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Abstract

In the first half of this thesis, we present two models of ancilla-based quantum computation
(ABQC). Computation in the ABQC models is based on effecting changes on a register through
the interaction with and manipulation of an ancillary system. The two models presented enable
quantum computation through only unitary control of the ancilla – the ancilla-controlled model
(ACQC) – or supplemented by measurements on the ancilla which drive the register transfor-
mations – the ancilla-driven model (ADQC). For each of the models, we work on systems which
couple two continuous variables (CV) or which are hybrid: the register is formed by two-level
systems while the ancilla is a CV degree of freedom.

The initial models are presented using eigenstates of momentum as the ancillas. We move
to a more realistic scenario by modelling the ancillas as finitely squeezed states. We find that
the completely unitary ACQC contains persistent entanglement between register and ancilla in
the finite-squeezing scenario. In the ancilla-driven model, the effect of finite squeezing is to scale
the register state by a real exponential which is inversely proportional to the squeezing in the
ancilla.

In the second part, we cover work on Genuine Gaussian Multipartite Entanglement (Gaussian
GME). We present an algorithm for finding Gaussian states that have GME despite having
all two-state reductions separable. This touches on the idea of entanglement as an emergent
phenomenon. We determine GME via witnesses which probe only a subset of the state. We
therefore referred to them as partially blind witnesses. The algorithm is based on semi-definite
programs (SDPs). Such optimisation schemes can be used to efficiently find an optimal, partially
blind, GME witness for a given CM and vice versa. We then present results of multipartite states
of up to six parties. For the tripartite example, we present two experimental schemes to produce
the state using a circuit of beam-splitters and squeezers.
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Introduction

Thesis overview
This thesis is written in two parts. Part I concerns models of quantum computation on composite
systems where we couple continuous and discrete variables. This allows us to combine the
advantages of two different quantum information platforms. Specifically, we consider Quantum
Computation with Ancillas on Hybrid Systems. Ancilla-based models of quantum computation
(ABQC) have the common feature of delegating some computational load to a secondary system
- an ancilla. This native dual-system description makes the ancilla-based models suitable for
implementation on hybrid platforms. In this thesis, we use hybrid to mean systems composed of
a sub-system described by continuous variables (quantum modes) and one described by discrete
variables (qubits). Computational models can suffer from being merely abstract mathematical
descriptions. The aim here is to include a physics perspective since any computation needs a
physical system to be performed. We do this by formulating computation models from interaction
Hamiltonians. We take a further step towards a more realistic description of the computational
models by extending the computational elements to physically attainable systems.

The second part covers work on Genuine Gaussian Multipartite Entanglement (GGME). We
investigate the connection between local and global entanglement in quantum mechanical systems
with continuously varying properties. We find that entanglement can be an emergent property
in that it may be missing from the parts but still appears when considering the system as a
whole. We do this in the context of Gaussian quantum states. In other words, we find states
which are multipartite entangled even though the correlations between any two sub-elements
show no sign of entanglement. What is more, it suffices to probe only two-element correlations
to infer the existence of entanglement in the whole state. Furthermore, probing of all two-element
correlations is not required. To infer entanglement we use entanglement witnesses, which are both
useful mathematical tools and physical observables connected to efficient measurement schemes to
detect entanglement. The goal is thus to find states with the desired properties: Gaussian states
with non-entangled two-particle subsystems and whose multipartite entanglement is inferred from
witnesses which probe a subset of all correlations. We do the search with a numerical procedure
using optimisation programs on semi-definite matrices. The found examples in the realm of
Gaussian states are more tolerant to noise compared to their discrete variable counterparts.
This carries the promise of the experimental demonstration of the effect and has stimulated us
to devise optical circuits which produce the state.

If I would be required to find a common thread between the two parts, it is entanglement as a
resource in quantum information technologies. Specifically, we investigate entangling interactions
used to perform quantum computation (ABQC) and states with global properties which can be
detected from local measurement (GGME). Entanglement has been found to be a resource that
sets apart classical and quantum information. It is therefore not surprising that a key component
of the computation models presented herein are operations which couple – entangle – different
computational elements. Ironically, it is also entanglement which becomes a hindrance when
extending the models away from theoretic abstraction. It is a poignant reminder that entangle-
ment comes easily in quantum systems, the crux of quantum information lies in generating the
correct type of entanglement. In the second part, entanglement takes the role of an end itself
rather than a means-to-an-end.
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2 Introduction

Detailed overview
Part I: Quantum Computation with Ancillas on Hybrid Systems
The goal is to phrase models of quantum computation using ancillas. We introduce the back-
ground in chapter 2, starting with a definition of universal computation in section 2.1. In there,
we define what a quantum circuit is (section 2.1.2) and how to implement a universal set of
transformations. We then present the models of quantum computation, in section 2.2, which
lead to the ancilla-based models (ABQC) in section 2.2.4.

The ancilla-based models that form the work in this thesis are presented in chapters 3 and 4.
The ancilla-based models are based on either solely unitary control of the ancilla (ACQC, chap-
ter 3) or driven by ancilla measurement (ADQC, chapter 4). The two chapters have the same
structure, so the topics and methods are described in more detail in chapter 3. A continuous-
variable model of ABQC is derived in section 3.1 (4.1), followed by hybrid ABQC in section 3.2
(4.2). The hybrid models are described by an interaction between a qubit register and continuous-
variable ancillas. In this scenario, the ancillas are described by eigenstates of position or mo-
mentum. These states are unphysical as they require an infinite amount of energy to be created.
We therefore analyse the effect of using physical ancilla states in section 3.3 (4.3).
Part II: Genuine Gaussian Multipartite Entanglement
In chapter 5 we give the background for the research presented in chapter 6. The formalism
used in this part is based on symplectic matrices. We go through this mathematical framework
in section 5.2. At the same time, we repeat the theory of Gaussian quantum information in
this framework. Next, in section 5.3, we briefly return to density matrices and present the
classification of multipartite entanglement which is at the core of the part. We then return to
the symplectic description in section 5.4. The numerical work is based on a class of optimisation
schemes, called Semi-definite programs (SDPs). We therefore give the background required to
understand these programs in section 5.5 which are used to formulate procedures to find GME
witnesses in section 5.6. Moving closer to the main topics in this part, we introduce the way in
which we use graphs to describe witnesses which do not use information of the whole state. This
is done in section 5.7.

Moving on to chapter 6, we present the main work done on Gaussian genuine multipartite
entanglement (GME). The main research question is if we can find Gaussian states with separa-
ble two-party reductions that carry GME which is detected by witnesses that probe only part of
the state. To describe these witnesses, we introduce the notion of partially blind entanglement
witnesses, using the terminology of trees. This we do in section 6.2. Then, in section 6.3, we
derive the search algorithm which finds examples of states with the desired properties. The
search algorithm is used to find results of up to six modes, presented in section 6.4. We end the
chapter by deriving two optical circuits which may be used to prepare the three-mode examples
in section 6.5.

Part III: Appendices
In appendix A we present some useful functions and mathematical results. For the work on
the ancilla-based models of quantum computing, we present derivations to main results in the
following appendices: appendix B, where we derive the gates for a hybrid ancilla-controlled model;
appendix C, where we derive the ancilla-driven gates; appendix D, where the finite-squeezing
effects on the CV ADQC are presented; appendix E, where the case of hybrid ADQC is covered.
For the work on genuine Gaussian multipartite entanglement, in appendix G we present the
example of a Gaussian state proving that two classes (fully inseparable and not biseparable)
of GME states are not equivalent. In appendix H we show the equivalence between the two
experimental circuits presented in chapter 6.



CHAPTER11
Elements of Quantum Theory

In this chapter we cover the basics and plunge later into the details required for each of the
two main research parts of this thesis. Since we deal with both discrete-variable (DV) and
continuous-variable (CV) systems, we note where the two theories differ. Some references used
in the preparation of this chapter and throughout the thesis work are the undergraduate quan-
tum theory textbooks by Rae (2007) and Bransden & Joachain (2000), both titled Quantum
Mechanics [1, 2] along with the more advanced graduate textbook, Modern Quantum Mechanics
(1993) by Sakurai [3] and, a seminal textbook on quantum computation, Quantum Computation
and Quantum Information (2000) by Nielsen and Chuang [4].

We start from first principles and define the formalism used in this thesis.

Postulate 1 (Quantum states). A pure quantum state is given by a unit vector in a Hilbert
space, |·⟩ ∈ H , called a ket. To differentiate between states, we label them with Latin or Greek
letters: |𝑎⟩ , |𝜙⟩.

Pure states carry no classical correlations. To include such correlations, we need the larger
set of mixed states. This is done in Def. 1.1 below.

Postulate 2 (Superposition principle). A superposition is a linear combination of states and is
itself in a possible quantum state. That is, for scalars 𝛼, 𝛽 ∈ C,

𝛼 |𝜙⟩ + 𝛽 |𝜓⟩ ∈ H , (1.1)

with |𝛼 |2 + |𝛽 |2 = 1 so 𝛼 and 𝛽 may be interpreted as probabilty amplitudes. We use the common
notation |𝛼 |2 = 𝛼∗𝛼, with 𝛼∗ the complex conjugate of 𝛼. More generally, for

��𝜓 𝑗 〉 ∈ H and
𝛼 𝑗 ∈ C, ∑

𝑗 𝛼 𝑗
��𝜓 𝑗 〉 ∈ H and ∑

𝑗

��𝛼 𝑗 ��2 = 1. For continuous variables, the sum is to be understood
as an integral over 𝑗 and the parameters 𝛼 𝑗 become complex functions, 𝛼( 𝑗).

To each ket |𝜙⟩ there is a, unique, corresponding bra ⟨𝜙|. In fact, a bra is formally given by
the linear map ⟨·| : H → C from which one may define the inner product between two kets

⟨|𝜙⟩ , |𝜓⟩⟩ = ⟨𝜙|𝜓⟩ ∈ C, (1.2)

using the convention for an inner product ⟨·, ·⟩. The usual properties of inner products on complex
Hilbert spaces hold. In particular

• ⟨𝜙 |𝜓⟩ = ⟨𝜓 |𝜙⟩∗ where the asterisk denotes the complex conjugate,
• R ∋ ⟨𝜙|𝜙⟩ > 0 for all |𝜙⟩ ∈ H ,
• ⟨𝜙|𝜙⟩ = 1 for normalised |𝜙⟩ ∈ H
• ⟨𝜙|𝜓⟩ = 0 if and only if |𝜙⟩ is orthogonal to |𝜓⟩.
The inner product defines a norm in H and can be used to normalise a state vector:

|𝜙⟩√︁
⟨𝜙 |𝜙⟩

. (1.3)

The term inner product suggests that there is an outer product. While the inner product
maps vectors to scalars, the outer product increases the dimension of the object, mapping vectors

3



4 Technical Introduction

to maps on vectors. In terms of bras and kets we write the outer product, denoted by × between
|𝜙⟩ , |𝜓⟩ ∈ H as

|𝜙⟩ × |𝜓⟩ = |𝜙⟩⟨𝜓 | . (1.4)

The maps |𝜙⟩⟨𝜙 | are called projectors as they map any |𝜓⟩ ∈ H to a scalar multiple of |𝜙⟩.
Projectors will be very important when dealing with measurements in Postulate 5.

Using projectors we can introduce classical mixtures of quantum systems, described by a
density matrix.

Definition 1.1 (Density operator). For pure states |𝜓𝑘⟩, a mixed state is an operator given by

𝜌 =
∑︁
𝑘

_𝑘 |𝜓𝑘⟩⟨𝜓𝑘 | , (1.5)

with ∑
𝑘 _𝑘 = 1 and _𝑘 ∈ [0, 1]. We refer to 𝜌 as the density operator or density matrix.

States described by density operators are said to be statistical mixtures of vector states.
The weights _𝑘 are classical probabilities – one may create mixed states with an apparatus
outputting randomly one of the states |𝜓𝑘⟩. Density matrices with only one non-zero weight _𝑘 ,
in the expansion as per Def. 1.1, are pure and they correspond to a projector.

Note that mixed states are operators acting on H rather than vectors. Letting L(H) be the
space of linear operators mapping H to itself, we identify 𝜌 ∈ L(H).

Postulate 3 (Observables). Measurable properties are described by operators 𝐴 ∈ L(H) which
are self-adjoint: 𝐴† = 𝐴. The adjoint map or Hermitian adjoint, (·)†, is defined through the inner
product: ⟨𝜙 | (𝐴 |𝜓⟩) = (⟨𝜙 | 𝐴†) |𝜓⟩. We use the terms self-adjoint and Hermitian interchangeably1

.

In finite dimensions, observables allow for a matrix representation. The particular form
depends on the vector representation of the basis ofH . An example of this is given in section 1.6.1
for two-level quantum systems.

The eigenvalues and corresponding eigenkets, or eigenstates of some operator 𝐴 are all vectors
|𝑎⟩ ∈ H such that

𝐴 |𝑎⟩ = 𝑎 |𝑎⟩ , (1.6)

with 𝑎 ∈ R (since 𝐴 is self-adjoint).
A useful result is the spectral decomposition of observables. Let 𝐴 : H → H be some

observable with non-degenerate eigenvalues. The eigenvectors of 𝐴, {|𝑎⟩}, form an orthonormal
basis of H , called the eigenbasis of 𝐴. Using the projectors of the eigenbasis, we may write the
operator in diagonal form, as stated in the spectral decomposition theorem.

Theorem 1.1 (Spectral decomposition). Let 𝐴 be an operator corresponding to an observable
with the eigenvalue equations 𝐴 |𝑎⟩ = 𝑎 |𝑎⟩ for 𝑎 ∈ F . Then we may write 𝐴 in this basis as

𝐴 =
∑︁
F
𝑎 |𝑎⟩⟨𝑎 | , (1.7)

with the sum to be understood as an integral whenever F is a continuous field (for example, R).

1 In finite dimensions, self-adjoint and Hermitian coincide. In infinite-dimensional spaces, one needs to be
more careful (see the chapter on unbounded operators of ref. [5]).
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The spectral decomposition may obtained by conjugating with the resolution of the identity
in the eigenbasis, 1 =

∑ |𝑎⟩⟨𝑎 |. Luckily, the theorem holds even when the spectrum of 𝐴 is
continuous (i.e. dim(H) = ∞) [6, chap. 7]. That means that for many calculations on infinite-
dimensional operators, we can replace sums by integrals over R.

Using the spectral decomposition we can see define functions of operators. Taking the series
expansion and using the orthogonality of eigenkets |𝑎⟩, we can define a function of operators
from the functions over some field F , 𝑓 : F → F . That is,

𝑓 (𝐴) :=
∑︁
F
𝑓 (𝑎) |𝑎⟩⟨𝑎 | . (1.8)

This result is very useful when dealing with dynamical equations, which are described by unitary
matrices – exponentials of Hamiltonians.

Postulate 4 (Unitary Dynamics). Time evolution of states under Hermitian Hamiltonians is
described by the Schrödinger equation:

𝑖ℏ
𝜕

𝜕𝑡
|𝜓(𝑡)⟩ = 𝐻 |𝜓(𝑡)⟩ . (1.9)

The resulting action on states is given by unitary transformations 𝑈 ∈ L(H) with 𝑈† = 𝑈−1.

𝑈 (𝐻) = 𝑒−𝑖𝑡𝐻/ℏ. (1.10)

In this thesis, we work with time-independent Hamiltonians. For an interaction time 𝑡, the
generated evolution due to 𝐻 is 2

In fact, for any unitary 𝑈, there is a Hermitian 𝐺 such that 𝑈 = 𝑒�̂� [7].
There is an alternative description of time evolution, called the Heisenberg picture, where the

time dependence is passed onto the operators. The dynamical equations of a process, described
by time-independent Hamiltonian 𝐻, are of the form

d
d𝑡 𝐴 = 𝑖[𝐻, 𝐴], (1.12)

with solutions 𝐴(𝑡) = 𝑒𝑖𝐻𝑡/ℏ𝐴(0)𝑒−𝑖𝐻𝑡/ℏ = 𝑈𝐴(0)𝑈†.
Processes described by unitary operators are reversible – one may, in principle, apply the

transformation 𝑈 (−𝐻) to return the system to its initial state.
Measurement in quantum mechanics is destructive and inherently stochastic contrasting clas-

sical theory. The trade-off between the amount of information gained and destroyed in a quantum
measurement has a formal statement [8] and had a central role since early research into the the-
ory3.

Postulate 5 (Measurement outcomes). Measurements of some observable 𝐴 in state |𝜓⟩ have
an expected value given by

⟨𝐴⟩ = ⟨𝜓 |𝐴|𝜓⟩⟨𝜓 |𝜓⟩ . (1.13)

2 The unitary evolution due to some time-dependent Hamiltonian �̂� (𝑡 ) takes the general form

𝑈 (�̂� ) = 𝑒−𝑖𝑇
[∫

d𝑡�̂� (𝑡 )/ℏ
]
, (1.11)

with 𝑇 the time-ordering operator.
3 It is interesting to note that this is very much in line with Heisenberg’s thought experiment giving rise to

the famous error-disturbance relation [9, chap. 2].
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The state after a measurement with outcome 𝑚 is put – collapses – into eigenstate |𝑚⟩, of 𝐴.
When the state |𝜓⟩ is normalised, the expectation value is simply ⟨𝐴⟩ = ⟨𝜓 |𝐴|𝜓⟩ .

Measurements are modelled more generally by so-called positive operator-valued measures
(POVM) [7]. POVMs for finite-dimensional Hilbert spaces, are sets of orthogonal projectors, Π 𝑗 ,
which sum to the identity: ∑

𝑗 Π 𝑗 = 1.
In presenting the work for this thesis, projective measurements suffice. Measurements may

therefore be described by projectors |𝑚⟩⟨𝑚 | with outcome 𝑚 ∈ R. The Hermiticity of observables
assures that ⟨𝐴⟩ ∈ R.

A useful function is used for calculating expectation values is the trace map.

Definition 1.2 (Trace map). The trace map, Tr : H → R, is defined as

Tr
[
𝐴

]
=

∑︁
𝑗

〈
𝛼 𝑗

��𝐴��𝛼 𝑗 〉 , (1.14)

where the states
��𝛼 𝑗 〉 form an orthonormal basis of H .

Each term in the sum is the expectation value of 𝐴 in the state
��𝛼 𝑗 〉. Note that in the

eigenbasis of 𝐴, {
��𝑎 𝑗 〉}, we have Tr

[
𝐴

]
=

∑
𝑗

〈
𝑎 𝑗

��𝐴��𝑎 𝑗 〉 =
∑
𝑗 𝑎 𝑗 . The trace is basis independent,

which can be checked by introducing the identity, resolved in an arbitrary basis, on either side
of 𝐴 in eq. (1.26).

1.1 State compositions and reductions
In the most simple case of states formed by multiple uncorrelated degrees of freedom, the com-
posite is described by a tensor products of pure states. For states |𝑎⟩ ∈ H𝐴 and |𝜙⟩ ∈ HΦ the
composite is |𝑎⟩ ⊗ |𝜙⟩ ∈ H𝐴 ⊗ HΦ, with a natural extension to larger compositions. At times,
when there is no ambiguity, we omit the tensor product symbol, ⊗. In terms of density matrices,
a composition or extension of states is given by

𝜌 =

𝑁⊗
𝑗=1

𝜌 𝑗 := 𝜌1 ⊗ ... ⊗ 𝜌𝑁 ∈ L(H1) ⊗ ... ⊗ L(H𝑁 ). (1.15)

The Hilbert space on which the composite deinstiy matrix acts is given by H1 ⊗ H2 ⊗ ... ⊗ H𝑁 .
Just as states may be joined, a reduction is given by the removal of sub-states. For this we

define the partial trace map

Definition 1.3 (Partial Trace). For some composite system 𝜌 acting on H = H1 ⊗ ... ⊗H𝑁 , the
partial trace over spaces G ⊂ H is the map TrG : H→ H/G defined by

TrG [𝜌] =
∑︁
G

⟨𝑎1 | ... ⟨𝑎𝐺 | 𝜌 |𝑎𝐺⟩ ... |𝑎1⟩ , (1.16)

with ∑
G denoting the sum over the basis of G, {|𝑎1⟩ , ..., |𝑎𝐺⟩} and 𝐺 = dim(G).

For some state 𝜌𝐴𝐵 ∈ L(H𝐴 ⊗ H𝐵), the partial trace over space 𝐵 is

Tr𝐵 [𝜌𝐴𝐵] =
∑︁
𝑗

〈
𝑏 𝑗

��𝜌��𝑏 𝑗 〉 , (1.17)
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with {
��𝑏 𝑗 〉} a basis of H𝐵. Tying in to terminology in statistics, we sometimes refer to reductions

as marginals.
Note that composite states may have a more complicated structure than the examples given

here, arising from classical mixing and quantum correlations. In part II, we consider states with
the interesting statistical property of possessing multipartite entanglement while only having
classical correlations between two-body marginals.

1.2 Entangled states
Quantum states possess types of correlations that cannot be explained by classical probability
theory. The most famous quantum correlation is probably entanglement. It also has the rep-
utation of being a quirky feature of quantum systems [10]. It does not therefore help that the
current textbook definition of entangled states is done through those which are not entangled4.
It is useful to start by defining states which are not entangled.

Definition 1.4 (Separable pure states). A separable state of two parties is one which allows the
description

|Ψ⟩ = |𝜓⟩𝐴 ⊗ |𝜙⟩𝐵 , (1.18)

where the labels denote the Hilbert space of each sub-system.

Entangled states are defined from these as those which do not allow such a description.

Definition 1.5 (Entangled pure states). A state |Ψ⟩ is entangled if it is not a separable state
(Def. 1.4).

For states of more than two parties, there are different classifications of entanglement. Since
multipartite entanglement is at the core of part II, we leave out their introduction here.

Some textbook examples of entangled states are the Bell states. Define the ground and
excited states of some two-level system as |0⟩ and |1⟩ respectively. With this notation, the qubit
Bell states are written as [7] ��Φ+〉 = 1

√
2
( |0⟩ ⊗ |0⟩ + |1⟩ ⊗ |1⟩) , (1.19)

|Φ−⟩ = 1
√

2
( |0⟩ ⊗ |0⟩ − |1⟩ ⊗ |1⟩) , (1.20)��Ψ+〉 = 1

√
2
( |0⟩ ⊗ |1⟩ + |1⟩ ⊗ |0⟩) , (1.21)

|Ψ−⟩ = 1
√

2
( |0⟩ ⊗ |1⟩ − |1⟩ ⊗ |0⟩) . (1.22)

Even though they are written in the basis {|0⟩ , |1⟩}, there is not a basis where |Ψ±⟩ or |Φ±⟩
may be written as a product state, |𝛼⟩ ⊗ |𝛽⟩ say. However, proving this is not an easy task in
general5. The Bell states can be used to form an argument against hidden variable theories,

4 It would be useful to have a positive definition of entanglement highlighting its role as a building block
for many quantum informational tasks. I believe that it becomes natural to think of it in positive terms when
working with it. Examples of formal phrasings of this are entanglement resource theories. An interesting proposal
where entanglement appears as a basic unit is "categorical quantum mechanics" [11, 12]

5 In the language of complexity theory, determining whether a high-dimensional state is entangled is NP-
HARD [13].
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where quantum correlations would be stored in a classical, though experimentally inaccessible,
hidden variable [14]. For the argument against hidden variable theories, see ref. [7, chap. 5].

To further appreciate the difference between classical correlations and entanglement, we need
to consider density matrices. Pure separable states carry no classical correlations.

Definition 1.6 (Bipartite state entanglement). A quantum state 𝜌 on the composite Hilbert
space H1 ⊗ H2 is said to be separable if it can be written as a convex decomposition

𝜌 =
∑︁
𝑗

_ 𝑗 𝜌
(1)
𝑗
⊗ 𝜌 (2)

𝑗
(1.23)

with ∑
𝑗 _ 𝑗 = 1 (_ 𝑗 ≥ 0 for all 𝑗) and where the subsystems are given by the density matrices

𝜌 (1) and 𝜌 (2) which act on H1 and H2 respectively as defined in Def. 1.1. Otherwise 𝜌 is said to
be entangled.

A state described by a separable density matrix could be prepared by a random choice between
states 𝜌 (1)

𝑗
⊗ 𝜌 (2)

𝑗
, with weights given by the classical probabilities _ 𝑗 . The description of states

produced by such a set-up contain classical correlations (through _ 𝑗) yet no entanglement since
all possible states are separable.

We cover entanglement in density matrices in more detail in section 5.3 (Entanglement in
terms of density matrices), where the work on Gaussian multipartite entanglement is introduced.
For a deeper look into entanglement and its use in quantum information protocols see refs. [4, 7,
15].

1.3 Quantum statistics
Quantum theoretical statements about systems are most often probabilistic and this thesis is no
exception. We introduce below some statistical statements that are possible in quantum physics.

The most basic term is the expectation value, already introduced in Postulate 5 when describ-
ing projective measurements,

⟨𝐴⟩ = ⟨𝜓 |𝐴|𝜓⟩⟨𝜓 |𝜓⟩ . (1.24)

This is also referred to as the mean and is the first statistical moment of observable 𝐴 in state
|𝜓⟩. Expanding 𝐴 via the spectral decomposition theorem, Thm. 1.1, gives

⟨𝐴⟩ =
∑︁
𝑗

𝑎 𝑗 |⟨𝑎 |𝜓⟩|2, (1.25)

where we set ⟨𝜓 |𝜓⟩ = 1 for simplicity (and we assume states to be normalized).
For dealing with mixed states, we calculate the expectation value of some mixed state, 𝜌, via

the trace map from Def. 1.2,
⟨𝐴⟩𝜌 = Tr

[
𝜌𝐴

]
. (1.26)

Writing 𝜌 =
∑
𝑗 _ 𝑗

��𝜓 𝑗 〉〈𝜓 𝑗 �� and expanding the trace in the eigenbasis of 𝐴, we find

Tr
[
𝜌𝐴

]
=

∑︁
𝑘

∑︁
𝑗

_ 𝑗
〈
𝑎𝑘

��𝜓 𝑗 〉 〈
𝜓 𝑗

�� 𝐴 |𝑎𝑘⟩
=

∑︁
𝑗

_ 𝑗
〈
𝜓 𝑗

�� 𝐴(∑︁
𝑘

|𝑎𝑘⟩⟨𝑎𝑘 |)
��𝜓 𝑗 〉

=
∑︁
𝑗

_ 𝑗
〈
𝜓 𝑗

��𝐴��𝜓 𝑗 〉 , (1.27)
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a weighted sum of expectation values. In that, we used the resolution of the identity in the
eigenbasis of 𝐴.

Using the expectation value, one may define the second moments – standard deviations and,
for multi-particle states, covariances. The standard deviation of 𝐴 in normalised state |𝜓⟩ is
defined as

Δ𝐴 := ⟨𝜓 |
(
𝐴 − ⟨𝜓 |𝐴|𝜓⟩

)2
|𝜓⟩ . (1.28)

Quantum theory puts a bound to products of variances for non-commuting observables.

Theorem 1.2 (Robertson uncertainty relation). For two observables, 𝐴 and 𝐵, the following
inequality holds6 [17]

Δ𝐴Δ𝐵 ≥ 1
2

���⟨[𝐴, 𝐵]⟩���. (1.29)

This inequality has been called many names but in the uncertainty relations literature it is
referred to as the Robertson uncertainty relation [17]. As a bound on second moments, Thm. 1.2
is a useful tool for testing entanglement properties of quantum states, most famously by the
Peres-Horodecki criterion based on the partial trace.

Theorem 1.3 (Positive partial transpose (PPT) criterion on states). If a state 𝜌 on Hilbert
space 𝐻 = 𝐻𝐴 ⊗ 𝐻𝐵 is separable, then [18, 19]

𝜌𝑇𝐵 ≥ 0, (1.30)

with (.)𝑇𝐵 the partial transposition map (1 ⊗ T) equivalent to transposition 𝑇 on subsystem 𝜌𝐵 =

Tr𝐴[𝜌] only (see the discussion preceding Def. 5.16). Whenever dim(𝐻) = dim(𝐻𝐴) ×dim(𝐻𝐵) ≤
6, this condition is necessary and sufficient [20].

We may see the validity of this theorem by noting that if 𝜌 =
∑
𝑗 𝜌
( 𝑗 )
𝐴
⊗ 𝜌 ( 𝑗 )

𝐵
, that is, it is

separable, then 𝜌𝑇𝐵 =
∑
𝑗 𝜌
( 𝑗 )
𝐴
⊗ 𝜌 ( 𝑗 ) ,𝑇

𝐵
. Since the spectra of 𝜌𝐵 and 𝜌𝐴 are the same and 𝜌𝐵

is non-negative, we find that 𝜌𝑇𝐵 ≥ 0. A proof for the sufficient condition for 2 × 2 and 2 × 3
is not as straightforward and require the results of refs. [21, 22], which show that the partial
transposition map7 in systems of dimension 6 or less may be decomposed in a useful way. The
interested reader may refer to refs. [18–22] for more details. Examples of inseparable density
matrices with a positive PPT were given in [20].

1.4 Gaussian quantum optics

Quantum optics provides a framework for some of the best described quantum mechanical sys-
tems with a privileged position in terms of the proximity between theoretical and experimental
work. This close conversation between the two approaches has created a fruitful environment to
ask questions about quantum systems.

Although some elements are covered in introductory quantum physics textbooks, there are
useful resources focussing on quantum optics. Some used in the work for this thesis are two
introductory texts: Leonhardt’s Essential Quantum optics (2010) [23], and Gerry and Knight’s

6 The initial derivation for the special case of position and momentum was done two years prior, in 1927 by
Kennard [16].

7 In fact, the results were proven in the more general case for completely positive maps.
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Introductory Quantum Optics (2004) [24]; the exposition below follows the graduate level text-
book, Methods in Theoretical Quantum Optics (1997) by Barnett and Radmore [25]. For Gaus-
sian quantum information in particular, I highlight the Serafini’s Quantum Continuous Variables
(2017) [26] and the review articles in refs. [27, 28].

For our purposes, quantum optics plays a central role in both parts. In part I, we use
continuous-variable (CV) states (including Gaussian states) to describe CV quantum computa-
tional models as well as qubit computation using CV ancillas. In part II, we deal exclusively
with Gaussian states. The language used – the symplectic formalism – is introduced in that part,
in chapter 5. It is, nonetheless, useful to introduce quantum optical results with more common
terminology.

1.4.1 The harmonic oscillator and ladder operators
A fundamental model of quantum optics is the Harmonic oscillator

𝐻𝐻.𝑂. = ℏ𝜔

(
𝑎†𝑎 + 1

2

)
= ℏ𝜔

(
𝑛 + 1

2

)
, (1.31)

with 𝑎† (𝑎) the creation (annihilation) operator increasing (lowering) the number of excitations
in the oscillator and 𝑛 = 𝑎†𝑎 the excitation number operator.

The eigenstates of 𝑛, {|𝑛⟩ |𝑛 |𝑛⟩ = 𝑛 |𝑛⟩ , 𝑛 ∈ N0}, are an orthonormal set which form the
Fock-basis8. The action of the creation and annihilation operators on the Fock-basis states is

𝑎 |𝑛⟩ =
√
𝑛 |𝑛 − 1⟩ , and

𝑎† |𝑛⟩ =
√
𝑛 + 1 |𝑛 + 1⟩ , (1.32)

with the additional definition 𝑎 |0⟩ = 0. Because of their effect of increasing or lowering the
excitation number, they are also known as ladder operators. Their commutator is

[𝑎†, 𝑎] = 1, (1.33)

where we indicate the identity operator simply as "1" for ease of notation. This commutator may
be derived by writing the ladder operators in the Fock basis.

1.4.2 Quadratures9

Alongside 𝑛, the most important observables defined from ladder operators are the quadrature
operators10. They are linear combinations of 𝑎† and 𝑎 weighted by exponentials of phases _ ∈ R

𝑞_ := 1
√

2

(
𝑎𝑒−𝑖_ + 𝑎†𝑒𝑖_

)
, (1.34)

resulting in Hermitian operators. Quadrature operators that have a phase difference of 𝜋/2 are
canonically conjugated (like position and momentum). In particular, their commutator is

[𝑞_, 𝑞_+𝜋/2] = 𝑖, (1.35)
8 Also known as the number basis.
9The route taken in this section follows ref. [25, chap. 3 and app. 4].

10 The term seems to be an adoption from electrical engineering referring to sinusoids in angle modulation
that are 90◦ off-phase, much like position and momentum are in phase-space. In the Cartesian coordinate system
a quadrature spans 90◦.
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so they obey the same uncertainty principle as in Thm. 1.2.
In this thesis, we let _ = 0 and define the position and momentum quadratures by

𝑥 := 𝑞0 =
1
2

(
𝑎† + 𝑎

)
, and

𝑝 := 𝑞𝜋/2 =
𝑖

2

(
𝑎† − 𝑎

)
. (1.36)

We use the symbol 𝑞 for describing either quadrature.
The operators 𝑥 and 𝑝 are different from discrete observables in that it is not possible to

construct eigenvectors in the same space in which the operators act: the usual example of infinite
dimensional Hilbert space, H∞, of states with continuous observable quantities is the space of
square-integrable states11. To define the eigenstates of the quadratures, we need to go beyond
the square-integrable functions and consider generalised functions12. Let the states |𝑥⟩ be such
that they satisfy the eigenvalue equation

𝑥 |𝑥⟩ = 𝑥 |𝑥⟩ , (1.37)

with 𝑥 ∈ R. Then orthogonality does not follow the same rules as for countable spaces – they
do not satisfy orthogonality via the Kronecker-delta from eq. (A.2)13. Instead, the eigenstates
satisfying eq. (1.37) have their overlap given by

⟨𝑥 |𝑥′⟩ = 𝛿(𝑥 − 𝑥′), (1.38)

where 𝛿(𝑥 − 𝑥′) is the Dirac-delta function, given in Def. A.1.
Under this definition, the eigenstates may be used to resolve the identity,∫

R
d𝑥 |𝑥⟩⟨𝑥 | = 1, (1.39)

and may be used to expand any state in H∞.
The eigenstates of the momentum quadrature, |𝑝⟩, are similarly defined, with ⟨𝑝 |𝑝′⟩ = 𝛿(𝑝 −

𝑝′) and are related to the position eigenstates as Fourier conjugate pairs

⟨𝑥 |𝑝⟩ = 𝑒𝑖𝑥 𝑝
√

2𝜋
. (1.40)

In many cases, it is clearer to denote whether the basis state is that of position or momentum
rather than using the labels. In those cases, we use subscripts to denote this. For example, for
two quadrature eigenstates we have

𝑥 ⟨𝑎 |𝑏⟩𝑝 =
𝑒𝑖𝑎𝑏
√

2𝜋
, (1.41)

where 𝑥 |𝑎⟩𝑥 = 𝑎 |𝑎⟩𝑥 and 𝑝 |𝑏⟩𝑝 = 𝑏 |𝑏⟩𝑝.
Using this labelling, we define the Fourier transformation, 𝐹, by its action on the position

and momentum eigenbasis14

𝐹 |𝑥⟩𝑥 = |𝑥⟩𝑝 and 𝐹 |𝑦⟩𝑝 = |−𝑦⟩𝑥 . (1.42)
11 Square-integrability is necessary to calculate probabilities from the probability amplitudes of continuous

quantum states.
12 For a detailed discussion, see [25, App. 4].
13 One reaches a contradiction if the Kronecker-delta orthogonality is assumed, see [25, App. 4].
14 For a comparison to the Fourier transform on real functions, see appendix A.2
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We end this subsection with a brief discussion on the commutator between the quadratures
that might be of interest to the reader. The commutator between two observables can tell
us about a number of their important properties. Their role in dynamics is particularly clear
in the Heisenberg picture, eq. (1.12). Commutation relations are also central to sequential
measurements (Postulate 5) and error-disturbance relations (see footnote 3). Sometimes, the
commutator between position and momentum is stated as a postulate.

Postulate 6 (Commutation between conjugate variables). The commutation between the posi-
tion and momentum operators is

[𝑥, 𝑝] = 𝑖ℏ. (1.43)
Conventionally, one may include the square root of ℏ into the definitions of position and momen-
tum allowing us to set ℏ = 1.

However, one may also reach this statement from an analysis of the connection between
conjugate variables as generators of transformation in the other15. Define a unitary operator
which shifts the position of a particle by some amount 𝛿𝑥. Call momentum the generator of this
displacement. The unitary operator describing this action is 𝑈 = 𝑒

𝑖
ℏ
𝛿𝑥 𝑝 through Postulate 416.

We may expand some state |𝛿𝑥⟩ in the momentum eigenbasis, {|𝑝⟩} as |𝛿𝑥⟩ =
∫ d𝑝√

2𝜋
𝑈𝛿𝑥 |𝑝⟩ =∫ d𝑝√

2𝜋
𝑒𝑖 𝛿𝑥 𝑝 |𝑝⟩ . Conjecturing that the position operator has the spectral decomposition 𝑥 =∫

𝑥 |𝑥⟩⟨𝑥 | d𝑥, we see that |𝛿𝑥⟩ are the eigenstates of position:

𝑥 |𝛿𝑥⟩ =
∫ ∫

d𝑥d𝑝 1
√

2𝜋
𝑒𝑖 𝛿𝑥 𝑝𝑥 ⟨𝑥 |𝑝⟩ |𝑥⟩

=

∫
d𝑥𝛿(𝑥 − 𝛿𝑥)𝑥 |𝑥⟩

= 𝛿𝑥 |𝛿𝑥⟩ , (1.44)

with 𝛿(𝑎 − 𝑏) =
∫

d𝑐 exp[𝑖(𝑎 − 𝑏)𝑐]/2𝜋 the delta function and ⟨𝑥 |𝑝⟩ = 𝑒𝑖𝑥𝑝√
2𝜋

from the definitions of
𝑥 and |𝛿𝑥⟩ above.

1.4.3 Gaussian superposition of quadrature states
We move on to describe Gaussian states and operations which preserve their Gaussian nature.

A Gaussian state may be written in the quadrature eigenbasis as

|`, 𝜎, 𝑐⟩ =
∫
R

d𝑥𝑔`,𝜎,𝑐 (𝑥) |𝑥⟩𝑥 , (1.45)

a superposition of position eigenstates weighted by the normalised Gaussian distribution 𝑔`,𝜎,𝑐 (𝑥)
centred at (⟨𝑥⟩, ⟨𝑝⟩) = (`, 𝑐) with variance 𝜎. In full detail,

𝑔`,𝜎,𝑐 (𝑥) :=
√
𝑁 exp

(
− (𝑥 − `)

2

4𝜎2

)
exp(𝑖𝑥𝑐), (1.46)

with 𝑁 = 1√
2𝜋𝜎2 the normalisation function of the square of 𝑔`,𝜎,𝑐 (𝑥)17.

15 The following arguments follows the forum answer in ref. [29]. See also ref. [30].
16 Note that this is highly reminiscent of the W. Heisenberg’s thought experiment of a measurement apparatus

for probing the position of a particle which lead to his phrasing of the famous uncertainty relation between
conjugate variables [9, chap. 2].

17 The square root makes sure that the states are correctly normalised ⟨`, 𝜎, 𝑐 |`, 𝜎, 𝑐⟩ = 1.
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The form of the state in the momentum quadrature eigenbasis may be obtained via a Fourier
transform or, alternatively, by pre-multiplying the identity resolved in the position eigenbasis to
obtain

|`, 𝜎, 𝑐⟩ = 𝑒𝑖𝑐`
√
𝑁

∫
R

d𝑝 exp
(
−𝜎2 (𝑝 − 𝑐)2

)
exp(𝑖𝑝`) |𝑝⟩𝑝 , (1.47)

a Gaussian with width 1
𝜎

centred at 𝑐. This relationship between distribution widths exemplifies
the uncertainty between Fourier pairs. The global phase 𝑒𝑖𝑐` does not involve any quadrature
and so does not affect the statistics. For a proof of eq. (1.47), see appendix A.3.2.

We use this description of Gaussian states in part I with the simplification of centering the
states around null momentum: 𝑐 = 0. In those cases, we write simply |`, 𝜎⟩.

Note that the state in eqs. (1.45) and (1.47) is situated around null momentum (⟨𝑝⟩`,𝜎 = 0).
To take momentum shifts into account, we may introduce a phase term, , in eq. (1.45); a phase
term 𝑒𝑖𝑥𝑐 corresponds to a shift in momentum by 𝑐.

Gaussian states formed by multiple harmonic oscillators are described by Gaussian states on
composite Hilbert spaces,

⊗
𝑗

��` 𝑗 , 𝜎𝑗 〉. Each part is referred to as a mode of the state.

Phase-space

Gaussian states have a description in the space spanned by the quadrature eigenvalues (phase-
space). While we do not use that formalism, it provides useful interpretational imagery for
the effect of operations on Gaussian states. Gaussian states appear like multivariate Gaussian
distributions in phase-space. The description is done through quasi-probability functions [25,
sec. 4.4], most famously the Wigner function, which we do not define here.

In the space spanned by eigenvalues of the quadratures, referred to as phase-space, Gaussian
states are described by normal distributions. This is illustrated in fig. 1.1.

Figure 1.1: Gaussian state in phase-space. The marginals onto each quadrature are obtained as
univariate Gaussian distributions through projection (dashed lines). Gaussian states of 𝑁-modes
correspond to multivariate distributions with the variables 𝑥 𝑗 , 𝑝 𝑗 for 𝑗 = 1, ..., 𝑁.
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1.4.4 Gaussian operations
Gaussian operations are those which preserve the Gaussian nature of states. That is, the power
in the exponential in eq. (1.46) is, at most, quadratic after the operation. One way of categorising
these is by considering the time evolution of the quadratures under various Hamiltonians formed
by polynomials in the quadrature operators as in ref. [31].

Recall the time evolution in the Heisenberg picture (eq. (1.12)), d
d𝑡 𝐴 = 𝑖[𝐻, 𝐴], and the com-

mutator between position and momentum (Postulate 6), [𝑥, 𝑝] = 𝑖.
We get directly the relation between position and momentum as generators of displacements

in each other. For 𝐻 = 𝑥 applied for a duration of time, 𝑡, we have the mappings 𝑥 ↦→ 𝑥 and
𝑝 ↦→ 𝑝 − 𝑡. Similarily, for 𝐻 = 𝑝, we have 𝑥 ↦→ 𝑥 + 𝑡 and 𝑝 ↦→ 𝑝.

For the effect on Gaussian states however, we are interested in the effect of applying the
Hamiltonians 𝑞, 𝑞2, 𝑞3, ... on 𝑞𝑚 for some 𝑚 ∈ N. The insight comes from the commutators

𝑖[𝑥, 𝑝𝑚] = −𝑚𝑝𝑚−1, 𝑖[𝑝, 𝑥𝑚] = 𝑚𝑥𝑚−1, (1.48)

where the effect of commuting with a linear Hamiltonian is to decrease the polynomial order
by one. One may also swap the commutator arguments and see that quadratic Hamiltonians
preserve the order while cubic terms increase it by one. Note, though, that momentum is
mapped onto position and vice versa18. This prescribes a classification of Gaussian operations:
those which preserve the order of polynomials of quadratures. Importantly, Gaussian operations
preserve Gaussian states. As noted above, it is the operations generated by quadratic (or lower)
Hamiltonians.

We now describe some important Gaussian transformations. We have seen that Hamiltonians
linear in the quadratures generate linear transformations in the conjugate quadrature. Putting
both together, the displacement operator is given by

�̂� (𝑑𝑥 , 𝑑𝑝) = 𝑒𝑖𝑑𝑝 𝑥−𝑖𝑑𝑥 𝑝 , (1.49)

where 𝑑𝑝 , 𝑑𝑥 ∈ R are the momentum and position translations respectively. The effect of a
displacement operation on a Gaussian state is to shift the mean by the parameter 𝑑𝑥 or 𝑑𝑝 in
the position and momentum bases respectively. The group formed by displacement operators on
𝑁 oscillators is called the Heisenberg-Weyl group [32].

Two single-mode transformations generated from quadratic Hamiltonians are the rotating
and squeezing operations. These are obtained from the Hamiltonians 𝐻Rot = 1

2 (𝑥
2 + 𝑝2) and

𝐻Sq = 1
2 (𝑥𝑝 + 𝑝𝑥) respectively. The terms come from their effect on the shape of the distribution

in phase-space, as seen in fig. 1.3. To see this, consider the unitaries generated from 𝐻Rot and
𝐻Sq. First the unitary describing the application of 𝐻Rot for a time 𝑡 = \ is

𝑈Rot (\) = exp
(
𝑖
\

2 (𝑥
2 + 𝑝2)

)
. (1.50)

It is a basis transformation with the following mapping on the quadrature states 𝑥 ↦→ cos(\)𝑥 +
sin(\)𝑝 and 𝑝 ↦→ cos(\)𝑝 − sin(\)𝑥. This can be interpreted as a rotation by \ in phase-space
(with axes defined by the quadrature eigenvalues). One may also see that for the choice \ = 𝜋/2,
we obtain the Fourier transform, swapping position and momentum spaces:

𝐹 := 𝑈Rot (𝜋/2) = exp
(
𝑖
𝜋

4 (𝑥
2 + 𝑝2)

)
. (1.51)

18 We have that 𝑖 [𝑝2, 𝑥 ] = 2𝑝, 𝑖 [𝑥2, 𝑝] = −2𝑥, 𝑖 [𝑝3, 𝑥 ] = 3𝑝2, 𝑖 [𝑥3, 𝑝] = −3𝑥2,
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Figure 1.2: Vacuum (purple) displaced by �̂� (𝑑𝑥 , 𝑑𝑝) a coherent state (orange) – both Gaussian
states.

Next, the Hamiltonian 𝐻Sq generates the unitary

𝑈Sq ([) = exp
(
𝑖
[

2 (𝑥𝑝 + 𝑝𝑥)
)
, (1.52)

obtained after an interaction time 𝑡 = [ with [ the squeezing parameter. Its effect on the
quadratures as a rescaling of the position and momentum quadratures by a factor of 𝑒∓[ re-
spectively. When [ > 0, we say that the position quadrature is squeezed while the momentum
is anti-squeezed. Note that since the position and momentum quadratures are squeezed and
anti-squeezed by the same amount so that the product of variances is not altered by a squeezing
operation and therefore the uncertainty principle is not violated by such an operation (given that
the pre-squeezed state did not already do so).

An example of a two-mode transformation based on a quadratic Hamiltonian is the unitary
describing the action of mixing on a beam-splitter,

𝑈BS (Θ) = exp
(
𝑖
Θ

2 (𝑥1𝑝2 − 𝑥2𝑝1)
)
, (1.53)

where the subscripts label the mode and Θ = 𝑡. A beam-splitter rotates the state in the space
spanned by the quadratures 𝑞1 and 𝑞2. For an example of the effect of applying such a transfor-
mation on state with a pair of oppositely squeezed modes see fig. 1.4.

1.4.5 Non-Gaussian operations
The transformations so far have been at most quadratic polynomials in terms of the quadra-
tures. They are therefore all Gaussian operations, leaving the Gaussian nature of a state intact.
Tracking the effect of these can be done in an efficient manner using only classical computers
[32]19.

19 In ref. [32], the authors provide a continuous-variable analogue to the Gottesman-Knill [33] theorem which
states the transformations that are simulated classically in an efficient manner.
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(a) Single-mode position squeezed Gaussian
state.

(b) Rotated single-mode squeezed Gaussian
state.

Figure 1.3: One mode of a Gaussian squeezed and rotated, respectively. We depict the rotated
state as a previously squeezed one to highlight the effect of rotation.

Figure 1.4: Entangled state (Einstein-Podolsky-Rosen) prepared by intereference of two quan-
tum states of opposite squeezing [23, sec 5.1]. Displaced from the origin. The marginals in modes
𝐴 and 𝐵 appear as Gaussian distributions.

Thus, we mention two transformations which introduce non-Gaussian elements into a state.
The one mentioned in ref. [31] is due to a Kerr non-linearity with Hamiltonian 𝐻Kerr = (𝑥2 +
𝑝2)2. This Hamiltonian, together with 𝑥, 𝑝, 𝐻Rot, 𝐻Sq, generates an algebra which includes all
Hamiltonians which are polynomials of the quadratures20. The transformation we use in this

20 This can be seen by noting the following commutators [31], [�̂�Kerr, 𝑥 ] = 𝑖
2 (𝑥

2𝑝 + 𝑝𝑥2 + 2𝑝3 ) ,
[�̂�Kerr, 𝑥 ] = 𝑖

2 (𝑥
2𝑝 + 𝑝𝑥2 + 2𝑝3 ) , [�̂�Kerr, 𝑝] = −𝑖2 (𝑝

2𝑥 + 𝑥𝑝2 + 2𝑥3 ) , [𝑥, [�̂�Kerr, �̂�Sq ] ] = 𝑝3,
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thesis is the cubic phase gate – named after the analogous qubit phase gate. The unitary
evolution, due to Hamiltonian 𝐻3,𝑞 = 𝑞3 is

𝑈3,𝑞 (𝛾) = exp
(
−𝑖 𝛾3 𝑞

3
)
, (1.54)

with 𝛾 ∈ R, for 𝑞 = 𝑥, 𝑝. Its action on the quadratures can be seen by the commutators

𝑖[𝐻3,𝑝 , 𝑥] = 𝑝2, and 𝑖[𝐻3,𝑥 , 𝑝] = −𝑥2. (1.55)

Further, for a general polynomial term 𝑝𝑚𝑥𝑛,

𝑖[𝐻3,𝑝 , 𝑝
𝑚𝑥𝑛] = −𝑝𝑚+2𝑥𝑛−1, and 𝑖[𝐻3,𝑥 , 𝑝

𝑚𝑥𝑛] = −𝑝𝑚−1𝑥𝑛+2. (1.56)

This means that the unitaries generated by 𝑥3 and 𝑝3, together with 𝑥, 𝑝, 𝐻Rot, 𝐻Sq, allow
the generation of any transformation which can be written as a polynomial in the quadrature
operators. This forms the basis for a definition of universal computation in part I, following
ref. [31].

1.5 Coupling light to atoms
Apart from describing the quantum properties of light, quantum optics also provides a framework
for describing the interaction between light and matter. Since light is the archetype of continuous
variable quantum systems and atoms can be used to instantiate discrete variables, understanding
their interaction is of utter importance for hybrid quantum technologies. We present here a
way of modelling such an interaction using the formalism of quantum optics, following ref. [25,
sec. 1.3]. The Hamiltonian derived here, the Jaynes-Cummings Hamiltonian, will form part of
the interaction used to derive the models of quantum computation in part I.

A useful approximation of an atom interacting with a field begins by modelling the atom as
a dipole21. The dipole operator may be written as

ˆ̀ = `∗�̂�+ + `�̂�− , (1.57)

with the action of the two-level operators, �̂�+ and �̂�−, being to transform between the states
{|0⟩ , |1⟩} to the right and to the left respectively. In that basis,

�̂�+ := |1⟩⟨0| =
( 0 0

1 0
)

and �̂�− := |0⟩⟨1| =
( 0 1

0 0
)
. (1.58)

The excitations are eigenstates of the Pauli-𝑧 matrix,

�̂�𝑧 = |0⟩⟨0| − |1⟩⟨1| =
(
1 0
0 −1

)
. (1.59)

The matrix representation of the other Pauli matrices are given in eq. (1.74).
The interaction of a two-level atom and a classical electric field, 𝑬, can be described by [25]:

𝐻 =
1
2 (𝜔1 + 𝜔0)1 +

1
2 (𝜔1 − 𝜔0)�̂�𝑧 − ` · 𝑬 (𝑡) (�̂�+ + �̂�−), (1.60)

[𝑝, [�̂�Kerr, �̂�Sq ] ] = 𝑥3.
21 This approximation is reasonable whenever the wavelength of the field is much greater than the average

separation of the electron and nucleus in the atom [25].
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with 𝜔 𝑗 , 𝑗 = 0, 1, the energies of the ground and excited state respectively. We have taken ` ∈ R
for simplicity. The two first terms in eq. (1.60) are the free Hamiltonian of the dipole.

