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England. The results show that an increase in NO2 levels is
significantly associated with an increase in the relative risks of
the health outcome. Also, there is a strong spatial structure in
the risks, a strong temporal autocorrelation, and a significant
spatio-temporal interaction effect.
© 2023 The Author(s). Published by Elsevier B.V. This is an open
access article under the CCBY license
(http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Spatially misaligned data, where the data are measured at different spatial scales, are a common
issue in spatial modeling (Lawson et al., 2016). In ecological and epidemiological research for
example, it is of interest to estimate the effect of pollution exposures on health outcomes such
as incidence of certain diseases (Cameletti et al., 2019; Blangiardo et al., 2016; Lee et al., 2017).
Measurements of exposures are typically collected from a network of monitoring stations, from
satellites, or from outputs of computer simulations using numerical models describing the origins
and dispersion of exposures. Data from monitoring stations are typically sparsely located in the
spatial domain, while the two latter measurements are high resolution data on fine regular grids.
The former are classified as point-referenced or geostatistical data, while the latter are considered
as high-resolution areal data on fine regular grids (Bruno et al., 2016). Moreover, data on health
outcomes such as the incidence of certain diseases are available as aggregated counts on fixed
and irregular areal units. Such data are organized as counts of mortality, morbidity, or hospital
admissions by type of disease over a set of regions partitioning the entire study region for each
time point (Bruno et al., 2016). Although these data derive from individual-level information, which
would enable the analysis of spatial pattern of case event locations and to quantify the effects of
long-term exposure, individual-level data at this resolution are usually not available and are also
costly to obtain in practice, and hence have been summarized across administrative units (Bruno
et al.,, 2016; Diggle, 2013; Molitor et al., 2006). As a result, time series and areal study designs
have been frequently used to model health outcome data. However, this comes at a cost since the
summary statistics on the population across areas cannot be used to assess effects at the individual
level. Moreover, there is the danger of assuming that the associations observed from the areal level
also hold at the individual level, often referred to as the ecological fallacy (Bruno et al., 2016).

This paper focuses on a specific spatial misalignment scenario where the outcome of interest
is measured and available in areas or blocks, while the explanatory variables include both point-
referenced and high-resolution grid/raster data. A sensible classical approach for this kind of spatial
misalignment is to compute values of the explanatory variables at the level of the administrative
areas or blocks and to then apply standard statistical methods to regress the outcome of interest
against the block-level exposure values (Bruno et al, 2016); in other words, the analysis is
performed in two stages.

In the context of the problem which motivates this paper, the first stage computes pollution
exposure values at the level of the administrative areas or blocks, also termed upscaling or smooth-
ing, using the points data from the monitors and the high-resolution grid data from the satellite
and the dispersion models. Linking pollution exposures and health outcomes therefore necessitates
inference on a spatial scale that is different from the scale of the original data, referred to as a
change of support problem (COSP). A classical approach to this point-to-area COSP in geostatistics is
block kriging (Gotway and Young, 2002). However, kriging approaches require inversion of matrices,
which can be computationally expensive especially for large datasets. This paper hence proposes a
point-to-area upscaling method that does not require inverting large covariance matrices. If there
were no high-resolution data available, a naive approach would be to simply calculate the average
of the values from the monitoring stations inside a block, possibly with the use of distance-based
or population-based weights, and use this as the block-level value (Bruno et al., 2016). However,
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this approach does not work when there are blocks without point-referenced data due to the
sparsity of monitoring stations in the entire spatial domain, or if the values exhibit strong spatial
heterogeneity (Lee et al,, 2015; Krall et al., 2015). This issue may be addressed by incorporating
information from satellite data and high-resolution output of numerical models. This process of
merging information from different data sources is referred to as data fusion (Berrocal et al., 2012).
One approach to performing data fusion, called Bayesian melding, is to regard the point-referenced
data and the high-resolution grid data as outcomes from a common latent continuous random
process with some measurement error, and possibly some covariates and spatial and temporal
effects (Cameletti et al., 2019; Szpiro and Paciorek, 2013; Bergen and Szpiro, 2015; Fuentes and
Raftery, 2005).

In the second stage, the block-level exposure estimates from the first stage are used as an
input in a statistical model for the health outcomes. A naive approach is to perform the first stage
independently of the second stage. This assumes that the estimated exposure values at the block
level are free from estimation error. Since this approach does not account for the uncertainty in
the first-stage model, this can potentially lead to biased estimates of the health effects of exposures
and can also underestimate the uncertainty in the second stage model estimates (Cameletti et al.,
2019; Gryparis et al., 2009). This approach is termed the plug-in approach and has been shown to
yield biased estimates, especially when the data from the monitors are sparse and the values are
heterogeneous in space (Gryparis et al., 2009). An approach to overcome this issue is a two-stage
Bayesian approach, in which the first stage estimates the posterior distribution of the parameters
and of the latent exposures field, while the second stage estimates the health model by plugging
in simulated values from the posterior predictive distribution of the first-stage model (Gryparis
et al., 2009; Lee and Shaddick, 2010). Another approach is a fully Bayesian approach which
simultaneously estimates the parameters of the exposures model and the health model. However, in
this framework, the health outcomes could strongly influence the exposure surface, especially if the
number of monitoring stations is relatively small. Nonetheless, the two-stage Bayesian estimator is
shown to approximate the fully Bayesian results quite well (Gryparis et al., 2009).

This paper aims to propose and illustrate an approach for a data fusion problem and a change of
support problem when estimating the effect of exposures on health outcomes. The proposed method
uses the Bayesian melding model to perform data fusion and also to account for the measurement
error in the different data sources that we wish to integrate when doing modeling and analysis.
The models are latent Gaussian and are estimated using the integrated nested Laplace approximation
(INLA). Moreover, the stochastic partial differential equation approach is used to efficiently estimate
the spatial field (Lindgren et al., 2011; Rue et al., 2009).

The use of the INLA approach is motivated by its computational benefits. The INLA method is
a deterministic approach for doing Bayesian inference, as opposed to Markov Chain Monte Carlo
(MCMC) method which is a simulation-based approach (Rue et al., 2009). For particular spatial appli-
cations for which the size of the latent Gaussian field is large, the INLA method was able to compute
accurate approximations of the posterior marginals which takes longer for MCMC algorithms to
compute. In addition, the approximation bias is smaller than the MCMC error for typical examples.
Fitting Gaussian random field (GRF) models can be computationally demanding because of the
need to factorize and invert typically large covariance matrices. The SPDE approach continuously
approximates the GRF with a Gaussian Markov Random Field (GMRF) structure, resulting in a sparse
precision matrix and hence speeding up the factorization of the matrix. In addition to making the
computation efficient, the SPDE approach also allows the interpretation of the model in terms of
the parameters of the covariance function (Cameletti et al., 2019).

Section 2 provides a discussion of the Bayesian melding model for data fusion. Section 3 discusses
the proposed spatio-temporal model and the assumptions of the model. It also discusses in some
detail how INLA and the SPDE approach can be used to fit the proposed model. Section 4 discusses
the specifics of the simulation study, while Section 5 presents the results of the simulation study.
Finally, Section 6 discusses an application of the method to real data.

3



S.J. Villejo, J.B. lllian and B. Swallow Spatial Statistics 54 (2023) 100744
2. Bayesian melding

Data used to conduct exposure assessment in any environmental health study come from various
sources. Most studies use data from a network of monitoring stations set up and maintained by
government agencies. However, since the network is typically sparse due to high maintenance costs
of the stations, it will be difficult to capture spatial heterogeneity of the true exposure surface.
Furthermore, networks are typically located in urban areas where the pollution level is typically
high. This leads to biases when fitting models to assess the impact of exposures on health outcomes
as the exposure surface will be over estimated (Lawson et al., 2016).

A solution to this problem is the use of additional sources of information of exposures which pro-
vide more detailed spatial and temporal information. Two specific sources are satellite images and
computer simulations using numerical or deterministic models. Satellite images are remotely sensed
data and provide global coverage. On the other hand, numerical models enable the simulation of
the creation and dispersion of pollution exposures using information on pollution sources and on
chemical and physical processes. However, despite the rich spatial and temporal information from
these data, they are prone to error. Remotely sensed data are subject to retrieval errors. Computer
simulations using numerical models are sensitive to model misspecification of the underlying
process, the input data on pollution sources, and the discretization of the continuous field. These
two data sources are also referred to as proxy data (Lawson et al., 2016). This problem of combining
data from monitoring stations and proxy data from satellite images and computer simulations is
referred to as data fusion or data assimilation.

