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Abstract

This thesis studies two decision problems for finitely presented groups. Using a standard RAM
model of computation, in which the basic arithmetical operations on integers are assumed to
take constant time, in Part I we develop an algorithm IsConjugate, which on input a (finite)
presentation defining a hyperbolic group G, correctly decides whether w; € X* and wy € X*
are conjugate in G, and if so, then for each i € {1,2}, returns a cyclically reduced word 7;
that is conjugate in G to w;, and an z € X ™ such that ro =¢ z~'r 1z (hence if w; and wy are
already cyclically reduced, then it returns an 2 € X* such that wy =g =~ 'w;z). Moreover,
IsConjugate can be constructed in polynomial-time in the input presentation (X | R}, and
IsConjugate runs in time O((Jw1| + |ws|) - min{|w; |, |wal}).

IsConjugate has been implemented in the MAGMA software, and our experiments show
that the run times agree with the worst-case time complexities. Thus, IsConjugate is the most

efficient general practically implementable conjugacy problem solver for hyperbolic groups.

It is undecidable in general whether a given finitely presented group is hyperbolic. In Part
IT of this thesis, we present a polynomial-time procedure VerifyHypVertex which on input
a finite presentation for a group G, returns true only if G is hyperbolic. VerifyHypVertex
generalizes the methods from [34], and in particular succeeds on all presentations on which
the implementation from [34] succeeds, and many additional presentations as well. The algo-
rithms have been implemented in MAGMA, and the experiments show that they return a positive
answer on many examples on which other comparable publicly available methods fail, such as
KBMAG.
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Chapter 1

Introduction

In this thesis we study two problems for finitely presented groups. In the description of these
problems, an algorithm is a computational method consisting of finitely many steps that always
returns a definite answer, while a procedure is a computational method that might consist of
infinitely many steps, and is not guaranteed to return a definite answer. Furthermore, a finitely
presented group is hyperbolic if and only if its Dehn function is linearly bounded, and if X is

a finite set, then X ™ denotes the set of all words over X.

1. Given a finite presentation (X | R) defining a hyperbolic group G, develop an algorithm
that decides in finite time, whether or not two words w; € X* and we € X* are conju-

gate in G.

2. Given a finite presentation (X |R) of a group G, produce a procedure that returns in
finite time a positive answer only if G is hyperbolic, else it returns fail — meaning that

GG might be hyperbolic, but the procedure is unable to prove it.

In both Problems 1-2, we further want our algorithms to be at worst polynomial-time (in partic-
ular in Problem 1 quadratic time), and to be practically implementable. We emphasize that we
assume the RAM model of computation, in which the basic arithmetical operations on integers
can be performed in constant time. This is a common assumption when analysing complexity
of algorithms. For example, in [2] it is used as default. The assumption is reasonable as long as
we are not working with integers outside of range that can be represented with a given number
of digits, so on a typical machine, integers with absolute value larger than 23!. For example in
Problem 1, it is a reasonable assumption for input words not longer than about 23!,

There are at least two types of decision problems for groups. Type one: given a (finite)
presentation of a group (G, does G have some property P? Type two: given a (finite) group
presentation P and a finite list of words w; in the generators of P, does the list have a property
P? We say that a decision problem is decidable if and only if there exists an algorithm to solve
it.

The following three decision problem proposed by Max Dehn in 1911 (see [15]) turned out

to be fundamental in group theory.
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Dehn 1 Given a group G with a finite presentation (X |R) and a word w, is w equal to the
identity in G (the Word Problem)?

Dehn 2 Given a group G with a finite presentation (X | R), and two word w; and wo, are w; and

wy conjugate in G (the Conjugacy Problem)?

Dehn 3 Given two finite presentations G1 = (X1 |R1) and G = (X3 |R2), are G and G2

isomorphic (the Isomorphism Problem)?

In 1912 (see [16]) he developed an algorithm that solves both the word and the conjugacy prob-
lem for fundamental groups of closed orientable two-dimensional manifolds of genus greater
or equal to two. In 1950s and 1960s several authors extended Dehn’s algorithm to solve the
word and the conjugacy problem for group presentations satisfying various small cancellation
conditions (see [30, 41, 50]). Both the word problem and the conjugacy problem, are however,
undecidable in general. Novikov in 1955 (see [46]) proved that there exists a finitely presented
group for which the word problem is undecidable. It follows immediately that the conjugacy
problem is also undecidable, since we cannot decide whether a given element is conjugate to
the identity. In 1958, Boone independently provided a different proof of the undecibility of the
word problem (see [5]).

The undecidability of the word and the conjugacy problem is an instance of a more general
and surprising phenomenon that most ‘reasonable’ properties of finitely presented groups are

undecidable.

Definition 1.0.1. A property P is a Markov property of finitely presented groups if P satisfies
the following 3 conditions.

1. P is preserved by isomorphism.
2. There exists a finitely presented group with property P.

3. There exists a finitely presented group that does not embed into any finitely presented

group with property P.
The Adian-Rabin theorem states that Markov properties are undecidable:

Theorem 1.0.2. (The Adian-Rabin Theorem) Let P be a Markov property of finitely presented
groups. Then there does not exist an algorithm that, given a finite presentation (X | R), decides

whether or not the group defined by (X | R) has property P.

The Adian-Rabin theorem was first proved by Adian in 1955 (see [1]), and independently,
by Rabin in 1958 (see [48]). Examples of Markov properties are: being trivial, being finite,
being abelian, being finitely presented with solvable word problem, being hyperbolic.

Thus, it is undecidable in general whether a given finitely presented group is hyperbolic.
That is why our goal in Problem 2 is to develop a procedure that returns a positive answer
on as many group presentations as possible that define hyperbolic groups, but to not develop

an algorithm, since that is impossible in general. Also, note that as being a trivial group is



a Markov property, the isomorphism problem is also undecidable in general. However, many
important decision problems are decidable for hyperbolic groups, even for the more general
class of relatively hyperbolic groups. In his seminal article (see [31]) Gromov showed that the
word and the conjugacy problem are decidable for hyperbolic groups. In more recent papers
(see [13, 14]) Dahmani and Guirardel proved that the isomorphism problem for hyperbolic
groups is also decidable. Thus, all Dehn’s important decision problems have been positively
resolved for hyperbolic groups.

Let G be a hyperbolic group relative to a collection of its subgroups Hi, ..., H,,. Farb
in [25] proved that the word problem is solvable for G provided that it is solvable for each
of the subgroups Hi, ..., H,,. More generally, in the influential monograph on relatively
hyperbolic groups (see [47]), Osin showed that the membership problem is solvable for each
H; (the membership problem for a subgroup K of a group H is to decide whether a given
element h € H satisfies h € K). At around the same time, Bumagin (see [9]) showed that the
conjugacy problem for G is solvable if it is solvable for each H;.

Compressed decision problems for hyperbolic and relatively hyperbolic groups have also
been studied recently. The classical decision problems for groups such as the word and the
conjugacy problem are often challenging as huge intermediate words might arise during the
computation. These words are sometimes highly compressible, and one can try to compute
with these condensed representatives instead of the words themselves. Many authors success-
fully developed theories of the compression techniques in group theory in recent years (see
[18, 21, 35, 36, 40, 44, 45]). In particular, Holt et al. in [35] showed that the compressed word
problem for hyperbolic groups is solvable in polynomial-time. Finally, in [36] Holt and Rees
showed that the compressed word problem in a group that is hyperbolic relative to a collection

of free abelian subgroups is also solvable in polynomial time.

One of the main ideas in our solutions to Problems 1-2 is representing groups via finite
pregroup presentations (first defined in [34], see Definition 2.3.14). The concept of pregroups
was introduced by Stallings in [53]. The work of Rimlinger (see [49]) provides an extension
of the theory that enables us to view a group G, given by a finite pregroup presentation, as a
quotient of a virtually free group, and not just as a quotient of a free group. We can then ignore
any failure of small cancellation on a certain subset of relators of GG, leading to a generalisation
of small cancellation theory (see for example [42, Chapter 5]).

Part I of this thesis studies Problem 1. The first solution to the conjugacy problem for hy-
perbolic groups was published by Gromov in the aforementioned article [31], the second by
Gersten and Short [27] in the more general context of biautomatic groups. Both of these algo-
rithms run in exponential time in the length of the input words. In [7], Bridson and Haefliger
developed a polynomial-time conjugacy problem solver (as it is given its complexity is O(n?),
where n is the length of the input words, but it can be improved to O(n?)). Finally, Epstein and
Holt describe a linear-time solution in [24] (the second author together with Buckley provided
a linear time solution for finite lists of group elements in [8]).

However, even though these algorithms are great accomplishments, only the solution of
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Gersten and Short has been implemented (by Wakefield, see [55, Chapters 5 & 6]). In [43],
Marshall developed and implemented a more efficient algorithm, but it provides a solution
only for elements with infinite order and despite the fact it runs fast on typical examples, it
is not theoretically a linear-time algorithm. Moreover, both of these algorithms as well as the
algorithm of Epstein and Holt assume that we can precompute an automatic structure of the
input group, but the time complexity of the currently best known algorithm KBMAG (see [33])
for finding these automatic structures is not bounded in the size of the input.

We give a new method for solving the problem, which gives a quadratic time solution, and
as far as we know it is currently the most efficient general practically implementable conjugacy
problem solver for hyperbolic groups. (See Definition 2.6.14 of a valid pregroup presentation —
we shall see that groups defined by valid pregroup presentations are hyperbolic, and Definition

3.1.15 of a cyclically P-reduced word).

Theorem 1.0.3. Let G be a group defined by a valid pregroup presentation P = (X% | Vp UR),
and let v := max{|R| : R € R} be the length of the longest relator in R. Then it is possi-
ble to construct in time O(r*|R?||X|° + r?|R||X|'Y) an algorithm IsConjugate, which
correctly decides whether w1 € X* and wo € X* are conjugate in G and, if so, then for
each i € {1,2}, returns a cyclically P-reduced word r; that is conjugate in G to w;, and

1

an x € X* such that ro =g x~ " r1x (hence if w1 and wa are already cyclically P-reduced,

1

then it returns an x € X* such that wy =g = wix). Moreover, IsConjugate runs in time

O((lwr] + |wel) - min{[w1], [wal}).

We shall prove Theorem 1.0.3 in Section 6.4 by using new theory developed in Chapters
3-6. Furthermore, we implemented IsConjugate in the MAGMA software (see [6]), and the
reported run times (see Chapter 7) agree with Theorem 1.0.3.

In Part II of this thesis, we describe a new polynomial-time procedure VerifyHyp Vertex
that seeks to find a linear bound on the Dehn function of a finitely presented group. VerifyHyp
Vertex is the most general polynomial-time procedure for proving hyperbolicity of finitely
presented groups, and our experiments show that it returns a positive answer on all presenta-
tions on which the RSymVerify procedure developed by Holt et al. in [34] succeeds. Ad-
ditionally we show that there are many presentations on which it succeeds but either RSym
Verify or (other comparable publicly available method) KBMAG fails. Also, the iterative
nature of VerifyHypVertex allows the user to choose how much work the algorithm will
do.

We build on the theory of [34], and work with a new type of van Kampen diagrams (defined
over pregroup presentations). The general idea used in our algorithms is to assign curvature to
vertices, edges and faces of a van Kampen diagram I" in such a way that the overall curvature
of I" sums to 1; vertices, edges and the external face of I" have curvature 0; faces of I' labelled
by a pre-determined subset of the relators have also curvature 0; and faces of I' labelled by
other relators, that are sufficiently far from the boundary of I' have curvature smaller than —¢

for some ¢ € R+ (. If we can achieve this for a suitable set of van Kampen diagrams, then we



obtain a linear bound on the Dehn function, thus proving that the input presentation defines a
hyperbolic group.

The following theorem is the main result of Part II (see Definition 2.3.20 for the meaning
of Z(R)).

Theorem 1.0.4. Let G be a group given by a finite pregroup presentation P = (X? | Vp | R)
suchthat Z(R) = R forall R € R, and let h > 1.

If VerifyHypVertex returns true on input P on iteration i for some i < h, then G is
hyperbolic, and an explicit bound on the Dehn function of G can be calculated. Moreover, the
time complexity of VerifyHyp Vertex is O(r°|R|%| X|°), where r := max{|R|: R € R}.

Theorem 1.0.4 will be proved in Section 11.3 by applying new results presented in Chapters
9-11. VerifyHyp Vertex has been implemented in MAGMA, and our experiments (see Chapter
12) confirm that there are many presentations on which it succeeds but either RSym Verify
or KBMAG fails.



Chapter 2

Preliminaries and notation

In this chapter we give definitions and notation that we shall use throughout this thesis. We split
the chapter into 6 sections: Section 2.1 recalls basic concepts from the theory of metric spaces,
Section 2.2 gives two equivalent definitions of hyperbolicity of a finitely generated group,
Section 2.3 presents the concept of pregroups and pregroup presentations, Section 2.4 presents
a new result that the universal group (see Definition 2.3.4) of a finite pregroup satisfying a
certain technical condition is isomorphic to a free product of finitely many factors, with each
factor a finite or an infinite cyclic group, Section 2.5 presents definitions of coloured diagrams
over pregroup presentations, and Section 2.6 presents the concept of curvature distributions

schemes.

2.1 Maetric spaces

In this section we present the elementary theory of metric spaces that we shall use in this thesis.
We took the definitions mostly from [11].

We start by recalling the definition of a metric space.

Definition 2.1.1. [11, Definition 1.1.1 & Example 1.1.2] A metric space is a pair (X, d) where
Xisaset,and d : X x X — [0,00) is a function, called a metric, that satisfies the following

conditions, for all z,y, z € X:

(@) d(z,y) = d(y, );

(b) d(z,y) = 0if and only if x = y;
(©) d(z,z) < d(x,y) + d(y, 2).

If Y C X, then the pair (Y,d') withd' : Y X Y — [0, 00) such that d'(z,y) = d(z,y) for all

x,y € Y is a metric space, called a sub-space of (X, d).

We shall work extensively in this thesis with objects embedded in Euclidean spaces:
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Example 2.1.2. The n-dimensional Euclidean space R" is equipped with the Euclidean metric
d defined as follows, for all z = (p;)/~ 1,y = (¢;)]~; € R™

When n = 1, the subset (0, 1) C R is called the open unit interval.

Definition 2.1.3. [11, Definition 1.1.6] Let (X, d) be a metric space. The open ball of radius
1 centred at a point x € X, denoted by Bx (x, ), is defined as

Bx(z,r)={y e X | d(z,y) < r}.

A subset Y C X is open if for every y € Y there exists an r > 0 such that Bx (y,r) C Y.
A subset Y C X is closed if its complement X \ Y is open.

Example 2.1.4. The ball B2 (0, 1) is called the open unit disc.

Definition 2.1.5. [11, Definition 1.1.12] Let Y be a subset of a metric space (X,d). The
interior of Y, denoted by Y °, is the set

Y° = U{G :Gisopenand G C Y}.
The closure of Y, denoted by Y/, is the set

Y = ﬂ{F : Fisclosedand F' D Y'}.
Finally, the boundary of Y, denoted by 9(Y"), is the set

AY)=YNX\Y

Definition 2.1.6. [11, [Definitions 1.3.1 & 1.3.11] Let (X, d1) and (Y, d2) be metric spaces. A
function f : X — Y is said to be continuous at a point x € X if for every € > 0 there exists
a0 > 0 such that if d(x,a) < J, then d(f(x), f(a)) < e. The function f is continuous if it is
continuous at every point of X.

A function f : X — Y is said to be a homeomorphism if f is bijective and both f and f~!
are continuous. Two metric spaces are homeomorphic if there exists a homeomorphism from

one to the other.

We shall use the following terminology (based on [42, Chapter 5]) in Part 1 of this thesis

when working with coloured diagrams defined in Section 2.5.

Definition 2.1.7. A vertex is a point of R?. An edge is a bounded subset of R? homeomorphic
to the open unit interval. A region is a bounded subset of R? homeomorphic to the open unit

disc.
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A path is a sequence p = vg, €1,1, - . .,Un—1, €n, U, Of vertices v; and edges e; such that
for 1 < ¢ < n, we have d(e;) = {v;—1} U {v;}. A path can be empty, or consist of a single
vertex. The vertices vy and v,, are the endpoints of p. If vy = vy, then we say that p is closed, or
sometimes, that p is a cycle (we emphasize that a cycle may have a repeating vertex that is not

—1 isthe pathp~! = v, e,,...,e1,v9. We

its endpoint). The inverse path of p, denoted by p
write |p| for the length of p, which is the number of edges of p (note that |p| = 0 if p contains
no edge). To simplify notation, if a path p = vg,e1,v1,...,0,-1, €n, vy satisfies |p| > 1,
then we often just write p = ejes...e,. Then a sub-path g of p is either a path e; ... e; for
1 <4 < j < n,orasingle vertex of p. A path vy, e1,v1,...,Vn—1,€n, Uy 1s simple if it does
not have repeating vertices other than the endpoints, i.e. v; = v; and ¢ < j implies that i = 0
and j = n. If we say that a closed path p is of the form p1ps ... pn, then p is a sequence of

simple sub-paths p;.

Lemma 2.1.8. Suppose that p = e; ...e, is a path. Then (1,...,n) contains a non-empty
sub-sequence (i1, ...,im) such that ¢ = e;, ...e;  is a simple path with the same endpoints
asp.

Proof. The proof is by induction on n. If n = 1, then p is simple, so take ¢ = p. Assume that
the lemma holds for n—1. If p is simple, then we can take ¢ = p, so assume that p is not simple.
Then there exists a closed sub-path r = e;...e; # p of p. Consider a path p’ obtained by
deleting the whole of r except its endpoints from p, i.e. the pathp’ = ey ...e;_1... €j41-.-Cn.
By induction (1,...,i—1,...,7+ 1,...,n) contains a non-empty sub-sequence (i1, ..., %m)

such that ¢ = e;, ...e;,, is a simple path with the same endpoints as p’. But note that p’ has

m

the same endpoints as p, and (i1, ..., %,,) is a sub-sequence of (1,...,n), so we are done. W

In [11, Definition 1.5.1] connected metric spaces are defined. We extend the definition and

include familiar definitions of simply-connected and annular subsets of R2.

Definition 2.1.9. A metric space (X, d) is connected if there are no subsets of X that are both
simultaneously open and closed other than X and (. If Y C X, then Y is connected if (Y, d)
is connected. If Y is connected and is properly contained in no other connected subset, then
we say that Y is a component. If Y is not connected, then we say that Y is disconnected.

A connected subset X C R? is called

1. simply-connected if R? \ X is connected,;
2. annular if R? \ X is comprised of two components.

We conclude this section with the definition (taken from [37]) of a geodesic metric space
and the concept of a graph metric defined on a Cayley graph of a group (taken from [3, Chapter
0]) that we shall use in Section 2.2 to define a hyperbolic group.

Definition 2.1.10. A metric space (X,d) is called geodesic if for all z,y € X there exists
a distance preserving bijection f : [0,k] — X such that f(0) = z and f(k) = y, where
k = d(z,y). The image of f is called a geodesic path from x to y, written as [xy].
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Example 2.1.11. Let G be a group generated by a finite set X, and let I' = I'(G, X) be the
Cayley graph of GG. Define the graph metric d on I' by assigning length 1 to each edge, and
defining the distance between two points to be the length of the shortest path between them.

Then as G is finitely generated and I is connected, (I', d) is a geodesic metric space.

2.2 Hyperbolic groups

The notion of hyperbolic groups was introduced and developed by Mikhail Gromov in 1987
(see [31]). There are a number of good sources for an introduction into theory of hyperbolic
groups. Beside [31] classic texts include for example [12] and [28]. For the development
of basic properties of hyperbolic groups, we recommend [3]. Another good reference is [37,
Chapter 6], which presents some useful results for our work in this thesis.

Let G be a group generated by a finite set X, and let I' = I'(G, X) be the Cayley graph
of G. Recall from Example 2.1.11 that I' equipped with the graph metric d defines a geodesic
metric space. So we let a geodesic triangle xyz in I consist of three points x, y, z with geodesic
paths [zy], [yz], [zx]. The hyperbolicity of I" (and hence of G) can be defined in terms of
‘slimness’ of geodesic triangles.

Definition 2.2.1. We say that G (and I) is é-hyperbolic if each geodesic triangle zyz of I is
0-slim: there exists a 9 > 0 such that for any point p on one of the sides of xyz, there is a point

q in the union of the other two sides of zyz with d(p, ¢) < 4.

Crucially, in [31] Gromov showed that hyperbolicity is independent of the choice of gen-

erators.

Theorem 2.2.2. (Gromov) If G is hyperbolic and T is a Cayley graph of G, then T is §-
hyperbolic for some § > 0.

Moreover, it was proved by Rips that every hyperbolic group is finitely presented, see [12,
Theorem 2.3, Chapter 5].
There are several equivalent definitions of hyperbolicity of a finitely generated group. The

one that we shall use is defined with respect to the linearity of the Dehn function.

Definition 2.2.3. [37, Chapter 3] Let G be a group defined by a finite presentation Q =
(X |R), and let FF = F(X) be the free group on X. A word w over X satisfies w =¢ 1
if and only if there exist R; € R*! and u; € F(X), 1 <14 < k, such that

W =p uflRlul - u;leuk.

We call the expression on the right-hand side a factorisation of w of length k over Q (so a
factorisation of w of length k is a product of k conjugates of relators in R*!). The area of w

with respect to Q, written as Area(w, Q), is the length of the shortest factorisation of w over
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Q. The Dehn function of Q is defined as follows:

f:No N

n — max{Area(w, Q) : |w| < n}.

It is a standard result that the linearity of the Dehn function is independent of the choice of
the presentation for a given group G. It has also been shown (for example, see [37, Theorem
6.5.3]) that there are no groups with sub-quadratic Dehn functions that are greater than linear,
i.e. of the form n — An® + Bwith A, B > 0and a € (1,2).

The key result is that linearity of the Dehn function implies hyperbolicity.

Theorem 2.2.4. [37, Theorem 6.6.1] For a finitely generated group G with a Cayley graph
I' = T'(G, X) the following are equivalent, and hence each provides a definition of hyperbol-

icity.
1. There exists a 0 > 0 such that each geodesic triangle in I is §-slim.

2. G has a linear Dehn function.

2.3 Pregroups and their presentations

A significant downside of methods that are applicable only under small cancellation conditions
is that they are often not satisfied when short relators are present, e.g. ™ where n is small and
x is a generator. But many of the most important group presentations contain such relators.
The theory of pregroups will enable us to replace short relators with other relators of length
three (the pregroup relators), which we will then ignore in our methods generalizing small
cancellation theory.

In this section we shall present definition of pregroups, and then collect some elementary
statements about them and explain how one can present any quotient of a virtually free group
by finitely many additional relators with a finite pregroup presentation. The section is based

entirely on [34], where pregroup presentations were first defined.

Definition 2.3.1. [34, Definition 2.1] A pregroup is a set P with a distinguished element 1 € P
and equipped with a partial multiplication (x, y) — [zy], which is defined for (z,y) € D(P) C
P x P, and an involution 0 : P — P,z +— z7, satisfying the following axioms, for all

x,y,z,t € P:

P1
P2
P3
P4

1),(1,z) € D(P) and [lz] = [z1l] ==z
z,27), (2%, x) € D(P) and [zz°] = [z7z] =1
if (z,y) € D(P) then (y°,z%) € D(P) and [zy]|° = [y727]
if (z,v),(y,z) € D(P) then ([zy],z) € D(P) ifand only if (z,[yz]) € D(P),

(P1) (=,
(P2) (
(P3)
(P4)

in which case [[zy]z] = [z]yz]]

(P5) if (z,9), (y,2),(2,t) € D(P) then at least one of ([zy], z), ([yz],t) € D(P).
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Lemma 2.3.2. We have 19 = 1, and if [vy] = 1, then y = z°.

Proof. By Axioms P1-P2 we have 1 = [117] = 17, so the first statement holds.

Suppose that [zy] = 1. Then (z,y) € D(P), by Axiom P2, (y,y?) € D(P) and [yy°] = 1,
and by Axiom P1, (z,1),(1,y%) € D(P), so (z,[yy?]), ([zy],y’) € D(P). Therefore, by
Axioms P1, P2 and P4 we have

g

z = [21] = [zfyy”]] = [layly”] = [1y°] = ¢7,
as required. |

Example 2.3.3. The following multiplication table defines a pregroup P = {1, A, B,C, D, E, F,
G, H, I} (ablank space means that the product is undefined).

Table 2.1: Pregroup multiplication table

1A/ B|C|D|E|F|G|H|I
A|G|D|B|C 1
B|C|1|A|G D
C/D|IG|1]A B
DI B|A G| C

E H 1
F 1
G|1|C|D|B A
H 1 E
I 1

Definition 2.3.4. [34, Definition 2.1] Let P be a pregroup. We denote by X7 the set X =
P\ {1} equipped with the involution o, but will sometimes omit the o when the meaning is
clear. We shall write F'(X7) to denote the group defined by the monoid presentation (X | zx? :
z e X).

Let Vp be the set of all length three words over X of the form {zy[zy]” : z,y € X, (z,y) €
D(P),x # y°}. The universal group U(P) of P is the group given by

(X [{z2? :2 € X}UVp) = F(X7)/{((Vp)),
where ((Vp)) denotes the normal closure of Vp in F'(X7).

The fact that the presentation of U(P) is over an inverse-closed set of monoid generators
allows us to write the elements of U(P) as words over X. Also, we shall often write 27 to
mean the inverse of x in F'(X7) rather than 2~ 1. More generally, for w = z122...2, € X*
(recall that X™* denotes the set of all words over X), we shall write w? = zJx)_;...2] € X*.
Then if w € F(X7), then w™" =p(x0) w°.
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Remark 2.3.5. If o has cycle structure 1¥2! on X, then F(X?) is the free product of k copies
of C'y and [ copies of Z.

Also, if zy[zy]” € Vp, then vy =y (py [2y], hence x =y (py [2y]y?, so ([zy],y7) € D(P),
and [zy]y®x° € Vp. In other words, if R € Vp, then R~! € Vp.

Example 2.3.6. [34, Example 2.4] We can construct a pregroup P such that U(P) = F(X?)
is a free group of rank n by letting X be a set with | X | = 2n, letting 27 # x for all x € X,
and letting the only products be z2 = 1,1z =zl =z,and1-1=1,forallz € X.

Example 2.3.7. [34, Example 2.5] A construction of a pregroup P for which U(P) is the free
product of finite groups G and H is: we let P be equal to the disjoint union of {1}, G \ {1}
and H \ {1}; define 1 = 1 and for g € G, h € H, define g7 to be the inverse of ¢ in G and
h? to be the inverse of h in H; and finally let D(P) = (G x G) U (H x H), and define all
products as in G and H.

Definition 2.3.8. [34, Definition 3.13] We say that x € X is a V?-letter if and only if z° = z

or x is a letter of a relator in Vp.

The following definition extends the notion of a freely (cyclically) reduced word in a free

group.

Definition 2.3.9. [34, Definition 2.6] Let w = z129...x, € X*. If w contains no sub-words
xz? with z € X, then we say that w is o-reduced. We say that w is cyclically o-reduced if w
is o-reduced and not of the form 27w’z for some x € X and w’ € X*.

More generally, the word w is P-reduced if either n < 1, or n > 1 and no pair (x;, ;1)
lies in D(P). The word w is cyclically P-reduced if either (i) n < 1; or (ii) w is P-reduced,
n > 1, and (zn,x1) € D(P).

There is an equivalence relation ~ defined (by Stallings, see [53]) on the set of P-reduced

words:

Definition 2.3.10. [34, Definition 2.7] Letv = z129...2, € X™ be a P-reduced word and
let w = y1y2...ym be any word over X. We write v ~ w if n = m and there exist 1 =
50,51,52,--.,5n—1,8n, = 1 € Psuchthat (s7_,z;), (xi, si), ([s7_yzi], si]) € D(P) for all 4,
and y; = [s7_,x;s;]. We say that w is an interleave of v. In the case where s; # 1 for a single

value of ¢, we call a transformation from v to w a single rewrite.

By Axiom P4 (see Definition 2.3.1) it follows that if (s7_,x;), (24, $:), ([s7_ @i, si]) €
D(P), then (s{_, [zisi]) € D(P), and that y; = [s_,xz;]s; = s7_q[zisi].

Theorem 2.3.11. /53, 3.A.2.7, 3.A.2.11, 3.A.45 & 3.A.4.6] Let P be a pregroup and let
X = P\ {1}. Let u,v € U(P) such that u is P-reduced. Then

(i) if u = v then v is P-reduced;

(ii) interleaving is an equivalence relation on the set of P-reduced words over X;
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(iii) each element g € U(P) can be represented as a P-reduced element over X*;

(iv) if v is P-reduced, then u and v represent the same element of U (P) if and only if u ~ w.

In particular, P embeds into U (P).

Corollary 2.3.12. [34, Corollary 2.10] Let P be a finite pregroup. Then the word problem in

U(P) can be solved in linear time.

Proof. Letw € X*. By Theorem 2.3.11 w =g (p) 1 if and only if the P-reduced form of w
is the empty word. Hence if w = (p) 1; w has length [w| > 1 and w is o-reduced, then w
cannot be P-reduced, so a length-reducing rewrite derived from Vp applies to w. Thus, U (P)
is a finitely generated group (as P is finite) and Dehn’s algorithm solves the word problem in
U(P). |

Definition 2.3.13. [34, Definition 4.14] Let a,b € X. We say that (a, b) is an intermult pair
and that a intermults with b if b # o, and either (a,b) € D(P) or there is x € X such that
(a, ), (27,b) € D(P).

Note that by the definition of Vp, if ablab]” € Vp, then (a, b) is an intermult pair.

We now present the definition of a pregroup presentation.

Definition 2.3.14. [34, Definition 2.11] Let P be a pregroup, let X = P \ {1}, let o be the
involution that gives inverses in X, and let R be a set of cyclically P-reduced words over X.

We define the pregroup presentation to be the group presentation
P=(X|{zz? :2€ X} UVpUR)
on the set X of monoid generators, and write P = (X7 | Vp | R).

Observe that R N Vp = () since each word in R is cyclically P-reduced.

Assumption 2.3.15. We assume throughout this thesis that there is no z € X such that 2 eR,
that no R € R has length |R| € {1, 2}, and that no two distinct cyclic conjugates of relators

R, S € R* have a common prefix consisting of all but one letter of R or S.

Before running our algorithms, we shall always assume that the preprocessing from [34,
Section 7.1] has been done to the input pregroup presentation P = (X | Vp | R). This process

ensures that P satisfies Assumption 2.3.15.

Theorem 2.3.16. [49, Corollary to Theorem B] A finitely generated group is virtually free if

and only if it is a universal group of a finite pregroup.

It is well-known that all amalgamated free products of finite groups and HNN extensions
with finite base groups are virtually free — these classes provide many useful examples for
the algorithmic solutions in this thesis. More generally, Serre in [51, Proposition 11] classifies

virtually free groups as fundamental groups of finite graphs of groups with finite vertex groups.
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We shall be working with groups given by finite pregroup presentations. The following
corollary to Theorem 2.3.16 states that these are precisely the quotients of virtually free groups

by finitely many additional relators.

Corollary 2.3.17. [34, Corollary 2.15] Let G have a pregroup presentation P = (X | Vp | R).
Then G = U(P)/ ((R)), where ((R)) denotes the normal closure of R in U(P). Moreover,
any group that is a quotient of a virtually free group by finitely many additional relators has a

finite pregroup presentation.

In [34, Section 4.1] a coarser relation than interleaving (see Definition 2.3.10) was intro-
duced on the set of cyclically P-reduced words, where the condition sg = 1 = s,, was replaced

by so = $sp.

Definition 2.3.18. Let w = z122 ... 2, € X be cyclically P-reduced, and let v = y1y2 ... yn
be any word over X. We say that v is a cyclic interleave of w, and write w =¢ v if either
n < 1land w = v, or if n > 1 and there exist sqg, S1,S2,...,8,—-1,Sn = Sg € P such that
(s_1, i), (@i, 83), ([s7_1 2], s1]) € D(P) for 1 <i < m,and y; = [s7_;xisi].

Theorem 2.3.19. [34, Theorem 4.4] Let w € X* be cyclically P-reduced. If v € X* satisfies
v & w, then v is cyclically P-reduced. Moreover, =€ is an equivalence relation on the set of

all cyclically P-reduced words.

Definition 2.3.20. [34, Definition 4.5] Let w € X™ be cyclically P-reduced. The cyclic

interleave class of w is the set Z(w) defined as
I(w) :={v e X" :w v}
We further write Z(R) for UgrerZ(R).
Lemma 2.3.21. Let w = z1 -z, € X* be P-reduced and n > 2. If either
(a) w' is an interleave of w, or
(b) w is cyclically P-reduced and w' € I(w),
then we can obtain w' from w by applying a sequence of at most n single rewrites.

Proof. The proof is the same as the proof of [34, Lemma 4.6], but we include it for complete-
ness. If Assumptions (b) holds, then the lemma is precisely [34, Lemma 4.6]. So suppose that
Assumption (a) holds. By Definition 2.3.10 there exist sequences 1 = sg, S1, 52, ..., 8p—1, Sn =
1€ Pandyi,y2,...,yn € X such that w' = y1 ...y, (s7_1,24), (@i, i), ([s7_q24), 8i]) €
D(P) forall 4, and y; = [s_,x;s;]. By Theorem 2.3.11 ~ is an equivalence relation on the set
of P-reduced words. Therefore, we can construct a sequence w' = Wy, W1, ..., Wy = W
of P-reduced words such that w;; 1 can be obtained from w; by replacing a (cyclic sub-word)
Y:y;41 of w; with a length 2 word [y} s;][s7y/ 1] with s; # 1. There are at most n — 1 letters

s; with s; #p 1, so we are done. |
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The following terminology was introduced in [23].

Definition 2.3.22. A group is plain if it is isomorphic to a free product of finitely many factors,

with each factor a finite group or an infinite cyclic group.

We shall consider groups given by finite pregroup presentations P = (X7 | Vp|R) such
that Z(R) = R. This is a common case — combining the constructions from Examples 2.3.6-
2.3.7, we deduce that all quotients of plain groups by finitely many additional relators can be
defined in this way. E.g. the pregroup P from Example 2.3.3 satisfies U(P) = S5 x C3 x Z,
so we can define P with Z(R) = R by adding additional relators to the presentation defining
U(P).

Definition 2.3.23. Let P be a pregroup, and let P = (X7 | Vp | R) be a pregroup presentation
with X = P\ {1}. We say that P and P satisfy trivial-interleaving if whenever (a,b) € P x P
is an intermult pair, then (a, b) € D(P). In particular, we have Z(R) = R.

2.4 Finite pregroups satisfying trivial-interleaving

In this section we shall give an example of a finite pregroup satisfying trivial-interleaving that
has a different form than the standard constructions for obtaining free groups (see Example
2.3.6) and free products of finite groups (see Example 2.3.7), and prove that if P is a finite
pregroup satisfying trivial-interleaving, then U (P) is a plain group. All uncited results in this

section are new.

Example 2.4.1. Consider a pregroup P = {1,z,y,2,t,s,m, X,Y, Z,T,S, M} given by Ta-
ble 2.2, where a blank space means that the product is undefined. Then P satisfies trivial-
interleaving (we used the GAP package Walrus to produce the pregroup multiplication table
and check that P satisfies trivial-interleaving, see [26]). Since (X,Y) € D(P); [XY] = T,
and (o, ) € D(P) for all &« € X, we deduce that P has different form than the constructions
from Examples 2.3.6-2.3.7. In the next proposition we show that U (P) is in fact a free group.

Proposition 2.4.2. Let P be the pregroup from Example 2.4.1. Then U (P) is a free group.

Proof. It was shown by Stallings in [54] that every torsion-free virtually free group is free.
Hence by Theorem 2.3.16 it suffices to show that U(P) is torsion-free. Let w € X* with
w #y(py 1. Since w #y(py 1, there exists a cyclically P-reduced U (P)-conjugate w’ of w
with w’ #¢;(py 1. It suffices to show that w’ has infinite order.

Write w' = wy ... w, with w; € X forall 1 < i < n. Suppose first that n» = 1. Then
from Table 2.2 we have (w',w’) ¢ D(P). Hence for every k > 1, the word w'’* = w/ is
P-reduced. If & = 1, then by Theorem 2.3.11 we have w'* #u(p) 1. Otherwise, w'® has
length |w'*| > 2, so by Definition 2.3.10 we have w’* % 1, hence again by Theorem 2.3.11
w'* #u(p) 1. Thus, w’ has infinite order.

Suppose instead that n > 2. Then as by Definition 2.3.9 we have (w,,w1) ¢ D(P) and
(wi,wit1) & D(P) for 1 < i < mn—1, it follows that for every k > 1, w'* is P-reduced. So by
Definition 2.3.10 w'* % 1, and by Theorem 2.3.11 w'" #u(p) 1. The proposition follows. M
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Table 2.2: Pregroup multiplication table

11 X|Y|Z|T|S M|x|y|z|t]s|m
X! |T M| |1

Y S 1| | x
Z 1] |yt
T M X| |1
S Y 1| x
M T X |1
x |1 Y| | S

y | |1 Z t

z 1 s | | m
t |y 1 Z

s | |z 1| |m

m | s zZ 1

For the rest of this section our aim is to show that if P is a finite pregroup satisfying trivial-

interleaving, then U (P) is a plain group. The next two definitions were taken from [23].

Definition 2.4.3. A rewriting system is a pair ({,T"), where ( is a finite alphabet of symbols,

and T" C (* x (* is a set of rewriting rules.

Letw € ¢*. If [,r € T and [ is a sub-word of w, then we can replace [ by r in w to obtain
a word v. Then w —» v means that v can be obtained from w by applying a finite sequence of
rewrites. If w can be transformed into v by a sequence consisting of a single rewrite, then we
write w — v. If we further define, for all w,v € (*: w 5 w, and w X vifand only if v X w,
then = becomes an equivalence relation on C*.

Now if vy, wy, v, we € (* are such that [v;]

= [wi]+ and [vg] - = [w2]~«, then

>
. Thus, the operation of concatenation

*
—

V1vs —> wivy — wiws, hence [v1v2] [wyws]

5 Rt
of representatives gives us a well-defined product on the set of equivalence classes, and it turns
this set into a monoid: we will restrict our focus on rewriting systems that define universal

groups of finite pregroups.
Definition 2.4.4. [23, Definitions 2.1 & 2.2]. A rewriting system ({,T) is called
1. finite if both ¢ and T are finite;

2. confluent if, for all u,v,w € * such that w % wand w > v, there exists ¢ such that

* *
u— qgandv — q;

3. strongly-confluent if, for all u,v,w € (* such that w % wand w = v, there exists ¢
such that u — gand v — ¢;

4. terminating if every rewriting sequence terminates in a finite number of steps;

5. convergent if it is both confluent and terminating;
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6. length-reducing if |r| < |l| for every (I,r) € T}
7. monadic if |r| < 1 for every (I,r) € T.

Let P be a pregroup. The next definition gives us two rewriting systems for obtaining
U(P).

Definition 2.4.5. [17, Definition 3.1]

1. The rewriting system S; C P* x P* is defined as follows:

1 —-n (= the empty word)
ab — [ab] (if (a,b) € D(P))
ab — [ax][z?b]  (if (a, ), (z7,b) € D(P)).

2. Let X = P\ {1}. The rewriting system S(P) C X* x X* is defined as follows:

ab—n (if(a,b) € D(P)and[ab] = 1)
ab — [ab]  (if (a,b) € D(P)and [ab] # 1)
ab — [az][z?b]  (if (a,x),(27,b) € D(P)and (a,b) € D(P)).

It was shown in [17] that U (P) is given by

X Hr) () € Si}
and
X ) [(L,r) € S(P)}.
In the proof of [19, Theorem 8.4] the following is shown.
Lemma 2.4.6. The system S is strongly-confluent.

Subsequently, in [19, Remark 8.6] it was noted that S(P) is confluent.

Proposition 2.4.7. Let P be a finite pregroup satisfying trivial-interleaving. Then S(P) is a

finite, convergent, length-reducing, monadic rewriting system.

Proof. Since P is finite, so is S(P). Observe that the third rewriting rule never applies since P
satisfies trivial-interleaving, hence S(P) is both length-reducing and monadic. A finite length-

reducing rewriting system is terminating, so as S(P) is confluent, S(P) is convergent. [

Furthermore, in [23, Theorem 5.3] Eisenberg and Piggott provided a positive answer to

Gilman’s conjecture (see [29]).

Theorem 2.4.8. (Gilman’s conjecture) Let G be a group. Then G admits a presentation by a

finite, convergent, length-reducing, monadic rewriting system if and only if G is a plain group.
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Combining Proposition 2.4.7 with Theorem 2.4.8 we obtain our desired result.

Theorem 2.4.9. Let P be a finite pregroup satisfying trivial-interleaving. Then U(P) is a plain
group.

2.5 Coloured diagrams over pregroups

In this section we present a natural generalisation of van Kampen diagrams for finite pregroup
presentations, coloured van Kampen diagrams, that were first defined in [34]. We also give
the definition of coloured annular diagrams, which will be extensively studied in Part I of this
thesis. We use the standard terminology for maps and diagrams given in [42, Chapter 5], and
this section presents definitions from [42] that we shall use throughout our work. Otherwise,
most definitions in this section are from [34].

Recall Definition 2.1.5 of the closure of a subset of a metric space, Definition 2.1.7 of a
vertex, an edge, a region and a path, and Definition 2.1.9 of connected, simply-connected, and

annular subsets of R2.

Definition 2.5.1. A map M is a finite collection of vertices, edges, and regions which are

pairwise disjoint and satisfy the following conditions.

(i) If e is an edge of M, then there are (not necessarily distinct) vertices a and b in M such
thate = e U {a} U {b}.

(ii) The boundary, O(R), of each region R of M is connected and there is a set of edges
€1,...,6nin M suchthat 9(R) =e1U...Ue,.

We shall call the regions of M internal faces of M, and the components of R? \ M external
faces of M. We shall also use M to denote the set-theoretic union of its vertices, edges,
and internal faces. Then the boundary of M is denoted as 9(M). If e is an edge with € =
e U {a} U{b}, the vertices a and b are called the endpoints of e. An edge with equal endpoints

is a loop.

We shall always assume that M is connected. Note also that the boundaries of faces of M

are paths.

Definition 2.5.2. Let M be a map with subsets A and B consisting of vertices, edges and
internal faces of M. We say that A is incident with B if AN B # (). We say that A is
edge-incident with B if A N B contains an edge of M.

Suppose that z is a vertex or an edge of M. If € AN B, then we say that A shares = with

B, and that z is common to A and B.

Definition 2.5.3. Let M be an annular map, let O be the unbounded component of R? \ M,
and let I be the bounded component of R? \ M. We call 9(M) N O(O) the outer boundary of
M, which will be denoted by w, and d(M) N I(I) the inner boundary of M, which will be
denoted by 7.
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Definition 2.5.4. The maps will be oriented. Let M be a map. If M is annular, then we orient
the external face with boundary w counter-clockwise, and all other faces (including the external
face with boundary 7) clockwise. Otherwise, all (including external) faces of M are oriented
clockwise. Each edge of M is composed of two half-edges. Each half-edge is associated with
the face on one of the sides distinct from the one associated with the other half-edge, and
inherits its orientation from that face. If F' is a face of M with the given orientation, any cycle

« of minimal length which includes all the edges of O(F') is a boundary cycle of F'.

We now present the definition of diagrams and coloured diagrams, which extends [34,
Definition 3.2] and defines (coloured) diagrams over pregroup presentations that are not nec-
essarily simply-connected. For the rest of this section fix a finite pregroup presentation P =
(X7 |Vp|R) such that Z(R) = R (see Definition 2.3.20), and let G be defined by P.

Definition 2.5.5. A diagram over P is a map I' and a function ¢ assigning to each half-edge of
I" a label from X°. If F' is a face of I with the given orientation, then a label of F' is a word
resulted from concatenating the labels of half-edges of some boundary cycle of F’ oriented by
F'. The labels of the external faces of I' are called the boundary words of T'.

A coloured diagram over P is a diagram I' over P in which labels of internal faces are
from Vp U R*L. The internal faces of T" labelled by relators from Vp are coloured red, and the
ones labelled by relators from R*!, together with each external face, are coloured green. Each
half-edge inherits beside its orientation also its colour from that face. The red faces of I are
called red triangles.

A coloured van Kampen diagram is a coloured diagram that is simply-connected, and a

coloured annular diagram is simply an annular coloured diagram.

The next definition summarizes terminology for coloured diagrams that we shall use through-
out this thesis. It is based on [34, Definition 3.1].

Definition 2.5.6. Let I" be a coloured diagram. If an element z € X satisfies z° = x, then
x has order 2 in U(P), and we will identify = with 7, so than an edge may have label x
on both sides. If F, F’ C T are faces, we write |0(F) N d(F")| for the number of edges in
O(F)NO(F") (note that |O(F) NO(F")| = 0if I(F) N O(F") contains no edge). Similarly, we
write |O(F')NO(T")| for the number of edges in O(F') NI(T). A consolidated edge between (not
necessarily internal) faces F and F” is a non-empty path of maximal length that is a sub-path
of both 9(F') and O(F"). We write

Area(I") := the number of internal faces of T.

Vertices and edges contained in O(I") are called boundary vertices and boundary edges. An
internal face F' of I is a boundary face if and only if 9(F) N O(I") contains an edge. Vertices,
edges and internal faces which are not boundary are called interior.

All incidences are counted with multiplicities, so for example a vertex v can be incident

more than once with the same face F' (note that F' is incident n > 1 times with v if and only
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Figure 2.1: o-reducion of w’, see the proof of Lemma 2.5.7.

if O(F) passes through v n times). We denote by d(v,I") the degree of v in I, d¢(v,I") for
the green degree of v in I': the number of green faces of I' incident with v, 5é(v, ') for the
internal green degree of v in I': the number of internal green faces of I' incident with v, and
Or(v,T") for the red degree of v in I': the number of red faces of I incident with v. When it is
clear which coloured diagram I' is considered, we omit the I'.

Finally, I is green-rich if every vertex v € T satisfies dg(v,I") > 2.

Lemma 2.5.7. Let w = x1 ... xy, € X*. Then both of the following statements hold.

1. Suppose that w is a boundary word of a simply-connected diagram I" over P. Then the
following holds.

(i) There exists a simply-connected diagram over P with a o-reduced boundary word
equal to w in F(X7).
(ii) There exists a simply-connected diagram over P with a P-reduced boundary word
equal to w in U(P).
2. Suppose that either
(a) wis P-reduced and there exists a simply-connected diagram I over P with boundary
word w' that is an interleave of w; or

(b) w is cyclically P-reduced and there exists a simply-connected diagram 1" over P

with boundary word w' € Z(w).
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Then w is a boundary word of a simply-connected diagram over P of area at most
Area(T') + 2n.

Proof. Part 1. Let IV be a simply-connected diagram over P, and let w’ be the label of some
boundary cycle of IV with endpoint v’. Suppose first that w’ contains a sub-word xx?. Then as
in the case of free reduction (see [42, Chapter 5, Section 1]), we can fold the edges (or delete
the sub-diagram of I enclosed by them, see Figure 2.1) with labels = and z° to produce a
simply-connected diagram with boundary cycle beginning at v’ and labelled by a word equal
to w’ in F/(X7), but in which the sub-word xz? was deleted from w.

Suppose instead that w’ contains two consecutive letters x,y with z # y? and (x,y) €
D(P), and let e, f C O(I") be the edges labelled = and y respectively. Then we attach a
red triangle 7" to I (labelled by xy[xy]?) at the path ef. This produces a simply-connected
diagram with boundary cycle beginning at v" and labelled by a word equal to w’ in U(P), but
in which the sub-word xy was replaced by [zy].

As by Corollary 2.3.12 we can solve the word problem in U(P) in linear time, by the
previous two paragraphs we can obtain both diagrams in finitely many steps. Hence Part 1
follows.

Part 2. We prove the lemma under the Assumption (a) as the proof under the Assump-
tion (b) is very similar. If w = w’, then I satisfies the lemma. So suppose that w’ # w.
Then by Definition 2.3.10 |w| > 2. Hence by Lemma 2.3.21 we can obtain w from w’
by applying a sequence of at most n single rewrites. Therefore, there is a sequence w =
Win, Win—1, .., Wy = W = y1...y, (with 1 < m < n) of P-reduced words such that for
each j, w;y1 can be obtained from w; by replacing a (cyclic sub-word) yjy;, ; of w; with a
length 2 word [y;s;][s7y;,,] with s; # 1. Hence we can obtain a simply-connected diagram
I'" with boundary word w by constructing a sequence I = T',,,'y,—1,..., T = T of simply-
connected diagrams with boundary words w;, where I'j 1 is obtained from I'; by attaching
two triangles T; and T} at edges labelled by y; and y;  ; respectively to I';, such that T; and
T} share an edge labelled s;, and have labels y;s;[y;s:]” and sy [s7y;, ,]7 respectively. In
particular, Area(I'') < Area(T") + 2n, so we are done. [

The following theorem is a standard result which shows that coloured van Kampen dia-
grams are a great tool for studying the word problem and for showing hyperbolicity. In its
proof, we use the ideas from the proofs of [42, Chapter 5, Theorem 1.1 & Lemma 1.2].

Theorem 2.5.8. (van Kampen’s lemma) Let w € X*. Then all of the following statements
hold.

1. Suppose that w is P-reduced and w =g 1. Then there exists a coloured van Kampen

diagram T’ over ‘P with boundary word w.

2. Suppose that w is o-reduced and w =y (py 1. Then there there exists a coloured van

Kampen diagram I over 'P with boundary word w and with no green faces.
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3. Suppose that w is a boundary word of a coloured van Kampen diagram 1" over P that
contains m internal faces F1, . . ., Fy,. Then there exist labels R; of F; and u; € F(X?),
1 <4 < m, such that

—1 -1
W =p(xo) Uy Ryuy -y, Rpum,.

Hence w =g 1, and if F1, ..., Fy, are all red, then w =g (py 1.

Proof. Part 1. If w =y (p) 1, then by Theorem 2.3.11 w is the empty word and we take I to
consist of a single vertex. Otherwise, by Corollary 2.3.17 there exist R; € R*! and u; € U(P),
1 <4 <k, such that

-1 —1
w =ypy uy Riui---uy Ripug.

We construct I" as follows. First, let v be a vertex. Then attach paths p; to v with endpoints
v and v; such that |p;| = |u;|, and such that (p1,po,...,px) is a cyclic tuple when reading
counter-clockwise around v. Now for each vertex v;, attach an internal green face F; with label
RS ! where R ! is the label of the boundary cycle of F; with endpoint v;. Call the resulting
map I". Next label the half-edges of p; so that the boundary cycle of I” with endpoint v has
label Hle(u;)_lRiué, where each u) is a P-reduced word representing u;. Then by Lemma
2.5.7 there exists a simply-connected diagram over P with a P-reduced boundary word w’
with w' =g (py 5 (ul) L Ryl =y(p) w, and such that all its internal faces are labelled by
elements from Vp U R*!. By Theorem 2.3.11 w/’ is an interleave of w, so applying Lemma
2.5.7 again shows that I" exists.

Part 2. If w =p(xs) 1, then w is the empty word and we take I' to consist of a sin-
gle vertex. Otherwise, there exist R, € Vp and v; € F(X?), 1 < i < k, such that
W =p(x7) HleuflRiui. Hence we proceed as in Part 1 and construct a simply-connected
diagram I" with boundary word Hleui_lRiui and with internal faces F, F>, ..., F} labelled
by Rfl, cee R,;l respectively. By Remark 2.3.5 we have R;l € Vp, so by Lemma 2.5.7
there exists a simply-connected diagram over P with a o-reduced boundary word w’ equal
to H?zlu; 1Riui in F(X7) and with all internal faces labelled by relators from Vp. As w is
o-reduced, we have w = w’, so Part 2 follows.

Part 3. The proof is by induction on m. Base case m = 0. There is nothing to prove, but I
isatree, SO w =p(xo) 1, and hence w =¢ 1. So suppose that m > 1, and let [ be the boundary
cycle of I' with label w. Now there exists an internal face F' with an edge e on O(I"). Let = be
the letter of w that labels e, write w = sy sy for some s1, s9 € X*, and let 7 s be a label of
F'. Delete e from I to obtain a coloured diagram I"'. Then I/ is simply-connected, with m — 1
internal faces, and there is a boundary cycle of I with the same endpoints as [, and with label

s18s92. By induction we can list the internal faces of IV as F1, ..., F,,_1 to obtain

$1882 =p(xoy U Riut- - up " Ry 1Um—1,
where R; is a label of F; and v; € F(X?) for 1 < ¢ < m — 1. Now note that w =

S1TSy =p(x7) (51552)(s5 s 'wsy), and s~'x is the inverse in F(X?) of the label of F.
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Figure 2.2: A coloured diagram I' (in black) and its dual I'* (in red), see Definition 2.5.12.

By Remark 2.3.5 s~ !z is a cyclic conjugate of some R € Vp U R*!. Therefore, there exists
u € X* such that s~ =F(X°) u~! Ru, and hence 52_18_13352 =F(X°) sglu_lRusz Thus,
Part 2 follows by taking w,, =F(Xx0) US2 and R,, = R. [ |

We extend [34, Definition 3.4] and define a coloured area for coloured diagrams.

Definition 2.5.9. Let I be a coloured diagram. We define the coloured area of I', denoted as
CArea(T'), to be an ordered pair (a, b), where a is the number of internal green faces of I" and b
is the number of red triangles. Suppose that A is a coloured diagram with CArea(A) = (¢, d).
We say that CArea(I') < CArea(A) if a < ¢ (in which case CArea(I') < CArea(A)) or
ifa=cand b < d (if b < d then we say CArea(I') < CArea(A)).

We next define sub-diagrams ([34, Definition 3.5]) and islands ([42, Chapter 5, page 257]).

Definition 2.5.10. Let I be a coloured diagram. A sub-diagram of T is a subset of the edges,
vertices and internal faces of I' which, together with new external faces coloured green, form a
coloured diagram in its own right.

An island of a coloured annular diagram I' 4 is a sub-diagram of I" 4 bounded by a closed
path of the form w7y, where w1 C w; 71 C 73 and |w1|, |71| > 1. The endpoints of w; are
called the endpoints of E. A bridge is an edge in w N 7. We say that I' 4 is island-free if I' 4

contains no islands.
Remark 2.5.11. We shall encounter cases where I' 4 is a single island.

The next definition considers a special kind of sub-diagrams, consisting entirely of red
triangles, that as we shall see have a great impact on the overall structure of diagrams that will

study.

Definition 2.5.12. [34, Definition 4.11] A red blob in a coloured diagram I' is a non-empty
subset B of the set of closures of red triangles of I', with the property that any non-empty
proper subset C' of B has at least one edge in common with B \ C. Equivalently, the induced
sub-graph B* of the dual graph I'* of I" (see Figure 2.2 for an example of a dual graph) on those
vertices that correspond to the triangles in B is connected. In particular, B is a sub-diagram of
I". To simplify our statements, if Area(B) = 1, then we often say that B is a red triangle, but

we always mean that B is the closure of the triangle contained in it.
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Semi-o-reduction

Figure 2.3: Two faces making the ambient diagram not semi-o-reduced, see Definition 2.5.15.

A red blob B is simply-connected if its interior is homeomorphic to a disc: its boundary

may pass more than once through a vertex. Furthermore, B is annular if B° is annular.

Recall Definition 2.3.13 of an intermult pair, and Definition 2.3.23 of trivial-interleaving.
Part 1 of the next result ([34, Lemma 4.16]) is stated only for coloured simply-connected dia-

grams, but the proof does not assume it.

Lemma 2.5.13. Let I be a coloured diagram over P with a red blob B. Suppose that a,b € X
and ab is a sub-word of a boundary word of B. Then both of the following statements hold.

1. If b # a%, then a intermults with b.
2. If, in addition, P satisfies trivial-interleaving, then (a,b) € D(P).

Proof. Part 1. This is ([34, Lemma 4.16]).
Part 2. If b = a“, then by Axiom P2 we have (a,b) € D(P). Otherwise, by Part 1, (a,b)

is an intermult pair, so as P satisfies trivial-interleaving, we have (a,b) € D(P). |

Definition 2.5.14. Let I be a coloured diagram. The I-skeleton of I is a graph I'! defined as

= J .

Fisaface of '

Definition 2.5.15. [34, Definition 3.6] Let I' be a coloured diagram over P. We say that I" is
semi-o-reduced if no two distinct incident faces are labelled by wiws and w, 1wf ! for some
relator wiwy € Vp U R* and have a common consolidated edge labelled by wy and w; 1 (see

Figure 2.3). It is o-reduced if the same holds for a single face edge-incident with itself (see
Figure 2.4).

A natural generalization of semi-o-reduction is the following definition.

