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Abstract

A generating set for a finite group G is minimal if no proper subset generates G, and m(G) denotes the maximal size
of a minimal generating set for G. We prove a conjecture of Lucchini, Moscatiello and Spiga by showing that there
exist a, b > 0 such that any finite group G satisfies m(G) < a - 6(G)?, for §(G) = 2 p prime (G p), where Gp is
a Sylow p-subgroup of G. To do this, we first bound m(G) for all almost simple groups of Lie type (until now, no
nontrivial bounds were known except for groups of rank 1 or 2). In particular, we prove that there exist a, b > 0 such
that any finite simple group G of Lie type of rank r over the field F,; satisfies r + w(f) <m(G) < a(r+ w(f)?,
where w( f) denotes the number of distinct prime divisors of f. In the process, we confirm a conjecture of Gill and
Liebeck that there exist a, b > 0 such that a minimal base for a faithful primitive action of an almost simple group
of Lie type of rank r over [F,; has size at most ar? + w(f).

1. Introduction

Since a generating set for a group remains a generating set if additional elements are added, it is
natural to focus on generating sets for which no proper subset is a generating set; we call these minimal
generating sets (they are also known as independent generating sets). A minimal generating set need
not have minimum possible size. For instance, if n > 4, then {(1 2), (2 3),...,(n — 1 n)} is a minimal
generating set for S, but it has size n — 1, which exceeds the minimum size possible size of 2. How
large can a minimal generating set be?

Let G be a finite group. We begin by comparing what is known about the minimum size d(G)
and maximum size m(G) of a minimal generating set for G. If G is a p-group, then d(G) = m(G)
(this follows from Burnside’s basis theorem), so if G is nilpotent, then d(G) = max, prime d(G ) and
m(G) = X, prime 4(G ), where G, is a Sylow p-subgroup of G. In 1989, Guralnick [14] and Lucchini
[23] independently proved that all finite groups G satisfy d(G) < maxp prime d(Gp) + 1. Do all finite
groups satisfy m(G) < X, prime 4(Gp) + 1?7 Writing 6(G) = X, prime d(G p), Lucchini, Moscatiello
and Spiga [24] showed that m(G) < 6(G) + 1 is false in general, but they conjectured that there exist
a,b > 0 such that every finite group G satisfies m(G) < a - 6(G)?. Our first theorem confirms this
local-to-global conjecture.

Theorem 1. There exist a, b > 0 such that if G is any finite group, then m(G) < a - §(G)?. Moreover,
this is true for a = 10'° and b = 10.
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In [24], Theorem 1 is reduced to a statement about almost simple groups. (A group G is almost
simple if Go < G < Aut(Gy) for a nonabelian simple group Gy.) Even for finite simple groups G, while
it has long been known that d(G) < 2 (see [2]), little is known about m(G). In 2000, Whiston [29]
(using the Classification of Finite Simple Groups) proved m(A;) = n — 2. Later, in 2002, Whiston and
Saxl [30] proved that m(PSLy(p/)) < max{6, w(f) +2} with equality if w(f) > 4, and the exact value
of m(PSL;(p)) is given in [16]. (Throughout, w(n) is the number of distinct prime divisors of n, and
Q(n) is the number of prime divisors of n counted with multiplicity.) Except for the three-dimensional
classical groups studied in [17], no nontrivial bounds exist for any other finite simple group. This
motivates our second theorem, which we will use to prove Theorem 1.

Theorem 2. There exist a, 8 > 0 such that if G is an almost simple group of Lie type of rank r over F s
(where p is prime), then m(G) < a(r + w(f))P. Moreover, this is true for « = 10° and 8 = 10.

Up to improving the values of a and 8, Theorem 2 is best possible since if G is a finite simple group
of Lie type of rank r over F s, then m(G) > r + w(f) (see Proposition 3.2).

The invariant m(G) also plays a role in the product replacement algorithm for producing random
elements of G (see [7]). This algorithm involves a random walk on the product replacement graph
I',(G), and Diaconis and Saloff-Coste [8] proved that for large enough » this random walk reaches the
uniform distribution in time |G|° (%) 2 log n.