An approach to data assimilation, called Bayesian melding, assumes that both the point-referenced
data and the proxy data have a common latent spatial process (Fuentes and Raftery, 2005). The
Bayesian melding model in a purely spatial context is based on the following equations:

w(s) = x(s) + e(s) (1)
x(s) = u(s) + E(S) (2)
X(s) = ao(s) + ai(s)x(s) + (s) (3)

,-=|B|/ (4

where w(s) denotes the point-referenced random outcome at location s, X(B;) is the outcome of
the proxy data in grid cell B;, and x(s) is the latent spatial stochastic process. Eq. (1) states that
the observed values at the monitoring stations are error-prone realizations of the latent process
with e(s) as the random error term. Eq. (2) postulates that the latent spatial stochastic process is
decomposed into a mean process w(s) and a residual process &(s). The mean of x(s) can be a function
of covariates, while the residual component may include spatial effects. Eq. (3) models the proxy
data at the point-level. The point-level outcome X(s) is associated with the latent process as a linear
function of x(s), and with «g(s) and «q(s) as additive and multiplicative calibration parameters,
respectively. In addition to that, there is also an additional random error term, &(s), for x(s). The
incorporation of these calibration parameters is due to the assumption that the proxy data have
more noise and are less correlated with the true latent field as compared to the observed values
from the monitors (Lawson et al., 2016). The calibration parameters «g(s) and «(s) are assumed
to be either constant or varying in space, but they are usually considered as fixed effects to avoid
identifiability issues when estimating x(s). Finally, Eq. (4) defines the observed value of X(B;) as a
spatial average of X(s), where |B;| denotes the size of block B;. Studies have shown that Bayesian
melding outperforms kriging in predicting pollution fields (Berrocal et al., 2010; Liu et al.,, 2011).
The idea of assuming a common latent spatial process for the observed data at different spatial
scales was also used in Wikle and Berliner (2005), McMillan et al. (2010) and Sahu et al. (2010).
The proposed method discussed in Section 3 extends these ideas in a spatio-temporal context.

3. Proposed method

There are two main model structures, one for the exposures (referred to as the first-stage model)
and another one to link the health outcomes with the exposures (second-stage model). Section 3.1
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discusses the model specification and assumptions. Sections 3.2 and 3.3 discusses the details of
model estimation for the first-stage and second-stage model, respectively. When estimating the
effect of exposures on the health outcomes using the two-stage modeling framework, it is important
to account for the estimation error in the first stage. This issue is discussed in Section 3.3.1.

3.1. Model assumptions

3.1.1. First-stage model

The first-stage model borrows ideas from the Bayesian melding model in Egs. (1)-(4), extending
the original formulation to a spatio-temporal context. An extension of Eq. (2) which specifies the
latent spatial process is given by:

x(s,t) = Bo+ B'z(s, t) + &(s, t)
E(s,t)=cé&(s,t — 1)+ w(s, t), |cl<1,t=2,...,T.

This follows the spatio-temporal model proposed in Cameletti et al. (2013) for particulate matter
concentration in the North-Italian region Piemonte. Here, x(s, t) is the true exposures value at
location s and time t, z(s, t) are the covariates, By is the intercept of the model, and B is the
coefficient vector of the covariates z(s, t). The spatio-temporal dependence in the model is induced
by &(s, t) which evolves in time as an autoregressive process of order 1, with ¢ as the autoregressive
parameter and &(s, 1) ~ N(O, 03)/(1 — ¢?2)). The term w(s, t) is a temporally-independent Gaussian
random field with mean 0 and Matérn covariance function, i.e.,

Cov(w(s;, t), w(sj, u)) = {02 , ltL f Z
i.j =%

o,
2-10(v)
s; are two locations. In the Matérn equation, o is the marginal variance, K, is the modified Bessel
function of the second kind and order v > 0 usually fixed at 1, and « > 0 is a scaling parameter.

The Matérn parameters are 03) and «. The interpretation of the spatio-temporal structure of the
model is usually in terms of the awz and the range parameter p, which is the distance at which the

V8v

correlation is around 0.1. The empirically derived relationship between p and « is p = .

Following Eq. (1) of the melding model, the model for the observed values at M monitors is given
by:

with X ; = (k |Isi—sil)" K, («(||si—s;|)) where ||-]| is the Euclidean distance in R? and s; and
J j j

w(si, t) = x(si )+ e(si, £), e(sit) S N(0,02), i=1,....M, (5)

where w(s;, t) is the observed value at a monitor in location s; at time t. This equation follows the

classical error model in which the observed values at the monitors are error-prone realizations of
. iid
the true exposures surface and where the error process is modeled as e(s;, t) ~ N(O, aez).

With the assumption that the resolution of the proxy data is reasonably fine, the proxy data
is treated as geostatistical at the centroids. This provides a simplification of the Bayesian melding
model since Eq. (3) is used immediately to model the proxy data instead of using both Egs. (3) and
(4). The proxy data is typically in the form of a raster data; hence, we use X(B;, t) to denote the
observed value at the pixel or grid cell B;. The model for the proxy data is then given by

- - iid
X(Bi, ) = X(g;, 1) = oo + crxX(g;, ) + 8(g;, 1), 8(g;, ) ~ N(O, o), (6)
where g; is the centroid of B;. This simplification avoids the joint specification given by
R(s, t) = o + aix(s, £) + 8(5. 1), (s, £) ~ N(0, 07) ()
- 1 -
X(Bi, t)= — | X(s, t)ds. (8)
Bil Js;
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The simplification in Eq. (6) still incorporates an additive bias ag, a multiplicative bias «, and
an additional zero-mean random noise term with variance (732- The proposed method is not a full
Bayesian melding approach since both the proxy data and the observed data from the monitors are
considered as geostatistical. The regression calibration method, which is another method to do data
fusion, also treats the proxy data as geostatistical; hence this assumption is not new in the literature
(Lee et al., 2017). Even with this simplification, the proposed model is still primarily based on the
melding model by assuming that the monitors data and the proxy data are a function of a common
latent spatial process as shown in Egs. (5) and (6).

A particular scenario for a joint specification in Eqs. (7) and (8) to be infeasible is when there is
no available covariate information whose resolution is finer than the resolution of the proxy data.
For instance, if the resolution of the proxy data is the same for the covariate information z(s, t), then
it will not be feasible to fit both Egs. (7) and (8) jointly unless it will be assumed that the value
of z(s, t) for any point s inside B is constant. Thus, an implicit assumption in the data generating
process other than for the proxy data to have a high resolution is that the covariate information on
z(s, t)is collected at the same resolution as the proxy data and also at the level of the monitors. This
simplification in the model assumptions also simplifies the estimation procedure for the first-stage
model as would be presented in Section 3.2. Also, in doing the simulation study which would be
presented in Section 4, the resolution of the simulation grid for the latent field is the same as the
resolution of the proxy data but incorporating the biases «g, o1 and §(s). On another important note,
the proposed model assumes an iid error process for the monitors and the proxy data, as shown in
Egs. (5) and (6). But a more complex structure in the measurement error term could be adopted.
Since the proposed method is based on the INLA method, a limitation in the construction of the
model for the error process is that it should satisfy the latent Gaussianity assumption in order for
the INLA method to be applicable.

Lastly, the true value of the exposures at an area or block B; at time t, denoted by x(B;, t), is
assumed to be a spatial average of the process x(s, t) over B;, i.e.,

x(Bj, t) = ﬁ / x(s, t)ds. 9)
il JB;

In terms of the notation, x(B;, t) denotes a spatial average of the latent process, while x(B;, t) is the
observed value of the proxy data at a pixel B; which is assumed to be equal to x(g;, t), where g; is
the centroid of B;, as shown in Eq. (6).

3.1.2. Second-stage model

The second-stage model specifies the model for the health outcomes as the response variable and
the block-level spatial averages of x(s, t) defined in Eq. (9) as an input to the model. The observed
count at an irregular block B; at time t, denoted by Y(B;, t), is assumed to be a Poisson outcome,
ie.,

Y(B;, t) ~ Poisson(P(B;, t)A(B;, t)), (10)

where P(B;, t) is the expected number of cases in area B; at time t, and A(B;, t) is the relative risk
modeled as

log(A(B;, t)) = yo + y1X(Bi, t) + @i,

where y; is the intercept, y; is the coefficient of the true block-level exposure x(B;, t), and ¢
is a spatio-temporal random effect. A conditional independence assumption given the effects is

. . ind _ .
assumed for the Poisson outcome, i.e., Y(B;, t)| Yo, V1, @it ~ Poisson Ju(Bi, t) = P(B;, t)A(B;, t) ). The

spatio-temporal random effect term can take several forms as discussed in Blangiardo and Cameletti
(2015). A general form is given as

log(A(B;, t)) = yo + v1X(Bi, t) + @i + ¥i + & + ve + vy, (11)

where ¢; is an iid spatial random effect, v; is a structured spatial random effect, v; is an iid
temporal random effect, ¢; is a structured temporal random effect, and v is a spatio-temporal
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interaction effect. The interaction effect has four types, depending on which of the two spatial
effects and which of the two time effects interact. Structured random effects include random
walk models, autoregressive processes, and correlated random effects of different dimensions.
These different ways to specify the spatio-temporal structure of the model do not violate latent
Gaussianity, and hence all posterior marginals of the model parameters can be estimated using the
INLA method (Blangiardo and Cameletti, 2015).

