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Abstract

About 15 years ago, Araújo, Arnold and Steinberg introduced the notion of syn-

chronisation to the theory of �nite permutation groups. Synchronisation property

is closely related to another property which is called separation, but they are not

the same. Interestingly, the study of the two properties for �nite groups involves

many combinatorial problems. In this thesis, we tried to extend the current knowl-

edge about synchronising and separating groups and suggest some questions. The

introduction and the background are represented in Chapter 1 and Chapter 2,

respectively. The main work is divided into three chapters.

In Chapter 3, we started by extending the notions of synchronisation and separa-

tion to association schemes. Then, we considered two important families of almost

simple permutation groups. Firstly, the group G induced by the action of the sym-

metric group Sym(n) on the set Ω of k-element subsets of an n-set, say {1, ..., n}

(we call this the �rst group). Secondly, the group G induced by the action of the

symmetric group Sym(n) on the set Ω of uniform l-partitions of an n-set, {1, ..., n},

into subsets of size k where n = kl (we call this the second group).

For �rst group, when k = 2, 3, 4 and 5, we showed that for large enough n the group

vii



is non-separating (resp. non-synchronizing) if and only if there is a Steiner system

S(t, k, n) (resp. large set) for some t < k. In general, we stated a conjecture that is

if true would be a crucial extension of the remarkable result by Peter Keevash that

considers the existence of Steiner systems. For the second group, we gave similar

results to the �rst group when K = 2, 3, 4, 5, 6 and l = 2. We stated conjecture for

k > 6 and l = 2. Also, we showed that the group is non-synchronising when l > 2.

In Chapter 4, the synchronisation property of a�ne distance transitive permuta-

tion groups is considered. We showed that the separation and the synchronising

properties are equivalent for a�ne groups. We determined when some groups

are synchronising, for example, automorphism groups of Hamming graphs, halved

graphs, folded halved graphs, bilinear form graphs, some alternating form graphs

and cosets graphs of some Golay codes. In addition, we stated a conjecture for

distance regular graphs which connects this chapter and the previous one.

In Chapter 5, we started by de�ning the diagonal factorisation of �nite groups

and proved some related basic results. Then, we showed that the diagonal group

D(T, 2) is non-separating if and only if T admits a diagonal factorisation. Also, we

showed that the group D(T, 2) is non-separating when T = An. We proved that

the diagonal group D(T, d) for d ≥ 3, is non-synchronising. In the last section, we

showed the equivalence between the separation and the synchronisation properties

for groups of diagonal types.
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Chapter 1

Introduction

The classi�cation of �nite permutation groups into various classes is an important

and interesting topic in group theory. There are two crucial questions to be asked;

�rst, when does a group belong to a speci�c class? Second, what are the relations

between these classes?

A permutation group G on a �nite set Ω is synchronising if every semigroup

generated by G and a non-permutation transformation f on Ω contains a constant

function. The concept of synchronisation, in permutation groups, was de�ned

around 15 years ago by Araújo in [3] and Steinberg with Arnold in [8]. Its original

context is the theory of automata, particularly the theory of deterministic �nite

automata.

Another class are separating permutation groups. A permutation group G on a

�nite set Ω is separating if for any two subsets A and B of Ω, each of which contains

at least two elements, with the properties that the product of their cardinalities

equals the cardinality of Ω and |Ag ∩ B|= ∅ for some g ∈ G. The concept
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of separation can be traced back to the work of Peter Neumann [57]. The two

notions of synchronisation and separation coincide in some groups and di�er in

others.

This chapter gives a very brief discussion of deterministic �nite automata. Also,

it explains the reason mathematicians introduced the notion of synchronisation to

permutation groups. Moreover, it states the motivation and the aim of our study.

1.1 Synchronising automaton and �erný conjec-

ture
A (�nite, deterministic) automaton DFA consists of a �nite set Ω of states and a

�nite set of transitions, each transition being a function from Ω to itself [21]. A

DFA can be represented by a directed graph. In this directed graph, the vertex

set is Ω and for each transition a ∈ Σ, there is a unique out-arc from each vertex

labelled a. The Figures 1.1 and 1.2 are examples of �nite deterministic automata.

A reset word in a deterministic �nite automaton is a sequence of transitions such

that the composition of the transitions, applied to any starting state brings you

to a speci�c state. An automaton that contains a reset word is called synchronis-

ing. Figure 1.1 is an example of a synchronising automaton. It can be seen as a

dungeon with four rooms (states) and coloured arcs that (transitions) represent

paths. Assume that, each room contains a door that leads to instant death except

in room 3 the door leads to freedom. Also, suppose that we are inside one of these

rooms without knowing which one it is. If we only have a map of the dungeon and

a reset word, for example (red, blue, red), then this reset word brings us to room 1

and from there we can reach room 3 and then reach freedom. According to Volkov

2



1 2

34

Figure 1.1: Digraph representing Cameron's automaton.

states red blue red
1 3 4 1
2 3 4 1
3 1 3 1
4 1 3 1

Table 1.1: A reset word for Cameron's automaton.

[77], Jan �erný (1964) was the �rst person to de�ne the concept of synchronisation

explicitly but the name directable automaton was used instead of synchronising

automaton. �erný observeed that (n − 1)2 is an upper bound on the length of

the shortest reset word in any synchronising automata he encountered. Also, he

provided an in�nite family of synchronising automata with the property that their

shortest reset word has length (n − 1)2. Figure 1.2 is a synchronising automaton

on four states, it is a member of the family that was described by �erný. He stated

his observation as a conjecture, which can be stated as follows:

Conjecture 1. [25] Suppose that an automaton with n states is synchronising.

Then it admits a reset word of length bounded above by (n− 1)2.

This conjecture regarded as one of the longest standing conjectures in the theory

3



of automata. Despite e�ort and time, �erný's conjecture is proved to be true for

only partial cases. One of these cases is the case of aperiodic 1 automata. In

2007, Trahtman save an a�rmative proof for the conjecture when the automata

is aperiodic [74]. For more information about the �erný's conjecture and related

problems the survey [77] is recommended.

1 2

34

Figure 1.2: Digraph representing �erný's automaton.

states blue red red red blue red red red blue
1 4 3 2 1 4 3 2 1 4
2 2 1 4 3 3 2 1 4 4
3 3 2 1 4 4 2 1 4 4
4 4 3 2 1 4 3 2 1 4

Table 1.2: A reset word for �erný automaton.

1A semigroup without non-trivial subgroups is called aperiodic. A DFA with aperiodic

transition semigroup is called aperiodic too [74].
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1.2 From synchronising automata to synchronising

groups
Let DFA be a deterministic �nite automaton on an n-set of states Ω,n > 1. Then

the set of transitions Σ, with the operation of composition, generates a submonoid

M of the full transformation monoid Tn. Now, if the DFA is synchronising, a

reset word will be represented by a constant transformation in M . In view of

this, we can de�ne the notion of synchronisation for any transformation monoid

(semigroup) as follows: a transformation monoid is said to be synchronising if

it contains a constant function. If the set of transitions in a �nite automaton

generates a permutation group then the automaton is non-synchronising.

After Trahtman's result, it remains to check the conjecture for monoids (semi-

groups) with non-trivial subgroups. One way is to consider the monoids with

non-trivial groups of units. In this particular case, Araújo in [3] and Steinberg

and Arnold in [8] proposed that if we introduce the notion of synchronisation to

permutation groups, we would be able to use our knowledge about groups and gen-

erators to prove the conjecture in the case of monoids with a non-trivial subgroup

of units. For more ideas about how this could be done see [6, 21]. Although this

approach has not helped to prove the conjecture, it motivated many interesting

problems in group theory.

The new idea of studying synchronising permutation groups caught the attention

of group and semigroup theorists specially after the paper of Peter Neumann [58],

for example [4, 5, 7, 22, 52, 64, 66]. In addition, there are two theses on the topic

of synchronising groups. First, a PhD thesis [64], where the author did not con-

sider the classi�cation of synchronising permutation groups. However, he studied

some related problems such as ranks not synchronised by groups of permutation
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rank 3 and the singular endomorphisms (not automorphisms) of the Hamming

graph and related graphs. Second, the Masters thesis [67], is devoted studying

2-dimensional a�ne groups. For more information, the survey [6] provides a wide

range of background on the theory of synchronising groups.

1.3 Motivation and Aim
Cameron and Kazanidis [22] found a combinatorial necessary and su�cient con-

dition for a �nite permutation group to be synchronising. A similar condition

can be found for separating permutation groups (These results are presented in

Chapter 2). Therefore, it is possible to combine group theoretic and combinatorial

approaches to determine if a group is synchronising (separating) or not. Also, the

study of synchronising (separating) permutation groups results in some interesting

combinatorial problems. Furthermore, the synchronisation and separation proper-

ties re�ne the class of primitive permutation groups. These facts provide us with

the motivation to conduct this research.

The goal is to investigate and extend the current knowledge of synchronising and

separating permutation groups. In this study, we consider some important exam-

ples of permutation groups and attempt to �nd out when they are synchronising

or separating. Also, we study the relationship between these two properties. In

particular, when they are equivalent and when they are not. In addition, we would

like to understand how these properties are related to properties in other branches

of mathematics, for example, design theory and association schemes.

The outline of this thesis will be represented in the next chapter.
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Chapter 2

Background

The purpose of this chapter is to introduce the general background for this thesis.

We state notions, concepts and basic results that are necessary for our study. Also,

we �x notation and conventions. The results are provided without proofs. They

can be found in standard books such that [20, 31, 62] for permutation groups, [6]

for synchronisation and separation properties, [37] for graph theory and [10, 36]

for association schemes.

2.1 Permutation groups and transformation monoids
A group (G, ◦) is an algebraic structure consisting of a set G and a binary oper-

ation ◦ such that;

� ◦ is associative, i.e., (g1 ◦ g2) ◦ g3 = g1 ◦ (g2 ◦ g3) for all g1, g2, g3 ∈ G.

� G has a unique identity.

� Every element in G has an inverse.
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This is the abstract de�nition of a group. The group (G, ◦) will be just denoted

by G if the operation is clear.

Let (G, ◦) be a group, A subset H of G is called a subgroup of G if (H, ◦) is group.

H is called a normal subgroup if gHg−1 = H for all g ∈ G. The centraliser of

H in G, denoted by CG(H), is the subgroup containing all elements g ∈ G such

that gh = hg for all h ∈ H. If H and K are subgroups in G, then K centralises

H if K ≤ CG(H). It is not di�cult to see that if H is a normal subgroup of G then

CG(H) is a normal subgroup of G too. The normaliser of H in G, denoted by

NG(H), is the subgroup of all g ∈ G such that gH = Hg. It is the largest subgroup

of G that containing H as a normal subgroup. If H and K are subgroups of G,

then K normalises H if K ≤ NG(H). If H = NG(H), we say that H is self

normalising in G. The centraliser of a subgroup is a normal subgroup of its

normaliser. The subgroup of G that contains all elements g ∈ G that commute

with all elements of G is called the centre of the group G and denoted by Z(G).

It is clear that Z(G) is a normal subgroup of G and G is abelian if and only if it

equals its centre. Therefore, non-abelian simple groups have trivial centres. The

centre of a subgroup H of G is equal to the intersection of H and its centraliser

CG(H).

2.1.1 Permutation groups

For a non-empty set Ω, the symmetric group Sym(Ω) consists all bijective maps

from Ω to itself. It is a group with the operation of composition. Elements of

Sym(Ω) are called permutations and a subgroup G of Sym(Ω) is called a permuta-

tion group. When Ω is �nite, say Ω = {1, · · ·, n}, the symmetric group is denoted

by Sym(n) or Sn.

In this thesis, we deal only with �nite groups and write permutations on the right
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of their argument. Let G be a permutation group, we compose from left to right,

for example if α ∈ Ω and g1, g2 ∈ G we have α(g1g2) = (αg1)g2. The symbol of

composition is omitted as it is obvious from the context.

Let G be a group and Ω be a non-empty set. An action of G on Ω is a homo-

morphism ϕ from G to Sym(Ω).

Equivalently, G acts on Ω, if there is a function

µ : Ω×G −→ Ω,

satisfying the following:

� (i) µ(α, e) = α for all α ∈ Ω (where e represents the identity element of G);

and

� (ii) µ(µ(α, g), h) = µ(α, gh) for all α ∈ Ω and g, h ∈ G.

If Ω is �nite, |Ω| is called the degree of the action and the image of G under ϕ,

denoted by GΩ, is called the permutation group induced on Ω by G. The kernel

of the action is de�ned as

ker(φ) = {g ∈ G : α(gϕ) = α for all α ∈ Ω}.

The action is called faithful if its kernel contains only the identity. Every abstract

group is isomorphic to a transitive permutation group (Cayley's Theorem). If an

action ϕ of a group G is faithful, then Im(Gϕ) is isomorphic to G.

Example 2.1. (a) Let G be a group. Then G acts on itself by right multiplica-

tion via µ(h, g) = hg for all h, g ∈ G. It is a faithful action.
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(b) Let H be a subgroup of a group G. If we let H/G indicate the set of right

cosets of H in G, then G acts on H/G by the rule µ(Hg1, g) = H(g1g) for

all Hg1 ∈ H/G and g ∈ G. It is faithful if and only if ∩g∈G g−1Hg = {e}.

(c) Let H,K be subgroups of a group G such that K normalises H. Then K acts

on H by conjugation. That is, µ(x, k) = k−1xk for all x ∈ H and k ∈ K.

The kernel of this action is the centraliser of H in K.

2.1.1.1 Transitive permutation groups

Let G be a group acting on a set Ω. We de�ne a relation ≡ on Ω by α ≡ β if

β = αg for some g ∈ G; this is an equivalence relation (this follows from the group

axioms). The equivalence classes are called orbits . So the orbit of α ∈ Ω, denoted

Oα, contains all elements of the form αg. Also, if β is in the orbit Oα, then it

follows that Oα = Oβ.

G is said to be transitive on Ω (or the action is transitive) if for any two elements

α, β ∈ Ω, there is g ∈ G such that αg = β, that is, G has only one orbit and

we say that G is intransitive otherwise. Intransitive groups preserve non-trivial

equivalence relations. The action of a group G on the right cosets of one of its

subgroups is an example of transitive action. On the other hand, the action of

a non-trivial group G on itself by conjugation is intransitive and the conjugacy

classes are its G-orbits.

A crucial concept is the point stabiliser of an element α ∈ Ω, it is the subgroup

Gα of G, which contains all g ∈ G such that αg = α. Let G be a group acting

on a set Ω, we say that the action is semi-regular if |Gα|= 1 for all α ∈ Ω. The

action is said to be regular if it is transitive and semi-regular.

Theorem 2.2. [31, Theorem 1.4A. (ii)] Let G be a group acting transitively on a
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set Ω, then any two point stabilisers are conjugate.

Theorem 2.3. [31, Theorem 1.4A. (iii)](Orbit-Stabiliser property) Let G be a

group acting transitively on a set Ω, then |Ω|= |G : Gα| for all α ∈ Ω. In particular,

|Ω||Gα|= |G| if G is �nite.

Let G1 and G2 be groups acting on the sets Ω1 and Ω2, respectively, we say that

GΩ1
1 is isomorphic to GΩ2

2 if there are:

� a bijection φ : Ω1 → Ω2;

� an isomorphism ψ : G1 → G2.

such that (αg)φ = (αφ)(gψ) for all α ∈ Ω1 and g ∈ G1.

Theorem 2.4. [20, Theorem 1.3 (a)] Let G be a group acting transitively on a

set Ω, then the action is isomorphic to the action of G on the set H/G, where H

is the point stabiliser of α ∈ Ω.

Theorem 2.5. [20, Theorem 1.3 (b)] Let G be a group with two subgroups H and

K, then the actions on H/G and K/G are isomorphic if and only if H and K are

conjugate.

Theorem 2.6. [62, Lemma 2.4] A transitive abelian permutation group is regular.

LetH andK be groups. The direct product ofH andK, denoted by H×K, is the

set {(h, k) : h ∈ H, k ∈ K} with the group operation (h1, k1)(h2, k2) = (h1h2, k1k2)

and (e, e) as an identity. The inverse of an element (h, k) is given by (h−1, k−1).

Let G be a permutation group acting intransitively on the �nite set Ω. Then there

is more than one orbit. Assume that there are r and call them Ω1, · · ·,Ωr. Then
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G is a subgroup of the direct product Sym(Ω1)× · · · × Sym(Ωr) ≤ Sym(Ω) which

contains all permutations that permute the elements of each orbits but do not

send an element from one orbit to a di�erent one. Therefore, any intransitive

permutation group can be embedded in a direct product of symmetric groups [81].

2.1.1.2 Primitive permutation groups

Let G be a group acting transitively on a �nite set Ω. A non-empty subset B of Ω

is called a block for the group G if for each g ∈ G either Bg = B or Bg ∩B = ∅.

The underlying set Ω and the singletons {α}, where α ∈ Ω, are examples of blocks

and they are called trivial blocks . Let Σ = {Bg : g ∈ G}. It is clear that Σ is

a partition of Ω and Σ is called the block-system containing B. It is non-trivial

when B is non-trivial.

The action of G on Ω is called primitive if G has no non-trivial blocks on Ω,

and it is called imprimitive otherwise. When the action is imprimitive the block

system Σ for a block B is called a system of imprimitivity . It can be shown

that if G is imprimitive on Ω with Σ as a non-trivial system of imprimitivity, then

G acts transitively on Σ and all blocks in Σ have the same size.

Let G be a group acting transitively on a set Ω, then a G-congruence on Ω is an

equivalence relation R on Ω with the property that

αRβ ⇐⇒ αg R βg for all g ∈ G.

If G is imprimitive, then G preserves a non-trivial G-congruence on Ω.

Theorem 2.7. [37, Lemma 2.5.1] Let G be a group acting transitively on a set Ω,

with |Ω|≥ 2. Then G is primitive if and only if the point stabilizer Gα is maximal

for all α ∈ Ω.
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A regular permutation group is primitive if and only if it has prime degree. There-

fore, by Theorem 2.6, a primitive abelian group has prime degree. A minimal

normal subgroup of a group G is a normal subgroup N such that there is no

non-trivial normal subgroup H such that H < N.

Proposition 2.8. [6, Proposition 2.4.] A non-trivial normal subgroup of a prim-

itive group is transitive.

Let H and K be groups. Assume that

Φ : K → Aut(H)

corresponds to an action of K on H that respects the structure of H. The semi-

direct product of H by K is the set H o K = {(h, k) : h ∈ H, k ∈ K} with

identity (e, e) and group operation:

(h1, k1)(h2, k2) = (h1(h2(kΦ)), k1k2), where (h)(kΦ) = khk−1

(h, k)−1 = ((k−1h−1k), k−1).

H is isomorphic to a normal subgroup of H oK.

Let H and K be �nite groups acting on ∆ and Γ, respectively. The top group

is a group isomorphic to K. The base group B is de�ned as the set Fun(Γ, H)

of all functions from Γ to H. It is a group with the operation (γ)fg = (γ)f(γ)g,

where γ ∈ Γ and f, g ∈ Fun(Γ, H). It is isomorphic to the direct product of |Γ|= n

copies of H.

The wreath product of H by K, denoted by H o K, is the semi-direct product

B oK, acting on n copies of ∆ as follows:
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B acts on n copies of ∆ coordinate-wise while K permutes the coordinates. The

size of the group HwrK is |H|n|K| and its degree is n|∆|. If we assume |∆|= m,

then the group H oK is a subgroup of Sm o Sn.

Let G be a transitive imprimitive group on a �nite set Ω with |Ω|= n and system of

imprimitivity Σ = {P1, · · ·, Pm}. Then all blocks have the same size, say k = n/m,

and G is a subgroup of Sym(k) oSym(m) which contains all permutations with the

property that they permute the elements in a partition or send a partition to a

di�erent partition[81].

2.1.1.3 Basic permutation groups

A Cartesian decomposition , Λ of a set Ω is a �nite set of partitions, Λ =

{P1, · · ·, Pl}, of Ω such that |Pi|≥ 2 for each i and

|p1 ∩ p2 ∩ · · · ∩ pl|= 1

for all p1 ∈ P1, · · ·, pl ∈ Pl. A Cartesian decomposition is said to be trivial if

it contains only one partition, namely the partition into singletons. A Cartesian

decomposition is said to be homogeneous if all the Pi have the same cardinality.

Let G be a group acting primitively on a set Ω. Then the action is called non-

basic if it preserves a non-trivial homogeneous Cartesian decomposition. It is

basic otherwise[62].

Let H and K be �nite group acting on ∆ and Γ, respectively. The product action

of the wreath product of H by K, denoted by HwrK, is the action of H oK on the

set Fun(Γ,∆) (the Cartesian product of |Γ| copies of ∆) of all functions from Γ to

∆, where the base group acts coordinate-wise and the top group permutes the

coordinates. The group HwrK is a subgroup of Sym(m)wr Sym(n), when |Γ|= n
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and |∆|= m. It has degree mn.

If {P1, · · ·, Pl} is a Cartesian decomposition of a set Ω, then the de�ning property

yields a well de�ned bijection between Ω and P1 × · · · × Pl , given by

ω → (p1, · · ·, pl)

where, for i = 1, · · ·, l, the part pi ∈ Pi is the unique part of Pi which con-

tains ω. Thus the set Ω can be naturally identi�ed with the Cartesian product

P1 × · · · × Pl [62]. Therefore, a group G is non-basic if it is contained in a wreath

product with product action.

2.1.2 Transformation monoids

A semigroup (S, ◦) is an algebraic structure consisting of a set S and a binary

operation ◦ such that

� ◦ is associative, i.e., (s1 ◦ s2) ◦ s3 = s1 ◦ (s2 ◦ s3) for all s1, s2, s3 ∈ S.

This is the abstract de�nition of a semigroup. The semigroup (S, ◦) is just denoted

by S if the operation is clear. A monoid is a semigroup with an identity.

For a non-empty set Ω, the full transformation monoid T (Ω) on Ω consists

of all maps from Ω to itself. It is a monoid (semigroup) with the operation of

composition. The group Sym(Ω) is a submonoid of T (Ω). Also, any subset M of

T (Ω), which is a monoid with the composition operation, is called a transformation

monoid. When Ω is �nite, say Ω = {1, · · ·, n}, the full transformation monoid is

denoted by Tn. The order of Tn is nn. Let M be a monoid and Ω a non-empty

�nite set. An action of a monoid M on Ω can be de�ned as a homomorphism φ

from M to the full transformation monoid Tn. The action is transitive if for any
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α and β in Ω, there exists f ∈ M such that αfφ = β. A monoid (semigroup) is

called synchronising if it contains a constant map.

In analogy with Cayley's Theorem, we have the following:

Theorem 2.9. [34, Theorem 2.4.3] An n-element semigroup is isomorphic to a

sub-semigroup of Tn+1.

Let Ω be a �nite set and f a map from Ω to itself. The image of f is the set of

the following form:

Im(f) = {αf : α ∈ Ω},

also, the kernel of f , ker(f), is the equivalence relation Rf de�ned by

αRfβ ⇐⇒ αf = βf.

The kernel is uniform means that all equivalence classes have the same size. The

rank of f , rank(f), is the cardinality of Im(f).

2.2 Synchronisation and separation in permutation

groups
Although the synchronisation property was introduced to permutation group the-

ory to help prove �erný's conjecture, the goal has not been achieved yet. Instead,

it became an important topic in group theory. Another crucial concept is separat-

ing permutation groups. This is closely related to the synchronisation notion but

they are not equivalent in general. One of the reasons that synchronization and

separation are important is that they lie between primitivity and 2-transitivity,

that is, they re�ne the class of primitive groups. Also, in many cases, the study of
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these properties leads to interesting (complicated) combinatorial problems. Here,

we restate the concepts of synchronisation and separation with some basic related

results.

2.2.1 Synchronising groups

Let G be a transitive group acting on a set Ω.We say that G synchronises a non-

permutation f if the monoid 〈G, f〉 contains a map of rank 1 (constant function).

The group G is called non-synchronising if there exists a non-permutation f

such that 〈G, f〉 contains no constant map. The group G is synchronising ,

otherwise. We assume that |G|6= 1. A permutation group of prime degree is an

example of synchronising group, by Corollary 2.12.

Let G be a permutation group on a set Ω and P be a partition of Ω. A section

of P is a subset S of Ω such that the intersection of S and any part of P contains

exactly one element. The partition P is said to be section regular or G-regular

partition if there is a section S of P such that

Sg is a section of P for all g ∈ G.

Theorem 2.10. [6, Theorem 3.8.] A permutation group G on a set Ω is synchro-

nising if and only if there is no non-trivial section regular partitions of Ω.

Peter Neumann showed that if there is a regular partition it must be uniform, that

is all parts have the same size.

Theorem 2.11. [6, Theorem 3.9.] A section regular partition of a transitive

permutation group is uniform.

As a consequence of this theorem we get Pin's Theorem.
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Corollary 2.12. [60, Theorem 2] A transitive permutation group of prime degree

is synchronising.

Corollary 2.13. [6, Corollary 3.11.] Let M be a transformation monoid on a

�nite set Ω with a transitive group of units. Then each element of M of minimal

rank has a uniform kernel.

It turns out that synchronising groups are basic, which is indicated by the following

proposition.

Theorem 2.14. [6, Proposition 3.7] Let G be a permutation group acting on Ω.

If G is synchronising then G is basic.

The converse is not always true. In fact, there are many basic permutation groups

which are non-synchronising. For example, we will consider in the next chapter

groups induced by the action of the symmetric group Sym(n) on the set of all

k-subsets of an n-set. For n > 2k, this group is basic, but in some cases it is

non-synchronising. For particular examples see Theorem 3.22.

The following result provides a connection between primitive groups and the syn-

chronisation of monoids 〈G, f〉, where f is a transformation of rank n− 1.

Theorem 2.15. [5, Theorem 1] Let G be a transitive permutation group on Ω,

where |Ω|= n. Then G is primitive if and only if for any map f : Ω −→ Ω of rank

n− 1, the monoid 〈G, f〉 contains an element of rank 1.

2.2.2 Separating groups

Let G be a transitive permutation group on a �nite set Ω, the group G is said to

be non-separating if, given two subsets A,B ⊂ Ω (each contains at least two
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elements) with |A|, |B|> 1, and |A|·|B|= |Ω| such that |A∩Bg|6= ∅ for all g ∈ G.

The group G is said to be separating , otherwise.

Theorem 2.16. [6, Corollary 5.5] Let G be a transitive group acting on a �nite

set Ω, if G is separating then it is synchronising.

The converse is also not true in general. In the dissection in Chapter 3, after

Theorem 3.34 we show that the group induced by Sym(10) on 4-subsets of a 10-set

is synchronising but non-separating.

Let G be a permutation group a set Ω. We say that G is 2-transitive if for any

(δ1, β1) and (δ2, β2) in Ω × Ω such that δ1 6= δ2 and β1 6= β2, there is g in G such

that (δ1, β1)g = (δ2, β2).

Theorem 2.17. Let G be a group acting on a �nite set Ω, if G is 2-transitive then

it is separating.

In our study, we will encounter many separating groups which are not 2-transitive.

All 2-transitive permutation groups are known. A list of all such groups can be

found in the books [62] and [31] by Cameron and Dixon & Mortimer, respectively.

From previous discussions in this chapter, there is a classi�cation in a hierarchy

structure for �nite permutation groups as follows:

2-transitive =⇒ separating =⇒ synchronising =⇒ basic =⇒ primitive =⇒

transitive.

The converse is not always true. Therefore, the study of synchronising (separating)

permutation groups is reduced to these which are basic but not 2-transitive.
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2.3 Graphs and association schemes
In this section, we list some de�nitions and results from graph theory. Also, we

see how graph theory provides good tools to study the properties which are under

consideration.

2.3.1 Graphs

A directed graph (digraph) D is an ordered pair (V (D), E(D)), where V = V (D)

is a set of vertices (points), called the vertex set and E = E(D) ⊆ V ×V , is a set

of ordered pairs and called the arc (directed edge) set . A vertex β is adjacent

to a vertex α if there is an edge e = (α, β) from α to β and we say that β and α

are incident to e. We consider only �nite directed graphs D = (V,E), that is

V is a �nite set. A directed path P from a vertex α to a vertex β of length d is

a sequence of d+ 1 vertices:

α = α0, ..., αd = β

such that

(αi−1, αi) ∈ E for all i ∈ {1, ..., d}.

If we relax the previous condition to either (αi−1, αi) ∈ E or (αi, αi−1) ∈ E for

all i ∈ {1, ..., d}, then we call P an undirected path. If P is a path which has

no repetition in its sequence, then P is called a simple path . A circuit C is a

path P from a vertex α to a vertex β of length greater than 1 such that α = β.

Also, a circuit C is called a cycle if it is a path containing no repetition except for

the �rst and last vertex. A directed graph D is called connected if for any two

vertices α and β there is an undirected path P from α to β, and is called strongly

connected if the path P is directed. The out-degree (resp. in-degree) of a
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vertex α is the number of vertices β that are adjacent to α (resp. the number of

vertices β that α is adjacent to), where β ∈ V.

A graph Γ is a directed graph such that if (α, β) is a directed edge, then (β, α) is

a directed edge (in this case, we replace the two arcs (α, β) and (αβ) by an edge

{α, β} = αβ). A graph Γ is called simple if (α, α) is not an edge in Γ for all

vertices α, and has no multiple edges. The degree of a vertex α in a graph Γ is

the number of vertices adjacent to it and Γ is called regular if all vertices have

the same degree.

A graph Γ is called complete if there is an edge between any two distinct vertices.

It is denoted by Km, where m is the number of vertices. A graph Γ = (V,E) is

called empty if E = ∅. It is called non-trivial if it is neither complete nor empty.

A graph Γ1 = (V1, E1) is a subgraph of a graph Γ2 = (V2, E2) if V1 is a subset of

V2 and E1 is a subset of E2. The graph Γ1 is called an induced subgraph of Γ2 if

it is a subgraph and Γ1 contains all edges between its vertices in Γ2.

A clique in a graph Γ is a subset C of V such that any two vertices in C are

adjacent in Γ. The size of a maximum clique is called the clique number of the

graph Γ, it is denoted by ω(Γ). A co-clique (independent set) is a subset S

of V such that no two vertices are adjacent. The size of a maximum co-clique is

called the co-clique number of the graph Γ, it is denoted by α(Γ). A (proper)

colouring of a graph Γ is an assignment of colours to the vertices so that adjacent

vertices get di�erent colours. The smallest number of colours needed for a proper

colouring of Γ is called the chromatic number of the graph, it is denoted by

χ(Γ).

21



2.3.2 Graph homomorphisms

Let Γ1 and Γ2 be �nite graphs. A homomorphism from Γ1 to Γ2 is a map f from

the vertex set V (Γ1) to the vertex set V (Γ2) such that f preserves the adjacency

structure of the graph Γ1 ,i.e. if αβ is an edge in E(Γ1), then (αf)(βf) is an edge

in E(Γ2). We say that Γ1 is homomorphically equivalent to Γ2 if there are

two homomorphisms; one is from Γ1 to Γ2 and the other is from Γ2 to Γ1. An

endomorphism is a homomorphism from Γ to itself. An automorphism is a

bijective endomorphism which preserves adjacency and non-adjacency structure.

The set of all automorphisms of a graph Γ de�nes a group on the vertex set with the

composition operation, it is called the automorphism group of the graph Γ and

denoted by Aut(Γ). A graph Γ is called vertex-transitive if its automorphism

group is transitive.

An endomorphism which is not an automorphism is called proper . A graph Γ is

called core if it has no proper endomorphisms. We say that a graph Γ2 is a core

of a graph Γ1, if it is core and there is a homomorphism from Γ1 onto Γ2.

Lemma 2.18. [37, Lemma 6.2.1 or Lemma 6.2.2] Let Γ be a �nite graph, then Γ

has a core, which is an induced subgraph and unique up to isomorphism.

Therefore, we can talk about the core of a graph Γ.

Theorem 2.19. [21, Theorem 4, Lec 4] Let Γ be a �nite graph, then the core of

a graph is a complete graph Km if and only if ω(Γ) = χ(Γ) = m.

A homomorphism φ of a graph Γ is a colouring if the induced subgraph on

φ(V (Γ)) is a complete subgraph. A graph is called core-complete if it is core

or its core is a complete graph. A stronger property than core-complete is pseu-

docore , but it is weaker than core. A graph is called pseudocore if every proper
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endomorphism of Γ is a colouring[63].

2.3.3 Orbitals and orbital graphs

Let G be a transitive permutation group on a set Ω. The group G acts in a natural

way on the set Ω×Ω and the orbits of this action are called orbitals . The number

of orbitals is called the rank of G. For each orbital R we can de�ne a directed graph

OR, called an orbital graph, such that its vertex set is Ω and there is a directed

edge from a vertex α to a vertex β if (α, β) is in R. Since G is transitive the set

R0 = {(α, α) : α ∈ Ω} is an orbital and is called the trivial or diagonal orbital .

An orbital R is called self-paired if R = Rt, where Rt = {(β, α) : (α, β) ∈ R}.

The diagonal orbital is R0 is self-paired.

Theorem 2.20. [37, Lemma 2.4.2] Let G be a transitive group on a set Ω. There

is a natural bijection between the orbitals of G and the orbits of a point stabilizer

Gα.

There are two notions of connectivity for directed graphs namely; connected and

strongly connected directed graphs. However, since the orbital graphs of �nite

transitive permutation group are vertex-transitive, we have the following theorem.

Theorem 2.21. [20, Theorem 1.10] A �nite vertex transitive digraph which is

connected is strongly connected.

The following theorem is known as Higman's Theorem.

Theorem 2.22. [20, Theorem 1.9] A transitive group G is primitive if and only

if all non-trivial orbital graphs for G are connected.

Higman's Theorem provides a combinatorial way to check if a �nite permutation

group is primitive or not. In an analogous way, Cameron states two results which
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help to apply graph theoretical techniques to the study of synchronisation and

separation properties of �nite permutation groups. They will be referred to as

Cameron and Kazanidis techniques. In the following results by the trivial graph

we mean a complete and null graph.

Theorem 2.23. [21, Theorem 2.4] Let G be a permutation group on a set Ω.

Then G is non-synchronising if and only if there is a non-trivial graph Γ on Ω

with G ≤ Aut(Γ) (G-invariant) having the property that ω(Γ) = χ(Γ).

Also, for separating groups we have the following.

Theorem 2.24. [21, Theorem 5.4] Let G be a transitive permutation group on a

set Ω. Then G is non-separating if and only if there is non-trivial graph Γ on the

vertex set Ω with G ≤ Aut(Γ) having the property that ω(Γ) · α(Γ) = |Ω|.

Theorem 2.23 and Theorem 2.24 give an algorithm to check if a group is syn-

chronising and separating using orbital graphs. Let G be a permutation group

on a �nite set Ω. There are 2r − 2 non-trivial G-invariant graphs (graphs whose

automorphism group contains G), where r is the number of orbital graphs. Thus,

there are 2r−1 − 1 complementary pairs.

The �rst step is to check the clique and the co-clique numbers of one of each of

the complementary pairs. If there is a graph Γ such that

ω(Γ) · α(Γ) = |V (Γ)|,

then G is non-separating and we move to the next step. Otherwise, G is separating

and synchronising.

The second step is to consider the complementary pair of graphs and check the
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chromatic numbers of both graphs. If there is a graph Γ such that the

ω(Γ) = χ(Γ),

then G is non-synchronising, otherwise G is synchronising [6].

In next subsection some background on the theory of association schemes will be

given, which is a useful framework to conduct the algorithm.

2.3.4 Association schemes

Let d denote a positive integer, and let Ω be a non-empty �nite set. A d-class

homogenous association scheme (or for simplicity just an association scheme)

A on Ω is a sequence R0, R1, ..., Rd of non-empty subsets of the Cartesian product

Ω× Ω, satisfying

(a) R0 = {(α, α) : α ∈ Ω},

(b) Ω× Ω = R0 ∪R1 ∪ · · · ∪Rd and Ri ∩Rj = ∅ for all i 6= j,

(c) For i ∈ {0, ..., d}, Rt
i = {(β, α) : (α, β) ∈ Ri} = Rj for some j ∈ {0, 1, ..., d},

(d) for all integers i, j, k ∈ {0, ..., d}, and for all α, β ∈ Ω such that (α, β) ∈ Rk,

the number

pkij = |{γ ∈ Ω : (α, γ) ∈ Ri, (γ, β) ∈ Rj}|

depends only on i, j, k and not on α or β. The numbers pkij are the inter-

section numbers of the scheme.

The association scheme is commutative if:

� pkij = pkji for all i, j, k ∈ {0, 1, ..., d};
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it is called symmetric if:

� Rt
i = Ri for all i ∈ {0, 1, ..., d}.

Symmetric association schemes are commutative and commutative schemes are

homogenous, but the converse not always true.

Remark: In the literature, the term coherent con�guration is sometimes used in-

stead of the term "association scheme". Actually, the term association scheme has

been applied by some authors to each kind of coherent con�gurations: homogenous,

commutative, symmetric. Here, we do not use the term coherent con�guration,

but we specify the kind of scheme.