To prove Theorem 2, we relate m(G) to some well-studied invariants in permutation group theory.
Let G be a finite group acting faithfully on a set X. A sequence (xp,...,xx) of points in X is a base
if the pointwise stabiliser Gy, ...x,) is trivial. This subject has a long history, with many connections
to abstract group theory, computational group theory and graph theory; see the survey [3]. A base
(x1,...,xx) is irredundant if we have a proper subgroup chain G > G(y) > G(x.xp) > - >
G (x).x2,....xx) = 1, and it is minimal if no proper subsequence of (xi,...,xx) is a base. A minimal base
is irredundant, but the converse need not hold. Let 7(G, X) and B(G, X) be the maximum size of an
irredundant and minimal base, respectively.

Much is known about the minimum size of a base, for instance the resolutions of Pyber’s conjecture
[9] and Cameron’s conjecture [5], but less is known about (G, X) and B(G, X). However, Gill and
Liebeck [10] recently proved that any almost simple group of Lie type of rank r over F s (where p is
prime) acting faithfully and primitively on X satisfies the bound B(G, X) < I(G, X) < 177r% + Q(f).
As explained in [10, Example 5.1], (G, X) must depend on Q( f), but Gill and Liebeck conjecture
that B(G, X) should only depend on w( f) (see [10, Conjecture 5.2] for a precise statement). Our final
theorem proves this conjecture.

We actually prove a stronger result (also conjectured in [10]) that is more convenient for proving
Theorem 2. For a finite group G acting on X, a sequence S in X is independent if G (sn) > G (s) for proper
all subsequences S’ of S, and the height, denoted H(G, X), is the maximum size of an independent
sequence. Note that B(G, X) < H(G, X) < I(G, X).

Theorem 3. There exist A, B > 0 such that if G is an almost simple group of Lie type of rank r over F s
(where p is prime) acting faithfully and primitively on a set X, then H(G, X) < Ar® + w(f). Moreover,
this is true for A = 177 and B = 8.

For a finite group G acting on X, the height H(G, X) is related to the relational complexity RC(G, X)
via the inequality RC (G, X) < H(G, X)+1.Relational complexity arose in model theory, and it has been
the subject recent work, including Gill, Liebeck and Spiga’s recent proof [11] of Cherlin’s conjecture
that classifies the primitive actions satisfying RC(G, X) = 2.

Corollary 4. If G is an almost simple group of Lie type of rank r over E s (where p is prime) acting
faithfully and primitively on a set X, then the following hold:

() B(G,X) < 1778 + w(f)
(i) RC(G,X) <1778 + w(f) + 1.
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2. Preliminaries
2.1. Maximal subgroups of almost simple groups

The maximal subgroups of almost simple groups of Lie type are described by Theorem 2.1, which
combines two theorems of Liebeck and Seitz [19, Theorem 2] and [20, Theorem 2].

Let p be prime, and let X be a linear algebraic group over F p» which from now on we call an algebraic
group. For a Steinberg endomorphism o of X, write X, = {x € X | x = x}. A finite group O” (X)
for a simple algebraic group X of adjoint type and a Steinberg endomorphism o is usually simple, and
in this case we call it a finite simple group of Lie type. (Here, OP'(G) is the subgroup generated by the
p-elements of G.) In particular, for us, the Tits group 2F4(2)’ is not a finite simple group of Lie type.
Throughout, by rank we mean untwisted rank.

Theorem 2.1. Let G be an almost simple group of Lie type. Write soc(G) = OP' (X)) for a simple
algebraic group X of adjoint type and a Steinberg endomorphism o of X. Let M be a maximal subgroup
of G not containing soc(G). Then M is one of the following:

(D Ng (Yo Nsoc(G)) for a maximal closed o -stable positive-dimensional subgroup Y of X
(I) Ng(Xq Nsoc(G)) for a Steinberg endomorphism a of X such that o* = o for a prime k
(II0) a local subgroup not in (1)
(IV) an almost simple group not in (I) or (I11)
(V) the Borovik subgroup: M N soc(G) = (As x Ag).2% with soc(G) = Eg(q) and p > 1.