Moving to the full-quantum picture, we quantize the electric field. This is done by decom-
posing the field into normal modes and associating a harmonic oscillator to each mode. The
observables related to a quantized oscillator are described by the ladder operators, 𝑎† and 𝑎,
which increase or decrease the excitation number of a continuous-variable quantum state. Using
the Harmonic oscillator Hamiltonian, 𝐻𝐻.𝑂. = 𝜔

(
𝑎†𝑎 + 1

2
)
, we have the equations of motion22

¤̂𝑎† (𝑡) = 𝑖𝜔𝑎† (𝑡) (1.61)
¤̂𝑎(𝑡) = −𝑖𝜔𝑎(𝑡). (1.62)

A time-varying electric field operator in one dimension at position 𝑟 can be quantised as

𝑬 (𝑟, 𝑡) = 𝑖
(

𝜔

2Y0V

)1/2
Y

[
𝑎 exp(−𝑖𝜔𝑡 + 𝑖𝑘𝑟) − 𝑎† exp(𝑖𝜔𝑡 − 𝑖𝑘𝑟)

]
, (1.63)

with Y0 the permittivity of free space, V the quantization volume, Y the linear polarization and
𝑘 the wave vector in the axis (so 𝜔 = |𝑘 |𝑐). Placing the atom at the origin, 𝑟 = 0, allows us to
obtain the fully quantum version of the Atom-Field Hamiltonian in eq. (1.60) as

𝐻A-F,Int (𝑡) = (1.64)
1
2 (𝜔1 + 𝜔0)1 +

1
2 (𝜔1 − 𝜔0)�̂�𝑧 − 𝑖_

[
𝑎 exp(−𝑖𝜔𝑡) − 𝑎† exp(𝑖𝜔𝑡)

]
(�̂�+ + �̂�−),

where _ = `Y( 𝜔
3Y0V ).

We may remove the time-dependence of the field by moving to the Schrödinger picture via
the transformation 𝑈H.O. = exp

(
𝑖𝐻H.O.𝑡

)
23. We have

𝐻A-F =
1
2 (𝜔1 + 𝜔0)1 +

1
2 (𝜔1 − 𝜔0)�̂�𝑧 + 𝐻H.O. − 𝑖_(𝑎 − 𝑎†) (�̂�+ + �̂�−), (1.66)

Starting from 𝐻A-F, we return to the interaction picture through the unitaries 𝑈H.O and

𝑈0 = exp
(
𝑖

2 [(𝜔1 + 𝜔0 + Δ − 2𝛿) 1 + 𝜔�̂�𝑧] 𝑡
)
, (1.67)

where Δ := 𝜔1 + 𝜔0 − 𝜔 is the detuning between the atomic transition frequency and the field
frequency and 𝛿 = Δ/2. The resulting Hamiltonian in the interaction picture is

𝐻I =
Δ

2 �̂�𝑧 − 𝑖_ [�̂�+ exp(𝑖𝜔𝑡) + �̂�− exp(−𝑖𝜔𝑡)]
[
𝑎 exp(−𝑖𝜔𝑡) + 𝑎† exp(𝑖𝜔𝑡)

]
(1.68)

To obtain the Jaynes-Cummings Hamiltonian [34] we perform the rotating wave approxima-
tion which nullifies the explicit time-dependence:

𝐻JC =
Δ

2 �̂�𝑧 − 𝑖_
(
�̂�+𝑎 − �̂�−𝑎†

)
. (1.69)

We may see that the terms involving 𝑎†�̂�+ and 𝑎�̂�− – which do not conserve the excitation
number – are strongly suppressed [25, p. 24].

22 Note that one may be obtained from the other by complex conjugation.
23 The Hamiltonian in the interaction picture, �̂�I, is obtained from the Schrödinger picture’s �̂�S through [25,

chap. 2]
�̂�I = 𝑖

¤̂
𝑈�̂�† + �̂��̂�S�̂�

†. (1.65)



1.6. Quantum Information 19

1.6 Quantum Information
Classical information theory provides a powerful language for science and technology. It paved
the way for entirely new fields of study and industries changing the societal landscape tremen-
dously: it is difficult to underestimate the impact of computation and telecommunications on the
everyday life of most humans. It has also spawned new interdisciplinary research fields such as
bioinformatics [35] as well as providing new tools for established fields such as thermodynamics24,
linguistics25, cryptography and others.

Any informational task requires a physical system to be performed. There is a link between
the physical system and which informational tasks it is suitable for, giving rise to a plethora
of evolved biological systems [37, 38] as well as human-created devices [39–42] which perform
computations in different ways.

1.6.1 Quantum information with discrete variables
A large part of research in quantum information is using the famous qubits. Qubits are the basic
quantum information analogy to the classical bit. They are described by a two-dimensional basis,
most often {|0⟩ , |1⟩}, and an arbitrary qubit pure state is written as

|𝜓⟩ = 𝛼 |0⟩ + 𝛽 |1⟩ , (1.70)

for some 𝛼, 𝛽 ∈ C.
Qubits have been implemented for quantum informational tasks spanning all areas but are

most prominent in computing. They have been instantiated in a large variety of physical systems
such as trapped ions [43], superconducting circuits [44] and even bosonic systems [45] (to name
a few).

Not all qubits are made equal, however. Instantiations vary in ease of manipulation, coherence
times (parametrised by information loss due to energy relaxation, 𝑡1, and dephasing, 𝑡2). For
example ion traps have been engineered that preserved its quantum informational state for over
one hour26 [46] while two-qubit operation on superconducting qubits has been implemented with
a 99% fidelity in 30ns [47].

Bases which are Fourier-like related are very useful when working with quantum information
protocols. In the quantum computation setting, the basis {|0⟩ , |1⟩} is usually referred to as the
computational basis. Its conjugate is formed by the symmetric and anti-symmetric superpositions
of the computational basis. The transformation mapping between the two bases (the qubit
analogy of the Fourier transform) is the Hadamard, 𝐻.

Definition 1.7 (Hadamard matrix). Using the following vector representation of the computa-
tional basis: |0⟩ =

( 1
0
)
, |1⟩ =

( 0
1
)
; the Hadamard matrix is given by

𝐻 =

(
1 1
1 −1

)
. (1.71)

The conjugate basis is defined thence

|+⟩ := 𝐻 |0⟩ = |0⟩ + |1⟩√
2

, |−⟩ := 𝐻 |1⟩ = |0⟩ − |1⟩√
2

. (1.72)

The Hadamard is involutory (𝐻 = 𝐻−1) and it therefore also maps the conjugate basis to the
computational one. To avoid confusion with a Hamiltonian, we omit the circumflex.

24 For a use of information science to tackle Maxwell’s demon see ref. [36].
25 For an informational theoretic discussion of redundancy in natural language, please see ref. [7, sec. 1.4].
26 𝑡1 = 12000 ± 2200𝑠 and 𝑡2 = 4200 ± 580𝑠.
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Single-qubit transformations

Unitary transformations on single qubits in the basis above are, in their most general form, given
by [4, sec. 4.2]

𝑈 = exp(𝑖𝛼) exp
(
−𝑖\ n · 𝝈

2

)
, (1.73)

with 𝛼, \ ∈ R, 𝒏 ∈ R3 a unit vector and 𝝈 = (𝜎𝑥 , 𝜎𝑦 , 𝜎𝑧), the vector of the Pauli matrices, in turn
defined as

𝜎𝑥 =

(
0 1
1 0

)
; 𝜎𝑦 =

(
0 −𝑖
𝑖 0

)
; 𝜎𝑧 =

(
1 0
0 −1

)
. (1.74)

The form of eq. (1.73) can be understood as the Pauli matrices, together with the identity, form
a basis for Hermitian matrices over R27. One may picture this by noting the relationship between
𝑆𝑈 (2) and rotations on a (Bloch) sphere. The vector 𝒏 sets the direction of rotation while a
non-zero 𝛼 results in a global phase.

However, we work with another general form of unitary matrices, in particular for the work
presented in part I. It comes from rotation about two axes, which we choose to be the axes in
the direction of 𝜎𝑧 and 𝜎𝑥 . Thus, any unitary on one qubit may be decomposed as

𝑈 = 𝑒𝑖𝛼𝑒𝑖𝛽𝜎𝑧 𝑒𝑖𝛾𝜎𝑥 𝑒𝑖 𝛿𝜎𝑧 . (1.75)

This result is important for the work presented here and goes back to the following theorem.

Theorem 1.4 (Unitary transformations (qubits)). Defining 𝐽 ( \2 ) = 𝐻𝑒
𝑖 \ 𝜎𝑧/2, eq. (1.75) may be

written as [48]
𝑈 = 𝑒𝑖𝛼𝐽 (0)𝐽 (𝛽)𝐽 (𝛾)𝐽 (𝛿). (1.76)

We used that 𝐻 is involutory and 𝐻𝜎𝑧𝐻 = 𝜎𝑥.

Two-qubit transformations

In this thesis we are interested in two-qubit unitaries which couple the two systems. We consider
therefore elements of 4 × 4 unitaries with unit determinant, 𝑆𝑈 (4). Since we are interested in
the non-local unitaries, we do not need elements of 𝑆𝑈 (2) ⊗ 𝑆𝑈 (2). This smaller space does not
require a full basis of 4 × 4 Hermitian matrices. Instead, we need only a subset of these [49, 50]:
{𝜎𝑥 ⊗ 𝜎𝑥 , 𝜎𝑦 ⊗ 𝜎𝑦 , 𝜎𝑧 ⊗ 𝜎𝑧}

27 The Pauli matrices span the vector space of 2 × 2 Hermitian matrices with complex entries over R,
𝐻𝑒𝑟𝑚C (2, R): Let 𝑁 be some arbitrary matrix in 𝐻𝑒𝑟𝑚C (2, R). That is 𝑁 =

(
𝑎 𝑏
𝑏∗ 𝑎

)
. The space spanned by

the Pauli matrices (along with the identity) is all the matrices

𝑀 = 𝛼01 + 𝛼𝑥𝜎𝑥 + 𝛼𝑦𝜎𝑦 + 𝛼𝑧𝜎𝑧 =
(
𝛼0 + 𝛼𝑥 𝛼𝑥 − 𝑖𝛼𝑦
𝛼𝑥 + 𝑖𝛼𝑦 𝛼0 − 𝛼𝑥

)
,

with 𝛼𝑗 ∈ C, for 𝑗 = 0, 𝑥, 𝑦, 𝑧. We may obtain the arbitrary 𝑁 by setting

𝛼0 =
1
2 (𝑎 + 𝑐) , 𝛼𝑧 =

1
2 (𝑎 − 𝑐) , 𝛼𝑥 =

1
2 (𝑏 + 𝑏

∗ ) , 𝛼𝑦 =
−𝑖
2 (𝑏 − 𝑏

∗ ) .

They are also linearly independent,

𝛼01 + 𝛼𝑥𝜎𝑥 + 𝛼𝑦𝜎𝑦 + 𝛼𝑧𝜎𝑧 = 0 ⇐⇒ 𝛼𝑗 = 0 for 𝑗 = 0, 𝑥, 𝑦, 𝑧,

and are therefore a field. Note that Hermitian matrices are not closed under multiplication by 𝑖 and do, therefore,
not form a vector space over C.
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Adding local components, 𝑘 ( 𝑗 )1 ⊗𝑘
( 𝑗 )
2 ∈ 𝑆𝑈 (2)⊗𝑆𝑈 (2), 𝑗 = 1, 2, allows us to write any arbitrary

𝑈 ∈ 𝑆𝑈 (4) as [49]

𝑈 = 𝑘
(2)
1 ⊗ 𝑘 (2)2 exp

[
𝑖
(
𝛼𝑥𝜎𝑥 ⊗ 𝜎𝑥 + 𝛼𝑦𝜎𝑦 ⊗ 𝜎𝑦 + 𝛼𝑧𝜎𝑧 ⊗ 𝜎𝑧

) ]
𝑘
(1)
1 ⊗ 𝑘 (1)2 , (1.77)

with 𝛼 𝑗 ∈ R, 𝑗 = 𝑥, 𝑦, 𝑧.
As mentioned earlier, entanglement is a property of quantum states which is harnessed in

informational tasks. In part I, we consider computing models so the question of which trans-
formations allow for the maximum generation of entanglement is important. The answer comes
in terms of the parameters [𝛼𝑥 , 𝛼𝑦 , 𝛼𝑧]. Certain combinations allow for the production of max-
imally entangled states [49]. In particular [𝜋/4, 0, 0], the 𝐶𝑁𝑂𝑇 gate. We refer to [0, 0, 𝜋/4] as
the controlled-𝑍, 𝐶𝑍, gate. That is,

𝐶𝑍 = exp
(
𝑖
𝜋

4 �̂�𝑧 ⊗ �̂�𝑧
)
. (1.78)

Note that 𝐶𝑍 = 𝐻 ⊗ 𝐻 · 𝐶𝑁𝑂𝑇 · 𝐻 ⊗ 𝐻.

1.6.2 Elements of Quantum information with continuous variables
Moving on to continuous variable quantum information, we have introduced most elements in
section 1.4 (Gaussian quantum optics). We repeat them here for completeness.

The quantum states of continuous variables which we deal with in this thesis are those which
can be expanded in the quadrature eigenbases. A normalised state is thus given, most generally,
by

|Ψ⟩ =
∫
R

d𝑥𝜓(𝑥) |𝑥⟩𝑥 , (1.79)

with ⟨Ψ|Ψ⟩ = 1. The continuous-variable analog of the qubit is called a qumode. For Gaussian
quantum information we limit the functional form of the superposition coefficients to a Gaussian
distribution 𝜓(𝑥) = 𝑔`,𝜎 (𝑥) (see eq. (1.46)).

CV operations
Just as with states, we differentiate between Gaussian operations and the rest. Gaussian op-
erations are those which preserve the Gaussian character of states. In terms of the generating
Hamiltonians, Gaussian operations are those which maintain or lower the polynomial order of
products of quadratures (see section 1.4.4).

We repeat the operations most relevant for this thesis below.
The quadrature displacement is given by

�̂� (𝑑𝑥 , 𝑑𝑝) = 𝑒𝑖𝑑𝑝 𝑥−𝑖𝑑𝑥 𝑝 , (1.49 revisited)

where 𝑑𝑝 , 𝑑𝑥 ∈ R are the momentum and position translations respectively. Its effect is to shift
the position and momentum quadratures by 𝑑𝑥 and 𝑑𝑝 respectively.

The one-mode rotation and squeezing are

𝑈Rot (\) = 𝑒𝑖
\
2 (𝑥

2+𝑝2 ) and 𝑈Sq ([) = 𝑒𝑖
[

2 (𝑥𝑝+𝑝𝑥 ) , (1.50 and 1.52 revisited)

respectively. The effect of the rotation is to mix the position and momentum quadrature. In
phase-space this amounts to a rotation in the 𝑥 − 𝑝 plane. The statistical properties are left
invariant by a rotation operation. The squeezing operation alters the variances of the position
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and momentum quadrature in inverse proportions. This means that the product of variances,
Δ𝑥Δ𝑝, is left unaltered. In phase-space, the effect of the squeezing operation is to scale down
one quadrature axis by some factor, [𝑆𝑞 say, and scale up the conjugate quadrature by a factor
of 1/[𝑆𝑞.

Two single-mode rotations with interesting interpretations are the 𝑁𝑂𝑇 gate and the Fourier
transform, 𝐹. They are given by rotations through 𝜋 and 𝜋/2 respectively:

𝐹 = 𝑈Rot (𝜋/2), and 𝑁𝑂𝑇 = 𝐹2 = 𝑈Rot (𝜋). (1.80)

We use two Gaussian gates which act on two modes. First we have the beam-splitter inter-
action:

𝑈BS (Θ) = exp
(
𝑖
Θ

2 (𝑥1𝑝2 − 𝑥2𝑝1)
)
, (1.53 revisited)

where the subscripts label the mode. Its effect is to mix the quadratures in two modes. The
phase-space interpretation is a rotation in the spaces spanned by 𝑥1 and 𝑥2 as well as 𝑝1 and 𝑝2
simultaneously.

We will also use another quadratic gate, which we call the continuous-variable controlled-𝑍
defined as

𝐶𝑍∞ = exp(𝑖𝑥1 ⊗ 𝑥2). (1.81)

We omit the subscript or use the symbol 𝐶𝑍𝐴𝑅 when there is no risk of confusion with the
qubit controlled-𝑍 (eq. (2.8)). The CV controlled-𝑍 gate can be interpreted as a conditional
displacement of one qumode, up to an amount depending on the state of the other qumode.
That is,

𝐶𝑍𝐴𝐵 |𝑎⟩𝐴 = �̂�𝐵 (𝑎), (1.82)

for some eigenstate of position in the first space, H𝐴, with eigenvalue 𝑎 ∈ R.
A non-Gaussian gate is the cubic phase gate.

𝑈3,𝑞 (𝛾) = exp
(
−𝑖 𝛾3 𝑞

3
)
, (1.54 revisited)

with 𝛾 ∈ R, for 𝑞 = 𝑥, 𝑝. Its action on the quadratures is to increase the polynomial order by
one. The qubic phase gates also excites statistical moments above the second one meaning that
it does not preserve the Gaussian nature of states.

Putting the gates above together, allows one to construct, via commutators, polynomials of
arbitrary order in the quadratures.
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CHAPTER22
Background to

quantum computation models

Can we perform universal quantum computation on a discrete variable register by driving it
using a continuous variable system? We will work within the framework of ancilla-based models
of quantum computation (ABQC), which we introduce in section 2.2.4. Before that, we introduce
the notion of universal computation on discrete and continuous variables, based on sections 1.6.1
and 1.6.2. We continue, in section 2.2, with a zoo of models of computation which lead to ABQC.

In the next chapters, we phrase ancilla-based models that can be implemented in hybrid
systems of continuous (CV) and discrete variables (DV). First we derive ancilla-controlled models
(ACQC), where only unitary evolution of the ancilla induces gates on the register. We do that
in chapter 3. Then, in chapter 4, we present the ancilla-driven model (ADQC). In ADQC, we
allow measurements of the ancilla to enact the gates on the register. We present continuous-
variable and hybrid models of ADQC. In both chapters we also analyse the effects of treating
the continuous-variable ancillas as finitely squeezed states.

The structure is almost identical in both chapters so chapter 3 includes more detailed intro-
duction and discussion of the different themes covered. However, most statements apply to both
ancilla-based models. For this reason, chapter 4 is more descriptive in style.

2.1 Universal quantum computation

Universality in quantum computation is the notion that a collection of transformations can be
used to generate a much larger set. In fact, a universal set is one which can be used to generate all
transformations of a given space. We have already encountered this idea in section 1.6 (Quantum
Information) when considering qubit and continuous variable operations.

2.1.1 Alphabets, states, and registers
A way to define computation more formally starts by defining the allowed computation values
[51]. We define an alphabet, Σ, to be a set with elements called symbols {𝑎 ∈ Σ}. In classical
binary computation, the alphabet is simply {0, 1}. In quantum computation, the symbols are
often taken to be quantum states: any superposition of |0⟩ and |1⟩ for qubits and quadrature
basis states, {|𝑞⟩ | 𝑞 |𝑞⟩ = 𝑞 |𝑞⟩ , 𝑞 ∈ R} for continuous variables1. In general, we define quantum
alphabets as sets Σ𝑑 = {|𝜓⟩ ∈ H𝑑}, for some Hilbert space H𝑑 of dimension 𝑑. The basis in
which alphabets are written is referred to as the computational basis. We use the following in
this thesis

B2 = {|0⟩ , |1⟩} and B∞ = {|𝑥⟩ | 𝑥 |𝑥⟩ = 𝑥 |𝑥⟩ , 𝑥 ∈ R}, (2.1)

where B𝑑 denotes the basis of Hilbert space with dimension 𝑑. The conjugate basis is given
by {|+⟩ , |−⟩} for qubits (see eq. (1.72)) and the momentum eigenstates for qumodes. The map

1 For defining universality in continuous-variable quantum computation one limits this space to a certain type
of superpositions. See sections 1.6.2 and 2.1.3.2 for more details.
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between the computational and conjugate bases are the Hadamard and Fourier transforms for
B2 and B∞ respectively.

A register is a computer element in which data, in the form of symbols, may be stored or
manipulated. Although this definition of a register appears rather abstract, it is worth remem-
bering that it is always instantiated in a physical system. Any number of registers concatenated
may be rightly considered as a register. It is therefore useful to have the recursive definition [51]

Definition 2.1 (Register). A register is either
• An alphabet Σ𝑑; or
• A tuple (R1, ...,R𝑁 ) of registers R 𝑗 , 𝑗 = 1, .., 𝑁.
A major difference between classical and quantum computation is that classical registers have

determinate values whilst this is famously not the case for quantum registers.
Quantum registers may increase size through composition

R = H1 ⊗ ... ⊗ H𝑁 , (2.2)
for Hilbert spaces H1, ...,H𝑁 . Although a register may become entangled during computation
so that eq. (2.2) does not exhaustively define registers. A decrease in register size corresponds
to a reduction by the partial trace map (Def. 1.3).

Elements which aid computation, but do not store data are referred to as ancillary elements –
ancillas for short. In quantum computation, these are quantum states themselves. The role of an
ancilla can span a plethora of tasks. They can be used for communication between computation
elements. Ancillas can enact transformations on the register (for example by being one input
to a two-element gate). In design decisions, the temporary nature of ancillas may be taken into
account. In fact, this is a core point of the ancilla-based models presented in section 2.2.4.

We move on to describe how computation is depicted in quantum circuits.

2.1.2 Quantum circuits
We perform computations on registers by manipulating the data they hold. We describe the
basic elements of quantum circuits, which we do in the circuit model of computation. We cover
a type of computation, unique to quantum computers, based on measurements in section 2.2.2.

Circuits are two-dimensional depictions of a computation or procedure. The register is posi-
tioned in the vertical axis and the horizontal axis is time, although neither is scaled. Information
flows in wires (fig. 2.1(a)) from left to right. Data is transformed by gates (figs. 2.1(b)–(d)),
corresponding to quantum operations on the registers. We use the terms operation and gate
interchangeably in this part of the thesis. Gates on a single register element are denoted by
boxes while gates on two elements are given by vertical lines connecting two wires.

We separate the space of ancillary states from the register by a dashed line. Gates acting
across the spaces are presented in the same way as between two register states as in fig. 2.1(d).

Computation results, even in quantum computers, are real numbers. Read-out of quantum
states is done via measurements (Postulate 5). In a circuit, measurement outcomes are trans-
ferred as classical information, through a classical wire. A measurement used to control an
operation is described by the circuit which follows. It describes the measurement of |𝜓⟩ in the
basis {|𝑎⟩} with its outcome, 𝑚, used to control operation 𝑂 on |𝜙⟩.

|𝜓⟩ |𝑎⟩ • 𝑚

|𝜙⟩ 𝑂 (𝑚)

(2.3)
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|𝜓⟩

(a) State and wire

𝑂

(b) Gate on a single register state

•

(c) Gate between two register states

R

A •

(d) Gate between register (R) and ancilla (A)

Figure 2.1: Wires and gates for quantum computation.

One point to note is that, while circuits are read left-to-right, the order of operations acting
on some register is read right-to-left. As an example, we have the equality

|𝜓⟩ 𝐴 𝐵 𝐶 = 𝐶𝐵𝐴 |𝜓⟩ (2.4)

Circuits will not always produce exactly the desired operations. However, in many cases
the error terms may commute through operations and can be accounted for (for example by a
redefinition of the computational basis). A computation is said to be deterministic whenever
any errors may be corrected in a deterministic manner. Further, it is stepwise deterministic if it
is deterministic after each computational step.

2.1.3 A universal set of operations

Definition 2.2 (Universal set). For a given Hilbert space H , a universal set is a set of quantum
operations which can generate all unitaries acting on H , or a given dense subset of it2.

We say that a set of operations, Ψ, generates some other set, Φ, whenever elements in Ψ

may be multiplied, possibly with an infinite limit, to give all maps 𝜙 ∈ Φ. In such case, we
refer to Ψ as a generating set or generator of Φ. Recall that, in section 1.4 (Gaussian quantum
optics), we saw that a small set of Hamiltonians generated all operators which are polynomial
in the quadrature operators through commutation. The relationship between the "generating
operation" for Hamiltonians (commutation) and for gates (multiplication) is due to the Baker-
Campbell-Haussdorf-Dynkin relation (BCHD) (Thm. A.1).

Definition 2.3 (Universal set). For a given alphabet Σ𝑑, a universal set is a set of quantum
operations which can generate G(H𝑑).

In terms of circuits, a set of gates is universal when a circuit composed of only that set can
enact any unitary in the relevant Hilbert space [4].

An elementary example from classical binary computation is the 𝑁𝐴𝑁𝐷 (not and) gate which
can be shown to be universal by simulating the set {𝑁𝑂𝑇, 𝐴𝑁𝐷,𝑂𝑅}. See ref. [4, sec. 3.1.2] for
a proof of this.

2 Especially for CV quantum computation. See for example section 2.1.3.2.
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2.1.3.1 Universal Quantum computation on qubits
We need a set of operations which generate unitaries on 𝑁 qubits. By definition, any universal set
may be used to generate any other. In this thesis, we use set of arbitrary single qubit unitaries
together with an entangling gate. It turns out that any entangling gate will do for universal
computation [52, 53].

We repeat some important results from section 1.6.1 (Quantum information with discrete
variables). The transformation between the computational and conjugate basis is given by the
Hadamard (Def. 1.7), 𝐻 |0⟩ = |+⟩ ;𝐻 |1⟩ = |−⟩ , with the vector representation of the computa-
tional basis

𝐻 =
( 1 1

1 −1
)
. (1.7 revisited)

The Hadamard is its own inverse, 𝐻2 = 1.
The Pauli matrices,

𝜎𝑥 =

(
0 1
1 0

)
; 𝜎𝑦 =

(
0 −𝑖
𝑖 0

)
; 𝜎𝑧 =

(
1 0
0 −1

)
. (2.5)

together with the identity generate 𝑆𝑈 (2).
As noted in Thm. 1.4, the Pauli matrices and the Hadamard allow us to write any single-qubit

unitary, up to a global phase, as [48]

𝑈1 = 𝐽 (𝛼)𝐽 (𝛽)𝐽 (𝛾), (2.6)

where
𝐽 (𝛼) := 𝐻𝑒𝑖 𝛼2 �̂�𝑧 , (2.7)

with 𝜎𝑧 =
( 1 0

0 −1
)
, the Pauli-Z matrix, and 𝐻 = 1√

2

( 1 1
1 −1

)
, the Hadamard transformation.

As for the two-qubit entangling gate, we use eq. (1.77) and set 𝛼𝑥 = 𝛼𝑦 = 0 and 𝛼𝑧 = 𝜋/4 to
get

𝑈2 = exp
(
𝑖
𝜋

4 �̂�𝑧 ⊗ �̂�𝑧
)
. (2.8)

In chapter 3 we show how the set {𝐽,𝑈2} is enacted in hybrid ancilla-based models.

2.1.3.2 Universal Quantum computation on qumodes
In continuous-variables, one limits the space on which to prove universality. In section 1.6.2,
following ref. [31]3, we limited ourselves to the space of operators which can be written as a
polynomial in the quadratures, 𝑥 and 𝑝. Note that this is still quite general: being able to
simulate such polynomials, allows us, in the infinite limit, to enact any analytic function of
operators – those which have a Taylor series expansion.

The register and ancilla states of a continuous-variable quantum computer, expanded in the
computational basis - the position eigenstates - are given most generally by |𝜓⟩ =

∫
R

d𝑥𝜓(𝑥) |𝑥⟩𝑥 ,
with 𝑥 |𝑥⟩ = 𝑥 |𝑥⟩, 𝑥 ∈ R. The continuous-variable analog of the Hadamard is the Fourier trans-
form, 𝐹 (eq. (1.51)). It maps the computational to the conjugate basis and back by

𝐹 |𝑥⟩𝑥 = |𝑥⟩𝑝 and 𝐹 |𝑦⟩𝑝 = |−𝑦⟩𝑥 . (2.9)

The Fourier transform is a rotation by 𝜋/2, so from eq. (1.51), we have

𝐹 = exp
(
𝑖
𝜋

4 (𝑥
2 + 𝑝2)

)
. (1.51 revisited)

3 See also [54].
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Note that, unlike the Hadamard, the Fourier operator is not involutory, but rather 𝐹4 = 1. This
means that 𝐹2 = (𝐹†)2.

The universal set is given by the Gaussian gates and a non-Gaussian one. The Gaussian
operations are (eqs. (1.49), (1.50), (1.52) and (1.53)):

�̂� (𝑑𝑥 , 𝑑𝑝) = exp
(
𝑖𝑑𝑝𝑥 − 𝑖𝑑𝑥 𝑝

)
𝑑𝑝 , 𝑑𝑥 ∈ R

𝑈Rot (\) = exp
(
𝑖
\

2 (𝑥
2 + 𝑝2)

)
\ ∈ [0, 2𝜋]

𝑈Sq ([) = exp
(
𝑖
[

2 (𝑥𝑝 + 𝑝𝑥)
)

[ ∈ R+ ∪ {0}

𝑈BS (Θ) = exp
(
𝑖
Θ

2 (𝑥1𝑝2 − 𝑥2𝑝1)
)
,Θ ∈ [0, 2𝜋], (2.10)

with phase-space interpretations given in figs. 1.2 to 1.4. The non-Gaussian gate used in this
thesis is the cubic phase gate:

𝑈3,𝑞 (𝛾) = exp
(
−𝑖 𝛾3 𝑞

3
)
, (1.54 revisited)

with 𝛾 ∈ R, for 𝑞 = 𝑥, 𝑝. This gate is required to go beyond quadratic Hamiltonians and beyond
classical simulability of CV operations [32].

The Gaussian operations in eq. (2.10) contain both position and momentum terms. We can
simplify this further by using the Fourier transform and noting that for some function, 𝑓 , on
operators (see Thm. 1.1 and eq. (1.8))

𝐹† 𝑓 (𝑝)𝐹 = 𝑓 (𝑥). (2.11)

Particularly important for us is
𝐹†𝑒𝑖 \ 𝑝

𝑘

𝐹 = 𝑒𝑖 \ 𝑥
𝑘

, (2.12)
for any 𝑘 ∈ N and \ ∈ R.

When building a universal set using the commutators between quadrature monomials in
section 1.4.4, it suffices to show how to enact the following4

𝐹 = 𝑈Rot (
𝜋

2 );

�̂� (𝑑𝑝) = exp
(
𝑖𝑑𝑝𝑥

)
, 𝑑𝑝 ∈ R;

𝑈2,𝑥 (\) = exp
(
𝑖
\

2𝑥
2
)
, \ ∈ [0, 2𝜋];

𝑈3,𝑥 (𝛾) = exp
(
𝑖
𝛾

3 𝑥
3
)
, 𝛾 ∈ R, , (2.13)

where we defined the quadratic phase gate 𝑈2,𝑥 . Writing 𝑈1,𝑥 (𝑑𝑝) = �̂� (𝑑𝑝 , 0) and using the same
parameter \ for all the gates, we may write the short-hand

𝑈k (\) = exp
(
𝑖
\

𝑘
𝑥𝑘

)
for 𝑘 = 1, 2, 3. (2.14)

The two-mode operation will be fulfilled by the CV controlled-𝑍 operation, which we define
as

𝐶𝑍∞ := exp(𝑖𝑥1𝑥2), (2.15)
4 For the quadratic unitary, one needs to go to the fourth term in the BCHD formula and retains both rotation

and squeezing forms.
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which, via the BCHD formula (Thm. A.1), allows to build polynomials of quadrature on 𝑁 modes
as done with the beam-splitter in ref. [31].

The universal set for continuous variable quantum computation we use in this thesis is then

{𝐹, 𝑈k (\), 𝐶𝑍∞ | 𝑘 = 1, 2, 3; \ ∈ R or [0, 2𝜋] for 𝑘 = 2}. (2.16)

2.2 Models of Quantum computation

A computing model is, in its most basic form, a collection of units together with rules for
operating on those units. In modern day computers, a computing model is phrased in terms of
bits (instantiated by voltage differences in a wire) operated on by boolean gates (implemented
by electronic components).

Models of computation can lead to phrasing computation languages which are used to pro-
gram a universal computer. For example, the classical computation models, _-calculus and the
object model have given rise to functional programming languages such as Haskell and LISP,
and object-oriented programming languages respectively [39]. In quantum information, several
languages have already been formulated [55], for both continuous [56] and discrete quantum com-
puters [57]. However, a model of computation can also give hints for constructing the physical
architecture itself. The models of quantum computation considered in this thesis are examples
of this approach. In fact, architectural benefits are arguments passed for the models proposed
in refs. [58, 59] which form a basis for the work presented in chapters 3 and 4. We go briefly
through a taxonomy of computation models related to the ancilla-based models which are the
basis for this part5.

2.2.1 Circuit- or Gate-based model (GBQC)
The circuit model [62] is the most familiar one starting from classical computation. Computations
are performed by circuits as presented in section 2.1.2. Unitary transformations are thus at the
core of GBQC. We will use the language of circuits to describe the protocols for enacting the
universal gates in the ancilla-based models.

2.2.2 Measurement based model (MBQC)
Models of quantum computation have fanned out palm-like to include models without a classical
analogue. The prime example of this is the measurement-based model [63–65]. Unlike the circuit-
based model, the primitives driving computation in MBQC are measurements on entangled
states. The back-action due to a measurement of a section of the state leads to an effective
transformation of the rest. Measurement outcomes are used to perform corrections - oftentimes
a simple redefinition of the computational basis. This may be illustrated by the teleportation
circuit [54, 66], given in fig. 2.2. Focusing on fig. 2.2(b), we see that any diagonal unitary, 𝑒𝑖 𝑓 (𝑥 ) ,
may be performed through manipulation and measurement of an ancilla.

Computation starts by preparation of a resource state called cluster state [63, 67]. Cluster
states can be depicted by lattices where each qubit, initiated in the conjugate state |+⟩ = 𝐻 |0⟩,
is situated at a node and an edge between nodes corresponds to an operation exp

(
𝑖 𝜋4 �̂�𝑧�̂�𝑧

)
[63].

A circuit is prepared by removing certain qubits through measurement of �̂�𝑧. The unmeasured
state forms the circuit and computation takes place through successive measurements of the

5 Since we focus on the ancilla-based models, we do not cover other interesting models such as the adiabatic
[60] or topological [61] models of quantum computing.
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|𝜓⟩ •

|0⟩ �̂�𝑧 |𝜓⟩

(a) Qubit teleportation

|𝜓⟩ • exp[𝑖 𝑓 (𝑥)] 𝐹† 𝑚

|0⟩𝑝 • 𝑒−𝑖𝑚𝑝𝐹𝑒𝑖 𝑓 (𝑥 ) |𝜓⟩

(b) CV teleportation

Figure 2.2: Qubit [66] and continuous-variable [54] teleportation gates performed by a
controlled operation conditioned on the measurement outcome. Qubit circuit starting by a
controlled-𝑁𝑂𝑇 (1 ⊕ �̂�𝑥 , fig. 2.1(c)) while CV initiates with control-𝑍 as defined in eq. (3.5).

remaining qubits. In the case of a two-dimensional lattice, the circuit and measurement-based
models share similar diagrams.

The qubit model has been extended to for continuous-variables [54]. Conjugate states of
continuous variables, |𝑝⟩𝑝, form the lattice with homodyne measurements replacing the Pauli
measurements of the DV model. The CV model was show to be fault tolerant for states with
squeezing below 20𝑑𝐵 [68] – a higher degree of squeezing than current state-of-the art squeezing
of 15𝑑𝐵 [69]. However, by encoding logical qubits on a CV system [70], the squeezing threshold
for fault-tolerant measurement-based quantum computation was lowered to 12.7𝑑𝐵 [71].

2.2.3 Qubus model
The measurement-based model uses measurements to create and operate circuits. However, the
cluster state architecture limits the interaction to nearest neighbours. The Qubus model [59, 72]
was proposed to facilitate gates between separate nodes by adding an ancillary system called a
quantum bus. Single element gates are thus supplemented by multi-element gates implemented
via the bus. Most suitable systems for the bus are so-called flying ancillas, which physically travel
between locations in the register, giving a possible advantage over nearest-neighbour interactions.
Two methods are presented for the way in which the ancilla produces the gates: via measurement
or through entirely unitary means [72].

The Qubus model is phrased for implementation in hybrid systems from the start. The
register states can be chosen engineered for information storage with the bus being formed by
systems adapted for communication. In fact, Qubus model was presented where the ancilla-
register interaction couples a CV system to a qubit via [59]

𝐻Qubus,eff = ℏ𝜒
[
𝑎†𝑎�̂�𝑧 + �̂�+�̂�−

]
, (2.17)

with �̂�+ :=
( 0 1

0 0
)
, �̂�− :=

( 0 0
1 0

)
, and 𝜒 ∈ R. The hybrid models presented in chapters 3 and 4 use

the Hamiltonian of eq. (2.17) as a primitive. The derivation may be found in in ref. [73].

2.2.4 Ancilla-based models
The ancilla-based models of quantum computation (ABQC) take the idea of delegating compu-
tational tasks to the ancilla even further [58, 74–79]. Like the Qubus model, gates between two
register elements are effected by an ancilla. In ABQC, even single register gates are applied via
manipulation of ancilla states. The interaction between the ancilla and register is required to be
unique in the ancilla-based models [58, 78]. This allows for optimising systems when building an
ABQC computer. Apart from the interaction with the ancilla, the register can be engineered to
be well-isolated from the environment, improving the informational integrity. This is particularly
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important, since one of the road-blocks in building a quantum computer is the sensitivity to noise
that quantum systems exhibit.

The ancilla models describe systems which have a natural bi-partitioning. A computer built
using such a divided system has two main elements: the register space 𝑅 and the ancilla space
𝐴. Computations in the register are performed through interaction with the ancilla followed by
ancilla manipulation. The ancillas are either measured (ADQC) or allowed to further interact
with the register leading to their disentanglement. Schematics of the ancilla-based models are
presented in fig. 2.3.

Definition 2.4 (Ancilla-based model of quantum computation). An ancilla-based model is de-
fined by

• Register states |𝜓⟩ ∈ H𝑅;
• Ancilla states |𝑎⟩ ∈ H𝐴;
• A unique register-ancilla interaction, 𝐸𝐴𝑅; and
• A universal set of operations on the register using only 𝐸𝐴𝑅 and ancilla manipulation

(including measurements for ADQC).
Whenever 𝑑𝑖𝑚(H𝑅) ≠ 𝑑𝑖𝑚(H𝐴), we call the model hybrid, otherwise we refer to it by the dimen-
sion of H𝑅, or as homogeneous.

Figure 2.3: Schematic of ancilla-based models on hybrid quantum systems. The register states
are depicted as two-level systems which are well-isolated from the environment (teal boxes). The
unique interaction, 𝐸𝐴𝑅, allows the register to interact with the ancillas (red shaded region).
The ancillas are given as continuous-variable states, described as Gaussian states in phase space
(see section 1.4.3). Operations on the register are implemented by measuring the ancilla in the
ancilla-driven model [75, 78], while only unitary control of the ancillas are required in the ancilla-
controlled model [78].

The ancilla-register operation is of the form

𝐸𝐴𝑅 = 𝑘
(2)
𝐴
𝑘
(2)
𝑅
𝑈AR (𝐻AR)𝑘 (1)𝐴 𝑘

(1)
𝑅

(2.18)
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where 𝑘 ( 𝑗 )
𝐴
∈ L(H𝐴), and 𝑘

( 𝑗 )
𝑅
∈ L(H𝑅), 𝑗 = 1, 2, local gates on the ancilla and register spaces

respectively. The non-local term, 𝑈AR (𝐻AR), is the unitary generated by the interaction Hamil-
tonian 𝐻AR. The symbol, 𝐸𝐴𝑅, of the ancilla-register operation is chosen to allude to the fact
that the register and ancilla states are entangled in the hybrid scenarios presented in chapters 3
and 4.

We begin with the ancilla-based model which uses ancilla measurements to perform compu-
tations.

2.2.4.1 Ancilla-driven quantum computation (ADQC)

The ancilla-driven model of quantum computation carries traces of all the models presented
above [58, 75–77]. Measurements drive computation and manipulation of the register is limited
to the unique interaction with ancillas.

The relationship to MBQC is more than only through measurement. Each computation step
in the ADQC model can be thought of as a minimal computation in a measurement-model –
whenever the ancilla only interacts once with up to two register states, the two models are
equivalent [80]. Their equivalence can be highlighted by phrasing computations in ADQC as
procedurally generated cluster states6. Despite their equivalence in ideal conditions, the two
models do not share noise resilience properties with the ADQC outperforming in a number of
noise scenarios [81].

A particular model of Qubit ADQC is defined by [58]
• Register states and ancilla states |𝜓⟩ , |𝑎⟩ ∈ H𝑅, with 𝑑𝑖𝑚(H𝑅) = 2;
• Ancilla states prepared in the conjugate basis element |+⟩;
• The ancilla-register interaction

𝐸𝐴𝑅 = 𝐻𝐴𝐻𝑅C𝐴𝑅,

with C𝐴𝑅 := 14 − 2 |11⟩⟨11|;
• A universal set of operations given by eqs. (2.19) and (2.20) below.

Comparing to the general form in eq. (2.18), we may identify 𝑘 (2)
𝐴

= 𝑘
(2)
𝑅

= 𝐻, 𝑈AR (𝐻AR) = C𝐴𝑅,
and 𝑘

(1)
𝐴

= 𝑘
(1)
𝑅

= 1.

The universal set {𝐽,𝑈2} from eqs. (2.7) and (2.8) can be produced in the qubit ancilla-
driven model [58]. The single-qubit gate may be obtained through the following operations on
the ancilla:

𝐴⟨𝑚 | 𝐽𝐴(𝛽)𝐸𝐴𝑅 |+⟩𝐴 = �̂�𝑚𝑥,𝑅𝐽 (𝛽), (2.19)

where the measurement is performed in the computational basis, 𝑚 = 0, 1 and the subscripts
denote the spaces of the ancilla or register. The �̂�𝑚

𝑥,𝑅
is an error term that depends on the ancilla

measurement outcome. Due to the random nature of measurement, this term is intrinsic to the
model. However, the errors may be removed by a redefinition of the computational basis at the
next step of computation [58]. Hence, despite the probabilistic nature of quantum measurements,
ADQC can be seen as a stepwise deterministic model.

The two-qubit gate onto register states, labelled by 𝑅1 and 𝑅2, is implemented through

𝐴⟨𝑦𝑚 | 𝐸𝐴𝑅1𝐸𝐴𝑅2 |+⟩𝐴 = �̂�𝑚𝑥,𝑅1
⊗ �̂�𝑚𝑥,𝑅2

C𝑅1𝑅2 . (2.20)

Once again, the error terms may be removed by a redefinition of the computational basis, for
example, by changing the measurement basis of the next operation.

6 For this reason, ADQC has been referred to as sequential MBQC [80, 81]
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More generally, universal qubit ADQC models with deterministic correction of errors are built
from ancilla-register interactions which are locally equivalent to the following ancilla-register
interaction unitaries [58, 74]:

C = 14 − 2 |11⟩⟨11| or C + 𝑆𝑊𝐴𝑃 = |00⟩⟨00| + |01⟩⟨10| + |10⟩⟨01| − |11⟩⟨11| . (2.21)

It was shown that hybrid ancilla models, where the register and ancilla spaces are such that
𝑑𝑖𝑚(H𝐴) > 𝑑𝑖𝑚(H𝑅), are not stepwise deterministic. Rather, error terms may be corrected only
probabilistically [76]. In chapter 4 we will see how this comes up in a specific hybrid model.

2.2.4.2 Ancilla-controlled quantum computation (ACQC)
Ancilla-controlled quantum computation models take a step away from MBQC by allowing only
unitary control of the ancillas: they are no longer destroyed by measurements [76, 78–80].

Ancilla-controlled quantum computation in platforms where the register and ancilla are of
the same type offer a simple model based on the 𝑆𝑊𝐴𝑃 gate. The 𝑆𝑊𝐴𝑃 gate is defined by its
action on any two states, |𝜙⟩ , |𝜓⟩ ∈ H , and is denoted by two crosses as given in the following
circuit:

|𝜓⟩ × |𝜙⟩
|𝜙⟩ × |𝜓⟩

(2.22)

ACQC with 𝐸𝐴𝑅 = 𝑆𝑊𝐴𝑃 proceeds by moving the state of the register onto the ancilla where it
may be manipulated. For this, see the one and two-element gates

|𝜓⟩ × × 𝑈 |𝜓⟩

|0⟩ × 𝑈 × |0⟩

(2.23)

|𝜙⟩ × ×
|𝜓⟩ •
|0⟩𝑞 × • × |0⟩𝑞

 𝑈𝑅1𝑅2 |𝜙⟩|𝜓⟩ ≡
|𝜙⟩ •
|𝜓⟩ •

𝑈𝑅1𝑅2 |𝜙⟩|𝜓⟩

(2.24)

In this thesis, we present the two flavours of ABQC by deriving models starting from in-
teraction Hamiltonians. For the measurement-driven model, CV and hybrid models have been
investigated in a general form [76]. On the other hand, only the homogeneous CV or DV cases
have been considered for the unitary controlled model. In chapter 3 we present ACQC mod-
els on continuous and hybrid variables, deriving them from Hamiltonians. The preparation of
quadrature eigenstates require infinite squeezing (and therefore energy) and are therefore un-
physical. For this reason, we also present an analysis of the impact of finite squeezing for all
models derived.



CHAPTER33
Ancilla-based computation

controlled by unitary manipulation
of the ancilla

The content of this chapter is unpublished work.
The ACQC models presented in sections 3.1 and 3.2.0.1 were introduced in the master’s thesis
from ref. [82]. My addition to those sections was to provide more details and a cleaner derivation
of the gateset presented; expanded qualitative statements – for example on suitable experimental
platforms and the set-up in fig. 3.2. I further expanded the analytic work by deriving the hybrid
model in section 3.2.0.2; performing the finite-squeezing analysis in section 3.3 as well as adding
an argument for the requirement of having two ancillas in the hybrid scenarios. I also included
one statement stemming from a master’s thesis which I co-supervised - this is highlighted with a
footnote.

In this chapter we present models of the ancilla-controlled quantum computation [78, 80] as
introduced in section 2.2.4.2. First we present a homogeneous continuous-variable model based
on the CV 𝑆𝑊𝐴𝑃. Then, in section 3.2, we move on to the hybrid variable scenario and derive two
models based on interaction Hamiltonians that couple qubits with continuous variables. Moving
away from the unphysical quadrature eigenstates, in section 3.3 we perform a finite-squeezing
analysis of the derived models.

3.1 Continuous variable ACQC
In the homogeneous model presented here, the ancilla and register are both parametrised by
continuous variables. In what follows, the register states are left generic,

|𝜓⟩ =
∫
R

d𝑥𝜓(𝑥) |𝑥⟩ , (3.1)

the ancillas are all initialized as the eigenstate of position with zero eigenvalue. That is,

|𝐴⟩ = |0⟩𝑥 . (3.2)

We now show that one may write a universal model based on the CV 𝑆𝑊𝐴𝑃 gate [83]. It may
be constructed by the one and two-mode rotation gates from section 1.4.4 (Gaussian operations)
as

𝑆𝑊𝐴𝑃 := 𝑁𝑂𝑇𝐴𝐵𝐴𝑅 (𝜋/2), (3.3)
where 𝑁𝑂𝑇𝐴 and 𝐵𝐴𝑅 are single and two qumode rotations respectively, given by

𝑁𝑂𝑇𝐴 := 𝑈Rot (𝜋) = 𝑒𝑖
𝜋
2 (𝑥

2
𝐴
+𝑝2

𝐴
) , and

𝐵𝐴𝑅 (𝜋/2) := 𝑈BS(𝜋/2)= 𝑒𝑖
𝜋
2 (𝑥𝑅 𝑝𝐴−𝑝𝑅𝑥𝐴) , (3.4)

35
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using the definitions in eqs. (1.53) and (1.80). Recall that the subscripts, 𝐴 and 𝑅, denote that
the operation acts on the ancilla and register spaces respectively. The action of 𝑁𝑂𝑇𝐴 is given
by the following map: |𝑎⟩𝑞 ↦→ |−𝑎⟩𝑞, for 𝑞 = 𝑥, 𝑝.

The 𝑆𝑊𝐴𝑃 is not sufficient to enact entangling gates between two register modes. For the
required two-mode interaction we use the CV 𝐶𝑍:

𝐶𝑍𝐴𝑅 := exp(𝑖𝑥𝐴𝑥𝑅). (3.5)

We can, therefore, use that the ancillas are prepared as position eigenstates with null eigenvalue
to function as a switch for the entangling interaction: 𝐶𝑍𝐴𝑅 |0⟩𝑥 = 1.

We define the ancilla-register entangling interaction using eqs. (3.3) and (3.5) as

𝐸𝐶𝑉−𝐶𝑉𝐴𝑅 = 𝑆𝑊𝐴𝑃𝐴𝑅𝐶𝑍𝐴𝑅 (3.6)

Note that the only local gate is the 𝑁𝑂𝑇𝐴 on the ancilla (comparing with the general form of
the ancilla-register interaction in eq. (2.18), we have the other local gates 𝑘 (1)

𝐴
= 𝑘
(2)
𝑅

= 𝑘
(1)
𝑅

= 1).
The circuit corresponding to the ancilla-register interaction is given in fig. 3.1.

The elements of the 𝑆𝑊𝐴𝑃 gate may be understood by their action on the quadratures. The
local 𝑁𝑂𝑇𝐴 is a rotation in phase-space by 𝜋, equivalent to two Fourier transforms, mapping
𝑞𝐴 → −𝑞𝐴. Meanwhile, 𝐵𝐴𝑅 (𝜋/2) is a rotation (and twist) of the quadratures between two
modes: the ancilla and register quadratures are swapped with a factor of −1 appearing in the
register. Writing the position quadratures of the ancilla and register as a vector with entries in
that order, we have (

𝑥𝐴
𝑥𝑅

)
𝐵(𝜋/2)
−−−−−−→

(
−𝑥𝑅
𝑥𝐴

)
. (3.7)

Putting the two together gives the expected 𝑆𝑊𝐴𝑃 operation.
Using that the 𝐶𝑍𝐴𝑅 is effectively an identity when it involves the ancilla in its initial state,

we find that the ancilla-register interaction gives

𝐸𝐴𝑅 |𝐴⟩ |𝑅⟩ = 𝑆𝑊𝐴𝑃𝐴𝑅𝐶𝑍𝐴𝑅 |0⟩𝑞,𝐴 |𝜙⟩𝑅
= 𝑆𝑊𝐴𝑃𝐴𝑅 |0⟩𝑞,𝐴 |𝜙⟩𝑅
= |𝜙⟩𝐴 |0⟩𝑞,𝑅 . (3.8)

The need for the 𝐶𝑍𝐴𝑅 gate becomes clear when enacting the two-register gate (see eq. (3.10)
below).

R •

A •
≡ 𝐵( 𝜋2 )• ¬

Figure 3.1: CV-CV ACQC basic interaction definition, 𝐸𝐴𝑅. The gates label 𝐵( 𝜋2 ) and ¬
correspond to the beam-splitter with phase 𝜋/2 and the NOT gate respectively.

Next we show how to use the ACQC model to produce the following universal gates for
continuous variable quantum computation{

𝐹, 𝑈k (\) = exp
(
𝑖
\

𝑘
𝑥𝑘

)
, 𝐶𝑍∞ = exp(𝑖𝑥1𝑥2)

}
, (3.9)

for 𝑘 = 1, 2, 3, as given in eq. (2.16) in section 2.1.3.2.
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Gates for CV-CV ACQC

The gates used for the ACQC model presented here are based on the fact that the ancilla-register
interaction is equivalent to a 𝑆𝑊𝐴𝑃 whenever one of the states is the zero position eigenvalue.
Thus, the single mode gates are enacted without local operation of the register by moving the
information onto the ancilla where the desired gate is implemented:

|𝜙⟩ • • 𝑈k (\) |𝜙⟩

|0⟩𝑞 • 𝑈k (\) • |0⟩𝑞

The two-mode gate follows a similar procedure by first swapping the ancilla and one register
state before interacting with a second register state. The information still contained in the ancilla
is returned to its original mode effecting a control-𝑍 between the two register states. The circuit
and its effective action on the register is

|𝜙⟩ • •
|𝜓⟩ •
|0⟩𝑞 • • • |0⟩𝑞

 𝐶𝑍 |𝜙⟩|𝜓⟩ ≡
|𝜙⟩
|𝜓⟩ •

 𝐶𝑍 |𝜙⟩|𝜓⟩
(3.10)

Note that for gates on both one and two modes, the ancilla is preserved in its initial state
after computation. This opens up the possibility of reusing the ancilla during computation. This
would be more economical in preparation resources and allow for an architecture as presented in
fig. 3.2.

