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i

Abstract

In this thesis, we study three problems. First, we determine new bounds for base

sizes b(G,Ω) of primitive subspace actions of finite almost simple classical groups G.

Such base sizes are useful statistics in computational group theory. We show that

if the underlying set Ω consists of k-dimensional subspaces of the natural module

V = Fn
q for G, then b(G,Ω) ⩾ ⌈n/k⌉ + c, where c ∈ {−2,−1, 0, 1} depends on

n, q, k and the type of G. If instead Ω consists of pairs {X, Y } of subspaces of

V with k := dim(X) < dim(Y ), and G is generated by PGL(n, q) and the graph

automorphism of PSL(n, q), then b(G,Ω) ⩽ max{⌈n/k⌉, 4}.
The second part of the thesis concerns the intersection graph ∆G of a finite

simple group G. This graph has vertices the nontrivial proper subgroups of G, and

its edges are the pairs of subgroups that intersect nontrivially. We prove that ∆G

has diameter at most 5, and that a diameter of 5 is achieved only by the graphs of

the baby monster group and certain unitary groups of odd prime dimension. This

answers a question posed by Shen [126].

Finally, we study the non-commuting, non-generating graph Ξ(G) of a group G,

where G/Z(G) is either finite or non-simple. This graph is closely related to the

hierarchy of graphs introduced by Cameron [34, §2.6]. The graph’s vertices are the

non-central elements of G, and its edges are the pairs {x, y} such that ⟨x, y⟩ ≠ G

and xy ̸= yx. We show that if Ξ(G) has an edge, then either the graph is connected

with diameter at most 5; the graph has exactly two connected components, each of

diameter 2; or the graph consists of isolated vertices and a component of diameter

at most 4. In this last case, either the nontrivial component has diameter 2, or

G/Z(G) is a non-simple insoluble primitive group with every proper quotient cyclic.
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Chapter 1

Introduction

In this thesis, we explore the connectedness and diameter of two graphs related to

groups: the intersection graph of a non-abelian finite simple group, and the non-

commuting, non-generating graph of a group. In order to do so, we first determine

bounds for the base sizes of primitive subspace actions of finite almost simple clas-

sical groups. These bounds are useful when considering the aforementioned graphs

related to the finite simple unitary groups, and, as we explain below, they are also

of general interest, and may have applications in computational group theory.

Before introducing in more detail the problems discussed in this thesis, we point

out that (with one specified exception in this introduction) all graphs that we con-

sider are undirected, and do not contain loops or multiple edges. Additionally, we

often use Atlas notation [42, Ch. 5] to describe the structures of groups. For com-

pleteness, some of the basic group theoretic and graph theoretic terms used in this

introduction will be defined in Chapters 2 and 4, respectively. Note also that several

of the proofs and remarks in this thesis involve computations performed using GAP

[56] and Magma [15]. Appendix A provides brief summaries of the files [54] contain-

ing the relevant code, and where in the thesis they are used (see the comments in

the files themselves for more information).

1.0.1 Base sizes of primitive groups

The base size b(G) of a transitive permutation group G acting on a set Ω is the

smallest size of a subset of Ω whose pointwise stabiliser in G is trivial. Since the

action of G is completely determined by its action on the points of any such subset,

b(G) is a useful measure of the computational resources required to store elements of

G and perform associated calculations [33, p. 120]. The base size of G is also closely

related to other important permutation group statistics, including the maximum

size of an irredundant base for G, the height of G, and the relational complexity of

G (see, for example, [57, §1.1]).

Due to the wide importance of almost simple primitive groups, information about

1



2 Chapter 1. Introduction

their base sizes is of particular interest. One of the most famous results in this area

is the Cameron-Kantor conjecture (see [32, Conjecture 3.4] and [36, p. 260]), which

was proved by Liebeck and Shalev [99, Theorem 1.3] in 1999. This result states that

there exists an absolute constant c such that, if G is a finite almost simple primitive

group (acting faithfully) and b(G) > c, then G lies in a known collection of groups

with large base sizes, which are said to have standard actions. More specifically,

these are the actions of the alternating and symmetric groups of degree k on subsets

or partitions of {1, . . . , k}, and the subspace actions of the classical groups. For

the most part, a subspace action is an action of a classical group on subspaces or

unordered pairs of subspaces of the natural module for the group.

The non-standard actions of finite almost simple groups have been a large focus

of base size-related research. For example, shortly after Liebeck and Shalev proved

the Cameron-Kantor conjecture, Cameron [33, p. 122] further conjectured that 7 is

the best possible value for the constant c. This was finally proved in 2011, with the

combined results of [23, 26, 28, 30]. There have also been recent developments in

the study of standard actions. Indeed, in 2021, Morris and Spiga [112] determined

the base sizes of the aforementioned actions of alternating and symmetric groups

on partitions. For the actions of these groups on subsets, Halasi [71] (in 2011) and

Cáceres et al. [31, p. 2, §2] (in 2013) calculated the base size in certain cases, and

proved general asymptotic results.

It remains to discuss the base sizes of primitive subspace actions. In 2019,

Halasi, Liebeck and Maróti [72, §3] determined upper bounds for most families of

these actions. Moscatiello and Roney-Dougal [113] built on this work by improving

these bounds for certain actions on low-dimensional subspaces, and determining the

exact base size for one family of groups. However, no reasonable lower bounds are

known for the base sizes of most families of primitive subspace actions.

In Chapter 3, we narrow this knowledge gap by proving lower bounds for the base

size of a finite almost simple classical group acting primitively on a set of subspaces of

its natural module. We achieve bounds similar to those for the base sizes of subspace

actions of (infinite) simple classical algebraic groups given by Burness, Guralnick and

Saxl [27, §4] in 2017, and our proofs use similar ideas. In addition, we prove an upper

bound for b(G) when G is an almost simple linear group acting primitively on an

unordered pair of subspaces of the natural module. Our upper bound is significantly

tighter than the corresponding bound proved in [72]. By explicitly computing the

base sizes of certain small permutation groups, we observe that all of our bounds

are, in general, tight. As detailed in §3.1.3, these bounds have found application in

[55], in the context of the closure number of a finite simple classical group.
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1.0.2 Diameters of graphs related to groups

Given a binary relation defined on the elements or subgroups of a group G, it is

natural to study the properties of the graph that encodes this relation, and the

relationships between the structures of the graph and the group. This provides new

and interesting ways of understanding and distinguishing between individual groups

and families of groups, and can lead to applications in other areas of group theory

(see the example of the commuting graph below).

Let us first consider graphs defined on subgroups of G. The most natural of

these graphs is perhaps the intersection graph ∆G of G, introduced by Csákány and

Pollák [48] in 1969. The vertices of this graph are the nontrivial proper subgroups

of G, with two vertices H and K adjacent if and only if H ∩ K ̸= 1. Csákány

and Pollák classified the finite non-simple groups G for which ∆G is connected, and

proved that the diameter of ∆G is at most 4 for every such group.

To complement the results of Csákány and Pollák, we prove in Chapter 4 that

the intersection graph of a non-abelian finite simple group is connected with diam-

eter at most 5. Furthermore, we show that a diameter of 5 is achieved only by the

sporadic baby monster group and certain unitary groups of odd prime dimension.

This resolves a question from 2010 posed by Shen [126], who first proved the con-

nectedness of the graph for simple groups. Our result also improves the previous

upper bounds for the graph’s diameter proved by Herzog, Longobardi and Maj [77]

in 2010 and by Ma [106] in 2016.

Now, there is an extremely prolific body of research related to graphs defined on

the elements of the group G. For a rather comprehensive introduction to this topic,

see [34] and the references therein. These graphs of course include the Cayley graphs,

but our focus here will be on graphs that are necessarily preserved by automorphisms

of G, and that (up to isomorphism) depend only on the isomorphism type of G.

The earliest of these graphs to be studied was the commuting graph, implicitly

introduced by Brauer and Fowler [16] in 1955. This graph encodes the binary relation

“x ∼ y if and only if x and y commute” for x, y ∈ G. Notice that this graph is

always connected with diameter at most 2, as each central element is adjacent to

each other element. However, the question of the graph’s diameter becomes more

interesting when all central vertices are deleted. Indeed, in 2013, Morgan and Parker

[111] proved that if G is a finite group with trivial centre, then each connected

component of this new graph has diameter at most 10. On the other hand, in the

same year, Giudici and Parker [60] proved that, for finite groups in general, the

associated graphs can be connected with arbitrarily large diameter. We also note

that the version of the graph with central elements included, and with a loop at
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every vertex, has a useful computational application: random walks on this graph

can be used to find representatives of small conjugacy classes of G [34, p. 57].

The commuting graph of G is one of the graphs in a certain hierarchy of graphs

defined on the elements of G, formally introduced by Cameron in [34, §2.6] (and

mentioned earlier in [35, p. 2]). The final three graphs in this hierarchy are the

commuting graph of G; the non-generating graph of G, where two vertices are ad-

jacent if and only if they do not generate G; and the complete graph on G. If G is

non-abelian or not 2-generated, then the commuting graph is a spanning subgraph

of the non-generating graph, which is of course a spanning subgraph of the complete

graph.

While these graphs (and the remaining graphs in Cameron’s hierarchy) are in-

teresting in their own right, it is also interesting to consider the differences between

subsequent graphs in the hierarchy (with certain vertices deleted in each case). For

example1, the difference between the complete graph and the non-generating graph

(with the identity vertex deleted) is the generating graph Γ(G), which was intro-

duced by Liebeck and Shalev [98, p. 55] in 1996, and which has since been very

well studied. One of the most well-known results about this graph was proved by

Breuer, Guralnick and Kantor [19, Theorem 1.2] in 2008: if G is a non-abelian finite

simple group, then Γ(G) is always connected with diameter 2 (in fact, their result is

stronger than this statement). In 2021, Burness, Guralnick and Harper [22, Corol-

lary 6] generalised this result, and showed that if G is any finite group, then Γ(G)

either has an isolated vertex or is connected with diameter at most 2. The structure

of Γ(G) has also been studied in the case where the graph does have an isolated

vertex, for example, in [47, 102].

In this thesis, we study the connectedness and diameter of the next difference in

the hierarchy, i.e., the non-commuting, non-generating graph of G, which we denote

by Ξ(G). Here, two vertices are adjacent if and only if they do not commute and do

not generate G. We delete the vertices of the graph corresponding to Z(G), as they

would otherwise always be isolated. For easy reference, we note here that Ξ+(G)

denotes the subgraph of Ξ(G) induced by its non-isolated vertices. In Chapter 5, we

prove general results about Ξ(G), and we explore its structure when G is a (finite

or infinite) group that is not a central extension of a non-abelian simple group. We

then consider the case where G is a (central extension of a) non-abelian finite simple

group in Chapter 6.

Our results here include detailed structural classification theorems, especially for

finite nilpotent groups and for finite groups where Ξ(G) has more than one nontrivial

1See also [34, §3] for a discussion of differences involving graphs in the hierarchy that we have
not defined here.
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connected component. In particular, we show that, as in the case of the generating

graph, the diameter of Ξ(G) is often very small. We also prove that if G is a non-

abelian finite simple group, then Ξ(G) is connected with diameter at most 5, with

smaller bounds for certain families of groups. For the baby monster group and the

unitary group PSU(7, 2), we utilise a relationship between Ξ(G) and ∆G, which is

related to the concept of dual pairs described in [34, §12].



Chapter 2

Preliminaries

2.1 Group theory preliminaries

In this chapter, we discuss several preliminary concepts and results that will be

necessary later in the thesis. After focusing on abstract group theory, we will discuss

the finite classical geometric spaces and use these to define the finite classical groups.

This will be followed by a brief discussion of the finite simple groups. We will

then conclude this chapter by considering matrices and cyclic subgroups of general

linear groups. Note that the basic graph theoretic definitions and notation used in

Chapters 4–6 will be summarised at the beginning of Chapter 4.

Throughout this section, G denotes an arbitrary group, except where specified

otherwise. We begin with a few elementary results involving subgroups, quotients

and commutators of G.

Lemma 2.1.1 (Dedekind’s Identity [144, Lemma 1.2.3]). Let H, J and K be sub-

groups of G, with H ⩽ K. Then H(J ∩K) = HJ ∩K.

Recall that if N is a normal subgroup of G, then N is maximal in G if and only

if G/N is cyclic of prime order. This follows from the Correspondence Theorem and

the fact that the cyclic groups of prime order are precisely the nontrivial groups

with no nontrivial proper subgroups. The related proposition below is a collection

of well-known results; for example, see [82, Proposition 10.21].

Proposition 2.1.2. Let H be a group such that H/Z(H) is cyclic. Then H is

abelian. Hence Z(G) is not maximal in G, for any group G. Additionally, if N and

K are normal subgroups of G, with N non-abelian and K ⩽ Z(N), then G/K is

not cyclic. In particular, G/Z(N) is not cyclic.

Proof. As H/Z(H) is cyclic, there exists h ∈ H such that H/Z(H) = ⟨Z(H)h⟩.
Hence H is equal to its abelian subgroup ⟨Z(H), h⟩. It follows that, for any group

G, the quotient G/Z(G) is not cyclic of prime order, i.e., Z(G) is not maximal in

G.

6
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Finally, suppose that N and K are normal subgroups of G, with N non-abelian

and K ⩽ Z(N). Then N/Z(N) is not cyclic, and so neither is G/K. The fact that

Z(N) is characteristic in N yields the final statement of the proposition.

Now, in this thesis, for x, y ∈ G, we use the convention xy := y−1xy. Addition-

ally, the commutator [x, y] denotes x−1y−1xy. The following commutator identities

can be derived directly from this definition of a commutator, and are well known

(for example, see [142, p. 11]).

Proposition 2.1.3. Let x, y, z ∈ G. Then:

(i) [y, x] = [x, y]−1;

(ii) [x, yz] = [x, z][x, y]z; and

(iii) [xy, z] = [x, z]y[y, z].

Additionally, throughout this thesis, for a subset S := {g1, g2, . . .} of G, we write

⟨S⟩G = ⟨g1, g2, . . .⟩G to denote the normal closure of S in G.

Proposition 2.1.4. Let H be a subgroup of G, and let g ∈ H.

(i) If G = CG(g)H, then ⟨g⟩G ⩽ H.

(ii) Suppose that ⟨g⟩G ⩽ H. If G/⟨g⟩G is abelian, then H ◁⩽ G.

Proof.

(i) Observe that ⟨g⟩G = ⟨gx | x ∈ G⟩. For each x ∈ G, we can write x = ch

for some c ∈ CG(g) and some h ∈ H. Then gx = gch = gh, and hence

⟨g⟩G = ⟨gh | h ∈ H⟩. This is equal to the subgroup ⟨g⟩H of H.

(ii) As G/⟨g⟩G is abelian, it normalises its subgroup H/⟨g⟩G. Thus the Correspon-
dence Theorem yields H ◁⩽ G.

2.1.1 Maximal subgroups

The focus of this subsection is on results related to maximal subgroups of G. Our

first proposition here relies on Zorn’s Lemma in the case where G is infinite.

Proposition 2.1.5 ([41, Proposition 2.1.1]). Suppose that G is finitely generated,

and let H be a proper subgroup of G. Then H is contained in a maximal subgroup

of G.

The next few results relate to the centre of G, or of a maximal subgroup of G.
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Proposition 2.1.6. Let M be a maximal subgroup of G. If M ̸◁⩽ G, then Z(G) <

M .

Proof. Observe that NG(M) = M . Since Z(G) ⩽ NG(M), and since Z(G) is not

maximal in G by Proposition 2.1.2, the result follows.

Proposition 2.1.7. Let M be a maximal subgroup of G, such that there exists

x ∈ Z(M) \ Z(G). Then CG(x) = M , and Z(G) < Z(M). Hence each element of

G \ Z(G) is central in at most one maximal subgroup of G.

Proof. Clearly, M ⩽ CG(x) < G. The maximality ofM therefore yields CG(x) = M .

Thus Z(G) ⩽ M , and since x ∈ Z(M) \Z(G), we conclude that Z(G) < Z(M).

Corollary 2.1.8. Let (X, Y ) be an ordered pair of proper subgroups of G, with X

maximal and Y ̸⩽ X. If Z(X) ∩ Y ̸⩽ Z(G), then Z(Y ) ⩽ X ∩ Y . If, in addition,

X is abelian, then Z(Y ) ⩽ Z(G).

Proof. Let z be an element of Z(X)∩Y that does not lie in Z(G). Then X = CG(z)

by Proposition 2.1.7, and hence Z(Y ) ⩽ CY (z) = X ∩ Y . If X is abelian, then each

element of Z(Y ) is centralised by ⟨X, Y ⟩ = G, and hence Z(Y ) ⩽ Z(G).

Next, we consider maximal subgroups that are normal.

Proposition 2.1.9. Let M be a normal maximal subgroup of G, and let H be a

subgroup of G that does not lie in M . Then M ∩H is a maximal subgroup of H.

Proof. As M ◁⩽ G and ⟨M,H⟩ = G, it follows that G/M = MH/M , which is

isomorphic to H/(M ∩ H) by the Second Isomorphism Theorem. Since G/M is

cyclic of prime order, so is H/(M ∩H), and the result follows.

Proposition 2.1.10. Let (W,X, Y ) be an ordered triple of distinct proper subgroups

of G, with W ∩X and X normal in G, W ∩X ̸⩽ Y , and Y maximal in G. If X is

maximal in G, then X ∩ Y ̸⩽ W , while if X ∩ Y ⩽ W , then G/(W ∩X) ∼= G/X.

Proof. Assume that X ∩ Y ⩽ W , and observe that (W ∩ X)Y = G = XY and

W ∩X ∩ Y = X ∩ Y . The Second Isomorphism Theorem therefore gives

G/(W ∩X) = (W ∩X)Y/(W ∩X) ∼= Y/(W ∩X∩Y ) = Y/(X∩Y ) ∼= XY/X = G/X.

Suppose now, for a contradiction, that X is maximal in G. Then |G/X| is equal to
a prime p, and hence |G/(W ∩X)| = p. Since W ∩X ⩽ X, the intersection W ∩X is

equal to X. However, this contradicts the assumption that X is a maximal subgroup

of G distinct from the proper subgroup W . Hence if X is maximal, then in fact

X ∩ Y ̸⩽ W .
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Note that the observation regarding the finiteness of |G/X| in the above proof

is important. Indeed, if H and J are normal subgroups of G of infinite index with

H ⩽ J , then G/H ∼= G/J does not imply that H = J . In particular, if G is a

non-Hopfian group, such as the Baumslag-Solitar group BS(2, 3) with presentation

⟨a, b | a−1b2a = b3⟩, then there exists a nontrivial normal subgroup J of G such that

G ∼= G/J [73, p. 63].

It will sometimes be useful to apply Proposition 2.1.10 in the case where X and

Y are both maximal in G, and W = Z(X) (which is characteristic in the normal

subgroupX and therefore normal inG). Thus for convenience, we state the following

corollary, which is precisely the proposition with these conditions assumed.

Corollary 2.1.11. Let (X, Y ) be an ordered pair of distinct maximal subgroups of

G, with X normal in G and Z(X) ̸⩽ Y . Then X ∩ Y ̸⩽ Z(X).

To conclude this subsection, we explore the case whereG has a maximal subgroup

that is abelian.

Lemma 2.1.12. Suppose that G contains an abelian maximal subgroup. If G also

contains a normal, non-abelian subgroup H, with Z(H) ̸⩽ Z(G), then |G : H|
is infinite. Hence every normal, non-abelian maximal subgroup M of G satisfies

Z(M) ⩽ Z(G).

Proof. Let L be an abelian maximal subgroup of G, and H a normal, non-abelian

subgroup of G with Z(H) ̸⩽ Z(G). As L is abelian, the contrapositive of Corol-

lary 2.1.8, applied to the pair (L,H), yields L ∩ H = Z(L) ∩ H ⩽ Z(G). Thus

Z(H) ̸⩽ L and L ∩ H ⩽ Z(H). Since the characteristic subgroup Z(H) of H

is normal in G, applying Proposition 2.1.10 to the triple (Z(H), H, L) shows that

G/Z(H) ∼= G/H. Thus |G : H| is infinite, and so H is not maximal in G.

For the following result, note that the centraliser in G of a normal subgroup N

is normal in NG(N) = G. We write G′ to denote the derived subgroup [G,G] of G.

Proposition 2.1.13. Let N be a normal, non-central subgroup of G, and let C :=

CG(N). Suppose also that G/C is finite, and that G contains an abelian maximal

subgroup. Then C is abelian. Furthermore, if N is non-abelian and G/CG(C) is

finite, then C = Z(G).

Proof. Notice that N ∩ C ⩽ Z(C). Since G/C is finite, Lemma 2.1.12 shows that

either C is abelian or Z(C) = Z(G). If N is abelian, then N ⩽ C, and so Z(C) ̸⩽
Z(G). Hence, in this case, C is abelian.
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Assume therefore that N is non-abelian, and suppose for a contradiction that C

is also non-abelian, so that Z(C) = Z(G). In addition, let L be an abelian maximal

subgroup of G. Then G = LN , and the Second Isomorphism Theorem shows that

G/N is isomorphic to the abelian group L/(L ∩N). Similarly, G/C is abelian. We

deduce that G′ ⩽ N ∩C ⩽ Z(C) = Z(G), and so G/Z(G) is also abelian. Therefore,

G is nilpotent of class 2, and hence L ◁⩽ G.

Proposition 2.1.9 now shows that L ∩ N is a maximal subgroup of N . Thus

L ∩N ̸= Z(N) by Proposition 2.1.2, i.e., L ∩N contains an element n /∈ Z(N). In

particular, n /∈ Z(G), and so Proposition 2.1.7 yields CG(n) = L. As C ⩽ CG(n),

we conclude that C is abelian.

Finally, suppose that G/CG(C) is finite (with N non-abelian), and assume for a

contradiction that the abelian group C is not equal to Z(G). Then repeating the

argument in the first paragraph of this proof, with C and CG(C) replacing N and

C, respectively, shows that CG(C) is abelian. This contradicts the fact that CG(C)

contains the non-abelian group N , and so C = Z(G).

2.1.2 Finite soluble groups

We now briefly consider finite soluble groups, including finite nilpotent groups. In

this thesis, we write Φ(G) to denote the Frattini subgroup of G, i.e., the intersection

of all maximal subgroups of G. The first result here provides important information

about the quotient of a p-group by its Frattini subgroup.

Theorem 2.1.14 (Burnside’s Basis Theorem [124, Theorem 11.12]). Let P be a

nontrivial p-group, and let d be the smallest size of a generating set for P . Then

P/Φ(P ) is elementary abelian of order pd. Moreover, a subset {x1, . . . , xd} of P is

a generating set for P if and only if {Φ(P )x1, . . . ,Φ(P )xd} is a basis for P/Φ(P ),

considered as a vector space over Fp.

Theorem 2.1.15 ([124, Theorem 11.3]). A finite group is nilpotent if and only if it

is a direct product of groups of prime power order. In particular, a finite nilpotent

group is the direct product of its Sylow subgroups, each of which is a normal subgroup.

Our next theorem describes an important property of finite groups, and is in fact

very useful when studying finite insoluble groups.

Theorem 2.1.16 ([76]). Suppose that G is finite and contains an abelian maximal

subgroup. Then G is soluble.

This theorem does not hold when G is infinite. For example, the Tarski monster

groups are infinite simple (and therefore insoluble) groups where every nontrivial
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proper subgroup is cyclic of fixed prime order p. Ol’shanskĭı [116] proved in 1982

that a Tarski monster group exists for each prime p > 1075.

We recall that if H ⩽ G, then the core of H in G is CoreG(H) :=
⋂

g∈GHg.

Observe that this is the largest normal subgroup of G that lies in H. If CoreG(H) =

1, then we say that H is a core-free subgroup of G.

Theorem 2.1.17 ([117, Theorem I.4, Theorem IV.11, Theorem IV.14]). Suppose

that G is finite and soluble, and let L and M be distinct maximal subgroups of G.

Then the following are equivalent:

(i) L and M are conjugate in G;

(ii) CoreG(L) = CoreG(M); and

(iii) LM ̸= G.

2.1.3 Frobenius groups

In this subsection, we consider (abstract) Frobenius groups. Certain finite simple

groups have maximal subgroups that are Frobenius groups, and so the results here

will be useful when studying those simple groups.

Definition 2.1.18 ([84, p. 177, p. 182]). A finite semidirect product G := N :H

(with N and H nontrivial) is a Frobenius group if nh ̸= n for all n ∈ N \ {1} and

h ∈ H \ {1}.

This definition is closely related to that of a Frobenius permutation group; see

[84, p. 183]. The next two results summarise useful properties of Frobenius groups.

Theorem 2.1.19 ([84, Theorem 6.4]). Suppose that G is a finite semidirect product

N :H. Then the following are equivalent.

(i) G is a Frobenius group.

(ii) H ∩Hg = 1 for all g ∈ G \H.

(iii) CG(h) ⩽ H for all h ∈ H \ {1}.

(iv) CG(n) ⩽ N for all n ∈ N \ {1}.

Proposition 2.1.20 ([84, Corollary 6.6]). Suppose that G is a Frobenius group

N :H. Then each element of G lies in N or in a conjugate of H.
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2.1.4 Primitive groups

We now state several well-known results about primitive groups. Ballester-Bolinches

and Ezquerro [6, p. 2] state the following theorem in the context of finite groups,

but their proof also applies to infinite groups.

Theorem 2.1.21. The group G acts faithfully and primitively on some set if and

only if G contains a core-free maximal subgroup. In particular, a subgroup H of G is

a point stabiliser for some faithful, primitive action of G if and only if H is core-free

and maximal in G. In this case, any such action is equivalent to the usual action of

G on the right cosets of H.

We can therefore define primitivity as a property of an abstract group, as follows.

Definition 2.1.22. We say that G is primitive as an abstract group if it contains

a core-free maximal subgroup. In this case, a point stabiliser of G is any core-free

maximal subgroup of G.

Note that in Chapter 3, we will consider primitivity as a property of permuta-

tion groups. However, in Chapter 5, as well as throughout the remainder of this

subsection, we consider primitivity as a property of abstract groups.

Proposition 2.1.23. Suppose that G is primitive and not cyclic of prime order.

Then Z(G) = 1.

Proof. Since G is primitive, it contains a core-free maximal subgroup M . As G

is not cyclic of prime order, it follows that M ̸◁⩽ G. Proposition 2.1.6 therefore

implies that the normal subgroup Z(G) of G lies in M , which is core-free. Thus

Z(G) = 1.

In the following theorem, we summarise a well-known classification of certain

primitive groups according to the properties of their minimal normal subgroups, i.e.,

their nontrivial normal subgroups that are minimal by inclusion. The final part of

this result follows from the fact that the penultimate subgroup in the derived series

of a soluble group is normal and abelian.

Theorem 2.1.24 ([5, pp. 119–120]). Let G be a primitive group with point stabiliser

M , and suppose that G contains a minimal normal subgroup N . Then G = NM ,

and one of the following holds.

(i) N is the unique minimal normal subgroup of G, CG(N) = N , and G = N :M .

(ii) N is the unique minimal normal subgroup of G, and CG(N) = 1.
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(iii) There is exactly one minimal normal subgroup K of G distinct from N , the

subgroups K and N are isomorphic, K ∩ N = 1, CG(K) = N , CG(N) = K,

and G = N :M = K :M .

Hence N is abelian if and only if (i) holds. In particular, (i) holds if G is soluble.

It is clear that any finite primitive group contains a minimal normal subgroup.

However, there exist infinite primitive groups with no minimal normal subgroups,

for example the free group on two generators [59, p. 148].

2.2 Classical forms and geometric spaces

In this section, we describe some of the basic properties of finite classical geometric

spaces. Much of this discussion is standard, and we follow the approaches of [89,

§2.1] and [17, §1.5, §1.6.1].

Let n be a positive integer and q a prime power, and let V be the vector space

Fn
q . We begin by defining standard forms on V .

A bilinear form β : V × V → Fq is called symplectic if β(v, v) = 0 for all v ∈ V .

Note that this implies that β(u, v) = −β(v, u) for all u, v ∈ V .

If q is a square, then a form β : V × V → Fq is called unitary if β is linear in

the first coordinate and β(v, u) = β(u, v)σ for all u, v ∈ V , where σ is the unique

involution of Aut(Fq). This implies that β(αu, γv) = αγσβ(u, v) for all α, γ ∈ Fq

and u, v ∈ V .

Finally, let Q : V → Fq be a map such that Q(αv) = α2Q(v) for all α ∈ Fq

and v ∈ V , and let βQ : V × V → Fq be the associated map satisfying βQ(u, v) =

Q(u+ v)−Q(u)−Q(v) for all u, v ∈ V . If βQ is a bilinear form with βQ(u, v) =

βQ(v, u) for all u, v ∈ V , then we say that Q is a quadratic form with polar form

βQ. Observe that βQ(u, u) = 2Q(u), and in particular, βQ is symplectic if q is even.

Now, let κ be a classical form on V , i.e., the zero bilinear form on V or a sym-

plectic, unitary or quadratic form on V . Then (V, κ) is called a classical geometry.

We also call (V, κ) a symplectic space, a unitary space or a quadratic space if κ is

symplectic, unitary or quadratic, respectively. If κ is quadratic, then let β := βκ,

and otherwise let β := κ. We will often write (u, v) := β(u, v) for u, v ∈ V , and

similarly for other bilinear and unitary forms throughout this thesis.

Fixing a basis {e1, e2, . . . , en} for V , we can define a matrix Mκ = (mij)n×n over
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Fq, associated with κ. If κ is quadratic, then

mij =


(ei, ej), if i < j;

κ(ei), if i = j;

0, if i > j.

Otherwise, Mκ is the Gram matrix associated with κ, so that mij = (ei, ej) for all

i and j. In each case, we can define the Gram matrix Mβ. In particular, if κ is

quadratic, then Mβ = Mκ +MT
κ .

The matrices Mκ and Mβ encode the images of vectors or pairs of vectors under

the relevant forms, as follows. Let u, v ∈ V , and let σ be the unique involution of

Aut(Fq) if κ is unitary, or the identity of Aut(Fq) otherwise. Additionally, write

vσT to denote the transpose of the vector obtained by applying σ to each entry in

v. Then (u, v) is the unique entry of the matrix uMβv
σT , and if κ is quadratic,

then κ(u) is the unique entry of uMκu
T . We also note that if κ is quadratic and

α1, . . . , αn ∈ Fq, then

κ(
n∑

i=1

αiei) =
n∑

i=1

α2
iκ(ei) +

n∑
i,j=1
i<j

αiαj(ei, ej). (2.2.1)

In addition, we will see shortly that the matrices Mκ and Mβ provide useful informa-

tion about the forms themselves, and about elements of GL(n, q) that (in a certain

sense) preserve the space (V, κ).

We now turn our attention to the subspaces of (V, κ).

Definition 2.2.1 ([89, p. 17]). Let W be a subspace of (V, κ). Then the perpendic-

ular space of W (with respect to (V, κ)) is the subspace

W⊥ := {v ∈ V | (v, w) = 0 for all w ∈ W}

of V . Additionally, the radical of W (with respect to the restriction κ|W ) is the

subspace W ∩W⊥.

Note that the term “perpendicular space” is from [148, p. 55]. Additionally, for

each v, w ∈ V , the equality (v, w) = 0 holds if and only if (w, v) = 0.

Now, we say that κ is non-degenerate if V ⊥ = {0}, and degenerate otherwise.

In fact, κ is non-degenerate if and only if det(Mβ) ̸= 0, so that Mβ ∈ GL(n, q).

Similarly, a subspace W of (V, κ) is called non-degenerate if the restriction κ|W is

non-degenerate, i.e., if the radical of W is zero, and degenerate otherwise. If instead

κ|W is the zero form, then we say that W is totally singular . Finally, if β|W is the

zero form, so that W is its own radical, then we call W totally isotropic.
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By definition, if β = κ, then a subspace of V is totally isotropic if and only if

it is totally singular. Moreover, if κ is quadratic, then it follows from the definition

of βκ that each totally singular subspace is totally isotropic, and the converse holds

when q is odd. However, this is not the case when q is even. For example, when κ

is quadratic and q is even, β is symplectic and so every one-dimensional subspace of

V is totally singular. However, if v ∈ V satisfies Q(v) ̸= 0, then the subspace ⟨v⟩ is
not totally isotropic. We call such a one-dimensional subspace nonsingular.

The following lemma highlights important properties of subspaces of (V, κ) when

κ is non-degenerate.

Lemma 2.2.2 ([89, Lemma 2.1.5]). Suppose that κ is non-degenerate, and let W be

a subspace of (V, κ). Then:

(i) dim(W⊥) = dim(V )− dim(W );

(ii) (W⊥)⊥ = W ;

(iii) W is totally isotropic if and only if W ⊆ W⊥; and

(iv) W is non-degenerate if and only if V = W ⊕W⊥.

In particular, W⊥ is non-degenerate if and only if W is non-degenerate.

The following proposition is elementary.

Proposition 2.2.3. Suppose that κ is non-degenerate, and let U and W be subspaces

of (V, κ). Then U ⊆ W if and only if W⊥ ⊆ U⊥.

Proof. Suppose first that U ⊆ W . Then any vector v ∈ W⊥ satisfies (v, u) = 0 for

all u ∈ U , and so v ∈ U⊥. Thus W⊥ ⊆ U⊥. Since (W⊥)⊥ = W and (U⊥)⊥ = U by

Lemma 2.2.2, the same argument proves the converse.

Let V ′ be another vector space of dimension n over Fq, and let κ′ be a classical

form on V ′, with κ′ quadratic if and only if κ is quadratic. If κ is quadratic, then let

r ∈ V , and otherwise let r be an ordered pair of vectors in V . An invertible linear

map g from (V, κ) to (V ′, κ′) is called a similarity if there exists α ∈ F×
q (independent

from r) such that κ′(rg) = ακ(r) for all choices of r. If such a similarity exists, then

we say that (V, κ) and (V ′, κ′) are similar. A similarity with α = 1 is called an

isometry , and if there exists an isometry from (V, κ) to (V ′, κ′), then we say that

(V, κ) and (V ′, κ′) are isometric.

Observe that if κ and κ′ are quadratic forms such that (V, κ) and (V ′, κ′) are

similar or isometric, then (V, βκ) and (V ′, βκ′) are also similar or isometric, respec-

tively.



16 Chapter 2. Preliminaries

The following is an incredibly important result about isometric vector spaces.

Lemma 2.2.4 (Witt’s Lemma [89, Proposition 2.1.6]). Suppose that the vector

spaces (V, κ) and (V ′, κ′) are isometric. Additionally, let W and W ′ be subspaces of

V and V ′, respectively. If there exists an isometry θ : (W,κ|W ) → (W ′, κ′|W ′), then

θ extends to an isometry from (V, κ) to (V ′, κ′).

We will now focus on the case (V ′, κ′) = (V, κ), where Witt’s Lemma is par-

ticularly useful. For example, the following result about maximal (with respect to

inclusion) totally singular subspaces is a consequence of the lemma.

Corollary 2.2.5 ([89, Corollary 2.1.7]). All maximal totally singular subspaces of

(V, κ) are equidimensional.

Now, a similarity of κ is a similarity from (V, κ) to itself, and an isometry of κ

is an isometry from (V, κ) to itself. It is clear that the set of similarities of κ and

the set of isometries of κ are subgroups of GL(n, q), and we call these the similarity

group of κ and the isometry group of κ, respectively.

We can also define transformations of (V, κ) that are more general than similari-

ties. For an automorphism θ of Fq, a transformation g : V → V is called θ-semilinear

if (u+v)g = ug+vg and (λu)g = λθug for all u, v ∈ V and λ ∈ Fq. The general semi-

linear group ΓL(n, q) is the group (under composition) of all invertible θ-semilinear

transformations of V , for all θ ∈ Aut(Fq). With r as above, a θ-semilinear trans-

formation g ∈ ΓL(n, q) is a semisimilarity of κ if there exists a fixed scalar α ∈ F×
q

such that κ(rg) = ακ(r)θ for all choices of r. The set of these semisimilarities forms

the semisimilarity group of κ.

Note also that ΓL(n, q) may be defined as the semidirect product of GL(n, q)

and its group of field automorphisms, which corresponds to the group of field auto-

morphisms of Fq. Namely, if ϕ is a field automorphism of Fq, then (with a slight

abuse of notation) we can consider ϕ as the automorphism of GL(n, q) that maps a

matrix A ∈ GL(n, q) to the matrix Aϕ, obtained by applying ϕ to each entry of A.

The following lemma provides a useful description of the isometry group of κ, in

terms of the matrices Mβ and Mκ.

Lemma 2.2.6 ([17, Lemma 1.5.21]). If κ is unitary, then let σ be the unique invo-

lution of Aut(Fq), and otherwise let σ := 1. Additionally, let A ∈ GL(n, q). If κ is

quadratic, then A is an isometry of κ if and only if AMβA
T = Mβ, and each diago-

nal entry of Mκ is equal to the corresponding diagonal entry of AMκA
T . Otherwise,

A is an isometry of κ if and only if AMκA
σT = Mκ.
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Our next result, which is elementary, will be useful when proving lower bounds

for base sizes of certain primitive subspace actions.

Lemma 2.2.7. Let g be an isometry of κ, and U a subspace of V . Then (U⊥)g =

(U g)⊥. Hence if a subgroup G of the isometry group of κ acts transitively on a set

U of subspaces of V , then G also acts transitively on {U⊥ | U ∈ U}.

Proof. Observe from the definition of U⊥ that

(U⊥)g = {vg | v ∈ V and (v, u) = 0 for all u ∈ U}.

As g is an isometry of κ, this is equal to {vg | v ∈ V and (vg, ug) = 0 for all u ∈ U},
which is in turn equal to (U g)⊥.

The above lemma immediately yields the following corollary, which is well known

(see, for example, [25, p. 39]).

Corollary 2.2.8. Let g be an isometry of κ, and let U be a subspace of V . If g

stabilises U , then g also stabilises U⊥.

2.2.1 Non-degenerate finite classical forms

In this subsection, we explicitly describe the non-degenerate classical forms κ on

V = Fn
q . As we will see in §2.3, any finite classical group can be defined in relation

to the isometry group of such a form, or of a zero bilinear form.

Lemma 2.2.9 ([89, Propositions 2.3.1, 2.4.1, 2.5.1 and 2.5.4]).

(i) Up to isometry, there is a unique non-degenerate unitary form on V (assuming

that q is a square).

(ii) If n is even, then, up to isometry, there is a unique non-degenerate symplectic

form on V . If instead n is odd, then there is no non-degenerate symplectic

form on V .

(iii) If n is even or q is odd, then, up to isometry, there are exactly two distinct non-

degenerate quadratic forms on V , and these two forms are similar if and only

if n is odd. If instead n is odd and q is even, then there is no non-degenerate

quadratic form on V .

It can be shown that if κ and κ′ are similar non-degenerate quadratic forms on

V , then their isometry groups are conjugate subgroups of GL(n, q). Hence, for our

purposes, we do not usually need to distinguish between the two isometry classes of
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non-degenerate quadratic forms when n is odd, and we say that any such form is

of type ◦. However, it is important to distinguish between the two isometry classes

when n is even. As such, when n is even, we refer to non-degenerate quadratic

forms of plus type and minus type; we will distinguish between these shortly. It is

sometimes convenient to use the symbols + and − in these respective cases.

We conclude this section by fixing the standard non-degenerate forms that we

will use in this thesis, by defining the corresponding matrices Mκ and Mβ. In

particular, any non-degenerate unitary, symplectic or quadratic form corresponds

to one such set of matrices, up to similarity if κ is quadratic and n is odd, or up

to isometry otherwise. Conversely, any unitary, symplectic or quadratic form with

matrices equal to those below (with q and n as appropriate) is a non-degenerate

form of the corresponding type.

Here, for a positive integer k, we write Ak to denote the k×k antidiagonal matrix

with each antidiagonal entry equal to 1, and Zk to denote the k × k zero matrix.

Proposition 2.2.10 ([17, p. 20]). Suppose that q is a square. Then there exists

a non-degenerate unitary form κ on V , such that Mκ = Mβ is the n × n identity

matrix over Fq.

Proposition 2.2.11 ([17, p. 19]). Suppose that n is even. Then there exists a non-

degenerate symplectic form κ on V , such that Mκ = Mβ is the (antidiagonal) block

matrix antidiag(An/2,−An/2).

Proposition 2.2.12 ([89, pp. 26–27]).

(i) Suppose that n and q are odd. Then there exists a non-degenerate quadratic

form κ on V , such that Mκ is the block matrix antidiag(A(n+1)/2, Z(n−1)/2).

(ii) Suppose that n is even. Then there exists a non-degenerate quadratic form κ

of plus type on V , such that Mκ is the block matrix antidiag(An/2, Zn/2).

(iii) Suppose that n is even. Then there exists a non-degenerate quadratic form κ

of minus type on V and an element ζ ∈ F×
q , such that Mκ is the block matrix

antidiag(An/2−1,

(
1 1

0 ζ

)
, Zn/2−1) and the polynomial x2 + x+ ζ is irreducible

over Fq.

In each case, Mβ = Mκ +MT
κ .
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2.3 The finite classical groups

Each non-degenerate finite classical form described in §2.2.1, as well as each zero

classical form on a finite vector space, is associated with a family of classical groups.

In this section, we define the groups in each of these families, following the ap-

proaches of [89, Ch. 2] and [17, §1.6–1.7].

Let V be a vector space of finite dimension n ⩾ 2 over a finite field F, equipped
with a non-degenerate or zero classical form κ. Recall that |F| must be a square in

order for κ to be unitary. We therefore assume that F = Fqu for some prime power

q, where u = 2 if κ is unitary, and u = 1 otherwise.

We define a chain

Ω(κ) ⩽ S(κ) ⩽ I(κ) ⩽ ∆(κ) ⩽ Γ(κ) ⩽ A(κ) (2.3.1)

of subgroups related to κ, and their projective versions

PΩ(κ) ⩽ PS(κ) ⩽ PI(κ) ⩽ P∆(κ) ⩽ PΓ(κ) ⩽ PA(κ), (2.3.2)

as follows.

Definition 2.3.1. The groups I(κ), ∆(κ) and Γ(κ) are the isometry group of κ,

the similarity group of κ, and the semisimilarity group of κ, respectively, as defined

in §2.2. Additionally, S(κ) := I(κ) ∩ SL(n, qu). If κ is nonzero, then A(κ) := Γ(κ),

and if κ is not quadratic, then Ω(κ) := S(κ). For each group X in (2.3.1), the

corresponding group PX in (2.3.2) is equal to X/(Z(GL(n, qu)) ∩X), the quotient

of X by its subgroup of scalar matrices.

We will define A(κ) in the case κ = 0, and Ω(κ) in the quadratic case, in the

corresponding subsections below.

For the most part, a finite classical group related to κ is any subgroup H sat-

isfying Ω(κ) ⩽ H ⩽ A(κ), or its projective version PH. In most cases, PA(κ) =

Aut(PΩ(κ)), but we will see in the subsections below that there are certain families

of exceptions. In these exceptional cases, with n = 8 if κ is quadratic, we also

consider a group K satisfying PΩ(κ)′ ⩽ K ⩽ Aut(PΩ(κ)) as a finite classical group

related to κ. Among these exceptions, if PΩ(κ)′ ̸= PΩ(κ), then κ is symplectic and

V = F4
2. We will see in §2.4 why this derived subgroup is included here.

Note that each subgroup in (2.3.1) is normal in A(κ), and similarly, each sub-

group in (2.3.2) is normal in PA(κ). Additionally, P∆(κ) ⩽ PGL(n, qu), as each

similarity of κ is an invertible linear transformation of V .

The following result is well known.
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Proposition 2.3.2. Let G be a subgroup of GL(n, qu) that contains Ω(κ), and sup-

pose that n ⩾ 3 if κ is quadratic. Then Z(G) = G ∩ Z(GL(n, qu)).

Proof. By [17, Proposition 1.12.2] (see also [17, Table 1.2] or the more detailed

descriptions of the groups Ω(κ) in the subsections below), Ω(κ) acts absolutely

irreducibly on the vector space Fn
qu . Therefore, G also acts absolutely irreducibly on

this vector space. We now deduce from Schur’s Lemma (see [17, p. 38]) that the

centraliser of G in GL(n, qu) is equal to Z(GL(n, qu)), and the result follows.

For convenience, we define the following.

Definition 2.3.3. Let G be a classical subgroup related to κ. The natural module

for G is the geometric space (V, κ).

Note that the action of a given subgroup of Γ(κ) on the set of subspaces of (V, κ)

induces on this set an action of the corresponding subgroup of PΓ(κ). In fact, we

will see below that any subgroup of PA(κ) has a natural action on this set.

We now briefly discuss, in more detail, the classical groups corresponding to

each type of the form κ. In particular, we specify each subgroup in (2.3.1) using the

notation of [17, §1.6.2], and describe each subgroup in (2.3.2) as a group of auto-

morphisms of PΩ(κ). Any such automorphism is a product of inner, field, diagonal

and graph automorphisms [17, Proposition 5.1.1], and PΩ(κ) has no nontrivial field

automorphisms if and only if qu is prime.

Note also that [17, §1.6.4] yields |K| for each group K in (2.3.1) or (2.3.2). We

can also use [17, §1.6.4] together with Proposition 2.3.2 to determine |Z(K)| for the
groups K in (2.3.1) that lie in GL(n, qu), assuming that κ is not quadratic if n = 2.

2.3.1 Linear classical groups

Assume that κ is the zero form. Then we say that each classical group associated

with κ is linear . In particular, Ω(κ) = S(κ) = SL(n, q); I(κ) = ∆(κ) = GL(n, q);

and Γ(κ) = ΓL(n, q). We will now define A(κ) in the linear case.

Definition 2.3.4. If n = 2, then A(κ) := Γ(κ). Otherwise A(κ) := ΓL(n, q):⟨γ⟩,
where γ is the duality automorphism of SL(n, q), i.e., the automorphism that maps

each matrix to its inverse transpose.

The group PGL(n, q) consists of the inner and diagonal automorphisms of the

group PSL(n, q), while PΓL(n, q) consists of the inner, diagonal and field automor-

phisms of PSL(n, q). If n ⩾ 3, then PA(κ) is generated by PΓL(n, q) and the
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graph automorphism of PSL(n, q), which is induced by the duality automorphism

of SL(n, q). In each case, PA(κ) = Aut(PSL(n, q)).

The following proposition yields information about the aforementioned natural

action of PA(κ) on the set of subspaces of (V, κ). As above, the action of the

subgroup PΓL(n, q) of PA(κ) is induced by the action of ΓL(n, q).

Proposition 2.3.5. Suppose that n ⩾ 3, let V be the natural module for PSL(n, q),

and let U be the set of subspaces of V . Additionally, let A be the group of bijections

α : U → U such that U ⊆ W if and only if Uα ⊆ Wα, for all U,W ∈ U , and B the

set of bijections γ : U → U such that U ⊆ W if and only if W γ ⊆ Uγ. Then:

(i) A = PΓL(n, q), and B = Aut(PSL(n, q)) \ PΓL(n, q); and

(ii) dim(Uγ) = n− dim(U) for each γ ∈ B.

Proof. The claim (i) is from [137, p. 51, p. 66]. To prove (ii), note that the zero sub-

space of V is the unique subspace contained in every subspace, while V is the unique

subspace containing every subspace. Similarly, the one-dimensional subspaces are

the only subspaces that properly contain a single subspace (i.e., {0}), while the

(n − 1)-dimensional subspaces are the only subspaces properly contained in a sin-

gle subspace (i.e., V ). Proceeding by induction, and using the fact that γ reverses

inclusion of subspaces, we obtain (ii).

2.3.2 Unitary classical groups

Suppose now that κ is a non-degenerate unitary form. The associated classical

groups are the unitary groups . Note that we write SU(n, q) to denote Ω(κ) = S(κ),

even though this is a group of matrices defined over Fq2 . Additionally, GU(n, q) :=

I(κ); CGU(n, q) := ∆(κ); and CΓU(n, q) := Γ(κ) = A(κ).

Now, PGU(n, q) = PCGU(n, q) consists of the inner and diagonal automor-

phisms of PSU(n, q), while PCΓU(n, q) consists of the inner, diagonal, field and

graph automorphisms of PSU(n, q). Furthermore, PCΓU(n, q) = Aut(PSU(n, q)).

2.3.3 Symplectic classical groups

We now assume that κ is a non-degenerate symplectic form. The associated clas-

sical groups are the symplectic groups . Here, Sp(n, q) := Ω(κ) = S(κ) = I(κ);

CSp(n, q) := ∆(κ); and CΓSp(n, q) := Γ(κ) = A(κ). We note that |Z(Sp(n, q)| =
(2, q − 1), and so Sp(n, q) ∼= PSp(n, q) if q is even.
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The group PCSp(n, q) consists of the inner and diagonal automorphisms of

PSp(n, q), while PCΓSp(n, q) consists of the inner, diagonal and field automorphisms

of PSp(n, q). The group PCΓSp(n, q) is equal to Aut(PSp(n, q)), unless n = 4 and q

is even, in which case Aut(PSp(n, q)) contains the additional graph automorphisms

of PSp(n, q).

2.3.4 Orthogonal classical groups

Finally, suppose that κ is a non-degenerate orthogonal form of type ε ∈ {◦,+,−}.
The associated classical groups are the orthogonal groups . In this case, SOε(n, q) :=

S(κ); GOε(n, q) := I(κ); CGOε(n, q) := ∆(κ); and CΓOε(n, q) := Γ(κ) = A(κ). We

now extend the definition of (2.3.1), and hence of (2.3.2).

Definition 2.3.6. If (n, q, ε) ̸= (4, 2,+), then Ωε(n, q) := Ω(κ) is the unique sub-

group of SOε(n, q) of index two.

For alternative definitions of Ωε(n, q), including in the case (n, q, ε) = (4, 2,+)

where this group is one of three subgroups of SO+(4, 2) of index two, see [89, pp. 29–

31]. Note that when ε = ◦ (i.e., when n is odd), we do not include ◦ in the notation

for the orthogonal classical groups. For example, we write Ω(n, q) instead of Ω◦(n, q).

Observe from Proposition 2.3.2 that if n is odd, then Z(GO(n, q)) has order

2, while SO(n, q) and Ω(n, q) have trivial centres. For even n ⩾ 4, the centres of

GOε(n, q) and SOε(n, q) each have order (2, q − 1). The same is true for Ωε(n, q),

unless either ε = + and 4 | (qn/2 + 1), or ε = − and 4 | (qn/2 − 1), in which case

the group has trivial centre. Thus Ωε(n, q) ∼= PΩε(n, q) in this last case, as well as

when n is odd or q is even.

Recall Lemma 2.2.6, which gives a necessary and sufficient condition for a matrix

in GL(n, q) to lie in I(κ). The following result describes precisely when a matrix

in S(κ) lies in Ω(κ), in the case where q is even and (n, q, ε) ̸= (4, 2,+). Here, In

denotes the n× n identity matrix over Fq.

Proposition 2.3.7 ([17, Proposition 1.6.11(i), Definition 1.6.13]). Suppose that q

is even and (n, q, ε) ̸= (4, 2,+), and let A ∈ SOε(n, q). Then A ∈ Ωε(n, q) if and

only if the matrix In + A has even rank.

See [17, Proposition 1.6.11(ii), Definition 1.6.13] for a corresponding result when

q is odd.

Finally, suppose that n ⩾ 3, with ε = − if n = 4. Then Aut(PΩε(n, q)) = PA(κ),

unless (n, ε) = (8,+), in which case Aut(PΩ+(8, q)) \ PA(κ) contains the triality

graph automorphisms of PΩ+(8, q) (see [89, Theorem 2.1.4, p. 38]). For a more
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detailed discussion of the relationship between the subgroups in (2.3.2) and the

automorphisms of PΩε(n, q), see [17, §1.7].

2.4 The finite simple groups

In this section, we summarise important and useful information about the finite

simple groups. Except where stated otherwise, the information in this section is

well known and can be found in, for example, [89, §5.1] and [17, Ch. 1.10].

We begin with a brief overview of the classification of finite simple groups. In

what follows, p denotes a prime, q a prime power, i an odd positive integer, n an

integer at least 2, and ε ∈ {◦,+,−}. These integers can take arbitrary values, except

where specified otherwise. Note that the following theorem describes a set of groups

that properly contains the set of finite simple groups; the non-simple groups in this

set are specified below.

Theorem 2.4.1. Each finite simple group is isomorphic to one of the following:

� a cyclic group Cp;

� an alternating group An (n ⩾ 5);

� a classical group of Lie type PSL(n, q), PSU(n, q), PSp(n, q) or PΩε(n, q);

� an exceptional group of Lie type Sz(q) = 2B2(q) (q = 2i), 2G2(q) (q = 3i),

G2(q),
3D4(q),

2F4(q) (q = 2i), F4(q),
2E6(q), E6(q), E7(q) or E8(q);

� the Tits group 2F4(2)
′; or

� a sporadic group:

– a Mathieu group M11, M12, M22, M23 or M24;

– a Janko group J1, J2, J3 or J4;

– a Conway group Co1, Co2 or Co3;

– a Fischer group Fi22, Fi23 or Fi′24; or

– the Higman-Sims group HS, the McLaughlin group McL, the Held group

He, the Rudvalis group Ru, the Suzuki group Suz, the O’Nan group O'N,

the Harada-Norton group HN, the Lyons group Ly, the Thompson group

Th, the baby monster group B, or the monster group M.
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Similarly to the classical groups, each exceptional group of Lie type is defined

with respect to a finite field Fq. The defining characteristic of a classical or ex-

ceptional group of Lie type is the unique prime p dividing q. For definitions of

the exceptional and sporadic groups, see, for example, [148, Ch. 4–5]. In this the-

sis (specifically, in Chapter 6), we will consider the Tits group together with the

sporadic groups.

Now, a given group in Theorem 2.4.1 is simple if and only if it is not isomorphic

to one of PSL(2, 2), PSL(2, 3), PSU(3, 2), PSp(4, 2), PΩ±(2, q), PΩ+(4, q), Sz(2),

G2(2),
2G2(3) or

2F4(2). We also note that, up to isomorphism, certain families of

groups and individual groups appear more than once in Theorem 2.4.1:

PΩ(3, q) ∼= PSU(2, q) ∼= PSp(2, q) = PSL(2, q); PΩ−(4, q) ∼= PSL(2, q2);

PΩ(5, q) ∼= PSp(4, q); PΩ+(6, q) ∼= PSL(4, q); PΩ−(6, q) ∼= PSU(4, q);

PSL(2, 4) ∼= PSL(2, 5) ∼= A5; PSL(2, 7) ∼= PSL(3, 2); PSL(2, 9) ∼= A6;

PSL(4, 2) ∼= A8; and PSp(4, 3) ∼= PSU(4, 2).

All other pairs of groups in Theorem 2.4.1 are non-isomorphic (excluding pairs of

isomorphic groups that follow from the above, e.g., PSU(4, 2) and PΩ(5, 3)).

Now, an almost simple group is a group G such that S ⩽ G ⩽ Aut(S) for some

non-abelian simple group S (here, S is identified with its group of inner automor-

phisms). Note that S is the socle of G in this case.

Although PSp(4, 2) ∼= Sp(4, 2) is not simple, it is an almost simple group iso-

morphic to S6, and so Sp(4, 2)′ ∼= A6 (hence the definition of finite classical groups

in §2.3). Thus Sp(n, q)′ is a simple group unless n = 2 and q ⩽ 3. The groups

G2(2),
2G2(3) or 2F4(2) are also almost simple with simple derived subgroups (in-

deed, the derived subgroup of this last group is the Tits group). On the other

hand, PΩ+(4, q) is not almost simple; it is isomorphic to PSL(2, q)×PSL(2, q). The

remaining non-simple groups in Theorem 2.4.1 are soluble.

The orders of the above classical, exceptional and sporadic groups are listed in

[89, Tables 5.1.A–5.1.C], and the Tits group has index 2 in 2F4(2).

We note here the well-known fact that if n ⩾ 5 and n ̸= 6, then Aut(An) ∼= Sn.

On the other hand, A6 has index 4 in Aut(A6) ∼= PΓL(2, 9). The almost simple

groups with socle A6 and index 2 in Aut(A6) are S6, PGL(2, 9), and the Mathieu

group M10.

Next, a group G is called quasisimple if it is perfect and G/Z(G) is non-abelian

and simple. The following result describes an important property of (finite and

infinite) quasisimple groups.
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Proposition 2.4.2 ([13, p. 350]). The proper normal subgroups of a quasisimple

group are precisely its central subgroups.

Our next proposition yields useful information about the classical group Ω(κ),

defined in §2.3, in the case where PΩ(κ) is simple.

Proposition 2.4.3 ([17, Proposition 1.10.3(iii)]). Let κ be a non-degenerate or zero

classical form on a finite-dimensional vector space over a finite field. If PΩ(κ) is

simple, then Ω(κ) is quasisimple.

We conclude this section with two important results about generators for finite

almost simple groups. The first of these was proved by Steinberg [134] in 1962 for

the classical and exceptional groups, and in generality by Aschbacher and Guralnick

[3, Theorem B] in 1984 (using the classification of finite simple groups).

Theorem 2.4.4. Each non-abelian finite simple group is 2-generated.

More recently, much stronger results were proved about generation of non-abelian

finite simple groups; we mentioned some of these in §1.0.2, in the context of the

generating graph of such a group.

Theorem 2.4.5 ([49, p. 195]). A finite almost simple group G is not 2-generated if

and only if the elementary abelian group C3
2 is a quotient of G. Moreover, if this is

the case, then G is 3-generated, and the socle of G is isomorphic to PSL(2m, q) or

PΩ+(2m, q), with m an integer at least 2 and q a prime power.

2.5 Matrices and polynomials

We conclude this chapter by exploring matrices and cyclic subgroups of general

linear groups. In order to do so, we will also discuss related polynomials. The

results here will be useful in Chapters 3, 4 and 6.

Throughout this section, F denotes a field, q a prime power, and n a positive

integer. For a positive integer k, we write Ik to denote the k × k identity matrix

over F. Additionally, for a square matrix A, we write χA and µA to denote the

characteristic polynomial and minimal polynomial of A, respectively.

2.5.1 Companion and hypercompanion matrices

We begin by considering companion and hypercompanion matrices of monic poly-

nomials in the ring F[x].
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Definition 2.5.1 ([118, p. 148, pp. 161–162]). Let

f(x) := xn − βnx
n−1 − . . .− β2x− β1

be a (monic) polynomial in F[x]. Then the companion matrix of f is the n × n

matrix

C(f) :=



0 1 0 · · · 0

0 0 1 · · · 0
...

...
...

. . .
...

0 0 0 · · · 1

β1 β2 β3 · · · βn


,

with C(f) = (β1) when n = 1. Moreover, if f is irreducible over F, then for each

positive integer k, the hypercompanion matrix of fk is the kn× kn matrix

Ck(f) :=



C(f) En,1 0 · · · 0

0 C(f) En,1 · · · 0
...

...
. . . . . .

...

0 0 0
. . . En,1

0 0 0 · · · C(f)


,

where En,1 is the n×n matrix whose (n, 1) entry is equal to 1, with all other entries

equal to 0.

Observe that det(C(f)) = (−1)n−1β1. Additionally, as Ck(f) is a block triangu-

lar matrix, it follows that det(Ck(f)) = det(C(f))k.

For the following theorem, recall that the characteristic polynomial of any square

matrix is monic (assuming the convention χA(x) := det(xIn − A)).

Theorem 2.5.2 ([118, pp. 157–158, p. 162]). Let A be a square matrix with entries

in F. There exists a multiset X of powers of monic irreducible polynomials over F,
with

∏
f∈X f = χA, such that A is similar to the direct sum of the hypercompanion

matrices of the polynomials in X.

Specifically, X is the multiset of elementary divisors of A over F, which are

defined in [118, p. 157].

Our next result will allow us to prove that certain matrices that arise later in

this thesis can only be scalar matrices.

Proposition 2.5.3. Suppose that n > 1, and let m be a positive integer strictly

less than n. Additionally, let S be the companion matrix of a monic polynomial
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of degree n over F, and let K be a block matrix

(
A 0

C B

)
, where A ∈ GL(m,F),

B ∈ GL(n−m,F) and C is an (n−m)×m matrix with entries in F. If [K,S] = 1,

then K is a scalar matrix.

Proof. Let r := n − m, and let (aij)m×m = A, (bij)r×r = B and (cij)r×m = C.

Additionally, let xn − βnx
n−1 − . . . − β2x − β1 be the monic polynomial in F[x]

associated with S, where βi ∈ F for each i. By Definition 2.5.1, S is equal to the block

matrix

(
S1 S2

S3 S4

)
, where each block has the same dimensions as the corresponding

block of K, namely, m×m, m× r, r ×m and r × r, respectively. In particular,

S1 =



0 1 0 · · · 0

0 0 1 · · · 0
...

...
...

. . .
...

0 0 0 · · · 1

0 0 0 · · · 0


, S2 =



0 0 · · · 0

0 0 · · · 0
...

...
. . .

...

0 0 · · · 0

1 0 · · · 0


,

S3 =



0 0 · · · 0

0 0 · · · 0
...

...
. . .

...

0 0 · · · 0

β1 β2 · · · βm


, and S4 =



0 1 0 · · · 0

0 0 1 · · · 0
...

...
...

. . .
...

0 0 0 · · · 1

βm+1 βm+2 βm+3 · · · βn


.

To avoid ambiguity when m = 1 or r = 1, we note that S1 always contains an entry

equal to 0, S2 always contains an entry equal to 1, S3 always contains an entry equal

to β1, and S4 always contains an entry equal to βn.

Suppose now that [K,S] = 1. Then KS = SK, i.e.,(
AS1 AS2

CS1 +BS3 CS2 +BS4

)
=

(
S1A+ S2C S2B

S3A+ S4C S4B

)
.

The equality AS2 = S2B yields

a1m 0 · · · 0

a2m 0 · · · 0
...

...
. . .

...

am−1,m 0 · · · 0

amm 0 · · · 0


=



0 0 · · · 0

0 0 · · · 0
...

...
. . .

...

0 0 · · · 0

b11 b12 · · · b1r


,
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where the former matrix always contains an entry equal to amm and the latter always

contains an entry equal to b11. Hence

aim = 0 for all i < m, (2.5.1)

b11 = amm, and (2.5.2)

b1j = 0 for all j > 1. (2.5.3)

We deduce from the equality AS1 = S1A+ S2C that

0 a11 a12 · · · a1,m−1

0 a21 a22 · · · a2,m−1

...
...

...
. . .

...

0 am−1,1 am−1,2 · · · am−1,m−1

0 am1 am2 · · · am,m−1


=



a21 a22 a23 · · · a2m

a31 a32 a33 · · · a3m
...

...
...

. . .
...

am1 am2 am3 · · · amm

c11 c12 c13 · · · c1m


,

where the former matrix always contains an entry equal to 0 and the latter always

contains an entry equal to c11. Thus aij = ai+1,j+1 for all i < m and j < m.

Additionally, ai1 = 0 for all i > 1, and so aij = 0 whenever i > j. Similarly, we

deduce from (2.5.1) that aij = 0 whenever i < j, and so

A = aIm for some a ∈ F×. (2.5.4)

We also conclude that

c1j = 0 for all j. (2.5.5)

Hence if r = 1, then (2.5.2) implies that K is a scalar matrix. We may therefore

assume that r > 1.

Now, for integers s and t, let γst := βm+sbtr. The equality CS2 + BS4 = S4B

yields

c1m + γ11 b11 + γ21 b12 + γ31 · · · b1,r−1 + γr1

c2m + γ12 b21 + γ22 b22 + γ32 · · · b2,r−1 + γr2
...

...
...

. . .
...

cr−1,m + γ1,r−1 br−1,1 + γ2,r−1 br−1,2 + γ3,r−1 · · · br−1,r−1 + γr,r−1

crm + γ1r br1 + γ2r br2 + γ3r · · · br,r−1 + γrr



=



b21 b22 b23 · · · b2r

b31 b32 b33 · · · b3r
...

...
...

. . .
...

br1 br2 br3 · · · brr∑r
i=1 βm+ibi1

∑r
i=1 βm+ibi2

∑r
i=1 βm+ibi3 · · ·

∑r
i=1 βm+ibir


.
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By (2.5.3), γs1 = 0 for all s. Hence a comparison of the first row of each matrix,

together with (2.5.2), (2.5.4) and (2.5.5), shows that b2j = 0 for all j ̸= 2, and that

b22 = b11 = a. Thus if r > 2, then γs2 = 0 for all s, and we deduce by comparing the

second row of each matrix that b31 = c2m, b33 = b22 = a, and b3j = 0 when j = 2 or

j > 3. Proceeding by induction on successive rows (stopping after the penultimate

row), we conclude that

bij =


a, if i = j;

0, if i < j or i = j + 1;

ci−j,m, if i > j + 1.