Example 2.25. Let G be a transitive permutation group on a �nite set Ω, then

the set of orbital graphs is an example of a homogeneous association scheme. Such

a scheme will be called primitive if and only if G is primitive. It follows from

Higman's Theorem that the association scheme is primitive if and only if all its

non-diagonal orbital graphs are connected. Following the purpose of our study, we

would like to investigate primitive homogeneous association schemes.

Let A be a homogeneous association scheme, then every set Ri can be represented

by an adjacency matrix Ai, that is, an |Ω|×|Ω| matrix whose entries can be

de�ned by

Ai(α, β) =

1 if (α, β) ∈ Ri

0 otherwise

Association schemes can be de�ned using matrices.

Lemma 2.26. [10] A d-class commutative association scheme A with vertex

set Ω is a sequence of non-zero {0, 1}-matrices A0, ..., Ad with rows and columns

indexed by Ω, such that
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(a) A0 = I, where I is the identity matrix,

(b)
∑d

i=0Ai = J , where J is the all-one matrix,

(c) for all i there exists j such that Ati = Aj′ ,

(d) for all i, j in {0, ..., d} the product AiAj is in the real span of A0, ..., Ad.

(e) AiAj = AjAi for all i, j ∈ {0, 1, ..., d};

it is called symmetric if:

� the Ai are symmetric for all i ∈ {0, 1, ..., d} .

A homogenous association scheme {A0, . . . , Ad} has the property that the linear

span (over the real numbers) of the matrices is an algebra (closed under matrix

multiplication), called the Bose�Mesner algebra of the scheme. See [10, 29] for

further details.

Given an association scheme as above, each matrix Ai for i > 0 is the adjacency

matrix of a graph, as indeed are the sums of some of these matrices. For I ⊆

{0, . . . , d − 1}, we denote by ΓI the graph whose adjacency matrix is
∑

i∈I Ai.

Such a graph will be called non-trivial if it is neither complete nor null, that is,

if I 6= ∅ and I 6= {0, . . . , d − 1}. Note that the complement of the graph ΓI is

Γ{0,...,d−1}\I .

Suppose that the matrices A0, . . . , Ad−1 (with A0 = I) span the Bose�Mesner al-

gebra of a commutative association scheme on n points. Since this algebra is a

commutative algebra of real symmetric matrices, the matrices are simultaneously

diagonalisable: that is, there are idempotent matrices E0, . . . , Ed−1 spanning the
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same algebra, with E0 = 1
n
J , where J is the all-1 matrix. Thus, for some coe�-

cients Pj(i) and Qj(i), we have

Aj =
d−1∑
i=0

Pj(i)Ei,

Ej = n−1

d−1∑
i=0

Qj(i)Ai.

Here the numbers Pj(i) for i = 0, . . . , d−1 are the eigenvalues of Aj. The matrices

with (i, j) entry Pj(i) and Qj(i) are called the matrix of eigenvalues and dual

matrix of eigenvalues of the scheme.

Delsarte used these matrices to provide bounds on the clique and coclique numbers

of graphs in an association scheme:

Theorem 2.27 ([29], Theorem 5.9; see also [36]). Let A be a commutative as-

sociation scheme on n vertices and let Γ be the union of some of the graphs in

the scheme. If C is a clique and S is a coclique in Γ, then |C|·|S|≤ n. If equal-

ity holds and x and y are the respective characteristic vectors of C and S, then

(xEjx
>)(yEjy

>) = 0 for all j > 0.

In the above notation, the inner distribution a = (a0, ..., ad−1) of a clique C is the

vector where ai = xAix
>/|C| for each i ∈ {0, . . . , d − 1} (and A has d classes).

Now if Q is the dual matrix of eigenvalues of A, then

(aQ)j =
n

|C|
xEjx

>

for all j ≥ 0. This vector is sometimes known as the MacWilliams transform

of C.
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Corollary 2.28. [36, Corollary 3.8.5] Let A be a commutative association scheme

on n vertices and let Γ be the union of some of the graphs in the scheme. If C is

a clique and S is a co-clique in Γ with |C||S|= n, then |C ∩ S|= 1.

The following theorem regarding the degree of a regular connected and will be

used in next chapter.

Theorem 2.29. Let Γ be a connected graph. The eigenvalue of Γ of largest absolute

value is the maximum degree if and only if Γ is regular.

The degree set of a subset X of the vertices of Γ is the set of nonzero indices

i for which the i-th coordinate of its inner distribution is nonzero. The dual

degree set of X is the set of nonzero indices j for which the j-th coordinate of its

MacWilliams transform is nonzero. Two subsets X and Y of the vertices of Γ are

design-orthogonal if their dual degree sets are disjoint. Similarly, X and Y are

code-orthogonal if their degree sets are disjoint.

In [28], a generalisation of 2.27 is provided:

Theorem 2.30. [28, Corollary 9] Assume C is a clique and S is a co-clique in a

graph on n vertices which is in a homogeneous association scheme. Then,

|C||S|≤ n.

An important property of graphs in an association scheme is that, in any such

graph, the product of the clique number and the co-clique number is at most the

number of vertices. (They share this property with vertex-transitive graphs).

Theorem 2.31. [36, Corollary 2.12] Let Γ be a vertex transitive graph, then

ω(Γ)α(Γ) ≤ |V (Γ)|.

29



The inequality in these two theorems is called the clique�co-clique bound.

2.4 Methods and results

2.4.1 O'Nan & Scott theorem

In the study of synchronising (separating) permutation group, it remains to de-

termine which basic (not 2-transitive) permutation groups are synchronising or

separating. Basic permutation groups fall in one of three classes of permutation

groups. They are called almost simple, a�ne type or diagonal type. This fact fol-

lows from the celebrated O'Nan & Scott Theorem. We will state some de�nitions

and results before we state the theorem.

Let G be a �nite group. The socle of G is the subgroup generated by the set of

all minimal normal subgroups of G. It turn out that �nite primitive permutation

groups have at most two minimal normal subgroups and if there are two, they

must be isomorphic.

Theorem 2.32. [6, Theorem 2.5.] A primitive permutation group has at most two

minimal normal subgroups. If there are two, then they are isomorphic, non-abelian

and regular. Moreover, each is the centraliser of the other in the symmetric group.

A �nite group G is called almost simple if there is a �nite simple group T such

that T ≤ G ≤ Aut(T ). Its socle is simple [6]. The third chapter of this thesis

considers examples of of almost simple groups.

Let Fq be a �nite �eld and q be prime. Let V = Fnq be an n-dimensional vector

space over Fq, then V has qn elements. A group of symmetries of the vector space

is given by the semidirect product of the set of translations (maps of the form

tg : v � v + g, where v, g ∈ V ) by the general linear group GL(n,Fq) (consisting
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of all invertible n× n matrices over Fq). This group is called the a�ne general

linear group and denoted AGL(n,Fq).

A �nite group G is called of a�ne type if V ≤ G ≤ AGL(n,Fq). The group

of translations forms a normal subgroup isomorphic to the additive group of the

vector space V . It is isomorphic to the elementary abelian group of order qn. The

socle is abelian. Some examples of groups of a�ne type are considered in Chapter

Four.

Let T be a �nite simple group. A group G is called of diagonal type if its socle

is a direct product of copies of a �nite non-abelian simple groups acting on its

diagonal subgroup. A more detailed de�nition will be given in Chapter Five, where

we consider some diagonal groups. Here we state the O'Nan & Scott Theorem. It

plays an important role in the study of synchronisation and separation properties

beside the classi�cation of �nite simple groups. More information about it can be

found in [20] and [31]. For the purpose of this work we present a modi�ed version

of the O'Nan & Scott Theorem, as it appears in [20].

Theorem 2.33. [6, Theorem 4.6] Let G be a basic permutation group. Then G is

one of three types; namely a�ne, diagonal, or almost simple.

2.4.2 Results and outline

The goal is to consider some important examples of permutation groups and at-

tempt to �nd out when they are synchronising or separating. Also, we want study

the relationship between these two properties. In particular, when they are equiv-

alent and when they are not. In addition, we would like to understand how these

properties are related to properties in other branches of mathematics, for example,

design theory and association schemes.
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To achieve this goal we make use of known classi�cations of permutation groups

such as the O'Nan & Scott Theorem, the classi�cation of the a�ne distance-

transitive groups and Aschbacher's Theorem. The results of Cameron and Kazani-

dis (Theorem 2.23 and Theorem 2.24) are the primary tools that are used in this

thesis. To use these results, we move forwards and backwards between the context

of permutation groups and the context of association schemes. This is because

every permutation group gives an association scheme. The graphs in this associa-

tion scheme are the G-invariant graphs which are needed to be considered in the

theorems of Cameron and Kazanidis, this will be explained in detail in Chapter 3.

As we have seen above, synchronising and separating permutation groups are prim-

itive. By the O'Nan & Scott Theorem, a basic group must be in one of the following

families; almost simple, a�ne type or diagonal type. The classi�cation of synchro-

nising groups is quite di�cult and we do not expect a full classi�cation. In fact, we

try to consider some important examples from each one of these families. There-

fore, we divide the main part into three chapters each of which considers some

examples of almost simple, a�ne and diagonal groups. The thesis makes up of

three main chapters starting with Chapter 3.

In Chapter 3, we extend the de�nitions of synchronisation and separation to as-

sociation schemes and showed that a �nite permutation group G is separating

(synchronising) if and only if the association scheme which is obtained from the

orbital graphs of the group G, is separating (synchronising). This allow us to use

association schemes to study groups. Then we considered two families of almost

simple groups. First, we consider the group G induced by the action of the sym-

metric group Sym(n) on the set Ω of k-element subsets of an n-set, say {1, ..., n}

(we called this the �rst group). For large enough n and k = 2 and 3, we showed

that the �rst group is non-synchronising if and only if it is non-separating if and
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only if there is a Steiner system S(t, k, n) for some t. Also, for large enough n

and k = 4, 5, we showed that the �rst group is non-separating if and only if the

divisibility conditions for S(t, k, n) are satis�ed for some t with 0 < t < k. In

addition, we provided an example of a non-separating, synchronising permutation

group. These results are evidence for making a conjecture. This conjecture could

be regarded as a signi�cant extension of the Keevash's Theorem; that is, for large

enough n in terms of k and t, a Steiner systems S(t, k, n) exists if and only if

the necessary divisibility conditions on the parameters are satis�ed. Some of the

previous results appeared as a joint paper with John Bamberg and Peter Cameron

[1].

Second, we consider the group G induced by the action of the symmetric group

Sym(n) on the set Ω of uniform l-partitions of an n-set, {1, ..., n}, into subsets

of size k where n = kl (we called this the second group). We proved that the

second group is non-synchronising if l > 2. For the case l = 2, we showed that

for k = 2, 3, 4, 5, 6, the second group is non-synchronising if and only if there is a

resolvable Steiner system S(k − 1, k, 2k). Then, for k > 6 we proved that if there

is such a system, then the second group is non-synchronising, so non-separating

and conjectured that the converse holds.

In Chapter 4, we investigate some examples of a�ne permutation groups, namely,

the automorphism groups of some a�ne distance-transitive graphs. We showed

that the synchronisation and separation properties are equivalent for a�ne groups.

Then, we proved that the automorphism group is non-synchronising if the graph is

one of the following; Hamming graphs H(n, q), bilinear forms graphs BF(n1, n2, q),

alternating forms graphs (AΓ4(3) or AΓn(q) when both n and q are even), coset

graph Cos(C) of the extended ternary Golay code C, halved graphs HΓn ofH(n, 2)

(when n ≥ 4 and even or there is some positive integer m such that n = 2m − 1,
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or n = 23), and folded halved graphs FHΓn (when there is some positive integer

m such that n = 2m, or n = 24).

Moreover, we proved that the automorphism group is synchronising if the graph

one of the following; halved graphs HΓn of H(n, 2), (where n ≤ 3 or n ≥ 5 and

odd or there is no positive integer m such that n = 2m − 1, or n 6= 23), folded

halved graphs FHΓn, (when n ≤ 6 or there is no positive integer m such that

n = 2m, or n 6= 24), alternating forms graph AΓ5(q), Hermitian graph HΓ2(Fq),

Hermitian graph HΓ3(Fq), the coset graph Cos(C) of the truncated binary Golay

code C and the coset graph Cos(C) = C23 of the binary Golay code C.

Finally, in Chapter 5, we started a study of the diagonal factorisation of �nite non-

abelian groups like the study of the factorisation of abelian groups by introducing

the notion of diagonal factorisation and proving some basic results. Also, we

considered the properties of diagonal permutation groups D(T, d) and investigated

the relationship between these groups and the diagonal factorization. In particular,

we showed that a diagonal group D(T, 2) is non-separating if and only the group

T admits diagonal factorisation. In addition, we proved that D(An, 2) is non-

separating and D(T, d) for d ≥ 3, is non-synchronising. We ended this chapter

by showing that the separating and synchronisation properties are equivalent for

diagonal groups.
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Chapter 3

Almost simple permutation groups

The purpose of this chapter is to investigate the synchronisation and separation

properties of two important examples of primitive almost simple groups. Firstly,

the group G induced by the action of the symmetric group Sym(n) on the set Ω of

k-element subsets of an n-set, say {1, ..., n} (we call this the �rst group). Secondly,

the group G induced by the action of the symmetric group Sym(n) on the set Ω

of uniform l-partitions of an n-set, {1, ..., n}, into subsets of size k where n = kl

(we call this the second group).

The synchronisation and separation properties of the two groups are closely re-

lated to Steiner systems and intersecting systems. In 2014, Peter Keevash (see

Theorem 3.11) answered an old open problem considering the existence of Steiner

systems, that is, for large enough n in terms of k and t, a Steiner systems S(t, k, n)

exists if and only if the necessary divisibility conditions on the parameters are sat-

is�ed. In the �rst part of this chapter, we consider the �rst group and determine

when it is synchronising and separating for small values of k. These results are

evidence for making a conjecture. This conjecture could be regarded as a signi�-
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cant extension of the theorem of Keevash. In the second part of this chapter, the

second group is studied. We show that it is non-synchronising for l > 2 and for

l = 2 we give results and a conjecture similar to those of the �rst part.

3.0.1 Summary of the results

In the �rst part, we de�ned the concepts of separation and synchronisation for as-

sociation schemes and showed in Theorem 3.1 and Theorem 3.2, that a �nite per-

mutation group is separating (synchronising) if and only if the association scheme

which is obtained from the orbital graphs of the group, is separating (synchronis-

ing). Then, we proved some results which are important tools in our study of the

separation and synchronisation properties. Corollary 3.6 shows that if a graph Γ

in the scheme has the product of the clique and the co-clique numbers equals the

number of the vertices, then the smallest eigenvalue τ divides the degree deg(Γ)

of the graph. Furthermore, we must have clique number equals to 1 − deg(Γ)/τ.

Also, we proved that if there is a Steiner system S(n, k, t), then the �rst group is

non-separating, Theorem 3.17. Then, we showed that the vertex set of the graph

in which two k-sets are joined if they intersect in fewer than t points, cannot be

partitioned into co-cliques of EKR-type, by Theorem 3.18, and it can be parti-

tioned into cliques if and only if there is a large set of Steiner system S(t, k, n),

Theorem 3.19.

For large enough n and k = 2 and 3, we showed that the �rst group is non-

synchronising (non-separating) if and only if there is a Steiner system S(t, k, n) for

some t, Theorem 3.22 and Theorem 3.31. Also, for large enough n and k = 4, 5,

we showed that the �rst group is non-separating if and only if the divisibility

conditions (equation 3.3) for S(t, k, n) are satis�ed for some t with 0 < t < k,

Theorem 3.41 and Theorem 3.42. An interesting example of a non-separating,
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synchronising permutation group is stated in Theorem 3.42.

In view of the previous results, we conjectured that, for large n in terms of k and t,

the �rst group is non-separating if and only if the divisibility conditions (equation

3.3) for S(t, k, n) are satis�ed for some t with 0 < t < k, Conjecture 2. Moreover,

Conjecture 7 suggests that for large n the �rst group is non-synchronising if and

only if there is a large set of Steiner system S(t, k, n) for some t. In Theorem 3.52

and Theorem 3.53, we proved that for large n some special graphs in Johnson

association scheme cannot have the product of the clique and the co-clique numbers

equals the number of vertices. In Conjecture 8, we suggests that all the co-cliques

of the graph in which two k-sets (k > 3) are joined if they intersect in one point,

are of the EKR-type. The previous results appeared as a joint paper with John

Bamberg and Peter Cameron [1].

In the second part, we proved that the second group is non-synchronising if l >

2, Theorem 3.69. For the case l = 2, we showed that for k = 2, 3, 4, 5, 6, the

second group is non-synchronising if and only if there is a resolvable Steiner system

S(k − 1, k, 2k). Then, for k > 6 we showed that if there is such a system, then

the second group is non-synchronising, so non-separating. Theorem 3.68. Also, we

conjectured that the converse holds, Conjecture9.

3.1 First group and Johnson association schemes
Let Ω be the set of k-subsets of the n-set,{1 . . . n}, and let G be the group induced

by the action of Sym(n) on the set Ω. We will assume that n ≥ 2k as the actions

of the symmetric group on k-subsets and (n−k)-subsets are equivalent. Since each

action results in an association scheme, Cameron and Kazanidis techniques (see

Theorem 2.23 and Theorem 2.24) will be used in our investigations as described in
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Section 2.3.3. This requires checking the clique, co-clique and chromatic numbers

of G-invariant graphs Γ, that is G ≤ Aut(Γ). These are the unions of the orbital

graphs of the action of Sym(n) on Ω. There are k orbital graphs and they are

given by the following relations:

Oi = {(A,B) : |A ∩B|= k − i, 1 ≤ i ≤ k}.

The adjacency matrices of these relations (graphs) with the relation of equality

de�ne an association scheme known as the Johnson association scheme J(n, k).

It is clear that the group G is transitive (the Johnson association scheme is tran-

sitive). It is imprimitive for n = 2k (we leave this till Section 3.2) and primitive

for n > 2k [81]. This is because a transitive permutation group H on a set V is

primitive if and only if the stabiliser of a point is a maximal subgroup in H. The

stabiliser of a k-subset is the group Sk×Sn−k which is maximal when n > 2k. It is

clear that when k = 1, the group G is 2-transitive and therefore, separating. For

k ≥ 2 we need to develop some tools.

The notions of synchronisation and separation can be extended to primitive asso-

ciation schemes. Adopting the de�nition from permutation group theory, we say

that a primitive association scheme is non-synchronising if there is a non-trivial

graph in the scheme with clique number equal to its chromatic number, and is

synchronising otherwise. In the same manner, a primitive association scheme

is non-separating if there is a non-trivial graph in the scheme such that the

product of its clique number and its co-clique number is equal to the number of

vertices, and is separating otherwise. Also, it is not di�cult to prove the following

theorems.

Theorem 3.1. Let G be the group induced by the action of the symmetric group

Sym(n) on the set Ω of k-element subsets of an n-set, say {1, ..., n} and A be the
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association scheme de�ned by orbital graphs of G. Then G is non-separating if

and only if A is non-separating.

Proof. First, assume that the group G is non-separating, then by Theorem 2.24

there is a non-trivial graph Γ such that the product of the clique number ω(Γ)

and the co-clique number α(Γ) is equal to the number of vertices |V (Γ)| such that

G ≤ Aut(Γ). By the de�nition of A, Γ is a graph in the scheme. Also, by the

de�nition of non-separating association schemes, A is non-separating.

Second, Assume that the association scheme A is non-separating, then there is

a non-trivial graph Γ such that the product of the clique number ω(Γ) and the

co-clique number α(Γ) is equal to the number of vertices |V (Γ)|. Note that G ≤

Aut(Γ) and by Theorem 2.24, G is non-separating.

Theorem 3.2. Let G be the group induced by the action of the symmetric group

Sym(n) on the set Ω of k-element subsets of an n-set, say {1, ..., n} and A be the

association scheme de�ned by the orbital graphs of G. Then G is non-separating

if and only if A is non-synchronising.

Proof. First, assume that the group G is non-synchronising, then by Theorem

2.23 there is a non-trivial graph Γ such that its clique number ω(Γ) is equal to its

chromatic number χ(Γ) and G ≤ Aut(Γ). By the de�nition of A, the graph Γ is in

the scheme. Also, by the de�nition of non-synchronising association schemes, A is

non-synchronising.

Second, Assume that the association scheme A is non-synchronising, then there is

a non-trivial graph Γ such that its clique number ω(Γ) is equal to its chromatic

number. Note that G ≤ Aut(Γ) and by Theorem 2.23, G is non-synchronising.
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Assume that A = J(n, k), a graph ΓI(n, k), I ⊂ {1, ..., k} in the scheme is de�ned

to have the set of k-subsets as its vertex set and two k-subsets (vertices) A,B are

adjacent if |A ∩B|= k − i, where i ∈ I. There are two particular cases of ΓI(n, k)

that will be very important, for which we introduce a di�erent notation:

� ∆t(n, k) = Γ{k−t+1,...,k}(n, k), the graph in which two k-sets are joined if they

intersect in fewer than t points;

� Φt(n, k) = Γ{1,...,k−t}(n, k), the complement of ∆t(n, k), in which two k-sets

are joined if they intersect in at least t points.

We mentioned in Section 2.3 that vertex-transitive graphs and graphs in commuta-

tive association schemes have the property that the product of the clique number

and the co-clique number is at most the number of vertices, although no class is

contained in the other. We called the bound in inequality

ω(Γ) · α(Γ) ≤ |V (Γ)|, (3.1)

the clique�co-clique bound .

Delsarte [29] uses the matrix of eigenvalues and the dual matrix of eigenvalues to

prove bounds on the clique and co-clique numbers of graphs in Johnson association

scheme.

Theorem 3.3. Let Γ be a graph in a association scheme A on n vertices. If Γ

has degree deg(Γ) and its least eigenvalue is τ , then the clique number is bounded

above by 1− deg(Γ)
τ

.

The following results are consequences of the previous theorem and Theorem 2.27.
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Corollary 3.4. Suppose Γ is a graph from an association scheme A on n vertices,

and suppose a clique C and coclique S meet the bound; that is |C|·|S|= n. Then

the Schur product 1 of the MacWilliams transforms of C and S equals (n, 0, . . . , 0).

For a bound on the co-clique number we have a result by Lovász which can be

stated as:

Theorem 3.5. [55] Let Γ be a graph in an association scheme A on n vertices.

If Γ has degree deg(Γ) and its least eigenvalue is τ , then the co-clique number is

bounded above by n(1− deg(Γ)
τ

)−1.

Corollary 3.6. Suppose Γ is a graph from an association scheme A on n vertices,

and suppose α(Γ)ω(Γ) = n. Then ω(Γ) = 1 − deg(Γ)/τ , where τ is the smallest

eigenvalue of Γ, and in particular, τ divides deg(Γ).

Proof. Let τ be the smallest eigenvalue of Γ. By the result of Lovász [55], α(Γ) ≤
n

1−deg(Γ)/τ
. So since α(Γ)ω(Γ) = n, we have n ≤ ω(Γ)n/(1− deg(Γ)/τ) and hence

1 − deg(Γ)/τ ≤ ω(Γ). On the other hand, by Theorem 3.3 we have ω(Γ) ≤

1− deg(Γ)/τ . Therefore, we obtain equality ω(Γ) = 1− deg(Γ)/τ .

In addition, Delsarte [29, Section 4.2.1] �nds simple expressions for the eigenvalues

of the Johnson scheme. These expressions are known as Eberlein polynomials ,

or dual Hahn polynomials . Given an integer 0 ≤ j ≤ k, we de�ne the Eberlein

polynomial Ej(x) in the indeterminate x, as follows:

Ej(x) :=

j∑
t=0

(−1)j−t
(
k − t
j − t

)(
k − x
t

)(
n− k + t− x

t

)
. (3.2)

1Schur product of two matrices A = [ai,j ] and B = [bi,j ] is the matrix A ◦B = [ai,jbi,j ].
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Now the entries of the dual matrix of eigenvalues are given by the following theo-

rem.

Theorem 3.7. [29, Theorem 4.6] The matrix P of eigenvalues and the dual matrix

of eigenvalues Q of the Johnson scheme J(n, k) are given by

Pj(i) = Ej(i), Qi(j) =

(
n
i

)
−
(
n
i−1

)(
k
j

)(
n−k
j

) Ej(i),

for i, j = 0, 1, . . . , k.

These results will be used in our investigation but �rst we need some background

on Steiner systems.

3.1.1 Intersecting systems and Steiner systems

Let n and k be positive integers such that n ≥ k and let
(
n
[k]

)
denote the set of

all k-subsets of {1, .., n}. If T ⊆ {0, . . . , k − 1}, then a T -intersecting set F is a

subset of
(
n
[k]

)
such that the size of the intersection of any two members of F is in

T . An edge set of a graph ΓI in a Johnson association scheme J(n, k) is determined

by the set of intersection sizes {k − i : i ∈ I} of the k-subsets. Therefore, a clique

and a co-clique in such a graph are intersecting sets in the set of k-subsets. Some

of these sets have special properties and special names.

A Steiner system S(t, k, n), for 0 < t < k < n, is a collection B of k-subsets

of {1, . . . , n} with the property that any t-subset of {1, . . . , n} is contained in a

unique member of B. It is well-known that, for 0 ≤ i ≤ t − 1, the number of

members of B containing an i-subset of {1, . . . , n} is
(
n−i
t−i

)
/
(
k−i
t−i

)
, independent of

the choice of i-set. Thus, necessary conditions for the existence of S(t, k, n) are

that
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(
k − i
t− i

)
divides

(
n− i
t− i

)
for 0 ≤ i ≤ t− 1. (3.3)

We refer to these conditions as the divisibility conditions.

A resolution class or parallel class in a Steiner system is a set of blocks that

partition the point set. A resolvable Steiner system S(t, k, n) is a system with

the property that its block set admits a partition into parallel classes.

A projective plane of order q is a Steiner system S(2, q + 1, q2 + q + 1) for some

integer q > 1. Projective planes of all prime power orders exist, and none are

known for other orders. A large set of of Steiner system S(t, k, n) is a partition

of the k-subsets of an n-set into Steiner systems S(t, k, n).

An important result which provides a bound on the clique number of orbital graphs

is known as the non-uniform Fisher's inequality:

Theorem 3.8. [44, Theorem 1.11] Let X be a non-empty �nite set and F a family

of subsets of X such that the cardinality of the intersection of any two distinct

members of F is the same positive integer. Then |F |≤ |X|.

Another important result is Baranyai's Theorem [12]:

Theorem 3.9. [76, Theorem 38.1] If k is an integer that divides n, and Ω is the

set of k-subsets of an n-set, then Ω can be partitioned into parallel classes.

Corollary 3.10. [6, Theorem 6.2] If k divides n, then the Johnson association

scheme J(n, k) is non-synchronising

In a remarkable recent result, Keevash showed:
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Theorem 3.11. [48, Theorem 1.4] There exists a function F (t, k) such that, if

n ≥ F (t, k) and the divisibility conditions are satis�ed, then a Steiner system

S(t, k, n) exists.

Theorem 3.12. [76, Theorem 19.2] For n > k, the number of k-subsets in a

Steiner system S(t, k, n), is
(
n
t

)
/
(
k
t

)
.

Now, consider the graph ∆t(n, k), its clique number has an upper bound.

Lemma 3.13. The graph Γt(n, k) has clique number less bounded above by
(
n
t

)
/
(
k
t

)
.

Moreover, the clique number is equal to
(
n
t

)
/
(
k
t

)
if and only if there is a Steiner

System S(t, k, n).

Proof. In the graph ∆t(n, k) any two vertices are adjacent if the size of their

interaction is less than t. Also, the size of a clique number in this graph is less

than or equal to
(
n
t

)
/
(
k
t

)
, by double counting. If equality holds, the vertices in a

clique of size
(
n
t

)
/
(
k
t

)
de�ne a Steiner system S(t, k, n), by previous theorem.

Moreover, there is a co-clique in this graph of size
(
n−t
k−t

)
, consisting of all the k-sets

containing a �xed t-set. (We say that such a co-clique is of EKR type (Erd®s�

Ko�Rado type), since [32, Theorem 2] asserts that they are the largest co-cliques

provided that n is su�ciently large). The exact bound in the Erd®s�Ko�Rado

theorem, proved by Wilson :

Theorem 3.14. [82] Suppose that n > (t + 1)(k − t + 1). Then a co-clique in

the graph ∆t(n, k) has size at most
(
n−t
k−t

)
, with equality if and only if it is of EKR

type.

The following result shows that if there is Steiner system S(t, k, n), then the bound

on n in Wilson's Theorem is satis�ed.
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Theorem 3.15. In a non-trivial Steiner system S(t, k, n) with n > k, we have

n ≥ (t+ 1)(k − t+ 1).

Proof. There are
(
n
t+2

)
subsets of size t + 2. Of these,

(
n
t

)(
k
t+2

)
/
(
k
t

)
are subsets of

blocks and
(
n
t

)(
k

t+1(n−k)

)
/
(
k
t

)
have the property that some block contains t + 1 of

them. (There are no overlap among these blocks, since a (t + 2)-set cannot have

t+ 1 or more points in common with two di�erent blocks.) Thus,

(
k

t

)(
n

t+ 2

)
≥
(
n

t

)((
k

t+ 2

)
+

(
k

t+ 1

)
(n− k)

)
,

which reduces to

(n− k)(n− (t+ 1)(k − t+ 1)) ≥ 0,

implies

n ≥ (t+ 1)(k − t+ 1).

Theorem 3.16. If a non-trivial Steiner system S(t, k, n) exists, then the product

of the clique number and co-clique number in ∆t(n, k) is equal to the number of

vertices, and the Johnson scheme J(n, k) is non-separating.

Proof. Assume that there is non-trivial Steiner system S(t, k, n), then by Theorem

3.12, it is a clique of size
(
n
t

)
/
(
k
t

)
in the graph ∆t(n, k). Also, by Theorem 3.15,

n ≥ (t + 1)(k − t + 1) and by Theorem 3.14, there is a co-clique in this graph of

size
(
n−t
k−t

)
, consisting of all the k-sets containing a �xed t-set. Moreover, it is easily

checked that (
n− t
k − t

)
·
(
n

t

)/(k
t

)
=

(
n

k

)
.

Therefore, there is a graph in the Johnson scheme J(n, k) such that the product
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of the clique and the co-clique numbers is equal to the number of vertices. Then,

J(n, k) is non-separating scheme.

Theorem 3.17. If a non-trivial Steiner system S(t, k, n) exists, then the group G

induced by the action of the symmetric group Sym(n) on the set Ω of k-element

subsets of an n-set, is non-separating.

What about synchronisation?

An association scheme is non-separating if there is a graph in the scheme for which

the product of the clique and the co-clique numbers is equal to the number of ver-

tices, by de�nition. Given such a situation, by the de�nition of non-synchronising

association scheme there are two ways that synchronisation can fail: either there

is a partition of the vertices into co-cliques of maximal size, so that the clique

number and chromatic number are equal, or there is a partition into cliques of

maximal size, so that this equality holds in the complementary graph.

We �rst observe that, the graph ∆t(n, k) cannot have clique number equal to

chromatic number.

Theorem 3.18. For t < k < n, there is no partition of the set of k-subsets of an

n-set into co-cliques of EKR type in the graph ∆t(n, k).

Proof. First we note that, if k ≥ 2t, then any two t-sets are contained in some

k-set; so any two sets of EKR type intersect. So we may assume that k < 2t.

A set S of EKR type consists of all the k-sets containing a �xed t-set T , which we

call its kernel ; we denote S by S(T ). Now, if T1 and T2 are t-sets with |T1 ∩ T2|≥

2t − k, then |T1 ∪ T2|≤ k, and so S(T1) ∩ S(T2) 6= ∅. So, in a family of pairwise
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disjoint sets of EKR type, the kernels are t-sets which intersect in at most 2t−k−1

points.

The number of kernels in such a collection is at most
(

n
2t−k

)
/
(

t
2t−k

)
.

The size of a co-cliques of EKR type in the graph ∆t(n, k) is
(
n−t
k−t

)
. Also, if there

is a partition of the set of k-subsets of an n-set into co-cliques of EKR type in the

graph, the number of the parts in the partition must be
(
n
t

)
/
(
k
t

)
; so we are done if

we can show that (
n

t

)/(k
t

)
>

(
n

2t− k

)/( t

2t− k

)
.

For this, it is enough to show that the following claims are true:

(i)
(

n

2t− k

)
t! (n− 2t+ k)!

k! (n− t)!
=

(
n

t

)(
t

2t− k

)/(k
t

)
;

(ii) (t! (n− 2t+ k)! )/(k! (n− t)! ) > 1.

For (i), we have

(
n

t

)(
t

2t− k

)/(k
t

)
=

n!

(n− 2t+ k)! (2t− k)!

t! (n− 2t+ k)!

k! (n− t)!

=

(
n

2t− k

)
t! (n− 2t+ k)!

k! (n− t)!
.

For (ii),

t! (n− 2t+ k)!

k! (n− t)!
=

(n− 2t+ k)(n− 2t+ k − 1) · · · (n− 2t+ k − (k − t) + 1)

k(k − 1) · · · (k − (k − t) + 1)

And since n− 2t+ k > k for n ≥ 2k we have that

t! (n− 2t+ k)!

k! (n− t)!
> 1.
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The previous theorem shows that, if n > (t + 1)(k − t + 1), then ∆t(n, k) cannot

have clique number equal to chromatic number, since the maximum-size co-cliques

are of EKR type.

Theorem 3.19. The graph Φt(n, k) has clique number equal to chromatic number

if and only if there is a large set of Steiner systems S(t, k, n).

Proof. Assume that the graph Φt(n, k) has clique number equal to chromatic num-

ber, then there is a partition of the vertex-set into co-cliques. From Lemma 3.13 a

co-clique in the graph Φt(n, k) is a Steiner system S(t, k, n). Therefore, the vertex

set of the graph admits a partition into Steiner systems. This is by de�nition, a

large set of Steiner systems. The converse is done by similar way.

For small n, non-synchronisation can also arise in one of two ways: either because

there are other large co-cliques in ∆t(n, k), or because one of the other graphs

ΓI(n, k) in the association scheme has clique number equal to chromatic number.

3.1.2 k = 2, 3, 4 and 5

Here we investigate the synchronisation and separation properties of the �rst group

G for small values of k. We do this by studying the two properties of the Johnson

scheme J(n, k). Also, we illustrate with examples the discussion at the end of the

previous subsection.

Remark 3.20. In the following subsection, we will state our results in the language

of association schemes. However, the main results will be restated in the language

of group theory.

3.1.2.1 The case k = 2

The group G is non-separating and non-synchronising is and only if n is even.
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Theorem 3.21. The Johnson scheme J(n, 3) is non-synchronising and non-separating

if and only if n is even.

Proof. The association scheme J(n, 2) has n(n−1)
2

vertices and two orbital graphs.

One graph Γ is the graph with two vertices adjacent if and only if they intersect

in one point and the other is its complement. The clique number of Γ is n − 1.

If J(n, 2) is non-separating we must have the product of the clique and the co-

clique numbers is equal to the number of vertices. Thus, (n − 1) dividing n(n−1)
2

,

by the de�nition of non-separating scheme, and this is possible if and only if n

is even. Therefore, for n odd the scheme J(n, 2) is separating and consequently

synchronising.

What can we say if n is even? It is not di�cult to see that the graph Γ has

co-clique number equal to n
2
, so J(n, 2) is non-separating. If the scheme is non-

synchronising, we must have the clique number equal to the chromatic number in

the graph Γ or its complement Γ̄. We have the �rst case, but not the other. This

is because that Γ admits a partition into co-cliques, which follows from Baranyai's

Theorem 3.9.

Theorem 3.22. [6, Example 4.1] Let n ≥ 5, and let G be the permutation

group induced by the symmetric group Sym(n) on the set of 2-element subsets of

{1, . . . , n}. Then the following are equivalent:

(a) G is non-synchronising;

(b) G is non-separating;

(c) n is even.
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3.1.2.2 The case k = 3

We start by the following results when n = 7 and 8:

The case k = 3, n = 7. The group G is non-separating and non-synchronising.

Lemma 3.23. The Johnson scheme J(7, 3) is non-separating and non-synchronising.

Proof. Consider the graph ∆2(7, 3), where two 3-subsets are adjacent if they are

disjoint or intersect in one point. By Lemma 3.13 a maximum clique is the block

set of a copy of S(2, 3, 7). Therefore, the Fano plane is a clique in the graph

with size 7. The graph ∆2(7, 3), also, has a co-cliques of the EKR type and

size 5 (all 3-sets containing a given two points). Since the graph ∆2(7, 3) in the

Johnson scheme J(7, 3) and has the property that the product of the clique and

the co-clique numbers equal to the number of vertices, this association scheme is

non-separating. This graph cannot show non-synchronisation of the association

scheme J(7, 3) because Cayley [24] showed the non-existence of large set of Fano

planes S(2, 3, 7) and Theorem 3.18 shows the non-existence of partition of the

vertex set of the graph into co-cliques of EKR type.