Figure 3.2: Diagram of a possible quantum computer architecture with a reusable flying ancilla.
Gates on the register elements – here depicted as a sphere – are implemented by each pass of the
ancilla. The flying ancilla could be reused to perform computation through the CV and hybrid
ancilla-controlled models presented in this chapter.
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Summary of CV ACQC
We have presented a model of quantum computing which allows for deterministic computation on
a register which is accessed only via an ancillary state. Furthermore, the ancilla is left unchanged
after the computation, leaving the option for architectures that are more economical in terms of
ancilla preparation. An important factor is the relationship between the informational lifetime
in the ancilla and gate times. As noted earlier, the ancilla and register need not be the same
physical platform. For example, one may couple an optical system to a mechanical resonator
[84], a superconducting circuit to mechanical resonator inside a cavity [85, 86] or a cantilever
with the position and momentum of a trapped ion [87]. Due to long coherence times and fast
gate operations, these platforms lend themselves readily for register implementation. Meanwhile,
beneficial characteristics of ancillas include ease of manipulation to mobility. For this, optical
systems are particularly well suited [88, 89]. Other CV systems, such as microwaves, have seen
use for interfacing processing elements internally and with communication platforms [90].

3.2 Hybrid variable ACQC
A main theme of this report is that of taking a step toward practical implementation of the
ACQC model. Future quantum computers are likely to be hybrid systems made up of different
physical platforms [84]. Qubit systems are maturing for use in computational tasks and it is
therefore natural to discuss computation on qubits. Platforms implementing qubits span many
areas of research such as superconducting circuits [91–95], ion traps [43, 96–100] and photonic
systems [101–103], to name a few, possibly by combining a number of them. For example, using
superconducting circuits for calculations and ion traps for memories, as suggested in [84, 104,
105].

For useful computation, information needs to be transferred between separate components.
Continuous variable systems are well-suited for this task and have seen application in quantum
communication protocols – see citing articles of ref. [106]. They can therefore serve the role of
ancillas in ACQC. Earlier in this thesis, quadratures of light have been discussed as an example
of continuous degrees of freedom. Other examples include the motion of mechanical oscillators
[86, 107–109] and the position and momentum of trapped ions [104, 105].

Here we present models of computation, within the ACQC umbrella, suitable for hybrid
systems where the register is made up of qubits and the ancillas are continuous. We give two
particular examples where the register is coupled quadratically or linearly to the ancilla’s quadra-
ture operators.

A model that gives rise to both Hamiltonians considered below is the Jaynes-Cummings
model [110]. The linear case follows directly while the quadratic Hamiltonian is a special case of
the model, taken to the dispersive regime.

3.2.0.1 Quadratic Hamiltonian
We present an ACQC model based on the following Hamiltionian1

𝐻2 = 𝜒
[
𝑎†𝑎�̂�𝑧 + �̂�+�̂�−

]
=
𝜒

2

[(
𝑥2 + 𝑝2

)
�̂�𝑧 + �̂�+�̂�−

]
, (3.11)

with 𝜒 giving the strength of interaction. We left out the subscripts (𝐴,𝑅) since there is no
ambiguity as to which space the operators act on. The Hamiltonian 𝐻2 couples the qubit
quadratically (in terms of ladder or quadrature operators) to the continuous variable mode.

1 For a derivation, see ref. [73].
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In the analysis below, we disregard in the Hamiltonians the local terms on the register and
ancilla as these can be taken into account by the local gates in the definition of 𝐸𝐴𝑅. Since
�̂�+�̂�− = 1

2 (1 + �̂�𝑧) commutes with �̂�𝑧, we can extract exp(�̂�+�̂�−) and let the local gate on the
register include2 𝑘 (2)

𝑅
= 𝑒 �̂�+ �̂�− . We therefore redefine

𝐻2 =
𝜒

2

[(
𝑥2 + 𝑝2

)
�̂�𝑧

]
(3.12)

Suitable platforms are ones which couple the qubit quadratically to the qumode, for exam-
ple a Jaynes-Cummings like interaction. In the dispersive regime, one finds that the effective
interaction involves a 𝑎𝑎†�̂�𝑧 term [73]. The dispersive Jaynes-Cummings interaction has been
enacted in the cavity QED setting of a transmon coupled to cavity modes [111–114]. Physical
systems include a superconducting qubit coupled to either a cavity mode or a mechanical res-
onator [115, 116]. Other examples are that of a spin ensemble coupled to a cavity mode via
the Tavis-Cummings interaction [84, 117] or a single-spin qubit in an NV-center coupled to a
mechanical resonator [107, 108].

We define the ancilla-register interaction from Hamiltonian in eq. (3.12). We let the evolution
time be 𝑡 = 𝜋

𝜒2 and set the local gates to 𝑘 (2)
𝐴

= 𝐹†, 𝑘 (2)
𝑅

= 𝐻, and 𝑘
(1)
𝐴

= 𝑘
(1)
𝑅

= 1. Then we have

𝐸𝐴𝑅 = 𝐹†𝐻𝑒𝑖
𝜋
4 (𝑥

2+𝑝2 ) �̂�𝑧

= 𝐹†𝐻
[
𝐹 |0⟩⟨0| + 𝐹† |1⟩⟨1|

]
(3.13)

= 𝐻
[
1𝐴 |0⟩⟨0| + 𝐹2 |1⟩⟨1|

]
,

where we used that 𝐹†2 = 𝐹†
2
𝐹†4 = 𝐹†2. We used eq. (1.8) to expand the exponential function

of operators. An interpretation of 𝐸𝐴𝑅 is that the qubit conditions a rotation of the ancilla in
phase-space.

The last line in eq. (3.13) uncovers the interpretation of 𝐸𝐴𝑅 as a mirroring of the ancilla about
𝑞 = 0, conditioned on the state of the qubit. That is, we have the transformation |𝑎⟩ 𝐸𝐴𝑅−−−→ |𝑎⟩ if
the qubit is |0⟩; and |𝑎⟩ 𝐸𝐴𝑅−−−→ |−𝑎⟩ if the qubit is |1⟩. Meanwhile, the register qubit is mapped to
the conjugate basis by the Hadamard operator.

Compared to the homogeneous CV-CV case, a simple swap is not possible due to the different
dimensions of the spaces of the ancilla and register. Instead, computation is effected by entangling
the register and ancilla such that manipulation of the ancilla lead to a back-action effect on the
register.

When it comes to applying the gates on the register, this hybrid ACQC model shows three
differences to the CV-CV model presented in section 3.1. First, both gates require a displacement
of the ancilla. Second, the particular state of the ancilla is important as its eigenvalue, 𝑎, appears
in the resulting effect on the register. Third, a second ancilla is required to perform computation.
This becomes apparent by attempting to produce the qubit rotation, 𝐽 (𝛾) = 𝐻𝑒𝑖

𝛾

2 �̂�𝑧 , by using
only one ancilla.

We will compare the qubit rotation with the case when we use only one ancilla. For example,
removing the second ancilla from eq. (3.16). Let 𝑂 be some operator on the ancilla space.

2 Recall the general form of the ancilla-register interaction in eq. (2.18): 𝐸𝐴𝑅 = 𝑘
(2)
𝐴
𝑘
(2)
𝑅
�̂�AR (�̂�AR )𝑘 (1)𝐴 𝑘

(1)
𝑅
.
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Consider then the effective operator on the register due to the following:

𝐸𝐴𝑅𝑂𝐸𝐴𝑅 = 𝐻 [1𝐴 |0⟩⟨0| + 𝐹2 |1⟩⟨1|] · 𝑂 · 𝐻 [1𝐴 |0⟩⟨0| + 𝐹2 |1⟩⟨1|]

= 𝐻

[
𝑂 ⟨−|0⟩ |0⟩⟨0| +𝑂𝐹2 ⟨+|0⟩ |1⟩⟨0| + 𝐹2𝑂 ⟨−|1⟩ |0⟩⟨1| + 𝐹2𝑂𝐹2 ⟨+|1⟩ |1⟩⟨1|

]
= 𝐻

[
− |0⟩⟨0|𝑂 + |1⟩⟨0|𝑂𝐹2 + |0⟩⟨1| 𝐹2𝑂 + |1⟩⟨1| 𝐹2𝑂𝐹2

]
= 𝐻

(
−𝑂 𝐹2𝑂

𝑂𝐹2 𝐹2𝑂𝐹2

)
. (3.14)

The last line is a short-hand using the vector representation of the computational basis.
Let us compare now eq. (3.14) with the qubit rotation:

𝐽 (𝛾) = 𝐻𝑒𝑖
𝛾

2 �̂�𝑧

= 𝐻

[
𝑒−𝑖

𝛾

2 |0⟩⟨0| + 𝑒𝑖
𝛾

2 |1⟩⟨1|
]

= 𝐻

(
𝑒−𝑖

𝛾

2 O

O 𝑒𝑖
𝛾

2

)
. (3.15)

To avoid the off-diagonal terms, we would require 𝑂 = O. However, this would set also the
diagonal entries to vanish. Thus it is not possible to produce the qubit rotation using only one
ancilla in the model presented here.

A solution to this is the inclusion of a second ancilla. If the ancilla is the zero eigenstate
of position or momentum, then 𝐸𝐴𝑅 is equivalent to a Hadamard on the register. One may
see this using the interpretation of 𝐸𝐴𝑅 as a conditional rotation by 𝜋. Such a rotation leaves
the zero eigenstates in their initial state. Since 𝐹2 |0⟩ = |−0⟩ = 1 |0⟩, we have that 𝐸𝐴𝑅 |0⟩𝐴 =

𝐻 [|0⟩⟨0| + |1⟩⟨1|] |0⟩𝐴 = 𝐻 |0⟩𝐴 , by the resolution of the identity in the basis {|0⟩ , |1⟩}. Thus,
including a second ancilla in eq. (3.14) gives the desired result. This operation is given by the
following circuit:

|𝜙⟩ • • • 𝐽 (𝛾𝑎) |𝜙⟩

|𝑎⟩𝑞 • 𝐷 (𝛾) • |𝑎⟩𝑞

|0⟩𝑞 • |0⟩𝑞

(3.16)

The dashed line marks the register (above) and ancilla (below) spaces. Note that interaction
of the register successively with two ancillas are used to enact the qubit rotation, 𝐽 (𝛾𝑎). The
particular rotation parameter can be controlled by the ancilla displacement 𝐷 (𝛾).

The two-qubit gate follows a similar reasoning for the requirements of two ancillas. Nonethe-
less, a universal qubit entangling gate may be enacted through the circuit:

|𝜙⟩ • • •
|𝜓⟩ • • • |𝜙⟩ 𝐻

≡
|𝑎⟩𝑞 • • 𝐷 (𝛾) • • |𝜓⟩ 𝐻

|0⟩𝑞 • •

(3.17)

Let the register spaces be 𝑅1 and 𝑅2 and let 𝛾 parametrise the displacement on the ancilla. The
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resulting operation on the register states, |𝜙⟩ and |𝜓⟩, is

𝐻𝑅1𝐻𝑅2 exp
(
𝑖𝛾𝑥�̂�𝑅1

𝑧 �̂�𝑅1
𝑧

)
|𝑎⟩𝐴 = |𝑎⟩𝐴𝑈2,𝑅1𝑅2 (𝛾𝑎), (3.18)

with 𝑈2,𝑅1𝑅2 (𝛾𝑎) given in eq. (2.8).
Whenever |𝛾𝑎 | ≤ 𝜋/2, 𝑈2,𝑅1𝑅2 (𝛾𝑎) is entangling and is sufficient for universal quantum com-

putation together with arbitrary single qubit rotations [118].
We have shown how to perform deterministic computation in a register made up of qubits

which is accessed only through the interaction with a continuous-variable ancilla. Usefully, only
linear displacements of the ancilla are required.

3.2.0.2 Linear Hamiltonian
We next build a model based on the following Hamiltonian, linear in the position quadrature:

𝐻1 = _

(
𝑎† + 𝑎

)
�̂�𝑧 ,= 2_𝑥�̂�𝑧 , (3.19)

with _ setting the interaction strength. This Hamiltonian couples the qubit linearly to the
qumode, in terms of the quadrature operators. Similarly to Hamiltonian 𝐻2 in eq. (3.12), it
may be interpreted as a conditional operation on the ancilla, based on the state of the qubit.
In this case we have a displacement due to the linear coupling. This interaction may be seen
in Jaynes-Cummings type interactions (without going to the dispersive regime unlike for 𝐻2 in
eq. (3.12)) [44, 111, 112, 119].

Physical platforms which could be used to implement the ACQC model based on the 𝐻1 in
eq. (3.19) include the coupling of the two lowest eigenstates of an optical cavity, forming a qubit,
with a mechanical resonator or propagating photons [84]. Cavity QED would also be a suitable
platform [111].

To define the ancilla-register interaction, we parametrise the time evolution by \ = 2_𝑡. Let
further the local gates be 𝑘 (2)

𝐴
= 1𝐴, 𝑘 (2)

𝑅
= 𝐻 and 𝑘

(1)
𝐴

= 𝑘
(1)
𝑅

= 1 so that the ancilla-register
operation is

𝐸𝐴𝑅 = 𝐻𝑒𝑖 \ 𝑥 �̂�𝑧 . (3.20)
We now provide a universal set of gates. The single qubit gate may be enacted through

𝐽 (𝛽) = 𝑒−𝑖 𝑝
𝛽

2\ · 𝐹2𝐸𝐴𝑅𝐹
2 · 𝑒𝑖 𝑝

𝛽

2\ · 𝐸𝐴0𝑅𝐸𝐴𝑅, (3.21)

where 𝐸𝐴0𝑅 is the interaction between the register and an ancilla prepared in the zero eigenstate
of position. The interaction with the zero ancilla is a Hadamard on the register: 𝐸𝐴𝑅 |0⟩ ≡ 𝐻. A
derivation of eq. (3.20), in the flavour of ref. [31], may be found in appendix B.

|𝜙⟩ • • • 𝐽 (𝛾) |𝜙⟩

|𝑎⟩𝑞 • 𝐷
( 𝛾

2\
)

𝐹2 • 𝐹2 𝐷
( −𝛾

2\
) |𝑎⟩𝑞

|0⟩𝑞 • |0⟩𝑞

(3.22)

Note that there are operators at the end of the circuit which do not act on the register
(𝑒−𝑖 𝑝

𝛾

2\ ·𝐹2). While these are not required to perform the desired operation on the register, they
return the ancilla to its initial position. In cases when the ancillas would be discarded, these can
be left out, leaving the ancilla in the position eigenstate state

��−𝑎 − 𝛾

2\
〉
𝑥
.
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The two qubit gate may be implemented by the following procedure:

𝑈2,𝑅1𝑅2 (\) = 𝐹𝐸𝐴𝑅2𝐹
† · 𝐸𝐴𝑅1 · 𝐹†𝐸𝐴0𝑅2𝐸𝐴𝑅2𝐹 · 𝐹2𝐸𝐴0𝑅1𝐸𝐴𝑅1𝐹

2, (3.23)

and is described by the following circuit:

|𝜙⟩ • • •
|𝜓⟩ • • • |𝜙⟩ 𝐻

≡
|𝑎⟩𝑞 𝐹2 • 𝐹2 𝐹 • 𝐹† • 𝐹† • 𝐹 |𝜓⟩ 𝐻

|0⟩𝑞 • •

(3.24)

Once again, the last Fourier transform returns the ancilla to its initial state.

Note that there is no displacement of the ancilla which controls the two-qubit interaction
in eq. (3.23). This parameter is set by the register-ancilla interaction through \. Hence, in
this scenario, we set \ = 𝜋/4 so that the two-qubit gate is maximally entangling. In turn, the
single-qubit rotation in eq. (3.21) is obtained by choosing suitable ancilla displacements.

An interesting point is that the state of the non-zero ancilla is not important as the state
eigenvalue does not appear in the effective qubit gates. However, the zero ancilla state is impor-
tant to enact the Hadamard gate.

Together, the gates in eqs. (3.21) and (3.23) suffice for universal computation using the ACQC
model based on Hamiltonian 𝐻1 from eq. (3.19).

Summary of hybrid ACQC
We presented the ACQC model built from Hamiltonians which couple the qubits linearly or
quadratically to the quadratures of the ancilla. While we derived specific models, others may be
similarly formulated. For example, one may couple linearly to the momentum quadrature which
corresponds to a mere redefinition of the ancilla state. In the quadratic model, one may alter the
interaction time and preserve the same ancilla-register interaction by modifying the local gate
on the ancilla such that 𝑡 = 3𝜋

𝜒4 and 𝑘𝐴 = 𝐹†3.
The examples given all produce deterministic computation with no correction terms. Since,

apart from 𝐸𝐴𝑅, the register is left untouched it can be engineered to decrease information
leakage. Further, since the register-ancilla interaction is unique, the physical platform may be
optimised for allowing that interaction. The register can be made of superconducting circuits,
ion traps, nuclear spin while the ancillas may be mechanical resonators, photons, vibrational
modes of trapped ions [84, 120].

Another commonality amongst the ACQC schemes presented here is that the ancillas are
returned to their initial state. This opens up the possibility for multiple uses, allowing a more
economical use of resources and for more efficient operation. A diagram of this architecture was
given in fig. 3.2.

In contrast to the homogeneous models of continuous and discrete variables, the hybrid models
seem to require a secondary ancilla. However, these ancillas could be taken from the same pool
by displacing them prior to computation.

This concludes our presentation of the ACQC models on hybrid systems where the register
is made up of qubits and are controlled by continuous variable ancillas. Taking a further step

3 This result was obtained by Iason Apostolatos who carried out their master’s project under my co-
supervision.
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towards experimental systems, we provide an analysis of realistic ancilla states on both the
CV-CV and CV-DV models.

3.3 Finite squeezing effects in the ancilla-based models

Moving towards a physical implementation of the hybrid ACQC, we analyse the effect of using
realistic ancillas. Quadrature eigenstates are unphysical as they don’t form part of the ancilla
Hilbert space (e.g. they are not square-integrable). Instead, they may be described by delta-
functions in phase-space corresponding to the limiting cases of infinitely squeezed coherent states.
Infinite squeezing requires unbounded energy. We now consider the effect of finite squeezing on
the ACQC model.

Squeezing is defined by the squeezing operator [26, p. 90] (see eq. (1.52))

𝑆(b) = exp
(
b

2𝑥𝑝
)
= exp

(
𝑖
b

2 (𝑎
2 − 𝑎†2)

)
, (3.25)

with b ∈ R for the purposes of this section (b ∈ C in general). Its effect on the quadratures is

𝑆† (b)𝑥𝑆(b) = 𝑒−b 𝑥. (3.26)

The variance in position is given by Var[𝑥] = ⟨𝑥⟩2 − ⟨𝑥2⟩, with ⟨𝑥⟩ giving the mean position. For
a coherent state – eigenstate of the annihilation operator 𝑎 |𝛼⟩ = 𝛼 |𝛼⟩ – the variance is reduced
by the amount determined by the squeezing parameter:

Var[𝑥] = 𝑒−b

2 . (3.27)

Squeezing in one variable produces anti-squeezing in the conjugate so that the Heisenberg uncer-
tainty relation is preserved: Var[𝑥]Var[𝑝] = 𝑒−b

2
𝑒b

2 = 1
4 . That is, squeezing retains the product of

variances along orthogonal axes but changes each individual variance. Taking the limit b → ∞
elucidates the interpretation of quadrature eigenstates having zero variance around an eigenvalue
of position. The same argument applies for eigenstates of momentum.

Here we will describe finitely squeezed ancilla states as Gaussian superpositions of quadrature
eigenvectors [54]: ��𝐴𝑠,𝑑〉 = ∫

R
𝑔𝑠,𝑑 (𝑎) |𝑎⟩𝑥 d𝑎, (3.28)

with 𝑥 |𝑎⟩𝑞 = 𝑎 |𝑎⟩𝑞 and normalised Gaussian weights 𝑔𝑠,𝑑 (𝑥) =
√
𝑁 exp

[
(𝑥−𝑑)2

4𝑠2

]
with 𝑁 such that∫

R
𝑔2
𝑠,𝑑
(𝑥)d𝑥 = 1. The ancillas are thus Gaussian superpositions of position eigenvalues centred at

𝑑 and with variance 𝑠. Taking the limit of squeezing to infinity (𝑠 → 0) collapses the Gaussian
to a Dirac delta-function and returns, as expected, the position eigenstate with eigenvalue 𝑑

lim
𝑠→0

��𝐴𝑠,𝑑〉 = |𝑑⟩𝑞 . (3.29)

From this definition, one retrieves the zero-ancilla by a position displacement of −𝑑:
��𝐴𝑠,0〉 =

�̂� (−𝑑)
��𝐴𝑠,𝑑〉 where �̂� (𝑑) = 𝑒−𝑖𝑑𝑝 (see eq. (1.49)).

We now analyse the effects on the computing models.
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3.3.1 Hybrid ACQC with finite squeezing
For the model from the quadratic Hamiltonian, 𝐻2 =

𝜒

2
(
𝑥2 + 𝑝2) 𝜎𝑧 , the single and two-qubit

gates are enacted through the following interaction with the infinitely squeezed ancillas

𝐸𝐴𝑅𝑒
−𝑖 𝛼2𝑑 𝐸𝐴0𝑅𝐸𝐴𝑅 |𝑑⟩𝑞 ≡ 𝐽 (𝛼);

𝐸𝐴𝑃𝐸𝐴𝑅𝑒
𝑖
𝛽

𝑑 𝐸𝐴0𝑃𝐸𝐴0𝑅𝐸𝐴𝑃𝐸𝐴𝑅 |𝑑⟩𝑞 ≡ 𝑈2,𝑅1𝑅2 (𝛽), (3.30)

with 𝐽 and 𝑈2,𝑅1𝑅2 given in eqs. (2.7) and (2.8).
Replacing the ancillas with the finitely squeezed ones from eq. (3.28), gives the following

𝐸𝐴𝑅𝑒
−𝑖 𝛼2𝑑 𝐸𝐴0𝑅𝐸𝐴𝑅

��𝐴𝑠,0〉𝑞 ��𝐴𝑠,𝑑〉𝑞 =
��𝐴𝑠,0〉𝑞 ∫

𝑔𝑠,𝑑 (𝑎) |𝑎⟩𝑞 𝐽
(𝛼𝑎
𝑑

)
d𝑎, (3.31)

and

𝐸𝐴𝑃𝐸𝐴𝑅𝑒
𝑖
𝛽

𝑑 𝐸𝐴0𝑃𝐸𝐴0𝑅𝐸𝐴𝑃𝐸𝐴𝑅
��𝐴𝑠,0〉𝑞 ��𝐴𝑠,𝑑〉𝑞 =

��𝐴𝑠,0〉𝑞 ∫
𝑔𝑠,𝑑 (𝑎) |𝑎⟩𝑞𝑈2,𝑅𝑃

(
𝛽𝑎

𝑑

)
d𝑎. (3.32)

We can note three things: first, the result agrees with the infinite squeezing result when we take
the limit 𝑠 → 0; finite squeezing in the zero-ancilla produces no effect as it returns to its initial
state (because it is symmetric about 𝑥 = 0) and; third, for any finite 𝑠, the register and ancilla
remain entangled after the gate application. We discuss the third point below.

Next we move on to hybrid ACQC from a linear Hamiltonian, 𝐻1 = 2_𝑥�̂�𝑧, giving the non-
local part of 𝐸𝐴𝑅 = 𝐻𝑒𝑖 \ 𝑥 �̂�𝑧 .

In this case, interaction with the zero-ancilla is required to implement the bare Hadamard,
allowing the equality in eqs. (3.21) and (3.23). Extending the ancillas to

��𝐴𝑠,0〉, as per eq. (3.28),
leads to the same conclusion as above: the register and ancilla remain entangled after the circuit.

There are a number of consequences of the remaining entanglement. First, there may be
information leaking into the ancilla as time passes, corrupting the register state. Likewise,
noise may be introduced through the coupling to the ancilla. This could be understood as the
ancilla bridging the register qubits and the environment. A next step in analysing the model
could be by performing a fault-tolerance analysis. Such an analysis showed that the continuous-
variable measurement-based model was fault-tolerant for squeezing up to 20.5𝑑𝐵 [68]. A point
to consider, however, is that the finite squeezing effects enter differently in measurement-based
scenarios compared to fully unitary schemes.

Next, at the end of computation, a read-out measurement has to be performed. This leads to
removal of the entanglement between register and ancilla. However, it also removes determinism
from computation, as is the case with ADQC [58, 77] (see section 4.3). Looking at eq. (3.31),
we may see that the rotation on the qubit depends on the measurement outcome. Since any
correction would also be probabilistic, determinism is lost.

3.4 Chapter summary and discussion
We have presented models of quantum computation on a register which is not directly controlled.
In fact, apart from an interaction between register and a secondary state – the ancilla – all
operations are performed on the ancilla. The models presented are thus examples of Ancilla-
controlled quantum computation [77–79]. For a summary of the properties of the ancilla-based
models presented here and in chapter 4, please see table 3.1.

We investigated three settings: a model where register and ancilla states are both described by
continuous variables; two hybrid models where the register is made up of qubits and the ancillas
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are continuous variables – one where the interaction is quadratic in the ancilla quadrature and
one linear.

The models share some common properties, despite the different interpretations of the effect of
the register-ancilla interaction. The models describe deterministic quantum computation without
the need for correction. Further, the initial state of the ancillas is retained after computation,
opening the possibility for multiple uses. We presented a diagram of such a set-up in fig. 3.2.
In a realistic scenario, it seems sensible that the ancillas are reused only a number of times, as
errors could increase with the number of actions on the ancilla. To give a specific number of
ancilla operations, an analysis of the physical platform would be required.

There are several suitable platforms for the hybrid ACQC mode. For the quadratic case,
based on 𝐻2 from eq. (3.11), the model presented is based on an interaction which couples
the qubit quadratically to the qumode. The ancilla-register coupling used is generated by the
dispersive Jaynes-Cummings interaction. That interaction has been investigated in the cavity
QED setting of a transmon coupled to cavity modes [111–114]. Physical systems include a
superconducting qubit coupled to either a cavity mode or a mechanical resonator [115, 116].
Examples with similar interactions are that of a spin ensemble coupled to a cavity mode via
the Tavis-Cummings interaction [84, 117] or a single-spin qubit in an NV-center coupled to a
mechanical resonator [107, 108].

Meanwhile the linear model, built from 𝐻1, can be prepared by systems with a non-dispersive
Jaynes-Cummings interaction [44, 111, 112, 119]. Physical platforms include those where the two
lowest eigenstates of an optical cavity, forming a qubit, are coupled with a mechanical resonator
or propagating photons [84]. Cavity QED would also be a suitable platform [111].

A suitable continuation of the work presented here is to build models from other interactions.
A starting point can be with a particular physical system in mind. Also phrasing adjacent models
to the ones presented here by making some alteration to the requirements. For example adding
the possibility of a different interaction time in the ancilla-register interaction opens up to a
broader class of computation models. However, this also leads to the loss of certain properties
of the ancilla-based models presented here – having a unique register-ancilla interaction allows
to build strongly optimised systems.

The hybrid variable models have some added requirements. Primarily, the register is required
to interact with a second ancilla for implementing the elementary gates although they may be
prepared from the other ancillas through a displacement. We showed an argument as to why the
second ancilla is required in the models presented.

This line of thought leads to the question about generalising ancilla-based models. The second
ancilla allows the register to disentangle from the first ancilla. It would be interesting to know if
there are other useful properties of ancilla-based models with more than one ancilla. In the long
term, it would be useful to have a general theory of hybrid ancilla-controlled models, in the vein
of ref. [76] where ADQC and homogeneous ACQC were phrased in general terms.

In section 3.3, we presented a finite-squeezing analysis of the hybrid models. This is a step
towards a realistic scenario. The set-up was to generalise the ancillas from position eigenstates to
Gaussian superpositions of those. The Gaussian variance corresponds to the level of squeezing.
The analysis shows that the ancilla and register remain entangled after computation, leading
to a lessened isolation of the register. This opens a channel for information leaking to the
environment. A way to understand the effect on the register could be through methods used
in open quantum systems. To understand the viability of the hybrid ACQC models, ways of
dealing with the persistent entanglement need to be investigated. One way forward is to consider
the measurement during read-out. In this case the ACQC models collapses to ADQC and the
remaining entanglement means that computation becomes stochastic (see chapter 4).

The analysis could be complemented with a fidelity calculation of the gates in the finite-
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squeezing scenario4. The resulting gate on the register can be obtained by tracing out the ancilla
space and calculating the fidelity to the perfect gate implementation. Define the gate due to
interaction with a finitely-squeezed ancilla as 𝐺fs and the ideal gate as 𝐺ideal and the let the
density matrices of the reduced register states under those transformation be given by 𝜌fs and
𝜌ideal respectively. As a starting point, one may consider the overlap5, Tr[𝜌fs 𝜌ideal], as a figure
of merit. For a pure register state |𝜙⟩, this overlap is simply

| ⟨𝜙|𝐺fs𝐺ideal |𝜙⟩|2. (3.33)

Since the overlap depends on the state |𝜓⟩, this needs to be carefully considered. One approach
is to take the average over possible register states. We leave this calculation for future work.

Despite the similarities between the measurement-based model and the ancilla-driven model,
the latter has been shown to be more resilient to certain types of noise than the measurement-
based model [81] in the qubit scenario. It would be interesting to investigate how ACQC fares
compared to both. While the ACQC models requires more interactions between register and
ancilla, it avoids the imperfections in measurement so there is promise of improvement.

Table 3.1: Comparison of different ancilla-based models of quantum computation

Model dim(HR) dim(HA) Finite squeezing Ancillas Determinism Errors Ref.

ADQC

DV DV N/A 1 Yes Commutable; Fixed by
basis redefinition [75]

CV CV

No 1 Yes Commutable; Fixed by
basis redefinition

[77]

Yes 1 Yes Commutable; only
Gaussian gates checked;
interpretation?

chapter 4

DV CV
No 1 No Probabilistically removed [77]
Yes 1 No Probabilistically removed * chapter 4

ACQC

DV DV N/A 1 (reusable) Yes Commutable (in general
case)

[78, 79]

CV CV
No 1 (reusable) Yes None ** [77]
Yes 1 (reusable) *** Residual entanglement chapter 3

DV CV
No 2 (reusable) Yes None chapter 3
Yes 2 (reusable) *** Residual entanglement chapter 3

* Probabilities altered by squeezing.
** Commutable in general case. No error term appears in the model considered in this paper.
*** Effect of residual entanglement on determinism unclear.

4 This complementary analysis was suggested by the external examiner to this thesis, Tommaso Tufarelli.
5 In the case of pure states, this coincides with the Uhlmann fidelity [26, p.228], Tr

[√︁√
𝜌1𝜌0

√
𝜌1

]
, for density

matrices 𝜌0 and 𝜌1.



CHAPTER44
Ancilla-based quantum
computation driven by

measurements on the ancilla

The content of this chapter is unpublished work.
The ACQC models presented herein were introduced in the master’s thesis from ref. [82]. My
addition to those sections was to provide more details and a cleaner derivation of the gateset
presented; expanded qualitative statements – for example on suitable experimental platforms. I
also corrected the error-analysis in section 4.2 arriving to a alternative conclusion. I further
expanded the analytic work by performing the finite-squeezing analysis in section 4.3.

We present models of ancilla-based quantum computation where measurements on the ancilla
effect gates on registerWe do that in two setting: homogeneous continuous variable and hybrid,
where the register is made up of qubits and the ancillas are CV systems.

4.1 Continuous variable ADQC
We show how to use the ADQC model to implement the universal set of gates for CV quantum
computation: {

𝐹, 𝑈k (\) = exp
(
𝑖
\

𝑘
𝑥𝑘

)
, 𝐶𝑍𝐴𝑅 := exp(𝑖𝑥𝐴𝑥𝑅)

}
, (4.1)

where 𝑘 = 1, 2, 3.
The register states are arbitrary CV states,

|𝜓⟩ =
∫
R

d𝑥𝜓(𝑥) |𝑥⟩ ∈ H𝑅, (4.2)

for a complex function 𝜓. The ancillas are initialised in the continuous variable conjugate (mo-
mentum) basis,

|𝐴⟩ := |0⟩𝑝 ∈ H𝐴, (4.3)

as momentum eigenstates with zero eigenvalue. Although H𝐴 and H𝑅 are of the same type, we
label operations on the different spaces by a subscript.

The operation between register and ancilla used to derive the homogeneous CV model is

𝐸𝐴𝑅 := 𝐹†
𝐴
𝐹𝑅𝐶𝑍𝐴𝑅, (4.4)

where 𝐶𝑍 is a continuous variable controlled-𝑍 gate, 𝐶𝑍∞, that couples register and ancilla as
given in eq. (4.1).

The gates on a single register qumode, as parametrised in eq. (4.1), are implemented as
follows:

𝑝 ⟨𝑚 |𝑈k,A (\)𝐸𝐴𝑅 |0⟩𝑝,𝐴 = 𝑋 (𝑚)𝐹𝑅𝑈k,R (\). (4.5)
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Here 𝑋 (𝑚) := exp(−𝑖𝑚𝑝𝑅) is a displacement in the position quadrature generated by the ancilla
measurement. Similar to the qubit case in section 2.2.4.1, the error term, exp(−𝑖𝑚𝑝𝑅), may
be accounted for by a redefinition of the computational basis or corrected after computation
through classical feed-forward from the measurement outcome. For the derivation of eq. (4.5)
see appendix C. The circuit which produces the single-mode gate is

|𝜙⟩ • 𝑋 (𝑚)𝐹𝑅𝑈k (\) |𝜙⟩

|0⟩𝑞 • 𝑈k (\) 𝑝
𝑚

(4.6)

The 𝐶𝑍∞ gate is implemented through a measurement of the ancilla in the position basis

𝑞 ⟨𝑚 | 𝐸𝐴𝑅2𝐸𝐴𝑅1 |0⟩𝑝 = 𝑒−𝑖𝑚𝑥1𝐹1𝐹2 exp(−𝑖𝑥1𝑥2). (4.7)

One obtains the correct form of 𝐶𝑍 by recalling that 𝐹2𝑥𝐹2 = −𝑥. Likewise, the term exp(−𝑖𝑚𝑥1)
may be corrected by a Fourier transformation and a basis redefinition. The implementation of the
𝐶𝑍 gate is therefore stepwise-deterministic, as was the case with the measurement-free ACQC
in chapter 3. The ADQC procedure giving the two-mode gate is represented by the following
circuit:

|𝜙⟩ •
|𝜓⟩ •

|0⟩𝑞 • •
𝑥

𝑚

𝑋𝑅1 (𝑚)𝐹1𝐹2𝐶𝑍 |𝜙⟩|𝜓⟩
(4.8)

We derived a model of continuous-variable ADQC from on the Hamiltonian 𝑥𝐴𝑥𝑅. Compu-
tation is deterministic. Computational errors may be corrected by a redefinition of the compu-
tational basis, determined by the ancilla measurement outcomes.

4.2 Hybrid variable ADQC
We move on to the hybrid scenario where the register is made up of qubits and the ancilla is a
position quadrature eigenstate. That is, |𝜙⟩ ∈ H2, and |𝐴⟩ = |𝑎⟩𝑥 .

The Hamiltonian from which we derive the ancilla-register interaction, 𝐸𝐴𝑅, is

𝐻2,Full = 𝜒
[
𝑎†𝑎�̂�𝑧 + �̂�+�̂�−

]
=
𝜒

2

[(
𝑥2 + 𝑝2

)
�̂�𝑧 + �̂�+�̂�−

]
. (eq. (3.11) revisited)

Here, the quadratures are defined as 𝑥 = (𝑎† + 𝑎)/
√

2 and 𝑝 = 𝑖(𝑎† − 𝑎)/
√

2. The Hamiltonian
in eq. (3.11) describes the Jaynes-Cummings interaction where the frequency difference between
the qubit and quantum mode, Δ = 𝜔0−𝜔, is large enough for dispersive interactions [24, sec. 4.8].
For a derivation starting from the Jaynes-Cummings Hamiltonian given in eq. (1.69), see ref. [73].

We are interested in the term coupling register and ancilla, so we define

𝐻2 := 𝜒

2

(
𝑥2 + 𝑝2

)
�̂�𝑧 . (4.9)

Note that we may absorb the qubit-local component, �̂�+�̂�−, into the local gates of 𝐸𝐴𝑅. This is
possible since �̂�+�̂�− = 1

2 (1 + �̂�𝑧) commutes with �̂�𝑧. We may therefore define the ancilla-register
interaction as

𝐸𝐴𝑅 = 𝐹†𝐻𝑈 (𝐻2), (4.10)
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where 𝑈 (𝐻2) is the unitary generated by the interaction of the register and ancilla for a time, 𝑡,
such that 𝜋 = 𝑡 𝜒. That is,

𝐸𝐴𝑅 = 𝐹†𝐻𝑒−𝑖
𝜋
2 �̂�𝑧 (𝑥

2+𝑝2 ) . (4.11)
Expanding the non-local component in the qubit basis gives

exp
(
−𝑖 𝜋2 �̂�𝑧 (𝑥

2 + 𝑝2)
)
=

[
𝐹 ⊗ |0⟩⟨0| + 𝐹† ⊗ |1⟩⟨1|

]
. (4.12)

Hence we can re-write the ancilla-register interaction as

𝐸𝐴𝑅 = 𝐻
[
1 ⊗ |0⟩⟨0| + 𝐹2 ⊗ |1⟩⟨1|

]
, (4.13)

where we used that (𝐹†) = 𝐹2. We uncover thus the interpretation of 𝐸𝐴𝑅 as the applications of
𝐹2 on the ancilla conditioned on the state of the register qubit, followed by a Hadamard on the
qubit. To use the effect of the conditional Fourier transform, we displace the ancilla from the
zero eigenstate. We choose

|𝐴⟩ = |𝑎⟩𝑥 = exp(−𝑖𝑎𝑝) |0⟩𝑥 . (4.14)
We now show how to effect the following universal set:{

𝐽 (𝛼) := 𝐻𝑒𝑖 𝛼2 �̂�𝑧 ,𝑈2 = exp
(
𝑖
𝜋

4 �̂�𝑧 ⊗ �̂�𝑧
)}
. (eqs. (2.7) and (2.8) revisited)

We start with the one-qubit gate by defining J (𝛾) := 𝐹𝑒𝑖𝛾𝑥/2. Then

𝑥 ⟨𝑚 | J (𝛾)𝐸𝐴𝑅 |𝑎⟩𝑥 = 𝑒𝑖𝑚𝑎�̂�𝑥/2𝐽 (𝛾𝑎), (4.15)

where we used 𝐻𝑒𝑖𝛼�̂�𝑧𝐻 = 𝑒𝑖𝛼�̂�𝑥 , the resolution of the identity, 12 = |0⟩⟨0| + |1⟩⟨1| , and eq. (1.8)
to write 𝑒𝑖𝛼�̂�𝑧 = 𝑒𝑖𝛼 |0⟩⟨0| + 𝑒−𝑖𝛼 |1⟩⟨1| .

The error term, exp(𝑖𝑚𝑎�̂�𝑥/2), is problematic: it does not commute with future gates
([�̂�𝑧 , �̂�𝑥] = 2𝑖�̂�𝑦). Consider a sequence of two qubit rotations with ancilla measurement out-
comes 𝑚 and 𝑛 respectively. The resulting operation is

𝑒𝑖𝑛𝑎�̂�𝑥 𝐽 (\𝑎)𝑒𝑖𝑚𝑎�̂�𝑥 𝐽 (𝜙𝑎). (4.16)

To investigate the error term, E, consider the following:

𝐽 (\𝑎) exp(𝑖𝑚𝑎�̂�𝑥) = E𝐽 (\𝑎) = E𝐻 exp(𝑖\𝑎�̂�𝑧), (4.17)

giving

E = 𝐻 exp(𝑖\𝑎�̂�𝑧) exp(𝑖𝑚𝑎�̂�𝑥) exp(−𝑖\𝑎�̂�𝑧)𝐻

=

(
cos(𝑚𝑎) + 𝑖 cos(\𝑎) sin(𝑚𝑎) sin(\𝑎) sin(𝑚𝑎)

− sin(\𝑎) sin(𝑚𝑎) cos(𝑚𝑎) − 𝑖 cos(\𝑎) sin(𝑚𝑎)

)
. (4.18)

Unlike the continuous variable case where the measurement outcome could be used to correct
for the error, E may only be removed stochastically, when 𝑚 = 0. One may see that E =

cos(𝑚𝑎)1 + 𝑖 cos(\𝑎) sin(𝑚𝑎)�̂�𝑧 + 𝑖 sin(\𝑎) sin(𝑚𝑎)�̂�𝑦 , so it does not satisfy the conditions of a
Pauli correction [58].

The gate on two register qubits labelled by 𝑅1 and 𝑅2 is obtained as follows. Interacting the
ancilla with the register states has the following effect:

𝐸𝐴𝑅2𝐸𝐴𝑅1 |𝑎⟩𝑥 = 𝐻2𝐻1
[
|𝑎⟩𝑥

(
|0⟩⟨0|𝑅2 |0⟩⟨0|𝑅1 + |1⟩⟨1|𝑅2 |1⟩⟨1|𝑅1

)
+ |−𝑎⟩𝑥

(
|0⟩⟨0|𝑅2 |1⟩⟨1|𝑅1 + |1⟩⟨1|𝑅2 |0⟩⟨0|𝑅1

) ]
, (4.19)
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where we omitted the tensor product sign for clarity.
The ancilla is now measured in the momentum basis, due to the further Fourier transform

induced by the second interaction with the register. We obtain thus

𝑝 ⟨𝑚 | 𝐸𝐴𝑅2𝐸𝐴𝑅1 |𝑎⟩𝑥 = 𝐻2𝐻1 exp
(
𝑖𝑚𝑎�̂�𝑧,𝑅1 ⊗ �̂�𝑧,𝑅2

)
. (4.20)

For more details of the derivation see appendix C. The circuits for hybrid ADQC look the same
as the homogeneous case in section 4.1, with suitable changes to the gates implemented.

The two-qubit gate in eq. (4.20) does not contain an error term unlike the one-qubit gate.
However, the amount of entanglement produced is probabilistic – conditioned on the measure-
ment outcome of the ancilla. Note that for most measurement outcomes, eq. (4.20) will produce
an entangling gate. However, any entangling gate can be used to perform universal computation,
when paired together with arbitrary single qubit unitaries [52]. Although the method introduced
in ref. [52] is based on the ability to enact the same entangling gate multiple times, a theory could
possibly be devised for stochastically produced entangling gates. Nonetheless, that presupposes
that single qubit unitaries may be enacted precisely. Note that the loss of determinism is in
accordance with previous results [76].

The loss of determinism, means that the fully unitary (ACQC) models in chapter 3 present
a stronger case for implementation.

4.3 Finite squeezing analysis
The phrasing of the models above was done with eigenstates of the quadratures. They are un-
physical states requiring infinite energy to produce. Quadrature eigenstates can be approximated
by infinitely squeezed states. We move to a physical picture and model the ancilla as a finitely
squeezed vacuum state [54]:

|𝐴⟩ =
∫

g0,𝑠 (𝑎) |𝑎⟩𝑝 d𝑎, (4.21)

where 𝑔`,𝜎 (𝑥) = 1
𝜎 (2𝜋 )1/4 exp

(
− (𝑥−`)

2

4𝜎2

)
is a normalised Gaussian centred at ` with standard

deviation 𝜎. We set ` = 0 so the ancilla state is a momentum vacuum state with the amount of
squeezing defined by 𝑠. Infinitely squeezed states are approached by taking the limit 𝑠→ 0

4.3.1 Finite squeezing in CV ADQC
We present the finite-squeezing effects on the Gaussian gates. For the derivations see ap-
pendix D.1.

One-mode Gaussian gates
First, we have that the general effect of a one-mode gate using a finitely squeezed ancilla is

𝐴
𝑝 ⟨𝑚 |𝑈𝑥,𝑘 (𝑐) 𝐸𝐴𝑅 |𝐴⟩ =

∬
𝑈𝑎+𝑟 ,𝑘 (𝑐) 𝑒−𝑖𝑚𝑎g0,𝑠 (𝑎)𝑋 (𝑚) 𝑓 (𝑟) |𝑟⟩𝑝 d𝑟d𝑎. (4.22)

We integrate over 𝑎 to find the effect due to the Gaussian single-mode gates (𝑘 = 1, 2). The cubic
phase gate requires other methods to calculate, for example using Airy functions [121, 122].

The implementation of the displacement, 𝑈𝑥,1 (𝑐), using the finitely-squeezed ancilla give
following effective operation on the register:

𝐴
𝑝 ⟨𝑚 |𝑈𝑥,1 (𝑐) 𝐸𝐴𝑅 |𝐴⟩ |𝜓⟩ = 𝑒−(𝑐−𝑚)

2𝑠2
𝑋 (𝑚)𝐹𝑈𝑟 ,1 (𝑐) (4.23)
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where 𝑋 := exp(𝑖𝑚𝑝) is a displacement. The ideal gate is scaled by a real exponential dependent
on the amount of squeezing. This means that the state must be normalised after computation
with the ancilla. One may compare this to the result for CV measurement-based quantum
computation [54]. The finite squeezing effect in CV MBQC was a convolution of the original
state coefficient function with a Gaussian. The scaling in ADQC differs in that it is a global
scaling in the affected mode leading to a decreased amplitude compared to the other register
modes.

The quadratic gate, 𝑈𝑥,2 (𝑐), has the following result:
𝐴
𝑝 ⟨𝑚 |𝑈𝑥,2 (𝑐)𝐸𝐴𝑅 |𝐴⟩ |𝜓⟩

=
1

√
1 − 2𝑖𝑐𝑠2

exp
(
−
𝑠2

(
𝑐2𝑟2 − 𝑐𝑚𝑟 + 𝑚2)

4𝑐2𝑠4 + 1

)
𝑋

(
− 2𝑚𝑐2𝑠4

4𝑐2𝑠4 + 1

)
𝑋 (𝑚)𝐹𝑈𝑥,2

( 𝑐

4𝑐2𝑠4 + 1

)
,

Even though the form of the alteration due to finite squeezing looks more complicated, it is not
dissimilar to the displacement gate. The error term, 𝑋, is supplemented by a further correction,
𝑋 (− 2𝑚𝑐2𝑠4

4𝑐2𝑠4+1 ), is still a displacement which can be accounted for at the end of computation since
all parameters in the argument are known. The error term, 𝑋, is still a displacement which can
be accounted for at the end of computation since all parameters in the argument are known.

Note that both gates are restored to the ideal ones when taking the limit of infinite squeezing.
Taking 𝑠→ 0, we get

lim
𝑠→0

𝑒−(𝑐−𝑚)
2𝑠2
𝑋 (𝑚)𝐹𝑈𝑟 ,1 (𝑐) = 𝑋 (𝑚)𝐹𝑈𝑟 ,1 (𝑐) (4.24)

and

lim
𝑠→0

1
√

1 − 2𝑖𝑐𝑠2
exp

(
−
𝑠2

(
𝑐2𝑟2 − 𝑐𝑚𝑟 + 𝑚2)

4𝑐2𝑠4 + 1

)
𝑋

(
− 2𝑚𝑐2𝑠4

4𝑐2𝑠4 + 1

)
𝑋 (𝑚)𝐹𝑈𝑥,2

( 𝑐

4𝑐2𝑠4 + 1

)
= 𝑋 (𝑚)𝐹𝑈𝑥,2 (𝑐) .

(4.25)

CZ gate
We end by considering the implementation of the two-mode gate with a finitely-squeezed ancilla.

Define the input register modes by

|𝜓⟩ =
∫

𝑓 (𝑟) |𝑟⟩𝑥 d𝑟, and |𝜙⟩ =
∫

ℎ(𝜌) |𝜌⟩𝑥 d𝜌, (4.26)

for some complex functions 𝑓 , ℎ. We begin by noting that

𝐸𝐴𝑃𝐸𝐴𝑅 |𝐴⟩ |𝜙⟩ |𝜓⟩ =
∭

𝑒𝑖𝑎𝜌𝑒𝑖𝑟𝜌 |−(𝑎 + 𝑟)⟩𝑝 |𝑟⟩𝑝 |𝜌⟩𝑝 ℎ(𝜌) 𝑓 (𝑟)g0,𝑠 (𝑎)d𝑟d𝜌d𝑎. (4.27)

For the two-mode gate, interaction with a finitely squeezed ancilla state produces the following
on a pair of register states:

𝐴
𝑥 ⟨𝑚 | 𝐸𝐴𝑃𝐸𝐴𝑅 |𝐴⟩ |𝜙⟩ |𝜓⟩ = 𝑋𝑅1 (𝑚)𝐹𝑅1𝐹𝑅2𝐶𝑍∞ |𝜓⟩ |𝜌⟩ , (4.28)

with |𝜙′⟩ =
∫
𝑒−(𝜌−𝑚)

2𝑠2
ℎ(𝜌) |𝜌⟩𝑝 |𝜌⟩𝑥 d𝜌. Note that it matches the infinite squeezing result (see

eq. (4.7)) when taking the limit of infinite squeezing.
Finite squeezing in the two-mode gate results in a convolution of the original state with a

Gaussian centred at 𝑚 with standard deviation 1/𝑠. The resulting distortion is thus inversely
dependent on the squeezing parameter. This matches the result in ref. [54].
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4.3.2 Finite squeezing in hybrid ADQC
We continue the analysis onto the hybrid model. In this model, the displacement of the ancilla
was used to induce the transformation on the register. We keep the definition of the ancilla as
centred at zero displacement. We define

𝐷 (𝑑) = exp(−𝑖𝑑𝑝), (4.29)

so that the finitely squeezed ancilla centred at position 𝑑 can be written as 𝐷 (𝑑) |𝐴⟩.

One-qubit gate
The single-qubit gate in the case of finite squeezing in the ancillas is given by:

𝑞 ⟨𝑚 | J𝐴(𝛾)𝐸𝐴𝑅𝐷 (𝑑) |𝐴⟩ = a exp
[
−𝑠2 (𝑚 + 𝛾)2

]
exp[𝑖𝑚𝑑�̂�𝑥]𝐽 (2𝑑𝛾), (4.30)

where a = 𝑁
√

2𝜋𝑠, with 𝑠 the squeezing parameter and 𝑁 the Gaussian normalizing factor.
We see that the effect of the finitely squeezed ancillas is to introduce a scaling factor. However,

as was the case with CV ADQC, the scaling factor can be absorbed when normalising the state.
However, the probabilities of the measurement outcomes are altered. For an illustration of the
procedure for enacting the single-qubit rotation in eq. (4.30), see fig. 4.1. The measurement
probabilities are modified by the squeezing parameter and ancilla displacement. In a similar
process to the one-qubit gate as sketched in fig. 4.1.

Two-qubit gate
The effect of finite squeezing on the entangling gate on two register qubits is also a scaling factor.
The amount of entanglement produced remains probabilistic. Specifically, we obtain:

𝑝 ⟨𝑚 | 𝐸𝐴𝑅2𝐸𝐴𝑅1𝐷 (𝑑) |𝐴⟩ = a exp
[
−𝑠2𝑚2] exp[𝑖𝑚𝑑�̂�𝑧 ⊗ �̂�𝑧], (4.31)

with a = 𝑁
√

2𝜋𝑠. The measurement probabilities are modified by the ancilla squeezing, however.