We say that a core-free maximal subgroup of an almost simple group of Lie type has type (I), (I),
(IID), AV) or (V) if it arises in case (1), (IT), (IIT), (IV) or (V) of Theorem 2.1, respectively.

In the remainder of this section, we collect together information about the subgroups appearing in
cases (I)-(V) that we will use in the proof of Theorem 2.

2.2. Aschbacher’s theorem and type (I**) subgroups

One usually categorises the maximal subgroups of an almost simple classical group G via Aschbacher’s
subgroup structure theorem [1]. Following the notation of Kleidman and Liebeck in [18], one can define
a geometric class of subgroups C = C; U --- U Cg (see [18, Chapter 3]) and a class S of almost simple
groups (see [18, Section 1.2]) such that for every subgroup H of G not containing soc(G) either H < M
for a maximal subgroup M € Corelse H € S. The subgroups in C are all of type (I), (IT) or (IIT) (with (IT)
and (III) broadly overlapping with Cs and Cg subgroups, respectively). However, Case (I) also includes
almost simple groups in S whose socle is a group of Lie type in defining characteristic. Therefore, it is
convenient to make the following definitions.

Let G be an almost simple group of Lie type. If G is classical, then let (I*) be the set of all maximal
subgroups M of G that are in (I) and are in the geometric class C or are twisted tensor product subgroups
(see [27]), and define (IV*) as (IV) without the groups of Lie type in defining characteristic. (It is
natural to include the twisted tensor product subgroups in (I*) as they arise as geometric subgroups of
the ambient algebraic group, see [20, Theorem 2] and the remark that follows it.) If G is exceptional,
then let (I*) be (I) and (IV*) be (IV).

Proposition 2.2. Let G be an almost simple classical group defined over F,, and let H < G not contain
s0c(G). Then either H < M for a maximal subgroup M of G of type (I*), (Il), (IIl) or (IV*), or H is an
almost simple group of Lie type defined over a subfield of F,, satisfying rank(H) < rank(G).

Proof. Assume that H does not lie in a maximal subgroup of type (I*), (II), (II) or (IV*). Let g = pf R
where p is prime, and let Fj be the natural module for G. Since (I*), (II) and (III) cover the entire
geometric class C of maximal subgroups of G, we know that H is not a subgroup of any maximal
subgroup M contained in the geometric class C. Therefore, by the main theorem of [1], we deduce that
H is contained in S. Since H is not in (IV*), H must be a group of Lie type defined over F e for some e.
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By [18, Proposition 5.4.6] (which is an application of Steinberg’s twisted tensor product theorem), f
divides de, for some d € {1,2, 3}, and the embedding of H in G aftords an irreducible F,e H-module V
of dimension n//4¢_ Since H is not contained in any maximal twisted tensor product subgroup, by [28,
Corollary 6], we must have f = de, so H is defined over Ipr/d and dimV = n.

It remains to prove that rank(H) < rank(G). Referring to the bounds on the dimension of the
minimal module in [18, Proposition 5.4.13], since H has an irreducible module of dimension # either
rank(H) < rank(G) or (H,V) is one of a small number of possibilities all of which arise in the
geometric class C or case (II). For instance, if G = PSp,(¢) with n > 8, then n is strictly smaller
than the dimension of the minimal module of any finite simple group of Lie type of rank(G) = n/2
except PSL> 241 (g) or PQ;(gq), and, by [18, Proposition 5.4.11], the former groups have no irreducible
modules of dimension » and latter groups embed in G as Cg subgroups if at all. However, H is not in C
or (I), so rank(H) < rank(G). O

2.3. Length and type (IV*) subgroups

Let us introduce an invariant that we use throughout the paper. Let G be a finite group. A subgroup
chain of G of length k is a sequence G = Gy > G| > --- > Gy = 1, and the length of G, written
£(G), is the maximal length of a subgroup chain of G. To see the significance for this paper, note that if
X ={xy,...,xx} is a minimal generating set for G, then

G =X,y Xp) > Xy ey Xy > o> (x> 1

is a subgroup chain, so m(G) < £(G). There are many results on length, and we highlight one result
that we will use later. Cameron, Solomon and Turull proved in [6, Theorem 1] that

0(Sn) = 1 25L] - by, @.1)

where b, is the number of ones in the base 2 expansion of n.

