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ON RELATIONAL COMPLEXITY AND BASE SIZE
OF FINITE PRIMITIVE GROUPS

VERONICA KELSEY AND COLVA M. RONEY-DOUGAL

We show that if G is a primitive subgroup of S, that is not large base, then any
irredundant base for G has size at most 5log n. This is the first logarithmic
bound on the size of an irredundant base for such groups, and it is the
best possible up to a multiplicative constant. As a corollary, the relational
complexity of G is at most 5logn + 1, and the maximal size of a minimal
base and the height are both at most 5log n. Furthermore, we deduce that a
base for G of size at most 5logn can be computed in polynomial time.

1. Introduction

Let 2 be a finite set. A base for a subgroup G of Sym(€2) is a sequence A =
(w1, ..., wp) of points of 2 such that Gp) = Gy,,...w = 1. The minimum base size,
denoted b(G, 2) or just b(G) if the meaning is clear, is the minimum length of a
base for G. Base size has important applications in computational group theory; see,
for example, [Sims 1970] for the importance of a base and strong generating set.

Liebeck [1984] proved the landmark result that with the exception of one family of
groups, if G is a primitive subgroup of S,, = Sym({1, ..., n}), then b(G) < 9logn.
The members of the exceptional family are called large-base groups: they are
product action or almost simple groups whose socle is one or more copies of
the alternating group A, acting on k-sets. Moscatiello and Roney-Dougal [2022]
improve this bound, and show that if G is not large base, then either G = My4 in
its 5-transitive action of degree 24 or b(G) < [logn] + 1. Here and throughout, all
logarithms are to the base 2.

We say that a base A = (wy, ..., wy) for a permutation group G is irredundant if

G>Gy >Gup>>GCGy. . .0=1

If no irredundant base is longer than A, then A is a maximal irredundant base, and
we denote the length of A by I(G, 2) or I(G).

From Liebeck’s 91logn bound on base size, a straightforward argument (see
Lemma 1.2) shows that if G is a primitive non-large-base subgroup of S, then
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1(G) < 9log® n. However, Gill, Loda and Spiga [Gill et al. 2022b] conjectured that
for such groups G there exists a constant ¢ such that I(G) < clogn. They show
that for some families of groups the conjecture holds with ¢ = 7. Our main result
establishes this conjecture, whilst also improving the constant.

Theorem 1.1. Let G be a primitive subgroup of S,,. If G is not large base, then
I(G) < 5Slogn.

It turns out that there are infinitely many primitive groups for which the maximal
irredundant base size is greater than [logn]+1. For example, if d > 5, G =PGL;(3)
and  is the set of 1-spaces of F¢, then by Theorem 3.1 I(G, Q) = 2d — 1 >
[logn]+ 1. Hence, up to a multiplicative constant the bounds in Theorem 1.1 are
the best possible.

Relational complexity has been extensively studied in model theory, see, for
example, [Lachlan 1984]. A rephrasing of the definition, to make it easier to
work with for permutation groups, was introduced more recently in [Cherlin et al.
1996]. For an excellent discussion and more context, see [Gill et al. 2022a]. Let
k,leNwithk <l,andlet A= (A,..., \), == (01,...,07) € QL. We say that
A and X are k-subtuple complete with respect to a subgroup G of Sym(£2), and
write A ~; X, if for every subset of k indices i1, ..., i there exists g € G such that
()Lfl, R Ai) = (0i,, ..., 0;). The relational complexity of G, denoted RC(G), is
the smallest k such that for all/ > k and all A, ¥ € Q, if A ~, &, then A € £C.
Cherlin [2000] gave examples of groups with relational complexity 2, called binary
groups, and conjectured that this list is complete. In a dramatic breakthrough, Gill,
Liebeck and Spiga [Gill et al. 2022a] have just announced a proof of this conjecture.

Let A be a base for a permutation group G. Then A is minimal if no proper
subsequence of A is a base. We denote the maximum size of a minimal base
by B(G). The height, H(G), of G is the size of the largest subset A of Q2 with the
property that Gy # Ga) for each I' C A. The following key lemma relates all of
the group statistics studied in this paper.

Lemma 1.2 [Gill et al. 2022b, Equation 1.1 and Lemma 2.1]. Let G be a subgroup
of S,.. Then

b(G) <B(G) <H(G) <I(G) <b(G)logn,
and
RC(G) <H(G) + 1.

Gill, Loda and Spiga [Gill et al. 2022b] proved that if G < S,, is primitive and not
large base, then H(G) < 9logn; and so, RC(G) < 9logn + 1 and B(G) < 9logn.

It will follow immediately from Theorem 1.1 and Lemma 1.2 that we can tighten
all of these bounds.
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Corollary 1.3. Let G be a primitive subgroup of S,,. If G is not large base, then
RC(G) <Slogn+1, B(G)<5logn, and H(G) <Slogn.

