeister—Schreier type results of
the previous chapter can be used to prove some other, weaker, properties of
subsemigroups of free semigroups, and this is the theme of this chapter. More
specifically we will consider the following

Main Problem. Let F be a (finitely generated) free semigroup.

(1) Is every subsemigroup (ideal, one-sided ideal) of F' free?
(ii) Is every subsemigroup (ideal, one-sided ideal) of F finitely generated?
(iii) Is every subsemigroup (ideal, one-sided ideal) of F' which is finitely gener-
ated finitely presented?
(iv) Is every subsemigroup (ideal, one-sided ideal) of finite index in F finitely
presented?

The answers that we obtain can be summarised as in the following table

L H subsemigroups I ideals I one-sided ideals ]
(1)  free - - —
(i) fg. — — —
(i) f.g. = fp — + +
(iv) fi. = fp. + + +

The results of this chapter will appear in Campbell, Robertson, Ruskuc and
Thomas (1995d).
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1. Subsemigroups

It is well known that a subsemigroup of a free semigroup is not necessarily free;
see, for example, Lothaire (1983). It can also fail to be finitely generated, as the
following example shows.

Example 1.1. Let F = {a,b}T be the free semigroup on two generators, and
consider the subsemigroup S of F' generated by the set

X ={ab'|i>1}).

Obviously, no element of X is a product of other elements of X, and therefore all
the elements of X are indecomposable in S, so that S is not finitely generated.
Actually, it is easy to show that S is a free semigroup on generators X. Since
a free semigroup on more that two generators contains F' as a subsemigroup, it
also contains a non-finitely generated subsemigroup.

However, any subsemigroup S of the free monogenic semigroup N is finitely
generated. To see this, first note that S is isomorphic to the semigroup

{s/d]s € S},

where d is the greatest common divisor of all elements of S, and hence we may
assume that d = 1. This means that there are numbers s;,...,s; € S such that
g.c.d.(sy,...,8;) = 1. It is well known that if a,b € N are coprime then every big
enough positive integer can be written as a positive linear combination aa + b,
a > 0,8 >0,of a and b; see Rose (1988). A straightforward generalisation
of this gives that every big enough positive integer can be written as a positive
linear combination of s1,...,sx. In other words, all but finitely many elements
of S belong to the subsemigroup of S generated by {s1,...,sr}, and hence S is
finitely generated. m

Also, a finitely generated subsemigroup of a free semigroup may be not finitely
presented.

Example 1.2. Let F' be the free semigroup on three generators a, b and ¢, and
let S be the subsemigroup generated by v = ba, w = ba?, z = a®, y = ac and
z = a%c. Clearly, S is finitely generated, and we claim that it is not finitely
presented.

First recall that, if a semigroup is finitely presented with respect to one gen-
erating set, then it is finitely presented with respect to any finite generating set;
see Proposition 3.3.1. So it is sufficient to show that S is not finitely presented
with respect to the particular generating set {v,w,z,y, z}.

Decomposing the word o = ba®>"+Yc¢ in two different ways, we see that the
relations vz"z = wz™y (n > 0) hold in S, and so any set of defining relations



Subsemigroups of free semigroups 105

must imply these. Since any proper subword of o representing an element of S
can be expressed as an element of {v,w,z,y,z}" in only one way, there is no
non-trivial relation holding in S which we can apply to a proper subword of vz"z
or wz™y. So any set of defining relations for S must include all the relations
vr"z = wz™y, and so S is not finitely presented.

Since a free group on two generators contains a free subsemigroup on count-
ably many generators (Example 1.1), it contains a free subsemigroup on three
generators, and hence it contains a finitely generated subsemigroup which is not
finitely presented.

On the other hand, all subsemigroups of the free monogenic semigroup N
are finitely presented. This follows from the fact that every finitely generated
commutative semigroup is finitely presented (see Rédei (1965)), and the fact that
each subsemigroup of N is finitely generated (Example 1.1). ®

Remark 1.3. If, instead of ordinary semigroup presentations, we consider so
called Malcev presentations (i.e. presentations of semigroups embeddable into
groups), then we have a completely different situation—every finitely generated
subsemigroup of a free semigroup can be defined by a finite Malcev presentation;
see Spehner (1989).

The main result of this section gives an affirmative answer to part (iv) of Main
Problem in the case of subsemigroups. It also gives some positive evidence for
Open Problem 29 from Chapter 7.

Theorem 1.4. If F = A% is a finitely generated free semigroup and S is a
subsemigroup of F' of finite indez, then S is finitely presented.

Let us recall that the index of S in F' is defined to be |F'— S|+ 1. The crucial
fact for the proof of this theorem is the following

Lemma 1.5. If F = A% is a finitely generated free semigroup and S is a sub-
semigroup of F' of finite index, then there ts an ideal I of finite index in F' with
ICS.

PROOF. Let F — S ={ay,...,ax}, and let
p = max{|e;| |1 <7 < k}.

Let I be the set of all words from F of length at least p+1; then certainly I C S.
Also, it is easy to see that I is an ideal in F', and since

F—I={weF]||w <p},
I has finite index in F. &

PROOF OF THEOREM 1.4. Let I be an ideal of F of finite index, such that § C I
(Lemma 1.5). By Corollary 7.2.3 I is finitely presented. On the other hand, /
has finite index in S as well; in other words, S is an ideal extension of I by a
finite semigroup; see Section 6 of Chapter 6. Therefore, S is finitely presented by
Theorem 6.6.1. &



106 Semigroup presentations

2. Ideals

In this section we consider the Main Problem for two-sided ideals of free semi-
groups. We show that the first two questions have negative answers, and that the
third question has a positive answer. The fourth question has a positive answer
by Corollary 7.2.3.

In what follows there is a possibility of confusion over the use of the word
‘generate’: an ideal can be generated by a set as a semigroup or as an ideal.
We introduce the convention that ‘generate’ will always mean ‘generate as a
semigroup’ unless stated otherwise.

Theorem 2.1. Let F = A* be a free semigroup and let I # F be a proper
two-sided ideal of . Then I ts not free.

PROOF. Let a € A — I, and let w be an element of I of minimal length. Both
words aw and wa belong to I since [ is a two-sided ideal, and neither of them
is a product of two elements of I; hence each generating set for I contains both
these words. But then w(aw) = (wa)w is a non-trivial relation holding in I, and
I is not free. W

Example 2.2. Let F = {a,b}" be the free semigroup on two generators, and let
I be the ideal generated (as an ideal) by q, i.e.

I = {wyaw; | wy,w, € {a,b}"}.

Each word ab’, i > 1, belongs to I, and is indecomposable in I. Therefore, I is
not finitely generated. W

Now we show that finitely generated ideals of a free semigroup are finitely
presented. Actually, we can prove a more general statement:

Theorem 2.3. If I is a finitely generated ideal in a free semigroup F, then I
has finite indezx in F'.

PrROOF. We show that if I has infinite index in F', then [ is not finitely generated.

Suppose that I has infinite index in F', and let wy, ws, ... be distinct elements
of F — 1. Let z be an element of I of minimal length, so that zw;,zw,,...
are elements of 1. If zw; = uv with u,v € I, then z is a prefix of u (by the
minimality of |z|), so that v is a suffix of w;; since v € I, we have that w; € I,
a contradiction. So zw; cannot be expressed as a non-trivial product of elements
of I, and hence any generating set for I must contain all zw;, zw,,.... So I is
not finitely generated. m

Corollary 2.4. If I is a finitely generated ideal in a finitely generated free semi-
group F, then I is finitely presented.

PROOF. I has finite index in F' by Theorem 2.3, and is therefore finitely pre-
sented by Corollary 7.2.3. ®
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3. Omne-sided ideals

In this section we consider the Main Problem for one-sided ideals of free semi-
groups. We give negative answers to questions (i) and (ii), and a positive answer
to question (iii). However, the proof of this last fact is completely different from
the proof of the corresponding result for two-sided ideals, since a finitely gener-
ated one-sided ideal of a free semigroup does not necessarily have finite index.
Question (iv) has a positive answer as a direct consequence of Corollary 7.3.2.

Theorem 3.1. Let F = A™ be a free semigroup and let R # F be a proper right
ideal. If R ts finitely generated as a semigroup then it is not free.

PROOF. Since F # R there exists a € A such that a ¢ R. Suppose that a' ¢ R
for all 7 > 1. Let w be an element of R of minimal length. Then wa' € R,
i > 1, since R is a right ideal, but wa' is not a product of two elements of R.
Therefore, each generating set of R contains all the words wa®, ¢ > 1, and R is
not finitely generated, a contradiction. Thus R contains some power of a. Let a*
be the minimal such power; obviously ¢ > 1. The word a*** belongs to R since R
is a right ideal, but a**? is not a product of two elements of R since ¢ > 1; hence
each generating set for R contains both a' and a**'. Since a' and a't! satisfy the
non-trivial relation a‘a**! = a**1¢’, R cannot be free. ®

Example 3.2. Let F be the free semigroup on two generators {a,b}, and let
R = aF? be the principal right ideal generated (as a right ideal) by a. The set
{ab* |7 > 0} is a unique minimal generating set for R, and it is easy to see that
R is free on this generating set.

The previous example also shows that a right ideal of a finitely generated free
semigroup is not necessarily finitely generated.

We devote the rest of this section to proving that a finitely generated right
ideal of a free semigroup is always finitely presented. We prove this directly,
by finding an explicit presentation, but first we prove a necessary and sufficient
condition for an ideal of a free semigroup to be finitely generated.

Theorem 3.3. Let F = A™ be a free semigroup, let ay,...,a, € F, and let
R=oF'U...Ua,F! (1)

be the right ideal generated (as a right ideal) by {a1,...,am}. Then R is finitely
generated (as a semigroup) if and only if there exists a constant N such that each
word of F of length at least N + 1 contains some a; as a subword.

PROOF. (=) Assume that R is finitely generated. Without loss of generality we
may assume that no a; is a prefix of an «; for 7 # j; for, otherwise, o; F* C o, F',
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and we could omit o; F"! from (1). For any word n € F, the word o;n, 1 < ¢ < m,
belongs to R; conversely, every word from R has the form «;n for some 7 and
some 7. Since R is finitely generated, there is an upper bound on the length of
generators in a finite generating set for R. In particular, for some constant N, R
is generated by the set

L={an|1<i<m,neF |n| <N} (2)

Let ( be any element of F', and consider the element a;( of R. Since ¥ is a
generating set for i, we may write

011C = QMG ne ... Q) Nk

for some i1, ...,% and some 71,...,nx with n; < N, j =1,..., k. (Note that, in
a free semigroup both symbols = and = have the same meaning, and we prefer
using the former.) Since oy is not a proper prefix of a;, and vice versa, we have
oy = oy, so that

(=mapns... Q4 -
If |¢] > N, then, since |n;| < N, we have k > 2, and hence «;, is a subword of (,
thus proving this half of the theorem.

(<) Suppose that R = ey F* U ... U e, F', and that there exists a constant N
such that every word of F' of length at least N +1 contains some ¢; as a subword.
We show that %, as defined by (2), is a (finite) generating set for R.

Let 8 be an arbitrary element of R, say f = a;,71, with 1 <4; <m, vy, € FL.
If |y1] < N then 8 € ¥ and we have finished. Otherwise, let §; be the prefix of
~; consisting of the first NV + 1 letters of ;. By the hypothesis, §; contains some
a;, as a substring, and so we have 8 = a;;m ,7, for some 7; and v, in F?! with
Im| < N. Continuing in this way yields

B = iy me,ne ... 04 Nk,

expressing J as a product of elements of ¥, as required. W

Remark 3.4. Since every right ideal which is finitely generated as a semigroup is
also finitely generated as a right ideal (with the same generating set), Theorem 3.3
in effect gives a necessary and sufficient condition for a right ideal of a free
semigroup to be finitely generated as a semigroup.

Of course, Theorem 3.3 has a dual for left ideals. The two put together give
the following, rather surprising, connection between finitely generated left and
right ideals of a free semigroup.

Corollary 3.5. If F' is a free semigroup and oy, gz, ..., ay € F, then the right
ideal a1 F* U o F1 U ... U a,, F! is finitely generated as a semigroup if and only
if the left ideal Flay U Flay U. ..U Fla, is finitely generated as a semigroup. W
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Also as a consequence of Theorem 3.3, we can see that finitely generated

right ideals of a free semigroup do not necessarily have finite index (compare
with Theorem 2.3).

Example 3.6. Let F = {a,b}* be the free semigroup on a and b, and let
R=a*F'UabF' U F.

Since any word of length at least 3 must contain a?, ab or % as a subword,
R is a finitely generated right ideal of F' by Theorem 3.3. However, the set
F — R = {a,b} U baF" is not finite; in other words R does not have finite index
in F.m

Finally, we prove the main result of this section.

Theorem 3.7. If R is a right ideal of a free semigroup F, and if R is finitely
generated as a semigroup, then R is finitely presented.

PROOF. Let F = A™ be the free semigroup on A. Since R is finitely generated
and each generator of R involves only finitely many elements from A, and since
Ra C R for each a € A, we see that A is finite. Let A = {a1,az,...,an}.

Let R be generated by {a1, s, ...,an}, where a; € A* for each 7, and let B
be the alphabet {b,bs,...,bn}, where b; represents the generator a; of R. Let
M = max{|a;| |1 <i < m}. We have a relation

7(617627' .- 7bm) = 6(blab23 <. 7bm)
in R if and only if
(a1, 0oy oy o) = 8(a1,02,. .., )

in A*. We define the weight of the relation (b1, bq,...,0,) = 6(b1,b2,...,bn)
to be the length of the word v(ay, a2,...,an) in AT. Let R denote the set of
all relations v(by, ba, ..., bm) = 6(by, o, ..., by) of weight at most 3M that hold
in R. We claim that (B |fR) is a presentation for :R (and the proof will then be
completed, since R is finite). '

We need to show that any relation (b1, b, ..., bn) = 6(b1,b2,...,by) which
holds in R is a consequence of R. So suppose we have a relation

b,'l bi2 bia cen bz'r = bj1 bjz bja R b]’s (3)

holding in R, so that

(7308 76 TN & 98 = Oy O Oy e aj,
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in A*. We argue by induction on the weight of relation (3), the case of weight 1
being a relation in R. If a;;, = «;j,, we have b;,b;, ...b;. = b;,bj,...b;,, and the
result follows by the inductive hypothesis. So suppose that |a;, | < |aj |, so that
a;, is a proper prefix of o, say oj, = a;, (. We now have

Oy Ay Ol o O, = ailg’ajzajs s T
so that
QO - QG = Cajzozja R T

If a;, is a prefix of  then ( € R, and so
C = Oy Oy - - - O, -

Both relations

bigbiy - bi, = buy . biby, .. b,

2
and
by, = biby, ... by,

are of lower weight than (3), and hence are consequences of R by the inductive
hypothesis. Now we have

Bibiy .. bi, = bi by - by - by, = by b L by,

which shows that (3) is a consequence of R as well. So let us assume now that ¢
is a proper prefix of a;,. Then we have

Q;, = Cahajs s O[J'q—1€
for some ¢ and &, where ¢ is a prefix of «;,. Since (aj,q;, ... j,_, € represents an
element of R and (aj,0;, ... ;€ is a prefix of (aj, 0y, ... a;, , we see, since R is

a right ideal, that (aj,0;j, ... a;, represents an element of R. So

Caj2aj3 - QG = Qpy Oy - - - Ok,

for some ay,, ag,, ..., a,. Now [y, ... a5, €] = |ap] < M, and so
@y 0 Qs - @ | = e (a0, -]
< el +[Cag, aiy - - - ajpa €] + ey,
< 3M.
Now

QG O, O s Q. O, = oy (ajzaja - QG O = Qg Ok Oy - - - O,
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and the corresponding relation b;,b;, ... b;,_ b;, = b, be, by, ... by, is a relation of
weight at most 3M, and so is in R by definition. So we may use this relation
from R to transform the relation

bi, biybiy .. bi, = by bibiy .. b,

to bi1 bi,‘, b,'3 cee bir = bi1 bk1 bk2 cee bkt bj

relation

b; . bj,. So we only need to deduce the

q+1 “Jg+2 * °

bibi, ... b; = by b, ... by b by,

which is of lower weight than our original relation, and the result follows by
induction. W

a+1 qu+2 .



Chapter 7

Semigroup and group presentations

For a little while we are going to depart from our theme of finding presentations
for subsemigroups of semigroups, in order to consider the following, seemingly
completely different, question: given a semigroup presentation g = (A |R) what
is the connection between the semigroup S(B) defined by P and the group G(P)
defined by P? In Section 1 we review the elementary facts related to the above
question, and we also mention the existing results about conditions for G() to
contain S(B) as a subsemigroup. In Section 2 we prove a necessary and sufficient
condition for the minimal two-sided ideal of S(*B3) to be a disjoint union of copies
of G(*P)—a phenomenon first suggested by studying the computer evidence. This
main result is comparatively easy to prove, but it has far reaching consequences.
First of all, it will prove very useful in studying the structure of semigroups
defined by presentations; first easy examples of this type of investigation are in
Section 3, but this theme will be developed fully in Chapters 11, 12 and 13. The
main result will also serve as a motivation for another Reidemeister—Schreier
type rewriting theorem, which we give in Chapter 10.

Section 1 has an introductory character. The results of Section 2, including
the main result (Theorem 2.1), will appear in Campbell, Robertson, Ruskuc and
Thomas (1995). The examples in Section 3 are special cases of examples given
in the same paper, but are explained here in more detail.

1. Some known connections

Let 8 = (A|R) be a semigroup presentation, and let S = S() be the semigroup
defined by B. Obviously, B can be considered as a group presentation as well,
and we denote by G = G(B) the group defined by .

At the first glance the question about connections between S() and G(B)
does not seem to be particularly promising; connections, if there are any at all,
seem to be very loose. First of all, different presentations defining the same group
can be defining different semigroups. For example, take

PBi=(a|a™ =d"), i > 1.

112
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Then G(%B;) is the trivial group for all 7, while S(%;) is the aperiodic monogenic
semigroup of order . Moreover, the presentation

(a,b|a® = a, b* = b),

which also defines the trivial group, defines an infinite semigroup in which all
the words (ab)*, ¢ = 1,2,..., are distinct. As noted in Campbell, Robertson and
Thomas (1993a), a ‘dual’ example does not exist:

Proposition 1.1. Let P be a semigroup presentation. If G(P) is infinite then
s0is S(B). =

The reason for this is that the natural homomorphism

¢:5(P) — G(P),

which extends the identity mappingid : A — A, and which exists by Proposition
3.2.1 and the definition of G(*B), is an epimorphism when S(P) is finite. It is
wrong, however, to assume that ¢ is always an epimorphism; the most that we
can say is that the image of ¢ is the subsemigroup of G(*) generated by A, and
this is not necessarily equal to G(). For example, take B to be (a |). Then
S(P) is the free monogenic group N, while G(B) is the free cyclic group Z, and it
is clear that ¢ is not an epimorphism. A more general example is provided by the
presentation (ai,...,an | ), which defines the free semigroup F, on n generators
and the free group F'G, on n generators respectively.

However, F,, and FG, are strongly related in a different way: F'G, contains
a subsemigroup isomorphic to F),, or, in other words, F,, can be embedded into
FG,. The problem of determining whether a given semigroup is embeddable into
a group is very old, and has received much attention over the years; see Adian
(1966), Kashintsev (1992) and Guba (1994). This problem is also strongly related
to our main question of this chapter, because of the following, easily proved result.

Proposition 1.2. Let P be a semigroup presentation. The semigroup S(P) is
embeddable into a group if and only if the natural homomorphism ¢ : S(P) —
G(*B) is an embedding. W

Probably the best known sufficient condition for this to happen is what is
usually called Adian’s embeddability theorem. For a given semigroup presenta-
tion (A | 2R), define the graph L(P) (usually called the left Adian’s graph of )
as follows. The set of vertices of L(‘B) is A. Two vertices ay,a; € A are adjacent
in L(%B) if and only if R contains a relation of the form a;u = ayv or a relation
of the form asu = ayv, where u,v € A*. The right Adian graph R(B) of P is
defined dually, by considering last letters of relations from R. Then we have
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Proposition 1.3. Let B be a semigroup presentation. If neither of the graphs
L(PB) nor R(P) contains a loop, then the natural homomorphism ¢ : S(P) —
G(B) is an embedding. B

This theorem was proved by Adian (1966). An immediate consequence of it
is that the semigroup S(*B) defined by the presentation

P = (A]aub= cvd),

where u,v € A*, a,b,¢c,d € A, a # ¢, b # d, has a soluble word problem, since
it can be embedded into the one-relator group G(B), and since every one-relator
group has a soluble word problem by the theorem of Magnus; see Magnus, Karrass
and Solitar (1966).

There are many generalisations of Proposition 1.3. One direction of gen-
eralisation is to presentations satisfying so called small overlap conditions; see
Higgins (1992). This theory has a certain similarity to small cancellation theory
for groups; see Lyndon and Schupp (1977). Another generalisation is to so called
relative presentations—a way of combining semigroup and group presentations;
see Pride (1995).

Of course, the theory of embeddable semigroups has certain limitations, since
embeddable semigroups are very special in the class of all semigroups. In par-
ticular, it does not say anything interesting for finite semigroups, since a finite
semigroup is embeddable into a group if and only if it is a group.

In a separate and much more recent development, a group of mathematicians
around E.F. Robertson used an implementation of the Todd—Coxeter enumera-
tion procedure for semigroups to investigate semigroups defined by various well
known group presentations. One of the most striking observations made during
the course of this research was that in many cases the semigroup in question
contained a number of copies of the corresponding group. A closer examina-
tion showed that these groups were the Schiitzenberger groups of the minimal
two-sided ideal. The following result by Robertson and Unld (1993) explains the
phenomenon in the case where there is only one copy of the group.

Proposition 1.4. Let P = (A | R) be a semigroup presentation. If S(P) has a
minimal ideal M which is a group then M is isomorphic to G(*B). m

The phenomenon was also explained in various particular cases in Campbell,
Robertson and Thomas (1993) and Walker (1992). In the following section we
give a general explanation, i.e. we give a necessary and sufficient condition for the
Schiitzenberger group of the minimal ideal of a semigroup defined by a presenta-
tion to be isomorphic to the group defined by the same presentation. In Section
3, as well as in Chapters 11, 12, 13 we have examples showing how this result
can be used in describing the structure of semigroups defined by presentations,
and in solving the word and finiteness problems.
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2. An isomorphism theorem

In this section we are going to consider the semigroup S(*B) defined by a pre-
sentation P = (A |R), and, in addition, we are going to assume that S() has
both minimal left ideals and minimal right ideals. Some basic facts about such
semigroups can be found in Section 3 of Appendix A. In particular, S(*B) has a
(unique) minimal two-sided ideal M, which is the disjoint union of all minimal left
ideals, as well as the disjoint union of all minimal right ideals, and is a completely
simple semigroup. For basic facts about completely simple semigroups the reader
is referred to Section 2 of Appendix A. In particular, the intersection of any min-
imal left ideal and any minimal right ideal is a group (called the Schiitzenberger
group of M), and all these groups are isomorphic. Here we investigate when the
Schiitzenberger group of M is isomorphic to the group G(3) defined by .

Theorem 2.1. Let B = (A | R) be a semigroup presentation, and assume that
the semigroup S(B) defined by B has both minimal left ideals and minimal right
ideals. Let L be an arbitrary minimal left ideal, and let R be an arbitrary minimal
right ideal of S(°B), so that H = RN L is the Schitzenberger group of the minimal
two sided ideal M of S(B). Finally, let G(BP) be the group defined by P, and let
é: S(P) — G(P) be the natural homomorphism. Then:

(i) ¢ is an epimorphism. ,

(it) ¢1g: H — G(B) is an epimorphism. In other words, the group defined by
B is a homomorphic image of the Schitzenberger group of M.

(113) ¢1g is an isomorphism if and only if the idempotents of M are closed under
multiplication. In this case, M is the disjoint union of |I||A| copies of the
group G(B), where |I| is the number of minimal right ideals of S(°B), and
|A| is the number of minimal left ideals of S(B).

ProoF. To simplify notation we will write S for S(B) and G for G(*B). Also,
to avoid confusion, we assume that A = {a;|j € J}, and then denote generators

of Gby B ={b;|j € J}. After this the definition of ¢ becomes
a;j¢ =b; (5 € J). 1)

Also, since M is a completely simple semigroup (Proposition A.3.3) we adopt the
notation for these semigroups introduced in Section 2 of Appendix A. Thus, Ly, -
X € A, is the family of all minimal left ideals of S (and hence of M as well; see
Proposition A.3.3), and R; is the family of all minimal right ideals of S. Forz € T
and A € A the group R; N L, is denoted by H;y, its identity is denoted by e;»,
and we have

H; = einSein. (2)

Finally, without loss of generality we may assume

R:R]_, L=L1, H:H11, € = €11-
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(1) As we noted before, ¢ is well defined by (1), and its image is the subsemigroup
of G generated by B. So, to prove the first part of the theorem, we have to show
that every element of G is represented by a word from B*. Obviously, it is enough
to show this for the inverse b;" of an arbitrary element b; of B. Consider the
element eaje of S; by (2) it belongs to the group H, and hence has an inverse
w; € H:

eajew; = wjeaje = e.

Since e is an idempotent of S we have e = 1g, so that

lg = (eajew)¢ = (e¢)(a;9)(ed)(we) = bj(we),

and the inverse of b; in G is represented by the positive word wé € BT, as
required.

(ii) For any g € G there exists s € S such that s¢ = g by (i). The element ese
belongs to H by (2), and we have

(ese)¢ = (e9)(s¢)(eg) = s¢ =g,

showing that ¢ [g is onto.

In order to prove the third (and most important) part of the theorem, we
need the following technical lemma:

Lemma 2.2. If the idempotents of M are closed under multiplication then:

(1) €i15,€ixns€ishs = €i1h;Eisrs, JOr all 11,102,753 € I and all Ay, Xg, X3 € A.

(it) For anyi € I, A € A, the mapping n : T — e;xe;y is an epimorphism from
S onto Hi,\.

ProOOF. (i) By Proposition A.2.2 (iv) we have €; ), ¢€:,0, € Hi,»,, and, since
idempotents are closed, it must be the identity e;,, of H;,»,. Similarly,

€i10, Cisda = €ighs AN €50 €i0, = €i1)s,

and the result follows.

(ii) Let z,y € S be arbitrary. Since e;y € M, and M is an ideal, we have
enx € M, so that
et € Hix, = ein Sein,

for some 7; € I and some A\; € A. Hence
€T = €{;); 5164 ),
for some s; € S, and, similarly,

Y€ = €4,3,52€i5),



Semigroup and group presentations 117

for some 23 € I, \; € A and some s; € S. Now, if we use (i), we have

(3777)(3/77) = EDTENCNYEIN = ETENYEIN = €431, 5164301 €i0Cix 0, 52€1,),
= €A1 51612 €ip2y S28i), = ENTYEN = (TY)7,
and hence 7 is a homomorphism. That 7 is onto follows directly from (2). ®
Now we can prove the last part of Theorem 2.1.

(ii1) (<) If the set of idempotents of M is closed under multiplication, then, by
Lemma 2.2 (ii), the set {eaje |j € J} generates the group H = eSe, and these
generators satisfy all the relations from fR. Since G is the group defined by B,
there exists an epimorphism ¢ : G — H such that

bj) = eaje, 7 € J.

Now we have

(bj1h)¢ = (eaje)d = (ed)(a;¢)(ed) = labjle = bj,

((eaje)d)y = bjb = eaje,
so that ¢ [g oy and ¢ o ¢ |y are identity mappings, and hence ¢ [y is an
isomorphism. ‘
(=) Let us suppose that ¢ [z is an isomorphism, but that e;  e;,», is not an
idempotent for some ¢1,2, € I and some A1, A2 € A. Certainly,

€i10 €inxy € Hipn,
by Proposition A.2.2 (iv). By Proposition A.2.2 (vii) there exist
s € H; 1, s' € Hyy,,
such that
s's=ce,

and the mapping
¢: H; ), — Hy, z( = s'zs,

is an isomorphism; see Figure 5.
In particular, we have
!
S €101 €i3 08 75 €.

On the other hand

(s'eiri€in0n8)8 = (5'0)(ein, 8)(€inn, @)(5¢) = (5')(s9)
= (ss)¢ =egp=1g,

which contradicts the assumption that ¢[x is an isomorphism. M
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L Ly, L,
1/-e11 o
¢ 7 SGi MR S
1
G / . . .
1 s’ ellxl eilxelz;\a
R.
2 €y

Figure 5.

Remark 2.3. If the set of idempotents F of a completely simple semigroup T'
is closed, then, by Proposition A.2.4 (ii), T is isomorphic to the Rees matrix
semigroup M[H; 1, A; P], where H is the Schiitzenberger group of T, and all
entries of P are equal to 1y. This Rees matrix semigroup is, in turn, easily
seen to be isomorphic to the direct product RZ; x H x LZ,, where RZ; is the
semigroup of right zeros (i.e. a semigroup satisfying zy = z for all z and all y) of
order |I|, and LZ, is the semigroup of left zeros of order |A|. Therefore, in the

notation of Theorem 2.1, if the idempotents of M are closed under multiplication,
then M = RZ; x G(‘B) X LZy.

In order to use Theorem 2.1 for investigating the structure of the minimal ideal
M of a semigroup S defined by a presentation 3, first we have to find all the
minimal left and right ideals of S, then to find |I||A| idempotents of M, and then
to check that these idempotents are closed under multiplication; in the following
section we shall illustrate all three stages on concrete examples. However, the
third stage tends to be rather tedious, since there are roughly (|I||A])? products
to be examined. Fortunately, there is a special case, which we will encounter
frequently, in which this step can be omitted:
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Corollary 2.4. Let B be a semigroup presentation, and assume that the semi-
group S(B) defined by P has minimal left ideals and a unique minimal right ideal
(or, dually, minimal right ideals and a unique minimal left ideal). Then every
minimal left ideal (every minimal right ideal) is a group isomorphic to the group

G(B) defined by L.

PRrOOF. Let R (= R;) be the unique minimal right ideal of S(*B). Then R is the
minimal two-sided ideal as well, since the minimal two sided ideal is the union of
all minimal right ideals; see Propositions A.3.3 and A.2.2 (ii). If Ly, A € A, are
the minimal left ideals of S(*B), then, by the same theorems, R = Ry = Ujea Lo,
so that Hyy = Ry N Ly = L,. Finally, the idempotents of a single minimal
right ideal form a semigroup of right zeros by Proposition A.2.2 (viii), and, in
particular, are closed under multiplication. Hence, each Hy) = L) is isomorphic

to G(B) by Theorem 2.1 (iii). m

Remark 2.5. It is easy to see that the minimal ideal M of a semigroup S is a
group if and only if S has a unique minimal left ideal and a unique minimal right
ideal. Therefore, Proposition 1.4 is a special case of Corollary 2.4.

3. Examples: presentations deﬁning_ As

In this section we illustrate how the results of the previous section can be used
to investigate the structure of semigroups defined by presentations. We shall
consider several presentations which, when considered as group presentations, all
define the alternating group As of degree 5, and we shall describe the semigroups
defined by these presentations. In Chapters 11, 12 and 13 we will have further
examples of using Theorem 2.1 in describing the structure of various semigroups.
The considerations there will be more complicated, but will proceed roughly along
the same lines as the considerations in this section.
It is well known that 45 is defined by the following (group) presentation:

By = P1(2,3,5) = (a,b] a® = b° = (ab)® = 1).

Of course, B, is not a semigroup presentation. (It is, however, a monoid presen-
tation, but it is easy to see that the monoid defined by this presentation is again
As.) Let us consider the following semigroup modification of 93;:

By = P2(2,3,5) = (a,b|a® = a, b* = b, (ab)® = a?).