Fig. 1 shows a simulated data with number of time points T = 3: the counts at the irregular
blocks Y(B;, t) (top), the proxy data x(s, t) (middle), and data from a network of monitoring stations
w(s, t) (bottom). The true values of the parameters and other details of the simulation study are
discussed in Section 4.

3.2. Model fitting for first-stage model

Suppose the data from the monitors at time t are given by w] = (w(sl, t) w(sy, t) ... w(sy, t)),
t =1,...,T. We assume that we have T time points and M monitors. Also, the data from the proxy
data at time ¢ is given by X] = (X(g;.t) X(g,.t) ... X(g.t)),t=1,...,T.Here we denote by
G the number of grid cells for the proxy data, and we denote by x(g;, t) the observed value at the grid
cell whose centroid is g; at time t,i = 1, ..., G. Since both w; and &; are error-prone realizations
of the true exposure values x;, then we define the vector of true exposures combined for both the
monitors and the proxy data at time t as x; = (xt,M x[_p)T, where x; ,; denotes the vector of true
exposures at the monitors at time ¢, and x; p denotes the vector of true exposures at the centroids
of the grid cells making up the proxy data at time t. Then the vector of true exposures for all
t=1,...,Tisdenoted by x = (x] &} ... x})".Similarly, we define § = (& & ... &]),
where & = (&, &), with &, as the vector of spatio-temporal random effects at the monitors
for time t and f;‘t’,; as the vector of spatio-temporal random effects at the centroids of the grid cells
making up the proxy data at time t. And finally w = (a){ w) ... a)})T as the vector of values of
the Gaussian random field, where o] = (@], ®[,);andz = (z] 2z} ... 2z])", as the vector
of a single covariate, where z] = (ZI’M z[lp). This is can easily be generalized to the case of more
than one covariate.

The first-stage estimation procedure fits the following joint model:

w=xpy+e, e~N®Ocy), t=1,...,T (12)

X = ool +aixep + 8, & ~N(0,07lg), t=1,....T (13)
Xim = Bolm+c + B ZtM + Eem , t=1,...,T (14)
Xe.p 'St,P

(%t’lv)') =c (2_11”{') + (‘:}2’:}’) , (Z’;t“lf) ~N(@©,%), t=1,...,T (15)

where I, and I; are identity matrices of dimension M x M and G x G, respectively, and 1; and
154 is a vector of 1's of dimension G and M + G, respectively. As discussed in Section 3.1, w; is a
temporally-independent Gaussian vector with mean zero and covariance matrix X', whose elements
are computed using the Matérn covariance function with parameters oj and «.

In the system of equations above, the latent vector x; ; is present in both (12) and (14). Also, x; p
is present in both (13) and (14). In order to make sure that the values of x; ; and x; p are equivalent
for the different equations when fitting the joint model, x;  in (12) is assumed to be an (almost)
identical copy of X;  in (14). Similarly, x; p in (13) is assumed to be an (almost) identical ‘copy’ of
x; p in (14) with o as a scaling parameter. To create these ‘copies’, the latent field x; is extended to
xe=( x7)",t=1,... T wherex; = (X7}, x;;)"isa copy of x.. The prior specification for
the extended latent field at time ¢, (), will ensure that x’; is an identical copy of x;. In particular,
X/, and x;, will be defined later in such a way that E(x} ;) = x v and E(x{ ) = 1% p. This is
the same approach as in Martins et al. (2013) and Ruiz-Cardenas et al. (2012) and is called a data
augmentation approach.
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Health Data, time = 1 Health Data, time = 2 Health Data, time = 3
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Fig. 1. Sample data for a spatio-temporal analysis: count data (top row), proxy data (middle row), monitoring stations
data (bottom).



S.J. Villejo, J.B. lllian and B. Swallow Spatial Statistics 54 (2023) 100744

Since x; on the left-hand side of (14) is unknown, &; is transposed on the right-hand side of the
equation. The remaining vector of zeros in the left-hand side are referred to as ‘pseudo-zeros’. This
gives the following re-expression of the joint model:

w =X, +e, €e~NO00y) t=1..T (16)

¥ =alc+x,+8, &~NOo), t=1,...T (17)
X

0[:_<Xttyl‘:)+ﬂ01M+G+,31Zt+§n t=1,....T (18)

Etzg";'t,]-f-wt, C()t’\’N(O,E), tzl,,T (19)

2 o} a a1 Bo B1 s ol «)'. The posterior distribution of

interest is 7 (x, &, 6|w, X, 0), given by
m(x, & 0w, &, 0) o w(wlx, & 0)w(X|x, & 0)m(0|x, &, 0)m(£16)7(0)7 ().

Suppose we have 6 = (o,

) . . ind - ind
The first two are straightforward since w,|y, &, 6 = N(x s er]IM) and x|y, &, 6 S N(oolc +

X p, o21). For the pseudo-zeros, we have 0;|x, &, 0 e N(—x; + Boly+c + B1z: + &, %HG), where 1
is a precision parameter and is fixed at a large value because of the absence of measurement error in
the pseudo-zeros. The form of the distribution of &,|6 uses the fact that &,1§,_, ~ N(¢&,_;, ¥),t =
2,...,T,and that & ~ N(0, = X).

For the extended latent fieldg X, we have

1~

”(X:F_M X m )ﬂ(x;",p X p ) (X¢).

T
r(0=]]rx) =
t=1

t=1

Since x;;, and &7 , are independent copies of x; i and x; p, respectively, then both are assumed to

be Gaussian centered on X; y and «1X; p and with very high precision, i.e., x;ﬁM|xt,M ~ N (xt,M, T—)
x*

1
and X} p|%; p ~ N c1X; p, — |, where 7,+ is fixed at some large value. The latent field ¥; is assumed
. T
to be independent Gaussian centered at zero but with fixed high value for variance (low precision),
. 1 . L
i.e,x ~N|0, — |, where 1, is a small value. Although the precision is very low, the pseudo-zeros
T

X
have very high precision, and so the value of x; in (18) is forced to be close to its true value.

Finally, the components of # are assumed to be independent, i.e., 7(0) = ]_[lH:] (6;), where H is
the number of parameters in 6.

The joint model specified in Egs. (16)-(19) is a correct representation of Eqs. (12)-(15) which
does not violate latent Gaussianity; hence, allowing the use of INLA to fit the first-stage joint
model. This data augmentation approach can be implemented using the R-INLA functionalities,
some details of which are discussed in Martins et al. (2013) and Ruiz-Cardenas et al. (2012).

3.2.1. SPDE representation

In the SPDE representation of the model, the latent (Gaussian) field, @;, which is continuously
defined in space is discretized on a mesh or a triangulation with K vertices. The discretization at
an arbitrary location s at time t is given by

K
(s, t) =) Yal(S)wie, (20)
k=1

where {1} are basis functions chosen to be piece-wise linear in each triangle, i.e., ¥, = 1 at vertex
k and O at other vertices, and {wy} are Gaussian-distributed weights. The basis functions are not
indexed by t since we use the same mesh for all time points. The weights {wy,} on the other hand do

9
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vary for different time points; hence, the weights are indexed by t. Eq. (20) provides a continuously-
indexed but finite-dimensional approximation to the solution of the following stochastic partial
differential equation at a fixed time t:

(2 — A w(s, t) =W(s,t), seRY a=v+d/2, k>0, v>0 (21)
where (k2 — A)*/? is a pseudodifferential operatg)r, W(s) is a Gaussian white noise with unit variance,

ad
and A is the Laplacian defined by A = Z;j:] Py In the context of the problem at hand, d = 2; but
,

this result holds true at higher dimensions. The solution of this SPDE is a Gaussian field with the
Matérn covariance function (Lindgren et al., 2011). The benefit of using the approximation in Eq. (20)
is that its full distribution, which is specified by the joint distribution of the weights wy, has a sparse
precision matrix and closely approximates the inverse precision of the Matérn Gaussian field in
some norm (Lindgren et al., 2011). This sparsity speeds up computation and model estimation.

