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Abstract
Magnetic fields containing null points o↵er favourable conditions for reconnection.
In this thesis, numerical experiments attempt to gain insight into the reconnection
process at these topological features.
Null point reconnection is studied under the assumption that the initial state is
a quasi-equilibrium. A non-equilibrium field with a current density component
parallel to the fan plane is relaxed ideally to obtain the initial condition, forming
fan current layers centred on the null point. Rapid reconnection occurs at the
beginning of the resistive experiment, before there is a transition to impulsive
behaviour. The orientation of the initial current density relative to the strongest
magnetic field in the fan plane determines the current layer dimensions and also
influences the reconnection rate.
A single separator magnetic field is derived from the 2D Corrugated Sheet Pinch
by the addition of a perturbation magnetic field. The evolution of the system is
investigated numerically, using the 3D field with the pressure profile from the 2D
case. The current is transferred from the original current sheet to the separatrix
surfaces and null point bifurcations occur.
A potential double separator field is used as the basis for a study of reconnection at
multiply-connected null points. The potential field is perturbed by the addition
of flux rings and ideal relaxation results in a quasi-equilibrium with separator
current layers. In the resistive experiment, reconnection occurs at the centre of
the separators and its e↵ects are localised.
In each of the experiments containing a single null point, reconnection occurs at
current layers in the vicinity of the null. When there are multiple nulls connected
by separators, the reconnection often takes place away from the nulls. However,
the dynamics of separator reconnection appear to be influenced by the choice of
initial conditions.
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1

Introduction

Magnetic reconnection is a phenomenon that can occur in a wide variety of astrophysical
settings. In this thesis, the context will be the solar atmosphere. A detailed introduction
to solar physics can be found in Stix (2004), Lang (2006) and Priest (2014). The
following section will briefly describe the layers of the Sun, journeying from the core to
the solar wind.
The Sun is a Yellow Dwarf star that formed 4.6 billion years ago due to the collapse of
a giant molecular cloud. It was composed (as it is today) primarily of hydrogen with a
smaller amount of helium and fragments of heavier elements. The star is currently at
the midway point in the main sequence of its lifecycle. This means it releases energy
by fusing hydrogen atoms to produce helium. Once the stores of hydrogen in the core
have been exhausted, the Sun will expand dramatically to become a Red Giant. It
will then convert helium to carbon in its core and hydrogen will be burned in a shell
surrounding the core. This process will continue for a billion years until the supply of
helium expires. The outer layers of the Sun will then be ejected as a nebula, leaving
behind a White Dwarf.
The gases that make up the Sun are typically ionised because of the high temperatures
in the interior and outer atmosphere. These ionised gases are known as plasma and
due to their abundance of charged particles, are excellent electrical conductors. The
plasma can therefore generate a magnetic field, a process that is said to occur in the
solar dynamo and the plasma and magnetic field strongly influence each other. This interaction is studied mathematically in a model known as magnetohydrodynamics, which
is the basis for the work in this thesis. The details of the mathematical formulation
will be introduced in section 1.1.
The core of the Sun is the hottest (15 ⇥ 106 K) and densest (1.6 ⇥ 105 kgm 3 ) of its
layers because of the strong gravitational force exerted by the surrounding mass. These
conditions are sufficiently extreme not only to completely ionise the hydrogen atoms
but also to power nuclear fusion- the combination of four protons to form helium. Two
of these protons are converted to neutrons with the charge carried away by positrons
and the additional mass transferred to neutrinos. The radiation that is produced during
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this process consists largely of gamma rays but owing to the high density of the solar
interior, the photons carrying the radiation experience a large number of collisions with
the solar matter. The time taken for these photons to reach the surface of the Sun is of
the order 106 years. At a distance of approximately 0.2 times the radius of the Sun, the
radiative zone is reached by the propagating radiation. In this region, the temperature
is not sufficient to burn hydrogen but the radiation can make faster progress since
there are fewer collisions. By the time the radiation leaves the interior of the Sun, the
frequency has diminished to such an extent that it mostly occupies the visible part of
the spectrum.
At the top of the radiative zone, in a thin layer known as the Tachocline, the solar
dynamo is believed to generate the Sun’s magnetic field. Although the process by which
this occurs is not fully understood, it is thought to be linked to the di↵erential rotation
that occurs in the photosphere and convective zone. At the photosphere, the equator
completes one rotation in 25 days while the poles are slower and have a rotational period
of 33 days. This e↵ect can also be found in the upper part of the interior but not in
the radiative zone or core, which rotate rigidly. At the interface between these two
rotational regimes, there is a shearing e↵ect on the poloidal magnetic field, stretching
it towards the equator to introduce a toroidal component.
The shearing at the Tachocline is only one half of the dynamo process, as the poloidal
field needs to be generated somewhere before it is disturbed by the di↵erential rotation.
There are a number of proposed mechanisms for this (Charbonneau (2020)) but they
are generally thought to occur at a greater distance from the centre of the Sun, whether
in the convective zone or the Photosphere (the visible surface). The Convective Zone
begins at a distance of 0.713 radii, where the density has decreased further to 2 ⇥
10 4 kgm 3 and the temperature is 106 K. In this region, much of the radiation that
has travelled from the core is absorbed, causing temperature increases at the base of
the layer. The gas here expands and rises, since it is less dense than the surrounding
matter. These columns of hot plasma rise to the surface and once the radiation is
released as visible light, the plasma cools and falls at the edge of the columns.
The imprint of the convective cells is seen on the photosphere in the granulation pattern
in visible light images. The surface is made up of millions of granules, the bright centres
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of which contain the hot plasma, contrasting with the cooler plasma sinking at the
boundaries. These granules typically have a length of 1Mm and are superimposed on
larger (20 70Mm) supergranular cells. The supergranulation pattern is not properly
understood (Rincon and Rieutord (2018)) but it is also linked to convection in the
interior. Other distinctive features of images of the photosphere include sunspotsregions of strong magnetic field that locally reduce the amount of convection. Since hot
plasma cannot rise in these areas, they are cooler and appear as dark spots in visible
light images. Sunspots are an indicator of solar activity and their numbers follow an 11
year cycle. At solar minimum, the solar surface appears unblemished due to the lack
of sunspots, although there is still a large amount of small scale magnetic activity. The
sunspots first appear around 30 degrees latitude in both hemispheres and as the cycle
progresses, the total number increases and the new spots form closer to the equator.
Individual sunspots have variable duration (of the order 0.01-1 months) and the number
varies from less than 10 at solar minimum to as many as 200 at solar maximum mid-way
through the cycle. Sunspots typically occur in pairs in bipolar active regions and the
leading polarity is that which appears closer to the direction of rotation. The leading
polarity is di↵erent in the two hemispheres and switches every 11 years. The Sun’s
dipole field also reverses at the end of each cycle. The sunspots become clustered close
to the equator and it is thought (Petrie (2015)) that the leading polarities of the two
hemispheres may cancel, leaving the opposite polarities which are transported to the
poles by meridional flows.
Beyond the photosphere, the Chromosphere covers a distance of 1700km. In the quiet
sun (away from sunspots), the magnetic field and plasma flows are shaped by the supergranulation pattern. Strong magnetic flux occurs at the boundaries of supergranules,
sometimes looping to form fibrils connecting flux from adjacent boundaries but also
extending radially into the Corona. Jets of plasma known as spicules occur in these
regions of radial field (and also in active regions) travelling at speeds of up to 100kms 1
and reaching heights of up to 10000km. The Chromosphere is imaged by using H-alpha
filters to detect a particular wavelength of red light. Bright spots in these images (referred to as plage) are evidence of strong magnetic field, aligned with the sunspots in
the photosphere, while dark ribbons known as filaments are cool, dense plasma structures supported by the magnetic field. In the lower part of this layer, the temperature
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reaches a minimum of 4000K before beginning to rise gradually with height to around
104 K. The temperature increases rapidly to 105 K over the 300km Transition Region
between the Chromosphere and Corona. This temperature increase continues into the
Corona, where the temperature peaks at over 106 K. One of the key questions in modern
solar physics is how the Coronal temperature is sustained (Klimchuk (2006)). The flow
of thermal energy from the cool surface into the hot Corona would appear to violate
the laws of thermodynamics.
The Corona can only be observed in visible light during an eclipse but it emits X-ray
and EUV radiation, which can be detected using satellites. Common features of the
Coronal magnetic field include coronal loops, which connect oppositely signed magnetic
flux in the active regions identified in the Photosphere. These can vary in length from
10 to 1000Mm and their shape is approximately semi-circular (Reale (2014)). The
duration is usually around a day for single loops. X-ray bright points are caused by
miniature (around 1Mm) loops from ephemeral active regions which emerge in the
interior of supergranules before splitting and merging with the network flux, leaving
a Coronal signature that lasts for 8 hours on average. Coronal holes are regions of
open magnetic field that map to locations dominated by a single polarity in the lower
atmosphere. They mostly occur near to the polar regions but can also be found within
active regions. The Corona is dominated by the magnetic field (a fact demonstrated
mathematically in section 1.1), which means that the plasma is almost everywhere
constrained to follow the magnetic field. Coronal jets are an example of this (Raouafi
et al. (2016)), moving along the magnetic field in coronal holes at typical speeds of
200kms 1 and reaching heights of 50Mm.
Coronal loops play an important role in powering the most explosive phenomena in the
solar system- flares and coronal mass ejections (CMEs). Solar flares are instances of
brightened emission at multiple wavelengths (chiefly X-rays and radio waves) caused by
a sudden release of stored magnetic energy. Coronal mass ejections expel plasma into
inter-planetary space and make the most significant contribution to the space weather
a↵ecting communications and power grids on Earth. These events are frequently discussed together, since they often occur in tandem as di↵erent stages in a single process.
Some CMEs are the direct consequence of the most powerful flares of the X or M class
but it is also true that CMEs can happen in the absence of flares.
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Solar flares typically originate at coronal loops in active regions, where an abrupt loss
of force balance in the plasma causes magnetic energy to be converted to kinetic energy
and causes particle acceleration. These charged particles (both electrons and ions) can
stream away from the Sun along the solar wind but electrons also travel along the
loop to collide with the chromosphere. When leaving the energy release site, these
particles are moving at relativistic speeds, meaning they emit non-thermal radiation as
they collide with the dense region below. This radiation is caused by the interaction
of a beam of charged particles with a dense target and mostly produces hard X-rays
(HXRs). HXRs are found at the coronal loop footpoints, where they align with Halpha brightening known as flare ribbons, and also sometimes at loop-top sources. The
impact of the particle beam with the chromosphere causes the plasma to heat and
expand into the Corona in a process known as chromospheric evaporation. As the
plasma from the chromosphere fills up the coronal loop structure, it emits soft X-rays
by thermal radiation. The lifecycle of a flare is usually split into three stages, namely
the pre-flare, impulsive and decline phases. In the pre-flare and decline phases, thermal
SXR emissions predominate, whereas the impulsive phase is characterised by HXR
non-thermal radiation.
Coronal mass ejections occur most frequently during solar maximum, since they are
commonly associated with flaring active regions. Yashiro et al. (2006) found that flares
in the C5.7-M3.2 range are accompanied by CMEs in 40 60% of cases. The average
number of CMEs per day has been estimated to lie between 3 and 8 at solar maximum,
while the number is 0.2 to 0.5 at solar minimum. According to Gopalswamy et al.
(2003), 73% of prominence (the name for filaments when viewed at the solar limb)
eruptions are linked to CMEs. The CMEs that are not accompanied by any obvious
flare signatures can be caused by the eruption of quiescent prominences or streamer
(elongated loop) blowouts. These occur in the quiet Sun and near the polar caps,
where owing to the weaker magnetic field, they propagate at slower speeds of less than
600kms 1 compared with 3000kms 1 in active regions. So-called Stealth CMEs, which
lack clear observational signatures in the low corona, are of interest to those engaged
in space weather forecasting (Robbrecht et al. (2009)).
Many models have been suggested for the formation and development of flares/CMEs.
The standard 2D model for erupting filaments is known as the CSHKP model (Carmichael
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(1964), Sturrock (1966), Hirayama (1974), Kopp and Pneuman (1976)). The basis for
this model is a prominence which lies above a coronal loop, supported by a magnetic
flux rope- a section of twisted closed field. In between the coronal loop and the flux
rope, the magnetic topology favours current build-up. According to theory, this flux
rope moves upwards prior to the flare, causing a long thin current sheet to appear above
the loop top. This current sheet is susceptible to resistive instability, which leads to
magnetic reconnection (defined in section 1.4) and the acceleration of charged particles
required for the flare non-thermal emission. During the impulsive phase of the flare,
plasma outflows accelerate the outer loop of the CME. The remnants of the filament
form the bright core of the CME, which is separated from the loop by a cavity that has
been drained by the mass flows. This model has clear limitations in that it only o↵ers
a 2D explanation of the most intense eruptive events involving a prominence, flare and
CME. In reality, these events need not all occur together as previously mentioned but
the model remains relevant to the most important cases.
The solar wind consists of plasma that has been released from the outer Corona, where
the gravitational force is too low to arrest the expansion caused by high temperatures.
It extends across the solar system in all directions, becoming cooler and less dense with
increasing distance before terminating after around 100AU. The plasma propagates
along the radial magnetic field above coronal holes and streamers. The open magnetic
field from coronal holes is associated with the fast solar wind, which travels at speeds of
750kms 1 . These occur close to the poles at solar minimum but also at lower latitudes
later in the cycle. The origins of the slower wind, which propagates at 400kms 1 , are
an active area of research (Antiochos et al. (2011)). These speeds are maintained across
the vacuous interplanetary space.

1.1

Magnetohydrodynamics

Mathematical descriptions of space plasmas broadly fall into three categories- particle,
kinetic and fluid models. The particle models consider the motion of individual particles
in the presence of electric and magnetic fields. Kinetic theory describes larger scale systems in a microscopic way by using particle distribution functions. The fluid description
averages the quantities (magnetic field, velocity, pressure, etc.) over di↵erent particles
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(and di↵erent species of particle) to provide a macroscopic view of the plasma. This
thesis will use the single fluid model magnetohydrodynamics, which combines Maxwell’s
equations of electrodynamics with the fluid equations.

1.1.1

Maxwell’s Equations

The Ampere-Maxwell Law states that magnetic fields can be generated by electric currents or changing electric fields,
r ⇥ B = µ0 j +

1 @E
.
c2 @t

(1)

In non-relativistic settings where the characteristic speeds of the plasma are much less
than the speed of light, the displacement current term is neglected. According to this
assumption, magnetic fields are generated exclusively by electric currents.
Gauss’ Law for Magnetism or the solenoidal constraint states that magnetic fields
cannot contain any sources or sinks. In other words, there are no magnetic monopoles,
r · B = 0.

(2)

The Faraday-Maxwell Equation states that temporal changes in the magnetic field result
in spatial changes in the electric field,
@B
=
@t

r ⇥ E.

(3)

Gauss’ Law states that the electric flux through a closed surface is given by the charge
density (⇢⇤ ) within the surface divided by the permittivity of free space (✏0 ),
r·E=

1 ⇤
⇢.
✏0

(4)

This equation is not used in MHD because the plasma is assumed to be electrically
neutral, meaning the number of positive ions and electrons are similar. The charge
density can therefore be neglected.
Ohm’s Law states that the current density is proportional to the sum of the electric
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field at rest and the electric field due to plasma motion through the magnetic field,
j = (E + v ⇥ B).