However, there are two graphs to check for non-synchronisation. One is the graph

Γ{2}(7, 3), where two 3-subsets are adjacent if they intersect in one point. The

Fano plane S(2, 3, 7) is a clique of size 7 in the graph, by Fisher's Theorem 3.8.

There are co-cliques of size 5 de�ned as follows: let L be a line of the Fano plane,

and take L together with the four 3-sets disjoint from it. Furthermore, the seven

such sets obtained by performing this construction for each line of the Fano plane

partition the 35 sets of size 3 into seven co-cliques of size 5. So this graph has

chromatic number equal to clique number. Therefore, the Johnson scheme J(7, 3)

is non-synchronising.
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Lemma 3.24. Let G be the permutation group induced by the symmetric group

Sym(7) on the set of 3-element subsets of {1, ..., 7}. Then G is non-separating and

non-synchronising.

The case k = 3, n = 8. The group G is non-separating and non-synchronising.

Lemma 3.25. The Johnson scheme J(8, 3) is non-separating and non-synchronising.

Proof. Consider the graph Γ{2}(8, 3), the Fano plane gives us a 7-clique in this

graph. Now the eight 3-sets consisting of a line L, three sets each comprising two

points of L and the point outside the Fano plane, and the four sets consisting of

three of the four points of the Fano plane outside L, form a co-clique; doing this for

the seven lines we obtain a partition of the 56 sets of size 3 into seven co-cliques

of size 8, so this graph has the clique number equal to the chromatic number.

Therefore, The Johnson scheme J(8, 3) is non-synchronising and consequently, it

is non-separating.

Another way of viewing this is to observe that the Fano plane has an extension

to a S(3, 4, 8) whose blocks fall into 7 parallel classes with two blocks in each; the

eight 3-sets contained in a block of a parallel class form a co-clique, and we obtain

seven such sets, one for each parallel class.

Lemma 3.26. Let G be the permutation group induced by the symmetric group

Sym(8) on the set of 3-element subsets of {1, ..., 8}. Then G is non-separating and

non-synchronising.

The case k = 3, n ≥ 9. Now we would like to consider the case n ≥ 9 and k = 3

to show that the Johnson association scheme J(n, 3) is non-synchronising if and
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only if J(n, 3) is non-separating if and only if there is a Steiner system S(t, 3, n)

for some 1 ≤ t ≤ 2. First we need the following technical lemma.

Lemma 3.27. Let n ≥ 9 and ∆ := Γ{2}(n, 3). Then ω(∆)α(∆) < |V (∆)|=
(
n
4

)
.

Proof. The matrix P of eigenvalues of the Johnson scheme J(n, 3) can be calculated

by using Eberlein polynomials (equation 3.2) and Theorem 3.7. The software

Mathematica [83] was used to calculate and display the matrices P and Q.

P =


1 3(n− 3) 3

2
(n− 4)(n− 3) 1

6
(n− 5)(n− 4)(n− 3)

1 2n− 9 1
2
(n− 9)(n− 4) −1

2
(n− 5)(n− 4)

1 n− 7 11− 2n n− 5

1 −3 3 −1

 .

For the graph Γ{2}(n, 3), the eigenvalues are the entries of the third column:

3

2
(n− 4)(n− 3),

1

2
(n− 9)(n− 4), 11− 2n, 3

The degree is the �rst eigenvalue, by Theorem 2.29, which is 3
2
(n− 4)(n− 3), and

the smallest eigenvalue is 11− 2n as n ≥ 9. By Corollary 3.6 if Γ2 has the product

of the clique and the co-clique numbers is equal to the number of vertices then the

smallest eigenvalue divides the degree. Thus, by elementary number theory this

is possible only if n ∈ {13, 28}. If n = 13, then 1 − deg(Γ{2}(13,3))

τ
is 10 which does

not divide the number of vertices (286), so ω(Γ{2}(13, 3))α(Γ{2}(13, 3)) <
(

13
3

)
. For

n = 28, by GAP/GRAPE [68, 72]2 we can �nd the clique number ω(Γ{2}(28, 3))

which is 13 and the co-clique number which is 28. Clearly, the product of these

two numbers does not equal to the number of vertices which is
(

28
3

)
.

2The share package GRAPE for the computer algebra system GAP contains an e�cient clique
�nder.
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We need the following result regarding the existence of Steiner systems:

Theorem 3.28. [49] A Steiner systems S(2, 3, n) exists if and only if n is con-

gruent to 1 or 3 (mod 6).

Lemma 3.29. For n ≥ 9, the Johnson association scheme J(n, 3) is non-separating

if and only if there is a Steiner system S(t, 3, n) for some 1 ≤ t ≤ 2 (n is congruent

to 0, 1 or 3 (mod 6)).

Proof. By the previous theorem a Steiner system S(2, 3, n) exists if and only if n

is congruent to 1 or 3 (mod 6). Also, by Baranyai's Theorem 3.9 a Steiner system

S(1, 3, n) exists if and only if 3 divides n. Consequently, a Steiner system S(t, 3, n)

exists if and only if n is congruent to 0, 1 or 3 (mod 6).

If a Steiner system S(t, 3, n) exists, then the Johnson scheme J(n, 3) is non-

separating, by Theorem 3.16.

The other direction is that if the scheme J(n, 3) is non-separating then there is a

Steiner system. To show this we consider all graphs ΓI(n, 3) and their intersections.

When k = 3, the possible values of I are {} and its complement {1, 2, 3}, {2} and

its complement {1, 3}, {1} and its complement {2, 3} and {3} and its complement

{1, 2}. In the �rst value of I, the graphs are trivial. If the scheme is non-separating,

then at least one of the graphs Γ{2}(n, 3), Γ{1}(n, 3) and Γ{3}(n, 3) has the product

of the clique and the co-clique numbers equals the number of vertices. If this is

true for graphs Γ{1}(n, 3) or Γ{3}(n, 3), then the co-clique in Γ{1}(n, 3) is S(2, 3, n)

or the clique in Γ{3}(n, 3) is S(1, 3, n), by Lemma 3.13. It remains to study the

clique number and the co-clique number of the graph Γ{2}(n, 3) and prove that the

product of the two numbers does not equal to the number of vertices. However,

this graph can be neglected in the study of synchronization and separation of the
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scheme. This is because the graph does not satisfy the equality in the clique�co-

clique bound, by lemma 3.27.

Theorem 3.30. Let n ≥ 9, the Johnson association scheme J(n, 3) is non-

separating if and only if J(n, 3) is non-synchronising (there is a Steiner system

S(t, 3, n) for some 0 ≤ t ≤ 2).

Proof. By the previous lemma the Johnson scheme J(n, 3) is non-separating if and

only if there is a Steiner system S(1, 3, n) or S(2, 3, n). A Steiner system S(1, 3, n)

exists if and only if 3 divides n and there a large set of the Steiner system, by

Baranyai's Theorem 3.9. Therefore, the complement of the graph Γ{3}(n,3) has the

clique number equal to the chromatic number, by Theorem 3.19 and the scheme

J(n, 3) is non-synchronising. In similar way, a Steiner system S(2, 3, n) exists if

and only if n is congruent to 1 or 3 (mod 6) by Kirkman's Theorem 3.28. Also,

there is a large set of Steiner systems of S(2, 3, n) if and only if n is �admissible3

� and grater than 7, by the result of Lu and Teirlinck [71]. This is the same as

that the graph Γ{1}(n,3) has the clique number equal to the chromatic number, by

Theorem 3.19 and thus the scheme J(n, 3) is non-synchronising.

Theorem 3.31. [6, Theorem 6.3] Let n ≥ 9, and let G be the permutation

group induced by the symmetric group Sym(n) on the set of 3-element subsets of

{1, . . . , n}. Then the following are equivalent:

(a) G is non-synchronising;

(b) G is non-separating;

(c) n is congruent to 0, 1 or 3 (mod 6).
3An admissible n means an integer n, which satis�es the divisibility conditions (see condition

3.3) with respect to the integers k and t.
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3.1.2.3 The case k = 4

The group G is non-separating and non-synchronising.

The case k = 4, n = 9.

Lemma 3.32. The Johnson scheme J(9, 4) is non-separating and non-synchronising.

Proof. we consider the graph Γ{1,3}(9, 4) in the association scheme J(9, 4), the

Steiner system S(3, 4, 8) has 14 blocks, any two meeting in 0 or 2 points. Thus,

a copy of the blocks of S(3, 4, 8) form a co-clique of size 14. We can construct a

clique of the graph Γ{1,3}(9, 4) as a set of 9 subsets of {1, ..., 9} each has size 4,

any two meeting in 1 or 3 points, as follows: partition {1, . . . , 9} into three sets

of size 3, arranged around a circle; now take the 4-subsets consisting of one part

and a single point of the next (in the cyclic order). Therefore, the product of the

clique and co-cliques numbers equal to the number of vertices. This means that

the scheme J(9, 4) is non-separating.

For the non-synchronisation, Breach and Street [17] showed that the 126 4-subsets

of a 9-set can be partitioned into a so-called overlarge set of nine Steiner sys-

tems S(3, 4, 8) (each omitting a point); indeed, this can be done in just two non-

isomorphic ways, each admitting a 2-transitive group. This gives a colouring of

the graph Γ{1,3}(9, 4) corresponding to intersections 1 and 3, so its clique and chro-

matic numbers are equal. This means that the scheme J(9, 4) is non-synchronising.

(Another proof was given by Cameron and Praeger [61].)

From the previous lemma and Theorem 3.1 and Theorem 3.2 we have the following:

Lemma 3.33. Let G be the permutation group induced by the symmetric group

Sym(9) on the set of 4-element subsets of {1, ..., 9}. Then G is non-separating and
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non-synchronising.

The case k = 4, n ≥ 10. Now we would like to consider the case n ≥ 10 and

k = 4 to show that the Johnson association scheme J(n, 4) is non-separating if and

only if there is a Steiner system S(t, 4, n) for some 1 ≤ t ≤ 3. By Theorem 3.16,

if there is there is a Steiner system S(t, 4, n) for some 1 ≤ t ≤ 3, then the scheme

J(n, 4) is non-separating. It remains to show the other direction. First we need

the following technical lemma.

Theorem 3.34. Let n ≥ 10 and I ∈ {{1, 3, 4}, {1, 3}, {1, 4}, {1, 2, 4}}, and let

∆ := ΓI(n, 4). Then ω(∆)α(∆) < |V (∆)|=
(
n
4

)
, with one exception for ∆ :=

Γ{1,2,4}(13, 4).

Proof. The matrix P of eigenvalues, and the dual matrix Q, of the Johnson scheme

J(n, 4) can be calculated by using Eberlein polynomials 3.2. The software Mathe-

matica [83] was used to calculate and display the matrices P and Q.

P =



1 4(n− 4) 3(n− 5)(n− 4) 2
3 (n− 6)(n− 5)(n− 4) 1

24 (n− 7)(n− 6)(n− 5)(n− 4)

1 3n− 16 3
2 (n− 8)(n− 5) 1

6 (n− 16)(n− 6)(n− 5) − 1
6 (n− 7)(n− 6)(n− 5)

1 2(n− 7) 1
2 ((n− 21)n+ 92) −(n− 9)(n− 6) 1

2 (n− 7)(n− 6)

1 n− 10 −3(n− 8) 3n− 22 7− n

1 −4 6 −4 1


,

Q =



1 n− 1 1
2 (n− 3)n 1

6 (n− 5)(n− 1)n 1
24 (n− 7)(n− 2)(n− 1)n

1 1
4 (3n− 7)− 3

n−4
(n−7)(n−3)n

4(n−4)
(n−10)(n−5)(n−1)n

24(n−4) − (n−7)(n−2)(n−1)n
24(n−4)

1 (n−8)(n−1)
2(n−4)

(n−3)n((n−21)n+92)
12(n−5)(n−4) − (n−8)(n−1)n

6(n−4)
(n−7)(n−2)(n−1)n

12(n−5)(n−4)

1 (n−16)(n−1)
4(n−4) − 3(n−9)(n−3)n

4(n−5)(n−4)
(n−1)n(3n−22)
4(n−6)(n−4) − (n−7)(n−2)(n−1)n

4(n−6)(n−5)(n−4)

1 − 4(n−1)
n−4

6(n−3)n
(n−5)(n−4) − 4(n−1)n

(n−6)(n−4)
(n−2)(n−1)n

(n−6)(n−5)(n−4)


.

Remark: In all cases we assume for the contrary that the product of the clique

and co-clique numbers is equal to the number of vertices. For the �rst two cases
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we use the matrix P of eigenvalues and Corollary 3.6 to get a contradiction. Given

our assumption, we reach a contradiction if one of the following holds:

1. 1− deg(ΓI(n, k))/τ < n, where I is a singleton, by Fisher inequality 3.8.

2. 1− deg(ΓI(n, k))/τ or ω(ΓI(n, k)) does not divide
(
n
k

)
, by Corollary 3.6.

3. 1− deg(ΓI(n, k))/τ is not equal ω(ΓI(n, k)), by Corollary 3.6.

4. the product of ω(ΓI(n, k)) and α(ΓI(n, k)) is not equal ω(ΓI(n, k)), using

GAP.

The dual matrix Q is used for the other cases by applying Theorem 2.27 and

Corollary 3.4.

Case I = {1, 3, 4}: The complement ∆ of ∆ := Γ{1,3,4}(n, 4) is a graph of an

association scheme (because it is Γ{2}(n, 4)). Consider the third column of

P . The eigenvalues of ∆ are

3(n− 5)(n− 4),
3

2
(n− 8)(n− 5),

1

2
(n2 − 21n+ 92), 24− 3n, 6.

The degree of ∆ is the �rst eigenvalue 3(n − 5)(n − 4), by Theorem 2.29.

For n ≥ 11, the fourth eigenvalue 24 − 3n is the smallest eigenvalue, so let

us assume that n ≥ 11. By Corollary 3.6, 24 − 3n divides 3(n − 5)(n − 4),

and hence 8−n divides (n− 5)(n− 4). So by elementary number theory, we

have n ∈ {11, 12, 14, 20}.

The cases n = 10, 11, 12, 14, 20 can be settled each in turn. We can calculate

ω(∆) with GAP/GRAPE [68, 72] and compare it to 1− deg(∆)/τ , where τ

is the smallest eigenvalue 24− 3n.
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n ω(∆) 1− deg(∆)/τ

10 7 11

11 7 15

12 7 15

14 7 16

20 9 21

We �nd that ω(∆) is never equal to 1 − deg(∆)/τ and so by Corollary 3.6,

ω(∆)α(∆) <
(
n
4

)
.

Case I = {1, 2, 4}: This time, the complement graph ∆ is Γ{3}(n, 4). The eigen-

values of ∆ are

2

3
(n−6)(n−5)(n−4),

1

6
(n−16)(n−6)(n−5), −(n−9)(n−6), 3n−22, −4

For n ≥ 13, the third eigenvalue of ∆ is the smallest τ in the spectrum

of ∆. So by Corollary 3.6, n − 9 divides 2
3
(n − 5)(n − 4) and hence n ∈

{13, 14, 17, 19, 29, 49} (by basic elementary number theory). For n = 11,

the smallest eigenvalue of ∆ does not divide the degree. Thus by Corollary

3.6, we are left with n ∈ {10, 12, 13, 14, 17, 19, 29, 49} to check. For the

case n = 13, we have equality ω(∆)α(∆) =
(
n
4

)
, which is the case with the

existence a projective plane of order 4 (Steiner System S(2, 4, 13)). The cases

n = 10, 12, 14, 17, 19, 29, 49 can be settled each in turn with the computer

algebra system GAP/GRAPE:
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n ω(∆) 1− deg(∆)/τ α(∆) Comments

10 5 5 28 ω(∆̄)α(∆̄) <
(

10
4

)
12 9 9 45 ω(∆̄)α(∆̄) <

(
12
4

)
14 13 13 66 ω(∆̄)α(∆̄) <

(
14
4

)
17 13 14 ** 1− deg(∆)/τ 6= ω(∆)

19 13 15 ** 1− deg(∆)/τ 6= ω(∆)

29 13 21 ** 1− deg(∆)/τ 6= ω(∆)

49 ** 34 ** 1− deg(∆)/τ -
(

49
4

)
We put ** in places where the information is not provided because we do

not need it.

Case I = {1, 3}: Let Q be the dual matrix of eigenvalues. The second column of

Q is

c =
n− 1

4(n− 4)
(4(n− 4), 3n− 16, 2(n− 8), n− 16,−16) .

Let u = (1, a, 0, x−a−1, 0) and v = (1, 0, b, 0, y−b−1) be such that a, b ≥ 0,

x−a−1, y− b−1 ≥ 0 and xy =
(
n
4

)
. By Theorem 2.27 u and v are the inner

distributions of an arbitrary clique and co-clique of ΓI(n, k), respectively,

attaining the clique-co-clique bound. The second entries of uQ and vQ are

(uQ)1 = ucT =
n− 1

4(n− 4)
((2a+ x+ 3)n− 16x)

(vQ)1 = vcT =
n− 1

4(n− 4)
2((b+ 2)n− 8y).

By Corollary 3.4, the product of these quantities is zero, which gives us two

scenarios: x = n 2a+3
16−n or y = n1

8
(b+2). We will consider the former, with the

additional assumption that xy =
(
n
4

)
. This then yields an expression for y:

y = −(n− 16)(n− 3)(n− 2)(n− 1)

48a+ 72
.
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Now a, y ≥ 0, which implies that n ≤ 16. So we will assume for the moment

that n ≥ 16. Therefore,

x =
(n− 3)(n− 2)(n− 1)

3(b+ 2)
, y =

1

8
(b+ 2)n.

We now consider the two equations (uQ)2(vQ)2 = 0 and (uQ)4(vQ)4 = 0,

with the above values of x and y substituted in:

(b(n−10) + 6(n−4))(a(b+ 2)(n− 8) + b(2n−13)−(n−4)((n−10)n+ 7)) = 0

a(b+ 2)(n− 8) + 18(n− 4)− b(n2 − 12n+ 38) = 0.

The second equation gives us a value for a, which we can substitute into the

�rst equation. This results in the following equation:

(n− 5)(b(n− 10) + 6(n− 4))(b− n+ 4) = 0.

However, n 6= 5 and b(n − 10) + 6(n − 4) 6= 0 (as b ≥ 0 and n > 10), so it

follows that b = n− 4 and hence

x =
(n− 3)(n− 1)

3
, y =

1

8
(n− 2)n.

Now suppose we have a {1, 3}-clique S of size x = (n−1)(n−3)/3. Consider

the members of S containing a point p, with p removed from each. This is

a family of 3-sets of an (n− 1)-set, any two intersecting in 0 or 2 elements.

By Corollary 3.54, we know that there are at most n− 1 of them. Now the

standard double count gives

|S|≤ n(n− 1)/4.
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But this is smaller than (n−1)(n−3)/3 so long as n is at least 16. This leaves

the cases 10 ≤ n ≤ 16 to be considered (since we have excluded n = 9).

n ω(ΓI) α(ΓI)

10 9 14

11 9 14

12 9 15

13 13 15

14 13 21

15 13 21

16 13 28

Case I = {1, 4}: In this case, Theorem 3.53 will show that the result holds for

su�ciently large n; indeed, the proof there works for n ≥ 46. However, the

intervening values are far too large for computation, so we use the Q-matrix

methods.

Let u = (1, a, 0, 0, x− a− 1) and v = (1, 0, b, y − b− 1, 0) such that a, b ≥ 0,

x−a−1, y− b−1 ≥ 0 and xy =
(
n
4

)
. By Theorem 2.27 u and v are the inner

distributions of an arbitrary clique and co-clique of ΓI(n, 5), respectively,

attaining the clique- co-clique bound. The second coordinates of uQ and vQ

are

(uQ)1 = ucT =
(n− 1)

4(n− 4)
((3a+ 4)n− 16x),

(vQ)1 = vcT =
(n− 1)

4(n− 4)
((b+ y + 3)n− 16y).

By Corollary 3.4, the product of these quantities is zero, which gives us two

scenarios:

(i) x = n3a+4
16

, or
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(ii) y = n b+3
16−n .

Since y ≥ 0, Case (ii) does not arise if we assume n ≥ 17, which we will

for now. So suppose we have Case (i). If we now consider the equation

(uQ)2(vQ)2 = 0, we have

((n− 1)(a(n− 11) + 2(n− 8)) + 24x)((n− 1)(b(n− 11) + 6n− 39)− 9(n− 9)y) = 0.

(3.4)

Assuming (i), that is x = n(3a+ 4)/16, Equation (3.4) becomes

(2(a+ 2)n− 11a− 16) ((n− 1)(b(n− 11) + 6n− 39)− 9(n− 9)y) = 0.

(3.5)

However, if the �rst term is zero, then a = (16 − 4n)/(2n − 11) which is

negative for n ≥ 6; a contradiction. Therefore, the second term in Equation

(3.5) is zero. In other words, we have an expression for b in terms of n and

y:

b =
−6n2 + 9ny + 45n− 81y − 39

(n− 11)(n− 1)
.

If we now consider the equation (uQ)3(vQ)3 = 0, upon substitution of our

value for b, we obtain an equation relating a, y and n:

(a(n2 − 18n+ 68) + 4(n− 8)(n− 4))(2n4 − 34n3 − 9n2y + 181n2 + 123ny − 335n− 426y + 186) = 0.

(3.6)

Having the �rst term in Equation (3.6) equal to zero leads to a contradiction,

since in this case we would have

a = −4 (n2 − 12n+ 32)

n2 − 18n+ 68

62



which is negative for n ≥ 13. So let us now assume n ≥ 13. Then the second

term in Equation (3.6) is zero, which gives us an expression for y in terms

of n (and we also obtain an expression for x):

x =
n(n− 3)(3n2 − 41n+ 142)

8(2n2 − 28n+ 93)
,

y =
(n− 1)(n− 2)(2n2 − 28n+ 93)

9n2 − 123n+ 426
.

However, x ≤ n (Corollary 3.54), which implies that n ≤ 8; a contradiction.

This leaves us now to consider by computer the cases where 10 ≤ n ≤ 16.

n ω(∆) α(∆) Comments

10 10 15 ω(∆)α(∆) <
(

10
4

)
11 10 15 ω(∆)α(∆) <

(
11
4

)
12 10 ** ω(∆) -

(
12
4

)
13 10 ** ω(∆) -

(
13
4

)
14 11 26 ω(∆)α(∆) <

(
14
4

)
15 15 ** see below

16 15 ** ω(∆) -
(

16
4

)
In the case n = 15, we do not know exactly the co-clique number, but to

have the equality ω(∆)α(∆) =
(

15
4

)
we must have α(∆) = 91. Using GAP

as follow we can see that this cannot happen.

gap> 1314graph:=Graph(SymmetricGroup(15), Combinations([1..15],4), On-

Sets, > function(x,y) return (x<>y) and (Size(Intersection(x,y))in [0,3]);

end);;

This is a command in GAP to build the graph ∆ = Γ{1,4}(15, 4).

C:=ComplementGraph(1314graph);;
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This to build the complement.

Then we ask GAP to �nd a clique in the complement (co-clique in ∆ =

Γ{1,4}(15, 4)) of size 91.

gap> LC:=CompleteSubgraphs(C,91,0);

[ ]

This means that there is no such clique.

The following well-known results of Hanani on the existence of Steiner systems

S(t, 4, n) [39, 40] are important for our study.

Theorem 3.35. [39] A Steiner systems S(3, 4, n) exists if and only if n is con-

gruent to 1 or 4 (mod 12).

Theorem 3.36. [40] A Steiner systems S(2, 4, n) exists if and only if n is con-

gruent to 2 or 4 (mod 6).

Now we have enough results to prove the following theorem:

Theorem 3.37. For n ≥ 10, if the Johnson association scheme J(n, 4) is non-

separating, then there exists a Steiner system S(t, k, n) for some t with 0 < t < k

(n ≡ 0, 1, 2, 4, 8, 10 (mod 12)).

Proof. Form Theorem 3.34, we know that when n ≥ 10, there is not equality in

the clique� co-clique bound ( inequality 3.1) for the graph ΓI(n, 4), where I ∈

{{1, 3, 4}, {1, 3}, {1, 4}, {1, 2, 4}} except the graph Γ1,2,4(13, 4) (when there is a

projective plane). Any other non-trivial graph in the scheme is ΓI(n, 4) or its
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complement, where I ∈ {{4}, {3, 4}, {2, 3, 4}}. If the scheme is non-separating,

then one of the last three graphs has equality in the clique�co-clique bound. If

we have equality, a maximum co-cliques in the graphs Γ{4}(n, 4),Γ{3,4}(n, 4) and

Γ{2,3,4}(n, 4) form a Steiner systems S(1, 4, n), S(2, 4, n) and S(3, 4, n), respectively,

by Lemma 3.13.

From The previous theorem and Theorem 3.16, we have:

Theorem 3.38. For n ≥ 10, the Johnson association scheme J(n, 4) is non-

separating if and only if there exists a Steiner system S(t, k, n) for some t with

0 < t < k .

From The previous theorem and Keevash's Theorem, we have:

Theorem 3.39. For k = 4 and n ≥ 10, the Johnson association scheme J(n, k) is

non-separating if and only if the divisibility conditions (equation 3.3) for S(t, k, n)

are satis�ed for some t with 0 < t < k.

We can state the previous two theorems in the language of group theory using

Theorem 3.1.

Theorem 3.40. Let n ≥ 10, the permutation group G induced by the symmetric

group Sym(n) on the set of 4-element subsets of {1, . . . , n} is non-separating if

and only if there exists a Steiner system S(t, k, n) for some t with 0 < t < k

(n ≡ 0, 1, 2, 4, 8, 10 (mod 12)).

Theorem 3.41. Let n ≥ 10, the permutation group G induced by the symmetric

group Sym(n) on the set of 4-element subsets of {1, . . . , n} is non-separating if and

only if the divisibility conditions (equation 3.3) for S(t, k, n) are satis�ed for some

t with 0 < t < k.
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What about synchronisation? Wilson's Theorem 3.14 ensures that maximal co-

cliques are of EKR type, so G is non-synchronising if and only if a large set of

Steiner systems exists. Baranyai's Theorem 3.9 ensures that G is not synchronising

if n ≡ 0 (mod 4), but existence of large sets of Steiner systems in the other cases

is unresolved (except for t = 2, n = 13, [50]).

In particular, the existence of a Steiner system S(3, 4, 10) shows that the symmet-

ric group S10 acting on 4-sets is non-separating. However, it is synchronising. Our

above results show that synchronisation could only fail if there were a large set

of seven pairwise disjoint S(3, 4, 10) systems. However, Kramer and Mesner [51]

showed that there cannot be more than �ve such systems. For k = 4, synchroni-

sation and separation fail to be equivalent for Sym(n) on k-sets, unlike the cases

k = 2 and k = 3 described earlier. We will state this fact as theorem.

Theorem 3.42. Let G be the permutation group induced by the symmetric group

Sym(10) on the set of 4-element subsets of {1, . . . , 10}. Then G is non-separating

but synchronising.

This example and the example in [6] are the only known examples for the non-

equivalent of the two properties.

3.1.2.4 The case k = 5

The case k = 5, n = 11. The group G is non-separating and non-synchronising.

Lemma 3.43. The Johnson scheme J(11, 5) is non-separating and non-synchronising.

Proof. Consider the graph Γ{2,3,4}(11, 5) in the scheme, the Steiner system S(4, 5, 11),

whose blocks intersect in 1, 2 or 3 points, forms a 66-clique in the graph. A block

together with the six 5-sets disjoint from it form a co-clique of size 7. Therefore
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the product of the clique and the co-clique numbers is equal to the number of

vertices and the scheme J(11, 5) is non-separating.

There are 66 co-cliques can be obtained in this way. These co-cliques form a colour-

ing of the graph Γ{2,3,4}(11, 5). Then, the scheme J(11, 5) is non-synchronising.

Lemma 3.44. Let G be the permutation group induced by the symmetric group

Sym(11) on the set of 5-element subsets of {1, ..., 11}. Then G is non-separating

and non-synchronising.

The case k = 5, n = 12. The group G is non-separating and non-synchronising.

Lemma 3.45. The Johnson scheme J(12, 5) is non-separating and non-synchronising.

Proof. Consider the graph Γ{2,3,4}(12, 5) in the scheme, the blocks of the Steiner

system S(4, 5, 11) form a 66-clique in the graph. A co-clique can be given by the set

of the 5-subsets of the set {1, 2, 3, 4, 5, 6} and 5-subsets of the set {7, 8, 9, 10, 11, 12}.

Thus, the product of the clique and the co-clique numbers is equal to the number

of vertices in the graph and the scheme J(12, 5) is non-separating.

The Steiner system S(4, 5, 11) has an extension to a S(5, 6, 12) whose blocks come

in 66 parallel classes with two disjoint blocks in each, and the twelve 5-sets con-

tained in a block of a �xed parallel class form a co-clique. and we obtain 66 such

sets, one for each parallel class. Thus, chromatic number of the graph equal to

clique number and the scheme is non-synchronising.
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Lemma 3.46. Let G be the permutation group induced by the symmetric group

Sym(12) on the set of 5-element subsets of {1, ..., 12}. Then G is non-separating

and non-synchronising.

The case k = 5, n ≥ 13. Now we would like to consider the case n ≥ 13 and

k = 5 to show that the Johnson association scheme J(n, 5) is non-separating if and

only if there is a Steiner system S(t, 5, n) for some 1 ≤ t ≤ 4. By Theorem 3.16,

if there is there is a Steiner system S(t, 5, n) for some 1 ≤ t ≤ 4, then the scheme

J(n, 5) is non-separating. It remains to show the other direction. First we need

the following technical lemma.

Theorem 3.47. Let n ≥ 13, and I ∈ {{1, 2, 3, 5}, {1, 2, 4, 5}, {1, 3, 4, 5}, {1, 3}, {1, 4},

{1, 5}, {2, 3}, {2, 4}, {2, 5}, {3, 4}, {3, 5}} and let ∆ = ΓI(n, 5),

then ω(∆)α(∆) <
(
n
5

)
, except the graph ∆ = Γ{1,2,3,5}(21, 5).

The proof of this result appears in Appendix A.1.

Theorem 3.48. For n ≥ 13, if the Johnson association scheme J(n, 5) is non-

separating, then there exists a Steiner system S(t, k, n) for some t with 0 < t < k.

Proof. Form the Theorem 3.47, for n ≥ 13, there is not equality in the clique�

co-clique bound (equation 3.1) for the graph ΓI(n, 5) where I as in the theorem,

except the graph Γ{1,2,3,5}(21, 5); that when we have a projective plane. any other

non-trivial graph in the scheme is the graph ΓI(n, 5) or its complement, where

I ∈ {{5}, {4, 5}, {3, 4, 5}, {2, 3, 4, 5}}. If the scheme is non-separating, then one

of the last four graphs has equality in the clique� co-clique bound. By Lemma
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3.13, if we have equality, a maximum co-cliques in the graphs Γ{5}(n, 5),Γ{4,5}(n, 5),

Γ{3,4,5}(n, 5) and Γ{2,3,4,5}(n, 5) form a Steiner systems S(1, 4, n), S(2, 4, n), S(3, 4, n)

and S(4, 5, n) respectively.

From the previous theorem and Theorem 3.16, we have:

Theorem 3.49. For n ≥ 13, the Johnson association scheme J(n, 5) is non-

separating if and only if there exists a Steiner system S(t, k, n) for some t with

0 < t < 5.

Theorem 3.50. Let n ≥ 13, the permutation group G induced by the symmetric

group Sym(n) on the set of 5-element subsets of {1, . . . , n} is non-separating if and

only if there exists a Steiner system S(t, 5, n) for some t with 0 < t < 5.

Theorem 3.51. For large enough n in terms of k and t, the permutation group

G induced by the symmetric group Sym(n) on the set of 5-element subsets of

{1, . . . , n} is non-separating if and only if the divisibility conditions (equation 3.3)

for S(t, k, n) are satis�ed for some t with 0 < t < 5.

3.1.3 The main conjecture

We see that if a Steiner system S(t, k, n) exists, then the Johnson association

scheme J(n, k) is non-synchronising. In view of previous results, we state the main

conjecture which is that the converse holds, asymptotically:

Conjecture 2. There is a function G such that, if n ≥ G(k) and the Johnson

scheme J(n, k) is non-separating, then there exists a Steiner system S(t, k, n) for

some t with 0 < t < k.

Putting this conjecture together with Keevash's theorem, we can re-formulate it

as follows:
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Conjecture 3. There is a function H such that, if n ≥ H(k), then the Johnson

scheme J(n, k) is non-separating if and only if the divisibility conditions (equality

3.3) for S(t, k, n) are satis�ed for some t with 0 < t < k.

The two previous conjectures can be rephrased in the language of group theory as

follow:

Conjecture 4. There is a function G such that, if n ≥ G(k) and the group G

induced by the action of the symmetric group Sym(n) on the set Ω of k-element

subsets of an n-set, say {1, ..., n}, is non-separating, then there exists a Steiner

system S(t, k, n) for some t with 0 < t < k.

Conjecture 5. There is a function H such that, if n ≥ H(k), then the group G

induced by the action of the symmetric group Sym(n) on the set Ω of k-element

subsets of an n-set, say {1, ..., n}, is non-separating if and only if the divisibility

conditions (equality 3.3) for S(t, k, n) are satis�ed for some t with 0 < t < k.

For the synchronisation we showed that for n > (t+1)(k−t+1) the graph ∆t(n, k)

cannot have clique number equal to chromatic number, Theorem 3.18. We also

have to consider the possibility that the complementary graph Φt(n, k) has clique

number equal to chromatic number.

By the clique�co-clique bound (3.1) and Theorem 3.14 the existence of cliques of

size
(
n−t
k−t

)
in Φt(n, k) shows that the size of a co-clique in this graph is at most(

n
t

)
/
(
k
t

)
, a fact that is easily proved directly (Lemma 3.13); equality holds if and

only if the co-clique is a Steiner system. So the graph has clique number equal

to the chromatic number if and only if the set of k-subsets of an n-set can be

partitioned into block sets of Steiner systems S(t, k, n) (the existence of large set)

Theorem 3.19. In view of this, we further conjecture the following:
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Conjecture 6. There is a function L such that, if n ≥ L(k), then the Johnson

scheme J(n, k) is non-synchronising if and only if there exists a large set of Steiner

systems S(t, k, n) for some t with 0 < t < k.

again for groups we have:

Conjecture 7. There is a function L such that, if n ≥ L(k), then the group G

induced by the action of the symmetric group Sym(n) on the set Ω of k-element

subsets of an n-set, say {1, ..., n} is non-synchronising if and only if there exists a

large set of Steiner systems S(t, k, n) for some t with 0 < t < k.

Much less is known about the existence of large sets. The main results are the

following:

(a) For t = 1, an S(t, k, n) is simply a partition of {1, . . . , n} into sets of size k,

which exists if and only if k divides n. A theorem of Baranyai [12] shows

that a large set of such partitions exists whenever k divides n.

(b) For t = 2, k = 3, Kirkman [49] showed that a S(2, 3, n) exists if and only if

n ≡ 1 or 3 (mod 6). The smallest example is the Fano plane with n = 7.

Cayley [24] showed that there does not exist a large set of Fano planes; in-

deed, there do not exist more than two pairwise disjoint Fano planes. How-

ever, Lu and Teirlinck [71] showed that, for all �admissible� n greater than

7, a large set of Steiner triple systems exists.

(c) Koloto§lu and Magliveras [50] have constructed large sets of projective planes

of order 3, (that is, S(2, 4, 13)).

It may be that large sets of S(t, k, n) exist whenever the divisibility conditions

are satis�ed and n is su�ciently large. If so, then our conjecture above would
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imply that, for n su�ciently large in terms of k, the Johnson scheme J(n, k) is

synchronising if and only if it is separating. However, we are not su�ciently

con�dent to conjecture this!

3.1.4 A way towards a proof of the main conjecture

Although we do not know how to prove the (separating conjecture) Conjecture 2

in general, we discuss a possible approach. This is related to the proofs of the

cases of k = 4, and 5; that is, if n is large enough and ∆ = ΓI(n, k) is not ∆t(n, k)

or Φt(n, k) we have ω(∆)α(∆) <
(
n
k

)
. So we look for upper bounds on the sizes of

the clique and co-clique numbers.

3.1.4.1 The case Ī is singleton

First we consider the case that I misses one size of intersection.

Theorem 3.52. Let ∆ = ΓI(n, k) be a graph in the association scheme J(n, k)

such that I misses one size of intersection. Then for n, large enough the product

of the clique and co-clique numbers of ∆ is not equal to the number of vertices.

Proof. Assume that ∆ is as stated in the theorem, then clique number of the

complement ∆̄ is bounded above by n, by Theorem 3.8. The equality holds if and

only if the clique is a symmetric design. This show that, by using the clique�co-

clique bound, the co-clique number is bounded above by:

α(∆̄) ≤ 1

k

(
n− 1

k − 1

)
,

and it is enough to show that it cannot reach this bound.