Definition 2.5.16. [34, Definition 3.7] We say that a coloured diagram I" over P is semi-P-
reduced if no two distinct incident green faces are labelled by wiw2 and ws lwl_ 1 and have a

common consolidated edge labelled by wy and w; ! where wo =y (p) w3 (see Figure 2.5).
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o-reduction

Figure 2.4: A face making the ambient diagram not o-reduced. The words wy, vy, vo satisfy

Ulwflvg =F(x°) (vowqvy) ™! = vflwflvgl, see Definition 2.5.15.

Semi-P-reduction

. Wi S

Figure 2.5: Two green faces making the ambient diagram not semi- P-reduced. The words wy
and wjs satisfy wo =y(p) W3, see Definition 2.5.16.

We conclude this section by presenting an important set D of coloured van Kampen dia-
grams, proven fruitful for showing hyperbolicity of groups defined by finite pregroup presen-
tations. These will later inspire us to define new sets of annular diagrams with very similar

properties that enable us to solve the conjugacy problem in quadratic time.

Definition 2.5.17. [34, Definition 6.1] We define D to be the set of all coloured van Kampen
diagrams I' over P with the following properties.

1. The boundary word of T" is cyclically P-reduced (see Definition 2.3.9).
2. T'is o-reduced and semi-P-reduced (see Definitions 2.5.15-2.5.16).
3. T'is green-rich (see Definition 2.5.6).

4. No proper sub-word of the (cyclic) boundary word of a simply-connected red blob of I’
isequal to 1in U(P).

2.6 Curvature distribution schemes

Similarly as in [34, Sections 5 & 6], we shall now explain ways of assigning curvature to
coloured annular and simply-connected diagrams. Throughout this section, let P = (X | Vp | R)
be a finite pregroup presentation such that Z(R) = R (see Definition 2.3.20), and let G be the
group defined by P.
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The next two definitions extend [34, Definitions 5.1 & 5.2] and define curvature distribu-
tions and curvature distributions schemes on coloured diagrams that are not necessarily simply-

connected.

Definition 2.6.1. Let I be a coloured diagram over P with vertex set V' (I"), edge set E(T"), and
set F'(I") of internal faces. A curvature distribution on T is a function pr : V(I') U E(I") U
F(T') — R such that

pr(z) =0 if " is annular,
,OF(F>: zeV(IUE(T)UF(T)
pr(z) = 1 if T is simply-connected.
z€V (D)UE(T)UF(T)
Definition 2.6.2. Let /C be a non-empty set of coloured annular and simply-connected diagrams
over P. A curvature distribution scheme on Cisamap Y : K — {pr : I' € K} that associates

a curvature distribution to every diagram in .

Example 2.6.3. For an annular or simply-connected coloured diagram I', define a function pr
by setting p(v) := +1 for each vertex v € V(I'), p(e) := —1 for each edge e € E(I') and
p(F) := 1 for each internal face F' of I. Euler’s formula then tells us that if " is simply-
connected, then pr(I') = 1, and if I' is annular, then pr(I') = 0. Thus, pr is a curvature
distribution. It follows that the map ¥ : K — {pr : I' € K} is a curvature distribution scheme

for any non-empty set /C of coloured annular or simply-connected diagrams over P.

We shall now describe a key curvature distribution scheme, RSym (see [34, Defini-
tion 6.4]), that is computed by the algorithm ComputeRSym (see [34, Algorithm 6.3]).
ComputeRSym as given in [34] operates on diagrams in D (see Definition 2.5.17). How-
ever, we need more flexibility for our work, hence we allow ComputeRSym to take as input
any coloured annular or simply-connected diagram I' over P. Apart from that, the algorithm re-
mains unchanged. In particular, ComputeRSym returns (see Proposition 2.6.6) a curvature
distribution sk : I' — R.

ComputeRSym assigns and alters curvature on the vertices, edges and faces of I" in
several successive steps, where the external face has curvature 0 throughout. As in the descrip-
tion of [34, Algorithm 6.3], when we say (for example) that a half-edge e gives curvature c to
a vertex v, we mean that the curvature of e is reduced by ¢, and that of v is increased by c.
When we say that a vertex v distributes its curvature equally among green faces F1, ..., Fj,
we mean that, if £ > 0, then the current curvature ¢ of v is replaced by 0, and ¢/k is added to

the curvature of each of Fi, ..., F}.

Algorithm 2.6.4. ComputeRSym(T"):
/I T': a coloured simply-connected or annular diagram.

Step 1 Initially, each vertex, red triangle, and internal green face of I' has curvature +1, and
each half-edge has curvature —1/2.

Step 2 Each green half-edge gives curvature —1/2 to its end vertex, and each red half-edge
gives curvature —1/2 to its triangle.
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Step 3 Each vertex distributes its curvature equally amongst its incident internal green faces,
counting incidences with multiplicity.

Step 4 Each red blob B such that 9(B) € 9(T") sums the curvatures of its red triangles, to get
the blob curvature 3(B). A red blob with b := |0(B) \ 9(I')| > 0 then gives curvature
B(B)/b across each edge of O(B) \ O(I") to the (internal) green face on the other side.

Step 5 Return the function xr : V(I') U E(T') U F(T') — R, where xp(z) is the current
curvature of z.

Definition 2.6.5. Let ' be a non-empty set of coloured annular and simply-connected dia-
grams over P. We define RSym to be the map from K to {xr(z) : I' € K} evaluated by
ComputeRSym. We shall omit the T" from x(x) and write just x(z) when the meaning is
clear.

If B is a red blob of an annular or a simply-connected diagram I, then we define

kr(B) = > wr(T).

T': ared triangle of B

Proposition 2.6.6. Let KC be a non-empty set of coloured annular and simply-connected dia-

grams over P. Then RSym is a curvature distribution scheme on K.

Proof. Note that the curvature in Step 1 is precisely the curvature distribution from Exam-
ple 2.6.3. Since curvature is neither created nor destroyed by ComputeRSym, the proposi-

tion follows. [ |

Definition 2.6.7. Let I' be a coloured annular or simply-connected diagram with a green face
F'. We say that a vertex v is curvature incident with F' if v is incident with F', and that a red

blob B is curvature incident with F' if B is edge-incident with F.

Definition 2.6.8. Let = be a vertex or a red blob of an annular or simply-connected diagram I,
and let /' C I' be a green face. We let

1. {(x,T') be the total curvature that = gives to internal green faces of I" in Steps 3 and 4 of
ComputeRSym(T');

2. x(x,T) be the curvature that x gives to a single internal green face of I" across each

curvature incidence in Steps 3 and 4 of ComputeRSym(T');
3. x(z, F,T) be the total curvature that x gives to F' in Steps 3 and 4 of ComputeRSym(T").

The following two lemmas are important for the work in this thesis. They were proved in
[34] under the assumption that the vertex v is a vertex of a diagram in D, but the proofs used
only the fact that as the diagrams in D are green-rich, v has green degree at least 2. Hence they

can be stated as follows.

Lemma 2.6.9. [34, Lemma 6.7] Let v be a vertex in a coloured annular or simply-connected

diagram I'. Assume that v is incident k times with external faces, and that 6 (v,I") > 2. Then
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Table 2.3: Vertex curvature x (v, T).

5a(v,T) | vg ) vedl)
2 0 0
3 ~1/6 ~1/4
4 —1/4 -1/3
5 ~3/10  —3/8
6 ~1/3 —2/5
>7 | <-5/14 <-5/12

(i) kr(v) <0and kr(v) =0ifk # dg(v,T);

(i) If5c(v,T) # k, then y(v,T) = 2?@37% (hence if k = 2, then x(v,T) = —1/2);

(iii) If o¢(v,T') > 2 and 6 (v,T") # k then x(v,T") < —1/6.

Lemma 2.6.10. /34, Lemma 7.5] Let v be a vertex in a coloured annular or simply-connected
diagram T incident with an internal green face, and such that 6 (v,I") > 2.
If v is incident k times with external faces for some k > 1, then x(v,T') < —1/2. Other-

wise, the curvature x(v,I") is as in Table 2.3.

Definition 2.6.11. [34, Definition 6.6] We say that RSym succeeds with a constant € > 0 on
adiagram I € D if kp(F') < —e for all interior green faces F' of I.
We say that RSym succeeds on P with constant ¢ if this is true for every I' € D, and

RSym succeeds on P if there exists an £ > 0 for which RSym succeeds.

In [34, Section 7] the authors describe a polynomial-time procedure RSymVerify (P, ¢)
([34, Procedure 7.19]) with input P (the procedure assumes that the preprocessing from [34,
Section 7.1] has been done to P, so that it satisfies Assumption 2.3.15) and a constant € > 0,
such that if RSymVerify (P, ¢) returns true, then RSym succeeds on P with ¢ (see [34,
Theorem 7.16]). Hence by [34, Theorem 6.13] G is then hyperbolic, and an explicit linear
bound on the Dehn function of GG can be calculated (see Definition 2.2.3 and Theorem 2.2.4).

The success of RSym on P also implies the following useful result, which is stated only

for V7-letters, but the proof does not assume it.

Proposition 2.6.12. [34, Theorem 6.12] Assume that P satisfies Assumption 2.3.15, and that
RSym succeeds on P. Then no x € X is trivial in G.

In [34, Section 8] the following condition on P is introduced, which enables one to solve

the word problem in G in linear time.

Definition 2.6.13. RSym verifies a solver for P if, for any boundary green face F' in any
I' € D with kp(F') > 0, the removal of F shortens O(T").
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In [34, Section 8] a polynomial-time procedure VerifySolver (see [34, Procedure 8.3
& Procedure 8.5]) is described, such that if VerifySolver(P) returns true, then RSym
verifies a solver for P (see [34, Theorem 8.4]). Subsequently, an algorithm RSymSolve is
given (see [34, Algorithm 8.8]), which gives a linear-time solution to the word problem in
G if RSym succeeds on P and VerifySolver(P) returns true (see [34, Theorem 8.6]).
RSymSolve is a highly technical algorithm, but we shall use it only when the input pregroup
presentation satisfies trivial-interleaving (see Definition 2.3.23): in Chapter 6 for development
of IsConjugate. Section 6.1 gives the complete description of this simplified version.

We conclude this section with several useful definitions for working with pregroup presen-

tations.

Definition 2.6.14. We say that P is sound if P satisfies trivial-interleaving; RSym succeeds
on P; and VerifySolver(P) returns true, and that P is proper if no R € R is conjugate in
F(X%) to R7%

We say that P is valid if P is sound and proper.

Remark 2.6.15. If P is sound, then G is hyperbolic, and RSymSolve solves the word prob-
lem in G.

Moreover, by [34, Remark 8.10] we can solve the word problem in G by the standard
Dehn algorithm using the length reducing rewrite rules derived from Vp U R, i.e. P is a Dehn

presentation.
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Conjugacy problem in hyperbolic
groups
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Brief Outline

Part I of this thesis is structured as follows. In Chapter 3, we define two subsets of coloured

annular diagrams (called 7 and S) that we shall use for development of IsConjugate.

Definition 2.6.16. Let I" be a coloured diagram with dual I'*, and let f; C I" and fo C I be
faces corresponding to vertices v; and vo of I'*. The dual distance from f; to fo in I is the

distance from vy to vg in I'*.

In Chapters 4-5 we study the structure of diagrams I' 4 € T, and prove that for any edge e
that lies on a boundary p of T" 4, there is an internal face F’ witheN9(F’) # () that is either at dual
distance (when treating each red blob of I' 4 as a single face) at most three from the external
face with boundary p’ # p, or (F) N p' # O (this will enable us to make IsConjugate
quadratic).

In Chapter 6 we describe IsConjugate, and prove Theorem 1.0.3 stated in Chapter 1,
which is the main result of Part I. In Chapter 7 we present experiments with our implementation,
and show that the reported run times agree with Theorem 1.0.3. Finally, Chapter 8 includes

suggestions for improvements and generalizations of IsConjugate.
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Chapter 3
Conjugacy diagrams over pregroups

In this chapter we give a procedure for obtaining the subsets 7 and S of coloured annular dia-
grams. Throughout this whole chapter, let P = (X | Vp | R) be a finite pregroup presentation
for a group G such that Z(R) = R (see Definition 2.3.23).

3.1 Preliminaries

In this section we introduce the set 7, and determine some elementary properties of coloured
annular diagrams. Throughout the whole section let w1, ws € X™.
In the proof of the next theorem we use the following concept (recall Definition 2.5.14 of

the 1-skeleton of a coloured diagram).

Definition 3.1.1. Let I'4 be a coloured annular diagram with a path p € ')y intersecting both
boundaries of I' 4. A process of cutting I' 4 open along p results in creating a coloured simply-
connected diagram I' (see Figure 3.1), where two disjoint copies p1,p2 C I' of p are created,

and where each point of I"4 \ p is mapped to precisely one point of T

Let I'4 be an annular diagram, with the external face O with boundary w. Recall from
Definition 2.5.4 that O is oriented counter-clockwise, that all other faces of I"4 are oriented

clockwise, and that all faces of a simply-connected diagram are oriented clockwise.

A

Figure 3.1: Cutting I' 4 open along p, see Definition 3.1.1.
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Theorem 3.1.2. Both of the following statements hold.

1. Suppose that w1 and wy are cyclically P-reduced, non-trivial in G, and G-conjugate but
not U(P)-conjugate. Then wy and wo are boundary words of some coloured annular

diagram over P.

2. Suppose that wy and wsy are boundary words of some coloured annular diagram I" 4 over
P. Then wy and ws are G-conjugate; and if wy and wo are not U(P)-conjugate, then
CArea(I'4) > (1,0).

In particular, if wy and wy are cyclically P-reduced, non-trivial in G, and not U ( P)-conjugate,
then wy and wo are G-conjugate if and only if they are boundary words of some coloured

annular diagram over P.

Proof. Part 1. We use the ideas from the proof of [42, Chapter 5, Lemma 5.2]. By the assump-
tions on w; and wy and Corollary 2.3.17, there exist &« € U(P), and relators R; € R*! and
u; € U(P), 1 < i <k, such that

oflwgozwl_l =U(P) ul_lRlul e ugleuk,

hence w1 =y (p) (Hleui_lRiui)_la_lwga. We proceed as in the proof of Theorem 2.5.8 and
construct a balloon diagram I with base point v such that reading counter-clockwise around
v, we obtain a cyclic tuple (po, p1, - . ., px) of paths (starting at v) with labels (/) 71, (u}) ™1,
ey (uz)_l (where o' is a P-reduced word representing « and each u] is a P-reduced word
representing u;) and endpoints v and v; respectively, and a cyclic tuple of internal faces ( Fp, F1,
..., Fy), where each F; is attached to p; at v;, Fy is labelled by ws, and each F; # Fy is green
and labelled by 12, ! By Lemma 2.5.7 there exists a simply-connected diagram I" with P-
reduced boundary word w) (when reading counter-clokwise around 9(I'")) such that w} = U(P)
(IIE_ (u]) " Rjuf) = (/) ~twae/ =y(py wi, and in which all internal faces other than F are
labelled by elements from Vp U R*!. By Theorem 2.3.11 w) is an interleave of w1, hence
applying Lemma 2.5.7 again shows there exists a simply-connected diagram I" with boundary
word w;.

If in the construction of I' the face F{; was deleted, then by Theorem 2.5.8 w; =g 1, a
contradiction. Hence Fy C I'. Now delete Fp from I'. The obtained diagram is a coloured
annular diagram with the outer boundary labelled by w;, and the inner boundary labelled by
w2, as required.

Part 2. By relabelling, if necessary, we can without loss of generality assume that w; labels
the outer boundary of I" 4. Since I' 4 is connected there exists a simple path p with label some
a € X such that cutting I'4 open along p gives us a coloured van Kampen diagram I" with
boundary word W = awsa’w{. By Theorem 2.5.8 we have W = 1; and if I" has no green
faces, then W =U(p) 1, so we are done.

The last statement follows directly from Parts 1-2. |
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Definition 3.1.3. Let I" 4 be a coloured annular diagram over P, with boundary words w; and
wo. We say that I" 4 has minimal coloured area if for every coloured annular diagram A 4 over
P with boundary words w; and wy we have CArea(I'4) < CArea(Ay).

Similarly, we say that a coloured simply-connected diagram I" over P with boundary word
w has minimal coloured area if CArea(I") is minimal among all simply-connected diagrams

over P with boundary word w.

Definition 3.1.4. A minimal coloured conjugacy diagram for w; and ws is a coloured annular

diagram with boundary words w; and wy of minimal coloured area.

Proposition 3.1.5. [f wy and we are cyclically P-reduced, non-trivial in G and not U(P)-
conjugate, then wy and wo are G-conjugate if and only if there exists a minimal coloured

conjugacy diagram for wi and ws.

Proof. Suppose that wy and wo are G-conjugate, and let S be the set of all coloured annular
diagrams with boundary words w; and wy. By Theorem 3.1.2 S is non-empty, so let 'y € S,
and let CArea(T"4) = (a, ). Now using Definition 2.5.9 define an equivalence relation ~ on
S as follows, forall Iy, Ay € S: Ty ~ A, if and only if CArea(I’,) = CArea(A,). Let
P be the set of all equivalence classes, and for 0 < k£ < a, let P be the set of all equivalence
classes containing diagrams with exactly k internal green faces. Note that the coloured area
gives us a total order on P, and each set Py contains a minimal element. Hence as there are
only finitely many such elements, one of them is a minimal element of P. Thus, there exists a
minimal coloured conjugacy diagram for w; and wa.

Suppose instead that there exists a minimal coloured conjugacy diagram for w; and ws.

Then by Theorem 3.1.2 w; and w» are G-conjugate. [ |

Recall that a loop is an edge with equal endpoints, and Definition 2.5.3 that w and 7 denote

the outer and the inner boundary of an annular diagram respectively.

Definition 3.1.6. Let I" 4 be a coloured annular diagram. We say that I' 4 is loop-minimal if T" 4
satisfies the following condition.

(*) If lis aloop in T'4 labelled by a V7 -letter (see Definition 2.3.8), then € {w, 7}.

A layer of I 4 is an annular sub-diagram of I" 4 that does not contain interior loops. A boundary

layer T of T4 is a layer of T4 such that p C 9(T") for some p € {w, 7}.

The next result will be frequently used in our work (recall Definition 2.6.14 of a valid

pregroup presentation).

Lemma 3.1.7. Let T 4 be a coloured annular diagram, defined over a valid pregroup presen-
tation. Suppose that T A contains a loop 1, and let C be the bounded component of R? \ 1. Then
CNT 4 is an annular sub-diagram of T 5. Hence T 4 is a face-disjoint union of layers U?Zl Ly,

and there is i such that l is one of the boundaries of T';.
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Proof. Suppose for a contradiction that C' N I'4 is not annular. Then C' N T'4 is simply-
connected. Hence the label of [ is a single letter trivial in (7, which by Proposition 2.6.12

contradicts our assumption that I' 4 is defined over a valid pregroup presentation. |
We now define 7.

Definition 3.1.8. Assume that P is valid. We define T to be the set of all coloured annular

diagrams I' 4 over P that satisfy all of the following axioms.

(T1) The boundaries of I'4 are simple closed paths, and no internal green face has more than

1/2 of its length on a single boundary of I" 4.
(Ty) T4 is o-reduced and semi-P-reduced (see Definitions 2.5.15 and 2.5.16).
(T3) T'4 is green-rich (see Definition 2.5.6).

(Ty) No proper sub-word of the (cyclic) boundary word of a simply-connected red blob of I' 4
isequal to 1in U(P).

(T5) T 4 is loop-minimal (see Definition 3.1.6).
(T6) Each internal green face F' of I' 4 contains a boundary edge and xr , (F') = 0.

Recall Definition 2.6.8 that x(z, " 4) is the curvature that  gives to a single internal green

face of I' 4 across each curvature incidence.

Lemma 3.1.9. Let ' 4 € T have a vertex v incident with an internal green face. If v € w N T,
then x(v,T'4) = —1/2, else x(v,T'4) > —1/2.

Proof. By Axiom T7, the boundaries of I 4 are simple closed paths. Hence if v € w N 7, then
v is incident exactly twice with external faces of I 4, else v is incident exactly once with them.

So the lemma follows from Lemma 2.6.9. |
Recall Definition 2.5.10 of an island and a bridge.

Lemma 3.1.10. Let I'y € T contain an island. Then I 5 is a union of islands and bridges.
Suppose further that I 4 contains at least two islands, and let A 4 be a diagram resulted from
deleting some island of I o and identifying its endpoints. Then Ay € T, and A 4 is a union of
islands and bridges.

Proof. By Axiom 71, the boundaries of I" 4 are simple closed paths, hence I'4 is a union of
islands and bridges.

To prove the second statement of the lemma, first note that A 4 is also a union of islands
and bridges. Hence A 4 is annular, the boundaries wq and 71 of A 4 are simple closed paths, and
each internal green face and each red blob of A 4 is contained in some island of I' 4. Therefore,
no internal green face has more than 1/2 of its length on a single boundary of A 4, so Ay
satisfies Axiom T7; A 4 is o-reduced and semi- P-reduced (Axiom 75); each vertex v &€ w1 N7y
satisfies (v, Aa) = da(v,T'4) > 2 and each vertex v € w1 N7y also satisfies g (v, Aa) > 2,
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hence A 4 satisfies Axiom T5; A 4 satisfies Axiom T}; and A 4 is loop-minimal. Thus, A4
satisfies Axioms 77-T5. Moreover, as [ 4 satisfies Axiom Tg, each internal green face F of A 4
contains a boundary edge.

So it remains to show that ka , (F') = 0. Assume that B is a red blob of A 4 edge-incident
with F. Then Area(B) and the number of edge-incidences with F' remained unchanged,
and [0(B) \ 0(A4)| = [0(B) \ 9(I"'a)|, so by the description of ComputeRSym (see
Algorithm 2.6.4) we have x(B, F,A4) = x(B,F,T'4). Suppose that v is a vertex of A4
incident with F'. If v € wy N 71, then since w; and 7 are simple closed paths, v is incident
exactly twice with external faces of A4, hence by Lemma 2.6.9 x(v, A4) = —1/2. Suppose
further that v resulted from identifying two endpoints vy and vy of some islands of I' 4. Since
v1,v2 € wN T, we have x(v1,I'4) = —1/2 = x(v2,T'4). Moreover, the sum of the numbers
of incidences of v; and vy with F' in I'4 is equal to the number of incidences of v with F’
in Ay. Hence x(v, F,A4) = x(v1, F,T4) + x(va, F,T 4). Otherwise, we have v € w N
7, 80 x(v,I'4) = —1/2, and the number of incidences with F' remained unchanged, hence
X(v, F,A4) = x(v, F,T4). If v & wyN7y, then the green degree of v, the internal green degree
of v (see Definition 2.5.6), and the number of incidences with F' remained all unchanged, so
X(v, F,Ay) = x(v,F,I'4). Thus, as by Axiom T we have xr,(F') = 0, it follows that
ka,(F)=0,hence Ay € T. [ |

Using the techniques from [34], we now prove several auxiliary results that will help us to

show that minimal conjugacy diagrams share many properties with diagrams in 7.

Lemma 3.1.11. Let I' 4 be a coloured annular diagram with cyclically o-reduced boundary

words. Then there are no vertices of degree 1 in T 4.

Proof. The proof is essentially the same as the proof of [34, Lemma 3.12]. If v is a vertex of I' 4
with degree 1, then xx? is a sub-word of some label w of the face containing v, where x labels

the unique edge incident with v. This is a contradiction since w is cyclically o-reduced. |

In the proof of the next lemma we use the ideas from the proof of [34, Proposition 3.8].

Lemma 3.1.12. Let I 4 be a minimal coloured conjugacy diagram. Then T 4 is semi- P-reduced

(hence also semi-o-reduced).

Proof. Suppose not. Since I' 4 is not semi-P-reduced, by Definition 2.5.16 there are internal
green faces labelled by wiw2 and ws lwl_ ! that have a common consolidated edge labelled by
wy and wy ! where wows ! =y (p) 1. Therefore, we can delete the consolidated edge labelled
wi from I'4 and identify consecutive edges with inverse labels. The resulted region has a
cyclically o-reduced boundary word equal to 1 in U(P), so by Theorem 2.5.8 we can fill in
it with red triangles. The obtained diagram has the same boundary words as I" 4, but strictly

smaller coloured area, a contradiction. [ |

Definition 3.1.13. Let I" be a coloured annular/simply-connected diagram over P. A smaller
sibling of T" is a coloured annular/simply-connected diagram A over P with the same boundary

words/word as I, with the same green faces as I', and satisfying CArea(A) < CArea(I').
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The next result is stated only for coloured simply-connected diagrams, but its proof does

not assume it.

Lemma 3.1.14. [34, Lemma 3.15] Let I' 4 be a coloured annular or simply-connected dia-
gram. Assume that T' contains a vertex v with three consecutive edge-incident red triangles,
and that none of the edges in any red triangle incident with v is a loop based at v. Then there
exists a smaller sibling of I in which v is incident with at least one fewer red triangle than it is
in I, and in which none of the edges of any of the red triangles incident with v is a loop based

atwv.
Recall Definition 2.3.9 of a (cyclically) o/P-reduced word.

Definition 3.1.15. A word w € X* is R-reduced if w does not contain a sub-word s such that
there exists a cyclic conjugate R of some R’ € R*! that can be written as R = usv for some
u,v € X* and |s| > |R|/2. We define cyclically R-reduced similarly.

A word w is (cyclically) P-reduced if w is both (cyclically) P-reduced and (cyclically)
‘R-reduced.

Lemma 3.1.16. Let I" 4 be a coloured annular diagram with a cyclically P-reduced boundary
word w that labels p € {w,T}. Then no internal green face of I s has more than 1/2 of its
length on p.

Proof. This is immediate from Definition 3.1.15 since w is cyclically R-reduced. |

3.2 Loop-free minimal conjugacy diagrams

This section studies minimal coloured conjugacy diagrams (see Definition 3.1.4) that contain
no loops labelled by V7-letters (see Definition 2.3.8).

Definition 3.2.1. Let I' 4 be a coloured annular diagram over P. We say that I' 4 is loop-free if
I" 4 contains no loops labelled by V7 -letters.

The following theorem is the main result of this section (recall Definition 2.6.14 of a valid

pregroup presentation and Definition 3.1.8 of the set 7).

Theorem 3.2.2. Assume that P is valid, and let " 4 be a minimal coloured conjugacy diagram
with cyclically P-reduced boundary words. If T 4 is loop-free, then 'y € T.

Remark 3.2.3. Let wi, wy € X™ be cyclically P-reduced and G-conjugate. Assume that P is
valid, and that no cyclically P-reduced w € X* with |w| > 2 is G-conjugate to a V' 7-letter.
Then by Theorem 3.2.2, unless |w1| = 1 = |ws|, all minimal coloured conjugacy diagrams I 4
for wy and w9 are guaranteed to satisfy I'y € 7. Hence to solve the conjugacy problem for G,

it suffices to solve three problems.

1. Finding conjugacy classes of single letters.
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2. Testing if any cyclically P-reduced word w with |w| > 2 is G-conjugate to a V7 -letter.

3. For cyclically P-reduced words w} and wb, testing if there exists a diagram I'y € T

with boundary words w} and w}.

Recall that a consolidated edge between faces F' and F” is a non-empty path of maximal
length that is a sub-path of both 9(F) and O(F”). In the statement of the next lemma we treat
the red blob B as a single face.

Lemma 3.2.4. Let I" be a green-rich coloured diagram over P that contains a red blob B.

Then all consolidated edges between B and any green face of I o have length at most one.

Proof. Assume for a contradiction that there is a consolidated edge [ with |I| > 2 between B
and some green face of I'. Then [ contains a vertex v with d¢(v) = 1, a contradiction as I' is

green-rich. |

Recall the notation (v, I') from Definition 2.5.6. The next proof is inspired by the proof
of [34, Theorem 3.16].

Lemma 3.2.5. Assume that P is valid, and let I" 4 be a minimal conjugacy diagram over P
with cyclically ‘P-reduced boundary words. Assume that I 4 contains a vertex v that is not
incident with any loop labelled by a V 7 -letter. Then 6 (v,I"'4) > 2.

Hence if ' 4 is loop-free, then is is green-rich.

Proof. We first show that dg(v,I'4) > 1. Assume for a contradiction that g (v,I'4) = 0. By
Lemma 3.1.11 we have §(v,I"4) > 2. Suppose first that §(v, " 4) = 2. Then v is incident with
two red triangles edge-incident by two edges meeting at v, and labelled ab[ab]” and b a? [ab)
respectively for some a,b € X. Hence I 4 is not semi-o-reduced, contradicting Lemma 3.1.12.
So suppose that 6(v,I"4) > 3. Then by Lemma 3.1.14 there exists a smaller sibling of I 4 in
which v is incident with at least one fewer red triangle than it is in I" 4, and in which none of the
edges of any of the red triangles incident with v is a loop based at v. By repeating this process
we obtain a smaller sibling A 4 of "4 in which d(v, A 4) = 2, and in which none of the edges
of any of the red triangles incident with v is a loop based at v. So A 4 is a minimal conjugacy
diagram, and as before A 4 is not semi-o-reduced, contradicting Lemma 3.1.12.

It remains to show that g (v, ' 4) # 1. Suppose otherwise. Let F' be the unique green face
incident with v, and let e and f be the edges of F' with v € €N f, and with labels a and b
respectively. Since there is no loop labelled by a V' ?-letter based at v, from d(v,['4) > 2 we
have e # f. Hence ef is a sub-path of O(F'), so ab is a sub-word of some label S of F', and
e and f are edges of some (not necessarily distinct) red faces F; and F5 of I'4 respectively.
If F; = Fj, then (a,b) € D(P), so S is not cyclically P-reduced, a contradiction. Hence
suppose that F; # Fb. Then since F' is the only green face incident with v and F' is incident
once with v, we deduce that ef is a sub-path of a consolidated edge between F' and the red
blob B with v € B, so by Lemma 2.5.13 (a,b) € D(P), a contradiction.

The last statement follows from the first. [ |
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The next result is again stated only for coloured simply-connected diagrams, but the proof

does not assume it.

Lemma 3.2.6. [34, Lemma 4.12] Let B be a red blob in a coloured diagram T" over P with
boundary length l and area t. Thenl < t+2, andl < t if B is not simply-connected. Moreover,
if B is simply-connected, and every vertex of B lies on O(B) (which holds in particular if all
vertices of I have green degree at least 1), thenl =t + 2.

Using Lemma 3.2.6 we obtain:

Lemma 3.2.7. Let I" be a coloured annular or simply-connected diagram over P of minimal

coloured area and in which all vertices have green degree at least 1. Then no proper sub-word

of the (cyclic) boundary word of a simply-connected red blob of T is equal to 1 in U(P).
Hence the same holds for a loop-free minimal conjugacy diagram defined over a valid

pregroup presentation P’ that has cyclically P’-reduced boundary words.

Proof. We use the ideas from the proof of [34, Proposition 4.13]. Assume that there is a
simply-connected red blob B of I that does not have the stated properties. Since all vertices
of I' have green degree at least 1, we deduce that all vertices of B lie on 9(B). Suppose
first that B has a boundary word w such that w = w’xx?. Since B is simply-connected, we
have w =y (py 1, so w =y p) 1. Hence we can identify the vertex at beginning of the edge
with label x with the vertex at the end of the edge labelled 7, and replace B with a red blob
B’ with boundary label w’ and with a single edge added to the boundary. By Lemma 3.2.6
Area(B’) = |0(B’)| — 2 < |0(B)| — 2 = Area(B). Hence the diagram with the red blob B’
is a smaller sibling of I', and with a strictly smaller coloured area, a contradiction.

Now suppose that B has a boundary word w such that w = wjwg with |w1|, |w2| > 2 and
w1 =y(p) 1 =y(p) w2. Then we can identify the vertices at the beginning and the end of wy,
and replace B by two blobs By and B> with boundary words w; and ws, and with

Area(B;) + Area(Bs2) = |0(B1)| — 2+ |0(B2)| —2 = |0(B)| —4 = Area(B) — 2.

So we again obtained a smaller sibling of I" with a strictly smaller coloured area.

Now note that the final statement follows from the first statement and Lemma 3.2.5. [ |

In the next result we derive the formula for calculating x(B,I"4) (see Definition 2.6.8) of

a simply-connected red blob B.

Lemma 3.2.8. Let B be a red blob composed of t triangles in a green-rich coloured annular
diagram T 4. If B is not simply-connected, then x(B,T 4) < —1/2.
Let d = |0(B) N O(I'4)|. If B is simply-connected then

—t

BT = g

3.1

In particular, for small values of t, the curvature values are as in Table 3.1.
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Proof. First note that from the description of ComputeRSym (see Algorithm 2.6.4) it fol-

lows that .

210(B) \ 0(T'a)|
Let [ = |0(B)|. By Lemma 3.2.6 I < ¢ if B is not simply-connected, hence by (3.2)
X(B,T4) < —1/2.

Suppose that B is simply-connected. Since I' 4 is green-rich, by Lemma 3.2.6 [ = ¢ + 2.
Thus, from (3.2) we deduce that (3.1) holds for x(B,T 4). |

X(B,T4) = (3.2)

Table 3.1: Red blob curvature

Area(B) | 0(B)NI(Ta) | x(B,Ta)
>1 >2 < —1/2
—1/6
—1/4
—1/4
-1/3
—3/10
—3/8
-1/3
—2/5
—5/14
—5/12

GO = W W NN
e =l =]l K=l N Nesl Bl Nen)

Proposition 3.2.9. Assume that P is valid. Let ' 4 be a green-rich coloured annular diagram
over P that has a cyclically P-reduced boundary word w that labels p € {w,T}. Then p is a
simple closed path. In particular, if E is the external face with boundary p, then no boundary

vertex v of I 4 is incident more than once with E.

Proof. Assume for a contradiction that p is not a simple closed path. Then either p contains
a vertex with degree 1, or it contains a closed path [ such that [ # p. By green-richness of
I" 4 we deduce that the latter holds. Now [ encloses a coloured simply-connected sub-diagram
of I' 4 with boundary word wu, such that u is a contiguous sub-word of a cyclic conjugate of
w. By Remark 2.6.15 P is a Dehn presentation. Hence as w is cyclically P-reduced, u is not

‘R-reduced, so w is not cyclically P-reduced, a contradiction. |
Recall Definition 2.5.10 of an island.

Lemma 3.2.10. Let E be an island of a green-rich annular diagram I 5 with endpoints vy and
va, and bounded by the closed path wyTi. Then CArea(E) > (1,0).

Hence if T 4 is a green-rich annular diagram whose boundaries are simple closed paths,
then kr , (T') = 0 for each red triangle T.

Proof. Suppose that F has no green faces. Then FE is a simply-connected red blob. Since I'4

is green-rich, by Lemma 3.2.4 all consolidated edges between E and any external face of I'4
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have length at most 1. Hence as by Definition 2.5.10 w; # 71, we have |0(E)| = 2, so by
Lemma 3.2.6 Area(F) = 0, a contradiction.

For the final statement, suppose that B C I"4 is a red blob that is not edge-incident with
any internal green face of I'4. Then as I' 4 is green-rich and its boundaries are simple closed

paths, B is an island of T4, contradicting the lemma. So xr ,(T") = 0 for each triangle 7. W

Conjugacy in U (P) was studied in [17], where the following was proved.

Theorem 3.2.11. Let wy = z1x2 ... Ty, we € X* be cyclically P-reduced and U ( P)-conjugate.
If n = 1, then there exists ¢ € P such that wy = [c¢®wc|, where (¢°w), (w,c), ([c"w],c) €
D(P).

Otherwise, for some i, we have
Wy = [Cg.fi]ﬂj‘prl X1 [xiflc] € U(P),

where ¢, [¢?x;], [zi—1c] € P.
Proof. The case n = 1is [17, Corollary 4.5]. The rest is [17, Theorem 4.6]. [ |
For the case n > 2, we can improve this result when P satisfies trivial-interleaving (see

Definition 2.3.23):

Corollary 3.2.12. Assume that P satisfies trivial-interleaving, and that wy = x1%2 ... ZTyp, W2 €

X* are cyclically P-reduced and U (P)-conjugate. If |w1| > 2, then for some i, we have
W9 = TiTjt] .. Tl .. Ti_q-

Proof. By Theorem 3.2.11 we have wy € Z(z;...xnx1...2;—1) (see Definition 2.3.20) for
some 7. Hence as ‘P satisfies trivial-interleaving, the corollary follows. |

Proposition 3.2.13. Assume that P is valid. Then all coloured semi-o-reduced annular dia-
)y

grams over P are o-reduced. In addition, we can test whether P is proper in time O(r|R

where r := max{|R| : R € R}.

Proof. LetT 4 be a coloured annular diagram over P and suppose that f is a face edge-incident
with itself in such a way that I'4 is not o-reduced. First note that the only way that a red
triangle could be edge-incident with itself is when some element of X is trivial in U(P),
which contradicts Theorem 2.3.11. Hence f is green. Now f is edge-incident with itself by a
consolidated edge [ with label w1, say. By our assumption reading 9( f) from the side of [ gives
wiwz, and from the other side gives w =p(xo) wy 1w5 ! (see Figure 2.4). Hence w is a cyclic
conjugate of wjws and of wz_lwl_l =F(X°) (wiws) L. So wiws is an F(X7)-conjugate of its
inverse in F'(X?), and hence R contradicts our assumption that P is proper (since P is valid).

Now if R € R and R~! are conjugate in F'(X?), then they are cyclic conjugates as they
are cyclically o-reduced. So R is a contiguous sub-word of (R~1)2, and by [2, Section 9.1] we
can test this in time O(r) by the Knuth-Morris-Pratt (KMP) string-searching algorithm. The

final complexity claim follows from this. |
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Lemma 3.2.14. Let I' 4 be a green-rich coloured annular diagram of area greater than 1 that

contains a boundary green face F'. If kr ,(F') > 0 then the following statements hold.

1. The consolidated edges and vertices in O(F') \ O(T 4) form a single path p, and at most
three of the vertices in p lie on O(I" 4). If there are three such vertices, let v be the middle
one. Then 6 (v,T' 4) > 4, and F is incident with no red blobs at v.

2. F does not have an edge on both boundaries of T 4.

Proof. Since I'4 is green-rich, Lemmas 2.6.9 and 3.2.8 hold, which are analogues of [34,
Lemma 6.7 & 6.8] that are applicable to coloured annular diagrams. Hence the proof of [34,
Lemma 6.9] shows Part 1.

To prove Part 2, assume for a contradiction that F' contains an edge on both boundaries of
I'4. Let e and f be consolidated edges of F' with |e|, |f| > 1and e C w, f C 7. By Part 1 we
have O(F) N A(T'4) = eU f, and d(e) N I(f) contains a vertex v with v € w N 7. By Lemma
2.6.10 we have x (v, F,T'y4) < —1/2.

Let v and v; be the endpoints of e, and let v and vo be the endpoints of f. Letz € {v;}2_;.
If 6g(x) > 3, then by Lemma 2.6.10 x(z, F,T'4) < —1/4. If ég(x) = 2, then there is
a red blob B edge-incident with F' at z, and with an edge ¢ C 9(I'4) such that x € g.
Hence by Lemma 3.2.8 we have x (B, F,I'4) < —1/4. We deduce that for each 1 < i < 2,
there is x; such that either z; = v; and x(x;, F,T'4) < —1/4, or x; is a red blob with edges
g CO(F), h C O(T 4) such that v; € g N h, and x(x;, F,T 4) < —1/4. Hence if 1 # x5 and
xr1 # v # x29, then

kr (F) <1+2-(=1/4)—1/2 =0,

a contradiction. Otherwise, at least one of the following cases holds.
(a) x; = v forsome i € {1,2} and v is incident at least twice with F.
(b) 1 = xo and x1 is a vertex with x1 € w N 7.

(¢) x1 = x2 and x; is a red blob with edges on both boundaries of " 4.

Assume first that Case (a) holds. Then x(v, F,T'4) < —1, so kr,(F) < 0, a contradic-
tion. Assume that Case (b) holds instead. Then by Lemma 2.6.10 x(x1, F,T4) < —1/2, so
kr,(F) <1+2-(—1/2) =0, a contradiction. Finally, assume that Case (c) holds. Then by
Lemma 3.2.8 we have x(x1, F,T'4) < —1/2, so again s, (F) < 0. [ ]

Proof of Theorem 3.2.2. Let w; and wy be the boundary words of I 4. By Lemma 3.2.5
I' 4 satisfies Axiom 73. Hence as w; and ws are cyclically P-reduced, by Lemma 3.1.16
and Proposition 3.2.9 T"4 satisfies Axiom 7. Furthermore, by Lemma 3.1.12 and Proposition
3.2.13 I' 4 satisfies Axiom 75; by Lemma 3.2.7 I 4 satisfies Axioms 7y; and as I' 4 is loop-free,
I' 4 satisfies Axiom T5.

So it remains to show that I" 4 satisfies Axiom Ty. Hence we can assume that I" 4 contains at

least one green face, as otherwise there is nothing to prove. Since P is valid, there exists ¢ > 0
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such that RSym(P, ¢) succeeds. Now if there is an interior green face F' with kr, (F') > —e,
then there is a decomposition of the label of F' into steps representing red blobs edge-incident
with F' and vertices incident with F' that makes RSymVerify (P, ¢) fail, a contradiction.
Hence xr, (F) < —e.

We have s, (e) = 0 for each edge e € I'4. By Axiom T, w and 7 are simple closed
paths, hence each vertex v € I' 4 is incident at most twice with external faces. By Lemma 2.6.9
we therefore have xp,(v) = 0. Moreover, by Axioms 77 and T3, I' 4 satisfies assumptions
of Lemma 3.2.10, hence by Lemma 3.2.10 xr,(7") = 0 for each red triangle 7. Thus, as
k(T'4) = 0 and all non-zero curvature is on the internal green faces of I'y4, if I'4 contains
precisely one green face F', then xr,(F) = 0. So from above F' contains a boundary edge.
Hence we can assume that I' 4 contains at least two green faces.

Suppose that F' is a boundary green face labelled by R and xr,(F) > 0. By Lemma
3.2.14 either O(F) N 9(T"4) = I, where [ is a single consolidated edge with [ C p € {w, 7}, or
O(F)NI(T 4) = lU{v}, where [ has properties as before and v is a vertex. Hence by Axiom 77,
F' does not have more than 1/2 of its length on 9(I" 4). Therefore, we can find a decomposition
of R into steps representing red blobs edge-incident with F' and vertices incident with F' that
makes VerifySolver(P) return fail, a contradiction since P is valid. Thus, as k(I'4) = 0
and all interior green faces F' have s, (F') < —e, we conclude that I"4 has no interior green

faces, and all boundary green faces F satisfy xr , (F') = 0. |

3.3 Conjugacy diagrams containing loops labelled by /7 -letters

This subsection analyses the case where a minimal coloured conjugacy diagram is not loop-free
(see Definitions 3.1.4 and 3.2.1). Recall Definition 3.1.6 of a (boundary) layer. Throughout this

section, assume that P is valid, and let wi, wy € X* be cyclically P-reduced and GG-conjugate.

Definition 3.3.1. Let I' be a coloured annular diagram over P. We say that I is decomposable
if " is a face-disjoint union of non-empty annular sub-diagrams I'y U Aj or 'y U A; U Ao,
where CArea(A;) = (0,3) = CArea(A3), and the length 1 boundary of A; is a boundary
of T".

We call A; a boundary red blob of ', and I'y the core of T.

Definition 3.3.2. We define S to be the set of all coloured annular diagrams I" 4 over P each of
which is a face-disjoint union of layers I' with area at least 1 and such that: for non-boundary
layers I', both boundaries of I" have length 1, and one of the following 3 statements holds for
r.

1. The boundary words of I" are single letters G-conjugate by some single letter.
2.TeT.
3. I is decomposable, where

(i) the core I'1 of T satisfies 'y € T;
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(i1) the label of the length 2 boundary of each boundary red blob B of I is non-trivial in
P, is not P-reduced, and is not equal to the other boundary word of B in P-reduced

form.

For boundary layers I' the same holds, but at least one of the boundaries of I' is a boundary of

I" 4, so may have length greater than 1.
Our aim is to show the following theorem (recall Definition 3.1.13 of a smaller sibling).

Theorem 3.3.3. Assume that wi and ws are non-trivial in G and are not U (P)-conjugate, and
that I} is a minimal conjugacy diagram for w1 and ws. Then there exists a smaller sibling I 4
of I} (hence I 4 is a minimal conjugacy diagram for wi and ws) such thatI'y € S. Moreover,

if I} is a single layer, then I 4 is a single layer.

Assume that w; and wy are non-trivial in G and are not U(P)-conjugate. Since w; and
wy are cyclically P-reduced and G-conjugate, by Proposition 3.1.5 there exists a minimal
conjugacy diagram I’} for wq and wo. Assume that I}’ contains a loop /. Then by Lemma
3.1.7 I} is a face-disjoint union of annular sub-diagrams A; and Ay, where A1 is bounded by
w and [, and A, is bounded by [ and 7. Note that A and A, can have area 0.

The next lemma considers the degrees of the endpoint v of [. Recall that dg(v',T") (and
dr(v',T)) is the number of green (and red) faces incident with a vertex v’ in a coloured diagram

I, and that §/,(v/,T) is the number of internal green faces incident with v’ in T.
Lemma 3.3.4. Fori € {1,2}, one of the following statements holds.

1. We have 6 (v, A;) > 2.

2. We have d¢(v, A;) = 1 and dr(v, A;) > 3.

Proof. Since v is a boundary vertex of A;, we have dg (v, A;) > 1. Assume that ig (v, A;) =
1. Then 65 (v, A;) = 0 and dg(v, A;) > 1. In fact, the unique triangle of A; containing [ is
incident more than once with v, hence di (v, A;) > 2. Assume that dg(v, A;) = 2. Then as by
Lemma 3.1.11 each vertex v' € I} has §(v/,I'"}') > 2, it follows that v is incident with both
external faces of A;, contradicting d¢ (v, A;) = 1, s0 dr(v, A;) > 3. [

Theorem 3.3.5. Assume that wi and ws are non-trivial in G and are not U (P)-conjugate, and
that I} contains a loop l. Then I''} is a face-disjoint union of n layers for some n, and there
exists a smaller sibling I" 5 of I'"} such that I 5 is a face-disjoint union of layers U;'l:1 I'; with
area at least 1. Furthermore, for some 1, the closure 1 is one of the boundaries of T';, and T';

satisfies one of the following 3 statements.
1. The boundary words of I'; are single letters that are G-conjugate by some single letter.
2. Ty satisfies Axioms Ty — Ts.

3. T'; is decomposable, where
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o \\¢
9\'

Figure 3.2: The sub-diagram © of A;, see the proof of Theorem 3.3.5.

(i) the core of I'; satisfies Axioms Ty — Tk;

(ii) the label of the length 2 boundary of each boundary red blob B of 1'; is non-trivial
in P, is not P-reduced, and is not equal to the other boundary word of B in P-

reduced form.

Proof. By Lemma 3.1.7 I} is a face-disjoint union of layers U?:1 A, and for some i, the
closure [ is one of the boundaries of A;. Since w; and ws are not U (P)-conjugate, by Theorem
3.1.2 CArea(I"}) > (1,0). Hence forall 1 < j < n we can assume Area(A;) > 1. Without
loss of generality assume that A; is contained in the annular sub-diagram with boundaries [
and w. Let v be the endpoint of I, let I(A;) = {l, p}, and let ¢ and w3 be the labels of [ and p
respectively when oriented by external faces of A;. Assume that ¢ and w3 are single letters G-
conjugate by some single letter. Then I'y = I’} satisfies the theorem. So suppose throughout
the rest of the proof that ¢ and ws are not single letters G-conjugate by any single letter.

Assume first that Case 1 of Proposition 3.3.4 holds for v, and that either |p| > 2, or p
is a loop and the endpoint vy of p also satisfies dg(v1,A;) > 2. By Assumption 2.3.15 all
R € R satisfy |R| > 3, hence the boundary words of A; are cyclically P-reduced. Since
by Lemma 3.1.12 and Proposition 3.2.13 1"} satisfies Axiom 75, so does A;. The fact that

"% is a minimal conjugacy diagram implies that the same holds for A;. Hence by Lemma

3.2.5 all vertices v' € A, that are not incident with any loop labelled by a V7-letter satisfy
o (v, A;) > 2. Therefore, A; satisfies Axiom T3, so by Lemma 3.2.7 A; satisfies Axiom T;
and as the boundary words of A; are cyclically P-reduced, by Lemma 3.1.16 and Proposition
3.2.9 A, satisfies Axiom T7. Thus, as 4A; is loop-minimal (see Definition 3.1.6), A; satisfies
Axioms T} — T5.

Next assume that vy satisfies Case 2 of Proposition 3.3.4. We first show that there exists
a smaller sibling I'4 of I} with layers I'1, ..., I, as in the statement of the theorem, and
such that 9(T;) = {l, p}, T; is decomposable, and the label of the length 2 boundary of each
boundary red blob B of I'; is non-trivial in P, is not P-reduced, and is not equal to the other
boundary word of B in P-reduced form.

There is a unique (red) face 7" of A; with I C 9(T"). Hence we can let © be the annular sub-
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diagram of A; bounded by p and the edges e; and ey of T with e; # | # es (see Figure 3.2).
Now e; and ez meet at v, and a vertex u, say. Let a and b be labels of e; and ey respectively
when oriented by 7.

We first show that there is no other loop [ in A; incident with v. Suppose for a contradic-
tion that such a loop exists. Then as Sé(v, A;) = 0, Theorem 2.3.11 implies that the labels of /
and [ are equal in P. So we can identify [ and /5 and delete the sub-diagram bounded by / and
I from I'"}. This yields a coloured annular diagram A 4 with boundary words w; and w2 and
with CArea(A4) < CArea(I"}), contradicting Definition 3.1.4. Hence no such [, exists in
A;.

Next we show that without loss of generality 0z (v, A;) = 4. Suppose first that 0 (v, A;) =
3. Then as there is no loop I # [ in A; incident with v, there is a loop I’ based at u with label
t'. Hence ¢ and ¢’ are U(P)-conjugate by b. Since A; contains no interior loops, we have
" = p, contradicting our assumption on ¢ and ws from the first paragraph. Now suppose that
Or(v,A;) > 5. Then dr(v,©) > 3. Hence as there are no loops labelled by V7-letters based
at v in ©, we can repeatedly use Lemma 3.1.14 to reduce dr (v, A;) to four.

Hence as dr(v,A;) = 4, there are two red triangles 77 C © and T, C O distinct from
T and incident with both v and u. Let A be the annular sub-diagram of © such that © =
A UT] UT. It follows that O(A) = {p, ezeq}, where ez; 11 C O(T;). Let c and d be inverses
of labels of e3 and e4 when oriented by 77 and 75, and let = be the label of the common edge
of T7 and T when oriented by 71 (see Figure 3.3). Now bcdb” =(p) t =y (p) xdcx’. Hence
if c =d” ord = ¢7, then t =g;(p) 1, contradicting Theorem 2.3.11. So ¢ # d” and d # ¢°. In
addition, by Lemma 2.5.13 we have (¢, d), (d, c) € D(P) since P satisfies trivial-interleaving
and both cd and dc are boundary words of the red blob T'U Ty U T5. Suppose that [cd] =p t.
Then we can delete the triangles 7', T, T> from I'’}, and add a new triangle with label d?c?t to
I'"} as in Figure 3.4. The obtained annular diagram has boundary words w1 and wy and strictly
smaller coloured area than I'"}', contradicting Definition 3.1.4. Hence [cd] #p t, and similarly
[dc] #p t.

Suppose first that |p| > 2. Then A; is decomposable, T' U T; U Ty is the boundary red blob
of A;, and A is the core of A;. Furthermore, by the previous paragraph the label of the length
2 boundary of T'U T} U Ty is non-trivial in P, is not P-reduced, and is not equal to t.

Suppose instead that p is a loop. Let w be the vertex incident with e3 and e, distinct from
u. We show that there is no loop based at v or w. If there are loops based at both u and w,
then one of these loops contradicts Lemma 3.1.7. If there is precisely one loop I’ with label ¢’
based at u or w, then ¢’ is G-conjugate to ¢ by b or z. Hence as A; contains no interior loops,
we have p = I, contradicting our assumption on ¢ and ws from the first paragraph. Hence the
endpoint v; € p satisfies u # v; # w, so applying Proposition 3.3.4 and the arguments above
shows that either 6 (v1, A;) > 2, or without loss of generality we can assume ¢ (v1, A;) = 1
and dp(v1, A;) = 4. Thus, A; is decomposable, and the label of the length 2 boundary of each
boundary red blob B of A; is non-trivial in P, and is not P-reduced, and is not equal to the
other boundary word of B in P-reduced form. Hence we showed that there exists a diagram

I" 4 with properties as in the third paragraph.
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Case 0p(v, A;) = 4.

Figure 3.3: A boundary red blob comprised of three triangles T, T, T5, see the proof of Theo-
rem 3.3.5.

Figure 3.4: Reducing the coloured area of I'"}', see the proof of Theorem 3.3.5.

Let I" be the core of I';, and note that the boundary words of I'; are cyclically P-reduced.
Since CArea(I'y) = CArea(I"}), I'; and I' are minimal conjugacy diagrams. Therefore,
by Lemma 3.1.12 I" is semi- P-reduced, hence by Proposition 3.2.13 T satisfies Axiom 75. By
Lemma 3.2.5 all vertices v/ € T'; that are not incident with any loop labelled by a V' 7-letter
satisfy g (v', T';) > 2. Therefore, I satisfies Axiom T3, so by Lemma 3.2.7 T satisfies Axiom
Ty. Thus, as I' is loop-minimal, I' satisfies Axioms T5-T5.

Finally, assume that 6 (v, A;) > 2, that p is a loop, and that the endpoint v; of p satisfies
0c(v1,A;) = 1. Then applying arguments from the previous case shows that there exists a
smaller sibling of I} with layers I'y, ..., I', as in the statement of the theorem, such that I';
is decomposable with precisely one boundary red blob B, and B and the core of I'; satisfy

Statement 3. The theorem follows. [ |

Proof of Theorem 3.3.3. Since w; and wq are not U(P)-conjugate, by Theorem 3.1.2
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CArea(I'}) > (1,0). So if CArea(I"}) contains no loops, then I'”} is a single layer with
area at least 1, and by Theorem 3.2.2 we have I'"} € T, so I} € S. Hence we can assume that
I'"} contains a loop. Then applying Theorem 3.3.5 repeatedly shows that there exists a smaller
sibling I' 4 of I'"} (hence I 4 is a minimal conjugacy diagram for wy and w9) such that I' 4 is a
face-disjoint union of n layers, where each layer satisfies one of the Statements 1-3 of Theorem
3.3.5. In particular, if I} is a single layer, then I' 4 is a single layer.

So it remains to prove that if a layer I' C I'4 satisfies Statement 2 of Theorem 3.3.5, then
I" satisfies Axiom Tg; and if I' satisfies Statement 3 of Theorem 3.3.5, then the core I'y of I
satisfies Axioms 77 and Tg. Suppose first that I' satisfies Statement 2 of Theorem 3.3.5. Then
as P is valid, we can use the same arguments as in the proof of Theorem 3.2.2 to deduce that
I satisfies Axiom Tg.

Assume instead that I" satisfies Statement 3 of Theorem 3.3.5. Since we can assume that I"
does not satisfy Statement 1 of Theorem 3.3.5, by Theorem 3.2.11 it follows that CArea(I") >
(1,0). Let p be a length 2 boundary of some boundary red blob of I, and let F' C T'; be a green
face. Suppose that p is a sub-path of O(F'). Then as I'; is green-rich, we contradict Lemma
3.2.4. Hence if p C J(F), then the label R of F satisfies |R| > 4. Else F' contains at most
one edge of p. Therefore, since by Assumption 2.3.15 we have |R| > 3, it follows that F' does
not have more than 1/2 of its length on p. Now the boundaries of each boundary red blob of
I are simple closed paths (see Figure 3.3), so in particular, p is a simple closed path. Also, as
the boundary words of T" 4 are cyclically P-reduced, the label of every boundary p’ of I'; that
is not a boundary of any boundary red blob of I' is cyclically P-reduced. Hence by Lemma
3.1.16 no internal green of I'; has more than 1/2 of its length on p’; and as I'y is green-rich,
by Proposition 3.2.9 o is a simple closed path. It follows that I'; satisfies Axiom 73. Thus,
applying the arguments of the proof of Theorem 3.2.2 again shows that I'; satisfies Axiom
Ts. |



Chapter 4

Foundational theory for diagrams in 7

4.1 Introduction and statement of the Three Face Theorem

We study diagrams in the set 7 from Definition 3.1.8. Recall Definition 2.5.3 that w and 7
denote the outer and the inner boundary of an annular diagram respectively, and Definition
2.6.16 of dual distance.

Theorem 1. (Three Face Theorem) Let 'y € T. Treat each red blob of T 4 as a single face.
Then for all edges e C w, at least one of the following statements holds.

