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Testing the equivalence principle via the shadow of black holes
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We study the equivalence principle, regarded as the cornerstone of general relativity, by analyzing the
deformation observable of black hole shadows. Such deformation can arise from new physics and may be
expressed as a phenomenological violation of the equivalence principle. Specifically, we assume that there is
an additional background vector field that couples to the photons around the supermassive black hole. This type
of coupling yields impact on the way the system depends on initial conditions and affects the black hole shadow
at different wavelengths by a different amount, and therefore observations of the shadow in different wavelengths
could constrain such couplings. This can be tested by future multiband observations. Adopting a specific form
of the vector field, we obtain constraints on model parameters from Event Horizon Telescope observations and
measurements of gas/stellar orbits.
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I. INTRODUCTION

The first image of the supermassive black hole (SMBH)
M87 observed by the Event Horizon Telescope (EHT) [1–6]
led us into a new era of black hole physics. The high spa-
tial resolution makes direct visual observation of a SMBH
and surrounding environment possible. With this way of
studying the most extreme objects in our universe predicted
by Einstein’s theory of general relativity (GR), scientists
can explore the nature of fundamental physics from the in-
formation we obtain from the EHT and other forthcoming
experiments.

The black hole photograph taken by the EHT project
provides us with direct information about the motion of the
photons near the event horizon scale for the first time. Within
standard GR, the trajectories of test photons correspond to
geodesic paths, which are fully determined by the metric
tensor field. Any new physics that could be revealed by the
detection of the photon’s path should have modifications to the
standard expression of the metric. This principle has spawned
a series of works in the literature [7–25]. For example, the
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violation of rigid vacuum solutions of the black hole metric
due to the accumulation of extra mass around the black hole
could leave observable effects on the black shadow, such as
the formation of ultralight boson clouds around Kerr black
holes caused by the super-radiance process [26–29]. More-
over, gravitational theories beyond GR that lead to different
black hole metrics can also affect the shape of black hole
shadows. Examples could be found in theories of asymptot-
ically safe gravity motivated by the renormalization issues of
quantum gravity [30–32] and other classical modifications of
GR [33–40]. Some nonsingular black hole solutions outside
of GR may also lead to additional features of the shape and
size of the shadow [41–45].

In addition, there are some theories that are beyond the
regular metric description of black hole space-times that have
impacts on the motion of photons. One such case is when the
gravity theory differs from standard Riemannian geometry.
For instance, an additional torsional tensor present in gravity
theories based on the Riemann-Cartan space-time [46], where
the space-time torsion can behave as a force causing the
motion of particles to deviate from the usual extremal paths
predicted by GR [47–60]. Another case arises in particle
physics when the super-radiance process of a rotating black
hole may extract mass and angular momentum from the black
hole to produce an accumulation of light bosons to form a
macroscopic “cloud” composed of a bosonic field condensate
[61–65]. Such light bosons can come from physics beyond
the standard model such as axions or light gauge bosons of
hidden U (1) symmetries [66–68]. If these particles have weak
couplings to the photons, then photon paths can be affected
by leaving observable effects on the black hole shadow. These
facts inspire us to explore phenomena that might be caused by
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new physics that is not caused simply by modifications of the
metric.

In this paper, we propose to use the shadow of SMBH
as a probe to detect underlying new physics whose effects
on photon motion cannot be described by the metric and
could, phenomenologically, be regarded as a violation of the
equivalence principle. Specifically, we consider an additional
background vector field effectively generated by the central
black hole. This background field couples to photons and
behaves as a “force” acting on the photon via a coupling
constant. The effect is analogous to the motion of charged
particles in an electromagnetic field generated by a charged
black hole. Phenomenologically, this could be regarded as a
violation of the weak equivalence principle [69,70].

To extract model-independent results, we do not start from
a specific theory of the background vector field. Instead, given
that the vector field and the metric field are generated by the
same source, it is physically reasonable to assume the vector
field has the same symmetry as the space-time. Furthermore,
in the infinite far distance, this vector field should disappear
since the size of the source is finite. In this way, the symmetry
and the boundary condition provide us with a fundamental
constraint on the possible expressions for the vector field and
allow us to conduct a general analysis of resulting phenomena.
Based on this analysis approach, we point out these types of
vector-field couplings can change the way the system depends
on initial conditions, and also affect the black hole shadow
at different wavelengths by a different amount. Accordingly,
observations of the shadow in different wavelengths can give
rise to the constraints on such couplings.