The case Let l = k be the missed one size of intersection in I, the clique number
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of ∆̄ is equal to n if and only if there is a projective plane of order k, by Fishes

equality 3.8. It is clear for n > k2 − k + 1 there is no projective plane of order k

and ω(∆̄) < n. Frankl and FÃ¼redi show that for large enough n and 4 ≤ k we

have α(∆) ≤
(
n−2
n−2

)
, with equality if and only if each k-set in the co-clique contains

a �xed 2-set [33]. Since
(
n−2
k−2

)
< 1

k

(
n−1
k−1

)
, we have ω(∆̄)α(∆̄) <

(
n
k

)
as desired.

The case l ∈ {2, ..., k − 2},

Step 1: By [18, Proposition 3.12] the smallest eigenvalue of graph ∆̄ (two of its

vertices are adjacent if their intersection has size k − l) for large enough n and

�xed k is Ek−l(k − (k − l) + 1) = Ek−l(l + 1), where

Ek−l(i) =
k−l∑
h=0

(−1)h
(
i

h

)(
k − i

k − l − h

)(
n− k − i
k − l − h

)

Moreover, Ek−l(i) ≈ (−1)i−l
(
i
i−l

)(
n−k−i
k−i

)
if i− l > 1.

Step 2: We show that for positive integers n, k such that n ≥ 2k and l ∈ {2, ..., k−

2}, the following holds:

n− 1 <

(
k
l

)(
n−k
l

)
(k − l + 1)

(
n−2k+l+1

l−1

) .
This can be proved by induction on k, so for k = 4, l = 2 and the right hand side

will be:
(n− 4)(n− 5)

(n− 7)

which is greater than (n− 1). Next we assume that the satment is true for k and
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prove it for k + 1.

(
k+1
l

)(
n−(k+1)

l

)
n(k − l + 2)

(
n−2(k+1)+l−1

l−1

) =

(k+1)
(k−l+1)

(
k
j

) (n−k−l)
(n−k)

(
n−k
l

)
n(k − l + 2) (n−2k)(n−2k−1)

(n−2k+l−1)()n−2k+l−2

(
n−2k+l−1

l−1

) .
=

(k + 1)(n− k − l)(n− 2k + l − 1)(n− 2k + l − 2)

(k − l + 1)(n− k)(n− 2k)(n− 2k − 1)

(
k
l

)(
n−k
l

)
n(k + l − 1)

(
n−2k+l−1

l−1

) > 1.

This follows from the assumption and the fact that

(k + 1)(n− k − l)(n− 2k + l − 1)(n− 2k + l − 2)

(k − l + 1)(n− k)(n− 2k)(n− 2k − 1)
≥ 1 for l ≥ 2.

Step 3: Lovász in Theorem 3.5 shows that α(Γ) ≤ (nk)
1− deg(Γ)

τ

where τ is the small-

est eigenvalue. n < 1 − deg(Γ)
τ
≈ 1 − deg(Γ)

El(k−l+1)
, for large enough n, �xed k and

2 ≤ l ≤ k − 2. This follows from step 2.

Therefore, the product of the clique and co-clique numbers in ∆ is not equal to

the number of vertices as desired.

3.1.4.2 The case I = {1, k}

In this section, we deal with the case I = {1, k} (or the complement I = {2, . . . , k−

1}) of Conjecture 2, and show that these cannot occur if n is su�ciently large. In

other words, taking account of the indexing used in the Johnson scheme, we show

the following.

Theorem 3.53. There is a function f such that, if n ≥ f(k), and S and T are

families of k-subsets of {1, . . . , n} with the property that S is {0, k−1}-intersecting
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(that is, any two of its members intersect in 0 or k−1 points) and T is {1, . . . , k−

2}-intersecting, then |S|·|T |<
(
n
k

)
.

Proof. The proof proceeds in three steps.

Step 1 |S|≤ n.

To see this, consider �rst a (k− 1)-intersecting family U of k-sets. It is easy to see

that there are just two possibilities:

(a) all members of U contain a �xed (k − 1)-set;

(b) all members of U are contained in a �xed (k + 1)-set.

Next we claim that the relation ∼ on S de�ned by A ∼ B if A = B or |A∩B|= k−1

is an equivalence relation. It is clearly re�exive and symmetric, so suppose that

A ∼ B and B ∼ C. Then |A∪B|= |B∪C|= k+ 1, and so |A∩C|≥ k−2, whence

|A ∩ C|= k − 1 as required.

Now if two members of S belong to distinct equivalence classes, they are disjoint.

So the support of S (the set of points lying in some element of S) is the union of

the supports of the equivalence classes, which are pairwise disjoint. We have seen

that the number of sets in each equivalence class does not exceed the cardinality

of its support; so the same holds for S, and the claimed inequality follows.

For the next step, we note that T is an intersecting family. We split the proof into

two subcases.

Step 2 If the intersection of the sets in T is non-empty, then |T |≤
(
n−1
k−2

)
/(k−1).
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For let x be the unique point in the intersection. Then

T = {{x} ∪B : B ∈ T ′},

where T ′ is a {0, . . . , k−3}-intersecting family of (k−1)-subsets of {1, . . . , n}\{x};

in other words, a partial S(k − 2, k − 1, n − 1). So |T |= |T ′|≤
(
n−1
k−2

)
/(k − 1), the

right-hand side being the number of blocks in a hypothetical Steiner system with

these parameters.

Step 3 If the intersection of the sets in T is empty, then |T |≤
(
n−1
k−1

)
−
(
n−k−1
k−1

)
+1.

Since T is an intersecting family, this is just the conclusion of the Hilton�Milner

Theorem [41, Theorem 3].

Conclusion of the proof We have

(
n

k

)
= |S|·|T |≤

n
(
n−1
k−2

)
/(k − 1) if

⋂
T 6= ∅,

n(
(
n−1
k−1

)
−
(
n−k−1
k−1

)
+ 1) if

⋂
T = ∅.

But in each case, for �xed k, the left-hand side of the inequality is a polynomial

of degree k in n, whereas the right-hand side is a polynomial of degree k− 1; thus

the inequality holds for only �nitely many values of n.

We remark that, in fact, we know of no examples meeting the bound for this case

with n > 2k. So as well as extending these techniques to other cases, the problem

of deciding whether the bound is always strict remains.

Corollary 3.54. For k ≥ 3 and n > 2k, a {0, k − 1}-intersecting family of k-

subsets of {1, . . . , n} has size at most n.
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Babai and Frankl [9, Theorem 1] obtained a more general result:

Theorem 3.55. Let n and k (n ≥ 2k) be two integers and S be an intersecting

system of k-subsets such that the greatest common divisor of the sizes of their

intersections does not divide k. Then |S|≤ n

Corollary 3.56. There is a function h such that, if n ≥ h(k), and S and T are

families of k-subsets of {1, . . . , n} with the property that the common divisor of

sizes of intersection of members of S does not divide k. Also T is {0, ..., k−1}\X-

intersecting, where X is th set of sizes of intersections in S. Then |S|·|T |<
(
n
k

)
.

The proof follows similar arguments in proof 3.1.4.2.

3.1.5 Projective planes

The constructions in Section 3.1.2 of the small examples involved the fact that,

in certain Steiner systems, certain cardinalities of block intersection do not oc-

cur. There are relatively few examples of such systems: the only ones known

are projective planes, S(3, 4, 8), S(4, 5, 11), S(5, 6, 12), S(3, 6, 22), S(4, 7, 23) and

S(5, 8, 24).

A projective plane has the property that any two of its blocks meet in a point.

Hence it is a clique in either of the graphs Γ{i>k−2}(n, k) or Γk−1(n, k), with k = q+1

and n = q2 + q+ 1. In the �rst of these graphs, co-cliques of maximum cardinality

are of EKR type, and we have

(
q2 + q − 1

q − 1

)
· (q2 + q + 1) =

(
q2 + q + 1

q + 1

)
,

so non-separation holds for this graph: these sets (all k-sets containing two given

points) also show non-separation for Γ1(n, k). Also, by Theorem 3.18, we cannot

77



partition the k-sets into subsets of EKR type.

In the case q = 2, in our example above, we observed that there were other co-

cliques, so that the possibility of a colouring with q2 + q + 1 colours cannot be

ruled out; and indeed we saw that such a colouring exists.

Conjecture 8. For q > 2, a co-clique of maximum size in the graph Γq(q
2 + q +

1, q + 1) must consist of all the (q + 1)-sets containing two given points; so the

chromatic number of this graph is strictly larger than q2 + q + 1.

A simple computation shows that the conjecture is true for q = 3 and for q = 4.

On the other hand, the truth of this conjecture would probably not give an in�nite

family of examples which are synchronising but not separating. Magliveras con-

jectured that large sets of projective planes of any order q > 2 exist; the existence

is shown for q = 3[50].

3.2 The second group
Let n = kl with l ≥ 2, and let G be the symmetric group Sym(n) acting on the

set Ω of uniform partitions of {1, ..., n} into l parts of size k. The degree of the

action is
1

l!

l−1∏
i=0

(
n− ik
k

)
.

The group G is transitive. The stabiliser of a uniform partition of an n-set into

l parts of size k is the wreath product Sym(l) o Sym(k). Since it is a maximal

subgroup of Sym(n) [81], the group G is primitive. The study here is divided

into two cases; the case l = 2 and the case l > 2. In the �rst case l = 2, will

investigate the separation and synchronisation properties for small values of k =

2, 3, 4, 5, 6. Then, we show that if there is a resolvable Steiner system S(t, k, 2k),
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then the second group is non-separating and non-synchronising. Also, we provide

a conjecture based proposing that the converse holds. In the second case l > 2,

we show that the second group is non-synchronising, so non-separating.

3.2.1 The case l = 2 and folded Johnson schemes

In this case, the association scheme obtained from the action of the group is the

same as that obtained from the distance graphs of the folded Johnson graph.

We will call this scheme the folded Johnson association scheme and denote it by

J̄(2k, k). The vertex set in each graph contains uniform partitions of 2k-set into

two sets each of size k. Thus, the number of vertices in this scheme is 1
2

(
2k
k

)
=(

2k−1
k−1

)
. The scheme has

⌊
k
2

⌋
orbital graphs. Two vertices in each orbital graph

Γi,
⌈
k
2

⌉
≤ i ≤ k−1, are adjacent if and only if the sizes of the intersections of their

parts belongs to Ki = {k − i, i}.

A graph ΓI is de�ned to have vertex set as the folded Johnson scheme and two

vertices (partitions) are adjacent if the sizes of the intersections of their parts

belongs to
⋃
i∈I Ki where I ⊂ {

⌈
k
2

⌉
, ..., k − 1}. Two cases are crucial and we

introduce di�erent notations for them:

� ∆t(2k, k) = Γ{d k2e,...,t−1}}(2k, k), the graph in which two partitions are joined

if their parts intersect in fewer than t points.

� Φt(2k, k) = Γ{t,...,k−1}(2k, k), the complement of ∆t(2k, k), in which two par-

titions are joined if their parts intersect in ≥ t or ≤ k − t points.

We investigate the synchronisation and separation properties by looking at small

examples �rst.
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3.2.1.1 The case k = 2 or k = 3:

In this case, the second group G is 2-transitive and consequently separating.

3.2.1.2 The case k = 4:

The second group G is non-separating and non-synchronising.

Lemma 3.57. The folded Johnson scheme J̄(8, 4) is non-separating and non-

synchronising.

Proof. In this case the folded Johnson association scheme J̄(8, 4) has exactly two

orbital graphs, the folded Johnson graph and its complement. In the �rst graph

two vertices A = {A1, A2} and B = {B1, B2} are adjacent if |Ai ∩ Bj|∈ {1, 3}

where i, j ∈ {1, 2}. In the second graph, two vertices are adjacent if the size of the

intersection of their parts is 2. To see that the group G is non-separating, consider

the complement of the folded Johnson graph Γ2. The seven parallel classes of the

Steiner system S(3, 4, 8) form its maximum clique. The co-clique is constructed

from a 3-intersecting set of EKR-type, which has size 5. This can be done by

replacing each part in the 3-intersecting set by a partition containing this part and

its complement. G, also, is non-synchronising. A 7-colouring can be constructed

as follows: take a Fano plane S(2, 3, 7) on {1, ..., 7}. Now, for each line L, we

associate a colour cL with L and give a partition the colour cL if L is contained in

a part of the partition. Since any two lines intersect and have �ve points between

them, no partition gets more than one colour; and there are �ve partitions of each

colour, so each partition gets a colour. Moreover, two partitions with the same

colour have parts intersect in 1 or 3 points, and so are non-adjacent.

Lemma 3.58. Let n = 8 with k = 4, and let G be the symmetric group Sym(8)

acting on the set Ω of uniform partitions of {1, ..., 8} into 2 parts of size 4. Then

G is non-separating and non-synchronising.
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3.2.1.3 The case k = 5:

The group G is separating. The association scheme J̄(10, 5) has two orbital graphs

the folded Johnson graph with sizes of intersections belong to {1, 4} and its com-

plement with sizes of intersections belong {2, 3}. Computational methods can be

used to show that it is separating.

The following result states that the (dual) matrix of eigenvalues of orbital graphs

of Johnson folded association scheme J̄(2k, k) can be extracted from the (dual)

matrix of eigenvalues the orbital graph in Johnson scheme J(2k, k).

Theorem 3.59. [19, Proposition 4.2.3] Let Γ be distance regular graph with

spectrum Φ, where θ ∈ Φ has multiplicity m(θ). It Γ is antipodal of diameter

d ≥ 3, then the folded graph Γ̄ has spectrum that is a subset Φ̄ of Φ and for θ ∈ Φ

the multiplicity of θ in the spectra of Φ̄ and Γ agree. Moreover, Φ̄ is obtained from

Φ by taking every second eigenvalue.

Lemma 3.60. The folded Johnson scheme J̄(10, 5) is separating, so synchronising.

Proof. The eigenvalues matrix P of the folded Johnson scheme J̄(10, 5) can be

calculated by using Eberlein polynomials 3.2 and Theorem 3.59.

P =


1 25 100

1 7 −8

1 −3 2


Lemma 3.61. Let n = 10 with k = 5, and let G be the symmetric group Sym(10)

acting on the set Ω of uniform partitions of {1, ..., 10} into 2 parts of size 5. Then

G is separating, so synchronising.
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In this scheme there are two non-trivial orbital graphs Γ1 with eigenvalues 25, 7,−3

and its complement Γ2 with the eigenvalues 100,−8, 2. It is obvious that the

smallest eigenvalue in each orbital graphs does not divide the degree. Therefore,

by Corollary 3.6, there is no equality in the clique�co-clique bound (3.1) for both

graphs. As a result, J̄(10, 5) is separating and synchronising. From the previous

theorem, the group G is separating and synchronising.

3.2.1.4 The case k = 6:

The second group G is non-separating and non-synchronising.

Lemma 3.62. The folded Johnson scheme J̄(12, 6) is non-separating and non-

synchronising.

Proof. The association scheme J̄(12, 6) has three orbital graphs. First is folded

Johnson graph Γ1 with sizes of intersections belong to {1, 5}. The other two graphs

Γ2 and Γ3 with vertices have intersection sizes in {2, 4} and {3}, respectively.

Consider the graph Γ1 , the 66 resolution classes of the Steiner system S(5, 6, 12)

form a clique in the complement of the graph. Γ̄1 can be coloured using the

Steiner system S(4, 5, 11) on {1, ..., 11} there is a colour cB for each block B, and

a partition has colour cB if and only if B is contained in a part.

Lemma 3.63. Let n = 12 with k = 6, and let G be the symmetric group Sym(12)

acting on the set Ω of uniform partitions of {1, ..., 12} into 2 parts of size 6. Then

G is non-separating and non-synchronising.

Remark: In the previous examples, the existence of a non-trivial G-invariant

graph in the scheme with the product of the clique number and the co-clique

number equals the number of vertices requires a Steiner system S(k − 1, k, 2k).
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Such a system cannot exist unless k + 1 is prime, and the only known examples

are S(3, 4, 8) and S(5, 6, 12); it is known that S(9, 10, 20) does not exist.

3.2.1.5 The conjecture

We can illustrate the connection between the non-synchronising property of this

scheme and the existence of resolvable Steiner system by the following:

Let t be an integer such that 1 < t < k − 1, if there is a resolvable Steiner

system S(t, k, 2k) then the set of its resolvable classes form a maximum clique in

the graph ∆t(2k, k). Moreover, there is a co-clique of size
(

2k−t
k−t

)
, constructed as

follows: consider t-intersecting set F and let the co-clique S contains partitions

each consists of one member of F and its complement in the 2k-set. It is easy to

check that
1

2

(
2k
t

)(
k
t

) ˙(
2k − t
k − t

)
=

(
2k − 1

k − 1

)
So, if there is a resolvable Steiner system S(t, k, 2k) then the product of the clique

number and co-clique number in the graph ∆t(2k, k) equals to the number of

vertices. Therefore, the folded Johnson scheme J̄(2k, k) is non-separating.

Theorem 3.64. Let k > 3, and let Γ be a graph in the folded Johnson scheme

J̄(2k, k), such that Γ = ∆t(2k, k). Then the co-clique number of the graph has

size
(

2k−t
k−t

)
. Moreover, there is a resolvable Steiner system S(t, k, 2k) if and only if

there is a clique of size
(

2k−1
k−1

)
/
(

2k−t
k−t

)
.

Interestingly, if a Steiner system S(t, k, 2k) exists, then there are only two pos-

sibilities; t = 1 and t = k − 1. The following result in a Corollary of Theorem

3.15.

Corollary 3.65. If a Steiner system S(t, k, 2k) exists, then t = 1 and t = k − 1

are the only possibilities.
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Proof. From Theorem 3.15 we have n ≥ (t+ 1)(k− t+ 1). If n = 2k, this reduces

to (t− 1)k ≤ (t+ 1)(t− 1). So, if t > 1, then k ≤ t+ 1, or t ≥ k− 1. So t = 1 and

t = k − 1 are the only possibilities.

Theorem 3.66. Let k > 3, and let Γ1 be the graph whose vertex set is the set of

partitions of {1, . . . , 2k} into two subsets of size k. Two partitions being adjacent

if and only the intersecting size of their parts is 1 or (k− 1). Then ω(Γ1) = k+ 1.

Moreover, the following are equivalent:

(a) there exists a resolvable Steiner system S(k − 1, k, 2k);

(b) α(Γ1) =
(

2k−1
k−1

)
/(k + 1);

(c) there exists a Steiner system S(k − 2, k − 1, 2k − 1);

(d) χ(Γ̄1) = ω(Γ̄1).

Proof. From (a) to (b) is true by Theorem 3.64. For the part from b to c, let S be

a maximum co-clique in the graph Γ1, choose a point x, and let S(x) = {A \ {x} :

x ∈ A ∈ S}. Then S(x) is an ≤ (k − 3)-intersecting family (means the size of

intersection for any two members of S is equal or less than (k − 3)) of (k − 1)-

subsets of a (2k − 1)-set. So its cardinality is at most the number of blocks of a

hypothetical S(k−2, k−1, 2k−1), which is
(

2k−1
k−1

)
/(k+1). To prove the case from

(c) to (d), a
(

2k−1
k−1

)
/(k+1)-colouring of the graph Γ̄1 can be constructed as follows:

take a Steiner system S(k−2, k−1, 2k−1) on {1, ..., 2k−1}. Now, for each block

B, we associate a colour cB with B and colour a partition in the colour cB if B

is contained in a part of the partition. Since any two blocks intersect and have

at most 2k − 1 points between them, no partition gets more than one colour; and

there are k+1 partitions of each colour, so each partition gets a colour. Moreover,
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two partitions with the same colour have parts intersect in 1 or k − 1 points, and

so non-adjacent. The last part is true by the previous theorem.

Theorem 3.67. If a Steiner system S(k−1, k, 2k) exists, then the folded Johnson

scheme J̄(2k, k) is non-separating and non-synchronising.

In the language of group theory.

Theorem 3.68. Let n = 2k, and let G be the symmetric group Sym(n) act-

ing on the set Ω of uniform partitions of {1, ..., n} into 2 parts of size k. If a

Steiner system S(k− 1, k, 2k) exists, then the group G is non-separating and non-

synchronising.

Now, in view of the previous results and discussions we state the following conjec-

ture.

Conjecture 9. Let n = 2k, and let G be the symmetric group Sym(n) acting on

the set Ω of uniform partitions of {1, ..., n} into 2 parts of size k. Then the group

G is non-separating (non-synchronising) if and only if there is a Steiner system

S(k − 1, k, 2k).

Using the P -matrix and Q-matrix of the folded association schemes and the alge-

bra system GAP/GRAPE we can show that the folded Johnson schemes J̄(14, 7),

J̄(16, 8), J̄(18, 9) and J̄(20, 10) are separating. (This can be done by a similar

computational methods used in Section 1)

3.2.2 The case l > 2

In this subsection, we consider the case l > 2. It turned out that the group G is

non-synchronizing.
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Theorem 3.69. Let n = kl with l > 2, and let G be the group induced by the action

of the symmetric group Sym(n) on the set Ω of uniform partitions of {1, ..., n} into

l parts of size k. Then the group G is non-synchronising, non-separating.

Proof. Consider the graph Γ with vertex set Ω, in which two partitions are adjacent

if they have no common part. G ≤ Aut(Γ) and since l > 2, this is not the complete

graph. We show that ω(Γ)α(Γ) = |Ω| and χ(Γ) = ω(Γ).

The number of uniform l-partitions of n-set in a Baranyai's partition Theorem 3.9,

is 1
l

(
n
k

)
. Each of these is a partition into l parts of size k, and no two share a part,

so they do form a clique in the graph. So, 1
l

(
n
k

)
is a lower bound on the clique

number.

The set of all partitions having a �xed k-set as a part is a co-clique, and its size

is the number of partitions of an (n − k)-set into k-sets, which (by the displayed

formula in the introduction of this section with l − 1 replacing l) is

1

(l − 1)!

l−1∏
i=1

(
n− ik
k

)
.

The product is the displayed formula. Therefore, the group G is non-separating.

We claim that χ(Γ) = ω(Γ), to see this let x ∈ {1, ..., n} and let A be a (k − 1)-

subsets of {1, ..., n} \ {x}. Give a partition P the colour cA if A ∪ {x} is a part in

P . Each partition will have exactly one colour as x is contained in one part. Two

partitions have the same colour if they have a part in common. There number

of (k − 1)-subsets of {1, ..., n} \ {x} is
(
n−1
k−1

)
. Also, the clique number is equal to

1
l

(
n
k

)
= k

n

(
n
k

)
=
(
n−1
k−1

)
Thus, we have the clique number is equal to the chromatic

number and hence G is non-synchronising.
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3.3 Conclusion and future work
In this chapter we consider two important almost simple permutation groups. The

main goal is to investigate their synchronisation and separation properties. In the

�rst group, when k = 2, 3, 4 and 5 we determine when these groups are separating.

In general, we state a conjecture which if true, would be a crucial extension of the

remarkable result regarding the existence of Steiner systems by Peter Keevash. For

k = 2 and 3, these groups are separating if and only if synchronising. For n = 4

the statement fails for n = 10. In the second group we give a similar results to the

�rst group when l = 2 and show that the group is non-synchronising if l > 2.

In the arguments for k = 4 and I = {1, 3} and I = {1, 4}, we saw that the sizes of

a clique and a co-clique whose product is equal to the number of vertices can be

determined from the Q-matrix of the association scheme. Is this true in general?

Beside the attempt to solve the conjectures, future work from this chapter can be

the study of q-analogues of Johnson association schemes. For k = 2 we have the

same conclusion as Theorem 3.22 by the use of the eigenvalues technique and the

existence of q analogue of Baranyai's theorem when k = 2 [13, 46]. For k > 2,

the case seems to be di�cult, for example, the �rst problem would be �nding a

proof for the q analogue of Baranyai's Theorem. Also, little is known about the

existence of q-Steiner systems. However, it is still interesting to ask is it true that

the q analogue of a Johnson scheme is non-separating if and only if there exists

q-Steiner system, even for small values of k.

The computations with rational functions in Section 3, and Section 6 were per-

formed with Mathematica [83]; computations of clique (co-clique) numbers in spe-

cial cases were done with GAP and its package GRAPE.
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Chapter 4

A�ne permutation groups

This chapter addresses the synchronisation property for some of the permutation

groups of a�ne type. In particular, a�ne distance-transitive groups are considered.

We assume that V is an n-dimensional vector space over a �nite �eld Fq, where

q is a prime power. Groups of a�ne type can be de�ned in general, as they

preserve the structure of the a�ne geometry of the vector space V. A group G

is said to be distance transitive if G ≤ Aut(Γ) where Γ is a connected graph

with diameter d such that for all pairs (x1, y1) , (x2, y2), xj, yj ∈ V (Γ), with the

property that d(x1, y1) = d(x2, y2) = i, 1 ≤ i ≤ d, there is some g ∈ G that satis�es

(x1, y1)g = (x2, y2). In this case, G is said to act distance transitively on the

graph Γ, and Γ is said to be distance transitive.

The classi�cation of the primitive a�ne distance-regular graphs which is given

in [75, Theorem 1.1] is the road map for this chapter. The �rst section intro-

duces a�ne-type permutation groups and some of their basic properties. Section 2

provides some background on coding theory. Section 3 deals with some results

regarding imprimitive distance-regular graphs, and other sections follow the clas-
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si�cation given for them in [75]. In Section 10 we provide a conjecture which

extends the main conjecture in the previous chapter. The general references for

this chapter are the books [20] and [62] for permutation groups, [27] for coding

theory, and [19] for graph theory.

4.0.1 Summary of the results

We proved in Theorem 4.7 that the synchronisation and separation properties

are equivalent for a�ne groups. Then we considered automorphism groups of

some a�ne distance transitive graphs and obtained the following results; By

Theorem 4.12, the automorphism group of the Hamming graph H(n, q) is non-

synchronising. By Theorem 4.18 the automorphism group of the halved graph

HΓn of H(n, 2) is synchronising if n ≤ 3 and it is non-synchronising if n ≥ 4 is

even. Also, if n ≥ 5 and odd the automorphism group is non-synchronising if and

only if there is some positive integer m such that n = 2m − 1, or n = 23, that is,

there is a binary Hamming code or a binary Golay code. By Theorem 4.22, for n

is even, the automorphism group of the halved folded graph FHΓn of n-cube is

synchronising if n ≤ 6 and if n > 6 the automorphism group is non-synchronising

if and only if there is some positive integer m such that n = 2m, or n = 24.

By Theorem 4.29, the automorphism group of the bilinear forms graph BF(n1, n2, q)

is non-synchronising. By Proposition 4.38, the automorphism group of the alter-

nating forms graph AΓ5(q) is synchronising. By Proposition 4.39, the automor-

phism group of the alternating forms graph AΓ4(3) is non-synchronising. By The-

orem 4.40, for both n and q even, the automorphism group of the alternating forms

graph AΓn(q) is non-synchronising.

By Proposition 4.44 the automorphism group G of the Hermitian graph HΓ2(Fq)

is synchronising. By Proposition 4.45 the automorphism group G of the Hermitian
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graph HΓ3(Fq) is synchronising.

By Theorem 4.48, the automorphism group of the coset graph Cos(C) of the

extended ternary Golay code is non-synchronising. By Theorem 4.50, the auto-

morphism group of the coset graph Cos(C) of the truncated binary Golay code

is synchronising. By Theorem 4.52, the automorphism group of the coset graph

Cos(C) = C23 of the binary Golay code is synchronising.

For a a�ne distance transitive graph Γ, if we state that its automorphism group

G is synchronising (resp. non-synchronising), then any group H acts distance

transitively on the graph Γ is synchronising (resp. non-synchronising). This is

because the groups G and H have the same invariant graphs.

Also, we used the results in this chapter as evidences to propose Conjecture 10

which considers exceptional graphs. We say that a primitive distance-transitive

graph Γ with diameter d, exceptional if Aut(Γ) is non-separating but there is no

t with 0 < t < d such that for the distance at most t graph in Γ the product of

the clique number and the co-clique number equals the number of vertices. The

conjecture asserts that given a positive integer d, there are only �nitely many

exceptional graphs of diameter d.

4.1 Permutation groups of a�ne type
Let A be an abelian group with the property that every a ∈ A de�nes a permuta-

tion ta of A such that if b ∈ A, then bta = b + a. Such a permutation is called a

right translation , and the set of all right translations de�nes a group with com-

position as the group operation. This group is called the group of translations

and denoted by T. Let G0 be a group of automorphisms of A. Then a new group

G can be generated by the two groups T and G0, that is, G = 〈T,G0〉. The group
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G acts naturally on A by applying the automorphism and then the translation,

that is, if g = (g0, ta) ∈ G and b ∈ A, then bg = b(g0, ta) = bg0 + a.

The group G is a semi-direct product of T and G0, where T is a regular normal

subgroup of G. To see this, �rst observe that the only element of T with a �xed

point is the identity, so it is semi-regular. Also, T acts transitively on A, since for

all a, b ∈ A, there is some tb−a ∈ T such that atb−a = a + b− a = b. Therefore, T

is regular. Moreover, for all g0 ∈ G0, ta ∈ T , and b ∈ A, we have

b(g−1
0 tag0) = ((bg−1

0 ) + a)g0 = b+ ag0 = btag0 .

Thus g0
−1Tg0 = T, so G0 normalizes T. Finally, the identity is the only element in

the intersection of T and G0. Consequently, G = T o G0, which acts transitively

on A since it contains T .

Let A = V be a �nite n-dimensional vector space over a �nite �eld Fq. The general

linear group is the set of all invertible linear transformations of V, denoted by

GL(n,Fq). The a�ne general linear group is the group G = 〈T,G0〉, where T

is identi�ed with the additive group of V and G0 = GL(n,Fq). An a�ne-type

group G is a subgroup of the a�ne general linear group which contains its abelian

regular normal subgroup, that is, G = V oG0, where G0 is a subgroup of GL(n,Fq).

The study of the synchronisation property of permutation groups is reduced to

the study of primitive groups�in particular, those that do not preserve Cartesian

decompositions (basic groups). Whether a group G of a�ne type is primitive

(basic) or not depends on the irreducibility (primitivity) of the associated linear

group G0. This will be discussed in the following subsection.

91



4.1.1 Primitive a�ne groups and irreducible linear groups

Let V be an n-dimensional vector space over a �nite �eld Fq, where q is prime

power, and let G0 ≤ GL(n,Fq) be a linear group. Then a subspace W of V is said

to be G0-invariant if for all w ∈ W and g0 ∈ G0 we have wg0 ∈ W , in which

case W is said to be a trivial subspace of V if either W = {0} or W = V . A

linear group G0 ≤ GL(n,Fq) is irreducible if there is no non-trivial G0-invariant

subspace of V ; otherwise, G0 is reducible. The results in this section are not new

and can be found in [6],

Theorem 4.1. [6, Theorem 2.9 (b)] [67, Theorem 6.2.1] Let V = Fnq be an n-

dimensional vector space over Fq, and let G0 be a subgroup of the general linear

group GL(n,Fq). Then the a�ne group G = V o G0 is imprimitive in its action

on V if and only if G0 is reducible.

Example 4.2. [67] Let F2 be the �nite �eld with two elements and let V be a

2-dimensional vector space over F2, and let G0 be the subgroup

{1 0

0 1

 ,

0 1

1 0

}

of the general linear group GL(2,F2). Then G0 is reducible, where W = {(0, 0), (1, 1)}

is the G0-invariant subspace Also, G = F2
2 oG0 is an imprimitive a�ne permuta-

tion group in its action on F2
2.

This group will be studied in detail in the coming sections.
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4.1.2 Basic a�ne permutation groups and primitive linear

groups

A linear group G0 ≤ GL(n,Fq) is said to be imprimitive if G0 preserves a non-

trivial direct sum decomposition of the vector space V = Fnq . If there is no such

decomposition, we say that G0 is primitive.

Theorem 4.3. [6, Theorem 2.9 (c)] [67, Theorem 6.2.4] Let V = Fnq be an n-

dimensional vector space over Fq, where q is prime power, and let G0 be a subgroup

of the general linear group GL(n,Fq). Then the a�ne group G = V oG0 is basic

if and only if the linear group G0 is primitive.

Example 4.4. [67]

Let Fq be the �nite �eld where q = pk, where is p a prime greater than 2. Assume

that V is a 2-dimensional vector space over Fq, and let G0 be the subgroup

{x 0

0 y

 ,

0 x

y 0

 : x, y ∈ F∗q
}

of the general linear group GL(2,Fq). Then G0 is irreducible and G = Fq62 oG0

is a non-basic a�ne permutation group in its action on F2
q.

In this chapter I consider some of the types of groups that appear in the following

theorem, detailed description of the graphs will appear later in the chapter.

Theorem 4.5. [75, Theorem 1.1] Let p be a prime, let Γ be a graph with both

the valency and the diameter are greater than or equal to 3 on V ∼= Fnq , where q is

a prime power of p. Let G0 be a subgroup of GL(V ) such that G = V o G0 acts

primitively and distance transitively on V . Then up to isomorphism, Γ is in one

of the following families of graphs, and G ≤ Aut(Γ).

93



(a) Γ is a Hamming graph H(n, q).

(b) Γ is a halved (n+ 1)-cube HΓ(n+1) with n even.

(c) Γ is a folded (n+ 1)-cube FΓ(n+1) with n even.

(d) Γ is a folded halved (n+ 2)-cube FHΓ(n+2) with n even.

(e) Γ is a bilinear forms graph BF(n1, n2, q).

(f) Γ is an alternating forms graph AΓn(q).

(g) Γ is a Hermitian forms graph HΓn(q).

(h) Γ is an a�ne E6 graph.

(i) Γ is the coset graph of the extended ternary Golay code.

(j) Γ is the coset graph of the truncated Golay code.

(k) Γ is the coset graph of the binary Golay code.

(l) Γ is the distance-2 graph of the coset graph of the binary Golay code.

Proposition 4.6. [35, Lemma 2.2] Let Γ be a distance-regular graph with vertex

set V (Γ) and diameter d. Then, the relations

Ri = {(x, y) ∈ V (Γ)× V (Γ) : d(x, y) = i, 0 ≤ i ≤ d}

de�ne a symmetric association scheme AΓ of class d.

Interestingly, the synchronisation property in a�ne groups is equivalent to the

separation property.
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Theorem 4.7. Synchronisation and separation properties are equivalent for groups

of a�ne type.

Proof. It follows from Theorem 2.24 and Theorem 2.23 that non-synchronising

groups are non-separating. Now assume that G is a�ne group which is non-

separating. Hence, there is a G-invariant graph Γ such that the product of the size

of a maximum clique A and the size a maximum co-clique B equals the number

of vertices. The group G contains an abelain subgroup H, and G is induced by

the action of G on H by the right multiplication. Therefore, Γ is a Cayley graph

Cay(H,S) (see discussion in Subsection 5.2.1 for Cayley graphs). Notice that, for

distinct elements a1, a2 ∈ A we have a1a
−1
2 ∈ S, but for distinct elements b1, b2 we

have b1b
−1
2 /∈ S.

We want to show that the graph Γ has the clique equals the chromatic numbers

by showing that its vertex set can be partitioned into co-cliques aB where a ∈ A.

First we show that for a ∈ A the set aB is a co-clique, if not then there are

distinct elements b1 and b2 in B such that ab1b
−1
2 a−1 ∈ S, but since H is abelian

we have b1b
−1
2 ∈ S, contradiction. Now we show that a1B and a2B are disjoint

for distinct element a1, a2 ∈ A. Assume for the contrary that we have b1, b2 ∈ B

such that a1b1 = a2b2 which implies b1b
−1
2 = a1a

−1
2 ∈ S, contradiction. Therefore,

the chromatic number of the graph is |V (Γ)|/|B|= |A|. As a result, there is a

G-invariant graph such that the chromatic number equals the clique nmber and

by Theorem 2.23, G is non-synchronising.

Using Theorem 2.24, Theorem 2.23 and Theorem 4.7, we will attempt to answer

the following question: When is a group G from Theorem 4.5 non-synchronising?

Sections 4�9 consider association schemes obtained from one or more families in

Theorem 4.5. In particular, Section 4 deals with Hamming graphs (a), while
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Section 5 considers families (b), (c), and (d). Family (e) is considered in Section 6.

Sections 7 and 8 are devoted to study the families (f) and (g), respectively. I have

not reached a conclusion for family (h). Finally, families (i), (j), (k), (l), and (m)

are studied in Section 9.

4.2 Coding theory
This section contains some basic concepts and results from coding theory. Let Q

be a �nite set with q elements, where q ≥ 2, and let Qn be the set of all n-tuples

of elements of Q, that is,

Qn = {(x1, x2, ..., xn) : xi ∈ Q, 1 ≤ i ≤ n}.

A non-empty subset C of Qn is called a (q-ary) code of length n. A code that

contains either all elements of Qn or only one element of Q is called a trivial

code. We assume that a code C has at least two elements.

The set Q is usually called the alphabet, and the elements of Qn are called words

or vectors, even if Q is not a �eld. The elements of a code C are called code

words. The set Qn is known as the Hamming space. When Q is a �eld, the

Hamming space is a vector space.