The first step towards applying Theorem 2.1 is to identify minimal left ideals
and minimal right ideals. This is a task that we shall be often faced with. In
the following proposition we give some useful criteria for the (one-sided) ideal
generated by an element to be minimal.
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Proposition 3.1. Let S be a semigroup, and let s € S.

(i) s generates a minimal left (right) ideal if and only if for each s; € S there
exists s; € S such that $2515 = s (5152 = ).

(i) s generates the unique minimal left (right) ideal if and only if for each
s1 € S there exists s, € S such that s3s1 = s (815, = 8).

PROOF. (i) The left ideal generated by s is S's; see Section 1 of Appendix A.
For an arbitrary s; € S consider the left ideal Ssys. Certainly, Ss;s C S's, and
S1s is a minimal ideal if and only if this inclusion is never proper, i.e. if and only
if for each s; € S there exists so € S such that sy815 = s.

(ii) (=) Assume that s generates a unique minimal left ideal L, and let s; € S
be arbitrary. By Proposition A.3.2 (i), L is the minimal two-sided ideal of S, so
that ss; € L, i.e. ss; = s{s for some s] € S'. By (i) there exists sj, € S such
that s,s)s = s, so that, for s, = s,s € S, we have

!
$281 = $5881] = $5818 = 3,

as required.

(<) Since for any s; € S there exists s, € S such that s5(s18) = s, s generates a
minimal left ideal L = S's by (i). Assume that S possesses another minimal left
ideal L; = S's;. Then L N L, = () by Proposition A.3.2 (i): On the other hand,
since there exists sy € S such that s,s1 = s, we see that s € L N Ly, which is a
contradiction. Therefore, L is a unique minimal left ideal of S.

Proofs for right ideals are dual. ®

Now we return to our presentation J3,.

Lemma 3.2. The element a generates the unique minimal left ideal L in the
semigroup S(Ba).

ProoFr. By Proposition 3.1 (ii) it is enough to prove that for each word w €
{a,b}" there exists a word w; € {a,b}* such that wyw = a holds in S(,). We
prove this by induction on the length of w. If |w| = 1 then either w = a, and we
have

or w = b, in which case

a(ab)la - w = a(abd)® = ad® = a.

For |w| > 2, we can write w = w'w"”, where |w’| = 2 and w” € {a,b}*. Note
that |aw”| < |w| and |bw”| < |w]|, so that by the inductive hypothesis there exist
wy,wp € {a,b} such that the relations

1 V4
wiaw = a, wbw’ = a
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hold in S(B;). There are four possibilities for w': w' = a?, W' = ab, w’ = ba and
w’ = b%. Now we have

I/ —
wa - a*w” = wadtw” = wiaw” = q,

wya(ab)? - abw” = wla(ab)sw” = wad*w” = wyaw” = q,

wy(ab)*a - baw"” = w;(ab)’aw” = wialaw” = wyaw” = a

wqb? - B’ = wybw” = wybw” = a,

3

which completes the inductive argument. B

Lemma 3.3. L is the unique minimal two sided ideal of S(P2). A word w rep-
resents an element of L if and only if w contains the letter a.

PRrROOF. The first assertion follows from the fact that the minimal two-sided
ideal is the union of all minimal left ideals and the fact that L is the unique
minimal left ideal. Since a € L, and since L is a two-sided ideal, it is clear that
every word which contains a represents an element of L. For the converse, note
that for any two words w; and w, which represent the same element of S(;),
wy contains a if and only if w;, contains a. On the other hand, if b° € L for some
¢ =1,2,3, then the minimality of L would imply the existence of a word w such
that wab® = b*, which is impossible. B

The fact that S(32) has a unique minimal left ideal does not automatically
allow us to apply the results from the previous section. We need to show that
S(*B2) has minimal right ideals as well.

Lemma 3.4. For each word w; € {a,b}" there exists a word w, € {a,b}t such
that the relation
awiwe = a

holds in S(*Bs).

PrOOF. We prove the lemma by induction on the length of wy. If |wy| =1 then
either w; = a, and we have

aa-a=a®=a,

or w; = b, in which case
ab - (ab)*a = (ab)’a = a’a = a.

If |w1] > 2 then w; can be written as w; = w;wg’, where wy € {a,b}* and
|w”| = 2. By the inductive hypothesis there exist w),w} € {a,b}" such that the
relations

awjawy = a, awlbw2 =aq (3)
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hold in S(B2). There are four possibilities for w: w} = a?, wf = b?, w} = ab
and w{ = ba. In the first three of them we have

12 1.3 —_—
aw,a aw2 = awqa w2 awlawz =a,

aw(b? - b*wl = awb*w, = awibw) = a,
aw)ab- (ab)law) = aw}(ab)’aw) = aw)d’aw) = awjaw) = a.
So there remains only the case w; = wjba to be considered. First note that
using
aba® = (ab)(ab)’ = (ab)®(ab) = a’ab = ab,
it is easy to prove . .
ab'a® = ab’ (4)
for any ¢ > 1. Now, if w} is a power of b, say w} = b, 1 < ¢ < 3, then by using
(4) we obtain

awyba - ab®> 7 (ab)'a = aba®b* 7 (ab)'a = ab*(ab)a

= ab(ab)*a = (ab)’a = d®a = a.

Otherwise w) can be written as w} = w}’ab’, where 0 < ¢ < 3, and, similarly as

above, we have

/ [
aw;ba - aw, =

" 3 3
aw'ab™ a*wy = awlab T w)

aw;bwy = a,
by using (3) and (4). ®

Lemma 3.5. Let R; be the right ideal of S(Ps) generated by b'a fori = 0,1,2,3.
These ideals are the only minimal right ideals of S(Po) and are all distinct.

Proor. Each R; is a minimal right ideal by Proposition 3.1 (i) and Lemma
3.4. Since each word containing b is equal to a word ending with b'a for some
i=0,1,2,3, we have L = Ry U R; U R, U R3 by Lemma 3.3, so that S(3;) has
no minimal right ideals other than R;, : = 0,1,2,3. Finally, note that S(*B;) has
the following property:

VYaw, = bfaw, => j=k=0o0r j,k>0and j =k (mod 3).
This implies that all R;, ¢ = 0,1,2,3, are distinct. B
If we combine Lemmas 3.2, 3.3, 3.4, 3.5 and Corollary 2.4 we obtain
Theorem 3.6. The semigroup S(P2) defined by the presentation
PBo = P2(2,3,5) = (a,b]| a® = a, b* = b, (ab)® = o?)

has a unique minimal left ideal L, which is a disjoint union of four minimal right
ideals, each of which is isomorphic to the alternating group As of degree 5. The
set S(P2)— L 1s a cyclic group of order 3. The semigroup S(P2) is finite of order
243 and is a union of groups. W
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The presentation JB2(2,3,5) is a special case of the following presentation
Bo(l,m,n) = {a,b] a"™ = a, 4™ = b, (ab)" = d').

The group defined by this presentation is usually denoted by (I, m,n); for details
on these groups see Coxeter and Moser (1980). Theorem 3.6 does not depend on
the particular choice of the parameters [ = 2, m = 3, n = 5. In other words we
have

Theorem 3.7. The semigroup S(PB2) defined by the presentation
B = %2(177’”’”) = (a,b | atl = a, Pt = b, (ab)n = al>’

where [,m,n > 1, has a unique minimal left ideal L which is a disjoint union of
m + 1 minimal right ideals, each of which is isomorphic to the group (I,m,n).
The set S(P2) — L is the cyclic group of order m. The semigroup S(P2) is a
union of groups and is finite if and only if the group (I,m,n) is finite. W

For a sketch of a proof of the above theorem the reader is referred to Campbell,
Robertson, Ruskuc and Thomas (1995). This theorem has an obvious left right
dual:

Theorem 3.8. The semigroup S(Ps) defined by the presentation
Ba = Pa(l,m,n) = (a,b] att = a, "t = b, (ab)™ = ™),

where [,m,n > 1, has a unique minimal right ideal R which is a disjoint union of
1+ 1 minimal right ideals each of which is tsomorphic to the group (I,m,n). The
set S(Pz) — L is the cyclic group of order . The semigroup S(PB) is a union of
groups and is finite if and only if the group (I,m,n) is finite. W

In particular, the presentation
PB3(2,3,5) = (a,b|a® = a, b* = b, (ab)® = b°)

defines a semigroup of order 182 consisting of three copies of A5 and one copy of
Ch.

We finish off this section by considering one more modification of the presen-
tation Pi:

PBy=(a,b]a®>=a, b*=b, ab’a= a?, ba®b = b, a(ab)’a = a?).

It is clear that the group G(*B4) defined by B4 is again isomorphic to the al-

ternating group As. We are going to determine the structure of the semigroup
S(PB4) defined by Pa. An easy inductive argument based on the relations

a-at=a, ¥ - 0> =b,
ba - ab = b*ba®b = b*b* = b,

a’b? - ba = aab®a = aad® = qa,
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proves that both a and b generate minimal left ideals in this semigroup; we denote
these ideals by L, and L respectively. Next we note that the last letter of a word
is an invariant of the presentation 4, so that L, # L;. Each word from {a,b}*
ends either with a or with b, so that S(B4) = L. U L. In particular, S(B4)
has no proper two-sided ideals by Proposition A.3.2, so that S(J34) is simple.
A dual argument shows that a and b generate minimal right ideals R, and R,
respectively, that R, # R, and that S(*By) = R, U Ry. Therefore, S(B,) is a
completely simple semigroup with two minimal left ideals and two minimal right
ideals.

Let Hy o, Hop, Hp o, Hyp denote the groups B, N L,, R,N Ly, RyNL,, RyN Ly
respectively. Now we need to find the four idempotents which are the identities
of these groups. Two of them obviously are a? € H,, and b* € Hy;. The other
two are a%b° € H,; and b*a® € H,, because of

a’b*a*b® = a(ab®a)ab® = aa’ab® = ab°,

b*a?b’a? = b*(ba’b)b’a® = b**ba® = b3a>.

Finally, similar easy calculations prove that these four idempotents are closed
under multiplication, so that by Theorem 2.1 we have

Hoo™ Hop = Hyo = Hyp = G(P4) = As.
We have proved the following
Theorem 3.9. The semigroup S(P4) defined by the presentation
Ba = (a,b]a®=aq, b* = b, ab’a = a*, ba®b = b*, a(ab)’a = a?)

is a completely simple semigroup with two minimal left ideals and two minimal
right ideals, and is a disjoint union of four copies of the alternating group As. W



Chapter 8

Minimal ideals

In Section 3 of the previous chapter we have seen that understanding the struc-
ture of the minimal two-sided ideal M of a semigroup S defined by a presen-
tation P can be a big step towards understanding the structure of the whole
semigroup. The crucial piece of information about M concerns the nature of its
Schiitzenberger group H, since M is a disjoint union of copies of H. Theorem
9.2.1 asserts that if the idempotents of M are closed under multiplication, then
H is isomorphic to the group G defined by the presentation 9. However, this
theorem gives very little information about H when the idempotents of M are not
closed. In this chapter we develop another Reidemeister—Schreier type rewriting
method, giving a presentation for H regardless of whether or not the idempotents
are closed.

Actually, we shall consider a more general situation where M is a 0-minimal
ideal which is a completely 0-simple semigroup. This is indeed a generalisation of
the case where M is a minimal two-sided ideal with minimal left and right ideals;
for if M is a minimal two sided ideal of S with minimal left and right ideals, and
if we adjoin a zero to the semigroup S, then M U {0} is a (unique) 0-minimal
two-sided ideal of S U {0}, and is a completely 0-simple semigroup.

The reason for this generalisation is that it widens possibilities for applications
in the investigation of the structure of semigroups defined by presentations. For
suppose that M is the minimal ideal of S. After we have described the structure
of M, the natural way to proceed in investigating S would be to form the Rees
quotient S; = S/M, and to investigate S;. However, the semigroup S; has a
zero, which is a trivial minimal ideal, so that a theory of minimal ideals alone
will not give any further information on S;. On the other hand, with a theory
of 0-minimal ideals one has a hope of continuing: if S; has a 0-minimal ideal M,
we would investigate M; and then form the quotient S; = S1/M; and so on.

The results of Sections 1 and 2 will appear in Campbell, Robertson, Ruskuc
and Thomas (1995b). Section 3 contains a new result (Theorem 3.2), and a sketch
of an alternative rewriting theorem which will appear in Campbell, Robertson,
Rusgkuc and Thomas (1995a). The example in Section 4 appears for the first time
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in this thesis.

1. A generating set for the Schiitzenberger group

Let S be a semigroup with zero and let I8 = (A |R) be a semigroup presentation
for S. Suppose that S has a 0-minimal two-sided ideal M. By Proposition A.3.1
M is either a semigroup with zero multiplication or it is a 0-simple semigroup.
Here we are interested in the latter case. Moreover, we assume that M is a
completely 0-simple semigroup.

We adopt our standard notation for completely 0-simple semigroups; see Sec-
tion 2 of Appendix A. Thus, L, A € A, are all 0-minimal left ideals of M, and
R, i € I, are all 0-minimal right ideals of M. By Proposition A.3.4 these ideals
are 0-minimal in S as well. We also let

RiZR:-—-{O}, L,\:Ll)\—*{O}, H)=RNL, (iEI, /\EA)

For any ¢ € I and any A € A either H;, is a group, in which case we denote by
e:x a word representing the identity of this group, or H;, U {0} is a semigroup
with zero multiplication. Each R; contains at least one group H;, and each L,
contains at least one group H;\. In particular M contains at least one group,
and there is no loss of generality if we assume that this group is Hy;. We write

Hu:H, € = €11, RlzR, L1=L

If H;) is a group, then it is isomorphic to H. We call H the Schitzenberger group
of M. In this section we find a generating set for H, and in the following section
we find a presentation for H in terms of this generating set.

Let
Ao = AU {0},
(where we assume 0 ¢ A), and define

Then S acts by postmultiplication on the set {L, |A € Ag}; see Proposition A.3.4.
This means that there exists a mapping

o1 Ao x AT — Ay

such that
L,\’LU = L(/\,w)pn (1)

for all A € Ap and all w € A*. To simplify notation, we shall write just Aw
instead of (X, w)p;, so that (1) becomes

L,\w e L)\w. (2)
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Since p; is an action, it satisfies
)\(wlwg) = ()\wl)wz (3)

for any wq,w, € A%, and hence it is completely determined by the values a
(X € Ao, a € A). Also, since Ay = {0}, we have

0w = 0, (4)

for all w € A™.
For each A € A, let z, € AT be a word representing an element of Hyy =
RN Ly; we choose z; to be identical to e. Since H = Hj; is a group, we have

Lizy = Ly, XA € A,
by Proposition A.2.1 (x), or, in other words,
lzy= A, A €A (5)
Each L) contains at least one group H;). Therefore, there exists a function
A— I, A1y,

such that H;,» is a group for every A € A. Since Hy; C L; is a group we can
define

Finally, since both Hy; and H;, ) are groups, H;,1 contains a unique (semigroup)
inverse of z, by Proposition A.2.1 (xi). This means that there exists a word
z € A* which represents an element of H;,1, and such that the relations

TH\T\ = €, ThT) = €5 (7)

hold in S; see Figure 6.
Obviously, since z; = e and ¢; = 1, we can define

T, =e. (8)
With this notation we have the follovs.ring description of H:
Lemma 1.1. H = {z)wz), | X € A, w € A%, dw # 0}
PROOF. Let us denote the set
{z ywzh, | X € A, we AT, dw # 0}
by K, and consider a typical element z wz},, of K. Since Aw # 0, we have

L,\w = L)\w ?é Lo = {0}7
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L L
R (H o
G, A
R,| . Hy :
hy X %ffjjeiﬂzxﬂ%
Figure 6.

and since z) € Hyy, = RN L), we have
zaw € Ly, F 0.

On the other hand,
:E,Aw e Hi’\w]_ = Ri)‘w m L’

and since H;, ), is a group, we have
!
TAWT y,, € H11 =H

by Proposition A.2.1 (ix). Hence K C H.

Now let w € At be any word representing an element of H (w € L(A, H)
in our usual notation). Then obviously Lyw = L;, so that 1w = 1, and since e
represents the identity of H, we have

A / e
w = ewe = 1w, = r1wT,, € K.

Hence we have H C K, and the lemma follows. B

Now we can prove the main result of this section.
Theorem 1.2. The set
X ={zyaz\ | N €A, a€ A, da#0}
generates H as a semigroup.

PRrOOF. By Lemma 1.1 we have X C H, so that we only have to prove that each
element of H can be written as a product of elements of X. Again by Lemma
1.1, any element of of H is equal to a word of the form z wz),,, where A € A,
w € AT and Aw # 0, and to prove the lemma it is sufficient to prove that this
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word is equal in S to a product of elements of X. We do this by induction on
the length of w.

If fw| = 1 then w = a € A, so that z wz),, € X. Assume that |w| > 1, so
that w = aw;, where a € A, wy € AT. Also let X € A be such that Aw # 0; in
particular we have Aa # 0, because of (3) and (4). This means that

zya € Ly, 3 0. (9)

Since Hj,, xo is a group, its identity e;,, 1, is a right identity for Ly, (see Propo-
sition A.2.1 (xii)), and hence

TAGE;,, Aa = TAA- (10)
Now note that by (7) we have

Cﬂi\aCL‘,\a = €iyg,0a9 (11>

and from (10) and (11) we obtain
kal‘//\w = x/\awlml/\(awl) = (:I’./\awl)\a)(anwlml(z\a)wl)' (12)

Since

(Aa)w; = AMawy) = Aw # 0,

the word 3,w1%{,,),, 1s equal in S to a product of elements of X by the inductive
hypothesis, and since zyaz), € X, (12) yields a decomposition of z wz',, into a
product of elements of X. W

Obviously, Theorem 1.2 has a left-right dual. In order to formulate it we need
some more notation. Let Ip = I U {0}, where 0 ¢ I, and let Ry = {0}. Then the
action of S on the set {R; |7 € Iy} (see Proposition A.3.4) can be described by
means of a mapping

prt AT x Ip — I, (w,1) — wi,

such that
wRi == Rwi-

For each 7 € I let y; € A* be a word representing an element of H;; = R; N L, let
Ai € A be such that H;), is a group, and let y; be a word representing a unique
inverse of y; in Hyy,. In addition, let

p1=e =1,y =e
Then we have
Theorem 1.3. The set
X ={yay:|a € A, i €1, ai #0}

generates H as a semigroup. W
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Although at the beginning of this section we assumed that S is defined by
the presentation P8 = (A | R), so far we have only used the assumption that A
generates S. Therefore, as a consequence of Theorems 1.2 and 1.3 we have the
following

Corollary 1.4. Let S be a semigroup with zero having a 0-minimal ideal M
which is a completely 0-simple semigroup. If M has |I| 0-minimal right ideals
and |A| 0-minimal left ideals, and if H is the Schitzenberger group of M then

rank(H) < rank(S) - min(|I], |A]).

In particular, if S is finitely generated, and M has finitely many 0-minimal right
ideals or finitely many 0-minimal left ideals then H is finitely generated as well.
|

Now we want to find a rewriting mapping associated with the generating set
X given in Theorem 1.2. First we introduce a new alphabet

B={ba|A€EA, a€ A, \a#0}

in one-one correspondence with X. The representation mapping is the unique

homomorphism
¥: Bt — AT
such that
b)‘,a’(,b = :U,\axi\a. (13)

Next we define a mapping
¢:{(\w)|A€EA, we At dw #0} — BT

inductively by

()‘7(1)¢ = bA,ay (14)

(A aw)g = by 4 - (Aa,w)é.
If we L(A, H), then 1w =1 # 0, so that we can define
¢:L(A H) — B*

by

w¢ = (1,w)e. (15)

Lemma 1.5. Let A € A and w € AT be arbitrary. If Mw # 0 then the relation

(A, w)$)¢p = zywz)

holds in S. In particular, ¢ is a rewriting mapping.
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PROOF. We prove the first part of the lemma by induction on the length of w.
If lw| =1 then w = a € A, and we have

(A, w)g)y = (X, a)@) = by = zrazh, = zrwzh,.

For |w] > 1 we can write w = aw;, where a € A, w; € AT, and then

((Aw)o)y = ((\aw)d)yp _

= (o (Aa,wi)d)y  (by (14))
= b ((Aa,w1)$)y (¢ is a homomorphism)
= maz),((ha,wn)g)e (by (13))
= TAATYTAW1T(rg)y, (iRduction)
= TAGEi, MaWI1T(rg),  (BY (7))
= TAQWIT ()4, (Proposition A.2.1 (xii))
= z\wzh,, (by (3))

as required. To prove that ¢ is a rewriting mapping we have to prove that

(W) = w
holds in S for any w € L(A, H); see Section 7 of Chapter 6. Note that w €
L(A, H) implies lw = 1, so that by the first part of the lemma we have

(wé)y = (1, w))Y = 3wz, = T1wWE] = ewe = w,

since e represents the identity of H. W

2. A Reidemeister—Schreier type theorem for
the Schiitzenberger group

In this section we use all the notation introduced in Section 1. In particular, S
denotes a semigroup with zero having a 0-minimal ideal M which is a completely
0-simple semigroup, and P = (A|fR) is a presentation for 5. We are going to find
a presentation for the Schiitzenberger group H of M in terms of the generating
set X given in Theorem 1.2. In doing this we make use of the mapping ¢ defined
by (14) and the rewriting mapping ¢ defined by (15).

Our main result is the following

Theorem 2.1. The presentation

Q= <B ‘ (:L'Aaml)\a)qs = b)\,fn (ﬂ,u)g = (H? ,U)a
(A p €A ac A, (u=v) ER, Aq;éO, pu # 0))

defines H (as a semigroup) in terms of generators X.
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Before proving the above result we give some corollaries and remarks.

First of all we remark that Theorem 2.1 has a left-right dual, which gives
a presentation for H in terms of generators Y from Theorem 1.3. In order to
formulate this result, we need to define objects dual to B, 1, ¢ and ¢é. The
definitions are as follows:

C={cila€ A, 1€, ai #0},

Yy 1 CY — AT, coithr = y0us,

@, {(w,i) |we At, i € I, wi # 0} — B*,
(aﬂ-)ar = Ca (waai)gr = (w, ai)ar * Cayis

é, : L(A,H) — BT,

w¢r = (w> 1)¢r

Now we have

Theorem 2.2. The presentation

Q, = (C| (yo:09:)¢r = cajis (4,1)6 = (v,7)9,
(t,jel,a€ A (u=v)ER, ai #0, uj #0))

defines H (as a semigroup) in terms of the generators Y. W

Both £ and £, are semigroup presentations for H. However, a semigroup
presentation for an arbitrary group is a group presentation for that group, so that
£) and £, are group presentations for H as well.

Next we note that if the sets A, R and A are all finite, then the presentation
£ is finite as well; alternatively, if the sets A, Y& and I are finite, then the
presentation £, is finite. Therefore we have

Corollary 2.3. Let S be a semigroup with zero, let M be a 0-minimal ideal of S
which is a completely 0-simple semigroup, and let H be the Schiutzenberger group
of M. If S s finitely presented and if M has finitely many 0-minimal left ideals
or finitely many 0-mintmal right ideals, then H is finitely presented as well. B

We obtain another consequence of our main result if we combine Corollary

2.3 with Corollary 6.5.6.

Corollary 2.4. Let S be a semigroup with zero, and let M be a 0-minimal ideal
of S which is a completely 0-simple semigroup. If S is finitely presented and if M
has finitely many 0-minimal left ideals and finitely many 0-minimal right ideals
then M 1is finitely presented as well.
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PROOF. Being a completely 0-simple semigroup, M is isomorphic to a Rees
matrix semigroup MC[H; 1, A; P], where H is the Schiitzenberger group of M,
|7| is the number of 0-minimal right ideals of M, |A|is the number of 0-minimal
left ideal of M, and P is a regular |A| x |I| matrix with entries from H U {0}; see
Proposition A.2.4. Under the conditions of the corollary, the group H is finitely
presented by Corollary 2.3, so that M is finitely presented by Corollary 6.5.6. B

Actually, we can do even better: we can find a representation for M as a Rees
matrix semigroup, provided that we know representatives of all Hyy, A € A, and
all Hy, 1€ 1.

/

Corollary 2.5. For each A € A and each 1 € I let Ty be a word representing
an element of Hyy, and let §, be a word representing an element of Hyy. The
0-minimal ideal M is isomorphic to the Rees matriz semigroup M°[H; I, A; P],
where H is the group defined by the presentation L, and

P = ((Z:7;)9)sepiel

where 0¢ is defined to be 0.

PRrOOF. The corollary follows directly from Theorem 2.1 and Proposition A.2.4.
]

(Note that the representative Zy, A € A, is arbitrary, and is not necessarily
equal to z).)

Now we are also in a position to fulfill the promise given at the end of Section 5
in Chapter 6, and prove the converse of Corollary 6.5.6 for completely 0-simple
semigroups.

Corollary 2.6. Let S be a completely O-simple semigroup with 0-minimal left
ideals Ly, X € A, and 0-minimal right ideals R;, + € I, and let H be the
Schitzenberger group of S. Then S is finitely presented if and only if H is finitely
presented and both sets I and A are finite.

PROOF. (=) Let S be finitely presented. In particular, S is finitely generated,

so that from
rank(S) > max(|1], |A])

(Corollary 4.2.3) we conclude that both I and A are finite, and then it follows
that H is finitely presented by Corollary 2.3.

(<) By Proposition A.2.3, the semigroup S is isomorphic to a Rees matrix semi-
group MC[H; 1, A; P], with a regular matrix P. In particular P contains at least
one entry from H, and hence this implication follows from Corollary 6.5.6. ®

Finally, we would like to point out the similarity between Theorems 2.1 and
2.2 and the Reidemeister—Schreier theorem for groups; see Magnus, Karrass and
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Solitar (1966). Unlike the case of ideals of finite index (Chapter 7), this time even
the actual presentation is more like the usual Reidemeister—Schreier presentation
for a subgroup of a group. This is primarily due to the fact that H itself is a
group, as well as to the fact that the action of a semigroup on the 0-minimal left
ideals of a 0-minimal two-sided ideal 1s much more symmetrical, and in particular
1s transitive.

Now we embark on the proof of Theorem 2.1. The main idea is again to
apply the general method for finding presentations for subsemigroups described
in Remark 6.7.6. We have already found a generating set (Theorem 1.2), and a
corresponding rewriting mapping (Lemma 1.5). So there remains to prove that
all the relations from the presentation 9 hold in H, and that they imply the
relations

bre = (2207),)9, (16)
(w1w2)¢ = w18 - w2, (17)
(wsuwy)¢ = (wsvws)g, (18)

where A € A, a € A, da # 0, wi,wy € L(A, H), ws,wy € AT, (u = v) € R,
wauwy € L(A, H). We do this in several steps.

Lemma 2.7. All the relations from 2 hold in S.

ProOOF. We have to prove that for any relation o = 8 from £, the relation
ap = Pip holdsin S. Let A € A, a € A, with Aa # 0. Since zyaz), € L(A, H),
we have 1ryaz, = 1, and by Lemma 1.5 we have

((zrazh,)9)¥ = (1, zrazh,)B) = T12507),2]) = exrazh,e = zrazh, = by 2.

Similarly, for (v = v) € R and p € A with pu # 0, we have
(1, u)@)tp = zyual,, = 2.0, = ((1,0))Y,

as required. W

Lemma 2.8. Let A € A, wy,w, € AY, be such that Awywy; # 0. Then

(A wiwz)é = (A, w1)é - (Awr, wa)¢.

PROOF. We prove the lemma by induction on |wi|, the case |w;| = 1 being the
definition (14) of ¢. For |wy| > 1 let w; = aw}, so that

(A, ww)d = ()\,auiiwz)gé B
= (\a)g- (\a,ufws)3 by (19))
= (A a)¢- (Aa,w;)é - (Aawi, wy)é (induction)
= (A awi)é- (Aawi,wy)é (by (14))
= (A wi)é- (Awr, wa)d,

as required. W
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Lemma 2.9. If wy,w, € L(A, H) then

(w1w2)¢ = w1 ¢ - we 4.
PROOF. Since wy € L(A, H), we have 1w, = 1, so that
(wiwa)g = (1, wws)é = (1, w1)é - (1w, wy)é = (1,w;)8 - (1, ws)
= w19 w2
by Lemma 2.8. &

Lemma 2.10. Let w3, wy € At and (u = v) € R. If wsuwys € L(A, H) then the
relation

(wauwy)d = (w3vwy)d

is a consequence of 1.
PROOF. Since u = v holds in S, we have Au = Av, and hence

(wguw4)¢ (1 wguw4)$

:_: (1, w3) - (lws, u )2_5 (lwgu,w4)§ (Lemma 2.8) B
= (1,ws)¢ - (lws, v)@ - (lwsv, wy)¢ (relation (p,u)¢ = (k,v)d)
= (1, wsvwy)é (Lemma 2.8)

= (wavws)g,

as required. W

PrOOF OF THEOREM 2.1. The set X generates H by Theorem 1.2, and ¢ is a
corresponding rewriting mapping by Lemma 1.5. All the relations from Q hold in
H by Lemma 2.7. Relations (16) are included in the presentation £, the relations
(17) are identically true by Lemma 2.9, and the relations (18) are consequences
of by Lemma 2.10. Therefore, £ is a presentation for H by Theorem 6.7.1 and
Remark 6.7.6. B

In the following section we are going to see how Theorem 2.1 can be modi-
fied to give a presentation for the Schiitzenberger group of a minimal two-sided
ideal, and in Section 4, as well as in Chapters 11 and 13, we will use one of these
modifications to determine the structure of various semigroups. Unfortunately,
we do not have any ‘nice and natural’ examples of calculating the Schiitzenberger
group of a particular 0-minimal ideal (although it would not be difficult to con-
struct artificial examples). Nevertheless, as we mentioned in the introduction to
this chapter, we believe that Theorem 2.1 can be a powerful tool for investigating
the structure of more complicated semigroups, just as the Reidemeister—Schreier
theorem is in groups. However, applying the latter has been made much easier
by implementing it on computers and making it a part of all major group theory
systems; see Schénert et al. (1993). This, once again, highlights the need for the
development of computational methods for semigroups. We make some initial
steps in this direction in Chapter 14, where we will also pose certain computa-
tional problems related to possible implementations of Theorem 2.1.
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3. Minimal two-sided ideal

Let us now consider the situation where our semigroup S does not necessarily
have a zero, but has a (unique) minimal two-sided ideal M which is a completely
simple semigroup. This is equivalent to assuming that S has both minimal left
ideals and minimal right ideals. Adjoining a zero to S yields a semigroup S°
with zero, in which the set M° = M U {0} is a (unique) O-minimal ideal. It is
obvious that M? is a completely 0-simple semigroup, and we can use for M° all
the notation introduced in the previous two sections. Since M?° is obtained from
M by adjoining a zero, we see that Ly, A € A, are minimal left ideals of M,
and hence are the minimal left ideals of S by Proposition A.3.3. Similarly, R;,
1 € I, are the minimal right ideals of S. Also, since M is completely simple, each
H;y = R;N L, is a group.

If = (A|R) is a presentation for S, then S° can be defined by the presen-
tation

PB°=(A,0|R, 00=0, a0 =0a =0 (a € A)).