4.4 Summary and discussion
We have presented two models of ancilla-driven quantum computation. The first model is based
on the interaction between continuous variable systems. The Hamiltonian descibing the inter-
action between register and ancilla states is 𝑥𝐴𝑥𝑅. The resulting interaction is a conditional
displacement on the momentum quadrature. A displacement error term appears in both single
and multi-qumode gates. However, the error can be removed using the measurement outcome of
the ancilla by redefining the computational basis of following gates, or at the end of computation
by feeding forward the measurement outcomes. We investigated the effect, on computation, of
treating the ancillas as finitely squeezed states. This results in a real scaling factor in the single-
mode gates. The scaling decreases the amplitude inversely related to the amount of squeezing.
The states acted on need to be renormalised. This can be compared to CV MBQC [54]. In that
model, the finite squeezing effect is a convolution of the original state coefficient function with a
Gaussian. The scaling due to the single-mode gates in ADQC differs in that it is a global scaling
in the affected mode leading to a uniformly decreased amplitude compared to the other register
modes. The multimode gate matches the result in ref. [54] in that one of the register states is
convolved with a Gaussian centred at 𝑚, the ancilla measurement outcome. The standard devi-
ation of the convolution Gaussian is 1/𝑠, the reciprocal of the ancilla squeezing. Following the
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suggestion for dealing with the distortion in CV MBQC, one may concatenate several gates and
perform a smaller number of measurements. Perhaps by inspiration of the fully-unitary ACQC
from chapter 3, one may phrase a model where measurements are performed only at the end.
However, if the same ancillas are used for computation care needs to be taken to understand the
unwanted correlations that will appear between register states – recall that ACQC with finitely
squeezed ancillas produced gates where ancilla and register remained entangled.

We also presented an ADQC model on hybrid systems where dim(H𝑅) = 2 and dim(H𝐴) = ∞.
Computation is possible only in a stochastic manner: single qubit gates have errors which are only
removed depending on measurement outcomes. Furthermore, the two-qubit gate is implemented
probabilistically. Extending the model to finitely squeezed ancillas results only in a scaling of the
implemented gates. The scaling is absorbed by the normalisation of the state so the gates are
unaltered. On the other hand, the measurement probabilities are adjusted by the finite squeezing
in the ancilla.

Compared to the ACQC models described in the previous chapter, measurement-based ancilla
models are suitable for systems where ancillas are cheap to create and, more importantly, where
measurements can be performed with high precision. Measurements should also be fast as they
will influence the gate times in ADQC.

We summarise the results obtained here in table 3.1. For a more detailed discussion of possible
platforms for ancilla-based models, see section 3.4.
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(a) Finitely squeezed ancilla centred at 𝑥 = 0. (b) Displacement in the position quadrature
by 𝑎.

(c) Interaction with register, 𝐸𝐴𝑅. Rotation by
𝜋/4 conditioned on qubit. Purple is the state
𝐹2 |𝑎⟩𝑞 .

(d) Displacement by 𝛾 in the momentum
quadrature.

(e) Fourier transform

(f) Measurement of position. Note that
no information is gained about the state of
the qubit. The overlapping distributions are
shifted for illustrative purposes.

Figure 4.1: Illustration of single qubit rotation in the hybrid ADQC model, as per eq. (4.15).
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CHAPTER55
Background to Gaussian
multipartite correlations

In this chapter, we provide the formalism used for describing Genuine Gaussian Multipartite
Entanglement (GGME) at the level of second statistical moments: covariance matrices (CM).
We use this formalism to rephrase the theory of Gaussian quantum optics in section 5.2. We
then take a detour to density matrices do present a classification of multipartite entanglement,
followed by its translation onto covariance matrices in sections 5.3 and 5.4. In there, we introduce
entanglement witnesses at the level of covariance matrices. The presentation of the work requires
an introduction to optimisation schemes over semidefinite matrices – called semidefinite programs
(SDP). We introduce SDPs in section 5.5. Using SDPs we present a numerical scheme for finding
witnesses from ref. [123]. We end this background chapter by laying out the description of simply
connected graphs and the quantum marginal problem which are used to introduce the main topic
of this part.

5.1 Mathematical preliminaries and notation

Vectors, matrices and scalars
Vectors and matrices are given by bold letters from the Latin or Greek alphabets: 𝒚, 𝒗, 𝝃, 𝝃. The
latter are reserved for important objects while the former are used as dummy variables for short
derivations or footnotes, though some exceptions occur.

Scalars and vector elements are given by letters (Latin or Greek) in the lower case in normal
font. This includes when the elements are operators. For example, the entries of 𝝃 are operators
but follow the same convention: (𝝃) 𝑗 = b 𝑗 for one-dimensional vectors and (𝑨) 𝑗𝑘 = 𝐴 𝑗𝑘 for
matrices.

The dimension of the vectors are given by capital Latin letters 𝑁 or 𝑀. Since we deal with
square matrices only, their dimensions are 𝑁 × 𝑁 or 𝑀 ×𝑀. While we deal with Gaussian states
which are defined on a Hilbert space of infinite dimension, we will see that 𝑁 mode states can be
represented by an 𝑁-dimensional vector – corresponding to the mean – and a (2𝑁)2-dimensional
symplectic matrix – corresponding to correlations between positions and momenta of each mode.

Some vectors and matrices are sufficiently special that they get their own symbol. 1𝑁 and
O𝑁 are the 𝑁 ×𝑁 identity and zero matrices respectively - whenever there is no ambiguity about
the size the subscript is left out. For vectors, 0 is the zero vector. Covariance matrices (CMs)
will be denoted by 𝛾.

We use 𝐸 and 𝐹 to denote some fields (usually R or C) and define the vector space of 𝑁 × 𝑁
matrices with entries in 𝐸 over the field 𝐹 as M𝐸 (𝑁, 𝐹). Similarly V𝐸 (𝑁, 𝐹) denotes a set of
𝑁-dimensional vectors with entries in 𝐸 that form a vector space over 𝐹. Whenever 𝐸 = R, we
omit the subscript. Note that 𝐸 may not be a proper subfield of 𝐹 since, for 𝑀 ∈ M𝐸 (𝑁, 𝐹)
and 𝛼 ∈ 𝐹/𝐸 , 𝛼𝑀 ∉ M𝐸 (𝑁, 𝐹) so M is not closed under scalar multiplication standing in
contradiction to the axioms of vector spaces. If only 𝐹 is given, we therefore assume that 𝐹 = 𝐸 .
𝐸 ⊆ 𝐹 is allowed. For example matrices with complex entries form a vector space over the real
numbers. Let, for the rest of the section, 𝒖, 𝒗 ∈ V𝐸 (𝑁, 𝐹), 𝑨, 𝑩 ∈ M𝐸 (𝑁, 𝐹) and 𝛼, 𝛽 ∈ 𝐹 unless
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Table 5.1: Symbols used to represent vectors and matrices

Symbol Object represented
𝒗, 𝝃 Vector
𝒗𝑖 𝑖th vector of a list
𝑣 𝑗 , b 𝑗 Vector element
𝑨 Matrix
𝑨𝑖 𝑖th matrix of a list
𝐴 𝑗𝑘 Matrix element

Notable exceptions
𝛾 Covariance matrix
1𝑁 𝑁 identity matrix
O𝑁 𝑁 zero matrix

specified otherwise. For simplicity also read M = M𝐸 (𝑁, 𝐹) and V = V𝐸 (𝑁, 𝐹). Use 𝐾 ⊂ M
and 𝐿 ⊂ M.

Transposition and hermitian conjugate

The transposition is the usual map (·)𝑇 : M → M defined by its action on the elements of a
matrix

(𝑨𝑇 ) 𝑗𝑘 = (𝐴 𝑗𝑘)𝑇 = 𝐴𝑘 𝑗 . (5.1)

The transposition maps a column vector to a row vector and vice versa. So for some vector
𝒖 = (𝑢1, ..., 𝑢𝑁 )𝑇 ,

𝒖𝑇 =
©«
𝑢1
...

𝑢𝑛

ª®®¬
𝑇

= (𝑢1, ..., 𝑢𝑁 ). (5.2)

Along with the normal vector multiplication this allows us to define the inner and outer products
below. For the case when 𝐸 = C we interpret the transposition as the Hermitian conjugate
instead: 𝑨† = (𝑨𝑇 )∗, which is defined using the map 𝐴 𝑗𝑘 ↦→ 𝐴∗

𝑘 𝑗
where 𝑧∗ is the complex

conjugate of 𝑧 ∈ C. In the work presented in this thesis, we consider only matrices with real
entries. To preserve continuity with the work presented, we abstain from using the (·)† notation.
Likewise, the complex conjugation of elements is left implicit.
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Inner and outer product of vectors, direct sum and commutators

Write the vectors as 𝒖 = (𝑢1, 𝑢2, ..., 𝑢𝑁 )𝑇 and 𝒗 = (𝑣1, 𝑣2, ..., 𝑣𝑁 )𝑇 . Then the inner product1

⟨·, ·⟩ : V ×V → 𝐹 is defined by

⟨𝒖, 𝒗⟩ = 𝒖𝑇𝒗 =

𝑁∑︁
𝑗=1
𝑢 𝑗𝑣 𝑗 = 𝑢 𝑗𝑣 𝑗 (5.3)

with the last equality follows form using the Einstein summation convention.
The outer product ⊗ : U ×V →M returns a matrix with elements given by

(𝒖 ⊗ 𝒗) 𝑗𝑘 = (𝒖𝒗𝑇 ) 𝑗𝑘 = 𝑢 𝑗𝑣𝑘 . (5.4)

The product of the spaces, U ⊗ V, is called the tensor product and is made up of all possible
matrices 𝒖 ⊗ 𝒗 for 𝒖 ∈ U and 𝒗 ∈ V so dim(U ⊗ V) = dim(U) dim(V).

Matrices may also be extended via the tensor product which may be defined via the action
on vectors. Let 𝐴 ∈ M(𝑁), 𝒖 ∈ U(𝑁) and 𝐵 ∈ M(𝑁), 𝒗 ∈ V(𝑀) then

(𝑨 ⊗ 𝑩) (𝒖 ⊗ 𝒗) = 𝑨𝒗 ⊗ 𝑩𝒖. (5.5)

Choosing 𝒖 and 𝒗 to be basis states allows 𝑨 ⊗ 𝑩 to be extended to the full space by linearity.
Using the outer product we can define the commutator and anti-commutator for vectors of

non-commuting elements. The commutator is given by

[𝒖, 𝒗𝑇 ] = 𝒖𝒗𝑇 − (𝒖𝒗𝑇 )𝑇 . (5.6)

Note that the second term is not necessarily the same as 𝒖𝒗𝑇 as the components of 𝒖 and 𝒗 do
not necessarily commute. We use this and the symmetric product below for dealing with vectors
of operators. In that case, not even the entries of 𝒗 necessarily commute.

The anti-commutator is
{𝒖, 𝒗𝑇 } = 𝒖𝒗𝑇 + (𝒖𝒗𝑇 )𝑇 . (5.7)

Element-wise we have

[𝒖, 𝒗𝑇 ] 𝑗𝑘 = 𝑢 𝑗𝑣𝑘 − 𝑢𝑘𝑣 𝑗 , and (5.8)
{𝒖, 𝒗𝑇 } 𝑗𝑘 = 𝑢 𝑗𝑣𝑘 + 𝑢𝑘𝑣 𝑗 . (5.9)

Note that {
𝒗, 𝒗𝑇

}
+

[
𝒗, 𝒗𝑇

]
= 2𝒗𝒗𝑇 . (5.10)

Another way of joining vectors 𝒖 = (𝑢1, ..., 𝑢𝑁 )𝑇 , 𝒗 = (𝑣1, ..., 𝑣𝑀 ) is through the direct sum ⊕:

𝒗 ⊕ 𝒗 = (𝒖, 𝒗)𝑇 = (𝑢1, ..., 𝑢𝑁 , 𝑣1, ..., 𝑣𝑀 )𝑇 , (5.11)

with 𝒖 and 𝒗 not necessarily in the same space. The extension to direct sums involving more
terms is analogous.

1 Recall that the inner product must satisfy three criterion: For 𝑨, 𝑩,𝑪 ∈ M(𝑁, 𝐹 ) and 𝛼, 𝛽 ∈ 𝐹,
1. Linearity: ⟨ (𝛼𝑨 + 𝛽𝑩) ,𝑪 ⟩ = 𝛼⟨𝑨,𝑪 ⟩ + 𝛽⟨𝑩,𝑪 ⟩
2. Symmetry: ⟨𝑨, 𝑩⟩ = ⟨𝑩, 𝑨⟩∗

3. Positive-definiteness: ⟨𝑨, 𝑨⟩ > 0 for non-zero 𝑨, and ⟨𝑨, 𝑨⟩ = 0 only if 𝑨 = 0.
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For matrices 𝐴 ∈ M(𝑁𝐴) and 𝐵 ∈ M(𝑁𝐵) we have

𝐴 ⊕ 𝐵 =

(
𝐴 O𝑁𝐴×𝑁𝐵

O𝑁𝐵×𝑁𝐴 𝐵

)
, (5.12)

with O 𝑗×𝑘 the zero matrix of 𝑗 rows and 𝑘 columns. We have dim(𝐴⊕𝐵) = (𝑁𝐴+𝑁𝐵)× (𝑁𝐴+𝑁𝐵).
We extend the definition to larger sums of matrices 𝐴1, ..., 𝐴𝑁 via

𝑁⊕
𝑘=1

𝐴𝑘 = 𝐴1 ⊕ 𝐴2 ⊕ ... ⊕ 𝐴𝑁 . (5.13)

The space of the resulting matrix is the direct sum of the spaces of each 𝐴𝑘 , 𝑘 ∈ [1, 𝑁].
To define the inner product of matrices we need to introduce the trace map. For 𝑨 ∈ M(𝑁, 𝐹)

and some orthonormal basis {𝒗 𝑗 | 𝑗 ∈ [1, 𝑁]} of V(𝑁, 𝐹), the trace, Tr :M → 𝐹 is defined by the
mapping

Tr[𝑨] =
𝑁∑︁
𝑗=1

𝒗 𝑗𝑨𝒗
𝑇
𝑗 =

𝑁∑︁
𝑗=1

𝐴 𝑗 𝑗 , (5.14)

where 𝐴 𝑗𝑘 is the entry of 𝐴 in the 𝑗th row and 𝑘th column. The elements 𝐴 𝑗 𝑗 are therefore
to the diagonal entries of 𝐴. The trace of a matrix is an invariant so the basis may be chosen
liberally - although the eigenbasis is commonly used so that, for eig(𝑨) = {𝑎1, ..., 𝑎𝑁 }, we have
that Tr[𝑨] = ∑𝑁

𝑗=1 𝑎 𝑗 .
The trace is a linear map so

Tr[𝛼𝑨 + 𝛽𝑩] = 𝛼Tr[𝑨] + 𝛽Tr[𝑩], (5.15)

for 𝑨, 𝑩,𝑪 ∈ M(𝑁, 𝐹) and 𝛼, 𝛽 ∈ 𝐹. It is also cyclic - it is invariant under permutation of its
arguments

Tr[𝑨𝑩𝑪] = Tr[𝑩𝑪𝑨] = Tr[𝑪𝑨𝑩] . (5.16)

For outer products of matrices, we have that

Tr[𝑨 ⊗ 𝑩] = Tr[𝑨] Tr[𝑩] . (5.17)

Let us now define the operation between matrices (which we suggestively denote like the inner
product above):

⟨𝑨, 𝑩⟩ = Tr
[
𝑨𝑇𝑩

]
, (5.18)

with (·)𝑇 = (·)† whenever 𝐹 = C. Using linearity and symmetry properties, one may show that
the operation ⟨·, ·⟩ satisfies the properties of an inner product2. At one point we use the definition
of • :M ×M → 𝐹 as

𝑨 • 𝑩 = ⟨𝑨, 𝑩⟩ = Tr
[
𝑨𝑇𝑩

]
, (5.19)

to differentiate this from the inner product between vectors.
2 In this case, the inner product requirements from footnote 1 translate to
1) Linearity: Tr

[
(𝛼𝑨𝑇 + 𝛽𝑩𝑇 )𝑪

]
= 𝛼Tr

[
𝑨𝑇𝑪

]
+ 𝛽Tr

[
𝑩𝑇𝑪

]
2) Symmetry: Tr

[
𝑨𝑇𝑩

]
= Tr

[
𝑩𝑇𝑨

]
3) Positive-definiteness: Tr

[
𝑨𝑇𝑨

]
=

∑
𝑗 𝐴

2
𝑗 𝑗
≥ 0 and Tr

[
𝑨𝑇𝑨

]
= 0 only if 𝑨 = 0.
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Congruence

Occasionally, we refer to two matrices being related by congruence. This means that, for matrices
𝑨, 𝑩 ∈ M, 𝑨 is said to be congruent to 𝑩 if there exists invertible 𝑼 ∈ M′ such that

𝑨 = 𝑼𝑩𝑼𝑇 . (5.20)

The spaces M and M′ along with the operation (·)𝑇 are replaced with the relevant objects for
the situation under consideration which should be clear from context. Vector fields M and M′
are over the same field.

Spaces and some results
In this part we use the common definition of the relational operators and their negations on
matrices. For any such operator,

Definition 5.1 (Relational operation on matrices). For any relational operation � ∈ {>, ≥, =, ≤, <},
𝑨 � 0 is to be interpreted as 𝑎 � 0, for 𝑎 ∈ eig(𝑨) – an eigenvalue of 𝑨. Furthermore, 𝑨 � 𝑩 is
equivalent to 𝑨 − 𝑩 � 0 and we say "𝑨 is � 𝑩".

Now we define the vector spaces used in this part.

Definition 5.2 (Symmetric matrices).

𝑆𝑦𝑚(𝑁) = {𝑆 ∈ MR (𝑁,R) | 𝑆𝑇 = 𝑆}. (5.21)

Although one may generalise from the 𝐸 = 𝐹 = R here, it is not required for the purposes
of this thesis. If 𝐹 = C, we have instead the Hermitian matrices which are invariant under the
operator (·)†.

Definition 5.3 (Hermitian matrices).

𝐻𝑒𝑟𝑚(𝑁, 𝐹) = {𝐻 ∈ MC (𝑁, 𝐹) | 𝐻† = 𝐻}. (5.22)

We leave 𝐹 general here as 𝐹 = R is a choice we use in later sections. This is possible since R
is contained in C allowing all vector space operations to be closed so thatMC (𝑁,R) is a subspace
of MC (𝑁,C). Whenever 𝐹 = C, we write 𝐻𝑒𝑟𝑚(𝑁).

Definition 5.4 (Positive (semi)definite matrices). The positive semi-definite (PSD) matrices
are those with non-negative elements in the diagonal irrespective of the basis chosen for their
representation.

𝑃𝑆𝐷 (𝑁) = {𝑃 ∈ MR (𝑁,R) | 𝑃 ≥ 0}, (5.23)

where the inequality relation of matrices is defined in Def. 5.1. The positive definite matrices are
the subset of 𝑃𝑆𝐷 which have strictly positive elements in their diagonal.

𝑃𝐷 (𝑁) = {𝑃 ∈ MR (𝑁,R) | 𝑃 > 0}. (5.24)

An equivalent statement that to 𝑨 ∈ 𝑃𝑆𝐷 is that for all 𝒗 ∈ R𝑁 , 𝒗𝑇 𝑨𝒗 ≥ 0 and similarly for
𝑨 ∈ 𝑃𝐷.
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Note that elements in 𝑃𝑆𝐷 have their traces positive semi-definite. Members of 𝑃𝑆𝐷 are said
to be PSD: "𝑨 is PSD" ⇐⇒ 𝑨 ∈ 𝑃𝑆𝐷. The same argument applies for PD matrices. Note also
that 𝑃𝑆𝐷 (𝑁) ⊂ 𝑆𝑦𝑚(𝑁)3.

An important set is that of the symplectic matrices which is constructed in more detail in
section 5.2.

Definition 5.5 (Symplectic matrices).

𝑆𝑝(2𝑁,R) = {𝑆 ∈ M(𝑁,R) | 𝑆Ω𝑆𝑇 = Ω}, (5.25)

where Ω𝑁 =
⊕𝑁

𝑖=1
( 0 1
−1 0

)
.

Finally, orthogonal matrices are defined as follows

Definition 5.6 (Orthogonal matrices). Matrices with unit determinant whose transpose is equal
to the inverse form the set of orthogonal matrices defined by

𝑆𝑂𝐸 (𝑁, 𝐹) = {𝑂 ∈ M𝐸 (𝑁, 𝐹) |𝑂𝑇 = 𝑂−1, det(𝑂) = 1}. (5.26)

We write 𝑆𝑂R (𝑁,R) = 𝑆𝑂 (𝑁).

5.2 Gaussian quantum optics and the symplectic formalism
We make heavy use of the symplectic formalism for describing correlations in quantum states. An
introductory treatment of the topic can be found in A. Serafini’s "Quantum continuous variables"
[26], which we follow in the sections below.

We start by defining the physical observables known as the 𝑥 (position) and 𝑝 (momentum)
quadratures of quantum states as in eq. (1.36). Recall the well-known bosonic creation and
annihilation operators 𝑎, 𝑎†, from section 1.4.1, which raise and decrease the energy of a harmonic
oscillator respectively. We then define the quadratures by

𝑥 := 𝑎 + 𝑎†
√

2
(5.27)

𝑝 := 𝑎 − 𝑎†

𝑖
√

2
. (5.28)

Using the commutation relation between these (see eq. (1.33)), [𝑎, 𝑎†] = 1, we may find that
the commutation between the quadratures is

[𝑥, 𝑝] = 𝑖. (5.29)

Thus, they satisfy the same commutation relations as position and momentum and gives rise to
the same time-evolution4.

For multi-mode states 𝑥𝑖 (𝑝𝑖) denotes 𝑥 (𝑝) in the 𝑖-th mode. Capital 𝑁 denotes the number
of modes. One can then write the canonical commutation relations (CCR) as

[𝑥 𝑗 , 𝑝𝑘] = 𝑖𝛿 𝑗𝑘 . (5.30)
3 Note that 𝑀 ∈ 𝑃𝑆𝐷 (𝑁, R) means that 𝑀 is symmetric: for all 𝒗 =∈ R2𝑁 such that 𝒗𝑇𝑀𝒗 = 𝑚 ≥ 0 we find

𝒗𝑇𝑀𝑇𝒗 = (𝒗𝑇𝑀𝒗)𝑇 = 𝑚⇒ 𝒗𝑇 (𝑀 − 𝑀𝑇 )𝒗 = 0⇒ 𝒗𝑇𝑀𝒗 − 𝒗𝑇𝑀𝑇𝒗 = 0⇒ 𝑀 = 𝑀𝑇 , with the last line follows since
𝒗 is an arbitrary vector.

4 One way to see this is by recalling the time evolution of an operator �̂� under some Hamiltonian 𝐻 is given
by d

d𝑡 �̂� = 𝑖 [�̂�, �̂�], in the Heisenberg picture.
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To build the symplectic formalism one defines a vector of the quadrature operators. First one
needs to choose a way in which to order the quadratures. The two most usual ways are referred
to as the 𝑋𝑃𝑋𝑃 and 𝑋𝑋𝑃𝑃 ordering. In the first ordering, the vector of quadrature operators is
defined below.

Definition 5.7 (Canonical operators (XPXP)). The canonical operators (quadratures) in the
𝑋𝑃𝑋𝑃 ordering are given by the 2𝑁 vector

𝝃 = (𝑥1, 𝑝1, ..., 𝑥𝑛, 𝑝𝑛)𝑇 . (5.31)

With an analogous definition, 𝝌 = (𝑥1, 𝑥2, ..., 𝑥𝑁 , 𝑝1, 𝑝2, ..., 𝑝𝑁 )𝑇 gives the vector in the 𝑋𝑋𝑃𝑃
ordering.

Next, to write the CCR in terms of this vector, we define the symplectic form Ω. We define the
representations of Ω with respect to the operator vector orderings. From the name, it becomes
clear that this object takes a central role in the formalism used.

Definition 5.8 (Symplectic form). For a quadratures in the 𝑋𝑃𝑋𝑃 ordering, 𝝃 = (𝑥1, 𝑝2, ..., 𝑥𝑁 , 𝑝𝑁 ),
let the symplectic form be the 2𝑁 × 2𝑁 matrix

Ω𝑁 =

𝑁⊕
𝑖=1

(
0 1
−1 0

)
. (5.32)

Note that Ω has real entries and is anti-symmetric (Ω𝑇 = −Ω). This means that 𝑖Ω is
Hermitian since (𝑖Ω)† = −𝑖Ω𝑇 = 𝑖Ω. Further, all the eigenvalues of Ω are purely imaginary so
that 𝑖Ω has real eigenvalues.

The canonical commutation relation in the 𝑋𝑃𝑋𝑃 ordering can therefore be summarised as

[𝝃, 𝝃𝑇 ] = 𝑖Ω, (5.33)

where the commutator of a vector with its transpose should be read as the outer product.
It is possible to translate that statement to the alternate ordering. First we define the map

that allows a change of ordering:

Definition 5.9 (Ordering transformation). The ordering transformation _ between 𝑋𝑃𝑋𝑃 to
𝑋𝑋𝑃𝑃 is a 2𝑁 × 2𝑁 matrix defined piecewise by

_𝑖 𝑗 =


1 (𝑖, 𝑗) = (𝑘, 2𝑘 − 1), 𝑘 ∈ [1, 𝑁],
1 (𝑖, 𝑗) = (𝑁 + 𝑘, 2𝑘), 𝑘 ∈ [1, 𝑁],
0 otherwise.

(5.34)

The transformation _ acts by congruence to transform matrices between the quadrature order-
ings. Note that _𝑇 = _−1. The definitions of symbols in each ordering can be found in table 5.2.

The vector of quadratures in the 𝑋𝑋𝑃𝑃 ordering may then be written as

𝝌 = _𝝃, (5.35)

and gives the alternative CCR

[𝝌, 𝝌𝑇 ] = 𝑖Σ𝑁 , withΣ𝑁 =

(
O𝑁 1𝑁
−1𝑁 O𝑁

)
, (5.36)
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Table 5.2: Ordering conversion between 𝑋𝑃𝑋𝑃 and 𝑋𝑋𝑃𝑃 orderings of objects used in
this part. The transformation matrix, _, as given in Def. 5.9, is an orthogonal matrix with
_ 𝑗 ,2 𝑗−1 = _𝑁+ 𝑗 ,2 𝑗 = 1, 𝑗 = 1, ..., 𝑁, the only non-zero elements.

Object name (Symbol) Conversion
Quadrature vector (b) 𝜒 = _b

Covariance matrix (𝛾) 𝜎 = _𝛾_𝑇

Symplectic form (Ω𝑁 ) Σ𝑁 = _Ω𝑁_
𝑇

Symplectic matrix (𝑆) 𝑄 = _𝑆_𝑇

where O𝑁 and 1𝑁 are the 𝑁 ×𝑁 zero and identity matrices respectively. The conversion between
symplectic forms in the different orderings is once again done via congruence with _ (Σ𝑁 =

_Ω𝑁_
𝑇). For a more complete list of symbols used in the different transformations please refer

to table 5.2.
Using the symplectic form in Def. 5.8, we can define the symplectic group, 𝑆𝑝(2𝑁,R), which

is made up of real matrices that leave the symplectic form invariant under congruence

𝑆𝑝(2𝑁,R) = {𝑆 | 𝑆Ω𝑆𝑇 = Ω}. (5.37)

The group operation is matrix multiplication.
Before moving on to defining the Gaussian operations, we introduce a set of important in-

variants: the symplectic eigenvalues.

Definition 5.10 (Symplectic eigenvalues). The symplectic eigenvalues, a𝑖, of an 𝑁 × 𝑁 matrix
𝐴 are the eigenvalues

eig(𝑖Ω𝑁 𝐴) = {a1, a2, ..., a𝑁 }, (5.38)

with Ω𝑁 the symplectic form. We use the symbol 𝑊 to represent the diagonal matrix whose
entries are the symplectic eigenvalues of 𝐴. That is, 𝑊 = diag(a1, ..., a𝑁 ).

For a positive definite matrix 𝐴, we will see in Thm. 5.1 that one may find a decomposition
𝐴 = 𝑆𝑊𝑆𝑇 for some symplectic matrix 𝑆 ∈ 𝑆𝑝(2𝑁,R). It is interesting to note that under the
transformation 𝑆𝑇 𝐴𝑆, the symplectic eigenvalues correspond to the normal mode frequencies.

5.2.1 Gaussian quantum states
In characterising the Gaussian states, one may ask which Hamiltonians produce them. In this
section, we characterise those Hamiltonians.

One may get a Hamiltonian operator (Hamiltonian) from a symmetric matrix5 𝐻 and vector
𝚵 through

𝐻 =
1
2𝝃

𝑇𝐻𝝃 + 𝝃𝑇𝚵, (5.39)

where 𝚵 ∈ R2𝑁 and 𝝃 is the vector of quadrature operators from Def. 5.7. We call 𝐻 ∈ 𝑆𝑦𝑚(2𝑁,R)
the Hamiltonian matrix and it describes energy relations that are quadratic in the quadrature
operators. Meanwhile, linear relations are encoded in 𝚵. For example, the array of 𝑁 harmonic
oscillators would be given by 𝐻 = 1 and 𝚵 = 0, the zero vector: 𝐻 = 1

2𝝃
𝑇𝝃 = 1

2
∑
𝑖 (𝑥2

𝑖
+ 𝑝2

𝑖
). We

refer to Hamiltonian operators as "linear" or of "first-order" if they are generated by functions
5 Not to be confused with the Hadamard transformation from part I.
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linear in the quadratures (𝐻 = O); and "quadratic" or of "second-order" if 𝐻 ≠ O. Hamiltonians
with no linear components (𝚵 = 0) are referred to as "purely quadratic".

An alternative way of writing the Hamiltonian in eq. (5.39) is through the definition 𝝃 = −𝐻−1𝚵,
which is possible for any positive-definite 𝐻. Up to a constant, which does not alter any dynamics,
we can write

𝐻′ =
1
2 (𝝃 − 𝝃)

𝑇𝐻 (𝝃 − 𝝃). (5.40)

One may see 𝝃 as a shift in phase-space of the quadratures which produces a change of mean of
a Gaussian state.

We now define the quantum states, starting from quadratic Hamiltonians as per eq. (5.39).

Definition 5.11. All Gaussian states may be generated from some quadratic Hamiltonian op-
erator 𝐻 = 1

2 (𝝃 − 𝝃)
𝑇𝐻 (𝝃 − 𝝃), (see eq. (5.40)):

𝜌(𝐻, 𝝃) = 𝑒−𝛽𝐻

Tr
[
𝑒−𝛽𝐻

] , (5.41)

with 𝛽 ∈ R+ positive and non-zero. The limiting cases, 𝛽→∞, correspond to the pure Gaussian
states.

Here is where the requirement of 𝐻 > 0 in eq. (5.39) is needed as the state would not be well
defined for the eigenstates corresponding to the negative eigenvalue.

5.2.2 Gaussian operations
Which operations map the set of Gaussian states to itself? We presented in the previous section
the Hamiltonians that generate these states6. Gaussian operations are those which preserve the
character of Gaussian states. That is, those operations which do not increase the polynomial of
quadratures above order two in Def. 5.11.

In this section we present the Gaussian transformations in the symplectic formalism. See
table 5.3 for a comparison between the unitary description of Gaussian operations and their
analogs presented using the symplectic formalism in this section.

Table 5.3: Gaussian transformations in the unitary and symplectic formalisms. The symplectic
form is given by Ω =

⊕𝑁 ( 0 1
−1 0

)
(see Def. 5.8).

Operation Unitary description Symplectic description
Displacement (Weyl) �̂� (𝑑𝑥 , 𝑑𝑝) = 𝑒𝑖𝑑𝑝 𝑥−𝑖𝑑𝑥 𝑝 (1.49) �̂�𝒅 = 𝑒𝑖𝒅

𝑇Ω𝝃 (5.12)
Single-mode rotation 𝑈Rot (\) = 𝑒𝑖

\
2 (𝑥

2+𝑝2 ) (1.50) Φ(𝜙) =
(

cos 𝜙 sin 𝜙
− sin 𝜙 cos 𝜙

)
(5.54)

Single-mode squeezing 𝑈Sq ([) = 𝑒𝑖
[

2 (𝑥𝑝+𝑝𝑥 ) (1.52) 𝑅 =
⊕𝑁=1

𝑗=1

(
𝑟 𝑗 0
0 𝑟−1

𝑗

)
(5.52)

Two-mode beam-splitter 𝑈BS (Θ) = 𝑒𝑖
Θ
2 (𝑥1 𝑝2−𝑥2𝑥1 ) (1.53) 𝐵𝑆2 (\) (5.53)

6 See also section 1.4.4 in chapter 1 for another route to the result that Gaussian operations are generated by
Hamiltonians that are quadratic in the quadratures. There we follow ref. [31].
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In the phase space of continuous variable quantum states, the displacement operators are
known as Weyl operators7.

Definition 5.12 (Weyl operators). For a vector of quadratures 𝝃 and a real-valued vector 𝒅, let
the Weyl operator be given by

�̂�𝒅 = 𝑒𝑖𝒅
𝑇Ω𝝃 . (5.42)

Note that the inverse is �̂�† = �̂�−𝒅. Two Weyl operators may be joined through

�̂�𝒅1+𝒅2 = �̂�𝒅1 �̂�𝒅2𝑒
𝑖
2 𝒅
𝑇
1 Ω𝒅2 , (5.43)

with 𝒅1 and 𝒅2 𝑁-dimensional vectors with real entries. [26]
From Def. 5.12, one may find that

�̂�−𝒅𝝃�̂�𝒅 = 𝝃 − 𝒅, (5.44)

so the conjugation of the quadratures with the Weyl operators may indeed be interpreted as
displacements in phase-space. The Weyl operators are to be understood as acting on each
element of 𝝃 individually.

Using these definitions, one may then write the Hamiltonian in eq. (5.40) as

𝐻′ =
1
2 �̂�−𝝃𝝃

𝑇𝐻𝝃�̂�𝝃 . (5.45)

While the Weyl transforms may be understood as transformations generated by linear Hamil-
tonians, we now consider the transformations generated by purely quadratic ones: 1

2𝝃
𝑇𝐻𝝃; 𝝃 = 0.

Such Hamiltonians may be produced from the more general one in eq. (5.45) by a displacement
(through a linear Hamiltonian). Let therefore 𝐻 = 1

2𝝃
𝑇𝐻𝝃 for now. The time evolution of the

quadratures may be given as
¤𝝃 = Ω𝐻𝝃 . (5.46)

This may be verified element-wise8 and has the solution 𝝃 (𝑡) = 𝑒Ω𝐻𝑡𝝃 (0).
The transformation 𝑒Ω𝐻𝑡 represents an evolution in time due to a time-independent Hamilto-

nian and is given by a unitary operator acting on the underlying Hilbert space. It must therefore
preserve the CCR and one finds that it preserves the symplectic form after a congruence opera-
tion. Working from the CCR [𝝃, 𝝃𝑇 ] = 𝑖Ω (eq. (5.33)) we have that

[𝝃, 𝝃𝑇 ] = [𝑒Ω𝐻𝑡𝝃, 𝝃𝑇 (𝑒Ω𝐻𝑡 )𝑇 ] = 𝑒Ω𝐻𝑡 [𝝃, 𝝃𝑇 ] (𝑒Ω𝐻𝑡 )𝑇 = 𝑒Ω𝐻𝑡 𝑖Ω(𝑒Ω𝐻𝑡 )𝑇 . (5.47)

That is
𝑒Ω𝐻𝑡Ω(𝑒Ω𝐻𝑡 )𝑇 = Ω, (5.48)

which, by definition, means that 𝑒Ω𝐻𝑡 is a symplectic matrix (see eq. (5.37)). We use the symbol
𝑆 to define the symplectic matrices generated from purely quadratic Hamiltonians 𝑆 = 𝑒Ω𝐻𝑡 .

7 The name is related to the Weyl transform or correspondence: a map between operators in the Schrodinger
picture and functions in quantum phase space [124]. Here, the Weyl operators are the operators obtained through
the Weyl correspondence which are linear in the quadrature operators.

8 From [26], p.41:

¤b 𝑗 =
𝑖

2 [�̂�, b 𝑗 ] =
𝑖

2
∑︁
𝑚𝑛

[ b𝑚𝐻𝑚𝑛 b𝑛 , b 𝑗 ] =
𝑖

2
∑︁
𝑚𝑛

𝐻𝑚𝑛 ( b𝑚 [ b𝑛 , b 𝑗 ] + [ b𝑚, b 𝑗 ] b𝑛 )

=
∑︁
𝑚𝑛

Ω 𝑗𝑚𝐻𝑚𝑛 b𝑛 ,

where we used that [ b𝑚, b𝑛 ] = 𝑖Ω𝑚𝑛, the antisymmetry of Ω and that 𝐻 is symmetric.
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We note here that the matrices 𝑆 describe the action of purely quadratic Hamiltonians:

𝑒
𝑖
2 𝝃
𝑇𝐻𝝃𝝃𝑒

−𝑖
2 𝝃𝑇𝐻𝝃 = 𝑆𝝃, (5.49)

where we absorbed the time variable into 𝐻.
The Weyl operators from Def. 5.12 and the symplectic transformations Def. 5.5 describe

all Gaussian transforms. This may be seen by noting that the former are generated by linear
Hamiltonians while purely quadratic Hamiltonians generate the latter. Thus a general Gaussian
Hamiltonian, as in eq. (5.39), may be generated by combinations �̂�𝒅 and 𝑆.

Symplectic matrices are also useful in their role for decomposing symmetric matrices via
Williamson’s theorem.

Theorem 5.1 (Williamson’s Theorem). A real symmetric positive definite 2𝑁 × 2𝑁 matrix, 𝐴,
can be taken to diagonal form, 𝑊, through congruence with some symplectic matrix.[125, 126]
That is, for any 𝐴 ∈ 𝑃𝐷 (2𝑁), there is a matrix 𝑆 ∈ 𝑆𝑝(2𝑁) and diagonal 𝑊 ∈ M(2𝑁) such that

𝐴 = 𝑆𝑊𝑆𝑇 . (5.50)

The entries of 𝑊 are the symplectic eigenvalues of 𝐴. This statement holds in either ordering
of the quadrature operators, which can be verified by transforming the matrices 𝑆, 𝐴 and 𝑊 by
the ordering transformation _ (Def. 5.9).

Symplectic matrices may in turn be written as a product of two orthogonal and a diagonal
matrix, which are linked to optical elements.

Theorem 5.2 (Bloch-Messiah decomposition). Any symplectic matrix 𝑆 may be written in terms
of two orthogonal and symplectic matrices with unit determinant, 𝑈,𝑉 ∈ 𝑆𝑝(2𝑁,R) ∩ 𝑆𝑂 (2𝑁),
and diagonal 𝑅 ∈ M(2𝑁,R) as follows [26, 127]:

𝑆 = 𝑉𝑅𝑈, (5.51)

where

𝑅 =

𝑁⊕
𝑗=1

(
𝑟 𝑗 0
0 𝑟−1

𝑗

)
. (5.52)

The matrix 𝑅 is usually referred to as the active9 elements: squeezers. Squeezing gets its
name from the effect on the second statistical moment of Gaussian states - the width of the
Gaussian in phase space gets scaled in orthogonal axes by stretching and squeezing. In quantum
optics the terminology used is that a quadrature is squeezed while the other is anti-squeezed.
Squeezing along an arbitrary axis is also possible with anti-squeezing in the orthogonal axis. The
uncertainty principle is preserved after a squeezing operation.

Next, the passive elements are given by the matrices 𝑈 and 𝑉 which preserve the energy
eigenvalues of a Hamiltonian under congruence10. In the context of quantum optics, these
describe beam-splitters and phase-shifters.

9 The term active stems from the fact that single mode squeezing does not preserve the energy of the system
which can be seen as they are generated by the Hamiltonians proportional to 𝑠𝑘 = 𝑥𝑘 𝑝𝑘 which does not commute
with the free Hamiltonian [𝑠𝑘 , 𝐻free ] [𝑥𝑘 𝑝𝑘 ,

∑
𝑖 𝑥

2
𝑖
+ 𝑝2

𝑖
] = [𝑥𝑘 𝑝𝑘 , 𝑥2

𝑘
+ 𝑝2

𝑘
] = 𝑖 (𝑝𝑘 − 𝑥𝑘 ) ≠ 0. This stands in

comparison to the passive elements - phase-shifters and beam-splitters - which are generated by Hamiltonians
proportional to 𝑥2

𝑖
+ 𝑝2

𝑖
and 𝑝𝑖 𝑥 𝑗 − 𝑥𝑖 𝑝 𝑗 respectively and can be seen to commute with the free Hamiltonian. For

more information see reference [26, sec. 5.1.2].
10 For some Hamiltonian 𝐻 with eigenvalues 𝑣 and orthogonal 𝑂, 𝐻𝒗 = 𝑣𝒗 =⇒ 𝐻𝑂𝑇𝑂𝒗 = 𝑣𝒗 =⇒

𝑂𝐻𝑂𝑇 (𝑂𝒗) = 𝑣 (𝑂𝒗) =⇒ 𝑂𝐻𝑂𝑇𝒖 = 𝑣𝒖, so the eigenvalues, 𝑣, are left unchanged.
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In the phase-space picture, one may parametrise the passive and active elements as follows.
Beam-splitters between two modes perform a rotation in phase-space about the origin which can
be parametrised by an angle \ and, in the 𝑋𝑃𝑋𝑃 ordering, it looks like

𝐵𝑆2 (\) =
©«

cos \ 0 sin \ 0
0 cos \ 0 sin \

− sin \ 0 cos \ 0
0 − sin \ 0 cos \

ª®®®¬ , (5.53)

where cos2 (\) gives the beam-splitter transmissivity. The phase-shifters are rotations in phase-
space within a single mode and can be represented by 2 × 2 rotation matrices:

Φ(𝜙) =
(

cos 𝜙 sin 𝜙
− sin 𝜙 cos 𝜙

)
. (5.54)

The squeezing transformation is given in eq. (5.52) with 𝑟 𝑗 > 1 modelling squeezing in the 𝑥 and
anti-squeezing in the 𝑝 quadratures of mode 𝑗 and 𝑟 𝑗 < 1 giving the opposite effect. Squeezing
corresponds to a decrease in noise - linked to narrowing of a Gaussian distribution - while anti-
squeezing has the opposite effect. Squeezing is at times given in 𝑑𝐵 (decibels), in particular in
the experimental literature. The conversion is done through

[𝑑𝐵] =
[
10 log10 (𝑟2)

]
. (5.55)

One can break down passive transformation on 𝑁 modes into only two-mode beam-splitters
and single mode phase-shifts [26]. Some practical methods are presented in references [128, 129].
For the particular case of three modes, a beam-splitter array can be decomposed into three beam
splitters. This is the well-known Euler decomposition of a rotation in three dimensions.

Theorem 5.3 (Euler decomposition of beam-splitters on three modes). One may write any
beam-splitter operation on three modes, BS, as a product of three two-mode beam-splitter trans-
formations, as given in eq. (5.53), extended by identities in the relevant modes. That is,

BS(\𝐴𝐵, \𝐴𝐶 , \𝐵𝐶 ) = 𝐵𝑆(\𝐵𝐶 )𝐵𝑆(\𝐴𝐶 )𝐵𝑆(\𝐴𝐵), (5.56)

where \𝐴𝐵, \𝐴𝐶 , \𝐵𝐶 ∈ [0, 2𝜋].
The three beam-splitters between modes 𝐴− 𝐵, 𝐴−𝐶 and 𝐵−𝐶 are described by the following

matrices:

𝐵𝑆(\𝐴𝐵) =
(
𝐵𝑆2 (\𝐴𝐵) O4×2
O2×4 12

)
; (5.57)

𝐵𝑆(\𝐴𝐶 ) =
©«

cos \𝐴𝐶 0
0 cos \𝐴𝐶

O2
sin \𝐴𝐶 0

0 sin \𝐴𝐶
O2 12 O2

− sin \𝐴𝐶 0
0 − sin \𝐴𝐶

O2
cos \𝐴𝐶 0

0 cos \𝐴𝐶

ª®®®®®¬
; (5.58)

and

𝐵𝑆(\𝐵𝐶 ) =
(

12 O2×4
O4×2 𝐵𝑆2 (\𝐵𝐶 )

)
. (5.59)
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5.2.3 The statistical moments of Gaussian quantum states
It is well known that Gaussian distributions can be parametrised by their two first statistical
moments: the mean and variance. For multivariate distributions these become a vector and
a (covariance) matrix respectively. In a similar way, Gaussian states may be parametrised by
two mathematical objects carrying the same name. We define 𝝃 to be the first and 𝛾 the
second statistical moments of quadrature operators on the state under consideration. While
the statements we present apply to the first two statistical moments of any quantum state,
they determine Gaussian states entirely. One may see this by recalling that Gaussian states
are generated by quadratic Hamiltonians so no higher order correlations are needed for a full
description11.

We begin by defining the first moment or mean of a state.

Definition 5.13 (Gaussian state mean). The vector of quadrature means on the state 𝜌, gen-
erated by the Hamiltonian 𝐻 = 1

2 (𝝃 − 𝝃)
𝑇𝐻 (𝝃 − 𝝃) is given by

𝝃 = Tr[𝜌𝝃] . (5.60)

The non-trivial proof for identifying the vector of quadrature means with 𝝃 in the definition
of the generating Hamiltonian, 𝐻, of the state may be found in reference [26]12.

Next, we recall the definition of the covariance for classical variables. Let 𝑥 𝑗 and 𝑥𝑘 be two
classical variables with expectation value `(𝑥 𝑗 ) and `(𝑥𝑘) respectively. Then the covariance
between them is given by

𝑐𝑜𝑣(𝑥 𝑗 , 𝑥𝑘) = `[(𝑥 𝑗 − `(𝑥 𝑗 )) · (𝑥𝑘 − `(𝑥𝑘))] . (5.61)

The variance is obtained when 𝑗 = 𝑘: 𝜎𝑗 = 𝑐𝑜𝑣(𝑥 𝑗 , 𝑥 𝑗 ) = `[(𝑥𝑘 − `(𝑥𝑘))2]. For multivariate
covariances we define the vector of variables 𝒙 = (𝑥1, ..., 𝑥𝑁 ) so that the covariance matrix can
be written as

𝑐𝑜𝑣(𝒙, 𝒙) = `[(𝒙 − 𝒙) · (𝒙 − 𝒙)𝑇 ], (5.62)
where 𝒙 = (`(𝑥1), ..., `(𝑥𝑁 )) is the vector of means of variables 𝑥 𝑗 , 𝑗 ∈ [1, 𝑁].

Definition 5.14 (Covariance matrix). The covariance matrix, 𝛾, of a state 𝜌 is defined as

𝛾 = Tr
[
{(𝝃 − 𝝃), (𝝃 − 𝝃)𝑇 }𝜌

]
, (5.63)

where {𝝃, 𝝃𝑇 } = 𝝃𝝃𝑇 + (𝝃𝝃𝑇 )𝑇 and 𝝃𝝃𝑇 is to be understood as the outer product of 𝝃 with itself
as defined in eq. (5.4). Considering 𝛾 element-wise one may see that13

(𝛾) 𝑗𝑘 = ⟨{b 𝑗 , b𝑘}⟩ − 2⟨b 𝑗⟩⟨b𝑘⟩ (5.64)
11 In fact, any Gaussian state with statistical moments b̄ and 𝛾 may be written as 𝜌 =

1
(2𝜋)𝑁

∫
R2𝑁 d𝒓𝑒−

1
4 𝒓𝑇𝛾𝒓+𝑖𝒓𝑇𝝃 �̂�Ω𝑇𝝃 , where 𝒓 = Ω𝑇𝝃. [26, eq.(4.49), p.79]

12 It goes through expanding 𝜌 in the Fock basis and using the state space analog of symplectic decomposition
of 𝐻.

13 Starting from the definition of the anti-commutator (eq. (5.7)): {𝝃 , 𝝃𝑇 } 𝑗𝑘 = b 𝑗 b𝑘 + b𝑘 b 𝑗 we have that.

(𝛾) 𝑗𝑘 = Tr
[
{ (𝝃 − 𝝃 ) , (𝝃 − 𝝃 )𝑇 } 𝑗𝑘𝜌

]
= Tr

[(
{𝝃 , 𝝃𝑇 } 𝑗𝑘 − {𝝃 , (𝝃 )𝑇 } 𝑗𝑘 − {𝝃 , 𝝃𝑇 } 𝑗𝑘 + {𝝃 , (𝝃 )𝑇 } 𝑗𝑘

)
𝜌

]
= Tr

[
( b 𝑗 b𝑘 + b𝑘 b 𝑗 )𝜌

]
+Tr

[
( b 𝑗 b̄𝑘 + b̄𝑘 b 𝑗 )𝜌

]
+Tr

[
( b̄ 𝑗 b𝑘 + b𝑘 b̄ 𝑗 )𝜌

]
+Tr

[
( b̄ 𝑗 b̄𝑘 + b̄𝑘 b̄ 𝑗 )𝜌

]
= Tr

[
{ b 𝑗 , b𝑘 }𝜌

]
− 2 b̄𝑘 Tr

[
b 𝑗𝜌

]
− 2 b̄ 𝑗 Tr[ b𝑘𝜌] + 2 b̄ 𝑗 b̄𝑘

= Tr
[
{ b 𝑗 , b𝑘 }𝜌

]
− 2 b̄𝑘 b̄ 𝑗 − 2 b̄ 𝑗 b̄𝑘 + 2 b̄ 𝑗 b̄𝑘

= Tr
[
{ b 𝑗 , b𝑘 }𝜌

]
− 2 b̄𝑘 b̄ 𝑗 . □
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with b 𝑗 the 𝑗th element of the vector of canonical operators and where the mean is taken over
the quantum state in question and the means are equated as b̄ 𝑗 = ⟨b 𝑗⟩.

Notice that, differing from the classical definition in eq. (5.62), we included the anti-commutator,
{·, ·}, in the definition. This is because the elements of 𝝃 do not all commute and we want the
covariance matrix to be symmetric. Notice also that the variance terms, (𝛾) 𝑗 𝑗 , have a factor of
2 in the first term which does not appear in the usual definition of variance. This is because we
want the vacuum covariance matrix to be the identity with no scalar factors14.

The symplectic eigenvalues a 𝑗 of the covariance matrix of a Gaussian state generated by the
Hamiltonian 𝐻 = 𝑆𝐻diag(𝜔1, 𝜔2, ...)𝑆𝑇𝐻 are obtained by a 𝑗 = 1+𝑒−𝛽𝜔𝑗

1−𝑒−𝛽𝜔𝑗
[26]. One may also see here

that all Gaussian states on 𝑁 modes must have a 𝑗 ≥ 1 for all 𝑗 = 1, ..., 𝑁 and that the pure states
(𝛽→∞) have a 𝑗 = 1 for all 𝑗 = 1, ..., 𝑁.

The covariance matrix holds all correlation properties of Gaussian states, so it plays a central
role in codifying the uncertainty principle in the symplectic formalism.

Theorem 5.4 (Robertson uncertainty relation). For some quantum state 𝜌, its covariance ma-
trix, 𝛾, satisfies

𝛾 + 𝑖Ω ≥ 0. (5.65)

This rephrases the well known uncertainty relation between conjugate variables in terms of
the CM15. It may be equivalently recast in terms of the symplectic eigenvalues of 𝛾 through
symplectic diagonalisation: Let 𝑆 ∈ 𝑆𝑝 be such that 𝑆𝑇𝛾𝑆 = 𝑊 via Williamson’s Theorem
(Thm. 5.1) and using the defining property of symplectic matrices, 𝑆𝑇Ω𝑆 = Ω, we find that

𝑊 + 𝑖Ω =

𝑁⊕
𝑗=1

(
a 𝑗 𝑖

−𝑖 a 𝑗

)
≥ 0, (5.66)

where a 𝑗 are the symplectic eigenvalues of 𝛾. This is equivalent to requiring

a 𝑗 ≥ 1 for 𝑗 ∈ [1, 𝑁] . (5.67)

This statement will be used when phrasing the so-called positive-partial transposition (PPT)
criterion at the level of the covariance matrix and is used extensively in the next chapter.

Covariance matrices are symmetric positive definite matrices: Def. 5.14 (Covariance matrix)
is invariant under the index swap 𝑗 ↔ 𝑘. Positive definiteness may be seen from Thm. 5.4 [26] as
𝛾 fulfils a stricter inequality to positivity. Non-negativity, 𝛾 ≥ 0, follows directly from Thm. 5.4
since Ω has no real non-zero eigenvalues16. Strict positivity is more involved and can be shown
by contradiction [26]17.

Since Gaussian states are completely characterised by the mean (𝝃) and covariance matrix
(𝛾) we can understand the dynamics by tracking the changes to only these objects.