Blaha [1992] proved that the problem of computing a minimal base for a permuta-
tion group G is NP-hard. Furthermore, he showed that the obvious greedy algorithm
to construct an irredundant base for G produces one of size O(b(G) loglogn).
Thus, if G is primitive and not large base, it follows from Liebeck’s result that
in polynomial time one can construct a base of size O (logn loglogn). Since an
irredundant base can be computed in polynomial time (see, for example, [Sims
1970]), we get the following corollary, which improves this bound to the best
possible result, up to a multiplicative constant.

Corollary 1.4. Let G be a primitive subgroup of S, which is not large base. Then
a base for G of size at most 5logn can be constructed in polynomial time.

(We note that using the bound on B(G) from [Gill et al. 2022b], a very slightly
more complicated argument would yield a similar result, but with 9logn in place
of Slogn.)

The paper is structured as follows. In Section 2, we prove some preliminary
lemmas about I(G). In Section 3, we let | be an arbitrary field and find upper and
lower bounds on the size of an irredundant base for PGL,;([F) acting on subspaces
of F¢, which differ by only a small amount. In Section 4, we prove a result which
is a slight strengthening of Theorem 1.1 for almost simple groups. Finally, in
Section 5, we complete the proof of Theorem 1.1.

2. Preliminary bounds on group statistics

Here we collect various lemmas about bases, and about the connection between
I(G) and other group statistics.

For a subgroup G of Sym(€2) and a fixed sequence (w1, .. ., @;) of points from €2,
we let GY) = Gy,...0, for 0 <i <1, so G© = G. Furthermore, the maximum
length of a chain of subgroups in G is denoted by £(G).

Lemma 2.1. Let G be a subgroup of S,,.
(1) If G is insoluble, then I(G) < log |G| — 1.
(i1) If G is transitive and n > 5, then I(G) < log |G| — 1.
(iii) If G is transitive and b = b(G), then I(G) < (b — 1) logn + 1.
Proof. Let a be the number of prime divisors of |G|, counting multiplicity. Since G
is insoluble there exists a prime greater than 22 dividing |G|, and so |G| > 2041 Tt

is clear that I(G) < £(G) < a, and so Part (i) follows, and we assume from now on
that G is transitive.
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Let [ = I(G) with a corresponding base A = (wy, ..., @;). Since G is transitive,
[G® : GD] = n by the Orbit-Stabiliser Theorem. From [GY~D : G®] > 2 for
2 <i <I, it follows that |G| > 2/~'n. Hence, if n > 5, then |G| > 2!~1.5 > 2/+1,
Therefore, by taking logs Part (ii) follows.

Similarly, |G| < n?, and so 2/~ !'n < |G| < n®. Hence,

[—1+logn = log(2[_1n) <log|G| <blogn,
and so
l<blogn—logn+1=((b—-1)logn+1
and Part (iii) follows. O

Lemma 2.2. Let G be a subgroup of Sym(L2), let/>1andlet A=(A1,..., )€ QL.
Then there exists a subsequence X of A such that X can be extended to an irredun-
dant base and G (x) = G(a).

Proof. The sequence A cannot be extended to an irredundant base if and only if

there exists a subsequence 4, ..., A;1; of A with j > 1 such that

GO = Gi+D — ... — G+,
Let X be the subsequence of A given by deleting all such A; 1, ..., ;4;. Since
G = GUH)) it follows that G(a) = G (x). O

The following describes the relationship between the irredundant base size of a
group and that of a subgroup.

Lemma 2.3. Let H and G be subgroups of S,,, with H <G. Then the following hold.
(1) I(H) = (G).

(i) If H < G, then I(G) <I(H) +4(G/H).

(iii) If H < G and [G : H] is prime, then I(H) <I(G) <I(H) + 1.

Proof. An irredundant base for H < G can be extended to an irredundant base

for G, so Part (i) is clear. Part (ii) is [Gill et al. 2022b, Lemma 2.8] and Part (iii)
follows immediately from Parts (i) and (ii). U

3. Groups with socle PSL;(q) acting on subspaces

Throughout this section, let F be a field, let V be a d-dimensional vector space
over [ and let 2 = PG, (V) be the set of all m-dimensional subspaces of V. In this
section we begin by proving Theorem 3.1, which bounds I(PGL,4(F), €2) in terms
of d and m.

In Section 3B, let ¢ = p/ for some prime p and f > 1 and let F = F,. By
finding lower bounds on n = |€2|, we then prove Proposition 3.6, which bounds
I(PT'L4(q), 2) in terms of n.
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3A. Bounds as a function of d and m. In this subsection, we prove the following
theorem, which in the case m = 1 and [F a finite field recovers the lower bounds
found by Loda [2020].

Theorem 3.1. Let PGL;(F) act on 2. Then

I(PGL;(F)) < (m+4+1)d —2m + 1

and

IPGL, ) » [Md—m* +1.  ifF=Fa,
¢ ~ |(m+1)d —m?, otherwise.

We begin by proving the upper bound in Theorem 3.1. Let M = M (V) be the
algebra of all linear maps from V to itself. Furthermore, let wg = (0), let/ > 1 be
an integer, let A = (w1, wy, ..., w;) € Q! and for 0 <k <1, let

My={geM|wg<w; forO0<i<k}, sothat My=M.

