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Abstract

In this thesis we consider base size and properties of the generating graph for finite

groups.

Let Q@ = {1,...,n}, let S,, = Sym({1,...,n}) and let G < S,. A base for G is a
sequence A = (wy,...,w) of points in Q such that the pointwise stabilizer, G, . ., is
the identity. The base size of G, denoted by b(G, §2) or b(G), is the length of the shortest

base. We say that A is an irredundant base if
G>Gy >G> > Gy, = 1

If no irredundant base is longer than A, then we say that A is a mazimal irredundant base
for G and denote its length by I(G). A group is called large base if it is either a product
action or almost simple group, and its socle is one or more copies of the alternating group

A, acting on k-sets.

Let G be a primitive subgroup of S,, that is not large base. We prove that any irre-
dundant base for G has size at most 5log, n. This bound is best possible up to a small
multiplicative constant and is the first logarithmic bound on the size of an irredundant
base for such groups. We show that for any constant ¢, there are infinitely many prim-
itive groups with maximal irredundant base size at least ¢ times the minimal base size.
As a corollary of the first result, the relational complexity of G, denoted RC(G) (see
Definition 2.2.10), is at most 5log, n+ 1. In addition the maximal size of a minimal base
and the height, denoted B(G) and H(G) (see Definitions 2.2.1 and 2.2.5), are both at
most 5log, n. Furthermore, we deduce that a base for G of size at most 5log, n can be

computed in polynomial time.

The generating graph T'(G) of a finite group G has vertex set the non-identity elements
of G, with two elements connected exactly when they generate G. A coclique in a graph
is an empty induced subgraph, so a coclique in I'(G) is a subset of G such that no pair
of elements generate GG. A coclique is maximal if it is contained in no larger coclique. It

is easy to see that the non-identity elements of a maximal subgroup of G form a coclique



in I'(G), but this coclique need not be maximal.

Let G = S, or A,,. We first determine when the intransitive maximal subgroups of
G are maximal cocliques in I'(G), and when they are not we find the unique maximal
coclique in which they are contained. We then show that for sufficiently large n, the

imprimitive maximal subgroups of G are all maximal cocliques in T'(G).

In addition, using the result on intransitive maximal subgroups we prove that a conjec-
ture of Cameron, Lucchini, and Roney-Dougal holds for G under certain restrictions on n.
Namely we prove that two elements of G have identical sets of neighbours in I'(G) if and
only if they belong to exactly the same maximal subgroups. Finally under another set
of restrictions on n we then determine precisely which maximal subgroups are maximal

cocliques in I'(G).

Vi
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Notation

Group theoretic notation
Let  be a finite set, let H < G < Sym(2) and let K be a finite group. Let g € G, let A
be a sequence of distinct points of 2, let A C Q and let Aq,..., \; € Q.

Dih(2n) Dihedral group of order 2n

C, Cyclic group of order n

Aut(G) Automorphism group of G

soc(G) Socle of G

Ng(H) Normalizer of H in G

Cq(H) Centraliser of H in G

Z(G) Centre of G

Gwr K Wreath product of G and K

Syl,(G) The set of Sylow p-subgroups of G for p a prime dividing the order of G
P(G) Frattini subgroup of G

m(Q) Minimal index of proper subgroup of GG

GxK Semidirect product of G and K

G : H] Index of H in G

I'G) Generating graph of G

1 orid The identity element

Supp(g) Support of g

Fix(g) Fixed points of g

A\{\} The subsequence of A given by omitting \;
Stabg(A) Stabilizer of A in G

AC The orbit of A under GG

Ga The elements of G which fix the points of A pointwise
Ga The elements of G which fix A setwise

Ga) The elements of G which fix A pointwise

Gy The elements of G which fix {\,..., \;} pointwise



Vector Spaces and Matrices
Let F be a field, let V = F? a vector space of dimension d over F, let U and W be

subspaces of V.

GF(q)
F*

PGm(V)
dim(U)
UpW
Q. Q5

Supp,
M,
I
E.,

T(x,y

L

W
F)

)

Galois field of size ¢

The non-zero elements of F

Set of all m-dimensional subspaces of V'

Dimension of U over F

Direct sum of U and W

Definition 2.7.7

The set of vectors of W with non-zero entry in the z* position
The set of n x m matrices over a field F

The identity of M 4(F)

The element of My 4(F) with 1 in the (z,y)™ entry and 0 elsewhere
The matrix I + E,,

Inverse transpose map

1-dimensional affine group over GF(q)

Classical Groups

Let ¢ be a prime power and let d > 2.

n.d.
n.s.
t.1.
t.s.

PSO;,(q)

PO
PSLy(

PSp,(q

q)
)

PSUd(q)

Non-degenerate

Non-singular

Totally isotropic

Totally singular

Projective special orthogonal group of dimension n over GF(q) of type €
Simple subgroup of index 2 in PSSO, (q)

Projective special linear group of dimension d over GF(q)

Projective symplectic group of dimension d over GF(q)

Projective special unitary group of dimension d over GF(q)?

Numerical invariants
Let €2 be a finite set and let G < Sym(€2).

Base size for G with respect to its action on €2
Maximal size of a minimal base for G

Height of G

Maximal size of an irredundant base for G
Relational complexity of G

Maximum length of a chain of subgroups in G

The minimal degree of G

X1



Symmetric groups
Let n € N, let H,M < Sym({1,...,n}) with H transitive and M imprimitive maximal,
and let y € Sym({1,...,n}) with disjoint cycle decomposition ¢; - - - ¢.

A, Alt(n) acting on {1,...,n}

Sn Sym(n) acting on {1,...,n}

l(¢) Length of the cycle ¢;

O, The support of the cycle ¢;

C(y) Cycle type of y, l(c1) - l(cz) - -+ - U(c)

Cu(y) Notation 5.2.6

T The set of elements of S,, which are a product of two transpositions
A The set of cycles of S,

Ts The set of elements of S,, with support size at most 2(y/n — 1)
Tw The set of Wielandt elements of S,,, Definition 4.3.2

J JUIT.UTsUTw €S,

H A block system for H

M The maximal system of imprimitivity for M

yH The induced action of y on the blocks of H

M Definition 6.2.2

Q; Notation 4.1.3

Number Theory
Let N be the set of positive integers, let n, k € N, let g be a function from N to N

| k] Floor of k

(k] Ceiling of k

Dk A Bertrand prime, any prime with g <ppr<k-—1

(k) The Prime-Counting Function, the number of primes less than or equal to k
dij Kronecker-Delta

log k Logarithm base 2 of k

Ink Logarithm base e of k, the natural log

ged(n, k) Greatest common divisor of n and k

O(g) “Big O notation” describing the limiting behaviour of g

xi1



Chapter 1

Introduction

The first half of this thesis is devoted to the study of numerical invariants of permutation
groups, sometimes called group statistics. One of the most studied numerical invariants
is base size. For G < Sym({2), a base is a sequence (wy,...,wy) of points of {2 such that
,,,,, wp = 1. The base size for G, denoted b(G, 2) or b(G), is the length of a shortest
base. It is easily seen that two elements of G are equal exactly when they have the same
action on the base points. Hence elements of G can be stored in terms of their action on
points of the base, rather than on all of 2. When b(G, 2) is significantly smaller than

|Q2| this results in a computational saving.

In [38], Liebeck proved that with the exception of one family of groups, if G is a prim-
itive subgroup of S,, := Sym({1,...,n}), then b(G) < 9logn. This exceptional family of
groups are called large-base groups. Here and throughout all logs are of base 2. Following
in the steps of Liebeck, one area of interest is to prove similar results for other numerical
invariants. For G a primitive subgroup of S,, which is not large base, we show that the
size of a maximal irredundant base, denoted by I(G), is at most 5logn. This is the first
logarithmic bound for this family of groups and is best possible up to a multiplicative
constant. We also prove that for any constant c, there are infinitely many examples of
primitive groups with I(G) > ¢b(G). It will follow as a corollary of our upper bound
on I(G) that we can improve the current known bounds on relational complexity, height
and maximal size of a minimal base, denoted by RC(G), H(G) and B(G) respectively. In
addition, we prove that a base for GG of size at most 5logn can be computed in polynomial

time.

In the second half of this thesis we investigate the generating graphs of permutation
groups. For a 2-generated group G, the generating graph T'(G) has vertex set given
by the non-identity elements of G where two elements are adjacent if and only if they

generate GG. Generating graphs were first introduced by Liebeck and Shalev in [42], this



reinterpretation of a generation problem in terms of the generating graph enabled the use
of graph theoretic results. This has prompted interest in studying various properties of
the generating graphs, such as Hamiltonian cycles in [4]. One topic which has been widely
studied are cliques, which are complete induced subgraphs of I'(G). Indeed, generating
graphs were first used in [42] to show that for all ¢ < 1, if G is a sufficiently large simple
group, then I'(G) contains a clique of size at least ¢ times the minimum index of a proper
subgroup of (G. Here we investigate the relatively less well-studied cocliques, which are

empty induced subgraphs in I'(G).

Let G be a group with maximal subgroup M. Subgroups generated by elements of M
must be contained in M, and so the non-identity elements of M form a coclique in I'(G).
However it is not clear if the non-identity elements of M will form a maximal coclique.
We shall see examples of both possibilities. For ease we say that M is or is not a maximal

coclique rather than referring to the non-identity elements.

Let G be A,, ;== Alt({1,...,n}) or S,, := Sym({1,...,n}), and let M be either a max-
imal intransitive or a maximal imprimitive subgroup of G. We determine when M is a
maximal coclique in I'(G). Showing that M is a maximal coclique is equivalent to show-
ing that for each x € G\ M there exists y € M such that such that H := (z,y) is equal
to G. We make considerable use of Jordan elements, which are elements g € S,, with the
property that all primitive subgroups of S,, which contain g also contain A,. For each
x € G\M we construct an element y € M of suitable parity such that H is primitive and
contains a Jordan element. Although the majority of the volume of this work is taken up

by proving primitivity, the most challenging aspect is the construction of y.

Numerical invariants bridge the two halves of the thesis. In the first half we bound
numerical invariants of primitive permutation groups. In the second we construct prim-
itive permutation groups and use Jordan elements, some of are derived from numerical
invariants, to show that these groups must be the whole of A,, or S,,. For example, for G
a transitive subgroup of S,,, the minimal degree pu(G) is the smallest number of points in
the support any non-identity element of G. In [40], Liebeck and Saxl prove that if G is a
primitive group which does not contain A,,, then u(G) > 2(y/n—1). Hence, in particular,
if g € S, is a non-identity element and |Supp(g)| < 2(y/n—1), then z is a Jordan element.

In Chapter 2 we introduce the definitions, notation and preliminary lemmas used in
Chapter 3. We begin by briefly covering some abstract group theory. We then define
the numerical invariants that will be the focus of the first half of the thesis and prove
some preliminary lemmas about these invariants. Next we give an informal summary

of computational complexity. The rest of this chapter is devoted to the groups used in



Chapter 3. We cover two families of the O’Nan Scott Theorem: the almost simple and

product action groups. Finally we consider some actions of these groups.

In Chapter 3 we first let F = GF(q), let G = PGL4(q), let M be the set of all d x d
matrices over IF, and let Q be the set of all m-dimensional subspaces of a F¢. We begin by
considering the action of M on (2, and use this find an upper bound on I(G, 2) as a func-
tion of m and d. By bounding |€2| we use the previous result to find an upper bound on
I(G, ) as a function of |§2|. We construct an irredundant and a minimal base for G, from
which we obtain lower bounds on I(G, §2) and B(G, 2) as functions of m and d. Next we
prove that if G is an almost simple primitive subgroup of S,, which is not large base, then
I(G) < 5logn—1. Using this result we bound I(G) for G a product action group. By com-
bining this work with existing results of Gill, Lod4 and Spiga [28], we show that if G < S,
is a primitive group which is not large base, then I(G) < 5logn. Finally we show that

for each positive constant ¢ there are infinitely many primitive groups with I(G) > ¢b(G).

In the second half of the thesis we change focus from numerical invariants to generating
graphs. In Chapter 4 we introduce the preliminary material for Chapters 5 and 6. We
first define the intransitive and imprimitive maximal subgroups of S,, and A,, and prove
some results for these maximal groups. We then prove combinatorial lemmas on block
systems and cycle structures. Next we give some examples of Jordan elements and prove
that subgroups of S,, which satisfy certain conditions must contain a Jordan element.
Then we prove some technical results on the existence of primes with particular proper-
ties. In the penultimate section we introduce generating graphs and give some examples
of maximal cocliques. Finally prove results on subgroups of S,, and 1-dimensional affine

groups.

In Chapter 5 we let § <k <n, G =5, or A,, and
M = (sym({1, o k)) x Sym({k 4+ 1,... ,n})) NG = (Sp X S_r) NG.

Then M is an intransitive maximal subgroup of G. For n < 11 we determine when
M is a maximal coclique in ['(G) computationally. For n > 12 we show that M is a
maximal coclique in I'(G) unless G = S,, and ged(n, k) > 1. In addition, for G = S,, and
ged(n, k) > 1 we show that the maximal coclique containing M is M U (1,k+ 1)M.

In addition, we prove a conjecture of Cameron, Lucchini, and Roney-Dougal [14] when

. . d_1 .
G = A, or S,, and n is a prime such that n # qul for all prime powers ¢ and all d > 2.
Namely, we show that two elements of G have identical sets of neighbours in I'(G) if and

only if they belong to exactly the same maximal subgroups.



In Chapter 6 we continue our study of maximal cocliques in generating graphs. We
let n = mk, let G =S, or A, and let M = (SywrS,,) NG be an imprimitive maximal
subgroup of G. Here we show if £ > 28 or m > 27, then M is a maximal coclique in
the generating graph of G. For x € G\ M, finding an element y € M such that (z,y)
is primitive and contains a Jordan element seems to be significantly harder than in the
intransitive case. The cycle types of elements in M are more restricted than those in an
intransitive group. In particular elements of M are guaranteed to preserve at least one
block system and often preserve many more, and elements with large support are less often
Jordan elements. Because of this we introduce more cases, more number theory, more

types of Jordan elements. We also use a different method of proving primitivity.

Combining the above with the work in Chapter 5 we prove the following result. Let
n = 2p where p is a prime greater than 29 such that p # 2+ 1 for all a € N, let G =S,
or A, and M is a maximal subgroup in G. Then either M is a maximal coclique in I'(G)
or (G, M) = (Sp, Sk X Sp_x) for k even.

In Chapter 8, the appendix, we include some technical proofs on elements of primitive

subgroups of S,, for small n, and some small cases for Chapter 5.



Chapter 2

Group actions and numerical invariants

Here we introduce the background material and preliminary results needed in Chapter 3.
The first two sections define groups which we will study further. In the third and fourth
sections we classify some of the possible actions of these groups. Finally in the fifth and
sixth we define some numerical invariants and prove various preliminary lemmas on these

invariants.

2.1 Abstract group theory

We begin with some abstract group theory which we will use to define various groups in

later sections. Throughout, let n be a natural number and let S,, = Sym({1,...,n}).

2.1.1 Semidirect and wreath products
First we describe semidirect products which we then use to define wreath products.

Let H and K be two finite groups and let ¢ : K — Aut(H) be a homomorphism. For
h € H and k € K, let h* denote the image of h under ¢(k). Then for each k € K the
map ¢(k) : b+ h¥ for h € H is an automorphism of H. Let G be the set

{(h,k) | he H ke K},
and for (hq, k1), (he, ko) € G, let multiplication of G' be defined by
(hu, k) (ha k) = (hahy'  kaks).

With this multiplication, we call G the semidirect product of H and K which we denote
by G = H x4 K. When the action of ¢ is clear we just write G = H x K.

It is easily verified that 1¢ = (1, 1) and (h, k)" = ((R*)7 k7). If ¢(k) = 1 for all
k € K, then H x4 K is the direct product H x K.



Example 2.1.1. Let H = Sy, let K = S3 < H and let ¢ : K — Aut(H) where
d(k) :h— k7 'hk for k € K and h € H. Let G = H x K and let

g1 = ((1,2)(3,4),(1,2,3)), g = ((1,3,4),(2,3)) € G.
Then

g9 = ((1L2)3.4) - (13,909, (1,2,3)(2,3))

((1,2)(3,4)(1,2,3)(1,3,4)(1,3,2), (1,2,3)(2,3))
((1,4, 2, (1,3)). A

Using the semidirect product we can define the holomorph of a group.

Definition 2.1.2. Let H be a finite group and let Aut(H) be the automorphism group
of H. The holomorph of H is

Hol(H) = H » Aut(H).

Example 2.1.3. Let C be the cyclic group of order 4 defined by
Cy =1{id, (1,2,3,4),(1,3)(2,4), (1,4,3,2)} < S,.

Then Cy = ((1,2,3,4)) = ((1,4,3,2)). Since automorphisms of a group map generators
to generators it follows that Aut(Cy) = {1, 0} where 1 fixes all elements of Cy and o fixes
id and (1, 3)(2,4) and interchanges (1,2,3,4) and (1,4, 3,2). Then ¢ has order 2, and so
Aut(Cy) = Cy. Hence

Hol(G) =Cy x Cy. A

We now define the wreath product construction and a possible action, which will be

used in Section 2.5. We introduce a further action in Chapter 4.

Let H and K be finite groups acting on finite sets A and I' = {1,...,n} respectively.
For § € A and v € T, let " and ~* denote the images of § and v under » € H and k € K

respectively. Then we can construct a homomorphism ¢ : K — Aut(H") where
(k) : (ha,ho, ..o hy) = (b1, Bty oo By 1),

Then the semidirect product G = H" x4 K is the wreath product of H by K, which we
denote by H{ K or Hwr K.



Then G = Hwr K acts on Q = A" via the product action defined as follows. Let
w=(01,...,0,) € Qand let g = ((hl,hg, ey hy), k;) € G. Then the image of w under ¢

is
gt et
LR WSS S

Example 2.1.4. Let I' = {1,2,3,4}, let A = {1,2,3}, and let Q = {1,2,3}*. Let
K =Sym(I") 2 Sy, let H = Sym(A) = S3 and let G = H wr K = S3wr S, act on (2 via
the product action. For example let w = (w1, ws, w3, ws) = (3,1,2,3) € Q and let

g= (((1,2),(1,2,3), (2,3), (3,2,1)), (174)(2,3)> € G,

Then the image of w under g is

(3321 2@3) 1(123) 312y — (2,32 3). A

2.1.2 Insoluble subgroups of Chevalley groups

In this subsection we define soluble and insoluble groups, give a brief description of some
of the Chevalley groups, and finally show that certain subgroups of these Chevalley groups

are insoluble.

Let G be a finite group. A subnormal series for G is a series of subgroups
G:G()DGlD"'DGk: 1.

If G has a subnormal series as above, such that G;_1/G; is abelian for 1 < ¢ < k, then

we call G soluble. If there exists no such series, then we call G' insoluble.

Let G and H be finite groups. Then H is involved in G if there exist groups N and K
such that N < K < G and K/N = H.

Example 2.1.5. Let G = ((1,2,3,4,5,6),(2,6)(3,5)) <Sg. Then G = Dih(12) and
G ((1,2,3,4,5,6)) > 1.

Now G/((1,2,3,4,5,6)) and ((1,2,3,4,5,6))/1 are isomorphic to Cy and Cg respectively,

and so both are abelian. Hence G is soluble and C5 is involved in G. A

We now cover two results on soluble and insoluble groups. One which we use the show

that certain groups are insoluble, and one which we use later in Section 2.3.



Theorem 2.1.6 (Burnside’s Theorem). Let G be a finite group. If |G| = p2q®, where p

and q are primes and a and b non-negative integers, then G s soluble.

Lemma 2.1.7. Let H be a non-abelian simple group. If H is involved in a group G, then

G 1s insoluble.

Proof. If GG is soluble, then all subgroups and quotients of G are soluble, see for example
[24, Theorem 10.2(a)]. Hence if G has a subgroup or quotient that is insoluble, then it

follows that G is insoluble.

Since H is simple, it follows that the only subnormal series is H > 1. Now H/1 = H is
non-abelian, and so H is insoluble. Since H is involved in G there exist groups N and
K satisfying N 9 K < G and K/N = H. Hence K is insoluble since it contains H as a

quotient group, and in turn G is insoluble since it contains K as a subgroup. [

We now take a brief foray into Dynkin diagrams and Chevalley groups. Here we only
cover the information which is needed in Chapter 3, in particular we show that certain
parabolic subgroups of particular Chevalley groups are insoluble. For a more comprehen-

sive exposition see [20].

The following graphs (omitting the labelling of vertices) are the D5, Fg and E; Dynkin
diagrams. These correspond to the Chevalley groups Ds(q) = PQfy(q), Es(q) and Ez(q),
where ¢ is a prime power and these groups are defined over the field F = GF(q).

4 2 2
> 1 3 4 5 6 1 3 4 5 6 7
D5 E6 E7

The labelling of the vertices (here we use the notational convention of [2]) is used to label

subgroups as follows.

Let G be the Dynkin diagram D5, Eg or E;, and let G be the corresponding Chevalley
group Ds(q), Fs(q) or E;(q). Let v; be the vertex of G labelled by 4, and let G; be the
subgraph of G given by removing v; and all edges incident with v;. Then G; corresponds
to a subgroup P;, called a parabolic subgroup of G. Each connected component of G;
will be another Dynkin diagram (for a complete list of Dynkin diagrams see [20]). If G;

is connected, then P; involves the Chevalley group corresponding to G;.

For example, if G = Ejg, then G; and Gg are both Ds. Hence the parabolic subgroups
Py and P of Eg(q) both involve Ds(q).



Lemma 2.1.8. Let G be a Chevalley group and let H be a parabolic subgroup of G. If

(G,H) € {(EG(Q>7 Py), (Es(q), Fs), (E7(q), P7)},

then H s insoluble.

Proof. 1If G = FEg, then G; = Gg = D5, and so Py, Ps < Eg(q) involve Ds(q). If G = Ex,
then G; = Eg and so P; < E7(q) involves Fg(q).

Both Ds(q) and Eg(q) are non-abelian simple groups, and so in all cases H is insoluble
by Lemma 2.1.7. [l

2.1.3 Primitive and large-base groups

Here we briefly define blocks, primitive groups and large-base groups. For more detail

and examples of blocks see Section 4.2.

Definition 2.1.9. Let 2 be a finite set and let G be a transitive subgroup of Sym(2).
A set A C Qs a block for G if for all g € G, either AY =Aor AYNA=0. If |A] =1

or A =€), then A is a trivial block, otherwise A is non-trivial.
If G has no non-trivial blocks, then G is primitive, otherwise G is imprimitive.

Example 2.1.10. Let Q = {1,2,...,8}, let A = {1,5}, let g = (1,2,3,4,5,6,7,8) and
h = (2,8)(3,7)(4,6) be elements of Sym(2), and let G = (g, h). It is clear that G is
transitive. If f € G, then

A e {A A9 AT ATy = {{1,5),{2,6},{3,7}, {4,8} ).

Hence A is a block for G and so G is imprimitive.

Now let n > 5, let Q@ = {1,...,n}, and let G = A,, = Alt(Q2). Suppose that
A C {1,2,...,n} is a non-trivial block, and so there exist distinct points o, 5 € A
and v ¢ A. Since G is 2-transitive, it follows that there exists g € G such that a9 = «
and B9 = v. Hence « € ANAY and 7 € A9\A, a contradiction. Hence G has no

non-trivial blocks, and so is primitive. A

The following definition was prompted by a result of Liebeck which we cover later in
Section 2.2.

Definition 2.1.11. Let GG be a primitive subgroup of degree n. Then G is large base if G
is a subgroup of S; wr S, containing (A;)", where the action of S; is on k-element subsets

of {1,...,t} and the wreath product has the product action of degree n = (,i)r



2.2 Numerical invariants

In this section we introduce various numerical invariants which we bound for certain
groups in Chapter 3. We also cover some examples, motivational and contextual history

of numerical invariants.

Throughout this section let Q2 be a finite set and let G < Sym(2). For a sequence
A= (A,..., ) € QF let Gy be the pointwise stabiliser of A in G. For a set A C ), let
Ga and Ga) be the setwise and pointwise stabiliser of A in G. For H < G, let [G : H]
be the index of H in G. Let log be to the base 2.

Definition 2.2.1. A base for G is a sequence A = (A1,...,\z) € QF such that, Gy = 1.
The minimal base size, denoted b(G,2) or just b(G) if the meaning is clear, is the
minimum length of a base for G. A base for G is minimal if no proper subsequence is a

base, that is G # 1 for all subsequences I' of A. The maximal size of a minimal base for
G is denoted by B(G, Q) or B(G).

Example 2.2.2. Let n > 5 and let Q = {1,2,...,n}.

First let G = S,,, let k < n —2 and let A € QF. Then there exist distinct points
a, B €  which are not terms of A. Hence («, 5) € Gy, and so b(G) > n — 2. Since the
only element of G fixing n — 1 points of €2 is the identity, it follows that b(G) =n — 1.

Now let G = A,, let kK < n —3 and let A € QF. Then there exist distinct points
a, 3,7 € © which are not in A, and so (a,3,7) € Ga. Let A € Q"2 be a sequence of

distinct points. Then there are exactly two distinct points «, 5 € €2 which are not in A.
Then (S,)a = ((a,b)), and so G5 = 1. Hence b(G) =n — 2.

Finally let n = 2m > 4 and let
G={(2,n)3,2m—1)---(m,m+2),(1,2,...,2m)).

Then G = Dih(2n). The only non-identity element of G; is the reflection through the

vertices 1 and m + 1. Hence
Gi=(2n)B,n—-1)-(mm+2)) =Gam),

and so neither (1) nor (1,m + 1) is a base. However G(19) = 1 = G1,m+1,2), and so (1,2)

is a minimal base, and (1,m + 1,2) is a base but not a minimal base.

We now discuss some motivation for the study of bases. Let g,h € G and let
A= (A, ..., ) € QF be a base for G. If XY = M for 1 < i <k, then gh™! € G, = 1,
and so g = h. Hence each element of G can be defined and stored by its action on |A],
rather than |Q|, points. If |A]| is significantly smaller than |Q|, as for Dih(2n) but not for
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S, or A,,, then this results in a computational saving. As a result base size has important
applications in computational group theory, see for example [51] for the importance of a

base and strong generating set.
In [38] Liebeck proves the following landmark result.
Theorem 2.2.3. Let G be a primitive subgroup of S,,. Then one of the following holds.
(i) G is large base,
(ii) b(G) < 9logn.
Very recently in [47] Moscatiello and Roney-Dougal improved Liebeck’s bound by show-

ing that if G is a primitive subgroup of S,, which is not large base, then either G = My,
in its b-transitive action of degree 24, or b(G) < [logn] + 1.

We now cover a definition and result which link the two halves of this thesis. For G a
subgroup of S,,, the minimal degree ;(G) is the smallest number of points in the support

any non-identity element of G.
For example 11(S,) = 2, p(An) = 3 and p(((1,2,...,p))) = p.

Theorem 2.2.4 ([40, Theorem 2|). Let G be a primitive subgroup of S, which is not
large base. Then p(G) > n.

In the same paper as the previous theorem, Liebeck and Shalev also prove the following
corollary. If G is a primitive subgroup of S,, and p(G) < 2(y/n — 1), then G contains A,,.
We rephrase this result in Theorem 4.3.4(iii) for use in Chapters 5 and 6 where we study

generation in S, and A,,.

Theorems 2.2.3 and 2.2.4 are of the same form; for a primitive subgroup of S,, which is
not large base, they bound a numerical invariant as a function of n. One area of interest
is to prove similar results for other numerical invariants. This is the focus of Chapter 3,

where we study the following numerical invariants.

Definition 2.2.5. Let © be a set of size n, let G be a subgroup of Sym(2) and let I' C Q.
Then I is independent if G sy # G r) for each ¥ C I'. The height of G, denoted H(G, Q)

or H(G), is the maximum size of an independent set.

Definition 2.2.6. Let A = (\,...,\x) € QF be a base for G. Then A is irredundant if
G > G>\1 > G>\1,>\2 > > GM,)Q ,,,,, e = 1.

If no other irredundant base is longer than A, then A is a maximal irredundant base and
we denote its length by I(G, Q) or I(G).

11



Observe that if A is an irredundant base, all points of A are distinct. Hence the following

notation is well defined.

Notation 2.2.7. For A an irredundant base containing A, let A\{A} be the subsequence
of A given by omitting .

The maximum length of a chain of subgroups of G is denoted by ¢(G). It is easily seen
that [(G) < 4(G).

Theorem 2.2.8 ([16, Theorem 1]). £(S,) < 2.
The following shows how various numerical invariants are related.

Lemma 2.2.9 ([28, Equation 1.1]). Let G be a transitive subgroup of S,,. Then
b(G) < B(G) < H(G) < I(G) < b(G)logn.

Proof. Clearly b(G) < B(G). Let k = B(G) with corresponding base A = (Aq,..., Ag).
Let A = {\,..., A\x}. Since A is a minimal base it follows that A contains no repetitions
and so A has size k, and that no subsequence of A is a base and so G(r) # G(a) for all
[' € A. Therefore A is an independent set of size k, and so B(G) = k < H(G).

Now let A = {Aq,..., A/} be an independent set of maximal size. Then | = H(G) and

we have the following chain of subgroups
G>Gy 2G> 2Gy -

Since G is transitive, it follows that G > G,,. If there exists 2 < ¢ < [ such that
Grovier = G then Gay = Gay,)), a contradiction since A is an independent
set for GG. Hence

G > G>\1 > > GAI,...,)\l-

For i > 1if Gy, xn,,_, # 1, then let \;;; be a point in the largest orbit of G, .
Hence there exists ¢t > 0 such that

s A i—1

G>Gy\ >G> >G\ o\, =L

Thus (A1, ..., Ais¢) is an irredundant base for G, and so H(G) =1 <1+t < I(G).

Finally let m = I(G) and b = b(G), and let A = (A\,...,\n) and (6y,...,0) be

corresponding bases. Then
GY>G)\1>C1‘,\1,/\2>'-'>C1Y,\1 ..... ,\mzland

G>G51>G51752>'“>G51

12
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Since G < S, it follows that [G : G,] < n and |Gy, s, : G5,

Hence

-----

|G| = [G : G51][G51 : G51752] e [G51,~~~76b—1 : G151 ~~~~~ 51;] < nb - nb(G)'

Therefore 21 < |G| < nP@) | and so the result then follows by taking logarithms base 2
on both sides. O]

We now define one final numerical invariant, relational complexity. Informally, this is
a measure of when local properties of an object imply global properties. This has been
studied extensively in model theory, see for example [37]. A rephrasing of the definition,
to make it easier to work with permutation groups, was introduced more recently in
[19].

Definition 2.2.10. Let k,l € Nwith & < landletT' = (v,...,%),A = (A\y,..., \) € Q.
Then T' and A are k-subtuple complete or k-equivalent with respect to G < Sym(Q2),
denoted I' ~ A, if for every subset of k indices {i,...,ix} C {1,2,...,{} there exists
g € GG such that

(’)/fl, . ,’}/lgk) = ()\il, ey )\Zk)
The relational complezity of G, denoted RC(G), is the smallest k such that for all [ > k
and all T, A € Q' if I' ~;, A then A € T'°.
Here I' ~;, A is the local property, and A € I'“ is the global property.

Example 2.2.11. Let Q@ = {1,2,3,4,5,6}, let G = S or Ag, and let
F:(71,...,75):<1,2,3,4,5),A:<)\1,...,/\5>:<1,2,3,4,6)695.

Since both Sg and Ag are 3-transitive, it follows that I' ~3 A. For example let 7; = 1,
io = 2 and i3 = 5. Then the corresponding subsequences are I = (71, 72,75) = (1,2,5)
and A" = (A1, A2, A5) = (1,2,6), and the elements (5,6) € Sg and (4,5,6) € Ag map [ to
A

We claim that if G = Sg, then A € %, and if G = Ag, then A ¢ T'¢. If I'Y = A then, g
fixes 1,2,3 and 4, and maps 5 to 6. Hence g = (5,6) is the only element of Sg satisfying
['Y = A. Since g € Sg\Ag the claim follows.

Hence if G = Ag, then RC(G) > 3 since I' ~3 A and A ¢ I'C. A

The following gives the range of possible values of relational complexity.
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Lemma 2.2.12. Let n > 3 and let G be a non-trivial subgroup of S,,. Then
2<RC(G)<n-—1.

Proof. Let Q@ = {1,2,...,n} and let k¥ = RC(G). Then for all [ € N and all
F:(%,...,%),A:()\1,...,)\[)te,ifFNkAthenAEFG.

Since G is non-trivial there exist distinct points «, f € Q and g € G such that ¢ = .
Hence (a,a) ~1 (o, ). However (a,f8) ¢ (a,a)¢, and so RC(G) # 1 and the lower
bound holds. In addition, it follows that if £ > 2 and I" ~;, A, then v; = ~; if and only
if \; = A;. Hence 7/ = \; if and only if 'y]g = )\;, and so we may assume without loss of

generality that I' and A are repetition free. Therefore I' and A have length at most n.

Let ' = (v, .- -,7), A = (M,..., \n) € Q" be repetition free. If T' ~, ;1 A, then
in particular there exists g € G with (77,...,797_;) = (A1,..., A\u_1). Since G < S,
it follows that 79 = A, and so I'Y = A. Hence if I' ~,_; A, then A € T, and so
RC(G) <n—1. O

Now we consider examples of groups which show that the bounds in the above lemma
are tight. Note that as part of the proof above we showed that if I' = (v,...,),
A=, N) € and T ~y A, then ; = 7; implies that A\; = A;.

Example 2.2.13. Let p be a prime, let Q = {1,...,p}, and let G = ((1,...,p)) < S,.
Hence G 2 C,. Let T' = (y1,...,m),A = (A,..., N) € Q' with ' ~9 A. From I' ~y A it
follows that for 2 < k <[ there exists g, € G such that 4/* = \; and ¥ = ). Since
there is a unique element g € G with «{ = A, it follows that g = g, for 2 < k <. Hence
['Y = A and so RC(G) = 2. A

Example 2.2.14. Let n > 5 and let Q = {1,...,n}.

First let G = S,,, and let I', A € Q! with I' ~5 A. Since G is n-transitive it follows that
there exists g € G satisfying 'Y = A. Hence A € I'® and so RC(G) = 2.

Nowlet G=A,. Let ' =(1,2,...,.n—2,n—1,n),A=(1,2,...,n—2,n,n—1) € Q™.
Since G is (n — 2)-transitive it follows that A ~, 5 I". The only element of S,, mapping
[ to Ais (n—1,n). Since (n — 1,n) ¢ G it follows that A ¢ I'“ and so RC(G) > n — 2.
Now RC(G) < n —1 by Lemma 2.2.12, and RC(G) =n — 1. A

Hence both S,, and C), have relational complexity 2. In [18] Cherlin gives examples of
primitive groups with relational complexity 2, called binary groups, and conjectures that
this list is complete. In a dramatic breakthrough Gill, Liebeck and Spiga proved this

conjecture [26].
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We now compare relational complexity to some of the other numerical invariants.
Let n > 5. Then b(S,) = b(A,) + 1 by Example 2.2.2, whereas RC(S,) = 2 and
RC(A,) =n — 1 by Example 2.2.14.

Let H < G <8S,, and let A be a minimal base for G. Then G, = 1, and so Hy, = 1.
Hence A is a base (although not necessarily minimal) for H, and so b(H) < b(G). There
is no such general rule that relates RC(H) to RC(G). With the action of S,, on k-subsets
being an exception - see [27], the current results on height and relational complexity
would seem to imply that RC(G) is either equal or close to H(G) + 1. This observation

prompts the following lemma.

Lemma 2.2.15 ([28, Lemma 2.1]). Let G be a primitive subgroup of S,. Then

RC(G) < H(G) + 1.

2.3 Lemmas on irredundant bases

We now collect results about bases and the relation between maximal irredundant bases

and other group statistics.

Throughout this section let Q be a finite set. For G < Sym(2) and a fixed sequence
(wi,...,w) € QL let GO =G and GW =G, ., for 1 <i<I.

Lemma 2.3.1. Let G be a subgroup of S,,.
(i) If G is insoluble, then I(G) < log |G| — 1.
(ii) If G is transitive and n > 5, then 1(G) < log |G| — 1.
(iii) If G is transitive and b = b(G), then I(G) < (b—1)logn + 1.

Proof. If A = (Aq,...,\;) is either a minimal base, or a maximal irredundant base, for
G, then

G| =[GO:GW].. GV GY] and 2<[GY G <nfor0<i<t (21)
In addition, if GG is transitive then by the Orbit-Stabilizer Theorem
GO GY]) =n. (2.2)

(i) Let I = I(G), let p1,pe,...,p, be distinct increasing primes and let ay,as, ..., a,
be positive integers such that |G| = pi'p5?---p%. Then a = ay +as + -+ + a, is
the number of prime divisors of |G| including multiplicity. By setting A to be a

maximal irredundant base in (2.1), it follows that a > I.
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Since @ is insoluble, Theorem 2.1.6 implies that » > 3 and so p, > 5 > 22. Hence
pit > 2% for 1 <i <r—1, and po > 2%t Therefore

|G| > 2a1 . 2&2 _____ 2ar+1 _ 20,—1—1,

and so log |G| >a+1>1+1. Thus I(G) =1 < log|G| — 1.

(ii) Let [ = I(G). Then by setting A to be a maximal irredundant base in (2.1) and
(2.2), it follows that

Gl =n-[GY:GP]...[GY : G?] > n .27, (2.3)
Hence if n > 5 then |G| > 5 -2/t > 21 Therefore log|G| > [ + 1, and so
I(G) =1<log |G| — 1.

(iii) Let b = b(G). Then by setting A to be a minimal base in (2.1) and 2.2 it follows
that
G| =n- [G(l) . G(?)] e [G(l) . G(Q)] <n-ntt=nb

Combining the above with (2.3) gives n - 2171 < |G| < nb. Hence 2!t < n®~! and
so[(G)=1<(b—1)logn+ 1.

]

Lemma 2.3.2. Let G be a subgroup of Sym(Q), let I > 1 and let A = (\1,...,\) € Q.
Then there exists a subsequence X of A such that ¥ can be extended to an irredundant
base and Gy, = G4.

Proof. The sequence A cannot be extended to an irredundant base if and only if there

exists a subsequence A, ..., \;;; of A such that j > 1 and

GO = Ut — ... = G+,

Let ¥ be the subsequence of A given by deleting all such Ay, ..., Aiy;. Since G = GU+)
it follows that Gy = G«. ]

Lemma 2.3.3. Let H < G < Sym(Q) and let A C Q be a H-orbit. Then
I(H,A) <I(G,Q).

Proof. Let k =1(H,A) with corresponding base A = (\y,...,\) € A*. Then
G>G)y > >Gy

Let K = Gy, - If K =1id then A is an irredundant base for G' and so I(G, ) > I(H, A).
If K # id then I(K,Q) = [ > 1 with corresponding base (p1,...,). In which case

16



(Aiy. ooy Aky i1, - - -, 47) is an irredundant base for G and so

I(G,Q) > k+1>k=1(HA). O

The following two lemmas recently appeared in [28], for the second we include our own

independent proof.

Lemma 2.3.4. /28, Lemma 2.6] Let Hy and Hs be non-identity permutation groups on
Q1 and s, then

I(Hl X HQ,Ql X QQ) = I(Hl,Ql) -+ I(HQ,QQ) — 1.

Lemma 2.3.5. [28, Lemma 2.8/ Let N I G < S,,. Then
I(G) <I(N)+{(G/N).
Proof. Let I(G)) = [ with a corresponding base A = (wy, ...,w;). Then
G=G0 >0 sg®~...>aq0 =1,

and so
GN=GON>GYUN>GUIN>...>GUN=N.
Let I={1<i<I|GEYIN=GON}and J={1<j<I|GUVUN > GUN}.

If 2 € I, then by the Second Isomorphism Theorem
GV /(GEYAN) =2 GEYN/N =GIN/N =2 G9/(GYD N N).

Since GW NN = N® this implies that ||]C\:[((ii:?)|| = ||]GVZ))‘I, and so |C|’g;)1‘)| = “‘V]\(]i(z;l)‘. Therefore
GO=Y > GO if and only if N0~V > N®_ Hence by letting I = {iy,... i}, it follows

that

N>N® > NG > s N =
and so [(N, Q) > k.
If j € J, then GV"UN > GUIN, and so GV"UN/N > GUN/N. Since
IUJ = {1,2,...,1}, we can let J = {ji,...,51-x}. Recall that GU) = G, .. . -

..... Ji

Hence
GN/N > G(jl)N/N > G(J‘z)N/N > > G(jl—k)N/N7

and so ((G/N) > 1 — k. O
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Corollary 2.3.6. Let N < G < 'S, such that |G : N| = p for some prime p. Then
I(N) < [(G) < I(N) + 1.

Proof. The lower bound holds by Lemma 2.3.3. If N < G and [G : N| = p, then
G/N = C,. Since the only proper subgroup of C, is 1 it follows that ¢(C,) = 1. Hence
the upper bound follows from Lemma 2.3.5. [l

2.4 Computational Complexity

Let G be a primitive subgroup of S,, which is not large base. In Chapter 3 we bound
some of the numerical invariants discussed in the previous section as a function on n. As
a corollary, we prove a result on the computational complexity of calculating a base of a

certain size for G.

We now give a very brief and informal summary of computational complexity theory.
A decision problem is a problem for which the answer is yes or no. An instance of the
problem is one specific case of the problem. We give some of the hierarchy of difficulty
for decision problems. To determine the hierarchy of a problem we use Turing machines,
which are mathematical models of computers. It is universally believed that for any
algorithm there exists a Turing machine that carries out the algorithm. Here we are
particularly interested in deterministic Turing machines, where for any input at most
one action is performed. A non-deterministic Turing machine is one where an input can
result in multiple actions being carried out in parallel. Unless otherwise stated, assume

that we are using a deterministic Turing machine.
We use the following “big O notation” to categorise functions.

Definition 2.4.1. Let f,g : R — R. If there exists ¢,ny € R such that |f(n)| < cg(n)
for all n > ng, then we say f(n) = O(g(n)).

We now define the hierarchy. Suppose that we have a decision problem where an
instance input has size n. If there exists £ € N, independent of n, such that any instance
can be solved by a Turing machine in O(n*) steps, then this problem is in P. If there
exists [ € N such that a possible solution can be checked to be correct in O(n!) steps,
then the problem is in NP. Problems in NP can be solved in polynomial time by a non-
deterministic Turing machine. Since constructing a solution automatically checks its
correctness, it follows that NP contains P. It is not currently known if P=NP, although
it is widely believed that NP is a wider class of problems than P. Problems are said to be
NP-hard if they are at least as hard as those in NP. Finally, a problem is NP-complete if
it lies in both NP and NP-hard.

18



Example 2.4.2. Let t € N and X C N. Determining if there exists x € X such that
x >t is a problem in P. Indeed for each x € X we need only test whether or not z > t.
Hence this problem can be solved in a number of steps which is polynomial in the input
size. An instance of this problem would be ¢t =7 and X = {1,9,6}.

Suppose instead that we wish to determine if there exists {z1,..., 2} C X such that
1+ ... +x, = t. This is a problem in NP which is thought not to be in P. A naive
approach would be to consider all sums of subsets of X. There are 2" subsets of X, and
so this approach would require at least O(2") steps. This gives some indication as to why
this problem is computationally harder than the last. However, given a potential solution
{z1,...,2,} C X, it takes polynomially many steps to calculate x; + --- + x5 and then

compare this to t. Hence checking a candidate solution takes polynomial time. JAN

A greedy algorithm is an algorithm where at each stage we make a locally optimal
choice. Let Q be a finite set and let G = G© < Sym(€). The following is a greedy

algorithm for constructing a base for G.

Step 1 Let A\; be a point from a largest orbit of G(¥, and let GV = Gg\o).
Step i > 2 We have a sequence of points (A,..., A1) and GE=D =Gy, .
If G~ has orbits of size at least 2, then let \; be a point in a largest
orbit of GG,
If all orbits of GU~1) have size 1, then stop.

Suppose that the algorithm terminates at step t. Then G > G, and G® > GO+
for 1 < i <t—1, and G® = 1. Hence (A1, ..., A;) an irredundant base, and so
b(G) <t <I(G). Observe that |GUV| = Qﬂ for 0 <4 <t — 1, where r; is the size of
the orbit of G containing A;11. Therefore at each stage A\;; is chosen to ensure that

GU* is as small as possible.

Let G be a primitive group which is not large base. In [1] Blaha proved that computing
a minimal base for a permutation group is NP-hard. Deciding if there exists a base of size
at most ¢ is NP-complete. Blaha also showed that using the greedy algorithm above, we
can compute a base of size O(b(G)loglogn) in polynomial time. Hence using Theorem
2.2.3 it follows that if G is a primitive subgroup of S,, which is not large base, then we
can construct a base of size O(log nloglogn) in polynomial time. We improve this bound
in Chapter 3.

2.5 Linear algebra and linear groups

In this section we define various classical groups which will be used in the next section.

For more detail see [3], [36] and [55]. We begin by introducing some matrix notation and
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matrix groups.

Throughout this section let p be a prime, let f € N and let ¢ = p/. Let F be the field
GF(q), and let F* be the non-zero elements of F. Then the characteristic of IF, char(F),
is p.

Let V be a d-dimensional vector space over F. Let ey, ..., e; be the standard basis for

V, so that e; has 1 in the i*" position and 0 elsewhere. For U a vector space over F let
dim(U) be the dimension of U over F.

Let M, 4(F) be the set of all m x d matrices over F. For A € M, 4(F) we write

A = (a;;)1<i<m to mean that we denote the entry of A in the i row and j column by
1<j<d

a;;. When the dimensions of A are clear we write A = (a;;). It is easily verified that

M, 4(F) is a vector space over F, and dim(M,, 4(F)) = md.

We shall identify V' with the set of d-dimensional row vectors over F, let M = M, 4(F),
and let I be the d x d identity matrix. Then M acts on V by right multiplication. For
example, let v = (v1,...,vq) € V and let A = (a;;) € M. Then

d d d
vA = E a;1V;, E a2V, ..., A;qV; | € V.
—1

i=1 i=1 7

2.5.1 Linear and semilinear groups

We call groups introduced in this section and the next classical groups. We begin with

linear and semilinear groups.

A map g : V — V is a linear transformation from V to V if for all u,v € V and all
cel
(u+v)g = ug + vg and (cv)g = c(vg).
The general linear group, denoted by GL(V'), is the set of all invertible linear transfor-
mations from V' to V. If we fix a basis of V, then we may realise GL(V') as GL4(q), the
group of d x d invertible matrices with entries in F. Then GL4(q) acts on V' by right
multiplication. We can then define SLy(q), the special linear group on V', to be the group

of matrices in GL4(q) with determinant 1.

An element g € GLy(q) is a scalar transformation if there exists ¢ € F* such that
vg = cv for all v € V. Let Z be the set of all scalar transformations of V. Then it can
easily be shown that Z is the centre of GL4(q), which we denote Z(GLg4(q)), and that
Z =TF*1. The projective linear group on V is

PGL4(q) = GLa(q)/Z.
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The projective special linear group on V' is

PSL4(q) = SLa(q)Z/Z.

We now move from linear maps to semilinear maps. A map g : V — V is a semilinear

transformation if there exists a € Aut(F), such that for all u,v € V and all c € F
(u+v)g=ug+wvg and (cv)g=c*(vg).

We call a the associated automorphism of g. If o is the identity, then g is a linear trans-
formation. Then general semilinear group I'Ly(q) is the group of all invertible semilinear

transformations of V. The projective semilinear group is
PI'La(q) = T'La(q)/Z.

Let & : x — 2P be the Frobenius automorphism of F. Then ® has order f and
Aut(F) = (®). Hence if we let Cf be the cyclic group of order f, then Aut(F) = C;
and

PI'L4(q) = PGL4(q) x Cy. (2.4)

For A € GLg4(q) denote the inverse transpose of A by A~7. Then the map
t : GL4(q) — GLg4(q), where ¢+ : A — AT for A € GL4(q), is an automorphism of
GL4(q) called the inverse-transpose automorphism. It is easily seen that «(Z) = Z and
t(SLa(q)) = SLa(q). Let g € PSL4(q), then g = AZ for some A € GL4(q). Hence
t(g) = (AZ) = ATZ € PSL4(q), and so ¢ € Aut(PSLy(g)). In addition, ® and ¢
commute. By [36, (2.1.14)]

PT'Ly(q) it d=2,

Aut(PSLy(q)) = (2.5)
PT'L4(q) x (v) ifd > 3.

Let m < d and let n be a map from the set of m-dimensional spaces to the set of

(d — m)-dimensional spaces which acts as follows on U an m-dimensional space

nU)={veV|w’ =0foraluecU}. (2.6)

2.5.2 Classical forms

In this section we introduce classical forms, which will be used to define more classical

groups.

Let a be an automorphism of F. Then a map B : V x V — F is an a-sesquilinear form
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on V if for all ¢1,co € F and uy, us, v1,v9 € V

B(ciuy + coug,v1) = ¢y B(uy,v1) + caB(ug, v1) and

B(uy, c1v1 + cv9) = ¢ B(uq,v1) + ¢§ B(uq,vs).

We now define special types of a-sesquilinear forms.
— If « is the identity, then B is a bilinear form.
— For all w,v € V, if B(u,v) = 0 implies that B(v,u) = 0, then B is reflezive.
— If B(u,v)* = B(v,u) for all u,v € V and « has order 2, then B is a-Hermitian.

— Let B be bilinear. If B(u,v) = B(v,u) for all u,v € V, then B is symmetric. If
B(u,v) = —B(v,u) for all u,v € V, then B is skew-symmetric. If B(u,u) = 0 for
all w e V, then B is alternating.

— If B(u,v) = 0 for all v € V implies that v = 0, then B is non-degenerate (or
equivalently if B(u,v) = 0 for all v € V implies that u = 0).

Let U be a subspace of V and let B be a non-degenerate a-sesquilinear form on V. A
vector v € V is isotropic if B(v,v) = 0. If B restricted to U is the zero map, then U is
totally isotropic (or t.i.). If B restricted to U is non-degenerate, then U is non-degenerate
(or n.d.). If there exist linearly independent vectors u,v € U such that U = (u,v),
B(u,u) = 0 = B(v,v) and B(u,v) = 1, then we say that U is a hyperbolic line with
hyperbolic pair (u,v).

Let B be an a-sesquilinear form. We use B to define elements of GL4(¢) and I'L4(q)
with specific properties. We later show that for some types of B, the sets of all such
elements form subgroups of GL4(q) and I'Ly(q). First let g € GL4(q). We say that g is
an isometry of B, or that g preserves B, if B(ug,vg) = B(u,v) for all u,v € V. If there
exists ¢ € F* such that B(ug,vg) = c¢B(u,v) for all u,v € V| then g is a similarity of
B. Now let h € I'L4(q) with associated automorphism o. If there exists ¢ € F* such that
B(uh,vh) = ¢B(u,v)? for all u,v € V, then h is a semisimilarity of B.

We now introduce one further type of map which we will use to define classical groups.
A map Q : V — Fis a quadratic form on V, if Q(cv) = 2Q(v) for all v € V and ¢ € F
and the function B : V x V — T defined by

B(u,v) = Q(u+v) — Qu) — Q(v)

is a bilinear form. We call B the polarisation of Q).
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If char(FF) # 2, then from

B(u,u) = Q(2u) — 2Q(u) = 2°Q(u) — 2Q(u) = 2Q(u)

it follows that Q(v) = $B(v,v). Hence @ can be recovered from B. If char(F) = 2, then
each bilinear form is the polarisation of many quadratic forms. Let ) be a quadratic
form with polarisation B. If B(u,v) = 0 for all v € V implies that u = 0, then we say

that @) is non-degenerate.

Let v € V, let U be a subspace of V| let @) be a non-degenerate form on V. If Q(v) = 0,
then v is totally singular. If each element of U is totally singular, then U is totally singular
(or t.s.).

Let @ be a quadratic form. As for bilinear forms, we define certain subsets of GL4(q)
and I'Ly(q). First let g € GL4(q). If Q(ug) = Q(u) for all u € V, then we say that g is an
isometry of @, or that g preserves Q. If there exists ¢ € F* such that Q(ug) = c¢Q(u) for
all w € V, then g is a similarity of Q). Now let h € I'L;(q) with associated automorphism
a. If there exists ¢ € F* such that Q(uh) = cQ(u)* for all uw € V', then h is a semisimilarity

of Q.

In this paragraph only, let V be a vector space over F = GF(¢?). Then the map
o : x +— 2% for x € F is an automorphism of F. By [36, Prop 2.3.1 and 2.3.2]
the isometry groups of any pair of non-degenerate o-hermitian forms are conjugate
in GL4(¢?). Hence if we fix a non-degenerate o-hermitian form B, then the follow-
ing unitary groups are unique up to conjugation. The group of all isometries of B
is the isometry group of B, denoted GUy(q). The special isometry group of B is
SUq4(q) = GUg4(q) N'SL4(¢?). The group of all semisimilarities of B is the semisimilarity
group of B, denoted I'Uy(q). Let Z = Z(GL4(q*)). We then have the corresponding three
projective groups PGU,(q) = GU4(q)/(Z N GUy(q)), PSU4(q) = SUq4(q)/(Z N SU4(q))
and PI'U4(q) =T'Uq4(q)/Z.

We return to V' being a vector space with underlying field F = GF(q). Here we define
the sympletic groups. Let B be a non-degenerate alternating form on V. Then set of
all similarities; of all isometries; and of all semisimilarities of B, are GSp,(q), Sp,(q), and

I'Sp,(q). We then have the corresponding three projective groups
PGSp,(q) = GSpa(q)/Z, PSpa(q) = Spa(q)/(ZNSpy(q)) and PI'Spy(q) = I'Spy(q)/Z.

Let @ be a non-degenerate quadratic form of V' with associated bilinear form B. We
define the following subsets of V. Let ¢;; be the Kronecker-Delta function and recall that
dim(V) = d.

(i) A hyperbolic subset is {vy,..., v, u1,...,u.} €V with d = 2r such that for i,j €
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{1,2,...7}
Q(Uz) = Q(Ul) =0 and B(UZ',UJ‘) = 5@3

(ii) A parabolic subset is {vy,...,vpu1, ..., u,w} € V with d = 2r + 1, such that
both (vy,...,v.) and (uq,...,u,) are totally singular, w is non-singular and for all
i,7€4{1,2,...1}

Q(Ui) = Q(Uz) =0, B(vi7uj> = 5z‘j and B(”i,w) = B(uiaw) =0.

(i) An elliptic subset is {vq,..., v, U1, ..., U, w,z} €V with d = 2r + 2 such that
Q(z) = n where 22 + x + 7 is irreducible in F[z], both (vy,...,v,) and (uy,...,u,)
are totally singular, and for all 7,5 € {1,2,...7}

Q(vi) = Q(u;) =0,
B(vi,u;) = 0;5, B(v;,w) = B(v;, 2) = B(u;,w) = B(u;,2) =0 and B(w, z) = 1.

Lemma 2.5.1. (Prop 2.5.3 [36]) Let Q) be a non-degenerate quadratic form over V with
associated bilinear form B. Then V has either a hyperbolic, a parabolic or an elliptic

basis.

Let
+ if d is even and the basis of V' is hyperbolic,

€ = 4 blank if d is odd and the basis of V' is parabolic,

— if d is even and the basis of V is elliptic.

Let () be a fixed non-degenerate quadratic form. Denote the similarity group of ) by
GOg(q); the isometry group of @ by O5(q); the special isometry group of @ by SO4(q);
the semisimilarity group of @ by I'O§(q); and Q5(¢) to be an index 2 subgroup of SOg(q)
(this is uniquely defined for (d, q,€) # (4,2,4)).

For X € {GO4(q),04(q), SO5(q),T'O4(q), 25(q) } we define the corresponding projective
groups
PX = X/(XNZ).

The following theorem classifies when some of the classical groups that we have defined
are simple. Some restrictions on d are to omit duplications due to isomorphism - see
[36, Proposition 2.9.1].

Theorem 2.5.2 ([55, See for example Theorems 4.5, 8.8, 10.20, 11.48]).

(i) If G = PSLy(q), then G is simple if and only if (d,q) # (2,2),(2,3).
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(ii) If G = PSp,(q), then G is simple if and only if (d,q) # (2,2),(2,3), (4,2).
(iii) If G = PSU4(q), then G is simple if and only if (d,q) # (2,2),(2,3),(3,2).

(iv) If G = PQ(q), then G is simple for all d > 7.

2.6 Almost simple and product action groups

In this section we cover two families of the O’Nan-Scott Theorem. This result, which was
independently proved by Michael O’Nan and Leonard Scott in 1979, divides the primitive

groups into eight types. We begin with some preliminary material.

Definition 2.6.1. Let G be a group. Then H is a minimal normal subgroup of G, if
1 # H < G and the only normal subgroups of G contained in H are 1 and H.

The socle of G, denoted soc(G), is the subgroup generated by all minimal normal

subgroups of G.
A group G acting transitively on a set ) acts regularly if G, = 1 for each w € €.
Example 2.6.2. Let n € N and let Q = {1,...,n}.

First let C), be the cyclic group of order n generated by (1,2,...,n). Then C, is clearly
transitive and (C),), = 1 for all w € Q. Hence C,, acts regularly on €.

Now let n = 2m + 1 be odd, and let
G={(1,2,...,2m+1),(2,2m + 1)(3,2m) ... (m,m + 1)).

Then G = Dih(2n), G is transitive and Gy = ((2,2m + 1)(3,2m) ... (m,m + 1)). Hence
G does not act regularly on ). A

Let G be a finite group acting on a set €2. Then G acts faithfully if the only element of
G fixing () pointwise is the identity. Equivalently, we can identify G with a subgroup of

Sym(9).

Let Q be a finite set of size n and let G be a primitive subgroup of Sym(2). Then
S = soc(G) = T™ for a simple group 7. The following gives two of the families of the
O’Nan-Scott Theorem.