The paper is organized as follows. In Sec. II, we put
forward a phenomenological model which can quantitatively
depict how the photon motion is affected by the additional
background vector field. Guided by the symmetry of the Kerr-
like space-time and the boundary condition, in Sec. III, we
conduct a general discussion of the motion of photons and
in Sec. IV report our general results on the effects of the
vector field. In Sec. V, we show observational constraints on
model parameters from the EHT experiment by choosing a
specific expression for the vector field and constructing the
silhouettes of the corresponding black hole. We summarize
the main results with a discussion and present a future outlook
in Sec. VI. We work in natural units where gravitational
constant G = 1 and speed of light c = 1, and we adopt the
metric convention (−,+,+,+).

II. THE MODEL AND THE STATIONARY AXIALLY
SYMMETRIC ROTATING SPACE-TIME

We assume the presence of a background vector field
Tμ(X ) in addition to the space-time metric tensor field gμν (X ).
This field couples to the photon field and hence deflects
null paths. We also assume that the expression of Tμ(X )
and the coupling form with the motion of photons cannot be
equivalently absorbed into metric gμν (X ) or, in other words,
the Levi-Civta connection. So, for a free fall, no rotation
observer where the Levi-Civta connection equals zero at a
given space-time point, the effects of vector field Tμ(X ) would
still be present. As a result, this fact could be regraded as
that the Einstein’s principle of equivalence is violated by

the nonmetricity of spacetime. However, we emphasized that
if the physical meaning of Tμ(X ) does not represent the
modification of gravity theories, the violation of Einstein’s
equivalence principle would just be phenomenological.

The general action describing the coupling between Tμ(X )
and the motion of photons is expressed as

S =
∫

dλ

[
− 1

2
e(λ)−1gμν Ẋ μẊ ν + C(Tμ, Ẋ μ)

]
, (1)

where the dot represents the derivative with respect to the
affine parameter λ with the mass dimension. The first term
is the kinetic term of a test photon in a curved geometry.
e(λ) is an auxiliary field with the mass dimension, which may
help us to eliminate the dimension singularity caused by the
massless particle. This idea is similar to the Polyakov action
in the string theory [71]. Varying this action with respect to
e(λ) leads to the constraint equation:

gμν Ẋ μẊ ν = 0. (2)

Note that the auxiliary field e(λ) could be absorbed by a
redefinition of λ, making the coefficient in front of the first
term constant. This fact will not have any influence on the
dynamics of the system, so for convenience we eliminate it
without affecting the physical results of the present study.
C(Tμ, Ẋμ) depicts that the background vector field Tμ(X ) can
have coupling with the motion of photons. The coupling leads
to an additional force on the photons and can be written as

C(Tμ, Ẋ μ) =
∞∑

n=1

qn(TμẊ μ)n , (3)

where qn are dimensional coupling constants. Assuming that
the effects of Tμ should be suppressed by the increase of
n for a physically feasible form of Tμ, we only consider
the first power term, which serves our purpose to reveal the
phenomenon when Tμ appears, i.e.,

C(Tμ, Ẋ μ) = q1TμẊ μ. (4)

The dynamics of the background fields gμν (X ) and Tμ(X ) are
described by the following formal action:

Sm =
∫

d4X
√−g

[ 1

16π
R(gμν ) + D(Tμ)

+ (source terms of gμν and Tμ)
]
, (5)

where R is the Ricci scalar, D represents the dynamics of Tμ

itself, and we assume no other direct coupling between gμν

and Tμ. This paradigm can be analogous to the Kerr-Newman
black hole solution of the Einstein-Maxwell theory, where
the minimal coupling between gμν and electromagnetic field
introduces only a constant (electric charge) in the metric.

We are interested in the most generic phenomena caused
by the vector field Tμ, so we shall not adopt a specific form
for D. Instead, with the assumption that the vector field
Tμ effectively has the same excitation source as the curved
space-time, Tμ should reflect the same symmetry as the space-
time. Combining this with the known boundary conditions,
reasonable expressions for Tμ can be constrained. Let us
consider the vacuum situations, since the auxiliary field e(λ)
could be chosen as a constant, the action Eq. (1) with the
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coupling term Eq. (4) does not have obvious dependence on
the affine parameter λ, hence the corresponding Hamiltonian
is conserved as follows:

H = PμẊ μ − L = −1

2
gμνẊ μẊ ν

= −1

2
gμνPμPν + q1gμνPμTν − q2

1

2
gμνTμTν = ε, (6)

where ε is a constant and Pμ = ∂L/∂Ẋ μ is the conjugate
momentum of the coordinates X μ. This corresponds to the
constraint Eq. (2) with ε = 0.