For 0 <k <[ —1, itis easily verified that M is a subspace of M}. Now assume
in addition that

(1) M0>M1>-'->M12[FI,

with / as large as possible. Fix a basis (e, ..., ez) of V which first goes through
w1 Ny, then extends to a basis of wy, and then for each k > 2 extends successively
to a basis of (wy, ..., wx). Therefore, there exist integers

m=a; <---<ag=d suchthat(e],...,es)={(w1,..., k).

Since wg = (0), we may let ayp = 0. From now, on we identify M with the algebra
of d x d matrices over F with respect to this basis.

We will show that [ < (m + 1)d — 2m + 1, from which the upper bound in
Theorem 3.1 will follow. For 0 <k <[ —1, let

Ji = dim(My) — dim(Mj41),
and let by = ay41 — ay so that 0 < by < m. In the following lemmas we consider
the possible values of f; based on by.
Lemma 3.2. Let f; and by be as above.
(i) The dimension of M is d*> —m(d —m), and so fy = m(d —m).
(i) fi=0bi(d—Dby).

Proof. First consider Part (i). Since wy = (ey, ..., ey) it follows that g = (g;;) € M,
if and only if ¢;g € w for 1 <i < m. Equivalently, g;; =0 for 1 <i <m and
m+1< j <d. Hence, dim(M;) = d> — m(d — m), and the final claim follows
from dim(My) = d>.
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Now consider (ii). The subspace M, contains all matrices of shape

x1 0 0 0
X2 X3 0 0
x4 0 x5 0
Y1 Y2 Y3 Y4

where x1, x3 and x5 are square with m — by, by and b rows, respectively. Hence,
dim(My) = (m — by)* +2b,(m — by) +2b} + (d —m — by)d
=d*—m(d —m)—bi(d—by),
and the result follows from Part (i). O
Lemma 3.3. Let k > 2. Then f; > max{1, by(d —m)}.

Proof. For 0 < k <1 we define two subspaces of M}, namely
Xi={geMy|eig=0forqy+1<i<d} and Y,={geM;|e;g=0 for 1<i<ay;}.
We begin by showing that

2) M, =X, ®Y, and dim(Yy)=d(d —ay).

By construction, X N Y, = {Oy}. Let g = (gij) € M. Then there exist
X = (xl-j),y = (yij) € M, with Xij = &ij and Yij = 0 for i < a;, and Xij = 0
and y;; = g;j fori > a;y + 1. Then g = x +y with x € X and y € Y, hence
M = X; @Y. Since g € Y, if and only if g;; = 0 for i < a, it follows that
dim(Yy) = d(d — ay). Hence, (2) holds.
Our assumption that My > M implies that f; > 1, so we may assume that
by > 1. By (2),
Ji = dim(My) — dim(Mj.1)
= (dim(Xy) +dim(Y)) — (dim(Xy41) +dim(Yg11))
= dim(Xy) — dim(Xy41) +d(d —ar) —d(d — ax+1)
=dim(Xy) — dim(Xg41) + bid.
We now bound dim(X}) — dim(Xg+1). By choice of basis

Cl)k+] = <u17 MR um—bkv eak+17 M ] euk-‘rhk)

for some uy, ..., upy—p, € (01,...,wr). Hence if v € {eq 11, ..., €445}, then
(VY Mj+1 <wgt1. Therefore, (v My1) has dimension at most m, and so dim(Xj41) <
dim(Xy) + bym. Hence,

fr =dim(Xy) — dim(Xg41) + brd > —bym + bid = bi(d —m). O
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Proof of upper bound of Theorem 3.1. We shall show that [ < (m + 1)d —2m + 1,
from which the result will follow, since [(PGL,(F), 2) =I(GL,4(F), €2) and GL;(F)
is a subgroup of M.
For 0 <b <m, let
Cr={ke{0,....1—1} | by = b},
and let ¢, = |Cp|. Then

3) =3 o

Since a; = d and ag = 0, it follows that

-1 -1 m m
“4) d=aj—ay=) (ay1—ap) =Y by=7) bcy= ) bcy.
k=0 k=0 b=0 b=1

Since a; = m and ag = 0, it follows that by = m, so 0 € C,, and ¢,, > 1. Since
w1 # w; it follows that by #0, and 1 € Cp,, so

&) cp,>1 and ¢y =146,
where §,, 5, is the Kronecker delta. Lemmas 3.2 and 3.3 yield
fo=m(d—m), fi=bi(d—Db1)=0bi(m—Dby)+bi(d—m),
Jfr = max{l, by(d —m)} fork > 2.
Since My = M and M; = [F1, it follows from the definition of f; that

(6)

d*>—1 = dim(My) —dim(M,)
-1
= > (dim(M}) —dim(My4 1))

k=0
-1
=Y fi=2 fithHh+ X it X S
k=0 keCo keCp, \(1) k¢ CoUCy,
> > l+bi(m—=by)+bi(d—m)+ . bi(d-m)+ Y  bi(d—m)
keCy keC;,l\{l} k¢C0UCb1 (by (6))
=co+bi(m—b))+ Z bi(d—m)+ Z br(d—m)
keCp, k¢ CoUCy,
=co+bi(m—b1)+ ) bi(d—m)
k¢Co

m
=co+bi(m—b1)+(d—m) ) bcy
bh=1

=co+bi(m—b)+(d—m)d  (by (4)).
By rearranging, we find that

) co<md—by(m—>by)—1.
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We bound I(G) by maximising [/ = Z?:o ¢p subject only to (4), (5) and (7).
By (4), an upper bound on Y ' ¢} is given by maximising ¢y, maximising ¢, for b
small and minimising ¢, for b large. Hence, we substitute co =md —b;(m —b;) — 1
by (7), substitute ¢;, = 0 for b ¢ {0, 1, by, m}, and maximise c; and minimise ¢,
subject to (5).