(2.5.6)

By comparing the (r, r− 1) entry of each matrix, we deduce that br,r−2+βm+r−1a =∑r
i=1 βm+ibi,r−1 = βm+r−1a. Hence 0 = br,r−2 = c2m, and so bij = 0 whenever

i−j = 2. By induction on successive entries of the final row of each matrix (starting

from the (r − 2)-th entry and working our way to the first entry), we similarly

conclude that cim = 0 for all i. Hence it follows from (2.5.6) that

B = aIr. (2.5.7)

It remains to show that C = 0. Consider the equality CS1 +BS3 = S3A+ S4C.

As BS3 = S3A by (2.5.4) and (2.5.7), it follows that CS1 = S4C, i.e.,

0 c11 c12 · · · c1,m−1

0 c21 c22 · · · c2,m−1

...
...

... · · · ...

0 cr−1,1 cr−1,2 · · · cr−1,m−1

0 cr1 cr2 · · · cr,m−1



=



c21 c22 c23 · · · c2m

c31 c32 c33 · · · c3m
...

... · · · · · · ...

cr1 cr2 cr3 · · · crm∑r
i=1 βm+ici1

∑r
i=1 βm+ici2

∑r
i=1 βm+ici3 · · ·

∑r
i=1 βm+icim


,

where the former matrix always contains a column of zeroes. We observe from the

first r−1 rows of each matrix that cij = ci+1,j+1 for all i < r and j < m. Additionally,

a comparison of the first column of each matrix, together with (2.5.5), shows that

cij = 0 whenever 1 ∈ {i, j}. We therefore deduce that C = 0, as required.
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2.5.2 Irreducible cyclic subgroups of general linear groups

In this subsection, we prove several results about the irreducibility of certain cyclic

subgroups of linear groups. In order to do so, we also explore the irreducibility

and factorisation of related polynomials. The following proposition highlights the

connection between these two concepts. Although this result is well known, it is

often stated without a proof, and so we provide one here.

Proposition 2.5.4 ([135, p. 119]). Let A ∈ GL(n,F). Then χA is irreducible over

F if and only if ⟨A⟩ acts irreducibly on the vector space Fn. Hence if ⟨A⟩ acts

irreducibly on Fn, then µA = χA.

Proof. We will prove the contrapositive of each direction of the main result. Suppose

first that ⟨A⟩ acts reducibly on Fn, so that ⟨A⟩ stabilises a t-dimensional subspace

of Fn, where 0 < t < n. Then A is similar to a block matrix

(
K 0

L M

)
, where

K, L and M are matrices of dimensions t × t, (n − t) × t and (n − t) × (n − t),

respectively. As similar matrices have equal characteristic polynomials, χA ∈ F[x] is

equal to the determinant of

(
xIt −K 0

−L xIn−t −M

)
. By considering the calculation

of this determinant via expansion along successive rows of the matrix, we see that

χA = det(xIt −K) det(xIn−t −M), which is equal to χKχM . Thus χA is reducible

over F.
Conversely, suppose that χA is reducible over F. Then Theorem 2.5.2 implies

that A is similar to a direct sum B of hypercompanion matrices. We may view B as a

block matrix whose final row is
(
0 0 · · · 0 X

)
, where X is a nonzero t×tmatrix

for some 0 < t < n. This is the case even if B is equal to a single hypercompanion

matrix, as in this case χA is a proper power of an irreducible polynomial. Therefore,

⟨B⟩ stabilises the subspace of Fn spanned by the final t basis vectors of Fn. It follows

immediately that ⟨A⟩ acts reducibly on Fn. The fact that µA divides χA then yields

the final part of the proposition.

Throughout the rest of this section (with the exception of one definition), we

assume that F is the finite field Fq. In the proof of the following lemma, and many

times throughout this thesis, we use the standard notation (r, s) := GCD(r, s) for

integers r and s. It will always be clear from the context whether (r, s) refers to this

greatest common divisor, to an ordered pair of objects, or to the image of a pair of

vectors under a bilinear form.

Lemma 2.5.5. Let a ∈ F×
q . Then the set of irreducible factors in Fq[x] of the

binomial xq−1 − a is {x|a| − b | b ∈ F×
q , b

(q−1)/|a| = a}.
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Proof. For each positive integer k, let Hk be the subgroup of F×
q consisting of k-th

powers of elements. Then the map ϕk : F×
q → Hk that sends u ∈ F×

q to uk is an

epimorphism. Since uk = 1 if and only if uy = 1 for some positive integer y dividing

both k and q − 1, the kernel of ϕk is precisely the unique subgroup of F×
q of order

(k, q − 1). Therefore, |Hk| = (q − 1)/(k, q − 1).

Now, let r := |a| and t := (q−1)/r. Then (t, q−1) = t, and so |Ht| = (q−1)/t =

r. This means thatHt = ⟨a⟩, and in particular, a ∈ Ht. Moreover, | ker(ϕt)| = t, and

thus there are exactly t distinct roots b1, . . . , bt ∈ F×
q of the binomial f(x) := xt− a.

Hence f(x) =
∏t

i=1 gi(x), where gi(x) := x− bi for each i, and it follows that

xq−1 − a = f(xr) =
t∏

i=1

gi(x
r) =

t∏
i=1

(xr − bi).

It remains to show that the binomial xr − bi is irreducible over Fq for each i.

Since bti = a, the order r of a divides |bi|. Additionally, if r is divisible by 4, then so

is q − 1, and hence q ≡ 1 (mod 4). By [93, Theorem 3.3, Theorem 3.35], it suffices

to prove that r is coprime to u := (q − 1)/|bi|.
Observe that, since |Hu| = |bi|, there exists ci ∈ F×

q with cui = bi, and hence

cuti = a. Therefore, a is a ut-th power, i.e., a ∈ Hut, and so r divides |Hut| =

(q − 1)/(ut, q − 1). Since q − 1 = tr, we conclude that (q − 1)/(ut, q − 1) =

(q − 1)/(t(u, r)) = r/(u, r). Thus r divides r/(u, r), and so (u, r) = 1, as re-

quired.

Lemma 2.5.6. Let A ∈ GL(n, q). Suppose also that Aq−1 ∈ Z(GL(n, q)), and that

⟨A⟩ acts irreducibly on the vector space Fn
q . Then A is similar to the companion

matrix C(xn − b), for some b ∈ F×
q such that xn − b is irreducible over Fq.

Proof. Since Aq−1 ∈ Z(GL(n, q)), there exists a ∈ F×
q such that Aq−1 − aIn = 0.

Therefore, the polynomial xq−1 − a ∈ Fq[x] is divisible by µA, which is irreducible

and equal to χA by Proposition 2.5.4. It follows from Lemma 2.5.5, and from the fact

that χA has degree n, that χA(x) = xn − b for some b ∈ F×
q . Hence Theorem 2.5.2

implies that A is similar to the companion matrix C1(x
n − b) = C(xn − b).

A more detailed version of the following theorem, which applies to any odd prime

power q, was proved by Carlitz [38, pp. 569–570] in the case where q is an odd prime.

In fact, our proof is similar to Carlitz’s proof, and it is not difficult to extend our

proof to show that Carlitz’s result holds for all odd prime powers.

Theorem 2.5.7. Suppose that q is odd, and let b, c ∈ Fq Then the polynomial

x4 + cx2 + b2 ∈ Fq[x] is reducible.
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Proof. Let f(x) := x4 + cx2 + b2. If b = 0, then x2 is a factor of f(x). Assume

therefore that b ̸= 0, and let a := −c/2. As each element of Fq is a square in Fq2 ,

there exist α, β ∈ Fq2 with α2 = 2(a − b) and β2 = 2(a + b). Letting r := α/2 and

s := β/2, we see that

(x2 + 2rx+ r2 − s2)(x2 − 2rx+ r2 − s2) = x4 − 2(r2 + s2)x2 + (r2 − s2)2

= x4 − (α2 + β2)x2/2 + ((α2 − β2)/4)2

= x4 − 2ax2 + b2 = f(x).

Similarly, f(x) = (x2 + 2sx+ s2 − r2)(x2 − 2sx+ s2 − r2). As r2, s2 ∈ Fq, it follows

that f(x) has quadratic factors in Fq[x] if r ∈ Fq or s ∈ Fq.

Suppose finally that r, s /∈ Fq, so that 2(a − b) and 2(a + b) are not squares in

Fq. Then their product 4(a2− b2) is a square in Fq, and hence so is a2− b2. Observe

that (αβ/2)2 = a2 − b2, and f(x) = (x2 − a − αβ/2)(x2 − a + αβ/2). Thus the

square roots ±αβ/2 of a2 − b2 are elements of Fq, and f(x) has quadratic factors in

Fq[x].

In order to prove the final result of this subsection, we will require some ele-

mentary field theory. For the following definition, recall that if f is a non-constant

polynomial in F[x], then each root of f lies in some extension field of F.

Definition 2.5.8 ([122, p. 32]). Let F ⊆ K be a field extension, and let f be a non-

constant polynomial in F[x]. Then K is a splitting field for f over F if K contains

each root of f , and if no proper subfield of K contains F and all roots of f .

Note that each non-constant polynomial in F[x] has a unique splitting field over

F, up to isomorphism [93, Theorem 1.92].

Proposition 2.5.9 ([122, p. 216]). Let f be an irreducible polynomial over Fq of

degree n. Then Fqn is the splitting field for f over Fq. Additionally, no root of f

lies in any proper subfield of Fqn.

It follows from the above proposition that, for each positive integer i, the irre-

ducible polynomial f ∈ Fq[x] is the product of (i, n) irreducible factors over Fqi , each
of degree n/(i, n).

The hypotheses of the following proposition are similar to those of Lemma 2.5.6.

Proposition 2.5.10. Let A ∈ SL(n, q). Suppose also that Aq2−1 ∈ Z(SL(n, q)), and

that ⟨A⟩ acts irreducibly on the vector space Fn
q . Then n ∈ {1, 2}.
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Proof. Proposition 2.5.4 implies that χA is irreducible over Fq and is equal to µA.

We also observe from Theorem 2.5.2 that A is similar to the companion matrix

C(χA), which therefore has determinant 1. Additionally, since Aq2−1 ∈ Z(SL(n, q)),

there exists a ∈ F×
q such that Aq2−1 − aIn = 0. Thus χA divides the polynomial

xq2−1−a ∈ Fq[x]. Furthermore, the degree of χA is n, and thus by Proposition 2.5.9,

Fqn is the splitting field for χA over Fq. To prove the required result, we will study

χA as a polynomial in Fq2 [x]. In particular, we will use the fact that the set of

irreducible factors in Fq2 [x] of xq2−1 − a is {x|a| − b | b ∈ F×
q2 , b

(q2−1)/|a| = a}, by
Lemma 2.5.5.

Suppose first that n is odd. Then χA is irreducible over Fq2 , and it follows that

n = |a|, and that χA = xn− b, for some b ∈ F×
q (since χA ∈ Fq[x]) with b(q

2−1)/n = a.

Since the determinant of the companion matrix C(xn − b) is equal to b, we deduce

that b = 1. As a is a power of b, it follows that a = 1, and thus n = 1.

Next, suppose that n is even. Then each irreducible factor of χA in Fq2 has

degree n/2. In particular, |a| = n/2, and there exist b1, b2 ∈ F×
q2 such that

χA = (xn/2 − b1)(x
n/2 − b2) = xn − (b1 + b2)x

n/2 + b1b2,

with b
(q2−1)/(n/2)
1 = b

(q2−1)/(n/2)
2 = a and b1b2, b1 + b2 ∈ Fq. Here, the determi-

nant of C(χA) is equal to b1b2, and thus b1b2 = 1, i.e., b2 = b−1
1 . Therefore,

a = (b−1
1 )(q

2−1)/(n/2) = (b
(q2−1)/(n/2)
1 )−1 = a−1, and hence n/2 = |a| ∈ {1, 2}. In

particular, if q is even, then the element a of F×
q has odd order, yielding n = 2. If

instead q is odd, then the irreducible polynomial xn − (b1 + b2)x
n/2 + 1 cannot have

degree 4 by Theorem 2.5.7, and so we again conclude that n = 2.

2.5.3 Singer cycles

We now discuss the important subgroups of GL(n, q) known as Singer cycles.

Definition 2.5.11 ([50, p. 43]). A Singer cycle of GL(n, q) is a cyclic subgroup of

GL(n, q) of order qn − 1.

Certain other classical groups also have cyclic subgroups known as Singer cycles;

see [10, §1] and [78]. Some of these will briefly appear in §4.2 and §6.5.

Proposition 2.5.12 ([78, p. 493]). All Singer cycles of GL(n, q) are conjugate.

The following lemma will be useful when discussing the normaliser in GL(n, q) of

a Singer cycle, whose structure is described in the subsequent proposition. The first

part of the lemma is elementary, while the second part and its proof are from [81,

p. 61]. Here, V denotes the field Fqn considered as the n-dimensional vector space



34 Chapter 2. Preliminaries

over Fq. Then GL(V ) ∼= GL(n, q), and the subfield Fq of Fqn is a one-dimensional

subspace of V .

Lemma 2.5.13. Let ϕ be the field automorphism of Fqn that maps each field element

λ to λq.

(i) ϕ ∈ GL(V ), and ϕ fixes each vector in the one-dimensional subspace Fq of V .

(ii) As elements of GL(n, q), the companion matrix C(xn − 1) is similar to ϕ.

Proof.

(i) Let α ∈ Fq and λ, µ ∈ V . Then αϕ = αq = α, i.e., ϕ fixes α. Moreover,

(λ+ µ)ϕ = (λ+ µ)q = λq + µq = λϕ + µϕ,

and

(αλ)ϕ = (αλ)q = αqλq = αλq = αλϕ.

Thus ϕ acts linearly on V . Since ϕ is a field automorphism of Fqn , it is a

bijection from V to itself, and hence ϕ ∈ GL(V ).

(ii) The Normal Basis Theorem [93, Theorem 2.35] states that there exists γ ∈ V

such that {γ, γq, γq2 , . . . , γqn−1} is an Fq-basis for V . With respect to this basis,

the matrix of ϕ is 

0 1 0 · · · 0

0 0 1 · · · 0
...

...
...

. . .
...

0 0 0 · · · 1

1 0 0 · · · 0


= C(xn − 1). □

Proposition 2.5.14 ([83, pp. 187–188]). Suppose that n > 1, and let S be a Singer

cycle of GL(n, q). Then Z(GL(n, q)) < S, and N := NGL(n,q)(S) is equal to S :⟨B⟩,
where B is a GL(n, q)-conjugate of the field automorphism λ 7→ λq of Fqn. In

particular, |N | = n(qn − 1). Moreover, AB = Aq for each A ∈ S.

Our next result is closely linked with §2.5.2.

Proposition 2.5.15 ([50, Proposition 3.6.1]). Let A ∈ GL(n, q). If ⟨A⟩ acts irre-

ducibly on the vector space Fn
q , then A lies in a Singer cycle of GL(n, q).

The following yields a partial converse to the above proposition.
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Proposition 2.5.16 ([131, Proposition 4.2.2]). Suppose that n is prime, and let H

be a subgroup of a Singer cycle of GL(n, q). Then H acts irreducibly on Fn
q if and

only if |H| does not divide q − 1.

Corollary 2.5.17. Suppose that n is an odd prime. Additionally, let S be a Singer

cycle of GL(n, q), and let A ∈ (S∩SL(n, q))\Z(SL(n, q)). Then Aq−1 /∈ Z(SL(n, q)).

Proof. By Proposition 2.5.14, S contains Z(GL(n, q)), which has order q − 1. As S

is cyclic, it follows that subgroups of Z(GL(n, q)) are precisely the subgroups of S

whose orders divide q−1. Hence Proposition 2.5.16 implies that ⟨A⟩ acts irreducibly
on Fn

q . Proposition 2.5.10 now shows that Aq2−1 does not lie in Z(SL(n, q)), and

hence neither does Aq−1, as (q − 1) | (q2 − 1).
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Base sizes of primitive subspace

actions

3.1 Preliminaries, main theorems and applications

In this chapter, we consider the base sizes of primitive subspace actions of finite

almost simple classical groups. In particular, we prove lower bounds for the base size

of such a group acting on subspaces of its natural module, and upper bounds for the

base size of a linear group acting on pairs of subspaces. Using small computational

examples, we will show that these bounds are, in general, tight.

3.1.1 Base sizes and subspace actions

We begin by formally defining base sizes of permutation groups and subspace actions

of finite almost simple classical groups. In addition, we state important results

related to the base sizes of these classical groups. Let G be a permutation group

acting faithfully on a set Ω. Throughout this chapter, for a subset ∆ of Ω, we write

G(∆) to denote the pointwise stabiliser
⋂

δ∈∆ Gδ of ∆ in G.

Definition 3.1.1 ([94, p. 11]). A base for G (with respect to its action on Ω) is a

subset ∆ of Ω such that G(∆) = 1. The base size of G, denoted by b(G,Ω), or by

b(G) if Ω is clear from the context, is the minimal size of a base for G.

It is clear that if H is a subgroup of G, then b(H,Ω) ⩽ b(G,Ω).

Note that our notation b(G,Ω) is a blend of the notation bΩ(G) from [72] and

the notation b(G,H) from [27], where H is a point stabiliser in G.

While base sizes of infinite permutation groups are well-defined, our results in

this chapter will apply only to finite groups. However, we will compare several of our

results with analogous results from [27, §4.1], which are related to (infinite) simple

algebraic groups, defined over algebraic closures of finite fields. Note that a simple

algebraic group is not necessarily simple as an abstract group. For an introduction

to these groups, see [109].

36



3.1. Preliminaries, main theorems and applications 37

The following example is standard (see, e.g., [100, p. 147]).

Example 3.1.2. Let Ω := {1, . . . , n}, where n > 1 is an integer. We will determine

the base sizes of the actions of the symmetric group Sn and the alternating group

An, respectively, on Ω.

For each non-negative integer r, with r < n, let ∆r be a subset of Ω of size r.

Observe that if an element x ∈ Sn fixes all points in ∆n−1, then x also fixes the

unique point in Ω \ ∆n−1, and hence x is the identity. On the other hand, if α1

and α2 are distinct points in Ω \∆n−2, then (α1, α2) ∈ Sn fixes each point in ∆n−2.

Hence b(Sn) = n− 1.

Assume now that n ⩾ 3. Then no element of An transposes two points in Ω

while fixing the remaining points. However, letting β1, β2 and β3 be the distinct

points in Ω \ ∆n−3, the element (β1, β2, β3) of An fixes each point in ∆n−3. Thus

b(An) = n− 2.

We now define subspace actions, i.e., the group actions that are the main focus

of this chapter. The set Ω on which the group G acts should not be confused with

the orthogonal group Ωε(n, q), or more generally, with the group Ω(κ) from (2.3.1).

Recall that Ωε(n, q) ∼= PΩε(n, q) when n is odd or q is even (and in certain other

cases), that Sp(n, q) ∼= PSp(n, q) when q is even, and that the derived subgroup

PSp(4, 2)′ of PSp(4, 2) is isomorphic to the alternating group A6. In addition, recall

Definition 2.3.3 of the natural module for a classical group. Note in particular that

the natural module for PSL(n, q) is equipped with the zero form, and hence every

subspace of this vector space is totally singular.

Definition 3.1.3 ([23, Definition 2.1]). Suppose that G is a finite almost simple

classical group, and let H be a subgroup of G that does not contain G0 := soc(G).

Let V := Fn
qu be the natural module for G0, so that q is a prime power, n is an

integer greater than 1, u = 2 if G is unitary, and u = 1 otherwise. Then H is a

subspace subgroup of G if, for each maximal subgroup M of G0 that contains H∩G0,

one of the following holds:

(i) M is the stabiliser in G0 of a proper nonzero totally singular or non-degenerate

subspace of V ;

(ii) G0 = Ω±(n, q), q is even, and M is the stabiliser in G0 of a one-dimensional

nonsingular subspace of V ; or

(iii) G0 = Sp(n, q)′, q is even, and M = GO±(n, q).
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A faithful, transitive action of G on a set Ω is a subspace action if the point stabiliser

is a subspace subgroup of G.

Note that the definition of a subspace action given in [99, §1.1] is slightly different,

and excludes certain cases that follow from the definition above (we will specify these

cases shortly).

Using the notation of (2.3.2), we recall from §2.3–2.4 that a given finite almost

simple classical group G satisfies soc(G) = PΩ(κ)′ for some classical form κ, and

eitherG ⩽ PA(κ); soc(G) = Sp(4, q)′ with q even andG ̸⩽ PCΓSp(4, q); or soc(G) =

PΩ+(8, q) and G ̸⩽ PCΓO+(8, q). Recall also from §2.3 that G∩PA(κ) has a natural
action on the set of subspaces of the natural module for G. We will see that in certain

cases where G ̸⩽ PA(κ), this action extends naturally to an action of G on the same

set.

The following two propositions give a more precise description of each subspace

action (G,Ω) of a finite almost simple classical group G, and of the set Ω for most

of these actions (see also the discussion following the first proposition’s proof).

Proposition 3.1.4. Let G, G0, V , n and q be as in Definition 3.1.3, and let k be a

positive integer less than n. Suppose also that G acts on a set Ω with point stabiliser

H, such that (G,Ω) is a primitive subspace action. Then one of the following holds.

(i) H is the stabiliser in G of a totally singular k-dimensional subspace of V . Up

to equivalence of actions, we may assume that k ⩽ n/2, or that k < n/2 if

G0 = PΩ−(n, q). Furthermore, if G0 = PSL(n, q) and G ̸⩽ PΓL(n, q), then

k = n/2.

(ii) H is the stabiliser in G of a non-degenerate k-dimensional subspace of V . We

may assume that k ⩽ n/2 if G0 = PΩ−(n, q) and 4 | n, or that k < n/2

otherwise. Additionally, if G0 = PΩ±(n, q) and k is odd, then q is odd.

(iii) G0 = Ω±(n, q) with n and q even, and H is the stabiliser of a nonsingular

one-dimensional subspace of V .

(iv) G0 = Sp(n, q)′ with q even, and H ∩G0 = GO±(n, q).

(v) G0 = PSL(n, q) with n ⩾ 3, G ̸⩽ PΓL(n, q), and Ω is the set of unordered

pairs {X, Y } of subspaces of V such that dim(X) = k < n/2, dim(Y ) = n−k,

and X ⊆ Y .

(vi) G0 = PSL(n, q) with n ⩾ 3, G ̸⩽ PΓL(n, q), and Ω is the set of unordered

pairs {X, Y } of subspaces of V such that dim(X) = k < n/2 and X ⊕ Y = V .
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(vii) G0 = Sp(4, q)′ with q even, and G ̸⩽ PCΓSp(4, q).

(viii) G0 = PΩ+(8, q), and G ̸⩽ PCΓO+(8, q).

Proof. We split the proof into three cases.

Case (a): H∩G0 is not a maximal subgroup ofG0. By the proof of [113, Proposition

8], G0 and G are as in one of (v)–(viii). In particular, if G0 is linear, then [89, Table

3.5.A, Tables 3.5.G–3.5.H] and the tables in [17, §2.2.1, §8.2] show that either (v)

or (vi) holds.

Case (b): H ∩ G0 is a maximal subgroup of G0, and is not the stabiliser in G0 of

a subspace of V . By Definition 3.1.3, (iv) holds.

Case (c): H ∩ G0 is both a maximal subgroup of G0 and the stabiliser in G0 of a

k-dimensional subspace X of V . Assume first that X is totally singular. If G0 is

linear and k ̸= n/2, then n ⩾ 3. Note that G must lie in PΓL(n, q) in this case, as

otherwise H would not be a maximal subgroup of G, and would in fact lie in the

stabiliser of a pair of subspaces described in (v) or (vi) (see [89, Table 3.5.A, Table

3.5.G] and the tables in [17, §8.2]). Moreover, if k > n/2, then Proposition 2.3.5

shows that in the action of Aut(G0) on the set of subspaces of V , each element of

Aut(G0) \ PΓL(n, q) interchanges X and a subspace of dimension n − k. Thus the

action of G on k-dimensional subspaces of V is equivalent to its action on (n− k)-

dimensional subspaces (as observed in [89, p. 83]). We may therefore assume, as in

(i), that k ⩽ n/2.

If instead G0 is not linear, then V is equipped with a non-degenerate classical

form. We see from Lemma 2.2.2 (and the fact that a totally singular subspace is

totally isotropic) that any totally singular subspace of V has dimension at most n/2,

and so k ⩽ n/2. In fact, if G0 = PΩ−(n, q), then each totally singular subspace of

V has dimension at most n/2−1 [89, Proposition 2.5.4(i)], and so k < n/2 as in (i).

Assume now thatX is non-degenerate, so thatG0 is not linear. IfG0 = PΩ±(n, q)

and k is odd, then q must be odd, as otherwise V has no non-degenerate k-

dimensional subspace, by Lemma 2.2.9(iii). Additionally, Lemma 2.2.2 and Corol-

lary 2.2.8 show that H stabilises the (n − k)-dimensional subspace X⊥ of V , and

so we may assume that k ⩽ n/2. By [89, Tables 3.5.B–3.5.F] and the tables in [17,

§8.2], the action with k = n/2 is primitive only if G0 = PΩ−(n, q) and 4 | n.
Finally, assume that X is neither totally singular nor non-degenerate. Then by

Definition 3.1.3, (iii) holds.

Note that in case (ii) of the above proposition, when G0 = Ω(n, q) with n and

k odd, G has two distinct actions on non-degenerate k-dimensional subspaces of V ,
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corresponding to the two isometry types of such subspaces from Lemma 2.2.9. In

each case, the point stabiliser also stabilises a non-degenerate (n− k)-dimensional

subspace of V , but the type of this subspace depends on the action (see, for example,

[25, Remark 4.1.3]). Additionally, in case (iv), if we generalise the definition of

orthogonal groups of odd dimension to allow q to be even, then we can consider

G0 as the isomorphic group GO(n + 1, q), and Ω as the set of non-degenerate n-

dimensional subspaces of a given type of the quadratic space Fn+1
q (see [25, Remark

2.5.1], [99, p. 498], [89, Table 3.5.C] and [17, Table 8.1]).

We can also use [17, Tables 8.14–8.15, Table 8.50] and [25, §5.9] to deduce more

information about the subspace actions in cases (vii) and (viii). In particular, if case

(viii) holds and q is odd, then the action of G0 on totally singular two-dimensional

subspaces of V extends to an action of G on this set. Thus cases (i) and (viii) can

hold simultaneously.

As mentioned above, the definition of a subspace action given in [99, §1.1] is

slightly different to Definition 3.1.3. Specifically, according to the former definition,

the actions in cases (i)–(vi) of Proposition 3.1.4 are precisely the primitive subspace

actions, and cases (vii)–(viii) do not apply. In fact, the former definition is also used

by Halasi, Liebeck and Maróti [72, §3], and the two excluded cases are not explicitly

mentioned in the proof [72, §3.3] of their upper bound on the base size of a primitive

action of an almost simple classical group. Moreover, their upper bound on the base

size of a primitive subspace action in cases (i)–(iii) of Proposition 3.1.4 was proved

in [72, §3.1] without explicitly considering case (iii). However, this case is addressed

in [113, Lemma 7].

The following assumption will be used in the subsequent proposition, where we

consider the case where (G,Ω) is a transitive (and not necessarily primitive) subspace

action, with Ω a set of subspaces of V .

Assumption 3.1.5. Let G, G0 and V be as in Definition 3.1.3, and let k be a

positive integer at most n/2. Additionally, let Ω be a set of k-dimensional subspaces

of V so that (G,Ω) is a transitive subspace action satisfying the conditions in one

of the cases (i)–(iii) of Proposition 3.1.4. If G0 is orthogonal and Ω contains a non-

degenerate subspace U , then let ∆ be the set of all k-dimensional subspaces W of

V , such that W is similar to U and W⊥ is similar to U⊥. Otherwise, let ∆ be the

set of all k-dimensional subspaces of V of the same type as the subspaces in Ω, i.e.,

totally singular, non-degenerate, or nonsingular.

Our definition of ∆ accounts for the two distinct actions of G on non-degenerate

k-dimensional subspaces, when k and dim(V ) are odd and G is orthogonal. On the

other hand, in the orthogonal non-degenerate case where either k or dim(V ) is even,
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the type of U⊥ is completely determined by the type of U and the type of V (see

[17, Table 2.2]).

Proposition 3.1.6. Let G, G0, V , n and q be as in Definition 3.1.3. In addition,

let Ω and ∆ be as in Assumption 3.1.5, so that each subspace in Ω has dimension

k ⩽ n/2, and suppose that G does not act transitively on ∆. Then G has exactly

two orbits on ∆, each of size |∆|/2 = |Ω|, and either:

(a) G0 = PΩ+(n, q), k = n/2, the subspaces in Ω are totally singular, and

PGO+(n, q) ∩ G is a subgroup of PSO+(n, q) if q is odd or of PΩ+(n, q) if

q is even; or

(b) G0 = PΩ±(n, q), k and q are odd, and the subspaces in Ω are non-degenerate.

In this case, the two orbits on ∆ correspond to the similar but non-isometric

non-degenerate quadratic forms on k-dimensional subspaces of V mentioned

in Lemma 2.2.9(iii).

Furthermore, no almost simple group with socle G0 acts primitively on ∆. If, in

addition, G ◁⩽ Aut(G0), then the actions of G on the two orbits of ∆ are equivalent.

Proof. We deduce from [25, Remark 4.1.2] that either (b) holds (and in particular,

G has two orbits on ∆), or G0 and Ω are as in (a). In the latter case, [89, Lemma

2.5.8] shows that G is as specified in (a), and again that G has two orbits on ∆.

Additionally, in case (b), [89, Tables 3.5.E–G] and the tables in [17, §8.2] imply that

G is a proper subgroup of Aut(G0). Thus in each case, some almost simple group

with socle G0 acts transitively on ∆. It now follows from elementary permutation

group theory (see [51, Theorem 1.6A]) that no almost simple group with socle G0

acts primitively on ∆, and that if G ◁⩽ Aut(G0), then the actions of G on the two

orbits of ∆ are equivalent.

It is in fact possible to describe more precisely which subgroups of Aut(G0) act

transitively on ∆ when (a) and (b) hold; see [89, Tables 3.5.E–3.5.G] and the tables

in [17, §8.2].

We conclude this section by highlighting an important property of the finite

almost simple classical groups, and then proving a related lemma regarding base

sizes of primitive actions. We deduce the following proposition from the statements

about the structure of Out(G0) in [89, §2.2–2.8]. A similar claim is made in [72,

p. 29]; however, the 8-dimensional orthogonal exception is not mentioned here.

Proposition 3.1.7. Let G be a finite almost simple classical group and G0 :=

soc(G). If G0 = PΩ+(8, q) with q odd, and if G contains a triality automorphism of
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G0, then G/G0 has a subnormal series of length at most 4, with each factor group

cyclic. Otherwise, G/G0 has a normal series of length at most 3, again with each

factor group cyclic.

This proposition implies that if H is a subnormal subgroup of G that contains

G0, then G has a series H = T0 ◁⩽ T1 ◁⩽ . . . ◁⩽ Tr = G of subnormal subgroups, with

each factor group cyclic. For example, we may choose an appropriate subseries of a

composition series for G that contains H.

The lemma below is very similar to [113, Lemma 11], and our proof is essentially

the same (see also [72, §3.3]).

Lemma 3.1.8. Let G be a finite almost simple classical group acting primitively

and faithfully on a set Ω, and let H be a subnormal subgroup of G containing G0 :=

soc(G). Suppose also that G has a series H = T0 ◁⩽ T1 ◁⩽ . . . ◁⩽ Tr = G of subnormal

subgroups, with each factor group cyclic. Then b(G,Ω) ⩽ b(H,Ω) + r.

Proof. We may assume that H < G. Suppose first that (G0,Ω) is equivalent to the

action (Am, {1, . . . ,m}), for some m ⩾ 5. Since G acts primitively on Ω, it is clear

that G is isomorphic to a subgroup of Sm. Hence H ∼= Am and G ∼= Sm, and the

result follows from Example 3.1.2.

In the remaining cases, let i ∈ {1, . . . , r}, let B be a base for Ti−1 of size b(Ti−1),

and let K := (Ti)(B). As K∩Ti−1 = 1, the Second Isomorphism Theorem shows that

K is isomorphic to a subgroup of the cyclic group Ti/Ti−1. Furthermore, as (G0,Ω)

is not equivalent to (Am, {1, . . . ,m}) for any m, there exists a K-orbit ∆ of Ω on

which the cyclic group K acts regularly [67, Theorem 1.2]. Thus for any choice of

α ∈ ∆, the set B ∪ {α} is a base for Ti of size at most b(Ti−1) + 1 (if K = 1, then

we can choose α ∈ B). As this holds for each i, we obtain the result.

3.1.2 Main theorems

We now state our theorems that bound the base sizes of primitive subspace actions

of finite almost simple classical groups. Note that we restrict our attention to cases

(i)–(iii), (v) and (vi) of Proposition 3.1.4. See [113, Proposition 1, Proposition 8]

for results about the base sizes of the actions in cases (iv), (vii) and (viii), or [72,

p. 30] in case (iv) when the dimension is less than 6.

First, we focus on the primitive actions of finite almost simple classical groups

on subspaces of the natural module. Here, δ1k is the Kronecker delta.

Theorem 3.1.9. Suppose that G is a finite almost simple classical group, and let

V := Fn
qu be the natural module for G0 := soc(G), so that q is a prime power, n is
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an integer greater than 1, u = 2 if G is unitary, and u = 1 otherwise. Additionally,

let k be a positive integer less than n, and let t := ⌈n/k⌉. Finally, let Ω be a set of

k-dimensional subspaces of V , such that (G,Ω) is a primitive subspace action.

(i) Suppose that G0 is linear. Then either:

(a) b(G,Ω) ⩾ t+ 1; or

(b) k = 1, q = 2, and b(G,Ω) = n.

(ii) Suppose that G0 is symplectic. Then either:

(a) b(G,Ω) ⩾ t; or

(b) k = 1, G = PSp(4, 2)′, and b(G,Ω) = 3.

(iii) Suppose that G0 is unitary. Then either:

(a) b(G,Ω) ⩾ t; or

(b) k | (n− 1), (q + 1) | n, PGU(n, q) ̸⩽ G, and b(G,Ω) ⩾ t− 1.

(iv) Suppose that G0 = PΩε(n, q), with ε ∈ {◦,+,−}. Then either:

(a) b(G,Ω) ⩾ t;

(b) k | (n− 1), and b(G,Ω) ⩾ t− 1; or

(c) k | (n− 2), n is even, q ⩽ 3, PSOε(n, q) ̸⩽ G, b(G,Ω) ⩾ t− 1− δ1k, and

if q = 3, then 4 | n if and only if ε = +.

As stated in §1.0.1, for most of the families of actions (G,Ω) specified in the

above theorem, no reasonable lower bounds for b(G,Ω) were previously known. The

following observation will be useful when proving this theorem.

Remark 3.1.10. Recall that b(H,Ω) ⩽ b(G,Ω) for any subgroup H of G. Addi-

tionally, if H ◁⩽ G and (G,Ω) is a primitive subspace action, then H acts transitively

on Ω (see [51, Theorem 1.6A]). Hence to prove Theorem 3.1.9, it suffices to consider

the transitive subspace actions of G0, PSp(4, 2), and, where appropriate, PGU(n, q)

and PSOε(n, q), that satisfy the conditions in one of the cases (i)–(iii) of Proposi-

tion 3.1.4.

It is not sufficient, however, to consider the finite almost simple classical groups

up to isomorphism. This is because if G1 and G2 are isomorphic finite almost simple

classical groups that are related to geometric spaces of different types or dimensions,

then a given primitive subspace action of G1 may not be a subspace action of G2;

see [23, Remark 1.1].
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In certain cases with k ⩽ 2, [113, §2.1–2.2] gives upper bounds for the base size of

the group PI(κ) from (2.3.2), acting primitively on a set of subspaces of V = (V, κ).

In the subsequent sections of this chapter, we will combine these upper bounds with

Theorem 3.1.9 to obtain a very narrow range (and sometimes an exact value) for

the base sizes of almost simple subgroups of PI(κ), in the relevant cases. In fact,

in the case where κ is quadratic, n is even and at least 6, and each subspace in Ω

is one-dimensional, [113, Lemma 8] shows directly that b(PI(κ)) is always equal to

our lower bound of t− 1.

Next, we consider the primitive action of a finite linear group on a set Ω of pairs

{X, Y } of subspaces of the natural module V . By Proposition 3.1.4, Ω is either a

set of complementary pairs, i.e., with X ⊕ Y = V , or a set of nested pairs, i.e.,

with X ⊆ Y or Y ⊆ X. Additionally, one subspace in each pair has dimension less

than dim(V )/2. Recall that the graph automorphism of PSL(n, q) is the image in

Aut(G0) of the duality automorphism of SL(n, q), which maps each matrix in the

group to its inverse transpose.

Theorem 3.1.11. Let q be a prime power and n an integer at least 3, such that

G0 := PSL(n, q) is almost simple, and let H := ⟨PGL(n, q), θ⟩, where θ is the graph

automorphism of PSL(n, q). Additionally, let V := Fn
q be the natural module for G,

and let Ω be a set of pairs {X, Y } of subspaces of V such that k := dim(X) < dim(Y )

and (H,Ω) is a primitive subspace action. Then either:

(i) b(H,Ω) ⩽ ⌈n/k⌉; or

(ii) k > 1, ⌈n/k⌉ = 3, each element of Ω is a pair of nested subspaces of V , and

b(H,Ω) ⩽ 4.

Now, we observe from [89, Table 3.5.A] and the tables in [17, §8.2] that K :=

Aut(PSL(n, q)) acts primitively on Ω, and from [89, §2.2] that K/H is cyclic. Hence

b(K,Ω) ⩽ b(H,Ω) + 1 by Lemma 3.1.8. As b(R,Ω) ⩽ b(K,Ω) for any subgroup R

of K containing ⟨PSL(n, q), θ⟩, Theorem 3.1.11 in fact gives an upper bound for the

base size of any such R. We will see that, at least when k = 1, the base size of K

can achieve the upper bound of ⌈n/k⌉+ 1. Of course, if q is prime, then PSL(n, q)

has no nontrivial field automorphisms, and so K = H.

Note also that Halasi, Liebeck and Maróti [72, Proposition 3.5] proved that the

(imprimitive) action of PSL(n, q) on Ω has a base size of at most n/k + 11. As

H/PSL(n, q) has a normal series of length at most 2, with each factor group cyclic

(see [89, §2.2]), Lemma 3.1.8 shows that this corresponds to an upper bound of

n/k + 13 for b(H,Ω). Our upper bound from Theorem 3.1.11 is significantly lower.
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The subsequent sections of this chapter are dedicated to proving the above two

theorems. In fact, in the symplectic, unitary and orthogonal cases of Theorem 3.1.9,

we will prove more general results about pointwise stabilisers of sets of subspaces of

V .

Many of the arguments in the remaining proofs in this chapter were inspired by

those used in [27, §4.1] to prove results regarding base sizes of subspace actions of

simple algebraic groups, and involve similar ideas. However, our arguments are in

general more detailed, and often require more technical details than their algebraic

group counterparts.

3.1.3 Relationships between base size and other statistics

We conclude this section by discussing certain applications of the base size bounds

from Theorems 3.1.9 and 3.1.11, in the context of other statistics related to permu-

tation groups.

First, we compare our base size bounds with known bounds on the irredun-

dant base size and height of the corresponding groups. The irredundant base size

I(G,Ω) of a permutation group (G,Ω) is the maximum size of an ordered sequence

(ω1, . . . , ωr) of elements of Ω such that

1 = G(ω1,...,ωr) < G(ω1,...,ωr−1) < . . . < Gω1 < G.

Additionally, the height H(G,Ω) is the maximum size of a subset X of Ω such that

G(X) < G(Y ) for each proper subset Y of X. Note that b(G,Ω) ⩽ H(G,Ω) ⩽ I(G,Ω)

(see [57, p. 3]).

Let u ∈ {1, 2}, n, q, k, G and Ω be as in Theorem 3.1.9, and suppose that the

finite almost simple classical group G lies in PGL(n, qu) (for example, G may be any

almost simple subgroup of the group P∆(κ) from (2.3.2), with socle PΩ(κ)′). Then it

follows from [86, Lemma 2.3.3] and [87, Theorem 3.1] that I(G,Ω) ⩽ (k+1)n−2k+1.

Hence the ratio between this upper bound for I(G,Ω) and the lower bound for

b(G,Ω) from Theorem 3.1.9 is equal to ((k+1)n− 2k+1)/(⌈n/k⌉+ c), where c is a

constant. For a fixed value of k, as n tends to infinity, this ratio tends to the constant

k(k+1). Note that the general ratio does not depend on q. As H(G,Ω) ⩽ I(G,Ω),

this is also a ratio between an upper bound for H(G,Ω) and our lower bound for

b(G,Ω). Note that [57, Lemma 7.6] gives a larger (or equal when k = 1) upper

bound of 2kn− 1 for H(G,Ω).

Next, let n, q, k, H and Ω be as in Theorem 3.1.11. The proof of [57, Lemma

7.7] shows that the action of H on Ω has a height of at most 4kn (note that the

2 log logp q term from this proof is not relevant here, as H contains no nontrivial field
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automorphisms of PSL(n, q)). Although we will not prove a lower bound for b(H,Ω),

we will present in §3.3 the exact value of b(H,Ω) for specific examples, determined

using Magma. Based on these examples, it seems reasonable to conjecture that there

exists an absolute non-negative constant c′ such that b(H,Ω) ⩾ ⌈n/k⌉ − c′ (when

⌈n/k⌉ > 3). If this is indeed the case, then as n tends to infinity with k fixed, the

ratio between the upper bound for the height and the lower bound for the base size

tends to the constant 4k2.

Now, given a finite permutation group (J,∆) and a positive integer r, let J (r),∆

denote the r-closure of (J,∆), i.e., the largest subgroup of the symmetric group

Sym(∆) that has the same orbits as J on the set of ordered r-tuples of elements

of ∆. Wielandt [145, Theorem 5.8, Theorem 5.12] proved that J = J (r),∆ for all

r ⩾ b(J,∆) + 1.

The related closure number k(J) of the finite abstract group J , defined in [55],

is the smallest positive integer r such that J = J (r),∆ for each set ∆ on which J acts

faithfully (but not necessarily transitively). Let G be a finite simple classical group

with natural module V . Using Wielandt’s result and the upper bounds from [72,

§3.1] and [113, §2] for the base size of a primitive subspace action of G, an upper

bound for k(G) is determined in [55]. In particular, if dim(V ) is sufficiently large,

then k(G) is at most dim(V ) + c, where c is a constant that depends only on the

type of G (linear, unitary, symplectic or orthogonal).

Finally, fix the type of G, and let Ω be a set of one-dimensional subspaces of

V on which G acts primitively (such a set exists by the tables in [89, §3.5] and

[17, §8.2]). As observed in [55], there is an infinite family of such groups G, of

unbounded dimension, for which the bound on k(G) from the previous paragraph

is equal to one plus the lower bound on b(G,Ω) from Theorem 3.1.9. Therefore, for

every such group G, it is not possible to obtain a better upper bound on k(G) solely

by considering base sizes and applying Wielandt’s result.

3.2 Linear groups acting on subspaces

Let n be an integer and q a prime power such that PSL(n, q) is simple, and let Ω

be the set of k-dimensional subspaces of V := Fn
q , for some positive integer k. In

this section, we prove the linear case of Theorem 3.1.9. By Proposition 3.1.4, we

may assume that k ⩽ n/2. In addition, Proposition 3.1.6 shows that PSL(n, q) acts

transitively on Ω. Indeed, it suffices by Remark 3.1.10 to consider the action of

PSL(n, q) on Ω.

Recall that the action on Ω of a group G satisfying PSL(n, q) ⩽ G ⩽ PGL(n, q) is
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induced by the action on this set of the group K satisfying SL(n, q) ⩽ K ⩽ GL(n, q)

and G ∼= K/Z(K). Thus, in this section and the next, we often identify G with

K. In particular (with a slight abuse of notation), for a subset ∆ of Ω, we write

“G(∆) = 1” if G(∆) consists only of scalar matrices.

Additionally, throughout the remainder of this chapter, as well as in §6.4, we use

the following notation.

Definition 3.2.1. For an integer m, let Im be the m × m identity matrix. Addi-

tionally, let Ei,j be the n × n matrix whose (i, j) entry is equal to 1, and whose

remaining entries are equal to 0.

The k = 1 case of Theorem 3.1.9(i) is easy, and well known (for example, see

[100, p. 147] for the case where k = 1 and q > 2).

Proposition 3.2.2. Let G be a group satisfying PSL(n, q) ⩽ G ⩽ PGL(n, q), and let

Ω be the set of one-dimensional subspaces of V . Additionally, let {e1, e2, . . . , en} be

a basis for V . If q = 2, then B := {⟨e1⟩, . . . , ⟨en⟩} is a base for G, and b(G,Ω) = n.

Otherwise, B ∪ {⟨e1 + e2 + · · ·+ en⟩} is a base for G, and b(G,Ω) = n+ 1.

Proof. First observe that In + En,1 lies in G and acts trivially on the hyperplane

spanned by the first n− 1 subspaces in B. Since the fixed basis for V can be chosen

arbitrarily, we see that G(∆) > 1 for each subset ∆ of Ω whose span has dimension

at most n − 1. Hence b(G) ⩾ n, and each base for G spans V . Conversely, the

pointwise stabiliser G(B) is equal to the subgroup of G consisting of all diagonal

matrices. If q = 2, then this subgroup is trivial, as required.

Assume now that q > 2, and let ω be a primitive element of Fq. If n > 2, then G

contains the non-scalar matrix diag(ω, ω−1, 1, . . . , 1), and if n = 2, then G contains

diag(ω, ω−1). As G is almost simple, q ̸= 3 in the latter case, and hence ω ̸= ω−1.

Thus in each case G(B) contains a non-scalar matrix. It follows that no basis for V

is a base for G, and so b(G,Ω) > n. On the other hand, any diagonal matrix that

stabilises ⟨e1 + e2 + · · ·+ en⟩ is a scalar matrix. Hence B ∪ {⟨e1 + e2 + · · ·+ en⟩} is

a base for G, and b(G) = n+ 1.

Next, we consider the case k > 1.

Proposition 3.2.3. Let G := PSL(n, q), and let Ω be the set of k-dimensional

subspaces of V , with 1 < k ⩽ n/2. Then b(G,Ω) ⩾ ⌈n/k⌉+ 1.

Proof. Let t := ⌈n/k⌉, let U := {U1, . . . , Ut} be an arbitrary set of t distinct k-

dimensional subspaces of V , and let X := ⟨U1, . . . , Ut−1⟩. Additionally, choose a
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basis B := {e1, . . . , en} for V such that {e1, . . . , er} is a basis for X and {e1, . . . , es}
is a basis for ⟨U⟩. It suffices to show that G(U) ̸= 1.

Observe that r < n. If s < n, then (with respect to B) the matrix In + En,1

fixes each vector in the span of U . Hence this matrix lies in G(U), and so G(U) ̸= 1.

If instead s = n, then we may assume that en ∈ Ut. As dim(Ut) = k > 1, it

follows that Ut contains some nonzero vector a :=
∑n−1

i=1 αiei, where αi ∈ Fq for

each i. Let A := In +
∑n−1

i=1 αiEn,i. Notice that the image under A of any vector

b :=
∑n

i=1 βiei ∈ Ut is equal to b + βna ∈ Ut, while A fixes each vector in X. Thus

A ∈ G(U), and we again conclude that G(U) ̸= 1.

By the reasoning of Remark 3.1.10, this completes the proof of the linear case of

Theorem 3.1.9.

We will now compare the lower bounds for b(G,Ω) from Theorem 3.1.9(i), in the

case k > 1, with known upper bounds for b(PSL(n, q),Ω). We first note that [27,

Theorem 4(i)] gives very narrow bounds, and exact values in some cases, for anal-

ogous actions of certain algebraic groups, namely, the special linear groups defined

over algebraic closures of finite fields. In particular, if k divides n, then the base size

of the action is equal to n/k + 2 if 1 < k < n/2, and to 5 if 1 < k = n/2. If instead

k does not divide n, then the base size lies between ⌈n/k⌉+ 1 and ⌈n/k⌉+ 3, with

an upper bound of ⌈n/k⌉+ 2 if ⌈n/k⌉ ≠ 3. The lower bound from Theorem 3.1.9(i)

agrees with the lower bound in the algebraic case, in particular in the case where k

does not divide n.

Focusing now on finite groups, it is proved in [72, p. 24] that, if k divides n,

then b(PSL(n, q),Ω) ⩽ n/k + 3, and otherwise this base size is at most ⌈n/k⌉ + 4.

In particular, when k = n/2, this upper bound is equal to the exact value in the

algebraic case. Additionally, in the case where k = 2 and n ⩾ 5, [113, Lemma 4]

gives an improved upper bound of ⌈n/k⌉+2 for b(PGL(n, q),Ω), which agrees with

the algebraic case. Note that this upper bound for the base size of PGL(n, q) is

also an upper bound for the base size of its subgroup PSL(n, q). In general, since

PGL(n, q)/PSL(n, q) is cyclic (and since PGL(n, q) acts primitively on Ω by the

tables in [89, §3.5] and [17, §8.2]), Lemma 3.1.8 yields b(PGL(n, q)) ⩽ b(PSL(n, q))+

1. Combining these upper bounds with our lower bound of ⌈n/k⌉+1 yields a fairly

narrow range for the base size. In particular, we obtain the following proposition.

Proposition 3.2.4. Let G be a group satisfying PSL(n, q) ⩽ G ⩽ PGL(n, q), and let

Ω be the set of k-dimensional subspaces of V , with 1 < k ⩽ n/2. Then ⌈n/k⌉+ 1 ⩽

b(G,Ω) ⩽ ⌈n/k⌉ + 5. Moreover, if n ⩾ 5 and k = 2, then ⌈n/2⌉ + 1 ⩽ b(G,Ω) ⩽

⌈n/2⌉+ 2.
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In fact, we will show in Lemma 3.3.5(i) below that the upper bound b(G,Ω) ⩽

n/k + 2 also applies whenever k | n and n/k ⩾ 3. This improves the upper bound

of n/k + 3 from [72, p. 24].

We can gain an idea of how tight these bounds are by calculating the ex-

act base sizes for actions of relatively small degree, using the Magma code in

base_size_linear. For certain sets Ω of k-dimensional subspaces of V (i.e., for

certain values of n, q and k), Table 3.2.1 gives the base size of b(PSL(n, q),Ω),

which is in fact equal to b(PGL(n, q),Ω) in each considered case. For easy compar-

ison between the actual base sizes and the known bounds, we specify the value n/k

in the table. The action in each case is primitive, as indicated by the corresponding

tables in [17, §8.2].

In the calculated examples, we see that if k | n, then b(PGL(n, q),Ω) is equal

to the corresponding value from the algebraic case, except when n/k = q = 2 and

n ∈ {4, 6}, where the base size is equal to 4 instead of 5. Furthermore, when k = 2,

n ⩾ 5 and k | n, the upper bound of n/k + 2 from Proposition 3.2.4 is achieved.

On the other hand, in each example with k ∤ n, the base size is equal to ⌈n/k⌉+ 1,

which is equal to the lower bound given in Theorem 3.1.9(i). Hence, in general, this

lower bound is tight. However, none of our examples achieve the upper bound of

⌈n/k⌉ + 4 from [72, p. 24]. Thus it seems possible that this upper bound could be

reduced to ⌈n/k⌉+ 3, i.e., the base size achieved in the second row of Table 3.2.1.

Table 3.2.1: The base size of PSL(n, q) or PGL(n, q) acting primitively on a set Ω
of k-dimensional subspaces of Fn

q . Here, r denotes any prime power between 3 and
9, inclusive.

n/k (n, q, k) b(PSL(n, q),Ω) = b(PGL(n, q),Ω)

2 (4, 2, 2), (6, 2, 3) 4

2 (4, r, 2), (6, 3, 3), (8, 2, 4) 5

7/3 (7, 2, 3) 4

5/2 (5, 2, 2), (5, 3, 2), (5, 4, 2), (5, 5, 2) 4

8/3 (8, 2, 3) 4

3 (6, 2, 2), (6, 3, 2), (6, 4, 2) 5

7/2 (7, 2, 2), (7, 3, 2) 5

4 (8, 2, 2) 6

9/2 (9, 2, 2) 6

Next, we will briefly consider b(G,Ω) in certain cases where the almost sim-

ple linear group G properly contains PGL(n, q). It follows from [89, Proposition

2.2.3] that if PΓL(n, q) ̸= PGL(n, q), so that q is not prime, then the quotient
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of the two groups is cyclic. Similarly, if Aut(PSL(n, q)) ̸= PΓL(n, q), so that

n ⩾ 3, then the quotient of these groups is again cyclic. Hence Lemma 3.1.8

shows that b(PGL(n, q)) ⩽ b(PΓL(n, q)) ⩽ b(PGL(n, q)) + 1, and b(PGL(n, q)) ⩽

b(Aut(PSL(n, q))) ⩽ b(PGL(n, q)) + 2, assuming that the larger group acts prim-

itively on Ω in each case. Recall from Proposition 3.1.4 that if Aut(PSL(n, q)) is

primitive, then k = n/2.

Table 3.2.2 compares the values of b(PGL(n, q),Ω) and b(PΓL(n, q),Ω) for cer-

tain sets Ω of subspaces of V . Proposition 3.2.2 yields b(PGL(n, q)) in the case

k = 1, and the remaining base sizes here were again computed using the Magma

code in base_size_linear. We see that b(PΓL(n, q)) can indeed be equal ei-

ther to b(PGL(n, q)) or b(PGL(n, q)) + 1. We can also use the Magma code in

base_size_linear to show that b(Aut(PSL(n, q)),Ω) = b(PGL(n, q),Ω) = 5 when

n = 4, q ⩽ 5 and k = 2, or when n = 6, q = 2 and k = 3. As above, the tables in

[17, §8.2] imply that the actions described here are all primitive.

Table 3.2.2: The base sizes of PGL(n, q) and PΓL(n, q) acting primitively on a set
Ω of k-dimensional subspaces of Fn

q . Here, r denotes any integer in the set {4, 8, 9},
and s denotes any integer in the set {4, 8, 9, 16, 25}.

n/k (n, q, k) b(PGL(n, q),Ω) b(PΓL(n, q),Ω)

2 (2, r, 1) 3 4

2 (4, s, 2) 5 5

5/2 (5, 4, 2) 4 5

3 (3, r, 1) 4 5

3 (6, 4, 2) 5 5

4 (4, r, 1) 5 6

3.3 Linear groups acting on pairs of subspaces

Let n ⩾ 3 be an integer, q a prime power, G := PGL(n, q) and H := ⟨G, θ⟩, where
θ is the graph automorphism of PSL(n, q), i.e., the image in Aut(PSL(n, q)) of the

duality automorphism of SL(n, q) (which maps each matrix to its inverse transpose).

Additionally, let Ω be a set of unordered pairs of subspaces of V := Fn
q , such that

H acts primitively on Ω. As in §3.2, we identify G with GL(n, q), and for a subset

∆ of Ω, we write “G(∆) = 1” if G(∆) contains only scalar matrices.

The purpose of this section is to prove Theorem 3.1.11 and determine tight upper

bounds for b(H,Ω). By Proposition 3.1.4, there exists a positive integer k < n/2 such

that Ω is either the set of nested pairs {X, Y } of subspaces of V , with dim(X) = k,
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dim(Y ) = n − k, and X ⊆ Y ; or the set of complementary pairs {X, Y }, with
dim(X) = k and X ⊕ Y = V . In each case, ⌈n/k⌉ ⩾ 3.

The following lemma is a key component in the proof of Theorem 3.1.11.

Lemma 3.3.1. Let K := {{X0, Y0}, {X1, Y1}, . . . , {Xr, Yr}} be a subset of Ω, with

dim(Xi) = k for each i. If exactly one of ⟨X0, X1, . . . , Xr⟩ = V and
⋂r

i=1 Yi = {0}
holds, then no element of H \G stabilises K pointwise.

Proof. Let α ∈ H \ G. Suppose first that ⟨X0, X1, . . . , Xr⟩ = V , so that V is the

only subspace of V that contains Xi for all i. It follows from Proposition 2.3.5 that

V α = {0} is the only subspace of V that lies in Xα
i for all i. Hence

⋂r
i=1 X

α
i = {0}.

If
⋂r

i=1 Yi ̸= {0}, then we conclude that Xα
i ̸= Yi for some i. In particular, α does

not stabilise K pointwise. By duality, we reach the same conclusion if
⋂r

i=1 Yi = {0}
and ⟨X0, X1, . . . , Xr⟩ ≠ V .

Throughout the remainder of this section, we fix a basis {e1, e2, . . . , en} for V . In

the following definition, we highlight several important subspaces of V in the case

k | n. Note that GL(k, q) is 2-generated [141, pp. 228–229].

Definition 3.3.2. Suppose that k | n (so that n/k ⩾ 3), and let

Xi := ⟨e1+ik, e2+ik, . . . , ek+ik⟩

for each i ∈ {0, 1, . . . , n/k − 1}. Additionally, let {x1, y1} be a generating pair for

GL(k, q), let x be the element of GL(n, q) that acts as x1 on X1 and as the identity

on ⟨Xj | j ̸= 1⟩, and let y be the element of GL(n, q) that acts as y1 on X2 and as

the identity on ⟨Xj | j ̸= 2⟩. We define

R := ⟨ej + ej+k + · · ·+ ej+(n/k−1)k | j ∈ {1, 2, . . . , k}⟩

and

W := ⟨ej + (ej+k)
x + (ej+2k)

y + ej+3k · · ·+ ej+(n/k−1)k | j ∈ {1, 2, . . . , k}⟩.

We first consider the case k = 1. An important observation here, and in the

general case k ⩾ 1, is that if an element g ∈ G stabilises a pair {X, Y } ∈ Ω, then g

stabilises each of X and Y , since dim(X) ̸= dim(Y ). Hence if g stabilises each pair

in a subset {{X1, Y1}, . . . , {Xj, Yj}} of Ω, then g stabilises each intersection of any

number of the subspaces labelled Xi or Yi.

Lemma 3.3.3. Suppose that n ⩾ 3 and k = 1. Then b(H,Ω) ⩽ n.
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Proof. Let R and Xi be the subspaces of V from Definition 3.3.2. We split the proof

into three cases.

Case (a): Each element of Ω is a pair of nested subspaces of V , and n = 3. It is

clear that

K := {{X0, ⟨X0, X2⟩}, {X1, ⟨X1, X2⟩}, {R, ⟨R,X2⟩}}

is a subset of Ω. Additionally, the intersection U of ⟨X0, X2⟩, ⟨X1, X2⟩ and ⟨R,X2⟩
is equal to X2. Hence G(K) ⩽ G(X0,X1,X2,R), which is trivial by Proposition 3.2.2.

Furthermore, ⟨X0, X1, R⟩ = V , while U is nonzero. Hence Lemma 3.3.1 implies that

K is a base for H.

Case (b): Each element of Ω is a pair of nested subspaces of V , and n > 3. For

each j ∈ {0, . . . , n − 3}, let Yj be the subspace of V spanned by the collection of

subspaces Xi for i ̸= j + 1. Additionally, let Yn−2 := ⟨R,Xi | i /∈ {0, 1}⟩. Then

Xi ⊂ Yi for each i ∈ {0, . . . , n− 2}, R ⊂ Yn−2, and
⋂n−2

j=0 Yj = Xn−1.

Thus

L := {{X0, Y0}, {X1, Y1}, . . . , {Xn−2, Yn−2}, {R, Yn−2}}

is a subset of Ω of size n, and G(L) ⩽ G(X0,X1,...Xn−1,R), which is again trivial by

Proposition 3.2.2. Moreover, no element of H \G maps Yn−2 to both Xn−2 and R.

Therefore, L is a base for H.

Case (c): Each element of Ω is a pair of complementary subspaces of V . For each

j ∈ {0, . . . , n − 2}, let Yj be the subspace of V spanned by each Xi except for Xj.

Then Xi ⊕ Yi = V for each i, and
⋂n−2

j=1 Yj = Xn−1. Note also that R ⊕ Y0 = V .

Hence

M := {{X0, Y0}, {X1, Y1}, . . . , {Xn−2, Yn−2}, {R, Y0}}

is a subset of Ω of size n, and G(M) ⩽ G(X0,X1,...,Xn−1,R) = 1. Furthermore, no

element of H \G maps Y0 to both X0 and R. Thus M is a base for H.

Using the Magma code in base_size_linear, we can calculate b(H,Ω) when

k = 1, for various small values of n and q. For most of our computational examples

here and throughout this section, it suffices to calculate b(G,Ω), as this base size

achieves the theoretical upper bound for b(H,Ω), and hence b(H,Ω) = b(G,Ω). In

each case where this does not occur, q = 2, and so H = Aut(PSL(n, q)) is easily

constructed in Magma.

Table 3.3.1 summarises our results and shows that the upper bound for the base

size given in Lemma 3.3.3 is tight, but is not always achieved when q = 2. We can

also use Magma to determine the base size of K := Aut(PSL(n, q)) in its action

on Ω, in certain cases where H < K (and k = 1). In particular, when n ∈ {3, 4}
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and q ∈ {4, 8, 9}, the base size of K is always equal to n, except in the nested

case with n = 3 and q = 4, where b(K,Ω) = n + 1 = 4. This exceptional case

achieves the maximum base size of b(H,Ω)+ 1, as discussed below the statement of

Theorem 3.1.11. Note also that all of the actions of H and K mentioned here are

primitive by the tables in [17, §8.2].

Table 3.3.1: The base size of H = ⟨PGL(n, q), θ⟩ acting primitively on a set Ω
of complementary or nested pairs of subspaces {X, Y } of Fn

q with 1 = dim(X) <
dim(Y ). Here, r denotes a prime power between 3 and 9, inclusive, and ∆ denotes
the difference between the upper bound for the base size given in Lemma 3.3.3 and
the actual base size.

(n, q) Pair type b(H,Ω) ∆

(3, 2) Complementary 2 1

(3, 2) Nested 3 0

(3, r) Either 3 0

(4, 2) Either 3 1

(4, r) Either 4 0

(5, 2) Either 4 1

(6, 2) Either 5 1

From now on, we assume that k > 1. In our next few results, we also assume

that k | n.

Proposition 3.3.4. Suppose that k | n and k > 1, and let s ∈ {0, 1, . . . , n/k − 1}.
Additionally, let Xi, R and W be the subspaces of V from Definition 3.3.2, and let

Ts := ⟨Xi | i ̸= s⟩. Then Ts ⊕R = Ts ⊕W = V .

Proof. Let U ∈ {R,W}, and let x and y be as in Definition 3.3.2. We claim

that if
∑n

r=0 αrer is a nonzero vector in U (with each αr ∈ Fq), then there exists

m ∈ {1, . . . , n} such that em ∈ Xs and αm ̸= 0. If U = R, or if U = W and

s /∈ {1, 2}, then this is clear from the definitions of R and W . If instead U = W

and s = 1, then x stabilises Xs. Hence the images under x of the basis vectors in

Xs are linearly independent vectors in Xs, and we again deduce the claim using the

definition of W . We reach the same conclusion if U = W and s = 2, by considering

the action of y on X2. Therefore, in each case, Ts ∩ U = {0}. As dim(Ts) = n − k

and dim(U) = k, we conclude that Ts ⊕ U = V .

The statement and proof of the first part of the following lemma are adapted

from the proof of [27, Proposition 4.2]. Note that the subspaces in the stabilised set

in the second part of this lemma are not all equidimensional.
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Lemma 3.3.5. Suppose that k | n and k > 1, and let Xi, R and W be the subspaces

of V from Definition 3.3.2.

(i) {X0, X1, . . . , Xn/k−1, R,W} is a base for G, with respect to its usual action on

k-dimensional subspaces of V . In particular, b(G) ⩽ n/k + 2.

(ii) Suppose that n/k > 3. Then G(X0,X1,...,Xn/k−1,R,⟨Xn/k−1,W ⟩) = 1.

Proof. Let x, y, x1 and y1 be as in Definition 3.3.2, let t := n/k − 1, and for each

i ∈ {0, 1, . . . , t}, let θi be the isomorphism from X0 to Xi that maps ej to ej+ik for

all j ∈ {1, 2, . . . , k}. Additionally, for a vector w ∈ W , let wi be the projection of w

onto Xi.

Observe that each element of G(X0,X1,...,Xt) is a block diagonal matrix, with each

diagonal block equal to an element of GL(k, q). It follows that any given element

g ∈ G(X0,X1,...,Xt,R) has all diagonal blocks equal to a fixed matrix A ∈ GL(k, q)

(determined by g). Hence vAθi = vθiA for each v ∈ X0 and i ∈ {0, 1, . . . , t} (note

that we are slightly abusing notation here and considering A as an element of both

GL(X0) and GL(Xi)).