1. There is a vertex v € T incident with e.

2. There is an internal face F withe N O(F) # () such that either O(F) N7 # 0, or F is at
dual distance at most three from the external face with boundary T. Furthermore, either

e CO(F); oreisred, F is green and F has an edge ey C w incident with e.

We shall prove Theorem 1 in Section 5.6. Theorem 1 will enable us to make our conjugacy
problem solver quadratic.
Since our analysis is extensive, let us define a subset &/ C T of diagrams satisfying two

conditions that will help us to split the proofs into simpler cases.

Definition 4.1.1. Let I' 4 be a coloured annular diagram with a red blob B. We say that B is
bad if B is annular and "4 \ B° decomposes as a disjoint union of two annular diagrams. We
say that B is good if B is not bad.

Recall Definition 2.6.7 of curvature incidence.
Definition 4.1.2. Let U/ be the set of all diagrams I'4 € T satisfying the following conditions.

1. Every vertex and every red blob of I 4 is curvature incident with each internal green face

of I' 4 at most once.

2. There are no bad red blobsin I'" 4.

We always assume that I'4 € T contains at least one internal green face unless stated

otherwise.

49
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4.2 Structural properties of red blobs and internal green faces

In this section we collect some foundational results about internal green faces and red blobs of
diagrams in the set 7. We start by proving that certain pathological cases do not arise.

Recall that if we say that a closed path p is of the form pips . .. p,, then p is a sequence of
simple sub-paths p;.

Definition 4.2.1. Let I'4 be a coloured annular diagram with a non-empty sequence F =
(D1, D, ..., Dy) consisting of internal green faces and red blobs such that D; # D; for
i # 7, and with an external face I with boundary 7.

A sub-diagram of I 4 bounded by F is equal to 6’7\1 for some bounded component C' of
R?\ UperD that is bounded by a closed path of the form p . .. p, with p; C D; and |p;| > 1,
and (possibly) 7.

It is worth noting that by Definition 4.2.1 a sub-diagram K of I'4 bounded by F has
K C T4, hence K is a sub-diagram of I' 4 in the sense of Definition 2.5.10.

Lemma 4.2.2. Let 'y € T, and let F be a non-empty sequence consisting of at most one
internal green face and at most one red blob of I 5. If K is a sub-diagram of I" 4 bounded by
F, then K contains an edge of O(" 4).

Proof. Suppose for a contradiction that there is a sub-diagram K of I" 4 bounded by F that
does not contain a boundary edge. Let p = O(K). Suppose first that F consists of a single
internal green face F'. As |p| > 1, it follows that p is comprised of at least one sub-path of
O(F) that contains an edge of F. Since K does contain any boundary edge, we have that K
does not contain 7, so K is simply-connected. Now if K contains an internal green face F7,
then F} contradicts Axiom 7. Hence K is a simply-connected red blob.

Suppose first that p is a sub-path of 9(F'). Then Lemma 3.2.4 implies |p| = 1, contradicting
Theorem 2.3.11 since P embeds into U (P).

Next suppose that p is comprised of two sub-paths p; and ps of O(F') with |p1|, |p2| > 1.
By applying Lemma 3.2.4 again we have |p;| = 1 = |pz|. But by Lemma 3.2.6 we then have
Area(K) = 0, a contradiction.

Finally, suppose that for some n > 3: p = p1,p2,...,Dn, Where each p; is a sub-path
of O(F) with |p;] > 1. Since F is homeomorphic to a disc, R? \ F contains besides K° at
least two bounded components C' such that 9(C) is a simple closed path in F}4 (see Definition
2.5.14) with |0(C)| > 1, and is a sub-path of J(F’). Now the closure K’ of one of these two
components does not contain 7, so K’ has no edge of 9(I'4). Thus, as 9(K’) is a sub-path of
O(F), we have a contradiction as before.

Now suppose that F contains a blob B. Since K contains no edge of 9(I'4), it follows
from |p N O(B)| > 1 that K contains an internal green face F'. But F' contradicts Axiom
Ts. [

Lemma 4.2.3. Let x be an internal green face or a simply-connected red blob of 'y € T.
Then all of the following statements hold.
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Figure 4.1: Possible cases when d(x) passes more than once through some vertex, and x is
either a simply-connected red blob B or an internal green face F'of 'y € T, see Lemma 4.2.3.

1. No vertex is incident more than twice with x.

2. Suppose that x is a red blob B. Then O(B) passes more than once through at most one

vertex (see Figure 4.1).

3. Suppose that x is a green face F. Then there are at most two vertices of degree at least
three incident more than once with F, and if there are two such vertices v # w, then F
is edge-incident with itself by a consolidated edge e with 0(e) = {v} U {w} (see Figure
4.1). Hence if O(F) passes through some vertex more than once, then 9(T 4) \ (F)°
decomposes as an edge-disjoint union of two annular diagrams whose boundaries are

simple closed paths.

Proof. For Part 1, suppose for a contradiction that v exists. Then as z° is homeomorphic to
a disc, there are at least two bounded components C; and Cy of R? \ 7 such that 3(C;) is a
simple closed path with |9(C;)| > 1. Now one of these components C; has 7 Z Cj, so C;
contradicts Lemma 4.2.2.

For Part 2, suppose for a contradiction that O(B) passes more than once through at least
two vertices. Since B° is homeomorphic to a disc, R? \ B contains at least two bounded
components with properties as in the previous paragraph, a contradiction.

For Part 3, assume for a contradiction that such an x exists. Then by Part 1 there are either
at least three vertices of degree at least three incident twice with F', or there are precisely two
such vertices and F' is not edge-incident with itself by any consolidated edge. Hence as F' is
homeomorphic to a disc, R? \ F contains at least two bounded components with properties as
in the first paragraph, a contradiction.

To prove the final statement, assume that O(F’) passes more than once through some vertex,
but that d(T'4) \ (F)° does not decompose as stated. By Axiom T}, w and 7 are simple
closed paths, hence by the previous paragraph R? \ F contains again a bounded component
that contradicts Lemma 4.2.2. |

Lemma 4.2.4. Let B be an annular red blob. Then O(B) is comprised of the outer boundary

w1 and the inner boundary T1, which are simple closed paths with wy N1 = ().



52 Chapter 4: Foundational theory for diagrams in 7~

Hence I' y € T contains at most one bad red blob, and if I 4 contains such a blob, then I 5

is island-free.

Proof. By Definition 2.5.12 B* is connected and R? \ B° is comprised of two components, so
the first statement follows.

Suppose that I'y € 7T contains a bad red blob B. Then by Definition 4.1.1 T'4 \ B°
decomposes as a disjoint union of two annular diagrams. Hence by Lemma 3.1.10 I" 4 is island-
free. Since by Axiom 7§ each internal green face of I" 4 contains a boundary edge, it follows
that B is the only bad red blob of T" 4. |

Lemma 4.2.5. Let 'y € T contain a red blob B. Then
1. B is good if and only if B is simply-connected;

2. if B is simply-connected and O( B) passes through some vertex more than once, then T 4\
B° decomposes as an edge-disjoint union of two annular diagrams whose boundaries

are simple closed paths.

Proof. For Part 1, note that the reverse implication follows directly from Definition 4.1.1. So
assume that B is good, and suppose first that B is annular. Then by Definition 2.5.12 R? \ B°
is comprised of two components; and as B is good, by Definition 4.1.1 I'4 \ B° does not
decompose as a disjoint union of two annular diagrams. Hence there is a bounded component
C of R? \ B such that C contains no edge of 9(T'4), and 9(C) is a simple closed path with
|0(C)| > 1, contradicting Lemma 4.2.2.

Now assume that B is not annular. Since B is not simply-connected, R? \ B° contains at
least 3 components, hence there is at least one bounded component of R? \ B with properties
as in the previous paragraph, a contradiction.

For Part 2, suppose for a contradiction that I' 4 \ B° does not decompose as stated. By Ax-
iom T, w and 7 are simple closed paths, hence by Lemma 4.2.3 there is a bounded component

of R? \ B with properties as in the first paragraph, a contradiction. |

Lemma 4.2.6. Let 'y € T contain an internal green face F and a red blob B such that
O(F)NO(B) contains a path p € Ty with |p| > 1. Then 8(F) or d(B) passes more than once

through each vertex of p common to two edges of p.

Proof. Suppose for a contradiction that p contains a vertex v common to two edges of p such
that O(F') and O(B) does not pass through v more than once. Then there is a consolidated edge
between F' and B of length at least two. But this contradicts Lemma 3.2.4. |

Lemma 4.2.7. Let 'y € T contain an internal green face F and a simply-connected red blob
B edge-incident n times with F for some n. > 2. Then R? \ (F U B) contains at least n — 1

bounded components.

Proof. By Lemma 4.2.3 9(B) does not pass more than twice through any vertex of I"4, and

there is at most one vertex v such that 9(B) passes through v twice.
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Suppose there is such a v. By Lemma 4.2.5 "4 \ B® decomposes as an edge-disjoint union
of two annular diagrams. Now precisely one of the diagrams in this decomposition contains F/,
call it I". Assume that O(F’) does not pass more than once through any vertex. Then O(F) is
a simple closed path. Hence since v is the only vertex such that 9(B) passes through v twice,
by Lemma 4.2.6 9(F) N O(B) contains at most one path p € I'y with [p| > 1; and if such a p
exists, then p cannot be closed and |p| = 2. Hence as 0(F') N O(B) contains n edges, it follows
that R? \ (F U B) contains at least n — 1 bounded components.

Now suppose that O(F') passes more than once through some vertex. By Part 3 of Lemma
423 T4\ (F)° decomposes as an edge-disjoint union of two annular diagrams, so R? \ F
contains a bounded component C'; and O(F’) passes more than once through at most one vertex
of 9(F) N d(B). Hence O(F) N O(B) contains at most two vertices through which 9(F’) or
0(B) passes more than once, so by Lemma 4.2.6 0(F) N 9(B) contains at most two paths
p € T with |p| > 1; and if such a p exists, then [p| < 3, |p| = 2 if p is closed, and if |p| = 3
or if p is closed, then p is the only path of O(F) N 9(B) with |p| > 1. Therefore, as F' C T", we
deduce that R? \ (F' U B) contains at least n — 2 bounded components distinct from C, so the
lemma follows.

Now the case where O(F") passes more than once through some vertex and 0(B) is a simple
closed path is similar to the case analysed in the second paragraph, so it remains to consider
the case where O(F) and O(B) are both simple closed paths. By Lemma 4.2.6 all paths p € T'}y
with p C 9(F) N O(B) satisfy [p| < 1, so the lemma follows as d(F') N 9(B) contains n
edges. |

The following proposition provides a useful restriction.

Proposition 4.2.8. Let I'y € T contain an internal green face F and a red blob B € Sr.
Then R? \ (F U B) contains at most one bounded component (and if such a component exists,
then it contains the external face of 1" 4 with boundary 7); B is edge-incident at most twice
with F; and if B is simply-connected and edge-incident twice with F, then I 4 is island-free
and T 4 \ (F U B)° decomposes as an edge-disjoint union of two annular diagrams whose
boundaries are simple closed paths.

In particular, for every internal green face F, every element of S is curvature incident at
most twice with F'.

Proof. Suppose first that R?\ (FUB) contains more than one bounded component, or precisely
one bounded component, which does not contain the external face E with boundary 7. Then the
closure of at least one of these components contradicts Lemma 4.2.2. Hence the first statement
of the lemma holds.

Next assume that B is edge-incident more than twice with F'. By Lemma 4.2.5 B is simply-
connected. So by Lemma 4.2.7 R? \ (F U B) contains at least two bounded components,
contradicting the first statement of the lemma. Therefore, B is edge-incident at most twice
with F', and by Lemma 4.2.3 the last statement of the lemma holds.

Finally, suppose that B is simply-connected and edge-incident twice with F. Let e and f
be the distinct edges of 9(B)NO(F). By Lemma 4.2.7 and the first statement of the lemma R?\
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(F U B) contains precisely one bounded component, which contains E. Hence I'4 \ (F'U B)°
decomposes as an edge-disjoint union of annular diagrams I'y and I'y, where 9(I'1) = {w, 71 }
and 0(T'y) = {w1, 7}. By Axiom T}, w and 7 are simple closed paths. We show that w; and 71
are also simple closed paths. Let p € {w;, 71}, and suppose first that p C 9(z) for some = €
{F, B} such that O(x) passes through some vertex more than once. By Lemmas 4.2.3 and 4.2.5
I'4\ (Z)° decomposes as an edge-disjoint union of two annular diagrams whose boundaries are
simple closed paths. Hence p is a simple closed path. Otherwise, since e, f C 9(B) N 9(F),
we deduce that p is a simple closed path of the form p;ps, where p; C 9(F) and |p1| > 1, and
p2 € O(B) and |pa] > 1.

It remains to show that I' 4 is island-free. Suppose not. By Lemma 3.1.10 F' is contained
in some island E of I'4 (see Definition 2.5.10). Let v; and vy be the endpoints of E. Since
w C 9(I'1) and 7 C 9(T'2), we have v; = v9, and either v; € O(F') or v1 € (B). But then
as R? \ (F U B) contains at most one bounded component, ef is a path and there is a vertex of

ef common to e and f that contradicts Lemma 4.2.6. |

4.3 Curvature neighbourhoods

The next two definitions introduce sets containing both vertices and red blobs. These may
seem unintuitive, but these are the objects that give non-zero curvature to its curvature incident

internal green faces in Steps 3 and 4 of ComputeRSym (see Algorithm 2.6.4), so are crucial.

Definition 4.3.1. For an internal green face F' of an annular diagram I" 4, we define the curva-

ture neighbourhood of F to be

Sr :={Red blobs and vertices giving F' non-zero curvature in Steps 3 and 4

of ComputeRSym(I'4).}

Lemma 4.3.2. Let F' be an internal green face of a green-rich coloured annular diagram I 4.
Then the curvature neighbourhood of F' is the set of all red blobs edge-incident with F' and
vertices v of F' with ég(v) > 3.

Hence for all vertices v of F with §(v,I"4) > 3, either v € Sg, or v is incident with a red
blob in Sg.

Proof. For the first statement it suffices to show that all vertices v of F' with g (v) = 2 give F
curvature 0 in Step 3 of ComputeRSym, which follows from Lemma 2.6.10. For the second
statement, since I' 4 is green-rich, either dg(v) > 3,s0 v € Sp, or dg(v) = 2 and dr(v) > 1,

hence v is incident with a red blob in Sp. [ |

Definition 4.3.3. For an internal green face F' of an annular diagram I" 4, we define the bound-
ary curvature neighbourhood of F to be the set B consisting of all vertices v and all red blobs

B of ' 4 that satisfy the following conditions.

1. v is incident with F'; v is boundary; and g (v) > 3.
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\F fie
w

Figure 4.2: A red blob B with B € Bp, see Definition 4.3.3.

2. There are edges e and f such that e and f are consecutive on 9(B); e C 9(I'4); and
f C O(F) (see Figure 4.2).

From Lemma 4.3.2 it follows that B C Sg. Recall Definition 2.5.14 of the 1-skeleton of

a coloured diagram.

Lemma 4.3.4. Let I be an internal green face of I' o4 € T. Then all of the following statements
hold.

1. All boundary vertices v of F' of degree at least 3 are either in B, or there is a red blob
in Br edge-incident with F at v; and if v lies on precisely one boundary p of T 4, then
any red blob in Br edge-incident with F' at v has an edge on p.

2. Each element of Br gives F' curvature of at most —1/4 across each curvature incidence
in Steps 3 and 4 of ComputeRSym(T"4).

3. |Br| > 1, and if |Br| = 1, then the element in B is curvature incident exactly twice
with F.

4. The elements of Br collectively give F' curvature of at most —1/2 in Steps 3 and 4
of ComputeRSym(T"4). In particular, the elements of Sp \ B collectively give F
curvature —1/2 < x < 0 in Steps 3 and 4 of ComputeRSym(T'4).

Proof. To prove Part 1, let v be a boundary vertex of F' with §(v,I'4) > 3. If 6¢g(v,I'4) > 3,
then v € Bp. Otherwise, 0g(v,T'4) = 2, s0 dr(v,T'4) > 1 and there is a red blob in Bp
edge-incident with F' at v. The second statement follows directly from Definition 4.3.3.

Part 2 follows from Lemmas 2.6.10 and 3.2.8 as all elements of By are curvature incident
with an external face and F'.

By Axiom T, F has a boundary consolidated edge e with |e|] > 1. Let v and w be the
endpoints of e, and let p € {w, 7} be such thate C p. By Part 1, each ¢ € {v, w} is either in B,
or is incident with a red blob in Br. Hence |Br| > 1. Suppose that |Br| = 1. If Bp contains
a vertex, then v = w, and by Lemma 4.2.3 v is incident exactly twice with F'. If B contains
a red blob, then there is a red blob B € Bp incident with v and w; dg(v) = 2 = dg(w);
and O(F) N p = e. We show that B is edge-incident more than once with F'. Suppose not.
Then F is contained in a sub-diagram K of " 4 bounded by a closed path ee’, where €’ is the
common edge of F' and B. In particular, e¢’ is a sub-path of 9(F'). Hence if K contains 7 or

if F is not contained in the bounded component of R? \ e¢’, then F is not simply-connected,
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Figure 4.3: Configurations of a sub-diagram K of I' 4 well-bounded by x and p. The notation
x = F used in the top left picture of the figure means that x is an internal green face F' of I' 4,
see Definition 4.4.2.

a contradiction. Therefore, K is simply-connected and in fact K = F, so O(F) = ee’. By
Axiom T, the label R of F' does not have more than 1/2 of its length on p. Thus, |R| = 2,
which contradicts Assumption 2.3.15 that no R € R has |R| € {1,2}. Hence by Proposition
4.2.8 B is edge-incident exactly twice with I, so Part 3 follows.

By Axiom T we have xr , (F') = 0, so Part 4 is immediate from Parts 2-3. n

4.4 Tricky boundaries of red blobs and internal green faces

Let x be a red blob or an internal green face of I'4 € T, and let p € {w, 7}. In this section we
introduce concepts fruitful for studying cases when d(z) N p is complicated.

Recall that a consolidated edge between two faces F, Fy C I'y is a non-empty path of
maximal length that is a sub-path of both J(F}) and O(F3), and that a path can consist of a
single vertex, in which case has length zero.

Definition 4.4.1. Let x be a red blob or an internal green face of I'y € T, and let p € {w, 7}.
We say that x is tricky for T' 4 with respect to p if 9(x) N p # 0 and d(z) N p is not a single
consolidated edge.

Recall Definition 2.5.10 of a sub-diagram in a coloured diagram, and Definition 2.5.14 of
the 1-skeleton of a coloured diagram. Recall also that if we say that a closed path p is of the
form p1ps . .. pn, then p is a sequence of simple sub-paths p;.

We shall work extensively with the concepts presented in the next two definitions.
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Definition 4.4.2. Let = be a red blob or an internal green face of an annular diagram I' 4, and
let p € {w, T}. A sub-diagram of T 4 well-bounded by x and p is a sub-diagram K of "4 with
K C T4\ (%)° that is bounded by a closed path p € I'}y of the form p;ps, where p; C 9(z)
and |[p1| > 1; p2 C p; and K° is contained in some bounded component of R2 \ p (see Figure
4.3). The endpoints of p; are called the corners of K.

We say that K is trivial if CArea(K) < (1,0), and that K is well-connected if either K
is simply-connected, or is annular and consisting of a single island with boundaries p; and ps

(so that K is not of a form as shown in the bottom right picture of Figure 4.3).

Definition 4.4.3. Let x be a red blob or an internal green face of I'y € T, and let p € {w, 7}.
A sub-diagram K of I'4 well-bounded by x and p is well-contained if K is non-trivial, K is

well-connected, and d(x) does not pass more than once through any vertex of 9(K) \ p.

We shall show in Sections 4.5-4.6 that if x is a tricky green face or a tricky red blob for ' 4
with respect to p, then there exists a well-contained sub-diagram of I" 4 given by z and p.

Let I" be a coloured annular or simply-connected diagram. Recall Definition 2.6.8 that
X(z,T) is the curvature that x gives to a single internal green face across each curvature inci-
dence, and that ((x,T) is the total curvature that = gives to internal green faces. Recall also
that by Algorithm 2.6.4, if e C T is an edge, then kp(e) = 0; and if F* C I' is a green face,
then kp(F) = 1 + Zvea(F) X(v, F\T) + " 5 x(B, F,TI'), where the last sum is over all red
blobs edge-incident with F'.

Definition 4.4.4. Let K be a sub-diagram of a coloured annular or simply-connected diagram
I'. We let K" be the subset of T that is equal to & but excluding any external faces.

If KT contains an internal green face, then we define

k(KT) = > kr(F).

F':agreen face of KT

Finally, if = € T is a red blob or a vertex, then we let ((x, K'') be the total curvature that
gives to internal green faces of K in Steps 3 and 4 of ComputeRSym(T").

Note that K(K") = N + 3 (2, K"), where N is the number of internal green faces
of K. Furthermore, by Definition 4.4.3 if K is a well-contained sub-diagram of 'y € T,
then #x(K) and x(KT4) are defined. We now present several useful results that analyse well-
contained sub-diagrams given by red blobs and p.

Throughout the rest of this section we shall use the following notation.

Notation 4.4.5. Let K be a well-contained sub-diagram of I" 4 given by a red blob B and some
p € {w,T}. Let p; and ps be as in Definition 4.4.2, and let v; and v9 be the corners of K. Write
p1 = e1ez...en, Where v; € €; and vy € €,. Further, let w; =¢; Neg;11 forl <i<n-—1,
and let D; be the green face of K with e; C 9(D;).

Lemma 4.4.6. Let 'y € T contain a red blob B and a well-contained sub-diagram K given
by B and p. Let vy and vy be the corners of K, and let n = |py|.
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Suppose that (D) N p is a single consolidated edge for all green faces D C K. Then
2
1/24> x(v;,Ta) = —n- (x(B,Ta) + 1/2). (4.1)
i=1

Proof. First note that by Axiom Tg, xr , (F') = 0 for all green faces ' C K 4 and all internal
green face of I' 4 contain a boundary edge, hence x(K'4) = 0; and as K is well-connected,
all internal green faces of K have an edge on ps. We will prove the lemma by deriving a
closed-form expression of ((z, K'4) for each each # € I'4 with (2, K"4) # 0 and x ¢ K
by finding for each z € K, an m € Z such that {(z, K) — ((x, K'4) = m; and by showing
that if x C K is a red blob or a vertex, then ki (z) = 0: from which we have x(K) =
N+ ck C(z, K), where N is the number of internal green faces of K, and so

K(K) = K(K™) =N+ > (@, K) =N = > ((z,K™)

rzeK x€l 4

= Z<($7K) - Z C(IL‘?KFA)'

rzeK x€l 4

Suppose that B’ C T'4 is a red blob with ((B’, K'4) # 0. Then either B’ = B, or B’ C
K;and if B’ = B, then B’ gives each D; curvature x(B,T" 4) across e;, hence x(B', K'4) =
n - x(B,T4). Now suppose that B’ C K is a red blob. Since N > 1, B’ is edge-incident
with some internal green face of K, so kx(B) = 0. Also, all internal green faces of I'4
edge-incident with B’ are contained in K, hence ((B’, K) — ((B', K'4) = 0.

If v € T4 is a vertex with (v, K'4) # 0, then v € K. So for each vertex v € K, let
us find m € Z such that ((v, K) — ((v, K'4) = m, and show xx(v) = 0. First suppose
that v € K \ p;. Then all internal green faces of I' 4 incident with v are contained in X and
dq(v, K) = 6g(v,T'4) > 2, hence by Lemma 2.6.9 ric (v) = 0, and ( (v, K) —((v, K'4) = 0.
Next suppose that v € {wi}?:_ll. Since J(B) does not pass more than once through any vertex
of p1 \ p2, we deduce that p; is a sub-path of 9(B), so all green faces of I" 4 incident with v are
contained in K. Now v € 9(K)\9(I'4), hence g (v, K) = dg(v,Ta)+1 > 3,50 ki (v) =0
and (v, K) — ((v, K'4) = —1/2.

Finally, suppose that v € {vy,vy}. First note that as K is well-connected, v; # v9 if and
only if K is simply-connected, and if v; = v = vg, then K is annular and v is incident precisely
twice with external faces of K. Now as 9(D)Np is a single consolidated edge for all green faces
D C K and D has an edge on po, we have that { D1, D,,} is the set of all internal green face
of K incident with v; or vo. Moreover, D; and D,, are incident precisely once with v; and vg
respectively unless v; = vo and D; = D, in which case D; is incident precisely twice with vy ;
and if v1 = vy and Dy # D,,, then vy is incident with both D; and D,,. Hence dg (v, K) > 2
and ki (v) = 0. Moreover, if v; # vy then dg(v,K) = 2, so x(v,K) = 0 = ((v, K);
and (v, K'4) = x(v,T4). Otherwise, ¢(v, K'4) = 2 x(v,Ta) = 3.7, x(v;,Ta) and
¢(v,K) =2 x(v,K); and as v is incident precisely twice with external faces of K and v is
incident with Dy, by Lemma 2.6.9 we have x (v, K) = —1/2,s0 ((v, K) = —1.
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Suppose that K is simply-connected, so v1 # va. By Proposition 2.6.6 we have x(K) = 1.

Hence by using the observations from the previous 4 paragraphs we deduce that

2
L= k() = m(K™) = —(n—1)-1/2=n - x(B,Ta) = 3 (v, k™)
=1

2
=—n-(x(B,Ta) +1/2) +1/2 =) x(vi,Ta).
i=1
Hence 1/2 4+ 327, x(vi,Ta) = —n - (x(B,Ta) + 1/2), and the result follows.
Now suppose that K is not simply-connected. So v; = w9 and K is annular, and by

Proposition 2.6.6 we have x(K) = 0. Hence by the first 4 paragraphs we have

0=r(K)—w(K')=—(n—1)-1/2+ (01, K) =n-x(B,Ta) = ((v1, K1)
=—-n: (X<B7FA) + 1/2) + 1/2+C(U17K) - C(vlaKFA)

2
=—n-(x(B,TA)+1/2) +1/2—1=> x(v;,T4)
=1

2
=-n-(x(B,T4)+1/2)—1/2 - ZX(UuFA)‘
i=1

S01/24 32 x(v;,Ta) = —n- (x(B,Ta) +1/2). |

Lemma 4.4.7. Let 'y € T contain a red blob B and a well-contained sub-diagram K given
by B and p, and assume that (D) N p is a single consolidated edge for all green faces D C K.
Then |p1| > 2.

Proof. Suppose for a contradiction that |p;| = 1. By assumption, d(D1) N p is a single consol-
idated edge, so d(D1) = e U p1, where e is the boundary consolidated edge of D;. By Axiom
Ty, the label R of D; does not have more than 1/2 of its length on p. So |R| = 2, which
contradicts Assumption 2.3.15 that no R € R has |R| € {1, 2}. |

Lemma 4.4.8. Let 'y € T contain a red blob B and a well-contained sub-diagram K given
by B and p. Let v1 and vo be the corners of K.

Assume that vi,ve ¢ w N7, and that (D) N p is a single consolidated edge for all green
faces D C K. Thenfori € {1,2}: if 6 (v, T a) > 3, then dg(vs—;, T4) > 3.

Proof. By symmetry, it suffices to deduce a contradiction when i (v1,I"4) > 3and dg(ve,'4) =
2. Since 0 (v2,T'4) = 2, we have x(v2,T'4) = 0. Hence by Lemma 4.4.6

1/2 4+ x(v1,T'a) = —n - (x(B,T'a) + 1/2).

By Lemma 3.1.9 we have x(v1,I'4) > —1/2, hence x(B,I'4) < —1/2. By Axiom T all
internal green faces F' of I'4 have xr, (F) = 0, hence B is edge-incident at most once with
each such F.
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Note that by assumption v; # vg, so as d(D) N p is a single consolidated edge for all
internal green faces D of K and by Axiom 7§, D has an edge on po, it follows that D; is the
only internal green face of K incident with v;. By Lemma 4.4.7, n > 2, so there is a vertex
vs incident with e; such that vs # v, and v3 € po \ p; implies that vs is interior. Hence
dc(v1,T'4) > 3implies B € Sp, \ Bp,. Let e C py be the boundary consolidated edge of Dy
with |e| > 1. As vy # vg, there is a vertex vy incident with e such that v4 # v;. By Lemma
4.3.4, Dy receives curvature of at most —1/4 from vy, or a red blob By € Bp, incident with
v4. Combining this curvature with x (v, D1,1'4) < —1/4and x(B, D1,I'4) < —1/2 we have
kr,(D1) < 0, a contradiction. [ |

Lemma 4.4.9. Let 'y € T contain a red blob B and a well-contained sub-diagram K given
by B and p. Let v1 and vy be the corners of K.

Assume that vi,ve ¢ w N T, and that (D) N p is a single consolidated edge for all green
faces D C K. If 6g(v1,T4) = 2 = dg(v2,T4), then |p1]| = 2 and x(B,T'4) = —3/4.

Proof. Since 0¢(v;,I'4) = 2 fori € {1,2}, we have x(v;,I'4) = 0. Hence Lemma 4.4.6
shows that
1/2=—-n-(x(B,T'a) +1/2), 4.2)

so x(B,T'4) < —1/2. Therefore, by Axiom T, B is edge-incident with each internal green
face of I' 4 at most once.

By Lemma 4.4.7 we have n > 2. Suppose that n > 3. Since 9(D) N p is a single
consolidated edge for all internal green faces D of K and by Axiom 7§, D has an edge on po,
we deduce that { D1, D,, } is the set of all internal green face of K incident with v; or vo. Hence
thereis 1 < i < msuchthatvy,ve & O(D;). Thismeans B & Bp,. But x(B, D;,I'4) < —1/2,
contradicting Part 4 of Lemma 4.3.4.

Hence n = 2. Then from (4.2) we have x(B,T'4) = —3/4. [

4.5 Intersection of boundaries of internal green faces with 0(I"4)

Let F' be an internal green face of 'y € 7, and let p € {w, 7}. Axiom T motivates us to
study O(F') N p. The main result (see Theorem 4.5.13) in this section gives us the complete
description of O(F') N p.

Let us first prove two useful results when I" 4 contains an island (see Definition 2.5.10)
that we shall use in the proof of Theorem 4.5.13. Recall Definition 4.1.2 of the set ¢/, and
Definitions 4.3.1 and 4.3.3 of the (boundary) curvature neighbourhood of an internal green

face.

Proposition 4.5.1. Let T'y € T \ U contain an island E, with endpoints v and vy. Then

I'y = E, and E contains a green face incident with vi and vs.

Proof. By Lemma 4.2.4 all red blobs of " 4 are good (see Definition 4.1.1), so by Lemma 4.2.5
they are all simply-connected. So as I'y € 7 \ i/ and by Lemma 3.1.10 I'4 is a union of
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islands and bridges, we can without loss of generality assume that there is an internal green
face F' C FE that is curvature incident more than once with some element of Sg.

By Proposition 4.2.8 this element is a vertex v, and by Lemma 4.2.3 T" 4 \ (F)° decomposes
as an edge-disjoint union of annular diagrams I'; and I's. Since each I'; contains one of the

boundaries of I' 4, we have v; = v = v9,s01'y = F. [ |

Lemma 4.5.2. Let 'y € T. Assume that I 4 contains an island E with endpoints v1 and v,
bounded by the closed path w11, and with an internal green face Fy such that vy,vy € O(FY).

Then one of the following statements holds.
1. E=F, hence 9(F)) Nw = wy and O(F1) N1 = 1.

2. There is an internal green face Fy # Fy such that E = Fy U F,, and the following

statements hold.

(i) O(F1) N O(Fy) is a single consolidated edge e with J(e) = {v1} U {va}.
(ii) Fori € {1,2} we have O(F;) NO(E) € {w1, 1} and O(F;) = (0(F;) NO(E)) Ue.

Proof. By Lemma 2.6.9 we have x(vi,I'4) = —1/2 = x(v2,T4). So as v1, vy € 9(F}) and
by Axiom Ty we have kr, (Fy) = 0, it follows that Sp, = {v1,v2}. Hence either E = F
and Case 1 holds, or there is an internal green face F» such that 9(F7) N J(F3) is a single
consolidated edge e with d(e) = {v1} U {va}. Similarly as for F; we deduce that S, =
{v1,v2}. Hence as by Axiom T§, F contains a boundary edge, we deduce that £ = FLUB
and Case 2 holds. u

Recall Definition 4.4.3 of a well-contained sub-diagram given by an internal green face and
p€{w, T}

Lemma 4.5.3. Let F be a tricky green face for I' 4 with respect to p. Then there exists a
well-contained sub-diagram of I 5 given by F' and p.

Proof. We first show that there is a sub-diagram K of I'4 well-bounded by F' and p (see
Definition 4.4.2) that is well-connected, and such that O(F') does not pass more than once
through any vertex of 9(K) \ p.

Assume first that O(F') does not pass more than once through any vertex. Then 9(F) is a
simple closed path; and since F'is tricky, (F)Np # () and O(F)Np is not a single consolidated
edge, so O(F') N pis disconnected. Hence there is a simply-connected sub-diagram that is well-
bounded by F' and p.

Suppose instead that O(F') passes more than once through some vertex v. By Lemma
4.2.3 O(F) passes through v twice, and T'4 \ (F)° decomposes as an edge-disjoint union of
annular diagrams I'; and I'y with p C I'y, where I'; contains precisely one vertex w incident
more than once with F. Since O(F) N p # 0 and 9(F) N p is not a single consolidated edge,
there is a path p € 9(I'1) N J(F') with [p| > 1 intersecting p only at its endpoints, hence by
Lemma 2.1.8 there is a simple path p; C 9(I'1) N J(F') with |p1| > 1 intersecting p only at its
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Figure 4.4: A case where O(F’) passes more than once some vertex of 9(K) \ p, see the proof
of Lemma 4.5.3.

endpoints. Now there is a sub-path py of p with the same endpoints as p;, and the sub-diagram
K bounded by the closed path pp, satisfies K C I'; (so in particular K° is contained in
some bounded component of R2 \ p1p2). Hence K is well-bounded by F’ and p, and K is well-
connected. Suppose that w € (K)\ p. Then as w is the only vertex of I'; through which O(F')
passes more than once and O(F") N p is not a single consolidated edge, there is a simple path
p’ € O(I'1) NI(F) with [p’| > 1 distinct from p; intersecting p only at its endpoints. It follows
that there is a sub-diagram K7 C I'y well-bounded by F’ and p with (K1) \ p = p’ (see Figure
4.4), and such that 9(F') does not pass more than once through any vertex of 9(K7) \ p. Since
K; C T, we deduce that K is well-connected. Hence we showed that there is a sub-diagram
K of I' 4 well-bounded by F' and p that is well-connected, and such that O(F') does not pass
more than once through any vertex of 9(K) \ p.

It remains to show that K is non-trivial. Suppose not. Then as K is well-connected, K
is a simply-connected red blob. As O(F') does not pass more than once through any vertex of
O(K) \ p, from Lemma 3.2.4 we have |0(K)| < 2. Hence by Lemma 3.2.6 Area(K) < 0, a

contradiction. [ |

Using Lemma 4.5.3 we can now present the following definition.

Definition 4.5.4. Let F' be a tricky green face for I' 4 with respect to p, and let X be such that
if I' 4 is island-free, then X = I'4, else X is the island containing F'. By Lemma 4.5.3 there is
a well-contained sub-diagram of I" 4 given by F' and p. Then F'is called a minimal tricky green
face for I 4 with respect to p if there is a well-contained sub-diagram K of I' 4 given by F' and
p of minimal area among all well-contained sub-diagrams given by tricky green faces F/ C X
(for I' 4 with respect to p) and p.

K is called a minimal well-contained sub-diagram given by F' and p.

Before proving Theorem 4.5.13, let us prove several useful results that consider minimal
well-contained sub-diagrams given by tricky green faces and p. These sub-diagrams play a

central role in the proof of Theorem 4.5.13.
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Lemma 4.5.5. Let F' be a minimal tricky green face for I" 4 with respect to p, and let K be a
minimal well-contained sub-diagram given by F and p. Then O(D)Np is a single consolidated
edge for all internal green faces D of K.

Proof. Suppose that there is an internal green face D of K such that (D) N p is not a single
consolidated edge. By Axiom T we have 9(D) N p # (), hence D is tricky for I' 4 with respect
to p. Therefore, by Lemma 4.5.3 there is a well-contained sub-diagram L given by D and p.
Since D is contained in K, we have L C K. But D ¢ L, hence Area(L) < Area(K), a

contradiction. [ |

Definition 4.5.6. Let K be a sub-diagram of an annular diagram I" 4 well-bounded by an inter-
nal green face F' and p. A curvature corner of K is an x € K satisfying one of the following

two statements.
1. x is a corner of K incident with some internal green face of K.
2. xis ared blob in Bp N K edge-incident with F' at some corner of K.

Lemma 4.5.7. Let 'y € T contain a well-contained sub-diagram K given by an internal
green face F' and p, and let v and va be the corners of K. Then both of the following two

statements hold.
1. Ifv € {v1,v2} is a curvature corner of K, thenv € Bp N K.

2. The set S of curvature corners of K is one of the following:

(i) S ={vi,v2};
(ii) S = {v, B}, where v € {v1,v2}, and B is a red blob;
(iii) S = {By, B2}, where By and By are both red blobs.

Proof. Since K is well-contained, by Definition 4.4.3 K is well-connected and CArea(K) >
(1,0), hence by Axiom T we have |0(K) N p| > 1.

Part 1. By Definition 4.5.6 v is incident with some internal green face of K, so as v is
incident with ' and v € p, we have 6 (v) > 3, hence v € Br N K.

Part 2. Suppose first that v; # v, and let v’ € {vy,va}. If v' & S, then no internal green
face of K is incident with v’. So as K is well-connected, there is ared blob B € BrN K edge-
incident with F" at v/, and there is precisely one such blob. Otherwise, some internal green face
of K is incident with v/, and hence no blob B C I' 4 is edge-incident with F" at v" and satisfies
B € Br N K. So Part 2 follows.

Suppose instead that v1 = vy. If v1 & S, then since K is well-connected, there is a red
blob B € BrN K edge-incident with F' at v1, and there are at most two such blobs. Otherwise,

there is at most one blob in S. [ |

Throughout the rest of this section if we say that the intersection 9(B) NJ(F) of ared blob
B and a green face F' is a single edge, we mean that 9(B) N J(F) is a single consolidated edge
with |0(B) N O(F)| = 1.
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Figure 4.5: Depiction of the sub-diagram K well-bounded by B and p, where L = BUK UL’
and p = w, see the proof of Lemma 4.5.9.

Figure 4.6: Depiction of the sub-diagram K well-bounded by B and p, where L = B U K,
p=T7and v € wNT,see the proof of Lemma 4.5.9.

Lemma 4.5.8. Let 'y € T contain a red blob B contained in a sub-diagram K of T 4 and
edge-incident with an internal green face F' € T' 4 \ K such that O(F') N O(K) is a sub-path of
O(F'). Suppose that either

(a) K is simply-connected, or
(b) is well-bounded by F and p € {w, 7} and well-connected.
Then O(B) NO(F) is a single edge.

Proof. Suppose that there is a bounded component C' of R?\ (F U B) such that 9(C) is of the
form p;po, where p; C 9(B) and |p1| > 1, and p2 C O(F). As K is either simply-connected,
or is well-bounded by F and p and well-connected, we deduce that C' contains no edge of
A(T 4), hence C contradicts Lemma 4.2.2. So no such component C exists.

Therefore, if 9(B) N O(F') is not a single edge, then J(F') N O(B) is a single path p with
Ip| > 2; and as O(F) N O(K) is a sub-path of O(F'), by Lemma 4.2.6 9(B) passes more than
once through some vertex of p common to two edges of p. In particular, by Lemma 4.2.5
"4\ B° decomposes as an edge-disjoint union of two annular diagrams. But this is impossible
since B C K and K satisfies at least one of the Assumptions (a)-(b). |

Lemma 4.5.9. Let ' be a minimal tricky green face for I' 4 with respect to p, let L be a minimal

well-contained sub-diagram of I 4 given by F' and p, and let x be a curvature corner of L.
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If x is a red blob B, then B is simply-connected, O(B) N O(F) is a single edge, 9(B)
contains no edge on the boundary p' of T 4 distinct from p, and 9(B) N p is a single edge.

Proof. Suppose that x = B. By Definition 4.4.3 L is well-bounded by F' and p and well-
connected, and 9(F') does not pass more than one through any vertex of 9(L) \ p, so d(F) N
(L) is a sub-path of O(F'). Hence by Lemma 4.5.8 9(B) N O(F) is a single edge, and as
B C L, we deduce that B is good: so by Lemma 4.2.5 B is simply-connected; and J(B)
contains no edge on p/.

It remains to prove that 9(B) N p is a single edge. Suppose not. Let u be a corner of
L with u € B, and let e be an edge of d(B) N p with u € €. By Definition 4.4.3 we have
CArea(L) > (1,0), hence as L is well-connected, by Axiom 75, (L) N p contains a green
edge. So we can let v be the endpoint of e distinct from u. By Lemma 3.2.4 all consolidated
edges between B and the external faces of I'4 have length at most one, hence there is a path
p € T'y N 9(B) with |p| > 1, intersecting p only at its endpoints v,v’ € p. By Lemma 2.1.8
there is a simple path p; C I'}y N 9(B) with |p1| > 1 intersecting p only at v and v’. Hence
there is a sub-diagram K well-bounded by B and p, and with corners v and v’ (see Figure 4.5).

We show that K is well-contained. Since L is well-connected, it follows that K is simply-
connected. Hence as |0(B) N 9(K)| > 1, we have CArea(K) > (1,0). If 9(B) passes more
than once through some vertex w, then by Lemma 4.2.3 w is unique, and by Lemma 4.2.5
I'4 \ B° decomposes as an edge-disjoint union of two annular diagrams. Hence as B C L, we
deduce that w is a corner of L, so w € p. Thus, 9(B) does not pass more than once through
any vertex of 9(K) \ p, so K is well-contained.

As K is simply-connected, Axiom 7 and CArea(K) > (1,0) imply that |0(K)Np| > 1.
Sov & wN T since v € e. As by Lemma 4.5.5 (D) N p is a single consolidated edge for
all internal green faces D of L, the same holds for K. In particular, since by Axiom 7§ they
all have an edge on J(K') N p, we have dg(v) = 2. Suppose first that ' € w N 7. Then
A(L)Np==eU(I(K)Np). Hence v' is a corner of L, and e is the only boundary edge of B
(see Figure 4.6). Therefore, by Lemma 3.2.8 we have x(B,I'4) > —1/2. Further, by Lemmas
2.6.10 and 3.1.9 we have x(v,T'4) = 0 and x(v',T4) = —1/2, so applying Lemma 4.4.6

shows that

0=1/24x(v,Ta) = =[0(B) NI(K)| - (x(B,Ta) + 1/2) <0,

a contradiction.

Suppose instead that v' ¢ w N 7. Then K satisfies assumptions of Lemmas 4.4.8-4.4.9.
Since dg(v) = 2, by Lemma 4.4.8 §¢(v') = 2, hence Lemma 4.4.9 gives x(B,'4) = —3/4.
Now as ¢ (v) = 2 = dg(v') and O(F)Np is not a single consolidated edge, by Part 1 of Lemma
434 there is y ¢ K with y € Bp. By Part 2 of Lemma 4.3.4 we have x(y, F,T'4) < —1/4.
Since kr, (F') = 0 and x(B, F,T'4) = —3/4, we deduce that S = {B,y} = Bp, that B is
edge-incident once with F', and that y is either a red triangle edge-incident once with F' that

contains one boundary edge, or a vertex with d¢(y) = 3 incident once with F' and such that
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y € w N 7. In particular, B is the only element of Sr contained in K.

Suppose first that y is a red triangle. Then all vertices of F' have green degree 2, hence
as y is edge-incident once with F' and |0(y) N d(I"4)| = 1, we deduce that F' is contained
in a sub-diagram K of I' 4 well-bounded by y and p such that 9(K7) = e/p’, where €’ is the
common edge of F' and y, p’ is a sub-path of p, and p\ K is the boundary edge b of y. But then
€'b is a sub-path of d(y), so y is not simply-connected, a contradiction as y is a red triangle.

Assume instead that y is a vertex. Then S contains no red blob outside K, hence as y is
incident once with F', it follows that Sy contains at least two distinct vertices, contradicting
Sr ={B,y}. [ |

The following configuration appears multiple times in our proofs.

Definition 4.5.10. Let F' be an internal green face of a coloured annular diagram I'4, and
let p € {w,7}. Assume that for each ¢ € {1, 2}, there is x; such that z; is either a simply-
connected red blob edge-incident with F' containing at most two boundary edges, or a boundary
vertex incident with F' and with z; € p.

Then F, 1, x5 are called a neighbourhood of pif T' 4\ (F Uz Uz2)° contains a sub-diagram
K of T" 4 that satisfies the following 3 conditions.

1. CArea(K) > (1,0).
2. J(K) is a closed path in F}4 of the form p; p3pop4 satisfying the following conditions.

(i) p4 is a sub-path of p.

(i1) If x; is a vertex, then p; = x; and z; is incident with some internal green face of

K, else p; is a sub-path of 9(z;) with |p;| > 1 and with the following properties:

(a) for the vertex v € p; M p4: the external face with boundary p is the only green
face of I' 4 incident with v that is not contained in K, and is incident precisely
once with v;

(b) For all vertices v € py: all green faces of I' 4 incident with v are contained in
K.

(iii) ps is a sub-path of O(F) such that if x1 and x2 are both vertices, then |p3| > 1,
and for all vertices v € ps \ p4 the only green face of I' 4 incident with v that is not

contained in K is F', which is incident precisely once with v.

3. If K is not simply-connected then 1 and z9 are both vertices, and K is annular and

consisting of a single island with boundaries p3 and pj.
We call K a sub-diagram of T 4 bounded by F, x1,z2 and p.

By Definition 4.5.10 it follows that x(K) and x(K"4) are defined (see Definition 4.4.4).
Even though Definition 4.5.10 may seem complicated, the following lemma provides a useful

restriction.
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Lemma 4.5.11. Let 'y € T contain a neighbourhood F, x1,x2 of p € {w, T}, and let K be a
sub-diagram of T 4 bounded by F, x1, x2 and p. Assume that O(D) N p is a single consolidated
edge for all internal green faces D of K. Then each of ©1 and x4 is either a vertex of w N T, or

is a red blob with two boundary edges.

Proof. By Axiom T all green faces F' C K'4 satisfy sr A(F) = 0 and all internal green
faces of ' 4 contain a boundary edge, hence x(K'4) = 0; and Condition 3 of Definition 4.5.10
implies that all internal green faces of K have an edge on p4, so as CArea(K) > (1,0), we
have |p,4| > 1. The strategy of the proof is deriving a closed-form expression of ¢ (x, K1) (see
Definition 4.4.4) for each z € T'4 with ((x, K'4) # 0 and ¢ K finding for each z € K,
an m € Z such that (z, K) — ((x, K'4) < m; and showing that if z C K is a red blob or a
vertex, then x (x) = 0, from which it follows that k(K) = N 4 > ((z, K), where N is

the number of internal green faces of K, and hence

K(K) = K(K™) = N+ > ¢(@, K) = N = > ((x, K")

zeK zel' 4

= ZC(.T,K) - Z C(‘T?KFA)‘

zeK zel 4

Using this we show that y(x;,I'4) < —1/2 for 1 <4 < 2, and then apply Lemmas 3.1.9 and
3.2.8 to deduce the lemma.

Suppose that B C T'4 is a red blob with ((B, K'4) # 0. Then either B = z; for
some i € {1,2}, or B C K; and if B = x;, then B gives curvature x(x;,I"4) across each
edge of p; to precisely one internal green face of K, so x(B, K'4) = |p;| - x(2;,T4). Now
suppose that B C K is a red blob. Since N > 1, B is edge-incident with some internal
green face of K, so kg (B) = 0, and note that ((B, K) = ((B,['4). If B has an edge on
p3, then by Condition (iii) of Definition 4.5.10, F' is the only internal green face of I' 4 edge-
incident with B that is not contained in K. Now B gives F' some of its negative curvature
in I'4, hence ((B,K) — ((B,K") < 0. Otherwise, as ((B,K) = ((B,T'4), we have
¢(B,K) —((B,K"4) = 0. Thus, (B, K) — ¢(B, K'4) <0.

If v € T4 is a vertex with (v, K'4) # 0, then v € K. So for each vertex v € K, let
us find m € Z such that ((v, K) — (v, K¥4) < m, and show k(v) = 0. First suppose
that v € K \ (p1 Upa U ps). Then dg(v, K) = dg(v,['4) > 2, and all internal green faces
of I"4 incident with v are contained in K. Hence by Lemma 2.6.9 we have kg (v) = 0, and
¢(v,K) — ¢(v, K'4) = 0. Next suppose that v € p3 \ ps. Then v € 9(K) \ I 4), so
from Condition (iii) of Definition 4.5.10 it follows that 6 (v, K) = dg(v,I'4) > 2 and v is
incident with some internal green face of K, hence ki (v) = 0 and ((v, K) — ((v,['4) =
0. Furthermore, if 0g(v,I"4) > 3, then v gives F' some of its negative curvature in I"4, so
¢(v, K) — ¢(v, K'') < 0, and hence (v, K) — ((v, K'4) <0.

Next suppose that x; is a red blob for some ¢ € {1,2}, and suppose that v € p; N p4. Since
v € 9(K), from Definition 4.5.10 (ii) we have dg (v, K) = dg(v,I'4) > 2 and v is incident
with some internal green face of K, hence s (v) = 0 and ((v, K) — ((v, K'4) = 0. Now
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suppose that v € p?, and note that there are |p;| — 1 vertices lying on pj. We have v € 9(K),
hence applying Definition 4.5.10 (ii) shows that ¢ (v, K) = dg(v,T'4a)+1 > 3,80 kg (v) =0
and (v, K) — ((v, K'4) = —1/2.

Finally, suppose that x; is a vertex for some ¢ € {1,2}, and that v = x;. First note that by
Condition 3 of Definition 4.5.10, 1 = v = z9 if and only if K is not simply-connected; and
if K is not simply-connected, then it is annular, and v is incident precisely twice with external
faces of K. Now by Condition (ii) of Definition 4.5.10 v is incident with some internal green
face of K, so dg(v, K) > 2, and hence ki (v) = 0. By assumption, (D) N p is a single
consolidated edge for all internal green faces D of K. Therefore, as they all have an edge on
D4, if 21 # 22, then there is precisely one internal green face D; in K incident with x;, and D;
is incident precisely once with x;. Otherwise, x; is incident with at most two internal green
faces D1, Do C K; and x; is incident precisely once with both D; and Dy unless D = Do,
in which case z; is incident precisely twice with D;. Hence if x1 # x2, then ((v, K FA) =
x(v,T4) and {(v, K) = x(v, K); and (v, K) = 2, so x(v, K) = 0 = {(v, K). Otherwise,
C(v, KT4) =2 x(v,T'4) and ¢ (v, K) = 2 - x(v, K).

We are ready to prove the lemma. Suppose first that z; and x9 are both vertices, and
assume further that K is simply-connected. By Proposition 2.6.6 we have x(K) = 1, and by
the previous paragraph we have z1 # x9 and x(x;, K) = 0 = {(x;, K). Hence by the above

observations we have

2 2
1= k(K) = r(K™) < =) "¢, K4) = =Y x(;,Ta).
i=1 1=1
So Z?Zl X(zi,T'4) < —1. Thus, by Lemma 3.1.9 21,22 € wN 7.
Now assume that K is not simply-connected, so by the fifth paragraph z1 = zo; K is
annular: so by Proposition 2.6.6 k(K) = 0; and z; is incident precisely twice with external

faces of K: hence as x; is incident with D;, by Lemma 2.6.9 x(x;,K) = —1/2, and so
((z1, K) = —1. It follows that

0= r(K) = K(K™) < (1, K) = (a1, K4) = =1 — (2 x(21,T)).

So2-x(z1,T'4) < —1, which implies x(z1,I"4) < —1/2, and the lemma follows from Lemma
3.1.9.

Next suppose that x1 is a red blob, and x5 is a vertex. Then by the fifth paragraph K is
simply-connected, so x(K) = 1. Hence letting n = |p;| and using the observations from the

first 5 paragraphs we have

1= r(K) = r(K"™) < —(n—1)-1/2+((z9, K) = n- x(21,Ta) — (w2, K')
= —n- (x(21,Ta) +1/2) +1/2 + (22, K) — ((w2, K *)
=—n-(x(z1,T'4) +1/2) + 1/2+ 0 — x(2,T4)
=—n-(x(21,T'4) +1/2) + (1/2 = x(22,Ta)).
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Figure 4.8: A case where z; and x2 are both red blobs, see Lemma 4.5.12.

By Lemma 3.1.9 we have x(z2,['4) > —1/2, hence —n - (x(z1,T'4) + 1/2) > 0, which
implies x(z1,I'4) < —1/2. Since x; contains at most two boundary edges, by Lemma 3.2.8
x(x1,T4) > —1/2, so x(z1,T"'4) = —1/2, and therefore x(z2,I'4) = —1/2. Hence z;
contains two boundary edges, and z2 € w N 7.

Finally, suppose that 1 and x5 are both red blobs. By the fifth paragraph K is simply-
connected, so k(K) = 1. Let n = |p1|, m = |pa|. By the first 5 paragraphs we have

1=k(K)—r(K')
<—(n-1)-1/2—=(m—-1)-1/2=n-x(z1,T4) —m - x(x2,T4)
=1-—n-(1/24+ x(z1,T4)) —m - (1/2 + x(z2,T4)).

Hence 0 < —n-(1/2+x(x1,L4))—m-(1/24x(x2,T4)). Since by Lemma 3.2.8 x (x;,I'4) >
—1/2 foreach i € {1,2}, we have x(z;,'4) = —1/2, and the lemma follows. [ |

In the statement of the next lemma we allow tracing boundaries of faces in both directions.
Lemma 4.5.12. Let "4 € T. Assume that the following statements hold.

1. T4 contains an internal green face F, and for each i € {1,2}, it contains x; such that
x; is either a simply-connected red blob containing at most two boundary edges, or a

boundary vertex incident with F' and with x; € p € {w, T}.
2. There is a sub-diagram K that satisfies the following 3 conditions.

(i) CArea(K) > (1,0).
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(ii) K is bounded by a closed p € F114 of the form p1pspaps satisfying the following
conditions (see Figures 4.7 and 4.8).

(a) py4 is a sub-path of p.

(b) If x; is a vertex, then p; = x; and x; is incident with some internal green face
of K, else p; is a sub-path of O(x;) with |p;| > 1.

(¢c) psis a sub-path of O(F') such that if at most one of x1 or x5 is a red blob, then
lps| > 1; and if |ps| < 1, then F is incident precisely once with ps.

(d) If z; is a red blob for some i € {1,2}, then O(x;) N p contains an edge g; such
that g;p; is a sub-path of 0(x;), and O(F') N O(x;) contains an edge e; such
that p;e; is a sub-path of 9(x;), and e;ps is a sub-path of (F'). Moreover, the

common endpoint of g; and p; (which lies on p; N p4) does not lie on w N T.

(iii) If K is not simply-connected then x| and xo are both vertices, and K is annular

and consisting of a single island with boundaries ps and py.
Then F, x1, 9 are a neighbourhood of p, and K is a sub-diagram bounded by F, x1, x2 and p.

Proof. Suppose first that 21 and x5 are both vertices. As ps is a sub-path of 9(F), for all
vertices v € ps \ ps: F is the only green face of I' 4 incident with v that is not contained in K,
and is incident precisely once with v. Hence the lemma follows.

Next assume that x; is a red blob for exactly one i € {1,2}. As the vertex v € p; N py
satisfies v € w N 7, and g;p; is a sub-path of d(x;), it follows that the external face F with
boundary p is the only green face incident with v that is not contained in K. Furthermore,
since by Axiom 77, w and 7 are simple closed paths, E is incident precisely once with v. Note
also that as p; is a sub-path of d(x;), for all vertices v € pf: all green faces incident with v
are contained in K. Similarly, as p3 and e;p3 are sub-paths of O(F'), and p;e; is a sub-path of
d(z;), it follows that for all vertices v € ps3 \ p4: the only green face of I'4 incident with v
that is not contained in K is F', which is incident precisely once with v. So the lemma follows
again.

Finally, assume that z; is a red blob for each ¢ € {1,2}. Then similarly as in the previous
case we deduce that p; and p satisfy Condition (ii) of Definition 4.5.10. Now since ps3 is a
sub-path of J(F), and for each i € {1, 2}, p;e; is a sub-path of 9(x;), and e;p3 is a sub-path of
O(F'), we deduce that for all vertices v € p3: F'is the only green face incident with v and not

contained in [, and is incident precisely once with v. Hence we are done. |

We can now present the main result of this section.

Theorem 4.5.13. Let D be an internal green face of 'y € T, and let p € {w, T}. Then one of

the following statements holds.
1. (D)Np=0.