First let m = 1. Since by # 0 it follows that b; = 1, and hence c¢; =d by (4). Now
let m > 2. Then there are three possibilities for by. If b; = m, then to minimise ¢,
subject to (5) let ¢,, =2, and so (4) yields c; =d —2m. If by =1, then ¢,, = 1, and
(4) yields ¢y = d — m. Otherwise ¢,, = ¢, = 1, and (4) yields c; =d —m — b;.
Hence, in all cases

[CLUC, UCy|=24+d —m —by.

Therefore,

m
> cp < (md—bi(m—b))—1)+2+d—m—b; = (m+1)d—m+1—by(m—by+1).
b=0

Hence if Z’;:o cp 1s maximal, then by (m — by + 1) is minimal subjectto 1 < by <m.
Therefore, b; is 1 or m, and so

m
ey <(m+1)d—-2m+1.
b=0
The result now follows from (3). O
We now consider the lower bounds in Theorem 3.1.

Proof of lower bound of Theorem 3.1. Let G = GL;(F). Here we give a sequence of
m-spaces of V such that each successive point stabiliser in G is a proper subgroup
of its predecessor. Its length is therefore a lower bound on I(PGL,(F), ©2).

For 1 <k < md —m? +d, we define the following three variables:

n=E24m+1 so=m— -2 modm) and n=k—md+m’
A few remarks are in order. Firstly, it is immediate from the definition of s; that
1 <51 <m.
Secondly, if m+2 <k <md — m? + 1, then
(8) m+2<r. <d.

Finally, notice that #; < d for all k, and

2<tr<m+1 ifandonlyif md—m?>+2<k<md—m>+m+1.
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Therefore, the following sets Wj of m linearly independent vectors of V are
well defined.

leilie{l,....m+I\{m+2—k}}, 1<k =<m+l,

eilief{l,....m r}\{sc}}, m+2 <k <md—m>+1,

ertey e li€ {2, ...mHIN{K}}, md—m?+2 <k <md—m*+m+1,
eitey., e |i€{2,...,m}}, md—m?4+m~+2 <k < md—m?*+d.

Wi = }
{

Let op = (W) € Q, and let G® =G, 4. For 1 <x,y <d, let T(x, y) be
the matrix I + E, , (acting on V on the right), and let Supp, (W) be the set of
vectors in W which are nonzero in position x. Recall that

eiT<x,y>={e"+ey’ =
e, otherwise.
Hence, if a vector v is zero in position x, then vT (x, y) = v. Thus, wy T (x, ¥) = wy
if and only if Supp, (Wi)T (x,y) € wi. In particular, if Supp, (W) = &, then
wr T (x, y) = wy. Furthermore, T (x, y) € G unless F =F; and x = y.

It is clear that G > GV, soletk € {2, ..., md —m?+1} and let j < k. We shall
show that there exist x and y such that ;T (x, y) # w; and w; T (x, y) = w; for
all j <k. Hence, T(x,y) € G¥D\G® and so G*D > G®,

First consider k € {2,...,m+ 1}, andlet T = T(m + 1,m +2 — k). Then
Supp,, .1 (W) =3, and for 1 < j <k

Suppm+1(wj)T ={enr1}T ={ems1 +emio—r}.

Hence, Supp,,, 1 (W;)T C w; if and only if j # k. Therefore, w;T = w; for j <k,
and wkT 75 W .

Next consider k € {m +2, ..., md —m?*+ 1}. Hence (8) holds, and so we may
let T be the matrix T (ry, sg). If j <m+1 orif r; # ry, then Supp,k(Wj) = & and
so w;T = w;. Therefore, assume that j > m +2 and r; = ry. Then

Supp, (W)T = {e,}T = {e,, + ey}

Since (rj, sj) = (rk, s) if and only if j = k, it follows that Supp, (W/)T € w;
if and only if j # k. Therefore, w;T = w; for j < k, and wT # wi. Hence,
G*=D > G for | <k <md —m?*+ 1, and so if F = F, then the result follows.