(i) Suppose that g ∈ G(X0,X1,...,Xt,R,W ), let w ∈ W , and let z := wg. Then zi = wA
i

for all i ∈ {0, 1, . . . , t}. The definition of W yields

wθ1x1A
0 = wA

1 = z1 = zθ1x1
0 = wAθ1x1

0 = wθ1Ax1
0 .

This holds for all w0 ∈ X0, and hence [A, x1] = 1. Similarly, [A, y1] = 1. Thus

A centralises ⟨x1, y1⟩ = GL(k, q), and so A is a scalar matrix. This implies

that g itself is a scalar matrix. Hence {X0, X1, . . . , Xt, R,W} is a base for G,

as required.

(ii) Let w ∈ W , let S := {X0, X1, . . . , Xt, R, ⟨Xt,W ⟩}, and suppose that g ∈ G(S).

Then wg = u+h for some u ∈ W and h ∈ Xt. In particular, wA
t = ut+h, and

wA
j = uj for all j ∈ {0, 1, . . . , t−1}. Using the definition of W , we deduce that

wA
t = wθtA

0 = wAθt
0 = uθt

0 = ut. Hence h = 0, and so G(S) = G(X0,X1,...,Xt,R,W ),

which is equal to 1 by (i).

Note that Lemma 3.3.5(i) implies that the action of PSL(n, q) on k-dimensional

subspaces of V also has a base size of at most n/k+2, when k | n and n/k ⩾ 3. This

improves the upper bound b(PSL(n, q)) ⩽ n/k + 3 that was derived in [72, p. 24].

We are now able to complete the proof of Theorem 3.1.11 in the case k | n.

Lemma 3.3.6. Suppose that k | n and 1 < k < n/2. If each element of Ω is a pair

of nested subspaces of V and n/k = 3, then b(H,Ω) ⩽ 4. Otherwise, b(H,Ω) ⩽ n/k.
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Proof. Let Xi, R and W be the subspaces of V from Definition 3.3.2. We split the

proof into four cases, depending on the type of Ω and whether or not n/k = 3.

Case (a): Each element of Ω is a pair of nested subspaces of V , and n/k = 3. Let

K := {{X0, ⟨X0, R⟩}, {X1, ⟨X1, R⟩}, {X2, ⟨X2,W ⟩}, {W, ⟨X2,W ⟩}}.

We deduce from Proposition 3.3.4 that K ⊂ Ω, and that ⟨X0, R⟩ ∩ ⟨X1, R⟩ =

(X0 ⊕R) ∩ (X1 ⊕R) = R. Hence G(K) ⩽ G(X0,X1,X2,R,W ), which is trivial by

Lemma 3.3.5(i). Moreover, no element of H \ G maps ⟨X2,W ⟩ to both X2 and

W , and thus K is a base for H.

Case (b): Each element of Ω is a pair of complementary subspaces of V , and

n/k = 3. For each j ∈ {0, 1, 2}, let Yj := ⟨Xi | i ̸= j⟩. Then

L := {{R, Y0}, {R, Y1}, {W,Y2}}

is a subset of Ω by Proposition 3.3.4. Additionally, {Y0 ∩ Y1, Y0 ∩ Y2, Y1 ∩ Y2} =

{X2, X1, X0}. Hence G(L) ⩽ G(X0,X1,X2,R,W ) = 1. As no element of H \ G maps R

to both Y0 and Y1, we deduce that L is a base for H.

Case (c): Each element of Ω is a pair of nested subspaces of V , and n/k > 3. For

each j ∈ {0, . . . , n/k− 4}, let Yj be the sum of W and ⟨Xi | i /∈ {j +1, j +2}⟩. Ad-
ditionally, let Yn/k−3 be the sum of W and ⟨Xi | i /∈ {0, n/k− 2}⟩. Proposition 3.3.4

shows that each of these sums is direct, and hence
⋂n/k−3

j=0 Yj = W ⊕ Xn/k−1. We

also let Yn/k−2 := ⟨Xi | i ̸= 0⟩, so that
⋂n/k−2

j=0 Yj = Xn/k−1. Finally, let U be an

(n− k)-dimensional subspace of V that contains R and Xn/k−1. Then the subset

M := {{X0, Y0}, {X1, Y1}, . . . , {Xn/k−2, Yn/k−2}, {R,U}}

of Ω of size n/k satisfies G(M) ⩽ G(X0,X1,...,Xn/k−1,R,⟨Xn/k−1,W ⟩), which Lemma 3.3.5(ii)

shows is trivial. As ⟨X0, X1, . . . , Xn/k−2, R⟩ = V while
⋂n/k−2

j=0 Yj ∩ U = Xn/k−1,

Lemma 3.3.1 implies that no element of H \G stabilises M pointwise. Thus M is

a base for H.

Case (d): Each element of Ω is a pair of complementary subspaces of V , and

n/k > 3. For each j ∈ {0, . . . , n/k − 3}, let Yj := ⟨W,Xi | i /∈ {j, j + 1}⟩.
Additionally, let Yn/k−2 := ⟨Xi | i ̸= n/k − 2⟩. Then Proposition 3.3.4 shows that

N := {{X0, Y0}, {X1, Y1}, . . . , {Xn/k−2, Yn/k−2}, {R, Yn/k−2}}

is a subset of Ω of size n/k. This proposition also yields
⋂n/k−3

j=0 Yj = ⟨Xn/k−1,W ⟩
and

⋂n/k−2
j=0 Yj = Xn/k−1. Thus G(N ) ⩽ G(X0,X1,...,Xn/k−1,R,⟨Xn/k−1,W ⟩) = 1. Finally, no

element of H \G maps Yn/k−2 to both Xn/k−2 and R, and so N is a base for H.
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Table 3.3.2 lists the base sizes b(H,Ω) for several small values of n and q, with

n even and k = 2, again computed using the Magma code in base_size_linear.

Observe that the upper bounds for b(H,Ω) from Lemma 3.3.6 are tight. However,

in the nested case where the pair (n, q) is equal to (6, 2), the corresponding upper

bound of 4 is not achieved. The actions here are again primitive by the tables in

[17, §8.2].

Table 3.3.2: The base size of H = ⟨PGL(n, q), θ⟩ acting primitively on a set Ω of
complementary or nested pairs of subspaces {X, Y } of Fn

q , with 2 = dim(X) <
dim(Y ) and n even. Here, ∆ denotes the difference between the upper bound for
the base size given in Lemma 3.3.6 and the actual base size.

(n, q) Pair type b(H,Ω) ∆

(6, 2), (6, 3) Complementary 3 0

(6, 2) Nested 3 1

(6, 3) Nested 4 0

(8, 2) Nested 4 0

Finally, we consider the case k ∤ n. We begin by defining subspaces of V , some

of which are analogous to those in Definition 3.3.2. In particular, the subspaces R1

and W1 defined below are analogous to (but distinct from) the subspaces R and

W defined above. Recall Definition 2.5.1, of a companion matrix, and note that

there exists a monic irreducible polynomial over Fq of degree k [93, Corollary 2.11].

Additionally, n mod k = n− (⌈n/k⌉ − 1)k.

Definition 3.3.7. Suppose that k ∤ n, let t := ⌈n/k⌉, and let

Xi := ⟨e1+ik, e2+ik, . . . , ek+ik⟩

for each i ∈ {0, 1, . . . , t− 2}. Additionally, let

R1 := ⟨ej + ej+k + · · ·+ ej+(t−2)k | j ∈ {1, 2, . . . , k}⟩

and

J := ⟨ej+k + ej+2k | j ∈ {1, 2, . . . , n− 2k}⟩.

Next, let sj := ej+(t−1)k for each j ∈ {1, 2, . . . , n mod k}, and let sn mod k+m := em

for each m ∈ {1, . . . , k − n mod k}. We then define

S := ⟨s1, s2, . . . , sk⟩

and

T := ⟨s1, s2, . . . , sn mod k⟩.
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Finally, let u be the companion matrix of a monic irreducible polynomial over Fq of

degree k. If t = 3, then we consider u as an element of GL(X1) and define

L := ⟨ej + (ej+k)
u | j ∈ {1, 2, . . . , k}⟩.

If instead t > 3, then we consider u as an element of GL(X2) and define

W1 := ⟨ej+k + (ej+2k)
u + ej+3k + . . .+ ej+(t−2)k + sj | j ∈ {1, 2, . . . , k}⟩.

Note that T in the definition above is spanned by the final n mod k vectors in

{e1, e2, . . . , en}.
Our next result is an analogue of Lemma 3.3.5 in the case k ∤ n. Again note that

not all subspaces in the given stabilised sets are equidimensional. Additionally, the

following result holds even if the (monic) polynomial associated with the matrix u

from Definition 3.3.7 is reducible over Fq.

Lemma 3.3.8. Suppose that k ∤ n, let t := ⌈n/k⌉, and let Xi, T , R1, J , L and W1

be the subspaces of V from Definition 3.3.7.

(i) Suppose that t = 3. Then G(X0,X1,T,R1,J,L) = 1.

(ii) Suppose that t > 3. Then G(X0,X1,...,Xt−3,T,R1,⟨Xt−2,T ⟩,W1) = 1.

Proof.

(i) Let g ∈ G(X0,X1,T,R1,J). Note that R1 is the standard diagonal subspace of

X0⊕X1, while J is the standard diagonal subspace of the direct sum of T and

the subspace of V spanned by the first dim(T ) = n− 2k vectors of X1. Hence

g is a block matrix 
A 0 0 0 0

C B 0 0 0

0 0 A 0 0

0 0 C B 0

0 0 0 0 A

 ,

where A ∈ GL(n− 2k, q), B ∈ GL(3k − n, q), and C is a (3k − n)× (n− 2k)

matrix. We will write K to denote the upper-left k × k block of g, i.e., K =(
A 0

C B

)
. Additionally, let θ be the isomorphism from X0 to X1 that maps

ej to ej+k for each j ∈ {1, 2, . . . , k}. With a slight abuse of notation, we can

consider K as an element of both GL(X0) and GL(X1), so that vKθ = vθK for

each v ∈ X0.
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Assume now that g also stabilises L, and let u be as in Definition 3.3.7. In

addition, let h ∈ L, and let h0 and h1 be the projections of h onto X0 and X1,

respectively. Similarly, let z := hg, and let z0 and z1 be the projections of z

onto X0 and X1, respectively. Then z0 = hK
0 and z1 = hK

1 . It follows from the

definition of L that hθuK
0 = hK

1 = z1 = zθu0 = hKθu
0 = hθKu

0 . As this holds for

each h0 ∈ X0, we deduce that [K, u] = 1, and Proposition 2.5.3 implies that K

is a scalar matrix. Hence g itself is a scalar matrix, and so G(X0,X1,T,R1,J,L) = 1.

(ii) Let g ∈ G(X0,X1,...,Xt−3,T,R1,⟨Xt−2,T ⟩). Then g is equal to a block diagonal

matrix diag(K0, K1, . . . , Kt−2, N), with each Ki a matrix in GL(k, q) and

N ∈ GL(n mod k, q). In particular, the block to the right of Kt−2 is a

zero matrix since g stabilises R1, and all blocks to the left of Kt−2 are zero

matrices since g stabilises ⟨Xt−2, T ⟩. Moreover, as g stabilises R1, we de-

duce that each Ki is equal to a fixed matrix K. We have also shown that

G(X0,X1,...,Xt−3,T,R1,⟨Xt−2,T ⟩) = G(X0,X1,...,Xt−2,T,R1).

Assume now that g also stabilises W1, and let u and S be as in Definition 3.3.7.

Additionally, let w ∈ W1 and z := wg, and for a subspace U of V , let wU and

zU be the projection of w and z, respectively, onto U . Finally, let θ1 be the

isomorphism from S to X1 that maps sj to ej+k for each j ∈ {1, 2, . . . , k}.
Observe from the definition of W1 that the condition wS ∈ T is equivalent to

each of zS ∈ T , wX1 ∈ T θ1 and zX1 ∈ T θ1 . Since zX1 = (wX1)
g, we deduce that

g stabilises Y := T θ1 = ⟨e1+k, e2+k, . . . , en mod k+k⟩, and thus K = K1 is a block

matrix

(
D1 0

D2 D3

)
, with D1 ∈ GL(n mod k, q) and D3 ∈ GL(k − n mod k, q).

We observe that (wT )
θ1D1 = (wY )

D1 = zY = (zT )
θ1 = (wT )

Nθ1 for each wT ∈ T ,

and it follows from the definition of θ1 that D1 = N .

Next, let θ2 be the isomorphism from X1 to X2 that maps ej+k to ej+2k for

each j ∈ {1, 2, . . . , k}. Then (wX1)
Kθ2 = (wX1)

θ2K (with K considered as an

element of both GL(X1) and GL(X2)). It follows from the definition of W1

that (wX1)
θ2uK = (wX2)

K = zX2 = (zX1)
θ2u = (wX1)

Kθ2u = (wX1)
θ2Ku. This

holds for each w1 ∈ X1, and so [K, u] = 1. Hence Proposition 2.5.3 implies

that K is a scalar matrix. As D1 = N , we conclude that g is a scalar matrix,

and therefore G(X0,X1,...,Xt−3,T,R1,⟨Xt−2,T ⟩,W1) = 1.

We can now determine an upper bound for b(H,Ω) when k ∤ n.

Lemma 3.3.9. Suppose that k ∤ n. If each element of Ω is a pair of nested subspaces

of V and ⌈n/k⌉ = 3, then b(H,Ω) ⩽ 4. Otherwise, b(H,Ω) ⩽ ⌈n/k⌉.
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Proof. Let Xi, T , R1, J , L and W1 be the subspaces of V from Definition 3.3.7. We

again split the proof into four cases, depending on the type of Ω and whether or not

t := ⌈n/k⌉ is equal to 3.

Case (a): Each element of Ω is a pair of nested subspaces of V , and t = 3. Let M

be an (n−k)-dimensional subspace of V that contains R1, and let Y0 := ⟨X0, T ⟩ and
Y1 := ⟨X1, T ⟩. Since each nonzero vector in L projects nontrivially onto X0, while

each vector in J projects trivially onto X0, the intersection J ∩ L is trivial. Thus

F := ⟨L, J⟩ has dimension n− k. As dim(Y0) = dim(Y1) = n− k, it follows that

K := {{X0, Y0}, {X1, Y1}, {L, F}, {R1,M}}

is a subset of Ω. Moreover, Y1 contains J , and each vector in F \ J projects non-

trivially onto X0. Hence Y1 ∩ F = J . In addition, Y0 ∩ Y1 = T . Therefore, G(K) ⩽

G(X0,X1,T,R1,J,L), which is trivial by Lemma 3.3.8(i). Finally, ⟨X0, X1, L,R1⟩ =

⟨X0, X1⟩, which is a proper subspace of V . However, Y0 ∩ Y1 ∩ F ∩ M ⊆ T ∩ F ,

which is trivial, as each nonzero vector in F projects nontrivially onto either X0 or

X1. It follows from Lemma 3.3.1 that K is a base for H.

Case (b): Each element of Ω is a pair of complementary subspaces of V , and t = 3.

Let Y0 := ⟨X1, T ⟩, F := ⟨L, J⟩ and A := ⟨L, T ⟩. We claim that

L := {{X0, Y0}, {X1, F}, {R1, A}}

is a subset of Ω. As in the previous case, dim(F ) = n − k, and it is clear that

dim(A) = n − k and {X0, Y0} ∈ Ω. Moreover, each nonzero vector in F projects

nontrivially onto X0 or T , and so {X1, F} ∈ Ω. Suppose for a contradiction that

R1 ∩ A contains a nonzero vector v. Then v ∈ L, since no vector in R1 projects

nontrivially onto T . It follows from the definitions of R1 and L that there exists

a nonzero vector w ∈ X1 such that w = wu, where u ∈ GL(X1) is as in Defini-

tion 3.3.7. Since u is the companion matrix of an irreducible polynomial over Fq,

Theorem 2.5.2 and Proposition 2.5.4 imply that ⟨u⟩ acts irreducibly on X1. As

k > 1, this contradicts the requirement that u fixes a nonzero vector in X1. Hence

{R1, A} ∈ Ω, proving the claim.

Now, let θ be the isomorphism from X0 to X1 that maps ej to ej+k for each

j ∈ {1, 2, . . . , k}, and let ϕ be the monomorphism from T to X1 that maps ej+2k

to ej+k for each j ∈ {1, 2, . . . , n − 2k}. Additionally, let f ∈ F ∩ A. Using the

definitions of L, J and T , we deduce that there exist a, b ∈ X0 and s, t ∈ T such

that

a+ aθu + s+ sϕ = f = b+ bθu + t.
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Projecting onto X0, X1 and T , we observe that a = b, aθu + sϕ = bθu and s = t.

Hence sϕ = 0, and so s = t = 0. Thus F ∩A = L. Notice also that Y0 ∩ F = J and

Y0 ∩ A = T . Therefore, G(L) ⩽ G(X0,X1,T,R1,J,L) = 1, and Y0 ∩ F ∩ A = {0}. Since

⟨X0, X1, R1⟩ = ⟨X0, X1⟩ is a proper subset of V , it follows from Lemma 3.3.1 that

L is a base for H.

Case (c): Each element of Ω is a pair of nested subspaces of V , and t > 3. For each

j ∈ {0, 1, . . . , t− 4}, let Yj := ⟨Xi, T | i ̸= j + 1⟩, and let Yt−3 := ⟨Xi, T | i ̸= 0⟩. In
addition, let A1 := ⟨Xi, R1, T | i /∈ {0, t− 2}⟩, and let A2 be an (n− k)-dimensional

subspace of V that contains W1 and T . Note that dim(A1) = n−k, as each nonzero

vector in R1 projects nontrivially onto X0. Thus

M := {{X0, Y0}, {X1, Y1}, . . . , {Xt−3, Yt−3}, {R1, A1}, {W1, A2}}

is a subset of Ω of size t. We also see that
⋂t−3

j=0 Yj = ⟨Xt−2, T ⟩ and
⋂t−3

j=0 Yj∩A1 = T .

Hence G(M) ⩽ G(X0,X1,...,Xt−3,T,R1,⟨Xt−2,T ⟩,W1), which is trivial by Lemma 3.3.8(ii). In

fact, since
⋂t−3

j=0 Yj∩A1∩A2 = T , while ⟨X0, X1, . . . , Xt−3, R1,W1⟩ = V , Lemma 3.3.1

implies that M is a base for H.

Case (d): Each element of Ω is a pair of complementary subspaces of V , and t > 3.

For each j ∈ {0, 1, . . . , t − 2}, let Yj := ⟨Xi, T | i ̸= j⟩. Observe that each vector

in W1 that projects nontrivially onto T also projects nontrivially onto X1. Hence

W1 ∩ T = {0}, and so there exists an (n − k)-dimensional subspace A of V that

contains T and intersects trivially with W1. Additionally, each nonzero vector in R1

projects nontrivially onto Xt−2. Thus

N := {{X0, Y0}, {X1, Y1}, . . . , {Xt−3, Yt−3}, {R1, Yt−2}, {W1, A}}

is a subset of Ω of size t. Furthermore, since
⋂t−3

j=0 Yj = ⟨Xt−2, T ⟩ and
⋂t−2

j=0 Yj = T ,

it follows that G(N ) ⩽ G(X0,X1,...,Xt−3,T,R1,⟨Xt−2,T ⟩,W1) = 1. As in Case (c), we conclude

from Lemma 3.3.1 that N is a base for H.

Theorem 3.1.11 now follows from Lemmas 3.3.3, 3.3.6 and 3.3.9.

We again use the Magma code in base_size_linear to calculate b(H,Ω) for

certain values of n, k and q. The results of these calculations are summarised in

Table 3.3.3. Similarly to the case k | n, we see that the upper bounds given in

Lemma 3.3.9 are tight, but not always achieved when q = 2. We also calculate using

Magma that when the triple (n, q, k) is equal to (5, 4, 2), the base size of H is equal

to that of Aut(PSL(n, q)) in each of the nested and complementary cases. As above,

the actions described here are primitive by the tables in [17, §8.2].
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Table 3.3.3: The base size of H = ⟨PGL(n, q), θ⟩ acting primitively on a set Ω of
complementary or nested pairs of subspaces {X, Y } of Fn

q , with k = dim(X) <
dim(Y ) and k ∤ n. Here, ∆ denotes the difference between the upper bound for the
base size given in Lemma 3.3.9 and the actual base size.

n/k (n, q, k) Pair type b(H) ∆

5/2 (5, 2, 2), (5, 3, 2), (5, 4, 2) Complementary 3 0

5/2 (5, 2, 2) Nested 3 1

5/2 (5, 3, 2), (5, 4, 2) Nested 4 0

7/2 (7, 2, 2) Either 3 1

7/2 (7, 3, 2) Nested 4 0

7/3 (7, 2, 3), (7, 3, 3) Nested 4 0

3.4 Symplectic groups

Let G be equal to PSp(n, q) or its derived subgroup, with n and q such that the

derived subgroup of G is simple. Thus if G is not simple, then G = PSp(4, 2).

Additionally, let V := Fn
q be the natural module for G, so that V is a non-degenerate

symplectic space. In this section, we prove the symplectic case of Theorem 3.1.9,

associated with the primitive action of an almost simple group with socle G on a set

Ω of subspaces of V . As mentioned below the statement of this theorem, we do not

need to consider the base size of any group properly containing PSp(n, q), as the base

size of any such group is no smaller than that of PSp(n, q). By Proposition 3.1.4, we

may also assume that the dimension k of each subspace in Ω is at most n/2, with

k < n/2 when the subspaces are non-degenerate.

First recall from Lemma 2.2.9(ii) that each non-degenerate subspace of V has

even dimension. In particular, any one-dimensional subspace of V is its own radical,

and is therefore totally singular. Since Sp(2, q) = SL(2, q) for all q, each symplectic

subspace action in the case n = 2 is an action on the set of all one-dimensional

subspaces of F2
q. As q ̸= 2, Proposition 3.2.2 shows that b(G) = n + 1 = 3, which

is greater than the lower bound of n = 2 required by Theorem 3.1.9(ii). Hence to

complete the proof of Theorem 3.1.9(ii), we may assume that n ⩾ 4.

Suppose now that G = PSp(4, 2)′. We must consider the action of G on the set

of (totally singular) one-dimensional subspaces of V , and the action of G on the

set of totally singular two-dimensional subspaces of V . Using the Magma code in

base_size_s_u_o, we deduce the following.

Proposition 3.4.1. Suppose that G = PSp(4, 2)′, and let Ω be the set of totally

singular k-dimensional subspaces of V , with k ∈ {1, 2}. Then b(G,Ω) = 3.
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For the remainder of this section, we may assume thatG = PSp(n, q), with n ⩾ 4.

We will prove the following result, which is more general than Theorem 3.1.9(ii).

Theorem 3.4.2. Suppose that G = PSp(n, q), with n ⩾ 4. Additionally, let k be

a positive integer less than n, and let ∆ be a set of k-dimensional subspaces of V ,

with |∆| < ⌈n/k⌉. Then G(∆) ̸= 1.

Note that the above result does not assume primitivity, or even transitivity, of

an action of G on any set of subspaces of V containing ∆. Indeed, ∆ may be a

combination of non-degenerate, totally singular and other k-dimensional subspaces

of V . In addition, Theorem 3.4.2 is analogous to statements in the proof of Propo-

sition 4.3 and above Lemma 4.6 in [27], regarding symplectic algebraic groups. The

second of these statements is also an analogue of the following lemma, which is the

key ingredient in the proof of Theorem 3.4.2. Recall Definition 3.2.1, of the matrices

Im and Ei,j.

Lemma 3.4.3. Let W be an (n − 1)-dimensional subspace of V . Then Sp(n, q)

contains a non-scalar matrix that acts trivially on W .

Proof. Let {e1, . . . , en} be the basis for V corresponding to the non-degenerate

symplectic form given in Proposition 2.2.11. Since V is non-degenerate, W⊥ is

a one-dimensional subspace of V by Lemma 2.2.2, and (using Lemma 2.2.9(ii)) is

therefore totally singular. Furthermore, we deduce from Witt’s Lemma (see also

Proposition 3.1.6) that Sp(n, q) acts transitively on the set of one-dimensional (to-

tally singular) subspaces of V . As (W⊥)⊥ = W by Lemma 2.2.2, Lemma 2.2.7

shows that Sp(n, q) acts transitively on the set of (n − 1)-dimensional subspaces

of V . Hence we may assume that W = ⟨e1, e2, . . . , en−1⟩. We now observe, using

Lemma 2.2.6, that the non-scalar matrix In +En,1 lies in Sp(n, q) and acts trivially

on W .

Proof of Theorem 3.4.2. Notice that ⟨∆⟩ is a subspace of an (n − 1)-dimensional

subspace W of V . By Lemma 3.4.3, Sp(n, q) contains a non-scalar matrix A that

acts trivially on W , and hence on ⟨∆⟩. The image of A in G lies in G(∆) \ {1},
completing the proof.

Hence we have proved the symplectic case of Theorem 3.1.9 (see Remark 3.1.10).

Now, let Ω be a set of totally singular or non-degenerate k-dimensional subspaces

of V , such that G = PSp(n, q) acts primitively on Ω. Then by Proposition 3.1.6,

Ω is equal to the full set of subspaces of V of the given type. We will compare the

lower bound of ⌈n/k⌉ for b(G,Ω) from Theorem 3.1.9(ii) with known bounds for this
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base size in the algebraic and finite cases, and with computational examples. First,

[27, Theorem 4(ii)] gives the base size of the corresponding action of a symplectic

algebraic group defined over the algebraic closure of a finite field. Namely, if this

base size is not equal to ⌈n/k⌉, then the base size is equal to 4, and either k = n/2,

or the pair (n, k) is equal to (6, 2).

For the finite symplectic group G, [72, p. 26, p. 28] gives an upper bound of

n/k+11 for b(G,Ω) when the k-dimensional subspaces in Ω are non-degenerate, and

an upper bound of n/k + 10 when the subspaces are totally singular. Additionally,

[113, Lemma 3, Lemma 5, Lemma 9] gives improved upper bounds when k ⩽ 2.

Namely, if k = 1, then b(G,Ω) ⩽ n, and if k = 2, then b(G,Ω) is at most 4 if n ⩽ 6

(as in the algebraic case), and at most ⌈n/2⌉ if n ⩾ 8. Notice that, excluding the

cases where k = 2 and n ⩽ 6, these improved upper bounds are equal to the lower

bounds from Theorem 3.1.9(ii). Therefore, we deduce the following.

Proposition 3.4.4. Let k ∈ {1, 2}, and suppose that n ⩾ 4, with n ⩾ 8 if k = 2.

Additionally, let Ω be a set of k-dimensional subspaces of V , such that the action

(PSp(n, q),Ω) is primitive. Then b(PSp(n, q),Ω) = ⌈n/k⌉.

Table 3.4.1 lists several examples for b(G,Ω), with each subspace in Ω totally

singular, calculated using the Magma code in base_size_s_u_o. In the case where

each subspace in Ω is instead a non-degenerate two-dimensional subspace of V ,

we can use this code to show that b(G,Ω) = 3 when n = 6 and q ∈ {2, 3}; and
b(G,Ω) = 4 when the pair (n, q) lies in the set {(6, 4), (6, 5), (8, 2)}. By the tables

in [17, §8.2], each action mentioned here is primitive.

Our computed base sizes agree with those in the algebraic case, except for cer-

tain examples where n = 6 and q ∈ {2, 3}, and the examples where n = 8 and

q ∈ {3, 4}. We also see that the upper bounds given by [113] in the case k = 2 and

n ⩽ 6 are tight, but are not always achieved. In general, we observe that the lower

bound of ⌈n/k⌉ from Theorem 3.1.9(ii) is tight, even when k > 2, as in the cases

where n = 8, q = 2 and k ∈ {3, 4}. However, it may be possible to improve this

bound in certain cases, in particular those corresponding to the exceptional cases for

symplectic algebraic groups. It also seems reasonable to conjecture that the general

upper bounds given by [72] could be significantly improved.

3.5 Unitary groups

Let G := PSU(n, q), with n and q such that G is simple. Additionally, let H :=

PGU(n, q), and let V := Fn
q2 be the natural module for G, so that V is a non-

degenerate unitary space. This section serves as a proof of the unitary case of
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Table 3.4.1: The base size of PSp(n, q) acting primitively on the set Ω of k-
dimensional totally singular subspaces of Fn

q . Here, r denotes any prime power
between 2 and 19, inclusive.

n/k (n, q, k) b(PSp(n, q),Ω)

2 (4, r, 2), (6, 2, 3), (6, 3, 3), (6, 4, 3), (6, 5, 3), (8, 2, 4) 4

8/3 (8, 2, 3) 3

8/3 (8, 3, 3), (8, 4, 3) 4

3 (6, 2, 2), (6, 3, 2) 3

3 (6, 4, 2), (6, 5, 2) 4

4 (4, r, 1), (8, 2, 2) 4

6 (6, 2, 1), (6, 3, 1), (6, 4, 1), (6, 5, 1) 6

8 (8, 2, 1) 8

Theorem 3.1.9, associated with the primitive action of an almost simple group with

socle G on a set Ω of subspaces of V . As in the symplectic case, we may assume

by Proposition 3.1.4 that each subspace in Ω has dimension k ⩽ n/2, with k < n/2

when the subspaces are non-degenerate.

Recall that when n = 2, the group G is isomorphic to PSL(2, q). Additionally,

in this case, the only relevant action of G is the action on one-dimensional totally

singular subspaces of V . In fact, this action is equivalent to the action of PSL(2, q)

on one-dimensional subspaces of Fn
q (see [17, Table 2.3, Table 8.1]). Since q ̸= 2,

Proposition 3.2.2 shows that b(G) = n + 1 = 3, which is greater than the lower

bound of n = 2 required by Theorem 3.1.9(iii). Hence to complete the proof of

Theorem 3.1.9(iii), it suffices to assume that n ⩾ 3. We will make this assumption

for the remainder of this section.

Similarly to the symplectic case, we prove a theorem that is more general than

Theorem 3.1.9(iii). This more general theorem will also be useful in Chapters 4

and 6.

Theorem 3.5.1. Suppose that n ⩾ 3, let k be a positive integer less than n, and let

∆ be a set of k-dimensional subspaces of V .

(i) Suppose that |∆| < ⌈n/k⌉. Then H(∆) ̸= 1. Moreover, if (q + 1) ∤ n, or if

k ∤ (n− 1), then G(∆) ̸= 1.

(ii) Suppose that |∆| < ⌈n/k⌉ − 1. Then G(∆) ̸= 1.

Hence if |∆| < ⌈n−1
k
⌉, then G(∆) ̸= 1. The proof of this theorem follows the

same general idea as the proof of Theorem 3.4.2, and again, we do not require G
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to act transitively on any set of subspaces containing ∆. However, the situation

here is slightly more complicated, as SU(n, q) is in general a proper subgroup of the

isometry group GU(n, q), and not all one-dimensional subspaces of V are totally

singular. Additionally, unlike the symplectic case above and the orthogonal case

below, there is no analogue of the above theorem in the case of algebraic groups;

indeed, there are no simple algebraic groups that are direct analogues of the finite

unitary groups.

The following lemma is the main result used in the proof of Theorem 3.5.1.

Recall that, with m a positive integer, Im denotes the m×m identity matrix.

Lemma 3.5.2. Let W be an (n − 1)-dimensional subspace of V . Then GU(n, q)

contains a non-scalar matrix that acts trivially on W . Furthermore, SU(n, q) con-

tains a non-scalar matrix that acts as a scalar on W if and only if either W⊥ is

totally singular or q + 1 does not divide n.

Proof. By Proposition 2.2.10, we may assume that In is the Gram matrix associated

with V . Then Lemma 2.2.6 shows that a matrix A ∈ GL(n, q2) lies in GU(n, q) if

and only if AAσT = In, where Aσ is the matrix obtained from A by raising each

entry to its q-th power.

As V is non-degenerate, dim(W⊥) = 1 by Lemma 2.2.2. Therefore, if W⊥ is

degenerate, then it is totally singular. Witt’s Lemma implies that GU(n, q) acts

transitively on the set of non-degenerate one-dimensional subspaces of V , and also

on the set of totally singular one-dimensional subspaces of V . By Proposition 3.1.6,

the same is true for SU(n, q). Since (W⊥)⊥ = W by Lemma 2.2.2, it follows from

Lemma 2.2.7 that it suffices to consider only two choices for W : any one choice

with W⊥ non-degenerate, and any one choice with W⊥ totally singular. We split

the proof into these two cases. In each case, let {e1, . . . , en} be the basis for V

corresponding to the Gram matrix In, and let ω be a primitive element of Fq2 .

Case (a): W⊥ is non-degenerate. We may assume that W⊥ = ⟨e1⟩, so that W =

⟨e2, e3, . . . , en⟩. By Corollary 2.2.8, any matrix in GU(n, q) that acts as a scalar onW

also stabilises W⊥. Hence any such matrix is equal to Bα,γ := diag(α, γ, γ, . . . , γ) for

some α, γ ∈ F×
q2 . Observe also that Bα,γ ∈ GU(n, q) if and only if αq+1 = 1 = γq+1.

Let λ := ωq−1. Then |λ| = q+1 > 1, and Bλ,1 is a non-scalar matrix in GU(n, q)

that acts trivially on W . Notice that if q+1 does not divide n, then λn ̸= 1, and so

(λn−1)−1 ̸= λ. Hence in this case, B(λn−1)−1,λ is a non-scalar matrix in SU(n, q) that

acts as the scalar λ on W . If instead q + 1 does divide n, then any scalar α ∈ F×
q2

satisfying αq+1 = 1 also satisfies αn = 1, i.e., (αn−1)−1 = α. Therefore, in this case,

no non-scalar matrix in SU(n, q) acts as a scalar on W .
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Case (b): W⊥ is totally singular. If q is even, then let γ := ωq+1 and δ := 1, and

otherwise, let γ := ω and δ := ω(q−1)/2. Then, for all q,

δq+1 = −1, (3.5.1)

and thus (δe1 + e2, δe1 + e2) = 0. Hence we may assume that W⊥ = ⟨δe1 + e2⟩, so
that W = ⟨δe1 + e2, e3, . . . , en⟩. Observe also that γq−1 = δ2. Therefore,

γq = γδ2, (3.5.2)

and so (3.5.1) gives

(γδ)q = γδq+2 = −γδ. (3.5.3)

Let S be the direct sum of C :=

(
1 + γδ γ

−γδ2 1− γδ

)
and In−2. Then S acts trivially

on W , det(S) = 1, and (3.5.2) and (3.5.3) yield CσT =

(
1− γδ −γ

γδ2 1 + γδ

)
. It is now

easy to check that SSσT = In, and hence the non-scalar matrix S lies in SU(n, q).

Corollary 3.5.3. Let U be an (n − 2)-dimensional subspace of V . Then SU(n, q)

contains a non-scalar matrix that acts as a scalar on U .

Proof. The subspace U⊥ of V is two-dimensional by Lemma 2.2.2. We claim that U⊥

contains a totally singular one-dimensional subspace X. By [89, p. 22], this is indeed

the case if U⊥ is non-degenerate, and otherwise, each one-dimensional subspace of

the radical of U⊥ is totally singular. As dim(X⊥) = n − 1 and (X⊥)⊥ = X, again

by Lemma 2.2.2, it follows from Lemma 3.5.2 that SU(n, q) contains a non-scalar

matrix A that acts as a scalar on X⊥. Moreover, since X ⊆ U⊥, Proposition 2.2.3

yields U ⊆ X⊥. Therefore, A acts as a scalar on U .

Proof of Theorem 3.5.1. If |∆| < ⌈n/k⌉, then ⟨∆⟩ lies in an (n − 1)-dimensional

subspace W of V . Lemma 3.5.2 shows that if K = GU(n, q), or if K = SU(n, q)

and (q + 1) ∤ n, then K contains a non-scalar matrix that acts as a scalar on W ,

and hence on ⟨∆⟩. Therefore, the pointwise stabiliser of ∆ in the corresponding

projective group (H or G) is nontrivial.

It remains to show that G(∆) ̸= 1 when |∆| < ⌈n/k⌉−1, or when |∆| = ⌈n/k⌉−1

and k ∤ (n − 1). In each case, ⟨∆⟩ lies in an (n− 2)-dimensional subspace U of V .

Corollary 3.5.3 shows that SU(n, q) contains a non-scalar matrix that acts as a scalar

on U , and hence on ⟨∆⟩. Thus G(∆) ̸= 1.

This completes the proof of the unitary case of Theorem 3.1.9 (see Remark

3.1.10).
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As previously mentioned, there are no simple algebraic groups that are direct

analogues of the finite unitary groups. However, we can compare the lower bounds

for base sizes from Theorem 3.1.9(iii) with known upper bounds for finite groups.

As in the symplectic case, [72, p. 26, p. 28] shows that b(G,Ω) is at most n/k + 11

for the action of G on non-degenerate k-dimensional subspaces of V , and at most

n/k + 10 for the action on totally singular k-dimensional subspaces. Moreover,

there are tighter upper bounds known in the case k ⩽ 2, proved in [113, Lemma

3, Lemmas 5–6, Lemma 9]. If k = 1, then b(H,Ω) ⩽ n, and if k = 2, then b(H)

is at most 5 if n = 4, at most 4 if n ∈ {5, 6}, and at most ⌈n/2⌉ if n ⩾ 7. Thus

if k = 1 and n ⩾ 3, or if k = 2 and n ⩾ 7, then this upper bound is equal to our

lower bound for b(H,Ω) from Theorem 3.1.9(iii). Additionally, since H/G is cyclic

[89, §2.3], we deduce from Lemma 3.1.8 (with G in place of H and vice versa) that

b(G) ⩽ b(H) ⩽ b(G) + 1, when (H,Ω) is primitive. Hence b(G) ∈ {b(H), b(H)− 1},
and we obtain the following result.

Proposition 3.5.4. Let k ∈ {1, 2}, and suppose that n ⩾ 3 if k = 1, or that

n ⩾ 7 if k = 2. Additionally, let Ω be a set of k-dimensional subspaces of V , such

that the action (PGU(n, q),Ω) is primitive. Then b(PGU(n, q),Ω) = ⌈n/k⌉, and

⌈n/k⌉ − 1 ⩽ b(PSU(n, q),Ω) ⩽ ⌈n/k⌉.

We now consider several concrete examples of base sizes of unitary groups, com-

puted using the Magma code in base_size_s_u_o. Table 3.5.1 lists base sizes for G

acting on the set Ω of k-dimensional totally singular subspaces of V , for certain val-

ues of n, q and k. Among these examples, if either n = q+1, or n = 6 and q ̸= k, then

b(H,Ω) = b(G,Ω) + 1. In the remaining examples, b(H,Ω) = b(G,Ω). In fact, for

each triple (n, q, k) represented in the table where k < n/2 and (n, q, k) ̸= (5, 5, 2),

we compute b(G,Ω) = b(G,Ω′), where Ω′ is the set of k-dimensional non-degenerate

subspaces of V . In the case (n, q, k) = (5, 5, 2), the degree of the action is too large

to construct the corresponding permutation group in Magma. Excluding this large

case, we also see that b(H,Ω) = b(H,Ω′), except when (n, q, k) ∈ {(5, 4, 2), (6, 3, 2)},
in which case b(H,Ω′) = b(G,Ω) = 3 = b(H,Ω)−1. Note that each action discussed

here is primitive by the tables in [17, §8.2].

Comparing these examples with the lower bounds from Theorem 3.1.9(iii), we

see that the lower bounds for b(G) and b(H) are achieved in the examples where

the hypotheses of Proposition 3.5.4 are satisfied, and in certain other examples with

k = 2. However, these lower bounds are not always achieved. Thus although these

bounds are tight in general, it may be possible to improve them in certain cases. As

in the symplectic case, it also seems likely that the upper bounds given by [72] could
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Table 3.5.1: The base size of PSU(n, q) acting primitively on a set Ω of k-dimensional
totally singular subspaces of Fn

q2 . Here, r denotes any prime power between 3 and
13, inclusive.

n/k (n, q, k) b(PSU(n, q),Ω)

2 (4, 2, 2), (4, 3, 2), (6, 2, 3) 4

2 (4, 4, 2), (4, 5, 2), (4, 7, 2), (6, 3, 3) 5

5/2 (5, 4, 2) 3

5/2 (5, 2, 2), (5, 3, 2), (5, 5, 2) 4

3 (3, r, 1), (6, 2, 2), (6, 3, 2) 3

4 (4, 3, 1) 3

4 (4, 2, 1), (4, 4, 1), (4, 5, 1) 4

5 (5, 4, 1) 4

5 (5, 2, 1), (5, 3, 1) 5

6 (6, 2, 1) 5

be significantly reduced. Finally, the aforementioned exceptional upper bounds for

b(H) in the case k = 2 and n ⩽ 6 are sometimes, but not always, achieved.

3.6 Orthogonal groups

Let G := PΩε(n, q), with n, q and ε ∈ {◦,+,−} such that G is simple. Then n ⩾ 3,

with q > 3 if n = 3 and ε = − if n = 4. Additionally, let H := PSOε(n, q), and let

V := Fn
q be the natural module for G, so that V is a non-degenerate quadratic space.

In this section, we will prove Theorem 3.1.9(iv), associated with the primitive action

of an almost simple group with socle G on a set of k-dimensional subspaces of V .

This will complete the proof of Theorem 3.1.9. We may assume by Proposition 3.1.4

that k ⩽ n/2, and that if k = n/2, then either the action is on totally singular

subspaces and ε = +; or the action is on non-degenerate subspaces, ε = −, and

4 | n.
Theorem 3.1.9(iv) is a consequence of the following more general theorem, whose

proof is the main focus of this section. For convenience, let O be the set of groups

PΩε(n, q) such that n is even, q ⩽ 3, and if q = 3, then 4 | n if and only if ε = +.

Additionally, δ1k is the Kronecker delta.

Theorem 3.6.1. Let k be a positive integer less than n, and let ∆ be a set of

k-dimensional subspaces of V .

(i) Suppose that |∆| < ⌈n/k⌉, with |∆| < ⌈n/k⌉−1 if k | (n−1). Then H(∆) ̸= 1.

Moreover, if k ∤ (n− 2), or if G /∈ O, then G(∆) ̸= 1.
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(ii) If |∆| < ⌈n/k⌉ − 1− δ1k, then G(∆) ̸= 1.

Note that the hypothesis on |∆| in the first part of the above theorem is precisely

that |∆| < ⌈n−1
k
⌉. The proof of this theorem uses similar techniques to those in the

proof of Theorem 3.5.1, but this orthogonal case is significantly more complicated.

We still, however, do not require any assumptions regarding transitivity in the action

of G on a set of subspaces of V containing ∆.

In what follows, we write Q to denote the non-degenerate quadratic form pre-

served by Ωε(n, q) and SOε(n, q). Recall that, for vectors u, v ∈ V , we write (u, v)

to denote the image of this pair of vectors under the polar form of Q.

Proposition 3.6.2. Let U be a two-dimensional subspace of V . Suppose also that

U is degenerate but not totally singular, and choose u1 ∈ U such that Q(u1) ̸= 0.

(i) There exists u2 ∈ U such that {u1, u2} is a basis for U and Q(u2) = (u1, u2) =

0.

(ii) Let H be the subgroup of F×
q consisting of squares. In addition, let X be a two-

dimensional subspace of V that is degenerate but not totally singular, such that

X contains a vector x with HQ(x) = HQ(u1). Suppose also that Ωε(n, q) con-

tains a non-scalar matrix that acts as a scalar on U⊥. Then Ωε(n, q) contains

a non-scalar matrix that acts as the same scalar on X⊥.

Proof.

(i) Suppose first that q is odd. Since U is degenerate, its radical contains a nonzero

vector u2. In particular, (u2, u2) = 0 = (u1, u2). As q is odd, this implies that

Q(u2) = 0. Moreover, u1 does not lie in the radical ⟨u2⟩ of U . Thus {u1, u2}
is a basis for U .

Next, suppose that q is even. Then the polar form of Q is symplectic, and

hence its restriction to each one-dimensional subspace of U is the zero form. As

U is degenerate, it follows that U is totally isotropic. Thus, for any choice of

v ∈ U \⟨u1⟩, the set {u1, v} is a basis for U , and (u1, v) = 0. Hence if Q(v) = 0,

then we can set u2 = v. Otherwise, let u2 := u1 + (Q(u1)Q(v)−1)q/2v. Then

{u1, u2} is another basis for U , (u1, u2) = 0, and (2.2.1) yields

Q(u2) = Q(u1) +Q(u1)Q(v)−1Q(v) = 0.

(ii) Since HQ(x) = HQ(u1), there exists γ ∈ F×
q such that Q(u1) = γ2Q(x).

Hence Q(γx) = Q(u1) by (2.2.1). It follows from (i) that there exists an

isometry from U to X that maps u1 to γx. By Witt’s Lemma, this extends to
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an isometry of Q, i.e., an element g ∈ GOε(n, q). In fact, Lemma 2.2.7 shows

that (U⊥)g = X⊥.

Now, let A be a non-scalar matrix in Ωε(n, q) that acts as a scalar z on U⊥.

Then Ag is a non-scalar matrix that acts as z on X⊥, and that lies in the

normal subgroup Ωε(n, q) of GOε(n, q).

Proposition 3.6.3. Let X be a three-dimensional subspace of V . Then X contains

a degenerate two-dimensional subspace.

Proof. If X is degenerate, so that its radical X ∩ X⊥ is nonzero, then any two-

dimensional subspace of X that intersects X⊥ nontrivially is degenerate. Sup-

pose therefore that X is non-degenerate. Then X contains a totally singular one-

dimensional subspace U [89, Proposition 2.5.4(ii)], and we observe from Lemma 2.2.2

that the perpendicular space of U , with respect to X, is degenerate and two-

dimensional.

The following lemma is analogous to a statement in the proof of [27, Lemma

4.14], regarding special orthogonal algebraic groups. Here, the matrices Im and Ei,j

are as in Definition 3.2.1. Recall also from Proposition 2.3.2 that the centre of each

of Ωε(n, q) and SOε(n, q) is equal to its subgroup of scalar matrices.

Lemma 3.6.4. Let W be an (n − 2)-dimensional subspace of V . Then SOε(n, q)

contains a non-scalar matrix that acts as a scalar on W . Furthermore, if Ωε(n, q)

does not contain such a matrix, then W⊥ is non-degenerate of plus type, and either:

(i) q = 2; or

(ii) q = 3, n is even, and n ≡ 1− ε1 (mod 4).

Proof. Let Ĥ := SOε(n, q) and Ĝ := Ωε(n, q), and recall that n ⩾ 3. Assume first

that n = 3, so that q > 3 and Ĝ is simple. Then dim(W ) = 1, and so any element

of Ĝ that stabilises W acts as a scalar on this subspace. Additionally, W is either

non-degenerate or totally singular. In either case, we deduce from [17, Table 8.7]

(see also [17, Table 2.3]) that the stabiliser of W in Ĝ is nontrivial1. As Ĝ is simple,

it contains no scalar matrices, and the result follows.

Suppose for the rest of the proof that n ⩾ 4. We may assume that the matrices

MQ and MβQ
associated with the form Q and its polar form βQ, respectively, are as

1The subspace stabiliser of shape Dq−1 is not included in [17, Table 8.7] when q = 5 as it is

not maximal in Ĝ in this case, but it is of course still nontrivial.
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in Proposition 2.2.12. Let {e1, . . . , en} be the basis for V corresponding to Q. Addi-

tionally, let {w1, w2} be a basis for the subspace W⊥ of V , which is two-dimensional

by Lemma 2.2.2.

Now, the subgroup of F×
q consisting of squares has index (2, q − 1) in F×

q . Addi-

tionally, (W⊥)⊥ = W by Lemma 2.2.2. Hence Proposition 3.6.2 shows that, when

considering subspaces W with W⊥ degenerate but not totally singular, it suffices to

consider only (2, q − 1) choices for W , namely, one corresponding to each coset in

F×
q of the subgroup of squares.

Similarly, since (n, ε) ̸= (4,+), Proposition 3.1.6 shows that Ĝ and Ĥ each act

transitively on the set of totally singular two-dimensional subspaces of V ; on the set

of non-degenerate two-dimensional subspaces of V of plus type; and on the set of

non-degenerate two-dimensional subspaces of V of minus type. Using Lemma 2.2.7

and the fact that (W⊥)⊥ = W , we deduce that, along with the (2, q−1) choices forW

from the previous paragraph, it suffices to consider only 3 additional choices for W :

any one choice with W⊥ totally singular, any one choice with W⊥ non-degenerate

of plus type, and any one choice with W⊥ non-degenerate of minus type.

We split the proof into three cases, depending on whether W⊥ is totally singular,

non-degenerate, or neither. In each case, we show that there exists a matrix D ∈
Ĥ \Z(Ĥ) that acts as a scalar on W . In fact, we choose D ∈ Ĝ\Z(Ĝ), unless one of

the exceptional cases listed in the statement of the theorem holds. Note that since

Ĝ has index two in Ĥ (see §2.3.4), each square in Ĥ lies in Ĝ, as does each product

of two elements of Ĥ \ Ĝ. Note in particular that the lower unitriangular matrices

(i.e., lower triangular matrices with all diagonal entries equal to 1) in GL(n, q) form

a Sylow p-subgroup of GL(n, q), where p is the prime dividing q (see, e.g., [143,

p. 454], though the matrices here are upper unitriangular). Thus when q is odd,

any lower unitriangular matrix B ∈ Ĥ has odd order and is therefore a square (one

square root is B(|B|+1)/2), and hence B ∈ Ĝ.

Recall also from Lemma 2.2.6 that a matrix A ∈ SL(n, q) lies in Ĥ if and only if

AMβQ
AT = MβQ

and each diagonal entry of AMQA
T is equal to the corresponding

diagonal entry of MQ. In addition, since (n, ε) ̸= (4,+), Proposition 2.3.7 shows

that if q is even, then a matrix B ∈ Ĥ lies in Ĝ if and only if In +B has even rank.

Case (a): W⊥ is totally singular. As V has no two-dimensional totally singular

subspace when (n, ε) = (4,−) [89, Proposition 2.5.4(i)], we may assume that n ⩾ 5.

Here, Q(w1) = Q(w2) = (w1, w2) = 0. As Q(e1) = Q(e2) = (e1, e2) = 0, we

may assume that w1 = e1 and w2 = e2. Then W = ⟨e1, e2, . . . , en−2⟩. Let A :=

In +En−1,1 −En,2. It is easy to check that A lies in Ĥ \ Z(Ĥ) and acts trivially on

W . Moreover, A is lower unitriangular, and if q is even, then In + A has rank 2.
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Thus we can set D = A.

Case (b): W⊥ is non-degenerate. Let H∗ be the subgroup of Ĥ that stabilises W⊥

and acts trivially on W , and let G∗ := H∗ ∩ Ĝ. As V = W ⊕W⊥ by Lemma 2.2.2,

we can choose D to be any non-identity element of G∗, or of H∗ when one of the

listed exceptions applies. By [89, Lemma 4.1.1], G∗ ∼= Ων(2, q) and H∗ ∼= SOν(2, q),

where ν ∈ {+,−} is the type of W⊥. We deduce from [17, §1.6.4] that H∗ is always

nontrivial, and that G∗ is nontrivial unless ν = + and q ⩽ 3. Thus it remains to

show that there exists a suitable matrix D ∈ Ĝ \ Z(Ĝ) when ν = +, q = 3, and (ii)

does not hold.

By Proposition 2.2.12, we may assume that Q(w1) = Q(w2) = 0 and (w1, w2) =

1. As Q(e1) = Q(en) = 0 and (e1, en) = 1, we may also assume that w1 = e1

and w2 = en. Then W = ⟨e2, e3, . . . , en−1⟩. Assume first that n is odd, let B

be the matrix obtained from −In by swapping its first row and last row, and let

C := B−E1,n −En,1. Then B, C and BC act as scalars on W and lie in Ĥ \Z(Ĥ),

and so at least one of these matrices lies in Ĝ \Z(Ĝ). We can therefore set D to be

such a matrix.

Next, if n ≡ 2 (mod 4) and ε = +, then Ĥ contains the block diagonal matrix

S := diag(I1, X1, X2, . . . , X(n−2)/4, Y1, Y2, . . . , Y(n−2)/4, I1), where Xi :=

(
0 −1

1 0

)

and Yi :=

(
0 1

−1 0

)
for each i. Furthermore, S2 = diag(1,−1,−1, . . . ,−1, 1) acts

as the scalar −1 on each vector in W . Thus we can set D = S2.

Suppose finally that n ≡ 0 (mod 4) and ε = −. As the polynomial x2 + x− 1 is

irreducible over F3 while x
2+x+1 is not, the element ζ ∈ F×

q from Proposition 2.2.12

is equal to −1. We therefore calculate that Ĥ contains the block diagonal matrix

T := diag(I1, X1, X2, . . . , Xn/4−1, K, Y1, Y2, . . . , Yn/4−1, I1), where each Xi and Yi is

as in the previous paragraph, and K :=

(
1 1

1 −1

)
. In particular, if n = 4, then T =

diag(I1, K, I1). Similarly to the previous paragraph, T 2 = diag(1,−1,−1, . . . ,−1, 1)

acts as the scalar −1 on each vector in W , and we can set D = T 2.

Case (c): W⊥ is degenerate but not totally singular. By Proposition 3.6.2(i), we

may assume that Q(w1) = (w1, w2) = 0 and Q(w2) = µ for some µ ∈ F×
q . Suppose

first that n > 4. By (2.2.1), Q(e2+µen−1) = µ(e2, en−1) = µ. Additionally, Q(e1) =

0 = (e1, e2 + µen−1). We may therefore assume that w1 = e1 and w2 = e2 + µen−1.
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Then W = ⟨e1, e2 − µen−1, e3, . . . , en−2⟩. Let S be the n× n matrix that acts as
1 0 0 0

−µ 1 0 0

−1 0 1 0

−µ 1 µ 1


on ⟨e1, e2, en−1, en⟩, and as In−4 on ⟨e3, . . . , en−2⟩. Then S fixes each vector in W ,

and S ∈ Ĥ. As S is lower unitriangular, we can set D = S if q is odd. If instead q

is even, then we may assume that µ = 1. Notice that In + S has rank 2, and so we

can again set D = S.

Suppose finally that n = 4, so that ε = −. Then Q(e1) = (e1, e2) = 0 and

Q(e2) = 1. Assume first that q is even. Then we may assume that µ = 1, w1 = e1

and w2 = e2, so that W = W⊥. Then Ĥ contains the matrix

L :=


1 0 0 0

0 1 0 0

1 0 1 0

1 1 0 1

 ,

which acts trivially on W . Moreover, I4 + L has rank 2, and so we can set D = L.

Assume now that q is odd, and write w2 =
∑4

i=1 αiei, with each αi ∈ Fq. Recall

from Proposition 3.1.6 that Ĝ acts transitively on the set of one-dimensional totally

singular subspaces of V . As Q(w1) = 0 = Q(e1), we may assume without loss of

generality that w1 = e1. Then α4 = (e1,
∑4

i=1 αiei) = (e1, w2) = (w1, w2) = 0. Let ζ

be the element of F×
q from Proposition 2.2.12, so that the polynomial x2 + x+ ζ is

irreducible over Fq. By (2.2.1), Q(w2) = α2
2 + α2

3ζ + α2α3 does not depend on α1,

and so we may assume that α1 = 0.

Observe that −2−1 is a root of the polynomial x2 + x+ 4−1 in Fq[x], and hence

ζ ̸= 4−1. Therefore, 1−4ζ ̸= 0, and we can define γ := (1−4ζ)−1. Assume first that

α2 = −2α3ζ. It is easy to check that W = ⟨e1, e3⟩, and that the lower unitriangular

matrix

M :=


1 0 0 0

1 1 0 0

0 0 1 0

γζ 2γζ −γ 1


lies in Ĥ and acts trivially on W . Thus we can set D = M . If instead α2 ̸= −2α3ζ,

then let δ := −(2α2 + α3)(α2 + 2α3ζ)
−1. We observe that W = ⟨e1, e2 + δe3⟩, and
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that

N :=


1 0 0 0

−δ 1 0 0

1 0 1 0

(1 + δ + δ2ζ)γ −(1 + 2δζ)γ (2 + δ)γ 1


lies in Ĥ and acts trivially onW . AsN is lower unitriangular, we can setD = N .

Later in this section, we will see using computational examples that the ex-

ceptions listed in the statement of Lemma 3.6.4 are necessary, and can result in

differences between the base sizes of corresponding actions of G and H.

We also note that, unlike in the symplectic and unitary cases, we cannot replace

n− 2 with n− 1 in the above lemma, even when considering matrices in the group

GOε(n, q). Indeed, using Theorem 2.2.6 and similar matrix calculations to those in

the above proof, we can show that if a matrix A ∈ GOε(n, q) acts as a scalar on

the subspace ⟨e1, . . . , en−1⟩ of V (corresponding to the standard form from Propo-

sition 2.2.12), then A is in fact a scalar matrix. Here we also use the fact that the

scalar ζ from Proposition 2.2.12 cannot be equal to 4−1 when q is odd, as shown in

the above proof.

Corollary 3.6.5. Let U be an (n − 3)-dimensional subspace of V . Then Ωε(n, q)

contains a non-scalar matrix that acts as a scalar on U .

Proof. Lemma 2.2.2 shows that U⊥ is a three-dimensional subspace of V . Hence

U⊥ contains a degenerate two-dimensional subspace X by Proposition 3.6.3. It also

follows from Lemma 2.2.2 that dim(X⊥) = n−2 and (X⊥)⊥ = X. Thus Lemma 3.6.4

implies that Ωε(n, q) contains a non-scalar matrix A that acts as a scalar on X⊥.

Furthermore, U ⊆ X⊥ by Proposition 2.2.3, and so A acts a scalar on U .

Proof of Theorem 3.6.1. Suppose first that |∆| < ⌈n/k⌉, with |∆| < ⌈n/k⌉ − 1 if

k | (n − 1). Then ⟨∆⟩ lies in an (n − 2)-dimensional subspace W of V . It follows

from Lemma 3.6.4 that if K = SOε(n, q), or if K = Ωε(n, q) and K/Z(K) /∈ O,

then K contains a non-scalar matrix that acts as a scalar on W , and hence on ⟨∆⟩.
Hence (K/Z(K))(∆) ̸= 1.

It remains to show that G(∆) ̸= 1 when2 |∆| < ⌈n/k⌉ − 1 − δ1k; or when |∆| =
⌈n/k⌉−1 and k divides neither n−1 nor n−2. In each of these cases, ⟨∆⟩ lies in an

(n− 3)-dimensional subspace U of V . Corollary 3.6.5 shows that Ωε(n, q) contains

a non-scalar matrix that acts as a scalar on U , and hence on ⟨∆⟩. Therefore,

G(∆) ̸= 1.

2Note that the first possibility here includes the case where |∆| < ⌈n/k⌉ − 1, k | (n − 1), and
k ∤ (n− 2).
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This completes the proof of Theorem 3.1.9 (see Remark 3.1.10).

We will again compare the lower bounds for the base sizes of G = PΩε(n, q)

and H = PSOε(n, q) from Theorem 3.1.9(iv) with known bounds in the algebraic

and finite cases, and with computational examples. First, by [27, Theorem 4(iii)],

if n ⩾ 7 and the base size of the special orthogonal algebraic group is not equal to

t := ⌈n/k⌉, then either k | (n − 1) and the base size is equal to t − 1 (with t ⩾ 4

required in the totally singular case), or the action is on totally singular subspaces,

and n, k and t must take certain values. These totally singular exceptions include

the cases where t = 3, k ∤ n, and the base size is equal to 4; and the case where

n = 8, k = 4, and the base size is equal to 7. The remaining exceptions assume

that n ⩾ 10 and k = n/2. Certain related results in the case n < 7 are also given

in [27, §4.1.3]. Note that, while the special orthogonal algebraic group is analogous

to H, there is no algebraic group that is a direct analogue of G. Additionally, as

noted in [72, p. 29], given n and a prime p, there is a unique n-dimensional special

orthogonal algebraic group defined over the algebraic closure of Fp. In particular,

this algebraic group corresponds to SOε(n, q) for each allowed value of ε (and each

power q of p).

In the finite case, [72, p. 26, p. 28] again yields the general upper bounds of

n/k + 11 and n/k + 10 for b(G), in the non-degenerate and totally singular cases,

respectively. Additionally, in the totally singular case where n/k = 2 and ε = +,

[72, p. 28] gives a reduced upper bound of n/k + 7 = 9.

Now, [113, Lemma 3, Lemma 5, Lemmas 7–10] gives upper bounds for the base

sizes of subspace actions of R := PGOε(n, q) when k ⩽ 2, with certain restrictions

on n. Suppose first that k = 1, with n ⩾ 5 in the totally singular case, and n ⩾ 4

otherwise. Then either b(R) ⩽ n−1; the action is non-degenerate or nonsingular and

b(R) ⩽ n = 5; or R = PGO−(4, 3) and b(R) = 4. In fact, when n ⩾ 6 is even, b(R) is

equal to the upper bound of n− 1. Finally, if k = 2 and n ⩾ 7, then b(R) ⩽ ⌈n/2⌉.
Note that, if n is even, q is odd and the action of R is on non-degenerate one-

dimensional subspaces (so that case (b) of Proposition 3.1.6 applies), then G acts

transitively on the same set of subspaces as R; see [89, Tables 3.5.E–3.5.G] and the

tables in [17, §8.2].

Since |H : G| and |R : H| are each at most 2 by [17, Table 1.3], it follows

from Lemma 3.1.8 that if H acts primitively on a set Ω, then b(G,Ω) ⩽ b(H,Ω) ⩽

b(G,Ω)+ 1, and if R acts primitively, then b(H,Ω) ⩽ b(R,Ω) ⩽ b(H,Ω)+ 1. Recall

also from Proposition 3.1.6 that if a subgroup T of R contains G and acts primitively

on Ω, then G acts transitively on Ω. By comparing the upper bounds in the case

k ⩽ 2 from the previous paragraph with our lower bounds from Theorem 3.1.9(iv),
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we obtain the following two results. Recall the definition of the set O from the start

of this section.

Proposition 3.6.6. Let T be an almost simple group with socle PΩε(n, q), such that

T ⩽ PGOε(n, q), and let Ω be a set of one-dimensional subspaces of V such that the

action (T,Ω) is primitive. Assume that either:

(i) each subspace in Ω is non-degenerate or nonsingular, n = 4, and q ̸= 3;

(ii) each subspace in Ω is totally singular, and n = 5; or

(iii) n ⩾ 6.

Then n− 2 ⩽ b(T ) ⩽ n− 1. Moreover, if either PSOε(n, q) ⩽ T or PΩε(n, q) /∈ O,

then b(T ) = n− 1.

Proposition 3.6.7. Let T be an almost simple group with socle PΩε(n, q), such that

n ⩾ 7 and T ⩽ PGOε(n, q), and let Ω be a set of two-dimensional subspaces of V

such that the action (T,Ω) is primitive. Then ⌈n/2⌉−1 ⩽ b(T ) ⩽ ⌈n/2⌉. Moreover,

b(T ) = ⌈n/2⌉ if either:

(i) T = PGOε(n, q); or

(ii) n is even, and either PSOε(n, q) ⩽ T or PΩε(n, q) /∈ O.

In addition, when n ⩽ 6, we can use the tables in [17, §2.2, §8.2] to determine

the maximal subgroup type of a point stabiliser of (G,Ω), considered as a subgroup

of an isomorphic non-orthogonal classical group (see §2.4). In some cases, we are

then able to deduce from [23, Tables 2–3] that b(T,Ω) ∈ {2, 3, 4} for each almost

simple group T with socle G such that (T,Ω) is primitive. Among these cases, if

b(G,Ω) = 4, then G = PΩ−(6, 3) ∼= PSU(4, 3) [23, Proposition 4.1].

Now, we can use the Magma code in base_size_s_u_o to determine the base

size of specific primitive actions of G and H on sets of subspaces. As there is a

significant amount of data here, we will consider three separate cases, corresponding

to the three possible values of ε. After discussing all three cases, we will summarise

with a comment on the effectiveness of known bounds for the base size. We will see

that when n, k and the type of the action are all fixed, the base size of the action

is often the same for multiple values of q. Thus, for prime powers a and b, we write

[a, . . . , b] to denote all prime powers between a and b, inclusive, that are allowed

for the given values of k and n. Thus these are all such prime powers if k and n

are even or the action is on degenerate subspaces, but only the prime powers that
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are odd otherwise (see Proposition 3.1.4). If a and b are consecutive allowed prime

powers, then we will instead write [a, b].