(5)

The constant of proportionality is the conductivity , which is the inverse of the resistivity ⌘.
By combining Faraday’s Law and Ohm’s Law, one arrives at the induction equation.
According to this, the magnetic field changes due to advection and di↵usion,
@B
= r ⇥ (v ⇥ B) + ⌘r2 B.
@t

(6)

The magnetic Reynolds number, Rm , is defined as the ratio of the order of magnitude
estimates for the advective and di↵usive terms,
Rm =

vB/l
vl
= .
2
⌘B/l
⌘

(7)

If Rm
1, di↵usion occurs much slower than the characteristic timescale of the
plasma and the magnetic field is said to satisfy the frozen-in condition. In these conditions, magnetic flux is constrained to follow the plasma motions. In the other limit,
Rm ⌧ 1, di↵usive e↵ects are dominant, as the magnetic field evolves to reduce flux
concentrations. In the solar Corona, the resistivity according to Spitzer (Cohen et al.
(1950)) is approximately 1m2 s 1 . Disturbances typically propagate at the Alfven speed
vA = 106 ms 1 , so a length scale l ⌧ 10 6 m is required for the di↵usive limit to be activated. This is achievable at current sheets/layers whose thickness can be comparable
with the ion skin depth.

1.1.2

Fluid Equations

The continuity equation is the statement of conservation of mass in a fluid. The rate
of change of the density is equal to the total mass flowing into or out of the system,
@⇢
+ r · (⇢v) = 0.
@t
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(8)

The momentum equation is the analogue of Newton’s second law in the context of fluid
dynamics. The rate of change of momentum of the fluid is equal to the sum of the
forces acting on it,
Dv
⇢
= rp + j ⇥ B + ⇢g + F⌫ .
(9)
Dt
The body forces (Lorentz force and gravitational force) act within the volume of the
fluid whereas contact forces (pressure gradient and viscous force) act on the exterior
surface. A plasma is in equilibrium if the sum of the force densities on the right hand
side is zero, i.e. the velocity is steady.
The ideal gas law is the equation of state describing a gas without particle interactions,
p = nkB T.

(10)

The number density n is the total number of particles per unit volume and kB =
1.381 ⇥ 10 23 JK 1 is the Boltzmann constant.
The energy equation states that the rate of change of heat is due to the sum of the
energy sinks and sources, which constitutes the energy loss function L,
⇢

d p
( )=
1 dt ⇢

L.

(11)

The ratio of specific heats, = cp /cV , compares the amount of heat required to produce
a unit change in temperature at constant pressure and at constant volume. In this
thesis, = 5/3 will be assumed, which applies to gases with three degrees of freedom
that are composed of single atoms.

1.2

Magnetic Topology

The study of magnetic topology is concerned with the basic nature of the magnetic field.
The building blocks of the field are magnetic null points, which demarcate regions of
oppositely signed magnetic flux. In a 3D system containing multiple null points, these
can be connected by separators. In ideal MHD, the topology of a system is fixed in the
sense that no nulls or separators can be created or destroyed. Fieldlines can bend and
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move smoothly towards or away from each other, including those which compose the
topological features but it is only in a resistive setting that the topology can change. The
mechanism by which this takes place is magnetic reconnection, which will be studied
in detail in later chapters.

1.2.1

Magnetic Null Points

Magnetic null points are locations where all three components of the magnetic field are
exactly zero. The properties of linear three dimensional null points were first studied
by Cowley (1973) and Fukao et al. (1975), before Parnell et al. (1996) established the
categorisation that is widely used today. Such null points have the form:
B = M · r,

(12)

where r = (x, y, z)T and the matrix M can be reduced to the form:
0

1
B1
M = @ 2 (q + jsp )
0
Here b

1
(q
2

1
0
C
0
A.
(b + 1)

jsp )
b
jf

(13)

2
1 and q 2  jsp
+ 4b. The matrix has eigenvalues of the form:

1,2

=

b+1±

q

2
jthresh

2

2
jsp

,

3

=

(b + 1),

(14)

p
where the threshold current is defined as jthresh = (b 1)2 q 2 . One of the eigenvalues has opposite sign to the other two: a consequence of the fact that the trace of the
matrix must be zero to satisfy the solenoidal constraint. According to this definition
of M, which is valid for a positive null point, the eigenvalue 3 whose eigenvector is
the z-axis must be negative. This eigenvector defines the position of the spine of the
null, which is a line that is hyperbolically approached by the fieldlines as they enter or
leave the null point. A null point with two positive eigenvalues is described as positive, while a negative null has two negative eigenvalues. For a positive null, fieldlines
approach the null along the spine and recede from the null across the fan plane. This
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plane, sometimes referred to as a separatrix surface, is defined by the two eigenvectors
corresponding to the other eigenvalues.
There are further subcategories of magnetic null points introduced in Parnell et al.
(1996) that will be studied in the chapter regarding null point reconnection. These
di↵erent types, spiral and radial nulls, relate to the importance of the parallel and
perpendicular current terms in (13).
All null points that have |jsp | < jthresh are of radial type. The name refers to the
behaviour of the fieldlines in the fan plane. For a proper radial null, the fieldlines
are truly radial as one would expect, meaning they emanate from the null point (for a
positive null) with equal spacing and there is no azimuthal variation in the field strength.
This is only achievable for a potential (current-free) null with the parameter choice b = 1
in (13). If the value of b is varied, the radial null becomes improper, as the fieldlines
in the fan plane no longer have azimuthal symmetry, instead being concentrated upon
a major axis. For a potential null with the separatrix surface coincident with the x-y
plane, setting b = 2 locates the major axis along x = 0 while a choice of b = 0.5 gives
a major axis at y = 0.
Improper nulls can also be found having a non-zero current density, so long as the magnitude of the parallel component is less than the threshold current. When the parallel
component is equal to zero, this is always satisfied except where b = jthresh 1 and the
null is reduced to a continuum of 2D X-points. A non-zero perpendicular component of
current breaks the orthogonality of the spine and fan so this case is sometimes referred
to as a skewed improper null. The final case is where the perpendicular component
is zero but the parallel component is insufficiently large. The spine is once more perpendicular to the fan but the fieldlines show a preference for a major axis in the fan
plane.
Spiral nulls have a parallel component of current that exceeds the threshold. The name
indicates that the fieldlines in the fan plane spiral about the spine line. The amount
of twist experienced by these fieldlines is determined by the magnitude of jsp and the
parameter b determines the major axis where the fieldline density is the highest. If
there is a non-zero jf then the fan plane will be tilted as in the improper examples.
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1.2.2

Separators

Generic linear null points are created in oppositely signed pairs (Murphy et al. (2015)),
which are typically connected to each other by separator lines. The separator marks
the intersection of the separatrix surfaces of two oppositely signed nulls. It divides
four distinct regions of magnetic connectivity, known as flux domains. A single pair of
null points can be connected by multiple separators and Close et al. (2004) found an
average of 10.1 separators per null in their model field derived from a distribution of
photospheric point sources. Just 1.8% of their nulls were unconnected and the maximum
number of separators connecting a single null was 100.

1.2.3

Observations

Null points in the solar corona cannot be observed directly, as the magnetic field is
currently only measured at the photosphere. In spite of this fact, there have been attempts to infer the presence of null points using observational signatures. For example,
Filippov (1999) presented Fe IX/X images showing the coronal loops in Active Region
NOAA 8113, focusing on an X-type structure representative of the hyperbolic field
around a null point. The appearance of the structure was attributed to the emergence
of parasitic flux but did not show the increased temperatures expected from the reconnection accompanying such an event. More recently Sun et al. (2014) identified another
X-shaped structure where four groups of coronal loops appear to converge in AIA images of an active region. The authors suggest that flares caused by flux emergence in
one of the loop clusters could have caused reconnection and the eventual collapse of
the null, which also coincided with a jet eruption. They also used non-linear force freefield extrapolations, an alternative to the PFSS model described in the next section,
showing good agreement between modelling and observations regarding the existence
of a null point. Another example of a mixed approach combining observations and extrapolations can be found in Freed et al. (2015). They undertook a survey using PFSS
extrapolations over a three year period to identify possible null point locations and then
manually cross-referenced these predictions with SDO/AIA observations to attempt to
find the requisite saddle/X-point structures. Of the 582 null points predicted by the
model, 31% showed up in the observations, although a further 19% of the images were
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saturated.

1.2.4

Extrapolations

The presence of null points in the corona has been further supported by extrapolations
using the photospheric magnetic field data as a boundary condition to solve for the
coronal field. The most common method used for such extrapolations is the Potential
Field Source Surface (PFSS) model, which assumes that the coronal magnetic field is
potential. When this assumption is combined with the solenoidal constraint, it is possible to solve Laplace’s equation and then determine the magnetic field. The equation
is solved analytically subject to the boundary conditions that Br is prescribed at the
photosphere and the field is radial beyond a certain radius, usually taken to be around
2.5 solar radii.
Régnier et al. (2008) used the line-of-sight magnetograms from Hinode/SOT to perform
PFSS extrapolations for a 102 ⇥ 116M m field of view. They found 80 nulls in total,
only two of which were located in the corona. Cook et al. (2009) performed a global
analysis using synthetic synoptic maps created by simulations of flux transport. Their
study was mostly concerned with nulls occurring at high altitudes over active regions.
The number of nulls appeared to be correlated with the solar cycle, with 15-17 nulls
typically appearing per day during solar maximum. These nulls were mostly found
at lower latitudes so most did not connect to the global dipole and there was little
di↵erence between the rising and declining phases. Platten et al. (2014) undertook a
comprehensive survey of the topological features resulting from global extrapolations
using Kitt Peak/SOLIS magnetograms covering a 37 year period. Global features such
as the Heliospheric Current Sheet, Heliospheric curtains, separatrix domes/tunnels and
separators were all identified. In contrast with Cook et al. (2009), the number of nulls
was found to be greatest at solar minimum, although the previous study did not attempt
to resolve the small scale flux features, instead prioritising the bipolar active regions.
Edwards and Parnell (2015) used global magnetograms from MDI, HMI and SOLIS
for their PFSS extrapolations. They found that the number of nulls is generally out
of phase with the solar cycle except at high altitudes, thereby reconciling the previous
works. Another feature of their work is the larger total number of nulls that results
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from using higher resolution magnetograms, coupled with a larger number of spherical
harmonics during the PFSS calculations. They were able to find between 1000-2500
nulls per Carrington rotation compared with the 40-120 in Platten et al. (2014).

1.3

Magnetic Reconnection

Magnetic reconnection has long been believed to be an important process in astrophysical plasmas. In general terms, reconnection is the fundamental change in the magnetic
field connectivity that occurs in high current regions. The process acts to convert magnetic energy into heat and kinetic energy. It was studied extensively in two dimensions
before computational limitations were lifted in the 1990s, allowing the three dimensional
process to be explored.

1.3.1

2D Reconnection

There are two classical models of 2D reconnection upon which much of the early literature was based. These are the original Sweet-Parker model (Parker (1957), Sweet
(1958)) and the Petschek model (Petschek (1964)). The Sweet-Parker model was hailed
as a major breakthrough, since it reduced the timescales upon which di↵usion could
take place by several orders of magnitude but it could not explain the accelerated energy release that had been observed in solar flares. Petschek was able to improve this
rate of reconnection mathematically so that in the limiting case where the length scale
approaches a minimum, the fast reconnection required for solar flares could be achieved.
The Petschek model has been challenged by authors including Biskamp (1986) and Uzdensky and Kulsrud (2000), who found that the long thin reconnection region proposed
by the Sweet-Parker model was more appropriate.
The Sweet-Parker model consists of a null point embedded in a hyperbolic magnetic field
that has undergone X-point collapse. As a result of the null point collapse, the fieldlines
in the vicinity of the null are now running parallel to the x-axis and since the separatrices
of a null point divide regions of oppositely directed magnetic field, the fieldlines are antiparallel with a current layer enveloping the null point and neighbouring fieldlines. This
model makes a number of simplifying assumptions, including that the reconnection is
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a steady state with a balance of fluxes into and out of the current layer and also that
the e↵ects of resistivity are confined to the current layer. The length 2L of the current
layer (also known as the di↵usion/reconnection region) is assumed to greatly exceed
the width 2l. The inflows move perpendicular to the magnetic field in the y-direction,
whereas the outflows are parallel to the length of the current layer (and to the magnetic
field close to the null point).

Figure 1: Sweet-Parker reconnection. Magnetic fieldlines are shown in black; blue
arrows indicate the plasma flows into and out of the current layer (red).
The fundamental result of the model is obtained by an order of magnitude analysis.
The resistive electric field in the vicinity of the null point is matched with the electric
field away from the null point due to the magnetic force. Conservation of mass is then
used to obtain a relationship between the inflows and outflows. Lastly, it is assumed
that the initial magnetic energy is converted entirely to kinetic energy, meaning the
p
outflows travel at approximately the Alfven speed vA = B/ µ⇢. The inflow velocity is
an estimate for the reconnection rate:
r
vin
l
⌘
⇡ ⇡
.
(15)
vout
L
µLvA
Petschek modified the Sweet-Parker model by including slow mode shock waves that
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spread diagonally from the corners of the di↵usion region. These shock waves have the
e↵ect of diverting the inflows so that only the plasma close to the null passes through the
di↵usion region. This greatly improves the efficiency of the model, as the Sweet-Parker
reconnection rate is limited by the large amount of plasma passing through the di↵usion
region, which needs to flow out of its narrow width. Because of the redirection of the
inflows, the length of the Petschek di↵usion region is similar to its width and much less
than the global length scale. Petschek derived a maximum possible reconnection rate
for the model (corresponding to the minimum di↵usion region length) of ⇡vA /8 ln S,
where S is the Lundquist number, which is equivalent to the magnetic Reynolds number
with v = vA .

1.3.2

3D Reconnection

First consider an ideal fluid satisying Ohm’s law,
E + v ⇥ B = 0.

(16)

For a flux tube within this magnetic field, all plasma elements initially composing the
tube will remain a part of the structure at later times. The rate of change of the
magnetic flux through the surface is given by:
d
dt

Z

B · ds =

Z

@B
· ds +
@t

Z

B · v ⇥ ds.

(17)

The second integral on the right expresses the change in the boundary C during the
time dt resulting in a new area v ⇥ dsdt. The two integrals can be combined by using
the fact that B · v ⇥ ds = v ⇥ B · ds and making use of Stokes’ theorem,
d
dt

Z

B · ds =

Z

[

@B
@t

r ⇥ (v ⇥ B)] · ds = 0.

(18)

The new integrand is zero according to the ideal induction equation. Hence magnetic
flux is conserved- a result known as Alfven’s frozen flux condition.
By considering two intersecting flux tubes that have a single fieldline in common, the
result can be extended to give fieldline conservation. In each of the flux tubes, the
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magnetic flux is frozen in to the plasma so if a fieldline is common to both tubes
initially, it will remain a constituent part of both. Since this argument can be applied
to any fieldline in an ideal plasma, it is clear that flux conservation implies fieldline
conservation. In a non-ideal plasma,
E + v ⇥ B = R.

(19)

where R is the sum of the resistive terms in Ohm’s law. For flux conservation to be
satisfied in a non-ideal plasma, the following condition has to be satisfied by the resistive
term:
r ⇥ R = 0.
(20)
This is equivalent to requiring that the ideal form of the induction equation (6) is
satisfied. As before, if the plasma conserves magnetic flux, fieldline conservation follows
automatically. The reverse is not true however, as the definition of fieldline conservation
is less restrictive:
B ⇥ (r ⇥ R) = 0.
(21)
Hence at null points (B = 0), it is possible to have fieldline conservation but not flux
conservation. Away from null points, the fieldline conservation condition can be written
as r ⇥ R = B.
Building on the work of Axford (1984), Schindler et al. (1988) and Hesse and Schindler
(1988) defined three dimensional magnetic reconnection as the localised breakdown of
magnetic fieldlines, which is equivalent to the violation of fieldline conservation. As well
as deriving the condition in (21), the authors stressed the importance of the integral of
the parallel electric field,
Z
E · B dl.