It remains to consider |F| > 2 and k > md —m? +2. Let T = T (t, t), and let
ucie,e +e |1=<i<d} Then

e1+2e,, ifu=e;+e,,
ul = { 2u, ifu=ey,

u, otherwise.
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If1 §j§md—m2+1,then W;Cley, ..., eq}, and if md +m?+1 < j <k, then
W;Cleiter, e, ..., eq} witht; #1. Hence, if j <k, then Supp, (W;)T Cw;, and
sow;T =w;j. Since e| +e; € wy but ey +2e;, ¢ wy it follows that wi T (#x, k) # wy.
Hence, G*=D = G® for 1 <k <md —m? +d, and so the result follows. |

Remark 3.4. The interested reader may wish to check, using the notation of the
previous proof, that the following holds. Let A = (w;)2<;<mg—m2+1 if F = F>, and
let A = (@) +1<i <md—m2+q Otherwise. Then A is a minimal base for the action of
PGL,(F) on PG,,(F). Hence,

md —m?, if F =y,
B(PGL,(F), PG(V)) > .
( «®), PGV)) = {(m+1)d—m2—m, otherwise.
3B. Upper bounds as a function of |2]. We now let ¢ = p/ for some prime p and
integer f > 1, and let [ = [F,. Our main result in this subsection is Proposition 3.6,
which bounds I(PGL,(g), €2) as a function of n = |2|, rather than of m and d. We
begin by bounding the size of Q = Pgm([F‘; ).

Lemma 3.5. Let n(d, m, g) = IPQm([F‘qi)L Then

d_z 1 1 — — d >
kmm=mm@mmb{4+f fg=2andm=322
m(d —m)logg, forallm andgq.
Proof. The second bound is immediate since (¢¢~"* —1)/(¢' — 1) > g?~™ for
1 <i < m. Hence, we consider n(2m, m, 2), which we must show is greater
than 27°+1/2,
We induct on m. Since n(4, 2, 2) =35 > 222+1/2, the result holds for m = 2. Now,

(22m _ 1)(22111—1 _ 1)(22111—2 _ 1) . (2m+1 _ 1)

n2m,m,2) =
Qm — 1)(2m—1 _ 1)(2m—2 -1---2-1)

_ (22m _ 1)(22m—1 _ 1) (22m—2 _ 1) . (2m+1 _ 1)(2m _ 1)
o @-p2 @ -Dem i -De-2- D

2m __ 2m—1 _
= & D@ D n@2m—-2,m—1,2)

@2m—1)?

2m __ 2m—1 _ )

> @ (21}3(3 o D pm-vi+172 (by induction).

It is easily verified that

(2m + 1)(22771-1 _ 1) — 23m—1 +22m—1 M _ 1> 23m—1 _22m—1 — 22m—1(2m _ 1)
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Hence,
(22 - 21’3(221");1 — Dy _ 2" +(12>’1522'"1—)1 — D1y
N 22m=1(om _ 1)2(,",1)2 _ 2m2’
2m—1)
and the result follows. ]

Recall that g = p/ with p prime, and Q = PG, (F{), with n = |€|.

Proposition 3.6. Let G = PI'L;(g) and assume that m < %. Then

2(d—1)+1 <2logn+1, ifm=1and q =2,
G, ) < 4(d—1)logg+1+log f < 4logn+1+log f, ifm=1andq >3,
»Re) = §+1§210gn, ifm=%22andq=2,

2m(d—m)log g+log f <2logn+log f, otherwise.
Proof. Since G =PGL,,(q) % Cy, Lemma 2.3(ii) and Theorem 3.1 imply that

) I(G) = I(PGL,(q)) +£(Cy) < (m+1)d —2m + 1 + log f.

First let m = 1, so that [(G) < 2(d — 1) + 1 + log f. Then, by Lemma 3.5,
(d —1)log g < logn. Hence, the result is immediate for ¢ = 2, and follows from
logg > % for g > 3.

Now let m = % >2,sothat [(G) < %2+1+10gf. If g =2 then %—l—% <logn
by Lemma 3.5, and so the result follows. If g > 3, then it follows from d > 4 that
1< ‘2—2, and so

2 2 2
%—I—l 5% < d?logq=2m(d—m)logq.

Therefore,

I(G) <2m(d —m)logg +log f < 2logn +log f,
by Lemma 3.5. Finally consider 1 <m < ‘5’. Then 1 <d —2m, and so

d—2m+1<2(d—-2m) <m(d—2m).
Hence by (9),

I(G)—log f <md+d—2m+1<md+m(d—2m)=2m(d—m) <2m(d—m)loggq.

Therefore, I(G) <2m(d —m)logqg +1log f <2logn +1log f, by Lemma 3.5. [
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4. Almost simple groups

In this section, we prove Theorem 1.1 for almost simple groups. More precisely,
we prove the following result.

Theorem 4.1. Let G be an almost simple primitive subgroup of S,,. If G is not
large base, then
I(G, ) <Slogn —1.

We begin with two definitions which we shall use to divide this section into cases.

Definition 4.2. Let G be almost simple with socle Gy, a classical group with natural
module V. A subgroup H of G not containing Gy is a subspace subgroup if for
each maximal subgroup M of G containing H N G one of the following holds.

(i) M = Gy for some proper nonzero subspace U of V, where if Gy #= PSL;([F),
then U is either totally singular or nondegenerate, or if G is orthogonal and
p = 2 a nonsingular 1-space.