We consider a Kerr-like black hole space-time with the line
element in the Boyer-Lindquist coordinates (t, r, θ, φ) given
by

ds2 = −
(

1 − 2m(r)r

ρ2

)
dt2 + ρ2



dr2 + ρ2dθ2

+
(

r2 + a2 + 2a2m(r)r sin2 θ

ρ2

)
sin2 θdφ2

− 4m(r)ar sin2 θ

ρ2
dφdt , (7)

where 
(r) ≡ r2 − 2m(r)r + a2, ρ2 ≡ r2 + a2 cos2 θ and a is
the angular momentum per unit mass of black hole a = J/M.
Note that we have added an additional r dependence in m(r)
compared to the Kerr black hole solution in GR, where m(r) is
equal to the black hole mass M. To recover Minkowski space-
time in the infinite asymptotic distance, m(r) should satisfy

lim
r→∞

m(r)

r
= 0. (8)

The function m(r) could describe the modification induced
by the minimal coupling between Tμ and gμν Eq. (5). And
out of pure phenomenological interest, m(r) is also related to
many kinds of beyond Kerr black holes. For example, when
m(r) = M − C2/(2r), where C is a constant, Eq. (7) describes
a Kerr-Newman black hole. The rotating Hayward black hole
[72,73] and rotating Bardeen black hole [73,74] also have a
specific form of m(r), which could avoid the singularity of
the ordinary Kerr black hole. Furthermore, the phenomenon
brought by the deviation of the Newtonian gravitational con-
stant G could be equivalently described by the function m(r)
[30,31]. So keeping the function m(r) is phenomenologically
necessary for the current study to compare the effects brought
by the vector field Tμ(X ) and those brought by the metric with
different m(r).

In Boyer-Lindquist coordinate, the timelike and spacelike
Killing vectors (ξE = ∂t and ξL = ∂φ) describing a stationary
axial symmetry space-time are

ξ
μ
E = (1, 0, 0, 0) , ξ

μ
L = (0, 0, 0, 1) , (9)

as the components of the metric field only depend on the
coordinates r and θ . Given that the vector field Tμ is assumed
to have the same source as the metric, it is reasonable to think
that it should have the same symmetries as the space-time
either. So Tμ does not have dependence on the coordinates t
and φ. Apart from the Hamiltonian Eq. (6), there are two more

conservation quantities corresponding to these two Killing
vectors Eqs. (9):

E =
(

1 − 2m(r)r

ρ2

)
ṫ + 2am(r)r sin2 θ

ρ2
φ̇ + q1Tt (r, θ ) , (10)

Lz = −
(

r2 + a2 + 2a2m(r)r sin2 θ

ρ2

)
sin2 θφ̇

+ 2am(r)r sin2 θ

ρ2
ṫ + q1Tφ (r, θ ). (11)

These two conservation quantities could be directly derived
from the fact that the Lagrangian does not depend on t and φ.

In addition to the continuous symmetries, there is a discrete
symmetry which reflects the black hole (as the source of the
fields) is a “rotating body.” Since the coordinate system has
been fixed to the Boyer-Lindquist form, this symmetry is
expressed by the invariance of the metric under the inversion
of both t and φ [75], which is why the components gtr , gtθ ,
gθφ , and grφ vanish. Then the assumption that Tμ has the same
symmetries as the metric implies Tμ either stays the same or
changes signs. So the continuous symmetry Eqs. (9) and the
discrete symmetry of the rotating body tell us two possible
expressions for the vector field Tμ exist:

case I: (Tt (r, θ ), 0, 0, Tφ (r, θ )) , (12)

case II: (0, Tr (r, θ ), Tθ (r, θ ), 0) , (13)

where case I changes signs under the discrete symmetry
transformation while case II is invariant. Given that we do not
provide a specific dynamic for the field Tμ and wish to conduct
a general discussion, we cannot determine which case is more
reasonable and need to discuss each case separately.

Furthermore, since the size of the black hole source of Tμ is
finite, the physically reasonable expression of Tμ must satisfy

lim
r→∞ Tμ(r, θ ) = 0. (14)

III. THE MOTION OF PHOTONS

In this section, we investigate the motion of a photon in
the above Kerr-like space-time with the additional background
vector field Tμ. Using the Hamilton-Jacobi formulation, we
can easily find the equations of motion for the photons. First,
we introduce the Hamiltonian principal function S(λ, X μ) and
let

Pμ = ∂S

∂X μ
. (15)

The Hamilton-Jacobi equation is

H + ∂S

∂λ
= 0. (16)

In the following, we will discuss the above two cases Eqs. (12)
and (13) individually.