(22)

If this integral is non-zero along a measurable set of fieldlines, there is global magnetic
reconnection. Hesse and Birn (1993) further showed that the maximum absolute value
of this integral gives the reconnection rate. Of the two mathematical statements, this is
the more practical definition when dealing with numerical data and it will be frequently
employed throughout this thesis.
The above definition was motivated by the discovery that three dimensional reconnec17

tion does not occur exclusively at null points. Priest and Démoulin (1995) coined the
term quasi-separatrix layers (QSLs) to describe regions of magnetic field where there is
a large connectivity gradient. If the distance between two fieldlines in a QSL is small
at one boundary, their footpoints at the other boundary will be far apart. They are
the generalisation of the separatrix surfaces separating flux domains at a 3D null point
but the di↵erence is that at QSLs, the connectivity of fieldlines remains continuous.

1.3.3

Reconnection Models

• Null point reconnection
2D reconnection- which can only occur at magnetic null points- has been the subject of decades of research and is now quite well understood (Priest and Forbes
(2000)). Recent modelling has studied the reconnection that occurs at 3D null
points. The first such studies provided kinematic solutions for reconnection at a
null with current aligned with the spine (Pontin et al. (2004)) and the fan (Pontin
et al. (2005)). Pontin and Galsgaard (2007) performed a numerical experiment
in which a perturbation field was added to a potential null point. Several experiments have introduced electric current to a potential null through boundary
driving. In Pontin et al. (2007) the driving was applied to both the spine and fan
footpoints in separate cases. Galsgaard and Pontin (2011b) used continuous driving to achieve a steady state, varying the magnitude of the driving velocity and
the resistivity. Galsgaard and Pontin (2011a) varied the direction of the driver
relative to the null eigenvalues, as well as considering both continuous and impulsive driving. Wyper and Pontin (2014b) used a driven configuration to study the
tearing instability and resulting null point bifurcations. Recent studies have attempted to model solar phenomena, sometimes using extrapolated magnetic fields
as the basis for simulations. Masson et al. (2009) and Baumann et al. (2013) have
modelled solar flares using these techniques, while Pariat et al. (2009) o↵ered a
model for solar jets. A subset of these models will be discussed in more detail in
chapter 2.
• Separator reconnection
The first work to raise the possibility of separator reconnection was Lau and
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Finn (1990), which presented a kinematic model identifying potential reconnection sites with singularities in the perpendicular velocity. Longcope and Cowley
(1996) proposed a method for current sheet formation, which would allow a separator configuration to asymptotically behave like a potential field. Galsgaard
and Nordlund (1997) and Galsgaard et al. (2000b) performed a numerical experiment on a triply-periodic magnetic field containing eight nulls connected by
separators. The force-free field is subjected to boundary driving and the resulting current redistribution and plasma evolution are discussed. Pontin and Craig
(2006) superpose a disturbance to a background magnetic field containing two
null points. The model details both the null point and separator reconnection
that can occur depending on the magnitude of the disturbance. Galsgaard et al.
(2000a) and Haynes et al. (2007) studied the separator reconnection that occurs
when two magnetic null points are advected such that their separatrix surfaces
pass through each other. Stevenson and Parnell (2015a) and Stevenson and Parnell (2015b) numerically investigated spontaneous reconnection at an equilibrium
separator current layer. These works will be revisited in chapters 3 and 4 of the
thesis.

1.3.4

Applications

We have seen that observations showing topological features in the solar atmosphere
are scarce, owing to the difficulty of measuring the magnetic field and confirming the
presence of a null point. In spite of this, the number of observations providing evidence
of magnetic reconnection is quite large because of the accompanying flows and radiation.
• Solar flares
There are many studies linking magnetic reconnection to solar flares (Janvier
(2017)). Early observational papers sought evidence to support the CSHKP model
for eruptive flares. Masuda et al. (1994) found a hard X-ray source at the top
of a coronal loop that was suggested as the location of the fast shock due to
reconnection outflows. Shibata et al. (1995) claimed to observe these reconnection
jets directly, arguing that their collision with the loop leads to plasma heating
and particle acceleration. Tsuneta (1996) interpreted high temperature ridges
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separated by a cool channel as evidence of slow shocks that fan out from the
di↵usion region (Petschek reconnection). Yokoyama et al. (2001) identified the
plasma inflows to the X-point carrying magnetic flux into the reconnection site.
Magnetic field extrapolations in flaring regions have discovered that the 3D field
can contain both null points and QSLs (Masson et al. (2009) for example). The
flare ribbons seen in H-alpha images correspond to the footpoints of QSLs (Yang
et al. (2015)) and the apparent motion of the emission along these ribbons is
indicative of slip-running reconnection (Chandra et al. (2011)). According to Reid
et al. (2012), the QSLs have a greater capacity for energy release because their
finite width allows for a longer current build-up than at null points. However null
points play an important role in the magnetic breakout model (Antiochos et al.
(1999)), which is one of the most popular descriptions of eruptive flares.
An overview of the MHD models for solar flares can be found in Priest and Forbes
(2002) and Shibata and Magara (2011). The observational literature is reviewed
in Fletcher et al. (2011) and Benz (2017).
• Earth’s magnetosphere
The interaction of the solar wind with the Earth’s magnetosphere leads to a
pattern of reconnection described by the Dungey cycle. The interplanetary magnetic field (IMF) carried by the solar wind meets the Earth’s dipole field at the
magnetopause. If the IMF is directed antiparallel to the northward dipole field,
reconnection will occur along the neutral line at the dayside magnetopause. During this reconnection, magnetic fieldlines emanating from the Earth are opened
and carried along with the solar wind to form the lobes of the magnetotail on the
opposite side of the Earth. The cycle is completed by reconnection occurring in
a second neutral line in the magnetotail, which reattaches the open fieldlines to
the Earth.
The Earth’s magnetosphere is one of the few places where magnetic reconnection
can be directly observed. The Cluster (Escoubet et al. (2001)) and Magnetospheric Multiscale (Burch et al. (2016)) missions have been launched to provide
high time resolution 3D observations using a tetrahedral configuration of instruments. The presence of null points (Xiao et al. (2006)) and separators (Guo
et al. (2013)) has been inferred during reconnection at the magnetotail. Buzu-
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lukova et al. (2017) also found a complex magnetic topology at the dayside magnetopause, with a separator being located within 0.5RE of the di↵usion region.
Separator reconnection on the dayside has been modelled by Dorelli et al. (2007)
and Glocer et al. (2016).
• Laboratory
Magnetic reconnection has been observed in laboratory experiments where the
plasma is confined by toroidal and/or poloidal magnetic field configurations. A
famous example is the sawtooth crash occurring in toroidal tokamak experiments,
where the cross-section contains nested flux surfaces. The electron temperature
becomes peaked in the central surfaces and a kink instability is excited, causing
reconnection of adjacent flux surfaces and the flattening of the temperature profile.
The Reversed Field Pinch is another example of a laboratory device susceptible
to reconnection. The setup has a unique magnetic field configuration in which
the toroidal field is strongest at the core but reverses direction at the edges,
where the poloidal field dominates. The system evolves through force-free states
interspersed with reconnection events due to the tearing instability at the highly
sheared fieldlines. These events occur at multiple locations and are thought to be
coupled. Further information regarding research into reconnection in laboratory
plasmas can be found in Zweibel and Yamada (2009) and Yamada et al. (2010).

1.4

Lare3D

Lare3D is a FORTRAN code that solves the resistive MHD equations in three dimensions and will be used throughout this thesis. Each iteration of the code contains a
Lagrangian step and a remap step, which is the origin of the name. In the Lagrangian
step, the MHD equations are solved numerically using a second order finite di↵erence
scheme over a staggered Lagrangian grid. The remap step restores the quantities to an
Eulerian grid using finite volume methods. The physics of the system are determined by
the Lagrangian calculations, while the remap phase is solely concerned with the geometry of the numerical grid. Although the equations are not solved in conservative form,
Lare3D has been shown to conserve energy during both the Lagrangian step and (after
adjustment of the kinetic energy) the remap step. The solenoidal constraint is satisfied
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because of the implementation of constrained transport over the staggered grid. Like
the traditional Riemann solvers, the code gives an accurate solution at shocks but it is
also able to calculate the local temperature correctly in a low beta plasma. The code
is described by the developers in Arber et al. (2001).

1.4.1

Equations

The Lare3D code uses the Lagrangian form of the MHD equations listed in section 1.1.
D⇢ˆ
= ⇢ˆr · v̂
Dt̂
Dv̂
1
1
= ĵ ⇥ B̂
rp̂ + F⌫
⇢ˆ
⇢ˆ
Dt̂
DB̂
= (B̂ · r)v̂
Dt̂

B̂(r · v̂)
Dˆ✏
=
Dt̂

(23)
(24)

r ⇥ (ˆ
⌘ r ⇥ B̂)

(25)

p̂
⌘ˆ
r · v̂ + ĵ 2 + H⌫
⇢ˆ
⇢ˆ

(26)

The equations are listed in nondimensional form and the normalising constants are
defined in terms of a typical length scale L0 = xx̂ , magnetic field B0 = B
and density
B̂
⇢
⇢0 = ⇢ˆ . The normalising constants are as follows:
B0
v0 = p
µ 0 ⇢0
1.4.2

p0 =

B02
µ0

t0 =

L0
v0

j0 =

B0
µ0 L 0

✏0 = v02

(27)

Grid

As has already been mentioned, this code stores quantities on a staggered Eulerian grid.
Scalar variables are defined at the centre of a grid cell, namely the density and pressure.
The plasma velocity is naturally located at the boundary to a grid cell because of the
need to calculate fluxes into and out of the volume. In this code, the velocity is stored
at the cell vertices because the shock viscosity calculations include contributions from
the cell edges, which can be easily interpolated. The magnetic field is defined on the
cell faces corresponding to the field component, i.e. Bx is found at the centre of the
x faces. The advantage of this is that it facilitates constrained transport (Evans and
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Hawley (1988)), since the electromotive force can be calculated along the edge of a face
to give the magnetic flux through it by Stokes’ theorem. For any grid cell, the EMF
along each edge contributes to two separate fluxes with opposite signs. Hence, the net
total flux into a cell must be zero and the solenoidal constraint is satisfied (assuming
the field is initially divergence-free).

1.4.3

Timestep

The code uses di↵erent timesteps for the Lagrangian and remap steps. The Lagrangian
timestep is determined from the Courant-Friedrichs-Lewy (CFL) stability criterion.
The Courant number in this case is equal to one so that the timestep is a ratio of
length to speed,
l
p
dt = p
.
(28)
c2⌫ + c2s + c2⌫
Here, l is the smallest of the three grid scales, cs is the sound speed and c⌫ is the
e↵ective speed due to viscous pressure.

There are several possibilities for the remap timestep, based on fluxes, viscosity and
resistivity. Three estimates for the timestep are given by the fluxes in each direction
in a grid cell. The volume of the cell is divided by either the magnitude of the flux
through the positive or negative boundary or the net flux, depending on which gives
the smallest estimate. These flux estimates are calculated at every grid cell and the
minimum for each direction gives the final candidate value. The viscous timestep is
calculated by:
dxl ⇢
dt⌫ = 0.2
,
(29)
⌫
where the length scale is dxl = 1/(1/dx2 + 1/dy 2 + 1/dz 2 ) and ⌫ is the coefficient of the
background viscosity discussed in section 1.6.6. Collecting the various estimates, the
ideal remap timestep is given by the minimum of the Lagrangian timestep, the three
flux timesteps and the viscous timestep. A separate resistive timestep is calculated in
the same way as the viscous timestep, replacing ⇢/⌫ with 1/⌘, where ⌘ is the local
resistivity.
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1.4.4

Lagrangian Step

The predictor-corrector step begins by advancing all variables by a half timestep. The
density is not calculated using the continuity equation but instead the initial value is
divided by the ratio of the control volumes. This ratio is defined as:
=1+

dt
r · v.
2

(30)

The predicted value of the magnetic field is not taken directly from the induction
equation. Instead (6) is integrated over the volume of a cell and the Divergence Theorem
is used on the first advective term to give:
D
Dt

Z

Bi dV =

Z

vi B · ds +

Z

[r ⇥ (⌘r ⇥ B)]i dV.

(31)

The core solver only handles ideal MHD so the di↵usion term in the induction equation
is implemented separately. Hence the predictor (averaged) magnetic field is calculated
as:
1
vx B x vx B y vx B z
Bx1/2 =
[Bx + dt(
+
+
)].
(32)
dx
dy
dz
1/2
The internal energy is calculated using the finite di↵erence equivalent of the energy
equation (11),
P0 r · v 0
✏1/2 = ✏0
.
(33)
⇢
The pressure used is actually the sum of the thermal pressure and an artificial viscous
pressure (P = p + q).
Using the predictor internal energy and density, the predicted total pressure is calculated. The viscous pressure is not updated during the predictor-corrector step. From
the gas law,
P1/2 = ✏1/2 ⇢1/2 (
1) + q.
(34)
The total inviscid force on the right hand side of the momentum equation is the sum
of the pressure gradient, Lorentz force and gravitational force:
F1/2 =

rp1/2 + j1/2 ⇥ B1/2
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⇢v g.

(35)

The half step velocity is given by the initial velocity plus the total force (including
the viscous force F⌫ divided by the pressure (at the cell vertices) multiplied by the
intermediate timestep:
v1/2 = v0 + dt2(F⌫ + F1/2 )/⇢v .
(36)
Now that the predictor variables v1/2 , p1/2 and V1/2 have been calculated, the corrector
step requires minimal calculations. The velocity, internal energy and control volumes
calculated as before, only substituting in the intermediate values for the total force,
velocity and pressure.
v1 = v0 + dt(F⌫ + F1/2 )/⇢v
(37)

V1 = V0 (1 + r · v1/2 )

(38)

p1/2 r · v1/2
⇢

(39)

✏1 = ✏0

1.4.5

Remap Step

In the remap step, constrained transport is implemented following Evans and Hawley
(1988). This remap is entirely geometrical, which enables the use of Strang splitting
to simplify the process. This means that the remap is completed in 1D sections so
the example below will apply to the x direction but subscripts can be changed where
appropriate to remap in y and z. The density is first remapped using conservation of
mass. The final mass in an Eulerian cell is equal to the initial value plus the mass
overlapping from the Lagrangian cell (i 1) minus the mass from this Lagrangian cell
overlapping the Eulerian cell (i),
⇢n+1
= ⇢i +
i

1
(dMi
dxi

1

dMi ).

(40)

The overlapping mass is found by adding an e↵ective density- the product of the density
gradient Di and the length scale- to the Lagrangian density. The modified density is
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multiplied by the distance moved by the boundary:
dMi = (⇢1i +

dxi
Di (1
2

⇤
i ))vxi dt.

(41)

The i term appearing in the formula for dMi and the gradient Di is a ratio comparing
the speed of the boundary vx⇤i to the speed required to traverse the Lagrangian cell
length in a time dt,
|vx⇤i |dt
.
(42)
i =
dxi
The remap uses the third order Van Leer upwind gradient, which has two possible forms
depending on the direction of the boundary velocity. The subscripts required in the
case where vx⇤i  0 are shown in curly brackets in (43).
|D̄i | =

2

i

3

|⇢i+1 ⇢i | 1 +
+
dxci
3

i

|⇢i{i+2} ⇢i 1{i+1} |
dxci 1{i+1}

vx⇤i > 0 { 0}

(43)

The magnitude of the gradient is limited so that shocks do not leave an imprint on the
Eulerian grid,
Di = s max(|D̄i |dxi , 2|⇢i+1 ⇢i |, 2|⇢i ⇢i 1 |).
(44)
Here s = sign(⇢i+1 ⇢i ) if the sign of the upwind di↵erence matches that of the
downwind di↵erence. Otherwise the gradient is set equal to zero.
The remaps of internal energy and velocity are performed using the same method.
However mass coordinates are used to ensure conservation of internal energy and momentum.