The Schiitzenberger groups for M and M? are identical, and the rewriting de-
scribed in the previous section can be applied to the presentation P° to obtain
a presentation for this group, which we again denote by H. For any word w and
any A € A we have Aw = 0 if and only if w contains 0 since 0 is indecomposable
in 5° Therefore, Theorem 2.1 takes the following form in the case of a minimal
ideal:

Theorem 3.1. The presentation

Q = <B ] (-'L')\axl)\a)qs = b)\,(l? (l"a u)¢ = (ﬂvv)a
(Lu €A ac A, (u=1v)ER))

defines H (as a semigroup) in terms of generators X. m

However, by a careful choice of representatives zy, A € A, and their inverses
zh, A € A, we can obtain a simpler presentation for H. First of all, since all the
sets H;, are groups, 1t is natural to choose z) € Hj), to be the identity of the
group Hix:

Ty = €1).
Now we invoke Proposition A.2.2 (iii), which asserts that the idempotents e,
A € A, of R form a semigroup of right zeros, so that we have

€11€1) = €1x, €1)€11 = €11-

Therefore, for the inverse z of z) we can choose

With this choice of representatives we have
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Theorem 3.2. The presentation
T=(B|(p,u)d=(1,0)¢, (N e)d=1(\pu €A, (u=0v)eR)
defines H as a monoid.

PRrOOF. It is easy to check that the given relations hold in H. For the relations

(:ua u)g = (ﬂ? 'U)a

this has been proved in Lemma 2.7, while for the other group of relations we have

(()\, 6)¢)'¢ = wkexf\e = €1)€11€11 = €11 = €,
by Lemma 1.5. Now we want to show that the given relations imply
("'E}‘ax&a)qb = b>‘7a’

for all A € A and all a € A, and the theorem will follow from Theorem 3.1.
First note that Lemma 2.10 has been proved by using only the relations

(t,u)¢ = (u,v)¢. Therefore, the relations

(wauwy)d = (wzvwy)o, ‘

wsz,wy € AT, (u =v) € R, are consequences of the presentation ¥ as well. This,
in turn, implies that if ws,ws € L(A, H) represent the same element of H then
the relation

wsP = W@

is a consequence of ¥. In particular, since
€1x€11 = €11

holds in S, we have

1 = (1,e)¢ = enn¢ = (enenn)d = (1, e1ne11)d
= (17 eu)g' (1€1A7 611)5 = (1, 61,\)35 : :(/\, 611)5 = (1, 61,\)$a

where the relations (), e)¢ = 1 and Lemma 2.8 have been used. Finally we have -

(max&a)é = (1, €1Aa€11)$ = (1,61,\)5' (161,\,61)5' (lena, 611)5
1- (/\,a)g 1= b)\,aa

as required. W

The presentation ¥ has some clear advantages over the presentation £ from
Theorem 3.1: not only does it have fewer relations (JA|(|R] + 1), as compared
to |A|(J9R] + |A])), but it also does not require us to know exact expressions for
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the representatives zy, A € A. The only information it uses is the action of S
on its minimal left ideals (which is built into the definition of ¢), and a word
representing an idempotent of the minimal two-sided ideal of S. This makes
it easier to apply, so that, whenever we are faced with the task of finding a
presentation for the Schutzenberger group of a minimal two-sided ideal, we will
use the presentation %.

We finish off this section by mentioning another rewriting theorem for the
Schiitzenberger group of the minimal two sided ideal introduced in Campbell,
Robertson, Ruskuc and Thomas (1995a). It gives a presentation for H in terms
of generators

{eae|a € A} U{enen |t € I,X € A}

As always, first we introduce a new alphabet in one-one correspondence with the
given generating set:

B1={ba|a€A}U{C)\il)\€A,i€I}.

Next we define a mapping
¢1 . A+ — B;

inductively by

a¢1 = baa
(aw)¢1 = bacla,wl(w¢)7

a € A, w € AT. It is important to note that this rewriting mapping depends
both on the action of S on its minimal left ideals and on the action of S on its
minimal right ideals. We also need words g); € A*, A € A, 7 € I, such that

gxi = €1x€41
holds in S, and which satisfy
g =461 =e¢.

With this notation Campbell, Robertson, Ruskuc and Thomas (1995a) proved
the following

Theorem 3.3. The presentation

8= (B1 | (uei)dr = (ven)d, (eeir)$ = end, (9riesn)$ = cxilend)
(u=v) €M, i,j €I, A €A))

defines H as a group. &
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This theorem yields a finite presentation for H if and only if S is finitely pre-
sented and has finitely many minimal left ideals as well as finitely many minimal
right ideals, which is a weaker result than Corollary 2.3. This was the main rea-
son for the author to consider this presentation ‘worse’ than the presentation
from Theorem 3.1. A closer analysis, however, shows that the sizes of two presen-
tations are not comparable in general. The presentation £ has |A||A| generators
and |A|(|%R| + |A|) relations, while the presentation il has |A| + |I||A] generators
and |I|(|R]| + |I]|A|+ 1) relations. The presentation ¥ from Theorem 3.2 has the
same number of generators as £, but it has fewer relations than either 9 or 4.

Nevertheless, the presentation {{ does have certain disadvantages when com-
pared with both £ and €. First of all, it is less general, as it does not generalise
naturally to 0-minimal ideals. It also requires more ‘input data’, since we have
to know two actions of S and all the idempotents e;;, ex1, 2 € I, A € A. However,
it should be pointed out that the particular examples that we give in this thesis
can be solved with more or less the same degree of difficulty by using any of the
given presentations. The reason why we opt for the presentation ¥ in all these
examples is that we wish to emphasise its generality, rather than to develop a
separate rewriting procedure for each particular example.

4. Example: another presentation for A;

In Section 3 of Chapter 9 we showed how Theorem 9.2.1 can be used for investi-
gating the structure of semigroups defined by presentations. All the presentations
considered there were, when considered as group presentations, presentations for
the alternating group A;s of degree 5. In this section we illustrate the general the-
ory developed in the previous three sections on a further presentation defining As:

Bs = Ps(2,3,5) = (a,b|a® = a, b* = b, b(ab)® = b, ba’b = bab’ab).

(Notice that the last relation is redundant in the group case.)

Our aim is to determine the structure of the semigroup S = S(Bs) defined
by the above presentation. Similarly as in Section 3 of Chapter 9 we begin by
determining minimal left ideals and minimal right ideals of S.

Lemma 4.1. For any word wy € {a,b}™ there ezists a word wy € {a,b}" such
that
wow1 b = b (respectively bwiw, = b)

holds in S. In particular each of the words b, ba, ba® (respectively b, ab, a*b)
generates a minimal left (respectively right) ideal. All these minimal left (right)
ideals are distinct, and they are the only minimal left (right) ideals of S.

PROOF. It is easy to see that, by applying relations a®> = a and b* = b, w; can

be written as o
wy = a* PR L b
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where
kZO, Osilaik+1327 1Si27"'aikS27 1Sj1a"-7jks3-

(If wy is a power of a then we ought to take £ = 0, while if w, is a power of b
we ought to take k = 1, iy = i, = 0.) We prove the first part of the lemma by
induction on k.

For k = 0, we have w; = a1, and hence

(ba)*ba®" - wyb = (ba)*ba’b = (ba)®b = b.
Now let £ > 1. By the inductive hypothesis we have
whbF-1a*=1 | bah = b,

for some w) € AT. Now, if ¢, = 1, then we have

w)(ba)*b*~7*b(ab)*a®" “H41 400 b
= w(ba)*b I b(ab) a®VrabFratr b aMh
= wh(ba)*b* " b(ab) b ablr-1 gt ...bjlailb
= wh(ba)*btablt-1a’-1 .. b1ah
= whb(ab)®b-1"ta*=1 L baBh

= whb-1g*=1 | baMh

while if 7, = 2 we have
wh(ba)*b(ba) b7k b(ab)*a® 1 b
= wh(ba)*b(ba) b7 b(ab) e bk aPbr-1ai-1 . bah
= wh(ba)*b(ba)*b* "7k b(ab)*b* a1 -1 . baTh
(ba)
(ba)

= wh(ba)*b(ba)*b e’ 101 . Bah

wh(ba)*b(ba)*ba’b -1at-1 .. bah
wh(ba)*b(ba)*babPabls-1at-1 .. b1 ahh
Wy

h(ba) b ablk-1at-1 . bah
= wh(ba)*bF-1at-1 . bah
= wib-1g™t | Brath

b,

thus proving the first part of our lemma.
It now follows from Proposition 9.3.1 that the left ideals generated by b, ba
and ba? are all minimal; we denote these ideals by L, L, and L3 respectively.
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In order to see that Ly, L, and L; are the only minimal left ideals of S, let
w € AT be an arbitrary word. Then the word bw contains a letter b, and is
therefore equal to a word of the form w;bal, 0 < ¢ < 2. By the first part of the
lemma, there exists a word w, such that

wzbw = ’U)lebai = bai € Li+1 N Slw.

Hence, if w generates a minimal left ideal it must be L;,;, since the minimal left
ideals of a semigroup are disjoint.

To prove that L, Lo, L3 are all distinct, first we note that the last letter of
a word is an invariant of the presentation 35, and hence

L1 7é LQ, L1 % L3.

Also, the last power of @ modulo 2 is also an invariant of P (i.e. if wiba’ = woba’
then 7 = 5 (mod 2)), so that

Ly # Ls.
The assertions about minimal right ideals can be proved in a similar way. B

As in the above proof, let Ly, A € A = {1,2,3}, denote the (minimal) left
ideals of S generated by b, ba, ba® respectively, and let R;, 1 € I = {1,2,3},
denote the (minimal) right ideals generated by b, ab, a®b respectively. As in the
previous sections, we let

L=L1, R:Rl, H=H11:R1QL1.

We are now going to find a presentation for H by applying Theorem 3.2. Since
S has two generators and three minimal left ideals, the presentation ¥ will have
6 generators, which we denote by

tl,aa t2,a7 t3,aa tl,b7 t2,b7 t3,b'

(Notice that we use the letter ¢ rather than b in order to avoid having, say, b1
as a generator.) We also need to describe the action of S on its minimal left
ideals. As we already noted in Section 1, this action is determined by the actions
of thegenerators, which are easily seen to be

Lia = S*ba = L,

Lya = §*ba? = L,

Lsa = S*ba® = Stba = Lo,
Lb= S0 = L,

Lob = S*bab = Ly,

Lsb = S'ba’b = L,.
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The above information can be given more compactly in the form of the following
table:

W N
N W
bt et e [

Finally, we need a word e representing the identity of H, and it is easy to see
that b° satisfies these conditions.

A presentation for H is obtained by rewriting the defining relations for S and
the word 3. The definition (14) of the rewriting mapping

¢:Ax AT — Bt

in the particular case of the semigroup S becomes

()‘7 a) = t)\,aa ()‘7 5)5 = t/\,bv
()‘7 aw)g = t)\,a : (/\a7 w)a
(/\7 bw)g = t/\,b : (/\ba w)a,

where A € A, w € {a,b}*. Therefore, ifw = a1a;...0; € A*, where oq,..., a1 €
A, we can calculate (A, w)¢ by means of the following table

o ay ...

A tz\l,al t)\z,az t)\lnak

where Aq, ..., \; are obtained recursively by
)\1 = )\, )\j+1 =/\jaj (_]: 1,...,k—1).

First we rewrite the relations from Bs:

a a a |= a

Litie t2 t3a0|=|1]t1a

21t t3a loa|=12]%2a

3lt3a t20 t34|=1[3]134

b b b b |= b

Tty tip tip tip|{=|11%1p

top Bip tip tip | = |2 |1l2p

3ltap tip tip tip| =13 |1tap
b a b a b a b a b a b |= b
Iitip tie top tia t2p f1a fop f1a Bop f1a fop | = |1t
2ty t1a top tre top tie top tre fop f1e fop | = ]2 12p
3ltap t1a Top tia fa2p t1a fop tia Top t1e Top | =13 |1s3p
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b a a b | = b «a b b b a b
Titip tie toe f3p|= 1 |%1p t1a T2p tip f1p t1a top
20t 1o foa tap| =12 |%2p t1a top t1p t1p t1a top

3 tap tie oo tap|=13|tap t1a T2y tip tip f1a top

and then we rewrite the word 5%:

b b b
Tltip tp tip|=|1
tap tip tip|=11
sy tip tip| =11

The resulting presentation

(trart2,e,t3as b1, tab, t30 | trat2atsa = t1e, t2at3aloe = t2,,
t3aloalse = taa, 11, = tip, toptl, = top, taptl, = tap, trp(tiatas)® = top,
tap(tr,atap)® = top, tap(tiatan)® = tap, tiptiataatap = tiptralopt] ptratag,

taptiataatsp = Loty abopts i1 atos, tastiataatss = taptyatapts ytiatas,
1, =1, tapt, =1, tapti, = 1)

is a monoid presentation for H by Theorem 3.2. However, as we noted before,
this is also a group presentation for H, and in what follows we treat it as such.
Now the three relations

tl,atQ,atS,a = tl,ay t2,at3,at2,a = t2,a7 tS,at2,at3,a = t3,a
obtained by rewriting a® = a, are equivalent to the single relation
tz’atgya = 1

We can easily see that rewriting any other relation from Bs gives only one rela-
tion, while rewriting b® gives two more relations, so that we obtain the following
presentation for H

(t1art20staar tips tops tap | taatan = 1, 3, =1, (t1atap)’ =1,

toataps = taptd pliatop, tapty, =1, tapth, = 1).

Now by using the first, fifth and sixth relations we can eliminate ¢34, 3, and g
as
t30=tys, top =tap = t1p, (19)

2,27

and we obtain

(trartzetip [ toy =1, (frat1p)’ =1, toe = tia).
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Next, by using the last relation
t20 = tia, (20)
we eliminate 5, and obtain
(tra,tip |5 =1, (t1,at1)° = 1).
Finally, if we introduce new generators z and y by
T =t1p, ¥ = latip,

and then eliminate ¢; , and ¢;; by using

bip=2, t1g= yr~! = ya?, (21)

we end up with the presentation
(z,y]e® =1,y =1), (22)

which defines the free product C3 x C5 of a cyclic group of order 3 and a cyclic
group of order 5.

Therefore, the Schitzenberger group H of the minimal two-sided ideal M of
S is isomorphic to Cs * Cs, while the minimal ideal itself consists of nine copies
of this group.

We can be more precise and express M as a Rees matrix semigroup by using
Corollary 2.5. To this end we need representatives T of Hyy, A = 1,2,3, as well
as representatives §; of H;1, ¢ = 1,2,3. One choice of these representatives is

T =b, Ty = ba, Tz = ba®, §, = b, 7, = ab, §, = a’b.
The entries of a Rees matrix
P = (P/\z')1953,1gig3
are obtained by rewriting the words Z,7;. For example, rewriting 7,7, = b* yields

b b
ip tip

—

so that py; = t{,. Similarly

P12 = (T17,)¢ = (bab)¢ = t15t1 atay,

pis = (7175)¢ = (ba’0)¢ = b1 pt1 ataatsy,

pa1 = (T271)¢ = (bab)d = t1pt1 atay,

P22 = (Z27,)¢ = (ba®b)¢ = ty 4ty ota utsy,

P23 = (T2T3) ¢ = (ba®b)¢ = 114ty ota uts atas,
a1 = (Ta§y) ¢ = (ba’b)¢ = t 4t ataalsp,

P32 = (Za¥,) 9 = (0a®b)@ = 11481 ot2 ots atas
p3s = (T373)¢ = (ba’b)d = t1pt1at2atsat2alsp
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By using (19), (20), (21) we can express these entries in terms of generators z
and y:

2 2
pu =1ty =17,

P12 = pa1 = tiptytapzyz’e = zy,

P13 = P22 = P31 = L1pt1aloalap = tl,btiatl,b = zyzlyz’s = zyzly,
P23 = P32 = tiptiatoataatap = tiptiati ety st = Tys’s = zy,
P33 = t1pt1,0t2,at3,at2,0135 = tlvbtlﬂtl’atl_,itl,atl,b = zyz?y.

Therefore

z? Ty zyzly

P= Ty zyr’y xy
zyzly zy  zyzly
Moreover, P can be transformed into the normal form by Propositions A.2.5
and A.2.6. To do this we first premultiply the rows by z, y*z? and y*z?y*z?
respectively, and then we postmultiply the columns by 1, yz and yzy%z, and

we obtain
1 1 1

P=]1 1 vizytz
1 ylayiz ylzy'z
Finally, we determine S — M. First we note that b € M, so that every word
which contains a letter b represents an element of M. Conversely, if a word w
represents an element of M then w contains b, for the letter b is an invariant of
the presentation §3s. Therefore, a and a? are the only elements of S — M, and
S — M is a cyclic group of order two.

We have proved
Theorem 4.2. The semigroup S defined by the presentation
Bs = (a,b]a® = a, b* = b, b(ad)® = b, ba®b = bab’ab)

has a minimal two-sided ideal M, which is isomorphic to the Rees matriz semi-
group
M[H;{1,2,3},{1,2,3}; P],
where
H={(z,y|z*=1,¢y"=1)
is the free product C3 x Cs and
1 1 1
P=11 1 yizytz
1 ylzy'z ylzy'z
S — M is a cyclic group of order 2. The semigroup S is infinite, and is a union
of groups. A
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Further applications of our rewriting theorem to structural investigations can
be found in Chapters 11 and 13.



Chapter 9

Fibonacci semigroups

In this chapter we apply methods developed in the previous two chapters to
investigate the structure of semigroups defined by presentations for the Fibonacci
groups and generalised Fibonacci groups.

Section 1 contains definitions and some historical remarks. The results of Sec-
tions 2 and 4 will appear in Campbell, Robertson, Ruskuc and Thomas (1995a),
and the results of Section 3 have appeared in Campbell, Robertson, Ruskuc and
Thomas (1994). However, the proofs of many theorems have been altered in order
to bring them in line with our general theory.

1. Definitions and history
In this chapter we consider semigroups S(r,n) defined by presentations
PB(r,n) ={(a1,---,8n | GiGig1 .. Gigro1 = aiyr (C=1,...,0)),
and, more generally, semigroups S(r, n, k) defined by presentations
B(r,n, k) = (a1,...,an | @i@it1 - .. CGigr—1 = Gigrqe—1 (2 =1,...,n)),

where r,n, k € N, and all subscripts are reduced modulo n. It is obvious that the
presentation B(r,n) is identical to the presentation PB(r,n,1).

The groups F(r,n) defined by P(r,n) are called Fibonacci groups. These
groups have been a subject of extensive investigation over the years. This inves-
tigation began by a question of Conway (1965) as to whether or not the group
F(2,5) defined by the presentation

‘/]3(2’ 5) = <a17a2aa37a47a5 | a102 = a3, G203 = 04, G304 = A5,

G405 = a1, G501 = az)

is cyclic of order 11. It was quickly determined that this was indeed the case;
see Conway et al. (1967). At the same time it was observed that this can
be proved without using inverses or cancellation laws, so that the semigroup

147
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S(2,5) is also isomorphic to Ci;. Thus the connection between Fibonacci groups
and semigroups S(r,n), which we shall call Fibonacci semigroups, has attracted
attention at the earliest stage of the research.

Much of the research on the Fibonacci groups has been motivated by the
finiteness problem: for which r,n € N is the group F(r,n) finite? For example,
F(2,1) and F(2,2) are trivial groups, F(2,3) is the quaternion group, F(2,4) is
cyclic of order 5, F'(2,5) is cyclic of order 11, F(2,6) is infinite, F'(2,7) is cyclic of
order 29 and F(2,n) is infinite for n > 8. For a survey and extensive bibliography
on the Fibonacci groups the reader is referred to Thomas (1991). In particular,
this paper contains the information known at that time on orders of the groups
F(r,n), for 2 < r,n < 10; see Table 1.

Ir'\nf2]3] 4 | 5] 6 [ 7 [ 8 | 9 [10]
2 1] 8 5) 11 oo 29 o0 o0 o0
3 81 2 0o 22 | 1512 ? % ? 00
4 3| 63 3 o0 ? ? ? ? 00
5 124 oo | 624 4 00 ? e 00 ?
6 51 5 | 125 {7775 5 o0 ? ? oo
7T 1148342 | o ?7 |7 —-1 6 oo ? 0
8 || 7] o 7 ? oo |8 -1 7T | o ?
9 ||80| 8 |6560| oo ? oo |98 -1 8 o0
10 {| 9 1999 {4905 | 9 ? ? oo [109—=119

Table 1.

The question of connections between Fibonacci groups and Fibonacci semi-
groups arose again with the development of computational methods for finitely
presented semigroups, since presentations 3(r,n) provided natural and interest-
ing examples of semigroup presentations. A record of this research can be found
in Campbell, Robertson and Thomas (1992), where the authors produced a table
with orders of semigroups S(r,n), 2 < r,n < 10; see Table 2. This prompted
a conjecture made in Campbell, Robertson and Thomas (1993a) that the order
of a Fibonacci semigroup S(r,n) is equal to g.c.d.(n,r) times the order of the
corresponding Fibonacci group F(r,n). This conjecture was proved in Campbell,
Robertson, Ruskuc and Thomas (1994), by showing that S(r,n) is a completely
simple semigroup which is a disjoint union of g.c.d.(n,r) copies of F'(r,n). In this
chapter we prove this result by using Theorem 9.2.1 and Corollary 9.2.4. How-
ever, it should be noted that the actual result is older than Theorem 9.2.1, and
that it has actually motivated Theorem 9.2.1. This is an example of how com-
puting methods can be used as tools for experimenting in mathematics, and how
the results of such experiments can point to more general and purely theoretical
theorems.
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r\nf2]3] 4[5 ] 6 [7T[8]9]10]

2 21 8 10 11 oo 29| o0 |00 |0
3 81 6 oo 22 1 4536 | 7 oo | 7 | @
4 6| 63| 12 oo ? 71717
9 [[25] oo | 624 | 20 00 71000l ?
6 ||10] 15 | 250 | 7775 30 |oo| 72| 7 |0
T 11481342 oo ?7 |T"—1{42(0| ? [0
8 [[14] oo | 28 ? o0 7156 |oo0| ?
9 |180] 24 [ 6560 | oo ? co| 7172
10 || 181999 | 9810 | 45 ? ?7 loo| 7190

Table 2.

Rather than considering Fibonacci semigroups S(r, n), for most of this chapter
we will be considering their generalisations S(r,n, k), which we call generalised
Fibonacci semigroups. The corresponding groups F(r,n, k), usually called gener-
alised Fibonacci groups, were introduced in Campbell and Robertson (1974). A
survey of results and bibliography for these groups can again be found in Thomas
(1991). We do not consider this generalisation just for the sake of generalisation,
but because of the fact that the generalised Fibonacéi semigroups show a greater
variety of behaviour. Apart from the already mentioned situation where S(r,n, k)
is a finite union of disjoint copies of F(r,n, k), we will see that there are two more
different situations: S(r,n, k) can be a finite union of a number of disjoint copies
of some group which is not necessarily isomorphic to F(r,n,k), and which is
infinite regardless of whether or not F(r,n,k) is infinite, or S(r,n,k) can be a
semigroup without any minimal (left, right or two-sided) ideals.

In Section 2 we find for which values of r,n, k the semigroup S(r,n,k) has
minimal ideals, and prove that for these values S(r,n, k) is a completely simple
semigroup. A straightforward application of Corollary 9.2.4 gives then a structure
theorem for the Fibonacci semigroups S(r,n) in Section 3. Finally, in Section 4 we
apply the Reidemeister—Schreier type rewriting technique developed in Chapter
10 to find a presentation for the Schiitzenberger group of S(r,n,k) in the case
when S(r,n,k) is a completely simple semigroup, and prove that this group is
infinite regardless of whether or not the group F(r,n, k) is infinite.

2. Minimal ideals of generalised Fibonacci semigroups

In this section we begin describing the structure of the generalised Fibonacci
semigroups S(r,n, k). Let us recall that S(r,n, k) is defined by the presentation

B(r,n, k) = (a1,- -, an | Giig1 - - Gigro1 = Cigrgr—1 (2 =1,.. )Y,
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where all the subscripts are reduced modulo n. Let us also define
di = g.c.d.(n, k),
dy = g.cd.(n,r+k—1),
d=g.cd.(dy,d;) = g.c.d.(n,k,r + k—1).
Our strategy is to use the general theory developed in Chapters 9 and 10,

whichever is appropriate. Both these methods have the same beginning—detection
of minimal left and right ideals, and this is the main theme of this section.

We begin by considering the case where there are no minimal ideals at all,
and, within this case, we start by considering the case r = 1, which is somewhat
exceptional.

Theorem 2.1. Let n,k € N be arbitrary, and let dy = g.c.d.(n,k). Then
S(1,n,k) is the free semigroup of rank di, and F(1,n,k) is the free group of
rank d;.

PrOOF. For r = 1 the presentation B(r,n, k) becomes
%(1,71,17) = (al,...,an ’ a; = A4k (Z = 1,...,72)).
Therefore we have
i = Gitpk;
for any ¢ = 1,...,n and any p > 0. Since the subscripts are reduced modulo n,
and since d; = g.c.d.(n, k), we have
On the other hand, all the relations a; = a;4x are consequences of (1), so that
B(1,n, k) is equivalent to
(al,...,an | a; = Qi44, (Z = 1,...,n)>.
The relations of the above presentation can be used to eliminate generators

Ady+1,Gd;+25 - - - » Gn, SO that we are left with the presentation

(a1,...,a, | ),

which defines the free semigroup of rank d; and the free group of rank d; respec-
tively. B

Next we deal with the general case where there are no minimal ideals.
Theorem 2.2. Let r,n,k € N, r > 1, be arbitrary, and let d = g.c.d.(n, k,r +

k—1). Ifd > 1 then the semigroup S(r,n,k) has no minimal (left, right or
two-sided) ideals.
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PROOF. The existence of minimal left ideals or minimal right ideals implies the
existence of a minimal two-sided ideal by Proposition A.3.2. Therefore, to prove
the theorem, it is sufficient to prove that S(r,n, k) has no minimal two-sided
ideals.

Actually, we consider the homomorphic image T of S(r,n, k) obtained by
adding the relations

a; = Q;44, 1= 1,...,77,,
to P(r,n, k). After eliminating generators agy1,@gyo,--.,a, we obtain the fol-
lowing presentation for T":
(a1,...,0q4 ]| (@i@iy1...aqa; ... ai_za,—_l)lai =a; (t=1,...,d)), (2)

where [ = (r — 1)/d and the subscripts are reduced modulo d. We prove that
T has no minimal two-sided ideals. Since a homomorphic image of a minimal
ideal is again a minimal ideal, it will then follow that S has no minimal two-sided
ideals either.

For a word w = a;, a4, . . . a;,, we denote by v(w) the number of pairs (¢;, ¢;41),
1 < j < p, such that
Since

’7((aiai+1 e ai—2ai—l)lai) =0= 7(a1)7

and since the first and the last letters of a word are invariants of the presentation
(2), we conclude that y(w) is also an invariant, i.e. if two words w; and ws
represent the same element of 7' then y(w;) = y(w;). We also note that

Y(wiwsz) 2 y(w1) + y(wz),

for any two words wj, ws.

Assume now that 7' has a minimal two-sided ideal M, and let w be a word
representing an element of M. Consider the word aZw. It also represents an
element of M, and, because of minimality, there exist words ws, w4 such that

w = wgafww‘;

holds in T'. Note that

and so we have
y(w) = y(wsaiww,) > v(ws) + v(al) + y(w) + v(wa) > v(w),

which is a contradiction. B

Now we come to the main result of this section.
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Theorem 2.3. Let r,n,k € R, r > 1, be arbitrary, let d; = g.c.d.(n, k), dy =
g.c.d.(n,r + &k —1) and assume that d = g.c.d.(n,k,r+k—1)=1.

(i) Each generator a; of S(r,n,k) generates a minimal left ideal, as well as a
minimal right ideal.

(it) Two generators a; and a; generate the same minimal left (respectively right)
ideal if and only if t=j (mod d;) (2 =7 (mod dy)).

(11i) S(r,n,k) is a completely simple semigroup with d; minimal left ideals and
dy minimal right ideals.

In order to prove the theorem we need some technical lemmas. In all of them
we assume the conditions given in the theorem.

Lemma 2.4. For each 1, 1 <1 < n, there exist words o1(2) and az(i) such that
the relations

ay(t) - 6; = iyk, Gi - @2(0) = Qigrik-1 (3)

kold in S(r,n, k).
PROOF. It is enough to take

Oll(i) = Gier410i—r42 - - - Q4—1, Olz(i) = Ai41G542 - - Qigr—1,
as both relations (3) then become defining relations of S(r;n, k). ®

Lemma 2.5. For eachi,1 <1< n, and for each | > 1, there exist words p1(3,!)
and PBo(z,1) such that the relations

Bu(2,1) - a; = @iyigy, i Bo(i,1) = aig,
hold in S(r,n, k).
PROOF. Since d; = g.c.d.(n, k) there exist r, s € N such that
rk = ld; + sn.

Now let
51(7:, l) = Ctl(i + (T‘ — l)k) et al(i + k) . C!l(i).
By Lemma 2.4 we have
Bi(t,l)-a; = oG+ (r=1k) ...-a1(t+k)-au(2) - a;
a(t+ (r—=10k)-...-a1(t + k) - az4k

= o1t + (r—1k) - aipr-1)k

= Qitrk = Qitidy+sn = QAi+ldyy

since the subscripts are reduced modulo n.
The construction for f5(z,{) is dual. W
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Lemma 2.6. For anyi,j with 1 < 4,5 < n, there ezist words 11 (i, ) and v,(i, §)
such that the relations

Nn(%,7) - wia; = a;, aiaj - 2(i,5) = a;
hold in S(r,n, k).
PRrOOF. Since g.c.d.(d1,dy) = 1, there exist s,# € N such that
t+sdy = j +td; — 1 (mod n). (4)
Now, by Lemma 2.5, we have

Gjytdy - Po(J +1d2,n — 1) = Qjtdy 4 (nt)dy = Qjtndy = @5, (5)
so that
a;a; = a’iaj-i-tdzﬁz(j + td?a n-— t)’ (6)

and therefore
Bi(t,8) @it = Giysd; Qjtra, B2(j +ido, n—1) = aj41d,10 11, - B2( +tda, n—1t), (7)
by (6), Lemma 2.5 and (4). Next note that

Ajptdy —r+1G54tdo—r42 « -« Ajtdy—2 * Gj4tdy—10541d, /32(]' + tdZa n— t) (8)
= Gjttd+k02(J +tda,n — 1)

by a relation from B(r,n, k), and also that

) k )
By +tds + k,n — 7) " Givtdpei - Ba(j + tdzyn — 1) (9)
1
= Qjttdythtnds—k - B2(J +1d2,m — 1) = ajpa, - Bo(J +tda,n —t) = a5

by Lemma 2.5 and (5). From (4)-(9) it follows that for

[~

71(3,7) = B1(J +tdy + k,n — d_) CQjtdymrtl " - Gtrdy—2 - P1(2,8)
1

we have
M, 7) - aig; = g,
exactly as required.
The construction for v,(z,7) is dual.

PROOF OF THEOREM 2.3. We prove all statements for left ideals; the proofs for
right ideals are dual.

(i) In order to prove that a; generates a minimal left ideal it is enough to prove
that for any word w; there exists a word w, such that the relation

W1 a; = a;
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holds in S(r,n,k); see Proposition 9.3.1. This, however, follows easily from
Lemma 2.6 by induction on the length of w;.

(ii) Let
i =7 (mod dy).

Without loss of generality we may assume that ¢ < 7, so that
2 + ’f'dl = ]
for some r € N. By Lemma 2.5 we have

/Bl(ia T‘) 1@ = Qiprdy = 4y,
/Bl(.])n - T) * a] = aj+nd1—7'd1 = aj—rd1 = ai7

and we conclude that a; and a; generate the same (minimal) left ideal.