2. 9(D) N pis a single consolidated edge.



4.5. Intersection of boundaries of internal green faces with 9(I"4) 71

Figure 4.9: The sub-diagram K; bounded by r17374, see the proof of Theorem 4.5.13.

3. d(D)NO(T 4) is a single consolidated edge with endpoints vy and ve with vy,vy € WNT
and O(D)Np = {v1,ve}: hence D is contained in an island E with CArea(FE) = (2,0)
that satisfies Lemma 4.5.2.

Proof. Suppose that there is a green face D C T'4 such that (D) N p # 0 and (D) N p
is not a single consolidated edge. Then D is tricky for I' 4 with respect to p (see Definition
4.4.1). By Lemma 4.5.3 there exists a well-contained sub-diagram of I'4 given by D and p
(see Definition 4.4.3). Hence we can let F' be a minimal tricky green face for I" 4 with respect
to p (see Definition 4.5.4), and let /' be a minimal well-contained sub-diagram given by F’ and
p- We show that Statement 3 of the theorem holds for F’, and from that we deduce it also holds
for D.

Let p; = O(K)NO(F) and p2 = 9(K) N p. Since O(F') does not pass more than once
through any vertex of p; \ p2, we have that p; is a sub-path of 9(F'). By Lemma 4.5.5 9(D’)Np
is a single consolidated edge for all internal green faces D’ of K, and by Lemma 4.5.7 we can
let 1 and 22 be (not necessarily distinct) curvature corners of K. Then by Definition 4.5.6 for
each ¢ € {1,2}, if z; is a vertex, then x; is incident with some internal green face of K.

Suppose first that x; is a red blob, and x5 is a vertex. Let

Since K is well-connected, it follows that K is simply-connected; and CArea(K) >
(1,0) implies that CArea(K;) > (1,0). By Lemma 4.5.9 z; is simply-connected, and
d(x1) N O(F) and J(x1) N p are single edges e; and g; respectively. Hence as K is simply-
connected, CArea(K;) > (1,0), and by Axiom Tg each internal green face of I'4 contains
a boundary edge, we deduce that K is bounded by a closed path p € T}, of the form ryrsry,
where r; is a sub-path of 9(z1) with |r;| > 1, rs is a sub-path of p; with |rg] > 1, and 74
is a sub-path of py with |r4| > 1 (see Figure 4.9). Moreover, we have that g;7; and rie; are
sub-paths of d(x1), e1rs is a sub-path of J(F'), and the common endpoint of g; and 7 does
not lie on w N 7, since g1 C p and |r4| > 1. Hence as by the second paragraph 9 is incident
with some internal green face of K (with is contained in K1), by Lemma 4.5.12 F', x1, x2 are

a neighbourhood of p, and K is a sub-diagram of I' 4 bounded by F),z1,x2 and p. Lemma
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Figure 4.10: The sub-diagram K bounded by 71731214, see the proof of Theorem 4.5.13.

4.5.11 then implies that 1 contains two boundary edges, contradicting Lemma 4.5.9.

Assume next that 1 and x5 are both red blobs. Let
Ky =K \ (331 U xz).

Then similarly as in the previous case, K is simply-connected, CArea(K;) > (1,0), and for
each i € {1,2}: z; is simply-connected, and O(z;) N O(F) and O(x;) N p are single edges e;
and g; respectively. Therefore, as K is simply-connected, CArea(K;) > (1,0), and each
internal green face of I'4 contains a boundary edge, it follows that K is bounded by a closed
path p € F}4 of the form 7737314, where for each i € {1,2}, r; is a sub-path of 9(x;) with
|ri| > 1; r3 is a sub-path of p; such that if |r3| < 1, then F is incident precisely once with 73;
14 is a sub-path of po with |r4] > 1 (see Figure 4.10); and the edges e;, g; satisfy Condition (d)
of Lemma 4.5.12 (replace p; by r; in the statements). Therefore, by Lemma 4.5.11 F, z1, z2
are a neighbourhood of p, and K is a sub-diagram of I' 4 bounded by F’, x1, x2 and p. So by
Lemma 4.5.12 x; contains two boundary edges, a contradiction.

Hence z; and x3 are both vertices. Then since K is well-contained, p; is a sub-path of
O(F) and by the second paragraph z1 and x2 are incident with some internal green face of K,
by Lemma 4.5.12 F), x1, x5 are a neighbourhood of p, and K is a sub-diagram of I' 4 bounded
by F, x1,x2 and p. Hence by Lemma 4.5.11 we have z1,z2 € w N 7, and so by Lemma 4.5.2
Statement 3 of the theorem holds for F'.

Hence D is contained in some island E of " 4. By above the minimal tricky green face F”
for " 4 with respect to p contained in E satisfies Statement 3 of the theorem, hence D = F”, as

required. n

Theorem 4.5.13 is a powerful result. We finish this section with four results whose proofs

rely on it.

Corollary 4.5.14. Let F' be an internal green face of T'y € T. Then for any p € {w,7}
and any red blob B edge-incident once with F, F' is not contained in a sub-diagram K of T4
well-bounded by B and p, where O(K) N O(B) is the closure of the common edge of F' and B.
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Proof. Suppose for a contradiction that such a K exists. Since (K ) N 9(B) is the closure of
the common edge of F' and B, we have 9(F) N p # (), hence by Theorem 4.5.13 9(F) N p
is a single consolidated edge. So O(F) N p = I(K) N p, and I(K) N p is the consolidated
edge between F' and the external face with boundary p. Hence O(K) is a sub-path of O(F).
So if K is not well-connected, then F' is not simply-connected, a contradiction. Therefore,
we can use the same argument as in the proof of Part 3 of Lemma 4.3.4 to deduce that the
label R of F satisfies | R| = 2, which contradicts Assumption 2.3.15 that no R € R satisfies
|R| € {1,2}. [ ]

Corollary 4.5.15. Let F' be an internal green face of 'y € T. Assume that F' contains a
consolidated edge e C p € {w, T} with |e| > 1 and with endpoints v and w. Then there are
x,y € B that lie on or are incident with e such that x and y collectively give F' curvature of at
most —1/2. Moreover, if z € {x,y} is a red blob incident witht € {v,w} suchthatt ¢ wNT,

then z has an edge on p.

Proof. If v = w, then v is incident twice with F', so by Lemma 2.6.10 we have (v, F,T'4) <
—1/2. Hence assume that v # w. By Part 1 of Lemma 4.3.4 there are z,y € By that lie on
or are incident with e, and x and y satisfy the second statement of the corollary. Suppose that
x # y. Then by Part 2 of Lemma 4.3.4 we have x(z, F,T'4) + x(y, F,T4) < —1/4—1/4 =
~1/2.

So suppose that z = y. Then as v # w, it follows that z is a red blob B. By Lemma 2.6.10
we can further assume that dg(v) = 2 = dg(w). If |0(B) N O(F)| > 1, then by Part 2 of
Lemma 4.3.4 we have x(B, F,T'4) < —1/2. So suppose that B is edge-incident once with F'.
If |0(B) N 9(I"'4)| > 2 orif B is not simply-connected, then the lemma follows from Lemma
3.2.8. Hence assume that |0(B) N 9(I'4)| = 1 and that B is simply-connected.

By Theorem 4.5.13 we have O(F') N p = e. Hence since dg(v) = 2 = dg(w), we have
p = ef, where f is the boundary edge of B. So as |0(B)NJ(F')| = 1, Corollary 4.5.14 implies
that B is contained in a simply-connected diagram K of I'4 well-bounded by F' and p and such
that 9(K) = fe/ = 9(B), where ¢’ is the common edge of F' and B. But then Lemma 3.2.6

implies Area(B) = 0, a contradiction. [

Lemma 4.5.16. Let F' be an internal green face of I'4 € T, and let p € {w, T}. Assume that
there is a vertex v € B incident at least twice with F, and v is incident with a consolidated
edge e of F with |e] > 1 and e C p. Then p = e.

Proof. Since v is incident at least twice with F', we have I' 4 € T \ U (see Definition 4.1.2), so
if F' is contained in an island F of T4, then by Proposition 4.5.1 E' = I" 4 and some green face
contained in E is incident with both of its endpoints, hence by Lemma 4.5.2 p = e. So assume
that "4 is island-free. By Theorem 4.5.13 we have O(F') N p = e. Now there can be at most
two boundary edges of F' that lie on p and are incident with v, and if there are two such edges
or if e is a loop, then the lemma holds. Hence assume for a contradiction that there is precisely

one boundary edge of F' incident with v and that e is not a loop.
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Figure 4.11: Configuration of a green face incident twice with a boundary vertex, see the proof
of Lemma 4.5.16.

By Lemma 4.2.3 9(F) passes through v twice, and I'4 \ (F)° decomposes as an edge-
disjoint union of two annular diagrams whose boundaries are simple closed paths. Let I' be
the one with p C I'. Since the boundaries of I are simple and e C p, I" is a union of islands
and bridges (see Definition 2.5.10). Hence by the assumption from the previous paragraph I'
contains a simply-connected sub-diagram K of I' 4 well-bounded by F' and p (see Figure 4.11
with p = w). But then 9(F') N p # e, a contradiction. |

Corollary 4.5.17. Let v be a boundary vertex of I' 4 € T suchthatv ¢ wNt. If §g(v) > 4, then
there is an internal green face F' incident with v and with an edge on the opposite boundary

from that on which v lies, and v is not incident with any boundary edge of F.

Proof. Without loss of generality assume that v € w. Now there are at most two internal green
faces of I'4 that contain an edge of w incident with v, and by Lemma 4.5.16 if such face F'is
incident at least twice with v, then F' is the only internal green face that contains an edge of w
incident with v. By Lemma 4.2.3 no vertex is incident more than twice with an internal green
face, hence as dg(v) > 4, there is an internal green face F' incident with v and such that v is
not incident with any boundary edge of F'.

By Axiom Tg, F contains a boundary consolidated edge f with |f| > 1. If f C 7, then
the lemma holds. So assume that f C w. Then O(F') N w is not a single consolidated edge,
contradicting Theorem 4.5.13. |

4.6 More on red blobs

In this section we continue to study red blobs of diagrams in 7. In Section 4.6.1 we shall
describe simply-connected red blobs that contain at least two boundary edges, in Section 4.6.2
we shall characterize the structure of diagrams containing bad red blobs (see Definition 4.1.1),
and in Section 4.6.3 we shall show that even when a diagram in 7 contains a red blob with a
complicated structure, its boundary words are conjugate by a word of length at most 2r + 1,

where 7 is the length of the longest green relator.
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Figure 4.12: The structure of components in I 4 \ B, see Theorem 4.6.2.

4.6.1 Simply-connected red blobs

Definition 4.6.1. Let B be a simply-connected red blob of an annular diagram I" 4. Then B is
called complicated if B contains at least two edges on w or on 7.

The main result of this subsection is the following theorem. Recall Definition 2.5.10 of an
island of a coloured annular diagram, and that an endpoint of an island is a vertex on w N 7.
Recall also Definitions 4.3.1 and 4.3.3 of the (boundary) curvature neighbourhood of an internal

green face.

Theorem 4.6.2. Let B be a complicated red blob of Iy € T. Then there exists an island E
with B C E, and E \ B is a disjoint union of components Ty, ..., Ty for some k with the
following properties (see Figure 4.12). For all i:

1. T; is homeomorphic to a disc and O(T;) intersects at most one of the boundaries of T 4;

2. T; contains precisely two internal green faces F; and F with O(F;) N O(F!) # 0 and
BeBrNnB Fl

3. Either T = F; U E/ orT =F;U E’ U B;, where in the second case Bj is a red triangle
with B; € BF, N BFZ/

In particular, no internal green face of E is incident with any endpoint of E, the red blob B
has an edge on both boundaries of T 4, and in E, no p € {w, T} contains two consecutive red

edges.

Recall Definition 2.6.8 that x(B,TI") is the curvature that a red blob B gives to a single
internal green face across each edge-incidence, and that if we say that a closed path p is of the
form p1ps . .. pn, then p is a sequence of simple sub-paths p;. Recall also Definition 4.4.3 of a

well-contained sub-diagram given by a red blob and p € {w, 7}.

Lemma 4.6.3. Let "'y € T contain a red blob B and a well-contained sub-diagram K given
by B and p. Suppose that K contains a corner v that lies on an edge of 9(B) N p, and that
0(B) does not pass more than through v. Then 6¢(v) = 2 and x(B,T4) < —1/2.
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Proof. Letp = O(K) Npandn = |0(K) N I(F)|. Since K contains an internal green face
and K is well-connected (see Definition 4.4.2), by Axiom Tg we have |p| > 1. Now B has an
edge on p at v, and so does K, hence v ¢ w N, and the other corner w of K is distinct from v.
Furthermore, by Axiom 7§ and Theorem 4.5.13 every green face F' C K has an edge on p and
O(F') N p is a single consolidated edge. Hence as d(B) does not pass more than once through
v, we have dg(v) = 2, and therefore by Lemma 2.6.10 we have x(v,I'4) = 0. By Lemma
4.4.6 we have

1/24 x(v,Ta) + x(w,Ta) = 1/2 4+ x(w,Ta) = —n - (x(B,Ta) + 1/2).
From Lemma 3.1.9 we have x(w,I"4) > —1/2. Hence
0 <1/2+x(w,Ta) = —n - (\(B,Ta) +1/2),
and the lemma follows. |

Lemma 4.6.4. Let B be a simply-connected red blob of 'y € T. Suppose that B is tricky
for T'g with respect to p € {w, T}, and that B contains an edge on p. Then the following

statements hold.

1. There is a sub-diagram of I 4 well-bounded by B and p that is well-connected, and with
a corner lying on an edge of O(B) N p.

2. If ' 4 contains an island and B contains at least two edges on p, then there is a sub-

diagram satisfying Part 1 with no corner on w N T.

Proof. Part 1. First note that by Lemma 3.2.4 all consolidated edges between B and the ex-
ternal faces of I"4 have length at most 1, and by definition of a tricky red blob 9(B) N p is
not a single consolidated edge. Hence as B has an edge on p, it follows that there is a path
p € 'y N 9(B) (see Definition 2.5.14) with |p| > 1 intersecting p only at its endpoints, where
one of the endpoints of p is a vertex v lying on an edge of 9(B) N p. So by Lemma 2.1.8 there
is a simple path p; € T'}; N 9(B) with |p1| > 1 intersecting p only at its endpoints, and with
v € p1. Now there is a sub-path ps of p with the same endpoints as p1, and the sub-diagram K
bounded by the closed path p;ps is well-bounded by B and p.

If K is well-connected, then K satisfies Part 1, so suppose not. Then as K is well-bounded
by B and p, it follows that 7 C K and p = w. Therefore, as B contains an edge on p and
d(B) N p is not a single consolidated edge, there is a path p’ € '}y N 9(B) distinct from p
that intersects p only at its endpoints, and one of the endpoints of p’ is a vertex v’ lying on
an edge of O(B) N p. Hence similarly as in the previous paragraph we deduce that there is
a sub-diagram K; # K well-bounded by B and p (see Figure 4.13); with v/ € K7; and as
Ky # K, it follows that K is well-connected. Hence Part 1 follows.

Part 2. By Lemma 3.1.10 B is contained in an island of I" 4. As all consolidated edges
between B and the external faces of I' 4 have length at most 1, there is a path p € '}y N 9(B)
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with |p| > 1 intersecting p only at its endpoints v and w, where w ¢ w N 7, and v lies on an
edge of 9(B) N p,sov € w N 7. By Lemma 2.1.8 there is a simple path p; € I'}y N 9(B) with
|p1| > 1 intersecting p only at v and w, so we can use similar arguments as in Part 1 to deduce
that there is a sub-diagram K well-bounded by B and p and with corners v and w. As K is
contained in an island, K is well-connected, so we are done. |

The next lemma gives precise value of x(B,T"4) when B is complicated.

Lemma 4.6.5. Let B be a simply-connected red blob of I' 4 € T. Then both of the following

statements hold.

1. Suppose that B is tricky for T 4 with respect to p € {w, T}, and that B contains an
edge on p. Then x(B,T'4) < —1/2, and if B contains at least two edges on p, then
\(B.Ta) = —3/4.

2. If B’ is a complicated red blob, then x(B',T'4) = —3/4.

Proof. Part 1. By Lemma 4.6.4 there is a sub-diagram K of I'4 well-bounded by B and p
that is well-connected, with corners v and w, where v lies on an edge e of 9(B) N p, and
if B contains at least two edges on p, then without loss of generality we can assume that
v,w ¢ wN 7. Note that |0(K) N 9(B)| > 1 implies CArea(K) > (1,0), so by Axiom T,
|0(K) N p| > 1; and by Axiom Tg and Theorem 4.5.13, O(F') N p is a single consolidated
edge for all green faces F' C K. Suppose that 9(B) does not pass more than once through
any vertex of (9(K) \ p) U {v}. Then K is well-contained, so by Lemma 4.6.3 dg(v) = 2
and x(B,I'4) < —1/2. Suppose further that B contains at least two edges on p, so that
v,w ¢ wN 7. Then from dg(v) = 2 and Lemma 4.4.8 we have dg(w) = 2, and so Lemma
4.4.9 gives x(B,I'4) = —3/4. Hence Part 1 holds for B.

Suppose instead that O(B) passes more than once through some vertex u € (9(K) \ p) U
{v}. By Lemma 4.2.3 w is the only vertex through which J(B) passes more than once, and
by Lemma 4.2.5 "4 \ B° decomposes as an edge-disjoint union of annular diagrams I'; and
I’y (with p C I'y, say) whose boundaries are simple closed paths. In particular, I'; contains all
sub-diagrams well-bounded by B and p.

Suppose first that u # v. By definition of a tricky red blob d(B) N p is not a single
consolidated edge, hence as B contains an edge on p, there is a path p € 9(I';) N 9(B) with
Ip| > 1and K \ p € p, and intersecting p only at its endpoints v’ and w’, where v’ lies on
an edge of 9(B) N p. Hence by Lemma 2.1.8 there is a simple path p; € 9(I'1) N 9(B) with
Ip1| > 1 and p; # K \ p, and intersecting p only at v' and w’. Now note that there is a
sub-path ps of p with endpoints v" and w’, so the sub-diagram K7 C T’y bounded by p;ps is
well-bounded by B and p (see Figure 4.14). Since K1 C I'; and B is simply-connected, K3
is well-connected, and 9(K7) does not intersect both w and 7, so v/, w’ & w N 7. Also, as
p1 # K \ p and u is the only vertex through which 9(B) passes more than once, the simply-
connectedness of B implies that J(B) does not pass more than once through any vertex of
d(B) N 9(K7). Now |9(K71) NJ(B)| > 1 implies CArea(K;) > (1,0), hence K; is well-
contained; and Axiom 7Ty and Theorem 4.5.13 imply that O(F) N p is a single consolidated
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P

Figure 4.13: A case where K is not well-connected, see the proof of Lemma 4.6.4.

edge for all green faces F' C K. By Lemma 4.6.3 we have d¢(v') = 2. Therefore, by Lemma
4.4.8 6c(w') = 2, s0 by Lemma 4.4.9 x(B,T'4) = —3/4. Hence Part 1 holds for B.

Suppose instead that w = v. Then d¢(v) > 3; and since |0(K)Np| > 1ande C O(B)Np,
we have w # v. Therefore, as v is the only vertex through which O(B) passes more than
once, J(B) does not pass more than once through any vertex of 9(K) \ p U {w}, so K is
well-contained.

Suppose first that 9(B) N p = e. It suffices to show x(B,I'4) < —1/2. We have w € €, so
as 0(B) does not pass more than one through w, by Lemma 4.6.3 G (w) = 2 and x(B,T'4) <
—1/2. Hence B satisfies Part 1.

Finally, suppose that 9(B) N p # €. As e C p and the boundaries of I'; are simple closed
paths, I'; is a union of islands and bridges. Therefore, there is a simply-connected sub-diagram
K, C T\ K° that is well-bounded by B and p and with corners v’ and w’ such that v’ € e.
Since B is simply-connected and v is the only vertex through which 0(B) passes more than
once, K7 does not intersect both w and 7: so v/, w’ € w N 7; and O(B) does not pass more
than once through any vertex of d(B) N 9(K1). Now note that from |0(K7) N 9(B)| > 1
we have CArea(K;) > (1,0): so K; is well-contained, by Axiom Tg and Theorem 4.5.13
J(F) N p is a single consolidated edge for all green faces F' C K, and by Lemma 4.6.3 we
have dg(v') = 2. Hence by Lemmas 4.4.8-4.4.9 we have x(B,T'4) = —3/4. Thus, Part 1
follows.

Part 2. Suppose that B’ is a complicated red blob, with at least two edges on p € {w, T}.
As by Lemma 3.2.4 all consolidated edges between B’ and the external faces of I' 4 have length
at most one, B’ is tricky for I 4 with respected to p, so x(B’,T'4) = —3/4. [

The next few results consider blobs that are not assumed to be simply-connected.

Lemma 4.6.6. Suppose that B is a red blob of 'y € T with x(B,T' 4) = —3/4 that is edge-

incident with an internal green face F'. Then

1. Sp = {B,z} = Bp has size two, B is edge-incident once with F, and x is either a
red triangle edge-incident once with F' that contains one edge of O(I" 4), or a boundary

vertex incident once with F' and such that 6 (x) =3 and x ¢ w N 7;

2. O(F) N O(T4) is a single consolidated edge e with |e| > 1, and with endpoints t, and
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©

P=0

Figure 4.14: A case where 0(B) passes more than once through some vertex of 9(K) \ p, see
the proof of Lemma 4.6.5.

to, where ty lies on the common edge f of F and B, dc(t1) = 2 and 6 (t2) < 3, and if
to € B(B), then 5g(t2) =3,

3. the other endpoint t3 of f satisfies ts ¢ O(I' 4) and 6 (t3) = 2.

Proof. By Axiom T, F has a boundary consolidated edge e with |e| > 1. Assume without a
loss of generality that e C w, and let (e) = {¢1,t2}. By Theorem 4.5.13 we have O(F) Nw =
e. Since x(B, F,T'4) = —3/4 and kr, (F') = 0, we have that B is edge-incident once with F'.
Also, by Part 2 of Lemma 4.3.4 every element of B curvature incident more than once with
F gives F curvature of at most —1/2. Hence no such element exists, so by Part 3 of Lemma
4.3.4 we have |Br| > 1. Therefore, since x(B, F,I"4) = —3/4, by Lemmas 2.6.10 and 3.2.8
Part 1 follows.

To prove Part 2, we first show that ¢; lies on f, that d¢(t1) = 2 and dg(t2) < 3, and if
to € O(B), then dg(t2) = 3. By Corollary 4.5.15 there are o, § € B that are equal to or
are incident with ¢; and ¢2 such that « and 3 collectively give F' curvature of at most —1/2.
Suppose first that no ¢ € {t1,t2} lies on f. Then B ¢ {«, [}, hence by Part 1 we have
a =z = 3, and z gives F curvature —1/4, a contradiction.

Assume next that t1,t2 € 9(B) and d¢(t1) = 2 = d(t2). Then ¢; and t5 are endpoints of
f. Furthermore, as t1, to, B are all curvature incident once with F', we have t; # to, and from
O(F) Nw = e we deduce that ef is a sub-path of 9(F). Hence since F' is simply-connected,
we deduce that F' is contained in a sub-diagram bounded by the closed path ef, which is
in particular well-bounded by B and w (see Definition 4.4.2), contradicting Corollary 4.5.14.
Hence if t1,to € O(B), then either ¢ (t1) > 3 or dg(t2) > 3, so by Part 1, either dg(t1) = 3
or dg(t2) = 3.

By the second paragraph there exists i € {1,2} such that t; € f. If ¢; is unique, then
as t; # tg, by Part 1 of Lemma 4.3.4 there is y € Bp \ {B,t;} equal to or incident with
t; € {t1,t2} \ {ti}. So by Part 1 we have d;(t;) = 2 and d¢(t;) < 3. If t1,t2 € O(B), then by
the previous paragraph there exists ¢ € {1, 2} such that 5 (¢;) = 3, and therefore by Part 1 the
t; € {t1,t2} \ {t;} satisfies 6¢(t;) = 2, so t; € f. Hence by relabelling, if necessary, we can
assume that ¢; lies on f and 0 (t1) = 2, s0 0 (t2) < 3, and if t5 € J(B), then i (t2) = 3.
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It remains to show O(F) NA(I'4) = e and prove Part 3. If all endpoints of f are in {t1,¢2},
then as t1, t2, B are all curvature incident once with F' and 9(F) Nw = e, we deduce that e f
is a sub-path of 9(F'), and so we get a contradiction as in the third paragraph. So let ¢3 be the
endpoint of f such that t3 & {¢1,t2}.

Suppose for a contradiction that t3 € 9(T'). If t3 € w, thenas t3 € f and I(F) Nw = e,
we have t3 € {t1,t2}, a contradiction. Hence ¢3 € 7. Let h C 7 be the boundary consolidated
edge of F' with t3 € h. As by Part 1, B is edge-incident once with F, by Part 1 of Lemma
4.3.4 there exists y € Bp \ { B} curvature incident with F' at some endpoint of & (note that if
|h| = 0, then the only endpoint of / is ¢3), and as by Part 1 we have 9(F) N (wNT) = (), either
y € T\ w, or y is a red blob with an edge on 7. In particular, by Part 1 we have d;(t2) = 2, so
to & O(B) and dgr(t2) > 1. Therefore, there is a red blob By # B edge-incident with F’ at o,
and with an edge on w. By Part 1, B; is a red triangle with precisely one boundary edge, hence
B; # y, and so |Sp| > 3, a contradiction. Hence t3 is interior. So by Part 1 we have ¢35 ¢ Sp,
and therefore 0 (t3) = 2.

Finally, suppose for a contradiction that (F)N7 # (). Then as (F)N(wN7) = (), by Part
1 of Lemma 4.3.4 either Sr contains a vertex on 7 \ w, or a red blob edge-incident with F" at a
vertex on 7 \ w, and with an edge on 7. Hence as t3 is interior, there exists y € Sp \ { B, t2}.
Hence by Part 1 we have dg(t2) = 2, so to ¢ 9(B) and dg(t2) > 1, and as in the previous
paragraph we deduce that there is a red triangle edge-incident with F at o, and with precisely
one boundary edge, on w. Hence again |Sp| > 3, a contradiction. So as 9(F) N7 = (), we
have O(F) N O(I'4) = e, as required. [

Lemma 4.6.7. Suppose that B is a red blob of Iy € T with x(B,I'4) = —3/4 that is edge-

incident with an internal green face F'. Then F is contained in a component T of T' 4 \ B that
satisfies Statements 1-3 of Theorem 4.6.2.

Proof. Since B and F satisfy assumptions of Lemma 4.6.6, we can let ¢, t5,t3,¢, f and x
be as in Lemma 4.6.6. Without loss of generality assume that e C w. As t3 is interior and
dc(ts) = 2, there is precisely one internal green face F” incident with F', and F” is incident
with t3 and edge-incident with B. Since B is edge-incident with F’, Lemma 4.6.6 holds for
F'.

Assume first that ¢ (t2) = 2. Then z is a red blob By. As d¢(t3) = 2, F and F’ share a
consolidated edge po with endpoints ¢3 and a vertex ¢4 with ¢4 € 9(B1). Since Sp = {B, B1 },
we have dg(t4) = 2, so By is edge-incident with F’. By Part 1 of Lemma 4.6.6 we therefore
have Bp» = {B, B1}, and B and B; are edge-incident once with F’. So O(F’) Nw # (. Let
t5 be the vertex of F” lying on 9(B) Nw, and let p3 C w be the consolidated edge of F’ with
ts € p3. By Part 2 of Lemma 4.6.6 we have O(F’) N 9(I'4) = ps and |p3| > 1.

Since Spr = {B1, B} = By, and B and B; are edge-incident once with F”, it follows
that p3 is incident with a boundary edge of B. Let ps and p5 be the common edges of F”
and B and of F’ and By respectively. Since Spr = {By, B} = B, all vertices v € J(F”)
satisfy g (v) = 2. Hence O(F') = papapsps. Let pg be the common edge of F' and B;. From
Sr = {B, B1} = Br we deduce that that all vertices v € O(F) satisfy dg(v) = 2. Hence
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O(F) = efpaps. Let p7 be the boundary edge of Bj. It follows that F', F’, By are contained in
a component 7" of I"4 \ B bounded by the closed path e fpsp3p7. Hence T=FUF'UB;.In
particular, 7" is homeomorphic to a disc and 9(T') N 7 = (J, so the lemma follows.

Assume instead that 0g(t2) = 3. Then x = t3. As t3 is interior and dg(t3) = 2, from
Br = {B,t2} = S it follows that there is a consolidated edge po common to F' and F’
incident with ¢9 and t3. Hence by Part 1 of Lemma 4.6.6 we have Bpr = {B,te} = Spr, B is
edge-incident once with F’, and ¢ is incident once with F’. In particular, F” has a consolidated
edge ps on w with ¢t € p3. By Part 2 of Lemma 4.6.6 we have 9(F’) N 9(T'4) = p3 and
|ps| > 1, and from Bpr = {B,t2} = Spr we have that ps is incident with a boundary edge of
B.

By applying Sp = Br = {B,t2} = B = S once again we deduce that all vertices
v € (O(F)UI(F") \ {ta} satisfy dg(v) = 2. So O(F) = efps and O(F') = papyps3, where
p4 is the common edge of F’ and B. Therefore, F' and F” are contained in a component 1" of
I'4 \ B bounded by the closed path e fpsp3. So T = F U F’, and hence T is homeomorphic to
adiscand 9(T) N7 = 0. [ |

Proof of Theorem 4.6.2. By Lemma 4.6.5 we have x(B,I"'4) = —3/4 since B is compli-
cated. Assume that some p € {w, 7} is equal to € for some edge e C B. Let v be the endpoint
of e. If there is an internal green face F' incident with v and edge-incident with B, then by
Axiom T, F contains an edge on p’ € {w, 7} with p’ # p, s0 I(F) Nw # O # I(F) N,

contradicting Lemma 4.6.6. Hence I' 4 contains an island.

Recall that we assume CArea(I'4) > (1,0), and by Lemma 3.2.10 B is not an island of
I' 4. By Lemma 4.6.7 each internal green face of I' 4 edge-incident with B is contained in some
component 7" of I' 4 \ B that satisfies Statements 1-3 of the theorem. Hence as by Lemma 3.2.4
all consolidated edges between any red blob and any green face of I' 4 have length at most one,
B contains edges on both boundaries of I" 4, and by the previous paragraph either I' 4 is island-
free and I' 4 \ B is a disjoint union of components 77, . . ., T} that satisfy Statements 1-3 of the
theorem; or B C FE for some island F of I'4, and E \ B is a disjoint union of components
Ty, ..., Ty that satisfy Statements 1-3 of the the theorem. In particular, if B is contained in
the island F, then no internal green face of F is incident with any endpoint of F, and as each
internal green face of I' 4 contains a boundary edge and all consolidated edges between any red
blob and any green face of I' 4 have length at most one, we deduce that in F, no p € {w, 7}

contains two consecutive red edges.

Suppose for a contradiction that I" 4 is island-free. Lett = Area(B),d = |0(B)Na(T4)],
and k = |0(B)|. By the previous paragraph for each boundary edge e with e C 9(B) we can
associate two distinct interior edges fi and fo with f; Ne # 0 # f, N e, and such that
fi CO(B)NO(T1) and fo C O(B) N O(Tz), where T} and T, are components of I'4 \ B.
Observe that for distinct boundary edges e; and es with e;,ea C J(B) the sets of edges

associated to e; and ey respectively as above are pairwise disjoint. Thus d < k/3. Since B is
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simply-connected, by Lemma 3.2.8 we have

—t

X(BvFA> = _3/4 = m7

rearranging gives d = t/3 + 2. By Lemma 3.2.6 we have k = ¢t + 2, hence
kE/3>d=t/3+2>t/3+2/3=1Fk/3,

a contradiction. The theorem follows. [ |

Definition 4.6.8. Let B be a simply-connected red blob of an annular diagram I'4. Then B is
called highly hyperbolic if B contains precisely two boundary edges e; and eg, with e; C w

and ey C 7.

Lemma 4.6.9. Suppose that I'y € T contains a simply-connected red blob B that is not
complicated. Then x(B,T'4) > —1/2, and x(B,T'4) = —1/2 if and only if B is highly
hyperbolic.

Proof. Since B is not complicated, B has at most one edge on a single boundary of I" 4. Hence
by Lemma 3.2.8 we have x(B,T'4) > —1/2, and x(B,T'4) = —1/2 if and only if B is highly
hyperbolic |

In the next chapter we shall use extensively the following proposition to simplify cases

where a simply-connected red blob contains at most one boundary edge.

Proposition 4.6.10. Let B be a simply-connected red blob of T'y € T, and let p € {w,T}.
Suppose that B has an edge on p, and that B is tricky for I 4 with respect to p. Then B contains
at least two boundary edges.

Hence if B' is a simply-connected red blob with exactly one boundary edge, on p say, then
d(B’) N p is a sub-path of (B').

Proof. By Lemma 4.6.5 we have x(B,I'4) < —1/2, hence by Lemma 3.2.8 B contains at
least two boundary edges. For the second statement, note that by the first statement of the

lemma B’ is not tricky with respect to p, hence 9(B’) N p is a single consolidated edge. So
d(B’) N p is a sub-path of 9(B’). [ ]

Lemma 4.6.11. Let B be a highly hyperbolic red blob of I' 4 € T, and assume that all red
blobs of T 4 are simply-connected. Then |0(B)| < 6.

Proof. Let e; and e3 be the edges of B with e; C w and e3 C 7. We claim that there are two
distinct simple sub-paths [ and r of 9(B) that contain no edge of 9(I" 4), and the endpoints of
[ and r lie on €7 and €3. To prove the claim, suppose first that 9(B) does not pass more than
once through any vertex. Then 9(B) is a simple closed path, so 9(B) = ejlear, where [ and r

have the stated properties.
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Suppose instead that 9(B) passes through some vertex v more than once. Then by Lemma
4.2.3 v is the only vertex with this property, J(B) passes through v twice, and by Lemma
42.5T 4 \ B° decomposes as an edge-disjoint union of two annular diagrams. Hence again

0(B) = ejlear, where [ and 7 have the required properties.

Note that it suffices to show |I[, || < 2, so suppose for a contradiction that |I| > 2. Let v;
and vy be the endpoints of [ with v; € e1. Then there is an internal green face F' that shares
an edge e with B such thate C [ and e N ({v1} U {v2}) = (. By Axiom Tg, F' contains a
boundary edge. Without loss of generality assume that it lies on w. Let p be the sub-path of [
with endpoints v; and v € e, where v is such that e C p. Let I be the internal green face such
that 9(F1) N J(B) contains the edge incident with v1, and let F» be an internal green face with

an edge on p distinct from F7.

Suppose that B is edge-incident more than once with F5. By Proposition 4.2.8 B is edge-
incident twice with Fb, hence by Lemma 4.6.9 we have x (B, F»,I'4) = —1. By Axiom T we
have r , (F») = 0, so Sg, = {B}. By Proposition 4.2.8 T4 \ (F2 U B)° decomposes as an
edge-disjoint union of two annular diagrams. Hence as €N ({v1 } U{v2}) = 0 and Sp, = { B},
it follows that F5 has no boundary edge, contradicting Axiom Ts. So B is edge-incident once
with Fy, hence € N ({v1} U{v2}) = 0 implies B € Sk, \ Bp,.

Since B contains edges on the opposite boundaries of I' 4, by Part 3 of Lemma 4.2.3 no
vertex of S, is incident more than once with F5; and as all red blobs of I'4 are simply-
connected, by Proposition 4.2.8 no red blob of Sp, is edge-incident more than once with Fj.
Hence by Part 3 of Lemma 4.3.4 we have |Bp,| > 2. By Part 2 of Lemma 4.3.4 each element
of B, gives Fy curvature of at most —1/4. Hence |Sp,| = 3, and each z € Bp, is either a
red triangle that contains one boundary edge, or a vertex with dg(x) = 3andz € wN 7. In
particular, all interior vertices vy € J(F3) satisfy dg(ve) = 2.

Since O(F1) N p # 0, by Theorem 4.5.13 O(Fy) N p is a single consolidated edge. Hence
by the previous paragraph we have S, = {B, z} = Bp,, where B is edge-incident once with
F1, and x is either a red triangle edge-incident once with F} that contains one boundary edge,

or a vertex of green degree 3 incident once with £ and not on w N 7. Hence
ke (F1) =14+ x(B, F1,T4) + x(z, F1,T4)=1-1/2-1/4=1/4> 0,

contradicting Axiom T§. So || < 2, and similarly |r| < 2. The lemma follows. [ ]

4.6.2 Bad red blobs

In this subsection we characterize structure of diagrams in 7 that contain bad red blobs (see
Theorems 4.6.13-4.6.14). This will enable us to solve the conjugacy problem in quadratic time.

Recall that a red blob B is annular if R? \ B° is comprised of two components.

Lemma 4.6.12. Let B be an annular red blob of T 4 € T with boundary length | and Area(B) =
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t. Then | = t. Hence letting d = |0(B) N 9(T'4)

, we have

In particular, x(B,T4) < —1/2.

Proof. We use ideas from the proof of [34, Lemma 4.12]. Let B* be the induced sub-graph of
the dual graph I'’y of I" 4 on those vertices that corresponds to triangles in B. Note that a vertex
of degree one in B* corresponds to a triangle of B having two edges on 0(B). If we delete
this triangle from B, then we decrease both the number of triangles in B and the number of
edges in J(B) by one while B* remains connected. Furthermore, the vertices of degree two
correspond to triangles of B with exactly one edge on 9(B).

Let B} be the graph obtained from B* by repeatedly removing vertices of degree 1. By
graph duality the vertices of B° correspond to cycles of B*. Hence as B is annular and by
Axiom T3 all vertices of B lie on J(B), it follows that B} is a cycle graph. Let B; be the
sub-diagram of I"4 consisting of the closures of the red triangles of B that correspond to the
vertices of B}. By the previous paragraph |0(B;)| = Area(B;), hence | = t.

Now by the description of ComputeRSym (see Algorithm 2.6.4) we have

—t
LA = S o)

so the second statement follows from [ = ¢. [ |

Theorem 4.6.13. Let B be a bad red blob of I' 4 € T with an edge on O(I'4). ThenT'4 \ B
is a disjoint union of components T; (see Figure 4.12) that satisfy Statements 1-3 of Theorem
4.6.2. Moreover, B contains an edge on both boundaries of T 4, and each p € {w, T} satisfies
pl = 2.

Proof. Let B have an edge e on p € {w,7}. By Lemma 4.2.4 T4 is island-free, B is the only
bad red blob of I' 4, and by definition of a bad red blob there exist annular diagrams .S and S’
suchthat 'y \ B® = SU S and S NS’ = 0, where p C S (say). If S has no internal green
faces then S has area 0. Hence as by Lemma 3.2.4 all consolidated edges between B and the
external faces of I' 4 have length at most one, we deduce that p = €; and the endpoint v of e
has g (v) = 1, contradicting Axiom 73. So CArea(S) > (1,0). By Axiom T each internal
green face of I' 4 contains a boundary edge, hence |p| > 2.

We next show that x(B,T"4) = —3/4. By Axiom 7} and Lemma 4.2.4 the boundaries of S
are simple closed paths, hence as B contains an edge on p, S is a union of islands and bridges.
Therefore, there is a sub-diagram K of I' 4 well-bounded by B and p that is well-connected
(see Definition 4.4.2), with corners v and w such that v lies on an edge of 9(B) N p, and O(B)
does not pass more than once through any vertex of 9(B) N 9(K). Since |0(K) N I(B)| > 1,
we have CArea(K) > (1,0), hence K is well-contained (see Definition 4.4.3). By Axiom
Ts and Theorem 4.5.13 O(F') N p is a single consolidated edge for all green faces F' C K
and as 0(B) does not pass more than once through any vertex of 9(B) N J(K), by Lemma
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w

Figure 4.15: A bad red blob B with no boundary edge, see Theorem 4.6.14.

4.6.3 0g(v) = 2. So Lemma 4.4.8 implies dg(w) = 2, and therefore Lemma 4.4.9 gives
X(B,T'4) = —3/4, as claimed.

Hence Lemma 4.6.7 holds for all internal green faces edge-incident with B, so B has an
edge on both boundaries of T 4. Therefore, similarly as for S we can show that CArea(S’) >
(1,0), and that the p’ € {w, 7} with p’ # p has |p/| > 2. Hence as all consolidated edges
between B and the external faces of I'4 have length at most one, and Lemma 4.6.7 holds for
all internal green faces edge-incident with B, I"4 \ B is a disjoint union of components 7; that

satisfy Statements 1-3 of Theorem 4.6.2, as required. |

Theorem 4.6.14. Let B be a bad red blob of I' 4 € T. Then both of the following two state-

ments hold.

1. Suppose that B contains no edge of O(T 4). Then all internal green faces F of T 4 satisfy
the following 3 statements (see Figure 4.15).

(i) Sp = {B,x,y} = {B} U Bp.
(ii) B is edge-incident once with F'.

(iii) Each element z € B is either a red triangle that contains one boundary edge, or

a vertex with §q(2) =3 and z ¢ wN T.
Furthermore, each of w and T contains a green edge.

2. Each internal green face of T 4 is edge-incident with B, no p € {w, T} contains two

consecutive red edges, and either |p| > 2, or p contains a green edge.

Proof. Part 1. By Lemma 4.2.4 T" 4 is island-free, and B is the only bad red blob of I" 4, hence
by Lemma 4.2.5 all red blobs of I" 4 other than B are simply-connected. By definition of a bad
red blob there exist annular diagrams S and S’ such that T’y \ B® = SU S and SN .S’ = 0,
where w C S (say). By symmetry, it suffices to show that CArea(S) > (1,0) (as then by
Axiom Tg, w contains a green edge), and that the theorem holds for all internal green faces of
S.

Since B contains no edge of 9(I'4), it follows that S contains an internal green face F'
edge-incident with B, and note that B € S \ Br. We first show that the theorem holds for
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F. By Lemma 4.6.12 we have x(B,['4) = —1/2. Suppose that B is edge-incident more than
once with . By Axiom T we have xr, (F') = 0, hence S = { B}. But by Part 3 of Lemma
4.3.4 we have |Bp| > 1, a contradiction. Hence B is edge-incident once with F'.

By Axiom 7§, F has a consolidated edge e C w with |e| > 1. Let v and w be the endpoints
of e. By Part 1 of Lemma 4.3.4 there are =, y € Bp that are curvature incident with F’ at v and
w respectively. Suppose first that z = y is a red blob. As I 4 is island-free, by Theorem 4.6.2
x is not complicated. Hence as S N S” = (), z contains one boundary edge, so by Proposition
4.6.10 O(z) N w is a single consolidated edge f with |f| = 1. By Theorem 4.5.13 we have
O(F) Nw = e. Hence g(v) = 2 = dg(w) and w = ef. Therefore, we have Br = {x}, so
by Part 3 of Lemma 4.3.4 x is edge-incident exactly twice with F', and thus by Lemma 3.2.8
the theorem holds for F'. Next assume that v = z = w is a vertex. Then x is incident more
than once with F’, hence by Lemma 2.6.10 F satisfies the theorem. Finally, assume that x # y.
Then by Part 2 of Lemma 4.3.4 we have x(z, F,T'4), x(y, F,I'4) < —1/4, so apply Lemmas
2.6.10 and 3.2.8 to deduce that the theorem holds for F'.

Therefore, all interior vertices v € J(F') satisfy g (v) = 2. Soif |9(B) N 9(S)| = 1, then
the theorem holds for all internal green faces of S. Otherwise, there are two (not necessarily
distinct) internal green faces F and F5 incident with F', and F} and F5 are edge-incident with
B. Since F} and F; are edge-incident with B, similarly as for /' we deduce that the theorem
holds for F; and F5. Hence by induction we can show that all internal green faces of .S satisfy
the theorem. By symmetry the same holds for S’. So Part 1 holds.

Part 2. By Theorem 4.6.13 and Part 1 each internal green face of I' 4 is edge-incident
with B. Let p € {w, 7}. Since each internal green face of I 4 contains a boundary edge and by
Lemma 3.2.4 all consolidated edges between any red blob and any green face of I' 4 have length
at most one, by Theorem 4.6.13 and Part 1, p does not contain two consecutive red edges. By
Theorem 4.6.13 |p| > 2 if B contains a boundary edge, else by Part 1, p contains a green edge,

so we are done. [ |

4.6.3 Thickness of complicated and bad red blobs

Throughout this whole subsection we label all edges of the boundary of a red blob B with
respect to the orientation from B, and we let P = (X7 | Vp | R) be a valid pregroup presen-
tation (see Definition 2.6.14) for a group G. We shall show that if a diagram in 7 contains a
complicated or a bad red blob (see Definitions 4.1.1 and 4.6.1), then its boundary words are
conjugate in G by an element of X* of length at most 2r + 1, where r = max{|R| : R € R}
(see Proposition 4.6.18).

Recall Definition 3.1.3 of a minimal coloured area of an annular and simply-connected

diagram. The next lemma holds only under valid pregroup presentations.

Lemma 4.6.15. Let T be a coloured van Kampen diagram over P with a simply-connected red
blob B. Suppose that both of the following statements hold.

(a) T has minimal coloured area.
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Figure 4.16: Retriangulation of ® at v, see the proof of Lemma 4.6.17.

(b) All vertices of B lie on O(B).
Then all of the following statements hold.

1. No proper sub-word of any (cyclic) boundary word w of B is equal to 1 in U(P), w is
cyclically o-reduced, and if a,b € X7 and ab is a sub-word of w, then (a,b) € D(P).

2. For each vertex v € O(B), there exists a retriangulation By of B with precisely one

triangle incident with v.

Proof. Since T" has minimal coloured area and each vertex of B lies on 9(B), the proof of
Lemma 3.2.7 shows that no proper sub-word of w is equal to 1 in U(P); by Lemma 3.2.6 we
have |0(B)| > 3: so combining this with the previous statement we deduce that w is cyclically
o-reduced; and as P satisfies trivial-interleaving, by Lemma 2.5.13 we have (a,b) € D(P).
Hence Part 1 follows.

For Part 2, if there is a single triangle of B incident with v, then take B = B. So assume
that there are at least two triangles of B incident with v. Let e and f be consecutive edges on
0(B), meeting at v, and labelled by a and b respectively. Since RSym succeeds on P, by
Proposition 2.6.12 T" contains no loops, so the vertices of each red triangle of " are pairwise
distinct. Also, as I' has minimal coloured area, by [34, Proposition 3.8] I' is semi-o-reduced.
Therefore, as the edges of B incident with v other than e and f are all interior to B (since ef
is a sub-path of 9(B)), by the proof of [34, Lemma 3.15] we can retriangulate B at v, without
changing its boundary and area, to reduce the number of triangles of B incident with v to two.
So let ® be the sub-diagram of I' equal to the union of the two triangles of B incident with v.
Then ® has boundary word w := abed. By Part 1 we have a # 0% and (a,b) € D(P). Now
w =g (py 1, and by Theorem 2.3.11 [ab] #y;(p) 1, s0 ¢ # d°, and cd =p [ab]. By Axiom P2
we have (b7,a%), (d?,¢°) € D(P), and hence we can retriangulate ¢ at v (see Figure 4.16),
without changing its boundary and area, to reduce the number of triangles of B incident with

v to one, as required. |

Recall Definition 3.1.1 of cutting an annular diagram I" 4 open along a path p, resulting in

a simply-connected diagram I'. From the definition it follows that an image of a bad red blob
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of I'4 is a simply-connected red blob of I'; that if p passes through the interior of a simply-
connected red blob B C I' 4, then the image of B are two simply-connected red blobs of I';
and that the labels of the images of all edges not lying on p do not change. If x € T 4, then we
shall denote its image in I by x’ (we shall never work with more than one object in the image

of ). Recall Definition 2.5.14 of the 1-skeleton of a coloured diagram.

Lemma 4.6.16. Let ' 4 be an annular diagram of minimal coloured area defined over a finite
pregroup presentation, with boundary words wi and ws, and with a path p € F}4 intersecting
both w and 1. Let T be the simply-connected diagram resulted by cutting T" 4 open along p.

Then I' has minimal coloured area.

Proof. Since p intersects both w and 7, it follows that p has label some av € X* such that I
has boundary word W,, := awsaw{. Suppose that I' does not have minimal coloured area.
Then there exists a coloured simply-connected diagram A with boundary word W,, such that
CArea(A) < CArea(I"). Let m, and 7,0 be sub-paths of J(A) that make up « and o
respectively. Then it is possible to identify m, with 7,0 to obtain a coloured annular diagram

A 4 with boundary words w; and ws. But
CArea(A,) = CArea(A) < CArea(I') = CArea(l'y),

a contradiction. [ |

Lemma 4.6.17. Let I' 4 be a green-rich coloured annular diagram over P, with boundary

words w1 and wa, and of minimal coloured area. Assume that the following statements hold.

(a) The boundaries of I 4 are simple closed paths.
(b) T4 contains a red blob B satisfying one of the following statements.

(i) Bisbad, soT 4\ B° decomposes as a disjoint union of annular diagrams S and S'.

(ii) B is simply-connected, B is contained in an island E of I 4, B contains both end-
points of E, and E \ B° decomposes as an edge-disjoint union of two annular or
simply-connected diagrams S and S’ such that (B) N 9(S) and O(B) N (S’) are
simple paths.

Then for each vertex v € O(B) N O(S), there exists a retriangulation By of B with an internal
edge e such that v € 9(e) ande N O(S") # 0.

Proof. First note that since I' 4 is green-rich, all vertices of B lie on O(B). We claim that there
is an internal edge of B meeting both 9(.5) and 9(S’). Suppose first that B is bad. Then since
I" 4 is connected and S N S’ = (), there is such an edge.

Now assume that B is simply-connected. Let v; be an endpoint of . Since B contains both
endpoints of E and E'\ B° decomposes as S and S’, we have v; € 9(B) and v; € 9(5)NA(S’).
Since I'4 is green-rich and B is simply-connected, by Lemma 3.2.6 we have |0(B)| > 3, hence
either |0(S) NA(B)| > 2 or [0(S") N I(B)| > 2. It follows that if v is incident with exactly



4.6. More on red blobs 89

one triangle 7" of B, then T" contains an internal edge in B, as required. So suppose that v; is
incident with at least two triangles of 5. Then there is an internal edge e in B with endpoints
v1 and some vertex of 9(S) U d(S’). So as v, € 9(S) N A(S”), e meets both I(S) and I(S").

Letv € 0(B) N J(S) be a vertex. By our claim there is a vertex of 9(B) N 9(S) for which
B = B satisfies the lemma. The proof is by induction on the length n of a path in 9(B)NJ(.5)
from v to such a v;. The base case is n = 0, so v = vy. Assume that the lemma holds for
n — 1, and that there is a vertex v, of 9(B) N d(.S) such that there is a path p C 9(B) N I(5)
of length n between v and v1, and such that there is a retriangulation B; of B with an internal
edge e such that v; € 9(e) and e N J(S") # . Let A 4 be the diagram with B replaced by B;.
Since S and S’ are connected, there is a path 7 € Ay meeting both boundaries of A 4, such
that » N BY = e, and cutting A 4 open along r gives us a coloured simply-connected diagram
I'. Let B} C T be the red blob in the image of B; that contains p’. Let v} be the image of v;
with v € Bi, let ¢’ be the image of e with ¢/ C Bj, and let f' C p’ be an edge incident with
vi. IfO(B)NA(S) is a loop, then v = vy, S0 we can assume that |0(B)NA(S)| > 2. Then note
that f is an edge incident with e, and since by Lemma 4.2.4 and Condition (ii) of the lemma
d(B) N 9(S) is a simple path, from r N By = e we deduce that ¢/ f’ or f’¢’ is a sub-path of
a(BY).

Now A 4 has minimal coloured area, so by Lemma 4.6.16 T" has also minimal coloured area;
and as all vertices of B lie on 9(B), the same holds for By and Bj. Thus, by Lemma 4.6.15 we
can without loss of generality assume that there is precisely one triangle of Bj incident with
v}. Hence as ¢/ f’ or f’¢’ is a sub-path of (B ), the pre-image vo of the endpoint of f” distinct
from v satisfies the lemma, and as f’ C p/, it follows that v is at distance at most n — 1 from
vin (8(B) N 9(S))!, so by induction the lemma holds. [ |

We can now present the main result of this subsection. Recall that we label all edges of the

boundary of a red blob B with respect to the orientation from B.

Proposition 4.6.18. Let 'y € T be defined over P, and of minimal coloured area. Assume
that I 4 contains a bad or complicated red blob B, and B is edge-incident with an internal
green face F with an edge on w.

Then there exists a retriangulation By of B in which there is an internal edge f incident
with a common edge e of I’ and B, where the labels y of f and x° of e satisfy both of the

following statements.
1. ef is a path, and x # y° and (x,y) € D(P).

2. If the other endpoint of f is not on T, then there is an internal green face F| with an
edge g C O(B), such that fg is a path, the label z° of g satisfies (y, z) € D(P), and no

sub-word of xyz is trivial in U (P). Moreover, F\ has an edge on T.

In particular, there is a path between w and T of length at most 2r + 1, where r = max{|R| :
R € R} is the length of the longest green relator.
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Proof. By Theorems 4.6.2,4.6.13 and 4.6.14 9(B)NO(F) is a single edge e (labelled 27, say),
and B satisfies Condition (b) of Lemma 4.6.17. Hence as by Axiom 77 the boundaries of I" 4
are simple closed paths, by Lemma 4.6.17 there exists a retriangulation B; of B in which there
is an internal edge f incident with e such that e f is a path, and f meets the boundary of the
diagram of the decomposition of Y\ B° (for some Y € {I'4, E'}) that does not contain F'.
Let A4 be the diagram with B replaced by B;. Applying Theorems 4.6.2, 4.6.13 and 4.6.14
again shows that there is a path pef € AL, where p C 9(F) and pNw # 0; and if f N7 = 0,
then there is a path p; € A}4 such that fp; is a path, and p; N 9(B) and p; N 7 are both single
vertices.

Suppose first that f N7 # (). Cut A4 open along pef to obtain a simply-connected
diagram I". Then there is a simply-connected red blob B} C T in the image of B; that contains
¢’. Hence let y be the label of f such that 2y is a sub-word of a boundary word of B]. Since
A4 is green-rich, all vertices of Bj lie on J(B1), and the same holds for B]. Also, as A4
has minimal coloured area, by Lemma 4.6.16 I" has also minimal coloured area, so by Lemma
4.6.15 we have = # y? and (z,y) € D(P), as required.

Now assume that f N7 = (). Since p; NA(B) and p; N7 are both single vertices, there is an
internal green face F; with edges g C O(B) and h C 7, such that fg is a path; and cutting A 4
open along pe fp; results in a simply-connected diagram I, where there is a red blob B} C T'
in the image of B; that contains ¢’ and ¢’. Then similarly as in the previous paragraph we can
show that I' and B] satisfy assumptions of Lemma 4.6.15, hence by Lemma 4.6.15 no proper
sub-word of any (cyclic) boundary word of Bj is equal to 1 in U(P). Since e and g lie on
internal green faces, we have |0(B])| > 4. So letting y and 2z be the labels of f and g such
that xyz is a sub-word of a boundary word of B}, we have that no sub-word of xyz is trivial in
U(P). The proposition follows. |



Chapter 5

Thickness of diagrams in 7

5.1 Results and key definitions

Recall Definitions 4.6.1 and 4.6.8 of what it means for a red blob to be complicated, or highly
hyperbolic. Recall also Definitions 4.3.2 and 4.3.4 of the curvature neighbourhoods S and
Br of an internal green face. Our main goal in this chapter is to prove the following theorem.

Throughout this chapter we will prove results about boundaries that are symmetric in w and 7,

sowelet {p,p'} = {w, 7}

Theorem 5.1.1. Let F' be an internal green face of I' 4 € T with an edge on p, and suppose
that all red blobs of T 4 are simply-connected, and none of them are complicated. Then at least

one of the following statements holds.
1. O(F)Ynp #0.

2. F is edge-incident with a red blob B with an edge on p'. Moreover, either B is highly
hyperbolic and |0(B)| < 6, or B contains precisely one boundary edge and |0(B)| < 5.

3. There is an internal green face F' with O(F')NO(F) # 0, with an edge on p/, and either
F' and F are edge-incident, or S N S contains a red blob B with no boundary edge
and |0(B)| < 4.

Throughout this chapter we shall study faces that satisfy the following two definitions.

Definition 5.1.2. Let 'y € 7. We say that a face F' of I'4 is thin with respect to p if F is an

internal green face, F' has an edge on p, and both of the following conditions hold:
@ O(F)Np =0.
(b) F is not edge-incident with any red blob that has an edge on p’.

We say that F is thin if F' is thin with respect to some p € {w, 7}.
If F is a thin face with respect to p, then a a boundary link of F' is an internal green face
F’ with O(F")NO(F) # 0 and O(F") N p' # 0.