1.4.6

Viscosity

The viscosity has a real component and an artificial component that applies to shocks.
The real viscosity is assumed to be isotropic and the viscous force density is calculated
as the Laplacian of the velocity field:
F⌫ = ⌫r2 v,
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(45)

where ⌫ is the user-defined ‘background viscosity. The viscous heating term is calculated
from the product of the stress and strain tensors:
1
✏
⇢ ij ij
@v
1 @vi
(
+ @xji )
2 @xj

H⌫ =
✏ij =
ij

1
r
3 ij

= 2⌫(✏ij

· v)

(46)

The form of artificial viscosity used in the code is consistent with Caramana et al.
(1998). It adds shock limiters and a ‘switch-o↵’ condition to the Kuropatenko artificial
velocity given by:
qkur

( + 1)
= ⇢ c2
| v| +
4

!
+
1
c22 (
)2 ( v)2 + c21 c2s | v|.
4

r

(47)

This is basically an expression for the inelastic collision of two finite masses, adjusted
by adding a linear term to prevent unphysical oscillations from occurring behind the
shock. The viscosity limiters described in Caramana et al. (1998) take the ratio of the
velocity derivative at a point on the grid with its two neighbours. In this case, the
artificial velocity is defined on the cell edges, so the left and right neighbours are easily
seen to be those on the adjacent edges. The left and right limiters rl and rr can be
written as:
rl =

v+ · ˆv | v|
/
,
x+ · ˆx | x|

v · ˆv | v|
/
.
x · ˆx | x|

rr =

(48)

The limiter is now taken as MIN(1/2(rl + rr ), 2rl , 2rr , 1.0) so that the final form of
the shock viscosity can be stated as:
qz = qkur (1

2
) ˆv

if

v · Sz < 0,
else qz = 0.
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(49)

1.4.7

Resistivity

The core MHD solver in the Lagrangian step solves the ideal equations, meaning the
resistive terms need to be added separately. A background value for the resistivity can
be given in terms of the Spitzer value. Anomalous resistivity can also be implemented
by declaring a critical value for the current density above which the resistivity applies.

1.5

Magnetic Skeleton Analysis Tools

In this thesis, the magnetic topology will be visualised using the Magnetic Skeleton
Analysis Tools (MSAT) software introduced in Williams (2018). In a magnetic skeleton
plot, the positive nulls are marked by red spheres and the negative nulls are represented
by blue spheres. The separatrix surfaces are plotted as concentric rings around the null
point in the matching colour and the spines are also shown. The separators are the
green lines connecting null points. A selection of magnetic skeleton plots can be found
in section 4.2.2 of the thesis.

1.5.1

Null Finder

The Null Finder algorithm is an implementation of the trilinear method described in
Haynes and Parnell (2007). This method assumes that each of the magnetic field
components varies linearly within a grid cell. The first stage of the algorithm is the
‘reduction’, which tests each grid cell in the data set to determine whether it can contain
a null point. The values of the magnetic field are checked at eight corners of the cell, as
all three components must change sign in order for a null point to exist. Each magnetic
field component will be equal to zero over a surface and the algorithm finds the two
end points (at the cell boundary) of the lines where pairs of surfaces intersect. The sign
of the non-zero component at the end points is then checked, as it must change sign
within the volume at the null point. Each grid cell that contains a null point according
to the algorithm is then split into a 10 ⇥ 10 ⇥ 10 subgrid and the trilinear method is
repeated over the finer grid. This method is implemented iteratively over smaller and
smaller grids until the null point has been found to the desired precision. The current
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algorithm is only able to find one null point per grid cell, so a finer grid resolution must
be used to find clusters of nulls- or an alternative method if the field is not trilinear.

1.5.2

Sign Finder

The Sign Finder begins by defining a small sphere of start points enclosing the null
point. Each point in the sphere is then moved a small distance in the direction of the
magnetic field before being renormalised so it lies on the sphere again. This process
is repeated until successive iterations are sufficiently close together and convergence to
either the spine or fan has been achieved. In order to identify both the spine and the
fan, the start points are traced forwards (parallel to the magnetic field) and backwards
(antiparallel). Of the two sets of points, that which converges the fastest will give
the spine vector. If the convergence rate is similar, the dot product of the converged
position vectors is taken with the magnetic field. Since the magnitude of the spine
eigenvalue is larger than the two fan eigenvalues, the larger dot product will identify
the points that have converged to the spine. The size of the sets of converged points
is reduced by taking each point individually and removing all points within a small
radius. There should be two spine points remaining, which lie on opposite parts of the
spine vector. The first fan vector is found by locating where the density of converged
points is the greatest prior to the reduction. If the points are distributed around a
ring, the position vector that gives the smallest dot product with the first fan vector
is the second fan vector. These do not correspond to the fan eigenvectors but are two
perpendicular vectors within the fan whose cross product gives the normal vector to
the fan plane. If the points converged to two clusters instead of a ring, the convergence
algorithm is repeated but the start points are traced in the direction of the magnetic
field minus the component parallel to the first fan vector. In the case of a null point
with large current parallel to the spine, the spine points converge to rings surrounding
the spine vector, which is located at their centre.
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1.5.3

Separatrix Surface Finder

A ring of start points around the null point is aligned with the fan plane (defined by
the normal vector found previously). Each of these points is then traced along the
magnetic field by a fixed distance using the Runga-Kutta-Fehlberg (RKF45) scheme.
Hence a new ring is defined and the code also stores the mapping between points on
adjacent rings. After a new ring has been traced, points are added to or removed from
the ring in order to ensure an even spacing. Any points on the ring that are within a
certain distance of an oppositely signed null point are flagged. The maximum spacing
between flagged points and their neighbours is halved, as is the integration step size
(for the whole ring). A chain is formed containing all the flagged points and fieldlines
are traced from these far enough so that their asymptotic behaviour becomes evident.
A dot product is taken of the spine vector and the position of the last point on the
fieldlines relative to the oppositely signed null. If this dot product changes sign between
adjacent points in the chain, a separator has been identified, as the traced fieldlines are
in di↵erent flux domains. The Separatrix Surface Finder continues to trace rings of
points in this way until all the points on a ring are outside the domain or either the
number of points per ring or the total number of rings is too high. When the ring
tracing has ceased, any separators can be traced backwards from the point where they
were identified using the mapping between successive rings. The spines are also traced
with the RKF45 scheme, with the first point at either end being provided by the spine
vector.
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2
2.1

3D Null Point Reconnection
Introduction

Null points are the focus of many reconnection studies, as they are locations where
strong current concentrations can build up naturally. In three dimensions, the magnetic
field in the vicinity of linear nulls has a particular geometry defined by the spine line
and fan plane. One of these structures is aligned with fieldlines approaching the null
and the other aligns with fieldlines directed away from the null, depending on whether
it is positive or negative. As a result of the solenoidal constraint, 3D null points must
be surrounded locally by a hyperbolic magnetic field, unlike 2D nulls which can also
have elliptic fieldlines. There are two di↵erent types of 3D linear null points, namely
improper and spiral nulls. The fieldlines extend radially from improper nulls, whereas
spiral nulls have spiral fieldlines.
In two dimensions, reconnection occurs exclusively at (hyperbolic) magnetic null points.
A current sheet overlays the null to form the di↵usion region, where resistive e↵ects
become important. Plasma flows advect fieldlines into the di↵usion region, where they
break and reform in pairs, causing reconnection outflows. The two parameters that
are typically important in determining the rate of reconnection are the aspect ratio
of the current sheet and the plasma resistivity. Debate has centred on how to model
fast reconnection that is independent of the resistivity. A detailed description of 2D
reconnection is provided by Vasyliunas (1975), Priest and Forbes (2000) and Biskamp
(2000). Three dimensional reconnection can occur at null points but also has been modelled along separators and in the absence of nulls at quasi-separatrix layers. Evidence
of the null point structure has been found in flare reconnection sites by Masson et al.
(2009) amongst others. In three dimensions, the di↵usion region is a current layer with
finite thickness and fieldlines reconnect continuously as they pass through the volume.
Consequently, the reconnection is not pairwise as in the 2D case.
Di↵erent types of 3D null point reconnection have been defined by Priest and Pontin
(2009), namely torsional spine, torsional fan and spine-fan reconnection. These categories were largely inspired by the kinematic work of Pontin et al. (2004) and Pontin
et al. (2005). In these papers, Ohm’s Law is solved by integrating the product of
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the parallel current with a localised resistivity. The integration gives the electrostatic
potential, from which the electric field and then the perpendicular velocity can be
established. The spine reconnection example has a uniform current density that is everywhere parallel to the spine, i.e. a spiral null. The steady solution features rotational
flows within the di↵usion region and fieldlines that are anchored within the ideal region
experience slippage due to this localised rotation. In Pontin et al. (2005), the magnetic
field has a constant current density parallel to the fan plane, meaning the spine and
fan are not orthogonal. The solution to the kinematic problem has a stagnation point
flow which crosses both the spine and fan. By altering the current density so that it is
non-uniform and vanishes at the null, solutions can be found where the velocity crosses
either the spine or the fan.
In numerical experiments, current layers are typically introduced by driving a potential
null point, either by imposing a velocity at the simulation boundary or by introducing
a perturbation to the magnetic field. In Pontin et al. (2007) and Wyper and Pontin
(2014b) the potential null is driven by advecting the spine footpoints in opposite directions, causing the angle between spine and fan to close and a magnetic pressure force
to develop near the fan plane. The alternative form of driving was studied by Pontin
and Galsgaard (2007), who found that additional magnetic field components caused
either a rotational or shearing force. The rotation distributed currents evenly across
the topological features while shearing focused the current in the vicinity of the null.
The work in this chapter will compare the reconnection that occurs at spiral and improper nulls. Improper null point reconnection has previously been studied numerically
by Al-Hachami and Pontin (2010) and Thurgood et al. (2018). The key point of these
works is that the length and magnitude of the current layer formed is dependent on the
azimuthal variation in field strength in the fan plane. For more rotationally symmetric configurations, although the peak current is higher, the current layer has a smaller
extent. The integrated Ek along fieldlines is strongly a↵ected by the dimensions of the
current layer, so the reconnection rate is lower in the symmetric case. Spiral null point
reconnection has been considered by Williams (2018). This chapter will consider more
generic null points that have current layers along both the spine and fan.
All of the null points considered here will be ‘tilted’, meaning there is some compo-
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nent of current perpendicular to the spine, since it has been shown that these produce localised current layers away from the simulation boundaries. Fuentes-Fernández
and Parnell (2013) studied the current layers that result from relaxing an initial nonpotential null point with current directed either parallel or perpendicular to the spine.
This work forms the basis of the reconnection experiment performed in this chapter,
as the quasi-equilibrium fields are obtained using the same techniques but di↵erent
parameter choices. The non-potential magnetic field is relaxed ideally using viscous
damping in order to achieve a quasi-equilibrium state. Then an anomalous resistivity will be switched on to initiate the reconnection and dissipate the current that has
accumulated.
Section 2 will give an overview of the setup used in the numerical experiments. In
sections 3, 4 and 5, the results of the reconnection experiments will be presented. The
experiments are grouped according to the position of the major axis in the fan plane.
The nulls in section 3 have a major axis that is approximately aligned with the current
density, whereas in section 4, the two vectors are almost perpendicular. Section 5
deals with the case where there is no major axis because the magnitude of the two fan
eigenvalues is the same. Each of the three results sections compares an improper null
with a spiral null, which have in common the orientation of their major axis. In section
6 some conclusions will be drawn regarding the significance of the di↵erent categories
of null points.

2.2

Initial Setup

The initial magnetic field used in the experiment is taken from the classification of
linear 3D nulls given in Parnell et al. (1996).
B=

✓

x

1
1
jsp y, jsp x + by, jf y
2
2

(b + 1)z

◆

(50)

where j = (jf , 0, jsp ). This model contains a single linear null point located at the
origin. If the current components are set to zero, the spine sits along the z-axis and
the separatrix surface aligns with the x y plane. Hence, jsp is the current component
parallel to the potential spine and jf is the component parallel to the fan. For simplicity,
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Type
jsp
Spiral
1
Improper
0
Spiral
1
Improper
0
Spiral
1
Critical spiral 0

jf
1
1
1
1
1
1

b
2/3
2/3
3/2
3/2
1
1

Table 1: Parameter choices for the six experiments
jf is in fact aligned with the x-axis and it is important to remember that jy is initially
zero. The parameter b determines the nature of the fieldlines surrounding the null
2
point. The threshold current is defined as jthresh
= (b 1)2 and if the magnitude of this
current exceeds jsp , the null is improper. Otherwise, if the spine current has greater
magnitude than the threshold current, the null is of spiral type.
In this chapter, the six experiments listed in Table 1 will be discussed. Half of these only
have current parallel to the fan initially (jsp = 0). These are all improper nulls, with
the exception of the critical spiral case. This is not a generic case, since it has the only
possible b for which jthresh = jsp , but it has been studied extensively by previous authors.
The three spiral null experiments have the same parameters as the aforementioned cases,
except that jsp is non-zero. The similarities between the parameter sets should facilitate
comparison between the improper and spiral nulls.
Both the relaxation and reconnection phases of the experiment are performed numerically using Lare3D, a code which solves the equations of MHD over a Lagrangian grid
before restoring the variables to an Eulerian grid (the remap stage) at each timestep.
The equations used in this work are listed in section 1.4.1, with the resistivity ⌘ set to
zero during the relaxation so that the ideal equations are solved during the formation of
the current layer. Although reconnection by numerical resistivity cannot be prevented,
this occurs on a timescale that is much slower than the relaxation. The experiment is
performed over a grid of 512 ⇥ 512 ⇥ 512 points and the domain is 1 < x, y, z < 1 so
that the null is positioned in the centre of the box. Line-tied boundary conditions are
used so all velocity components and the normal derivatives for B, ⇢ and ✏ are all set to
zero.
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For practical reasons, the experiment has a plasma beta ( = 2p/B 2 ) greater than one
across the majority of the domain. The plasma pressure is not explicitly declared but is
calculated by the code under the assumption of constant temperature as p = ⇢✏(
1).
Here, ⇢ = 1, ✏ = 3/2 and = 5/3 so that the uniform plasma pressure is p = 1. As
discussed in section 1.4.3, the timestep in Lare3D has a dependence on the density,
so a lower beta plasma could be achieved at the expense of increased computational
demands. The shock viscosity coefficients (from equation (47)) are c1 = 0.1 and c2 = 0.5
throughout the experiment and the background component is ⌫ = 0.01 during the
relaxation. The initial plasma velocity is zero across the domain, including at the
boundaries.
The second phase of the numerical experiment di↵ers from the first in that the resistive
MHD
8equations are solved with an anomalous resistivity given by:
<0
|j| < jcrit
⌘=
:0.001 |j| j
crit and |x|, |y|, |z| < 0.8
The critical current value is equal to 70% of the maximum magnitude and was chosen
to constrain the spatial extent of the reconnection region. The background viscosity
was decreased by an order of magnitude to ⌫ = 0.001 to prevent needless damping of
flows that could carry flux into and away from the reconnection site.

2.3

Nulls with Current Parallel to Major Axis

The first results section will compare a spiral null point (jsp = 1) with an improper null
(jsp = 0), both of which share the parameter values jf = 1 and b = 2/3. The eigenvalues
and eigenvectors for these nulls are displayed in table 2. All the nulls considered in this
chapter will have positive sign, meaning the real part of the fan eigenvalues ( 1 and 2 )
is positive and the spine eigenvalue ( 3 ) is negative. Another property of the nulls in
all six experiments is that the spine is aligned with the z-axis (x3 = (0, 0, 1)).
In the improper case, 1 is the larger of the two fan eigenvalues, meaning its corresponding eigenvector x1 is the major axis. This is parallel to the current density, which
in the absence of a current parallel to the spine is j = (jf , 0, 0). For the spiral case,
there is not a unique major axis but the fan fieldlines will oscillate between the vectors
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x1 and x2 . Therefore, the direction in which the angle between the vectors is smaller
will have the strongest magnetic field.

