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Abstract

In this thesis, we present two different methods to estimate parameters within a

Partial Differential Equation (PDE) model of cancer invasion and an Individual-

based Model (IBM) derived from it. The PDE model was fitted to synthetic spatial

1D data generated from the model, and the IBM was fitted to authentic spatial

2D data derived from the invasion patterns observed in in vitro and ex vivo or-

ganotypic assays. The first estimation method is a likelihood-free approach related

to Approximate Bayesian Computation (ABC). The second is a two-stage gradient

matching method based on smoothing the data with a Generalized Additive Model

(GAM) and matching gradients from the GAM to those from the model. Both

methods performed well on spatial 1D synthetic data when the synthetic data was

generated assuming no measurement errors. To increase realism we tested both

methods with simulated measurement errors, and found that the ability to estimate

some model parameters deteriorated rapidly as measurement error increased for the

gradient matching method. The ABC method was more robust to the introduction

of measurement errors.

For spatial 2D authentic data, we only applied the ABC method. The simulated

patterns produced at the end of the estimation procedure were quantitatively close

to the observed ones. In addition, most of the final parameter samples obtained in

the spatial 2D inference passed a set of ABC posterior diagnostics, implying they

are valid posteriors from the perspective of Bayesian inference. The ABC-derived

calibration methods developed in this thesis are not limited to models of cancer

invasion alone, and can potentially be applied in a wide variety of application areas

where the system under examination can be described using PDE models.
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Chapter 1

Introduction

1.1 Overview

Systems of differential equations are frequently used to model and predict the beha-

viour of dynamical systems. Application areas include physics (Kirkwood 2018),

engineering (Kalbaugh 2017), ecology (Busenberg & Cooke 1981) and medicine

(Schiesser 2014). A common issue of these applications is that some or all model

parameters are not known. Hence one needs to calibrate the model based on avail-

able observed data, i.e., adjust model parameters until the ones that give the closest

fit to a set of observations on the system are found. This process is also known

as parameter estimation or solving the inverse problem. In this thesis, we present

calibration schemes developed for a specific Partial Differential Equation (PDE)

model of cancer invasion, based on both synthetic spatial 1D data (variable dens-

ities) and authentic spatial 2D individual cell-based data observed in organotypic

cultures. For the application on 1D synthetic data, we demonstrate two calibration

schemes: one inspired by Approximate Bayesian Computation (ABC) and the other

built upon the idea of gradient matching. Then, for the application on spatial 2D
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data, we come back to the ABC-related scheme and see how well it accommodates

an Individual-Based Model (IBM) derived from the original PDE, which focuses on

the movement of individual cells and is approximated by the original PDE with

stochasticity involved to a certain extent. Initially, a certain number of cells are

placed in the numerical grid, the variables of the PDE model (e.g., cell density,

tissue concentration) are then solved numerically in spatial 2D. The probability of

individual cells moving in different directions is determined using the density or

concentration of the surrounding tissues in the neighbouring region, which makes

the cell movements a stochastic process. In short, the level of stochasticity in the

calibration process is therefore intensified, which makes the process more difficult,

but also more realistic at the same time.

In the context of modelling cancer invasion, PDEs usually model the evolution

in both time and space of multiple variables. They can be more challenging to

analyze than their purely temporal counterparts, Ordinary Differential Equations

(ODEs), and as such have received less attention to date. For most complex differ-

ential equation models, a closed-form solution that provides the parameter values

giving the best fit to the observed data is not available, and so an iterative scheme

is used. Classically, this involves solving the model system for a candidate set of

parameter values and comparing this solution with the observations. The candidate

set is then updated in a way that tends to produce a better solution and the process

is repeated to convergence (Macdonald & Husmeier 2015, Ramsay et al. 2007). One

standard metric of fit is the sum of squared differences between model solution and

observed values. Under the assumption that the observations arise independently

from a normal distribution, the least squares parameter estimates are maximum

likelihood estimates. This allows quantification of uncertainty in the estimates, for

example by normal confidence intervals. Early texts suggesting this “nonlinear least

2



squares” approach include (Hemker 1972, Bard 1974, Stortelder 1990). Taking Stor-

telder (1990)’s work as an example: by calibrating the parameters in the differential

equations, the author fitted the solution to the observations using a weighted least

squares criterion. Given the observations and solutions to the differential equations

(denoted as (ci, ti, yi) and yci(ti, θ) respectively, where ci indicates which compon-

ent of the state vector, y, has been measured, ti is the time of the measurement

and yi is the measured value (Stortelder 1990)), the author estimated the unknown

parameters by minimizing the following discrepancy measure.

S(θ) =
N∑
i=1

w2
i (y (ti, θ)− yi)

2, (1.1)

where N is the number of observations and wi is the weights based on the accuracy

of the observations. By assuming that the errors in the observations are statistically

independent and follow a Gaussian distribution with standard deviation σi, wi is

then taken to be 1
σi

and the weighted least square criterion in equation 1.1 coincides

with the maximum likelihood estimate. In his original work, the author further

applied this criterion to an ODE model of chemical reactions, and final results with

accuracy at a satisfactory level were obtained (Figure 1.1).

In general, the direct approaches of minimizing the weighted distance measure

between the observations and model solutions fall into two different categories (Es-

posito & Floudas 2000). The classic one uses integration routines to determine the

values of the states for a given set of model parameter values, allowing for the eval-

uation of the objective function/criterion (Bellman et al. 1967, Hwang & Seinfeld

1972, Bilardello et al. 1993, Kim et al. 1980). Stortelder (1990)’s method men-

tioned above falls into this category. The second type involves the conversion of

the differential equation model into a set of algebraic equations, such as the use of

3



Figure 1.1: The calculated concentrations of the complex ([C]) for the initial (left
graph) and final (right graph) parameter vector, and the observations are denoted
with crosses (×). Figure and caption reproduced from Stortelder (1990).

polynomial approximations (Villadsen & Michelsen 1978) and different collocation

techniques (Van Den Brosch & Hellinckx 1974, Baden & Villadsen 1982, Tjoa & Bie-

gler 1991, Liebman et al. 1992). One issue in these approaches is that the likelihood

surface tends to be multimodal in many cases and the existence of multiple local

minima makes it difficult to ensure the globally-best parameter values are found at

the end (Esposito & Floudas 2000). Some authors have attempted to improve these

approaches in order to increase the chance of converging to the global minimum (Es-

posito & Floudas 2000), and the examples include the following. (i) Kalogerakis &

Luus (1983) acknowledged the existence of local minima and recognized the regions

with poor convergence in the classical approaches. They proposed an algorithm that

uses a “direct search method” to determine good initial guesses for either a quasi-

linearization or a Gauss-Newton type minimization. (ii) Park & Froment (1998)

took the same approach as Kalogerakis & Luus (1983), but with genetic algorithm

(GA) as the first step. Due to the strong dependence of the GA performance on

4



the GA running conditions, they further developed a hybrid GA algorithm based on

the iteration of the GA running parameters followed by the Leverberg-Marquardt

optimizer. (iii) Luus (1998) used a modified direct search method to solve a prob-

lem with a large number of local minima. (iv) Maria (1989) developed an approach

based on an adaptive random search for the solution of various kinetic problems.

(v) Wolf & Moros (1997) presented a GA-based approach that finds the maximum

likelihood estimates (MLEs) of rate constants in heterogeneous reaction systems by

using the initial estimates from the GA that are further optimized by a Nelder-Mead

algorithm. However, these approaches still lack a theoretical guarantee of conver-

gence to global minima (Esposito & Floudas 2000). In 2000, Esposito & Floudas

(2000) proposed two different approaches and demonstrated they theoretically guar-

anteed convergence to the global minimum for a wide range of problems. The first

approach uses integration to solve the system of differential equations, while the

second one is based on converting the system of differential equations into a set of

algebraic constraints through the use of orthogonal collocation on finite elements.

In this thesis, the approach we focus on is rather different from the early-stage

ones mentioned previously. We aim to carry out the same process of “minimizing

weighted distance measure between observations and model solutions”, but under

the general framework of Bayesian inference.

1.2 Bayesian techniques for parameter inference

on differential equation models

Bayesian computation is based on Bayes’ theorem, which evaluates the conditional

probability density given data y and parameter value θ, described by the equation
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as follows.

π(θ|y) = f(y|θ)p(θ)
f(y)

, (1.2)

where π(θ|y) is the posterior distribution, f(y|θ) is the likelihood and p(θ) is the prior

distribution. The prior distribution represents the beliefs about θ before observing

the data. The likelihood f(y|θ) can be considered as the information contained

in the data on parameter θ. The denominator f(y) is usually referred to as the

“marginal likelihood”, which is independent of θ and always regarded as a constant

(Sunnaker et al. 2013, Beaumont 2010). Hence, a simplified form of the Bayes’

theorem is quoted as follows.

π(θ|y) ∝ f(y|θ)p(θ). (1.3)

The task of Bayesian computation is to compute the posterior distribution, which

is regarded as an updated version of the prior distribution after observing the data.

However, the analytical solutions to finding the posterior distribution are possible

in only very limited cases. When the likelihoods are feasible to be evaluated, Monte

Carlo methods such as Markov Chain Monte Carlo (MCMC), importance sampling

(IS) and sequential Monte Carlo (SMC) are usually used (Beaumont 2010, Gelman

et al. 2003, Robert & Casella 2004). Bayesian methods have been frequently em-

ployed to draw inferences about differential equation models – this allows for a richer

characterization of uncertainty and incorporation of prior information about model

parameters. Most of the inferential schemes in the literature used Markov chain

Monte Carlo (MCMC), some representative examples are as follows.

Voyles et al. (2012) applied a standard MCMC algorithm to an ODE population

growth model of Batrachochytrium dendrobatidis (Bd, an environmentally sensitive

fungal pathogen) based on the data (number of infectious zoospores that are not
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produced from the initial cohort) collected from their own experiment. The aim

of their experiment was to find out if temperature is an important factor of Bd ’s

reproductive pattern. Since the observations were in discrete form, the authors

assumed the observations of the system at set of discrete time t′ are independent

Poisson random variables with a mean given by the solution of their ODE model,

that is, Zobs(t
′) ∼ Poi(Z(t′)+0.01). The likelihood of the data given the parameters,

underlying model, and initial conditions is then a product over the n observations

at each time point in t′. With uninformative priors for all parameters, posterior

samples for each experimental case (4◦C and 24◦C) were collected using a standard

MCMC algorithm. The authors found that the behavior of Bd was significantly

different by fitting the model to the data from the two experimental cases combined

and by fitting the model to each experimental case separately based on the statistical

analysis results obtained using MCMC. Their work can be regarded as an example

of applying standard MCMC to draw statistical inference about simple differential

equation models.

Smith et al. (2015) used MCMC algorithm combined with the Metropolis-Hastings

(MH) algorithm to carry out Bayesian parameter inference on a simple Nutrient-

Phytoplankton-Zooplankton (NPZ) model. The aim of their study was to invest-

igate the disturbance-recovery hypothesis (DRH), which argues the the phase of

rapid phytoplankton population growth in the North atlantic (the “spring bloom”)

is actually initiated in the winter rather than the spring, due to a physical or eco-

logical disturbance to factors acting to reduce phytoplankton population growth

rates. This causes the phytoplankton population growth rates to become positive

for a sustained period of time, allowing for the accumulation of mass and the form-

ation of a bloom. By implementing this enhanced version of the MCMC algorithm

on a more complex ODE model compared to the previous example, the authors
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demonstrated their results of the parameter inference supports the DRH and the

sustained reduction of grazing due to mixed-layer deepening is the driving mechan-

ism behind bloom initiation, with the relaxation of nutrient limitation being another

contributory mechanism.

Boersch-Supan et al. (2017) presented an R package "deBInfer" to draw para-

meter inference on both ODE and delay-differential equation (DDE) models using

MCMC procedures. To perform inference using such package, the user needs to

specify the differential equation model, the observations, the data likelihood, all

model and observation parameters (including the prior distribution for those para-

meters that are to be estimated). The package then takes these inputs and per-

forms MCMC to sample from the posterior distributions of the parameters using

a Metropolis-Hastings algorithm, solving the differential equation model within the

MCMC procedure. In order to boost the computational efficiency, the authors made

two modifications to the basic Metropolis-Hastings algorithms used in the package

as follows. (i) The package makes a distinction between the parameters of the dif-

ferential equation model (θDE) and the observation parameters (θobs). The solver is

then asked to only update the former. (ii) The prior probability of each parameter

proposal from the sampler is evaluated before the posterior density and the accept-

ance ratio are calculated, which allows the rejection of proposals outside the prior

support without invoking the numerical solver. The authors then tested the per-

formance of the package on an ODE model of logistic population growth and a DDE

model of fungal population growth. Both applications demonstrated satisfactory

results and the authors made a further application on the dynamic energy budget

(DEB) models in Boersch-Supan & Ryan (2019). A similar MCMC application on

DEB model can be seen in Johnson et al. (2013).

The three examples listed in the previous paragraphs show how standard MCMC
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approaches can be used to draw parameter inference about differential equation mod-

els. We now give some examples of how more complex MCMC-related techniques can

be applied to differential equation models to serve the purpose of drawing parameter

inference. Coelho et al. (2011) modified the classical Bayesian Melding method to

estimate the parameters in a deterministic model of influenza transmission. The

brief description of the Melding method is as follows. Let Θ = {p1, p2, ..., pn} be

the set of parameters that are inputs to the model M . Assume these parameters

are random variables with a joint prior distribution denoted by q(Θ) and Φ be the

set of m outputs of M , Φ = {v1(t), v2(t), ..., vm(t)}. Since Φ can be considered as a

function of Θ (Φ = M(Θ)), the prior distribution of Φ may also be connected with

the prior distribution of Θ (q(Φ) = M(q(Θ))). The inferential problem has now

become finding the joint posterior distribution of Θ – π(Θ) and that of Φ – π(Φ),

with existing data D. Note that data will be introduced to the inference in the form

of time series corresponding to the model outputs, which can be used to update Θ’s

joint prior probability distribution. Therefore, the likelihood of the model’s outputs

is given by: L(Φ) = P (D|Φ) = P (D|M(Θ)) = L(Θ). The data on the outputs

is capable of informing the likelihood of both Φ and Θ as they are connected by

the model. The posterior of Θ is then updated such that π(Θ) ∝ q(Θ)L(Θ). The

authors made two major extensions to this classical Melding method such that the

time-series data can be used in the inference (classical Melding method can only

make inferences based on data on single point in time.); also a multi-chain Markov-

chain sampler was used to sample the joint posterior distribution π(Θ), which can

tackle non-convex higher dimensional parameter spaces more efficiently.

Higham & Husmeier (2013) applied an adaptive MCMC scheme described by

Haario et al. (2006) to estimate the parameters and their posterior densities within

an ODE model of the plant circadian clock. The aim of their work was to set the
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scene for full parameter estimation and model comparison in a Bayesian context for

the circadian clock model. They defined a sum of squares function that measures

the distance between ODE solutions (generated using a set of initial conditions and

parameters) and the observations (synthetic data) perturbed by additive i.i.d. Gaus-

sian errors. The authors ran their MCMC chains for approximately 106 iterations

and four subchains were used to assess the potential scale reduction factor (PSRF),

the posterior measures (means and variances) were calculated based on every 100th

iteration of the last 105 iterations. They found that as the level of perturbation

goes up, the convergence rate of parameter estimates and sum of squares metric

becomes lower as expected. They have also pointed out the parameter convergence

is not correlated to Euclidean distance between starting value of the Markov chains

and true value. In addition, by comparing the marginal posterior distributions for

the five parameters with the lowest PSRFs and the five highest at the same level

of perturbation, the authors illustrated that recovery of the true parameter values

may not be controlled directly by convergence diagnostics.

The most sophisticated MCMC-related approach we found in the literature

search was proposed by Paun et al. (2018). They used a MCMC-related scheme

called Delayed Rejection Adaptive Metropolis (DRAM) to estimate the parameter

values and their posterior distributions within a PDE model of pulmonary circula-

tion, based on the data of flow and pressure in the main pulmonary artery measured

in healthy and hypoxic mice. In the classic Metropolis-Hastings algorithm, new

samples are generated from the proposal distributions. They are either accepted or

rejected depending on how likely these samples come from the target distribution.

The acceptance probability is

α1(θ
k−1, θ∗) = min

(
1,

π(θ∗)q1(θ
∗, θk−1)

π(θk−1)q1(θk−1, θ∗)

)
, (1.4)
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where θk−1 is the current point, θ∗ being the proposed point, q1(θ
∗, θk−1) the proposal

distribution from θk−1 to θ∗ and π(.) the stationary density of the chain. The

drawback of this algorithm is that a poor proposal distribution will result in a high

rejection rate. To overcome this issue, the idea of “delayed rejection” (DR) was

proposed: upon the step of rejecting θ∗, instead of retaining θk−1, one can make a

second proposal that uses a different proposal distribution q2 (Tierney & Mira 1999,

Paun et al. 2018). This was proved to maintain the Markovian property of the chain

(Green & Mira 2001, Paun et al. 2018). Therefore, if one starts with θk−1 and after

rejecting θ∗, the second proposed point θ∗2 is accepted with probability

α1(θ
k−1, θ∗, θ∗2) = min

(
1,

π(θ∗2)q1(θ
∗2, θ∗)q2(θ

∗2, θ∗, θk−1)[1− α1(θ
∗2, θ∗)]

π(θk−1)q1(θk−1, θ∗)q2(θk−1, θ∗, θ∗2)[1− α1(θk−1, θ∗)]

)
.

(1.5)

Thus, the DR algorithm may have a smaller rejection rate. In addition, when the

parameters to be learnt are strongly correlated, the parameter dimensionality is

large or the problem is highly non-linear in the parameters, running the classic

MH algorithm can be inefficient, since the chain will move slowly in the parameter

space and taking a long time to approach the target density. A solution to this

is to adapt the Gaussian proposal covariance depending on the shape and size of

the target distribution, that is, adapt the proposal covariance matrix, Vk, based on

the past chain after some non-adaption time tad. The adapted covariance matrix

is computed such that Vk = sdcov(θ0, ..., θ
k−1) + ϵId, where sd is a parameter that

depends on the dimension d of the target, ϵ > 0 is a constant that ensures that

Vk does not become singular and (θ0, ..., θk−1) are the past chain samples. It can

be shown that this “adaptive metropolis” (AM) algorithm still produce an ergodic

Markov Chain (Haario et al. 2001). The “DRAM” algorithm (Haario et al. 2006) is

then formed by combining the two algorithms together. It increases the convergence
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through the use of the rejected values in the DR step and of the past chain samples

to learn about the posterior distribution through the adapted covariance matrix in

the AM step. Furthermore, the authors introduced a parameter scaling technique

to accommodate for different magnitudes of parameter values that makes the cal-

culation of the acceptance probabilities more accurate. In addition, they improved

the existing MCMC literature by first employing a non-linear constraint optimiza-

tion scheme to find the maximum likelihood estimates of the parameters, then using

these as the starting values of the Markov chains. By doing so, the scheme can be

speeded up to a certain extent since MCMC approaches are generally too slow to

converge when starting from random points in the parameter space. However, it is

worth noting that the DRAM algorithm described did not account for the correlated

structure in the errors, which may cause the effect of breaking the i.i.d. error nor-

mality assumption. Therefore, to account for the correlated structure in the errors,

the authors considered the Hamiltonian Monte Carlo algorithm (HMC) (Neil 1982,

Paun et al. 2018, Paun & Husmeier 2022), which suppresses the random behaviour

of the algorithm by using a momentum variable that leads the direction in which

the proposals are made (Paun et al. 2018). The authors further boosted the com-

putational efficiency by running the algorithm on an objective function emulated

using the Gaussian process (Rasmussen & Williams 2006).

Despite the fact that MCMC is the most frequently used approach in Bayesian

inference, we argue that when the differential equation models being investigated

are complex, MCMC-based Bayesian inference methods can encounter difficulties

in evaluating the valid likelihood. Consider the spatial 1D case of PDE models.

Assuming each observation is associated with an error term, in mathematical form,

this would be

yij = y(ti, xj; θ) + δij, (1.6)
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where yij is the observed data (a K ∗ 1 vector, K is the number of variables within

the PDE model) at time point i and spatial point j, y(ti, xj; θ) is the value fitted

by the numerical solution of the PDE model at the same time and spatial point,

δij is the associated error term (a K ∗ 1 vector as well). If we assume the error

terms are independent and normally distributed, the observations yij then follow a

multivariate normal distribution as follows.

yij ∼ MVN(y(ti, xj; θ),
∑

(σ2)), (1.7)

where
∑

(σ2) is a diagonal matrix with its elements being the variance terms asso-

ciated with the variables. Therefore, the likelihood function can be written as

L(y|ŷ(ti, xj; θ), σ2) =
J∏

j=1

I∏
i=1

MVN(Y i
j ; y(t

i, xj; θ),
∑

(σ2)), (1.8)

where J and I are the number of spatial and time points. The likelihood needs to

be evaluated each time a new parameter vector is tried in the iterative algorithm,

which requires repeatedly solving the PDE model then evaluating the results under

multivariate normal distributions. Repeatedly solving the PDE model numerically

can be time consuming, but a more concerning issue is likelihood function is only

analytically tractable in limited cases. Therefore, we believe methods that can

bypass the need to provide an explicit form of the likelihood should be favourable.

Our focus in this thesis will be on likelihood-free approaches, which is rather different

from classical Bayesian approaches such as MCMC.
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1.3 Outline of the following chapters

The remainder of this thesis is structured as follows. In Chapter 2, we give a de-

tailed literature review on the statistical methods being used in this thesis, mainly

focusing on the approaches of Approximate Bayesian Computation (ABC) and gradi-

ent matching. In Chapter 3, we present a parameter estimation study of applying

these methods on a set of spatial 1D synthetic data that exhibits the feature of

travelling waves. Data and relevant code for this chapter are stored in Github:

https://github.com/ycx12341/Data-Code-Figures-RSOS-rev and

https://github.com/ycx12341/1D-sim-res-revisit-2022. In Chapter 4, we

carry out a similar study of applying ABC method on two sets of spatial 2D data,

coupled with Individual-Based Model (IBM) derived from the same PDE model used

in the Chapter 3. In Chapter 5, we assess the final results of the spatial 2D study

and compare our ABC method with an alternative ABC method that has the poten-

tial of improving posterior accuracy. Data and relevant code for these two chapters

are stored in Github: https://github.com/ycx12341/2D-sim-res. Finally, in the

last chapter, we give some discussions and point out some future directions.
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Chapter 2

Review of statistical methods

2.1 Review of ABC

In Bayesian statistics, the likelihood function plays an important role: it expresses

the probability of the observed data under a particular statistical (or numerical)

model, and quantifies the support data lend to particular values of parameters and

to choices among different models (Sunnaker et al. 2013). For simple models, an

analytical formula of the likelihood function is usually computationally feasible.

However, for some more complex models, the analytical formula of likelihood func-

tions are computationally expensive to evaluate, or even analytically intractable.

Arising from population genetics, a group of techniques – likelihood-free inference

have been developed (Beaumont 2010, Sunnaker et al. 2013). They avoid the ex-

plicit evaluations of likelihood functions, and hence widen the family of models for

which statistical inference can be considered. In general, likelihood-free approaches

are mathematically well-founded, but they inevitably makes assumptions and ap-

proximations whose impacts need to be carefully assessed (Sunnaker et al. 2013).

The work that paves the way for likelihood-free inference can be traced back

15



to Diggle & Gratton (1984). They proposed a simulation scheme to approximate

the likelihood function in situations where its analytical form is intractable. Their

simulation scheme combines the simplex optimization method of Nelder & Mead

(1965) with a quadratic fitting procedure in the vicinity of the maximum: a grid

in the parameter space is first defined, then used to approximate the likelihood by

running several simulations for each grid point. The approximation of the likelihood

is then improved by applying smoothing technique to the outcome of the simulations

(Figure 2.1) (Sunnaker et al. 2013, Diggle & Gratton 1984). The authors also

incorporated a criterion that automatically increased the number of simulations as

the maximum is approached. Although the idea of using simulations to analyse

complex models was not new at that time (Bartlett 1963, Hoel & Mitchell 1971),

the work of Diggle & Gratton (1984) is considered as the first that uses simulations

to make statistical inference when the likelihood is intractable.

Figure 2.1: Log-likelihood functions for exponential example. Solid line , L(θ);
dots, L∗(θ); dashed line, smoothed L∗(θ). Figure and caption reproduced from Diggle
& Gratton (1984).

In the same year, Rubin (1984) proposed an algorithm that inspires the earli-
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est form of likelihood-free scheme. He argued that in Bayesian inference, applied

statisticians should not be satisfied with analytically tractable models only: compu-

tational methods that allow them to estimate the posterior distributions of interest

should also be considered. In other words, a wider range of models should be taken

into account. Rubin believed “if the data are discrete and of low dimension, then it

is possible to sample from the posterior density of the parameter without an explicit

likelihood function”, by the following algorithm he proposed.

Rubin (1984)’s algorithm

Given observation y, repeat the following until N points have been accepted.

1. Draw θi ∼ p(θ),

2. Simulate xi ∼ f(x|θi),

3. Reject θi if xi ̸= y.

The accepted points are sampled from π(θ|y).

When the data are of low dimension but continuously distributed, step 3 of the

algorithms above can be modified to become

Reject θi if ρ(xi,y) > ϵ,

where ρ(., .) is a function measuring the discrepancies between simulated and ob-

served data (Beaumont 2010). From today’s point of view, Rubin’s algorithm above

can be considered as a conceptual thought experiment to demonstrate what type

of manipulations can be done when inferring the posterior distributions (Sunnaker
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et al. 2013, Rubin 1984). In 1997, an article by Tavaré et al. (1997) demonstrated

inference about the genealogy of DNA sequence data using a rejection algorithm

similar to Rubin’s algorithm. Tavaré et al. (1997) investigated the problem of de-

ciding the posterior distribution of the time to the most recent common ancestor

of the sampled individuals. They demonstrated methods of simulating coalescent

trees (genealogical tree diagrams that aim to analyze the common ancestry of mul-

tiple genes, see Figure 2.2) under the putative models. A sample from the posterior

distribution of the model parameters was obtained by accepting/rejecting proposals

based on comparing the number of segregating sites in the synthetic and real data

(Tavaré et al. 1997, Sunnaker et al. 2013, Beaumont 2010). A simplified version of

their algorithm summarized by Beaumont (2010), is as follows.

Tavaré et al. (1997)’s algorithm

Given observation y, likelihood function f(y|θ), and K = max
θ

f(y|θ), repeat the

following until N points have been accepted.

1. Draw θi ∼ p(θ),

2. Simulate ui ∼ U(0, 1),

3. Reject θi if
f(y|θi)

K
≤ ui.

The accepted θis’ can be considered to be sampled from π(θ|y), the desired

posterior distribution.

Tavaré et al. (1997)’s algorithm is considered to be the first to use a simulation-based

rejection algorithm to draw posterior inference. From the first glance, it is quite dif-

ferent from the idea of likelihood-free inference, since the likelihood f(y|θ) can be
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Figure 2.2: Coalescent tree for a sample of five individuals. Each branch tip rep-
resents a genealogical sequence in the current sample, and moving up the tree cor-
responds to going backward in time. Branches merge at a node when the associated
sequences first share a common ancestor, so that the root of the tree occurs at the
most recent common ancestor of the entire sample. Figure and caption reproduced
from Tavaré et al. (1997).

obtained analytically before invoking the algorithm; rejection is only performed to

serve the purpose of accepting proposed θis’ in proportion to the likelihood (Beau-

mont 2010). However, if we change the 2nd and 3rd step to “randomly simulate xi

under the model for given θi” and “reject θi if xi ̸= y”, Rubin (1984)’s algorithm

can be recovered. Therefore, Tavaré et al. (1997)’s algorithm can be considered

as a more efficient version of Rubin (1984)’s algorithm in the case of analytically

tractable likelihood.

The first clear example of what can be considered as an ABC approach was given

in Pritchard et al. (1999). The authors conducted a study to investigate the demo-

graphic history of the Y chromosome at eight different microsatellites loci. They

collected 445 Y-chromosome gene copies from these microsatellites and summarized

them into three numbers: V , the mean across loci of the variance in repeat numbers;

H, the mean effective heterozygosity (the probability of two randomly drawn chro-

mosomes differing at a particular locus, averaged across loci) and n, the number of

distinct haplotypes (the term ”haplotype” refers to the vector containing the repeat

scores at each of the eight loci on a particular chromosome. Two haplotypes are

considered to be different if they contain different alleles at any one of the eight loci)
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(Pritchard et al. 1999). These three numbers were chosen by the authors to repres-

ent the dataset because they exhibit different behaviours under different population

models. The detailed version of the algorithm is given below.

Pritchard et al. (1999)’s algorithm

For a data set y that consists of m chromosomes, with summary statistics V , H

and n, the posterior distributions for the parameters of interest π(θ|y) is

estimated using the following rejection algorithm.

1. Draw θi ∼ p(θ),

2. Simulate a sample ŷ that consists of m chromosomes typed at eight

microsatellite loci each using the simulated values of θ,

3. For the simulated data ŷ, compute the three summary statistics V
∗
, H

∗
and

n∗ respectively,

4. Calculate and normalize the Chebyshev distance between the reference and

simulated summary statistics: |V−V
∗|

V
, |H−H

∗|
H

and |n−n∗|
n

. If all discrepancies

are less than a small number δ, record and accept the corresponding

parameters θ,

5. Return to 1 until N sets of parameters are accepted.

The algorithm above gives a sample from the posterior of the parameters, conditional

on the three numbers (V ,H, n) being within δ of the observed values. The authors

have pointed out that as δ tends to 0, their algorithm corresponds to conditioning

on the observed values and sample from the true posterior distribution, but this can
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make the algorithm very inefficient. In summary, the description of the sampling

mechanism in the algorithms above (Rubin 1984, Tavaré et al. 1997, Pritchard et al.

1999) coincides exactly with that of the ABC-rejection algorithms, hence they are

usually considered to be the first to describe the idea of ABC. The term ABC was

formally established by Beaumont et al. (2002), we will come back to their work in

later paragraphs.

At this point, it is worth emphasizing the concept of “summary statistics”, such

as the three numbers (V ,H, n) used in Pritchard et al. (1999)’s algorithm. They

are used to reduce the dimension if the data is high dimensional. One can regard

the computation of summary statistics as a set of mappings from a high dimension

to a low dimension. The purpose of using such summary statistics is to ensure

π(θ|y) = π(θ|S(y)), where S(y) is the set of summary statistics. Although this is

impossible to achieve under most of the circumstances (Beaumont 2010). In general,

the implementation of summary statistics can make the comparisons much easier,

since it is difficult to compare the simulated datasets with the observed datasets

directly when they are both high dimensional.

Thus, moving beyond the context of population genetics, Pritchard et al. (1999)’s

algorithm can be transformed to the classic ABC-rejection scheme.

ABC-rejection algorithm Given observation y, repeat the following until N

points have been accepted.

1. Draw θi ∼ p(θ)

2. Simulate xi ∼ f(x|θi)

3. Reject θi if ρ(S(xi),S(y)) > ϵ, where S(xi) and S(y) are the summary

statistics of the simulated and observed data. ρ(., .) is the discrepancy

measuring function.
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The outcome of the ABC-rejection algorithm is a sample of parameter values

approximately distributed according to the desired posterior distribution,

π(θ|S(y)), obtained without the need to evaluate the likelihood function.

Note that a strictly positive ϵ is usually necessary in step 3 of the algorithm above,

since the probability of S(xi) = S(y) is negligible for all non-trivial applications of

ABC. To ensure the convergence of such ABC-rejection algorithm, ϵ needs to tend

to 0 and the summary statistics S(y) need to be sufficient (i.e., no other statistic

that can be calculated from the same sample provides any additional information as

to the value of the parameter (Fisher 1922)). Figure 2.3 describes the steps taken

in the classic ABC-rejection algorithm. The spirit of ABC is to sample from the

approximated posterior densities of the parameters without evaluating the likeli-

hood functions explicitly, then to use these sampled values to estimate the posterior

distributions of interest. One first samples parameter values from their correspond-

ing prior distributions, then simulates synthetic data using these parameter values

and compares them with the observed data. Lastly, the parameter values sampled

from the prior distributions are either accepted or rejected based on the discrepancy

measurement between synthetic and observed data. The accepted parameter values

are believed to form a sample approximately distributed according to the desired

posterior density.

After the introduction of the basic rejection ABC algorithm, the ABC algorithms

that have been subsequently developed fall into three categories. These are: regression-

based ABC, MCMC-based ABC and Sequantial Monte Carlo (SMC)-based ABC.

We will give an overview of each in the following paragraphs.

The first category, regression-based approach, was suggested by Beaumont et al.
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Figure 2.3: Flowchart of standard ABC-rejection algorithm. Figure and caption
reproduced from Sunnaker et al. (2013).

(2002). They proposed a method based on local linear regression (Ruppert & Wand

1994) and showed that a much wider tolerance interval could be used for the same

level of error in a standard rejection algorithm. In other words, larger proportion of

simulated parameters are accepted. Their algorithm proceeds as follows (Beaumont

2010, Beaumont et al. 2002).

Beaumont et al. (2002)’s algorithm

1. Given observation y, repeat the following until M sets of parameters have
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been generated.

(a) Draw θi ∼ π(θ).

(b) Simulate xi ∼ f(x|θi).

2. Compute kj, the empirical standard deviation of the Sj(x)s’.

3. Define ρ(S(x),S(y)) =
√∑s

j=1(
Sj(x)−Sj(y)

kj
)2.

4. Choose tolerance ϵ such that the proportion of accepted points Pϵ =
N
M
.

5. Weight the simulated points S(xi) using Kϵ(ρ(S(Xi),S(y))), where

Kϵ(t) =


ϵ−1(1− ( t

ϵ
)2) if t ⩽ ϵ

0 if t > ϵ

(2.1)

6. Apply weighted linear regression to the N points that have non-zero weight

and the reference summary statistics to obtain an estimate of Ê(θ|S(x)) and

Ê(θ|S(y)).

7. Adjust θ∗
i = θi − Ê(θ|S(xi)) + Ê(θ|S(y)).

8. The θ∗
i , with weights Kϵ(ρ(S(Xi),S(y))), are taken to be random draws

from an approximation to the posterior distribution π(θ|y).

In this algorithm, the concept of “resampling weight” is introduced. After the N

accepted parameter sets are obtained, they are assigned with resampling weights

Kϵ(ρ(S(Xi),S(y))) such that smaller the discrepancy ρ(S(Xi),S(y)) is, higher

the probability its corresponding parameter set will be resampled. These resampling
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weights can be regarded as a second filter besides the tolerance value ϵ in the para-

meter inference. In addition, the parameter sets are slightly perturbed by correc-

tion values Ê(θ|S(y)) − Ê(θ|S(xi)), which are calculated using weighted linear

regression. Despite the advantage of having higher acceptance rates that makes

the algorithm more efficient, one major issue with the regression-based ABC is the

regression adjustment may project points that are outside the prior bounds (Beau-

mont et al. 2002, Beaumont 2010, Leuenberger & Wegmann 2010). The authors

pointed out that transformations can be used to keep points within the support of

the prior, such as log or logistic transformation followed by back-transform at the

end. However, the authors mentioned that these transformations may encounter

difficulties as well. For example, a logistic transformation may produce a spike of

high density at the boundary and may also introduce strong non-linearity (Beau-

mont et al. 2002, Beaumont 2010). The authors believe a more accurate procedure

is probably discarding points that are projected outside a bounded prior (Beaumont

2010). Following the algorithm of Beaumont et al. (2002) presented above, several

improvements have been implemented to the regression-based ABC approaches to

achieve better performances and details can be found in Blum & François (2010),

Beaumont (2010), Leuenberger & Wegmann (2010).

The second category of ABC approaches was first suggested by Marjoram et al.

(2003). Instead of making post-sampling corrections to improve the inference accur-

acy, Marjoram et al. (2003) attempted to obtain the samples more efficiently in the

first place (Beaumont 2010). They noted that it can be inefficient to simply sample

trial parameter values from the prior distribution: if the data are informative, the

posterior distribution will be more concentrated than the prior. This means that a

large proportion of the simulated parameter values does not give rise to summary

statistics that are similar to those in the data. Some procedures that allow the
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parameters to be sampled from a distribution that is closer in shape to the posterior

than from the prior are therefore needed (Marjoram et al. 2003, Beaumont 2010).

Marjoram et al. (2003) pointed out that if the proposal step is embedded in an

MCMC sampler, the proposal mechanism becomes more adaptive because the user

is effectively sampling from the posterior with some added noise (Beaumont 2010).

Thus, the distribution of proposed summary statistics is close to the posterior pre-

dictive distribution at the end and accurate inference can be drawn. The details of

the MCMC-based ABC algorithm summarized by Beaumont (2010) is as follows.

Marjoram et al. (2003)’s algorithm

Initialize by sampling θ(0) ∼ p(θ).

At iteration i ≥ 1,

1. Simulate θ
′ ∼ K(θ|θ(i−1)), a proposal distribution that depends on the

previous value of θ.

2. Simulate x ∼ f(x|θ′
).

3. If ρ(S(x),S(y)) < ϵ,

(a) u ∼ U(0, 1)

(b) if u ≤ p(θ
′
)K(θ(i−1)|θ′

)

p(θ(i−1))K(θ′ |θ(i−1))
:

θ(i) = θ
′
; (2.2)

(c) otherwise:

θ(i) = θ(i−1); (2.3)

4. otherwise:

θ(i) = θ(i−1) (2.4)
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The initial step of this algorithm is the same as the one for rejection and regression-

based ABC approaches, which is sampling from the prior distribution p(θ). Then the

algorithm follows an approach similar to the Metropolis-Hastings algorithm, a new

value of θ is proposed using a proposal distribution that depends on the current value

of θ. Marjoram et al. (2003) showed such a hybrid approach leads to final samples

from π(θ|ρ(S(x),S(y)) < ϵ), which is an approximation of the desired posterior

distribution, conditioning on the tolerance level ϵ. Beaumont (2010) pointed out that

a potential drawback of the MCMC-based ABC algorithm is that the acceptance

rate of the algorithm is proportional to the frequency with which data are simulated

such that ρ(S(x),S(y)) < ϵ. This is in contrast to MCMC with explicit likelihoods,

where the acceptance rate is a function of the ratio of the likelihood for the proposed

and current state. The consequence is that in the tails of the distribution, the

rejection rate is the highest and therefore the rate of mixing the slowest, leading

to poor mixing of the MCMC (Sisson et al. 2007, Ratmann 2010, Beaumont 2010).

This situation occurs especially if the starting point is chosen far into the tails of the

posterior distribution. Some subsequent improvements made to the MCMC-based

ABC methods that aim to address such issue are given by Ratmann et al. (2007),

Bortot et al. (2007), Becquet & Przeworski (2007), Andrieu & Roberts (2009).

The third category of the ABC approaches is based on the idea of Sequential

Monte Carlo (SMC). In this approach, the user starts with a wider tolerance in-

terval, sampling parameters from the prior and rejecting those that give summary

statistics outside the tolerance interval ϵ. The estimates are successively refined by

weight resampling from parameter values that have been already obtained and a

reduction in the tolerance ϵ. This category of approaches is the closest to the ABC

schemes we present in this thesis. At this point, it is worth emphasizing that in our
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literature review, we noted that ABC schemes were applied to estimate parameters

in statistical models under most of the circumstances. We only found two cases of

using ABC schemes to make parameter inference in differential equation models,

both schemes fall into the category of SMC-based approaches. These two cases will

be reviewed separately in the following paragraphs.

In the first case, Toni et al. (2008) applied an ABC-SMC scheme to estimate the

parameters and their probability distributions in various classic numerical models

(Lotka-Volterra model, repressilator model, SIR models) and used it as a tool for

model selection. All numerical models investigated in their work were ODE models.

Their ABC-SMC algorithm proceeds as follows.

Toni et al. (2008)’s ABC-SMC scheme

1. Initialize ϵ1, . . . , ϵT , for t = 1, . . . , T where ϵt > ϵt+1 > 0 being a sequence of

tolerance levels. Set the tolerance indicator t = 0.

2. Set the particle iterative indicator i = 1 and N being the number of accepted

parameter sets.

(a) If t = 0, sample θ
′′
independently from p(θ).

Else, sample θ
′
from the previous population θ

(i)
t−1 with weights wt−1

and perturb the particle to obtain θ
′′ ∼ Kt(θ|θ

′
), where Kt is a

perturbation kernel.

If p(θ
′′
) = 0, return to 2a.

Simulate a candidate dataset x
′ ∼ f(x|θ′′

).

If ρ(x
′
,x0) ≥ ϵt (x0 is the observed data), return to 2a.
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(b) Set θi
t = θ

′′
and calculate the weight for particle θi

t,

wi
t =


1 if t = 0

p(θi
t)∑N

j=1 w
j
t−1Kt(θ

j
t−1,θ

i
t)

if t > 0

(2.5)

If i < N , set i = i+ 1, go to 2a.

3. Normalize the weights.

If t < T , set t = t+ 1, go to 2.

In summary, the user simulates parameter values from the prior distributions (inde-

pendently) in the first step, simulates data and computes summary statistics, then

retains the closest N sets of parameter values. These N sets of parameter values

can be considered to be drawn from an approximation to the posterior distribu-

tion. In the next step, the user fits a density kernel
∑N

j=1w
j
t−1Kt(θ

j
t−1,θ

i
t) around

the retained parameter sets and resamples parameter values from this. A Gaussian

kernel is typically used, but other distributions such as t-distribution may also be

useful (Beaumont 2010). The tolerance ϵ is then reduced, data are simulated and

summary statistics being computed, and the closest N parameter sets are retained.

Each parameter set is given a weight of p(θ)∑N
j=1 w

j
t−1Kt(θ

j
t−1,θ

i
t)
. The weighted sets of

parameter values give an improved approximation to the posterior because the tol-

erance level ϵ has been reduced. The process is then continued for further iterations

(Beaumont 2010). The advantage of SMC-based approaches is that by repeatedly

sampling from a steadily improving approximation to the posterior, the distribu-

tion of the summary statistics comes closer to the posterior predictive distribution

and the density of simulated data with summaries close to the target is increased
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(Beaumont 2010). However, Beaumont (2010) pointed out that in the limit one is

sampling parameter values from π(θ|ρ(S(x),S(y)) < ϵ), there can be little scope

for improving the proportion of simulated data that are within the tolerance regions.

In other words, one gets a brick-wall effect in that, with a schedule of decreasing

ϵ being implemented, the proportion of parameter sets that are accepted becomes

very small, without major improvement in the approximation of the posterior (Beau-

mont 2010). According to Beaumont (2010), the SMC-based ABC approaches can

be further enhanced by including a conditional density estimation step on the final

distribution of parameter sets; for further detail see Blum & François (2010), Lopes

& Beaumont (2010), Beaumont (2010).

The second application of SMC-based ABC algorithm we found (Dutta et al.

2018) is even closer to what we did with 1D synthetic data (which will be explained in

detail in the next chapter). In their work, Dutta et al. (2018) applied an SMC-based

ABC algorithm to a PDE system that models platelets deposition, and estimated

five parameters within it (two aggregation rates, the attenuation factor, the adhesion

rate of platelets, and the deposition rate of albumin). Their algorithm is quite

similar to the one from Toni et al. (2008) given above, the only major difference

is they used Bhattacharyya distance (Bhattacharyya 1946) (see next chapter for

details) as the metric to calculate the discrepancies between simulated and observed

summary statistics. Given the small number of examples of the use of ABC schemes

to fit complex PDE models, we believed this could be a field that warranted further

exploration.
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2.2 Review of gradient matching methods

Despite the advantage of omitting the explicit evaluations of the likelihood, one

strong drawback for the ABC-related approaches presented above is that they require

solving the differential equation model at each step of the inference algorithm. This

can make them prohibitively slow for more complex models or large datasets. An

alternative approach, first proposed by Varah (1982), is gradient matching. Here,

instead of numerically integrating the model and comparing the solution to the

data, a smooth interpolant is fitted to the data and gradients obtained from this

interpolant are compared with the gradients predicted by the model. The model

parameters are adjusted until the predicted gradients best match those from the

interpolant. Taking Varah (1982) as an example, given an ODE model and a set

of observed data, first they fitted the observed or given data by least squares using

cubic spline functions. They then constructed a least square criterion that measures

the discrepancy between the derivatives estimated from the fitted spline functions

and the values calculated based on the ODE model at some set of chosen points ti.

In mathematical form, the least square criterion is as follows.

n∑
j=1

M∑
i=1

[s
′

j(ti)− yj(ti, θ)]
2, (2.6)

where s
′
j(.) are the derivatives estimated using the fitted spline functions, yj(.) are

the values calculated based on the ODE model itself, n is the number of components

in the ODE model and M is the number of chosen time points. The objective then

becomes finding the parameter values θ that minimize the least square criterion.