Definition 2.6.3. Let G be a primitive subgroup of Sym({2) with minimal normal but

not regular socle S = T".

(i) G is type AS if m = 1, so that

T 4G < Aut(T).
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(ii) G is type PA if m > 1 and there exists a finite set A and a primitive AS group
U < Sym(A) with socle 7" such that

T" 4G < UwrSym(m)

and Q2 = A™.
For the full statement of the theorem and more in-depth analysis see [23].

The following gives an example of groups of type AS and PA. Let S,, = Sym({1,...,n})
and A, = Alt({1,...,n}).

Example 2.6.4. Let n > 7 and let T = A,,. Then T is simple and Aut(T) = S,,.
Therefore T'<4'S,, < Aut(T), and so S,, is an example of a group of type AS.

Now let T = PSLy4(q) for (d,q) # (2,2),(2,3), and so by Theorem 2.5.2 T is simple.
By (2.5)
T <PGL4(q) < Aut(PSLy(q)),

and so PGLy(q) is also of type AS.

Let G = Sswr Sy act with product action on = {1,2,3,4,5}%. Then G is an example
of a group of type PA. A

Recall that G is of type AS if T 9 G < Aut(T) where T is simple and not regular. Since
T is not regular, it follows by Example 2.6.2 that T" is not cyclic and so is a non-abelian
simple group. Now Si,...,S, are soluble, and so by Lemma 2.1.7 involve no non-abelian

simple groups. Hence we have the following result.
Lemma 2.6.5. Let G < Sym(Q). If G is of type AS, then |Q)| > 5.
The next lemma follows immediately from the definition of large-base groups

Lemma 2.6.6. Let G and U be as in Definition 2.6.3(ii). If U is large base then so is
G.

2.7 Classical groups and subspace actions

Let G be an almost simple classical group with socle GGy. Hence Gy is as in Theorem

2.5.2. In this section we classify certain actions of G for use in Chapter 3.

Throughout, let ¢ = p/ be a prime power, let m,d € N with 1 < m < g, and let V' be

a d-dimensional vector space over F = GF(q).
Definition 2.7.1. Let PG,,(V) be the set of all m-dimensional subspaces of V.

An elementary counting argument can be used to prove the following.
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Lemma 2.7.2. Let 1 <m < ¢ and let n(d,m,q) = |PGn(F?)| = PG (V)|. Then

T mial(d = 1)
[[L( =1)

n(d,m,q) =

Let G < PGL4(q). Then G acts on PG, (V) via U* = {u” | u € U} for U € PG, (V)
and x € G. We now prove some lemmas about the action of groups on PG,,(V'), we begin

with a definition.

Definition 2.7.3. Let G be a group acting on two sets €2 and I'. These actions are
equivalent if there exists a bijection A : €2 — I' such that

AMa®) = (Ma))® foralla € Qand z € G.

Lemma 2.7.4. Let G < PI'Ly(q). Then the action of G on PG,,(V) is equivalent to the
action of G on PGy_n(V).

Proof. Let U € PG,,(V), let x € PT'Ly(q), and let n : PG,,(V) = PG4, (V) be the map
described in (2.6). Then

(nU))* ={v* €V |uw” =0 forall ue U}
:{’UEV|U<U$71)T:0 for all v e U}
={veV|uw" =0 forall ueU}

= n(U"). =

Lemma 2.7.5. Let G be an almost simple group with socle PSLy4(q) such that
G £ PI'Ly(q). If m=1 orif m < £, then G does not act on PG,(V).

Proof. 1f d = 2 then Aut(PSL4(q)) = PI'L4(q) by (2.5), and so all almost simple groups
with socle PSLy(q) are contained in PI'L;(g). Hence assume that m < 4, and so d > 3.
Therefore G < PI'L4(q) % (¢) by (2.5). Since G £ PI'Ly(q) it follows that there exists
h € PI'Ly(q) such that he € G. Suppose for a contradiction that G acts on PG,,(V), let
U € PG,,(V) and let H be the stabilizer of U in G. Then for all ¢ € G we have that HY
is the stabilizer of U9 € PG,,(V). However H" is the stabilizer of U™ € PGy ,,(V), a

contradiction.

The following definition will be used to define another set on which classical groups can

act.

Definition 2.7.6. Let U and W be subspaces of the vector space V. Then V is the
direct sum of U and W, if UNW =0and V ={u+w |u € U and w € W}. We write
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V=UpW.
Definition 2.7.7. We introduce two subsets of PG,,(V) X PGy_m(V):
d
0® :{{U,W} ‘ UW <V, dimU =m, dimW =d —m with m < 5 and U@W:V}, and

d
Q;b :{{U,W} ’ UW <V, dimU =m, dimW:d—mwithm<§andU§W}.

Lemma 2.7.8 ([7, Table 4.1.2]). Let QF and 5, be as defined above. Then

m(d—m d 7
|Q@| = q “ )Hi:dfm+1(q T 1)

1 g omia(d = 1)
12— 1) '

H;L (¢" —1)2

and |5 =

Lemma 2.7.9. Let Q = QF or Q.. Then Q| > 2|PG,,(V)|.

Proof. Combining Lemmas 2.7.2 and 2.7.8 gives

d—m i
Q2] = Mg, (V)| and |05 = Himtannld ZU 50 )
Hz‘:1(qZ - 1)

Since %l > m, it follows that d > 2m and so d —2m +1i > i+ 1 for 1 < i < m. Hence the
result follows since
qm(d—m) Z qm(m—i-l) > 92

and

T onin(@ =1 (@™ —1) T (¢ —1)

[ @-1  (@-1 1 (@7 -1
(¢ -1)
(g1
=¢"" g+
> 2. O

For a classical group, the natural module is the module which the group is defined over.
For example, if G = GLg(q), then V = F? is its natural module. Primitive actions of

almost simple groups can be divided into two types, standard and non-standard, which

are as follows.

Definition 2.7.10. Let G < Sym(f2) be a primitive almost simple group with socle Gy
and point stabilizer H. The action of G on € is standard if, up to equivalence of actions,

one of the following holds, and is non-standard otherwise.

(i) Go = Alt(l) and Q2 is an orbit of subsets or partitions of {1,...,[}.

28



(ii) Go and Q are as in Table 2.1.
(iii) Gy = PSpy(27) and H NG, = O3 (21).

In the following table we introduce certain actions which we will use later in Lemma
2.7.14.

Case Go Q Conditions

1 PSL4(q) all m-subspaces m < 4

2 PSL4(q) Q@ d>3

3 | PSLy(q) 95 d>3

4 | PSU,(q) t.i. m-subspaces m <4

5 PSUq(q) n.d. m-subspaces m <4

6 PSp,(q) t.i. m-subspaces m < 4

7 PSp,(q) n.d. m-subspaces m < %, m even
8 PQ(q) t.s. m-subspaces m < 4

9 PQ; (q) t.s. m-subspaces m < ¢

10 PQq4(q) t.s. m-subspaces d,q odd, m < %l
11 PQ5(q) n.s. l-subspaces d, q even

12 PQ}(g) | n.d. hyperbolic m-subspaces | m < 4, m even
13 PQ(q) n.d. elliptic m-subspaces m < ¢, m even
14 PQ7(q) | n.d. parabolic m-subspaces | m < %l, mq odd
15 PQ; (q) n.d. elliptic m-subspaces m even

16 PQ;(¢) | n.d. parabolic m-subspaces | m < g, mq odd
17 PQ4(q) | n.d. hyperbolic m-subspaces | m even, dgq odd
18 PQq4(q) n.d. elliptic m-subspaces m even, dq odd

Table 2.1: Classical groups acting on subspaces

We now cover some lemmas which we will use to categorise the primitive almost simple
groups. In [13, Theorem 2] Burness et al. proved a significant result on base size for
certain families of groups. Combining this result with Definition 2.7.10 and [43, Table
3.4.1] gives the following theorem.

Theorem 2.7.11. Let G be an almost simple group with socle Gy acting primitively on
a finite set 2. Then one of the following holds.

(i) b(G,Q) <6 or G = May in its natural action on {1,...,24}.
(ii) G is standard.

Lemma 2.7.12. Let d > 2, let Gy = PSUy4(q), PSp,(q) or PQ4(q), and let G be a

primitive almost simple group with socle Gy acting on a G-orbit of totally isotropic, totally
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singular, or non-degenerate m-spaces. Then either Gy = PQg (q), or G < PT'Ly(q).

Proof. By [36, Theorem 2.1.4] either G < PT'Ly(q), Go = PQ4d (¢) or Gy = PSp,(q) with
q even. By [3, Table 8.14], if Gy = PSp,(¢q) and Q C PG,,(V), then G does not induce a
graph isomorphism, and so G < PI'Ly(q). ]

The following lemma is given in [28] and proved in [43, Appendix A].

Lemma 2.7.13 ([28, Lemma 7.14)). Let G' be a primitive almost simple classical group
with socle Gy = PSUy(q), PSpy(q) or PQS(q). If G acts on an orbit Q of m-spaces as in
Table 2.1, then either Gy = PQ(q) and m = £ or || > gzmd=—m),

We now give a categorisation of primitive almost simple groups which we use in Chapter
3.

Lemma 2.7.14. Let G be a primitive almost simple group acting on a set ) with socle

Go. Then up to equivalence of actions one of the following holds:

(I) b(G,Q) <6 or G = My in its natural action on {1,...,24};

)
(IT) Go = Alt(l) and Q is an orbit of subsets or partitions of {1,...,1};
(III) Go = PSLy(q) and Q@ = PG, (V) with m < 4;
(IV) Go = PSL4(q) and Q = Q2 ;
(V) Go = PSLy4(q) and Q = Q,;
(VI) Go = PSp,(2f) and Q is the set of cosets of Ng(O5(21)) in G;
(VIT) Gy = PO (g);
(VIII) G =PQ}(q) with d > 10 and Q C PGa(V); or
)

(IX) G < PI'Ly(q) and Q C PGn(V) such that d >3, m < £ and || > gzmd=m),

Proof. By Theorem 2.7.11 either G is as in Case (I) , (II) or (VI), or Gy and € are as in
Table 2.1.

If G is as in Case 1, 2 or 3 of Table 2.1, then G is as in Case (III), (IV) or (V)

respectively.

Let G be as in Cases 4 to 7 of Table 2.1. If d = 2, then m = 1, and so G is as in Case 4
or 6. By [3, Tables 2.2 & 2.3] this action is equivalent to the action of SLy(q) on PG(V),
and so G is as in Case (III). Hence assume that d > 3. By Lemmas 2.7.12 and 2.7.13 it
follows that G < PI'Ly(q) and |Q] > ¢2™@™) and so G is as in Case (IX).
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Hence we may assume that G is as in Case 8 to 18 of Table 2.1. We begin by considering
Go = PQJ(q) for certain values of d. If d < 6, then by [43, p118-119] the action of G is
equivalent to another case. If d = 8 then G is as in Case (VII). If d = 2m > 10 then G
is as in Case (VIII).

Therefore if Gy = PQ}(q) then we may assume that d > 10 and d # 2m. Hence by
Lemmas 2.7.12 and 2.7.13 G < PI'Ly(q) and || > ¢2™@=™) Since G is almost simple,
it follows that d > 3 and so G is as in Case (IX). O

31



Chapter 3

Numerical Invariants of Primitive

Permutation Groups

The work in this section first appeared in [35]. Let G be a primitive non-large-base
subgroup of S,, = Sym({1,...,n}). Emulating Liebeck’s work on base size, in [28] Gill,

Loda and Spiga prove the following two theorems.
Theorem 3.0.1 ([28, Theorem 1.3 and Corollaries 1.4 and 1.5]). Let G be a primitive
subgroup of S,,. If G is not large base, then

H(G) < 9logn, B(G) <9logn and RC(G) <9logn + 1.

Theorem 3.0.2 ([28, Theorem 1.6]). Let G be a finite primitive group of degree n. Then
one of the following holds:

(i) There exists an almost simple group A, with socle S, such that G is a subgroup of

ASym(r) containing S,, the action of A is one of the following:
(a) the action of Sym(m) on k-subsets of {1,...,m};

(b) the action of a classical group on a set of subspaces of the natural module, or

on a set of pairs of subspaces;

and the action of the wreath product has the product action of degree n = s”, where
s 1s the degree of the action of A.

(ii) I(G) < Tlogn.

In Section 3.4, we include bounds on I(G) for certain families of groups which Gill, Loda
and Spiga proved as part of the proof of the above Theorem. The authors also conjecture
that there exists a constant C' > 0 such that if G is a primitive group of degree n that is
not large base, then I(G) < C'logn.
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Our main result of the chapter establishes this conjecture.

Theorem 3.0.3. Let G be a primitive subgroup of S,,. If G is not large base, then

I(G) < 5logn.

Let ¢ be a prime power, let 1 < m < g and let Q be the set of m-spaces of GF(¢)%. In
addition to the above, in Theorems 3.1.2 and 3.2.1, we find lower bounds on I(G, 2) and
B(G, Q) in terms of d and m.

By Lemma 2.3.1(iii) and Theorem 2.2.3, I(G) < (b(G)—1)logn+1 and b(G) < 9logn.
Hence it follows that I(G) = O(log®n). Therefore Theorem 3.0.3 is not the first bound
on I(G), but it is the first logarithmic bound.

The following shows that for any positive constant ¢, there are infinitely many examples

of primitive groups with I(G) > ¢b(G).

Theorem 3.0.4. There are infinitely many n for which there exists a primitive group
G <S,, such that

8
I — 1 .
(G) > 63b(G) ogn

It follows immediately from Theorem 3.0.3 and Lemma 2.2.15 that we can tighten the

current bounds for the height, maximal size of a minimal base, and relational complex-
ity.

Corollary 3.0.5. Let G be a primitive subgroup of S,. If G is not large base, then

RC(G) < 5logn+1, B(G)<5logn, and H(G) < 5logn.

Combining Blaha’s greedy base algorithm described in Section 2.4 with Theorem 3.0.3

gives the following corollary.

Corollary 3.0.6. Let G be a primitive subgroup of S, which is not large base. Then a

greedy algorithm produces a base of size at most 5logn in polynomial time.

The chapter is structured as follows. In Section 3.1 we calculate upper and lower bounds
on [(PGL4(q), ) in terms of m and d which differ by only a small amount, and then an
upper bound on I(PT'L4(q),2) as a function of |Q2|. In the next section we calculate a
lower bound on B(PGL4(q),2) as a function of m and d. In Section 3.3 we prove a
slight strengthening of Theorem 3.0.3 for almost simple groups. Finally, in Section 3.4
we complete the proof of Theorems 3.0.3 and 3.0.4.
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3.1 Bounds on I(PT'Ly4(q))

Throughout this section we use the following notation.

Notation 3.1.1. Let p be prime, let f > 1,let ¢ = p/ andlet 1 < m < g. Let F = GF(q),
let V = F4, let F* be the non-zero elements of IF and let I be the d x d identity matrix.
Let 2 = PG,,(V) be the set of all m-dimensional subspaces of V' and let n = |Q|.

We begin by proving the following, which in the case m = 1 recovers the lower bounds
found by Loda in [43].

Theorem 3.1.2. Let PGL4(q) act on Q. Then
I(PGL4(q)) < (m+1)d —2m + 1,

and
md —m?+ 1 if ¢ =2,

(PCL(g)) > _
(m+1)d—m? ifq+#2.

By finding lower bounds on |©2| we then prove the following proposition.

Proposition 3.1.3. Let G = PI'Ly(q) and assume that m < &. Then

(

2(d—1)+1 <2logn+1 ifm=1and qg =2,

dd—1)logg+1+logf<2logn+1+1lo ifm=1 and q > 3,
I(C;7(2)§<g»,2( )logq gf < 3log gf if q>

%+1 < 2logn ifm:gZQcmdq:Q,

\2m(d —m)logg+logf < 2logn+log f otherwise.

We divide into three subsections. The first and second subsections are devoted to the
upper and lower bounds of Theorem 3.1.2 respectively. In the third we prove Proposition
3.1.3.

3.1.1 Upper bounds as a function of m and d

To prove the upper bound of Theorem 3.1.2 we let M = M (V') be the algebra of all linear
maps on V', and consider the action of M on 2. We begin by introducing subsets of M

and then showing that they are subspaces.

Notation 3.1.4. Let [ > 1 be an integer, let A = (wy,...,w;) € Q' and let wy = (0). For
0<k<llet

My ={g € M |wg <w;for0<i<k}, sothat My= M.
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Lemma 3.1.5. Let 0 < k <[l —1. Then My, < M.

Proof. Let 0 <i¢ < k+1,let g,h € Myy1, let v € w; and let A € F. Then vg, vh € w;, and
since w; is closed under addition and scalar multiplication it follows that

v(Ag) = Avg) € w; and v(g + h) = vg + vh € w;. Hence Ag,g + h € M1, and so
My, 1 is a subspace of M. Since My, C My, it follows that M., is a subspace of
M. O

For the remainder of this section we make the following assumption.

Assumption 3.1.6. Let A be such that
M0>M1>"'>MZZF]

with [ as large as possible.

We will show that under this assumption [ is an upper bound for I(PGL4(q), ), and
then by bounding [ we prove the upper bound in Theorem 3.1.2.

Lemma 3.1.7. Let u = dim(wy Nwsy). Then there exists a basis {e1,...,eq} for V, and

for 1 < k < there exist integers ay such that
m=a <---<a=d, (€1, €a,) = (W1,...,wWk) and  wy Nwy = (eq,...ey).

Proof. Let W = (wy,...,w;) and let r = dim(W). Fix a basis ey, ..., e, for W which
first goes through w; Nws, then extends to a basis of wy, and then for each k£ > 2 extends

successively to a basis of (w1, ..., wy).

For 1 < k < let a = dim({wy,...,wy)). Hence, by choice of basis, it follows that
(Wi, .. wg) = (€1,...,€q,). Since (wi,...,wk-1) < (Wi,...,Wk1,wy), it follows that

ag—1 < apand so a3 < ag < --- < q.

It follows immediately from the fact that w; is an m-space that a; = m. If r < d
then 7' := I + E; 4 fixes W pointwise and so T" € M;\FI, contradicting assumption 3.1.6.

Hence a; = r = d. ]

Since wy = (0), we may let ap = 0. From now on we identify M with the set of d x d
matrices, and GL4(q) with the set of invertible d x d matrices, over F with respect to this

basis.

In the following Lemma we prove that [ is an upper bound on I(PGL4(q),?). In addi-
tion, for use in later sections, we compare the action of PGL,4(q) and GL4(q) on sequences
of points in . As in Section 2.3, for G a group acting on 2 and
(Wi, .. wy) € QF welet GO = Goy,...p; for 0 < i < k, and so GO =@G.
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Lemma 3.1.8. Let P = PGL4(q) and G = GL4(q) act on Q, and let Z = Z(G) = F*I.
Then the following hold.

(i) A ds a minimal base for P if and only if Gy = Z and Gpa\pxy # Z for all X € A.

(ii) A € QF is an irredundant base for P if and only if

GO >aql)sa®~s...>qgk =7

(i) I(P.Q) <.

Proof. (i) This case follows since Py = Gx/Z and Py\(x} = Ga\(ny/Z for A € A.

(ii) By (i) G® = Z if and only if P®) = 1. If P®) > P+ then G® > GO+Y . Also,
if GO > GUH+Y > Z then it follows that P®) > pPU+D,

(iii) Let I(P, Q) = k with corresponding base (w1, ...,w;) € QF. Then by (ii)
G>Gy >G> >Gyy

Since, as sets G C M, it follows that
M>My > My>---> M, >FI.

Now since [ is chosen to be maximal, we deduce that [ > k. [

By the previous lemma, if we can prove that [ < (m + 1)d — 2m + 1, then the upper
bound in Theorem 3.1.2 will follow. We now introduce some definitions and lemmas

which we shall use to prove this bound.

Definition 3.1.9. For 0 < k <[ —1, let
by = app1 —ap and  fi, = dim(My) — dim(Myyq).
We first bound the values of by.
Lemma 3.1.10. (i) 0 < by < m for all k.

(ii) by = m and by # 0.

(i) For all k there exist vi,...Vm—p, € (wWi...,wg) = (€1,...,€q.) such that

Wet1 = (V1y+ - Um—bys Cagtds - - - s Capiby ) -
Proof. (i) Since a; < ay1 by Lemma 3.1.7, it follows that 0 < agy1 — ag. In addition

apr1 = dim({wy, . .., we, wir1)) < dim({wy, - .., wi)) + dim((wgi1)) = ar + m,
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and so a1 — ar < m. Hence 0 < b < m.
(ii) From ag = 0 and a; = m, it follows that by = m.

Assume, by way of a contradiction, that by = 0. Then b; = as — a; = 0, and so
as = a; =m and (w1, ws) = (€1,...,€4,) = (€1,...,€m). Since w; and wy are both

m-spaces it follows that w; = ws and so My = M, contradicting Assumption 3.1.6.

(iii) This is an immediate consequence of the choice of basis. O

We now introduce lemmas which bound f; in terms of bg.

Lemma 3.1.11. (i) The dimension of My is d* — m(d — m), and so fo = m(d —m);

and
(i) fi =bi(d—bt).

Proof. (i) It follows from wy = (ey, ..., en), that g = (g;;) € M, if and only if ;9 € wy
for 1 < ¢ < m. Equivalently, g;; = 0 for 1 <7 < m, m+1 < j < d. Hence
dim(M;) = d*> — m(d — m), and the final claim follows since dim(M) = d°.

(ii) By Lemma 3.1.7, wy Nwy = (€1,...,€m_p, ). Hence the subspace M, contains all
matrices of shape
1 0 0 O
ro x3 0 O
e 0 x5 O
Y1 Y2 Y3 Ya

where z1, x3 and x5 are square with m — by, b; and b; rows respectively. Hence

dim(My) = Z dim(z;) + Z dim(y;)

= dim(z) + 2dim(zy) + 2dim(z3) + d(d — m — by)
= d2 - m(d - m) - bl(d — bl),

and the result follows from Part (i). O

To bound f; for the remaining values of k we introduce the following definition and

two lemmas.

Definition 3.1.12. For 0 < k£ <[ we define two subspaces of M}, namely

Xy ={9€ M |eg=0fora,+1<i<d} and
YVi={9g€M|eg=0for1<i<a}.
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Lemma 3.1.13. For 0 <k </
M, =X, @Y, and dim(Yy) = d(d — ay).

Proof. Let g = (g;;) € M. If ¢ € Xy NYj, then e;g = 0 for 1 < ¢ < d, and so
X NY, ={0y}.

Let g,h € X, let ap +1 <7 <d and let A € F then
ei(lg+h)=eg+eh=0+0=0 and e;(Ag) = Ae;g =0 =0.

Hence g + h, A\g € X}, and so X}, < M. Similarly Y < M. We now show that w;Y; < w;
for 1 < j <k, from which it will follow that ¥, < M;. Let 1 <j <k, let u € w; and let
y € Yi. From (wy,...,w;) = (e1,... ,eaj>, it follows that w; = 0 for a; +1 <1 < d. Hence

d
(uy)e = E Ui Yit
i=1
d
T
= g U €Y €y
i=1
a; d
T T
= g ue;ye; + E W €;Y€;
i=1

i=a;+1
a; d

= Z uiQetT + Z Oeiyef
i=1 i=a;+1

=0

Therefore uy = 0 € w;, and so w;y < w;. Thus Y, < M;, and so X & Y, < M.

We now show that M), < X, @Y. If g € My, then there exists © = (x;5),y = (y;5) € M
satisfying the following.

gi; if i < ay 0 ifi<ay
Lij = o Yij = o
0 ifi>ap+1 gij ifi>ap+1
Then g=x+y and x € X, y € Y. Hence M}, < X, @Y, and so M, = X, ®Y}.

Since g € Y}, if and only if g;; = 0 for i < a4, it follows that dim(Yy) = d(d — ax). O
Lemma 3.1.14. dim(Xy;1) — dim(Xy) < bpm.

Proof. By Lemma 3.1.13, we can rephrase X as in Definition 3.1.12 as follows.

hii 1<1i<ay,
gij:{ iEst= % forsomehEMk}.

Xy = eM
: {g 0  otherwise,
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Thus M1 < My and agy1 = ay + b imply the following

hi' 1<1<a + b N
Xpy1 = {g eM|gj= { 0 J otgerv;isek " for some h € Mkﬂ}
fii 1 <i<ay,
<SQgEM | gij=14 hiy ar+1<i<ag+b, forsome fe& M, he My,
0  otherwise,
= Xpy1-

Therefore Xy < Xy41, and by identifying X with 0 in Xj,1/X} it follows that

_ hij ar+1 <1< ag+ by,
Xk:+1/Xk:g{g€M gij:{ 7o S

for some h € M.
0  otherwise, "

eh ap+1<i<a+ b,
=<g€EM|eg= g - BTk for some h € M4
0  otherwise,

il 1< < b,
S{gEM eig:{e ap +1 <1< a,+ b

' for some hg, 41, .. Ragtv, € Miy1 -
0 otherwise,

The final space above is isomorphic to the external direct sum @?i::i1<€iMk+1>- Now

Wet1 = (U1, + s Um—bys Cagtds - - - » Capiby) LOI SOME Uy, ..., Uy, € (W1, ..., wy) by Lemma
3.1.10(iii). Hence ;M1 < wyyq for ap +1 < i < ay + by and so

ak+bg ag+bi
@ (eiMyi1) < @ W1
i=ap+1 i=ap+1

Therefore

Lemma 3.1.15. Let k # 1. Then fi > max{1,bi(d —m)}.

Proof. 1If k = 0, then by = m and fy = m(d — m) by Lemmas 3.1.10(ii) and 3.1.11(i).
Hence the result holds for £ = 0.
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Next assume that k£ > 2. Our assumption that My > My, implies that f; > 1, so we

may assume that b, > 1. Then

= (dim(Xy) 4+ dim(Yy)) — (dim(X441) + dim(Yk41)) by Lemma 3.1.13
= dim(Xy) — dim(Xy41) + d(d — ag) — d(d — agy1) by Lemma 3.1.13

= dim(Xy) — dim(Xy41) + d(ars1 — ax)
= dim(Xy) — dim(Xy11) + bed

> —bm + bid by Lemma 3.1.14

= bi(d —m).

]

Using the bounds on fj in Lemmas 3.1.11 and 3.1.15, we can now prove the upper

bound of Theorem 3.1.2.

Proof of upper bound of Theorem 3.1.2. We shall show that [ < (m+1)d —2m+ 1, hence
by Lemma 3.1.8(iii) the result will follow. We begin by introducing and bounding some

variables which encapsulate the restrictions on [.
For 0 < b <m, let
Cy = {kE{O,...,l—l} | bk:b}
and let ¢, = |C|. Then

lzzm:Cb.

b=0

Since a; = d and a¢ = 0 it follows that

-1 -1 m

d:al—a():Z(akH—ak) :Zbk:ZZb:Zbe:Zbcb.
=0 b=1

k=0 k=0 b=0 keC) b

By Lemma 3.1.10(ii) bp = m and b; > 1. Hence 0 € C,, and 1 € C,, # C,.

fore
cp, >1 and ¢y > 14 sy -

Recall by Lemmas 3.1.11 and 3.1.15 that

fi=bi(d—"0by) and fr > max{l,bp(d —m)} for k # 1.

Hence

fi=bi(m—01)+bi(d—m) and f >
bk<d — m)
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Therefore

d* — 1 = dim(M,) — dim(M;) by Assumption 3.1.6

-1
= 3 (dim(3s) - dim(30))
“S 5
=> it Dt D> f

keCo kerl kgéC()UCbl
=Y feth+ Y Kt D
keCo kecbl \{1} k¢COUCb1
> Z 1+b1(m—bl)+bl(d—m)+ Z b1<d—m)+ Z bk(d—m) by (34)
keCo keCy, \{1} kgCoUCy,
=co+bi(m—b)+ > bild—m)+ Y b(d—m)
kEC{,l k$00U01,1
=co+bi(m—1b)+ > b(d—m)
k¢Co
:co+b1(m—bl)+(d—m) Zbk
k¢Co

= Co+b1(m—bl> + (d—m)Zbe
b=1
= Co+b1(m—b1)+ (d—m)d by (32)
By rearranging we find that

Co S md — bl(m — bl) — 1. <35)

We bound I(G) by maximizing [ = ) ;" ¢, subject only to Equations (3.2), (3.3) and
(3.5). By (3.2) an upper bound on Y ;" ¢, is given by maximizing ¢y, maximizing c, for
b small and minimizing ¢, for b large. Hence we substitute c¢o = md — by;(m — b;) — 1 and

ey, =0 for b ¢ {0,1,b;,m}; and we maximise ¢; and minimise ¢,, subject to (3.3).

We now show that |C} Uy, UC,,| = 2+ d — m — by, for all possible values of m and
by. First let m = 1. Then it follows by Lemma 3.1.10(ii) that by = m. Hence ¢; = d by
(3.2) and so

|01UCbIUOm|:|01|:d:2+d—1—1:2+d—m—b1.

Now let m > 2. Then there are three possibilities for b;. If by = m, then to minimise ¢,
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subject to (3.3) let ¢, = 2. Therefore (3.2) yields ¢; = d — 2m, and so

ICLUC, UC,|=|CiUly,|=d—2m+2=24+d—m—m=2+d—m —b.
If by = 1, then let ¢,, = 1, and so (3.2) yields ¢; = d — m. Hence

IC1UC, UC,|=|CiUC,|=d—m+1=24+d-—m—-1=2+d—m— .

Otherwise 1 < b; < m are distinct, and so to minimise ¢,, and ¢, subject to (3.3), we

substitute ¢,, = ¢, = 1. Hence (3.2) yields ¢; = d —m — by, and so

Hence
Zcb:CO+|01UCb1 UCm|

:md—bl(m—bl)—1+2+d—m—bl
=(m+1)d—m-+1—=>0b(m—>b +1).

Hence )", ¢ is maximal when f(by) := by(m—b; +1) is minimal subject to 1 < b; < m.
Since f(by) is a negative quadratic with roots by = 0 and b; = m + 1, the minimal value
of f(by) over 1 < by <mis f(1) = f(m) = m. Therefore

Zm: <( 1)d —2m + 1,

and result now follows from (3.1). O

3.1.2 Lower bounds as a function of m and d

In this subsection we prove the lower bounds in Theorem 3.1.2. We begin with some

notation.

Notation 3.1.16. Let ¢ be a d x d matrix with entries in {0, %, A, 1, A = }. Then
we say that ¢(¥ is a representative matrix for the group G defined to be the group of

matrices h € GLg4(q) satisfying the following properties.
(i) If g} = 0, then hyy = 0.
(ii) If g]k == glm or g](Q =p= glm, then hj, = hyp,.
(iii) If gj; =\, gl;n =y and g% = \ & u, then hy, = hik £ By,
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For example, let

* ok % A0 O A 0 0
gV =10 % *|, g =10 X 0 and  ¢® =1 A+pu 0
0 0 x 0 0 X * * *

Then G the group of 3 x 3 upper triangular matrices, and G® is F*I = Z(GL3(q)) and
G®) is the pointwise stabilizer in GLg(q) of {(e1) and (e; + e5).

To prove the lower bound of Theorem 3.1.2 we construct A a sequence of m-spaces,
and show that A is an irredundant base for PGL4(q). In the following example we give A
as described above for PGL5(¢) acting on 2-spaces. This will illustrate the notation and

methods used in the proof of the lower bound.

Recall that for G < Sym(Q) and for A = (wy,...,w;) € Q! we let G = G,
1<i <L

-----

Example 3.1.17. Let F = GF(gq), and let G = GLs(q) act on Q = PG,(F°). We
construct A = (wy,...,wy1) € Q' and show that if ¢ = 2 then

G(O) > G(l) > e > G(7) :F*[’
and if ¢ > 2 then
GO s M > ... > gl = Frr.

Hence by Lemma 3.1.8(ii), I(PGL5(2),2) is bounded below by 7; and I(PGL5(q),2) is
bounded below by 11 for ¢ > 2.

Let 1 <k <11, and let

-2
rk:VfTJ—FS, s =2—(k—2mod 2), and t, =k — 6.

Hence

(rg,s4) = (4,2), (15,85) = (4,1), (r6,8¢) = (5,2) and (r7,s7) = (5,1)

and
tg = 2, tg = 3, th =4 and tll = 5.
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For 1 <k <11 let

({ei|i€{1,2,3}\{4—k}} for 1 <k <3,
W {e; i€ {1,2,m}\{sk}} ford <k <7

{er +en. e |1 € {2,3\{ts}} for 8 <k <9,

| {e1 +eqoei i€ {2}} for 10 < k < 11,

and so each W, is as follows

Wy ={ey,es.e3}\{es} = {e1,e2} Wy = {eq, e, e3}\{ea} = {e1, €3}
W3 = {61, €2, 63}\{61} = {62, 63} Wy = {61, €2, 64}\{62} = {61, 64}
W5 = {617 €2, 64}\{61} = {62, 64} We = {617 €2, 65}\{62} = {61, 65}
Wy = {e1, e, es1\{e1} = {e2, 5} Ws = {e1 + ea,e9,e3}\{e2} = {e1 + €2, €3}

Wy = {e1 +e3,ea,e3}\{es} = {e1 +e3,ea} Wig={e1 +eq,ea}
Wi = {e1 + es5,ea}.

For1 <k <11,let w, = (W) € Q,let A = (wy,...,wi;) and let g be a representative

element of G*). Hence we have the following.

x k% k% % 0 x 0 0 0
x ok x k% * ok 0 * 0 0
g9 =% % % x x gM =% % % % = gP=1% 0 % 00
x % % ok ok x %k ok % X % %k ok
X % k% k% x %k k% X % % k%
x* 0 0 0 * 00 0 0 * 00 0 0
0 0 0 0« 000 0« 0 00
g =100 %00 ¢g9=f00 00| ¢gP=]00 % 00
X % % k% * 00 % 0 00 0 % O
X % % ok ok X x % %k ok x % k% ok k
* 00 0 0 * 00 0 0
0« 0 00 0O« 0 00
g =100 % 00 ¢P=|00 % 00
0 0 x 0 0 0 * 0
x 0 0 = 00 0 =*

Hence for 1 < k < 7, we see by the above that G*~Y > G®)_ In addition, if ¢ = 2, then
G = F*I and so [(PGL5(2)) > 7.

Next assume that ¢ > 2. Then we have the following.
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Q/\
&
I
o o o o >

g

o O O >

0

o O O » O

o O O > O

*x O O

o O

S > O O

0

o o O

S %

> O O O

0

* O O O O

> O O O O

o O O O x>

o O O > O

o O > O O

o o O

(10) —

*

o o o O
o O O O
o O O > O
S O > O O
o > O O O

o O o O

[a=)
*

Therefore G*=1 > G® for 1 <k < 11 and GM) = F*I, and so I(PGLs(q)) > 11. JAN

Proof of lower bound of Theorem 3.1.2. Recall that we let ¢ = p/ be a prime power, let
F = GF(q), let d > 2, let V = F¢ and let G = GL4(q) act on Q = PG,,(V). Here we
o ,wl) S Ql with

construct A = (wy, .

GO > gl s ... > al = F*T.

From which it will follow by Lemma 3.1.8(ii) that A is an irredundant base for the action
of PGL4(q) on Q, and so I(PGL4(q),2) > 1.

Let 1 <k <md—m?+d, and let

k—2

TE = {—J +m+1,
m

Hence if m +2 < k < md — m? + 1, then

Whilst ¢, < d for all k£, and

m+2<r,<d

sk =m— ((k—2)modm), and

and

t, = k —md + m?2.

1 < s, <m. (3.6)

2<t,<m+41 if and only if md—m?+2<k<md—m?>+m+1.

Hence the following are well defined sets of m linearly independent vectors of V.

Wi =

({ei\z’e{l,...,m+1}\{m+2—k}}
{e;|ie{1,....mm}\{sr}}
{er+e.eli€{2,.... m+1}\{t;}}
\{el+etk,ei lie{2,...,m}}
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For 1 <k <md—m?+d, let wp = (W) € Qand let G® =G, ... For1 <z,y <d,
let T'(x,y) be the matrix I + E,,, and let Supp,(W}) be the set of vectors in W}, which
are non-zero in position x. Then T'(x,y) € G unless ¢ = 2 and x = y. Recall that

e, +e, ifi=ux,
6iT<x7 y) = !
e; otherwise.
Hence if a vector v is zero in position z, then vT(x,y) = w. Therefore
wpT (z,y) = wy if and only if Supp,(Wi)T(x,y) C wk. In particular, if Supp, (W) = 0,
then
wi T (7, y) = wy.

Since G is irreducible it follows that G > G, Let k € {2,...,md — m? + 1} and
let 5 < k. We shall show that there exist 1 < x,y < d such that T'(z,y) € G satisfies
w;T(z,y) = w; for all j < k, and w,T(z,y) # wy. Hence T(z,y) € G*"V\G®, and so
G- 5 k),

First let k € {2,...,m+1}, and let T =T (m+1,m+2—k). Then Supp,,,,(W1) =0,
and for 2 < j <k

SUme+1(Wj)T = {€m+1}T = {em+1 + em+2fk}'

Hence Supp,,(W;)T C wj if and only if j < k. Therefore w;7 = w; for j < k, and
wkT 7§ Wi .

Next consider k € {m + 2,...,md — m? + 1}. Hence (3.6) holds, and so we may let
T = T(rg,s1). If j < m+1orifr; # rg, then Supp,, (W;) = 0 and so w;T = w;.

Therefore assume that j > m + 2 and r; = r;. Then
Supp,, (W;)T' = {e,, }T = {er, +es,}.

Since (rj,s;) = (g, s) if and only if j = k, it follows that Supp, (W;)T C w; if and
only if j < k. Therefore w;T = w; for j < k, and w;T # wy. Hence G*~1 > G®) for
1 <k <md—m?+1, and so if ¢ = 2 then the result follows.

Hence it remains to consider ¢ > 2 and md — m? + 2 < k. Let T = T(ty, ;) and let
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u€ {e;,e1+e|1<i<d}. Then

e1+2e, fu=e +e,
ul = ¢ 2u if u=e,, (3.7)
U otherwise.
If1<j<md—m*+1then W; C {ey,...,eq}, and if md — m? +1 < j < k then
W; € {e1+ey,...,eq} with t; < t. Hence if j < k, then Supp,, (W;)T C w; by (3.7),

and so w;T = w;. Since e; + e;, € wy, and ey + 2e;, ¢ wy, it follows that w1 (tg, t) # wi.
Hence G*=Y > G®) for 1 < k < md — m? + d, and so the result follows. ]

3.1.3 Upper bounds as a function of |Q]

In this subsection we prove Proposition 3.1.3, which bounds I(PT'L4(q), Q) as a function
of n = |Q|. We begin by bounding the size of Q = PG,,(F?).

Lemma 3.1.18. Let n(d,m,q) = |PG,,(F)|. Then

2 1 ; d

@41 ifq=2and m=2% > 2,
log || = log (n(d,m,q)) > Lo I 2
m(d —m)logq for all m and q.

Proof. The second bound holds by [43, Lemma 4.2.8], so let ¢ = 2 and m > 2. The

statement of the result is then equivalent to n(2m,m,2) > 2m**z,

We now induct on m. By Lemma 2.7.2

(2 -1 -1
(22-1)(2-1)

n(4,2,2) = — 35 > 223

and so the result holds for m = 2. Again by Lemma 2.7.2
(22m _ 1)(22m—1 _ 1)(22m—2 _ 1) . (2m+1 _ 1)

2m -1t -1@2m2-1)---(2-1)
(220 — 1)@ 1) (2221 (@ - ) (n - 1)

n(2m, m,2) =

(2m —1)2 (2m-1 —1)(2m2—1)---(2—1)
(22m — 1)(22m_1 —1)
- (2m_1)2 'n(Qm—Q’m_l’Q)
2m _ 2m—1 _ -
> (22(3 1)2 U g1+ by induction.

We now bound (2?™ — 1)(22"~! — 1). Let f(z) = 2> — x — 1. Then f(z) is a positive
quadratic with

f=H=1 flO=-1 [f(2)=1

and so f(z) > 0 for > 2. Therefore 322 — x — 1 > —322? for z > 2, and so substituting
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x = 2™ obtains 22m~1 —92m _ 1 > —22m~1 Thys

<2m + 1)(2277171 o 1) — 23m71 + 22m71 o 2m o 1 > 23m71 o 22m71 — 22m71<2m . 1)’

and so
B D) @D 1)
(2m —1)2 B (2m —1)2
_ (2m 4 1)(22m 1 — 1)2(m—1)2
(2m—1)
- 22m—1(2m _ 1)2(m—1)2
@ =)

— 22m—1 . 2(m—1)2

_ 2m2

Therefore it follows that

(22 — 1)(22m1 — 1)
(2m — 1)

1

o(m=1%+5 o gm®+5 [

n(2m,m,2) >

Proof of Proposition 3.1.3. Let G = PI'L4(q) act on Q. Then G = PGL4(q) x Cf by
(2.4). Hence Lemma 2.3.5 and Theorem 3.1.2 imply that

I(G) = I(PGLy(q)) + €(Cy) < (m +1)d — 2m + 1 + log f. (3.8)

First let m = 1, so that I(G) < 2(d — 1) + 1+ log f by (3.8) and (d — 1) log ¢ < logn by
Lemma 3.1.18. If ¢ = 2, then logg = 1 and log f = 0, and so

(G)<2d-1)+1+logf=2(d—1)logqg+ 1< 2logn+ 1.

If ¢ > 2, then % < log ¢, and so

4 4
I(G)§2(d—1)+1+logf<g(d—l)logq+1+logf<glogn—i—1+logf.

Now let m = g > 2, so that [(G) < %—f—l—i—logf by (3.8). If ¢ = 2, then %—i—% <logn

by Lemma 3.1.18, and so
2

d
I(G) < 5+ 1 < 2logn.
d2
Let ¢ > 2. Then % <loggand 1 < %, and so

d? 3d?  d?
34—1 < T < Elogq:2m(d—m)logq.
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Combining the above with Lemma 3.1.18 gives

I(G) < 2m(d —m)logq + log f < 2logn + log f.

Finally let 1 <m < %. Then 2 <m and 1 <d — 2m, and so
d—2m+1<2(d—2m) <m(d—2m).
Hence by (3.8)
I(G)—log f <md+d—2m+1<md+ m(d—2m)=2m(d—m) < 2m(d —m)logg.

Therefore, I[(G) < 2m(d — m)logq+log f < 2logn + log f by Lemma 3.1.18. [

3.2 Lower bounds on B(PGL4(q)) as a function of m and d

We now temporarily turn our attention from maximal irredundant bases to minimal bases
of maximal size. Let ¢ be a prime power, let F = GF(q), let 1 <m < d, let V = F? and
let Q = PG, (V). In this section we prove the following result.

Theorem 3.2.1. Let PGL4(q) act on Q. Then

(d—m)(m+1) otherwise.

B(PGLa(q)) =

Let G = GL4(q), let l = (d—m)mif ¢g=2and let | = (d —m)(m+ 1) if ¢ > 2. We
construct A = (wy,...,w;) € Q, and then show that G, = F*I and that for 1 < i <[
there exists T; € Ga\yw,} \F*I. Hence it will follow that A is a minimal base for PGLg(q)
by Lemma 3.1.8(i), and so Theorem 3.2.1 holds. Although we redefine A here, in each
case A is a subsequence of the irredundant base constructed in the proof of the lower
bound of Theorem 3.1.2.

As in the previous section, for 1 < z,y < d and W C V let T(x,y) be the matrix
I+ E,, and let Supp, (W) be the set of vectors in W which are non-zero in position z.

We begin with the case of ¢ = 2.

Lemma 3.2.2. Let PGL4(2) act on 2. Then
B(PGL4(2)) > (d — m)m.

Proof. Let G = GL4(2). Since g = 2 it follows that F*/ = I.

First let (m,d) = (1,2) and let A = ({e1), (e2)). Then G = I, T(1,2) € Gp\(e,) and
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T(2,1) € Ga\(e)- Hence A is a minimal base of length 2 = (d — m)m + 1.

Therefore if m = 1, then we may assume that d > 3 =m + 2. If m > 2, then it follows
immediately that d > 2m > m+ 2. Hence for the remainder of the proof we assume that
d>m+ 2.

Let 1<s<d—mand1<r<m,let
W(s—l)m—H" = {em+37ei | (NS {1727 s 7m}\{r}}7

let W(s—1)ym+r = <W(s—1)m—|—r> S Q, and let A = <w1, c. ;w(d—m)m>-

Since d > m + 2 there exist 1 < s, < d —m with s # . Hence elements of G fix
the following.

(m (s—1 m+y> ( -1 m+]> = <€m+57 67’> N <em+s’7 6r> = <6r>

J#T J#

Ds

ﬂ w(s—l)m+r - <€m+s>
Therefore G fixes (e,) for 1 <r < m and fixes (€,,45) for 1 < s < d—m, and so G = I.
Let T := T(m + s,7) and let w_1)ymsr € A\{We—1)mr}. If s # &', then
SUPPygs(Wis—1ymrr) = 0. If s = &', then r # r’ and so
Suppers(W(sfl)err’)T = {em+s}T = {em—i—s + er} C W(s—1)m~+r!-

Therefore T' € GA\{w, 1y, \I» and so the result follows. N

For ¢ > 2 we begin by considering a few small cases. In each case we choose A to be
consistent with the general case. Recall that for A = (wy,...,w;) € O and for 1 <7 <1,

we let GO = @ AL and let g™ be a representative element of G,

.....

Lemma 3.2.3. Let (m,d) € {(1,2),(1,3),(2,4)}, let ¢ > 2 and let G = PGLq4(q) act on
Q. Then
B(PGLa4(q)) = (d —m)(m +1).

Proof. Let G = GL4(q). First let (m,d) = (1,2) and let

A = (w1, ws,w3) = ({e1), (e2), (€1 + ea)).
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Then A has length 3 > 2 = (d — m)(m +1). Now

and so G, = F*I. In addition

21 1 0 2 0
€ Gaywt, € Gayw,y, and € Ga\fwar-
(0 1) A\{w1} (1 2) A\{w2} (0 1) A\{ws}

Now let (m,d) = (1,3) and let

A = (wy,wa, w3, wy) = ({e2), (e3), (e1 + e2), {e1 + e3)).

Then A has length 4 = (d — m)(m + 1). In addition

k kK k k% Aoopw 0 A0 0
gV =10 % 0] g?=[0 0| g¥=0Xx=p 0] gd¥=]0x 0],
kok ok 0 0 =* 0 0 * 0 0 A

and so G, = F*1.

Let Ty = I + E9; + Es9. Then T) fixes wy and w4 pointwise, and sends v € w3 to 2v,
thus 7 € G\(w,}\F*/. Similarly T, = I 4 E3; + E33 fixes w; and ws pointwise, and
sends v € wy to 2v, hence T € G\ (w,} \F*1. Now T3 = T(2,2) fixes w, and w4 pointwise,
and sends v € wy to 2v, and so T3 € G\ (w3 \F*I. Finally Ty = I + Ey 1 + Ey 5 fixes w;

and w, pointwise, and sends v € w3 to 2v, and so Ty € G\ w3 \F*1.

Finally let (m,d) = (2,4), let
(Wi, ..., W) = ({e1,ea}, {ea, ea}, {e1 + €2, e3},{e1 + €3, €2}, {e1 + eq, €2}, {ea,€3}),

and for 1 < k <6 let wy, = (W) and ¢® € G®. Then A = (wi,...,ws) € Q° has length
(d —m)(m+ 1) and the following hold.
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* 0 0 = *x 0 0 =% A0 0O

) = x k% % 4 = 0 x 0 = 4 = 0 X 00

* * * x ok wopo ox 0

* 0 0 =« 0 0 0 = 0 0 0 =

A0 0 0 A0 0 0 A0 0O

9(4) _ 0 A 0 g(5) _ 0 A 0 0 9(6) _ 0O X 00
Lo AN+ p o A4+p 0 00 A O

0 0 0 * 0 0 0 A 0O 0 0 X

Therefore G, = F*1.

Let T1 = T(4,2). Then Supp,(W3) = Supp,(Wa) = Supp,(Ws) = 0,
Supp4(W2)T1 = {64}T1 = {62 + 64} C wq, and

Supp,(W5)T1 = {e1 + es}T1 = {e1 + e2 + es} C ws.

Hence T\ € Gp\fw}\F*I. Now let T, = 2 — E4y — E;4. Then T sends vectors

v € ws Uwy Uwg to 2v,
w1T2 = <€1, €4>T2 = <2€1, —e1 + €4> = W1 and

wsTy = (€1 + eq, e2)To = (€1 + €4, 2€) 5

=w
Hence T5 € G\ w3 \F*I. Let T3 = T'(2,2). Then Supp,y(wi) = 0, and if k # 1,3 then
Supp, (Wi)Ts = {e2}15 = {22} C wy,.

Hence T3 € G\ (w3 \F*I. Let Ty = T'(3,3). Then Supps(w:), Supps(w2) and Supps(ws)
are empty, and if k € {3,6} then

Supp3(Wk)T4 = {63}T4 = {263} g WEk .

Hence Ty € Gp\(wy\F*I. Let Ty = T'(4,4). Then Suppy(ws), Supp,(ws) and Supp,(ws)
are empty, and for k € {1,2} then

Supp,(Wi)T5 = {es}T5 = {2e4} C wy.

Hence T5 € Gp\ (s} \F*I. Finally, let T = 21 — E3; — E35 — E33. Then T5 sends vectors

v € w; Uwy Uws to 20,
(,U3T6 = <€1 + €9, 63>T6 = <2€1 +4 262, —€1 — €2 + 63> = W3 and

W4T6 = <€1 + €3, €2>T6 = <€1 — €9 + €3, 262) = W4.
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Hence T € G\ (we} \F*1, and the result follows. ]

We now complete Theorem 3.2.1.

Proof of Theorem 3.2.1. If ¢ = 2 then the result holds by Lemma 3.2.2, and so assume
that ¢ > 2. If (m,d) € {(1,2),(1,3),(2,4)}, then the result holds by Lemma 3.2.3. Hence
ifm=1,thend>4=m+3;if m =2, thend > 5 =m+3; and if m > 3, then it follows
immediately that d > 2m > m + 3. Hence in all cases d > m + 3.

Let G = GL4(q). Consider the following sets of m linearly independent vectors.
Wis—2ymir = {em+s,ei ‘ ie{l,2,... m}\{r}} 2<s<d-m, 1<r<m

Wia—m-1ym+t = {€1+6t+1762‘26{2 Lmom A 1N\{t+ 11} 1<t<m
i€{2,...,m}} I1<u<d-m-—1

W(dfm)eru = {61 + Emt1+u, €
W —m)(m+1) {62,...,€m+1}
Let 1 <k < (d—m)(m+ 1), let wy, = (W) and let A = (w1, ..., W@E—m)m+1)) be in

Qd—m)(m+1)

We show in three stages that G, = F*I. We begin by showing that G, fixes (e;) for
1 <i<d. Since d > m + 3, there exists 2 < 5,8 < d—m with s # s'. Let 1 <r < m,
1<t<m,and 1 <u<d—m—1. Elements of G, fix the following.

(ﬂ w(8—2)m+j> N (m w(s’—2)m+j> = (emiss €r) N {(Cmyss €r) = (€r)
j=1 j=1

i i

m—1
( ﬂ W(d—m—1 m+t> O W(d—m)(m+1) = <€1 +ex+ -+ e, €m+1> N <€2, <oy Emy, €m+1>
t=1

= <em+1>

ﬂ W(s—2ym+r = <€m+s>
Therefore G fixes (e,) for 1 < r < m, fixes (e,;,+1), and fixes (e, 4s) for 2 < s < d—m.

Thus G fixes (e;) for 1 <i < d. Hence if g € G, then g;; = 0 for i # j.

We now show that G fixes (e +¢€;) fori Zm+1. Let 2<s<d—mand 2 <r <m.
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Then G, fixes the following.

( ﬂ w(s—2)m+j> N W(d—m—1)ym4(r—1) = <em+87 €1, er> N <€1 +ér, € ‘ (S {27 S, mt 1}\{7“}>
j:Z
J#r — <€1 +€1~>

( ﬂ w(s_g)m+r> N W(d—m)m+(s—1) = <€1, €m+s> N <81 + €m+s, € ‘ 1€ {2, c ,m}>
r=2
- <€1 + 6m—|—s>

Therefore G fixes (e; + ¢,) for 2 < r < m, and (e; + e,15) for 2 < s < m — d. Thus
G fixes (e1 + ;) for i #m + 1. Let g € G. We have previously shown that g;; = 0 for
i # 7, and now it follows that g;; = g11 for ¢ # m + 1.

Finally G, fixes

ﬂ W(d—m—1)m+t = (61 e+ + €m+1>-
t=1

Let g € GA. Then g;; = 0 for i # 7, and g;; = g11 for i # m+1 by the previous argument,

and now it follows that gi11 = ga2 = -+ = gm+1,m+1. Hence g = ¢111, and so G, = F*1.
It remains to find T; € Gp\fu,) \F*I for 1 < i < (d —m)(m + 1). First let r = 1, let
2<s<d-—m and let
T = T(s—2)m+1 =2I — Em+s,m+s - Em—l—s,l-

Let k # (s —2)m + 1 and let v € wy. If Supp,,,,({v}) = 0, then vT" = 2v. Therefore if
Supp,,4s(Wi)T' C wy, then it follows that w1 = wy. Thus for 2 <7 <m

{emss}T = {—€1+ emis} C wy if k= (s—2)m+1r,
SUpP,, 1 s(Wi)T = < {e1 + emas}T = {e1 + emast Cwp  ifk=(d—m)m+ (s —1),

0 otherwise,
and so T € GA\{w<s_2)m+1}\F*I- Now let r > 2, let 2 < s < d —m and let
T =Ts—2ymir =T(m+s,7).
Let 1 <7 <m with ' # r and let k # (s — 2)m + r then

{emss}T = {er + emis} C wy iftk=(s—2)m+1,
SUpPP,, s (Wi)T = < {e1 + emys}T = {e1 + emys + e} Cwy  if k= (d—m)m+ (s —1),

0 otherwise.
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Hence T' € G\ fu,_gyss} \F'1.

Let 1 <t <mandlet T = Ty_p1ymyt = T(t+ 1, t+1). If t = m, then let
k#(d—m—1)m+mandlet 1 <t <m—1. Then
{emi1}T ={2em11} Cwp ifhk=(d—m—1)m+1t or (d—m)(m+1),
Suppm+1 (Wk) =
0 otherwise.
Hence T' € GA\{wiunorymim} \E'L. Now let t <m —1,let k # (d —m — 1)m + 1t and let
2<s<d-—m. Then

0 ifk=(s—2)m+(t+1),

Suppt+1(Wk) =
{ev1}T = {2e441} Cwi  otherwise.

Hence T' € GA\{w(d,m,l)mH}\]F*I-

Let 1 <u<d—m—1,let T = Ty pymin = T'(m+1+u, m+1+u), let k # (d—m)m+u
and let 1 <r < m. Then

Supp (W)T = {emi1ru}T = {26mi1400} Cwp  ifk=(u—1)m+r,
m+1+u k -
o otherwise.

Hence T € GA\{w(d,m)m+u}\F*]-

Finally, let 7 = Tia_myms1) = I + Sort! Bpuy1, s that

=1

Z;’Zl €i+26m+1 1fz:m+1,
67;T =

e; otherwise.

Hence by the above, w1 = wy, if and only if Supp,,,,; (Wi)T C wy. Let k # (d—m)(m~+1)
and let 1 <t <m — 1. Then

Supp,;, 41 (W) T
{eme}T = {32 ei +2emi1} € Wa—m—1ymts ifk=(d—m—1)m+t,
=g {er Fem}T ={2(e1 +emi1) + > s €i} C Wamm—tymtr if k= (d—m—1)m+m,
) otherwise.
Hence T € GA\{w(dfm)(m+1)}\]F*[' [
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3.3 Almost simple groups

In this section we prove Theorem 3.0.3 for almost simple groups. More precisely we prove

the following result.

Theorem 3.3.1. Let G be an almost simple primitive subgroup of Sym(Q2). If G is not
large base, then
I(G, ) < 5log || — 1.

By Lemma 2.7.14 the proof of Theorem 3.3.1 can be divided into proving the result for
the following possibilities of G, Gy and 2:

(I) b(G,Q) <6 or G = My, in its natural action on {1,...,24};

)
(IT) G = Alt(l) and € is an orbit of subsets or partitions of {1,...,1};
(IIT) Gy = PSLq4(q) and Q = PG,,,(V) with m < Z;
(IV) Gy = PSL4(q) and Q = QZ;
(V) Go = PSLy4(g) and Q = Q5;
(VI) Gy = PSp,(2f) and Q is the set of cosets of Ng(OF(2/)) in G;
(VIT) Go = PO (q);
(VIII) Go =PQ}(q) with d > 10 and Q C PG4(V); or
)

< a(q) wit > 3 an C m such that m < ¢ an > g2,
IX) G < PI'L hd d Q C PG,,(V) such th 4 and |Qf > gzm(@m)

This section is split into three subsections. In the first we consider Case (I), and in the
second we consider Case (III), (IV) and (V). In the third we consider Cases (VII), (VIII)
and (IX), and then by quoting results from [28] for Cases (II) and (VI) we complete the
proof of Theorem 3.3.1.

3.3.1 Case (I)

In this subsection we prove the lemma below. From which Theorem 3.3.1 holds for Case
(I) since n > 5 by Lemma 2.6.5, and so 1 < logn — 1.

Lemma 3.3.2. Let G < Sym(2) be as in Case (I) and let n = |Q2|. Then

I(G,) <4logn + 1.

Throughout, let 2 be a finite set of size n, and let G be a primitive subgroup of Sym(2).
We begin with a some preliminary cases and lemmas. We denote the minimal index of a
proper subgroup of G by m(G). Hence for H < G, it follows that m(G) < [G : H].
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Lemma 3.3.3. Let G be a transitive subgroup of S, with point stabilizer H. If H is
insoluble and either |G| < m(G)® or |H| < [G : H|*, then

I(G) < 4logn.