Proposition 2.3. There exists C > 0 such that if G is an almost simple group of Lie type of rank r and
M is a type (IV*) maximal subgroup of G, then £(M) < Cr. Moreover, this is true with C = 192.

Proof. First, assume that soc(M) is sporadic. Then £(soc(M)) is given in [6, Tables III & IV] (the
‘probable values’ have since been verified), whence we deduce that £(M) < 52.

Next, assume that soc(M) = Ay for some d > 5. If G is exceptional, then d < 18 by [22,
Theorem 8], so £(M) < £(Sg4) + 1 < 28 by equation (2.1), and if G is classical in dimension n, then [18,
Proposition 5.3.7] implies that d < 2n — 1, s0 £(M) < 3n — 1 < 6r + 2, again by equation (2.1).

Finally, assume that soc(M) is a group of Lie type of rank ry over F,,, where g is a power of a

prime pg. If G is classical in dimension n, then pg # p and [18, Theorem 5.3.9] implies that q(r)0 <n?,

2
o

12
so using the facts that [M| < ¢, ° and n < 4r, we have

r2
¢(M) < log, M| < log,(g,""") < 12(rglog, qo)* < 48(log, n)* < 48(log, 4r)> < 192r.

If G is exceptional, then there are only finitely many possibilities for M. Consulting [21, Tables 10.3 and
10.4] for the case po # p and [22, Theorem 8] for the case pg = p, we see that in all cases |M| < 2209,
s0 £(M) < 200 < 100r. O

2.4. Enumerating maximal subgroups

In this section, we prove the following result, which gives a bound on the number of maximal subgroups
of various types in almost simple groups of Lie type.
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Proposition 2.4. Let G be an almost simple group of Lie type of rank r over F 5. Then there are

(1) at most 2r + w(f) + 10 maximal subgroups of G that contain soc(G)
(ii) at most 100r conjugacy classes of maximal subgroups of G that have type (I*), (IIl) or (V)
(iii) at most (r + 1)(w(f) +2) conjugacy classes of maximal subgroups of G that have type (I).

We establish some lemmas before proving Proposition 2.4.

Lemma 2.5. Let H be a subgroup of Sa, and let n be a positive integer. Then G = H X C,, has at most
9 + w(n) maximal subgroups.

Proof. Write M(X) for the set of maximal subgroups of X and Hom(X, Y) for the set of homomorphisms
from X to Y. Goursat’s lemma (see [31, (4.3.1)], for example) implies that

IM(G)| = IM(H)| + |M(Cp)| + Z ([Hom(H, Cp)| = 1). (2.2)

prime p|n

Note that |[M(C,)| = w(n) and |[Hom(H,Cp)| = 1 unless p € {2,3}. It remains to check that
|IM(H)| +|Hom(H, C2)| + |Hom(H, C3)| < 11, which is easy to do for each H < Sy. O

Lemma 2.6. Let m and n be positive integers. Then

(1) any semidirect product Cy,:C,, has at most m + w(n) maximal subgroups
(ii) any semidirect product Cy,:(Cy, X C2), where the generator of the Cy subgroup inverts every element
of the C,y, subgroup, has at most 2m + w(n) + 2 maximal subgroups.

Proof. For part (i), writt G = {(a,b | a™,b",a’a™*) and H = (b) = C,, and for part (ii) write
G ={a,b,c|a™ b, c?a’a %, aa,[b,c])and H = (b, c) = C, x C, (in both cases, we assume that
ged(k,m)=1andm | (k" - 1)).