(i) Go = Sp,(2’) and M N Gy = GOF(2).
A transitive action of G is a subspace action if the point stabiliser is a subspace

subgroup of G.

Definition 4.3. Let G be almost simple with socle Gy. A transitive action of G
on 2 is standard if up to equivalence of actions one of the following holds, and is
nonstandard otherwise.

(1) Go = A, and 2 is an orbit of subsets or partitions of {1, ..., r}.
(i) G is a classical group in a subspace action.

This section is split into three subsections. The first considers Gy = PSL;(q)
acting on subspaces and pairs of subspaces. In the second, we deal with the case
of G another classical group in a subspace action. Finally, in the third, we prove
Theorem 4.1.

4A. Gy =PSL4(q). Let G be almost simple with socle PSL,;(g), in a subspace
action on a set Q. We first consider Q = PG, (V).

Proposition 4.4. Let G be almost simple with socle PSL;(g) acting on Q =
PGn(V), and let n = |2]. Then

I(G) < 3logn.

Proof. It m = 1, then G < PI'L;(g), so I(G) < I(PT'L;(g)) by Lemma 2.3(i).
Otherwise G NPI'L;(g) has index at most 2 in G, so by Lemma 2.3(i) and (iii)

I(G) <I(GNPI'Ly(g)) +1 <I(PT'Ly4(q)) + 1.
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Therefore, we can bound I(G) by our bound for I(PI"L;(q)) when m = 1, and by one
more than that when m > 1. Thus, Proposition 3.6 yields I(G) < 2logn+log f + 1.
It is easily seen that log f + 1 <loggq < m(d — m)loggq, and so by Lemma 3.5
log f + 1 < logn and the result follows. ]
We now consider the action of G on the following subsets of PG,,(V)X PG, (V),
with m < ‘51:
Q¥={{u, W}|U,W <V, dmU=m, dmW =d—m, withUeW =V},
Q=={{U,W}|U, W <V,dimU =m, dimW =d —m, withU < W}.
Note that in both cases we require d > 3.

Lemma 4.5. Let G be almost simple with socle PSL;(g), let H = GNPI'L,(g)
and let Q be either Q® or Q=. Then

I(G, ) <2I(H, PG (V)) + 1.
Proof. We first show that

(10) I(H, Q) <I(H,PGn (V) +1(H, PGg—m(V)).
Let!/ =1(H, Q) and let A = ({Uy, W1}, ..., {U;, W;}) be a corresponding base,
where dim(U;) =m for all i. Let [1 = (Uy,...,U;), and let X = (Wq, ..., W)).

Then by Lemma 2.2, IT and X contain subsequences which can be extended to
irredundant bases for the action of H on PG, (V) and PG4_,,(V), respectively.

Let IT be the subsequence of IT which contains U; if and only if Hy, .y, , >
..... v;_,.u;- Then IT’ can be extended to an irredundant base for the action of H
on PG, (V). Let k = |IT'|, so k <I(H, PG, (V)).

Let ¥’ = (W, ..., Wj,_,,) be the subsequence of ¥ which contains W; if and
,,,,, v, = Hy,....u,_,.u;- Assume, for a contradiction, that ¥’ cannot be
extended to an irredundant base for the action of H on PG,_,,(V). Since H is
irreducible, H > HW./. . Therefore, there exists s > 2 such that

Leti=j,. Then intersecting both sides of the above expression with Hy, . w,_, gives

(11) Hw, . .w_, = Hw, . .w_.w-
Since W; € ¥/, it follows that
(12) HU1 ,,,,, Ui = HUlv---,Ui—lvUi'

Elements of H =GNPI'L;(q) cannot map U; to W;. Thus, (11) and (12) imply that

Hyy, wiy,. v, Wiy = H, way, o (U Wi 0,0 W)

a contradiction since A is irredundant. Hence [ — k < I(H, PG,_»(V)), and
so (10) holds.
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The subgroups of Sym(PG,,(V)) and Sym(PG,_,,(V)) representing the ac-
tions of H are permutation isomorphic. Therefore, (10) implies that I(H, 2) <
2I(H, PG, (V)). Since H has index at most 2 in G, the result follows from
Lemma 2.3(iii). O

Lemma 4.6. Let  be either Q% or Q=, and let n = |2|. Let G be an almost simple
subgroup of Sym(£2) with socle PSL;(g). Then

I(G) <5(ogn —1).
Proof. Let H = G NPI'L;(q), then by Proposition 3.6 and Lemma 4.5

4(d—-1)+3, ifm=1and g =2,
(13) I(G)<2I(H, PGp)+1< %(d—l)logq+2log f+3, ifm=1andgq >3,
4m(d—m)logg+2log f+1, otherwise.

Since 1 <m < ¢, each m-dimensional subspace of V has more than one comple-
ment and is contained in more than one (d — m)-dimensional subspace. Hence
n > 2|PG,(V)|, and so Lemma 3.5 gives

(14) m(d —m)logq <log5 =logn—1.