Denoting by (o’f the vector of values at the nodes of the mesh at time t, we have (u? ~ N(O, QS_1)
with Q, a sparse precision matrix. The details on how the elements of Q, are computed are
discussed in Lindgren et al. (2011). Eq. (19) now defined on the nodes of the mesh is then expressed
as

£ = o8+l W ~NO.Q). t=1...T.

where &2 ~ N (0, ﬁQ;]) and & is a K-dimensional vector of spatio-temporal random effect

at the K nodes of the mesh at time t. The joint distribution of the TK-dimensional vector £° =
(8 ... &) is& ~N(0,(Q;®Q;)""), where Q; is the precision matrix for the autoregressive
process of order 1, the form of which is given in Rue and Held (2005).

Since & and w are estimated in a mesh whose nodes may be different from the observed locations
and from the centroids of the grid cells, there needs to be a linear mapping from the nodes to the
locations of the observed values of the monitors and proxy data. This is done by incorporating a

projection or mapping matrix, say B, which is a sparse (M + G) x K matrix, so that

x = Polesm + Pize +BE t=1,...,T, or

K
x(si, t) = Bo + Baz(si, t) + Z bi&,

k=1

where & is the kth element of the vector 5? and by, is the (i, k)th element of the mapping matrix
B.
The first-stage hierarchical SPDE model is then given by

we=x,+e, e~NO0ly), t=1,...,T (22)

X =ale+x,+8&, & ~NO o), t=1,...T (23)
X,

0 = — (xi’“,f) + fole + iz + BE) (24)

£=ct +al, P~NOQ, t=1...T (25)

The joint model specified in Eqgs. (22)—(25) is a latent Gaussian model and hence can be fitted

using the INLA method. Using # to denote the vector of hyperparameters, we then have # =

(1 02 o} ¢ o2 k). The posterior marginals of # is approximated as

n(ﬁf|wf,&t)=/n(mwt,k[)dﬂ_,-.

The latent Gaussian vector is given by (X" ®*7 & a9 fo 1), whose posterior marginals are
computed as

w(-|we, X) = /n(~|0, w;, X ) (0w, X )do.

10
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The mathematical and computational details of the INLA method are discussed in Rue et al. (2009).
Moreover, the R codes to jointly fit Eqs. (22)-(25) is available on https://github.com/StephenVillejo
/DataFusionINLASPDE.

3.2.2. Computing block level exposures

The first-stage model is used to predict the values of x(s, t) on a prediction grid. Two methods
to compute the block-level exposures discussed in Cameletti et al. (2019) are explored in the
simulation study done in this work. Suppose we denote by X(B;, t) the predicted value of exposures

at block B; at time t, so that X(B;, t) ~ fB x(s, t)ds. The first method considers all the prediction

grid cells which overlaps with block B;. Suppose we denote by x(gj, t) the predicted value of x(g;, t)
at the grid cell whose centroid is g; at time t and h(g;, B;) the proportion of the area of block B;
which overlaps with the grid cell. The first method is computed as follows:

Method 1: R(Bi t) =) R(g; )h(g;, By). (26)
vj

The first method computes the value of X(B;, t) as a weighted mean of the predicted values at the
grid cells which overlap with block B; where the weights are the proportion of block B; which
overlap with the grid cells. On the other hand, the second method uses only the grid cells whose
centroids are inside block B;. The computed value of X(B;, t) using the second method is then a
simple mean, i.e., it is computed as

Method 2: X(Bi. t) = % Y g0 (27)

#(g] € Bi g<Bi

where #(g; € B;) is the number of grid cells whose centroids are inside block B;.
3.3. Model fitting for second-stage model

The latent Gaussian vector for the second-stage model is given by (yo Y1 (a)T where ¢ is the
vector containing all the spatial effects, temporal effects, and their interaction. The hyperparameter
vector, say 6, consists of all the model constants used to parameterize the components of ¢. For
instance, if a random walk model of order 1 is used for the temporal effect, then the variance pa-
rameter for the random walk process is included in the hyperparameter vector. The different model
specifications for ¢ are discussed in Blangiardo and Cameletti (2015). The posterior distribution of
interest is

7(y0, 1, @, 0,1y) < (Y |yo, v1, @, 0,)7(@|0,)7 (V0. Y1, 0,),

where y is the vector of all observed counts Y(B;, t). m(¥|yo, ¥1, @, 8,) has a simple form since the
elements of y are independent conditional on the latent field and hyperparameters. The form of
7(¢|0,) depends on the model specified for the elements of ¢ and has a straightforward structure
(Blangiardo and Cameletti, 2015). Lastly, 7 (yo, y1,0,) can be safely assumed as a product of the
individual priors.

In the simulation study done in this paper which is discussed in Section 4, a simpler form is
assumed for the log risks to illustrate how the model fitting is done and to identify scenarios that
could potentially affect model performance. We assume the following form for the log risks:

log(A(Bi, t)) = vo + VlX(Bia t)+ ¢i + v, (28)

id
where ¢; ~ N(0, o) and vy ~ N(O o} 2). Hence, we assume that ¢;; is equal to the sum of an
unstructured spatlaf effect and an unstructured temporal effect. The latent Gaussian field in this

case is given by (vo 1 @7 v")" while the hyperparameter vector is (o; o7)". The posterior
distribution of interest is

H(VO! Y1, ¢7 v, 6({3! 02|y) (0.8 n(yl)/O? Y1, ¢7 V)7T(¢|O’;)7T(V|O’2)7T(V(), Y1, Udzv 62)'
For 7(yo, 1, %, 2), the prior distributions can be defined independently for each parameter. This
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is a latent Gaussian model; hence, all the posterior marginals can be approximated using INLA. In
the general case, Eq. (11) provides a more complex form for the spatio-temporal effects.

3.3.1. Propagating uncertainty from the first-stage to the second-stage model

One approach to propagate uncertainty from the first-stage to the second-stage model is
to sample several times from the posterior predictive distribution of the latent field x =
(‘x{ X, ... x})T, and then to compute all the block-level values of exposures from each sample
using Egs. (26) and (27) which are then used as an input to fit the second-stage model. The final
parameter estimates of the second-stage model are then computed using the combined results from
all samples (Cameletti et al., 2019; Blangiardo et al., 2016; Lee et al., 2017; Liu et al., 2017). Suppose
we simulate from the posterior predictive distribution of x | times, then the steps to propagate
uncertainty from the first-stage to the second-stage model are as follows:

Do the following J times:

1. Simulate from the posterior distribution of the latent field 7z(x|-) on the prediction grid. This
distribution is obtained from the first-stage model.

2. Compute block-level exposures, X(B;, t) for all blocks B; in the study region, using the two
methods in Eqs. (26) and (27).

3. Fit the second-stage model using INLA as described in Section 3.3.

4. For each parameter in the second-stage model, generate samples from its posterior marginal
distribution.

After completing all J cycles, all samples from step (4) are combined and used to approximate the
posterior distribution of the second-stage model parameters.

4. Simulation study

The performance of the proposed method is investigated using a simulation study. The study
region used is the Belo Horizonte region in Brazil which is available in the spdep package in R (Bivand
and Piras, 2015) and is the same study region used in Cameletti et al. (2019) from which the
extensions done in this work are based. Fig. 1 shows the study region map. We used this for
the simulation study since it has few areas (98 of them) which makes it more computationally
manageable. In the case study presented in Section 6, we used England data which has relatively
more areas. The Bayesian computation are done using the functionalities in the R-INLA library. All
results in the paper can be replicated using the R code which is available on https://github.com/St
ephenVillejo/DataFusionINLASPDE.

4.1. Simulation of the exposure field

For the Matérn covariance function parameters, the spatial variance o2 is set to 1.5, while the
range parameter p is 1.89 which corresponds to around 46% of the maximum distance in the
100 x 100 simulation grid. The autoregressive parameter ¢ is set to 0.7. The single covariate z(s, t)
was generated from N(u = 0,0 = 1). The fixed effects are 8y = 0 and B; = 2. The simulated
values of x(B;, t) is a spatial average of all the points inside block B, i.e.,

1 1
x(Bi, t) = B /B,- x(s, t)ds ~ Z mx(s, t).