Proof. We first show that |G| < m(G)® implies that |[H| < [G : H]* Since
m(G) < |G : HJ, it follows that

Gl _ m(Gy

|H|:[G:H]_[G:H]

<[G:H]*

Hence we may assume that |H| < [G : H|*.

Since H is insoluble it follows that I(H) + 1 < log|H| by Lemma 2.3.1(i). Since G is
transitive and H is a point stabilizer, we deduce that I(G) = I[(H) + 1 and [G : H] = n.
Therefore

I(G)=1(H)+1<log|H| <log|G: H* = 4logn. O

Lemma 3.3.4. Let G be a subgroup of Sym(Q2) with socle Gy and point stabilizer H, let
n = |Q| and let ¢ = p’ be a prime power. If

(Go, H) € { (Bo(a), P1). (Eela), Bs), (Ex(a), Pr) }.
then I(G) < 4logn.
Proof. In each case H is insoluble by Lemma 2.1.8. We now show that |G| < m(G)®°, and
so the result will follow by Lemma 3.3.3.

First let Gy = Eg(q). By [20, Table 5 and 6]

(¢ = 1)(¢" = 1)(¢* = 1)(¢° = D)(¢° = 1)(¢* = 1)
(3> q— 1)

and |Out(Eg(q))| <2f(3,¢—1) <q(3,¢g—1). Hence

|Es(q)| =

Gl < ¢’(¢"? = 1)(¢" = 1(¢® = 1)(¢° = 1)(¢° — 1)(¢° — 1) < ¢*THIZHHsroetz — 10,

By [57, p2]

¢ —-1)(F+¢*+1)
qg—1

m(G) = m(Gy) > ( =(®+q¢ ++q+1)(+q" +1) > ¢¥F = ¢

Hence |G| < ¢ < ¢® < m(G)>.
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Now let Gy = E+(q). By [20, Table 5 and 6]

¢*(q"® = 1) (¢" = 1)(¢"” = (¢ = 1)(¢* = 1)(¢° = 1)(¢* = 1)
(27 q— 1)

and |Out(E7(q))| = f(2,¢—1) < ¢q(2,¢—1). Hence

|E7(q)] =

|G| S q64(q18_1)<q14_1)(q12_1><q10_1)(q8_1)(q6_1><q2_1) < q64—|—18+14—|—12+10—|—8+6+2 — q134.

By [57, p5]

14 9 5

¢ —1)(q¢"+1)(¢g°+1
m(G):( )<q_1)( ):(q13+q12+---+q+1)(q9+1)(q5+1)>q13+9+5:q27.
Hence |G| < ¢"3* < ¢'3 < m(G)>. O

We can now prove Lemma 3.3.2.

Proof of Lemma 3.3.2. Let G < Sym(2) be as in Case (I), so that either b(G,Q) < 6 or
(G,Q) = (May,{1,...,24}). If b(G,Q) < 5, then the result holds by Lemma 2.3.1(iii),
and by [28, p10]

[(Mog, {1,...,24}) =7 < 2log 24.

Hence we may assume that b(G, §2) = 6.

Let G have point stabilizer H. By a result of Burness [6] it follows that either

(G, H) e {(M23,M22),(003,MCL.2),(co2,U6(2).2),(F122.2,2.U6(2).2)} o (3.9)

(soc(G), H) € { (Es(q). Pr). (Eo(q), Bs), (Ex(q), ;) } (3.10)
If G is as in (3.10), then the result holds by Lemma 3.3.4. Hence assume that G satisfies
(3.9).

First let (G, H) = (Mag, May). Then G is the point stabilizer of My, in its action on 24
points, and so
I(G) =1(Myy) — 1 =6 < 2log23.

For the remaining cases we proceed using [20, p100,115,134,156]. Since McL and Ug(2)
are non-abelian simple, it follows that H is insoluble by Lemma 2.1.7. We now show that

|H| < [G: H]*, and so the result will follow by Lemma 3.3.3. If (G, H) = (Cos, McL.2),
then
|H| =28-35.5%.7.11 < 276" = [G : H]*.

If (G,H) = (Coq,Ug(2).2), then

|H| =2'-3%°.5.7-11 < 2300" =[G : H]*.
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Finally, if (G, H) = (Fig.2,2.Ug(2).2), then
|H| =2'.3%°.5.7-11 < 3510" =[G : H]*.

Hence the result follows. O

3.3.2 Cases (III), (IV) and (V)

Let ¢ = pf be a prime power, let I = GF(q)’ let 1 < m < %l’ let V = Fd’ let G

be almost simple with socle PSL4(¢) in a subspace action on Q@ = PG, (V). Hence
(d,q) # (2,2),(2,3) by Theorem 2.5.2. We use the results in Section 3.1 to prove that
Theorem 3.3.1 holds for Cases (III), (IV) and (V).

We begin with a preliminary lemma.
Lemma 3.3.5. Let q, p, f, m and d be as above. Then

log f + 1 ifm=1,
3logf+4 ifm>2.

m(d —m)logq >

Proof. We first claim that f > log f+1. Let y := y(f) = f—log f—1. Then 3—)‘? = l—ﬁ,

and so 9 = 0 if and only if f = i3 < 2. Since 9(2) > 0 and y(2) = y(1) = 0 it follows

that y > 0 for f € N. Therefore the claim follows.

If m =1, then
m(d —m)logq = (d—1)logqg=(d—1)flogp > f >log f + 1.
Now let m > 2. Then m(d — m) > m(2m —m) = m? > 4, and so
m(d—m)logq > 4logq > 3logg+1 =3flogp+1 > 3f+1 > 3(log f+1)+1 = 3log f+4 O

The following proves Theorem 3.3.1 for Case (III).

Proposition 3.3.6. Let G be almost simple with socle PSLy(q) acting on Q = PG,,(V),
and let n = |Q|. Then
I(G) < 3logn.

Proof. If m = 1, then G < PI'L4(q) by Lemma 2.7.5, and so I(G) < I(PT'L4(q)) by
Lemma 2.3.3. If m > 1 then GNPI'Ly(q) has index at most two in G, so by Lemma 2.3.3
and Corollary 2.3.6

I(G) <I(GNPTLy(q)) + 1 < I(PTLy(q)) + 1.
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Therefore we can bound I(G) by I(PT'L,(¢q)) when m = 1, and by I(PI'Ls(¢)) + 1 when
m > 1. Thus [(G) < 2logn + log f + 1 by Proposition 3.1.3. Combining Lemmas 3.1.18
and 3.3.5 gives log f + 1 < m(d — m)logq < logn, hence the result follows. ]

We now consider the action of G on QF and Q5 as in Definition 2.7.7. Recall that

g > m > 1 in both cases, and so d > 3.

Lemma 3.3.7. Let G be a primitive almost simple group with socle PSLy(q), let
H = GNPTLy(q) and let Q be either QF or Q.. Then

I(G,Q) <2I(H,PG,(V)) + 1.

Proof. We first show that 1(H,Q) < I(H, PG, (V)) + I(H,PGa_mn(V)).

Let | = I(H,Q) and let A = ({Uy, W1},...,{U;,W;}) be a corresponding base with
dim(U;) = m for all 1 < ¢ < I. Then U := (Uy,...,U;)) € PG,(V)' and
Y= (Wy,...,W) € PGy_m(V)l. By Lemma 2.3.2 there exist a subsequence of II and
of ¥ which can be extended to an irredundant base for the action of H on PG,,(V) and
PGi—m(V) respectively.

Let IT" be the subsequence of II which contains U;, and for i > 2 contains Uj; if and

only if Hy, v, > Hu,..uv,_,v,- Then II' can be extended to an irredundant base for

)

the action of H on PG,,(V). Let k be the length of II', so that k < I(H, PG,,(V)).

Let X' = (Wj,,...,Wj,_,) be the subsequence of ¥ which contains W; if and only if
Hy,. v, = Hu, v, v, Assume, for a contradiction, that ¥’ cannot be extended to an
irredundant base for the action of H on PGgq_,(V). Since H is irreducible, H > Hyy, ,

and so there exists s > 2 such that

Since W; € ¥/ it follows that

HUl,...,Ui_l - HUl,...,Ui_hU," (312)

Elements of H = G N PI'L,(q) cannot map U; to W;. Therefore (3.11) and (3.12) imply
that

Hiyywiy,.qvio o wiy = Hgoy wiy, (U Wi 1 AU Wi Y
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a contradiction since A is irredundant. Hence | — k < I(H, PG, _,,(V)), and so

I(H,Q) =1=Fk+ (I — k) <I(H,PGn(V)) + I(H, PGam(V)). (3.13)

Now Lemma 2.7.4 implies that I(H,PG,(V)) = I(H,PG,—n(V)), and so
I(H,Q) < 2I(H,PG,(V)) by (3.13). Since H has index at most 2 in G, the result
follows by Corollary 2.3.6. O

We now prove Theorem 3.3.1 for Cases (IV) and (V).

Lemma 3.3.8. Let Q be either QF or Q. let n = |Q|, and let G be an almost simple
subgroup of Sym(Q2) with socle PSLy(q). Then

I(G) < 5(logn —1).
Proof. Let H = G N PI'Ly(q), then by Proposition 3.1.3 and Lemma 3.3.7

4(d—-1)+3 ifm=1and q=2,
I(G) < 2I(H,PGn) +1 < 8(d—1)logq+2log f + 3 if m=1andq>3, (3.14)
dm(d —m)logq+2log f +1 otherwise.

By Lemma 2.7.9 n > 2|PG,,(V)|, and so Lemma 3.1.18 gives

2 1 e _ d
T3 ifg=2and m=3>2,

logn —1= logg > log |[PGn(V)] > (3.15)

m(d —m)logq otherwise.

First let m = 1. If (d, q) = (3,2), then by Lemma 2.7.8

22(23 _ 1)
2-1)

By (3.14) it follows that I(G) < 11. Hence

(22 -1 - 1)

2-1) = 21.

Q%] = =28 and || =

I(G) < 11 < 5(log(21) — 1) < 5(logn — 1),

and so the result holds for (m,d,q) = (1,3,2). Therefore if m = 1 and ¢ = 2, then we

may assume that d > 4, and so

I(G) <4(d—1)+3 Dby (3.14),
<5(d—1) since d — 1 > 3,

<5(logn—1) by (3.15).
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Therefore let m = 1 and let ¢ > 3. Then

[(G) <%(d—1)logg+2logf+3 by (3.14),
< 8(d—1)logq+2(d—1)logg+1 by Lemma 3.3.5,
<5(d—1)loggq since 1 < 5(d — 1) logg,
< 5(logn —1) by (3.15).

Finally, let m > 2. Then

I(G) <4m(d—m)logq+2log f+1 by (3.14)
< 5m(d —m)logq by Lemma 3.3.5
< 5(logn —1) by (3.15). O
3.3.3 Proof of Theorem 3.3.1

Here we prove Theorem 3.3.1. We begin by considering Cases (VII), (VIII) and (IX).
Let ¢ = p/ be a prime power, let F = GF(g), let 1 < m < £ let V = F? and let
Q="PG,(V).

The following lemma will be used for Case (VII).

Lemma 3.3.9. If g > 3, then ¢*> > 6f.
Proof. Fix ¢, let f > 1 and let

y=y(f)=¢ —6f=p" —6f.

Then 4
o) —6>p¥ — 6= —6>9—6>0.
df
Since y(1) > 3 we deduce that y > 0, and so ¢*> > 6f. O

Now we consider the Case (VII).

Lemma 3.3.10. Let Q be a set of size n and let G < Sym(Q)) be a primitive almost
simple group with socle Gy = PQ4d (q). Then

I(G) < 5logn — 1.

Proof. If ¢ = 2, then |G| < 6|Gy| < ¢*° by [20, p85]. If ¢ > 3, then |G| < 6f¢* by
28, (6.19)] and so |G| < ¢* by Lemma 3.3.9.

By Lemmas 2.3.1(ii) and 2.6.5

[(G) <log|G| —1<logg® —1=>5logq® — 1.
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Since ¢° < n by [28, (6.20)], the result then follows. O

We now consider Case (VIII).

Lemma 3.3.11. Let d = 2m > 10, let G be a primitive almost simple group with socle
Go = PQ1(q), let Q be a G-orbit of PG,n(V), and let n = |Q|. Then

I(G,Q) <5logn — 1.

Proof. We begin by showing that

2 d & d 1
o e e a2 3.16
S 1710 105 (3.16)

Let y(d) = d>~6d—8 = (d—(34++/17))(d—(3—+/17)). Since 3++/17,3—/17 < 8, it follows
that y(d) > 0 for d > 10. Therefore 2d* —12d — 16 > 0 and so 10d? — 20d > 8d* — 8d + 16.
Hence (3.16) follows by dividing both sides of the previous expression by 80.

Combining (3.16) with [7, Table 4.12] gives

d_1 d_q
2 2
n=Tl+1>[[¢ =i =g5ts b (3.17)
i=1 i=1
Hence
I(G) <log|G|—1 by Lemmas 2.3.1(ii) and 2.6.5,

<log (g% $+1) =1 by 28, p23),
a2 _d 1
= 5log (qﬁ—ﬁ+3> -1
< 5logn —1 by (3.17). O
Finally, we consider Case (IX).
Proposition 3.3.12. Let d > 3, let G < PI'L4(q) be primitive almost simple, and let
Q C PG (V) with n = |Q] > ¢z™@™  Then
I(G,) < 5logn — 1.

Proof. Lemma 2.3.3 implies that

I(G) <I(PTLa(q), PGm(V)).

Lm(d—m)

and so in particular the bounds from Proposition 3.1.3 apply. From n = |Q| > ¢
it follows that .
im(d —m)logq < logn. (3.18)
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We begin with m = 1. If ¢ = 2, then by Theorem 2.5.2 it follows that d > 4. First let
d = 4. Then by Lemma 2.6.5 and Proposition 3.1.3,

I(G)<2(4—-1)+1=7<blogh—1<5logn— 1.

Now let d > 5. Then

2(d—1)+ by Proposition 3.1.3,
2(d—1)+ (d —1)—1 since d > 5,
5d=1) -

< 5logn—1 by (3.18).

To complete the case of m =1, let ¢ > 3. We first show that
7
logf+1< é(d—l)logq—l. (3.19)

Let y(f) 14f — 6log f — 12. Then d—y = 14 — fl6n27 and so fl—;’ = 0 if and only if

f= 141n(2) < 1. Since Z—?(l) > 0 it follows that d—}’ > 0 for all f > 1. Therefore from

y(1) =2 > 0 it follows that 6log f + 12 < 14f for f > 1. Therefore (3.19) holds since

logf+2< ﬁ~2§ ﬁ(d—l) < ﬁ(d—l)logp: z(d—l)logq.
6 6 6 6
Therefore
I(G) <3(d—1)logg+logf+1 by Proposition 3.1.3,
< 3(d—1)logqg+ £(d—1)logg—1 by (3.19),

5

5

5( d—1) logq) -1,

<5logn —1 by (3.18).

Now let m = g and ¢ = 2. Then

d2 oy
[(G) <5 +1 by Proposition 3.1.3,
=4(im(d—m))+1 since m = ¢,
<4logn+1 by (3.18),

< 4logn+logn —1 since n > 5 by Lemma 2.6.5,
=b5Hlogn — 1.
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Finally, we assume that m > 1, and that if m = g, then ¢ > 2. Therefore

I(G) <2m(d—m)logq+log f by Proposition 3.1.3,
< 2m(d —m)logq+ sm(d —m)logg—3 by Lemma 3.3.5,
= gm(d —m)logq — 3
4
3

logn — by (3.18),

< 5logn— 1. O

We finish this section by proving Theorem 3.3.1.

Proof of Theorem 3.3.1. We proceed through the Cases (I)-(IX) of Lemma 2.7.14. If G
is as in Case (I) in the result holds by Lemma 3.3.2. Let G be as in Case (II). Since G
is not large base it follows that €2 is a set of partitions, and so I(G,2) < 2log|€2| by
28, Lemma 6.6]. If G is as in Case (III), then the result holds by Proposition 3.3.6. If G
is as in Case (IV) or (V), then the result holds by Lemma 3.3.8. If G is as in Case (VI),
then I(G,Q) < Ylog Q| by [28, Lemma 6.7]. If G is as in Case (VII), then the result
holds by Lemma 3.3.10. If G is as in Case (VIII), then the result holds by Lemma 3.3.11.
If G is as in Case (IX), then the result holds by Proposition 3.3.12 ]

3.4 Proof of Theorems 3.0.3 and 3.0.4

To prove Theorem 3.0.3 we divide into the eight cases of the O’Nan Scott Theorem - HA,
TW, HS, HC, AS, SD, CD and PA. Using the following result of Gill, Loda and Spiga, it

remains to consider type PA.

Theorem 3.4.1. [28, Propositions 3.1, 4.1 and 5.1] Let G be a permutation group on a

finite set  of size n.

(i) If G contains a reqular normal subgroup, and so in particular if G is of type HA,
TW, HS or HC, then I(G) <logn + 1.

(ii) If G is a primitive group of type SD, then I(G) < logn.
(iii) If G is a primitive group of type CD, then I(G) < 2logn.
We now consider groups of type PA.

Lemma 3.4.2. Let G be a primitive subgroup of S, of type PA that is not large base.
Then
I(G) < 5logn.

Proof. Since G is of type PA there exists an integer » > 2, a finite set A and an almost
simple subgroup H of Sym(A) such that G < H wrS,. By Lemma 2.6.6, H is not large
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base. Let s = |A|. Then n = s", and s > 5 by Lemma 2.6.5. Therefore

I(G,Q) <I(H",A")+(S,) by Lemmas 2.3.3 and 2.3.5,
<I(H",A") + gr by Theorem 2.2.8,
<r(I(H,A)—1)+1+ 3r by Lemma 2.3.4,

<r(5logs —2)+1+32r by Theorem 3.3.1,
< Hlogs" — %7”4— 1
< b5logn since r > 2. O

We can now prove Theorem 3.0.3.

Proof of Theorem 3.0.3. Let G be a primitive group which is not large base. If G is
almost simple, then the result holds by Theorem 3.3.1. If GG is of type PA, then the result
holds by Lemma 3.4.2. For the remaining cases of the O’Nan-Scott Theorem, the result
holds by Theorem 3.4.1. O

Finally, we prove Theorem 3.0.4.

Proof of Theorem 3.0.4. Let F = GF(2), let m > 3, let d = 2m + 2, let V = F?, let
G = PGL4(2) = PSL4(2) = GL4(2) act on 2 = PG,,(V), and let n = |2|. We show
that

8
I(G) > @b(G) logn,

from which the result will follow.

We begin by finding an upper bound on logn. By Lemma 2.7.2

B (22m+2 _ 1)(22m+1 _ 1) .. <2m+3 _ 1)
o (2m_1)(2m—1_1)...(2_1)
2(2m+2)+(2m+1)+---+(m+3)

<

9(m—1)+(m—2)+—+1+0
Hence
1 1 1
logn < 5(2m +2)(2m+3) — §(m +2)(m+3) — E(m —1)m
1
= 5(4m2+10m+6—m2—5m—6—m2+m)
1
= 5(2m2 + 6m)
=m? + 3m.

Therefore by Theorem 3.1.2

[(G)>m*+2m+1>
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Let f(m) = 2= Then f tends to zero as m tends to infinity. We now find the

m24+3m’

maximum value of f(m) over m > 3. From

df 1(m?>+3m) —(m—1)2m+3) —m?>+2m+3  —(m+1)(m—3)
dm (m? + 3m)?  (m2+3m)2 (m?+3m)?

Y

it follows that % = 0 if and only if (m + 1)(m — 3) = 0. Hence f has two critical points
at m = —1 and m = 3. Now f(3) = § > & = f(4), and so it follows that f(m) < § for
m > 3. Therefore

I(G) > (1 — 1) logn = §logn.

9 9
By [30, p7]
d 2m + 2 2
bG) < L 45=""T2 5 742 <3,
m m m
and so b(G) < 7. Hence
(G) > 2b(G) - Slogn = >b(G)logn. O
7 9 %"~ 63 &
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Chapter 4

Maximal subgroups and maximal

cocliques

4.1 Intransitive and imprimitive groups

In this section we introduce two families of maximal subgroups of S, := Sym({1,...,n})
and A, := Alt({1,...,n}), these groups will be our main focus in Chapters 5 and 6. We

begin by defining the imprimitive action of a wreath product.

Recall the definition of a wreath product given in Section 2.1.1 (here we use R in
place of K). Let H and R be finite groups acting on finite sets A = {1,... k} and
[ = {1,...,m} respectively. For § € A and v € T let 6" and 4" denote the images of §
and v under h € H and r € R respectively. Let ¢ : R — Aut(H™) where

¢(T) : (hla ce hm) — (hlr—l, cee hm"_1)7

and let G = Hwr R = H x4 R.

The imprimitive action of G on Q@ = A x I' is as follows. Let (4,7) € €, let
g = ((hl,...,hm),r> € G, and let h, be the v coordinate of (hi,...,hy,). Then
the image of (J,) under g is

(6",77).

Example 4.1.1. Let A = {1,2,3} and I" = {1,2,3,4}, let H = Sym(A) = S3 and
R =Sym(I') 2 S, and let G = Hwr R. Then G acts on 2 = A x I' via the imprimitive

action. For example let

g = ((ha, ha, by, ha), 1) = (((1,2), (1,2,3),(2,3), (1,3, 2)), (1,4)(2,3)> €q.

Then g acts on the points of €2 as follows.
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(1,1)9 = (1M, 17) = (2,4) (2,1)9 = (2M,1") = (1,4) (3,1)9 = (3"M,1") = (3,4)
(1,2)9 = (1h2.27) = (2,3) (2,2) = (2"2,2") = (3,3) (3,2)7 = (3"2,2") = (1, 3)
(1,3)9 = (1",3") = (1,2) (2,3)7 =(2",3") = (3,2) (3,3)? = (3",3") = (2,2)
(1,4)9 = (1",47) = (3,1) (2,4)9 = (2M,47) = (1,1) (3,4)9 = (3M,47) = (2,1) A

Let A = {1,...,k}, let T' = {1,...,m}, let H < Si, let R < S,,, and let
G = HwrR < SgwrS,,. Then G acts on {1,...,k} x {1,...,m} with imprimitive

action.

Let f:{1,....k} x{1,....m} = {1,...,mk} with (i,7) = i+ k(j — 1). Tt is easily
seen that f is a bijection and that using f the action of G on {1,...,k} x {1,...,m} is

equivalent to the action of G on {1,...,mk}.

Example 4.1.2. Let G and g be as in Example 4.1.1. Let
Fofl,..3 < {1,..., 4} = {1,...,12} with (i,j) —i+3(j — 1).
The element of Sym({1,...,3} x {1,...,4}) induced by g is
(0, @9) (20, 0,4,6.1,6.4) (1.2),(2:3),3,2).(1,3)) ((2.2),3.3)).
and the element of Sym({1,...,12}) induced by ¢ is

(1,11)(2,10,3,12)(4,8,6,7)(5,9). A

For the remainder of this section we use the following notation. Since we never use (i)
and (ii) simultaneously and the context is always made clear, there will be no confusion

between the different set ups.
Notation 4.1.3. Let Q@ = {1,...,n} and let S,, = Sym(Q2) and let H < S,,.

(i) If H is intransitive, then there exist non-empty sets 21, C Q such that
Q = QUQy and H < Sym(Q;) x Sym(Q). Up to conjugation in S, we may
let @ ={1,...,k} and Qo ={k+1,...,n} with § <k <n —1. Then

H < Sym({1,...,k}) x Sym({k +1,...,n}) 2 Sk X Su_s.

(ii) If H is imprimitive, then H preserves some non-trivial block system, say {€,...,Q,}

with block size k. Then m,k > 2. Up to conjugation in S,, we may let
Oy =A{1,2,... k}, Qo={k+1,...,2k}, ..., Qu={(m—1Dk+1,... ,mk}.

Then H < S, wrS,,.
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Lemma 4.1.4. [39, Theorem 1] Let G = S,, or A,,.
(i) Let M = (Sk X Sp—x) NG. Then M is mazimal in G when k # n — k.

(ii) Let M = (SpwrS,,,) NG with n = mk and m,k > 2. Then M is mazimal in G
unless (G, k) = (As,2).

In the following let g € S,, act on Q¥ coordinate-wise.

Definition 4.1.5. (i) Let G < Si x S, with the natural intransitive action on
Q= QUQy. Then G is (t1, t2)-transitive on ;U if for all sequences of distinct
points U,V € Q' x QF there exists g € G with U9 = V.

(ii) Let G < SpwrS,, with the natural imprimitive action on Q = QU---UQ,,.
Then G is {ti,ta,...,tm}-transitive on Q;UQU---UQ,, if for all tuples of dis-
tinct points (U,...,Uy) € (Qf, ..., Qm) and (Vi,..., V) € (},..., ") such

al?

that {ay,...,an} = {1,...,m} = {b1,...,by}, there exists ¢ € G such that
(U, ..U = Vi, oo, Vi),

In the following example we illustrate the notation given above.

Example 4.1.6. (i) Let G = S; x S;3 with natural intransitive action on
QU ={1,2,3,4,5} U{6,7,8}, and let

U=1((1,2,3,4,5),(6,8)), V=((3,54,1,2),(7,8)) € Q] x Q3.

Then g = (1,3,4)(2,5)(6,7) € G with U? = V.

(ii) Let G = S3wrSs with natural imprimitive action on

Q = QUNLUN; = {1,2,3}0{4, 5, 6}0{7, 8,9}.

Let
(U1, Us, Us) = ((1,2), (4,5,6),(9)) € (21,25, )
and let
(Vi, Vo, Vs) = ((4,6),(9,7,8),(2)) € (23,03, ).
Then g = (1,4,9,2,6,8,3,5,7) € G with (Uy, Uy, Us)? = (V1, Vo, V3). A

We now prove a crucial lemma about (¢, t2)-transitive intransitive groups.

Lemma 4.1.7. Let n > 5, let ¥ <k <mn, let @ = 0UQ = {1,... , k}U{k+1,...,n},
let G =S, orA,, and let M = (S X S,,_x) N G.

(i) If G =S, then M is (k,n — k)-transitive on ;UQ5.

(i) If G = A, then:
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(a) M is (k —2,n — k)-transitive on Q;USy,

(b) if n —k >3, then M is (k,n — k — 2)-transitive on Q;UQ;.

Proof. Part (i) is immediate since S; is t-transitive.

For Part (ii)(a) let U,V € Q%2 x Q37" be tuples of distinct points. Then there exist
a, B € Q such that «, § are distinct and not entries of U. By (i) there exists h € Sg XS,
such that h(u;) = v; for 1 <i <n —2. Then G contains either h or («, B)h.

Part (ii)(b) follows by symmetry. O

We now prove an important lemma about transitivity of imprimitive groups.

Lemma 4.1.8. Let m,k > 2, let n =mk, let Q; = {(i — )k +1,...,ik} for 1 <i<m,
let G =S, orA,, and let M = (S, wrS,,) NG.

(i) If G =S, then M is {k,k, ..., k}-transitive on Q;UQU - --UQ,,.

(i) If G = A, then M is {k, ...,k k— 2}-transitive on QUQU - - - UQ,,.

Proof. Let (Uh,...,Uy) € (QF ..., QF Yand (Vi,...,V,n) € (% ,...,QF ) be tuples of

al? a

distinct points such that {ai,...,a,} ={1,...,m} ={b1, ..., b}

Since S, is n-transitive there exists g € S, such that (Uy,...,U,)? = (Vi,...,Vn).
From U/ = V; it follows that QJ = , for 1 < i < m, and so g € M. Hence Part (i)

follows.

For Part (i) let U; € QF , V; € QF for 1 <i <m—1and U, € Q2 V,, € Q]b‘;? be
tuples of distinct points such that {ay,...,a,} ={1,...,m} ={by,..., b}

Let a, 8 be the two points of €, not contained in U,,. By Part (i) there exists
h € Sym(k)wr Sym(m) such that U" = V; for 1 < i < m. Then G contains either h or
(o, B)h. O

4.2 Block systems and cycle structures

In this section we first cover some notation and lemmas on the cycle structure of elements
of S,,. We then reintroduce block systems (which we defined in Section 2.1.3) and give
some more notation. We then consider the interaction between cycle structures and block
systems. We prove various results which limit the possible block systems for groups with
certain properties. This will be used in Chapters 5 and 6 when proving that the groups

we generate are primitive.
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4.2.1 Cycle Structures
We begin with cycle structures.

Lemma 4.2.1. Let y € S,, and let t be the number of cycles in the disjoint cycle decom-
position of y (including trivial cycles). Then y is even if and only if t and n have the

same parity.

Proof. Let y have t; cycles of odd length and ¢, cycles of even length, so that t; + 1, = t.

Then n = t; mod 2, and so
t—n=t—1t;, =t, mod 2.

Hence t and n have the same parity if and only if ¢, is even, that is if and only if ¥ is

even. O]

For an element of S,, we use the following notation for cycle type and support.

Notation 4.2.2. Let y € S,, with disjoint cycle decomposition ¢, ..., ¢; (including trivial
cycles). For 1 <i <t, let ©; = Supp(¢;) and let I(c;) be the length of ¢;. We denote the
cycle type of y by C(y) = l(c1) - l(c2) - -+ - - I(c;). The “” notation is omitted when it is
clear without, and we sometimes gather together common cycle orders and use the usual

exponent notation.

For example if y = (1,2,3)(4,5)(6,7), then we may let ¢; = (1,2,3), co = (4,5) and
c3 = (6,7). Thus ©; = {1,2,3}, ©2 = {4,5} and ©3 = {6,7}, and we may choose to
write C(y) =3-2-2or C(y) = 3- 2%

The next lemma guarantees the existence of certain sets of distinct points in the support
of an element of S,,. We make use of this result for a small number of cases in Chapter 5

when constructing transitive groups.
Lemma 4.2.3. Let k,n € N with 5 <k <n, and let x € S,, be such that 1¥ =k + 1.

(i) If|Supp(z)| > 8 and = does not have cycle type 1078 .2.32 1(=8).3.5 op 1(n=9).33
then there exist distinct points o, o®, 3, B*,v,~v* € Supp(z)\{1, k + 1}.

(n—8)

(ii) If |Supp(x)| > 8 and x does not have cycle type 1 - 2% then there exist distinct

points o, o, B, %, 6, € € Supp(z)\{1, k + 1} such that (9, €) is not a cycle of x.

Proof. Let T = Supp(z)\1®®. We split into cases based on |1¢%].

(i) If [1%)] > 8, then we may let v = 1%, 3 = 1°" and v = 1°°. If 6 < |1©)| < 7, then
IT| > 2, and so we may a = 1%, f = 1*" and let v € T..
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If 4 < |1@] < 5, then |T| > 4 because x does not have cycle type 1"~ .3.5. Then
(x) has either at least two orbits on T" of size at least 2; or at least one orbit of size

at least 4. Therefore, we may let v = 1%° and 8,7 € T.

If [1@)] < 3, then |T| > 6 because the cycle type of x is neither 1"=%) . 3.5 nor
1(n=8).2.32 If (x) has one orbit on T, then the orbit has size at least 6. If {x) has
two orbits on T, then since  does not have cycle type 19 . 2.32 or 19 . 33,
it follows that these have sizes at least 3 and 4. Otherwise (z) has at least three

orbits on T of size at least 2. Therefore, we may let o, 3,7 € T..

(ii) If 19| > 8, then let 6 = 1*°, e = 1, @ = 1*" and B = 1*". If 6 < |1%?] < 7, then
IT] > 2, and so let § = 17, ¢ = 1*°, @ = 1*" and let § € T. If |1®| = 5, then
|T| > 3, s0 let a,a®, 6§ € |1%)] and B,8%, e € T. If |1%*| = 4, then |T| > 4, so let
S,e € 1] and o, 0®, 8, 4% € T. If |1 = 3, then |T| > 5 and we may let § € 1
and 3, 3%, a,a® e € T. Finally suppose that [1¢*| = 2, and so |T| > 6. Since the
cycle type of z is not 18 . 24 we may let o, a*, 3, 5%,0,e € T. d

4.2.2 Block Systems

We now turn our attention to block systems. We begin by repeating Definition 2.1.9

below.

Definition 4.2.4. Let G be a transitive subgroup of Sym(€2). A set A C Q is a block for
G if for all g € G, either AY = A or AYNA = {).

Let A be a block. If |[A] =1 or A = Q, then A is a trivial block; otherwise A is

non-trivial.

Definition 4.2.5. Let G be a transitive group with a block A. Then
Y={AY%|ge€G}

is a block system for G. If A is trivial, then ¥ is a trivial block system; otherwise ¥ is a

non-trivial block system.
Lemma 4.2.6. Let G be a transitive subgroup of Sym(Q2) with block A. Then |A| divides
2.

Proof. 1t follows from the definition of a block and transitivity that a block system forms
a partition of Q. Since |A| = |AY| for g € G, the result follows. O

Definition 4.2.7. Let A be a non-trivial block. If A is contained in no larger non-trivial
block, then A is a mazimal block. If A contains no smaller non-trivial block, then A is

a minimal block.
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Recall by Definition 2.1.9 that a transitive group G is primitive if it has no non-trivial

blocks, and otherwise is imprimitive.

4.2.3 Interactions between Cycle Structures and Block Systems

We now consider the interaction between cycle structures and block systems. For the
rest of this section, and in Chapters 5 and 6, we use the following notation for two block

systems preserved by different groups acting on the same set.

Notation 4.2.8. Let Q = {1,...,n}, let G = Sym(2) = S,,, let M be a maximal
imprimitive subgroup of GG with unique non-trivial block system M, and let H be a

transitive subgroup of G with (possibly trivial) block system H.

If the blocks of H have size at least 2, then we say that H is a non-singelton block
system. We call elements of H and M the H-blocks and M-blocks respectively. For
a € Q, let Q(a) and A(a) denote the M and H-block containing «.

Let h € H and let h; be a cycle of h. Then hl* denotes the permutation that h induces
on the set of blocks in H which contain points of Supp(h;). Similarly, for g € M with
cycle g; we let g™ denote the permutation that g induces on the blocks of M which
contain points of Supp(g;). Let ¢™ be the permutation that g induces on the blocks of

M.
In the following example we use the same notation as in Examples 4.1.1 and 4.1.2.

Example 4.2.9. Let G = S and let M = S3wrS,;. Then
M = {4, Q,Q3, 0} = {{1,2,3},{4,5,6},{7,8,9},{10, 11,12} }
and Q(3) = ;. Let
g = 91929394 = (1,11)(2, 10, 3,12)(4,8,6,7)(5,9) € M.

Then g = g2 = (4, Q) and g3 = g = (2, Q3).

Observe that g™ = (1, Q4)(Q2, Q3), which corresponds to r in Example 4.1.1. A

Lemma 4.2.10. Let H be a transitive group with block system H and let h € H with h;
a cycle of h. Then h* is a cycle whose length divides the length of h;.

Proof. Since h; is transitive on the points of Supp(h;), it follows that k¥ is a cycle. Let A
be a block containing m > 0 points of Supp(h;). By taking h; translates of A, we deduce
that each block of H contains exactly m or 0 points of Supp(h;). Hence |h;| = m|h}|. O
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The next two lemmas will be used in Chapters 5 and 6. The following considers the

interaction between block systems and induced cycles.

Lemma 4.2.11. Let H be a transitive group with block system H, let A € H, let h € H,
and let hy and hy be (possibly trivial) cycles of h.

(i) If A € Supp(Rhi) N Supp(hdl), then hit = hit.

(ii) If hy has prime length p, then the points of Supp(hy) are either all in the same block

or all in different blocks.

(iii) Suppose that hy and hy have coprime lengths. If A € Supp(h]') N Supp(hit), then
Supp(h1) U Supp(hs) C A.

(iv) If L(h7) tU(hs) and A € Supp(hit), then A N Supp(hs) = 0.

Proof. (i) If A € Supp(h]) N Supp(hlt), then there exist o, € A such that
a € Supp(hy) and 5 € Supp(hs). Let ¢ € N. Then since o, f € A, it follows
that o and 8" lie in the same block AM. From o = o/ and M = ", it

follows that A" = A" = A" and so h = h}t.
(ii) By Lemma 4.2.10, k¥ is either a p-cycle or a 1-cycle.

(iii) By Part (i), if A € Supp(hi) N Supp(hdt), then hit = h¥t. Since h; and hy have

coprime lengths, it follows from Lemma 4.2.10 that Al is trivial.

(iv) If ANSupp(hs) # 0, then hit = h}t by Part (i). Hence in particular, [(h}) = I(h3}).
By Lemma 4.2.10 it follows that [(h}) | [(he) and so I(h}*) | I(hs), a contradiction.
]

Lemma 4.2.12. Let H be a non-singleton block system for H and let h € H with disjoint
cycle decomposition hy -+ hy. If [(h;) is prime and ged (I(h;),(h;)) = 1 for j # i, then
there exists a block A € H such that Supp(h;) C A. In particular, A" = A.

Proof. Let A be a block containing o € Supp(h;), and let § € A\{«a}. If 5 ¢ Supp(h),
then " = 3, and so A" = A. Hence o = Supp(h;) € A. Therefore assume that 3 €
Supp(h). If 8 € Supp(h;), then the result follows by Lemma 4.2.11(ii). If 8 ¢ Supp(h;),
then Supp(h;) € A by Lemma 4.2.11(iii). O

The remainder of this section covers results we will use repeatedly in Chapter 6. The fol-
lowing shows how the support of a cycle can be split across H-blocks and M-blocks.

Lemma 4.2.13. Lett € N, let G = S,, or A, let M, H, M and H be as in Notation
4.2.8, let Qq, ..., € M, let A€ H, letye MNH and let ¢ be a cycle of y such that
M= (Q,...,) and v € AN QN Supp(c).
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If I(c™ , then A N Supp(c) = Q4 N Supp(c).

(
IFI(c™) divides t, then QN Supp(c) € A N Supp(c).
If I(
(
(
(

) =
)
™) is a multiple of t, then A N Supp(c) € Q1 N Supp(c).
) =1(c)/t and ged (t,"2) = 1, then |A N Supp(c) N Q| =1 for 1 <i <t.
)

)
)
)
(iv) Ifi(c*
) Ifl(c*) divides I(c)/t and ged (¢, —c) =1, then |ANSupp(c)N| > 1 for1 <i <t.
) If U(c*) is a multiple of I(c)/t and ged (t, U9 ) =1, then |A N Supp(c) N Q| < 1 for
1< <t

Proof. Let u,v € N, then
C AW, (4.1)

Observe that ’y<yl(CH)> = AN Supp(c) and v%¥) = Q; N Supp(c). Hence Part (i) follows,
and so Parts (ii) and (iii) follow by (4.1).

Let s := I(c)/t. Assume that [(c"*) = s and that there exist (not necessarily distinct)
B,y € Qand 1 <i<tsuch that 8,7 € ANQ; NSupp(c). From 5,y € Q; it follows that
there exists an integer 1 < a < s such that 5 = ~. From f,~ € A it follows that there
exists an integer 1 < b < ¢ such that 8 = ~. Therefore 8 = 8" and 1 < at, bs < ts.
Hence at = bs, and from ged(t, s) = 1, we deduce that a = s and b = ¢. Thus § =+, and
since |ANSupp(c)| = t, Part (iv) follows. Hence Parts (v) and (vi) follow from (4.1). [

The following shows that if H = (x,y) with z ¢ M and y € M, then there are
restrictions on H. Recall that for y = cico---¢; € S, written as a product of disjoint

cycles, we let ©; = Supp(¢;) for 1 < i <.

Lemma 4.2.14. Let k,m > 2, let n = mk, let G =S, or A, let M = (SgwrS,,) NG
with unique non-trivial M = {Qy,...,Q,}, let ¥ € G\M and let y € M with disjoint
cycle decomposition ¢y ...c;. If H = (x,y) is transitive and imprimitive with non-trivial
block system H, then for 1 <1i,7 <t the following hold.

(i) If ©,NOF £ 0, then I(cl') # 1. In particular if I(c;) > %, then I(c]t) # 1.
(ii) If l(¢c;) does not divide l(c;) for all j # i, then I(c}) # I(c;).

(ii) Let a« € ©; and o € ©;. If there exist A € H such that A, A" € Supp(c') and
a € A, then I(cl) divides I(c;).

(iv) If there exists {ry,...,rs} € {1,...,m} such that Q,, U---UQ,. = Supp(¢), then
M\{QTU e 7Q7’s} Z H.

76



(v)

If there exist 1 <i,j <t and A € H such that l(¢;) > l(¢;) and A C 0, U O, then
|ANO;| #1. In particular, if |A| = 2, then either A C 0; or A C ©,.

Proof. (i) If I(c!*) = 1 then there exists A € H with ©; C A. Hence AY = A. If

(i)

(iii)

0N O; # 0, then A" = A, and so A®¥ = A, Since H = (z,y) is transitive, it

follows that A = €2, a contradiction.

Suppose, by way of a contradiction, that I(c*) = I(c;) and let A € Supp(c).
Then [AN©;] =1 and |©;] > 1. Since H is non-trivial, it follows that there
exists @ € A\O;. If a ¢ Supp(y) then o¥ = o and so AY = A. Hence ©; C A,
a contradiction since |[A N O, = 1 and |©;| > 1. Therefore & € O; for some
j # 1, and so A € Supp(c?). Hence ¢/t = ¢/t by Lemma 4.2.11(i), and in particular
I(cit) = I(c]*) = I(¢c;). Therefore I(c;) divides [(c;) by Lemma 4.2.10, a contradiction.

From o € A, we deduce that o € A”. Therefore o € A* N O;, and so
A” € Supp(cf')NSupp(clt). Hence ¢! = ¢} by Lemma 4.2.11(i), and so in particular
I(c]') = I(c}*). Therefore I(c]*) | I(c;) by Lemma 4.2.10.

Suppose that M\{,,,...,Q, .} € H. Then the H-block size is k, and so |H| = m.
Let Ay,..., A, be the remaining H-blocks. Then

Q U---UQ. =Supp(;)) =A,U---UA, andso [(c?)=s=Ic").

Hence exists 1 < j < s and v € €2 such that v € ,, N A;. Therefore by Lemma
4.2.13(i)
Aj = A;NSupp(c;) = €, NSupp(c;) = €y,

By taking translates of A; under y it follows that {Ay,..., A} = {Q, ..., Q. },
and so H = M. A contradiction since z € H\M.

If |AN©;| =0 then the result holds. Hence assume that |[AN©;| > 1. If A C ©,,
then the result holds since H is non-trivial. If A & ©;, then there exist « € AN O;
and # € ANO;. Since ﬁyl(cj) = [ it follows that AV — A and so o' € A
Now I(¢;) > I(c;) implies that a7 # o, and the result follows. O

We now give some conditions on cycle type and support which are sufficient to show

that a group is primitive.

Lemma 4.2.15. Let x,y € S,,, let y = c1¢9 - - - ¢ be the disjoint cycle decomposition of y,

and let |©1| = qiqo for distinct primes ¢ and qo. Then H = (x,y) is primitive if all the
following hold.

(i)

There exist 2 < i,j <t (not necessarily distinct) such that ¢, 1 |0;| and g2 1 |0/,
and q1q2 1 [0y] for 2 <1 <t.
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(ii) There exist v, ¢ € Oy such that v* € ©; and ¢* € O;.
(iii) One of the following holds.

(a) There exist ¥, w € O1 (not necessarily distinct) such that ¢ € V™) w € ™
and {¢,w}” C Oy.

(b) Forv and ¢ as in (i), v¥ = ¢ and v¥") C {v} U Fix(x).

Proof. We begin by showing that Parts (i), (ii) and (iii)(b) implies Part (iii)(a). Let
¥ € v\ {v} C Fix(z) so that ¢ = ¢" € ©; and ¢ € v¥"". Since ged(q1, q2) = 1 there

exists ap, ay € Z such that a1q; + asqa = 1 and g9 1 a;. Hence

a1q1 1—agqo —agq2 q2
w =Y =Y = ¢Y €¢<y )

Since ¢y 1 ay it follows that v¥™" # v, and so w € v¥")\{v} C Fix(z). Therefore
w,w® € ©7 and so Part (iii)(a) holds.

We now show that if Parts (i), (ii) and (iii)(a) hold, then H is primitive. Assume,
by way of a contradiction, that H has a non-trivial block system H. We proceed by
considering the possibilities for I(c]). By Part (i) and Lemma 4.2.14(ii), it follows that
(i) # q1qo. Since 1, 9® € O, by Part (iii)(a), Lemma 4.2.14(i) implies that I(c}t) # 1.

If I(c}) = q1, then by Part (iii)(a) there exists A € Supp(c}t) which contains v and 1,
and so v®,1)® € A®. Since ¥® € O it follows that A% € Supp(c}*). Hence from v® € O,

and ¢ 1 |©;| we reach a contradiction by Lemma 4.2.14(iii).

If I(c}') = ¢q, then by Part (iii)(a) there exists A € Supp(cit) which contains w, ¢ € A,
and so w®, ¢* € A?. Since w” € O, it follows that A® € Supp(c]’). Since ¢” € O; and
¢ 1 |©,| we reach a contradiction by Lemma 4.2.14(iii). Hence I(c}!) # 1,q1, ¢, 1o,
giving a contradiction by Lemma 4.2.10. [l

4.3 Jordan elements

Let G be a primitive subgroup of S,,. In 1873 Jordan [32] proved that if G contains a
cycle of prime order fixing at least 3 points, then G is either A,, or S,,. Jordan also made
the following claim, that was later proved by Manning [46]. Let ¢ < 6, and let p > ¢ be
a prime. If n > pg+q+ 1 and G < S,, is primitive and contains an element of order p

and support size pq, then A, < G.

More recently Jones [31] showed, using the classification of finite simple groups, that

if n > 12 and G < S, is primitive and contains a cycle fixing at least 3 points, then
A, <G.
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In this section we introduce other sufficient conditions for a primitive subgroup of S,

to contain A,,.

Definition 4.3.1. An element g € S, is a Jordan element if all primitive subgroups of

S,, which contain ¢ also contain A,,.

Definition 4.3.2. Let g € S,, be an element of prime order p and support size pqg. We
call g a Wielandt element if

g= 1 2 3 4 4 5 6 7 > 8,
p> 2 5 5 7 5 7 11 11 2q-—1,
n—pg> 2 2 3 4 5 6 6 8 4q-—4.

In particular, by the final column, if ¢ > 8, p > 2¢—1 and n > (p + 4)q — 4, then an

element of S,, with order p and support size pq is a Wielandt element.
We now give some examples of Jordan elements.

Definition 4.3.3. Let n > 12. Define the following subsets of S,,\{1}.

(i) J; is the set of elements which are a product of two transpositions.

)
(ii) J. is the set of cycles which fix at least three points.

(iii) Js is the set of elements with support size at most 2(y/n — 1).
(iv) Ju is the set of Wielandt elements.

Theorem 4.3.4. Let n > 12, let J;, T, Ts, Jw be as in Definition 4.3.3 and let
J =T UT.UT,UTy. If v €8, and there exists t € N for which z* € J, then x

is a Jordan element.

Proof. If H is a group containing x, then H contains z! for all ¢ € N. Hence if 2! is a
Jordan element then x is also. Therefore if all elements in 7 are Jordan elements then
the result follows. For J;, 7., Js and J,, see [58, p43], [31, Corollary 1.3], [40, Corollary
3] and [58, Theorem 13.10] respectively. O

The following is immediate.
Lemma 4.3.5. Let n > 12 and let x € J. Then Fix(z) # 0.

The next theorem is another result of Jones from [31] which we use to prove a result

similar to Jordan elements.

Theorem 4.3.6. /31, 1.3] Let G < S,, be a primitive permutation group which does not

contain A,,. If G contains an n-cycle then one of the following holds.

(i) Cp, < G < AGL4(p) with n = p;
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(ii) PGL4(q) < G < PI'L4(q) with n = ((q::ll)) and d > 2 for some prime power q; or

(i) G = Lo(11), My, Mos with n = 11,11 or 23 respectively.
Using the above we prove the following.

Theorem 4.3.7. Let Q ={1,...,n}, letS,, = Sym({1,...,n}), let x € S,\{1} such that
|Supp(x)| < 5, and let y € S,, be an n-cycle. If H < S, is primitive and x,y € H, then
A, <H.

Proof. By Theorem [31, 1.3] each primitive subgroup of S,, containing an n-cycle either
contains A, or is as in Theorem 4.3.6(i)-(iii). As we shall see in Lemma 4.6.8(ii), non-
identity elements of AGL;(p) fix at most one point. Proposition [29, 3.1(ii)] shows that a
non-identity element of PI'L4(q) fixes at most § points of Q. If (G, n) = (L1, 11), (M1, 11)
or (Mag, 23), then a quick calculation in MAGMA shows that non-identity elements of G

fix at most 3, 3 or 7 points respectively. Hence from x € H the result follows. ]

4.4 Number theory

In Chapters 5 and 6 we generate subgroups H of S, which are primitive and contain
Jordan elements, so H is either A,, or S,,. To prove primitivity we use the results in Section
4.2, many of which rely on H containing elements whose disjoint cycle decomposition
contains a prime cycle or cycle with length coprime to the other cycles. To prove the
existence of a Jordan element we need to show that H contains an element of “small”

support size, a single cycle, or a product of prime cycles satisfying certain properties.

In this section we prove the existence of primes within various integer ranges satisfying

specific conditions.

For some small cases we quote results from Chapter 8 - in which we verify the result
computationally or directly. Throughout this subsection, In is the natural logarithm.
Unless otherwise referenced the following results do not appear to be in the literature.
We begin with Bertrand’s Postulate.

Theorem 4.4.1 (Bertrand’s Postulate. See for example [17, §1]). Let j,k € N. If j > 4,
then there exists at least one prime p such that j < p < 2j—2. Thus if k > 7, then there
exists a prime py with g <pr<k-—1.

Notation 4.4.2. Let k£ € N with £ > 7. We use p; to denote any prime in the range

(%, k — 1), and call such any such prime a Bertrand prime.
For example if £ = 13 then 7 and 11 are both Bertrand primes and p; could denote

either 7 or 11.
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We now prove an elementary lemma relating n — & to px.
Lemma 4.4.3. Let n > k > 4 > 3 and let py be a Bertrand prime. If py, | (n — k) then
pr=n—"Fk, and ifpr | (n—k —1) thenpy =n —k — 1.

Proof. From § < k and g < pr we deduce that n —k —1 <n —k < k < 2p;. Hence the

result follows. W

For z € N, the prime-counting function 7(x) is the number of primes less than or equal

to . Using this function Theorem 4.4.1 can be rephrased as m(k — 2) — (%) > 1.

Theorem 4.4.4 ([49, Corollary 1 & 3]). Let x € N and let n(z) be as above.

(i) If x > 17, then w(x) > TR

(ii) If x > 21, then 5%’(2) < 7(2x) — 7(x).
We now prove some technical results using Theorems 4.4.1 and 4.4.4 which ensure the
existence of useful primes. The following two lemmas will be used only in Chapter 5.

Lemma 4.4.5. Let n >k > 5 and k > 10. Then there exists an odd prime pM <k-5
such that p) { (n — k).

Proof. Let @ ={2<q<k—5 : ¢gprime }. The product of the set of prime divisors of

n — k is at most n — k. Hence if
2(n—k) < [« (4.2)

then (n—k) <[],co\(2) ¢ and so there exists ¢ € Q\{2} such that ¢ { (n — k). Therefore
the result holds with p(!) = q. Hence we show that (4.2) holds.

First assume that 10 < k < 15. Then {2,3,5} C @ and so
20n—k)<2(k-1)<2-14<30=2-3-5<[] ¢
qe@

Hence (4.2) holds.

Assume that k£ > 15, and let m := k — 5 > 10. Hence by Theorem 4.4.1 there exists a
prime p,, satisfying 5 < 3 < p,, < m — 1. Hence 2,3,5 and p,, are distinct elements in
Q. From 7 < k, it follows that n < 2k, and son —k <k —1=m + 4. Clearly 8 < 13m,
and so 2(m + 4) < 15m. Hence

20n—k) <2(m+4) <15m <3-5-2pn) < [ «.
q€Q

as required. 0
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Lemma 4.4.6. Letn >k > 5 andn —k > 10. Then either
(i) there exists a prime p® such that 2 < p® <n —k —3 and p? 1 k; or

(i) n—k+1<2(v/n—1).

Proof. First let 10 <n —k < 26 and let P = {2 < ¢ <n—Fk —3| ¢ prime}. If Part (i)
does not hold, then all primes ¢ € P divide k, and so qupq <k <n. For each n — k
satisfying 10 < n — k < 26 it can be checked via [33, Code 18] in MAGMA that

(n—k—l—?) Hq

qeP

Hence if (i) does not hold then (n — k + 3)?/4 < n and so n — k 4+ 3 < v/4n. Therefore
n—k+1<2(y/n—1), satisfying Part (ii).

Now let n — k > 26, and let m =n — k — 3, so that m > 23. We first prove that

2<7T(m 1) - 4) > In (2(% + 3)2> . (4.3)

To do so let y := y(m) be the following function of m

y=(m—1)—I (%+3) In(m — 1) —%(1n(2)+8) In(m — 1).

Then
dy ) In (% + 3> In(m—1) 1 3(In(2) +8)
dm m—1 5 +3 2 m—1
. In (% + 3) In(m—1) In(2)+8
B m—1 m + 6 2(m —1)
The functions 1n§+13) and ;?i)jﬁ are monotonically decreasing for m > 2, the function
% is monotonically decreasing for m > 9. Hence j—% is monotonically increasing for
m > 9. Since j—i is positive at m = 9, it follows that j—i is positive for m > 9. From

y(23) > 0, we deduce that y is positive for m > 23. Thus for m > 23
m 1
(m—1)—4In(m —1) > In (5 + 3) In(m—1) 4+ 3 In(2) In(m — 1),
and so
m — 1 m m 2

By Theorem 4.4.4(i), m(m — 1) > and so (4.4) implies (4.3).

ln(m 1)7
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Let Q ={2<qg<m|qgprime} and Qo = {qg € Q@ : g > 7}. Then Qy = Q\{2,3,5,7},
and so |Qo| = m(m —1) —4. We use (4.3) to show that either there exists g € @ satisfying
(i), or that (ii) holds. Observe that if ¢ € Qy, then In(gq) > 2. Then by (4.3),

In (Hq) =Y () > Y i) > Y 222(7?(771—1) —4) > In (2(%%)2).

qeQ q€Q q€Qo q€Qo

Thus ,
e 2(% + 3) .
q€Q
If (i) does not hold, then ¢ | £ for all odd primes ¢ € Q). Hence k is greater than or equal

to the product of all such primes, so
m 2
o > 2%k > 2(— 3) .
n > H q > 5 +
qeQ

Hence y/n > % + 3 and so
2(n—1)>m+4=mn—-k—-3)+4=n—k+1,
which gives Part (ii). Hence the lemma holds. ]

The remainder of the results in this section are only used in Chapter 6. Let m,k > 2
and n = mk. Recall that p; denotes any prime which satisfies g < prp < k — 1, similarly
let p,, denotes any prime satisfying % < p,, < m —1. Let J, is the set of elements of S,

satisfying Definition 4.3.2.

Lemma 4.4.7. Let k > 26. Then there exists py such that p, > 23.

Proof. 1f 26 < k < 37, then g <185 < pr <25 <k —1, and so we may let p, = 23. If
k > 38, then £ >19. Hence pj, > 19, and so p;, > 23. O

Lemma 4.4.8. Let 23 < k < m < 4k — 2. Then there ezists a prime q such that q 1t m,

and for all possible py every element in S, with cycle type 1"7Px% . pi9 is in J.

Proof. First assume that £ < 66 and m # 210. If x € N is divisible by 2, 3,5 and 7, then
either 1 =2-3-5-7=210,0or x > 22-3-5-7 = 420. Thus from m < 4k — 2 < 262 and
m # 210, it follows that there exists ¢ € {2, 3,5, 7} such that ¢t m. From p; > g > 11 it
follows that

n=mk>k*>> kp, = (k — 1)pp + pr > qpy + 11.
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Hence for ¢ = 2,3,5 and 7 the result follows by consulting the third, fourth, seventh and

ninth respective columns of Definition 4.3.2.

Let m = 210, let k£ < 66 and let ¢ = 11. Then ¢ 1 m. By assumption m < 4k — 2, and
so b4 < k < 66. Therefore p;, > % >27>2g—1 and

n =210k = 11k + 199 > qp, + 4q,

and so the final column of Definition 4.3.2 is satisfied.

Hence we may assume that k£ > 67. We first show if ¢ is prime and 11 < g < %, then
an element of S,, with cycle type 1"7P+? . p,? is in J,. In particular, we verify the three
conditions in the final column on Definition 4.3.2 - pr > 2¢ — 1 and n > (px + 4)q — 4.
From ¢ < % it follows that 4¢ —2 < k < 2p, hence p,, > 2g—1 and the first condition is
satisfied. We now show that n > (p +4)q — 4. Since 3k* — 5k + 10 is a positive quadratic
with no real roots it follows that 3k? — 5k + 10 > 0, and so 4k? > k? + 5k — 10. Therefore

k*+ 5k +6— 16
>

k2
4
(R4 k—-2)+ (4k+8) A
= | _
_(k—l)(/{:—|—2)+4(k—i—2)_4
- 1 .
Hence since n = mk > k?, it follows that
k42 k42
0> (k—1)t Z ) 44l Z ) 4 (4.5)

By assumption ¢ < %, and by Theorem 4.4.1, pr < k — 1. Hence (4.5) implies that
n > prq + 4q — 4.

Thus if there exists a prime ¢ such that 11 < ¢ < % and g 1 m, then the result holds.

We now show the existence of such a prime.
First let 66 < k < 105. Then if ¢ € {11,13,17} it follows that

66 + 2 < kE+2

1<qg<17—
=4= 8 — 4

and m < 4k —2 < 4(105) —2 =418 < 11- 13- 17.