A. Case I

Substituting the Hamiltonian Eq. (6), the metric
Eq. (7), and the conjugate momentum Eq. (15) into the
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Hamilton-Jacobi Eq. (16), one gets

−2ρ2 ∂S

∂λ
= 1




[
(r2 + a2)

∂S

∂t
+ a

∂S

∂φ

]2

− 1

sin2 θ

(
a sin2 θ

∂S

∂t
+ ∂S

∂φ

)2

−


(
∂S

∂r

)2

−
(

∂S

∂θ

)2

+ 2q1gE (r, θ )
∂S

∂t
+ 2q1gL(r, θ )

∂S

∂φ
+ q2

1gT (r, θ ),

(17)

where we have defined

gE (r, θ ) ≡ −�2



Tt (r, θ ) − 2am(r)r



Tφ (r, θ ), (18)

gL(r, θ ) ≡ 
 − a2 sin2 θ


 sin2 θ
Tφ (r, θ ) − 2am(r)r



Tt (r, θ ), (19)

gT (r, θ ) ≡ �2



Tt (r, θ )2 − 
 − a2 sin2 θ


 sin2 θ
T 2

φ

+ 4
am(r)r



Tt (r, θ )Tφ (r, θ ), (20)

and

�2 ≡ (r2 + a2)2 − 
a2 sin2 θ.

For the Kerr space-time in GR, apart from ε, E , Lz, there is
another conservation quantity: the Carter constant K. When
the additional vector field Tμ is present, this point cannot
be guaranteed, making things difficult to solve analytically.
However, if we consider the situation that gE , gL, and gT can
be decomposed as

gE (r, θ ) = gr
E (r) + gθ

E (θ ),

gL(r, θ ) = gr
L(r) + gθ

L(θ ), (21)

gT (r, θ ) = gr
T (r) + gθ

T (θ ),

the fourth integral constant will still appear. According to
the asymptotic behaviors Eqs. (8), (14) and the definitions
Eqs. (18)–(20), we obtain gθ

L = 0 and the asymptotic behav-
iors:

lim
r→∞

gr
E (r)

r2
= lim

r→∞ gr
L(r) = lim

r→∞
gr

T (r)

r2
= 0. (22)

We now assume that the Hamilton principal function S has the
following form:

S(λ, t, r, θ, φ) = ελ

2
− Et + Lzφ + Sr (r) + Sθ (θ ). (23)

Substituting this expression into Eq. (17), one obtains




(
dSr

dr

)2

− 1



[(r2 + a2)E − aLz]

2 + (Lz − aE )2 − εr2

+ 2q1
[
gr

E (r)E − gr
L(r)Lz

] − q2
1gr

T (r)

= −
(

dSθ

dθ

)2

− (
L2

z sin−2 θ − a2E2
)

cos2 θ + εa2 cos2 θ

− 2q1gθ
E (θ )E − q2

1gθ
T (θ ). (24)

The left-hand side of the equation only depends on the coor-
dinate r and the right-hand side of the equation only depends

on the coordinate θ , which implies these two parts must be
equal to the same constant K. So in addition to ε, E , and
Lz, we obtain the fourth integral constant K, which shows
the assumed S Eq. (23) is self-consistent according to the
Hamilton-Jacobi formulation. By integrating the left side and
right side of Eq. (24), respectively, we obtain expressions for
R(r), (θ ) and the Hamiltonian principal function S,

S =1

2
ελ − Et + Lzφ

+ σr

∫ r √
R(r)



dr + σθ

∫ θ √
(θ )dθ, (25)

where σr = ±1, σθ = ±1. The definitions of R(r), (θ ) are

R(r) =E2(r2 + a2 − aξ )2 − 
E2

[
η + (ξ − a)2 − εr2

E2

+ 2
q1

E
gr

E (r) − 2
q1

E
ξgr

L(r) − q2
1

E2
gr

T (r)

]
, (26)

(θ ) = E2

[
η −

(
ξ 2 sin−2 θ − a2−εa2

E2

)
cos2 θ − 2

q1

E
gθ

E (θ )

+ q2
1

E2
gθ

T (θ )

]
, (27)

where we have defined

ξ ≡ Lz

E
, η ≡ K

E2
. (28)

We have thus obtained the Hamiltonian principal function
expressed as the function of the coordinates (t, r, θ, φ) and
the integral constants ε, E , Lz, K. The equations of motion are
completely determined:

ρ2ṙ = − 1

σr

√
R(r), (29)

ρ2θ̇ = − 1

σθ

√
(θ ), (30)

ρ2φ̇ = − E



[2am(r)r + (ρ2 − 2m(r)r)ξ sin−2 θ ] + q1gr

L(r),

(31)

ρ2ṫ = − E



(�2 − 2am(r)rξ ) + q1gr

E (r) + q1gθ
E (θ ). (32)

Note that for the motion of photons ε = 0.