14 See for example the remark after eq. (5.129) or the second paragraph in section 6.5 of ref. [26].
15 The proof for this relationship [26] follows from noticing that 2 Tr

[
𝜌(𝝃 − 𝝃 ) (𝝃 − 𝝃 )𝑇

]
= 𝛾+Tr

[
𝜌[𝝃 , 𝝃𝑇 ]

]
= 𝛾+𝑖Ω,

where we used eq. (5.10) and that 𝒗𝒗𝑇 is the outer product between vectors as defined in eq. (5.4). Upon defining
�̂� =

√
2𝒚† (𝝃 − 𝝃 ) for arbitrary 𝒚 ∈ C2𝑁 , one finds that 𝒚† (𝛾 + 𝑖Ω)𝒚 = Tr

[
𝜌�̂��̂�†

]
≥ 0. Since 𝒚 was arbitrary, this

proves Thm. 5.4.
16 This follows from the fact that Ω is skew-symmetric so any real eigenvalue is zero: for some vector v ∈ R2𝑁

let v𝑇Ωv = 𝑎 ∈ R; we have then simultaneously that −𝑎 = v𝑇Ω𝑇v = (v𝑇Ωv)𝑇 = 𝑎 so that 𝑎 ∈ R is nullity. □
17 Assume u ∈ R2𝑁 to be such that u𝑇𝛾u = 0. Then let w = 𝑖𝑎u + 𝑣 for some v ∈ R2𝑁 with v𝑇Ωu = 𝑏 ≠ 0 where

𝑏 ∈ R. Note then that w† (𝛾 + 𝑖Ω)w = v𝑇𝛾v − 2𝑎𝑏 so one may choose 𝑏 so that Thm. 5.4 is not satisfied, reaching
a contradiction. □ In this proof we used that x𝑇Ωx = 0 for all x ∈ R2𝑁 and u𝑇𝛾v = v𝑇𝛾u since 𝛾 is symmetric .
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We start with the Weyl operators from Def. 5.12 - displacements generated by linear Hamil-
tonians. Applying the state transformations 𝜌 ↦→ 𝐷−𝒅𝜌𝐷𝒅, into Defs. 5.13 and 5.14 (Gaussian
state mean and Covariance matrix), we find the rules

𝝃 ↦→ 𝝃 = 𝝃 − 𝒅

𝛾 ↦→ 𝛾, (5.68)

where 𝒅 is a vector of displacements in the correct quadrature ordering. For getting this result,
remember that the mean 𝝃 is also shifted by the displacement.

The latter is found by recalling that the Weyl operators act on 𝝃 element-wise and that
the trace is invariant under permutations of its argument: Tr[𝐴𝐵] = Tr[𝐵𝐴]. Let 𝛾′ be the
covariance matrix of the displaced state, 𝜌′ = �̂�−𝒅𝜌�̂�𝒅. The mean is now 𝝃′ = 𝝃 − 𝒅. We have
therefore

𝛾′𝑗𝑘 = Tr
[
{(𝝃 − (𝝃 − 𝒅)), (𝝃 − (𝝃 − 𝒅))𝑇 } 𝑗𝑘 �̂�−𝒅𝜌�̂�𝒅

]
= Tr

[
�̂�𝒅

(
(𝝃 − (𝝃 − 𝒅)) 𝑗 (𝝃 − (𝝃 − 𝒅))𝑘 + (𝝃 − (𝝃 − 𝒅))𝑘 (𝝃 − (𝝃 − 𝒅)) 𝑗

)
�̂�−𝒅𝜌

]
(5.69)

= Tr
[
�̂�𝒅 (b 𝑗 − (b̄ 𝑗 − 𝑑 𝑗 )) (b𝑘 − (b̄𝑘 − 𝑑𝑘))�̂�−𝒅 + �̂�𝒅 (b𝑘 − (b̄𝑘 − 𝑑𝑘)) (b 𝑗 − (b̄ 𝑗 − 𝑑 𝑗 ))�̂�−𝒅𝜌

]
,

where we used that the commutator of quadrature vectors is, in term of components, given by
[𝒗, 𝒗𝑇 ] 𝑗𝑘 = 𝑣 𝑗𝑣𝑘 − 𝑣𝑘𝑣 𝑗 as per eq. (5.8).

Let us look at one of the terms inside the trace. From eq. (5.44) we get that �̂�𝒅𝝃�̂�−𝒅 = 𝝃 + 𝒅
by swapping signs in the subscript of the Weyl operators. Recall also that 𝝃, 𝒅 ∈ R2𝑁 so the
Weyl operators give the identity on each element. We find therefore that

�̂�𝒅 (b 𝑗 − (b̄ 𝑗 − 𝑑 𝑗 )) (b𝑘 − (b̄𝑘 − 𝑑𝑘))�̂�−𝒅 = �̂�𝒅 (b 𝑗 − (b̄ 𝑗 − 𝑑 𝑗 ))�̂�−𝒅 �̂�𝒅 (b𝑘 − (b̄𝑘 − 𝑑𝑘))�̂�−𝒅
= (�̂�𝒅b 𝑗 �̂�−𝒅 − (b̄ 𝑗 − 𝑑 𝑗 )) (�̂�𝒅b𝑘 �̂�−𝒅 − (b̄𝑘 − 𝑑𝑘))
= ((b 𝑗 + 𝑑 𝑗 ) − (b̄ 𝑗 − 𝑑 𝑗 )) ((b𝑘 + 𝑑𝑘) − (b̄𝑘 − 𝑑𝑘))
= (b 𝑗 − b̄ 𝑗 ) (b𝑘 − b̄𝑘). (5.70)

This means that

𝛾′𝑗𝑘 = Tr
[ (
(b 𝑗 − b̄ 𝑗 ) (b𝑘 − b̄𝑘) + (b𝑘 − b̄𝑘) (b 𝑗 − b̄ 𝑗 )

)
𝜌
]

= Tr
[
{(𝝃 − 𝝃), (𝝃 − 𝝃)𝑇 } 𝑗𝑘𝜌

]
= 𝛾 𝑗𝑘 . (5.71)

That is
𝛾′ = 𝛾, (5.72)

as noted in eq. (5.68).
In this part, we deal with entanglement properties so eq. (5.68) is of particular interest. It

implies that displacement operations are irrelevant for properties dependent only on second mo-
ments. It also means that for any states we consider when investigating entanglement properties,
we may freely nullify the mean: 𝝃 = 0.

Next, the mean and covariance matrix are mapped by transformations described by symplectic
matrices, 𝑆, as

𝝃 ↦→ 𝑆𝝃 (5.73)
𝛾 ↦→ 𝑆𝛾𝑆𝑇 , (5.74)
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where the state has been transformed as 𝜌 → 𝑆†𝜌𝑆 with 𝑆 = 𝑒
𝑖
2 𝝃
𝑇𝐻𝝃 and 𝑆 = 𝑒Ω𝐻 . This follows

from the map of quadratures 𝝃 under such an operation since 𝑆†𝝃𝑆 = 𝑆𝝃 (see eq. (5.49)).
One point to note before we proceed, the statements about the mean and CM derived in this

section are general in that they apply for any quantum state. However, non-Gaussian states may
require higher statistical moments for a full description. In particular, the CM is not sufficient to
describe all entanglement properties: the absence of entanglement in the CM does not exclude
all entanglement in non-Gaussian states.

5.2.3.1 Statistical moments of state reductions and extensions
One may combine or separate composite states. These we call extensions and reductions respec-
tively. We begin with the former.

Let 𝜌𝐴 and 𝜌𝐵 be two Gaussian density matrices with means 𝝃𝐴 and 𝝃𝐴 and covariance
matrices 𝛾𝐴 and 𝛾𝐵. The extended state 𝜌 = 𝜌𝐴 ⊗ 𝜌𝐵 has the statistical moments composed as

𝝃 = 𝝃𝐴 ⊕ 𝝃𝐵 =

(
𝝃𝐴
𝝃𝐵

)
(5.75)

𝛾 = 𝛾𝐴 ⊕ 𝛾𝐵 =

(
𝛾𝐴 O2
O2 𝛾𝐵

)
, (5.76)

with a natural extension to a larger composition of states.
If, instead, we start with a state 𝜌 with 𝝃 = 𝝃𝐴 ⊕ 𝝃𝐵 and 𝛾𝐴𝐵 =

(
𝛾𝐴 𝛾𝐴𝐵

𝛾𝐴𝐵 𝛾𝐵

)
, then the partial

trace18 with respect to mode 𝐴 is obtained by removing19 rows and columns involving the mode
index 𝐴 thus decreasing the dimension of a 2𝑁 × 2𝑁 CM to 2(𝑁 − 1) × 2(𝑁 − 1). For 𝛾𝐴𝐵 above,
this would correspond to removing all submatrices except 𝛾𝐵. For an 𝑁-mode state made up
from modes A = {𝐴𝑖 |𝑖 ∈ [1, 𝑁]}, we write the reduction onto modes B ⊂ A as 𝛾B . Since the
number of modes dealt with here is often not large, we sometimes use the convention of labelling
the modes with capital Latin letters. We might therefore write 𝛾𝐴𝐶 for the reduction of some,
say, three-modes covariance matrix 𝛾𝐴𝐵𝐶 when removing mode 𝐵. To avoid confusion, we use
the superscript to denote the 2 × 2 covariance matrix between two modes. The remnant modes
after a partial trace is referred to as a marginal. Since we use it in the coming chapter, we put
it in a definition.

Definition 5.15 (Marginals of states (covariance matrix)). Let 𝛾A be the covariance matrix
of a multi-mode Gaussian state. The marginal, labelled by subscript B ⊂ A, is the resulting
covariance matrix after a partial trace with respect to a subset, B of modes. That is

𝛾A = 𝑃𝑇A\B [𝛾], (5.77)

with 𝑃𝑇A\B [·] denoting the partial trace operation, on the level of covariance matrices, over
modes not in B (A\B is the complement of B in A).

In the three-mode example, 𝛾𝐴𝐵𝐶 has three possible marginals: 𝛾𝐴𝐵, 𝛾𝐴𝐶 , and 𝛾𝐵𝐶 , obtained
by removing modes 𝐶, 𝐵, and 𝐴 respectively.

Next, we consider the partial transposition of a multi-mode state and its effect on the statis-
tical moments.

18 The term partial trace comes from the operation on density matrices.
19 At the level of density matrices, reductions are obtained through the partial trace map. The global term

that appears does not move onto the covariance matrix. Reductions are therefore obtained by straight removal
of the relevant rows and columns.
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Partial transposition, across collection of modes 𝐴 and 𝐵, of a state at the phase space level
can be described by the map (1 ⊗ T) mapping 𝜌𝐴 ⊗ 𝜌𝐵 ↦→ 𝜌𝐴 ⊗ T 𝜌𝐵, where T 𝜌𝐵 := 𝜌𝑇

𝐵
and

is extended to states with more partitions by applying the transformation T to the relevant
modes in some local basis. Using the definitions for the quadratures from the creation and
annihilation operators from eq. (5.28): 𝑥 = (𝑎 + 𝑎†)\

√
2 and 𝑝 = (𝑎 + 𝑎†)\𝑖

√
2 for position and

momentum respectively and noting that the action of the bosonic operators, 𝑎 and 𝑎†, on Fock
states is entirely described by real coefficients, one may equate the hermitian conjugate of 𝑎 with
it transposition: 𝑎† = 𝑎𝑇 . Thus, we find the effect of transposition on the quadratures:

𝑥𝑇 =
(𝑎 + 𝑎†)𝑇
√

2
= 𝑥, 𝑝𝑇 =

(𝑎 − 𝑎†)𝑇

𝑖
√

2
= −𝑝. (5.78)

Transposition thus produces a negative sign in each momentum term (resultingly, ⟨𝑝2⟩ does not
change sign). On statistical moments, this means that transposition can be represented by the
operation of 𝜎𝑧 =

( 1 0
0 −1

)
on the mode undergoing transposition. For multi-mode states, only

the relevant momenta get a sign change so we define the partial transposition (PT) operator as
follows.

Definition 5.16 (Partial transposition (PT) on statistical moments). Let 𝝃 and 𝛾 be the statis-
tical moments of some quantum state of 𝑁 modes. Partial transposition in modes K is described
by the operator

𝑇K =

𝑁⊕
𝑗=1

𝜏 with 𝜏 =

{
𝜎𝑧 𝑗 ∈ K,
12 otherwise.

(5.79)

The partial transposition transformation 𝑇 acts by congruence on the covariance matrix so,
for K = {𝐵} and 𝛾 =

(
𝛾𝐴 𝛾𝐴𝐵

𝛾𝐴𝐵 𝛾𝐵

)
, we write

𝛾𝑇𝐵 := 𝑇𝐵𝛾𝑇𝑇𝐵 = 𝑇

(
𝛾𝐴 𝛾𝐴𝐵

𝛾𝐴𝐵 𝛾𝐵

)
𝑇𝑇 =

(
𝛾𝐴 −𝛾𝐴𝐵
−𝛾𝐴𝐵 𝛾𝐵

)
. (5.80)

Note that the diagonal element 𝛾𝐵 is the variance in mode 𝐵 so involves the square of 𝑝𝐵 and
has therefore no sign change. Note also that 𝛾𝑇𝐴 = 𝛾𝑇𝐵 since the negative sign appears in the
off-diagonal terms which involve terms of both marginals.

Before moving on to defining multipartite entanglement on covariance matrices, we define the
notion of partitions.

Definition 5.17 (Partitions of multimode states). For a multimode CM, 𝛾A , a partition into 𝑘
parts, labelled by B 𝑗 , with ⋃𝑘

𝑗=1 B 𝑗 = A, is written as

𝛾B1 | B2 |... | B𝑘 , (5.81)

Each part B 𝑗 may be formed by more than one mode.

A three mode CM, 𝛾𝐴𝐵𝐶 has three possible bipartitions, labelled by 𝐴𝐵|𝐶,𝐴𝐶 |𝐵, and 𝐴|𝐵𝐶.
Practically, operations on one part of the state correspond to acting on the CM elements with
the relevant mode indices.

We now have all the required tools to treat entanglement properties at the level of covariance
matrices.
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5.3 Entanglement in terms of density matrices
Entanglement is a quintessentially quantum property. It provides a concrete example of the
phrase "the sum is larger than the parts": the textbook definition characterises entanglement
negatively20 by presenting a decomposition whenever a state is not entangled, as we will see in
section 5.3. Quantum entanglement has served to explore various phenomena - examples include
open quantum systems [130, 131], quasi-particle behaviour [132] as well as in a variety of effects
in quantum optics [133, 134] and a plethora of quantum information tasks - protocols ranging
from ghost imaging [135], secure communication [136–138], computing [58, 63] (see also part I),
to improved imaging [139], to name but a few.

In this section, we will end up with a test for so-called genuine multipartite entanglement on
covariance matrices and how to find it numerically [123]. In getting there, we cover the definition
of entanglement at the level of states, including the classification of multi-partite entanglement in
section 5.3. In the next section, section 5.4, we rephrase the definitions to apply on the covariance
matrices of quantum states.

5.3.1 Bipartite entanglement
As noted in section 1.2, entanglement is defined via its complement in the space of quantum
states. We therefore start by defining the states which are not entangled.

Definition 5.18 (Bipartite state entanglement). A quantum state 𝜌 on the composite Hilbert
space H1 ⊗ H2 is said to be separable if has the decomposition

𝜌 =
∑︁
𝑗

_ 𝑗 𝜌
(1)
𝑗
⊗ 𝜌 (2)

𝑗
(5.82)

with ∑
𝑗 _ 𝑗 = 1 (_ 𝑗 ≥ 0 for all 𝑗) and where the subsystems are given by the density matrices

𝜌 (1) and 𝜌 (2) which act on H1 and H2 respectively as defined in Def. 1.1. Otherwise 𝜌 is said to
be entangled.

It should be noted that H1 and H2 need not be of the same dimension. In particular, they
need not be made up of one state - bipartite entanglement is a statement of correlations between
two components which may be composite themselves. This means that this definition already
covers some type of multipartite entanglement.

States accepting Def. 5.18 are not entangled. However, the sum coefficients, _ 𝑗 , define classical
correlations. In the CM of the state, these appear as entries in the off-diagonals.

Tests for bipartite entanglement abound, but we make use of one based on the partial trans-
position in particular21.

Theorem 5.5 (Positive partial transpose (PPT) criterion on states). If a state 𝜌 on Hilbert
space H = H𝐴 ⊗ H𝐵 is separable, then

𝜌𝑇𝐵 ≥ 0, (5.83)

with (.)𝑇𝐵 the partial transposition map (1 ⊗ T) equivalent to transposition 𝑇 on subsystem 𝜌𝐵 =

Tr𝐴[𝜌] only [18, 19] (see the discussion preceding Def. 5.16). Whenever dim(H) = dim(H1) ×
dim(H2) ≤ 6, this condition is necessary and sufficient [20].

20 Two terms that get to this idea of a negative definition, taken from philosophy and theology, are antithesis
and apophasis. A definition by antithesis is one where one gives the negation of the original thesis. In apophatic
theology, religious concepts are defined by properties they do not carry.

21 We repeat Thm. 1.3 here.
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The last statement means that it serves to characterise fully the entanglement 2 × 2 states.
An interpretation of Thm. 5.5 is that whenever 𝜌 is separable, its partial transposition is a valid
quantum state. This interpretation remains when we move on the equivalent theorem at the
level of covariance matrices (Thm. 5.7, PPT criterion on two-mode covariance matrices).

5.3.2 Genuine multipartite entanglement
There are multiple ways of classifying entanglement among more than two parties. The last sen-
tence in Def. 5.18 (Bipartite state entanglement) evidences a certain classification of multipartite
entanglement corresponding to answering the question of how many partitions are separable in
a given state [140].

We start at the end of entanglement-free states. These are the states that are called fully
separable - they are separable no matter which partitions22 we measure entanglement across.

Definition 5.19 (Fully separable states). States that are fully separable on 𝑁 modes, 𝜌Fullysep,
are those for which there exists a basis such that

𝜌Fully sep =
∑︁
𝑗

_ 𝑗

𝑁⊗
𝑘=1

𝜌
(𝑘 )
𝑗
, (5.84)

with 𝜌
(𝑘 )
𝑚 a separable state on 𝐻𝑚 for 𝑚 ∈ [1, 𝑁]. These states are those separable across all

partitions.

We may join any two states and allow them to be entangled to obtain a slightly less restrictive
condition of 𝑁 − 1 separability. We may do this operation successively (𝑁 − 𝑘) times to get the
increasingly more inclusive sets of 𝑘-separable states

Definition 5.20 (𝑘-separable states). States of 𝑁 modes that are separable across 𝐾 < 𝑁

partitions, referred to as 𝑘-separable, are those which may be written as

𝜌𝑘−sep =
∑︁
𝑗

_ 𝑗

𝐾⊗
𝑘=1

𝜌
(𝑘 )
𝑗
, (5.85)

with ∑
𝑗 _ 𝑗 = 1 and where the sum occurs over all possible partitions into 𝑘 parts23. The states

𝜌
(𝑘 )
𝑗

may be composed of multiple entangled subsystems.

We should note here that a 𝑘-separable state could be formed by a mixture of states which
are not separable across the same partitions so that the state as a whole might not be separable
across some particular partition. For this reason, sometimes the convex sum is left out of the
definition. Nonetheless, since our aim is to define the states with genuine 𝑁-partite entanglement,
we keep the definition involving the convex sum. This is because it is unintuitive to attribute
𝑙-partite (𝑙 > 𝑘) entanglement to refer to a state composed of states that are separable across 𝑘
partitions24.

22 For a definition of partitions see Def. 5.17.
23 The number of ways this can be done in is given by the Stirling numbers of the second kind. They are the

number of ways of partitioning 𝑁 labelled objects into 𝑘 non-empty sets denoted 𝑆 (𝑛, 𝑘 ). Whereas the general
case is the non-trivial 𝑆 (𝑁, 𝑘 ) = 1

𝑘!
∑𝑘
𝑗=0 (−1) 𝑗

(
𝑘
𝑗

)
(𝑘 − 𝑗 )𝑁 , the bipartite case (𝑘 = 2) collapses to the simple

2𝑁−1 − 1.
24 For example consider the 3-mode state

𝜌 = _1𝜌1 ⊗ 𝜌23 + _2𝜌2 ⊗ 𝜌13 + _3𝜌3 ⊗ 𝜌12
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Through the joining procedure of states in a partition we can see a hierarchy in the classi-
fication presented. This gives the 2-separable states forming the set including all 𝑁 > 𝑘 > 2
separable states. We call these the biseparable states.

Definition 5.21 (Biseparable states). States of 𝑁 modes called biseparable are those which can
be expanded as the convex sum

𝜌Bisep =

𝐾∑︁
𝑘

_𝑘𝜌
(1)
𝑘
⊗ 𝜌 (2)

𝑘
, (5.86)

with 𝐾 = 2𝑁−1 − 125. We recall that the superscript in the subsystems 𝜌 (1)
𝑘

and 𝜌
(2)
𝑘

does not
imply that the bipartition is over the same subsystems for all 𝑘 (see appendix G and footnote 24).

One may write the bipartitions 𝜌 (1)
𝑘
⊗𝜌 (2)

𝑘
= 𝜌𝜋 (𝑘 ) by defining the set of all possible bipartitions

of 𝑁 elements
Π(𝑁) = {𝜋(𝑘) |𝑘 ∈ [1, 2𝑁−1 − 1]}. (5.87)

For three and four modes we have Π(3) = {𝐴𝐵|𝐶, 𝐴𝐶 |𝐵, 𝐴|𝐵𝐶} and
Π(4) = {𝐴𝐵𝐶 |𝐷, 𝐴𝐵𝐷 |𝐶, 𝐴𝐶𝐷 |𝐵, 𝐴|𝐵𝐶𝐷, 𝐴𝐵 |𝐶𝐷, 𝐴𝐶 |𝐵𝐷, 𝐴𝐷 |𝐵𝐶}.

Once more we define genuinely multipartite entangled states through a negative condition.

Definition 5.22 (Genuine multipartite entanglement (GME)). A state 𝜌 on 𝑁 modes is said to
be genuine multipartite entangled if it cannot be written as a biseparable state as per eq. (5.86).

The three-mode case is presented schematically in fig. 5.1.
Now that we have the definitions (and one criterion) of different classes of entanglement, we

present one further general test of entanglement through so-called entanglement witnesses.

5.3.3 Entanglement witnesses
An entanglement witness 𝑊 is an observable with non-negative expectation value in all separable
states [19] - for a chosen type of separability - and has a negative expectation value for at least
one entangled state. Let us define them.

Definition 5.23 (Entanglement witness on states). Let 𝑊 be an observable on some Hilbert
space 𝐻 on which the states 𝜌 and 𝜌Sep are also defined. If

Tr
[
𝜌Sep𝑊

]
≥ 0 for all separable 𝜌Sep

Tr[𝜌𝑊] < 0 for at least one entangled 𝜌,

then 𝑊 is said to be an entanglement witness.

Entanglement witnesses have formally been connected to entanglement inequalities such as,
for example, the Bell inequalities [142] and 𝑝-measures [123].

with _1 + _2 + _3 = 1 [140, sec. 3.2.2]. We see that 𝜌 is produced by, at most, bipartite entanglement and classical
mixing. No term in the sum involves entanglement between all three modes so it does not seem correct to attribute
genuine 3-partite entanglement. We give a CM example in appendix G.

25 See footnote 23. The number of bipartitions of 𝑁 elements may also be reached by a calculation argument.
The number of ways of dividing 𝑁 elements into two groups is 2𝑁 . However, two of these are such that either
part is empty. Since we want partitions with non-empty subsets we have 2𝑁 − 2 possibilities. Since the ordering
of the partitions does not matter we half the above to get the required 2𝑁−1 − 1.
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Figure 5.1: Schematic diagram of a full classification of three-partite entanglement. States
separable across one bipartition are members of the orange regions. The overlapping regions
correspond to states that are separable across two bipartitions or fully separable. Biseparable
states (Def. 5.21) are contained in the convex sum of these, marked by the red region. States
satisfying separability criteria such as the PPT criterion (Thm. 5.5) generally cover a larger set
(blue region). States outside the red region carry genuine multipartite entanglement. Figure
redrawn from ref. [141].

In this thesis we use so-called optimal witnesses of entanglement [123, 143] which are those
that minimise the value Tr[𝜌𝑊] for a given state 𝜌. One may describe these pictorially through
hyperplanes on the space of states that touch the set of separable states as in fig. 5.2. The insight
to defining entanglement witnesses is that the set of separable states is convex: for bipartite
states, (𝛼𝜌 (1) + (1 − 𝛼)𝜌 (2) )𝑇𝐵 ≥ 0 if each 𝜌 (1) and 𝜌 (2) are PPT. Brushing formal details under
the rug, this allows the partitioning of the space of states so that all the separable states are on
one part and the other contains only entangled states (see fig. 5.2). A proof of this may be found
in reference [19] and is based on a corollary of the Hahn-Banach theorem [144] which states that
a functional may be defined that bisects the (real Banach) space such that two convex closed
sets, where one of them is compact, are on separate parts of the bisection. In a Hilbert space,
H , the functional is defined by Hermitian 𝑊 ∈ L(H) and the trace map: Tr[·𝑊]. As we show
in the next section, the notion of witnesses can be translated onto covariance matrices.

We now move on to translate these definitions in terms of covariance matrices.

5.4 Gaussian Entanglement

Since entanglement is a type of correlation, the covariance matrix is naturally the object that
holds the relevant information for Gaussian states. It is worth restating two points at this stage
- first, Gaussian quantum states may be fully characterised by the first and second statistical
moments and; second, the mean may be set to zero since displacement operations do not affect
the covariance matrix (see eq. (5.68)). Hence, for questions pertaining entanglement, we need
only consider the covariance matrix of states. While there may be entanglement beyond that
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Figure 5.2: Representation of entanglement witnesses as hyperplanes on the space of quantum
states (purple oval). Hyperlines are formed by the states, 𝜌, which give Tr[𝜌𝑊] = 𝑘 for some
𝑘 ∈ R and define the witness 𝑊 . The orange line marks 𝑘 = 0. The hyperline bisects the space
with all separable states (convex set, taken from fig. 5.1) contained on one side. The witness
detects GME in states in the purple region. Optimal entanglement witnesses are those that touch
the convex set of separable states, which 𝑊 exemplifies. Optimality is defined with respect to a
particular state 𝜌 and the optimal entanglement witness minimise Tr[𝜌𝑊]. Although witnesses
may be curved towards the separable set we only consider linear witnesses in this thesis.

present at the covariance matrix level, the statements we say are conclusive for Gaussian states.
Any argument presented are implicitly constrained to entanglement at the level of CMs and
be referred to as "Gaussian entanglement". For states generated by higher-than-second-order
Hamiltonians the arguments apply only at the level of the second moment but not beyond.

After translating the definitions of entanglement onto statements on CMs we present some
entanglement criterion in section 5.4.1 and formulate the entanglement witnesses in section 5.4.2,
taking particular attention to witnesses of GME on CMs. We present a derivation of the main
results of reference [123] for a numerical scheme to find such GME witnesses. We end the chapter
by briefly covering trees which we use to describe the structure of witnesses that use only a subset
of the CM elements to detect entanglement in section 5.7. which offers a way to phrase the main
research question in this part.

5.4.1 Entanglement criteria on covariance matrices
We begin with the bipartite separability criterion and finish with the PPT test. Let us first
define a two-mode CM, 𝛾 block-element wise as

𝛾 =

(
𝛾𝐴 𝛾𝐴𝐵

𝛾𝐴𝐵 𝛾𝐵

)
. (5.88)

We write the partition CMs 𝛾𝐴 and 𝛾𝐵 with the subscript since these correspond to the reductions
of the initial state. To avoid confusion with the reduction of a higher mode state, for example
𝛾𝐴𝐵𝐶 → 𝛾𝐴𝐵, we label the covariance between modes 𝐴 and 𝐵 with the superscript 𝛾𝐴𝐵.

Theorem 5.6 (Necessary and sufficient criterion for bipartite separability). An 𝑁-mode state
with CM 𝛾 is separable at the covariance matrix level across some bipartition into mode collections
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𝐴 and 𝐵 if, and only if, there exist local covariance matrices 𝛾𝐴 and 𝛾𝐵 such that [145]26

𝛾 − 𝛾𝐴 ⊕ 𝛾𝐵 ≥ 0. (5.89)

If 𝛾 does not allow for such a decomposition, then the states with CM 𝛾 are entangled. Whenever
we say that 𝛾 is entangled, it is a shorthand for this statement.

For two mode states, we can use the PPT criterion from Thm. 5.5 to determine separability.

Theorem 5.7 (PPT criterion on two-mode covariance matrices). A two-mode Gaussian state
with covariance matrix 𝛾𝐴𝐵 is separable if and only if it satisfies the uncertainty principle in
Thm. 5.4 under partial transposition (PPT). [147] More formally,

𝛾𝐴𝐵 is of a separable state ⇐⇒ 𝛾
𝑇𝐵
𝐴𝐵
+ 𝑖Ω ≥ 0, (5.90)

where the partial transposition operation, (·)𝑇𝐵 , is given in Def. 5.16.

Recall that the partial transposition of modes 𝐵 corresponds to the map 𝑝𝐵 ↦→ −𝑝𝐵 at the
level of covariance matrices. The PPT criterion in terms of density and covariance matrices
allow this similar interpretation: a state is separable across a given bipartition, 𝐴|𝐵, if the
partial transposition (·)𝑇𝐵 returns a valid quantum state (𝜌𝑇𝐵 ≥ 0 or 𝛾𝑇𝐵 + 𝑖Ω ≥ 0).

The extension of Thm. 5.7 to entanglement across 1 × 𝑁 (but nothing larger27) modes was
done in reference [145]. For our purposes, however, separability of two-mode Gaussian states is
sufficient.

For multi-mode entanglement, one may rephrase Def. 5.21 along with the relevant definition
in section 5.3.2. We only do so for GME here although the other classes may be rephrased based
on the statements presented herein.

Definition 5.24 (Biseparability on covariance matrices). A covariance matrix 𝛾Bisep of 𝑁 modes
belongs to a biseparable state, as defined in Def. 5.21, if there exist positive _𝑘 ≤ 1 and covariance
matrices 𝛾𝜋 (𝑘 ) which are block-diagonal across the bipartition 𝜋(𝑘) such that [123]

𝛾Bisep −
𝐾∑︁
𝑘=1

_𝑘𝛾𝜋 (𝑘 ) ≥ 0, (5.91)

with the 𝐾 = 2𝑁−1 − 1 bipartitions 𝜋(𝑘) defined as in eq. (5.87). States with covariance matrices
that do not satisfy this inequality are genuinely multipartite entangled.

26 (⇒): If 𝛾 satisfies eq. (5.89), then we may write 𝛾 = (𝛾𝐴 ⊕ 𝛾𝐵 ) +𝑌 for some 𝑌 ≥ 0. Such a CM corresponds
to a product state (with CM 𝛾𝐴⊕ 𝛾𝐵) prepared by local unitary displacements with Gaussian weights (distributed
according to CM 𝑌) [26, Sec. 5.3.2].
(⇐): If 𝛾 is the CM of a separable state, then the density matrix of the state can be decomposed into a

convex mixture of separable states with uncorrelated CMs. For a state 𝜌 =
∑
𝑘 _𝑘𝜌

(𝑘)
𝐴
⊗ 𝜌(𝑘)

𝐵
, we have the following

inequality [26, 146]

𝛾 (𝜌) =
∑︁
𝑘

_𝑘𝛾

(
𝜌
(𝑘)
𝐴
⊗ 𝜌(𝑘)

𝐵

)
+

∑︁
𝑘

_𝑘
{
𝝃𝑘 , 𝝃

𝑇
𝑘

}
−


∑︁
𝑗

_ 𝑗𝝃 𝑗 ,
∑︁
𝑘

_𝑘𝝃
𝑇
𝑘

 ≥
∑︁
𝑘

_𝑘𝛾 (𝜌(𝑘)𝐴 ⊗ 𝜌(𝑘)
𝐵
) ,

where 𝛾 (𝜌𝑘 ) is the CM of state 𝜌𝑘 . Identifying
∑
𝑘 _𝑘𝛾

(
𝜌
(𝑘)
𝐴
⊗ 𝜌(𝑘)

𝐵

)
with 𝛾𝐴 ⊕ 𝛾𝐵 completes the proof.

27 The authors of ref. [145] produce and example of a 2 × 2 mode entangled state is shown to be positive under
partial transposition.
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We refer to the CMs being entangled although this is a short-hand for "the CM corresponds
to an entangled state".

As was the case for biseparable density matrices, biseparable covariance matrices form a
convex set28. This means that fig. 5.1 may be repurposed by swapping 𝜌 → 𝛾.

5.4.2 Optimal witnesses on covariance matrices
The concept of optimal witnesses introduced in section 5.3.3 can be translated onto the space of
covariance matrices: fig. 5.2 could be inserted here by swapping 𝜌 → 𝛾. This is possible because
the separable covariance matrices also form a convex closed set so hyperplanes may be defined
that partition the set of covariance matrices with the separable states contained entirely on one
of the partitions. The witness on CMs may be defined as follows.

Theorem 5.8 (Witnesses on covariance matrices). The two inequalities [123]

Tr[𝛾𝑊] < 1 for at least one entangled 𝛾,
Tr

[
𝛾Sep𝑊

]
≥ 1 for all separable 𝛾Sep

define an entanglement witness on covariance matrices. Such witnesses on 𝑁 mode states are
2𝑁 × 2𝑁 symmetric positive definite matrices acting on covariance matrices [123].

We provide proofs of Thm. 5.8 for bipartite and genuine multipartite entanglement in sec-
tions 5.6.1 and 5.6.2 respectively29.

There are some minor differences when comparing to the definition at the level of states. The
equations that characterise the witnesses on covariance matrices are bounded by 1 and the trace
does not lend itself to the same interpretation as the mean. The bound of unity becomes clear
in section 5.6 where we present the task of finding the optimal entanglement witness on CMs as
an optimization problem.

Another difference is the meaning of Tr[𝜌𝑊] and Tr[𝛾𝑊]. For density states, the trace is
the expected value of the operator 𝑊 . Meanwhile, the trace of the product 𝛾𝑊 corresponds to a
linear combination of covariance measurements, ⟨𝑞 𝑗𝑞𝑘⟩𝜌 for 𝑞 = 𝑥, 𝑝, contained in 𝛾 with weights
set by the entries of 𝑊 .

The differences with witnesses at the level of density matrices notwithstanding, the diagram
in fig. 5.2 can be translated to the space of covariance matrices by swapping 𝜌 → 𝛾 and defining
witnesses by the hyperplanes for Tr[𝛾𝑊] = 1. A key point in understanding the similarity between
the statements and theorems is that the set of separable density and covariance matrices are both
convex: a convex sum of separable states (CMs) is also separable.

5.5 Semidefinite programming
The definitions and results presented here were taken mostly from references [148, 149]. See
also [123] for a discussion of SDPs pertaining to entanglement witnesses on covariance matrices
which we cover in the next section.

28 For biseparable CMs 𝛾 ( 𝑗)Bisep, let the CM given by the convex sum ΓBisep =
∑
𝑗 Λ 𝑗𝛾

( 𝑗)
Bisep. We find that ΓBisep

is biseparable as is satisfies the following equation.

0 ≤ ΓBisep −
∑︁
𝑗

Λ 𝑗

𝐾∑︁
𝑘

_
( 𝑗)
𝑘
𝛾𝜋 (𝑘) = ΓBisep −

𝐾∑︁
𝑘

_′𝑘𝛾𝜋 (𝑘) ,

with _′
𝑘
=

∑
𝑗 Λ 𝑗_

( 𝑗)
𝑘

.
29 The detailed derivations given in sections 5.6.1 and 5.6.2 are obtained with a different method than presented

in the original paper [123].
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We take a detour to introduce the main numerical method used for the work in this part:
semidefinite programming. A semidefinite program is an optimization scheme in which a target
function is maximised subject to constraints on semidefinite matrices.

In this section we consider variable matrices 𝑋 ∈ 𝑆𝑦𝑚(𝑁,R), target matrices 𝐶 ∈ 𝑆𝑦𝑚(𝑁,R)
and constraint matrices 𝐴𝑖 ∈ 𝑆𝑦𝑚(𝑁,R), 𝑖 ∈ [1, 𝑀] for some positive integer 𝑀 ∈ Z+, along with
constraint vector 𝒃 ∈ R𝑀 . However, the results may be translated to fields other than R. For
example, in the next section we use complex matrices over the real numbers, MC (𝑁,R) and
composite vector spaces such as 𝑆𝑦𝑚(2𝑁) ⊗ 𝐻𝑒𝑟𝑚(2𝑁).

To keep the same language as reference [148], we follow the convention where (·)𝑇 returns the
adjoint of its argument. Hence (·)𝑇 = (·)† when the underlying field is C.

The inner product between matrices 𝑋,𝑌 ∈ 𝑆𝑦𝑚(𝑁) is important here so we repeat eq. (5.19):
𝑌 • 𝑋 := ⟨𝑌, 𝑋⟩ = Tr

[
𝑌𝑇𝑋

]
∈ R. Element-wise it gives

𝑌 • 𝑋 =

𝑛∑︁
𝑖=1, 𝑗=1

𝑋𝑖 𝑗𝑌𝑖 𝑗 . (5.92)

We also note that the operation (·)𝑇 is to be read as the adjoint, and is to be read as the hermitian
conjugation (·)† if the matrices have are over the field 𝐹 = C. The scalar product for vectors is
the usual (⟨𝒚, 𝒙⟩) = (𝒚𝑇𝒙) = ∑

𝑗 𝑦 𝑗𝑥 𝑗 ∈ 𝐹.

Definition 5.25 (Semidefinite program (primal)). A semidefinite program is an optimization
problem of the form

maximise
𝑋

𝐶 • 𝑋

subject to 𝐴𝑖 • 𝑋 = 𝑏𝑖 , 𝑖 = 1, 2, ..., 𝑚
𝑋 ≥ 0

where 𝑋 ∈ 𝑆𝑦𝑚(𝑁) defines the space over which the search for a solution occurs. Requiring 𝑋 ≥ 0
constrains the search to positive semidefinite matrices. The specific problem is defined through
𝐶 ∈ 𝑆𝑦𝑚(𝑁), which gives the objective function 𝐶 • 𝑋 = ⟨𝐶, 𝑋⟩ = Tr

[
𝐶𝑇𝑋

]
. The 𝑚 constraints

are defined by b ∈ R𝑀 and 𝐴𝑖 ∈ 𝑆𝑦𝑚(𝑁).

One may abbreviate the constraints by defining the map 𝐴 : 𝑆𝑦𝑚(𝑁) → R𝑀 by 𝐴(𝑋) =
(𝐴1 • 𝑋, 𝐴2 • 𝑋, ..., 𝐴𝑚 • 𝑋), so that

𝐴(𝑋) = b. (5.93)

An SDP is said to be feasible if there is a matrix 𝑋 ∈ 𝑃𝑆𝐷 (𝑁) with 𝐴(𝑋) = b. Then 𝑋 is
called a solution or solution matrix. The result of the objective function is called the value

𝑝 := 𝐶 • 𝑋 for feasible 𝑋 (i.e 𝐴(𝑋) = 𝒃). (5.94)

To the best solution we associate the adjective optimal

Definition 5.26 (Optimal solution). For an SDP in standard form (Def. 5.25), the optimal value
is obtained when there is a solution matrix 𝑋 such that

𝑝★ := 𝐶 • 𝑋 ≥ 𝐶 • 𝑋 for all feasible 𝑋 ∈ 𝑆𝑦𝑚(𝑁). (5.95)

The matrix 𝑋 is then called the optimal solution.

Semidefinite programs have associated problems called their dual.
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Definition 5.27 (Semidefinite dual program). For an SDP in standard form

maximise
𝑋

𝐶 • 𝑋

subject to 𝐴(𝑋) = 𝒃

𝑋 ≥ 0,

the dual program is the SDP on the variable 𝒚 ∈ R𝑁

minimise
𝒚

𝒃𝑇 𝒚

subject to
𝑀∑︁
𝑗=1

𝑦 𝑗𝐴 𝑗 ≥ 𝐶.

We may write ∑𝑀
𝑗=1 𝑦 𝑗𝐴 𝑗 = 𝐴

𝑇 (𝒚) where 𝐴𝑇 is the adjoint of map 𝐴30.

Duals to SDPs are themselves SDPs where the objective function and constraints swap roles.
This relationship will become clearer when we present a method for going between the two
problems.

One may notice two things. First, whereas the primal SDP has constraints in equality form
whereas the dual has inequality constraints. In fact, had we started with inequality constraints
on the primal then we would end up with equality constraints in the dual. Further the dual
program is a minimisation scheme when the primal maximises the target function. In fact, the
optimal values bound each other.

Theorem 5.9 (Weak duality). If a primal semidefinite program has optimal value 𝑝★ and its
dual program is feasible with optimal value 𝑑★, then the optimal values bound each other through

𝑑★ ≥ 𝑝★. (5.96)

This is known as weak duality31.

Whenever 𝑑★ = 𝑝★ we speak of strong duality. These programs are those with solution
matrices that are positive definite32. These matrices are known as the interior points of the
positive semidefinite set33. Strong duality may therefore also be stated thus

Theorem 5.10 (Strong duality). If a semidefinite program is feasible with finite optimal value
𝑝★ and there is positive definite matrix 𝑋 satisfying 𝐴(𝑋) = b then the dual program is feasible
and has optimal value 𝑑★ = 𝑝★.

30 From the definition of the adjoint of a map, we have that ⟨𝑋, 𝐴𝑇 (𝒚 ) ⟩ := ⟨𝐴(𝑋) , 𝒚⟩ = [𝐴(𝑋) ]𝑇𝒚 = (𝐴1 •
𝑋, ..., 𝐴𝑀 • 𝑋)𝑇𝒚 =

∑𝑀
𝑗=1 𝐴 𝑗 • 𝑋 · 𝑦 𝑗 =

∑𝑀
𝑗=1 𝑦 𝑗𝐴 𝑗 • 𝑋 = (∑𝑀𝑗=1 𝑦 𝑗𝐴 𝑗 ) • 𝑋 = ⟨𝑋,∑𝑀𝑗=1 𝑦 𝑗𝐴 𝑗 ⟩, Where we used the

linearity in the inner product. Hence 𝐴𝑇 (𝒚 ) = ∑𝑀
𝑗=1 𝑦 𝑗𝐴 𝑗 as required. [148, p.54]

31 Technically, this statement uses the so-called limit-feasible values (values which are approached by forming
sequences of semidefinite matrices). For more detail please refer textbooks in refs. [148, 149].

32 This is known as Slater’s theorem. [149, p.226]
33 This is because the positive semidefinite cone is generated by matrices 𝒙𝒙𝑇 and so for some non-zero 𝒚

with 𝒚𝑇 𝒙𝒙𝑇𝒚 and positive definite matrix 𝑀, 𝒚𝑇 (𝒙𝒙𝑇 + 𝑀 )𝒚 = 𝒚𝑇𝑀𝒚 > 0. Similarly 𝒚 (𝒙𝒙𝑇 − 𝑀 )𝒚 < 0 so that
𝒙𝒙−𝑀 ∉ 𝑃𝑆𝐷 (𝑛) so that 𝒙𝒙𝑇 is on the boundary. Following the same steps for a matrix with one zero eigenvalue
and choosing 𝒚 to be the zero eigenvector, we find that the boundary is given by the matrices with one or
more zero eigenvalues. Hence the interior is made up from the positive definite matrices. I thank Jeff Snider in
math.stackexchange.com for a post that included the argument included in this footnote.
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Another useful theorem which provides a useful test to see if an SDP fulfills strong duality:

Theorem 5.11 (Slater’s theorem). For an SDP with inequality constraints 𝐴(𝑋) − 𝒃 ≥ 0, if
there exists a solution 𝑋 such that

𝐴(𝑋) − 𝒃 > 0, (5.97)

then strong duality holds. [149, p.226] Then 𝑋 is called strictly feasible.

5.5.1 The method of Lagrange multipliers
Now we cover the method of Lagrange multipliers to obtain the primal from the dual problem.
For this we follow reference [149] using the conventions set out above34. We derive the form of
the primal problem starting from its dual.

Recall that the dual program may be written, in standard form, as in Def. 5.27

minimise
𝒚

𝒃𝑇 𝒚

subject to 𝐴𝑇 (𝒚) ≥ 𝐶,

with 𝒃, 𝒚 ∈ R𝑀 , 𝐶 ∈ 𝑆𝑦𝑚(𝑁) and 𝐴 : R𝑀 → 𝑆𝑦𝑚(𝑁).
Lagrange’s method starts with the central object which encodes the SDP, the bilinear La-

grange function

L(𝒚, _) = ⟨𝒃, 𝒚⟩ − ⟨(𝐴𝑇 (𝒚) − 𝐶), _⟩ = 𝒃𝑇 𝒚 − Tr
[
(𝐴𝑇 (𝒚) − 𝐶)𝑇_

]
, (5.98)

with _ ∈ 𝑃𝑆𝐷 (𝑁). We will see that _ becomes the primal variable, 𝑋. To describe the dual SDP,
we minimise over the variable 𝒚 and define the dual function

𝑔(_) = inf
𝒚∈R𝑀

L(𝒚, _) = inf
𝒚∈R𝑀

(
𝒃𝑇 𝒚 − Tr

[
(𝐴𝑇 (𝒚) − 𝐶)𝑇_

] )
. (5.99)

Let us now gather the terms that depend on 𝒚. We have

𝑔(_) = inf
𝒚

(
𝒃𝑇 𝒚 − ⟨𝐴𝑇 (𝒚) − 𝐶, _⟩

)
= inf

𝒚

(
𝒃𝑇 𝒚 − ⟨𝐴𝑇 (𝒚), _⟩ + ⟨𝐶, _⟩

)
(5.100)

= ⟨𝐶, _⟩ + inf
𝒚

(
𝒃𝑇 𝒚 − ⟨𝐴𝑇 (𝒚), _⟩

)
.

Recall that 𝐴𝑇 (𝒚) = ∑𝑀
𝑗=1 𝑦 𝑗𝐴 𝑗 where 𝐴 𝑗 , 𝑗 ∈ [1, 𝑀] encode the 𝑀 constraints of the primal

problem (see Def. 5.27). Hence,

⟨𝐴𝑇 (𝒚), _⟩ = ⟨
𝑀∑︁
𝑗=1

𝑦 𝑗𝐴 𝑗 , _⟩ =
𝑀∑︁
𝑗=1

𝑦 𝑗 ⟨𝐴 𝑗 , _⟩ =
𝑀∑︁
𝑗=1

𝑦 𝑗𝐴 𝑗 • _ = (𝐴1 • _, ..., 𝐴𝑀 • _)𝑇 𝒚 = ⟨𝐴(_), 𝒚⟩,

(5.101)

34 Most of the treatment in reference [149] is on optimisation of objective functions 𝑓 : R𝑁 → R. The results
presented in this thesis were translated to the formalism used in reference [148] which deals with more abstract
elements of convex sets.
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using the definition of the map 𝐴 as done after Def. 5.2535. Inserting this into eq. (5.100) allows
the dual function to be written as

𝑔(_) = ⟨𝐶, _⟩ + inf
𝒚

(
𝒃𝑇 𝒚 − [𝐴(_)]𝑇 𝒚

)
(5.102)

= ⟨𝐶, _⟩ + inf
𝒚

(
(𝒃 − [𝐴(_)])𝑇 𝒚

)
(5.103)

= ⟨𝐶, _⟩ + inf
𝒚
⟨(𝒃 − [𝐴(_)]), 𝒚⟩. (5.104)

Now, the infimum of linear functions is −∞ unless the coefficients are all null. Since the inner
product is linear in both arguments we must have 𝐴(_) − 𝒃 = 0 for 𝑔(_) to be bounded. Note
how the roles of 𝐶 and 𝒃 are swapped - 𝒃 now becomes part of a constraint and 𝐶 has become
part of the target function with respect to the Lagrange variable _.

We can now identify the elements of the primal SDP: ⟨𝐶, _⟩ is the objective function and
𝐴(_) − 𝒃, _ ≥ 0 gives the constraints. This means that we can make the replacement _ = 𝑋. To
extract the bound on the values of the primal SDP we can simply find the supremum of the dual
function

sup
_

𝑔(_) = sup
_

inf
𝒚
L(𝒚, _) = 𝑑★, (5.105)

where the last equality uses the definition of the optimal value of the dual problem.
Interestingly, this already gives Weak duality (Thm. 5.9). Start from the Lagrangian with the

𝒚 terms gathered, L(𝒚, _) = ⟨𝐶, _⟩ + inf𝒚 ⟨(𝒃− [𝐴(_)]), 𝒚⟩. The primal problem finds the maximum
with respect to feasible _, sup_ L(𝒚, _). The bound of the dual is the optimal primal value so

𝑝★ = inf
𝒚

sup
_

L(𝒚, _), (5.106)

wherefrom weak Lagrangian duality, 𝑑★ ≥ 𝑝★, follows36.
Let us summarise.

Theorem 5.12 (Method of Lagrange multipliers). For a given SDP in dual standard form,
Def. 5.27, one may find its corresponding primal program by the following recipe:

i. Identify the dual objective function 𝒃𝑇 𝒚 and constraints in the form 𝐴𝑇 (𝑦) − 𝐶;

ii. Set the space and other structure of the primal variable, 𝑋, by comparing to the spaces of
𝐶 and 𝐴𝑇 (𝒚);

iii. Find the Lagrangian L(𝒚, 𝑋) = 𝒃𝑇 𝒚 − Tr
[
(𝐴𝑇 (𝒚) − 𝐶)𝑇𝑋

]
(eq. (5.98));

iv. Rearrange the Lagrangian by gathering the terms including 𝒚;

v. Obtain the constraints by setting the coefficient 𝐴𝑇 (𝒚) − 𝒃 to zero;

vi. The other term, ⟨𝐶, 𝑋⟩, is the primal objective;

vii. Combine the elements above to write the primal SDP in standard form.

We now return to entanglement using the machinery set out in this section.
35 Note that the second equality, ⟨∑𝑀𝑗=1 𝑦 𝑗𝐴 𝑗 , _⟩ =

∑𝑀
𝑗=1 𝑦 𝑗 ⟨𝐴 𝑗 , _⟩ must be done carefully whenever 𝑦 𝑗 ∉ R. For

example, in section 5.6.1 we have 𝒚 = (𝛾𝐴 ⊕ 𝛾𝐵 , 𝑥𝑒 ) so 𝑦1 ∈ 𝑆𝑦𝑚 ⊕ 𝑆𝑦𝑚. Hence to pull the element out of the
inner product, we decompose 𝑦1 in a suitable basis and extract the coefficients.

36 For this one uses the general result that
inf
𝑦

sup
𝑥
L(𝑦, 𝑥 ) ≥ sup

𝑥
inf
𝑦
L(𝑦, 𝑥 ) . (5.107)

The proof is left for the reader.
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5.6 Finding the witness for a CM as a semidefinite program

When interested in a state’s entanglement, one may ask which measurements provide the strongest
evidence. Here we cover results from ref. [123] on so-called optimal entanglement witnesses which
act on the level of covariance matrices. They are optimal in the sense that they satisfy Thm. 5.8
(Witnesses on covariance matrices) and, for a given CM 𝛾, the witness 𝑊 gives the lowest value
of Tr[𝛾𝑊]. The detailed derivations presented in the coming sections are done using a different
method than in reported in the original reference.

This section provides the background for chapter 6, where we present new work by relaxing
the requirement on full knowledge of the CM but still establish the presence of multipartite
Gaussian entanglement via optimal witnesses.

5.6.1 Bipartite entanglement witnesses
Although we are interested in the multipartite scenario, it is didactic to start with the bipartite
case. Our primary goal is to get a scheme that, for a given CM, finds the witness that gives the
strongest evidence of bipartite entanglement with respect to Thm. 5.8. This is our primal SDP.
However, phrasing the dual is easier so this will be our starting point37.

Let the CM 𝛾 be composed of 𝑁 modes and separate it into 𝑁𝐴 and 𝑁𝐵 modes which we call
𝐴 and 𝐵 respectively. For simplicity, we may reorganise the CM so that modes 𝐴 appear in the
top-left and modes 𝐵 in the bottom-right. Covariances between modes in 𝐴 and 𝐵 are contained
in the off-diagonal blocks. We consider separability across the bipartition 𝐴|𝐵.