1
2
3

x1
x2
x3

Spiral
0.83 + 0.47i
0.83 0.47i
1.67
(0.39, 2.5, 1.0)
(2.51, 0.47, 0.0)
(0, 0, 1)

Improper
1.0
0.67
1.67
(1, 0, 0)
(0, 2.33, 1)
(0, 0, 1)

Table 2: Eigenstructure of the b = 2/3 nulls

2.3.1

Relaxation

The field was relaxed in Lare3D with the aim of creating a force balance and attenuating
the flows to achieve a quasi-equilibrium. There is a substantial force imbalance at the
start of the relaxation as the current is a constant vector in the x z plane, which has a
strong component perpendicular to the field, especially where By peaks. The pressure
is also initially constant and there is no viscous force, implying that the Lorentz force
is the only contribution to the right hand side of the equation of motion. The purpose
of the relaxation is to introduce additional forces to balance the j ⇥ B force.
Figure 2 shows the energy changes during the relaxation of the spiral null. Approximately 1% of the total magnetic energy is converted to internal energy due to viscous
heating and the work done by the Lorentz/pressure forces. The total energy change
is five orders of magnitude smaller than the magnetic energy transferred, which is expected because of the closed boundary conditions. The important aspect of these plots
is that the energy changes are steady after t = 10, which is an indication that the field
has reached a quasi-equilibrium. The kinetic energy is small (compared with the initial
magnetic energy) when the relaxation is halted, although it is clearly still declining.
Another way to judge the state of the quasi-equilibrium is to look at the magnitude
of the total force, defined as the sum of the plasma pressure force and the Lorentz
force. Figure 3 shows the integrated total force at the end of the relaxation. The
individual bars show di↵erent parts of the domain, which has been split into a 3 ⇥ 3 ⇥ 3
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Figure 2: Time and volume integrated energy changes for the spiral null relaxation
(b = 2/3), normalised by initial total energy

Figure 3: Integrated total force in 27 subvolumes within the domain. The columns
correspond to di↵erent x ranges and the rows show the y ranges. The three bars within
each of the nine histograms are the z ranges. The forces for the improper null are shown
on the left and the spiral null on the right.
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grid. The magnitude of the force varies spatially, with the largest forces being found at
the boundaries in both experiments and also at the central subvolumes where 0.33 <
x, z < 0.33. The boundary forces are caused by the line-tied boundary conditions, which
lead to current build-up in a boundary layer. As the relaxation progresses, the magnetic
fieldlines will smoothly bend within the volume to allow for a reduction in the Lorentz
force but there will be no corresponding change in the field vector at the boundary.
The central force is concentrated at the separatrix surface, where the current density
evolves towards a singularity. The current layer continues to intensify as its thickness
decreases, so the plasma must respond to the changing j ⇥ B force. The integrated
forces in the two b = 2/3 experiments are similar, although the improper case is more
symmetric. There is a stronger force along two edges of the domain for the spiral null
due to the geometry of the null point.

(a) x = 0

(b) x = 0.5

(c) x = 1

Figure 4: Contour plots showing modulus of the post-relaxation total force for the spiral
null
In figure 4, the magnitude of the total force in the spiral case is shown at three di↵erent
x cuts. In the x = 0 cut, the total force is focused on the separatrix surface and peaks
close to the null point. There is a much weaker force along the spine, even though
figure 5 shows that the spine currents are substantial. This is a consequence of the fact
that the spine does not separate oppositely directed flux and the current layer is not
evolving towards a singularity. At x = 0.5, the forces are balanced across a larger area
but the imbalance at the separatrix surface is slightly stronger. At x = 1, the strongest
net force in the domain is found at the y = 1 boundary.
The current layers that result from the relaxation of the improper and spiral nulls
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(a) x = 0

(b) y = 0

(c) z = 0

Figure 5: Contour plot showing modulus of the post-relaxation current density. First
row: improper, second row: spiral.
are quite di↵erent, as shown in figure 5. In both experiments, the strongest current
has accumulated along the separatrix surface. The layer appears to have a similar
thickness in both cases and the di↵erence in orientation in the y = 0 and z = 0 reflects
the di↵ering null point geometry. The spiral case has additional current enhancements
along the spine that are strongest at the z-boundaries. Away from the current layers,
the background current density is also higher in the spiral case because the magnitude
of the initial current vector is larger.
There cannot be any change in the number of topological features when solving the
ideal equations but the existing spine and fan are distorted significantly. The spine has
collapsed towards the fan in the vicinity of the null, while the fan plane curves towards
z = 1 for y > 0 and towards z = 1 for y < 0. Figure 6 shows the topology of the
fields before and after relaxation. The current contour shown is taken at 70% of the
maximum magnitude and will be used as the critical current during the reconnection
experiments. It was also possible to choose this contour to be the same value across all
experiments, or to match the length of the current layers. Using the same value would
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z
x y
Figure 6: Magnetic skeleton before (left) and after (right) relaxation. Isosurfaces show
the critical current used in the reconnection experiment. First row: improper null;
isosurface shows |j| = 10.06. Second row: spiral null; isosurface shows |j| = 11.26.
Note that the image is rotated by 30 degrees about the y-axis to improve fieldline
visibility.
lead to a significant di↵erence in the thickness of the b = 2/3 and b = 3/2 current
layers, which would a↵ect the reconnection rate. If the dimensions of the current layers
were comparable, this would ignore the fact that the di↵erent null point configurations
lead to di↵erent current distributions. Such an approach could be used to eliminate
boundary e↵ects from the reconnection by localising the current layer in the centre of
the domain. However it was deemed that a current layer that spans the length of the
x-axis was more representative of the current distribution for these experiments. The
contour used does exclude the spine currents from the spiral null reconnection, which
means there is a single di↵usion region rather than three. This will simplify the analysis
but it is possible that the weaker currents at the spine would play an important role in
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the overall dynamics.
Galsgaard and Pontin (2011a) found that, except in cases where the boundary driving
is almost perpendicular to the eigenvector associated with the larger eigenvalue, the
null point would collapse in this direction. As the null collapses towards the strong
eigenvector, the current density grows perpendicular to this along the weak eigenvector
in the fan. This experiment does not show the same behaviour, although later cases
are in agreement. Here, the spine collapses in the y-direction, which is aligned with the
weak eigenvector, while the current density spreads along the x-axis.

2.3.2

Energies

In figure 7, the integrated energy changes are plotted. These are the magnetic energy
change (51), the internal energy change (52) and the kinetic energy change (53). The
total energy change is the sum of these three integrals. All of the integrals are normalised
by the initial total energy.
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The free magnetic energy in these experiments is converted to both internal and kinetic
energy, as shown in figure 7. The rate of change of magnetic energy is almost steady,
except for gentle declines in the magnitude of the gradient that can be linked to the
movement of the plasma through the numerical box. The kinetic energy increases
sharply at the start of the experiment when the quasi-equilibrium is broken by the
introduction of a resistivity. The flows begin to diminish shortly after t = 1 and the
kinetic energy drops accordingly. The peak kinetic energy change is a mere 1% of the
total magnetic energy converted during the experiments.
There are few significant di↵erences between the energy changes of the spiral and improper experiments. The amount of magnetic energy converted by the improper null
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Figure 7: Time and volume integrated energy changes for the b = 2/3 null reconnection,
normalised by initial total energy. Blue: improper, orange: spiral.
is fractionally higher. The small oscillations in the rates of magnetic/internal energy
change also seem to be out of phase with each other. For example at t = 0.4, the improper null is converting magnetic energy while the spiral case is not. Later at t = 0.8,
the opposite situation occurs, as the energy conversion at the improper null pauses.
The Ohmic heating converts magnetic energy to internal energy directly and is therefore
a major factor in these experiments. A significant amount of Ohmic heating occurs in
a short space of time at the start of the experiment as the super-critical current in the
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initial condition is dissipated rapidly. After this time, the rate of Ohmic heating in
the improper case is close to zero before reaching a constant value that is maintained
thereafter. The Ohmic heating is always non-zero in the spiral case but also transitions
from the high rate of t < 0.2 to a slower rate, slightly less than that seen in the improper
case. The time evolution of the total energy change indicates that it is strongly related
to the Ohmic heating. In the improper case, the total energy change exceeds the peak
kinetic energy but it is much less important for the spiral null. There should not be
any flow of energy into or out of the system so the total energy change is a type of
numerical error. However, it is small compared with the magnetic energy converted in
both experiments.
Previous studies of 3D null point reconnection have rarely calculated the energy changes
in the system. In Williams (2018), the magnetic energy was transferred to internal
energy linearly, as Ohmic heating was dominant over the viscous and adiabatic heating.
However, the current layers in those experiments were located along the spine close to
the boundaries of the domain. Such a current layer will be difficult to dissipate when
line-tied boundary conditions are used, which could explain the steady Ohmic heating.
Nonetheless, the greater importance of adiabatic heating is an interesting feature of the
present example of spiral null point reconnection.
By calculating the individual terms contributing to the rate of change of the energies,
one can gain some insight into how the reconnection proceeds. Figure 8 shows these
quantities for the spiral experiment, since the plots are qualitatively similar for both
b = 2/3 nulls. The rate of change of magnetic energy is given by the negative sum of
the Poynting flux, Ohmic heating and work done by the Lorentz force:
@ B2
( )=
@t 2

r · (E ⇥ B)

⌘j 2

v · (j ⇥ B)

(54)

The Ohmic heating and the work done by the Lorentz force combine to give the magnetic
energy loss across the entire domain. The Ohmic heating is dominant at the very start
of the experiment but the Lorentz force is more important for 0.02 < t < 0.25 and
t > 0.6. At other times the two terms are approximately of equal importance.
As the plasma flows through (and drags with it) the magnetic field, the Lorentz force
does work. Hence the oscillatory nature of figure 8(b) reflects the changing direction
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

(i)

Figure 8: Terms contributing to rate of change of energies for spiral null. These instantaneous values are integrated across four distinct subvolumes (blue: 0.75 < |x, y, z| < 1,
yellow: 0.5 < |x, y, z| < 0.75, green: 0.25 < |x, y, z| < 0.5, red: |x, y, z| < 0.25). a)
Poynting flux; b) Work done by the Lorentz force; c) Ohmic heating; d) Viscous heating; e) Work done by the pressure force; f) Enthalpy flux; g) Work done by the viscous
force; h) Kinetic energy flux; i) Di↵erence between work done terms.
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of the bulk plasma flow relative to the j ⇥ B force. The Lorentz force does not play a
significant role in the outer subvolume but the inner shell grows in importance without
being a↵ected by the flow reversals.
The Ohmic heating has the same time dependence across each of the subvolumes. This
can be explained by observing that the current layer in figure 6 stretches along the entire
x-axis so that the Ohmic dissipation occurs in every subvolume. When the resistivity
is switched on initially, a large amount of Ohmic heating occurs as the super-critical
current is dissipated. Then between 0.02 < t < 0.25, the rate of Ohmic heating is
lowest as the current layer needs to rebuild before additional reconnection can occur.
Subsequently, the Ohmic heating rate is impulsive, as the system responds quickly to
instances of j > jcrit .
There is no Poynting flux through the simulation boundary because of the choice of
boundary conditions. This flux is also negligible in the innermost subvolume, as the
magnetic energy transport is limited to the middle shells. Again, there is a periodicity
owing to variations in the flow direction caused by plasma collisions. Initially the flow
transports magnetic energy into the middle subvolumes from the outermost shell, before
the process is reversed at t = 0.2.
The rate of internal energy change is equal to the sum of the Ohmic heating, viscous
heating and the work done by the pressure gradient minus the enthalpy flux:
@
p
(
) = ⌘j 2 + ✏ij
@t
1
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+ v · rp

r·(

p
1

v)

(55)

Similarly to the magnetic energy change, the internal energy is dominated by the Ohmic
heating initially, before the work done by the pressure force gains in importance and
becomes the main factor around t = 0.5. The viscous heating is a steady contribution to
the internal energy that is roughly a factor of 2 less than the impulsive Ohmic heating
rate.
The work done by the pressure force is to a large extent equal to that done by the
Lorentz force, since the initial condition is a quasi-equilibrium. The spatial variation
of this quantity is very similar to that in figure 8(b), with the middle subvolumes
accounting for most of the early energy release and the inner shell dominating for
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t > 0.5. The di↵erence between the two work done terms can be seen in figure 8(i).
The enthalpy flux shows slightly more complicated behaviour than the Poynting flux, as
the two middle subvolumes behave di↵erently. Initially there is a flow of internal energy
from the outer subvolume inwards and the flow reverses at t = 0.25, so that the flow is
directed out of the inner shells. The outer middle shell has intermediate behaviour, as
the flux direction sometimes matches the central subvolumes and sometimes matches
the outer shell.
The rate of change of kinetic energy is defined as the sum of the work done by the
Lorentz force and the work done by the viscous force minus the work done by the
pressure gradient and the kinetic energy flux:
@ 1 2
( ⇢v ) = v · (j ⇥ B) + v · F⌫
@t 2

v · rp

1
r · ( ⇢v 2 v)
2

(56)

Any net kinetic energy change during the experiment is due to a force imbalance in
the system. Owing to the quasi-equilibrium initial condition, the viscous, Lorentz and
pressure forces approximately balance each other at all times, meaning figure 8 (g) and
(i) are equal and opposite. The work done by the viscous force in (g) does not include
the small contribution from the shock viscosity but it is nonetheless clear that there
is an approximate force balance throughout the experiments. The kinetic energy flux
indicates that the kinetic energy in the central shell is steadily rising at the expense of
the other subvolumes.

2.3.3

Reconnection Rate

The definition of magnetic reconnection in 3D states that over a domain of measure
greater than zero, i.e. a volume of flux rather than a single fieldline,
Z

E · Bdl 6= 0

(57)

and with the form of Ohm’s law used by MHD, the parallel electric field is proportional
to the parallel current.
Hence, figure 9 shows the integrated parallel current along fieldlines passing through
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z = 0 for the b = 2/3 experiments. The three frames shown correspond to the maxima/minima of the lines in figure 10. Once the anomalous resistivity is activated, there
is a significant reconnection event that dissipates some of the current in the current
layer, causing the bands of positive and negative Ek to shrink inwards towards the null.
In the second row of figure 9, the initial reconnection has expired as the current layer
is rebuilding. There is still weak reconnection occurring close to the null but the Ek
is fragmentary and does not cover a significant part of the current layer. In the third
row, the Ek is quite strong again, indicating that the critical current has been exceeded
across much of the current layer. Although the Ek covers the length of the x-axis and
bears a strong resemblance to the initial current layer, it remains fragmentary as the reconnection is of an impulsive nature. The current layer itself is smooth with magnitude
close to the critical value.
Comparing the two experiments, the Ek for the improper null is more localised about
the x-axis, while the spiral fieldlines cause plumes of Ek near to the null extending to
y = ±0.2. The plumes are weaker than the main Ek concentration, so the improper
Ek intensity is more uniform and the strong Ek also covers a larger region. However,
the reconnection in the improper case seems to cease almost completely at t = 0.04,
whereas the spiral Ek remains non-zero.
It is possible to visualise the reconnection rate by taking the maximum value of the
integrated parallel electric field along fieldlines threading z = 0. This is a proxy for
the rate of flux transfer across the fan, as it would be a major numerical challenge to
locate start points within the plane itself. If the magnitude of the current density in the
spine current layers was sufficiently high, the Ek values would represent a combination
of fan and spine slippage. In this case however, the reconnection is almost entirely
limited to the fan. Figure 10 shows the maximum and minimum Ek against time for
the b = 2/3 experiments. The three phases suggested by figure 9 are clearly visible in
the reconnection rate, namely the initial rapid reconnection; the slow reconnection as
the current layer rebuilds and the impulsive reconnection after t = 0.2. It is also clear
that the initial reconnection is stronger in the improper case, while the miniature events
occurring during the impulsive reconnection are also typically larger in the improper
experiment. It should be noted from figure 9 that the locations of the maximum and
minimum Ek change during the course of the experiment. Initially, the strongest values
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(a) t = 0.01