91
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Definition 5.1.3. Let 'y € 7. We say that an internal green face F' is pre-neighbourly with
respect to p if F' is thin with respect to p, no element of Sg is curvature incident more than
once with F', and each vertex of By has green degree 3.

We say that F' is neighbourly with respect to p if F' is thin with respect to p, and F' has no
boundary links.

We say that F' is (pre-)neighbourly if F' is (pre-)neighbourly with respect to some p €

{w, 7}

The chapter is structured as follows. In Section 5.2 we prove some auxiliary results about
faces F' curvature incident more than once with some element of Sr. Suppose that all red blobs
of 'y € T are simply-connected, and that none of them are complicated. In Section 5.3 we
describe curvature neighbourhoods of neighbourly and pre-neighbourly faces of I' 4, and prove
that all neighbourly faces of I" 4 are pre-neighbourly. In Section 5.4 we prove that I 4 has no
neighbourly faces. In Section 5.5 we prove Theorem 5.1.1. Finally, we apply Theorem 5.1.1 to
prove the Three Face Theorem in Section 5.6.

5.2 Faces which are curvature incident more than once with a blob

or vertex

In this section we collect several preliminary results that we shall use throughout this chapter.

Lemma 5.2.1. Let I be an internal green face of I 4 € T. Then the following statements hold.

1. Suppose that F is incident more than once with a vertex v. By Lemma 4.2.3 T 4 \ (F)°
decomposes as an edge-disjoint union of annular diagrams Uy and U's. Assume further
that for some i € {1,2}, the only face in I'; incident with v is a red blob B. Then B is
edge-incident twice with F.

2. Suppose that F' satisfies at least one of the following two conditions.

(i) F'is edge-incident with itself.
(ii) O(F)NO(B) contains two edges that are consecutive on O(B) for some blob B, or

F' is incident more than once with a vertex of green degree 3.

Then F is curvature incident more than once with at least two elements of Sr.

Proof. For Part 1, by Proposition 4.2.8 B is edge-incident at most twice with F'. So suppose
for a contradiction that B is edge-incident once with F'. Then as all faces of I'; incident with
v are contained in B, the common edge of F’ and B is an interior loop labelled by a V7 -letter,
contradicting Axiom 75. Hence Part 1 follows.

For Part 2, assume first that F' is a edge-incident with itself. Then by Lemma 4.2.3 there
is a consolidated edge f C O(F') with distinct endpoints v; and v9 that are incident twice with
F. Now for 1 < i < 2, either v; € Sp, or dg(v;) = 2, and by Part 1 there is a red blob incident

with v; and edge-incident twice with F', so we are done.
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Figure 5.1: The face F with Sy, = Sp, see the proof of Lemma 5.2.3.

Now assume that F' is not edge-incident with itself. By Part 1 if F'is incident more than
once with a vertex of green degree 3, then Part 2 holds. So assume that 9(F") N 9(B) contains
two edges that are consecutive on J(B) for some blob B. Then by Lemma 4.2.6 F' is incident
more than once with some vertex v € J(B). Hence if dg(v) > 3, then the lemma holds, so
assume dg(v) = 2. Then by Part 1 there is a red blob B; # B edge-incident twice F'. |

Lemma 5.2.2. Suppose that F is an internal green face of I' 4 € T that is curvature incident
more than once with some x € Sp \ Br, and no element of B is curvature incident more than
once with F. Then |Br| = 2.

Proof. Since no element of B is curvature incident more than once with F’, Part 3 of Lemma
4.3.4 shows that |[Br| > 2. By Axiom 7y we have xr,(F) = 0. Hence as by Part 2 of
Lemma 4.3.4 each y € Bp has x(y, F,T'4) < —1/4, and by Lemmas 2.6.10 and 3.2.8 we have
x(z, F,T") < —1/3, it follows that |Br| < 2. [ |

Lemma 5.2.3. Let 'y € T. Suppose that all red blobs of I 5 are simply-connected, and that
I" 4 contains an internal green face F' edge-incident more than once with some red blob. Then

there is at least one element of B curvature incident exactly twice with F.

Proof. Let B be the blob from the statement. By Axiom 7§, F' has a boundary (consolidated)
edge l on p € {w, 7} with |l|] > 1. By Proposition 4.2.8 T'4 is island-free: so by Theorem
4.5.13 we have O(F') N p = [; and every element of Sr is curvature incident at most twice with
F'. Hence suppose for a contradiction that all elements of Sy that are curvature incident twice
with F' are in Sp \ B, so in particular B € Sg \ Bp. Then Part 4 of Lemma 4.3.4 implies
X(B,F,T'4) > —1/2, and Lemma 3.2.8 gives Area(B) < 2.

By Proposition 4.2.8 T'4 \ (F U B)° decomposes as an edge-disjoint union of two annular
diagrams. Let I'; be the diagram that contains p, and let ' = I'y U F U B. By Lemma 5.2.2
we can let Bp = {x,y}, and let e and f be the common edges of B and F. Assume first that
Area(B) = 2. Then by Lemmas 3.2.6 and 3.2.8 we have |0(B)| = 4 and x(B, F,T'4) <
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\Y

v

Figure 5.2: The face I} with Sg, C {v, z,y}, see the proof of Lemma 5.2.4.

—1/2. Since s, (F') = 0, by Lemmas 2.6.10 and 3.2.8 we have
SF = {$7 Y, B},

B contains no boundary edge, and each z € {z,y} is either a red triangle with one boundary
edge, or a vertex of green degree 3. In particular, by Part 1 of Lemma 4.3.4 2 lies on or is
incident with [. Suppose first that e and f are not consecutive edges on J(B), and let g be an
edge of O(B) with g C I'° distinct from e and f. Note that ¢ is unique since |0(B)| = 4.
Let F; be the green face that shares g with B. We have F; C I'y, so by Axiom T, F7 has a
consolidated edge /; on p with |/;| > 1. By Theorem 4.5.13 we have O(F1) N p = l;. Hence
as each z € {z, y} is either a red triangle, or a vertex with d(z) = 3, we have Sp, = Sp (see

Figure 5.1). But B is edge-incident only once with F7, so
kr(F1)=1-1/4-1/4—-1/4=1/4<0,

a contradiction.

Hence e and f are consecutive on 9(B). Then by Lemma 5.2.1 F' is curvature incident more
than once with at least two elements of S, contradicting Sp = {z,y, B}. This concludes the
argument when Area(B) = 2.

Suppose that B is a red triangle. Then e and f are consecutive on 9(B), so by Lemma
5.2.1 F'is curvature incident more than once with at least two elements of Sr \ Br. But these
give F' curvature of at most —1/3 — 1/3 = —2/3, contradicting Part 4 of Lemma 4.3.4. N

Lemma 5.2.4. Let 'y € T. Suppose that all red blobs of T 4 are simply-connected, and that
I" 4 contains an internal green face F' curvature incident more than once with some element of

Sr. Then at least one element of Br is curvature incident exactly twice with F'.

Proof. By Axiom Tg, F has a boundary (consolidated) edge [ on p € {w, 7} with |I|] > 1.
Now I'y € T \ U, so if I'4 contains an island E, then by Proposition 4.5.1 £ = T'4 and
some green face contained in F is incident with both of its endpoints, hence by Lemma 4.5.2

the lemma holds. So we may assume that I'4 is island-free. Hence by Theorem 4.5.13 we
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(®)

P20

Figure 5.3: K bounded by the path p;p2, see the proof of Lemma 5.2.6.

have O(F') N p = [. By Proposition 4.2.8 every element of S is curvature incident at most
twice with F', so suppose for a contradiction that no element of B is curvature incident twice
with F'. Then by Lemma 5.2.3 no red blob is edge-incident twice with F'. So our assumption
and Part 4 of Lemma 4.3.4 imply that there is an interior vertex v incident twice with F' and
with x(v, F,T'4) > —1/2, so by Lemma 2.6.10 dg(v) < 4. By Lemma 5.2.2 we can let
Br = {z,y}.

By Lemma 4.2.3 T 4\ (F')° decomposes as an edge-disjoint union of two annular diagrams,
so let T'; be the one with p C 'y, and let ' = T'; U F. Suppose that g(v) = 2. Then by
Lemma 5.2.1 there is a red blob edge-incident twice with F', contradicting the last paragraph.
So dg(v) € {3,4}.

Assume next that dg(v) = 4. Then x (v, F,T'4) = —1/2. Since s, (F') = 0, by Lemmas
2.6.10 and 3.2.8 we have Sy = {v, z, y}, and each z € {x, y} is either a red triangle or a vertex
of green degree 3. Suppose that v is the only vertex incident twice with F'. Since iz (v) = 4,
there is an internal green face F; C I'j incident with v. As each z € {z,y} is either a red
triangle or a vertex of green degree 3, we deduce that Sp, O {v,x,y} (see Figure 5.2). By
Theorem 4.5.13 O(F1) N p is a single consolidated edge, hence S, = {v,z,y}. But v is

incident only once with F, so
kp,(F1)=1-1/4-1/4-1/4=1/4>0,

a contradiction.

Assume instead that there exists a vertex v; # v incident twice with F'. By Lemma 4.2.3
F'is edge-incident with itself. Hence by Lemma 5.2.1 F' is curvature incident more than once
with at least two elements of Sg, contradicting Sp = {v, z,y}.

Finally, suppose that ¢ (v) = 3. Then by Lemma 5.2.1 F' is curvature incident more than
once with at least two elements of Sp \ B, which give F’ curvature of at most —1/3 — 1/3 =
—2/3, contradicting Part 4 of Lemma 4.3.4. |

Recall that if we say that a closed path p is of the form pyp2 . . . p,, then p is a sequence of
simple sub-paths p;. Recall also Definition 2.5.14 of the 1-skeleton of a coloured diagram.

In the statement of the next lemma we allow tracing boundaries of faces in both directions.
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Figure 5.4: Depiction of a case where O(F") N p is not a single consolidated edge, see the proof
of Lemma 5.2.6.

Lemma 5.2.5. Let "' 4 € T. Suppose that all red blobs of T 4 are simply-connected, that none
of them are complicated, and that I" 4 contains an internal green face I and a red blob B € Sp

satisfying all of the following conditions.

1. F contains a consolidated edge | C p € {w, T}, and B contains at most two boundary

edges.

2. T4\ (F U B)° contains a simply-connected sub-diagram K with CArea(K) > (1,0),
that is bounded by a closed path p € F}4 of the form p1paps, where py is a sub-path of
O(F) with |p1| > 1, py is a sub-path of O(B) with |p2| > 1, and ps is a sub-path of p
such that py Np3 N1 contains an endpoint of | (see Figure 5.5 with p1, po and ps3 replaced

by r1,ro and po respectively).

3. 9(B) N p contains an edge g such that pag is a sub-path of O(B), and O(F) N 0(B)
contains an edge e such that pye is a sub-path of O(F') and eps is a sub-path of O(B).

Then B contains two boundary edges.

Proof. Let v be an endpoint of [ with v € p; N p3 NI. Since K is simply-connected and
CArea(K) > (1,0), by Axiom Ty we have |ps| > 1. Hence as g C p, the common endpoint
of g and ps does not lie on wN7; and if there is no red blob in BN K edge-incident with F at v,
then v is incident with some internal green face of K, and d;(v) > 3. In particular, there is an
x € Br N K curvature incident with F" at v. We first show that F, B, x are a neighbourhood of
p (see Definition 4.5.10). Suppose first that z = v. Then K satisfies all assumptions of Lemma
4.5.12, hence by Lemma 4.5.12 F, B, v are a neighbourhood of p, and K is a sub-diagram
bounded by F, B, v and p.

Now suppose that = is a red blob B;. Since By € K, we deduce that B; is not highly
hyperbolic. Hence as B; is not complicated, B; contains at most one boundary edge, so by
Proposition 4.6.10 9(B1) N p is a single edge g;. Furthermore, since K is simply-connected
and p; = O(K) N O(F') is a sub-path of O(F'), by Lemma 4.5.8 9(B1) N 9(F) is a single edge
ey. Let

K, := K\ By.
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Note that K is simply-connected, and CArea(K) > (1,0) implies that CArea(K;) >
(1,0). So as by Axiom Tg each internal green face contains a boundary edge and 9(B;) N p
and (B1) N O(F) are single edges, it follows that K7 is bounded by a closed path p’ € T'}y
of the form r17r9pars, where r is a sub-path of 9(By) with |r1| > 1, r9 is a sub-path of p;
such that if |ro| < 1, then F is incident precisely once with o, and 73 is a sub-path of ps with
|rs| > 1. Furthermore, g;r; and rje; are sub-paths of J(B1), e1ry and roe are sub-paths of
O(F), and the common endpoint of g; and 1 does not lie on w N 7, since g1 C p and |r3| > 1.
So we can apply Lemma 4.5.12 to deduce that F', B, B; are a neighbourhood of p, and that K
is a sub-diagram bounded by F, B, B; and p.

Since the sub-diagram L bounded by F', B, x and p is simply-connected, by Axiom 7 and
Theorem 4.5.13 (D) N p is a single consolidated edge for all green faces D C L. Thus, by
Lemma 4.5.11 B contains two boundary edges. |

Lemma 5.2.6. Let F' be an internal green face of I 4. Assume that the following statements
hold.

1. All red blobs of T 4 are simply-connected, and none of them are complicated.

2. There is a red blob B € Bp edge-incident exactly twice with F', and with one boundary
edge.

Let g C p be the boundary edge of B. Then p = g U [, where [ is a single consolidated edge of
F.

Proof. Since B contains one boundary edge and B € By, we have 9(F) N p # (. Hence by
Theorem 4.5.13 O(F') N p is a single consolidated edge {. By Proposition 4.2.8 I' 4 is island-
free,and I' 4 \ (F U B)° decomposes as an edge-disjoint union of two annular diagrams whose
boundaries are simple closed paths. Let I' be the one with p C I'. Suppose for a contradiction
that p £ g U [. Since g C p and the boundaries of I' are simple, I" is a union of islands and
bridges (see Definition 2.5.10). Hence by assumption on p it follows that Area(I') > 0, so
I contains a simply-connected sub-diagram K bounded by a closed path p € F}4 of the form
p1p2, where p1 C O(F) U 9(B) and |p1| > 1, and py is a sub-path of p such that p; Npe N1
contains an endpoint of [ (see Figure 5.3).

As B contains at most one boundary edge, by Proposition 4.6.10 9(B) N p = g, and
0(B) N p is a sub-path of 9(B). Hence [p; N O(F')| > 1. Also, if [py N 9(B)| < 1 (see Figure
5.4), then O(F') N p # [, a contradiction. So write p; = 7172, where 7 is a sub-path of O(F')
with |r1| > 1, and 73 is a sub-path of 9(B) with |ra| > 1.

By Proposition 4.2.8 R?\ (F'U B) contains at most one bounded component, hence 9(F) N
0(B) contains an edge e such that e is a sub-path of O(F) and er; is a sub-path of 9(B) (see
Figure 5.5). Since |r2| > 1 and K is simply-connected, we have CArea(K) > (1,0). Also,
as 0(B)Np = gand J(B)Npis a sub-path of J(B), we deduce that rog is a sub-path of 9(B).

So by Lemma 5.2.5 B contains two boundary edges, a contradiction. |
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Figure 5.5: K bounded by the path r17ryp2, see the proof of Lemma 5.2.6.

5.3 Neighbourly and pre-neighbourly faces

We will prove Theorem 5.1.1 by describing curvature neighbourhoods of a pre-neighbourly
face (see Definition 5.1.3). Let us therefore dedicate this section to their analysis: our main
result is Theorem 5.3.8. Recall Definition 2.6.8 that x(z,I") is the curvature that x gives to a

single internal green face across each curvature incidence.

Lemma 5.3.1. Let 'y € T contain a thin face F with respect to p. Then the following

statements hold.

1. O(F) N O(T'4) is a single consolidated edge | with |l| > 1, and F' is not incident with
any vertex of p N p'.

2. If F is curvature incident more than once with some element of S, then I 5 is island-

free.

3. Ifall red blobs of T 4 are simply-connected and none of them are complicated, then each
red blob B of Sg contains at most one boundary edge; if B contains an edge g on
p1 € {w, 7}, then (B) N p1 = g and O(B) N py is a sub-path of O(B); and all = € Sp
satisfy x(z, T 4) > —1/2.

Proof. Part 1. Follows immediately from Theorem 4.5.13 and definition of a thin face (see
5.1.2).

Part 2. Suppose for a contradiction that I" 4 contains an island E. Then by Proposition 4.5.1
I'4 = E, and FE contains a green face incident with both of its endpoints. But then by Lemma
4.5.2 F'is incident with an endpoint of F, so F' is not thin, a contradiction.

Part 3. Assume that B € Sp is a red blob. Since F' is thin, B is not highly hyperbolic.
Hence as B is not complicated, B contains at most one boundary edge; and if B contains an
edge on p; € {w, 7}, then by Proposition 4.6.10 9(B) N p; is a single edge. The last statement
follows by Lemmas 3.1.9 and 4.6.9. |
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Lemma 5.3.2. Let I'y € T contain a thin face F with respect to p. Suppose that all red
blobs of T 4 are simply-connected, that none of them are complicated, and that Br contains an
element x curvature incident more than once with F.

Then for some consolidated edge | of F' we have p = l if x is a vertex, else p = LU, where

g is a boundary edge of x. In particular, F' is the only internal green face with an edge on p.

Proof. By Lemma 5.3.1 9(F) N9d(I'4) = O(F) N p is a single consolidated edge I. Assume
first that x is a vertex v. Then v is an endpoint of /, so by Lemma 4.5.16 p = [. Now assume
that = is a red blob B. By Proposition 4.2.8 B is edge-incident exactly twice with F', and
by Lemma 5.3.1 B contains at most one boundary edge. So the lemma follows from Lemma
5.2.6. |

Lemma 5.3.3. Let F' be a neighbourly face of I 4 € T, and suppose that all red blobs of T 4

are simply-connected, and that none of them are complicated. Then F' is pre-neighbourly.

Proof. We first show that no element of B is curvature incident more than once with F'.
Suppose a contradiction that there is such an x € Bp. Since F is thin, by Lemma 5.3.1 "4
is island-free. Now F has an edge on p € {w, 7}, and by Lemma 5.3.2 F' is the only internal
green face with an edge on p, so as F' is neighbourly, F' is not incident with any other internal
green face.

Assume that z is a vertex. Then by Lemma 4.2.3 T'4 \ (F)° decomposes as an edge-
disjoint union of two annular diagrams. Hence since I'4 is island-free and F' is not incident
with any other internal green face, it follows that F' is edge-incident with an annular red blob,
a contradiction.

Now suppose that z is a red blob B. By Proposition 4.2.8 T'4 \ (F U B)° decomposes as
an edge-disjoint union of two annular diagrams. Hence as 9(F') N p/ = (), F is incident with
an internal green face F’ # F, a contradiction.

Thus, no element of B is curvature incident more than once with F', so by Lemma 5.2.4
no element of Sg is curvature incident more than once with F. Now if v is a vertex in B, then
as I is neighbourly, Corollary 4.5.17 shows that dg(v) = 3. [

Lemma 5.3.4. Let F be a pre-neighbourly face of I o4 € T, and suppose that all red blobs of
Skl > 3;

T 4 are simply-connected, and that none of them are complicated. Then |Bp| = 2;

and no red blob of Sp \ B contains a boundary edge.

Proof. Since F is thin, by Lemma 5.3.1 9(F') N 9(T"4) is a single consolidated edge [ C p €
{w, 7} with endpoints v,w ¢ p’. As by assumption no element of Sz is curvature incident
more than once with F', we have that 9(F') does not pass more than once through any vertex.
Hence as 9(F) N 9(T'a) C p\ p/, we have |Br| < 2. Furthermore, by Part 3 of Lemma 4.3.4
we have |Br| > 2, so |Br| = 2. By Lemma 5.3.1 x(z, F,T'4) > —1/2 for all z € Sp, and by
Axiom T we have xr , (F') = 0, hence |Sp| > 3.

To prove the last statement, suppose for a contradiction that there is such a blob B. By

Lemma 5.3.1 B contains precisely one boundary edge, and 9(B) N p is a single edge g. By
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Figure 5.6: A case where O(B) passes more than once through some vertex, see the proof of
Lemma 5.3.4.

Lemma 4.2.3 9(B) does not pass more than twice through any vertex, and it passes more than
once through at most one vertex. Suppose first that such a vertex w exists. Then by Lemma
42.5T 4 \ B° decomposes as an edge-disjoint union of two annular diagrams I'y and I's with
F C T (say), and the boundaries of I'; are simple closed paths. Since (B) Np = g, I'1
is a union of islands and bridges (see Definition 2.5.10), so as (F') does not pass more than
once through any vertex; 9(B) N p is a single edge; and I(F') N O(I'4) = [, we deduce that
I'4 \ (F U B) contains two components C' such that C is a simply-connected sub-diagram
of I 4 bounded by a closed path p € I‘}4 (see Definition 2.5.14) of the form pipop3, where
p1 is a sub-path of J(F') with |p1| > 1, p» € 9(B) and |p2| > 1, and p3 is a sub-path of
p such that p; N p3 N[ contains an endpoint of [ (see Figure 5.6). Now the closure of one
of these components C' does not contain w, hence for this C' the path ps is in fact a sub-path
of O(B). Moreover, since by Proposition 4.2.8 R? \ (F' U B) contains at most one bounded
component, it follows that 9(F') N d(B) contains an edge e such that p; e is a sub-path of O(F')
and ep is a sub-path of 9(B); and as 9(B) N p is just g, pag is a sub-path of J(B). The
simply-connectedness of C' and |p2| > 1 imply that CArea(C) > (1,0), so by Lemma 5.2.5
B contains two boundary edges, a contradiction.

Now suppose that B does not pass more than once through any vertex. Then 9(B) is a
simple closed path, hence as R? \ (F U B) contains at most one bounded component (and
if it exists, then by Proposition 4.2.8 it contains the external face with boundary 7), we have
that T4 \ (F U B) contains a component C' such that C' is a simply-connected sub-diagram
of I' 4 bounded by a closed path p € I‘}4 of the form p;pops, where p; and p3 have the same
properties as before, ps is a sub-path of (B) with |pa| > 1, pag is a sub-path of 9(B), and
O(F') N O(B) contains an edge e such that p;e is a sub-path of J(F') and ep, is a sub-path of
0(B) (see Figure 5.7). So Lemma 5.2.5 gives us a contradiction again. |

Lemma 5.3.5. Let F' be a pre-neighbourly face of I 4 € T. Suppose that all red blobs of T 4

are simply-connected, that none of them are complicated, and that By contains a red blob B
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Figure 5.7: A case where O(B) is a simple closed path, see the proof of Lemma 5.3.4.

with Area(B) > 2. Then O(B) does not pass more than once through any vertex, Area(B) =

2, and there is an internal green face F| with the following properties.
1. There are edges e C O(F) and f C O(F}) such that ef or fe is a sub-path of O(B).
2. B¢ Bp,.

Proof. Since F is thin, by Lemma 5.3.1 9(F') N 9(T"4) is a single consolidated edge [ C p €
{w, 7} with |[| > 1. Suppose for a contradiction that 9(B) passes more than once through
some vertex v. By Lemma 4.2.3 v is unique and 9(B) passes through v twice, and by Lemma
425 7T 4\ B° decomposes as an edge-disjoint union of annular diagrams I'y and I'e, with
F C T (say). By Lemma 5.3.1 B contains one boundary edge and 9(B) N p is a single edge
h. Since B € Bp, 0(B) N J(F') contains an edge e such that eh or he is a sub-path of 9(B)
(without loss of generality assume that it is eh), and as F’ is pre-neighbourly, e is the only edge
of 9(B) N O(F'). By Lemma 3.2.6 we have |0(B)| > 4.

Suppose that |0(B)| = 4. By Lemma 5.3.4 we have Sg \ Br # 0. Hence there is an edge
g CI(B)No(I'y) with g & {e, h}. Since |0(B)| = 4 and |0(B)NI(I'2)| # 0, we deduce that
d(B) N I(T'2) is a single edge g1; and as F' is thin, g1 Z p’. So g1 is an interior loop labelled
by a V7-letter, contradicting Axiom 75.

Hence |0(B)| > 5, so Area(B) > 3. Suppose that v € J(F’). There is an internal green
face F' C 'y such that 9(F”’) N d(B) contains an edge with endpoint v (see Figure 5.8). Since
F' C Ty, by Axiom T, F” has an edge on p/, so by Theorem 4.5.13 we have 9(F') N p/ =1/,
where I’ is a consolidated edge of F’ with |I'| > 1. As |0(B)NI(F)| = 1and S\ Br # 0, we
have 6 (v) > 3. Now by Corollary 4.5.15 there are elements in Bz that lie on or are incident
with I’ that collectively give F’ curvature of at most —1/2; and as v ¢ p’ and B has no edge

on p/, none of these elements are v or B. Hence by Lemmas 2.6.10 and 3.2.8 we have

/@FA(F’) <1+ x(B,F',T )+ x(v,F',T4) —1/2
<1-3/8—1/6—1/2=—1/24,
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contradicting Axiom 7.

Hence v ¢ O(F). Since |0(B) N O(F)| = 1 and Sp \ Br # 0, by our choice that eh
is a sub-path of 9(B), we deduce that there is an internal green face F' C T'; and an edge
f C O(F") N O(B) such that fe is a sub-path of 9(B). Suppose that B & Bpr. Since fe is a
sub-path of 9(B) and Sp \ Br # 0, there is an x € Sgr N (Sp \ Br). By Lemma 5.3.4 we
have x ¢ Bp:. Hence as B ¢ B+ and

X(B,F',T4) + x(x, F',T4) < —3/8 = 1/6 = —13/24 < —1/2,

B and z contradict Part 4 of Lemma 4.3.4.

So B € Bp:. As F' C T'y, it follows that £ cannot have any edge on p’, hence by Axiom
Ts, F' has an edge on p, and by Theorem 4.5.13 9(F’) N p is a single consolidated edge !.
Assume first that F” is edge-incident once with B. Then as fe is a sub-path of 9(B) and
B € By, it follows that i f is a sub-path of O(B). So since eh is a sub-path of 9(B), we have
d(B)N9o(I'1) = ehf, and ehf is a sub-path of O(B) (see Figure 5.9). But then J(B) cannot
pass through v more than once, a contradiction. So by Proposition 4.2.8 F’ is edge-incident
exactly twice with B. But then since B contains one boundary edge, Lemma 5.2.6 implies
p = h U, contradicting O(F) N 9(T'4) = L.

Hence the first statement of the lemma holds, so 9(B) is a simple closed path. Applying
Sr\ Br # () again shows that there is an internal green face F; and an edge f C 9(F1)Nd(B)
such that ef or fe is a sub-path of 9(B). Assume for a contradiction that B € Bp,. Since
|0(B)| > 4 and B contains one boundary edge, we have |0(B) \ 9(I"4)| > 3. Therefore, as
ef or feis a sub-path of 9(B), by Proposition 4.2.8 B is edge-incident exactly twice with F7.
Hence as B contains one boundary edge, Lemma 5.2.6 gives us a contradiction. So B ¢ Bp, .
As ef or feis a sub-path of 9(B), there is an z € Sp, N (Sp \ Br), and by Lemma 5.3.4 we
have = ¢ Bp,. Hence applying Part 4 of Lemma 4.3.4 to F, B, x shows that Area(B) = 2.

The lemma follows. [ |

Lemma 5.3.6. Let "4 € T. Suppose that all red blobs of T 5 are simply-connected, that none
of them are complicated, and that T 4 contains green faces F' and F satisfying both of the

following conditions.
1. F'is pre-neighbourly with respect to p.

2. (Sp\ Br) NSk, = {x,y} has size two, and x and y are curvature incident precisely
once with Fy and satisfy x(x, F1,T 4) + x(y, F1,T4) = —1/2.

Then |Br,| = 2, and each element of B, is curvature incident once with Fy, and is either a
red triangle containing one boundary edge, or a boundary vertex of green degree 3 that is not

onpnNp.

Proof. By Lemma 5.3.4 we have =,y ¢ Br,. Hence as by Axiom Ty we have s, (F1) = 0,
by Part 2 of Lemma 4.3.4 we have |Br,| < 2. So assume for a contradiction that |Br, | = 1,
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Figure 5.8: A case where F’ C T'y: the red curves are the boundaries of 'y, and the blue curve
is the inner boundary of I'y, see the proof of Lemma 5.3.5.

Figure 5.9: A case where I C I'y and B is edge-incident once with F’: the red curve depicts
the path eh f, see the proof of Lemma 5.3.5.
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and let By, = {z}. Then by Part 3 of Lemma 4.3.4 z is curvature incident exactly twice with
Fy. Hence Sp, = {z,y,2} and x(z, F1,I'4) = —1/2, and z is either a red triangle or a vertex
of green degree 3. Therefore, I satisfies Condition (ii) of Lemma 5.2.1, so F} is curvature
incident more than once with at least two elements of Sg,, contradicting Sp, = {z,y, z}.
Hence |Br, | = 2, so by Part 2 of Lemma 4.3.4 each z € Bp, has x(z, F1,['4) = —1/4,
and thus the lemma follows from Lemmas 2.6.10 and 3.2.8. |

The next lemma characterizes red blobs in the boundary curvature neighbourhood of a

pre-neighbourly face.

Lemma 5.3.7. Let I 4 € T. Suppose that all red blobs of I o are simply-connected, that none
of them are complicated, and that I 5 contains a pre-neighbourly face I such that Br contains
a red blob B. Then B is a red triangle.

Proof. Assume for a contradiction that Area(B) > 2. By Lemma 5.3.1 B contains one
boundary edge, on p say. By Lemma 5.3.5 9(B) does not pass more than once through any
vertex; Area(B) = 2; and there exists an internal green face F such that B ¢ Bp,, and there
are edges e C O(F') and f C O(Fy) such that ef or fe is a sub-path of 9(B): hence there is an
x € Sp, N (Sr \ Br). By Lemmas 3.2.8 and 5.3.4 we have x(B,I'4) = —1/3 and x & Bp,,
hence applying Part 4 of Lemma 4.3.4 shows that B and z are curvature incident once with F7,
and that x is a red triangle or a vertex of green degree 3. So x(B, F1,I'4) + x(z, F1,T4) =
—1/2, and hence by Lemma 5.3.6 |Br,| = 2, and each element of B, is either a red triangle
containing one boundary edge, or a boundary vertex of green degree 3 that is not on p N p’. In
particular, Sp, = Br, U{B, z}. By Lemma 3.2.6 |0(B)| = 4, hence |0(B) \ 9(I'4)| = 3. So
as B is curvature incident once with F and ef or fe is a sub-path of 9(B), there is an internal
green face Fy ¢ {F, F1 } edge-incident with B, and B € Bp,. In particular, 9(F>) N p # (), so
by Theorem 4.5.13 9(F») N p is a single consolidated edge I. Now as each element of Bp, is
either a red triangle containing one boundary edge, or a vertex of green degree 3 that is not on
pNp, thereisay € Br, N Bp,. Suppose that Fy has an edge on p. Then from 9(Fs) Np =1
we have Sp, = {B,y}. Hence kr, (F) =1—1/3 —1/4 =5/12 > 0, contradicting Axiom
Ts.

So Fj has an edge on p'. Since y € Br, N Bp,, we have 9(F») N p' # (), hence by Theorem
4.5.13 9(F2) N p is a single consolidated edge !’. From Part 1 of Lemma 4.3.4 we therefore

deduce that at least one of the following cases holds.

(i) Bp, contains a vertex on p N p'.

(i) [Br \ {B,y})| > 2.
(iii) Bp, contains a highly hyperbolic red blob.
But since Sg, O {B, y}, by Lemmas 2.6.10 and 3.2.8 in all Cases (i)-(iii) we have

kr (Fo) <1—-1/3—1/4—1/2=—1/12 <0,

a contradiction. [ |
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i 3 £
F F

Figure 5.10: Depiction of ceiling neighbours, see Definition 5.4.1.

We are now ready prove the main result of this section.

Theorem 5.3.8. Let 'y € T. Suppose that all red blobs of T 4 are simply-connected, that
none of them are complicated, and that T 4 contains a pre-neighbourly face F. Then |Bp| =
2, no x € Br is a red blob with Area(x) > 2, and no red blob of Sp \ Br contains a
boundary edge. Furthermore, the multiset of curvature values of Sp \ Br is {—1/4,—1/4}, or

{~1/6,-1/6,~1/6}, or {—1/3, —1/6}.

Proof. By Lemma 5.3.4 we have |Br| = 2 and no red blob of Sr \ B contains a boundary
edge. By Lemma 5.3.7 each red blob of Bz is a red triangle.

So it remains to prove the final statement. By definition of a pre-neighbourly face, each
vertex of Br has green degree 3. Hence the elements of Br collectively give F' curvature
precisely —1/2. By Lemma 5.3.1 each « € S has x(z,T'4) > —1/2, so the lemma follows
from Lemmas 2.6.10 and 3.2.8. |

5.4 Two face thickness

The main result of this section is Proposition 5.4.11, which plays a central part in the proof of
Theorem 5.1.1. Recall that a consolidated edge between faces F' and F’ is a non-empty path
of maximal length that is a sub-path of both 9(F") and O(F"), and that a path may consist of a
single vertex.

In the next definition we allow tracing boundaries of faces in both directions.

Definition 5.4.1. Let F' be an internal green face of 'y € T. A corner of F is a green face
F’ # F such that Bg» N Br # 0.

Suppose that |Sr \ Br| > 2. A ceiling of F is a green face F} such that Sp, N (Sr \ Br)
contains distinct elements x and y, and F and F' are incident by a consolidated edge e that has

the following properties (see Figure 5.10).
1. e contains or is incident with each of x and y.
2. If x and y are vertices, then |e| > 1.

3. If some z € {x,y} is a red blob, then there are edges f C 9(F') and g C 9(F1) such
that ef is a sub-path of O(F'), eg is a sub-path of O(F1), and fg is a sub-path of 9(z).
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We shall call x and y ceiling neighbours of F' and F.

Lemma 5.4.2. Let F be an internal green face of I 4 € T. Suppose that O(F')Nw and O(F )Nt
are single consolidated edges. Then the elements of Br collectively give F' curvature of at most
—3/4.

Proof. By Axiom T, F' contains a boundary edge, so without loss of generality assume that
|O(F) Nw| > 1. By Part 1 of Lemma 4.3.4 there are x,y € B that lie on or are incident with
O(F)Nw. Suppose first that z = y. If F is incident with some vertex v on wN7 distinct from z,
then by Lemmas 2.6.10 and 3.2.8 we have x(x, F,T'4) + x(v, F,T4) < -1/4—-1/2 = -3/4.
So we may assume that no such v exists. Then since d(F') N7 # (), x is curvature incident
more than once with F'. Hence by Part 2 of Lemma 4.3.4 x(x, F,I'4) < —1/2. If z is a red
blob with at least two boundary edges, or a vertex on w N 7, then by Lemmas 2.6.10 and 3.2.8
we have x(z, F,T'4) < —1. Hence we may assume that z is either a red blob with exactly
one boundary edge, or a vertex on w \ 7. If x is a red blob with an edge on 7, then by Part
1 of Lemma 4.3.4 some endpoint of O(F') N w lies on w N 7, a contradiction. Hence we can
assume that x is not a red blob with an edge on 7. Hence there is z € By \ {x} such that z is
either a red blob that meets F' with an edge on 7, or a vertex on 7. By Part 2 of Lemma 4.3.4
x(z, F,T' 4) < —1/4, so the lemma follows.

Now assume that x # y. If = or y is a red blob with at least two boundary edges, or a vertex
onw N7, then x(z, F,T4) + x(y, F,T4) < —1/2—1/4 = —3/4; and if x or y is a red blob
with an edge on 7, then some endpoint of O(F") N w lies on w N 7. So we may assume that x
and y are either red blobs with precisely one boundary edge that lies on w \ 7, or vertices on
w \ 7. Then there is z € Br \ {z, y} with the same properties as in the previous paragraph, so

we are done. [ |

Definition 5.4.3. Let F' be an internal green face of I' 4 € 7. We denote by T a cyclic tuple

of elements of Sp.

Lemma 5.4.4. Let F be a pre-neighbourly face of I' g € T with respect to p, and suppose that
all red blobs of T o are simply-connected, and that none of them are complicated. Then the

following statements hold.

1. F has a ceiling.
2. Let F be a ceiling of F. Then the following statements hold.

(i) O(Fy) intersects exactly one of the boundaries of T 4.

(ii) If O(F1)Np # 0, then all elements of Sg \ B are curvature incident once with Fy.

Proof. By Theorem 5.3.8 |Sr \ Br| > 2, and no red blob of Sr \ Br contains a boundary
edge. Let = and y be distinct elements of Sp \ By that are adjacent in T . Since x and y are
either interior vertices or red blobs with no boundary edge, there is an internal green face F}

such that F7 and F' are incident by a consolidated edge e that contains or is incident with each
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of = and y, and since x and y are adjacent in Ty and x # y, we can choose F} such that if x
and y are vertices, then |e| > 1; and such that if some z € {x, y} is a red blob, then Condition
3 of Definition 5.4.1 holds. So Part 1 follows.

For Part 2 (i), let F} be a ceiling of F'. By Axiom T§, F; has an edge on O(I"4), so suppose
for a contradiction that J(F}) intersects both boundaries of I"4. Applying Theorem 4.5.13
shows that both O(F) Nw and O(F7) N are single consolidated edges, hence by Lemma 5.4.2
the elements of B, give F curvature of at most —3/4. Let x and y be ceiling neighbours of F
and F1, so that z, y € Sp \ Br. As neither x nor y is a red blob with a boundary edge, we have
x,y ¢ Br,. By Lemmas 2.6.10 and 3.2.8 x(z, F1,T4) + x(y, F1,T4) <2-(-1/6) = —1/3,
hence k1, (F1) <1—-3/4—1/3 = —1/12, contradicting Axiom 7. Hence Part 2 (i) follows.

For Part 2 (ii), assume for a contradiction that 9(F}) N p # (), and that some z € Sp \ Br
is curvature incident more than once with Fj. Since Fj is a ceiling, we have (Sp, N (Sk \
Br))\ {z} # 0, so by Lemmas 2.6.10 and 3.2.8 the elements of Sg, N (Sg \ Br) collectively
give F curvature of at most 3 - (—1/6) = —1/2, and as no red blob of Sp \ Br contains
a boundary edge, we have (Sp \ Br) N Br, = 0. Hence by Part 4 of Lemma 4.3.4 we have
Sr, = {z,y}UBp,, where = and y are ceiling neighbours of F'and Fi, x and y are red triangles
or vertices of green degree 3, and the element of {x,y} \ {z} is curvature incident once with
Fi. In particular, F is curvature incident more than once with a vertex of green degree 3 or
a red triangle, so F} satisfies Condition (ii) of Lemma 5.2.1, hence by Lemma 5.2.1 there is
t € Sp, \ {z} curvature incident more than once with Fi, and so t € Bp,.

Applying Part 2 of Lemma 4.3.4 shows that x(t, F1,I'4) < —1/2. By the previous
paragraph the elements of Sg, \ Br, collectively give F curvature of at most —1/2, hence
x(t, F1,T4) = —1/2, and so t is a red triangle or a vertex with green degree 3. It follows that
Sk, = {x,y,t}. Hence as z and ¢ are red triangles or vertices with green degree 3, F is inci-
dent with itself by a consolidated edge that contains or is incident with z and ¢. Hence by Part
3 of Lemma4.2.3 T4 \ (F})° decomposes as an edge-disjoint union of two annular diagrams,
so either ¢ is a red triangle with an edge on p/, or a vertex on p’. But then since t € Bp,, we
have 9(Fy) N p’ # (), contradicting Part 2 (i) of the lemma. The result follows. |

Lemma 5.4.5. Suppose that all red blobs of I' 4 € T are simply-connected, that none of them
are complicated, and that I" 5 contains a pre-neighbourly face F' with respect to p, so that by
Lemma 5.4.4 F has a ceiling Fy. If F has an edge on p, then F has distinct corners Fs and
Fs, and Fy & {F, F3}.

In particular, if F' is a neighbourly face with respect to p, then F' has two distinct corners,

and a ceiling, and any ceiling of F' is not a corner of F'.

Proof. We first prove that F' has (not necessarily) distinct corners F5 and F3 and that F} ¢
{F3, F3}, and then apply F} & {F5, F3} to show that F and F3 are in fact distinct. As F' is
pre-neighbourly, F is thin: so no red blob of By has an edge p’, and no vertex of By lies on
p'; and all elements of Sy are curvature incident once with F'. Hence as by Theorem 5.3.8 we

have |Br| = 2 and the elements of By are red triangles or vertices of green degree 3, there are
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Figure 5.11: Depiction of F3 contained in the sub-diagram K. The blue curves are the bound-
aries of I', see the proof of Lemma 5.4.5.

green faces Fy # F and F3 # F with B, N B # () for 2 < i < 3; s0 9(F;) N p # (; each
element of Br is curvature incident at most once with F;; and for each z € Br, N B, there is
an element z* € Sp, N (Sr \ Br) adjacent to z in Tp.

Let z and y be ceiling neighbours of F' and F;. Since Fj has an edge on p and 9(F') N
p' = 0, by Theorem 4.5.13 9(F1) N p is a single consolidated edge ! with |I| > 1. Suppose
that F1 = Fy. If some t € {z,y} is adjacent in T to an element of B, N Br, then by
Definition 5.4.1 F} is curvature incident more than once with ¢, contradicting Lemma 5.4.4
since O(F1) N p # (0. So if F, = F3, then |Bp, N Br| = 2, and by the previous paragraph we
have |Sp, N (Sp \ Br)| > 4. But by Theorem 5.3.8 |Sr \ Br| < 3, a contradiction.

Hence Fy # F3. Then |Bp, N Br| = 1, say Bp, N B = {z}, and [ contains or is
incident with z. By the first paragraph there exists z* € Sp, that is adjacent in T'r to z. As no
element of S \ B is curvature incident more than once with F, we have z* ¢ {z,y}. Hence
|Sr, N (Sk \ Br)| > 3, and therefore by Theorem 5.3.8 we have S \ Br = {z*, z,y}, so

TF = (27 Z*7x7y7w)7

say, and all elements of Sy are red triangles or vertices of green degree 3. Since |[| > 1
and z is curvature incident once with F1, there is ¢ € Bp, \ {z} that lies on or is incident
with [. As by Theorem 5.3.8 no red blob of {z* z,y} contains a boundary edge, we have
{z,t} N {z*,2,y} = 0. By Part 2 of Lemma 4.3.4 we have (¢, F1,T'4) < —1/4, so as by
Axiom Ty we have kp, (F1) = 0, we deduce that Sp, = {z, 2", z,y,t}, and x (¢, F1,T'4) =
—1/4. In particular, all elements of Sg, are curvature incident once with Fi, and are red
triangles or vertices of green degree 3.

Since {z,z*, z,y} C Sp, and all elements of Sp, are curvature incident once with F1, it
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follows that R?\ (F'U Fy) contains a bounded component C. Suppose that p = 7. As I} # F3,
we have F3 C C. Now assume that p = w. Then as all elements of Sp \ B are interior vertices
or red blobs with no boundary edge, we deduce that CArea(C) > (1,0). Hence we showed
that C' contains an internal green face F’. By Axiom Ty, F’ contains a boundary edge, hence
C contains the external face with boundary 7. Therefore, I' 4 \ (F U F})° contains an annular
sub-diagram I" with 9(I") = {p, p1}, where p; C 9(F) U O(F1) and |p1| > 1. In particular,
F3 CT. By Axiom 17, p is a simple closed path. Since F' and F are not incident more than
once with any vertex, O(F') and J(F}) are simple closed paths, so p; is also a simple closed
path. Hence as F' has an edge on p, I' is a union of islands and bridges (see Definition 2.5.10),
and therefore F} is contained in a simply-connected sub-diagram K C "4\ (F U F})° bounded
by a closed path p € F}4 (see Definition 2.5.14) of the form pyps, where p1 C O(F') U O(F)
and |p1| > 1, and py is a sub-path of p (see Figure 5.11 with p = w).

Since F3 # Fi, we have |Bp, N Bp| = 1, so Bp, N Bp = {w}; and as 9(F3) N p #
and O(F) N p' = (), by Theorem 4.5.13 (F3) N p is a single consolidated edge [; that contains
or is incident with w. Since Tp = (z, 2%, z,y, w), by the first paragraph y € Sg,, and as y
is a red triangle or a vertex of green degree 3, F and F3 are incident by a consolidated edge
l2 that contains or is incident with y. Since Sp, = {z,2*,z,y,t} and all elements of Sg, are
red triangles or vertices of green degree 3 curvature incident once with F}, we deduce from
F3 C K and t € [ that I3 contains or is incident with ¢. Therefore, as 9(F3) N p = I, we have
Sr, = {w,y,t}. Hence all elements of Sg, are red triangles or vertices of green degree 3, and

therefore they are all curvature incident once with F3. So
KFA(F;J,) =1- 1/4— 1/4 — 1/6 = 1/3 > 0,

a contradiction. Hence we showed that F & {F5, F3}.
Now if Fy, = F3, then by Theorem 4.5.13 F} cannot have any edge on p, a contradiction.
Finally, suppose that F” is a neighbourly face with respect to p. By Lemma 5.3.3 F” is pre-
neighbourly with respect to p, and as F” has no boundary links (see Definition 5.1.2), every

ceiling of F’ has an edge on p, so the result follows. |

Corollary 5.4.6. Let F' be a pre-neighbourly face of T' 4 € T with respect to p, and suppose
that all red blobs of T 4 are simply-connected, and that none of them are complicated. Then for
any ceiling Fy of F that has an edge on p, we have Sp, N Sp = {x,y}, where x and y are the
ceiling neighbours of F' and F.

Proof. By Theorem 5.3.8 all elements of Br are red triangles or vertices of green degree 3,
hence as by Lemma 5.4.5 F} is not a corner of F', we have Sp, N Bp = (). So suppose for
a contradiction that |Sp, N (Sp \ Br)| > 3. Then by Theorem 5.3.8 |Sr \ Br| = 3, and
each element of S is either a red triangle or a vertex of green degree 3. But then the middle
element of Sp \ Br in Tr is curvature incident twice with F}, contradicting Part 2 (ii) of
Lemma 5.4.4. |

Recall that two internal faces F' and F are incident if and only if F' N F” # ().
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Figure 5.12: Depiction of the ceiling sub-diagram C5. The blue curve is 9(Cy), see the proof
of Lemma 5.4.9.

Definition 5.4.7. Let F' be a neighbourly face of I'4 € T with respect to p, and let Kz be
the sub-diagram of I'4 which is the union of all internal green faces incident with F'. The
neighbourly sub-diagram N of F is the union of Kz and all components C of I' 4 \ K such
that C N p' = ().

In the next definition we allow tracing boundaries of faces in both directions.

Definition 5.4.8. Suppose that all red blobs of I'y € T are simply-connected, that none of
them are complicated, and that I"4 contains a pre-neighbourly face F' with respect to p, and a
ceiling F; of F that has an edge on p. Since O(F) N p’ = (), by Theorem 4.5.13 9(F) N p and
O(F1) N p are single consolidated edges [ and I, respectively. Then a ceiling sub-diagram of F
by F} is the closure Cr of some component of I' 4 \ (F U F}) that satisfies all of the following
statements (see Figure 5.12 with Cr = Cy, and Figure 5.13 with Cr = O).

1. Cp is simply-connected and Cr contains precisely one corner of F'.

2. The concatenation of [ and 9(Cr) N I(F) is a sub-path of J(F'), and the concatenation
of 0(Cr) N O(F1) and [y is a sub-path of J(F}).

3. Either F' and F are edge-incident by a consolidated edge e such that the concatenation of
J(Cr)NI(F) and e is a sub-path of 9(F') and the concatenation of e and 9(Cr)NI(F})
is a sub-path of 9(F7), or some ceiling neighbour z of F' and F7 is a red blob, and there
are edges e C J(F) and f C J(F}) such that the concatenation of J(Cg) N O(F)
and e is a sub-path of O(F'), ef is a sub-path of J(z), and the concatenation of f and
J(Cp) N O(F}) is a sub-path of O(F1).

Lemma 5.4.9. Let F be an internal green face of I 4 € T, and suppose that all red blobs of T 4
are simply-connected, and that none of them are complicated. Then the following statements

hold.

1. Assume that F' is pre-neighbourly with respect to p, and that F' has a ceiling Fy with an
edge on p. Then F defines a ceiling sub-diagram Crp.
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Let F5 be the corner of F' with Fo C Cp. Then Cp U F U F) contains all internal green
faces incident with Fs. In particular, Iy is neighbourly with respect to p, and if the
neighbourly sub-diagram of Fy is simply-connected, then it is contained in Cr UF U F.

2. Assume that F is neighbourly with respect to p. Then every ceiling of F defines a ceiling
sub-diagram, and every ceiling sub-diagram of F' is contained in the neighbourly sub-
diagram N of F.

Let Cr be a ceiling sub-diagram of F' given by F1, and containing a corner Fy of F.
Then every ceiling sub-diagram of F is contained in Cr, and if N p is simply-connected,
then the neighbourly sub-diagram of Fs is also simply-connected and is contained in
CrUFUF.

Proof. Part 1. We have O(F)Np’ = ), and by Lemma 5.4.4 9(F1)Np’ = (. Hence by Theorem
4.5.13 9(F) N p and 9(F1) N p are single consolidated edges [ and [; with |I|,|l;| > 1. By
Lemma 5.4.5 F has distinct corners F5 and F3, and Fy ¢ {F5, F3}. Let Kp, be the sub-
diagram of I" 4 which is the union of all internal green faces incident with F5, and let x and y
be ceiling neighbours of F' and Fj. Since Fj has an edge on p, by Lemma 5.4.4 z and y are
curvature incident once with F, and by Corollary 5.4.6 we have Sg, N Sp = {z,y}.

Suppose first that O(F}) passes more than once through some vertex. By Part 3 of Lemma
423 T4\ (F1)° decomposes as an edge-disjoint union of annular diagrams I'; and I'y with
F C T’y (say), the boundaries of I'; are simple closed paths, and I'; contains precisely one
vertex incident more than once with Fy. Since F} has an edge on p, I'; is a union of islands
and bridges. Hence for each i € {2,3}: there is a component C; of T'4 \ (F U F}) such that
C; is a simply-connected sub-diagram of I'4 with F; C C;, and F; Z C; for j € {2,3}\ {i}.
As I'y contains precisely one vertex incident more than once with F, we deduce that one of
the C;’s contains no vertex incident more than once with Fy, say it is Ca, so 9(Ca) N O(Fy) is
a sub-path of J(F7), and as by definition of a pre-neighbourly face no vertex is incident more
than once with F', 9(Cy) N O(F) is a sub-path of O(F).

We show that C5 is a ceiling sub-diagram of F' by Fj. By the previous paragraph C5 is
simply-connected and containing precisely one corner of F'. As O(F) N p = [ and 9(F1) N
p = li, we deduce that the concatenation of [ and 9(C2) N O(F) is a sub-path of 9(F’), and
the concatenation of 9(C2) N J(F1) and [y is a sub-path of O(F1). Moreover, since Sp, N
Sr = {z,y}, and x and y are curvature incident once with F}, from Definition 5.4.1 of ceiling
neighbours we deduce that either /' and F; are edge-incident by a consolidated edge e such
that the concatenation of 9(C2) N J(F’) and e is a sub-path of O(F') and the concatenation of e
and 0(C3) N J(F1) is a sub-path of O(F}) (see Figure 5.12), or some z € {x,y} is a red blob,
and there are edges e C 9(F) and f C J(F}) such that the concatenation of 9(C2) NJ(F') and
e is a sub-path of O(F'), ef is a sub-path of J(z), and the concatenation of f and 9(C2) NO(F1)
is a sub-path of 9(F}). Hence C is the desired ceiling sub-diagram.

To prove the rest of Part 1, first note that if D is an internal face incident with F5 such
that D ¢ C, then either D € {F, F1}, or D is contained in some red blob of {x,y}. Hence

all internal green faces incident with F5 are contained in Cy UF U Fy, and as Cy is simply-
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Figure 5.13: Depiction of the ceiling sub-diagram C'. The blue curve is d(C), see the proof of
Lemma 5.4.9.

connected and O(F') N p' = 0 = I(F1) N p', it follows that F» is neighbourly with respect to p.
Suppose that the neighbourly sub-diagram N, of F5 is simply-connected. Then by Definition
5.4.7 of a neighbourly sub-diagram, K r, ﬁlﬂ (see Definition 2.5.14) contains no closed path p
such that C NT 4 is an annular sub-diagram of I" 4 for each of the two components C' of R2 \ p.
In particular, F is not incident with Fy. So all components C of 'y \ Kg, with C N p/ = ()
satisfy C' C Cy U F U Fy, and therefore Npg, C Cy UF U F.

Now suppose that O( F;) does not pass more than once through any vertex. Then 9(F} ) is a
simple closed path. Hence as F has an edge on p, there is a component C' of I' 4 \ (FUF7}) such
that C' is simply-connected, C contains precisely one corner of F, say F» C C, and C' N 9(Fy)
is a sub-path of O(Fy). Since F is not incident more than once with any vertex, C N 9(F) is
a sub-path of O(F'). So as Sp; N Sp = {z,y}; = and y are curvature incident once with F;
and O(F)Np =1, 0(F1) N p = Iy, we deduce that C'is a ceiling sub-diagram of F' by F} (see
Figure 5.13).

So similarly as in the previous case we can show that F5 is neighbourly with respect to p,
and C' U F' U F} contains all internal green faces incident with F». As O(F) and 9(F}) are
simple closed paths, F' and Fy are simply-connected, hence all components C’ of T'4 \ K,
with C" N p' = () satisfy ¢’ € C U F U F, and so Ng, € C U F U Fy. Hence Part 1 follows.

Part 2. By Lemma 5.3.3 F'is pre-neighbourly with respect to p, and since ' has no bound-
ary links, by Axiom 7§ every ceiling I of F' has an edge on p. So by Part 1, F} defines a
ceiling sub-diagram Cp. Let K be the sub-diagram of I" 4 that is the union of all internal
green faces incident with F. Since 9(F') N p’ = () and by Lemma 5.4.4 9(Fy) N p/ = (), from
Definition 5.4.8 of a ceiling sub-diagram it follows that C N p’ = (). Hence as Kp C N and
N contains all components C of I' 4 \ Kx with C N p/ = (), we have Cr C N. Let F, be
the corner of F’ with F5, C Cp. By Part 1, F5 is neighbourly with respect to p, hence similarly
as for Cr we deduce that all ceiling sub-diagrams Cp, of F; satisfy Cp, N p' = (). Hence
as Iy C Cp, we have Cp, C Cp. Finally, suppose that N is simply-connected. By Part 1
all internal green faces incident with F» are contained in C U I U F1, hence the neighbourly
sub-diagram of F% is also simply-connected, and is contained in Cx U F' U Fy. The lemma
follows. u
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The following definition will be used repeatedly in the next proof.

Definition 5.4.10. Let F' be a neighbourly face of I' 4 € T, and suppose that all red blobs of
I" 4 are simply-connected, and that none of them are complicated. Let N ¢ be the neighbourly
sub-diagram of F'. A neighbourly region of F'is a sub-diagram Ryr C Ny such that if N is
simply-connected, then Ry = N, else CArea(R ) is minimal subject to the following two

conditions.
1. R contains all internal green faces incident with F'.
2. R contains a ceiling sub-diagram of F' given by some ceiling of F'.

Proposition 5.4.11. Suppose that all red blobs of I 4 € T are simply-connected, and that none
of them are complicated. Then I 5 has no neighbourly faces.

Proof. Assume for a contradiction that I' 4 has a neighbourly face F' with respect to p, and
let N and R be the neighbourly sub-diagram and a neighbourly region of F'. Furthermore,
choose F' so that CArea(Ry) is minimal among all neighbourly regions corresponding to
neighbourly faces with respect to p. By Lemmas 5.4.5 and 5.4.9 F’ has distinct corners F> and
F3, aceiling Fy with Fy € {F5, F3}, and a ceiling sub-diagram C defined by F3. By Lemma
5.3.3 F is pre-neighbourly, hence by Theorem 5.3.8 the elements of Br are red triangles or
vertices of green degree 3, so F» and F3 are incident with F'. Without loss of generality let
Fy C Cp. Then F3 € Cp, and by Lemma 5.4.9 F5 is neighbourly with respect to p, so let
Np, and RF, be the neighbourly sub-diagram and a neighbourly region of F5.

Suppose that N is simply-connected. Then by Lemma 5.4.9 Cr C Np, N, is simply-
connected and Ry, = Np, € Cp U F U F. But since N contains all internal green faces
incident with ', we have R = Ny O Cpr U F U F| U I3, so as F3 € Cp, we have
CArea(Rp,) < CArea(Rp), a contradiction.