B. Case II

Similar to case I, for the situation that Tr , Tθ satisfy

Tr (r, θ ) = Tr (r), Tθ (r, θ ) = Tθ (θ ), (33)

the Hamiltonian principal function S of case II also has a
separable solution Eq. (23). According to Eq. (14), Tθ (θ ) = 0.
The corresponding Hamilton-Jacobi equation takes




(
dSr

dr
−qTr (r)

)2

− 1



[(r2 + a2)E−aLz]

2+(Lz−aE )2−εr2

= −
(

dSθ

dθ

)2

− (
L2

z sin−2 θ − a2E2
)

cos2 θ + εa2 cos2 θ,

(34)
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which leads to the following expression of S:

S = 1

2
ελ − Et + Lzφ +

∫ r [
σr

√
R(r)



+ q1Tr (r)

]
dr

+
∫ θ

σθ

√
(θ )dθ, (35)

where

R(r) = E2(r2 + a2 − aξ )2 − 
E2

[
η(ξ − a)2 − εr2

E2

]
,

and

(θ ) = E2

[
η − +

(
ξ 2 sin−2 θ − a2 − εa2

E2
+

)
cos2 θ

]
.

So we could find that the only modification to the Hamiltonian
principal function is the term q1Tr (r), which is present in
the Hamiltonian principal function Eq. (35). According to
the Hamiltonian-Jacobi formulation, since this term does not
involve any integral constants, it will not change the equations
of motion. So for case II, with Tμ having the form Eqs. (33),
the additional vector field does not have influence on the
motion of photons, i.e.,

ρ2ṙ = − 1

σr

√
R(r), (36)

ρ2θ̇ = − 1

σθ

√
(θ ), (37)

ρ2φ̇ = − E



[2am(r)r + (ρ2 − 2m(r)r)ξ sin−2 θ ], (38)

ρ2ṫ = − E



(�2 − 2am(r)rξ ). (39)

This result is based on the assumption Eqs. (33). For a general
form of Tr (r, θ ), Tθ (r, θ ), the absence of Tμ’s effects cannot be
guaranteed.

IV. THE SHADOW OF BLACK HOLES

Now we discuss how to determine the apparent shape of
the rotating black hole shadow. Let us consider an observer
at a large distance from the black hole along an inclination
angle θ0 between the rotation axis of the black hole and
the line of sight of the distant observer. The contour of the
shadow can be expressed by celestial coordinates α and β,
where α corresponds to the apparent perpendicular distance
of the shape as seen from the axis of the symmetry and β

is the apparent perpendicular distance of the shape from its
projection on the equatorial plane. The expressions of α and
β can be determined from the geometry [75]:

α = lim
r→∞

(
− r2 sin θ

dφ

dr

)∣∣∣∣
θ=θ0

,

β = lim
r→∞ r2 dθ

dr

∣∣∣∣
θ=θ0

. (40)

Combining the above expressions with Eqs. (29)–(31), (36)–
(38), and the asymptotical behaviors Eqs. (8), (22), one can

derive the expressions for both case I and case II:

α = − 1

sin θ0
ξ,

β = ±
[
η + (a − ξ )2 −

(
a sin θ0 − ξ

sin θ0

)2] 1
2

. (41)

The shape of the shadow is determined by the unstable orbits
with constant radius since they are the boundaries that sepa-
rate the unbound and bound orbits, which must satisfy

R(r)|r=r0 = R′(r)|r=r0 = 0, (42)

where r0 is the radius of the unstable orbits and prime denotes
the derivative with respect to r. For case I, these two condi-
tions yield

(
r2

0 + a2 − aξ
)2 − 
(r0)

[
η + (ξ − a)2 + 2

q1

E
gr

E (r0)

− 2
q1

E
ξgr

L(r0) − q2
1

E2
gr

T (r0)

]
= 0, (43)

and

4r0
(
r2

0 + a2 − aξ
) − 2(r0 − m′(r0)r0 − m(r0))

[
η + (ξ − a)2

+ 2
q1

E
gr

E (r0) − 2
q1

E
ξgr

L(r0) − q2
1

E2
gr

T (r0)

]
− 
(r0)

×
[

2
q1

E
gr

E
′(r0) − 2

q1

E
ξgr

L
′(r0) − q2

1

E2
gr

T
′(r0)

]
= 0. (44)