A metric d can be de�ned on the set of ordered pairs of elements of Qn such that

two codes x = (x1, x2, ..., xn), y = (y1, y2, ..., yn) in Qn are at distance i if they

di�er in i coordinate positions, that is,

d(x, y) = i⇐⇒ |{j : xj 6= yj}|= i

d(x, y) is called the Hamming distance. Thus 0 ≤ d(x, y) ≤ n.
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A (Hamming) weight of a word x ∈ Qn, denoted by wt(x), is de�ned to be the

number of non-zero coordinate positions in x. For Q = F2, the zero word is the

one in which all the coordinates are 0; that is 0 = (0, ..., 0). A word in which all

the coordinates are 1 is denoted by 1. A word is called an odd word if it has

odd weight; otherwise, it is called an even word. For example, 0 = (0, ..., 0) is an

even word.

The (Hamming) sphere B(x, r) of radius r and centred at the word x ∈ Qn is

the set of all words at distance less than or equal to r from x; that is,

B(x, r) = {y ∈ Qn : d(x, y) ≤ r}.

and its cardinality as shown in [27, p.16] is

Vq(n, r) =
r∑
i=1

(
n

i

)
(q − 1)i.

For a code C in Qn, the minimum distance d(C) of C is the smallest distance

between any two distinct code words in C, that is,

d(C) = min{d(x, y) : x, y ∈ C, x 6= y}.

The distance of x ∈ Qn from a code C is de�ned as

d(x,C) = min{d(x, c) : c ∈ C},

and the covering radius t(C) of a code C is de�ned as the smallest integer t

such that for every word x be in Qn there is at least one code word c in C such

that d(x, c) ≤ t:

t(C) = max{d(x,C) : x ∈ Qn}.
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Equivalently, t(C) is the smallest integer t such that the union of the Hamming

spheres centred at the code words of C is Qn. Also, if C is a code with minimum

distance d, the integer bd−1
2
c is the error-correcting capability (packing radius)

of C. It is the largest integer e such that the Hamming spheres of radius e are

disjoint. This gives what is known as the sphere-packing bound or Hamming

bound of C [27]:

|C|≤ |Qn|
|Vq(n, r)|

.

C is called a perfect code if equality in the sphere-packing bound holds.

A code C ⊂ Fnq is said to be linear if it is a subspace of the Hamming space, that

is, if it is closed under addition and scalar multiplication. Let q = 2, and let x be

in a code C. Then the word x̄ such that x̄ + x = 1, where 1 is the all-1 word,

is called the complement of x. A code which contains the complements of all of

its code words is said to be self-complementary. If x, y ∈ Fnq , then their inner

product is de�ned as

〈x, y〉 = x1y1 + x2y2 + · · ·+ xnyn.

If a code C is linear and of dimension k and length n, it will be called an [n, k, d]

code. Also, we can �nd a basis {g1, ..., gk} of C, and from this basis we de�ne a

matrix
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G(C) =


g1

g2

...

gk

 . (4.1)

G(C) is called the generator matrix of C. It can be transformed into one of the

form (Ik|P ) by a combination of elementary row operations and column permu-

tations. The elementary row operations put G(C) into reduced echelon form, in

which there is a set of k columns such that the i-th has 1 in position i and zero

elsewhere; then a permutation of the columns moves these k columns to the front

of the matrix.

The dual code C⊥ of a linear code C ⊂ Fq is the set of all x ∈ Fq such that

〈x, c〉 = 0 for all c ∈ C. The dimension of the dual code is n − k. The generator

matrix of the dual code is H(C) = (−P t|In−k) such that G(C)H(C)t = 0 (the zero

matrix). It is called the parity-check matrix of C. The code words of C satisfy

H(C)xt = 0.

For every code C ⊂ Fnq in the Hamming space, the extended code is the subset

of Fn+1
q which is obtained from C by adding an extra coordinate to each code word

of C so that the sum of the coordinates is zero. A truncation of a code C is

the code that is obtained from C by deleting one �xed coordinate position. Let

C be an [n, k, d] code, and let Ai be the number of code words of weight i . The

numbers A0, A1, . . . , An are called the weight distribution of C.

We will de�ne some important codes which are relevant to our study. These can be

found in any standard book in coding theory, for instance [27] or [56]. The binary
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Hamming code over F2 has the following parameters: length n = 2m − 1, for

positive integer m ≥ 3, dimension k = n−m, and minimum distance d = 3. It has

a parity check matrix H(C) of size m× n. The columns of H(C) are all non-zero

m-tuples of elements of F2. This is a perfect linear code.

The Golay codes can be de�ned by a generator matrix and can be constructed

from the rows of that matrix. Consider the following matrices:

G11 =



1 1 0 1 1 1 0 0 0 1 0

1 0 1 1 1 0 0 0 1 0 1

0 1 1 1 0 0 0 1 0 1 1

1 1 1 0 0 0 1 0 1 1 0

1 1 0 0 0 1 0 1 1 0 1

1 0 0 0 1 0 1 1 0 1 1

0 0 0 1 0 1 1 0 1 1 1

0 0 1 0 1 1 0 1 1 1 0

0 1 0 1 1 0 1 1 1 0 0

1 0 1 1 0 1 1 1 0 0 0

0 1 1 0 1 1 1 0 0 0 1



(4.2)

G12 =


0 1 1 . . . 1

1
... G11

1

 (4.3)

G24 = (G12|I12)
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By [27, Corollary 11.1.4], the matrix G24 is a generator matrix of the extended

Golay code C24. This code has length n = 24, dimension 12, and minimum

distance d = 8, by [27, Theorem 11.1.7]. The binary Golay code C23 can be

obtained from the extended code C24 by deleting a �xed coordinate position. The

code C23 is perfect with length n = 23, dimension 12, and minimum distance

d = 7, by [27, Corollary 11.1.8, Corollary 11.1.9].

For ternary Golay codes, in the same way as before we provide the generator matrix

of the extended ternary Golay code C12, and the perfect ternary code C11

can be obtained from the extended code. Consider the following matrices:

G5 =



0 1 2 2 1

1 0 1 2 2

2 1 0 1 2

2 2 1 0 1

1 2 2 1 0


(4.4)

G6 =


0 1 1 . . . 1

1
... G5

1

 (4.5)

G12 = (G6|I6) (4.6)
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By [56, Theorem 3] the extended ternary code C12 is spanned by the rows of G12

and has length n = 12, dimension k = 6, and minimum distance d = 6. The

ternary code C11 is perfect and has length n = 11, dimension 6, and minimum

distance d = 5 [27, Corollary 11.1.10].

A remarkable result in coding theory is the determination of the parameters of all

perfect codes in the Hamming spaces over Fq. It is due to Tietäväinen [73].

Theorem 4.8. Let C be a non-trivial perfect code over a �nite �eld GF (q). Then

C has the same parameters as either the Hamming code or the Golay code.

The Hamming and binary Golay codes are e-error correcting codes. That concept

was generalised by Karpovsky [47] to an L-code. For a subset L of {0, 1, . . . , n},

the L-sphere around x ∈ Fnq is the set

L(x) = {y ∈ Fnq : d(x, y) ∈ L}.

An L-code is a set C ⊂ Fnq such that for any two code words c1, c2 ∈ C, we have

L(c1) ∩ L(c2) = φ. The sphere-packing bound will be

|C|≤ qn

|L(c1)|

for some c1 ∈ C. If equality holds, C will be called a perfect L-code. If code is

linear, it will be denoted by [n, k, L], where k is its dimension. For n odd, the

following theorem by Cohen and Frankl [26] characterizes all self-complementary

perfect L-codes in Fn2 . It can be seen as an analogue of Theorem 4.8 in the binary

case.

Theorem 4.9. [26] For n odd, the only non-trivial self-complementary perfect
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L-codes in Fn2 are those with the same parameters as the Hamming binary code or

the Golay binary code.

4.3 Imprimitive distance-regular graphs
A distance-regular graph Γ with diameter d is said to be imprimitive if there is

a disconnected orbital graph Γi (a distance graph that has the same vertex set as

Γ and where two vertices are adjacent if they are at distance i, where Γ = Γ1).

The set of connected components of the disconnected graph will be called the

system of imprimitivity. When Γ is distance transitive, this set coincides with

the system of imprimitivity of its automorphism group. Two important classes of

imprimitive graphs are bipartite graphs and antipodal graphs . A connected

graph is said to be bipartite if its distance-2 graph is disconnected and it has

exactly two connected components. An antipodal graph is de�ned as a connected

graph Γ such that Γd is disconnected, d is the diameter of Γ. The following theorem

is fundamental in the study of imprimitive graphs because it allows the reduction

of the study of distance-regular graphs to only primitive graphs.

Theorem 4.10. [19, Theorem 4.2.1] Let Γ be an imprimitive distance-regular

graph with diameter d and degree at least 3. Then Γ is bipartite, antipodal, or

both.

If a distance-regular graph Γ with diameter d ≥ 2 is bipartite, then Γ2 has two

connected components. A halved graph of Γ, denoted by HΓ, is de�ned as a

graph with vertex set equal to the set of vertices in one of the components of Γ2

and where two vertices in HΓ are adjacent if their distance in Γ is 2. This graph

has diameter
⌊
d
2

⌋
. If Γ is a distance-transitive graph, the two halved graphs are

isomorphic.
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For an antipodal distance-regular graph Γ with diameter d, we can de�ne a new

graph, called a folded graph FΓ, with the set of blocks as vertex set and where

two blocks B1, B2 are adjacent if and only if there are b1 ∈ B1 and b2 ∈ B2 such

that b1, b2 are adjacent in Γ. This graph has diameter
⌊
d
2

⌋
. We are interested in

distance-regular graphs with diameter d, as we will make use of these graphs in

the study of primitive graphs obtained from imprimitive Hamming graphs.

4.4 Hamming graphs
Let Qn = Q×Q× · · · ×Q, and let d be the Hamming distance on Q. We de�ne

the relations

Ri = {(x, y) : d(x, y) = i} ⊆ Q×Q

where 1 ≤ i ≤ n. The pair (Qn, Ri{0≤i≤n}) is the Hamming association scheme, and

it is denoted by AH(n, q). Each relation Ri can be represented by an adjacency

matrix, and hence by an orbital graph Γi. Thegraph. The graph that represents

R1 is the Hamming graph H(n, q).

The automorphism group of the scheme is the wreath product Sym(q) o Sym(n)

that acts transitively on Qn. Notice that Sym(q) is isomorphic to the symmetric

group on Q, so if we assume that L is the direct product of n copies of Sym(q).

Then the base group L acts as following; for every y = (y1, ..., yn) ∈ L we have

xy = (x1y1, ..., xnyn), where x ∈ Qn. Also, Sym(n) is the symmetric group on

{1, . . . , n} that acts on Qn by permuting the coordinates of its elements. The

group Sym(q) o Sym(n) is imprimitive when q = 2, and primitive and non-basic

when q > 2. Thus the association scheme is non-synchronising, so non-separating.

Nevertheless, we provide a maximum clique and maximum co-clique in H(n, q)

such that the product of their sizes is equal to the number of vertices in the
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scheme. This is to emphasize the approach we are going to take in this chapter.

Proposition 4.11. The set S = {(x, 0, ..., 0) : x ∈ Q} is a maximum clique in

Γ = H(n, q), and this graph has a co-clique of size qn−1.

Proof. Let H(n, q) be the Hamming graph. The set S is a clique in Γ, hence it is

su�cient to �nd a co-clique of size qn−1 to prove that S is maximum. Let C1 be

the set of all n-tuples of elements of Fnq such that the �rst coordinate is 0. Then

|C1|= qn−1. De�ne a new set as C = {c1A : c1 ∈ C1}, where A is the n× n matrix

A =



0 0 · · · 0 1

1 0 0 0 1

0 1 0 0
...

... 0
. . . 0 1

0 0 0 1 1


The claim is that |C|= qn−1, and that d(c1, c2) > 1 for every pair of distinct code

words c1, c2 in C. Let x = (0, x1, ..., xn−1), y = (0, y2, ..., yn−1) be words in C1, and

assume that xA = yA. Then (x1, x2, ..., x1 +x2 + · · ·+xn−1) = (y1, y2, ..., y1 + y2 +

yn−1), and this is true if and only if x = y, thus |C1|= |C|= qn−1. The distance

between any pair of distinct code words x, y in C cannot be 1, because xn 6= yn if

and only if there is some i with 1 ≤ i ≤ n− 1 such that xi 6= yi.

By Theorems 3.1, 3.2, we have:

Theorem 4.12. The automorphism group G of the Hamming graph H(n, q) is

non-synchronising. Moreover, any subgroup H of G is non-synchronising
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Let Γ be an imprimitive distance-regular graph. Then from Section 3, it is possible

to de�ne a new distance-regular graph from Γ which might be primitive. The next

section will address some of these graphs for which Γ is of type H(n, 2).

4.5 Halved n-cube and folded halved n-cube
The vertex set of the n-cube (the Hamming graph H(n, 2)) de�nes a vector space

known as the binary Hamming space and is denoted by Fn2 . This graph is an

imprimitive distance-regular graph with diameter n. It is bipartite and antipodal.

It is bipartite because its distance-2 graph has two connected components: one

that contains all the even words and one that contains all the odd words. It

is antipodal because its distance-n graph has 2n−1 connected components each

of which contains two vertices x and x̄. In this section we use some results from

coding theory over the �eld F2 to classify all non-synchronising association schemes

obtained from the halved n-cube (the folded n-cube) and the folded halved n-cube.

The halved graph, which is denoted by HΓn, will be de�ned on the set of even

vertices. (It is isomorphic to the graph that is de�ned on the set of odd vertices.)

The folded halved n-cube is denoted by FHΓn. This section is divided into two

subsections. The �rst is for the case of halved n-cube, while the second is for the

folded halved n-cube. Only the halved n-cube will be considered, as it produces

the same association scheme as the folded n-cube. Let HΓn be the halved graph

of H(n, 2), denote by HAn the association scheme obtained from HΓn, and denote

its orbital graphs by HΓ = Γ1,Γ2, ...,Γbn
2
c.

4.5.1 Halved n-cube and folded n-cube

If n ≤ 3, then HΓn is a complete graph, so HAn is synchronising. Therefore, from

now on we assume that n ≥ 4. Note that the halved n-cube is imprimitive when
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n ≥ 4 and even.

Lemma 4.13. Let n ≥ 5 be an odd integer and let F2
n+

be the subspace of F2
n

that contains the even words. If there is a perfect L+-code C+ in Fn+

2 such that

L+ ⊂ {0, 2, ..., n− 1}, then there is a self-complementary perfect L-code C in F2
n

such that L ⊂ {0, 1, ..., n}. Moreover, C = {0,1} ⊕ C+.

Proof. Assume that L+ ⊂ {0, 2, ..., n − 1}. Let C+ be a perfect L+-code, and let

S+ be the L+-sphere around c ∈ C+. Both C+ and S+ consist only of even words,

respectively. Since n is odd, 1 is an odd word. Set C to be {0,1} ⊕ C+, which is

a self-complementary L-code in F2
n, where L = L+.

For x ∈ C+ and S+ = L+(x) = {z ∈ Fn+

2 : d(x, z) ∈ L+}, set

S = L(x⊕ 1) = {z ⊕ 1 ∈ Fn2 : d(x⊕ 1, z ⊕ 1) = d(x, z) ∈ L},

which contains only odd code words. Thus for all x, y ∈ C+, L(x) ∩ L(y ⊕ 1) = φ

and L(x ⊕ 1) ∩ L(y ⊕ 1) = φ (otherwise, L(x) ∩ L(y) 6= φ). Thus, C is a self-

complementary perfect L-code in Fn2 .

Lemma 4.14. Let n ≥ 5 be an odd integer and L+ ⊂ {0, 2, ..., n − 1}. Then

the association scheme HAn is non-synchronising if and only if there is a perfect

L+-code in the binary even space F2
n+.

Proof. For the proof of =⇒, assume thatHA is non-synchronising, so non-separating,

by Theorem 4.7. Since it is primitive, there is a non-trivial connected graph Γ∗

in the scheme such that its clique number is equal to the chromatic number and

|S||C|= |V (Γ∗)|, where S and C are a maximum clique and a maximum co-clique,

respectively. Thus, there is a partition of the vertex set to either cliques or co-

cliques. Suppose that there is a partition of the vertex set of the graph into
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co-cliques. Denote each part in the partition by S + c , where c ∈ C. Each part

intersects C in exactly one point, Corollary 2.28. Furthermore, Γ∗ is a union of

orbital graphs Γi, where i ∈ L+ ⊂ {0, 2, ..., n− 1} and for every pair of code words

s1, s2 in a coset of S we have d(s1, s2) ∈ L. Thus we can regard S as an L+-sphere

and C as the perfect L+-code which satis�es the sphere-packing bound in Fn+

2 .

For the converse, let L+ ⊂ {0, 2, ..., n − 1}, and let C be a perfect L+-code in

Fn+

2 such that for all c ∈ C, L(c) = S is a sphere. Moreover, |C||S|= |Fn+

2 |, and

L+(c1) ∩ L+(c2) = φ for all c1, c2 ∈ C. De�ne a graph Γ− in the scheme HAn

as the union of the graphs Γi, where i ∈ L+. This graph contains S, as it is a

maximum clique, and we claim that C is a maximum co-clique. To prove this,

we need to show that d(c1, c2) /∈ L+, so suppose not. Then L+(c1) ∩ L+(c2) 6= φ,

which contradicts the fact that C is a perfect L+-code. Finally, the product of the

clique number and the co-clique number in Γ− is equal to the number of vertices,

which follows from the sphere-packing bound.

Theorem 4.15. Let n ≥ 5 be an odd integer, and suppose that there is no self-

complementary perfect L-code in Fn2 . Then the association scheme HAn is syn-

chronising.

Proof. This follows immediately from the previous two lemmas.

Lemma 4.16. Let n ≥ 5 be an odd integer and L+ ⊂ {0, 2, ..., n−1}, and let C be

either a Hamming code or a binary Golay code in the binary Hamming space Fn2 .

Then there is a perfect linear L+-code C+ in the binary even space Fn+

2 . Moreover,

C+ consists of all even code words of C.

Proof. First, assume that C is a Hamming code which is linear, so either all
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code words are even or half of them are even. By Theorem 4.9, the code is self-

complementary, so C contains 1 which is an odd code word. Thus, half of the

code words in C are even. Denote the set of all even code words of C by C+.

Clearly, C+ is a linear code in Fn2 and Fn+

2 . It remains to show that C+ is a perfect

L+-code in the even space. This can be done by �nding an L+-sphere S that

satis�es the sphere-packing bound in Fn+

2 . S can be constructed as the set of all

words of weight n − 1 in addition to the zero word, 0. Note that a word x with

wt(x) = n− 1 cannot be in C+. Also, we have L+ = {0, 2, n− 1}.

Second, assume that C is a binary Golay code. By reasoning analogous to that

in the proof for C a Hamming code, let C+ be the set of all even code words in

C. The sphere S and L can be found by looking at the weight distribution of the

binary Golay code in [56, Theorem 27].

Table 4.1: Weight distribution of the binary Golay code

Weight 0 7 8 11 12 15 16 23
Number of code words 1 253 506 1288 1288 506 253 1

We can see that the code C+ has size 2048 and that S must be of size |F+
2 |/|C+|=

2048. Let S be the set of words of weight 0, 2, 20, and 22. The numbers of words

of those sizes are 1, 253, 1771, and 23, respectively. Also, C is linear and the

distance of any two code words cannot be 0, 2, 4, 10, 14, 18, 20, or 22, by Table 4.1.

Therefore, we choose L+ to be {0, 2, 4, 10, 14, 18, 20, 22}.

We have seen that the synchronisation property of HAn is closely related to the

notion of a perfect L-code in the binary Hamming space. This relation results
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in a complete determination for the cases where the association scheme is non-

synchronising.

Theorem 4.17. Let HAn be the association scheme obtained from the halved graph

HΓn of H(n, 2). Then the following hold:

(a) if n ≥ 4 is even, HAn is imprimitive and consequently non-synchronising.

(b) if n ≤ 3, HΓn is a complete graph and HAn is synchronising.

(c) if n ≥ 5 and odd, HAn is non-synchronising if and only if there is some

positive integer m such that n = 2m− 1, or n = 23, that is, there is a binary

Hamming code or a binary Golay code.

Proof. (a) If n ≥ 4 and even, then the diameter of HAn is d = n
2
. The graph

Γd with vertex set the same as HΓn and two vertices x, y are adjacent if

d(x, y) = n
2
in HΓn. The graph Γd is disconnected and each component

contains an vector and its complement.

(b) If n = 2, then the graph HΓn has two vertices; (0, 0) and (1, 1). The graph is

complete, so the scheme is synchronising. If n = 3, then the graph HΓn has

four vertices and the distance between any two is 2, so the graph is complete.

Therefore, the association scheme is synchronising.

(c) Assume that HAn is non-synchronising. Then by Theorem 4.15 there is a

self-complementary perfect L-code in Fn2 , and by Theorem 4.9 this is true if

and only if there is a Hamming code or a Golay code.

Conversely, if there is a binary Hamming code or a binary Golay code, then

by Lemma 4.16 there is an even perfect L-code in Fn+

2 . Therefore, by Lemma

4.14 the association scheme is non-synchronising.
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By Theorems 3.1, 3.2, we have:

Theorem 4.18. Let G be the automorphism group of the halved graph HΓn of

H(n, 2). Then the following hold:

(a) if n ≥ 4 is even, the group G is imprimitive and consequently non-synchronising.

(b) if n ≤ 3, the group G is synchronising.

(c) if n ≥ 5 and odd, the group G is non-synchronising if and only if there is

some positive integer m such that n = 2m − 1, or n = 23, that is, there is a

binary Hamming code or a binary Golay code.

4.5.2 Folded halved n-cube

If n ≥ 4 is even, the halved n-cube HΓn is imprimitive and antipodal, whereas

the folded n-cube FΓn is imprimitive and bipartite. In this subsection the folded

halved n-cube, which is isomorphic to the halved folded n-cube is considered.

It is denoted by FHΓn, and its association scheme is denoted by FHAn. Let

∆1,∆2, ...,∆n
4
be the orbital graphs of FHAn.

Proposition 4.19. Let n ≥ 8 be an even integer. Then the orbital graphs of

FHAn are unions of the orbital graphs of HAn−1.

Proof. Let n ≥ 8 be even. Then the vertices (code words) of FHAn are the 2-

element subsets of the set of all even vertices in Fn2 . Every 2-element subset contains

an even vertex and its complement. Two vertices B1, B2 are adjacent if there are

x ∈ B1 and y ∈ B2 such that d(x, y) ∈ {2, n−2}. Therefore, the intersection set of
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the association scheme is {I1 = {2, n− 2}, ..., In
4

= {n
2
}}, that is, for every orbital

graph ∆i in FHAn there is a �xed Ii such that two vertices D1, D2 are adjacent

if and only if there are u ∈ D1 and w ∈ D2 with d(u,w) ∈ Ii. On the other hand,

the vertex set of HAn−1 contains all the even vertices in Fn−1
2 , and the orbital

graphs of HAn−1 have intersection set {2, 4, ..., n − 2}. Consider the vertices of

HAn−1 by adding a zero component to each vertex. We can identify these vertices

with the vertices in FHAn. Finally, by comparing the intersection sets of the two

association schemes, we obtain the conclusion of the Proposition.

Corollary 4.20. If HAn−1 is synchronising, then FHAn is synchronising.

Theorem 4.21. Let FHAn be the association scheme obtained from the halved

folded graph FHΓn of n-cube, where n > 2 and even. Then the following hold:

(a) if n ≤ 6, FHΓn is a complete graph and FHAn is synchronising.

(b) if n ≥ 8, FHAn is non-synchronising if and only if there is some positive

integer m such that n = 2m, or n = 24.

Proof. The proof of (a) is trivial. For (b), if there is no positive integer m such

that n = 2m, and if n 6= 24, then HAn−1 is synchronising and, by 4.20, FHAn is

synchronising. Conversely, if n = 2m for some positive integer m, then HAn−1 is

non-synchronising and contains a graph Γ such that the product of the clique and

co-clique numbers is equal to the number of vertices. In particular, by Theorem

4.16 this is a graph in which two vertices x, y are adjacent if and only if d(x, y) ∈

{2, n − 2}. This graph is in FHAn. In the case where n = 24, by Lemma 4.16

there is a graph Γ that satis�es equality in the clique�co-clique bound. Two of its

vertices x, y are adjacent if and only if d(x, y) ∈ {2, 4, 10, 14, 18, 20, 22}, and it is

in FHAn. Therefore, FHAn is non-synchronising.
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By Theorems 3.1, 3.2, we have:

Theorem 4.22. Let G be the automorphism group of the halved folded graph FHΓn

of n-cube, where n is even. Then the following hold:

(a) if n ≤ 6, the group G is synchronising.

(b) if n ≥ 8, the group G is non-synchronising if and only if there is some

positive integer m such that n = 2m, or n = 24.

4.6 Bilinear forms graph

4.6.1 Basic de�nitions

Let F = Fq be a �nite �eld, and set V1 = Fn1 and V2 = Fn2 . A bilinear form

from V1 × V2 to F is a function

B : V1 × V2 −→ F

such that for all v ∈ V1 and u ∈ V2, the maps

Bu : V1 −→ F

v 7→ B(v, u)
and

Bv : V2 −→ F

u 7→ B(v, u)

are linear.

Let V1 and V2 be as de�ned before. If {β11, β12, ..., β1n1} is a basis for V1 and

{β21, β22, ..., β2n2} is a basis for V2, then every bilinear form B can be represented

uniquely by an n1×n2 matrix AB, where AB(i, j) = B(β1i, β2j). The Segre outer

product of v1 = (v11, ..., v1n1) ∈ V1 and v2 = (v21, ..., vn2) ∈ V2, denoted by v1⊗ v2

is the array [v1k1v2k2 ]n1,n2

k1,k2=1. The tensor product of V1 and V2, denoted by V1⊗V2,
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is the vector space that is spanned by all vectors of the form v1 ⊗ v2 such that

v1 ∈ V1 and v2 ∈ V2 over F. The space V = V1 ⊗ V2 has {β1k1 ⊗ β2k2 : 1 ≤ k1 ≤

n1, 1 ≤ k2 ≤ n2} as a basis. Therefore, any vector v in V can be written as

n1n2∑
k1k2=1

ak1k2β1k1 ⊗ β2k2 ,

and v can be represented by a matrix A = (ak1k2) and V can be regarded as the

vector space of n1 × n2 matrices (or bilinear forms) over the �nite �eld F.

Let GL(n,F) be the general linear group which contains of all invertible n × n

matrices over F. The group G0 = GL(n1,F) × GL(n2,F) acts on the additive

vector space V as following:

A 7→ P−1AQ, A ∈ V,

where P ∈ GL(n1,F) and Q ∈ GL(n2,F). Assume that G is the group generated

by the following transformations:

A 7→ P−1AQ+R, A ∈ V,

where P ∈ GL(n1,F), Q ∈ GL(n2,F) and R ∈ V . Then, G acts transitively on V .

To see this, let A1 and A2 be two n1 × n2 matrices, then the map

A 7→ A+ (A2 − A1),

takes A1 to A2. Any graph Γ with the property that G ≤ Aut(Γ) appears as

union of orbital graphs obtained from the induced action of G on V × V. Since G

is transitive on V , by Lemma 2.4.1 in [37], there is a one to one correspondence

between the orbits of G on V ×V and the orbits of G0 on V. Two matrices A,B ∈ V

114



are in the same orbit of G0 if there are P ∈ GL(n1,F) and Q ∈ GL(n2,F) such

that P−1AQ = B. Then A and B have the same rank. Therefore, an orbital graph

Γi is the graph with V as the vertex set and two vertices A,B ∈ V are adjacent if

rank(A− B) = i, 1 ≤ i ≤ n2 ≤ n1 Furthermore, the group G acts irreducibly and

we have the following:

Theorem 4.23. [79, Theorems (2.2-2.3)] The group G acts primitively on the

set V of all n1 × n2 matrices over a �nite �eld F.

The set of all orbital graphs together with the graph of the diagonal relation,

provides an association scheme. Therefore, for a graph Γ in this association

scheme we have ω(Γ)α(Γ) ≤ |V |. The bilinear forms graph is the graph Γ1 =

BF(n1, n2, q) with vertex set V and two vertices (matrices) A,B ∈ V are adjacent

if rank(A − B) = 1. In fact, any orbital graph Γi, for 2 ≤ i ≤ min{n1, n2} is dis-

tance i graph of the bilinear forms graph. Γ1 is a connected regular graph which

is distance transitive [79, Theorem 2.6]. Also it is not di�cult to �nd its degree.

Lemma 4.24. [79, Lemma 2.1] The degree of the bilinear forms graph equals
(qn1−1)(qn2−1)

q−1
.

4.6.2 Maximal sets of rank 1

Let V = V1 ⊗ V2 be the vector space, which is de�ned before. In [78, Corollary

3.9], the authors de�ned a maximal set of rank 1 to be a non-empty subset M of

the vertex set of the graph Γ1 with the property that any two points of M are

adjacent and there is no other point outside M, which is adjacent to each point of

M. Let Ek1k2 be the n1 × n2 matrix with all entries equal 0 except the (k1, k2)th

entry equals 1. Then, the set of all Ek1k2 matrices, where 1 ≤ ki ≤ ni for i ∈ {1, 2},
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is a basis of the vector space V and we have the following.

Lemma 4.25. [78, Corollary 3.9] A maximal set of rank 1 is either of the form

M1 = {P−1Ak1Q+R : 1 ≤ k1 ≤ n1, P ∈ GL(n1,F), Q ∈ GL(n2,F), and R ∈ V },

or of the form

M2 = {P−1Ak2Q+R : 1 ≤ k2 ≤ n2, P ∈ GL(n1,F), Q ∈ GL(n2,F), and R ∈ V }.

4.6.3 Clique and co-cliuqe numbers

Every set M forms a clique in the bilinear forms graph Γ1. Particularly, if n1 < n2,

the set M1 is a maximum clique in the bilinear forms graph while the set M2 is

a maximal but not maximum clique in the graph. Similarly, when n2 is less than

n1. Therefore, the clique number of Γ1 is equal to qk, where k = max{n1, n2}.

If n1 < n2, then ω(Γ1) = qn2 and by the clique�co-clique bound we know that

ω(Γ1)α(Γ2) ≤ qn1n2 , but the next theorem shows that the graph has co-clique

number equal q(n1−1)n2 .

Theorem 4.26. [43, Theorem 2.6] Let 2 ≤ n1 ≤ n2, and Γ1 be the bilinear forms

graph. Then, its co-clique number is

α(Γ) = q(n1−1)n2 .

Corollary 4.27. The association schemes that are obtained from bilinear forms

graphs are non-separating.

Also, by the equivalence of the separation and synchronisation properties of groups
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of a�ne type4.7, we have:

Corollary 4.28. The association schemes that are obtained from bilinear forms

graphs are non-synchronising.

By Theorems 3.1, 3.2, we have:

Theorem 4.29. The automorphism group of the bilinear forms graph BF(n1, n2, q)

is non-synchronising.

4.7 Alternating forms graph
Let V be an n-dimensional vector space over a �nite �eld Fq. A bilinear form B

is said to be:

an alternating form if

B(x, x) = 0 for all x ∈ V.

Consequently,

AB(i, i) = 0 and AB(i, j) = −AB(j, i), 1 ≤ i, j ≤ n.

AB is called an alternating matrix. The set of alternating n×n matrices over a

�nite �eld Fq is a vector space of dimension 1
2
n(n− 1), and denoted by Altn(Fq).

A basis of the vector space can be given by the set {Eij − Eji : 1 ≤ i < j ≤ n},

where Eij is the n × n matrix in which the (i, j)th element is 1 and all the other

elements are 0.

The rank of an alternating matrix A is always even.
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Lemma 4.30. [78, Proposition 1.34] Let A be an n× n alternating matrix over a

�nite �eld Fq. Then A has even rank.

Let AΓn(q) be a graph de�ned on the set of alternating matrices over Fq, where

two matrices A,B are adjacent if and only if rank(A−B) = 2. The graph AΓn(q)

is known as the alternating forms graph. This graph is primitive and distance

transitive of diameter bn
2
c [19, Theorem 9.5.3]. The distance between any two

matrices in AΓn(q) is equal to 1
2

rank(A − B) [78, Proposition 4.5]. The clique

number of the graph AΓn(q) is the maximum number of matrices in AΓn(q) such

that for any two matrices A,B, we have rank(A− B) = 2. In [78, Corollary 4.9],

all maximal cliques in the graph AΓn(q) are determined. They are called maximal

sets of rank 2.

Lemma 4.31. [78, Corollary 4.9] Let AΓn(q) be the alternating forms graph. Then

its clique number is q(n−1).

Since the graph AΓn(q) is distance transitive, it is distance regular, so the adja-

cency matrices of its distance graphs de�ne an association scheme. This associa-

tion scheme was �rst investigated by Cameron and Seidel [23] for the binary �eld.

Then Delsarte and Goethals [30] studied the scheme for all q. In the study of

synchronisation theory, it is clear that if n = 2 or 3 then the association scheme

obtained from the alternating forms graph AΓn(q) is obviously synchronising. This

is because the graph AΓn(q) is complete. For n ≥ 4, we need more results.

Delsarte and Goethals consider the property of a set Y ⊂ Altn(Fq) which is an

analogue of the t-intersecting sets in the Johnson scheme. Such a set is called

an (n, d)-set with the property that rank(A − B) ≥ 2d for all A,B ∈ Y, where

1 ≤ d ≤ bn
2
c. In their study, they provide an upper bound on the size of Y .
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Lemma 4.32. [30, Theorem 4] Let Y be an (n, d)-subset of Altn(Fq) . Then there

is an upper bound on the size of Y , which is

|Y |≤ cm−d+1,

where c = q
n(n−1)

2m and m = bn
2
c.

An (n, 2)-set is a co-clique in AΓn(q). An (n, d)-set of size equal to this bound is

said to be maximal. It has been shown that the bound is attained when n is odd

or both n and q are even.

Lemma 4.33. [30, Theorem 8] Let n ≥ 4 be an odd integer . Then there exists a

maximal (n, d)-set Y in Altn(q).

Lemma 4.34. [30, Theorem 9] Let n ≥ 4 be an even integer, and let q be even.

Then there exists a maximal (n, d)-set Y in Altn(q).

Whether there exists an (n, d)-set of size equal to the bound when n is even and

q is odd is stated as an open question in [30, p.26].

Theorem 4.35. Let n and q be even. Then the association scheme that is obtained

from the alternating forms graph AΓn(q) is non-synchronising.

Proof. Assume that n and q are even. Then, by Theorem 4.34, there exists a

maximal (n, 2)-set Y in Altn(q). Its size is q
1
2

(n−1)(n−2), by Lemma 4.32. The set Y

is a co-clique in the graph AΓn(q). By Lemma 4.31, the clique number in this graph

is q(n−1). The product of the clique number and the co-clique number is equal to

the number of vertices in the graph which is q
1
2
n(n−1). Therefore, there is a graph

in the scheme such that the product of the clique and co-clique numbers equals
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the number of vertices. Then, the scheme is non-separating, so non-synchronising

by Theorem 4.7.

Proposition 4.36. The association scheme obtained from the alternating forms

graph AΓ5(q) is synchronising.

Proof. The association scheme has two orbital graphs, AΓn(q) and its complement.

By Lemma 4.31, the clique number is q4, while by Lemma 4.33 the co-clique number

is q5. However, the number of vertices is q10 , hence equality does not hold in the

clique�co-clique bound. Therefore, the scheme is synchronising.

It is probably the case that the association scheme obtained from AΓn(q) is syn-

chronising whenever n is an odd integer.

A graph Γ is said to be core if every endomorphism is an automorphism, and

pseudo-core if every endomorphism is an automorphism or a colouring. The

authors of [42] studied the endomorphisms of the alternating forms graphs and

showed the following:

Theorem 4.37. [42, Theorem 1.1] Let n ≥ 4 be an integer. Then the graph

AΓn(q) is a pseudo-core. Moreover, if n is odd, then AΓn(q) is a core, but if both

n and q are even, then AΓn(q) is not a core.

For the case where n is even and q is odd, it remains to be determined whether the

graph AΓn(q) is core or not. To the best of my knowledge, the only progress in

this direction has been made by Patterson [59] showing that for n = 4 and q = 3,

the co-clique number of the alternating form graph is q3 = 27. In this case the

corresponding association scheme is non-synchronising By Theorems 3.1, 3.2, we

have:
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Proposition 4.38. The automorphism group G of the alternating forms graph

AΓ5(q) is synchronising.

Proposition 4.39. The automorphism group G of the alternating forms graph

AΓ4(3) is non-synchronising.

Theorem 4.40. Let n and q be even. Then the automorphism group G of the

alternating forms graph AΓn(q) is non-synchronising.

4.8 Hermitian forms graph
Let Fq2 be a �nite �eld of cardinality q2 that is equipped with an involution x 7→ x

for every x ∈ Fq2 , where x = xq (An involution is an automorphism of order 2.

Then Fq is the �xed �eld of Fq2 .