In each case, we can use the tables in [17, §2.2.1, §8.2] to determine whether a

given action is primitive (with the condition n ⩽ 12, as in all of our examples; for

higher dimensions, see the tables in [89, §3.5]). In almost all of our examples, if

G acts primitively on a given set Ω of subspaces of V , then so does H. The only

exceptions are those where ε = +, q is even and k = n/2 (so that each subspace in Ω

is totally singular). Here, the exceptional case (a) of Proposition 3.1.6 applies, and

H acts transitively, but not primitively, on a set of subspaces that properly contains

Ω.

First, assume that ε = ◦. Table 3.6.1 lists b(G,Ω) and b(H,Ω) for certain sets Ω of

k-dimensional subspaces of V . In each case, the action is primitive, unless indicated

otherwise. Recall that q is odd in each case, and that for each k < n/2, the group

G has up to two primitive actions on non-degenerate k-dimensional subspaces of V ,

corresponding to the two isometry types of such subspaces. If k is even, then we

can characterise Ω according to the types (plus or minus) of its subspaces, and if k

is odd, then we can instead consider the types of the complements of the subspaces.

Defining the tuple (n, q, k, θ) as in Table 3.6.1, we note that the (transitive) actions

of both G and H corresponding to the tuples (3, 5, 1,+), (5, 3, 2,±) and (7, 3, 2,+)

are imprimitive.

We see that, in our single example3 where k does not divide n− 1 (with n = 9),

the base size of G achieves the lower bound of t = ⌈n/k⌉ from Theorem 3.1.9.

Furthermore, in several of the remaining examples, b(G) achieves the lower bound

of t − 1 that corresponds to the condition k | (n − 1). In particular, this is the

case when k = 1, n = 5 and each subspace is non-degenerate, indicating that the

hypotheses of Proposition 3.6.6 are stronger than necessary. On the other hand,

there are examples where k | (n− 1) and b(G) ∈ {t, t+ 1}.
Note that in each example with b(G) = t + 1, the subspaces in Ω are totally

singular, t = 3, k ∤ n, and b(H) = b(G). Hence the base sizes in these cases agree

with the corresponding values in the algebraic case. There are also totally singular

cases where b(G) = b(H) = t = 3, and this may be related to the requirement

t ⩾ 4 in the totally singular algebraic case for the base size to be equal to t − 1.

However, we observe that there is a totally singular case where b(H) = t = 4, and a

totally singular case where k | n and b(H) = t+ 1 = 4. In addition, since b(H) = 5

when (n, q, k, θ) = (5, 3, 2,−), the aforementioned upper bound of 5 for b(R), in the

3In each non-degenerate case where k = 3 and (n, q) = (9, 3), the degree of the action is too
large to construct the corresponding permutation group in Magma. This is also true for the totally
singular case where k = 3 and (n, q) = (9, 5).
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Table 3.6.1: The base sizes b1 of Ω(n, q) and b2 of SO(n, q) acting on a set Ω of
k-dimensional subspaces of Fn

q of type θ. If each subspace in Ω is totally singular,
then θ = 0. If instead each subspace is non-degenerate, then θ ∈ {+,−} is the type
of each subspace if k is even, or the type of the complement of each subspace if k is
odd. Finally, * denotes an imprimitive action.

n/k (n, q, k, θ) b1 b2

7/3 (7, 3, 3,+) 2 2

7/3 (7, 3, 3,−) 2 3

7/3 (7, 3, 3, 0) 4 4

5/2 (5, [5, 7], 2,+) 2 2

5/2 (5, [5, 7], 2,−) 2 3

5/2 (5, [3, . . . , 11], 2, 0) 4 4

3 (3, [7, . . . , 11], 1,+) 2* 2

3 (3, [7, 9], 1,−) 2* 3

3 (3, [13, . . . , 25], 1,+) 2 2

3 (3, 5, 1,−), (3, [11, . . . , 25], 1,−) 2 3

3 (3, [5, . . . , 25], 1, 0) 3 3

3 (9, 3, 3, 0) 3 4

7/2 (7, 3, 2,−) 3 3

7/2 (7, 3, 2, 0) 3 4

5 (5, [3, . . . , 7], 1, 0), (5, [3, . . . , 7], 1,+), (5, [5, 7], 1,−) 4 4

5 (5, 3, 1,−) 4 5

7 (7, 3, 1, 0), (7, 3, 1,±) 6 6

non-degenerate case with n = 5, is tight.

Next, assume that ε = +. Table 3.6.2 lists the base sizes for certain primitive

actions of G and H on sets Ω of k-dimensional subspaces of V . As mentioned

above, when k = n/2, q is even, and the action is on totally singular subspaces,

H acts transitively but imprimitively on a set properly containing Ω. Thus we do

not include any such action of H. Additionally, for convenience, when q is even,

we will say that a one-dimensional nonsingular subspace has type ◦. Hence defining
the triple (n, q, k, θ) as in Table 3.6.2, (6, [3, . . . , 7], 1, ◦) corresponds to an action on

non-degenerate subspaces when q ∈ {3, 5, 7}, and on nonsingular subspaces when

q = 4. Recall however from Proposition 3.1.4 that if k > 1 and θ = ◦, then q is

necessarily odd. We also note that the actions of both G and H corresponding to

the tuples (6, 3, 2, 0), (6, [2, 3], 2,+), (8, [2, 3], 2,+) and (8, 3, 3, 0) are imprimitive.

In most of our examples, the corresponding lower bound from Theorem 3.1.9 is

achieved. In particular, we observe that all conditions given in Theorem 3.1.9(iv)
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Table 3.6.2: The base sizes b1 of PΩ+(n, q) and b2 of PSO+(n, q) acting on a set Ω
of k-dimensional subspaces of Fn

q of type θ. If each subspace in Ω is totally singular,
then θ = 0, and if each subspace is non-degenerate or nonsingular, then θ ∈ {◦,+,−}
is the type of each subspace. Finally, * denotes an imprimitive action, and we have
not included the actions of PSO+(n, q) on totally singular n/2-dimensional subspaces
when q is even.

n/k (n, q, k, θ) b1 b2

2 (6, 2, 3, 0) 4 N/A

2 (6, 4, 3, 0) 5 N/A

2 (6, 3, 3, 0), (6, [5, 7], 3, 0) 5 5

2 (8, 2, 4, 0) 6 N/A

2 (8, 3, 4, 0) 6 6

2 (8, 4, 4, 0) 7 N/A

2 (8, 5, 4, 0) 7 7

8/3 (8, 3, 3, ◦) 2 3

8/3 (8, 2, 3, 0) 4* 4

3 (6, 2, 2, 0) 3* 3

3 (6, [4, . . . , 7], 2,+), (6, [3, . . . , 7], 2,−) 3 3

3 (6, 2, 2,−) 3 4

3 (6, 4, 2, 0) 4* 4

4 (8, [2, 3], 2, 0), (8, 3, 2,−) 3 4

4 (8, 2, 2,−) 4 4

6 (6, 2, 1, 0), (6, 2, 1, ◦) 4 5

6 (6, [3, . . . , 7], 1, 0), (6, [3, . . . , 7], 1, ◦) 5 5

8 (8, [2, 3], 1, 0), (8, [2, 3], 1, ◦) 6 7

are necessary. Moreover, each example with b(H) = b(G) + 1 corresponds to an

exceptional case listed in the statement of Lemma 3.6.4. However, the base sizes in

the examples with k = n/2 are significantly higher than our lower bounds, suggesting

that it may be possible to improve the bounds in this case. Note that when n = 8,

k = 4 and q ∈ {4, 5}, the base size of 7 is equal to the aforementioned exceptional

base size in the corresponding algebraic case. There are also certain cases with

k = q = 2 where the base size does not achieve our lower bound. However, in the

non-degenerate case with n = 8, the base size for G does achieve the upper bound

of n/2 from Proposition 3.6.7. Additionally, b(H) = 4 when (n, q, k, θ) = (8, 2, 3, 0),

agreeing with the corresponding exceptional algebraic case. We also note that our

lower bound for b(H) is not achieved when (n, q, k, θ) = (6, 4, 2, 0).

Finally, assume that ε = −. The base sizes for certain primitive actions of G
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on sets Ω of k-dimensional subspaces of V are given in Table 3.6.3. Again, when

k = 1, we write ◦ to denote the type of a subspace that is either non-degenerate

or nonsingular, and q is odd whenever k > 1 and θ = ◦. The actions of G and H

corresponding to the tuples (4, 3, 2,±), (6, [2, 3], 2,+), (6, 2, 2,−) and (8, [2, 3], 2,+)

are imprimitive. Note also that the actions with θ = + and θ = − are equivalent

when q is fixed and k = n/2 (so that 4 | n), as are the actions corresponding to the

tuples (4, 2, 2,±) and (4, 2, 1, ◦).

Table 3.6.3: The base sizes b1 of PΩ−(n, q) and b2 of PSO−(n, q) acting primitively
on a set Ω of k-dimensional subspaces of Fn

q of type θ. If each subspace in Ω is
totally singular, then θ = 0, and if each subspace is non-degenerate or nonsingular,
then θ ∈ {◦,+,−} is the type of each subspace.

n/k (n, q, k, θ) b1 b2

2 (4, [5, 7], 2,±), (4, [9, . . . , 13],±) 2 2

2 (4, 2, 2,±), (4, 4, 2,±), (4, 8, 2,±), (8, 2, 4,±) 2 3

8/3 (8, 3, 3, ◦) 3 3

8/3 (8, [2, 3], 3, 0) 4 4

3 (6, 3, 2,−) 2 3

3 (6, [4, . . . , 7], 2,±) 3 3

3 (6, 3, 2, 0) 3 4

3 (6, 2, 2, 0), (6, [4, . . . , 7], 2, 0) 4 4

4 (4, 2, 1, ◦) 2 3

4 (4, 3, 1, 0), (4, [5, 7], 1, 0), (4, [9, . . . , 13], 1, 0), (4, [3, . . . , 13], 1, ◦) 3 3

4 (4, 2, 1, 0), (4, 4, 1, 0), (4, 8, 1, 0), (8, 2, 2,−) 3 4

4 (8, [2, 3], 2, 0), (8, 3, 2,−) 4 4

6 (6, [2, 3], 1, 0), (6, [2, 3], 1, ◦) 4 5

6 (6, [4, . . . , 7], 1, 0), (6, [4, . . . , 7], 1, ◦) 5 5

8 (8, 2, 1, 0), (8, 2, 1, ◦) 6 7

8 (8, 3, 1, 0), (8, 3, 1, ◦) 7 7

As in the plus type case, our lower bounds from Theorem 3.1.9(iv) are achieved

in most of our examples, and we see that all of the conditions given in this theorem

are necessary. Additionally, many of our examples satisfying b(H) = b(G) + 1

correspond to the exceptional cases given in Lemma 3.6.4. Observe that, among the

examples with n/k = 2, our lower bounds for b(G) and b(H) are sometimes achieved.

However, our lower bound for b(G) is not achieved when (n, q, k) = (4, 2, 2), and

our lower bound for b(H) is not achieved when n/k = 2 and q is even. Our lower

bounds are also not achieved in the totally singular cases with n = 6 and k = 2,

or with n = 8 and k = 3. In these latter cases, the base sizes are equal to the
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exceptional value of 4 from the corresponding algebraic case. Finally, in the totally

singular cases with n/k = 4, our lower bound for b(G) is not achieved when q = 2,

and our lower bound for b(H) is not achieved when n = 4 and q is even. However,

when n = 8 and q = k = 2, the base size for G achieves the upper bound from

Proposition 3.6.7.

Summarising the overall orthogonal case, in most of our examples, b(G,Ω) and

b(H,Ω) achieve the lower bounds from 3.1.9(iv). When these bounds are not met,

the base size is sometimes equal to the upper bound from Proposition 3.6.7, or to the

base size for the corresponding algebraic group. In general, it is likely that our lower

bounds could be improved in various cases, especially when k = n/2 and ε = +,

and that the upper bounds from [72, p. 26, p. 28] could be significantly reduced.



Chapter 4

The intersection graph of a finite

simple group

4.1 Background and the main theorem

In this chapter, we determine a tight upper bound for the diameter of the inter-

section graph of a finite simple group. We begin by outlining basic graph theoretic

terminology and notation that we will use throughout this thesis.

Let Γ be a graph (with no loops) with vertex set V (Γ) and edge set E(Γ). For

convenience, we will usually not distinguish between Γ and V (Γ). If {x, y} ∈ E(Γ),

then we write x ∼Γ y, or x ∼ y if the underlying graph is clear. The subgraph of

Γ induced by a subset ∆ of V (Γ) is the graph whose vertex set is equal to ∆, and

whose edge set is equal to E(Γ) ∩ {{x, y} | x, y ∈ ∆}. A spanning subgraph of Γ is

a graph with the same vertex set as Γ, and whose edge set is a subset of that of Γ.

Now, a walk in Γ is a sequence of vertices such that any two consecutive vertices

are joined by an edge, and a path is a walk with all vertices distinct. The length of

a walk is the corresponding number of traversed edges (with possible repeats). We

say that Γ is connected if there is a path in the graph between any given pair of

vertices. More generally, a connected component of Γ is an induced subgraph that is

maximal among all connected induced subgraphs. A connected component is trivial

if it consists of a single vertex, and we call any such vertex (i.e., a vertex with no

neighbours) isolated.

The distance in Γ between two vertices x and y is the length of the shortest

path in Γ between these vertices. We denote this distance by dΓ(x, y), or d(x, y)

if the underlying graph is clear. Note that d(x, x) = 0, and that if x and y lie in

distinct connected components of Γ, then d(x, y) = ∞. The diameter diam(Γ) of

Γ is the maximal distance in Γ among all pairs of vertices. Hence if |Γ| ⩽ 1, then

diam(Γ) = 0, and if Γ is not connected, then diam(Γ) = ∞. Note that the graph

with no vertices is called the empty graph.

We now expand on the background of the intersection graph of a (finite) group

82
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presented in §1.0.2 by formally defining this graph, and then summarising what is

known about its diameter.

Definition 4.1.1 ([48]). The intersection graph ∆G of a group G is the graph whose

vertices are the nontrivial proper subgroups of G, with distinct subgroups joined by

an edge if and only if they intersect nontrivially.

This graph was introduced as an analogue of the intersection graph of a semi-

group, defined by Bosák [14].

Theorem 4.1.2 ([48, pp. 242–243]). Let G be a nontrivial, non-simple finite group.

Then the following statements hold.

(i) ∆G is disconnected if and only if either G ∼= Cp × Cq for (not necessarily

distinct) primes p and q, or Z(G) = 1 and each proper subgroup of G is

abelian.

(ii) If ∆G is connected, then diam(∆G) ⩽ 4.

A non-abelian group with all proper subgroups abelian is called minimal non-

abelian, and the finite groups with this property were classified by Miller and Moreno

[110] in 1903. We will discuss minimal non-abelian groups in more detail in §5.3.

We note that it is unknown whether there exists a non-simple finite group G such

that diam(∆G) = 4. However, Csákány and Pollák [48, §2] proved that any such

group G must be isomorphic to S :Cp for some non-abelian simple group S and some

prime p. In fact, using their reasoning and Lemma 4.2.2 below, it is straightforward

to see that p must be odd.

Much more recently, the diameter of the intersection graph of a general linear

group defined over a (finite or infinite) field or division ring was studied in [12, 70].

For the remainder of this chapter, we consider the case where G is a non-abelian

finite simple group. First, in their original paper on the intersection graph in 1969,

Csákány and Pollák [48, p. 246] proved that if G is a finite simple alternating group,

then 3 ⩽ diam(∆G) ⩽ 4, with diam(∆G) = 3 if the degree of G is not prime. In

fact, it is an open question whether there exists a finite alternating group whose

intersection graph has diameter 4.

In 2010, Shen [126] proved that ∆G is connected for each non-abelian finite

simple group G, and posed two questions: Does the diameter of ∆G in this case

have an upper bound? If yes, does the upper bound of 4 from Theorem 4.1.2 apply

here? In the same year, Herzog, Longobardi and Maj [77] independently answered

Shen’s first question in the affirmative, by studying the subgraph of ∆G induced by
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the maximal subgroups of G. In particular, they proved that the diameter of this

subgraph is always at most 62. As each vertex of ∆G is equal or adjacent to some

maximal subgroup of G, their work implies that diam(∆G) ⩽ 64. This upper bound

was reduced to 28 by Ma [106] in 2016.

In the other direction, diam(∆G) has the following lower bound.

Theorem 4.1.3 ([125, Theorem 3.7]). Let G be a non-abelian finite simple group.

Then diam(∆G) ⩾ 3.

This lower bound is best possible, as witnessed by the aforementioned finite

simple alternating groups of composite degree.

In order to answer Shen’s second question, and in particular to determine the

best possible upper bound for diam(∆G), we prove the following.

Theorem 4.1.4. Let G be a non-abelian finite simple group.

(i) ∆G is connected with diameter at most 5.

(ii) If G is the baby monster group B, then diam(∆G) = 5.

(iii) If diam(∆G) = 5 and G ̸∼= B, then G is a unitary group PSU(n, q), with n an

odd prime and q a prime power.

This theorem provides a negative answer to Shen’s second question: the upper

bound of 4 from Theorem 4.1.2 is not sufficient for finite simple groups. We also

prove the following result, which expands on Theorem 4.1.4(iii).

Proposition 4.1.5. Let k ∈ {3, 4, 5}. Then there exists an odd prime n and a prime

power q such that G := PSU(n, q) is simple and diam(∆G) = k. Indeed, ∆PSU(7,2)

has diameter 5.

We will prove Theorem 4.1.4 and Proposition 4.1.5 in §4.2. Note that the afore-

mentioned results of Shen, Herzog et al. and Ma regarding the connectedness and

diameter of ∆G were proved by studying the close relationship between ∆G and the

prime graph (or Gruenberg-Kegel graph) of G. This latter graph was defined by

Gruenberg and Kegel in 1975, in an unpublished manuscript; see [146]. The vertices

of this graph are the prime divisors of |G|, with distinct vertices p and r joined by

an edge if and only if G contains an element of order pr. Our proof of Theorem 4.1.4

is more direct.

In Chapter 6, we will use Theorem 4.1.4(ii) and Proposition 4.1.5 to determine

the diameters of the non-commuting, non-generating graphs and the non-generating

graphs (see §1.0.2 or §5.1) of B and PSU(7, 2).
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Theorem 4.1.4(ii) has also been used by Burness, Lucchini and Nemmi in [29,

§4] to prove that the soluble graph of B is connected with diameter 4 or 5. The

vertices of this graph are the non-identity elements of B, with two elements adjacent

if and only if they generate a soluble subgroup of B. Note that Cameron’s [34, §2.6]

hierarchy of graphs, which we mentioned in §1.0.2, can be adapted to include the

soluble graph of G (assuming that G is insoluble).

4.2 The diameter of the intersection graph of a finite simple

group

The main focus of this section is the proof of Theorem 4.1.4. We will also prove here

a more detailed result about distances between vertices in ∆B, as well as Propo-

sition 4.1.5. Here, G denotes a non-abelian finite simple group, and for nontrivial

proper subgroups H and K of G, we write d(H,K) := d∆G
(H,K).

We will begin by highlighting a few elementary yet useful observations that have

previously been used to study the graph ∆G.

Lemma 4.2.1 ([48, p. 246]). The diameter of ∆G is equal to the maximum distance

in the graph between cyclic subgroups of G of prime order.

Proof. Let H and K be nontrivial proper subgroups of G, and let P and Q be

cyclic subgroups of prime order of H and K, respectively. Each subgroup of G that

intersects nontrivially with P also intersects nontrivially with H, and similarly for

Q and K. Hence d(H,K) ⩽ d(P,Q).

The following was observed in [106, Lemma 2.2, Proof of Lemma 2.3], and a

similar observation was made in [77, Proposition 3.1].

Lemma 4.2.2. Let H and K be nontrivial proper subgroups of G. If |H| and |K|
are even, then d(H,K) ⩽ 2. Hence, in general, if H and K lie in maximal subgroups

of even order, then d(H,K) ⩽ 4. Furthermore, if every maximal subgroup of G has

even order, then diam(∆G) ⩽ 4.

Proof. Suppose first that |H| and |K| are even. We may assume that d(H,K) > 1,

so that H ∩ K = 1. Let a and b be involutions of H and K, respectively. Then

D := ⟨a, b⟩ is a nontrivial dihedral subgroup of G. Moreover, as G is simple, D is a

proper subgroup of G. Therefore, (H,D,K) is a path in ∆G, and so d(H,K) = 2.

Now, without any assumptions on |H| and |K|, suppose that H and K lie in

maximal subgroups L andM of G, respectively, with |L| and |M | even. Then H ∼ L

and M ∼ K, and by the previous paragraph, d(L,M) ⩽ 2. Thus d(H,K) ⩽ 4.
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If every maximal subgroup of G has even order, then this holds for each pair of

nontrivial proper subgroups of G, and so diam(∆G) ⩽ 4.

Hence in order to prove Theorem 4.1.4, it suffices to consider the non-abelian

finite simple groups with maximal subgroups of odd order. The following theorem,

which will also be useful in Chapter 6, classifies these groups. This theorem is based

on part of [95, Theorem 2], and incorporates more recent knowledge of the maximal

subgroups of the monster group. Here, (n, q) denotes an ordered pair consisting of

an integer n and a prime power q, and not the greatest common divisor of n and q.

Theorem 4.2.3. Let G be a non-abelian finite simple group. Then G contains a

maximal subgroup of odd order if and only if G is isomorphic to one of the following:

(i) Ap, with p prime, p ≡ 3 (mod 4) and p /∈ {7, 11, 23};

(ii) PSL(2, q), with q a prime power and q ≡ 3 (mod 4);

(iii) PSL(n, q), with n an odd prime and (n, q) ̸= (3, 4);

(iv) PSU(n, q), with n an odd prime and (n, q) /∈ {(3, 3), (3, 5), (5, 2)};

(v) the Mathieu group M23;

(vi) the Thompson group Th; or

(vii) the baby monster group B.

Moreover, if G is one of these groups, then G has a unique conjugacy class of

maximal subgroups of odd order.

Proof. By Theorem 2 of [95] (see also the remark on p. 2778), each group in (i)–

(vii) contains a unique conjugacy class of maximal subgroups of odd order. This

theorem also states that if G is any other non-abelian finite simple group containing

a maximal subgroup M of odd order, then G is the monster group M, and M is one

of two possible subgroups of G (up to conjugacy): one of shape 59.29, and one of

shape 71.35. However, these subgroups of M are not in fact maximal: the former

subgroup lies in the maximal subgroup L2(59) constructed in [79], and the latter lies

in the maximal subgroup L2(71) constructed in [80].

We are now able to prove this chapter’s main theorem. In what follows, all

information about the sporadic simple groups (including their maximal subgroups

and the conjugacy classes and centraliser orders of their elements) is taken from

the Atlas [42]; the list of corrections and additions to the Atlas given in [85,



4.2. The diameter of the intersection graph of a finite simple group 87

Appendix 2]; and additional information from [149]. For the purpose of easy refer-

ence, Table 4.2.1 lists the maximal subgroups of the baby monster group (denoted

using Atlas notation) and their factorised orders, calculated using the maximal

subgroup orders given in [147]. This table will also be useful in §6.3. Note that

|B| = 241 · 313 · 56 · 72 · 11 · 13 · 17 · 19 · 23 · 31 · 47.

Proof of Theorem 4.1.4. By Lemma 4.2.2, we may assume that G contains a maxi-

mal subgroup of odd order, i.e., that G is a group listed in Theorem 4.2.3. Moreover,

Lemma 4.2.1 implies that it suffices to show that the maximal distance in ∆G be-

tween cyclic subgroups of prime order is 5 when G ∼= B; at most 5 when G is a

unitary group of odd prime dimension; and at most 4 otherwise.

Let S1 and S2 be cyclic subgroups of G of prime order, and let M1 and M2 be

maximal subgroups of G that contain S1 and S2, respectively. If |M1| and |M2|
are even, then d(S1, S2) ⩽ 4 by Lemma 4.2.2. We may therefore assume that M1

belongs to the unique conjugacy class of maximal subgroups of G mentioned in

Theorem 4.2.3. In each case, [95, Theorem 2] yields the structure of M1. Note

however that |M2| may be even. We split the remainder of the proof into seven

cases, corresponding to the groups listed in Theorem 4.2.3.

Case (a): G = Ap, with p prime, p ≡ 3 (mod 4), and p /∈ {7, 11, 23}. As mentioned

in §4.1, Csákány and Pollák [48, Theorem 2] proved that the intersection graph of

any simple alternating group has diameter at most 4 (see [126, Assertion I] for an

alternative proof).

Case (b): G = PSL(2, q), with q a prime power and q ≡ 3 (mod 4). By Propo-

sition 3.1.6, G acts transitively on the set Ω of one-dimensional subspaces of the

vector space F2
q. Additionally, M1 = GU for some U ∈ Ω (see [17, Table 8.1]), and

by Proposition 3.2.2, GU ∩GW ̸= 1 for each W ∈ Ω. If |M2| is odd, then M2 = GW

for some W , and it follows that M1 ∼ M2. Therefore, S1 ∼ M1 ∼ M2 ∼ S2, and so

d(S1, S2) ⩽ 3.

Assume now that |M2| is even, and let g be an involution of M2. By the previous

paragraph, g fixes no subspace in Ω. However, (U g)g = U g2 = U , and so g ∈ G{U,Ug}.

Since GU ∩GUg is nontrivial (by the previous paragraph) and lies in both M1 = GU

and G{U,Ug}, we deduce that S1 ∼ M1 ∼ G{U,Ug} ∼ M2 ∼ S2. Thus d(S1, S2) ⩽ 4.

Case (c): G = PSL(n, q), with n an odd prime, q a prime power, andG ̸∼= PSL(3, 4).

Similarly to the previous case, Proposition 3.1.6 shows that the group G and its

overgroup R := PGL(n, q) act transitively on the set Ω of one-dimensional subspaces

of the vector space V := Fn
q . Here, M1 = G ∩NR(K), where K is a Singer cycle of
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Table 4.2.1: The maximal subgroups of the baby monster group and their factorised
orders.

Maximal subgroup Factorised order

2·2E6(2):2 238 · 39 · 52 · 72 · 11 · 13 · 17 · 19
21+22·Co2 241 · 36 · 53 · 7 · 11 · 23

Fi23 218 · 313 · 52 · 7 · 11 · 13 · 17 · 23
29+16.PSp(8, 2) 241 · 35 · 52 · 7 · 17

Th 215 · 310 · 53 · 72 · 13 · 19 · 31
(22 × F4(2)):2 227 · 36 · 52 · 72 · 13 · 17

22+10+20.(M22 :2× S3) 241 · 33 · 5 · 7 · 11
[230].PSL(5, 2) 240 · 32 · 5 · 7 · 31
S3 × Fi22 :2 219 · 310 · 52 · 7 · 11 · 13

[235].(S5 × PSL(3, 2)) 241 · 32 · 5 · 7
HN:2 215 · 36 · 56 · 7 · 11 · 19

PΩ+(8, 3):S4 215 · 313 · 52 · 7 · 13
31+8.21+6.PSU(4, 2).2 214 · 313 · 5

(32 :D8 × PSU(4, 3).2.2).2 213 · 38 · 5 · 7
(5:4)× (HS:2) 212 · 32 · 54 · 7 · 11
S4 × 2F4(2) 215 · 34 · 52 · 13

[311].(S4 × 2S4) 27 · 313

S5 ×M22 :2 211 · 33 · 52 · 7 · 11
(S6 × PSL(3, 4):2):2 212 · 34 · 52 · 7

53·PSL(3, 5) 25 · 3 · 56 · 31
51+4.21+4.A5.4 29 · 3 · 56

(S6 × S6).4 210 · 34 · 52

52 :4S4 × S5 28 · 32 · 53

PSL(2, 49)·23 25 · 3 · 52 · 72

PSL(2, 31) 25 · 3 · 5 · 31
M11 24 · 32 · 5 · 11

PSL(3, 3) 24 · 33 · 13
PSL(2, 17):2 25 · 32 · 17
PSL(2, 11):2 23 · 3 · 5 · 11

47:23 23 · 47

R, i.e., the projective version of a Singer cycle of GL(n, q) (see [83, pp.187–188] and

[78, §1–2]). In particular, K is a cyclic subgroup of order (qn − 1)/(q − 1).

Now, Lemma 2.5.13 and Proposition 2.5.14 show thatNR(K) contains an element
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m whose preimage in GL(n, q) is conjugate to the companion matrix C(xn−1) (as in

Definition 2.5.1), and m fixes some subspace X ∈ Ω. As det(C(xn − 1)) = (−1)n−1

and n is odd, m ∈ M1. Let U ∈ Ω. Then, since the action of K on Ω is transitive

[78, p. 493], there exists k ∈ K such that U = Xk. Observe also that mk ∈ M1,

and that (Xk)m
k
= Xk. Therefore, if a non-identity element of S2 fixes U , then

S1 ∼ M1 ∼ GU ∼ S2 and d(S1, S2) ⩽ 3.

Suppose now that no non-identity element of S2 fixes a subspace in Ω. Then each

orbit of S2 on Ω has size |S2|, and so |S2| divides |Ω| = (qn − 1)/(q − 1). We will

show that S2 acts irreducibly on V . Suppose for a contradiction that S2 stabilises

an ℓ-dimensional subspace W of V , with 1 < ℓ < n. Then no non-identity element

of S2 stabilises a one-dimensional subspace of W , and so |S2| divides (qℓ−1)/(q−1).

Thus |S2| divides the greatest common divisor of (qℓ−1)/(q−1) and (qn−1)/(q−1),

which is equal to (q(ℓ,n) − 1)/(q− 1). As n is prime, this is equal to 1, contradicting

the fact that |S2| > 1. Therefore, S2 acts irreducibly on V .

Recall from Proposition 2.5.14 that Z(GL(n, q)) lies in each Singer cycle of

GL(n, q). Thus it follows from Proposition 2.5.15 that any given preimage of S2

in SL(n, q) lies in a Singer cycle of GL(n, q). The Singer cycles of GL(n, q) are

all conjugate by Proposition 2.5.12, and so there exists some g ∈ R such that

S2 ⩽ G ∩NR(K
g) = M g

1 ⩽ G. In fact, since M g
1 and M1 both have odd order, they

are conjugate in G by Theorem 4.2.3. It follows from above that both M1 and M g
1

are adjacent in ∆G to GU , for each U ∈ Ω. Hence S1 ∼ M1 ∼ GU ∼ M g
1 ∼ S2 and

d(S1, S2) ⩽ 4.

Case (d): G = PSU(n, q), with n an odd prime and q a prime power, and

G /∈ {PSU(3, 3),PSU(3, 5),PSU(5, 2)}. Here, G acts on the set of one-dimensional

subspaces of the vector space V := Fn
q2 . However, this action is intransitive, as the

non-degenerate and totally singular subspaces lie in separate orbits. The maximal

subgroup M1 is equal to NG(T ), where T is a Singer cycle of G, i.e., a cyclic sub-

group of order qn+1
(q+1)(q+1,n)

(see [78, §5]). By Proposition 2.2.10, we may assume that

V is equipped with a unitary form whose Gram matrix is the n×n identity matrix.

It then follows from Lemma 2.2.6 that G contains an element x whose preimage in

SU(n, q) is equal to C(xn − 1). Furthermore, M1 contains a G-conjugate m of x

(see [78, p. 512]). As in Case (c), it follows from Lemma 2.5.13 that m fixes some

subspace X ∈ Ω.

Let L := GX . Then S1 ∼ M1 ∼ L, and we can calculate |L| using [17, §1.6.4,

Table 2.3]. In particular, |L| is even. Hence if |M2| is even, then d(L,M2) ⩽ 2 by

Lemma 4.2.2. As M2 ∼ S2, it follows that d(S1, S2) ⩽ 5. If instead |M2| is odd, then
there exists an element g ∈ G such that M2 = M g

1 . Thus Lg ∼ M2. As G is not
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isomorphic to the non-simple group PSU(3, 2), Theorem 3.5.1 shows that L∩Lg ̸= 1.

Therefore, S1 ∼ M1 ∼ L ∼ Lg ∼ M2 ∼ S2, and again d(S1, S2) ⩽ 5.

Case (e): G = M23. In this case, M1 has shape 23:11. We argue as in the proof of

[126, Assertion I]. There exists a maximal subgroup L of G isomorphic to M22, and

|M1| |L| and |M2| |L| are both greater than |G| (for any choice of M2). Thus M1∩L

and M2 ∩ L are both nontrivial. We conclude that S1 ∼ M1 ∼ L ∼ M2 ∼ S2, and

so d(S1, S2) ⩽ 4.

Case (f): G = Th. Here, M1 has shape 31:15. If the nontrivial proper subgroup S1

ofM1 has order 31, then S1 lies in a maximal subgroup of shape 25·L5(2). Otherwise,

|CG(S1)| is even. Therefore, in each case, S1 lies in a maximal subgroup of even order.

The same is true for S2, and thus d(S1, S2) ⩽ 4 by Lemma 4.2.2.

Case (g): G = B. In this case, M1 has shape 47:23. Let H be a subgroup of

M1 of order 23. Then H is a Sylow 23-subgroup of G. Additionally, G has a

maximal subgroup K ∼= Fi23, which has even order, and contains a conjugate of H.

Conjugating K if necessary, we may assume that H ⩽ K, and so S1 ∼ M1 ∼ K.

Hence if |M2| is even, then d(K,M2) ⩽ 2 by Lemma 4.2.2. As M2 ∼ S2, it follows

that d(S1, S2) ⩽ 5. If instead |M2| is odd, then there exists an element g ∈ G such

that M2 = M g
1 , and hence Kg ∼ M2. As |K|2/|G| > 1 (see Table 4.2.1), we conclude

that S1 ∼ M1 ∼ K ∼ Kg ∼ M2 ∼ S2 and d(S1, S2) ⩽ 5. Thus diam(∆G) ⩽ 5.

To complete the proof, we will show that diam(∆G) ⩾ 5. Each maximal sub-

group of G that contains H is conjugate either to M1, to K, or to a subgroup

L of shape 21+22·Co2. Conjugating L if necessary, we may assume that H ⩽

M1 ∩ K ∩ L. Additionally, NG(H) has shape (23:11) × 2 and NL(H) = NG(H),

while |NG(H) : NM1(H)| = 22. Furthermore, the 22 non-identity elements of H fall

into two K-conjugacy classes, and CK(H) = H. It follows from the Orbit-Stabiliser

Theorem that NK(H) has shape 23:11, and so |NG(H) : NK(H)| = 2.

Consider now the pairs (M ′, H ′), where M ′ is a G-conjugate of M1, H
′ is a G-

conjugate of H, and H ′ ⩽ M ′. Observe that there are exactly |G : M1| choices for
M ′, and for any fixed M ′, there are exactly |M1 : NM1(H)| choices for H ′ (since

H is a Sylow subgroup of G). Thus there are exactly |G : NM1(H)| of these pairs.

Additionally, G contains exactly |G : NG(H)| subgroups conjugate to H. As any

two of these conjugate subgroups appear in an equal number of pairs, we deduce

that H lies in exactly |NG(H) : NM1(H)| = 22 G-conjugates of M1. Similarly, H

lies in two G-conjugates of K and one G-conjugate of L.

As M1 has shape 47:23, it contains a subgroup S of order 47. In fact, each

maximal subgroup of G whose order is divisible by 47 is conjugate to M1, and it

follows that M1 is the unique maximal subgroup of G that contains S. Hence if J
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is a maximal subgroup of G satisfying J ∩M1 ̸= 1, then J contains a G-conjugate

of H. Let U be the set of G-conjugates of H that lie in at least one such maximal

subgroup J (with J = M1 allowed). There are 47 subgroups of order 23 in M1, each

of which lies in two G-conjugates of K, and there are |K : NK(H)| subgroups of

order 23 in K. Therefore, there are fewer than 47 · 2|K : NK(H)| subgroups in U
that lie in at least one G-conjugate of K. By considering the G-conjugates of M1

and L similarly, we conclude that

|U| < 47(2|K : NK(H)|+ 22 · 47 + |L : NL(H)|) < |G : M1|/22. (4.2.1)

Recall from above that each G-conjugate of H lies in exactly 22 G-conjugates

of M1. Hence the number of G-conjugates of M1 containing subgroups in U is less

than 22|U|, which is less than |G : M1| by (4.2.1). We conclude that there exists

g ∈ G such that no subgroup of M g
1 lies in U . This means that M1 and M g

1 are not

adjacent in ∆G and have no common neighbours, and so d(M1,M
g
1 ) > 2. Since S is

maximal in M1, and no other maximal subgroup of G contains S, we observe that

M1 is the unique neighbour of S in ∆G. Similarly, M g
1 is the unique neighbour of

Sg, and it follows that d(S, Sg) > 4. Therefore, diam(∆G) = 5.

We can in fact say more about the vertices of ∆B that witness the maximal

distance of 5.

Proposition 4.2.4. Suppose that G = B, and let S1 and S2 be nontrivial proper

subgroups of G such that d(S1, S2) = 5. Then S1 and S2 are (conjugate) subgroups

of order 47.

Proof. By Lemma 4.2.2, we may assume that S1 lies in no maximal subgroup of G

of even order. Then S1 is either a member of the unique G-conjugacy class of cyclic

subgroups of order 47, or a maximal subgroup of G of shape 47:23. As mentioned

in the proof of Theorem 4.1.4, each subgroup T of G of order 47 lies in a unique

maximal subgroup F of G, of shape 47:23, and F is the unique neighbour in ∆G

of T . Hence if S2 ̸= T , then d(F, S2) < d(T, S2). We may therefore assume that

|S1| = 47. We will write M1 to denote the neighbour of S1 of shape 47:23.

It remains to show that d(S1, S2) < 5 when |S2| ̸= 47. Note that if S2 is not

cyclic of prime order, then, as in the proof of Lemma 4.2.1, d(S1, S2) ⩽ d(S1, C) for

each cyclic subgroup C of S2 of prime order. Hence we may assume that S2 itself is

cyclic of prime order, and so |S2| ∈ {2, 3, 5, 7, 11, 13, 17, 19, 23, 31}.
As we stated in the proof of Theorem 4.1.4, M1 contains a Sylow 23-subgroup

H of G, and H lies in a maximal subgroup L of G of shape 21+22·Co2. Let R
be the set of maximal subgroups R of G with |L| |R| > |G| (up to G-conjugacy,
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these are the first twelve subgroups in Table 4.2.1). Any subgroup R ∈ R satisfies

L ∩ R ̸= 1. Hence it suffices to show that S2 lies in a subgroup R ∈ R, as in this

case S1 ∼ M1 ∼ L ∼ R ∼ S2 (or S1 ∼ M1 ∼ L ∼ S2 if L = R) and d(S1, S2) ⩽ 4.

If |S2| ⩾ 7, then there is a unique G-conjugacy class of cyclic subgroups of order

|S2|, and R contains a maximal subgroup of G whose order is divisible by |S2|. Thus
we can set R to be some conjugate of this maximal subgroup. If instead |S2| = 2,

then |L| |CG(S2)| > |G|, and so we can set R to be any maximal subgroup containing

CG(S2).

Suppose finally that |S2| ∈ {3, 5}. Then there are four choices for S2 up to

G-conjugacy: S3A, S3B, S5A and S5B, where the subscript is the label in the Atlas

for the G-conjugacy class of a generator for S2. If S2 is conjugate to S3A, then we

may set R = NG(S2). We also observe that each cyclic subgroup of G of order 9, 35

or 25 contains a G-conjugate of S3B, S5A or S5B, respectively. As the simple group

HN contains cyclic subgroups of order 25, while 2E6(2) contains cyclic subgroups of

order 9 and 35, we can choose R to be an appropriate maximal subgroup of G of

shape HN:2 or 2.2E6(2):2.

We complete this chapter by proving Proposition 4.1.5.

Proof of Proposition 4.1.5. We split the proof into three cases.

Case (a): k = 3. Let G := PSU(3, 3). Note that each maximal subgroup of

G has even order by Theorem 4.2.3, and so diam(∆G) ⩽ 4 by Lemma 4.2.2. In

fact, if M1 and M2 are maximal subgroups of G, then |M1| |M2| > |G| [42, p. 14],
and so M1 ∼ M2. Hence if S1 and S2 are nontrivial proper subgroups of G that

are not maximal, and if M1 and M2 are maximal subgroups containing S1 and

S2, respectively, then either S1 ∼ M1 ∼ S2 or S1 ∼ M1 ∼ M2 ∼ S2. It follows

immediately that diam(∆G) ⩽ 3. As the intersection graph of any non-abelian

finite simple group has diameter at least 3 by Theorem 4.1.3, we conclude that

diam(∆G) = 3.

Case (b): k = 4. Let G := PSU(3, 7), and let S1 and S2 be nontrivial proper

subgroups of G. To show that diam(∆G) = 4, it suffices by Lemmas 4.2.1 and 4.2.2

to show that 4 is the maximum distance between S1 and S2 when S1 and S2 are

cyclic of prime order, and when S1 lies in no maximal subgroup of G of even order.

In what follows, all information about the subgroups and elements of G follows from

[42, pp. 66–67], except where stated otherwise. In particular, |S1| = 43, and the

unique neighbour of S1 in ∆G is a maximal subgroupM1 of shape 43:3. Additionally,

any subgroup H of M1 of order 3 is a Sylow subgroup of G, and H lies in a maximal
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subgroup L of G of order 16464. Note that for each M ∈ {M1, L}, there is a unique

conjugacy class in G of maximal subgroups of order |M |.
Next, let M2 be a G-conjugate of L containing S2 if |S2| = 3, and otherwise let

M2 be a maximal subgroup of G containing CG(S2). Note that if |S2| = 7, then 49

divides |CG(S2)|, and so M2 is a G-conjugate of L. In general, if |S2| ≠ 43, then

|M2| |L| > |G|, and so M2 ∩ L ̸= 1. Thus in this case, S1 ∼ M1 ∼ L ∼ M2 ∼ S2

(or S1 ∼ M1 ∼ L ∼ S2 if L = M2), and so d(S1, S2) ⩽ 4. Assume therefore that

|S2| = 43. Then there exists x ∈ G such that S2 = Sx
1 and M2 = Mx

1 . The Magma

code in psu37 shows that, for each g ∈ G, either M1 ∩ M g
1 ̸= 1, or there exists a

G-conjugate of L that intersects nontrivially with both M1 and M g
1 . Hence in either

case, d(S1, S
g
1) ⩽ 4.

Now, M1 is not a direct product of S1 and H, and so NM1(H) = H. Additionally,

we observe from the aforementioned Magma code that |NG(H)| = 96. Therefore, H

lies in |NG(H) : NM1(H)| = 32 G-conjugates of M1. As there are 43 G-conjugates

of H in M1, and the index of M1 in G is greater than 43 · 96, it follows that there
exists g ∈ G such that M1 ∩M g

1 = 1. Hence d(S1, S
g
1) ⩾ 4. We therefore conclude

that diam(∆G) = 4.

Case (c): k = 5. Let G := PSU(7, 2). Using certain Magma computations1 from

psu72, we can adapt the proof of Theorem 4.1.4(ii) to show that diam(∆G) = 5,

as follows. First, these computations show that each maximal subgroup of G of

odd order has shape 43:7, that each subgroup of G of order 43 lies in no maximal

subgroup of even order, and that a Sylow 7-subgroup of G has order 7. Now, let

M be a maximal subgroup of G of shape 43:7, and let S and H be subgroups of

M of order 43 and 7, respectively. Additionally, let U be the set of G-conjugates

of H that lie in M or in a neighbour of M in ∆G. We see using Magma that

|U| is less than the ratio between |G : M | and the number of G-conjugates of M

containing H. As in the proof of Theorem 4.1.4(ii), we deduce that there exists

g ∈ G such that d(M,M g) > 2, and so d(S, Sg) > 4. Therefore, diam(∆G) = 5 by

Theorem 4.1.4(i).

Note that ∆PSU(3,7) has diameter 4 even though PSU(3, 7) is a unitary group of

odd prime dimension that contains a maximal subgroup of odd order. In general,

the following question is open.

Question 4.2.5. For each k ∈ {3, 4, 5}, which finite simple unitary groups of odd

prime dimension have an intersection graph of diameter k?

1Note that the additional computations in this file are only used in the proof of Theorem 6.5.1,
and that the notation used in this code does not in general correspond with the notation used here.



Chapter 5

The non-commuting,

non-generating graph of a group:

general results and groups with

non-simple central quotients

5.1 Background and the main theorem

In this chapter, we introduce the non-commuting, non-generating graph of a group

G, prove general results about this graph, and investigate in detail its connectedness

and diameter in the case where G is not a central extension of a non-abelian simple

group. In Chapter 6, we focus on the case where G is a (central extension of a) non-

abelian finite simple group. In general, we do not consider infinite simple groups in

this thesis, but we will be able to briefly discuss these groups in certain easy cases.

We continue to use the graph theoretic notation summarised at the beginning

of Chapter 4. In addition, throughout this chapter, G denotes an arbitrary group,

except where specified otherwise.

First, we define a few important graphs related to groups, including the non-

commuting, non-generating graph.

Definition 5.1.1 ([98, p. 55]). The generating graph of G is the graph with vertices

G \ {1}, and with two vertices x and y adjacent if and only if ⟨x, y⟩ = G.

Note that although this graph was originally defined in [98, p. 55] with vertex

set G, it is common to delete the identity element from its vertex set (see, e.g.,

[24, Definition 3.13]), as this vertex would otherwise be isolated whenever G is not

cyclic.

We will also formally define the complement of the generating graph of G. In

§6.5, we will prove a theorem about the diameter of this complement when G is a

non-abelian finite simple group.

94
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Definition 5.1.2. The non-generating graph of G is the graph with vertices G\{1},
and with two vertices x and y adjacent if and only if ⟨x, y⟩ ≠ G.

Next, we define the graph that is the focus of the remainder of this thesis.

Definition 5.1.3. The non-commuting, non-generating graph of G, denoted by

Ξ(G), is the graph with vertices G\Z(G), and with two vertices x and y adjacent if

and only if [x, y] ̸= 1 and ⟨x, y⟩ ̸= G. We will write Ξ+(G) to denote the subgraph

of Ξ(G) induced by its non-isolated vertices.

Similarly to the exclusion of the identity from the vertex set of the generating

graph, we do not include any central elements of G in the vertex set of Ξ(G), as

these would always be isolated. It is also clear that Ξ(G) is the empty graph if and

only if G is abelian. We will therefore often assume that G is non-abelian.

As mentioned in §1.0.2, both the generating graph of G and Ξ(G) are the differ-

ences between subsequent graphs in the hierarchy of graphs defined in [34, §2.6]. In

particular, with the appropriate vertices deleted in each case, the generating graph

is the difference between the complete graph on G and the non-generating graph

of G, while Ξ(G) is the difference between the non-generating graph of G and the

commuting graph of G, where two vertices are adjacent if and only if they commute.

The complement of this graph will be very important when studying the structure

of Ξ(G).

Definition 5.1.4 ([1]). The non-commuting graph of G is the graph with vertices

G \ Z(G), and with two vertices x and y adjacent if and only if [x, y] ̸= 1.

Again, central vertices are not included in the vertex set of this graph, as they

would otherwise always be isolated. Notice that the edge set of Ξ(G) is the inter-

section of the edge sets of the non-commuting graph of G and the non-generating

graph of G.

We now present a theorem summarising the main results of this chapter. Here,

and throughout the chapter, we consider primitivity as an abstract group property,

as in Definition 2.1.22. Recall also that a minimal non-abelian group is a non-abelian

group with all proper subgroups abelian.

Theorem 5.1.5. Suppose that G := G/Z(G) is not simple. Then (at least) one of

the following holds.

(i) Ξ(G) has no vertices. This occurs if and only if G is abelian.

(ii) Ξ(G) has vertices but no edges. This occurs if and only if G is minimal non-

abelian.
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(iii) Ξ(G) has an isolated vertex, and Ξ+(G) is connected with diameter 2. If G

has a proper non-cyclic quotient, then G is soluble.

(iv) Ξ(G) has an isolated vertex, Ξ+(G) is connected with diameter at most 4, and

the subgraph of Ξ(G) induced by the vertices in

{g ∈ G \ Z(G) | Z(G)g ∈ Ξ+(G)}

is connected with diameter at most diam(Ξ+(G)), which is equal to 2 or 3. Ad-

ditionally, G is an insoluble primitive group with every proper quotient cyclic.

(v) Ξ(G) is connected with diameter 2 or 3.

(vi) Ξ(G) is connected with diameter 4, G is infinite, and G has a proper non-cyclic

quotient.

(vii) Ξ(G) has exactly two connected components, each of diameter 2. If G is finite,

then this occurs if and only if G has exactly two conjugacy classes of maximal

subgroups, and nontrivial Sylow subgroups P and Q such that Φ(P ) = Z(P ) ̸⩽
Z(G), Q is cyclic, and the unique maximal subgroup of Q is normal in G; in

particular, G is soluble.

This theorem supports our claim in §1.0.2 that the diameter of Ξ(G) is often

very small. However, we will see that there exist finite groups G such that Ξ(G)

is connected with diameter larger than 2. This is not the case for the generating

graph of a finite group, which, as we mentioned in §1.0.2, was recently proved to

have diameter at most 2 whenever it is connected [22, Corollary 6]. It is an open

question whether there exists a group G satisfying case (iv) or case (vi) of the above

theorem. In particular, we do not know if the diameter of Ξ(G) (or Ξ+(G)) can be

equal to 4 when G/Z(G) is not simple. However, we will see in Chapter 6 that there

exist finite simple groups G such that diam(Ξ(G)) = 4.

Note also that in §5.7–5.9, we provide a more detailed structural description of

the finite groups mentioned in Theorem 5.1.5(vii). We will see that more can also

be said about the structure of an infinite group G such that Ξ(G) has two nontrivial

connected components.

The remainder of this chapter is structured as follows. In §5.2, we prove gen-

eral useful results about the graph Ξ(G), and we discuss the isolated vertices of

the graph in detail in §5.3. Next, in §5.4, we consider groups that contain normal

maximal subgroups and the non-commuting, non-generating graphs of these groups.

In particular, we determine the possible diameters of Ξ(G) and Ξ+(G) when every
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maximal subgroup of G is normal; this of course includes the case where G is nilpo-

tent. We then explore in §5.5 the non-commuting, non-generating graph of a direct

product of groups. The results here allow us to prove in §5.6 a detailed relationship

between the structures of G and Ξ(G) when G is a finite nilpotent group (note that

these specific details are not included in Theorem 5.1.5 above). Our study of groups

G with normal maximal subgroups continues in §5.7, with detailed results about

distances between certain pairs of vertices of Ξ(G). We then complete the proof of

Theorem 5.1.5 in §5.8, where G is assumed to have a non-central normal subgroup

with a corresponding non-cyclic quotient, and in §5.9, where G/Z(G) is assumed to

be non-simple with every proper quotient cyclic. Finally, in §5.10, we consider the

structure of Ξ(G) for certain infinite groups G, namely, free products of groups.

5.2 General results

In this section, we prove general results about the non-commuting, non-generating

graph Ξ(G) of the group G. Many of these results will be useful throughout this

chapter and the next, though a few are only stated for the purpose of general

interest. We also consider briefly the non-commuting graph of G and the non-

generating graph of G. Throughout this chapter, for vertices x and y of Ξ(G), we

write d(x, y) := dΞ(G)(x, y) when the underlying group is evident. Similarly, we write

x ∼ y in place of x ∼Ξ(G) y.

Our first two results highlight useful symmetries of Ξ(G) and the non-commuting

graph of G.

Proposition 5.2.1. Let Γ be equal to the non-commuting graph of G, or to Ξ(G).

Additionally, let x, y ∈ G, and suppose that ⟨x⟩ = ⟨y⟩. Then x and y have the same

set of neighbours in Γ.

Proof. As x and y are powers of each other, we observe that CG(x) = CG(y), and

⟨x, g⟩ = ⟨y, g⟩ for each g ∈ G. Therefore, {x, g} is an edge of Γ if and only if {y, g}
is an edge. In addition, [x, y] = 1, and so {x, y} is not an edge of Γ.

Proposition 5.2.2. Let Γ be equal to the non-commuting graph of G, or to Ξ(G).

Additionally, let x, y ∈ G, and suppose that {x, y} is an edge of Γ. Then x is

adjacent in Γ to each element of the double coset ⟨x⟩y⟨x⟩.

Proof. Let g ∈ ⟨x⟩y⟨x⟩, so that g = xiyxj for some i, j ∈ Z. Then ⟨x, g⟩ = ⟨x, y⟩.
Thus if Γ = Ξ(G), then ⟨x, g⟩ is a proper subgroup of G. Additionally, since {x, y} is

an edge of Γ, we see that y /∈ CG(x). As x ∈ CG(x), it follows that ⟨x⟩y⟨x⟩∩CG(x) =

∅. Thus {x, g} is an edge of Γ, as required.
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Now, the spread of a graph Γ is the largest value k such that the vertices in

each k-subset of Γ have a common neighbour, if such k exists. It is clear that Γ has

nonzero spread if and only if it has no isolated vertices, and that if Γ has spread at

least 2, then diam(Γ) ⩽ 2.

As we mentioned in §1.0.2, Burness, Guralnick and Harper [22, Corollary 6]

recently proved that the generating graph of a finite group has diameter at most 2

whenever it is connected. In fact, they proved a stronger result: whenever this graph

is connected (and has more than one vertex), its spread is at least 2 [22, Theorem 1].

This result was proved over several papers, using the classification of finite simple

groups.

In the case of the non-commuting, non-generating graph, however, it is much

easier to show that “diameter at most 2” is equivalent to “spread at least 2”.

Corollary 5.2.3. Suppose that Ξ(G) has an edge. Then Ξ(G) has spread at least 2

if and only if its diameter is at most 2.

Proof. As above, the forward direction is clear. Suppose therefore that Ξ(G) has

diameter at most 2, and let x, y ∈ G \ Z(G). If d(x, y) = 2, then there is a third

vertex adjacent to each of x and y. Otherwise, Proposition 5.2.2 shows that x and

y have the common neighbour xy. Hence Ξ(G) has spread at least 2.

We will not address the spread of Ξ(G) further in this thesis, except to point out

that it can be rather large. For example, the Magma code in psu32_spread shows

that if G is the (soluble) unitary group PSU(3, 2) of order 72, then Ξ(G) has spread

9. Further investigation of the spread of the non-commuting, non-generating graph

of a group would likely be very interesting.

Proposition 5.2.2 also yields the following corollary regarding the girth of Ξ(G),

i.e., the length of its shortest cycle.

Corollary 5.2.4. If Ξ(G) has an edge, then it has girth 3.

Proof. Let {x, y} be an edge of Γ. Proposition 5.2.2 shows that xy is adjacent in Γ

to each of x and y. Hence Γ contains the triangle (x, y, xy).

Note that, using similar arguments, Abdollahi, Akbari and Maimani [1, Proposi-

tion 2.1] proved a corresponding result about the girth of the non-commuting graph

of G, as well as the following two propositions (with Γ equal to the non-commuting

graph in the former proposition).

Proposition 5.2.5. Let Γ be equal to the non-commuting graph of G, or to Ξ(G).

Then no connected component of Γ has diameter 1.
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Proof. Suppose for a contradiction that Γ has a connected component X of diameter

1. Then |X| ⩾ 2, and so there exist distinct elements x, y ∈ X, and x ∼ y.

Proposition 5.2.2 then implies that x ∼ xy, and so xy ∈ X.

Now, if h ∈ X satisfies h−1 ̸= h, then Proposition 5.2.1 implies that h−1 ∈ X.

However, [h, h−1] = 1, and so h ̸∼ h−1. As X has diameter 1, we deduce that each

element of X is an involution. This implies that [x, y] = (xy)2 = 1, and so in fact

x ̸∼ y, a contradiction.

In the following proposition, and several times throughout this chapter, we use

the elementary observation that the union of two proper subgroups of G is a proper

subset of G.

Proposition 5.2.6. Suppose that G is non-abelian. Then the non-commuting graph

of G is connected with diameter 2.

Proof. By Proposition 5.2.5, it suffices to show that the non-commuting graph of G

is connected with diameter at most 2. Let x, y ∈ G \Z(G). Then CG(x) and CG(y)

are each proper subgroups of G, and so there exists g ∈ G \ (CG(x) ∪CG(y)). Thus

(x, g, y) is a path in the non-commuting graph of G, and the result follows.

Observe that if G is non-abelian and not 2-generated, then Ξ(G) is equal to the

non-commuting graph of G. Hence we obtain the following.

Corollary 5.2.7. Suppose that G is non-abelian and not 2-generated. Then Ξ(G)

is connected with diameter 2.

We note that, while each non-abelian finite simple group is 2-generated by The-

orem 2.4.4, the same is not true for infinite simple groups in general. For example,

consider the infinite alternating group, i.e., the group of even permutations (prod-

ucts of an even number of transpositions) of Z. It is well known that this group

is simple (see, e.g., [44, Lemma 2.3]), and it is easy to see that it is not finitely

generated. Furthermore, the main theorem of [66] shows that there exist infinite

simple groups that are finitely generated but not 2-generated. By Corollary 5.2.7,

diam(Ξ(G)) = 2 for each infinite simple group G that is not 2-generated.

We can also use Proposition 5.2.6 to deduce the following corollary, which we

will use many times throughout the remainder of this thesis.

Corollary 5.2.8. Let H be a proper non-abelian subgroup of G. The subgraph of

Ξ(G) induced by the vertices corresponding to H \Z(H) is connected with diameter

2.
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Proof. Since any two elements of H generate a subgroup of H, which is proper in

G, the subgraph of Ξ(G) induced by the vertices corresponding to H \ Z(H) is the

non-commuting graph of H. Hence Proposition 5.2.6 yields the result.

Next, we describe the structure of a finite group whose non-commuting, non-

generating graph has a vertex that is adjacent to all other vertices.

Proposition 5.2.9. Suppose that G is finite. Then Ξ(G) has a vertex that is adja-

cent to all other vertices if and only if G is a Frobenius group N :H, where N is a

non-cyclic abelian group of odd order, |H| = 2, and the involution of H acts on N

by inversion. Furthermore, no such Frobenius group N :H is 2-generated, and hence

Ξ(N :H) is equal to the non-commuting graph of N :H.

Proof. Assume first that Ξ(G) has a vertex x that is adjacent to all other vertices.

Then x ∈ G \ Z(G), CG(x) = Z(G) ∪ {x}, and ⟨x, y⟩ < G for all y ∈ G \ CG(x).

In particular, the disjoint union of Z(G) and {x} is a subgroup of G, which means

that Z(G) = 1 and |x| = 2.

Now, let H be a 2-subgroup of G containing x. Then Z(H) > 1. As CG(x) = ⟨x⟩,
we deduce that Z(H) = ⟨x⟩, and then that H = ⟨x⟩. Hence ⟨x⟩ is a Sylow 2-

subgroup of G, and in particular, each involution of G is conjugate to x. Addition-

ally, G has twice odd order.

Next, considering G as a permutation group acting regularly on itself, let N be

the subgroup of G of even permutations. Since G is regular, x is a product of |G|/2
disjoint transpositions. As |G|/2 is odd, x is an odd permutation. Thus N has index

2 in G, and is therefore normal of odd order.

Since CG(x) = ⟨x⟩, no non-identity element of N is fixed by x under conjugation.

Hence G is equal to N :H, and is a Frobenius group by Definition 2.1.18. Moreover,

[65, p. 3] shows that N is abelian and that x acts on N by inversion. As ⟨x,N⟩ = G,

while ⟨x, n⟩ < G for all n ∈ N , we deduce that N is not cyclic.

Conversely, assume that G is a Frobenius group N :H, where N is a non-cyclic

abelian group of odd order, |H| = 2, and the involution x of H acts on N by

inversion. By Theorem 2.1.19, CG(x) = H. To complete the proof, and in particular

to show that x is adjacent in Ξ(G) to all other vertices, it suffices to prove that G

is not 2-generated.

Let g, g′ ∈ G\{1}. If g, g′ ∈ N , then ⟨g, g′⟩ ⩽ N < G. If instead exactly one of g

and g′, say g, lies in N , then Proposition 2.1.20 implies that g′ = xs for some s ∈ G.

Since gs
−1 ∈ N and x acts on N by inversion, we observe that ⟨gs−1

, x⟩ = ⟨gs−1⟩ :⟨x⟩.
This is a proper subgroup of G, as N is not cyclic. Conjugating by s, we obtain

⟨g, g′⟩ < G. Finally, if g, g′ /∈ N , then g and g′ are involutions by Proposition 2.1.20,
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and so ⟨g, g′⟩ is dihedral. However, in any dihedral group of twice odd order, the

unique subgroup of index 2 is cyclic. Thus G is not dihedral, and ⟨g, g′⟩ < G.

The above proposition implies that if Ξ(G) has a vertex that is adjacent to all

other vertices, then the set of such vertices is precisely the set of isolated vertices of

the commuting graph of G. The finite groups whose commuting graphs have isolated

vertices are classified in [58, Theorem 3.9]. As in Proposition 5.2.9, these groups

are Frobenius groups N :H, where N is abelian of odd order and the involution of

H ∼= C2 acts on N by inversion. However, in this more general context, the group

N may be cyclic; here, the generator for H is not adjacent in Ξ(G) to any generator

for N .

Furthermore, several observations from the proof of Proposition 5.2.9 also apply

to any infinite group G such that Ξ(G) has a vertex x that is adjacent to all other

vertices. For example, x must be an involution, and any subgroup K of G properly

containing ⟨x⟩ must have trivial centre. Moreover, if K is finite, then K is a Frobe-

nius group N :⟨x⟩, where N is an abelian (and possibly cyclic) group of odd order,

and x acts on N by inversion.

The following result, together with Proposition 5.2.6 will allow us to determine

upper bounds for distances between vertices of Ξ(G) for certain non-abelian groups

G.

Proposition 5.2.10. Let H be a normal subgroup of G, and suppose that G/H is

not cyclic. Additionally, let h ∈ H and g ∈ G. Then {h, g} is an edge of Ξ(G) if

and only if [h, g] ̸= 1, i.e., if and only if {h, g} is an edge of the non-commuting

graph of G.

Proof. Since G/H is not cyclic, we see that ⟨Hg⟩ < G/H, and hence ⟨H, g⟩ < G.

The result now follows from the definitions of Ξ(G) and the non-commuting graph

of G.

We now explore how information about Ξ(G) can be used to deduce information

about Ξ(G/N), for a normal subgroup N of G, and vice versa.

Proposition 5.2.11. Let N be a normal subgroup of G, and let x, y ∈ G. Then

{Nx,Ny} is an edge of Ξ(G/N) if and only if:

(i) [x, y] /∈ N ; and

(ii) ⟨x, y,N⟩ < G.

In particular, if {Nx,Ny} is an edge of Ξ(G/N), then {x, y} is an edge of Ξ(G).
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Proof. The commutator of the elements Nx,Ny ∈ G/N is [Nx,Ny] = N [x, y],

which is equal to N = 1G/N if and only if [x, y] ∈ N . In addition, the subgroup

⟨Nx,Ny⟩ of G/N is equal to (N⟨x, y⟩)/N = ⟨x, y,N⟩/N , which is a proper subgroup

of G/N if and only if ⟨x, y,N⟩ is a proper subgroup of G. Thus both (i) and (ii)

hold if and only if {Nx,Ny} is an edge of Ξ(G/N). It is also clear that if (i) and

(ii) hold, then {x, y} is an edge of Ξ(G).

Corollary 5.2.12. Let N be a normal subgroup of G, and suppose that Ξ(G/N)

has a nontrivial connected component X. Additionally, let k := diam(X). Then the

subgraph of Ξ(G) induced by the vertices in {g ∈ G \ Z(G) | Ng ∈ X} is connected

with diameter at most k. In particular, if N = Z(G), Z(G/N) = 1, and Ξ(G/N) is

connected with diameter k, then Ξ(G) is connected with diameter at most k.

Proof. Let x and y be elements of G \ Z(G) such that Nx,Ny ∈ X. As k ⩾

2 by Proposition 5.2.5, there exists a path (Nx,Ng1, . . . , Ngn) in Ξ(G/N) with

n ⩽ k, g1, . . . , gn ∈ G \ Z(G), and gn = y. It follows from Proposition 5.2.11

that (x, g1, . . . , gn) is a path in G. Hence dΞ(G)(x, y) ⩽ k. Finally, if N = Z(G),

Z(G/N) = 1 and X = Ξ(G/N), then {g ∈ G \ Z(G) | Ng ∈ X} = Ξ(G), and the

result follows.

Our next result yields additional important symmetries of the graph Ξ(G).

Proposition 5.2.13. Let α ∈ Aut(G) and x, y ∈ G. Then {x, y} is an edge of Ξ(G)

if and only if {xα, yα} is an edge of Ξ(G). Moreover, if N is a normal subgroup of G

that is stabilised by α, then {Nx,Ny} is an edge of Ξ(G/N) if and only {Nxα, Nyα}
is an edge of Ξ(G/N).