Varah (1982) applied such method to three problems from chemical and biological

modelling (Domselaar & Hemker 1975, Bellman et al. 1967) and achieved satisfact-
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ory results. The major advantage of this method is that no numerical integration is

required, and the smooth interpolant fitting only needs to occur once – thereafter,

comparing model-predicted gradients to interpolant gradients is computationally

cheap. Additionally, no initial value solver is needed and no initial condition needs

to be specified (Varah 1982). In general, the gradient matching methods can be

classified into those adopting a traditional “two-step approach” as explained above,

where the interpolants exert a unidirectional influence on the ODEs (e.g., Varah

(1982), Calderhead et al. (2009)), and those perform the smoothing and gradient

matching at the same time, allowing the ODEs to exert an influence on the inter-

polants. The most representative examples of the latter are based on the use of

reproducing kernel Hilbert spaces (RKHS) and those applying Gaussian processes

(GP): among all the works using the RKHS approach, the one proposed by Gonza-

lez et al. (2013, 2014) is quite successful and representative. Before explaining their

methods in detail, first we provide a background for them.

RKHS interpolation is a useful tool in statistical learning, since the property of

RKHS, which is known as the “representer theorem”, means that every function in

an RKHS can be written as a linear combination of the kernel function evaluated

at the training points, such that

x(t) =
n∑

i=1

bik(t, ti), (2.7)

where bi ∈ R and ti ∈ D (Macdonald & Husmeier 2015, Niu et al. 2016). Such prop-

erty provides a computationally fast process for interpolation, which is particularly

useful in gradient matching since its original purpose is to obtain a computational

speed-up over methods involving calculation of numerical solutions to the numer-

ical models (Macdonald & Husmeier 2015). By Mercer (1909)’s theorem, a kernel
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that produces a positive definite covariance matrix can be expressed in terms of

eigenvalue λs and eigenfunctions νs, such that

k(ti, tj) =
∞∑
1

λsνs(ti)νs(tj), (2.8)

and these eigenfunctions νs form an orthonormal basis for a function space

H = {f : f(t) =
∞∑
s=1

fsνs(t),
∞∑
s=1

f 2
s

λs
<∞}. (2.9)

In the next step, define the inner product between two functions f(t) =
∑∞

i=1 fsνs(t)

and g(t) =
∑∞

i=1 gsνs(t) in space H as

⟨f, g⟩H ≜
∞∑
s=1

fsgs
λs

, (2.10)

if the condition

⟨k(t1, ·), k(t2, ·)⟩H = k(t1, t2) (2.11)

is satisfied. H is called a reproducing kernel Hilbert space and the condition is also

known as the “reproducing property” (Macdonald & Husmeier 2015, Murphy 2012).

In other words, let H be a space of functions g defined over a set D ⊂ Rm. H is

said to be a reproducing kernel Hilbert space if and only if there exists a function

k(·, ·) : D×D → R such that for all t ∈ D the inner product ⟨g(·), k(t, ·)⟩ is equal to

g(t) and the kernel function k(t, ·) is in H (Niu et al. 2016, Aronszajn 1950).

We now return to the work of Gonzalez et al. (2013, 2014). Given the ODE

system

ẋs = fn(x(t),θ)− βxs(t), (2.12)

Gonzalez et al. (2013, 2014) reformulated the ODEs of interest as a sum of linear
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and nonlinear parts. The linear part can be combined with the differential operator

to form a linear operator P ; the nonlinear part of the ODEs is linearised by feeding

a spline interpolation x̃(t) of the state vector. Hence the nonlinear part is now

denoted by fn(x̃(t),θ), resulting in (Gonzalez et al. 2013, 2014, Niu et al. 2016)

(
d

dt
+ β

)
xs(t) = fn(x̃(t),θ),

Pxs(t) = fn(x̃(t),θ). (2.13)

By defining X̃ as the matrix of the spline interpolation for all states at all time

points, the authors constructed a penalized negative log-likelihood as follows.

lλ(xs|Y , σ2) = − 1

2σ2
||xs − ys||2L2

− λ

2
||Pxs − fn(X̃,θ)||2L2

. (2.14)

The first term measures and penalizes the discrepancy between the observed data ys

and the predicted values from the ODEs xs, σ
2 being the variance of the observed

data. The second term measures and penalizes the discrepancy between the linear

and interpolated nonlinear parts of the ODE, with λ being the penalty parameter.

At this point, the linear operator P can be connected with a kernel in a Hilbert

space K such that K = (P × P )−1 (Green & Silverman 1993, Niu et al. 2016). The

authors approximated the differential operator d
dt

by a differencing operator using a

finite element method, making P becomes D+βI, where D is the difference matrix

(Gonzalez et al. 2014, Niu et al. 2016). The inverse of the kernel Gram matrix can

then be approximated as follows.

K−1
G = (D + βI)T (D + βI), (2.15)
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and the penalized negative log-likelihood in equation 2.14 can be rewritten as follows.

lλ(xs|Y , σ2,θ) = −||ỹs −KGα||2

2σ2
− λ

2
αTKGα, (2.16)

where

α = (KG + λσ2I)−1ỹs,

ỹs = ys − P−1fn(X̃,θ). (2.17)

The ODE parameters can then be estimated by minimising the penalized negative

log likelihood in 2.16 with respect to parameter θ. The problem has now become a

regularisation in RKHS (Berlinet & Thomas-Agnan 2011). The authors found their

method can achieve better performance than the other ODE parameter estimation

techniques, such as the ones used in Ramsay et al. (2007) and Khanin et al. (2007).

However, Niu et al. (2016) identified two drawbacks of this approach. They

argued that the approximation of the derivative operator by a difference operator is

reliable for time series sampled at high frequencies, but tends to perform poorly with

sparse and noisy data. In addition, the linearisation of the non-linear part introduces

inaccuracies as it is based on simple spline interpolation and the influence from the

ODEs can be limited (Niu et al. 2016). Niu et al. (2016) proposed an improved

approach, which is also based on the RKHS framework, but avoids the two difficulties

mentioned. As an initial step, they express the dynamical system at time t with a

linear combination of kernels k(., .) from some function family F as follows.

gs(t;bs) =
n∑

j=1

bsjk(t, tj), (2.18)

where bs is the vector of kernel regression coefficients bsk. Define B = (b⊺
1, ...,b

⊺
r),
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where r denotes the total number of components in the system. The authors then

estimated B along with θ by minimisation of the following objective function.

E(θ,B) =
r∑

s=1

(
n∑

i=1

[gs(ti; bs)− ysi]
2)+ ρ

r∑
s=1

(
n∑

i=1

[ġs(ti; bs)− fs(g(ti,B),θ)]2, (2.19)

where ρ ≥ 0 is a regularisation parameter. The first term penalises the discrepancy

between the interpolant gs(ti;bs) from the data ysi. The second term is a gradient

matching term that penalises the difference between the gradients obtained from the

interpolant ġs(t;bs) and the ones predicted from the ODEs, fs(g(ti,B),θ). Min-

imising E(θ,B) with respect to B for given θ is a regularised regression problem

that aims to minimise the sum-of-squares error subject to penalising interpolant

that are not consistent with the ODEs. On the other hand, minimising E(θ,B)

with respect to θ for given B estimates the ODE parameters via gradient match-

ing (Niu et al. 2016). The minimisation of such objective function regularises the

interpolant by balancing goodness-of-fit against a discrepancy measure between the

estimated derivatives and those predicted from the ODEs. The feedback loop is

hence completed since the ODE may also have an impact on the interpolants. Niu

et al. (2016) applied this method to noisy Lotka-Volterra data and compared the

result with the method proposed in Gonzalez et al. (2014) and the classic “two-step

method”. They showed that the minimisation of these two terms combined gave a

significant improvement over the alternative methods, especially in the convergence

speed, which was accelerated by two orders of magnitude (Niu et al. 2016).

On the Gaussian process (GP) side, the main idea is as follows. Assuming the

noisy observations y(x, t) consists of an underlying GP f(x, t) and independent and

identically distributed (i.i.d.) Gaussian noise ϵ(x, t) ∼ N(0, σ2I), where x repres-

ents space and t represents time in most of the cases, hence y(x, t) = f(x, t)+ϵ(x, t).
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A GP is usually specified by a mean function m(x) and covariance function k(x, x′).

The mean function can be set to 0 for simplicity, and the covariance function repres-

ents a measurement of some sort of distance between the two points (x, t) and (x′, t′).

The covariance is controlled by its hyper-parameters (e.g., parameters defined within

the covariance function). After the data is observed, the hyper-parameters of the

covariance function and the parameters of the differential equation models can be

estimated using maximum likelihood estimation with gradient matching related

schemes (Liu et al. 2017). The first representative work using GP as the smoothing

approach can be seen in Calderhead et al. (2009). Consider a set of noisy observa-

tions y(t) with dimensionK at T different time points, where y(t) = x(t)+ϵ(t), x(t)

being the state variables estimated by the ODE such that ẋk(t) = fk(x(t),θk, t),

ϵ(t) is the multivariate Gaussian noise such that ϵ ∼ N(0, σ2
kI). Then,

p(Y |X,σ2) =
∏
k

∏
t

N(yk(t)|xk(t), σ2
k), (2.20)

whereX and Y are matrices of dimensionK×T (Calderhead et al. 2009, Dondelinger

et al. 2013). The authors then placed a GP prior on xk such that

p(xk|ϕk) = N(xk|0,Cϕk
), (2.21)

where Cϕk
is a positive semi-definite matrix of covariance functions with hyperpara-

meters ϕk. Assuming additive Gaussian noise with a state-specific error variance

σ2
k, the authors derived

p(yk|xk, σk) = N(yk|xk, σ
2
kI), (2.22)
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and

p(yk|ϕk, σk) =

∫
p(yk|xk, σk)p(xk|ϕk)dxk,

=

∫
N(yk|xk, σ

2
kI)N(xk|0,Cϕk

)dxk,

= N(yk|0,Cϕk
+ σ2

kI). (2.23)

Now, defining the following covariance functions using Cϕk
(t, t′), which are the ele-

ments of the covariance matrix Cϕk
(Macdonald & Husmeier 2015)

cov[xk(t),xk(t
′)] = Cϕk

(t, t′),

cov[ẋk(t),xk(t
′)] = C ′

ϕk
(t, t′),

cov[xk(t), ẋk(t
′)] = ′Cϕk

(t, t′),

cov[ẋk(t), ẋk(t
′)] = C ′′

ϕk
(t, t′), (2.24)

where C ′′
ϕk

denotes the auto-covariance for each state derivative, C ′
ϕk

and ′Cϕk

denotes the cross-covariances between the k-th state and ites derivative. Using

standard transformations of Gaussian distributions (Macdonald & Husmeier 2015,

Bishop 2006), the conditional distribution for the state derivatives is then given by

p(ẋk|xk,ϕ) = N(mk,Ak), (2.25)

wheremk =
′ Cϕk

C−1
ϕk

xk andAk = C ′′
ϕk
−′Cϕk

C−1
ϕk

C ′
ϕk
. Assuming additive Gaussian

noise with a state-specific error variance γk and based on the definition of ODE, the

authors further derived

p(ẋk|X,θ, γk) = N(fk(X,θ), γkI). (2.26)
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Then, the authors combined equation 2.25 and 2.26 with a product-of-experts ap-

proach (Calderhead et al. 2009, Dondelinger et al. 2013) as follows.

p(θ, γ|X, ϕ) =

∫
p(Ẋ,θ, γ|X,ϕ)dẊ,

∝ p(θ)p(γ)

∫
p(Ẋ,X,ϕ|θ,γ)dẊ,

∝ p(θ)p(γ)
∏
k

∫
p(ẋk|xk,ϕ)p(ẋk|X,θ, γk)dẋk,

∝ p(θ)p(γ)∏
k Z(γk)

e−
1
2

∑
k(fk−mk)

T (Ak+γkI)
−1(fk−mk), (2.27)

where p(θ) and p(γ) are the prior distributions on θ and γ, Z(γk) = |2π(Ak+γkI)|
1
2

and fk = fk(X,θ). At this stage, the inference has become sampling the parameters

of ODEs θ, the hyperparameters of the Gaussian process ϕ, the noise variances γ,

and the state variables X from the posterior distribution p(θ,γ,ϕ,σ,X|Y ) with

the following Gibbs sampling procedure (Dondelinger et al. 2013, Calderhead et al.

2009).

ϕ,σ ∼ p(ϕ,σ|Y ),

X ∼ p(X|Y ,σ,ϕ),

θ,γ ∼ p(θ,γ|X,ϕ,σ). (2.28)

Since the distribution does not have a standard form, MCMC using Metropolis-

Hastings algorithm was used by the authors, the algorithm iteratively looped through

the 3 steps given above until some convergence criterion has been met. The au-

thors applied their method to both ODE models and Delayed Differential Equation

models (DDEs); results with good accuracy were demonstrated, the computational

accuracy was also improved compared to alternative methods (Calderhead et al.
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2009, Ramsay et al. 2007). The authors pointed out the possible extensions to

this method including more efficient sampling exploiting control variable methods

(Titsias & Lawrence 2008), embedding characteristics of a dynamical system in the

design of covariance functions and application of our method to models involving

partial differential equations (Calderhead et al. 2009).

Furthermore, Dondelinger et al. (2013) pointed out that the marginalisation step

in equation 2.23 of Calderhead et al. (2009)’s algorithm does not take the derivat-

ives of the ODE systems into account, which resulted in the parameters of the ODE

systems, θ, and the state-specific error variance γ never feedback into the first and

second step of the inference in equation 2.28. In other words, γ and θ have no influ-

ence on the inference of the state variable X, the state variables are solely inferred

from the observed data via a standard Gaussian process interpolation (Dondelinger

et al. 2013). To address this issue and close the feedback loop, Dondelinger et al.

(2013) proposed an adaptive gradient matching scheme with Gaussian process, which

can be considered as an improved version of Calderhead et al. (2009)’s algorithm.

In the step of applying product of experts approach by combining equation 2.25 and

2.26, they proposed

p(ẋk|X,θ,ϕ, γk) ∝ p(ẋk|xk,ϕ)p(ẋk|X,θ, γk),

= N(ẋk|mk,Ak)N(ẋk|fk(X,θ), γkI). (2.29)

The joint distribution is then obtained as follows.

p(Ẋ,X,θ,ϕ,γ) = p(Ẋ|X,θ,ϕ,γ)p(X|ϕ)p(θ)p(ϕ)p(γ),

= p(θ)p(ϕ)p(γ)
∏
k

p(ẋk|X,θ,ϕ, γk)p(xk|ϕk). (2.30)
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Substituting equation 2.21 and 2.29 into the joint distribution above gives

p(Ẋ,X,θ,ϕ,γ) ∝ p(θ)p(ϕ)p(γ)
∏
k

N(ẋk|mk,Ak)N(ẋk|fk(X,θ), γkI)N(xk|0,Cϕk
).

(2.31)

The authors then marginalized over the state derivative Ẋ as follows.

p(X,θ,ϕ,γ) =

∫
p(Ẋ,X,θ,ϕ,γ)dẊ,

∝ p(θ)p(ϕ)p(γ)
∏
k

N(xk|0,Cϕk
)

×
∫
N(ẋk|mk,Ak)N(ẋk|fk(X,θ), γkI), (2.32)

and showed it is analytically tractable and yields

p(X,θ,ϕ,γ) ∝ p(θ)p(ϕ)p(γ)p(X|θ,ϕ,γ),

∝
∏
k

N(xk|0,Cϕk
)

× e−
1
2
(fk−mk)

T (Ak+γkI)
−1(fk−mk)

∝ e
− 1

2

∑
k(x

T
k C−1

ϕk
xk+(fk−mk)

T (Ak+γkI)
−1(fk−mk)). (2.33)

The full joint probability distribution is then derived as follows.

p(Y ,X,θ,ϕ,γ,σ) = p(θ)p(ϕ)p(γ)p(X|θ,ϕ,γ)p(σ)p(Y |X,σ). (2.34)

Following the standard Metropolis-Hastings algorithm, define π(Y ,X,θ,ϕ,γ,σ) =

p(Y ,X,θ,ϕ,γ,σ)
q1(σ)q2(ϕ)q4(θ)q5(γ)

∏
k q3(xk)

, where q1 ∼ q5 are the proposal distributions for the inferred

parameters, the probability of acceptance is as follows.

Paccept = min

{
1,
π(Y , X̃, θ̃, ϕ̃, γ̃, σ̃)

π(Y ,X,θ,ϕ,γ,σ)

}
. (2.35)
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The authors then applied their approach to two classic ODE systems (Locke et al.

2005, Lotka 1932), both applications showed results with satisfactory accuracy. Mac-

donald & Husmeier (2015) further improved this gradient matching scheme by tem-

pering the penalty mismatch parameter γ in log base 2 and log base 10 increments.

Additionally, they compared the results obtained using RKHS-based and Gaus-

sian process-based gradient matching approaches. In conclusion, they believed a

combination of Gaussian process-based gradient matching and parallel tempering

could result in more accurate parameter estimations when the true variance of the

Gaussian noise was known, and if the true noise variance was unknown, the RKHS

approach proved to be more robust. Additional applications of gradient matching

schemes can be seen in Wandy et al. (2018), Campbell & Steele (2012), Ramsay

et al. (2007).

2.3 Discussion

Overall, the literature provides useful insights on how statistical approaches can be

applied to draw parameter inference within differential equations models. However,

it is worth emphasizing again that most of the works we summarized above are based

on ODE models; we did not encounter many cases that apply these approaches to

PDEs. Therefore, we decided to focus on a PDE model and carry out subsequent

statistical analysis on its parameters in this thesis. In the next chapter, we present

the study of 1D synthetic data with two calibration schemes, one developed based

on SMC-ABC seen in Dutta et al. (2018), Toni et al. (2008), the other on “two-stage

gradient matching”, which combines the idea of gradient matching with smoothing

techniques using Generalized Additive Models (GAM). The two approaches are then

applied to a PDE model of cancer invasion and metastasis (Anderson et al. 1999).

42



Our focus in the spatial 1D study is on accurate estimation of model parameters

when applied to synthetic data simulated from the model – a necessary first step

for reliable inference. We leave the two important real-world issues of uncertainty

quantification and model assessment (goodness-of-fit) for the second study of spatial

2D authentic data observed in organotypic cultures, which will be presented in detail

in Chapters 4 and 5.
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Chapter 3

Parameter estimation of PDE

model using ABC and gradient

matching – spatial 1D cancer

invasion data

3.1 Solid Tumour Growth and Spread

Before presenting our statistical analysis for spatial 1D invasion data in detail, we

first give a short review on the process of cancer invasion and its related mathemat-

ical models. The establishment and development of a primary solid tumour usually

begins with a single normal cell being transformed as a result of mutations in certain

key genes. The transformed cells can escape from the body’s homeostatic mechan-

isms, leading to inappropriate proliferation (Anderson et al. 1999) and the formation

of a cluster (nodule) of tumour cells. The nodule can expand to an avascular tu-

mour consisting of approximately 106 cells, with a diameter up to approximately
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0.1− 0.2cm (Anderson et al. 1999). Avascular tumours must initiate angiogenesis –

the recruitment of blood vessels for further growth. The tumour cells secrete tumour

angiogenic factors (TAFs) to induce endothelial cells in neighbouring blood vessels

to degrade their basal lamina and migrate towards the avascular tumour (Anderson

et al. 1999). The newly formed vessels eventually develop a capillary network that

connects with the tumour and vascularizes it. With the presence of this capillary

network, the process of angiogenesis is complete, and necessary nutrients for further

growth will be supplied to the tumour. Tumour cells can also find their way into

the circulation and be deposited in secondary sites in the body, resulting in meta-

stasis (Anderson et al. 1999), which is responsible for around 90% of the deaths from

cancer (Franssen et al. 2019).

A prominent part of the invasive/metastatic process is the ability of the cancer

cells to degrade the surrounding tissue or extracellular matrix (ECM), mediated by

a number of matrix degrading enzymes (MDEs) (Anderson et al. 1999, Lawrence

& Steeg 1996, Liotta et al. 1983, Stelter-Stevenson et al. 1989). ECM is a spa-

tial 3D complex network of macromolecules, such as collagens, laminin, fibronectin,

glycoproteins and vitronectin. These macromolecules are believed to have differ-

ent functions in the network. For example, collagens are believed to play a struc-

tural role, while laminin, fibronectin and vitronectin are necessary for cell adhesion,

spreading and motility (Anderson et al. 1999). For the MDEs, a number of them such

as urokinase plasminogen activator (uPA) and matrix metalloproteinases (MMPs)

have been described (Anderson et al. 1999, Matrisian 1992, Thorgeirsson et al. 1994,

Mignatti & Rifkin 1993). One thing worth noting is that the regulation of matrix-

degrading activity is highly complex: no MDE is completely specific for one element

of the ECM, and both uPA and MMPs have played a role in the necessary steps

of tumour metastasis (Anderson et al. 1999, Stelter-Stevenson et al. 1989, Ahmad
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et al. 1998, Bafetti et al. 1998, Brown 1998, Chambers & Matrisian 1997, Kim et al.

1998, Itoh et al. 1998, Koshiba et al. 1998, Parson et al. 1997, Seghal et al. 1998,

Zeng & Guillem 1998).

Over the past few decades, many mathematical models related to cancer invasion

and metastasis have been proposed by different authors (Chaplain 1996, Sfakianakis

& Chaplain 2021). Here we take Gatenby (1995) as a starting point. He pro-

posed a macroscopic mathematical model which considers the tumour as a dynamic

community of malignant cells (Sfakianakis & Chaplain 2021, Gatenby 1995). The

interaction and competition for resources with the normal tissue are modelled by a

logistic term. The model proposed is as follows.

dN1

dt
= r1N1

K1 −N1 − a12N2

K1

,

dN2

dt
= r2N2

K2 −N2 − a21N1

K2

, (3.1)

where N1, N2 represent the populations of cancer and normal cells respectively,

r1, r2 are the growth rates of each population, K1, K2 being the carrying capa-

cities of cells from each population, and a12, a21 are the competition coefficients

that assess the effects on one population from the presence of the other. Gatenby

& Gawlinski (1996) further improved the model by making the assumption that

tumour-induced alteration of microenvironmental pH provides a mechanism for can-

cer invasion (Sfakianakis & Chaplain 2021). More specifically, the added a diffusion

term and a new variable L which represents the excess concentration of H+ ions.
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The improved model is as follows.

∂N1

∂t
= ∇ · (DN1 [N2]∇N1) + r1N1

(
1− N1

K1

− a12
N2

K2

)
− d1LN1,

∂N2

∂t
= ∇ · (DN2 [N1]∇N2) + r2N2

(
1− N2

K2

− a21
N1

K1

)
,

∂L

∂t
= D3∇2L+ r3N2 − d3L, (3.2)

where N1 and N2 represent the density of the normal and neoplastic tissue, re-

spectively, L is the excess concentration of H+ ions, d1L is the death rate of the

normal tissue due to excess acid concentration. The improved model was further

simplified in a follow-up article (Gatenby & Gawlinski 2006). The authors made the

assumption of an immovable healthy tissue which is well organized and regulated

in an organ. Hence DN1 [N2] = 0 and the diffusion coefficient of the cancer cells

DN2 [N1] = D2(1− N1

K1
) has the value of D2 in the absence of healthy tissue and value

0 when the density of the healthy tissue N1 is at carrying capacity K1 (Sfakianakis

& Chaplain 2021, Gatenby & Gawlinski 1996). Such a simpler model allows the

authors to use numerical simulations to provide testable predictions concerning the

morphology of cellular and extracellular dynamics at the interface between tumour

and host. The authors concluded that their acid-mediated invasion model (Gatenby

& Gawlinski 1996, 2006) can provide a description to link altered glucose metabolism

with the ability of cancer cells to form invasive tumours (Sfakianakis & Chaplain

2021, Gatenby & Gawlinski 1996, 2006).

Perumpanani et al. (1996) constructed a similar modelling framework for cancer

invasion. They proposed a cancer invasion model that considers the competition

between invasive cancer cells, non-invasive cancer cells, normal tissue, ECM and the

proteases responsible for the degradation of the ECM and the product of proteolysis
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(Sfakianakis & Chaplain 2021, Perumpanani et al. 1996). Their model is as follows.

∂n

∂t
= k1n(k2 − n−m− u) +

∂

∂x

[
Θ(c)

(
Γn(u,m, n)

∂u

∂x

)]
,

∂m

∂t
= k4m(k5 − n−m− u) +

∂

∂x

[
Θ(c)

(
Γn(u,m, n)

∂m

∂x

)]
,

∂u

∂t
= k4u(k5 − n−m− u)

+
∂

∂x

[
Θ(c)

(
Γu(u,m, n)

∂u

∂x
− k17u

∂c

∂x
− k16u

∂s

∂x

)]
,

∂c

∂t
= −k8pc

+
∂

∂x
K

[
cΘ(c)

(
Γn

(
∂u

∂x
+
∂m

∂x

)
+ Γu

∂u

∂x
− k17u

∂c

∂x
− k16u

∂s

∂x

)]
,

∂s

∂t
= k21pc+Ds

∂2s

∂x2
,

∂p

∂t
= k1uc− k12p− k13pu− k14pc+Dp

∂2p

∂x2
, (3.3)

where n is the concentration of the normal cells, m the non-invasive cancer cells,

u the invasive cancer cells, c a generic ECM protein, s the product of the ECM

proteolysis and p a generic protease. Additionally, Θ is the ramp function such that

Θ(c) =


k26, if 0 < c < k27,

k28−c
k28−k27

, if k27 < c < k28,

0, if k28 < c,

(3.4)

and

Γn = k3
k18

k19 + k25(k25n+ k25m+ k20u)
,

Γu = k6
k18

k19 + k25(k25n+ k25m+ k20u)
. (3.5)
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Follow-up work by Perumpanani et al. (1998) further investigated the degradation

of ECM, where a gradient of ECM fragments is established counter to the direction

of the invasion, results in an anti-invasive chemotactic attraction which opposes the

haptotaxis migration of the cancer cell towards higher ECM concentration (Sfaki-

anakis & Chaplain 2021, Perumpanani et al. 1998). Their new model is written

as.

∂u

∂t
= k1u(k2 − u)− ∂

∂x

(
k3ψ(s)u

∂s

∂x
− k4χ(c)u

∂c

∂x

)
,

∂c

∂t
= −k5pc,

∂s

∂t
= k5k6pc+ h(p, s) +Ds

∂2s

∂x2
,

∂p

∂t
= k7uc+ k8pu− k9p+Dp

∂2p

∂x2
, (3.6)

where u, c, p, s are the concentrations of HT1080 cells, intact fibronectin, MMP-2

and the MMP-2-digested soluble fibronectin respectively. ki, s are positive con-

stants, the functions ψ(s) and χ(c) represent the extent of chemo- and haptotaxis

respectively. The proteolysis of the fibronectin is represented by −pc, and h(p, s)

represents the continued action of the proteases. The authors concluded that “the

invasion potential of the cancer cells depends on the action of matrix metallopro-

teinases (MMPs), excessive degradation of the ECM can lead to the opposite than

the invasion effect” (Sfakianakis & Chaplain 2021, Perumpanani et al. 1998).

Based on the findings of Perumpanani et al. (1996), Marchant et al. (2000, 2001)

proposed a model that emphasizes haptotaxis. The model is composed of three

different variables: the concentration of the invasive cells u, the connective tissue c
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and the proteases p. The non-dimensional form of their model is as follows.

∂u

∂t
= u(1− u)− ∂

∂x

(
u
∂c

∂x

)
,

∂c

∂t
= −pc,

∂p

∂t
=

1

ϵ
(uc− p), (3.7)

where ϵ > 0 being the relative timescale of the dynamics of the protease p versus the

cell growth dynamics. The authors further developed this haptotaxis model based

on the models proposed previously (Perumpanani et al. 1996, 1998, 1999, Sfakianakis

& Chaplain 2021) in a follow-up work in 2006 (Marchant et al. 2006, Sfakianakis &

Chaplain 2021). The improved haptotaxis invasion model proceeds as follows.

∂u

∂t
= ru

(
1− u

U0

)
− kuc− χ

∂

∂x

(
u
∂c

∂x

)
,

∂c

∂t
= −αpc,

∂p

∂t
= βuc− γp, (3.8)

where u represents the concentration of tumour cells; c is the concentration of the

ECM and p is the concentration of a matrix-degrading enzymes (MDEs) (Marchant

et al. 2006, Sfakianakis & Chaplain 2021). At this stage, the cancer invasion model

presented has become very similar to the one we are about to investigate in this

thesis.

Overall, computational simulations from these models exhibit travelling-wave-

like behaviour of the cancer cells and other biologically relevant variables if they

are discretized in spatial 1D. In our study with spatial 1D data, we focus on a

representative cancer invasion model proposed by Anderson et al. (1999). This
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is a continuum deterministic model based on a system of reaction-diffusion-taxis

equations, describing the (spatio-temporal) evolution of three key variables involved

in tumour cell invasion: tumour cells, ECM and MDEs. We will interpret the model

in detail in the next section.

3.2 PDE system and its non-dimensionalizations

The PDE model we investigate is based on the cancer invasion and metastasis model

proposed by Anderson et al. (1999). It is described by the following set of equations.

∂n

∂t
= Dn

∂2n

∂x2
− χ

∂

∂x

(
n
∂f

∂x

)
+Rnn

(
1− n

n0

− f

f0

)
,

∂f

∂t
= −δmf,

∂m

∂t
= Dm

∂2m

∂x2
+ µn− λm, (3.9)

where n is the tumour cell density, f is the ECM density, m is the MDE concen-

tration, t is time in seconds, and x is distance from tumour centre in cm. The

interpretation of these equations is as follows. The first equation models the profile

of tumour cells density: the first term is Fickian diffusion (random motility), where

Dn is the diffusion coefficient in cm2 s−1, the second models the process of haptotaxis

(the directed migratory response of tumour cells to gradients of ECM), where χ is

the haptotactic coefficient in cm2 s−1 M−1, and the third models logistic growth of

tumour cells, n0, f0, m0 are reference densities or concentrations. This third term

did not appear in the original model of Anderson et al. (1999), but was added here

to represent competition of resources/space between tumour cells and the ECM in

the standard manner; Rn represents the logistic growth rate, measured in s−1. The

second equation models the profile of the ECM: the only biological phenomenon
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involved is its degradation by MDE, δ represents the degradation rate, measured

in s−1 M−1. The third equation models the profile of the MDE: the first term is

random motility, where Dm has the same unit as Dn, cm
2 s−1, the second is the

production of MDE by tumour cells, where µ represents the growth rate measured

in s−1, and the third models chemical (and other) decay of MDE, where λ is the

decay rate measured in s−1.

In order to solve this PDE system numerically, all three equations above were

non-dimensionalized. We did this in the standard manner, as follows. First, we

rescaled the distance with an appropriate length scale L. Given that maximum

invasion distance of cancer cells at the early stage of invasion varies from 0.1 −

1cm, we took L = 1cm (Bray 1992). Then, we rescaled the time with τ = L2/D,

where D is a reference chemical diffusion coefficient ∼ 10−6 cm2s−1 (Bray 1992).

Last, we rescaled the tumour cell density with n0, ECM density with f0 and MDE

concentration with m0. These rescalings define the following variables.

ñ =
n

n0

, f̃ =
f

f0
, m̃ =

m

m0

, x̃ =
x

L
, and t̃ =

t

τ
. (3.10)

Dropping all the tildes for notational convenience, the dimensionless system is

∂n

∂t
= dn

∂2n

∂x2
− γ

∂

∂x

(
n
∂f

∂x

)
+ rnn (1− n− f) ,

∂f

∂t
= −ηmf,

∂m

∂t
= dm

∂2m

∂x2
+ αn− βm, (3.11)

where dn = Dn/D, γ = χf0/D, rn = Rnτ , η = τm0δ, dm = Dm/D,

α = τµn0/m0 and β = τλ, the detailed steps of non-dimensionalization can be

found in Section A.1 of the Appendix.
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3.3 Reference datasets

To demonstrate the performance of the calibration schemes, we generated synthetic

datasets from the PDE model under a single set of chosen “reference” parameter

values. Considering each of these as the observed data, we investigated how accurate

the parameter values estimated by our schemes are in relation to the reference values.

The following dimensionless parameter values were used: dn = 0.01, γ = 0.05,

η = 10, dm = 0.01, α = 0.1, rn = 5 and β = 0. Setting β to zero means that

decay in MDE is negligible during the time scale of the observations, as was done

by Anderson et al. (1999); we make this an assumption of the model fitting and

exclude this parameter from estimation.

The simulations used a finite difference scheme, see Appendix Section A.2 for

details. In the dimensionless form, we considered the 1D spatial domain [0,1], which

was discretized into 80 points; the step size for space was thus ∆x = 1/(80 − 1) ≈

0.0127. The step size for time in the finite difference scheme was then set to be 0.001

to meet the spatial 1D stability condition (max(dn) <
h2

2∆t
). For each variable, the

evolution of its simulated pattern was recorded at 11 time points, t = 0, 1, 2, . . . , 10.

The initial condition of the simulation was set to be n0(x) = e−
x2

ϵ if 0 ≤ x ≤ 0.25,

n0(x) = 0 otherwise. f0(x) = 1 − 0.5 × n0(x) and m0 = 0.5 × n0(x) under the

assumption that the tumour cells have already degraded some of their surrounding

ECM and the initial profile of MDE is proportional to the density of the tumour

cells.

The resulting invasion pattern is shown in Figure 3.1. Tumour cells can be

seen to invade into the surrounding ECM, simulating the production of MDE which

results in the complete degradation of ECM in the domain.

The reference dataset therefore consisted of all three variables (Tumour cells
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Figure 3.1: Reference invasion pattern at times t = 1, 3, 5, 6, 8 and 10. Tumour cell
density is shown as a blue curve, ECM density as a red curve and MDE concentration
as a green curve.

density n, ECM density f and MDE concentration m) measured over 80 evenly-

spaced points in the 1D spatial domain between 0 and 1, and at 11 evenly-spaced

time points between 0 and 10. For this dataset (referred to in the Results as the

“main reference dataset”), measurements were assumed to be recorded without er-

ror. This dataset was used to demonstrate both the ABC-related and the gradient

matching schemes.

While this reference dataset is useful for an initial demonstration, it is worth

noting that it is unrealistic in the quantity of measurements (80× 11 = 880) taken

on each variable, the fact that all three variables are measured, and the lack of

measurement error. A proper treatment of all three issues will be something we

return to in the Discussion section at the end of the chapter and the study with

spatial 2D datasets presented in Chapters 4 and 5. However, in this chapter, we do

address the measurement error issue to certain extent.

To simulate measurement errors, we generated 200 reference datasets where each
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data point was drawn from a gamma distribution with mean equal to its true value

and a specified coefficient of variation (CV) for the gradient matching scheme. The

advantage of generating perturbed values from gamma distribution is that all per-

turbed values will remain positive (i.e., for values close to 0, other perturbation

models may perturb them to the negative side of the parameter space), which is ne-

cessary for values representing the densities/concentrations of biological variables.

The reason to generate multiple datasets in this instance is that we do not expect

the exactly correct parameter values to be recovered from each dataset when the

data are measured with error – however we do expect that if the measurements

are unbiased then the correct parameter values will be recovered on average over

multiple replicate datasets. The CV values used were 0.01, 0.025, 0.05, 0.075, 0.10.

The standard deviations (SDs) of the parameter estimates from these 200 perturbed

datasets were also recorded. The SDs were estimated using two different methods:

i) true SDs based on the 200 parameter estimates obtained at the end; ii) analytical

SDs, calculated for each perturbed dataset using inverse Hessian, then being aver-

aged across the 200 perturbed datasets. Due to the computational burden of fitting

multiple datasets, we were not able to perform this check for the ABC-related scheme

on 200 perturbed datasets. Hence we only fitted 10 datasets with measurement er-

rors under each level of CV as a comparison study on the accuracy of parameter

estimation.

All simulations and associated fitting, using the schemes described below, were

performed in the R statistical software (R Core Team 2020, https://www.R-project.

org/).
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3.4 ABC-related optimization scheme

3.4.1 ABC to PDE

A general outline of our approach applying ABC to PDE models is as follows.

1. Assign a uniform initial distribution to each parameter to be estimated. Sim-

ulate multiple sets of parameter values by sampling from their corresponding

initial distributions.

2. For each set of simulated parameter values, substitute them into the PDE

solver to obtain simulated values for tumour cell density, ECM density and

MDE concentration over space and time.

3. Compare each simulation with the reference dataset using a chosen discrepancy

measuring metric, which in turn uses summary statistics calculated from each

simulated dataset and the reference dataset.

4. Use the discrepancy values to assign a resampling probability to each set of

parameter values such that the smaller the discrepancy value, the higher the

resampling probability. Resample the parameter sets with replacement, based

on the resampling probability.

5. Add small perturbations to all parameter values and make sure they are still

within the support of the corresponding initial distributions.

6. Repeat steps 2 to 5 for a fixed number of iterations or until the average dis-

crepancy is reduced to a satisfactory level.

7. Take the sample mean of the values for each parameter as the final estimate.
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In the ABC literature, the initial distribution is viewed as a prior distribution

and the sets of parameter values obtained at step 6 are considered to be increasingly

accurate estimates of the parameters’ true posterior distribution. However, in our

case, with no stochasticity in the model and no measurement errors in the reference

data, the algorithm will eventually converge on the best fitting values with no vari-

ation between parameter sets beyond that added at step 5. Hence, at this stage, we

consider our scheme to be a stochastic optimization scheme, suitable for estimating

parameter values but not for assessing uncertainty on the estimates.

3.4.2 Discrepancy measure: Bhattacharyya distance

Central to any ABC-related scheme is selection of suitable summary statistics and

a corresponding discrepancy measure. Here we use summary statistics based on

the mean and variance of each variable (tumour cell density, ECM density and

MDE concentration) across time at fixed points in space, and a discrepancy measure

based on a standard measure of distance between two probability distributions, the

Bhattacharyya distance (Bhattacharyya 1946).

For univariate samples from a normal distribution, the Bhattacharyya distance

is given by

B1,2 =
1

4
ln

[
1

4

(
σ2
1

σ2
2

+
σ2
2

σ2
1

+ 2

)]
+

1

4

[
(µ1 − µ2)

2

σ2
1 + σ2

2

]
, (3.12)

where µi and σ
2
i are the mean and variance of the ith sample. For each variable (n, f ,

andm) we used the above form of the Bhattacharyya distance between simulated and

reference data at each location in space over the 10 time points (t = 0 not included

as this is the initial condition, which is assumed known). Overall discrepancy for
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each variable was calculated by summing over space points

ρy =
80∑
i=1

Bsim, ref(y, xi), (3.13)

where y is one of the three variables n, f orm and Bsim, ref(y, xi) is the Bhattacharyya

distance between simulated and reference data calculated for variable y at location

xi. Total discrepancy, where needed, was calculated by summing across variables:

ρ = ρn + ρf + ρm.

For our scheme to converge to the true parameter values, there is an implicit

assumption that a Bhattacharyya distance of zero means that the data perfectly

match model predictions. This assumption would fail if it were possible for the

model to generate a dataset with the same means and variances as the data, but

from a different set of parameter values. This is unlikely in our case study; in a real-

world application, where the model is necessarily an approximation to the real-world

data-generating process and the data also contain measurement errors, it would be

required that smaller values of the discrepancy measure correspond to better values

of the model parameters.

3.4.3 ABC-BCD (Approximate Bayesian Computation - Bhat-

tacharyya distance) optimization scheme

Our ABC-BCD optimization scheme proceeds as follows.

1. Identify all the unknown parameters within the PDE system, P = {p1, p2, ..., pm}.

Assign an initial distribution to each parameter. The initial distributions we

chose for the parameters are shown in Table 3.1.

2. Identify the equation in the system that contains the lowest number of para-
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Parameter Initial distribution Mean (SD)
dn U(6.90× 10−5, 2.00× 10−2) 1.00× 10−2 (5.75× 10−3)
γ U(5.00× 10−3, 2.60× 10−1) 1.33× 10−1 (7.36× 10−2)
rn U(3.50, 9.00) 6.25 (1.59)
η U(7.00, 1.80× 101) 1.25× 101 (3.18)
dm U(1.00× 10−4, 3.30× 10−2) 1.66× 10−2 (9.50× 10−3)
α U(7.00× 10−2, 1.80× 10−1) 1.25× 10−1 (3.18× 10−2)

Table 3.1: Initial distributions used in the ABC-BCD scheme. Justification for
these values is given in Section A.3 of the Appendix for this chapter. U(l, u) denotes
a uniform distribution with lower and upper bounds l and u.

meters. (We started with the ECM density profile, as it has only one parameter

to be estimated, then we moved on to MDE concentration profile (2 paramet-

ers). Finally, we investigated the tumour cells density profile (3 parameters).)

3. Now set the round indicator j to be 1.

(a) Sample K sets of parameter values from the initial distributions. Note

that K and round indicator j are independent in this study.

(b) For each set of simulated parameter values, substitute them back to the

PDE solver to obtain corresponding values for tumour cell density, ECM

density and MDE concentration over space and time.

(c) For each simulation, use the Bhattacharyya distance formula in equation

3.12 to obtain the discrepancy between the simulated data and the ref-

erence data; denote this result as ρjyi, i = 1, ..., K. Note that we only

calculate the discrepancies among the variables in the current equation

and the equations that have been evaluated previously. When evaluating

the ECM density profile, this is just ρjfi. Then we move on to evaluate the

MDE concentration profile, we calculate ρjmi + ρjfi. Lastly, while evalu-

ating the tumour cells density profile, we calculate the total discrepancy
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ρjni + ρjfi + ρjmi.

(d) Calculate the average (mean) discrepancy of the parameters in the current

round. Check if the distance (difference in absolute value) between the

average discrepancy of the parameters in the current round and that of the

parameters in round 1 has reached a threshold value, i.e., |ρjy−ρ1y| > ϵ ρ1y,

where ϵ is a positive number less than 1. If no

i. Convert the discrepancy values to resampling weights. First calculate

w∗
i = ρ−t

yi for i = 1, . . . K, where t is a positive integer increased by

50% in every subsequent round. Then rescale the weights in the

standard manner as follows.

wi =
w∗

i∑K
i w

∗
i

.

In some simulations, there are computational singularities resulting

in undefined real values; in these cases, the corresponding weights

are set to 0.

ii. Resample another K sets of parameter values with replacement, with

probability equal to the resampling weights obtained in the previous

step.

iii. Add a small perturbation to the values for each parameter. The fol-

lowing procedure retains the mean and variance of each parameter.

Let pli be the value of the l-th parameter in the i-th parameter

set and p̄l be the sample mean over the K parameter sets. Cal-

culate the parameter sample variance as S2
l = 1

K−1

∑K
i=1(pli − p̄l)

2.

Generate a new value for pli by sampling a random number from

N((
√
1− h2)pli+(1−

√
1− h2))p̄l, h

2S2
l ), where N(µ, σ2) is a normal
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distribution with mean µ and variance σ2, and h is a relatively small

number (Liu & West 2001). Note that the perturbed parameter val-

ues should still be within the support of their corresponding initial

distributions. The perturbation step described should be repeated

on the original parameter value if its perturbed value is outside the

bounds of the initial distribution.

iv. j = j + 1, record the perturbed parameter values obtained in the

previous step, go to 3b and proceed.

Else

i. Terminate evaluations of the current equation. For the parameters in

the equation(s) we just finished evaluating, record their values from

the parameter sets in the current round.

ii. Proceed to the next equation if there are still any equations left to

be evaluated, sample another K sets of parameter values

A. For the parameters in the equations that have not been evaluated

yet, sample their values from the initial distributions.

B. For the parameters in the equations that have been evaluated

previously, adopt their values from 3(d)i. With the newly formed

K sets of parameter values, go to 3 and proceed, until the final

samples for all parameters in the PDE model are obtained.

4. After the final samples of all parameters are obtained, we take the means of

these samples to be the estimated parameter values that give the best fit to

the synthetic data. (In the fully Bayesian setting, this would be the “posterior

mean” - a Bayes estimator that has a quadratic loss function.)
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The optimization scheme is stochastic, with the amount of Monte Carlo error

controlled by the number of samples, K. Here we used K = 10000. We checked

the Monte Carlo error by undertaking two additional runs on the same reference

dataset and computing the standard error of the parameter estimates across the

three runs. Overall accuracy is governed by the stopping criterion |ρjy − ρ1y| > ϵy ρ1y

and the increasing bandwidth t in weight calculations. Different ϵ’s were used in

the evaluations of the three different density profiles, as follows. It was set to be

0.8 when evaluating the ECM density profile alone, to prevent particle depletion

(i.e., parameter sample dominated by a few parameter vectors that only differ in

perturbation values added) in early rounds when only one parameter was being

estimated. We then raised it to 0.9 in the evaluations of ECM and MDE profiles.