Hence there exists ¢ € {11, 13,17} such that 8 < ¢ < ¥2 and ¢ { m. Therefore the result
holds for k£ < 105.
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Now let £ > 106 and let ¢t = L%J Then

1
13.5 = =
2

-2

L106+2J<1V€1—2J t k+2

— e ct—1< 2
4 5 <Pr< 4

Therefore 11,13 and p; are distinct increasing primes bounded above by %. In addition,

11 k+2
m<4k—2<11-13-ﬂ%J <11-13-p,.

and so there exists ¢ € {11, 13, p;} such that ¢4 m. Hence the result follows. ]
Lemma 4.4.9. Let m > 19. Then there exists a prime q such that ¢ < 5 and q {m.

Proof. For 19 < m < 43 it follows by [33, Code 13| in MAGMA that there exists
q € {2,3,5,7} as required. Hence we may assume that m > 44. Let t = [7%], so that
mT_i)’ <t < 7. Then t > 10, and so by Theorem 4.4.1 there exists a prime p; such that

t m
e =< <t—1< —.
g S P 4

Since ™=3 < ¢, it follows that

Hence 2, 3, 5 and p, are distinct and less than =

m < 4t 4+ 3 < 15t, and so

~[3

m < 15t < 35 2p,.

Therefore there exists ¢ € {2, 3,5, p;} satisfying the lemma. ]

We now use Theorem 4.4.4(ii) to find a lower bound on the number of Bertrand primes

as in Theorem 4.4.1.

Proposition 4.4.10. For 19 < k < 39 lett = 3, for 40 < k < 72 let t = 4, and for

k> 173 and let
3k
t=|————2|.
Lom(%) J

Then there exist primes pp Y, pp®, ..., pi® such that

k
§<pk(1)Spk(z)—Qgpk(?’)—élg---§pk(t)—2(t—1><k’—2(t—1)—1.

Proof. We begin by verifying a few cases directly. Let P = (pV,...,p®). If

19 < k < 21, then let P = (11,13,17); if 22 < k < 25, then let P = (13,17, 19); if
26 < k < 33, then let P = (17,19,23); and if 34 < k < 39, then let P = (23,29, 31).
Hence the result holds for 19 < k < 39. If 40 < k < 45, then let P = (23,29,31,37); if
46 < k < 61, then let P = (31,37,41,43); and if 61 < k < 72, then let

P = (37,41,43,47). Hence the result holds for 40 < k < 72.
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Now let kK > 73. Let x = (%], so that % <z< % Let

k
Q={r+1<q<2x : qprime} and R:{qprime:§<q§k+1},

so that |Q| = m(2z) — 7(z) and @ C R. Hence by Theorem 4.4.4(ii), the size of @), and

so the size of R also, is at least

3 3
>
5In(xz) — 51n(

3k
D) " 105

a0

w|

Therefore |[R| > t+2. If ¢ € R\{k—1,k,k+1}, then &£ < ¢ < k—1. Since £ > 20, every
element of R is odd. Hence R contains at most two of {k — 1,k k + 1} thus |R\{k —
Lk k+1} > |R| —2 >t. Hence R\{k — 1,k,k+ 1} contains distinct increasing primes

e, @ pe®, L pW. Then in particular, & < p,() and p,¥ < k—1. Therefore since
all elements of R are odd it follows that
k

5<pk(1)Spk(z)—Qgpk(g)—élg---§pk(t)—2(t—1)<k—2(t—1)—1.

]

For the remainder of this section we use Proposition 4.4.10 to show the existence of

primes with certain properties.

Lemma 4.4.11. Let k > 26, let m > 19 and let n = mk. Then at least one of the
following holds.

(i) There exists a prime py such that £ < p, <k —1 and py { (m —1).

(i1) There exist primes q and py such that pp < q, q¢ + mk, k¢ < 2(y/n — 1) and
k< (m—q).

Proof. First let 26 < k < 39. Then the result follows by [33, Code 14], which we
summarise here. Let W = {g <w<k-—1:w prime}. Then it can be directly verified
that |[WW| > 2 for each k. Suppose that (i) does not hold. Then each w € W divides
m — 1, and so

r::ngm—1<m. (4.6)
weW

Let pg := min(W) and ¢ := min(W\{px}), then p, < g automatically. Since ¢ | (m — 1)
and £ < ¢ < k—1 it follows that ¢ { mk. For each 26 < k < 39, we find that k < (r — g
and kq < 2(Vkr — 1). Hence p; and ¢ satisfy (i) by (4.6).

Now let k& > 40 and let ppV, p,®, pp® | p @ be as in Proposition 4.4.10. Assume that

86



(i) does not hold. Then p® | (m — 1) for i = 1,2,3,4. Hence

k

4
(5) < o P g <m—1<m. (4.7)

We show that py, := pp(V) and q := p,? satisfy (ii). Clearly, p, < q. Since q | (m — 1)
and £ < ¢ < k — 1 it follows that ¢ f mk. Since k > 40, it follows that 2k* + 4 < VER?,

and so k% < %E — 2. Hence
2k N
2 —2_2<\/(§> \/E—l).

Combining the above with (4.7) implies that kq < 2(yv/mvk — 1) = 2(y/n — 1). Since

kg < k* <

k(k* — 16) > 40(40% — 16) > 16,

it follows that s=k(k* — 16k) > k. Hence (4.7) and ¢ < k imply that

N 1
m—q><§> — k= k(' — 16k) > k. O

Lemma 4.4.12. For k > 19 there exist primes p and pi,’ such that §+2 < pe,pr’ < k—1.
Proof. By Proposition 4.4.10 implies that there exist primes

k
5<pk(1)Spk(z)_ngk(B)_4<k_5-

Thus the lemma holds with py, := pr® and p;’ := p,®. ]
Lemma 4.4.13. If k > 8, then there exists a prime py such that g <ppr <k-—2.

Proof. If k = 8 or 9, then let p, = 5; if 10 < k < 13, then let p, = 7;if 14 < k < 18
then let pp = 11, and if £ > 19 then by Proposition 4.4.10 there are at least 3 Bertrand
primes, and so py, == piV) < k — 5. O

Lemma 4.4.14. Let either k > 33 and m > 19; or let 28 < k < 32, 19 < m < 41 and
m # 30. There exists primes py, and q such that py,2py, #m —q, ¢ <F and g{fm

— < <k —4.
5 > P>

Proof. If 28 < k < 32, 19 < m < 41 and m # 30 then the holds holds by direct
calculation in MAGMA using [33, Code 2].
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Hence assume that & > 33 and m > 19. Therefore Lemma 4.4.9 holds, and so there
exists a prime ¢ with ¢ < 7 and ¢ { m. For 33 < k < 106, using [33, Code 16] it can be
checked directly that there exist at least 2 primes p;") and p;,® in the range [2£2 k —4].
If m — q is even, then m — ¢ # p V), p®; and if m — ¢ is odd, then m — q # 2p, ™V, 2pp?.

Hence at least one of pi(! and p,(? satisfies the lemma.

Now let £ > 106. By Proposition 4.4.10 there exist primes

k
5<pk:(1)Spk(2)—2§]?k(3)—4§Pk(4)—6§pk(5)_8<k_9'

Therefore g +4 < p®, pp™® < k — 3, and so # < p® . p® <k — 4. By considering
the parity of m — ¢ as above, it follows that at least one of p,® and p, satisfies the

lemma. O]

Lemma 4.4.15. Let m,k > 19. Then there exist distinct primes py, pi’ and p,, such
that p,, < m — 4.

Proof. By Proposition 4.4.10 there exist primes

m
)

k
5 2 _2<m—3 and —<pk(1)§pk(2)—2§pk(3)—4<k—5.

<
> P 5

m

Hence p,, := pS,? <m — 4. At least two primes in {p,", pr?, p.®}, which we denote py,

and p;’, are not equal to p,,. O

Lemma 4.4.16. Let 23 < k < m < 4k — 2, let py and p;’ be as in Lemma 4.4.15, and
let g be as in Lemma 4.4.8, so that in particular ¢ + m. Then either py or p’ does not

divide (m — q).

Proof. If p, pi’ | (m—q), then pppi’ < (m—gq). Since k > 23, it follows that k? > 16k —8.

Hence (g)2 > 4k — 2, and so

k2
4k —2 < (5) <ppr <m—q<m,
contradicting the assumption that m < 4k — 2. ]

Lemma 4.4.17. Let m > 14. Then there exists a prime p,, such that
max{10, T} < pp, <m — 3.

Proof. If m = 14 or 15, then let p,, = 11; if 16 < m < 25, then let p,, = 13; and if
26 < m < 42, then let p,, = 23.
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For m > 42, Proposition 4.4.10 implies that there exist primes

m  —

21<%<p(1)<p£3)—2<m—3.

(1)

Hence pnll satisfies the lemma. [

Lemma 4.4.18. Let m,k > 18. Then there exist distinct primes py and p,, satisfying
mTJ“r’ <pPpm <m-—>5and py < k—>5; and if k < m < 4k — 2, then we may assume that

prt(m—2).

Proof. We begin by introducing various primes. If 18 < m < 88 and 18 < k£ < 88, then
by [33, Code 17] there exist distinct primes

m-+5

@ < k—5 and <pl@ <m —5.

Let l =m or k. If [ > 89, then by Proposition 4.4.10 there exist primes

[

g<n’ <’ —2<p” —a<p’ —6<p” -8 <i-0.
Hence pl(l),pl(2),pl(3) <l—5and l+75 < pl(z),pl(g) <[l—-5.

First assume that £ < 88. If k¥ < m < 4k — 2 then the result holds by [33, Code
17], otherwise let p, = pp(@. If m < 88 then let p,, = p,(ff), and if m > 89 then let

pm € {p5), p$)}.

Next assume that k£ > 89. If m < 88 then let p,, = p,(ﬁ), and if m > 89 then let p,, :=
pg). We now show that one of p, (! and p,? satisfies the lemma. If & < m < 4k —2 is not
satisfied, either of p;(V and p;(? satisfy the lemma. Hence assume that k < m < 4k — 2.

2
It is clear that k? > 16k — 16 and so (%) > 4k — 4. Hence

kN 2

and so at most one of pY and pi® divides m — 2. Thus there exists

e € {peV, pr®} which satisfies the lemma. O

Lemma 4.4.19. Let 18 < m < k. Then there exist distinct primes p,, and p. such that
pr #m—3, prp < k—06 and p,, <m — 6.

Proof. Let | =m or k. If [ > 89 then there exist primes

<p’<p? —2<p —a<p—6<pP -8<i-0. (4.8)

DO | =~

First let 18 < m < k < 89. Then the result holds by [33, Code 18].
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Now let & > 89 and m < 88. By [33, Code 18] there exists p,, < m — 6 and by (4.8)

there exist plgl),plg2),plgg) < k — 6. Hence we may let p; € {p,(ﬂl),p,(f),p,gg)}\{pm, m — 3}.

Finally if &k, m > 89, then by (4.8) there exist p,(q}b),p,(fb) <m—6 and p,\Y, p,® < k —6.
Therefore there exists py € {pr™, pr@ N\ {m—3} and p,, € {p&, P2 }\{pr}, which satisfy

the lemma. O

4.5 Generating graphs and cocliques

We begin by giving some history of the study of generation, generating graphs, cliques
and cocliques - see Definitions 4.5.1 and 4.5.5.

A group G is 2-generated if there exist x,y € G such that (z,y) = G. In 1962 Steinberg
[52] proved that all the finite simple groups known by 1962 were 2-generated. In addition,
Steinberg speculated that it may be possible to insist that one generator has order 2 or
that one generator is chosen to be an arbitrary non-identity element. This second property
is called 2-generation, and means that for all z € G\{1} there exists y € G such that
(z,y) = G. In 2000 Guralnick and Kantor [29] proved that all finite simple groups are
%—generated. Guralnick and Kantor also showed the following stronger result - for all
finite simple groups G, there exists a conjugacy class C' such that for all x € G\{1} there
exists y € C such that G = (z,y). More recently, Burness and Harper [9, 10] investigated
the size of the smallest set S C C such that for all x € G\{1} there exists y € S such

that G = (x,y). Such a set S is called a uniform dominating set.

One way to view such generation problems is via the generating graph. This enables
the use of graph theoretic results to gain a deeper understanding of generation. See for
example [42], in which Liebeck and Shalev first defined generating graphs and also used
Turdn’s Theorem [56]. The authors prove that there exists a constant ¢ > 0 such that
for every finite simple group G, the generating graph I'(G) contains a clique of size at
least ¢ times the minimal index of a proper subgroup of G. There has been extensive
investigation into clique size of these generating graphs, see for example [21], [44], [45] and
[53]. However cocliques have been much less studied. In [50] Saunders proves that for each
odd prime p, a maximal coclique in the generating graph of PSLy(p) is either a maximal
subgroup, or the conjugacy class of all involutions, or has size at most lg—g(p —1)+2. In
Chapters 5 and 6 we investigate when the intransitive and imprimitive maximal subgroups

of the symmetric and alternating groups are maximal cocliques.
We begin with the definition of cliques and cocliques in arbitrary graphs.

Definition 4.5.1. Let G be a graph with vertex set V' and edge set E, and let U C V.
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The induced subgraph is the subgraph Gy of G with vertex set U and edge set
Ey = {{u,v} € E|u,v e U}.
A vertex u € V is isolated if it is adjacent to no other vertex. Equivalently u is isolated

if Egyp =0forallveV.

We call U a coclique of G if Gy is an empty induced subgraph, meaning that all vertices
in Gy are isolated and so Ey = (). We call U a clique if Gy is a complete subgraph, that
is {u,v} € Ey for all distinct u,v € U.

A coclique is mazimal if it is contained in no larger coclique, and similarly for cliques.

Example 4.5.2. The following graph G = (V| E') is the Petersen graph.

A
"\

3 4

Let S = {1,2,3,4,5},T = {6,7,8,9,10},U = {1,3,9,10} € V. Then the induced

graphs, Gg, Gr and Gy, are as follows.

1 1

Gs Gr Gu

Then S and T are neither cliques nor cocliques, and U is a coclique. Since G is triangle-
free, it follows that cliques have size at most 2. We show that U is a maximal coclique
using two different methods: one checks directly; and one which illustrates some inter-

esting theoretical results.

91



First we use a direct method. From U = {1, 3,9, 10} it follows that V\U = {2,4,5,6,7,8}.
Then U U {2} is not a coclique since 1 € U and {1,2} € E. Similarly U U {a} is not a
coclique for all @ € V\U since

{4,3},{5,10},{6,1},{7,9},{8,10} € E.
Hence U is contained in no larger coclique, and so U is a maximal coclique. A

We now show that the size of any coclique is at most four, and so U can be contained

in no larger coclique. We begin with some theory.

For a graph G = (V, E), the adjacency matriz A = (a;;) is the |V| x |V| matrix with
a;; = 1if {i,7} € E, and a;; = 0 otherwise. The inertia of a matrix A is (a,a_,aop)
where a,,a_ and ay are the number of positive, negative and zero eigenvalues of A

respectively.

Theorem 4.5.3 (Inertia Theorem [22]). Let G = (V, E) be a graph, let n = |V|, and let
(ay,a_,ag) be the inertia of the adjacency matriz of G. Then the size of any coclique in
G is at most

min{n —a;,n —a_}.

Example 4.5.4. Let the Petersen graph be labelled as in Example 4.5.2. The adjacency

matrix corresponding to this labelling is as follows

0100110000
1010001O0O0O0
01 0100O01O0O0
00101O0O0O0T12Q0
A:1001000001
100000O01T10
01 000O0O0O0T1]1
0010010001
0001011000
0000101100

It can be verified that A has eigenvalues 1 with multiplicity five, 3 with multiplicity one,
and -2 with multiplicity four. Thus the inertia of A is (6,4,0), and so by Theorem 4.5.3

any coclique of G has size at most 4. Hence U is a maximal coclique. JAN

We now give the definition of a generating graph, first defined by Liebeck and Shalev
in [42].

Definition 4.5.5. Let G be a 2-generated group. The generating graph of G, denoted
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I['(G), has vertex set G\{1}, and edge set {{z,y} | (z,y) = G}.

Some sources take all elements of G as the vertex set of I'(G), and so the identity is an

isolated vertex, however we do not do this here.

Let G be a finite group with proper subgroup H and generating graph I'(G). Then for
all z,y € H it follows that (z,y) < H. Hence the elements of H\{1} form a coclique in
['(G). In a slight abuse of language (since we do not consider the identity element to be
a vertex), we say that H is a coclique in I'(G). Therefore each maximal subgroup of G
is a coclique in I'(G), but it may not be a maximal coclique. This observation prompts

our investigations in Chapters 5 and 6.

We now consider some of generating graphs with maximal and non-maximal examples

of cliques and cocliques.

Example 4.5.6. Let G = S3 so that I'(G) = (V, E) is as follows.

(1,2)

(1,3,2) (2,3)

/

(1,2,3) —(1,3)

Then {(1, 3,2), (1,2, 3)} ¢ E, since <(1, 3,2),(1,2, 3)> is a proper subgroup of G. Hence
U =1{(1,3,2),(1,2,3)} is a coclique in I'(G). Since both (1,3,2) and (1,2,3) are con-
nected to every vertex of V\U, it follows that U is a maximal coclique.

Let R = {(1,2),(2,3),(1,3),(1,2,3)} and S = {(1,2),(2,3),(1,3),(1,3,2)}. Then
['(G)r and I'(G)g are both complete graphs on 4 points. Hence R and S are cliques.
Because {(1,3,2),(1,2,3)} ¢ E, it follows that RU{(1,3,2)} and S U {(1,2,3)} are not

cliques. Therefore R and S are maximal cliques. JAN

Example 4.5.7. Let G = Sy, and let I'(G) = (V, E) be the generating graph of G. Then
((2,3,4),(2,3)) = S3 and ((1,2,3,4),(1,2)(3,4)) = Dih(8) are maximal subgroups of G,
and so U; = S3\{1} and Uy = Dih(8)\{1} are cocliques in I'(G).

We introduce the following notation which will help to visualise whether or not U; and

U, are maximal cocliques in I'(G). For i = 1 or 2, let
Ei={{z,y} € E|z € Uy ¢ Ui},

and let G; = (V, E;). The following figures show G, and G, with U; and U, highlighted.
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— (1,4,3,2)

(1,2) (3,4)

(1,3)(2,4)
(1,4) (2,3)

(1,4,2,3)

(1,3,2,4)

(11 2’ 4’ 3)
(1,4,2) (1,4,3)

Figure 4.1: G;

(1,4,2) (1,4,3)

Figure 4.2: G,
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In Figure 4.1, (1,3)(2,4) € V\U; is not connected to any element in U;, and so
{U1,(1,3)(2,4)} is a coclique in I'(G) containing U;. Hence U is not a maximal co-
clique. Each element of V\U, is connected to some element in Us. Therefore Us is a

maximal coclique. A

Since the examples above are small, it was easy to verify them directly. We now show
one possible way that theoretical arguments can be used to identify maximal cocliques

in generating graphs. We begin with some background material.

Definition 4.5.8. Let G be a finite group. The Frattini subgroup of G, ®(G), is the

intersection of all maximal subgroups of G.

The following lemma illustrates why the Frattini subgroup is sometimes called the

non-generating subgroup.

Lemma 4.5.9. Let G be a group and let X C G. If (X, ®(G)) = G, then (X) = G.

Proof. Let X C G such that (X, ®(G)) = G and (X) # G. Then (X) is a proper
subgroup of G, and so is contained in some maximal subgroup M of G. Therefore,
(X,®(G)) < M < G, contradicting the initial assumption. O]

Let p be a prime. An elementary abelian p-group is an abelian group in which every

non-trivial element has order p.

Theorem 4.5.10 (Burnside’s Basis Theorem [54, Theorem 1.16]). Let p be a prime and

let G be a d-generated p-group. Then G/P®(G) is an elementary abelian p-group of order

pt.

Theorem 4.5.11. Let p be a prime and let G be a 2-generated p-group. Then the maximal

subgroups of G are maximal cocliques in I'(G).

Proof. Let M be a maximal subgroup of G and let z € G\M. Since x ¢ M it follows
that z lies in a maximal subgroup N # M, and so ®(G) < M NN < M. Hence there
exists y € M\®(G). We now show that (x,y) = G, and so the result holds.

Let @Q := G/®(G) and let [z] = z®(G), [y] = y®(G) € Q. Then [z],[y] # [1], since
y € M\®(G) and x ¢ M > ®(G). Hence by Theorem 4.5.10, [z] and [y] have order p.

a

Suppose for a contradiction that [x] € ([y]). Then there exists a € N such that [z] = [y]*.
Therefore [1] = [zy~?], and so zy~® € ®(G) < M. A contradiction since y € M and

Since [y] has order p and @ has order p?, it follows that ([y]) is a maximal subgroup of
Q. Therefore ([z], [y]) = @, and so G = (z,y)P(G) = (z,y, P(G)). By Lemma 4.5.9, it
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follows that G = (z,y, ®(G)) = (z,y). O

In [14] Cameron, Lucchini and Roney-Dougal defined the following equivalence relation.

We prove a related result in Chapter 5.

Definition 4.5.12. Let GG be a finite group and let z,y € G. Then = =, y if and only
if  and y can be substituted for one another in all generating sets for GG, and x =" Y
exactly when x and y can be substituted for one another in any generating set of size r.
Finally, let ¢/(G) be the minimal value of r at which =) and =,, are the same equivalence

relation.

Example 4.5.13. Let G = S3. As can be seen in the generating graph given in Ex-
ample 4.5.6 the elements (1,2,3) and (1,3,2) have the same set of neighbours, and so
(1,2,3) = (1,3,2) A

4.6 General results on S,, and affine groups

In Chapter 5 we show the following. Let p > 5 be a prime such that p # % for all
prime powers ¢ and d > 2. We shall prove that all maximal subgroups of S, are maximal
cocliques in I'(S,); and for p > 5 all maximal subgroups of A, are maximal cocliques in
I'(A,). As part of the proof we show that the one-dimensional affine groups (see Definition
4.6.5) are maximal cocliques in S,. Here we introduce the affine groups and prove some
lemmas which we use in Chapter 5. We begin with a definition and lemma for arbitrary

groups, and then two lemmas concerning S,,.

Definition 4.6.1. Let G be a group with subgroup H. Then H is self-normalizing in G
if No(H) = H.

Lemma 4.6.2. Let G be a finite group, let H be a self-normalizing subgroup of G and
let x € G. Then the number of cosets of H in G which are stabilized by x in right coset

action is equal to the number of conjugates of H in G which contain x.
Proof. Let g1,g92 € G. Then
H9 = H? = H%% =H <= gg;' € Ng(H)=H <= Hg, = Hgs.

Hence there exists a set {g1,...,9,} € G of representative elements for both the cosets
of H and the G-conjugates of H. Then for 1 <i <r

Hgix = Hgy <= Hgwg,' = H <= guag;' € H <= z€g;'Hgy=H%. [
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Lemma 4.6.3. Let G = S,, and let g,h € G be two n-cycles. Then there are exactly n
elements of G conjugating g to h.

Proof. Let g = (ag, a1, ...,a,-1), let h = (bg,by1,...,b,-1) and let k € S,,. Then

k~tgk = (a’é,alf, Ces aﬁfl).

Since Q = {ag,...,a,_1} = {bo,...,b,_1} there exists 0 < i < n — 1 such that af = b,.
Hence if k~'gk = h, then aé‘-’ = bj4; for 0 < j < n with subscripts taken modulo n. Hence
for fixed i, there is exactly one k € S, such that g* = h and af = b;. Since there are n

possibilities for aff the result follows. O]

Lemma 4.6.4. Let p > 5, let G = S, let M = A,. For all x € G\M, there exists a
p-cycle y € M such that y is not normalized by x.

Proof. Let y be a p-cycle and let « € Q = {1,2,...,p}. If z € (y) and o* = o¥' for some
i € Z, then z = y/'.

If |Fix(z)| > 2, then there exists a, f € Fix(z). Let v € Supp(z). Let y be a p-cycle
with o¥ = 8 and o = ~. Then

" T =¥ = P =B =0aY and ol ¥ = BTV = gV — 4P Ly = ¥

Hence o = o¥ and a#")’ # ¥, Therefore y* ¢ (y), and so = does not normalise .

Hence we may assume that |Fix(z)| < 1. Since p > 5 it follows that |Supp(z)| > 4, and
so the disjoint cycle decomposition of x contains either a product of two transpositions,

a 3-cycle, or an r-cycle for r > 4.

First assume that x contains a product of two transpositions, which we label («, 8)(7, ).
Let e € {1,...,p\{a, B,7,0} and let y be a p-cycle with o = 3, 8 = v and o = €.
Then

ﬂw_lyw =¥ = Bx == By_l and ax_lyx - Byw = 7x =0 7£ €= ay_l'

Hence y* ¢ (y), and so x does not normalise y.

Next assume that x contains a 3-cycle which we label («, 3,7). Let y be a p-cycle with
oy = and Y = ~. Then o’ = v, and since p > 5 it follows that v¥ # a. Then

BT =¥ = BT =y =Y and 47 VT =Y =47 = a # Y

Hence y* ¢ (y), and so x does not normalise y.
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Finally suppose that x contains an r-cycle with » > 4. Hence there exist
a, 3,7, € Supp(x) with o = 8, f* =~y and v* = 4. Let e € {1,...,p}\{, 5,7, 0}, and
let y be a p-cycle with ¥ = 3, Y =+ and 7Y = €. Then

B ¥ = fr =y = and 4" W= BT = = A e= A,
Hence y* ¢ (y), and so x does not normalise y. O

We now introduce the affine groups. For the remainder of this section let p be a prime,
let F = GF(p) and F* = F\{0}, and let « € F* and § € F. Then we can define a map
tapg: F—TF by

tap:{—al+ [ for £ €.

We call such a function a I-dimensional affine transformation. We show that the col-
lection of all 1-dimensional affine transformations forms a group under composition of

maps.
Let o,/ € F* and let 3,5, € F. Then ad’ € F* and
taptarp (&) = tas(d’d+ )

=a(d¢+4)+p (4.9)
=ad'é +af + 8.

Hence to gto g = oo ap+p is @ 1-dimensional affine transformation. From ¢, ¢(£) = 1£+0
for all £ € I, it follows that ¢; ¢ acts as the identity map on F. Since o € F* it follows that
a~! € F*. Hence ta-1,_a-1p is a 1-dimensional affine transformation and t;’lﬁ =to-1,_a-18
by (4.9). Since composition of maps is associative, it follows that we may define the

following subgroup of Sym(F).

Definition 4.6.5. The 1-dimensional affine group is

AGLy(F) = {tap | « € F* and § € F}.

Up to isomorphism GF(p) is the only field of order p. Hence we may write
AGL4(p) < Sym(GF(p)) = S, in place of AGL;(F) < Sym(IF).

Let a, o € F* and 3,8 € F. If g # ', then

ta3(0) =B # B =twz(0).

If p=p" and a # o/, then

tap(l) =+ B # o'+ 5 =tag(1).
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Hence t, 3 =ty p if and only if (a, 5) = (¢, #’). Therefore |AGLy(p)| = (p — 1)p.

We now introduce two subgroups of AGL;(p) and prove some results about these sub-
groups. Let G = AGLy(p), let T'={t1, | v € F} and let R = {t,o | @ € F*}.

Lemma 4.6.6. Let G and T be as above. Then T is a reqular normal subgroup of G.

Proof. Let tyy,t1 € T. Then t1,t1 =t14y € Tand t;, =t;_, €T, andso T < G
Since t1, = t{, it follows that T = (t,1) = C,,. Let t,3 € G and t;, € T. Then for { € F

tohtiatas(€) = ta-1—a-15t14ta,s(€)
= ta-1,—a-18t15(a€ + B)
=ta-1, a-15(a€ + B +7)
=a N (ab+B+7)—a'B
=¢+aly
= t1,a-1,(§)

Now t1 -1, € T, and so T' < G. ]
Lemma 4.6.7. Let G, T and R be as above. Then G =T x R.

Proof. Let to,tar0 € R. Then tyote o = taaro € R and t;}) =t,-10€ R, andso R < G.
Clearly TN R = {t10} = {id}. Let t, s € G. Then

tap(§) = al + B =t () = t1 gtan(§),

with ¢ 3 € T" and t,o € R. Hence G =T R. O

We now collect some results about AGL;(p) which will be used in Chapter 5.

Lemma 4.6.8. Let S = Sym(F), let G = AGLy(p) < S and let T = (t;1) I G. Then the
following hold.

(i) The group G is sharply 2-transitive.
(ii) Each element of G is either a p-cycle or a power of a (p — 1)-cycle.

)
)

(iii) For all £ € T, there exists a (p — 1)-cycle z € G fizing .
)

The group of translates, T = (t11), is the unique Sylow p-subgroup of G and
G = Ng(T).

(iv

(V) If y1,y2 € G are (p — 1)-cycles and (y1) # (y2), then G = (y1,y2).
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Proof. (i) To show that G is sharply 2-transitive we show that for all 7,0 € F* there

(if)- (i)

(iv)

(v)

exists a unique t € G such that ¢(0) = 0 and ¢(y) = 0.

Let t :=t,3 € G. Then t(0) = 0+ 3, and so £(0) = 0 if and only if 5 = 0. Now let
t :=ta0. Then t(y) = ay, and so t(y) = § if and only if @ = dy~!. Therefore the

result follows.

We begin by finding a (p — 1)-cycle in G. Let w be a primitive element of F*, let
vy€Fandlet r:=t,,€G. Thenfori € Nand { € F

M) =wé+yw  +w P+ w1
=W+ W —1)(w—-1" (4.10)

= twi,'y(wi—l)(w—l)*l (g) :

Since w has order p — 1, it follows that r* # 1 for i < p — 1 and that r?~! = ¢.

Hence r has order p — 1.

If r'(€) = &, then £(1 — w') = y(w" — 1)(w — 1)~ by (4.10), and so £ = v(1 —w) ™.
Therefore, for 1 < i < p — 1, the only fixed point of r* is y(1 — w)~'. Hence from
G < S, it follows that r is a (p — 1)-cycle. Thus for € € IF it follows that t,, (1. is
a (p — 1)-cycle fixing €, and so (iii) follows.

By The Orbit-Stabilizer Theorem |G| = p — 1, and by the above t,0 is a
(p — 1)-cycle. Hence Gy = (t,p). Since G is transitive it follows that all point
stabilizers are conjugate. Hence if ¢ € G has a fixed point, then t is a power of a
(p — 1)-cycle.

If t € G\T then t = t,p for a # 0,1. Hence ¢ # id fixes (1 — «)™! and so is a
power of a (p — 1)-cycle. If "€ T\{1} = C,\{1} then ¢ is a p-cycle.

Since |G| = p(p — 1) and |T'| = p it follows that T" is a Sylow p-subgroup for G. By
Sylow’s Theorem all Sylow p-subgroups are conjugate, hence T is the unique Sylow

p-subgroup by Lemma 4.6.6.

If an element of S normalizes 7', then it maps ¢; ; to one of p—1 non-trivial elements
of T', namely ?; 1, til, e ,tﬁ{’;”. By Lemma 4.6.3, for fixed 1 < i < p—1, there are
exactly p elements of S which conjugate t1; to t] ;. Therefore [Ng(T)| = p(p—1) =
|G|. Since T' < G it follows that G < Ng(T'), and so G = Ng(T').

Let y1,y2 € G be (p — 1)-cycles such that (y1) # (y2). Hence [G : (y1)] = p, and so
(y1) is a maximal subgroup of G. Since yo ¢ (y;) it follows that (y;,y2) = G. O
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Chapter 5

Intransitive subgroups as cocliques

Let G be S, := Sym({1,...,n}) or A, := Alt({1,...,n}), let M be an intransitive
maximal subgroup of G and let I'(G) be the generating graph of G. Recall that for ease

we say that M is a maximal coclique if M\{1} is a maximal coclique in I'(G).

As discussed in Section 4.5, M is a coclique in I'(G), but not necessarily a maximal
coclique. Here we determine when M is a maximal coclique on I'(G), and when M is not

we find the unique maximal coclique containing M.

In addition, we prove a conjecture of Cameron, Lucchini and Roney-Dougal [14] holds
for G under certain conditions on n. The results of this chapter are stated in full in the

following section.

The material in this chapter is from [34], with more detail given here.

5.1 Introduction

Our first main theorem determines when M is a maximal coclique.

Theorem 5.1.1. Letn > 4, let G = S,, or Ay, letn >k > 5 and let M = (Sk X S,_x)NG

be an intransitive mazimal subgroup of G.
(i) If G =S, then M is a maximal coclique in I'(G) if and only if ged(n, k) = 1 and
(n.K) £ (4,3).
(i) If G = A, then M is a maximal coclique in I'(G) if and only if (n, k) ¢ {(5,3),(6,4)}.
The following concerns the exceptional cases of Theorem 5.1.1.

Theorem 5.1.2. (i) Letn >4, let G =8, let n >k > 5 and let M = Sy, x S,_;, be

the intransitive mazimal subgroup of G stabilizing {1,... k} setwise.
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(a) If ged(n, k) > 1, then the unique maximal coclique of I'(G) containing M is
MU (1, k+1)M\{1}.

(b) If (n,k) = (4,3), then the unique mazximal coclique of T'(G) containing M is
MU (1,4)(2,3)"\{1}.

(ii) Let (n,k) € {(5,3),(6,4)}, let G = A,, and let M = (Sp X Sp—x) NG be the

intransitive mazimal subgroup of G stabilizing {1, ..., k} setwise.

(a) If (n,k) = (5,3), then the unique maximal coclique of T'(G) containing M is
MU (1,4)(2,3)"\{1}.

(b) If (n,k) = (6,4), then the unique mazximal coclique of T'(G) containing M is
MU (1,5)(2,6)"\{1}.

Recall by Definition 4.5.1, that a vertex of a graph is isolated if it has no neighbours.
Settling a long-standing conjecture, Burness, Guralnick and Harper show in [8] that if G
is a finite group of order greater than two and all proper quotients of GG are cyclic, then
no vertex of I'(G) is isolated. The result for G = A,, and S,, goes back much further, see
[48].

Let G be a finite group, let z,y € G, and let E%)

4.5.12. Hence ¥(G) < 2, if =2 y implies that z =, y. In [14], Cameron Lucchini and

Roney-Dougal make the following conjecture.

, =m and ¥ be as in Definition

Conjecture 5.1.3 ([14, Conjecture 4.7]). Let G be a finite group such that no vertex of
['(G) is isolated. Then (G) < 2.

The authors observe on pl4 that as a consequence their Lemma 2.17 in the same
paper, that to prove Conjecture 5.1.3, it suffices to show that each maximal subgroup is

a maximal coclique in I'(G). This motivates the following theorem.

Theorem 5.1.4. Let p > 5 be a prime such that p # % for all prime powers q and all
d>2, and let G =S, or A,,.

(i) If G =S,, then each mazimal subgroup of G is a mazimal coclique in I'(G).

(ii) If G = A,, then each maximal subgroup M of G is a mazimal coclique in I'(G)
except when p=>5 and M = (S3 x S) N G.

The restrictions on p, when combined with Theorem 5.4.1, enable us to fully describe

the transitive subgroups of S,. For more discussion see Chapter 7.

Theorem 2.26 of [14] states that ¢(A5) = 2. Hence, using the authors’ observation the

following is immediate and verifies Conjecture 5.1.3 for S, and A, when p # %.
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Corollary 5.1.5. Let G and p be as in Theorem 5.1.4. Then ¢(G) = 2. That is, two
elements of G belong to exactly the same maximal subgroups of G' if and only if they can

be substituted for each other in all generating pairs for G.

This chapter is structured as follows. In Section 5.2 we prove some preliminary lemmas
and show that Theorems 5.1.1 and 5.1.2 hold for n < 11. In Section 5.3 we complete
the proof of Theorems 5.1.1 and 5.1.2. Finally, in Section 5.4 we prove Theorem 5.1.4.
Some small cases, which are proved primarily using MAGMA, are covered in the appendix,
Chapter 8.

5.2 Preliminary results

We begin by introducing some notation and preliminary lemmas which we use for the
remainder of the chapter. We then show that Theorems 5.1.1 and 5.1.2(i) hold when
n < 11, and prove Theorem 5.1.2(ii). Finally we divide the task of proving Theorems
5.1.1 and 5.1.2(i) into subcases.

Throughout this and the next section we use the following notation.

Notation 5.2.1. Let n >k > § >2and let Q = UQy = {1,... ,k}U{k+1,...,n}.
Let G =S, or A, acting on €, let

M = Stabg(Q1) = Stabe() (sk x sn_k) NG,

and let x € G\M. Let J;, J. and J; be as in Definition 4.3.3, and let 7 be as in Theorem
4.3.4.

Recall that M is a maximal coclique in I'(G) if and only if for all x € G\ M there exists
y € M such that (z,y) = G. In the following we show that it suffices to consider = up to
conjugation by M.

Lemma 5.2.2. Let G and M be as in Notation 5.2.1. Let X be the set of elements of
G\M wup to conjugation by M. Then M is a maximal coclique in I'(G) if and only if for
each x € X there exists y € M such that (x,y) = G.

Proof. If M is a maximal coclique then for all x € G\M, and so in particular for all
x € X C G\M, there exists y € M such that (z,y) = G. Hence the forward direction
holds.

Now assume that M is not a maximal coclique of I'(G). Then there exists x; € G\M
such that (z1,y) # G for all y € M. Let m € M and let x := z7". Then for all y € M we
deduce that

(2, y") = (" y") #G" =G O
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We now prove Theorem 5.1.1 for some small values of n and n — k.

Lemma 5.2.3. Let n < 11. Then Theorems 5.1.1 and 5.1.2 hold.

Proof. Let X be a list of all possibilities for z € G\M up to M-conjugacy. For z € X,
let L, be a list of elements of M up to conjugation by Cys(z) (the centralizer of x in M).

If there exists x € X such that (z,y) # G for all y € M, then (x,y) # G for all y € L,.
If there exists x € X such that (z,y) # G for all y € L,, then (x,y°) = (z°,y°) # G° =G
for all ¢ € Cyy(z). Since LS ™ = M, Lemma 5.2.2 implies that M is a maximal coclique
if and only if for all z € X there exists y € L, such that (z,y) = G.

We proceed using [33, Code 1] in MAGMA, which we summarise here. For each n and

each n > k > g we construct X, and for each z € X we calculate the corresponding

L. If there exists y € L, such that (x,y) = G then remove x from X. Hence after this

routine, M is a maximal coclique in T'(G) if and only if X = .

There are a small number of cases of n, k and G for which X # (). We list them here
along with x € X.

(i) G=S,,z=(1,k+1) and (n,k) = (6,4), (8,6), (9,6), (10,6) or (10, 8); or
(i) (G,k,x) =(S4,3,(1,4)(2,3)), (As,3,(1,4)(2,3)), or (Ag,4, (1,5)(2,6)).

Hence (z,y) # G for all z € M and y € M. Any two elements of 2 are involutions and
so generated a dihedral group. Therefore in these cases the maximal coclique in T'(G)
containing M is M Uz \{1}. O

We now use Lemma 5.2.2 to prove an assumption that we can make on z.

Proposition 5.2.4. Let n > 12 and let G and M be as in Notation 5.2.1. Then M is a
maximal coclique of T'(G) if and only if for all x € G\M such that 1* = k+1 there exists
y € M such that (z,y) = G.

Proof. Since x ¢ M there exists o € €1 and 8 € 5 such that o = . If n—k = 1, then
B =k -+ 1 and by Lemma 4.1.7 there exists m € M such that o™ = 1. If n — k > 2, then
by Lemma 4.1.7 there exists m € M such that o™ =1 and ™ = k+ 1. By Lemma 5.2.2

it suffices to consider x up to conjugation by M, and so the result follows. ]

We now define two distinct hypotheses which between them cover all possibilities in

the case where x € G\ M is not a transposition and n > 12.
Hypothesis 5.2.5. Let n > 12 so that k > 7.

(A) Let G = A, ifnis odd and G =S, if n is even.
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(B) Let G = A, if nis even and G = S,, if n is odd.
In both cases, assume that 1* =k + 1 and that x # (1,k + 1).

For the remainder of the chapter we introduce the following notation, which makes it

immediately clear how the cycles of an element of M split across €2; and €25.

Notation 5.2.6. For y € M define

Cu(y) = Ci(y) | C2(y),
where C;(y) :=C(y |q,) for i =1,2.

Recall by Notation 4.2.2, that for y € S,, with disjoint cycle decomposition ¢y - - - ¢;, we
let ©; = Supp(c¢;) for 1 <7 <t

5.3 Proof of Theorems 5.1.1 and 5.1.2

In this section we complete the proofs of Theorems 5.1.1 and 5.1.2. Let G, M, n and
x be as in Hypothesis 5.2.5(A) or (B). Using the results of Sections 4.2, 4.3 and 4.4, we
construct y € M such that H := (z,y) is primitive and contains a Jordan element. Hence
A, < H, and by the parity of y it will follows that H = G.

5.3.1 Hypothesis 5.2.5(A)
We begin by putting restrictions on x.

Lemma 5.3.1. Let n,G, M and x be as in Hypothesis 5.2.5(A). If | N Supp(z)| = 1
and x is a Jordan element, then there exists y € M such that (z,y) = G.

Proof. By Hypothesis 5.2.5 |[Supp(z)] > 2, and so there exists a point
a € Supp(z)\{1, k + 1}. Our assumption that [€2; N Supp(x)| = 1 implies that a € Q.

By Lemma 4.2.1, elements of S,, composed of three cycles lie in A,, if and only if G = A,,.
Therefore there exists y = cicocg € M such that

Culy) =k[(n—k=1)-1,

and O3 = {a}. Let H = (x,y) and let Y = (y). Since 1 € ©; and k + 1 € O, it follows
that ©; U O, = Q\{a} C 1. Since a € Supp(x), the group H is transitive.

We show that H is primitive. Let A be a non-singleton block for H containing a. Let
B € A\{a}. Since « is fixed by y, it follows that AY = A. Hence 8¥ U{a} C A. If
B € Oy, then ¥ U{a} =0, Ua C A. Hence [A| > k+1> 2 and so A = Q by Lemma

1

4.2.6. If B € ©,, then ©,U{a} C A. Since Supp(z)NO; = {1} and (k+1)*  =1#a" ',
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it follows that o € ©y C A. Hence A* ' = A, and so A” = A. By the transitivity of
H, it follows that A = Q.

Hence H = (x,y) is primitive, and contains the Jordan element x. Thus A, < H, by
Theorem 4.3.4, and so H = G by the parity of y. n

We now show that if |©Q; N Supp(z)] = 1, then there exists y € M such that
(x,y) =G.

Lemma 5.3.2. Let n,G, M and z be as in Hypothesis 5.2.5(A). If |2, N Supp(z)| = 1,
then there exists y € M such that (x,y) = G.

Proof. We begin by showing that we can make assumptions on z. By Lemma 5.3.1
the result holds if x is a Jordan element, and so by Lemma 8.2.3 the result holds if
n — k < 10. Hence assume otherwise. Therefore « ¢ J;, and so 2(y/n — 1) < [Supp(x)].
Since € N Supp(z)| = 1 it follows that [Supp(z)| < n —k+ 1. Thus n — k > 10 and
2(y/n —1) < n—k+1, and so by Lemma 4.4.6 there exists a prime p® such that
2 < p? <n—k—3and p® t k. In addition, by Lemma 8.2.2 the result holds if
|Supp(z)| < 8 or if C(x) = 1"® . 2% 50 we may assume otherwise. Therefore by Lemma
4.2.3(ii) there exist a, o, 3, 5%, 6, € € Supp(x)\{1, k+1} such that (9, €) is not a cycle of .

The proof splits into two cases. For each we give an element y € M such that H = (z,y)
is transitive and contains an element of 7.. We then prove simultaneously that in both
cases H is primitive. First suppose that p® | (n—k). By Lemma 4.2.1, elements composed
of five cycles lie in A,, if and only if G = A,,. Hence there exists y = cicac3cqcs € M such
that

Culy) =k|p?-(n—k—p? —2)-1-1,

with a, B, B* € Og, k+1,a" € O3, ©4 = {0} and O5 = {¢}. Let H = (x,y). Since 1 € 6
and k + 1 € O3, it follows that ©,,05 C 1. Then because a € ©, and a® € Oy, it
follows that ©, C 1#. Since (6, €) is not a cycle of z and Q\{d, e} C 17, the group H is
transitive. Since p® > 2 and p® | (n— k), it follows that p@ { |©3]. Hence y*n—k—r*~2)
is a p®-cycle, and so yF k- P92 ¢ 7.

Next suppose that p® { (n — k). By Lemma 4.2.1, elements composed of three cycles
lie in A,, if and only if G = A,,. Hence there exists y = c¢ycocg € M such that

Culy) =k |p? - (n—k—p?),

with a, 8, % € ©y and k + 1,a” € O3. Let H = (z,y). Since 1 € O and k+ 1 € O3
it follows that ©;,03; € 1. Finally, from a € O, and o® € Os, it follows that H is
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transitive. Since p@ { (n — k) it follows that p® { |©s]. Hence y*—+-+®) ig a p@_cycle,
and so yk(”_k_p@)) € Je..

Let H be as in either case above and let H be a non-singleton block system for H. From
p®? 4 |0;] for i # 2, Lemma 4.2.12 implies that there exists a block A € H such that
©, C A. Therefore AY = A. Furthermore, from 3, 3% € O, we deduce that A¥ = A.
Hence A = () by the transitivity of H. Thus H is primitive and contains an element of 7.
Therefore A,, < H by Theorem 4.3.4, and by the parity of y it follows that H = G. O

We now complete the proof that under Hypothesis 5.2.5(A) there exists y € M such
that (z,y) = G.

Lemma 5.3.3. Let n,G, M and x be as in Hypothesis 5.2.5(A). Then there exists y € M
such that (x,y) = G.

Proof. 1f |21 N Supp(x)| = 1, then the result holds by Lemma 5.3.2. Therefore we may
assume that [ N Supp(z)| > 2, and so there exists a € (€4 N Supp(x))\{1}. Since
k > 7, there exists a prime p; such that 5 < p, < k — 2, by Theorem 4.4.1.

First assume that k£ = py + 2 and n — k = p,. Hence n = 2p;, + 2. Thus n is even,
and so by Hypothesis 5.2.5(A) it follows that G = S,,. By Lemma 4.2.1, elements of S,
composed of three cycles are in S, \A,,. Let y = cicoc3 € M such that

Cu(y)=3-(px—1) | pr,

with 1 € O, a € O5 and o ¢ ©y. Let H = (z,y). Since 1 = k + 1, it follows that
0,035 C 17, Then o € ©, and o € ©; U O3, so H is transitive.

Let H be a non-singleton block system for H. Since py 1 |©1],|O2|, Lemma 4.2.12
implies that there exists a block A € H such that ©3 C A. Hence AY = A, and so A is
a union of the orbits of y and contains ©3. Hence |A| = pg,pr + 3,2px — 1 or 2pg + 2.
Since |A| divides n = 2p; + 2, it follows that |A| = 2p, + 2. Hence H is primitive and
contains 3*®+~Y € J,. Therefore H = G by Theorem 4.3.4.

Hence for the remainder of the proof we may assume that either k # pp+2 or n—k # ps.

Since k — 2 > py, it follows that we can assume either

kE—pr,>2 or n—Fk=#p. (5.1)

By Lemma 4.2.1 elements of S,, composed of three cycles are in A,, if and only if G = A,,.
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Hence let Y be the set of elements y = c¢icoc3 € M such that

Cu(y) = (k—px) v | (n— k),

with 1 € O, a € Oy and a” ¢ ©,. By Lemma 4.2.1, ) # (), and consists of elements of
A, ifand only if G =S,,. Forally € Y, let H = H(y) = (z,y) and let Y = (y). The
proof of transitivity is identical to the previous case. We assume, by way of contradiction,

that H(y) is imprimitive for all y € ), and let H be a non-trivial block system for H.

First suppose, for a contradiction, that there exists A; € H such that ©, C A;. We
begin by showing that if ©; C Ay, then A; = O,. Suppose otherwise, and let 5 € A;\Os.
From ©, C A; we see that AY = Ay, If § € Oy, then ©; U0, C Ay and so [A| > k> %,
a contradiction. Hence § € O3, so O, U B3 C Ay, yielding the contradiction

N

k k
|A1|2|®2|+|@3|:pk—|—n—k>§—|—n—k:n—§>§

Hence if ©; € A; then A} = O,. Therefore |A;| = py and so py | n. Since § < k < 2p,
it follows that n < 4py, and consequently either n = 2p; or n = 3p.

If n = 2py, then H consists of two blocks A; = O3 and Ay = Q\A; = ©; U O3. Hence
{1,k +1} = {1,1*} C A,, and so both = and y leave A, invariant, contradicting the
transitivity of H.

If n = 3pg, then there exist blocks Ay and Aj such that H = {A;, Ay, Az}. Hence
Ay U A3 = ©1 U©O3. Since p # k — p;. it follows that ©; is not a block. Therefore A,
and Az contain points of ©; and O3. Hence y* = (Ay, A3z). If there exists 8 € A; such
that % € Ay, then A7 = A; = AY, a contradiction. Therefore A7 C ©; U ©3, and since
|A1] = pr > 5, there exist distinct points 3,7 € A; such that % 4" are either both

contained in ©7 or in ©3. Let

Wh={yel|(B) =1}

and notice that )y # (. Hence for all y € ), the block A, contains exactly one of
{6%,4*}. Thus AT N Ay # () and AY # A,, a contradiction.

Therefore if nis even and y € Y or if n is odd and y € ), then there is no block A; € H
satisfying ©, C A;. Hence it follows from Lemma 4.2.11(ii) that ¢} is a pp-cycle. Let
A € Supp(cit). From py, > k — py, it follows that AN ©O; = () by Lemma 4.2.11(iv). Since
A is non-trivial it follows that A N O3 # (). From |A| > 1 we deduce that A N O3 # .
Hence ¢}t = ¢} by Lemma 4.2.11(i), and so p;, | (n — k) by Lemma 4.2.10. Therefore
pr = n — k by Lemma 4.4.3, and so |A| = 2. If n is odd then we reach a contradiction,

and so if y € ), then H = (x,y) is primitive. Therefore assume that n is even.
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From A N©; = 0, it follows that ¢}* and ¢} = c}' act on disjoint sets of blocks. From
pr = n — k it follows by (5.1) that |©] = k — pr > 2. Thus O, is a union of blocks at
least two, |©1| > 4 and ¢ is a cycle of length k‘%. Hence there exists § € ©;\{1,a" '},
and the set

k—p
Vo={yey 17 =g}
is non-empty. Hence for all y € Vs, it follows that I' = {1,3} is a block for H(y).
Consider I'? = {k+1, 3%}. If 8% € Qy, then I'* C Q, = O3, contradicting the fact that ¢}’
is a pp-cycle and so acts regularly on blocks. Hence 5% € ;. Since 3 # o' it follows
that 8% # a. Since |©4| > 4, there exists y € Vg such that 5% € ©,. Thus k+1 € I'"NO;
and % € I'" N ©4, contradicting the fact that ¢; and c3 act on disjoint sets of blocks.

Hence when n is odd there exists y € )i, and when n is even there exists y € Vs
such that H = (x,%) is primitive. If n — k # py, then y*=P)®=k) ig a p,-cycle; and if
n — k = pg, then yP* is a (k — pg)-cycle. Thus in both cases H contains an element of 7.
and so H = G by Theorem 4.3.4. [l

5.3.2 Hypothesis 5.2.5(B)

In this section we show that for n,G, M and x as in Hypothesis 5.2.5(B) there exists
y € M such that (z,y) = G. This parity proves to be more difficult than the previous

and so will require more cases.

We begin with the case [€2; N Supp(z)| = 2 = |22 N Supp(z)|.
Lemma 5.3.4. Let G, M,n and = be as in Hypothesis 5.2.5(B). If |y N Supp(z)| = 2
and [Supp(z) N Qs| = 2, then there exists y € M such that (x,y) = G.
Proof. Let Q1 N Supp(x) = {1,a} and Qs N Supp(z) = {k + 1, 8}. Then there are three
possibilities for z, namely (1,k+ 1,,5),(1,k+ 1,58, a) or (1,k + 1)(a, B).

By Lemma 4.2.1, elements of S,, composed of two cycles lie in A,, if and only if G = A,,.
Hence there exists y = cico € M such that

Culy) =k | (n—Fk),

with 1° = o and (k + 1)¥ = f. Since 1% = k + 1, it follows that H = (z,y) is transitive.

We prove that H is primitive. Let A be a non-singleton block for H containing 1. We
shall show that there exists v € (AN©;)\{1}. Let 6 € A\{1}. If 6 € ©4, then let v := 4.
If 6 € ©,, then let v := 1¥""". Since k > n — k, it follows that v # 1. From 6*" " =§
we deduce that AV ™" = A, hence v € AN O;.

We claim that A = A and so k+ 1 € A. If v € Fix(z), then this is immediate. If
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~ ¢ Fix(z), then by looking at Supp(z) we deduce that v = a = 1¥°. Hence AY" = A and
so 1¥" € A. Since k > 7, it follows that 1% # 1, . Hence 1¥" € Fix(z) and so A* = A.

The block AY contains § = (k + 1) € Supp(z) and € := 1Y € Fix(x). Therefore
(A¥)* = AY, and so * € AY. By consulting the possibilities for = it is immediate that
either /% = a = ¥ or B* = 1 = ¥ '. Hence either {¢,¢¥} or {e,¢¥ '} C AY. Thus
(A¥)Y = AY and so AY = A. Hence A* = A =AY, and so A = Q.

Therefore H = (x,y) is primitive. Since |Supp(z)| = 4 < 2(y/n — 1) it follows that
x € J,. Therefore A,, < H by Theorem 4.3.4, and the parity of y implies that H = G. [

We now generalise to the case where both |21 N Supp(z)| and |Qy N Supp(x)| are at
least 2.

Lemma 5.3.5. Let n,G, M and z be as in Hypothesis 5.2.5(B). If |1 N Supp(z)| > 2
and |Qs N Supp(x)| > 2, then there exists y € M such that (x,y) = G.

Proof. By Lemma 5.3.4, the result holds when [Supp(x)| = 4, and so we may assume
that |[Supp(z)| > 4. Hence there exist points a € Q;\{1} and g € Q2\{k + 1} such that

o # .
We define Y, a set of elements of M composed of four cycles (with unspecified lengths).
We show that for all y € Y that H = (x,y) is transitive. We then define subsets of )

based on the lengths of the cycles, and in each case show that H is primitive and contains

a Jordan element.

Let ) be the set of y = cicecsey € M such that ©; U Oy = Qy, O3 U Q4 = (),
1 €0, €09, 0" ¢ 0Oy, k+1€ O3 and ©, = {f}. By Lemma 4.2.1, elements of S,,
composed of four cycles lie in A,, if and only if G = A,,, so Y # 0. For all y € ), let
H = H(y) = (z,y) and let Y = (y).

From 1% = k + 1 we deduce that ©1,0; C 17, Since o® # § and o € O, it follows
that o € ©; U©3. Hence Q\{f} = ©;UO,UBO3 C 17 and since 8 € Supp(z), it follows
that H is transitive. Assume, by way of contradiction, that H is imprimitive, and let H

be a non-trivial block system for H.

Let pi be as in Theorem 4.4.1 so that % < pr < k—1. We split into two cases. First
assume that pp =n—k —1and pp =k — pr + 1. Then

n=pyr+k+1=py+2p; = 3ps,
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and so it follows from Hypothesis 5.2.5(B) that G = S,,. Let

ylZ{yGy : CM(y):(pk+1)-(pk—2)|pk'1}-

Then Y; # 0 and py 1 |©1], |02, |O4]. Hence Lemma 4.2.12 implies that there exists a
block A € H such that ©3 C A, and so |A| > pg. Since n = 3py and |A| | n, it follows
that |A| = pr and A = ©3. Let I' be the block containing 5. Then I'Y =T, and so I’
is a union of some of the ©;. Since |I'| = p; we reach a contradiction. Therefore for all
y € V1, the group H = (z,y) is primitive. Furthermore, yP**V®=2) ¢ 7 and so H = G
by Theorem 4.3.4.

We may now assume that either

p#Fk—pr+1 or ppFn—k-1 (5.2)

Let
y2={y€y:CM(y):(k’—pk)-pk|(n—k‘—l)-l}.
Then Y, # 0.

We first claim that there exists A € H such that © C A. If pr, # n — k — 1, then
pr 1 (n —k —1) by Lemma 4.4.3. In which case py 1 |01],|03], 04| and so the claim
holds by Lemma 4.2.12. Suppose instead that pp = n — k — 1. If the claim does not
hold, then I(c}!) = p;, by Lemma 4.2.11(ii). Hence c}* and ¢} act on distinct sets of
blocks by Lemma 4.2.11(iv). Since H is non-trivial it follows that ¢} = ¢}, and so block
size is two. Let I' € H be the block which contains 3. Then I'Y = I' since 3 is fixed
by y. Hence I' ¢ Supp(ch) = Supp(c}), and so T' N O, # (). Therefore ©; C T' and
Ul >k—pr+1>k—(k—1)4+1=2, acontradiction. Hence the claim holds.