Proof. The result about the edges of Ξ(G) follows from the facts that [xα, yα] =

[x, y]α and ⟨xα, yα⟩ = ⟨x, y⟩α. Similarly, since α stabilises N , the commutator [x, y]

lies inN if and only if [xα, yα] ∈ N , and ⟨x, y,N⟩α = ⟨xα, yα, N⟩. Thus the statement

about the edges of Ξ(G/N) follows from Proposition 5.2.11.

Hence each automorphism of G induces an automorphism of Ξ(G), as we implied

in §1.0.2. It would be very interesting to further explore the structure of Aut(Ξ(G)),

and to compare it with structure of the automorphism group of the generating graph

of G; this latter group was investigated in detail in [37, §5] (with G finite). However,

this is outside the scope of this thesis.

Observe that if α is an inner automorphism of G, then the second part of Propo-

sition 5.2.13 holds for each normal subgroup N . Thus we obtain the following.
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Corollary 5.2.14. Let x, y ∈ G and c ∈ CG(x), and let N be a normal subgroup of

G. If x is adjacent in Ξ(G) to some element of the conjugacy class yG, then each

element of xG is adjacent to a corresponding element of yG. In particular, if {x, y}
is an edge of Ξ(G), then so is {x, yc}. Similarly, if Nx is adjacent in Ξ(G/N) to

some element of NyG, then each element of NxG is adjacent to a corresponding

element of NyG, and if {Nx,Ny} is an edge of Ξ(G/N), then so is {Nx,Nyc}.

Together with Proposition 5.2.2, the above corollary shows that if y is a neighbour

of x in Ξ(G), then so is x1kx2 for all x1, x2 ∈ ⟨x⟩ and all k ∈ yCG(x).

Our final result in this section provides a link between Ξ(G), the non-generating

graph of G and the intersection graph of G (as in Definition 4.1.1), when Z(G) = 1.

In Chapter 6, we will use this result to provide a lower bound for the diameters of

the non-commuting, non-generating graphs and non-generating graphs of the baby

monster group and the unitary group PSU(7, 2).

Proposition 5.2.15. Suppose that Z(G) = 1, and let Γ be equal to Ξ(G) or the non-

generating graph of G. Assume also that Γ is connected with finite diameter. Then

the intersection graph ∆G of G is also connected, and diam(Γ) ⩾ diam(∆G)− 1.

Proof. Let S1 and S2 be distinct nontrivial proper subgroups of G. Additionally,

choose distinct elements g0 ∈ S1 \ {1} and gr ∈ S2 \ {1}, where r := dΓ(g0, gr). Note

that r is finite, as Γ has finite diameter. We will show that d∆G
(S1, S2) ⩽ r+1. Since

r ⩽ k := diam(Γ), it will follow that diam(∆G) ⩽ k+1, and hence k ⩾ diam(∆G)−1.

There exist elements g1, . . . , gr−1 ∈ G \ {1} such that (g0, g1, . . . , gr) is a path in

Γ, and Hi := ⟨gi, gi+1⟩ is a proper subgroup of G for each i ∈ {0, . . . , r − 1}. Thus

deleting consecutive repeats from (S1, H0, H1, . . . , Hr−1, S2) yields a walk in ∆G of

length at most r + 1, as required.

We note that the discussion of dual pairs in [34, §12] (in particular Propositions

12.1 and 12.3) uses similar ideas to show that if G is a (non-cyclic) group1 whose non-

generating graph is connected with diameter k, then diam(∆G) ∈ {k − 1, k, k + 1}.
Hence Proposition 5.2.15 follows from this fact, and the fact that Ξ(G) is a spanning

subgraph of the non-generating graph of G when Z(G) = 1.

Additionally, [34, §12] yields similar results about other pairs (Γ1,Γ2) of graphs,

where the vertex set of Γ1 consists of the non-identity elements of a non-cyclic group

G, and Γ2 is an associated induced subgraph of ∆G. Indeed, the result in [29, §4]

about the soluble graph of the baby monster group B, which we mentioned at the

1Although [34, Proposition 12.3] assumes that G is finite, the proof also holds in the infinite
case.
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end of §4.1, uses the fact that this soluble graph forms a dual pair with the subgraph

of ∆B induced by the (nontrivial) soluble subgroups of B.

5.3 Isolated vertices

In this section, we focus our attention on the isolated vertices of Ξ(G). First, we

provide a general characterisation of these vertices.

Proposition 5.3.1. A vertex g of Ξ(G) is isolated if and only if all of the following

hold:

(i) G is 2-generated;

(ii) there exists a unique maximal subgroup M of G containing g; and

(iii) g ∈ Z(M).

Moreover, if G is finitely generated and g is not isolated in Ξ(G), then there exists

a maximal subgroup L of G such that g ∈ L \ Z(L).

Proof. We may assume that G is non-abelian. If G is not 2-generated, then Corol-

lary 5.2.7 shows that Ξ(G) is connected. Hence in this case Ξ(G) has no isolated

vertices.

Suppose now that G is 2-generated, and let g ∈ G \ Z(G). Then g is isolated in

Ξ(G) if and only if [g, x] = 1 for each x ∈ G with ⟨g, x⟩ < G. By Proposition 2.1.5,

each proper subgroup of G lies in a maximal subgroup of G, and hence g is isolated if

and only if each maximal subgroup containing g also centralises g. Proposition 2.1.7

shows that g lies in the centre of at most one maximal subgroup, and so either (ii)

and (iii) both hold (and g is isolated), or g is non-central in at least one maximal

subgroup (and is not isolated).

It is even easier to classify the (non-abelian) groups G for which every vertex of

Ξ(G) is isolated. Recall that a minimal non-abelian group is a non-abelian group

with all proper subgroups abelian.

Proposition 5.3.2. Suppose that G is non-abelian. Then all vertices of Ξ(G) are

isolated if and only if G is minimal non-abelian.

Proof. The edges of Ξ(G) correspond to pairs of non-generating elements of G that

do not commute. Thus Ξ(G) has no edges if and only if all pairs of non-generating

elements are commuting pairs, i.e., if and only if all proper subgroups are abelian.
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We will use Proposition 5.3.2 throughout the remainder of this thesis without

further reference.

The finite minimal non-abelian groups were first classified by Miller and Moreno

[110] in 1903, and Rédei [121] provided a more detailed description of their structures

in 1947. In particular, any such group is a p-group, or a non-nilpotent group whose

order has exactly two prime divisors. Thus, by Burnside’s paqb Theorem, each finite

minimal non-abelian group is soluble (Miller and Moreno in fact proved this fact

without using Burnside’s theorem, which had not yet been published). See [150,

Theorem 2.4] for a concise description of the finite minimal non-abelian p-groups.

On the other hand, not all infinite minimal non-abelian groups are known. One

family of examples is the family of infinite simple Tarski monster groups, mentioned

in §2.1.2, where every nontrivial proper subgroup is cyclic of fixed prime order.

Hence each Tarski monster group G serves as an example of an infinite simple group

for which the structure of Ξ(G) is easily deduced: each of its vertices is isolated.

In general, it is clear that each minimal non-abelian group G is 2-generated.

Otherwise, ⟨x, y⟩ would be abelian for all x, y ∈ G, implying that x ∈ Z(G) for all

x ∈ G, contradicting the fact that G is non-abelian.

Our next proposition (together with Proposition 5.3.1) details several necessary

conditions for a vertex of Ξ(G) to be isolated.

Proposition 5.3.3. Suppose that G is finitely generated, that an element g of G

lies in a unique maximal subgroup M of G, and that g ∈ Z(M).

(i) Suppose that M ̸◁⩽ G. Then CoreG(M) = Z(G).

(ii) If M ◁⩽ G, or if G contains a normal subgroup N satisfying Z(G) < CG(N) <

G, then M is abelian.

(iii) Suppose that M is non-abelian. Then G/Z(G) is primitive with point sta-

biliser M/Z(G). If, in addition, G/Z(G) has a minimal normal subgroup

R/Z(G), then R/Z(G) is non-abelian, is the unique minimal normal subgroup

of G/Z(G), and intersects nontrivially with M/Z(G).

Proof. Let h ∈ G \M . Since no maximal subgroup of G contains both g and h, it

follows from Proposition 2.1.5 that ⟨g, h⟩ = G.

(i) Here, Mh ̸= M . As M is the unique maximal subgroup of G containing g,

it follows that Mh is the unique maximal subgroup of G containing gh. Thus

⟨g, gh⟩ = ⟨M,Mh⟩ = G, which gives ⟨g⟩G = G.
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Now, let K := CoreG(M). Proposition 2.1.6 implies that Z(G) < M , and

hence Z(G) ⩽ K. In addition, CG(K) ◁⩽ NG(K) = G. The central element

g of M centralises K, and hence CG(K) contains ⟨g⟩G = G. It follows that

K ⩽ Z(G), and therefore K = Z(G).

(ii) Assume first that M ◁⩽ G. Then the characteristic subgroup Z(M) of M is

normal in G. As ⟨Z(M), h⟩ = G, it follows that G/Z(M) is equal to the cyclic

group ⟨Z(M)h⟩. Hence M/Z(M) is cyclic, and Proposition 2.1.2 implies that

M is abelian.

Next, suppose that M ̸◁⩽ G and that G contains a normal subgroup N whose

centraliser C := CG(N) satisfies Z(G) < C < G. Then N ̸⩽ Z(G) and

N < G. Since CoreG(M) = Z(G) by (i), and since C ◁⩽ NG(N) = G, it

follows that N ̸⩽ M and C ̸⩽ M . Moreover, NM = G = CM . Since

N ⩽ CG(C) ⩽ CG(C ∩ M) ⩽ NG(C ∩ M) and C ∩ M ◁⩽ M , we conclude

(similarly to the proof of [52, Theorem A.15.2]) that C∩M ◁⩽ NM = G. Thus

C ∩M ⩽ Z(G). Furthermore, no maximal subgroup of G contains both g and

the proper subgroup C, and hence ⟨C, g⟩ = G, i.e., ⟨Cg⟩ = G/C. The Second

Isomorphism Theorem gives G/C = CM/C ∼= M/(C ∩ M), and in fact the

associated isomorphism maps Cg to (C∩M)g. Thus ⟨(C∩M)g⟩ = M/(C∩M),

i.e., ⟨C ∩M, g⟩ = M . As C ∩M lies in Z(G), it follows that M = ⟨Z(G), g⟩,
which is abelian.

(iii) SinceM is non-abelian, (ii) implies thatM ̸◁⩽ G, and hence CoreG(M) = Z(G)

by (i). Let G := G/Z(G), M := M/Z(G) and g := Z(G)g. Then M is the

unique maximal subgroup of G containing g, and M is core-free in G. Hence

G is primitive with point stabiliser M by Definition 2.1.22.

Assume now that G contains a minimal normal subgroup R := R/Z(G), with

R a subgroup of G containing Z(G). Then no maximal subgroup of G con-

tains both g and R, and hence ⟨g,R⟩ = G. Thus G/R = ⟨Rg⟩ is cyclic.

Additionally, since R ◁⩽ G, we observe that RM = G.

Suppose for a contradiction that R ∩ M = 1. Then G = R : M , and hence

M = M/Z(G) is isomorphic to the cyclic group G/R. As Z(G) ⩽ Z(M), it

follows that M/Z(M) is cyclic, and thus M is abelian by Proposition 2.1.2.

This contradicts the assumption that M is non-abelian. Hence R ∩ M > 1,

and so G is not a split extension of R by M . Theorem 2.1.24 therefore implies

that R is non-abelian and the unique minimal normal subgroup of G.

The following associated question is open.
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Question 5.3.4. Does there exist a group G, a non-abelian maximal subgroup M

of G and an element g ∈ G, such that g ∈ Z(M) and M is the unique maximal

subgroup of G containing g?

For further discussions of related questions (from the perspective of isolated

vertices of Ξ(G)), see §5.9.

We can in fact say more about the possible orders of elements that are isolated in

the non-commuting, non-generating graphs of certain groups. First, we require the

following preliminary result, which is a generalisation of Glauberman’s Z∗ Theorem

[61, Theorem 4]. In particular, the result is a combination of [61, Corollary 1] and

[69, Theorem 4.1]. Here, for a prime p, we write Op′(G) to denote the largest normal

subgroup of G whose order is coprime to p.

Theorem 5.3.5. Suppose that G is finite, and let p be a prime. Additionally, let

x be an element of G whose order is a power of p, with |x| = p if p > 2. If

Op′(G)x /∈ Z(G/Op′(G)), then there exists g ∈ G such that xg ̸= x and [x, xg] = 1.

Note that the proof in [61] of the p = 2 case of the above theorem does not use

the classification of finite simple groups. However, the proof of the odd prime case

in [69] does rely on the classification.

Lemma 5.3.6. Suppose that G is finite, and let M be a non-normal maximal sub-

group of G. Additionally, let x be an element of M \Z(G), such that |x| is a power of

a prime p, with |x| = p if p > 2. Assume also that each nontrivial normal subgroup

of G has order divisible by p. Then x is non-central in some maximal subgroup of

G. Hence x is a non-isolated vertex of Ξ(G).

Proof. Suppose for a contradiction that each maximal subgroup of G containing x

also centralises x. Then x ∈ Z(M), and Proposition 2.1.7 shows that CG(x) = M ,

and that M is the unique maximal subgroup of G containing x. Each nontrivial

normal subgroup of G has order divisible by p, and so the subgroup Op′(G) from

Theorem 5.3.5 is trivial. Since x /∈ Z(G), this same theorem shows that there exists

an element g ∈ G such that x ̸= xg ∈ CG(x) = M . As x ∈ Z(M), we deduce that

g ∈ G \M .

Now, M g ̸= M , since M is maximal and non-normal in G. Since xg lies in the

distinct maximal subgroups M and M g of G, its conjugate x also lies in at least two

maximal subgroups, a contradiction. It now follows from Proposition 5.3.1 that x

is a non-isolated vertex of Ξ(G).
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The following result shows that in the case |x| = 2, we can in fact relax several

of the hypotheses of the previous lemma, including the finiteness of G. This result

and its proof are essentially from [139].

Lemma 5.3.7. Suppose that G is not a dihedral group and contains a non-normal

maximal subgroup M . Then each involution of M \Z(G) is a non-isolated vertex of

Ξ(G).

Proof. Let g ∈ G \M , and suppose that M \ Z(G) contains an involution x. Then

⟨x, xg⟩ generates a (proper) dihedral subgroup D of G. Either D lies in a maximal

subgroup of G distinct from M , or xg ∈ M and x ∈ M g−1 ̸= M . Hence x lies in at

least two maximal subgroups of G, and Proposition 5.3.1 yields the result.

We conclude this section by noting that §5.5 includes a characterisation of the

isolated vertices of Ξ(G) when G is a direct product of groups. Furthermore, in

§6.2, we will show that Ξ(G) has no isolated vertices when G is a finite simple

group, using results from [139] that classify the elements of finite groups that lie in

a unique maximal subgroup.

5.4 Groups with normal maximal subgroups

In this section, we prove several results about groups that contain normal maximal

subgroups, and about these groups’ non-commuting, non-generating graphs. In

particular, we characterise Ξ(G) when every maximal subgroup of G is normal.

This includes the case where G is nilpotent, and in §5.6, we will describe in more

detail the relationship between the structure of a finite nilpotent group and the

structure of its non-commuting, non-generating graph. In §5.7, we will explore the

structure of Ξ(G) in more detail in the case where G has a normal maximal subgroup

satisfying specific properties.

Although the following result involves normal maximal subgroups of G, it applies

also in certain cases where G contains no such subgroup.

Proposition 5.4.1. Let (x, J,K) be an ordered triple such that J and K are proper

subgroups of G, with x ∈ J \Z(J) and x /∈ K. In addition, suppose that H := J ∩K

is a maximal subgroup of J , or that K is a normal maximal subgroup of G.

(i) There exists h ∈ H such that {x, h} is an edge of Ξ(G), and in particular

CH(x) < H.
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Figure 5.4.1: An illustration of Proposition 5.4.1(ii).

(ii) Suppose that there exists y ∈ K \ Z(K) with y /∈ J , as in Figure 5.4.1. If H

is a maximal subgroup of K, or if J is a normal maximal subgroup of G, then

there exists an element g ∈ H such that (x, g, y) is a path in Ξ(G).

Proof. Proposition 2.1.9 shows that if K is a normal maximal subgroup of G, then

H is maximal in J . Similarly, if J is normal and maximal in G, then H is maximal

in K. Thus we may assume in general that H is maximal in J , and in (ii) that H

is maximal in K.

Observe that CH(x) < H, as otherwise ⟨H, x⟩ = J would centralise x. For each

h ∈ H \ CH(x), the subgroup ⟨x, h⟩ lies in J < G. Hence x ∼ h, yielding (i).

Now suppose that H is maximal in K, and let y be as in (ii). Then, similarly

to above, CH(y) < H. Thus there exists g ∈ H \ (CH(x) ∪ CH(y)). Furthermore,

⟨x, g⟩ ⩽ J < G and ⟨g, y⟩ ⩽ K < G, so that x ∼ g ∼ y, and we obtain (ii).

In what follows, we use the fact that each nontrivial connected component of

Ξ(G) has diameter at least 2, by Proposition 5.2.5.

Let L and M be maximal subgroups of G, with x ∈ L\Z(L) and y ∈ M \Z(M).

We split the proof of the following lemma into several cases, corresponding to where

x lies with respect to M and Z(M) and where y lies with respect to L and Z(L).

In one of these cases, we assume that either x ∈ M \ Z(M) or y ∈ L \ Z(L). If this
does not occur, then either x ∈ Z(M) or x /∈ M , and either y ∈ Z(L) or y /∈ L. By

considering the two possibilities for each of x and y, we obtain our remaining cases.

Lemma 5.4.2. Let (x, L, y,M) be an ordered 4-tuple such that L and M are non-

abelian maximal subgroups of G, with L ◁⩽ G, x ∈ L \ Z(L) and y ∈ M \ Z(M).

Suppose also that CL(x) ◁⩽ G or M ◁⩽ G. Then d(x, y) ⩽ 3. Moreover, d(x, y) = 3

if and only if G is finitely generated and either:

(i) x ∈ Z(M), y /∈ L, and M is the only maximal subgroup of G containing but

not centralising y; or
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L M

x
y

Z(L) Z(M)

Figure 5.4.2: An illustration of case (i) of Lemma 5.4.2.

(ii) y ∈ Z(L), x /∈ M , and L is the only maximal subgroup of G containing but

not centralising x.

Figure 5.4.2 illustrates the situation in (i).

Proof. We may assume that G is finitely generated, as otherwise d(x, y) ⩽ 2 by

Corollary 5.2.7. Let {(f, A), (g,B)} = {(x, L), (y,M)}. We will first show that if

f ∈ Z(B), then G/⟨f⟩G is not cyclic. Here, if B = L or M ◁⩽ G, then B is a

non-abelian normal subgroup of G, and Proposition 2.1.2 implies that G/⟨f⟩G is

not cyclic. It remains to consider the case where B = M ̸◁⩽ G (so that x ∈ Z(M))

and CA(f) = CL(x) ◁⩽ G. Observe that M = CG(x) by Proposition 2.1.7. Thus

CL(x) = L ∩ M , and so ⟨x⟩G ⩽ L ∩ M . As M ̸◁⩽ G, we see that M/(L ∩ M) ̸◁⩽
G/(L ∩M). Hence G/(L ∩M) is not cyclic, and it follows that G/⟨x⟩G is also not

cyclic, as required.

We split the remainder of the proof into the cases mentioned above the statement

of the lemma.

Case (a): x ∈ M \ Z(M) or y ∈ L \ Z(L). Here, x and y are non-central elements

of a proper subgroup (L or M) of G. Hence Corollary 5.2.8 yields d(x, y) ⩽ 2.

Case (b): x /∈ M and y /∈ L. As L ◁⩽ G, applying Proposition 5.4.1 to the triple

(y,M,L) gives CL∩M(y) < L ∩ M . If M ◁⩽ G, then this same proposition implies

that d(x, y) ⩽ 2.

It remains to consider the case where CL(x) ◁⩽ G. Since x lies in L and in

CG(x) but not in M , we see that CG(x) ∩ L ̸⩽ M . As L and L ∩ CG(x) = CL(x)

are normal in G, with L and M maximal, applying Proposition 2.1.10 to the triple

(CG(x), L,M) gives L ∩M ̸⩽ CG(x). Hence CL∩M(x) < L ∩M .

We have shown that CL∩M(x) and CL∩M(y) are proper subgroups of L∩M . Thus

there exists an element h ∈ L ∩ M that centralises neither x nor y. Additionally,

⟨x, h⟩ ⩽ L < G and ⟨h, y⟩ ⩽ M < G. Hence x ∼ h ∼ y, and d(x, y) ⩽ 2.
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Case (c): x ∈ Z(M) and y ∈ Z(L). Here, [x, y] = 1, since x ∈ L. As the non-

commuting graph of G is connected with diameter 2 by Proposition 5.2.6, this graph

contains the path (x, r, y) for some r ∈ G \ Z(G). In addition, since x ∈ Z(M) and

y ∈ Z(L), the quotients G/⟨x⟩G and G/⟨y⟩G are non-cyclic, by the first paragraph

of the proof. It follows from Proposition 5.2.10 that (x, r, y) is also a path in Ξ(G),

and hence d(x, y) is at most 2 (and is in fact equal to 2 since [x, y] = 1).

Case (d): x ∈ Z(M) and y /∈ L, or y ∈ Z(L) and x /∈ M . Here, f ∈ Z(B) and

g /∈ A, where {(f, A), (g,B)} = {(x, L), (y,M)} as above. We claim that CA∩B(g) <

A ∩ B. Indeed, if (g,B) = (y,M) or if M ◁⩽ G, then applying Proposition 5.4.1(i)

to the triple (g,B,A) yields the claim. Otherwise, the claim follows by applying

Proposition 2.1.10 to the triple (CG(g), B,A), as in the proof of Case (b). In general,

as f lies in A∩B but not in Z(A), we see that Z(A)∩B < A∩B. Thus there exists

k ∈ A ∩B with k /∈ Z(A) and k /∈ CG(g). Observe that g ∼ k, while d(f, k) ⩽ 2 by

Corollary 5.2.8. Hence d(f, g) ⩽ 3.

It remains to show that d(f, g) = 3 if and only if B is the unique maximal

subgroup of G that contains but does not centralise g. If B is indeed the unique

such maximal subgroup, then the neighbourhood of g in Ξ(G) is a subset of B.

However, since f ∈ Z(B), no element of B is a neighbour of f . Thus d(f, g) > 2,

and so d(f, g) = 3 by the previous paragraph.

Suppose instead that there exists a maximal subgroup K of G that contains but

does not centralise g, with K ̸= B. Then K ∩B and CK(g) are proper subgroups of

K, and so there exists s ∈ K \ (B∪CK(g)). In particular, s ∼ g. Additionally, since

f ∈ Z(B), the quotient G/⟨f⟩G is non-cyclic, by the first paragraph of the proof.

As s does not lie in B, which is equal to CG(f) by Proposition 2.1.7, it follows from

Proposition 5.2.10 that f ∼ s. Hence f ∼ s ∼ g, yielding d(f, g) ⩽ 2.

We are now able to describe the structure of the non-commuting, non-generating

graph of a group where every maximal subgroup is normal. Recall that Ξ+(G)

denotes the subgraph of Ξ(G) induced by its non-isolated vertices.

Theorem 5.4.3. Suppose that every maximal subgroup of G is normal, and that

Ξ(G) contains an edge. Then Ξ+(G) is connected with diameter 2 or 3. Moreover,

if G contains an abelian maximal subgroup, or if Ξ(G) has an isolated vertex, then

diam(Ξ+(G)) = 2.

Proof. As Ξ(G) contains an edge, G is neither abelian nor minimal non-abelian.

We may also assume that G is 2-generated, as otherwise Ξ(G) is connected with

diameter 2 by Corollary 5.2.7.
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Let x and y be non-isolated vertices of Ξ(G). Then Proposition 5.3.1 shows that

G contains maximal subgroups L and M such that x ∈ L\Z(L) and y ∈ M \Z(M).

As these maximal subgroups are normal in G, applying Lemma 5.4.2 to the 4-

tuple (x, L, y,M) yields d(x, y) ⩽ 3. Hence Ξ+(G) is connected with diameter 2

or 3. Moreover, if G has an abelian maximal subgroup, then Z(L) and Z(M) are

subgroups of Z(G) by Lemma 2.1.12. Thus x /∈ Z(M) and y /∈ Z(L) for all choices

of 4-tuples as above, and so Lemma 5.4.2 implies that diam(Ξ+(G)) = 2.

Suppose finally that Ξ(G) has an isolated vertex g. Then by Proposition 5.3.1,

G is 2-generated, g lies in a unique maximal subgroup K of G, and g ∈ Z(K).

Furthermore, as K ◁⩽ G, Proposition 5.3.3(ii) shows that K is abelian. The previous

paragraph now yields diam(Ξ+(G)) = 2.

Now, each maximal subgroup of a nilpotent group is normal, and a finite group

with each maximal subgroup normal is nilpotent. However, this latter statement is

not true in the infinite case. For example, for each odd prime p, let Gp be the infinite

2-generated p-group constructed by Gupta and Sidki in [68]. Then every maximal

subgroup of Gp is normal [119, Theorem 4.3]. By [8, Theorem 2.1], each finitely

generated infinite nilpotent group contains an element of infinite order. Since each

non-identity element of Gp has order p, this group is not nilpotent. Groups with

every maximal subgroup normal are discussed further in [114, 115].

In §5.6, we will present an example of a finite nilpotent group G such that Ξ(G)

is connected with diameter 2; an example such that Ξ(G) is connected with diameter

3; and an example such that Ξ(G) has isolated vertices and a connected component

of diameter 2. Hence each possibility allowed by Theorem 5.4.3 does indeed occur.

We also note that Lucchini [102, Corollary 4] proved a version of Theorem 5.4.3

for the generating graph of a finite 2-generated nilpotent group: the subgraph of

this graph induced by its non-isolated vertices is always connected with diameter at

most 2.

5.5 Direct products of groups

In this section, we consider the non-commuting, non-generating graph of a direct

product of groups. Since a finite nilpotent group is the direct product of its Sylow

subgroups by Theorem 2.1.15, the results of this section will play an important

role in describing the structure of the non-commuting, non-generating graph of a

given finite nilpotent group. Moreover, the results here are interesting in a broader

context. In particular, we will see that the non-commuting, non-generating graph

is relatively “well-behaved” in the context of direct products.
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Throughout this section, both G and H will denote arbitrary groups, except

where stated otherwise. The following proposition is one of the key observations

towards determining the structure of Ξ(G×H).

Proposition 5.5.1. Let x1, x2 ∈ G and y1, y2 ∈ H. Suppose also that the following

conditions are satisfied:

(i) [x1, x2] ̸= 1 or [y1, y2] ̸= 1; and

(ii) ⟨x1, x2⟩ < G or ⟨y1, y2⟩ < H.

Then the elements (x1, y1) and (x2, y2) of G×H are adjacent vertices of Ξ(G×H).

Proof. Since (i) holds, (x1, y1) and (x2, y2) do not commute. In particular, these

are distinct non-central elements of G × H, i.e., they are vertices of Ξ(G × H).

Furthermore, (ii) implies that ⟨(x1, y1), (x2, y2)⟩ < G × H. Therefore, (x1, y1) and

(x2, y2) are adjacent in Ξ(G×H).

Using the above observation, we are able to prove the following.

Theorem 5.5.2. Suppose that G is non-abelian and that H is not cyclic. Then

Ξ(G×H) is connected with diameter 2.

Proof. Let (g1, h1), (g2, h2) ∈ (G×H) \ (Z(G×H)). Note that, for each i ∈ {1, 2},
either gi /∈ Z(G) or hi /∈ Z(H). We split the proof into three (not all mutually

exclusive) cases. By Proposition 5.2.5, it suffices in each case to find a path of

length 2 in Ξ(G×H) between (g1, h1) and (g2, h2).

Case (a): g1, g2 /∈ Z(G). Proposition 5.2.6 shows that there exists an element u ∈ G

that commutes with neither g1 nor g2. Additionally, as H is not cyclic, ⟨h1, 1⟩ < H

and ⟨1, h2⟩ < H. It follows from Proposition 5.5.1 that ((g1, h1), (u, 1), (g2, h2)) is a

path in Ξ(G×H).

Case (b): h1, h2 /∈ Z(H). Here, H is non-abelian. Thus arguing as in Case

(a), there exists an element v ∈ H such that ((g1, h1), (1, v), (g2, h2)) is a path in

Ξ(G×H).

Case (c): Exactly one of g1 and g2 is central in G, and exactly one of h1 and h2

is central in H. We will assume without loss of generality that h1 ∈ Z(H), so that

h2 /∈ Z(H). Then g1 /∈ Z(G) and g2 ∈ Z(G). Let s ∈ G\CG(g1) and t ∈ H \CH(h2).

The non-abelian group G properly contains the abelian group ⟨g2, s⟩, and similarly,

⟨h1, t⟩ < H. Thus Proposition 5.5.1 implies that ((g1, h1), (s, t), (g2, h2)) is a path in

Ξ(G×H).
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The above theorem shows that there are certain trivial cases where G is a central

extension of an infinite simple group and diam(Ξ(G)) is known, even if that simple

group is 2-generated. Namely, if G is the direct product of an infinite simple group

and a non-cyclic abelian group, then diam(Ξ(G)) = 2.

Now, let Γ(G) denote the generating graph of G, and Γ+(G) the subgraph of

Γ(G) induced by its non-isolated vertices. Crestani and Lucchini [47, Theorem 1.1]

proved that Γ+(G) is connected whenever G is a 2-generated direct power Sk of a

non-abelian finite simple group S. However, if S ∼= PSL(2, 2p), with p an odd prime,

then p and k can be chosen so that diam(Γ+(G)) > n for any given integer n [47,

Theorem 1.3]. On the other hand, Theorem 5.5.2 shows that Ξ(Sm) is connected

with diameter 2 for each non-abelian simple group S and each integer m ⩾ 2. Thus

the non-commuting, non-generating graphs of direct products of non-abelian groups

are structured much more uniformly than the generating graphs of these groups.

In the next proposition and its proof, we write d(·, ·) to denote distances in both

Ξ(G) and Ξ(G×H). In each case, it will be clear which graph contains the relevant

vertices.

Proposition 5.5.3. Suppose that G is non-abelian, and that H is cyclic. Addition-

ally, let g1 and g2 be distinct elements of G \ Z(G), and let h1, h2 ∈ H. Then the

following statements hold.

(i) d((g1, h1), (g2, h2)) ⩽ d(g1, g2).

(ii) Suppose that g1 is not isolated in Ξ(G). Then d((g1, h1), (g1, h2)) ∈ {0, 2}.

Hence if Ξ(G) is connected with diameter k, then Ξ(G × H) is connected with di-

ameter at most k.

Proof. Let r := (x1, x2, . . . , xk) be a walk in Ξ(G). No two adjacent vertices in r

commute or generate G, and so ((x1, h1), (x2, h2), . . . , (xk, h2)) is a walk in Ξ(G×H)

by Proposition 5.5.1. We now use this fact to prove (i) and (ii).

(i) This is clear if d(g1, g2) = ∞. Otherwise, we obtain the result by setting r to

be a path in Ξ(G) of minimal length under the conditions x1 = g1 and xk = g2.

(ii) If h1 = h2, then d((g1, h1), (g1, h2)) = 0. Otherwise, (g1, h1) and (g1, h2)

commute, and hence are not adjacent in Ξ(G × H). Setting r = (g1, x2, g1),

with x2 some neighbour of g1 in Ξ(G), gives d((g1, h1), (g1, h2)) = 2.

Suppose finally that Ξ(G) is connected with diameter k, and recall from Propo-

sition 5.2.5 that k ⩾ 2. Since {(g, h) | g ∈ G \ Z(G), h ∈ H} is the set of vertices of
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Ξ(G×H), it follows from (i) and (ii) that Ξ(G×H) is connected with diameter at

most k.

The previous result suggests that, if G is non-abelian and H is cyclic, then

diam(Ξ(G×H)) may be strictly less than diam(Ξ(G)). The following two examples

show that this possibility does indeed arise.

Example 5.5.4. For a group K, let d(K) denote the minimum size of a generating

set for K. It is easy to show, using Burnside’s Basis Theorem, that d(P1 × P2) =

d(P1) + d(P2) for all finite p-groups P1 and P2 with p a fixed prime. Thus no 2-

generated non-abelian finite p-group can be expressed as a nontrivial direct product.

It will follow from Theorem 5.6.2 below that if H is a finite cyclic group and G

is a finite nilpotent group such that Ξ(G) is connected, then diam(Ξ(G × H)) ̸=
diam(Ξ(G)) if and only if diam(Ξ(G)) = 3 and |G| and |H| have a common prime

divisor.

Example 5.5.5. Suppose that G is the (non-nilpotent) symmetric group S4. Us-

ing the Magma code in comp_nc_ng, we can show that the non-commuting, non-

generating graphs of the 2-generated groups S4, S4 ×C3 and S4 ×C2 are connected

with diameter 3, 3 and 2, respectively. Hence, for a given non-nilpotent finite group

G, there may exist nontrivial cyclic groups H1 and H2 such that |G| is divisible by

both |H1| and |H2|, while diam(Ξ(G×H1)) < diam(Ξ(G×H2)) = diam(Ξ(G)).

We now wish to determine the isolated vertices of Ξ(G×H). Proposition 5.3.1

suggests that a classification of the maximal subgroups of G×H will aid us in this

task. The following result, which is a consequence of Goursat’s Lemma [63, §11–12]

(see also [7, §1–2]), gives such a classification.

Lemma 5.5.6 ([138, p. 354]). Let K be a subgroup of G×H. Then K is maximal

in G×H if and only if one of the following occurs:

(i) K = MG ×H, for some maximal subgroup MG of G;

(ii) K = G×MH , for some maximal subgroup MH of H; or

(iii) K = {(g, h) | g ∈ G, h ∈ H, (N1g)θ = N2h}, where N1 and N2 are maximal

normal subgroups of G and H, respectively, and θ is an isomorphism from

G/N1 to H/N2.

In the following two results, we assume the convention that if H is an infinite

group, then each positive integer divides |H|.
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Theorem 5.5.7. Suppose that G and H are finitely generated, with G non-cyclic,

and let g ∈ G and h ∈ H. Additionally, let L be the set of maximal subgroups L of

G such that L ◁⩽ G and |G : L| is a prime dividing |H|. Then (g, h) lies in a unique

maximal subgroup of G×H if and only if all of the following hold:

(i) ⟨h⟩ = H;

(ii) g lies in a unique maximal subgroup MG of G; and

(iii) L ⊆ {MG}.

Proof. As G is finitely generated and ⟨g⟩ < G, Proposition 2.1.5 implies that there

exists a maximal subgroup MG of G containing g. Similarly, there exists a maximal

subgroup MH of H containing h if and only if ⟨h⟩ ̸= H. Notice that (g, h) lies in

the maximal subgroups MG×H and G×MH of G×H for every such MG and MH .

Hence if (g, h) lies in a unique maximal subgroup of G×H, then (i) and (ii) hold.

For the remainder of the proof, we will assume that these two conditions hold.

Lemma 5.5.6 shows that (g, h) lies in a maximal subgroup of G×H other than

MG ×H if and only if there exist maximal normal subgroups N1 of G and N2 of H,

and an isomorphism θ : G/N1 → H/N2 with (N1g)θ = N2h. If this is the case, then

since ⟨h⟩ = H, we see that ⟨N2h⟩ = H/N2, and hence ⟨N1g⟩ = G/N1. Furthermore,

N2 is a maximal subgroup of the cyclic group H, and so N1 is maximal in G.

Now, the quotients of the cyclic group H by its maximal subgroups are precisely

the cyclic groups of order a prime dividing |H|. Hence G contains a normal subgroup

N1 as in the previous paragraph if and only if N1 ∈ L and g /∈ N1, i.e., if and only if

L contains a subgroup not equal to MG. Therefore, MG ×H is the unique maximal

subgroup of G×H containing (g, h) if and only if (iii) holds, as required.

We are now able to describe the isolated vertices of Ξ(G×H).

Corollary 5.5.8. Suppose that G is non-abelian, and let g ∈ G and h ∈ H. Addi-

tionally, let L be the set of maximal subgroups L of G such that L ◁⩽ G and |G : L|
divides |H|. Then (g, h) is an isolated vertex of Ξ(G ×H) if and only if all of the

following hold:

(i) ⟨h⟩ = H;

(ii) g is an isolated vertex of Ξ(G); and

(iii) |L| ⩽ 1, and if L = {L}, then g ∈ L.
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Proof. Note that if G is not 2-generated, then neither is G×H. Hence in this case

Corollary 5.2.7 implies that Ξ(G) and Ξ(G × H) are connected, and so have no

isolated vertices. In particular, (ii) is not satisfied. If instead H is not 2-generated,

then again neither is G×H, and Ξ(G×H) has no isolated vertices. Furthermore, (i)

does not hold in this case. We may therefore assume that G and H are 2-generated.

Note also that if (i) holds, then g is a vertex of Ξ(G) if and only if (g, h) is a vertex

of Ξ(G×H).

Suppose first that (g, h) is an isolated vertex of Ξ(G×H). Then Proposition 5.3.1

implies that G×H has a unique maximal subgroup K containing (g, h), and (g, h) ∈
Z(K). Hence by Theorem 5.5.7, (i) and (iii) hold, and g lies in a unique maximal

subgroup MG of G. Since (g, h) lies in the maximal subgroup MG × H of G × H,

we conclude that K = MG × H. In addition, as (g, h) ∈ Z(K) = Z(MG) × H, we

see that g ∈ Z(MG). Proposition 5.3.1 therefore yields (ii).

Conversely, suppose that (i), (ii) and (iii) all hold. Then it follows from Proposi-

tion 5.3.1 that g lies in a unique maximal subgroupMG of G, and g ∈ Z(MG). Hence

Theorem 5.5.7 implies that MG×H is the unique maximal subgroup of G×H con-

taining (g, h). Since (g, h) ∈ Z(MG)×H = Z(MG×H), the vertex (g, h) is isolated

in Ξ(G) by Proposition 5.3.1.

The fact that Ξ(G×H) contains no isolated vertices if G is non-abelian and H

is not cyclic also follows directly from Theorem 5.5.2.

5.6 Finite nilpotent groups

Recall Theorem 5.4.3, which describes the possible structures of the graph Ξ(G)

when G is a group with every maximal subgroup normal. In this section, we will

investigate in more detail the relationship between the structures of Ξ(G) and G

when G is also finite, and hence nilpotent. In particular, we will prove the follow-

ing two stronger versions of Theorem 5.4.3. Here, p denotes a prime, and as in

Definition 5.1.3, Ξ+(G) denotes the subgraph of Ξ(G) induced by its non-isolated

vertices.

Theorem 5.6.1. Suppose that G is a finite p-group. Then one of the following

occurs.

(i) G is either abelian or minimal non-abelian. In this case, Ξ(G) has no edges.

(ii) G is non-abelian and not 2-generated. In this case, Ξ(G) is connected with

diameter 2.
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(iii) G is non-abelian, 2-generated and not minimal non-abelian, and contains at

most one abelian maximal subgroup. Furthermore, each maximal subgroup

contains Z(G).

(a) If G has an abelian maximal subgroup M , then Ξ+(G) is connected with

diameter 2, and the isolated vertices of Ξ(G) are precisely the elements

of M \ Φ(G) ̸= ∅.

(b) If the centre of each maximal subgroup of G is equal to Z(G), then Ξ(G)

is connected with diameter 2.

(c) If all maximal subgroups of G are non-abelian, and at least one has a

centre properly containing Z(G), then Ξ(G) is connected with diameter

3.

Theorem 5.6.2. Suppose that G is finite and nilpotent, and that |G| is divisible by

at least two primes. Then one of the following occurs.

(i) G is abelian. In this case, Ξ(G) is the empty graph.

(ii) G is non-abelian and contains at least two non-cyclic Sylow subgroups. In this

case, Ξ(G) is connected with diameter 2.

(iii) G = P ×H, with P a non-abelian Sylow subgroup of G and H cyclic.

(a) If Ξ(P ) has no isolated vertex, then Ξ(G) is connected, and diam(Ξ(G)) =

diam(Ξ(P )) ∈ {2, 3}.

(b) If Ξ(P ) has an isolated vertex, then Ξ+(G) is connected with diameter 2,

and (g, h) ∈ G is an isolated vertex of Ξ(G) if and only if g is an isolated

vertex of Ξ(P ) and ⟨h⟩ = H.

As mentioned in §5.3, each finite nilpotent minimal non-abelian group is a p-

group [110]. Thus the group G from Theorem 5.6.2 is never minimal non-abelian.

However, the group P in case (iii)(b) of this theorem may be minimal non-abelian.

We will first focus on proving Theorem 5.6.1. It is clear that Ξ(G) has no edges

if G is abelian or minimal non-abelian, and we recall from Corollary 5.2.7 that Ξ(G)

is connected with diameter 2 if G is non-abelian and not 2-generated. We therefore

begin by proving the following useful lemma about non-abelian, finite, 2-generated

p-groups. The “equality” statement in part (iii) of this lemma is well known (for

example, see [150, Lemma 2.3]). Additionally, while part (v) of the lemma is not

required to prove Theorem 5.6.1, we include it for general interest.
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Lemma 5.6.3. Suppose that G is a non-abelian, finite, 2-generated p-group. Then

the following statements hold.

(i) Φ(G) is a maximal subgroup of each maximal subgroup of G.

(ii) Each element of G \ Φ(G) lies in a unique maximal subgroup of G.

(iii) Z(G) ⩽ Φ(G), with equality if and only if G is minimal non-abelian.

(iv) If G is not minimal non-abelian, then G contains at most one abelian maximal

subgroup.

(v) Let M be a non-abelian maximal subgroup of G. Then Z(M) < Φ(G).

Proof.

(i) As G is 2-generated, Burnside’s Basis Theorem implies that Φ(G) has index

p2 in G. Since Φ(G) lies in each maximal subgroup of G by definition, and

since each maximal subgroup of a p-group has index p, the result follows.

(ii) We will prove the contrapositive of the result. Let x be an element of G that

lies in two distinct maximal subgroups L and M . Then x ∈ L ∩M , which is

equal to Φ(G) by (i).

(iii)–(iv) LetM be a maximal subgroup of G. By (i), M contains an element x that does

not lie in Φ(G). Moreover, (ii) shows that M is the unique maximal subgroup

of G containing x. As the abelian group ⟨x, Z(G)⟩ is a proper subgroup of G,

it follows that M contains Z(G). This holds for every maximal subgroup of

G, and so Z(G) ⩽ Φ(G).

Now, if Z(G) = Φ(G), then ⟨Φ(G), x⟩ is abelian, and is equal toM by (i). This

again holds for every maximal subgroup, and so G is minimal non-abelian.

If instead there exists y ∈ Φ(G) \ Z(G), then by Proposition 2.1.7, y lies in

the centre of at most one maximal subgroup of G. As y lies in each maximal

subgroup of G, it follows that at most one of these maximal subgroups is

abelian, and in particular G is not minimal non-abelian.

(v) As M ◁⩽ G, Proposition 5.3.3(ii) implies that each central element of M lies in

a maximal subgroup of G distinct from M . Thus (ii) implies that no element

of M \Φ(G) is central in M , and hence Z(M) ⩽ Φ(G). Since Φ(G) is maximal

in M by (i), while Z(M) is not maximal in M by Proposition 2.1.2, we deduce

that Z(M) < Φ(G).
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Proof of Theorem 5.6.1. Lemma 5.6.3 shows that if G is non-abelian, 2-generated

and not minimal non-abelian, then G contains at most one abelian maximal sub-

group, and Z(G) < Φ(G). Hence, in this case, each maximal subgroup of G contains

Z(G). Therefore, exactly one of (i), (ii) and (iii) holds, and we may consider each

case separately.

(i) This is clear.

(ii) This is an immediate consequence of Corollary 5.2.7.

(iii)(a) By Lemma 5.6.3(ii), the abelian maximal subgroup M of G is the unique max-

imal subgroup containing each element of M \ Φ(G). As each other maximal

subgroup of G is non-abelian, it follows from Propositions 5.3.1 and 5.3.3(ii)

that a vertex g of Ξ(G) is isolated if and only if g lies in the set M \ Φ(G),

which is non-empty as G is not cyclic. As each element of G\M is a vertex of

Ξ(G) by Lemma 5.6.3(iii), we see that Ξ(G) has an edge. It now follows from

Theorem 5.4.3 that Ξ+(G) is connected with diameter 2.

(iii)(b) Let x, y ∈ G\Z(G), and let L and M be maximal subgroups of G that contain

x and y, respectively. As Z(L) = Z(G) = Z(M), applying Lemma 5.4.2 to the

4-tuple (x, L, y,M) gives d(x, y) ⩽ 2. It follows from Proposition 5.2.5 that

Ξ(G) is connected with diameter 2.

(iii)(c) Let M be a (non-abelian) maximal subgroup of G that satisfies Z(G) < Z(M).

In addition, let y ∈ M \Φ(G), and let x ∈ Z(M) \Z(G). Proposition 5.3.3(ii)

implies that each element of Z(M) lies in a maximal subgroup of G distinct

from M . In particular, x lies in such a maximal subgroup L, and x /∈ Z(L)

by Proposition 2.1.7. On the other hand, Lemma 5.6.3(ii) shows that M

is the unique maximal subgroup of G containing y, and thus y /∈ Z(M).

Hence applying Lemma 5.4.2 to the 4-tuple (x, L, y,M) yields d(x, y) = 3.

Theorem 5.4.3 therefore implies that Ξ(G) is connected with diameter 3.

Using the Magma code in p_groups_small, we can show that the groups num-

bered2 (16, 7), (243, 3) and (32, 6) in the Small Groups Library [11] are groups of

the smallest order satisfying properties (iii)(a), (b) and (c) of Theorem 5.6.1, re-

spectively.

We can now prove Theorem 5.6.2 using Theorems 5.4.3 and 5.6.1, together with

the results of §5.5.

2The first integer in each ordered pair is the order of the group.
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Proof of Theorem 5.6.2. Recall from Theorem 2.1.15 that G is the direct product of

its Sylow subgroups. Hence exactly one of (i), (ii) and (iii) holds. We may therefore

consider each case separately.

(i) This is clear.

(ii) We may express G as A×B, where A is a non-abelian direct product of Sylow

subgroups of G, and B is a non-cyclic direct product of Sylow subgroups of

G. Thus Lemma 5.5.2 shows that Ξ(G) is connected with diameter 2.

(iii)(a) As Ξ(P ) is not the empty graph, Theorem 5.4.3 implies that Ξ(P ) is connected

with diameter 2 or 3. Hence Propositions 5.2.5 and 5.5.3 show that Ξ(G) is

connected, with 1 < diam(Ξ(G)) ⩽ diam(Ξ(P )). It therefore suffices to find

a pair of vertices of Ξ(G) of distance 3 in the case diam(Ξ(P )) = 3. Here,

Theorem 5.6.1 shows that P is 2-generated, and that there exists a non-abelian

maximal subgroup M of P with Z(P ) < Z(M). As P is a Sylow subgroup

of G, the direct factors P and H have coprime orders, and so G is also 2-

generated.

Now, Z(M) is a proper subgroup of the non-abelian group M , as is Φ(P )

since P is not cyclic. Thus there exists a ∈ M \ (Φ(P ) ∪ Z(M)). Let x

be a generator for H, and b ∈ Z(M) \ Z(P ). By Lemma 5.6.3(ii), M is

the unique maximal subgroup of P containing a. As |P | is coprime to |H|,
the set L in Theorem 5.5.7 (applied to the direct product P × H) is empty,

and so that theorem shows that M × H is the unique maximal subgroup of

G containing (a, x). Additionally, (b, x) lies in Z(M) × H = Z(M × H),

while (a, x) does not. Since Ξ(P ) contains no isolated vertices, we conclude

from Proposition 5.3.1 that there exists a maximal subgroup L of P with

b ∈ L \ Z(L), and hence (b, x) ∈ (L×H) \ Z(L×H). Applying Lemma 5.4.2

to the 4-tuple ((b, x), L×H, (a, x),M×H) therefore yields d((a, x), (b, x)) = 3.

(iii)(b) Since |P | is coprime to |H|, the set L in Corollary 5.5.8 (again applied to

the direct product P × H) is empty. Hence this corollary implies that the

set of isolated vertices of Ξ(G) is as required. In particular, Ξ(G) ̸= Ξ+(G).

Additionally, Proposition 5.5.1 shows that for any choice of x ∈ P \ Z(P )

and y ∈ P \ CP (x), the vertices (x, 1) and (y, 1) are adjacent in Ξ(G). Thus

Ξ(G) has both isolated and non-isolated vertices, and we conclude from The-

orem 5.4.3 that Ξ+(G) is connected with diameter 2.

Theorem 5.6.2 includes a description of the non-commuting, non-generating

graph of the direct product of a finite non-abelian nilpotent group and a finite
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cyclic group. We can also describe the graph of such a direct product where the

cyclic group is infinite.

Proposition 5.6.4. Suppose that G is non-abelian, finite and nilpotent. Then G×Z
is not 2-generated, and hence Ξ(G× Z) is connected with diameter 2.

Proof. As above, it follows from Theorem 2.1.15 that G contains a non-abelian (and

hence non-cyclic) Sylow subgroup P . Let k be the smallest size of a generating

set for P . Then k > 1, and Burnside’s Basis Theorem implies that P/Φ(P ) is

isomorphic to the elementary abelian group Ck
p for some prime p. Thus Ck+1

p is a

quotient of P/Φ(P ) × Z, which is a quotient of G × Z. Hence the smallest size of

a generating set for G× Z is at least the smallest size of a generating set for Ck+1
p ,

which is k + 1 > 2. Therefore, Corollary 5.2.7 shows that Ξ(G × Z) is connected

with diameter 2.

5.7 Distances involving certain normal maximal subgroups

In this section, we continue the study of groups containing normal maximal sub-

groups that we began in §5.4. The focus here is on the case where G has a normal,

non-abelian maximal subgroup M satisfying Z(G) < Z(M). In particular, we de-

termine upper bounds for the distance in Ξ(G) between an element of M \ Z(M)

and an element of (G \M)∪ (Z(M) \Z(G)). The results here will be useful in §5.8

when we determine the structures of the non-commuting, non-generating graphs for

a certain family of groups.

We begin with two necessary results that apply even when G does not contain a

maximal subgroup M with all of the above properties. Note that, since the union

of two proper subgroups of a group is a proper subset of that group, it follows from

Proposition 2.1.5 that each finitely generated non-cyclic group has at least three

maximal subgroups.

Lemma 5.7.1. Suppose that G is finitely generated and non-cyclic. Moreover, as-

sume that G contains a normal maximal subgroup M , and that K ∩M = L∩M for

all maximal subgroups K and L of G distinct from M . Then K∩M = K∩L = Φ(G).

Moreover, if G is finite, then G is soluble. If, in addition, M is the unique normal

maximal subgroup of G, then G contains exactly two conjugacy classes of maximal

subgroups.

Proof. Let K and L be distinct maximal subgroups of G that are not equal to M .

As K ∩M = L ∩M , we observe that K ∩M ⩽ K ∩ L < K. Moreover, K ∩M is

a maximal subgroup of K by Proposition 2.1.9, and thus K ∩M = K ∩ L. Hence
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K ∩M is the intersection of each pair of distinct maximal subgroups of G, and so

K ∩M = Φ(G).

We assume from now on that G is finite. As |K ∩M | = |L ∩M |, it follows that
|K| = |L|, and so the set S of orders of maximal subgroups of G has size at most 2.

Suppose first that G is insoluble. Since |S| ⩽ 2, the quotient G/Φ(G) is isomor-

phic to H := (C3i
2 :PSL(2, 7)) × Cj

7 , where i and j are non-negative integers [127].

The group PSL(2, 7) contains a maximal subgroup A of index 7 and a maximal

subgroup B of index 8 [42, p. 3]. It follows that (C3i
2 :A) × Cj

7 and (C3i
2 :B) × Cj

7

are maximal subgroups of H of index 7 and 8, respectively. Each of these maxi-

mal subgroups intersects the simple group PSL(2, 7) in its corresponding maximal

subgroup, which is not normal, and hence these maximal subgroups of H are not

normal. Therefore, G contains non-normal maximal subgroups K and L of index 7

and 8, respectively. However, this contradicts the fact |K| = |L| from the previous

paragraph.

Hence G is soluble. Assume now that M is the unique normal maximal subgroup

of G. Then K ̸◁⩽ G, and the normal subgroup Φ(G) of G is maximal in K by the

first paragraph of this proof. Hence CoreG(K) = Φ(G). This holds for each maximal

subgroup of G distinct from M , and so Theorem 2.1.17 shows that these maximal

subgroups are all conjugate in G. Therefore, G has exactly two conjugacy classes of

maximal subgroups, one of which contains only the normal subgroup M .

In the following theorem, which is a more detailed version of a theorem of Ad-

nan [2], we classify the finite groups that satisfy the final conclusion of the previous

lemma, and determine some of their properties. Recall from Burnside’s Basis The-

orem that if P is a finite p-group, then we may consider P/Φ(P ) as a vector space

over Fp.

Theorem 5.7.2. Suppose that G is finite. Then the following statements hold.

(i) G contains exactly two conjugacy classes of maximal subgroups if and only if:

(a) G = P :Q, where P and Q are nontrivial Sylow subgroups of coprime

order; and

(b) Q is cyclic and acts irreducibly on P/Φ(P ).

In particular, G is soluble.

(ii) Suppose that (i)(a) and (b) hold, and let R be the unique maximal subgroup

of Q. Then:
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(a) the maximal subgroups of G are the normal subgroup M := PR and the

conjugates of Φ(P )Q;

(b) R ◁⩽ G if and only if Φ(G) = M ∩ Φ(P )Q;

(c) if R ◁⩽ G, then M = P ×R, and Φ(G) = Φ(P )×R is the intersection of

each pair of distinct maximal subgroups of G; and

(d) if R ◁⩽ G, CM(Φ(G)) ̸⩽ Φ(G), and M is non-abelian, then Φ(G) = Z(M),

i.e., Φ(P ) = Z(P ).

Proof. We will begin by proving (i) and (ii)(a). Note that Φ(P ) is a characteristic

subgroup of the normal subgroup P of G, and hence Φ(P )Q is a subgroup of G (and

the action of Q on P/Φ(P ) is well-defined). Adnan [2] proved that if G contains

exactly two conjugacy classes of maximal subgroups, then G satisfies (i)(a) and (b).

We will therefore assume that (i)(a) and (b) hold. Then Burnside’s paqb Theorem

implies that G is soluble.

The irreducibility of the action of Q on P/Φ(P ) implies that ⟨Φ(P ), Q, x⟩ = G

for each x ∈ P \ Φ(P ), and so Φ(P )Q is a maximal subgroup of G. Since R is

maximal in Q and P ◁⩽ G, we deduce that M := PR is also a maximal subgroup of

G. As G/P is cyclic, its subgroup M/P is normal, and hence M ◁⩽ G.

To complete the proofs of (i) and (ii)(a), it suffices to show that we have described

all maximal subgroups ofG. Suppose, for a contradiction, thatG contains a maximal

subgroup T that is not equal to M and not conjugate to Φ(P )Q. Then T contains

an element xy, where x ∈ P and (without loss of generality) y is a generator for Q.

For each integer k, the projection of (xy)k onto Q is equal to yk. Thus |Q| divides
|xy|, and it follows that T contains an element of order |Q|. Hence T contains a

Sylow subgroup of G of order |Q|, and we may assume that Q ⩽ T .

Let S be the projection of T onto P , i.e., the set of elements x ∈ P such that

there exists y ∈ Q with xy ∈ T . By the previous paragraph, S = T ∩ P . Moreover,

Theorem 2.1.17 implies that G = TΦ(P )Q = TQΦ(P ) = (T∩P )QΦ(P ) = SΦ(P )Q.

As G = P :Q, we deduce that ⟨S,Φ(P )⟩ = P . Hence S = P (since each maximal

subgroup of P contains Φ(P )), and so P ⩽ T . Thus T contains ⟨P,Q⟩ = G. This

contradicts the maximality of T , and so we obtain (i) and (ii)(a).

We now prove (ii)(b)–(c). Assume first that Φ(G) = M ∩ Φ(P )Q. Then this

intersection, which is equal to Φ(P )R, is normal in G. Since R is a Sylow q-subgroup

of Φ(P )R, the Frattini Argument yields G = Φ(P )RNG(R) = Φ(P )NG(R). Thus

P = Φ(P )NG(R) ∩ P , which is equal to Φ(P )(NG(R) ∩ P ) by Lemma 2.1.1. As

each maximal subgroup of P contains Φ(P ), it follows that P = NG(R) ∩ P , i.e.,

P ⩽ NG(R). Additionally, Q ⩽ NG(R). Therefore, R ◁⩽ P :Q = G.
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Conversely, assume that R ◁⩽ G. Since P ∩ R = 1, it is clear that M = P × R.

Additionally, as G = P :Qg for each g ∈ G, we see that

M ∩ (Φ(P )Q)g = (P ×R) ∩ Φ(P )Qg = (P ∩ Φ(P ))(R ∩Qg) = Φ(P )×R.

Similarly, Φ(P )×R is the intersection of each pair of distinctG-conjugates of Φ(P )Q,

and in particular Φ(G) = Φ(P )×R. Thus (ii)(b)–(c) hold.

To prove (ii)(d), we will again assume that R ◁⩽ G. Observe that CM(Φ(G)) =

CP×R(Φ(P ) × R) = CP (Φ(P )) × R. As Φ(P ) is a characteristic subgroup of P ,

so is CP (Φ(P )). Hence CP (Φ(P )) ◁⩽ G, and thus CP (Φ(P ))Q is a subgroup of G.

As Φ(P )Q is the unique maximal subgroup of G containing Q, and P ∩ Q = 1,

it follows that either CP (Φ(P )) ⩽ Φ(P ) or CP (Φ(P )) = P . In the former case,

CM(Φ(G)) ⩽ Φ(P )×R = Φ(G).

Suppose therefore that M is non-abelian, and that CM(Φ(G)) ̸⩽ Φ(G), so that

CP (Φ(P )) = P . Then CM(Φ(G)) = P ×R = M , and hence Φ(G) ⩽ Z(M). Assume

for a contradiction that Φ(G) ̸= Z(M), so that Z(M) ̸⩽ Φ(G) = M ∩ Φ(P )Q.

Then Z(M) ̸⩽ Φ(P )Q, and applying Corollary 2.1.11 to the pair (M,Φ(P )Q) yields

Φ(G) = M ∩ Φ(P )Q ̸⩽ Z(M), a contradiction. Thus Φ(G) = Z(M). As Φ(G) =

Φ(P )×R and Z(M) = Z(P )×R, we obtain (ii)(d).

We will see at the end of this section, and in subsequent sections, that finite

groups satisfying a certain set of properties related to the above theorem are very in-

teresting, in terms of the structures of their non-commuting, non-generating graphs.

For convenience, we will collect these properties in the following assumption, which

utilises Theorem 5.7.2(i).

Assumption 5.7.3. Assume that G is finite and contains exactly two conjugacy

classes of maximal subgroups, i.e., that G = P :Q, where P and Q are nontrivial

Sylow subgroups of coprime order such that Q is cyclic and acts irreducibly on

P/Φ(P ). In addition, assume that Φ(P ) = Z(P ) ̸⩽ Z(G), and that the unique

maximal subgroup of Q is normal in G.

Observe that if a group G satisfies this assumption, then Theorem 5.7.2(ii)(c)

shows that Φ(G) is the intersection of each pair of distinct maximal subgroups of G.

We now focus on the case where G is a group containing a normal, non-abelian

maximal subgroup M with Z(G) < Z(M). By Proposition 2.1.7, this last condition

is equivalent to the condition Z(M) ̸⩽ Z(G).

The following three results will be key tools when bounding the distance in Ξ(G)

between an element of M \ Z(M) and an element of Z(M) \ Z(G).
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Lemma 5.7.4. Suppose that G contains a normal, non-abelian maximal subgroup

M with Z(G) < Z(M), and let z ∈ Z(M) \ Z(G). Then G \ M is the set of

neighbours of z in Ξ(G).

Proof. As M is non-abelian, Proposition 2.1.2 shows that G/Z(M) is not cyclic.

Furthermore, M = CG(z) by Proposition 2.1.7. Thus we deduce the result from

Proposition 5.2.10.

Lemma 5.7.5. Suppose that G contains a normal, non-abelian maximal subgroup

M with Z(G) < Z(M). In addition, let x ∈ M \Z(M) and z ∈ Z(M)\Z(G), and let

JM be the set of maximal subgroups of G distinct from M . If ⟨I ∩M | I ∈ I⟩ = M

for some I ⊆ JM , then there exists I ∈ JM such that x /∈ CM(I ∩ M). More

generally, if such I exists, then d(x, z) ⩽ 3.

Proof. First, if ⟨I ∩M | I ∈ I⟩ = M for some I ⊆ JM , then
⋂

I∈I CM(I ∩ M) =

Z(M), and so there exists I ∈ I such that x /∈ CM(I ∩M).

We now assume, more generally, that there exists I ∈ JM such that x /∈
CM(I ∩M). Then CI∩M(x) < I ∩ M . By Lemma 2.1.12, I is non-abelian, and

so there exists s ∈ I \ (Z(I) ∪M). Applying Proposition 5.4.1(i) to the triple

(s, I,M) yields CI∩M(s) < I ∩M . Therefore, there exists an element t ∈ I ∩M that

centralises neither x nor s. In addition, s ∼ z by Lemma 5.7.4. Thus (x, t, s, z) is a

path in Ξ(G), and d(x, z) ⩽ 3.

Lemma 5.7.6. Suppose that G contains a normal, non-abelian maximal subgroup

M with Z(G) < Z(M), and a maximal subgroup K ̸= M that satisfies at least one

of the following:

(i) K ◁⩽ G;

(ii) K ∩M is a maximal subgroup of M ;

(iii) Z(M) ̸⩽ K; or

(iv) Z(K) ̸= Z(G).

Then CM(K ∩M) ⊆ K ∪ Z(M).

Proof. If each element of M \ Z(M) lies in K, then the result is clear. Assume

therefore that there exists an element x ∈ M \ Z(M) that does not lie in K. It

suffices to show that if any of (i)–(iv) hold, then x /∈ CM(K∩M). If (i) or (ii) holds,

then applying Proposition 5.4.1(i) to the triple (x,M,K) yields CK∩M(x) < K ∩M .

Hence x /∈ CM(K ∩M).
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Suppose next that (iii) holds. As Z(M) ◁⩽ G, we deduce that G = Z(M)K.

Lemma 2.1.1 therefore gives Z(M)(K ∩M) = Z(M)K ∩M = G ∩M = M . Since

CG(x) contains Z(M) but not M , we see that K ∩ M ̸⩽ CG(x), and therefore

x /∈ CM(K ∩M).

Finally, suppose that (iv) holds. By the previous paragraphs, we may assume

that (i) and (iii) do not hold, so that Z(M) ⩽ K ̸◁⩽ G. Since Z(K) ̸= Z(G)

by assumption, it follows from Proposition 2.1.6 that Z(G) < Z(K), and Proposi-

tion 2.1.7 implies that CG(Z(K)) = K. Additionally, applying Corollary 2.1.8 to the

pair (M,K) shows that Z(K) ⩽ K ∩M . Thus CM(K ∩M) ⩽ CM(Z(K)) = K ∩M ,

which is indeed a subset of K ∪ Z(M).

We can now state our first main result that bounds distances in Ξ(G) involving

elements of M \Z(M). Recall from Corollary 5.2.7 that if G is non-abelian and not

2-generated, then diam(Ξ(G)) = 2.

Lemma 5.7.7. Suppose that G is finitely generated and contains a normal, non-

abelian maximal subgroup M with Z(G) < Z(M). In addition, let x ∈ M \ Z(M)

and z ∈ Z(M) \ Z(G). Then the following statements hold.

(i) x and z lie in distinct connected components of Ξ(G) if and only if K ∩M =

Z(M) for every maximal subgroup K of G distinct from M . Otherwise,

d(x, z) ⩽ 4.

(ii) Suppose that d(x, z) < ∞. Then d(x, z) = 4 if and only if, for each maximal

subgroup K of G distinct from M :

(a) x /∈ K; and

(b) x ∈ CM(K ∩M).

(iii) Suppose that (ii)(a)–(b) hold for each maximal subgroup K of G distinct from

M . Then K ∩M = Φ(G) for all such K.

(iv) Suppose that d(x, z) < ∞, and that G is finite. Then d(x, z) ⩽ 3.

Proof. Lemma 2.1.12 implies that G contains no abelian maximal subgroups, while

Proposition 2.1.5 shows that each proper subgroup of G lies in a maximal subgroup.