Recall that d > 3. Firstlet m = 1. If (d, q) = (3, 2), then n € {21, 28}. Therefore,
by (13), it follows that [(G) < 11 < 5(logn — 1).
Hence if ¢ = 2, then we may assume that d > 4, and so by (13) and (14),

I(G)<4d—-1)+3<5d—-1)<5(ogn—1).
Still with m =1, let ¢ > 3. Then
I(G) < %(d—l)logq+2log f+3 (by (13)),
< %(d—l) logg+2(d—1)logg+1 (since log f+1<logg < (d—1)logg),
<5(d—1)logqg (sincel < %(d—l)logq),
< 5(ogn—1) (by (14)).

Finally, let m > 2 so that m(d —m) > 6. Then it is easily checked that 2log f+1 <
m(d —m)loggq, so by (13) and (14),

I(G) <4m(d —m)logg +2log f +1 <5m(d —m)logqg <5(logn—1). O

4B. G another classical group.

Lemma 4.7. Let G be almost simple with socle Gy = PQ;(q), acting faithfully
and primitively on a set €2 of size n. Then

I(G) <5Slogn —1.
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Proof. Let ¢ > 3. Then the reader may check that 6 f < g2, and so by [Gill et al.
2022b, (6.19)],
G| <69 <q.

If g =2, then |G| < 6|Gy| < ¢*° also. Hence by Lemma 2.1(ii), since n > 4,
I(G) <logg® —1=5logq® —1 <5logn —1,
by [Landazuri and Seitz 1974]. O

Proposition 4.8. Let G be almost simple with socle Gy, a classical group with
natural module V. Assume that Gg # PSL(V) and Go # PQ;(q). Let0 <m <d,
let 2 be a G-orbit of totally isotropic, totally singular, or nondegenerate subspaces
of V of dimension m, and let n = |Q2|. Then

I(G, Q) < Slogn — 1.

Proof. First, let Go =P} (q) and m = 4. Then d > 10, and so 2d*> —12d — 16 > 0.
2 2

Hence 10d> —20d > 84> — 8d + 16 and it follows that & — 4 > 4. — &+ 1 By

[Burness and Giudici 2016, Table 4.12],

dp-1 -1 R 5
(15) n= l_[ (ql _|_ 1) > l_[ ql =qd /87d/4 > qd /107d/10+1/5'
i=1 i=1
Hence,
I(G) <log|G|—1 (by Lemma 2.1(ii)),
<log(g?*/>~4*1) —1 (by [Gill et al. 2022b, p. 25]),
_ Slog(qdz/IO—d/IO—i-l/S) 1
<5S5logn—1 (by (15)).
Therefore, we may assume for the rest of the proof that Gy # PQ:{ (g), so by [Gill
et al. 2022b, Lemma 7.14],
(16) %m(d—m) logg < logn.

Since €2 is a G-orbit of subspaces, if Go = PSp4(q), then G does not induce the
graph isomorphism by [Bray et al. 2013, Table 8.14]. Hence since G # PSZ;(q) and
Q C PG, (V), we may assume that G < PI'L;(¢q). Then Lemma 2.3(i) implies that

I(G) =I(PT'La(g), PGm(V)),

and so, in particular, the bounds from Proposition 3.6 apply.
We begin with m = 1. If ¢ = 2, then we split into two cases. If d < 4, then by
Proposition 3.6,
I(G)<2(d—-1)4+1<7<5logn —1.
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If instead d > 5, so that %(d — 1) > 2, then by Proposition 3.6 and (16),
I(G) <2d—D+1=<2d-1+3d-1)—1<5logn—1.

To complete the case of m =1, let ¢ > 3. Since Gy # PSL;(¢g), we may assume
that d > 3 and so it can be verified that %(2 +log f)+1 <3 <d. Hence,

2+logf<if(d—1)<lfd—Dlogp=7L(d—1)logg.
Therefore, it follows from Proposition 3.6 and (16) that
I(G) < ;—‘(d— 1)logg+log f+1< %(d— logg —1 <5logn —1.
Now let m = %’ and g = 2. Then by Proposition 3.6 and (16),

I(G) < d;+ 1=4(3m(d—m))+1<4logn+1<5logn—1,
since n > 4.
Hence, we may assume that m > 2, that m(d —m) > 4, and that if m = %, then

q > 3. Therefore,
I(G) <2m(d—m)logg+log f (by Proposition 3.6),

< 2m(d—m)log g+im(d—m)logq—3% (since 4logg >3(log f+1)+1),

< Hlogn—3 (by (16)),

< Slogn—1. U

4C. Proof of Theorem 4.1. We begin by proving Theorem 4.1 for nonstandard
actions.

Proposition 4.9. Let G be an almost simple, primitive nonstandard subgroup of
Sym(£2) and let n = |2|. Then

I(G, Q) <4logn+1.

Proof. By a landmark result of Burness and others [Burness 2018; Burness 2007;
Burness et al. 2009; Burness et al. 2010], either (G, Q) = (M4, {1, ..., 24}) or
b(G, Q) < 6. By [Gill et al. 2022b, p. 10], [(Mp4, {1, ...,24}) =7 < 2log?24. If
b(G) <5, then the result follows by Lemma 2.1(iii). Hence we may assume that
b(G, Q) =6.