Hence Ny is not simply-connected. By Definition 5.4.10 Ry contains a ceiling sub-
diagram C', given by some ceiling F} of F'. Without loss of generality assume that 5 C C/g,
so 3 ¢ C'n. By Lemmas 5.4.5 and 5.4.9 we have F| ¢ {F,, F3}, F5 is neighbourly with
respect to p, and C U F' U Fl’ contains all internal green faces incident with F5. By Defini-
tion 5.4.10 R contains all internal green faces incident with F', so as Ry O C/;, we have
Rr D CLUFUF|UF;.

Suppose that N, is simply-connected. Then by Lemma 5.4.9 we have Rp, = Np, C
C- UF U F], hence CArea(Rp,) < CArea(Rr), a contradiction. So N, is not simply-
connected. By Lemma 5.4.9 every ceiling sub-diagram Cp, of F; satisfies Cr, C C’.. Hence
by Definition 5.4.10 R, € C}. U F U F], so CArea(Rp,) < CArea(Rp). [

Corollary 5.4.12. Let 'y € T. Suppose that all red blobs of T o are simply-connected, that
none of them are complicated, and that T 4 contains a pre-neighbourly face F' with respect to

p. If Fy is a ceiling of F, then F| has an edge on p'.

Proof. By Axiom Tg, F has a boundary edge, so assume for a contradiction that it lies on p.

Then by Lemma 5.4.9 some corner of I’ is neighbourly, contradicting Proposition 5.4.11. W
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By using Proposition 5.4.11 we can strengthen Theorem 5.3.8.

Theorem 5.4.13. Let I'y € T. Suppose that all red blobs of T o are simply-connected, that
none of them are complicated, and that I" 4 contains a pre-neighbourly face F' with respect to

p. Then both of the following two statements hold.

1. If |Sp \ Br| = 2, then each element of Sp \ B is either a red blob with area 2 and

boundary length 4, or a vertex with green degree 4.

2. There is an internal green face F'y with an edge on p' such that either F\ and F are edge-
incident, or Sg, N Sg contains a red blob B with no boundary edge and |0(B)| < 4.

Proof. First note that by Lemma 5.4.5 there is a ceiling F7 of I, and by Corollary 5.4.12 I}
has an edge on p’, so by Lemma 5.4.4 9(Fy) N p = ().

Part 1. It suffices to show that the multiset of curvature values of Sp\Br isnot {—1/3,—1/6}.
So assume for a contradiction that Sp \ Br = {x,y}, where x is either a red blob with area 4
and boundary length 6, or a vertex with green degree 6, and y is either a red triangle, or a vertex
with green degree 3. Note that z and y are ceiling neighbours of ' and Fj. For 1 < ¢ < 6,
reading clockwise around z, let F; be an internal green face with z € Sg;, and without loss of
generality assume that Fg = F'. By Axiom Tg we can let /; be a boundary consolidated edge
of F; with |l;] > 1, where 1 C p’ and lg C p.

By Corollary 4.5.15 there are z;, y; € B, that lie on or are incident with /; that collectively
give F; curvature of at most —1/2, and since by Theorem 5.3.8 neither = nor y is a red blob
with a boundary edge, we have x,y ¢ Br,. We will work through increasing 7, showing that
F; is pre-neighbourly with respect to p’ for 1 < ¢ < 2, that F; is pre-neighbourly with respect
to p for 3 <14 < 4, and that for 1 <4 < 4 the multiset of curvature values of S, \ B, and B,
is {—1/3,—1/6} and {—1/4, —1/4} respectively. Using this we will then deduce that F} is a
ceiling of Fy with O(F5) N p # 0 # O(F5) N p/, contradicting Lemma 5.4.4.

Since x(z,I'4) = —1/3 and x(y,I'4a) = —1/6 (see Definition 2.6.8), by Part 4 of Lemma
4.3.4 each z € {z,y} is curvature incident once with F, so by Lemma 5.3.6 |Bp, | = 2, and
each element of B, is curvature incident once with F1, and is either a red triangle containing
one boundary edge, or a boundary vertex with green degree 3 that is not on pN p’. In particular,
no red blob of Sp, has an edge on p. So as 9(F1) N p = () and all elements of Sp, are curvature
incident once with F, we have that F is pre-neighbourly with respect to p’, and F} has the
properties stated in the previous paragraph.

Suppose that for some 2 < i < 5, J(F;) passes more than once through some vertex v.
Then by Lemma 4.2.3 (F;) passes through v twice, and T'4 \ (F};)° decomposes as an edge-
disjoint union of two annular diagrams. But this is impossible since I; C p/, lg C p, and
x and y are ceiling neighbours of I’ and F;. Now suppose that for some 2 < ¢ < 5, Fj is
edge-incident more than once with some blob B. By Proposition 4.2.8 T" 4 is island-free, B is
edge-incident twice with F;, and I' 4 \ (F; U B)° decomposes as an edge-disjoint union of two
annular diagrams. This is only possible if B € {z,y}, F and Fj are incident at some vertex

v € {x,y} and are not edge-incident, and I" 4 \ B° decomposes as an edge-disjoint union of
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two annular diagrams. But then the two common edges of F; and B are consecutive on 9(B).
So as F; is not incident with any vertex more than once, we contradict Lemma 4.2.6. Hence
we showed that for all 1 <7 < 6, all elements of Sr, are curvature incident once with F;.

By the choice of F; and F5 there is z € Br, NSp,. Since z is a red triangle or a vertex with
dc(z) = 3, z has 3 curvature incidences, so z € Bp,, and F; has a consolidated edge I}, C p/
that contains or is incident with z. By Theorem 4.5.13 9(F») N p’ = l5. Since all elements of
Sr, are curvature incident once with F5 and z is a red triangle or a vertex with dg(z) = 3, we
deduce that there is t € Bp, \ {z} that lies on or is incident with l;. By Part 2 of Lemma 4.3.4
we further have x (¢, F5,I'4) < —1/4. Now kr, (F») = 0, hence as x(z, F»,I'4) = —1/4 and
x(x, F5,T'4) = —1/3, by Lemmas 2.6.10 and 3.2.8 there are two possible cases.

(a) We have |Sg,| = 3 and x(t, F5,T'4) = —5/12.

(b) We have |Sp,| = 4, x(t, F5,T'4) = —1/4, and there is w € Sp, with x(w, F»,T4) =
—1/6.

Assume that Case (a) holds. By Lemmas 2.6.10 and 3.2.8 ¢ is either a vertex with dg(t) = 7
and t & p N p/, or ared blob with |0(¢) NO(T'4)| = 1 and Area(t) = 5: and by Lemma 3.2.6
|0(t)| = 7. Since t is curvature incident once with F», by the choice of F5 we have t € Sg,, s0
t is curvature incident once with F3, and therefore if ¢ is a red blob, then ¢t € Bp,, and if ¢ is a
vertex, then t ¢ {x3,ys}. By Part 4 of Lemma 4.3.4 the elements of B, collectively give F3
curvature of at most —1/2, so as = € Bp,, and either t ¢ Bp, ort € {x3,y3}, we have

’%FA(F?)) <1 +X(CC,F3,PA) +X(t7F37FA) - 1/2
—1-1/3-5/12—-1/2 = —1/4 <0,

a contradiction.

So Case (b) holds. Hence as x(t, F»,T'4) = —1/4, by Lemmas 2.6.10 and 3.2.8 ¢ is a red
triangle containing one boundary edge or a boundary vertex with green degree 3 that is not on
pNp'. In particular, if ¢ is a red triangle, then it has an edge on p’. From x(w, F»,T'4) = —1/6
we deduce that w is a red triangle with no boundary edge, or a vertex with dg(w) = 3 and
w ¢ 9(I'4). Hence no red blob of Sg, has an edge on p, and no vertex of Sg, lies on p.
Suppose that 9(F2) N p # (. Then as no vertex of Sg, lies on p, there is a vertex of F» of green
degree 2 on p, so S, contains a red blob with an edge on p, a contradiction. Hence F3 is thin
with respect to p’, and since all elements of Sg, are curvature incident once with F» and each
vertex of B, has green degree 3, F; is pre-neighbourly with respect to p'.

By the choice of I3 we have S, C {z, w}, and note that F3, z, w satisfy Conditions 1-3
of Definition 5.4.1. Hence F3 is a ceiling of F3, so by Corollary 5.4.12 we have I3 C p, and
similarly as for F; we deduce that the multiset of curvature values of Sg, \ B, and Bp, is
{—1/3,—1/6} and {—1/4,—1/4} respectively, and that F3 is pre-neighbourly with respect
to p. Then similarly as for F» we deduce that the multiset of curvature values of S, \ Br,
and Bp, is {—1/3,—1/6} and {—1/4, —1/4} respectively, and that F} is pre-neighbourly with
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respect to p. So similarly as for F» and F3 we deduce that Fj is a ceiling of F), hence by
Corollary 5.4.12 I5 C p/, and by Lemma 5.4.4 9(F5) N p = (). But by the choice of F5 we have
Sp, N Br # 0, and as the elements of By are red triangles or vertices with green degree 3, we
have 9(F5) N p # 0, a contradiction. Hence Part 1 follows.

Part 2. By Definition 5.4.1 if F} and F’ are not edge-incident, then Sy, N (Sp\ Br) contains
ared blob B. By Theorem 5.3.8 and Part 1, B contains no boundary edge and |0(B)| < 4. R

5.5 Proof of Theorem 5.1.1

In this section we prove Theorems 5.1.1.

Proposition 5.5.1. Let F be a thin face of I' 4 € T with respect to p. Suppose that all red
blobs of ' 4 are simply-connected, that none of them are complicated, and that no element of
Sr is curvature incident more than once with F. Then there is an internal green face E with
O(E)NO(F) # 0, with an edge on p', and either E and F are edge-incident, or Sp N Sp
contains a red blob B with no boundary edge and |0(B)| < 4.

Proof. Assume first that each vertex of B has green degree 3. Then F' is pre-neighbourly (see
Definition 5.1.3), hence by Part 2 of Theorem 5.4.13 the proposition follows.

Now suppose that there is a vertex v € B with dg(v) > 4. By Lemma 2.6.10 we have
x(v, F,T4) < —1/3, and since F is thin, we have v & p N p’. Hence by Corollary 4.5.17
there is an internal green face E incident with v, with an edge e on p’, and v is not incident
with any boundary edge of E. Moreover, note that we can choose E so that either E' and I’ are
edge-incident, or Sg N Sp contains a red blob B. If E and F' are edge-incident, then we are
done, so assume they are not.

Suppose that F contains a vertex v’ € p N p’. Then as v is not incident with any boundary
edge of E, we have that 9(E) N p is not a single consolidated edge, contradicting Theorem
4.5.13. By Corollary 4.5.15 there are =,y € B that lie on or are incident with the consolidated
edge of (E) N p’ that collectively give E curvature of at most —1/2. In particular, v & {x, y}.
Since F is not incident with any vertex of p N p’ and F is thin, by the second statement of
Corollary 4.5.15 it follows that B ¢ {x,y}. Hence as kp,(E) = 0, and v, z, y collectively
give E curvature of at most —1/3 — 1/2 = —5/6, we have x(B, E,T'4) > —1/6. So by
Lemma 3.2.8 B is a red triangle with no boundary edge. |

The next theorem provides the main argument for the proof of Theorem 5.1.1.

Theorem 5.5.2. Let 'y € T. Suppose that all red blobs of T 4 are simply-connected, that none
of them are complicated, and that I o contains a thin face F with respect to p. Then there is
an internal green face E with O(E) N O(F) # (), with an edge on p', and either E and F are
edge-incident, or Sg N S contains a red blob B with no boundary edge and |0(B)| < 4.

Proof. By Proposition 5.5.1 we may assume that there is an element of Sy curvature incident

more than once with F'. Then by Lemma 5.2.4 there is x € Bp curvature incident exactly
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twice with F. By Lemma 5.3.1 9(F) N 9(I'4) = O(F) N p is a single consolidated edge [ with
|I| > 1, T4 is island-free, and if B € Sp is a red blob, then B contains at most one boundary
edge.

We show that z is a red triangle or a vertex of green degree 3. Suppose not. By Lemmas
2.6.10; 3.2.8; and 5.3.1 we have

1< x(z, F,T4) <—2-(1/3) = —2/3.

By Axiom T we have kr, (F') = 0, hence there is y € Sp \ {z}. Now by Lemma 5.3.2 no
element of Sp \ {x} is a red blob with an edge on p, or a vertex on p. Hence as F' is thin, each

such z is either a red blob with no boundary edge, or an interior vertex.

Suppose first that x(x, F,T'4) < —2/3. Since s, (F') = 0, by Lemmas 2.6.10 and 3.2.8
we have Sp = {x, y}. Now there is an internal green face F; # F with {x,y} € S,. Since y
is a red blob with no boundary edge, or an interior vertex, we have y € Sp, \ Br,. By Axiom
T, F has a boundary consolidated edge {; with |/;| > 1, and by Corollary 4.5.15 there are
z,t € Bp, that lie on or are incident with /; such that z and ¢ collectively give F} curvature
of at most —1/2. By Lemma 5.3.2 F' is the only internal green face with an edge on p, hence
l1 C p'. SoasT 4 is island-free, by the second statement of Corollary 4.5.15 we have = ¢ {z, ¢}

since z contains no edge on p’. Hence

KZFA<F1) S 1+X(x7F17FA)+X(y7F17FA> - 1/2
<1-1/3-1/6—1/2=0,

a contradiction.

Now suppose that x(z, F,T'4) = —2/3. Then by Lemmas 2.6.10 and 3.2.8 z is either
a vertex with dg(z) = 4, or a red blob with Area(z) = 2: and by Lemma 3.2.6 we have
|0(z) \ O(I'a)| = 3. Since each element of Sg \ {x} is either a red blob with no boundary
edge, or an interior vertex, by Lemmas 2.6.10 and 3.2.8 either there is z € Sr \ {z,y} and
x(y, F,T'4) = =1/6 = x(z, F,T 4), or no such z exists and x(y, F,T'4) = —1/3. Since either
dc(x) =4or|0(x)\ O(I'4)| = 3, in both cases there is an internal green face F that receives
curvature —1/3 from elements of Sp \ {z} and curvature —1/3 from . Hence similarly as in

the previous case we deduce that

kr (F1) <1-1/3—-1/3—-1/2=—-1/6 <0,

a contradiction. Hence we showed that z is a red triangle or a vertex of green degree 3.

Now F’ satisfies Condition (ii) of Lemma 5.2.1, hence F' is curvature incident more than
once with some element y € Sp \ {z}. So as kr,(F) = 0 and x(z, F,'4) = —1/2, by
Lemmas 2.6.10 and 3.2.8 one of the following cases holds.
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1. Sp = {z,y} hassize 2 and x(y, F, T 4) = —1/2.
2. Sp ={z,y,z} hassize 3 and x(y, F,T'4) = —1/3, x(z, F,T4) = —1/6.

Assume that Case (a) holds. By the second paragraph y is either an interior vertex, or a red
blob with no boundary edge, hence by Lemmas 2.6.10 and 3.2.8 y is either a vertex of green
degree 4, or a red blob with area 2: so by Lemma 3.2.6 with boundary length 4. Hence there is
an internal green face E with y € Sg; which by Lemma 5.3.2 has an edge on p'; and if £ and
F" are not edge-incident, then y is a red blob, so we are done.

Suppose that Case (b) holds instead. By Lemmas 2.6.10 and 3.2.8 y and z are red triangles
or vertices with green degree 3. So there is an internal green face £ with y, z € Sg; with an
edge on p'; and if E' and F are not edge-incident, then at least one of y or z is a red blob. Hence

the theorem follows. u
To prove Theorem 5.1.1 we need two additional lemmas.

Lemma 5.5.3. Let 'y € T. Suppose that all red blobs of T 4 are simply-connected, and that
none of them are complicated. Then there is no green face F of I 4 that satisfies all of the

following statements.
1. F' has an edge on at most one of the boundaries of T 4.
2. Sp = {B,z,y} has size 3, and each element of Sp is curvature incident once with F.
3. Bis ared blob with an edge on the opposite boundary from F.
4. We have x(B, F,T'4) = —5/12, x(z, F,T'4) = —1/3 and x(y, F,T'4) = —1/4.

Proof. Assume for a contradiction that there is such an F'. Since I' 4 contains no complicated
red blobs, all red blobs of " 4 contain at most two boundary edges; and if a blob B’ € Sy attains
this bound, then by Lemma 3.2.8 x(B’,T'4) = —1/2 (see Definition 2.6.8) and Statement 4
fails to hold. Hence all blobs B’ € Sg contain at most one boundary edge.

By Axiom 7§, F' has a consolidated edge [ C p € {w, 7} with |/| > 1, and by Corollary
4.5.15 there are t,w € By that lie on or are incident with [. As by Lemma 3.1.9 each vertex
v € pNp satisfies x(v,I'4) = —1/2, there is no such v in 9(F'). So as B has an edge on p/,
by the second statement of Corollary 4.5.15 we have B ¢ {t,w}, hence {t,w} = {z,y}. By
Lemmas 2.6.10 and 3.2.8 the following statements hold.

(i) We have Area(B) = 5, so by Lemma 3.2.6 |0(B)| =7,
(ii) x is either a vertex with dg(x) = 4, or a red blob with Area(x) = 2: so |0(z)| = 4,
(iii) y is either a vertex with dg(y) = 3, or a red triangle.

Suppose that B € Bp. Then 9(F) N p’ # (. Hence by Theorem 4.5.13 9(F) N p' is a single
consolidated edge I’ consisting of a single vertex v. Since v € p N p/, we have v € {x, y}, and

therefore d;(v) = 2. So as all elements of Sg are curvature incident once with F', it follows



5.5. Proof of Theorem 5.1.1 119

that there is a red blob B’ € Bp \ {B} incident with I’. Further, since v & p N p, we have
B' ¢ {x,y}, a contradiction.

Hence there are internal green faces £ and F5 that share edges e; and ey with B, where
e1 and eg are incident with the common edge of F' and B, and B,z € Sp, and B,y € Sp,.
Since each element of Sg is curvature incident once with £, and F' and B are edge-incident
and have edges on the opposite boundaries of I" 4, by Part 3 of Lemma 4.2.3 no internal green
face of I'4 is incident more than once with a vertex; and if some internal green face of I'4
is edge-incident more than once with a blob B’, then by Proposition 4.2.8 B’ = B. Hence
x(x, F1,I'4) = —1/3, and if x is a blob, then x ¢ Bp,. Since xr,(F1) = 0, we deduce that
B is edge-incident once with F1, so all elements of Sp, are curvature incident once with F7.
Hence as by Lemmas 2.6.10 and 3.2.8 each ¢t € S, has x(¢,I'4) < —1/6, we have that there
ist € Sp, \ {B,x} such that x(¢, F1,I'4a) = —1/4 and Sp, = {B, z, t}.

Assume that B ¢ Bp,. By Axiom Tg, F) has a consolidated edge I; C 9(I'4) with
|l1| > 1, and by Corollary 4.5.15 there are z1,y; € Bp, that lie on or are incident with /; that
collectively give F curvature of at most —1/2. If z; = y, then x(z1, F1,T4) < —1/2,a
contradiction. So 1 # 1. Since x1,y1 € Br,, wehave B & {z1,y1},andx & {x1,y1} if x is
ared blob since we deduced = ¢ B, in that case. Hence z is a vertex. But then 6 (z) = 4 and
Sk | >4,a

x & pNp/, and by above z is incident once with Fy, so again x ¢ {1,y }. Thus,
contradiction.

Hence B € Br,. By Statement (iii) above y has 3 curvature incidences, so y € Bp, and
d(F3) N p # 0, and hence F5 has a consolidated edge lo C p that contains or is incident with
y. By Theorem 4.5.13 we have 0(F») N p = l5. As by Axiom T we have kr , (F2) = 0, and
as each vertex v € p N p' has x(v,T'4) = —1/2, no such v lies on O(F»). So as y is curvature
incident once with Fy, there is w € B, \ { B, y} that lies on or is incident with l5. By Part 2
of Lemma 4.3.4 we have x(w, F5,T'4) < —1/4. Since each t' € Sp, has x(t',T'4) < —1/6,
we deduce that B is edge-incident once with F5, Sp, = {B,y,w}, and x(w, F>,T4) = —1/3.
Now applying B € Bp, and |0(x) \ O(I'4)| = 6 shows that there is an internal green face Fj
that shares an edge with B incident with ey, and B, w € Sp,. Similarly as for F; we deduce
that all elements of Sp, are curvature incident once with F3, and that Sp, = {B, w, r} has size
3, where x(r, F3,T'4) = —1/4. In particular, B & Bp,, and w ¢ Bp, if w is a red blob (since
then |0(w)| = 4). So by repeating the analysis from the previous paragraph we deduce that
|Sk,| > 4, a contradiction. [ ]

The next lemma will be used in the proofs of Theorems 1 and 5.1.1.

Lemma 5.5.4. Let F' be an internal green face of I' 4 € T. Assume that the following state-

ments hold.

e All red blobs of T 5 are simply-connected, and none of them are complicated.

* F has an edge on at most one of the boundaries of I 4, and F' is edge-incident with a red

blob B with an edge on the opposite boundary from F'.
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Then either B is highly hyperbolic and |0(B)| < 6, or B contains precisely one boundary
edge and |0(B)| < 5.

Proof. Since no blobs are complicated, either B is highly hyperbolic, or B contains precisely
one boundary edge. If B is highly hyperbolic, then by Lemma 4.6.11 we have |0(B)| < 6. So
assume that B contains precisely one boundary edge. By Axiom 7§, F' has a consolidated edge
[ Cpe{w,m}with|l| > 1.

Let v and v1 be the endpoints of [. If v,v1 € p N p/, then by Lemma 4.5.2 Sg contains no
red blobs, a contradiction. Assume that v € p N p/, so vy € p N p’. By Lemma 3.1.9 we have
X(v, F,T4) = —1/2. Since v1 &€ p N/, if 6g(vi) = 2, then there is a red blob B; € B
incident with v; and with an edge on p. As B contains precisely one boundary edge, which is
on p/, we have By # B. Otherwise, v; € Bp \ {v, B}, hence there is z € Br \ {v, B}. By
Part 2 of Lemma 4.3.4 we have x(z, F,T'4) < —1/4, and by Axiom T we have s, (F') = 0.
Hence x (B, F,T'4) > —1/4, so by Lemma 3.2.8 B is a red triangle, and the lemma follows.

Hence without loss of generality assume that v, vy € pNp’. Then by Corollary 4.5.15 there
are z,y € Bp \ {B} that lie on or are incident with [ such that x and y collectively give F
curvature of at most —1/2. Assume first that Sp = {B, z, y}. Since kr,(F) = 0, we have
X(B,F,T'4) > —1/2, so if B is edge-incident more than once with F, then by Lemma 3.2.8
B is a red triangle, and the lemma follows. Hence we may assume that B is edge-incident
once with . Then by Lemma 3.2.8 we have x (B, F,I"4) > —1/2. So as xr,(F) = 0, by
Lemmas 2.6.10 and 3.2.8 z and y collectively give F' curvature of at most —1/4 — 1/3 =
—7/12. Suppose that this upper bound is attained. Then x(B, F,I'4) = —5/12, and since
xX(@, F.\Ta) = =1/3, x(y, F\Ta) = —1/4 or x(z, F,Ta) = =1/4, x(y, F.T'a) = —1/3,
applying Lemmas 2.6.10 and 3.2.8 shows that = and y are curvature incident once with F'.
But now Lemma 5.5.3 give us a contradiction. Hence by Lemmas 2.6.10 and 3.2.8 x and y
collectively give F' curvature of at most —1/4 — 3/8 = —5/8. So Area(B) < 3, and by
Lemma 3.2.6 |0(B)| < 5, as claimed.

Now assume that Sp 2 {B,x,y}. Then the elements of Sp \ {B} collectively give F'

=

curvature of at most —1/6 — 1/2 = —2/3. So Area(B) < 2 and |0(B)| < 4. |

Proof of Theorem 5.1.1. We may assume that O(F') N p’ = (). Suppose first that F is not
thin. Then there is a red blob B in Sy with an edge on p’. Hence by Lemma 5.5.4 either B is
highly hyperbolic and |0(B)| < 6, or B contains precisely one boundary edge and |0(B)| < 5,
so the theorem holds. Now assume that F' is thin. Then by Theorem 5.5.2 there is an internal
green face F’ with O(F') N O(F) # (), with an edge on p’, and either F’ and F' are edge-
incident, or S N Sy contains a red blob B with no boundary edge and |0(B)| < 4, hence the

theorem follows. [ |

5.6 Proof of the Three Face Theorem

Recall Definition 3.1.3 of the minimal coloured area of an annular diagram; and Definitions

4.1.1,4.6.1 and 4.6.8 of what it means for a red blob to be good, complicated, or highly hyper-
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bolic. We shall now prove the Three Face Theorem (see Theorem 1). The Three Face Theorem
will follow from Theorem 5.6.1, where we describe the structure of diagrams in 7 in more
detail: we shall use Theorem 5.6.1 to make IsConjugate efficient. Throughout this section
let P = (X7 | Vp | R) be a valid pregroup presentation (see Definition 2.6.14), and let G be
the group defined by P.

Let I'4 be an annular diagram with the external face O with boundary w. Recall from
Definition 2.5.4 that O is oriented counter-clockwise, and that all other faces of I" 4 are oriented

clockwise.

Theorem 5.6.1. Let wy = ajas...an_1a, € X and wy € X™* be such that no cyclic permu-
tation of ws is equal in G to wy, or to w’1 = ay...ana1. Assume that there exists a diagram
'y € T over P with CArea(I'4) > (1,0), and with boundaries w and T, labelled by wy and

wq respectively. Then one of the following two statements holds.

1. There is an internal green face F' with a consolidated edge on w with a label containing

a1, and at least one of the following statements holds.

(i) O(F)N T+ 0.

(ii) F'is edge-incident with a simply-connected red blob B with an edge on 7. More-
over, either B is highly hyperbolic and |0(B)| < 6, or B contains precisely one
boundary edge and |0(B)| < 5.

(iii) There is an internal green face I with an edge on T, and either Fy and F' are
edge-incident, or Sp, N S contains a simply-connected red blob B, where B does

not contain a boundary edge and |0(B)| < 4.

(iv) There is a red blob B edge-incident with F', and either B is complicated, or B is
bad. Furthermore, if ' o4 has minimal coloured area, then there exists a retriangu-
lation By of B as described in Proposition 4.6.18.

2. There is a red blob B with an edge on w labelled by a1, and one of the following state-

ments holds.

(i) There is an internal green face F' satisfying Statement 1, but with a; replaced by

as.

(ii) There is an internal green face F' edge-incident with B, and with an edge on T. Fur-
thermore, B is simply-connected and either B is highly hyperbolic and |0(B)| < 6,
or B contains precisely one boundary edge and |0(B)| < 5.

Proof. Since no cyclic permutation of wy is equal in G to w; or to wj, the two endpoints v and
vy of the edge e labelled by a; satisfy v,v; € wN 7.

Suppose first that there is an internal green face F' with a consolidated edge on w that con-
tains e. We show that Statement 1 of the theorem holds. Suppose first that no blobs of ' 4 are
complicated, and assume further that I" 4 contains a bad red blob B. Then by Theorem 4.6.14

F'is edge-incident with B, hence if I" 4 has minimal coloured area, then there is a triangulation
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By of B satisfying Proposition 4.6.18, so F' satisfies Statement 1 (iv) of the theorem. Assume
instead that all blobs of I' 4 are good. Then by Lemma 4.2.5 they are all simply-connected, so
by Theorem 5.1.1 at least one of the Statements 1 (i)-(iii) of the theorem holds for F'. Next
suppose that F'is contained in an island with a complicated red blob B. Then by Theorem 4.6.2
F'is edge-incident with B, so if I" 4 has minimal coloured area, then there is a triangulation B
of B satisfying Proposition 4.6.18, hence F' satisfies Statement 1 (iv). Finally, assume that F’
is not contained in any island with a complicated red blob, and that I" 4 contains complicated
red blobs. Then by Theorem 4.6.2 I' 4 contains at least two islands, hence applying Lemma
3.1.10 repeatedly we can delete all islands containing complicated red blobs from I" 4 to obtain
a diagram A4 € 7T containing the island £ with ' C E. By Lemma 4.2.4 all blobs of A4
are good, so by Lemma 4.2.5 they are all simply-connected, and therefore by Theorem 5.1.1 at
least one of the Statements 1 (i)-(iii) of the theorem holds for ' in A4, so also in I" 4.

Now assume that no internal green face of I'4 contains a consolidated edge on w that
contains e. We show that Statement 2 of the theorem holds. Since v, v; ¢ w N 7, there is a red
blob B with e C B. Suppose first that |w;| = 1. If ' 4 contains an island, then v,v; € wN T, a
contradiction. Hence by Theorem 4.6.2 no blobs of I' 4 are complicated. If I" 4 contains a bad
red blob, then by Theorem 4.6.14 either |w| > 2, or w contains a green edge, a contradiction.
Hence all red blobs of I" 4 are good, so by Lemma 4.2.5 they are all simply-connected. Suppose
that there is no internal green face incident with v and edge-incident with B. By Axiom T3 we
have dg(v) > 2, hence as by Axiom 77, w and 7 are simple closed paths, we have v € w N T,
a contradiction. So there is an internal green face F' incident with v and edge-incident with
B. As the unique face with an edge on w is red, by Axiom 7§, F" has an edge on 7. Thus, by
Lemma 5.5.4 Statement 2 (ii) of the theorem holds.

Suppose instead that |wq| > 1, and assume further that there is an internal green face F
with a consolidated edge on w with a label containing as. Then by repeating the arguments
from the second paragraph we deduce that Statement 2 (i) of the theorem holds. Otherwise, as
v,v1 € wNT,there is ared blob with an edge e; C w labelled by as. Since e and e; are both red
and consecutive on w, by Theorem 4.6.2 B is not contained in any island with a complicated
red blob; and by Theorem 4.6.14 all red blobs of I" 4 are good, so by Lemma 4.2.5 they are all
simply-connected. Suppose first that no blobs of I' 4 are complicated. Let u € € N e7. Since
u € {v,v1} and dg(u) > 2, similarly as in the previous paragraph we deduce that there is an
internal green face F' incident with u and edge-incident with B. By Theorem 4.5.13 we have
O(F)Nw = {u}. Hence by Axiom T, F' has an edge on 7. Now applying Lemma 5.5.4 shows
that Statement 2 (ii) holds. Assume instead that I 4 contains complicated red blobs. Then
I' 4 contains at least two islands, so applying Lemma 3.1.10 repeatedly we obtain a diagram
Ay € T with no complicated red blobs, and containing the island £ with B C E. Then
similarly as before we deduce that there is an internal green face F' of A 4 edge-incident with
B and with an edge on 7, and by Lemma 5.5.4 Statement 2 (ii) holds for B in A 4. Hence B
and F' satisfy Statement 2 (ii) in I'4. [ |

Proof of Theorem 1. Let e € w be an edge, let E be the external face with boundary 7,
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and let w; = a; . .. a, and wy be labels of w and 7 respectively. Suppose that I" 4 has no green
faces. Then by Lemma 3.2.10 I' 4 is island-free. Hence as by Axiom 77, w and 7 are simple
closed paths, by Axiom T3, I'4 has no faces, so e C 7. Now if some cyclic permutation of
wo is equal in G to wy, or to as . . . ayay, then some endpoint of e lies on 7, hence € N 7 # ().
Therefore, without loss of generality assume that CArea(I"4) > (1,0), and that w; and wo
satisfy assumptions of Theorem 5.6.1. Then Theorem 5.6.1 holds for I 4.

Assume first that Statement 1 of Theorem 5.6.1 holds. If at least one of the Statements (i)-
(iii) holds, then there is an internal green face F’ that contains e such that either 9(F)N1 # (), or
F'is at dual distance at most three from . So without loss of generality assume that Statement
(iv) holds. Let F and B be as in Statement (iv). Note that e C F. If B is complicated, then
by Theorem 4.6.2 B contains an edge on 7, so F' is at dual distance at most two from E.
Hence without loss of generality assume that B is bad. If B contains a boundary edge, then by
Theorem 4.6.13 B contains an edge on 7, so we are done. Otherwise, by Theorem 4.6.14 F' is
at dual distance at most three from .

Now assume that I' 4 satisfies Statement 2 of Theorem 5.6.1. If Statement (i) holds, then by
the previous paragraph Statement 2 of the theorem holds for e. So suppose that Statement (ii)

holds. Then there is an internal face that contains e at dual distance at most two from E. [ |
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Conjugacy problem solver

In this chapter we describe the conjugacy problem solver IsConjugate, and prove Theorem
1.0.3. The conjugacy tests of IsConjugate run on valid pregroup presentations (see Defini-
tion 2.6.14), and all input pregroup presentations to IsConjugate are already assumed to be
by sound (see Definition 2.6.14). To check that a sound pregroup presentation P is valid, we

only need to check that P is proper (see Definition 2.6.14):

Definition 6.0.1. The procedure IsProper(P) returns true if P is proper. Otherwise, Is
Proper(P) returns false.

Throughout the rest of this chapter let P = (X? | Vp UR) be a valid pregroup presenta-
tion, and let G be defined by P. Recall that we assume the RAM model of computation, in
which the basic arithmetical operations on integers can be carried out in constant time. Fur-
thermore, we assume throughout this chapter that the products and inverses in the pregroup can

also be computed in constant time.

6.1 Cyclic P-reduction

In this section we describe a modification of RSymSolve (see [34, Section §]), RSymSolve
Simpler, that cyclically P’-reduces (see Definition 3.1.15) a given word when P’ satisfies
trivial-interleaving (see Definition 2.3.23).

Since in the description of RSymSolve the subscripts are interpreted cyclically, we note
that RSymSolve is already performing cyclic P-reduction. We thus give its simplification
convenient for our purposes. Similarly as in [34, Section 8], we compute a list £1, which has
entries pairs of words (u,v) = (uy ... ug,v1...v) € X* x X*, where ujus . .. ug_1uk(v1v2
...v_1v;) " Lis a cyclic conjugate of some R € (VpURT!) and k = [(|R|+1)/2]. We allow
R € Vp because the input word is not assumed to be cyclically P-reduced. We interpret all
subscripts cyclically, so that z,,+1 = z1. Also, we let  := max{|R| : R € R} be the length

of the longest green relator.

Algorithm 6.1.1. RSymSolveSimpler(w = z; ... x,):

124
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Step 1 Store w as a doubly-linked list: each letter has a pointer to the letter before it, and the
letter after it.

Step 2 Seta :=1.
Step 3 Search for « < < n such that z;x;11 =p(x0) 1.

(i) Let,w := x;z;41 be the first such found, if any. Let v := 7 be the empty word,
let m = 2, and go to Step 5.

(i1) If none such exists then w is already cyclically o-reduced. In that case go to Step
4.

Step 4 For each oo < i < n do: search form € {1,...,[(r +1)/2]} and (u,v) € L; such
that
TiTitl - - - Titm—2Ti+m—1 =F(X) U-
(i) Let?,m,v := vy ...v; be the first such found, if any.

(i1) If none such exist then w is already cyclically P-reduced. Terminate and return
w.

Step 5 Put a pointer CutStart to x;_; and a pointer CutEnd to z; .

Step 6 Replace u by v in w and update the links in the list describing w so that v is inserted
into the correct place in x7 . . . £, yielding a word w;.

Step 7 Let j be the position in w; to which CutStart points, and let o := max{1,j — [(r +
1)/2] + 1}. Replace n by |w1], and go to Step 3 with w; in place of w.

Step 8 Repeat the process above until no further reductions are found, resulting with a word
w'. Return w'.

In the statement of the next proposition we treat |.X |, |R| and r as constants.

Proposition 6.1.2. For all n € N, and for all x; ...z, € X*, RSymSolveSimpler(w =
x1...xy) finds a cyclically P-reduced word that is G-conjugate to w in time O(n).

Proof. By Remark 2.6.15 we can solve the word problem in GG by the standard Dehn algorithm
using the length reducing rewrite rules derived from Vp U R (i.e. P is a Dehn presentation).

Hence if w is not cyclically P-reduced, then at least one of the following statements holds.
L. @iziy1 =p(xo) 1forsome 1 < i < n;

2. some cyclic permutation of w contains a contiguous sub-word u = ujug ... Ug_1UL,
such that there exists a cyclic conjugate uv = wujug ... ug(vivy. .. vl)_l of some R €
(VPURT ) and k = [(|R| +1)/2].

Hence either ¢, or the word « will be found by RSymSolveSimpler. To find such ¢ or u,

RSymSolveSimpler runs
(i) O(n) tests w; =p(xe) 1, where wy is a length two sub-word of w; and

(ii)) O(n) tests of equality in F'(X7) of words wy =ty ...t,, withm < (r + 1)/2 that are

sub-words of w, with the first entry of each pair in L;.

By Corollary 2.3.12 we can solve the word problem in U(P) (and hence also in F'(X?)) in
linear time, hence each such test takes time O(1). Moreover, after each replacement of a sub-

string of w we backtrack at most O(1) letters, and each such replacement shortens |w/|, so
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at most O(n) replacements are carried out. Hence the overall complexity of RSymSolve

Simpler(w) is as stated. [

Remark 6.1.3. We note that if the input word w to RSymSolveSimpler has w =g 1,
then RSymSolveSimpler(w) = n. We implemented RSymSolveSimpler using the two

stack model, the principle is described for example in [22].

6.2 Algorithms for conjugacy diagrams in 7

In this section we present algorithms for analysing diagrams in 7. Let w; = a1...a, € X*
and woy :bl...bm e X*.

Definition 6.2.1. [34, Definition 7.3] Let R € R*, and fix a word w = z1 3 . . . x|,y such that
R = w* with k maximal amongst such expressions for R. We call w the root of R. A location
on R is an ordered triple (¢, a,b), denoted by R(i,a,b), where i € {1,...,|w|}, a = x;_; (or

x|w| ifi = 1), and b = Z;.

Definition 6.2.2. [34, Definition 7.11] We call a letter x € X? an R-letter if  occurs in
R € R*. Observe that since we ignore the internal structure of red blobs, if 2 € X7 is a

non-R-letter, then = can appear only on 9(I"4).

Throughout the rest of this section let 1r be the length of the root of wy. IsConjugate
uses various auxiliary sub-routines. In this section, we present algorithms that check whether
there exists a diagram in 7~ with boundary words w; and w; (see Theorem 6.2.15). We describe
them via pseudocodes (see Algorithms 6.2.3-6.2.13).

“lwy 1 =4 1 for some cyclic permu-

Our algorithms seek to find x € X* such that zw)x
tation w’, of wy (note that it suffices to consider only cyclic permutations of wy that start in
position 1 < z < 1r). If they succeed, then by concatenating the inverse of the appropriate
prefix of wy with x they return z; € X* such that a:lngl_l =¢ wi. We prove their correctness
at the end of this section, see Lemma 6.2.14 and Theorem 6.2.15. To check that a given word
is equal to the identity in GG, we use RSymSolveSimpler as it gives the correct answer by
Remark 6.1.3.

The sub-routine CyclicConj checks (and finds a conjugating word) whether there is a
cyclic permutation of wsy equal in G to wy, or to wj = ay...ana;. Note that CyclicConj

checks whether w; and wo satisfy assumptions of Theorem 5.6.1.
Algorithm 6.2.3. CyclicConj(w;,ws = b1by...by):
Step 1 Foreachx € [1...1r] do:
(i) Let wh = by...bymb1...by—1. If RSymSolveSimpler(wjw{) = n then re-
turn true, (b1by...bs—1)°.
(i) If RSymSolveSimpler(w)w|”) = n then return true, aq(bibs...by—1)°.
Step 2 Return false.

We next compute a list B of cyclic words w € X* that satisty all of the following condi-

tions:
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1. wisequal to 1in U(P).

2. 3< |w| <6.

3. No proper non-empty sub-word of w is equal to 1 in U (P).
4. Each consecutive pair of letters in w multiply.

5. w contains at most two non-R-letters.

Lemma 6.2.4. Assume that that there exists a diagram ' 4 € T with boundary words wy and
wq that satisfies Theorem 5.6.1.

If one of the Statements 1 (ii)-(iii), or Statement 2 (ii) of Theorem 5.6.1 holds for T 4, then
the list B contains all potential boundary words of the red blob B.

Proof. Let w be the boundary word of B. Since B is simply-connected, w is equal to 1 in
U(P), so w satisfies Condition 1. As B contains at least one red triangle, we have |w| > 3.
Hence Condition 2 holds for w.

By Axiom T} (see Definition 3.1.8) Condition 3 also holds for w, and by Lemma 2.5.13
w satisfies Condition 4. Since a highly hyperbolic red blob (see Definition 4.6.8) contains
two boundary edges, B contains at most two boundary edges. Hence w contains at most two

non-R-letters. Thus, B satisfies the lemma. [ |

Definition 6.2.5. [34, Definition 7.4] A potential place P is a triple (R(i,a,b), c,C'), where
R(i,a,b)is alocation, ¢ € X,and C' € {G,R}. A potential place is a place if it is instantiable,

in the following sense.

(i) There exists a o-reduced annular or simply-connected diagram I' (see Definition 2.5.15)
with a face f labelled R, a face f, meeting f at b, and a vertex between a and b on 9( f)

of degree at least three;
(ii) the half-edge on f> after b is labelled c;
(ii) if C' = G then f5 is green, and if C' = R then f5 is a red blob.
We say that P is green if C' = G and red otherwise.

We shall work only with instantiable places. If C' = G, then as I is o-reduced, there exists
a location R/(j, b7, ¢) such that the label of R’ beginning at b7 is not equal in F/(X) to the
inverse of the label of R that ends at b. If C' = R, then shall work only with the case where fs
is simply-connected, hence by Axiom 7} the boundary words of fs are cyclically o-reduced,
and therefore by Lemma 2.5.13 (b7, ¢) is an intermult pair (see Definition 2.3.13).

Before running the algorithms described below, we compute all instantiable places, as fol-
lows. We first compute an array of all intermult pairs, and then find all locations R(i, a, b) with
R € R*. For each such location R(i,a,b), each ¢ € X, and each C' € {R, G}, if C' = R then

we check that b7 intermults with ¢, else we check if there exists a location R'(j, b7, ¢) with the
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property that a simply-connected diagram equal to the union of faces labelled by R and R’ that
share the edge with label b is o-reduced.

We now present several sub-routines, where each of them tries to find a diagram in 7 with
boundary words w; and ws that satisfies Theorem 5.6.1. If a sub-routine returns returns false,
then there does not exist such diagram. Else it returns true; and if it returns true, then it also
returns an © € X such that w; =g w%il. In our pseudocodes Rels is a record containing all
words in R*!, and the root for each R € R*1.

We first consider Case 1 of Theorem 5.6.1. The sub-routine EdgeWithFirstLetter
stores all R € R* (and their cyclic permutations) starting with a;. We are only checking
the first letter of w; since there does not have to be longer common sub-words. Note that
EdgeWith FirstLetter stores all labels of internal green faces I satisfying Statement 1 of
Theorem 5.6.1.

Algorithm 6.2.6. EdgeWithFirstLetter(w;,Rels):
Step 1 Initialize L := [ |.
Step 2 For each R € R*! do:
(i) Letw = wy ... w, be the root of R. Write R = w".
(i1) Foreach1 < i < ¢ do:
(a) If w; = a; then append w; . .. w,w* 1wy ... w;j_; to L.

Step 3 Return L.

In descriptions of the remaining algorithms we let L. = EdgeWithFirstLetter(w;,Rels).
The next sub-routine, BothBoundaries, checks whether there exists a diagram in 7 that sat-
isfies Statement 1 (i) of Theorem 5.6.1. It does so by checking whether any relator found by

1

EdgeWithFirstLetter has a prefix « such that wy =g w} .

Algorithm 6.2.7. BothBoundaries(w;,wy = b1bs. .. by, L,Rels):
Step 1 Foreachz € [1...1r] for each R € L and for each prefix c of R do:

(i) If RSymSolveSimpler(cb, ...b,_1c?w]) = n then return true, c(bibsy. ..
by—1)°.
Step 2 Return false.

The function ConjByTwoLabels checks if there exists a diagram in 7 that satisfies
Statement 1 (ii) of Theorem 5.6.1, or a diagram in 7~ with edge-incident green faces F' and F}
that satisfy Statement 1 (iii) of Theorem 5.6.1. For all relators R (and their cyclic permutations)
that potentially label an internal green face F' that satisfies Statement 1 of Theorem 5.6.1, it
checks whether any internal green face or a red blob edge-incident with F' has an edge on 7.

To find the boundary word of such a blob, by Lemma 6.2.4 we can use B.
Algorithm 6.2.8. ConjByTwoLabels(w;,ws, L, B,Rels):

Step 1 Foreachz € [1...1r|foreach R = riry...7; € L and for each 2 < i < k do:

(i) For each location R;(j,r7,d) instantiating a green place (R(¢,7i—1,7i),d,G)
do:
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(a) For each letter u of Ry with b, = u? do: write R = s17] dsauss, for some
s1,892,83 € X*,andlet ¢ := (r172... ri—1)dsou.

If RSymSolveSimpler(cb, . .. by—1c’w]) = nthenreturn true, c(bibs . ..
br—1)°.
(ii) For each red place (R(¢,7i—1,7i),d,R) and for each 3 <[ < 6 do:

(a) Foreach B = dmsy...my_17r{ € B and for each letter m of B with b, = m?

do:

Let ¢ := (rire...15—1)dmy ... m. If RSymSolveSimpler(c b, ... b,
cwy) = n then return true, c(b1by...by—1).

Step 2 Return false.

Using the same ideas as in our previous sub-routines we now present a sub-routine ConjBy
ThreeLabels, which checks if there exists a diagram in 7 with green faces F), F; and a red
blob B that satisfy Statement 1 (iii) of Theorem 5.6.1.

Algorithm 6.2.9. ConjByThreeLabels(w;,ws, L, B, Rels):
Step 1 Foreachx € [1...1r] foreach R = riry...r; € L and for each 2 < i < k do:
(i) For each red place (R(¢,7i—1,7i),d,R) and for each 3 < [ < 4 do:

(a) ForeachB=my...m;=dmsy...m;_1r{ € Bandforeach1 < j </[do:

(A) For each location Ry (1, mj , €) and for each letter u of Ry with b, = u’
do:

Write R; = Slm?GSQUS,‘],, for some s1,s2,s3 € X*, and let ¢ :=

(?”17"2 PN Ti_l)(dmg e mj_l) €SsaU.

If RSymSolveSimpler(cb; ...by_1c?w{) = n then return true,
C(blbg e bx_l)o.

Step 2 Return false.

The sub-routine ComplicatedRedBlobs checks if there exists a diagram in 7 that
satisfies Statement 1 (iv) of Theorem 5.6.1. As we shall see later, if such a diagram ex-
ists, then we can assume that it has minimal coloured area (see Definition 3.1.3). Hence
ComplicatedRedBlobs checks if there is a word zy € X™* or zyz € X* that satisfies
Proposition 4.6.18. ComplicatedRedBlobs uses a list L23 that contains all zy € X™* such
that  # y? and (z,y) € D(P); and all xzyz € X* such that (x,y) € D(P), (y,2) € D(P),

and no sub-word of xyz is trivial in U (P).
Algorithm 6.2.10. ComplicatedRedBlobs(w;,ws, L, L23,Rels):

Step 1 Foreacht¢ € [1...1r]foreach R = riry...r; € L and for each 2 < i < k do:

(i) For each location R(¢,r;—1,7;) and foreachw = my ... m,, € Log withm; =1;
do:
(a) Let ¢ := (rir2...7ri—1)w. If RSymSolveSimpler(cb; ...b_1c7w]) =
7 then return true, c¢(b1by ... b—1)°.
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(b) If Jw| = 3 then for each location R;(t1,m3,e) and for each letter u of R;
with b; = u? do:
(A) Write Ry = siymgessuss, for some s1,s2,s3 € X*, and let ¢ :=
(rire...ri—1)(mims)(msess)u.

If RSymSolve Simpler(cb; ...b;—1cw]) = n then return true,
C(b1b2 e btfl)a.

Step 2 Return false.

Finally, we consider Case 2 of Theorem 5.6.1. The algorithm Start AtIthLetter takes
an input 1 < ¢ < |w;| = n, and runs Algorithms 6.2.6-6.2.10 on input w’1 and w9, wWhere
w) = a;...ana;—1. Inthe case i = 2, Start AtIthLetter checks if there exists a diagram in

T that satisfies Statement 2 (i) of Theorem 5.6.1.

Algorithm 6.2.11. StartAtIthLetter (i, ws, B, L23,Rels):

Step 1 w) :=a;...anai—1; L := EdgeWithFirstLetter(w},Rels) (see Algorithm 6.2.6).

Step 2 conj, ¢ := BothBoundaries(w}, wa, L,Rels) (see Algorithm 6.2.7). If conj then
return true, a1 ...a;—1C.

Step 3 conj, ¢ := ConjByTwoLabels(w/, w2, L, B,Rels) (see Algorithm 6.2.8). If conj
then return true, a1 ...a;_1c.

Step 4 conj,c¢ := ConjByThreeLabels(w), ws, L, B,Rels) (see Algorithm 6.2.9). If
conj then return true, aj ... a;—1c.

Step 5 conj, ¢ := ComplicatedRedBlobs(w}, ws, L, L23, Rels) (see Algorithm 6.2.10).
If conj then return true, a; ...a;—1c.

Step 6 Return false.

It remains to consider Case 2 (ii) of Theorem 5.6.1. Using the same ideas as before the
sub-routine Start WithRedBlob checks if there exists a diagram in 7 with a red blob B
and a green face F' that satisfy Statement 2 (ii) of Theorem 5.6.1.

Algorithm 6.2.12. StartWithRedBlob(w;, w2, B, Rels):

Step 1 For each x € [1...1r] for each B = myma...m; € B with m; = a; and for each
2 < j5<tdo:
(i) For each location R(¢, mg, d) and for each letter u of R with b, = u? do:
(a) Write R = m?d31u52, for some s1,52 € X*, and let ¢ := mima...mj_1

dsju.

If RSymSolveSimpler(cb, ...b,_1c?w]) = n then return true, c(b1by
cobpo1)?.
Step 2 Return false.
Finally, we present the algorithm ConjInT that uses the sub-routines presented above to
check if there exists a diagram in 7 with boundary words w; and wo.
Algorithm 6.2.13. ConjInT(w;,ws, B, L23,Rels):

Step 1 Find the length of the root of ws. conj,c := CyclicConj(w;, ws) (see Algorithm
6.2.3). If conj then return true, c.
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Step 2 conj,c:= StartAtIthLetter(1, wa, B, Lo3,Rels) (see Algorithm 6.2.11). If conj
then return true, c.

Step 3 conj, ¢ := Start WithRedBlob(w;, ws, B,Rels) (see Algorithm 6.2.12). If conj
then return true, c.

Step 4 If |wy| > 1 then conj, ¢ := StartAtIthLetter(2, wa, B, La3, Rels). If conj then
return true, c.

Step 5 Return false.

We shall show that if ConjInT returns false, then there does not exist a diagram in T

with boundary words w; and ws. Before doing so, we prove the following auxiliary lemma.
Lemma 6.2.14. Ler r := max{|R| : R € R}. All of the following statements hold.

1. The lists Loz and B can be constructed in time O(|X|?) and O(|X|®) respectively, and
[La3| = O(IX ), |B] = O(|X[°).

2. The length of the root of wo can be found in time O(|ws]|?).

. . . —1
3. If CyclicConj(wi,ws) returns true, then it returns an x € X* such that w; =g wj

and wi and wy do not satisfy assumptions of Theorem 5.6.1 if and only if CyclicConj(wi, w2)

returns true.

The running time of CyclicConj(wi,ws) is O((|wi| + |wa]) - |wa]).

4. EdgeWithFirstLetter(w, Rels) stores a list of size O(r|R|) containing all potential
labels of internal green faces F' that satisfy Statement 1 of Theorem 5.6.1.

EdgeWithFirstLetter (w1, Rels) has time complexity O(r%|R]).

Proof. Proof of 1. The proof of complexity is very similar to the proof of complexity of Step
6 of RSymVerify (see [34, Procedure 7.19]), see the proof of [34, Theorem 7.22]. Since all
w € Loz have |w| < 3 and all w € B have |w| < 6, it follows that |£23] = O(]X|3) and
|B] = O(IX[°).

Proof of 2. We first find w that maximises the value of k for which wy = w”. For 2 <
I < |we|/2, we let w be the prefix of wy of length [, and test whether w2/t = w9, 1N time
O(Jws?).

Proof of 3. If CyclicConj returns true, then the x € X ™ returned by it satisfies w; =g
wgil, and the cyclic permutation w) of ws is equal in G to w; or to W} = as...ana;. The
reverse implication follows similarly. The complexity statement follows from Proposition 6.1.2
since RSymSolveSimpler runs in linear time.

Proof of 4. EdgeWithFirstLetter stores all R € R* (and their cyclic permutations)
starting with a1, hence the first statement follows. As each of the O(r|R|) checks of equality
w; = a1 performed by EdgeWithFirstLetter takes constant time, and adding a word to
the list L takes time O(r), we see that EdgeWithFirstLetter runs in the stated time. W

The following theorem constitutes the main result of this section.
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Theorem 6.2.15. Assume that there exists 'y € T over P with boundary words wi and
wy, with CArea(I'y) > (1,0), and of minimal coloured area. Then ConjInT (wy, w2,
B, Los, Rels) returns true; and if it returns true, then it returns an © € X* such that
wy] =g w{l

Let r := max{|R| : R € R}. The running time of ConjInT (w1, w2, B, Lo3, Rels) is
O((r![RPIX P+ r?[R||X[) - (Jwn| + [wal) - [wal).

Proof. Assume that there exists a diagram I" 4 with properties as in the statement of the theo-
rem. By Part 3 of Lemma 6.2.14 we can without loss of generality assume that CyclicConj(wy,
wy) returns false. Then w; and we satisfy assumptions of Theorem 5.6.1, hence Theorem
5.6.1 holds for T" 4. Furthermore, by Part 4 of Lemma 6.2.14 EdgeWithFirstLetter (w1,
Rels) stores a list L containing all potential labels of internal green faces F' of I" 4 that satisfy
Statement 1 of Theorem 5.6.1.

Suppose first that I'4 satisfies Statement 1 of Theorem 5.6.1. Assume that "4 satisfies
Statement (i). Then by construction BothBoundaries(w;, ws, L, Rels) returns true; and
if it returns true, then it returns an x € X™* such that w; =g w{l. Assume next that I'4
satisfies Statement (ii), or that there are edge-incident green faces F' and F7 that satisfy State-
ment (iii). Then by construction ConjByTwoLabels(w;,ws, L, B,Rels) returns true; and
if it returns true, then it returns an x € X* satisfying the theorem. If I"4 does not sat-
isfy any of the previous two assumptions, then either: (a) There are green faces F, F; C
I'4 and a red blob B C I'4 that satisfy Statement (iii), or (b) I'4 satisfies Statement (iv).
Suppose first that Case (a) holds for I'4. Then ConjByThreeLabels(w,, w2, L, B,Rels)
returns true; and if it returns true, then it returns an x € X* with the desired proper-
ties. Now suppose that Case (b) holds for I'4. Then as I'4 has minimal coloured area,
there exists a retriangulation B; of B satisfying Proposition 4.6.18. Hence by construction,
ComplicatedRedBlobs(w;, w2, L, L23,Rels) returns true; and if it returns true, then it
returns an z € X * such that wy =¢ wgil. Thus, if I" 4 satisfies Statement 1 of Theorem 5.6.1,
then Start AtIthLetter(1, ws, B, L23,Rels) returns true. Also, if Start AtIthLetter(q,
wa, B, L23,Rels) returns true, then it returns an x € X* with w; =¢ w%fl.

Assume next that I" 4 satisfies Statement 2 (i) of Theorem 5.6.1. Then by above Start AtIth
Letter(2, wy, B, L23,Rels) returns true. Finally, assume that I' 4 satisfies Statement 2 (ii).
Then by construction StartWithRedBlob(w;, we, B, Rels) returns true; and if it returns
true, then it returns an z € X* with w; =¢ w{l. Thus, the first statement of the theorem
holds.

To prove the second statement, first note that by Lemma 6.2.14 it suffices to analyse time
complexity of Algorithms 6.2.7-6.2.10 & 6.2.12.

Time complexity of BothBoundaries(w;, ws, L, Rels). By Part 4 of Lemma 6.2.14
|L| = O(r|R]|). Now for each 1 < z < 1r and for each R € L, finding c takes time
O(r). Hence as by Proposition 6.1.2 RSymSolveSimpler runs in linear time, it follows that
BothBoundaries runs in time O((r?|R|) - ((|w1]| + |wa|) - |wa])).
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Time complexity of ConjByTwoLabels(w;,ws, L, B,Rels) and of ConjByThree
Labels(w;, wa, L, B, Rels). Each red and green place on each R € L can be found in time
O(r| X
u can be found in time O(r). Hence as RSymSolveSimpler runs in linear time, Part (i) of
ConjByTwoLabels takes time O((r* |R2||X|) - (Jw1] + |w2]) - |w2])).