Let M be a maximal subgroup of G, and write A = M N {a). The possibilities for M correspond
to the maximal subgroups of G/A. If A = (a), then G/A = H, so applying equation (2.2) as in the
proof of Lemma 2.5, we see that the number of possibilities for M is at w(n) and w(n) + 2 in cases
(i) and (ii), respectively. Now, assume that A < (a). First, note that M projects into H, for otherwise
M < (a, M) for a maximal subgroup M, of H, contradicting the maximality of M. We next claim that
|[(a) : A] is prime. For a contradiction, suppose otherwise. Then A < (a”) for some prime divisor p
of m. Now, M < (M,aP). If (M,aP) = G, then a € (M,aP) = (a?)M which is impossible since
Mn{a) = A < {(aP),so M < (M,a?) < G, which contradicts the maximality of M. Therefore,
|(a) : A] is a prime divisor of m. To finish, we divide into the cases (i) and (ii).

For (i), if |{a) : A| = p, then M = (A, a’b), where 0 < i < p, so there are at most p possibilities for
M. This means that if m = pf‘ .. .pzk, where p1, ..., pi are the distinct prime divisors of m, there are
atmost pj + - - - + pr + w(n) < m + w(n) maximal subgroups of G.

For (ii), if |(a) : A| = p,then M = (A,a'b,a’c), where 0 < i, j < p.Now, [a'b,a’c] € (a)NM = A,
but [a'b, alc] = a'=9)I=2k 50 Aa** = Aa"=¥)J and thus there are at most two choices for i for each
choice of j. Since there are at most p choices for j, there are at most 2p choices for M. As in the previous
case, if m = p{' ... pt*, then there are at most 2p; + - - - + 2pg + w(n) + 2 < 2m + w(n) + 2 maximal
subgroups of G. O

Lemma 2.7. Let G be an almost simple group with socle PSL (q). Then G has at most n conjugacy
classes of maximal Cy subgroups.

Proof. Let 1 be the largest integer such that n = s for some integer s. Then every maximal C7 subgroup
of G has type GLZ, (g) @ Sx, where k divides ¢ and n = m* and by [18, Tables 3.5.A and 3.5.B], there are
at most n/m G-classes of subgroups of a given type. Therefore, the number of G-classes of C; subgroups
is at most Yz, s''/* < Siast=(s"=1D/(s=1) <s' =n. ]
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Proof of Proposition 2.4. First, consider part (i). For now, assume that soc(G) # PSL}(g). Then
Out(soc(G)) = H x Cqy, where H < 84 and d < 3; see [4, Table 2] for exceptional groups and
[15, Section 5.2] for classical groups. Therefore, Lemma 2.5 implies that Out(soc(G)) has at most
w(f) + 10 maximal subgroups. It remains to assume that soc(G) = PSL:(g). In this case, Lemma 2.6
implies that Out(PSL;,(q)) = Cgca(g-1,n):(C2 X Cy ) has at most 2n+w(f) +2 = 2r + w(f) +4 maximal
subgroups and Out(PSU,,(q)) = Cgcd(g+1,n):C2r has at most n + w(2f) < r + w(f) + 2 maximal
subgroups. This proves part (i).

For parts (ii) and (iii), an Inndiag(soc(G))-class yields at most |Inndiag(soc(G)) : soc(G)| classes
in G, and |Inndiag(soc(G)) : soc(G)| < 4 unless soc(G) = PSL;(g), in which case we have
|Inndiag(soc(G)) : soc(G)| < n = r + 1. Part (iii) now follows by the observation that there are
at most w( f) + 2 classes in Inndiag(soc(G)). Part (ii) is easily verified by consulting [19, Theorem 2]
for exceptional groups and [18, Chapter 3] and [27] for classical groups (we use Lemma 2.7 in the one
slightly more difficult case). O

3. Proofs of the main theorems
3.1. Independent sets for primitive actions of almost simple groups

This section is devoted to proving Theorem 3. In the introduction, we defined height in terms of sequences
of points, but clearly the ordering is irrelevant, so from now on we focus on sets of points. That is, for a
group G acting on a set £, a subset S C Q is independent if G 51y > G () for all proper subsets S’ of S,
and the height, denoted H(G, Q), is the maximum size of an independent subset of G on Q.

Lemma 3.1. Let G be a finite group acting on a set Q. Let N be a normal subgroup of G such that G| N
is cyclic. Then H(G,Q) < H(N,Q) + w(|G/N|).