We show next that ¢}* = c}. From O, C A it follows that [A| > p, > & > 2 and

so |H| = 2 or 3. First suppose that |H| = 2, for which we derive a contradiction. Let
['=Q\A. Since AY = A, it follows that ['Y =T'. If ©; C A, then

n
Al > (k—pr) +pr =k > 5

a contradiction.We now show that ©35 € A. Recall that py > %, and so pp — k > —%; also
by assumption
n—k=|Q>2andso —1> —”T’k. Hence if ©5 C A then

k —k
|A|Zpk+n—k—1:n+(pk_k)_1>n_§_n2 :g,

a contradiction. Therefore ©;,03 € A andso ©,,03 CT'. Thus 1,k+1 €T andso ' =

111



', a contradiction. Hence |H| # 2, and we conclude that || = 3. Recall that O, C A,
and so if AN Oy # 0 then ©; UO; C A. In which case |A] > %, a contradiction. Hence
there exists a block I' € H\{A} containing a point of ©;. If 'NO3 # (), then ¢}t = c¥ by
Lemma 4.2.11(i), as required. Hence assume for a contradiction that ' N1 ©3 = ), and so
Oy C A and I' C ©, UB,. Since |0, < [O,] < |A], it follows that ©4, = {#} C I'. Hence
['Y =T and I' = ©; U{S}. Therefore the third block of H, say ¥, must contain a point of
©3. Since AY = A and I'V =T it follows that ¥X¥ = ¥. Thus A = 0,, I' = ©; U {8} and
Y = ©3. Hence |A| = |I'| = |X| implies that p = k — pr + 1 = n — k — 1, contradicting
(5.2).

Therefore we have shown that ©; C A and so AY = A, and that ¢}t = . If there
exists § € A such that §* € A, then A¥ = A, a contradiction. Hence ©% C ©;UO3U{j3}.
By Theorem 4.4.1 |©s| = pr, > 5, and so there exist €, ( € ©y such that either €, (* are
both in ©; or both in O©3. There exists y € Vs such that (¢”)¥ = (. Hence (A”)Y = A*,
and so ¢t = ¢} implies that ©; U ©3 C A®. In particular, A® contains 1 and k& + 1, and
so (A%)® = A%, Hence (A%)H = A, a contradiction.

Therefore for this y the group H = (x,y) is primitive. If p, # n — k — 1, then
yk=pe)(n=k=1) ig 3 pr-cycle. If pp = n — k — 1, then yP* is a (k — pg)-cycle. Hence H
contains an element of J.. Thus A,, < H by Theorem 4.3.4, and so H = GG by the parity
of y. ]

We have reduced to the case of either |21 N Supp(x)| = 1 or | N Supp(z)| = 1. We
first consider the case where |€; N Supp(z)| = 1.

Lemma 5.3.6. Let n,G, M and = be as in Hypothesis 5.2.5(B). If |1 N Supp(z)| = 1,
then there exists y € M such that (x,y) = G.

Proof. First assume that z is a Jordan element. It is immediate from Hypothesis 5.2.5
that there exists a € Supp(z)\{1,k + 1}, and so a € Q,. Let 8 := o . Observe in the
following that we only define k-1, (k+1), (k+1)¥" to be distinct when |Q,NSupp(z)| > 3.
By Lemma 4.2.1, elements of S,, composed of two cycles lie in A,, if and only if G = A,
so there exists y = c¢;co € M such that

Culy) =k | (n—k),

with (k+1)Y = o, and if 8 # k+ 1, then o¥ = (k + 1) = 3. Hence if § = k + 1, then
pY = «a; and otherwise o¥ = 3. Let H = (x,y). Since 1 € ©; and k + 1 € O, it follows

that H is transitive.

Let H be a non-singleton block system for H, and let A € H with 1 € A. We show
that there exists v € (ANO1)\{1} (as in Lemma 5.3.4). Since A is a non-singleton block
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there exists 6 € A\{1}. If § € Oy, then let v := §. If § € O, then 0¥" " = 4, and so
AY"" = A. Since k > n — k it follows that 19" " # 1, hence ~ := 1¥"" € (AN ©;)\{1}.
From ©; N Supp(z) = {1} it is immediate that v € Fix(z). Hence A* = A, and so
k+1=1% € A. Therefore AY contains 1Y and (k + 1)V = a. We show that (A¥)# = Av.
Since 1¥ € ©;\{1} C Fix(z), it follows that AY is left invariant by . Hence (A¥)* " = AV,
and so § = o ,a € AY. Either ¥ = § or ¥ = a and so (AY)Y = AY and (AY) = Q.

Therefore H is primitive. Furthermore, H contains the Jordan element x, so H = G.

Hence we may assume that z is not a Jordan element. Therefore in particular z ¢ 7,
and so |Supp(z)| > 2(y/n—1). By Lemma 8.2.3, the result holds when n—k < 10, and so
we may assume that n—k > 10. Combining these two observations together with Lemma
4.4.6 implies that there exists a prime p® such that 2 < p®® < n —k — 3 and p® { k.
Furthermore, since the result holds when x is a Jordan element, by Lemma 8.2.2 we may
assume that [Supp(z)| > 8 and C(z) # 1= .2.32 1"=8 . 3.5 or 19 . 33, Hence by
Lemma 4.2.3(i) there exist distinct points a, a”, 3, 5%,v,7* € Supp(z)\{1,k + 1}. From
|21 N'Supp(z)| = 1 it follows that «, a”, B, %, v, 7" € Q.

If p® § (n — k — 1) then let 4 = 1, otherwise let i = 2 so that p® { (n — k — p® —i)i.
We now make some observations which will ensure that the placement of points in the
elements below are well define. From p® < n —k — 4 we see that n — k — p® — i > 2.
In addition, since n — k > 11, it follows that n — k — i > 9. Hence if p® = 3, then
n—k—p? —i>6. By Lemma 4.2.1, elements of S,, composed of four cycles lie in A,, if
and only if G = A,,, so there exists y = ¢icac3¢4 € M such that

Culy) =k |p? - (n—k —p® —i) -4,
with o, 7,7% € Oy, k+ 1,0® € O, 8% € O, and if p® > 5 then f € O,, otherwise
p € Os. Let H = (z,y). It is easy to see that H is transitive.

Let H be a non-singleton block system for H. From p® {(0,[,|03|, 04|, Lemma 4.2.12
implies that, there exists A € H with O, C A. Hence AY = A and v,7* € A, and so
A" = A = Q. Thus H is a primitive group containing the p®-cycle yk(”_k_p@)_i)i € Je.
Therefore A,, < H by Theorem 4.3.4, and so H = GG by the parity of y. [l

It remains to consider |25 N Supp(x)| = 1. We first suppose that = is a Jordan ele-

ment.

Lemma 5.3.7. Let G, M,n and x be as in Hypothesis 5.2.5(B). If |Q23 N Supp(z)| = 1
and x is a Jordan element, then there exists y € M such that (z,y) = G.

Proof. 1t is immediate from Hypothesis 5.2.5 that there exists a € Supp(z)\{1,%k + 1}.
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Our assumptions that |y N Supp(z)| =1 and 1* = k + 1 imply that a, a® € ;.

By Lemma 4.2.1, elements of S,, composed of two cycles lie in A,, if and only if G = A,,.

Hence there exists y = cico € M such that
Cu(y) =k | (n—k),

with 1¥ = v and if o # 1, then a¥ = o”. Hence ©1 = ; and Oy = 2. It is clear that

H = (x,y) is transitive.

We assume, by way of contradiction, that H is imprimitive and let H be a non-singleton
block system for H. Let A € H be the block containing k£ + 1 and some 5 € A\{k + 1}.
If n—k =1, then AY = A and § € ;. Hence B U{k+1} = Q = A, and so H is

primitive. Therefore assume that n — k > 2.

We claim that 1 € A. To see this, let I' € H be the block containing 1. If TNFix(x) # 0,
then I'" =T and so k+ 1 = 1 € I'. Hence I' = A and the claim holds. Similarly, if
A N Fix(z) # 0, then A = I'. Hence we may assume that A,I' C Supp(z). From
|©2 N Supp(z)| = 1, it follows that A and I" both contain points of ©;. Since A contains
a point of Oy, we deduce that cit = ¢} by Lemma 4.2.11(i). Hence A N Oy # (). Since
A C Supp(z) and O N Supp(z) = {1} it follows that 1 € A and so A =I'. Therefore
LLE+1eA.

The block AY contains 1Y = « and (k + 1)¥ € Fix(z). Hence (AY)* = AY, and so
in particular {o,a”} C AY. If o® = 1, then {a,a*} = {1¥,1}; and if a* # 1, then
{a,a®} = {a,a?}. Hence AY = (AY) = Q). Therefore H is primitive and contains the

Jordan element x, and so H = G by Theorem 4.3.4. [l

Finally, we generalise to the case |22 N Supp(z)| = 1.

Lemma 5.3.8. Let n,G, M and x be as in Hypothesis 5.2.5(B). If |Q3 N Supp(z)| = 1,
then there exists y € M such that (x,y) = G.

Proof. 1f x is a Jordan element, then the result holds by Lemma 5.3.7. If £ < 9 then
the result holds by Lemma 8.2.4. Hence we may assume that £ > 10. Then by Lemma
4.4.5 there exists a prime p such that 2 < p < k —5 and p® { (n — k). By
Lemma 8.2.2 the result holds if [Supp(z)| < 8 or C(x) = 18 .2.32 1»=8) . 3.5
or 1"=9 . 33 Thus assume otherwise, and so by Lemma 4.2.3(i) there exist distinct
points «, o, B, %, 7,7 € Supp(z)\{1,k + 1}. Since |Q N Supp(z)| = 1 it follows that
a,a”, B, 5% v, 7" € .

If p 4 (k — 1), then let 4 = 1, otherwise let i = 2. Hence pM) { (k —i — pM)i. We

now make an observation on k — i — p, which will show that the placement of points in
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the element below are well defined. Since pp < k — 5 it follows that £ — p, > 5 and so
k —pr —i > 3. By Lemma 4.2.1, elements of S,, composed of four cycles lie in A,, if and

only if G = A,,, so there exists y = c¢ycoc3cy € M such that
Culy) = (k—i—p™)-pM-i|(n—k),

with 1,a, 6 € O1, a®,7,7* € Oy and f* € O3. Let H = (z,y). Then it is easy to check

that H is transitive.

Let H be a non-singleton block system for H. Since p™) {[0,||0,||04|, Lemma 4.2.12
implies that there exists A € H such that © C A. Hence AY = A and ~,7* € A.

Therefore A = A" = Q, and so H is primitive. Furthermore, H contains the p™"-cycle
yk=i=p)in=k) ¢ 7 and so H = G by Theorem 4.3.4. O

Lemma 5.3.9. Let n,G, M and x be as in Hypothesis 5.2.5(B). Then there exists y € M
such that (z,y) = G.

Proof. If |Q; N Supp(x)| > 2 for i € {1,2}, then result holds by Lemma 5.3.5. If
|2 N Supp(z)| = 1 then the result holds by Lemma 5.3.6, and if |Q23 N Supp(z)| = 1 then
the result holds by Lemma 5.3.8. ]

5.3.3 Completing the proof of Theorems 5.1.1 and 5.1.2

If n > 12 and z € G\M is not a transposition, then by Lemmas 5.3.3 and 5.3.9 there
exists y € M such that (x,y) = G. Here we consider the case of € G\ M a transposition.
We then prove Theorems 5.1.1 and 5.1.2.

Theorem 5.3.10. Letn, k,G = S,, and M be as in Notation 5.2.1, and let v € G\M be a
transposition. Then there exists y € M such that (x,y) = G if and only if ged(n, k) = 1.

Proof. By Proposition 5.2.4, it suffices to consider z = (1,k + 1).

First assume that ged(n, k) = 1. Let y = cico € M such that Cy(y) = k | (n — k),
and let H = (z,y). Then 1 € ©; and k+ 1 € O, and so H is transitive. Let A be a
non-singleton block for H containing 1, and let o € A\{1}. If a € €y, then o = a and
so A* = A. Hence k+ 1 = 1% € A. Therefore, without loss of generality, a € €25. Thus
"™ =, and so A" = A. Hence 1¢"7") C A. It follows from ged(n, k) = 1 that
)= Q. Thus |A] > k+1> 2 so A =Qand H is primitive. Since z € 7, it

2

follows that A,, < H by Theorem 4.3.4, and so H = S,, since x € S,,\A,.

(n—k)

1w

Next assume that ged(n, k) =¢ > 1. Let y € M be such that (z,y) is transitive. Then
the only possible cycle structure of y is Cy(y) = k | (n — k). We claim that the set

115



of translates of A = 1% U (k + 1)%" form a proper non-trivial block system for (x,y).
From which it will follow that (x,y) is imprimitive, and so is not equal to S,,. To see this,

notice that

k —k
Al =19+ |k + 1)) =2+ 2 E 2 sy
t t t
Also, note that U;:(I)Ayi = and z fixes AY' setwise for 0 <i <t — 1. ]

By combining the results covered so far we now prove Theorem 5.1.1, which determines

when M is a maximal subgroup in I'(G).

Proof of Theorem 5.1.1. let n > 4, let § < k < n, let G = S, or A,, and let
M = (Sg X Sp—k) N G. Recall that M is a maximal coclique in I'(G) if and only if
for all x € G\M there exists y € M such that (x,y) = G. By Proposition 5.2.4 we may

assume without loss of generality that 1 =k + 1.

If n < 11, then the result holds by Lemma 5.2.3, so assume that n > 12. First let
G =S, and ged(n, k) =1, or let G = A,,. Then Lemmas 5.3.3 and 5.3.9 and Theorem
5.3.10 imply that for all x € G\M there exists y € M such that (x,y) = G. Now let
G =S, and ged(n, k) > 1. Then by Theorem 5.3.10 ((1,k+1),y) # Gforally e M. [

We now prove Theorem 5.1.2, in which determines the maximal cocliques for the ex-

ceptional cases in Theorem 5.1.1.

Proof of Theorem 5.1.2. Let 2 < 3 < k < n, let G = 5, or A, and let
M = (Sk X Sn,k) NG.

In Parts (i)(b), (ii)(a) and (ii)(b) follow immediately from Lemma 5.2.3.

It remains to prove (i)(a). Hence let G = S,, let ged(n, k) > 1, and let C' be a
maximal coclique of I'(G) which contains M\{1}. Then C' # M\{1} by Theorem 5.1.1.
If x € G\M is not a transposition, then by Lemmas 5.3.3 and 5.3.9 there exists y € M
such that (x,y) = G. Hence

M\{1} € €€ (M\{1}) U (L k+ D)™,

Let 21,20 € (M\{1}) U (1,k+ 1)M. If 21,20 € M then (21, 2) < M < G. If z; € M and
29 € (1, k+1)M then (21, z5) # G by Theorem 5.3.10. If 21, 2o € (1, k+1)M then (zy, 29) is
a dihedral group, and since n > 3 it follows that (21, z2) # G. Hence (M\{1})U(1, k+1)M
is a coclique and so C'= (M\{1}) U (1,k + 1)M. O
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5.4 Proof of Theorem 5.1.4

Let p > 5 be a prime such that p # q:%ll for all prime powers ¢ and d > 2, and let G = S,
or A,. In this section we prove Theorem 5.1.4, namely we determine which maximal

subgroups of G are maximal cocliques in I'(G).

The methods here are different to those in Section 3, because we can use the following

theorem to classify the maximal subgroups of S, and A,
Theorem 5.4.1 ([23, p.99]). A transitive group of prime degree p is one of the following:
(i) the symmetric group S, or the alternating group A,;

(i1) a subgroup of AGLy(p);

)

)
(i) a permutation representation of PSLy(11) of degree 11;
(iv) one of the Mathieu groups My or Mag of degree 11 or 23, respectively; or
)

(v) a group G with PSLy(q) < G < PI'L4(q) of degree p = -1

i
q—1
We consider Moz and AGL;(p) separately, and then prove Theorem 5.1.4. We begin

with a preliminary lemma which we use in the case of Mag < Ags.

For a finite group G' and a prime p let Syl (G) be the set of all Sylow p-subgroups of
G.

Lemma 5.4.2. Let G = Agz and let M = Mys. Then the following hold.

(i) There are two conjugacy classes of subgroups isomorphic to M in G, which we label

U and V.

(ii) If K is a proper transitive subgroup of G, then there exists W € U UV such that
K<W.

(iii) The Sylow 23-subgroups of M are cyclic and transitive.

(iv) If © € G\M has order at least 4, then x lies in at most 4608 groups of U and at
most 4608 groups of V.

(v) If Z € Sylys(G), then Z lies in exactly one group of U and exactly one group of V.

(vi) If U €U and V €V then U and V share at most one Sylow 23-subgroup.

Proof. We prove each part using [33, Code 10] in MAGMA, we summarise the methods

here.

(i) Let G be the largest maximal subgroups of Ss3, so that G = Ass. Then G has

thirteen conjugacy classes of maximal subgroups, only two of which are conjugate
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to Maz in So3. Label these two conjugacy classes U and V.

(ii) The only conjugacy classes of maximal subgroups which are transitive are & and

V. Hence the result follows.

Since U and V are conjugate in So3 and G < Sy3 we may let M € U and prove (iii)-(v)
for Y. The result will then follow for V.

(iii) Since 23 | |[M| and 23* { |G] it follows that Sylow 23-subgroups of G and M have
order 23. Since Ag3 and Mys contain a 23-cycles, as an immediate consequence the

Sylow 23-subgroups are cyclic and transitive.

(iv) Let C' := ConjugacyClasses(G) and let P := PermutationCharacter(G, M). Then
C is the sequence of conjugacy class representatives of elements of G listed in
ascending order, and P[i] is the number of cosets of M in G that are stabilized by
Ci]. We verify that M is self-normalising in GG, and so by Lemma 4.6.2, P[i] is the

number of conjugates of M in G containing C'[i].

Let o(C[i]) denote the order of the element C[i] in G. From o(C[13]) = 3 and
o(C[14]) = 4 it follows that o(C[i]) > 4 exactly when i > 14. In addition P[i] < 4608

for ¢ > 14. Hence if g € G has order at least four, then g lies in at most 4068 groups
of U.

(v) Using the notation as above o(C[i]) = 23 if and only if i = 276 or 277. Hence G has
two conjugacy classes of element of order 23. Since P[266] = P[277] = 1 it follows

that elements of order 23 lie in exactly one group of U.

(vi) Let Z € Syly3(G). Then by Part (v) there exists exactly one U € U and V' € V such
that Z < UNV. Since Ny(Z) = Ng(Z2) it follows that Ny(Z) = Ny (Z). Hence

the result follows since Ng(Z) is a maximal subgroup of U. [l
Lemma 5.4.3. Let G = Agg and M = Mas. Then M is a mazximal coclique in T'(G).

Proof. Let G = Ay3. By Lemma 5.4.2(i), there are two conjugacy classes of Mas in G
which we call & and V. Since U and V are conjugate in So3 and G < Ssg, it suffices to
show that M € U is a maximal coclique in I'(G). Let x € G\M. We show that there
exists y € M such that (z,y) = G. In certain places we use [33, Code 11] in MAGMA.

First assume that x has order at least four. Let Z; € Syly;(M) C Sylys(G). Then
[M : Np(Z1)] = 40320, and so |Syly;(M)]. By Lemma 5.4.2(v) each Z € Sylys(M) is
contained in exactly one group of V. By Lemma 5.4.2(iv) x lies in at most 4608 groups of
V. Hence by Lemma 5.4.2(vi), there are 40320 — 4608 = 35712 choices of Z € Syly;(M)
for which H := (x, Z) is contained in no group of V. Again by Lemma 5.4.2(v), the only
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group of U containing Z is M. Since x ¢ M it follows that H is contained in no group of
U. By Lemma 5.4.2(iii) Z is transitive and there exists y € Z such that Z = (y). Hence
H is transitive and H = (z,y). Since H is contained in no group of & or V, it follows
that H = G by Lemma 5.4.2(ii).

Now let x have order two or three, and let Z € Syly,s(M). Then Z is transitive and
there exists y € Z such that Z = (y) by Lemma 5.4.2(iii). By Lemma 5.4.2(v) the only
group of U containing Z is M, and there is exactly one group of V containing 7, which
we call N. If x ¢ N, then from = ¢ M it follows that H := (x,y) is contained in no
group of Y UV. Since H is transitive we deduce by Lemma 5.4.2(ii) that H = G.

Therefore assume that z € N and proceed via MAGMA. To set up this situation, fix
M e U, Z € Sylys(M), Ny € V and Zy € Sylys(Ny). By Sylow’s Theorem there exists
g € G such that Z§ = Z. Then N§ € V and Z < N{, and so NJ = N by Lemma 5.4.2(v).
Then it can be seen that there are 60467 possibilities for z € N\ M which have order two
or three. For each such possible = it can be verified in MAGMA that there exists y € M
such that (z,y) = G. O

We now consider AGL;(p) as a maximal subgroup of A,,.

Lemma 5.4.4. Let p be a prime such that p # qd—_l, for any prime power q and d > 2.

g—1
Let G =S, orletp # 11,23 and G = A,. Then M = AGL;(p) NG is a mazimal coclique
in I'(G).

D>

Proof. By Theorem 5.4.1 the only transitive subgroups of S,, are A,, and AGL;(p), and
the only transitive subgroups of A,, are AGL;(p) NA,. Let z € G\ M, we show that there
exists y € M such that (z,y) = G.

First assume either that G = S, and * € G\M is an odd permutation; or that
G = A,. Let y € M be a p-cycle. Then H := (x,y) is transitive. By Lemma 4.6.8(iv),
M = N¢((y)), and so y is contained in no other conjugate of M. Since x ¢ M it follows
that H is contained in no conjugate of M. Hence A, < H by Theorem 5.4.1. If G = A,
then H = G automatically, and if G = S, then z € S,\A, and so H = G.

Therefore for the remainder of the proof we may assume that G = S, and z € G\ M is an
even permutation. First let « be a p-cycle. By Lemma 4.6.8(iii), there exist (p—1)-cycles
Y1, Y2 € M with different fixed points. Therefore y;,y, € G\A, and (y1) # (y2). Hence
H, = (z,31) and Hy = (x,ys) are transitive subgroups of G which are not contained in
A,. Theorem 5.4.1 implies that H; and H, are either conjugate to M, or equal to G.

In the latter case the result follows, and so assume for a contradiction that H; and H,
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are both conjugate to M. By Lemma 4.6.8(iv) the unique conjugate of M containing
z is Ng((z)). Hence H; = Ng((z)) = Ha, and so (y1,y2) < H;. By Lemma 4.6.8(v)
M = (y1,y2) and so M = Hy, a contradiction since x ¢ M.

Assume next that z lies in no conjugate of M and let @ € Supp(x). By Lemma 4.6.8(iii)
there exists a (p — 1)-cycle y € M fixing «. Then (z,y) is transitive and contained in no
conjugate of M. Since y ¢ A,, it follows by Theorem 5.4.1 that (x,y) = G.

Finally assume that = is an even permutation, not a p-cycle and lies in some conjugate
of M. Since x is even it follows that z is not a (p — 1)-cycle, and so by Lemma 4.6.8(ii)
is a proper power of a (p — 1)-cycle. We claim there exists a (p — 1)-cycle y in M and
z € (y), such that H = (z,y) is transitive and 1 < |Fix(zz7!)| < p. By Lemma 4.6.8(ii)
each non-identity element of M has at most one fixed point and so it will follow that H
lies in no conjugate of M. Hence A,, < H by Theorem 5.4.1, and since y € S,\A, the
result will hold.

It remains to prove the claim. Since x is a proper power of a (p — 1)-cycle, x has one
fixed point which we shall call 3. Let Mgz denote the point stabilizer of 8 in M. By
Lemma 4.6.8(iv) there exist a unique cyclic p-subgroup of M, which we label P.

Since p > 5, there exist distinct points v,d € Supp(x). By Lemma 4.6.8(1) M is
2-transitive, and so there exists z; in M such that 4*' = ~4* and 6*' = §*. First assume
that 2y ¢ MgUP. Then z; ¢ P implies that z; is neither a p-cycle nor the identity. Thus
by Lemma 4.6.8(ii) there exists a (p — 1)-cycle y such that z; € (y). From z; ¢ Mg we
deduce that 8 € Supp(z;) € Supp(y). Hence H = (z,y) is transitive, 7,6 € Fix(zz; ')

and 3 ¢ Fix(xz'), so the claim follows.

Suppose instead that z; € Mg U P. Since z; # x there exists € € Supp(x)\{7,d} such
that €' # €. By Lemma 4.6.8(i), there exists zo € M such that v*2 = 4 and € = €”.
If 25 ¢ MgU P, then the result follows as for z; with v, e € Fix(xz; ') and 8 ¢ Fix(zz; ).

Therefore suppose that 21, 2o € MgU P. It follows from €* # €” = €** that z; # 2. By
Lemma 4.6.8(i), M is sharply 2-transitive, and so z; is the unique element of M mapping
v to v* and § to §*. Hence v*' = +* = ~*2 and 21 # 2o, imply that §* # §* = §*'.

Since M is sharply 2-transitive on (2, it follows that Mg is sharply transitive on Q\{/5}.
Since P is cyclic is follows that P is sharply transitive on €2. Let Z; and Z5 be the maximal
cyclic subgroups of M containing z; and z;. Then 2z; is the unique element of Z; sending
0 to 6%, and 2z, is the unique element of Z, sending € to €. Since y*' = y* = 7* it follows
from the sharp transitivity of Mz and P that {Z;, Z,} = { M3, P}.

By Lemma 4.6.8(i), there exists z3 € M such that 6* = §* and €*® = €*. From €*! # €”
and 62 # 0* we deduce that z3 # z1,25. From 6 = §* and €2 = ¢*, the sharp
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transitivity of Mgz and P imply that 25 ¢ Z; U Zy = My U P. Therefore there exists
a (p—1)-cycle y € M and t € N such that y* = z3. Then y satisfies the claim with
§,¢ € Fix(ry™) = Fix(wz;"') and 3 ¢ Fix(w23"). Therefore the claim and the theorem
follow. O

We can now complete the proof of Theorem 5.1.4.

Proof of Theorem 5.1.4. Let p > 5 be a prime with p # qda—11 for all prime powers ¢ and
d>2. Let G =S, orA,andlet M be a maximal subgroup of GG. If M is intransitive then
M = (Sg x Sp—x) NG for some & < k < p. Since p is prime it follows that ged(p, k) = 1,
and so the result holds by Theorem 5.1.1. Hence we may assume that M is transitive,

and so M is one of the groups in Theorem 5.4.1.

First let p = {11,23} and G = A,. Since PSLy(11),AGL,(11) N G < M;j; and
AGL;(23) N G < Mayg, we need only consider the Mathieu groups. If p = 11, then
[33, Code 12] in MAGMA, which is similar to the code described in the proof of Lemma
5.2.3, shows that M;; is a maximal coclique in I'(A;;). By Lemma 5.4.3 My3 is a maximal

coclique in I'(Ay3). Hence if G = A, then we may assume that p # 11, 23.
If G=S, or A, and M = AGL;(p) NG, then the result follows by Lemma 5.4.4.

It remains to consider G = S,, and M = A,. Let x € G\M, by Lemma 4.6.4 there exists
a p-cycle y € M such that y is not normalized by . Then H := (z,y) is a transitive,
and by Lemma 4.6.8(iv) is contained in no conjugate of AGL;(p) N G. Since = ¢ M it
follows that H = G. ]
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Chapter 6

Imprimitive subgroups as cocliques

Let G be S, := Sym({1,...,n}) or A, := Alt({1,...,n}) and let M be an imprimitive
maximal subgroup of G. Our main result shows that, when n is suitably large, M is a
maximal coclique in the generating graph I'(G) of G. Then under certain restrictions on

n, we consider all maximal subgroups of G and determine which are maximal cocliques

in I'(G).

Although the results in this section are similar to those in Chapter 5, they seem to
require more lengthy and complex proofs. We split into many more cases, use a different

approach for proving primitivity and rely more heavily on number theory.

6.1 Introduction

Our main theorem is as follows.

Theorem 6.1.1. Let m,k € N such that m,k > 2, let n = mk, let G =S,, or A, and
let M = (Sk wr Sm) NG be an imprimitive maximal subgroup of G. If either m > 27 or
k > 28, then M is a mazimal coclique in I'(G).

We plan in future to resolve this question for all n > 4.
Using Theorem 6.1.1 and the results in Chapter 5, we then prove the following.

Theorem 6.1.2. Let n > 27 -28 = 756, let G = S,, or A,,, and let M be a mazximal
subgroup of G. If the only proper primitive subgroup of S, is A,, then M either is a
maximal coclique in T'(G) or (G, M) = (S, Sk X Snp_x) with ged(n, k) > 1.

As context for the density of integers for which the above theorem applies, Cameron,
Neumann and Teague prove in [15] that for almost all integers n, the only primitive groups
of degree n are the symmetric and alternating groups. The following is an example of
such n. If p £ 11 is a prime which is not equal to % for any prime power ¢, then by [25,

Lemma 1] the only proper primitive subgroup of Sg, is Agy.
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This chapter is structured as follows. In Section 6.2 we define the notation for the rest
of the chapter. In Section 6.3 we prove Theorem 6.1.1 provided the existence of a Jordan
element. We then divide the possibilities for m and k into six regions as illustrated in

the following diagram.

m
120 +

=2

100

28

iy i
2
80

60

40 H

— m =19

20 8
||L

L —am—1

20 40 60 80 k

m =2

Figure 6.1: Patchwork Proof - Division of m and k into regions.

2<k<6andm>23
T<k<27Tand m >4k —1
T<k<2Tand 27 <m <4k — 2
k>28 and m > 19
7<m<18and 26 < k <4m — 2

2 <m < 18 and k > max{4m — 1,28}

S Gt W =

In Sections 6.4 and 6.5 we consider consider Region four. In Section 6.6 we consider
Regions one, two, and six. Then in Section 6.7 we consider Regions three and five.

Finally in Section 6.8 we prove Theorems 6.1.1 and 6.1.2.

The majority of proofs in this chapter have the following form. Let G and M be as
in Theorem 6.1.1. For x € G\M we construct y = ¢;...¢; € M such that the following
hold.

(i) If G =S, then y has odd parity, and if G = A,, then y has even parity.
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(ii) H := (x,y) is transitive.

(iii) There exists 1 < 4 < t such that I(c}*) has relatively few prime divisors (often a

product of two primes).
(iv) There exists r € N such that y” is a Jordan element.

We assume that H is imprimitive with non-trivial block system H. We then show that
for each divisor d of I(c*), setting I(c]*) = d yields a contradiction. Hence by Lemma
4.2.10 it follows that H is primitive. Since H contains a Jordan element by Part (iv), it
follows that A,, < H, and so H = G by Part (i).

6.2 General notation and preliminaries

We begin by defining the notation for the remainder of this chapter.
Notation 6.2.1. Let m,k > 2 and n = mk > 12, let G = S, or A, act on
Q={1,2,...,n}. For 1 <i<mlet

Q={(G—-Dk+1,...,ik},
let M ={Q,...,Q,}, and let M = Stabg(M) = (S wrS,,) NG. Then M is unique
non-trivial block system for M. Let x € G\ M.

Let J;, J., Js and 7, be as in Definition 4.3.3, and let 7 C S,, be as in Theorem 4.3.4.

For m,k > 7, let p,, and py as in Theorem 4.4.1. Hence p,, and p; are primes satisfying
%<pm<m—1and§<pk<k:—1.

We use the following group to help divide the possibilities for x € G\ M into cases.

Definition 6.2.2. Let

M = (sym(Q1 U Q) x Sym(§ds) x -+ % Sym(Qm)> nG.

We now prove a useful property of elements in M \M.

Lemma 6.2.3. Let z € M\M. Then for 1 < i < m there exist (not necessarily distinct)
iy AT € Q.

Proof. Since x € M it follows that (QUD)* =QUQy and QF = Q; for 3 < i < m.
If QFf = Qy then QF = Q) and so x € M, a contradiction. Hence QFf N Qy # @ and so
Q2 N Qy # (. Thus there exists A\, AT € Q1 and Ag, A2 € Q. Since z € M every \; € §;
satisfies A7 € ; for 3 <@ < m. O

124



Recall that M is a maximal coclique in I'(G) exactly when for all z € G\ M there exists
y € M such that (x,y) = G. We now prove results which enable us to consider fewer
possibilities for x € G\ M.

In the remaining results of this section we use the following notation.

Notation 6.2.4. For z € G\M, let S(z) = Supp(z), let S;(z) =% NS(z) for 1 <i<m
and let S(z) = {1 <i<m | Qf # Q;}.

Proposition 6.2.5. Let G, M and M be as in Notation 6.2.1, let x € G\M, and let X
and Xy be as defined below. Then either x or = is M-conjugate to an element of X,

and to an element of X.

(i) X1 is the set of elements z € G\M such that 17 = k+ 1, Qf ¢ M and
151(2) = [S2(2)]-

(ii) Xy is the set of elements z € G\M such that 1* = k+ 1 and if i € S(z) then
151(2) = [Si(2)]-

Proof. (i) Since x ¢ M there exist distinct ¢ and j such that Q¥ N, # () and QF # Q.
Hence there exists o € €; such that o € €2;. Equivalently QfﬁlﬂQi # 0, Qfl =+
o € Q; and (a®)* if

necessary, we can assume that |S;(z)| > |S;(x)].

€ ;. Hence, by interchanging x, o, §2; with 27, a1, Q;

By Lemma 4.1.8 there exists g € M such that a9 = 1 and (o®)? = k + 1. Hence
Qf =y and Qg =y, and so 29 € X;.

(ii) Since z ¢ M it follows that S(z) # 0. Let i € S(x) be such that |S;(z)| > |Si(2)|
for all | € S(z). Since QF # §; there exists j # i and « € €; such that o® € ;.
By Lemma 4.1.8 there exists g € M such that af = 1 and (o*)Y = k + 1. Hence
Qf =y and Qg = )y, and so 29 € Xos. O

Proposition 6.2.6. Let G, M and M be as in Notation 6.2.1, let M be as in Definition
6.2.2, let X1 and Xy be as in Proposition 6.2.5, and let Z; and Z] for 1 < i <5 be as
defined below. If x € Z; then x is M-conjugate to an element of Z..

(i) If m >3, then Z; = X;\M and Z, = {z € X, | 3 € S(2)}.

(ii) If m > 4 then
Zy={2€ Xy |S(z) CQUQQLUQUQ, for some 3 <i,j <m} and
Zé = {Z € X1 | S(Z) - Ql UQQ UQg UQ4 and |53(Z)| > |S4<Z>|}

(iii) If m > 5 then Z3 = X1\ Zy and Z} is the set of elements z € Xy for which there
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(iv)

(v)

exists s > 5 such that

0<1[Si(2)] < [Siz1(2)| for3<i<s—1, and |Si(z)| =0 fori > s.

Ifm>5then Zy={z € Xy | 2 ¢ M and |S1(2)| = 1} and Z) is the set of elements
z € X1 such that there exists a € Q23 such that o € Q1 Uy,

1S:(2)] > |Si1(2)] for5<i<m-—1,

and if m > 7 and |S7(z)| > 1 then there ezists f € S5(z) and v € Sg(z) such that
pF# .
If m >3 then Zs = X,\M and Z, = {z € X5 | 3 € §(2)}.

Proof. Observe that if g € M fixes §; and §y pointwise then X{ = X; and XJ = X,.

()&(v)

(i)

(i)

Let I =1or 5 and let x € Z;. If (21 U Q)" = Q1 UQy, then = ¢ M implies that
there exists 3 < ¢ < m such that i € S(x). If (2;UQy)* # Q1 UQ, then there exists
3 < i < m such that (; UQ2)* NQ; # 0, and so i € S(z). By Lemma 4.1.8 there
exists g € M which fixes §2; and {2, pointwise and sends €2; to 23. Hence 29 € Z].

Let € Z,. Then there exist 3 <, < m such that Supp(z) C O UQy U Q; U ;.
By Lemma 4.1.8 there exist g,h € M which fix ; and s pointwise and satisfy

Q) = Q3 = Q7 and QJ = Qy = Q. Hence either 29 or 2" is in Zj.

Let x € Zg and let I = (i1,...,%a,%a41,---,im—2) be an ordering of {3,...,m} such
that

0 < |8 (x)| < 1S, (v)] for 1 <j<a—1, and |S;(x)| =0 for j > a.
Since x € Z3 it follows that a > 3. By Lemma 4.1.8 there exists g € M fixing )y
and €)y pointwise and mapping €2;; to €245 for 1 < j < a, and so 29 € Z3.

Let « € Zy. Then by the definition of X, [S2(2)| = 1. Since = ¢ M, the argument
in (i) proves that there exists an 3 < ¢ < m such that i € S(x). Thus there exists
J # i and o € €; such that o € ;. Since o € €; # € it follows that o # 1, and
so o # k+ 1. Therefore from |Sy(z)| = 1, we deduce that o ¢ Qy, and so j # 2, 1.

Let T ={1,...,m}\{1,2,4,5} and let t = |T'|. Let (l1,...,l;) be an ordering of the
points in 7' such that

1S, (x)| > |5, ()] for 1 <s<t—1. (6.1)

Now suppose that |Sy,(x)|, S, (z)] > 1. If |5, (z)] > 2 then let v € S}, (x) and
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let 6 € S (x)\{v* '}. If |Sy,(x)] = 1 then |S,(x)| = |S,(z)| = 1 by (6.1). Let
B € Sy, (z). Then either ¥ ¢ O, or f* ¢ €. Hence, by exchanging I and I3 if
necessary, (6.1) is still satisfied, 5% ¢ €, and there exists v € Sy, (z).

If =1 then {1,2,4,5} ={1,2,7}, and so t = m — 3. By Lemma 4.1.8 there exists
g € M such that g fixes Q; and €5 pointwise, Y = Q3, ngs = for1 <s<t—1
and Q] = Q4. Otherwise 1,2,7 and j are distinct and so ¢ = m — 4. By Lemma
4.1.8 there exists g € M such that g fixes 2, and 2y pointwise, QY = Q3, Qf = Q,
and ngs = Qs for 1 < s < t. In either case, relabel af, 39 and 9 as «a, 8 and 7.
Hence 29 € Z,. O
We now define two distinct hypothesis which between them cover all possibilities.
Hypothesis 6.2.7. Let n > 12
(A) Let G = A, ifnis odd and G =S, if n is even.
(B) Let G = A,, if n is even and G = S,, if n is odd.
In both cases, let M be as in Notation 6.2.1.

Proposition 6.2.8. Let G, M, k, m and J be as in Notation 6.2.1, let X; and X5 be
as in Proposition 6.2.5, let Zy, ..., Zs be as in Proposition 6.2.6, let Z = U?_,Z; and let

(i) If k and m are as in Regions three or five of Figure 6.1 then let

X={oseXy|zecZ ora¢Z},

(ii) if2< k<7, m>13 and x € J then

X={eseX |zcZ ora¢Z},

(iii) otherwise let
X={zeXonTUX\T) |z€Z oraz¢Z}.

Then M is a maximal cocliqgue in T'(G) if and only if for all x € X there exists y € M
such that (z,y) = G.

Proof. Recall that M is a maximal coclique in I'(G) if and only if for all € G\M there
exists y € M such that (z,y) = G.

In each case X C G\ M, and so the forward direction is clear. So assume that M is not

a maximal coclique in I'(G). Therefore there exists x € G\M such that (x,y) # G for
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all y € M. Hence (x9,y9) # GY9 = G for all g € G. Therefore if there exists g € M such
that x9 € X then the result follows.

Since x € J if and only if the cycle type or size of support of x satisfy certain properties,
it follows that x € J if and only if 29 € J for all ¢ € M. Consider Case (iii), the other
two cases are almost identical. First consider x € J. By Proposition 6.2.5 there exists
g € M such that z9 € X,. If 9 ¢ Z then 29 € X, and if 29 € Z then by Proposition 6.2.6
there exists h € M such that 29" € Z’, and so 29" € X. Now consider x ¢ J. Then by
Proposition 6.2.5 there exists g € M such that 29 € X;. If 29 ¢ Z then 29 € X, ifa9 € Z
then by Proposition 6.2.6 there exists h € M such that 29" € Z’ and so 29" € X. O

6.3 z&€J

In this section, we prove the following theorem.

Theorem 6.3.1. Let n, G and M be as in Hypothesis 6.2.7. If either k > 8 or m > 13,
and if v € (GNJT)\M, then there exists y € M such that (z,y) = G.

We first prove that Theorem 6.3.1 holds under Hypothesis 6.2.7(A).

6.3.1 Hypothesis 6.2.7(A)

Recall that X is the set of elements © € G\ M such that 1* =k + 1, and for 1 <i <m
if QF £ €, then [ N Supp(x)| > |2; N Supp(x)|.
First assume that [€2; N Supp(z)| > 2.

Lemma 6.3.2. Let n, G and M be as in Hypothesis 6.2.7A). If v € Xo N J and
|2y N'Supp(z)| > 2, then there exists y € M such that (z,y) = G.

Proof. Since |y NSupp(z)| > 2 there exists o € Q; NSupp(z)\{1}. By Lemma 4.2.1, an
element of S,, composed of three cycles is in A,, if and only if G = A,,. Hence we may let

Yy = c1c9c3 € M such that

Cly) =1+ (k= 1) (m— 1)k
N ~\~ ~—
©1UB2=21  (c})=m—1
and {a} = ©;. Let H = (x,y) and let Y = (y). Then a € ©1, 1 € O4, k + 1 € O3 and

o € ©5 U B3, and so H is transitive. Assume for a contradiction that A is a non-trivial
block for H and o € A.

Since A is non-trivial, there exists f € A\{a}. From oY = a, it follows that AY = A,
and so ¥ C A. If B € O3, then ©3 C A and so |A] > (m —1)k+1 > £, a contradiction.
Hence assume that AN©O3; = (0, and so S € Oy and A = ©; U O, = Q;. We reach a
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contradiction by Lemma 4.2.14(iv) since O3 = Qy U --- U Q,,, and M\{Qq,...,Q,} =
{h} CH.

Thus H is a primitive group containing € 7, and so A,, < H by Theorem 4.3.4. By
the parity of y it follows that H = G. n

The next lemma shows the existence of an element of S, satisfying certain properties,
we then give an example of such an element. Recall that for a € Q, we write Q(«) to

denote the block in M which contains «.

Lemma 6.3.3. Let n, G and M be as in Hypothesis 6.2.7(A), let v € Xo such thal
|2 N Supp(z)| =1, and let A == {a € Q| o® ¢ Qa)}. Then there exists and n-cycle

y € M satisfying all of the following.
(i)
(i) Uy™) = m.

(i) A= {1 [0<i<|A] -1}
)

)

(x,y) is transitive.

-1 -1
(iv) For a € A, either o™ =« ora® ¥ = q.

(v) If B € Supp(x) and 8= € Q(B), then either B " = § or f* ¥" = 3.

Proof. Let S = {i € {1,2,...,m} | QF # Q;} and let T = {1,...,m}\S. Since

= k + 1, it follows that 1,2 € S. If ¢« € S, then from x € X, it follows that
|2y NSupp(z)| > |©2; NSupp(z)|, and so |Q;NSupp(z)| = 1. If i € T then QF = ;. Hence
we may define

ci= x‘UZEsQi and d; :=zxl|g, for i €T.
Therefore Supp(c) = A and v = ¢ [[,r d;
Let Y C G be the set of n-cycles of M. Then Conditions (i) and (ii) hold for all
y €Y. Let ¢ = cic- - - ¢4 be the decomposition of ¢ into disjoint non-trivial cycles, and

let I; denote the length of ¢;. Then Iy +--- + 1, = |A|. Let ¢; = (a1, 052, ..., ;) for

1 < j <t, and if necessary relabel ¢y, ..., ¢ such that oy = 1. Since y™ is an m-cycle,

— 1} contains exactly one point of each M-block. Hence
we may let () # Y; C Y be such that y € Y, if and only if

o - iy fl1<j<tand1l<u<l—1,
Ju

Q111 if 1 S] <tandu:lj.

Hence if y € Y then y satisfies Condition (iii). In addition, af{l =, forl <u<l;—1

—1
and o, ¥ = a;;;, and so y € Yy satisfies Condition (iv).
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For i € T' let d; = e;1€;2---€i,,, be the decomposition of d; into disjoint non-trivial
cycles, and label the lengths w; 1, . .., w;,, respectively. Then w; 1+ - -4w;,, = |Supp(d;)|.
Let e; = (Bij1Bije - Bijw,) By Condition (ii) it follows that
Supp(d;) € Q(Bi11) = 53{? for all y € );. Hence we may let ), C ) such that
y € Vs if and only if for all 1 € T

o Bijus1 H1<j7<r, and 1 <u<w;—1,
i’j’” -

ﬁi,j—i—l,l if 1 < j <7y, and u = Wy, j-

Let y € )5 and let 3, € Supp(d;). If 1 < u < w;; — 1, then g Biju; and if

4,J,u

2 < u < wj, then 53;—13/” = f;ju. Thus y satisfies Condition (v) and so satisfies the

Z7j7u

lemma. OJ

Example 6.3.4. Let m = 7 and k£ = 3 so that ; = {1,2,3}, Qs = {4,5,6},..., and
Q7 = {19,20,21}. If z = (1,5,7)(10, 14)(16, 17), then S = {1,2,3,4,5}, T = {6,7} and

z=c-dg-dr = (1,5,7)(10,14) - (16,17) - id.
One possible y would be
y=(1,5,7,10,14,16,19,2,4,8,11,13, 17,20, 3,6,9, 12, 15,18, 21).
Then yM = (Q1, Do, U3, Ny, Vs, U, Q7). We see that
A={1,57,10,14} = {1" | 1 <i < 5}

and o™ = o for @ € {1,5,10}, and o®* v = a for o € {7,14}. In addition,
Supp(dg) = {16,17} and 16*¥" " = 16 and 17% " = 17. A

Proposition 6.3.5. Let n, G and M be as in Hypothesis 6.2.7(A). If v € XoN T, then
there exists y € M such that (z,y) = G.

Proof. 1f |21 N Supp(x)| > 2, then the result holds by Lemma 6.3.2. Hence we may
assume that |Q; N Supp(x)| = 1 and let A be as in Lemma 6.3.3.

Let y € M be as in Lemma 6.3.3 and let H = (x,y). Hence H is transitive by Lemma
6.3.3(i). For a contradiction, let A be a non-trivial block for H with 1 € A.

If ANFix(z) # 0, then A* = A and so 1%,1* " € A. By Lemma 6.3.3(iv) either
1% =1 or 1 ¥ =1, and so it follows that AY = A. Thus A¥ = A, and so A = Q, a

contradiction.

Suppose that A contains 3 € Supp(z)\A. Then 8% € Q(B). Let ¥ := AY" and
[ := AY" so that 1¥",3Y" € L and 1¥ ", ¥ ™ € I'. By Lemma 6.3.3(ii) I(y™) = m,
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and so 1Y, 1¥"" € Q;\{1}, and by assumption Q;\{1} C Fix(x). Hence X* = ¥ and
['* = I. Therefore 8#"* ' € ¥ and 8¥ "* € I'. By Lemma 6.3.3(v), either f* ™ = 3 or
=™ = B, and so either § = 8Y"* ' € ENAor =¥ "% € TNA. Hence either A = ¥

or A =T. A contradiction since A C Supp(z), 1¥" € X NFix(z) and 1¥ " € ' N Fix(x).
Hence A C A.

Assume instead that o € (A N A)\{1}. Then by Lemma 6.3.3(iii) @ = 1¥' for some
1 <1< |A| <m. Therefore A¥ = A and so 1¥' € A. A contradiction since 1v' ¢ A.

Hence H is primitive. Since x € J it follows that A,, < H by Theorem 4.3.4, and so
H = G by the parity of y. O

6.3.2 Hypothesis 6.2.7(B)

Here we show that Theorem 6.3.1 holds under Hypothesis 6.2.7(B). This parity causes
more difficulty, and so we divide into more cases. Even so the proofs are fairly technical
and dense, but matters will improve somewhat in Section 6.4. We split into the following

three regions which we depicted below. Hence we consider a larger range of m and k£ than
described in Theorem 6.3.1.

(i) 2<k<T7, m>13

(i) k>8, m>3

| (i) m=2, k>6

k

Figure 6.2: Patchwork Proof - Division of m and k into regions.

Region (i) -m =2 and k£ > 6

Observe that since m = 2, it follows by Hypothesis 6.2.7(B) that G = A,,. We begin with

a preliminary lemma.

Lemma 6.3.6. Let m =2, let k > 6, and let G and M be as in Hypothesis 6.2.7(B). If
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r € XoNJ, then either there exist o, & € QN Supp(x); or there exists B € Oy N Fix(x)
and v € Qy such that v* € Qu\{k + 1}.

Proof. Since f # ; and m = 2, it follows that QF # . Hence
|2y N Supp(z)| > |Qs N Supp(z)| by the definition of X,. From G = A, we deduce
that |Supp(z)| > 3, and so there exists v € € N Supp(z)\{1}.

Since x ¢ M it follows that Qf # Qy and so ® := Q7 NQy # 0. If PN Supp(z) # O then
there exists a, a” € €; N Supp(z), and the result holds. Hence assume that & C Fix(z)
and let 5 € ®. It follows that v* € {2y, and since v # 1 we deduce that v # k + 1. O

Lemma 6.3.7. Let m = 2, let k > 6, and let G and M be as in Hypothesis 6.2.7(B). If
r € XoNJ, then there exists y € M such that (x,y) = G.

Proof. Let a, 8 and v be as in Lemma 6.3.6. By Lemma 4.2.1, a product of two cycles
isin G = A,,. Based on «, and v we split into three cases, although all will follow a

similar structure. We begin with a general argument.

Let y = cico € M with
———
I(yM)=2
such that H = (z,y) is transitive. Let ¢ := ©; Ny and ¢ := ©1 N Qy. Assume by way of
a contradiction that H is imprimitive and let A be a non-trivial block for H containing

€.

If ( € A, then AY = A. Hence if AN Oy # (), then A =, a contradiction. If { ¢ A
then there exists n € A N Oy. Hence A = {e} U 17<y2>. If n € Q, then A = €y and so
H = M, a contradiction since x ¢ M. Hence either A = {¢,(} or A = {e} UQ\{(}.

In all cases we show that both possibilities for A lead to a contradiction. Hence it will

follow that H is primitive, and since x € J the result will follow by Theorem 4.3.4.

First assume that there exist (3,v as in Lemma 6.3.6. Let y = cico € M, with
Cly)=2-2(k—1) and ©; = {5,k + 1}. Let H = (z,y). Then k+ 1 € ©; and 1 € O,
and so H is transitive. Let A be a non-trivial block for H containing . Since § € Fix(x)
and k + 1 € Supp(z) it follows that A # {5,k + 1}. If A = {5} U Q\{k + 1}, then
AV = {k+ 1} U \{B}. Since § € Fix(z) we deduce that that A, and so AY also, is
fixed by x. This gives a contradiction since v € Q\{1} C AY and v* € Q\{k+ 1} C A.

Hence the result follows by the above.

Now suppose that there exists a, a® € ;N Supp(z) and let € := (k+ 1)*. We split into
two cases, first assume that o” =1 and € € 2y. Let y = ¢1co € M with C(y) = 2-2(k—1)
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and ©; = {a,k+ 1} and 1¥ = €. Since k+ 1 € O and 1 € O,, it follows that H = (z,y)
is transitive. Let A be a non-trivial block for H with a € A. If A = {k + 1,a},
then A = {a”,(k + 1)*} = {1,¢}. From 1Y = ¢ we deduce that (A*)Y = A?, and so
|A*| > n—2 > 2, a contradiction. If A = {a}UQ\{k+1}, then AY = {k+1}UQ\{a}.
Hence 1,k+1 € AY and so (A¥)* = AY. Thus 1* ' = a € ANAY, a contradiction. Hence
the result follows by the above.

Finally assume that there exists a, a* € Q;NSupp(z), and either o® # 1 or (k+1)* € ;.
Let y = c1c0 € M with C(y) = 2-2(k — 1) such that ©; = {a”,k + 1}, in addition if
a® # 1 then o = 1. Hence o* € O and a € O, and so H = (z,y) is transitive. Let A

be a non-trivial block for H containing o®.

First assume that o* =1, and so (k+1)* € Qy and 1" =k+1=1Y. f A = {1,k +1},
then A = A¥ = Q) a contradiction. If A = {1}UQ,\{k+1}, then AY = {k+1}UQ;\{1}.
Since o € € it is immediate that o # k + 1 and so o® # (k + 1)*. Thus from o® =1
and (k+ 1) € ; we deduce that (k+1)* € Q;\{1}. Hence k+ 1, (k+1)* € AY and so
(A¥)* = AY. Therefore 1 = (k4 1)*' € AN AY, a contradiction.

Now assume that a* # 1 and so o¥” = 1. If A = {a*, k+1} then A*"' = {«, 1}. Hence
1% € A*™" and so |A* | > k —2 > 2, a contradiction. If A = {a*} UQ,\{k + 1},
then AY = {k+ 1} U \{a”}. Then 1,k + 1 € AY and it follows that (AY)* = AY, a
contradiction since o € AY and o € A. Thus the result follows by the above. Hence the

lemma holds in all cases. O

Region (ii) - k > 8 and m > 3

We split into four cases: first that | N Supp(z)| < 4; then into two cases when
|21 N'Supp(z)| < 3; and then finally the general case of this subsection.

Lemma 6.3.8. Let m > 3, let k > 5, and let G and M be as in Hypothesis 6.2.7(B). If
r € XoNJ and |y N Supp(z)| > 4, then there exists y € M such that (z,y) = G.

Proof. Since |Q; N Supp(z)| > 4, there exists a € € N Supp(z)\{1} and
g€ O N Supp(x)\{1,,a”}. By Lemma 4.2.1 an element composed of four cycles
lies in A, if and only if G = A,,. Let Y be the set of elements y = cjcac3eq of M such
that
Cyy=1-1-(k—=2)-(m—1k

N - L ——

©1U02U03=01  [(cM)=m—1
with {a} = ©; and {f} = ©y. For each y € Y, let H = H(y) = (z,y) and let Y = (y).
Then 1 € O3, k+1€ Oy, a® € O3U0O, and 5 € ©; U O3 U Oy, hence H is transitive.

Assume, by way of a contradiction, that H is an imprimitive group with non-trivial block

system H.
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Let A € H with o € A. Since |A| > 1 there exists 7 € A\{a}. From o = a we deduce
that AY = A, and so v C A. If v € Oy, then ©, C A, and so |A] > %, a contradiction.
Hence we may assume that AN©, = and so A C Q.

Since O, = QU - -USQ,,, Lemma 4.2.14(iv) implies that M\{Qs, ..., Q.} = {0} € H,
and so in particular A # ;. Thus either A = Q\{S} or A = {o, 8}. If A = U \{5},
then there exists I' € H\{A} with § € T' and ' N ©4 # (. Since BY = § it follows as for
A that |I'| > 2, a contradiction. Therefore A = {a, 8} and A* = {o”, 5%} If 5% = a
then A = A% and so A = A” = Q. a contradiction. Hence 5% # a and so A* C O3 U Q.
Let z; := y@ and zy 1= y@. Since |04] > |O3| and A* C O3 U ©4, Lemma 4.2.14(v)
implies that either A* C O3 or A* C ©4. From |A”*| = 2 it follows that if A C O3 then
A" = A” and if A* C ©4 then A™2 = A”. If o*, f* € O3, then since k > 3 there exists
y € Y such that o™ #£ %, If o, 8% € O4, then since k > 3 there exists y € ) such that

a2 #£ % In either case we reach a contradiction.

Therefore H is primitive and contains x € J. Hence A,, < H by Theorem 4.3.4, and
by the parity of y it follows that H = G. n

Hence for the remainder of this subsection, we may assume that |2; N Supp(x)| < 3.

We first prove two slightly more general lemmas which we also use in Section 6.7.

Recall that pg is a prime with g < pr < k—1, and by Lemma 4.4.13 for k£ > 8 there
exists pr < k—2. In addition, if a €  then Q(«) is the M-block which contains a.

Lemma 6.3.9. Let k > 8, let m > 3, and let G and M be as in Hypothesis 6.2.7B).
Assume that v € Xy, |QNSupp(z)| < 3 and Supp(x)  QUQs. Then for all pr, < k—2,
there exists y € M with cycle type mpy - m(k — px) such that (z,y) is primitive.

Proof. Since Supp(z) € 4 U Qs there exist o, a® € Supp(z) such that a® ¢ Q5 U Q.
Hence in particular o # k + 1, and so o # 1. By Lemma 4.2.1, elements composed of
two cycles lie in A,, if and only if G = A,,. Let ) be the set of elements y = cico € M

such that y™ is an m-cycle with

satisfying all of the following.
(i) o,1,1¥ =k +1 € O; and o” € O,.

(i) If a & Q3 UQy, then 1 = o¥; if a € Q, then 1 = a¥"; and if a € Qy\{k + 1}, then

1 _ O[ym71
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(iv) Let By := (€ N Supp(z))\{1,a} and B; := {f € Q\{1,k+ 1,a} | B* ¢ Q,;} for
2 <i < m. Require that By, Bs,...,B,, C O,.

(v) For 2 <i < ™ let v, := 1¥', and require that 4¢ € ©; N Q(y;).

We first justify why ) # ). Condition (i) can easily been seen to hold, and Condition (ii)
also since y™ is an m-cycle and QZ‘{M = Q. Since |2;NSupp(z)| < 3 and z € Xy, it follows
that if Q7 # Q; then |Q; N Supp(z)| < 3. Therefore the sets By and B; for 2 <i < m all
have size at most 3 < k — p,. Hence we can insist that By, B, ..., B,, C ©,. Therefore
Conditions (iii) and (iv) can be satisfied. Now consider Condition (v). By Condition (iv)

it follows that ¥ € (+;) automatically, and so we can let v¥ € ©1 N Q(y;).

Since o € O and o € O, it follows that for each y € ) the group H = H(y) = (z,y)
is transitive. Assume, by way of a contradiction, that H is an imprimitive group with

non-trivial block system H = H(x,y).

Since pi 1 (k — pi) it follows that I(c}') # pem by Lemma 4.2.14(ii). Since [©;] > % it
follows that I(ci*) # 1 by Lemma 4.2.14(i). Hence we may let A and T be distinct blocks
of Hwithle Aand k+1€Tl.

Let d be a divisor of m. If I(ct) = d, then 2;NO; C A by Lemma 4.2.13(ii). Therefore
by Condition (iii), A contains a point of 2; NFix(z), and so A* = A. Hence k+1 € A, a
contradiction since k + 1 € I'. Therefore, for the remainder of the proof we may assume
that the length of ¢ does not divide m.