Let G have point stabiliser H. By a further result of Burness [2018, Theorem 1],
either

(17) (G, H) € {(Ma3, Mpy), (Co3, McL.2), (Coz, Us(2).2), (Fizz.2,2.Ug(2).2)}
or
(18) (Soc(G), H) € {(E1(9), P1), (Es(q), P1). (Es(q), Po)}.
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We first deal with (G, H) = (My3, Mp;). Since Mps is the point stabiliser of Moy,
it follows that

1Moz, {1,...,23})) =I(Mas, {1,...,23,24}) — 1 =6 < 21og 23.

For the other cases of (17) and (18) we verify that |H| < [G : H1*, and so since

H is insoluble, it will follow by Lemma 2.1(i) that
I(G)=1I(H)+1 <log|H| < log[G : H]4 =4logn.

For the remaining (G, H) in (17), it is easy to use [Conway et al. 1985] to verify
that |H| < [G : H]*. Therefore, we may assume that (Soc(G), H) is as in (18).
Let m(G) be the smallest degree of a faithful transitive permutation representation
of G. If |G| < m(G)>, then

G G)’
= 9L MO gy,
[G:H] [G:H]
and so the result will follow.
First, let Go = E¢(g). Then by [Steinberg 1968],

7@ —1)(q@° — D(g® - D@’ — (g’ - D@g*-1)
3,g-1)
and |Out(E¢(¢))| <23, —1) <g@3, g —1). Hence,

|Es(q)| =

|G| Sq37((/]12_1)(q9_1)((/]8_1)((16_1)(q5_1)(q2_1) <q37+12+9+8+6+5+2=q79.
By [Vasilev 1997, p. 2],

P~ D@ +q*+1
m(G)=m(Go)= 4 );q_l D (Bq "+ g+ D@ g+ 1) > g%,

Hence, |G| < ¢7° < ¢® < m(G)?, as required.
Now let Gg = E7(gq). Then by [Steinberg 1968],
4”@" - D" -D@"”-D@"" =D -DE°* - D@ -1
(2,g—1
and [Out(E7(¢)| = (2, g — 1) f < (2, ¢ — 1)g. Hence,

Gl <q®@" - D" - D@E? - D@ -DE*-DE* - DE*-1)
< q64+18+14+12+10+8+6+2 =q134‘

By [Vasilev 1997, p. 5],
(¢" = D@+ D@ +1)
qg—1
— (P4 g 2 g+ D@+ DG+ 1) > B = g7
Hence, |G| < q134 < q135 <m(G). [l

|E7(q)| =

m(G) =
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We note that this bound could be improved if the groups with minimal base
size 5 were classified.

Proof of Theorem 4. 1. If the action of G on 2 is nonstandard, then the result follows
by Proposition 4.9. Hence, we may assume that G is standard.

If G is alternating and not large base, then €2 is a set of partitions. Hence,
(G, Q) < 2log|€2| by [Gill et al. 2022b, Lemma 6.6].

Therefore G is classical, and the action of G on €2 is a subspace action. If G is
as in Case (ii) of Definition 4.2, then I(G, Q) < 13—1 log |L2| by [Gill et al. 2022b,
Lemma 6.7]. If Go = PSL;(q) and 2 is a set of subspaces, or a set of pairs of
subspaces, of V, then the result holds by Proposition 4.4 or Lemma 4.6, respec-
tively. If Gog # PSL;(g) and Q2 is a set of subspaces, then the result follows by
Proposition 4.8. Hence, by [Burness et al. 2013, 5.4], we may assume that either
Gy = PQ;(q) and G contains a triality automorphism; or Gog = Sp4(2f ) and G
contains a graph automorphism. In the former case the result holds by Lemma 4.7.
In the latter I(G, 2) < % log |L2| by [Gill et al. 2022b, Lemma 6.12]. [l

5. Proof of Theorem 1.1

Here we use the form and notation of the O’Nan—Scott Theorem from [Praeger
1990]. We begin by considering groups of type PA, and then we prove Theorem 1.1.

Lemma 5.1. Let G be a subgroup of S, of type PA that is not large-base. Then
I(G) < 5Slogn.

Proof. Since G is of type PA there exists an integer r > 2, a finite set A and
an almost simple subgroup H of Sym(A) such that G < H:S,. Since G is not
large base, neither is H. Let s = |A|, so that n = s” with s > 5. Then

I(G, Q) <I(H", A")+¢(S,) (by Lemma 2.3(i) and (ii)),
<I(H",A")+3r (by [Cameron et al. 1989]),
<r(I(H,A)—1)+1+ %r (by [Gill et al. 2022b, Lemma 2.6]),
<r(Slogs—2)+1+43r (by Theorem 4.1),
<5logs” — %r—i—l
<S5logn (since r > 2). |
We can now prove Theorem 1.1.

Proof of Theorem 1.1. Let G be a primitive group which is not large base. If G is
almost simple, then the result holds by Theorem 4.1. If G is of type PA, then the
result holds by Lemma 5.1. For all other G, the result holds by [Gill et al. 2022b,
Propositions 3.1, 4.1 and 5.1]. (]
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