For the converse assume that a; and a; generate the same (minimal) left ideal,
so that

a; = wia;, a; = wqa;, (10)
for some words w; and w,. Note that the subscript of the last letter modulo d;
is an invariant of B(r,n, k), in the sense that
W3d;, = W4ai, == 11 = 12 (mod dy).
In particular, from (10), we have

i =7 (mod dy),

as required.

(iii) This part of the lemma is a direct consequence of parts (i) and (ii). ®

3. The structure of Fibonacci semigroups

The results of this section are easy consequences of the main result of the previous
section and Corollary 9.3.4. However, we include them in a separate section,
mainly because we consider them as ‘nice’, but also because they are the earliest
of all the results presented in this thesis.
Let us recall that the Fibonacci semigroup S(r, n) is defined by the presenta-
tion
B(r,n) = (a1,---,8n | GiGit1 -+ Gipr—1 = @34 (1=1,...,1)),

and that the group defined by P(r,n) is denoted by F(r,n).
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Theorem 3.1. Let r,n € N, r > 1 be arbitrary, and let d; = g.c.d.(n,r). The
Fibonacci semigroup S(r,n) is a completely simple semigroup with one minimal
left ideal (S(r,n) itself) and d2 minimal right ideals, each of which is a group
isomorphic to the Fibonacci group F(r,n). In particular, S(r,n) is a disjoint
union of dz copies of F(r,n).

ProoF. Note that P(r,n) = P(r,n,1), and since
d=g.cd(n,1l,r) =1,

S(r,n,k)is a completely simple semigroup by Theorem 2.3. By the same theorem,
the number of minimal left ideals is d; = g.c.d.(n,1) = 1, while the number of
minimal right ideals is d;. Finally, each of these minimal right ideals is a group
isomorphic to F'(r,n) by Corollary 9.2.4. ®

An immediate corollary of this theorem is the reduction of the finiteness prob-
lem for Fibonacci semigroups to the same problem for Fibonacci groups.

Corollary 3.2. A Fibonacci semigroup S(r,n) is finite if and only if the corre-
sponding Fibonacci group F(r,n) is finite.

ProoOF. If r > 1, the corollary follows from Theorem 3.1. For r = 1, S(r,n, k)
and F(r,n, k) are the free monogenic semigroup and free cyclic group respectively,
and are both infinite. B

Similarly, we have

Corollary 3.3. A Fibonacci semigroup S(r,n) has a soluble word problem if and
only if the corresponding Fibonacci group F(r,n) has a soluble word problem. W

Here we have a surprising connection with Adian’s results mentioned in Sec-
tion 1 of Chapter 9. There we had conditions for a semigroup to be embeddable
into the group with the same presentation, thus reducing the word problem for
the semigroup to the word problem for the group. Here, again, we have the word
problem for a semigroup reduced to a word problem for the corresponding group,
but for the opposite reason: the semigroup consists of a finite number of copies
of the group. :

Another connection with Adian’s results is that Theorem 3.1 generalises to .
presentations whose Adian graphs (see Section 1 of Chapter 9) satisfy certain
technical conditions.

Theorem 3.4. Let
‘:B—_— <a17-..,an|a1::Ocl,...,an:an>

be a presentation in which each o; is a word of length at least two and each a;
occurs as the first, second and last letter of three (not necessarily distinct) o;.
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Assume further that the right Adian graph of P is connected, while the left Adian
graph has d components. Then the semigroup S defined by B is a completely
simple semigroup with a unique minimal left ideal and d minimal right ideals,
each of which is a group isomorphic to the group defined by B. In particular, S
is finite if and only if G is finite, and S has a soluble word problem if and only if
G has a soluble word problem. W

4. Generalised Fibonacci semigroups

Now we return to investigating the generalised Fibonacci semigroups S(r,n, k),
i.e. the semigroups defined by the presentations

Br,n, k) = (a1, -, n | GiQi41 - - Gigro1 = Qigrpr—1 (T=1,...,n)).
As before we let
d; = g.cd.(n,k), d2 = g.c.d.(n,r + k—1).

We already know that if r = 1 or g.c.d.(n,k,7 + £k — 1) > 1 the semigroup
S(r,n, k) is infinite and does not have any minimal ideals; see Theorems 2.1 and
2.2. Hence, in this section we concentrate on the case where r > 1 and

g.cd.(n,k,r+k—1)=gcd.(d1,d2) = 1.

In this case we know that S(r,n,k) is a completely simple semigroup with d,
minimal left ideals and d; minimal right ideals; see Theorem 2.3. In particular,
S(r,n, k) is a disjoint union of did, copies of its Schiitzenberger group H(r,n, k).
Here we apply the general Theory from Chapters 9 and 10 to find the group
H(r,n, k).

The case d; =1 or dy = 1 is easy.

Theorem 4.1. Let r,n,k € N, r > 1, be arbitrary, and let d; = g.c.d.(n, k) and
dy = g.cd.(n,r + k—1). Ifdy =1 (respectively d; = 1) then the generalised
Fibonacci semigroup S(r,n, k) has a unique minimal left (right) ideal and dy (d;)
minimal right (left) ideals, each of which is isomorphic to the generalised Fi-
bonacci group F(r,n, k). In particular, S(r,n, k) is finite if and only if F(r,n, k)
is finite.

PROOF. The proof is exactly the same as the proof of Theorem 3.1. ®

In the rest of this section we consider the case d; > 1 and d; > 1. First we give
an example which shows that the Schitzenberger group H(r,n,k) of S(r,n,k)
may be not too closely related to F(r,n, k).
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Example 4.2. Let us consider the semigroup $9(2,6,2). It is defined by the
presentation

B(2,6,2) = (a1, a2, a3, a4, a5, a6 | a1a2 = a4, aza3 = a5, azay = as,
405 = A1, A50¢ = Q9, Agd] = CL3>.
Note that here d; = 2 and d; = 3. Also note that the group F(2,6,2) is easily
seen to be cyclic of order 7.

By Theorem 2.3, 5(2,6,2) is a completely simple semigroup with two minimal
left ideals and three minimal right ideals (see Figure 7).

L L
Ry
a1 94
Rz .615 .a2
R
3 a3 46
Figure 7.

We are going to apply Theorem 10.3.2 in order to find a presentation for the
Schiitzenberger group H(2,6,2) of 5(2,6,2).

Since S(2,6,2) has six generators and two minimal left ideals, the obtained
presentation will have twelve generators which we denote by by 4, = by, A = 1,2,
t=1,...,6. By Theorem 2.3 we have that the action of S(2,6,2) on its minimal
left ideals L), A = 1,2, has the following simple form:

[ ay dg Q3 a4 G5 dg
111 2 1 2 1 2
211 2 1 2 1 2

Now we rewrite the defining relations for S(2,6,2) using the same method as in
Section 4 of Chapter 10.

ay az | = ay as a3z | = as
Lybig bio|=|1|bua| |1]b1g bog|=|1]bss5
20bar b | =2 bog| |2 )by boz|=|2]bos
az a4 | = ag a4 Qs | = a
Libia bug|=|1]be| |1|b1a bos|=|1]bn

2 b23 b14 =2 b26 2 b24 b25 =|2 b21
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as ag as asg ap
1]bis bie bia | |1]|bis bas b1z
2|bas big| =12 |baa| |2|bos bo1 |=|2]bos

Next we note that

as

Il
—
i
—

a4010401 = (14040504071 — Q40409030401 = A404020607

= 04040203 = Q40405 = A40a71,

so that a4a; represents an idempotent of S(2,6,2). We now rewrite this idempo-
tent:

aqy A
1 614 621 = 1
2 624 bgl = 1

By Theorem 10.3.2 the presentation

<b117 blZ7 b137 b147 b157 b167 b217 6227 b237 b24a b257 b26 I bllbl2 = b147 b21b12 - b247
bl2b23 = b15a b22b23 - b?Sa b13bl4 = b16a b23614 = b267 b14b25 = blla bZ4b25 - b217
bleIG = blZv b25616 = b227 616621 = b137 b26b21 = 6237 b14b21 = 17 b24b21 = 1)

is a monoid presentation for H(2,6,2), and, again, we consider it as a group
presentation for H(2,6,2).
Let us first eliminate by, b6, bos, bag by using

bis = bi2bas, bos = bazbas, bie = bisbra, bag = basbus, (11)
so that we obtain the presentation

(b11, b12, bis, 14, ba1, bag, bas, bag | b11b12 = bra, borbiz = bog, brabozbes = byy,
baabaobos = ba1, bazbizbis = 1, biabyy = 1, basbyr = 1).

Next we eliminate b4 and byy by
b14 = b24 == b;ll, (12)
and we obtain

(b11, b12, b13, 21, a2, bag | b11b12bay = 1, boybigby =1,

baabas = ba1bi1, bagbas = 631, basbiz = ba1).

Now we can eliminate b,; by

b21 = b117 (13)

and obtain

(bn, 5127513, 522523 1 bllblzbn - 1, b22b23 = bfl, bzabm = bn)-
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The remaining three relations can be used to eliminate bys, bi3 and by, as

bes = b2_21b§17 bis = 5531511 = 51—12522611, bz = 51_12, (14)
leaving the presentation
(z,y ] ),
where
T = b1, y = bay. (15)

Therefore, the Schiitzenberger group H(2,6,2) of S(2,6,2) is isomorphic to
the free group of rank 2, and S(2,6,2) is a disjoint union of six copies of this
group.

It is possible to use Corollary 10.2.5 to obtain a representation of S(2,6,2)
as a Rees matrix semigroup over the free group of rank two. One choice of
representatives is

T1 = a3, T2 = a4, Y1 = a1, Yy = a5, Y3 = a3.

The entries of a Rees matrix P = (ps)i1<i<2, 1<i<3 are obtained by rewriting the
words 7,7, and writing the result in terms of z and y, by using (11)-(15). The
obtained matrix is .

p_ 2?2 z7ly"l2? z7lyz
=\ 1 a: 2 ly=1g2 |0
and S(2,6,2) is isomorphic to the Rees matrix semigroup
M[FG27{17273}7 {172}513]’

where F'G, is the free group on =z and y. &

Let us now return to the general case where we have r,n,k € N, r > 1,
dy >1,d; > 1 and d = 1. By Theorem 2.3, S(r,n, k) has d; minimal left ideals;
we denote them by Ly, A € A = {1,...,d1}, so that

a; € Ly <= 1= X (mod dy).

Similarly as in Example 4.2, the action of S(r,n, k) on its minimal left ideals is
given by
Aa; =t (mod dy).

Along the lines of Section 1 of Chapter 10, we introduce a new alphabet

BZ{bM|)\EA,1_<_iSn},
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where b, ; stands for by ,,. The rewriting mapping ¢ is defined by

(/\, a,)q,’? = b)‘ﬂ',

(A a;w)e = by, - (Aai, w)e,

where 1 <7 < n, A € A, w € {a1,...,a,}". If we introduce the following
convention

bri = ) (mod dy), i (mod n)>

(A, w)¢ = (A (mod dq),w)é,

where ), 7 € N, the definition of the rewriting mapping ¢ becomes

(Aaai)é = b)\,iy
(X, aiw)d = by; - (4,w)8. (16)

Also we have

A, wiw2)d = (A, w1)é - (Awy, wy)d; (17)

see Lemma 10.2.8.

Let H = H(r,n, k) denote the Schiitzenberger group of S(r,n,k). By The-
orem 2.3, S(r,n,k) is a disjoint union of d;d; copies of H.- By Theorem 10.3.2,
the presentation

T=(B| () aitit1- . Gitr-1)8 = (X, Gigrr-1)8, (A €)¢ =1
Ded i=1,....n),

where e is a word representing an idempotent of S(r,n, k), defines H as a monoid
and also as a group. Note that ¥ has nd; generators and nd; + d; relations.

The author has not succeeded in his attempt to transform the presentation ¥
into a presentation from which it would be possible to describe H. Therefore we
pose the following

Open Problem 12. Describe the group defined by the presentation . For
which r,n, k € N is this group:

(a) free?

(b) isomorphic to F(r,n,k)?

Nonetheless, it is possible to reduce the number of relations in ¥ enough to
prove that H is always infinite.

Theorem 4.3. If r,n,k € N, withr > 1,d; > 1,d; > 1 and d = 1, then the
Schitzenberger group of S(r,n, k) is infinite.
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ProoOF. First we introduce some notation:

n
S = E;, (18)
Uy = Gip1Gi42 - - Qigr—1, T = 1,..., 7. (19)

With this notation a general Fibonacci relation a;a;t1 - ..ai4,—1 = @iyrpp-1 be-
comes
QUi = Giqpik_1- (20)

With (16) in mind, relations

(X, @it - - Qigro1)B = (N, Qigrri_1)

become
bai+ (4, %)@ = by igprsr-1, - (21)
AeANi=1,...,n.
Forz € N, 1 <4 < n, let us consider the following subset of relations (21):

Oxiti(rak-1) - (0 4+ U + & = 1), Uigi(raro1)) @ = by it g41)(r k1) (22)
(AeA, 1=0,....s—1). 2

Since d; = g.c.d.(n,r + k — 1), it is easy to see that there are exactly d; such
subsets. We split relations (22) into two further groups:

briti(rah-1) - (E+ Ur + k= 1), Uit h-1))@ = by it (i41) (rrh—1) (23)
(AeA 1=0,...,s—2),

and

brit(s=1) k1) - (0 (s = 1)(r + & = 1), Uit (s=1)(rt5=1) )@ = B iks(rE-1) (24)
(A€ A).

Since s = n/d,, and since r + k—1 is divisible by d,, relations (24) can be written
as

brits-1)rtk-1) - (4 (8 = 1)(r + k= 1), Ui (sm1) (k1))@ = brs (A € A). (25)

We are now going to show that in the set of relations (22) relations (25) can be
replaced by a single relation

(ia Uilip (r4k—-1) - - - Ui+(s—1)(r+k—1))¢ =1L (26)
Note that the last letter of w; is a;4,—1, and also note that

r—1=r+k—1(modd;),
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since d; = g.c.d.(n, k), so that (26) can be written as

(2, i) @ (14T +h—1, tigryko1) @ . - (i+(s—1) (r+k—1), Uig (s-1)(r4k-1) )@ = 1. (27)
First we have
bAz : (Z uz)a (2 +r+k—1 y Uitr4k— 1)5
( (3_1)(T+k_1) Uit (s—1)(r+k— 1))

= byirrph1(CF T+ k=1, Uigrqr 1)¢ -
(4 (s =D +k—1), Ui (s—1)(r+h-1 )¢ (by (23))

bais(s=1)rk-1) - (1 + (8 = 1)(r + k — 1), tis (s—1)(rk-1)) @
bais (by (25))

and hence (27) is a consequence of (23) and (25), since we are dealing with a
group presentation. Now we prove that (27) and (23) imply (25). First note
that, by (23),

by it (s=1)(r+h—1) = Driq(s=2)(rh-1) - (F+ (8 = 2)(r + & — 1), Uiy (s—2)(rh—1) ) b
By iterating this we obtain

Drit(s-1) (k1) = Ori- ()@ (14 (5 = 2)(r + & = 1), Uit (s-9)(r+5-1) ) 6. (28)
On the other hand, '

(G,u)f- ..o (i +(s=2)(r+k—1), Uit (s-2)(r+k=1)) P
= [0+ (s=1(r+k— 1), uirim1)ertr-1)) 9] 7

by (27), so that from (28) and (29) we obtain

(29)

brit(s=1)(rh=1) - (E+ (s = 1)(r + & — 1), tiy (sm1)(rih—1) ) B = sy

as required.

To summarise what we have done, a set of dy relations (24) can be replaced
by a single relation. There are d, such sets, and after each has been replaced by a
single relation, ¥ becomes a presentation on nd; generators and nd;+d; +d; —d; d;
relations. Since dy > 1, d2 > 1 and d = g.c.d.(d;,ds) = 1, we conclude that at
least one of d; and d, is greater than 2, so that did; > d; + d;. In other words, H
can be presented by a presentation having fewer relations than generators, and
hence H is infinite. ®

Remark 4.4. In Campbell, Robertson, Ruikuc and Thomas (1995a) the authors
prove the above result by the same method, but they use the rewriting defined
at the end of Section 3 in Chapter 10. In this way they obtain a presentation on
n + (d; — 1)(dz2 — 1) generators and n relations

(@iGiy1 - .- Qigr—1)P1 = (Qigryk-1)91.
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This is certainly a nicer presentation than the one we presented here. This adds
some evidence to our claim that the two rewriting theorems are not comparable
in strength.

We end this chapter by summarising all the information about generalised
Fibonacci semigroups we obtained.

Theorem 4.5. Letr,n, k € N, and let d; = g.c.d.(n, k), dy = g.c.d.(n,r+k—1),
d=gcd.(nk,r+k—1).

(i) If r =1 then S(r,n, k) is the free semigroup of rank d;.

(ii) If r > 1 and d > 1 then S(r,n, k) does not have any minimal (left, right or
two-sided) ideals.

(iii) If r > 1 and d; = 1 then S(r,n,k) is a completely simple semigroup with
a unique minimal left ideal and dy minimal right ideals, each of which is a
group isomorphic to the generalised Fibonacci group F(r,n, k).

(iv) If r > 1 and dy = 1 then S(r,n, k) is a completely simple semigroup with
a unique minimal right ideal and d; minimal left ideals, each of which is
isomorphic to the generalised Fibonacci group F(r,n, k).

(iv) Ifr > 1,dy > 1, d, > 1 and d = 1 then S(r,n, k) is a completely simple
semigroup with d; minimal left ideals and d; minimal right ideals, and is a
union of didy copies of an infinite group.

(v) Ifdy =1 or dy =1, then S(r,n, k) is finite if and only if the corresponding
group F(r,n, k) is finite; otherwise S(r,n, k) is infinite regardless of whether
F(r,n,k) is finite or infinite. M



Chapter 10

Semigroups defined by Coxeter type
presentations

In this chapter we investigate the structure of semigroups defined by a semigroup
variant of Coxeter type presentations for groups. The results of this chapter will
appear in Campbell, Robertson, Ruskuc and Thomas (1995c¢).

1. Coxeter graphs and presentations
Let I" be a digraph with a finite set of vertices

A=Al) ={a; |1 €I},
which satisfies the following three conditions:

(I'1) T has no directed circuits;
(T'2) every vertex a; of I is labelled by a natural number p; > 0;
(T'3) every edge (a;,a;) is labelled by a natural number p;; > 0.

(Note that condition (I'1) implies that for any a;,a; € A at least one of (a;,a;)
or (a;,a;) is not an edge in T'.)
With every such graph we associate a presentation

B) = (A[R), (1)

where
R = {0 =a;|i €I} U{a(s,])|1,5 € I},

with

(aja;)P =}’ if (a;,a;) is an edge

(a;a;)P% = a?* if (as,a;) is an edge
aft,j) =
a;a; = a;a; otherwise.

164
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IfI={l,...,n}, pp =2forall ¢« € I, and if we consider PB(T') as a group
presentation, then it is equivalent to the presentation

(a1, an|af = (ajap)¥* =1(1<i<n, 1 <j<k<n),

where

pi;  if (a;,a;) is an edge

gi; =< pji  if (aj,a;) is an edge

2 otherwise.
These presentations are usually called Cozeter presentations, and the groups
defined are called Cozeter groups. They were first introduced by Coxeter (1936),
and it soon turned out that many important classes of groups can be presented
as Coxeter groups, with possibly a few additional relations.

Here we will be interested in semigroups S(I') defined by (1). The semigroup
defined by (1) for a particular graph I' will be denoted by S(I'), while the cor-
responding group will be denoted by G(I'). We often refer to G(I') as a Cozeter
type group.

After introducing some more definitions and examples in this section, in Sec-
tion 2 we go on to prove that S(I') has a minimal two-sided ideal which is a
disjoint union of copies of G(I'). In Section 3 we prove that S(T') is a union of
groups and find a necessary and sufficient condition for S(I') to be finite. Finally,
in Sections 4 and 5 we consider two classes of presentations (1) which, when
considered as group presentations, define alternating and symmetric groups re-
spectively. We determine both the structure and the orders of the semigroups
defined by these presentations.

First, however, we give some examples of graphs and associated presentations.

Example 1.1. Let I = {1,...,n}, and let I' be the empty graph on A =
{ai,...,a,}. The associated presentation is

BT = (a,...,a, | P = a;, ajar = ara; (1 <4,5,k <n)).

i

The semigroup S(I') and the group G(I') are both finite and abelian. Actually,
S(T) has a minimal two-sided ideal which is isomorphic to G(I'); see Campbell,
Robertson, Ruskuc and Thomas (1995¢). &

Example 1.2. Let I = {1,...,n}, and let I' = I'J be the oriented simple path
on ai,...,a,; in other words, the set of edges of T is

{(a1, az), (a2, a3), ..., (an-1,an)}-
Let the labels of T be

pl:27p17]+1:3 (1S’LS'I’Z, 1§]<n)
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The presentation B(T') is

PBI) = (a1,..-,0q | 6 = a;, (aja;41)° = af, arar = aiax
(1<i<n, 1<j<n, 1<k<l=1<n)).

The group G(I') defined by I is the symmetric group S,41 of degree n + 1; see
Moore (1897) or Coxeter and Moser (1980). The structure of the semigroup S(T')
will be described in Section 5.

Example 1.3. Let I = {1,...,n}, and let the graph I' = T4 have vertices
A={a,...,a,}, edges

{(as,a;) |1 <i<j<n},

and labels
pi=3 pr=2 (1<:<n, 1<j<k<n).

The presentation B(T') is
PB(L) = (a1,-.-,0n | af = a;, (ajax)’ =a’ 1<i1<n, 1<j<k<n)).

The group defined by this presentation is the alternating group A,,, of degree
n + 2; see again Moore (1897) or Coxeter and Moser (1980). The semigroup
defined by PB(I") will be described in Section 4. m

Example 1.4. Let [ = {1,2,3,4}, and let I be the following graph:

The group G(I') is not finite; see Coxeter (1936). However, the homomorphic
image of G(I') obtained by adding the relation

(a1a2a3)° = 1
is the finite simple group PSL(2, 11); see Soicher (1987). m

For any digraph I satisfying (I'1), (I'2), (I'3), we denote by A; = A;(T") the

set of initial vertices of T, i.e.
Ai(T) = {a; € A|(aj,a;) is not an edge in I for any j € I}.
Since I" has no directed circuits, and since A(T') is finite, it follows that

A (D) #£0.
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Next we define recursively a sequence of sets A, = A,(T'), n € N, as follows:
Ant1(T') = {a; € A|(ai,q;) is an edge in T for some a; € A,(T)}.

Again, since I' does not have directed circuits, there exists ng € N such that

A,(T) = 0
for all n > ng; we also have
A= U A,.
neN

A graph is said to be finitely related if the group G(I') is finite. It is obvious
that all the graphs from Examples 1.1, 1.2 and 1.3 are finitely related, while
the graph from Example 1.4 is not. We define strongly finitely related graphs
recursively as follows:

(SFR1) every graph with one vertex is strongly finitely related;

(SFR2) a graph I' with n + 1 vertices is strongly finitely related if and only if
it is finitely related and every subgraph T' — {a;}, a; € A;(I), of T is
strongly finitely related.

The following example shows that there are finitely related graphs which are
not strongly finitely related.

Example 1.5. Let T' be the graph

3

A
w

The corresponding presentation is

B(T) = (a1, 02,03 | at = a1, a3 = az, a3 = as,
a0 = a3, aya3 = a3, (axa3)® = a3).
The group G(T") defined by PB(T') is obviously cyclic of order 3, and hence T' is
finitely related.
The set of initial vertices of ' is A;(T') = {a1}. The graph I' — {a,} is

3 3 3
> —e9
a az
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and the corresponding presentation
4 _ 4 _ 3_ 3
<a2a as | A, = a2, a3 = ag, (a2a~3) - a’2>

defines (3,3,3) group, which is infinite; see Coxeter and Moser (1980). Thus
I' — {a;} is not finitely related, and T is not strongly finitely related. W

However, all the graphs from Examples 1.1, 1.2 and 1.3 are strongly finitely
related.

Theorem 1.6. Each of the following graphs is strongly finitely related:

(1) every finitely related graph with two vertices;
(ii) every graph without edges;
(iii) T2, for all n € N;
(iv) T4, for alln € N.

PROOF. (i) and (ii) are obvious. For (iii) and (iv) note that
Ai(T7) = A7) = {ar},

and that
Iy —{a} =T, T —{a} =17

n—1° n-13

for all n > 1, and the assertions follow by induction. &

2. Minimal ideals of S(I')

Throughout this section we assume the notation introduced in the previous sec-
tion. Thus I' is a digraph satisfying (I'1), (I'2), (I'3), P = P(T') is the associated
presentation defined by (1), S = S(I') is the semigroup defined by B(I'), and
that G = G(T') is the group defined by P(I'). We also assume that the set of

initial vertices of T is
Al = Al(I‘) = {ail,aiw ceey ait}.

Our aim is to prove, via a sequence of lemmas, that S(I') possesses a minimal
two-sided ideal which is a union of copies of G(I'). More precisely, we show that

S(T') has minimal right ideals and a unique minimal left ideal, and then we apply
Corollary 9.2.4.

Lemma 2.1. If a;,a; € Ay, then the relation
a;a; = a;a;

holds in S.
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PROOF. By the definition of A;, neither (a;,a;) nor (a;,a;) is an edge in I', and
therefore the relation a(z, 5) of B(T) is a;a; = aja;. A

Lemma 2.2. For any word w € A} there exists a word w; € AT such that the
relation

WiW = WWwy = 4,04, ... 44,

holds in S.

PRrROOF. The subsemigroup of S generated by A, is commutative by Lemma 2.1,
and each generator a; € A; generates a cyclic subgroup of S of order p;, so that
the lemma follows. B

Lemma 2.3. If (a;,a;) is an edge in [, then the relation

)Pij+1

(aiaj = a;a;

holds in S.

PROOF. Since (a;,qa;) is an edge of I, the relation «(7,7) of P is (a;a;)P = al,
and we have

(aiaj)p"“ = (aiaj)pi"aiaj = af*aiaj = a;a;,

as required. W

Lemma 2.4. Ifa;,a; € A are arbitrary then the relation
a;a;a) = a;a;
holds in S.

PROOF. If neither (a;,q;) nor (aj,a;) is an edge, then «(,7) is a:a; = a;a; and
we have
a;a;af* = aja;dl = aja; = a;a;.

If (a;,a;) is an edge, in which case a(7,j) is (aia;)P¥ = af', by Lemma 2.3 we
have

pi

a;a;a;" = aiaj(aiaj)p” = a;a;.

Finally, if (a;j, ;) is an edge, so that a(i,]) is (aja;)? = a}’, we have

P _ Pj Pi _ a Vi d® = a:a-(a:a) P Ya.a.a”
aa;al = aa;afdl = aiai(aza:)" el = aiaj(aja;)P T aaia;

aia;(a;a;)P" = a;a;a; = a;aj,

thus completing the proof.
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Lemma 2.5. Let a; € A be arbitrary, and let w € A" be a word which contains
letter a;. Then the relation

holds in S.

PROOF. Since w contains a;, it can be written as
w = W10;5, 45, . .- Q5.

By Lemma 2.4 we have

Pie qea1s —
a;a;, 0’ = a;a;, (k=1,...,3),

and hence

- P q- aPig. R q- aPiag. AP .
W10, A5, - - - Qj, = W10, 05 Aj, . . . @5, = W1A;05 0y Qjp 05 - . . Qj,
Y4 Ps P
T 7

= a.aPia P - i s )
eI WNG5A5, 055,05 . Q5,05 = W1aiG4 GG, ... 05,05,

w

thus proving the lemma. B

Lemma 2.6. For any a;,a; € A there exists a word w € A% such that the relation
wa; = a;a;

holds in S.

PROOF. By Lemma 2.4 it is enough to take w = a;a;a?"". W

Lemma 2.7. For any a; € A and any word v € At there exists a word w € AT
such that the relation
wa; = a;v

holds in S.

PrOOF. We prove the lemma by induction on the length of v, the case of length 1
being Lemma 2.6. Let |v| > 1, so that v = v;a; for some v; € A, a; € A. By
the inductive hypothesis there exists a word w; € A™ such that the relation

wia; = a;vy (2)
holds in S, while by Lemma 2.6 we have
wea; = a;a;, (3)
for some wy € A*. From (2) and (3), for w = wyw,, we obtain
wa; = wiwea; = W1a;a; = 4;V1a; = a0,

and hence the lemma. B
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Lemma 2.8. For any two words u,v € At there exists a word w € A such that
the relation
wu = uv

holds in S.

PROOF. We prove the lemma by induction on the length of u, the case |u| = 1
being Lemma 2.7. If |u] > 1, then we can write u = uja;, with u; € AT and
a; € A. By Lemma 2.7 there exists a word w; such that

wya; = a;v. (4)
By the inductive hypothesis there exists a word w such that
wuy = uyw. (3)
From (4) and (5) we obtain
WU = WU1a; = UW10; = Ud0 = U,
which completes the proof. ®
Let us recall that we have assumed that 4; = {a;;,...,q;}-

Lemma 2.9. For any word u € A% there exists a word v € At such that the
relation
VU = A4, Ay - - - Gy,

holds in S.

PRrRoOOF. Consider the set T C AT of all words w such that the relation w = vu
holds in S for some v € A*. (Notice that we do not require that w be of the form
vu, but only that it be equal in S to such a word.) Let w be a word from T with
the minimal number of letters from A — A;. We want to show that w € A], and
the lemma will then follow from Lemma 2.2.

Suppose that w contains a letter from A — A;. Then w can be written as

w = Pajws,
where 3 € A}, a; € A — Ay, w; € A*. Since

A=A,
€N

we have a; € Ay for some k € N, £ > 1. This means that that there exists
aj, € Aj—1 such that (a;,,a;) is an edge in T, and the relation «(z, j) is

(aj,0;)P = a3
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By Lemma 2.8 there exists 8; € A* such that
$18 = Baj (aj,a;)"  ayy,
and so we have
Brw = B1Bajwr = Baj(a;,a;)7 aj a;w; = Baj, (aj,a;)P9wy = Bajw;.
Continuing in this way we obtain words f3;,..., fx—1 € AT such that
Bi-1- .. bw = Baj,_ ws,

where a;,_, € A;. The word Ba;,_,w; obviously contains fewer letters from A— A,
than w = fa;w, does. On the other hand if w = vu then

ﬂajk_luh = Bp_1...frw = (ﬁk—l .- ﬂlv)ua
and hence fBa;,_,wy € T, which i1s a contradiction with the choice of w. B
Lemma 2.10. The word a;, ...a;, generates a unique minimal left ideal in S.
PrOOF. The lemma follows directly from Lemma 2.9 and Proposition 9.3.1. ®

Lemma 2.11. If w € A" is a word containing all the letters from A, and if
a; € A is an arbitrary letter, then there exists a word u € AT such that the
relation

w = ua;
holds in S.
ProOF. Since
A= U An,
n€N

there exists n € N such that a; € A,. We prove the lemma by induction on n.
If a; € Ay, then w contains a;, and hence

pi=1

o =
’LU—’LUCZ.7 _wa]

aj,

by Lemma 2.5. Suppose that the statement is true for all the letters from A,,
and let a; € An41. Then there exists ar € A, such that (a,a;) is an edge in I'.
By the inductive hypothesis there exists a word u; such that

W = Ud.

Now if we choose
— 1
u = uyar(ara;)P " ay,

we obtain
ua; = urar(ara;)P = upapal* = wyap = w,

as required. W
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Lemma 2.12. Let w € A% be any word containing all the letters from A;. Then
for any word wy, € A there exists a word wy, € AT such that the relation

WW Wy = W,

holds in S.