Let V = Fnq2 , and let X be the set of all sesquilinear forms

f : V × V −→ Fnq2

such that f(x, y) is linear in y and f(y, x) = f(x, y) for all x, y ∈ V. If {e1, e2, ..., en}

is a �xed basis of V , then for every form f ∈ X there is a matrix A = [f(ei, ej)].

The form f is called a Hermitian form, and A is the corresponding Hermitian

matrix. A satis�es Āt = A, where the matrix At is the transpose of A and Ā = (āij)

where A = (aij). Let Hn(Fq2) = X be the space of all n × n Hermitian matrices

over Fq2 . This is an n2-dimensional vector space over Fq2 [19, p.285]. De�ne the

Hermitian forms graph HΓn(Fq) as the graph that has Hn(Fq2) as its vertex set

and where two vertices A,B are adjacent if their di�erence has rank 1. This graph

is distance transitive of diameter n [19]. The association scheme of Hn(Fq2) will

be denoted by AHΓn(Fq2). Schmidt [65] studies the properties of a d-code in the

space of Hermitian matrices through the association scheme of the Hermitian forms
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graph. The d-code is a subset of Hn(Fq2) such that the rank of the di�erence of any

two of its matrices is at least d. Schmidt �nds the eigenmatrix P of the association

scheme AHΓn(Fq2); the elements of P are given by the polynomial Pij = Qj(i),

where

Qj(i) = (−1)j
j∑

h=0

(−q)(
j−h

2 )+hd

 d− h

d− j


b

 d− i

h


b

(4.7)

The base of the Gaussian coe�cient is b = −q.

Let F = Fq2 , and let GL(n,F) be the set of all n × n invertible matrices over F.

A maximal set of rank r in the space of Hermitian matrices is a set of Hermitian

matrices such that the di�erence of any two matrices has rank at most r. The

following result [78] gives a criterion for a maximal set of rank 2 in Hn(F).

Lemma 4.41. [78] Let Γ1,2 be the graph with vertex set Hn(Fq2) and where two

matrices are adjacent if the rank of their di�erence is 1 or 2. Then the maximum

clique has size q2(n−1).

The association scheme AHΓn(Fq2) obtained from the Hermitian forms graph is

expected to be synchronising; the cases where n = 2 and n = 3 are provided here.

The eigenvalues of the graphs in AHΓ2(Fq2) and AHΓ3(Fq2) are used to prove

that. (We use the result that if α(Γ)ω(Γ) = V (Γ) , then ω(Γ) = 1− deg(v)
τ

, where

τ is the smallest eigenvalue of Γ.)

Proposition 4.42. The association scheme AHΓ2(Fq2) is synchronising.

Proof. Since the graph HΓ2(Fq) has diameter 2, this association scheme has only

two orbital graphs. The Hermitian forms graph HΓ2(Fq) and its complement.
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The eigenvalues of HΓ2(Fq) can be calculated by polynomial 4.7 and the software

Mathematica [83]. The eigenvalues are

(q − 1)(q2 + 1), 1 + q − q2, (q − 1).

The smallest eigenvalue is τ = 1 + q − q2, and it does not divide the degree ,

because deg(v) = (q − 1)(q2 + 1), by Corollary 2.29. Furthermore, by Corollary

3.6 ω(Γ) < 1− deg(v)
τ

. Therefore, the product of the clique and co-clique numbers

is less than the number of vertices. The same holds for the complement, so the

association scheme is synchronising.

Theorem 4.43. The association scheme AHΓ3(Fq2) is synchronising.

Proof. The Hermitian graph has diameter 3, so the association scheme has three

orbital graphs: Γ1 = HΓ3(Fq), Γ2, and Γ3. The other non-trivial graphs in the

scheme are the complements of the orbital graphs. Therefore, we only need to

check the product of the clique number and the co-clique number of orbital graphs.

We can use the polynomial 4.7 to obtain the eigenvalues of the �rst orbital graph

Γ1 = H3(Fq2) are

(q2 +q+1)(q(q−1)−1)(q−1), −(q2 +1)q(q−1)−1, (q2 +1)(q−1), (−q2 +q−1).

The smallest eigenvalue is τ = −(q2+1)q(q−1)−1 and the degree is deg(v) = (q2+

q+1)(q(q−1)−1)(q−1), by Corollary 2.29. By Corollary 3.6, if the product of the

clique and the co-clique numbers in the graph equals the number of vertices, then

the smallest eigenvalue divides the degree. However, deg(v) = (−q)τ + (−2q3 + 1),

so ω(Γ1)α(Γ1) < V (Γ1).
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By polynomial 4.7, the eigenvalues of the second orbital graph Γ2 are

(q2+q+1)(q2+1)(q(q−1)−1)(q−1), (q2+1)2q(q−1), (q(q−1)2−1)q, q(−q2+q−1)).

τ = q(−q2 + q− 1) is the smallest eigenvalue, and the degree is deg(v) = (q2 + q+

1)(q2 + 1)(q(q − 1)− 1)(q − 1), by Corollary 2.29. Assume that equality holds in

the clique�co-clique bound. Then, by Corollary 3.6 the clique number must be

ω(Γ2) = 1− deg(v)

τ = 1− (q2(q3 + q − 1)
.

Also, the clique number must divide the number of vertices of Γ2, that is,

V (Γ2)

ω(Γ2)
=

q7

q3 + q − 1
,

must be an integer. This is not true for all q, which provides a contradiction to

the assumption, and hence we have that ω(Γ2)α(Γ2) < V (Γ2).

By polynomial 4.7, the eigenvalue of the third orbital graph are

(q2 + q + 1)(q2 + 1)q3(q − 1)2, −(q2 + 1)q3(q − 1), −q3(q − 1), q3.

In this case, the smallest eigenvalue is τ = −(q2 + 1)q3(q − 1), the degree is

deg(v) = (q2 + q+ 1)(q2 + 1)q3(q− 1)2, by Corollary 2.29. The smallest eigenvalue

divides the degree. If ω(Γ3)α(Γ3) = V (Γ3), the clique number, by Corollary 3.6,

must be

ω(Γ3) = 1− deg(v)

τ
= 1− (1− q3) = q3.

As result, the co-clique number must be α(Γ3) = q6. However, this is not true, as

we can see from Theorem 4.41 that α(Γ3) = q5, in contradiction to the assumption
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that ω(Γ3)α(Γ3) = V (Γ3). Therefore, the association scheme AHΓ3(Fq2) has no

non-trivial graph with equality in the clique�co-clique bound, equation 3.1, which

means it is separating, so synchronising by Theorem 4.7.

By Theorems 3.1, 3.2, we have:

Proposition 4.44. The automorphism group G of the Hermitian graph HΓ2(Fq)

is synchronising.

Proposition 4.45. The automorphism group G of the Hermitian graph HΓ3(Fq)

is synchronising.

4.9 Coset graphs of some Golay codes
Let Γ be a �nite distance-regular graph, and let P be a partition of the vertex set of

Γ into independent sets , P = {P1, ..., Pt}. Then the quotient graph can be de�ned

as the graph Q(Γ) with vertex set P and where two parts P1, P2 are adjacent if

there are points p1 ∈ P1 and p2 ∈ P2 such that p1 and p2 are adjacent in Γ. If Γ

is the Hamming graph H(n, q) and C is a linear code, then the cosets of the code

C provide a partition of the vertex set into independent sets, and the quotient

graph of H(n, q) is called the coset graph of C, which we denote by Cos(C). In

this section we will study the synchronisation property of the association schemes

obtained from the coset graphs of some Golay codes.

4.9.1 The coset graph of the extended ternary Golay code

The graph Cos(C) is distance transitive and has 36.2.M12 as its group of auto-

morphisms. For more information, see [19, Theorem 11.3.1]. Now we will �nd a

maximum clique and a maximum co-clique in Cos(C).
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Theorem 4.46. [14, Theorem 3.2] The chromatic number of the graph Cos(C),

where C = C24, is equal to 3

Corollary 4.47. Let C be the extended ternary Golay code, then the association

scheme obtained from the graph Cos(C) is non-synchronising.

Proof. It is not di�cult to show that 3 is a lower bound for the clique number of the

graph Cos(C). For example, for the representatives of the three cosets, consider

the zero vector and the two vectors in which only the �rst coordinate is not zero.

However, by Theorem 4.46, we have

3 ≤ ω(Cos(C)) ≤ χ(Cos(C)) = 3.

Therefore, there is a graph in the scheme such that the clique number is equal to

the chromatic number, hence the association scheme is non-synchronising.

By Theorems 3.1, 3.2, we have:

Theorem 4.48. Let C be the extended ternary Golay code, then the automorphism

group of the coset graph Cos(C) is non-synchronising.

4.9.2 The coset graph of the truncated binary Golay code

The truncated binary Golay code has length 22, dimension 12, and minimum

distance 6. Its coset graph Cos(C) is a distance-transitive graph with diameter 3.

Its automorphism group is 210.M22.2 [19, Theorem 11.3.5].

Theorem 4.49. The association scheme obtained from the coset graph Cos(C) of

the truncated binary Golay code is synchronising.
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Proof. The association scheme has three orbital graphs: Γ1,Γ2, and Γ3, because

the graph has diameter 3. There other graphs in the scheme are the complements of

orbital graphs. If the scheme is non-synchronising (non-separating), then at lease

for one of its graph the product of the clique number and the co-clique number is

equal to the number of vertices.

The eigenvalues of Γ1 are (22, 6,−2,−10), [19, Theorem 11.3.5]. If the equality in

the clique�co-clique bound (equation 3.1) is attained, then by Corollary 3.6, the

smallest eigenvalue divides the degree of the graph. However, −10 does not divide

22, contradiction. Therefore, ω(Γ1)α(Γ1) < |V (Γ1)|, so ω(Γ1) 6= χ(Γ1).

In the second orbital graph, Γ2, the degree is 231. If the clique number of the graph

is equal to the chromatic number, then equality in the clique�co-clique bound is

satis�ed. This happens only if there exists a smallest eigenvalue (τ) such that

ω(Γ) = 1 − deg(v)
τ

is a positive integer greater than or equal to 1. All possible

values are {τ, ω(Γ2)} ∈ {{−231, 2}, {−77, 4}, {−33, 8}, {−21, 12},

{−11, 22}, {−7, 34}{−3, 78}, {−1, 232}}. Note that the only values of ω(Γ2) that

divide the number of vertices (1024) are 2, 4, and 8. However, it is not di�cult to

show that the clique number is at least 22. For example, consider cosets that are

represented by vectors of weight 1. Therefore, ω(Γ2) 6= χ(Γ2).

Finally, for the third orbital graph, Γ3, the degree is 770. If we assume that the

clique number is equal to the chromatic number, and consequently that equality

of the clique�co-clique bound is attained, then there must be an integer τ such

that 1− deg(Γ3)
τ

is a positive integer greater than 1. Also, , 1− deg(Γ3)
τ

must divide

the number of vertices. The possible values of τ are −770, −110, and −77, and

the possible clique numbers are 2, 8, and 11. However, the software GAP with

the package GRAPE can be used to �nd a clique with size greater than 11. Thus
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equality in the clique�co-clique bound does not hold. Therefore, the third orbital

graph does not have the clique number equal to the chromatic number, hence the

association scheme is synchronising.

By Theorems 3.1, 3.2, we have:

Theorem 4.50. The automorphism group of the coset graph Cos(C) of the trun-

cated binary Golay code is synchronising.

4.9.3 The coset graph of the binary Golay code

The coset graph Cos(C) of the binary Golay code C = C23 is a distance-transitive

graph with diameter 3. The automorphism group of this graph is 211.M23 [19]. The

code has length 23, dimension 12, and minimum distance 7.

Theorem 4.51. The association scheme obtained from the coset graph Cos(C) =

C23 of the binary Golay code is synchronising.

Proof. Since the coset graph Cos(C) has diameter 3, the association scheme which

is obtained from Cos(C) has three orbital graphs. The other graphs are the comple-

ments of the orbital graphs. If the scheme is non-synchronising (non-separating),

then the product of the clique number and the co-clique number is equal to the

number of vertices in at least one of the orbital graphs.

The eigenvalues of the graph Γ1 = Cos(C) are (23, 7,−1,−9), [19, Theorem 3].

If we assume that there is equality in the clique�co-clique bound (equation 3.1),

then by Corollary 3.6 the smallest eigenvalue must divide the degree of the graph.

However, the smallest eigenvalues −9 does not divide the degree 23, contradiction.

Therefore, ω(Γ1)α(Γ1) < |V (Γ1)|, so ω(Γ1) 6= χ(Γ1).
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Second, Γ2 has degree 253. Assume that τ is the smallest eigenvalue of Γ2 . If

ω(Γ2) = χ(Γ2), equality holds in the clique�co-clique bound. Then τ must be a

divisor of 253. The only possible values of τ are −1,−11,−23, and −253, so the

size of the clique must be 1− deg(v)
τ

; in particular, it must be one of the numbers

254, 24, 12, and 2. However, the clique number is at least 22. Moreover, 254 and 24

do not divide the number of vertices (4096), in contradiction to the assumption.

Thus ω(Γ2) 6= χ(Γ2).

Finally, the graph Γ3, has degree 1771. Assume that equality of the clique�co-clique

bound holds. Then the smallest eigenvalue τ must be one of the numbers

−1,−7,−11,−23,−161,−253,−1771,

hence the possible clique numbers are

1772, 254, 162, 78, 24, 12, 8, 2.

The only ones that divide the number of vertices are 8 and 2. However, the clique

number is greater than 8, which follows from the previous theorem.

Therefore, no graph in the association scheme satis�es equality in the clique�co-

clique bound, so it is synchronising.

By Theorems 3.1, 3.2, we have:

Theorem 4.52. The automorphism group of the coset graph Cos(C) = C23 of the

binary Golay code is synchronising.
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4.10 Conjecture
Let Γ be a primitive distance-transitive graph with diameter d. Let us say that Γ

is exceptional if Aut(Γ) is non-separating but there is no t with 0 < t < d such

that for the distance at most t graph in Γ the product of the clique number and

the co-clique number equals the number of vertices.

Conjecture 10. Given a positive integer d, there are only �nitely many excep-

tional graphs of diameter d.

This would extend Conjecture 2 about Johnson graphs.

4.11 Conclusion and future work
In this chapter, the synchronisation property of a�ne distance-transitive permu-

tation groups was considered. The view of an association scheme was used. In

most cases, it is possible to determine when these groups (association schemes) are

synchronising. We gave a full classi�cation of synchronising association schemes

that are obtained from the halved n-cubes, for all n and the folded halved n-

cubes, where n is even. Also, we show that the corresponding association schemes

for the bilinear form graphs are non-synchronising. However, the case for alter-

nating forms graphs Alt(n, q) is quite complicated, the association schemes are

non-synchronising, when both n and q are even. The case that n is even and q

is odd is undetermined. For the association schemes obtained from the Hermitian

forms graphs and some alternating forms graphs, mainly when n is odd, a general

result is desirable. Nevertheless, we show that they are synchronising for small n.

For larger n, we expect these association schemes to be synchronising.

It is still not decided whether the association scheme obtained from the a�ne
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graph E6 is synchronising or not. A full classi�cation of synchronising association

schemes from the coset graph of the binary Golay code was obtained in Section 9.

We �nished the chapter with a conjecture which extends the main conjecture in

the previous chapter.

For future work, on one hand we will keep working on unsolved questions in this

chapter. On the other hand we would like to investigate other a�ne permutation

groups. A possible way to do this is by considering primitive permutation groups

from Aschbacher's Theorem which is an analogue of O'Nan Scott Theorem for

Linear groups. We already considered a class of these groups in Section 6.
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Chapter 5

Diagonal permutation groups

This chapter discusses the synchronisation and separation properties of diagonal

permutation groups. We know no of uni�ed method that works for all diagonal

groups. Thus, we divide diagonal groups into two classes. The �rst class contains

diagonal groups with two factors in their socles. In this case, the problem is

equivalent to the existence of a special factorisation of a �nite simple group. The

factors can be subgroups, subsets (not cosets) or one is a subgroup and the other is

a subset (not a coset). This makes the study di�cult because we do not know a lot

of information if one of the factors is a subset. The second class contains diagonal

groups with three or more factors in their socles. The authors of [16] have shown

that such groups are non-synchronising. Also, we investigate the equivalence of

separation and synchronisation properties.

This chapter includes �ve main sections. The �rst section introduces some basic

notions and results on the factorisation of �nite groups. Some of the results are

known for abelian groups but not for non-abelian groups in general. The second

and third sections investigate diagonal groups with two factors on their socles and
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some related problems. The fourth section is devoted to diagonal groups with at

least three factors. The �fth section contains results regarding the equivalence

between the synchronisation and separation properties.

5.0.1 Summary of the results

We introduced the notion of diagonal factorisation and started a study of the fac-

torisation for �nite non-abelian groups in Lemma 5.3, Proposition 5.4, lemma 5.5,

Lemma 5.6 and Lemma 5.8 like the study of the factorisation for abelian groups.

Also, we considered the properties of diagonal permutation groups D(T, d) and

investigated the relationship between these groups and the diagonal factorization

od T. In particular, we showed that a diagonal group D(T, 2) is non-separating if

and only the group T admits diagonal factorisation, Theorem 5.16. In addition,

we proved that D(An, 2) is non-separating, Theorem 5.21 and D(T, d) for d ≥ 3,

is non-synchronising in Theorem 5.30. We, also, studied the relationship between

the group D(An, 2) and inequivalent all-even Latin squares, Theorem 5.23. We

ended this chapter by showing that the separating and synchronisation properties

are equivalent for diagonal groups, Theorem 5.31.

5.1 Factorisation of �nite groups

5.1.1 Basic de�nitions and results

A great deal of work has been done on the factorisation of the abelian �nite groups

into subsets. Two examples are the books [69] and [70]. In the factorisations of

non-abelian groups some results are known. In particular, the factorisations are

known when both factors are subgroups; see for instance, [54], [53]. However, little

is known about the factorisation of �nite non-abelian groups into subsets. This

section contains de�nitions and basic results.
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Let T be a �nite group. We say that T admits a factorisation if there are two

(non-trivial) subsets A and B of T such that T = AB (a non-trivial subset means

|A|> 1 and AB = {ab : a ∈ A & b ∈ B}). An example of a factorisation is A6 =

A5 · PSL(2, 5), such a kind of factorisation is called a maximal factorisation

into subgroups because each factor is a maximal subgroup of the group T = A6.

A factorisation T = AB is called exact if each t ∈ T is expressed uniquely as

the product ab where a ∈ A and b ∈ B. An example of an exact factorisation

is the representation of a group T as the product of a subgroup and the set of

representatives of its right (left) cosets. Also, if both factors A and B are normal

subgroups, then T is a direct product A×B. In particular, this is true for abelian

group, since all subgroups, are normal. In the literature, the notion of exact

factorisation is used only for the exact factorisation of a �nite non-abelian group

into subgroups. When T is a �nite abelian group written additively, an exact

factorisation is called a direct factorisation [70] (This is what we will consider

from now on). A factorisation of a group T = AB is called normalised if A∩B =

{e}.

The following result is for direct factorisation.

Lemma 5.1. [70, Lemma 2.2]

Let T be a �nite abelian group and let A,B be non-trivial subsets of T . The

following statements are all equivalent:

(a) T = A+B is a direct factorisation.

(b) T = A+B and |T |= |A||B|.

(c) |T |= |A||B| and |A ∩B|= 1

(d) |T |= |A||B| and (A+ (−A)) ∩ (B + (−B)) = {e}.
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(e) T = A+B and (A+ (−A)) ∩ (B + (−B)) = {e}.

(f) The sets A + b, b ∈ B form a partition of T and the sets a + B, a ∈ A form

a partition of T .

Exact factorisations into subgroups and direct factorisations have similar features.

Proposition 5.2. Let T = AB be an exact factorisation into subgroups (direct

factorisation). Then for distinct elements a1, a2 ∈ A and distinct elements b1, b2 ∈

B we have t−1a−1
1 a2t 6= b1b

−1
2 , for all t ∈ T.

Proof. Let T be an abelian group and suppose that T = AB is a direct factorisa-

tion. Assume for the contrary that for distinct a1, a2 ∈ A and distinct b1, b2 ∈ B we

have t−1a−1
1 a2t = b1b

−1
2 , for some t ∈ T. Since T is abelian, we have a1a

−1
2 = b1b

−1
2 .

Then by Lemma 5.1(d), we have a1 = a2 and b1 = b2, contradiction.

Let T be a non-abelian group and suppose that T = AB is an exact factorisation

into subgroups. Then, |A ∩ B|= 1 and |T |= |A||B|. To show that for distinct

elements a1, a2 ∈ A and distinct elements b1, b2 ∈ B we have t−1a−1
1 a2t 6= b1b

−1
2 ,

for all t ∈ T, it is enough to prove that |t−1A−1At ∩ BB−1|= 1 for all t (from

this it will follow that a1 = a2 and b1 = b2). Assume for contradiction that

|t−1A−1At ∩ BB−1|> 1, then for some t ∈ T , there are distinct a1, a2 ∈ A and

distinct b1b2 ∈ B such that t−1a−1
1 a2t = b1b

−1
2 if a1 = a2 then b1 = b2 and we

are done. So, we assume that a1 6= a2 then h−1atb are not all distinct for h and

t range over T and |h−1atb|≤ |A||B|. This is contradiction because |A||B|= |T |

and |h−1atb|= |T |. The last follows because for all h, t ∈ T, we have h−1AtB =

y−1x−1AxyB where x ∈ A and y ∈ B. Then,

h−1AtB = y−1x−1AxyB = y−1AyB = y−1ABy = T,
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and |h−1AtB|= |T |.

A generalisation of the exact factorisation into subgroups and the direct factori-

sation has to consider the property in the previous result. So, we say that a �nite

group T admits a diagonal factorisation into subsets T = AB if there are

non-trivial subsets A,B of T such that, for all h, t ∈ T , each element of T can be

expressed uniquely as the product h−1atb, where a ∈ A and b ∈ B. By an argu-

ment similar to the one in the previous Lemma, we can prove that the diagonal

factorisation implies that for distinct elements a1, a2 ∈ A and distinct elements

b1, b2 ∈ B we have t−1a−1
1 a2t 6= b1b

−1
2 , for all t ∈ T.

The following result is a generalisation of Lemma 5.1 and some parts of it appear

in [16] and in unpublished work by Sean Eberhard (2019, Personal communication,

24 July)

Lemma 5.3. Let T be a �nite group and let A,B be non-trivial subsets of T . The

following statements are all equivalent:

(a) T admits a diagonal factorisation into A and B.

(b) |T |= |A||B| and for all h, t ∈ T, (h−1a1t)b1 = (h−1a2t)b2 for a1, a2 ∈

A, b1, b2 ∈ B implies a1 = a2, b1 = b2.

(c) |T |= |A||B| and |t−1At ∩B|= 1 for all h, t ∈ T.

(d) T = A−1B is a diagonal factorisation.

(e) |T |= |A||B| and t−1(AA−1)t ∩BB−1 = {e} for all t ∈ T .

(f) T = AB and t−1(AA−1)t ∩BB−1 = {e} for all t ∈ T .
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Proof. To show that (a) implies (b) let (h−1a1t)b1 = (h−1a2t)b2 for h, t ∈ T and

a1, a2 ∈ A and b1, b2 ∈ B. If a1 = a2 we are done and b1 = b2. Assume that

a1 6= a2, then the elements h−1atb for h and t range over T , are not all distinct

and |h−1AtB|< |T |. This contradicts the de�nition of the diagonal factorisation.

To show that (b) implies (c), we only need to show that |t−1At ∩ B|= 1 for some

t ∈ T . Assume for the contrary that there are g1, g2 ∈ t−1At ∩ B. Then there are

a1, a2 ∈ A and b1, b2 ∈ B such that g1 = t−1a1t = b1 and g2 = t−1a2t = b2. From

this we get

g1g
−1
2 = t−1a1a

−1
2 t = b1b

−1
2 ,

so we have

t−1a1hh
−1a−1

2 t = b1b
−1
2 .

By (b) a1 = a2 and b1 = b2, Then g1 = g2 and |h−1At ∩B|= 1.

We would like to show that T = A−1B is a diagonal factorisation. Assuming that

(c) is true. It is clear that |A||B|= |T |. It remains to show that T = h−1A−1tB for

all h, t. Assume that h−1a−1
1 tb1 = h−1a−1

2 tb2. Thus,

b1 = t−1a1 (a−1
2 t) b2 ∈ t−1A (a−1

2 t) ∩B,

b2 = t−1a2a
−1
1 tb1 = t−1a2 (a−1

2 t) b2 ∈ t−1A(a−1
2 t) ∩B

and by (b) we have a1 = a2 and b1 = b2. Therefore, T = A−1B is diagonal.

Now, we prove that (d) implies (e). Since each element of T = A−1B is expressed
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uniquely as the product of an element from A−1 and an element from B, we have

= |A−1||B|= |A||B|= |AB|. Assume that g ∈ t−1AA−1t∩BB−1. We need to show

that g = e. Since g ∈ t−1AA−1t, there are a1, a2 ∈ A such that g = t−1a1a
−1
2 t. Also,

since g ∈ BB−1, there are b1, b2 ∈ B such that g = b1b
−1
2 . Thus t−1a1hh

−1a−1
2 t =

b1b
−1
2 for all h ∈ T. Thus,

h−1a−1
2 tb2 = h−1a−1

1 tb1.

But in this case, with the fact that T = A−1B is diagonal and by a similar argu-

ment to (b) we can show that a−1
1 = a−1

2 and b1 = b2. Therefore, g = e.

To show that (e) implies (f), we need to prove that T = AB. Assume that there

are a1, a2 ∈ A and b1, b2 ∈ B such that a1b1 = a2b2. Then a−1
1 a2 = b1b

−1
2 . By

the fact that a2a
−1
1 is conjugate to a−1

1 a2, and (e) we have a1 = a2 and b1 = b2.

Therefore, T = AB.

It remains to prove that (f) implies (a). Assume that T = AB but the elements

in T = h−1AtB, for some h, t ∈ T , not all distinct. Therefore, there are distinct

elements a1, a2 ∈ A and b1, b2 ∈ B such that h−1a1t b1 = h−1a2t b2. So t−1a−1
1 a2t =

b1b
−1
2 by (f) we have a1 = a2 and b1 = b2, contradiction. Thus, T = AB is

diagonal.

Proposition 5.4. Let T = AB be a diagonal factorisation of T . Then the set

{h−1At b : b ∈ B} forms a partition of T , for all h, t ∈ T.

Proof. Assume that T = AB is a diagonal factorisation of T , then T = h−1AtB

for all h, t ∈ T . If there are two subset h−1At b1 and h−1At b2 such that b1, b2 are

distinct elements in B and |h−1At b1 ∩ h−1At b2|≥ 1, then for some a1, a2 ∈ A we

have h−1a1tb1 = h−1a2tb2. Thus, by the previous theorem a1 = a2 and b1 = b2
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In the following result we consider the construction of new factorisations from old

ones.

Lemma 5.5. Let T = AB be a normalised diagonal factorisation of a �nite group

T , and let H be a subgroup of T such that A ⊂ H. Then

H = AB ∩H = A(B ∩H).

is a normalised diagonal factorisation of H.

Proof. T = AB is a diagonal factorisation if and only if for all distinct elements

a1, a2 ∈ A and distinct elements b1, b2 ∈ B and all t ∈ T we have t−1a1a
−1
2 t 6= b1b

−1
2 .

First we show that H = A(B ∩ H). Let h ∈ H ≤ T. Then h = ab where a ∈ A

and b ∈ B. Since A is a subset of H we have a ∈ H and thus b ∈ H. Therefore,

b ∈ (B ∩H). As a result, h = ab ∈ A(B ∩H) and H ⊂ A(B ∩H.) For the other

direction assume that t = ab ∈ A(B ∩ H) where a ∈ A and b ∈ (B ∩ H). So,

b ∈ B and b ∈ H. Since A ⊂ H, we have a ∈ H. Consequently, t = ab ∈ H and

A(B∩H) ⊂ H and T = AB is diagonal, we have the factorisation, H = A(B∩H).

Finally, we show that this factorisation is diagonal. Let h ∈ H and since A ⊂ H it

follows thatH = AB∩H, let a1, a2 be distinct elements from A and c1, c2 be distinct

elements from (B ∩H). Since h ∈ T and c1, c2 ∈ B we have h−1a1a
−1
2 h 6= c1c

−1
2 .

This result will be referred to as the restriction of the factorisation T = AB to

the subgroup H of T . The identity AB ∩H = A(B ∩H) is known as Dedekind's

identity in the case of an exact factorisation. Also, it is true for abelian groups [70,

Lemma 2.3]. A subset A of a �nite group T will be called full-rank if 〈A〉 = T and
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a factorisation T = AB is full-rank factorisation if both A and B are full-rank

sets. The following result holds for direct products [70, Lemma 2.4].

Lemma 5.6. Let T = AB be a normalised diagonal factorisation of the �nite

group T . Assume that K = 〈A〉 6= T, that is the factorisation is not full-rank.

Then, we can �nd subsets Ci, 1 ≤ i ≤ s of T and elements bi, 1 ≤ i ≤ s in B such

that the sets Cibi for all 1 ≤ i ≤ s form a partition of B and k = ACibi for all i

are normalised factorisations of K.

Proof. Let T = AB be a normalised diagonal factorisation with K = 〈A〉 a proper

subgroup of T . The union of the cosets Kt where t ∈ T gives T. Let t ∈ T . We

can write t = ab for some a ∈ A and b ∈ B, so Kt = Kab = Kb. The union of the

cosets Kb form T as b range over B. Then, there are b1, b2, ..., bs in B such that

the cosets Kb1, ..., Kbs form a partition of T. Multiply both sides of T = AB by

b−1 gives the normal factorisation T = ABb−1
i . Restricting this factorisation to K

we have the factorisation K = A(Bb−1
i ∩K). Setting Ci = Bb−1

i ∩H we can see

that K = ACi is a normal factorisation of T. Note that, Cibi = B ∩ Hbi and so

the sets

C1b1, ..., Csbs

form a partition of B.

The result which is about to be stated, is correct for direct factorisations but it is

not true even for exact factorisations.

Lemma 5.7. [70, Lemma 2.5]

Let H be a subgroup of a �nite abelian group T and let T = D+H be a normalised

factorisation of T , where D = {b1, ..., bs} with b1 = 0. Suppose that

H = A+ C1, ..., H = A+ Cs
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are normalised factorisations of H. Set

B = (b1 + C1) ∪ ... ∪ (bs + Cs).

Then T = A+B is a normalised factorisations of T .

As we mentioned before this result is not correct for �nite non-abelian groups in

general. For example, A5 = A4 ·C5 is a normalised exact factorisation and A4 ad-

mits a normalised exact factorisation into the Klein four-group and a cyclic group

C3. But A5 does not admit an exact factorisation with the Klein four-group or a

cyclic group C3 as factors.

A subset A of a �nite group T is called right periodic (left periodic) if there

is a t ∈ T such that t 6= e and At = A (tA = A). The element t will be called

a right (left) period of A. A subgroup of a group is right and left periodic set

which equals its set of periods. Another example is the subset

A = {(), (1, 4, 5)(2, 6, 3), (1, 3, 4, 2)(5, 6), (1, 2, 4, 6)(3, 5), (1, 6, 4, 3)(2, 5), (1, 5, 4)(2, 3, 6)}

of the alternating group A6. It is right periodic for

{(), (1, 4, 5)(2, 6, 3), (1, 5, 4)(2, 3, 6)}

being the set of right periods of A. It is not left periodic.

Lemma 5.8 (Lemma 2.8). [70] Let A be a non-empty subset of a �nite group T .

Let L be the periods of A.

(a) If t ∈ L, then At = A.
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(b) If At = A for some t ∈ T , then t ∈ L.

(c) L is a subgroup of T .

The previous result is true for �nite abelian groups and appear as a theorem in

[70].

Let T be a �nite group which admits an exact (diagonal) factorisation T = AB,

we say that a factor A is replaceable by a subset C of T if T = CB is an exact

(diagonal) factorisation. It can be useful to know if a factor A in the factorisation

can be replaced by a periodic set, subgroup or the inverse set A−1.

5.2 Diagonal groups with two factors D(T, 2)

Let T be a �nite group, we can de�ne an action of T on itself by right multiplication,

that is µ1(x, t) = xt for all x and t in T . This is known as the right regular

representation. The left regular representation is given by the action µ2(x, t) =

t−1x for x and t in T . Combining these two actions we obtain an action of the

group T × T on T such that for all x, h, g in T we have the diagonal action:

µ(x, (h, g)) = h−1xg.

It is obvious this is an action as µ(x, (e, e)) = x, where e is the identity ele-

ment in T . Also, µ(µ(x, (h1, g1)), (h2, g2)) = µ(h−1
1 xg1, (h2, g2))) = h−1

2 h−1
1 xg1g2 =

(h1h2)−1xg1g2 = µ(x, (h1h2, g1g2)). Moreover, for any x, y in T we can �nd

(h, g) = (x, y) in G × G such that µ(x, (h, g)) = x−1xy = y which means that

the action is transitive. The stabilizer of e is

{(h, g) ∈ T × T : h−1eg = e} = {(h, h) ∈ T × T},
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the diagonal subgroup. This action is faithful if and only if T has a trivial centre.

The group induced by this action is called a diagonal group and denoted by D(T, 2).

5.2.1 Conjugacy classes association scheme

The purpose of this section is to study the separation and synchronisation proper-

ties of G = D(T, 2). Thus, we need to examine the non-trivial G-invariant graphs

Γ with G ≤ Aut(Γ). Each such graph is a union of some orbital graphs of D(T, 2).

A Cayley digraph, denoted by Cay(T, S) consists of a group T and a subset S of

T , called the connection set. It has vertex set T and there is directed edge (arc)

from t1 to t2 if t1t−1
2 ∈ S. If S is closed under inverses and t1t

−1
2 ∈ S, then there

are arcs in both ways i.e; t1t−1
2 ∈ S and t2t−1

1 ∈ S. In this case, we replace the two

arcs by an undirected edge and Cay(T, S) is an undirected graph. Furthermore, if

the identity of T does not belong to S then Cay(T, S) is loopless. Therefore, if S is

closed under inverses and does not contain the identity of T , Cay(T, S) is a simple

graph. A Cayley digraph is called normal if its connection set is closed under

conjugation. This implies that the connection set is a union of conjugacy classes.

So, T acts regularly on the vertices of Cay(T, S) by left and right multiplication.

Remark 5.9. The notion normal Cayley digraph is used sometimes to mean a

graph of a group T such that T is normal subgroup of the automorphism group of

the graph.

The following results shows that the G-invariant graphs where G = D(T, 2), are

Cayley graphs.

Proposition 5.10. Let T be a �nite group and let G = D(T, 2) be the group

induced by the diagonal action of T × T on T. Then the G-invariant graphs are

Cayley graphs.
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Proof. Assume that T is a �nite group and G is the group induced by the action

of T × T on T . If (x1, y1) and (x2, y2) are in T × T , then they are in the same

orbital relation if and only if there is (h, g) in T × T such that:

⇔ h−1(x1, y1)g = (x2, y2)

⇔ (h−1x1g, h
−1y1g) = (x2, y2)

⇔ h−1x1y
−1
1 h = x2y

−1
2 .

Therefore, (x1, y1) and (x2, y2) are in the same orbital relation if x1y
−1
1 and x2y

−1
2

are in the same conjugacy class. An orbital graph obtained from an orbital relation

is a Cayley graph Cay(T, S), where S is a conjugacy class. A G-invariant graph

is a union of some orbital graphs.

Theorem 5.11. Let T be a �nite group. Then the orbital relations that are ob-

tained from the group G = D(T, 2) form an association scheme. Moreover, a

Cayley graph Cay(T, S), where S is a conjugacy class is a graph in the scheme.

Proof. We have some claims to prove:

(a) There is a diagonal orbital relation O0 = {(x, x) : x ∈ T}. This exists by the

transitivity of G.

(b) The set of orbital relations is a partition of T × T. This is ensured by the

de�nition of orbits.

(c) If O is an orbital relation, then Ot is an orbital relation as well. This is for

the same reason as the previous one.

(d) For each i, j, k ∈ {0, 1, ..., d}, and (x, y) ∈ Ok the constant |{z ∈ T : (x, z) ∈

Oi, (z, y) ∈ Oj}|= pkij only depends on i, j, k. Assume (x, y) ∈ Ok and
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t ∈ {z ∈ T : (x, z) ∈ Oi, (z, y) ∈ Oj}. Then tg ∈ {z ∈ T : (xg, z) ∈

Oi, (z, yg) ∈ Oj}. Since (x, y) ∈ Ok, we have (xg, yg) ∈ Ok.

|{z ∈ T : (xg, z) ∈ Oi, (z, yg) ∈ Oj}|= |{z ∈ T : (x, z) ∈ Oi, (z, y) ∈ Oj}|= pkij

So, pkij depends only on i, j, k.

(e) If Oi and Oj are orbital relations represented by Ai and Aj respectively, then

AiAj = AjAi.

Last statement follows from the previous result.