Finally, it was set to be 0.98 when all density profiles are being evaluated. In

our experience, particle depletion is a concerning issue in early rounds, but should

not cause any troubles in the last few rounds since our goal is to obtain accurate

parameter point estimates. The bandwidth of weights t was chosen to start from

0.5 and increased by 50% in every subsequent round, it was reset to 0.5 when we

proceeded to evaluate the next equation. By setting such stopping criterion and

adaptive bandwidths for weights, the resampling surface became steeper in later

rounds, and so parameter sets had small Bhattacharyya distances to the reference

values could then be resampled with heavier weights and convergence to the true

values could be guaranteed. For the perturbation value h in 3(d)iii, we chose h =

0.05. As a further diagnostic of the scheme, we ran it on the two additional reference

datasets that had been generated using different true parameter values. Lastly,

we ran the ABC scheme on 50 perturbed datasets generated at the 5 levels of

perturbations mentioned previously (i.e., 10 perturbed datasets were generated at

each level). The averaged parameter estimates at each level of perturbation were
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then compared with the ones obtained using the gradient matching method as a

comparison study.

Our ABC scheme has both similarities with and differences from the Approxim-

ate Bayesian Computation - Sequential Monte Carlo (ABC-SMC) scheme described

in Toni et al. (2008). Both schemes use the idea of weighted resampling and particle

perturbations to derive the parameters to be evaluated in the next round from the

ones being evaluated in the current round. The main differences between our scheme

and the traditional ABC-SMC scheme are as follows.

1. The discrepancy between the summary statistics and the computation of weights

are two separate processes in the traditional ABC-SMC scheme, while we com-

bined them into one in our scheme. If j rounds are carried out in total, the

traditional ABC-SMC scheme usually sets up a decreasing sequence of tol-

erance levels ϵ1, ϵ2, ..., ϵj at the beginning. After round 1, the parameters to

be evaluated in the next round are resampled and perturbed from the ones

being evaluated in the current round using weights associated with parameter

densities; the weights here act as a first filter. Then the tolerance levels are

introduced as a second filter: the simulated and reference summary statistics

are compared using certain discrepancy measuring metric, and a perturbed

parameter set is accepted only if the discrepancy between its simulated sum-

mary statistics and the reference ones is less than the tolerance level of the

current round. By contrast, in our scheme, we incorporated the discrepancy

measurements into the computation of weights, the weights are then used as

the only filter to resample the parameters and ensure convergence.

2. In our initial ABC application without measurement errors, a rigorous ana-

lysis of parameter densities was not undertaken in our work. Therefore, the
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weights of parameter sets in our scheme solely depend on the discrepancies

between summary statistics. In the traditional ABC-SMC scheme, weights of

parameter sets are often related to parameter densities and help to derive the

joint and marginal posterior densities.

3.5 Gradient matching scheme

For our gradient matching scheme, fitting was performed using the R statistical

software (R Core Team 2020, https://www.R-project.org/) as well. For each

variable in the PDE model (n, f and m), the measurements were modelled using a

separate Generalized Additive Model (GAM), with space and time as explanatory

variables. The explanatory variables were entered as a two-dimensional adaptive

P-splines (via the option bs = "ad" in the gam function of the mgcv package (Wood

2011)) – this allowed for the amount of smoothness in each fitted surface to vary

across space and time. The response variables (n, f and m) were assumed to be

gamma-distributed and a log link function was used.

Given the fitted GAMs, we then calculated the temporal gradients on the left

hand side (∂n
∂t
, ∂f

∂t
, ∂m

∂t
) and the spatial gradients on the right hand side of the PDE

system (denote them as N(t, x), F (t, x) and M(t, x)) using the fitted values from

the GAMs. The discrepancies between the two sides of the equations were then

calculated as the sum of squared differences between left and right sides of each
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equation, evaluated over a grid of space and time points as follows.

Gn =
9∑

i=1

78∑
j=1

(
∂n

∂t
|t=i,x=j×h −N(t, x)|t=i,x=j×h

)2

,

Gf =
9∑

i=1

78∑
j=1

(
∂f

∂t
|t=i,x=j×h − F (t, x)|t=i,x=j×h

)2

,

Gm =
9∑

i=1

78∑
j=1

(
∂m

∂t
|t=i,x=j×h −M(t, x)|t=i,x=j×h

)2

. (3.14)

Note that we excluded the boundary points of time (t = 0.0 and t = 10.0) and

space (x = 0 and x = 1) from our comparisons as the gradients at these points

can be difficult to calculate, resulting in a summation of 78 × 9 terms for each

variable. Let θ denote the vector of all the parameters within the PDE system,

θ = {dn, γ, rn, η, dm, α}, the estimated parameter values that gave the best fit to the

noisy data were obtained by minimizing (using the optim function with the default

"Nelder-Mead" method in R) the objective function

G(x, t, n, f,m, θ) = Gn +Gf +Gm. (3.15)

Starting values for the minimization algorithm were the means of the initial

distributions derived previously for the ABC-BCD scheme (Table 3.1).

In addition to using this scheme on the main reference dataset, we also evaluated

its performance when measurement error is introduced to the observations. As stated

earlier, 200 datasets were generated at each of 5 levels of measurement CV, ranging

from 0.01 to 0.1. The gradient matching scheme was used to estimate parameter

values for each of these datasets, and the mean estimated value was calculated for

each parameter at each CV level. Comparing the mean estimated value to the true

values enabled us to evaluate bias in parameter estimates.
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Our initial runs showed rapidly increasing bias with increasing CV for some para-

meters, and we speculated that this may be due to difficulties estimating parameters

associated with the more numerically complex terms in the model – i.e., those as-

sociated with second order derivatives and haptotaxis, since these spatial gradient

were poorly estimated, especially around the spatial boundaries. We therefore re-

peated the above exercise three times: (i) fixing both second order terms dn and dm,

(ii) fixing both complex terms in the tumour cell density equation dn and γ, (iii)

fixing all the parameters in the tumour cell density equation at their true values to

see if any improvements can be made.

The additional adjustments we made to the gradient matching scheme to see if

any improvements can be achieved were as follows.

1. Truncate the gradients that are clearly under-smoothed in the optimization

process (t = 1, 2, 8, 9, the first and last 20 locations in the domain, the gradient

matrix was truncated from 9× 78 to 5× 78).

2. Fix some of these under-smoothed gradients at their true values.

3. Run the same simulations with a different way of constructing the boundary

conditions that aims to make them more robust. The method is called “ima-

ginary cell” that assumes two extended points over the true boundaries. The

two imaginary points have the same value as the two closest points to the

corresponding boundary (x = 2
79

and 78
79

in our case).

4. Change the error model to Gaussian instead of gamma (the standard devi-

ation (SD) of the perturbations was set to be data × cv to avoid generating

negative values). The GAMs were changed to Gaussian GAMs with identity

link function so they could be fitted to the entire dataset (gamma GAMs with
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log link function can not be fitted to zero values at the spatial and temporal

boundaries) and lend more support to the spatial gradients estimated around

the spatial boundaries.

3.6 Results

3.6.1 Performance on datasets with no measurement error

In our initial application, it took the ABC algorithm 13 rounds (4.2h) on a multi-core

cluster machine (12 cores Mac Pro with processor speed at 3.30GHz, the simulations

were run in parallel with 12 threads) to converge to the final parameter estimates.

On the other hand, it took the gradient matching scheme 13.8h to obtain the final

parameter estimates for all 1000 noisy datasets perturbed by 5 different levels of

Gamma errors on the same machine. The final parameter estimates obtained from

the two schemes on the main reference dataset are given in Table 3.2. In general

they were very close to the true values used to generate the data, with absolute per-

centage error less than 9% for all parameters. Errors were noticeably higher for the

parameters dn, γ and rn, all of which are part of the first and most complex equation

governing the change in tumour cell density. Overall, the ABC-related scheme per-

formed slightly better, with lower percentage error on almost all parameters. Plots

of initial and final densities for the parameters under this scheme are shown in Figure

3.2, these density curves were generated using the MATLAB function ksdensity().

For each of the final densities, we started with a random small bandwidth factor and

kept adjusting it until all the ”fluctuations” were smoothed out in the density plots.

In addition, a heat map showing pairwise correlations between these final densities

is shown in Figure 3.3. As would be expected given the better parameter estimates,
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the ABC-related scheme also produced a slightly closer reconstruction of the correct

solution to the PDEs (see Section A.4.4 of the Appendix).

Parameter
Reference
values

Estimates
Percentage

error
Mean squared

error
ABC GM ABC GM ABC GM

dn 1.00× 10−2 1.02× 10−2 9.96× 10−3 2.31 −4.28× 10−1 1.37× 10−5 1.83× 10−9

γ 5.00× 10−2 5.18× 10−2 4.57× 10−2 3.70 -8.67 1.43× 10−4 1.88× 10−5

rn 5.00 5.23 4.60 4.63 -8.10 8.54× 10−1 1.64× 10−1

η 1.00× 10−1 9.91 1.03× 101 −9.21× 10−1 3.06 4.61× 10−2 9.39× 10−2

dm 1.00× 10−2 1.04× 10−2 9.53× 10−3 3.75 -4.72 4.82× 10−7 2.23× 10−7

α 1.00× 10−1 9.97× 10−2 9.93× 10−2 −2.53× 10−1 −7.49× 10−1 8.07× 10−3 5.61× 10−7

Table 3.2: Parameter estimates from the ABC-related and gradient matching (GM)
schemes fitted to reference data with no measurement error. (The detailed estimates
at the end of each round of the ABC-related scheme are given in the Appendix,
Section A.4.1.)

The two additional runs of the ABC-related scheme on the same reference dataset

produced very similar results, and the estimated Monte Carlo error was less than

4.5% for all parameters (Table A.4, Section A.4.2 in the Appendix).

The ABC-related scheme was also run on two additional reference datasets with

different parameter values. The percentage error was less than 6.5% for all paramet-

ers, (Table A.5, Section A.4.3 in the Appendix), confirming that this scheme can

reliably retrieve model parameters in synthetic data.

3.6.2 Performance of gradient matching scheme on datasets

with measurement error

Parameter estimates obtained from the gradient matching scheme under different

levels of measurement error are given in Figure 3.4. Estimation accuracy for the

tumour cell-related parameters fell rapidly with increasing perturbation level: at

CV of 0.1, the mean estimate of dn, γ and rn deviated 60.6%, 45.2% and 39.7%

respectively from their true values. The behaviour of the other parameters were
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Figure 3.2: Initial (blue) and final (black) densities of the parameters in the PDE
model estimated using the ABC-related scheme. Sample means are marked with “X”
on the x axis, and the reference parameter values are shown with a red vertical dotted
line. (The detailed density evolutions of the parameters in different rounds are given
in the Appendix, Section A.4.1)

better: mean estimates of η, dm and α were 3.52%, 16.6% and 1.87% from their true

value.

We then proceeded to the three sensitivity tests conducted on the original study

to investigate whether fixing the unstable parameters at their true values could

improve the accuracy of other parameters. Results are shown in Figure 3.5. In the

first test, the two diffusion coefficients dn and dm were fixed; bias increased in rn and
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Figure 3.3: Heat map showing the pairwise correlation between final parameter
densities in the first run of the ABC-related scheme on the main reference dataset.

η and decreased in γ. In the second test, the two parameters dn and γ associated

with complex terms in the tumour cells equation were fixed; bias increased in rn and

dm and slightly decreased in α. Note that estimates of rn were poor despite it being

the only parameter remaining to be estimated in the tumour cells equation. Lastly,

all parameters in the tumour cells equation (dn, γ and rn) were fixed; here bias in

dm slightly decreased but α was estimated with poorer accuracy. The results in

these runs confirmed fixing certain parameters at their true values is not a solution

to improve the accuracy of parameter estimates.

Instead of fixing the parameters at their true values, we tried two other possible
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Figure 3.4: Average parameter estimates from gradient matching scheme over 200
simulated datasets at each of 5 levels of measurement error. Horizontal red dashed
lines: true values of the parameters. Black line: parameter estimates at different
levels of measurement error.

methods which might improve the parameter estimates on the original study as

follows.

1. Cut off the parts with clearly under-smoothed gradients (t = 1, 2, 8, 9, the

first and last 20 locations in the domain; the gradient matrix was truncated

from 9× 78 to 5× 38). However, the accuracy of parameter estimations only

improved for dn under this approach (Figure 3.6).

2. Fix certain gradients at their true values. The results we obtained with this
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approach were much better than the ones seen in the sensitivity tests where

we fixed certain parameters at their true values (Figure 3.6).

In general, replacing the inaccurate gradients by the true gradients calculated

by a finite difference scheme is a much better option than truncating the gradient

matrices, as only the estimates of η became significantly better with the later option,

possibly due to the simple structure and the consistent estimates of ECM related

gradients in the middle time points and the middle part of the domain. With the

very last run of gradient replacements, where all the tumour cells related gradients,

the temporal gradients of MDE and the second order spatial gradients of dm are

replaced by the reference ones, the accuracy of tumour cells-related parameters

improved notably and became much more stable, the other parameters maintained at

similar levels of accuracy and are quite insensitive to the increase of CV. We suspect

the 2D GAMs with adaptive bandwidth being used currently are over-smoothing

the datasets, and such situation of over-smoothing becomes worse as the CV level

increases. In order to improve the accuracy of all parameters, we may need a more

sophisticated fitting method that can estimate the tumour cells-related gradients

better. A more robust finite difference scheme to calculate the second order spatial

gradients might be helpful, however this is beyond the scope of this thesis.

To understand the degradation in performance of gradient matching scheme with

the introduction of measurement error, we examined the estimated gradients at a set

of evenly-spaced locations in the domain, averaged over time and the 200 simulated

datasets (Figure 3.7). We found the estimated temporal gradients estimated by

GAM showed some deviations from the true ones at certain parts of the domain,

but in general, they were quite insensitive to the increase in measurement errors,

except for ∂m
∂t
, where the deviations at the left tail seem to increase with the CV.

The complex spatial gradients (e.g., second order spatial derivatives, haptotaxis
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Figure 3.5: Average parameter estimates from gradient matching scheme over
200 simulated datasets at each of 5 levels of measurement error. Horizontal red
dashed lines: true values of the parameters. Black line: parameter estimates where
all parameters are estimated. Other lines show parameter estimates where some
parameters are fixed at their true value: blue, dn and dm fixed; red, dn and γ fixed;
green line, dn, γ and rn fixed.

term) have also showed clear deviations from the true ones as the CV goes up,

especially at the tails of the domain. The reason of these spatial gradients estimated

poorly by the GAM can be: the GAM over-smooths in some places (i.e., the true

model predicts quite large changes in gradient in some parts of the domain and

the adaptive smoother does not allow enough flexibility to match this, particualrly

when measurement error adds random perturbations to the pattern and so the true
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Figure 3.6: Average parameter estimates from gradient matching scheme over 200
simulated datasets at each of 5 levels of measurement error. Black line: parameter
estimates where all parameters are estimated with the gradients fitted by GAM. Other
lines show parameter estimates where some gradients are replaced by the reference
ones or truncated: blue, truncated gradients; red, tumour cells temporal gradients,
dn and γ spatial gradients replaced by the reference ones; green, all tumour cells
related gradients replaced by the reference ones; magenta, all tumour cells related
gradients and dm spatial gradients replaced by the reference ones.

pattern is masked). The attenuated gradients can bring a negative effect to the

parameter estimates, especially the ones that are associated to them. Our whole

gradient matching scheme relies on the accuracy of the gradients, if the gradients

obtained were inaccurate in the first place, then the parameter estimates will be poor

inevitably. Constraining certain parameters when the gradients are inaccurate will
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make the estimates even worse since only a subset of the parameters can be altered

to minimize the value of the objective function. This makes the optimization scheme

lose its flexibility to a certain extent, which may affect the parameter estimates in

a negative way.

Figure 3.7: Temporal and spatial gradients in the model at different measurement
error CVs. Red dashed lines: reference gradients predicted by GAM at CV equals
0. Dark purple solid lines: true gradients calculated by the finite difference scheme.
Other solid lines show estimated gradients averaged over time and 200 data sets from
the gradient matching scheme at CVs of 0.01 (black), 0.025 (green), 0.05 (blue),
0.075 (cyan) and 0.1 (magenta).

With the observations that the spatial gradients were poorly estimated near

the spatial boundaries in average, we tried constructing the boundary conditions of

the reference dataset in a more robust way – using the “imaginary cell” technique

explained previously and using a simpler error model to perturb the reference dataset
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to see if the accuracy of the parameter estimates can be improved. The parameter

estimates obtained from the same scheme with these new adjustments on boundary

conditions and error models are given in Figure 3.8. For the gamma GAMs, the

reconstructions of the boundary conditions did not make the parameter estimates

become better. On the contrary, they increased the bias of the estimates at each CV

level for dn, γ, rn and η. On the other hand, the Gaussian GAMs with identity link

function fitted to the full perturbed datasets are more consistent to the change of

boundary conditions. However, they did not reduce the level of bias observed in the

previous experiments significantly. They slightly improved the accuracy of certain

parameter estimates (γ, rn), while making the estimates of some other parameters

significantly worse (dn and α under high CV level, dm in general).

As mentioned previously, we generated 10 datasets perturbed by Gaussian errors

under each level of CV and fitted them using the ABC method as a comparison

study. It turns out under the same levels of CV, the ABC scheme outperformed the

gradient matching scheme on the accuracy of all parameter estimates. The averaged

parameter estimates obtained using the ABC scheme are more robust in response

to the increase in the level of the measurement errors (Figure 3.8).

We took a closer look at the gradients at each evenly-spaced location in the do-

main again to analyse the changes in these parameter estimates: under the general

setting of gamma GAMs fitted to truncated datasets perturbed by gamma errors,

some of the spatial and temporal gradients estimated under the reconstruction of

boundary conditions (Figure 3.9) became even worse (haptotaxis term associated

with γ, temporal gradients for ECM, degradation of ECM associated with η); these

deviations can probably explain the deterioration of the tumour cells and ECM re-

lated parameters seen in Figure 3.8. On the other hand, under the new setting of

Gaussian GAMs fitted to the full datasets perturbed by Gaussian errors, we can
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Figure 3.8: Average parameter estimates from gradient matching scheme over 200
simulated datasets at each of five levels of measurement error. Horizontal red dashed
lines: true values of the parameters. Black line: parameter estimates under γ er-
ror model and normal boundary condition settings (gradient matching); Other lines
show parameter estimates where different error model or boundary condition settings
was used: blue, γ error model and imaginary cell boundary condition setting (gradi-
ent matching); red, Gaussian error model and normal boundary condition setting
(gradient matching); green line, Gaussian error model and imaginary cell bound-
ary condition setting (gradient matching). magenta line: Gaussian error model and
normal boundary condition setting (ABC).

observe certain minor improvements on some estimated spatial gradients near the

left spatial boundary (diffusion of tumour cells associated with dn, haptotaxis term

associated with γ, see Figures 3.10 and 3.11). However, the estimated temporal

gradients for tumour cells density and MDE concentration (∂n
∂t
, ∂m

∂t
) became worse,
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especially for ∂n
∂t
. These deviations may be reflected in the deterioration of dn es-

timates at higher CV level, due to the fact that it is the parameter associated with

the most complex spatial gradients in the equation of tumour cells density. Fur-

thermore, we can observe more fluctuations in the estimates of the MDE diffusion

(∂
2m
∂x2 ), especially in the middle part of the spatial domain. Combined with the worse

corresponding temporal gradients ∂m
∂t
, they may explain the deterioration observed

in the dm estimates.

Figure 3.9: Temporal and spatial gradients in the model at different measurement
error CVs. Imaginary cell boundary conditions with gamma GAMs (log link func-
tion) fitted to the truncated datasets perturbed by gamma errors. Red dashed lines:
reference gradients predicted by GAM at CV equals 0. Dark purple solid lines: true
gradients calculated by the finite difference scheme. Other solid lines show estimated
gradients averaged over time and 200 data sets from the gradient matching scheme
at CVs of 0.01 (black), 0.025 (green), 0.05 (blue), 0.075 (cyan) and 0.1 (magenta).

Now we present the results of SD estimates obtained using 2 different methods
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Figure 3.10: Temporal and spatial gradients in the model at different measure-
ment error CVs. Normal boundary conditions with Gaussian GAMs (identity link
function) fitted to the full datasets perturbed by Gaussian errors. Red dashed lines:
reference gradients predicted by GAM at CV equals 0. Dark purple solid lines: true
gradients calculated by the finite difference scheme. Other solid lines show estimated
gradients averaged over time and 200 data sets from the gradient matching scheme
at CVs of 0.01 (black), 0.025 (green), 0.05 (blue), 0.075 (cyan) and 0.1 (magenta).

as described in the end of Section 3.3. In theory, the SDs estimated using these two

methods should be consistent with each other. Also as the level of CV increases,

they should be increasing as well. However, due to the inaccurate parameter estim-

ates we obtained in the first place, the consistency in SDs are unsatisfactory. In

the original settings with gamma GAMs fitted to truncated datasets perturbed by

gamma errors, the SDs estimated by the two different methods are not consistent

with each other at all (Figure 3.12). The adjustments in boundary condition did not

improve the consistency of the SDs since their corresponding parameter estimates
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Figure 3.11: Temporal and spatial gradients in the model at different measurement
error CVs. Imaginary cell boundary conditions with Gaussian GAMs (identity link
function) fitted to the full datasets perturbed by Gaussian errors. Red dashed lines:
reference gradients predicted by GAM at CV equals 0. Dark purple solid lines: true
gradients calculated by the finite difference scheme. Other solid lines show estimated
gradients averaged over time and 200 data sets from the gradient matching scheme
at CVs of 0.01 (black), 0.025 (green), 0.05 (blue), 0.075 (cyan) and 0.1 (magenta).

became worse in the first place (Figure 3.13). In addition, the consistency of the

SDs did not improve under the Gaussian GAMs setting with the full datasets being

perturbed by Gaussian errors either. However, the SDs estimated under this setting

were more consistent with the change in boundary conditions, since the parameter

estimates were consistent with the change in boundary conditions in the first place.

Overall, for most of the parameters estimated using different methods, the true SDs

and the analytical SDs estimated using inverse Hessian did not show similar trends.

In essence, since the parameter estimates deteriorated rapidly as the level of meas-

81



urement errors increases, the associated SD estimation is expected to demonstrate

poor results.

Figure 3.12: Standard deviations (SDs) under different levels of CV. 2D gamma
GAMs with adaptive bandwidth fitted to the truncated datasets perturbed by gamma
errors. Normal boundary conditions. Red dashed lines: true SD; black lines: mean
of analytical SDs.

3.7 Discussion

In this chapter, we investigated the performance of two calibration schemes for

estimating the parameters of a PDE model of cancer invasion and metastasis, based
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Figure 3.13: Standard deviations (SDs) under different levels of CV. Gamma
perturbations added to the reference data. 2D gamma GAMs with adaptive bandwidth
fitted to the truncated datasets perturbed by gamma errors. Imaginary cell boundary
conditions. Red dashed lines: true SD; black lines: mean of analytical SDs

on spatial 1D synthetic datasets on densities of biological variables: one related to

ABC, the other related to gradient matching. Both schemes were quite accurate

when data were simulated from the same model being fitted, and no measurement

error was introduced (Table 3.2). In the ABC-related scheme, under multiple runs,

our scheme was capable of producing consistent final results for the parameters

(Table A.4) showing that Monte Carlo error is low; it also produced accurate results

on two datasets simulated with different parameter values (Table A.5). Gradient
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Figure 3.14: Standard deviations (SDs) under different levels of CV. Gaussian per-
turbations added to the reference data. 2D Gaussian GAMs with adaptive bandwidth
fitted to the full datasets perturbed by Gaussian errors. Normal boundary conditions.
Red dashed lines: true SD; black lines: mean of analytical SDs.

matching produced slightly less accurate results on the reference dataset, which may

be expected since the data are approximated by the smooths. However, it is much

faster computationally compared to the ABC scheme (49.7s v.s. 4.2h) as after the

gradients are estimated by gamma GAMs, the optimization process can be finished

immediately. Overall, both schemes gave parameter estimates at satisfactory levels

in the absence of measurement errors; we believe if these schemes worked well with

spatial 1D synthetic data, then it is certainly possible to increase the dimension and
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Figure 3.15: Standard deviations (SDs) under different levels of CV. Gaussian per-
turbations added to the reference data. 2D Gaussian GAMs with adaptive bandwidth
fitted to the full dataset perturbed by Gaussian errors. Imaginary cells boundary
conditions. Red dashed lines: true SD; black lines: mean of analytical SDs.

extend our case study to spatial 2D, which means we can investigate more realistic

invasion data (e.g., those observed in lab experiments or clinical data of cancer

patients).

However, there are still some concerns at this stage. For the ABC-BCD scheme,

the parameters in the tumour cells equation are estimated with the least accuracy.

Possible reasons are as follows.

1. The equation of tumour cells profile has the most complicated structure in the
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PDE model, increasing the difficulty of making accurate estimates of paramet-

ers within the equation.

2. If we look at the PDE model itself, the parameters in the tumour cells equation

are all associated with numerically complex terms, it can be harder to acquire

the information hidden behind the PDE model that can help to improve the

accuracy of their estimates.

3. In this ABC-related scheme, we chose to draw parameter estimates equation

by equation. As the tumour cells equation is the last one to be investigated,

uncertainties produced in the previous two investigations were propagated to

this final one. Therefore, although five rounds were conducted, the error rates

of its parameters could still be quite high compared to others.

Another issue with the “equation-by-equation” approach in the ABC-related

scheme is that it may fail in PDE models where the equations are highly inter-

dependent. In the cancer invasion model used here, successful retrievals of reference

parameter values suggests the equations are quite independent of each other, in other

words each equation in the PDE model contains the most amount of information

about its own parameters.

Some other issues within our ABC scheme are as follows.

1. The reference parameter values were chosen by us, so it is feasible to determine

whether our calibrations were successful via a direct comparison between the

final parameter estimates and the reference values. In real-world situations,

the reference parameter values will be unknown and hence the “stopping-

criterion” needs to be established more carefully and the accuracy of the final

parameter estimates should be assessed with caution.
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2. Consideration may be given to the use of a multivariate version Bhattacharyya

distance or possibly other distance measuring metrics (e.g., Mahalanobis dis-

tance, Kullback-Leibler divergence...). Instead of measuring the distance between

one distribution and a single point (Mahalanobis distance) or determining if an

observed distribution is a sample of a true distribution (Kullback-Leibler di-

vergence), Bhattacharyya distance measures the statistical similarity between

two distribution, We believe it is the most suitable discrepancy measuring

metric for our study here.

3. Under certain circumstances, informative priors may be preferable. When a

differential equation model is involved, it can be more rigorous to propose the

prior distributions in the dimensional setting and then translate them into

non-dimensional ones, since not all the priors are invariant under the change

of coordinate in some cases. Fortunately, this is not a concerning issue in

our work. The initial distributions of the parameters in this study only serve

to influence the speed of convergence; they should not have an impact on

the final point estimates, as long as the final point estimates are within the

corresponding initial distributions.

4. Lastly, our current ABC scheme was not designed to measure the uncertain-

ties in the estimates in the first place. As mentioned in Section 3.4.1, with no

noise in the data and no stochasticity in the deterministic PDE model, if we

set higher values for ϵ at step 3d and carry out more rounds when evaluating

the density profiles, the algorithm will eventually converge on the best-fitting

values with no variation between parameter sets beyond that added at step

3(d)iii and the parameter densities presented in Figure 3.2 would look like

Dirac-delta function. However, we realize the incorporation of observation er-
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rors is necessary and choosing an appropriate error model can be a challenging

problem. Alahmadi et al. (2020) have argued the posterior distributions de-

rived from those ABC methods that fail to adequately model the measurement

errors may not accurately reflect the epistemic uncertainties in parameter val-

ues. Hence it is necessary to model and incorporate the errors in the correct

way when using ABC methods, which is an issue we will come back to in

Chapter 5.

The gradient matching scheme has the same issue as the ABC-related scheme

when estimating numerically complex terms. Our experiment of fixing some para-

meters at their true values and estimate only a subset largely did not produce a

substantial increase in accuracy of the estimated parameters, the adjustments on

boundary conditions and the error model did not work either. The gradients aver-

aged over time and the 200 datasets gave us a hint of what might have gone wrong,

hence we investigated the gradients in a more explicit way (see Figures A.10 ∼ A.18

in the Appendix). Taking the results of the original study as the reference (gamma

GAMs with log link function fitted to truncated datasets perturbed by gamma er-

rors), in the tumour cells related gradients, the temporal ones estimated from the

fitted GAM (Figure A.10) are mostly consistent across the domain at the later time

points, but some clear differences can be observed at the left tail of the domain

at the early time points. The differences between the true gradients calculated by

the finite difference scheme and the gradients estimated from the fitted GAM with

no measurement error added was quite evident. This difference between the GAM-

estimated and true gradients is responsible for the errors in the tumour cell-related

estimates when no perturbation was added. The same thing happens for the spatial

gradients of γ (Figure A.12): the gradients predicted by GAM under different CVs

were quite consistent, but some clear differences between the GAM gradients and
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the true gradients can be observed at early and middle time points. The second

order spatial gradients related to dn (Figure A.11) were mostly different from the

true gradients as the CV goes up, especially at the early time points. The logistic

growth gradients related to rn (Figure A.13) were the only robust ones among all

the tumour cells gradients, yet one can still observe some minor differences at the

left tail of the domain in the early time points. In summary, a considerable pro-

portion of the tumour cells-related gradients were estimated incorrectly by GAM,

especially at the early time points and the tails in the domain. This bias increased

as the level of measurement error went up, which may explain the rapid fall in ac-

curacy of the related parameters as the CV goes up. On the other hand, the ECM

related gradients (Figures A.14 and A.15) were consistently estimated by GAM at

all time points under all different levels of CVs; this coincides with the η estimates

that are quite insensitive to the change in CV. The difference between the temporal

gradients estimated by GAM and the ones calculated by the finite difference scheme

at the early time points may explain the errors occurred in the gradient matching

estimates when no perturbation was added. Lastly, in the MDE-related gradients,

the temporal ones (Figure A.16) estimated by GAM are mostly consistent at the

middle time points, although some differences in the left tail of the domain can be

observed at t = 1. At t = 9, the gradients deviated from the reference ones but

followed the same shape. The spatial gradients of dm were mostly consistent in the

middle part of the domain across all the time points, however quite clear differences

can be observed in the tails of the domain, especially when the CV is high. Examin-

ing the difference between the gradients estimated by GAM and the ones calculated

by the finite difference scheme at different time points, it appears the gradients at

both tails were over-smoothed, this may be the reason of the poor accuracy in the

dm estimate when no perturbations were added. On the other hand, comparing the
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temporal and second order spatial gradients estimated by GAM in the tumour cells

equation, the same gradients in the MDE equation were much better estimated, this

can explain the estimates of dm being more accurate and stable than dn as the CV

increases. The spatial gradients of α are mostly consistent as it is the simplest in

the model (e.g., density of tumour cells), which explains the consistent estimates of

α in response to the increasing level of CV.

A common concern for the two schemes proposed in the current chapter is that

the synthetic data were generated from a particular model and then fitted back to

the same model. In a real-world case of real cancer data, our models are simply

approximations, and we will want to consider the model selection problem as well as

goodness-of-fit of the model to the data. We also side-stepped the important issue

of uncertainty quantification. A real-world application will at least wish to consider

quantifying uncertainty arising from measurement errors (see, e.g., Alahmadi et al.

(2020)) and may also attempt to quantify other sources of uncertainty such as model

mis-specification error.

Overall, we believe the parameter estimates for PDE models using statistical

approaches is a strong alternative to searching high-dimensional parameter space

manually, which requires a very powerful numerical scheme if the differential equa-

tions system is complicated. The optimization schemes presented in this chapter

pave the way for applying similar schemes to real cancer invasion and metastastic

spread data (e.g., from in vitro organotypic assays) (Nyström et al. 2005, Mat-

sumura et al. 2000). Also, we believe the power of our optimization schemes is not

limited to this specific model of cancer invasion: it can certainly be applied to other

PDE models. Although the ideas behind the methods proposed here work, and the

approach may still be considered to be at an early stage, and there are many ques-

tions remaining to be answered, we aim to come back to some of them in the later
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chapters.
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Chapter 4

Simulated inference of

individual-based model using ABC

– spatial 2D cancer invasion data

4.1 Introduction

In the previous chapters, we laid out the general background of our study and presen-

ted two different optimization schemes that estimate parameters for a PDE model

of cancer invasion based on synthetic spatial 1D data (Xiao et al. 2021). We con-

cluded that both schemes returned parameter estimates at satisfactory levels when

no perturbations were added to the reference dataset (Table 3.2). The ABC-related

scheme performed slightly better since it used more information from the data when

drawing parameter estimates, but on the other hand, it had the downside of being

more computationally expensive if the PDE model becomes even more complicated,

as the numerical solution needs to be computed for every single parameter set. On

the contrary, although the parameter estimates returned from the gradient matching
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scheme were less accurate, no numerical integration was required and the fitting of

GAM interpolant only had to occur once for each dataset. However, our gradient

matching scheme has the issue of being numerically unstable: the accuracy of para-

meter estimates deteriorated rapidly when small random perturbations were added

to the reference dataset.

Given the positive results with the spatial 1D dataset on density, we now extend

the study to spatial 2D datasets, which requires discretizing the PDE model in

one more dimension within its numerical solver. We now focus on a spatial 2D

individual-based model (IBM) that describes on the micro-scale movements and

allows us to study migration and invasion at the level of individual cells. Within

this new modeling framework, the simulated patterns can be compared with cancer

invasion patterns observed in in vitro or ex vivo assays such as organotypic cultures,

enabling us to draw parameter estimates on a more realistic basis. We have found

several previous works that combined ABC with IBM or other stochastic models

to draw parameter inference from experimental data of cancer invasion: Browning

et al. (2018) calibrated a lattice-free (continuous) IBM using rejection-ABC with

experimental data for migration and proliferation of prostate cancer, which was

observed and recorded in a cell proliferation assay. Carr et al. (2021) drew parameter

inference using SMC-ABC (with a proposal step commonly used in the Metropolis-

Hasting algorithm embedded) on a discrete random walk model with experimental

data for proliferation and migration of melanoma cells, which was observed and

recorded in a 2D scratch assay. As a good starting point, we chose to use a lattice-

based IBM combined with SMC-ABC to draw parameter inference on experimental

data observed in the organotypic assay, which will be explained in detail in the

following sections.

In addition, since our focus under this spatial 2D individual based modelling
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framework is the movements of cells instead of the changes in variable densities,

it can be difficult to associate the spatial 2D invasion patterns to the concept of

gradients. Thus, we decided to discard the gradient matching scheme temporarily

and make some improvements on our ABC-related scheme to accommodate the

spatial 2D setting.

In the second part of this thesis, we present parameter optimizations on two

different sets of invasion patterns recorded in organotypic cultures: the first de-

scribes the invasion of Squamous Cells Carcinoma (SCC) in an in vitro organotypic

culture (mainly contains synthetic stroma composed of collagen gel embedded with

fibroblasts) over a period of 14 days (Nyström et al. 2005), whilst the second demon-

strates the invasion of a T98G glioma spheroid in an ex vivo rat brain slices culture

over a period of 3 days (Matsumura et al. 2000). Before explaining our optimization

schemes in spatial 2D and presenting the results, we give an overview of represent-

ative in vitro assays, which motivated the development of organotypic cultures that

are widely used in the current time.

4.2 Cancer invasion assays: background biology

4.2.1 Review of early in vitro assays

Tumour cell migration and invasion in vivo is believed to be a complex process, hence

many in vitro assays have been developed to replicate and study these processes

instead (Moutasim et al. 2011). In early studies, migration/invasion assays have

been mainly monocellular, where carcinoma cells were studied in isolation. Two

representative assays of this kind are the scratch assay and Boyden chamber assay.

Each of them will be discussed in the paragraphs below.
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The scratch assay is a simple and relatively inexpensive method to study cell

migration in vitro. In this assay, a “wound” or scratch is first created in a cell

monolayer, and then the ability of cells to migrate and heal up the wounds can

be assessed by recording images of the cells at different times during the period of

migration and invasion (Moutasim et al. 2011) (Figure 4.1).

Figure 4.1: Scratch assay, in which (a) represents a confluent culture, (b) the
scratch on the surface, and the (c) the healing scratch. Figure and caption reproduced
from Moutasim et al. (2011)

The main advantages of this assay are its simplicity, low cost and the capability of

visualizing cell movement in real time using time-lapse microscopy. The scratch as-

say has been frequently used to study the collective movement of populations of cells,

since it mimics the migration of keratinocytes as an epithelial sheet to some extent

(Moutasim et al. 2011). It can also be useful for studying cell-cell and cell-matrix

interactions and investigating the role of gene over-expression or suppression with

standard transfection techniques, such as micro-injection. Directional migration can

be analyzed with fluorescently-labeled cells using time-lapse microscopy and image

analysis software. Cell signaling events can also be investigated by microscopic visu-

alization of specific fluorescently-labeled intracellular proteins. However, this assay

is not suitable for studying chemotaxis (movement toward a soluble gradient, e.g.,

growth factor). Nevertheless, its simplicity and low cost, together with the lack of
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need for specialist equipment, still make it a popular approach to study cell move-

ment (Moutasim et al. 2011). Recent work using scratch assay as the tool to study

cell migration and tissue regeneration (would healing) can be seen in Nayim et al.

(2021), Peng et al. (2021), Soliman et al. (2021), Paudel et al. (2021), Brinkmann

et al. (2021).

For the Boyden chamber assay, cells are added to an upper chamber and are

allowed to invade through a cell permeable membrane toward an attractant placed

in the lower chamber (Shaw 2005). Investigation of different types of stimuli can be

carried out using this system: chemotaxis, haptotaxis (movement toward a gradient

of substratum-bound attractant, e.g., matrix protein coated on the under surface of

the membrane) or random migration. After a fixed period of time, the cells that have

invaded through the membrane into the lower chamber may be counted, making this

assay has the advantage of being quantified easily.

The Boyden chamber assay was originally developed to study the migration of

non-adherent inflammatory cells. It has then be modified in several ways to become

compatible with studying invasion of adherent carcinoma cells (Shaw 2005). The

major modifications include: coating the cell-permeable membrane with a protein-

aceous matrix to mimic the basement membrane that carcinoma cells must invade in

vivo (Iwamoto & Sugioka 1992), and detaching the cells fixed to the undersurface of

the membrane and counting/staining in situ in the membrane and carry out further

counting using a microscope and eyepiece graticule (Shaw 2005, Terranova et al.

1986). Note that the invaded carcinoma cells remain attached to the under-surface

of the cell permeable membrane, which makes invasion hard to quantify because tra-

ditional methods like counting the cells in the medium in the lower chamber using

a spectrophotometer or a hemocytometer will not work (Shaw 2005, Grotendorst

1987). Besides detaching & counting/staining, other more sophisticated methods of
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quantifying the invasion of adherent carcinoma cells in this assay include fluores-

cence, radiolabeling, or colorimetric analysis using various cell dyes or cell viability

markers (Shaw 2005, Saito et al. 1997, Albini 1998).

A widely used example of a modified Boyden chambers is the Transwell® assay

(Figure 4.2), which is frequently used to study the invasion of tumour cells by coat-

ing the upper surface of the cell-permeable membrane with an extracellular matrix

(ECM) protein gel. The most commonly used gel is Matrigel® – a composition of

laminin, Type IV collagen and heparin sulfate proteoglycans. It forms the initial

barrier to the invasion of tumour cells (Kleinman et al. 1982, Kleinman & Martin

2005). Recent works using Transwell® assay to assess cell migration/invasion in-

clude Lian et al. (2021), Chen et al. (2021), Sun et al. (2021), Pan et al. (2021), Sha

et al. (2021).

Figure 4.2: Transwell migration and invasion assays. Figure and caption repro-
duced from Moutasim et al. (2011).
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However, tumours are highly complex spatial 3D organoid including not only

malignant cells but also stroma cells and components of the immune system that

provide complex interactions and multidimensional signaling (Zimmermann et al.

2013, Nyga et al. 2011, Joyce & Pollard 2009). Hence, a major drawback of the two

assays introduced above is they oversimplify the complex process of cancer invasion.

The structural architecture of tumour and the stromal components can not be taken

into account under the framework of these two assays. Individually speaking, the

issues of scratch assay are: cell proliferation may contribute to the wound healing

process; translucency of certain cell types may impede automation; the cell 2D

migration/invasion observed in such assay may not correspond to 3D or in vivo

data (Pinco et al. 2002, Keese et al. 2004, Lampugnani 1999, Yarrow et al. 2004,

Zimmermann et al. 2013). For the Transwell® assay, variable migration may occur

across the invasion barrier if its thickness and the reproducibility of protein batches

are not carefully controlled. Additionally, Transwell® assay-based experiments can

be laborious in quantifying results unless fluorescent cells and automated imaging

are utilized (Decaestecker et al. 2007, Cai et al. 2000, Pratt et al. 1984, Zimmermann

et al. 2013).

4.2.2 Organotypic cultures

The limitations of early stage spatial 2D in vitro assays mentioned previously have

motivated the development of organotypic culture models in 3D. The study of organ-

specific epithelial cells in spatial 2D assays mentioned above starts with isolating

the cells from organ explants which were plated on plastic or other solid substrates.

However, as cells start proliferating, the cultures usually lose their differentiated

phenotype. Many crucial organ-specific features and functional attributes are also

lost along with such loss of differentiation (e.g., hepatocytes can rapidly lose their
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drug metabolizing capabilities in studies within 2D cultures) (Hayden & Harbell

2021). These undifferentiated cells have limited utility for applications or research

in relevant areas and differentiated phenotypes are required instead. Scientists sus-

pected that tissue stroma may play an important role in epithelial differentiation

within organ-related cultures, and so they started seeking methods to reverse the

“de-differentiation process” of cells occurred in monocellular culture. A repres-

entative work that proved the importance of tissue stroma was an in vivo mouse

mammary gland model developed by DeOme et al. (1959). The mouse mammary

gland grows from the nipples into the mammary fat pads under the influences of the

hormones of puberty, it may further differentiate under the hormones of pregnancy

to make alveolar structures which make milk. If the nipple is excised before puberty,

a gland-free fat pat remains as an ideal site for subsequent transplantation of isol-

ated tissues or cells and the mammary epithelium may be followed in the absence of

competing epithelia (Hayden & Harbell 2021, DeOme et al. 1959). In monocellular

culture, mouse mammary epithelium does not differentiate to make organized struc-

tures or to make milk proteins following exposure to hormones of pregnancy. On the

contrary, if the cultured cells are implanted into the gland-free mammary mouse fat

pad, they proliferate in the same way as epithelium from the nipple to make ducts

and associated structures. In addition, the glands further differentiate and make

milk when the recipient mouse becomes pregnant (Daniel & DeOme 1965). Since

the mammary fat pad stroma is intact, it can interact with the transplanted epithe-

lium in the normal fashion (DeOme et al. 1959). Results from other scientists have

suggested the same conclusion (Cunha & Lung 1979, Daniel et al. 1983, Shannon

& Pitelka 1981). In summary, these studies showed that epithelial cells cultured

in vitro had not lost the capacity to differentiate into the parenchyma of the organ

nor the ability to undergo final induction of differentiated function, but rather were
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missing the inductive influence of the tissue-specific in vivo stromal environment.

After it had become clear that the “de-differentiation” of cells in monocellular cul-

ture is a reversible process, researchers started focusing on developing systems that

restore and reconstruct the in vivo-like environment to allow organotypic differenti-

ation in vitro (Hayden & Harbell 2021). As a result, the organotypic cultures where

tumour cells are grown at an air/liquid interface on gels populated with stromal

cells were developed. These cultures are spatial 3D in vitro representations of the

in vivo environment, and are considered as a more physiologically relevant method

for studying tumour invasion in 3D when being compared with the in vitro assays

introduced previously.

In recent decades, organotypic cultures have been particularly successful in the

field of skin biology (Moutasim et al. 2011, Marsh et al. 2008), where they have

also been further developed to recapitulate other sites of human body (Moutasim

et al. 2011), such as breast (Kim et al. 2004), lung (Al-Batran et al. 1999), oral

cavity (Nyström et al. 2005) and pancreas (Froeling et al. 2009). More recent work

involving organotypic cultures can be seen in Valente et al. (2021), Franssen et al.

(2021), Patra et al. (2021), Spennati et al. (2021), Reuss et al. (2021). When or-

ganotypic cultures are used to study cancer invasion, tumour cells are grown at an

air/liquid interface on gels of collagen matrices populated with fibroblasts (Figure

4.3), allowing the study of both cell-cell (normal epithelial growth and differenti-

ation) and cell-stroma interactions (tumour cells and fibroblasts) (Nyström et al.