PrROOF. We prove the lemma by induction on the length of w;. First we consider
the case |wi| = 11ie w; =a; € A. If a; € A; then w contains a;, so that

Piml = wad® =
wwa; = wa;” = w,

by Lemma 2.5. If a; € A; then there exists a; € A such that (ax,q;) is an edge.
By Lemma 2.11 we have
w = uay,

for some u € At so that
=1 i
wwyag(ajar)™ 7 = uag(ajar )P = u(ara;)P* ap = uai*ar = uar = w.

If |wi] > 1 then we can write w; = wjax, with w} € A" and ar € A. The
word ww] contains all the letters from A;, so that the above argument shows
that there exists w) € AT such that

wwiapws, = wwy. (6)
By the inductive hypothesis there exists w) € A" such that
Wwiwy = w. (7)
From (6) and (7) we obtain
WWIWHWY = WWapWsy = WWiWwh = W,
as required. W

Lemma 2.13. Any word w € AT which contains all the letters from A, generates
a minimal right ideal in S.

ProOOF. The lemma is an immediate consequence of Lemma 2.12 and Proposi-
tion 9.3.1. m :

By combining Lemmas 2.10 and 2.13 with Corollary 9.2.4 we obtain the fol-
lowing:

Theorem 2.14. Let T’ be a digraph satisfying (I'1), (I'2), (T'3), and let P(T') be
the associated presentation defined by (1). The semigroup S(T') defined by B(T')
has a unique minimal left ideal (which is also a unique minimal two-sided ideal).
This minimal left ideal is a disjoint union of minimal right ideals, each of which
is a group isomorphic to the group G(I') defined by B(T). m
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Example 2.15. The semigroup S(I') defined by the graph I' from Example 1.4
is infinite, since the group G(I') is infinite. Nevertheless, by Theorem 2.14, S(T')
has a unique minimal left ideal, which is a disjoint union of minimal right ideals,
each of which is a group isomorphic to G(I'). Let T be the homomorphic image
of S(I') obtained by adding the relation (a1aza3)® = a? to the presentation PB(T).
Being a homomorphic image of S(I'), T' has minimal right ideals and a unique
minimal left ideal. Hence, by Corollary 9.2.4, the minimal left ideal of T is a
disjoint union of copies of the group defined by the same presentation; in this
case the group in question is PSL(2,11). Computer evidence shows that T is a
finite semigroup of order 133880 containing 201 copies of PSL(2,11). m

3. Structure and finiteness of S(I")

As in the previous section, I' denotes a digraph satisfying (I'1), (I'2), (I'3), B(T)
denotes the corresponding presentation (1), S(I') denotes the semigroup defined
by PB(T') and G(I') denotes the group defined by JB(T'). By Theorem 2.14, S(I')
has a unique minimal left ideal, which we denote by L(T'). This ideal is also a
minimal two-sided ideal of S(T"), and is a union of copies of G(I"). Theorem 2.14,
however, does not give any information as to the number of copies of G(I') in
L(T). A natural way for further investigation of S(T') is to consider the following
two questions. ‘

(i) How many copies of G(I') does L(I") contain?
(i1) What is the structure of the Rees quotient S(I')/L(T')?

In this section we prove some initial general results on the previous two ques-
tions, and then in the following two sections we look at two special cases, where
we obtain the full description.

The following is the crucial technical result that we shall need.

Lemma 3.1. Let a; € Ay, and let u,v € A" be such that the relation u = v holds
in S(I'). Then u contains a; if and only if v contains a;.

PROOF. Since a; € Ay, every relation of (') which contains a; has one of the
forms afiH = @g; or (a;a;)P9 = a¥* or a;a; = aja;, and hence contains a; on both

its sides. The result now follows from the fact that S(I') is defined by F. m

As before we assume that 4; = {a;,...,a;}.

Lemma 3.2. A word w € AT represents an element of the minimal left ideal
L(T) (or, equivalently, an element of a minimal right ideal) if and only if w
contains all the letters of A;.
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PROOF. First note that the assertion for L(I') and the assertion for minimal
right ideals are indeed equivalent, since L(I') is a disjoint union of all minimal
right ideals of S(I').

Let us now assume that w represents an element of L(I'). Then so does the
word a;, . ..a;w, and since L(I') is minimal we have

WGy, ... 05,W = W,

for some word w;. The word wia;, ... a;,w contains all the letters from Ay, and
hence so does w by Lemma 3.1. Therefore, we have proved the direct part of our
lemma. The converse part is an immediate consequence of Lemma 2.13. &

Lemma 3.3. Let a; € A;. The subsemigroup S;(T') of S(I') generated by the set
A —{a;} is isomorphic to the semigroup S(I' — {a;}).

PROOF. The presentation B(I' — {a;}) can be obtained from PB(I') by removing
the generating symbol a;, as well as all the relations containing this generating
symbol. Hence S;(I') satisfies all the relations from the presentation PB(I' — {a;}).
Assume now that u,v € A% are arbitrary words representing the same element
of S;(T"). This means that v can be obtained from u by applying relations from
B(T'). By Lemma 3.1, neither u nor v contains a;, and hence none of the applied
relations contains a; either. Therefore v can be obtained from v by applying
relations from P(T' — {a;}). The lemma now follows from Proposition 3.2.3. m

t

Lemma 3.4. L(I') - S(T') = U S

J=1

5e

ProoF. This follows from Lemma 3.2. &

The information about S(I') that we have gathered so far is sufficient to prove
the following:

Theorem 3.5. S(T') is a union of (Cozeter type) groups.

PROOF. We prove the theorem by induction on the number of vertices of T'. If
I' has only one vertex a;, then

BO) = {a | o™ = 1),

and, obviously, both S(I') and G(T') are isomorphic to the cyclic group of order
p1-

Assume now that T' has at least two vertices. By Theorem 2.14, S(T') has a
unique minimal left ideal L(T'), which is a union of copies of (the Coxeter type
group) G(I'). The set S(I') — L(T) is a union of semigroups S;;, 1 < j < ¢, by
Lemma 3.4. Each S;; is isomorphic to S(I' — {ai,}) by Lemma 3.3, and hence is
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a union of (Coxeter type) groups by the inductive hypothesis. Therefore, S(T')
itself is a union of (Coxeter type) groups. W

Now we concentrate on minimal right ideals, with the aim of finding an upper
bound for the number of these ideals.

Lemma 3.6. Any minimal right ideal R of S(I') is generated by a word of the
form ua;, where a; € A1, u € A*, and u does not contain a;, but it contains all
the other letters from Aj.

PrROOF. Let w be a word representing an element of R. Then w contains all
the letters from A; by Lemma 3.2. Let ua; be the shortest initial segment of
w containing all the letters from A;. Then it is clear that a; € A;, and that u
contains all the letters from A; except a;. The word wa; represents an element
of a minimal right ideal by Lemma 3.2, and it is obvious that this minimal right
ideal has to be R. Because of its minimality, R is generated by any of its elements,
and, in particular, is generated by ua;. &

Theorem 3.7. The number of minimal right ideals of S(T') is not greater than

t

(18T = {a, D) + 1.

=1

PRrROOF. The theorem is a direct consequence of Lemmas 3.3 and 3.6. The
additional term 1 has to be added to cover the case where |A;| = 1, in which case
the only element of A; also generates a minimal right ideal. m

As a consequence we have an upper bound for the order of S(I'), as well as a
necessary and sufficient condition for S(I') to be finite.

¢ ¢
Theorem 3.8. (i) [S(T)] < ((3_ IS(T—{a;; D) +1)-IGID)+3_1S(T —{ai, }-
7=1 7=1
(i) S(T') is finite if and only if I is strongly finitely related.

PRroOOF. (i) This inequality is an immediate consequence of Theorems 2.14 and
3.7 and Lemmas 3.3 and 3.4.

(ii) We prove this part of the theorem by induction on the number of vertices
of I'. If T has one vertex, then it is strongly finitely related and the semigroup
S(T') is finite. Hence the assertion holds in this case.

Let us now consider the case where I' has at least two vertices, and let us
assume first that I' is strongly finitely related. This means that that T is finitely
related, i.e. that the group G(T') is finite, and that each of the graphs I' — {a;; },
1 < j < t, is strongly finitely related. By the inductive hypothesis, the latter
condition implies that each semigroup S(I'—{a;;}), 1 < j <, is finite, and hence
S(T) is finite by (i).
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For the converse, assume that T" is not strongly finitely related. Then either
G(T') is infinite, or *B(T" — {a;,}) is not strongly finitely related for some j, 1 <
J < t. In the former case, S(I') is infinite since it contains a copy of G(T') by
Theorem 2.14. In the latter case the semigroup S(I' — {a;,}) is infinite by the
inductive hypothesis, and hence S(I') is infinite by Lemmas 3.3 and 3.4. &

Remark 3.9. In the following section we shall see that both bounds from The-
orems 3.7 and 3.8 can be achieved, and in Section 5 we shall see that there are
cases when they are not achieved.

4. Semigroups defined by Coxeter type presentations for
alternating groups

Let us recall from Example 1.3 that the graph I'4, n > 1, has vertices {ay, ..., a,},
edges (a;,q;), 1 <1< j < n, and labels

pi=3pr=2 (1<:1<n,1<j<k<n)

The graph I'{ is shown in Figure 8.

3 2 3
ai > a2
2y Y2
a - a
43 ) 3 3

Figure 8.

The presentation associated with I'2 is
B(T2) = (a1, an | af = a;, (ajax)* =0} (1<i<n, 1<) <k<n)).

The group defined by this presentation is the alternating group A,z of degree
n + 2. We denote the semigroup defined by this presentation by Sa(n). Note
that this semigroup is finite by Theorems 1.6 and 3.8. In this section we shall
determine the exact order and the structure of S4(n).

By Theorem 2.14, S4(n) has a unique minimal left ideal, which we denote by
L4(n), and this ideal is a disjoint union of minimal right ideals each of which
is isomorphic to Anio. As outlined at the beginning of the previous section,
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we describe S4(n) by describing S4(n)/La(n) and determining the number of
minimal right ideals in L4(n). The first of these tasks is easy to achieve. If we
note that a; is the unique initial vertex of I'4) by Lemmas 3.3 and 3.4 we have

Lemma 4.1. Sa(n) — Ls(n) 2 Sa(n—1) foralln>2. &

In order to determine the number of minimal right ideals in L4(n), we first
define two mappings on words:

QS : {(11, ag, as, . . .}+ — {ag, az, dy4,. . .}+,

(ai1 Qi « - - ais)¢ = Qi 41Qir+1 - - - Qig41, (8)
b =¢7"
These mappings will be used in the following section as well.
Lemma 4.2. (i) Ifu,v € {a1,...,a,}T are any two words such that the rela-
tion u = v holds in S4(n), then the relation u¢p = vg holds in Sa(n +1).
(1i) Ifu,v € {az,...,a,}T are any two words such that the relation u = v holds

in Sa(n) then the relation uyp = vy holds in Ss(n —1).

ProOF. (i) This part of the lemma follows from the fact that applying ¢ to both
sides of a relation from P(I'4) yields a relation from P(T4,).

(ii) Since v = v holds in S4(n), v can be obtained from u by applying relations
from PB(T2). None of these relations contains a; by Lemma 3.1. Applying % to
both sides of a relation not containing a; yields a relation from PB(T4_)), and
hence the result. B

Lemma 4.3. Let wy,w, € {ag,...,a,}*. The words wya; and wea; generate the
same minimal right ideal in S4(n) if and only if wy = we = € (the empty word),
or w1t = watp holds in Sx(n —1).

PROOF. Both wja; and wya; certainly generate minimal right ideals by Lemma,
3.2. Also, by Lemma 4.2, if w1t = wyt holds in S4(n — 1), then wiv¢ = werbo
holds in S4(n). Since ¥ = ¢!, we have w; = w, in S4(n), and wya; and wya,
indeed generate the same minimal right ideal.

For the converse, assume that w;a; and wea; generate the same minimal right
1deal. Then

wW1A1W3 = Wady,

for some w3 € {a1,...,a,}*. This means that wea; can be obtained from w;a;ws;
by applying relations from PB(I'4). If a relation is applied to a subword of wya;ws
which contains a letter from w;, then this relation does not start with a;, and
hence is af = a; for some i, 2 < 7 < n, or is (aja;)® = af for some j, k, 2 <
J < k < n. In either case the applied relation does not contain a;, and is hence
applied solely to w;. Therefore, we obtain that either wy = wy =€, or w1 = w,
holds in S4(n), in which case w;¢) = woe) holds in S4(n — 1) by Lemma 4.3. &

Now we have the following theorem describing the structure of S4(n).
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Theorem 4.4. The semigroup Sa(n), n > 2, possesses a unique minimal left
" tdeal La(n) which is a disjoint union of |Ss(n—1)|+1 minimal right ideals, each
of which is isomorphic to the alternating group Anis. The set Sa(n) — La(n)
is a semigroup isomorphic to Sy(n — 1). The semigroup S4(n) is a union of

alternating groups As, ..., A,to. It is finite, and its order is given recursively
by

1Sa(1)] =3,

Satn+ Dl = (184(m) + DL 4 15,
ProoF. The theorem follows from Theorem 2.14 and Lemmas 3.6, 4.1 and 4.3.

The semigroup S4(4) is shown in Figure 9. It has 4 D-classes, each of which
has exactly one L-class. Note that in this figure, contrary to the convention, £L-
classes are represented by rows, and R-classes are represented by columns. The
order of this semigroup is 1145091.

2 1
24 A4 A4 2 4
s s As As 52

% A % .. % A % 3172

Figure 9.

5. Semigroups defined by Coxeter type presentations for
symmetric groups

Now we investigate the structure of the semigroups S(I'S), n > 1; see Example
1.2. The graph I'] has vertices {ay,...,a.}, edges (ai,ai+1), 1 < ¢ < n, and



180 Semigroup presentations

labels
pi=2,pijis1=3 (1<i<n, 1<j<n).

The graph I'{ is shown in Figure 10.

2 3 2 3 2 3 2
*—» @0 —pb—@—p—@
a1 a as a4

Figure 10.

The presentation associated with I'Y is

‘,]3(1“5) = (ala'--aan]a? = a, (ajaj+1)3 =a§, ara; = ajag,
1<i<n 1<j<n—-1,1<k<l{-1<n-1)).

The group G(I'S) defined by this presentation is the symmetric group S,4;1 of
degree n + 1. We denote by Ss(n) the semigroup defined by this presentation.

We investigate the semigroup Ss(n) along the same lines as we did for S4(n)
in the previous section: we find the number of minimal right ideals in the unique
minimal left ideal Lg(n), and we describe Ss(n) — Lg(n). However, the technical
side of the argument is more complicated than in the previous section. In it we
make use of the mappings ¢ and ¥ defined by (8) in the previous section, as well
as of the following recursively defined sequence of sets of words:

Wl = {a1}7
Wi = {(wé)aiaiq...a1 |w € Wy, 1 <i<n+1} U {a}.

Clearly,
g Wn g {al,...,an}+,

so that W, can be considered as a subset of Ss(n).

Again, a, is the only initial vertex of I'S. In particular, the minimal left ideal
Ls(n) consists of all words containing a;; see Lemma 3.2. Hence every word from
W,, represents an element of Lg(n). We aim to prove that each minimal right
ideal of Ss(n) contains one and only one element from W,.

We begin with some technical results.

Lemma 5.1. If: < j < n then there exists a word w € {ay,...,a,}* such that
the relation a; = wa; holds in Ss(n).

PROOF. If i = j, we can choose w; = a?, because of the relation a? = a;. So
assume that 7 # j. Let wg, 1 < k < n, denote the word aj(arars1)?ar. Then we
have
— 3 _ 2
WiAr4+1 = ak(akakH) = akak = ag,
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and hence, for w = w; ... w;j_ow;_1, we have
wa; = w; ... Wijm2W;—1G5 = Wi ... Wj205-1 = ... = W;Qz41 = Gy,
as required. W
Lemma 5.2. The relation
2 —

Qpp410EQLy = QpQp410k
holds in Ss(n) for any k, 1 < k < n.
ProOF. Note that by Lemma 2.4 we have

2 _ 2 _

Ap+10kQp ) = Qpt10k, AkAr410) = AkOk41,

and hence

2 _ 3 _ 2 2
QpOE+10EQE+1 = (akak+1) Ar41QkAky1 = ak(ak+1ak) Qpp10k0k41
2 2 2
= ar(arp10r) araryr = (ararir)’agars

2 2
(Qr@k41) Arp1 = QRAR4105AL ;] = GkGi10r,

as required. W

Lemma 5.3. (i) Ifu,v € {a1,...,a,}" are any two words such that the rela-
tion u = v holds in Ss(n), then the relation ug = vé holds in Ss(n + 1).
(it) Ifu,v € {az,...,an}" are any two words such that the relation u = v holds

in Sg(n) then the relation uy = vy holds in Ss(n — 1).
PROOF. The proof is exactly the same as the proof of Lemma 4.2. &

Lemma 5.4. For any three words u, wy,ws € {a1,...,dn}* the words uayw, and
uajw, generate the same minimal right ideal in Ss(n).

PROOF. As a direct consequence of Lemma 3.2, both ua;w, and ua;w; generate
the same minimal right ideal as the word ua;. B

Lemma 5.5. Let wy,w, € W,,, with

w = (ﬁlgb)ai. .4y, Wo = (_’LEQQS)G,J' A

Wy, Wy € Woe1, 1 <1,5 <n. If w; and w, generate the same minimal right ideal
in Ss(n) then W, and W, generate the same minimal right ideal in Ss(n —1).
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PROOF. If w; and w, generate the same minimal right ideal in Ss(n), then there
exists a word v € {ay,...,a,}* such that the relation

Wi = WV

holds in Ss(n). Therefore, wyv can be obtained from w; by applying relations
from P(T'2). Since w; contains a;, so does any word representing the same
element in Sg(n) by Lemma 3.1. Thus we have a sequence of words

W1 = U101V1, U1V, U3A1V3, -..,UsA1V; = WV,

in which every word ugy1a1vp41, 1 < k < s, is obtained from wugaiviy by one
application of one relation from B(I'J), and in which the words us,...,u; do not
contain a;.

Since u; = (W1¢)a; . . . az, we have

Ul'(/) = Wid;_1--- ai,

so that u;%¢ contains a; and hence generates a minimal right ideal in Sg(n — 1).
We now prove by induction that for every k, 1 < k < s, the words uzt and uy%
generate the same minimal right ideal in Ss(n — 1). Note that there is nothing
to prove for k = 1, and assume that the statement is true.for some £ > 1. We
distinguish the following four cases, depending on which relation is applied to
ura1vy to obtain ugy1a1vEs1, and to which part of ugaivi this relation is applied.

Case 1. The relation is applied to a subword of uj. This means that uy = up4q
in Sg(n), and hence uxt) = ugy19 in Ss(n — 1) by Lemma 5.3. It now follows by
the inductive hypothesis that uxy1% and uq9) generate the same minimal right
ideal in Ss(n —1).

Case 2. The relation is applied to a subword of ura;v; which contains a; and
at least one letter from uy. Since uy does not contain a;, it must be of the form
ur = upa; with ¢ > 2, and the applied relation must be a;a; = a;a;, so that
Uk+1 = uf. By the inductive hypothesis uxt) and u;? generate the same minimal
right ideal in Sg(n — 1). In particular, uxt contains a; by Lemma 3.2. On the
other hand

upth = (uh)ai—;.

Since 1 > 2, uj% also contains a;, and hence generates a minimal right ideal
in Sg(n — 1). This minimal right ideal is the same as the minimal right ideal
generated by uzy by Lemma 5.4, and the assertion follows by induction.

Case 3. vy has the form v, = a;v, ¢ > 2, and the applied relation is aya; = a;a;.

Then ury1 = uga;, so that upp1?b = (ugtd)ai-g, and ugy1?y generates the same
minimal right ideal as uz¥ by Lemma 5.4.
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Case 4. One of the relations af = a; or (aja;41)® = a? is applied to a subword of
avg. In this case uy = ugy1, and the assertion follows by induction.

What we have just proved implies, in particular, that u;3 and u) generate
the same minimal right ideal in Ss(n — 1). On the other hand, we have

'Uq’@/) = ((.—U—J‘](ZS)(Z,‘ cen 02)’(/) = —?.Z)-lai..l c.oaq.

Since Wy € W,_q, W; contains a;, and hence u;% and W7 generate the same
minimal right ideal by Lemma 5.4. Similarly, u,i) and W, generate the same
minimal right ideal, which finally implies that w; and w, generate the same
minimal right ideal, exactly as required. ®

Let
n: A" — Sn+1

be the unique homomorphism such that
an=0Gi+1),i=1,...,n.

Since S,41 is the group defined by the presentation 9B(I'Y), it follows that 7
induces an epimorphism from Ss(n) onto S,41; we denote this epimorphism also
by . For a word w € {ai,...,a,}" which contains letter a;, by ¢(w) we denote
the longest initial segment of w not containing a;, and by 7(w) we denote the
terminal segment of w starting immediately after the first a;. Therefore, we have

w = w)ar7T(w).

Lemma 5.6. Let u,v € {ay,...,a,}" be two words which both contain a; and
which represent the same element of Ss(n). Then

(W) (u))n = ((v)7(v))n
holds in Sy41.

PROOF. Since Ss(n) is defined by P(I'3), it follows that v can be obtained from
u by applying relations from B(I'3). The letter a; is an invariant of P(I'S) by
Lemma 3.1, so that all the words obtained in this process contain a1, and hence it
is enough to prove the lemma in the case where u and v differ by one application
of one relation from PB(T'?).

So we suppose that v is obtained from u by applying a relation v’ = v’ from
B(TS). Notice that we have

u'n = o',

since Sy11 satisfies all the relations from P(I'S). Therefore, if u' = v’ is applied
to a subword of 7(u), then we have «(u) = «(v) and (7(u))n = (7(v))n, so that

()T (u))n = ((w))n - (r(u))n = ((v))n - (7(v))7 = (e(v)7(0))n-
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Next assume that v’ = v’ is applied to a subword of ¢«(u). Since ¢(u) does not
contain ai, it follows that the relation v’ = v’ does not contain a; either, and
hence applying v’ = v’ to «(u) yields ¢(v); we also have 7(u) = 7(v). Similarly as
in the previous case we now obtain (¢(u)7(u))n = (¢(v)7(v))7.

Now consider the case where v’ = v’ has been applied to a subword of u

containing the first appearance of a;. If the relation v’ = v’ is a3 = a4, then either

u)T(u) = (v)a?7(v) or ¢(u)air(u) = «(v)7(v), and in any case the assertion
follows from a?n = (12)(12) = (1). f « = v’ is aya; = aja;, 7 > 2, then
t(u)7(u) = (v)7(v), and the result follows trivially. Finally, if v’ = v’ is (aja;)® =

a} then «(u) = «(v) and either
alT(u) = aful, (117'(’0) = ((110,2)3’01,

or
2

a17(u) = (a1a2)3u1, a17(v) = ajvy,
for some words uy, v;. In both cases the result follows from (az(ajaz)?)n = (12) =
an. This completes the proof of the lemma. W

Lemma 5.7. Each minimal right ideal of Ss(n) contains ezactly one element
of W,.

PROOF. We prove the lemma by induction on n. For n = 1, Ss(n) is the cyclic
group of order 2, and is its own unique minimal right ideal, so that that the
assertion holds in this case.

Let us now assume that » > 1, and let R be any minimal right ideal of
Ss(n). First we prove that R contains an element from W,,. By Lemma 3.6, R
is generated by a word of the form wia; with wy € {ay,...,a,}*. Let w = wya;
be such a word of the minimal possible length. If w; is the empty word then
w = a; € W,. So we may assume that w; is non-empty, and we can write

w1 = waa,,

where 7 > 2.
If : > 2 then

W = Wel;a1 = Woa14;.

By Lemma 5.4, wea; belongs to R, which is a contradiction to our choice of w.
Therefore we may assume that : = 2, 1.e. that

W = Woaodj.

The word wsaz does not contain a; and hence the word (wqaz2)y represents
an element of Sg(n — 1). Moreover, since

(waa2)) = wotp - ay,
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(w2a2)y generates a minimal right ideal R in Ss(n — 1). By the inductive hy-
pothesis R contains a word u € W,,_;. The minimality of R implies that there
exists a word U such that

(waa2)Y = uT

holds in Sg(n — 1). Then

waag = ((wea2)Y)é = (uT)p = ug - T

by Lemma 5.3, and thus
ug-vd-a; =w € R.

Let v € {a2,...,a,}* be a word of minimal length such that (u¢)va; € R.
We shall now prove that va; = a;a;_q...a; for some 7, 1 < < n. Suppose not.

Let

Va1 = 4,Q4,_, - - - Qi
and let k£ be the least positive integer such that
J=tp1 FE+ 1.
Certainly we have k # 0, as a;, = a;. Let also
V1 = @y Gy - - Gigyg

so that
vay = U100k, .. . Q1.
We now distinguish the following three cases.

Case 1. 7 > k <+ 1. In this case we have
(ud)va; = (ud)viajara_1 ... a1 = (UP)V1akAL_1 . . . G10;.

By Lemma 5.4, it follows that (u@)viarax—1...a1 € R, which is a contradiction
with the choice of v. '

Case 2. j < k. Now we have

(ud)v1a;aKak—1 - - - Q1041

(uP)V1aRGE-1 - - . Bj420;0j410;05415-1 - - - Q1

Il

R 3> (ug)vaiajp

2
(u¢)v1akak_1 e Qj42090;A54105054105-1 - - - ai,

by Lemma 2.5, since u¢ contains a;. By Lemma 5.1 there exists a word § such
that

Ay = /Baja
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so that

2
MAEQk—1 - . . A5420505G541050541051 ... 01
2
V10Qf—-q - - - aj+2a2ﬁajaj+1ajaj+1aj_1 .o ay
.. Q4202000410051 . . .43 (Lemma 5.2)

H

2
V10 Qk—1 - . - Q5420505410051 .. .41
V1GkAk_1 - - . 01, (Lemma 2.5)

i
AAE\/-\/-\
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where Lemma 5.2 has been used. We have proved that
(ugp)viag...a1 € R,
which is a contradiction since
|viag ...a1| < |majak...a1| = |vay).

Case 3. j = k. Similarly as in the previous case we have

R > (ud)nia;arar_1...a1 = (ud)viaiar-q...a;
= (ué)vl%akak 1...a1 (Lemma 2.5)
= (uqﬁ)vlagﬁakakak 1...a; (Lemma5.1)
= (ué)vlagﬂakak 1...01
= (u¢)viaiar_1...ay ‘
= (ud)viag_...as, (Lemma 2.5)

which is again a contradiction to the choice of v.

We have proved that
vay = a;...da,

for some 7, and therefore (u¢)va; belongs to both W,, and R, as required.

Now we prove uniqueness. Assume that R contains two distinct words w; and
wy from W,. Neither of w; or w; is identical to a;. To prove this it is enough
to note that application of any relation from B(I'S) to a word of the form ua;v,
where u is a word which does not contain a; but contains as yields another word
of the same form, and that all the words of W,,, except a;, have this form.

Therefore we may assume that

1 = (w1¢) A1y, W = (Eg(b)a]

for some w;, W, € W,,_; and some 2,7, 1 < 1,7 < n. By Lemma 5.5, w; and w,
generate the same minimal right ideal in Ss(n — 1), and hence we have

2

wy

by the inductive hypothesis.



Coxeter type presentations 187

Now we have to prove that ¢« = j. Since w; and w; both belong to R the
relation

(W19)a; ...a1v = (Wad)a;...a;
holds in Sg(n — 1) for some word v. If, as before, n denotes the unique epi-
morphism {ay,...,a,}* — Sn41 extending the mapping a; — (¢ ¢ + 1), then we
have
(@1g)ai...a1v)n = (Weh)a; ... a1)7,
from which it follows easily that
onp=(12)23)...Js+DE:+1)...(23)(12) =0, (9)

since w; and W, are identical. On the other hand, Lemma 5.6 gives

(@18)a; ... agv)n = ((We)a; .. . az)n,

so that
vp=(23)34)...(J7+D(Ei+1)...(34)(23) = . (10)

From (9) and (10) we have

g =T.

Now we can see that it is impossible to have 7 < j because then we would have
lo=j541#1=17.
Similarly, ¢ > 7 would imply
t+lo=1#2=(1+1)r.
Therefore we have ¢ = j, so that w; = ws, thus completing the proof. B

Lemma 5.8. Ss(n) has ¢, minimal right ideals, where the sequence (c,)°, is
defined recursively by

a=1, cpp1=(n+1c, + 1.

PROOF. Ss(n) has exactly |W,| elements by Lemma 5.7, and this is easily seen
to be equal to c,. W

Finally, as in Section 4, the fact that a; is the only initial vertex of I'; together
with Lemmas 3.3 and 3.4 gives the following

Lemma 5.9. Ss(n) — Ls(n) = Ss(n—1) foralln>1. W

By combining Lemmas 5.8 and 5.9 with Theorem 2.14 we obtain
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Theorem 5.10. The semigroup Ss(n), n > 1, has a unique minimal left ideal
Ls(n) which is a disjoint union of ¢, minimal right ideals, each of which is
isomorphic to the symmetric group Sp41. For n > 2, the set Ss(n) — Lg(n) is a
semigroup isomorphic to Ss(n—1). The semigroup Ss(n) is a union of copies of
the symmetric groups Sa,Ss, ..., ny1- It is finite and its order is

n

1Ss(r)| = (i +1). =

2z=1

The egg-box picture (again with £-classes shown as rows and R-classes shown
as columns) of the semigroup Ss(4) is shown in Figure 11. The order of this
semigroup is 5180.

5 1
|
53 53 53 3
I
S4 S4 S4 10
|
S5 S5 S5 41

Figure 11.



Chapter 11

Certain one-relator products of cyclic
groups

In this chapter we consider various special cases of semigroups defined by presen-
tations of the form
(a,b]a®™ =a, b =b, o = B), (1)

where p,q € N, o, 3 € {a,b}*. The semigroup S defined by (1) can be viewed as
the semigroup free product C, * C, of a cyclic group of order p and a cyclic group
of order ¢ factored by the smallest congruence containing (a, §). We classify the
semigroups S we consider with respect to the following three properties:

(F1) S has a minimal two-sided ideal which is a disjoint union of copies of the

group defined by (1);

(F2) S has a minimal two-sided ideal which is a disjoint union of copies of a
group which is not isomorphic to the group defined by (1).

(F3) S has no minimal (left, right or two-sided) ideals.

The results of Section 1 have appeared in Campbell, Robertson, Ruskuc and
Thomas (1994a) and the results of Section 2 will appear in Campbell, Robertson,
Ruskuc, Thomas and Unli (1995).

1. Semigroups defined by presentations (a,b | a® = a,
b3l = b, ab*ab? = b%a )
In this Section we consider the semigroup S defined by the presentation
(a,b] a® = a, b9+ = b, ab’ab® = b?a). (2)

We assume that ¢ is even, that r is odd and that 1 <r <gq.

We are going to apply the general theory developed in Chapter 10 to determine
the structure of S. It will turn out that S has two minimal left ideals and three
minimal right ideals. After rewriting presentation (2) into a presentation for the

189
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Schiitzenberger group H of the minimal two-sided ideal M of S we will see that
this group is finite metabelian, thus enabling us to find the order of S. A closer
analysis will show that H is isomorphic to the group G defined by (2) if and only
if g = 2r.

Semigroups defined by (2) were one of the first to be investigated by using
computational- methods, and these investigations made a significant influence
on the general theory from Chapters 9 and 10. This is the primary reason for
including these, rather special, semigroups in this thesis.

As usual, we begin by determining minimal left and right ideals of S. This
turns out to be a rather tedious job, and we need several technical results.