Additionally, M = CG(z) by Proposition 2.1.7, and Lemma 5.7.4 shows that G \M
is the set of neighbours of z in Ξ(G).

(i) Suppose first that K∩M = Z(M) for every maximal subgroup K of G distinct

fromM , and let y ∈ (G\M)∪Z(M). ThenM is the unique maximal subgroup
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of G containing x, and so if ⟨x, y⟩ < G, then y ∈ Z(M), and hence [x, y] = 1.

Thus there is no edge in Ξ(G) between any element of M \ Z(M) and any

element of (G \M) ∪ Z(M) = G \ (M \ Z(M)). In particular, the connected

component of Ξ(G) containing x consists only of elements of M \ Z(M), and

so this component does not contain z ∈ Z(M).

Conversely, suppose that there exists a maximal subgroup L of G distinct from

M that satisfies L∩M ̸= Z(M). We claim that L∩M ̸⩽ Z(M). Indeed, either

Z(M) ̸⩽ L ∩ M or L ∩ M ̸⩽ Z(M), and if the former holds, then applying

Corollary 2.1.11 to the pair (M,L) yields L ∩M ̸⩽ Z(M). Additionally, as L

is non-abelian, there exists r ∈ L \ (Z(L)∪M). Applying Proposition 5.4.1(i)

to the triple (r, L,M) yields CL∩M(r) < L ∩M , and so Z(L) ∩M < L ∩M .

We also see, since L∩M ̸⩽ Z(M), that L∩Z(M) < L∩M . Thus there exists

an element s ∈ (L∩M)\ (Z(L)∪Z(M)), and an element t ∈ L\ (CL(s)∪M).

Corollary 5.2.8 gives d(x, s) ⩽ 2, and as G \M is the neighbourhood of z in

Ξ(G), we observe that s ∼ t ∼ z. Therefore, d(x, z) ⩽ d(x, s) + d(s, z) ⩽ 4.

(ii) Assume first that (a) and (b) hold for each maximal subgroup K of G distinct

from M . We will show that d(x, z) = 4. As G \ M is the set of neighbours

of z in Ξ(G), it suffices by (i) to show that d(x, t) ⩾ 3 for all t ∈ G \ M .

Suppose for a contradiction that d(x, t) ⩽ 2 for some t. By (a), ⟨x, t⟩ = G,

and so d(x, t) = 2. This implies that there exists an element s ∈ M such

that x ∼ s ∼ t, and so ⟨s, t⟩ lies in a maximal subgroup R of G. However, x

centralises s ∈ R ∩M by (b), a contradiction. Thus d(x, z) = 4.

Conversely, suppose that some maximal subgroup K of G distinct from M

fails to satisfy either (a) or (b). We will prove that d(x, z) ⩽ 3. If K does not

satisfy (b), i.e., if x /∈ CM(K ∩M), then this is an immediate consequence of

Lemma 5.7.5, with I = K.

Assume therefore that K does not satisfy (a), i.e., that x ∈ K. If x /∈ Z(K),

then CK(x) and CK(z) = K ∩ M are proper subgroups of K. Hence there

exists an element r ∈ K \ M that does not centralise x. As G \ M is the

neighbourhood of z in Ξ(G), it follows that x ∼ r ∼ z and d(x, z) = 2.

Suppose now that x ∈ Z(K). ThenK = CG(x) by Proposition 2.1.7, and since

x also lies in M \ Z(G), applying Corollary 2.1.8 to the pair (K,M) implies

that Z(M) ⩽ K∩M . As CG(z) = M , we deduce that z ∈ K\Z(K). IfK ◁⩽ G,

then applying Lemma 5.4.2 to the 4-tuple (x,M, z,K) gives d(x, z) ⩽ 3 (and

in fact d(x, z) = 2 since x ∈ K and z ∈ M).
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If instead CG(x) = K is not normal in G, then there exists g ∈ G such that

Kg ̸= K. If x ∈ Kg, then since x /∈ Z(Kg), applying the second last paragraph

with Kg in place of K yields d(x, z) = 2. Otherwise, x /∈ Kg = CG(x)
g =

CG(x
g), and since xg ∈ Kg ∩M g = Kg ∩M , we obtain d(x, z) ⩽ 3 by setting

I = Kg in Lemma 5.7.5.

(iii) Let JM be the set of maximal subgroups of G distinct from M , and suppose

for a contradiction that K ∩ M ̸= Φ(G) for some K ∈ JM . We will show

that there exists a subset I of JM such that ⟨I ∩ M | I ∈ I⟩ = M . It

will follow from Lemma 5.7.5 that (ii)(b) does not hold for some I ∈ JM , a

contradiction. Note that, since x ∈ CM(R∩M) \R for all R ∈ JM by (ii)(a)–

(b), while x /∈ Z(M), Lemma 5.7.6 implies that no such R is normal in G, i.e.,

M is the unique normal maximal subgroup of G.

Suppose first that there exists R ∈ JM such that R ∩ M ̸◁⩽ G. Propo-

sition 2.1.9 shows that R ∩ M is a maximal subgroup of R, which is not

normal in G, and thus ⟨R ∩ M⟩G ̸⩽ R. However, ⟨R ∩ M⟩G ⩽ M , since

M ◁⩽ G. If ⟨R ∩M⟩G ̸= M , then we can apply Proposition 2.1.10 to the triple

(⟨R ∩M⟩G,M,R) of distinct subgroups, and this yields R ∩M ̸⩽ ⟨R ∩M⟩G,
a contradiction. Therefore, ⟨R ∩ M⟩G = M . Since M ◁⩽ G, the subgroup

⟨R ∩M⟩G is equal to ⟨Rg ∩M | g ∈ G⟩, and so we can set I = {Rg | g ∈ G}.

Assume finally that R ∩ M ◁⩽ G for all R ∈ JM . Since K ∩ M ̸= Φ(G),

Lemma 5.7.1 implies that there exists a maximal subgroup L ∈ JM such that

L ∩M ̸= K ∩M . Either K ∩M ̸⩽ L or L ∩M ̸⩽ K, and if the former holds,

then since K ∩ M ◁⩽ G, applying Proposition 2.1.10 to the triple (K,M,L)

shows that the latter holds too. Thus, in general, L∩M ̸⩽ K. As L∩M ◁⩽ G,

it follows that (L∩M)K = G, and so applying Lemma 2.1.1 to the subgroups

L ∩M , K and M gives (L ∩M)(K ∩M) = ((L ∩M)K) ∩M = G ∩M = M .

We can therefore set I = {K,L}.

(iv) By (i), d(x, z) ⩽ 4, and there exists a maximal subgroup K of G distinct

from M with K ∩M ̸= Z(M). Suppose for a contradiction that d(x, z) = 4.

Then (ii) shows that each maximal subgroup L of G distinct from M satisfies

x ∈ CM(L ∩M) \ L. As x /∈ Z(M), Lemma 5.7.6 yields L ̸◁⩽ G. Additionally,

(iii) implies that Φ(G) = L ∩M for each L, and that CM(Φ(G)) is not a

subgroup of Φ(G). Thus Lemma 5.7.1 implies that the finite group G contains

exactly two conjugacy classes of maximal subgroups. Since M is the unique

normal maximal subgroup of G, and since Φ(G) = K ∩ M , the equivalent

conditions of part (b) of Theorem 5.7.2(ii) hold. In addition, M is non-abelian
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and Φ(G) = K ∩ M ̸= Z(M), and so part (d) of that theorem shows that

CM(Φ(G)) ⩽ Φ(G), a contradiction. Thus d(x, z) ⩽ 3.

The previous result leads to the following open question.

Question 5.7.8. Consider the family G of finitely generated infinite groups G that

contain a normal, non-abelian maximal subgroup M with Z(G) < Z(M). Is there

a group G ∈ G such that each maximal subgroup K of G distinct from M satisfies

properties (a) and (b) from Lemma 5.7.7(ii), and such that some maximal subgroup

L satisfies L ∩M ̸= Z(M)? Equivalently, does there exist G ∈ G, x ∈ M \ Z(M)

and z ∈ Z(M) \ Z(G) such that d(x, z) = 4?

Note that, for any such G ∈ G, no maximal subgroup K of G distinct from

M can satisfy any of the properties listed in Lemma 5.7.6; otherwise, G would not

satisfy properties (a) and (b) from Lemma 5.7.7(ii).

The next few results will allow us to determine upper bounds for distances in

Ξ(G) between elements of M \ Z(M) and elements of G \ M . In the first two of

these results, we relax the condition that Z(G) < Z(M), and if H is a subgroup of

G containing Z(M), then we write H := H/Z(M). Recall also Definition 2.1.22, of

an abstract primitive group.

Proposition 5.7.9. Suppose that G contains a normal, non-abelian maximal sub-

group M , and a maximal subgroup K with K ∩ M = Z(M). Then the following

statements hold.

(i) G is primitive, and is the semidirect product of its unique minimal normal

subgroup M by its point stabiliser K, which has prime order.

(ii) G is finite if and only if it is soluble. Hence G is soluble if and only if G is

finite.

(iii) If G is infinite, then M is an infinite simple group, and |K| is odd.

(iv) If G contains a maximal subgroup L such that L ̸= M and Z(M) < L ∩ M ,

then G is infinite.

Proof. The subgroup K of G is not normal, as otherwise Z(M) would be a maximal

subgroup of M by Proposition 2.1.9, contradicting Proposition 2.1.2. Additionally,

Proposition 2.1.9 implies that Z(M) is a maximal subgroup of K. As Z(M) ◁⩽ G,

it follows that CoreG(K) = Z(M).

We now observe that K is a core-free maximal subgroup of G, and hence G is

primitive with point stabiliser K. Additionally, M is a normal subgroup of G that
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intersects K trivially, and hence G = M :K. It is also clear that each nontrivial

normal subgroup N of G contained in M intersects K trivially. Since N K = G

by the maximality of K, we deduce that N = M , and so M is a minimal normal

subgroup of G. In addition, as Z(M) is a maximal subgroup of K, the maximal

subgroup K of G is cyclic of prime order.

Now, if G is finite, then since its subgroup K is maximal and abelian, Theo-

rem 2.1.16 implies that G = G/Z(M) is soluble. As the abelian group Z(M) is also

soluble, it follows that G is soluble. In this case, Theorem 2.1.24 shows that M is

the unique minimal normal subgroup of G. If instead G is infinite, then since K is

finite, [132, Theorem 1.1] shows that M is a direct product of isomorphic infinite

simple groups, and is again the unique minimal normal subgroup of G. Thus in this

case, the quotient G of G is not soluble, and so neither is G itself. In fact, arguing

as in the proof of [77, Theorem 4.1], we deduce that the infinite group M is simple,

and that |K| is odd. Thus we have proved (i), (ii) and (iii).

Finally, suppose that G contains a maximal subgroup L as in (iv). Since the

unique minimal normal subgroup of G is its maximal subgroup M , the maximal

subgroup L of G is core-free. Additionally, K ∩ M = 1 ̸= L ∩ M , and thus the

core-free maximal subgroup K of G is not conjugate to L. Theorem 2.1.17 therefore

implies that G is not a finite soluble group. Hence by (ii), G is infinite, and we

obtain (iv).

Lemma 5.7.10. Suppose that G contains a normal, non-abelian maximal subgroup

M . In addition, let x ∈ M \ Z(M) and y ∈ G \ M . Finally, suppose that R is

a maximal subgroup of G containing y, with CR∩M(y) < R ∩ M ̸= Z(M). Then

d(x, y) ⩽ 3.

Proof. Either Z(M) ̸⩽ R or R∩M ̸⩽ Z(M), and if the former holds, then applying

Corollary 2.1.11 to the pair (M,R) shows that the latter also holds. Thus, in general,

R∩M ̸⩽ Z(M), and so R∩Z(M) < R∩M . Since CR∩M(y) < R∩M , there exists

h ∈ R ∩ M with h /∈ CR∩M(y) ∪ Z(M). We see that h ∼ y, while d(x, h) ⩽ 2 by

Corollary 5.2.8. Therefore, d(x, y) ⩽ d(x, h) + d(h, y) ⩽ 3.

Lemma 5.7.11. Suppose that G contains a normal, non-abelian maximal subgroup

M , with Z(G) < Z(M). In addition, suppose that G contains maximal subgroups K

and L, with K ∩M = Z(M) ̸⩽ L and L ̸◁⩽ G. Then the following statements hold.

(i) U := L ∩M is a normal subgroup of G.

(ii) CM(U) = Z(M).
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(iii) Let s ∈ L ∩ (K \ Z(M)). Then S := {[s, r] | r ∈ Z(M)} is a normal subgroup

of G, and SU = M .

(iv) Each element of K \ Z(M) lies in some G-conjugate of L.

Proof. We first note that G = Z(M)L, since the maximal subgroup L of G does not

contain Z(M) ◁⩽ G.

(i) Observe that U ◁⩽ L. Additionally, U ⩽ M , and hence U is centralised by

Z(M). Therefore, U ◁⩽ Z(M)L = G.

(ii) Let c ∈ CM(U). Then c is centralised by Z(M)U = Z(M)(L ∩ M), which

Lemma 2.1.1 shows is equal to Z(M)L∩M = G∩M = M . Hence c ∈ Z(M).

It is clear that Z(M) ⩽ CM(U), and the result follows.

(iii) Let x, y ∈ Z(M). As Z(M) ◁⩽ G, it follows that [s, y] ∈ Z(M). Therefore,

[s, x][s, y] = s−1x−1sx[s, y] = s−1x−1s[s, y]x = s−1x−1ss−1y−1syx

= s−1x−1y−1syx = [s, yx].

In particular, [s, x][s, x−1] = [s, 1] = 1. Hence S is a subgroup of G.

Next, since S ⩽ Z(M), we deduce that S ◁⩽ M . Additionally, xs ∈ Z(M),

and hence [s, x]s = [ss, xs] = [s, xs] ∈ S. Thus Ss = S. As s ∈ K \ Z(M), we

see that s /∈ M and ⟨M, s⟩ = G. Therefore, S ◁⩽ G.

Now, by (i), U ◁⩽ G. For a subgroup T of G, let T := TU/U , and for an

element g ∈ G, let g := Ug. Proposition 2.1.9 implies that U is a maximal

subgroup of L. Since L ̸◁⩽ G, it follows that L is a core-free maximal subgroup

of G, and so G is primitive. Note also that G is not cyclic of prime order, as

U is not maximal in G. Thus Proposition 2.1.23 gives Z(G) = 1.

Let r ∈ Z(M)\L. Then r ∈ Z(M)\Z(G), and it follows from Proposition 2.1.7

that CG(r) = M . As s /∈ M , we deduce that [s, r] = [s, r] ̸= 1, and thus [s, r] /∈
U = L∩M . Since S ⩽ M , it follows that S ̸⩽ L. Additionally, as S ◁⩽ G and L

is maximal in G, we obtain SL = G. Moreover, SU = S(L∩M) is a subgroup

ofG. Using Lemma 2.1.1, we conclude that S(L∩M) = SL∩M = G∩M = M ,

as required.

(iv) Let k ∈ K \Z(M). As G = Z(M)L, it follows that k = zf for some z ∈ Z(M)

and some f ∈ L, with f /∈ Z(M). In fact, since Z(M) ⩽ K, we see that

f = z−1k ∈ K \ Z(M). Hence f−1 ∈ L ∩ (K \ Z(M)).
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Let S := {[f−1, r] | r ∈ Z(M)}. Then SU = M by (iii). As U ◁⩽ G by (i), we

deduce that Z(M)U/U ⩽ M/U = SU/U . Thus there exists r ∈ Z(M) such

that z−1U = Uz−1 = U [f−1, r], and hence z[f−1, r] ∈ U . As U = U r ⩽ Lr, it

follows that Lr contains the element z[f−1, r]f r = zf = k.

We are now ready to state our main result bounding distances in Ξ(G) between

elements of M \ Z(M) and elements of G \M . As above, we will assume that G is

finitely generated, as otherwise diam(Ξ(G)) = 2 by Corollary 5.2.7.

Lemma 5.7.12. Suppose that G is finitely generated and contains a normal, non-

abelian maximal subgroup M , with Z(G) < Z(M). In addition, let x ∈ M \ Z(M)

and y ∈ G \M .

(i) x and y lie in distinct connected components of Ξ(G) if and only if K ∩M =

Z(M) for every maximal subgroup K of G distinct from M .

(ii) If x and y lie in the same connected component of Ξ(G), then d(x, y) ⩽ 4.

(iii) If d(x, y) = 4, then Φ(G) = Z(M), and G/Z(M) is primitive with unique

minimal normal subgroup M/Z(M), which is infinite and simple. Moreover,

each maximal subgroup K of G containing y satisfies K ∩ M = Z(M), and

K/Z(M) is a point stabiliser of G/Z(M) = (M/Z(M)) : (K/Z(M)) of odd

prime order.

Proof. We first observe from Lemma 2.1.12 that G contains no abelian maximal

subgroup, and from Proposition 2.1.5 that each proper subgroup of G lies in a

maximal subgroup. Let z ∈ Z(M) \ Z(G). Then y ∼ z by Lemma 5.7.4, and so x

and y lie in the same connected component of Ξ(G) if and only if x and z lie in the

same component. Thus (i) follows from Lemma 5.7.7(i).

Assume now that x and y lie in the same connected component of Ξ(G). We

split the rest of the proof into two cases.

Case (a): Φ(G) = Z(M). Let K be a maximal subgroup of G containing y, so that

K ̸= M , and suppose that d(x, y) > 3. SinceK∩M contains Φ(G) = Z(M) > Z(G),

we deduce from Corollary 2.1.8, applied to the pair (M,K), that Z(K) ⩽ K ∩M .

As y /∈ M , it follows that y /∈ Z(K). Thus applying Proposition 5.4.1(i) to the

triple (y,K,M) yields CK∩M(y) < K ∩M . Since d(x, y) > 3, Lemma 5.7.10 shows

that K ∩ M = Z(M). On the other hand, as x and y lie in the same component

of Ξ(G), we see from (i) that there exists a maximal subgroup L of G with L ̸= M

and L∩M ̸= Z(M). This means that Φ(G) = Z(M) < L∩M , and so Lemma 5.7.7

gives d(x, z) ⩽ 3. Thus d(x, y) = d(x, z) + d(y, z) = 4.
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Finally, as K∩M = Z(M) < L∩M , Proposition 5.7.9(iv) shows that G/Z(M) is

infinite, and hence the claims about G/Z(M), M/Z(M) and K/Z(M) in (iii) follow

from Proposition 5.7.9(i)–(iii).

Case (b): Φ(G) ̸= Z(M). To complete the proof of (ii) and (iii), it suffices to show

that d(x, y) ⩽ 3. Since y ∼ z, there exists a (non-abelian) maximal subgroup K of

G containing y and z. Note that z ∈ (K ∩M) \ CG(y), and so CK∩M(y) < K ∩M .

Thus by Lemma 5.7.10, we may assume that K∩M = Z(M), and so Φ(G) < Z(M).

Some maximal subgroup L of G therefore satisfies Z(M) ̸⩽ L. We will show that

Z(L) ⩽ Z(G).

As Z(M) ◁⩽ G, we see that G = Z(M)L, and hence G/Z(M) = Z(M)L/Z(M) ∼=
L/(L ∩ Z(M)). Since G/Z(M) is primitive by Proposition 5.7.9 (and Z(M) is not

maximal in G), we deduce from Proposition 2.1.23 that L/(L ∩ Z(M)) has trivial

centre. Hence Z(L) ⩽ L ∩ Z(M) ⩽ M . As Z(M) ̸⩽ L ∩M , the contrapositive of

Corollary 2.1.8, applied to the pair (L,M), shows that Z(L) = Z(L) ∩M ⩽ Z(G).

We divide the remainder of Case (b) into three (not all mutually exclusive) sub-

cases.

Case (b)(α): y ∈ Lg for some g ∈ G. Since y /∈ Z(G) and Z(Lg) ⩽ Z(G), applying

Proposition 5.4.1(i) to the triple (y, Lg,M) yields CLg∩M(y) < Lg ∩ M ̸= Z(M).

Thus d(x, y) ⩽ 3 by Lemma 5.7.10.

Case (b)(β): L ̸◁⩽ G. Since y ∈ K \ Z(M), it follows from Lemma 5.7.11(iv) that

y ∈ Lg for some g ∈ G. Thus by the previous sub-case, d(x, y) ⩽ 3.

Case (b)(γ): L ◁⩽ G and y /∈ L. Applying Proposition 5.4.1(i) to the triple

(y,K, L) shows that r ∼ y for some r ∈ K∩L, and that CK∩L(y) < K∩L. If x ∈ L,

then (since Z(L) ⩽ Z(G)) Corollary 5.2.8 yields d(x, r) ⩽ 2, and so d(x, y) ⩽ 3.

If instead x /∈ L, then since K ∩M = Z(M) ̸⩽ L, applying Proposition 2.1.10

to the triple (K,M,L) shows that L ∩ M ̸⩽ K. Therefore, applying the same

proposition to the triple (M,L,K) yields K ∩ L ̸⩽ M . Thus there exists t ∈
(K∩L)\M , and in particular t /∈ Z(G) = Z(L). It follows from Proposition 5.4.1(ii),

applied to the triple (x,M,L) and the element t, that x ∼ s ∼ t for some s ∈ L∩M .

As s ∼ t ∈ K ∩L, we see that CK∩L(s) < K ∩L. Additionally, CK∩L(y) < K ∩L by

the previous paragraph. Hence there exists an element f ∈ K ∩ L that centralises

neither s nor y. Since y ∈ K, we see that x ∼ s ∼ f ∼ y and d(x, y) ⩽ 3.

The above lemma is again associated with open questions.

Question 5.7.13. Consider the family G of finitely generated infinite groups G that

contain a normal, non-abelian maximal subgroup M with Z(G) < Z(M). Is there
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a group G ∈ G and an element y ∈ G for which all of the necessary conditions

given in Lemma 5.7.12(iii) are satisfied? If yes, for such G and y, does there exist

x ∈ M \ Z(M) such that d(x, y) = 4?

We note that Questions 5.7.8 and 5.7.13 can be partially addressed, as follows.

Remark 5.7.14. Let x ∈ M \ Z(M), z ∈ Z(M) \ Z(G) and y ∈ G \M . Observe

from Lemmas 5.7.7 and 5.7.12 that if d(x, z) = 4, then K ∩M = Φ(G) ̸= Z(M) for

each maximal subgroup K of G distinct from M , while if d(x, y) = 4, then there

exists a maximal subgroup L ̸= M of G such that Z(M) = Φ(G) < L ∩M . Hence

the distances d(x, z) and d(x, y) cannot both be equal to 4.

Our next result specifies exactly when Ξ(G) is connected (assuming that G con-

tains a maximal subgroup M as above). In the next section, we will consider in

more detail the diameters of the connected components of this graph, and discuss

several concrete examples.

Lemma 5.7.15. Suppose that G is finitely generated and contains a normal, non-

abelian maximal subgroup M , with Z(G) < Z(M). If K ∩ M = Z(M) for every

maximal subgroup K of G distinct from M , then the elements of M \ Z(M) form

a connected component of Ξ(G), and Proposition 5.7.9 applies to G, for any choice

of K. Otherwise, Ξ(G) is connected. In particular, if G is finite, then Ξ(G) is not

connected if and only if G satisfies Assumption 5.7.3.

Proof. Suppose first that K ∩ M = Z(M) for every maximal subgroup K of G

distinct from M . Then Proposition 5.7.9 applies to G, for any choice of K, and in

particular CoreG(K) = Z(M). Thus M is the unique normal maximal subgroup of

G. It follows from Lemma 5.7.1 that if G is finite, then it is soluble and contains

exactly two conjugacy classes of maximal subgroups, and Z(M) = Φ(G) is the inter-

section of each pair of distinct maximal subgroups. Hence in this case G satisfies all

conditions of Theorem 5.7.2(i). In particular, G has exactly two conjugacy classes of

maximal subgroups, and a unique non-cyclic Sylow subgroup P . Furthermore, The-

orem 5.7.2(ii) shows that G has a nontrivial cyclic Sylow subgroup whose maximal

subgroup is normal in G, and that Φ(P ) = Z(P ). As Z(G) < Z(M) = Φ(G), we also

observe from this theorem that Φ(P ) ̸⩽ Z(G). Thus G satisfies Assumption 5.7.3.

Whether or not G is finite, Lemmas 5.7.7 and 5.7.12 show that there is no path in

Ξ(G) between any element ofM \Z(M) and any element of (G\M)∪(Z(M)\Z(G)).

However, Corollary 5.2.8 implies that any two vertices of M \ Z(M) are joined by

a path in Ξ(G). Hence the elements of M \ Z(M) form a connected component of

Ξ(G). As each element of G \M is a vertex of Ξ(G), this graph is not connected.
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If instead there exists a maximal subgroup L of G such that L ̸= M and

L ∩ M ̸= Z(M), then by Lemmas 5.7.7 and 5.7.12, there exists a path in Ξ(G)

between any element of M \ Z(M) and any element of (G \M) ∪ (Z(M) \ Z(G)).

Thus Ξ(G) is connected. Suppose finally that G is finite in this case. To show that

Assumption 5.7.3 does not hold for G, we may assume that G has exactly two con-

jugacy classes of maximal subgroups, and a nontrivial cyclic Sylow subgroup whose

maximal subgroup is normal in G. Then parts (c) and (d) of Theorem 5.7.2(ii) imply

that Φ(G) = L∩M ̸= Z(M), and hence that the unique non-cyclic Sylow subgroup

P of G does not satisfy Φ(P ) = Z(P ). Since Φ(S) < S = Z(S) for each nontrivial

Sylow subgroup S ̸= P , we conclude that G does not satisfy Assumption 5.7.3

In particular, Proposition 5.7.9 and Lemma 5.7.15 show that if G is infinite and

Ξ(G) is not connected, then G/Z(M) is primitive with a unique minimal normal

subgroup, which is infinite and simple, and each point stabiliser of G/Z(M) has odd

prime order.

5.8 Non-central by non-cyclic groups

In this section, we consider in detail the non-commuting, non-generating graph of

a group G that satisfies the following assumption, i.e., that contains a non-central

normal subgroup whose corresponding quotient is non-cyclic.

Assumption 5.8.1. Assume that G contains a normal subgroup N , such that G/N

is not cyclic and N ̸⩽ Z(G). Additionally, let C := CG(N).

In particular, we will determine upper bounds (or exact values in some cases)

for the diameters of the connected components of Ξ(G) whenever G satisfies this

assumption. Throughout this section, we will implicitly use Proposition 5.2.5, which

states that each nontrivial connected component of Ξ(G) has diameter at least 2.

The following proposition will be useful when investigating the structure of Ξ(G).

Here, and throughout this section, it will be useful to observe that Z(G) ⩽ C < G

and C ◁⩽ NG(N) = G. Furthermore, the characteristic subgroup Z(C) of C is

normal in G.

Proposition 5.8.2. Let G, N and C be as in Assumption 5.8.1.

(i) Let h, h′ ∈ G \C. Then d(h, h′) ⩽ 2. In particular, there exists n ∈ N \ Z(G)

such that h ∼ n ∼ h′ is a path in Ξ(G).

(ii) Let c ∈ C \ Z(G) and g ∈ G \ Z(G). If d(c, g) > 2, then either G/⟨c⟩G and

G/⟨g⟩G are both cyclic, or one of these quotients is cyclic and [c, g] = 1.
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Proof.

(i) Since h, h′ /∈ C, each of CN(h) and CN(h
′) is a proper subgroup of N . Thus

there exists n ∈ N \(CN(h)∪CN(h
′)). As G/N is not cyclic, Proposition 5.2.10

implies that h ∼ n ∼ h′, and hence d(h, h′) ⩽ 2.

(ii) We prove the contrapositive of the given statement. Suppose first that [c, g] ̸=
1, and that either G/⟨c⟩G or G/⟨g⟩G is not cyclic. Then Proposition 5.2.10

implies that c ∼ g, i.e., d(c, g) = 1.

It remains to show that d(c, g) ⩽ 2 when [c, g] = 1 and when G/⟨c⟩G and

G/⟨g⟩G are both non-cyclic. Since the non-commuting graph of G is con-

nected with diameter 2 by Proposition 5.2.6, there exists k ∈ G \ Z(G)

such that (c, k, g) is a path in this graph. As G/⟨c⟩G and G/⟨g⟩G are non-

cyclic, Proposition 5.2.10 shows that (c, k, g) is also a path in Ξ(G), and hence

d(c, g) ⩽ 2.

We now split the investigation of the structure of Ξ(G) into three cases: G/C

non-cyclic; G/C cyclic and C abelian; and G/C cyclic and C non-abelian. In the

second and third cases, we will see that more can be said if we know whether or not

C is a maximal subgroup of G.

Lemma 5.8.3. Let G, N and C be as in Assumption 5.8.1, and suppose that G/C

is not cyclic. Then Ξ(G) is connected with diameter 2 or 3. Moreover, if d(x, y) = 3

for x, y ∈ G\Z(G), then one of these elements lies in C, the other lies in G\(N∪C),

and [x, y] = 1. Hence diam(Ξ(G)) = 2 if CG(x) ⊆ N ∪ C for all x ∈ C \ Z(G), and

in particular if C = Z(G).

Proof. By Proposition 5.8.2(i), any two elements of G \ C are joined in Ξ(G) by a

path of length at most two. Thus it suffices to consider distances in Ξ(G) involving

elements of C \ Z(G).

Suppose that x ∈ C \ Z(G) and y ∈ G \ Z(G) satisfy d(x, y) > 2. As G/N and

G/C are not cyclic, neither is G/⟨r⟩G for any r ∈ N ∪ C. In particular, G/⟨x⟩G

is not cyclic. Therefore, Proposition 5.8.2(ii) implies that y ∈ G \ (N ∪ C) and

[x, y] = 1.

Now, Proposition 5.8.2(i) shows that n ∼ y for some n ∈ N \ Z(G). By the

previous paragraph, d(x, n) ⩽ 2, and so d(x, y) ⩽ d(x, n) + d(n, y) ⩽ 3.

We will see later in this section that if G has an abelian maximal subgroup, if

the non-cyclic group G/C is finite, and if either N is abelian or G/CG(C) is finite,

then diam(Ξ(G)) = 2.
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Using Magma, and in particular the code in comp_nc_ng, we see that the groups

numbered (24, 12) and (24, 14) in the Small Groups Library [11] satisfy the hypothe-

ses of Lemma 5.8.3, and have non-commuting, non-generating graphs of diameter

3 and 2, respectively. In fact, in the latter case, C = Z(G), and G has an abelian

maximal subgroup. On the other hand, if G = SmallGroup(36, 10), then G satisfies

the hypotheses of Lemma 5.8.3 and diam(Ξ(G)) = 2, even though G has no abelian

maximal subgroup and there exists x ∈ C \ Z(G) such that CG(x) ̸⊆ N ∪ C.

We can also use Lemma 5.8.3 to determine the diameter of the non-commuting,

non-generating graph of a certain 2-generated infinite group.

Example 5.8.4. Consider Thompson’s group F , which is the 2-generated infinite

group given by3 the presentation ⟨a, b | [ab−1, a−1ba] = [ab−1, a−2ba2] = 1⟩ [101,

Example 2.2.21]. The derived subgroup F ′ of F is an infinite simple group, F/F ′ ∼=
Z2, and every proper quotient of F is abelian [9, §1.4]. It follows from this last fact

that F ′ is the unique minimal normal subgroup of F .

Now, CF (F
′) ◁⩽ F . Since the simple group F ′ is non-abelian, CF (F

′) cannot

contain the minimal normal subgroup F ′, and so CF (F
′) = 1. As F/F ′ is not

cyclic, we can apply Lemma 5.8.3 with G = F and N = F ′ to deduce that Ξ(F ) is

connected with diameter 2.

Next, we prove useful properties of N and C in the case where G/C is cyclic.

Proposition 5.8.5. Let G, N and C be as in Assumption 5.8.1, and suppose that

G/C is cyclic. Then the following statements hold.

(i) N is abelian, and N < C.

(ii) Let H be a subgroup of G properly containing C. Then H is non-abelian,

Z(H) < Z(C), and H ◁⩽ G. In particular, Z(G) < Z(C).

(iii) If G contains an abelian maximal subgroup and C is non-abelian, then G/C ∼=
Z, and in particular, C is not maximal in G.

Proof.

(i) Since G/C is cyclic, its subgroup NC/C is also cyclic. This subgroup is

isomorphic to N/(N ∩C) = N/Z(N). Thus N is abelian by Proposition 2.1.2,

and so N ⩽ C. As G/C is cyclic while G/N is not, we conclude that N < C.

3Note also that F can be defined as a certain set of piecewise linear homeomorphisms from the
unit interval [0, 1] to itself; see [9, §1.1].
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(ii) By (i), H contains N . Hence each of N and C is centralised by Z(H), and

so Z(H) ⩽ C ∩ CG(C) = Z(C). However, H does not centralise N . Thus

N ̸⩽ Z(H), and so H is non-abelian. On the other hand, N ⩽ Z(C) by (i),

and it follows that Z(H) is a proper subgroup of Z(C). Additionally, H/C is

a normal subgroup of the cyclic group G/C, and hence H ◁⩽ G.

(iii) By (ii), Z(C) ̸⩽ Z(G). Thus Lemma 2.1.12 yields the result.

Now, if G is not finitely generated, then Corollary 5.2.7 shows that Ξ(G) is

connected with diameter 2. Hence in the following two results, we will assume that

G is finitely generated, so that, by Proposition 2.1.5, each proper subgroup of G lies

in a maximal subgroup.

Our next lemma explores the case where G/C is cyclic and C is abelian. Recall

that Ξ+(G) denotes the subgraph of Ξ(G) induced by its non-isolated vertices.

Lemma 5.8.6. Let G, N and C be as in Assumption 5.8.1. Suppose also that G is

finitely generated, G/C is cyclic, and C is abelian. Then the following statements

hold.

(i) G is soluble.

(ii) Each isolated vertex of Ξ(G) lies in C \N .

(iii) Suppose that C is maximal in G. Then Ξ+(G) is connected with diameter 2.

(iv) Suppose that C is not maximal in G, and let M be a maximal subgroup of

G containing C. Then Table 5.8.1 lists upper bounds for distances between

vertices of Ξ(G), depending on the subsets of G \ Z(G) that contain them.

In particular, diam(Ξ(G)) ⩽ 3. Moreover, if G contains an abelian maximal

subgroup, then diam(Ξ(G)) = 2.

Proof.

(i) This is clear, since G is an extension of the abelian group C by the cyclic

group G/C.

(ii) Observe from Proposition 5.8.2(i) that any two elements of G\C have distance

at most two in Ξ(G). In particular, no element of G \C is an isolated vertex.

Additionally, as G/N is not cyclic, and as the non-commuting graph of G

is connected by Proposition 5.2.6, it follows from Proposition 5.2.10 that no

element of N is an isolated vertex. Hence any isolated vertex lies in C \N .
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Table 5.8.1: Upper bounds for distances between vertices x ∈ A and y ∈ B of
Ξ(G), where A and B are specified subsets of G \ Z(G), and C and M are as in
Lemma 5.8.6(iv). Additionally, A denotes the family of groups that contain an
abelian maximal subgroup.

A
B Z(M) \ Z(G) C \ Z(M) M \ C G \M

G \M 1

3

2 22, if [x, y] ̸= 1

2, if G ∈ A
M \ C 3 2 2

C \ Z(M) 3 2

Z(M) \ Z(G) 2

(iii) By Proposition 5.8.2(i), it suffices to show that d(x, y) ⩽ 2 whenever x ∈
C \ Z(G) and y ∈ G \ Z(G) are distinct non-isolated vertices. Since C is

abelian, Proposition 2.1.7 yields CG(x) = C. If G/⟨x⟩G is not cyclic, then

Proposition 5.2.10 shows that G \CG(x) = G \C is the neighbourhood of x in

Ξ(G). In particular, if y ∈ G \C, then d(x, y) = 1. If instead the non-isolated

vertex y lies in the abelian group C, then k ∼ y for some k ∈ G \ C. Hence

x ∼ k ∼ y and d(x, y) = 2.

Suppose now that G/⟨x⟩G is cyclic. As x and y are non-isolated vertices,

Proposition 5.3.1 implies that there exist maximal subgroups L and K of G

with x ∈ L \ Z(L) and y ∈ K \ Z(K). Then x ∈ Z(C) ∩ L, and thus

applying Corollary 2.1.8 to the pair (C,L) gives Z(L) ⩽ Z(G). Note also that

G = CG(x)L, since CG(x) = C is a normal maximal subgroup of G. Hence

applying Proposition 2.1.4 to x and L yields L ◁⩽ G, and it follows that CL(x) =

C ∩L ◁⩽ G. We therefore see that d(x, y) ⩽ 3 by applying Lemma 5.4.2 to the

4-tuple (x, L, y,K). In fact, this lemma shows that d(x, y) ⩽ 2 if x /∈ Z(K)

and y /∈ Z(L). This is indeed the case, as K ̸⩽ C = CG(x) and Z(L) ⩽ Z(G).

(iv) Since Z(G) ⩽ C < M , it follows that Z(G) ⩽ Z(M). Additionally, Propo-

sition 5.8.5(ii) shows that M is non-abelian and normal in G, with Z(M) <

Z(C) = C. Note that if G contains an abelian maximal subgroup, then

Lemma 2.1.12 implies that Z(M) = Z(G), and so the first column of Ta-

ble 5.8.1 can be ignored. In general, we observe from Corollary 5.2.8 that any

two vertices of Ξ(G) inM\Z(M) = (M\C)∪(C\Z(M)) have distance at most

two. This yields the (2, 2), (2, 3) and (3, 2) entries of Table 5.8.1. Additionally,

Proposition 5.8.2(i) implies that any two elements of G\C = (G\M)∪(M \C)
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have distance at most two. Thus we obtain the (1, 3) and (1, 4) entries of the

table.

Now, suppose that Z(G) < Z(M), and let z ∈ Z(M)\Z(G). SinceM is a non-

abelian, normal subgroup of G and ⟨z⟩G ⩽ Z(M), Proposition 2.1.2 shows that

G/⟨z⟩G is not cyclic. As CG(z) = M by Proposition 2.1.7, Proposition 5.2.10

gives z ∼ r for each r ∈ G \M , hence the (1, 1) entry of Table 5.8.1. Thus if

z′ ∈ Z(M) \ Z(G) is not equal to z, then z ∼ r ∼ z′ and d(z, z′) = 2, yielding

the (4, 1) entry of the table. Moreover, if m ∈ M \C, then d(r,m) ⩽ 2 by the

(1,3) entry of the table, and so d(z,m) ⩽ d(z, r) + d(r,m) ⩽ 1 + 2 = 3. This

gives the (2, 1) entry of the table.

It remains to determine upper bounds for d(c, g), where c ∈ C \ Z(M) and

g ∈ G \ M , and for d(c, z) when the element z exists. As g does not lie in

C, it is a non-isolated vertex by (ii). It follows from Proposition 5.3.1 that

g ∈ K \Z(K) for some (non-abelian) maximal subgroup K of G. Additionally,

since C is abelian, it lies in CG(c), and the cyclic group G/C normalises

CG(c)/C. Thus CG(c) ◁⩽ G. Since M is also normal in G, it follows that

CM(c) = CG(c) ∩ M ◁⩽ G. Therefore, applying Lemma 5.4.2 to the 4-tuple

(c,M, g,K) gives d(c, g) ⩽ 3. Moreover, since g /∈ Z(M), that lemma shows

that if d(c, g) = 3, then c ∈ Z(K), and in particular, [c, g] = 1. In this case,

Proposition 2.1.7 shows that the non-abelian maximal subgroup K of G is

equal to the normal subgroup CG(c), and so Lemma 2.1.12 implies that G

contains no abelian maximal subgroup. Thus we obtain the (1, 2) entry of

Table 5.8.1.

Finally, since CG(c) and M are proper subgroups of G, there exists h ∈
G \ (M ∪ CG(c)). The (1, 1) and (1, 2) entries of Table 5.8.1 yield h ∼ z

and d(c, h) ⩽ 2. Hence d(c, z) ⩽ d(c, h) + d(h, z) ⩽ 3. This gives the (3, 1)

entry of the table. We have now accounted for distances between all elements

of Ξ(G). In particular, we have shown that Ξ(G) is connected with diameter

at most 3. Furthermore, as stated above, if G contains an abelian maximal

subgroup, then Z(M) \ Z(G) = ∅, and hence diam(Ξ(G)) = 2.

Using the Magma code in comp_nc_ng, together with additional straightforward

calculations, we observe that ifG is equal to SmallGroup(12, 4) or SmallGroup(18, 4),

then G satisfies the hypotheses of Lemma 5.8.6(iii), and that Ξ(G) is connected only

in the latter case (in both cases, Ξ+(G) is connected with diameter 2). If instead

G is equal to SmallGroup(40, 12), SmallGroup(60, 7) or SmallGroup(100, 3), then G

satisfies the hypotheses of Lemma 5.8.6(iv), and Ξ(G) has diameter 2, 3 or 2, respec-
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tively. Note that the first of these three groups has an abelian maximal subgroup,

while the third does not.

The following result is a more detailed version of Lemma 5.7.15, with a weaker

hypothesis (cf. Proposition 5.8.5(ii)).

Lemma 5.8.7. Let G and C be as in Assumption 5.8.1. Suppose also that G is

finitely generated, G/C is cyclic, and C is non-abelian. Then the following state-

ments hold.

(i) Ξ(G) is not connected if and only if C is maximal in G and K ∩ C = Z(C)

for every maximal subgroup K of G distinct from C. In this case, Ξ(G) has

exactly two connected components, each of diameter 2, and one component

consists of the elements of C \ Z(C). In particular, if G is finite, then Ξ(G)

is not connected if and only if G satisfies Assumption 5.7.3.

(ii) Suppose that C is not maximal in G, and let M be a maximal subgroup of

G containing C. Then Table 5.8.2 lists upper bounds for distances between

vertices of Ξ(G), depending on the subsets of G \ Z(G) that contain them. In

particular, diam(Ξ(G)) ⩽ 4, and diam(Ξ(G)) ⩽ 3 if G is finite or if Z(M) =

Z(G).

(iii) Suppose that C is maximal in G, and that Ξ(G) is connected. Then G contains

no abelian maximal subgroup. Additionally, Table 5.8.3 lists upper bounds for

distances between vertices of Ξ(G), depending on the subsets of G \Z(G) that

contain them. In particular, diam(Ξ(G)) ⩽ 4, and diam(Ξ(G)) ⩽ 3 if G is

finite.

Proof. We first present several simple arguments that apply in each case. Propo-

sition 5.8.2(i) shows that any two elements of G \ C are joined in Ξ(G) by a path

of length at most two. We therefore obtain the (1, 4), (1, 5) and (2, 4) entries of

Table 5.8.2, and the (1, 3) entry of Table 5.8.3. It also follows from Corollary 5.2.8

that any two elements of C \Z(C) are joined by a path of length at most two. This

gives the (3, 3) entry of Table 5.8.2 and the (2, 2) entry of Table 5.8.3.

Next, Proposition 5.8.5(ii) implies that Z(G) < Z(C). Let z ∈ Z(C) \ Z(G).

Since C is non-abelian and normal in G and ⟨z⟩G ⩽ Z(C), we deduce from Propo-

sition 2.1.2 that G/⟨z⟩G is not cyclic.

We split the remainder of the proof into two cases, depending on whether or not

C is maximal in G.
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Table 5.8.2: Upper bounds for distances between vertices x ∈ A and y ∈ B of
Ξ(G), where A and B are specified subsets of G \ Z(G), and C and M are as
in Lemma 5.8.7(ii). Additionally, A denotes the family of groups that contain an
abelian maximal subgroup, and M denotes the family of groups for which any two
distinct maximal subgroups intersect in the Frattini subgroup.

A
B Z(M) \ Z(G) Z(C) \ Z(M) C \ Z(C) M \ C G \M

G \M 1
3

3 2 2
2, if G ∈ A

M \ C 3 2 2 2

C \ Z(C)

4

2 23, if |G| < ∞
3, if G /∈ M

Z(C) \ Z(M) 2 2

Z(M) \ Z(G) 2

Table 5.8.3: Upper bounds for distances between vertices x ∈ A and y ∈ B of Ξ(G),
where A and B are specified subsets of G \ Z(G), and C is as in Lemma 5.8.7(iii).
Additionally, M denotes the family of groups for which any two distinct maximal
subgroups intersect in the Frattini subgroup.

A
B Z(C) \ Z(G) C \ Z(C) G \ C

G \ C 1

4

23, if |G/Z(C)| < ∞
3, if G ∈ M

C \ Z(C)

4

23, if |G| < ∞
3, if G /∈ M

Z(C) \ Z(G) 2

Case (a): C is maximal in G. Here, Proposition 5.8.5(iii) shows that G has

no abelian maximal subgroup. In addition, C = CG(z) by Proposition 2.1.7.

Since G/⟨z⟩G is not cyclic, it follows from Proposition 5.2.10 that z ∼ k for all

k ∈ G \ C. Thus we obtain the (1, 1) entry of Table 5.8.3. If z′ is another element

of Z(C) \ Z(G), then z ∼ k ∼ z′, yielding the (3, 1) entry of Table 5.8.3. Fur-

thermore, since Z(G) < Z(C), Lemma 5.7.15 shows that if G is finite, then Ξ(G) is

not connected if and only G satisfies Assumption 5.7.3, and in general, Ξ(G) is not

connected if and only if K ∩ C = Z(C) for every maximal subgroup K ̸= C of G.

Suppose first that Ξ(G) is connected, and let x ∈ C \ Z(C) and y ∈ G \ C.
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Then Lemma 5.7.7 shows that d(x, z) ⩽ 4, and that if d(x, z) = 4, then |G| = ∞
and K ∩ C = Φ(G) for each maximal subgroup K of G distinct from C. It follows

from Lemma 5.7.1 that if d(x, z) = 4, then any two distinct maximal subgroups of

G intersect in Φ(G), and we obtain the (2, 1) entry of Table 5.8.3. Additionally,

Lemma 5.7.12 shows that d(x, y) ⩽ 4, and that if d(x, y) = 4, then |G/Z(C)| = ∞
and G contains maximal subgroups K and L ̸= C such that K∩C = Z(C) ̸= L∩C.

This yields the (1, 2) entry of Table 5.8.3. We have therefore proved (iii).

Next, suppose that Ξ(G) is not connected. We have shown that if g, h ∈ G\Z(G)

satisfy g, h ∈ C \ Z(C) or g, h ∈ (G \ C) ∪ (Z(C) \ Z(G)), then d(g, h) ⩽ 2. Hence

the connected components of Ξ(G) and their diameters are as specified in (i). To

complete the proof of (i), it remains to show that if C is not maximal in G, then

Ξ(G) is connected, and if G is also finite, then it does not satisfy Assumption 5.7.3.

Case (b): C is not maximal in G. Let M be a maximal subgroup of G containing

C. Then M is non-abelian, and Proposition 5.8.5(ii) implies that M is normal in

G, with Z(M) < Z(C). Additionally, as Z(G) < C, it follows that Z(G) ⩽ Z(M).

Corollary 5.2.8 shows that there is a path of length at most two in Ξ(G) between

any two elements of M \ Z(M), hence the (2, 2), (2, 3), (3, 2) and (4, 2) entries of

Table 5.8.2. Let z′ be an element of Z(C) \ Z(G) distinct from z. Since [z, z′] = 1,

and since G/⟨z⟩G and G/⟨z′⟩G are not cyclic, Proposition 5.8.2(ii) implies that

d(z, z′) = 2. This gives the (4, 1) and (5, 1) entries of Table 5.8.2. Note also that as

z ∈ Z(C) \ Z(G), there exists h ∈ G \ C with [z, h] ̸= 1. As G/⟨z⟩G is not cyclic, it

follows from Proposition 5.2.10 that z ∼ h. Letting g ∈ G \C, the known entries of

Table 5.8.2 show that d(h, g) ⩽ 2, and so d(z, g) ⩽ d(z, h) + d(h, g) ⩽ 3. This gives

the (2, 1) entry of Table 5.8.2, as well as the general upper bound of 3 in the (1, 2)

entry.

Now, let x ∈ C \Z(C). Then x /∈ Z(M), and so CM(x) < M . Thus there exists

k ∈ M \ (C ∪ CM(x)), and we observe that x ∼ k. The (1, 4) entry of Table 5.8.2

gives d(k, g) ⩽ 2 for each g ∈ G \ M , and hence d(x, g) ⩽ d(x, k) + d(k, g) ⩽ 3,

yielding the (1, 3) entry of the table.

Next, we will consider the remaining entries in the first column of Table 5.8.2,

which apply only when Z(G) < Z(M). Let r ∈ Z(M) \Z(G). Then the (2, 1) entry

of Table 5.8.2 shows that d(r,m) < ∞ for each m ∈ M \ C. The (3, 1) entry of

Table 5.8.2 therefore follows from Lemmas 5.7.7 and 5.7.1. In addition, M = CG(r)

by Proposition 2.1.7, and so Proposition 5.2.10 gives the (1, 1) entry of the table.

We have now justified the general upper bound given in each entry of Table 5.8.2.

In particular, Ξ(G) is connected, which partially proves (i). To complete the proof of

(i), suppose for a contradiction that G is finite and satisfies Assumption 5.7.3. Then
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the unique non-cyclic Sylow subgroup G of P satisfies Z(P ) ̸⩽ Z(G); the unique

maximal subgroup of each nontrivial cyclic Sylow subgroup of G is normal in G;

and M is precisely the maximal subgroup M specified in Theorem 5.7.2(ii) (by part

(a) of that theorem). Part (c) of that theorem therefore implies that Z(M) contains

Z(P ) ̸⩽ Z(G), and so Z(G) < Z(M) by Proposition 2.1.7. Hence Lemma 5.7.15

applies, and shows that G does not in fact satisfy Assumption 5.7.3. Thus (i) holds.

To prove (ii), it remains to assume that G has an abelian maximal subgroup, and

to deduce the (1, 2) entry of Table 5.8.2, i.e., to show that d(y, z) ⩽ 2 when y ∈ G\M
and z ∈ Z(C) \ Z(M). Let K be a maximal subgroup of G containing CG(z), so

that C < K. Then K is non-abelian, and K ◁⩽ G by Proposition 5.8.5(ii). Thus

Lemma 2.1.12 yields Z(K) ⩽ Z(G) (in fact, it is easy to see that Z(K) = Z(G)).

Hence if y ∈ K, then d(y, z) ⩽ 2 by Corollary 5.2.8. If instead y /∈ K, then [y, z] ̸= 1.

As G/⟨z⟩G is not cyclic (by the start of the proof), Proposition 5.2.10 gives y ∼ z,

and we obtain (ii).

Notice from Lemmas 5.7.7 and 5.7.12 that the conditions G /∈ M and G ∈ M
in the (2, 1) and (1, 2) entries of Table 5.8.3, respectively, are stronger than those

necessary to ensure that the specified distances cannot be equal to 4 (and similarly

for the (3, 1) entry of Table 5.8.2). However, the chosen conditions highlight the fact

that there is no group for which these two entries of Table 5.8.3 are simultaneously

equal to 4, as discussed in Remark 5.7.14.

The Magma code in comp_nc_ng (together with additional basic calculations)

shows that SmallGroup(120, 36) and SmallGroup(192, 30) satisfy the hypotheses of

Lemma 5.8.7(ii), and have non-commuting, non-generating graphs of diameter 2 and

3, respectively. Additionally, SmallGroup(36, 10) and SmallGroup(48, 15) satisfy

the hypotheses of Lemma 5.8.7(iii), and the associated graphs have diameter 2 and

3, respectively. As we mentioned earlier in this section, SmallGroup(36, 10) also

satisfies the hypotheses of Lemma 5.8.3.

Before presenting examples of groups that satisfy Lemma 5.8.7(i), we further

clarify how Assumption 5.7.3 relates to this lemma (and to Assumption 5.8.1).

Proposition 5.8.8. Suppose that G satisfies Assumption 5.7.3. Then G contains

a normal subgroup N , such that G/N is not cyclic, G/CG(N) is cyclic, and CG(N)

is non-abelian. Thus G satisfies the hypotheses of Lemma 5.8.7, and so Ξ(G) has

exactly two connected components, each of diameter 2.

Proof. Let P and Q be as in Assumption 5.7.3, and let R be the unique maximal

subgroup of Q. Theorem 5.7.2 shows that G contains a normal maximal subgroup

M = P×R. Additionally, N := Z(M) is equal to Z(P )×R, which is not a subgroup
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of Z(G) by assumption. Since Z(P ) = Φ(P ) < P , we deduce that P is non-abelian,

and hence so is M . Thus Proposition 2.1.2 shows that G/N = G/Z(M) is not

cyclic, and so G and N are as in Assumption 5.8.1. Moreover, Proposition 2.1.7

shows that C := CG(N) is the non-abelian maximal subgroup M of G, and hence

G/C is cyclic. Therefore, G satisfies the hypotheses of Lemma 5.8.7, and the final

part of the result follows from Lemma 5.8.7(i).

We will now discuss, with several examples, finite groups G such that Ξ(G) has

two connected components, each of diameter 2. For brevity, we will call such a group

a [2, 2]-group.

Example 5.8.9. Except where stated otherwise, all information in this example can

be verified using the Magma code in nc_ng_22_groups. First, the unique smallest

finite [2, 2]-group is the group G numbered (96, 3) in the Small Groups Library.

Interestingly, the derived subgroup G′ contains elements that are not commutators

of elements of G, and as observed in [18, Example 2.3-7], no smaller finite group

satisfies this property. However, there is no correlation between these two properties

in general. For example, H := SmallGroup(96, 203) contains elements that lie in H ′

and are not commutators. On the other hand, Ξ(H) is connected with diameter 2.

Conversely, SmallGroup(448, 179) is a [2, 2]-group, and every element in its derived

subgroup is a commutator.

The Magma code in nc_ng_22_groups also shows that the final group discussed

in the previous example is (isomorphic to) the normaliser in the simple group Sz(8)

of one of its Sylow 2-subgroups. We now generalise this observation with an infinite

family of [2, 2]-groups.

Example 5.8.10. Let i be an odd integer at least 3, q := 2i, and G := Sz(q).

Additionally, let S be a Sylow 2-subgroup of G, and let N := NG(S). Then |S| = q2,

and N is a maximal subgroup of G isomorphic to the Frobenius group S :Cq−1 [136,

§4, p. 133, Theorem 9].

By Zsigmondy’s Theorem, there exists an odd primitive prime divisor r of q− 1,

i.e., a prime divisor that does not divide 2j − 1 for any positive integer j < i.

For any such r, let Nr be the subgroup of N isomorphic to S :Cr. It follows from

Theorem 2.1.19 that Nr is also a Frobenius group, and that Z(Nr) = 1. Moreover,

each cyclic subgroup of Nr of order r acts irreducibly on the vector space S/Φ(S)

[75, Theorem 3.5]. Hence Nr satisfies all conditions of Theorem 5.7.2(i).

We claim that Nr is a [2, 2]-group. By Proposition 5.8.8, it suffices to show

that G satisfies Assumption 5.7.3. As the unique maximal subgroup of Cr is the



5.8. Non-central by non-cyclic groups 147

trivial group, which is of course normal in Nr, it remains only to prove that Φ(S) =

Z(S) ̸⩽ Z(Nr) = 1. Let θ be the automorphism α 7→ α
√
2q of Fq. Then [136,

pp. 111-112, Theorem 7] shows that (up to isomorphism) S can be considered as the

set {(α, β) | α, β ∈ Fq}, equipped with the multiplication defined by (α, β)(γ, δ) :=

(α + γ, αγθ + β + δ) for all (α, β), (γ, δ) ∈ S.

Now, Z(S) = {(0, β) | β ∈ Fq} [136, Lemma 1], which is clearly not a subgroup of

Z(Nr) = 1. For (α, β), (γ, δ) ∈ S, we calculate that (α, β)2 = (0, ααθ), and that the

first coordinate of [(α, β), (γ, δ)] is equal to 0. Thus the subgroup K of S generated

by all squares in S lies in Z(S), as does S ′. In fact, the endomorphism α 7→ ααθ

of the set F×
q is a monomorphism [136, p. 111], and is therefore an automorphism.

This implies that K = Z(S). Since Φ(S) = KS ′ (see, e.g., [88, p. 60]), it follows

that Φ(S) = Z(S). Hence Nr is a [2, 2]-group.

Example 5.8.11. Observe that each [2, 2]-group from Examples 5.8.9 and 5.8.10

has even order and contains a Sylow subgroup of prime order. However, these are not

necessary conditions for a group to be a [2, 2]-group. For example, the Magma code

in nc_ng_22_groups shows that SmallGroup(9477, 4035) and SmallGroup(288, 3)

are [2, 2]-groups (note that 288 = 25 · 32).

We now state this section’s main theorem.

Theorem 5.8.12. Suppose that G contains a normal subgroup N , such that G/N

is not cyclic and N ̸⩽ Z(G), and let C := CG(N). Then one of the following holds.

(i) Ξ(G) has an isolated vertex, and Ξ+(G) is connected with diameter 2. Addi-

tionally, each isolated vertex of Ξ(G) lies in C \N . In this case, C is abelian

and maximal in G, and G is soluble.

(ii) Ξ(G) is connected with diameter 2 or 3. In this case, if G/C is cyclic and C is

abelian, and if G contains an abelian maximal subgroup, then diam(Ξ(G)) = 2.

(iii) Ξ(G) is connected with diameter 4. In this case, G is infinite, G/C is cyclic,

and C is non-abelian.

(iv) Ξ(G) has exactly two connected components, each of diameter 2, with one

component consisting of the elements of C \ Z(C). In this case, C is non-

abelian and maximal in G.

Moreover, if G is finite, then (iv) holds if and only if G satisfies Assumption 5.7.3.

Proof. We may assume that G is finitely generated, as otherwise diam(Ξ(G)) = 2

by Corollary 5.2.7. If G/C is not cyclic, then Lemma 5.8.3 applies, and (ii) holds.
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Otherwise, either Lemma 5.8.6 or Lemma 5.8.7 applies, depending on whether or

not C is abelian. Specifically, if C is abelian, then (i) or (ii) holds, and otherwise,

(ii), (iii) or (iv) holds. We therefore observe from Lemma 5.8.7 and Proposition 5.8.8

that if G is finite, then (iv) holds if and only if G satisfies Assumption 5.7.3.

Note that if Ξ(G) has two nontrivial components, then Lemma 5.8.7(i) applies,

and states that K ∩ C = Z(C) for each maximal subgroup K of G distinct from

the normal, non-abelian maximal subgroup C. As Z(G) < Z(C) by Proposi-

tion 5.8.5(ii), we can use Lemma 5.7.15 and Proposition 5.7.9 to deduce additional

information about the structures of infinite groups in this case.

There are extra restrictions on the above conclusions if G contains two distinct

subgroups satisfying the properties of C.

Corollary 5.8.13. For each i ∈ {1, 2}, suppose that G contains a normal subgroup

Ni such that G/Ni is not cyclic and Ni ̸⩽ Z(G). Additionally, let Ci := CG(Ni),

and suppose that C1 ̸= C2. Then Ξ(G) is connected.

Proof. Suppose for a contradiction that Ξ(G) is not connected. If Ξ(G) has two

nontrivial connected components, then it follows from Theorem 5.8.12 that C1 and

C2 are both non-abelian and maximal in G. Moreover, one of the components of

Ξ(G) consists of the elements of C1\Z(C1), and either the second component consists

of the elements of C2 \Z(C2), or C1 \Z(C1) = C2 \Z(C2). Observe that there exists

an element x ∈ C1\(Z(C1)∪C2), and so C1\Z(C1) ̸= C2\Z(C2). Thus these subsets

are the two connected components of G \ Z(G), and hence G \ Z(G) is their union.

However, there exists an element y ∈ G \ (C1 ∪ C2), and since Z(G) ⩽ C1, we see

that y /∈ Z(G). Thus G \ Z(G) is not in fact a union of the connected components,

a contradiction.

Theorem 5.8.12 now implies that Ξ(G) has exactly one nontrivial connected

component, that C1 and C2 are abelian and maximal in G, and that each isolated

vertex of Ξ(G) lies in C1∩C2. However, Corollary 2.1.8, applied to the pair (C1, C2)

of abelian maximal subgroups, implies that C1 ∩ C2 = Z(G). Hence Ξ(G) has no

isolated vertices and is in fact connected, another contradiction.

To conclude this section, we will show that the structure of Ξ(G) is also restricted

if G contains an abelian maximal subgroup, and if certain finiteness conditions hold.

Proposition 5.8.14. Suppose that G contains a normal subgroup N , such that

G/N is not cyclic and N ̸⩽ Z(G), and let C := CG(N). In addition, suppose that G

contains an abelian maximal subgroup, and that G/C is finite. If N is non-abelian
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and G/C is not cyclic, then assume also that G/CG(C) is finite. Then Ξ+(G) is

connected with diameter 2.

Proof. By Corollary 5.2.7, we may suppose that G is finitely generated, as otherwise

diam(Ξ(G)) = 2. Assume first that G/C is cyclic. Since this quotient is also finite,

Proposition 5.8.5(iii) shows that C is abelian, and Lemma 5.8.6 yields the result.

If instead G/C is not cyclic and N is non-abelian, then Proposition 2.1.13 gives

C = Z(G), and the result follows from Lemma 5.8.3.

Suppose finally that G/C is not cyclic and N is abelian. Then C is not maximal

in G, and is abelian by Proposition 2.1.13. Let L be an abelian maximal subgroup of

G. Observe that N ⩽ C, and so CG(C) ⩽ CG(N) = C (in fact, CG(C) = C). Hence

C ̸⩽ L, and LC = G. Thus G/C is isomorphic to the abelian group L/(L ∩ C).

By Lemma 5.8.3, Ξ(G) is connected, and it suffices to show that d(x, y) ⩽ 2

for each x ∈ C \ Z(G) and y ∈ G \ (N ∪ C). Let M be a maximal subgroup

of G containing C. Then M is non-abelian, as CG(C) = C < M . Moreover, as

G/C is abelian, we observe from the Correspondence Theorem that M ◁⩽ G. Hence

Lemma 2.1.12 yields Z(M) = Z(G). Thus if y ∈ M , then Corollary 5.2.8 yields

d(x, y) ⩽ 2.

We may therefore assume that y lies in no maximal subgroup of G containing

C. Since Ξ(G) is connected, Proposition 5.3.1 shows that y is a non-central element

of a maximal subgroup R of G. As the abelian group C does not lie in R, it follows

that CG(x) ̸⩽ R, and so x /∈ Z(R) by Proposition 2.1.7. In addition, since G/C is

abelian and C ⩽ CM(x), we see that CM(x) ◁⩽ G. As y /∈ Z(M) = Z(G), applying

Lemma 5.4.2 to the 4-tuple (x,M, y,R) gives d(x, y) ⩽ 2.

5.9 Groups with non-simple central quotients

In this section, we complete the proof of Theorem 5.1.5, which describes Ξ(G) when

the quotient of the group G by its centre is not simple. Observe that Theorem 5.8.12

accounts for all such groups where G/Z(G) has a proper non-cyclic quotient. It

therefore remains to consider the case where every proper quotient of G/Z(G) is

cyclic. As above, we will implicitly use Proposition 5.2.5, which states that any

nontrivial connected component of Ξ(G) has diameter at least 2.

Recall Definition 2.1.22, of an abstract primitive group. A classification of finite

groups where every proper quotient is cyclic is given in [103, §3]. In the following

lemma, we present a similar classification that does not assume finiteness.

Lemma 5.9.1. Suppose that every proper quotient of G is cyclic. Then one of the

following occurs:



150 Chapter 5. Ξ(G): general results and non-simple groups

(i) for each central extension H of G (including G itself), every maximal subgroup

of H is normal in H, and hence G is not primitive;

(ii) G is a soluble primitive group with a (unique) minimal normal subgroup and

a cyclic point stabiliser; or

(iii) G is an insoluble primitive group, and CG(N) = 1 for each nontrivial normal

subgroup N of G.

Proof. We split the proof into three cases, which together account for all possibilities.

Case (a): G is not primitive. Suppose that G contains a maximal subgroup M ,

and let J := CoreG(M). By Definition 2.1.22, J ̸= 1, and hence G/J is cyclic. Thus

M/J ◁⩽ G/J , and so M ◁⩽ G. Thus each maximal subgroup of G is normal, and it

follows from Proposition 2.1.6 that the same is true for each maximal subgroup of

each central extension of G. Hence (i) holds.

Case (b): G is primitive, and CG(J) ̸= 1 for some nontrivial normal subgroup J

of G. By [5, Lemma 2.2], N := CG(J) is a minimal normal subgroup of G. If G

contains a distinct minimal normal subgroup K, then it follows from Theorem 2.1.24

that K is non-abelian and equal to K/(K ∩N) ∼= NK/N . In particular, NK/N is

not cyclic, and so neither is G/N , a contradiction.