2005, Boukamp et al. 1990). Other advantages of organotypic cultures include:

imaging techniques using fluorescent cells, antibody staining of fixed matrices and

24-well format are applicable. These techniques make the results quantification

more feasible. However, organotypic cultures have the drawbacks of being slow and

laborious: it may take 8 days for the contraction of 3D matrix and a period up to
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21 days for invasions. Also, cell proliferation cannot be excluded if the scientist’s

only aim of using such assays is to study cell migration. In addition, organotypic

cultures cannot be used in high-throughput (HT) screening (Duong et al. 2005).

Figure 4.3: Organotypic culture. (a) Schematic representation of an organotypic
culture. (b) H+E− stained section of basal cell carcinoma organotypic culture. Note
the surface epithelium and the invading islands of tumour. (c) A squamous car-
cinoma organotypic culture immunostained for cytokeratins to highlight the tumour
cells. Figure and caption reproduced from Moutasim et al. (2011).

With the general background being laid out, we will illustrate our optimization

schemes applied to spatial 2D datasets in detail in the following sections.
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4.3 Simulated inference for spatial 2D invasion

patterns of SCC

4.3.1 Invasion patterns of SCC

In the first study with spatial 2D data, we focus on a set of SCC invasion patterns

(Figure 4.4) which were observed and recorded by Nyström et al. (2005) in an

organotypic culture over a period of 14 days. The organotypic skin model used

in their original work was developed by Fusenig et al. (1983), which is a widely

used system to study the invasion of SCC through collagen gels embedded with

fibroblasts. After variable length of culture, the gels are harvested and processed

for histology, or can be further transplanted on to the back muscle fascia of nude

mice (Javaherian et al. 1998).

Figure 4.4: Time-course representation of invasion for the oral SCC line CA 1
immunostained for cytokeratins. Organotypic cultures, composed of CA 1 SCC cells
and human foreskin fibroblasts, were fixed after 3, 6, 9, 12 and 14 days, and processed
to paraffin blocks. The images were ranked by two pathologists independently into
increasing order of invasion, which corresponded to the length of time in culture. For
each time point the field of view from left to right was 2.4mm. Figure and caption
reproduced from Nyström et al. (2005).

After removing the upper parts of the domain that have a zero cell density, we

processed the original invasion patterns into binary ones using the Process/Binary/Make

Binary function within the image processing software ImageJ (Schneider et al. 2012).

The default threshold value was used to separate the images into background and
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objects. More details of calculating the threshold can be seen in FAQs ImageJ

(2012). The binary images are at the size of 480×280 pixels, corresponds to a region

of 2.4mm×1.4mm (Nyström et al. 2005) (Figure 4.5).

Figure 4.5: Binary version of Nyström et al. (2005)’s original images on SCC cells
invasion patterns.

4.3.2 Mathematical model of SCC proliferation and inva-

sion

The PDE model we used in this study is the same as the one we used in the spatial

1D scenario, except the spatial terms (diffusion, haptotaxis) were adjusted to ac-

commodate the 2D settings (Anderson et al. 1999, Xiao et al. 2021). It is described

by the following set of equations (interpretation of each term in the model can be

found in Section 3.2 of Chapter 3).

∂n

∂t
= Dn∇2n− χ∇ · (n∇f) +Rnn

(
1− n

n0

− f

f0

)
,

∂f

∂t
= −δmf,

∂m

∂t
= Dm∇2m+ µn− λm. (4.1)
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By applying a similar non-dimensionalization, the model becomes

∂n

∂t
= dn∇2n− γ∇ · (n∇f) + rnn (1− n− f) ,

∂f

∂t
= −ηmf,

∂m

∂t
= dm∇2m+ αn− βm, (4.2)

where dn = Dn/D, γ = χf0/D, rn = Rnτ , η = τm0δ, dm = Dm/D, α =

τµn0/m0 and β = τλ, where D ∼ 10−6cm2s−1 is the reference diffusion coefficient, τ

is the appropriate timescale in seconds calculated by L2

D
(the derivation of its value

will be given in the next paragraph). The detailed steps of non-dimensionalization

can be found in Section B.1 of the Appendix.

With the dimensionless PDE model, we dissected each of the five binary images

given in Figure 4.5 into 84 sections (11 cut points on the length and 6 on the

width, 12 × 7) and the density of SCC cells in each section was measured by the

percentage of black area in it. By doing so, 84 data points were collected for each

observed pattern, which makes 420 in total. The data visualized by “grey shades”

density plots is given in Figure 4.6. We first generated a roulette of grey colours,

then regions with higher SCC cells density were assigned with darker colours in

the roulette, whilst lower density regions were represented by lighter ones. This

visualization can help to make the numerical dataset more comprehensible.

Figure 4.6: Grey shades plots of Nyström et al. (2005)’s original images on SCC
cells invasion patterns.

From the literature, we found the size of matured oral squamous epithelial cells
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lies between 50-100 µm approximately (Romeo et al. 2006, Donald et al. 2013).

Therefore, in order to maintain the same ratio as our binary images, we chose the

size of the SCC cells to be 51µm approximately, which makes our numerical domain

a 48×28 grid. The spatial step sizes then becomes ∆x = ∆y = 1
47
. Given that

the same initial distribution was used for dn (U(0.000069, 0.02)) as the 1D study,

the temporal step size was set to ∆t = 0.004 to satisfy the stability condition

(dn <
(∆x)2

4dt
) in the scenario of spatial 2D. The appropriate scale of invasion distance

was chosen to be L = 0.24cm based on the real size of the domain. Given that

the reference diffusion coefficient is D = 10−6cm2s−1, this gives τ = 5.76 × 104s.

Therefore, one day corresponds to 375 dimensionless time steps and the entire 14

days invasion period is equivalent to 5250 time steps.

The initial condition of the simulation was set to be n0(·, y) = cos(5πy) if 0 ≤

y ≤ 0.1, n0(·, y) = 0 otherwise. f0(·, y) = 1 − 0.5 × n0(·, y) and m0 = 0.5 × n0(·, y)

since we want the initial cell densities to become lower as we move further away from

the top boundary. Under this setting, the points at the top of the grid have the

highest cell densities at t = 0. A certain number of cells are placed at these points,

with the carrying capacity of each grid point set to be one cell only. At each time

step, the density of the variables at each grid point is updated by solving the PDE

model numerically with a 2D finite difference scheme. Details of the finite difference

scheme can be found in Section B.2 of the Appendix. The cells follow the five-point

stencil movement (i.e., staying at the current location, moving left, right, upward

or downward), where the probabilities of movements are calculated by the density

of ECM in the neighbouring region. The rule of mitosis and extinction works as

follows. At the end of everyday (every 375 time steps), a proportion of the current

living cells at locations with the highest cell densities would undergo mitosis. For

these cells, if there were more than or equal to two unoccupied points among their
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8 neighbouring points, they would split into two daughter cells which are randomly

allocated to the unoccupied neighbouring points. At the same time, some of the

current living cells at the locations with the lowest cell densities would undergo

extinction, they were removed from the grid. Hence, under the new settings, we

had three additional parameters to be estimated: Rinit., the number of initial rows

with cells; Pmit. and Pext., the proportion of current existing cells undergo mitosis and

extinction. Note that the five-stencil movement of the cells in the IBM was governed

by the terms in the 1st equation in Equation 4.2 after being discretized in spatial

2D, but the proliferation & extinction mechanism broke the limit of such spatial

2D discretization as we only let the cells at the locations with the highest/lowest

densities to undergo proliferation and extinction, which went beyond the logistic

proliferation term (rnn(1−n−f)) in the original PDE model and made the IBMmore

biologically realistic. Hence we may say the original PDE model approximates the

IBM but does not govern it entirely. At the end of day 3, 6, 9, 12 ,14 (1125nd, 2250th,

3375th, 4500th and 5250th time step of the numerical simulation), the locations of

the current living cells were recorded, the grid was then dissected into 84 sections in

the same way as the original domain, each had 16 grid points in it. As a final step,

the SCC cells density in each section was calculated (No. of occupied points/16)

and compared with the reference density. Parameters that can produce simulated

patterns close to the reference ones were resampled and perturbed by the ABC

algorithm in the similar fashion and entered the next round. We will come back to

the ABC algorithm in detail in Section 4.3.4.

Pseudo code that describes the combination of the original PDE model and the

Individual-Based Model derived from it is given as follows.

1. Set the initial conditions for the variables within the PDE numerical solver

(n0, f0, m0) as explained above, then initialize the Individual-Based Model by
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appending a certain number of cells (i.e., Rinit. × 48) to the positions in the

numerical grid with the highest n0 values.

2. Set i = 1.

3. While i < 5250

(a) If i mod 375 = 0

i. Extract the cell density values (n) at the positions of the current

existing cells in the PDE numerical solver.

ii. Cell extinction: based on the value of Pext., some of the current cells

(current cell number ×Pext.) at the locations with the lowest cell

density values (n) in the PDE numerical solver will undergo extinc-

tion. These cells are removed from the numerical grid, the positions

of the current existing cells are hence updated.

iii. Cell mitosis: based on the value of Pmit., some of the current cells

(current cell number ×Pmit.) at the locations with the highest cell

density values (n) in the PDE numerical solver will undergo mitosis.

If these cells have more than or equal to 2 unoccupied neighbouring

points, the original cells are vanished and the two daughter cells will

be randomly appended to the unoccupied neighbouring points. The

positions of the current existing cells are hence updated.

end if

(b) Update the density of the surrounding ECM (f) and the concentration

of the MDE (m) numerically using the PDE solver.

(c) For each of the current existing cells, calculate its probabilities of moving

into different directions in the five-point stencil system using the dens-
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ity/concentration of the surrounding ECM (f) and MDE (m). Decide

the direction of movement for the cell based on these probabilities. If

the designated position is unoccupied, the cell will move to this position.

Otherwise, the cell will stay at its original location. The position of the

current existing cells are hence updated.

(d) if i mod 375 ∗ 3, 6, 9, 12, 14 = 0

i. Record the positions of the current existing cells. Calculate the SCC

cells density in each of the 84 sections (No. of occupied points/16).

end if

(e) i = i + 1

end while

4.3.3 First and second experiment on the SCC patterns:

fitting the patterns together and separately.

As an initial experiment, we aimed to optimize the aggregate discrepancies between

all reference and simulated patterns together using a similar ABC algorithm as

seen in the spatial 1D study presented in Chapter 3. However, the simulated pat-

terns produced by the averaged final parameter values demonstrated poor accuracy

compared to the reference ones. We suspected that the reason of this poor fitting

could be certain invasion features of SCC cells in the organotypic culture are time-

dependent if the invasion period is sufficiently long. We found this hypothesis has

been confirmed in other organotypic culture-related work (Matsumura et al. 2000):

tumour cells are capable of up-regulating the enzymes at the invasive front and

the matrix metalloproteinases (MMPs) can rearrange the environment for the cells

109



to actively migrate into the tissue, implying that tumour cells may have different

invasive properties at different time and locations during the invasion process.

Therefore, we conducted a second experiment that evaluated the five invasion

patterns one by one. In this new experiment, we divided the 14 day invasion period

into 5 parts, day 0 to 3, 4 to 6, 7 to 9, 10 to 12 and 13 to 14 as these periods coincide

with the observation times (parameter Rinit. was only involved in the fitting of the

first pattern). The numerical simulation was hence divided into 5 parts as well.

Other adjustments we made in this new experiment were as follows.

1. By making a visual comparison between the observed and final simulated pat-

terns obtained at the end of the first experiment, we noted that there were not

enough cells in the final simulated patterns. Therefore we slightly expanded

the size of the numerical domain to 60×35 (with the spatial and temporal

step size – ∆x and dt adjusted to 1
59

and 0.0025 so the stability condition can

be maintained). We suppose the accuracy of the simulated patterns can be

improved to a certain extent by making such adjustments, since the domain

can have a higher total carrying capacity. SCC cells can have more freedom

in migration and a better chance of forming individual clusters at the invasive

front, as seen in later observed patterns.

2. Recall that our approach of ensuring the algorithm to converge in the spatial

1D ABC-BCD algorithm is to increase the bandwidth factor t by 50% in every

subsequent round (see step 3(d)i of the ABC-BCD algorithm in Chapter 3). By

doing so, the parameter vectors correspond to low discrepancy measurement

were assigned with higher resampling weights in later rounds and dominate

the parameter samples. The distribution of the final parameter sample would

eventually converge to a point mass (e.g., dirac-delta function) and triggered
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particle depletion (i.e., parameter sample being dominated by a few parameter

vectors differ in Gaussian perturbations). To further address this issue, the

consideration of effective sample size (ESS) was taken into account. In the

current study where weighted samples were used, the ESS is defined as follows.

ESS =
(
∑n

i=1wi)
2∑n

i=1w
2
i

, (4.3)

where wi is the weight of the i-th parameter vectors in the sample and n is

the actual sample size. Following the idea in Del Moral et al. (2012), we

implemented an adaptive scheme for the ESS, starting from 2500 in round

1 and decreasing by 10% of the current value in every subsequent round.

Once the ESS was about to fall below 1500, we reset it back to 2500 and

repeated another round of this decreasing schedule. Note that the calculation

of ESS depends on the resampling weights of the parameter sets. Therefore

by presetting the ESS for each round, the bandwidth factors used to rescale

the discrepancy measurements and to calculate the resampling weights also

followed an adaptive scheme. The algorithm would then converge to final

parameter samples without triggering particle depletion.

3. In our experiment with the spatial 1D travelling wave data, we rescaled the

resampling weights based on the sum of all the weights instead of rescaling

them linearly with the maximum one (i.e., wi,resc =
wi−min(wi)

max(wi)−min(wi)
). However,

in the current spatial 2D study, with the concept of ESS being introduced, we

found that the two different rescaling methods yield approximately the same

ESS if the same set of original weights was used. This suggested the weight

rescaling method may not be a significant factor that could influence the final

result. In the spatial 2D studies, we will show that the results obtained using
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linearly rescaled weights can also give us accurate simulation results at the

end.

4. Considering the stochastic nature of the simulations, we ran the simulations of

each pattern for 3 times with different seeds being used in the random number

generator (set.seed() command in R). Then we compared the final results

from different runs with the reference density data using Bhattacharyya dis-

tance as the discrepancy measuring metric. By making the same assumption

that both the final simulation output and the reference density data are nor-

mally distributed, the mean and variance of them were computed and the

same formula seen in equation 3.12 were used. The one that had the min-

imum discrepancy with the reference data was chosen as the final simulation

outcome for the current pattern, it was also used as the initial condition for

the simulation of the subsequent pattern.

5. Since the authentic cancer invasion patterns are not associated with “reference

parameter values”, we changed the “stopping criterion” from an absolute one

to a relative one to make sure the algorithm converged to the best-fitted val-

ues: if the reduction of the average discrepancy measurement (sum of squared

difference) compared to the previous round was less than 5%, the simulation

of the current run would be terminated. We would proceed to either the next

run of the current pattern or the simulation of the next pattern.

By making the adjustments listed above, our aim in this simulated inference

became estimating parameter values that can generate individual simulated pattern

quantitatively close enough to its corresponding observed one. The change of the

parameter estimates were then studied by fitting regression models (quadratic, lin-

ear, constant) to them. Based on the regression model fitted to each parameter’s
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final estimates, we conducted our last experiment on the SCC patterns by allowing

some parameters became time-dependent (i.e., having different values during differ-

ent periods of invasion) and evaluated all 5 patterns together like we did in the first

experiment.

In the next subsection, we give the details of our Approximate Bayesian Com-

putation - Least Square (ABC-LS) scheme used in the second experiment of the

study – where the SCC patterns were evaluated separately. Then we give more

details of our final experiment: where time-dependent parameters were introduced

to the model. Note that the ABC scheme used in the final experiment was similar

to the ABC-LS scheme being introduced below in Section 4.3.4, hence we omitted

its details.

4.3.4 ABC-LS scheme (SCC invasion)

Our ABC-LS optimization scheme for SCC invasion patterns proceeds as follows.

1. Identify all the unknown and implicit parameters within the PDE system,

P = {p1, p2, ..., pm}. Assign an initial distribution to each parameter. The

initial distributions we chose for most of the parameters are the same as the

ones we used in Chapter 3 (Table 4.1).

2. Set the run indicator r to be 1.

3. Set the round indicator j to be 1.

(a) If j = 1:

i. Sample K sets of parameter values from the initial distributions (K

= 10000 in our scheme).
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Parameter Initial distribution Mean (SD)
dn U(6.90× 10−5, 2.00× 10−2) 1.00× 10−2 (5.75× 10−3)
γ U(5.00× 10−3, 2.60× 10−1) 1.33× 10−1 (7.36× 10−2)
rn U(8.00× 10−4, 8.00× 10−2) 4.04× 10−2 (5.23× 10−4)
η U(7.00, 1.80× 101) 1.25× 101 (3.18)
dm U(1.00× 10−4, 3.30× 10−2) 1.66× 10−2 (9.50× 10−3)
α U(7.00× 10−2, 1.80× 10−1) 1.25× 10−1 (3.18× 10−2)

Rinit. U(1.00, 5.00) 3.00 (1.15)
Pext. U(1.00× 10−2, 1.00× 10−1) 5.50× 10−2 (2.60× 10−2)
Pmit. U(2.00× 10−1, 1.00) 6.00× 10−1 (2.31× 10−1)

Table 4.1: Initial distributions used in the ABC-LS scheme applied to the reference
dataset derived from the SCC cells invasion patterns. U(l, u) denotes a uniform
distribution with lower and upper bounds l and u. The justifications for these dis-
tributions can be seen in Section B.3 of the Appendix for the current chapter.

ii. For each set of simulated parameter values, substitute them back to

the PDE solver.

iii. For each simulation, calculate the sum of squared differences between

the simulated and reference data; denote this result as ρyi, i =

1, ..., K.

iv. Convert the discrepancy results into resampling weights. First draw

bandwidth factor t from a sequence with the step size being 0.01.

For each t value, calculate w∗
i,t = ρ−t

yi for i = 1, . . . K. Then rescale

such that the smallest weight is 0 and the largest 1 as follows.

wi,t =
w∗

i,t −min(w∗
t )

max(w∗
t )−min(w∗

t )
,

where max(w∗
t ) and min(w∗t) are the maximum and minimum un-

scaled resampling weights of the current round. In some simulations,

there are computational singularities resulting in undefined real val-

ues; in these cases the corresponding weights are set to 0.
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v. Calculate the ESS for each value of t using the following formula:

ESSt =
(
∑
wi,t)

2∑
w2

i,t

.

vi. Find the t value that can generate an actual ESS closest to the target

one (2500× 0.9(j−1) mod 5. If the value falls below 1500, the ESS will

be reset to 2500 and the same decreasing schedule will start again).

Record the rescaled weights calculated using this value of t.

vii. Resample another K sets of parameter values with replacement, with

probability equal to the resampling weights obtained in the previous

step.

viii. Add a small perturbation to each parameter value. The follow-

ing procedure retains the mean and variance of each parameter.

Let pli be the value of the lth parameter in the ith parameter set

and p̄l be the sample mean over the K parameter sets. Calcu-

late the parameter sample variance as S2
l = 1

K−1

∑K
i=1(pli − p̄l)

2.

Generate a new value for pli by sampling a random number from

N((
√
1− h2)pli + (1 −

√
1− h2))p̄l, h

2S2
l ), where N(µ, σ2) is a nor-

mal distribution with mean µ and variance σ2, and h is a relatively

small number (Liu & West 2001), in this study, we chose it to be

0.05.

ix. j = j + 1, proceed to 3(b)i.

(b) If j ≥ 2 :

i. Adopt the parameter values from the previous round.

ii. Execute step 3(a)ii and proceed to 3(a)iii.

iii. Compare the average discrepancy measurement with the one of the
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previous round.

A. If the reduction is greater than 5%, go to 3(a)iv and proceed to

3(a)ix.

B. Else, terminate the simulation for the current pattern. Proceed

to 4.

4. Record the K parameter sets retained at the end of the final round.

5. For each parameter, average its K values obtained at the end. Take these

values as the final parameter estimates of the current run.

6. Substitute the final parameter estimates obtained in the previous step back to

the numerical solver. Record the simulation output.

7. r = r + 1,

(a) If r ≤ 3, proceed to the next run. Go to 3 and repeat the procedure with

a different seed in the random number generator (set.seed() command

in R).

(b) Else:

i. Calculate the Bhattacharyya distance between the final results and

the reference dataset for the current pattern. Select the final results

that have the minimum Bhattacharyya distance as the final simu-

lation outcome of the current pattern, also use them as the initial

conditions of the numerical solver for the simulations of the next

pattern.

ii. Proceed to the next pattern, go to 2 and repeat the procedure until

the simulation of all patterns are finished.
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4.3.5 Third experiment on the SCC patterns: fitting the

patterns together with time-dependent parameter val-

ues.

After the final parameter estimates were obtained for each of the SCC patterns

evaluated using the ABC-LS scheme presented above, we fitted regression models

(quadratic, linear, constant) to them and allowed some of the parameters in the

model to have time-dependent features throughout the 14 day invasion period (i.e.,

these parameters have different values for different periods of the invasion process).

We conducted our final experiment on the SCC patterns with the following changes.

1. The size of the numerical grid was changed back to 48× 28 to avoid violating

the biological properties (diameter) of SCC cells. We will come back to the

detailed reason of this change in Results.

2. As in the previous experiment, we divided the entire invasion process of 14

days into 5 periods as the previous experiment. Then we assumed certain

parameters can have different values in different periods of the invasion. The

5 invasion patterns were fitted together instead of being fitted one by one. For

these time-dependent parameters, we assumed their values drawn from the

initial distribution (in the first round) or resampled from the previous round

with added perturbations (in the later rounds) represent the values in the first

period of invasion process (day 0-3). The values in the 4 later periods were

then calculated using the corresponding regression coefficients in the same

parameter vector. For these time-dependent parameter, all 5 values should

be bounded within the corresponding initial distributions of the parameters,

otherwise the entire parameter vector would be discarded.
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3. In this experiment, these regression coefficients were also parameters to be

estimated by the ABC scheme. Taking the regression coefficients fitted to the

final parameter estimates in the second experiment as standard values, their

corresponding initial distributions were chosen to reflect a 4-fold variation

(U(standard value/2, standard value × 2). The opposite for the regression

coefficients that have negative standard values.). On the other hand, the

initial distributions of the pre-existing parameters in the model stayed the

same. All initial distributions are given in Table 4.2.

4. Due to the fact that many parameter vectors could be discarded in the early

rounds of the experiment (as they might contain time-dependent parameter

values beyond the bounds of the corresponding initial distribution), the num-

ber of parameter vectors to be evaluated in each round (K in ABC-LS and

ABC-BD scheme) was hence increased to 50000 from 10000.

As mentioned previously, the ABC scheme used in this experiment is similar to

the ABC-LS scheme presented in subsection 4.3.4. Hence we omit the details of it

here.

4.3.6 Results

The computational time of the first two experiments were: 55.0 hours for the first

experiment and 210.8 hours for all 3 runs of the second experiment. The compar-

isons between observed and final simulated patterns of the first two experiments

are presented in Figures 4.7 (first experiment where all 5 patterns were evaluated

together), 4.8 and 4.9 (second experiment where the 5 invasion patterns were eval-

uated one by one). All computational time were recorded on the same multi-core

machine we used for the spatial 1D simulation in Chapter 3.
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Parameter Initial distribution Mean (SD)
dn U(6.90× 10−5, 2.00× 10−2) 1.00× 10−2 (5.75× 10−3)
γ U(5.00× 10−3, 2.60× 10−1) 1.33× 10−1 (7.36× 10−2)
rn U(8.00× 10−4, 8.00× 10−2) 4.04× 10−2 (5.23× 10−4)
η U(7.00, 1.80× 101) 1.25× 101 (3.18)
dm U(1.00× 10−4, 3.30× 10−2) 1.66× 10−2 (9.50× 10−3)
α U(7.00× 10−2, 1.80× 10−1) 1.25× 10−1 (3.18× 10−2)

Rinit. U(1.00, 5.00) 3.00 (1.15)
Pext. U(1.00× 10−2, 1.00× 10−1) 5.50× 10−2 (2.60× 10−2)
Pmit. U(2.00× 10−1, 1.00) 6.00× 10−1 (2.31× 10−1)
dn, quad U(2.32× 10−4, 9.29× 10−4) 5.80× 10−4 (2.01× 10−4)
dn, lin U(−2.95× 10−3, −7.39× 10−4) −1.85× 10−3 (6.40× 10−4)
γ quad U(−3.55× 10−2, −8.86× 10−3) −2.22× 10−2 (7.68× 10−3)
γ lin U(6.69× 10−2, 2.68× 10−1) 1.67× 10−1 (5.80× 10−2)

rn, quad U(−5.65× 10−3, −1.41× 10−3) −3.53× 10−3 (1.22× 10−3)
rn, lin U(1.05× 10−2, 4.20× 10−2) 2.62× 10−2 (9.09× 10−3)
η quad U(3.84× 10−1, 1.54) 9.60× 10−1 (3.33× 10−1)
η lin U(−1.13× 101, −2.82) −7.05 (2.44)
α quad U(3.47× 10−3, 1.39× 10−2) 8.67× 10−3 (3.00× 10−3)
α lin U(−1.02× 10−1, −2.55× 10−2) −6.36× 10−2 (2.20× 10−2)

Pmit., quad U(−2.49× 10−1, −6.23× 10−2) −1.56× 10−1 (5.40× 10−2)
Pmit., lin U(3.58× 10−1, 1.43) 8.96× 10−1 (3.10× 10−1)

Table 4.2: Initial distributions used in the ABC-LS scheme applied to the refer-
ence dataset derived from the SCC cells invasion patterns. Final experiment with
time-dependent parameters introduced to the simulation. U(l, u) denotes a uniform
distribution with lower and upper bounds l and u. Time-dependent parameter values
were introduced for dn, γ, rn, η, α, Pmit.. The justifications for these distributions
can be seen in Section B.3 of the Appendix.

The averaged final parameter estimates of the second experiment are given in

Table 4.3, with the corresponding posterior densities for each SCC invasion pattern

given in Figures 4.10 to 4.18. The detailed density plots at the end of every round

are given in Figures B.1 to B.5, Section B.5 of the Appendix. We see that many

posterior samples for later patterns have high prior-posterior overlap values, this

suggests these posterior samples were mainly influenced by the prior chosen initially

119



Figure 4.7: SCC invasion patterns observed in organotypic culture (Left) v.s. Sim-
ulated patterns obtained from the numerical scheme (Right) at the end of day 3, 6,
9, 12, 14. Discrepancy of the 5 patterns was minimized together. Sum of squared
differences between SCC cell density in observed patterns and final simulated pat-
terns: 8.22.

instead of the model and data.

Additionally, the detailed parameter estimates at the end of every round are
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Figure 4.8: SCC cells invasion patterns observed in organotypic culture (Left) v.s.
Simulated patterns from the numerical scheme (Right) at the end of day 3, 6, 9, 12,
14 (Individual cell position plot). Discrepancy of the 5 patterns minimized one by
one. Sum of squared differences between SCC cell density in observed patterns and
final simulated patterns: 2.16.

given in Tables B.1 to B.15, in Section B.4 of the Appendix. The final simulated

results of all 3 runs for each pattern are given in Figure B.6 to B.23, in Section

121



Figure 4.9: SCC cells invasion patterns observed in organotypic culture (Left) v.s.
Simulated patterns from the numerical scheme (Right) at the end of day 3, 6, 9, 12,
14 (Grey shades density plot). Discrepancy of the 5 patterns minimized one by one.
Sum of squared differences between SCC cell density in observed patterns and final
simulated patterns: 2.16.

B.6 of the Appendix. The plots for the variation of actual ESS and the bandwidth

factor t are given in Section B.6 as well. They provide another piece of evidence for
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the consistency of the results across different runs (e.g., algorithm converging at the

same pace despite different starting conditions were used).

Post day 3
estimates

Post d6
estimates

Post d9
estimates

Post d12
estimates

Post d14
estimates

dn 1.19× 10−4 3.61× 10−4 2.02× 10−3 1.52× 10−3 6.09× 10−3

γ 5.17× 10−3 1.14× 10−1 1.38× 10−1 1.34× 10−1 1.33× 10−1

rn 2.23× 10−2 3.59× 10−2 4.61× 10−2 3.85× 10−2 4.12× 10−2

η 1.77× 101 1.21× 101 1.21× 101 1.28× 101 1.22× 101

dm 1.36× 10−2 1.64× 10−2 1.35× 10−2 1.56× 10−2 1.47× 10−2

α 1.73× 10−1 1.29× 10−1 1.22× 10−1 1.28× 10−1 1.27× 10−1

Rinit. 1.80 - - - -
Pext. 4.70× 10−2 5.82× 10−2 6.60× 10−2 4.56× 10−2 5.87× 10−2

Pmit. 3.79× 10−1 8.05× 10−1 8.48× 10−1 6.26× 10−1 3.11× 10−1

Table 4.3: Final parameter estimates for each SCC invasion pattern’s optimization.
Second experiment, patterns fitted separately.

Figure 4.10: Posterior densities of dn in the individual-based model on SCC in-
vasion patterns estimated using the ABC-LS scheme. Second experiment, SCC in-
vasion patterns fitted separately. Sample means are marked with ’×’ on the x-axis.
Prior-posterior overlap: post day 3 pattern: 0.40%; post day 6 pattern: 2.63%; post
day 9 pattern: 12.94%; post day 12 pattern: 13.24%; post day 14 pattern: 25.36%.

In the second experiment, the accuracy of simulated patterns was significantly

improved. From the plots of individual cells, we see the simulated patterns share

similar average invasion distances with the observed ones. The grey shades plots of

cell densities also showed that our simulated patterns reproduced the cell densities

across the domain at different time accurately on a quantitative basis. However,
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Figure 4.11: Posterior densities of γ in the individual-based model on SCC invasion
patterns estimated using the ABC-LS scheme. Second experiment, SCC invasion
patterns fitted separately. Sample means are marked with ’×’ on the x-axis. Prior-
posterior overlap: post day 3 pattern: 0.18%; post day 6 pattern: 78.93%; post day
9 pattern: 80.00%; post day 12 pattern: 72.49%; post day 14 pattern: 83.05%.

Figure 4.12: Posterior densities of rn in the individual-based model on SCC in-
vasion patterns estimated using the ABC-LS scheme. Second experiment, SCC in-
vasion patterns fitted separately. Sample means are marked with ‘×’ on the x-axis.
Prior-posterior overlap: post day 3 pattern: 11.83%; post day 6 pattern: 77.20%;
post day 9 pattern: 70.04%; post day 12 pattern: 76.56%; post day 14 pattern:
87.30%.

the clusters of cells at the invasive front were poorly captured in the last simulated

pattern. Some cells at the left part of the domain have invaded further in the

observed post day 14 pattern. The variations of parameter estimates over time are

given in Figure 4.19. We can see that some parameters show clear change over
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Figure 4.13: Posterior densities of η in the individual-based model on SCC invasion
patterns estimated using the ABC-LS scheme. Second experiment, SCC invasion
patterns fitted separately. Sample means are marked with ‘×’ on the x-axis. Prior-
posterior overlap: post day 3 pattern: 5.29%; post day 6 pattern: 77.43%; post day
9 pattern: 76.05%; post day 12 pattern: 70.68%; post day 14 pattern: 86.48%.

Figure 4.14: Posterior densities of dm in the individual-based model on SCC in-
vasion patterns estimated using the ABC-LS scheme. Second experiment, SCC in-
vasion patterns fitted separately. Sample means are marked with ‘×’ on the x-axis.
Prior-posterior overlap: post day 3 pattern: 11.09%; post day 6 pattern: 59.86%;
post day 9 pattern: 76.07%; post day 12 pattern: 70.36%; post day 14 pattern:
76.84%.

time while others appear to have little temporal change. On the other hand, the

prior-posterior overlap values suggest many posteriors we obtained in the second

experiment (especially the ones for later patterns) were mainly influenced by the

priors instead of the model and data. When the entire invasion process is separated
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Figure 4.15: Posterior densities of α in the individual-based model on SCC in-
vasion patterns estimated using the ABC-LS scheme. Second experiment, SCC in-
vasion patterns fitted separately. Sample means are marked with ‘×’ on the x-axis.
Prior-posterior overlap: post day 3 pattern: 10.27%; post day 6 pattern: 68.97%;
post day 9 pattern: 84.00%; post day 12 pattern: 82.76%; post day 14 pattern:
86.87%.

Figure 4.16: Posterior densities of Rinit. in the individual-based model on SCC
invasion patterns estimated using the ABC-LS scheme. Second experiment, SCC
invasion patterns fitted separately. Sample means are marked with ‘×’ on the x-axis.
Prior-posterior overlap: 5.97%.

into 5 periods, the useful information for parameter estimation contained in each

pattern’s corresponding numerical data is limited, hence the posteriors approximated

by ABC received stronger impacts from the priors instead of the model and data.

This suggests another reason to consider the time-dependent parameter approach
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Figure 4.17: Posterior densities of Pext. in the individual-based model on SCC inva-
sion patterns estimated using the ABC-LS scheme.Second experiment, SCC invasion
patterns fitted separately. Sample means are marked with ‘×’ on the x-axis. Prior-
posterior overlap: post day 3 pattern: 10.42%; post day 6 pattern: 73.03%; post day
9 pattern: 68.25%; post day 12 pattern: 67.58%; post day 14 pattern: 85.23%.

Figure 4.18: Posterior densities of Pmit. in the individual-based model on SCC
invasion patterns estimated using the ABC-LS scheme. Second experiment, SCC
invasion patterns fitted separately. Sample means are marked with ‘×’ on the x-axis.
Prior-posterior overlap: post day 3 pattern: 8.03%; post day 6 pattern: 30.92%; post
day 9 pattern: 26.35%; post day 12 pattern: 15.68%; post day 14 pattern: 19.49%.

used in the third experiment, since it allows the parameters to have more flexibility,

and fitted the 5 patterns together so more useful information can be provided to the

process of parameter estimation.

As the first step of our third experiment, we fitted three different types of re-
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gression models (constant, linear and quadratic) to these estimates and used model

selection criterion (adjusted R-squared and AIC) to decide which model gives the

best fitting results to the corresponding estimates. The model selection values are

given in Table B.21, Section B.7 of the Appendix. The best-fitting model for the

parameter estimates of dn, γ, rn, η, α, Pmit. was quadratic, while for dm and Pext. it

was the mean-only models (i.e., no temporal trend) models.

The fitting results of the regression models suggest that the poor pattern-fitting

accuracy seen in the first experiment was mainly due to the fact that some paramet-

ers in the model should be given more flexibility. In other words, these parameters

should have different values at different stages of the invasion. The carrying capacity

of the numerical grid was not the significant factor that influenced the accuracy of

the simulation outcome. Hence, as we mentioned in Section 4.3.5, we discarded the

change in the discretization of numerical grid. The discretization of the numerical

grid in the third experiment was the same as the one we used in the first experiment

– 48× 28.

The final simulation results of the third experiment are presented in Figures 4.20

and 4.21, in the form of individual cell plots and grey shades density plots. It took

around 487.5 hours for the same multi-core cluster machine to complete all 3 runs

of the simulated inference. These new pattern-fittings results demonstrate much

better accuracy compared to the ones seen in Figure 4.7. From the first glance, they

also showed no significant difference from the ones obtained by fitting the invasion

patterns one by one (presented in Figures 4.8 and 4.9). The final simulated patterns

from the two runs that were not chosen to represent the final results are given in

Figures B.28 to B.31 in Section B.9 of the Appendix. These results prove that the

introduction of time-dependent parameter values have clearly made a positive effect

on the simulation of the SCC patterns.
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Figure 4.19: Variations of parameters’ averaged final estimates obtained for each
SCC invasion pattern. Different regression models fitted to them with the chosen
one highlighted in thicker lines. Error bars covering Q1 to Q3 (0.25 to 0.75) of the
corresponding final parameter samples are presented as dark purple vertical lines.
Periods 1-5 correspond to day 1-3, day 4-6, day 7-9, day 10-12, day 13-14.
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The final parameter estimates are given in Table 4.4, with their corresponding

posterior distribution given in Figures 4.22 and 4.23. The detailed density plots

at the end of every round are given in Figures B.26 and B.27, Section B.8 of the

Appendix. The low prior-posterior overlap values clearly suggest that the posterior

densities obtained in this experiment were more influenced by the model and data,

since more information were taken into account when the 5 invasion patterns were

fitted together. Note that for the time-dependent parameters, we calculated their

averaged final estimates of the later four periods using the averaged final estimates of

the first period and that of their corresponding regression coefficients. The detailed

parameter estimates at the end of every round are given in Tables B.22 to B.30 in

Section B.7 of the Appendix. The variations in final parameter estimates throughout

different periods of the invasion are given in Figure 4.24. The same plots for the

two runs that were not chosen to represent the final simulation outcome are given

in Figures B.34 and B.35 in Section B.9 of the Appendix.

For all time-dependent parameters, we can tell the quadratic patterns of their

final parameter estimates are similar to the initial patterns presented in Figure 4.19.

The similarities between these quadratic patterns showed the validity of the regres-

sion analysis performed to the final parameter estimates of the second experiment.

In other words, if we assume there are smooth temporal change in these parameters’

values, then the time-dependent models fitted in the first place can be recovered to

some extent by taking the approach of time-dependent parameters. In the end, the

consistency of the simulation results was verified again by the plots for the variations

of actual ESS and the bandwidth factor t, given in Figures B.32 and B.33 in the

Appendix.
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Figure 4.20: SCC cells invasion patterns observed in organotypic culture (Left)
v.s. Simulated patterns from the numerical scheme (Right) at the end of day 3, 6,
9, 12, 14 (Individual cell position plot). Discrepancy of the 5 patterns minimized
together with time-dependent parameter values introduced for dn, γ, rn, η, α, Pmit..
Sum of squared differences between SCC cell density in observed patterns and final
simulated patterns: 3.89.
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Figure 4.21: SCC cells invasion patterns observed in organotypic culture (Left)
v.s. Simulated patterns from the numerical scheme (Right) at the end of day 3, 6, 9,
12, 14 (Grey shades density plot). Discrepancy of the 5 patterns minimized together
with time-dependent parameter values introduced for dn, γ, rn, η, α, Pmit.. Sum of
squared differences between SCC cell density in observed patterns and final simulated
patterns: 3.89.
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Post day 3
estimates

Post d6
estimates

Post d9
estimates

Post d12
estimates

Post d14
estimates

Quadratic
coefficients

Linear
coefficients

dn 2.20× 10−4 5.77× 10−4 2.26× 10−3 5.28× 10−3 9.63× 10−3 6.65× 10−4 −1.64× 10−3

γ 7.22× 10−3 8.41× 10−2 1.21× 10−1 1.17× 10−1 7.36× 10−2 −2.01× 10−2 1.37× 10−1

rn 3.57× 10−2 3.99× 10−2 3.75× 10−2 2.83× 10−2 1.24× 10−2 −3.37× 10−3 1.4× 10−2

η 1.63× 101 1.36× 101 1.26× 101 1.36× 101 1.63× 101 9.10× 10−1 −5.46
dm 1.58× 10−2 - - - - NA NA
α 1.62× 10−1 1.26× 10−1 1.00× 10−1 8.59× 10−2 8.28× 10−2 5.59× 10−3 −5.34× 10−2

Rinit. 1.14 - - - - NA NA
Pext. 9.26× 10−2 - - - - NA NA
Pmit. 4.98× 10−1 7.08× 10−1 7.40× 10−1 5.96× 10−1 2.75× 10−1 −8.86× 10−2 4.76× 10−1

Table 4.4: Final parameter estimates for each SCC invasion pattern’s optimization.
Third experiment, patterns fitted together with time-dependent parameter values in-
troduced for dn, γ, rn, η, α, Pmit..

4.4 Simulated inference for spatial 2D invasion

patterns of T98G glioma spheroid

4.4.1 Glioma proliferation and invasion

We now proceed to our second study. Due to the fact that gliomas have some spe-

cial features that are not commonly seen in other tumours/cancers, we give a brief

introduction on glioma proliferation and invasion before proceeding to our analysis

in details. Gliomas are diffuse and invasive intracranial neoplasms responsible for

about 50% of primary brain tumours (Figure 4.25). The prognosis for glioma pa-

tients can depend on many factors, such as histologic type, grade of malignancy, the

patient’s age and level of neurological functioning (Swanson et al. 2003, Silbergeld

et al. 1991). However, they generally grow and invade extensively before the patient

notes any symptoms, making them almost impossible to cure. Among all types

of gliomas, glioblastomas are the most common ones, accounting for about 50% of

all gliomas. From the pathological perspective, glioblastomas are distinguished by

necrosis, which can be massive centrally or more irregular between vascular supplies
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Figure 4.22: Prior(blue) and posterior (black) densities of the parameters in the
spatial 2D individual-based model estimated using the ABC-LS scheme. Third ex-
periment, SCC invasion patterns fitted together with time-dependent parameters in-
troduced to the model. Sample means are marked with ‘×’ on the x-axis. Part 1.
Prior-posterior overlap: dn, p1: 1.89%; γ,p1: 1.89%; rn, p1: 8.83%; η,p1: 10.31%; dm:
8.65%; α,p1: 12.13%; Rinit.: 4.89%; Pext.: 7.44%; Pmit., p1: 7.44%.

and peripheral cells that diffusely invade the surrounding tissue. The aggressiveness

of these tumours is demonstrated in their 100% fatality rate within approximately

one year even after extensive surgery, radiotherapy and chemotherapy, which also

makes them the most malignant gliomas (Harpold et al. 2007). During the last few

decades, the improved detection capabilities of computerized tomography (CT) and

magnetic resonance imaging (MRI) have enabled earlier detection and provided in-

creased definition of the geometric patterns of gliomas. However, scientists believe

defining the benefits of early treatment remains a challenging problem even with
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Figure 4.23: Prior (blue) and posterior (black) densities of the parameters in
the spatial 2D individual based model estimated using the ABC-LS scheme. Third
experiment, SCC invasion patterns fitted together with time-dependent parameters
introduced to the model. Sample means are marked with ‘×’ on the x-axis. Part
2. Prior-posterior overlap: dn, quad: 7.50%; dn, lin: 8.53%; γ, quad: 10.16%; γ, lin:
10.36%; rn, quad: 8.42%; rn, lin: 10.03%; η, quad: 7.48%; η, lin: 9.47%; α, quad: 6.74%;
α, lin: 8.01%; Pmit., quad: 7.56%; Pmit., lin: 7.18%.

such significant progress (Alvord EC & Shaw 1991, Kelley & Hunt 1994, Tracqui

et al. 1995, Woodward et al. 1996, Silbergeld & Chicoine 1997, Burgess et al. 1997,

Swanson et al. 2000). For example, the boundary between gliomas and normal

tissue is not sharp and the number of cells in the “normal tissue” is not determin-
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Figure 4.24: Variations of parameters’ final estimates in the third experiment for
the SCC invasion patterns. Periods 1-5 correspond to day 1-3, day 4-6, day 7-9, day
10-12, day 13-14.
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able. Even upon extensive surgical excision beyond the approximate visible tumour

boundary, recurrence near the edge of resection ultimately happens (Swanson et al.

2003, 2000, Kelley & Hunt 1994, Silbergeld & Chicoine 1997). Many experimental

and theoretical research studies have been conducted to investigate why gliomas are

so difficult to treat. Scientists believe the main reason is that individual glioma cells

are highly motile, they can migrate and proliferate at the same time. High grade

gliomas can invade the surrounding normal brain tissue, with the infiltrating glioma

cells often escape surgical intervention and lead to tumour recurrence which can not

be controlled by any present medical treatment. Experimental results have shown

that within 7 days of tumour implantation in a rat’s brain, glioma cells can be found

throughout the central nervous system (CNS) (Silbergeld & Chicoine 1997). A loc-

ally dense glioma growth remains where the cancerous tissue was initially implanted

but there are solitary glioma cells throughout the CNS. This sheds some light on

the failing point of many glioma treatment strategies: most of them are directed

locally at the bulk mass while the action of the glioma growth and invasion can

be actually happening elsewhere (Swanson et al. 2000). In addition, unlike many

solid tumours, the growth of gliomas can not be assessed using simple exponential

or geometric expansion – which are the typical methods of measuring the expansion

of volume. Such feature makes it almost impossible to define the glioma growth rate

as a volume-doubling time in a classic way (Swanson et al. 2003). Blankenberg et al.

(1995) has pointed out that in the ideal scenario, at least two scans (CT, MRI) at

different times without treatment intervening are required to produce an estimate

of the growth rate. In addition, the “grade of malignancy” of gliomas is usually

assessed by two important factors: net proliferation rate and invasiveness. How-

ever, both of them are usually estimated histologically and practically never defined

accurately on a quantitative basis (Swanson et al. 2003). Hence, our strongest mo-
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tivation of studying spatial 2D glioma invasion patterns is to estimate the invasive

properties of glioma on a quantitative basis, using mathematical modeling calibrated

using ABC algorithms as the necessary tools.

Figure 4.25: Diffuse astrocytoma, IDH-mutant (WHO grade II) in a 47 year old
male. Figure and caption reproduced from Aliotta et al. (2020).