This association scheme is called conjugacy classes association scheme and

we will denote it by AG(T) .

Theorem 5.12. Let T be a �nite group and let G = D(T, 2) be the group induced

by the diagonal action of T × T on T. Then G is primitive if and only if T is a

simple group.

Proof. Let AG(T ) be the conjugacy classes association scheme. It is clear that G

is primitive if and only if AG(T ) is primitive. The latter is primitive if and only

if all digraphs in the scheme are connected, i.e., there is a directed path between

any two vertices.

First, assume that T is not simple, then it contains a normal subgroup N. How-

ever, N is a union of conjugacy classes then Cay(T,N) is an orbital graph and

it is disconnected since the connection set does not generate T . Therefore, AG is

imprimitive.
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Second, let AG(T ) be imprimitive conjugacy classes association scheme. Then,

there is a disconnected digraph Cay(T, S) in the scheme which means that 〈S〉 6= T.

Thus, we have a graph Γ = Cay(T, 〈S〉 \ {e}) which is not connected and G ≤

Aut(Γ), and 〈S〉 is closed under conjugation. Therefore, 〈S〉 is normal subgroup

of T.

The most interesting situation happens when T is a non-abelian simple group

because when T is not simple the group G = D(T, 2) is non-separating and non-

synchronising. For the reset of this chapter we assume that T is �nite simple

group. The following subsection discusses the relationship between the separation

property of D(T, 2) and diagonal factorisation of T .

5.2.2 The factorisation of �nite groups and the separation

property

The aim of this subsection is to show that for a �nite non-abelian simple group

T , the diagonal group D(T, 2) is non-separating if and only if T admits a diagonal

factorisation.

Lemma 5.13. Let T be a �nite non-abelian simple group which admits a diagonal

factorisation T = AB into two subsets A,B ⊂ T . Then we can de�ne a normal

Cayley graph Cay(T, S), where S is a union of conjugacy classes C such that

C ∩ {a1a2 : a1, a
−1
2 ∈ A, a1 6= a2} 6= ∅. The two factors A and B are maximum

clique and maximum Co-clique of Cay(T, S), respectively.

Proof. Assume that T is a �nite non-abelian simple group admits a diagonal fac-

torisation T = AB. We can de�ne a graph Γ to have T as its vertex set and

two vertices t1, t2 ∈ T are adjacent if t1t−1
2 ∈ S, where S is the union of conju-

gacy classes C such that C ∩ {a1a2 : a1, a
−1
2 ∈ A, a1 6= a2} 6= ∅. It is clear, Γ
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is Cayley graph Cay(T, S). It is normal because S is closed under conjugation.

By the diagonal factorisation of T and the fact that a1a
−1
2 and a−1

1 a2 are conju-

gate for all a1, a2 ∈ A, the factor A is a clique in the graph. Also, for distinct

elements a1, a2 ∈ A and distinct elements b1, b1 ∈ B we have that a1a
−1
2 is not

conjugate to b1b
−1
2 , so B is co-clique. Since |A||B|= |T |, the clique and co-clique

are maximum.

The following theorem follows from Theorem 5.11 and Lemma 5.13.

Theorem 5.14. Let T be a �nite non-abelian simple group which admits a diagonal

factorisation T = AB into two subsets A,B ⊂ T . Then the diagonal group G =

D(T, 2) is non-separating.

Also, if G = D(T, 2) is non-separating then there is a diagonal factorisation of T

into subsets.

Theorem 5.15. Let T be a �nite non-abelian simple group. If the diagonal group

G = D(T, 2) is non-separating, then T admits a diagonal factorisation into two

subsets A,B ⊂ T.

Proof. Assume that G = D(T, 2) is non-separating, then, by Theorem 2.24, there

is a non-trivial G-graph Γ such that Γ = Cay(T, S) by Proposition 5.10, in the

association scheme AG(T) such that α(Γ) ·ω(Γ) = |T |. Suppose that A and B rep-

resent the vertex sets of a maximum clique and a maximum co-clique, respectively.

The connection set S is a union of conjugacy classes, so for all distinct a1, a2 in A

and for all distinct b1, b2 in B, we have a−1
1 a2 is not conjugate to b1b

−1
2 . The inter-

section of A and B contains exactly one point by Theorem 2.28. We can assume

this point is the identity element of T. If not, A ∩ B = {t 6= e}, we choose the

vertex set of maximum clique to be At−1 and the vertex set of maximum co-clique
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to be Bt−1. This can be done because the right multiplication by an element of T

is an automorphism of Γ.

Now, there are three possibilities for the subsets A and B:

� if there is an exact factorisation of T into two subgroups A and B, then we

have an exact factorisation into subgroups.

� if one of the factors is a subgroup, say A, while the other is a subset that is

not a coset, say B. Then B is called a sharply transitive set.

Let Ω be a set and H be a set of permutations on Ω, then H is called a

sharply transitive set if for x and y in Ω, there is exactly one h ∈ H

such that xh = y. If Ω is �nite then the number of elements in Ω equals the

number of elements in H.

� if both of the subsets A and B are not cosets of subgroups. Little is known

about the factorisation of groups into subsets. However, there are some ex-

amples of factorisation of �nite groups into subsets. For abelian groups,

consider the cyclic group generated by the element t of order 8 that is

T = {e, t, t2, t3, t4, t5, t6, t7, t8}. It can be expressed uniquely as a product

of two subsets A = {e, t2} and B = {e, t, t4, t5}. For the non-abelian case,

consider the group T = Sym(3)×〈(1, 2, 3)〉. It can be factorised into the two

subsets [15],

A = {(), (1, 2, 3), (1, 3, 2), (2, 3)(4, 5, 6), (1, 3)(4, 5, 6), (1, 2)(4, 5, 6)}

and

B = {(), (1, 3, 2)(4, 5, 6), (1, 3, 2)(4, 6, 5)}.
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The former generates T while the latter generates the subgroup

〈B〉 = {(), (4, 5, 6), (4, 6, 5), (1, 2, 3), (1, 2, 3)(4, 5, 6), (1, 2, 3)(4, 6, 5),

(1, 3, 2), (1, 3, 2)(4, 5, 6), (1, 3, 2)(4, 6, 5)}.

I do not know any such factorisation for �nite simple groups!!

The main result in this subsection is:

Theorem 5.16. Let T be a �nite non-abelian simple group. The diagonal group

G = D(T, 2) is non-separating if and only if T admits a diagonal factorisation into

two subsets A,B ⊂ T.

Proof. This can be seen from Theorem 5.14 and Theorem 5.15.

5.2.3 The diagonal groups D(T, 2) where T = An, and n ≥ 5

All simple groups admitting exact factorisations into subgroups are known and ap-

pear in [53]. Not all �nite simple groups admit exact factorisations into subgroups,

for instance, in [80] it is shown that A6 cannot be factorised into subgroups.

The alternating group An where n ≥ 5, is the �rst candidate for T in the diagonal

groups D(T, 2). The group An, for instance, can be factorised into two subgroups

An−1, and Cn when n is odd. However, T = A6, admits such no factorisation

because C6 is not a subgroup in A6. Nevertheless, it contains a sharply transitive

set

B = {e, (1, 2, 3, 5)(4, 6), (1, 6, 5, 3)(2, 4), (1, 4)(2, 5, 6, 3), (1, 5, 2, 6)(3, 4), (1, 3, 6, 2)(4, 5)}
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Figure 5.1: The decomposition of the complete digraph with three vertices into
three directed cycles of length 2 and into two directed cycles of length 3.

which is system of coset representatives for A5 in A6. This provides a factorisation

of A6 into subgroup A5 and B. This suggests a way of looking at the problem

through the decomposition of complete directed graphs.

A decomposition of a (di)graph Γ = (V (Γ), E(Γ)) is a partition of the edge-

set E(Γ) into the edge-sets of the spanning sub-digraphs K1, . . . , Kl. If each of

them is isomorphic to a particular subgraph (subdigraph) K, then Γ admits an

K-decomposition .

Let Ω = {1...n} and T ≤ Sym(Ω), we say that t1 and t2 in T are intersecting if

it1 = it2 for some i ∈ Ω, and non-intersecting otherwise. If T is the alternating

group An, then the subset of all pairwise non-intersecting permutations, is called

the set of even derangements of size n. We will denote it by ED(n). The even

derangement graph Γn is a Cayley graph Cay(An, ED(n)) which has An as its

vertex set and ED(n) its connection set. ED(n) is a union of conjugacy classes

in An, so Γn is a normal Cayley graph. Therefore, it is a graph in the conjugacy

classes association scheme AG(An). It is not di�cult to see that An−1 is a co-

clique in Γn with size (n−1)!
2

. Thus, by the clique�co-clique bound, inequality 3.1,

the maximum clique in Γn is bounded above by n.
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The following result gives the necessary and su�cient conditions for the existence

of a decomposition of a complete digraph Kn on n vertices into directed cycles of

length m.

Theorem 5.17. [2, Theorem 1.1] For positive integers m and n with 2 ≤ m ≤ n

the digraph Kn can be decomposed into directed cycles of length m if and only if

m divides the number of arcs in Kn and (n,m) 6= (4, 4), (6, 3), (6, 6).

We illustrate what we mean by permutation of the shape (2)(n−2), in the following

result, by an example. For n = 6, an example of permutation of the shape (2)(n−2)

would be (1, 2)(3, 4, 5, 6). Also, this permutation represents a set of two directed

cycles in the complete digraph K6.

Corollary 5.18. There exists a decomposition of the complete directed graph Kn

into n− 1 cycles that are represented by permutations of shape (2)(n− 2).

Proof. Assume that Kn is a complete digraph on the vertices {v1, ..., vn}. Con-

sider the induced subgraph Kn−1 on the vertices {v2, .., vn}. It is complete di-

graph as well. By the previous theorem, it can be decomposed into n − 1 cy-

cles of length n − 1. Each cycle can be represented by a permutation of shape

(n − 2). The permutations can be indexed such that Ci misses a vertex vi from

{v2, .., vn}. The remaining arcs in Kn can be decompose into n− 1 transpositions

(v1v2), (v1v3), ..., (v1vn). Now, by joining each permutation Ci with (v1vi) we reach

the desired conclusion.

Lemma 5.19. If n is odd, then there exists a clique of size n in the derange-

ment graph Γn, which consists of n− 1 permutations of shape (n) and the identity

permutation.
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Proof. For n odd, showing that Γn has clique number ω(Γn) = n is the same

as proving the existence of a non-intersecting set S contains n − 1 permutations

of shape (n) and identity. By the previous theorem, a complete directed graph

Kn can be decomposed into n − 1 cycles of length n. Each cycle represents a

permutation. Let S be the set that consists of the permutations of these cycles

together with the identity permutation. It is a clique in Γ with size n.

Lemma 5.20. If n is even, then there exists a clique in the derangement graph Γ

which consists of n − 1 permutations of shape (2)(n − 2) and the identity permu-

tation.

Proof. The permutations of shape (2)(n−2) are even derangements. Let the clique

S be the set of the n− 1 even derangements that represent the cycles in Corollary

5.18 beside the identity permutation. It contains n elements and this proves the

lemma.

Theorem 5.21. Let n ≥ 5 and let T be the alternating group An. Then the

diagonal group G = D(An, 2) is non-separating.

Proof. The even derangement graph Γn is a non-trivial G-invariant graph such that

α(Γn) · ω(Γn) = |An|. Therefore, by theorem 2.24, the group G is non-separating.

For the case T = PSL(2, q), Ito [45] proves that following

Theorem 5.22. Let T be the projective special linear group PSL(2, q). Then T

admits a factorisation into two subgroups except q ≡ 1 mod 4 and q 6= 5, 9, 29.

For the case PSL(2, 13), Sean Eberhard shows that it is separating and conse-

quently synchronising (2019, Personal communication by email, 24 July). Also, in

152



1 2 3 4 5
2 3 4 5 1
3 4 5 1 2
4 1 2 3 5
5 1 2 3 4

Table 5.1: Example of Latin square of size 5.

1 2 3 4 5 6
2 3 5 6 1 4
6 4 1 2 3 5
4 5 2 1 6 3
5 6 4 3 2 1
3 1 6 5 4 2

e = ()
(1,2,3,5)(4,6)
(1,6,5,3)(2,4)
(1,4)(2,5,6,3)
(1,5,2,6)(3,4)
(1,3,6,2)(4,5)

Table 5.2: Example of all-even Latin square of size 6.

a recent paper [11] Bamberg, Giudici, Lansdown, and Royle have shown that the

diagonal groups T × T where T = PSL(2, 13) or PSL(2, 17) are synchronising.

A Latin square L of size n is an n× n array in which each cell contains a single

element from an n-set S, such that each element occurs exactly once in each row

and exactly once in each column. The following Table is a Latin square of size 5.

A Latin square Ln is called all-even Latin square if each row can be represent

by an even permutation. The following is an example of all-even Latin square.

Remark : Let T be a �nite group that admits a diagonal factorisation T = AB.

If a factor is a subgroup, say A, then the other factor B can be considered as a set

of permutations which is given by the rows of Latin square.
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5.2.4 Related problems

The work in the previous section suggests the following question:

Let G be a primitive permutation group. Can we put any upper bound on the

number of non-synchronising monoids containing G ?

Let T be a non-abelian simple group, and G = T ×T acting on T by left and right

multiplication. Suppose that A is a subgroup of T , and B a subset, providing a

diagonal factorisation of T . Then the cosets of A form a partition of T such that

Bg is a transversal (section) for all g ∈ G, and hence G is non-synchronizing.

Now take the case where T is an alternating group An, and A is the alternating

group An−1. Then the elements of B are the rows of an all-even Latin square.

Conversely any all-even Latin square gives a witness to non-synchronisation. If s

denotes the map taking every element of T to the element of B in the same coset

of An−1, then 〈G, s〉 is non-synchronising.

We showed the existence of all-even Latin squares in above section. The total

number of Latin squares is very large, at least (n/2e)n
2
. If even an exponentially

small proportion of them were all-even, then we would have many examples.

Here we study the two speci�c questions:

(a) Is it true that the proportion of Latin squares which are all-even is at least

cn of the total, for some c > 0?

(b) How many inequivalent Latin squares can give rise to the same non-synchronising

monoid?
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n RL AEL The proportion F

3 1 1 0.5 0.125
4 4 1 0.125 0.0625
5 56 3 0.0535714286 0.03125
6 9,408 312 0.0165816327 0.015625
7 16,942,080 254640 0.0075150159 0.0078125
8 535,281,401,856 4,266,190,848 0.0039849989 0.00390625
9 377,597,570,964,258,816 1,478,219,603,116,032 0.0019574008 0.001953125

Table 5.3: The proportion of all-even-Latin squares for 3 ≤ n ≤ 9.

5.2.4.1 The proportion of all-even Latin squares

A Latin square Ln of of size n is reduced or in standard form if in the �rst

row and column the elements occur in natural order. One should note that we

have the number of all Latin squares of size n with n less than oe equal 11 and

we have no con�rmed number after that. I calculate the exact number of all-even

Latin square for 3 ≤ n ≤ 7. Ian Wanless provides the exact number for n = 8, 9

(2019, Personal communication, 30 January). As we can see in the following table

this number lives in an interval around 1
2

n and it is getting closer to it when n

increases. To understand the table we let:

� RL: be the number of all reduced Latin squares;

� AFL: be the number of all-even Latin squares;

� the proportion is given by AFL
2×L ;

� F: be the fraction 1
2

n
.

R.Haggkvist and J. C.M. Janssen [38] show that the proportion of all k× n Latin

rectangles with k ≤ n − 7 is asymptotically equal to 2−k. They use the lower
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1 2 3 4
2 3 4 1
3 4 1 2
4 1 2 3

1 2 3 4
2 1 4 3
3 4 1 2
4 3 2 1

Table 5.4: Example of inequivalent Latin squares of size 4.

bound on the permanent of a doubly stochastic matrix and upper bound of the

determinant of a Hadamard matrix. To use the same methods for proving the

same result for Latin squares, one needs to improve the two bounds, which is a

di�cult problem!

5.2.4.2 Equivalent Latin squares and monoids

Two Latin squares L1 and L2 of size n are isotopic or equivalent if there are

three bjiections from the rows, columns, and symbols of L1 to the rows, columns,

and symbols, respectively, of L2, that map L1 to L2. In other words, we can obtain

L2 from L1 by permuting the rows, columns, or symbols. The two tables above

show an example of two inequivalent Latin squares of size 4. Let G = D(T, 2) be

the group induced by the diagonal action of T×T on T . The question is how many

inequivalent Latin squares can give rise to the same non-synchronising monoid?

We consider the case where T is an alternating group An. Any all-even Latin

square of size n gives a witness to non-synchronisation; that is, the set of cosets of

An−1 forms a partition of T and the set B which consists of the rows of all-even

Latin square, is a section. If s denotes the map taking every element of T to the

element of B in the same coset of An−1, then 〈G, s〉 is non-synchronising.

Theorem 5.23. Let G = D(An, 2) be a diagonal group, where n ≥ 5 and let L1

and L2 be inequivalent Latin squares of size n. If s1 and s2 denote the maps taking
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every element of An to the elements of the sets of rows of L1 and L2, respectively, in

the same coset of An−1. Then the non-synchronising monoids 〈G, s1〉 and 〈G, s2〉

are not the same.

Proof. The group T = An admits a factorisation An−1B with one factor is the

alternating group An−1 and the other factor is a subset B. Also, the the set of

cosets, An−1bi, bi ∈ B, 1 ≤ i ≤ n is a section regular partition of An, that is, for

all S such that |S ∩Abi|= 1 implies |Sg ∩Abi|= 1. Let B1 and B2 be two subsets

of An which are sections of the partition of An into cosets of An−1, so An = AB1

and An = AB2.

Let s1 and s2 be the transformations that send every element of An to the elements

of the sets B1 and B2, respectively, in the same coset of An−1. The sets B1 and B2

are sharply transitive subsets of An, so they can be represented by all-even Latin

squares of size n namely L1 and L2, respectively.

The monoid 〈G, s1〉 consists of all possible compositions of s1 and all g ∈ G.

There are two ways to compose g and s1 either gs1 or s1g. Let Im(gs1) = B1 and

Im(s1g) = B∗. Therefore, An = AB∗ and the permutations in B∗ are rows in a

Latin square L∗. Note that L1 and L∗ are equivalent because G = T × T acts

by left and right multiplication on B1 the left action corresponds to the column

permutations on L1 and right action corresponds to symbol permutation on L2.

Let L1 and L2 be inequivalent all-even Latin squares which are in correspondence

with the factorisations An = AB1 and An = AB2. If s1 and s2 are the two related

transformations as explained above, then it is impossible to have s2 ∈ 〈G, s1〉.
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5.3 Diagonal groups D(T, d) when d ≥ 3

We recall the de�nition of diagonal groups as stated in [16]. A diagonal group

D(T, d), where T is a non-abelian simple group and d an integer greater than 1,

is a permutation group on the set

Ω = {[t2, ..., td] : ti ∈ T, 2 ≤ i ≤ d}.

and is generated by the following permutations of Ω:

� (G1) (s1, ..., sd) : [t2, ..., td] 7→ [s−1
1 t2s2, ..., s

−1
1 tdsd] (these form a group iso-

morphic to T d, which is the socle of D(T, d));

� (G2) α : [t2, ..., td] 7→ [tα2 , ..., t
α
d ], where α ∈ Aut(T ) (the inner automor-

phisms of T coincide with the diagonal permutations (s, ..., s) of the preced-

ing type);

� (G3) π : [t2, ..., td] 7→ [t2π, ..., tdπ], where π ∈ Sym({2, ..., d});

� (G4) τ : [t2, ..., td] 7→ [t−1
2 , t−1

2 t3, ..., t
−1
2 td] (this corresponds to the transposi-

tion (1, 2) in Sym({1, ..., d}); together with the preceding type it generates

Sym({1, ..., d}).

The construction simpli�es if d = 2. Let Ω = T , the mappings of equation (G1)

take the form

t 7→ s−1
1 ts2

in other words, T acts on itself by left and right multiplication. The automor-

phism group of T acts in the natural way on T , with the inner automorphisms

identi�ed with the above action of the diagonal subgroup {(s, s) : s ∈ T}. The
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symmetric group Sym(n − 1) in (G3) is trivial, while the action of τ in (G4) is

simply t 7→ t−1.

5.3.1 The separation and synchronisation property forD(T, d),

when d ≥ 3

In the case G = D(T, d), when d ≥ 3, we would like to show that the group is

non-separating, so we need to �nd a non-trivial G-invariant graph Γ such that the

product of the clique and co-clique numbers equals to the number of vertices, i.e.,

ω(Γ) · α(Γ) = |T |. The authors of [16] de�ne a G-invariant graph as follows:

The graph will have Ω = T n−1 as it is vertex set. Two vertices [u2, ..., ud] and

[t2, ..., td] are adjacent if and only if they satis�es one of the following conditions:

� (A1) there exists i ∈ {2, ..., d} such that ui 6= ti but uj = tj for j 6= i;

� (A2) there exists x ∈ T with x 6= e such that ui = xti for i = 2, ..., d.

This graph will be called diagonal graph and it will be denoted by DΓ(T, d).

Theorem 5.24. [16, Theorem 1.5] Let T be a �nite group, then the co-clique

number of DΓ(T, 3) is |T |.

Proposition 5.25. Let T be a �nite group, then the clique number of the diagonal

graph DΓ(T, 3) is |T |.

Proof. Let T be a �nite group and DΓ(T, 3) be a diagonal graph. By the clique�

co-clique bound (inequality 3.1) and the previous theorem, the clique number of

the diagonal graph DΓ(T, 3) is bounded above by |T |. The set S of all vertices
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[x, t3], where x, t3 ∈ T , having a �xed entry in the �rst coordinate is a clique in

the graph, by (A1) the de�nition of the diagonal graph. The size of S is |T | and

since it the upper bound, S is a maximum clique.

Lemma 5.26. Let T be a �nite group. There is a maximum clique C in the

diagonal graph DΓ(T, d ≥ 3), in one of the following two types:

(a) non-diagonal clique, for �xed i ∈ {2, ..., d} the maximum clique has [u2, ..., ui, ..., ud]

where all entries are �xed except the position i. Vertices in this clique are

adjacent by rule (A1). Any maximum clique of this type can be transformed

to the set {[e, ..., e, ui, e, ..., e] : ui ∈ T}.

(b) diagonal clique, for �xed vertex [u2, ..., ui, ..., ud] we have the set C∗ = {x[u2, ..., ud] :

x ∈ T} as maximum clique. In particular, C = {x[e, ..., e, ..., e] : x ∈ T} is a

maximum clique. Vertices in this clique are adjacent by rule (A2).

Moreover, the vertex set of the graph can be partitioned by the disjoint cliques of

the same type.

Proof. Let |T |= n and consider the sets Ci = {[u2, ..., ui, ..., ud] : ui ∈ T}, where

u2, .., ui−1, ui+1, ..., ud are �xed entries for the positions 2, ..., i− 1, i+ 1, ..., d. Ci

is a clique of size n. It can be transformed to {[e, ..., e, ui, e, ..., e] : ui ∈ T} by

(e, u−1
2 , ..., ui−1, e, ui+1, ..., ud) using (G1). There are |T |d−2 choices for the �xed

entries for the positions 2, ..., i− 1, i+ 1, ..., d, so for each i there are |T |d−2 cliques

Ci1, ..., Ci|T |d−2 . Clearly, these cliques have pairwise disjoint vertex sets. Therefore,

they provide a partition of the vertex set of DΓ(T, d ≥ 3) into disjoint cliques.

For the diagonal cliques, consider the action of T on the Cartesian product T ×

...× T with d− 1 factors by left multiplication. By the regularity of the action of
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T on itself, there are |T |n−2 orbits of size |T | each of which is a maximum clique in

DΓ(T, d ≥ 3). Vertices in each orbit are adjacent by rule (A2) and the conclusion

follow.

Lemma 5.27. Any maximum clique in the graph DΓ(T, d ≥ 3), is either of diag-

onal or non-diagonal type.

Proof. To prove the lemma, assume that x, y and z are vertices in the graph such

that x and y are adjacent by rule (A1) and x and z are adjacent by rule (A2). It is

enough to show that y and z can be adjacent in the diagonal graph. It is the same

as if any two cliques of di�erent type intersect. Then their intersection contains

exactly one element. Let C1 be a clique of non-diagonal type and C2 be a clique

of diagonal type, and assume for the contrary that u, t ∈ C1 ∩ C2. Since u, t ∈ C1

then u and t are di�erent in exactly one position, say i, their entries in the other

d− 2 positions are �xed. However, in this case they cannot both belong to C2 as

the action of T by left multiplication on it self is regular. Therefore, the size of

the intersection of C1 and C2 is at most 1.

Theorem 5.28. Let T be a �nite simple group, then the co-clique number of

DΓ(T, d) is |T |d−2, for d ≥ 3.

Proof. Let |T |= n. This can be proved by induction on d. Theorem 5.24 provides

the base case d = 3. Assume that the result is true for DΓ(T, d), where d ≤ k.

Therefore, there is an independent set S with |S|= |T |k−2. Also, the sets tiS =

{(tiu2, ..., tiuk) : (u2, ..., uk) ∈ S} for all ti ∈ T are |T | pairwise disjoint independent

sets in DΓ(T, k). Now consider the sets (tj, tiS) = {[tj, tiu2, ..., tiuk] : (u2, ..., uk) ∈

S} for all tj, ti ∈ T independent sets in DΓ(T, k) and partition its vertex set.

De�ne a new graph Γ with these independent sets as vertices and two (tj, tiS) and

(tk, tlS) are adjacent if:
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(a) (A1
′
) if tj 6= tk, and ti = tl;

(b) (A1
′
) if tj = tk and tiS = xtlS for some x ∈ T ;

(c) (A3
′
) there is y ∈ T such that (tj, tiS) = y(tk, tlS).

The graph Γ is the same as the graph DΓ(T, 3) and its co-clique number equals

|T |. The rules of adjacency in Γ ensure that the union of the sets (vertices) in a

maximum independent set of Γ is an independent set in D(T, k+ 1) of size |T |k−1.

This complete the proof.

Theorem 5.29. An association scheme AG that is obtained from a group G =

D(T, d), for d ≥ 3 is non-synchronising. Hence non-separating.

Proof. We have seen that the vertex set of DΓ(T, d ≥ 3) can be partition into

either pairwise disjoint cliques or pairwise disjoint co-cliques. The partition into

co-cliques provide a colouring of DΓ(T, d ≥ 3) by |T | colours. Consequently, there

is a G-invariant graph DΓ(T, d ≥ 3) with the clique number equals the chromatic

number, so AG is non-synchronising.

Theorem 5.30. The permutation group G = D(T, d) for d ≥ 3 is non-synchronising

and separating.

5.4 The equivalence of separation and synchroni-

sation properties
It is a fact that a separating group is synchronising which follows from Theo-

rem 2.24 and Theorem 2.23. The converse is not always true. A counterexample is

provided in Theorem3.42 when examples of almost simple groups are considered.
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There are few such examples and it seems to be a rare phenomenon. Therefore, a

good question to ask is:

When is a primitive permutation group non-separating but synchronising?

In the previous sections we see that the diagonal groups D(T, d), when d ≥ 3,

are non-separating and non-synchronising. In this section, we will prove that the

separation and synchronisation properties are equivalent for all diagonal groups.

Theorem 5.31. Synchronisation and separation properties are equivalent for D(T, 2).

Proof. Assume that G = D(T, 2) is a non-separating group. Then T admits a

factorization into subsets A and B, Theorem 5.16. Also, there is a non-trivial

Cayley graph Γ = Cay(T, S) (we can assume that S is closed under conjugation)

in the conjugacy classes association scheme such that |A||B|= |T |, where A is a

maximum clique and B is maximum co-clique in Γ.

Claim:

(a) The set {Ab : b ∈ B} provides a partition of T (vertex set of Γ) into cliques.

(b) The set {aB : a ∈ A} provides a partition of T into co-cliques.

We prove the �rst claim and the second one can be done by similar argument.

Assume for the contrary that |Ab1 ∩ Ab2|6= 0 where b1, b2 ∈ B. Then, there are

elements a1, a2 ∈ A such that a1b1 = a2b2. Thus, we have a−1
2 a1 = b2b

−1
1 , from

the de�nition of Cayley graph Γ, b2b
−1
1 ∈ T \ S. Then, {b1, b2} and {a−1

1 , a−1
2 } are

an edges in Γ̄ (the complement of Γ). However, the fact that S is closed under
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conjugation a−1
2 a1 ∈ T \ S implies

a1a
−1
2 a1a

−1
1 = a1a

−1
2 ∈ T \ S.

Therefore, {a1, a2} is an edge in Γ̄, which contradicts the fact that {a1, a2} is an

edge in the clique A and this proves claim (a).

The partitions provide a colouring of the graph Γ such that the chromatic number

equals the clique number. Consequently, we have a non-trivial G-invariant graph

Γ with the property that the clique number equals the chromatic number. Thus,

G = D(T, 2) is non-synchronising.

Observe that if a group is of diagonal or a�ne type then it contains a regular

subgroup. Thus, is it true that a primitive almost simple group G with regular

subgroup is synchronising if and only if it is separating? This is an open question

in [16].

5.5 Conclusion and future work
In this chapter, we considered diagonal permutation groups and related topics. We

initiate a study for the factorisation of �nite non-abelian groups and indicate its

relationship to the synchronisation property of diagonal groups D(T, 2). We show

that D(An, 2), when n ≥ 5 and D(T, d), when d ≥ 3 are non-synchronising.

The case D(T, 2), when T is a �nite simple group that does not admit a factori-

sation into maximal subgroups is still to be solved. I think it might be true that

these groups are synchronising!! So the question is: It is true that the existence of

diagonal factorisation implies the assistance of maximal factorisation.
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Another problem which can be considered for a future work is the investigation

of the equivalence of the synchronisation and separation properties for primitive

almost simple groups with regular subgroups.

165



Appendix A

Appendix

A.1 The proof of Theorem 3.10

In this Section we will provide the proof of Theorem 3.10 from Chapter 3

Theorem A.1. Let n ≥ 13, and I ∈ {{1, 2, 3, 5}{1, 2, 4, 5}, {1, 3, 4, 5},

{1, 3}, {1, 4}, {1, 5}, {2, 3}, {2, 4}, {2, 5}, {3, 4}, {3, 5}} and let ∆ = ΓI(n, 5), then

ω(∆)α(∆) <
(
n
5

)
, except the graph Γ{1,2,3,5}(21, 5).

The proof starts in next page.

Corollary A.2. For k = 5, Conjectures 2 and 3 hold for n ≥ 11.
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Proof. We start by calculating the matrix of the eigenvalues P and the dual matrix Q the Johnson association

scheme J(n, 5) :

P =



1 5(n− 5) 5(n− 6)(n− 5) 5
3 (n− 7)(n− 6)(n− 5) 5

24 (n− 8)(n− 7)(n− 6)(n− 5) 1
120 (n− 9)(n− 8)(n− 7)(n− 6)(n− 5)

1 4n− 25 (n− 6)(3n− 25) 1
3 (n− 7)(n− 6)(2n− 25) 1

24 (n− 25)(n− 8)(n− 7)(n− 6) − 1
24 (n− 9)(n− 8)(n− 7)(n− 6)

1 3n− 23 3
2 (n− 19)n+ 127 1

6 (n− 26)(n− 9)(n− 7) − 1
6 (n− 8)(n− 7)(2n− 27) 1

6 (n− 9)(n− 8)(n− 7)

1 2n− 19 1
2 (n− 29)n+ 87 − 1

23(n− 21)n− 157 1
2 (n− 8)(3n− 31) − 1

2 (n− 9)(n− 8)

1 n− 13 42− 4n 6n− 58 37− 4n n− 9

1 −5 10 −10 5 −1


,

Q =



1 n− 1 1
2 (n− 3)n 1

6 (n− 5)(n− 1)n 1
24 (n− 7)(n− 2)(n− 1)n 1

120 (n− 9)(n− 3)(n− 2)(n− 1)n

1 4n
5 −

9
5 −

4
n−5

(n−3)n(3n−23)
10(n−5)

1
30 (n− 1)n(2n− 19) (n−13)(n−7)(n−2)(n−1)n

120(n−5) − (n−9)(n−3)(n−2)(n−1)n
120(n−5)

1 3n
5 −

13
5 −

8
n−5

(n−3)n(3(n−19)n+254)
20(n−6)(n−5)

(n−1)n((n−29)n+174)
60(n−6) − (n−7)(n−2)(n−1)n(2n−21)

60(n−6)(n−5)
(n−9)(n−3)(n−2)(n−1)n

60(n−6)(n−5)

1 (n−1)(2n−25)
5(n−5)

(n−26)(n−9)(n−3)n
20(n−6)(n−5) − (n−1)n(3(n−21)n+314)

20(n−7)(n−6)
(n−2)(n−1)n(3n−29)

20(n−6)(n−5) − (n−9)(n−3)(n−2)(n−1)n
20(n−7)(n−6)(n−5)

1 (n−25)(n−1)
5(n−5) − 2(n−3)n(2n−27)

5(n−6)(n−5)
2(n−1)n(3n−31)
5(n−7)(n−6) − (n−2)(n−1)n(4n−37)

5(n−8)(n−6)(n−5)
(n−9)(n−3)(n−2)(n−1)n
5(n−8)(n−7)(n−6)(n−5)

1 − 5(n−1)
n−5

10(n−3)n
(n−6)(n−5) − 10(n−1)n

(n−7)(n−6)
5(n−2)(n−1)n

(n−8)(n−6)(n−5) − (n−3)(n−2)(n−1)n
(n−8)(n−7)(n−6)(n−5)


.

Remark: In all cases we assume for the contrary that the product of the clique and co-clique numbers equals the

number of vertices. For the �rst two cases we use the matrix P of eigenvalues and corollary 3.6 to get a contradiction.

Given our assumption, we reach a contradiction if one of the following holds:
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1. 1− deg(ΓI(n, k))/τ < n, where I is a singleton, by Fisher inequality 3.8.

2. 1− deg(ΓI(n, k))/τ or omega(ΓI(n, k)) does not divide
(
n
k

)
, by Corollary 3.6.

3. 1− deg(ΓI(n, k))/τ is not equal ω(ΓI(n, k)), by Corollary 3.6.

4. the product of ω(ΓI(n, k)) and α(ΓI(n, k)) is not equal ω(ΓI(n, k)).

The dual matrix Q is used for the other cases by applying Theorem 2.27 and Corollary 3.4.

Case I = {1, 2, 3, 5}: The complement ∆̄ of the graph ∆ is Γ{4}(n, 5) and its eigenvalues is given by the �fth column

of P , so we have:

5

24
(n−8)(n−7)(n−6)(n−5),

1

24
(n−25)(n−8)(n−7)(n−6),−1

6
(n−8)(n−7)(2n−27),

1

2
(n−8)(3n−31), 37−4n, 5.

The degree is the �rst eigenvalue 5
24

(n − 8)(n − 7)(n − 6)(n − 5) and for n ≥ 25 the smallest eigenvalue is

−(1/6)(−8 + n)(−7 + n)(−27 + 2n). Because the graph attains the clique- co-clique bound, the smallest

eigenvalue divides the degree. This can happen only if n ∈ {22, 26, 141, 226}. Additionally, we must have

ω(∆̄) = 1− deg(∆̄)
τ

which cannot occur according to the following table and this contradict the assumption.
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n 1− deg(∆̄)
τ

22 21 If the clique number is 21

then the co-clique number must be 1254.

Using GAP (with package GRAPE) α(∆̄) < 1254.

26 22 Does not equal the clique number which is 21

141 91 Does not divide the number of vertices

226 144 This case will be treat later by using the matrix Q.

Therefore,ω(∆̄)α(∆̄) <
(
n
5

)
.

When n < 22, the smallest eigenvalue is 1/24(−25+n)(−8+n)(−7+n)(−6+n) and if the clique-coclique bound

is attained then the smallest eigenvalue divides the degree of the graph. This is possible for n ∈ {15, 20, 21}.

n 1− deg(∆̄)
τ

15 6 It is equal the clique number but it does not divide the number of vertices.

20 16 It is equal the clique number but α(∆̄).

21 21 There is Steiner system (Projective plane)

Therefore, ω(∆̄)α(∆̄) <
(
n
5

)
.

Case I = {1, 3, 4, 5}: The complement ∆̄ of the graph ∆ is Γ{2}(n, 5) and its eigenvalues are provided by the fourth
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column of P , so we have:

5

3
(n− 7)(n− 6)(n− 5),

1

3
(n− 7)(n− 6)(2n− 25),

1

6
(n− 26)(n− 9)(n− 7),−1

2
3(n− 21)n− 157, 6n− 58,−10.

The degree is 5
3
(n − 7)(n − 6)(n − 5) and for n ≥ 21 the smallest eigenvalue is −1

2
3(n − 21)n − 157. By

elementary number theory, we can see that the smallest eigenvalue does not divide the degree. This contradicts

our assumption.