In Part (ii) of ConjByTwoLabels, by Part 1 of Lemma 6.2.14 the boundary word B
can be found in time O(] X|%), and there are at most O(| X |*) such words B (since the first

), and each green place has O(r|R|) locations instantiating it. For relator R; the letter

and the last letter of B is fixed). Furthermore, the letter m can be found in constant time
(since there are at most 6 possibilities). Hence Part (ii) of ConjByTwoLabels takes time
O((r*|R||X?) - (Jwi| + |wz|) - |wz|)). The overall complexity of ConjByTwoLabels is
therefore O((r4[RI2|X| + r2[RIIX ) - ((Juwn] + uws]) - [wa])).

Using the same ideas as in the previous two paragraphs we deduce that ConjByThree
Labels has time complexity O((r*|R|?| X|3) - (|w1] + |wa]) - |wa]).

Time complexity of ComplicatedRedBlobs(w;,ws, L, L23, Rels). Observe that we
obtain the time complexity of ComplicatedRedBlobs by analysing Part (b) of Step 1.
The word w = mymams € L3 with m; = r; can be found in time O(|X|?), and there
are at most O(| X|?) such words. So similarly as for Algorithms 6.2.8-6.2.9 we deduce that
ComplicatedRedBlobs runs in time O((r*|R|?| X |?) - (Jw1| + |wa|) - |wa|).

Time complexity of Start WithRedBlob(w;, ws, B, Rels). By Part 1 of Lemma 6.2.14
the word B can be found in time O(] X |%), and there are at most O(| X |°) such words. A loca-
tion R(¢, m7,d) can be found in time O(r|R|), and the letter u of R can be found in time O(r).
Hence RSymSolveSimpler performs at most O(r?|R|| X |°) tests, so Start WithRed Blob
runs in time O((|r2R||X ) - ((Juog| + wa]) - [ws])).

Hence as each of the Algorithms 6.2.7-6.2.10 & 6.2.12 is run a finite number of times by
ConjInT, the theorem follows. |

6.3 Algorithms for conjugacy diagrams in S

This section presents procedures for analysing minimal conjugacy diagrams (see Definition
3.1.4) that contain loops labelled by single letters. We describe a procedure, ConjLetters
(see Procedure 6.3.7), which finds conjugacy classes of single letters in G.

We begin with the following observation that holds under weaker assumptions on P than

being valid.

Lemma 6.3.1. Ler G be given by a finite pregroup presentation P = (X° | Vp | R), where
‘P satisfies trivial-interleaving, and RSym succeeds on P. Let t1,to € X7 be distinct. Then
t1 #g to.

Proof. Suppose for a contradiction that t; =¢ to. If (¢1,t§) € D(P), then by uniqueness of
inverses in P and Theorem 2.3.11 (iv) we have [t1,tJ] # 1, hence [t1,t§] = ¢t € X. Since
RSym succeeds on P, by Proposition 2.6.12 we have [¢1,t5] = t #¢ 1, a contradiction.
Hence (t1,t5) ¢ D(P). Similarly, (t3,¢1) ¢ D(P). Since P satisfies trivial-interleaving (see
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Definition 2.3.23), by [34, Proposition 6.10] there exists a diagram I' € D with boundary word
t1t9. But by [34, Lemma 6.11] RSym does not succeed on I', so RSym does not succeed on
‘P, a contradiction. We conclude that 1 #¢ to. [ |

From Lemma 6.3.1 it follows that all conjugating elements in G between distinct ¢1,ts €
X7 are not equal to 1 in P. Also, if ¢1, to are conjugate in U (P), then by Theorem 3.2.11 there
exists ¢ € X7 such that ct2c”t] =y (py 1.

Definition 6.3.2. The array LettersArray is indexed by t1,t2 € X7 with t; # to. We set
LettersArray(ti,t2) := cif there exists ¢ € X7 such that ctoc”t{ =¢ 1. If there is no such
¢, then we set LettersArray(tq,ts) := 0.

Recall Definition 2.5.14 of the 1-skeleton of a coloured diagram and Definition 3.1.6 of a

layer.

Definition 6.3.3. The procedure ConjLetters constructs a directed labelled simple graph D,
with the following properties. The vertex-set of D is X°. Let t1,t2 € X7 be distinct. There
is an arc e = (t1,t2) if there exists ¢ € X* such that ct2c?t{ =¢ 1, and at least one of the

following two conditions holds.
1. ce X°.

2. There exists a minimal coloured conjugacy diagram I' 4 for #; and ¢5 such that c labels
a path p € (I'4)! with endpoints lying on the opposite boundaries of I' 4, and T4 is a
single layer.

The label of e is any d € X ™ such that dt2d?t] =¢ 1 (note that we may have d # c).
Proposition 6.3.4. The components of D are conjugacy classes in G of single letters.

Proof. Let t1 and t5 be distinct elements of X7 that are conjugate in G. If there exists ¢ € X?
such that ctoc?t] =¢ 1, then by Definition 6.3.3 there is an arc (¢1, t2) in D. So we can assume
that no such c exists. Then by Theorem 3.2.11 ¢; and t5 are not U(P)-conjugate. Moreover,
as RSym succeeds on P, by Proposition 2.6.12 ¢; and ¢, are non-trivial in G. Therefore, by
Proposition 3.1.5 there exists a minimal conjugacy diagram (see Definition 3.1.4) "4 for ¢;
and t5. By Lemma 3.1.7 I'4 is a face-disjoint union of finitely many layers, and as I'4 is a
minimal conjugacy diagram, the same holds for each of its layers. Hence there is path in D
with endpoints £; and 5.

One the other hand, if distinct ¢, t3 € X7 are in the same connected component of D, then

by Definition 6.3.3 ¢; and ¢ are conjugate in G. |
Recall Definition 3.3.1 of a decomposable annular diagram.
Lemma 6.3.5. Let 'y € S\ T. Assume that both of the following statements hold:

e "4 is a single layer.
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o The boundary words of I 4 are not single letters G-conjugate by any single letter.

Then T 4 is decomposable and I 4 satisfies Statements (i)-(ii) of Definition 3.3.2. Let I" be the
core of I' 4 and let B be a boundary red blob of " 4. Then for the label t of the loop of B, there
exists a pair (c,d) € (X°)? such that

1. cd labels O(T') N O(B);
2. (e,d) € D(P); c#d°%;
3. there exists a € X7 such that afed]a”t” =y (py 1.

Proof. By the assumptions and Definition 3.3.2 either I' 4 € T, or I'4 is decomposable and I" 4
satisfies Statements (i)-(ii) of Definition 3.3.2. Hence as I'y € S\ 7, the latter holds for I 4,
so we can let I and B be the core and a boundary red blob of I" 4 respectively. Let cd be a label
of O(I') N 9(B). Then by Definition 3.3.2 we have (¢,d) € D(P); ¢ # d’; and t #p [cd]:
so by Theorem 3.2.11 and Lemma 6.3.1, ¢ is U(P)-conjugate to [cd] by some « € X?. The

lemma follows. [ |

Notation 6.3.6. Let D be the graph from Definition 6.3.3. We denote by eftl t2) the arc in D

with initial vertex ¢; and terminal vertex to, labelled by c.

Recall the lists 3, L£o3 and the record Rels from Section 6.2.

Procedure 6.3.7. ConjLetters(B, L23,Rels):

Step 1 Let D be the null graph on X7 vertices, and construct LettersArray.
Step 2 For t1,to € X7 with t1 # to do: if there is not an arc in D between ¢; and ¢» then
(i) If LettersArray(t1,t2) = , then add arcs e?tl ) and 62;2 "
the beginning of Step 2.

(ii) conj,y := CondnTgtl, ta, B, Lo3,Rels) (see Algorithm 6.2.13). If conj then

add arcs e(7t1 1) and eZtQ 1) to D and go to the beginning of Step 2.

(iii) For ¢y, dy € (X7)? with (c1,dy1) € D(P) and ¢; # dS do:

) to D and go to

If there exists v € X7 such that afeidi]a”t]{ =y (p) 1 then

conj,v := ConjInT(c1dy, t2, B, L23,Rels). If conj then add arcs e((lt? ) and
egszj) to D and go to the beginning of Step 2.

(a) For (co,d2) € (X7)? with (co,d2) € D(P) and ¢y # d§ do:

If there exists 3 € X7 such that 3[cada] 3715 =y;(p) 1 then

conj,vy := ConjInT(t1, cada, B, L23,Rels). If conj then add arcs e?t’él);)
(vB87)?

and € ta 1)

to D and go to the beginning of Step 2.

conj,vy := ConjInT(cidy, cads, B, L23,Rels). If conj then add arcs
ayB’ (ayB7)7

€ty 1) and €(ta,t1)

to D and go to the beginning of Step 2.
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Step 3 Return LettersArray, D.

Proposition 6.3.8. The graph D from Definition 6.3.3 can be constructed by ConjLetters in
time O(r4|R2| X |° + r2|R|| X |'1), where r := max{|R| : R € R} is the length of the longest

green relator.

Proof. To prove that ConjLetters constructs D, we show that given t1,to € X7 with t; #
to, if there is a c that satisfies Definition 6.3.3, then ConjLetters adds an arc e = (t1,t2)
with label d according to Definition 6.3.3. So assume that such a c exists. If ¢ € X, then
LettersArray(t1,t2) = d for some d € X7, hence in Step 2 (i) ConjLetters adds a correct
arcto D.

Now suppose that c satisfies Condition 2 of Definition 6.3.3. By the previous paragraph we
can assume that ¢; and ¢y are not G-conjugate by any single letter. Then by Theorem 3.2.11 ¢4
and to are not U(P)-conjugate. By Assumption 2.3.15 (which states that no R € R satisfies
|R| € {1,2}) t; and t3 are cyclically P-reduced, and as RSym succeeds on P, by Proposition
2.6.12 t; and t3 are non-trivial in G. Hence as I'4 is a single layer, by Theorem 3.3.3 there is
a minimal conjugacy diagram A4 € S (see Definition 3.3.2) with boundary words ¢ and ¢,
and consisting of a single layer. Since t; and ¢y are not U (P)-conjugate, by Theorem 3.1.2
CArea(Ay4) > (1,0); and by Definition 3.1.4 A 4 has minimal coloured area. Assume first
that A4 € 7. Then by Theorem 6.2.15 in Step 2 (ii) ConjLetters adds a correct arc to D.

Assume instead that A4 ¢ 7. Then by Lemma 6.3.5 A 4 is decomposable, A 4 satisfies
Statements (i)-(ii) of Definition 3.3.2, and for the label ¢ of the loop of each boundary red blob
of A 4 there exists a pair (¢, d) € (X7)? that satisfies Statements 1-3 of the lemma. Since A 4
has minimal coloured area, the same is true for its core I'. Also, CArea(A4) > (1,0) implies
CArea(I') > (1,0), hence by Theorem 6.2.15 in Step 2 (iii) ConjLetters adds again a
correct arc to D. Thus, we showed that ConjLetters constructs D.

Note that to prove the final statement, it suffices to analyse the time complexity of Step 2
(iii). By Theorem 6.2.15 ConjInT runs in time O(r4|R|?| X |> + r2|R|| X |®) when called by
ConjLetters. Hence as ConjLetters may need to run through all pairs (c1,dy), (c2,d2) €
(X7)2, Step 2 (iii) of ConjLetters takes time O(r*|R|?|X|” + r?|R||X|?). Now Conj
Letters runs Step 2 at most O(| X |?) times, so the overall complexity is as stated. |

Let wy,ws € X* be cyclically P-reduced and non-trivial in GG. The next algorithm checks
if there exists a minimal conjugacy diagram for w; and ws that contains a loop.
Algorithm 6.3.9. LoopyDiagram(w;, wo,LettersArray, D, B, L23,Rels):
/[ input: D — the graph from Definition 6.3.3.
Step1 Forl <i<2andt; € X° do:
(i) If RSymSolveSimpler(w;t7) = n (see Algorithm 6.1.1) then let ; := 7 be
the empty word and go to the beginning of Step 1.
(ii) conj,~y := ConjInT(w;,t;, B, Lo3,Rels). If conj then 7; := - and go to the
beginning of Step 1.
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(iii) Forc¢,d € (X?)? with (¢,d) € D(P) and ¢ # d° do:
If there exists o € X7 such that afed]a’t] =y (py 1 then

conj,”y := ConjInT(w;,cd, B, L23,Rels). If conj then 7; := ya” and go to
the beginning of Step 1.
Step 2 If ¢1 and ?9 are in the same component of D, then let 3 be the label of p, a shortest
path in D from ¢; to ¢2. If y; and -9 are defined, then return true, 17379 .
Step 3 Return false.

Theorem 6.3.10. Suppose that LettersArray and the graph D from Definition 6.3.3 have
been constructed, and that either w1 and wo are G-conjugate and are both equal to single
letters in G, or there exists a minimal conjugacy diagram I 5 for wy and wa that contains a
loop. Then LoopyDiagram(w;, wo, LettersArray, D, B, Lo3, Rels) returns true; and if
it returns true, then it returns an x € X* such that w1 =g w§_1

Let r := max{|R| : R € R}. The running time of LoopyDiagram (wi,ws, Letters

Array, D, B, Loz, Rels) is O((T’4’R|2|X|6 + r2|R\|X|8) - (max{|wi |, |wa|})).

Proof. Leti € {1,2}. Assume first that w; =¢ t for some ¢ € X 7. Then by Proposition 6.1.2
in Step 1 (i) of LoopyDiagram we have RSymSolveSimpler(w;t?) = 7.

Assume instead that w; #¢ t for all £ € X7, so that I' 4 exists. Since I" 4 contains a loop,
by Lemma 3.1.7 " 4 is a face-disjoint union of finitely many layers. Hence for each i € {1, 2},
there exists t; € X7 and a layer I'; of I' 4 with boundary words w; and ¢;. Since I" 4 is a minimal
conjugacy diagram, the same holds for I';. Suppose that w; and ¢; are U (P)-conjugate. Then
by Theorem 3.2.11 |w;| = 1, contradicting our assumption, so they are not U (P)-conjugate.
Similarly as in the proof of Proposition 6.3.8 we can use Assumption 2.3.15 and the fact that
RSym succeeds on P to deduce that t; is cyclically P-reduced and non-trivial in G. Hence
as by the assumption the same holds for w; and T'; is a single layer, by Theorem 3.3.3 there
exists a minimal conjugacy diagram A4 € S with boundary words w; and ¢;, and consisting
of a single layer. Furthermore, by Theorem 3.1.2 we have CArea(A4) > (1,0) since w; and
t; are not U (P)-conjugate; and by Definition 3.1.4 A 4 has minimal coloured area.

Assume first that A4 € 7. Then by Theorem 6.2.15 in Step 1 (ii) of LoopyDiagram,
for some ¢; € X7 the algorithm ConjInT(w;, t;, B, L23,Rels) returns true; and if it returns
true, then it returns v; € X* such that w; =¢ t;/iil.

Assume instead that A4 ¢ T. Then A4 satisfies assumptions of Lemma 6.3.5. Hence as
|w;| > 2, by Lemma 6.3.5 A 4 is decomposable with precisely one boundary red blob B, A 4
satisfies Statements (i)-(ii) of Definition 3.3.2, and for the label ¢ of the loop of B there exists a
pair (¢,d) € (X7)? that satisfies Statements 1-3 of the lemma. Since A 4 has minimal coloured
area, the same holds for its core I'. Now CArea(A4) > (1,0) implies CArea(I') > (1,0),
hence by Theorem 6.2.15 in Step 1 (iii) for some t; € X7, LoopyDiagram returns true;

-1
and if it returns true, then it returns ; € X* such that w; =¢ t;% .
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Thus, for each i € {1,2}: in Step | LoopyDiagram finds t; € X7 that is G-conjugate to
w;; and if any qfl the sub-routines returns true, then (for some ¢; € X?)itreturns y; € X* such
that w; =¢ t;y" . By Proposition 6.3.4 t; and t5 are G-conjugate if and only if ¢; and ¢ are
connected in D. Hence LoopyDiagram returns true. Furthermore, if LoopyDiagram
returns true, then it also returns an x € X* with the desired properties. Hence the first
statement follows.

Now in Step 3 of LoopyDiagram we use Dijkstra’s algorithm (see [20]) to find the
path p. This algorithm runs in time O(|V|log|V| + |E|), on a graph with |V/| vertices and
|E| edges, so O(]X|?) in our case. Then note that p does not contain repeating vertices, so
we can define 73 in time O(|X|). Therefore, to prove the final statement, we need to anal-
yse the time complexity of Step 1 (iii). By Theorem 6.2.15 for each i € {1,2}, ConjInT
runs in time O((r*|R|*|X|® + r?|R||X|®) - (Jw;|)) when called by LoopyDiagram. So
as LoopyDiagram may need to run through all (c,d) € (X?)?2, Step 1 (iii) takes time
O((rYRI?IX P + r4R||X|7) - (Jwi])). Hence the theorem follows as Step 1 (iii) is computed
at most O (] X|) times. [

6.4 The IsConjugate algorithm and the proof of Theorem 1.0.3

In this section we present the conjugacy problem solver, IsConjugate, and prove Theorem
1.0.3. Before running IsConjugate, we precompute data via a procedure ConjPreprocess.

ConjPreprocess takes as input a sound pregroup presentation P (see Definition 2.6.14),
and a list Rec that contains data computed by Steps 1-4 of RSymVerify (see [34, Section

7.6]) on input P: intermult table, roots of green relators, locations, places and the vertex graph.

Procedure 6.4.1. ConjPreprocess(P,Rec):

Step 1 If not IsProper(P) (see Definition 6.0.1) then return error.
Step 2 Construct B and Lo3 (see Section 6.2).

Step 3 LettersArray, D := ConjLetters (see Definition 6.3.3).
Step 4 Return B, Lo3, LettersArray, D.

Let w1, wy € X* be cyclically P-reduced and such that |w;| = |ws|. In the description
below of IsConjugate, we write KMP (w1, w% ) when running the Knuth-Morris-Pratt algo-
rithm on input w; and wg. From [2, Section 9.1], KMP (w;, w%) returns true if and only if
w1 18 a sub-word of w% , hence KMP (wy, w% ) returns true if and only if w; is a cyclic con-
jugate of ws. If so, then KMP (w;, we) also returns the corresponding inverse z of a prefix
of ws such that w, =g w%fl. Moreover, from [2, Section 9.1], KMP (w, w%) runs in time
O(|wi] 4 [wal).

Algorithm 6.4.2. IsConjugate(w;, ws, B, L23,Rec):
// Input: w1, wg — input words tested for conjugacy.

Step 1 Cyclically P-reduce w; and wy via RSymSolveSimpler (see Algorithm 6.1.1), and
let the resulting words be 71 and 79 respectively. If (r; = nand ro # n) orif (ro =7
and ry # n) then return false. If r; = 1 = ro then return true, n, n, x := 1.

Step 2 If |r1| = |r2| then let conj, x :== KMP(ry,73). If conj then return true, 1, 72, T.
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Step 3 conj,z := LoopyDiagram(ry,rs, LettersArray, D, B, Lo3, Rels) (see Algo-
rithm 6.3.9). If conj then return true, 71, 72, T.

Step 4 conj,z := ConjInT(ry,rs, B, Lo3,Rels) (see Algorithm 6.2.13). If conj then re-
turn true, 11, 72, T.

Step 5 Return false.

We are ready to prove Theorem 1.0.3. For time complexity of IsConjugate we treat | X|,

|R| and r as constants.

Proof of Theorem 1.0.3. By Proposition 3.2.13, Lemma 6.2.14 and Proposition 6.3.8
ConjPreprocess runs in time O(r4|R|?| X|? + r2|R|| X|'!). This constitutes the first claim
about construction of IsConjugate.

By Proposition 6.1.2 for each i € {1, 2}, r; := RSymSolveSimpler(w;) is a cyclically
P-reduced G-conjugate of w;. So to prove the correctness of IsConjugate, we need to show
that if w; and wy are G-conjugate, then IsConjugate returns true, else it returns false;
and if IsConjugate returns true, then it returns an x € X* such that ro =g 7.

Assume first that w and wy are not G-conjugate. Then by Proposition 6.1.2 we cannot have
71 = 1 = ry. Furthermore, KMP (71, 72) returns false if |r1| = |r2|; by Theorem 6.3.10
LoopyDiagram(ry,re, LettersArray, D, 3, Lo3,Rels) returns false; and by Theorem
6.2.15 ConjInT(ry,r9, L, B, Lo3,Rels) returns false. We conclude that IsConjugate
returns false.

Now assume that w; and w9 are G-conjugate. Then we cannot we have 1 = i and r3 # 7
orrg = nandr; # n If r1 = n = ry, then IsConjugate returns true in Step 1. So
assume that 71 # 1 # ro. Then by Proposition 6.1.2 we have | #g 1 #g ro. If 71 and
ro are cyclic conjugate or are both equal to single letters in GG, then by [2, Section 9.1] and
Theorem 6.3.10 IsConjugate returns true in Steps 2 or 3. So assume that they are neither
cyclic conjugate nor both equal to the single letters in G. Then by Corollary 3.2.12 they are not
U (P)-conjugate. Hence by Proposition 3.1.5 there exists a minimal conjugacy diagram I" 4 for
r1 and o, and by Definition 3.1.4 T" 4 has minimal coloured area. If I" 4 contains a loop, then
by Theorem 6.3.10 in Step 3 IsConjugate returns true. Hence assume that I" 4 is loop-free.
Then by Theorem 3.2.2 T'y € T. Also, as r1 and 79 are not U(P)-conjugate, by Theorem
3.1.2 we have CArea(I'4) > (1,0). Therefore, by Theorem 6.2.15 in Step 4 IsConjugate
returns true.

Finally, assume that IsConjugate returns true. If ry = n = ry, orif r; and r are cyclic
conjugates, then in Steps 1 or 2 IsConjugate returns an z € X* with rp =¢ r{. Otherwise,
by Theorems 6.2.15 and 6.3.10 in Steps 3 or 4 IsConjugate returns an x € X* with the
desired properties.

The final complexity claim follows from Proposition 6.1.2 and Theorems 6.2.15 and 6.3.10,
since for each 7 € {1,2} we have |r;| < |w;]|. [
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Experiments

We implemented IsConjugate, as IsConjugate, in the computer algebra system MAGMA
(see [6]). We used the code of the implementation IsHyperbolic of RSymVerify (see
[34, Procedure 7.19]) to produce the pregroup multiplication table; to produce the lists Rec,
B and L93 from Section 6.4; to find sound pregroup presentations (see Definition 2.6.14); and
then modify it to construct RSymSolveSimpler (see Algorithm 6.1.1). The remaining sub-

routines of IsConjugate are computed by new code.

7.1 Accuracy

In this section we describe accuracy of our implementation. We want to demonstrate that on in-
put a valid (see Definition 2.6.14) pregroup presentation P = (X? | Vp UR), IsConjugate
returns true on input w; € X* and we € X* if and only if w; and wo are conjugate in the
group defined by P. If our implementation of IsConjugate returns true, then it should also
return a conjugating word, hence proving that the input words are indeed conjugate. Hence let
us test our implementation on input words that are conjugate, and check if it returns true and
a conjugating word.

Our aim was to come up with cases that tests the correctness of all sub-routines of IsConju
gate that perform conjugacy tests on input words. We constructed the examples by hand: in all
of them the input words are already cyclically P-reduced, so they are returned by IsConjugate.
Also, in all examples the group F'(X?) is a free group, so we use ! to denote the inverse of
x € X in F(X7) instead of 27 to be consistent with inputs and outputs of the implementation.
Finally, to verify that the input words w; and ws are conjugate, we used Derek Holt’s imple-
mentation (in GAP) of Marshall’s (see [43]) conjugacy problem solver for hyperbolic groups,
and to verify that the word c returned by IsConjugate is a conjugating word, we used the
MAGMA’s KBMAG package (by constructing an automatic structure of the input group and ver-

1

ifying that the product cwoc™ wy 1 is the identity word).

Test 1: Our first example is the small cancellation group C’(1/7) — T'(4) defined as
P = (a;b,c,d[{0} [{R := [a,b][c, d]}).

140
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h

Figure 7.1: The annular diagram I' with the outer boundary labelled by w; and the inner
boundary labelled by wo, see Test 2. The red curve depicts the path labelled by the conjugating
word jkheagc

We verified that P is valid. Let w; = d~'edbe='d~! and wy = b~ta~'bbad~!. Checking by
hand we found that there is an annular diagram I'" (see Definition 3.1.4) with boundary words
wy and wy containing two internal green faces labelled by R and R~! that share an edge with
label a and have edges on both boundaries of I'. As expected, IsConjugate returned true,

where BothBoundaries (see Algorithm 6.2.7) found conjugating word d ' cda='b~Lab.

Test 2 : The next example is a presentation of the form

P = <a,b,c,d,e,f,g,h,i,j,k,l\ {@}‘
R := {ajkhedc,e dha™ fe,c L f b Yieka™  agchbetd1}).

The reason why P is defined on so many letters is to ensure that the steps have short length,
making P sound. Let w; = jkhldh and wo = c¢ ‘g 'k~'e 'i~'h~!. Then there is an
annular diagram T for w; and wo with CArea(T") = (4, 0), where the set of labels of the four
internal faces of I' is R, all internal faces share the same two interior vertices, and there are
two pairs (D, D’) of them such that D and D’ share an edge and have edges on the opposite
boundaries of I' (see Figure 7.1). IsConjugate returned true on input w; and wy, where
ConjByTwoLabels (see Algorithm 6.2.8) found jkheagc.

In the remaining examples we use the set of red relators from Example 2.4.1, and subse-

quently add additional letters and green relators to define valid pregroup presentations.

Test 3: The first presentation formed in this way satisfies

1‘ X = {a,b,c,d,e,f,g,h,i,j,k‘,l,m};
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2. Vp={abd 1 bce !, db"ta"t ec7 o7 aef~L, def 1Y
3. R = {amhdia=tlbg, c 1 jbdm~ta=1ghk}.

We aimed to test the correctness of Start WithRedBlob (see Algorithm 6.2.12), so we
chose w1 = bjbdhdi and wo = fk~'h~1g=2b~11~!. Then there is an annular diagram for w,
and wo that satisfies Statement 2 (ii) of Theorem 5.6.1. IsConjugate returned true on input
w1 and wsy, and StartWithRedBlob returned bd_llbg2hkf_1.

Test 4: We took a presentation with

1. X ={a,b,c,d,e, f,g,h,i,7,k,l,m,n,o,p,r st uv z}
2. Vp ={abd=', bece ', dbra"t, ec b7t aef L, def 1}
3. R ={ghijkb~' ¢ Hmnh~ g™, ft=1s tuva, a Loprst}.

-1,-1 -1 _11}_1

By taking wy; = ijklmn and wo = r~"p~ 0" x u~!, both conjugate to the letter e,

we were able to test the correctness of LoopyDiagram (see Algorithm 6.3.9). As de-
sired, IsConjugate returned true, and LoopyDiagram returned ijkb~'a~! opr. We
also took w} and w3 for testing ConjByThreeLabels (see Algorithm 6.2.9). In this case
IsConjugate returned true and ConjByThreeLabels returned ijkct~'s~luvzopr.
Test 5: Our final presentation is for testing ComplicatedRedBlobs (see Algorithm
6.2.10). We were unable to find diagrams containing bad or complicated red blobs (see Defini-
tions 4.1.1 and 4.6.1). However, we were able to test ComplicatedRedBlobs by finding an
annular diagram I" containing two internal green faces that share an edge with the same red tri-
angle, and have edges on the opposite boundaries of I'. (We also let ConjInT (see Algorithm
6.2.13) skip running ConjByTwoLabels and ConjByThreeLabels on input w; and ws,

as otherwise they would find solution before running ComplicatedRedBlobs.) We took
1' X = {a7b7c7d7e7f7g7h7i7j7 k7l7m7n707p7/r7 s7t?u7v7w)x7y727q};
2. Vp ={abd=', bce ' dbra"t ec b7t aef L, def 1}

3. R={fs"ty Ytqwz"1r"1 ysoprhgijk,d ' rzlmng='h~tuvz};

4. wy = wlmnijktg and wo = v lu=r~tp~lto~ et

Then IsConjugate returned true on input w; and we, and ComplicatedRedBlobs re-
turned wz~!'r~1 fc=!. We also took w; and a cyclic permutation mnijktqwl of wy to test
the correctness of our implementation of the Knuth-Morris-Pratt algorithm; and two cyclic
permutations Imnijktqw and ijktqwlmn of w; to test the correctness of CyclicConj (see
Algorithm 6.2.3). In both cases the algorithms returned correctly true and correct conjugating
words ¢ 't~ kT n T m ! and w gt k171! respectively (and with run time
only 0.01 seconds).

Thus, we found examples for testing the correctness of all sub-routines of IsConjugate

that perform conjugacy tests on input words; and in addition, in all Tests 1-5, IsConjugate
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Table 7.1: Run times of Examples (a)-(e) from Section 7.1.

Example | ConjPreprocess IsConjugate
Test 1 0.070s 0.010s
Test 2 0.72s 0.010s
Test 3 7.26s 2.03s

Test 4 (i) 3.83s 0.08s

Test 4 (ii) 3.83s 0.96s
Test 5 4.55s 0.29s

returned true on all pairs of cyclic conjugates of the input words, and conjugating words were
found by different sub-routines. Finally, note that in all the examples above, by taking powers

of the input words one can find conjugate words with arbitrary length.

7.2 Efficiency

In this section we report the run times of our experiments (in seconds). Tests 1-5 from Section
7.1 are described in Table 12.1. Test 4 is split into Parts (i)-(ii), where in Part (i) IsConjugate
run on input wy and wsg, while in Part (ii) it run on w? and w3. To analyse the worst-case
complexity of IsConjugate, we used the pregroup presentations from Tests 2-5 of Section

7.1, and chose the input words as follows:

(*) For 1 < ¢ < 100, we run IsConjugate on input w] and wj, where wj and w3 are

random freely cyclically reduced words of lengths 10: and 10 — 5 respectively.

We were interested in the growth of run times of IsConjugate against the increase of
|w} 4+ w3 |. This relationship is depicted in Figure 7.2 (where Cases 1-4 correspond to Tests 2-5
respectively). There is a large difference between the run times in Case 2 and the other cases,
however, even in Case 2 the plot suggests a low-degree polynomial time growth, quite possibly
quadratic.

To analyse this further, we assumed that the growth is quadratic, and of the form Az? + Bz.
To estimate the constants A and B, we picked two points (z;, yj)?zlz one for a low value
(wi = 50; wi = 45) of |w] + wj| and one for a middle value (wj = 500; w; = 495) of

lw} + w3

, and solved the system of equations y; = Aa:? + Bzxjfor1 < j < 2. As we can see
in Figure 7.3, the estimated quadratic function seems to bound the run times well.

Similarly, we tried to estimate the growth with a cubic function Az® + Bz? 4+ Cz by
choosing three points (z;, yj)?:l and solving the system of equations y; = Am? =+ Bm? +Cx;
for 1 < j < 3. However, all estimated values Ay of A had Ay < 0, which suggests that the

growth is rather quadratic than cubic. This agrees with Theorem 1.0.3.
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Figure 7.2: Growth of run times of IsConjugate against |w} + w3]|.
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7.3 Examples where IsConjugate works and existing methods do

not

Let G = (a,b | a*,b™, (ab)") with2 < £ < m < nand 1/¢ + 1/m + 1/n < 1. By [34,
Proposition 9.5], GG can be defined by a sound pregroup presentation (see Definition 2.6.14). In
particular, consider a group GG defined by a pregroup presentation

P =(a,b|Vp = {1} | R := {(ab)}),

where the relation a = a” is required in the pregroup. Then P is valid, so IsConjugate
solves the conjugacy problem in G.

Let w; = (ab)® and wy = (ab)~2. Then as (ab)” € R, we have w; =g ws and w] =¢
1 =¢ wj. IsConjugate returned correctly true on input w; and we. However, even on
this simple example, Marshall’s (see [43]) algorithm returned an error as it does not solve the
conjugacy problem for elements with finite order.

Finally, consider a group G defined by a pregroup presentation
P ={(a,b|{0}|R := {az:mo’bm:wg, (ab)n:157}>'

Then P is valid, and IsConjugate solves the conjugacy problem in G. However, in both GAP
and MAGMA, the KBMAG algorithm failed to precompute an automatic structure for G (since
too many computational steps were required to be carried out), hence all previous implementa-
tions of conjugacy problem solvers for hyperbolic groups cannot be constructed on input P —
Wakefield’s implementation (see [55, Chapters 5 & 6]) of the algorithm of Gersten and Short
(see [27]) and Marshall’s algorithm.

We expect the same outcome for all £, m,n with ¢ < m < n and £ > 100, m > 153 and
n > 157, though the construction of IsConjugate performed by ConjPreprocess (see

Procedure 6.4.1) might take a very long time for large values of £, m, n.



Chapter 8

Improvements and generalizations of

IsConjugate

The final chapter of Part 1 includes suggestions for making the construction of IsConjugate
more efficient, and for its generalizations. Let G be given by a valid pregroup presentation
P = (X | Vp UR) (see Definition 2.6.14). Then it might be possible to simplify Definition
3.3.2 of the set S as follows.

Definition 8.0.1. We define S’ to be the set of all coloured annular diagrams I" 4 over P each of
which is a face-disjoint union of layers I' with area at least 1 and such that: for non-boundary
layers I', both boundaries of I" have length 1, and one of the following 2 statements holds for
I.

1. The boundary words of I are single letters G-conjugate by some single letter.
2.TeT.

For boundary layers I' the same holds, but at least one of the boundaries of I' is a boundary of

I" 4, so may have length greater than 1.

With this definition, the construction of IsConjugate takes time O(74|R|?| X [>+r2|R|| X |7)
instead of O(r*|R 2| X|? + 72|R||X|).

The proof of showing an existence of a diagram in S’ would be similar as for S. Assume
that that wy € X* and wy € X™ are cyclically P-reduced, non-trivial in GG, and G-conjugate
but not U(P)-conjugate; and that I} is a minimal conjugacy diagram for w; and ws that
contains a loop [. Let I' be a layer of I} with [ C I, and let v be the endpoint of /. Then
as in the proof of Theorem 3.3.5, we can show that either 6 (v,I") = 2 or d¢(v,I") = 1 and
Or(v,T") = 4, and that in the second case, the length 2 boundary of the boundary red blob of T’
containing [ is non-trivial in P, and is not P-reduced — using this fact, we can retriangulate one
more time at v, to reduce dr (v, ") to 3, and subsequently apply the minimality (see Definition
3.1.4) of I} to deduce that I' is a union of two layers satisfying one of the Conditions 1-2 of
Definition 8.0.1. The problem with this approach is that reducing 0z (v, I") from 4 to 3 creates

an additional loop in the diagram, however, we believe one might still show that if I'"}' contains
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n layers, then the final diagram I" 4 € S’ with boundary words w; and w9 contains at most 3n
layers, and is a smaller sibling of I} (see Definition 3.1.13).

Another interesting question is the following open problem:

Question 1: Does there exist a quadratic time and practically implementable algorithm that
solves the conjugacy problem for all hyperbolic groups defined by finite pregroup presenta-
tions that do not necessarily satisfy trivial-interleaving (see Definition 2.3.23)?

We presume that the input pregroup presentation still needs to have all the other properties

of valid pregroup presentations.



Part 11

A new method for showing
hyperbolicity
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Brief outline

Part II of this thesis is structured as follows. In Chapter 9 we describe a curvature distribution
scheme RSymVert. Descriptions of sub-routines of VerifyHyp Vertex are given in Chap-
ter 10. In Chapter 11 we prove Theorem 1.0.4 stated in Chapter 1, which is the main result of
Part II, as follows. In Section 11.1 we show that the success of RSymVert on a pregroup
presentation P establishes an explicit linear bound on the Dehn function of P, thus proving
that the group defined by P is hyperbolic. In Section 11.2 we present VerifyHypVertex,
and show that if VerifyHypVertex returns true, then RSymVert succeeds. This proves
the first statement of Theorem 1.0.4. In Section 11.3 we complete the proof of Theorem 1.0.4.
In Chapter 12 we describe experiments with our implementation. Finally, Chapter 13 includes
examples of future curvature distribution schemes that might be useful for showing hyperbol-
icity.

Throughout the whole Part II, let G be a group defined by a finite pregroup presentation
P = (X |VpUR)suchthat Z(R) = R (see Definition 2.3.20), let ¢ € R, and let h € Z>;.
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Chapter 9

The RSymVert scheme

In this chapter we shall present the curvature distribution scheme RSymVert. We start by
defining the enhanced vertex graph £ of P, which is an enhanced version of the vertex graph
G given by [34, Definition 7.6], where each green E-vertex (R(i,a,b), G) corresponds to pre-
cisely one location R(i,a,b) (see Definition 6.2.1). (Note the difference from [34, Definition
7.6] where there can be more than one location R/(j, ¢, d) instantiating the same green G-vertex
(¢, d, G).) Before doing so, we summarize the following graph-theoretic terminology that will

be used in our work.

Definition 9.0.1. Let G be a weighted directed simple graph. A walk W = vjva...v, is a
sequence of vertices such that for all 1 < i < n — 1, we have (v;,v;1+1) € E(G). We say that
W is open if v; # vy, otherwise we say that W' is closed or a circuit. The sum of weights of
all edges of W is denoted by w(W).

Recall Definition 2.3.13 of an intermult pair.

Definition 9.0.2. The enhanced vertex graph £ of P has two types of vertices. There is a green
E-vertex (L, G) for each location L. There is a red £-vertex (a, b, R) for each intermult pair
(a,b).

The £-edges are defined as follows. There is a (directed) £-edge from (R(i,a,b),G) to
(R'(3,b%,¢),G) if a one-face or two-face diagram in which faces labelled R and R’ that share
the edge labelled b is o-reduced. There is an £-edge from (R(i,a,b),G) to each (b7, ¢, R).
There is an £-edge from (a, b, R) to each (R(7,07,¢), G). Since red blobs do not share edges
with other red blobs, there are no £-edges between red £-vertices. The £-edges have weight 1

if their source is green and weight O if it is red.
Recall Definition 2.5.17 of the set D of coloured van Kampen diagrams.

Remark 9.0.3. There is a surjection from the vertices of the enhanced vertex graph to the
vertices of the vertex graph. If (R(i,a,b), G) is a green E-vertex, the corresponding G-vertex
is (a, b, G). On the other hand, a red £-vertex v = (a, b, R) is also a G-vertex.

Also, applying Lemma 2.5.13 shows that each interior vertex v in a diagram I' € D is

represented by a circuit in £.
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Definition 9.0.4. Let WV be the set of all walks vy, v, 15 in £ of length 2, and let Wg be the
set of all walks in W with middle vertex a green £-vertex with relator R. Let F' be an internal
green face in a diagram I' € D, incident with a vertex v such that 6(v,I') > 3. Denote by
w(F,v,I") the multiset of all walks in VV around v through a location of F' — corresponding to
three consecutive faces F, F, F> C I' incident with F" at v.

Let C be the set of all circuits C' in £ with w(C') < 5 and |C| > 4. Further, for w € W, let
C" be the set of all circuits in C that contain w as a sub-walk.

Note that if ' C I' € D is an internal green face incident with an (interior) vertex v of
degree at least 3, or if ' C I' € D is an (interior) green face incident with a vertex v with
0(v,T") > 3, then every incidence of F' with v is described by some walk w € w(F,v,T").

In the description below of ComputeRSymVert, the functions M : R*! x R x
{1,...,h} = R x {true,false} and you : W X R x {1,...,h} — R are not yet de-
fined. They are calculated by VerifyHypVertex (see Algorithm 11.2.1), and we shall give
their definitions in Sections 10.3-10.4. For now we inform the reader that if there exists I' € D
and an interior green face F' C T labelled by R € R*!, then M(R, ¢,i)[2] = true, and if
M(R,e,1)[2] = true, then M(R,¢,i)[1] is an upper bound over all I' € D on a?’i(F) + e,
where ap'(F) is the curvature of an interior face F' C T labelled by R after the it" iteration
of RSymVert (s, h) (see Algorithm 9.0.5 below): we shall prove this in Section 11.2, see
Proposition 11.2.3. Furthermore, if M(R,¢,7)[2] = false then M(R,¢,i) = (0,false).

Algorithm 9.0.5. ComputeRSymVert(I' € D, ¢, h):
For each iteration ¢ € [1, ..., h| do:

Step 1 If ¢ > 1 then go to Step 2. Otherwise, let a?’l := kr = ComputeRSym(T") (see
Algorithm 2.6.4), and proceed to the next iteration.

Step 2 For each internal green face F’ of I', denote the label of F' by R. If M(R,e,i—1)[1] <
0, then for each interior vertex v with 6(v,I") > 3 incident with F, if there is an
interior green face incident with v with label R; such that M(Ry,e,i — 1)[1] > 0,
then let F' give v curvature you(w, €,7 — 1) across each incidence described by some
walk w € w(F,v,T").

Step 3 For each interior vertex v of I, let 7! be the multiset of interior green faces incident
with v and labelled by relators R that satisfy M(R,e,i — 1)[1] > 0. Distribute v’s
curvature equally amongst the faces of F7.

Step 4 Let a2’ be the function from V(') U E(T) U F(T') to R, such that () is the current

curvature of z. If i = h, then return al‘i’h.

Definition 9.0.6. We define RSymVert(e, h) to be the map from D to {a%’h(az) :I' e D}.
Let 2 < ¢ < h. We denote by Q(F,w,1) the curvature that a green face F' gives to a
vertex v in Step 2 of the " iteration of ComputeRSymVert(I', ¢, h) across the incidence
described by some w € w(F,v,I') (we emphasize that if F' gives no such curvature to v,
then Q(F,w,i) = 0), and similarly, II(v, w, ) the curvature that v gives to F' in Step 3 of

the *" iteration of ComputeRSymVert(I', e, h) across the incidence described by some
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w € w(F,v,T"). Finally, for a vertex v of degree at least 3 incident with an interior green face
F labelled by R, we define for each incidence of F' with v described by some w € w(F,v,T):

—Q(F,w,i) if v is interior, M (R, e,i — 1)[1] < 0,and F} # 0,
n(w,i) = { H(v,w,i) if v is interior and M(R,e,i — 1)[1] > 0,

0 otherwise.

We shall think of 7(w, i) as the curvature moved from v to F across the incidence described
by w € w(F,v,T') in iteration 4 (noting that this value can be positive), and of x(v,I") +
22:2 n(w,n) (recall Definition 2.6.8 that x(v,I") is the curvature that v gives to F' across
each incidence in the first iteration of ComputeRSymVert(I',¢, h)) as the total curvature

moved from v to F' across the incidence described by w € w(F, v,I") over the first i iterations.
Proposition 9.0.7. RSymVert(c, h) is a curvature distribution scheme on D.

Proof. LetT' € D. By Proposition 2.6.6 RSym is a curvature distribution scheme on D, hence
by Definition 2.6.1 we have x(I') = 1. As in Steps 2 and 3 of ComputeRSymVert(I', ¢, h)

the curvature is neither created nor destroyed, we have aii’h(l“) = 1. The result follows. [ |

Lemma 9.0.8. Let FF C T' € D be a green face labelled by R and incident with an interior
vertex v with 6(v,I') > 3, let w € w(F,v,I") be a walk describing an incidence of F with v,
and let i > 2. Suppose that M(R,e,i — 1)[1] < 0. Then Q(F,w,1) = Xou(w, e, — 1) if and
only if Fi # 0.

Proof. Suppose that Q(F,w,i) = Xou(w,e,i — 1). Then by Step 2 of Algorithm 9.0.5, v
is incident with an interior green face with label Ry such that M(R;,e,7 — 1)[1] > 0, hence
F! # (. Suppose instead that ¢ # (). Then by Step 2 of Algorithm 9.0.5 we have Q(F,w, i) =
Xout(w, &, — 1). [

Finally, we define the success of RSymVert(e, h).

Definition 9.0.9. We say that RSymVert(c, h) succeeds on a diagram I' € D if al‘i’h (F) <
—e for all interior green faces F' of I'.
We say that RSymVert(e, h) succeeds on P if this is true for every I' € D.

There are infinitely many diagrams in D, hence to test each of them to see whether RSym
Vert(z, h) succeeds is not possible. By using the fact that there are only finitely many elements

in R, in Chapters 10-11 we show how to test all such diagrams at once.



Chapter 10

The sub-routines of
VerifyHypVertex

Recall Algorithm 9.0.5 for computing RSymVert (e, h). Our main procedure, VerifyHyp
Vertex (see Procedure 11.2.1), will be introduced in Section 11.2. The procedure takes as
input P, € and h, where h is the maximum number of iterations, and returns either true or
fail. If VerifyHypVertex(P, ¢, h) returns true, then RSymVert(e, h) is guaranteed to
succeed on P. If fail is returned, then this does not mean that RSymVert(e, i) does not
succeed on P. The user can test again with a smaller value of £ or a larger value of h. In
this chapter we shall describe the sub-routines of VerifyHypVertex. Throughout the whole
chapterlet 1 < ¢ < h.

Lemma 10.0.1. Let I € D contain an interior green face F'. Then
L
R (F) =1+ > Y (X(v,r) + Zn(w,n)) +> n(B,F)-x(B,T),
vEI(F) wew(Fw,I') n=2 B
where the last sum is over all red blobs B that are edge-incident n(B, F) times with F for
some n(B,F) > 1.

Proof. Let R € R*! be the label of F'. By Algorithm 9.0.5 we have

1

ap'(F)=14+ > > x(w,D)+> n(B,F)-x(B,I),
veI(F) wew(F,v,I') B

and if 2 < n <, the by Algorithm 9.0.5 and Definition 9.0.6, if x € I' is not an interior vertex

of degree at least 3, then x neither gives curvature to nor receives curvature from F’ in iteration

n; else the curvature moved from x to F' across the incidence described by w € w(F, z,I") is

equal to n(w, n). Hence

af"(F) —at" N(EF) = Y Y a(w,n),

veQ(F) wew(F,I)
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and so

o' (F) = off'( +Z( )

L

:1—1-2 Z X(v,F)+Zn(B,F)~X(B,F)+Z Z Z n(w,n)
B

vEI(F) wew(F,w,I) n=2 \wed(F)wew(Fw,I)

=1+ > > (X(u,r)+; >+Z (B, F) - x(B,T).

ved(F) wew(Fv,T)

For each R € R*!, VerifyHyp Vertex seeks to find the maximum value of the curvature
o' (F) overallT" € D of an interior face F' C I labelled by R. By Lemma 10.0.1 it suffices to
bound ap’(F) by bounding x (v, T) + > "1 _, n(w,n) and n(B, F) - x(B,T), over all diagrams
in D that contain an interior green face F' labelled by R.

Splitting up J(F') into consolidated edges that F’ shares with its edge-incident faces induces
a decomposition R = wy ... wy, where R’ is a cyclic conjugate of R, and each w,, labels the
corresponding consolidated edge of F'. We attach a colour C),, € {G, R} to each w,,, where
C), is the colour of the adjacent region (green face or a red blob). Since diagrams in D are

green-rich, if C,,, = R, then |w,,| = 1.

Definition 10.0.2. If C',, = G then let €, be the maximum value of

vm, —I—an n

considered over all possible diagrams I' € D in which w,,, labels a maximal green consolidated
edge on F', vy, is the vertex at the end of w,,, and w € w(F,v,,,I") is a walk determined by

faces edge-incident with F'in I' at vy,. If C),;, = R then let €/, be the maximum value of
L
X(0m, T) + Y n(w,n) + x(B,T),
n=2

considered over all possible diagrams I' € D on which w,, labels a red consolidated edge of
F, v, and w € w(F, vy, ') are as in Case G, and all possible edge-incident red blobs B at

Wiy,

Definition 10.0.3. [34, Definition 7.2] Let R’ = wjws ... wy, be a coloured decomposition. A
step consists either of a single sub-word w,, or of two consecutive sub-words wy, w,,+1 that

are determined as follows (interpret subscripts cyclically):
1) If C,, = G and C,,+1 = R, then w,, w41 is a step.

(i1) If neither wy,—1 Wy, NOr WyWm+1 1s a step by Condition (i), then wy, is a step.
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Let €, be the curvature from Definition 10.0.2. A stepwise curvature x; with respect to ¢ of a
step s; is X;- = €;, when s; = w,, and X; = €, + €11 When s; = wp W 11.

The length of a step is the number of letters of R’ that it comprises.

We do not allow the combination Cy = Rand Cy, = G: if R’ has C; = Rand C}, = G, then
we consider the decomposition ws . . . wiw; instead. Hence it is clear from Definition 10.0.3
that for each such decomposition R' = wj ... wy, there is a decomposition R’ = s;... s,
where each s; labels a step and is equal either to a single w,,, or to some Wy, Wyp41 With wy,

green and wy,+1 red.
Lemma 10.0.4. We have a2 (F) <1+ 3\ x4

Proof. By Definitions 10.0.2-10.0.3 we have

Xo> ) (x(v,F) + Zn(w,n)> +Y x(B,T),
v B

n=2

where the first sum is over all vertices v that are at the end of a maximal consolidated edge
of F' labelled by a sub-word of s; (and where w € w(F,v,I") is determined by faces edge-
incident with F' in I" at v), and the last sum is over all red blobs edge-incident with F" at a red
consolidated edge labelled by a letter of s; (there is always at most one such blob). Hence the

lemma follows from Lemma 10.0.1. [ |

10.1 Vertex curvature

Let R € R*!, let F be an interior green face labelled by R in a diagram I' € D, incident with
a vertex v with §(v,I") > 3, and let Fy, F, F» be three consecutive faces incident with F' at v.
Recall [34, Algorithm 7.7, Section 7.2] for creating the vertex function Vertex, which takes
as input three G-vertices corresponding to locations of F7, F, F5 at v, and returns an upper
bound on x(v,I'). We extend this idea and create functions ) and B, which take as input a
walk w € w(F,v,T") (see Definition 9.0.4) determined by F, F, F»; and ¢, and return an upper
bound on x (v, F) + > %_, n(w, j) (see Definition 9.0.6), where ) assumes that v is interior,
and B assumes that v € 9(I"). We shall prove this in Section 11.2, see Lemma 11.2.2.

Definition 10.1.1. Let w = vy, v,v2 € Wg. We define Y(w, 1) = Vertex(v], v/, v}), where
vy, V', vl are the G-vertices that correspond to v1, v, v (see Remark 9.0.3).
The value of B(w, 1) is: —1/3 if 14 and v are both green; —1/4 if exactly one is green;

and 0 otherwise.
In Section 10.4 we shall define )(w, ¢) and B(w, ¢) for ¢ > 1.
Lemma 10.1.2. [fv € 9(T'), then x (v, T') + 3%y n(w, j) < B(w, 1).

Proof. Assume thatv € 9(T"), and letw = v1, v, v5. By Definition 9.0.6 x (v, )+ % _, n(w, j) =
x(v,T'). Now note that if v, and v are both green, then d;(v) > 4; dg(v) > 3 if exactly one
is green; and d;(v) > 2 otherwise. Hence by Lemma 2.6.10 x(v,I") < B(w, 1). [
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xF2

(©)

Figure 10.1: Illustration of the three types of Steps. ([34, Figure 5, page 30]).

10.2 One-step reachable places and the OneStepVert lists

In this section we describe how to find all places (see Definition 6.2.5) that can be reached from

a fixed place by a single step.

Definition 10.2.1. [34, Definition 7.15] Let P be a place with location R(,a,b). A place Q is
one-step reachable at distance [ from P, where 1 < [ < |R|, if the following hold:

(i) Q has location R(j, s,t) for some s,¢ € X, where j = i + [ (interpreted cyclically).
(i) If P isred, then! =1 (and so s = b).
(iii) If P is green, then exactly one of the following occurs:

(a) there exists a green face F’ instantiating P, and a consolidated edge between F
and F” of length [ from the location of P to that of Q, and Q is green;

(b) there exists an intermediate place P’ whose location is R(j — 1, u, s) and whose
colour is red, there is a green face F’ instantiating P such that there is a consoli-
dated edge between F and F” of length [ — 1 between the locations of P and P’,

and there is a red edge between P’ and Q.

The algorithm ComputeOneStepVert(P, ), 5, Blob, () takes as input a place P; the
functions ) and B (see Section 10.1); the function Blob (see [34, Algorithm 7.12, Section
7.4]), which takes as input three letters a, b, ¢ and returns an upper bound on the curvature
X(B,T') (see Definition 2.6.8) that a red blob B with sub-word abc of its boundary word can
give (across each edge-incidence) to an internal green face F' edge-incident with B at b, con-
sidered over all diagrams in D; and ¢.

ComputeOneStepVert(P,), B, Blob, ) computes a list OneStepVert(P,¢) con-

sisting of triples (Q, [, x), where Q is a one-step reachable place at distance / from P, and
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X is an upper-bound on the stepwise curvature with respect to ¢ (see Definition 10.0.3) of the
step between P and Q.

In the description below of ComputeOneStepVert, by including an item (Q, 1, x) in
OneStepVert(P,:), we mean append it to the list if there is no entry of the form (Q,, x)
already or, if there is such an entry with y > X/, then replace that entry with (Q, [, x). (If there
is such an entry with x < x’, we do nothing).

Algorithm 10.2.2. ComputeOneStepVert(P = (R(i,a,b),c,C),),5,Blob,.):

Step 1 Initialise OneStepVert(P, ) as an empty list.
Step 2 Case C = R. For each place Q = (R(¢ + 1,b,d),z,C"), and for each y € X such
that y intermults with b7, proceed as follows. (See Figure 10.1(a).)
Let vy = (y,b°,R) and v = (R(i + 1,b,d),G). Let x1 := Blob(y, b, ¢), and
for each out-neighbour v of v, let x2 := max{)(v1,v,v2,t), B(v1,v,1v2,1)}.
Include (Q, 1, x1 + x2) in OneStepVert (P, ).
Case C = G. For each location R'(k, b7, ¢) instantiating P, proceed as follows.

For each place P’ = (R(j,d, e),x,C") on R that can be reached from P by a sin-
gle (not necessarily maximal) consolidated edge « of length [ between R and R/,
let 11 be the £-vertex corresponding to the location on R’ at the end of . For each
out-neighbour 15 of v = (R(j,d,e),G), compute x1 := max{)(vi,v,1va,1),
B(vi,v,va,1)}.

1. If P’ is green, then include (P’,[, x1) in OneStepVert(P,:). (See Figure
10.1(b).)

2. If P’ is red, then find all places Q that are one letter further along R than
P’. (See Figure 10.1(c).) Then proceed in a similar way as in Case R,
and compute the combined maximum curvature o returned by the red blob
between P’ and Q and the vertex at Q. Include (Q,l + 1,x1 + X2) in
OneStepVert(P, ).

Lemma 10.2.3. Let P = (R(i,a,b),¢,C) and Q = (R(j,d,e),c,C") be places on the same

relator R. Then the following are equivalent.

1. The place Q is one-step reachable from P at distance l.

2. There exists a coloured decomposition of a cyclic conjugate R of R such that a sub-word
wy, or wpwgy1 of R’ between the location of P and the location of Q is a step of length
l, the face edge-incident with a face F labelled R at wy, has colour C, and edge after
w,;l labelled c, and the face edge-incident with F' at the letter after the end of the step

has colour C' and next letter c'.

3. There exists x such that (Q,l, x) € OneStepVert(P, ).

Assume that for each interior green face F' C T' € D, for each vertex v € O(F") of degree at

least 3 and for each incidence of F' with v described by some walk w € w(F’,v,T'), we have

X(0,1) + ) n(w, j) < max{Y(w, o), B(w,0)}.

J=2
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Then if (Q,l, x) € OneStepVert(P, ), then x is an upper bound on the step curvature (with

respect to ).

Proof. The equivalence of Statements 1-2 is [34, Lemma 7.17]. From the description of Al-
gorithm 10.2.2 it follows that ComputeOneStep Vert finds all one-step reachable places,
and does not find any places that are not one-step reachable. Hence Statements 1 and 3 are also
equivalent.

To prove the last statement, note that the step curvature is the sum of the total curvature
moved (across a single incidence) to F' from at most two (not necessarily distinct) vertices (of
degree at least 3), and the curvature given (across a single edge-incidence) to F' by at most
one red blob. By the assumption the ) and B functions return an upper bound on x(v,T") +
> j=am(w, j), and by [34, Lemma 7.13] the Blob function returns an upper bound on x (B, I").
Hence x is an upper bound on the step curvature. |

10.3 Finding an upper bound on curvature of green relators

For each R € R*!, we shall check whether there exists I' € D and an interior green face
F C T labelled by R. For those R for which the answer is positive, we shall find an upper
bound on ap’(F) (see Algorithm 9.0.5) over all such " € D.