Lemma 1.1. The following relations hold in S':
(i) bab? = ba;
(1) ba*b? = ba®;
(iii) a*b*a = b¥a, i € N;
(iv) bab*a? = bab”, i € N;
(v) ba®b*a? = ba?b*, i € N;
(vi) (b%a*)? = bla?;
(vii) b% - ba® = ba® - b*;
(viii) (ab"a)? = b%a’.

PROOF. (i) We have
bab? = b7 ab? = b1 6%ab? = b ab ab’b? = b9 ab ab? = b9 'b%a = ba.
(i1) Using (i) we have
ba*b? = bablab? = babla = ba’.
(iii) We prove (iil) by induction on . For ¢ = 1 we have
a’b’a = a*ab’ab?® = ab"ab’ = ba.

Now if

a’b*q = b2’a,

then
a2b21+2a — a262zb2a — a2b2zabra62 — b2zabrab2 — b2z+2a’

thus completing the inductive argument.

(iv) Let s = ¢ — 2. We prove by induction that

bab*a® = bab® (3)
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for all : € N. Since g.c.d.(¢,s) = 2 and since 69! = b, (iv) will then follow.
For : = 1 we have
bab’a® = b 10%ab?%6? = b tab ablq? = b b @

= b7 laba = bl abTab? = b 10%ab? = bab®,

where (ii) has been used. Now assume that (3) holds for some 7. Then we have
bab( %6 = bab*b'a® = bab“a®b*a® = bab* *bPaab’a® = bab**~2ab ab’ab’a’
= bab*2ab"ab’ab® = bab" 2b%a*b° = bab*a’b® = babl Vs,

thus completing the inductive argument.
(v) Using (i) and (iv) we have

ba’bt*a? = bablab?a’® = bablab® = ba’b*.
(vi) By (ii) we have

b1a’bla’? = blat = ba?.

(vii) By (iii) and (v) we have
ba’t? = ba’b’a® = ba®. .
(viii) By (i) and (vii) we have

(ab’a)? = (ab’ab?)? = (ab’ab’b?7%)? = (Hab?™?)?
B2abi™2b2ab?™? = bPablab’? = b2a’b7? = b4,

since ¢ — 2 is even. A

Lemma 1.2. For any word w; € {a,b}™ there ezists a word w; € {a,b}t such
that the relation
wzwlba = ba

holds in S.

PROOF. We prove the lemma by induction on the length of w;ba. However, in -
this case it is convenient to define the length of a word to be its length in the free
product {a}* * {b}*. Thus, for example, both words aba and b*a*b® have lengths
3, while the word ababa has length 5.

If the length of w;ba is 2, then w;ba has the form b'a for some ¢ € N, so that
premultiplying by a suitable power of b yields ba. If the length of w;ba is greater
than 2, then wyba can be written as

wiba = b'a’bFaw,
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where 0 < i <¢,1<;7<2,1<k<gq w €{ab}* and w) is either empty
or ends with ba. We shall show that by premultiplying the word b'a’b*a we can
obtain the word ba. The lemma will then follow by induction, since baw; is
shorter than b'a’b*aw).

First of all, by premultiplying b'a’b*a by 471!~ we obtain the word ba’b*a.
Next by premultiplying by 69 'ab"ab we obtain

B lab ab- ba'b*a = b 0% aa’b a = ba' T b a.

By repeating this we obtain the word bab*a = bab?**a. Now premultiplying by
b4 1ab™! yields

b 1ab™ 1. babitra = b 1B2abITR 2 = bab?tF2q,

By repeating this we obtain the word bab?a if k is even or bab"a if k is odd. We
now consider these two cases separately.
First we consider the word bab?a, and we premultiply it by 57~ 1ab ! to obtain

b7 1ab™ - babla = b7 102! = ba?,
and then we premultiply ba? by b7~ 1ab"ab:
b tabab - ba® = b W% aa® = ba.
Now we consider the word bab"a, and we premultiply it by 59"1ab"ab to obtain
b labTab - bab a = b7 0% a?b"a = ba’bq,
and then we premultiply it by babd™1:
bab™™! - ba*t a = b(aba)? = b7 a? = ba®.
Again premultiplying by 69"'ab"ab yields ba. m

Lemma 1.3. Let Ly and L, be the left ideals of S generated by ba and bab re-
spectively. Then Ly and Lo are the only two minimal left ideals of S, and the
action of S on {L1, Ly} is given by

— =
- 0| o

1
2
ProOF. That L; and L, are minimal left ideals follows from Lemma 1.2 and

Proposition 9.3.1. To prove that L; # L, note that for any 7,7 > 0 and any
wy, ws € {a, b}” we have

wyab' = wyal’ => i = j (mod 2),
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so that we can never have ba = wbab.

Finally, to prove that L, and L, are the only minimal left ideals of S, we
show that for any word w; € {a,b}" there exists a word w, € {a, b}t such that
wyowy € L1UL,. First we premultiply wy, to obtain a word of length at least three.
This word has the form w}ba’®’. By Lemma 1.2 this word can be premultiplied
to give ba‘t’. Next, from

b 1ab ab - ba'll = B b%ad’t = bat b

it follows that we may assume that ¢ = 1. Now if we premultiply the word bab’
by b7 1ab"~! we obtain

B lab™ . bab*t 2 = bab’ 2.

By continuing in this way we obtain the word ba € L; if j is even or bab € L, if
7 1s odd.
The given action of S on {L;, L;} follows from the above argument. B

Lemma 1.4. S has a uniqgue minimal two-sided ideal M. A word w € {a,b}*t
represents an element of M if and only if w contains ba as a subword. The set
S — M has ezactly 3q + 2 elements, and these elements are represented by the
non-empty words of the form a'b’, 0 <:<2,0< 5 <gq.

PROOF. The existence of M is a consequence of the fact that S has minimal
left ideals; see Lemma 1.4 and Proposition A.3.2. By the same theorem we
have M = L; U L,. In particular, M is generated by ba, and hence every word
containing ba as a subword represents an element of M. For the converse note
that we have the following invariant of presentation (2): if wy,ws € {a, b}t are
such that w; = ws holds in S then wy contains ba as a subword if and only if w,
contains ba as subword. Therefore, a word not containing ba as a subword does
not represent an element of M. There are exactly 3¢ + 2 such words, and they
are a't’,0<:<2,0<;7<¢q,¢%#0orj#0. All these words represent distinct
elements of S since the only relations that can be applied to a'¥’ are ¢®> = a and
¥tl=b. m

Lemma 1.5. For any word wy € {a,b}" there ezxists a word wy € {a,b}" such
that the relation
bawiwy = ba

holds in S.
PROOF. We prove the lemma by induction on the length of baw;, where the

length is again taken in the free product sense. In the case of length 2 we have
baw, = ba’, so that postmultiplying by a suitable power of a yields ba.
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If the length of baw; is greater than 2, then baw; can be written as w/}ba‘d’ a*,
where 1 <71<¢,1<5<2 0<k<gq,w; € {a,b}* and w] is either empty or
ends with ba. Similarly as in Lemma 1.2, we show that ba’b’a* can be reduced
by postmultiplying to ba, and the lemma will follow by induction.

First of all, by postmultiplying ba‘t’a* by an appropriate power of a, we can
obtain the word ba’ba. Next we postmultiply ba’b’a by b"ab? and obtain

ba'ta - b ab® = ba'bHa.

Continuing in this way yields ba*b%a if j is even or ba’b’a if j is odd. Note that
ba*b?a = ba't! by Lemma 1.1 (i), and postmultiplying by a®~¢ yields ba. Let us
now consider the word ba'b"a, and let us postmultiply it by 4°; we obtain

ba't a - b* = ba' " b%a.

If ; = 1, the obtained word is b%a, and this word can be transformed into ?t'a =
ba by repeatedly postmultiplying by 5" ab?. If i = 2, then we have the word bab®a,
which is of the form ba‘t’a* with j even, and we have already shown that such a
word can be reduced by postmultiplication to ba. B

Lemma 1.6. Let Ry, Ry, R3 be the right ideals of S generated by ba, aba, a®ba
respectively. Then Ry, Ra, Rs are the only three minimal right ideals of S.

Proor. That R;, R;, Rs are minimal follows from Lemma 1.5 and Proposition
9.3.1. To prove that they are distinct first note that for any ¢,5 > 0, and any
wy, wy € {a,b}*, we have

baw; = ¥ aw, => i = j (mod 2).

Therefore, Ry # R, and R; # Rs. In order to prove that R, # R; we have
to note a less apparent invariant of §3: for any ¢,k > 0, any 7,{ > 1, and any
wy,we € {a,b}*, where w; and wy do not start with b, we have

aWw = d*bw, = i+j=k+1 (mod 2).

Finally, every word containing ba as a subword has the form a‘b’aw, where ¢ > 0,
j > 1, and hence M = R, U R; U R3, so that R;, R; and R3 are the only minimal
right ideals of S. ®

Lemma 1.7. The minimal two-sided ideal M of S is a completely simple semi-
group, and is a union of siz copies of a group.

PROOF. The lemma follows directly from Lemmas 1.3 and 1.6 and Proposition
93.1. m
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Lemma 1.8. The Schitzenberger group H of the minimal two-sided ideal M of
S is defined by the presentation

(¢,y,212° =1, y* = 1, zyey ey 'ay)* = 1).
It is a metabelian group of order ¢(29/% —1).

PrOOF. We find a presentation for H by rewriting the presentation (2) for S in
accord with Theorem 10.3.2. Since S has two generators and two minimal left
ideals we need four new generating symbols, which we denote by t1,, t24, t1p,
t25. The action of S on its minimal left ideals is given in Lemma 1.3.

We rewrite the defining relations for S as follows:

a

a a a
1 tl,a tl,a tl,a tl,a
t2,a tl,a tl,a =|2 t2,a

i
J—

b b ... b |= b

Lt top -0 tip| =112

2 ! t2,b tl,b ces t27b =12 tg’b
a b b ... b a b b |= b b a
1t1e t1p top .. t1p ta2a T1p top|=|1|tip t2p t1a
20t9a tip tap ... tip oo tip fop|=|2|f2p T1p fog

The word b%a® represents an idempotent by Lemma 1.1 (vi), and it is obvious
that this idempotent belongs to M. Rewriting b%a? gives

b b ... b a a
Titip tap - lop e tia|=
20tap tip ... tip toe tia =1

Thus we obtain the following presentation for H:

(trast2a, trp, tap | 11, = 1, (trptep)? =1,
tl,a(tl,bt2,b)(T_l)/ztl,bt2,atl,bt2,b = t1t2,81,a,
to.a(tipten) " 2 ptaaty stan = toptiptae, taatie = 1).

If we use

-1
t20 =11, = tia

to eliminate ¢, ,, and if we denote t; 4, t1p, 23 by z, z, t respectively, we obtain

the presentation

(z,z,t|a? =1, (2)* =1, 2(z) 22t = zta, 2(2t)T"V 22zt = tzz).
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From the last two relations we obtain
2t =tz.
Now we introduce a new generator y by
2zt =y,
and then eliminate ¢, so that we obtain
(z,y,2z]|2z* =1, yi/?2 =1, 2y 222y = yz, yz = 2y).
Next we introduce a new generator
u = yrV/2;
eliminate z by using this generator, and obtain
(z,y,u|z? =1, y/* =1, zuzy = yz, yu = uy).
Finally, by eliminating u, we obtain the desired presentation:
(z,y|2? =1, y* =1, ayzy (zy'zy)’ = 1).

To see that H is metabelian (i.e. that the derived subgroup H' is abelian) we
introduce a new generator
v =gzylzy,

after which our presentation becomes
(z,y,v]|z* =1, Yy =1, v=ay lzy, zvz =0}, zvzt = v?),

so that H’ is the cyclic group generated by v. From the second and the last
relations it follows that the order of v divides 2¢/2 — 1, and it is relatively easy
(using the Reidemeister—Schreier Theorem, say) to prove that v indeed has order
24/2 _ 1. Since the group H/H' is clearly isomorphic to C; x Cy/2, it follows that
|H| = ¢q(29/2 — 1), as required. ®

If we combine Lemmas 1.3, 1.4, 1.6 and 1.8 we obtain the following:

Theorem 1.9. Let ¢,r € N, and assume that q is even and r is odd. The
semigroup S defined by the presentation

(a,b|a® = a, B! = b, ab"ab® = b?a)

has a unique minimal two-sided ideal M, which is a completely simple semigroup
with two minimal left ideals and three minimal right ideals. The Schitzenberger
group H of M is the metabelian group of order q(29/? — 1) defined by the presen-
tation

(@,yl2® =1, > =1, ayzy (zy'ay)’ = 1). (4)

S is a finite semigroup of order q29/* +2q+2. The egg-boz picture of S is shown
in Figure 12.
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As we have already mentioned, presentation (2) is rather special when com-
pared to the other presentations considered in this thesis. Nevertheless it had a
big influence on the general theory from Chapters 9 and 10. There are several
reasons for this. First of all, every presentation (2) (with ¢ even and r odd) de-
fines a finite semigroup of relatively small order; see Theorem 1.9, and compare
with Theorems 11.4.5, 12.4.4 and 12.5.10. Hence these semigroups are very con-
venient for a computational investigation using the Todd—Coxeter enumeration
procedure. '

Next, unlike Coxeter type semigroups and (non-generalised) Fibonacci semi- -
groups which all have a unique minimal left ideal or a unique minimal right ideal,
a semigroup S defined by (2) has two minimal left ideals and three minimal right
ideals. This opens up a possibility for the Schiitzenberger group H of the minimal
two-sided ideal M not to be isomorphic to the group G defined by (2). Actually,
it was quickly discovered by E.F. Robertson that both possibilities H = G and
H 2 G occur for various values of ¢ and r, and it was conjectured that H = G
if and only if ¢ = 2r. Walker (1992) proved this conjecture in one direction: if
g = 2r then H = G.
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Using Theorem 1.9 we can prove the whole conjecture. If G is the group
defined by
{(a,b]a* =1, b? =1, ab ab?® = b?a),

from the last relation we see that &” is conjugate to @, so that #*" = 1. If
we let s = g.c.d.(q/2,7), then we see that 4** = 1. Since r is odd we have
r = s (mod 2s), and so we have the following presentation for H:

(a,b]a® =1, b* =1, ab’ab® = b?a). (5)

The group defined by the above presentation is H®*~? in the notation from
Campbell, Coxeter and Robertson (1977). Theorem 8.2 from the same paper
implies that this group is metabelian of order 2s(2° — 1). Now, if ¢ # 2r, then
s < q/2, so that |H| > |G|, so that H and G are not isomorphic. On the other
hand, it is a routine matter to check that presentations (4) and (5) indeed define
isomorphic metabelian groups for ¢ = 2r.

Early computational evidence enabled E.F. Robertson to establish the follow-
ing multiplication table for the products of idempotents of the minimal two-sided

ideal M of S:

€1 €9 €3 €4 €s €g
€1 €1 €1 €1 €4 €4 e4bq—2r
€g €9 €9 €a €5 (3 es‘bq_%
€3 €3 €3 €3 esb2T GGbQT €g
€4 €1 €1 €1 b2r €4 €4 €4
€5 €9 €9 €9 bZT €5 €5 €5
ee | €397 e3b?TTF eq €s g s

where

e; = bla?, ey = abla, e3 = b* 1a’ba?,

es = b7 "2a%ba®b, e5 = a?b¥"1a?b, eg = b 1a?b.

With Lemma 1.1 in mind it is easy to see that these idempotents are closed
under the multiplication if and only if ¢ = 2r. In this way the computer evidence
suggested Theorem 9.2.1.

Considering the non-isomorphic case ¢ # 2r was the first step towards a
general rewriting theory for the Schitzenberger group of the minimal two-sided
ideal developed in Chapter 10. (Note that the generalised Fibonacci semigroup
5(2,6,2) from Section 3 of Chapter 11, although ‘nice’, was not a suitable working
example, since it is infinite and does not admit a straightforward investigation
by using Todd—Coxeter enumeration procedure.) Note that, for ¢ = 2r, the
idempotent e = e; has the property

CW1W2€ = EW1EW3E,
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for any words wy, ws; see the proof of Theorem 9.2.1. If ¢ # 2r, e does not have
this property (as it would imply H = G). However, it was noted that e has the
following weaker property:

ea b’ a?b? ... a""bFa* e = ea'ebeaebe . . . eat* e’k ea't e,

giving rise to an obvious rewriting mapping, and later to a presentation for H.
A generalisation of this approach yielded the following more general, but very
technical, rewriting theorem:

Theorem 1.10. Let S be the semigroup defined by the presentation

B =(a,as | a7 = a1, aPPT = ay, a1 =By, ..., 0m = B,

where ny,ng,m > 0, and each o; and each fB; is a non-empty word in a; and as.
Let S have both minimal left ideals and minimal right ideals, let M be the minimal
two-sided ideal of S and let H be the Schiitzenberger group of M. Suppose that
there exists an idempotent ¢ from M satisfying the following two conditions:

(E1) edias = ealea,, for 1 <i < ny;

(E2) edba, = eabeay, for 1 <i < ny.

Let e = al~y, where t € {1,2}, and v is a word which does not start with a,. Let
B be the alphabet {z;; |1 <1i<2, j €N}, with the convention that z;; = x; if
j =k (modn;). We define a mapping ¢{a1,a2:}" — B7 by

al = zij, (610:0;62)¢ = (610:)¢ - (a;62)8, if 1 # J.

Then H is defined by the presentation (B | R), where R is the following set of

relations:

(i) (¥ ;d??)6 = (a5 Biaf?)g, for1<jp <2, 1<k, <my,, 1 <i<my
(ii) (ake)p = afg, for 1 <j <2,1 <k <my;
(iti) (ea%)¢p = akg, for 1 <j <2, 1<k <ny;
(1v) Tig4p = TeqTep if € is of the form aféai (otherwise there is no relation
here). W

(For details on the above theorem and for a proof see Campbell, Robertson,
Ruskuc and Thomas (1994a).)

Due to the lack of feasible examples, the authors hoped for a while that it
is always possible to find an idempotent satisfying conditions (E1) and (E2) (or
their left-right duals). However, as the following example shows this is not the
case.



200 Semigroup presentations

Example 1.11. Let S be the semigroup defined by the presentation

{(a,b]a®=a, b® =0, (ab)® = (ab)?, ab®aba’b = ab?a?b,
bababa = (ba)?, ba*b’a’ba = ba’ba, ab*bab = ab’ab, abab*ab = abab,
(6%a%)® = b%a?, (ab?)® = (ab?)?, (ba?)?(ba)?(ab)?a?b?® = (ba?)?b?).

Let wy = 22y w)zMul and wy = 22y wlz5?u? be two words, where {z;,y;} =

{z2,y2} = {z1,u1} = {22, u2} = {a,b}, w; does not begin with y; and does not
end with z;, and w), does not begin with y, and does not end with 2. From the
nature of our presentation we see that if w; = ws holds in S then we have

T1 = T2, Y1 = Y2, 21 = 22, U1 = Uz,

i1 =12 (mod 2), j1 = jo (mod 2), &y =k, (mod 2), ; =1, (mod 2).

By using the Todd—Coxeter enumeration procedure we can see that S is finite of
order 224. In particular, S has minimal left ideal and minimal right ideals. Let e
be a word representing an idempotent of the minimal two-sided ideal M of S. It
1s clear that e must contain both a and b. Also, it is clear that e can be chosen
to have the length (in the free product sense) at least three. Let us assume that
e = ¢'asalaj, where 1 < 4,7 < 2. Then for k # ¢ we have
eafay, = e'agaiaéalfag + e'egaiaéa’{e’agaiagﬂ = eatea,,

and e does not satisfy condition (E1). Similarly, if e = €'ayaja), the e does not
satisfy (E2). m

The above example, as well as the fact that Theorem 1.10 is technically very
complicated, prompted a search for a ‘better’ presentation for the Schiitzenberger
group of a minimal two-sided ideal. The first such result is Theorem 10.3.3, where
the idempotents of the minimal two-sided ideal and their interaction still play an
important role. However, work on Theorem 10.3.3 suggested that the notion of
rewriting mapping is at least as important as the idempotents, thus paving the
path for the general rewriting theory described in Section 7 of Chapter 6, which,
in turn, lead to Reidemeister—Schreier type results in Chapters 7 and 10.

2. Semigroups defined by presentations {(a,b | a®> = a,
bitl = b, o = )

In this section we consider semigroups defined by presentations
(a,b]a®=a, b4t =b, a=1b"), (6)

where ¢,7 € N, a € {a,b}", and we classify them with respect to the properties
(F1), (F2), (F3); see the introduction to this chapter.

A typical procedure for determining the type of a semigroup S defined by a
presentation (6) consists of the following steps:
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1. checking if S has minimal left and right ideals;

2. determining the number of minimal left ideals and the number of minimal
right ideals;

3. if there is more than one minimal left ideal and more than one minimal
right ideal then rewriting (6) into a presentation for the Schiitzenberger
group of the minimal two sided ideal.

Except for the case o = a?, the type of a semigroup S defined by (6) depends
only on « and not on ¢ and r. More precisely, the type of S crucially depends on
the beginning and ending of . Therefore, we consider the following cases

a=a, a=ad, a=abBba, a = abBb, o = bBba, a = abBba®

a = a®bBba, o = bfba®, a = a’bPb, a = bBb, o = a®bBba?,

where 8 € {a,b}*. Note that because of the relations ¢®> = a and 57*! = b the
above cases cover all the possibilities for a.

The number of cases can be reduced further by using the following obvious

Lemma 2.1. Let g,r € N, let a € {a,b}*, and let ot be the reverse of a (i.e.,
if o = z124...7k, with z; € {a,b}, then off = z1...292,). The semigroup S
defined by the presentation '

{(a,b|a®*=a, "' =b, a=1")
is anti-isomorphic to the semigroup ST defined by the presentation
(a,b|a®=a, b =b, P =0"). W

Hence, for example, the case o = abBb is dual to & = bfba, and we shall
consider only the former. In what follows S and G will always denote the semi-
group and the group defined by the considered presentation. We will be omitting
most technical details, for which the reader is referred to Campbell, Robertson,
Rusgkuc, Thomas and Unli (1995).

The case x = a
In this case we consider the semigroup S defined by the presentation
(a,b|a®=a, ¥t =b, a =10"), (7)
which, after eliminating a, becomes

(b 8 = b, b1 =b).
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Therefore, S is isomorphic to the cyclic group of order g.c.d.(q,2r). In partic-
ular S has a unique minimal left ideal and a unique minimal right ideal and is
isomorphic to the group defined by (7).

The case o = a2

Now we have the presentation

(a,b|a® =a, b3 =b, a®> =b"). (8)

Let us first assume that g.c.d.(¢,7) = 1. Choose k such that kr =1 (mod g¢),
and introduce a new generator ¢ = 4. Then we may delete generator b = c* to
obtain
E(g+1) _ ck,

(a,c|a®=a, c c=d).

Next we delete ¢, and obtain

q+1) 2k>’

(a]a® = a, a?¥ =a
so that S is the cyclic group of order 2. In particular, S has a unique minimal
left ideal and a unique minimal right ideal and is isomorphic to the group defined
by (8).

Now we consider the case where g.c.d.(¢,7) = s # 1. Let T be the homomor-
phic image of S obtained by adding the relation °*! = b to (8). Therefore, T is
defined by

(a,b|a® =a, b = b, a® = b°),

which is equivalent to

(a,b|a2:bs=1),

so that 7' is the monoid free product of the cyclic group C; of order 2 and the
cyclic group Cs of order s. In particular, T has no minimal (left, right or two-
sided) ideals, which implies that S does not have minimal (left, right or two-sided)
ideals.

The case o = abBba
In this case S is defined by the presentation
(a,b|a® = a, bt = b, abBba = b").

The element b generates a minimal left ideal L and a minimal right ideal R.
Also, we have L = R, and this is the minimal two-sided ideal of S. This minimal
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two-sided ideal is isomorphic to G by Corollary 9.2.4. S — L has exactly two
elements a and a2, so that |S| = |G| + 2, and S is finite if and only if G is finite.

The case a = abgb

The presentation (6) in this case becomes
(a,b|a® =a, b¥ =b, abBb=1"b").

Element b again generates a unique minimal right ideal R. However, in this
case S has three minimal left ideals L;, L, and L3 generated by b, ba and ba®
respectively. By Corollary 9.2.4, each of Ly, Ly, L3 is a group isomorphic to G.
S — R again has two elements a and a?, and |S| = 3|G|+2. S is finite if and only
if G is finite.

The case a = abBba?
In this case S is defined by
(a,b|a® = a, b9t = b, abBba® = V7).

As in the previous two cases b generates a unique minimal right ideal R, but now
S has two minimal left ideals L; and L, generated by b and ba respectively. Each
of Ly, L is a group isomorphic to G. The order of S is given by |S| = 2|G| + 2,
and S is finite if and only if G is finite.

The case a = bBba?
Now S is defined by
(a,b]a®=a, B3 = b, bBba® =b").

Assume that
b = Prghipiegi2 | bikglk bik+1’

with k>0, 41,...,51 €{1,...,9}, J1,---,Jk € {1,2}.
First we consider the case k = 0 or k£ > 0 and h=J2=...= Je=2. Let T
be the homomorphic image of S defined by the presentation

(a,b|a®=a, b9 = b, bBba® = b7, ba® = a’b = b" = b).
This presentation is clearly equivalent to
(a,b|a® =1, b* =b).

Therefore T is the monoid free product of the cyclic group C; and the two-element
semilattice (b with 1 adjoined to it), and hence does not have minimal (left, right
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or two-sided) ideals. Therefore, if £ = 0 or j; = ... = jr = 2, then S has no
minimal (left, right or two-sided) ideals.

Now we consider the case where k > 0 and j7; = 1 for some [. It is possible
to show that S satisfies the relation ba? = b, so that S can be defined by a
presentation

{a,b]a® = a, b9t ba® = b, b™ab™a...b™ab™+ = b7),

where [ > 1, my,...,m; € {1,...,q}. S has two minimal left ideals L, and L,
generated by b and ba respectively; it also has three minimal right ideals R;, R,
and R3 generated by b, ab and a?b respectively. The action of S on L; and L, is
given by

a b
112 1
211 1

3

Rewriting the relations a® = a and 57*! = b in accord with Theorem 10.3.2 gives

tl,atZ,a - 17 t({,b = 17 (9)

while rewriting ba? = b does not give any new relations. The word b? represents
the idempotent of L; N Ry; rewriting this word gives

tl,b - t27b. (10)
With (9) and (10) in mind, we see that rewriting ba? = b, b™ab™a...bMab™+1 =

b gives
mi mo M4l __ g7
tl,b tl,atl,btlﬁl ot tl,atl,b - tl,b'

Therefore, H is defined by the presentation
(zyly? =1 y™ay™e. . ay™ =y

It is easy to see that H can be both finite and infinite, depending on [/ and
my,...,mu1- O 1s finite if and only if H is finite and |S| = 6|H| + 2.

The case o = b3b
In this case S is defined by the presentation
(a,b|a®=a, b7 = b, bBb=b").

Let us assume that
bbb = brgitbizgl || | pixgix bik+1,

where k > 0, 41,...,0k41 € {1,...,9}, j1,---,Jk € {1,2}. If k£ = 0 then § is
the semigroup free product of two cyclic groups, and hence has no minimal (left,
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right or two-sided) ideals. When & > 0, all the words (ba®=%1)'b, | > 1, generate
distinct right ideals, and all the words b(a®~*b)!, [ > 1, generate distinct left
ideals. Hence S has no minimal left ideals and no minimal right ideals. However,
S might have minimal two-sided ideals. For instance, if S is defined by

(a,b|a® = a, b* = b, baba®b = b),
then b generates a minimal two-sided ideal.
The case a = a?bBba?
Now we have the presentation
{a,b|a® =a, b9t = b, a®bBba® = b7). (11)
This case is very similar to the case a = bBba®. Let us assume that
bBb = balibi2hiz | bikalepiki,

Ifk=0orif j3 = j» =... = jr = 2, then S has no minimal (left, right or
two-sided) ideals. If £ > 0 and at least one j; is 1, then (11) is equivalent to

(a,b]a® =a, b7 = b, a’b = ba® = b, a’b™ab™a...b™Mab™* = b7).

S has two minimal left ideals L; and L, which are generated by b and ba respec-
tively, and it has two minimal right ideals R; and R, which are generated by b
and ab respectively. The Schiitzenberger group H of the minimal two-sided ideal
M of S has a presentation

(z,y |y? y™ay™ . yTay™ =y,
S is finite if an only if H is finite, and we have |S| = 4|H| + 2.

The results from this section are summarised in Table 3.
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fo% S comments size of m.i.
a (F1) Ix1
a® (F1) if g.c.d.(¢,7) =1 1x1
(F3) if g.c.d.(g,7) > 1
abfba | (F1) 1x1
abpb | (F1) 1x3
bBba | (F1) 3 x1
abBba® | (F1) 1x2
a’bBba | (F1) 2x1
bBba* | (F2) if b3b contains bab 3 x2
(F3) otherwise
a’bpb | (F2) if b3b contains bab 2x3
(F3) otherwise
b3b (F3) | may have minimal two-sided ideal
a’bBba® | (F2) if 53b contains bab 2x2
(F3) otherwise

Table 3.



Chapter 12

Computational methods

Many results of the previous chapters have been influenced by computational
evidence obtained from an implementation of the Todd—Coxeter enumeration
procedure running on computers at the University of St Andrews. By comment-
ing on this influence we hope to have underlined the usefulness of computational
methods in the study of semigroup presentations and semigroups in general. How-
ever, the formulation and the proofs of the results did not depend on any com-
putational evidence, and so the over-simplified abstraction of the Todd—Coxeter
enumeration procedure shown in Figure 4 sufficed for the needs of the first eleven
chapters. In this chapter we give due credit to the Todd—Coxeter enumera-
tion procedure by describing it in detail, and by giving three modifications of
this procedure. These modifications enumerate Rees quotients by one-sided ide-
als, minimal one-sided ideals and the idempotents of minimal two-sided ideals.
These procedures can be combined with the Reidemeister—Schreier type results
of Chapters 7 and 10, giving these results a more computational flavour. We
also pose several open problems which we consider important for the further
development of computational methods for semigroup presentations.

In Section 1 we give a brief summary of the development of computational
methods in semigroup theory. In Section 2 we establish the notation that we
need to describe various Todd—Coxeter type procedures, and we describe the
standard Todd—Coxeter enumeration procedure. In Sections 3, 4 and 5 we give
the mentioned three modifications of this standard procedure. The notation from
2 and the results from 4 and 5 will appear in Campbell, Robertson, Ruskuc and
Thomas (1995a). The result from Section 3 appears here for the first time.

1. A short history

As we mentioned in Chapter 3, semigroup theory draws a significant amount of
motivation and ideas from group theory. Therefore it is natural to look at compu-
tational group theory for hints on the development of computational semigroup
theory.

207
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Computational group theory is a relatively young mathematical discipline;
Neubiiser (1995) dates the beginning of its history to 1953, which is the year of
the first implementation of the Todd—Coxeter enumeration procedure for groups.
However, the same author points out that the ‘prehistory’ of computational group
theory began at the same time as group theory itself, thus implying that the delay
in development was not due to lack of interest. The main reason for the delay is
that computational group theory requires well developed theoretical group theory,
as well as advanced computers, and it was only in the second half of this century
that both these requirements were met. The result has been rather dramatic:
the number of results has been growing so rapidly, that an intention of writing a
book on the subject in 1970 resulted in 1994 in the book of Sims (1994) dealing
exclusively with group presentations. This book is the best reference available
for computational methods for group presentations. For a general discussion
on computational group theory and its development the reader is referred to
Neubiiser (1995).