Recall the sufficient criterion for separability, given in Thm. 5.6. It states that if there are
local CMs 𝛾𝐴 and 𝛾𝐵 on modes 𝐴 and 𝐵, such that 𝛾 − 𝛾𝐴 ⊕ 𝛾𝐵 ≥ 0, then 𝛾 is separable across
the bipartition 𝐴|𝐵. Furthermore, since 𝛾𝐴 and 𝛾𝐵 are CMs, they must satisfy the uncertainty
relation, so 𝛾𝐴 ⊕ 𝛾𝐵 + 𝑖Ω𝑁 ≥ 0.

The requirements on the CMs and bipartite separability allows us to devise a test to check
whether a given CM is entangled or not.

SDP 5.1 (Dual program for optimal bipartite entanglement witness). For a given CM 𝛾 on
𝑁 = 𝑁𝐴 + 𝑁𝐵 modes, if the SDP

minimise
𝛾𝐴,𝛾𝐵 ,𝑥𝑒

− 𝑥𝑒

subject to 𝛾 − 𝛾𝐴 ⊕ 𝛾𝐵 ≥ 0
𝛾𝐴 ⊕ 𝛾𝐵 + (1 + 𝑥𝑒)𝑖Ω ≥ 0.

has an optimal solution where 𝑥𝑒 ≥ 0 then 𝛾 is separable as 𝛾𝐴 ⊕ 𝛾𝐵 would satisfy a stricter
inequality than the Robertson uncertainty relation (Thm. 5.4). Otherwise, if 𝑥𝑒 < 0, then 𝛾 is
entangled across the bipartition 𝐴|𝐵.

We’ll follow the recipe in Thm. 5.12 using each step as a heading.

I. Identify the dual objective function 𝒃𝑇 𝒚 and constraints in the form 𝐴𝑇 (𝑦) − 𝐶;

37 Note that in ref. [123], SDP 5.1 is referred to as the primal problem. However, to keep the notation presented
in section 5.5, we deviate from this. Recall that the dual of an SDP is an SDP itself and you regain the primal
problem by taking the dual of the dual problem so this redefinition poses no issue.



86 Gaussian correlations - Background

Let us write SDP 5.1 in standard form (Def. 5.27) so that we may more easily phrase the
primal program. To this end, let us define the optimization variable

𝒚 = (𝛾𝐴 ⊕ 𝛾𝐵, 𝑥𝑒). (5.108)

Note that we may have included the local CMs, 𝛾𝐴, 𝛾𝐵, as separate entries in 𝒚 but it makes
the derivation clearer to keep them joined. Furthermore, only terms involving 𝛾𝐴 ⊕ 𝛾𝐵 appear
in the SDP so this definition is without loss of generality. The objective function is returned by
identifying

𝒃 = (O2𝑁𝐴 ⊕ O2𝑁𝐵 ,−1), (5.109)
with O2𝑁 𝑗 the 2𝑁 𝑗 × 2𝑁 𝑗 zero matrix for 𝑗 = 𝐴, 𝐵. We could have written O2𝑁 but left the
block-diagonal notation for clarity in what is to come.

Next, we may write the constraints as 𝐴𝑇 (𝒚) −𝐶 =

(
−𝛾𝐴⊕𝛾𝐵

𝛾𝐴⊕𝛾𝐵+𝑥𝑒𝑖Ω

)𝑇
+

( 𝛾
𝑖Ω

)𝑇 ≥ 0, allowing us to
identify38

𝐴𝑇 (𝒚) =
(
−(12𝑁𝐴 ⊕ 12𝑁𝐵 , 0)𝑇 𝒚, (12𝑁𝐴 ⊕ 12𝑁𝐵 , 𝑖Ω)𝑇 𝒚

)
; and

𝐶 = (−𝛾,−𝑖Ω) . (5.110)

II. Set the space for the primal variable, 𝑋, by comparing to the spaces of 𝐶 and 𝐴𝑇 (𝒚);

We can now add more structure on the primal variable 𝑋. Consider 𝐶 = (𝛾, 𝑖Ω) ∈ 𝑆𝑦𝑚(2(𝑁𝐴+
𝑁𝐵)) ⊗ 𝐻𝑒𝑟𝑚(2(𝑁𝐴 + 𝑁𝐵)). We can then let39

𝑋 = (𝑋1, 𝑋2) ∈ 𝑆𝑦𝑚(2(𝑁𝐴 + 𝑁𝐵)) ⊗ 𝐻𝑒𝑟𝑚(2(𝑁𝐴 + 𝑁𝐵)). (5.111)

In reference [123], the identification goes as 𝑋 ∈ C4(𝑁𝐴+𝑁𝐵 )×4(𝑁𝐴+𝑁𝐵 ) corresponding to partition-
ing the system into the first 𝑁𝐴 modes followed by 𝑁𝐵 and repeated once. It is further noted
that the constraints involve block-diagonal terms of each component of 𝑋. We can see this here
by looking at 𝐴𝑇 (𝒚). The real and symmetric part of 𝑋 must have block-diagonal terms equal
to the real part of the Hermitian block due to both 1 ⊕ 1 terms. This becomes apparent when
by collecting terms involving 𝛾𝐴 ⊕ 𝛾𝐵.

III. Find the Lagrangian L(𝒚, 𝑋) = 𝒃𝑇 𝒚 − Tr
[
(𝐴𝑇 (𝒚) − 𝐶)𝑋

]
;

The Lagrangian from eq. (5.98) is here

L(𝒚, 𝑋) = −𝑥𝑒 − Tr[(((−𝛾𝐴 ⊕ 𝛾𝐵), (𝛾𝐴 ⊕ 𝛾𝐵 + 𝑥𝑒𝑖Ω)) − (−𝛾,−𝑖Ω)) 𝑋]
= Tr

[
(−𝛾,−𝑖Ω)𝑇𝑋)

]
− 𝑥𝑒 − Tr

[
(−𝛾𝐴 ⊕ 𝛾𝐵, 𝛾𝐴 ⊕ 𝛾𝐵 + 𝑥𝑒𝑖Ω)𝑇𝑋

]
. (5.112)

IV. Rearrange the Lagrangian by gathering the terms including 𝒚;

We gather the terms element-wise: 𝛾𝐴 ⊕ 𝛾𝐵 and 𝑥𝑒 separately. Note that

(−𝛾𝐴 ⊕ 𝛾𝐵, 𝛾𝐴 ⊕ 𝛾𝐵 + 𝑥𝑒𝑖Ω) = (−𝛾𝐴 ⊕ 𝛾𝐵, 𝛾𝐴 ⊕ 𝛾𝐵) + (O2𝑁𝐴 ⊕ O2𝑁𝑁 , 𝑥𝑒𝑖Ω), (5.113)
38 Note that 𝐴𝑇 (𝛼𝑦 + 𝛽𝑧) = 𝐴𝑇 (𝛼𝑦) + 𝐴𝑇 (𝛽𝑧) for 𝛼, 𝛽 ∈ C so 𝐴𝑇 is linear as required.
39 Since 𝑖Ω =

( 0 𝑖
−𝑖 0

)
, is not symmetric, we must extend the space to Hermitian matrices. This carries on to

definition of the target variable in the dual program SDP 5.2.



5.6. Finding the witness for a CM as a semidefinite program 87

so the Lagrangian may be written as

L(𝒚, 𝑋) = Tr
[
(−𝛾,−𝑖Ω)𝑇𝑋

]
− 𝑥𝑒 − Tr[−𝛾𝐴 ⊕ 𝛾𝐵𝑋1 + 𝛾𝐴 ⊕ 𝛾𝐵𝑋2] − Tr

[
𝑥𝑒𝑖Ω

𝑇𝑋2
]
, (5.114)

where we used that 𝑋 = (𝑋1, 𝑋2) and that CMs are symmetric.
Thus, the Lagrangian becomes

L(𝒚, 𝑋) = −Tr
[
(𝛾, 𝑖Ω)𝑇𝑋

]
− 𝑥𝑒 − Tr[−𝛾𝐴 ⊕ 𝛾𝐵𝑋1 + 𝛾𝐴 ⊕ 𝛾𝐵𝑋2] − Tr

[
𝑥𝑒𝑖Ω

𝑇𝑋2
]
,

= −Tr
[
(𝛾, 𝑖Ω)𝑇𝑋

]
− 𝑥𝑒 (1 + Tr

[
𝑖Ω𝑇𝑋2

]
),−Tr[𝛾𝐴 ⊕ 𝛾𝐵 (−𝑋1 + 𝑋2)] (5.115)

V. Obtain the constraints by setting the coefficient of 𝒚, 𝐴𝑇 (𝒚) − 𝒃, to zero;

From setting the coefficient of 𝑥𝑒 to zero, we have that

Tr
[
𝑖Ω𝑇𝑋2

]
= −1. (5.116)

Meanwhile, for the 𝛾𝐴⊕𝛾𝐵 term we have to be more careful. In particular, we need to be able
to extract the dual variable elements from inside the trace. To this end we define the vectors
whose entries are real symmetric matrices with repeated blocks, B(2𝑁), as

B(𝑁) = span({(𝐹𝑗𝑘 , 𝐹𝑗𝑘) | 𝑗 , 𝑘 ∈ [1, 𝑁]}), (5.117)

where the basis elements 𝐹𝑗𝑘 have all entries null except for

(𝐹𝑗𝑘) 𝑗𝑘 = (𝐹𝑗𝑘)𝑘 𝑗 = 1 (5.118)

Then we can decompose the real part of the terms involving 𝛾𝐴 ⊕ 𝛾𝐵 as

(𝛾𝐴 ⊕ 𝛾𝐵, 𝛾𝐴 ⊕ 𝛾𝐵) 𝑗𝑘 =
𝑁𝐴∑︁
𝑗 ,𝑘=1

𝑎 𝑗𝑘 (𝐹𝑗𝑘 , 𝐹𝑗𝑘) +
𝑁𝐴+𝑁𝐵∑︁
𝑗 ,𝑘=𝑁𝐴+1

𝑏 𝑗𝑘 (𝐹𝑗𝑘 , 𝐹𝑗𝑘), (5.119)

with 𝑎 and 𝑏 the coefficients of 𝛾𝐴 and 𝛾𝐵 in the basis of B(2𝑁) respectively. Define

𝑔 𝑗𝑘 =

{
𝑎 𝑗𝑘 if 𝑗 , 𝑘 ∈ [1, 𝑁𝐴]
𝑏 𝑗𝑘 if 𝑗 , 𝑘 ∈ [1 + 𝑁𝐴, 𝑁]

(5.120)

with 𝑁 = 𝑁𝐴 + 𝑁𝐵.
This basis allows us to write the middle term in eq. (5.115) as

−Tr
[
(𝛾𝐴 ⊕ 𝛾𝐵) 𝑗𝑘 (𝑋1 − 𝑋2)

]
= 𝑔 𝑗𝑘 Tr

[
𝐹𝑗𝑘 (𝑋1 − 𝑋2)

]
. (5.121)

Since 𝐹𝑗𝑘 are real and Tr
[
𝑋𝑇𝑌

]
= ⟨𝑋,𝑌⟩, we have that

−Tr
[
(𝛾𝐴 ⊕ 𝛾𝐵) 𝑗𝑘 (𝑋1 − 𝑋2)

]
= 𝑔 𝑗𝑘 ⟨𝐹𝑗𝑘 , 𝑋1⟩ − 𝑔 𝑗𝑘 ⟨𝐹𝑗𝑘 , 𝑋2⟩. (5.122)

Now each inner product picks the coefficient of 𝑋1 and 𝑋2 corresponding to each basis element
so we end up with

−Tr
[
(𝛾𝐴 ⊕ 𝛾𝐵) 𝑗𝑘 (𝑋1 − 𝑋2)

]
= ( [𝑋re

1 ] 𝑗𝑘 − [𝑋re
2 ] 𝑗𝑘)𝑎 𝑗𝑘 + 𝑏 𝑗𝑘 ( [𝑋re

1 ] 𝑗𝑘 − [𝑋re
2 ] 𝑗𝑘)

= 𝑔 𝑗𝑘 ( [𝑋re,bd
1 ] 𝑗𝑘 − [𝑋re,bd

2 ] 𝑗𝑘), (5.123)
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where [𝑋re,bd
1 ]𝑘 𝑗 denotes that this is the coefficient in a real (re), symmetric and block-diagonal

(bd) space. Since the component of 𝑋 which appears in the objective function is real and
symmetric, this does not pose a problem.

Now we set to zero the coefficient to each 𝑔 𝑗𝑘 , this means that

𝑋
re,bd
1 = 𝑋

re,bd
2 . (5.124)

The two constraints are thus given in eqs. (5.116) and (5.124) as well as requiring each element
𝑋1, 𝑋2 ≥ 0.

VI. The other term,⟨𝐶, 𝑋⟩ , is the primal objective;

From eq. (5.116) (Tr
[
𝑖Ω𝑇𝑋2

]
= −1), we find that the objective function becomes

⟨𝐶, 𝑋⟩ = −Tr
[
𝛾𝑋1 + 𝑖Ω𝑇𝑋2

]
= −(Tr[𝛾𝑋1] − 1), (5.125)

where we used that 𝑋 = (𝑋1, 𝑋2).
We have thus all elements for writing the primal problem.

VII. Combine the elements above to write the primal SDP in standard form (Def. 5.25).

Before we write the primal SDP in standard form, recall that the objective function is max-
imised with respect to 𝑋. Since our target function is −(Tr[𝛾𝑋1] − 1) it is equivalent to instead
minimise its negative.

We end up therefore with the semidefinite program that finds the optimal witness for a given
CM.

SDP 5.2 (Primal program for optimal bipartite entanglement witness). For a given CM 𝛾, the
SDP

minimise
𝑋

Tr[𝛾𝑋1] − 1

subject to 𝑋
bd,re
1 = 𝑋

bd,re
2

𝑋1, 𝑋2 ≥ 0
Tr[𝑖Ω𝑋2] = −1,

has a feasible solution with Tr
[
𝛾𝑋re

1
]
− 1 ≥ 0 whenever 𝛾 is separable. If 𝛾 is entangled, the

program returns a negative value.
The superscripts (·)bd,re and (·)re denote the real part of the block-diagonal entries and the

whole matrix respectively.

To prove that 𝑋re
1 is indeed a witness, we need to show that it statisfies Thm. 5.8:

Tr[𝛾𝑊] < 1 for at least one entangled 𝛾, (5.126)
Tr

[
𝛾Sep𝑊

]
≥ 1 for all separable 𝛾Sep. (5.127)

By weak duality (Thm. 5.9), the optimal values of the primal and duals SDPs are related by

𝑝★ := −(Tr
[
𝛾𝑊★

]
− 1) ≤ −𝑥★𝑒 =: 𝑑★, (5.128)

for 𝑊★ = 𝑋1 and 𝑥★𝑒 the optimal solutions for the primal and dual respectively. Hence,

Tr
[
𝛾𝑊★

]
≥ 1 + 𝑥𝑒 . (5.129)
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One may show that equality in eq. (5.129) holds due to strong duality. One may do so by
giving a solution to the either SDP 5.1 or SDP 5.2 that fulfills the constraints strictly and use
Slater’s theorem (Thm. 5.11). In reference [123] the authors give an example for the primal
so we present here one for the dual. One solution to SDP 5.1 that fulfills Slater’s criterion is
𝒚 = (𝛾𝐴 ⊕ 𝛾𝐵 − 1, amax + 1)}, where 𝛾𝐴 and 𝛾𝐵 are the reductions of 𝛾 into modes 𝐴 and 𝐵

respectively and amax is the largest symplectic eigenvalue of 𝛾𝐴 ⊕ 𝛾𝐵40.
This means that we may translate the analysis for 𝑥𝑒 in the dual. There, we noted that 𝑥𝑒 ≥ 0

implied separability of 𝛾, so the first witness inequality (eq. (5.126)) is fulfilled. Meanwhile, if 𝛾
is entangled, then 𝑥𝑒 < 0 and the second requirement is fulfilled. Hence, the solution to SDP 5.2
is a witness of bipartite entanglement.

5.6.2 GME witnesses

We move on to witnesses of genuine multipartite entanglement on CMs. We will end up with
the SDP

SDP 5.3 (Primal program for optimal GME witness). For a given CM 𝛾 of an 𝑁-mode state,
the SDP

minimise
𝑋

Tr
[
𝛾𝑋re

1
]
− 1

subject to 𝑋
re,bd, 𝜋 (𝑘 )
1 = 𝑋

re,bd, 𝜋 (𝑘 )
𝑘+1 for all 𝑘 = 1, . . . , 𝐾,

Tr[𝑖Ω𝑁 𝑋𝑘+1] + 𝑋𝐾+2 − 𝑋𝐾+3 + 𝑋𝐾+3+𝑘 = 0, for all 𝑘 = 1, . . . , 𝐾
𝑋𝐾+2 − 𝑋𝐾+3 = 1.

has a feasible solution with Tr
[
𝛾𝑋re

1
]
− 1 ≥ 0 whenever 𝛾 is biseparable. If 𝛾 is genuinely

multipartite entangled, the program produces a negative value. We used 𝜋(𝑘) to denote the 𝑘th

bi-partition (out of 𝐾 = 2𝑁−1−1 possible). 𝑋re,bd, 𝜋 (𝑘 ) is the real part of 𝑋 that is block-diagonal
with respect to partition 𝜋(𝑘) - elements across the partition are set to zero.

Let us start with the dual problem once more. We want a test that detects whenever an
𝑁-mode CM 𝛾 may be written as a sum of separable CMs across all possible bipartitions, 𝜋(𝑘):∑
𝑘 𝛾𝜋 (𝑘 ) . The CMs 𝛾𝜋 (𝑘 ) should fulfill the HUP when taken as a sum. This gives us the following

SDP

40 Let 𝒚 = (𝛾𝐴 ⊕ 𝛾𝐵 − 1, 𝜖 ). Then the first constraint reads

𝛾 − 𝑦1 =

(
1 𝛾𝐴𝐵

𝛾𝐴𝐵 1

)
> 0,

with 𝛾𝐴𝐵 the covariance between modes across the partition 𝐴|𝐵. We also have that

𝑦2 + 𝑖Ω = 𝛾𝐴 ⊕ 𝛾𝐵 − 1 + (1 + 𝜖 )𝑖Ω > 𝛾𝐴 ⊕ 𝛾𝐵 + (1 + 𝜖 )𝑖Ω > 0.

To obtain the last inequality, write −amax = min{𝑒𝑖𝑔 (𝑖Ω𝛾𝐴 ⊕ 𝛾𝐵 ) } remembering that the symplectic eigenvalues
come in pairs of opposite sign as the eigenvalues of the product of the matrix with 𝑖Ω. One has 𝑖Ω𝛾𝐴⊕𝛾𝐵+(1+ 𝜖 ) ≥
0. Choosing 𝜖 = amax gives 𝜖 > amax − 1. This completes the proof that 𝐴𝑇 (𝒚 ) − 𝐶 > 0 and hence that
𝒚 = (𝛾𝐴 ⊕ 𝛾𝐵 , amax ) satisfies Slater’s condition Thm. 5.11.
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SDP 5.4 (Dual program for optimal GME witness). For a given CM 𝛾, if the SDP

minimise
{𝛾𝜋 (𝑘) ,_𝑘 },𝑥𝑒

− 𝑥𝑒

subject to 𝛾 −
∑︁
𝑘

𝛾𝜋 (𝑘 ) ≥ 0 (C1)

𝛾𝜋 (𝑘 ) + _𝑘𝑖Ω ≥ 0 for all 𝑘 ∈ [1, 𝐾] (C2)
𝐾∑︁
𝑘=1

_𝑘 = 1 + 𝑥𝑒 (C3)

_𝑘 ≥ 0 for all 𝑘 (C4)

has a solution where 𝑥𝑒 ≥ 0 then 𝛾 is biseparable as it would satisfy Robertson uncertainty
relation (Thm. 5.4). Otherwise, if 𝑥𝑒 < 0, then 𝛾 is genuinely multipartite entangled. We have
labelled the constraints eqs. (C1) to (C4) for convenience.

We may see that this does indeed test for biseparability by considering the constraints. From
the second and third constraints we get that ∑𝐾

𝑘=1 𝛾𝜋 (𝑘 ) ≥ (1 + 𝑥𝑒)𝑖Ω so that the first constraint
becomes

𝛾 − (1 + 𝑥𝑒)𝑖Ω ≥ 𝛾 −
𝐾∑︁
𝑘=1

𝛾𝜋 (𝑘 ) ≥ 0. (5.130)

Multiplying by 𝑖Ω gives
|𝑖Ω𝛾 | ≥ (1 + 𝑥𝑒)1, (5.131)

where we used that Ω2 = −1. Whenever 𝑥𝑒 ≥ 0, 𝛾 has all symplectic eigenvalues greater than
one and is therefore a valid CM which satisfies the biseparability criterion (the first constraint).
If 𝑥𝑒 < 0, no quantum CMs 𝛾𝜋 (𝑘 ) could be found such that the first constraint of SDP 5.4 is
fulfilled.

To find the primal SDP, we use the method of Lagrange multipliers from section 5.5.1 once
again.

I. Identify the dual objective function 𝒃𝑇 𝒚 and constraints in the form 𝐴𝑇 (𝑦) − 𝐶;

We begin by identifying the elements of the dual in standard from Def. 5.25. For this, we
write the constraint ∑

𝑘 _𝑘 = (1 + 𝑥𝑒) in inequality form to get∑︁
𝑘

_𝑘 − (1 + 𝑥𝑒) ≥ 0;

−(
∑︁
𝑘

_𝑘) + 1 + 𝑥𝑒 ≥ 0. (5.132)

The dual SDP has the parameters:

𝒚 = (𝛾𝜋 (1) , ..., 𝛾𝜋 (𝐾 ) , _1, ..., _𝐾 , 𝑥𝑒)
𝒃 = (O2𝑁 , ...,O2𝑁 , 0, ..., 0,−1) (5.133)
𝐶 = −( 𝛾︸︷︷︸

(𝐶1)

,O2𝑁 , ...,O2𝑁︸           ︷︷           ︸
(𝐶2)

, −1, 1︸︷︷︸
(𝐶3)

, 0, ..., 0︸ ︷︷ ︸
(𝐶4)

),
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where we marked the constraints to which elements of 𝐶 correspond. The negative sign in front
of 𝐶 is due to our convention of writing the constraints as 𝐴𝑇 (𝒚) −𝐶. The 𝑀 = 1 + 𝐾 + 1 + 1 + 𝐾
constraints may be written as

𝐴𝑇 (𝒚) = (−
𝐾∑︁
𝑘=1

𝛾𝜋 (𝑘 )︸       ︷︷       ︸
(𝐶1)

, 𝛾𝜋 (1) + 𝑖Ω2𝑁_1, ..., 𝛾𝜋 (𝐾 ) + 𝑖Ω2𝑁_𝐾︸                                            ︷︷                                            ︸
(𝐶2)

,−𝑥𝑒 +
𝐾∑︁
𝑘=1

_𝑘 , 𝑥𝑒 −
𝐾∑︁
𝑘=1

_𝑘 ,︸                           ︷︷                           ︸
(𝐶3)

_1, ..., _𝐾︸     ︷︷     ︸
(𝐶4)

)

= ( (−12𝑁 , ...,−12𝑁 , 0, ...0, 0) · 𝒚,
}
(𝐶1)

(12𝑁 ,O2𝑁 , ...,O2𝑁 , 𝑖Ω2𝑁 , 0, ..., 0, 0) · 𝒚,
...

(O2𝑁 , ...,O2𝑁 ,12𝑁 , 0, ..., 0, 𝑖Ω2𝑁 , 0) · 𝒚,

 (𝐶2)

(O2𝑁 , ...,O2𝑁 , 1, ..., 1,−1) · 𝒚,
(O2𝑁 , ...,O2𝑁 ,−1, ...,−1, 1) · 𝒚,

}
(𝐶3) (5.134)

(O2𝑁 , ...,O2𝑁 , 1, 0, ..., 0, 0) · 𝒚,
...

(O2𝑁 , ...,O2𝑁 , 0, ..., 0, 1, 0) · 𝒚

 (𝐶4)

).

II. Set the space for the primal variable, 𝑋, by comparing to the spaces of 𝐶 and 𝐴𝑇 (𝒚);

dim 𝑋 = dim 𝐴𝑇 (𝒚) = 2𝑁 × 2𝑁.𝐾 × 1 × 1 × 1.𝐾.
To find the space of the primal variable, consider the entries of 𝐴(𝒚) to find

𝑋 ∈ 𝑆𝑦𝑚(2𝑁,R)︸         ︷︷         ︸
(𝐶1)

⊗
𝐾⊗
𝑘=1
(𝐻𝑒𝑟𝑚(2𝑁,R) ∩ B(2𝑁, 𝜋(𝑘)))︸                                           ︷︷                                           ︸

(𝐶2)

⊗R ⊗ R︸︷︷︸
(𝐶3)

⊗
𝐾⊗
𝑘=1
R︸︷︷︸

(𝐶4)

, (5.135)

with B(2𝑁, 𝜋(𝑘)) the 2𝑁 × 2𝑁 matrices which are block-diagonal with respect to bi-partition
𝜋(𝑘). We use the first entry, 𝑋1 ∈ 𝑆𝑦𝑚(2𝑁,R) as the witnesses, so we must choose a basis
that constrains the relevant values. As for the bipartite case, write the basis of symmetric
matrices as {𝐹𝑖 𝑗 } ∈ 𝑆𝑦𝑚(2𝑁,R) (see eq. (5.118)). Further, let the basis of real block-diagonal
matrices across bipartition 𝜋(𝑘) be given by {𝑥𝜋 (𝑘 ) ,𝑖 𝑗 } ∈ B(2𝑁, 𝜋(𝑘)) so span({𝐹𝑖 𝑗𝑥𝜋 (𝑘 ) ,𝑖 𝑗 }) =
𝑆𝑦𝑚(2𝑁) ∩ B(2𝑁, 𝜋(𝑘)), where the entries in 𝐹𝑖 𝑗 and 𝑥𝜋 (𝑘 ) are zero except for

(𝐹𝑖 𝑗 )𝑖 𝑗 = (𝐹𝑖 𝑗 )𝑘 𝑗 = 1; and
(𝑥𝜋 (𝑘 ) ,𝑖 𝑗 )𝑖 𝑗 = (𝑥𝜋 (𝑘 ) ,𝑖 𝑗 )𝑘 𝑗 = 1, (5.136)

and (𝑥𝜋 (𝑘 ) ,𝑖 𝑗 )𝑖 𝑗 = 0 whenever 𝑖, 𝑗 correspond to element mixing across the partition 𝜋(𝑘). We
use span({𝐹𝑖 𝑗 }) = 𝑆𝑦𝑚(2𝑁,R) (rather than 𝐻𝑒𝑟𝑚) to form a vector space of the real symmetric
matrices over the real numbers since the element we extract as the witness, 𝑋re, 𝜋 (𝑘 )

1 , is real and
symmetric, much like in the bipartite case.

III. Find the Lagrangian L(𝒚, 𝑋) = 𝒃𝑇 𝒚 − Tr
[
(𝐴𝑇 (𝒚) − 𝐶)𝑋

]
;
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Let us return to the Lagrangian, which we can write as

L(𝒚, 𝑋) = −𝑥𝑒 − Tr
[
𝐴𝑇 (𝒚)𝑋

]
+ Tr

[
𝐶𝑇𝑋

]
= Tr

[
𝐶𝑇𝑋

]
− 𝑥𝑒 − Tr

[
𝐴𝑇 (𝒚)𝑋

]
= Tr[𝛾𝑋1 − 𝑋𝐾+2 + 𝑋𝐾+3] − 𝑥𝑒 − Tr

[
𝐴𝑇 (𝒚)𝑋

]
, (5.137)

obtained using the parameters in eq. (5.133) and by writing
𝑋 = ( 𝑋1︸︷︷︸

(𝐶1)

, 𝑋2, ..., 𝑋𝐾+1︸         ︷︷         ︸
(𝐶2)

, 𝑋𝐾+2, 𝑋𝐾+3︸        ︷︷        ︸
(𝐶3)

, 𝑋𝐾+4, ..., 𝑋2𝐾+3︸              ︷︷              ︸
(𝐶4)

).

IV. Rearrange the Lagrangian by gathering the terms including 𝒚;

Now, we want to write 𝐴(𝒚) in terms of the dual variables, {𝛾𝜋 (𝑘 ) }, {_𝑘}, 𝑥𝑒.

Tr
[
𝐴𝑇 (𝒚)𝑋

]
= Tr


(
−

𝐾∑︁
𝑘=1

𝛾𝜋 (𝑘 ) , 𝛾𝜋 (1) + 𝑖Ω2𝑁_1, ..., 𝛾𝜋 (𝐾 ) + 𝑖Ω2𝑁_𝐾 ,−𝑥𝑒 +
𝐾∑︁
𝑘=1

_𝑘 , 𝑥𝑒 −
𝐾∑︁
𝑘=1

_𝑘 , _1, ..., _𝐾

)𝑇
𝑋


= Tr

[
𝛾𝑇
𝜋 (1) (−12𝑁 ,12𝑁 ,O2𝑁 , ...,O2𝑁 , 0, 0, 0, ..., 0)𝑋

]
+

...

+ Tr
[
𝛾𝑇
𝜋 (𝐾 ) (−12𝑁 ,O2𝑁 , ...,O2𝑁 ,12𝑁 , 0, 0, 0, ..., 0)𝑋

]
(5.138)

+ _1 Tr[(O2𝑁 , 𝑖Ω2𝑁 ,O2𝑁 , ...,O2𝑁 , 1,−1, 1, 0, ..., 0)𝑋]+
...

+ _𝐾 Tr[(O2𝑁 ,O2𝑁 , ...,O2𝑁 , 𝑖Ω2𝑁 , 1,−1, 0, ...0, 1)𝑋]
+ 𝑥𝑒 Tr[(O2𝑁 ,O2𝑁 , ...,O2𝑁 , 1,−1, 0, ...0, 0)𝑋],

where we treat the multiplication of 𝛾𝜋 (𝑘 ) , 𝑘 ∈ [1, 𝐾] with the vector in a scalar fashion with the
relevant elements only for convenience.

V. Obtain the constraints by setting the coefficient of 𝒚, 𝐴𝑇 (𝒚) − 𝒃, to zero;

Setting the coefficients of the dual variables to zero to avoid the dual function blowing up
is straight forward for the scalar variables 𝑥𝑒, _𝑘 , 𝑘 ∈ [1, 𝐾]. They produce to the following
constraints

𝑋𝐾+2 − 𝑋𝐾+3 = 1 (C𝑥𝑒)
Tr[𝑖Ω𝑋𝑘] + 𝑋𝐾+2 − 𝑋𝐾+3 + 𝑋𝐾+3+𝑘 = 0 for 𝑘 ∈ [1, 𝐾] . (C_𝑘)

For getting (C𝑥𝑒) we used the term −𝑥𝑒 in the Lagrangian.
The terms involving CMs 𝛾𝜋 (𝑘 ) need to be treated in the same way as previously. We

decompose them in the basis ({𝐹𝑖 𝑗𝑥𝜋 (𝑘 ) ,𝑖 𝑗 }) of 𝑆𝑦𝑚(2𝑁) ∩ B(2𝑁, 𝜋(𝑘)). Performing a similar
analysis to the bipartite case leaves us with terms

𝑔𝑖 𝑗 Tr
[
𝐹𝑖 𝑗𝑥𝜋 (𝑘 ) ,𝑖 𝑗 (−𝑋1 + 𝑋1+𝑘)

]
(5.139)

for 𝑘 ∈ [1, 𝐾]. Using the fact that the basis is symmetric so that the trace corresponds to the
inner product of 𝑋 with the basis, we can equate

𝑋
re,bd, 𝜋 (𝑘 )
1 = 𝑋

re,bd, 𝜋 (𝑘 )
𝑘+1 , for 𝑘 ∈ [1, 𝐾], (C𝛾𝜋 (𝑘 ))
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where the superscript re,bd, 𝜋(𝑘) denotes the real and block-diagonal components with respect
to bipartition 𝜋(𝑘).

VI. The other term,⟨𝐶, 𝑋⟩ , is the primal objective;

The only thing that remains before phrasing the constraints of the primal program is to note
that the objective function may be written as

Tr[−(𝛾,O2𝑁 , ...,O2𝑁 ,−1, 1, 0, ...0)𝑋] = −(Tr[𝛾𝑋1] − 𝑋𝐾+2 + 𝑋𝐾+3)
= −(Tr[𝛾𝑋1] − 1), (5.140)

where we used the constraint (C𝑥𝑒) and the definition of 𝐶 from eq. (5.133).

VII. Combine the elements above to write the primal SDP in standard form (Def. 5.25).

This allows us to write the SDP that finds the optimal genuine multipartite entanglement
witness for a given CM. We put together constraints (C𝑥𝑒),(C_𝑘) and (C𝛾𝜋 (𝑘 )) together with the
objective function from eq. (5.140)41 to get

SDP 5.5 (Primal program for optimal GME witness (repetition of SDP 5.3)). For a given CM
𝛾 of an 𝑁-mode state, the SDP

minimise
𝑋

Tr
[
𝛾𝑋re

1
]
− 1

subject to 𝑋
re,bd, 𝜋 (𝑘 )
1 = 𝑋

re,bd, 𝜋 (𝑘 )
𝑘+1 for all 𝑘 = 1, . . . , 𝐾,

Tr[𝑖Ω𝑁 𝑋𝑘+1] + 𝑋𝐾+2 − 𝑋𝐾+3 + 𝑋𝐾+3+𝑘 = 0, for all 𝑘 = 1, . . . , 𝐾
𝑋𝐾+2 − 𝑋𝐾+3 = 1.

has a feasible solution with Tr
[
𝛾𝑋re

1
]
− 1 ≥ 0 whenever 𝛾 is biseparable. If 𝛾 is genuinely

multipartite entangled, the program produces a negative value. We used 𝜋(𝑘) to denote the 𝑘th

bi-partition (out of 𝐾 = 2𝑁−1−1 possible). 𝑋re,bd, 𝜋 (𝑘 ) is the real part of 𝑋 that is block-diagonal
with respect to partition 𝜋(𝑘) - elements across the partition are set to zero.

5.7 Briefly on graphs which represent witnesses
In the next chapter we work with, what we call minimal knowledge graphs. These correspond to
the fewest quadrature correlation measurements needed to determine GME in a state, as linear
sums of covariance matrix elements. We show that only a subset of all measurements suffice.
The way we describe the situation is through graphs where each vertex corresponds to a mode
and each edge to covariance measurements between the modes. It turns out that the simplest
graphs - trees - are sufficient. Let us define graphs more formally.

A graph is a collection of 𝑁 vertices, 𝑉 , and edges 𝐸 between 𝑣 ∈ 𝑉 , denoted (𝑉, 𝐸). The
simplest graphs are called trees which are graphs with the least number of undirected edges that
connect all vertices (no loops and no disjoint vertices). Other equivalent definitions are that
any two vertices are connected by a unique path or the removal of any edge would partition
(𝑉, 𝐸) into two unconnected graphs. Some examples of graphs are depicted in fig. 5.3 for a low
number of vertices. A complete graph is one which has all vertices a distance one from any other

41 Recall that the primal SDP is a maximisation scheme in our convention so that we may alternatively
minimise the negative of the objective function.
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- all vertices are connected directly. The complement of a tree is formed by the vertices 𝑉 and
edges 𝐸 ′ of the complete graph with the edges 𝐸 removed. You can see this relationship in
figs. 5.3(c)–(f).

(a) Linear trees for 𝑁 = 3, 4, 5, 6 vertices. (b) Tree with vertices within one edge of the
main path, also known as a caterpillar tree.

︸       ︷︷       ︸
Full graph

= ︸       ︷︷       ︸
Tree

+ ︸       ︷︷       ︸
Complement

(c) A tree (blue nodes) and its complement
(orange nodes). The fully connected graph is
the union of the two.

= +

(d) A caterpillar tree for 𝑁 = 6 with comple-
ment and full graph. Two other are found in
(b). There are 4 in total, excluding the linear
and star graphs.

= +

(e) Star tree for 𝑁 = 5 with complement and
full graph.

= +

(f) Caterpillar tree for 𝑁 = 5 with complement
and full graph.

Figure 5.3: Some example knowledge graphs describing the two-body correlations inquired by
partially witnesses. They represent the minimum number of measurements required to establish
the presence of GME in the state measured.

We use graphs to depict the information extracted by a witness on covariance matrices. We
let each vertex represent a mode in the state and each edge represent the covariance between
the modes. Thus, witnesses represented by incomplete graphs are those that use a subset of the
information encoded in a CM - these we call partially blind witnesses. Further, trees correspond
to witnesses that use the least amount of information required for establishing GME. This is
because if we had a graph that had at least one vertex with no connection, then the witness
could not rule out entanglement across that partition of the state. We use the term knowledge
graphs to refer to those which represent witnesses.

We introduce witnesses represented by trees in more detail in section 6.2.



CHAPTER66
Inferring genuine Gaussian

multipartite entanglement from
separable marginals

This chapter will cover new work. A manuscript has been produced and is currently
under review for publication (arXiv:2103.07327).

6.1 Phrasing the problem
Sensing an object requires at least two components – the viewer and the viewed – which can be
in different informational states. There are, likewise, various ways to extract questions from this
chapter’s title. One example, from the angle of the viewer, is in terms of drawing conclusions from
incomplete information: frequently we are positioned to determine the presence of something
from extraneous clues in the environment. For example we might become aware of a car speeding
towards us by the sound of the engine or the hesitancy of fellow pedestrians to cross the street.
We have concluded that there is an approaching vehicle in the vicinity without seeing the vehicle
itself or absorbing all the cues caused by the car. This is an example of using incomplete
and indirect information as evidence. This question has been formalised in mathematics and
statistics as the marginal problem. The translation to the quantum scenario has been done
in refs. [150, 151]. The question we will consider in this chapter is an aspect of the quantum
marginal problem. Specifically pertaining to entanglement properties [141, 152–154]. Consider a
multi-particle state with unknown entanglement properties. One may inquire about the presence
of genuine multipartite entanglement (GME) through looking at only the correlations of two-
body reductions - the marginals. Then the question can be phrased as "Which entanglement
properties can we determine from probing reductions of a multipartite state"? More specifically
we can ask "Are there Gaussian states whose GME can be inferred from an incomplete set of
two-body correlations?".

Another approach is related to the topic of emergence [155]. A property is said to be emergent
if, in a composite system, it does not exist in the components yet appears once there is a sufficient
number of elements (or complexity, or connections, etc.) Examples span many fields of study,
including correlated condensed matter systems, biological systems [156] and social structures
[157]. Closer to the topic at hand, one may ask: could multipartite entanglement be present in
a multipartite state even when there is no entanglement among pairs of subsystems? That is,
could entanglement appear at a high level – in terms of number of particles involved – even when
no trace of it exists at the lowest order. In a different way: can separable parts be arranged
such that they are entangled only at the level of the whole state? We phrase our question then
goes as "Can we infer the presence of GME in Gaussian states which have separable two-body
marginals?".

We can put these two lines of thought together. They offer two points of view, one concerns
internal properties of the state: GME; separable marginals. The other regards the way of
determining these properties by an outside viewer: incomplete information. We formulate the
full research question as: "Are there Gaussian quantum states with GME which can be inferred
from a subset of separable two-body marginals?". As we will see, we answer this question
affirmatively and provide examples for three and four-mode states.
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The work presented here follows research done on qubit systems. Analytical examples ex-
hibiting some of the properties were derived in ref. [152]. Numerical schemes were used to find
states with a stronger effect [153], even in the partial-information scenario [141]. This includes
an experimental realisation of a state with the desired properties [154].

In section 6.2 we introduce the concept of partially-blind witnesses. Then we move on to
formulate the semidefinite conditions that define our problem in section 6.3 where we also present
the search algorithm. The results of the algorithm are found in section 6.4. To bridge the gap to
experiment, we present a scheme for producing the three-mode example in an optical laboratory.

6.2 Partly-blind GME witnesses

It is often desirable to minimise the number of measurements required to determine certain
properties, including entanglement in quantum states. Decreasing tomography costs can be useful
for quantum information tasks, for example for verifying state properties or reading computation
results. This can lead to an increased speed of protocols or even enable some by reducing overhead
costs and allowing verification to be done online - whilst running the protocol.

When determining whether a Gaussian quantum state carries GME, it is interesting to know
whether a minimal set of measurements exists. That is the topic of this chapter. The minimal
sets we consider here in the entanglement scenario correspond to measurements of two-mode
correlations.

To depict the witnesses we use graphs (trees) as presented in section 5.7 (Briefly on graphs
which represent witnesses), which we refer to as knowledge graphs. The vertices represent each
subsystem of a multipartite state. For a witness, the edges 𝐸 correspond to the correlation
measurements used to determine some states’ GME. Since trees are not fully connected graphs,
the connections that are not present in the graph (the complement to 𝐸 , 𝐸 ′) correspond to
zeros in the witness matrix. This means that witnesses with a tree as a knowledge graph do
not probe the whole CM. For this reason, we will refer to them as partially blind. Note that a
tree-like knowledge graph is the smallest possible for detecting GME since, if we would have two
disjoint sub-graphs, we would not be able to determine entanglement across the corresponding
bipartition. We give the four-mode examples of partially-blind witnesses in fig. 6.1.

Witnesses of entanglement on covariance matrices correspond to linear combinations of mea-
surements of the quadrature operators [123]. These were introduced in section 5.6 (Finding the
witness for a CM as a semidefinite program). Imposing the requirements of incomplete infor-
mation on these witnesses amounts to setting some of their entries to zero. For example, if the
correlations between modes 𝐴𝑖 and 𝐴 𝑗 are not measured then the 2× 2 submatrix in the witness
representation, corresponding to variances between 𝑥𝑖 , 𝑥 𝑗 , 𝑝𝑖 , 𝑝 𝑗 , (𝑖 ≠ 𝑗), would be set to zero.
These are the elements in 𝐸 ′. The requirements on the partially blind GME witnesses are given
in table 6.1.

Table 6.1: SDP constraints and their physical interpretation for finding the optimal GME
witness for a given CM.

Witness (𝑊) requirement Physical meaning
Positive semidefinite as required in [123];
Tr[𝑊𝛾] < 1 W detects entanglement in 𝛾;
𝑊 has zero entries in some submatrices Partial-blindess criterion (see section 6.2).
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(a) Linear knowledge graph.

©«
𝐴 𝑎𝑏 O O
𝑎𝑏 𝐵 𝑏𝑐 O
O 𝑏𝑐 𝐶 𝑐𝑑

O O 𝑐𝑑 𝐷

ª®®®¬
(b) Matrix form of linear witness.

(c) T-shaped knowledge graph.

©«
𝐴 𝑎𝑏 O O
𝑎𝑏 𝐵 𝑏𝑐 𝑏𝑑

O 𝑏𝑐 𝐶 O
O 𝑏𝑑 O 𝐷

ª®®®¬
(d) Matrix form of linear witness.

Figure 6.1: The two possible knowledge graphs for a four-mode state along with the witness
structure. The witness entries are 2 × 2 matrices. The labels denote the corresponding mode in
the 𝑋𝑃𝑋𝑃 ordering.

Witnesses of Gaussian genuine multipartite entanglement acting on covariance matrices can
be found via optimisation schemes with constraints written as inequalities on semidefinite ma-
trices [123]. In section 5.5, we introduced semidefinite programs (SDPs) and in section 5.6 we
presented an SDP for finding the optimal GME witness for a given covariance matrix. We can
write the blindness conditions, defined in terms of the graph 𝐸 , as an SDP constraint

(𝑊) 𝑗𝑘 = O2, if { 𝑗 , 𝑘} ∉ 𝐸, (6.1)

for some witness 𝑊 . Experimentally the blindness criterion corresponds to measuring fewer CM
matrix elements: quadrature elements ⟨𝑞 𝑗𝑞𝑘⟩ can be ignored for 𝑗 , 𝑘 ∉ 𝐸 .

Including the blindness criterion into the program which finds the optimal entanglement
witness, SDP 5.3, gives the following optimization rules

SDP 6.1 (Optimal GME witness (partially blind)). For an 𝑁-mode state with covariance matrix
𝛾 and knowledge graph 𝐸 , one may test whether the state is genuinely multipartite entangled at
the Gaussian level through the following SDP.

minimize
𝑋

Tr
[
𝛾𝑋re

1
]
− 1

subject to 𝑋
re,bd, 𝜋 (𝑘 )
1 = 𝑋

re,bd, 𝜋 (𝑘 )
𝑘+1 for all 𝑘 = 1, . . . , 𝐾,

Tr[𝑖Ω𝑁 𝑋𝑘+1] + 𝑋𝐾+2 − 𝑋𝐾+3 + 𝑋𝐾+3+𝑘 = 0, for all 𝑘 = 1, . . . , 𝐾
𝑋𝐾+2 − 𝑋𝐾+3 = 1
(𝑋)re

𝑖 𝑗 = O2, if {𝑖, 𝑗} ∈ 𝐸 ′.

If the value Tr
[
𝛾𝑋re

1
]
−1 ≥ 0 then 𝛾 is biseparable and otherwise it has GME so that the output,

𝑋re
1 , satisfies the criterion for being a GME witness.

How the constraints in SDP 6.1 are arrived at is explained in detail in section 5.6. In short,
the top-left block of the SDP variable, 𝑋 (a matrix), satisfies the properties of a witness while the
other blocks 𝑋 𝑗 , 𝑗 ≠ 1, are derived from the requirements of separability from the dual problem,
SDP 5.4 which is in a more physically informative form.



98 GGME from separable marginals

6.3 Search algorithm
We are nearly in a position to phrase an algorithm that finds examples of covariance matrices of
states with separable marginals and whose GME can be inferred from witnesses using incomplete
information. For that we need to complete two main tasks: 1) find the optimal witness for a
given covariance matrix (SDP 6.1), and 2) find the optimal covariance matrix for a given witness
(as will be given in SDP 6.2 in section 6.3.1). Once we have those protocols, we can feed the
output of one into the other to iteratively find stronger examples. The algorithm is presented in
algorithm 1.

In the previous section, we saw that optimal GME witnesses on covariance matrices can
be found which probe only a subset of state correlations via SDP 6.1. We now turn the task
around and ask, for a given witness, which CM carries the most detectable genuine multipartite
entanglement?

6.3.1 Semidefinite program for finding the optimal state
An SDP may also be formulated for finding the optimal1 covariance matrix (CM) for a given
witness since the requirements we impose on the CMs can be written as linear constraints on
semi-definite matrices. These conditions are summarised in table 6.2. For a brief introduction
to semidefinite programs see section 5.5.

Firstly, covariance matrices of quantum (or otherwise) states must be positive semi-definite
since variances are either zero or positive (see footnote 17 on page 70 and associated text for a
proof). One may see that they are also symmetric since the quadrature covariances, Tr

[
{b 𝑗 , b𝑘}𝜌

]
,

are unaltered by a swap of indices 𝑗 ↔ 𝑘. 2

Next, quantum CMs must fulfill the Heisenberg uncertainty principle, given in Thm. 5.4.
That is, for a covariance matrix 𝛾 we must have 𝛾 + 𝑖Ω ≥ 0, where Ω is the symplectic form (see
Def. 5.8). Further, we impose the requirement of having separable two-body marginals (tying to
the idea of GME as an emergent property). We do this by using the positive-partial transpose
criterion from Thm. 5.7: 𝛾𝑇𝐴

𝐴𝐵
+ 𝑖Ω2 ≥ 0.

Lastly, we want to find CMs of states that are easier to produce experimentally. One step
in that direction is to limit the search to states with no 𝑥-𝑝 correlations. To this end we set to
zero the elements corresponding to all correlations between position and momentum. This also
offers the computational advantage of further limiting the search space.

Using the constraints in table 6.2, the SDP that finds the optimal CM (𝛾𝑊) for a given witness
(𝑊) can be cast as in SDP 6.2.

SDP 6.2 (Optimal covariance matrix). For a GME witness 𝑊 , one finds the covariance matrix
that optimizes the amount of entanglement detected by 𝑊 through

minimize
𝛾𝑊

Tr[𝛾𝑊𝑊] − 1

subject to 𝛾𝑊 + 𝑖Ω𝑁 ≥ 0,

𝛾
(𝑇𝑗 )
𝑊, 𝑗𝑘
+ 𝑖Ω2 ≥ 0, for all 𝑗 ≠ 𝑘 = 1, . . . , 𝑁,

(𝛾𝑊)2 𝑗−1,2𝑘 = (𝛾𝑊)2 𝑗 ,2𝑘−1 = 0, 𝑗 , 𝑘 = 1, . . . , 𝑁.

Whenever the witness, 𝑊 , input already detects GME in some state, the program produces
a CM 𝛾𝑊 with Tr[𝛾𝑊𝑊] − 1 < 0.

1 Optimality is defined in the same manner as for witnesses: "for a given witness 𝑊, the CM 𝛾 which minimises
Tr[𝛾𝑊 ]". See sections 5.5 and 5.6 for more details.

2 Note that 𝛾 ∈ 𝑃𝑆𝐷 implies that 𝛾 ∈ 𝑆𝑦𝑚. See footnote 3 in chapter 5.
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Table 6.2: SDP constraints and their physical interpretation for finding the optimal CM for a
given GME witness.

Covariance matrix (𝛾) requirement Physical reason
Positive semi-definite, 𝑦𝑇𝛾𝑦 ≥ 0,∀𝑦 ∈ R2𝑁 Variances are necessarily positive;
Symmetric, 𝛾 − 𝛾𝑇 = 0 Variances unaltered by variable swap;
𝛾 + 𝑖Ω ≥ 0 Satisfy the uncertainty principle;
Two-party marginals fail PPT Separable marginals;
(𝛾)2𝑖−1,2 𝑗 = 0 No 𝑥 − 𝑝 correlations.

We subtract one from Tr[𝛾𝑊𝑊] in the minimization target function as the optimal entangle-
ment witness on covariance matrices detects entanglement if Tr

[
𝛾𝐸𝑛𝑡𝑎𝑛𝑔𝑙𝑒𝑑𝑊

]
> 1. This allows

us to only check the sign of the output of the SDP 6.2. We also note that the two first constraints
in table 6.2 (Positive semi-definite and symmetric) are fulfilled automatically by the nature of
SDPs and the initial input into the algorithm respectively (see footnotes 3 and 16 along with the
associated text).

6.3.2 Generating a random Gaussian CM
We need one last element before formulating the algorithm - we need an initial input into SDP 6.1.
To that end we prepare a random Gaussian CM.

Since we want to avoid finding states with 𝑥− 𝑝 correlations, it is easier to start in the 𝑋𝑋𝑃𝑃
ordering. This is because CMs with no correlations between position and momentum are block-
diagonal of the form 𝜎 = 𝑋 ⊕ 𝑃 =

(
𝑋 O
O 𝑃

)
, where 𝑋 and 𝑃 are 𝑁 × 𝑁 matrices corresponding to

the position and momentum correlations respectively.
One may return to the original 𝑋𝑃𝑋𝑃 ordering through a congruence transformation with

the matrix _ (Def. 5.9). We remind the reader that _ is an orthogonal matrix with zero entries
except for _ 𝑗 ,2 𝑗−1 = _𝑁+ 𝑗 ,2 𝑗 = 1, 𝑗 = 1, ..., 𝑁,. The transformations and symbol definitions in each
ordering are then given in table 6.3.

Table 6.3: Ordering conversion between 𝑋𝑃𝑋𝑃 and 𝑋𝑋𝑃𝑃 orderings. The transformation
matrix, _, as given in Def. 5.9, is an orthogonal matrix with _ 𝑗 ,2 𝑗−1 = _𝑁+ 𝑗 ,2 𝑗 = 1, 𝑗 = 1, ..., 𝑁,
the only non-zero elements.