(b) t = 0.01

(c) t = 0.03

(d) t = 0.04

(e) t = 0.28

(f) t = 0.20

Figure 9: Parallel electric field integrated along fieldlines passing through z = 0, left:
spiral, right: improper
are found close to the null point and measure the maximum slippage of flux about the
spine. At later times, the bursts occur away from the null and the Ek values measure
the rate of spine-fan reconnection.
In the spiral null experiments of Williams (2018), the reconnection rate declines slowly
from the initial peak. In their main experiment, the integrated Ek falls by an approximate factor of 2 after several Alfvén crossing times. There is little evidence of
impulsive reconnection, as this occurs in regions where the majority of the current is
sub-critical and the reconnection rate is close to zero. Other works studying the time
dependence of the reconnection rate form the current layer during the resistive experiment. Consequently the reconnection rate rises from zero and peaks at the same time
as the current (Pontin and Galsgaard (2007)). In driven experiments, the reconnection
rate either tends to a quasi-steady state if the driving is continuous (Galsgaard and
Pontin (2011b)) or begins to decrease if the driving is impulsive and the field is allowed
to relax (Galsgaard and Pontin (2011a)).
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Figure 10: Time evolution of the maximum and minimum values of the integrated Ek
along fieldlines passing through z = 0
2.3.4

Flows

The plasma flows play an important role in regulating the reconnection process. This
is because the background resistivity is zero across the majority of the domain at any
given time so the magnetic field evolution is ideal away from the di↵usion region. This
means the magnetic field is ’frozen in’ to the plasma and the plasma velocity carries
the magnetic flux.
Figure 11 shows the local flow pattern in the vicinity of the null at two di↵erent times.
The quasi-equilibrium velocity is shown on the left to illustrate that the flow pattern is
intrinsic to the null point and not necessarily indicative of reconnection. Of course, the
initial velocity is close to zero by design but due to either the force imbalance or possibly
numerical reconnection, there are flows in the neighbourhood of the separatrix surface.
These are intensified during the reconnection so that strong outflows can be seen in the
x = 0 and y = 0 planes. The outflows are directed normal to the separatrix surface
and parallel to the spine (at x = 0), which is consistent with the ideal flow pattern.
There is limited evidence of inflows but these are diverted by the faster outflows as they
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(a) t = 0

(b) t = 0.5

Figure 11: Magnitude and direction of the in-plane plasma velocity for the spiral null.
Top: x = 0, middle: y = 0, bottom: z = 0.
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approach the current layer. The inflows are only seen in the t = 0.5 velocity, where
the evacuation of the plasma after the onset of reconnection leads to backflows which
replenish the current layer. In the y = 0 plane, new outflows can also be identified in
the positive z direction for x < 0 and towards negative z for x > 0. The weakest flows
occur in the z = 0 plane at both times because this is the plane that agrees most closely
with the location of the separatrix surface. It is clear from the other cuts that there
are strong flows here but they are directed normal to the plane. The in-plane flows are
homogeneous on either side of the fan plane, which suggests that this plane is exempt
from the nonlinear dynamics of the colliding perpendicular flows.
There is no evidence of the rotational flows about the spine seen in Pontin et al. (2004),
as these are associated with spine reconnection. Although the spiral null has a current
layer along the spine, the critical current is too high to allow it to reconnect in the main
experiment. The stagnation point flow has been identified in the literature (Pontin et al.
(2005),Pontin et al. (2007)) as a major feature of spine-fan reconnection. Here the flow
clearly vanishes along the separatrix surface, although the magnitude of the inflows is
clearly less than that of the outflows. The inflows are more important in previous works
because the initial configuration does not have a localised current, which arises due to
the resistive null point collapse. In this case, the initial conditions of the resistive
experiment has the most stressed magnetic field and the outflows act to restore the
angle between the spine and fan.
In addition to the local flows associated with the topological features, there is also a
global reconnection outflow that can be visualised by following perturbations in the
current and pressure. Longcope and Priest (2007) first proposed this analytically by
coupling a wave equation to a di↵usion equation and it has since been studied numerically by Fuentes-Fernández et al. (2012a) and Stevenson and Parnell (2015a).
The wave propagates in all directions, highlighting the dimensions of the current layer
in the left panel in figures 12 and 13. When the resistivity is switched on, the supercritical current is dissipated rapidly and a current deficit appears in the centre of the
layer. The middle panel shows the perturbation, consisting of multiple enhancements
and deficits, moving perpendicular to the separatrix surface. At t = 0.3, the wave is no
longer visible in all three cuts but there is a lot of small scale activity occurring along
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the current layer, as miniature perturbations accompany the impulsive reconnection.
In the x = 0 plane, the width of the current layer is visible and the wave propagates
radially outwards. There appear to be two distinct sections to the wave on either side
of z = 0, which eventually overlap at t = 0.3. At y = 0, the wave is emitted from the
length of the current layer and is of a planar nature. After the wave has moved away
from the current layer, there are a large number of smaller waves (figure 13) emerging
from di↵erent locations along the separatrix surface. The wave is again planar for z = 0
but the magnitude of the perturbation is greater than in the other cuts. The peculiar
shape of the wave is especially visible, as the magnitude diminishes at x = 0 as both
sections bend towards the fan. Again there are a number of pressure enhancements
close to the separatrix surface which are associated with secondary waves.
The perturbation is much clearer in the pressure than in the current density (which will
be omitted in the future). The changes in the current reflect not only the reconnection
outflows but also the relaxation process occurring at the spine. This relaxation can
even be seen in the left panel of figure 12, so it is not triggered by the reconnection,
whose e↵ects are localised to the fan at t = 0.01.
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(a) t = 0.03

(b) t = 0.1

(c) t = 0.3

Figure 12: Running di↵erence contour showing perturbations in the modulus of the
current density (|j| |j0 |). Top: x = 0, middle: y = 0, bottom: z = 0. The time
interval between successive frames is 0.01.
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(a) t = 0.03

(b) t = 0.1

(c) t = 0.3

Figure 13: Running di↵erence contour showing perturbations in the plasma pressure
(⇥10 5 ). Top: x = 0, middle: y = 0, bottom: z = 0.
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2.4

Nulls with Current Perpendicular to Major Axis

In this section, a spiral null point (jsp = 1) will again be compared with an improper
null (jsp = 0), both of which share the parameter values jf = 1 and b = 3/2. For the
improper null in this chapter, the major axis is x1 = (0, 4, 1), which is perpendicular to
the current j = (jf , 0, 0).

1
2
3

x1
x2
x3

Spiral
1.25 + 0.43i
1.25 0.43i
2.5
( 2.25, 3.75, 1.0)
(3.03, 0.43, 0.0)
(0, 0, 1)

Improper
1.5
1
2.5
(0, 4, 1)
(1, 0, 0)
(0, 0, 1)

Table 3: Eigenstructure of the b = 3/2 nulls

2.4.1

Relaxation

The ideal relaxation of the null point systems was carried out in Lare3D as described
in the previous section. The artificially high background viscosity (⌫ = 0.01) was again
employed to accelerate the viscous damping of the flows to achieve a quasi-equilibrium
state. The same criteria as before were used to terminate the relaxation. The magnitude
of the total force away from the boundaries must be small. Additionally, the integrated
kinetic energy should be relatively small and the internal and magnetic energies should
be constant.
It is clear from figure 14 that the extent of the relaxation is not the same in the two
experiments. The magnitude of the total force in the improper case is at least twice
that of the spiral experiment across the entire domain and is almost ten times higher at
the z boundaries where 0.33 < x, y < 0.33. The relaxation of the improper null was
cut short because it was particularly susceptible to numerical di↵usion, which would
lead to a null point bifurcation if allowed to continue. This chapter is solely concerned
with reconnection at isolated null points but chapters 3 and 4 will deal with systems
containing multiple connected nulls.
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Figure 14: Integrated total force in 27 subvolumes within the domain. The columns
correspond to di↵erent x ranges and the rows show the y ranges. The three bars within
each of the nine histograms are the z ranges. The forces for the improper null are shown
on the left and the spiral null on the right.
The current layers are much smaller for b = 3/2 than they were in the b = 2/3 case.
The alignment of the current is still parallel to the x-axis, which is the direction of
the initial fan current. However, the current is localised about the null point (along
the separatrix surface) and does not extend to the boundaries of the numerical box.
The other key di↵erence between figure 15 and figure 6 is the direction of the fieldlines
along the fan plane. For b = 2/3, the fieldlines were aligned with the x-axis but here
the major axis is in the y direction. The direction of the fieldlines and the nature of the
current layers are connected, as an initial current directed along the fieldlines allows
for more efficient transport of current away from the null point.

2.4.2

Energies

The energy changes for the b = 3/2 experiments are shown in figure 16. As for the
b = 2/3 experiments, there is a conversion of magnetic energy to internal energy and
(to a lesser extent) kinetic energy. However, there is a clear distinction between these
two experiments due to the non-equilibrium initial condition of the improper null. The
energy changes for the improper null are marked by large oscillations caused by the
plasma motions. The same oscillations can be vaguely seen in the spiral case occurring
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z
x y
Figure 15: Magnetic skeleton before (left) and after (right) relaxation. Isosurfaces
show the critical current used in the reconnection experiment. First row: improper
null; isosurface shows |j| = 20.19. Second row: spiral null; isosurface shows |j| = 22.73.
Note that the image is rotated by 30 degrees about the y-axis to improve fieldline
visibility.
at approximately the same times. The period of these oscillations is approximately 1,
as the times are normalised by the transit time for an Alfvén wave through the box.
The improper null experiences a net loss of kinetic energy since the velocity damping
due to the relaxation process outweighs the velocity gain due to reconnection. The
spiral null experiences a relative kinetic energy gain of the order 10 8 which is 1% of
the internal energy gain in keeping with the b = 2/3 experiments. The improper null
converts more magnetic energy because the greater initial plasma velocity drives more
reconnection but the quantity is still only half that converted by the b = 2/3 nulls.
In figure 17 the terms contributing to the energy changes in the spiral experiment are
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Figure 16: Time and volume integrated energy changes for the b = 3/2 null reconnection, normalised by initial total energy. Blue: improper, orange: spiral.
shown. There is a considerable di↵erence in the time evolution of these terms for the
two b = 3/2 experiments but the spiral case is shown because these plots are more
representative of the reconnection process. If the same quantities were plotted for the
improper nulls, there would be signs of both relaxation and reconnection, which would
be difficult to distinguish.
The Poynting flux once more indicates a flow of magnetic energy between the outer
subvolume and the two middle shells. The flux is initially close to zero in all subvolumes
unlike the b = 2/3 case, where the flux is initially at a maximum or minimum (depending
on the shell). The work done by the Lorentz force is similar to that seen for b = 2/3.
The outer subvolume does the least work and the middle shells dominate at the start,
before the inner shell becomes the most important. As with the Poynting flux, the work
done by the Lorentz force is close to zero at the start of the experiment before ascending
to the first peak. The principal di↵erence a↵ecting the magnetic energy change is in
the Ohmic heating. Here it is contained almost entirely within the central subvolume,
whereas for b = 2/3 it is distributed across all of the shells. This has a straightforward
explanation, as the current layer in figure 15 is localised about the null point while that
in figure 6 covers the whole of the x-axis. The nature of the Ohmic heating in inner
subvolume is the same as before, with an initially high rate of heating being followed
by a brief delay and then impulsive heating after t = 0.1.
The viscous heating for the b = 3/2 experiment is approximately half that of the
b = 2/3 case. The larger current layer for b = 2/3 should lead to a more widespread
non-equilibrium and hence a higher integrated viscous heating. In the outer subvolume,
it is only one third of the b = 2/3 value, as the di↵erence increases with distance from
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

(i)

Figure 17: Terms contributing to rate of change of energies for spiral null. These instantaneous values are integrated across four distinct subvolumes (blue: 0.75 < |x, y, z| < 1,
yellow: 0.5 < |x, y, z| < 0.75, green: 0.25 < |x, y, z| < 0.5, red: |x, y, z| < 0.25). a)
Poynting flux; b) Work done by the Lorentz force; c) Ohmic heating; d) Viscous heating; e) Work done by the pressure force; f) Enthalpy flux; g) Work done by the viscous
force; h) Kinetic energy flux; i) Di↵erence between work done terms.
the centre. Although this experiment is generally closer to an equilibrium than that in
the previous section, it is important to remember that the forces were approximately
balanced in the b = 2/3 case. Hence, the work done by the pressure force (figure 16(e))
is almost indistinguishable from that done by the Lorentz force (figure 16(b)). The
enthalpy flux is not only a factor of 2 less but also distributed among the subvolumes
di↵erently. The outer middle shell is of greater importance here, although the mag59

nitudes of the fluxes are similar for each of the four shells. This is surprising, since
it suggests that the energy transfer is less localised than in the case with the larger
current layer.
As in the b = 2/3 experiments, the kinetic energy change is modest as the work done
by the viscous force balances the net work done by the Lorentz and pressure forces.
The kinetic energy flux is an order of magnitude less than for b = 2/3. The flux is also
directed into the inner two subvolumes while it was previously only feeding the inner
shell. This evidence also conflicts with the idea that the reconnection is more localised
for b = 3/2.

2.4.3

Reconnection Rate

The nature of the reconnection can again be studied by looking at the parallel electric
field along fieldlines passing through z = 0. Three frames from both the spiral and
improper nulls are shown in figure 19 to give an impression of the spatial distribution
of Ek . In the first row, the reconnection is commencing at the start of the experiment
and the Ek covers a continuous region, being strongest in the vicinity of the null. The
reconnection has ceased altogether in the second row as the super-critical current has
been exhausted. In the bottom row, the reconnection continues in small disconnected
parts of the original current layer. This sequence of reconnection events is consistent
with the behaviour seen for b = 2/3. The Ek here covers a smaller length of the xaxis because the current layer in figure 15 is localised about the null. The spiral null
also does not feature the plumes of weaker Ek spreading in the y-direction, as the Ek
is generally more homogeneous. Additionally, the Ek is more fragmented during the
impulsive reconnection for b = 2/3, as the critical current is only exceeded in sporadic
locations. As before, the current layer does not undergo significant changes during the
impulsive reconnection, as the bursts of Ek act to smooth those localised regions where
|j| > jcrit .
The reconnection rates in figure 20 again show the three phases discussed previously in
the b = 2/3 experiments. There is an apparent di↵erence in the timescales over which
the reconnection takes place, as the rapid reconnection expires more quickly and the
impulsive reconnection starts around t = 0.1 compared with the t = 0.2 previously
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Figure 18: Parallel electric field integrated along fieldlines passing through z=0, left:
jsp = 0, right: jsp = 1
(a) t = 0.01

(b) t = 0.01

(c) t = 0.21

(d) t = 0.16

(e) t = 0.46

(f) t = 0.29

Figure 19: Parallel electric field integrated along fieldlines passing through z = 0, left:
spiral, right: improper

seen. The magnitude of the Ek is also lower during the rapid reconnection. This is due
to the more localised current layer, as fieldlines passing through the di↵usion region
will experience a non-zero resistivity across a shorter length.