When n < 21, the smallest eigenvalue is 1/6(−26 + n)(−9 + n)(−7 + n) and if the clique-coclique bound is

attained then the smallest eigenvalue divides the degree of the graph. This is possible for n ∈ {14, 19}.

n 1− deg(∆̄)
τ

14 13 But the clique number is 11.

19 27 But the clique number is 13.

Therefore, ω(∆̄)α(∆̄) <
(
n
5

)
.

Case I = {1, 2, 4, 5}: The complement ∆̄ of the graph ∆ is Γ{3}(n, 5) and its spectrum is provided by the third

column of P , so we have:

5(n− 6)(n− 5), (n− 6)(3n− 25),
3

2
(n− 19)n+ 127,

1

2
(n− 29)n+ 87, 42− 4n, 10

The degree is 5(n− 6)(n− 5), (n− 6)(3n− 25) and for n ≥ 15 the smallest eigenvalue is 42− 4n. The smallest
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eigenvalue divides the degree if and only if n ∈ {15, 18, 27, 33, 38, 60, 93, 258}. We must have n ≥ ω(∆̄) =

1− deg(∆̄)
τ

which cannot occur according to the following table.

n 1− deg(∆̄)
τ

15 26

18 27

27 36

33 43

38 49

60 76

93 117

258 323

Therefore, ω(∆̄)α(∆̄) <
(
n
5

)
.

Case I = {1, 5}: Let u = (1, a, 0, 0, 0, x − a − 1) and v = (1, b, c, 0, y − b − c − 1, 0) such that a, b, c ≥ 0, x − a −

1, y − b− c− 1 ≥ 0 and xy =
(
n
5

)
. So u and v are the inner distributions of an arbitrary clique and coclique

of ΓI , respectively,attaining the clique-coclique bound.
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The second coordinates of uQ and vQ are

(uQ)1 =
(n− 1)

5(n− 5)
((5 + 4a)n− 25x)

(vQ)1 =
(n− 1)

5(n− 5)
(−25y + n(4 + 2b+ c+ y)).

Since the product of the clique and coclique numbers equals the number of vertices, the product of these

quantities is zero. Therefore, at least one of the following scenarios occurs:

(i) x = 1/25(5 + 4a)n, or

(ii) y = −2bn−cn−4n
n−25

.

Assume that

y =
−2bn− cn− 4n

n− 25

since xy =
(
n
5

)
, we have

y = −(n− 25)(n− 4)(n− 3)(n− 2)(n− 1)

120(2b+ c+ 4)
.

If we now consider the system:
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(uQ)3(vQ)3 = 0 (A.1)

(uQ)4(vQ)4 = 0 (A.2)

(uQ)5(vQ)5 = 0 (A.3)

(uQ)6(vQ)6 = 0 (A.4)

By substituting the values of x and y in the system A.1 and solving this system for a, b and c we have the

following solutions:

a =
5(n− 5)

4
, b = −10 (n3 − 28n2 + 277n− 810)

n3 − 28n2 + 277n− 1050
, c =

20 (n3 − 28n2 + 237n− 610)

n3 − 28n2 + 277n− 1050
;

For all n ≥ 13, b < 0 or b is not an integer which contradict our assumptions.

a = −5(n− 5)

n− 11
, b =

−n4 + 41n3 − 671n2 + 4771n− 11580

2 (n2 − 21n+ 140)
, c =

3n4 − 123n3 + 1793n2 − 10893n+ 23140

2 (n2 − 21n+ 140)
;

For all n ≥ 13, b < 0 or b is not an integer which contradict our assumptions.

a = −5(n− 5)

2(n− 8)
, b =

−3n3 + 94n2 − 821n+ 2130

2(n− 15)
, c =

−n4 + 49n3 − 725n2 + 4247n− 8610

3(n− 15)
;
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For all n ≥ 13, a < 0 or a is not an integer which contradict our assumptions.

a =
5 (n2 − 15n+ 50)

5n− 46
, b =

5 (n4 − 43n3 + 709n2 − 4917n+ 11610)

4 (n3 − 29n2 + 303n− 1125)
, c = −5 (3n4 − 121n3 + 1695n2 − 9887n+ 20310)

4 (n3 − 29n2 + 303n− 1125)
;

For all n ≥ 13, c < 0 or c is not an integer which contradict our assumptions.

a = −5 (n2 − 15n+ 50)

n2 − 23n+ 118
, b =

−3n4 + 123n3 − 1808n2 + 11028n− 23440

4 (n2 − 22n+ 120)
,

c =
−n5 + 72n4 − 1727n3 + 18292n2 − 88356n+ 158480

12 (n2 − 22n+ 120)
;

For all n ≥ 13, b < 0 or b is not an integer which contradict our assumptions.

a =
5 (n3 − 23n2 + 173n− 415)

5n2 − 90n+ 397
, b =

5 (3n4 − 117n3 + 1603n2 − 9187n+ 18610)

2 (3n3 − 90n2 + 893n− 2950)
,

c =
5 (n5 − 66n4 + 1438n3 − 14076n2 + 63937n− 109410)

6 (3n3 − 90n2 + 893n− 2950)
.

For all n ≥ 13, b < 0 or b is not an integer which contradict our assumptions.

Therefore, (ii) is not satis�ed and we assume that (i) occurs, that is x = 1/25(5 + 4a)n. since xy =
(
n
5

)
, we

have

y =
5(n− 4)(n− 3)(n− 2)(n− 1)

24(4a+ 5)
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. By substituting the values of x and y in the system A.1 and solving this system for a, b and c we have the

following solutions:

a = −5 (n2 − 15n+ 50)

2n2 − 39n+ 166
, b =

−4n3 + 87n2 − 593n+ 1290

2n− 17
, c = −4 (n4 − 31n3 + 341n2 − 1601n+ 2730)

3(2n− 17)
;

For all n ≥ 14, a < 0 or a is not an integer. When n = 13, a = 40. However, b in this case is equal −56 which

contradict our assumptions.

a =
5 (n4 − 30n3 + 335n2 − 1650n+ 3000)

5n3 − 125n2 + 1050n− 2904
, b =

5 (3n4 − 88n3 + 953n2 − 4488n+ 7740)

4n3 − 99n2 + 819n− 2274
,

c =
10 (n5 − 39n4 + 599n3 − 4509n2 + 16608n− 23940)

3 (4n3 − 99n2 + 819n− 2274)
;

For all n ≥ 13, a < 0 or a is not an integer which contradict our assumptions. Thus, when I = {1, 5},

ω(∆)α(∆) <
(
n
5

)
.

Case I = {1, 4}: Let u = (1, a, 0, 0, x − a − 1, 0) and v = (1, 0, b, c, 0, y − b − c − 1) such that a, b, c ≥ 0, x − a −

1, y − b− c− 1 ≥ 0 and xy =
(
n
5

)
. So u and v are the inner distributions of an arbitrary clique and coclique

of ΓI , respectively,attaining the clique-coclique bound.
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The second coordinates of uQ and vQ are

(uQ)1 =
(n− 1)

5(n− 5)
n(3a+ x+ 4)− 25x

(vQ)1 =
(n− 1)

5(n− 5)
(n(3b+ 2c+ 5)− 25y).

We will follow the same steps as in previous case. Therefore, we have at least one of the following scenarios:

(i) x = −3an−4n
n−25

, or

(ii) y = −2bn−cn−4n
n−25

.

It is clear that (i) does not arise when n ≥ 25,for n ≤ 24, by substituting the values of x and y in the system

A.1 and solving this system for a, b and c we have the following solutions:

{
a = −5 (n2 − 26n+ 105)

3 (n2 − 26n+ 125)
, b =

1

2
(−5)

(
n2 − 11n+ 30

)
, c =

1

6
(−5)

(
n3 − 18n2 + 107n− 210

)}
;

For all n ≥ 13, a < 0 or a is not an integer, except n = 20, 21. However, b in these case is not integer which

contradict our assumptions.

a = −5 (n3 − 40n2 + 401n− 1130)

2n3 − 89n2 + 1045n− 3550
, b = −5 (5n3 − 102n2 + 667n− 1410)

2(7n− 55)
, c = −5 (4n4 − 115n3 + 1202n2 − 5441n+ 9030)

6(7n− 55)
;

For all n ≥ 13, a < 0 or a is not an integer, which contradict our assumptions.
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a = −5 (n4 − 47n3 + 713n2 − 4393n+ 9390)

n4 − 55n3 + 1049n2 − 8129n+ 21750
, b = −10 (n4 − 32n3 + 368n2 − 1807n+ 3210)

11n2 − 177n+ 718
,

c = −5 (n5 − 45n4 + 757n3 − 6051n2 + 23218n− 34440)

3 (11n2 − 177n+ 718)
;

For all n ≥ 13, a < 0 or a is not an integer, except n = 16, 17 and 23. However, b in these case is not integer

which contradict our assumptions.

a =
n4 − 46n3 + 671n2 − 3986n+ 8280

n3 − 41n2 + 466n− 1560
, b =

10 (n3 − 20n2 + 129n− 270)

3n2 − 47n+ 186
, c =

5 (n4 − 30n3 + 323n2 − 1494n+ 2520)

3 (3n2 − 47n+ 186)

. For all n ≥ 13, a < 0 or a is not an integer, except n = 15. However, b in these case is equal −225 which

contradict our assumptions. Therefore, (i) is not satis�ed and we assume that (ii) occurs, that is

y =
−2bn− cn− 4n

n− 25

. since xy =
(
n
5

)
, we have

x =
5(n− 4)(n− 3)(n− 2)(n− 1)

24(3b+ 2c+ 5)

. By substituting the values of x and y in the system A.1 and solving this system for a, b and c we have the
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following solutions:

a =
4(n− 5)

3
, b = −10 (n2 − 19n+ 70)

n2 − 19n+ 106
, c =

20 (n2 − 13n+ 40)

n2 − 19n+ 106
;

For all n ≥ 13, b < 0 or b is not an integer, except n = 14, where a = 9, b = 0, c = 30 However, in this case

y = 182
5
, so it is not an integer and contradict our assumptions.

a = −5 (2n3 − 57n2 + 493n− 1290)

2n3 − 73n2 + 821n− 2910
, b = −5 (3n3 − 77n2 + 606n− 1480)

4(5n− 44)
, c = −5 (n4 − 46n3 + 659n2 − 3782n+ 7560)

12(5n− 44)
;

For all n ≥ 13, a < 0 or a is not an integer,which contradict our assumptions.

a =
2n3 − 55n2 + 472n− 1235

2n2 − 45n+ 229
, b =

5 (3n3 − 74n2 + 569n− 1370)

2 (3n2 − 55n+ 254)
, c =

5 (n4 − 41n3 + 557n2 − 3103n+ 6090)

6 (3n2 − 55n+ 254)

. For all n ≥ 13, b < 0 or b is not an integer,which contradict our assumptions. Thus, when I = {1, 4},

ω(∆)α(∆) <
(
n
5

)
.

Case I = {1, 3}: Let u = (1, a, 0, x − a − 1, 0, 0) and v = (1, 0, b, 0, c, y − b − c − 1) such that a, b, c ≥ 0, x − a −

1, y − b− c− 1 ≥ 0 and xy =
(
n
5

)
. So u and v are the inner distributions of an arbitrary clique and coclique
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of ΓI , respectively, attaining the clique-coclique bound. The second coordinates of uQ and vQ are

(uQ)1 =
(n− 1)

5(n− 5)
(n(2a+ 2x+ 3)− 25x)

(vQ)1 =
(n− 1)

5(n− 5)
(n(2b− c+ y + 4)− 25y).

We will follow the same steps as in previous case. Therefore, we have at least one of the following scenarios:

(i) x = −2an−3n
2n−25

, or

(ii) y = −2bn+cn−4n
n−25

.

It is clear that (i) does not arise when n ≥ 13. Thus, we assume that (ii) occurs, that is

y =
−2bn+ cn− 4n

n− 25

since the clique-coclique bound is attained we get

x = −(n− 25)(n− 4)(n− 3)(n− 2)(n− 1)

120(2b− c+ 4)

by substituting the values of x and y in the system A.1 and solving this system for a, b and c we have the
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following solutions:

a = −15 (n2 − 16n+ 55)

3n2 − 60n+ 313
, b = −5 (n3 − 24n2 + 191n− 480)

2(5n− 47)
, c =

−3n5 + 150n4 − 2900n3 + 27030n2 − 121177n+ 208260

80(5n− 47)

; For all n ≥ 13, a < 0 or a is not an integer, which contradict our assumptions.

a =
3(n− 5)

2
, b = −10(n− 5)

n− 11
, c =

−n3 + 28n2 − 237n+ 610

10(n− 11)

; For all n ≥ 13, c < 0 or c is not an integer, which contradict our assumptions.

a =
3 (n2 − 19n+ 70)

3n− 34
, b =

5 (n2 − 17n+ 60)

4n− 39
, c =

−3n4 + 121n3 − 1695n2 + 9887n− 20310

1560− 160n
;

For all n ≥ 13, c < 0 or c is not an integer, which contradict our assumptions.

a =
n3 − 41n2 + 443n− 1315

n2 − 36n+ 227
, b =

10 (n2 − 13n+ 40)

5n− 43
, c =

−n5 + 66n4 − 1438n3 + 14076n2 − 63937n+ 109410

120(5n− 43)
;

For all n ≥ 13, b < 0 or b is not an integer, which contradict our assumptions.

a = −5 (n3 − 42n2 + 443n− 1290)

n3 − 50n2 + 667n− 2658
, b = −5 (n3 − 23n2 + 170n− 400)

4(2n− 17)
,
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c =
n6 − 81n5 + 2375n4 − 33835n3 + 252984n2 − 953684n+ 1426320

960(2n− 17)
;

For all n ≥ 13, c < 0 or c is not an integer except n = 82. In this case a = 18095
3181

which contradict our

assumptions.

a = − 5 (n3 − 34n2 + 319n− 870)

2 (n3 − 34n2 + 355n− 1182)
, b = −5 (3n3 − 62n2 + 421n− 930)

2(7n− 57)
,

c =
n6 − 66n5 + 1630n4 − 20100n3 + 133009n2 − 452154n+ 619920

60(7n− 57)

. For all n ≥ 13, a < 0 or a is not an integer except n = 17 and 27. In this case b < 0 which contradict our

assumptions. Thus, when I = {1, 3}, ω(∆)α(∆) <
(
n
5

)
.

Case I = {2, 5}: Let u = (1, 0, a, 0, 0, x − a − 1) and v = (1, b, 0, c, y − b − c − 1, 0) such that a, b, c ≥ 0, x − a −

1, y − b− c− 1 ≥ 0 and xy =
(
n
5

)
. So u and v are the inner distributions of an arbitrary clique and coclique

of ΓI , respectively,attaining the clique-coclique bound.

The second coordinates of uQ and vQ are

(uQ)1 =
(n− 1)

5(n− 5)
((5 + 3a)n− 25x)

(vQ)1 =
(n− 1)

5(n− 5)
(−25y + n(4 + 3b+ c+ y)).

We will follow the same steps as in previous case. Therefore, we have at least one of the following scenarios:
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(i) x = 1
25

(3a+ 5)n, or

(ii) y = −3bn−cn−4n
n−25

.

First we assume (i) that is x = 1
25

(3a+ 5)n since the clique-coclique bound is attained we get

5(n− 4)(n− 3)(n− 2)(n− 1)

24(3a+ 5)

by substituting the values of x and y in the system A.1 and solving this system for a, b and c we have the

following solutions:

a = −10 (n2 − 15n+ 50)

n2 − 33n+ 206
, b =

2 (4n2 − 63n+ 215)

5n− 47
, c =

−2n4 + 71n3 − 844n2 + 4165n− 7350

3(5n− 47)
;

But a < 0 unless n ∈ {14, 16, 19, 14}. In these cases b is not an integer except for n = 16. When n = 16, the

value of a is 10 and we have x = 112
5
. This contradict the assumption that x is an integer.

Or we have

a =
5 (n3 − 22n2 + 163n− 390)

2 (2n2 − 43n+ 219)
, b =

3n3 − 80n2 + 683n− 1790

3n2 − 53n+ 244
, c =

2 (4n4 − 119n3 + 1274n2 − 5869n+ 9870)

3 (3n2 − 53n+ 244)
.

In this case for all n ≥ 13 the value of b is not an integer. This contradict the assumption that b is an

integer. Clearly (i) can not occur. We assume that (ii) is true, that is y = −3bn−cn−4n
n−25

by the equality in the
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clique�co-clique bound we have

x = −(n− 25)(n− 4)(n− 3)(n− 2)(n− 1)

120(3b+ c+ 4)

by substituting the values of x and y in the system A.1 and solving this system for a, b and c we have the

following solutions:

a =
5 (n2 − 11n+ 30)

3(n− 9)
, b =

n4 − 41n3 + 671n2 − 4771n+ 11580

n3 − 36n2 + 455n− 1740
, c = −2 (3n4 − 118n3 + 1533n2 − 8138n+ 15240)

n3 − 36n2 + 455n− 1740
;

For all n ≥ 13, the value of a is either negative or not an integer, which contradict the assumption that a ≥ 0

and a is an integer. Or we have

a =
1

6
(−5)

(
n2 − 11n+ 30

)
, b = −5 (n3 − 28n2 + 277n− 810)

2 (n3 − 28n2 + 277n− 900)
, c =

5 (n3 − 28n2 + 217n− 510)

n3 − 28n2 + 277n− 900

For all n ≥ 13, the value of b is not an integer, but b must be an integer according to our assumption,

contradiction. Or we have

a = −10 (n2 − 11n+ 30)

n2 − 23n+ 114
, b =

3n3 − 94n2 + 821n− 2130

2 (n2 − 25n+ 120)
, c =

−n5 + 55n4 − 1091n3 + 9893n2 − 41796n+ 66780

12 (n2 − 25n+ 120)
;

For all n ≥ 13, the value of b is not an integer except n ∈ {15, 18, 21, 30}, and in each of the cases we reach a

contradiction as we can
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n a b c

15 a = 150 b = 14 c = −24

18 a = −65 b = 26

21 a = −100
3

b = 20

30 a = −500
27

b = 35

Or we have

a = −5 (n3 − 21n2 + 140n− 300)

3(3n− 26)
, b = −5 (n4 − 43n3 + 709n2 − 4917n+ 11610)

n4 − 51n3 + 941n2 − 7341n+ 20250
, c =

20 (n4 − 39n3 + 503n2 − 2655n+ 4950)

n4 − 51n3 + 941n2 − 7341n+ 20250
;

For all n ≥ 13, the value of c either negative or not an integer which contradict the assumptions.

Or we have

a =
5 (n3 − 21n2 + 140n− 300)

4n2 − 73n+ 318
, b =

3n4 − 123n3 + 1808n2 − 11028n+ 23440

3n3 − 100n2 + 1028n− 3280
, c =

4 (n4 − 46n3 + 611n2 − 3206n+ 5880)

3 (3n2 − 70n+ 328)
;

For all n ≥ 13, the value of a is not an integer, except when n = 14 we have a = 18. However, in this case

b = −9
2
, Contradiction.

Or we have

a = −5 (n4 − 29n3 + 311n2 − 1453n+ 2490)

10n2 − 171n+ 713
, b = −5 (3n4 − 117n3 + 1603n2 − 9187n+ 18610)

3n4 − 129n3 + 1963n2 − 12759n+ 30050
,
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c = −10 (n5 − 57n4 + 1087n3 − 9387n2 + 37936n− 58380)

3 (3n4 − 129n3 + 1963n2 − 12759n+ 30050)
.

For all n ≥ 14, the value of a is not an integer, and when n = 13 we have a = −28 and we reach to a

contradiction to the assumption and (ii) is not true. Therefore, ω(∆)α(∆) <
(
n
5

)
.

Case I = {2, 4}: Let u = (1, 0, a, 0, x − a − 1, 0) and v = (1, b, 0, c, 0, y − b − c − 1) such that a, b, c ≥ 0, x − a −

1, y − b− c− 1 ≥ 0 and xy =
(
n
5

)
. So u and v are the inner distributions of an arbitrary clique and co-clique

of ΓI , respectively,attaining the clique-coclique bound.

The second coordinates of uQ and vQ are

(uQ)1 =
(n− 1)

5(n− 5)
n(2a+ x+ 4)− 25x

(vQ)1 =
(n− 1)

5(n− 5)
n(4b+ 2c+ 5)− 25y.

We will follow the same steps as in previous case. Therefore, we have at least one of the following scenarios:

(i) x = −2(an+2n)
n−25

, or

(ii) y = 1
25
n(4b+ 2c+ 5).

First we assume that (i) occurs, that is

x = −2(an+ 2n)

n− 25
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since the clique-coclique bound is attained we get

y =
1

25
n(4b+ 2c+ 5)

by substituting the values of x and y in the system A.1 and solving this system for a, b and c we have the

following solutions:

a = −10 (n2 − 26n+ 105)

3n2 − 78n+ 475
, b =

15(n− 5)

8
, c =

1

24
(−5)

(
n3 − 18n2 + 107n− 210

)
;

For all n ≥ 13 the value of a is either negative or not an integer. This contradicts our assumptions.

Or we have

a = −10 (n3 − 40n2 + 401n− 1130)

n3 − 58n2 + 887n− 3950
, b =

5 (5n2 − 72n+ 235)

8(2n− 17)
, c = −5 (n4 − 31n3 + 341n2 − 1601n+ 2730)

24(2n− 17)
;

For all n ≥ 13 the value of a is either negative or not an integer. This contradicts our assumptions.

Or we have

a =
−n4 + 46n3 − 671n2 + 3986n− 8280

2 (n2 − 35n+ 220)
, b = −5 (n2 − 14n+ 45)

n2 − 17n+ 74
, c = −5 (n3 − 18n2 + 107n− 210)

3 (n2 − 17n+ 74)
;

For all n ≥ 13 the value of b is not an integer. This contradicts our assumptions.
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Or we have

a =
5 (n4 − 47n3 + 713n2 − 4393n+ 9390)

2 (2n3 − 93n2 + 1186n− 4575)
, b =

5 (n3 − 26n2 + 212n− 535)

5n2 − 87n+ 382
, c =

5 (2n4 − 55n3 + 556n2 − 2453n+ 3990)

3 (5n2 − 87n+ 382)
;

For all n ≥ 13 the value of b is not an integer. This contradicts our assumptions. This means that (i) cannot

happen. Thus, we assume that (ii) occurs and

y =
1

25
n(4b+ 2c+ 5)

since the clique-coclique bound is attained we get

x =
5(n− 4)(n− 3)(n− 2)(n− 1)

24(4b+ 2c+ 5)

by substituting the values of x and y in the system A.1 and solving this system for a, b and c we have the

following solutions:

a =
5 (3n3 − 62n2 + 409n− 870)

8n2 − 145n+ 663
, b =

5 (n4 − 41n3 + 599n2 − 3691n+ 7980)

5n3 − 180n2 + 1915n− 6252
, c = −10 (3n4 − 86n3 + 909n2 − 4186n+ 7080)

5n3 − 180n2 + 1915n− 6252
;

For all n ≥ 13 the value of c is either negative or not an integer. This contradicts our assumptions. Or we
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have

a =
5 (2n4 − 69n3 + 835n2 − 4248n+ 7740)

8n3 − 236n2 + 2265n− 7062
, b =

5 (3n4 − 107n3 + 1376n2 − 7540n+ 14800)

15n3 − 420n2 + 3764n− 10832
,

c =
20 (n5 − 40n4 + 623n3 − 4724n2 + 17460n− 25200)

3 (15n3 − 420n2 + 3764n− 10832)
.

For all n ≥ 13 the value of b is not an integer. This contradicts our assumptions. Therefore, (ii) cannot occur.

Consequently, ω(∆)α(∆) <
(
n
5

)
.

Case I = {2, 3}: Let u = (1, 0, a, x − a − 1, 0, 0) and v = (1, b, 0, 0, c, y − b − c − 1) such that a, b, c ≥ 0, x − a −

1, y − b− c− 1 ≥ 0 and xy =
(
n
5

)
. So u and v are the inner distributions of an arbitrary clique and coclique

of ΓI , respectively,attaining the clique-coclique bound.

The second coordinates of uQ and vQ are

(uQ)1 =
(n− 1)

5(n− 5)
n(a+ 2x+ 3)− 25x

(vQ)1 =
(n− 1)

5(n− 5)
n(4b+ c+ 5)− 25y.

We will follow the same steps as in previous case. Therefore, we have at least one of the following scenarios:

(i) x = −an−3n
2n−25

, or
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(ii) y = 1
25
n(4b+ 2c+ 5).

It is clear that (i) does not occur for n ≥ 13, so we assume (ii), that is

y =
1

25
n(4b+ c+ 5)

since the clique-coclique bound is attained we get

x =
5(n− 4)(n− 3)(n− 2)(n− 1)

24(4b+ c+ 5)

by substituting the values of x and y in the system A.1 and solving this system for a, b and c we have the

following solutions:

a =
15 (n3 − 22n2 + 151n− 330)

2 (3n2 − 55n+ 258)
, b =

5 (n3 − 24n2 + 191n− 480)

5n2 − 95n+ 408
, c =

5 (3n4 − 86n3 + 909n2 − 4186n+ 7080)

4 (5n2 − 95n+ 408)

For all n ≥ 14, the value of b is not an integer. When n = 13, we have b = 40 but a = 84
5
, which is a

contradiction to the assumptions.

Or we have

a =
1

2
(−3)

(
n2 − 11n+ 30

)
, b = −5(n− 5)

2n− 13
, c = −5 (n2 − 11n+ 30)

4(2n− 13)

For all n ≥ 14, the value of c is either negative or not an integer. This is contradiction.



190

Or we have

a = −3 (n3 − 25n2 + 184n− 420)

4(n− 10)
, b = −5 (n2 − 17n+ 60)

n2 − 25n+ 120
, c = −5 (n3 − 20n2 + 129n− 270)

2 (n2 − 25n+ 120)

For all n ≥ 14, the value of a is einter negative or not an integer. When n = 13, we have a = 14 but b = 10
9
,

which is a contradiction to the assumptions. Therefore, (ii) cannot occur and ω(∆)α(∆) <
(
n
5

)
.

Case I = {2, 3}: Let u = (1, 0, 0, a, 0, x − a − 1) and v = (1, b, c, 0, y − b − c − 1, 0) such that a, b, c ≥ 0, x − a −

1, y − b− c− 1 ≥ 0 and xy =
(
n
5

)
. So u and v are the inner distributions of an arbitrary clique and coclique

of ΓI , respectively,attaining the clique-coclique bound.

The second coordinates of uQ and vQ are

(uQ)1 =
(n− 1)

5(n− 5)
(2a+ 5)n− 25x

(vQ)1 =
(n− 1)

5(n− 5)
n(3b+ 2c+ y + 4)− 25y.

We will follow the same steps as in previous case. Therefore, we have at least one of the following scenarios:

(i) x = 1
25

(2a+ 5)n, or

(ii) y = −3bn−2cn−4n
n−25

.
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We start by assuming (ii), that is

x =
1

25
(2a+ 5)n

since the clique-coclique bound is attained we get

y =
5(n− 4)(n− 3)(n− 2)(n− 1)

24(2a+ 5)

by substituting the values of x and y in the system A.1 and solving this system for a, b and c we have the

following solutions:

a = −10(n− 5)

n− 17
, b =

8(n− 5)

3
, c = n2 − 11n+ 30;

For all n > 17 the value of a is either negative or not an integer. For n ∈ {13, 14, 15, 16} we reach a

contradiction as we can see in the following table.

n a b x

13 20 64
3

14 30 24 117
5

15 50 80
3

16 110 88
3
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Or we have

a =
10 (n2 − 15n+ 50)

3(3n− 38)
, b =

8 (n2 − 18n+ 65)

4n− 43
, c =

2n3 − 57n2 + 445n− 1050

4n− 43
;

For all b ≥ 13 all value of b is either negative or not an integer except n ∈ {13, 28} and we have contradiction

as follows:

n a b c x

13 80 0 −56

28 30 40 154 364
5

Or we have

a =
5 (n4 − 30n3 + 335n2 − 1650n+ 3000)

6(5n− 52)
, b = −5 (n3 − 26n2 + 219n− 570)

n3 − 26n2 + 231n− 711
,

c =
5 (2n3 − 43n2 + 291n− 630)

n3 − 26n2 + 231n− 711

For all n ≥ 13, the value of b is not integer. This contradicts our assumptions. Thus, (i) cannot occur and we

assume (ii) that is

y =
−3bn− 2cn− 4n

n− 25
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since the clique-coclique bound is attained we get

x = −(n− 25)(n− 4)(n− 3)(n− 2)(n− 1)

120(3b+ 2c+ 4)

by substituting the values of x and y in the system A.1 and solving this system for a, b and c we have the

following solutions:

a =
5 (n2 − 11n+ 30)

3(n− 10)
, b =

2 (n3 − 42n2 + 431n− 1230)

n2 − 37n+ 210
, c =

n4 − 48n3 + 755n2 − 4608n+ 9540

2 (n2 − 37n+ 210)
;

For all n ≥ 13 we have c is not an integer except n = 34 where c = 812, but b = 232
3
. This contradicts our

assumptions.

Or we have

a =
5

12

(
n3 − 18n2 + 107n− 210

)
, b = −10 (n3 − 28n2 + 237n− 610)

3n3 − 84n2 + 731n− 2050
, c =

10 (n3 − 28n2 + 217n− 510)

3n3 − 84n2 + 731n− 2050
;

For all n ≥ 13, the value of b is not an integer which is a contradiction to our assumption.

Or we have

a = −5 (n3 − 21n2 + 140n− 300)

3(5n− 46)
, b =

n4 − 65n3 + 1272n2 − 9388n+ 22640

n3 − 52n2 + 668n− 2480
, c = −4 (n3 − 39n2 + 338n− 840)

n2 − 42n+ 248
;
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For all n ≥ 13, the value of b is either negative or not an integer except n ∈ {14, 20} where we have

contradictions as the following:

n a b c x

14 −20
3

10

20 20650
417

250

Or we have

a =
5 (n4 − 29n3 + 311n2 − 1453n+ 2490)

27(n− 9)
, b = −5 (n4 − 59n3 + 1025n2 − 6901n+ 15630)

n4 − 59n3 + 1061n2 − 7729n+ 19950
,

c =
10 (n4 − 50n3 + 737n2 − 4228n+ 8340)

n4 − 59n3 + 1061n2 − 7729n+ 19950
;

For all n ≥ 13, the value of b is not an integer which is a contradiction to our assumption.

Or we have

a = −5 (n3 − 18n2 + 107n− 210)

3(3n− 25)
, b =

3n4 − 123n3 + 1793n2 − 10893n+ 23140

3n3 − 96n2 + 913n− 2740
,

c = −2 (3n4 − 118n3 + 1533n2 − 8138n+ 15240)

3n3 − 96n2 + 913n− 2740
;

For all n ≥ 13, the value of c is either negative or not an integer which is a contradiction to our assumption.
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Or we have

a =
5 (n4 − 28n3 + 287n2 − 1280n+ 2100)

3(7n− 58)
, b = −5 (3n4 − 121n3 + 1695n2 − 9887n+ 20310)

3n4 − 129n3 + 1927n2 − 12151n+ 27750
,

c =
20 (n4 − 39n3 + 503n2 − 2655n+ 4950)

3n4 − 129n3 + 1927n2 − 12151n+ 27750

For all n ≥ 13, the value of b is not an integer which is a contradiction to our assumption. Therefore, (ii)

cannot be true and ω(∆)α(∆) <
(
n
5

)
.

Case I = {3, 4}: Let u = (1, 0, 0, a, x − a − 1, 0) and v = (1, b, c, 0, 0, y − b − c − 1) such that a, b, c ≥ 0, x − a −

1, y − b− c− 1 ≥ 0 and xy =
(
n
5

)
. So u and v are the inner distributions of an arbitrary clique and coclique

of ΓI , respectively,attaining the clique-coclique bound.

The second coordinates of uQ and vQ are

(uQ)1 =
(n− 1)

5(n− 5)
n(a+ x+ 4)− 25x

(vQ)1 =
(n− 1)

5(n− 5)
n(4b+ 3c+ 5)− 25y.

We will follow the same steps as in previous case. Therefore, we have at least one of the following scenarios:

(i) x = −an−4n
n−25

, or
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(ii) y = 1
25
n(4b+ 3c+ 5).

If we assume (i),

x =
−an− 4n

n− 25

and since the clique-coclique bound is attained we get

y = −(n− 25)(n− 4)(n− 3)(n− 2)(n− 1)

120(a+ 4)

by substituting the values of x and y in the system A.1 and solving this system for a, b and c we have the

following solutions:

a = −10 (n2 − 26n+ 105)

n2 − 26n+ 225
, b =

5(n− 5)

2
, c =

5

6

(
n2 − 11n+ 30

)
;

For all n ≥ 13 the value of a is either negative or not an integer except for n ∈ {15, 21} where we do not have

contradiction according to the following table. However, we use GAP with the package GRAPE to show that

the equality does not hold in the clique-coclique bound.

n a b c x α(∆)

15 10 25 75 < 143

21 0 40 200 < 969
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Or we have

a =
10 (n3 − 40n2 + 401n− 1130)

3 (3n2 − 81n+ 550)
, b =

5 (4n2 − 63n+ 215)

2(5n− 47)
, c =

5 (n3 − 24n2 + 173n− 390)

2(5n− 47)

For all n ≥ 13 all value of a is either negative or not an integer, which is a contradiction.

Or we have

a = −5 (n4 − 47n3 + 713n2 − 4393n+ 9390)

18 (n2 − 28n+ 175)
, b =

5 (n3 − 32n2 + 299n− 820)

5n2 − 95n+ 458
, c = −10 (2n3 − 41n2 + 269n− 570)

5n2 − 95n+ 458

For all n ≥ 13 the value of b is not an integer, which is a contradiction.

Or we have

a =
n4 − 46n3 + 671n2 − 3986n+ 8280

6(n− 20)
, b = −5 (n2 − 17n+ 60)

n2 − 17n+ 78
, c =

10 (n2 − 11n+ 30)

n2 − 17n+ 78

For all n ≥ 13 the value of b is not an integer, which is a contradiction. This means our assumption that (i)

cannot be true. Then, we assume (ii) that is

y =
1

25
n(4b+ 3c+ 5)
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since the clique-coclique bound is attained we get

x =
5(n− 4)(n− 3)(n− 2)(n− 1)

24(4b+ 3c+ 5)

by substituting the values of x and y in the system A.1 and solving this system for a, b and c we have the

following solutions:

a =
2n4 − 67n3 + 802n2 − 4067n+ 7410

9(n− 11)
, b = −5 (n3 − 34n2 + 319n− 870)

n3 − 34n2 + 355n− 1158
, c =

10 (n3 − 25n2 + 184n− 420)

n3 − 34n2 + 355n− 1158

For all n ≥ 13 the value of a is not integer, which is contradiction. Or we have

a =
20 (n3 − 23n2 + 162n− 360)

3 (3n2 − 59n+ 306)
, b =

10 (n3 − 26n2 + 213n− 540)

5n2 − 105n+ 486
, c =

5 (n4 − 32n3 + 387n2 − 2016n+ 3780)

2 (5n2 − 105n+ 486)

For all n ≥ 13 the value of a is not an integer except n = 26, but in this case b = 12495
284

, and we reach a

contradiction.

Or we have

a = −5 (2n4 − 69n3 + 835n2 − 4248n+ 7740)

3 (8n2 − 157n+ 774)
, b =

5 (n4 − 49n3 + 776n2 − 4940n+ 10800)

5n3 − 180n2 + 1900n− 6192
,

c = −20 (n4 − 33n3 + 392n2 − 1980n+ 3600)

5n3 − 180n2 + 1900n− 6192
.
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For all n ≥ 13 the value of b is not an integer except n ∈ {14, 20}, but according to the following table we

have contradictions.

n a b

14 20
3

10

20 −20650
417

250

Therefore, (ii) does not occur and ω(∆)α(∆) <
(
n
5

)
).

Finally, we have one possibility remain from the case I = {1, 2, 4, 5} which we need to check. Assume that

n = 226.

Case I = {1, 2, 4, 5}: Let u = (1, a, b, 0, c, x − a − b − c − 1) and v = (1, 0, 0, y − 1, 0, 0) such that a, b, c ≥ 0,

x − a − 1, y − b − c − 1 ≥ 0 and xy =
(
n
5

)
. So u and v are the inner distributions of an arbitrary clique and

co-clique of ΓI , respectively,attaining the clique�co-clique bound.

The second coordinates of uQ and vQ are

(uQ)1 =
(n− 1)

5(n− 5)
n226(4a+ 3b+ 2c+ 5)− 25x

(vQ)1 =
(n− 1)

5(n− 5)
n((678 + 427y).

We will follow the same steps as in previous case. Therefore, we have at least one of the following scenarios:

(i) x = 226
25

(4a+ 3b+ 2c+ 5), or
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(ii) y = −678
427

.

It is clear that (ii) can not occur, so we assume that

x =
226

25
(4a+ 3b+ 2c+ 5)

since the clique�co-clique bound is attained we get

y =
519813000

4a+ 3b+ 2c+ 5

by substituting the values of x and y in the system A.1 and solving this system for a, b and c we have the

following solutions:
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