To investigate and control the lethal growth of glioma cells, many scientists be-

lieve it is necessary to understand the cellular and molecular mechanisms underlying

invasiveness of gliomas (Matsumura et al. 2000). Various experimental approaches

have been taken to study the extent of glioma invasion since the 1980s, as summar-

ized below.

1. Albini et al. (1987) used an in vitro chemo-invaison assay using Matrigel® to

evaluate tumour invasiveness of cancer in general.

2. de Ridder & Laerum (1981) and Jones (1982) developed organ culture models

which aimed to explore the mechanisms of invasion in malignant tumours by

studying the confrontations between glioma aggregates and different types of

heterologous tissues.
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3. Bjerkvig et al. (1986) and Lund-Johansen (1990) developed similar organ cul-

ture models which examined the confrontations between glioma aggregates

and fetal brain aggregates.

However, Matsumura et al. (2000) noted several drawbacks within these methods

as follows.

1. Chemo-invasion assay is not appropriate for a study of glioma invasion because

basement membranes do not constitute a barrier for the invading glioma cells

in brains in situ.

2. The organ culture models are inadequate for a study of glioma invasion either

(even in the case that normal brain tissues are present). Such aggregates are

lacking in not only the normal architecture of the neural tissues, but also the

biochemical and electrophysiological functions of normal neuronal cells. These

disadvantages may actually affect invading glioma cells in normal brains in vivo

(Matsumura et al. 2000).

Beginning in the 1990s, organotypic cultures with brain slices have become pop-

ular to study the invasion of gliomas (Yamamoto et al. 1989, 1992, Tanaka et al.

1994). In these brain slice cultures, not only the normal cytoarchitecture such as

cortical lamination and pyramidal cells is preserved, the biochemical and electro-

physiological properties of neuronal cells are also usually maintained for relatively

long periods of more than one month. In the study of Matsumura et al. (2000), they

introduced Confocal Laser Scanning Microscopy (CLSM) (Figure 4.26) so 3D evalu-

ation and serial assessment of the process of glioma cell invasion in living conditions

can be achieved.

The ultimate aim of our study is to find the parameter values that can repro-

duce the observed glioma invasion patterns accurately and give better insights on
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Figure 4.26: Principle of a confocal laser scanning microscope (CLSM). Figure
and text reproduced from Schneckenburger & Richter (2021)

the process of cancer invasion. In the following sections, we will introduce the ob-

served invasion patterns and present the ABC scheme that was applied to draw

parameter estimates from them (which is quite similar to the one we used for the

SCC invasion pattern). Lastly, we will give the parameter estimates together with

some interpretations based on them.

4.4.2 Invasion patterns of T98G glioma spheroid

In the original study of Matsumura et al. (2000), one spheroid of T98G glioma cells

was pipetted, placed on a brain slice and cocultured under the standard condition

(Matsumura et al. 2000). After 6, 24, 48 and 72h movement of the glioma cell on
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the brain slice was detected with an inverted CLSM. Time course analysis have

shown that glioma cells started to migrate from the tumour spheroids 24h after the

coculture was set. After the glioma cells became detached from the spheroids, the

cells spontaneously migrated on the surface of the brain slice and invaded it. The

authors reported that no apparent relation was observed between the anatomical

location of the glioma spheroid and the direction of tumour invasion in the brain

slice (Matsumura et al. 2000). In our study, we chose Matsumura et al. (2000)’s

invasion patterns of T98G glioma spheroid, which were obtained on the brain slices

40µm downwards from the basal plane at 24h and 72h after the coculture was set.

Figure 4.27: Invasion patterns of T98G glioma cells at 24h (left) and 72h (right)
after the coculture of the glioma spheroid and brain slices, recorded by Matsumura
et al. (2000). Brain slices were obtained 40 µm downward from the basal plane.
Migrating glioma cells were labeled with the PKH2 fluorescent dye, detected under
a confocal laser scanning microscope (CLSM). Figure and caption reproduced from
Matsumura et al. (2000).
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4.4.3 Mathematical modelling of glioma proliferation and

invasion

In the early stage, the mathematical models of glioma proliferation and invasion

took the form of static models: they follow the assumption that gliomas grow at

constant volume-doubling rates according to a simple exponential law, which is an

assumption commonly adopted for general cancer modeling at that time (Collins

et al. 1956, Swanson et al. 2000, 2003). However, scientists noted the assumption

of exponential growth fails in the scenario of infiltrative primary neoplasm, such as

a glioma, since it can have an unknowable fraction that invisibly invades adjacent

normal-appearing tissue, which is below the threshold of detection and leaves a

correspondingly unknowable fraction that is visible and can be measured (Harpold

et al. 2007, Swanson et al. 2000, 2003). Alvord proposed several models (Alvord EC

1995, 1994b, 1991, 1994a, Alvord EC & Burgess 1997, Alvord EC 1998, Swanson et al.

2000, 2003) that challenged the assumption of exponential growth; however the form

of the models was still static. More sophisticated and realistic models were developed

focusing on the dynamic invasiveness of gliomas, which require the inclusion of

two important characteristics: cellular motility (diffusion) and proliferative growth.

They have proven that diffusion can be more important in estimating the survival

of patients than the proliferative rate (Burgess et al. 1997, Swanson et al. 2000,

2003). Unfortunately, decades of serial observations without intervening treatment

that have the potential of improving such models were lost in the early clinical

therapy trials. Treatments were generally ineffective at that time and the only

possible way to assess the effectiveness of therapy was in double-blind comparisons

involving large numbers of randomized patients, rather than a more detailed study

of individual patients (Harpold et al. 2007).

142



Based on the early-stage work of glioma growth dynamics, an appropriate math-

ematical model that summarises the essential features of gliomas has finally been

developed (Harpold et al. 2007). In mid 1990s, Murray’s group (Cruywagen et al.

1995, Tracqui et al. 1995, Woodward et al. 1996, Burgess et al. 1997) proposed a

relatively simple spatio-temporal model, based on the definition of cancer as “uncon-

trolled proliferation of cells with the capacity to invade and metastasize”, together

with the analysis of serial CT scans taken in the terminal year of a patient with

recurrent anaplastic astrocytoma. Given that gliomas are rarely observed to meta-

stasize outside the brain (Harpold et al. 2007), this model may be considered as a

simplified version of the full PDE model we used in the previous case studies. The

evolution of the glioma cell density is solely governed by proliferation and diffusion.

Let n(x, t) be the density of cells at position x and time t, the model can be written

as the standard reaction-diffusion equation as follows.

∂n

∂t
= ∇ · (Dn∇n) + ρn, (4.4)

where ρ represents the net rate of growth of glioma cells including both proliferation

and death. In the general settings of cancer invasion modeling, tumour cells are

usually assumed to have logistic growth as in the previous studies, implying the

formation of a necrotic core as the tumour outgrows its blood supply (Swanson

et al. 2000). However, in the scenario of glioma invasion, glioma cells are assumed

to grow exponentially since the differences in calculated survival time is negligible

on the time scale concerned (Cruywagen et al. 1995, Tracqui et al. 1995, Woodward

et al. 1996, Burgess et al. 1997, Swanson et al. 2000). Dn is the diffusion coefficient

of cells that describes the active migration of glioma cells from regions of higher

to lower densities. In our study, we kept the form of diffusion to be linear. After
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non-dimensionalizing the model in the standard way, the model becomes

∂n

∂t
= dn∇2n+ rnn, (4.5)

where dn = Dn/D, rn = ρτ . The steps of non-dimensionalization are presented in

Section B.10 of the Appendix. Note that for simplicity, we used the same notation

for the parameters that have the same biological meanings as in the full PDE model.

In order to quantify the density of glioma cells at different sections of the domain,

we processed the original images into binary ones at the size of 400 × 400 pixels

(Figure 4.28).

Figure 4.28: Binary version of Matsumura et al. (2000)’s original images on T98G
glioma cells invasion patterns.

Each of the two binary images in Figure 4.28 were dissected into 100 sections,

with 9 cut points on both width and height (10 × 10). The density of glioma cells

in each section was measured by the percentage of black area in it, which gave 200

data points in total. The size of the original domain in Matsumura et al. (2000)’s

work was 500µm×500µm, we found the size of glioblastoma cell is about 12 ∼ 14

µm (BioNumbers n.d.), assuming that T98G glioma cells have a similar size, we
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constructed a numerical domain [0,1]×[0,1] with 40 × 40 grid points, aiming at

matching the biological facts of glioma cells and maintaining the original ratio of

the invasion patterns as well. The step size of the spatial domain ∆x was then set

to be ∆x = ∆y = 1
39
. With the same upper bound of dn being used (0.02), we

chose the time step ∆t to be 0.0075 to satisfy the stability condition of in spatial 2D

(dn <
∆x2

4∆t
). In addition, note that the appropriate scale of time τ was calculated

by L2

D
, where L is the appropriate scale of distance, being 0.05cm in our case, D is

the reference diffusion coefficient, which was taken as D = 10−6 cm2s−1, hence τ

was taken as 2500s. One day (86400s) corresponds to 34.56 dimensionless integer

timepoints, equivalent to 4608 dimensionless timesteps (86400s
2500s

÷ 0.0075); the entire

simulation period (3 days) would then correspond to 13824 ∆t s’. The initial con-

dition was set to be n0(x, y) = e−
r2

0.0025 if r < Rinit, n0(x, y) = 0 if r > Rinit, where

r2 =
√

(x− 0.5)2 + (y − 0.5)2 representing the radius of the initial glioma spheroid.

By doing so, points at the center of the grid have the highest cell density at t = 0

and a certain number of cells were placed at these points, with the carrying capacity

of each grid point to be one cell. At each time step, we updated the density of

glioma cells at each grid point using a 2D finite difference scheme. The cells fol-

lowed the five-point stencil movement (e.g., staying at the current location, moving

left, right, upward or downward). The probabilities of movement were calculated by

the variable densities at the neighbouring points (Details of the 2D finite difference

scheme are given in Section B.11 of the Appendix). Due to the features of glioma, it

is worth noting that glioma growth occurs in two phases: in the first phase, glioma

cells only proliferate to form a small dense lesion. At some later time, the glioma

cells become diffusive, equations 4.4 and 4.5 apply. This has been proven to be a

necessary part of modeling migration and invasion of glioma according to Swanson

et al. (2000) (Burgess et al. 1997, Cruywagen et al. 1995, Tracqui et al. 1995, Wood-
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ward et al. 1996). Therefore, we believe it is necessary to specify a period of time

in the simulation where the glioma cells stay static and only increase in cell density

is taking place. We chose this number to be 80
96

(≈ 0.83) of a day based on the

level of cell-dispersion observed in the reference post-day 1 pattern. The rules of

mitosis, extinction and the method of comparing simulated patterns with reference

patterns is exactly the same to the study of SCC invasion patterns. In addition, the

concept of decreasing ESS was introduced for the simulation of this set of patterns

as well to serve the same purpose of avoiding parameter depletion. Furthermore, the

same “stopping criterion” to terminate the simulation was implemented (see Section

4.3.2).

4.4.4 ABC-LS scheme (Glioma invasion)

Our ABC-LS optimization scheme for the glioma invasion pattern is quite similar

to the one for the SCC invasion pattern. It proceeds as follows.

1. Identify all the unknown and implicit parameters within the PDE system,

P = {p1, p2, ..., pm}. Assign an initial distribution to each parameter. The

initial distributions we chose for most of the parameters are the same as the

ones we used in Chapter 3 (Table 4.5).

Parameter Initial distribution Mean (SD)
dn U(6.90× 10−5, 2.00× 10−2) 1.00× 10−2 (5.75× 10−3)
rn U(0, 3.5× 10−3) 1.75× 10−3(1.01× 10−3)
Rinit. U(0.01, 0.15) 8.00× 10−2 (4.04× 10−2)
Pext. U(1.00× 10−2, 1.00× 10−1) 5.50× 10−2 (2.60× 10−2)
Pmit. U(2.00× 10−1, 1.00) 6.00× 10−1 (2.31× 10−1)

Table 4.5: Initial distributions used in the ABC-LS scheme applied to the reference
dataset derived from the T98G glioma spheroid invasion patterns. U(l, u) denotes a
uniform distribution with lower and upper bounds l and u.
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2. Set the run indicator r to be 1.

3. Set the round indicator j to be 1.

(a) If j = 1:

i. Sample K sets of parameter values from the initial distributions (K

= 10000 in our scheme).

ii. For each set of simulated parameter values, substitute them back to

the PDE solver.

iii. For each simulation, calculate the sum of squared differences between

the simulated and reference data; denote this result as ρyi, i =

1, ..., K.

iv. Convert the discrepancy results into resampling weights. First draw

bandwidth factor t from a sequence of positive decimal numbers, with

step size 0.01. For each t value, calculate w∗
i,t = ρ−t

yi for i = 1, . . . K.

Then rescale such that the smallest weight is 0 and the largest 1 as

follows.

wi,t =
w∗

i,t −min(w∗
t )

max(w∗
t )−min(w∗

t )
,

where max(w∗
t ) and min(w∗

t ) are the maximum and minimum un-

scaled resampling weights of the current round. In some simulations,

there are computational singularities resulting in undefined real val-

ues; in these cases the corresponding weights are set to 0.

v. Calculate the ESS for each t using the following formula.

ESSt =
(
∑
wi,t)

2∑
w2

i,t

.
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vi. Find the t value that can generate an actual ESS closest to the target

one (2500× 0.9(j−1) mod 5. If the value falls below 1500, the ESS will

be reset to 2500 and the same decreasing schedule will start again.).

Record the rescaled weights calculated using this value of t.

vii. Resample another K sets of parameter values with replacement, with

probability equal to the resampling weights obtained in the previous

step.

viii. Add a small perturbation to each parameter value. The follow-

ing procedure retains the mean and variance of each parameter.

Let pli be the value of the lth parameter in the ith parameter set

and p̄l be the sample mean over the K parameter sets. Calcu-

late the parameter sample variance as S2
l = 1

K−1

∑K
i=1(pli − p̄l)

2.

Generate a new value for pli by sampling a random number from

N((
√
1− h2)pli + (1 −

√
1− h2))p̄l, h

2S2
l ), where N(µ, σ2) is a nor-

mal distribution with mean µ and variance σ2, and h is a relatively

small number (Liu & West 2001), in this study, we chose it to be

0.05.

ix. j = j + 1, proceed to 3(b)i.

(b) If j ≥ 2:

i. Adopt the parameter values from the previous round.

ii. Execute step 3(a)ii and proceed to 3(a)iii.

iii. Compare the average discrepancy measurement with the one of the

previous round.

A. If the reduction is greater than 5%, go to 3(a)iv and proceed to

3(a)ix.
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B. Else, terminate the simulation for the current run. Proceed to 4.

4. r = r + 1,

(a) If r ≤ 3, proceed to the next run. Go to 3 and repeat the procedure with

a different seed in the random number generator (set.seed() command

in R).

(b) Else:

i. Calculate the multivariate Bhattacharyya distance between the fi-

nal results of each run and the reference dataset. Select the final

results that have the minimum Bhattacharyya distance as the final

simulation outcome.

4.4.5 Results

The computational time to finish all 3 runs of simulated inference on the same

multi-core machine was 27.6h. We present comparisons between observed and final

simulated patterns in Figures 4.29 and 4.30. The averaged final parameter estimates

are provided in Table 4.6, with the corresponding posterior densities given in Figure

4.31. The detailed density plots are given in Figures B.36 in Section B.14 of the Ap-

pendix. We see that some parameters show high prior-posterior overlap again. The

possible reason of this result is similar to the one we saw in the second experiment

regarding the SCC invasion patterns: the short invasion period (3 days) concerned

in the simulation and the amount of data could not provide enough information

for the parameter estimation process, led to the consequence that some parameter’s

posteriors are more influenced by their corresponding priors.

In addition, the detailed parameter estimates at the end of every round are given

in Tables B.31 - B.33, Section B.13 of the Appendix. The simulation results that
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were not chosen as the final outcome are given in Figures B.37 - B.38 and B.41 -

B.42, Section B.15 of the Appendix. Again, the plots of ESS and bandwidth factors

(Figures B.43 - B.44) show that our algorithm is capable of returning consistent

results.

From the figures presented, we note the simulated patterns reproduced the fea-

tures in the observed patterns quite well. The simulated post-day 3 pattern captured

most of the essential features of the observed one to a satisfactory level: a cluster

of cells with higher density at the center of the numerical domain; some of the cells

have completely detached from the initial glioma spheroid, started invading the sur-

rounding tissues and migrating to the edge of the domain. The grey shades density

plots also suggest a rather good fit to the observed patterns in general.

Parameter Estimates
dn 1.05× 10−4

rn 1.25× 10−3

Rinit. 9.24× 10−2

Pext. 4.71× 10−2

Pmit. 4.64× 10−1

Table 4.6: Averaged final parameter estimates of T98G glioma cells invasion pat-
tern.

With the final parameter estimates presented above, we can translate them into

dimensional ones with morphological meanings and make comparisons with the ref-

erence values in the literature. The reference values of glioma’s invasion features

we found in literatures are: a high-grade astrocytoma has a growth rate of ρ =

0.012/day, corresponding to a doubling time of 2 months (Swanson et al. 2000). In

addition, within the right hemisphere the margin of detectable tumour moved about

1.5cm in 180 days (Tracqui et al. 1995, Woodward et al. 1996), suggesting an aver-

age speed of v = 0.008 cm/day. According to the Fisher approximation, the average
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Figure 4.29: T98G glioma cells invasion patterns observed in organotypic culture
(Left) v.s. Simulated patterns (cell position plots) produced by the numerical scheme
(Right). Scaling of the numerical domain was based on the realistic size of the glioma
cells. Sum of squared differences between T98G glioma cell density in observed
patterns and final simulated patterns: 1.22.

diffusion coefficient was then taken as Dn = v2

4ρ
= 0.0013cm2/day. If we translate the

estimates of dn and rn presented in Table 4.6 into dimensional values, we have the

diffusion coefficient estimated to be D̂n = 0.000009cm2/day and the proliferation

rate being ρ̂ = 0.043/day. These results alone suggest the T98G glioma spheroid

used in Matsumura et al. (2000)’s experiment was an extremely proliferative but

rather non-diffusive one, which seems to be unrealistic. One possible explanation of
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Figure 4.30: T98G glioma cells invasion patterns observed in organotypic culture
(Left) v.s. Simulated patterns (grey shades plots) produced by the numerical scheme
(Right). Scaling of the numerical domain was based on the realistic size of the glioma
cells. Sum of squared differences between T98G glioma cell density in observed
patterns and final simulated patterns: 1.22.

these results may be the invasion period of the patterns concerned is only 3 days,

while the averaged reference values of diffusion coefficient and proliferation rate were

obtained based on the serial CT scans within 180 days. In addition, the invasion

patterns of Matsumura et al. (2000) were observed in rat brain slices (in vitro), while

the reference values were calculated based on the glioma invasion patterns observed

in a real patient undergoing chemotherapy (Tracqui et al. 1995) (in vivo). In addi-
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Figure 4.31: Prior (blue) and posterior (black) densities of the parameters in the
individual-based model on T98G glioma spheroid invasion patterns estimated using
the ABC-LS scheme. Sample means are marked with ‘×’ on the x-axis. Prior-
posterior overlap: dn: 0.58%; rn: 39.79%; Rinit.: 23.51%; Pext.: 61.91%; Pmit.:
28.98%

tion, as we have mentioned earlier, at least two different kinds of scans at different

times are necessary to obtain satisfactory parameter estimates of the glioma invasion

features. We suppose that more accurate and realistic estimates can be derived if

we have a dataset that is recorded over a longer invasion period from a real patient.
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4.5 Discussion

In this study, we extended the application of our ABC scheme to two sets of in-

vasion patterns recorded in 2D organotypic culture. Using a standard discrepancy

measuring metric, our extended ABC-related scheme was capable of reproducing

the observed patterns to a satisfactory level. However, there are still some concerns

need to be addressed at this stage, especially for the study of SCC invasion pattern,

as detailed below.

1. SCC invasion patterns

(a) The full PDE model was used in the optimization of this set of invasion

patterns, but we only have the density data for SCC in the observed

patterns. Values for ECM and MDE were not measured. Parameter

estimates were obtained by comparing and minimizing the discrepancies

in the tumour cells data, even for the parameters that are not related

to tumour cells. We expect the parameter estimates may become more

accurate and show clearer trends if the measurements of the other two

variables in the PDE model (ECM & MDE) become available.

(b) In the second and third experiment regarding the SCC patterns, the time

periods used were arbitrary. They are related to the times when the ex-

perimenters chose to make measurements. Hence, the fact that we have

different parameter values in different time periods is just an approxima-

tion to what in reality is likely a continuously changing parameter value

over time. If we assume the change is smooth over time, then that leads

us to the time-dependent parameter models suggested by our regression

analysis. To further improve this approximation, we may try fitting the
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parameter values to days. In addition, alternative models can be con-

sidered (e.g., spline functions). In essence, we were trying to make an

initial attempt to produce a more parsimonious model than one that has

a different set of parameters for each time period in the third experiment.

Detailed discussions on other options of constructing the time-dependent

model are beyond the scope of the current study.

2. T98G glioma spheroid invasion pattern

(a) As we have mentioned earlier, more realistic parameter estimates might

be obtained if we conduct our study on a dataset that is recorded over

a longer invasion period from a real patient. This might be a solution

to the high prior-posterior overlap values observed as well since more

information can be learned in the parameter estimation process.

Overall, we believe this approach being presented here to evaluate the spatial 2D

invasion patterns is still at an early stage. More efforts need to be made and there

are certainly many questions remaining to be answered. One aspect that has not

been considered in our work so far is the analysis on the distributions of the final

parameter samples. Note that ABC is an approximation to the posterior distribution

and so the accuracy of this approximation should be checked. Further diagnostics

need to be carried out in order to verify the validity of the final samples obtained

from the perspective of Bayesian inference, and this will be the content of the next

chapter.
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Chapter 5

ABC posterior diagnostics

5.1 Introduction

In theory, ABC returns approximations to the true posteriors. It is therefore import-

ant to check the accuracy of such approximations. After presenting the simulation

results, we need diagnostic tools that can examine the accuracy of the final para-

meter samples. We found a method called “coverage test” that can help to serve this

purpose (Prangle et al. 2013). It is used to examine if the posteriors approximated

by ABC is a good representation of the true posterior. Additionally, we found a

new type of ABC algorithm called “error-calibrated ABC” proposed by Vaart et al.

(2018). The authors incorporated the modelling of measurement errors within the

standard ABC-rejection algorithm to improve the accuracy of the approximated

posteriors.

In the following sections of this chapter, we give detailed explanation of the two

methods mentioned. Then we will apply the coverage test on the final parameter

samples presented in Chapter 4 regarding the simulated inference of the SCC inva-

sion patterns and the T98G glioma invasion patterns. Additionally, we will conduct
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a new experiment on the T98G glioma invasion patterns using the error-calibrated

ABC. The fitted patterns and coverage test results of this new experiment will be

compared with the ones presented in the original experiment. By doing so, we will

be able to tell if modelling the measurement errors within the ABC algorithm can

improve the posterior accuracy in this particular study. The detailed results of these

new experiments will be presented in the third section of this chapter, with some

discussion given in the fourth.

5.2 Methods

5.2.1 Validation of ABC posteriors - Coverage test

The concept of “coverage test” was first proposed by Prangle et al. (2013). In their

work, the authors discussed the issue of whether the posterior approximated by ABC

– πABC(θ|S(y)) is a good representation of the true posterior π(θ|y) and how this

should be assessed by the coverage property of the parameters θ (S(y) and y here

represents the summary statistics of the data and the data itself). At this stage, it

is worth noting that the definition of coverage property can be extended to model

selection as well. However, in this chapter, we will focus on the coverage property

for the case of a continuous scalar parameter θ for a fixed model. The notational

dependence on model will hence be dropped in the later content.

Consider the case of analysing data y0 simulated from known parameter values

θ0. Note that the method aims to examine each parameter separately if θ is a mul-

tivariate parameter vector. Prangle et al. (2013) believed there is clear scope for

further research into truly multivariate diagnostics. We denote the distribution for

these as H(θ0, y0), with densities associated with H further denoted by h. Prangle
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et al. (2013) mentioned a natural choice for h is h(θ0, y0) = π(y0|θ0)π(θ0) – that is,

draw the parameters from the prior, and the data from the model of interest condi-

tional on this (Cook et al. 2006, Wegmann et al. 2009, 2010). Prangle et al. (2013)

presented an alternative choice for the ABC setting, that is: let g(θ|y) (or g(θ|S(y)))

be a density approximating the posterior of given data y. Credible intervals of any

level can then be constructed. g is said to satisfy coverage with respect to H if the

coverage level of such an interval is α when analysing data generated from H (i.e.,

P (θ0 ∈ C(y0)) = α), for any choice of α and any α% coverage interval C. More

formally, the definition of the coverage property from the perspective of parameter

inference is as follows.

Definition 1. Definition of coverage property (for parameters), Prangle

et al. (2013)

Let g(θ|y) be a density approximating the univariate posterior π(θ|y), and Gy(θ) be

the corresponding distribution function. Consider some α ∈ [0, 1] and corresponding

B ⊆ [0, 1] with Lebesgue measure α. Let C(y) = G−1
y (B) and H(θ0|y0) be the

distribution function for (θ0, y0). We say g satisfies the coverage property with respect

to distribution H(θ0, y0) if for every choice of α and B, P (θ0 ∈ C(y0)) = α.

Additionally, Prangle et al. (2013) stated there are two requirements for the coverage

property to become a useful criterion in assessing how well g(θ|y) approximates the

posterior π(θ|y). First, the coverage property should hold when g(θ|y) = π(θ|y),

which leads to the lemma below.

Lemma 1. First lemma on coverage property, Prangle et al. (2013)

The posterior, π(θ|y), satisfies coverage with respect to any distribution H(θ0, y0)
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with conditional density h(θ0|y0) = π(θ0|y0). (The proof can be seen in Prangle et al.

(2013).)

The second requirement is the coverage property should avoid false positives, which

means it should not hold when g(θ|y) ̸= π(θ|y). However, coverage can hold when

g(θ|y) = p(θ) (i.e., equals the prior distribution) Prangle et al. (2013). This leads

to the second lemma related to the coverage property as follows.

Lemma 2. Second lemma on coverage property, Prangle et al. (2013)

The prior, p(θ), satisfies coverage with respect to any distribution H(θ0, y0) with

marginal density h(θ0) = p(θ0). (The proof can be seen in Prangle et al. (2013).)

Note that the previous two lemmas suggest h(θ0, y0) = π(θ0, y0) leads to the

scenario that the coverage property holds for both the prior and the posterior dis-

tributions (where π(θ0, y0) = π(θ0|y0)π(y0) = π(y0|θ0)π(θ0)). Prangle et al. (2013)

pointed out that the false positive of the prior passing the coverage criterion should

be avoided in the ABC context, since it corresponds to the ABC approximation

πABC(θ|y) in the case of ϵ→ ∞, or where the summary statistics S(y) contain no in-

formation for parameter θ under the model, hence πABC(θ|S(y)) = π(θ|S(y)) = p(θ)

Prangle et al. (2013).

To avoid this problem, Prangle et al. (2013) proposed the alternative choice of

h(θ0, y0) ∝ π(θ0, y0)I[y0 ∈ A] for some A. In other words, the distribution π(θ0, y0)

should be truncated so the data are restrained within some subset A. This preserves

the condition h(θ0, y0) = π(θ0, y0), so the coverage holds for the posterior, but it

usually alters π(θ0) so that coverage no longer holds for the prior (i.e., h(θ0) ̸= p(θ0)).
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At this stage, an equivalent condition to the coverage property given in definition 1

can be defined, which is easier to test and understand.

Lemma 3. Third lemma on coverage property, Prangle et al. (2013)

Define p0 = Gy0(θ0). Coverage holds with respect to H if and only if

p0 ∼ U(0, 1)

(The proof can be seen in Prangle et al. (2013).)

With all these necessary definitions on coverage property, we are now in a pos-

ition to explain how to construct diagnostics for parameter inference based on this

property. In essence, this involves repeatedly constructing an ABC posterior approx-

imation - πABC(θ|y0), for known values of (θ0, y0) ∼ H(θ0, y0) each taken in turn

as the observed dataset, computing p0 values, and testing whether the condition in

lemma 3 holds. More specifically, the idea is to draw a model output z(θi) from

the ABC-derived sample of accepted runs as the pseudo-data y0 for a new round

of ABC. Note that this does not require further simulation runs, as the original

runs from the same pool of simulations can be reused, which is quite a common

approach for ABC diagnostics (Prangle et al. 2013, Blum et al. 2013, Vaart et al.

2018). Prangle et al. (2013) noted that other authors (Cornuet et al. 2009) have

shown that reusing the simulations may induce a dependence between the posterior

approximations for different pairs of parameters and simulated data. They derived

this conclusion by assessing this dependence through type I errors based on further

computations, using the software DIYABC. However, Prangle et al. (2013) showed

that the differences made to the results by this dependence are insignificant. The
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outcome of this new round of ABC will be a set of accepted runs associated with

the pseudo-data y0. For each parameter j, the proportion of accepted parameter

values smaller than that which produced y0 is calculated and denoted by p0j . The

whole process can then be repeated, ending up with a sample of p0j values for each

parameter j. By lemma 3, these p0j values should be spread out between 0 and 1

and follow the uniform distribution U(0, 1). The original ABC coverage diagnostics

algorithm propsoed by Prangle et al. (2013) proceeds as follows.

Definition 2. ABC coverage diagnostics (parameter inference), Prangle

et al. (2013)

1. Determine integers N > 0, 0 < K ≤ N and candidate values of ϵ: ϵ1 > ϵ2 >

. . . ϵq ≥ 0, q > 1.

2. Simulate a set U = {(θi, yi)|i = 1, . . . , N} of independent realisations of (θ, y)

from π(y|θ)p(θ).

3. Select V ⊆ U containing the K realisations that minimise ||yi − yobs||.

4. For each (θ0, y0) ∈ V and for j = 1, . . . , q:

(a) Let U0 = U\(θ0, y0).

(b) Select the set Wj = {(θ, y) : (θ, y) ∈ U0 and ||y − y0|| ≤ ϵj}.

(c) (Optional) Perform regression-adjustment post-processing.

(d) Record estimates of p0 values, where p0 is calculated as p0 =
1+

∑nj
l=1 1(θ

l<θ0)

2+nj
.

1(θl < θ0) is the indicator function, nj is the length of Wj in step 4b, the

pairs of parameters and simulated values (θ, y) that satisfy the condition

||y − y0|| ≤ ϵj.

5. Construct plots of diagnostic statistics versus ϵ.

162



The coverage test presented above was further improved by Vaart et al. (2018).

The major change is they set the pseudo-data to be simulated data plus estimated

noise instead of best-fitted simulated data on their own. They argued that adding

noises makes the pseudo-data closer the empirical data and hence increases the

realism. Also, they changed the way of calculating p0 values: instead of counting

how many accepted parameter vectors satisfy the condition θij < θ0j , they sum up

the acceptance probabilities of the parameter vectors that satisfy the same condition

and divide it by the sum of all acceptance probabilities.

Definition 3. New coverage diagnostics (ABC parameter inference), Vaart

et al. (2018)

1. Add noise to all simulation results z(θi), creating new pairs (θi, w(θi)). In

particular, add N(0, λ̂2k) noise to z(θi) to get w(θi), where λ̂2k is the standard

deviation of data points of type k.

2. For each of the d (d = 200 in our case) noisy (θi, w(θ
i)) that minimize ρ(w(θi), y):

(a) Label as (θ0, w(θ0)) and do error-calibrated ABC with y = w(θ0), us-

ing all remaining non-noisy model runs as the simulations. Accept each

(θi, z(θi)) according to its acceptance probability, using the λ̂ values cal-

culated in the original analysis.

(b) For each parameter j. Calculate p0j , the sum of all acceptance probabilities

with θij < θ0j divided by the sum of all acceptance probabilities.

3. Plot the distribution of all p0j values, and check if they show any difference

from the uniform distribution U(0, 1) using Kolmogorov-Smirnov test.
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Using the above method, we will present the coverage tests results of the previous

studies presented in Chapter 4 in Section 5.3.

5.2.2 Including the error terms into ABC

In addition to checking the posterior accuracy of the final parameter samples ob-

tained previously in Chapter 4, we present an alternative method that has the poten-

tial of improving the posterior accuracy of ABC. As we have mentioned in our study

with spatial 1D data: if observation errors can be introduced to the reference data-

set, uncertainties in parameter estimates can then be assessed using a full posterior

inference under the Bayesian framework. Alahmadi et al. (2020) have argued that

the posterior distributions derived from the ABC methods that fail to adequately

model the measurement errors may not accurately reflect the epistemic uncertainties

(e.g., deficiency by a lack of knowledge or information) in parameter values. They

argued that in order to apply the ABC “correctly” to differential equation mod-

els, one needs to incorporate error terms based on the assumed measurement error

model after solving the differential equation model numerically. In most cases, there

will be some discrepancy between the model output and the observed data; such

discrepancy can be due to either model misspecification (model errors), observation

errors (measurement errors) or both. The accuracy of the posterior approximations

should be significantly improved if the errors can be taken into account. Alahmadi

et al. (2020) described a method called error-calibrated ABC, which was proposed by

Vaart et al. (2018). Inspired by Wilkinson (2013), the main idea of error-calibrated

ABC (Vaart et al. 2018) is to parametrize a normally distributed estimate of the

error term by using the discrepancy between the observed data and the best model
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output, then derive new corresponding optimal acceptance probabilities. We will

give a detailed interpretation of their method in the next few paragraphs.

First, note that the observed data y can be expressed as output ẑ(θ) with input

parameters θ and an independent term δ representing the error as follows.

y = ẑ(θ) + δ. (5.1)

In the ideal scenario, the distribution of δ should be based on a priori knowledge.

If the distribution of δ is known, equation 5.1 above determines a probability distri-

bution for y given the input value of θ (Vaart et al. 2018). However, this is not the

case in many applications. Vaart et al. (2018) argued that most of the differential

equation models that aim at replicating the behaviour of organisms have structural

inadequacies, and these inadequacies can be difficult to formally characterize. In

addition, the empirical data used to validate such models may be collected a long

time ago by other scientists, which makes the measurement error also unknown.

Although the concept of accounting for measurement error was well established in

previous works (Campbell 2006, Higdon et al. 2008, Goldstein & Rougier 2009),

Wilkinson (2013) was the first to consider it in the context of applying ABC to

stochastic framework (Vaart et al. 2018). Error-calibrated ABC was developed for

cases where the data consist of repeated measures of the same quantity, such as

time series. Considering that the movements of tumour cells in our current IBM

framework is a stochastic process and the type of data we are dealing with is time

series, we believe this approach will be a good option to serve the purpose obtaining

valid posterior distributions.

The major change in Vaart et al. (2018)’s error-calibrated ABC compared to

the standard rejection ABC is they replaced the acceptance step by a probabilistic
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version. Each pair of (θi, z(θi)) is accepted with probability pδ(y−z(θi))
c

, where pδ(y−

z(θi)) is the probability of the error term δ evaluated at y−z(θi), and c is a constant

chosen as the maximum of pδ(y−z(θi)) (Wilkinson 2013, Alahmadi et al. 2020, Vaart

et al. 2018). Critical to the algorithm is the choice for pδ – the probability density of

the error terms δ. Vaart et al. (2018) suggested that if the data come from replicated

experiments or time series, it is then possible to estimate pδ from the differences

between the observed data and the best-fitting model output. The first step is to

find such model output ẑ(θi), which has the minimum discrepancy with the observed

data. If all data are of the same type, the discrepancy is simply the sum of Euclidean

distances between the model output and the observed data. On the other hand, if the

data consists different types, the Euclidean distances for different sorts of data need

to be centered and scaled before being summed up, in order to ensure the overall

distance is not dominated by one certain type of data (Vaart et al. 2018). Then,

assume that for each data type, the errors on data points are independent of each

other and drawn from a normal distribution with 0 being its mean. The standard

deviation λ̂ of this normal distribution is estimated by the standard deviation of all

discrepancies between the best-fitting model output ẑ(θi) and the observed data. In

mathematical form, λ̂τ = sd(ẑτ (θ
i)−yτ ), where j is the type of data being evaluated.

With all the preliminary terms defined above and the assumption of independent,

normally distributed errors, the probability density function pδ(y − z(θi)) can now

be written as: pδ(y− z(θi)) ∝
∏l

j=1 pN(0,1)

(
zj(θ

i)−yj

λ̂τ(j)

)
, where l is the number of data

points, τ(j) is the type of the j-th data point, and λ̂τ is the standard deviation

of data points of type τ . In summary, the overall acceptance of a specific model

output z(θi) is computed by multiplying the probability densities of each of the

simulated data points in the model output, given the assumed error distribution

(Vaart et al. 2018). This density is quicker to compute via a transformation, given
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that pδ(y − z(θi)) ∝ pχ2
l
(s)s1−

l
2 , where s =

∑l
j=1

(
zj(θ

i)−yj

λ̂τ(j)

)2
, which is the density

of a chi-square distribution with l degrees of freedom evaluated at s, the summed

squares of all normalized errors multiplied by a Jacobian term, s1−
l
2 .

After introducing all the necessary terms, the error-calibrated ABC algorithm in

its simplest version can be defined as follows:

Definition 4. Error-calibrated ABC algorithm, Vaart et al. (2018) [Alahmadi

et al. (2020)]

1. Repeat n times:

(a) Draw θi ∼ p(θ).

(b) Simulate z(θi) from the differential equation model given θi.

2. Find ẑ(θi), the model output that minimizes the discrepancy ρ(z(θi), y).

3. For each data type τ , calculate λ̂τ , the standard deviation of all corresponding

ẑτ (θ
i)− yτ .

4. Accept (θi, z(θi)) with probability
p
χ2
l
(s)s1−

l
2

c
, where s =

∑l
j=1(

zj(θ
i)−yj

λ̂k
)2 and c

is the maximum acceptance probability across all runs.

We applied a version of this error-calibrated ABC algorithm to Matsumura et al.

(2000)’s T98G glioma spheroid invasion patterns, with a few changes, detailed below.

1. The size of the dataset is 200 in the study of T98G glioma spheroid. The ac-

ceptance probability was hence proportional to pχ2
200
(, ) (i.e., a term evaluated

at χ2
200). Most of the simulation output had zero resampling weight and only a
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few of them could be resampled and be evaluated in the next round. In order

to avoid numerical underflow, acceptance probability was calculated on the

log scale and back-transformed

(
Pacc. =

e
ln

(
pχ

l2
(s)

)
+(1− l

2)×ln(s)

e
max

(
ln

(
pχ

l2
(s)

)
+(1− l

2)×ln(s)

)
)
. By doing

so, the particle depletion issue can be avoided to certain extent.

2. However, in our application, we realized even with the incorporation of log-

transform, we still have very few outputs resulting from a non-zero acceptance

probability. In the first round, the ESS calculated based on rescaled accept-

ance probabilities obtained after the back-transform is 1.25, which is a clear

evidence of particle depletion. Therefore, to further address the issue, we in-

corporated our method of “adaptive ESS” used in the studies presented in the

Chapter 4. After the rescaled acceptance probabilities Pacc. were obtained,

we tempered them with a factor α (between 0 and 1) such that the new ac-

ceptance probabilities Pacc.tempered = (Pacc.)
α. By pre-defining the same ESS

schedule (see algorithm below), we searched for the value of α that gave us

the desirable ESS at the end of the each round’s simulation.

The error-calibrated ABC in the context of being applied to the T98G glioma

spheroid invasion pattern proceeds as follows.

1. Identify all the unknown and implicit parameters within the PDE system,

P = {p1, p2, ..., pm}. Assign an initial distribution to each parameter. The

initial distributions we chose for the parameters are the same as the ones

we used in the study of T98G glioma spheroid invasion pattern presented in

Chapter 4.

2. Set the run indicator r to be 1.

3. Set the round indicator j to be 1.
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(a) If j = 1:

i. Sample K sets of parameter values from the initial distributions (K

= 10000 in our scheme).

ii. For each set of simulated parameter values, substitute them back to

the PDE solver.

iii. For each simulation, calculate the sum of squared differences between

the simulated and reference data; denote this result as ρyi, i =

1, ..., K.

iv. Convert the discrepancy results into acceptance probabilities as fol-

lows.

A. Find the best-fitting model output, then calculate the rescaled

sum of squared differences S as in equation 4.

B. Apply the log transform to calculate the acceptance probabilities

Pacc. based on the formula in equation 4, carry out the back-

transform at the end.

C. Construct a sequence from 0 to 1, with the step size of 0.0001.

Find the tempering factor α that gives the rescaled acceptance

probabilities Pacc.tempered = Pα
acc. yields the desirable ESS for the

current round (2500×0.9(j−1) mod 5. If the value falls below 1500,

the ESS will be reset to 2500 and the same decreasing schedule

will start again). Note that the formula of calculating the ESS

using resampling weights is the same as the one being used in

the previous spatial 2D case studies.

v. Resample another K sets of parameter values with replacement, with

probability equal to the tempered acceptance probabilities obtained
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in the previous step.

vi. Add a small perturbation to each parameter value. The follow-

ing procedure retains the mean and variance of each parameter.

Let pli be the value of the lth parameter in the ith parameter set

and p̄l be the sample mean over the K parameter sets. Calcu-

late the parameter sample variance as S2
l = 1

K−1

∑K
i=1(pli − p̄l)

2.

Generate a new value for pli by sampling a random number from

N((
√
1− h2)pli + (1 −

√
1− h2))p̄l, h

2S2
l ), where N(µ, σ2) is a nor-

mal distribution with mean µ and variance σ2, and h is a relatively

small number (Liu & West 2001), in this study, we chose it to be

0.05.

vii. j = j + 1, proceed to 3(b)i.

(b) If j ≥ 2 :

i. Adopt the parameter values from the previous round.

ii. Execute step 3(a)ii and proceed to 3(a)iii.

iii. Compare the average discrepancy measurement with the one of the

previous round.

A. If the reduction is greater than 5%, go to 3(a)iv and proceed to

3(a)vii.

B. Else, terminate the simulation for the current run. Proceed to 4.

4. r = r + 1,

(a) If r ≤ 3, proceed to the next run. Go to 3 and repeat the procedure with

a different seed for the random number generator.
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(b) Else: calculate the multivariate Bhattacharyya distance between the final

results of each run and the reference dataset. Select the final results

that have the minimum Bhattacharyya distance as the final simulation

outcome.

5.3 Results

5.3.1 Coverage test outcomes on the final parameter samples

of previous simulated inference

First, we conducted the coverage test on the final parameter samples obtained in the

second experiment of the study regarding the SCC invasion patterns (i.e., patterns

fitted separately). All final parameter samples of post day 3, 6 and 9 patterns passed

the coverage test. For the post day 12 pattern, 6/8 final parameter samples passed

the coverage test, with the other two final samples showing weak evidence against

the H0 of the coverage test. Finally, for the post day 14 pattern, 7/8 final parameter

samples passed the coverage test, with the last one showing weak evidence against

the H0 of the coverage test as well. Overall, 38/41 final parameter samples passed

the coverage test, results in a passing rate of 92.7%. This shows most of the final

parameter samples we obtained for the SCC invasion patterns in this experiment

can be considered as posterior samples from the perspective of Bayesian inference

as well. The histogram plots of the coverage tests results are given in Figures 5.1 to

5.5.

Then we conducted the coverage test on the final parameter samples obtained

in the third experiment of the study regarding the SCC invasion patterns (i.e.,

patterns fitted together with time-dependent parameters introduced to the model).
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Figure 5.1: Coverage test result of final parameter samples from the second exper-
iment on post day 3 SCC invasion patterns. (Run 3, final result.) All parameter
samples passed the coverage test (p-value of Kolomogrov-Smirnov test >0.1).

18/21 final parameter samples passed the coverage test, 2 final parameter samples

showed weak evidence (dn, lin, γlin) and 1 showed strong evidence against the H0 of

the coverage test (Pmit.). The passing rate is 85.71% and we may argue most of the

final parameter samples can be regarded as valid posteriors again.

Finally, we conducted the coverage test on the final parameter samples obtained

for the study of T98G glioma spheroid invasion patterns. The p-values of K-S test

showed that all 5 parameters’ final sample passed the coverage test. The histogram

plots of the coverage probabilities (p0j) for each parameter are given in Figure 5.8.

To judge the repeatability of the results, we conducted the coverage test on the final

samples for the two other runs that were not chosen as the final results (Figures

5.9 and 5.10). The p-values showed 9 out of 10 final parameter samples passed
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Figure 5.2: Coverage test result of final parameter samples from the second exper-
iment on post day 6 SCC invasion patterns. (Run 2, final result.) All parameter
samples passed the coverage test (p-value of Kolomogrov-Smirnov test >0.1).

the coverage test, with the last one (Pmit.’s final sample in run 3) showing weak

evidence against the H0 of the coverage test. These results suggest that most of the

final samples obtained for the study on T98G glioma spheroid invasion patterns can
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Figure 5.3: Coverage test result of final parameter samples from the second exper-
iment on post day 9 SCC invasion patterns. (Run 1, final result.) All parameter
samples passed the coverage test (p-value of Kolomogrov-Smirnov test >0.1).

be regarded as posterior samples from the Bayesian perspective.