VseB;

4.2. Simulation of the health data

Using the simulated values of x(B;, t), it is straightforward to simulate the health data. The fixed
effects are yp = —3 and log(y,) = 1.2. The assumed value of y; implies an expected increase of 20%
in the relative risk for a one unit increase in x(B;, t). The assumed values of the variance parameters
of the spatial effect and the temporal effect are aé = 02 = 0.02. The expected number of cases for
each block are generated from a uniform distribution and are made to be proportional to the size
of the block so that blocks with bigger surface areas have higher expected number of cases.
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Fig. 2. Non-sparse network of monitors (left) and a sparse network of monitors (right).

4.3. Simulation of the monitors and proxy data

The monitors are simulated by getting a random sample of points from the simulation grid.
A non-sparse network was considered and investigated in Cameletti et al. (2019) - either getting
2%, 10%, or 30% of the points from the simulation grid inside each block. Their simulation results
showed that block predictions are better in terms of the RMSE and the correlation with the true
block-level exposure values when there are more monitoring stations in the data. One contribution
of this paper is to look at the case of having a sparse network of monitoring stations, i.e., there
are few monitors and several areas or blocks do not have monitors inside. This study considers
two scenarios for the monitoring stations data. The first scenario is a non-sparse network similar to
that considered in Cameletti et al. (2019). The second scenario is a sparse network and is carefully
chosen in such a way that it resembles how actual data of sparse monitoring stations look like.
Fig. 2 shows a simulated non-sparse network (left) and a sparse network (right) of monitors. The
observed values w(s;, t),i = 1, ..., M follow the classical error model, with the error term assumed
as e(s;, t) ~ N(0, 02 = 0.1). For the proxy data, the bias parameters are oy = —1, @y = 1.5, and
o = 1. Fig. 3 shows an example of a simulated exposures field (left) and the corresponding proxy
data after adding the biases (right). The figure shows that there is more variability in the values
of the proxy data, which is expected because of the scaling in the values through «4, a shift in the
location of the center through o, and an additional random noise whose variance is larger than the
measurement error in the monitors.

4.4. Prediction grid

The effect of the resolution of the prediction grid on the block-level predictions using Egs. (26)
and (27) has been investigated in Cameletti et al. (2019). Their simulation results have shown that
with a finer prediction grid, the block-level exposure predictions are also more accurate. Hence, in
the simulation study in this paper, a 100 x 100 prediction grid is used for all the scenarios, which
is the same grid resolution used to simulate the true exposures field and the proxy data.
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Simulated Exposures Field, Simulated Proxy Data

oo L.
-1

o 5 0 5 10 15

Fig. 3. Simulated true exposures field (left) and corresponding proxy data after adding biases (right).

4.5. Simulation scenarios

There are three simulation settings considered in the study:

1. The sparsity of the monitoring stations: sparse or non-sparse. This is illustrated in Fig. 2.

2. Length of time: T = 3, T = 6, or T = 12. Since this simulation study is a spatio-temporal
extension of that in Cameletti et al. (2019), it is important to investigate the effect of the
length of time in terms of the model estimates and predictions.

3. Prior specification: use of non-informative priors or informative priors. Since the sensitivity
of the posterior estimates to the priors is an important part of Bayesian analysis, the effect
of prior specification is therefore investigated in the simulation study. Not all parameters are
given informative priors. Only those parameters which are usually difficult to estimate are
given informative priors — these include the parameters of the latent Gaussian field crj, 0,
and ¢; the variance parameters o2, 07, 02, and o; and 4 which is the scaling parameter of
Xt p.

There are a total of 12 simulation scenarios. For each scenario, 500 independent replications
are done in order to evaluate the performance of the proposed method. In fitting the second-stage
model, the number of simulations from the posterior predictive distribution of the latent field x(s, t)
is set at ] = 100. For each estimated posterior marginal distribution, 200 random values were
simulated to compute posterior quantities of interest which include the posterior mean, posterior
median, and 95% credible intervals.

Table 1 shows all the simulation scenarios and how they are labeled in the figures in Section 5.

Table 2 shows the priors for the first-stage model parameters for the two cases. Non-informative
priors are used in both cases for the parameters Sg, 81, and «. The non-informative priors of the
Matérn parameters are defined in terms of a reparameterization of the parameters of the SPDE
in Eq. (21). A detailed discussion of prior specification for Matérn models using the SPDE approach
is discussed in (Lindgren and Rue, 2015). The informative priors for p and o2 are the so-called
penalized-complexity (PC) priors (Fuglstad et al., 2019). The PC prior is a weakly informative prior

14



S.J. Villejo, J.B. lllian and B. Swallow Spatial Statistics 54 (2023) 100744

Table 1
Simulation scenarios in the simulation study.
Sparsity Priors specification Time points
3 6 12
No Informative A E [
Non-informative B F ]
Yes Informative C G K
Non-informative D H L
Table 2
Priors specification for first-stage model parameters.
Parameter Informative prior Non-informative prior
Bo N(0, o0) N(0, 00)
B N(0, 1000) N(0, 1000)
o N(0, o0) N(0, 00)
o N(1.5, 1) N(0, 1000)
o? Inv Gamma(100, 10) Inv Gamma(1, 5e—5)
"52 Inv Gamma(10, 10) Inv Gamma(1, 5e—5)
P PC(po, a)? See Lindgren and Rue (2015)
a? PC(04.0, @) See Lindgren and Rue (2015)
1 1
¢ log(]—i_—g> ~ N(0.75, 0.052) log<]+—§> ~ N(0,0.152)
- S —S

?These are called penalized-complexity priors which are weakly informative priors
(Fuglstad et al., 2019).

Table 3

Priors specification for second-stage model parameters.
Parameter Informative prior Non-informative prior
Yo N(0, o) N(0, 00)
7 N(0, 1000) N(0, 1000)
Uﬁ PC(og,0, @)’ Inv Gamma(1, 5e—5)
o) PC(0y,0, @)* Inv Gamma(1, 5e—5)

2These are called penalized-complexity priors which are weakly informative priors
(Fuglstad et al., 2019).

which penalizes complexity or additional flexibility in the model; hence, the prior tends to prefer
the simpler base model. It works on the principle that a model further away from the base model
should be more strongly penalized. For the Matérn parameters, the PC prior shrinks the model to
the base model with infinite range and zero marginal variance. The informative priors for p and o2
shown in Table 2 are a joint specification, where o, and py are the upper and lower limit for o,
and p, respectively, and « is the tail probability. In fitting the models in the simulation study, o, o
and pg are set as equal to the true value, and o = 0.05.

There are three precision parameters in the first-stage model that are fixed at an appropriate
level. The first one is the precision parameter, 7y, for the pseudo-zeros which is fixed at a large
value. The second one is the precision parameter, ty, for the prior of the latent field x; which is
fixed at a very small value. Finally, for the conditional distribution of the copies %}, and x{ ,, the
precision parameter t, is also fixed at a large value so that both mimic x; » and x; p, respectively.

Table 3 shows the priors for the second-stage model parameters for the two cases. The parame-
ters o and « are given non-informative priors for the two cases. The variance parameters 05 and
o2 are also given the PC priors for the cases of informative priors.

The performance of the proposed method is evaluated in terms of the bias, RMSE, and coverage
probabilities for each parameter estimate and block-level predictions X(B;, t). The details are found
in Appendix A.
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Fig. 4. Plot of bias (purple) and RMSE (yellow) for «p. (For interpretation of the references to color in this figure legend,
the reader is referred to the web version of this article.)

5. Results and discussion

This section presents the results of the simulation study. Section 5.1 presents the results for the
first-stage model parameters, Section 5.2 for the block-level exposure estimates, and Section 5.3 for
the second-stage model parameters.

5.1. First-stage model parameters

Figs. 4 and 5 show plots of the biases and RMSEs for the additive and multiplicative bias in the
proxy data, ¢p and «;. These parameters are important since both account for the bias in the proxy
data. The obtained estimates of these bias parameters will be used to recover the latent exposures
field given the observed values of the proxy data. As shown in Figs. 4 and 5, the biases are generally
close to zero for all scenarios. However, the RMSEs are higher when the data on the monitors are
sparse (scenarios C, D, G, H, K, L); but the values are decreasing with more time points. The proposed
method is able to correctly estimate «1, which is expected to be difficult to estimate since it is a
scaling parameter of the latent exposures field x(s, t). There is no difference in the bias and the
RMSE for oy when using informative or non-informative prior.