The first applications of computational techniques to semigroups seem to
have been the determination of semigroups of small orders; see Forsythe (1955),
Tetsuya et al. (1955) and Plemmons (1967), (1970); see also Chapter 15 in
Jirgensen et al. (1991). In these papers the authors develop computational
methods for handling semigroups defined by their multiplication tables. How-
ever, as we mentioned in Chapter 3, multiplication tables do not seem to be
the best way to approach semigroups in general. The other two approaches—
transformation semigroups and semigroups defined by presentations—although
harder to develop, seem more promising in the long term.

Lallement and McFadden (1990) give a collection of algorithms for investigat-
ing finite transformation semigroups, as well as a bibliography containing earlier
partial attempts in this field. The algorithms of Lallement and McFadden give
the structure of a transformation semigroup S (given by its generators) in terms
of Green’s relations: they calculate all D-classes of S, and for each D-class D they
determine whether or not it is regular, find the number of £-classes and R-classes
of D and find a generating set for the Schutzenberger group (as a permutation
group) of D. A computer implementation of these algorithms is described in
Champarnaud and Hansel (1991). Konieczny (1994) generalised these results to
semigroups of binary relations.

The development of computational methods for semigroups defined by pre-
sentations has been concentrated around the two main procedures: the Knuth—
Bendix rewriting procedure (introduced in Knuth and Bendix (1970); see also
Sims (1994)) and the Todd—Coxeter enumeration procedure, which is the main
theme of this chapter.

The origins of the Todd—Coxeter enumeration procedure are in Todd and
Coxeter (1936), where they described the procedure for groups. Neumann (1967)
showed how this procedure can be used for semigroups, but he did not prove

the validity of the modification. This gap was filled by Jura (1978). The first
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computer implementation of the procedure is attributed to J.M. Parrington by
Cannon (1969). The first FORTRAN version of the Todd—Coxeter enumera-
tion procedure running in St Andrews was by E.F. Robertson and Y. Unlii; see
Robertson and Unli (1993). An improved C version is due to T.G. Walker; see
Walker (1992). Two modifications of the Todd-Coxeter enumeration procedure
for enumerating minimal one-sided ideals and idempotents of the minimal two-
sided ideal are described in Campbell, Robertson, Ruskuc and Thomas (1995a).
Also in Campbell, Robertson, Ruskuc and Thomas (1994a), (1995a) and (1995b)
foundations are laid for a Reidemeister—Schreier type theory for semigroups,
which has also been a topic of a detailed discussion in this thesis.

2. Todd—Coxeter enumeration procedure

We begin this section by describing certain data structures and actions on these
data structures, in terms of which we will describe the Todd—Coxeter enumera-
tion procedure and various modifications of this procedure.

Let A = {a1,...,a,} be a finite alphabet, and let oo be a symbol. We define
the following three data structures.

D1 A finite set C of non-negative integers containing 0 and 1.

D2 A mapping
7:(CU{o}) x A— CU {0},

such that
(0,a)T =0, (00,a)T = o0,

for all a € A.
D3 A set K which is a subset of C x C.

The elements of C are called cosets. In the standard version of the Todd—
Coxeter enumeration procedure they are simply names for elements of the enu-
merated semigroup S. The cosets 0 and 1 do not represent elements of 5. They
are included in C for technical reasons, and can be conveniently thought of as
representing an adjoined zero and an adjoined identity. In the variants of the
procedure described in Section 3 cosets are names for the elements of a Rees
quotient S/L, where L is a left ideal of S, while in Section 4 cosets are names for
minimal left ideals of 5.

The mapping 7 is called the coset table. This mapping extends to a mapping

7:(CU{o0}) x AT — C U {oo}

(2, wyw2)T = ((2,w1)7, w2)T-
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An equality (i, w)r = j means that the coset : multiplied by the word w gives
the coset j. An equality (¢, w)r = oo means that the result of multiplication of 7
by w has not yet been defined. We say that row : of the coset table is complete
if (i,a)7 # oo for all a € A.

The set K is called the coincidence set. Intuitively, it consists of pairs (z,7),
i,7 € C, which have been found to be equal during the course of the procedure.

The terms ‘coset’ and ‘coset table’ originate from computational group the-
ory, as the Todd—Coxeter enumeration procedure for groups enumerates cosets
of a subgroup in a group. We have retained them here for historical reasons.
The terms ‘element’ and ‘ideal’ instead of ‘coset’ may suit better the particular
procedures described here.

Now we introduce five actions on the above data structures.

E1 Make a new definition. Suppose that the coset table has a row which
is not complete. Let 7 be the first such a row, and let j be the least suffix
such that ¢a; = oo. If k is the greatest natural number which has belonged
to C during the procedure, add k£ + 1 to C, redefine (z,a;)7 = k + 1 in the
definition of the coset table, and define (k + 1,a)7 = oo, for all a € A.

E2 Push a row of a relation. For : in C and a relation u = v, with u,v € AT,
we compare (7, u)7 and (z,v)7 and make them equal as follows. Let u = uja
and v = v{b, with a,b € A.

(1) If (¢,u)r = oo, (4,v)7 = k # oo and (¢,u1)7 = [ # oo then redefine
(I,a)T = k in the definition of the coset table.
(ii) If (f,u)r = k # oo, (¢,v)T = 0o and (¢,v1)7 = [ # oo, then redefine
(1,b)7 = k in the definition of the coset table.
(i) I (¢4,u)r =k # o0, (i,v)7 = [ # oo and k # [, then add the pair (k,1)
to the coincidence set K.
E3 Push a row of a 1-word. Let f € AT and : € C. We force (i, f)7 to be
equal to 1 as follows. Let f = fia, a € A.
(1) I (¢, fi)T = k # oo and (7, f)7 = oo, then redefine (k,a)7 = 1.
(1) If (i, f)r = k & {1,000} then add the pair (1,%) to the coincidence set
K.
E4 Push row 1 of a 0-word. Let f € AT. We force (1, f)7 to be equal to 0
as follows. Let f = fia, a € A.
(1) If (1, f1)T = k # oo and (¢, f)7 = oo then redefine (k,a)r = 0.
(i) If (1, f)r = k & {0,000} then add the pair (0, k) to the coincidence set
K.

E5 Process a coincidence. Let (7,j) be an element of the coincidence set
K. We examine the consequences of identifying ¢ and j as follows. If ¢ =3
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then remove (¢,7) from K and end the action. If ¢ > j then replace (i, )
by (4,7) and continue. If ¢ < j then do the following three steps.
(i) For each a € A with (j,a)7 = k # 0o do the following two steps:
(a) if (¢,a)T = oo then redefine (¢,a)T = k;
(b) if (2,a)7 =1 & {o0, k} add the pair (I, k) to K.
(ii) Replace j by ¢ in the definition of the coset table and in the remaining
elements of K.

(iii) Remove j from C and (7,j) from K.

Let
"B—_— <ala-.-7am |u1 = V1 evey Unp ::'Un>
be a finite semigroup presentation. The standard Todd-Cozeter enumeration

procedure (shortly, TC) is defined as follows.
Start with

C={0,1}, K =0, (0,a)r =0, (1,a)7 =00 (a € A).

A single pass of the procedure consists of the following three steps:

(1) EI; .
(2) for every 7 € C and every u; = v; from R do E2;
(3) repeat E5 until K = .

The passes are repeated until the data structures D1, D2, D3 all stabilise (i.e.
until a pass not changing any of them is performed).

The following proposition asserts that the TC procedure does enumerate ele-
ments of the semigroup defined by B.

Proposition 2.1. Let
‘B: <a17"~7anlul = Vi, "'7un:Un>

be a finite semigroup presentation, and let S be the semigroup defined by P. The
Todd—Cozeter enumeration procedure terminates after a finite number of passes
if and only if S is finite. When the procedure stops, the final coset table C' gives
the right reqular representation of S acting on S with a zero and an identity
adjoined, and |C| — 2 is the order of S. W

A proof of the above theorem can be found in Jura (1978a). One may note
that the coset 0 is superfluous in the TC procedure: at any stage of the procedure
we have ta = 0 if and only if 7 = 0, because the procedure does not involve action
E4. The TC procedure, as described above, has straightforward modifications
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for enumerating monoids (in which case relations of the form v = 1 are allowed),
semigroups with zero (in which case relations of the form u = 0 are allowed) and
monoids with zero (where both above types of relations are allowed). Finally,
we note that the TC procedure is not an algorithm, since it does not necessarily
terminate.

3. Enumerating one-sided Rees quotients

As before, let us have a finite semigroup presentation
C'B: (A|9‘¥) = (al,...,am]ul = VU1y-..5Up :’Un>,

and let S be the semigroup defined by *B. In addition, let us have a finite set of
words
X = {51""757‘} - A+7

and let R be the right ideal of S generated by X. Let S* be the semigroup §
with an identity adjoined to it (regardless of whether S has an identity or not).
Obviously, R is a right ideal of 5*, and there is an action

c:5"/RxS— S*/R
of S on the set S*/R = (S* — R) U {0}, given by
(@ 5)0:{ zs ifr€ S —Randzs€ S—R

0  otherwise
(see Appendix A).

In this section we describe a modification of the Todd—Coxeter enumeration
procedure, which we call the RQ (Rees quotient) procedure, and which termi-
nates if and only if R has finite index in S, and gives the index of R in S, the
action o and a set of representatives of S — R; see Chapter 7 for definitions of the
above concepts. Of course the described procedure has a left-right dual, for enu-
merating the Rees quotient of a semigroup by a left ideal. These procedures can
be used in conjunction with the Reidemeister—Schreier type results from Section
3 of Chapter 7, thus giving effective finite presentations for one-sided ideals of
finite index. Finally, we note that to obtain an effective finite presentation for
the minimal two-sided ideal I of S generated by X, we have to enumerate the
two-sided Rees-quotient R/I, which is equivalent to enumerating (by using the
TC procedure) the semigroup defined by the presentation

<a1,...,am|9‘{, £1=0, ceey 5.,.-_—0).

The RQ procedure is based on the data structures and actions introduced in
the previous section. The initialisation of the procedure is the same as for the
TC procedure:

C={0,1}, K=10, (0,a)r=0, (1,a)r =00 (a € A). (1)
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One pass of the procedure consists of the following four steps:

(1) EL

(2) for alli € C and all u; = v; in R do E2;
(3) for every & € X do E4;

(4) repeat E5 until K = 0.

The passes are repeated until all the data structures D1, D2, D3 stabilise.

During the procedure to each ¢ € C we assign a word z; by the following
rule: z; is the empty word €; zo = &; if ¢ has been defined as 7 = (j, ax)7 then
z; = zjag. It 1s easy to check that

(1, Z,’)T = i,

for all: € C — {0}.
Now we start working towards our main result (Theorem 3.10), which asserts
that RQ does indeed enumerate the Rees quotient S/R.

Lemma 3.1. For every k > 0 there exists ng € N such that one of the following
two statements is true:

(1) for every n > no we have k & C after the nth pass of the procedure; or

(ii) the nth pass of the procedure, n > ng, does not change any of the values
(kaaj)T; I1<;<m.

PROOF. The only action which adds a new element to C is E1, but the added
element is always greater than any other previously used element of C'. Therefore,
if k is removed from C at some stage of the procedure, it will never be added to
C again, and (i) holds.

So assume that at some stage we add k to C, and that we never remove it after
it. For a fixed j, 1 < j < m, the values (k, a;)7 can change during the procedure,
but they always decrease. Therefore, (k, a;)7 will take only finitely many values,
and will eventually stabilise. Consequently, any of (k,a;)r, j = 1,...,m, will
take only finitely many values and they will all eventually stabilise, so that (ii)
holds. m

When case (ii) occurs we say that row k has stabilised. Lemma 3.1 in effect
says that each row of the coset table will eventually disappear or stabilise. How-
ever, as noted in Neubiiser (1982), Lemma 3.1 does not imply that we can predict
when this is going to happen, as this would yield a solution to the finiteness
problem.

Lemma 3.1 enables us to ‘take the limit of the procedure’ in the following
sense. First we define D C NU {0} to be the set of all eventually stable rows, i.e.

i € D <> case (i) of Lemma 3.1 holds for z.
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Next we define a mapping
c:Dx At — D

by

(z,w)o = (¢, w)7, after row ¢ has stabilised.
It is clear that o is an action of AT on D. In the following lemma we prove that
o induces an action of S on D.
Lemma 3.2. Let wy,wy € AT, If wy = wy holds in S then
(z,wr)o = (1, ws)0,
for all i € D. In other words, o defines an action of S on D.
PrROOF. The lemma is a direct consequence of the fact that the action E2 is a

part of the RQ procedure. B

Our main task is to prove that the action o is actually equivalent to the action
p; for the definition of equivalent actions see Appendix A. To do this we need
several technical results.

Lemma 3.3. If at some stage of the RQ procedure the coset table satisfies the
property .
1=, ae)m = (L, 2:)p = (1, z08)p, (2)

foralli,j € C and all k =1,...,m, then it satisfies
i = (5, w)r = (1,2:)p = (1, z;w)p,
foralli,j € C and all w € AT,

PROOF. We prove the lemma by induction on the length of w, the case |w| =1
being (2). Let us assume that |w| > 1, so that w = ayw, with ax € A, and let
us have

1= (j,w)r. (3)
Let us denote
U, ax)m =1, (4)
so that (2) gives
(L, 21)p = (1, z;ax)p- (5)

Also, from (3) we have

i = (J, axw1)7 = ((7, a) 7, w1)7 = (L, w1)T,

and by the inductive hypothesis we have

(1,2i),0‘—‘ (1,le1)p. (6)
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Finally, from (5) and (6) we deduce

(1,ij)p - (1 ZJakwl) ((1 ZJak)p’wl)p— ((1,21)p,w1)p

= (L zon)p = (1, z:)p,
exactly as required. W

Lemma 3.4. After any pass of the RQ procedure the coset table satisfies the
following property

= (5, w)T = (L zi)p = (1, z;w)p, (7)
foralli,j € C and all w € AT,

ProOOF. We prove the lemma by induction on the number of passes. The coset
table before the first pass is defined by (1), and obviously satisfies (7). We prove
that applying one pass of the procedure to a coset table satisfying (7) yields
another coset table also satisfying (7). In fact, by Lemma 3.3, it is enough to
prove that the new table satisfies (2). From the definition of the RQ procedure
it is clear that the coset table is changed only in steps E1, E2(i), E2(ii), E4(i),
E5. We consider each of these steps separately, showing that they do not affect

property (2).
E1. Let

= (J,ax)7
be a definition. Then z; is defined to be

Z; = ZjAk,

and we have

(1,2)p = (1, z5x)p.
Since the new coset table is identical to the previous one, except for the entry
(4,ak)T, we see that the new table satisfies (2).

E2(i). Suppose that |
t= (]a ak)T
has been obtained by pushing row [ of the relation u, = v,. This means that
Up = Hpalﬁ (laap)T = jv (jvak)T = 00, (l7UP>T = 1.
By the inductive hypothesis we have
(1, 2,)p = (1, 25)p, (1, 210p)p = (1, zi)p.

Next note that :
(1, zl“p)/’ = (1, zlvp)p,
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since u, = v, holds in S, so that we have

(1,Zi),0 = (17Zlvp)p - (17Zlup)p = (Lzlﬂpak)p = ((1,21Up)p7 ak)p
(1, z5)p, ax)p = (1, z5ax)p,

as required.
E2(ii). This action is analogous to the previous one.

E4(i). Suppose that

1= (]a ak)T
has been obtained by pushing the first row of the zero word ¢, € X. This means
that

€p = zpalw (]‘7Ep)7. =17, (]7 ak>T =00, 1 = 0.
Also, since ¢, represents an element of R, we have (1,£,)p = 0, so that
(Lz)p = (L&) =0=(L&)p = (1,8ar)p = ((1,E,)p, ar)p
= ((L,z)p,ar)p = (1, zjax)p,

by induction.

E5. Now we consider processing a coincidence (i1,%3). If this coincidence has
been obtained by pushing a row of a relation or by pushing row 1 of a zero word,
it is easy to repeat the argument above to prove that

(17Zi1)p = (17zi2)p' (8)

If (41,172) is a consequence of another coincidence j; = j; satisfying

(17 Zjl)p = (17 ng)P,

then we have
il = (j17a’k)7-7 7:2 == (j2aak)7_7

for some k, 1 < k < m, so that

(L, zi)p = (1, z5,a1)p = (1, z3)p, ax)p = (1, 23,) py ar)p = (1, z5ak)p = (1, 2i,) p,

by induction. Therefore, in any case, (8) holds.

Now, if 21 < %, then 15 is removed from C (possibly producing more coinci-
dences), and every occurrence of iy is replaced by ¢;. For example, i2 = (7, a)7
becomes t; = (2,ax)7. Now we have

(1a ziak)p = (172i2)p = (132‘51 )pv

which completes the inductive step. B
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Lemma 3.5. Action o satisfies the property
1= (g, w)o = (1,2:)p = (1, z;w)p,
foralli,7 € D and all w € A™.

ProOF. The lemma is an immediate consequence of the definitions of D and o
and Lemma 3.4. ®

Lemma 3.6. Ifi € D, ¢ #0, then (1,2)p # 0 in S*/R.

ProoF. If (1,z)p = 0in S*/R, then z; represents an element of R in S, so that
z; = &jw for some j, 1 < j <r, and some w € AT. By Lemma 3.2 we have

1= (1,z)0 = (1,{w)o = ((1,§)o,w)o = (0,¢;)0 =0,
which is a contradiction. ®
Lemma 3.7. If w € A% is such that (1,w)p # 0 in S*/R then (1,w)o # 0.
ProoF. If (1,w)c = 0 then by Lemma 3.5 we have
0=(1,20)p = (1,z1w)p = (1, w)p,
which is a contradiction. ®

Lemma 3.8. If w € A% does not represent an element of R then the relation
w = 2(1,w)e holds in S.

ProOOF. By Lemma 3.7 we have (1,w)o # 0. Now note that
(1, zqw)0 )0 = (1, w)o,
by the definition of words z;, so that, By Lemma 3.5, we have
(1, 212(1,w)0 )0 = (1, z10)p.
Since w ¢ R, we obtain z(; 4)o =win 5. B
Lemma 3.9. Actions p and o are equivalent.
PROOF. Let us define mappings
¢ :5/R— D, ¢2: D — S*/R
by

0 otherwise 0 otherwise.

m¢1:{(1,x)a ifz#0 ’$¢2:{zz ifz#0
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These mappings are well defined by Lemmas 3.2 and 3.6. If z € S*/R, z # 0,
then (1,2)0 # 0 by Lemma 3.7, and we have

($¢1)¢2 = ((1,.’1))0’)(]52 = 21,20 = T,

by Lemma 3.8. Also, if ¢ € D, £ # 0, then 2z, ¢ R by Lemma 3.6, and we have
(2¢2)p1 = 2261 = (1, 2;)0 = .

It is clear that
(041)¢2 = 0, (0¢2)¢y =0,

and so ¢; and ¢, are mutually inverse.
We now want to prove that for each z € §*/R and each s € § we have

(($¢1,S)O’)¢2 = ("7:73)/’? (9)

which means that o and p are equivalent; see Section 1 of Appendix A.
If z# 0 and (z,s)p 5~ 0 then

((z¢1,8)0)¢2 = (((1,2)0,5)0)d2 = ((1,25)0)¢2

2
= Z1gs)e = TS = (z,s)p.

If £ # 0 and (z,s)p = 0 then (1,zs)0 = 0 by Lemma 3.2, and we have

(($¢17 5)0')552 = ((1, $5)U)¢2 =00, =0= (:r,.s)p.

Finally, if z = 0, we have

((z¢1,8)0)¢p2 = ((0,8)0)d2 = 042 = 0 = (z, 5)p.

Therefore, (9) holds in every case, and the lemma follows. W

Now we can prove our main result.

Theorem 3.10. Let
ip: <Alm> = <a1a"'7am lul :vl’---aun:vn>

be a finite semigroup presentation, let S be the semigroup defined by B, let X =
{&,...,&} be a finite subset of AT, and let R be the minimal right ideal of S
generated by X. The RQ procedure, with P, X as its input, will terminate if
and only if R has finite index in S. When the procedure terminates, the final
coset table T gives the action of S on §*/R, |C| —1 is the index of R in S, and
{z; |0 # 1 € C} is a set of representatives of S — R.
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Proor. If R has has infinite index in S, then S — R is infinite, so that the set D
is infinite by Lemma 3.9. On the other hand, at any stage of the RQ procedure,
the set C is finite. Hence, the procedure does not terminate in this case.

Assume now that R has finite index ¢ in S, and let {w;,ws,...,w;}, with
w; = €, be a set of representatives of S — R (see Section 1 of Chapter 7). In
addition, we define wq to be & . After finitely many passes of the procedure all
the cosets 1wy, 0 < k < ¢, will be defined. Of course, all these cosets are distinct
(by Lemma 3.9), and will remain distinct in the rest of the procedure. By Lemma
3.1, after finitely many passes all the rows 1wy, 0 < k < t, will stabilise. Since
|D| = |S*/R| =t+1 by Lemma 3.9, we conclude that

D = {lwo, 1wy, ..., lw:}.

Since S acts on D, it follows that {lwg, 1wy, ..., lw;} is closed under this action.
Now, for any 7 € C we have 1z; = ¢, and since 1 = lw; € D, we conclude that
i € D as well. Therefore, at this stage of the procedure we have C' = D, so that
there are no new definitions to be made, and hence the procedure terminates.
The remaining assertions follow from Lemma 3.9. m

As we already mentioned, the TC procedure, the RQ procedure, and the
obvious left-right dual of the RQ procedure can be combined with Theorems
7.2.1 and 7.3.1 to give the following:

Theorem 3.11. Let S be a finitely presented semigroup, and let B be a finite
presentation for S. A (left, right or two-sided) ideal I of finite index in S is
finitely presented. If I is given by a finite set of words generating I as an ideal,
then a finite presentation for I can be effectively found. W

4. Enumerating minimal left ideals

In this section we describe another modification of the TC enumeration procedure,
which we call the Minimal Ideal (MI) enumeration procedure, which enumerates
minimal left ideals of a finitely presented semigroup. We again start with a finite
presentation

PB=(A|R) = (a1, ..., 0| w1 =V1,...,Uy = Up),

and we let S denote the semigroup defined by . We also assume that S has
minimal left ideals Ly, A € A. We denote L, by L, and we assume that a
word f € AT represents an element of L. S acts on the set {Ly | A € A} by
postmultiplication by Proposition A.3.2; we let

p:{Ly| X €A} x AT — {Ly| X €A}
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be this action.

The MI procedure starts with the same initial data structures as the TC and
RQ procedures:

C={0,1}, K=0,0a=0, la=c0 (a€ A).
One pass of the procedure consists of the following four steps:

(1) EL;

(2) for all : € C and all u; = v; in R do E2;
(8) for all ¢ € C and the word f do E3;

(4) repeat E4 until K = §.

The procedure terminates when all the data structures stabilise.

Similarly as in the TC procedure, the coset 0 is superfluous. To each : € C,
2 # 0, we assign a word z; € A*, such that z; = € and z; = z;a; if the coset ¢ has
been defined by ¢ = (j, ax)7. With this notation we have

Theorem 4.1. Let
PB=(A|R) = (a1,....an | U1 = 0v1,...,U, = 0y),

be a finite semigroup presentation, let S be the semigroup defined by B, and let
f be a word representing an element of a minimal left ideal L of S. The MI
procedure terminates if and only if S has finitely many minimal left ideals, and
in this case the following statements are true.

(i) The number of elements of the final coset table C is equal to the number of
the minimal left ideals of S.

(i1) The final coset table T defines an action of S on C, and this action is
equivalent to the action of S on its minimal left ideals.

(iii) The set {z;|i € C} is a set of representatives of minimal left ideals of S. M

This theorem can be proved almost identically as Theorem 3.10. The only
difference would be in the proof of Lemma 3.4, where, instead of considering
the effect of the action E4, we would have to consider the action E3. A slightly
different proof of Theorem 4.1 can be found in Campbell, Robertson, Ruskuc and
Thomas (1995a).

Theorem 4.1 (and its obvious left-right dual) can be used in conjunction with
the Reidemeister—Schreier type theorems from Section 3 of Chapter 10, thus
giving
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Theorem 4.2. Let S be a finitely presented semigroup, let B be a finite presen-
tation for S, and assume that S has minimal left ideals and minimal right ideals.
If § has finitely many minimal left ideals or finitely many minimal right ideals
then the Schitzenberger group H of the minimal two-sided ideal of S is finitely
presented. If we are given a word representing an element of the minimal two
sided ideal, a finite presentation for H can effectively be found. m

At the moment we do not have an enumeration procedure which could be
used together with the Reidemeister—Schreier type rewriting theorems for the
Schiitzenberger group of a 0-minimal two-sided ideal which is a completely 0-
simple semigroup; see Sections 1 and 2 of Chapter 10. Therefore we pose the
following

Open Problem 13. Find an enumeration procedure which would enumerate 0-
minimal left ideals of a 0-minimal two-sided ideal which is a completely 0-simple
semigroup.

It would also be interesting to investigate whether the assumption that we
know a word representing an element of L is essential for the MI procedure:

Open Problem 14. Is there a procedure which takes as its input a finite semi-
group presentation P, and terminates if and only if the semigroup S defined by B
has a minimal left ideal, in which case it returns a word representing an element
of this ideal? Does such a procedure exist if S is known to have minimal left

ideals?

Another possible way for the further development of TC based computational
methods is to develop methods to investigate the global structure of finitely
presented semigroups. The most natural way to approach this problem seems
to be via Green’s relations.

Open Problem 15. Is there a procedure which would enumerate all D-classes
of a finitely presented semigroup give by a finite presentation?

Open Problem 16. Find a procedure which would enumerate £-classes (respec-
tively R-classes) of a D-class which is given by a'word representing an element
in this D-class.

A potentially serious difficulty in Problem 33 is that in general D is not a
one-sided congruence, so that a semigroup S does not act on the set of all its D-
classes in a natural way. By way of contrast, R and £ are one-sided congruences,
so that the following problem might be more hopeful:

Open Problem 17. Find a procedure which enumerates all R-classes (£L-classes)
of a finitely presented semigroup.
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We also pose the following problem from Campbell, Robertson, Ruskuc and
Thomas (1995a), which might turn out to be related to the above problem:

Open Problem 18. Suppose that we use an arbitrary word f (not necessarily
representing an element of a minimal left ideal) as the initial data for the MI
procedure. Under which conditions does the procedure terminate after a finite
number of passes, and what conclusions about the algebraic properties of S can
be drawn from the final coset table?

5. Enumerating the idempotents of a minimal right ideal

We again suppose that S is the semigroup defined by the presentation
B=(A|R) =(a1,.--,8m | U1 = V1,...,U, = Vp),

and we assume that S has a minimal right ideal R and finitely many minimal left
ideals Ly, A € A = {1,...,q}. We also assume that a word g € At representing
an element of R is given. We describe an algorithm, which we denote by ID, and
which gives words representing the idempotents of R (i.e. the identities of the
groups RN Ly, A € A).

We note that if S has finitely many minimal right ideals B;,1 € I = {1,..., p},
then an obvious left-right dual of the ID algorithm can be used to find the idem-
potents of L;. This, together with the actions of S on its minimal left ideals
and minimal right ideals, transforms the Reidemeister—Schreier type rewriting
described in Theorem 10.3.3 into another effective way for obtaining a finite pre-
sentation for the Schiitzenberger group of the minimal two-sided ideal. Also, the
ID algorithm can be used to enumerate the idempotents of every E;, ¢ € I, thus
enumerating all the idempotents of the minimal two-sided ideal—a result of some
interest on its own.

The ID algorithm consists of the following steps:
(1) Perform MI with B3 and g; let p: A x S — A be the obtained action of S

on 1ts minimal left ideals.

(2) Perform TC for B together with defining words z;, ¢ € C, such that 1z; = 1,
until 1f has been defined.

(3) Let X =Y = 0.
(4) Perform one pass of TC.

(5) Construct the following digraph I', depending on the coset table. The set
of vertices of T" is C. Two vertices ¢,j € C are joined by an oriented edge
(¢ — j) if and only if j = zay for some a; € A.

(6) For every k € C such that there exists an oriented path from lg to k do
the next step.
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(7) If kzr =k and if (1,2:)p € Y then add z; to X and add (1,2x)p to Y.
(8) Repeat the steps 4, 5, 6, 7 until |Y| = q.

Theorem 5.1. The ID algorithm terminates after a finite number of steps. Af-
ter ID has terminated, the set X consists of words representing the idempotents
idempotents from RN Ly, ..., RN L,.

We give a sketch of proof of the above theorem.

Lemma 5.2. If, at any stage of ID, we have lw; = lw;y for some wy,wy; € AT,
then wy; = wy holds in S.

PrOOF. The lemma follows from the fact that the underlying procedure in ID
is TC. =

Lemma 5.3. At any stage of ID the elements of X represent distinct idempotents
of R.

PROOF. From kz; = k it follows that 122 = 124, and hence z? = z; holds in S
by Lemma 5.2. From the condition that there exists an oriented path from 1lg
to k it follows that 1gw = k for some w € A*, so that gw = z; by Lemma 5.2.
Hence z; € R. Finally, the condition (1,zx)p; € Y énsures that each element of
X belongs to a different minimal left ideal. ®

PrOOF OF THEOREM 5.1. Let wy, gws, ..., gw, be words representing the
idempotents from RN Ly, RN Ly, ..., RN L, respectively. After a finite number
of steps all cosets lgwy, lgws, ..., lgw, will be defined. Suppose that these
cosets have numbers ki, ..., k, respectively. Again after finitely many steps the
cosets k1z1,...,kyz, will be defined. If zx, = b;1bis. . . biy;, where all b;; are from
A, let

k=max({k1,...,kq}u{kibil...bit|1Sigq, 1§t§ti}).

After a finite number every row 7, 1 < k, in the coset table will stabilise. At that
stage 1z7, must be equal to 12;, because z;. = zp, holds in S. Therefore, at worst,
the algorithm will terminate at that stage. It now follows easily from Lemma 5.3
that X contains all ¢ idempotents from R. B



Appendix A

Semigroups and their ideals

Here we list standard definitions and results that we use in the main text. All
the results are well known and can be found in any introductory book on semi-
group theory, such as Clifford and Preston (1961) and (1967), Howie (1976) and
Lallement (1979).

1. Basics

Let S be a semigroup. A non-empty subset § # T C S is a subsemigroup of S
if it i1s closed under multiplication, i.e. if for any #;,2, € T we have t;t, € T.
If T;, ¢ € I, is a family of subsemigroups of S, and if N;c; T # 0, then N T
is a subsemigroup of S. For a non-empty subset X C 5, the intersection T' of
all subsemigroups of S which contain X is the subsemigroup generated by X; we
write T' = (X). An alternative description of (X) is

(X) = {xilxiz...xik I k> 1, Tiyy---Ti € X}

A non-empty subset R of S is a right ideal if rs € R for all r € R and all
s € S. Again, a non-empty intersection of right ideals is a right ideal. The right
ideal generated by a set § # X C S is the intersection of all right ideals of S
which contain X. For a semigroup S, by S* we mean S if S has an identity, and
S with an identity adjoined to it otherwise. With this notation the right ideal
generated by X is
XS'={zs|z€ X, se€ S}

Left ideals are defined dually. The left ideal generated by a set X is S1X. A set
I is a two sided ideal (or simply ideal) if I is both a left ideal and a right ideal.
The two sided ideal generated by a set X is S'XS*. Note that any (left, right
or two-sided) ideal is automatically a subsemigroup.
Let S; and S, be two semigroups. A mapping ¢ : 57 — Sz is a homomor-
phism if
(zy)¢ = (z¢)(y¢)

225
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for all z,y € S;. A homomorphism which is one-one (respectively onto, a bi-
jection) is called a monomorphism (respectively epimorphism, isomorphism). If
S1 = S, then any homomorphism is called an endomorphism, and any isomor-
phism is called an automorphism.