The procedure VertexVerify AtPlace(P, ¢, ) takes as input a place P on a relator R €
R*L; ¢; and ¢. If there exists a coloured decomposition R’ = s . .. s; of some cyclic conjugate
R’ of R beginning at P such that each s; labels a step, then VertexVerify AtPlace(P, ¢, )
returns a real number ¢4 = Xmaz + (1+€), Where X qz is the largest possible total curvature
over all coloured decompositions p of a cyclic conjugate of R beginning at P arising from the
steps of p; and true. Otherwise, the procedure returns 0 and false.

VertexVerify AtPlace(P, ¢, 1) creates a list L whose elements are quadruples (Q, [, k, ©).
The first three components describe a place Q at distance [ from P along R that can be reached
from P in & steps. The fourth component ¢ is (1 + £)I/|R| + x, where  is an upper bound on
the total curvature arising from these k steps.

Similarly to Algorithm 10.2.2, by including an entry (Q,l +1',4, ¢1) in a list L, we mean
appending it to L if there is no entry (Q,l + ', j, ¢2) in L or, if there is such an entry with
$1 > @9, then replacing it by (Q, 1+ ', 4, ¢1).

Procedure 10.3.1. VertexVerifyAtPlace(P = (R(i,a,b),c,C),&,1):
Step 1 Initialise L := [(P,0,0,0)] and Curvs(¢) :=[].
Step 2 For each i := 1 to |R| do:
(*) For each (P,l,i — 1,¥) in L with[ < |R

Vert(P, ) with [ + " < |R| do:

(i) Let U := W + x + (1+¢&)l'/|R|.

(ii) If I + 1" = |R| and Q # P, then do nothing.

(iii) Elseifl+ " = |R| and Q = P, then append ¥’ to Curvs(s).

(iv) Else include (Q,! +',4, V') in L.

, and for each (Q, ', x) € OneStep
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Step 4 If Curvs(:) = [ ], then return 0, false. Else return max{x : x € Curvs(¢)}, true.

Even though VerifyHypVertex(P, e, h) (see Procedure 11.2.1) might not compute all
h iterations, we purposefully let ¢ be the input to its sub-routines, so that we can work over all
ie{l,...,h}.

Lemma 10.3.2. Let R € R, Then the following holds.

1. Suppose that there exists an interior green face F' C T' € D labelled by R. Then for
1 <4 < h, there exists a place P on R such that VertexVerify AtPlace(P,¢,i)[2] =

true.

2. Suppose that there is a place P on R such that VertexVerify AtPlace(P,¢,i)[2] =
true for some 1 < i < h. Then for all 1 < k < h we have VertexVerify AtPlace
(P,e,k)[2] = true

Proof. Part 1. Let R’ = wjws ... wy be a coloured decomposition of some cyclic conjugate R’
of R, such that each w; labels a consolidated edge e; of F' with |ej| > 1, and has an associated
colour C; € {G, R}, which is the colour of the face edge-incident with F" at e;. Since we do
not allow the combination C; = R, C} = G, there is a decomposition R’ = s1s5 . .. s;, where
each s, labels a step and is equal either to a single w;, or to some w;w;41 with w; green and
wj41 red. Let P be the place on R at the beginning of R’, and note that P is instantiable since
Fis interior and I' € D. By Lemma 10.2.3 each step s, corresponds to a pair P, Q of places
on R, and there exist [, x such that (Q, [, x) € OneStepVert(P,i). Hence by the description
of Procedure 10.3.1 we have VertexVerify AtPlace(P, ¢,7)[2] = true.

Part 2. Let Py = P. Since VertexVerify AtPlace(Py,¢,?)[2] = true, by the descrip-
tion of Procedure 10.3.1, there exists a sequence (P, ;, Xj)?:o satisfying

(*) (Pj,l;,x;) € OneStepVert(P;_1,%), Y v _; lm = |R|, and P, = Py.

Furthermore, if a sequence (P;, [}, Xj)?:o satisfies Statement (*), then by Lemma 10.2.3 for
all 1 < j < c, the place P; is one-step reachable from P;_; at distance /;. Hence Part 2
holds. |

We now define the function M (R, e,:) from the description of ComputeRSymVert.
Since ¢ we chosen to be arbitrary, we emphasize that we define M(R, ¢,i) foralli € {1,...,h}.

Definition 10.3.3. Let R € R*!. If there exists a place P on R such that VertexVerify At
Place(P, ¢, )[2] = true, then define

M(R,e,t) := (max{VertexVerify AtPlace(Q,¢,:)[1] : Q € R and VertexVerify At
Place(Q,¢,t)[2] = true}, true).

Else define M(R,¢,t) := (0, false).

Corollary 10.3.4. Let R € R*!. The both of the following holds.
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1. Suppose that M (R, e,1)[2] = true for some 1 < i < h. Then forall 1 < k < h we
have M(R, ¢,k)[2] = true.

2. Suppose that there exists an interior green face F' C I € D labelled by R. Then for all
1 <k < hwehave M(R,¢,k)[2] = true.

Proof. Part 1. By Definition 10.3.3 there exists a place P on R such that VertexVerify AtPlace
(P,e,i)[2] = true. Hence by Lemma 10.3.2 forall 1 < k < h we have VertexVerify AtPlace
(P,e,k)[2] = true. So M(R, ¢, k)[2] = true.

Part 2. By Lemma 10.3.2 for all 1 < k < h, there exists a place P on R such that
VertexVerify AtPlace(P, ¢, k)[2] = true, hence M(R, ¢, k)[2] = true. [ ]

The procedure VertexVerify(c, ) runs VertexVerify AtPlace(P,¢, ) at each place
P. If no call returns m with m[1] > 0, then VertexVerify(e, ) returns true, 0, 0. Other-
wise, Vertex Verify (e, ¢) calculates values M(R, ¢, ¢) for the given ¢, and returns fail, the
function M, and set Srich = {v = (R(j,¢,d),G) € V(&) : M(R,e,1)[1] < 0}.

In the description below, by including an item (R, x) in Lyaxcurvs, W€ mean appending it
t0 LvfaxCurvs if there is no entry (R, X') € Lyaxcurys OF, if there is such an entry with y > y/,
then replacing it by (R, x). (If there is such an entry with x < x/, we do nothing).
Procedure 10.3.5. VertexVerify(c,():
Step 1 Initialise Sgrich = ) and Lyaxcurys := [ ]-
Step 2 For each P = (R(i,a,b),c,C), let m = VertexVerify AtPlace(P, ¢, ).

(*) If m[2] = true, then include (R, m[1]) in Lyaxcurvs-

Step 3 If (LMaxCurvs = [ ]) or (LMaxCurvs 7& [ ] and {(R7X) € LMaxCurvs - X > 0} = (b)a then
return true, 0, 0.

Step 4 Initialize S = (). For each (R, X) € Lyaxcurvs, S := S U { R}, and set
M(R,e,t) == (x, true).

Step 5 Foreach R € R*1\ S, set M(R, ¢,1) := (0,false).
Step 6 For each location R(i, a,b), if M(R,¢e,¢)[1] < 0, then

SRich := Srich U (R(4,a,b),G).

Step 7 Return fail, M, Sgich.

10.4 Updating the vertex curvature

Throughout the whole section let R € R*! and assume that h > 2 and « < h— 1. In Definition
10.1.1 we defined values ))(w, 1) and B(w, 1) for each w € Wg. In this section we shall define
Y(w,i) and B(w,q) forall: € {2,..., h}.

We first define the function you(w, €, ¢) (Where w € Wg) from the description of Compute
RSymVert (see Algorithm 9.0.5). We emphasize that you(w, £,¢) is defined only in cases
M(R,e,)[1] < 0: we shall use it to define J(w, ¢ + 1) and B(w, ¢ + 1) for such cases.
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Definition 10.4.1. Let w € Wg. Assume that M(R,¢,:)[1] < 0. If M(R,¢,:)[2] = false
and + = 1, then define
Xout(wa € L) = y(w7 1)7

and if ¢« > 1, then define xou(w, e, ) := 0.

If M(R,¢e,t)[2] = true, then let m > 1 be minimal subject to M(R, e, m)[1] < 0, so
1 <m <. If m = ¢, then define

M(R,e,0)[1]

‘R’ ’y(w7 1)}7

Xout(w, €, 1) := max{

else if ¢t > m and Y(w, ) < Y(w,m) — Y(w, 1), then define

M(R,e,)[1]

’R| >y(w7[’)_(y(wam) _y(wal))}a

Xout(w, €, 1) := max{

else define

Xout(w, &,¢) := 0.

Finally, in all cases define
V(w, e+ 1) := Y(w,t) — Xout(w, &,¢)

and
B(w,t4+ 1) := B(w,t) — Xou(w, &, ).

By Lemma 9.0.8, if /' C I" € D is a green face labelled by R with M(R,¢,¢)[¢] < 0 that
is incident with an interior vertex v such that F:71 2 (), then —Q(F,w, 1+ 1) = —xou(w, €, ¢)
(see Definition 9.0.6) for each incidence of F' with v described by some walk w € w(F,v,T").
Hence that is why we define ))(w, ¢ + 1) and B(w, ¢ + 1) as in Definition 10.4.1.

Recall Definition 9.0.4 of C and of C*. We now define Y(w, ¢+ 1) and B(w, ¢ + 1) for the
case M(R,¢,t)[1] > 0. To do so, we define auxiliary functions £ : W xC xR x{1,...,h} —
R and xip : W X R x {1,...,h} — R, such that £(w, C, e, ) and xin(w, €, ¢) return an upper
bound on n(w, t+1) over all ' € D that contain an interior green face F' labelled by R, incident
with an interior vertex v such that w € w(F,v,T"), where £(w, C, €, ¢) requires correspondence
between locations of the faces around v and the &-vertices of C, and xin(w, €, ) requires
dg(v,T) <5.

Definition 10.4.2. Let w € Wg, and assume that M (R, &, ¢)[1] > 0, s0o M(R, e,¢)[2] = true.
Define
B(w,t+ 1) := B(w, ).

Let C € C", with m green E-vertices with relators R; such that M(Ry,e,¢)[1] > 0. If
there is no green £-vertex on C' with relator R; such that M(R1,e,:)[1] < 0, then define
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&(w,C e, 1) = 0. Otherwise, define

E(w,Ce,t) = Y W

w1 eC

Next define

Xin(w, €,1) 1= max &(w,CLe ).

Finally, define
Y(w, v+ 1) := Y(w,t) + Xin(w, €, ).
We now present a procedure that calculates Y (w, i) and B(w, i) fori € {2,...,h}.
Procedure 10.4.3. VertCurvsModify(Wg, M, Y, B, Sgich,C, ¢):

/l Input: W — the set of all walks in V¥V with green middle vertex.

/I M: the function M (R, ¢, 1) with already defined values for each

// R € R*! and eachi < ¢.

/I'Y, B: the functions )(w, i) and B(w, i) with already defined values
// for each w € W and each ¢ < «.

/I Srich = VertexVerify (e, ¢)[3] (see Procedure 10.3.5).

Step 1 For each w € W with the middle vertex in Sgich, use the M, Y and B functions to

set

Y(w, e +1) := Y(w, 1) = Xou(w, €, )
and

B(w, ¢+ 1) := B(w, ) = Xou(w; &, ¢).

Step 2 For each w € W with the middle vertex not in Sgjch do:
(1) Set
B(w,t+ 1) := B(w,)
and initialise
Y(w, e+ 1) := Y(w,¢).
(ii) Let L be a list of all C' € C containing w as a sub-walk.
(iii) If Ly # [ ], then initialize InCurvs = (), and for each C' € L; do:

(A) Use the M, Y and B functions to calculate {(w, C,e,¢) as in Definition
10.4.2.

(B) InCurvs := InCurvs U {&(w, C, e, 1) }.
(iv) If InCurvs # (), then update

V(w,t+1) :=Y(w,t) + max{z : x € InCurvs}.

Step 3 Return Y, B.

Proposition 10.4.4. Let R € R*L. Assume that M(R, ¢,i)[2] = true and M(R,e,i)[1] <0
forsomel <i<h—11Ifi<j<h, then M(R,e,7)[1] <O0.
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Proof. Let m > 1 be minimal subject to M(R, e, m)[1] < 0, and let w € Wg. By Definition
10.4.1 one of the following statements hold.

L Xou(w, &, 1) = max{ MLy, 1)} > MIOM,

2. Youl(w, e, 1) = max{MUESM, y(w,i) — (V(w,m) - Y(w, 1))} > AL,

3. Xou(w,e,i) =0 > %
Hence xou(w,e,) > M(}T’Tefi)m, so by Definition 10.4.1 we have
' ' : W MR, e,)[]
max{Y(w,i+ 1), B(w,i+ 1)} <max{Y(w,i), B(w,)} — S (10.1)

By Corollary 10.3.4, M(R, €,i41)[2] = true, so let P be a place on R such that Vertex Verify
AtPlace(P,e,i + 1)[2] = true. Let ¥ € Curvs(i + 1) (see Procedure 10.3.1). Then U is
calculated by finding a sequence (P, [}, X]) _o satisfying

(*) (Pj,1;,x;) € OneStepVert(P;_1,i+1),> . 1, =|R|, and P, =Py =P,

and setting

c L. Z
\II:ZXj—i-(l—i-a)-ﬁ:(l—i-e) |R\ +ZXJ—1+€+ZX]
j=1

By Lemma 10.2.3 for all 1 < j < ¢, the place P; is one-step reachable from P;_; at distance
l;, hence there is a sequence (P}, [}, X;)j o satisfying Statement (*) when replacing 7 + 1 by
i;and ¥’ € Curvs(i) with W' =1+ ¢ + 3 °%_, x/;. By Algorithm 10.2.2 forall 1 < j <,

xi= » max{Y(w,i+1),Bw,i+1)}+ > Blob(a,b,d),

weS;CWrR (a,b,d)eS;CX3

where |S;| < 1;; and X;‘ > X;-’, where

= > max{Y(w,i),B(w,i)} + > Blob(a,b,d).

weS); (a,b,d)€S

Hence by (10.1) we have

l;
X5 <Xj — R M(R,,0)[1] < x; —
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So

c ¢ L
U = 1+6+2Xj < 1+5+Z(X9 - ﬁM(R,E,Z’)[l])
j=1 J=1

C C'_ l

=1l+e+) Xj- Zf}‘ﬂl I M(R,e,i)[1]
j=1

_ ~ , IR

=l+e+) X ’R|M(R,5,z)[1]
j=1

By Procedure 10.3.1 and Definition 10.3.3 we have
U’ < VertexVerify AtPlace(P,¢,i)[1] < M(R,¢,i)[1],

and so U < U — M(R,¢,i)[1] < 0. Since ¥ was arbitrary, by Procedure 10.3.1 we have
VertexVerify AtPlace(P,e,i + 1)[1] < 0. So as P was arbitrary, by Definition 10.3.3 we
have M(R,e,i+ 1)[1] < 0. By induction the lemma holds for j. [ |

The next lemma shows that the curvatures xou(w, €, ¢) are always non-positive. This will
enable us to prove that for each I' € D and for each interior green face F' C I with a2*(F) >
e+1 £,
—e,wehave ap " (F) < ap (F).

Lemma 10.4.5. Let R € R*, and assume that M(R, ¢, 1)[1] < 0. Then for all w € Wg,
both of the following two statements hold.

1. Assume that M(R,e,1)[2] = true, andletm € Z be minimal subject to M(R,e, m)[1] <
0,501 <m <t Thenforallm < j < i:+1 < hwe have Y(w,j) < Y(w,m) —
Y(w,1).

2. We have xou(w,e,1) <0

Proof. By Definition 10.1.1 and [34, Algorithm 7.7, Section 7.2] we have Y (w, 1) < 0.

Part 1. Proof is by induction on j. Base case j = m. We have Y(w,j) = Y(w,m) <
Y(w,m) — Y(w,1). Assume by induction that . +1 > j > mand Y(w,j — 1) < Y(w, m) —
Y(w, 1). By Proposition 10.4.4 we have M(R, ¢,s)[1] < Oforalls € {m+1,...,c+1}.If
j — 1 = m, then by Definition 10.4.1

M(R7 €7j — 1)[1]
|R|

Xout(w, &,7 — 1) = max{ yV(w, 1)} > Y(w, 1)

and

y(w7j) - y(waj - 1) _Xout(waguj - 1) < y(w7m) —y(w,l),
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or j — 1 > m, and again by Definition 10.4.2
M(R,&,j B 1)[1]
|R|
> Y(w,j—1) = (V(w,m) = Y(w,1))

7y(w7j - 1) - (y(w7m) _y(wal))}

Xout(w757j - 1) = max{

y(w7,7) :y<w7] - 1) _Xout(wugvj - 1)
S y<w7j_ 1) - (y(wvj_ 1) - (y(wam) _y(wal))
:y(w>j_1)_y(wvj_1)+y(wvm) _y(wal) :y(wvm)_y(w71)'

So Part 1 holds.
Part 2. Suppose first that M (R, ,¢)[2] = false. If v = 1, then by Definition 10.4.1 we
have Xout(w,e,t) = Y(w,1) <0, and if ¢ > 1, then by Definition 10.4.1 xou(w,e,t) = 0. So
Part 2 holds.
Assume instead that M (R, ¢, 1)[2] = true, and let m € Z be minimal subject to M (R, e, m)[1] <
0. If ¢« = m, then by Definition 10.4.1 we have

M(R,e,)[1]

7] ,Y(w, 1)}

Xout(w, €, 1) = max{
S0 Xout(w,e,¢) < 0 since M(R,e,¢)[1] < 0 by assumption, and Y (w, 1) < 0. By Part 1 we
have Y(w, ) < Y(w,m) — Y(w, 1), so if ¢ > m, then by Definition 10.4.1 we have

M(R,e,0)[1]

‘R’ ay(wvb)_(y(wam)_y(wal))}a

Xout(w, €,1) = max{

soas Y(w,t) < Y(w,m) — Y(w,1) implies Y(w,t) — (Y(w,m) — Y(w,1)) < 0, we have
XOul(wv 55 L) S 0 .
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Proof of Theorem 1.0.4

In this chapter we shall prove Theorem 1.0.4. Recall that G is a group given by a finite pregroup
presentation P such that Z(R) = R (see Definition 2.3.20), that ¢ € R+, and that h € Z>;.

11.1 The success of RSymVert shows hyperbolicity

In this section we shall show that if RSymVert (e, h) succeeds on P (see Algorithm 9.0.5 and
Definition 9.0.9), then G is hyperbolic. Recall Definition 2.6.8 that x (z, I') is the curvature that
x gives to a single internal green face across each curvature incidence in the first iteration of
ComputeRSymVert(I', ¢, k), and that x(z, F,T") is the total curvature that = gives to an
internal green face F in the first iteration of ComputeRSymVert (T, ¢, h).

Lemma 11.1.1. LetT' € D. Then

1. if T C T is ared triangle, then ali’h(T) <0,

2. if Area(I') > 1, and F is a boundary green face of T, then ozli’h(F) <1/2

Proof. Since the curvature of 7" is not altered in Steps 2 and 3 of ComputeRSymVert(T', ¢,
h), we have ali’h (T") = kr(T), so Part 1 follows from [34, Lemma 6.8].

For Part 2, let R € R*! be the label of F. By Algorithm 9.0.5, F gives no curvature to its
edge-incident red blobs and incident boundary vertices. Let x; be the total curvature given to
F' by them. By Algorithm 9.0.5, we have

X1 = Z X(UaF>F)+ZX(B>FaF)>
B

ved(F)NA(T)

where the last sum is over all red blobs edge-incident with F'. Therefore, we can apply the
same arguments as in the first two paragraphs of the proof of [34, Lemma 6.9] to show that
X1 < —1/2. Hence since F' gives no curvature to its edge-incident red blobs and incident
boundary vertices, if there is no interior vertex v such that v € 9(F') and 6(v,I") > 3, then
by Algorithm 9.0.5, ali’h(F) =kr(F) <14 x1 <1-1/2=1/2. So assume that such a

166
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v exists, and let w € w(F,v,T") (see Definition 9.0.4) be a walk describing an incidence of F
with v.

By Definition 10.1.1 Y(w, 1) = Vertex (v, v, v2), where vy, v, 1o are the G-vertices that
correspond to the E-vertices of w (see Remark 9.0.3). Hence by [34, Lemma 7.8] we have
x(v,T) < Y(w,1). If h = 1 then a?’h(F) = kp(F); and as F is boundary, if h > 2
and M(R,e,i)[1] > Oforall 1 < i < h — 1, then by Algorithm 9.0.5 in each iteration
i € {2,...,h}, nox € I gives I curvature, and no such x receives curvature from F', so
again ali’h(F) = kp(F'). Hence assume that h > 2, and that there is 1 < ¢ < h — 1 such that
M(R,e,i)[1] < 0. Let m € Z be minimal subject to M(R,e,m)[1] <0,s01 <m < h—1.
Let A(w,h) = Z?:mﬂ Q(F,w,7) (see Definition 9.0.6). We show that A(w, h) > x(v,T").

For each m + 1 < j < h, by Lemma 9.0.8 we have Q(F,w,j) = Xou(w,e,j — 1) if
and only if F # (), and by Lemma 10.4.5 we have xou(w, ¢, j — 1) < 0. Hence A(w, h) =
S i1 QF,w, ) = Y0 vou(w, €, 5).

Case M(R,e,1)[2] = false. Suppose that M(R, ¢, j)[2] = true for some 2 < j < h.
Then by Corollary 10.3.4 M(R,e,1)[2] = true, a contradiction. Hence M(R,¢e,j)[2] =
falseforall 1 < j < h(andnote thatm = 1). So by Definition 10.4.1 we have xou(w, e,1) =
Y(w, 1) and Xou(w,e,j) = 0if 2 < j < h — 1. Therefore, by the previous two paragraphs

h—1
A(w,h) 2> Xou(w, &, 5) = V(w, 1) > x(v,T).
j=m

Case M(R,e,1)[2] = true. By Corollary 10.3.4 we have M(R, ¢, j)[2] = true for all
1 < j < h, hence by Proposition 10.4.4 M(R,e,j)[1] < O0forall j € {m+ 1,...,h}.
Therefore, by Definition 10.4.1

T
L

y(wah):y(wvm)""' y(w7j+1)_y(w7j)

=9
Loz

— y(w,m) + (_Xout(wveaj))?

3

S0 Z;L;rln Xout(w, €,7) = Y(w,m) — Y(w, h). Hence

h—1
A(w, h) > Z You(w, &, 7) = Y(w,m) — Y(w, h).

By Lemma 10.4.5
y(w7 h) S y(wam) - y(w7 1)7

hence

A(w7 h‘) > y<w7m) - (y(w, m) - y(wv 1))
Y(w,1) = x(v,I),
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where the last inequality follows from the third paragraph. Hence we showed that A(w, h) >
x(v,T).

By Algorithm 9.0.5, for i € {2,...,h}, v gives F' no curvature in iteration 7, and in no
iteration ¢ € {1,...,m}, F gives v curvature. Hence as both v and w € w(F,v,I") were
chosen to be arbitrary; by Lemma 2.6.9 x(v,I") < 0 since dg(v) > 2 (because I' € D); and
F' gives no curvature to its edge-incident red blobs and incident boundary vertices, we have
aSM(F) < 1+ x1 < 1/2, as required. [ |

Lemma 11.1.2. Assume that no R € R*! has length 1 or 2 and that no two distinct cyclic
conjugates of relators R, S € R* have a common prefix consisting of all but one letter of R or
S. Let T be a diagram in D with boundary length 2. Then RSymVert(e, h) does not succeed

onT.

Proof. Suppose that RSymVert(e, h) succeeds on I'. Since each R € R*! has |R| > 3,
we have Area(I') > 1. By Lemma 11.1.1 each boundary face F has ofp’h(F) < 1/2if F
is green, and oz?h(F ) < 0ifitis red. Since RSymVert(e, h) succeeds on I, all positive
curvature of a?’h lies on the boundary green faces, and sums to at least 1. Hence I has exactly
two boundary faces, F; and F; say, both green and such that a;’h(Fl) =1/2 = ai’h(Fg).
As any other internal green face F' satisfies a?h(F) < 0, no such face exists. Hence by
Algorithm 9.0.5, if h > ¢ > 1, then no curvature is redistributed through any interior vertex of
I in iteration i, so ali’h = kr = ComputeRSym(T"). Therefore, as by [34, Lemma 6.11]
RSym does not succeed on I, it follows that RSymVert(e, k) does not succeed on I', a

contradiction. [

Theorem 11.1.3. Assume that no R € R has length 1 or 2 and that no two distinct cyclic

conjugates of relators R, S € R* have a common prefix consisting of all but one letter of R or
S. IfRSymVert (s, h) succeeds on P, then no V-letter is trivial in G.

Proof. Suppose for a contradiction that there exists such a VV7-letter x, and let I" be a coloured
van Kampen diagram over P with boundary word x, and with smallest possible coloured area
for simply-connected diagrams with boundary word a single V7 -letter. We do not assume that
I' € D. We show that I' does not exist.

In the proof of [34, Theorem 6.12] (which shows that under the same assumptions as in
this theorem, if RSym succeeds on P, then no V?-letter is trivial in (5), the only facts about
RSym that are used are that RSym is a curvature distribution scheme on D; that each bound-
ary green face F of IV € D satisfies kp/(F) < 1/2if Area(T") > 1; and that RSym does not
succeed on IV € D if |9(T”)| = 2. Now Proposition 9.0.7; Lemma 11.1.1 and Lemma 11.1.2
give us the analogous results for RSymWVert (e, h). Hence the proof of [34, Theorem 6.12]
shows that I" does not exist, a contradiction. |

Definition 11.1.4. [34, Definition 5.5] The pregroup Dehn function PD(n) : Z>o — Z of P is
defined as follows. For each o-reduced word w € X* with w =¢ 1, let A(w) be the smallest
number of internal faces of a coloured van Kampen diagram over P with boundary word w.
Then PD(n) := max{A(w) : w € X*,w =¢ 1, |w| < n}.
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We now present the main result of this section.

Theorem 11.1.5. Assume that no R € R has length 1 or 2 and that no two distinct cyclic
conjugates of relators R, S € R* have a common prefix consisting of all but one letter of R or
S. Let v be the maximum length of a relator in R.

If RSymVert(e, h) succeeds on P, then the pregroup Dehn function of P is bounded
above by

f(n):n<6+r+3+r>—3+r

2e €

In particular, G is hyperbolic, and an explicit linear bound on the Dehn function of G can

be calculated.

Proof. We prove the theorem by showing that RSymVert (e, h) satisfies all conditions of
[34, Theorem 5.9]. By Proposition 9.0.7 RSymVert(e, h) is a curvature distribution on D.
Let I' € D, and let Fg(T") be the set of all red faces of I". We first show that a?’h(x) <0
forallz € V(I') U E(I') U Fr(I'). By Lemma 11.1.1 ozli’h(a:) < 0 for each x € Fg(I),
and clearly a?’h(x) = 0 for each z € E(I'). Soletz € V(I'). If only the first iteration
of ComputeRSymVert(I', ¢, h) is computed, then al’i’h(x) < 0 by Lemma 2.6.9 since
0G(x,T') > 2 (because I' € D). Otherwise, in Step 2, = receives curvature only if z is interior
and .7:; # (), and in Step 3, x gives all its curvature to the faces of ]-“;, so after Step 3, x has
curvature 0. Hence a?h(x) < 0, as claimed. Thus, RSymVert(s, h) satisfies Condition (a)

of [34, Theorem 5.9].

As RSymVert(z, h) succeeds on P, it satisfies Condition (b). By Lemma 11.1.1 RSym
Vert (e, h) satisfies Condition (c) with m = 1/2. By Theorem 11.1.3 no V7-letter is trivial
in GG, hence all coloured van Kampen diagrams over P are loop-minimal (see [34, Definition
3.13]), so by [34, Proposition 3.17] all diagrams in D satisfy Condition (d) with A = 3 + r
and ;1 = 1. We can thus apply [34, Theorem 5.9 & Corollary 5.10] to show that if I' € D has
boundary length n and Area(I") > 1, then

3 3
Area(F)§n<4+r+ +T>— +T.
2e €
Since all R € R satisfy |R| > 3, a diagram of area 1 has boundary length n > 3. Now for
n > 3, the above bound evaluates to at least 1, hence this area bound holds for all diagrams in

D.
By [34, Proposition 6.10] if w =¢ 1, then some w’ € Z(w) (see Definition 2.3.20) is a

boundary word of a diagram I in D, and by Lemma 2.5.7 there exists a coloured van Kampen
diagram over P with boundary word w of area at most Area(I') + 2n. Therefore, the given

formula gives the desired bound on the pregroup Dehn function of P.

Since we have an explicit linear bound on the pregroup Dehn function of G, [34, Lemma

5.8] gives us such a bound on the standard Dehn function of G. Thus, G is hyperbolic. |
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11.2 The main VerifyHypVertex algorithm

In this section we shall assume that all preprocessing steps from [34, Section 7.1] have been
performed on P, so that ‘P satisfies assumptions of Theorem 11.1.5. Our aim is to show that
if VerifyHypVertex (P, ¢, h) returns true, then RSymVert(e, h) (see Algorithm 9.0.5)
succeeds on P. This together with Theorem 11.1.5 proves the first statement of Theorem 1.0.4.

We shall now present VerifyHypVertex(P,e,h). In each iteration ¢ and for each
R € R*!, VerifyHypVertex(P, ¢, h) finds an upper bound on of'(F) over all ' € D
of an interior face F© C I labelled by R. If all these bounds are smaller than —e, then
VerifyHypVertex(P, ¢, h) returns true. Otherwise, VerifyHypVertex(P, ¢, h) either
returns fail, or it proceeds to the next iteration.

In the description below, FindCircuits is a sub-routine that constructs C (see Definition
9.0.4) on input £ and 5.

Procedure 11.2.1. VerifyHypVertex(P,¢, h):

Step 1 Compute Steps 1-3 & 5-6 from the description of RSymVerify in [34, Section 7.6]
to compute the intermult table, roots of green relators, locations, places, and to create
the Vertex and Blob functions.

Step 2 Construct the enhanced vertex graph £ (see Definition 9.0.2).

Step 3 Construct the set Wg of all walks in W (see Definition 9.0.4) with a green middle
vertex.

Step 4 For all w € W, define ) (w, 1) and B(w, 1) (see Definition 10.1.1).
Step 5 Foriin[l,...,hA]do:
(i) For each place P, run ComputeOneStepVert(P, ), B, Blob, i) (see Algo-
rithm 10.2.2). Store the list OneStepVert(P, ), for each such place P.

(ii) Let b, M, Srich = VertexVerify(zc,i) (see Procedure 10.3.5). If b = true,
then return true. Otherwise, if 7 = h or if Sricn, = 0, then return fail.

(iii) If 7 = 1, then compute C := FindCircuits(&, 5).
(iv) Let Y, B = VertCurvsModify Wg, M, Y, B, Srich, C, ©) (see Procedure 10.4.3).

The next lemma shows that the ) and B functions provide correct bounds on the vertex
curvature. Recall Definition 10.3.3 of M(R, ¢,1), and Definition 9.0.4 that given an internal
green face FF C T' € D and a vertex v € O(F) of degree at least 3, w(F,v,T") is the multiset
of all walks in W around v through a location of F' that correspond to three consecutive faces
P, F, F5 C T'incident with F' at v.

Lemma 11.2.2. Let F' C T' € D be an interior green face incident with a vertex v of degree at
least 3, let w € w(F,v,I") be a walk describing an incidence of F with v, and let 1 < i < h.
Then '
7
X(0,T) + > n(w, §) < max{Y(w, ), Bw,)}. (11.1)
j=2
Proof. If v € J(T'), then setting ¢ = 1 in the statement of Lemma 10.1.2 gives x(v,I") <
B(w,1). If v is interior, then by Definition 10.1.1 Y(w,1) = Vertex(vi,v,vs), where
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v1, v, 1o are the G-vertices that correspond to the £-vertices of w (see Remark 9.0.3). Hence
by [34, Lemma 7.8] x(v,I") < Y(w, 1), and so (11.1) holds for i = 1.

Hence let i > 2. Let R € R*! be the label of F. By Corollary 10.3.4 M(R,¢,j)[2] =
true forall 1 < j < h.

Case M(R,e,i—1)[1] > 0.If j < i—1and M(R,¢,j)[1] < 0, then by Proposition 10.4.4
M(R,e,i — 1)[1] < 0, a contradiction. So M(R,¢,7)[1] > 0 for all j < ¢ — 1. Hence by
Definition 10.4.2 B(w, j) = B(w, 1) forall j < i. So if v is boundary, then the lemma holds by
Lemma 10.1.2. Hence assume that v is interior. By Definition 9.0.6 for each 2 < j < 7 we have
n(w,j) = (v, w,j). By Lemma 10.4.5 for each R; € R*! and each length 3 walk w; we
have xout(wi,€,j — 1) < 0. Hence as by the description of ComputeRSymVert (T, ¢, h)
(see Algorithm 9.0.5), II(v, w, j) is a sum of finitely many values W with m > 0,
we have II(v, w, j) < 0. Soif d¢(v,I") > 6, then by Lemma 2.6.10 and Definition 10.1.1 we
have .

x(v,T) + ZH(v,w,j) <x(,T) < -1/3 <B(w,1) = B(w, 1),
j=2
so we can assume that g (v,I') < 5. Then by Remark 9.0.3 there exists C' € C* with &-

vertices corresponding to locations of faces around v.

Let 2 < j < 4, and suppose that there is a face F incident with v in location £ such that
M(Ry,e,j — 1)[1] < 0. Let w; € w(Fy,v,T") be the sub-walk of C' around v through L.
Further, let m be the number of green £-vertices of C' with relators R’ such that M (R’ e, j —
1)[1] > 0. In Step 2 of the j'" iteration of ComputeRSymVert (T, ¢, h), I} gives v curva-
ture yout (w1, €, j — 1) across the incidence described by w;. On the other hand, in Step 3 of the
jt iteration of ComputeRSymVert (I, ¢, h), we have |FJ| < m since Fi contains only
interior green faces. Hence in Step 3 of the j* iteration of ComputeRSymVert(I', ¢, h),
v gives at most W
Definition 10.4.2

of curvature to F' across the incidence described by w. So by

. Xout(wla&j - 1)
II <
(v,w,5) < -
w1 €C

= f(wa C7 gu.j - 1)7
and therefore by Definition 10.4.2

y(waj) _y(wvj - 1) = Xin(wvgvj - 1)

= max {(w,C,e,5 —1
Jnax & i—=1)

Z f(w,C,e,j - 1)
> (v, w, j).

If there is no face F; with M(Ry,e,j — 1)[1] < 0, as above, then II(v,w, j) = 0, and by
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Definition 10.4.2 {(w,C,e,j — 1) = 0, so by 10.4.2

y(waj) _y(wvj - 1) = gleacﬁg(waclﬁaj - 1)

> E(w,Cre,j — 1) =0 =1II(v,w, j).
Hence as by the first paragraph y(v,T) < Y(w, 1), we have
x(v,T) + Z n(w,j) = x(v,T) + Z II(v, w, j)
=2 =2
< Y(w,1) + z; Y(w,j) = Y(w,j —1))
i
= V(w,1),

as required.

Case M(R,e,i — 1)[1] < 0. Let m € Z be minimal subject to M(R,e,m)[1] < 0, so
1 <m < i — 1. The fact that the result is proved for M(R, ¢, k)[1] > 0 shows that

m

X(0,1) + ) n(w, j) < max{Y(w,m), B(w,m)}.

=2

By Proposition 10.4.4 we have M(R,e,j — 1)[1] < O forall j € {m + 1,...,i}, so by
Definition 9.0.6 either n(w, j) = 0, or v is interior and Fi +# (), and by Lemma 9.0.8

n(waj) = _Q(Fvwaj) = _Xout(wagaj - 1)
Hence as by Lemma 10.4.5 you(w, €, — 1) < 0, by Definition 10.4.1

V(w,j) = V(w,j—1)=B(w,j) — Blw,j —1)
= _Xout(w75aj - 1)

> n(w, j)-
So if Y(w, m) > B(w, m), then
X, 1)+ n(w,§) = x(@,T)+ > _n(w,j)+ > nw,j)
j=2 j=2 j=m+l

<Vw,m)+ Y (V(w, ) = V(w,j— 1))

j=m+1

= y(w,i) < maX{y(w,i),B(wa 7‘)}
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Similarly, if B(w, m) > Y (w, m), then

x(v,T') + Zn(w,j) < B(w, i) < max{)Y(w,1), B(w,1i)}.

=2
The lemma follows. [ |

Proposition 11.2.3. Let F C T' € D be an interior green face with label R € R*!, and let
1 <i < h. Then M(R,e,i)[1] > oZ'(F) +e.

Proof. As in the proof of Lemma 10.3.2 we can let R' = sys9...s;, where R’ is a cyclic
conjugate of R, and each s,,, labels a step. Let P be the instantiable place on R at the beginning
of R', let X' be the stepwise curvature with respect to i given to F by the step corresponding to
Sm, and let [,,, be the length of s,,. By Lemma 10.2.3 each step s,, corresponds to a pair P, Q
of places on R; and as by Lemma 11.2.2 the Y and B functions satisfy assumptions of Lemma
10.2.3, by 10.2.3 there exists x,, such that (Q,l,,, x,n) € OneStepVert(P,i) and x,, >
x&,. Hence from the description of VertexVerify AtPlace(P, ¢, i) (see Procedure 10.3.1)
we have VertexVerify AtPlace(P,¢,i)[2] = true, and by Lemma 10.0.4 and Definition
10.3.3 we have

l
lm
M(R,¢e,i)[1] > VertexVerify AtPlace(P,¢,i)[1] > Z Xm+ (1 +e) —:

— |R|
> l ) lm m 1 ’m ern—l lm
_me+(1+e)-®_ T +me S
l
\RI R\ i P
\R| Z (1+Z:1xm)+52a§ (F) +e,
as required. |

The following theorem proves the first statement of Theorem 1.0.4.

Theorem 11.2.4. If VerifyHypVertex(P, ¢, h) returns true, then RSymVert(e, h) suc-
ceeds on 'P. Hence G is hyperbolic, and an explicit linear bound on the Dehn function of G

can be calculated.

Proof. We first show that RSymVert(e, h) succeeds on P. Let I' € D. We show that
RSymVert(e, h) succeeds on I'. Suppose that I" contains no interior green faces. Then if
h >4 > 1, then by Algorithm 9.0.5, no curvature is redistributed through any interior vertex
of T in iteration 7. Hence a?’h = kr, and RSymVert(s, h) succeeds on I". Therefore,
we can assume that I' contains an interior green face, so let F' be such face. We show that
of"(F) < —e.

Let R € R*! be the label of F. Since VerifyHypVertex(P, ¢, h) returns true, there
exists 1 < ¢ < h such that VertexVerify (e, i) return true. Hence by Step 3 of Procedure
10.3.5 one of the following statements holds.
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1. LMaxCurvs = [ ]

2. LMaxCurvs 7é [ ] and {(R,7X) € Lmaxcurvs © X > O} = 0.

Suppose that Statement 1 holds. Then there is no place P such that VertexVerify AtPlace
(P,¢e,i)[2] = true (see Procedure 10.3.1), hence by Lemma 10.3.2, T" contains no interior
green faces, a contradiction.

So Statement 2 holds. Therefore, for each place P on R we have VertexVerify AtPlace
(P,e,i)[1] < 0, hence by Definition 10.3.3 we have M(R,e,7)[1] < 0. By Corollary
10.3.4 we have M(R,e,i)[2] = true, so if i < h, then by Proposition 10.4.4 we have
M(R,e,h)[1] < 0. Thus, by Proposition 11.2.3 we have a;’h(F) +e<0,s0 a;’h(F) < —¢,
as required. Hence RSymVert(e, i) succeeds on every I' € D, so RSymVert(e, h) suc-
ceeds on P.

The final statement follows directly from Theorem 11.1.5. |

11.3 Complexity of VerifyHypVertex

Recall that P is a finite pregroup presentation such that Z(R) = R (see Definition 2.3.20),
and that we assume the RAM model of computation, in which the basic arithmetical op-
erations on integers can be computed in constant time. In this section we shall show that
VerifyHypVertex(P, ¢, h) runs in time O(r°|R|| X |?), where r := max{|R| : R € R} is
the length of the longest green relator. We shall assume that all preprocessing steps from [34,
Section 7.1] have been performed on P. This process involves comparing sub-words of cyclic
conjugates of the relators, and any simplification reduces the total length of the presentation,
so takes polynomial time.

Before presenting our complexity results, we shall describe the algorithm FindCircuits
(D, k), which constructs C (see Definition 9.0.4) on input the enhanced vertex graph £ and
5. It uses a modified depth-first search, where we use a trivial fact that any walk W =
(v1,v2,...,0y) is composed of the walk W’ = (v1,va, ..., vm,—1) and the edge (vn—1, V).

Hence we can generate all walks of length m from walks of length m — 1.

Algorithm 11.3.1. FindCircuits(D, k):

// Input: D — a directed weighted simple graph, with all weights non-negative,
// and no circuits of weight zero.

/I k: positive integer.

// Output: alist Ly, of all circuits C'in D with w(C) < k and |C| > 4.

Step 1 Initialize Ly := [ ].
Step 2 Find all connected components of D.
Step 3 For each connected component C' do:

(i) Let@ := [v1,...,v,] be the vertices of C, considered as walks of length 0.
(ii) While @ # [ ] do:

(a) Let W := (vj,,...,v;, ) beawalkin @, set Q := Q \ {W}.

(b) Ifw(W) < k then
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(A) if (vj,,, v, ) € E(D)and w(W)+w(v;,,,vi,) < k, thenadd (v;,, ..., v;,,,
v;,) to @, and if m > 3, then add (v;,, ..., v;,,) to Ly.

(B) Let S := OutNeighbours(v;,,) \ {vj|j < ¢1}. Forallv;,, ., € S, if
w(W) 4+ w(vi,,, i,y ) < k, then add (vy,, ..., v4,,, Vi, 41) t0 Q.

Step 5 Return Ly.

Let C € Ly have v;, as its lowest numbered vertex. Then FindCircuits(D, k) only
produces cyclic rotations of C' starting at v;,. Furthermore, by Remark 9.0.3 we have that
FindCircuits(€, 5) finds all interior vertices v € I' € D with d¢(v,I') < 5and §(v,T') > 3.

Lemma 11.3.2. FindCircuits(€,5) runs in time O(r"|R|"| X |6 + r6|R|%| X |®), where r :=
max{|R| : R € R} is the length of the longest green relator, and |C| < O(r®|R|%|X|> +
rP|RPPIX[T).

Proof. By Definition 9.0.2 £ contains O(r|R|) green and O(| X |?) red E-vertices. Then there
are O(r%|R|?) E-edges between green E-vertices, O(r|R|| X|) £-edges from a green and to a
red £-vertex, and O(r|R|| X |?) £-edges from a red to a green £-vertex

We first find, for all v € V(E), the set of out-neighbours of v. We store £ as an adjacency
matrix M, so this takes time O(|V (€)[?) = O(r?|R|? +7|R|| X |> +|X|*). The time complex-
ity of finding connected components of an undirected graph D is O(|V (D)| + |E(D)]) (see
[38]). Since we store £ as M, we can construct the underlying undirected graph by defining
an adjacency matrix M’ with |V (€)| rows and |V (€)| columns, and such that M’[i][j] = 1 if
and only if M[i][j] = 1 or M[j][i] = 1. Hence Step 2 takes time O(|V(E)|*> + |E(£)|) =
O(r}|R|? +7|R||X|? +|X|*). For Step 3, we may assume that & is connected. Then the com-
plexity is bounded by O(t), where ¢ is the number of (closed or open) walks in £ of weight at

most 6. Since there are no edges between red E-vertices, every walk W in £ with w(W) < m
contains at most m + 1 green (if it starts at a green £-vertex, then it might have m + 1 green
E-vertices; else it has at most m such vertices) and at most m + 1 red £-vertices (if it starts at
a red £-vertex, then it might have m + 1 red £-vertices; else it has at most m such vertices),
and if it attains this bound, then the colours of the vertices of W alternate. Now each green
E-vertex has at most | X | red out-neighbours (since one letter is fixed), and each £-vertex has
at most O(r|R|) green out-neighbours (since there are at most O(r|R|) locations). Hence as

every walk starts at a green or a red £-vertex, we have

t =O(r[R| - (r°|RI°|X]%) + |X|* - (r°|RI°| X))
=O(rT[RI"|IX[° + r*|RI°IX[®),

So Step 3 takes time O(r7|R|"| X|® + 76|R|6|X|®). Hence the overall complexity of Find
Circuits(&, 5) is as stated.

Finally, as |C| is bounded by the number of (closed or open) walks in £ of weight at most
5, applying the arguments from the previous paragraph shows that |C| < O(r%|R|%| X|> +
rIRIPIXTT). u
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The next theorem proves the second statement of Theorem 1.0.4. In its proof we assume

that the products and inverses in the pregroup can be computed in constant time.

Theorem 11.3.3. Let P = (X | VpUR) be a finite pregroup presentation suchthat Z(R) = R,
lete € Rw, andlet h € Z>1. Then VerifyHypVertex(P, ¢, h) runs in time O(r°|R|?| X |?),
where v := max{|R| : R € R} is the length of the longest green relator.

Proof. From the proof of [34, Theorem 7.22] Step 1 can be computed in time O(|X|> +
r?|R12|X]). Now |V (&)| = O(r|R| + | X|?) and |E(E)| = O(r?|R|? + r|R||X|?), so Step 2
takes time O(r?|R|? +7|R|| X |?). (We store £ as an adjacency matrix and V' (€) as an indexed
set.)

In Step 3, since [V (€)| = O(r|R|+|X|?) and each £-vertex has £-degree at most O(r|R|+
| X|), we deduce that |[W| = O((r|R| + | X|?) - (r|R| + |X])?), so O(r3|R|? + r?|R|?| X|? +
r|RI|X |2 + | X|*) is the time complexity of Step 3. Furthermore, |[Wg| = O(r|R| - (r|R| +
1X))?) = O3 |R|? + r?|R|?|X| + r|R||X|?). (We store each w € W as a sequence of
indices of elements of V'(£)).

In Step 4, for each of the O(r3|R |3 +72|R|?| X | +r|R|| X|?) walks w € W, we can look
up the corresponding walk in G in time O(1). We then define Y(w, 1) and B(w, 1) in constant
time. Hence Step 4 takes time O(r3|R|? + 72|R 2| X| + r|R|| X |?).

In Step 5 (i) the only difference compared to the proof of [34, Theorem 7.22] when deriving
the time complexity of Step 7 of RSymVerify is that instead of performing O(|X]|) calls to
the Vertex function, we need to perform O(|X]), or O(r|R]) calls to ) and B functions
when the newly found £-vertex is red, or green. Hence the time complexity of Step 5 (i) is
O IRPIXP - (r[R| + X)) = OCHRPIXP +r?[RI2[X|Y).

For each place P, the length of the list L constructed by VertexVerify AtPlace(P, ¢, 1)
(see Procedure 10.3.1) is at most O(r|X|), and each item on L is considered at most 7 times
by VertexVerify AtPlace(P,¢,i). Hence as VertexVerify (see Procedure 10.3.5) runs
VertexVerify AtPlace at each of the O(r|R||X|) places, Step 2 of VertexVerify takes
time O(r3|R||X|?). Now there are at most O(|R|) elements in the list Lyfaxcurvs and at most
O(r|R|) locations, hence Step 5 (ii) has time complexity O(r3|R|| X |?).

By Lemma 11.3.2 Step 5 (iii) takes time O(r7|R|7|X |6 + r5|R|6|X|®). (We store each
C € C as a sequence of indices of elements of V' (£)).

Step 5 (iv). We use the M function to check whether a given £-vertex lies in Sgich. Each
such look-up takes time O(1), hence Step 1 of VertCurvsModify (see Procedure 10.4.3)
takes time O(|Weg|). To check whether w € W is a sub-walk of C' € C, we use the Knuth-
Morris-Pratt (KMP) string-searching algorithm, by noting that if .S and 7" are two sequences
of integers, then S is a (cyclic) contiguous sub-sequence of 7" if and only if .S is a contiguous
sub-sequence of T2, where T? is the concatenation of 7" with itself. Therefore, by [2, Section
9.1], KMP (S, T?) returns true on input S and 7 if and only if S is a (cyclic) contiguous sub-
sequence of T. Hence KMP (w, C?) returns true if and only if w is a sub-walk of C. Now
by [2, Section 9.1], KMP (w, C?) runs in time O(|w| +|C|). So as every circuit in C contains

at most 11 vertices (since there are no edges between red £-vertices), for a given w € Weg:
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Part (ii) of VertCurvsModify (see Procedure 10.4.3) takes time O(|C|). Let C' € C, and
assume that w € W is a sub-walk of C'. As we use the M function to check whether a given
E-vertex lies in Sgicn, and C' contains at most 11 vertices, we can find the number of £-vertices
of C with relators R such that M(R,e,4)[1] > 0 in time O(1). So we can use the M, ) and
B functions to calculate {(w, C,e,¢) (see Definition 10.4.2) also in time O(1). Hence for a
given w € Wg: Part (iii) of VertCurvsModify runs in time O(|C|). Thus, as by Lemma
11.3.2 we have |C| < O(r5|R[5| X|> 4+ 75|R|?| X|7), Step 2 of VertCurvsModify has time

complexity

O(Wal[Cl) = O((rIR| - (r[R] + [ X])?) - (FIRIIXP + 7 [RP|X]7))
= 0(°[R[|X[°).

So O(r?|R|%| X|?) is the overall complexity. [ |

Proof of Theorem 1.0.4. Follows directly from Theorems 11.2.4 and 11.3.3.



Chapter 12
Implementation

We implemented VerifyHypVertex, in the computer algebra system MAGMA (see [6]). We
used the code of the implementation IsHyperbolic of RSymVerify (see [34, Procedure
7.19]) to produce the pregroup multiplication table and to compute Step 1 of VerifyHypVertex
(see Procedure 11.2.1), and then modify it to compute Steps 2-4 and Step 5 (i)-(ii). Parts (iii)-
(iv) of Step 5 are computed by new code.

In this chapter we describe experiments with our implementation, and report the run times.
Since in the first iteration Verify Hyp Vertex uses the same vertex and blob curvature bounds
as RSymVerify, on all examples on which IsHyperbolic returns true, VerifyHyp
Vertex succeeds in the first iteration. Hence we are particularly interested in examples on
which VerifyHyp Vertex succeeds in the ! iteration for some i > 1. We used ¢ = 1/100
and h = 4 in our tests. To test the correctness of our implementation, on the examples on
which VerifyHypVertex succeeds and RSymVerify fails, we run KBMAG to check
whether the input presentation defines a hyperbolic group: we found that on examples on which
RSymVerify fails, KBMAG often succeeds, and VerifyHypVertex seems to shrink this
gap by succeeding in higher iterations. We have not found a better way to test the accuracy of
our implementation, and we are aware of this limitation of it.

The first example on which IsHyperbolic returned fail and VerifyHypVertex suc-
ceeded is the presentation of the form P = (a,b,c,d, e, x| abcde, axbrcxdrex, x?), con-
structed as a quotient of the free group of rank 6, where {abcde, axbrcxdxex} is the set of
green relators, and the relation x = 7 is required in the pregroup. Using KBMAG we verified
that the group defined by P is hyperbolic. The reason for failure of IsHyperbolic is that an
interior green face F' labelled by abcde might have five interior vertices of green degree 3, each
giving F' curvature —1/6, resulting in x(F') = 1/6. VerifyHyp Vertex, however, succeeded
on P in the second iteration, with run time 0.13 seconds.

Next we considered presentations with randomly chosen relators. For random quotients
of free groups, we choose random, freely cyclically reduced words of a given length as green
relators, and leave the set of red relators to be empty. For random quotients of free products of
two groups we choose random non-trivial group elements alternating between the two factors.

Finally, for random quotients of three finite groups, we choose a factor at random (other than
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the previous factor) and then a random non-trivial element from that factor.

Interesting examples were found when the random quotients were over the free groups
of ranks 10 and 20. The results are described in Table 12.1, where ¢« = k£ means success in
iteration k, the numbers represent the number of random presentations with given properties,
the penultimate entry (success for ¢ = 1) is the average run time for successes in the first
iteration, and the last entry is the average run time over all other cases. The table demonstrates
that there exist presentations on which Verify Hyp Vertex succeeds but RSym Verify fails.

We also tried to run KBMAG on them and found that, for example, for random quo-
tients over the free group of rank 20, there are 29 (out of 140) presentations P on which
VerifyHypVertex succeeds, but KBMAG (with default input values) fails to precompute
an automatic structure of P, hence fails to show that P is hyperbolic; and 33 (out of 140) pre-
sentations on which KBMAG succeeds but VerifyHypVertex fails. This suggests that the
two methods complement each other well. Furthermore, there was only one random quotient
presented in Table 12.1 on which VerifyHypVertex succeeded but both RSymVerify and
KBMAG failed, hence all but one quotients from Table 12.1 on which VerifyHypVertex
succeeds in higher iterations have been verified to be hyperbolic by KBMAG.

We are confident that there are many additional presentations on which VerifyHyp Vertex
succeeds but RSymVerify fails. For example, we found at least 20 such presentations over
the free product of three cyclic groups of order 3. However, the presentations were very large
and on each of them the procedure returned true after several days. The implementation in
MAGMA would stop earlier and return fail, hence we have decided not to present the results

here.
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Table 12.1: Run times and successes of VerifyHypVertex on random presentations.

A free group of rank 20 with m relators of length n

m=10&n=5

Total | t=1 ¢=2 ¢>2 Fails Successfori=1 Else

20 17 1 0 2 0.03 seconds 0.38 seconds
m=20&n =256

Total | ¢ =1 ¢=2 i>2 Fails Successfori=1 Else

20 7 4 1 8 0.29 seconds 79.25 seconds
m=30&n="7

Total | ¢ =1 ¢=2 ¢>2 Fails Successfori=1 Else

20 8 9 0 3 1.13 seconds 2218.12 seconds =~ 37 minutes
m=34&n=28

Total | t=1 ¢=2 ¢>2 Fails Successfori=1 Else

20 17 3 0 0 2.62 seconds 8152.15 seconds ~ 2 hours & 15 minutes
A free group of rank 10 with m relators of length n
m=10&n =38

Total | ¢ =1 ¢=2 i>2 Fails Successfori=1 Else

20 16 3 1 0 0.14 seconds 268 seconds =~ 4 minutes & 28 seconds
m=10&n =20

Total | t=1 ¢=2 i¢>2 Fails Successfori=1 Else

20 20 0 0 0 1 second NA
m=10& n = 30

Total | t=1 ¢=2 ¢>2 Fails Successfori=1 Else

20 20 0 0 0 1 second NA
m=20&n =10

Total | t=1 ¢=2 ¢>2 Fails Successfori=1 Else

20 11 9 0 0 1.07 seconds 93089 seconds ~ 25 hours & 52 minutes
m=20&n =20

Total | ¢ =1 ¢=2 i¢>2 Fails Successfori=1 Else

20 20 0 0 0 1 second NA




Chapter 13

Future curvature distributions

schemes for showing hyperbolicity

The final chapter of Part 2 includes examples of several curvature distributions schemes that
might be useful for showing hyperbolicity, but that we were unable to develop completely.
The reader might notice that RSymVert (see Algorithm 9.0.5) redistributes curvature only

through interior vertices.

Question 2: Could we come up with an (iterative) curvature distribution scheme that allows

redistribution of curvature through boundary vertices?

In that case we will not obtain analogous result to Lemma 11.1.1 since the final curvature of
a boundary green face might be greater than 1/2. For this reason, we were unable to show that
the curvature distribution scheme fails on diagrams with boundary length two (the analogous
result to Lemma 11.1.2), and hence unable to show that its success implies non-triviality of
V-letters (as in Theorem 11.1.3): essential result for proving hyperbolicity.

Let € > 0. Similarly as for vertices, we can redistribute curvature through red blobs: each
interior green face with curvature less than —e and each boundary green face gives some of
its negative curvature to edge-incident red blob B, and then B gives its negative curvature to
edge-incident interior green faces with curvature greater than —e. However, we expect that
such scheme would not be more general then RSymVert, and finding green faces with the
aforementioned properties edge-incident with B is computationally significantly more expen-
sive than for green faces incident with a given vertex, so we did not proceed with this idea.

We also tried to redistribute curvature across consolidated edges (see Definition 2.5.6):
given a consolidated edge e common to internal green faces F and F5, if F} is boundary or the
curvature of F7 is less than —e, and if F5 is interior and the curvature of F5 is greater than —e,
let F give some of its negative curvature to F5. The same problem occurred as for boundary
vertices: since F; might be boundary, we were unable to ensure that a boundary green face has
final curvature of at most 1/2, hence unable to guarantee non-triviality of V7 -letters.

We chose to present RSymVert in this thesis because it can be tested in polynomial time,
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but if one is willing to accept a higher degree polynomial cost, or perhaps an exponential cost
in the length of the longest green relator, then one might come up with schemes that show

hyperbolicity of a much wider classes of finite presentations.
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