2.4.4

Flows

Although one might expect that the localised current layer would lead to a localised
flow pattern, figure 21 shows the wave communicating the loss of equilibrium to the
edges of the domain. The pressure perturbation is shown for clarity but the wave can
also be identified in current contours as in figure 12. The first column shows the instant
that the wave is released from the reconnection site and the current layer is outlined.
The wave is clearly visible in the second column, along with a widespread pressure
increase encircling the null with embedded localised reductions. In the third column,
the leading wavefront is succeeded by a train of smaller disturbances, which are emitted
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Figure 20: Time evolution of the maximum and minimum values of the integrated Ek
along fieldlines passing through z = 0
continuously from the null point during the impulsive reconnection.
The structure of the wave seems to be simpler than its b = 2/3 counterpart. In the
x = 0 plane, there are two wavefronts propagating parallel to the width of the current
layer. By contrast, for b = 2/3 four separate features can be identified and their motion
is perpendicular to the current layer width. For y = 0, the length of the planar waves
is obviously less than that previously seen, since the current layer does not extend to
the boundaries. The direction of travel is consistent however, which is also the case
for z = 0. Again, the wave here consists of two fronts travelling parallel to the line
x = 0. The di↵erences in wave morphology can be explained by the interaction with
the flattened S-shape fieldlines associated with the spiral nulls. In the b = 3/2 case,
the current has accumulated in the centre of the S-shape, where the fieldline is almost
straight. For b = 2/3, the current is more aligned with the curved parts of the fieldlines
so the corresponding pressure perturbations move slightly apart from each other.
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(a) t = 0.02

(b) t = 0.21

(c) t = 0.41

Figure 21: Running di↵erence contour showing perturbations in the plasma pressure
(⇥10 5 ). Top: x = 0, middle: y = 0, bottom: z = 0. The time interval between
successive frames is 0.01.

2.5

Nulls Without a Major Axis

In the final results section, another pair of null points will be compared. As before,
these satisfy jsp = 0 (improper) and jsp = 1 (spiral) and both have jf = 1. The
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di↵erence from the previous sections is that b = 1, which means that the improper null
has a repeated fan eigenvalue. The consequence of this fact is that the null does not
have a major axis.

1
2
3

x1
x2
x3

Spiral
1.0 + 0.5i
1.0 0.5i
2.0
( 0.5, 3.0, 1.0)
(3.0, 0.5, 0.0)
(0, 0, 1)

Improper
1.0
1.0
2.0
(0, 3, 1)
(0, 3, 1)
(0, 0, 1)

Table 4: Eigenstructure of the b = 1 nulls

2.5.1

Relaxation

The relaxation was performed as in the previous two subsections. The integrated total
force for the final state has once more been plotted in figure 22. The force distribution
in the critical spiral null is very similar to the improper null seen in figure 3 for b = 2/3.
Since the previous field was deemed to be an acceptable quasi-equilibrium according to
both the energy changes and forces, it is fair to conclude that this case is also sufficiently
relaxed. The spiral null force distribution is di↵erent from those seen before, as there
is symmetry in both the x and y directions. In spite of this, the forces are still confined
to the boundary and the topological features, meaning the forces for |z| > 0.33 are
negligible for |x| < 0.33 and |y| < 0.33. The peak magnitude of the total force is slightly
lower than previous spiral nulls so this case also appears to be a quasi-equilibrium.
The magnetic skeleton for the b = 1 nulls can be seen in figure 23. The fieldlines are
traced from a ring of evenly spaced points surrounding the spine footpoints and remain
evenly spaced when they spread across the fan plane. This is the e↵ect of setting b = 1,
as there is no major axis upon which the fieldlines are concentrated (unlike in figures 6
and 15). The dimensions of the current layer are closer to the b = 3/2 case than b = 2/3,
although the extent is slightly larger in both the x and y directions. The magnitude
of the current in the isosurface is between the values for b = 2/3 and b = 3/2. This
is consistent with the results in Al-Hachami and Pontin (2010), which found that the
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Figure 22: Integrated total force in 27 subvolumes within the domain. The columns
correspond to di↵erent x ranges and the rows show the y ranges. The three bars within
each of the nine histograms are the z ranges. The forces for the improper null are shown
on the left and the spiral null on the right.
magnitude of the current increases with the parameter b, whereas the length of the
current layer decreases.

2.5.2

Energies

The total amount of magnetic energy converted (in figure 24) is similar to that in the
b = 3/2 experiments. This energy transfer occurs in phases, which has been shown
to reflect the flow reversals occurring in the numerical box. It is interesting that the
amount of energy transferred by the improper null lags behind the spiral null before
t = 0.7. This initially slow rate of energy transfer for the improper null is evident in
the internal energy but not the kinetic energy, which always exceeds the spiral case.
It is unusual that the Ohmic heating and the viscous heating are not in agreement.
Generally, one would expect that the system with the higher reconnection rate would
dissipate more current and would also produce stronger reconnection outflows, leading to a higher viscous heating. Clearly this association can not be made in these
experiments. The Ohmic heating at the spiral null is higher during both the fast and
impulsive phases of the reconnection but the viscous heating at the improper null is
greater (reflecting the greater kinetic energy in the system).
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z
x y
Figure 23: Magnetic skeleton before (left) and after (right) relaxation. Isosurfaces
show the critical current used in the reconnection experiment. First row: improper
null; isosurface shows |j| = 14.58. Second row: spiral null; isosurface shows |j| = 14.67.
Note that the image is rotated by 30 degrees about the y-axis to improve fieldline
visibility.
2.5.3

Reconnection Rate

The spatial distribution of the parallel electric field is very similar to that seen in the
b = 3/2 experiments (figure 19). The contours for t = 0.01 still show strong continuous
regions of Ek , indicating that the rapid reconnection occurs over a timescale that is
closer to the b = 2/3 experiments. The impulsive Ek is also slightly stronger than that
seen for b = 3/2 and involves more of the current layer.
Figure 26 shows that the reconnection rate is higher at the spiral nulls, notwithstanding
the large burst of reconnection at the improper null shortly before t = 0.2. This
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Figure 24: Time and volume integrated energy changes for the b = 1 null reconnection,
normalised by initial total energy. Blue: improper, orange: spiral.
(a) t = 0.01

(b) t = 0.01

(c) t = 0.10

(d) t = 0.1

(e) t = 0.40

(f) t = 0.4

Figure 25: Parallel electric field integrated along fieldlines passing through z=0, left:
jsp = 0, right: jsp = 1
corroborates the Ohmic heating plot in figure 24 but it does not agree with the evidence
of previous sections (figures 10 and 20), which suggested that reconnection is stronger
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at improper nulls. One conclusion that can be drawn is that the nature of the di↵usion
region is critically important in determining the reconnection rate. The b = 3/2 and
b = 1 experiments all have localised current layers surrounding the null point, while for
b = 2/3, the current layer reaches the x boundaries. The reconnection rate is higher for
the b = 2/3 experiments because the critical current is exceeded across a greater length
of the reconnecting fieldlines, even though the magnitude of the current is smaller. This
property agrees with Al-Hachami and Pontin (2010), where the experiments with larger
current layers (and smaller maximum current) had the greatest reconnection rates.

Figure 26: Time evolution of the maximum and minimum values of the integrated Ek
along fieldlines passing through z = 0

2.6

Discussion

This work has studied null point reconnection at an equilibrium current layer, comparing the two categories of generic linear nulls- improper and spiral. In each of the six
experiments, an initial non-equilibrium magnetic field was relaxed to form a current
layer that coincided with the fan plane. Using this equilibrium field, a reconnection
experiment was performed by imposing an anomalous resistivity where the current
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exceeded a critical value (chosen to localise the di↵usion region about the null).
The nature of the reconnection at the two di↵erent types of null was found to be
quite similar, although there were some di↵erences. In both cases, the majority of
the free magnetic energy was converted to internal energy by Ohmic and adiabatic
heating. All of the experiments featured rapid reconnection after the resistivity was
switched on, before the current layer would rebuild to allow further reconnection to
occur in an impulsive manner. The reconnection rates at the improper null points were
slightly higher than the spiral cases, as was the amount of magnetic energy converted.
This could be linked to the fact that the critical current was slightly higher in the
spiral experiments, meaning the reconnection was fractionally more widespread in the
improper cases.
The nature of the fan fieldlines (spiral or improper) is shown to be of secondary importance to the extent of their azimuthal symmetry, governed by the parameter b. In
keeping with Al-Hachami and Pontin (2010), a higher value of b leads to a more localised current layer containing stronger current. The reconnection rate declines as b
is increased because the parallel electric field is non-zero along a smaller portion of the
length of the fieldlines.
There are a number of possible extensions to this work studying null point reconnection.
This chapter presents only a small portion of the parameter space and there are a
number of changes that can be made a↵ecting both the initial null point configuration
(varying b, jsp and jf ) and the reconnection experiment (altering the magnitude or
spatial profile of ⌘ and ⌫; varying the size of the current layer through jcrit ). Although
there are clear benefits to starting the reconnection from a quasi-equilibrium state, it
could be informative to run the experiment without a relaxation phase, for example
to test whether the results are qualitatively the same if the magnitude of the flows is
greater. Another possible way to achieve greater flow speeds would be to perform a low
beta experiment by reducing the initial plasma pressure.
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3
3.1

Single Separator Reconnection
Introduction

The null points that occur high in the solar corona are not thought to exist in isolation
but rather in oppositely signed pairs. These pairs of nulls can be connected by a
separator line if their separatrix surfaces intersect. Although null points are modelled
mathematically by a linear magnetic field, global configurations containing multiple null
points are nonlinear. This means that although the linear approximation is valid locally
around the nulls, their spines and separatrix surfaces can bend. Consequently, two nulls
can be connected by multiple separators, as will be studied in depth in Chapter 4.
Separator reconnection has been proposed as a possible mechanism for energy release in
the solar atmosphere. It is thought to be more viable than pure null point reconnection
because photospheric extrapolations suggest that the number of nulls that are connected
greatly exceeds the number that are isolated. Additionally, separators can be longer
than 1000Mm (Platten et al. (2014)), which hypothetically allows the di↵usion region
to be much larger than those seen in null point reconnection. It has been shown
analytically (Longcope (2001)), as well as numerically (Stevenson et al. (2015)), that
the current in a magnetic field with connected nulls preferentially builds along the
separator.
The concept of separator reconnection was introduced in Lau and Finn (1990), which
analytically reviewed a number of di↵erent types of reconnection, both null and nonnull, in two and three dimensions. The work studied magnetostatic reconnection (with
a magnetic field that does not evolve in time) and kinematic reconnection, which prescribes a time-dependent magnetic field but does not account for the changes caused
by plasma flows and current. In both of these cases, the goal is to solve for the electrostatic potential and identify the locations where it becomes singular, meaning ideal
MHD breaks down. In another early work in this area, Longcope and Cowley (1996)
o↵ered an alternative to kinematic reconnection by adding a singular current layer to
potential 2D and 3D null point fields.
In more recent work, Haynes et al. (2007) identified separator reconnection in a 3D
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numerical MHD experiment where two oppositely signed magnetic flux fragments were
brought together. This simulation not only demonstrated that separator reconnection
could be at the centre of dynamic phenomena occurring in the solar atmosphere, but also
showed that a single pair of null points could be connected by multiple separators. In
Stevenson and Parnell (2015a), reconnection at a single separator was studied in detail
numerically for the first time. The authors took an initially non-potential quadratic
magnetic field and relaxed the system to form a current layer aligned with the separator.
An anomalous resistivity was used to initiate reconnection within this current layer,
which was found to consist of two phases- fast and impulsive reconnection. These
terms will be used to describe the results in the experiment presented in this chapter,
drawing parallels between the two works.
This numerical experiment will analyse reconnection of a magnetic field containing two
null points connected by a separator, as well as a current sheet initially located away
from the separator. There are relatively few separator reconnection experiments in the
literature. The most comprehensive study was performed by Stevenson and Parnell
(2015a), where the non-potential initial field was relaxed to form a quasi-equilibrium
before initiating the reconnection. Instead of the quadratic magnetic field used in
previous work, the field here will be constructed from hyperbolic functions, giving the
separatrix surfaces a more complicated geometry. In addition, the initial field has an
embedded current sheet rather than a constant component of current across the domain.
This work will investigate whether the specific initial current distribution significantly
e↵ects the reconnection. Another important aspect of (the second part of) this work is
that the initial condition is chosen to be close to an equilibrium. Since the initial flows
are small, it is not necessary to include a relaxation phase in the experiment.

3.2

Analytical Field

This section will explain the origins of the magnetic field (and balancing pressure)
used throughout the Chapter. When studying 3D reconnection, it can be advantageous
to start with an equilibrium current layer. However, a 3D non-potential equilibrium
containing null points is yet to be discovered. This means that such reconnection
studies must be carried out numerically, using a non-equilibrium initial condition. In
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Stevenson and Parnell (2015a) and chapter 2 of this thesis, the initial non-potential field
has to be relaxed ideally before a reconnection study can be commenced. Although
this process results in a convincing force balance, the ideal treatment of the field is
numerically expensive, requiring on average eight nodes on an HPC cluster to run for
a week. Furthermore, the subsequent reconnection converts only a small fraction of
the free magnetic energy, as the flow speeds remain low throughout the experiment
when beginning with an equilibrium. Here, a di↵erent approach is essayed, building an
analytical initial condition that does not require relaxation. Rather than starting with
a fully 3D separator field, this work begins with an exact 2D equilibrium containing a
single X-point and adds a perturbation field that converts the 2D X-point to two 3D
null points. The 2D Corrugated Sheet Pinch field is a well known solution to the GradShafranov equation, which is often viewed as a generalisation of the 1D Harris Sheet.
Not only does the 2D field feature X-points embedded in a current sheet structure
but the field components are also finite unlike previous separator models, which use a
truncated expansion field that diverges at infinity.

3.2.1

Harris Sheet

The Harris Sheet is a simple example of a current sheet, which is of fundamental
importance in the study of reconnection and other phenomena. This field has been
used in a variety of astrophysical experiments, both numerical and analytical, MHD
and collisionless. As has already been discussed, current sheets are necessary to achieve
the low Magnetic Reynolds number required for di↵usive processes. The small length
scales present in the current sheet compensate for the low plasma resistivity operative
in the solar corona and Earth’s magnetosphere. More precisely, the Harris Sheet is
a neutral sheet, in that the magnetic field direction reverses about the current sheet,
meaning the field strength is zero at the location of the peak current.
In the following work, it will be assumed that the Harris Sheet magnetic field is directed
along the x-axis with a constant guide field in the y-direction. The magnetic field has
a tanh profile that varies with z so the current density is directed parallel to the y-axis
and has a sech2 profile. One of the reasons why the Harris Sheet is so frequently studied
is that it is an exact equilibrium- the Lorentz force associated with the magnetic field
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is balanced by a pressure gradient. As shown in equation (58), the pressure thus has
the same spatial variation as jy , although there can be a background component p0 .
rp = j ⇥ B
dp
= 0, sech2 (z/Lz ), 0 ⇥ tanh(z/Lz ), By0 , 0
dz
p = p0 + sech2 (z/Lz )

3.2.2

(58)

Corrugated Sheet Pinch

The Harris Sheet can be regarded as a 1D solution to the Grad-Shafranov equation. This
equation provides equilibrium solutions for MHS systems with an invariant direction
(in this case the y-direction). The magnetic field in such a scenario can be decomposed
into poloidal and toroidal components as B = r ⇥ (A(x, z)ey ) + By (x, z)ey , with the
flux function A constant along fieldlines. It can be shown by manipulating the equation
of motion (see Schindler (2006)) that p = p(A) and By = By (A). The equation to be
solved once these functions have been specified is then:
A = µ0

dp
dBy
+ By
dA
dA

(59)

Setting p = p0 e2A and By = b gives Liouville’s equation,
A = e2A . This chapter
will use the Corrugated Sheet Pinch or Cat’s Eye solution. The magnetic field is:
Bx =

sinh(z/Lz )
cosh(z/Lz ) + (1 ↵2 ) cos(x/Lx )

B y = B y0

(60)
2

Bz =

(1 ↵ ) sin(x/Lx )
cosh(z/Lz ) + (1 ↵2 ) cos(x/Lx )

(61)

This field reduces to the Harris Sheet if ↵ = 1. Otherwise, the poloidal field contains
a sequence of X-points and O-points along the x-axis. It is important to note that
although the 2D field resembles a null point structure, the constant guide field ensures
that there are no 3D nulls. However, the value of the 2D magnetic field in this chapter
is the possibility to transform the poloidal X-points into 3D null points by the addition
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of a By term that cancels with the guide field component at the X-points. Because By
is constant the only non-zero component of the current density is jy . As in the Harris
Sheet, the spatial variation of the current density is equivalent to that of the pressure.
For general choices of p and By the pressure varies like jy but this is a special case
because of the unidirectional current density.
j=

✓

0,

p=

↵2 (↵2 2)
,0
(cosh(z/Lz ) + (1 ↵2 ) cos(x/Lx ))2

◆

p0 ↵2 (↵2 2)
(cosh(z/Lz ) + (1 ↵2 ) cos(x/Lx ))2

(62)

(63)

Figure 27: Corrugated Sheet Pinch magnetic field with ↵ = 0.5 and Lx = Lz = 1.
There are 2D X-points located at (±⇡,0) and an O-point at (0,0).