Object name (Symbol) Conversion
Quadrature vector (b) 𝜒 = _b

Covariance matrix (𝛾) 𝜎 = _𝛾_𝑇

Symplectic form (Ω𝑁 ) Σ𝑁 = _Ω𝑁_
𝑇

Symplectic matrix (𝑆) 𝑄 = _𝑆_𝑇

In the section on Gaussian operations (section 5.2.2), we saw that a general Gaussian covari-
ance matrix may be decomposed as per Williamson’s Theorem (Thm. 5.1) which we apply to
the covariance matrix 𝜎 in the 𝑋𝑋𝑃𝑃 ordering to get

𝜎 = 𝑄Δ𝑄𝑇 , (6.2)
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where 𝑄 is a symplectic transformation and Δ is a diagonal matrix of the symplectic eigenvalues
of the CM 𝜎. Since 𝑄 is symplectic, it satisfies 𝑄Σ𝑄𝑇 = Σ with Σ =

(
O 1
−1 O

)
. Recall that if Δ = 1𝑁

then 𝜎 = 𝑄𝑄𝑇 describes a pure state.

Since we limit ourselves to states with no 𝑥 − 𝑝 correlations, 𝑄 must be block-diagonal. Thus
𝑄 = 𝑄𝑋⊕𝑄𝑃 with 𝑄𝑋 (𝑃) an 𝑁×𝑁 matrix corresponding to the position (momentum) correlations.

Since 𝑄 needs to be symplectic, we can constrain its elements further. That is, since 𝑄Σ𝑄𝑇 =

Σ, we have 3 (𝑄𝑋 ⊕ 𝑄𝑃)
(
O 1
−1 O

)
(𝑄𝑋 ⊕ 𝑄𝑃)𝑇 =

(
O 𝑄𝑋𝑄

𝑇
𝑃

−𝑄𝑃𝑄𝑇𝑋 O

)
!
=

(
O 1
−1 O

)
, so that 𝑄𝑃 =

(
𝑄𝑇
𝑋

)−1.
Since the two blocks are related we write 𝑄𝑋 = 𝑄. Note that 𝑄 is a generic matrix and so may
be filled by random real entries.

Putting things together, we can create a random Gaussian CM using 𝑁2 + 𝑁 random real
numbers encoded in the diagonal matrix of symplectic eigenvalues, V = diag(a1, a2, ..., a𝑁 ) (with
a𝑖 ≥ 1), and an 𝑁 × 𝑁 matrix with random entries 𝑄. We can then write

𝜎 = (𝑄V𝑄𝑇 ) ⊕ ((𝑄𝑇 )−1V𝑄−1). (6.3)

Finally, to get a random Gaussian covariance in the 𝑋𝑃𝑋𝑃 ordering, we transform eq. (6.3) as

𝛾 = _𝑇𝜎_. (6.4)

This procedure produces a CM that will serve as an input to the main part of the algorithm.
It corresponds to line (1) in algorithm 1.

6.3.3 Joining the two SDPs

We are now in a position to set up an algorithm that finds examples of covariance matrices of
states with the desired properties along with witnesses that detects the GME. The two main
parts we need are the SDPs 6.1 and 6.2 for finding the optimal GME witness given a CM and
vice versa, respectively. As an initial input we produce a random Gaussian covariance matrix as
described in section 6.3.2.

The algorithm then follows the steps given in algorithm 1. Starting from an input random
Gaussian CM (eq. (6.3)) we run SDPs 6.1 and 6.2 iteratively 𝑛 times, outputting in most cases
a pair (𝛾,𝑊) of CM 𝛾 with separable marginals and GME detected by witness 𝑊 . Next, we
present some example obtained using the program written for three and four-mode Gaussian
CMs in section 6.4.

3 The symbol " !
=" is to be read as "must be equal to".
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Algorithm 1: Gaussian GME factory
Pseudo-code for program to find examples of covariance matrices with the re-
quired properites (see text). The two optimization problems on lines (2)/(5)
and (3)/(6) are given by the SDPs 6.1 and 6.2 respectively. The random Gaus-
sian input is prepared as prescribed in section 6.3.2 (eq. (6.3) specifically).

(1) Data: Prepare random covariance matrix 𝛾𝑖𝑛
(2) 𝑊0 ← findOptimalWitness(𝛾𝑖𝑛);
(3) 𝛾0 ← findOptimalCovarianceMatrix(𝑊0);
(4) for 𝑖 ∈ [0, 𝑛 − 1] do
(5) 𝑊𝑖+1 ← findOptimalWitness(𝛾𝑖);
(6) 𝛾𝑖+1 ← findOptimalCovarianceMatrix(𝑊𝑖);
(7) 𝑊𝑛 ← findOptimalWitness(𝛾𝑛);
(8) Output: (𝛾𝑛 , 𝑊𝑛)

For the results presented in the coming section, we 4 wrote a Matlab program using the
optimization toolbox YALMIP [159] with the SDP solver SeDuMi[160] (toolbox MOSEK[161] was
also used during research).

6.4 Results

Using a program based on algorithm 1, we produced examples of states of three and four modes.
In order to find states that allow for easier experimental realisation we selected the best examples
using two further requisites. First, we want the examples to maintain the desired properties even
when the entries are rounded to 2 decimal places (d.p.)5. This is so that we can find states that
are more resilient to deviations in an experimental realisation. Further, we remove any examples
where the solver (SeDuMi) passed an error or warning.

In this work, we looked at examples of up to six modes, with the three and four-mode examples
presented in more detail. The witness knowledge graphs we use are shown in fig. 6.2. For results
up to six modes, see table 6.7.

6.4.1 Three modes

We run algorithm 1 for a total of 𝑛 = 10 iterations6 and for 𝑁 = 3 modes. The witness which
detects GME probes only the parts of the CM, 𝛾 (3) , which correspond to 𝛾 (3)

𝐴𝐵
and 𝛾 (3)

𝐵𝐶
as well as

all mode-local variances, 𝛾𝐴, 𝛾𝐵 and 𝛾𝐶 . The knowledge graph thus corresponds to a linear tree
and is depicted in fig. 6.2 a). As required, 𝛾 (3) has all marginals separable. Since this example
ends up showing the most promise for experimental realisation we also add a number of further
requirements. First we bound the diagonal elements to the range [1, 10] in order to limit the

4 Co-author J. Provazník in the associated article [158] updated the routine MultiWit [123] to be compatible
with the current Matlab version and added the constraints for the three-mode and linear four-mode scenarios. I
then used that routine to write an instance of algorithm 1 (including writing the computer code for SDP 6.2).

5 In some examples, we found that some CMs lost some of the properties – marginal separability or GME –
after rounding. A detailed analysis could be performed to characterise these effects. For our purposes, we simply
filtered out examples that did not meet our rounding requirements.

6 See appendix F where we present supporting evidence for this choice.
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Figure 6.2: Knowledge graphs witnesses detecting GME from marginal CMs of three and four
modes.

amount of squeezing required to produce the state with CM 𝛾 (3)7. For the same reason, we also
required the smallest eigenvalue of 𝛾 (3) to be above 0.28.

The CM with the strongest value for Tr[𝛾 (3)𝑊 (3) ] − 1 obtained through this procedure is:

𝛾 (3) =

©«

1.34 0 −0.35 0 −0.82 0
0 10.00 0 8.45 0 1.87
−0.35 0 7.80 0 −8.05 0

0 8.45 0 7.92 0 2.09
−0.82 0 −8.05 0 10.00 0

0 1.87 0 2.09 0 1.62

ª®®®®®®®¬
. (6.5)

7 The submatrix for each mode needs to also satisfy the uncertainty principle (Thm. 5.4 or eq. (5.67)) so if
the variances ⟨𝑥2

𝑖
⟩ and ⟨𝑝2

𝑖
⟩ are very different, then the state requires a high amount of local squeezing in the 𝑖th

mode.
8 We have 𝛾 = 𝑈𝑅𝑉𝑇𝑊𝑉𝑅𝑈𝑇 via Williamson’s Theorem. Eigenvalues are preserved under similarity trans-

formations so the eigenvalues of 𝛾 are given by 𝑒𝑖𝑔 (𝛾) = 𝑒𝑖𝑔 (𝑅𝑉𝑇𝑊𝑉𝑅), with 𝑒𝑖𝑔 ( ·) the vector of eigenvalues.
The entries of 𝑊 are the symplectic eigenvalues so we may set 𝑊 = 1 since any 𝑒𝑖𝑔 (𝑊 ) ∋ 𝑤 ≥ 1. We get, in
that case, 𝑒𝑖𝑔 (𝛾) = 𝑒𝑖𝑔 (𝑅2 ) since 𝑉 is orthogonal. Using the conversion to 𝑑𝐵 through eq. (5.55), equating the
smallest value of 𝑅 with

√
0.2 would give a squeezing of about 7𝑑𝐵 - well below the record of 15𝑑𝐵 [69].
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Its optimal witness, 𝑊 (3) , is such that Tr[𝛾 (3)𝑊 (3) ] − 1 = −0.143. It is given by

𝑊 (3) = 10−2

©«

6.8 0 −0.4 0 0 0
0 34.3 0 −39.5 0 0
−0.4 0 25.1 0 20.9 0

0 −39.5 0 46.1 0 −2.0
0 0 20.9 0 17.5 0
0 0 0 −2.0 0 6.6

ª®®®®®®®¬
. (6.6)

One may see that the witness corresponds to the linear knowledge graph by noticing the zero
entries in the 2 × 2 blocks corresponding to 𝛾 (3)

𝐴𝐶
(top-right and lower-left corners).

We required the two-body marginals to be separable. This can be verified via the PPT
criterion (Thm. 5.7). The smallest eigenvalues of (𝛾 (3)

𝑋𝑌
)𝑇𝑋+𝑖Ω2 for 𝑋𝑌 = 𝐴𝐵, 𝐴𝐶, 𝐵𝐶 are presented

in table 6.4. As can be seen all are positive numbers as required for separability.

Table 6.4: Minimal eigenvalue Y (3)
𝑗𝑘
≡ min{eig[(𝛾 (3)

𝑗𝑘
) (𝑇𝑗 ) + 𝑖Ω2]}.

𝑗 𝑘 AB AC BC
Y
(3)
𝑗𝑘

0.002 0.849 0.004

Since the result presented for the three-mode case turns out to be the strongest one with
respect to Tr[𝛾𝑊], we do a comparison with the best qubit results obtained in Ref. [141]. Note
that the values Tr[𝜌𝑊] and Tr

[
𝛾𝑊 (3)

]
are not directly comparable. For that reason, let us com-

pare the difference between the best theoretical result with the best example found numerically.
For qubits, the best theoretical witness mean of −1.98 ·10−2 when all marginals are know is three
times larger than the best qubit mean of Tr[𝜌𝑊] = −6.58 · 10−3 for three modes [153] created
experimentally in [154]. Meanwhile the result presented here of Tr

[
𝛾 (3)𝑊 (3)

]
− 1 = −0.143 can

be compared to the theoretical value of −0.103 of Gaussian bound entanglement [123, 145] which
was experimentally prepared in [162]. This provides evidence for the experimental accessibility
of our result. Further, the noise tolerance is also more promising in the Gaussian scenario. The
noise tolerance of CM 𝛾 (3) is of 10% 9 while the qubit exhibited a tolerance to the addition of
5% [153] noise. This value coincides with the demonstrated Gaussian bound entanglement result
[123].

We have thus a promising example for experimental realisation. We therefore present a circuit
of optical elements for producing CM 𝛾 (3) in section 6.5. Before that we present the results for
four modes.

6.4.2 Four modes
We extended the search to find examples of CMs corresponding to four-mode Gaussian quantum
states. In this case, there are two possible knowledge graphs: the linear tree of four nodes and
the ‘t’-shaped or star tree. These are presented in fig. 6.2 b) and c). We also kept the constraints
that the effects should be present when the entries to the witness and CM are rounded to 2
decimal places.

9 Addition of white noise, parametrised by 𝑝, at the CM level corresponds to adding the identity wieghted
by 𝑝: 𝛾𝑝 = 𝛾 + 𝑝1. For 𝛾 = 𝛾 (3) , we may find a witness that detects GME up to 𝑝 = 0.1092. Writing the
threshold at which noise destroys the effect as 𝑝max = 0.1092, one finds through the addition of 5%(𝑝max/2)
of white noise the new CM 𝛾 (3) → 𝛾

(3)
𝑝=𝑝max/2 = 𝛾 (3) + 0.1092

2 16 which has an optimal entanglement witness 𝑊

with Tr
[
𝛾
(3)
𝑝=𝑝max/2𝑊

]
− 1 = −0.073. The smallest symplectic eigenvalues of the marginals 𝐴𝐵,𝐴𝐶 and 𝐵𝐶 are

[𝐴𝐵 = 0.056,[𝐴𝐶 = 0.8773 and [𝐵𝐶 = 0.058 respectively.
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6.4.2.1 Linear graph

First we present the results for the case when the witness is oblivious to the correlations between
modes 𝐴𝐶, 𝐴𝐷 and 𝐵𝐷. This corresponds to setting the 2 × 2 submatrices 𝛾𝐴𝐶 , 𝛾𝐴𝐷 , 𝛾𝐵𝐷 to
zero. In terms of the constrains of SDP 6.1, this corresponds to the knowledge graph given in
fig. 5.3 b).

The best example produced running SDP 6.1 for 𝑛 = 10 iterations is

𝛾 (4,𝐿) =

©«

2.83 0 −0.02 0 −1.38 0 2.83 0
0 7.18 0 8.06 0 7.09 0 −4.12
−0.02 0 3.91 0 −2.46 0 4.73 0

0 8.06 0 9.79 0 8.47 0 −4.81
−1.38 0 −2.46 0 2.58 0 −4.68 0

0 7.09 0 8.47 0 10.00 0 −3.08
2.83 0 4.73 0 −4.68 0 10.00 0

0 −4.12 0 −4.81 0 −3.08 0 3.22

ª®®®®®®®®®®®¬
. (6.7)

It has an optimal witness, 𝑊 (4,𝐿) , such that Tr
[
𝛾 (4,𝐿)𝑊 (4,𝐿)

]
− 1 = −0.069 which takes the

following numeric form

𝑊 (4,𝐿) = 10−2 ·

©«

2.70 0 −1.12 0 0 0 0 0
0 33.29 0 −28.67 0 0 0 0
−1.12 0 6.86 0 6.30 0 0 0

0 −28.67 0 29.50 0 −5.46 0 0
0 0 6.30 0 74.73 0 33.42 0
0 0 0 −5.46 0 7.37 0 2.18
0 0 0 0 33.42 0 16.30 0
0 0 0 0 0 2.18 0 4.11

ª®®®®®®®®®®®¬
. (6.8)

The separability of all marginals may be confirmed once again by the PPT criterion (see
table 6.5).

Table 6.5: Minimal eigenvalue Y (4,𝐿)
𝑗𝑘

≡ min{eig[(𝛾 (4,𝐿)
𝑗𝑘
) (𝑇𝑗 ) + 𝑖Ω2].

𝑗 𝑘 AB AC AD BC BD CD
Y
(4,𝐿)
𝑗𝑘

0.005 0.347 0.213 0.004 0.087 0.224

The smallest value in table 6.5 is comparable to the three-mode case (table 6.4) so those
marginals seem equally close to being entangled. The effect strength, however, is about half
that of the three-mode case. This, together with the fact that there are more modes involved
(and hence would require a more complicated set-up at face value), means that producing the
four-mode state would be experimentally more demanding.

6.4.2.2 T-shaped graph

We now present the other four-mode example: the one whose knowledge graph is the ‘t’-shaped
(or four-vertex star) graph as in fig. 6.2. This corresponds to a witness blind to correlations
contained in 𝛾𝐴𝐶 , 𝛾𝐴𝐷, and 𝛾𝐶𝐷 (see eq. (6.10)).
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The best CM produced with the same procedure as previously (𝑛 = 10) is

𝛾 (4,𝑇 ) =

©«

5.23 0 0.45 0 −0.02 0 −2.43 0
0 1.16 0 3.00 0 1.15 0 0.51

0.45 0 3.35 0 0.91 0 −5.20 0
0 3.00 0 10.00 0 3.52 0 2.06
−0.02 0 0.91 0 4.09 0 −2.97 0

0 1.15 0 3.52 0 1.62 0 0.62
−2.43 0 −5.20 0 −2.97 0 10.00 0

0 0.51 0 2.06 0 0.62 0 1.49

ª®®®®®®®®®®®¬
. (6.9)

The witness, giving Tr[𝛾 (4,𝑇 )𝑊 (4,𝑇 ) ] − 1 = −0.068, is

𝑊 (4,𝑇 ) = 10−2 ·

©«

1.984 0 −0.815 0 0 0 0 0
0 76.150 0 −26.031 0 0 0 0

−0.815 0 37.883 0 −1.525 0 19.701 0
0 −26.031 0 18.014 0 −22.092 0 −0.760
0 0 −1.525 0 2.895 0 0 0
0 0 0 −22.092 0 54.640 0 0
0 0 19.701 0 0 0 10.563 0
0 0 0 −0.760 0 0 0 3.149

ª®®®®®®®®®®®¬
.

(6.10)
Note that the witness in eq. (6.10) is rounded to more decimal places. This is because positivity
is not preserved when rounding as in the previous cases.

The marginals are separable, as seen in table 6.6 (and using the PPT criterion).

Table 6.6: Minimal eigenvalue Y (4,𝑇 )
𝑗𝑘

≡ min{eig[(𝛾 (4,𝑇 )
𝑗𝑘
) (𝑇𝑗 ) + 𝑖Ω2]}.

𝑗 𝑘 AB AC AD BC BD CD
Y
(4,𝑇 )
𝑗𝑘

0.0481 0.0032 0.5256 0.1103 0.0001 0.5489

The effect strength and separability are comparable to the linear four-mode example. A
noteworthy point is that the examples given here are CMs of mixed states (this can be checked
by verifying that the symplectic eigenvalues are not all unity) while the best four-mode qubit
example corresponded to a ‘t’-shaped tree and was a pure state [141]10.

6.4.3 Five and six modes
We now cover some work looking at a larger number of modes11. Using the same constraints as
earlier we perform the search for examples of five and six modes. Since the number of possible
knowledge graphs is larger, we present the results in table 6.7. The 𝑁 = 5, 6 examples were
chosen from 100 produced for each knowledge graph type. For 𝑁 = 3, 4, the number of examples
produced during research exceeds that.

10 Note that requiring purity in SDP 6.2 is a quadratic constraint on the minimization variable 𝛾. One way to
see this is through the determinant of the CM: ` (𝜌) = Tr

[
𝜌2]

= (Det(𝛾) )−1/2 = 1 [26, p.61]. It is linear in each
column separately but not the whole matrix. Constraints in SDPs have to be affine - convex (linear) combinations
- in the optimization variable [149, 163].

11 This follows from work by an undergraduate student, Adam Johnston, who I co-supervised. His project
over a summer involved extending the existing code into the general case (more than four modes). The results
presented here are my own working using the generalised code.
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Table 6.7: Best examples found for 𝑁 ≤ 6 modes. Algorithm 1 was run for 10 iterations using
the extra constraints on the CM element size and minimal eigenvalue. The witness knowledge
graphs are given as described in sections 5.7 and 6.2. Qubit results taken from ref. [141]. The
witness mean for the 3-mode qubit example from ref. [153] is given in ref. [154].

N Index Configuration Tr[𝛾𝑊] − 1 Tr[𝜌W]
3 3𝑎 −1.47 · 10−1 −1.98 · 10−2

4 4𝑎 −7.53 · 10−2 −3.15 · 10−3

4𝑏 −7.35 · 10−2 −3.56 · 10−3

5 5𝑎 −4.38 · 10−2 −1.13 · 10−3

5𝑏 −4.14 · 10−2 −1.31 · 10−3

5𝑐 −5.17 · 10−2 −1.38 · 10−3

6 6𝑎 −2.58 · 10−2 −2.01 · 10−4

6𝑏 −2.82 · 10−2 −2.56 · 10−4

6𝑐 −2.58 · 10−2 −2.84 · 10−4

6𝑑 −2.36 · 10−2 −2.92 · 10−4

6𝑒 −3.25 · 10−2 −3.80 · 10−4

6 𝑓 −3.56 · 10−2 −4.54 · 10−4

We should note that, in obtaining the examples of five and six modes, we did not check that
the CMs and witnesses preserve the effects when the entries are rounded off. This means that
the difference between the three- and four-mode cases compared to the five and six could be
lessened as the latter were found with fewer constraints. Nonetheless, we see a decrease in the
best examples found as the number of modes increases. At the same time, there does not seem
to be a clear difference between witness knowledge graphs. A statistical investigation might shed
some more light on this last point.

We may compare the results obtained here to the qubit scenario [141], restated the last column
of table 6.7. It is worth repeating that directly comparing the numbers is not necessarily fruitful
given the different interpretations of Tr

[
𝜌𝑊𝜌

]
and Tr[𝛾𝑊] − 1. However, we may see differences

in how the values change within each scenario as we increase the number of parties. While the
qubit scenario decreases almost by an order of magnitude, the decrease in the Gaussian scenario
is closer to a factor of 2 as we increase the number of modes. This means that the effect could be
preserved for larger states and therefore more suitable for use in realistic quantum informational
protocols. Next is a statement about computational resources. In the qubit scenario it was
noted that obtaining the examples took < 1 minute, 45 minutes and about 6hrs for the four, five
and six modes respectively12. Meanwhile, even for the six mode Gaussian examples run with 10
iterations and all the additional requirements mentioned in section 6.4.1, suitable examples were
found in just over a minute on average13. One possible explanation for the difference in runtime

12 Obtained through private communication by collaborator L. Mišta.
13 From results obtained by a member of the collaboration, finding 10 mode-examples with the desired criteria

took around 20 minutes (𝑛 = 10). However, the runtime showed high variability: even at eight modes, the program
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between the qubit and Gaussian scenarios is that the solution space of qubits increases with the
number of qubits, 𝑁, as 2𝑁 while CMs scale as (2𝑁)2 – allowing a more efficient search.

6.5 Experimental scheme

Figure 6.3: Decomposition of symplectic transformation 𝑆 generating a Gaussian state with
CM 𝛾 = 𝛾 (3) of three modes 𝐴, 𝐵 and 𝐶: a 𝑗 – thermal states with mean number of thermal
photons (a 𝑗 − 1)/2, 𝑗 = 𝐴, 𝐵, 𝐶 with a 𝑗 the symplectic value of mode 𝑗 (red circles); 𝑈 – passive
transformation consisting of beam splitters B(𝑈)

𝑗𝑘
, 𝑗 𝑘 = 𝐴𝐵, 𝐴𝐶, 𝐵𝐶 (magenta block); 𝑉 – passive

transformation consisting of beam splitters B(𝑉 )
𝑗𝑘

(green block); 𝑅 – squeezing transformation con-
sisting of one squeezer in position quadrature, 𝑅𝐴, and two squeezers in momentum quadrature,
𝑅𝐵 and 𝑅𝐶 (pink block). For rounded parameters as in tables 6.8 and 6.9 the circuit produces
the CM 𝛾′ (3) , which closely approximates the CM 𝛾, and retains its entanglement properties.
See text for details.

Since the three mode example, 𝛾 (3) , shows most promise for experimental realisation, we
will now show a scheme of linear-optical elements to produce a state with that CM. The first
iteration of the scheme is presented in fig. 6.3. For notational simplicity, we redefine 𝛾 = 𝛾 (3) for
the rest of the chapter. We will use the machinery of the Symplectic formalism introduced in
section 5.2. The basic idea is that, due to the structure of CMs, one may find matrices describing
beam-splitters and squeezers that output the CM, given some thermal states as inputs.

The process utilises Thm. 5.1 (Williamson’s Theorem) to obtain the symplectic transforma-
tion on a set of thermal inputs; then follows the Bloch-Messiah decomposition of symplectic
matrix into beam-splitters and phase-shifters, Thms. 5.2 and 5.3. The latter is used to separate
a beam-splitter array into individual components.

We begin by invoking Williamson’s Theorem on the covariance matrix 𝛾 (3) : there is a sym-
plectic transformation S such that

S𝛾S𝑇 =

𝑁⊕
𝑖=1

a𝑖12 = 𝑊, (6.11)

could run for three hours without finding a suitable example.
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where the entries in 𝑊 are the symplectic eigenvalues, a1, a2, ..., a𝑁 , of 𝛾. These can be found
from the covariance matrix by equating them to the positive eigenvalues of 𝑖Ω𝛾 and can be
found in table 6.8. The symplectic transformation may be found numerically using the methods
presented in references [164, 165].

Defining 𝑆 B S−1, we can rewrite the above equation as 𝛾 = 𝑆𝑊𝑆𝑇 . We can then invoke
the Bloch-Messiah decomposition (Thm. 5.2) and find passive transformations 𝑈,𝑉 ∈ SO(2𝑁) ∩
Sp(2𝑁,R) and active 14 transformation 𝑅 to write

𝑆 = 𝑉𝑅𝑈. (6.12)

The active transformation (squeezing) is represented by a diagonal matrix, 𝑅, defined by

𝑅 = 𝑅𝐴(𝑠𝐴) ⊕ 𝑅𝐵 (𝑠−1
𝐵 ) ⊕ 𝑅𝐶 (𝑠−1

𝐶 ), (6.13)

where 𝑅𝑖 (𝑠 𝑗 ) = diag(𝑠 𝑗 , 𝑠−1
𝑗
), 𝑗 = 𝐴, 𝐵, 𝐶. The squeezing parameters, 𝑠 𝑗 , are given in table 6.8.

Table 6.8: Symplectic eigenvalues a 𝑗 and the squeezing parameters 𝑠 𝑗 .

𝑗 A B C
a 𝑗 6.835 1.012 1.004
𝑠 𝑗 0.396 0.851 0.478

The next step is to separate the passive transformations 𝑈 and 𝑉 into an array of beam-
splitters and phase-shifters. Here is where looking for examples with no 𝑥 − 𝑝 correlations comes
in handy - it means that phase shifters are not required for producing states with covariance
matrix 𝛾 (3) . One may see this by noting that the beam-splitter matrices define correlations
that do not mix position and momentum (see eq. (5.53)). The decomposition of 𝑈 and 𝑉 is
possible due to Thm. 5.3 (Euler decomposition of beam-splitters on three modes) and can be
performed numerically using the methods used in Refs. [128, 129]. We write the decomposition
of the beam-splitter arrays into two-mode mixing as

𝑈 = 𝐵
(𝑈)
𝐵𝐶
(𝑇𝐵𝐶 )𝐵 (𝑈)𝐴𝐶

(𝑇𝐴𝐶 )𝐵 (𝑈)𝐴𝐵
(𝑇𝐴𝐵),

𝑉 = 𝐵
(𝑉 )
𝐴𝐵
(𝜏𝐴𝐵)𝐵 (𝑉 )𝐴𝐶

(𝜏𝐴𝐶 )𝐵 (𝑉 )𝐵𝐶
(𝜏𝐵𝐶 ), (6.14)

where the elements 𝐵 (𝑀 ) (𝑇𝑗𝑘), 𝑀 = 𝑈,𝑉, 𝑗 𝑘 = 𝐴𝐵, 𝐴𝐶, 𝐵𝐶 of the decomposition are extended in
the correct mode for the product to be defined. For more details see Thm. 5.3. The transmis-
sivities 𝑇𝑗𝑘 can be found in table 6.9.

Table 6.9: Amplitude transmissivities 𝑇𝑗𝑘 and 𝜏𝑗𝑘 .

𝑗 𝑘 AB AC BC
𝑇𝑗𝑘 0.555 0.947 0.492
𝜏𝑗𝑘 0.716 0.904 0.657

The decomposition presented is numerical and thus the parameters in tables 6.8 and 6.9,
which have been rounded to three decimal places, differ from the true values. The resulting
CM, 𝛾′ (3) , is therefore not the same as the original 𝛾. Nonetheless, we find that 𝛾′ (3) retains
all relevant entanglement properties by checking that the marginals are separable and that there
is a witness that detects GME by finding an Optimal GME witness (partially blind) (through
SDP 6.1). Letting 𝑊 ′ (3) denote the optimal witness of 𝛾′ (3) , genuine multipartite entanglement
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Table 6.10: Minimal eigenvalue Y′
𝑗𝑘
≡ min{eig[𝛾′(𝑇𝑗 )

𝑗𝑘
+ 𝑖Ω2]}.

𝑗 𝑘 AB AC BC
Y 𝑗𝑘 0.005 0.852 0.010

is still present as Tr[𝛾′ (3)𝑊 ′ (3) ] − 1 = −0.138. The marginals are also still separable, as can be
seen in table 6.10.

The CM 𝛾′ (3) and its optimal witness are given by

𝛾′ (3) =

©«

1.34 0 −0.35 0 −0.82 0
0 10.01 0 8.45 0 1.86
−0.35 0 7.78 0 −8.03 0

0 8.45 0 7.92 0 2.08
−0.82 0 −8.03 0 9.99 0

0 1.86 0 2.08 0 1.62

ª®®®®®®®¬
, (6.15)

and

𝑊 ′ (3) = 10−2

©«

6.856 0 −0.453 0 0 0
0 34.115 0 −39.307 0 0

−0.453 0 25.035 0 20.874 0
0 −39.307 0 45.925 0 −2.051
0 0 20.874 0 17.426 0
0 0 0 −2.051 0 6.622

ª®®®®®®®¬
, (6.16)

respectively.
Equivalent circuits are not always equal in the context of experiment. For example, in the

scheme presented in this section, squeezing is required after the first beam-splitter array. How-
ever, it is oftentimes desirable to perform squeezing prior to their use in experiments. Then, only
successfully squeezed states need to be mixed. Further, eliminating some components might
produce similar - enough - states but may simplify the experiment considerably. We therefore
present a "simpler" circuit in the coming section - or at least one that is more suitable for certain
experimental set-ups.

6.5.1 Lab-friendly circuit
The scheme presented in the section 6.5 allows for two simplifications to the design. First, one
may see that the input states of modes 𝐵 and 𝐶 can be approximated by vaccua by replacing a𝐵
and a𝐶 with unity in table 6.8. Second, the squeezing operation may be shifted to the beginning
of the circuit by noticing that the output of the first beam-splitter array in fig. 6.3 is a classically
correlated state and entanglement is not produced until after mixing of squeezed states. In fact,
one may produce the same output as after the squeezing operation by swapping the squeezing
and beam-splitters 𝑈. Rather than mixing after the squeezing operation, the squeezed states
may be displaced in a correlated manner such that the input into beam-splitter array 𝑉 is the
same for either method.

Setting the first simplification (a𝐵 = a𝐶 = 1), the two circuits can be shown to be equivalent,
which we prove in appendix H. A less formal argument is that the thermal input into mode

14 See footnote 9 for discussion on the terms "active" and "passive".
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Figure 6.4: Scheme for preparation of a Gaussian state with CM 𝛾 (3) carrying genuine mul-
tipartite entanglement verifiable from nearest-neighbour separable marginals. The input com-
prises three vacuum states (red circles). The squeezing transformation 𝑅 (red box) and the
transformation 𝑉 (green box) are the same as in fig. 6.3. The block 𝐷 (blue box) contains
correlated displacements 𝐷𝐴, 𝐷𝐵 and 𝐷𝐶 (white squares) given in eq. (6.17), where the param-
eters 𝛼 𝑗 and 𝛽 𝑗 are in table 6.11 and the uncorrelated Gaussian variables 𝑡 and 𝑤 are such that
⟨𝑡2⟩ = ⟨𝑤2⟩ = (a𝐴 − 1)/2. See text for more details.

𝐴 can be replaced by a vacuum state acted upon with the displacements 15 𝑥
(0)
𝐴
→ 𝑥0

𝐴
+ 𝑡

and 𝑝0
𝐴
→ 𝑝0

𝐴
+ 𝑤, where 𝑥 (0)

𝐴
(𝑝 (0)
𝐴
) is the position (momentum) quadrature and 𝑡 and 𝑤 are

uncorrelated classical Gaussian random variable with zero mean and second moments given by
⟨𝑡2⟩ = ⟨𝑤2⟩ = (a𝐴 − 1)/2. Due to the linearity of 𝑈 and 𝑅 at the level of quadrature operators,
we can move the displacements after the squeezing 𝑅. The quadratures are displaced as

𝑥𝑖 → 𝑥𝑖 + 𝛼𝑖𝑡, 𝑝𝑖 → 𝑝𝑖 + 𝛽𝑖𝑤, (6.17)

with 𝑖 = 𝐴, 𝐵, 𝐶. Let now 𝐷 = (𝛼1𝑡, 𝛽1𝑤, 𝛼2𝑡, 𝛽2𝑤, 𝛼3𝑡, 𝛽3𝑤) describe the correlated displacement.
The parameters 𝛼𝑖 and 𝛽𝑖 are given (rounded to 1 d.p.) in table 6.11. Weighted by 𝛼𝑖 and 𝛽𝑖,
the variables 𝑡 and 𝑤 allow for the correlations due to mixing 𝑈 and initial noise in mode 𝐴 to
be accounted for in the alternative scheme.

We analyse the states produced using the beam-splitter transmissivities and squeezing pa-
rameters from the second rows of table 6.12 along with the displacement parameters in table 6.11
running through the circuit in fig. 6.4. The CM of a state which has GME that can be detected

15 Whereas we are not interested in a shift of the state in phase-space (we are not interested in first moments),
an increase in noise due to the correlated variables 𝑡 and 𝑤 is induced in the state. While the displacement we talk
about here of one mode would not by itself produce a change in the second moment, a correlated displacement
across a number of modes would appear in the covariance matrix. It is this fact which we use to claim the
equivalence of the circuits.
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Table 6.11: Parameters 𝛼 𝑗 and 𝛽 𝑗 of displacements from eq. (6.17).

𝑗 A B C
𝛼 𝑗 0.2 - 0.7 1.3
𝛽 𝑗 1.3 - 0.5 0.3

Table 6.12: Repetition of tables 6.8 and 6.9

Amplitude transmissivities.

𝑗 𝑘 AB AC BC
𝑇𝑗𝑘 0.555 0.947 0.492
𝜏𝑗𝑘 0.716 0.904 0.657

Symplectic eigenvalues
and squeezing parameters.

𝑗 A B C
a 𝑗 6.835 1.012 1.004
𝑠 𝑗 0.396 0.851 0.478

from a set of separable two-body marginals, produced by the circuit in fig. 6.4, is

𝛾 (3) =

©«

1.39 0 −0.21 0 −1.05 0
0 9.95 0 8.26 0 1.7
−0.21 0 7.36 0 −7.83 0

0 8.26 0 7.63 0 1.94
−1.05 0 −7.83 0 10.12 0

0 1.7 0 1.94 0 1.59

ª®®®®®®®¬
. (6.18)

Note that 𝛾 (3) ≠ 𝛾 (3) since the experimental parameters have been rounded for a simpler pro-
duction. The optimal witness, giving Tr[𝛾 (3)�̄� (3) ] − 1 = −0.139, has the following numerical
form:

�̄� (3) = 10−2

©«

5.867 0 −0.543 0 0 0
0 33.707 0 −39.602 0 0

−0.543 0 26.222 0 21.009 0
0 −39.602 0 47.097 0 −1.872
0 0 21.009 0 16.865 0
0 0 0 −1.872 0 6.167

ª®®®®®®®¬
. (6.19)

The CM has its marginals separable as evidenced in table 6.13.

Table 6.13: Minimal eigenvalue Ȳ 𝑗𝑘 ≡ min{eig[(𝛾 (3) ) (𝑇𝑗 ) + 𝑖Ω2]}.

𝑗 𝑘 AB AC BC
Ȳ 𝑗𝑘 0.027 0.862 0.037

6.6 Chapter summary and discussion
We saw in this chapter a method to find covariance matrices of genuinely multipartite entangled
states with separable two-body marginals along with GME witnesses that act on the smallest
set of correlations required. This was done using an algorithm that finds the optimal covariance
matrix and witness iteratively and was seeded with random Gaussian covariance matrices. We
presented the best numerical results found for all three- and four-mode examples that preserve
the effects when applying rounding. The three-mode example showed an effect strength of
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Tr
[
𝛾 (3)𝑊 (3)

]
− 1 = −0.143 with the four-mode examples giving about half of that. The results

presented herein complement the work on multi-qubit systems that have the same properties
[141, 152, 153] where the best result presented in qubit systems is Tr[𝜌𝑊] = −6.58 · 10−3 [141].
We note, however, that a comparison with the Gaussian result should be done carefully since
the values have different meanings in the space of density matrices and covariance matrices. For
example, a covariance matrix may be fully described by its marginals while this does not hold
for density matrices (for example an entangled state looks like two thermal states locally) so
that the partial blindness criterion on witnesses at the two levels cannot necessarily be mapped
to each other in a simple manner. One way of understanding this difference is that composition
of states – through tensor products – at the CM level corresponds to direct sums. Marginals
of correlated (including entangled) CMs include the off-diagonal blocks so the addition of all
marginals, barring double-counting, returns the whole CM.

One point of difference between the results is the tolerance to white noise. The results
presented here for the Gaussian scenario tolerated the addition of 10% white noise – compared
to the qubit result which tolerated half of that. A question that leads from this is: what is the
effect of other types of noise? For example correlated noise, or the effect of noise and errors in
the circuit elements which produce the CM. The former is an open question. Meanwhile, the
latter was recently investigated by in a master’s thesis16. The results pointed to an asymmetric
susceptibility to noise of the components. For example, the squeezer on mode 𝐴 showed less
resilience to the other squeezers. It would be interesting to see if this is a feature of other states
produced using algorithm 1.

We note here that the covariance matrices presented in section 6.4 all have values that saturate
the upper bound on the condition of entries being contained in [1, 10]. In fact, before the addition
of this requirement, we found that CMs with low17 optimal witness means had large entries which
were several orders of magnitude difference between the largest and smallest entries. It would
be interesting to find out whether this is a feature of states carrying the investigated properties
or whether the effect is due to the construction of the SDPs in algorithm 1. If it the conclusion
is that it is a structural feature of the states, that would be a useful step in characterising CMs
which posses GME detected by witnesses on separable marginals.

Further, two optical circuits that prepare a quantum state with the required properties were
derived for the three-mode example presented (𝛾 (3) ,𝑊 (3)). The first scheme made use of Thm. 5.1
(Williamson’s Theorem), Thm. 5.2 (Bloch-Messiah decomposition), and Thm. 5.3 (Euler decom-
position of beam-splitters on three modes) to produce a circuit involving a squeezing transforma-
tion sandwiched between two beam-splitter arrays with thermal inputs in three modes, given in
fig. 6.3. It can be preferable to perform squeezing on pure states at the beginning so we offered
two simplifications: two of the thermal state inputs could be vacua whence the squeezing trans-
formation could be moved to the beginning and the classical correlations replaced by a correlated
displacement. We presented therefore the alternative circuit along with the CM produced by it
and its optimal witness. Although not used here, some CM-witness pairs found during research
allowed further simplifications. Examples of these include removing some beam splitters and
decreasing squeezing required.

The work presented here adds a further piece in the puzzle of the quantum marginal problem.
In the scenario of Gaussian GME at the level of second moments, we showcased a method that
will find such states using a limited set of measurements.

Looking forward, one may perform a similar analysis to the one presented here with a particu-
lar experimental set-up in mind. As was noted in the work on optimal entanglement witnesses on
covariance matrices [123], one may include further constraints on the scheme for finding the opti-

16 Kenny Campbell performed the analysis under my co-supervision.
17 Values were in the order of the 𝛾 (3) example, Tr[𝛾𝑊 ] = 𝑂 (−1).
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mal witness (SDP 6.1). In conversation with an experimental group, one may find requirements
on apparatus or measurements that correspond to linear constraints on the witness. Another
approach may be to start with a decomposition of a covariance matrix and see how the state
behaves under some alterations to the circuit as done in section 6.5.1 (Lab-friendly circuit). At
the time of writing, this is being investigated by co-authors to the work presented here [166].
Another step towards the experimental preparation of such states is to perform a loss and error
analysis of the optical schemes18. In a more theoretical path, the test could be investigated in the
hybrid scenario, where continuous and discrete variable quantum systems are entangled. This
would involve devising a scheme for finding optimal witnesses of hybrid entanglement. For work
on hybrid entanglement and their analytical witness see refs. [167, 168].

Another question that appears naturally every time an exotic state is presented is: what is it
useful for? One possible avenue for investigation is on their use for validation of resource states
in quantum information protocols. Performing full tomography of states is costly so finding
subsets of measurements would be advantageous - even using evidence from parts of a large
state could be useful. States that posses GME which can be determined from a smaller set of
measurements could find use in informational tasks. An example from quantum computing may
be obtained in measurement-based quantum computing in which the main resource are states
called cluster states. One could perhaps use some part of a cluster state [63] to provide evidence
of the particular multipartite entanglement required. 19

Concentrating more narrowly on the project at hand, there are some open questions that can
be addressed. For example, will any seed Gaussian input into algorithm 1 produce an example
of a state with the desired properties, given sufficiently large number of iterations, 𝑛? As far as
running the numerical program, there seems to be a diminishing improvement as 𝑛 increases – see
appendix F. In many cases when the optimizer presented no valid solution, error messages noting
the infeasibility of the problem were displayed. One possible reason for this breaking is that the
scheme finds CMs that lie in a shrinking vicinity of the solution to each subsequent iteration. The
number of relevant decimal digits increases until the machine precision is exceeded. A typical
question that arises in numerical projects is how the research question may me tackled using
analytical methods. For this, methods for finding CM witnesses analytically would need to be
devised. Further, there is a drop in the best examples found for increasing number of modes
as seen in table 6.7. The requirements of having GME and separable marginals put opposing
constrains on the CM so that, intuitively, one might expect the GME detected to decrease as
the number of states that we require to be separable increases. Furthermore, the proportion
marginals ignored increases with number of modes, which limit further the states which partially
blind GME witnesses detect. A related question is about the difference between knowledge
graphs which becomes more varied as the number of modes increases. For example, it seems
that graphs with well-connected nodes give a stronger effect in both the continuous and discrete
variable scenarios (see table 6.7). Perhaps more highly-connected graphs allow for detecting
of states with stronger GME. The code produced for this work has now been extended in an
undergraduate student project (see footnote 11) to an arbitrary number of modes which paves
the way to tackle these questions.

All examples presented here are produced by numerical means. This makes a classification of
states that exhibit the properties into small parameter families difficult. To gain more insight into
how the properties investigated appear in states it would be useful to have such a classification.
Work done by collaborators, following the project presented herein, is taking steps towards this

18 For figs. 6.3 and 6.4, this is the topic of a master’s project I am co-supervising at the time of writing.
19 Perhaps the results of measurements used to define the circuit could be compiled to extract information

about the success of producing the CV cluster state used. The complementary vertices of the computational
circuit would be used to form witnesses to test the entanglement properties.
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by finding simple schemes with a low number of parameters related to optical circuit elements
[166]. A route via SDPs could be by using the dual programs to classify the parameter space for
circuits producing CMs. Perhaps ref. [169] can serve as an inspiration.

Another question related to GME witnesses on covariance matrices - and possibly optimal
GME witnesses more generally - is whether they can be used to define a measure of entanglement.
Throughout the chapter I use the declaration that a larger (more negative) value for Tr[𝛾𝑊] −
1 implied a stronger ("better") effect. The intuition lies in that the "optimal" nature of the
witness found gives a value related to the state itself and not only to a particular combination
of measurements. It would, however, be interesting to make a formal proof of this statement.
Perhaps some methods from semi-definite programming would be needed to show that optimal
witnesses satisfy the criterion for being a measure - possibly using the limiting sequences of
SDP 5.3 (Primal program for optimal GME witness). For the role of limiting sequences see
ref. [148]. As a start, the bipartite dual SDP is shown to be connected to the 𝑝-measure [123].
A similar result would be useful for GME.
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APPENDIXAA
Distributions, integrals and other

results

A.1 The delta functions
Dirac delta function:

Definition A.1 (Dirac Delta Function). The Dirac delta function1 had the defining property
that, for some function 𝑓 (𝑥),

∫
d𝑥 𝑓 (𝑥)𝛿(𝑥 − 𝑎) = 𝑓 (𝑎). It has the form

𝛿(𝑥 − 𝑦) = 1
2𝜋

∫
d𝛼 exp(𝑖(𝑥 − 𝑦)𝛼). (A.1)

Kronecker delta function:

𝛿𝑎𝑏 =

{
1, if 𝑎 = 𝑏,

0, if 𝑎 ≠ 𝑏.
(A.2)

A.2 Fourier transform
For a function 𝑓 (𝑥) where 𝑥 is the position eigenvalues, the Fourier transform onto momentum
space is given by

F [ 𝑓 (𝑥)] (𝑝) = 1
√

2𝜋

∫
R

d𝑥 𝑓 (𝑥)𝑒−𝑖𝑥 𝑝 (A.3)

We define the function in momentum space as

𝑓 (𝑝) := F [ 𝑓 (𝑥)] (𝑝). (A.4)

One may return to the position space by the inverse Fourier transform

𝑓 (𝑥) = F [ 𝑓 (𝑥)] (𝑝) = 1
√

2𝜋

∫
R

d𝑝 𝑓 (𝑝)𝑒𝑖𝑥 𝑝 . (A.5)

A.3 Useful mathematical formulae

A.3.1 Baker-Haussdorf formula
Theorem A.1 (Baker-Cambpell-Haussdorf-Dynkin (BCHD) formula). For, possibly non-commuting,
operators 𝐴, 𝐵, we have the equation [170, 171]

𝑒𝐴𝑒𝐵 = 𝑒𝐶 , (A.6)

with
𝐶 = 𝐴 + 𝐵 + 1

2 [𝐴, 𝐵] +
1
12 [𝐴, [𝐴, 𝐵]] −

1
12 [𝐵, [𝐴, 𝐵]] + ... . (A.7)

1 Despite its name, the Dirac delta function is not technically a function. Rather, it is a distribution (or
generalised function).
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Two common scenarios we deal with in this thesis is when 𝐴 and 𝐵 commute and when they
commute with their commutator (for example, position and momentum have [𝑥, 𝑝] = 𝑖). In these
cases, the BCH formula collapses to

𝑒𝐴𝑒𝐵 = 𝑒𝐴+𝐵, when [𝐴, 𝐵] = 0,

𝑒𝐴𝑒𝐵 = 𝑒𝐴+𝐵+
1
2 [𝐴,𝐵] , when [𝐴, [𝐴, 𝐵]] = [𝐵, [𝐴, 𝐵]] = 0. (A.8)

A.3.2 Gaussian integrals
Gaussian integral with an imaginary linear term [172, 173]:∫

R
exp

(
− 𝑥

2

2𝑎 − 𝑖𝑥𝑦
)
d𝑥 =

√
2𝜋𝑎 exp

(
−𝑎2 𝑦

2
)
, 𝑎, 𝑦 ∈ R, 𝑎 > 0 (A.9)∫

R
exp

(
−𝑥

2

𝑎

)
d𝑥 =

√
𝜋𝑎, 𝑎 ∈ R, 𝑎 > 0 (A.10)

A.3.2.1 Gaussian states in the position and momentum bases
A Gaussian state may be written in the position quadrature eigenbasis as

|`, 𝜎, 𝑐⟩ =
∫
R

d𝑥𝑔`,𝜎,𝑐 (𝑥) |𝑥⟩𝑥 , (A.11)

a superposition of position eigenstates weighted by the normalised Gaussian distribution 𝑔`,𝜎 (𝑥)
centred at ` with variance 𝜎. The global phase, 𝑐, corresponds to the mean in momentum space,
as we will see below. The form of the coefficients is

𝑔`,𝜎,𝑐 (𝑥) :=
√
𝑁 exp

(
− (𝑥 − `)

2

4𝜎2

)
exp(𝑖𝑥𝑐), (A.12)

with 𝑁 = 1√
2𝜋𝜎2 .

The form of the state in the momentum quadrature eigenbasis may be obtained via a Fourier
transform or, alternatively, by pre-multiplying the identity resolved in the momentum eigenbasis

|`, 𝜎, 𝑐⟩ =
∫
R

d𝑝 |𝑝⟩⟨𝑝 | |`, 𝜎, 𝑐⟩

=

∫
R

d𝑝 |𝑝⟩⟨𝑝 |
∫
R

d𝑥𝑔`,𝜎,𝑐 (𝑥) |𝑥⟩𝑥

=

∫
R

∫
R

d𝑝d𝑥𝑔`,𝜎,𝑐 (𝑥) ⟨𝑝 |𝑥⟩ |𝑝⟩𝑝

=

∫
R

∫
R

d𝑝d𝑥𝑔`,𝜎,𝑐 (𝑥)
1
√

2𝜋
𝑒−𝑖𝑥 𝑝 |𝑝⟩𝑝

=

√︂
𝑁

2𝜋

∫
R

∫
R

d𝑝d𝑥 exp
(
− (𝑥 − `)

2

4𝜎2

)
𝑒−𝑖𝑥 (𝑝−𝑐) |𝑝⟩𝑝

=

√︂
𝑁

2𝜋

∫
R

∫
R

d𝑝d𝑥 exp
(
− (𝑥 − `)

2

4𝜎2 − 𝑖𝑥(𝑝 − 𝑐)
)
|𝑝⟩𝑝

=

√︂
𝑁

2𝜋

∫
R

d𝑝 |𝑝⟩𝑝
∫
R

d𝑥 exp
(
− (𝑥 − `)

2

4𝜎2 − 𝑖𝑥(𝑝 − 𝑐)
)
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We can evaluate the integral over 𝑥 by using the Gaussian integral result from eq. (A.9),∫
R

exp
(
− 𝑥2

2𝑎 − 𝑖𝑥𝑦
)
d𝑥 =

√
2𝜋𝑎 exp

(
− 𝑎2 𝑦

2) , identifying 𝑎 = 2𝜎2, 𝑦 = (𝑝 − 𝑐) and making the change
of variable 𝑥′ ↦→ 𝑥 − ` (d𝑥′ = d𝑥), we obtain

|`, 𝜎, 𝑐⟩ =
√︂
𝑁

2𝜋

∫
R

d𝑝 |𝑝⟩𝑝
∫
R

d𝑥 exp
(
− 𝑥2

4𝜎2 − 𝑖(𝑥 + `) (𝑝 − 𝑐)
)

(A.13)

=

(
2𝜋𝜎2

) 1
4
∫
R

d𝑝 exp
(
−𝜎2𝑦2

)
exp(𝑖𝑦`) |𝑦 + 𝑐⟩𝑝 , (A.14)

=
𝑒𝑖𝑐`
√
𝑁

∫
R

d𝑝 exp
(
−𝜎2 (𝑝 − 𝑐)2

)
exp(𝑖𝑝`) |𝑝⟩𝑝 , (A.15)

a Gaussian with width 1
𝜎

centred at 𝑐. The global phase, 𝑒𝑖𝑐`, does not involve any variable so
will not affect the statistics of the state.





APPENDIXBB
Derivation of the gates for hybrid
ACQC with the linear Hamiltonian

We derive the gates presented in section 3.2.0.2.

B.1 One qubit gate

𝐽 (2\𝑡) = 𝐻𝑒𝑖 \𝑡 �̂�𝑧

= 𝐻𝑒−𝑖 𝑝𝑡𝑒−𝑖 �̂�𝑧 𝑥\𝑒𝑖 𝑝𝑡𝑒𝑖 �̂�𝑧 𝑥\

= 𝑒−𝑖 𝑝𝑡 · 𝐹2𝐻𝑒𝑖 \ �̂�𝑧 𝑥𝐹2 · 𝑒𝑖 𝑝𝑡 · 𝐻2𝑒𝑖 \ �̂�𝑧 𝑥

= 𝑒−𝑖 𝑝𝑡 · 𝐹2𝐸𝐴𝑅𝐹2 · 𝑒𝑖 𝑝𝑡 · 𝐻𝐸𝐴𝑅
= 𝑒−𝑖 𝑝𝑡 · 𝐹2𝐸𝐴𝑅𝐹2 · 𝑒𝑖 𝑝𝑡 · 𝐸𝐴0𝑅𝐸𝐴𝑅 .