A congruence on a semigroup S is an equivalence relation 5, which is compat-
ible with the multiplication in S:

(81,82) €1, (t1,t2) € 1 => (8111, 52t2) € 1.

If n is a congruence on S, then the factor set S/n is a semigroup under the
multiplication 3,3, = 3752, where § denotes the n-class of s. There is the usual
connection between congruences and homomorphisms: if 7 is a congruence, then
S/n is a homomorphic image of S under the natural homomorphism 5 : s +— 3;
if ¢: 5 — T is a homomorphism then the kernel

kerQS = {(51,82) l31732 € S, 51¢ = 32¢}

of ¢ is a congruence on S and S/ker ¢ = Imé; also kerp? = 7 and (ker ¢)! = ¢.
A left congruence is an equivalence relation on 7 C S x S which is left com-
patible:
s €S, (s1,82) € n = (s81,882) € n.

A right congruence is defined dually. A binary relation is a congruence if and only

if it is both a left congruence and a right congruence. The indez of a (left, right

or two-sided) congruence is the number of equivalence classes of that congruence.
Each ideal I of a semigroup S gives rise to a congruence

nr= {(51782) 151’32 € I or 81 = 52}7 (1)

usually called the Rees congruence. The Rees quotient S/nr, which is usually
denoted by S/I, can be thought of as the set (S—1)U{0} with the multiplication

s s182 if 81,890,818, € S — 1,
1 2 pumany .
0 otherwise.

It is important to note that Rees congruences by no means exhaust the class of
all congruences of a general semigroup. If I is a left or right ideal, then (1) defines
a left or right Rees congruence on S. The indez of a (left, right, two-sided) ideal
is the index of the corresponding Rees congruence.

A right action (or simply action) of a semigroup S on a set X is a mapping
p: X xS — X with the property

((z,81)p;52)p = (3, 5152)p.

When there is no danger of confusion we write just zs for (z,s)p. A left action
is defined dually. An action is faithful if

(Vz € X)(zs1 = zs3) => 51 = $2.
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Any semigroup acts on itself by postmultiplication, but this action is not neces-
sarily faithful. Any semigroup acts faithfully by postmultiplication on the set S?.
Also, a semigroup S acts on a factor set S/, where 7 is a right congruence, with

st=3st(SeS/n tes). (2)
Conversely, for any action p: X X S — S and any z € X, the relation

{(s1,82) | z81 = z32}. (3)

is a right congruence on S.

Actually, there is a one-one correspondence between right congruences on a
semigroup S and cyclic actions of S with an indecomposable generator. (An ac-
tion p: X xS — X is cyclicif 2oS* = X for some zy € X; 70 is indecomposable
if zo & 205.) To see this assume first that 7 is a right congruence on S. Let S*
denote the semigroup S with an identity 1 adjoined to it (regardless of whether
S already has one). Then n U {(1,1)} is a right congruence on S*. The corre-
sponding action (2) of S on S*/n is cyclic, with an indecomposable generator
1. Conversely, if p : X x § — X is a cyclic action with an indecomposable
generator o, then corresponding relation (3) is a right congruence on S, and it
is easy to see that this indeed establishes the desired one-one correspondence.

Assume that we have two actions

p: X xS —X, o: Y xT —Y.

The actions p and o are said to be equivalent if there exists an isomorphism

¢ : S — T and a bijection ¢ : X — Y such that

(z,8)p = ((z, s9)o )™,
forallz € X and all s € S.

2. Simple and 0-simple semigroups

A semigroup is said to be simple if it has no proper ideals. A semigroup S with
zero is 0-simple if 0 and S are the only ideals of; S. For technical reasons the
trivial semigroup and the two-element semigroup with the zero multiplication are -
not included among either simple or 0-simple semigroups. Adjoining a zero to a
simple semigroup yields a 0-simple semigroup, but there are 0-simple semigroups
which cannot be obtained in this way.

It is clear that the set of all left (respectively right, two-sided) ideals of a
semigroup S is partially ordered under inclusion. The minimal elements of this
poset, (if they exist) are called minimal left (respectively right, two-sided) ideals.
Minima)] non-zero left (respectively right, two-sided) ideals in a semigroup with
zero are called 0-minimal left (respectively right, two-sided) ideals.
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If a (0-)simple semigroup satisfies the descending chain conditions for both left
and right ideals it is said to be completely (0)-simple. In particular, every finite
(0-)simple semigroup is completely (0-)simple. In the following theorem we list
the properties of completely 0-simple semigroups that we use in the main text.
The theorem is a compilation of results from Rees (1940) and Clifford (1941).
Most of the results are the special cases of more general theorems about Green’s
relations given in Section 4. Nevertheless, we state them separately because a
big part of the main text does not require familiarity with Green’s relations.

Proposition 2.1. Let S be a completely 0-simple semigroup. Then
(i) S possesses both 0-minimal left ideals and 0-minimal right ideals.

Let L', A € A, be all 0-minimal left ideals of S, let R., ¢ € I, be all 0-minimal
right ideals of S, and let Ly = L\ — {0} and R; = R, — {0}.

(1) S = (Uier Bi) U{0} = (Usea Ln) U {0}

(iti) RROR; =L yNL,=0, fori#j and X # p.

(iv) Every set H; = R; N Ly is non-empty.

(v) |Hix| = |H;u| for alli,5 € I and all X, € A.

(vi) For any ¢ € I and any X € A either H;\ is a group (in which case e;)
denotes its identity), or H;, U {0} is a semigroup with zero multiplication.

(vii) If H;x and H;, are groups then H; = H;,.
(viii) Each R; contains at least one group H;,. Each L, contains at least one
group H;,.

(iz) For sy € H;\ and sy € H;, we have s1s; € H;, if H;y is a group, and
8189 = 0 otherwise.

(z) Let s € H;,. If H;y is a group for some j € I, then sR; = R; and
sH;, = H;, forall p € A. If H;,, is a group then L,s = Ly and H;,s = H;
forall y € 1.

(zi) If H;x and Hj, are groups then for any s € H;, there exists (a unique)
s’ € H;, such that ss's = s and s'ss’ = §'; also ss' = €;, and s's = e;).
s' is uniquely determined by any of the previous four conditions, and the
mapping T — s'zs is an isomorphism from H;, onto H;.

(zii) If H;y is a group then e; is a left identity for R; and a right identity for
Ly.
(ziti) H;xU {0} = einSeiy forallic I, AeA. ®

Often a completely 0-simple semigroup is visualised as a so called egg-box
picture. In Figure 13 we have an example of such a picture. The completely
0-simple semigroup in question has eight 0-minimal right ideals (rows) and ten
0-minimal left ideals (columns). All the intersections H;y = R; N L, are non-
empty, and are of the ‘same size’; those of them which are groups are shaded.
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Figure 13.

Each R; and each L, contains at least one group. The product s;s; of s; € Hyr
and sy € Hss belongs to His since Hsr is a group, but sgs; is zero since Hyz 1s
not a group. Since both Hy and Hes are groups, an arbitrary element ¢t € Heg
has a unique ‘inverse’ t' € Hyg.

Adjoining a zero to a completely simple semigroup yields a completely 0-
simple semigroup, so that each statement of Proposition 2.1 has a corollary for
completely simple semigroups. We state these corollaries separately, since fre-
quently in the main text we deal with simple semigroups rather than with 0-
simple semigroups.

Proposition 2.2. Let S be a completely simple semigroup. Then
(i) S has both minimal left ideals and minimal right ideals.

Let Ly, A € A, be all minimal left ideals of S, and let R;, ¢ € I, be all minimal
right ideals of S.

(1) S = Uier Bi = Usea L.
(i) RRONR; =L\NL,=0ifi#j and XA # p.
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(iv) The set H;x = R; N\ Ly = R;L, is non-empty and is a group for all v € I
and all ) € A.

We denote by e;) the identity of the group H;).

(v) Hix 2 Hj, for allt,5 € I and oll A\, p € A.

(’l)i) Ifs € H;, then SRJ' = Ri, LuS = L)\, SHJ‘“ = Hiu; Hj#s = Hj)\.

(vii) For any i,j € I, any A\,p € A and any s € H;, there exists (a unique)
s’ € H;y such that ss's = s, s'ss’ = s, ss' = e;, and s's = e;5. s is
uniquely determined by any of the previous four conditions and the mapping
z +— s'zs is an isomorphism from H;, onto H;,.

(viii) e;y is a left identity for R; and a right identity for L.

(i:l:) H;, =e;)Se; forallie I, A eA. 1

There exists a nice structure theory for completely 0-simple semigroups due
to Suschkewitsch (1928) and Rees (1940). Let G be a group and let I and A be
two index sets. Let also P = (pi)yep ier Pe @ |A] x |I] matrix (usually called Rees
matriz) with entries from G U {0}, with the additional property (usually called
regularity) that each row and each column of P contains at least one non-zero
entry. The set (I x G x A)U {0} can be made into a semigroup by defining

, . _ ) Gigpajhop) i pr; #0
(2,9, \) (0, hy 1) = { 0 otherwise, )

(z,9,A)0 = 0(¢,9,2) = 00 = 0. (5)

This semigroup is denoted by MP°[G; I, A; P] and is called a Rees matriz semi-
group.

Proposition 2.3. (i) Let G be a group, let I and A be two index sets, and let
P = (pxi)renicr be a regular |A| x |I| matriz with entries from GU{0}. Then the
Rees matriz semigroup MP[G; I, A; P] is a completely 0-simple semigroup.

(i) Let S be a completely 0-simple semigroup, with all the notation from
Proposition 2.1. Assume that H; 5, is a group. For each 1 € I and each X\ € A
choose s; € H;y, and ty € H;,», and let P = (t/\si)/\eA,ieI’ Then P is reqular
and S = MO°[H; »,; I,A; P]. In particular, every completely 0-simple semigroup
is isomorphic to a Rees matriz semigroup. &

If the matrix P does not contain any zeros, then the zero is indecomposable in
MPO[G; I, A; P]. Removing the zero from this semigroup yields another semigroup
which we denote by M[G; I, A; P).

Proposition 2.4. (i) Let G be a group, let I and A be two index sets, and let
P = (pxi)senier be @ |A| x |I| matriz with entries from G. Then the Rees matriz
semigroup M[G; I, A; P] is a completely simple semigroup.
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(i) Let S be a completely simple semigroup, with all the notation from Propo-
sition 2.2, and let ioc € I and A9 € A be arbitrary. For each i € I and each
A € A choose s; € H;y, and ty, € H,,,, and let P = (tf\si),\eA,ieI' Then
S = M[Hi,; I, A; P). In particular, every completely simple semigroup is iso-
morphic to a Rees matriz semigroup. W

The following theorem gives a necessary and sufficient condition for two Rees
matrix semigroups to be isomorphic.

Proposition 2.5. Two Rees matriz semigroups M°[G;I,A; P] and M°[K; J,
M; Q)] are isomorphic if and only if there exist an isomorphism § : G — K,
bijections 3 : I — J, x : A — M and elements u;,vy € K i € I, ) € A) such
that

il = U@y ipi

forall e Aandallicl. &

As an immediate consequence we have the following result for simple semi-
groups.

Proposition 2.6. Every completely simple semigroup is isomorphic to a Rees
matriz semigroup M[G; I, A; P] with P in normal form, i.e. with p; = p1y = lg
foralliel and adl A€ A. 1

Finally, we remark that (4) and (5) define an associative binary operation
even if G is not a group, but a semigroup, and P is not regular. The obtained
semigroup, which we also call Rees matrix semigroup, is no longer 0-simple, but
has many similarities with 0-simple semigroups.

3. Semigroups with minimal ideals

As we said before, a (left, right, two-sided) ideal I of a semigroup S is said to be
minimal if it contains no other (left, right, two-sided) ideals of S5, and is said to
be 0-minimal if there are no (left, right, two-sided) ideals of S properly contained
between {0} and I. A semigroup does not necessarily have minimal or 0-minimal
ideals of any kind. Also it can have several minimal left ideals and several minimal
right ideals, or several 0-minimal ideals of any kind. However, it can have at most
one minimal two-sided ideal, because of the fact that the intersection of two two-
sided ideals I; and I, is always non-empty as it contains I;I,. There is a strong
link between (0-)minimal ideals and (0-)simple semigroups.

Proposition 3.1. (i) The minimal two-sided ideal of a semigroup is either trivial
or is a stmple semigroup.

(1t) A 0-minimal ideal of a semigroup is either a 0-simple semigroup or is a
semigroup with zero multiplication. W
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Of particular interest for this thesis are the semigroups which have minimal
one-sided ideals. The following two propositions state the main properties of such
semigroups.

Proposition 3.2. Let S be a semigroup and assume that S has minimal left
- (right) ideals Ly, A € A (R;, 1 € I). Then:

(i) S has a minimal two-sided ideal which is the disjoint union of all minimal
left (right) ideals of S;

(it) for any s € S and any A € A (i € I) the set Lys (sR;) is a minimal left
(right) ideal of S; in other words, S acts by postmultiplication (premultipli-
cation) on the set of all minimal left (right) ideals. W

Proposition 3.3. Let S be a semigroup and assume that S has both minimal left
ideals and minimal right ideals. Let Ly, X € A, be all minimal left ideals, and let
R;, 1 € I, be all minimal right ideals of S.

(i) The minimal two sided ideal M of S is a completely simple semigroup.
Minimal left and right ideals of M coincide with minimal left and right
ideals of S.

(i1) If e;x is the identity of the group H;y = R; N Ly then H;\ = e;3Se;. W

Slightly surprisingly, the analogues of Propositions 3.2 and 3.3 for semigroups
with O-minimal one-sided ideals do not hold; see Clifford and Preston (1967).
However, we have

Proposition 3.4. Let M be a 0-minimal ideal of a semigroup S, and assume that
M is a completely 0-simple semigroup, with all the notation for these semigroups
from Section 2.

(i) Each L' is a 0-minimal left ideal of S and each R is a 0-minimal right
ideal of S.

(1) For each A € A (i € I) and each s € S, the set Lys (sR;) is either
{0} or else is L, (R;) for some p € A (i € I). In other words, S acts
on the set {Ly | A € AYU{0} ({R:]i € I} U{0}) by postmultiplication
(premultiplication). W

4. Green’s relations

Green’s relations were introduced in Green (1951), and have since then become
a standard tool for investigating the structure of semigroups. Most of the results
of the previous two sections can be interpreted in terms of these relations.

Let S be a semigroup. Two elements a,b € S are L-equivalent (aLb) if they
generate the same left ideal, i.e. if S'a = S1b, i.e. if there exist ¢,d € S such
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that ca = b and db = a. Obviously, £ is an equivalence relation. It is easy to
see that it is even a right congruence. In a similar way, two elements a,b € S are
R-equivalent (aRb) if aS* = bS?, and R is a left congruence.

The intersection of £ and R is denoted by H, while the smallest equivalence
containing both £ and R is denoted by D. Since £ and R commute (i.e. LoR =
R o L), we have D = L o R. Finally, two elements a,b € S are J-equivalent if
S1aSt = S*bSt. Relations H, D and J are in general only equivalences. For an
elementa € S, L,, R,, H,, D, and J, respectively denote the equivalence classes
of a with respect to equivalences £, R, H, D and J.

The usefulness of Green’s relations comes from the fact that we are able to
describe the structure of a D-class with some precision. First of all, a D class is
a disjoint union of R-classes, as well as a disjoint union of £ classes. Now, since
D = L o R, we see that the intersection of an R-class and an L-class within the
same D-class is non-empty, and is an H class, so that a D class can be visualised
as an egg box picture, with rows, columns and squares representing respectively
R-classes, L-classes and H-classes.

Proposition 4.1 (Green’s Lemma) Let S be a semigroup and let a,b € S.

(1) If aRb with

as = b and bs’ =aq,

where 5,8 € S, then the mappings
As iz = x5 and Ay : T +— x5’

are mutually inverse R-class preserving bijections from L, onto Ly, and vice
versa.

(ii) If aLb with

sa=band s'b=a,

where 5,5 € S, then the mappings
ps: T+ ST and py 1 T — ST

are mutually inverse L-class preserving bijections from R, onto Ry and vice .
versa. B

An immediate consequence of this is:
Proposition 4.2. If aDb then |H,| = |H,|. ®

Proposition 4.3 (Green’s Theorem) If H is an H-class of a semigroup S,
then either H2N H =0 or H is a subgroup of S. M
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An element a of a semigroup S is said to be regular if there exists an element
b € S such that aba = a. An element o’ € S is an inverse of a if aa’a = a and
a'aad’ = a'. 1t is possible to show that an element is regular if and only if it has
an inverse. A semigroup is regular if all its elements are regular.

Proposition 4.4. If an element a of a semigroup S is regular, then so are all
the elements of its D-class D,.

If all the elements of a D-class D are regular, we say that D is a regular
D-class.

Proposition 4.5. Let D be a regular D-class of a semigroup S, and let a,b,c €
D.

(i) Each L-class and each R-class in D contains at least one idempotent, and
hence at least one group H-class.

(i) ab € D if and only if L, N Ry is a group, in which case ab € R, N Ly.

(iit) Ifa’ is an inverse of a then a' € D; also ad’,a’a € D, and H-classes RyN Lo
and Ry N L, are groups with identities aa’ and a’a respectively.

(iv) If H-classes Ry N L. and R.N L, are groups, then the H-class H, contains

one and only one inverse a’ of a. The mapping x — aza’ is an isomorphism
between R.N L, and B, N L,. :

(v) All group H-classes of D are isomorphic. B

Proposition 4.6. Let S be a completely 0-simple semigroup with all the notation
from Proposition 2.1. Then S has ezactly two D-classes: {0} and S — {0}; both
of them are regular. R, £ and H-classes of S — {0} are respectively R; (i € I),
Ly(A€eA)and H;y (i€l,X€A). AlsoJ =D inS. &

Let S be a semigroup and let s € 5. Consider the set
I,={z € 5|55 C §'aS'}.

I, is an ideal of S'aS* and the Rees quotient P, = S*aS*/I, is called a principal
factor of S. P, can be thought of as the J-class J, with a zero adjoined to it,
and the multiplication defined by

s18 8189 if 81,82,8182 S Ja
2 = .
! 0 otherwise.

If a belongs to the minimal ideal M of S then I, is empty, and P, is defined to
be J, = M.

Proposition 4.7. Each principal factor of a semigroup is either a simple semi-
group, a 0-simple semigroup or a semigroup with zero multiplication. &
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Open problems

In this appendix we list all the open problems posed in the main text, with
references to the pages they appear.

Open Problem 19. (Page 2/) Find a formula for the rank of a general (finite)
completely 0-simple semigroup.

Open Problem 20. (Page 42) Find the minimal number k such that there exists
a presentation of the form (A, B | R, &) for the full transformation semigroup
T, where the presentation (A |R) defines the symmetric group S, and || = k.

Open Problem 21. (Page 42) Find presentations for the semigroup Sing, of
all singular mappings on the set {1,...,n}, and for the semigroup K(n,r) of all
mappings on {1,...,n} of rank at most r.

Open Problem 22. (Page 48) Can the symmetric inverse semigroup I,, be de-
fined by a presentation of the form (A, t|R,, &,), where (A|R,) is a presentation
for the symmetric group S,, and |&,,| does not depend on n? If yes, what is the
minimal possible cardinality for &,7

Open Problem 23. (Page 57) Find the minimal number k such that there
exists a presentation of the form (A, B |, &) for the special linear semigroup
SLS(2,p) (respectively, for the general linear semigroup GLS(2, p)) such that the
presentation (A | fR) defines the special linear group SL(2,p) (respectively, the
general linear group GL(2,p)) and |&| = k.

Open Problem 24. (Page 57) Find presentations for the semigroup GLS(d, R)
of all d x d matrices over a ring R for various d and various R. In particular, find
presentations for GLS(d, R) in the following cases:
(i) d =2, R = GF(p")—a general finite field;
(ii) d = 2, R = Z,,—the ring of integers modulo m;
(iil) d > 2, R = Z,, p prime.

235
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Open Problem 25. (Page 84) Find a procedure which will take as its input a
finite semigroup presentation (A |9R) (defining a semigroup S) and a finite set of
words X C A*, and which would terminate if and only if the subsemigroup 7' of
S generated by X has finite index in S, and would return in this case a set of
representatives of S — T.

Open Problem 26. (Page 9/) Find a presentation for an ideal I of a finitely
presented semigroup S, which would be finite whenever [ has finite index in S,
and which is simpler than the presentation given in Theorem 7.2.1.

Open Problem 27. (Page 94) Find a finite presentation for an ideal I of finite
index in a finitely presented semigroup S if S/I is known to be of some special
type. In particular, find such presentation if S/I is

(1) a group with a zero adjoined;

(ii) a completely simple semigroup with a zero adjoined;

(iii) a completely 0-simple semigroup;
)

(iv) an inverse semigroup.

Open Problem 28. (Page 94) Develop a semigroup version of the Tietze trans-
formation program for simplifying presentations.

Open Problem 29. (Page 101) Is a subsemigroup of finite index in a finitely
presented semigroup necessarily finitely presented?

Open Problem 30. (Page 160) Describe the structure of the Schiitzenberger
group of the generalised Fibonacci semigroup S(r,n, k), where r,n,k € N, r > 1,
g.c.d.(n,k,k+r—1) = 1. For which r,n, k is this group:

(a) free?
(b) isomorphic to F(r,n,k)?

Open Problem 31. (Page 221) Find an enumeration procedure which would
enumerate 0-minimal left ideals of a 0-minimal two-sided ideal which is a com-
pletely 0-simple semigroup.

Open Problem 32. (Page 221) Is there a procedure which takes as its input a
finite semigroup presentation 3, and terminates if and only if the semigroup S
defined by B has a minimal left ideal, in which case it returns a word representing
an element of this ideal? Does such a procedure exist if S is known to have
minimal left ideals?

Open Problem 33. (Page 221) Is there a procedure which would enumerate all
D-classes of a finitely presented semigroup given by a finite presentation?
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Open Problem 34. (Page 221) Find a procedure which would enumerate £-
classes (R-classes) of a D-class which is given by a word representing an element

of this D-class.

Open Problem 35. (Page 221) Find a procedure which enumerates all R-classes
(L-classes) of a finitely presented semigroup.

Open Problem 36. (Page 222) Suppose that we use an arbitrary word f (not
necessarily representing an element of a minimal left ideal) as initial data for
the MI procedure. Under which conditions does the procedure terminate after a
finite number of passes, and what conclusions about the algebraic properties of
S can be drawn from the final coset table?
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Adian
embeddability theorem of, 114
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alternating group
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of a free abelian group, 38
of a free group, 38
of a free semigroup, 37
of a vector space, 33
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rank of, 24

Bruck extension, 70
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finitely presented, 72
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presentation for, 70

canonical forms, 44
Cayley Theorem, 1
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as a Rees matrix semigroup, 230
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elementary properties of, 228
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presentation for, 75
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elementary properties of, 229-230
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presentation for, 75
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computational group theory, 207
computational methods, 9, 58-61, 135,
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as a method of proof, 58
for full transformation semigroups,
. 208
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for semigroups of small orders, 208
history of, 207-209
results suggested by, 58-60, 148,
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index of, 226
least group, 21, 23
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Coxeter presentations, 165
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associated to a graph, 164
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semigroup defined by, 174
for a symmetric group, 165, 180
semigroup defined by, 188
for an abelian group, 165
for an alternating group, 166, 177
semigroup defined by, 179
semigroup defined by
finite, 176
minimal ideal of, 173
number of minimal right ideals
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structure of, 174
union of groups, 175
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egg-box picture, 228
embeddability, 113
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of a linearly ordered set, 3, 32

of a vector space, 3, 33

of an independence algebra, 3
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orders of, 148
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free, 150
generalised, 149
infinite, 160
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orders of, 148
structure of, 154-163
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Fibonacci semigroup
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finite field, 36
finitely presented, 7, 8
0-minimal ideal, 132
Bruck—Reilly extension, 72
completely 0-simple semigroup, 77,
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ideal extension, 77
ideal of a free semigroup, 106, 109
ideal of finite index, 89, 94, 97
one-sided ideal of a free semigroup,
109
one-sided ideal of finite index, 97
Rees matrix semigroup, 77
Schitzenberger group, 132, 139
subsemigroup of a free semigroup,
105
subsemigroup of finite index (open
problem), 101
finitely related graph, 167
finiteness problem, 9, 96, 148, 155,
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formal languages, 2
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free product
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automorphism group of, 37
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not free, 107
of infinite index, 109
presentation for, 5, 150
subsemigroup of, 85, 103-105
finitely presented, 105
not finitely presented, 104
of finite index, 105
free semigroup with zero, 3
full transformation semigroup, 1
computational methods for, 208
Green’s relations, 30
presentation for, 42
principal factors of, 31
rank of, 30

general linear group, 33
presentation for, 42, 55

general linear semigroup, 33
generators for, 34, 55
Green’s structure of, 33
presentation for, 55
rank of, 34

Generalised Fibonacci semigroup, see

Fibonacci semigroup
generating symbol, 4
graph

associated to a completely 0-simple

semigroup, 11
associated to a Rees matrix semi-
group, 24
Coxeter type presentation associ-
ated to, 164
Green’s relations, 232
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enumeration procedures for (open
problems), 221

homomorphism, 225
natural, see natural homomorphism

ID, 222-223
termination, 223
ideal, 225
0 minimal, see 0-minimal ideal
0-minimal, see 0-minimal ideal
finitely presented, 89, 94, 97
generated by a set, 225
index of, 82, 226
left, see left ideal
minimal, see minimal ideal
of a free semigroup, 103, 106-111
of finite index, 89, 94, 95, 97
an effective presentation for, 219
presentation for, 88, 94
right, see right ideal
ideal extension, 77-78
finitely presented, 77
presentation for, 78
idempotents
closed under multiplication, 115,
118, 198
in a regular D-class, 234
multiplication table of, 198
index, 83
of a congruence, 226
of a subgroup in a group, 82
of a subsemigroup, 83
of an ideal, 82, 226
inverse, 234
isomorphism, 226
isomorphism problem, 9

Knuth—Bendix procedure, 208

left ideal, 225
generated by a set, 225
(I,m,n) groups, 123
Low Index Subgroups Algorithm, 96
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Magnus, theorem of, 114
Malcev presentation, 105
MI, see minimal ideal, enumeration
procedure
minimal ideal, 136, 145, 227, 231
enumeration procedure, 219-222
termination, 220
is simple, 231
left, see minimal left ideal
of a Fibonacci semigroup, 152
of a semigroup defined by a Cox-
eter type presentation, 173
right, see minimal right ideal
0-minimal ideal, 126, 227, 231
as a Rees matrix semigroup, 133
enumeration procedure for (open
problem), 221
finitely presented, 132
left, 126, 227, 231
action on, 126
right, 126, 227, 231
action on, 129
minimal left ideal, 115, 120, 136, 227,
231
action of a semigroup on, 142, 232
unique, 118, 120
minimal right ideal, 115, 120, 136,
227, 231
unique, 118, 120
minimal two-sided ideal, see minimal
ideal
monoid, 3
presentations, 6
monomorphism, 226

natural homomorphism, 113, 115, 226
Nielsen—Schreier theorem, 103

one relator product of cyclic groups,
189
structure of, 196, 200-205
one-relator group, 114
one-sided ideal

Semigroup presentations

finitely presented, 97
of a free semigroup, 103, 107-111
of finite index, 97

partial transformation semigroup, 2
presentation for, 43
rank of, 30
presentation, 4
group, 6
monoid, 6
of monoids with zero, 6
of semigroups with zero, 6
semigroup and group defined by
the same, 112-124
semigroup defined by, 4, 9
presentations for As, 119-124, 139-
146
principal factor, 234

rank, 10
of S modulo T', 18
Rees matrix, 230
in normal form, 26, 231
regular, 24, 230
Rees matrix semigroup, 24, 74-77, 118,
133, 145, 159, 230
connected, 25
finitely presented, 77
generating set for, 74
isomorphism of, 231
presentation for, 75
rank of, 26-29
Rees quotient, 77, 226
enumeration procedure, 212-219
termination, 218
regular
D-class, 234
language, 94
semigroup, 234
Reidemeister—Schreier theorems (for
groups), 2, 78, 82, 87, 133
Reidemeister—Schreier type results (for
semigroups), 200
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Reidemeister—Schreier type theorems
(for semigroups)
for ideals, 88, 89
for one-sided ideals, 97
for right ideals, 97

for Schitzenberger group, 132, 136—

138
for subsemigroups, 79
Reilly extension, 70
representation mapping, 79
for Schiitzenberger group, 130
for subsemigroups, 86
representative function, 83, 96
rewriting, 78, 142, 157
rewriting mapping, 46, 79, 199
for a subsemigroup, 86
for Schiitzenberger group, 130
rewriting systems, 2
right ideal, 225
generated by a set, 225
index of, 82
presentation for, 97
right regular representation, 1
RQ, see Rees quotient, enumeration
procedure

Schiitzenberger group, 11, 114, 115,
126
an effective presentation for, 221
finitely generated, 130
finitely presented, 132, 139
generating set of, 128, 129
metabelian, 196
of 5(2,6,2) is free, 159
presentation for, 131, 132, 136~
138, 199
rank of, 130
rewriting mapping for, 138
Schiitzenberger product, 67-69
generating set for, 68
presentation for, 68
Schreier’s theorem, 85
semigroup
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defined by a presentation
minimal ideal of, 115, 173
structure of, 122-125, 145, 163,
179, 188, 196
defined by presentation
structure of, 155
presentation for, 5, 6, 9, 44, 62
methods for finding, 43
semigroup of binary relations, 2
computational methods for, 208
rank of, 32
semigroup of singular mappings
presentation for (open problem),
42
rank of, 30
semigroup of singular matrices, 33
idempotent rank of, 37
rank of, 36
set of representatives, 83, 87, 96

. simple semigroup, 227

rank of, 21, 24

0-simple semigroup, 227

special linear group, 33
presentation for, 41, 48

special linear semigroup, 33
generating set for, 34, 47
presentation for, 47, 48
rank of, 34

Stirling numbers, 31

strong semilattice of monoids, 72-74
presentation for, 73

strongly finitely related graph, 167,

168, 176

subsemigroup, 78-81, 225
finitely generated, 85
finitely presented (open problem),

101

full, 21
generated by a set, 225
generating set for, 84
index of, 83
of a free semigroup, 85, 103-105
of finite index, 101
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finitely presented, 105
presentation for, 79, 81
self-conjugate, 21

support, 63
symmetric group, 2
presentation for, 40, 41, 165, 180
symmetric inverse semigroup, 2
presentation for, 43

rank of, 30

TC, see Todd—Coxeter enumeration
procedure
Tietze transformations, 43, 45
elementary, 45
programs, 94
Todd—Coxeter enumeration procedure,
84, 197, 200, 208-223
actions on data structures, 210
data structures for, 209
coincidence set, 210
coset table, 209
cosets, 209
description of, 211
modifications, 207, 212, 219, 222
termination, 211
two-sided ideal, see ideal

undecidability results, 8
union of groups, 145, 175

word problem, 9, 114, 155
wreath product, 63-67
restricted, 63
generating set, 64
presentation for, 65, 67
unrestricted, 63

zero-minimal ideal, see 0-minimal ideal
zero-simple semigroup, see O-simple
semigroup

Semigroup presentations
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