Proof. Let " C Q be an independent set for G of size H(G, Q). Fix A C T such that A is independent
for N and N(a) = N(), so, in particular, |A| < H(N, Q). This is always possible by [12, Lemma 2.4],
but the argument is short so we give it: If I is independent for N, then let A = I'; otherwise, there exists
a proper subset I'” € I" such that Ny = N(r), and we repeat the argument replacing I with I"".

Let ¢: G — G/N be the quotient map, and let p; < --- < pj be the prime divisors of |G/N|,
so, in particular, k = w(|G/N|). Write |¢(G )| = pf] pi" Fix 1 < i < k. Suppose that for all
a € T'\ A, the p;-part of |¢(G (au(ay))| strictly exceeds p;’. Then since G(r) = (Ngera G(aua))
and ¢(G) is cyclic, the p;-part of |o(G )| strictly exceeds p;’, which is a contradiction. Therefore,
there exists @; € I' \ A such that the p;-part of |¢(G (Aufa, )l is pf”. Thus, [¢(G@au{a,...a )] =
pi P = 1e(Gr))l. However, N(au{a,....ax}) = N(r)» 50 We have G (au{a.....ar ) = G(r)- Since
I' is independent for G, we deduce that I' = A U {a1, ..., ax}, which implies that H(G,Q) = || <
|Al+k < H(N,Q) + w(f), as sought. O

Proof of Theorem 3. Let G be an almost simple group of Lie type of rank r over F,r, where p is
prime, acting primitively on Q. Let Gy = soc(G), so Gg < G < Aut(Gy). Now, [13, Theorem 2.5.12]
implies that Aut(Go) has a normal subgroup N such that Aut(Go)/N = Cy and [N/Gg| < 6r. Since
G/(GNN)=GN/N, by Lemma 3.1,
H(G,Q) < HGNN,Q)+w(|GN/N|) < H(GNN,Q) +w(f),
and, by [12, Lemma 2.8],
H(GNN,Q) <H(Gy, Q) +{((GNN)/Gy) < H(Gy, Q) +£(N/Gy).

Now, {(N/Gg) < log, IN/Gg| < logy(6r) < 3r3, so H(G,Q) < H(Go,Q) + 3r* + w(f). While

the action of G on Q need not be primitive, as explained in the final paragraph of the proof of [10,
Corollary 3], we still have H(Gg, Q) < 174r%, so H(G¢, Q) < 1778 + w(f). O

https://doi.org/10.1017/fms.2023.71 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2023.71

Forum of Mathematics, Sigma 7

3.2. Minimal generating sets for almost simple groups of Lie type

We are now in a position to prove Theorem 2.

Proof of Theorem 2. By Theorem 3 and Proposition 2.3, there exist constants A, B, C > 0 such that for
all almost simple groups of Lie type G of rank r over F,s, where p is prime, the following both hold

(i) if G acts faithfully and primitively on a set Q, then H(G, Q) < Ar® + w(f)
(ii) if M is a maximal subgroup of G of type (IV*), then £(M) < Cr.

Define @ = max{100A, C} and 8 = B + 2 (note that (a, 8) = (17700, 10) is a valid choice here since
(A,B) =(177,8) and C = 192 are valid for Theorem 3 and Proposition 2.3).
Let G be an almost simple group of Lie type of rank r over F,s where p is prime. Then we claim that

m(G) < a(r+w(f))>. 3.1

Let X be a minimal generating set for G. For each x € X, write H, = (X \ {x}) and let M, be a
maximal subgroup of G such that H, < M,. For distinct x,y € X note that M, # M,, for otherwise
(X \{x}) < My and (X \ {y}) < My, s0 G = (X) < M,, which is impossible.

First, assume that for all x € X the maximal subgroup M, contains soc(G) or has type (I*), (II), (IIT)
or (V). For a contradiction, suppose that |X| > a(r + w(f))#. This means that

1X| > a(r + w(f))? = 100A(r + w()E*? > (Arf + w(f)) - 100(r + w(f))?
> (ArB +w(f)) - (100r + (r + 1) (w(f) +2)) + 2r + w(f) + 10).