Overall, the outcome of the coverage test suggests our ABC-LS scheme used in

Chapter 4 is not only capable of generating satisfactory pattern-fitting results, but
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Figure 5.4: Coverage test result of final parameter samples from the second exper-
iment on post day 12 SCC invasion patterns. (Run 1, final result.) 6/8 parameter
samples (dn, γ, rn, η, dm, α) passed the coverage test (p-value of Kolomogrov-
Smirnov test >0.1), 2/8 (Pext., Pmit.) parameter samples showed weak evidence
against the H0 of the coverage test. (0.05 <p-value of the Kolomogrov-Smirnov
test <0.1)
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Figure 5.5: Coverage test result of final parameter samples from second experiment
on post day 14 SCC invasion patterns. (Run 2, final result.) 7/8 parameter samples
(dn, γ, rn, η, dm, α, Pmit.) passed the coverage test (p-value of Kolomogrov-Smirnov
test >0.1), 1/8 (Pext.) parameter samples showed weak evidence against the H0 of
the coverage test. (0.05 <p-value of the Kolomogrov-Smirnov test <0.1)
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Figure 5.6: Coverage test result of final parameter samples from the third experi-
ment conducted on the SCC invasion patterns. (Run 3, final result.) SCC invasion
patterns fitted together with time-dependent parameters introduced to the model for
dn, γ, rn, η, α, Pmit.. Final sample of the linear regression coefficients of γ (γlin)
and dn (dn, lin) showed weak evidence against H0 of the coverage test. (0.05 <p-value
of the Kolomogrov-Smirnov test <0.1). Pmit.’s parameter sample showed moderate
evidence against the H0 of the coverage test. (p-value of the Kolomogrov-Smirnov
test <0.01). The rest of the final parameter samples (18/21) passed the coverage
test (p-value of Kolomogrov-Smirnov test >0.1). Part 1.

also having the potential to give valid approximations of the true posteriors.

5.3.2 Results of error-calibrated ABC application on T98G

glioma invasion patterns

First, we present the comparisons between observed and final simulated patterns

in the similar fashion (Figures 5.11 and 5.12). The computational time taken to

obtain the final simulation results for all 3 runs using the error-calibrated ABC is

43.3hours on the same multi-core machine. The averaged final parameter estimates
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Figure 5.7: Coverage test result of final parameter samples from the third experi-
ment conducted on the SCC invasion patterns. (Run 3, final result.) SCC invasion
patterns fitted together with time-dependent parameters introduced to the model for
dn, γ, rn, η, α, Pmit.. Final sample of the linear regression coefficients of γ (γlin)
and dn (dn, lin) showed weak evidence against H0 of the coverage test. (0.05 <p-value
of the Kolomogrov-Smirnov test <0.1). Pmit.’s parameter sample showed moderate
evidence against the H0 of the coverage test. (p-value of the Kolomogrov-Smirnov
test <0.01). The rest of the final parameter samples (18/21) passed the coverage
test (p-value of Kolomogrov-Smirnov test >0.1). Part 2.

are presented in Table 5.1. The detailed parameter estimates at the end of every

round are given in Tables C.1 to C.3, Section C.1 of the Appendix. The posterior

densities of the final parameter samples are given in Figure 5.13, and the detailed

density plots at the end of every round are given in Figure C.7, Section C.3 of

the Appendix. Again, we have several parameters’ prior-posterior overlap showing

rather high values, suggesting the priors had stronger impacts on the estimation of

these parameters’ instead of the model and data.

The simulation results that were not chosen to represent the final outcome are

given in Figures C.1 to C.4, in Section C.2 of the Appendix. The consistency of the

results obtained using the error-calibrated ABC algorithm is verified again in the

plots of ESS and bandwidth factors (Figures C.5 and C.6).
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Figure 5.8: Coverage test result of final parameter samples from the study on T98G
glioma spheroid invasion patterns. The final samples of all parameters passed the
coverage test. (p-value of Kolomogrov-Smirnov test >0.1)

From the first glance, the simulated patterns obtained using the error-calibrated

ABC algorithm are similar to the ones obtained in Chapter 4. However, if we

compare the discrepancies between the final outputs and the reference data, we

see that our non-error calibrated ABC outperforms the error-calibrated ABC in this

specific case study on T98G glioma spheroid invasion pattern 5.2. Both metrics (sum
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Figure 5.9: Coverage test result of final parameter samples from the study on T98G
glioma spheroid invasion patterns. (Run 1, not chosen to represent the final result.)
All parameter samples passed the coverage test. (p-value of Kolomogrov-Smirnov
test >0.1)

of squared difference & Bhattacharyya distance) of non-error calibrated ABC’s final

results are smaller than the ones of the error-calibrated ABC’s final results. If we

examine the density of final parameter samples in detail (Figure 5.14), we see that

most of the final parameter densities obtained using the non-error calibrated ABC
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Figure 5.10: Coverage test result of final parameter samples from the study on
T98G glioma spheroid invasion patterns. (Run 3, not chosen as the final result.)
4/5 (dn, rn, Rinit., Pext.) parameter samples passed the coverage test (p-value of
Kolomogrov-Smirnov test >0.1). 1/5 parameter sample (Pmit.) showed weak evid-
ence against H0 of the coverage test (0.05 <p-value of the Kolomogrov-Smirnov test
<0.1).

learned more information on the parameter. One possible reason for this could be

the inclusion of measurement errors made the posteriors in the error-calibrated ABC

became “flatter” in general. However, the coverage test result on the final sample
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Figure 5.11: T98G glioma cells invasion patterns observed in organotypic culture
(Left) v.s. Simulated patterns (cell position plots) produced by the numerical scheme
(Right). Scaling of the numerical domain was based on the realistic size of the glioma
cells. Error-calibrated ABC. Sum of squared differences between T98G glioma cell
density in observed patterns and final simulated patterns: 1.44

shows that only 2 out of 5 final parameter samples (rn, Pext.) passed the coverage

test, with the other three final samples showing weak (dn, Rinit.) and strong (Pmit.)

evidence against the H0 of the coverage test. Therefore, we may conclude that

our non-error calibrated ABC outperformed the error-calibrated experiment in both

pattern and posterior accuracy from the perspective of numerical simulation and

posterior inference for the study of T98G glioma spheroid.
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Figure 5.12: T98G glioma cells invasion patterns observed in organotypic culture
(Left) v.s. Simulated patterns (grey shades plots) produced by the numerical scheme
(Right). Scaling of the numerical domain was based on the realistic size of the glioma
cells. Error-calibrated ABC. Sum of squared differences between T98G glioma cell
density in observed patterns and final simulated patterns: 1.44

5.4 Discussion

Regarding the results of the coverage test, we believe that one concern worth address-

ing is re-using the accepted samples to generate pseudo data under the framework of

ABC-SMC. Based on the fact that ABC-SMC algorithms converge to the approxim-

ated posterior iteratively, the pseudo data generated from the final accepted samples

can be concentrated on the approximated posterior. Hence, if the approximated pos-
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Parameter Estimates
dn 1.03× 10−4

rn 1.45× 10−3

Rinit. 9.36× 10−2

Pext. 4.89× 10−2

Pmit. 4.82× 10−1

Table 5.1: Averaged final parameter estimates of T98G glioma cells invasion pat-
tern. Error-calibrated ABC.

Figure 5.13: Prior (blue) and posterior (black) densities of the parameters in the
individual-based model on T98G glioma spheroid invasion patterns estimated using
the error-calibrated ABC scheme. Sample means are marked with ‘×’ on the x-axis.
Prior-posterior overlap: dn: 0.51%; rn: 60.45%; Rinit.: 27.33%; Pext.: 65.77%; Pmit.:
38.99%
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Model
Bhattacharyya

distance
Sum of Sqaure

distance
Non-EC 1.84× 10−2 1.22

EC 7.16× 10−2 1.44

Table 5.2: Discrepancy measures between final simulated patterns and observed
patterns from the two different types of ABC algorithm.

teriors are accurate enough compared to the true posterior, there can be bias such

that it is easier for the parameters concerned to pass the coverage test based on the

coverage probabilities (p0) calculated from the pseudo data related to ABC-SMC

related algorithms. In our case, most of the final parameter samples that passed

the coverage test had p-values much greater than 0.1 in the Kolmogorov-Smirnov

test, which means we have no evidence that they should not be considered as valid

approximations of the true posteriors. However, in some extreme cases, the bias

mentioned can make certain parameter samples pass the coverage test when they

should not.

On the other hand, we believe the non-satisfactory final coverage results from

the error-calibrated ABC algorithm is due to the size of the dataset being used in

the case study. As we have mentioned earlier, due to the nature of the chi-squared

distribution which is used to calculate the acceptance probabilities, the acceptance

ratio drops exponentially as the size of the dataset increases (Vaart et al. 2018).

This has also been mentioned in Vaart et al. (2018)’s original work. They believe

the lack of uniformity showed in coverage test can be related to acceptance criteria.

In their application of error-calibrated ABC with an earthworm model, they men-

tioned that only 1
6
of the data was used in their statistical analysis to remedy the

issue of low acceptance rate. We argue that such high volume truncation of the

dataset may be discarding valuable information of use in model fitting. One should

185



Figure 5.14: Comparison between final parameter densities obtained using error-
calibrated ABC and non-error calibrated version. Black lines: posterior densities
obtained using error-calibrated ABC; red lines: posterior densities obtained using
non-error calibrated ABC.

attempt to further summarize the original dataset instead of discarding the data

points within it. In the context of error-calibrated ABC, this will help to reduce the
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Figure 5.15: Coverage test result of final parameter samples from the error calib-
rated experiment with log-transform. 2/5 final parameter samples (rn, Pext.) passed
the coverage test (p-value of Kolomogrov-Smirnov test >0.1). 2/5 final parameter
samples (dn, Rinit.) showed weak evidence against the H0 of coverage test (0.05 <p-
value of Kolomogrov-Smirnov test <0.1). 1/5 final parameter samples (Pmit.) showed
strong evidence against the H0 of the coverage test (p-value of the Kolomogrov-
Smirnov test <0.01).

number l and avoid the issue of particle depletion when calculating acceptance prob-

abilities (in our case, this could be dissecting the original image into 5×5 sections
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instead of 10×10 and measure the cell densities within them). However, the criteria

of choosing appropriate summary statistics in ABC remains a challenging problem.

We argue that by carefully adjusting the acceptance ratio (e.g., adjusting the ESS

adaptively), we may obtain appropriate posterior samples at the end without trun-

cating the dataset and throwing information away. Hence, in addition to adequately

including the error terms into the ABC protocols, proper treatments on acceptance

ratio should also be considered as an important factor which can improve posterior

accuracy. Therefore, we believe our ABC algorithm with adaptive ESS may have the

potential of becoming an alternative method to obtain valid approximate posteriors

from the perspective of Bayesian inference.
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Chapter 6

Future directions

In this thesis, we presented two different types of likelihood-free parameter infer-

ence methods, ABC and gradient matching, applied to spatial 1D in silico datasets

generated from a PDE model of cancer invasion and to spatial 2D datasets derived

from cancer invasion patterns observed in in vitro and ex vivo organotypic assays.

We examined to what extent the numerical models (i.e., PDE model and IBM in

the case of spatial 1D and 2D respectively) could recover the observed dataset using

the parameter values sampled from our likelihood-free methods.

In the spatial 1D scenario, both ABC and gradient matching demonstrated accur-

ate parameter estimates when no perturbations were added to the reference dataset.

However, for the gradient matching scheme, the accuracy of the parameter estimates

deteriorated rapidly once the measurement errors were introduced to the reference

dataset. We made several experiments to improve the accuracy of parameter estim-

ates while incorporating perturbations, however none of them seemed to improve

the results significantly. In the spatial 2D scenario, the final parameter estimates

sampled by the adjusted ABC algorithms produced satisfactory simulated patterns

in the two case studies presented, although learning was limited for some paramet-
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ers less closely linked to the data. In addition, the posterior diagnostics conducted

on the final samples showed most of the final parameter samples obtained in these

two studies can be considered as valid posteriors from the perspective of Bayesian

inference. Furthermore, we applied another method known as error-calibrated ABC,

which was proposed to serve the purpose of modelling the measurement errors ad-

equately and improving the posterior accuracy, to our study with T98G glioma

patterns. However, the accuracy of the final results obtained using this new ap-

proach deteriorated in both pattern simulation and posterior accuracy. We argue

the possible reason for this result is that the acceptance criterion in the method is

extreme in the sense that it makes the acceptance ratio drop exponentially as the

size of the dataset increases. As a consequence, the low acceptance ratio led to the

poor outcomes observed in the coverage tests.

Below we give some suggestions for possible future avenues of research.

1. For the gradient matching approach, one research goal would be to develop

new methods that fit better smooths to high dimensional data. The 2D GAMs

with adaptive bandwidth used in the current work over-smooth certain parts

of the data, and the over-smoothing became worse once perturbations were

introduced. If a method that can construct smooths less sensitive to the

perturbations in data can be developed, the overall accuracy of the parameter

estimates will be improved to a certain extent. In addition, future research that

combines PDE with gradient matching should attempt to go beyond the “two-

step approach” presented in this thesis and consider joint modelling approaches

that were reviewed in Section 2.2. These approaches are more favourable since

they have the advantage of using the numerical model to regularize the smooth

functions fitted to interpolate the data. A good example can be seen in Xun

et al. (2013), where the authors proposed a parameter cascading approach that
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interpolated the data with linear combinations of B-spline basis functions and

used a penalty term to penalize the discrepancy between the B-spline functions

and the PDE model so the former was forced to better represent the dynamic

process modelled by the PDE. Therefore, data fitting and PDE fitting can be

carried out simultaneously so the method is considered to be more statistically

efficient than the “two-step approach”.

2. For the ABC approach, we acknowledge that incorporation of measurement er-

rors is necessary to improve the accuracy of posterior approximations in ABC.

However, as mentioned previously, we argue that the current error-calibrated

ABC proposed by Vaart et al. (2018) seems to generate extreme acceptance

ratios for large datasets. Future research can focus on developing ABC meth-

ods that incorporate measurement errors and balance the relationship between

acceptance ratios and size of the dataset at the same time. The ultimate aim

is to develop an ABC algorithm that can adequately models the measurement

errors and give valid posterior approximations by carefully adjusting the ac-

ceptance ratio instead of needing to discard data points to enable the algorithm

to be computationally feasible.

3. The invasion patterns we used in the spatial 2D studies only contain meas-

urements of tumour cell densities. If the measurements of other biological

variables (e.g., density of surrounding tissues, concentration of the enzyme

secreted by the tumour cells) can be recorded, the full datasets will be able to

provide more useful information for the parameter estimation process.

4. From the modelling perspective, the realism of the simulation results can be

further improved if factors such as: transition between different type of cells

(e.g., epithelial-mesenchymal), extension to spatial 3D (recall that tumours are
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spatial 3D organoids) and metastasis (tumour cells spread to distant sites of

the body from where they started) are considered. Furthermore, consideration

of stochastic differential equation models (SDE) could be another option that

more accurately mimic the cell movements by introducing more stochasticity

to the simulation. A more realistic model can help to shed more light on

the biological phenomena involved in the complex process of cancer invasion.

However, we realize that the consideration of these factors will make the nu-

merical simulations more computationally expensive. The balance between

computational efficiency and the complexity of the model (i.e., the number of

parameters and the biological processes involved) remains a challenging topic

in mathematical modelling. In addition, as we have mentioned in Section

4.1, other types of models (e.g., lattice-free IBM, random walk model) were

combined with ABC to draw parameter inference on experimental data of cell

invasion or migration Future research may consider comparing the perform-

ance of different “model algorithm” combinations and select the one that gives

the best results.

5. From the perspective of Bayesian inference, it would be interesting to carry out

the same studies with exact Bayesian methods (see Alahmadi et al. (2020))

and compare them with the final results presented here. By doing so, we

may have clearer ideas on the pros and cons of both exact and approximate

Bayesian methods.

6. On the computational side, note that in order to average the bias induced by

the stochasticity within the spatial 2D individual-based model, we conducted

three runs with different starting parameters generated from the same priors

in each experiment of the study. Note that this approach is applicable in our
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studies since the individual-based model we used is approximated by the ori-

ginal PDE model. In our case, the simulation results obtained at the end of

different runs showed satisfactory consistency: the ABC schemes converged

to similar final results at similar pace. This suggests the stochasticity in our

studies was not very high. However, we realize that in some studies with high

stochasticity, for example, if the model concerned is a real stochastic model

(e.g., SDE), then we would expect this approach to fail and return inaccur-

ate results. More runs will be needed for each experiment to reduce the bias.

Here we suggest another method of averaging such bias: run the simulation

of every single parameter vector multiple times, then take the averaged sim-

ulation outcome to represent the final result of the corresponding parameter

vector. However, we realize this approach will make the simulation even more

time-consuming, not to mention if we incorporate the additional factors lis-

ted in the previous point into the numerical model. Therefore, more powerful

machine will be helpful for our study. Given that the R code of the study

is already compatible with “parallel running”, the computational efficiency

will be significantly improved if it can be run on a machine with even more

processors. Moreover, another option to boost the computational efficiency is

rewrite the code into a language faster than R.

7. In addition, future research can focus on “hybrid approaches” that can acceler-

ate the computational efficiency of ABC by reducing the number of simulations

required. For example, Wilkinson (2014) proposed a method that use Gaussian

process models to emulate the log likelihood function of the probabilistic ABC

seen in Wilkinson (2013), then using the idea of sequential history matching

(Craig et al. 1997) to iteratively rule out regions of the parameter space as
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implausible. The authors demonstrated that accurate approximations to the

posterior distribution could be obtained for the Ricker model using a factor of

100 fewer simulator evaluations than comparable Monte Carlo approaches.

8. The two likelihood-free methods presented in this thesis are not limited to

the topics related to cancer invasion alone. The advantage of bypassing the

explicit evaluations of the likelihood makes them appropriate tools to calibrate

complex models in other areas of study and provide better insights to the

process concerned.
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Appendix A

Additional information for

Chapter 3

A.1 Non-dimensionalization of the 1D cancer in-

vasion model

Based on the rescaling variables defined in equation 3.10, we apply the basic chain

rule to the derivatives on both sides of the equations in the model as follows.

n0

τ

∂ñ

∂t̃
= Dn

n0
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With further rearrangements, the equations become
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Recall that the unit of reference diffusion coefficient D is cm2s−1, which is L2

τ
in

this context. Hence by setting dn = Dn/D, γ = χf0/D, rn = Rnτ , η = τm0δ,

dm = Dm/D, α = τµn0/m0 and β = τλ and drop all the tildes for convenience,

we have the non-dimensionalized model in equation 3.11.

A.2 Discretization of the 1D cancer invasion model

By applying a forward difference at time and central difference at space on the

dimensionless model given in equation 3.11, we have
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where the subscript i is for space and the upper-script q is for time. With further
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rearrangements, the three equations become
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A.3 Justification of the initial parameter distri-

butions for the ABC-related scheme

For all parameters, a uniform initial distribution was chosen so that the only influ-

ence on final parameter values was the data. Nevertheless, bounds on the uniform

are required. Justification for the bounds chosen is given in this section.

1. dn (Diffusion coefficient of tumour cells)

(a) Based on the experimental estimates from Bray (1992), the cell motility

parameter was taken to be Dn ∼ 1.00× 10−9 cm2s−1.

(b) Assuming tumour cells and other kinds of cells have similar properties on

random motility, the estimates of random motility coefficients for other

kinds of cells can also be taken as references here.

i. Experiments of Stokes et al. (1990) and Rupnick et al. (1988) on en-

dothelial cell migration in response to angiogenic factor provided an

estimate of Dn, endothelial cell random motility coefficients, in the

range 2.00× 10−9 ∼ 2.00× 10−8 cm2s−1. However, this was obtained
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under the assumption that the cells moved independently. Rupnick

et al. (1988) shown when the movement of individual endothelial

cell was constrained by surrounding cells, their estimate of the ran-

dom motility coefficient was too large and did not agree with the

experimental results. Therefore, one might expect a smaller random

motility coefficient (Anderson & Chaplain 1998).

ii. Sherratt & Murray (1990) estimated the diffusion coefficients of the

epithelial cells under consideration in their model as 3.50×10−10 and

6.90× 10−11 cm2s−1.

Based on these results, it would be reasonable to assume Dn should be con-

strained between 6.90 × 10−11 cm2s−1 and 2.00 × 10−8 cm2s−1. From the

non-dimensionalization results in equation 3.11, the dimensionless parameter

dn should be constrained between 6.90× 10−5 ∼ 2.00× 10−2.

2. dm (Diffusion coefficient of MDE)

(a) Dm was taken to be in the range 1.00 × 10−9 ∼ 1.00 × 10−7 cm2s−1 in

Anderson et al. (1999).

(b) Assuming MDE shares similar features on random motility with the other

chemical substances, the estimates of random motility coefficients for

other chemicals can also be taken as references here

i. Sherratt & Murray (1990) found values of 3.10×10−7 and 5.90×10−6

cm2s−1 as estimates for diffusion coefficients of chemicals.

ii. Chaplain & Stuart (1997) used the value 3.30 × 10−8 cm2s−1 as the

diffusion coefficient of TAFs.
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Therefore, a possible biological relevant range for Dm can vary from 1.00 ×

10−10 ∼ 5.90×10−6 cm2s−1. From the non-dimensionalization results in equa-

tion 2.3, the dimensionless parameter dm should then be constrained between

0.0001 and 5.9. However, in the paper where the original PDE model was pro-

posed (Anderson et al. 1999), the authors used similar values for dn and dm, so

it was considered to be better to set dn and dm in similar ranges. The upper

bound of Dm can then be altered to 3.30×10−8 cm2s−1, and the dimensionless

parameter dm varied from 1.00× 10−4 ∼ 3.30× 10−2.

3. γ (Haptotactic coefficient)

(a) Stokes et al. (1990) measured the chemotactic coefficient of migrating

endothelial cells in gradients of aFGF. The maximum chemotactic re-

sponse was measured in concentrations of aFGF around 1.00 × 10−9M,

giving a chemotactic coefficient of 1.85 × 103 ∼ 3.35 × 103 cm2s−1M−1.

In the absence of available data for the haptotactic coefficient χ, we can

assume it is of the same value as the chemotactic coefficient, so the dimen-

sional parameter χ should be within the range of 1.85× 103 ∼ 3.35× 103

cm2s−1M−1.

(b) Terranova et al. (1985) found that endothelial cells responded in a haptotactic

manner to fibronectins given concentrations of fibronectins around 1.00×

10−9 ∼ 1.00 × 10−7 M. This can be taken as an estimate for f0, the ref-

erence concentration of ECM.

Based on the non-dimensionalizations in equation 3.11, the dimensionless para-

meter γ should vary from 1.85× 10−1 ∼ 3.35× 101. Considering the fact that

the lowest and the largest value of γ used in Anderson et al. (1999) were
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5.00 × 10−3 and 5.00 × 10−1, also the mean value for the dimensional para-

meter χ was 2.60 × 103 cm2s−1M−1, the range for γ was then rescaled to

5.00× 10−3 ∼ 2.60× 10−1 by us.

4. α η (Production rate of MDE; Degradation rate of ECM)

Estimates for the dimensional kinetic parameter µ and δ are not available due

to the experimental difficulties (Hynes 1990). In Anderson et al. (1999), the

authors took α to be 1.00×10−1 and η to be 1.00×101. Thus, the approximate

range we took for α and η were 7.00×10−2 ∼ 1.80×10−1 and 7.00 ∼ 1.80×101.

5. β (Decay rate of MDE)

β was fixed to be 0 in all the simulations presented in Anderson et al. (1999).

To maintain the consistency in the solution patterns of the PDE model, β was

set to 0 in generating all reference datasets, and its value was assumed known

in the estimation schemes.

6. rn (Proliferation rate of tumour cells)

In our literature review, we did not encounter any estimates of tumour cells

proliferation rate under the modelling framework of cancer invasion & meta-

stasis. Therefore, it can be difficult to determine the biological relevant ranges

for this specific parameter. In generating the reference data sets, we chose rn

to be 5.00; so for specifying a range for estimation we wished to use bounds

that were fairly wide but not centered on 5.00 (in which case the initial mean

would equal the correct value, meaning that little parameter learning was

needed from the data). With this in mind, we set the lower bound and upper

bound of rn to be 3.50 and 9.00, based on subjective opinion.
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Parameter estimates dn γ rn η dm α
Round 1 ECM

(all parameter values
sampled from

initial distribution)

9.99× 10−3 1.32× 10−1 6.26 1.25× 101 1.63× 10−2 1.25× 10−1

Round 2 ECM
(Post-round 1

parameter values)
1.17× 10−2 1.17× 10−1 6.27 1.12× 101 1.55× 10−2 1.24× 10−1

Round 3 ECM
(Post-round 2

parameter values)
1.13× 10−2 1.02× 10−1 6.27 1.03× 101 1.28× 10−2 1.21× 10−1

Final round ECM
(Post-round 3

parameter values)
1.07× 10−2 7.16× 10−2 6.21 9.86 1.06× 10−2 1.13× 10−1

Table A.1: Parameter estimates after each ECM-related round of the ABC optim-
ization scheme applied to the main reference dataset.

A.4 Additional results of 1D study

A.4.1 Parameter estimates at the end of each round of the

ABC-related scheme

In Section 3.6.1, we presented estimates of the model parameters from the first

run of the ABC-related scheme applied to the main reference data set. The ABC-

related scheme has multiple rounds of estimation, and the estimates presented were

those from the final round. Here, we give parameter estimates at the end of each

round, showing how the estimates converge on the true values in successive rounds.

Estimates (i.e., means of the simulated parameter values) for each round are shown

in Tables A.1, A.2 and A.3, while plots showing the corresponding densities are

given in Figures A.1, A.2, A.3, A.4, A.5, A.6, and A.7.
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Parameter estimates dn γ rn η dm α
Round 1 MDE

(all parameter values
sampled from

initial distribution,
except η)

1.01× 10−2 1.33× 10−1 6.22 9.86 1.64× 10−2 1.25× 10−1

Round 2 MDE
(Post-round 1

parameter values)
1.17× 10−2 1.18× 10−1 6.23 9.85 1.57× 10−2 1.18× 10−1

Round 3 MDE
(Post-round 2

parameter values)
1.15× 10−2 1.01× 10−1 6.26 9.83 1.30× 10−2 1.07× 10−1

Final round MDE
(Post-round 3

parameter values)
1.12× 10−2 6.20× 10−2 6.00 9.86 1.07× 10−2 1.00× 10−1

Table A.2: Parameter estimates after each MDE and ECM-related round of the
ABC optimization scheme applied to the main reference dataset.

Parameter estimates dn γ rn η dm α

Round 1
Tumour cells
(Only dn, γ, rn
sampled from

initial distributions)

1.00× 10−2 1.32× 10−1 6.21 9.86 1.07× 10−2 1.00× 10−1

Round 2
Tumour cells
(Post-round 1

parameter values)

1.15× 10−2 9.35× 10−2 6.26 9.86 1.06× 10−2 1.00× 10−1

Round 3
Tumour cells
(Post-round 2

parameter values)

1.12× 10−2 6.73× 10−2 6.03 9.87 1.05× 10−2 9.98× 10−2

Round 4
Tumour cells
(Post-round 3

parameter values)

1.08× 10−2 5.55× 10−2 5.56 9.90 1.04× 10−2 9.97× 10−2

Final round Tumour cells
(Post-round 4

parameter values)
1.02× 10−2 5.18× 10−2 5.23 9.91 1.04× 10−2 9.97× 10−2

Table A.3: Parameter estimates after each Tumour cells & MDE & ECM-related
round of the ABC optimization scheme applied to the main reference dataset.
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Figure A.1: Evolution of dn densities after each Tumour cells, MDE and ECM-
related round of the ABC optimization scheme applied to the main reference dataset.
Sample mean of each round is marked with a cross on the x-axis
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Figure A.2: Evolution of γ densities after each Tumour cells, MDE and ECM-
related round of the ABC optimization scheme applied to the main reference dataset.
Sample mean of each round is marked with a cross on the x-axis
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Figure A.3: Evolution of rn densities after each Tumour cells, MDE and ECM-
related round of the ABC optimization scheme applied to the main reference dataset.
Sample mean of each round is marked with a cross on the x-axis
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Figure A.4: Evolution of η densities after each ECM-related (Upper plot) and
MDE&ECM related (lower plot) round of the ABC optimization scheme applied to
the main reference dataset. Sample mean of each round is marked with a cross on
the x-axis.
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Figure A.5: Evolution of η densities after each Tumour cells&MDE&ECM-related
round of the ABC optimization scheme applied to the main reference dataset. Sample
mean of each round is marked with a cross on the x-axis.
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Figure A.6: Evolution of dm densities after each MDE&ECM-related (Upper plot)
and MDE&ECM&Tumour cells-related (lower plot) round of the ABC optimization
scheme applied to the main reference dataset. Sample mean of each round is marked
with a cross on the x-axis
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Figure A.7: Evolution of α densities after each MDE&ECM-related (Upper plot)
and MDE&ECM&Tumour cells-related (lower plot) round of the ABC optimization
scheme applied to the main reference dataset. Sample mean of each round is marked
with a cross on the x-axis
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Parameters Original run Additional run 1 Additional run 2 Monte Carlo error
dn 1.02× 10−2 1.01× 10−2 1.03× 10−2 7.89× 10−5 (1.37%)
γ 5.18× 10−2 5.58× 10−2 5.57× 10−2 1.30× 10−3 (4.49%)
rn 5.23 5.49 5.60 1.09× 10−1 (0.38%)
η 9.91 9.91 9.78 4.16× 10−2 (0.72%)
dm 1.04× 10−2 1.00× 10−2 9.86× 10−3 1.51× 10−4 (2.62%)
α 9.97× 10−2 9.96× 10−2 1.00× 10−1 2.56× 10−4 (0.44%)

Table A.4: Parameter estimates of two additional runs of the ABC-related scheme
applied to the main reference dataset, and the estimated Monte Carlo errors. (Monte
Carlo error is calculated as the standard error of the three (one original and two
additional) estimates.)

A.4.2 Consistency analysis of the ABC scheme

The parameter estimates of the two additional runs obtained using the ABC-related

scheme and the Monte Carlo errors across all three runs are listed in Table A.4.

A.4.3 Parameter estimates under different reference data

set, ABC-related scheme

The parameter estimates obtained using the ABC-related scheme under different

reference data sets are given in Table A.5.

A.4.4 Visual comparison between reference and estimated

PDE solutions for the main reference scenario

The comparison between simulated and reference PDE solutions for both schemes

are given in figures A.8 and A.9.
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Figure A.8: Reference invasion pattern (upper 2x3) vs. simulated solution pattern
(lower 2x3) for the main reference dataset, ABC-related scheme.

A.4.5 Spatial and temporal gradients at each time point

The explicit gradients averaged over 200 datasets at each time point under different

CV are given in Figures A.10, A.11, A.12, A.13, A.14, A.15, A.16, A.17, A.18.
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Parameter 1st reference dataset 2nd reference dataset
Reference

value
Estimate

Percentage
error

Mean squared
error

Reference
value

Estimate
Percentage

error
Mean squared

error
dn 8.00× 10−3 8.08× 10−3 1.01 5.09× 10−6 1.30× 10−2 1.31× 10−2 9.78× 10−1 1.54× 10−5

γ 8.00× 10−2 7.95× 10−2 −5.77× 10−1 4.84× 10−5 1.50× 10−1 1.56× 10−1 4.00 4.80× 10−4

η 1.30× 101 1.28× 101 −1.77 6.88× 10−2 1.10× 101 1.10× 101 4.31× 10−2 2.82× 10−2

dm 1.80× 10−2 1.87× 10−2 3.63 6.86× 10−7 2.50× 10−2 2.55× 10−2 2.06 1.97× 10−6

α 1.30× 10−1 1.30× 10−1 2.35× 10−1 8.72× 10−7 1.10× 10−1 1.10× 10−1 1.23× 10−2 1.72× 10−6

rn 7.00 7.08 1.08 1.85× 10−1 6.00 6.38 6.41 1.60

Table A.5: Parameter estimates and percentage error of the ABC-related scheme
applied to two additional reference data sets.

Figure A.9: Reference invasion pattern (upper 2x3) vs. simulated solution pattern
(lower 2x3) for the main reference dataset, gradient matching scheme.
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Figure A.10: Tumour cells temporal gradients (∂n
∂t
) at different time points under

different CV on absolute difference scale, averaged over 200 data sets. Red dashed
lines, reference gradients estimated by GAM with no perturbation added to the data;
dark purple, true gradients calculated by the finite difference scheme; black, cv =
0.01; green, cv = 0.025; blue, cv = 0.05; cyan = 0.075; magenta, cv = 0.1.
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Figure A.11: Second order diffusion gradients (dn) of tumour cells at different
time points under different CV on absolute difference scale, averaged over 200 data
sets. Red dashed lines, reference gradients estimated by GAM when no perturbation
was added to the data; dark purple, true gradients calculated by the finite difference
scheme; black, cv = 0.01; green, cv = 0.025; blue, cv = 0.05; cyan = 0.075; magenta,
cv = 0.1.
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Figure A.12: Spatial gradients of haptotaxis (γ) at different time points under
different CV on absolute difference scale, averaged over 200 data sets. Red dashed
lines, reference gradients estimated by GAM when no perturbation was added to the
data; dark purple, true gradients calculated by the finite difference scheme; black, cv
= 0.01; green, cv = 0.025; blue, cv = 0.05; cyan = 0.075; magenta, cv = 0.1.
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Figure A.13: Spatial gradients of logistic growth (rn) at different time points under
different CV on absolute difference scale, averaged over 200 data sets. Red dashed
lines, reference gradients estimated by GAM when no perturbation was added to the
data; dark purple, true gradients calculated by the finite difference scheme; black, cv
= 0.01; green, cv = 0.025; blue, cv = 0.05; cyan = 0.075; magenta, cv = 0.1.
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Figure A.14: Temporal gradients of ECM (∂f
∂t
) at different time points under dif-

ferent CV on absolute difference scale, averaged over 200 data sets. Red dashed
lines, reference gradients estimated by GAM when no perturbation was added to the
data; dark purple, true gradients calculated by the finite difference scheme; black, cv
= 0.01; green, cv = 0.025; blue, cv = 0.05; cyan = 0.075; magenta, cv = 0.1.
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Figure A.15: Spatial gradients of ECM decay (η) at different time points under
different CV on absolute difference scale, averaged over 200 data sets. Red dashed
lines, reference gradients estimated by GAM when no perturbation was added to the
data; dark purple, true gradients calculated by the finite difference scheme; black, cv
= 0.01; green, cv = 0.025; blue, cv = 0.05; cyan = 0.075; magenta, cv = 0.1.
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Figure A.16: Temporal gradients of MDE (∂m
∂t
) at different time points under

different CV on absolute difference scale, averaged over 200 data sets. Red dashed
lines, reference gradients estimated by GAM when no perturbation was added to the
data; dark purple, true gradients calculated by the finite difference scheme; black, cv
= 0.01; green, cv = 0.025; blue, cv = 0.05; cyan = 0.075; magenta, cv = 0.1.
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Figure A.17: Second order diffusion spatial gradients of MDE (dm) at different
time points under different CV on absolute difference scale, averaged over 200 data
sets. Red dashed lines, reference gradients estimated by GAM when no perturbation
was added to the data; dark purple, true gradients calculated by the finite difference
scheme; black, cv = 0.01; green, cv = 0.025; blue, cv = 0.05; cyan = 0.075; magenta,
cv = 0.1.
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Figure A.18: Linear growth spatial gradients of MDE (α) at different time points
under different CV on absolute difference scale, averaged over 200 data sets. Red
dashed lines, reference gradients estimated by GAM when no perturbation was added
to the data; dark purple, true gradients calculated by the finite difference scheme;
black, cv = 0.01; green, cv = 0.025; blue, cv = 0.05; cyan = 0.075; magenta, cv =
0.1.
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Appendix B

Additional information for

Chapter 4

B.1 Non-dimensionalization of the SCC invasion

model

The original model with dimensions is as follows.

∂n

∂t
= Dn∇2n− χ∇ · (n∇f) +Rnn

(
1− n

n0

− f

f0

)
,

∂f

∂t
= −δmf,

∂m

∂t
= Dm∇2m+ µn− λm, (B.1)

First, set the dimensionless variables: x̃ = x
[x]
, t̃ = t

[t]
and ñ = n

n0
, f̃ = f

f0
, m̃ =

m
m0

, where [x] and [t] represent the unit of length and time, n0, f0 and m0 represent

the reference density of SCC, ECM and MDE. The application of the chain rule on

A29



the derivatives on both sides of the equation gives us

n0

[t]

∂ñ

∂t̃
= Dn

n0

[x]2
∇2ñ− χ

n0f0
[x]2

∇ñ · ∇f̃ − χn0ñ
f0
[x]2

∇2f̃

+ Rnn0ñ(1−
ñn0

n0

− f̃f0
f0

)

f0
[t]

∂f̃

∂t̃
= −δm0m̃f0f̃ ,

m0

[t]

∂m̃

∂t̃
= Dm

m0

[x]2
∇2m̃+ µn0ñ− λm0m̃ (B.2)

with some further rearrangements, the equations above become

∂ñ

∂t̃
= Dn

[t]

[x]2
∇2ñ− χ

[t]f0
[x]2

∇ · (ñ∇f̃) +Rn[t]ñ(1− ñ− f̃)

∂f̃

∂t̃
= −δm0m̃[t]f̃ ,

∂m̃

∂t̃
= Dm

[t]

[x]2
∇2m̃+ µn0[t]ñ− λ[t]m̃ (B.3)

Recall the two dimensional variables D ∼ 10−6cm2s−1 and τ = L2

D
, which rep-

resent the reference diffusion coefficient and the appropriate time scale respectively.

If we set d̃n = Dn

D
, γ̃ = χf0

D
, r̃n = Rnτ , η̃ = δm0τ , d̃m = Dm

D
, α̃ = µn0τ and β̃ = λτ ,

then drop the tildes for convenience, the dimensionless model presented in equation

4.2 of Section 4.3.2 can be recovered.

B.2 Discretization of the dimensionless SCC cells

invasion model

In this section, we present the spatial 2D discretization of the dimensionless PDE

model which generates the individual based model used in the simulated inference of
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the SCC invasion patterns and the five-stencil finite difference scheme derived from

it. In general, the idea is similar to spatial 1D discretization. By applying a forward

difference at time and central difference at space, the original PDE model becomes

nq+1
i,j − nq

i,j

∆t
= dn

nq
i+1,j + nq

i−1,j + nq
i,j+1 + nq

i,j−1 − 4nq
i,j

h2

− γnq
i,j

f q
i+1,j + f q

i−1,j + f q
i,j+1 + f q

i,j−1 − 4f q
i,j

h2

− γ
(nq

i+1,j − nq
i−1,j)(f

q
i+1,j − f q

i−1,j) + (nq
i,j+1 − nq

i,j−1)(f
q
i,j+1 − f q

i,j−1)

4h2

+ rnn
q
i,j(1− nq

i,j − f q
i,j),

f q+1
i,j − f q

i,j

∆t
= −ηmq

i,jf
q
i,j,

mq+1
i,j −mq

i,j

∆t
= dm

mq
i+1,j +mq

i−1,j +mq
i,j+1 +mq

i,j−1 − 4mq
i,j

h2
+ αnq

i,j (B.4)

with further rearrangements, the three equations above become a numerical solver

for the original PDE model as follows.

nq+1
i,j = nq

i,jP0 + nq
i+1,jP1 + nq

i−1,jP2 + nq
i,j+1P3 + nq

i,j−1P4,

f q+1
i,j = f q

i,j(1− ηmq
i,j∆t),

mq+1
i,j = mq

i,j(1−
4dm∆t

h2
) + αnq

i,j∆t

+
dm∆t

h2
(mq

i+1,j +mq
i−1,j +mq

i,j+1 +mq
i,j−1) (B.5)

where P0 = 1− γ∆t
h2 (f q

i+1,j+f
q
i−1,j+f

q
i,j+1+f

q
i,j−1−4f q

i,j)− 4dn∆t
h2 +rn(1−nq

i,j−f
q
i,j)∆t,

P1 =
dn∆t
h2 − (f q

i+1,j −f
q
i−1,j)

γ∆t
4h2 , P2 =

dn∆t
h2 +(f q

i+1,j −f
q
i−1,j)

γ∆t
4h2 , P3 =

dn∆t
h2 − (f q

i,j+1−

f q
i,j−1)

γ∆t
4h2 and P4 = dn∆t

h2 + (f q
i,j+1 − f q

i,j−1)
γ∆t
4h2 . They represent the probabilities of

cells having no movements, moving left, right, down and up respectively. Note that

β was taken to be zero throughout the study, since enzyme degradation is negligible

during the time period concerned. Hence we have excluded its related term in the
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numerical solver above. In addition, it is worth noting that the numerical solver

above is merely a stochastic process approximated by the original PDE model. The

objective of the numerical solver in the spatial 2D setting is to predict the cell

movements based on the neighbouring density of the ECM and it is not capable of

maintaining all the features of the original PDE model.

B.3 Justification of the initial parameter distribu-

tions for ABC scheme on SCC cells invasion

patterns

1. dn (Diffusion coefficient of SCC cells)

The bounds we used for this parameter’s initial distribution are the same as

the ones we used in the 1D case.

2. γ (Haptotaxis coefficient of SCC cells)

The bounds we used for this parameter’s initial distribution are the same as

the ones we used in the 1D case.

3. rn (Proliferation rate of SCC cells)

Swanson et al. (2000) took a growth rate of Rn = 0.012/day to represent

cell proliferation of a high-grade astrocytoma. Assuming SCC cells exhibits

the same features in growth and proliferation, this value corresponds to a

dimensionless value of 0.012/3600/24*57600 ≈ 0.008 based on our scaling. We

made 10-fold variations on both directions based on this value, which leads to

a uniform distribution with lower and upper bounds being 0.0008 and 0.08.

Hence initial distribution for this parameter was chosen to be U(0.0008, 0.08).
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4. η (Degradation rate of ECM)

The bounds we used for this parameter’s initial distribution are the same as

the ones we used in the 1D case.

5. dm (Diffusion coefficient of MDE)

The bounds we used for this parameter’s initial distribution are the same as

the ones we used in the 1D case.

6. α (Production rate of MDE)

The bounds we used for this parameter’s initial distribution are the same as

the ones we used in the 1D case.

7. β (Degradation rate of MDE)

This parameter was fixed to be 0 throughout our study, hence it is excluded

from the optimization.

8. Rinit. (Rows of initial cells)

The bounds for this parameter’s initial distribution were chosen based on our

subjective views. We chose the minimum and maximum number of rows to be

1 and 5, corresponding to an initial depth of cells varies from 0.05 ∼ 0.25mm.

9. Pext. & Pmit. (Proportion of cells that extinct and perform mitosis at the end

of a day)

The bounds of these two parameters were also chosen subjectively. We set

the proportion of cells that will extinct and undergo mitosis at the end of

every day varies from 0.01 to 0.1 and 0.2 to 1, respectively. By doing so, the

proportion of cells that undergo mitosis is always higher than the proportion
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Parameter estimates dn γ rn η dm α Rinit. Pext. Pmit.