Hence N is the unique minimal normal subgroup of G. Moreover, since CG(N)

contains the nontrivial subgroup J (which is now clearly equal toN), Theorem 2.1.24

implies that N is abelian, and that each point stabiliser of G is isomorphic to the

cyclic group G/N . In particular, G is a cyclic extension of an abelian group, and is

therefore soluble. Consequently, (ii) holds.

Case (c): G is primitive, and CG(N) = 1 for each nontrivial normal subgroup N

of G. If G is soluble, then the penultimate subgroup R in the derived series of G

is nontrivial and abelian, and hence CG(R) ̸= 1. However, R ◁⩽ G, a contradiction.

Thus G is insoluble, and (iii) holds.

Observe that if case (i) of the previous lemma holds, then Theorem 5.4.3 applies.

Hence it remains to consider cases (ii) and (iii). In what follows, for a subgroup H

of G that contains Z(G), we write H := H/Z(G).

Proposition 5.9.2. Suppose that G is a soluble primitive group with every proper

quotient cyclic, and let L be a non-abelian maximal subgroup of G. Then L ◁⩽ G

and Z(L) ⩽ Z(G).

Proof. We observe from Lemma 5.9.1 and Theorem 2.1.24 that G contains a unique

minimal normal subgroup N , and a cyclic point stabiliser M such that G = N :M .
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Suppose first that Z(G) ̸⩽ L. Then L ◁⩽ G by Proposition 2.1.6. Additionally, there

is no x ∈ G satisfying L = CG(x), and thus Proposition 2.1.7 gives Z(L) < Z(G).

Assume from now on that Z(G) ⩽ L, and note that L is a maximal subgroup

of G. Since L is non-abelian, Proposition 2.1.2 (with L in place of G and Z(G) in

place of N and K) shows that L is not cyclic. Therefore, L is not a complement of

N in G, and so Theorem 2.1.24 implies that L is not core-free in G. Hence N ⩽ L.

Moreover, as G/N is cyclic, we see that L/N ◁⩽ G/N , and it follows that L ◁⩽ G.

It remains to show that Z(L) = Z(G). Observe that Z(L) ◁⩽ G, and thatG/Z(L)

is isomorphic to G/Z(L), which is non-cyclic by Proposition 2.1.2. Since G/N is

cyclic, it follows that N ̸⩽ Z(L). As N lies in each nontrivial normal subgroup of

G, we conclude that Z(L) = 1, and so Z(L) = Z(G).

We can now prove the following. Recall that Ξ+(G) is the subgraph of Ξ(G)

induced by its non-isolated vertices.

Lemma 5.9.3. Suppose that G is a soluble primitive group with every proper quo-

tient cyclic, and that Ξ(G) has an edge. Then Ξ(G) has isolated vertices, and Ξ+(G)

is connected with diameter 2.

Proof. Since G has a minimal normal subgroup by Lemma 5.9.1, we observe from

Theorem 2.1.24 that each point stabiliser K of G is cyclic. As Z(G) = 1 by Propo-

sition 2.1.23, and since G = ⟨k, g⟩ whenever k is a generator for K and g ∈ G \K,

it is clear that any such k is an isolated vertex of Ξ(G).

Now, we may assume that G is 2-generated, as otherwise Ξ(G) is connected

with diameter 2 by Corollary 5.2.7. Let x and y be non-isolated vertices of Ξ(G).

Proposition 5.3.1 implies that there exist maximal subgroups L and M of G with

x ∈ L \Z(L) and y ∈ M \Z(M). Moreover, Proposition 5.9.2 shows that L and M

are normal subgroups of G whose centres lie in Z(G). Thus x /∈ Z(M) and y /∈ Z(L),

and so applying Lemma 5.4.2 to the 4-tuple (x, L, y,M) yields d(x, y) ⩽ 2.

We can show, using the Magma code in comp_nc_ng together with some ad-

ditional basic calculations, that the affine general linear group G := AGL(1, 5) =

F5 :GL(1, 5) = G satisfies the hypotheses of Lemma 5.9.3, and Ξ(G) contains an

edge (and hence Ξ(G) consists of a connected component of diameter 2 and isolated

vertices). On the other hand, the group H numbered (80, 28) in the Small Groups

Library [11] is a non-split extension of Z(H) by G, and Ξ(H) is connected with

diameter 2.

The example above shows that there exists a finite group G with every proper

quotient cyclic, such that Ξ(G) is not connected. On the other hand, the finite groups



152 Chapter 5. Ξ(G): general results and non-simple groups

with every proper quotient cyclic are precisely the finite groups with connected

generating graphs [22, Theorem 1, Corollary 2].

In the following theorem, we assume that G itself is primitive, so that Z(G) = 1

(as shown by Proposition 2.1.23).

Lemma 5.9.4. Suppose that G is an insoluble, non-simple primitive group with

every proper quotient cyclic. Then Ξ+(G) is connected with diameter 2 or 3. More-

over, if r is an isolated vertex of Ξ(G), then |r| > 2, and each proper subgroup of

G containing r is core-free. Finally, if G is 2-generated, then it contains a normal

maximal subgroup with trivial centre.

Proof. We may assume that G is 2-generated, as otherwise Ξ(G) is connected with

diameter 2 by Corollary 5.2.7. Let N be a nontrivial proper normal subgroup of

G. Then for each overgroup H of N in G, the quotient H/N is a normal subgroup

of the cyclic group G/N , and hence H ◁⩽ G. Thus each subgroup of G is either

normal or core-free. Furthermore, Proposition 2.1.5 shows that N lies in a maximal

subgroup M of G, which must be normal, and the characteristic subgroup Z(M)

of M is trivial by Lemma 5.9.1. Proposition 5.3.1 therefore implies that no vertex

of Ξ(G) that lies in M is isolated. Hence each proper subgroup of G containing an

isolated vertex is core-free. Moreover, as G is not a dihedral group, Lemma 5.3.7

shows that no involution of G is isolated.

Now, let x and y be non-isolated vertices of Ξ(G). Then Proposition 5.3.1 shows

that x ∈ K \ Z(K) and y ∈ L \ Z(L) for some maximal subgroups K and L of G.

We may assume that K ̸= L, as otherwise d(x, y) ⩽ 2 by Corollary 5.2.8. Observe

from Proposition 2.1.9 that K ∩M and L∩M are maximal subgroups of K and L,

respectively. Furthermore, K and L are non-abelian, and therefore non-cyclic, and

so K ∩M and L ∩M are nontrivial.

Suppose first that K is normal in G, so that Z(K) = 1 by the first paragraph

of this proof. We may assume that y /∈ K, as otherwise we could set L = K.

Then applying Proposition 5.4.1(i) to the triple (y, L,K) shows that y ∼ h for some

h ∈ K ∩L\CK∩L(y). As d(x, h) ⩽ 2 by Corollary 5.2.8, we deduce that d(x, y) ⩽ 3.

Note that if L is also normal in G, then we may similarly assume that x /∈ L,

and applying Proposition 5.4.1(ii) to the triple (x,K,L) and the element y yields

d(x, y) ⩽ 2.

We may assume from now on that neither K nor L is normal in G, i.e., that

both are core-free in G, and that x, y /∈ M . Then the nontrivial subgroups K ∩M

and L ∩ M are not normal in G. Since K ∩ M ◁⩽ K and ⟨K,L⟩ = G, it follows

that L does not centralise K ∩ M . Additionally, applying Proposition 5.4.1(i) to

the triple (x,K,M) gives CK∩M(x) < K ∩ M . Thus if K ∩ M ⩽ L, then there
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exists an element a ∈ K ∩ M that centralises neither x nor L. Hence x ∼ a, and

Corollary 5.2.8 yields d(a, y) ⩽ 2. Therefore, d(x, y) ⩽ 3.

If instead K ∩M ̸⩽ L, then ⟨K ∩M,L⟩ = G. As L ∩M is normalised by L but

not G, we deduce that K ∩M does not centralise L∩M . Since CK∩M(x) < K ∩M ,

and similarly CL∩M(y) < L ∩M , it follows that there exists an element b ∈ K ∩M

that centralises neither L ∩ M nor x, and an element c ∈ L ∩ M that centralises

neither b nor y. Thus x ∼ b ∼ c ∼ y and d(x, y) ⩽ 3.

The Magma code in diam_nc_ng (not to be confused with the aforementioned

file comp_nc_ng), with the aid of some auxiliary calculations, shows that the groups

numbered (25, 23) and (25, 25) in the Primitive Groups Library [43] satisfy the

hypotheses of Lemma 5.9.4 and have non-commuting, non-generating graphs that

are connected with diameter 2 and 3, respectively. Both of these groups have socle

A5 × A5, and so are not almost simple. Although the focus of Chapter 6 is on the

non-commuting, non-generating graphs of non-abelian finite simple groups, in §6.2

and §6.4 we will determine bounds on diam(Ξ(G)) for certain non-simple almost

simple groups G, and computationally determine exact values in a few small cases.

We now consider the larger family of groups consisting of central extensions of

insoluble, non-simple primitive groups with every proper quotient cyclic.

Lemma 5.9.5. Suppose that G is an insoluble, non-simple primitive group with

every proper quotient cyclic.

(i) The subgraph X of Ξ(G) induced by the vertices in

{g ∈ G \ Z(G) | Z(G)g ∈ Ξ+(G)}

has diameter at most k := diam(Ξ+(G)) ∈ {2, 3}. In particular, if Ξ(G) has

no isolated vertices, then diam(Ξ(G)) ⩽ k.

(ii) If X ̸= Ξ+(G), then Ξ+(G) is connected with diameter at most 4.

Proof. By Proposition 2.1.23, Z(G) = 1. Hence (i) is an immediate consequence of

Lemma 5.9.4 and Corollary 5.2.12, with N = Z(G).

To prove (ii), we will assume that X ̸= Ξ+(G). If G is not 2-generated, then

diam(Ξ(G)) = 2 by Corollary 5.2.7. Thus we will suppose that G is 2-generated.

Then G is also 2-generated, and we deduce from Lemma 5.9.4 that G contains a

normal maximal subgroupM with Z(M) = Z(G), and that each element ofM\Z(G)

lies in X.

Let y, y′ ∈ Ξ+(G) \ X, so that y, y′ /∈ M . Then Proposition 5.3.1 shows that

y ∈ K \Z(K) for some maximal subgroup K of G, and applying Proposition 5.4.1 to
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the triple (y,K,M) yields y ∼ m for some m ∈ K ∩M . Similarly, y′ ∼ m′ for some

m′ ∈ M . Corollary 5.2.8 gives d(m,m′) ⩽ 2, and so d(y, y′) ⩽ d(y,m) + d(m,m′) +

d(m′, y) ⩽ 4.

By (i), it remains to consider d(y, x), with x ∈ X. We also observe from (i)

that d(m,x) ⩽ 3. Hence d(y, x) ⩽ d(y,m) + d(m,x) ⩽ 4, and we conclude that

diam(Ξ+(G)) ⩽ 4.

Recall from above that if G = G is the group numbered (25, 25) in the Primitive

Groups Library, then diam(Ξ(G)) = 3. We can use the Magma code in diam_nc_ng

to show that the non-commuting, non-generating graphs of the central extensions

G×C2 and G×C3 of G are connected with diameter 2 and 3, respectively (see also

Proposition 5.5.3).

The following is a collection of open problems related to Lemma 5.9.5.

Question 5.9.6. For which insoluble primitive groups G with every proper quotient

cyclic does Ξ(G) contain isolated vertices? Are any such groups finite? When G is

infinite, can an isolated vertex lie in a non-abelian maximal subgroup? Is there an

example where diam(Ξ+(H)) = 4, or where diam(Ξ+(H)) = 3 and Ξ+(H) ̸= Ξ(H),

for some central extension H of G?

The third question here is relevant as Theorem 2.1.16 does not apply to infinite

groups, i.e., there are insoluble infinite groups that contain abelian maximal sub-

groups. For example, each Tarski monster group T mentioned in §2.1.2 is an infinite

insoluble (and simple) group with each maximal subgroup abelian, and hence each

vertex in Ξ(T ) is isolated. On the other hand, we will prove in §6.2 that the non-

commuting, non-generating graph of a finite simple group has no isolated vertices.

Note also that if H ∼= G× Z(H), where G is as in Question 5.9.6 and Z(H) is not

cyclic, then Theorem 5.5.2 yields diam(Ξ(H)) = 2.

In general, Proposition 5.3.1 shows that the isolated vertices of Ξ(G) are precisely

the elements of G that lie in a unique maximal subgroup and are centralised by that

subgroup. Indeed, Question 5.9.6 is closely related to Question 5.3.4. Moreover, by

Lemma 5.9.4, any such maximal subgroup must be core-free in G, and no involution

of G is isolated (Lemma 5.3.7 shows that this is true even when G is simple).

Theorem 5.3.3 also shows that only certain types of insoluble primitive groups

with all maximal subgroups non-abelian may have non-commuting, non-generating

graphs with isolated vertices. In particular, to answer Question 5.9.6 in the finite

case, it suffices to consider the insoluble primitive groups G of type AS (almost

simple), PA (product action), SD (simple diagonal) and CD (compound diagonal),

as in the O’Nan-Scott Theorem (see [120, §3]). Moreover, since every proper quotient
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of G is cyclic, the structure of G is as described in [103, §3]. For the remaining

O’Nan-Scott types, the minimal normal subgroups of G intersect trivially with its

point stabilisers, and so it follows from Theorem 5.3.3(iii) (and the fact that no

maximal subgroup of G is abelian) that Ξ(G) has no isolated vertices.

Further exploration of Question 5.9.6 in the finite case may benefit from the

results in [139], which provide a classification of elements of finite groups that lie in

a unique maximal subgroup, in the case where the maximal subgroup is core-free.

Additionally, Lemma 5.3.6 can be used in certain cases to show that non-involutory

elements of particular orders are not isolated.

In the following example, we prove the connectedness of Ξ(G) for a certain infinite

family of infinite groups G that satisfy the hypotheses of Lemma 5.9.4. Note that

for a permutation group G acting on a set Ω, the support of an element g ∈ G is

the set {α ∈ Ω | αg ̸= α}. As in the finite case, an even permutation of an infinite

permutation group is a product of an even number of transpositions. In particular,

any such permutation has finite support.

Example 5.9.7. Let Alt(Z) be the (infinite) group of even permutations of Z.
Additionally, for each positive integer k, let Gk be the group of permutations of

Z generated by Alt(Z) and the translation tk that maps x to x + k for all x ∈ Z.
The groups Gk were first introduced in [21, p. 292], but our formulation is from [45,

p. 215]. Each Gk is a finite index subgroup of the Houghton group H2, which is

generated by t1 and all permutations of Z with finite support [21, Lemma 3.1(ii)]

(see also [45, Definition 2.2]).

Now, Alt(Z) is a simple group and is the unique minimal normal subgroup of

Gk [44, Lemma 2.3, Proposition 2.5]. In particular, this means that Gk is insoluble.

Moreover, Gk is 2-generated, and every proper quotient of Gk is cyclic [45, Theorem

4.1]. It follows from Proposition 2.1.5 that ⟨tk⟩ lies in a maximal subgroup M of

Gk. As Gk = ⟨Alt(Z), tk⟩, the maximal subgroup M does not contain the minimal

normal subgroup Alt(Z). Hence M is core-free in Gk, and so Gk is primitive.

Finally, assume that k ⩾ 3, and let g ∈ Gk \ {1}. Since Alt(Z) is the union

of its finite alternating subgroups, it is generated by its 3-cycles. Additionally,

CGk
(Alt(Z)) = 1 by Theorem 2.1.24. It follows that there exists a 3-cycle α ∈ Alt(Z)

such that [g, α] ̸= 1. Furthermore, the proofs of [45, Lemmas 4.2–4.3] show that

no 3-cycle in Alt(Z) lies in a generating set for Gk of size two. Hence {g, α} is an

edge of Ξ(Gk). In particular, Ξ(Gk) has no isolated vertices. Using Lemmas 5.9.4

and 5.9.5(i), we conclude that Ξ(Gk) is connected with diameter 2 or 3, as is Ξ(H)

for each central extension H of Gk.
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It would be interesting to determine the exact diameter of Ξ(Gk) for each k ⩾ 3,

and to determine the diameters of Ξ(Gk) and Ξ+(Gk) for each k ∈ {1, 2}. We note

that the above argument does not apply when k ⩽ 2, as here every non-identity

element of Gk lies in a generating set for the group of size two [45, Theorem 6.1]. As

we mentioned earlier in this section, this is also true for each non-identity element

of any finite group with every proper quotient cyclic, as proved in [22, Theorem 1].

We now state this section’s main theorem, which summarises the possible struc-

tures of Ξ(G) when G is not simple. This theorem is nearly identical to Theo-

rem 5.1.5, the main theorem of this chapter. However, we assume here that Ξ(G)

contains an edge, and we give a slightly more detailed description of the finite groups

G for which Ξ(G) has two nontrivial connected components.

Theorem 5.9.8. Suppose that G = G/Z(G) is not simple, and that Ξ(G) contains

an edge. Then (at least) one of the following holds.

(i) Ξ(G) has an isolated vertex, and Ξ+(G) is connected with diameter 2. If G

has a proper non-cyclic quotient, then G is soluble.

(ii) Ξ(G) has an isolated vertex, Ξ+(G) is connected with diameter at most 4, and

the subgraph of Ξ(G) induced by the vertices in

{g ∈ G \ Z(G) | Z(G)g ∈ Ξ+(G)}

is connected with diameter at most diam(Ξ+(G)), which is equal to 2 or 3. Ad-

ditionally, G is an insoluble primitive group with every proper quotient cyclic.

(iii) Ξ(G) is connected with diameter 2 or 3.

(iv) Ξ(G) is connected with diameter 4, G is infinite, and G has a proper non-cyclic

quotient.

(v) Ξ(G) has exactly two connected components, each of diameter 2.

Furthermore, if G is finite, then (v) holds if and only if G satisfies Assumption 5.7.3.

Proof. If G has a proper non-cyclic quotient, then G contains a normal subgroup N

such that Z(G) < N and G/N is not cyclic. Thus in this case Theorem 5.8.12 ap-

plies, and (i), (iii), (iv) or (v) holds. Otherwise, one of the three cases in Lemma 5.9.1

holds, with G in place of G. If every maximal subgroup of G is normal, or if G

is soluble and primitive, then we can use Theorem 5.4.3 or Lemma 5.9.3, respec-

tively, to show that (i) or (iii) holds. If instead G is insoluble and primitive, then

Lemma 5.9.5 shows that (ii) or (iii) holds. It now follows from Theorem 5.8.12
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and Proposition 5.8.8 that if G is finite, then (v) holds if and only if G satisfies

Assumption 5.7.3.

We see from the above proof that if Ξ(G) has two nontrivial connected compo-

nents, then Theorem 5.8.12 applies. Hence, as discussed below the statement of that

theorem, Lemma 5.7.15 and Proposition 5.7.9 yield further information about the

structure of infinite groups in this case.

It is an open problem to determine whether cases (ii) and (iv) above can occur;

see Questions 5.7.8, 5.7.13 and 5.9.6, and Remark 5.7.14. In Chapter 6, we will see

that Ξ(G) is connected whenever G is a central extension of a non-abelian finite

simple group. Hence Theorem 5.9.8 gives a precise description of all finite groups G

such that Ξ(G) has more than one nontrivial connected component.

Note that Lucchini [102, Theorem 1] proved that if G is a finite 2-generated

soluble group, then the subgraph of the generating graph of G induced by its non-

isolated vertices is connected with diameter at most 3. By Theorem 5.9.8, this also

holds for the non-commuting, non-generating graph of such a group, except in the

cases where Ξ(G) has two connected components of diameter 2. As mentioned in

§5.5, it follows from [47, Theorem 1.3] that there is no bound on the diameter of a

connected component of the generating graph of a non-simple finite insoluble group.

The possibilities for the structure of Ξ(G) are much more limited when G is finite

and G contains an abelian maximal subgroup.

Proposition 5.9.9. Suppose that G = G/Z(G) is finite, that G contains an abelian

maximal subgroup, and that Ξ(G) has an edge. Then diam(Ξ+(G)) = 2.

Proof. Let L be an abelian maximal subgroup of G. Then Proposition 2.1.7 yields

Z(G) ⩽ L. Hence L is an abelian maximal subgroup of the finite group G. Thus

Theorem 2.1.16 shows that G is soluble.

Suppose first that G contains a normal subgroup N such that G/N is not cyclic

and N ̸⩽ Z(G). Then C := CG(N) and CG(C) both contain Z(G), and since G =

G/Z(G) is finite, so are G/C and G/CG(C). It therefore follows from Proposition

5.8.14 that diam(Ξ+(G)) = 2.

If instead G has no such subgroup N , then every proper quotient of G is cyclic,

and Lemma 5.9.1 shows that either G is primitive, or every maximal subgroup of G

is normal. We observe from Lemma 5.9.3 in the former case and Theorem 5.4.3 in

the latter case that diam(Ξ+(G)) = 2.

This result leads to the following open question.
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Question 5.9.10. Does there exist a group G that contains an abelian maximal

subgroup (with G infinite), such that Ξ+(G) has an edge and is not connected with

diameter 2?

As mentioned above, the Tarski monster groups are examples of infinite sim-

ple groups with abelian maximal subgroups. Note also that, for certain families of

groups G containing abelian maximal subgroups (with G infinite), we have already

seen that Ξ(G) has no connected component of diameter greater than 2. For exam-

ple, this is the case if G contains a normal subgroup N satisfying the hypotheses

of Lemma 5.8.6, or, by Theorem 5.4.3, if every maximal subgroup of G is normal.

We also note that if G contains a normal subgroup N satisfying the hypotheses of

Lemma 5.8.7 (so that G/CG(N) ∼= Z by Proposition 5.8.5(iii)), then Lemma 2.1.12

shows that the first column of Table 5.8.2 does not apply. Hence if we can reduce

the upper bound of 3 in the (1, 3) entry of this table in this case, then we do not

need to assume any finiteness conditions here.

5.10 Free products of groups

We conclude this chapter with a brief exploration of the non-commuting, non-

generating graph of a free product of nontrivial groups, as defined below. Note

that this is a special case of Theorem 5.9.8.

Definition 5.10.1 ([105, p. 174]). Let G1 and G2 be groups with respective pre-

sentations ⟨X1 | R1⟩ and ⟨X2 | R2⟩, where X1 and X2 are disjoint. The free product

of G1 and G2 is G1 ∗G2 := ⟨X1 ∪X2 | R1 ∪R2⟩.

If necessary, we can relabel the generators for a given group G2 so that X1 and

X2 are disjoint as required. We may therefore consider G1 and G2 as subgroups

of G1 ∗ G2, with G1 ∩ G2 = 1. Note that, up to isomorphism, G1 ∗ G2 is in fact

independent of the choice of presentations for G1 and G2 [105, p. 174]. It is also

clear that G1 ∗G2
∼= G2 ∗G1.

Example 5.10.2. As the infinite cyclic group Z has presentation ⟨a | −⟩, the free

product Z ∗ Z is the group with presentation ⟨a, b | −⟩, i.e., the free group on two

generators. Additionally, the cyclic group C2 has presentation ⟨c | c2 = 1⟩, and
hence C2 ∗ C2 is the group with presentation ⟨c, d | c2 = d2 = 1⟩, i.e., the infinite

dihedral group.

As there is no defining relation in G1∗G2 between any non-identity element of G1

and any non-identity element of G2, the minimum size of a generating set for G1∗G2
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is the sum of the minimum size of a generating set for G1 and the minimum size of

a generating set for G2. Recall from Corollary 5.2.7 that if H is a non-abelian group

that is not 2-generated, then Ξ(H) is connected with diameter 2. We therefore need

only consider Ξ(G1 ∗ G2) when G1 and G2 are each cyclic and nontrivial. Observe

also that if G1 and G2 are nontrivial, then Z(G1 ∗G2) = 1. Hence each non-identity

element of G1 ∗G2 is a vertex of Ξ(G1 ∗G2).

As in §5.5, we assume the convention that each positive integer divides the order

of an infinite group. Recall also from Proposition 5.2.5 that any nontrivial connected

component of Ξ(G), for any group G, has diameter at least 2.

Theorem 5.10.3. Let G1 = ⟨a⟩ and G2 = ⟨b⟩ be (possibly infinite) nontrivial cyclic

groups. If G1
∼= C2

∼= G2, then ab and ba are isolated vertices of Ξ(G1 ∗ G2),

while the remaining vertices form a connected component of diameter 2. Otherwise,

Ξ(G1 ∗G2) is connected with diameter 2.

Proof. Let G := G1∗G2, and let x := (ab)j for some nonzero integer j. Since G1 and

G2 are cyclic, it follows from [107, Corollary 4.1.6, Problem 4.1.9] that CG(x) = ⟨ab⟩.
Thus the neighbours of x in Ξ(G) are precisely the elements f ∈ G \ ⟨ab⟩ satisfying
⟨f, x⟩ < G. By symmetry, the neighbours of x′ := (ba)j are the elements f ∈ G\⟨ba⟩
satisfying ⟨f, x′⟩ < G. We split the remainder of the proof into two cases. As a major

component of the proof in each case, we will show that, for certain values of j, each

element f of the set G \ ⟨ab⟩ or G \ ⟨ba⟩ satisfies the above non-generation property.

Case (a): G1
∼= C2

∼= G2. For each integer n ⩾ 2, let Hn be the dihedral group of

order 2n. Then there exist elements α, β ∈ Hn such that ⟨α, β⟩ = Hn, |α| = 2 = |β|,
and |αβ| = n. Let ϕn be the epimorphism from G to Hn defined by (a)ϕn := α

and (b)ϕn := β. Then each g ∈ G satisfies (⟨g, (ab)n⟩)ϕn = ⟨(g)ϕn, ((ab)ϕn)
n⟩ =

⟨(g)ϕn, 1⟩, which is a proper subgroup of the non-cyclic group Hn = (G)ϕn. Thus

⟨g, (ab)n⟩ < G, and so (ab)n does not lie in any generating set for G of size two.

Hence each element of G \ ⟨ab⟩ is adjacent in Ξ(G) to (ab)n for each n ⩾ 2, and also

to (ab)−n by Proposition 5.2.1.

Now, G \ ⟨ab⟩ ≠ ∅, and (ab)−1 = ba. Thus each element of ⟨ab⟩ \ {1, ab, ba}
is adjacent in Ξ(G) to each element of G \ ⟨ab⟩, and so d(r, s) ⩽ 2 for all r, s ∈
G \ {1, ab, ba}. It remains to show that the vertices ab and ba of Ξ(G) are isolated.

Suppose for a contradiction that some vertex u of Ξ(G) is adjacent to ab. Then

u does not centralise ab, and hence u ∈ G \ ⟨ab⟩. However, it is easy to see that

|G : ⟨ab⟩| = 2, and so ⟨ab, u⟩ = G, a contradiction. Therefore, ab is an isolated

vertex of Ξ(G). By symmetry, the vertex ba is also isolated.
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Case (b): G1 ̸∼= C2 or G2 ̸∼= C2. Let m be an integer dividing |G1| and n an integer

dividing |G2|, with m,n ⩾ 2, and let k := m + n − 1. In addition, let θ be the

homomorphism from G to the symmetric group Sk defined by (a)θ := (1, 2, . . . ,m)

and (b)θ := (m,m+1, . . . , k). Then (ab)θ = (1, 2, . . . ,m− 1,m+1,m+2, . . . , k,m)

and (ba)θ = (1, 2, . . . , k). Hence |(ab)θ| = k = |(ba)θ|, and (G)θ is non-abelian and

therefore non-cyclic (in fact, it can be shown that (G)θ contains Ak). Thus for all

g ∈ G, the group (⟨g, (ab)k⟩)θ = ⟨(g)θ, ((ab)θ)k⟩ = ⟨(g)θ, 1⟩ is a proper subgroup of

(G)θ. It follows that (ab)k does not lie in any generating set for G of size two, and

similarly, neither does (ba)k. In fact, since ((ba)θ)−k((ab)θ)k = 1, no generating set

for G of size two contains the element (ba)−k(ab)k = (a−1b−1)k(ab)k.

Now, since either a−1 ̸= a or b−1 ̸= b, the element (a−1b−1)k(ab)k does not lie in

⟨ab⟩∪⟨ba⟩. It follows that each element of G\⟨ab⟩ is adjacent in Ξ(G) to (ab)k; that

each element of G \ ⟨ba⟩ is adjacent to (ba)k; and that each non-identity element of

⟨ab⟩ ∪ ⟨ba⟩ is adjacent to (a−1b−1)k(ab)k. Since ⟨ab⟩ ∩ ⟨ba⟩ = 1, we conclude that

any two vertices of Ξ(G) have a common neighbour in {(ab)k, (ba)k, (a−1b−1)k(ab)k},
and thus Ξ(G) is connected with diameter 2.



Chapter 6

The non-commuting,

non-generating graph of a finite

simple group

6.1 General results and the main theorem

In this chapter, we explore the diameter of the non-commuting, non-generating

graph of a non-abelian finite simple group. Throughout, G will denote any such

group, except where specified otherwise. Recall from Theorem 2.4.4 that G is 2-

generated. Hence the graph is interesting in each case, in the sense that Corol-

lary 5.2.7 does not apply.

As previously mentioned, we will not in general explore the non-commuting,

non-generating graph of an infinite simple group. However, any such group that is

not 2-generated has a graph that is connected with diameter 2 by Corollary 5.2.7

(see also the discussion following the statement of this corollary). Additionally, any

infinite simple group that is minimal non-abelian, for example a Tarski monster

group, has a graph with every vertex isolated.

We will again use the graph theoretic notation outlined at the start of Chapter 4,

and the notation Ξ(G) and Ξ+(G) from Definition 5.1.3. As in Chapter 5, when

x, y ∈ G \ {1} and the underlying group G is clear, we will write x ∼ y in place of

x ∼Ξ(G) y, and d(x, y) := dΞ(G)(x, y), except where specified otherwise.

The first result in this chapter describes important relationships between invo-

lutions and maximal subgroups of G.

Proposition 6.1.1. Let L and M be maximal subgroups of the non-abelian finite

simple group G, and suppose that |L| is even.

(i) Suppose that Z(L) contains an involution a. Then L \ Z(L) contains a G-

conjugate of a.

(ii) L contains an involution that does not lie in Z(L) ∪ Z(M).

161
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L M

Z(M)f
u

f ′

Figure 6.1.1: An illustration of Proposition 6.1.1(iv).

(iii) Suppose that |M | is even, and let a be an involution of L\M . Then M \Z(M)

contains an involution b that does not commute with a.

(iv) Suppose, as in Figure 6.1.1, that L∩M lies in Z(M) and contains an involution

f . Additionally, let u ∈ L \ M . Then L \ M contains an involution f ′ such

that [u, f ′] ̸= 1.

Proof.

(i) Let a be an involution of L, and suppose first that a ∈ Z(L). Then CG(a) = L

by Proposition 2.1.7. As G is simple (and has even order), Theorem 5.3.5

(with a in place of x) shows that there exists an element g ∈ G such that

a ̸= ag ∈ CG(a) = L. In fact, as a ∈ Z(L), we deduce that g ∈ G \ L.

Furthermore, Lg ̸= L, since L is maximal and non-normal in G. Finally,

Lg = CG(a
g), and hence the involution ag is non-central in L.

(ii) We will prove that L contains an involution s that does not lie in Z(L)∪Z(M).

It follows from (i) that there exists an involution y ∈ L \ Z(L). If y /∈ Z(M),

then we can set s = y. If instead y ∈ Z(M) (so that L ̸= M), then CG(y) = M

by Proposition 2.1.7. Additionally, since Z(L) and L∩M are proper subgroups

of L, there exists h ∈ L \ (Z(L) ∪ M), and yh is a non-central involution of

L. Moreover, M ̸= Mh = CG(y
h). Therefore, yh /∈ Z(M), and so we can set

s = yh.

(iii) We split the proof into two cases.

Case (a): |Z(M)| is odd. Let S be the set of involutions of M , and let QM be

the subgroup of M generated by S. Since conjugation preserves the order of

an element, QM is normal in M . If the involution a ∈ L \M commutes with

each element of S, then a ∈ CG(QM), and so QM ◁⩽ ⟨M,a⟩ = G, contradicting
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the simplicity of G. Thus there exists r ∈ S \ CG(a). As S ∩ Z(M) = 1, we

can set b = r.

Case (b): Z(M) contains an involution z. By applying (i) to M , we deduce

that M \ Z(M) contains an involution c. If [a, c] ̸= 1, then we can set b =

c. If instead [a, c] = 1, then consider the element zc ∈ M \ Z(M). As

[z, c] = 1, we see that |zc| = 2. In addition, the commutator identity given

in Proposition 2.1.3(ii) shows that [a, zc] = [a, c][a, z]c = [a, z]c. Furthermore,

CG(z) = M by Proposition 2.1.7. Since a /∈ M , we conclude that [a, z] ̸= 1.

Hence [a, zc] ̸= 1, and we may set b = zc.

(iv) Let s ∈ L be the involution from (ii), so that s /∈ Z(M). Then s /∈ L ∩M ⩽

Z(M). If [u, s] ̸= 1, then we can set f ′ = s. Assume therefore that [u, s] = 1.

By Proposition 2.1.7, CG(f) = M , and similarly, CG(f
s) = M s ̸= M . Thus

f s lies in L but not in Z(M), and hence not in L ∩ M . If f s centralises

u, then CL(u) contains ⟨s, f s⟩, which contains f . This is a contradiction, as

u /∈ M = CG(f). We can therefore set f ′ = f s.

The following lemma, which gives upper bounds for the distances between certain

vertices of Ξ(G), is the key ingredient in many of this chapter’s most important

results.

Lemma 6.1.2. Let L and M be maximal subgroups of the non-abelian finite simple

group G, with |L| and |M | even. Additionally, let x ∈ L \Z(L) and y ∈ M \Z(M).

Then d(x, y) ⩽ 5. Moreover, if L contains an involution a such that d(x, a) ⩽ 1,

then d(x, y) ⩽ 4.

Proof. We will use Corollary 5.2.8 several times in this proof without further ref-

erence. First, we may assume that L ̸= M , as otherwise d(x, y) ⩽ 2. Proposi-

tion 6.1.1(i) shows that the set A of involutions of L \ Z(L) is non-empty. We also

observe that d(x, u) ⩽ 2 for all u ∈ A. Choose a ∈ A so that d(x, a) = min
u∈A

d(x, u).

Note that no element of Z(L) is adjacent to x in Ξ(G), and so if d(x, a) > 1, then x

is neither equal nor adjacent to any involution of L. We split the remainder of the

proof into three cases, depending on where a lies with respect to M and Z(M). In

particular, we will show that d(x, y) ⩽ 5, with d(x, y) ⩽ 4 if d(x, a) ⩽ 1.

Case (a): a ∈ M \ Z(M). Here, d(a, y) ⩽ 2, and so d(x, y) ⩽ d(x, a) + d(a, y) ⩽ 4.

Case (b): a /∈ M . By Proposition 6.1.1(iii), there exists an involution b ∈ M\Z(M)

such that [a, b] ̸= 1. Then ⟨a, b⟩ is a dihedral (and therefore proper) subgroup of G,

and so a ∼ b. Since d(b, y) ⩽ 2, we conclude that d(x, y) ⩽ d(x, a)+d(a, b)+d(b, y) ⩽

5. Moreover, if d(x, a) ⩽ 1, then d(x, y) ⩽ 4.
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Case (c): a ∈ Z(M). Here, M = CG(a) by Proposition 2.1.7, and Proposi-

tion 6.1.1(ii) yields an involution a′ ∈ A that does not lie in Z(M). Hence we

can replace a by a′ in the arguments in Cases (a) and (b) to deduce that d(x, y) ⩽ 5,

with d(x, y) ⩽ 4 if either a′ ∈ M or d(x, a′) ⩽ 1.

It remains to show (in the case a ∈ Z(M)) that if d(x, a) ⩽ 1, a′ /∈ M = CG(a),

and d(x, a′) > 1, then d(x, y) ⩽ 4. Since a′ /∈ CG(a) and x, a′ ∈ L, we may assume

that x ̸= a, as otherwise d(x, a′) = 1. Thus d(x, a) = 1, and hence x /∈ CG(a) = M .

Suppose for now that L ∩ M ⩽ Z(M). Then since x ∈ L \ M , and since a is

an involution of Z(M), Proposition 6.1.1(iv) shows that there exists an involution

f ′ ∈ L \M such that x ∼ f ′. In particular, f ′ ∈ A, and we can replace a with f ′ in

the argument in Case (b) to deduce that d(x, y) ⩽ 4.

Finally, suppose that there exists an element c ∈ L∩M that does not lie in Z(M).

As a also lies in L ∩M , but not in CG(x), there exists an element h ∈ L ∩M that

centralises neither M nor x. Thus d(h, y) ⩽ 2 and x ∼ h, and so d(x, y) ⩽ 3.

The following corollary is an immediate consequence of Lemma 6.1.2 and Propo-

sition 5.3.1, which states that each non-isolated vertex of Ξ(G) is a non-central

element of some maximal subgroup of G.

Corollary 6.1.3. If every maximal subgroup of the non-abelian finite simple group

G has even order, then diam(Ξ+(G)) ⩽ 5.

Observe that the only non-elementary result used in the proof of Lemma 6.1.2 is

Proposition 6.1.1, whose proof in turn uses elementary facts and the p = 2 case of

Theorem 5.3.5. As we mentioned in §5.3, this p = 2 case was proved in [61] without

using the classification of finite simple groups. Hence the proofs of Lemma 6.1.2 and

Corollary 6.1.3 are also classification-free.

We now state this chapter’s main theorem.

Theorem 6.1.4. Let G be a non-abelian finite simple group.

(i) Ξ(G) is connected with diameter at most 5.

(ii) If G is a sporadic simple group or the Tits group, then Ξ(G) is connected with

diameter at most 4.

(iii) For certain simple groups G, Table 6.1.1 lists upper bounds or exact values for

diam(Ξ(G)).

The proof of the above theorem will be the primary focus of §6.2–6.6. By Corol-

lary 6.1.3, if every maximal subgroup of G has even order, then Ξ+(G) is connected
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Table 6.1.1: Upper bounds or exact values for the diameters of the non-commuting,
non-generating graphs of certain simple groups G. Here, n is a positive integer and
q is a prime power.

G diam(Ξ(G))

M11,M12,M22, J2 2

M23, J1 3

B,PSU(7, 2) 4

An; n even ⩽ 3

An; n odd ⩽ 4

PSL(n, q), Sz(q) ⩽ 4

G2(q),
2G2(q),

3D4(q), F4(q), E8(q); q odd ⩽ 4

with diameter at most 5. Thus to prove Theorem 6.1.4(i), it remains to show that

this remains true when G has a maximal subgroup of odd order (i.e., when G is a

group listed in Theorem 4.2.3), and that, in general, Ξ(G) has no isolated vertices.

We show that this last statement is true in §6.2, and we give a formal proof of The-

orem 6.1.4(i) in §6.5. We also prove in §6.5 a similar result about the diameter of

the non-generating graph of a non-abelian finite simple group, as in Definition 5.1.2.

A version of this result is an important component of the main theorem of [104],

which determines when the non-generating graph of a finite group is connected, once

vertices that are joined to all other vertices have been deleted, and which provides

upper bounds for the diameter of this graph in the connected case.

Note also that in §6.2 and §6.4–6.6, we present examples of diameters achieved by

certain simple alternating, linear, unitary and exceptional groups, computed using

Magma. However, none of the (non-unitary) examples meet the corresponding upper

bounds given in Table 6.1.1. Indeed, the following question is open.

Question 6.1.5. Which, if any, of the upper bounds for diam(Ξ(G)) given in Ta-

ble 6.1.1 are tight? In the cases where the upper bound is not tight, what is the best

possible upper bound?

We now state a corollary of Theorem 6.1.4(i), which is analogous to Lemma 5.9.5(i)

(except in this case, we know that Ξ(G) has no isolated vertices), and which com-

plements the finite case of Theorem 5.1.5.

Corollary 6.1.6. Let G be a non-abelian finite simple group, and let H be a central

extension of G. Then diam(Ξ(H)) ⩽ diam(Ξ(G)) ⩽ 5.

Proof. This is an immediate consequence of Theorem 6.1.4 and Corollary 5.2.12,

with Z(H) in place of N .
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Finally, Theorem 6.1.4 and Table 6.1.1 lead to the following additional open

questions.

Question 6.1.7. Does there exist a non-abelian finite simple group G such that

diam(Ξ(G)) = 5? In addition, for which non-abelian finite simple groups G is

diam(Ξ(G)) equal to 4?

Recall from Theorem 4.1.4 and Proposition 4.1.5 that PSU(7, 2) has an intersec-

tion graph of diameter 5, and that there may be additional non-abelian finite simple

unitary groups with this property. By Proposition 5.2.15, the non-commuting, non-

generating graph of any such group has diameter at least 4. Indeed, this fact will

serve as part of the proof that Ξ(PSU(7, 2)) has diameter 4 (and similarly for the

graph of the baby monster group).

6.2 Alternating groups

In this section, we prove the alternating case of Theorem 6.1.4. In fact, we prove

the following more general result.

Theorem 6.2.1. Let G be an almost simple group whose socle is an alternating

group An. Then Ξ(G) is connected with diameter at most 4. Moreover, if n is even,

or if G is not simple, then diam(Ξ(G)) ⩽ 3.

We will also conclude this section with a proof that Ξ(G) has no isolated vertices

whenever G is a non-abelian finite simple group.

Observe that Theorem 6.2.1 shows that no almost simple group with alternating

socle yields a positive answer to the finite case of Question 5.9.6. Additionally, it

is well-known that the finite symmetric groups are 2-generated, and Theorem 2.4.5

shows that the same is true for the other proper overgroups of A6 in Aut(A6).

In order to prove Theorem 6.2.1, we will require a few intermediate results. Here,

we consider the usual action of the symmetric and alternating groups of degree n

on the set Ω := {1, 2, . . . , n}. Note that a derangement of a permutation group is a

permutation with no fixed points.

Proposition 6.2.2. Let G be an alternating or symmetric group of degree n ⩾ 5,

and let x be a derangement of G that has at least two orbits on Ω. In addition,

let {α1, α2} and {β1, β2} be 2-subsets of distinct orbits of ⟨x⟩ on Ω. Finally, if

⟨x⟩ has exactly two orbits on Ω, then let g := (α1, α2)(β1, β2), and otherwise, let

g := (α1, α2, β1). Then {x, g} is an edge of Ξ(G).
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Proof. If ⟨x⟩ has exactly two orbits on Ω, then at least one of these orbits has length

at least three. Hence, in each case, xg ̸= x, and so [x, g] ̸= 1. Additionally, ⟨x, g⟩
acts intransitively on Ω and is therefore a proper subgroup of G. Thus x ∼ g.

Proposition 6.2.3. Let G be an alternating or symmetric group of degree n ⩾ 5,

and let x, y ∈ G\{1}. Then d(x, y) ⩽ 4. Moreover, if d(x, y) ⩾ 3, then at least one of

x and y is a derangement, and if d(x, y) = 4, then both elements are derangements.

Proof. For each positive integer k, let Xk := Sk if G is a symmetric group, or

Xk := Ak if G is an alternating group. Observe that for each α ∈ Ω, the point

stabiliser Gα is a maximal subgroup of G isomorphic to Xn−1. As Z(Xn−1) = 1, it

follows from Corollary 5.2.8 that d(g, h) ⩽ 2 for all non-identity elements g, h ∈ Gα.

Additionally, given distinct α, β ∈ Ω, the intersection Gα∩Gβ is isomorphic to Xn−2

and is maximal in each of Gα and Gβ. Thus for all g ∈ Gα and m ∈ Gβ satisfying

g,m /∈ Gα∩Gβ, we obtain d(g,m) ⩽ 2 by applying Proposition 5.4.1(ii) to the triple

(g,Gα, Gβ) and the element m. We have shown that any two non-derangements of

G are joined in Ξ(G) by a path of length at most two. It therefore suffices to prove

that each derangement x ∈ G is adjacent in Ξ(G) to some non-derangement. This

follows immediately from Proposition 6.2.2 if ⟨x⟩ has at least two orbits on Ω. We

may therefore assume that ⟨x⟩ acts transitively on Ω.

Now, the element x is equal to an n-cycle (α1, . . . , αn), with αi ∈ Ω for each i. It

suffices to show that there exists y ∈ NGα1
(⟨x⟩) with xy ̸= x; it will then follow that

⟨x, y⟩ ⩽ NG(⟨x⟩) < G and [x, y] ̸= 1, so that x ∼ y. Notice that, for each n-cycle

r ∈ ⟨x⟩ with r ̸= x, there exists an element s ∈ N(Sn)α1
(⟨x⟩) such that xs = r. There

are exactly ϕ(n) − 1 ⩾ 1 such n-cycles, where ϕ is Euler’s totient function. Hence

if G = Sn, then a suitable element y exists. In particular, we can choose y so that

xy = x−1. If instead G = An, then the transitivity of ⟨x⟩ implies that n is odd. As

n ⩾ 5, we observe that ϕ(n) − 1 ⩾ 2. Hence there exist s, s′ ∈ N(Sn)α1
(⟨x⟩) such

that xs = x−1 and xs′ = xi for some i ∈ {2, . . . , n − 2}. Since xss′ = x−i ̸= x, we

can choose y ∈ G ∩ {s, s′, ss′} ≠ ∅.

The following proposition about simple alternating groups also applies to almost

simple symmetric groups. However, the proof in the symmetric case is much simpler;

see the proof of Theorem 6.2.1 below. Here, for an element g ∈ G, we write supp(g)

to denote the support {α ∈ Ω | αg ̸= α} of g.

Proposition 6.2.4. Let G be an alternating group of degree n ⩾ 5, and let x and

y be derangements of G such that each of ⟨x⟩ and ⟨y⟩ has at least two orbits on Ω.

Then d(x, y) ⩽ 3.
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Proof. Let {α1, α2} and B := {β1, β2} be 2-subsets of distinct orbits of ⟨x⟩ on Ω,

such that |α⟨x⟩
1 | ⩾ |β⟨x⟩

1 |, and let {γ1, γ2} and D := {δ1, δ2} be 2-subsets of distinct

orbits of ⟨y⟩ on Ω. We may assume without loss of generality that α1 = γ1. We split

the proof into three cases, depending on how many orbits each of ⟨x⟩ and ⟨y⟩ have
on Ω. Notice that if |Ω| = 5, then each of ⟨x⟩ and ⟨y⟩ has exactly two orbits on Ω.

Case (a): ⟨x⟩ and ⟨y⟩ each have exactly two orbits on Ω. Proposition 6.2.2 shows

that x is adjacent in Ξ(G) to a := (α1, α2)(β1, β2), and that y is adjacent to b :=

(α1, γ2)(δ1, δ2). In particular, if a = b, then d(x, y) ⩽ 2.

Assume therefore that a ̸= b, and hence either α2 ̸= γ2 or B ̸= D. As |a| = |b| =
2, the subgroup ⟨a, b⟩ of G is dihedral, and therefore proper in G. Hence if [a, b] ̸= 1,

then (x, a, b, y) is a path in Ξ(G) and d(x, y) ⩽ 3. It is easy to check that if [a, b] = 1,

then either γ2 = α2 and B ∩ D = ∅; or {γ2} ∪ D = {α2} ∪ B. As |α⟨x⟩
1 | ⩾ 3, we

can repeat the argument with α2 replaced by an element of α
⟨x⟩
1 \ {α1, α2} to obtain

[a, b] ̸= 1. Thus, in general, d(x, y) ⩽ 3.

Case (b): ⟨x⟩ and ⟨y⟩ each have at least three orbits on Ω. By Proposition 6.2.2,

x is adjacent in Ξ(G) to a := (α1, α2, β1), and y is adjacent to b := (α1, γ2, δ1).

Observe that t := supp(a) ∪ supp(b) ⩽ 5. Since |Ω| ⩾ 6, the subgroup ⟨a, b⟩ of G

is intransitive, and therefore proper. Hence if [a, b] ̸= 1, then (x, a, b, y) is a path in

Ξ(G), and so d(x, y) ⩽ 3. If instead [a, b] = 1, then t = 3 and b ∈ {a, a−1}. Thus in
this case, Proposition 5.2.1 yields d(x, y) ⩽ 2.

Case (c): Exactly one of ⟨x⟩ and ⟨y⟩ has exactly two orbits on Ω. We may

assume without loss of generality that ⟨x⟩ has exactly two orbits on Ω, while

⟨y⟩ has at least three. Proposition 6.2.2 shows that x is adjacent in Ξ(G) to

a := (α1, α2)(β1, β2), and that y is adjacent to b := (α1, γ2, δ1). Note that [a, b] ̸= 1,

that t := supp(a) ∪ supp(b) ⩽ 6, and that ⟨a, b⟩ is an intransitive subgroup of G

(even if n = t = 6). Thus (x, a, b, y) is a path in Ξ(G), and d(x, y) ⩽ 3.

We are now able to prove this section’s main result.

Proof of Theorem 6.2.1. First, suppose that G is not an alternating or symmetric

group. Then the socle of G is isomorphic to A6
∼= PSL(2, 9), and so G is isomorphic

to PGL(2, 9), M10 or PΓL(2, 9). Using the Magma code in diam_nc_ng (not to be

confused with comp_nc_ng), we observe that Ξ(G) is connected with diameter 3 in

the first two cases, and diameter 2 in the third.

In the remaining cases, Proposition 6.2.3 shows that Ξ(G) is connected with

diameter at most 4. Hence if the finite almost simple group G is not simple, then it

follows from Theorem 5.1.5 that diam(Ξ(G)) ⩽ 3.
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Assume finally that G ∼= An, with n even. Then no derangement of G is an

n-cycle, and so each derangement of G generates a cyclic subgroup with at least two

orbits on Ω. Thus Propositions 6.2.3 and 6.2.4 yield diam(Ξ(G)) ⩽ 3.

As stated in the above proof, diam(Ξ(G)) = 2 when G ∼= Aut(A6). We also

determine from the Magma code in diam_nc_ng that diam(Ξ(G)) = 2 when G is

a simple alternating group of degree at most 10 or an almost simple symmetric

group of even degree at most 8, and diam(Ξ(G)) = 3 when G is an almost simple

symmetric group of odd degree at most 9, or the soluble group S4. Indeed, it is an

open question whether the general upper bound of 4 from Theorem 6.2.1 is tight,

and similarly for the upper bound of 3 when n is even (see Question 6.1.5). Note

also that if G is a symmetric group of degree less than 4, or an alternating group of

degree less than 5, then G is either abelian or minimal non-abelian, and hence Ξ(G)

has no edges.

We conclude this section by proving the following theorem, which applies to

any non-abelian finite simple group, and which is a key component of the proof of

Theorem 6.1.4. Note that our proof uses the classification of finite simple groups.

Theorem 6.2.5. Let G be a non-abelian finite simple group. Then Ξ(G) has no

isolated vertices.

Proof. By Theorem 6.2.1, we may assume that G is not an alternating group. Let

x be an element of G that lies in a unique maximal subgroup of G, say M . It

suffices by Proposition 5.3.1 to show that x /∈ Z(M) for each choice of x. In fact, we

are done if we can prove that CG(x) is abelian; in this case, Theorem 2.1.16 yields

CG(x) < M , and hence x /∈ Z(M).

Suppose first that G is a sporadic simple group. We deduce from [139] and the

Atlas [42] that ⟨x⟩ has index at most two in CG(x), and hence CG(x) is abelian by

Proposition 2.1.2.

Assume now that G is a group of Lie type, and let p be its defining characteristic.

If x is semisimple, i.e., if the prime p does not divide |x|, then CG(x) is abelian [139].

Observe also from Proposition 2.5.15 that if G is a classical group and an element

y ∈ G generates a cyclic subgroup that acts irreducibly on the natural module for

G, then y is semisimple. It therefore follows from [139] that if x is not semisimple,

then either G ∼= PSL(2, p) and |x| = p; or G ∼= PSU(3, p) and x is a non-central

element of some Sylow p-subgroup P of G. Using Lemma 5.3.6 in the former case,

and the fact that P ⩽ M in the latter, we conclude that x /∈ Z(M).
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6.3 Sporadic simple groups

Throughout this section, G will denote a (finite) sporadic simple group, or the Tits

group 2F4(2)
′. Here, we show that Theorem 6.1.4 holds for every such group G, i.e.,

we prove the following theorem.

Theorem 6.3.1. Let G be a sporadic simple group or the Tits group. Then Ξ(G) is

connected with diameter at most 4. If G ∈ {M11,M12,M22,M23, J1, J2,B}, then the

exact value of diam(Ξ(G)) is given in Table 6.1.1.

As in §4.2, all information about G (including its maximal subgroups and the

conjugacy classes and centraliser orders of its elements) in this section is from [42,

85, 149], except where specified otherwise. Note in particular that these references

list all maximal subgroups of G, except possibly when G is the monster group; in

this case, the socle of any missing maximal subgroup is a non-abelian simple group

[149, p. 65].

We begin by examining the centres of maximal subgroups of G.

Proposition 6.3.2. Each maximal subgroup of G has a centre of order at most 2.

Proof. Using the GAP code in sporadic_cent, we can show that if G is not the

monster group, then the centre of each maximal subgroup M of G contains at most

one M -conjugacy class of non-identity elements, and hence at most one non-identity

element. Thus |Z(M)| ⩽ 2. The GAP code in monster_cent shows that the same

is true when G is the monster group M and M is a member of the set M of maximal

subgroups of G listed in [149, p. 67]. If instead G = M and M /∈ M, then the socle

of M is a non-abelian simple group, and hence Z(M) = 1.

Notice that the above proposition, together with Lemma 5.3.7 (or Lemma 5.3.6),

serves as an alternative proof for the fact that Ξ(G) has no isolated vertices.

We will use our next result (and Lemma 6.1.2) to show that Ξ(G) has diameter

at most 4 when each maximal subgroup of G has even order.

Proposition 6.3.3. Let x be an element of G of order at least 3, and suppose that

x lies in a maximal subgroup of G of even order. Then x is adjacent in Ξ(G) to

some involution of G.

Proof. For a group H, we will write QH to denote the subgroup of H generated by

all involutions of H. By the definition of Ξ(G), it suffices to show that there exists

a maximal subgroup of G that contains both x and an involution y that does not

centralise x. Let M be a maximal subgroup of G of even order, with x ∈ M . Since
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|x| > 2, Proposition 6.3.2 shows that x /∈ Z(M). Hence if QM = M , then x does

not centralise QM , and so does not centralise every involution of M . In general, as

conjugation preserves the order of an element, QM is a normal subgroup of M , and

hence QM = M whenever M is a simple group. It is also clear that if the number of

involutions of M is greater than |CM(x)|, then M contains an involution that does

not centralise x.

Using the GAP code in no_invol_neighbs, we can determine all elements g ∈ G

(up to conjugacy) that do not lie in any simple maximal subgroup, and do not lie in

any maximal subgroup whose involutions are more numerous than its elements that

centralise g. If g is such an element and |g| ⩾ 3, then one of the following holds:

(i) G = J1 and |g| ∈ {7, 19};

(ii) G = M23 and |g| = 23;

(iii) G = Ly and |g| ∈ {37, 67};

(iv) G = Co1 and g is an element of the conjugacy class of G labelled 3A in [42];

(v) G = J4 and |g| ∈ {29, 43};

(vi) G = Fi′24 and |g| = 29;

(vii) G = B and |g| = 47; or

(viii) G = M and |g| = 41.

In case (iv), g lies in a maximal subgroup K of G of shape (A5 × J2):2. As A5 and

J2 are simple, we deduce that QK
∼= (QA5 ×QJ2):2

∼= (A5×J2):2 ∼= K. Hence there

exists an involution in K that does not commute with g. In all other cases, |g| is
odd and CG(g) = ⟨g⟩. Thus if x = g, then we can choose y to be any involution of

M . This completes the proof. Note that in cases (ii) and (vii), g lies in no maximal

subgroup of G of even order, and so x cannot in fact be equal to g.

Before proving this section’s main theorem, we require two additional results

about the baby monster group B. Here, and in the proof of the section’s main

theorem, it may be helpful to refer to Table 4.2.1, which lists the maximal subgroups

of B and their factorised orders. Note also that

|B| = 241 · 313 · 56 · 72 · 11 · 13 · 17 · 19 · 23 · 31 · 47.

The following proposition is relatively elementary, but we will use it twice in the

proof of the subsequent result.
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Proposition 6.3.4. Suppose that G is the baby monster group, and let R and M

be maximal subgroups of G isomorphic to Fi23. Additionally, let s be an element of

R of order 23. Then R ∩M contains an element f such that d(s, f) ⩽ 1.

Proof. Let S := ⟨s⟩. If S ⩽ M , then we can set f = s. Suppose therefore that

S ̸⩽ M , so that S ∩M = 1. As |R| |M | > |G|, there exists f ∈ (R ∩M) \ {1}. The
centraliser of s in R is equal to S, and since f /∈ S, we deduce that s ∼ f .

Proposition 6.3.5. Suppose that G is the baby monster group, and let s, y ∈ G\{1},
with |s| = 23. Then d(s, y) ⩽ 3.

Proof. The subgroup S := ⟨s⟩ of G is a Sylow 23-subgroup, and s lies in a maximal

subgroup R isomorphic to Fi23, as well as a maximal subgroup T of shape 21+22·Co2.
Any maximal subgroup of G that contains s and is not G-conjugate to R or T has

shape 47:23. Moreover, CR(s) = S and (using both Proposition 6.3.2 and the

Atlas) CG(s) = CT (s) = Z(T )× S ∼= C2 × S. Using this fact or Proposition 6.3.2,

we also deduce that s is not centralised by any maximal subgroup of G.

Since Ξ(G) has no isolated vertices by Theorem 6.2.5, Proposition 5.3.1 shows

that there exists a maximal subgroup L of G with y ∈ L \ Z(L). Suppose first that

Z(L) > 1 and |L| |T | > |G|, so that L ∩ T ̸= 1. We may assume that L ̸= T , as

otherwise d(s, y) ⩽ 2 by Corollary 5.2.8. If L ∩ T contains a non-identity element

of Z(L)∪Z(T ), then, since Z(L) and Z(T ) are nontrivial, applying Corollary 2.1.8

to the pairs (L, T ) and (T, L) yields Z(L) ∪ Z(T ) ⊆ L ∩ T . As Z(L) ∩ Z(T ) = 1

by Proposition 2.1.7, Z(L)∪Z(T ) is a proper subset of ⟨Z(L), Z(T )⟩. Therefore, in
general, L∩ T contains an element c /∈ Z(L)∪Z(T ). Moreover, any such c satisfies

d(c, y) ⩽ 2 by Corollary 5.2.8. In particular, if S ⩽ L ∩ T , then we can set c = s,

and so d(s, y) ⩽ 2. Assume therefore that S ̸⩽ L∩ T . We claim that s ∼ c. Indeed,

if s ≁ c, then c centralises s, and hence lies in (Z(T )×S)\ (Z(T )∪S). Thus c = zsi

for some i ∈ {1, 2, . . . , 22}, where z is the unique involution of Z(T ). However, this

implies that ⟨c2⟩ = ⟨s2i⟩ = S, and so S ⩽ L ∩ T , a contradiction. Therefore, s ∼ c

and d(s, y) ⩽ 3.

Next, suppose that Z(L) = 1, L ̸∼= R, and |L| |R| > |G|, so that L ∩ R ̸= 1.

Since Z(T ) ̸= 1, we observe from Table 4.2.1 that |S| does not divide |L| for any L

satisfying the given assumptions, and so S ∩ L = 1. As CR(s) = S, each b ∈ L ∩ R

is adjacent to s in Ξ(G). Moreover, d(b, y) ⩽ 2 by Corollary 5.2.8, and so again

d(s, y) ⩽ 3.

Now, assume that |y| /∈ {25, 47, 55}. Using Table 4.2.1, the GAP code in

sporadic_cent and baby_monster, and the fact that G contains a unique conjugacy

class of elements of order 52, we can show that there exists a maximal subgroup K
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of G containing y, such that either Z(K) > 1 and |K| |T | > |G|; or Z(K) = 1,

|K| |R| > |G|, and K ̸∼= R. Furthermore, if y ∈ Z(K), then y is an involution

by Proposition 6.3.2, and so Proposition 6.1.1(i) shows that K \ Z(K) contains a

G-conjugate of y. It follows that y is a non-central element of some G-conjugate

of K. Thus in general, we can set L to be equal to a G-conjugate of K, and the

previous two paragraphs show that d(s, y) ⩽ 3.

We will complete the proof by considering the remaining elements y. Note that

in each case, Proposition 6.3.2 shows that no maximal subgroup of G centralises y.

Case (a): |y| = 47. Here, CG(y) = ⟨y⟩, and each maximal subgroup of G containing

y has shape 47:23. As S is a Sylow subgroup of G, it follows that y ∼ s′ for some

non-identity element s′ of a G-conjugate S ′ of S. To complete the proof in this case,

we will show that d(s, s′) ⩽ 2.

The element s′ lies in a maximal subgroup M of G that is G-conjugate to R. If

⟨s⟩ = ⟨s′⟩, then since s is not isolated in Ξ(G), we observe from Proposition 5.2.1

that d(s, s′) = 2. Otherwise, [s, s′] ̸= 1, and so if either s or s′ lies in R ∩M in this

case, then d(s, s′) = 1. Suppose finally that s, s′ /∈ R ∩M . Then Proposition 6.3.4

shows that R∩M contains an element f such that d(s, f) = 1. By symmetry, R∩M

also contains an element f ′ such that d(s′, f ′) = 1. Hence R∩M contains an element

t that centralises neither s nor s′. Thus s ∼ t ∼ s′, and d(s, s′) ⩽ 2.

Case (b): |y| ∈ {25, 55}. The groupG contains a unique conjugacy class of elements

of order |y|. If |y| = 25, then since HN contains elements of order 25, we may choose

L to be one of the maximal subgroups of shape HN:2. If instead |y| = 55, then

since HS contains an element of order 11, we may choose L to be one of the maximal

subgroups of shape (5:4)× (HS:2). Moreover, HN and HS contain elements of order

35 and 7, respectively, and so in either case, L contains an element of order 35.

Additionally, in each case, no involution of G has a centraliser whose order is equal

to |L|. Applying Proposition 6.3.2, we deduce that Z(L) = 1. The remainder of the

proof holds whether |y| is equal to 25 or 55.

First suppose that L∩R contains a non-identity element g. Then g does not lie

in S ∪Z(L)∪Z(R), as |S| does not divide |L|, and both Z(L) and Z(R) are trivial.

Hence Corollary 5.2.8 yields d(s, g) ⩽ 2 and d(g, y) ⩽ 2. Additionally, CG(y) = ⟨y⟩,
and so CG(y) ∩ CG(s) = 1. Thus either s ∼ g or d(g, y) ⩽ 1 (in fact, g cannot be

equal to y, as R contains no element of order |y|). It follows that d(s, y) ⩽ 3.

Suppose finally that L ∩ R = 1. Each of G and R has a unique conjugacy class

of elements of order 35, and L contains elements of order 35 by the second last

paragraph. Hence there exists a G-conjugate M of R such that L ∩M contains an

element m of order 35, and since CG(y) = ⟨y⟩, we observe that m ∼ y. Additionally,
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Proposition 6.3.4 shows that R ∩ M contains an element f such that d(s, f) ⩽ 1.

Note that f ∈ M \ ⟨m⟩, since m ∈ L and L ∩ R = 1. The subgroup ⟨m⟩ of M is

equal to CM(m), and so f ∼ m. Thus d(s, y) ⩽ d(s, f) + d(f,m) + d(m, y) ⩽ 3.

We are now able to prove this section’s main theorem.

Proof of Theorem 6.3.1. For G ∈ {M11,M12,M22,M23, J1, J2}, the Magma code1 in

diam_nc_ng yields the specified value for diam(Ξ(G)). Suppose therefore that G is

not isomorphic to one of these groups, and let x be a non-identity element of G that

lies in a maximal subgroup of even order. If |x| > 2, then Proposition 6.3.3 implies

that x is adjacent in Ξ(G) to an involution of G, and hence there exists a maximal

subgroup L of G with x ∈ L \ Z(L) and |L| even. If instead |x| = 2, then such L

exists by Theorem 6.2.5 and Proposition 5.3.1. If y is another non-identity element

of G that lies in a maximal subgroup of even order, then the same holds for y, and

it follows immediately from Lemma 6.1.2 that d(x, y) ⩽ 4. Hence if each maximal

subgroup of G has even order, then diam(Ξ(G)) ⩽ 4.

Now, the intersection graph of the baby monster group B has diameter 5 by

Theorem 4.1.4(ii), and so Proposition 5.2.15 implies that diam(Ξ(B)) ⩾ 4. Thus

to complete the proof (for all sporadic simple groups), it remains to show that

d(g, h) ⩽ 4 whenever g, h ∈ G \ {1} and h lies in no maximal subgroup of even

order. By Theorem 4.2.3, G is isomorphic to Th or to B (since M23 was accounted

for at the start of the proof), and up to conjugacy, G contains a unique maximal

subgroup K of odd order.