Solving these two equations and ignoring nonphysical so-
lutions, one gets ξ , η expressed as functions of r0, E , i.e.,
ξ (r0, E ), η(r0, E ). The corresponding celestial coordinates α

and β can be derived using Eqs. (41).
Note that the dependence of ξ , η on the integral constant E

is the direct result of introducing the additional vector field Tμ.
When Tμ is absent, all the g(r) functions in Eqs. (43) and (44)
vanish and the solutions of ξ , η will only have r0 dependence,
i.e., ξ (r0), η(r0). According to the expression Eq. (10), for
the distant observer, the integral constant E is the photon’s
energy. This fact tells us that different frequencies of light will
give rise to different features in the black hole shadow. So it is
feasible to test the existence of the vector field Tμ by observing
the shadow of a black hole in multiple wavelengths.

Finally, we want to point out that the above conclusion
is based on the assumption that the Hamiltonian principal
function has a separable solution Eq. (23). This assumption
guarantees the existence of unstable photon orbits with con-
stant radius and the induced black hole shadow, which is thus
consistent with the observation of a dark area surrounded by
a bright emission ring. In the situation that Eq. (23) cannot
be separated, there might also have unstable photon orbits and
the formation of the black shadow according to the analysis
of space-time separability given in Refs. [76,77]; however, we
should note that the physical reason for the presence of the
dependence on energy E is that the vector field Tμ with the
first power coupling term Eq. (4) introduces the first power of
the velocity Ẋμ, which thus changes the way that the system
depends on the integral constants or, in other words, the initial
conditions. This can be more easily seen by Eq. (24), where
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(a) Fixed spin a/M = 0.1 (b) Fixed spin a/M = 0.7 (c) Fixed spin a/M = 0.99

FIG. 1. Plot showing the shadow cast by the Kerr black hole m(r) = M with the vector field Eq. (45) having the form of f (r) = r. The
inclination angle θ0 has been set to π/2

the terms containing the integral constants E , Lz to the first
power are introduced. Therefore, even for the situation that
the vector field Tμ has a nonseparable Hamiltonian principal
function S, the result of a frequency-dependent shadow may
remain, assuming the black hole shadow still exists. Further-
more, for a more general coupling term Eq. (3), one might
expect that the odd power terms would introduce the energy
dependence while the even power terms will not.

V. AN EXAMPLE AND THE OBSERVATIONAL
CONSTRAINTS

In this section, we choose a particular expression for Tμ to
illustrate the specific effects brought by the vector field Tμ and
the relevant observational constraints.

Inspired by the movement of a charged particle around the
Kerr-Newman black hole [78–80], we know an expression
for Tμ that makes the Hamiltonian have a separable solution
Eq. (23),

Tμ = Q f (r)

ρ2
(−1, 0, 0, a sin2 θ ), (45)

where Q is a constant describing the quality of the source, f (r)
is a function determined by the underlying fundamental the-
ory, whose expression should satisfy the boundary condition
Eq. (14). Then, according to Eqs. (18)–(21), we have

gr
E (r) = Q f (r)(r2 + a2)



,

gr
L(r) = Q f (r)a



, (46)

gr
T (r) = Q2 f 2(r)



,

and gθ
E (θ ) = gθ

L(θ ) = gθ
T (θ ) = 0. The conditions for

the unstable spherical orbits in Eqs. (43) and (44)

give rise to[
r2

0 + a2 − aξ − qE f (r0)
]2 − 
(r0)[η + (ξ − a)2] = 0,

2
[
r2

0 + a2 − aξ − qE f (r0)
]
[2r0 − qE f ′(r0)]

− 
′(r0)[η + (ξ − a)2] = 0, (47)

where 
′(r0) represents the derivative with respect to r0 and
we have defined

qE ≡ q1
Q

E
. (48)

The parameter Q could contribute to the total energy
curving the space-time by the possible coupling between Tμ

and gμν shown in Eq. (5) and thus modify the standard Kerr
metric. However, in physically plausible situations, this con-
tribution to the space-time curvature must be negligibly small
compared to the matter contribution of the matter stress tensor.
Therefore, to visualize the shadow cast by the rotating black
hole with Tμ from Eq. (45), we consider the standard Kerr
black hole m(r) = M and generate plots for the coordinates
α/M and β/M by assuming the approximate behavior f (r) =
r at the related scale. These plots are shown in Fig. 1 for the
fixed values of spin parameter a/M and different values of
parameter qE/M. It is easy to see the effects of parameter qE