So that single qubit gates may be enacted entirely through ancilla-register interactions and
manipulation of the ancilla - in an entirely unitary fashion:

𝐽 (𝛽) = 𝑒−𝑖 𝑝
𝛽

2\ · 𝐹2𝐸𝐴𝑅𝐹2 · 𝑒𝑖 𝑝
𝛽

2\ · 𝐸𝐴0𝑅𝐸𝐴𝑅 . (B.1)

B.2 Two-qubit gate
Similarily, the two qubit gate may be implemented by the procedure

𝐻 (1) ⊗ 𝐻 (2)𝐶𝑧 (\) = 𝐻 (1) ⊗ 𝐻 (2)𝑒𝑖
\2
2 𝜎

(1)
𝑧 𝜎

(2)
𝑧

= 𝐻 (1) ⊗ 𝐻 (2)𝑒𝑖 \ �̂�
(2)
𝑧 𝑝 · 𝑒𝑖 \ �̂�

(1)
𝑧 𝑥 · 𝑒−𝑖 \ �̂�

(2)
𝑧 𝑝 · 𝑒−𝑖 \ �̂�

(1)
𝑧 𝑥

= 𝐹𝐻 (2)𝑒𝑖 \ �̂�
(2)
𝑧 𝑥𝐹† · 𝐻 (1)𝑒𝑖 \ �̂�

(1)
𝑧 𝑥 · 𝐹† (𝐻 (2) )2𝑒𝑖 \ �̂�

(2)
𝑧 𝑥𝐹 · 𝐹2 (𝐻 (1) )2𝑒𝑖 \ �̂�

(1)
𝑧 𝑥𝐹2

= 𝐹𝐸𝐴𝑅 (2) 𝐹
† · 𝐸𝐴𝑅 (1) · 𝐹† (𝐻 (2) )𝐸𝐴𝑅 (2) 𝐹 · 𝐹2 (𝐻 (1) )𝐸𝐴𝑅 (1) 𝐹2

= 𝐹𝐸𝐴𝑅 (2) 𝐹
† · 𝐸𝐴𝑅 (1) · 𝐹†𝐸𝐴0𝑅 (2)𝐸𝐴𝑅 (2) 𝐹 · 𝐹

2𝐸𝐴0𝑅 (1)𝐸𝐴𝑅 (1) 𝐹
2.

Once again, using only unitary ancilla-register interactions and ancilla manipulations, we find
that an entangling gate on two register qubits may be enacted:

𝐻 (1) ⊗ 𝐻 (2)𝐶𝑧 (\) = 𝐹𝐸𝐴𝑅 (2) 𝐹† · 𝐸𝐴𝑅 (1) · 𝐹†𝐸𝐴0𝑅 (2)𝐸𝐴𝑅 (2) 𝐹 · 𝐹
2𝐸𝐴0𝑅 (1)𝐸𝐴𝑅 (1) 𝐹

2. (B.2)
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APPENDIXCC
Derivations of gates for the ADQC

models presented in chapter 4

C.1 Continuous variable ADQC
The register states are arbitrary CV states,

|𝜓⟩ =
∫
R

d𝑥𝜓(𝑥) |𝑥⟩ ∈ H𝑅, (C.1)

for a complex function 𝜓. The ancillas are initialised in the conjugate basis,

|𝐴⟩ := |0⟩𝑝 ∈ H𝐴. (C.2)

The ancilla-register interaction is

𝐸𝐴𝑅 := 𝐹†
𝐴
𝐹𝑅 exp{𝑖𝑥𝐴𝑥𝑅} = 𝐹†𝐴𝐹𝑅𝐶𝑍𝐴𝑅 . (C.3)

C.1.1 Single qumode gate
We have the single-mode operations:

𝑈k,𝑞 𝑗 (\) = exp
(
𝑖
\

𝑘
𝑞𝑘𝑅

)
, (C.4)

for 𝑘 = 1, 2, 3, and 𝑞 = 𝑥, 𝑝 in spaces 𝑗 = 𝐴, 𝑅.

𝑝 ⟨𝑚 |𝑈k,𝑥𝐴 (\)𝐸𝐴𝑅 |0⟩𝑝 =𝑝 ⟨𝑚 |𝑈k,𝑥𝐴 (\)𝐹
†
𝐴
𝐹𝑅𝑒

𝑖𝑥𝐴𝑥𝑅 |0⟩𝑝
= 𝐹𝑅 𝑝 ⟨𝑚 |𝑈k,𝑥𝐴 (\)𝐹

†
𝐴
𝑒𝑖𝑥𝐴𝑥𝑅 |0⟩𝑝

= 𝐹𝑅

∫
d𝑥 𝑝 ⟨𝑚 |𝑈k,x (\) |𝑥⟩⟨𝑥 |𝑥 𝐹†𝐴

∫
d𝑦𝑒𝑖𝑦𝑥𝑅 |𝑦⟩⟨𝑦 |𝑥 |0⟩𝑝

= 𝐹𝑅

∬
d𝑥 d𝑦𝑈k,x (\)𝑒𝑖𝑦𝑥𝑅 𝑝 ⟨𝑚 |𝑥⟩𝑥 𝑥 ⟨𝑥 | 𝐹†𝐴 |𝑦⟩𝑥 𝑥 ⟨𝑦 |0⟩𝑝

= 𝐹𝑅

∫
d𝑥 𝑈k,x (\) 𝑝 ⟨𝑚 |𝑥⟩𝑥

(∫
d𝑦 𝑒𝑖𝑦𝑥𝑅 𝑥 ⟨𝑥 | 𝐹†𝐴 |𝑦⟩𝑥

)
= 𝐹𝑅

∫
d𝑥 𝑈k,x (\)𝑒−𝑖𝑚𝑥 (𝛿(𝑥 − 𝑥𝑅))

= 𝐹𝑅𝑈k,𝑥𝑅 (\)𝑒−𝑖𝑚𝑥𝑅

= 𝑋𝑅 (𝑚)𝐹𝑅𝑈k,𝑥𝑅 (\),

where we used 𝑥 ⟨𝑥 |0⟩𝑝 = 1 and∫
d𝑦 𝑒𝑖𝑦𝑥𝑅 𝑥 ⟨𝑥 | 𝐹†𝐴 |𝑦⟩𝑥 =

∫
d𝑦 𝑒𝑖𝑦 (𝑥−𝑥𝑅 ) = 𝛿(𝑥 − 𝑥𝑅). (C.5)
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C.1.2 Two-mode gate

𝑥 ⟨𝑚 | 𝐸𝐴𝑅2𝐸𝐴𝑅1 |0⟩𝑝 =𝑥 ⟨𝑚 | 𝐸𝐴𝑅2𝐹1 |−𝑥1⟩𝑥
=𝑥 ⟨𝑚 | 𝐹1𝐹2 exp(−𝑖𝑥1𝑥2) |−𝑥1⟩𝑝
= 𝐹1𝐹2 exp(−𝑖𝑥1𝑥2)𝑥 ⟨𝑚 |−𝑥1⟩𝑝
= 𝐹1𝐹2 exp(−𝑖𝑥1𝑥2)𝑒−𝑖𝑚𝑥1

= 𝑒−𝑖𝑚𝑥1𝐹1𝐹2 exp(−𝑖𝑥1𝑥2),

where the ancilla states |𝑥1⟩ are to be understood as
∫
R

d𝑥 |𝑥⟩⟨𝑥 |𝑥𝑅1
𝑒−𝑖𝑥𝑥𝐴 |0⟩𝑝𝐴.

C.2 Hybrid ADQC

C.2.1 Single qubit gate

For J (𝛾) := 𝐹𝑒𝑖𝛾𝑥/2, we have

𝑥 ⟨𝑚 | J (𝛾)𝐸𝐴𝑅 |𝑎⟩𝑥 = 𝑥 ⟨𝑚 | 𝐹𝑒𝑖𝛾𝑥/2𝐻
[
1 ⊗ |0⟩⟨0| + 𝐹2 ⊗ |1⟩⟨1|

]
|𝑎⟩𝑥

= 𝑥 ⟨𝑚 | 𝐹𝑒𝑖𝛾𝑥/2𝐻 [|𝑎⟩𝑥 ⊗ |0⟩⟨0| + |−𝑎⟩𝑥 ⊗ |1⟩⟨1|]

= 𝑥 ⟨𝑚 | 𝐻
[
𝐹𝑒𝑖𝛾𝑎/2 |𝑎⟩𝑥 ⊗ |0⟩⟨0| + 𝐹𝑒−𝑖𝛾𝑎/2 |−𝑎⟩𝑥 ⊗ |1⟩⟨1|

]
= 𝑥 ⟨𝑚 | 𝐻

[
𝑒𝑖𝛾𝑎/2 |𝑎⟩𝑝 ⊗ |0⟩⟨0| + 𝑒−𝑖𝛾𝑎/2 |−𝑎⟩𝑝 ⊗ |1⟩⟨1|

]
= 𝑥 ⟨𝑚 | 𝐻𝑒𝑖𝛾𝑎�̂�𝑧/2

[
|𝑎⟩𝑝 ⊗ |0⟩⟨0| + |−𝑎⟩𝑝 ⊗ |1⟩⟨1|

]
= 𝐻𝑒𝑖𝛾𝑎�̂�𝑧/2

[
𝑥 ⟨𝑚 |𝑎⟩𝑝 ⊗ |0⟩⟨0| +𝑥 ⟨𝑚 |−𝑎⟩𝑝 ⊗ |1⟩⟨1|

]
= 𝐻𝑒𝑖𝛾𝑎�̂�𝑧/2

[
𝑒𝑖𝑚𝑎 |0⟩⟨0| + 𝑒−𝑖𝑚𝑎 |1⟩⟨1|

]
= 𝐻𝑒𝑖𝛾𝑎�̂�𝑧/2𝑒𝑖𝑚𝑎�̂�𝑧/2 [|0⟩⟨0| + |1⟩⟨1|]
= 𝐻𝑒𝑖𝛾𝑎�̂�𝑧/2𝑒𝑖𝑚𝑎�̂�𝑧/2

= 𝑒𝑖𝑚𝑎�̂�𝑥/2𝐽 (𝛾𝑎), (C.6)

where we used
𝐻𝑒𝑖𝛼�̂�𝑧𝐻 = 𝑒𝑖𝛼�̂�𝑥 , (C.7)

and the spectral decomposition and eq. (1.8) to write

𝑒𝑖𝛼�̂�𝑧 = 𝑒𝑖𝛼 |0⟩⟨0| + 𝑒−𝑖𝛼 |1⟩⟨1| . (C.8)

C.3 Two-qubit gate
The gate on two register qubits labelled by 𝑅1 and 𝑅2 is obtained thus

𝐸𝐴𝑅2𝐸𝐴𝑅1 |𝑎⟩𝑥 = 𝐸𝐴𝑅2𝐻1
[
|𝑎⟩𝑥 |0⟩⟨0|𝑅1 + |−𝑎⟩𝑥 |1⟩⟨1|𝑅1 +

]
= 𝐻2

[
|𝑎⟩𝑥 |0⟩⟨0|𝑅2 + |−𝑎⟩𝑥 |1⟩⟨1|𝑅2 +

]
𝐻1

[
|𝑎⟩𝑥 |0⟩⟨0|𝑅1 + |−𝑎⟩𝑥 |1⟩⟨1|𝑅1 +

]
= 𝐻2𝐻1

[
|𝑎⟩𝑥

(
|0⟩⟨0|𝑅2 |0⟩⟨0|𝑅1 + |1⟩⟨1|𝑅2 |1⟩⟨1|𝑅1

)
+ |−𝑎⟩𝑥

(
|0⟩⟨0|𝑅2 |1⟩⟨1|𝑅1 + |1⟩⟨1|𝑅2 |0⟩⟨0|𝑅1

) ]
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Thus,

𝑥 ⟨𝑚 | 𝐸𝐴𝑅2𝐸𝐴𝑅1 |𝑎⟩𝑥 = 𝐻2𝐻1
[
𝑥
⟨𝑚 |𝑎⟩𝑥

(
|0⟩⟨0|𝑅2 |0⟩⟨0|𝑅1 + |1⟩⟨1|𝑅2 |1⟩⟨1|𝑅1

)
+𝑥 ⟨𝑚 |−𝑎⟩𝑥

(
|0⟩⟨0|𝑅2 |1⟩⟨1|𝑅1 + |1⟩⟨1|𝑅2 |0⟩⟨0|𝑅1

) ]
.

= 𝐻2𝐻1 exp
(
𝑖𝑚𝑎�̂�𝑧,𝑅1 ⊗ �̂�𝑧,𝑅2

)





APPENDIXDD
Derivations of the finite squeezing
results for the continuous-variable

ADQC model

We derive the results of the finite squeezing analysis of the continuous-variable ADQC model
from section 4.3.

We model a finitely squeezed ancilla state by

|𝐴⟩ =
∫

g0,𝑠 (𝑎) |𝑎⟩𝑝 d𝑎, (D.1)

where 𝑔`,𝜎 (𝑥) = 1
𝜎 (2𝜋 )1/4 exp

(
− (𝑥−`)

2

4𝜎2

)
is a normalised Gaussian centred at ` with standard

deviation 𝜎. We set ` = 0 so the ancilla state is a momentum vacuum state with the amount of
squeezing defined by 𝑠. Infinitely squeezed states are approached by taking the limit 𝑠→ 0.

D.1 Finite squeezing in CV ADQC

D.1.1 Elements of the CV-CV ADQC model
In the continuous-variable ancilla-driven model presented in chapter 4, we can expand the register
states in the position and momentum basis:

|𝜓⟩ =
∫

𝑓 (𝑟) |𝑟⟩𝑥 d𝑟; (D.2)

and
|𝜙⟩ =

∫
ℎ(𝜌) |𝜌⟩𝑥 d𝜌. (D.3)

In what follows, we differentiate between register modes by the alphabet from which the variable
originates (Latin or Greek).

The ancilla-register entangling interaction (eq. (4.4)) is

𝐸𝐴𝑅 = 𝐹
†
𝐴
𝐹𝑅 exp(𝑖𝑥𝐴 ⊗ 𝑥𝑅). (D.4)

D.1.2 Basic interaction
Entangling the register and ancilla:

𝐸𝐴𝑅 |𝜓⟩ |𝐴⟩ =
∬

𝑓 (𝑟)g0,𝑠 (𝑎) |𝑎 + 𝑟⟩𝑥 |𝑟⟩𝑝 d𝑟. (D.5)

127
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Measuring the ancilla in the momentum basis gives:

𝐴
𝑝 ⟨𝑚 | 𝐸𝐴𝑅 |𝐴⟩ =

∬
𝑓 (𝑟)g0,𝑠 (𝑎)𝑒−𝑖𝑚(𝑎+𝑟 ) |𝑟⟩𝑝 d𝑟d𝑎

=

∫
g0,𝑠 (𝑎)𝑒−𝑖𝑚𝑎𝑋 (𝑚)𝐹 |𝜓⟩ d𝑎

= 𝑒−𝑚
2𝑠2
𝑋 (𝑚)𝐹 |𝜓⟩ ,

with 𝑋 (𝑚) := exp(𝑖𝑚𝑥) an error which may be corrected by classical feed-forward. Taking the
limit of infinite squeezing, 𝑠 → 0, we retain the ideal scenario result. The exponential term due
to finite squeezing scales the resulting state. Note that it is not a unitary operation, so the state
requires normalisation afterwards. The finite squeezing effect in CV MBQC was a convolution
of the original state coefficient function with a Gaussian [54]1 The scaling in ADQC differs in
that it is a global scaling in the affected mode.

D.1.3 One-mode gates

For single-mode gates, the goal is to implement the operator

𝑈𝑥,𝑘 (𝑎) = exp
(
𝑖𝑎
𝑥𝑘

𝑘

)
, (D.6)

for 𝑘 = 1, 2, 3. Together with the Fourier transform, they produce the quadrature displacement,
rotation and cubic phase gate respectively. The gates with 𝑘 = 1, 2 are Gaussian gates while
the last one is required for applying unitaries generated by Hamiltonians that are arbitrary
polynomials of the quadratures (see section 1.6.2).

Noting that

𝑈𝑥,𝑘 (𝑐) 𝐸𝐴𝑅 |𝐴⟩ = 𝑈𝑥,𝑘 (𝑐)
∬

𝑓 (𝑟)g0,𝑠 (𝑎) |𝑎 + 𝑟⟩𝑥 |𝑟⟩𝑝 d𝑟d𝑎

=

∬
𝑈𝑎+𝑟 ,𝑘 (𝑐) g0,𝑠 (𝑎) 𝑓 (𝑟) |𝑎 + 𝑟⟩𝑥 |𝑟⟩𝑝 d𝑟d𝑎,

we can see that measuring ancilla in the momentum basis gives:

𝐴
𝑝 ⟨𝑚 |𝑈𝑥,𝑘 (𝑐) 𝐸𝐴𝑅 |𝐴⟩ =

∬
𝑈𝑎+𝑟 ,𝑘 (𝑐) g0,𝑠 (𝑎) 𝑓 (𝑟)𝐴𝑝 ⟨𝑚 |𝑎 + 𝑟⟩𝑥 |𝑟⟩𝑝 d𝑟d𝑎

=

∬
𝑈𝑎+𝑟 ,𝑘 (𝑐) 𝑒−𝑖𝑚(𝑎+𝑟 )g0,𝑠 (𝑎) 𝑓 (𝑟) |𝑟⟩𝑝 d𝑟d𝑎

=

∬
𝑈𝑎+𝑟 ,𝑘 (𝑐) 𝑒−𝑖𝑚𝑎g0,𝑠 (𝑎)𝑋 (𝑚) 𝑓 (𝑟) |𝑟⟩𝑝 d𝑟d𝑎. (D.7)

We integrate over 𝑎 for the different values of 𝑘, constraining ourselves to the Gaussian gates
(𝑘 = 1, 2)The cubic phase gate requires other methods to calculate, for example using Airy
functions [121, 122].

1 The analysis presented in the reference is limited to the Gaussian gates as done here.
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𝑘 = 1

The relevant integral is, recalling that 𝑈𝑥,𝑘 (𝑐) = 𝑒𝑖𝑐𝑥
𝑘/𝑘 :∫

g0,𝑠 (𝑎)𝑒−𝑖𝑚𝑎𝑈𝑎+𝑟 ,1 (𝑐) d𝑎 = 𝑒−(𝑐−𝑚)
2𝑠2
𝑒𝑖𝑟𝑐,

which results in the effective register gate:

𝑒−(𝑐−𝑚)
2𝑠2
𝑋 (𝑚)𝐹𝑈𝑟 ,1 (𝑐) .

This, upon taking the limit 𝑠→ 0, collapses to the expected result:

𝑋 (𝑚)𝐹𝑈𝑟 ,1 (𝑐) .

As with the Fourier transform above, the effect of finite squeezing is to scale the affected
state.

𝑘 = 2

Evaluating the relevant integral2, we have that∫
g0,𝑠 (𝑎)𝑒−𝑖𝑚𝑎𝑈𝑎+𝑟 ,2 (𝑐) =

1
√

1 − 2𝑖𝑐𝑠2
exp

(
−𝑐𝑟

2 + 2𝑖𝑚(𝑚 − 2𝑐𝑟)𝑠2
4𝑐𝑠2 + 2𝑖

)
=

1
√

1 − 2𝑖𝑐𝑠2
exp

(
− 𝑚2𝑠2

4𝑐2𝑠4 + 1

)
exp

(
𝑐𝑚𝑠2

4𝑐2𝑠4 + 1𝑟
)

exp
(
− 𝑐2𝑠2

4𝑐2𝑠4 + 1𝑟
2
)

× exp
(
−𝑖 2𝑐𝑚2𝑠4

4𝑐2𝑠4 + 1

)
exp

(
𝑖

2𝑚𝑐2𝑠4

4𝑐2𝑠4 + 1𝑟
)

exp
(
𝑖

𝑐

4𝑐2𝑠4 + 1
𝑟2

2

)
=

1
√

1 − 2𝑖𝑐𝑠2
exp

(
−
𝑠2

(
𝑐2𝑟2 − 𝑐𝑚𝑟 + 𝑚2)

4𝑐2𝑠4 + 1

)
exp

(
−𝑖 2𝑐𝑚2𝑠4

4𝑐2𝑠4 + 1

)
exp

(
𝑖

2𝑚𝑐2𝑠4

4𝑐2𝑠4 + 1𝑟
)

exp
(
𝑖

𝑐

4𝑐2𝑠4 + 1
𝑟2

2

)
,

which will result in the following action on the register:

1
√

1 − 2𝑖𝑐𝑠2
exp

(
−
𝑠2

(
𝑐2𝑟2 − 𝑐𝑚𝑟 + 𝑚2)

4𝑐2𝑠4 + 1

)
𝑋 (𝑚)𝑋 (− 2𝑚𝑐2𝑠4

4𝑐2𝑠4 + 1 )𝐹𝑈𝑥,2
( 𝑐

4𝑐2𝑠4 + 1

)
,

where the displacement by 𝑚 was included from eq. (D.7). Once again, taking the limit 𝑠 → 0
coincides with the CV ADQC with infinite squeezing:

𝑋 (𝑚)𝐹𝑈𝑥,2 (𝑐) ,

Even though the form of the alteration due to finite squeezing looks more complicated, it is not
dissimilar to the displacement gate. The error term, 𝑋, is supplemented by a further correction,
𝑋 (− 2𝑚𝑐2𝑠4

4𝑐2𝑠4+1 ), is still a displacement which can be accounted for at the end of computation since
all parameters in the argument are known.

In any measurements we obtain the square of the coefficients. In that case, the scaling is

1
√

4𝑐2𝑠4 + 1
exp

(
−

2𝑠2
(
𝑐2𝑟2 − 𝑐𝑚𝑟 + 𝑚2)

4𝑐2𝑠4 + 1

)
. (D.8)

This implies a decrease in amplitude compared to the other register states.
2 For example, symbolically in Mathematica.
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D.1.4 Two-mode gate
We end by considering the implementation of the two-mode gate with a finitely-squeezed ancilla.

Consider first that

𝐸𝐴𝑃𝐸𝐴𝑅 |𝐴⟩ |𝜙⟩ |𝜓⟩ =
∭

𝑒𝑖𝑎𝜌𝑒𝑖𝑟𝜌 |−(𝑎 + 𝑟)⟩𝑝 |𝑟⟩𝑝 |𝜌⟩𝑝 ℎ(𝜌) 𝑓 (𝑟)g0,𝑠 (𝑎)d𝑟d𝜌d𝑎.

Measuring the ancilla in the position basis gives the following:

𝑥 ⟨𝑚 | 𝐸𝐴𝑃𝐸𝐴𝑅 |𝐴⟩ |𝜓⟩ |𝜙⟩ =
∭

𝑒𝑖𝑎𝜌𝑒𝑖𝑟𝜌 𝑥 ⟨𝑚 |−(𝑎 + 𝑟)⟩𝑝 |𝑟⟩𝑝 |𝜌⟩𝑝 ℎ(𝜌) 𝑓 (𝑟)g0,𝑠 (𝑎)d𝑟d𝜌d𝑎

=

∭
𝑒𝑖𝑎𝜌𝑒𝑖𝑟𝜌𝑒−𝑖𝑚(𝑎+𝑟 )g0,𝑠 (𝑎) |𝑟⟩𝑝 |𝜌⟩𝑝 ℎ(𝜌) 𝑓 (𝑟)d𝑟d𝜌d𝑎

=

∬
𝑒𝑖𝑟𝜌𝑒−𝑖𝑚𝑟 |𝑟⟩𝑝 |𝜌⟩𝑝 ℎ(𝜌) 𝑓 (𝑟)d𝑟d𝜌

∫
𝑒𝑖𝑎 (𝜌−𝑚)g0,𝑠 (𝑎)d𝑎

=

∬
𝑒𝑖𝑟𝜌𝑒−𝑖𝑚𝑟 |𝑟⟩𝑝 |𝜌⟩𝑝 ℎ(𝜌) 𝑓 (𝑟) exp

(
−(𝜌 − 𝑚)2𝑠2

)
d𝑟d𝜌

= 𝑒−𝑖𝑚𝑝𝑅1 𝑒𝑖 𝑝𝑅1 𝑝𝑅2

∫
𝑓 (𝑟) |𝑟⟩𝑝 d𝑟

∫
𝑒−(𝜌−𝑚)

2𝑠2
ℎ(𝜌) |𝜌⟩𝑝 d𝜌

= 𝑒−𝑖𝑚𝑝𝑅1 𝑒𝑖 𝑝𝑅1 𝑝𝑅2𝐹𝑅1𝐹𝑅2

∫
𝑓 (𝑟) |𝑟⟩𝑥 d𝑟

∫
ℎ′ (𝜌) |𝜌⟩𝑥 d𝜌

= 𝑒−𝑖𝑚𝑝𝑅1𝐹𝑅1𝐹𝑅2𝑒
𝑖𝑥𝑅1 𝑥𝑅2

∫
𝑓 (𝑟) |𝑟⟩𝑥 d𝑟

∫
ℎ′ (𝜌) |𝜌⟩𝑥 d𝜌

= 𝑋𝑅1 (𝑚)𝐹𝑅1𝐹𝑅2𝐶𝑍∞ |𝜓⟩ |𝜌′⟩ .

(D.9)

Finite squeezing in the two-mode gate results in a convolution of the original state with a
Gaussian – inversely dependent on the squeezing parameter and ancilla measurement outcome.
This matches the result in ref. [54].

D.1.5 Summary

𝐹

𝐴
𝑝 ⟨𝑚 | 𝐸𝐴𝑅 |𝐴⟩ |𝜓⟩ = 𝑒−𝑚

2𝑠2
𝑋 (𝑚)𝐹 |𝜓⟩ ; (D.10)

𝑈𝑥,1 (𝑐)

𝐴
𝑝 ⟨𝑚 |𝑈𝑥,1 (𝑐) 𝐸𝐴𝑅 |𝐴⟩ |𝜓⟩ = 𝑒−(𝑐−𝑚)

2𝑠2
𝑋 (𝑚)𝐹𝑈𝑟 ,1 (𝑐) ; (D.11)

𝑈𝑥,2 (𝑐)

𝐴
𝑝 ⟨𝑚 |𝑈𝑥,2 (𝑐)𝐸𝐴𝑅 |𝐴⟩ |𝜓⟩

=
1

√
1 − 2𝑖𝑐𝑠2

exp
(
−
𝑠2

(
𝑐2𝑟2 − 𝑐𝑚𝑟 + 𝑚2)

4𝑐2𝑠4 + 1

)
𝑋 (𝑚)𝑋 (− 2𝑚𝑐2𝑠4

4𝑐2𝑠4 + 1 )𝐹𝑈𝑥,2
( 𝑐

4𝑐2𝑠4 + 1

)
;
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𝐶𝑍

𝐴
𝑥 ⟨𝑚 | 𝐸𝐴𝑃𝐸𝐴𝑅 |𝐴⟩ |𝜙⟩ |𝜓⟩ = 𝑋𝑅1 (𝑚)𝐹𝑅1𝐹𝑅2𝐶𝑍∞ |𝜓⟩ |𝜌⟩ , (D.12)

with |𝜙′⟩ =
∫
𝑒−(𝜌−𝑚)

2𝑠2
ℎ(𝜌) |𝜌⟩𝑝 |𝜌⟩𝑥 d𝜌.





APPENDIXEE
Derivations of the finite squeezing
results for the hybrid ADQC model

E.1 Finite squeezing in Hybrid ADQC
We derive the results of the finite squeezing analysis of the hybrid-variable ADQC model from
section 4.3.

E.1.1 Generic one qubit gate
Any operation on the qubit by means of evolving and measuring the ancilla is:

𝑞 ⟨𝑚 | O𝐴𝐸𝐴𝑅𝐷 (𝑑) |𝐴⟩ , (E.1)

with 𝐷 (𝑑) = exp(𝑖𝑑𝑝) and |𝐴⟩ the vacuum Gaussian state as in eq. (D.1).
We look at it in parts. First of all, note that the effect of the entangling interaction on the

ancilla is:

𝐸𝐴𝑅𝐷 (𝑑) |𝐴⟩ = I ⊗ 𝐻
[
I ⊗ |0⟩⟨0| + 𝐹2 ⊗ |1⟩⟨1|

] ∫
𝑔𝑠,𝑑 (𝑎) |𝑎⟩𝑞

=

∫
d𝑎 𝑔𝑠,𝑑 (𝑎)𝐻

[
|0⟩⟨0| ⊗ |𝑎⟩𝑞 + |1⟩⟨1| ⊗ |−𝑎⟩𝑞

]
.

(E.2)

Therefore, the whole effect is:

𝑞 ⟨𝑚 | O𝐴𝐸𝐴𝑅𝐷 (𝑑) |𝐴⟩ = 𝐻

∫
d𝑎 𝑔𝑠,𝑑 (𝑎)𝑞 ⟨𝑚 | O𝐴𝐸𝐴𝑅 |𝑎⟩ |0⟩⟨0|

+ 𝐻
∫

d𝑎 𝑔𝑠,𝑑 (𝑎)𝑞 ⟨𝑚 | O𝐴𝐸𝐴𝑅 |−𝑎⟩ |1⟩⟨1| .
(E.3)

That is, the action on the computational basis vectors is

|0⟩ O𝐴−−→
∫

d𝑎 𝑔𝑠,𝑑 (𝑎)𝑞 ⟨𝑚 | O𝐴𝐸𝐴𝑅 |𝑎⟩ |+⟩ (E.4)

|1⟩ O𝐴−−→
∫

d𝑎 𝑔𝑠,𝑑 (𝑎)𝑞 ⟨𝑚 | O𝐴𝐸𝐴𝑅 |−𝑎⟩ |−⟩ , (E.5)

Where the operator over the arrow denotes the tranformation (discounting the entangling and
initial displacement) of the ancilla. The transformations above do not preserve norm (normalized
states are not mapped to normalized states).

To get the correct transformation rule begin by writing the effective operation on the qubit
as:

E𝑑 (O𝐴) :=𝑞 ⟨𝑚 | O𝐴𝐸𝐴𝑅𝐷 (𝑑) |𝐴⟩ . (E.6)
The transformation rule then becomes

|𝜙⟩ O𝐴−−→ 𝑞 ⟨𝑚 | O𝐴𝐸𝐴𝑅𝐷 (𝑑) |𝐴⟩ |𝜙⟩√︁
⟨𝜙|E𝑑 (O𝐴)†E𝑑 (O𝐴) |𝜙⟩

. (E.7)
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With computational basis transformations:

|0⟩ O𝐴−−→
∫

d𝑎 𝑔𝑠,𝑑 (𝑎)𝑞 ⟨𝑚 | O𝐴𝐸𝐴𝑅 |𝑎⟩ |+⟩√︁
⟨0|E𝑑 (O𝐴)†E𝑑 (O𝐴) |0⟩

; and (E.8)

|1⟩ O𝐴−−→
∫

d𝑎 𝑔𝑠,𝑑 (𝑎)𝑞 ⟨𝑚 | O𝐴𝐸𝐴𝑅 |−𝑎⟩ |−⟩√︁
⟨1|E𝑑 (O𝐴)†E𝑑 (O𝐴) |1⟩

. (E.9)

E.1.2 ’Minimal’ one-qubit gate

We calculate 𝑞 ⟨𝑚 | 𝐸𝐴𝑅 |𝐴⟩, or O𝐴 = I, 𝑑 = 0. Note that ⟨ 𝑗 |E0 (I)†E0 (I) | 𝑗⟩ = 𝑔𝑠,0 (𝑎) for 𝑗 = 0, 1.
Using the general form obtained above, we find the basis tranformations:

|0⟩ I𝐴−−→
∫

d𝑎 𝑔𝑠,0 (𝑎)𝑞 ⟨𝑚 |𝑎⟩𝑞 |+⟩

=
𝑔𝑠,0 (𝑚)√︁

⟨0|E0 (I)†E0 (I) |0⟩
𝐻 |0⟩

= 𝐻 |0⟩

|1⟩ I𝐴−−→
∫

d𝑎 𝑔𝑠,0 (𝑎)𝑞 ⟨𝑚 |−𝑎⟩𝑞 |−⟩

=
𝑔𝑠,0 (−𝑚)√︁

⟨1|E0 (I)†E0 (I) |1⟩
𝐻 |1⟩

= 𝐻 |1⟩ .

(E.10)

A generic state is therefore transformed as follows

|𝜓⟩ I𝐴−−→ 𝐻 |𝜓⟩ . (E.11)

E.1.3 One-qubit rotation

We want to enact 𝐽 (𝛾) = 𝐻 exp
[
−𝑖 𝛾2 �̂�𝑧

]
on the register.

Translating naively from the infinite squeezing case, we let O𝐴 = J𝐴(𝛾) := 𝐹 exp[𝑖𝛾𝑞].
Now, if we proceed with the same procedure, we inevitable run into problems as

𝑞 ⟨𝑚 | J𝐴(𝛾) |±𝑎⟩ = exp[±𝑖𝛾𝑎]𝑞 ⟨𝑚 |±𝑎⟩𝑝 = exp[±(𝛾 + 𝑚)𝑎] (E.12)

and ∫
𝑔𝑠,0 (𝑎) exp[±(𝛾 + 𝑚)𝑎] = exp

[
−𝑠2 (𝛾 + 𝑚)2

]
, (E.13)

so that the qubit is not rotated (there is no ’𝑖’). This is because the "average" effect of the opera-
tion on the qubit is parametrised by the mean of the Gaussian of the ancilla state. Furthermore,
in the infinite squeezing case, the eigenvalue of the ancilla (translation from vacuum) gave the
rotation of the register qubit. Following that vein of thought, we consider displacing the ancilla
prior to performing the usual operation.

That is, consider the following:

𝑞 ⟨𝑚 | J𝐴(𝛾)𝐸𝐴𝑅𝐷 (𝑑) |𝐴⟩ . (E.14)
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We start from eq. (4.15), which gives the operation resulting in the qubit rotation.

𝑞 ⟨𝑚 | J𝐴(𝛾)𝐸𝐴𝑅𝐷 (𝑑) |𝐴⟩ =𝑞 ⟨𝑚 | J𝐴(𝛾)𝐸𝐴𝑅
∫

𝑔𝑠,𝑑 (𝑎) |𝑎⟩𝑞 d𝑎

= 𝐻

∫
𝑔𝑠,𝑑 (𝑎) [exp[𝑖(𝛾 + 𝑚)𝑎] |0⟩⟨0| + exp[−𝑖(𝛾 + 𝑚)𝑎] |1⟩⟨1|] d𝑎

= a exp
[
−𝑠2 (𝑚 + 𝛾)2

]
𝐻 [exp[𝑖(𝛾 + 𝑚)𝑑] |0⟩⟨0| + exp[−𝑖(𝛾 + 𝑚)𝑑] |1⟩⟨1|]

= a exp
[
−𝑠2 (𝑚 + 𝛾)2

]
𝐻 exp[𝑖(𝛾 + 𝑚)𝑑�̂�𝑧]

= a exp
[
−𝑠2 (𝑚 + 𝛾)2

]
exp[𝑖𝑚𝑑�̂�𝑥]𝐻 exp[𝑖𝛾𝑑�̂�𝑧]

= a exp
[
−𝑠2 (𝑚 + 𝛾)2

]
exp[𝑖𝑚𝑑�̂�𝑥]𝐽 (2𝑑𝛾),

(E.15)

where we set a = 𝑁
√

2𝜋𝑠, with 𝑁 the Gaussian normalizing factor and 𝑠 the squeezing parameter.
We used eq. (A.9) to evaluate the integral.

The coefficient a exp
[
−𝑠2 (𝑚 + 𝛾)2

]
is removed when the state is normalized. That is, the

effective gate on the qubit is

|𝜓⟩
J𝐴 (𝛾)−−−−−→ exp[𝑖𝑚𝑑�̂�𝑥]𝐽 (2𝑑𝛾) |𝜓⟩ . (E.16)

We see then that eq. (E.16) coincides with the infinite squeezing one-qubit rotation, eq. (4.15).
In particular, it suffers from the same error which can only be removed probabilistically.

E.1.4 Two-qubit gate
We proceed as in the previous section and by analogy to the original proposal using infinite
squeezing and calculate the following (note that we are now measuring the momentum of the
ancilla):

𝑝 ⟨𝑚 | 𝐸𝐴𝑅2𝐸𝐴𝑅1𝐷 (𝑑) |𝐴⟩ =

=

∫
𝑔𝑠,𝑑 (𝑎)𝑝 ⟨𝑚 | 𝐸𝐴𝑅2𝐸𝐴𝑅1𝐷 (𝑑) |𝑎⟩ d𝑎

=

∫
𝑔𝑠,𝑑 (𝑎)

[
exp[𝑖𝑚𝑎] ( |0⟩⟨0| ⊗ |0⟩⟨0| + |1⟩⟨1| ⊗ |1⟩⟨1|)

+ exp[−𝑖𝑚𝑎] ( |0⟩⟨0| ⊗ |1⟩⟨1| + |1⟩⟨1| ⊗ |0⟩⟨0|)
]
d𝑎

= a exp
[
−𝑠2𝑚2] [ exp[𝑖𝑚𝑑] ( |0⟩⟨0| ⊗ |0⟩⟨0| + |1⟩⟨1| ⊗ |1⟩⟨1|)
+ exp[−𝑖𝑚𝑑] ( |0⟩⟨0| ⊗ |1⟩⟨1| + |1⟩⟨1| ⊗ |0⟩⟨0|)

]
= a exp

[
−𝑠2𝑚2] exp[𝑖𝑚𝑑�̂�𝑧 ⊗ �̂�𝑧], (E.17)

with a = 𝑁
√

2𝜋𝑠. The effect of finite squeezing is to add a scaling which dose not remain after
normalisation. That is, two qubits are transformed as follows

|𝜓⟩ |𝜙⟩ −→ exp[𝑖𝑚𝑑�̂�𝑧 ⊗ �̂�𝑧] |𝜓⟩ |𝜙⟩ , (E.18)

once again coinciding with the infinite squeezing case (𝑠→ 0).





APPENDIXFF
Effect of number of iterations of

algorithm 1 on the witness mean

We provide some evidence supporting our choice of running algorithm 1 for 𝑛 = 10 iterations.
We find that the largest decrease in the witness mean, Tr[𝛾𝑊], occurs after the first step.

We present a plot, in fig. F.1, of running algorithm 1 for a number of iterations, 𝑛 ∈ [1, 20[. The
dependent axis shows the percentage increase in the witness mean, 𝑐𝑛 := Tr[𝛾𝑛𝑊𝑛], for 𝛾𝑛 and
𝑊𝑛 the CM and witness at the 𝑛th respectively.
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Figure F.1: Percentage change of witness mean with increased number of iterations of algo-
rithm 1. Discrete points interpolated by lines for clarity.

We see that after 𝑛 = 10, the further improvement is less than 0.1% for most cases. We argue
therefore, that the choice of number of iterations is sufficient for finding suitable examples of
CMs with the desired properties.
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APPENDIXGG
Full inseparability does not imply

genuine multipartite entanglement

In the classification of multipartite entanglement one finds two classes that might at first sight be
the same: the fully inseparable states and ones that are biseparable. Fully inseparable state are
those that are not separable across any partition biseparable state are those that can be written
as a convex sum of separable states (see section 5.3.2).

A qubit example of a state that is biseparable but fully inseparable was presented in ref. [140,
sec. 3.2.2]. The three party state is an equal mixture of Bell states of two parties with the third
party being the ground state: ∑︁

𝑖, 𝑗 ,𝑘=𝐴,𝐵,𝐶
𝑖≠ 𝑗≠𝑘

1
3

(��𝜙+〉〈𝜙+��𝑖 𝑗 ⊗ |0⟩⟨0|𝑘 ) ,
with |𝜙+⟩ = ( |00⟩ + |11⟩)/

√
2.

An analogous example for CMs was not found in the literature. In analogy to the qubit
density matrix case we present a covariance matrix of a biseparable state that is nonetheless not
separable across any bipartition:

1
3 (𝛾𝐴𝐵 ⊕ I𝐶 + 𝛾𝐴𝐶 ⊕ I𝐵 + 𝛾𝐵𝐶 ⊕ I𝐴) , (G.1)

where the ordering of modes is preserved in the representation of the covariance matrix. That
is,

𝛾𝐴𝐵 ⊕ I𝐶 := ©«
𝛾𝐴 𝛾𝐴𝐵 O
𝛾𝐴𝐵 𝛾𝐵 O
O O I𝐶

ª®¬ ;

𝛾𝐴𝐶 ⊕ I𝐵 := ©«
𝛾𝐴 O 𝛾𝐴𝐶
O I𝐵 O
𝛾𝐴𝐶 O 𝛾𝐶

ª®¬ ;

𝛾𝐵𝐶 ⊕ I𝐵 := ©«
I𝐴 O O
O 𝛾𝐵 𝛾𝐵𝐶
O 𝛾𝐵𝐶 𝛾𝐶

ª®¬ ,
with 𝛾 𝑗 the covariance matrix of mode 𝑗 and 𝛾 𝑗𝑘 the covariance matrix of the modes 𝑗 and 𝑘; I
and O are the 2 × 2 identity and zero matrices respectively.

We show that full inseparability at the covariance matrix level does not imply that the state
corresponding to that covariance matrix is genuine multipartite entangled. We do that by giving
an example of CMs 𝛾𝑖 𝑗 , 𝑖 𝑗 = 𝐴𝐵, 𝐴𝐶, 𝐵𝐶, such that eq. (G.1) is fully inseparable. Since it is
biseparable by construction, it is not genuinely multipartite entangled.

A two-mode vacuum CM is given by

𝛾𝑇𝑀𝑆𝑉𝑗𝑘 =

(
𝑎I2 𝑐𝜎𝑧
𝑐𝜎𝑧 𝑎I2

)
, (G.2)
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and where 𝑎 = cosh(2𝑟), 𝑐 = sinh(2𝑟) and 𝜎𝑧 = diag(1,−1), the usual Pauli-z matrix; 𝑟 is the
squeezing parameter. Let now 𝛾 𝑗𝑘 = 𝛾

𝑇𝑀𝑆𝑉
𝑗𝑘

for 𝑗 𝑘 = 𝐴𝐵, 𝐴𝐶, 𝐵𝐶. To show that eq. (G.1) is fully
inseparable we show that there is a squeezing value, 𝑟, such that the CM is not separable across
any bipartition1.

Expanding the CM fully, we have

𝛾𝐴𝐵𝐶 =
1
3

(
𝛾𝑇𝑀𝑆𝑉𝐴𝐵 ⊕ I𝐶 + 𝛾𝑇𝑀𝑆𝑉𝐴𝐶 ⊕ I𝐵 + 𝛾𝑇𝑀𝑆𝑉𝐵𝐶 ⊕ I𝐴

)
=

1
3

©«
(2𝑎 + 1)I 𝑐𝜎𝑧 𝑐𝜎𝑧
𝑐𝜎𝑧 (2𝑎 + 1)I 𝑐𝜎𝑧
𝑐𝜎𝑧 𝑐𝜎𝑧 (2𝑎 + 1)I

ª®¬ .
(G.3)

To test separability across all bipartitions, we check all symplectic eigenvalues of the covariance
matrix under partial transposition [145]. For a given partition across which the partial transpo-
sition is taken: if the symplectic eigenvalues 2 are equal to or greater than one then the state is
separable across that partition (see Thm. 5.6). If this does not hold for any partition, the state is
fully inseparable. Since the state is invariant under mode swapping, any bipartition is sufficient.

As a function of the squeezing parameter, the magnitude of the smallest symplectic eigenvalue
after partial transposition of the density matrix is given by

a𝑃𝑇𝑚𝑖𝑛 =
1
6

√︃
|9 + 16 cosh(2𝑟) + 11 cosh(4𝑟) −

√︁
2(199 + 256 cosh(2𝑟) + 121 cosh(4𝑟)) sinh 2𝑟 |,

which is smaller than one for the squeezing parameter in the range 0 < 𝑟 ≤ 1.24275.
This example shows that the set of Gaussian biseparable covariance matrices is not equal to

the set of fully inseparable covariance matrices.

1 Due to the hierarchy of multipartite entanglement. Showing that a CM is not 2-separable subsumes 𝑘-
separability for all 𝑘 > 2.

2 The symplectic eigenvalues of 𝛾 are the absolute values of the eigenvalues of 𝑖Ω𝛾. For a covariance matrix
𝛾, the requirement for the symplectc eigenvalues to be less than one is equivalent to not satisfying the uncertainty
principle: 𝛾 + 𝑖Ω ≱ 0.



APPENDIXHH
Circuits in figs. 6.3 and 6.4 are

equivalent

We prove that the covariance matrices of the output states produced by circuits in figs. 6.3
and 6.4 are the same. They are copied in this appendix in fig. H.1. Since the last beam-splitter
array coincides in both circuits, we only need to show that the covariance matrices just before
that (after 𝑅 in fig. 6.3 and after 𝐷 in fig. 6.4) are the same.

(a) Circuit to produce 𝛾 (3) with rounded parameters (fig. 6.3) (b) Circuit to produce 𝛾 (3) . (fig. 6.4)

Figure H.1: Equivalent circuits that output 𝛾′ as defined in section 6.5

Describe by 𝝃 a vector of canonical operators, 𝒅 a displacement of quadratures, by 𝐵 the
mixing due to a beam-splitter array, and by 𝑆 a squeezing transformation. The effect of the
circuit in fig. 6.3 (until after squeezing operation 𝑅) on a quadratures contained in 𝝃 is

P1 : 𝝃 ↦→ 𝝃 + 𝒅 ↦→ 𝐵𝝃 + 𝐵𝒅 ↦→ 𝑆𝐵𝝃 + 𝑆𝑄𝐵𝒅 = 𝝃1. (H.1)

The same end may be achieved through the process

P2 : 𝝃 ↦→ 𝑆𝝃 ↦→ 𝑆𝝃 + 𝒅′ ↦→ 𝑆𝝃 + 𝒅′ = 𝝃2. (H.2)

where 𝒅′ = 𝑆𝐵𝒅. This corresponds to the two first steps in fig. 6.4. Define then the two covariance
matrices due to the circuits P1 and P2 as 𝛾P1 and 𝛾P2 respectively. Let also 𝛾0 be the covariance
matrix of the input which is the vacuum in all three modes. Therefore, the elements may be
given by

(𝛾0)𝑖 𝑗 = ⟨{b𝑖 , b 𝑗 }⟩ = 𝛿𝑖 𝑗 , (H.3)

where we used the fact that the first moments are chosen to be at the origin (equivalently, the
input is a vacuum): ⟨b𝑖⟩ = 0 for all 𝑖 ∈ [0, 2𝑁].

To see that the two processes are equivalent with respect to entanglement properties of the
states generated one may verify that they produce the same covariance matrix. Using Def. 5.14
(Covariance matrix), the covariance matrix produced after circuit P1 is

(𝛾P1 )𝑖 𝑗 = ⟨{b1
𝑖 , b

1
𝑗 }⟩ − 2⟨b1

𝑖 ⟩⟨b1
𝑗 ⟩. (H.4)
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Let’s consider the second term first. Begin by noting that

⟨b1
𝑖 ⟩ = ⟨𝑆𝑖𝛼𝐵𝛼𝛽b𝛽 + 𝑆𝑖𝛼𝐵𝛼𝛽𝑑𝛽⟩

= ⟨𝑆𝑖𝛼𝐵𝛼𝛽b𝛽⟩ + ⟨𝑑′𝑖⟩
= 𝑆𝑖𝛼𝐵𝛼𝛽 ⟨b𝛽⟩ + ⟨𝑑′𝑖⟩
= 𝑑′𝑖 ,

where we used that b𝛽 = 0 for all 𝛽 and ⟨𝑑𝛽⟩ = 𝑑𝛽 ⟨1⟩ = 𝑑𝛽 · 1. Then, the only component that
remains in the second term of eq. (H.3) is

−2𝑆𝑖𝛼𝐵𝛼𝛽𝑑𝛽𝑆𝑖`𝐵`a𝑑a = −2⟨𝑑′𝑖⟩⟨𝑑′𝑗⟩. (H.5)

Now consider the first term of eq. (H.3):

⟨{b1
𝑖 , b

1
𝑗 }⟩ = ⟨{𝑆𝑖𝛼𝐵𝛼𝛽b𝛽 + 𝑑′𝑖 , 𝑆 𝑗`𝐵`aba + 𝑑′𝑗 }⟩

= ⟨{𝑆𝑖𝛼𝐵𝛼𝛽b𝛽 , 𝑆 𝑗`𝐵`aba}⟩ + ⟨{𝑆𝑖𝛼𝐵𝛼𝛽b𝛽 , 𝑑′𝑗 }⟩︸                 ︷︷                 ︸
=0

+ ⟨{𝑑′𝑖 , 𝑆 𝑗`𝐵`aba}⟩︸                ︷︷                ︸
=0

+⟨{𝑑′𝑖 , 𝑑′𝑗 }⟩

= 𝑆𝑖𝛼𝐵𝛼𝛽𝑆 𝑗`𝐵`a ⟨{b𝛽 , ba}⟩ + ⟨{𝑑′𝑖 , 𝑑′𝑗 }⟩
= 𝑆𝑖𝛼𝐵𝛼𝛽𝑆 𝑗`𝐵`a𝛿𝛽a + ⟨{𝑑′𝑖 , 𝑑′𝑗 }⟩
= 𝑆𝑖𝛼𝑆 𝑗`𝐵`𝛽𝐵𝛼𝛽 + ⟨{𝑑′𝑖 , 𝑑′𝑗 }⟩
= 𝑆𝑖𝛼𝑆 𝑗`𝛿𝛼` + ⟨{𝑑′𝑖 , 𝑑′𝑗 }⟩,

where we used the fact that 𝐵 is orthogonal (𝐵𝐵𝑇 = 1 so (𝐵𝐵𝑇 )𝑖 𝑗 = 𝐵𝑖𝛼 (𝐵𝑇 )𝛼 𝑗 = 𝐵𝑖𝛼𝐵 𝑗 𝛼 = 𝛿𝑖 𝑗 )
to get the last line.

Putting both terms together we get that

(𝛾P1 )𝑖 𝑗 = ⟨{b1
𝑖 , b

1
𝑗 }⟩ − 2⟨b1

𝑖 ⟩⟨b1
𝑗 ⟩.

= 𝑆𝑖𝛼𝑆 𝑗`𝛿𝛼` + ⟨{𝑑′𝑖 , 𝑑′𝑗 }⟩ − 2⟨𝑑′𝑖⟩⟨𝑑′𝑗⟩
= 𝑆𝑖𝛼⟨{b𝛼, b𝑚𝑢}⟩𝑆 𝑗` + ⟨{𝑑′𝑖 , 𝑑′𝑗 }⟩ − 2⟨𝑑′𝑖⟩⟨𝑑′𝑗⟩,
= ⟨{𝑆𝑖𝛼b𝛼, 𝑆 𝑗`b`}⟩ + ⟨{𝑑′𝑖 , 𝑑′𝑗 }⟩ − 2⟨𝑑′𝑖⟩⟨𝑑′𝑗⟩,

where the penultimate line followed from using 𝑆𝛼𝛽 = 𝑆𝛽𝛼 since it is diagonal.
Now, to find that this is the same as the covariance matrix due to circuit P2 we use a number

of times that ⟨b𝑖⟩ for all 𝑖. In particular, we add the (zero) terms ⟨{𝑆𝑖𝛼b𝛼, 𝑑′𝑗 }⟩, ⟨{𝑑′𝑖 , 𝑆 𝑗`b`}⟩, to
join the two first terms and append −2⟨𝑆𝑖𝛼b𝛼⟩⟨𝑑′𝑗⟩,−2⟨𝑑′1⟩⟨𝑆 𝑗`b`⟩, and −2⟨𝑆𝑖𝛼b𝛼⟩⟨𝑆 𝑗`b`⟩ to the
last term.

The above equation then reads

(𝛾P1 )𝑖 𝑗 = ⟨{𝑆𝑖𝛼b𝛼, 𝑆 𝑗`b`}⟩ + ⟨{𝑑′𝑖 , 𝑑′𝑗 }⟩ − 2⟨𝑑′𝑖⟩⟨𝑑′𝑗⟩ (H.6)
= ⟨{𝑆𝑖𝛼b𝛼 + 𝑑′𝑖 , 𝑆 𝑗`b` + 𝑑′𝑗 }⟩ − 2⟨𝑆𝑖𝛼b𝛼 + 𝑑′𝑖⟩⟨𝑆 𝑗`b` + 𝑑′𝑗⟩ (H.7)
= ⟨{b2

𝑖 , b
2
𝑗 }⟩ − 2⟨b2

𝑖 ⟩⟨b2
𝑗 ⟩ (H.8)

= (𝛾P2 )𝑖 𝑗 , (H.9)

which completes the proof.
For numerical calculation purposes, the correlation parameters given in table 6.11 are calcu-

lated from the outer product of 𝒅′ with itself. Since the variables 𝑡 and 𝑤 are independent and
have zero mean, terms involving their product ⟨𝑡⟩⟨𝑤⟩ can be set to zero.
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