By Proposition 2.4(i), soc(G) < M, for at most 2r + w(f) + 10 elements x of X. Therefore, M, is core-
free for strictly greater than (Ar® +w(f))- (1007 + (r +1)(w( f) +2)) elements x of X. Now, Proposition
2.4(ii)—(iii) together with the pigeonhole principle implies that there exists a core-free maximal subgroup
M of G and a subset Y C X such that [Y| > Ar® + w(f) and for all y € Y there exists gy € G such that
M, = M3,

We claim that (), ey M8 < (yey\(y,) M8 for all yo € Y. To see this, it suffices to fix yo € ¥ and
show that (), ey\ (y,} M8> £ M#. For a contradiction, suppose otherwise. First, note that (X \ {yo}) =
Hy, < My, = M, Second note that forall y € Y\ {yo} we have yo € (X \ (Y \ {y0})) < (X \ {y}) =
Hy < My = M%,50 yo € (yey\{y,} M5 . Therefore, under the supposition that ey (y,} M <
M8 we deduce that G = (X) < M$>, which is absurd. This establishes the claim.

This means that {M gy | ¥ € Y} is an independent set for the action of G on G/M, so Theorem 3
implies that |Y| < ArB+w(f) (see (ii) above), but this directly contradicts the fact that |Y| > ArZ+w(f).
Therefore, we deduce that | X| < a(r + w(f))B.

Next, assume that there exists x € X such that M, has type (IV*). We clearly have the inequalities
|X| < m(Hy)+1 < €(Hy) +1 < €(My) + 1. Proposition 2.3 implies that £(M,) < Cr < ar (see (i)
above), so |X| < ar+1 < a(r +w(f))'8

We now pause to observe that we have proved equation (3.1) when soc(G) = PSL;(p/ ) since in this
case the (I) coincides with (I*) and (IV) coincides with (IV*).

Having established the result in the base case where the rank 7 is 1, we now complete the proof by
induction. Suppose that r = s > 1 and that equation (3.1) holds for all groups with r < s.

By Proposition 2.2, it remains to assume that G is classical and H, is an almost simple group of Lie
type defined over Fpe C ]P'pf such that rank(M,) < r. Now, by induction,

|X| < m(Hy) + 1 < a(rank(Hy) +w(e))P + 1 < a(r -1+ w(f)P +1 < a(r +w(f))P.
Therefore, in all cases | X| < a(r + w(f))P, as desired. )

We next show that, up to improving « and S, the bound in Theorem 2 is best possible.
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Proposition 3.2. Let G be a finite simple group of Lie type of rank r over F s, where p is prime. Then
m(G) = 2r + w(f).

Proof. Let B be a Borel subgroup of G containing a maximal torus 7, let ® be the corresponding
root system of G and let A = {ay,...,a,} be a set of simple roots. We will now construct a minimal
generating set for G. To refer to elements of G, we will use the standard Lie theoretic notation x, (¢) and
hq(1); see [13, Theorem 1.12.1], for example.

For 1 < i < r, let x; and y; be the root elements x,, (1) and x_,, (1), respectively. Write f =

ef‘ ~~eZ", where e, ..., ey are the distinct prime divisors of f (so k = w(f)). For 1 < i < k, let
fi= e?i, let 4; be a primitive element of the subfield F,; and let z; = hq, (4;).
We claim that X = {xy,...,Xr,¥1,--->Yr»21,--->2k} iS @ minimal generating set for G (since

| X| = 2r+w(f) this establishes the result). The fact that X generates G follows from [13, Theorem 1.12.1]
and [25, Corollary 24.2]. To see that X is minimal, note that for all 1 < i < k, the set X \ {z;} is contained
in the subfield subgroup defined over the subfield ]pr Je; » and for all 1 < i < r, both of the sets X \ {x;}
and X \ {y;} are contained in parabolic subgroups of type P; (corresponding to deleting node i from the
Dynkin diagram of ®). O

Example 3.3. To elucidate the proof of Proposition 3.2, let us give an explicit description of the minimal
generating set when G = PSL3(g) and ¢ = p/i/> for distinct primes f; and f>. Let A; and A, be primitive
elements of F ph and F pho respectively. Then we obtain a minimal generating set {x,x2, Y1, ¥2,21,22},

where
110 100 100 100
x1=1010), x=(011] y»=|110], y=]/010
001 001 001 011
A1 0 0 A 00
71 = 04;10, 2= 0/1510
0 0 1 0 01

3.3. Minimal generating sets for an arbitrary finite group

We now use Theorem 2 to prove Theorem 1. We first require the following reduction theorem, which
was proved by Lucchini, Moscatiello and Spiga [24, Theorem 1.4].