Assume that I(c}t) = p,. By the above we may assume that p, { m and so
ged(pg, m) = 1. We first show that if @ € I" then we reach a contradiction. If o ¢ Q; Uy,
then let 7 := 2; if @ € €y, then let j := m + 1; and if a € 2y, then let j := m.
Hence by Conditions (i) and (ii) it follows that o = k + 1 and so I'Y’ = T’ and
§:=1"" = (k+1)¥ €T. Since 3 < j+1<m+2 < ™% Condition (v) implies
that 6* € ©4, and so I'* € Supp(c}t). Since a® € Oy and py, § ||, we reach a contra-
diction by Lemma 4.2.14(iii). Hence o ¢ T". Since ged(pr, m) = 1, Lemma 4.2.13(iv)
implies that [N Q; N O] = 1 for 1 < i < m. In particular, I' contains a point of
Q;N6:\{1,a} C Fix(z), and so T* =T. Hence 1 = (k+1)* ' €I, a contradiction since
le A#T.

Now let 1 < e < m be a divisor of m, and assume that [(c}') = epy. Then € := 1¥"* € A.

Since 1 € A and k +1 € I' it follows that A” =T, and so €* € I'. Since ep, < 2%,

Condition (v) implies that €* € ©; N Q(¢). Hence ¢ = ¥ for some ¢ € N, and so

(k4 1)y = T Z T = e, (6.2)
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epp+ecm—1

Since k + 1,¢* € I', Equation (6.2) implies that T'Y
deduce that I'Y™ =T. Hence

= I. From I(c}t) = ep; we

epp+em—1 epg
rv =I=Iv".

Therefore epy, divides em — 1, a contradiction since e | m and e > 1.

Therefore H is primitive. ]

Lemma 6.3.10. Let k > 8, let m > 3, and let G and M be as in Hypothesis 6.2.7(B).
Assume that © € Xo, |Supp(z)| > 4 and |2, N Supp(x)| < 3. Then for each prime
pr < k — 2, there exists y € M with cycle type mpy - m(k — px) such that (z,y) is

primaitive.

Proof. If Supp(z) € Q1 U Qy then the result holds by Lemma 6.3.9. Hence we may
assume that Supp(z) C Oy U . Since = € X, it follows that |22 N Supp(z)| < 3. Since
|Supp(z)| > 4 there exists & € Supp(x)\{1,k+1,1% '}, and so in particular o® # 1, k+1.
By Lemma 4.2.1, elements composed of two cycles lie in A,, if and only if G = A,,. Let
Y be the set of elements y = cico € M with

C(y) = mpy, - m(k — pr)

l(yM)=m

such that 1,1¥ =k + 1, € Oy, o¥ € Fix(x) and Supp(z)\{1,k + 1,a} C ©4. We briefly
justify why Y # (). From 1Y = k + 1 it follows that Qf = Q,. If a € Q5 then since m > 3
it follows that a¥ ¢ Q; Uy, and so o¥ € Fix(x) automatically. If a € 1, then o¥ € ;.
Since k > 7 and |Qy N Supp(z)| < 3, it is possible to ensure that o € Qs N Fix(z).
The last condition is possible since Supp(z) C Q; U Qs, |Q2,\{1,k + 1, a} N Supp(z)| < 2
for i = 1,2 and k — p, > 2. This condition implies that a* € Oy, hence H = (x,y)
is a transitive group. Assume, by way of a contradiction, that H is imprimitive with

non-trivial block system .

Let A € H with 1 € A. Since mp, > m(k — pg) it follows by Lemma 4.2.14(v) that
A contains 8 € ©;\{1}. Since 1¥ = k + 1 = 17 it follows that A® ' = A. Hence
if € Fix(z) U{k + 1}, then A = Q a contradiction. Therefore we may assume that
B € Supp(z)\{1,k + 1}, and so = . Hence 1¥,a¥ € AY. Since o¥ € Fix(z) it follows
that (A¥)* = AY. Therefore 1¥* =1 € AY andso (A¥)Y = AY. Hence AY = (A¥) = Q,

a contradiction. Therefore H is primitive. ]

Using the three previous lemmas we can now complete the proof of Theorem 6.3.1 in
the case of Hypothesis 6.2.7(B) and Region (ii)
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Lemma 6.3.11. Let k > 8, let m > 3, and let G and M be as in Hypothesis 6.2.7(B). If
x € XoNJ, then there exists y € M such that (z,y) = G.

Proof. First assume that [Supp(x)| > 4. If |2 N Supp(z)| > 4, then the result holds by
Lemma 6.3.8. If |©; N'Supp(z)| < 3, then by Lemma 6.3.10 there exists a product of two
cycles y € M such that (z,y) is primitive. Hence by Theorem 4.3.4 and the parity of v,
it follows that (z,y) = G.

If [Supp(z)| = 2, then 2z = (1,k+ 1) and G = S,,. Let y € M is an n-cycle with
1" =k + 1. Then (z,y) = G.

Hence we may assume that [Supp(x)| = 3. Thus there exists a € Supp(z) such that
x=(1,k+1,a). Let y = cjco € M with

Cly) =m-m(k 1)
—_———
(yM)=m

such that 1,1¥ = k+1 € ©; and o € ©,. Let H = (x,y). Then it is clear that
H is transitive. Assume for a contradiction that A is a non-trivial block for H and
1 € A. By Lemma 4.2.14(v) it follows that A # {1,a}. Hence A contains a point
of O\{1,a} = {k + 1} UFix(z). Since 1 € A and 1 = k+ 1 = 1Y, it follows that

A = A = Q. a contradiction.

Therefore H is primitive. Since x € J it follows that A, < H by Theorem 4.3.4, and
so H = G by the parity of y. n
Region (iii) - 2 < k <7 and m > 13

In this subsection we let € X;. Hence 1* = k 4+ 1, Qf ¢ M, and
€4 N Supp(z)| > €22 N Supp(z).

We divide into three cases: first Supp(z) € €, U Qy U Q%" U {1*'}; second
Supp(z) C 2y U Qy; and then the general case. Finally we prove Theorem 6.3.1.

We begin with two preliminary lemmas.

Lemma 6.3.12. Let k <7, let m > 13, and let x € X;. If
Supp(z) € QU UOE  U{1* '},

then there exist distinct points «, 8 satisfying the following:

(i) Q(a) #QB);
(i) B € Supp(x)\( U U U{1*'}); and
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(iii) if a € Supp(x), then o, ¥ ¢ Oy U .

Proof. First suppose that Fix(z) C Q; U Q. Since m > 13 there exists
e N\QUQRUE U Yand e Q\(QUQUO U UQ(a)). Hence
a € Supp(z), Q) # Q(B), B € Supp()\ (L UK UOS U{17}) and o, 57 ¢ © UQs.

Now suppose that Fix(z) < Q; U Q. Let i € {3,...,m} such that
12; N Fix(x)] > | N Fix(z)| for 3 < 1 < m. Let a € Q; NFix(xz). By the max-
imality of [€; N Fix(x)| and since Supp(z) € O U Qy U QZ ' U {17 '}, there exist
j # 1,20 and B € (€ N Supp(z))\(Q " U {1*'}). Hence Qa) # Q(B) and B €
Supp(z)\(Q UQ UQE U {17 }). O

Recall that p,, is a Bertrand prime with 3 < p,, < m — 1. The following lemma will

be used to show that an element y € M is well defined.

Lemma 6.3.13. Let m > 13, let k < 7, let p,, > 11, and let n = mk. Then the set of
integers S, as defined below, are distinct modulo n. If k = 2 then let

T € {{0,k, 2%, D, Do + b, + 2K, {0, k, 28,2k + 1} },
if k> 3 then let
Te {{o, ke, 2k, 4 Doy 2k Py 2k 4 2pm, (m 4+ Dk — po}, 10, k, 2k, k + 1, 2k + 1}},

and let
T UA{2pn} if k=4,

S =T U{2pm,3pm} if k=6,

T otherwise.

Proof. Since p,, > 11 it follows that p,, > k. We begin by claiming that all elements of

T\{k — pm} are positive and less than n = mk. In all cases
T CH{0,k, k+ 1,2k, 2k + 1, ppy, P + ky Dy + 2k, 2Dy, + 2k, (m 4+ 1)k — py -
Since p,, > k it follows that
0<k<k+1<2k<2k+1<py,+k<pn+2k<2p,+2k and (6.3)

k< pm < pm+k.

For all £ we have

Pm+2k<m—2+2(7)=m+12 <2m <n,
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and if £ > 3 then 3p,, < k(m — 1) and so
2pm + 2k < (m + 1)k — p,, < mk.

The claim then follows since 2p,, + 2k, (m + 1)k — p,, € T only if k > 3.

Hence elements of T' are congruent modulo n if and only if they're equal. Note that
2k +1 and p,, + k are never simultaneously in 7', also p,, is never in the same set as k+ 1
or 2k + 1; and p,, # 2k since p,, is odd. Hence in all cases all elements of T" are distinct.
Therefore if k£ # 4,6 then the result follows.

Let kK =4 or 6. Now p,, + k < 2py, < 2pp, + 2k, and 2p,,, # pm + 2k since one is even
and one is odd. Hence by (6.3) it follows that 2p,, ¢ T, and so T'U {2p,,} contains no
duplications. Hence the result holds for £ = 4. Now let £k = 6. Then

Pm + 2k < 3p,, and 3p, < (m+1)6 —p,, = (Mm+ 1)k — pp-

Since p,, is odd it follows that 3p,, # 2p,, + 2k. Hence by (6.3) it follows that 3p,, ¢
T U{2pn,}, and so T'U {2p,,, 3p,} contains no duplications. ]

Lemma 6.3.14. Let m > 13, let k < 7, and let G and M be as in Hypothesis 6.2.7(B).
Ifz e X,NJ and Supp(z) € QUL UQE  U{1* '}, then there exists y € M such that
(r,y) = G.

Proof. Let o and (8 be as in Lemma 6.3.12. Since m > 13, it follows that there exists
Pm > 11. Hence Lemma 6.3.13 holds, p,, > k and ged(pm,, k) = 1.

By Lemma 4.2.1, elements composed of two cycles lie in A,, if and only if G = A,,. Let
Y be the set of elements y = cico € M with

Cly) = Pk (m — pm)k
M) =pm () =m—pm

Ql,Q(O&),Q(ﬁ),Q(aw)7Q(B$)GSupp(c{VI) QQESupp(cé\’l)
satisfying the following.

(i) If 2 is a proper divisor of k, then let 7 := 1¥"" and require that
A e Oy U {(k+ 1)}, If 3 is a proper divisor of k, then let § := 1¥*"
and require that 6* € ©; U {(k + 1) """},

(i) 1¥" = o and 1¥" = 3.

(a) If a® = a, then we require the following to hold. If 8% € Q, then 5% = 1¥""; if
B € Q(a), then g7 = 19" = o¥""; if B € Q(f), then f* = 1v"""" = gv'".

2k+1

otherwise g% = 1Y = Y.
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(b) If o # «, then instead we require the following to hold.

(1) If £ =2 and Q(a), Q2(a”),Q(5) and Q(B”) are distinct, then either o™V =

8% or B = o,
(2) If k > 2, then the following hold.

- If Q(0®) = Q(7), then (a®)¥"™" = B,

- I {Q(a”), Q(5")} = {Q(a), 2(8)}, then

{04377 6:1?} — {aypm7ﬁy2pm} _ {1yk+pm7 1y2k+2pm}'

- Otherwise, either o = ™ or g% = o™.

We justify why ) is non-empty. We first check that 1¢" is not defined to be more than
one point. Then we check that each point is placed in the correct M-block.

Let R = {i | 1¥' is defined for y € Y}. Then by Lemma 6.3.13 it follows that the

elements of R are distinct modulo n.

If e € ©; then Q(e) = ¢¥"™). Hence o® and 3% are placed in the correct M-blocks. If
€ € Oy then Q(e) = ™™™ If 4 ¢ Q, then since p, > 11 we can let Q(7*) € Supp(cM)

and so 7" € 4. If 4* € Qy then we may let v* = (k + 1)ypk(m7pm) € €. Similarly for 6.

Since 1 € ©1 and k + 1 € O, it follows that H = (z,y) is transitive. Assume, by way

of a contradiction, that H is imprimitive with non-trivial block system H. Let Y = (y)
and let A € H with 1 € A.

Since |©1| > % and pyk 1 |0,], it follows that I(c}') # 1 and I(c}*) # pnk by Lemma

4.2.14(i) and (ii) respectively.

Suppose that [(c]) = p,,. From p,, t 02|, Lemma 4.2.11(iv) implies that A N Oy = (.
Hence block size is k and so I(c}) = m — p,,. Therefore H is the set of translates under y
of 1¢"™) and (k4 1)@ 7™ Since Q; = 1% and Qy = (k+ 1)@ ™) it follows that
H = M, a contradiction since = ¢ M.

Let 1 < d < k be a divisor of k. Then d = 2 or 3. Assume that I(c]t) = dp,.
Since p,, { O] it follows that A C ©; and so |A| = £ By Condition (i), A con-
tains either v or d. Suppose that v € A, the argument for ¢ is very similar. Let
[ := A? so that k + 1,7* € T. If 4 € Oy, then ¢}t = ¢} by Lemma 4.2.11(i),
a contradiction since A C 01, If 4% = (k4 1) then T¥" ™™ = T, and so

(k4 1)) — (k4 1)@ ™) = Qy C . Thus [I| > k > k. a contradiction.
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Finally assume that [(c}*) = e for e > 1 a divisor of k. Then 1,a,8 € A and k +
1,0%, 3% € A®. We begin by assuming that A? is fixed by either y, y?» or y**P+, and
derive a contradiction. Since gcd(pp,, (m—pm)k) = 1, it follows that (k+1)%"") = (k+1)Y,
and since ged(k + pm, pmk) = 1 it follows that a® ™) = o, Therefore if yPm or y*+rm
fix A? then it follows that y fixes A®. Thus Q = O, U0, = oV U (k+1)¥ C A% a

contradiction.

If o = a, then A = A% and so 1,a, 3,k + 1,a%, 3% € A. Hence by Condition (ii)(a),
either (A%)Y"" = A® or (A®)Y = A%, and so we reach a contradiction. Now assume that
a® # a. If k > 2 then by Condition (ii)(b)(2) there exists i € {1,pm,k + pm} such
that {a®, 82} N {a®, %} # 0. Hence A” is fixed by y,y?" or y*+tP= and so we reach a

contradiction by the above.

Hence we may now assume that k = 2. Therefore e = 2, and ¢}t = (A, X) for some
Y € H. Thus |[ANO;| = p,, and since p,, 1 n it follows that y* = (A, 3). Then A = A
and ¥* = X, since Fix(z) # () by Lemma 4.3.5. Hence o*, 5* € A. We now show that
there exists and odd integer ¢ such that either o* = o¥ or 5% = Y or a*®¥ = 3*. Hence

it will follows that I" contains either o or 5%, a contradiction.

Since k = 2, if € € O; then Q(e) = {¢, ¢ }. If a® € Q(a) U Q(B) then automatically,
either a® = o™ or a® = ¥ = ¥ If % € Q(a) UQ(H) then again automatically,
BT = B¥" or BT = o™ = BV IE Qo) = Q(BY), then o™ = 5%, Otherwise, it
follows by Condition (ii)(b)(1) that either o™ = 5% or f* = a*. Hence the claim holds

and we reach a contradiction.

Therefore H is a primitive group containing x € J, and so H = G by Theorem
4.3.4. O

Lemma 6.3.15. Let m > 13, let k < 7, and let G and M be as in Hypothesis 6.2.7(B).
If v € XyNJ and Supp(x) C Qy Uy, then there exists y € M such that (z,y) = G.

Proof. If © = (1,k + 1), then G = S,,. Let y be an n-cycle with 1* = k + 1, so that
(x,y) = G.

Hence we may assume that [Supp(z)| > 3. If k& > 2 then let o € Supp(x)\{1,k + 1}.
If £ =2, then ; = {1,2} and Qs = {3,4}. From 1* = 3, Supp(z) C Q; Uy and
|Supp(z)| > 3 it follows that = € {(1,3,2),(1,3,4),(1,374, 2)} Let o® = 1 so that
a# 1,k+ 1. By Lemma 4.2.1, an element of S,, composed of two cycles lies in A,, if and
only if G = A,,. Hence we may let ) be the set of elements y = c¢ico € M with

Cly) =m-m(k—1),

—_———
l(yM)=m
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such that « € ©1 and 1,1¥ = k + 1,0” € ©y. Hence H = H(y) = (x,y) is transitive.
Assume by way of a contradiction that H is imprimitive with non-trivial block system

H.

Let A be the block of H containing 1 and let § € A\{1}. Since 1* = k+ 1 = 1Y, it
follows that AY = A*. If g € Q\(, U ) then § € Fix(z), and so A = A. Hence
A = A = Q) a contradiction. If 3 € Qy then Y € QY C Fix(x), and so (A¥)® = AY.
Thus AY = (AY)* = A" = A and so A = A” = A, a contradiction. Hence we may
assume that § € Q; and A C €.

If 3 € Q; N6y, then f¥" = B. Hence AY" = A and {8} U1¥™ C A. By the cycle
type of g, it follows that Q; = {8} U1%™. Hence A = €);, and by taking translates of A
under y it follows that H = M, a contradiction.

Thus we may assume that 8 € ;N Oy and A C 2y N Oy. Hence by Lemma 4.2.11(i)
no H-block contains points of both ©; and ©,. Let I' € H with a € I'. Then I' C 6,
and there exists v € I'\{a}. If v € Q\(2; UQy) C Fix(z) then I'* = T, a contradiction
since I' C ©; and o € ©,. Hence we may assume that I' C ©; N (Q2; Us). By the cycle
type of y it follows that [€2; N O = 1 for i = 1,2, and since 1Y = k + 1 it follows that
QY = Q. Hence I'Y =T and so ©; C T', a contradiction.

Therefore H is a primitive group containing x € J and so H = GG by Theorem 4.3.4. []

Lemma 6.3.16. Let m > 13, let k < 7, and let G and M be as in Hypothesis 6.2.7(B).
If v € X1 N T, then there exists y € M such that (z,y) = G.

Proof. If Supp(x) € Q; UQ, UQE " U {1* '}, then the result holds by Lemma 6.3.14. If
Supp(z) C ©Q; U Qy, then the result holds by Lemma 6.3.15. Hence we may assume that
Supp(z) € QU UQE " U{17 '} and there exists a € Supp(z)\(Q; U Q).

By Lemma 4.2.1, an element of S,, composed of two cycles lies in A,, if and only if
G = A,,. Let Y be the set of elements y = cico € M with

Cly) = m-m(k— 1)
—_———
I(yM)=m

satisfying the following.
(i) ,1¥=k+1€06,.
(ii) ©; contains exactly one of a, a®.
(iii) (\{k+ 1})¥ NFix(z) # 0.
)

(iv) There exists 3 € Q% '\Q; such that Y or g¥ " € Q.
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We justify why ) is non-empty. If a* € {1, k+1}, then let @ € ©y; and if o® ¢ {1, k+1},
then let a € ©; and o® € ©,. Hence Condition (ii) can hold. Since x € X, it follows
that O # Q, and so there exists § € Q% '\Q;. By Condition (i) QY = Q,, and so if
B € Qy, then ¥ € Q. Otherwise let Q(8)?Y = Qy, then Condition (iv) holds. Since
Supp(z) € Q UQ U Q" U {1° '} and m > 13, there exists Q; # Q,Q, Q(3) and
v € Q; NFix(x). Hence let v € O, and QY = ), so that Condition (iii) holds.

By Condition (ii), H = H(y) = (z,y) is transitive. Assume, by way of a contradiction,

that H is imprimitive with non-trivial block system H.

Let A be the block containing 1, and let 6 € A\{1}. Then from 1* = k+1 = 1Y, it
follows that AY = A*. Hence if 6 € {k+1,1° '} UFix(x) then A* = A, and so AT = A,
a contradiction. Thus A C Supp(z)\{1* ,k+1} € Q, UQ U QZ "\{k + 1}. Since
1¥" =1 it follows that 6% C A. Observe that if § € ©,, then by the cycle type of y it
follows that 6" = Q(8) N O,

If § € Q\{k + 1}, then § € Oy, and so 0¥ = 0y, N Oy = Q\{k + 1}. Hence
Q\{k+ 1} € A and so {k+ 1} U (2\{k + 1})¥ C AY. By Condition (iii) it follows
that A¥* = AY. Combining this with A* = AY gives AY = A = A*. Thus A =, a

contradiction.

Therefore we may assume that 6 € Q; U Q“{l and A C Oy U Qg‘l. If A C Qq, then
§ € \{1} C O,y. Hence 6% = Q, N O, = Q\{1}, and so A = Q,. By taking y trans-
lates of A we see that H = M, a contradiction. Hence there exists
6 e AN (2 \{1}), and so 6* € Q\{k +1} C O, and k4 1,6* € A* N Q. Now
(k4 1)Y" =k + 1 implies that {k +1} U (6*)%"™) = Qy C A®. From A® = AY we deduce
that ngl UQ: ' =QUQ% " CA. Therefore A = Q, UQZ ' since A C O UQE . By
Condition (iv) it follows that AY = A, and so A = AY = A”, a contradiction.

Therefore H is a primitive group containing x € J, and so H = G by Theorem
4.3.4. O

Proof of Theorem 6.3.1.
By Proposition 6.2.8, we may assume that if Hypothesis 6.2.7(B) holds and n is as in
Region (iii), then z € X, and otherwise that x € X,.

If Hypothesis 6.2.7(A) holds, then the result follows from Proposition 6.3.5.

Suppose that Hypothesis 6.2.7(B) holds, and use the divisions of possibilities for m
and k given in Figure 6.3.2. If n is in Region (i) then the result holds by Lemma 6.3.7.
In Region (ii) the result follows from Lemma 6.3.11. In Region (iii) the result holds by
Lemma 6.3.16. [
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6.4 Hypothesis 6.2.7(A), Region four - m > 19, k > 28

In this section we prove the following proposition.

Proposition 6.4.1. Let m > 19, let k > 28 and let G and M be as in Hypothesis
6.2.71(A). Then for all x € X1\J there exists y € M such that (z,y) = G.

Recall that X; is the set of elements © € G\M such that 1 = k + 1, Qf ¢ M and
|21 N Supp(z)| > [Q2 N Supp(x)|. In addition we recall the definition

M = Sym(3 UQy) x Q3 X -+ X Q..

We first assume that the support of x is contained within few M-blocks. We then divide
into two subsections - in the first we assume that = ¢ M, and in the second we assume
that = € M.

Lemma 6.4.2. Let m > 19, let k > 28 and let G and M be as in Hypothesis 6.2.7(A).
If v € X3\J and there exist 3 <1i,j < m such that Supp(z) C {1,k + 1} UQ; UQ;, then
there exists y € M such that (z,y) = G.

Proof. By Proposition 6.2.6(ii) we may assume that Q; = Q3 and Q; = 4. By Lemma
4.2.1, an n-cycle is in A,, if and only if G = A,,. Let ) be the set of n-cycles y € M such
that

W=0, O =Q; O =05, QY =Q and QY = Qs.

and (k + 1) = 1. Since y is an n-cycle it is clear that H = H(y) = (x,y) is transitive.
Let A be a non-singleton block for H containing k£ + 1 and let a € A\{k + 1}. Since
(k4 1)¥* = 1* = k + 1 it follows that A¥* = A. If o« € Supp(z)\{1,k + 1} C Q3 U Qy,
then o € Q5 U Qs C Fix(z), and so a¥* = o¥ € ANFix(x). Hence A contains a point of
Fix(x) and {a,a?}, and so A = A7 = Q.

Thus H is a primitive group containing an n-cycle and [Supp(z)| < 2 + 2k < 2k < 2.
Therefore by Theorem 4.3.7, it follows that A,, < H, and so H = G by the parity of
Y. [l

6.4.1 =€ X;\(MUJ)

Here we prove Proposition 6.4.1 under the assumption that 2 € X;\(M U 7). We first
assume that [€; N Supp(x)| > 2, and then prove the general case. We begin with two

preliminary lemmas.

Lemma 6.4.3. Let m > 19, let k > 28, and let G and M be as in Hypothesis 6.2.7(A).
If z € X;\(M UJ) and |Q, N Supp(z)| > 2, then one of the following holds.
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(i) There exist a € Q1 NSupp(x)\{1} and distinct points 5,y € Qi NSupp(z)\{a} such
that Q(B*), Q(~*),Qy are distinct.

(ii) There exists o € 3 N Supp(x)\{1} and 0,0” € U \{1,a} (with possibly § = 6*).
Proof. First assume that Q;NQf = 0, and so ©; C Supp(z). We show that (i) holds. Since
xr € X it follows that Qf ¢ M, and so there exist 5,7 € € such that Q(5%) # Q7).
From Q7N = 0, it follows that none of Q(5%), Q(~*), 2 are equal. Let o € Q;\{1, 8,7},

which exists because k£ > 28.

Now assume that Q; N QF # (). We show that (ii) holds. If Q; N Fix(z) # (), then let
d =0 € O NFix(z) and let o € Q3 N Supp(z)\{1}. Otherwise 2; C Supp(x) and so we
let 6% € Q1 N QT and a € Q\{1, 9,7}, again using k > 28. O

Lemma 6.4.4. Let m > 19, let k > 28, and let G and M be as in Hypothesis 6.2.7(A).
If x € X,\(J U M), then the following both hold.
(i) Either there exists a, o € 0y or there exists 5 € Q\{1} such that 5% ¢ Q1 U Q.

(ii) If there exist distinct Bertrand primes py,py’ and a Bertrand prime p,, such that
Pm < m — 4 and prpr’ | (m — 1), then there exist distinct points
v, 7", 0,07, €, € € Supp(x)\ (21 U Qe UQ(SY)), and an element with cycle structure
1Pk pk s in T,

Proof. Part (i) is immediate by the definition of X since Qf # Q.

We now prove Part (ii). We claim that [Supp(x)| > 6k + 8. Since z ¢ J, C J and
prpk’ | (m — 1) it follows that

Supp(z) > 2(Vmk — 1) > 2(\/prpe’k — 1).
We now show that 2(v/pepr’k — 1) > 6k + 8, from which the claim will follow.

If 26 < k < 35, then it can be verified using [33, Code 20] that 2(v/prpr’k—1) > 6k+8 for
all distinct primes pg, pi’. Hence we may assume that & > 36. Let
y(k) = k* — 30k? — 115k — 100. Then y(k) > 0 for k > 36. Therefore

k(k* + 6k +5) = k* + 6k* + 5k > 36k* + 120k + 100 = (6k + 10)?

and so
k+1 k+5
2(%-%-%—1) — k(K + 6k 1+ 5) — 2 > 6k + 8.
Since pr and p,’ are distinct odd primes, it follows that py - pp’ > % . %, and so the

claim follows.
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Hence [Supp(z)| > 6k +8. Let T = (Q UQY  UQUQE  UQ(F*) UQ(B*)* ). Then
|Supp(x)\T'| > 8, and so there exist

7 € Supp(@)\T, § € Supp(@)\(TU{7,7",7" ' }) and € € Supp(@)\(TU{y, 7", 7" ", 8,6",6" ' }).

Hence v,77%,9,6%, €, €* are as required.

We now verify that an element with cycle type 1"7P=* . p* is in 7, by Definition

4.3.2. Since k > 8, it suffices to show that p,, > 2k — 1 and n > (p,, + 4)k — 4. Since
pkpr’ | (m — 1), it follows that m > pgpi’ > g . g = ’1—2. In addition %2 > % > 2k — 1,

and so )

k
pm>%>§>2k—1. (6.4)

Finally, since p,, < m — 4, it follows that

n=mk> (pp+4k > (pn+4k—4. O

Lemma 6.4.5. Let m > 19, let k > 28, and let G and M be as in Hypothesis 6.2.7(A).
Ifx € X,\(MUJ) and |Q NSupp(z)| > 2, then there exists y € M such that (z,y) = G.

Proof. By Lemma, 4.4.15 there exist distinct primes py, p." and p,, such that p,, < m—4.

First assume that pgpy’ 1 (m — 1) and, if necessary, relabel such that py 1 (m — 1). Let
a, B,y or a, 9,6 be as in Lemma 6.4.3. By Lemma 4.2.1, an element composed of three
cycles is in A,, if and only if G = A,,. Let ) be the set of elements y = c;coc3 € M with

Cw) = pu - (k —pi) - (m — Dk,

S

-~

O1U02=0 l(c ):

,_n

such that 1 € ©1, a € Oy, a® € O; U O3, and either §,6* € O, or #,7 € ©; and
p™ =~*. Hence H = H(y) = (z,y) is transitive. Assume, by way of contradiction, that

H is imprimitive with non-trivial block system .

Since py divides neither |O,] nor |03, it follows that I(c}!) # py by Lemma 4.2.14(ii).
Hence I(c}t) = 1 and so there exists A € H such that ©; C A. Thus AY = A. If §,§* € Oy,
then A = A" = Q. a contradiction. Hence we may assume that 5,7 € ©; C A and so
4% € A®. Since ™ = 47 it follows that (A¥)Y = A®. Therefore ©3 C A”* and so
|A*| = (m — 1)k > %, a contradiction.

Thus H is primitive and contains the py-cycle (™~ D*kE=pe) ¢ 7. Hence A, < H by
Theorem 4.3.4, and so H = GG by the parity of y.

Now assume that pgpy’ | (m — 1). Since z ¢ J, Lemma 6.4.4(i) and (ii) imply that
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there exist either o, € Qy or 5 € Q;\{1} such that 5% ¢ Q; U Qy; there exist distinct
points v,7% € Supp(z)\ (2, U UQ(S%)); and an element with cycle type 177Pmk . pk g
in J,. Observe that p,, > k by the latter deduction.

By Lemma 4.2.1 an element composed of three cycles is in A, if and only if G = A,,.

Let Y be the set of elements y = cicoc3 € M with

Cly) = PPk - Pk — i) - (m — pm)k
Ny ~~ S \ /
I((e1e2)M)=pm M) =(m—pm)

Q1,9(8%),92(7),2v*)€Supp((c1,c2)™M)  Qo€Supp(ci?)

such that 1,1¥ = v € ©1,7" € Oy, k + 1 € O3 and either a,a” or §,5" € ©,. Then,
H = H(y) = (x,y) is transitive.

We claim that there exists y € )Y for which H is primitive by Lemma 4.2.15. Let
(q1,92,%,j,v,0) = (Pm, Pk, 3,2, 1,7) and either ¥ = a = w or ¢y = f = w. Then p,, 1 |Os]
and py 1 [O2], hence p,pr 1 6] for 2 <1 < 3. Also 1,7 € ©1, 1" = k+1 € ©3 and
v* € B9, and either a,a” € ©7 or 3, 5% € ©,. Finally 1™ = Q; N ©; contains either
a or 3, and by Lemma 4.2.13(iv) there exists y € ) such that v%"*) contains either a or
S. Hence Conditions (i), (ii) and (iii)(a) of Lemma 4.2.15 are satisfied, and so the claim
holds

Now yPrk=p)(m=pm)k hag cycle type 1"7P=k . pk and so yrrk-p)m=pm)k ¢ 7 = Hence
H = G by Theorem 4.3.4. O]

We now complete the proof in the case of = ¢ M.

Lemma 6.4.6. Let m > 19, let k > 28, and let G and M be as in Hypothesis 6.2.7(A).
If v € X)\(M U J), then there exists y € M such that (x,y) = G.

Proof. If |1 N Supp(z)| > 2, then the result holds by Lemma 6.4.5. Hence we may
assume that [2; N Supp(z)| = 1, and so Q23 N Supp(z)| = 1 since z € X;. If there
exist 3 < 7,7 < m such that Supp(x) C {1,k + 1} U Q; U Q;, then the result holds by
Lemma 6.4.2. Hence assume otherwise, and so by Proposition 6.2.6(iv) we may assume
that there exists a € Q3N Supp(x), f € QsNSupp(z) and i € {1,4} such that o® € Q;. If
pr 1 (m—2), then let a := 2, otherwise let @ :== 4. Thus p; { (m—a) and (m—a) > a,a—1.

Since k > 28, there exists 75 € Q\{5,5* '} and 7 € Q\{#* '}. From
Qo N Supp(z) = {k + 1} = {17} it follows that v, ¢ & Qs.

By Lemma 4.2.1 an element composed of three cycles is in A, if and only if G = A,,.
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Let ) be the set of elements y = cicoc3 € M with

such that y satisfies all of the following.
(i) If a = 2 then (cie2)™ = (24,95), and if a = 4 then (cic)™ = (1, Qs, Qg, Q7).
(11) 1e @1,/8 S @2 and Baj € @1 U@g.

(iii) If @ = 2 then let v = 75 = 1%, and if a = 4 then let v = 74 = 1¥*. Also
v e® U{(k+1)V¥

1 <i<m-—a}l.
(iv) One of the follows holds.
(a) If o € Oy, then (k4 1)V =a.
(b) If a® € Qu, then (k+1)Y " = a and (k+ 1) """ = o~

By Conditions (i) and (ii), H = (x,y) is transitive. Assume, by way of contradiction,
that H is imprimitive with non-trivial block system H. Let A € H with 1 € A.

Since O, contains points of Q;\{1} C Fix(x), Lemma 4.2.14(i) implies that I(c]*) # 1.
Since py 1 |02], |Os], Lemma 4.2.14(ii) implies that I(c}) # aps.

If a =2 then let d = 1, and if a = 4 then let d € {1,2}. Hence d < a is a divisor of
a. Assume that I(c}*) = dp,. Then by Condition (iii), 1,7 € A. Since py 1 |©2], |O3] it
follows by Lemma 4.2.11(iv) that A € ©; and so |A| = § < 4. If »* € ©; U Oy, then
7* € ©1 by Condition (iii), and so A® contains v* € ©; and k + 1 € ©3. Hence ¢}t = ¢}
by Lemma 4.2.11(i), a contradiction since py { [©3]|. If ¥* € O3, then by Condition (iii),
there exists 1 < ¢ < m — a such that (k + 1)¥" = 4*. Hence (A")Y = A” and so
|A*| > M >k >4 > |A|, a contradiction.

Let e > 1 be a divisor of a and assume that I(c}') = e. Then in particular AY" = A.
By Lemma 4.2.13(ii) we deduce that €, N ©; € AN O;. Since | N Supp(x)| = 1 it
follows that A* = A, and so £k + 1 € A. Recall that o € Q; U Qy. If o € Qq, then
from | N Supp(x)| = 1 it follows that o = 1 € A. From A* = A and Condition
(iv)(a), we deduce that o = (k+1)¥ € A, and so A = A” = Q. a contradiction.
Hence a” € Q. Since A = A =AY and k+1 € A it follows by Condition (iv)(b) that
a=(k+1)¥" a*=(k+1)¥ " e A. Since o™ = a, we deduce that A = A = a

contradiction.

a(m—a)k(

Therefore H is primitive and contains y k=Pr) which has cycle type 17~%* . p,2.
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We now show that this is a Jordan element. Now a = 2 or 4, p,, > 7 and
n—apy = mk —apy > (m —a)pr, > (m — 4)p,, > 4.

Hence y®m=®k(k=pe) ¢ 7~ and so H = G by Theorem 4.3.4. [l

6.4.2 =€ (X;NMN\JT

In this subsection we prove Proposition 6.4.1 under the assumption that z € (X; N

MM\J .

We begin with the case of |y N Supp(z)| > 2. For | N Supp(x)| = 1 we first assume
that m > 4k — 2, secondly that k£ < m < 4k — 2, and then we consider the general case.
Finally we complete the proof of Proposition 6.4.1.

Lemma 6.4.7. Let m > 19, let k > 28, and let G and M be as in Hypothesis 6.2.7(A).
Ifr € (XyNM)\J and |QNSupp(z)| > 2, then there exists y € M such that (z,y) = G.

Proof. We first show that there exist a € (21 N Supp(z))\{1} and 3, 8% € 2 \{a}.

If Q; NFix(x) # 0, then let = §* € Q; NFix(x) and let a € Q1 N Supp(x)\{1}. Hence
assume that O NFix(z) = 0. Since z € M it follows that Qf C Q; Uy, and since x ¢ M
it follows that 2 # Qs. Hence there exist 3, 5% € €, and we may let a € O\{1, 5, 5" }.

By Lemma 4.2.1 an element composed of three cycles is in A, if and only if G = A,,.
We split into two cases. First assume that there exists a Bertrand prime p; such that
pr 1 (m —1). Let Y be the set of elements y = cjcoc5 € M with

C(y) =Dk (k —Pkl'gm - 1)73,

©1UB2=1  [(cfM)=m—1

such that 1,8,% € ©1, a € Oy, and o® € ©; UO3. Then H = (z,y) is transitive.
Assume, by way of contradiction, that H is imprimitive with non-trivial block system
H. Since py 1 |O3|,|O3|, Lemma 4.2.14(ii) implies that I(c*) # p and since 8, 3% € Oy,
Lemma 4.2.14(i) implies that [(c}*) # 1. Thus H is primitive and contains the pj-cycle
yk=pe)m=1k ¢ 7 Therefore H = G by Theorem 4.3.4.

If there is no p; as in the previous case, then by Lemma 4.4.11 there exist a prime
q > py such that ¢t mk, k < (m — ¢) and kq < 2(y/n —1). By Lemma 6.2.3 there exist
v,v" € Q3. Let Y be the set of elements y = ¢ycocg € M such that

Cly)= qpr-qlk—pr) - (m—q)k

I((c1e2)™)=¢q l(c}Y)=m—q
Q1,923€Supp((c1c2)™)  Q2€Supp(cit)
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with 1,8, 8%, 7,7 € ©1, a € Oy, and a* € ©; U O3. Then H = (x,y) is transitive.
Assume, by way of a contradiction, that H preserves a non-trivial block system . Let
A e H with 1 € A.

Since 7,7 € Oy it follows by Lemma 4.2.14(i) that I(c]*) # 1. Since py 1 ¢(k — py) and
q 1 (m — q)k, it follows by Lemma 4.2.14(ii) that {(c}t) # qps.

Assume that [(c]t) = pr. Then Lemma 4.2.13(iv) implies that |ANQ;NO;| = 1 for each
Q; € Supp(c!). Hence there exists y € Y such that 1,7 € A. Therefore k + 1,7* € A”
and so by Lemma 4.2.11(i) it follows that ¢}* = ¢}. Hence by Lemma 4.2.10 py, | (m—q)k.
Since py 1 k it follows that py, | (m — ¢). Let I’ be an arbitrary block in Supp(c). From
m—q > k > py, Lemma 4.2.13(ii) implies that ['N O3 is a union of at least two M-blocks.
Since QF = Q; for j # 1,2, it follows that I'" = T". Hence from a® € ©;UB3, a € O and
P 1|O2| we reach a contradiction by Lemma 4.2.14(iii).

Assume finally that I(c}*) = ¢. Then AN ©; = Q; N O; by Lemma 4.2.13(i). Hence
B,p% € A, and so A = A and k+1 € ANO;. From ¢1|O3| we derive a contradiction
by Lemma 4.2.14(iii).

Hence H is primitive. Since gt mk it follows that y(™~9* is non-trivial and has support
size kq < 2(y/n — 1). Therefore y™~9* ¢ 7, and so H = G by Theorem 4.3.4. O

For the rest of this section we may assume that x € M and |21 N Supp(z)] = 1. We
split into three cases, first m > 4k — 2 then kK < m < 4k — 2 and finally m < k.

We first prove a preliminary lemma which guarantees the existence of certain points.

Lemma 6.4.8. Let m > 19, let k > 28, and let G and M be as in Hypothesis 6.2.7(A).
Assume that = € (X; N MN\J, Supp(z) N (Q; U Q) = {1k + 1} and
Supp(z) € {1,k +1} UQ, U for any 3 <i,j < m. Then there exist distinct points
a,a € Q3 N Supp(z), B,6° € Q4 N Supp(x), v,7* € Q5 N Supp(x) and
9,0%, €,€" € (25U Qg UQy) N Supp(z).

Proof. By Proposition 6.2.6(iii) we may assume that
0 < [€23 N Supp(x)| < €24 N Supp(z)| < [€5 N Supp(z)|.

Hence there exists a, o € Q3N Supp(x) and 5, 5% € Q4N Supp(x). If |25 N Supp(z)| > 7,
then there exists v € Qs N Supp(z), & € Q5 N Supp(z)\{7,7*,7* } and

e € Q5 N Supp(@)\{7, 7%, 7" ,68,0% 0}, Otherwise |Q5 N Supp(z)] < 6 and so

|23 N Supp(z)] < 6 and |24 N Supp(z)] < 6. Since z ¢ J, it follows that

|Supp(z)| > 2(v/19 - 28 — 1) > 44. Hence assume otherwise, and so

|Supp(z)\ (21 UQy U3 U Q)| > 44 —2(1) — 2(6) = 30.
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Therefore there exist distinct points v, 7%, 9, 6%, €, € € Supp(x)\ (2 U2y UQ3UQy). Since
x € M these points lie in at most three M-blocks. Hence by Proposition 6.2.6(iii), we
may assume that v,v* € Q5 N Supp(z) and 6§, 6%, €, €* € (25 U Qs U Q7) N Supp(x). ]

Lemma 6.4.9. Let k > 28, let m > 4k — 2, and let G and M be as in Hypothesis
6.2.7A). If x € (X1 N M)\T and |Qy N Supp(z)| = 1, then there exists y € M such that
(x,y) = G.

Proof. By Lemma 4.4.18 since m, k > 18, there exist distinct primes p,, and p; such that
™S < p, <m —5 and p, < k—5. Hence

pm>%22k—1>k—2, (6.5)

and so p,, does not divide any of p, (k — 2) and (k — pg). From = € X it follows that
|22 N Supp(x)| = 1. If Supp(z) C {1,k + 1} UQ,; UQ; for some i and j, then the result
follows by Lemma 6.4.2. Since x ¢ J, we may let «, 5,7 be as in Lemma 6.4.8.

By Lemma 4.2.1 an element composed of five cycles is in A,, if and only if G = A,,. Let

Y be the set of elements y = cicac3eqcs € M such that

Cy) = pm(k—2) pupm Pl —pm) - (k= p)(m = pp)

l((016203)M);;m l((64cs)M;:rm—pm

Q1,093,Q25€Supp((c1c2¢3)™M) Q2,Q4€Supp((cacs)™)
with 1,1¥Y = v € ©1, a,7* € Oy, a* € O3, k+ 1,5 € ©4 and * € O5. Hence H = (z,vy)
is transitive. Assume, by way of a contradiction, that H preserves a non-trivial block
system H. Let A € H with 1 € A.

Since ©; contains points of Q;\{1} C Fix(z), Lemma 4.2.14(i) implies that
I[(ct) # 1. From p,, > m — pp, Pr, k — p it follows that (k — 2)p,, 1 |©;| for i # 1. Hence
I(c?) # (k — 2)pm, by Lemma 4.2.14(ii).

Let d < k — 2 be a divisor of & — 2, and assume that I(c}) = dp,. Then

IANQ N6 = (kf) > 1. Hence A contains a point of Q;\{1} C Fix(z), and so

A" = A. Since k+1 € ©4 and dp,, 1 |04] we reach a contradiction by Lemma 4.2.14(iii).

Let ¢ > 1 be a divisor of k — 2, and assume that I(c}') = e. By Lemma 4.2.13(v),
|AY N Q;] > 1 for Q; € Supp(c!). Hence AY contains v and a point of Q,\{1} C Fix(x).
Therefore A¥* = AY. Since v* € ©y and e 1 |O4| we reach a contradiction by Lemma
4.2.14(ii).

Hence H is a primitive group. Let t = (m — py,)pr(k — 2)(k — pr). Then p,, 1 ¢, and so
y' has cycle type 1" 7Pk . p* By assumption k > 8, and p,,, > 2k — 1 by (6.5), finally by
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Lemma 4.4.18 p,, +4 < m, and so
k(pm +4) —4 <km —4 <n.
Thus y* € J,, and so H = G by Theorem 4.3.4. O

Lemma 6.4.10. Let k > 28, let k < m < 4k — 2, and let G and M be as in Hypothesis
6.2.7A). If x € (Xy N M)\J and |Q N Supp(z)| = 1, then there exists y € M such that
(z,y) = G.

Proof. Since x € X; it follows that Q2 NSupp(z)| = 1. If Supp(z) C {1,k +1}UQ;UQ;
for some 3 < i, j < m, then the result holds by Lemma 6.4.2. Hence we may let «, 3,7, J, €
be as in Lemma 6.4.8. By Lemma 4.4.18 there exist distinct primes p,, and p; such that
D < p <m =5, pp <k —5 and pp f (m — 2).

First assume m is even. Hence 2t (m — p,,,), and G = S,, by Hypothesis 6.2.7(A). We
give two possibilities for ) C M. By Lemma 4.2.1 an element composed of five or seven
cycles is in S, \A,. If k is even, then let ) be the set of elements y = ¢; ---¢5 € M such
that

C(y) = pmpr - pm(k = pr) - (M = ) (k= pr = 2) - (m = pp)py, - (M = ppn)2

TV TV
I((c1e2)M)=pm I((czcacs)M)=m—pm
Q1,924€Supp((c1e2)™) Q2,023,925 €Supp((czeacs)™)

with 1,1¥ =8 € O, 7 € Oy, a® € O3, k+1,a,7 € O4, and v* € O5. From py # p,,, we
deduce that py 1 |02| and p,, 1 [04], |Os]. Since

k
it follows that p,, 1 |©3].

If k£ is odd, then let ) be the set of elements y = ¢y - - - ¢; € M such that

C(y) = pmpr - P (k = pr = 1) - pon - (M = pr)pi = (M = p) (k = pr = 3) - (M — pi) - (M — pm)2

l((010203)M)me l((C4CSC6)M):?nr_pm

Q1,023,924€Supp((c1c2c3)™M) Q2,925,06,27€Supp((cacses) ™)
with 1,1Y = B, € O, € Oy,a" € O3, k+1,7,0,¢e € O4 and ¥* € Of, 6" € Og
and €’ € ©;. Note that pg 1 |02, |O3] and py, 1 |04], |O¢|, |O7]. By (6.6), it follows that
Pm 1 105].
In both cases, it is clear that H is transitive. We shall use Lemma 4.2.15 to show that

H is primitive. Let (q1,42,4,5,0,9) = (Pm, Dk, 4, 2,1, 8). Then py, { |O4], pi. { |O2] and
PmpPr 1|6 for I > 2. Also 1,8 € ©1, 1" = k+1 € ©4 and f* € Oy. Finally 1¥ = §
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and by Lemma 4.2.13(i) 1% C {1} U Fix(«x). Hence Conditions (i), (i) and (iii)(b) of

Lemma 4.2.15 are satisfied, and so H is primitive.

If k is even then let ¢ = pppi(k — pr, — 2)(Mm — pp)(k — pi), and if k is odd then let
t = prpr(k —pr — 1)(m —pp) (k—pr —3). Then y* has cycle structure 17=2(m=pm) . 2m—pm
m+5

From p,, > ™5, it follows that —m —5 > —2p,,,, and so m —5 > 2(m —p,,,). In addition,

4k — 2 > m implies that k > 2 + 1 > 2 thus

2(\/5—1):2(\/%/E—1)>2(\/E %—1):m—2>m—522(m—pm).

Hence 3' € J,, and so H = G by Theorem 4.3.4.

Now suppose that m is odd. By Lemma 4.2.1 an element composed of three cycles is
in A, if and only if G = A,,. Let ) be the set of elements y = c;coc3 € M such that

Cly) = 2pi - 2(k — px) - (m = 2)k,

(Clcg)M:(QhQB) l(Céw):m*Q

with 1,1¥Y = o € ©1, a* € Oy and k + 1 € ©3. Hence H = (x,y) is transitive. Assume,

by way of a contradiction, that H is imprimitive with non-trivial block system H.

Since p 1 |02], |03, it follows that I(ci*) # 2p by Lemma 4.2.14(ii). Since ©; contains
points of Q;\{1} C Fix(z) it follows that [(c}*) # 1 by Lemma 4.2.14(i). Hence we may
let A and I' := AY be distinct blocks with 1 € A and a € T

Assume that [(c}*) = py. Then, by Lemma 4.2.13(iv), TN Q; N O] = 1 for j = 1,3.
In particular, I" contains a point of Q;\{1} C Fix(x), and so I'* =T'. Since o € O3 and
P 1|O2| we reach a contradiction by Lemma 4.2.14(iii).

Assume that I(ci*) = 2 so that ¢}t = (A, T). Then ANO; = 2;NO; and so ANFix(z) #
(. Hence A* = A and 1* = k+1 € A. Therefore ¢f* = (A, T") by Lemma 4.2.11(i). From

m > 3, we deduce that mk > 3k and so 3mk — 3k > 2mk. Hence m’;_k > mTk and so

(m=2k k (m=-2k (m-1k _n

Al > > = :

Alzpet T =5 2 3

Thus H = {A,T'}. From 2 { (m—2), it follows by Lemma 4.2.10 that 2 | k. Hence ANQY; #
0 and r N Q; + 0 for

Q; € Supp(c4!) by Lemma 4.2.13(v). In particular, there exists y € Y with 8 € A
and % € I', contradicting the deduction that A* = A.

Hence H is primitive and a power of y has cycle type 1"%* . p,2. Since p, > 5 and
n —2pg > (m — 2)pg > 2, it follows that y* € 7, and so H = G by Theorem 4.3.4. [J
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Lemma 6.4.11. Let m > 19, let k > 28, and let G and M be as in Hypothesis 6.2.7(A).
Ifx € (X;NMN\J and |QyNSupp(z)| = 1, then there exists y € M such that (z,y) = G.

Proof. It m > 4k — 2, then the result holds by Lemma 6.4.9 and if £k < m < 4k — 2,
then the result holds by Lemma 6.4.10. Hence we may assume that m < k. Therefore by
Lemma 4.4.19 since m > 18 there exist distinct primes p,, and p; such that

k
pe#Em—3 m—p,>2 and k—2>pk>§>%>m—pm. (6.7)

Since z € X it follows that [QaNSupp(z)| = 1. If Supp(x) C {1, k+1}UQ;UQ; for some
3 < 1,7 < m, then the result holds by Lemma 6.4.2. Hence we may assume otherwise

and let a, o®, B, 8*,v,7" be as in Lemma 6.4.8.

First assume that 3 t (m — p,,). By Lemma 4.2.1 an element composed of five cycles
lies in A,, if and only if G = A,. If 3 1 (k — px), then let J be the set of elements
Yy =c1---c5 € M such that

C(y) = pmpr - Dm(k = pi) - (1 = pim) (k = pr = 3) - (11 = Pm)3 - (1 — PPk

™)

I((c1c2)™)=pm I((c3cacs)M)y=m—pm
01,Q3€Supp((crc2)™) Q2,Q4,Q5€Supp((c3cacs)™)

with 1, V=ae€ @1, o’ € @2, ’YI € @3, 6I € @4, and k’+1,ﬂ,’7 S @5. Note that Pk 'f ’@2|
and p,, 1104/, |05|, and by (6.7) py 1 |Os].

If 3| (k—px), then 31 (k—pr,—1)(k—3). Let Y be the set of elements y =¢;...c; € M
such that

C(y) = ?mpk 'pm(k - Px — 1) P@Sm - pm)<k - 3) ’ (m _pm)gj

((c1c2c3)™)=pm 1((cacs)™)=m—pm
01,93,Q4€Supp((c1cac3)™) Q2,Q5€Supp((cacs)™)

with 1,1y = Oé,ﬁ S @1,0433 S @2, 61’ S @3, ’)/‘r S @4 and k + 1,’7 S @5. Note that
Pkt |©2l, |Os| and p,, 1|Os]. By (6.7), pr # k — 3 and pr, > m — p,,, and so pi 1 [O4].

In both cases H is transitive. We shall use Lemma 4.2.15 to show that H is primitive.

Let (QI7QQ>7;7.j>U7¢> = (pm>pka5>2a 1,04). Then Pm 'f |@5|7 Pk J( |@2| and PmPk J( |@l| for
2 <1<5 Also, l,a € ©, 1" =k+1 € 05 and o € ©,. Finally 1Y = « and by
Lemma 4.2.13(i) 1¢"™) C {1} UFix(z). Hence H satisfies Conditions (i), (i) and (iii)(b)

of Lemma 4.2.15 and so H is primitive.

There exists a power of y with cycle type 17~3(m=pm) . 3(n=pm) " Since m > 2 it follows

that 4m — 2 > 3m. Hence 2(m — 1) > 2 and so

o(v/n—1) > 2(m—1) > 3(%) > 3(m — pp).

154



Therefore y' € J, and so H = G by Theorem 4.3.4.

Now assume that 3 | (m — p,,). Let ) be the set of elements y = c¢jcac3 € M such that

(.

Cly) = §Pk'3(/€—1’kz : (mﬁlﬁ

-~

I((c1c2)™)=3 U(c3)=m—3
Q1,Q23€Supp((c1c2)™)  Qa,Q24€Supp(ci)

with 1,1 = o € ©1, o € Oy and k+ 1,3, % € O3 and (k+1)" = 3. Hence H = (x, )
is transitive. Assume, by way of a contradiction, that H preserves a non-trivial block
system H. Let A € H with 1 € A.

Clearly py,  |©2]. By (6.7) we have pp > 2 > ™2 and py # m — 3, hence py, 1 [O;].
Therefore I(c}) # 3p;, by Lemma 4.2.14(ii). Since ©; contains points of Q;\{1} C Fix(x)
it follows that I(c}) # 1 by Lemma 4.2.14(i).

Assume that [(c}*) = pg. Then by Lemma 4.2.13(iv), |AY N Q; N ©;] = 1 for
Q; € Supp(c). In particular, AY contains a and a point of Q;\{1} C Fix(z). Hence
(AY)* = AY. Since o” € O and py 1 |O3] we reach a contradiction by Lemma 4.2.14(iii).

Now assume that [(c}*) = 3. Then AN ©O; = Q; N O; by Lemma 4.2.13(i). Hence
A = A and k + 1 € A. Therefore ¢}t = ¢}t by Lemma 4.2.11(i), and since 3 { (m — 3),
Lemma 4.2.10 implies that 3 | k. Hence AN Q; # 0 for Q; € Supp(c4?) by Lemma
4.2.13(v). Therefore § € A, and there exists y € ) such that 5* ¢ A. A contradiction
since A* = A.

Hence H is primitive and a power of y has cycle type 17737+ . p,3. Since p, > 5, and
n — 3pg > (m — 3)pg > 3, it follows that y* € J,,. Hence H = G by Theorem 4.3.4. [J

Proof of Proposition 6.4.1. By Proposition 6.2.8, we may assume that x € X;. If © & M,
then the result holds by Lemma 6.4.6. If € M and |, N Supp(z)| > 2, then the result
holds by Lemma 6.4.7. If € M and | NSupp(x)| = 1, then the result holds by Lemma
6.4.11. [l

6.5 Hypothesis 6.2.7(B), Region four - m > 19 and k > 28

Here we prove the following lemma.

Proposition 6.5.1. Let m > 19, let k > 28 and let G and M be as in Hypothesis
6.2.7B). Then for all x € X\ T there exists y € M such that (x,y) = G.

Recall that X; is the set of elements x € G\M such that 1* = k+ 1, Q] ¢ M and
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|21 N Supp(z)| > |22 N Supp(z)|. In addition we recall the definition

M = Sym( UQy) x Q3 X -+ X Q.
We divide into two subsections, first that z € M and then z g M.

6.5.1 x € (X;NMN\T

In this subsection we assume that = € (X; NM)\J. We split into three cases: first we let
|21 NSupp(z)| > 3; then let |23 NSupp(x)| < 3 and assume that there exists 3 < 4,7 < m
such that Supp(z) C € U QU Q; U Qy; finally we assume that |2 N Supp(z)| < 3 and
that Supp(z) € Q; UQ UQ; UQ; for all 3 <i,7 <m.

|2 N Supp(x)| > 3

Lemma 6.5.2. Let m > 19, let k > 28, and let G and M be as in Hypothesis 6.2.7B).
Ifx € (X;NMN\T and |QyNSupp(z)| > 3, then there exists y € M such that (z,y) = G.

Proof. We begin by showing that there exist distinct points «, 5 € ;\{1} such that
B # a, and points v,7* € O \{a, 8}.

If Q) NFix(z) # 0, then there exists v = 4* € Q; NFix(z). Since |, N Supp(z)| > 3,
there exist o € @ N Supp(x)\{1} and 8 € (2, N Supp(z))\{1, o, a*}.

Now assume that €y C Supp(z). Since x € M it follows that (U Q)" = QU Qy,
since x € X it follows that QF # Qy. Therefore there exist v,v* € Q1 N Supp(z). Now
from k > 6 there exist @ € Q4 \{1,7,7*} and 5 € Q;\{1,7,7", o, a"}.

By Lemma 4.2.1 an element composed of four cycles is in A, if and only if G = A,,.
Using Lemma 4.4.11 we split into two cases. First assume that there exists a prime py
such that g <pr < k—1and p,t(m—1). Let Y be the set of elements y = c¢icoc3c4 € M
such that

Cly)=1-pr-(k—pr—1)-(m—1)k
(. ~ >4 NS ﬂ
01UB2U03=Q, l(ci\’l):mfl

with ©1 = {a}, 1,7,7" € Oy, f € O3, and f* € O, U O,.

First note that since 5% # « it follows that Y # (. Let H = (z,y). Then 1 € O,
and k + 1 € O, imply that ©, U ©, C 1. Hence 5% € 17, and so O3 € 1%. Therefore
O\{a} C 1%, and since o € Supp(x) it follows that H is transitive. Assume, by way of
a contradiction, that H is imprimitive with non-trivial block system H. Since py 1 |©;]
for i # 2, Lemma 4.2.14(ii) implies that [(c}) # pi. Since v,7° € O, it follows that
I(c}¥) # 1 by Lemma 4.2.14(i). Hence H is primitive by Lemma 4.2.10.
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Since y*k=Pe=Dm=1k i5 o p, _cycle it follows that y*—Pe—D(m=Dk ¢ 7 Therefore A, < H
by Theorem 4.3.4, and so H = G by the parity of y.