Fig. 6 shows the biases and RMSEs for the measurement error at the monitors and at the proxy
data, 62 and o7, respectively. Similar to oo and o4, both parameters are of interest since both
measure the systematic error in the data. An accurate estimation of these parameters also implies
good estimates for the latent exposures field. For o2, the biases are close to zero for all scenarios but
the RMSEs are generally higher when the data on the monitors are sparse and when non-informative
priors are used (scenarios D, H, L). This is expected since with few data points from monitors, there
is also little information at hand to do the estimation. But for as long as informative priors are used
or there are several time points, the RMSEs are generally lower even if the data on the monitors
is sparse. For 052, the biases are also close to zero for all scenarios. The RMSEs are also generally
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the reader is referred to the web version of this article.)
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Fig. 6. Plot of bias (purple) and RMSE (yellow) for the measurement error variances aez (left) and 052 (right). (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

small, and is decreasing with more time points. The sparsity in the monitors data and the priors
specification does not seem to affect the bias and the RMSE of o2

Fig. B.13(a)-(b) and (d)-(e) in Appendix B shows the biases and RMSEs for the Matérn parameters
o? and p. The biases and RMSEs are clearly smaller when informative priors are used which is the
expected result since the Matérn parameters are typically very difficult to estimate. Even if the
monitors data is sparse, the biases and RMSEs are still small as long as informative priors are used.
This is expected since with few observed values from monitors, we would rely on informative priors
to correctly estimate the Matérn parameters. When non-informative priors are used and data on
the monitors are sparse, the bias and RMSEs are expected to be high.
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For the temporal parameter of the exposures field, ¢, the biases and RMSEs are generally close to
zero for all scenarios as shown in Fig. B.13(c) and (f) in Appendix B. The RMSEs are relatively higher
when there are fewer time points. This is expected since ¢ parameterizes the temporal evolution
of the spatial field, so that more time points means more information available for estimation. Even
with non-informative priors, for as long as there are relatively more time points, the ¢ parameter
is estimated well.

Lastly, shown in Fig. B.14 also in Appendix B are the biases and RMSEs for By and B;. For both
parameters, the biases are close to zero for all scenarios. However, when the data on the monitors
is sparse, the RMSE of 8, is large. The parameter f; is the coefficient of the covariate of the latent
exposures field. Although this information is also available for the high-resolution proxy data, the
proxy data is noisier and less correlated with the true values of the latent field. Hence, this could be
the reason for the difficulty in estimating it correctly when the monitors data is sparse. For more
time points, the RMSEs for both Sy, and g; are generally smaller, since more time points means
more information available to do the estimation.

5.2. Block-level exposure estimates

Fig. 7 shows the average of the correlations between the block-level exposure estimates and the
corresponding true values for all scenarios. Each point in the plot corresponds to an area or block in
the simulation study region. Since there are T time points in the simulated data, the values shown
in the figure is the average of the correlations from the T time points which are further averaged
from all 500 replicates. All the correlations range from around 0.97 to some value close to 1.0, but
using method 2 for computing spatial averages generally gave higher correlations than method 1
for all scenarios. Also, the correlations are generally higher when there are more time points, which
is true for both methods.

Fig. B.15 in Appendix B shows the biases and RMSEs in the block-level exposure estimates for
all scenarios. Similar to Fig. 7, each point in the plot corresponds to an area or block. The bias for
each block at a given time point is computed as the average of the difference between the true block
exposure value and its estimated value across all the 500 replicates. The RMSE is computed similarly
for each block for a given time point. The final values shown in Fig. B.15 are then the average of
the values for all time points T. The bias in the block-level exposures for all 98 areas are generally
close to zero; but the spread in the biases are wider for method 1 than method 2. Also, when the
data on the monitors are sparse and the priors are non-informative, the biases are generally larger,
especially for scenarios with fewer time points. This pattern observed for the biases is also true for
the RMSEs. There are a couple of areas with very high RMSEs when using method 1, and this is
consistent for all the scenarios. The RMSEs from using method 1 are generally higher compared to
method 2 for all the scenarios.

5.3. Second-stage model parameters

The main parameter of interest is y; since it is the coefficient of the exposures in the health
model. Fig. 8 shows the biases and the RMSEs for y; for all the scenarios. There is no striking
difference in the biases and RMSEs between the two methods for computing the spatial averages of
exposures. The figures show that the bias in y is close to zero for all scenarios. Also, for more time
points, the RMSEs become smaller. This is expected since with more time points, there are more
information available to estimate the parameter properly. Moreover, the sparsity of the monitors
does not affect the quality of estimates for y;. This is also expected since as shown in Section 5.2,
the obtained block-level exposures estimates are highly correlated and are close to the true values
of block-level exposures whether the monitors data is sparse or not. Hence, the obtained estimates
for ; will be similar for either case. Lastly, even with non-informative priors on y;, the bias and
the RMSE is consistently small. Note that in the simulation study, the y; parameter has a non-
informative prior for all the scenarios, and so all the values shown in Fig. 8 are computed using
non-informative priors for y4. The insights for y; also holds true for the intercept yy, as shown in
Fig. B.16(a) and (b) in Appendix B.
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Fig. 7. Plot of correlations with true bock-level exposures for all scenarios.

For the variance parameters in the second-stage model, the plots of the biases and RMSEs for all
scenarios are shown in Fig. B.16(c)-(f) of Appendix B. For the variance parameter of the time effect
o2, the biases and RMSEs are generally smaller when there are more time points. This makes sense
since avz is a parameter of the temporal random effect, and so it is more accurately estimated when
the length of the time series is longer. In addition, the prior specification also affects the precision
of the estimates. If the priors used are informative, the RMSEs for o are generally lower compared
the scenarios where the priors are non-informative. However, the difference in the RMSEs for o2
for the informative and non-informative priors diminishes with more time points.

For the variance of the block-specific effect oqf, the biases and the RMSEs are generally close to
zero for all the scenarios. The number of time points does not seem to unduly affect the biases and
RMSEs. This is expected since the model in the simulation study assumes that the block-specific
effect is independent with time, and so the number of time points in the data does not potentially
affect the accuracy and precision of the estimates of o2. In addition, this parameter does not seem
to be sensitive to the prior specification and the sparsity of the monitors.

Table B.6 in Appendix B shows the coverage probabilities for the health model parameters.
For y4, all the coverage probabilities are very close to the nominal value of 95%. There is no
difference between the two methods of computing spatial averages. For the intercept y, the
coverage probabilities are also reasonably close to the nominal value. The coverage probabilities
for scenarios with fewer time points is smaller compared to the scenarios with more time points.
The coverage probabilities for the variance parameter of the time random effect 2 is higher when
penalized complexity priors are used or when there are more time points. Finally, for the variance
of the block-specific random effect o2, the coverage probabilities are consistently high and close to
the nominal value for all scenarios.

6. Application to real data

The proposed method is applied on a real data in England. The exposures measurements
are nitrogen dioxide (NO,) concentrations at 142 locations from the Automatic Urban and Rural
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Fig. 8. Plot of biases and RMSEs for y;.

Fig. 9. Plot of the location of monitors in England and Wales (left), the location of the data points for the AQUM data
(center), and a plot of NO, values from the AQUM for year 2007 and month January (right).

Network (AURN) in England and Wales. Fig. 9 (left) shows the location of the monitors in the study
region. The measurements were averaged at a monthly level to be consistent with the temporal
resolution of the health data. Data from the Air Quality Unified Model (AQUM) was used as the
proxy data for NO,. The AQUM is a weather and chemical transport model which provides hourly
estimates of pollutant concentrations in a 12 km? all over England (Lee et al., 2017). Similar to
the AURN data, the AQUM data was averaged to monthly level to be consistent with the temporal
resolution of the health data. This is the same data used in Lee et al. (2017) where they developed a
two-stage model for the same problem of pollution prediction and estimating its long-term impact
on health. They used MCMC to do Bayesian inference, as opposed to the proposed method in this
paper which uses INLA.

Shown in Fig. 9 (center) are the locations of the data points for the AQUM data in England. Fig. 9
(right) shows the AQUM data for NO, for January 2007. The health data used is count of respiratory
hospitalizations in England at the level of Local and Unitary Authorities (LUA) which is available at
a monthly level. Shown in Fig. 9 (left) is the study map which shows the boundaries of the LUAs
in England. We apply the proposed method on a monthly data from January to December 2007. All
details of data cleaning and pre-processing are discussed in Lee et al. (2017).

Fig. C.17 in Appendix C shows the mesh for the SPDE component. In fitting the first-stage model,
all the priors used were non-informative. Fig. 10 shows the estimated latent NO, levels in England
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(a) January 2007 (b) February 2007

Fig. 10. Plot of NO, from AQUM (left) versus estimated field (right) in England for two time points.