First assume that G ∼= Th. Then K has shape 31:15. Let m ∈ K. If |m| = 31,

then m lies in a maximal subgroup of G of shape 25·L5(2), and otherwise, |CG(m)|
is even. Thus each element of G lies in a maximal subgroup of even order2, and so

the element h does not exist.

Suppose finally that G ∼= B. Then K has shape 47:23, and each non-identity

element of K has order 23 or 47. Each Sylow 23-subgroup of G has order 23, and 23

divides the order of the maximal subgroup Fi23 of G. On the other hand, no element

of K of order 47 lies in a maximal subgroup of G of even order. Thus |h| = 47.

Additionally, CG(h) = ⟨h⟩, and so s ∼ h for each element s ∈ K of order 23. As

d(g, s) ⩽ 3 by Proposition 6.3.5, we conclude that d(g, h) ⩽ 4, as required.

1In each case, we can construct the group G in Magma using the permutation representation
of the smallest degree given in [147].

2This is why Th was not a listed exception in the proof of Proposition 6.3.3. We also observed
a similar fact in the proof of Theorem 4.1.4.
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6.4 Linear groups

Let n be a positive integer greater than 1, q a prime power, and V the vector space

Fn
q . In this section, we prove the linear case of Theorem 6.1.4. In fact, we prove the

following more general theorem. Here, and throughout this section, (n, q) denotes

an ordered pair, and not the greatest common divisor of n and q.

Theorem 6.4.1. Let G ∈ {GL(n, q), SL(n, q),PGL(n, q),PSL(n, q)}, with (n, q) ̸=
(2, 2) and G /∈ {SL(2, 3),PSL(2, 3)}. Then Ξ(G) is connected with diameter at most

4. Moreover, if G/Z(G) ̸∼= PSL(n, q), then diam(Ξ(G)) ⩽ 3.

Hence no almost simple group in this theorem yields a positive answer to the

finite case of Question 5.9.6.

Note that if n = q = 2, or if G = PSL(2, 3), then G is minimal non-abelian, and

thus Ξ(G) has no edges. If instead G = SL(2, 3), then the Magma computations

given in linear_examples show that the isolated vertices of Ξ(G) are precisely the

elements A ∈ G \ Z(G) such that ⟨A⟩ acts reducibly on V . As SL(2, 3) is soluble

and not minimal non-abelian, we deduce from Theorem 5.1.5 that the remaining

vertices form a connected component of diameter 2. At the end of this section, we

will give exact values, again calculated using Magma, for the diameter of Ξ(G) for

certain examples of linear groups G from Theorem 6.4.1.

In order to prove Theorem 6.4.1, we will first prove several results about paths

in Ξ(G) between certain elements of G \ Z(G) and elements that stabilise one-

dimensional subspaces of V . Note that the stabiliser GX of such a subspace X in

G contains each scalar matrix in GL(n, q). As in Definition 3.2.1, Im denotes the

m×m identity matrix over Fq for each positive integer m, and Ei,j denotes the n×n

matrix whose (i, j) entry is equal to 1, and whose remaining entries are equal to 0.

Proposition 6.4.2. Let G ∈ {GL(n, q), SL(n, q)}, with (n, q) ̸= (2, 2) and G ̸=
SL(2, 3). In addition, let X and Y be (possibly equal) one-dimensional subspaces of

V , with x ∈ GX \ Z(G) and y ∈ GY \ Z(G). Then:

(i) no commutator in GX is a non-identity scalar matrix;

(ii) Z(G) is a proper subgroup of GX ∩GY ;

(iii) if X ̸= Y , then CG(GX ∩GY ) =

GX ∩GY , if n = 2, or n = 3 and q = 2;

Z(G), otherwise;

(iv) CG(GX) = Z(G);

(v) dΞ(G)(x, y) ⩽ 2; and



176 Chapter 6. Ξ(G): finite simple groups

(vi) dΞ(G/Z(G))(Z(G)x, Z(G)y) ⩽ 2.

Proof.

(i) Up to conjugacy in G, the subgroup GX consists of the matrices in G with

a first row of the form (λ1 0 0 · · · 0), with λ1 ∈ F×
q . Observe that if

T = (tij)n×n and U = (uij)n×n are matrices in GX , then (TU)11 = t11u11. It

follows that the (1, 1) entry of [T, U ] is equal to 1, and hence if [T, U ] ∈ Z(G),

then [T, U ] = 1.

(ii) It suffices to prove the result in the case X ̸= Y . Up to conjugacy by a fixed

element of G, the subgroup GX is as in the proof of (i), and GY is the set

of matrices with a second row of the form (0 λ2 0 · · · 0), with λ2 ∈ F×
q .

If n ⩾ 3, then In + En,1 ∈ (GX ∩ GY ) \ Z(G). If instead n = 2 and q ⩾ 4,

then let ω be a primitive element of Fq. As ω−1 ̸= ω, the matrix

(
ω 0

0 ω−1

)

lies in (GX ∩ GY ) \ Z(G). Finally, if G = GL(2, 3), then

(
1 0

0 2

)
lies in

(GX ∩GY ) \ Z(G).

(iii), (iv) Assume that X ̸= Y , and (conjugating by an element of G if necessary) that

GX and GY are as in the proof of (ii). Additionally, let W = (wij)n×n ∈
CG(GX ∩ GY ). We will first show that W ∈ GX ∩ GY if n = 2, or if n = 3

and q = 2, and that otherwise W is a diagonal matrix (if n = 2, then these

statements are equivalent). We split this part of the proof into three cases.

Case (a): n = 2. As we observed in the proof of (ii), GX ∩ GY contains

a diagonal matrix A with distinct diagonal entries. By comparing AW and

WA, which must be equal, we see that w12 = 0 = w21. Hence W lies in the

subgroup of G of diagonal matrices, which is equal to GX ∩GY .

Case (b): n = 3 and q > 2. Let b ∈ F×
q \ {1}. Then GX ∩ GY contains the

diagonal matrices B := diag(1, b, b−1) and B′ := diag(b, 1, b−1). By comparing

BW and WB, we see that w12, w13, w21 and w31 are all equal to 0, while

comparing B′W and WB′ yields w23 = 0 = w32. Therefore, W is a diagonal

matrix.

Case (c): n ⩾ 4, or n = 3 and q = 2. Let r and s be distinct integers

such that 3 ⩽ r ⩽ n and 1 ⩽ s ⩽ n. Then GX ∩ GY contains the matrix

C := In+Er,s. For each index j ̸= s, we observe that (CW )rj = wrj +wsj and

(WC)rj = wrj, and so wsj = 0. As s can take any value, except for 3 when
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n = 3, it follows that wij = 0 for all distinct i and j, with the extra condition

that i ̸= 3 if n = 3. Thus W ∈ GX ∩GY if n = 3 and q = 2, and otherwise W

is a diagonal matrix.

We have shown that if n = 2, or if n = 3 and q = 2, then CG(GX ∩ GY ) ⩽

GX ∩ GY . It is clear that GX ∩ GY is abelian if n = 2. In fact, if n = 3 and

q = 2, then each matrix in GX ∩ GY has each diagonal entry equal to 1, and

so this subgroup is again abelian. Hence CG(GX ∩GY ) = GX ∩GY in both of

these cases.

Next, let Dn := In +
∑n−1

j=1 En,j, which lies in GX , and in GX ∩ GY if n > 2.

If n > 3, or if n = 3 and q > 2, then since W is diagonal, we observe for each

j that (DnW )nj = wjj and (WDn)nj = wnn. Thus wjj = wnn for all j, and so

W ∈ Z(G), yielding (iii).

Finally, since CG(GX) ⩽ CG(GX ∩ GY ), we deduce (iv) directly from (iii),

unless n = 2, or n = 3 and q = 2. If n = 2, then we can compare D2W and

WD2 to show that the diagonal matrix W lies in Z(G). If instead n = 3 and

q = 2, then we let F := I3+E2,3 ∈ GX , and compare FW and WF , as well as

D3W and WD3, to conclude that the matrix W ∈ CG(GX ∩GY ) lies in Z(G).

This completes the proof of (iv).

(v) If x, y ∈ GX , then it follows from (iv) that x, y ∈ GX \ Z(GX), and so Corol-

lary 5.2.8 implies that d(x, y) ⩽ 2. We reach the same conclusion if x, y ∈ GY ,

and so we may assume that x, y /∈ GX ∩ GY . Then x, y /∈ CG(GX ∩ GY ) by

(iii), and hence CGX∩GY
(x) and CGX∩GY

(y) are proper subgroups of GX ∩GY .

Thus there exists an element g ∈ GX ∩ GY that centralises neither x nor y.

We conclude that x ∼ g ∼ y and d(x, y) ⩽ 2.

(vi) If x or y lies in GX ∩ GY , then we may assume that GX = GY . By Corol-

lary 5.2.8 in this case, or by the proof of (v) otherwise, there exists a path

(u1, . . . , uj) in Ξ(G), where j ⩽ 3, u1 = x, uj = y, and u2 ∈ GX ∩ GY . In

particular, [ui, ui+1] ̸= 1 for each i ∈ {1, . . . , j − 1}, and so [ui, ui+1] /∈ Z(G)

by (i). Moreover, ⟨ui, ui+1, Z(G)⟩ is a subgroup of either GX or GY . Hence

Proposition 5.2.11, with N = Z(G), shows that (Z(G)u1, . . . , Z(G)uj) is a

walk in Ξ(G/Z(G)).

Note that if n = q = 2 or G = SL(2, 3), then

(
1 0

1 1

)
∈ Z(GX) \ Z(G), and

GX ∩GY = Z(G) whenever X ̸= Y .
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For the following proposition, recall Definition 2.5.1, of companion matrices and

hypercompanion matrices.

Proposition 6.4.3. Let G ∈ {GL(n, q), SL(n, q)} and A ∈ G. Suppose also that

⟨A⟩ acts reducibly on V , but does not stabilise any one-dimensional subspace of V .

Then there exists a one-dimensional subspace X of V and a matrix B ∈ GX , with

{A,B} an edge of Ξ(G), and {Z(G)A,Z(G)B} an edge of Ξ(G/Z(G)).

Proof. The assumption that ⟨A⟩ stabilises a proper subspace of V of dimension

greater than one implies that n > 2. Additionally, Proposition 2.5.4 implies that the

characteristic polynomial χA of A is reducible over Fq. However, this polynomial has

no linear factor in Fq, as otherwise A would have an eigenvalue in Fq, and ⟨A⟩ would
stabilise the one-dimensional subspace of V spanned by a corresponding eigenvector.

By Theorem 2.5.2 and Corollary 5.2.14, we may assume without loss of generality

that A = (aij)n×n is a direct sum of hypercompanion matrices. In particular, A can

be viewed as a block matrix, with each block consisting of at least 2 rows and at

least 2 columns, and with the final row of blocks equal to (0 0 · · · 0 R), with R

a hypercompanion matrix and a proper submatrix of A. Note that this holds even if

χA = fk for some irreducible polynomial f and some integer k > 1; in this case, R

is the companion matrix C(f). Observe also that, in each case, a12 = 1 and a1j = 0

for all j ̸= 2.

Now, let B = (bij)n×n be the matrix equal to In + E2,1. Then B ∈ GX , where

X is the subspace of V spanned by the vector (1 0 0 · · · 0). Additionally, each

matrix in Z(G) ∪ {B} can be viewed as a block matrix, with each block the same

size as the corresponding block in A, and with the final row of blocks equal to

(0 0 · · · 0 S) for some nonzero block S. This means that every matrix in

⟨A,B,Z(G)⟩ has this same structure, and hence ⟨A,B,Z(G)⟩ < G.

Finally, we show that A and B do not commute, nor do their images in G/Z(G).

Suppose for a contradiction that [A,B] ∈ Z(GL(n, q)), i.e., that (B−1)AB = kIn for

some k ∈ F×
q . Then (B−1)A = kB−1. As B has eigenvalue 1 with algebraic multi-

plicity n, so does each of B−1 and (B−1)A, while kB−1 has eigenvalue k. Thus k = 1,

i.e., [A,B] = 1. However, (AB)11 = 1 and (BA)11 = 0. This is a contradiction, and

so [A,B] /∈ Z(GL(n, q)). The result now follows from Proposition 5.2.11.

Proposition 6.4.4. Let G ∈ {GL(n, q), SL(n, q)}, with G ̸= SL(2, 3), and let A ∈
G. Suppose also that ⟨A⟩ acts irreducibly on V , and that Aq−1 ∈ Z(G). Then there

exists a one-dimensional subspace X of V and a matrix B ∈ GX , with {A,B} an

edge of Ξ(G), and {Z(G)A,Z(G)B} an edge of Ξ(G/Z(G)).
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Proof. Note that q ̸= 2, as otherwise, A would lie in Z(G), and then ⟨A⟩ would act

reducibly on V . By Lemma 2.5.6 and Corollary 5.2.14, we may assume without loss

of generality that A is the companion matrix C(xn − b), for some b ∈ F×
q such that

xn − b is irreducible over Fq. In particular, b ̸= 1. Let X be the subspace of V

spanned by the vector (1 0 0 · · · 0). By Proposition 5.2.11, it suffices to show

that there exists a matrix B ∈ GX such that [A,B] /∈ Z(G) and ⟨A,B,Z(G)⟩ < G.

First suppose that n > 2, and let B be the matrix obtained from In by swapping

its last two rows, and then multiplying the final row by −1. Then B ∈ GX . Observe

that A−1 is the matrix obtained from AT by replacing its (1, n) entry by its multi-

plicative inverse, while B−1 is the matrix obtained from B by multiplying each of

its final two rows by −1. A simple calculation using these observations shows that

the (1, 1) entry of [A,B] is equal to 0, and so [A,B] /∈ Z(G).

Next, suppose that n = 2 and q /∈ {3, 5}. Let ω be a primitive element of Fq,

and let B :=

(
ω 0

0 ω−1

)
. Then B ∈ GX , and [A,B] =

(
ω2 0

0 ω−2

)
, which is not in

Z(G), as |ω| does not divide 4.

Suppose now that n = 2 and q = 5. Then b ̸= −1, as the binomial x2 + 1

is reducible over F5. This means that det(A) ̸= 1, and so G = GL(2, 5). Letting

B :=

(
1 0

0 2

)
, we see that B ∈ GX and [A,B] =

(
3 0

0 2

)
/∈ Z(G).

In all of the above cases, A, B and the matrices in Z(G) are all monomial.

Since the set of monomial matrices in G is a proper subgroup of G, it follows that

⟨A,B,Z(G)⟩ < G.

Finally, suppose that G = GL(2, 3), so that b = 2, and let B :=

(
1 0

1 1

)
. Then

B ∈ GX , and [A,B] =

(
2 1

1 1

)
/∈ Z(G). Additionally, A, B and the matrices in

Z(G) each have determinant 1, and hence ⟨A,B,Z(G)⟩ ⩽ SL(2, 3) < G.

As mentioned at the start of this section, if G = SL(2, 3), and if A is a matrix in

G such that ⟨A⟩ acts irreducibly on V , then no matrix adjacent to A in Ξ(G) lies

in the stabiliser in G of a one-dimensional subspace of V .

In the proof of the following proposition, we use the well-known fact that −1 is

a square in Fq if and only if q ̸≡ 3 (mod 4).

Proposition 6.4.5. Let G ∈ {GL(n, q), SL(n, q)}, with (n, q) ̸= (2, 2), and let

A ∈ G. Suppose that ⟨A⟩ acts irreducibly on V , and that Aq−1 /∈ Z(G).
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(i) If either n > 2, q ̸≡ 3 (mod 4), or G = GL(n, q), then there exists a one-

dimensional subspace X of V and a matrix K ∈ GX , with {A,K} an edge of

Ξ(G), and {Z(G)A,Z(G)K} an edge of Ξ(G/Z(G)).

(ii) If G = SL(2, q), with q ≡ 3 (mod 4), then there exists a matrix D ∈ G such

that ⟨D⟩ acts irreducibly on V , with D2, Dq−1 ∈ Z(G), {A,D} an edge of

Ξ(G), and {Z(G)A,Z(G)D} an edge of Ξ(G/Z(G)).

Proof. Proposition 2.5.15 implies that A lies in a Singer cycle S of GL(n, q). By

Lemma 2.5.13 and Proposition 2.5.14, Z(GL(n, q)) < S, and N := NGL(n,q)(S) is

the group S :⟨B⟩ of order n(qn−1), where B ∈ GL(n, q) is similar to the companion

matrix C(xn − 1). These results also show that B stabilises a one-dimensional

subspace X of V and satisfies JB = Jq for each J ∈ S. Note also that C(xn − 1),

and hence B, has determinant 1 if q is even or if n is odd, and determinant −1

otherwise. Additionally, [A,B] = A−1AB = Aq−1, which is not an element of Z(G)

by assumption.

Using [17, §1.6.4], we observe that |G|/|N | = |G|/(n(qn − 1)) ⩾ r/n, where

r := qn(n−1)/2. Notice that r ⩾ 2n(n−1)/2 > n when n ⩾ 3, and that r ⩾ 3 > 2 when

n = 2 and q ⩾ 3. Since (n, q) ̸= (2, 2), we deduce in general that r > n, and hence

|N | < |G|.
We will now prove (i). By Proposition 5.2.11, it suffices to show that there exists

a matrix K ∈ GX , with [A,K] /∈ Z(G) and ⟨A,K,Z(G)⟩ < G. If either q is even, n

is odd, or G = GL(n, q), then B ∈ GX , and so ⟨A,B,Z(G)⟩ ⩽ G ∩ N < G. Since

[A,B] ̸= Z(G), we can set K = B.

If instead G = SL(2, q), with q ≡ 1 (mod 4), then −1 has a square root α

in Fq. As det(B) = −1, it follows that det(αB) = 1, and hence αB ∈ GX . Since

[A,αB] = [A,B] /∈ Z(G), and since ⟨A,αB,Z(G)⟩ ⩽ G∩⟨A,B,Z(G)⟩ ⩽ G∩N < G,

we can set K = αB.

In the cases remaining in (i), i.e., where G = SL(n, q), with n even and greater

than 2 and q odd, the matrix B2 has determinant 1, and so B2 ∈ GX . Additionally,

[A,B2] = A−1AB2
= Aq2−1. As ⟨A⟩ acts irreducibly on V , Proposition 2.5.10 implies

that Aq2−1 /∈ Z(G). Furthermore, ⟨A,B2, Z(G)⟩ ⩽ G ∩ ⟨A,B,Z(G)⟩ < G, and so

we can set K = B2.

Next, we prove (ii). Assume that G = SL(2, q), with q ≡ 3 (mod 4), and let R

be a generator for the cyclic group S. Then det(R) is a primitive element of Fq [20,

p. 453], and hence T := R(q−1)/2 has determinant −1. As det(B) = −1, it follows

that TB ∈ G ∩ N . Thus ⟨A, TB,Z(G)⟩ ⩽ G ∩ N < G. Using the commutator

identity in Proposition 2.1.3(ii) and the fact that A and T lie in the cyclic group
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S, we conclude that [A, TB] = [A,B][A, T ]B = [A,B] /∈ Z(G). It follows from

Proposition 5.2.11 that {A, TB} and {Z(G)A,Z(G)TB} are edges of Ξ(G) and

Ξ(G/Z(G)), respectively.

Now, as |B| = 2, we see that (TB)2 = TTB = T q+1. Since |R| = |S| = q2 − 1 by

Definition 2.5.11, and since (q − 1)/2 divides (q2 − 1), it follows that

|T | = |R(q−1)/2| = q2 − 1

(q − 1)/2
= 2(q + 1).

Similarly, q + 1 divides 2(q + 1), and so

|(TB)2| = |T q+1| = 2(q + 1)

q + 1
= 2.

Hence (TB)2 is the unique involution of S, i.e., −I2. As 2 divides q−1, it follows that

(TB)q−1 ∈ Z(G). Finally, suppose for a contradiction that TB stabilises a proper

nonzero (and hence one-dimensional) subspace U of V . Then there exists λ ∈ F×
q

such that, for all u ∈ U , the element uTB is equal to λu and u(TB)2 = λ2u. However,

v(TB)2 = −v for all v ∈ V , and since q ≡ 3 (mod 4), there is no λ ∈ F×
q such that

λ2 = −1. Therefore, ⟨TB⟩ acts irreducibly on V , and we can set D = TB.

Note that if G = SL(2, q), with q ≡ 3 (mod 4), then whether or not the con-

clusion of Proposition 6.4.5(i) applies may depend on the choice of A, as shown by

the Magma computations given in linear_examples. In particular, when q = 11,

for a certain choice of A, there exists a matrix K that stabilises a one-dimensional

subspace of V , such that {A,K} and {Z(G)A,Z(G)K} are edges of Ξ(G) and

Ξ(G/Z(G)), respectively. On the other hand, another choice of A has no neighbour

in Ξ(G) that stabilises a one-dimensional subspace of V . However, when q = 7, each

choice of A has a neighbour K in Ξ(G) that stabilises a one-dimensional subspace

of V , such that {Z(G)A,Z(G)K} is an edge of Ξ(G/Z(G)).

Observe that the second paragraph of the above proof does not hold if n =

q = 2, as here |G| = n(qn − 1), and so ⟨A,B⟩ = G. In addition, if G = SL(2, 3)

and A is a matrix in G such that ⟨A⟩ acts irreducibly on V , then Theorem 2.5.2,

Proposition 2.5.4 and the fact that det(A) = 1 imply that A is similar to the matrix

C :=

(
0 1

2 a

)
, for some a ∈ F3. In fact, if a = ±1, then ⟨C⟩ stabilises the one-

dimensional subspace of V spanned by the vector (1 a), and thus we require a = 0.

Hence Cq−1 = C2 ∈ Z(G), and it follows that Aq−1 ∈ Z(G). Therefore, in this case,

the above proposition holds vacuously.

We now prove this section’s main theorem.
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Proof of Theorem 6.4.1. Let x, y ∈ G\Z(G). By Proposition 6.4.2, there is a path in

Ξ(G) of length at most two joining any two elements of G\Z(G) that stabilise a one-

dimensional subspace of V . Furthermore, Propositions 6.4.3–6.4.5 show that either

there exists an element u ∈ G \ Z(G) such that ⟨u⟩ stabilises a one-dimensional

subspace of V and d(x, u) ⩽ 1; or ⟨x⟩ acts irreducibly on V , xq−1 /∈ Z(G), and

G/Z(G) ∼= PSL(2, q) with q ≡ 3 (mod 4). By the symmetry in x and y, it follows

that if G/Z(G) is not isomorphic to PSL(2, q) with q ≡ 3 (mod 4), then d(x, y) ⩽ 4,

and so diam(Ξ(G)) ⩽ 4. In fact, if G/Z(G) is not simple, i.e., if G/Z(G) ̸∼= PSL(n, q)

for any n and q, then Theorem 5.1.5 shows that diam(Ξ(G)) ⩽ 3.

It remains to show that d(x, y) ⩽ 4 when G/Z(G) ∼= PSL(2, q) with q ≡ 3

(mod 4). We first suppose that G itself is simple. By the argument in the previous

paragraph, we may assume that ⟨x⟩ acts irreducibly on V , and that xq−1 ̸= 1.

By Proposition 6.4.5, there exists an element D ∈ SL(2, q) whose image h in G

is adjacent to x in Ξ(G), such that D2 ∈ Z(SL(2, q)). Hence |h| = 2, and x is a

non-central element of a maximal subgroup of G that contains both x and h. Thus

if G contains a maximal subgroup M of even order such that y ∈ M \ Z(M), then

Lemma 6.1.2 yields d(x, y) ⩽ 4.

Suppose now that there is no such maximal subgroup M of even order. Then

since y is not isolated in Ξ(G) by Theorem 6.2.5 (or by Propositions 6.4.2–6.4.5),

we deduce from Proposition 5.3.1 that y is a non-central element of a maximal

subgroup L of odd order. It follows from [95, Theorem 2] (see also [17, Table

8.1]) that L is the stabiliser of a one-dimensional subspace of V . Now, Proposi-

tion 6.4.5 shows that ⟨D⟩ acts irreducibly on V , and Dq−1 ∈ Z(SL(2, q)). Thus

we deduce from Proposition 6.4.4 that h ∼ k for some k ∈ G that stabilises a

one-dimensional subspace of V , and Proposition 6.4.2 yields d(k, y) ⩽ 2. Thus

d(x, y) ⩽ d(x, h)+d(h, k)+d(k, y) ⩽ 4. Therefore, diam(Ξ(PSL(2, q))) ⩽ 4. We now

obtain diam(Ξ(SL(2, q))) ⩽ 4 by setting N = Z(SL(2, q)) in Corollary 5.2.12.

Using the Magma code in diam_nc_ng, we can determine the diameter of Ξ(G)

for sufficiently small almost simple linear groups G. We list several examples in

Table 6.4.1. Here, given a positive integer n and a prime power q, the corre-

sponding diameter profile is the 4-tuple (u, v, w, x), where u := diam(Ξ(PSL(n, q))),

v := diam(Ξ(SL(n, q))), w := diam(Ξ(PGL(n, q))), and x := diam(Ξ(GL(n, q)))).

Note that if Ξ(PSL(n, q)) has diameter 2, then so does Ξ(SL(n, q)) by Proposi-

tion 5.2.5 and Corollary 5.2.12, and so we do not need to check the latter di-

ameter computationally. Similarly, if Ξ(PGL(n, q)) has diameter 2, then so does

Ξ(GL(n, q)).

Observe that no graph associated with Table 6.4.1 has a diameter of 4. Indeed,
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Table 6.4.1: The diameter profiles of the non-commuting, non-generating graphs of
almost simple linear groups for certain pairs (n, q) of positive integers n and prime
powers q.

(n, q) Diameter profile

(2, 4), (2, 8), (2, 16), (2, 32), (3, 2), (4, 2) (2, 2, 2, 2)

(2, 5), (2, 7), (2, 9) (2, 2, 3, 2)

(2, 11), (2, 13) (3, 3, 3, 2)

(3, 3), (3, 4) (3, 3, 3, 3)

it is an open question whether the upper bound of 4 in Theorem 6.4.1 is tight (see

Question 6.1.5). We can also show using the aforementioned Magma code that

Ξ(PΓL(2, 4)) is connected with diameter 3, as is Ξ(Aut(PSL(3, q))) when q ∈ {2, 3}.
On the other hand, Ξ(ΓL(2, 4)), Ξ(PΓL(3, 4)) and Ξ(Aut(PSL(3, 4))) each have

diameter 2, as does Ξ(PΓL(2, q)) when q ∈ {8, 16, 32}. Using Theorem 2.4.5, we

deduce that all of the almost simple groups mentioned in this paragraph and the

last are 2-generated (note that PGL(4, 2) = PSL(4, 2)).

6.5 Unitary groups

In this section, we prove the unitary case of Theorem 6.1.4. As this is the final

case required to prove Theorem 6.1.4(i), this section also contains a formal proof

of the latter theorem. We also prove here an analogue of Theorem 6.1.4 for the

non-generating graph of a non-abelian finite simple group.

Notice that Corollary 6.1.3 and Theorem 6.2.5 imply Theorem 6.1.4(i) for fi-

nite simple unitary groups whose maximal subgroups all have even order. Hence

by Theorem 4.2.3, it suffices to consider the simple unitary groups of odd prime

dimension.

Theorem 6.5.1. Let H := PSU(n, q), with n an odd prime and q a prime power

such that H is simple.

(i) Ξ(H) is connected with diameter at most 5.

(ii) Suppose that n = 7 and q = 2. Then Ξ(H) is connected with diameter 4.

Question 6.1.7 is open in the unitary case, i.e., we do not know whether there

exists a finite simple unitary group H where diam(Ξ(H)) = 5. However, Theorem

6.5.1(ii) shows that there is at least such a group H with diam(Ξ(H)) = 4.
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Let G := SU(n, q), with n an odd prime and q a prime power, and let V := Fn
q2 be

the associated unitary space. Additionally, let Z := Z(G), and recall from Proposi-

tion 2.3.2 that this is the subgroup of scalar matrices of G. By Proposition 2.2.10,

we may fix a basis {e1, e2, . . . , en} for V so that the Gram matrix of the correspond-

ing unitary form is the n × n identity matrix In. Then by Lemma 2.2.6, a matrix

A ∈ SL(n, q2) lies in G if and only if A−1 = AσT , where σ is the unique involution

of Aut(Fq2). In other words, AσT is the matrix obtained from AT by replacing each

entry with its q-th power.

Proposition 6.5.2. Suppose that n = 3 and q > 2, let ω be a primitive element of

Fq2, and let λ := ωq−1. Additionally, for each i ∈ {1, 2, 3}, let Bi be the diagonal

3 × 3 matrix whose i-th diagonal entry is equal to λ−2 and whose remaining two

diagonal entries are equal to λ, and let A1 and A2 be G-conjugates of B1.

(i) Bi ∈ G \ Z for each i.

(ii) B2 and B3 are each conjugate to B1 in G.

(iii) ⟨A1, A2⟩ is a proper subgroup of G that stabilises a one-dimensional subspace

of V .

(iv) If A1 is not adjacent in Ξ(G) to any Bi, then A1 is a diagonal matrix.

Proof. It is clear that det(Bi) = 1 for each i. Additionally, λq = λ−1. Thus B−1
i =

BσT
i , and so Bi ∈ G. Moreover, since |λ| = q + 1 > 3, we deduce that λ ̸= λ−2.

Hence Bi /∈ Z, and (i) follows. The matrices

0 1 0

1 0 0

0 0 −1

 and

0 0 1

0 −1 0

1 0 0

 lie in

G and conjugate B1 to B2 and B3, respectively, hence (ii).

To prove (iii), we may assume without loss of generality that A1 = B1. Let F

be an element of G such that A2 = BF
1 , and note that B1 acts as the scalar λ on

the subspace E := ⟨e2, e3⟩ of V . Similarly, A2 acts as the scalar λ on EF = ⟨eF2 , eF3 ⟩.
Hence ⟨B1, A2⟩ stabilises each subspace of E ∩ EF , which has positive dimension

since dim(V ) = 3. The group G acts irreducibly on V [89, Proposition 2.10.6], and

thus properly contains ⟨B1, A2⟩. This completes the proof of (iii).

Finally, (ii) and (iii) show that if a G-conjugate of B1 is not adjacent in Ξ(G) to

any Bi, then that G-conjugate lies in CG({B1, B2, B3}). Notice that CG(B1) is the

subgroup of G consisting of direct sums X ⊕ Y , where X is a 1 × 1 matrix and Y

is a 2 × 2 matrix. By considering the centralisers of B2 and B3 in G similarly, we

deduce that CG({B1, B2, B3}) is the subgroup of G of diagonal matrices. Therefore,

we obtain (iv).
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Recall Definition 2.5.1, of a companion matrix.

Lemma 6.5.3. Suppose that n is an odd prime.

(i) The companion matrix C(xn − 1) is an element of G.

(ii) Let R be an element of G that is conjugate to C(xn−1). Then ZR is adjacent

in Ξ(G/Z) to an involution of G/Z.

(iii) Let R and S be elements of G that are conjugate to the companion matrix

C(xn−1). Then dΞ(G/Z)(ZR,ZS) is at most 3 if n = 3, or at most 2 otherwise.

Proof. Throughout this proof, we write “∼” as shorthand for “∼Ξ(G/Z)”.

(i) Notice that C(xn − 1)−1 = C(xn − 1)σT , and det(C(xn − 1)) = 1 since n is

odd. Hence C(xn − 1) ∈ G.

(ii) By (i) and Corollary 5.2.14, we may assume without loss of generality that R =

C(xn−1). If q is odd, then let A be the matrix obtained from In by multiplying

its final two rows by −1, and otherwise let A be the matrix obtained from In

by swapping its last two rows. Then det(A) = 1 and A−1 = A = AσT . If q is

odd, then the (1, 1) entry of [R,A] = RTARA is equal to −1, while its (n, n)

entry is equal to 1. If instead q is even, then the (1, 1) entry of [R,A] is equal

to 0. Hence, in either case, [R,A] /∈ Z. Moreover, R, A and all elements of

Z are monomial matrices, and so ⟨R,A,Z⟩ lies in the proper subgroup of G

consisting of monomial matrices. Thus Proposition 5.2.11, with N = Z, shows

that ZR ∼ ZA. As A is an involution, so is ZA.

(iii) We may assume that dΞ(G/Z)(ZR,ZS) > 1, and, as above, that R = C(xn−1).

Then R stabilises the subspace X of V spanned by the all-ones vector. Let

F be an element of G such that S = RF , and let L := GX , so that R ∈ L

and S ∈ LF . Additionally, let L0 := G⟨e1⟩. Then Proposition 2.5.3 shows that

CL0(R) = Z, and thus CLF
0
(S) = Z. It also follows from Proposition 6.4.2(i)

that if A ∈ L satisfies [R,A] ∈ Z, then [R,A] = 1. As Z ⩽ L, we deduce

from Proposition 5.2.11 that if [R,B] ̸= 1 for some B ∈ L, then ZR ∼ ZB.

Similarly, if [S,D] ̸= 1 for some D ∈ LF , then ZS ∼ ZD. We split the

remainder of the proof into three cases.

Case (a): n ⩾ 7, or n = 5 and q ̸= 4. By Theorem 3.5.1(i), the pointwise

stabiliser in G of {X,XF , ⟨e1⟩, ⟨e1⟩F}, which is equal to L ∩ LF ∩ L0 ∩ LF
0 ,

contains a non-scalar matrix D. As D lies in (L0 ∩ LF
0 ) \ Z, it centralises
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neither R nor S, by the previous paragraph. Additionally, D ∈ L ∩ LF , and

so the previous paragraph yields ZR ∼ ZD ∼ ZS.

Case (b): n = 5 and q = 4. Let v ∈ X be the all-ones vector. The unitary

form on V maps (v, v) to 1 ∈ Fq, and so X is non-degenerate. By [17, Table

2.3], |L| = 5|SU(4, 4)|. Using this fact and the Magma code in su54, we can

show that |L ∩ LF | is even (for any F ∈ G), while |CG(R)| = 625 (and hence

|CG(S)| = 625). It follows from the second last paragraph that if D is any

involution of L ∩ LF , then ZR ∼ ZD ∼ ZS.

Case (c): n = 3. For each i ∈ {1, 2, 3}, let Bi be the element of G \ Z

from Proposition 6.5.2. Then Bi ∈ L0 \ Z, and so [R,Bi] /∈ Z. Addi-

tionally, ⟨Z,R,Bi⟩ lies in the proper subgroup of G consisting of monomial

matrices. It therefore follows from Proposition 5.2.11 that ZR ∼ ZBi. Sim-

ilarly, ZS ∼ ZBF
i . Recall also from Proposition 6.5.2(ii)–(iii) that ⟨Bi, B

F
1 ⟩

stabilises a one-dimensional subspace of V . Hence, as in the third last para-

graph, if BF
1 is adjacent in Ξ(G) to Bi for some i, then ZBi ∼ ZBF

1 , and thus

ZR ∼ ZBi ∼ ZBF
1 ∼ ZS. Otherwise, the element BF

1 of G \ Z is diagonal

by Proposition 6.5.2(iv), and so replacing Bi with BF
1 in the above argument

yields ZR ∼ ZBF
1 . Therefore, ZR ∼ ZBF

1 ∼ ZS.

Next, we prove this section’s main theorem.

Proof of Theorem 6.5.1. Throughout this proof, we write “∼” as shorthand for

“∼Ξ(H)”, and similarly d(·, ·) := dH(·, ·).

(i) Let x and y be vertices of Ξ(H), which Theorem 6.2.5 shows are not isolated,

and recall that G = SU(n, q) and Z = Z(G). We will show that d(x, y) ⩽ 5.

By Proposition 5.3.1, each of x and y is non-central in some maximal subgroup

of H. Furthermore, using Lemma 6.1.2, we may assume that each maximal

subgroup of H that contains x, but does not centralise x, has odd order.

Then [95, Theorem 2] shows that x lies in a maximal subgroup NG(S)/Z of

H, where S is a Singer cycle of G, i.e., the intersection of G and a Singer

cycle of GL(n, q2) (see [10, §1] and [78, §5]). Recall from Lemma 6.5.3(i) that

C(xn − 1) ∈ G, and from Lemma 2.5.13 that this companion matrix can be

viewed as a field automorphism of Fq2n of order n. Hence it follows from [78,

p. 512] that NG(S) = S :⟨C⟩ for some conjugate C of C(xn − 1).

Now, ZC is adjacent in Ξ(H) to some involution r ∈ H by Lemma 6.5.3(ii),

and in particular ZC, r ∈ L \ Z(L) for some maximal subgroup L of H of

even order. As |C| = n is prime, each non-identity element of ⟨ZC⟩ lies in
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L \ Z(L). Since Z ⩽ S by Proposition 2.5.14, it follows that x = ZACi for

some A ∈ S \ Z and some i ∈ {0, 1, . . . , n− 1}.

Similarly to the proof of Proposition 6.4.5 (except that we are now working

over Fq2 instead of Fq), we can use Proposition 2.5.14 to observe that [A,C] =

A−1AC = A−1Aq2 = Aq2−1. Thus [A,C] /∈ Z by Corollary 2.5.17. Moreover,

⟨A,C, Z⟩ ⩽ NG(S) < G. Therefore, Proposition 5.2.11, with N = Z, yields

ZA ∼ ZC. We now conclude from Proposition 5.2.2 that ZACi ∼ ZC for all

i. In particular, x ∼ ZC.

Suppose now that H contains a maximal subgroup M of even order such that

y ∈ M \Z(M). Since the elements ZC and r of L \Z(L) are adjacent vertices
of Ξ(H) with |r| = 2, we deduce from Lemma 6.1.2 that d(ZC, y) ⩽ 4, and so

d(x, y) ⩽ 5. If instead there is no such M , then Theorem 4.2.3 implies that

y lies in an H-conjugate of NG(S)/Z. We can therefore repeat the argument

from the previous paragraph to show that y ∼ ZD for some G-conjugate D

of C. Since d(ZC,ZD) ⩽ 3 by Lemma 6.5.3(iii), we deduce that d(x, y) ⩽

d(x, ZC) + d(ZC,ZD) + d(ZD, y) = 5.

(ii) In this proof, all information about H = PSU(7, 2) is determined using the

Magma code in psu72, except where stated otherwise. Since the intersec-

tion graph of H has diameter 5 by Proposition 4.1.5, it follows from Proposi-

tion 5.2.15 that diam(Ξ(H)) ⩾ 4.

Now, let x, y ∈ H \ {1}. It remains to show that d(x, y) ⩽ 4. If x lies in a

maximal subgroup of H of odd order, then |x| ∈ {7, 43}, and if x does not

lie in a maximal subgroup of even order, then |x| = 43. Suppose for now

that |x|, |y| ̸= 43. By (i) and Proposition 5.3.1, x is a non-central element

of a maximal subgroup M of H. Since the Sylow 7-subgroups of H have

order 7 and are non-central subgroups of maximal subgroups of even order,

we may assume that |M | is even. For any such M , the centraliser in M of the

subgroup generated by all involutions of M is equal to Z(M). Hence there

exists an involution a ∈ M such that x ∼ a. A similar statement holds for y,

and so Lemma 6.1.2 implies that d(x, y) ⩽ 4.

Assume from now on that |x| = 43, so that x lies in no maximal subgroup of G

of even order. As in the proof of (i), x is adjacent in Ξ(H) to the image t in H

of some G-conjugate of C(x7−1). Since n > 3, it follows from Lemma 6.5.3(iii)

that if |y| = 43, then d(x, y) ⩽ 4.

Suppose finally that |y| ≠ 43, and let T be the subgroup ⟨t⟩ of H of order 7.

Then there exist maximal subgroups K and L of H such that y ∈ K \ Z(K),
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t ∈ L \ Z(L), and either:

(I) |K ∩ L| > |CG(t)|+ |Z(K)|; or

(II) Z(K) = 1, CL(t) = T , T ∩K = 1, and |K| |L| > |H|.

In case (I), there exists an element f ∈ K ∩L that centralises neither t nor K.

Hence t ∼ f , and d(f, y) ⩽ 2 by Corollary 5.2.8, yielding d(t, y) ⩽ 3. In case

(II), since |K| |L| > |H|, we deduce that K ∩ L > 1. We also observe that t

is adjacent in Ξ(H) to each non-identity element r of K ∩ L. As d(r, y) ⩽ 2

by Corollary 5.2.8, we again obtain d(t, y) ⩽ 3. We conclude in general that

d(x, y) ⩽ d(x, t) + d(t, y) ⩽ 4.

Using the Magma code in diam_nc_ng, we observe that the non-commuting, non-

generating graphs of the groups PSU(3, 3), PSU(3, 4) and PSU(4, 2) are connected

with diameters 2, 2 and 3, respectively.

We are now able to prove the first part of Theorem 6.1.4, which states that,

for an arbitrary non-abelian finite simple group G, the graph Ξ(G) has diameter at

most 5. The proof’s argument was summarised below the statement of this theorem,

but here we give a formal proof.

Proof of Theorem 6.1.4(i). By Theorem 6.2.5, Ξ(G) has no isolated vertices. Thus

if every maximal subgroup of G has even order, then Corollary 6.1.3 yields the

result. We may therefore assume that G has a maximal subgroup of odd order. By

Theorem 4.2.3, G is either an alternating group, a sporadic group, a linear group

of prime dimension, or a unitary group of odd prime dimension. Theorems 6.2.1,

6.3.1, 6.4.1 and 6.5.1 show that diam(Ξ(G)) ⩽ 5 in each case.

Finally, we prove an analogue of Theorem 6.1.4 for the non-generating graph of

a non-abelian finite simple group, as in Definition 5.1.2.

Theorem 6.5.4. Let Γ(G) be the non-generating graph of a non-abelian finite simple

group G. Then Γ(G) is connected, with diameter at most 3 if every maximal subgroup

of G has even order, or diameter at most 4 otherwise. Furthermore, if G is the baby

monster group or PSU(7, 2), then diam(Γ(G)) = 4.

Proof. Let x and y be non-identity elements of G, and let M1 and M2 be maximal

subgroups of G containing x and y, respectively. Suppose first that |M1| and |M2|
are both even. Then there exist involutions a ∈ M1 and b ∈ M2, and ⟨a, b⟩ is a

(proper) dihedral subgroup of G. Therefore, (x, a, b, y) contains a path from x to y

in Γ(G), and so d(x, y) ⩽ 3. Thus if every maximal subgroup of G has even order,

then we are done.
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Suppose now that |M1| is odd. We deduce from Theorems 4.2.3 and 6.1.4 that

if G is not a unitary group of odd prime dimension, then diam(Ξ(G)) ⩽ 4. As Ξ(G)

is a spanning subgraph of Γ(G), it follows in this case that diam(Γ(G)) ⩽ 4.

Assume therefore that G = PSU(n, q), with n an odd prime and q a prime power.

As in the proof of Theorem 6.5.1, we can use [95, Theorem 2], Lemma 2.5.13 and

[78, p. 512] to show that M1 is the image in G of the subgroup S :⟨C⟩ of SU(n, q),
where S is a Singer cycle of SU(n, q) and C is a conjugate of the companion matrix

C(xn − 1). Furthermore, Lemma 6.5.3(ii) shows that the image c of C in G is

adjacent in Ξ(G) to an involution a ∈ G. Hence c and a are adjacent in Γ(G).

Now, if |M2| is even, then M2 again contains an involution b, and (x, c, a, b, y)

contains a path from x to y in Γ(G), yielding d(x, y) ⩽ 4. Otherwise, it follows

from the previous paragraph and Theorem 4.2.3 that y is adjacent in Γ(G) to a

G-conjugate c′ of c. Moreover, Lemma 2.5.13 shows that c and c′ stabilise one-

dimensional subspaces X and X ′, respectively, of Fn
q2 . Since q ̸= 2 when n = 3,

we deduce from Theorem 3.5.1 that GX ∩ GX′ contains a non-identity element t.

Hence (x, c, t, c′, y) contains a path from x to y in Γ(G), again yielding d(x, y) ⩽ 4.

Therefore, diam(Γ(G)) ⩽ 4.

Finally, suppose that G is the baby monster group or PSU(7, 2). We recall from

Theorem 4.1.4(ii) and Proposition 4.1.5 that the intersection graph of G is connected

with diameter 5. Hence Proposition 5.2.15 yields diam(Γ(G)) ⩾ 4. By the previous

paragraphs, we conclude that diam(Γ(G)) = 4.

As we noted in §6.1, a version of the above theorem serves as part of the proof

of the main theorem of [104].

6.6 Exceptional groups of Lie type

Let q be a prime power. In this section, we complete the proof of Theorem 6.1.4(iii)

by proving the following result about certain families of finite simple exceptional

groups of Lie type.

Theorem 6.6.1. Let G be a finite simple group. If G ∼= Sz(q), or if q is odd and

G ∈ {G2(q),
2G2(q),

3D4(q), F4(q), E8(q)}, then Ξ(G) is connected with diameter at

most 4.

Throughout this section, for a group H, we will write QH to denote the subgroup

of H generated by its involutions. Note that QH is a characteristic subgroup of H,

as automorphisms preserve the orders of elements. In order to prove Theorem 6.6.1,
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we will study QH and its centraliser in H, for certain groups H. We require the

following definition.

Definition 6.6.2 ([92, Definition 2.2.6]). Let H and K be groups, such that there

exists an isomorphism θ : Z(H) → Z(K). Then the central product of H and K

(associated with θ) is the group H ◦K := (H ×K)/{(z, (z−1)θ) | z ∈ Z(H)}.

In general, the isomorphism type of H ◦K may depend on the isomorphism θ.

However, for all central products H ◦ K below, |Z(H)| = |Z(K)| ⩽ 2, and so θ is

unique.

Proposition 6.6.3. Let S := SL(2, q), and let H be a quasisimple group containing

a subgroup K, such that K ∼= S and Z(H) = Z(K). Additionally, let R be the central

product S ◦H, and let π be the natural epimorphism S ×H → R. If QR ̸= R, then

q = 3, QR is a maximal subgroup of R that contains (H)π, and CR(QR) = Z(R).

Proof. Let z1 and z2 be generators for Z(S) and Z(H) = Z(K), respectively, with

z1 = 1S and z2 = 1H if these centres are trivial. Then kerπ = ⟨(z1, z2)⟩ ⩽ S ×K,

and S̃ := (S)π and K̃ := (K)π are normal subgroups of J := S ◦K = (S ×K)π.

Similarly, S̃ and H̃ := (H)π are normal subgroups of R. As ker π has trivial inter-

section with each of S, K and H, these three subgroups are isomorphic to S̃, K̃ and

H̃, respectively. Additionally, [H̃, S̃] = ([H,S])π = 1, and H̃S̃ = R. Notice that

the centres of R, J , H̃, S̃ and K̃ all coincide, and that this common centre Z has

order (2, q − 1) and is equal to H̃ ∩ S̃.

Now, [17, Lemma 1.12.3] and its proof show that J ∼= Ω+(4, q). Suppose first

that q ̸= 3. Then [91, Theorem 8.5] implies that QJ = J . Additionally, since

Z < K̃ ⩽ H̃, we deduce from Proposition 2.4.2 that no proper normal subgroup

of the quasisimple group H̃ contains K̃, and hence (by repeated application of the

Correspondence Theorem) no proper normal subgroup of R contains J . Since the

normal subgroup QR of R contains QJ = J , we obtain QR = R.

Suppose from now on that q = 3. We calculate that S̃∩QJ is a maximal subgroup

of S̃, and that K̃ ∩QJ > Z. As the normal subgroup H̃ ∩QR of H̃ contains K̃ ∩QJ ,

it follows from Proposition 2.4.2 that H̃ ⩽ QR. Since R = H̃S̃, Lemma 2.1.1 now

yields QR = H̃S̃ ∩QR = H̃(S̃ ∩QR).

If S̃ ∩QR = S̃, then QR = R. We will therefore assume that S̃ ∩QR < S̃. Then

S̃ ∩QR is equal to the maximal subgroup S̃ ∩QJ of S̃, and QR = H̃(S̃ ∩QJ), which

is maximal in H̃S̃ = R. Since [H̃, S̃] = 1, we observe that

Z ⩽ CR(QR) = CH̃S̃(H̃(S̃ ∩QJ)) ⩽ Z(H̃)CS̃(S̃ ∩QJ).
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We calculate that CS̃(S̃ ∩ QJ) is equal to Z = Z(H̃) = Z(R), and hence so is

CR(QR).

The following lemma shows that, with certain exceptions, all finite quasisimple

groups are generated by their involutions.

Proposition 6.6.4. Let H be a finite quasisimple group. If |Z(H)| = 2, then

assume that H/Z(H) is not isomorphic to A7, or to PSL(2, q) for any odd q. Then

QH = H.

Proof. As H is quasisimple, each of its proper normal subgroups lies in Z(H) by

Proposition 2.4.2. Additionally, QH ◁⩽ H, and so it suffices to show that there exists

an involution a ∈ H \Z(H). Since |H| is even by the Feit-Thompson Theorem, the

involution a certainly exists if |Z(H)| is odd. If instead |Z(H)| is even, then the

main theorem of [64] yields the existence of a.

Lemma 6.6.5. Suppose that q is odd, let a be an involution of a simple group

G ∈ {G2(q),
2G2(q),

3D4(q), F4(q), E8(q)}, and let Y := CG(a). Then CY (QY ) =

Z(Y ) = ⟨a⟩.

Proof. We observe from Theorem 4.5.1 and Table 4.5.1 of [62], as well as the expla-

nation of the table, that Z(Y ) = ⟨a⟩, and either:

(a) G ∼= 2G2(q) and Y ∼= C2 × PSL(2, q);

(b) G ∼= F4(q) and Y ∼= Spin(9, q);

(c) G ∼= E8(q) and Y has shape J :2, where J = (Spin+(16, q)/A), and A is a

central subgroup of Spin+(16, q) of order 2; or

(d) Y = R :A, with |A| = 2 and R ∼= SL(2, q) ◦H, where (G,H) lies in the set

{(G2(q), SL(2, q)), (
3D4(q), SL(2, q

3)), (F4(q), Sp(6, q)), (E8(q), E7(q)sc)}.

Additionally, Z(Y ) = Z(R), and A induces an outer automorphism on the

image of H under the natural epimorphism π : SL(2, q)×H → R.

Here, Spin(9, q), Spin+(16, q) and E7(q)sc are quasisimple groups with centres iso-

morphic to C2, C
2
2 and C2, respectively, and with central quotients isomorphic to

Ω9(q), PΩ
+(16, q) and E7(q), respectively [109, Table 22.1, Corollary 24.13, Theo-

rem 24.17]. We will divide the remainder of the proof into the four cases above. In

each case, since Z(Y ) = ⟨a⟩, it remains to show that CY (QY ) = Z(Y ).
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Case (a). As q ⩾ 27 (see §2.4), the group PSL(2, q) is simple. It is clear that

QY = Y , and hence CY (QY ) = Z(Y ).

Case (b). Proposition 6.6.4 (or [4, Theorem 1.1]) yields QY = Y , and so CY (QY ) =

Z(Y ).

Case (c). Since Spin+(16, q) is quasisimple and its central quotient is isomorphic to

PΩ+(16, q), the same is true for J . Proposition 6.6.4 therefore shows that J = QJ ,

and so QY = QJ :2 = Y . Thus CY (QY ) = Z(Y ).

Case (d). If G ∼= G2(3), then Y ∼= SO+(4, 3) [148, p. 125]. We calculate QY = Y ,

and so CY (QY ) = Z(Y ).

Suppose therefore that G ̸∼= G2(3). Notice that QY contains ⟨QR, A⟩, which is

equal to QR :A since QR is a characteristic subgroup of R. In particular, if QR = R,

then QY = Y and CY (QY ) = Z(Y ). Thus we may assume that QR < R and

QY < Y .

Observe from Proposition 2.4.3 that H ̸∼= SL(2, 3) is quasisimple. In order to

apply Proposition 6.6.3, we will show that H contains a subgroup K such that

K ∼= SL(2, q) and Z(H) = Z(K). Observe that this holds if H contains a subgroup

L such that Z(H) = Z(L) and L ∼= SL(2, qi) for some positive integer i. Hence this

is the case if H ∈ {SL(2, q), SL(2, q3)}. If instead H = E7(q)sc, then H contains

a subgroup L isomorphic to SL(2, q7), with Z(H) = Z(L) [74, p. 927]. Finally, if

H = Sp(6, q), then let V1, V2 and V3 be non-degenerate two-dimensional subspaces of

V := F6
q (equipped with a non-degenerate symplectic form), such that V2⊕V3 is the

perpendicular space of V1 with respect to V , and V3 is the perpendicular space of V2

with respect to V2⊕V3 (this is possible by Proposition 2.2.11). Then the intersection

of the stabilisers in H of V1, V2 and V3 is isomorphic to Sp(2, q)3 = SL(2, q)3 [89,

Lemma 4.1.1(i)]. The diagonal subgroup of this direct product is isomorphic to

SL(2, q) and has centre Z(H).

Proposition 6.6.3 now shows that QR is a maximal subgroup of R, that (H)π ⩽

QR, and that CR(QR) = Z(R). It follows from this first fact that the proper

subgroup QY of Y is maximal and equal to QR :A. Since (H)π ⩽ QR ⩽ R =

(SL(2, q))π(H)π and [(SL(2, q))π, (H)π] = ([SL(2, q), H])π = 1, the outer automor-

phism of (H)π induced by A does not extend to an inner automorphism of QR.

Therefore, CY (QR) = CR(QR) = Z(R), which is equal to Z(Y ) from the start of the

proof. As Z(Y ) ⩽ CY (QY ) ⩽ CY (QR), we conclude that CY (QY ) = Z(Y ).

Note that the simple groups in the statement of the above lemma are precisely

the finite simple groups of Lie type in odd characteristic whose involutions are all
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centralised by maximal subgroups of maximal rank (see [62, Theorem 4.5.1] and

[96]).

We now prove this section’s main theorem. Recall Definition 2.1.18, of an ab-

stract Frobenius group.

Proof of Theorem 6.6.1. First, Ξ(G) has no isolated vertices by Theorem 6.2.5. Ad-

ditionally, Theorem 4.2.3 implies that each maximal subgroup of G has even order,

and so it suffices by Proposition 5.3.1 and Lemma 6.1.2 to show that each non-

involution x ∈ G \ {1} is adjacent in Ξ(G) to some involution of G. Let M be a

maximal subgroup of G containing x. Assume first that G ̸∼= Sz(q), so that q is odd,

and let a be an involution of M . If x ∼ a, then we are done. Otherwise, x ∈ CG(a).

By Lemma 6.6.5, a is the unique non-identity element of CG(a) that centralises

each involution of CG(a). Hence [x, a′] ̸= 1 for some involution a′ ∈ CG(a). As

⟨x, a′⟩ ⩽ CG(a), we deduce that x ∼ a′, as required.

Assume now that G ∼= Sz(q). By [136, Theorem 4], the centraliser in G of

any non-identity element is a nilpotent subgroup of G. However, since the non-

abelian finite simple group G is not isomorphic to PSL(2, r) for any prime power

r, no maximal subgroup of G is nilpotent [123, p. 183]. Hence Z(M) = 1, and in

particular, CM(x) < M . If M is isomorphic to the simple group Sz(q0), for some

proper power q0 of 2 that divides q, then M is equal to QM , the normal subgroup

of M generated by all involutions of M . As CM(x) < M , it follows in this case that

there exists an involution a ∈ M that does not centralise x, and so x ∼ a. If instead

M ̸∼= Sz(q0), then by [136, §4, p. 133, Theorem 9] and [148, p. 117], M is conjugate

in G to either:

(a) the Frobenius group M1 := S :Cq−1, where S is a Sylow 2-subgroup of G;

(b) the dihedral group M2 := D2(q−1);

(c) the Frobenius group M3 := Cq+
√
2q+1 :C4; or

(d) the Frobenius group M4 := Cq−
√
2q+1 :C4.

If M ∼= M2, then again QM = M , and so x ∼ a for some involution a ∈ M . If

insteadM is isomorphic toM3 orM4, then letN be the normal subgroup Cq±
√
2q+1 of

M . By Theorem 2.1.19, any two distinct complements of N in M intersect trivially,

and so there exists such a complement H with x /∈ H. Let h be the unique involution

of H. Then Theorem 2.1.19 implies that x /∈ CG(h), and so x ∼ h.

Suppose finally that M ∼= M1. If x /∈ S, then Theorem 2.1.19 shows that x does

not commute with any involution of S, and so x is adjacent in Ξ(G) to every such
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involution. Now, Z(S) consists of all elements of S of order at most 2, and each

element of S \ Z(S) has order 4 [136, Lemma 1, Theorem 7]. Additionally, G has a

unique conjugacy class of cyclic subgroups of order 4 (see [136, p. 121, Proposition

18]), and so if the non-involution x lies in S, then it also lies in a G-conjugate L

of M3. By the previous paragraph, x is adjacent in Ξ(G) to an involution of L, as

required.

For the finite simple exceptional groups G not of type E6,
2E6, E7 or E8, it is

possible to prove that Ξ(G) has no isolated vertices without using Theorem 6.2.5

(and without showing that each non-involution is adjacent to an involution, as in

the proof of Theorem 6.6.1). First, if G ∼= Sz(q), then each maximal subgroup of G

has trivial centre, as shown in the proof of Theorem 6.6.1. Hence Proposition 5.3.1

implies that no vertex in Ξ(G) is isolated. If instead G ∼= 2G2(q), then we deduce

from [140, p. 63] and [148, §5.4.3] that each maximal subgroup of G has a centre of

order at most 2. Thus Proposition 5.3.1 and Lemma 5.3.7 (or Lemma 5.3.6) show

that no vertex of Ξ(G) is isolated.

In the remaining cases, let p be the defining characteristic of G, and assume

that the order of x ∈ G is either a power of p or coprime to p. Then |CG(x)| is
known; see [39, §3, pp. 209–210], [53, Tables 1–2], [90, Table II], [128, Theorem

2.1, Theorem 3.2], [129, Theorem 2.1, Theorem 3.2], [130, Theorem 2.1, Theorem

4.1] and [133, p. 677]. Additionally, for each y ∈ G, there are unique elements

g, h ∈ G such that y = gh = hg, |g| is a power of p, and |h| is coprime to p (see,

for example, [109, pp. 16–17, p. 193]). As noted in [130, p. 13], it follows from this

uniqueness property that CG(y) = CG(g) ∩ CG(h). We can show that |Z(M)| ⩽ 2

for each maximal subgroup M of G (and that |Z(M)| = 1 if q is a proper power of 2)

using the aforementioned information about centraliser orders, and the information

about the maximal subgroups of G given in [46, Remark 4.12], [97, Theorem 2], [40,

Theorem 1, p. 23], [148, Table 4.1, §4.8.6], and the main theorems of [90, 96, 108].

It again follows that Ξ(G) has no isolated vertices.

We conclude this chapter by noting that Ξ(Sz(8)) has diameter 3, while Ξ(G2(3))

has diameter 2 (calculated using the Magma code in diam_nc_ng, with G2(3) con-

structed via the ChevalleyGroup function). As alluded to in §6.1, it is an open ques-

tion whether any finite simple exceptional group of Lie type has a non-commuting,

non-generating graph with diameter greater than 3.
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GAP and Magma code

In this appendix, we summarise the files [54] containing GAP and Magma code

that are associated with this thesis, and where in the thesis they are used. See the

comments in the files themselves for further details.

The files containing GAP code are as follows:

� baby_monster: Verifies certain information about the elements and maximal

subgroups of the baby monster group. Used in the proof of Proposition 6.3.5.

� monster_cent: Determines the known maximal subgroups of the monster

group (as listed in [149, p. 67]) that have nontrivial centres, and the non-

identity central elements of those maximal subgroups. Used in the proof of

Proposition 6.3.2.

� no_invol_neighbs: Determines the conjugacy classes of elements of a spo-

radic simple group G that may not be adjacent in Ξ(G) to any involution of

G, based on two necessary criteria. Used in the proof of Proposition 6.3.3.

� sporadic_cent: Determines the maximal subgroups of a sporadic simple

group (other than the monster group) that have nontrivial centres, and the

non-identity central elements of those maximal subgroups. Used in the proofs

of Propositions 6.3.2 and 6.3.5.

In addition, the files containing Magma code are as follows:

� base_size_functions: Calculates the base size of a permutation group. Re-

quired by base_size_linear and base_size_s_u_o.

� base_size_linear: Calculates the base sizes of subspace actions of finite

almost simple linear groups. Used in §3.2–3.3.

� base_size_s_u_o: Calculates the base sizes of subspace actions of finite al-

most simple symplectic, unitary and orthogonal groups. Used in §3.4–3.6.
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� comp_nc_ng: Determines the diameters of the connected components of Ξ(G)

for a group G. Required by nc_ng_22_groups, and used in §5.5 and §5.8–

5.9. This code utilises Proposition 5.2.1, and considers the subgraph of Ξ(G)

induced by representatives of generators for the non-central cyclic subgroups

of G. As such, isolated vertices of Ξ(G) are identified in the code’s output

if they generate the same cyclic subgroup. Additionally, a component of the

induced subgraph may have diameter 1. Here, there exist vertices x and y in

the corresponding component of the original graph such that ⟨x⟩ = ⟨y⟩ and

d(x, y) = 2 (see Propositions 5.2.1 and 5.2.5). The code’s output accounts

for this case by converting the component’s diameter from 1 to 2. In all other

cases, corresponding components of the two graphs have equal diameters. Note

that this code can only be used when G has at most 216−1 = 65535 non-central

cyclic subgroups (this is the maximum order of a graph in Magma).

� diam_nc_ng: Given a (finite, non-abelian) group G, calculates whether the di-

ameter of Ξ(G) is equal to 2, equal to 3, or greater than 3 (by Proposition 5.2.5,

these are the only possibilities). Used in §5.9 and throughout Chapter 6. Com-

pared with comp_nc_ng, this code is more suitable when considering reason-

ably large groups. Additionally, the code here utilises Proposition 5.2.1 and

Corollary 5.2.14, which describe certain symmetries of the graph related to

pairs of vertices of Ξ(G) that generate the same cyclic subgroup, and related

to pairs of edges of Ξ(G) that are conjugate under elements of G (in partic-

ular, elements that centralise a vertex in the intersection of the two edges).

As in comp_nc_ng, we consider the graph obtained from Ξ(G) by identifying

vertices that generate the same cyclic subgroup, and the code accounts for the

possibility that this induced subgraph has diameter 1.

� linear_examples: Verifies certain information about the non-commuting,

non-generating graphs of the groups SL(2, 3), SL(2, 7) and SL(2, 11). Used

in §6.4.

� nc_ng_22_groups: Verifies certain information about [2, 2]-groups (and one

small group that is not a [2, 2]-group). Used in and below Example 5.8.9.

� p_groups_small: Finds a p-group of the smallest order satisfying properties

(iii)(a), (b) and (c) of Theorem 5.6.1, respectively. Used below the proof of

this theorem.

� psu32_spread: Verifies that the graph Ξ(PSU(3, 2)) has spread 9. Used below

the proof of Corollary 5.2.3.
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� psu37: Determines useful information about the elements and maximal sub-

groups of PSU(3, 7). Used in the proof of Proposition 4.1.5.

� psu72: Determines useful information about the elements and maximal sub-

groups of PSU(7, 2). Used in the proofs of Proposition 4.1.5 and Theorem 6.5.1.

� su54: Determines useful information about the elements and maximal sub-

groups of SU(5, 4). Used in the proof of Lemma 6.5.3.

Note that, in order to run the code in base_size_linear, base_size_s_u_o

or diam_nc_ng to verify results in this thesis concerning sufficiently large groups,

significant amounts of time and memory (e.g., a few days and tens of gigabytes in

some cases) are required (and similarly when the code in base_size_functions is

directly applied to large groups). The code in each of psu32_spread and su54 has

a runtime of approximately 1–2 hours, while the code in each remaining file listed

above has a runtime of at most a few minutes.
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[116] A. Yu. Ol’shanskĭı. Groups of bounded period with subgroups of prime order.

Algebra i Logika, 21(5):553–618, 1982. 11

[117] Oystein Ore. Contributions to the theory of groups of finite order. Duke Math.

J., 5(2):431–460, 1939. 11

[118] Sam Perlis. Theory of matrices. Dover Publications, Inc., New York, 1991.

Reprint of the 1958 edition. 26

[119] E. L. Pervova. Maximal subgroups of some non locally finite p-groups. Inter-

nat. J. Algebra Comput., 15(5-6):1129–1150, 2005. 112

[120] Cheryl E. Praeger. The inclusion problem for finite primitive permutation

groups. Proc. London Math. Soc. (3), 60(1):68–88, 1990. 154
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