on the shadow: Comparing with the overall size, the shape
of the black hole shadow is slightly changed. An increase
in the value of qE decreases the overall size of the shadow.
The specific value of parameter qE is related to the fre-
quency of the photons that we observed according to the
definition Eq. (48), which is consistent with the conclusion
of the last section, i.e., the black hole shadow will have a
different appearance under different wavelengths. In Fig. 2,
we show this point more clearly. Assuming that qE = 0.3
at λ = 1.3 mm, we plot the appearances of the black hole
shadow corresponding to the 1.3 mm (230 GHz) and 0.87 mm
(345 GHz) wavelengths, respectively. These two wavelengths
are able to be simultaneously observed by the next-generation
Event Horizon Telescope (ngEHT) [81]. Thus, the scenario
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FIG. 2. This figure has the same settings as Fig. 1. Here we plot
the shadow of two wavelengths for two spin parameters.

under consideration is promising to be tested by observations
in the near future.

We now make a comparison with the effects caused by the
function m(r) since it describes a large class of deviations
from the standard Kerr black hole and has been widely dis-
cussed in the literature. In the absence of Tμ, i.e., qE = 0, let
us first consider the Kerr-Newman black hole:

m(r) = M − C2

2r
. (49)

Figure 3 displays the corresponding shadow for different
values of parameter C. Another typical expression of m(r) is

m(r) = M
r3

r3 + g3
, (50)

where g is the model parameter. This form can describe the
nonsingular rotating Hayward black hole [72] and a type
of asymptotically safe gravity [30]. Figure 4 displays the
corresponding shadow for different values of parameter g.

According to Figs. 3 and 4, we note that the obvious
deviation from the standard silhouette only occurs on the
left-hand side of the picture. This side corresponds to the
spherical orbits that have relatively small radius r0. According
to Eqs. (47), the m(r0) function only appears in the function

(r0) and its derivative, which means the largest modification
by m(r0) only occurs on orbits with the smallest radius r0

given by the condition Eq. (8). Therefore, the fact that the
most significant deformation only occurs on one side of the
shadow is a general result for the function m(r), which is
different from the effects caused by Tμ with the form Eq. (45)
where only the overall shadow size is adjusted.

In the current study, we have set the inclination angle
θ0 = π/2 between the rotation axis and the line of sight. It
must be difficult to realize this in the real world. Fortunately,
a detailed numerical study [82] based on the geometrical

FIG. 3. Plot showing the shadow cast by the Kerr-Newman black
hole in the absence of Tμ. Here we have fixed spin parameter a/M =
0.7.

relations such as Eqs. (41) shows that choosing a different
inclination angle mainly changes the shape of the shadow
by an overall horizontal displacement, while the overall size,
i.e., the average radius of the pattern is almost unchanged.

FIG. 4. Plot showing the shadow cast by the nonsingular rotating
Hayward black hole in the absence of Tμ. Here we have fixed spin
parameter a/M = 0.7.
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Therefore, it makes sense to focus on the overall size of
shadow since the current observations do not yet yield detailed
information about the shape characteristics of a black hole
shadow.

Finally, let us consider the current constraints on the model
parameter qE . According to the above results, we have learned
that the crucial test of the scenario in Eq. (1) is to see whether
the black hole shadow has dependence on the observed wave-
length. However, the current EHT experiment only operates
at a wavelength of 1.3 mm [1]. Since the effect of appreciable
qE is mainly to change the overall size of the shadow, a
probe for this parameter would be measurement of the black
hole mass M. That is, qE can be constrained by measurement
at different scales on the black hole mass M. Specifically,
stellar-dynamics observations could provide a measurement
on the mass Mstellar of the SMBH in the Newtonian gravity
approximation. And the observations of the black hole shadow
provide us with another measurement of mass Mshadow by
the physics at the horizon scale. In principle, the contrast
between these two measurements Mstellar and Mshadow could
place constraints on the parameter qE if assuming Tμ plays no
role beyond the horizon scale.

We begin with the Schwarzschild black hole, i.e., a =
0. According to the spherical symmetry, the unstable null
spherical orbits should be confined to a plane, i.e., forming a
circular orbit. Then we can choose θ = 90◦, θ̇ = 0; Eqs. (47)
become (

r2
0 − qE r0

)2 − (
r2

0 − 2Mr0
)
ξ 2 = 0,(

r2
0 − qE r0

)
(2r0 − qE ) − (r0 − M )ξ 2 = 0. (51)

The size of the shadow is given by

d = 2|ξ | = α(M + 
M ), (52)

where we have defined


M = g(qE )M, (53)

and g is a function with respect to qE derived from Eqs. (51). α
is the parameter describing the difference between the size of
the shadow and the gravitational radius M, which contains the
influence of the inclination θ0 and the spin parameter a on the
size of the shadow, i.e., the deviation from the Schwarzschild
black hole. For the current Schwarzschild case, α = 6