L4 >

Fig. 11. Block-level estimates of exposures in England for January 2007 (left) and February 2007 (right).

for January 2007 and February 2007 on a very fine prediction grid. Shown also is the AQUM data
for the same period. The figure shows that there is a close correspondence between the predicted
latent NO, concentrations and the AQUM data. Fig. 11 shows the block-level estimates of NO, using
Method 2 in Eq. (27) using the same scale as in Fig. 10. Method 2 was used to compute the estimates
since the simulation study has shown that this method is slightly better than Method 1 in terms
of the bias, RMSE, and the correlation with the true exposure values; and the two methods yield
almost the same estimates. To account for the uncertainty in the first-stage model, we simulate 100
times from the marginal posterior of the latent exposures field, in Eq. (14), at the prediction grid.
For each of the simulated values, block-level estimates are computed which are then used as an
input in the second-stage model.

The second-stage model is given in Eqs. (10) and (11). For the general form of the log-risk
equation,

log(A(Bi, t)) = vo + ¥1X(Bi, t) + i + Wi + & + ve + Ui,

itis assumed that the block-specific iid effect ¢; is N(0O, o(g), the spatially-structured random effect ;
follows the intrinsic conditional autoregressive (AR) process which is parameterized by the variance
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Table 4

Model choice criteria values.
Model Marginal likelihood WAIC DIC Failure PIT CPO
No interaction —17209.0 33646.12 32872.71 0% 0.5093 0.0230
Type 1 —16685.1 32404.37 30966.22 0.9% 0.5046 0.0204
Type Il —15831.7 29366.97 29284.80 2.51% 0.4972 0.0206
Type 11 —17460.9 29555.34 29516.32 11.42% 0.4873 0.0195
Type IV —18121.1 29308.01 29203.12 2.65% 0.4999 0.0212

404

Model

No interaction
ype

Type Il

Type Il

Type IV

Fig. 12. 7(y1]-) of the five models.

01/2/, the time-specific iid effect v, is N(0, 0.2), and the temporally-structured effect ¢; is an AR process
of order 1 which is parameterized by the lag parameter p, and variance 03. The spatio-temporal
interaction effect v; can take several forms. The first case is when the unstructured effects ¢;
and v; interact, which is called Type I interaction. When the structured temporal effect ¢; and the
unstructured spatial effect ¢; interact, this is Type II interaction. Type III and Type IV interaction
are defined as the case when v, and v; interact, and when both the structured effects v; and ¢;
interact, respectively. The criteria for model selection are the following: marginal likelihood, widely
applicable Bayesian information criterion (WAIC), deviance information criterion (DIC), predictive
integral transform (PIT), and the conditional predictive ordinate (CPO). Smaller values for the CPO
indicate better model fit. Moreover, if the model fits the data well, the values of the PIT should be
close to a uniform distribution.

Table 4 shows the marginal likelihoods, WAIC, DIC, PIT and CPO for the five second-stage models
considered. Since several samples (] = 100) from the estimated posterior predictive distribution of
the latent field 7(x;|-) were generated and that for each sample, X(B;, t) were computed and were
used to fit the second-stage model to properly propagate uncertainty from the first-stage model to
the second-stage model, the values shown in Table 4 are the average for all the ] = 100 simulations.

The model with Type II interaction has the highest marginal likelihood, but the model with Type
IV interaction has the lowest WAIC and DIC, although the WAIC and DIC for the Type Il model is
not too different from the Type IV model. All the mean PIT are close to 0.5 which is the mean of a
uniform distribution from 0 to 1, and all the mean CPO are also close to 0. Based on the values, the
model with Type II interaction seems to provide the best fit among the five models considered.

Fig. 12 shows the estimated posterior distribution of y1, 7 (y1|-), for the five models considered.
The y; estimates are quite close to each other except for the model with Type III interaction. As
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Table 5

Estimates of the final second-stage model.
Parameter Mean P2.5% P50% P97.5%
Yo —0.5034 —0.8283 —0.5192 —0.0690
71 0.0267 0.0006 0.0266 0.0533
a; 0.0608 0.0295 0.0592 0.1026
Uyzf 0.3050 0.1800 0.2931 0.4914
(7{2 0.0625 0.0173 0.0476 0.1954
Pr 0.7970 0.5054 0.8189 0.9592
af 0.0006 0.0000 0.0001 0.0048
03 0.0225 0.0181 0.0223 0.0281
Pu 0.8105 0.7446 0.8023 0.8540

shown in Table 4, the model with Type Il interaction has 11.42% of the observations with predictive
measures which are not reliable due to some numerical problems; hence, the y; estimate for this
model might not be a reliable one. Table 5 shows the parameter estimates and the 95% credible
intervals for the model with Type II interaction. Since the block-level estimates of exposures were
log-transformed, for a 10% increase in the NO2 levels for a block, we expect the relative risk of
respiratory hospitalization to increase by 2.67%. There seems to be a high spatial correlation in the
risks since the estimate for the variance of the spatially structured effect 0112/ (0.3050) is higher than
the unstructured effect cr; (0.0608). Also, the temporal correlations is very evident as seen by the
estimated AR coefficient p, of 0.7970 and the estimate of the variance of the structured temporal
effect 0;2 (0.0625) which is bigger than the variance of the unstructured temporal effect avz (0.0006).
A Type II interaction effect means that ith area/block has its own autoregressive structure which is
independent from the other areas. The estimated AR coefficient p, in the interaction term is 0.8105
which indicates a strong interaction effect.

7. Conclusions

This paper proposes a two-stage spatio-temporal model for the epidemiological problem of
estimating the effect of exposures on health outcomes where the data have different spatial
supports. The framework of the first-stage model is based on the Bayesian melding model for which
a common latent field is assumed for the geostatistical data on the monitors and the high-resolution
proxy data, both being error-prone realizations of the latent field. However, instead of treating the
proxy data as areal, it is treated as geostatistical data on the centroids of the grid cells. A couple
of reasons for this simplification is the assumption that the resolution of the covariate data is not
finer than that of the proxy data, that the resolution of the proxy data is fine enough that it can be
treated as geostatistical at the centroids, and also for the purpose of simplifying the computation.
Nonetheless, the proposed model incorporates a non-spatially varying additive and multiplicative
bias, and an additional additive noise in the proxy data since it is noisier and less correlated with
the true latent field compared to the measurements from the network of monitoring stations. The
SPDE approach is used to model the spatio-temporal structure of the first-stage model in order to
speed up computation and spatial interpolation. The second stage fits a Poisson model using the
spatial averages of the latent field, and additional spatial and temporal random effects. Both the
first-stage and second-stage models, being latent Gaussian, are fitted using the integrated nested
Laplace approximation. In estimating the block-level exposure estimates, two methods proposed
in Cameletti et al. (2019) were used. In order to account for the estimation error in the first-stage
model when fitting the second-stage model, samples from the marginal posterior distribution of
the latent field at the prediction grid are generated. For each set of simulated values, all block-
level estimates of exposures are computed using the two methods and are then used as input in
the second-stage model. This is done several times and then all results are combined and used to
approximate the posterior distribution of the second-stage model parameters.

The proposed method worked in the actual data with the expected result that NO, is significantly
associated with respiratory diseases and with additional insights about the spatial and temporal
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structure of the risks. A simulation study was carried out to assess the performance of the proposed
method under different scenarios. Considered in the study are the following settings: the sparsity
of the data on the monitors, the number of time points, and the prior specification. It is common
to work with sparse data on the monitors so it is interesting to look at the effect of the sparsity
on the quality of the parameter estimates. Also, it is important in Bayesian analysis to assess the
sensitivity of the results to the priors, more so in the context of a complex spatio-temporal process
with several model parameters that need to be estimated.

All first-stage model parameters have generally small biases but there is difficulty in estimating
the Matérn field parameters, particularly the spatial variance and the range parameter, especially
when non-informative priors are used. As long as informative priors are used, the bias and RSMEs
are very small and the coverage probabilities are very high even if the data on the monitors is
sparse.

For the main parameter of interest, y;, the method provides very good estimates across all
scenarios considered in the simulation study. There is no difference between the two methods of
computing the spatial averages in terms of the bias, RMSEs, and coverage probabilities. Even with
non-informative prior on y; and sparse data on the monitors, the estimates for y; are close to the
true value. Finally, with more time points, the RMSEs tend to decrease.