Round 1 9.91× 10−3 1.32× 10−1 4.03× 10−2 1.25× 101 1.66× 10−2 1.25× 10−1 2.99 5.52× 10−2 6.00× 10−1

Round 2
(Post round 1

parameter values)
1.24× 10−2 3.28× 10−2 4.03× 10−2 1.27× 101 1.54× 10−2 1.25× 10−1 2.46 5.78× 10−2 4.50× 10−1

Round 3
(Post round 2

parameter values)
1.08× 10−2 2.93× 10−2 4.12× 10−2 1.29× 101 1.62× 10−2 1.30× 10−1 1.88 5.80× 10−2 3.38× 10−1

Round 4
(Post round 3

parameter values)
7.25× 10−3 1.95× 10−2 3.69× 10−2 1.36× 101 1.60× 10−2 1.43× 10−1 1.69 5.43× 10−2 3.29× 10−1

Round 5
(Post round 4

parameter values)
3.80× 10−3 1.15× 10−2 3.05× 10−2 1.53× 101 1.45× 10−2 1.57× 10−1 1.76 4.95× 10−2 3.57× 10−1

Round 6
(Post round 5

parameter values)
8.69× 10−4 6.51× 10−3 2.35× 10−2 1.73× 101 1.34× 10−2 1.71× 10−1 1.82 4.60× 10−2 3.85× 10−1

Round 7
(Post round 6

parameter values)
2.72× 10−4 5.57× 10−3 2.20× 10−2 1.77× 101 1.32× 10−2 1.74× 10−1 1.83 4.59× 10−2 3.88× 10−1

Round 8
(Post round 7

parameter values)
1.69× 10−4 5.33× 10−3 2.20× 10−2 1.77× 101 1.32× 10−2 1.74× 10−1 1.83 4.61× 10−2 3.87× 10−1

Round 9
(Post round 8

parameter values)
1.36× 10−4 5.24× 10−3 2.19× 10−2 1.77× 101 1.33× 10−2 1.74× 10−1 1.82 4.64× 10−2 3.86× 10−1

Round 10
(Post round 9

parameter values)
1.24× 10−4 5.21× 10−3 2.17× 10−2 1.77× 101 1.34× 10−2 1.74× 10−1 1.81 4.66× 10−2 3.85× 10−1

Final round
(Post round 8

parameter values)
1.18× 10−4 5.20× 10−3 2.14× 10−2 1.77× 101 1.35× 10−2 1.74× 10−1 1.80 4.68× 10−2 3.84× 10−1

Table B.1: Parameter estimates after each round of the ABC optimization scheme
applied to the reference dataset derived from Nyström et al. (2005)’s SCC post day
3 invasion patterns. Run 1

of cells extinct at the end of every day, which avoids the extreme case of all

cells in the numerical domain are dead.

B.4 Detailed parameter estimates at the end of

every round for the second experiment re-

garding the SCC invasion patterns

We give the detailed parameter estimates at the end of each round of the second

experiment regarding the SCC-related simulation (i.e., invasion patterns fitted sep-

arately) in this section.
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Parameter estimates dn γ rn η dm α Rinit. Pext. Pmit.

Round 1 9.91× 10−3 1.32× 10−1 4.03× 10−2 1.25× 101 1.66× 10−2 1.25× 10−1 2.99 5.52× 10−2 6.00× 10−1

Round 2
(Post round 1

parameter values)
1.25× 10−2 3.27× 10−2 3.99× 10−2 1.27× 101 1.52× 10−2 1.25× 10−1 2.45 5.81× 10−2 4.51× 10−1

Round 3
(Post round 2

parameter values)
1.07× 10−2 2.92× 10−2 4.05× 10−2 1.28× 101 1.60× 10−2 1.30× 10−1 1.86 5.82× 10−2 3.39× 10−1

Round 4
(Post round 3

parameter values)
7.59× 10−3 1.98× 10−2 3.93× 10−2 1.31× 101 1.61× 10−2 1.41× 10−1 1.64 5.32× 10−2 3.28× 10−1

Round 5
(Post round 4

parameter values)
3.90× 10−3 1.13× 10−2 3.29× 10−2 1.50× 101 1.48× 10−2 1.56× 10−1 1.71 4.88× 10−2 3.57× 10−1

Round 6
(Post round 5

parameter values)
9.22× 10−4 6.51× 10−3 2.46× 10−2 1.72× 101 1.36× 10−2 1.71× 10−1 1.79 4.64× 10−2 3.82× 10−1

Round 7
(Post round 6

parameter values)
2.71× 10−4 5.54× 10−3 2.25× 10−2 1.77× 101 1.33× 10−2 1.74× 10−1 1.79 4.64× 10−2 3.87× 10−1

Round 8
(Post round 7

parameter values)
1.63× 10−4 5.30× 10−3 2.22× 10−2 1.77× 101 1.33× 10−2 1.74× 10−1 1.77 4.67× 10−2 3.87× 10−1

Round 9
(Post round 8

parameter values)
1.32× 10−4 5.20× 10−3 2.18× 10−2 1.78× 101 1.33× 10−2 1.75× 10−1 1.74 4.70× 10−2 3.88× 10−1

Round 10
(Post round 9

parameter values)
1.21× 10−4 5.16× 10−3 2.13× 10−2 1.78× 101 1.33× 10−2 1.75× 10−1 1.73 4.73× 10−2 3.88× 10−1

Final round
(Post round 10

parameter values)
1.16× 10−4 5.13× 10−3 2.09× 10−2 1.78× 101 1.33× 10−2 1.75× 10−1 1.71 4.76× 10−2 3.88× 10−1

Table B.2: Parameter estimates after each round of the ABC optimization scheme
applied to the reference dataset derived from Nyström et al. (2005)’s SCC post day
3 invasion patterns. Run 2
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Parameter estimates dn γ rn η dm α Rinit. Pext. Pmit.

Round 1 9.91× 10−3 1.32× 10−1 4.03× 10−2 1.25× 101 1.66× 10−2 1.25× 10−1 2.99 5.52× 10−2 6.00× 10−1

Round 2
(Post round 1

parameter values)
1.24× 10−2 3.28× 10−2 4.01× 10−2 1.27× 101 1.55× 10−2 1.25× 10−1 2.45 5.76× 10−2 4.51× 10−1

Round 3
(Post round 2

parameter values)
1.07× 10−2 2.85× 10−2 4.07× 10−2 1.29× 101 1.60× 10−2 1.30× 10−1 1.86 5.89× 10−2 3.38× 10−1

Round 4
(Post round 3

parameter values)
7.27× 10−3 1.82× 10−2 3.78× 10−2 1.32× 101 1.58× 10−2 1.40× 10−1 1.65 5.44× 10−2 3.27× 10−1

Round 5
(Post round 4

parameter values)
3.76× 10−3 1.04× 10−2 3.17× 10−2 1.51× 101 1.46× 10−2 1.55× 10−1 1.74 5.02× 10−2 3.56× 10−1

Round 6
(Post round 5

parameter values)
9.26× 10−4 6.52× 10−3 2.43× 10−2 1.72× 101 1.36× 10−2 1.70× 10−1 1.81 4.68× 10−2 3.82× 10−1

Round 7
(Post round 6

parameter values)
2.64× 10−4 5.53× 10−3 2.26× 10−2 1.77× 101 1.34× 10−2 1.73× 10−1 1.82 4.63× 10−2 3.85× 10−1

Round 8
(Post round 7

parameter values)
1.66× 10−4 5.31× 10−3 2.25× 10−2 1.77× 101 1.35× 10−2 1.73× 10−1 1.82 4.64× 10−2 3.83× 10−1

Round 9
(Post round 8

parameter values)
1.37× 10−4 5.23× 10−3 2.25× 10−2 1.77× 101 1.36× 10−2 1.73× 10−1 1.81 4.66× 10−2 3.82× 10−1

Round 10
(Post round 9

parameter values)
1.25× 10−4 5.19× 10−3 2.24× 10−2 1.77× 101 1.36× 10−2 1.73× 10−1 1.81 4.68× 10−2 3.81× 10−1

Final round
(Post round 10

parameter values)
1.19× 10−4 5.17× 10−3 2.23× 10−2 1.77× 101 1.36× 10−2 1.73× 10−1 1.80 4.70× 10−2 3.79× 10−1

Table B.3: Parameter estimates after each round of the ABC optimization scheme
applied to the reference dataset derived from Nyström et al. (2005)’s SCC post day
3 invasion patterns. Run 3

Parameter estimates dn γ rn η dm α Pext. Pmit.

Round 1 9.91× 10−3 1.32× 10−1 4.03× 10−2 1.25× 101 1.66× 10−2 1.25× 10−1 5.49× 10−2 6.01× 10−1

Round 2
(Post round 1

parameter values)
5.88× 10−3 1.32× 10−1 4.05× 10−2 1.25× 101 1.50× 10−2 1.26× 10−1 5.69× 10−2 5.61× 10−1

Round 3
(Post round 2

parameter values)
1.23× 10−3 1.28× 10−1 4.05× 10−2 1.25× 101 1.60× 10−2 1.28× 10−1 5.95× 10−2 6.88× 10−1

Round 4
(Post round 3

parameter values)
3.96× 10−4 1.27× 10−1 3.94× 10−2 1.24× 101 1.71× 10−2 1.29× 10−1 5.94× 10−2 7.89× 10−1

Round 5
(Post round 4

parameter values)
3.58× 10−4 1.28× 10−1 3.85× 10−2 1.23× 101 1.70× 10−2 1.31× 10−1 5.67× 10−2 8.03× 10−1

Final round
(Post round 5

parameter values)
3.43× 10−4 1.27× 10−1 3.71× 10−2 1.24× 101 1.71× 10−2 1.32× 10−1 5.33× 10−2 8.03× 10−1

Table B.4: Parameter estimates after each round of the ABC optimization scheme
applied to the reference dataset derived from Nyström et al. (2005)’s SCC post day
6 invasion patterns. Run 1
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Parameter estimates dn γ rn η dm α Pext. Pmit.

Round 1 9.91× 10−3 1.32× 10−1 4.03× 10−2 1.25× 101 1.66× 10−2 1.25× 10−1 5.49× 10−2 6.01× 10−1

Round 2
(Post round 1

parameter values)
5.80× 10−3 1.30× 10−1 4.10× 10−2 1.25× 101 1.50× 10−2 1.26× 10−1 5.69× 10−2 5.64× 10−1

Round 3
(Post round 2

parameter values)
1.19× 10−3 1.26× 10−1 4.06× 10−2 1.25× 101 1.60× 10−2 1.27× 10−1 5.93× 10−2 6.89× 10−1

Round 4
(Post round 3

parameter values)
4.02× 10−4 1.19× 10−1 3.80× 10−2 1.23× 101 1.67× 10−2 1.28× 10−1 6.09× 10−2 7.90× 10−1

Round 5
(Post round 4

parameter values)
3.68× 10−4 1.17× 10−1 3.72× 10−2 1.22× 101 1.67× 10−2 1.29× 10−1 6.00× 10−2 8.06× 10−1

Final round
(Post round 5

parameter values)
3.61× 10−4 1.14× 10−1 3.59× 10−2 1.21× 101 1.64× 10−2 1.29× 10−1 5.82× 10−2 8.05× 10−1

Table B.5: Parameter estimates after each round of the ABC optimization scheme
applied to the reference dataset derived from Nyström et al. (2005)’s SCC post day
6 invasion patterns. Run 2

Parameter estimates dn γ rn η dm α Pext. Pmit.

Round 1 9.91× 10−3 1.32× 10−1 4.03× 10−2 1.25× 101 1.66× 10−2 1.25× 10−1 5.49× 10−2 6.01× 10−1

Round 2
(Post round 1

parameter values)
5.88× 10−3 1.31× 10−1 4.05× 10−2 1.25× 101 1.50× 10−2 1.26× 10−1 5.73× 10−2 5.66× 10−1

Round 3
(Post round 2

parameter values)
1.11× 10−3 1.28× 10−1 4.00× 10−2 1.25× 101 1.64× 10−2 1.28× 10−1 5.99× 10−2 6.99× 10−1

Round 4
(Post round 3

parameter values)
3.94× 10−4 1.25× 10−1 3.65× 10−2 1.23× 101 1.71× 10−2 1.28× 10−1 6.26× 10−2 7.98× 10−1

Round 5
(Post round 4

parameter values)
3.61× 10−4 1.23× 10−1 3.56× 10−2 1.21× 101 1.69× 10−2 1.27× 10−1 6.01× 10−2 8.10× 10−1

Final round
(Post round 5

parameter values)
3.55× 10−4 1.18× 10−1 3.56× 10−2 1.21× 101 1.64× 10−2 1.27× 10−1 5.82× 10−2 8.09× 10−1

Table B.6: Parameter estimates after each round of the ABC optimization scheme
applied to the reference dataset derived from Nyström et al. (2005)’s SCC post day
6 invasion patterns. Run 3
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Parameter estimates dn γ rn η dm α Pext. Pmit.

Round 1 9.91× 10−3 1.32× 10−1 4.03× 10−2 1.25× 101 1.66× 10−2 1.25× 10−1 5.49× 10−2 6.01× 10−1

Round 2
(Post round 1

parameter values)
6.03× 10−3 1.30× 10−1 4.02× 10−2 1.25× 101 1.47× 10−2 1.25× 10−1 5.74× 10−2 6.14× 10−1

Round 3
(Post round 2

parameter values)
2.67× 10−3 1.34× 10−1 4.18× 10−2 1.22× 101 1.46× 10−2 1.25× 10−1 6.04× 10−2 7.72× 10−1

Round 4
(Post round 3

parameter values)
2.20× 10−3 1.38× 10−1 4.49× 10−2 1.21× 101 1.41× 10−2 1.25× 10−1 6.32× 10−2 8.19× 10−1

Round 5
(Post round 4

parameter values)
2.08× 10−3 1.41× 10−1 4.57× 10−2 1.21× 101 1.38× 10−2 1.24× 10−1 6.46× 10−2 8.36× 10−1

Final round
(Post round 5

parameter values)
2.02× 10−3 1.38× 10−1 4.61× 10−2 1.21× 101 1.35× 10−2 1.22× 10−1 6.60× 10−2 8.48× 10−1

Table B.7: Parameter estimates after each round of the ABC optimization scheme
applied to the reference dataset derived from Nyström et al. (2005)’s SCC post day
9 invasion patterns. Run 1

Parameter estimates dn γ rn η dm α Pext. Pmit.

Round 1 9.91× 10−3 1.32× 10−1 4.03× 10−2 1.25× 101 1.66× 10−2 1.25× 10−1 5.49× 10−2 6.01× 10−1

Round 2
(Post round 1

parameter values)
6.06× 10−3 1.31× 10−1 4.04× 10−2 1.25× 101 1.49× 10−2 1.25× 10−1 5.72× 10−2 6.13× 10−1

Round 3
(Post round 2

parameter values)
2.62× 10−3 1.36× 10−1 4.05× 10−2 1.23× 101 1.49× 10−2 1.25× 10−1 5.98× 10−2 7.76× 10−1

Round 4
(Post round 3

parameter values)
2.10× 10−3 1.40× 10−1 4.28× 10−2 1.24× 101 1.45× 10−2 1.25× 10−1 6.14× 10−2 8.29× 10−1

Final round
(Post round 4

parameter values)
2.03× 10−3 1.42× 10−1 4.42× 10−2 1.22× 101 1.39× 10−2 1.26× 10−1 6.34× 10−2 8.42× 10−1

Table B.8: Parameter estimates after each round of the ABC optimization scheme
applied to the reference dataset derived from Nyström et al. (2005)’s SCC post day
9 invasion patterns. Run 2
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Parameter estimates dn γ rn η dm α Pext. Pmit.

Round 1 9.91× 10−3 1.32× 10−1 4.03× 10−2 1.25× 101 1.66× 10−2 1.25× 10−1 5.49× 10−2 6.01× 10−1

Round 2
(Post round 1

parameter values)
6.04× 10−3 1.31× 10−1 4.05× 10−2 1.25× 101 1.48× 10−2 1.24× 10−1 5.72× 10−2 6.15× 10−1

Round 3
(Post round 2

parameter values)
2.61× 10−3 1.34× 10−1 4.10× 10−2 1.23× 101 1.46× 10−2 1.24× 10−1 5.98× 10−2 7.78× 10−1

Round 4
(Post round 3

parameter values)
2.13× 10−3 1.36× 10−1 4.21× 10−2 1.22× 101 1.40× 10−2 1.25× 10−1 6.23× 10−2 8.28× 10−1

Final round
(Post round 4

parameter values)
2.06× 10−3 1.35× 10−1 4.26× 10−2 1.22× 101 1.36× 10−2 1.26× 10−1 6.41× 10−2 8.39× 10−1

Table B.9: Parameter estimates after each round of the ABC optimization scheme
applied to the reference dataset derived from Nyström et al. (2005)’s SCC post day
9 invasion patterns. Run 3

Parameter estimates dn γ rn η dm α Pext. Pmit.

Round 1 9.91× 10−3 1.32× 10−1 4.03× 10−2 1.25× 101 1.66× 10−2 1.25× 10−1 5.49× 10−2 6.01× 10−1

Round 2
(Post round 1

parameter values)
4.40× 10−3 1.34× 10−1 3.99× 10−2 1.25× 101 1.49× 10−2 1.26× 10−1 5.80× 10−2 5.25× 10−1

Round 3
(Post round 2

parameter values)
1.97× 10−3 1.34× 10−1 3.97× 10−2 1.25× 101 1.51× 10−2 1.27× 10−1 5.73× 10−2 5.95× 10−1

Round 4
(Post round 3

parameter values)
1.80× 10−3 1.37× 10−1 3.91× 10−2 1.26× 101 1.54× 10−2 1.27× 10−1 5.50× 10−2 6.17× 10−1

Round 5
(Post round 4

parameter values)
1.65× 10−3 1.37× 10−1 3.87× 10−2 1.27× 101 1.56× 10−2 1.28× 10−1 5.05× 10−2 6.24× 10−1

Final round
(Post round 5

parameter values)
1.52× 10−3 1.34× 10−1 3.85× 10−2 1.28× 101 1.56× 10−2 1.28× 10−1 4.56× 10−2 6.26× 10−1

Table B.10: Parameter estimates after each round of the ABC optimization scheme
applied to the reference dataset derived from Nyström et al. (2005)’s SCC post day
12 invasion patterns. Run 1
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Parameter estimates dn γ rn η dm α Pext. Pmit.

Round 1 9.91× 10−3 1.32× 10−1 4.03× 10−2 1.25× 101 1.66× 10−2 1.25× 10−1 5.49× 10−2 6.01× 10−1

Round 2
(Post round 1

parameter values)
4.44× 10−3 1.32× 10−1 3.99× 10−2 1.25× 101 1.49× 10−2 1.25× 10−1 5.84× 10−2 5.22× 10−1

Round 3
(Post round 2

parameter values)
1.96× 10−3 1.37× 10−1 4.00× 10−2 1.25× 101 1.50× 10−2 1.25× 10−1 5.80× 10−2 5.93× 10−1

Round 4
(Post round 3

parameter values)
1.83× 10−3 1.38× 10−1 3.82× 10−2 1.25× 101 1.50× 10−2 1.24× 10−1 5.57× 10−2 6.14× 10−1

Round 5
(Post round 4

parameter values)
1.68× 10−3 1.40× 10−1 3.60× 10−2 1.26× 101 1.49× 10−2 1.23× 10−1 5.06× 10−2 6.19× 10−1

Final round
(Post round 5

parameter values)
1.52× 10−3 1.39× 10−1 3.48× 10−2 1.28× 101 1.50× 10−2 1.22× 10−1 4.44× 10−2 6.19× 10−1

Table B.11: Parameter estimates after each round of the ABC optimization scheme
applied to the reference dataset derived from Nyström et al. (2005)’s SCC post day
12 invasion patterns. Run 2

Parameter estimates dn γ rn η dm α Pext. Pmit.

Round 1 9.91× 10−3 1.32× 10−1 4.03× 10−2 1.25× 101 1.66× 10−2 1.25× 10−1 5.49× 10−2 6.01× 10−1

Round 2
(Post round 1

parameter values)
4.38× 10−3 1.34× 10−1 4.00× 10−2 1.25× 101 1.50× 10−2 1.25× 10−1 5.78× 10−2 5.25× 10−1

Round 3
(Post round 2

parameter values)
1.91× 10−3 1.35× 10−1 4.01× 10−2 1.25× 101 1.51× 10−2 1.27× 10−1 5.52× 10−2 5.91× 10−1

Round 4
(Post round 3

parameter values)
1.77× 10−3 1.34× 10−1 4.10× 10−2 1.23× 101 1.47× 10−2 1.30× 10−1 5.23× 10−2 6.09× 10−1

Round 5
(Post round 4

parameter values)
1.65× 10−3 1.32× 10−1 4.08× 10−2 1.25× 101 1.43× 10−2 1.32× 10−1 4.81× 10−2 6.15× 10−1

Final round
(Post round 5

parameter values)
1.50× 10−3 1.27× 10−1 3.85× 10−2 1.26× 101 1.46× 10−2 1.32× 10−1 4.29× 10−2 6.17× 10−1

Table B.12: Parameter estimates after each round of the ABC optimization scheme
applied to the reference dataset derived from Nyström et al. (2005)’s SCC post day
12 invasion patterns. Run 3
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Parameter estimates dn γ rn η dm α Pext. Pmit.

Round 1 9.91× 10−3 1.32× 10−1 4.03× 10−2 1.25× 101 1.66× 10−2 1.25× 10−1 5.49× 10−2 6.01× 10−1

Round 2
(Post round 1

parameter values)
7.35× 10−3 1.31× 10−1 3.92× 10−2 1.25× 101 1.50× 10−2 1.25× 10−1 5.77× 10−2 3.81× 10−1

Round 3
(Post round 2

parameter values)
6.38× 10−3 1.29× 10−1 3.88× 10−2 1.25× 101 1.51× 10−2 1.25× 10−1 5.90× 10−2 3.23× 10−1

Round 4
(Post round 3

parameter values)
6.26× 10−3 1.28× 10−1 3.84× 10−2 1.24× 101 1.52× 10−2 1.25× 10−1 6.06× 10−2 3.15× 10−1

Final round
(Post round 5

parameter values)
6.26× 10−3 1.29× 10−1 3.76× 10−2 1.24× 101 1.50× 10−2 1.24× 10−1 6.18× 10−2 3.13× 10−1

Table B.13: Parameter estimates after each round of the ABC optimization scheme
applied to the reference dataset derived from Nyström et al. (2005)’s SCC post day
14 invasion patterns. Run 1

Parameter estimates dn γ rn η dm α Pext. Pmit.

Round 1 9.91× 10−3 1.32× 10−1 4.03× 10−2 1.25× 101 1.66× 10−2 1.25× 10−1 5.49× 10−2 6.01× 10−1

Round 2
(Post round 1

parameter values)
7.33× 10−3 1.31× 10−1 3.98× 10−2 1.25× 101 1.51× 10−2 1.25× 10−1 5.71× 10−2 3.82× 10−1

Round 3
(Post round 2

parameter values)
6.27× 10−3 1.29× 10−1 4.02× 10−2 1.23× 101 1.47× 10−2 1.27× 10−1 5.65× 10−2 3.22× 10−1

Round 4
(Post round 3

parameter values)
6.08× 10−3 1.30× 10−1 4.08× 10−2 1.23× 101 1.47× 10−2 1.26× 10−1 5.74× 10−2 3.12× 10−1

Final round
(Post round 4

parameter values)
6.09× 10−3 1.33× 10−1 4.12× 10−2 1.22× 101 1.47× 10−2 1.27× 10−1 5.87× 10−2 3.11× 10−1

Table B.14: Parameter estimates after each round of the ABC optimization scheme
applied to the reference dataset derived from Nyström et al. (2005)’s SCC post day
14 invasion patterns. Run 2

Parameter estimates dn γ rn η dm α Pext. Pmit.

Round 1 9.91× 10−3 1.32× 10−1 4.03× 10−2 1.25× 101 1.66× 10−2 1.25× 10−1 5.49× 10−2 6.01× 10−1

Round 2
(Post round 1

parameter values)
7.34× 10−3 1.31× 10−1 3.93× 10−2 1.25× 101 1.48× 10−2 1.25× 10−1 5.73× 10−2 3.81× 10−1

Round 3
(Post round 2

parameter values)
6.36× 10−3 1.31× 10−1 3.87× 10−2 1.24× 101 1.46× 10−2 1.28× 10−1 5.73× 10−2 3.24× 10−1

Round 4
(Post round 3

parameter values)
6.15× 10−3 1.32× 10−1 3.84× 10−2 1.24× 101 1.42× 10−2 1.28× 10−1 5.74× 10−2 3.13× 10−1

Final round
(Post round 5

parameter values)
6.13× 10−3 1.31× 10−1 3.85× 10−2 1.25× 101 1.41× 10−2 1.30× 10−1 5.81× 10−2 3.12× 10−1

Table B.15: Parameter estimates after each round of the ABC optimization scheme
applied to the reference dataset derived from Nyström et al. (2005)’s SCC post day
14 invasion patterns. Run 3.

A41



B.5 Detailed density plots at the end of every

round for each SCC invasion patterns

The density plots at the end of every round of ABC application on the individual

based-model of the second experiment (i.e., 5 invasion patterns fitted separately)

conducted on SCC invasion patterns are given in this section. See Figures B.1, B.2,

B.3, B.4 and B.5.

B.6 Detailed simulation results at the end of each

run for the second experiment regarding the

SCC invasion patterns

In this section, we present the final simulation results at the end of each run for

each of the 5 SCC invasion patterns being investigated in the second experiment of

the study.

B.6.1 Post day 3 simulation results

Attempts/Discrepancy metric BCD SSE
Run 1 1.50× 10−2 3.32× 10−1

Run 2 8.24× 10−3 2.00× 10−1

Run 3 3.30× 10−3 1.75× 10−1

Table B.16: Discrepancy measures between final simulated patterns and observed
pattern from the three different runs. Post day 3 pattern.

Based on the Bhattacharyya distance between the reference and simulated data,

the simulation results at the end of the 3rd run was taken to represent the final
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Figure B.1: Evolution of parameter densities after each round of the ABC applica-
tion on the post day 3 dataset of SCC invasion pattern. Sample mean of each round
is marked with a cross on the x-axis.

results of post day 3 pattern, and the initial condition for the simulation of post day

6 pattern.
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Figure B.2: Evolution of parameter densities after each round of the ABC applica-
tion on the post day 6 dataset of SCC invasion pattern. Sample mean of each round
is marked with a cross on the x-axis.
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Figure B.3: Evolution of parameter densities after each round of the ABC applica-
tion on the post day 9 dataset of SCC invasion pattern. Sample mean of each round
is marked with a cross on the x-axis.

B.6.2 Post day 6 simulation results

Based on the Bhattacharyya distance between the reference and simulated data, the

simulation results at the end of the 2nd run was taken to represent the final results
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Figure B.4: Evolution of parameter densities after each round of the ABC applic-
ation on the post day 12 dataset of SCC invasion pattern. Sample mean of each
round is marked with a cross on the x-axis.

of post day 6 pattern, and the initial condition for the simulation of post day 9

pattern.

A46



Figure B.5: Evolution of parameter densities after each round of the ABC applic-
ation on the post day 14 dataset of SCC invasion pattern. Sample mean of each
round is marked with a cross on the x-axis.
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Figure B.6: Post day 3 SCC cells invasion patterns observed in organotypic culture
(Left) v.s. three different runs of simulated post day 3 patterns (cell position plots)
from the numerical scheme (Right). For each run, simulation is terminated once the
reduction of average discrepancy measure drops below 5%. Sum of squared differences
between SCC cell density in observed pattern and final simulated patterns: 0.33, 0.20,
0.18.

Attempts/Discrepancy metric BCD SSE
Run 1 2.24× 10−5 1.52× 10−1

Run 2 1.33× 10−5 1.54× 10−1

Run 3 2.64× 10−4 1.76× 10−1

Table B.17: Discrepancy measures between final simulated patterns and observed
pattern from the three different runs. Post day 6 pattern.

B.6.3 Post day 9 simulation results

Based on the Bhattacharyya distance between the reference and simulated data, the

simulation results at the end of the 1st run was taken to represent the final results
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Figure B.7: Post day 3 SCC cells invasion patterns observed in organotypic culture
(Left) v.s. three different runs of simulated post day 3 patterns (grey shades plots)
from the numerical scheme (Right). For each run, simulation is terminated once the
reduction of average discrepancy measure drops below 5%. Sum of squared differences
between SCC cell density in observed pattern and final simulated patterns: 0.33, 0.20,
0.18.

Attempts/Discrepancy metric BCD SSE
Run 1 1.63× 10−3 5.74× 10−1

Run 2 2.93× 10−3 5.96× 10−1

Run 3 3.84× 10−3 5.04× 10−1

Table B.18: Discrepancy measures between final simulated patterns and observed
pattern from the three different runs. Post day 9 pattern.

of post day 9 pattern, and the initial condition for the simulation of post day 12

pattern.
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Figure B.8: Evolution of the actual ESS throughout the simulation for three dif-
ferent runs. Black cross: Run 1; Blue cross: Run 2; Red cross: Run 3

B.6.4 Post day 12 simulation results

Attempts/Discrepancy metric BCD SSE
Run 1 7.67× 10−5 4.72× 10−1

Run 2 2.93× 10−4 3.46× 10−1

Run 3 8.58× 10−5 3.55× 10−1

Table B.19: Discrepancy measures between final simulated patterns and observed
pattern from the three different runs. Post day 12 pattern.

Based on the Bhattacharyya distance between the reference and simulated data

(region densities), the simulation results at the end of the 1st run was taken to

represent the final results of post day 12 pattern, and the initial condition for the

simulation of post day 14 pattern.
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Figure B.9: Evolution of the weight calculation factor throughout the simulation
for three different runs. Black cross: Run 1; Blue cross: Run 2; Red cross: Run 3

B.6.5 Post day 14 simulation results

Attempts/Discrepancy metric BCD SSE
Run 1 3.18× 10−4 7.72× 10−1

Run 2 1.49× 10−5 7.85× 10−1

Run 3 1.05× 10−4 8.06× 10−1

Table B.20: Discrepancy measures between final simulated patterns and observed
pattern from the three different runs. Post day 14 pattern.

Based on the Bhattacharyya distance between the reference and simulated data

(region densities), the simulation results at the end of the 2nd run was taken to

represent the final results of post day 14 pattern.
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Figure B.10: Post day 6 SCC cells invasion patterns observed in organotypic
culture (Left) v.s. three different runs (cell position plots) of simulated post day 6
patterns from the numerical scheme (Right). For each run, simulation is terminated
once the reduction of average discrepancy measure drops below 5%. Sum of squared
differences between SCC cell density in observed pattern and final simulated patterns:
0.15, 0.15, 0.18.

B.7 Detailed parameter estimates at the end of

every round for the third experiment regard-

ing the SCC invasion patterns

We first give the model selection results of the regression fittings to the final para-

meter estimates of each SCC pattern. These results justified our choice of regression

models used for the time-dependent parameters in the third experiment regarding

the SCC invasion patterns.
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Figure B.11: Post day 6 SCC cells invasion patterns observed in organotypic
culture (Left) v.s. three different runs of simulated post day 6 patterns (grey shades
plots) from the numerical scheme (Right). For each run, simulation is terminated
once the reduction of average discrepancy measure drops below 5%. Sum of squared
differences between SCC cell density in observed pattern and final simulated patterns:
0.15, 0.15, 0.18.

Now we give the detailed parameter estimates at the end of every round for each

run of the the third experiment regarding the SCC invasion patterns.

A53



Figure B.12: Evolution of the actual ESS throughout the simulation of day 6 for
three different runs. Black cross: Run 1; Blue cross: Run 2; Red cross: Run 3

Parameters Quadratic Linear Constant

AIC
Adjusted
R-squared

AIC
Adjusted
R-squared

AIC
Adjusted
R-squared

dn 0.74 −49.44 0.65 −47.96 - −43.22
γ 0.88 −21.56 0.46 −14.16 - −11.67
rn 0.72 −36.00 0.35 −31.69 - −30.13
η 0.59 22.04 0.26 25.01 - 25.96
dm −0.83 −46.31 −0.29 −48.00 - −49.85
α 0.78 −28.68 0.33 −23.13 - −21.66
Pext. −0.63 −27.46 −0.28 −28.66 - −30.45
Pmit. −0.63 −27.46 −0.28 −28.66 - −30.45

Table B.21: Model selection values of the regression fittings to the final parameter
estimates of each SCC invasion pattern (Figure 4.19). For each parameter, the
values of the selected model are highlighted in bold font.
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Figure B.13: Evolution of the weight calculation factor throughout the simulation
of day 6 for three different runs. Black cross: Run 1; Blue cross: Run 2; Red cross:
Run 3

B.8 Detailed density plots at the end of every

round for the third experiment regarding the

SCC invasion pattern

The density plots at the end of every round of ABC application on the individual

based-model of the third experiment conducted on SCC invasion patterns (i.e. 5

patterns fitted together with time dependent parameters introduced to the model)

are given in this section.
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Figure B.14: Post day 9 SCC cells invasion patterns observed in organotypic
culture (Left) v.s. three different runs of simulated post day 9 patterns (cell position
plots) from the numerical scheme (Right). For each run, simulation is terminated
once the reduction of average discrepancy measure drops below 5%. Sum of squared
differences between SCC cell density in observed pattern and final simulated patterns:
0.57, 0.60, 0.50.

B.9 Detailed simulation results at the end of each

run for the third experiment regarding the

SCC invasion patterns

In this section, we present the final simulation results obtained at the end of the two

runs that were not chosen to represent the final simulation outcome for the third

experiment (i.e., 5 patterns fitted together with the introduction of time-dependent

parameters) regarding the SCC invasion patterns.
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Figure B.15: Post day 9 SCC cells invasion patterns observed in organotypic
culture (Left) v.s. three different runs of simulated post day 9 patterns (grey shades
plots) from the numerical scheme (Right). For each run, simulation is terminated
once the reduction of average discrepancy measure drops below 5%. Sum of squared
differences between SCC cell density in observed pattern and final simulated patterns:
0.57, 0.60, 0.50.

For the two runs that were not chosen to represent the final result, the plots

of their corresponding final parameter estimates’ variations throughout the entire

invasion process are presented below.
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Figure B.16: Evolution of the actual ESS throughout the simulation of day 9 for
three different runs. Black cross: Run 1; Blue cross: Run 2; Red cross: Run 3

B.10 Non-dimensionalization of the T98G glioma

invasion model

As a quick recap, the original dimensional model is as follows.

∂n

∂t
= ∇ · (Dn∇n) + ρn (B.6)

As we mentioned in section 4.4.3, the diffusion term was kept to be linear. Hence,

the model can be rewritten as follows.

∂n

∂t
= Dn∇2n+ ρn (B.7)
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Figure B.17: Evolution of the weight calculation factor throughout the simulation
of day 9 for three different runs. Black cross: Run 1; Blue cross: Run 2; Red cross:
Run 3

Now set the dimensionless variables, x̃ = x
[x]
, t̃ = t

[t]
and ñ = n

[n]
, where [x], [t]

and [n] represent the unit of length, time and glioma cells density. Applying the

basic chain rule to the derivatives on both sides of the equation, we have

∇2n =
[n]

[x]2
∇2ñ,

∂n

∂t
=

[n]

[t]

∂ñ

∂t̃
(B.8)

The dimensional model can now be written as follows.

[n]

[t]

∂ñ

∂t̃
= Dn

[n]

[x]
∇2n+ ρ[n]ñ (B.9)
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Figure B.18: Post day 12 SCC cells invasion patterns observed in organotypic
culture (Left) v.s. three different runs of simulated post day 12 patterns from the
numerical scheme (Right). For each run, simulation is terminated once the reduction
of average discrepancy measure drops below 5%. Sum of squared differences between
SCC cell density in observed pattern and final simulated patterns: 0.47, 0.35, 0.36.

and it can be rearranged into

∂ñ

∂t̃
= dn

[t]

[x]2
∇2ñ+ ρ[t]ñ (B.10)

Recall the two dimensional variables mentioned in 4.4.3, D ∼ 10−6cm2s−1 and τ

= L2

D
, representing the reference diffusion coefficient and the appropriate time scale.

Setting d̃n = Dn

D
and r̃n = ρτ and drop the tildes for convenience, we have the

dimensionless equation 4.5 in Section 4.4.3.
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Figure B.19: Post day 12 SCC cells invasion patterns observed in organotypic
culture (Left) v.s. three different runs of simulated post day 12 patterns (grey shades
plots) from the numerical scheme (Right). For each run, simulation is terminated
once the reduction of average discrepancy measure drops below 5%. Sum of squared
differences between SCC cell density in observed pattern and final simulated patterns:
0.47, 0.35, 0.36.

B.11 Discretization of the dimensionless glioma

invasion model

In this section, we present the 2D discretization of the dimensionless model and the

five-stencil finite difference scheme derived from it. By applying a forward difference

at time and central difference at space, we have

nq+1
i,j − nq

i,j

∆t
= dn

nq
i+1,j + nq

i−1,j + nq
i,j+1 + nq

i,j−1 − 4nq
i,j

h2
+ rnn

q
i,j (B.11)
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Figure B.20: Evolution of the actual ESS throughout the simulation of day 12 for
three different runs. Black cross: Run 1; Blue cross: Run 2; Red cross: Run 3

with further rearrangements, the equation above becomes

nq+1
i,j = nq

i,j(1+ rn∆t−
4dn∆t

h2
)+nq

i+1,j

dn∆t

h2
+nq

i−1,j

dn∆t

h2
+nq

i,j+1

dn∆t

h2
+nq

i,j−1

dn∆t

h2

(B.12)

Taking P0 = 1 + rn∆t − 4dn∆t
h2 , P1 = P2 = P3 = P4 = dn∆t

h2 , we obtained

values proportional to the probabilities of glioma cells having no movement, moving

left, right, up and down respectively. Note that in this case, the effects exerted

by surrounding tissues (e.g. ECM) on the glioma cells were excluded from the

model, hence the cells have equal probabilities of making a movement in all different

directions.
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Figure B.21: Evolution of the weight calculation factor throughout the simulation
of day 12 for three different runs. Black cross: Run 1; Blue cross: Run 2; Red cross:
Run 3

B.12 Justification of the initial parameter distri-

butions for ABC scheme on T98G glioma

spheroid invasion patterns

1. dn (Diffusion coefficient of glioma cells)

The bounds we used for this parameter’s initial distribution are the same as

the ones we used in the 1D case and the spatial 2D case for SCC invasion

pattern.

2. rn (Proliferation rate of tumour cells)

Again, taking Swanson et al. (2000)’s estimate for a growth rate of ρ =
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Figure B.22: Post day 14 SCC cells invasion patterns observed in organotypic
culture (Left) v.s. three different runs of simulated post day 14 patterns (cell position
plots) from the numerical scheme (Right). For each run, simulation is terminated
once the reduction of average discrepancy measure drops below 5%. Sum of squared
differences between SCC cell density in observed pattern and final simulated patterns:
0.77, 0.79, 0.81.

0.012/day to represent cell proliferation of a high-grade astrocytoma, corres-

ponds to a dimensionless value of 0.012/3600/24*2500 ≈ 0.00035 based on our

scaling. We made 10-fold variations on both directions based on this value,

which leads to a uniform distribution with lower and upper bounds being

0.000035 and 0.0035. To cover all the possibilities, we further extended the

lower bound to 0, hence initial distribution for this parameter was chosen to

be U(0, 0.0035).

3. Rinit. (Initial spheroid radius)
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Figure B.23: Post day 14 SCC cells invasion patterns observed in organotypic
culture (Left) v.s. three different runs of simulated post day 14 patterns (grey shades
plots) from the numerical scheme (Right). For each run, simulation is terminated
once the reduction of average discrepancy measure drops below 5%. Sum of squared
differences between SCC cell density in observed pattern and final simulated patterns:
0.77, 0.79, 0.81.

The bounds of this parameter’s initial distribution were chosen based on our

subjective views. To cover all the possibilities, we chose the minimum and

maximum dimensionless radius to be 0.01 and 0.15, corresponds to 5µm and

75µm.

4. Pext. & Pmit. (Proportion of cells that extinct and perform mitosis at the end

of a day)

The bounds of these two parameters are the same as the ones being used in

the attempt with SCC invasion patterns.
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Figure B.24: Evolution of the actual ESS throughout the simulation of day 14 for
three different runs. Black cross: Run 1; Blue cross: Run 2; Red cross: Run 3

B.13 Detailed parameter estimates at the end of

every round for T98G glioma spheroid inva-

sion patterns

The detailed parameter estimates at the end of each round of T98G glioma spheroid-

related simulation are given in this section. Tables B.31, B.32 and B.33 contain the

parameter estimates from the three different runs, corresponds to the simulated

patterns presented in Figures 4.29 and 4.30.
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Figure B.25: Evolution of the weight calculation factor throughout the simulation
of day 14 for three different runs. Black cross: Run 1; Blue cross: Run 2; Red cross:
Run 3

B.14 Detailed density plots at the end of every

round for T98G glioma spheroid invasion

patterns

The density plots at the end of every round for ABC application on the individual

based model of T98G glioma spheroid invasion are given in this section. See Figure

B.36.
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Post day 3
estimates

Post d6
estimates

Post d9
estimates

Post d12
estimates

Post d14
estimates

Quadratic
coefficients

Linear
coefficients

Round 1 dn 7.87× 10−3 7.49× 10−3 8.15× 10−3 9.85× 10−3 1.26× 10−2 5.19× 10−4 −1.93× 10−3

Round 2 dn 8.38× 10−3 7.82× 10−3 8.24× 10−3 9.64× 10−3 1.20× 10−2 4.87× 10−4 −2.02× 10−3

Round 3 dn 4.99× 10−3 4.38× 10−3 4.74× 10−3 6.08× 10−3 8.40× 10−3 4.88× 10−4 −2.08× 10−3

Round 4 dn 2.46× 10−3 1.82× 10−3 2.18× 10−3 3.56× 10−3 5.94× 10−3 5.03× 10−4 −2.15× 10−3

Round 5 dn 1.59× 10−3 1.11× 10−3 1.75× 10−3 3.52× 10−3 6.42× 10−3 5.64× 10−4 −2.18× 10−3

Round 6 dn 9.95× 10−4 7.00× 10−4 1.59× 10−3 3.66× 10−3 6.91× 10−3 5.91× 10−4 −2.07× 10−3

Round 7 dn 6.09× 10−4 4.92× 10−4 1.56× 10−3 3.80× 10−3 7.23× 10−3 5.91× 10−4 −1.89× 10−3

Round 8 dn 5.12× 10−4 4.46× 10−4 1.54× 10−3 3.79× 10−3 7.19× 10−3 5.78× 10−4 −1.80× 10−3

Round 1 γ 9.66× 10−2 1.67× 10−1 1.93× 10−1 1.76× 10−1 1.16× 10−1 −2.17× 10−2 1.35× 10−1

Round 2 γ 2.64× 10−2 1.16× 10−1 1.61× 10−1 1.64× 10−1 1.24× 10−1 −2.16× 10−2 1.54× 10−1

Round 3 γ 1.80× 10−2 1.09× 10−1 1.57× 10−1 1.62× 10−1 1.25× 10−1 −2.13× 10−2 1.54× 10−1

Round 4 γ 1.09× 10−2 1.01× 10−1 1.50× 10−1 1.57× 10−1 1.23× 10−1 −2.07× 10−2 1.52× 10−1

Round 5 γ 8.68× 10−3 9.62× 10−2 1.45× 10−1 1.56× 10−1 1.29× 10−1 −1.92× 10−2 1.45× 10−1

Round 6 γ 7.75× 10−3 9.79× 10−2 1.54× 10−1 1.74× 10−1 1.61× 10−1 −1.73× 10−2 1.42× 10−1

Round 7 γ 7.59× 10−3 1.01× 10−1 1.62× 10−1 1.93× 10−1 1.93× 10−1 −1.55× 10−2 1.39× 10−1

Round 8 γ 7.53× 10−3 1.01× 10−1 1.65× 10−1 1.98× 10−1 2.01× 10−1 −1.51× 10−2 1.39× 10−1

Round 1 rn 3.40× 10−2 4.66× 10−2 5.20× 10−2 4.99× 10−2 4.06× 10−2 −3.67× 10−3 2.37× 10−2

Round 2 rn 3.38× 10−2 4.66× 10−2 5.20× 10−2 5.00× 10−2 4.07× 10−2 −3.69× 10−3 2.38× 10−2

Round 3 rn 3.36× 10−2 4.63× 10−2 5.17× 10−2 4.96× 10−2 4.03× 10−2 −3.68× 10−3 2.37× 10−2

Round 4 rn 3.33× 10−2 4.56× 10−2 5.06× 10−2 4.83× 10−2 3.86× 10−2 −3.66× 10−3 2.33× 10−2

Round 5 rn 3.49× 10−2 4.58× 10−2 4.94× 10−2 4.58× 10−2 3.50× 10−2 −3.62× 10−3 2.18× 10−2

Round 6 rn 4.00× 10−2 4.93× 10−2 5.17× 10−2 4.72× 10−2 3.57× 10−2 −3.46× 10−3 1.97× 10−2

Round 7 rn 4.38× 10−2 5.28× 10−2 5.50× 10−2 5.05× 10−2 3.92× 10−2 −3.38× 10−3 1.91× 10−2

Round 8 rn 4.49× 10−2 5.38× 10−2 5.59× 10−2 5.13× 10−2 4.00× 10−2 −3.37× 10−3 1.90× 10−2

Table B.22: Parameter estimates after each round of the ABC optimization scheme
applied to the reference dataset derived from Nyström et al. (2005)’s SCC invasion
patterns. Third experiment, patterns fitted together with time-dependent parameter
values introduced for dn, γ, rn, η, α, Pmit.. Run 1. (Part 1)

B.15 Detailed simulation results at the end of

each run for T98G invasion patterns
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Post day 3
estimates

Post d6
estimates

Post d9
estimates

Post d12
estimates

Post d14
estimates

Quadratic
coefficients

Linear
coefficients

Round 1 η 1.40× 101 1.10× 101 9.87 1.06× 101 1.32× 101 9.38× 10−1 −5.83
Round 2 η 1.43× 101 1.12× 101 1.00× 101 1.07× 101 1.32× 101 9.35× 10−1 −5.87
Round 3 η 1.45× 101 1.13× 101 1.01× 101 1.07× 101 1.33× 101 9.38× 10−1 −5.93
Round 4 η 1.48× 101 1.15× 101 1.01× 101 1.06× 101 1.30× 101 9.46× 10−1 −6.13
Round 5 η 1.54× 101 1.18× 101 1.02× 101 1.05× 101 1.27× 101 9.60× 10−1 −6.44
Round 6 η 1.61× 101 1.23× 101 1.07× 101 1.11× 101 1.36× 101 1.05 −6.95
Round 7 η 1.68× 101 1.27× 101 1.11× 101 1.18× 101 1.49× 101 1.18 −7.58
Round 8 η 1.69× 101 1.28× 101 1.11× 101 1.19× 101 1.51× 101 1.22 −7.78
Round 1 α 1.39× 10−1 1.11× 10−1 1.00× 10−1 1.07× 10−1 1.31× 10−1 8.61× 10−3 −5.38× 10−2

Round 2 α 1.41× 10−1 1.12× 10−1 1.01× 10−1 1.07× 10−1 1.30× 10−1 8.67× 10−3 −5.47× 10−2

Round 3 α 1.42× 10−1 1.13× 10−1 1.01× 10−1 1.0× 10−1 1.30× 10−1 8.77× 10−3 −5.57× 10−2

Round 4 α 1.44× 10−1 1.13× 10−1 9.99× 10−2 1.05× 10−1 1.28× 10−1 9.05× 10−3 −5.84× 10−2

Round 5 α 1.48× 10−1 1.15× 10−1 9.90× 10−2 1.01× 10−1 1.22× 10−1 9.00× 10−3 −6.07× 10−2

Round 6 α 1.52× 10−1 1.13× 10−1 9.42× 10−2 9.50× 10−2 1.16× 10−1 9.90× 10−3 −6.84× 10−2

Round 7 α 1.56× 10−1 1.11× 10−1 8.96× 10−2 9.00× 10−2 1.13× 10−1 1.11× 10−2 −7.76× 10−2

Round 8 α 1.57× 10−1 1.11× 10−1 8.88× 10−2 8.90× 10−2 1.12× 10−1 1.14× 10−2 −7.96× 10−2

Round 1 Pmit. 4.32× 10−1 7.43× 10−1 8.53× 10−1 7.60× 10−1 4.65× 10−1 −1.01× 10−1 6.15× 10−1

Round 2 Pmit. 3.92× 10−1 7.03× 10−1 8.15× 10−1 7.28× 10−1 4.42× 10−1 −9.94× 10−2 6.09× 10−1

Round 3 Pmit. 3.53× 10−1 6.51× 10−1 7.61× 10−1 6.82× 10−1 4.15× 10−1 −9.42× 10−2 5.81× 10−1

Round 4 Pmit. 3.28× 10−1 6.21× 10−1 7.28× 10−1 6.49× 10−1 3.83× 10−1 −9.31× 10−2 5.73× 10−1

Round 5 Pmit. 3.34× 10−1 6.42× 10−1 7.48× 10−1 6.53× 10−1 3.57× 10−1 −1.01× 10−1 6.09× 10−1

Round 6 Pmit. 3.33× 10−1 6.73× 10−1 7.85× 10−1 6.70× 10−1 3.26× 10−1 −1.14× 10−1 6.82× 10−1

Round 7 Pmit. 3.22× 10−1 6.88× 10−1 8.04× 10−1 6.70× 10−1 2.87× 10−1 −1.25× 10−1 7.41× 10−1

Round 8 Pmit. 3.19× 10−1 6.92× 10−1 8.07× 10−1 6.66× 10−1 2.69× 10−1 −1.28× 10−1 7.57× 10−1

Table B.23: Parameter estimates after each round of the ABC optimization scheme
applied to the reference dataset derived from Nyström et al. (2005)’s SCC invasion
patterns. Third experiment, patterns fitted together with time-dependent parameter
values introduced for dn, γ, rn, η, α, Pmit.. Run 1. (Part 2)
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Parameter estimates dm Rinit. Pext.