By Lemma 4.4.11, if there is no prime p; as in the previous case, then there exist two
primes ¢ > pj, such that ¢ ¥ mk, k < (m —q) and kq < 2(y/n —1). By Lemma 6.2.3 there
exist A, \* € Q23 (possibly equal). Let ) be the set of elements y = ¢jcac3c4 € M with

Cly) =qre - gk —pr—1)-q- (m—q)k
N\ ~~ 4 NS P
l((clczc;g)M):q l(ci\’l):m—q
91793€Supp((c10203)M) QQ,Q5ESupp(c£4)

such that 1,7, \ A" € O, a € 0Oy [ € 0O3 p* € O U Qy and
a” ¢ ©,. Hence H = (x,y) is transitive. We assume, by way of a contradiction, that H

is imprimitive with non-trivial block system H. Let A € H with 1 € A.

Since py, 1 ||, |O3] and ¢ 1 04|, it follows that I(ci) # qpi by Lemma 4.2.14(ii). From
v,7% € O1, Lemma 4.2.14(i) implies that I(cit) # 1.

If I(c]') = q, then ANO; = Q; NO; by Lemma 4.2.13(i). Hence v,7* € A and so
A* = A. Since k+ 1 € ©4 and ¢ 1 |04| we reach a contradiction by Lemma 4.2.14(iii).

Suppose that [(c]') = py, so that there exist A; := A, Ay,..., A, € H such that
ct = (Aq,...,A,,). By Lemma 4.2.13(iv), |A; N Q; N O] = 1 for 1 < i < pg and
Q; € Supp((cicacz)™). Therefore there exists y € Y such that A € A;. Since \* € 0,
it follows that A? = A; for some 1 < i < pg. Therefore k +1 € A;, and so ¢}t = c}f
by Lemma 4.2.11(i). Hence there exists 1 < [ < p; such that A; containing S*. Since
pe 1 k and I(c}') = pp, we deduce by Lemma 4.2.10 that p; | (m — ¢). Therefore by
Lemma 4.2.13(ii), there exists Q; € Supp(ci?) such that Q; C A; N O4. By Lemma
6.2.3, Q7 Ny # ), and so Af = A;. However, 3 € O3 and p; 1 [O3] and so we reach a
contradiction by Lemma 4.2.14(iii).

Therefore H is a primitive group containing y; := y™ 9%, From q { (m — q)k, we
deduce that y; # id. In addition [Supp(y1)| = gk < 2(y/n — 1), and so y; € J;. Hence
A,, < H by Theorem 4.3.4, and so H = GG by the parity of y. n

|2, N Supp(z)| < 3 and Supp(x) € 21 U QR UQ; U Q, for any <, j

Here we assume that x € X7 and |2; NSupp(x)| < 3, and so |22 NSupp(x)| < 3. We first
assume further that m > k before proving the general case. We begin with a technical

lemma on the existence of certain points.

Lemma 6.5.3. Let m > 19, let k > 28, and let G and M be as in Hypothesis 6.2.7(B).
Assume that z € (X; N M)\J, with |Q5 N Supp(z)| < 3 and [Supp(z)| > 36, in addition
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Supp(z) € Q1 U QU Q; UQ, for any i,j. Then there exist distinct points a, a® € s,
B, 5% € Q5 UQg, 7,7% € Q5 U Qg UQy, 6,0 € Q5 U Qg UQUQg, €€, € Supp(z) N Q3
and ¢,(* € Supp(z) N Qy; and points n,n* € Qs, 1,1* € Q4 and K, K* € Qs such that
0,07 6,0 Ry K7 ¢ {a, 0, B, 87, 7,97, 0,07, €,€%,(, (7}

Proof. Since Supp(z) € Q1 U Qy U Q; U, for all 3 < 4,7 < m, Proposition 6.2.6(iii)
implies that

0 < [Q3 N Supp(z)| < [€24 N Supp(x)| < Q25 N Supp(z)|.
Hence since © € M there exist €,6* € Q3 N Supp(z) and (,¢* € Q4 N Supp(x). If
|Q25NSupp(x)| > 10 then there exist distinct points «, a*, 3, 5%,7,7%, 6, 6% € QsNSupp(z).
If |[Supp(z) N Q5] < 10, then |Supp(x) N Q3, [Supp(z) N Q| <9 and so

|Supp(z)\ (21 U Qe UQ3 U Q)| >36—2(3) —2(9) = 12.

Therefore there exist distinct points o, o, 8, 8%, v, 7%, 9, % € Supp(z)\{2;UQUQ3UQ, }.
Since z € M , these points lie in at most four M-blocks, and by Proposition 6.2.6(iii) we

may assume that these four blocks are €25, (2, 27, Qs.

Finally, since z € M and k > 28, it is immediate that there exist n,n" € Q3, ¢,1* € Q4
and k, k* € Qg such that n,n*, ¢,*, kK, k" & {a,a®, 3, 5%, v,7",0,0%, €,¢°,(, ("} O

First suppose that m > k.

Lemma 6.5.4. Let k > 28, let m > k and let G and M be as in Hypothesis 6.2.7(B)
Assume that = € (X, N M)\J with |Q N Supp(z)| < 3 and Supp(z) € Q UQ,UQ, UQ,;
for alli,j. Then there exists y € M such that (z,y) = G.

Proof. Since 35 < 2(y/n — 1) and x ¢ J,, we may assume that |Supp(x)| > 36 and so
there exists €, e” € Q3,(, (" € Q4 and a, a”, 3, % € Q5 U Qg as in Lemma 6.5.3.

First let m > 4k — 2. By Lemma 4.4.15 there exist distinct primes p,, and pg, so that
Pm # P and 4 < m — p,,. Since m > 4k — 2 it follows that p,, > (k — 2), (k — px — 1),
and so in particular p,, t (k — 2), (k — pr — 1).

By Lemma 4.2.1 elements composed of six cycles are in A, if and only if G = A,,. Let

Y be the set of elements y = cycoc3eqcsc6 € M such that

Cly) = (k=2)pm P P - pr(m = pm) - (m = pm) - (k = pp = 1)(m — pm)

U((c1eze3)™M)=pm I((cacsee)™M)=(m—pm)
Q1,925,926 €Supp((c1cac3)™) Q2,03,024€Supp((cacscs) ™)

with 1,1Y = o, € O1,a" € O,, 7 € O3, kE+1¢(C € B4, €% € O, (* e O, and
Q;NSupp(z) C {1}UO2UB3. The final condition can be satisfied since |23 NSupp(z)| < 3.
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Hence H = (z,y) is transitive. Suppose, by way of a contradiction, that H is imprimitive
with non-trivial block system H. Let A € ‘H with 1 € A.

Since Q; N Supp(x) C {1} UO, U O3, Lemma 4.2.14(i) implies that I(cit) # 1.

Suppose that (c}*) = p,,. Then ANO; = Q;NO; by Lemma 4.2.13(i), and so AT = A
since ; N Supp(z) € {1} U U Q. From k+ 1 € ©4 and p,, 1 |O4], we reach a
contradiction by Lemma 4.2.14(iii).

Let d be a divisor of k—2, and assume that [(c]') = d and let ¥ = AY. Since p,, > (k—2)
it follows that (d,p,,) = 1. Then |SNQ; N O] > 1 for all Q; € Supp(c) by Lemma
4.2.13(v). Hence X contains « and a point of (€2, NO1)\{1} C Fix(x). Therefore ¥* = X
and so o € ¥. However o® € O and d 1 p,,,, and so we reach a contradiction by Lemma
4.2.14(iii).

Let e > 1 be a divisor of k — 2, and assume that [(c}t) = epy,, so that [A N O] = £2.
Since dp,, 10| for i # 1, Lemma 4.2.14(ii) implies that |A N ©;| # 0 for i # 1. Hence
e < k—2 since ‘H is non-trivial. Therefore by Lemma 4.2.13(iii), A contains 1 and another
point of ; NO; C Fix(z). Hence A* = A and k+ 1 € AN ©Oy. Since p,, 1 |04] we reach

a contradiction by Lemma 4.2.14(iii).

Hence H is a primitive group. Let y; = yPk(m=Pm)(k=pe=1)(k=2) " Then y; has cycle type
1"=pmk . pk Now k > 8 and p,, > 2 > 2k — 1. By Lemma 4.4.15 m — p,, > 4, and so

n=mk > (pm +4)k > (pm +4)k — 4.

Hence y; € J, and so H = G by Theorem 4.3.4.

Now suppose that £k < m < 4k — 2. By Lemmas 4.4.8, 4.4.15 and 4.4.16 there exist
primes pp,, pr, pr’ and ¢ such that p,, < m —4, gt m, pp 1 (m — ¢) and an element with
cycle type 1"7Px4 . p,? is in J,. Hence by Definition 6.5 it follows that ¢ < pg,pi’. Let
€, € € Q3 and (, (" € 4 be as in Lemma 6.5.3. By Lemma 4.2.1, a product of four cycles
is in A, if and only if G = A,,. Let ) be the set of elements y = c;coc3c4 € M such that

Cy)= peq-(k=pe)g -pi'(m—q)- (k= p)(m—q)
U((crc2)™)=q (csea)M)=m—q
91,93€Supp((clcg)M) QQ,Q4ESupp((C3C4)M)

with 1,1¥ =€ € Oy, €* € Oy, k+1,( € O3, (* € ©4 and 2y N Supp(z) C {1} U Os.

Hence H = (z,y) is transitive. We claim that H is primitive by Lemma 4.2.15. Let
(41,92, 7,0,0) = (¢, Pk, 3,2, 1,€). Then ¢t |O3|, pr 1 |O2| and gpx 1 |0 for 2 < 1 < 4.
Also 1,e € 0, 1 =k +1 € O3 and €® € O,. Finally 1¥ = ¢ and 1%" C {1} U Fix(z).
Hence H satisfies Conditions (i), (ii) and (iii)(b) of Lemma 4.2.15 and so is primitive.
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Since py, 1|0y for | # 1 it follows that the (k — py)gpr’ (m — q)(k — pi/)™" power of y has
cycle type 1"7Px4 . p 9. Therefore H = G. [

We now consider the case of all m and k.

Lemma 6.5.5. Let m > 19, let k > 28, and let G and M be as in Hypothesis 6.2.7(B).
Assume that = € (X, N M)\J with |Q N Supp(z)| < 3 and Supp(z) € O UQ, UQ, UQ,
for any i,j. Then there exists y € M such that (z,y) = G.

Proof. It m > k, then the result holds by Lemma 6.5.4. Hence we may assume that
m < k. By Lemma 4.4.19 there exist distinct primes p,, and pg such that kK —p, > 5 and
m—pm, > 5. Since x ¢ Js, we may assume that |Supp(z)| > 36 and so Lemma 6.5.3 holds.

First assume that 3 { (m — p,,). Let «, 5,7,0,¢,(,n,x be as in Lemma 6.5.3. Since
m > 4 it follows that 3m < 4m — 4 = 4(m — 1), and so 2* < 2(m — 1). Hence since

Pm > %5 and m < k, we see that

3(m — py) < %m < 2m —1) < 2(Vmhk — 1). (6.8)

Hence an element with support 3(m—p,,) is in Js. By Lemma 4.2.1 an element composed
of eight cycles is in A,, if and only if G = A,,. We define two possibilities for Y C M and
show that, in each case, if y € ) then (x,y) is transitive and contains an element with

support size 3(m — py,)-

If 31 (k — pm), then Y be the set of elements y = ¢, - - - cg € M such that

C(y) :?mpk pm(k — Dk — 3) *Pm - Pm pﬂzgm_pm)pk ’ (m_pm)<k — Dk — 3) ’ (m_pm)%

Vv TV
I((c1caczeacs)™M)=pm I((cscres)M)=m—pm
01,95,96,927,98,Q0€Supp((c1caczcacs)™M) Q2,023,024 €Supp((cgcreg)™)

with 1,1y = Oéaﬁv’%éa’%a"ix S 617 at € @2, 536 € @37 VI S 647 0" € @57 k + 1>67< S @67
€” € Oy, (¢ € Og and ; N Supp(z) C {1} U Oy U O3. Since px # py, it follows that
P 1102],103],104], 05| and py, 1 |Ogl,|Os|. Furthermore, since p;, > & > 2 > m — p,

it follows that py, 1 |©7|. Therefore the p,pi(k — pr — 3)(m — pm)™" power of y has cycle
type 13(m—pm) . 3(m—pm)'

If 3| (k—pg), then 3 1 (k—px—1)(k—pr —5). Let )V be the set of elements
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Yy =c1---cg € M such that

l((010203)M);an
Q1Q3,Q24€Supp((c1cacs)™)

(M = pm) - (M = pm) - (M = )P - (M — i) (b — P — 5) - (M — pp)3

(. S

M)V

I((cacscseres)™)=m—pm
Q1,95,926,Q7,2s €Supp((cacscoeres)™M)

with 1’1y - €7Ca77a77m € @1; €’ € @27Cw € @37 a’ € @47 ﬁx € @57 kl_f_ 17a7677a5 € @67
YE € O, 6 € Og and Q; N Supp(x) C {1} U Oy U O3. Observe that, pi 1 |02, |Os]
and p,, 1 |©4], |95, |O6|, |Os|. Furthermore, since p;, > % > % > m — py, it follows that

pr 1 107]. Therefore the p,,pr(k — pr — 1)(k — pr — 5)(m — p,, )™ power of y has cycle type
13(m=pm) . 3(m—pm)

Hence in both cases H = (z,y) is transitive. We claim that H is primitive by Lemma
4.2.15. Let (q1, 92,1, 7,v) = (Pm, P, 6,2, 1), in addition: if 3 1 (k — px) then let ¢ = «; and
if 3| (k — px) then let ¢ = e. Then p,, 1 |O¢|, pr 1 |O2| and pypx 1 6] for 2 < 1 < 8.
Also, 1,6 € ©1, 1 = k+1 € g and ¢ € O,. Finally 1¥ = ¢ and 1% C {1} U Fix(x).
Hence H satisfies Conditions (i), (ii) and (iii)(b) of Lemma 4.2.15, and so H is primitive.

Thus in both cases, H is primitive and contains an element of 7,. Therefore H = G
by Theorem 4.3.4, and so the result holds if 31 (m — p,,).

Now assume that 3 | (m — p,,). Let o, €,(,m,¢ be as in Lemma 6.5.3. By Lemma 4.2.1
an element composed of four cycles is in A, if and only if G = A,,. Let ) be the set of

elements y = cycoczeqy € M such that

Cly)= 3px-3-3(k—pr—1) -(m—=3)k
(. ~ -~ N’
1((cre2c3)M)=3 U(c})=m—3
Supp((c1cae3)™)={Q1,023,Q4}

with 1,1Y = €,(,n,n%,t" € Oy, ¢ € 0Oy (* € O3 k+ 1 € 04 and
QN Supp(z) C {1} UBO, U Os.

Hence H = (x,y) is transitive. Assume, by way of a contradiction, that H is imprimitive
with non-trivial block system H. Let A € ‘H with 1 € A.

Since 1, 7" € ©1, Lemma 4.2.14(i) implies that I(c}*) # 1. By Lemma 4.4.19 py # m — 3
and combining this with py > & > 2 > ™3 gives p; 1 |©4]. Hence py, 1|0, for i # 1, and
so I(cit) # 3py, by Lemma 4.2.14(ii).

Assume that [(c}t) = pr. Then |[AY N Q; N O] =1 for all Q; € Supp(c}’) by Lemma
4.2.13(iv). Hence AV contains € and a point of ; NFix(z). Therefore (A¥)* = AY. Since
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€” € O and py 1 |O2| we reach a contradiction by Lemma 4.2.14(iii).

Hence we may assume that [(c}*) = 3, so that there exist A; := A, Ay, Az € H such
that ¢t = (A1, Ag, Az). Then A1NO; = Q1NO;, AyNO; = Q3NO; and A3NO; = QNO,
by Lemma 4.2.13(i), and so A; NFix(x) # 0, n,n* € Ay and ¢,* € Az. Therefore Ay, A,
and Aj are fixed by x. Hence k+ 1 € Ay and so ¢}t = (A1, Ay, Az) by Lemma 4.2.11(i).
From 3 | (m — p,,,) we deduce that 3 1 (m —3), so by Lemma 4.2.10 we conclude that 3 | k.
Thus by Lemma 4.2.13(v), 1 < |A;N€Q,| < kfor 1 <i < 3 and Q; € Supp(c}?!). Therefore
there exists y € Y and 1 < i < 3, such that « € A; and o® ¢ A;. A contradiction since
AT = A,

Hence H is a primitive group containing the 3(k — p, — 1)(m — 3)k** power of y which
has cycle type 1”737k . p.3. Since py > 5 and n — 3pg > (m — 3)pg > 3, this power of y is
in J,. Hence H = G by Theorem 4.3.4. O

|2, N Supp(xz)| < 3 and Supp(x) C 2, U Ny UQ; U Q;
Here we assume that z € X;. Hence by Proposition 6.2.6(ii) we may assume

Supp(z) C 2y UQy U Q3 UQy and |23 N Supp(x)| > |24 N Supp(z)].

This result comprises of three main lemmas: under the existence of certain primes
we consider Supp(z) C {1,k + 1} U Q3 and Supp(z) € {1,k + 1} U Q3 separately and
then finally we prove the general case for this section. We begin with a preliminary

lemma.

Lemma 6.5.6. Let 2 € (X1 N M)\J, let [Q5 N Supp(z)| < 3 and let Supp(z) € Q) U
QU Q3 UQy. If |Supp(z)| > 12, then there exist distinct points a, o, 3, 5% € Qj.

Proof. Since x € X, it follows that |Qs N Supp(x)| < 3, and so

|Supp(z) N (23U Q)| > 12 —2(3) = 6.

Therefore it follows that |[Q3 N Supp(z)| > 4. Since # € M it follows there exist
a, ax,ﬁ’ﬁx S Q3 M Supp(fL‘) [

The next two lemmas assume that there exists primes ¢ and p; such that

m l€—|—9<

q<4, qgtm, m—q¢ {pk 2px} and T_pkgk—él. (6.9)

Lemma 6.5.7. Let m > 19, let k > 28, and let G and M be as in Hypothesis 6.2.7(B).
Assume that x € (X; N M)\J and Supp(z) C {1,k + 1} U Qs. If there exists primes ¢
and pr as in (6.9), then there exists y € M such that (z,y) = G.
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Proof. Since Supp(x) C {1,k + 1} UQj it follows that [Supp(z)| < k+ 2. If £ +9 < 4m,

then
(k + 4)?

k
and so k+4 < 2v/mk. Hence [Supp(z)| < k+2 < 2(vV'mk —1). Thus if either k+9 < 4m

or |[Supp(x)| < 12, then z € J;, contradicting our assumptions on z. Hence assume

1
:k+8+£§4m,

otherwise and so we may let a be as in Lemma 6.5.6, and by (6.9)

k4
pe> "0 > om > 2m 1 (6.10)

By Lemma 4.2.1 an element composed of two cycles is in A,, if and only if G = A,,. Let

Y be the set of elements y = cyco € M such that

C(y) = g?km : (k‘ - Pk)”}

I((c1e2)M)=m

with 1,1 = k+1,1¥ = a € ©; and a* € ©,. Hence H = H(y) = (z,y) is transitive.
Assume, by way of a contradiction, that H is primitive with non-trivial block system H.
Let A € H with 1 € A.

By (6.10), pp f m. Hence py, 1 |O2| and so I(c]t) # mpy by Lemma 4.2.14(ii).

Since O, contains points of €, C Fix(z) it follows that I(c]*) # 1 by Lemma 4.2.14(i).
Hence AY # A, and so k+1 ¢ A.

Suppose that [(c}t) = py and let I' € H contain . Then ' N Q; N ©; # 0 for
Q; € Supp(cM) by Lemma 4.2.13(iv). In particular, ' contains a point of Q; C Fix(x),

and so I'* = I'. Since o € O, and py, 1 |O2| we reach a contradiction by Lemma 4.2.14(iii).

Let d > 1 be a divisor of m, and assume that I(c}*) = d. Then 2, N©; C A by Lemma
4.2.13(ii), and so A* = A since ;\{1} C Fix(z). Hence k +1 € A, a contradiction.

Let 1 < e < m be a divisor of m, and assume that [(c}*) = ppe. Since py, 1 || it
follows that A C O;. Let € A\{1}. If g € Fix(x), then A* = A and k+1 € A,
a contradiction. Thus A C Supp(z)\{k + 1} C {1} U Q3 and so g € Q3. By Lemma
4.2.13(vi) it follows that A = {1,8}. Since 1* = k + 1 = 1¥ it follows that A* = AV,
However there exists y € ) such that pY # 5%, a contradiction.

Hence H is a primitive group containing y™* ) with cycle type 1"~ . p,™. Now by
(6.9) and (6.10) it follows that

E+9 _ 4
Dk = % > Tm >2m—1 and n=mk > (py +4)m — 4.
Hence y™*=P%) ¢ 7, and so H = G by Theorem 4.3.4. O
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Lemma 6.5.8. Let m > 19, let k > 28, and let G and M be as in Hypothesis 6.2.7(B).
Assume that z € (X, N M)\J with |Qy N Supp(z)| < 3 and Supp(z) C Q UQ U UQ,.
If there exists primes q and py as in (6.9), then there exists y € M such that (x,y) = G.

Proof. 1f Supp(z) C {1, k+1}US23 then the result holds by Lemma 6.5.7. Hence suppose
that Supp(z) € {1,k + 1} U Q3. Since z € X, it follows that |€2; N Supp(z)| > |22 N
Supp(z)|, hence we may assume that there exist either v,7* € Q4 N Supp(z) or § €
Q1 N Supp(z)\{1}. Since 2 € M, in the latter case 0* € Oy U Q. Since z ¢ J, we may
assume that [Supp(x)| > 12, and let o and 5 be as in Lemma 6.5.6.
If k+9 < m, then
(k+4)?
k

and so k+4 < v/mk. Hence 2k +6 < 2(v/mk —1). Since z € X; and |Q, N Supp(z)| < 3,
it follows that |Q2 N Supp(z)| < 3. Thus from Supp(z) C Q; U Qs U Q3 U Qy we deduce
that [Supp(x)| < 2k + 6. Hence if £ +9 < m, then x € J,. Therefore we may assume
that £ +9 > m.

16
=k+8+ - <k+9<m,

By Lemma 4.2.1, elements composed of 4 cycles are in A,, if and only if G = A,,. Let
Y be the set of elements y = cicoc3c4 € M with

Cly)= km—q) -prg-(k—pr—1)q-q

h,—/ \ ~ 2
l(cM)=m—q I((caczea)™)=q

Q1,Q24€Supp(cP) 02,023,025 Supp((czczes)™)

such that k+ 1,a = (k+ 1)¥, B € Oy, a® € O3, * € O4 and (Supp(z) N Q) \{k+ 1} C
©3. Hence H = (x,y) is transitive. We assume, by way of a contradiction, that H is
imprimitive with non-trivial block system H. Let A € H with £+ 1 € A.

Since (Supp(z) N Q2)\{k + 1} C O3, Lemma 4.2.14(i) implies that I(c}) # 1. By (6.9)

k+9

q < g <" < pi, and so pi { [O3],|O4]. Also by (6.9), pr # m — ¢, and since

m—qg<m<k+9<2p

it follows that py { |©:]. Hence Lemma 4.2.14(ii) implies that I(c}) # ppq.

First assume that [(c}') = pg. Then by Lemma 4.2.13(iv), |[AY N Q; N Oy > 1 for
each Q; € Supp(cs!). In particular, AY contains « and a point of 5 C Fix(x). Hence
(A¥)* = AY and so o € AY. Since o € O3 and p; 1 |O3| we reach a contradiction by
Lemma 4.2.14(iii).

Now assume that [(c}f) = ¢, and let T be an arbitrary element of Supp(c}). Then by
Lemma 4.2.13(i) there exists Q; € Supp(cy!) such that TN Oy = Q; N O,. Since z € M
and (Supp(z) NQ)\{k+1} C O3 it follows that QF NQ;NOy # P, and so I'* = I'. Hence
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1=(k+1)"" €A andso ¢ = ¥ by Lemma 4.2.11(i). Since ¢t m by (6.9), it follows
that ¢ | k by Lemma 4.2.10. Hence Lemma 4.2.13 implies that [’ N Q; N O,| = g < k for
each € € Supp(c]). Therefore there exists y € Y and I' € Supp(c}t) such that either
TN {y,7*} =1or ['N{J, 6"} =1, contradicting the deduction that I'* =T.

Hence H is a primitive group containing y*(m~94*=rx=1) " an element with cycle type
1"7Prq . 9. From (6.9) and m < k + 9, we deduce that

k
2q—1<2q<2(@> <FHI
4 2
and L
(pk+4)q—4<7m—4<n.

Thus an element with cycle type 1777+ . p,9 is in J,. Therefore H = G by Theorem
4.3.4. N

In the previous two lemmas we assumed the existence of primes py and ¢ satisfying (6.9).
Here we drop this assumption, and so complete the case of x € M, 121 N Supp(x)| < 3
and Supp(z) C Q UQy U Q3 U Qy.

Lemma 6.5.9. Let m > 19, let k > 28, and let G and M be as in Hypothesis 6.2.7(B).
Assume that x € (XN M)\J with |Qy N Supp(x)| < 3 and Supp(z) C Q; U UQsU Q.
Then there exists y € M such that (x,y) = G.

Proof. If there exists primes py and ¢ as in (6.9), then the result holds by Lemmas 6.5.8
and 6.5.7. If £ > 33; or if 28 < k < 32, 19 < m < 41 and m # 30 then Lemma 4.4.14

implies the existence of primes as in (6.9).

We show that if m > 41 and 28 < k < 32, then x € J. First

k+ 4)? 1
(4];) :k+8+£<k+8+1§41§m,

and so k +4 < vmk and 2k +6 < 2(vmk — 1). Since x € Xj, it follows that
|22 N'Supp(z)| < 3, and so |Supp(z)| < 2k + 6. Therefore if m > 41 then = € Js.

Therefore we may assume that m = 30 and 28 < k£ < 32. Since x ¢ J it follows
that |[Supp(z)| > 12, and so we may let a, 8 be as in Lemma 6.5.6. It can be verified in
MAGMA (see Appendix - Lemma 8.1.1) that there exist distinct odd primes ¢,,, ¢x and
positive integers a, b such that ¢z + a + b =k, g, < m, ¢, 1 mk, qx 1 ab(m — )k, and

an element with cycle type 1"~%% . g™ is in T, U T,
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By Lemma 4.2.1 an element composed of four cycles is in A,, if and only if G = A,,.

Let Y to be the set of elements y = c¢icoc3cy € M such that

Cy) = Gk dma-gub - (M —qn)k

I((c1e2e3)™)=qm l(cf)=m—pm
Q1,Q3,25€Supp((c1c2¢3)™)  Q2eSupp(ch)

with 1,1Y = o € 01, o*, 5 € Oy, 4% € O3 and O N Supp(x) C {1} UO, U Os.

Hence, H = H(y) = (z,y) is transitive. We claim that Lemma 4.2.15 implies that
H is primitive. Let (q1,¢2,%,7,0,0) = (¢m, qx,4,2,1, ). Then g, 1 |0O4], g 1 |©2] and
G 1 |0] for 2 <1 <4. Also 1,a € ©1, 1" =k+ 1 € ©4 and o® € O,. Finally 1Y = «
and 1¢"™) C {1} U Fix(x). Hence H satisfies Conditions (i), (ii), and (iii)(b) of Lemma
4.2.15, and so H is primitive.

Hence H is primitive and contains y; := y@®(m=@)k an element with cycle type
1"=akdm . gl™ . By assumption on ¢, and gy, it follows that y; € J, U J,,. Hence H = G
by Theorem 4.3.4. [l

6.52 x€ X;\(MUJ)

We split into two cases based on |2 N Supp(x)|.

€21 N Supp(z)| > 2
We first assume the existence of certain primes, and then prove the general case.

Lemma 6.5.10. Let m > 19, let k > 28, and let G and M be as in Hypothesis 6.2.7(B).
Assume x € X;\(M U J) with | N Supp(x)| > 2. If there exist distinct primes py, py
such that py t (m — 1), then there exists y € M such that (x,y) = G.

Proof. We begin by proving the existence of certain points. Since |23 N Supp(z)| > 2
there exists o € €; N Supp(z)\{1}. By Proposition 6.2.6, we may assume that there
exists § € €3 such that $* ¢ (3. Since x ¢ J; we may assume that |Supp(z)| > 10,
and so there exists v in Supp(z)\{1,k + 1,1, o, a”, a* ', 3,3, 5% '} so that v,7" €
{Lk+1,a,0% 3, 5%}

Since k > 28, either there exists points 9, §* € Q1\{1, o, a”, o B, 57, ﬁx_l,fy,fy”,fyx_l},
or distinct point €,¢ € Q\{1, o, a”, a* ", B, 8%, B v, 7%, 4"} such that €, (" ¢ Q.

By interchanging € and ( if necessary, we may assume that either € & )y or €, (* € ().

By Lemma 4.2.1 elements composed of four cycles are in A,, if and only if G = A,,. Let
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Y be the set of elements y = c¢ycoc3cq4 € M such that

Cly) = pi (k= pi) - (m = Vpi - (m = 1)(k = pi')

(.

-~

01U6,=0 I((caca)M)=m—1
satisfying the following.
(i) 1€01, 0 €09, k+1€0;3, €0y a® ¢ Oy and 57 ¢ O4.
(ii) Ome of the following holds.

If (o, B) is a not a cycle of x, then either 8% € ©; U B3 or a* € ©; U O3.

(a)
(b) 1
)

)

—

(c) If

(d

)

a, fB) is a cycle of x and v,v* € 4, then v € ©; and ¥* € O,.

a, fB) is a cycle of x and v,7* ¢ Qy, then v € ©3 and 7* € O,.
)

(
(
(
If (v, B) is a cycle of x and |1 N{v,7"}| = 1, then {O(7),O(+*)} = {O2, O3}.
(iii) One of the following holds.

(a) If there exist d,d” € 4, then §,d* € O;.

(b) If there exist €,( such that € ¢ s, then let €, € Oy, (k+ 1)V = € and
(" € Oy4.

(c) If there exist €,( € g, then let €, € O, €* = (k + 1)y(m_1) and (* € Oy.

We claim that H = H(y) = (z,y) is transitive. By Condition (i) it follows that

0, UB3 C 17, If (a,f) is not a cycle of x then by Condition (ii)(a) either a® or
B* € ©UB3 C 1. If a® € 1 then a, and so O, also, is in 1. Hence Q\0, C 17.
Since € ©4 and 3% ¢ Oy, it follows that 17 = Q. If 3% € 1%, then the argument above
with o and 3 exchanged shows that H is transitive. Hence assume that («a, ) is a cycle
of x. Then by Condition (i) ©; UB3 C 1 and ©, U0, C off. By Conditions (ii)(b)-(d),
it follows that both of ©; U ©3 and ©, U ©4 contain exactly on point of {,7*}. Hence

H is transitive.

Let Y = (y). Assume, by way of a contradiction, that H is an imprimitive group

preserving a non-trivial block system H. Let A € H with 1 € A.

Since py, 1 |©;] for i # 1, it follows I(ci) # pr by Lemma 4.2.14(ii). Hence I(cit) = 1
and AY = A. If §,0% € €, then A® = A by Condition (iii)(a), and so A = A =Q, a
contradiction. Hence we may assume that 1,¢,{ € A and k + 1,€%,(* € A%, If €® ¢ (),
then (A%)Y = A” by Condition (iii)(b). Hence (k + 1)¥ U (¢*)Y = ©3U 60, C A%, and
so |A*] > (m — 1)k > %, a contradiction. If €”, (" € €1y, then (A7) = A”. Hence
(k+ D" U ()¥™ ) = Q, € A%, and so |A”| > k > |©;]. Therefore A contains a

point ¢ Oy, and since AY = A it follows that ) C A. If n € ©3 U Oy, then O3 or
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©4 C A. Hence either ¢€* € A or ¢* € A by Condition (iii)(c), and so A = Af = Q
a contradiction. Therefore assume that A C ©; U ©, = )y, and hence n € ©,, and so
A = )y and H-block size is k. Now from €y C A”, it follows that A” = 5. We reach a

contradiction since x € X, and so Q7 # {2s.

Hence H is primitive and contains the pj-cycle y+=pe)m=Ups' (k=) ¢ 7. Thus H = G
by Theorem 4.3.4. O

Lemma 6.5.11. Let m > 19, let k > 28, and let G and M be as in Hypothesis 6.2.7(B).
Ifx e X)\(MUJ) and |Q,NSupp(z)| > 2, then there exists y € M such that (x,y) = G.

Proof. Let pg,py’ and p,, be as in Lemma 4.4.15. If either p, or p,’ do not divide m — 1
then, by interchanging p, and p;’ if necessary, the result holds by Lemma 6.5.10. Since
x ¢ J, Lemma 6.4.4 implies that there exist either o, a” € §; or § € €;\{1} such that
B ¢ Q1 UQy; there exist distinct points v,7%, 9, 9% € Supp(z)\ (21 U Qe UQ(57)) and an

element with cycle type 1" 7%Pm . pk is in 7,

By Lemma 4.2.1 an element composed of four cycles is in A, if and only if G = A,,.
Let Y be the set of elements y = cicac3cqy € M such that

Cly) = PPk - Pm(kE =i — 1) - Py (m — pm)k
I((e1c2¢3)M)=pm Ut )=m—pm

Ql79(7)79(’72)79(6)79(5z)7Q(Bm)esupp((016203)M) Q2€Supp(c4jvl)
with 1,7,0% € O, 6 € Oy, v* € O3, k+ 1 € ©4 and either a, a” or 3, 5% € O;.

Hence, H = (x,y) is transitive. We claim that Lemma 4.2.15 implies that H is prim-
itive. Let (q1,q2,%,7,v,0) = (Dm, Pk, 4,3,1,7), and either let v = a =w or ¢ = § = w.
From py, pi’ | (m — 1) it follows that m > pypy” > %, and so pp, > 5 > %. Thus p,, > k
and p,, 1 k. Hence pp, 1 [04], pr 1 |Os], and pmpr 1 |0y for 2 <1 < 4. Also 1,7 € Oy,
1° =k+1¢€ 0, and 4* € O3. Finally ¢, ¥*, w,w” € O1, ¥ € Q1N O; = 1% and since
w € Q and 7 ¢ Q, there exists y € ) such that w € 4%"*). Thus H satisfies Conditions
(1), (ii) and (iii)(a) of Lemma 4.2.15, and so H is primitive.

Hence H is primitive and contains y(™m Pm)ktk—pe=1px ¢ 7~ an element of cycle type
1n=kpm . pk _ Therefore H = G by Theorem 4.3.4. O]

€21 N Supp(z)| =1

We first assume that there exists 3 < j < m such that [Q2; "Supp(x)| > 4, then we prove

the general case, and finally prove Proposition 6.5.1.

Lemma 6.5.12. Let m > 19, let k > 28, and let G and M be as in Hypothesis 6.2.7(B).
Assume that x € X;\(M U J), |Q N Supp(z)| = 1 and there exists 3 < j < m with
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€2, N Supp(z)| > 4. Then there ezists y € M such that (x,y) = G.

Proof. Since x € X it follows that |22 N Supp(z)| = 1. By Proposition 6.2.6(iv) we may
assume that there exists aw € Q3 and ¢ € {1,4} such that o® € §;, and we may assume
that j =3, 4, or 5. Since |Q; N Supp(x)| > 4 and |Q; N {a,a”}| < 1 it follows that there
exist 8 € (2; N Supp(z))\{e, a*} and v € (2; N Supp(z))\{a, a®, B, 57}. If pp {1 (m — 2)
then let a := 2; and otherwise let a := 3. Hence py { (m —a) and a < m — a.

By Lemma 4.2.1 an element composed of four cycles is in A, if and only if G = A,,.
Let ) be the set of elements y = cicoc3c4 € M with

Cly) =apr-a- Ak —py—1)- (m —a)k
(& -~ 7 N’
I((c1cae3))=a l(ef)=m—a

Q1,9 €Supp((ereaea)™)  {922,03,04.95 1\ {2} SSupp(ef)
such that Q?{:Qj, 1 E@l, 66@2,76@3, k+1€@4, 6x¢@2, ’}’x¢@2U@3

Hence H = H(y) = (x,y) is transitive. Assume, by way of a contradiction, that H is
an imprimitive group preserving a non-trivial block system H. Let A € H with 1 € A.

Since ©; contains a point of 2;\{1} C Fix(z) and py 1 |©;| for ¢ # 1, it follows by
Lemma 4.2.14(i) and (ii) that I(c]*) # 1, aps.

First assume that [(c]') = p,. Then we claim that ¢} = c}f, a contradiction since

Pk 1 [©4]. By Lemma 4.2.13(iv) [ANQ; N Oy = 1. If Q; NFix(z) # 0 then there
exists y € Y such that ANQ; NFix(z) N ©; # (. Hence A = Aandso k+1¢€ A
and the claim holds by Lemma 4.2.11(i). Therefore we may assume that Q; C Supp(z).
Since k > 10 there exists € € Qj\{lfl, o, "B, B, By, 75,7 ) and so €, €F ¢
{LE+1,a,0%5,8%v,v°}. Thus €® € Supp(z)\{1} and so €” ¢ ;. If €© € Q;, then
by Lemma 4.2.13(iv) there exists y € ) such that ¢,¢* € ©; and 1,¢ € A. Therefore
k41,6 € A%, and since k + 1 € ©4 and €” € O, the claim follows by Lemma 4.2.11(i).
If €* ¢ Q;, then there exists y € Y and I' € H such that €” € ©4 and I' contains € € 6,
and a point of ;\{1} C Fix(x). Therefore I'* =T" and so € € I'. Thus the claim holds

by Lemma 4.2.11(i), and so we reach a contradiction.

Now assume that [(c]*) = a. Then AN ©O; = Q; N O; by Lemma 4.2.13(i), and so
A* = A since |Q; N ©; N Fix(z)| > pp — 1. Therefore k +1 € A and so ¢}t = c}.
Recall that a € Q3 and o® € Q; with ¢ = 1 or 4. We claim there exists y € ) such
that |A N {o,a”}| = 1, contradicting the deduction that A* = A. We now prove the
claim by considering the possibilities for ¢ and j. If ¢ = 1, then from € N Supp(x) = 1,
it follows that o = 1 € A. If j = 3, then there exists y € Y with o € O, and so
a€AYNO; =03N0;. If j # 3, then Q3 C Supp(c}?) and there exists y € Y such that
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(k4 1) = a, and so o € AY. Therefore if i = 1, then the claim holds. Hence assume
that i = 4. If j = 4, then Q4 € Supp(cM) and Q3 € Supp(c}!), and so there exists y € Y
such that o® € 2,NO; = AYNO; and a = (k+1)Y" € A. If j = 3, then Q3 € Supp(c)
and Q4 € Supp(c)?). Hence a € Q3N O; = AY N O; and there exists y € Y such that
o = (k+1)¥" € A. If j =5, then Q3,4 € Supp(cy!) and there exists y € Y such that

o® = o¥. Hence the claim holds in all cases and we reach the desired contradiction.

m*a)k, an element of cycle type

Therefore H is primitive and contains y®*—Px=1)(
1"~k .p, % Now a € {2,3}, pr. > 5 and n—ap, > (m—3)py > 3, and so y**k—Pe—N(m=ak ¢

Jw- Hence H = G by Theorem 4.3.4. O

Lemma 6.5.13. Let m > 19, let k > 28, and let G and M be as in Hypothesis 6.2.7(B).
Ifx e X)\(MUJ) and |Q,NSupp(z)| = 1, then there exists y € M such that (x,y) = G.

Proof. If there exists 3 < j < m such that |Supp(z) N €2;| > 4, then the result holds by

Lemma 6.5.12. Hence we may assume that otherwise.

Therefore |2, N Supp(z)| = |22 N Supp(z)| = 1 and [Q; N Supp(z)| < 3 for j # 1,2.
Since x ¢ J it follows that |[Supp(x)| > 15 > 1 + 1 + 4(3), and so there exist at least
seven M-blocks containing points of Supp(z). By Proposition 6.2.6(iv) we may assume
that « € Q3 such that a® € Q; U Qy, Qy,...,Q7 contain points of Supp(z), and there
exist 8 € Q5 N Supp(z) and v € Qg N Supp(x) such that 5% # .

Let py and p;’ be as in Lemma 4.4.12. If p, t (m — 2) then let a := 2 and otherwise let
a := 3, so that px 1 (m — a). By Lemma 4.2.1, an element composed of four cycles is in
A, if and only if G = A,,. Let y = cicoc3¢4 € M with

Cly) = api - alk — pi) - (m — a)p” - (m — a)(k — pi')
l(clzgr):a l((C3C4)7V1r):m—a

satisfying the following.
(i) If a = 2 then (cieo)™ = (21,95), and if a = 3 then (cie)™ = (24, Qs, Q).
(ii) 1€0O1, €O, k+1€0;3,7€0, *€0O,UB;z and v* ¢ O,.
(iii) For all ; € Supp((cica)™) there exists §; € Q; N Fix(x) N O;.

Condition (iii) is automatically satisfied since |Q2; N Supp(z)| < 3 < py for 1 <i < m. By
Condition (ii), H = H(y) = (z,y) is transitive. Assume, by way of a contradiction, that
H is imprimitive and let H be a non-trivial block system for H. Let A € H with 1 € A.

Since Q;\{1} C Fix(z), Lemma 4.2.14(i) implies that I(c}*) # 1. Since py 1 |©,| for
i # 1, Lemma 4.2.14(ii) implies that I(c}t) # apy.
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Assume that (c]') = p;. Then |ANQ; N O =1 for Q; € Supp(c!) by Lemma
4.2.13(iv). Hence there exists y € Y such that 1,65 € A, and so A* = A and k+ 1 € A.
Since k 4+ 1 € ©3 and py 1 |O3| we reach a contradiction by Lemma 4.2.14(iii).

Suppose that {(c}t) = a = 3 (the case for a = 2 is almost identical). Then there
exists A; = A, Ay, Ay € H such that ¢! = (A}, Ay, Az). By Lemma 4.2.13(i)
ATNO =0 NO, AyNBO; = Q5N0O; and Az NO; = QN O;. Hence by Condi-
tion (iii), Ay, Ay and Az are all fixed by . Then k£ + 1 € A; and by the transitivity
of H and Lemma 4.2.11(i), it follows that y™* = (A1, Ay, A3). Recall that a € 3 and
ot € Q;fori=1o0r4. If i =1, then o =1 and so o € Ay. There exists y € Y with
(k+1)Y = a, so that & € Ay. If i = 4, then there exists y € Y with (k4 1) = « and
(k4 1) = o*, so that @ € Ay and o € Az. In either case we reach a contradiction

since each block was fixed by .

Therefore H is a primitive group containing y@*—Pe)(m=aps'(k=p+") " an element of cycle
type 1"k . p.. As in the previous proof, a € {2,3}, pr > 5 and n—apy > (m—3)px > 3.
Hence yob—pe)(m—a)p’(b=pt') ¢ 7 and so H = G by Theorem 4.3.4. O

Proof of Proposition 6.5.1. First suppose that x € M. If |27 N Supp(x)| > 3, then the
result holds by Lemma 6.5.2. If [€; N Supp(x)| < 3 and Supp(z) € Q2 U Qs UQ; UQ,
for any 3 < 4,j < m, then the result holds by Lemma 6.5.5. If [©; N Supp(z)| < 3 and
Supp(z) C O UQy U, UQ; for some 4, j, then the result holds by Lemma 6.5.9.

Now suppose that 2 ¢ M. If [, N Supp(z)| > 2, then the result holds by Lemma
6.5.11. If |©2; N Supp(x)| = 1, then the result holds by Lemma 6.5.13. O

6.6 Small m or small k

Recall that m,k > 2, n = mk, G = S, or A,, and M = (SywrS,,) N G. Here we
consider m and k in Regions one, two or six of Figure 6.1. In particular we consider
2<k<6and m>23; then 7 < k < 28 for m > 4k — 1; and finally 2 < m < 18 and
k > max{4m — 1,28}.

In this section we let * € X;, and so 1* = k + 1, Qf ¢ M and
€21 N Supp(z)| = €22 N Supp(z)|.
6.6.1 Regionone-2<k <6 and m > 23

For 2 < k < 6 there is no Bertrand prime p; with % < pr < k—1. As a result we require
some more technical lemmas on the existence of certain points, and so this subsection is

the largest of the section. We consider Hypothesis 6.2.7(A) and (B) separately.
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Hypothesis 6.2.7(A)

We begin with two preliminary lemmas.

Lemma 6.6.1. Let2 < k <6 and let m > 23. Ifx € X;\J and |Supp(z)| > max{7,2k+
1}, then there exists a € Supp(z)\({k + 1} U QS U Qy) such that the following hold.

(i)
(i)

If k=2, then Qf Z {k+ 1} UQ(«).

Ifk>2 and QF C {k+ 1} UQ(a), then o* " ¢ Q).

Proof. Since |Supp(z)| > 2k + 1 there exists o € Supp(z)\({k + 1} UQ3 UQ;). We show
that there exists 5 € Supp(x) such that, by exchanging o and f if necessary, the lemma

holds.

(i)

(i)

If k=2, then max{7,2k+ 1} = 7 and [Supp(z)| > 7> {k+ 1} UQ(a) UQTU Q.
Hence there exists § € Supp(z)\({k + 1} U Q(a) U Q3 U Q) and so Q(a) # Q(5).
By interchanging « and 3 if necessary QF € {k + 1} U Q(«).

Now assume that £ > 2 and QF C {k+ 1} UQ(«a). From z € Xj, it follows that
Q7 ¢ M, and so in particular Qf # Q(«). Thus Qf C {k + 1} U Q(a) implies that
k+ 1€ Qi\Q(«). Hence there exists v € Q(«)\7 such that

Q(a) = (W\{1})" U {~}. (6.11)

Hence

Qa) Nz = [\ N U [{}n@] =00 [{y} N3] S {v}.  (6.12)

In addition, (6.11) implies that |27 N Q2(a)| = k —1 > 1. Thus there exists § €
Q7NQ(«), and it follows by (6.11) and (6.12) that 8 ¢ {k+1}UQ3UQ;. Furthermore
since a ¢ € it follows by (6.11) that Qf N Qy = 0. Thus €4, and so Qf also, are

contained in Supp(z). Hence
peQN\N{k+ 1} Ui UQ) C Supp(x)\({k+ 1} UQTUQ).

Finally, a, f € Q(a) # Q. Thus 5% € QF gives 5* € Q4 # Q(B). Therefore the

result follows with £ in place of a.

]

Lemma 6.6.2. Let 2 < k <6, let m > 23 and let a be as in Lemma 6.6.1. Then at least
one of the following holds:

(i)

Qf le 7£ (Z);
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(i) there exists B € 0y such that B ¢ QU Q(a);
(iii) there exists v € Q\{1} such that v* € Qy; or

(iv) QF C{k+ 1} UQy and there exists § € Q1 \{1} such that 6* € Q(a)\{a}.

Proof. Assume that (i)-(iii) do not hold. Then (ii) not holding implies that QF C Qy U
Q(«), and that (iii) not holding implies that (€;\{1})* N Qs = 0. Hence QF C {k+ 1} U
Q(a). If k = 2, then we reach a contradiction by Lemma 6.6.1(i). Hence let & > 2 and
5 € Q\{1,0" '}, so that 6" € Q(a)\{a}. O

Lemma 6.6.3. Let 2 < k < 6, let m > 23, and let G and M be as in Hypothesis 6.2.7(A).
If v € X1\J, then there exists y € M such that (x,y) = G.

Proof. We first show that if |[Supp(x)| < max{7,2k + 1}, then |Supp(x)| < 2(v/n — 1),
and so z € J. If k = 2, then max{7,2k + 1} = 7 and

ISupp(z)| < 7 < 2(vV2-11 — 1) < 2(Vmk — 1).

If £ > 3, then max{7,2k + 1} = 2k + 1, we show this is less that 2(vmk — 1). Let
f(k) = 4k* — 44k + 9. Then f has roots in 0 < k < 1 and 10 < k < 11. Hence f(k) < 0
for 3 < k <6, and so

(2k + 3)? = 4k* + 12k + 9 < 56k = 4(14k),

Therefore 2k + 1 < 2(V14k — 1) < 2(Vmk — 1). Thus if [Supp(z)| < max{7,2k + 1},
then x € J,.

Therefore assume that |Supp(x)| > max{7,2k + 1}. Let a be as in Lemma 6.6.1, let
B,y or ¢ be as in Lemma 6.6.2. By Lemma 4.4.17 there exists a prime p,, such that
pm < m — 3. Note that p,, > % > 7 and so p, { k(k —1).

Let Y be the set of elements y = cjcoc3 € M with

C(y) = ?m ‘pm(k - 12 Em - pm)kj
(e1e2)M)=pm HeM)=m—pm
Q2,Q(a)€Supp((cie2)™) Qg €Supp(ci?)

such that the following hold.
(1) k+1€@1,a€@2 andle@g.
(ii) If o* " ¢ Q(a), then a* ' € Og; and otherwise o € O

(iii) If B exists, then 3, 57 € ©3. If 7 exists, then v € O3 and v* € ©,. If § exists, then
) € O3; while §* € O, if Q(a) = Qy, and §* € O otherwise.
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We begin by justifying why Y # ().

By Lemma 6.6.1 o ¢ Qf, and so o® ¢ Q, Hence if a* ¢ Q(a), then
Q(a* ) # ,9(a) and so we can insist that Q(a* ') € Supp(c?), and so a® ' € Os.
If o* " € Q(a), then o € ©; U O, and so since o ¢ €, it follows we can place
o' in ©;. If B exists as in Lemma 6.6.2, then 5% ¢ Q, UQ(a*) and so Q(87), Qy, Qo)
are distinct. So far Supp(cM) contains €; and possibly Q(a* '), and by Lemma 4.4.17
m — pm > 3. Hence we can insist that Q(3%) € Supp(cs?) so that 5% € O3,

If v € Q;\{1} exists as in Lemma 6.6.2, then 4* € 2y C ©; UBO,. From ~ # 1 it follows
that v* # k + 1, and so v* € O, automatically.

Finally, if § € Q;\{1} exists as in Lemma 6.6.2, then 0* € Q(a)\{a} C ©; U ©O,. Since
9 # 1 it follows that 0 # k + 1, a. Hence if 2y = Q(«), then we can insist that 6% € O,,
and if QQ 7é Q(a) that 0% € @1.

It is clear by Conditions (i) and (ii) that H = (x,y) is transitive. Assume, by way of a
contradiction, that H is imprimitive with non-trivial block system H. Let A € H with
E+1eA.

If I(c}t) = 1, then AY = A and ©; C A. Since |0,| = p,, and p,, { n it follows by
Lemma 4.2.6 that there exists € € A\©;. Hence ¢” UO; C A. If € € Oy, then [A| > 2, a
contradiction. If € € ©3, then 1,k + 1 € A and so A = A, a contradiction.

Assume that I(c}') = p,,. Since p,, 1 |03, Lemma 4.2.11(iv) implies that A N O3 = ().
Since H is non-trivial, it follows by Lemma 4.2.11(i) that ¢} = ¢*. Hence block size is
k, and so I(c}) = m — p,,. Therefore by Lemma 4.2.13(i) ¢} = c4'. Thus there exists
' e H with T' = ;. Since 1* = k + 1 it follows that I'" = A. If QF N Qy # (), then
I' = A, a contradiction since AN O3 = (). If B exists, then 8 € I" and so 8* € AN O
by Condition (iii), a contradiction. If  exists, then 1,7 € I" and so k + 1,7* € A.
Since (k + 1)¥"" = k + 1, Condition (iii) implies that A = {k + 1} U (v*)¥"™) = Qy, a

contradiction since I' = 2 and Qf # (.

Hence if Lemma 6.6.2(i)-(iii) hold, then Qf C {k + 1} U Q(«) and 0 exists. Hence
6 € =T and by Lemma 6.6.1 k > 2 and a* ¢ Q(a). Therefore k + 1,6* € A.
If Qa) = Qy, then A = {k + 1} U (6*)%"™) = s, a contradiction since QOF # Q. If
Q(a) # g, then |[AN O] = 2, a contradiction.

Hence H is a primitive group containing y; = y*~Dm=rm)k which has cycle type
1m=Pmk .k Note that since 2 < k < 6 and 11 < p,,, < m — 3, it follows that

n=mk > k(pm + 3) > kpm + 3k > kp,,, + 6.
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Hence y; € J, and so H = G by Theorem 4.3.4. [l

Hypothesis 6.2.7(B)
We begin with a preliminary lemma.

Lemma 6.6.4. Let 2 < k < 6, let m > 23 and let z € X;\J. If |Supp(z)| > 3k + 3,
then the following holds.

(i) If & > 2, then there exist distinct points «,a®, (3, 5° € Supp(z)\Qa such that
a,f # 1 and Qo) # Q(f).

(i) If k = 2 and = ¢ M, then there exist distinct points v,~*,6 € Supp(z) such that
’)/EQP,, ")/xﬁéQg, 6%91U92 and5a’§§92

Proof. (i) Since |Supp(x)| > 3k + 3 there exists o € Supp(z)\(Q U Q% ') and
B € Supp(z)\(Q U Q" UQ(a) U {a*,a® '}). Hence a,a” §,5° ¢ Q, and
Q(a) # Q(B). Since 17 € Qs and a”, 5% ¢ ), it follows that a, 8 # 1.

(i) Since 2 € X;\M, Proposition 6.2.6(i) implies that we may assume that there exists
v € Qg such that 4* ¢ Q. Since 1 = (k+1)* € QN Q% ", it follows by

inclusion-exclusion that [Q U Q%' | < 3. Therefore
LU U UQA)UQNRY)| <2+434+2+2=9<3k+3.
Hence there exists 8 € Supp(z)\(Q2 U Q" U Q UQ(y) U Q). O

Lemma 6.6.5. Let 2 < k <6, let m > 23 and let G and M be as in Hypothesis 6.2.7B).
If x € X1\J, then there exists y € M such that (x,y) = G.

Proof. Since 2 < k < 6, it follows that
16 16
9k+24—|—? <9(6)+24+?=86<92§4m.

Hence (3k + 4)? = 9k 4 24k + 16 < 4mk, and so 3k + 2 < 2(vVmk — 1). Hence if
|Supp(z)| < 3k + 2, then z € J,. Therefore, we may assume otherwise and let «, 8 or
7,6 be as in Lemma 6.6.4. Since m > 23 it follows that p,, > 13, and so (py,, k) = 1. Let
Y be the set of elements y = c¢ico € M with
Cly)= pmk - (m—pn)k
~— —_——

l(C{VI )=Pm l(Cé\/l):m_pm
Q1€Supp(cf!)  Q2€Supp(cit)

satisfying the following.
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(i) If k£ > 2, then let a, o, 8, f* € ©1 and ot =B,
(a) If Q(a®) = Q(B?) let (a®)¥"™ = 2.
(b) If Q(a®) # Q(B*) and either o® ¢ Q(a) U Q(B) or % ¢ Q(a) U Q(B), then let
(@)Y = B,
(c) I {2a), 2B)} = {2(a®), (B*)}, then let {a¥™", 5"} = {a”, 5°}.
(ii) If k = 2, then let Q5 € Supp(cM). In addition, if # ¢ M do the following.
(a) If 4" ¢ Q4 Uy, then let {1,7,7°} C {1,1¥°,1¥"} and ¥ = 6% with i odd.
(b) If v* € Q;\{1}, then let 1¥ = v and ¥ = §* with i odd.
(c) If v* =1, then let 1¥° = 4 and §¥" = §* with 4 odd.
(d) If v* € Qy, then let 1¥ = v if 2 | (m — pp,), and let v = 19" if 24 (m — pp,).

(iii) If 2 is a proper divisor of k let € := 1y2pm, and if 3 is a proper divisor of k let
C:= 197" If € ¢ Qy, then let Q(e*) € Supp(cM), otherwise let ¢” = (k+ 1y
If (" ¢ Qy, then let Q(¢*) € Supp(ct), otherwise let ¢* = (k + 1)y‘<m‘pm>.

The placements of a¥" = 3 in Condition (i) can hold since (k, p,) = 1. If Q(8) = Q(5%),
then the condition on ¥ in (ii) is automatic since p,, is odd. If Q(5) # Q(0%), then
there are no other restrictions on £(§), and so we can place () in y™ to satisfy Hence
Condition (ii).

Since 1 € ©7 and k + 1 € O, it follows that H = (x,y) is transitive. Assume, by way
of a contradiction, that H is an imprimitive group with non-trivial block system . Let
A € H with 1 € A.

Since |©;] > |O2] and p,, 1 (m — pp)k, Lemma 4.2.14(i) and (ii) imply that I(cit) #
1, pmk. If 1(c}t) = p,,, then from p,, 1 |©s], Lemma 4.2.11(iv) implies that A C ©; and
block size is k. Hence I(c}!) = m — p,,, and so H is the set of translates under y of 1"
and (k+1)" 7 Since ) = 1% and Qy = (k+1)%" ") it follows that H = M,

a contradiction since = ¢ M.

First assume that [(c}*) = dp,, for 1 < d < k a divisor of k. Then d = 2 or 3. Let
(i) = 2p,, the argument for d = 3 is very similar. Since p,, { |0, it follows by Lemma
4.2.11(iv) that A C ©;. Hence by Lemma 4.2.11(i), for all I" € H, either I' C ©; or
I' C ©,. In addition block size is g By Lemma 4.2.13(iii)) A C Q; and € € A. If €* & Qo,
then A contains €* € ©; and k£ + 1 € Oy, a contradiction. If € € €y, then A” is left
invariant by y™#m), Hence |A%| > |(k 4+ 1)%" ") = k > £ a contradiction.