The simulation study done also showed that the sparsity of the data on the monitors can
potentially affect the quality of the parameter estimates. When the data on the monitors is sparse,
the RMSE of the covariate effect in the latent field is large. This is also true for the measurement
error variance in the monitors, but the use of informative priors can be helpful to accurately estimate
the parameter. It makes sense for these two parameters to be seriously affected by the sparsity of
the monitors data since these are components of the observation model for the monitors; hence,
the less monitors in the study map, the less information at our disposal to accurately estimate them.
The RMSEs of the Matérn parameters and the bias parameters of the proxy data are also generally
higher when the monitors data is sparse. The parameters in the second-stage model seem to be not
affected by the sparsity of the data on the monitors since the proposed method, even with sparse
data, was able to estimate well the latent field and that the block-level predicted values are also
close to the true value, at least for most of the areas, as shown in the correlations, biases, and RMSEs
from the simulation results. However, in practice, this will only be true for as long as the block-level
estimates of exposures are close to the unknown block averages of the latent continuous process.

The use of informative priors gave better parameter estimates especially for the latent field
parameters which are typically the most difficult parameters to be estimated. When informative
priors are used, the estimates of the spatial field variance and the range parameter have lower bias
and RMSE. The autoregressive parameter of the latent field also benefits with the use of informative
priors, giving smaller errors and higher coverage probabilities. In addition, the measurement error
variance at the monitors also have lower RMSEs with informative priors especially for the case when
the data is sparse. The rest of the parameters are not too sensitive to the prior specification which
includes the variance of the block-specific random effect in the second-stage model.

The number of time points can also potentially affect the quality of the estimates. As already
mentioned, if there are more time points, the RMSEs of the fixed effects in the second-stage model
are smaller. This is also true for the variance of the time effect in the second-stage model. The bias
parameters of the proxy data in the first-stage model also have better estimates with more time
points.

The method for computing block-level exposures estimates does not show to have an impact
on the parameter estimates. The biases in the block-level estimates for both methods are on the
average close to zero, but the first method seem to give higher biases for certain blocks and also
higher RMSEs overall. Also, the second method gave slightly higher correlations between the true
block-level exposure values and the estimated values. Nonetheless, both methods gave fairly high
correlations which are at least 0.97. As far as the parameter estimation is concerned, either of the
two methods should work very well.
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A possible drawback of the proposed method is that it becomes computationally expensive with
a long time series data since it will significantly increase the number of unobserved values of the
latent field that need to be estimated. This would primarily depend on the resolution of the proxy
data and also the size of the study region.

The use of the full Bayesian melding approach which treats the proxy data as areal would also
potentially increase the computational costs. Under the full Bayesian melding model, it is required
to have covariate information on z(s, t) at a resolution which is finer than the resolution of the
proxy data. Using the data augmentation approach would imply the need for an enlarged extended
field, say x, = (X[ X p« Xy Xp:) .t =1,...,T; &7, is of larger dimension than x;7, in the
original model, where P* is the resolution of the covariate data z(s, t), which should be greater than
the number of grid cells for the proxy data. Hence, when the proxy data has a very high resolution,
applying the full Bayesian melding model might amplify the computation effort required. The use
of a full Bayesian melding model is a problem that could be investigated in a future work.

Having more than one pollutant (each from multiple data sources) in a single model is a
straightforward extension of the current model. In this scenario, the proxy data and the locations
of the monitors for each pollutant need not be aligned in space, but this will most likely require
the use of multiple but possibly correlated latent processes. This is doable and only requires adding
additional equations in the data fusion (first-stage) model. For the case when there are more than
two sources of information for a single pollutant - say a satellite data in addition to the monitors
data and the data from dispersion models in a single spatio-temporal model - it will also be
straightforward to extend the joint (first-stage) model to accommodate this additional information
by assuming that this also is an outcome from the same latent process with a different set of
calibration parameters. Another extension of the current model is to consider other measurement
error process for the monitors data and the proxy data. For as long as the latent Gaussian assumption
is satisfied, the current framework of using the INLA-SPDE approach can still be used in such
extensions.

The proposed model allows one to obtain estimates of the relative risks at the level of the
administrative units where the health outcomes are observed. However, one might be interested to
obtain the estimates of the relative risks at a fine scale, say on the same scale as the proxy data since
this allows one to look at fine-scale heterogeneity of the risks in space. This is not explored in the
current paper but this could be framed in a latent Gaussian model framework. A recent work has
been done on this in a so-called fusion area-cell spatio-temporal generalized geoadditive-Gaussian
Markov random field (FGG-GMRF) (Jaya and Folmer, 2022).

The proposed model assumes a separable covariance function since the covariance matrix of the
SPDE representation of the first-stage model is a Kronecker product of the covariance matrix in
space, whose elements are computed from the SPDE model, and the covariance matrix in time,
whose elements are computed from the assumed temporal model. The separability assumption
is convenient because it simplifies computation; but this assumption could be inadequate. An
extension of the model is to assume non-separability which is currently an active area of research.
One approach of doing this is to start from an SPDE which yields a Gaussian field with a separability
parameter (Lindgren et al., 2020). This parameter determines the type of non-separability of
the spatio-temporal covariance. This approach which starts from an SPDE is consistent with the
framework adopted in this paper; but there are other approaches for this problem that could be
adopted.

The current model assumes that the latent spatio-temporal process is constant through time.
But the spatio-temporal process could evolve at some point, i.e., the Matérn field parameters
could change, or the mean structure of the model could evolve as well. This is now a change-
point detection problem which is also a promising future work since relatively only few work has
been done for change-point detection in spatio-temporal processes. Finally, approaches to improve
computational speed and efficiency especially for long time series is a very interesting direction,
and also very useful for many practitioners who work with big spatio-temporal data.
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Appendix A. Model evaluation

The performance of the method is evaluated by looking at the bias, RMSE, and coverage
probabilities. There is a slight difference in the notations for the formulas to compute the model
performance metrics between the first-stage and second-stage model parameters. For a first-stage
parameter 6, é,»k denotes the kth sampled value from the estimated posterior distribution of 8 in the
ith replication,i =1, ..., ngpyand k = 1, ..., K. For a second-stage parameter 6, éijk denotes the kth
sampled value from the estimated posterior distribution of # using the block-level estimates X(B, t)
computed using the ]th simulated values from the marginal posterior distribution of the latent field,
j= Lk =1, K, i = 1,..., ngy. In the simulation study, ng, = 500,/ = 100 and
K= 200.

1. Bias - The bias is computed as
1 Nsim

Z( Ze,k ) or bias =

Nsim i1

Nsim J K
bias = Z(l S - )
Nsim i=1 ]K =1 k=1
for a first-stage and second-stage model parameter, respectively.
2. Coverage probability - For a given data replicate i, suppose éi(z's) is the 2.5th percentile of Ok
for all k for a first-stage parameter or of éijk for all j, k for a second-stage parameter. Similarly,
suppose 9 (75) is the 97.5th percentile. The 95% coverage probability for 6 is given by

Nsim

Y u6),  I(6) = {

i=1

1 éi(zAS) <0 < éi(97.5)
0 otherwise,

coverage probability =
Nsim

3. Root mean square error (RMSE) - The RMSE is computed as

Nsim
1

Ngim Z Z Z Quk 9)2

]1’(

for a first-stage parameter and second-stage parameter, respectively.

The same model evaluation metrics are used for the block-level exposure estimates. It should be
noted that the true values of the block-level exposures vary for the different replicates.

Appendix B. Simulation results

See Figs. B.13-B.16 and Table B.6.
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Fig. B.13. Plot of biases and RMSEs for the Matérn field parameters o2, p, and the temporal parameter ¢.
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Fig. B.15. Plot of biases (left) and RMSEs (right) in block-level exposure estimates for all scenarios.
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Fig. B.16. Plot of biases and RMSEs for second-stage model parameters.
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Table B.6
Coverage probabilities of second-stage model parameters for all scenarios.
T Sparse Priors % 2 adf o?
M1 M2 M1 M2 M1 M2 M1 M2
No Informative 85.4 85.2 94.2 93 95.2 93.8 88.4 88.6
3 Non-informative 81.8 81.2 93.6 934 94.8 934 71.6 71.6
Yes Informative 86.4 85.8 94 95 95 95.4 88 88
Non-informative 83 82.6 93.2 93.8 94.2 94.6 71.2 71
No Informative 91.8 91.6 93.6 94 94.2 93 89.8 89.4
6 Non-informative 914 91.2 94 94 94 92.6 84.2 834
Yes Informative 91 90.6 94.4 94 94.2 94 89.6 90.6
Non-informative 90 90.4 94.2 94 94.2 93.6 86 85.4
No Informative 92.6 93.2 94 93.8 94.2 95.2 924 93
12 Non-informative 93.4 92.8 94 94.4 94.2 94.6 920 90
Yes Informative 94.8 94.6 95.4 93.8 93.6 93.4 92.8 92

Non-informative 93.6 94.2 93.4 93.6 93.2 934 89.8 89.2

Appendix C. Mesh for the SPDE component

See Fig. C.17.
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