Round 1 1.65× 10−2 3.00 5.50× 10−2

Round 2
(Post round 1

parameter values)
1.65× 10−2 2.84 6.28× 10−2

Round 3
(Post round 2

parameter values)
1.76× 10−2 2.63 7.06× 10−2

Round 4
(Post round 3

parameter values)
1.80× 10−2 2.20 7.58× 10−2

Round 5
(Post round 4

parameter values)
1.77× 10−2 2.23 7.82× 10−2

Round 6
(Post round 5

parameter values)
1.81× 10−2 2.43 7.81× 10−2

Round 7
(Post round 6

parameter values)
1.85× 10−2 2.74 7.73× 10−2

Final round
(Post round 7

parameter values)
1.83× 10−2 2.82 7.59× 10−2

Table B.24: Parameter estimates after each round of the ABC optimization scheme
applied to the reference dataset derived from Nyström et al. (2005)’s SCC invasion
patterns. Third experiment, patterns fitted together with time-dependent parameter
values introduced for dn, γ, rn, η, α, Pmit.. Run 1. (Part 3)
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Post day 3
estimates

Post d6
estimates

Post d9
estimates

Post d12
estimates

Post d14
estimates

Quadratic
coefficients

Linear
coefficients

Round 1 dn 7.86× 10−3 7.48× 10−3 8.14× 10−3 9.83× 10−3 1.26× 10−2 5.18× 10−4 −1.94× 10−3

Round 2 dn 8.45× 10−3 7.91× 10−3 8.35× 10−3 9.76× 10−3 1.21× 10−2 4.87× 10−4 −2.00× 10−3

Round 3 dn 5.29× 10−3 4.70× 10−3 5.06× 10−3 6.39× 10−3 8.67× 10−3 4.80× 10−4 −2.03× 10−3

Round 4 dn 2.90× 10−3 2.23× 10−3 2.50× 10−3 3.70× 10−3 5.85× 10−3 4.69× 10−4 −2.08× 10−3

Round 5 dn 2.05× 10−3 1.55× 10−3 2.07× 10−3 3.59× 10−3 6.13× 10−3 5.06× 10−4 −2.02× 10−3

Round 6 dn 1.49× 10−3 1.21× 10−3 2.00× 10−3 3.85× 10−3 6.76× 10−3 5.32× 10−4 −1.87× 10−3

Round 7 dn 9.28× 10−4 8.04× 10−4 1.72× 10−3 3.68× 10−3 6.67× 10−3 5.20× 10−4 −1.68× 10−3

Round 8 dn 5.38× 10−4 4.89× 10−4 1.44× 10−3 3.38× 10−3 6.32× 10−3 4.98× 10−4 −1.54× 10−3

Round 9 dn 3.79× 10−4 3.65× 10−4 1.33× 10−3 3.27× 10−3 6.19× 10−3 4.89× 10−4 −1.48× 10−3

Round 10 dn 3.37× 10−4 3.40× 10−4 1.32× 10−3 3.28× 10−3 6.21× 10−3 4.89× 10−4 −1.46× 10−3

Round 1 γ 9.56× 10−2 1.66× 10−1 1.93× 10−1 1.76× 10−1 1.16× 10−1 −2.18× 10−2 1.36× 10−1

Round 2 γ 2.66× 10−2 1.16× 10−1 1.63× 10−1 1.67× 10−1 1.28× 10−1 −2.15× 10−2 1.54× 10−1

Round 3 γ 1.89× 10−2 1.11× 10−1 1.61× 10−1 1.69× 10−1 1.33× 10−1 −2.13× 10−2 1.57× 10−1

Round 4 γ 1.17× 10−2 1.13× 10−1 1.70× 10−1 1.81× 10−1 1.47× 10−1 −2.25× 10−2 1.69× 10−1

Round 5 γ 9.47× 10−3 1.18× 10−1 1.77× 10−1 1.86× 10−1 1.46× 10−1 −2.48× 10−2 1.83× 10−1

Round 6 γ 7.76× 10−3 1.11× 10−2 1.65× 10−1 1.69× 10−1 1.25× 10−1 −2.47× 10−2 1.77× 10−1

Round 7 γ 6.55× 10−3 1.05× 10−1 1.53× 10−1 1.52× 10−1 1.00× 10−1 −2.50× 10−2 1.73× 10−1

Round 8 γ 5.98× 10−3 1.03× 10−1 1.48× 10−1 1.42× 10−1 8.50× 10−1 −2.57× 10−2 1.74× 10−1

Round 9 γ 5.78× 10−3 1.02× 10−1 1.47× 10−1 1.40× 10−1 8.02× 10−1 −2.60× 10−2 1.75× 10−1

Round 10 γ 5.78× 10−3 1.02× 10−1 1.47× 10−1 1.40× 10−1 8.02× 10−1 −2.60× 10−2 1.75× 10−1

Round 1 rn 3.38× 10−2 4.65× 10−2 5.18× 10−2 4.98× 10−2 4.05× 10−2 −3.67× 10−3 2.37× 10−2

Round 2 rn 3.37× 10−2 4.65× 10−2 5.20× 10−2 5.02× 10−2 4.11× 10−2 −3.66× 10−3 2.38× 10−2

Round 3 rn 3.41× 10−2 4.72× 10−2 5.29× 10−2 5.14× 10−2 4.25× 10−2 −3.66× 10−3 2.40× 10−2

Round 4 rn 3.42× 10−2 4.78× 10−2 5.41× 10−2 5.31× 10−2 4.47× 10−2 −3.66× 10−3 2.46× 10−2

Round 5 rn 3.63× 10−2 4.98× 10−2 5.60× 10−2 5.49× 10−2 4.65× 10−2 −3.66× 10−3 2.45× 10−2

Round 6 rn 4.45× 10−2 5.68× 10−2 6.15× 10−2 5.84× 10−2 4.77× 10−2 −3.85× 10−3 2.39× 10−2

Round 7 rn 5.46× 10−2 6.52× 10−2 6.75× 10−2 6.15× 10−2 4.73× 10−2 −4.13× 10−3 2.30× 10−2

Round 8 rn 6.12× 10−2 7.07× 10−2 7.16× 10−2 6.37× 10−2 4.73× 10−2 −4.33× 10−3 2.25× 10−2

Round 9 rn 6.36× 10−2 7.27× 10−2 7.30× 10−2 6.45× 10−2 4.72× 10−2 −4.40× 10−3 2.23× 10−2

Round 10 rn 6.41× 10−2 7.30× 10−2 7.32× 10−2 6.45× 10−2 4.70× 10−2 −4.42× 10−3 2.22× 10−2

Table B.25: Parameter estimates after each round of the ABC optimization scheme
applied to the reference dataset derived from Nyström et al. (2005)’s SCC invasion
patterns. Third experiment, patterns fitted together with time-dependent parameter
values introduced for dn, γ, rn, η, α, Pmit.. Run 2. (Part 1)
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Post day 3
estimates

Post d6
estimates

Post d9
estimates

Post d12
estimates

Post d14
estimates

Quadratic
coefficients

Linear
coefficients

Round 1 η 1.41× 101 1.11× 101 9.91 1.06× 101 1.32× 101 9.34× 10−1 −5.81
Round 2 η 1.43× 101 1.12× 101 1.00× 101 1.07× 101 1.32× 101 9.31× 10−1 −5.86
Round 3 η 1.45× 101 1.14× 101 1.01× 101 1.07× 101 1.32× 101 9.39× 10−1 −5.97
Round 4 η 1.48× 101 1.14× 101 1.01× 101 1.07× 101 1.33× 101 9.89× 10−1 −6.29
Round 5 η 1.42× 101 1.09× 101 9.77 1.07× 101 1.38× 101 1.07 −6.51
Round 6 η 1.30× 101 1.00× 101 9.25 1.07× 101 1.44× 101 1.12 −6.37
Round 7 η 1.22× 101 9.23 8.60 1.03× 101 1.43× 101 1.16 −6.45
Round 8 η 1.19× 101 8.84 8.18 9.91 1.40× 101 1.19 −6.62
Round 9 η 1.18× 101 8.71 8.05 9.79 1.39× 101 1.20 −6.68
Round 10 η 1.18× 101 8.70 8.04 9.80 1.40× 101 1.21 −6.69
Round 1 α 1.39× 10−1 1.11× 10−1 1.01× 10−1 1.07× 10−1 1.31× 10−1 8.58× 10−3 −5.36× 10−2

Round 2 α 1.41× 10−1 1.13× 10−1 1.02× 10−1 1.08× 10−1 1.31× 10−1 8.59× 10−3 −5.39× 10−2

Round 3 α 1.42× 10−1 1.13× 10−1 1.02× 10−1 1.08× 10−1 1.30× 10−1 8.49× 10−3 −5.38× 10−2

Round 4 α 1.43× 10−1 1.15× 10−1 1.03× 10−1 1.07× 10−1 1.28× 10−1 8.16× 10−3 −5.27× 10−2

Round 5 α 1.42× 10−1 1.16× 10−1 1.06× 10−1 1.12× 10−1 1.32× 10−1 7.77× 10−3 −4.91× 10−2

Round 6 α 1.35× 10−1 1.12× 10−1 1.05× 10−1 1.14× 10−1 1.40× 10−1 8.12× 10−3 −4.74× 10−2

Round 7 α 1.26× 10−1 1.02× 10−1 9.55× 10−2 1.07× 10−1 1.36× 10−1 8.86× 10−3 −5.06× 10−2

Round 8 α 1.21× 10−1 9.43× 10−2 8.68× 10−2 9.81× 10−2 1.28× 10−1 9.39× 10−3 −5.45× 10−2

Round 9 α 1.19× 10−1 9.15× 10−2 8.33× 10−2 9.43× 10−2 1.25× 10−1 9.59× 10−3 −5.61× 10−2

Round 10 α 1.18× 10−1 9.09× 10−2 8.25× 10−2 9.34× 10−2 1.24× 10−1 9.62× 10−3 −5.64× 10−2

Round 1 Pmit. 4.31× 10−1 7.44× 10−1 8.54× 10−1 7.61× 10−1 4.66× 10−1 −1.01× 10−1 6.17× 10−1

Round 2 Pmit. 3.92× 10−1 7.04× 10−1 8.15× 10−1 7.27× 10−1 4.40× 10−1 −9.98× 10−2 6.11× 10−1

Round 3 Pmit. 3.47× 10−1 6.45× 10−1 7.56× 10−1 6.79× 10−1 4.14× 10−1 −9.39× 10−2 5.80× 10−1

Round 4 Pmit. 2.93× 10−1 5.97× 10−1 7.16× 10−1 6.53× 10−1 4.05× 10−1 −9.18× 10−2 5.79× 10−1

Round 5 Pmit. 2.67× 10−1 5.93× 10−1 7.21× 10−1 6.51× 10−1 3.82× 10−1 −9.92× 10−2 6.24× 10−1

Round 6 Pmit. 2.82× 10−1 6.29× 10−1 7.54× 10−1 6.57× 10−1 3.37× 10−1 −1.11× 10−1 6.82× 10−1

Round 7 Pmit. 3.18× 10−1 6.93× 10−1 8.14× 10−1 6.82× 10−1 2.96× 10−1 −1.27× 10−1 7.55× 10−1

Round 8 Pmit. 3.49× 10−1 7.46× 10−1 8.65× 10−1 7.06× 10−1 2.70× 10−1 −1.39× 10−1 8.14× 10−1

Round 9 Pmit. 3.59× 10−1 7.64× 10−1 8.82× 10−1 7.13× 10−1 2.57× 10−1 −1.44× 10−1 8.36× 10−1

Round 10 Pmit. 3.60× 10−1 7.66× 10−1 8.83× 10−1 7.11× 10−1 2.51× 10−1 −1.44× 10−1 8.38× 10−1

Table B.26: Parameter estimates after each round of the ABC optimization scheme
applied to the reference dataset derived from Nyström et al. (2005)’s SCC invasion
patterns. Third experiment, patterns fitted together with time-dependent parameter
values introduced for dn, γ, rn, η, α, Pmit.. Run 2. (Part 2)

A72



Parameter estimates dm Rinit. Pext.

Round 1 1.65× 10−2 3.00 5.50× 10−2

Round 2
(Post round 1

parameter values)
1.65× 10−2 2.84 6.28× 10−2

Round 3
(Post round 2

parameter values)
1.76× 10−2 2.63 7.06× 10−2

Round 4
(Post round 3

parameter values)
1.80× 10−2 2.20 7.58× 10−2

Round 5
(Post round 4

parameter values)
1.77× 10−2 2.23 7.82× 10−2

Round 6
(Post round 5

parameter values)
1.81× 10−2 2.43 7.81× 10−2

Round 7
(Post round 6

parameter values)
1.85× 10−2 2.74 7.73× 10−2

Final round
(Post round 7

parameter values)
1.83× 10−2 2.82 7.59× 10−2

Table B.27: Parameter estimates after each round of the ABC optimization scheme
applied to the reference dataset derived from Nyström et al. (2005)’s SCC invasion
patterns. Third experiment, patterns fitted together with time-dependent parameter
values introduced for dn, γ, rn, η, α, Pmit.. Run 2. (Part 3)
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Post day 3
estimates

Post d6
estimates

Post d9
estimates

Post d12
estimates

Post d14
estimates

Quadratic
coefficients

Linear
coefficients

Round 1 dn 7.92× 10−3 7.55× 10−3 8.21× 10−3 9.91× 10−3 1.27× 10−2 5.19× 10−4 −1.93× 10−3

Round 2 dn 8.41× 10−3 7.88× 10−3 8.33× 10−3 9.77× 10−3 1.22× 10−2 4.92× 10−4 −2.01× 10−3

Round 3 dn 5.08× 10−3 4.51× 10−3 4.94× 10−3 6.35× 10−3 8.77× 10−3 4.97× 10−4 −2.06× 10−3

Round 4 dn 2.53× 10−3 1.92× 10−3 2.31× 10−3 3.70× 10−3 6.08× 10−3 4.99× 10−4 −2.11× 10−3

Round 5 dn 1.76× 10−3 1.25× 10−3 1.84× 10−3 3.54× 10−3 6.35× 10−3 5.53× 10−4 −2.17× 10−3

Round 6 dn 1.17× 10−3 9.82× 10−4 2.03× 10−3 4.31× 10−3 7.81× 10−3 6.15× 10−4 −2.03× 10−3

Round 7 dn 5.11× 10−4 7.26× 10−4 2.25× 10−3 5.09× 10−3 9.24× 10−3 6.56× 10−4 −1.75× 10−3

Round 8 dn 2.75× 10−3 6.16× 10−4 2.29× 10−3 5.29× 10−3 9.62× 10−3 6.65× 10−4 −1.66× 10−3

Round 9 dn 2.20× 10−3 5.77× 10−4 2.26× 10−3 5.28× 10−3 9.63× 10−3 6.65× 10−4 −1.64× 10−3

Round 1 γ 9.67× 10−2 1.67× 10−1 1.93× 10−1 1.76× 10−1 1.16× 10−2 −2.17× 10−2 1.35× 10−1

Round 2 γ 2.66× 10−2 1.15× 10−1 1.61× 10−1 1.64× 10−1 1.24× 10−2 −2.14× 10−2 1.53× 10−1

Round 3 γ 1.88× 10−2 1.08× 10−1 1.56× 10−1 1.61× 10−1 1.24× 10−2 −2.11× 10−2 1.53× 10−1

Round 4 γ 1.21× 10−2 1.03× 10−1 1.50× 10−1 1.54× 10−1 1.15× 10−2 −2.17× 10−2 1.55× 10−1

Round 5 γ 1.06× 10−2 9.69× 10−2 1.39× 10−1 1.35× 10−1 8.79× 10−2 −2.23× 10−2 1.54× 10−1

Round 6 γ 9.48× 10−3 8.97× 10−2 1.27× 10−1 1.21× 10−1 7.14× 10−2 −2.16× 10−2 1.45× 10−1

Round 7 γ 7.96× 10−3 8.53× 10−2 1.22× 10−1 1.17× 10−1 7.06× 10−2 −2.06× 10−2 1.39× 10−1

Round 8 γ 7.37× 10−3 8.42× 10−2 1.21× 10−1 1.17× 10−1 7.26× 10−2 −2.02× 10−2 1.37× 10−1

Round 9 γ 7.22× 10−2 8.41× 10−1 1.21× 10−1 1.17× 10−1 7.36× 10−2 −2.01× 10−2 1.37× 10−1

Round 1 rn 3.40× 10−2 4.67× 10−2 5.20× 10−2 5.01× 10−2 4.08× 10−2 −3.66× 10−3 2.37× 10−2

Round 2 rn 3.38× 10−2 4.65× 10−2 5.20× 10−2 5.03× 10−2 4.13× 10−2 −3.62× 10−3 2.36× 10−2

Round 3 rn 3.30× 10−2 4.57× 10−2 5.13× 10−2 4.97× 10−2 4.11× 10−2 −3.55× 10−3 2.33× 10−2

Round 4 rn 3.14× 10−2 4.44× 10−2 5.06× 10−2 5.02× 10−2 4.30× 10−2 −3.35× 10−3 2.30× 10−2

Round 5 rn 3.01× 10−2 4.33× 10−2 5.04× 10−2 5.14× 10−2 4.64× 10−2 −3.03× 10−3 2.22× 10−2

Round 6 rn 3.16× 10−2 4.20× 10−2 4.63× 10−2 4.46× 10−2 3.69× 10−2 −3.03× 10−3 1.95× 10−2

Round 7 rn 3.46× 10−2 4.06× 10−2 4.01× 10−2 3.31× 10−2 1.96× 10−2 −3.26× 10−3 1.58× 10−2

Round 8 rn 3.56× 10−2 4.01× 10−2 3.79× 10−2 2.90× 10−2 1.34× 10−2 −3.35× 10−3 1.45× 10−2

Round 9 rn 3.57× 10−2 3.99× 10−2 3.75× 10−2 2.83× 10−2 1.24× 10−2 −3.36× 10−3 1.44× 10−2

Table B.28: Parameter estimates after each round of the ABC optimization scheme
applied to the reference dataset derived from Nyström et al. (2005)’s SCC invasion
patterns. Third experiment, patterns fitted together with time-dependent parameter
values introduced for dn, γ, rn, η, α, Pmit.. Run 3. (Part 1)
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Post day 3
estimates

Post d6
estimates

Post d9
estimates

Post d12
estimates

Post d14
estimates

Quadratic
coefficients

Linear
coefficients

Round 1 η 1.40× 101 1.10× 101 9.90 1.06× 101 1.32× 101 9.35× 10−1 −5.81
Round 2 η 1.43× 101 1.12× 101 1.00× 101 1.06× 101 1.31× 101 9.24× 10−1 −5.85
Round 3 η 1.45× 101 1.15× 101 1.02× 101 1.08× 101 1.30× 101 8.89× 10−1 −5.71
Round 4 η 1.51× 101 1.21× 101 1.08× 101 1.11× 101 1.30× 101 8.12× 10−1 −5.38
Round 5 η 1.60× 101 1.28× 101 1.13× 101 1.12× 101 1.28× 101 7.72× 10−1 −5.43
Round 6 η 1.63× 101 1.33× 101 1.18× 101 1.20× 101 1.38× 101 8.19× 10−1 −5.55
Round 7 η 1.63× 101 1.35× 101 1.24× 101 1.32× 101 1.56× 101 8.82× 10−1 −5.46
Round 8 η 1.63× 101 1.36× 101 1.26× 101 1.35× 101 1.62× 101 9.05× 10−1 −5.44
Round 9 η 1.63× 101 1.36× 101 1.26× 101 1.36× 101 1.63× 101 9.10× 10−1 −5.46
Round 1 α 1.39× 10−1 1.11× 10−1 1.01× 10−1 1.07× 10−1 1.31× 10−1 8.59× 10−3 −5.36× 10−2

Round 2 α 1.41× 10−1 1.13× 10−1 1.01× 10−1 1.07× 10−1 1.30× 10−1 8.55× 10−3 −5.40× 10−2

Round 3 α 1.42× 10−1 1.13× 10−1 1.01× 10−1 1.06× 10−1 1.29× 10−1 8.52× 10−3 −5.44× 10−2

Round 4 α 1.38× 10−1 1.11× 10−1 9.92× 10−2 1.04× 10−1 1.25× 10−1 8.09× 10−3 −5.19× 10−2

Round 5 α 1.33× 10−1 1.07× 10−1 9.55× 10−2 9.85× 10−2 1.16× 10−1 7.30× 10−3 −4.81× 10−2

Round 6 α 1.41× 10−1 1.11× 10−1 9.51× 10−2 9.19× 10−2 1.02× 10−1 6.57× 10−3 −4.92× 10−2

Round 7 α 1.56× 10−1 1.21× 10−1 9.84× 10−2 8.73× 10−2 8.78× 10−2 5.86× 10−3 −5.22× 10−2

Round 8 α 1.61× 10−1 1.25× 10−1 9.99× 10−2 8.61× 10−2 8.36× 10−2 5.63× 10−3 −5.32× 10−1

Round 9 α 1.62× 10−1 1.26× 10−1 1.00× 10−1 8.59× 10−2 8.28× 10−2 5.59× 10−3 −5.34× 10−2

Round 1 Pmit. 4.29× 10−1 7.42× 10−1 8.52× 10−1 7.60× 10−1 4.65× 10−1 −1.01× 10−1 6.17× 10−1

Round 2 Pmit. 3.86× 10−1 6.99× 10−1 8.13× 10−1 7.28× 10−1 4.44× 10−1 −9.94× 10−2 6.11× 10−1

Round 3 Pmit. 3.47× 10−1 6.46× 10−1 7.57× 10−1 6.80× 10−1 4.16× 10−1 −9.38× 10−2 5.80× 10−1

Round 4 Pmit. 3.22× 10−1 6.08× 10−1 7.13× 10−1 6.39× 10−1 3.84× 10−1 −9.00× 10−2 5.56× 10−1

Round 5 Pmit. 3.36× 10−1 6.08× 10−1 7.00× 10−1 6.11× 10−1 3.43× 10−1 −9.00× 10−2 5.42× 10−1

Round 6 Pmit. 3.94× 10−1 6.41× 10−1 7.08× 10−1 5.96× 10−1 3.05× 10−1 −8.97× 10−2 5.16× 10−1

Round 7 Pmit. 4.66× 10−1 6.87× 10−1 7.29× 10−1 5.94× 10−1 2.81× 10−1 −8.90× 10−2 4.88× 10−1

Round 8 Pmit. 4.92× 10−1 7.03× 10−1 7.38× 10−1 5.95× 10−1 2.74× 10−1 −8.87× 10−2 4.78× 10−1

Round 9 Pmit. 4.98× 10−2 7.08× 10−1 7.40× 10−2 5.96× 10−1 2.75× 10−1 −8.86× 10−3 4.76× 10−1

Table B.29: Parameter estimates after each round of the ABC optimization scheme
applied to the reference dataset derived from Nyström et al. (2005)’s SCC invasion
patterns. Third experiment, patterns fitted together with time-dependent parameter
values introduced for dn, γ, rn, η, α, Pmit.. Run 3. (Part 2)
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Parameter estimates dm Rinit. Pext.

Round 1 1.65× 10−2 3.01 5.50× 10−2

Round 2
(Post round 1

parameter values)
1.67× 10−2 2.85 6.19× 10−2

Round 3
(Post round 2

parameter values)
1.73× 10−2 2.64 7.02× 10−2

Round 4
(Post round 3

parameter values)
1.75× 10−2 2.20 7.22× 10−2

Round 5
(Post round 4

parameter values)
1.95× 10−2 1.57 7.08× 10−2

Round 6
(Post round 5

parameter values)
1.95× 10−2 1.21 7.80× 10−2

Round 7
(Post round 6

parameter values)
1.71× 10−2 1.14 8.82× 10−2

Round 8
(Post round 7

parameter values)
1.61× 10−2 1.14 9.18× 10−2

Final round
(Post round 8

parameter values)
1.58× 10−2 1.14 9.26× 10−2

Table B.30: Parameter estimates after each round of the ABC optimization scheme
applied to the reference dataset derived from Nyström et al. (2005)’s SCC invasion
patterns. Third experiment, patterns fitted together with time-dependent parameter
values introduced for dn, γ, rn, η, α, Pmit.. Run 3. (Part 3)
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Figure B.26: Evolution of parameter densities after each round of the ABC ap-
plication on the SCC invasion pattern. Patterns fitted together with time-dependent
parameters introduced to the model. Sample mean of each round is marked with a
cross on the x-axis. Part 1
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Figure B.27: Evolution of parameter densities after each round of the ABC ap-
plication on the SCC invasion pattern. Patterns fitted together with time-dependent
parameters introduced to the model. Sample mean of each round is marked with a
cross on the x-axis. Part 2
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Figure B.28: SCC cells invasion patterns observed in organotypic culture (Left)
v.s. Simulated patterns from the numerical scheme (Right) at the end of day 3, 6,
9, 12, 14 (Individual cell position plot). Discrepancy of the 5 patterns minimized
together with time-dependent parameter values introduced for dn, γ, rn, η, α, Pmit..
Sum of squared differences between SCC cell density in observed patterns and final
simulated patterns: 4.53.
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Figure B.29: SCC cells invasion patterns observed in organotypic culture (Left)
v.s. Simulated patterns from the numerical scheme (Right) at the end of day 3, 6, 9,
12, 14 (Grey shades density plot). Discrepancy of the 5 patterns minimized together
with time-dependent parameter values introduced for dn, γ, rn, η, α, Pmit.. Run 1.
Sum of squared differences between SCC cell density in observed patterns and final
simulated patterns: 4.53
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Figure B.30: SCC cells invasion patterns observed in organotypic culture (Left)
v.s. Simulated patterns from the numerical scheme (Right) at the end of day 3, 6,
9, 12, 14 (Individual cell position plot). Discrepancy of the 5 patterns minimized
together with time-dependent parameter values introduced for dn, γ, rn, η, α, Pmit..
Run 2. Sum of squared differences between SCC cell density in observed patterns
and final simulated patterns: 4.27.
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Figure B.31: SCC cells invasion patterns observed in organotypic culture (Left)
v.s. Simulated patterns from the numerical scheme (Right) at the end of day 3, 6, 9,
12, 14 (Grey shades density plot). Discrepancy of the 5 patterns minimized together
with time-dependent parameter values introduced for dn, γ, rn, η, α, Pmit.. Run 2.
Sum of squared differences between SCC cell density in observed patterns and final
simulated patterns: 4.27
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Figure B.32: Evolution of the actual ESS throughout the simulation of SCC inva-
sion patterns for three different runs. Time-dependent parameter values introduced
for dn, γ, rn, η, α, Pmit.. Black cross: Run 1; Blue cross: Run 2; Red cross: Run 3
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Figure B.33: Evolution of the weight calculation factor throughout the simulation
of SCC invasion patterns for three different runs. Time-dependent parameter values
introduced for dn, γ, rn, η, α, Pmit.. Black cross: Run 1; Blue cross: Run 2; Red
cross: Run 3
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Figure B.34: Variations of parameters’ final estimates in the third experiment for
the SCC invasion patterns. The final estimates of time-dependent parameters at
later periods were derived using the averaged final estimates of the initial period and
that of the corresponding regression coefficients. Run 1. Periods 1-5 correspond to
day 1-3, day 4-6, day 7-9, day 10-12, day 13-14.
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Figure B.35: Variations of parameters’ final estimates in the third experiment for
the SCC invasion patterns. The final estimates of time-dependent parameters at
later periods were derived using the averaged final estimates of the initial period and
that of the corresponding regression coefficients. Run 2. Periods 1-5 correspond to
day 1-3, day 4-6, day 7-9, day 10-12, day 13-14.
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Parameter estimates dn rn Rinit. Pext. Pmit.

Round 1 9.91× 10−3 1.74× 10−3 7.98× 10−2 5.51× 10−2 6.02× 10−1

Round 2
(Post round 1

parameter values)
7.78× 10−3 1.71× 10−3 7.77× 10−2 5.57× 10−2 5.42× 10−1

Round 3
(Post round 2

parameter values)
3.51× 10−3 1.62× 10−3 8.61× 10−2 5.39× 10−2 5.06× 10−1

Round 4
(Post round 3

parameter values)
3.70× 10−4 1.53× 10−3 9.37× 10−2 5.08× 10−2 4.89× 10−1

Round 5
(Post round 4

parameter values)
1.39× 10−4 1.43× 10−3 9.25× 10−2 4.81× 10−2 4.90× 10−1

Round 6
(Post round 5

parameter values)
1.11× 10−4 1.34× 10−3 9.04× 10−2 4.43× 10−2 4.97× 10−1

Final round
(Post round 6

parameter values)
1.01× 10−4 1.30× 10−3 8.88× 10−2 4.10× 10−2 5.06× 10−1

Table B.31: Parameter estimates after each round of the ABC optimization scheme
applied to the reference dataset derived from Matsumura et al. (2000)’s T98G glioma
spheroid invasion patterns. Run 1, not chosen as final results.
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Parameter estimates dn rn Rinit. Pext. Pmit.

Round 1 9.91× 10−3 1.74× 10−3 7.98× 10−2 5.51× 10−2 6.02× 10−1

Round 2
(Post round 1

parameter values)
7.63× 10−3 1.75× 10−3 7.84× 10−2 5.65× 10−2 5.41× 10−1

Round 3
(Post round 2

parameter values)
3.33× 10−3 1.73× 10−3 8.79× 10−2 5.72× 10−2 5.05× 10−1

Round 4
(Post round 3

parameter values)
3.22× 10−4 1.63× 10−3 9.58× 10−2 5.61× 10−2 4.77× 10−1

Round 5
(Post round 4

parameter values)
1.37× 10−4 1.53× 10−3 9.46× 10−2 5.28× 10−2 4.69× 10−1

Round 6
(Post round 5

parameter values)
1.13× 10−4 1.34× 10−3 9.31× 10−2 4.88× 10−2 4.63× 10−1

Final round
(Post round 6

parameter values)
1.05× 10−4 1.25× 10−3 9.24× 10−2 4.71× 10−2 4.64× 10−1

Table B.32: Parameter estimates after each round of the ABC optimization scheme
applied to the reference dataset derived from Matsumura et al. (2000)’s T98G glioma
spheroid invasion patterns. Run 2, chosen as final results.
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Parameter estimates dn rn Rinit. Pext. Pmit.

Round 1 9.91× 10−3 1.74× 10−3 7.98× 10−2 5.51× 10−2 6.02× 10−1

Round 2
(Post round 1

parameter values)
7.85× 10−3 1.72× 10−3 7.85× 10−2 5.61× 10−2 5.38× 10−1

Round 3
(Post round 2

parameter values)
3.74× 10−3 1.69× 10−3 8.74× 10−2 5.62× 10−2 4.97× 10−1

Round 4
(Post round 3

parameter values)
3.73× 10−4 1.56× 10−3 9.60× 10−2 5.43× 10−2 4.73× 10−1

Round 5
(Post round 4

parameter values)
1.40× 10−4 1.46× 10−3 9.38× 10−2 5.07× 10−2 4.79× 10−1

Round 6
(Post round 5

parameter values)
1.14× 10−4 1.34× 10−3 9.21× 10−2 4.71× 10−2 4.82× 10−1

Final round
(Post round 6

parameter values)
1.04× 10−4 1.26× 10−3 9.04× 10−2 4.35× 10−2 4.91× 10−1

Table B.33: Parameter estimates after each round of the ABC optimization scheme
applied to the reference dataset derived from Matsumura et al. (2000)’s T98G glioma
spheroid invasion patterns. Run 3, not chosen as final results.
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Figure B.36: Evolution of parameter densities after each round of the ABC applic-
ation on the reference dataset of T98G glioma spheroid invasion pattern. Sample
mean of each round is marked with a cross on the x-axis
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Figure B.37: T98G glioma cells invasion patterns observed in organotypic culture
(Left) v.s. Simulated patterns (cell position plots) produced by the numerical scheme
(Right). Scaling of the numerical domain was based on the realistic size of the glioma
cells. Run 1, not chosen as the final result. Sum of squared differences between T98G
glioma cell density in observed patterns and final simulated patterns: 1.20.
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Figure B.38: T98G glioma cells invasion patterns observed in organotypic culture
(Left) v.s. Simulated patterns (grey shades plots) produced by the numerical scheme
(Right). Scaling of the numerical domain was based on the realistic size of the glioma
cells. Run 1, not chosen as the final result. Sum of squared differences between T98G
glioma cell density in observed patterns and final simulated patterns: 1.20.
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Figure B.39: T98G glioma cells invasion patterns observed in organotypic culture
(Left) v.s. Simulated patterns (cell position plots) produced by the numerical scheme
(Right). Scaling of the numerical domain was based on the realistic size of the glioma
cells. Run 2, chosen as the final result. Sum of squared differences between T98G
glioma cell density in observed patterns and final simulated patterns: 1.22.
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Figure B.40: T98G glioma cells invasion patterns observed in organotypic culture
(Left) v.s. Simulated patterns (grey shades plots) produced by the numerical scheme
(Right). Scaling of the numerical domain was based on the realistic size of the glioma
cells. Run 2, chosen as the final result. Sum of squared differences between T98G
glioma cell density in observed patterns and final simulated patterns: 1.22.
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Figure B.41: T98G glioma cells invasion patterns observed in organotypic culture
(Left) v.s. Simulated patterns (cell position plots) produced by the numerical scheme
(Right). Scaling of the numerical domain was based on the realistic size of the glioma
cells. Run 3, not chosen as the final result. Sum of squared differences between T98G
glioma cell density in observed patterns and final simulated patterns: 1.43.
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Figure B.42: T98G glioma cells invasion patterns observed in organotypic culture
(Left) v.s. Simulated patterns (grey shades plots) produced by the numerical scheme
(Right). Scaling of the numerical domain was based on the realistic size of the glioma
cells. Run 3, not chosen as the final result. Sum of squared differences between T98G
glioma cell density in observed patterns and final simulated patterns: 1.43.
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Figure B.43: Evolution of the actual ESS throughout the simulation of T98G
glioma patterns for three different runs. Black cross: Run 1; Blue cross: Run 2;
Red cross: Run 3
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Figure B.44: Evolution of the weight calculation factor throughout the simulation
of T98G glioma patterns for three different runs. Black cross: Run 1; Blue cross:
Run 2; Red cross: Run 3

A98



Appendix C

Additional information for

Chapter 5

C.1 Detailed parameter estimates at the end of

every round for T98G glioma spheroid inva-

sion patterns (error-calibrated ABC).

The detailed parameter estimates at the end of each round’s T98G glioma spheroid-

related simulation (error-calibrated version) are given in this section. Tables C.1, C.2

and C.3 contain the parameter estimates from the three different runs, corresponds

to the simulated patterns presented in Figures 5.11 and 5.12.
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Parameter estimates dn rn Rinit. Pext. Pmit.

Round 1 9.91× 10−3 1.74× 10−3 7.98× 10−2 5.51× 10−2 6.02× 10−1

Round 2
(Post-round 1

parameter values)
7.15× 10−3 1.73× 10−3 7.65× 10−2 5.62× 10−2 5.28× 10−1

Round 3
(Post-round 2

parameter values)
2.64× 10−3 1.69× 10−3 8.96× 10−2 5.64× 10−2 4.91× 10−1

Round 4
(Post-round 3

parameter values)
2.08× 10−4 1.61× 10−3 1.01× 10−2 5.73× 10−2 4.57× 10−1

Round 5
(Post-round 4

parameter values)
1.21× 10−4 1.48× 10−3 9.92× 10−2 5.60× 10−2 4.64× 10−1

Final round
(Post-round 5

parameter values)
1.05× 10−4 1.34× 10−3 9.67× 10−2 5.44× 10−2 4.73× 10−1

Table C.1: Parameter estimates after each round of the error-calibrated ABC
scheme applied to the reference dataset derived from Matsumura et al. (2000)’s T98G
glioma spheroid invasion patterns. Run 1, not chosen as final results.

Parameter estimates dn rn Rinit. Pext. Pmit.

Round 1 9.91× 10−3 1.74× 10−3 7.98× 10−2 5.51× 10−2 6.02× 10−1

Round 2
(Post-round 1

parameter values)
7.12× 10−3 1.72× 10−3 7.71× 10−2 5.67× 10−2 5.23× 10−1

Round 3
(Post-round 2

parameter values)
2.47× 10−3 1.68× 10−3 9.08× 10−2 5.71× 10−2 4.88× 10−1

Round 4
(Post-round 3

parameter values)
1.96× 10−4 1.64× 10−3 1.00× 10−1 5.67× 10−2 4.57× 10−1

Round 5
(Post-round 4

parameter values)
1.21× 10−4 1.59× 10−3 9.77× 10−2 5.31× 10−2 4.62× 10−1

Final round
(Post-round 5

parameter values)
1.03× 10−4 1.45× 10−3 9.36× 10−2 4.90× 10−2 4.82× 10−1

Table C.2: Parameter estimates after each round of the error-calibrated ABC
scheme applied to the reference dataset derived from Matsumura et al. (2000)’s T98G
glioma spheroid invasion patterns. Run 1, chosen as final results.
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Parameter estimates dn rn Rinit. Pext. Pmit.

Round 1 9.91× 10−3 1.74× 10−3 7.98× 10−2 5.51× 10−2 6.02× 10−1

Round 2
(Post-round 1

parameter values)
7.18× 10−3 1.75× 10−3 7.67× 10−2 5.65× 10−2 5.27× 10−1

Round 3
(Post-round 2

parameter values)
2.70× 10−3 1.72× 10−3 8.98× 10−2 5.63× 10−2 4.92× 10−1

Round 4
(Post-round 3

parameter values)
2.13× 10−4 1.62× 10−3 1.00× 10−1 5.47× 10−2 4.66× 10−1

Round 5
(Post-round 4

parameter values)
1.21× 10−4 1.50× 10−3 9.72× 10−2 5.09× 10−2 4.70× 10−1

Final round
(Post-round 5

parameter values)
1.04× 10−4 1.37× 10−3 9.53× 10−2 4.81× 10−2 4.74× 10−1

Table C.3: Parameter estimates after each round of the error-calibrated ABC
scheme applied to the reference dataset derived from Matsumura et al. (2000)’s T98G
glioma spheroid invasion patterns. Run 3, not chosen as final results.

C.2 Detailed simulation results at the end of each

run for T98G invasion patterns (error-calibrated

ABC).

C.3 Detailed density plots at the end of every

round for T98G glioma spheroid invasion pat-

terns (error-calibrated version).

The density plots at the end of every round for error-calibrated ABC application

on the individual based model of T98G glioma spheroid invasion are given in this

section. See Figure C.7.
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Figure C.1: T98G glioma cells invasion patterns observed in organotypic culture
(Left) v.s. Simulated patterns (cell position plots) produced by the numerical scheme
(Right). Scaling of the numerical domain was based on the realistic size of the glioma
cells. Run 1, not chosen as the final result. Sum of squared differences between T98G
glioma cell density in observed patterns and final simulated patterns: 1.36. Error-
calibrated ABC.
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Figure C.2: T98G glioma cells invasion patterns observed in organotypic culture
(Left) v.s. Simulated patterns (grey shades plots) produced by the numerical scheme
(Right). Scaling of the numerical domain was based on the realistic size of the glioma
cells. Run 1, not chosen as the final result. Sum of squared differences between T98G
glioma cell density in observed patterns and final simulated patterns: 1.36. Error-
calibrated ABC.
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Figure C.3: T98G glioma cells invasion patterns observed in organotypic culture
(Left) v.s. Simulated patterns (cell position plots) produced by the numerical scheme
(Right). Scaling of the numerical domain was based on the realistic size of the glioma
cells. Run 3, not chosen as the final result.Sum of squared differences between T98G
glioma cell density in observed patterns and final simulated patterns: 1.46. Error-
calibrated ABC.
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Figure C.4: T98G glioma cells invasion patterns observed in organotypic culture
(Left) v.s. Simulated patterns (grey shades plots) produced by the numerical scheme
(Right). Scaling of the numerical domain was based on the realistic size of the glioma
cells. Run 3, not chosen as the final result.Sum of squared differences between T98G
glioma cell density in observed patterns and final simulated patterns: 1.46. Error-
calibrated ABC.
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Figure C.5: Evolution of the actual ESS throughout the simulation of T98G glioma
patterns for three different runs. Error-calibrated ABC was used to sample the para-
meter values. Black cross: Run 1; Blue cross: Run 2; Red cross: Run 3
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Figure C.6: Evolution of the weight calculation factor throughout the simulation
of T98G glioma patterns for three different runs. Error-calibrated ABC was used to
sample the parameter values. Black cross: Run 1; Blue cross: Run 2; Red cross:
Run 3
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Figure C.7: Evolution of parameter densities after each round of the error-
calibrated ABC application on the reference dataset of T98G glioma spheroid in-
vasion pattern. Sample mean of each round is marked with a cross on the x-axis.
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