Let K > 2, let e > 1 be a divisor of k, and assume that [(c}!) = e. Let I’ €
H with o € T. Then a®" C a%) C T and so T' contains a and vt = 6. If
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{Qa),2(B)} = {Q2(a”), Q(B")} or Q(a”) = Q(*), then by Condition (i)(a) and (i)(c) I'*
is fixed by yPm. Hence p,, | I(ci!), a contradiction. Therefore, either a® ¢ Q(a)UQ(B) or
B ¢ Q(a)UQ(B). Hence by Condition (i)(b) o™ = %, and so I'* is fixed by y. Therefore

clt = (I'*), a contradiction since [(c}*) = e > 1.

It remains to consider the case of that k = 2 and ¢j* = (A,T") for some I' € H. First
let z € M. Lemma 6.6.4 and Conditions (i)-(iii) imply only that €, Q3 € Supp(c?t). For
1 <i<mlet Q= {n,¢}sothat ny =1 and 1y = k + 1. Since Qf # )y it follows that
11 =2,19 =k+1 € Fix(z). Hence

T = <1ak + 1)(771'17Li1> T (Wiwbz‘,«)

with 41,...,4, € {3,...,m}. Since |[Supp(x)| > 3k + 3, it follows that » > 4, and so
(Miys Liy) 1s a cycle of z. By Lemma 4.2.13(iv) |ANQ;,| =1 = |'NQ; |, and so I'" = A.
Again by Lemma 4.2.13(iv), AN = {1} and so s; = 2 € I'' Hence I'* =T, a

contradiction. Thus for the remainder of the proof we may assume that z ¢ M.

If 4% ¢ 3 Uy, then by Condition (ii)(a) v,7" € A and so A* = A. However, again
by Condition (ii)(a), A contains exactly one of §,§*, and so we reach a contradiction. If
v* € \{1}, then by Condition (ii)(b) v € I' and by Lemma 4.2.13(iv) v* € I". Hence
v,7* € T', a contradiction since I" contains exactly one of §,d* by Condition (ii)(b). If
v* =1, then by Condition (ii)(c) it follows that v,7* € A and that A contains exactly
one of 9, 0%, a contradiction. Hence v* € €9, and so Qs = {k+1,7"}. Since |ANO,| = py,
and p,, { n it follows by Lemma 4.2.6 that y* = (A, T'). If 2 | (m — p,»), then by Lemma
4.2.13(ii)) AN BOy and I' N ©y are a union of M-blocks. Hence {k + 1,7"} = Qo C A",
a contradiction since 1 € A and v € I by Condition (ii)(d). If 2 { (m — p,,), then by
Condition (ii)(b) 1,7 € A. However by Lemma 4.2.13(iv) A contains exactly one of
Q= {k+ 1,4}, a contradiction.

Hence H is a primitive group containing y*™7=) with cycle type 1" P»* . pk = Now
2 <k <6and p, > 11 and n — p,k = (m — p,)k > 2k. Hence y*m=Pm) ¢ 7, and so
H = G by Theorem 4.3.4. O

6.6.2 Regiontwo-7< k< 27and m > 4k — 1
Here we consider Hypothesis 6.2.7(A) and (B) simultaneously.

Lemma 6.6.6. Let 7 < k < 28, let m > 4k — 1, and let G and M be as in Hypothesis
6.2.7. If v € Xi\J, then there exists y € M such that (x,y) = G.

Proof. By Theorem 4.4.1, there exists a prime py > 5, and by Lemma 4.4.15 there exists
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a prime p,, such that %+ < p,, <m — 4. Hence

+->2k—1 and n=mk > (pm +4)k > (pm +4)k — 4, (6.13)

>m
pm_2

DN | —

F isin J,. We claim that since

r ¢ J we may assume that if |Supp(z)| > 3k + 3. Let y(k) = 7k? — 34k — 25. Then
y(k) > 0 for k > 6. Therefore

and so p,, { k and an element with cycle type 1"7*P= . p

(3k +5)* = 9k* + 30k + 25 < 16k* — 4k = 4(4k — 1)k

and so
3k +3 <24k — 1)k —2<2(vVmk —1).
Thus if |[Supp(z)| < 3k + 3 then x € J;, and so the claim holds.
Since x € X7, it follows automatically that either there exists a,a” € Q; or § €
such that 57 ¢ O Uy, Since |Supp(z)| > 3k + 3 there exists v € Supp(z)\( U
Qs U Q“{l U {ﬁ,ﬁx,ﬁfl}). Since k > 3 it follows that 2k + 6 < 3k + 3 and so there

exists § € Supp(z)\(QUQE " U{B, 5%, 8 ", 7,7, 7 ' }). Therefore 3, 3%, ~v,7%, 9, 6% are
distinct points, 8, 8%, v, 7%, 0,0% ¢ Qs and v ¢ €.

Let ) be the set of elements y = c¢icoc3 € M such that

Cly) = PPk - Pm(k — i) ~(m — pm)k
‘ ~~ o —
l((clcQ)M):pm l(cévl):m_Pm

01,Q2(7),2(7%),Q(8%)eSupp((c1c2)™)  Q2€Supp(ci)
with % € Oy, k + 1 € O3 and either {1,v, 5, 8%} or {1,7v,a,a"} € ©1.

Let )5 be the set of elements y = c¢ycoc3cqs € M such that

C(y> = PmPk - pm<k — Pk — 1) * Pm . (m - pm)k
N ~ , —————
l((clczc3)M):pm l(cﬁ/():m—pm

Ql79(7)79(71)79(6)79(5z)79(6z)esupp((016203)M) Q2ESupp(C£A)
with 7% € Oy, §* € O3, k+ 1 € Oy, and either {1,7,4, 5, 8"} or {1,7,6,a, "} € Oy.
We first show that if y € Y U s, then H = (z,y) is primitive. Clearly H is transitive.

We claim Lemma 4.2.15 implies that H is primitive. Let (¢1, q2, 7, v, ¢) = (Pm, P, 2, 1,7),
let v = w be aor 3, if y € Yy then let i = 3, otherwise let i = 4. Then p,, 1 |0;|, pr 1 |O2|
and pypr 1 6] for I > 2. Also 1,7 € ©1, 1 = k+ 1 € ©; and ¥* € O,. Finally
W, Y% w,w® € O, Y € QL NO; = 1% and there exists y € Yy and y € Y, such that
w € ¥ Hence H satisfies Conditions (i), (ii) and (iii)(a) of Lemma 4.2.15, and so H

is primitive.
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Thus H is primitive. If y; € V) and yo € Vs, then yP " P E=PE 4 q o prelkmpr=1)(m=pm)k
respectively have cycle type 1"P=k . pk = Hence by (6.13) these are in J,,. Thus A,, < H
by Theorem 4.3.4. Since y; € Y; and y, € Y, have different parties, it follows there exists
y € Y1 U, such that H = G. O

6.6.3 Region six - 2 < m < 18 and k > max{4m — 1,28}

We consider 6.2.7(A) and (B) separately.

Hypothesis 6.2.7(A)
We begin with a preliminary lemma.
Lemma 6.6.7. Let k > 12, let x € X;\J and let |Supp(z)| > 10.

(i) If Q3 N Qy = 0, then there exist distinct points «,a®, [ such that a € Q;\{1},
o ¢ QL UQy and B e Q\{k+ 1,1},

(i) If Q¥ N Qy # 0 and |Q N Supp(x)| > 4, then exists distinct points v, 0, 8% such that
v, 7" € Qy, § € Qo N Supp(x) and 6,6 ¢ {1,k+1,~v,7*}.

(iii) If Q5 N # 0 and |Q N Supp(z)| < 3, then there exist distinct points v, €,(, ("
such that v,7* € Oy, € € Qo N Fix(x) and (,¢* ¢ {1,k +1,v,7"}.

In all cases there also exist distinct points n,n" ¢ {1,k + 1,a,a”, B,7,7%,0,0%,€,(, ("},

and in addition for each 2 < 1+ < m, there exists 1; € §; such
Li) L"f ¢ {17 k + ]‘7a7 al:’ﬁ? /Y? 711757 53:767 C? §I7n7 TII}'

Proof. (i) Since z € X it follows that Qf # €, and so if Qf N Q; = 0, then there
exists a € O as required. Let 3 € Q\{k+1,1° ", a* '}.

(ii)-(iii) If QF N Qy # 0, then there exist v,7* € ; (possibly equal). If |25 N Supp(z)| > 4,
then there exists 0 € (Qy N Supp(z))\{k + 1,1 ", 4* ' }. It follows automatically
that § ¢ {1,7,7"} C Q4, and so 6,6" ¢ {1,k + 1,v,7"}. If |Q N Supp(z)| < 3,
then since k > 3 there exists € € Q\Supp(z) C Fix(z). Since |Supp(x)| > 10 there
exists ¢ € Supp(z)\{1,k+ 1,1, 7,7, 7" '} hence ,¢* ¢ {1,k +1,7,7%,€}.

Let A={1,k+1,1° " a,a® o ,3,5% 3% V{1, k+ 1,17 v 4%~ ",5,6% 6 }or
{1,k + 1,15 v 4% 4" (,¢%, ¢ '}, then |A] < 9. Since [Supp(z)| > 10 it follows that
there exists 77 € Supp(z)\A, hence n and 1® are as required. Let 2 <i < m, since k > 12
there exists t; € Q:\(AU {n,7",7* ' }). Hence 1; and 7 satisfy the lemma. O

Lemma 6.6.8. Let 2 < m < 18, let k > max{28,4m — 1}, and let G and M be as in
Hypothesis 6.2.7(A). If v € X;\J, then there ezists y € Y such that (z,y) = G.
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Proof. By Lemma 4.4.19, there exists a prime p; such that pp < k — 4. Since = ¢ J,
we may assume that [Supp(x)| > 10, and so there exist points as in Lemma 6.6.7. Since
m < 18 < 2-3 -5, it follows that m has at most two proper prime divisors. If m has
exactly one proper prime divisor, then denote it by ¢;; and if m has two, then denote

them by ¢; and ¢o. Thus if 1 < d < m is a divisor of m then d divides either o or o
Let ) be the set of elements y = cicoc3 € M with

C(y) = prm - (k — pr — 1)m'”}
U(e1c2¢3)M)=m

satisfying the following.
(i) 1€01,k+1€ 0y, 1n€ O3 and n* € ©; UO,.
(i) f QFNQy =0, then o € O, (k+1)Y = a” and G, 5% € Os.

(iii) If QF N Qy # 0 and |Q N Supp(z)| > 4, then v,7* € ©;. In addition the following
hold.

(a) If 0% € Q, then 4,6 € O, and (k + 1) = §*.
(b) If 0 € s, then 6 € O3 and 1Y = §* € O;.
(c) If 6% ¢ Q3 U Qy, then 6 € Oy and 179 = §* € O;.

(iv) If Q7 N Qy # 0 and |Q N Supp(z)| < 3, then v,7* € ©; and 1Y = ¢ € ©;. In
addition the following hold.

(a) If Q(C), Q(C*), 1, Qs are distinct, then (k4 1)Y = ¢ and (¥ = (¥ € Os.

(b) If Q(¢) = Q(¢*), and if Q(¢*), 4, Qy are distinct, then (k4 1)Y = € O, and
€Y = C‘r € @1.

(c) If ¢, " € Qg or Qy, then let [{(, ("} NO1| =1=[{(,{*} NO,.
(d) Tt {Q(¢), 2¢")} = {Q4,Qs}, then let ,¢* € O;.

m

(v) When ¢ is defined label Q; := Qzl’ﬁpk and ¢ :=1; = 1¥" " and let /* € ©;. When
¢2 is defined label §2; := QZ{E% and Kk = 1; = 1y@m€’ and let kK* € O1.

Pk

Since (m,pr) = 1 and 1 < q% < qml < m it follows that 0, py, qmlpk and q%pk are distinct
modulo n. Hence ;,$2;,{};, € are all distinct, and so «, ¢, k are distinct. By Condition
(i), H = (x,y) is transitive. Assume, by way of a contradiction, that H is an imprimitive

group with non-trivial block system H. Let A € H with 1 € A,
Since |©1] > % and py 1 |02], |Os/, Lemmas 4.2.14(i) and (i) imply that I(c}*) # 1, pem.

m

Let 1 < d < m be a divisor of m, and assume that {(c}') = dp,. Then d divides o or
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me, and so A contains ¢ or k. From (%, x® € 0 it follows that A® € Supp(c}t), and since

k41 € Oy and pi 1 |O2] we reach a contradiction by Lemma 4.2.14(iii).

Let ¢ > 1 be a divisor of m, and suppose that I(c}*) = e. Therefore Q; N©; C A
by Lemma 4.2.13(ii). If Qf N Q; = 0, then Condition (ii) holds, and so 1, € A and
k+ 1,0 € A®. Now (k + 1)V = o by Condition (ii), and so (A*)Y = A®. Hence
B,5% € O C A% and so A* = (A®)H = Q, a contradiction.

Therefore we may assume that Qf N Q; # 0, and so either Conditions (iii) or (iv)
hold. Hence v,7* € A, and so A = A and k + 1 € A. Since I(c]*) = e it follows that
AW = A and so (2, NO) U (2N Oy) = 1% U (k+1)%) C A, If |Q N Supp(z)| > 3,
then Condition (iii) holds. Hence § € Qs N Oy, and so § € A. From A* = A it follows
that 0 € A. By Condition (iii), §* € AY U AV and so A = Af = Q. a contradiction.

Hence assume that |22 N Supp(z)| < 3 and so Condition (iv) holds. If (%), 2y, Qe
are distinct, then by Conditions (iv)(a) and (b) AY contains 1Y = € and (k + 1)¥ = (.
Since € € Fix(z) it follows that (AY)* = AY, and so (* € AY. By Condition (iv)(a) or
(b) either ¢* = ¥ or ¢* = ¢, and so AY = (AY)H = Q, a contradiction. Hence we may
assume that ¢,(* € Q3 UQy. From (2, NO;) U (2 NOy) C A, Conditions (iv)(c) and
(d) imply that A contains at least one of {(,(*}. Since A* = A it follows that ¢, (" € A.
Let B := {1,k +1,(,¢*}%™ so that B C A. By Condition (iv)(c) or (iv)(d) either
(QLUQ)NO; or (2, UQD)NO, C B. Now QY = Q, implies that A = A” = A a
contradiction.

(k—pr—1)m m

Thus H is a primitive group containing y which has cycle type 1" P . p.™.

Since n = mk > m(py +4) — 4 and p, > & > 2m — 1 it follows that yk=»=bm € 7,
Hence A,, < H by Theorem 4.3.4, and so H = G. n
Hypothesis 6.2.7(B)

We begin with the following preliminary lemma.

Lemma 6.6.9. Let k > 7, x € X;\J and |Supp(z)| > 9.

(i) If |1 N Supp(z)| > 3, then there exists distinct points «, 3 € €3 N Supp(z)\{1}
such that o® # 1. If o*, % € Qo, then there exists v € Qy such that v* ¢ Qs.

(ii) If |2 NSupp(x)| < 2, then there exist distinct points 0,0% € Supp(z)\ (21 UQs) and
€€ QQ N FIX(SL’)

In either case, for all 2 < ¢ < m, there exists (; € € such that
CZ:CZI ¢ {1x717k+1,ax7ﬁx7575:r76}'

Proof. Let S; = Q N Supp(x) and Sy = o N Supp(z). If |Si| > 3, then there exists
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a,f € S1\{1}. By interchanging o and 3 if necessary, it follows that o® # 1. Since
x € Xq, it follows that QF # Q,. Hence if o*, % € (s, then there exists a v as required.

If |S1] < 2, then |S;] < 2since x € X;. Now k > 7 implies that there exists € € 25\ Sy C
Fix(z). Since |Supp(z)| > 9 it follows that there exists § € Supp(z)\(S1USF  US,USE ).
Hence 0, 6" € Supp(z)\(©1 U Qy).

Let 2 < i < m. Since k > 7 there exists either (; € Qi\{lm_l, 177k + L,a* g%} or
QN{1*7 1%k +1,6,0%,6° '}, Since ¢ ¢ Q it follows that ¢; # 1,3, and so
¢F# k+1,a% p*. Since € == ¢, it follows that ¢; # € ', €. Thus G, CF are as
required. ]

Lemma 6.6.10. Let 2 < m < 18, let k > max{28,4m — 1}, and let G and M be as in
Hypothesis 6.2.7(B). If x € X1\J, then there exists y € M such that (x,y) = G.

Proof. 1f
ISupp(z)| < 9 < 2(\/2(28) — 1) < 2(Vmk — 1),

then z € J,. Hence we may assume that [Supp(z)| > 9 and let «, 3,7, 9,¢€,(; be as in
Lemma 6.6.9. By Lemma 4.4.18 there exists a prime p, < k — 4. From m < % < Pk,
it follows that py 1 m. Since m < 18, it follows that m has at most two distinct proper
prime divisors. If m has exactly one, then denote this prime by ¢;; and if m has two,
then denote them by ¢; and ¢». By Lemma 4.2.1, a product of two cycles is an element
of A, if and only if G = A,,. Let ) be the set of elements y = c;co € M with

Cly) = pem - (k — pr)m
H(c1e2)M)=m

satisfying the following.
(i) 1€ ©; and k+ 1 € Os.
(ii) If [y N Supp(z)| > 3, then o, 8 € O1.
(a) If a*, 5% € Qp and 7" ¢ Q, then Qf = Q(7*) and %, v,~7" € O;.
(b) If o®, B € Qy and 7" € Qy, then Q) = Qs and %, 7,7* € O1.
(c) If a® ¢ Qy or if 5% ¢ Qo U {1}, then let (k + 1)¥ be either o* or 5*.
(d) If a* € Qy and % =1, then QY = Q, and o € O;.

(iii) If | NSupp(z)| < 3, then 1¥ = € and (k+1)¥ = §. Hence QY = Q, and QY = Q(5).
In addition, if 67 € ©(6), then €/ = %, otherwise §* = §¥. Hence in the latter case
QY = Q(5).
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(iv) If ¢ is defined, then label ©; := Q™" and ¢ := ¢ = 1¥™™, and let ¢* € ©,. If g
is defined, then label Q; := Qzlmpk and n = (; = 1?46%7 and let n* € ©;.

(v) Label € := Q" and ¢ := ¢, = 1¥"*, and let /" € ©.

Note that Condition (ii) and (iii) never happen simultaneously. Since (m,p;) = 1 and
1< me < qml < m, it follows that 0, p, qmlpk and q%pk are distinct modulo n. Hence the

placements of €, 2;,€},€);, and so (,n,¢ also, are well defined.

By Condition (i), H = (x,y) is transitive. Assume, by way of a contradiction, that H
is a primitive group with non-trivial block system H. Let A € H with 1 € A.

Since |0©1] > |05, and py, 1 |0,] it follows that (c) # 1, pym by Lemma 4.2.14(i) and
(ii).

Let I(c]') = pr. Then by Condition (v) 1,1 € A and /* € ©;. Hence A* € Supp(c}).
Since k 4+ 1 € O3 and py, 1 |O2| we reach a contradiction by Lemma 4.2.14(iii).

If m is composite, then let 1 < d < m be a divisor of m and assume that [(c]*) = dp.
Then from py, 1 |02 it follows that A C ©; by Lemma 4.2.11(iv). Now d divides either
qml or qﬂ?, and so either 1@/%%> or 1@%%> C 1%™) = A. Hence A contains either ¢ or n.
Since (%, n* € O, it follows that A* € Supp(c}'), and from k + 1 € Oy and py, 1 |O4] we

reach a contradiction by Lemma 4.2.14(iii).

Let e > 1 be a divisor of m and suppose that I(c}') = e. Then |[AN©O;| = p;2, and
2;NO; C A by Lemma 4.2.13(ii). Since py 1 n Lemma 4.2.6 implies that A  ©;. Hence
y" = cI*, and so no H-block is fixed by y. We show that Conditions (ii) and (iii) imply

a contradiction.

First assume that |23 N Supp(z)| < 3. Then Q; N O©; C A and |2, N Oy = pp > 3,
imply that A? = A. Hence {1,1} = {1,k + 1} C A and {1?,(k + 1)V} = {¢,0} C AY
by Condition (iii). Since € € Fix(z) it follows that (AY)* = AY  and so 6* € AY. By

Condition (iii), either 6* = €Y or §* = ¢ and so (AY)Y = AY, a contradiction.

Finally assume that |[Q; N Supp(z)| > 3. Then 1,a,8,7 € . N©; C A. Hence
k+1,a% 0% ~% € A" If o ¢ Qy or 5% ¢ Qu\{1}, then (A”")Y = A” by Condition
(ii)(c), a contradiction. If g* = 1 and o® € €y, then 1 = % € AN A* by Condition
(ii)(d), and so A = AZ. Since I(c}t) = e and e | m, it follows that A¥" = A. Hence
19" U (@)™ = (L UQ)NO; € A Thus AY = A since QY = Q, by Condition
(ii)(d), a contradiction. Hence we may assume that o®, 3% € Q,. Since I(c}*) = e and
vk +1 € A7 it follows that 4*¥™ U (k + )%™ = (Q(1*) U Q) N O©; C A®. By
Condition (ii)(a) and (ii)(b), either Q§ = Q(7*) or Q(7*)Y = Q. Therefore (A¥)Y = A?,

a contradiction.
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Hence H is a primitive group and contains y*~P*)™ with cycle type 17 "P¥™ . p,™. Since
P > g > 2m — 1 and n = mk > m(py + 4) — 4, it follows that y*=P»)™ ¢ 7. Hence
A,, < H by Theorem 4.3.4, and so H = G by the parity of y. n

6.7 Finite regions

In this section we complete the proof of Theorem 6.1.1 by considering the remaining
(finite) collection of m and k. Let m and k be as in Regions three and five of Figure
6.1.

Throughout this section we let € X5. Hence 1* = k+1 and for 1 < ¢ < m, if QF # Q,
then |© N Supp(x)| > |2 N Supp(z)].

6.7.1 Region three - 7 < k <27 and 27 <m <4k —1

Here we consider Hypothesis 6.2.7(B) and Hypothesis 6.2.7(A) simultaneously. We begin
with the case of £ =m = 27.

Lemma 6.7.1. Let k = m = 27, let G and M be as in Hypothesis 6.2.7. If x € Xo\J,
then there exists y € M such that (x,y) = G.

Proof. Since x ¢ J, we may assume that |Supp(x)| > 2(y/n — 1) = 52. Therefore there
exists o € Supp(z)\ (4 U {k +1}) and § € Supp(z)\(U U {k+1,a,0" a* '}).

Let ), be the set of elements y = ¢icoc3 € M such that

Cly) = 27 -20(26) - 7(26)
N————
1= y((cpe5)M)=26

Withle@l,k’"‘lG@g,O&G@gaDdOﬂ;G@lU@g.

Let ), be the set of elements of y = ¢ycac3¢4 € M such that

Cly) = 27, -20(26) - 5(26) - 2(26)

~
©1= I((eze3ca)™M)=26

withle@l,k+1€@2,a€@3,ﬁe@4 anda‘”,ﬁxe@lu@g.

Let s € {1,2}, and for y € Vs let H = H(y) = (x,y). Then H is transitive. We show
that there exists y € ) such that H is primitive. Assume, by way of a contradiction,

that H preserves, a non-trivial block A containing 1.

Since I(c;) = 33, it follows by Lemma 4.2.10 that I(c}*) = 1,3,9 or 27. From 3 { |0, for
i # 1, Lemma 4.2.11(iv) implies that A C ©;. In addition, since A is non-trivial, it follows
that I(c?) # 27. Therefore from 1%") C 1" C 1% we deduce that 1¥°,1¥"° € A. If there
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exist v,7* € Qy, then there exists y; € Yy and yo € Vs such that {v,7*} C {1,1¥",1v"°}.
In which case A* = A and so k+ 1 € A, a contradiction since A C ©,. Hence we may
assume that QFf N Q; = (. Since QF # Qy it follows that there exists 6 € Qy and i > 2
such that 6% € ;. There exist y, € Y, such that 1¥" = § and (k + 1)¥ = 6*. Hence
k+1,0" € A* and so (A")Y = A*. Therefore O, C A® and so |A*| > 20(26) > 27 > |A],

a contradiction.

Thus there exist y € Y, such that H = (z,y) is primitive. Either y?¢207 or 326:20-52
is a 27-cycle. Hence H contains an element of 7. and so A, < H by Theorem 4.3.4.
Therefore H = G by the parity of y. O

Lemma 6.7.2. Let 7 < k < 27, let 27 < m < 4k—2 and let G and M be as in Hypothesis
6.2.7. If v € Xo\J, then there exists y € M such that (x,y) = G.

Proof. If m = k = 27, then the result follows by Lemma 6.7.1. Hence assume otherwise.

Since QF # s, we may let o, a® € Q if Qf N Qy # 0; and otherwise let 5 € ) such
that 5% € €); for some ¢ > 2.

From k > 7 it follows that k 4+ 7 < 2k and so k +5 < 2(k — 1) = 2(vVA2 — 1) with
equality if and only if £ = 7. Since k < 27 it follows that k& < m with equality if and
only if & = 27. Hence k + 5 < 2(v/mk — 1). Therefore if |Supp(z)| < k + 5, then
r € Js. Thus we may assume otherwise. Since |{«a,a”, 5, 5%} < 2, there exists either
v € Supp(z)\ ({1, o, a®, B, 57 }U) and 6 € Supp(z)\ ({1, a, a*, B, B*, v, 7" }ULs). Hence
~* #£ 0. It can be verified in MAGMA, see Lemma 8.1.2 in the Appendix, that for each

m and k there exist primes p,, and py such that px t (m — pw), pm 1 kpk(k — pr) and an

k

, is a Jordan element.

element with cycle type 1" 7Pm* . p

Let Y, be the set of elements y = c¢ycoc3 € M such that

Cy) = pmpr - pm(k —pr) - (m—pm)k

(c1e2)™)=pm Uc)=m—pm
01,9:,Q2(7)€Supp((c1c2)™)  Qz€Supp(cf”

with v € ©,, k+ 1 € O3, v* € ©; U ©3 and either 1,a,a” € ©; or 1,5, 5% € O.

Let ), be the set of elements y = c¢icoc3¢4 € M such that

C(y) = pmpr - Pk — . = 1) P (M — P )k

~~ ~~
l((016263)M):p7n l(CﬁA):m_pm
Ql,Qz‘»Q(’Y)79(5)€Supp((CIC2C3)M) QzESupp(cﬁ’l)

with 7 € Oy, 6 € O3, k+ 1 € Oy, 7* € O1 U By, 6° ¢ O3, and either 1,a,a” € Oy or
1767632 < @l‘
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For y € Yy U )% it is clear that H = (x,y) is transitive. We claim that H is primitive.
Let y € ), the case of y € ) follows similarly. Suppose, by way of a contradiction, that
H is an imprimitive group with non-trivial block system H. Let A € H with 1 € A.

Since ©; contains either a, a® or 3, 3%, it follows that I(c}!) # 1 by Lemma 4.2.14(i).
Since ppx 1 |0;] for j # 1 it follows that (c]*) # p,pr by Lemma 4.2.14(ii).

If I(c}) = ppm, then ANO; = Q) NO; by Lemma 4.2.13(i). Hence A contains either
{1,a} or {1, 3} and there exists I' € Supp(c}!) containing either a® or %. Thus A® =T
Since k + 1 € O, and p,, 1 |04] we reach a contradiction by Lemma 4.2.14(iii).

If I(ci) = pg, then |[A N O] = p,,. Since py 1 |O;] for i # 1 Lemma 4.2.11(i) implies
that A C ©;. Thus |A| = &£, a contradiction since p,, { n.

Hence H is a primitive group. If y € Y; then yPrF=P)m=pe)k. and if y € ), then
yPrk=pe=1)(m=pm)k hag cycle type 1" PmF . pk . Hence A,, < H and so H = G by the parity
of y. n

6.7.2 Region five-7T<m <18 and 26 <k <4m — 1

Here we deal with Hypothesis 6.2.7(A) and Hypothesis 6.2.7(B) in two separate lem-

mas.

Lemma 6.7.3. Let 7 < m < 18 and let 26 < k < 4m — 2, and let G and M be as in
Hypothesis 6.2.7(A). If x € Xo\T, then there exists y € Y such that (x,y) = G.

Proof. First let |€; N Supp(z)| > 2, so that there exists a € Q; N Supp(x)\{1}. Let py
be as in Lemma 4.4.7. Then p;, > 23, and so p; t m(m —1). By Lemma 4.2.1 an element
composed of three cycles is in A,, if and only if G = A,,. Let ) be the set of element
Yy = c1c9c3 € M such that

J/

C<y):?k'(k?—pk)-£m;1_)]j

6lUérZZQI l(cé‘/l):m—l
Withle@l,ae@27k+1e@3 aHdCYIE@lU@g.

Clearly H is transitive. Assume by way of a contradiction that H is imprimitive with
non-trivial block system H. Let A € H with 1 € A. Since pr 1 m(m — 1) it follows
that py 1 n, |0, |0s]. Hence Lemma 4.2.14(ii) implies that I(c}) # pi. If [(c))* = 1,
then ©; C A and so AY = A. Since pr 1 n it follows that A # ©;. Hence A is
either ©; U Oy or ©1 U ©O3. Since O3 = Qy U --- U, it follows by Lemma 4.2.14(iv)
that M\{Qs,...,Q,} = {} € H, and so in particular A # ©; U Oy = Q. Thus
A =0, U063, then |[A[ > 7, a contradiction. Hence H is primitive.
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Since py 1 (m — 1) it follows that y*~P)km=1) ig o p, _cycle, and so y*k—pekm=1) ¢ 7.
Hence H = G by Theorem 4.3.4.

Hence we may assume that |Q; N Supp(x)| = 1. Thus since z € X, it follows that
|Q22NSupp(x)| = 1. If v = (1, k+1), then v € J. Hence we may assume that = # (1,k+1)
and let o € Supp(z)\{1, k + 1}. Since |2 N Supp(z)|, |22 N Supp(z)| = 1 it follows that
there exists 3 < ¢ < m such that a € ;. By Lemma 8.1.3(i), there exists a prime
q€{2,3,5,7,11,13} and p, > 23, such that ¢ < m, ¢t (m — q)k, and S,, and A,, are the
only primitive groups of degree n containing elements with cycle type 1P+ . p 9. Since
pr > 23, ¢ < 13 and m < 18, it follows that py 1 g(m — q).

Let Y be the set of elements y = cicoc3 € M such that

Cly)= qpe-q(k—pr) - (m—q)k

I((c1c2)™M)=q l(cf)=m—q

Q1,9;€Supp((c1c2)™) QgGSupp(cé\/l)
with 1 € ©1, a € ©5 and o® € ©; U O3.

Clearly H is transitive, assume by way of a contradiction that H is an imprimitive
group with non-trivial block system H. Let A € H with 1 € A.

Since |Q; N Supp(z)| = 1, it follows that Q;\{1} N ©; C Fix(z), and so I(c}) # 1 by
Lemma 4.2.14(i). From py, 1 |04, |©3] Lemma 4.2.14(ii) implies that I(c;)™ # qpy.

First assume that [(c]') = py. Hence |[ANQ; N O] = 1 for all Q; € Supp(c). If
©; N Supp(x) = {1}, then A* = A and so k +1 € A, a contradiction by Lemma
4.2.14(iii). If there exists 8 € Supp(x)\{1,k + 1, a} then g € Q; for some j # 1,2. Let
Vi C Y be the set of y for which: Q; € Supp((cic2)™); 1Y = B; and if 3% # 1 then
p* € O U BO3. Hence for y € ) it follows that 5 € AY. Since |AY N Q1 N Oy =1, we
deduce that AY contains a point of Q;\{1} C Fix(z), and so (AY)* = AY. If ¥ = 1, then
3% = 3 and so AY = (AY)? = Q, a contradiction. If 3% # 1 then AY contains a point of

© or O3, a contradiction since py 1|02, |Os].

If i(c]) = q, then AN O; = Q; NO; by Lemma 4.2.13(i). Hence A contains points of
Q\{1} C Fix(x). Therefore A* = A and so k + 1 € A, contradicting Lemma 4.2.14(iii)
since k + 1 € ©3 and ¢ 1 |O3].

Hence H is primitive and contains y?*—P)(m=9k with cycle type 1"~ %% . p, 2. Therefore
H contains A,,, and so H = G by the parity of y. [l

Lemma 6.7.4. Let 7T < m < 18, let 26 < k < 4m — 2, and let G and M be as in
Hypothesis 6.2.7(B). If x € Xo\J, then there exists y € Y such that (z,y) = G.
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Proof. Since x ¢ J it follows that |[Supp(x)| > 4. First assume that |€; N Supp(z)| < 3.
By 8.1.3(ii) there exists pr < k — 2 such that an element with cycle type 1777 . p,™ is a
Jordan element. By Lemma 6.3.10 there exists y € M such that H = (x,y) is primitive
and has cycle type 1"~k . p,™. Hence A,, < H, and so H = G by the parity of y.

Finally suppose that | N Supp(x)| > 4. Let o € 4 N Supp(z)\{1} and let
B e QN Supp(z)\{1,o,a* '} so that 3 # a. Let 7,6 € U \{1,a, 0%, 0 ', 3, 5%, 3% '}
By Lemma 4.4.7 there exists a prime p, > 23, and so pi 1 (m — 1). Let ) be a set of
elements y = cycoczcqy € M such that

Cly)=pr-(k=pr—=1)-1-(m =1k

~\~ ~—
0,U02U03= UcpH)=m—1

with 1,7,0 € ©1, 8 € Oy, {a} = O3, f* € O1 U Oy, if ¥* € Q; then let 4* € Oy, and
if 6% € O then let 0* € ©1. Let y € Y and H = H(y) = (x,y). Hence H is transitive.
Suppose that H is imprimitive with non-trivial block system H. Let A € H with 1 € A.

Since py, 1 |0;| for i # 1 it follows that I(cit) # p;, by Lemma 4.2.14(ii). Thus by Lemma
4.2.10, I(c}*) = 1 and AY = A.

If ©; contains * or §%, then A* = A, and so A = A¥ = Q. a contradiction. Hence
V0" € O, N AT I Q(y*) # Q(0%), then there exists V3 C Y such that (77)Y = §°
for all y € J1. Thus (A*)Y = A", and so ©, C A”. Hence |A®| > %, a contradiction.
Therefore assume that Q(7%) = Q(6%). There exists y € Y such that (4%)Y" = §*.
Hence (A*)Y"" = A% and so (v*)%"") = Q(4*) C A® and |A®| > k. Since |©,] < k,
there exists e € A\©;. From AY = A it follows that €W UO; CA. Ife € O then A
contains 6* € ©,. Hence A* = A, and so A = A = Q a contradiction. Therefore from
|A] = |A*| > k, it follows that A = ©; U By U O3 = ;. Hence we reach a contradiction

by 4.2.14(iv), since ©4 = Qo U --- U Q,,, and M\{Qs,..., 0} = {0} CH.

Therefore H is a primitive group containing y; = y*~P+=Dm=Dk Since p; 1 (m — 1), it

follows that y; is a pg-cycle, and so y; € J.. Hence H = G by Theorem 4.3.4. n

6.8 Proof of Theorems 6.1.1 and 6.1.2

In this section we complete the proof of Theorem 6.1.1 and prove Theorem 6.1.2. Recall

the division of m and k into regions as illustrated in Figure 6.1.

Proof of Theorem 6.1.1. Let x be as in Proposition 6.2.8. It suffices to show that there
exists y € M such that (z,y) = G.

If x € J then the result holds by Lemma 6.3.1. Hence assume that = ¢ J and divide
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into the six regions depicted in Figure 6.1. If n is in Region one, then 2 < k£ < 6 and
m > 23 so the result holds by Lemmas 6.6.3 and 6.6.5. If n is as in Region two, then
7 < k <27 and m > 4k — 1, and the result holds by Lemma 6.6.6. If n is as in Region
three then 7 < k£ < 27 and 27 < m < 4k — 2, and so the result holds by Lemma 6.7.2.
If n is as in Region four, then m > 19 and k& > 28 and the result holds by Propositions
6.4.1 and 6.5.1. If n is as in Region five then 7 < m < 18 and 26 < k < 4m — 2 and
the result holds by Lemmas 6.7.3 and 6.7.4. If n is as in Region six, then 2 < m < 18
and k > max{4m — 1,28} the result holds by Lemmas 6.6.8 and 6.6.10. This covers all
possible values of m > 27 or k > 28 as required. O

Proof of Theorem 6.1.2. If M is an intransitive subgroup, then the result follows by
Theorem 5.1.1. If M is an imprimitive subgroup, then the result follows by Theorem
6.1.1.

Therefore for G = A,, the result holds, and it remains to consider the case G = S,, and
M = A,. By [48], G is 3-generated. Thus in particular, for all z € G\M there exists
y € G such that (z,y) = G. The result then follows since (z,y) = (z,zy) and either y or
xy is in M. [
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Chapter 7

Conclusion

Here we discuss some of further areas of interest and improvements that could be made
to the work in Chapters 3, 5 and 6.

As mentioned in Section 2.2, in [47] Moscatiello and Roney-Dougal prove that for G a
primitive group which is not large base, either G = My, in its natural action on 24 points,
or b(G) < [logn| + 1. In addition they prove that this result is optimal by showing
that there are infinitely many primitive non-large-base groups with b(G) > logn + 1.
In Theorem 3.0.3 we show that I[(G) < 5logn and since there exist a group G with
I(G) > logn, it follows that up to multiplication by 1 < ¢ < 1 this bound is the best
possible. It would be interesting to find the exact value of ¢ and so have a result similar
to that on b(G) in [47]. The current bounds on I(G) are largest when G has socle
PSU,(q), PSp,(q) or PQ5(q), and so improving the bounds for these groups would be a
good starting place.

A tighter upper bound on I(G) would also improve the upper bound on RC(G) given
in Theorem 3.0.5. As part of a joint project with S. Freedman and C.M. Roney-Dougal,
we have found upper and lower bounds on PSL,;(q) < G < PGL,4(g) acting on subspaces,
and for G = PSL,(q) and PGL,4(q) acting on 1-spaces have found the exact value RC(G).
Another area of interest would be to find exact values or tight bounds on relational com-

plexity of other groups.

Currently Theorem 5.1.4 holds only for primes p # (f‘i_—11. Under the current restrictions

q
on p, Theorem 5.4.1 implies that a transitive subgroup H of S, either contains A, or is
contained in a conjugate of AGL;(p). Since non-identity elements of AGL;(p) fix either

0 or 1 point, it is relatively easy to test if H is contained in AGL;(p). However, it also

|

follows from Theorem 5.4.1, that to extend Theorem 5.1.4 to the case of p p

we
would need to generate transitive subgroups of S, and show that these subgroups lie in

no conjugate of PI'Ly(q).
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[ am currently working on extending Theorem 6.1.1 for all m,k > 2. In particular
considering the region 2 < m < 27 and 2 < k < 28. So far it seems that in this region
M will also be a maximal coclique in I'(G). The smaller k is the smaller the interval
(g, k — 1) is, and so there are fewer Bertrand primes pg. The current proof of Theorem
6.1.1 relies on the existence of multiple Bertrand primes p,, and p,. As a consequence,
the proof for the region 2 < m < 27 and 2 < k < 28 will likely divide into even more

cases.

Very small values of n = mk can be programmed using similar code to [33, Code 1].
The number of elements in G\ M, even up to M-conjugation, grow rapidly as n grows.
Therefore the current limitations of the code are n > 12. To extend Theorem 6.1.1 it

would be useful to improve the efficiency of this code.

As pointed out by Prof Liebeck there are stronger results on primitive groups con-
taining elements of prime order than those given in Section 4.3 - see for example [41].
Hopefully using some of these results will help to streamline the proofs in Chapter 6 for

publication.
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Chapter 8

Appendix

8.1 Small primes

In Chapters 5 and 6, we require the existence of primes with certain properties and
associated Jordan elements. Here we prove there exist such primes in certain small
integer ranges. In the following Lemma we find primes ¢, and g, note that these are

not Bertrand primes.

Lemma 8.1.1. Let m = 30, let 28 < k < 32 and let n = mk. Then there exist distinct
odd primes qm, qx and positive integers a,b such that qx +a+b =k, gn < m, gn 1 mk,
qx t ab(m — qm)k, and either ¢nqr < 2(/n—1) or an element with cycle type 1"~ % . gl

18 1 Ty

Proof. Call (¢, qr) Type 1 if gngr < 2(y/n — 1), and Type 2 if an element with cycle
type 1"~ %% . g/™ is in J,,. The following tables gives the value of g,,, g, @ and b for each
k and the type.

kElgm|qg| a| b | Type
281 11| 3 |11 | 14 1

29 | 7 13 ] 13 1
300 7 11| 7 |12 2
31| 7 14114 1
32| 7 13 ] 16 1

]

Lemma 8.1.2. Let 7 < k < 27, let 27 < m < 4k — 2 with (m, k) # (27,27) and let

n = mk. Then there exist primes p, and p,, such that

et (m—pm), Pmtkpr(k —pr), (8.1)
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and S, and A,, are the only primitive groups of degree n which contain an element with

cycle type 17"~ Pmk . pk

Proof. We split into two cases. First suppose that m and k are not as in Table 8.1, and
let n = mk. We show by Lagrange’s Theorem that S, and A,, are the only primitive

groups containing elements of order p,,, and so the result will follow.

We prove the claim using [33, Code 4], which we summarise here. Let Y be an empty set,
fix a value of k£ and calculate PK the set of Bertrand primes py. For each 27 <m < 4k—1
calculate PM the set of primes Bertrand primes p,,. For each p, in PK calculate a

corresponding set
Q= {pm e PM ! ged(pr, m — p) = 1 and ged(pp, k(k — pr)pr) = 1} C PM. (8.2)

For each p,, € @ calculate Prim, the set of primitive groups of degree n whose order is
divisible by p,,, and if |Prim| = 2, then add m to Y. Hence if Y has order 4k — 27 then
the result holds for this fixed value of k.

Now let m and k be as in Table 8.1, and let n = mk. We claim that there exist primes
satisfying (8.1), such that if G is a primitive group of degree n, other than S,, or A,,, then
the Sylow p,,-subgroups of GG are cyclic and generated by an element whose cycle type is

not 1"7Pmk . pk = Therefore the result will follow.

We prove the claim using [33, Code 5] which we summarise here. Let k& and m be
one of the possibilities in Table 8.1. We calculate PK and PM the set of Bertrand
primes pi and p,,. Let pp be a random element of PK and calculate the corresponding
set @ C PM as in (8.2). We choose a random p,, € @ and calculate the set Prim of
primitive groups whose order is divisible by p,,. We now let Prim2 = Prim\{S,, A, }.
For each G € Prim2 calculate S € Syl, (G) and g a generator of S. If [S| = p,, and g
has cycle type other than 1"7P=¥ . pk " then the result holds for this value of k& and m.

k|10 ] 13 14,...,25 21 26 27
m | 30 | 27 | 2k — 1,2k + 1 | 30, 41, 43 | 30, 51, 53 | 53, 55

Table 8.1: Exceptions
n

Lemma 8.1.3. Let 7 < m < 18, let 26 < k < 4m — 1, and let n = mk. Then the
following all hold.

(i) There exists q € {2,3,5,7,11,13} and py, > 23 such that ¢ < m, q1 (m — q)k, and
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S, and A,, are the only primitive groups of degree n which contain an element with
cycle type 1" 7Pk . p, 9,
(ii) There exists py < k — 2 such that S,, and A,, are the only primitive groups of degree

n which contain an element with cycle type 1" PE™ . p,™.

Proof. The methods here are very similar to those of Lemma 8.1.2. First assume that
m and k are not in Table 8.2. Then [33, Code 21| shows that there exist py and ¢ as
described such that S, and A,, are the only primitive groups of degree n whose order is

divisible by p.

Let m and k be as in Table 8.2. Then [33, Code 22] shows that there exists p; and
q as described such any primitive group of degree n, other than S, and A,,, has cyclic
Sylow pg-subgroups which are generated by an element whose cycle structure is neither

177Pra . p 4 nor 17 PA™ . pd,

m|10|13] 14,...,18
k|30|27]2k—1,2k+1

Table 8.2: Exceptions

8.2 Small cases of Theorem 5.1.1

Recall Notation 5.2.1 and Hypothesis 5.2.5 - let n > k > 5 > 6 and let 2 = 2, UQy =
{1,...,k}U{k+1,...,n}. Let G =S, or A, acting on €, let

M = Stabg(Q1) = Stabe() (sk x sn_k) NG,

and let x € G\M. Let J;, J. and J; be as in Definition 4.3.3, and let 7 be as in Theorem
4.3.4.

Here we prove three useful elementary lemmas that help to simplify the proof of Theo-
rem 5.1.1. We show, under particular restrictions on n and x € G\ M, that either = € J
or there exists y € M such that (z,y) = G.

For clearer exposition, in the following lemmas we omit fixed points in cycle type

notation. So, for example, in place of 17 -2 - 3 we write 2 - 3.

Lemma 8.2.1. Let n > 12, G, M and x be as in Hypothesis 5.2.5. If |Supp(z)| < 11
then either x € J or

C(x) € Ty := {23, 2% 2° 32 33 4% 4*.2,5% 6-2,6-2% 6-3-2,6-3, 8-2, 10, 11}.
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Proof. Using ConjugacyClasses(Sym(11)) in MAGMA we find the 56 possible cycle struc-
tures of elements with support at most 11 (i.e. all partitions of s < 11). Since |T}| = 15,
and by Hypothesis 5.2.5 x is neither the identity or a transposition, there are 39 cycle
structures left to consider. We show that every element with one of these cycle structures
isin J.

If

U :={3,4,5,6,7 8, 9},

Up:={2-3,22.3,25.3,29.3,2.5 22.5 23.5 2.7, 22.7, 2.9},
Clz) € Us:={2-32,2-3%,3.4,3%-4,3-5 325, 3-7, 3-8},
Up:={3-42,2-3-4,22.3-4,2-4-5,4-5 4.7}, or

| Us == {235, 5.6}

then z, 22, 23, z* or 2% respectively is in 7.
If )
U6 = {22}
Ur = {24, 2.4, 2%.4),
ey ed { }
Us :={2?-3%}, or
\Ug = {4 . 6}
then z, 22, 23 or x% respectively is in 7.
Since Uy, ..., Uy are pairwise disjoint, and 35 |U;| = 39 the result follows. O

Lemma 8.2.2. Let n, G, M and x be as in Hypothesis 5.2.5, and assume that
|Supp(z)| < 11 and

Clx) ¢ Ty:={2° 4% 4*-2, 5% 6-2,6-2% 6-3-2,6-3, 8-2, 10, 11}.
Then either x € J or there ezists an element y € M such that (z,y) = G.
Proof. By Lemma 8.2.1 if C(x) ¢ Ty then € J. Hence it remains to consider
Ty :=T\Ty = {2°, 32, 24 3%}.

First suppose that C(z) = 23, Then z is odd, and so G = S,,. If n > 16 then [Supp(z)| =
6 <2(y/n—1), and so x € J,. Recall that n > 12 by Hypothesis 5.2.5, so we may assume

that 12 < n < 15. For these remaining cases we consider the possibilities for z and n — k.

By Lemmas 4.1.7 and 5.2.2 we may assume that x is one of the following.
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ry = (1,k+1)(2,3)(4,5)
=(1,k+1)(2,3)(4,k+2)
r3=(Lk+1)(2,k+2)(3,k+3) xg

(1,k+1)(2,3)(k+2,k+3)
(LE+1)(2,k+2)(k+3,k+4)
(Lk+1)(k+2,k+3)(k+4,k+5)

Since 12 < n < 15, it follows that 1 < n — k < 7. Some of z1,...,x¢ are only defined
for n — k suitably large, for example x5 requires n — k > 4. For each possible value of

n — k we give the corresponding possibilities for £ and the maximum value of i for which

x1,...,x; are well defined.
n—k 1 2 3 4 D 6
k 11-14 | 10-13 | 9-12 | 811 | 7-10 | 7-9
] 1 2 4 D 6 6

We then use [33, Code 7] in MAGMA, which tests elements of M at random to see if they
are suitable choices of y. In each case we find y € M such that (z,y) = G.

We now carry out the same method for the remaining cycle structures. In each case
Lemmas 4.1.7 and 5.2.2 imply that it suffices to consider the following possibilities for k,
n — k and x. The result then follows by [33, Code 7].

If C(x) = 32, then G =S, or A,,. If n > 16 then z € J,. Hence we may assume that

n < 15 and we have the following possibilities for x, n — k and k.

r1 = (1,k+1,2)(3,4,5) 5= (1, k+1,2)(k+2,k+3,3)
ro = (L k+1,k+2)(2,3,4) =(Lk+1,k+2)(k+3k+4,2)
r3=(1,k+1,2)(k+2,3,4) xr=(1L,k+1,2)(k+2,k+3,k+4)
ry=(1,k+1,k+2)(k+3,2,3) =(Lk+1,k+2)(k+3,k+4,k+5)
n—k 1 2 3 4 5 6
k 11-14 | 10-13 | 9-12 | 811 | 7-10 | 7-9
1 1 3 5 7 8 8

If C(x) = 2% then G =S, or A,,. If n > 25 then 2 € J,. Hence we may assume that

n < 24 and we have the following possibilities for x, n — k and k.

=(1,k+1)(2,3)(4,5)(6,7) re = (Lk+1)(k+2,k+3)(k+4,2)(3,4)

= (1,k+1)(k+2,2)(3,4)(5,6) = (Lk+1)(k+2,k+3)(k+4,2)(k+5,3)
=(LE+1)(k+2,k+3)(2,3)(4,5) rs=(Lk+1)(k+2,k+3)(k+4,k+5)(2,3)
=(Lk+1)(k+2,2)(k+3,3)(4,5) rg=(LE+1)(k+2,k+3)(k+4,k+5)(k+6,2)
=(Lk+1)(k+2,2)(k+3,3)(k+4,4) z10=0,k+1)(k+2,k+3)(k+4,k+5)(k+6,k+7)
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n—k 1 2 3 4 5 6 7 8 9 10 11
k 11-23 | 10-22 | 9-21 | 820 | 7-19 | 7-18 | 8-17 | 9-16 | 10-15 | 11-14 | 12-13
1 1 2 4 6 8 9 10 10 10 10 10

If C(x) = 33, then G =S, or A,,. If n > 31 then z € J,. Hence we may assume that

n < 30 and we have the following possibilities for x, n — k and k.

(1,k+1,2)(3,4,5)(6,7,8)
(1,k+1,k+2)(2,3,4)(5,6,7)
(1,k+1,2)(k+2,3,4)(5,6,7)
(1,k+1,k+2)(k+3,2,4)(4,5,6)
(1,k+1,2)(k+2,k+3,3)(4,5,6)
(1,k+1,2)(k+2,3,4)(k + 3,5,6)
(1, k+1,k+2)(k+3,k+4,2)(3,4,5)
(Lk+1,k+2)(k+3,2,3)(k+4,4,5)
(L,E+1,2)(k+ 2,k + 3,k +4)(3,4,5)
(1,k+1,2)(k+2,k +3,3)(k +4,4,5)
(Lk+1,k+2)(k+3,k+4,k+5)(2,3,4
(

(

(

(

(

(

(

(

(

Lk+1L,k+2)(k+3k+4,2)(k+5,3,4
Lk+1,2)(k+2,k+3,k+4)(k+5,3,4
Lk+1,2)(k+2k+3,3)(k+4,k+5,4
Lk+1,k+2)(k+3,k+4,k+5)(k+6,2,3)
Lk+1,k+2)(k+3.k+4,2)(k+5k+6,3)
LE+1,2)(k+2,k+3,k+4)(k+5,k+6,3)
Lk+1Lk+2)(k+3,k+4k+5)(k+6,k+7,2)
Lk+1,2)(k+2k+3k+4)(k+5k+6,k+7)
Lk+1,k+2)(k+3k+4k+5)(k+6,k+7k+8)

)
)
)
)

n—k 1 2 3 4 Y 6 7 8 9 10 11
k 11-29 | 10-28 | 9-27 | 8-26 | 7-25 | 7-24 | 8-23 | 9-22 | 10-21 | 11-20 | 12-19
] 1 3 6 10 14 17 19 20 20 20 20

12 13 14
13-18 | 14-17 | 15-16 ]
20 20 20
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Lemma 8.2.3. Let n,G, M, and x be as in Hypothesis 5.2.5. If n — k < 10 and
|2 N Supp(z)| = 1, then either x € J or there exists y € M such that (x,y) = G.

Proof. From |Q; N Supp(z)| =1 and n — k < 10, it follows that |[Supp(z)| < 11.

By Lemma Lemma 8.2.2 the result holds if z ¢ T5. Since || = k > § > 6, it follows
that x fixes at least 5 points. Hence if z a cycle, then x € J.. Therefore we may assume
that

C(x) € Ty := TH\{10,11} = {2°, 4% 4*.2 5% 6-2,6-2* 6-3,6-3-2, 8-2}

Therefore by Lemmas 4.1.7 and 5.2.2 we may assume that x is one of the following.

Lk+1)(k+2,k+3)(k+4,k+5)(k+6k+T7)(k+8k~+9)
Lk+1,k+2k+3)(k+4,k+5k+6k+7)
Lk+1)(k+2k+3k+4k+5)(k+6k+7k+8,k+09)
Lk+1,k+2k+3)(k+4,k+5k+6k+7)(k+8,k+9)
Lk+1,k+2k+3k+4)(k+5k+6k+7k+8k+9)
Lk+1)(k+2k+3k+4,k+5k+6k+7)
Lk+1,k+2,k+3k+4,k+5)(k+6k+7)
Lk+1)(k+2k+3)(k+4,k+5k+6,k+7k+8k+9)
Lk+1,k+2k+3k+4k+5)(k+6k+7)(k+8k+9)
Lk+1,k+2)(k+3k+4,k+5k+6k+T7k+8)
Lk+1,k+2k+3k+4,k+5)(k+6,k+T7k+8)
Lk+1)(k+2k+3k+4)(k+5k+6k+7k+8k+9,k+ 10)
Lk+1,k+2)(k+3k+4)(k+5k+6k+7k+8k+9,k+ 10)
Lk+1,k+2k+3k+4k+5)(k+6k+7)(k+8k+9,k+10)
Lk+1)(k+2k+3k+4,k+5k+6k+7k+8k+9)
Lk+1,k+2k+3k+4k+5k+6k+7)(k+8k~+9)

(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(

We now introduce two equations which bound the possibilities for n and n — k. If x € J,
then the lemma holds. Hence assume that © ¢ J, and so 2(y/n — 1) < |Supp(z)|.

Therefore | )

n < K§|Supp(aﬁ)| + 1) -‘ —1. (8.3)
Recall that n—k < %, and so n—k < 25*. Additionally, by assumption, |Q;NSupp(z)| = 1
and n — k < 10, thus

1
wum(n—1<n—k<mm{m-3—}. (8.4)
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Using (8.3) and (8.4) we calculate the possibilities for n — k and k, and then proceed via
MAGMA.

If x € {xs, x4, 7}, then |Supp(x)| = 8. Hence n < 24 by (8.3), and 7 <n — k < 10 by

(8.4). Therefore we need to consider the following values of n — k and k.

n—k| 7 8 9 10
k 8-17 | 9-16 | 10-15 | 11-14

If x € {x109, 211}, then |Supp(z)| = 9. Hence n < 30 by (8.3), and 8 < n —k < 10 by

(8.4). Therefore we need to consider the following values of n — k and k.

n—k| 8 9 10
k 9-22 | 10-21 | 11-20

If x € {x1, w3, 24, T5, T8, Tg, T15, T16}, then |Supp(x)| = 10. Hence n < 35 by (8.3), and
9 <n—Fk <10 by (8.4). Therefore we need to consider the following values of n — k and
k.

n—k 9 10
k 10-26 | 11-25

If x € {12,213, 14}, then [Supp(x)| = 11. Hence n < 42 by (8.3), and 10 < n—k < 10
by (8.4). Therefore we need to consider n — k = 10 and 11 < k < 32.

For each x, k and n — k we use [33, Code 6], which tests random elements of M, to find

y € M such that (x,y) = G. O

Lemma 8.2.4. Let n, G, M and x be as in Hypothesis 5.2.5. If k < 9 and
|22 N'Supp(z)| = 1 then either x € J or there exists y € M such that (x,y) = G.

Proof. It is immediate from Hypothesis 5.2.5 that 7 < k < 9 and 12 < n < 17. Our
assumption that [Qs N Supp(x)| = 1, implies that [Supp(z)] < k+ 1 < 10.

By Lemma 8.2.2 the result holds if ¢ T5. Therefore we may assume that

C(x) € Ty : = {C(x) € T | |Supp(z)| < 10}
={2°, 4% 4*.2, 5% 6-2,6-2% 6-3, 8-2, 10}

Therefore by Lemmas 4.1.7 and 5.2.2 we may assume that x is one of the following (where

we list the possibilities for x with support increasing).
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(1,k+1,2,3)(4,5,6,7)
(1,k +1,2,3,4,5)(6,7)
(1k+)(234567)
(1,k+1,2,3,4,5)(6,7,8)
( )
(1,

(

1k+12)(345678
1,k +1)(2,3)(4,5)(6,7)(8,9)
3)(4,5,6,7)(8,9)

1,k+1,2,

zs = (1,k +1)(2,3,4,5)(6,7,8,9)
= (1,k+1,2,3,4)(5,6,7,8,9)
10 = (17 k + 17 273747 5)(67 7)<8>9>

v = (1, k+1)(2,3,4,5,6,7)(8,9)
219 = (1,k +1,2,3,4,5,6,7)(8,9)
w13 = (1,k +1)(2,3,4,5,6,7,8,9)
v = (1,k+1,2,3,4,5,6,7,8,9)

The following gives the possibilities for £ and n — k, and the corresponding maximum

values of ¢ for which zq, ...

, r; are defined.

7

5,6

LT

3,...,8

3

D

14

For each G and x we use [33, Code 9] in MAGMA. This shows that by choosing sufficiently

many random elements of M, we find y € M such that (z,y)
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