Theorem 3.4. Leta > 1 and b > 2. Let G be a finite group. Assume that every composition factor Sy
of G and every almost simple group S with socle So satisfies m(S) — m(S/So) < a - w(|So|)?. Then
m(G) < a-6(G)>.

We have focused on almost simple groups of Lie type since otherwise the required result follows

from existing work in the literature as the following theorem highlights (this is noted in [24, Lemma 4.5]
without an explicit constant).

Theorem 3.5. There exists a constant y > 0 such that if G is an almost simple group that is not a group
of Lie type, then m(G) < y - w(|soc(G)|)%. Moreover, this is true with y = 52.

Proof. Lety = 52. If soc(G) is sporadic, then m(G) < €(G) < 52 (see [6, Tables III and IV]), and it is
easy to check that the same bound holds when soc(G) is Ag or 2F4(2)’.

We can now assume that soc(G) = A, for n # 6. In this case, G is A, or S,, and Whiston proved
that m(G) is n — 2 or n — 1, respectively [29]. If n < 53, then m(G) < n — 1 < 52. Otherwise, by [26,
Corollary 1] we know that 7(n) > n/logn, where r is the prime-counting function and log is the natural
logarithm. Noting that logn < +/n, these bounds give

m(G) < n—1< (nflogn)? < n(n)* = w(|soc(G)|)>. O

The following lemma relates Theorems 2 and 3.4 for groups of Lie type.
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Lemma 3.6. Let G be an almost simple group of Lie type of rank r over E,; (where p is prime). Then
w(|soc(G)|) > max(1, %(r - 1)) +w(f).

Proof. Itis easy to check that [soc(G)| is divisible by p/ 9 — 1, pf9 — 1, ... pf 9 — 1 for some d; <
dy < -+ < dp withk > max(1, %(r—l)). Moreover, if ey, . . ., e; are the distinct prime divisors of f, then
[soc(G)|isdivisibleby p—1, (p¢'—=1)/(p-1), (pe2=1)/(p—=1) ..., (p¢>~¢ —1)/(p—1). Note that
l<ey<elex<---<erey...e0 < fdy < fds--- < fdy.ByZsigmondy’s theorem [32], for all but at
mostonei € {1,ey,...,e1es...e;, fdo, fds, ..., fdy} we may fix a primitive prime divisor of p' — 1.
Noting that [soc(G)| is also divisible by p, we deduce that w(|soc(G)|) > max(1, %(r -1)+w(f). O

‘We can now prove Theorem 1.

Proof of Theorem 1. Let a, B,y > 0 be constants satisfying Theorems 2 and 3.5. Let us define a =
max{e -3, y} and b = max{g,2} (note that b = 10 is a valid choice here since 8 = 10 is a valid choice
in Theorem 2, and using & = 10° and y = 52 gives a < 10'0).

Let G be a finite group, let Sy be a composition factor of G and let S be an almost simple group
with socle Sy. First assume that S is alternating, sporadic or the Tits group. Then Theorem 3.5 implies
that m(S) < ¥ - w(|So|)?. Now, assume that Sy is finite simple group of Lie type of rank r over
F,r, where p is prime. Then Theorem 2 gives us the bound m(S) < a(r + w(f))B. By Lemma 3.6,

w(|So]) = max(1, %(r D) +w(f) = %(r +w(f)), som(S) < a- 38 - w(|So|)?. Therefore, in both
cases, m(S) < a - w(|So|)?. By Theorem 3.4, this establishes that m(G) < a - §(G). o
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