√
3. In

the EHT observation for the M87* black hole, α = 11+0.5
−0.3

is obtained by fitting the observed shape models to a large
number of visibility data generated from the Image Library
[1]. This should lead to a slightly different g function from that
of α ≈ 10.4. However, since f (r) does not introduce any spe-
cial dependence on the spin parameter a, this difference must
be negligible. Finally, we obtain the relationship between the
mass Mstellar measured by the dynamical methods and the mass
Mshadow measured by the optical shadow:

Mstellar + 
Mstellar = Mshadow. (54)

For the M87* black hole, recent stellar-dynamics observa-
tions by Gebhardt et al. [83,84] found Mstellar = (6.6 ± 0.4) ×
109M	 and the EHT experiments derive Mshadow = (6.5 ±
0.7) × 109M	 [1]. This leads to the submaximum range for
qE :

qE ∈ (−0.50, 0.56). (55)

Furthermore, the gas dynamics observations give a rather
different measurement of the mass of the M87* black hole
Mgas = 3.5+0.9

−0.3 × 109M	 [85–87], which would lead to a
weaker constraint on the parameter qE . Therefore, given the
unknown systematic error on the mass measurement, we are
looking forward to the ngEHT with the dual wavelength
observation capability, which could yield better constraints
[81].

VI. CONCLUSIONS

In this paper, we have proposed a mechanism for testing
the equivalence principle by analyzing black hole shadows.
In particular, for rotating black holes which are of high
astronomical interest, the features imprinted on their shadow
under the influence of an additional vector field Tμ(X ), which
phenomenologically depicts a violation of equivalence prin-
ciple, can affect the motions of photons. Accordingly, our
scenario provides an interesting example to discuss this effect
in regions of extremely strong gravitational fields. We assume
that Tμ(X ) is regarded as a background vector field generated
by the central black hole so the symmetries possessed by
the black hole and the space-time could be used to constrain
the form of this vector field. Furthermore, we demand the
boundary condition that the vector field Tμ(X ) vanishes at
infinity since it is generated by a finite-size source. Under
these two constraints, we perform a general analysis on the
black hole shadow influenced by Tμ(X ) with the coupling
form Eq. (4). Our key result is that the shadow in edge-on view
will have different appearances for different frequencies of the
observed light. The physical reason for this phenomenon is
that the coupling form shown in Eq. (4) alters the way that the
system depends on the initial conditions by introducing the
first power of the velocity Ẋ . Therefore, this phenomenon is
quite generic and is not sensitive to a specific form of Tμ(X ).

The current EHT experiments operate at a wavelength of
1.3 mm. Although each station of EHT receives two adja-
cent frequency bands centered at 227.1 GHz and 229.1 GHz,
respectively, these two frequency bands are handled by dif-
ferent groups and are used to eliminate the error of doing
correlation among the data [1]. Therefore, current experimen-
tal conditions might not allow us to directly determine the
existence of the phenomenon that the observed appearance
of the black hole shadow could change with the observed
wavelengths. It deserves mentioning that the future project of
ngEHT could have the ability to observe the 1.3-mm and 0.87-
mm wavelengths simultaneously [81], we hope this project
together with other future multiband observations as well as
the related data-processing techniques could allow for tests of
this phenomenon.

As an example, we chose the vector field Tμ in the form
Eq. (45) and studied its effects on the shadow cast by the
Kerr black hole. The results show that the overall size of
the black hole shadow is altered, which is different from the
effect brought by the usual modification on the metric using
the function m(r), where only one side of the silhouette has
obvious distortion. Thus, there is a large degeneracy between
the black hole mass and the model parameter qE . Finally, by
using the measurements on the black hole mass at different
distance scales, we set constraints on the coupling parameter
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|qE < 0.5| by combining the results of EHT and orbits of stars
or gas.

We emphasize that, in principle, the black hole shadow
characterized by the parameters ξ , η could be totally deter-
mined by the fundamental equations governing the motion of
photons. The accretion disk surrounding the black hole only
serves to provide a light source and thus the astrophysical
complications introduced by the specific accretion model may
be avoided [88]. However, from a practical observational point
of view, the accretion flow may obscure the shadow and this
problem would be more serious had the accretion flow been
optically thick [89–91]. Although Sgr A* and M87* are not
this case, the detailed analyses involving future high-precision
measurements should take the influence of the accretion disk
into consideration. We note that Refs. [92–96] also studied
various features of the shadow.
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