3.2.3

3D Magnetic Field

The flux function given in equation (39) is in fact the y-component of the vector potential A for the 3D magnetic field:
B=

✓

@Az
@y

◆
✓
@Ay
@Ax
ex +
@z
@z

◆
✓
@Az
@Ay
ey +
@x
@x

◆
@Ax
ez
@y

(64)

The constant guide field is achieved by setting Az = By0 x. In the 2D field, Bx and Bz
vanish at (0, 0) but the constant guide field in the y-direction means there are no 3D
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nulls. It is necessary to alter the vector potential so that By vanishes in two locations.
This is a matter of assuming Ax = Ax (y, z) or Az = Az (x, y). The former assumption
would also introduce a Bz term that is independent of x, while the latter adds a Bx
term that does not vary with z. Of these two possibilities, the extra Bz term is the least
injurious because it does not disturb the Harris Sheet, which will remain a limiting case
of the 3D field. Hence, we can choose:
Ax = By1 L1 g(y)h(z)

(65)

The magnetic field components a↵ected by the addition of this term to the vector
potential now have the following forms:
By = By0 + By1 L1 g(y)h0 (z)
Bz =

Bx0 (Lz0 /Lx0 )(1 ↵2 ) sin(x/Lx0 )
cosh(z/Lz0 ) + (1 ↵2 ) cos(x/Lx0 )

By1 L1 g 0 (y)h(z)

(66)

Now, the functions g(y) and h(z) must be carefully chosen to meet certain criteria. The
foremost requirement is that By must have two zeros, which means that g(y) should
not be monotonic. If g(y1 ) = g(y2 ) then it will be possible to cancel the constant
guide field, assuming the additional By term is negative. The additional Bz term must
also vanish at the desired location of the null points, z = 0. Finally g(y) and h(z)
should be finite functions, along with their derivatives. The Corrugated Sheet Pinch
was chosen as a starting point in part because its field components are all finite, so
this should be maintained with the added terms. Choosing g(y) = sech2 (y/Lz1 ) and
h(z) = tanh(z/Lz1 ), the 3D flux function becomes:
Ax = By1 Lz0 sech2 (y/Ly1 ) tanh(z/Lz1 )
⇥
⇤
Ay = Bx0 Lz0 ln cosh(z/Lz0 ) + (1 ↵2 ) cos(x/Lx0 )
Az =

B y0 x
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(67)

The corresponding 3D magnetic field is equal to the Corrugated Sheet Pinch plus additional terms in By and Bz :
Bx =

sinh(z)
cosh(z) + (1 ↵2 ) cos(ax)

By = b + cr sech2 (dy) sech2 (rz)
Bz =

a(1 ↵2 ) sin(ax)
sinh(dy)
+ 2cd
tanh(rz)
2
cosh(z) + (1 ↵ ) cos(ax)
cosh3 (dy)

(68)

The magnetic field has been normalised as follows:
a=

L z0
L x0

b=

B y0
B x0

The nulls are located at (0, d1 cosh 1 (

3.3

c=
q

B y1
B x0

d=

L z0
Ly1

r=

L z0
L z1

(69)

cr
), 0).
b

Numerical Setup

This experiment uses the 3D magnetic field given in (68) and an initial plasma pressure
of the form (63), which balances the 2D Corrugated Sheet Pinch field. The simulation is
performed using Lare3D to solve the resistive MHD equations (as described in Chapter
1). The magnetic field parameters used in the main experiment are ↵ = 0.9, a = 1.0,
b = 0.1, c = 0.2, d = 1.0, r = 1.0 and the background pressure is p0 = 0. The main
experiment uses a non-uniform resistivity, which is only non-zero (⌘ = 0.001) where the
current density exceeds the critical value jc = 1. The viscosity has a background value
of ⌫ = 0.001 and the shock viscosity is as described in Chapter 1. The simulation box
has |x, y, z| < 1.5 and the grid size is 5123 points. As in the previous chapter, line-tied
boundary conditions are used.

3.3.1

Initial Magnetic Topology

The initial magnetic topology is shown in figure 28, featuring two null points (positive
and negative respectively) at (0, ±0.88, 0). The positive spine is inclined at 2.69 radians
to the x-axis and the negative spine at 0.45 radians. The separatrix surfaces are almost
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planar due to the choice of parameters but there is a visible displacement in the zdirection at the x = 1.5 boundary, which is mirrored at x = 1.5.
The separator connecting the two nulls sits along the y-axis and splits the magnetic
field into four flux domains, illustrated in figure 28. Domain I consists of flux that
travels in to the box from the positive x boundary along the negative fan and exits the
same boundary along the negative spine. The flux in domain II enters via the negative x
boundary along the positive spine and leaves through the positive x boundary along the
negative spine. In domain III, flux enters and leaves the box at x = 1.5 and in domain
IV, the flux enters at the upper boundary and leaves through the lower boundary.

IV
I

III
II

Figure 28: Magnetic skeleton for the 3D separator field. Four ‘flux tubes’ are plotted
to show fieldlines in each of the four flux domains.
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3.3.2

Current Density

The current density for the 3D field is equal to the 2D current in equation (62) plus a
jx term that is dependent on y and z.
jx =

2cd2 tanh rz
cosh2 dy

6cd2 sinh2 dy tanh rz
2cr2 sinh rz
+
cosh4 dy
cosh2 dy cosh3 rz

(70)

Figure 29 shows the magnitude of the current density in the three mid-planes. The
current density reduces to the 2D form in the plane z = 0. Here, there is no y dependence and jy ⇠ (cos x1 1)2 . The same x variation applies to any y or z cut but
the z dependence in y = 0 is more complicated. Clearly the magnitude of the current
is highest closer to z = 0 but the additional current due to the 3D field varies like
tanh z(1 + sech2 z). The most complicated picture arises in the x = 0 plane, where two
current sheets appear to intersect. The 2D current in this plane is simply jy ⇠ sech2 z
but the jx term is a function of both y and z. As already discussed, this jx vanishes
at z = 0 but otherwise, it is strongest in the neighbourhood of y = 0 and seems to be
weakest around y = ±0.7.

(a) x = 0

(b) y = 0

(c) z = 0

Figure 29: Magnitude of the current density in the three mid-planes. Note that the
contour levels are di↵erent in each cut.
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3.3.3

Forces

Since this experiment uses the balancing pressure for the 2D field, the initial condition
is not an equilibrium. As discussed in the previous section, the current density consists
of the Corrugated Sheet Pinch jy (x, z) term and the new jx (y, z). In the z = 0 plane,
the jx term is equal to zero, meaning the Lorentz force is the same as in the 2D case and
there is a local force balance. For y = 0, there is current at the z boundaries resulting
in an unbalanced Lorentz force. From looking at the total force, it is also clear that
there is a force imbalance for |z| < 0.7 although its magnitude is small compared to
the Lorentz and pressure forces. Of the three mid-planes, x = 0 is the farthest from an
equilibrium because of the strong jx term close to y = 0. The resulting force consists
of two ring shapes centred on y = ±0.7 and the vectors point inwards towards these
centres.

3.4

Reconnection from Non-equilibrium

The energy transfer in this experiment is not a straightforward transaction between
the magnetic energy and internal energy as in the null point reconnection in chapter 2.
This can be explained by the force imbalance in the initial condition, which results in a
significant amount of kinetic energy in the early part of the experiment (t < 5). In figure
31, the energy changes for an ideal experiment are displayed alongside the resistive case
to emphasise the importance of the ideal flows. The ideal experiment will be discussed
separately in section 3.6. Both the internal and magnetic energies experience an initial
decrease due to the plasma motions. At around t = 1, this decrease is cancelled because
the flow direction reverses, meaning the resultant force now opposes the velocity and the
plasma decelerates. Around t = 3, the second reversal occurs, allowing the plasma to
accelerate once more. Hence there is a second peak in the kinetic energy, accompanied
by another loss of magnetic and internal energies.
The impact of the flows becomes less important around t = 4 as the rate of Ohmic
heating reaches its peak. This marks the first (and largest) reconnection event, caused
by the build-up of current along the separatrix surfaces. This ohmic heating accounts
for a transfer from magnetic to internal energy of roughly 8 ⇥ 10 4 . After the super79

Figure 30: Forces in the three mid-planes of the analytical separator field. The three
columns show the Lorentz force, pressure force and total force respectively. The rows
show the di↵erent cuts: x = 0, y = 0 and z = 0.
critical current has been mostly dissipated, the internal energy is steady between t = 6
and t = 8. During this time, the current layer is rebuilding and the second reconnection
event occurs from t = 8 to t = 12. A further 9 ⇥ 10 4 energy conversion takes place
here. At t = 14, the Ohmic heating reaches a second trough and there is a brief respite
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in the magnetic and internal energy changes before the third reconnection event begins
at t = 15, continuing until the experiment is terminated. In spite of using a ’switch-o↵’
resistivity, there is a non-zero Ohmic heating rate throughout the period studied, to
which the oscillations are superposed.

(a)

(b)

(c)

(d)

Figure 31: Time and volume integrated energy changes (normalised by the initial total
energy): a) magnetic energy; b) internal energy; c) kinetic energy; d) total energy
Figure 33 shows the terms contributing to the energy changes in figure 31, integrated
over subvolumes within the domain.
The Poynting flux carries electromagnetic energy between the di↵erent subvolumes. It
is initially negative across all the subvolumes as the energy is transported from the
boundaries towards the centre of the domain. The flow reverses around t = 2 such that
the Poynting flux carries energy into the outer subvolumes. The direction of the flow
changes once again at t = 3.5, establishing the oscillatory pattern caused by collisions
with the line-tied boundaries. The Poynting flux is initially greatest in the middle
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(a)

(b)

Figure 32: Rates of change for the heating terms contributing to the energy changes:
a) Ohmic heating; b) viscous heating
subvolumes, although after the flows have traversed the box at t = 3.5, the inner shell
becomes more important. This suggests that the restructuring of the magnetic field
shifts the energetically important sites towards the centre of the domain.
The work done by the Lorentz force displays a similar periodicity to the Poynting flux,
as the initial sign changes are consistent with those seen in (a). As the direction of
the flow changes, it acts to either support or oppose the Lorentz force. At the start of
the experiment, the work done is positive since the Lorentz force is generally directed
towards the centre of the box (figure 30). The majority of the work done occurs in the
middle subvolume at the beginning of the experiment but after the flow reverses, this
subvolume loses its importance compared with the outer subvolumes. This implies that
either the magnetic field in the middle subvolume is undergoing significant changes or
there are smaller scale flows developing. The work done in the inner subvolume is also
indicative of complexity in the system, since it does not become negative until t = 5.
There is no integrated work done in the inner shell between t = 2 and t = 3, suggesting
that the direction of the flows both agrees and disagrees with the Lorentz force within
this region.
According to the plot in (c), the Ohmic heating is experienced across each of the
subvolumes in distinct events which peak at t = 3.5 and t = 10.5. The pulses are
separated by a short period of constant heating, during which only the outermost
subvolumes play a role. The Ohmic heating is a good indicator of magnetic reconnection
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since it measures the current that is dissipated due to the resistivity. The Ohmic heating
is rising at 0 < t < 3.5 and 8 < t < 10.5 as the current builds along the topological
features and declines once the excess current has been dissipated. There is not an
obvious correlation between the Ohmic heating and the Poynting flux or the work done
by the Lorentz force. An inflow is clearly visible in the other quantities for t < 2 but
the flow reverses before the peak Ohmic heating occurs, indicating that the outflow is
not attributable to reconnection.
The work done by the pressure force is initially most significant in the outer subvolumes.
In the outer shells, the amplitude of the work done decays fairly smoothly but this is
not the case in the green and red shells. The amplitude of the work done in these
subvolumes peaks at 2 < t < 3 and 8 < t < 9, when the velocity is oppositely directed
to the pressure gradient. It is not clear why there are no corresponding positive peaks
but it is likely that the pressure gradient exhibits greater complexity in these regions.
The enthalpy flux gives an impression of the heat energy transfer occurring within the
volume. It has the same period as the other quantities (excluding the Ohmic heating)
but the flux has opposite direction to the Poynting flux. The enthalpy flux is experienced
in all subvolumes, including the innermost shell, but is strongest in the middle shells. It
has been seen in (a), (c) and (d) that the middle subvolume is of central importance in
the evolution of the system. The work done by the Lorentz and pressure forces converts
magnetic energy to internal energy so the regions where these terms are important will
be associated with an enthalpy flux.
The kinetic energy flux is two orders of magnitude smaller than the other flux terms
but still reaffirms the importance of the middle subvolume. The inner shell experiences
the greatest flux (magnitude) of any shell at t = 5 and t = 8 in spite of its diminutive
size. The flux into the outer subvolume is relatively modest considering its greater size,
while the central shell once again does not appear to be important.
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 33: Terms contributing to the energy changes integrated over subvolumes within
the domain: a) Poynting flux; b) Work done by the Lorentz force; c) Ohmic heating; d)
Work done by the pressure force; e) Enthalpy flux; f) Work done by the viscous force;
g) Kinetic energy flux. Blue:|x, y, z| < 1.5, yellow:|x, y, z| < 1.2, green:|x, y, z| < 0.9,
red:|x, y, z| < 0.6, brown: |x, y, z| < 0.3
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Figure 34 shows isosurfaces of the current density for four di↵erent frames during the
experiment. The figure shows that there are always strong currents at the boundary
that exceed the threshold. However the reconnection events referred to earlier see the
current layers spread to cover the entire separatrix surfaces.
There is reconnection occurring in all four of the frames in figure 34 but a distinction
can be drawn between the more di↵usive process happening in the left column and the
dynamic reconnection in the right column. At times t = 2 and t = 8, the system is
relaxing to form larger current layers. In the first frame, the flows are the dominant
feature governing the energy changes and the associated relaxation timescale is shorter
than the di↵usion timescale operative at the boundaries. The situation is slightly
di↵erent at t = 8 because the flows have calmed somewhat but the currents at the
boundaries have also diminished a little. The relaxation timescale is still dominant
over the di↵usion, leading to the second reconnection event.
It is clear that the current density spreads across most of the separatrix surfaces during
the reconnection events. The current layer also encompasses the separator and to a
lesser extent the nulls. The key characteristics of these reconnection events are topological changes, which are brought about as the fan planes collapse into each other. In
the right column, the deformation of the fans is apparent from the kink in the positive
spine line. While in the left column this spine is a straight line forming half of a 2D
X-point in projection, on the right it sinks into the positive fan plane. This geometrical
change is localised about the separator as the line-tied boundaries ensure that the spine
remains at roughly 30 degrees to the vertical along most of its course. Once the angle
between the two surfaces becomes negligible locally, the null points undergo bifurcation
to form new pairs of nulls (figure 36) and additional separators (figure 37b).
Figure 35 shows the parallel electric field along the length of the separator. As discussed
in the previous chapter, Ek is a crucial feature of 3D reconnection and when integrated
along fieldlines, can also serve as a measure of the reconnection rate over a compact
high current region. In this experiment, the current fills the entire box in spite of
showing a clear preference for the separatrix surfaces. Therefore in this case, Ek is not
a good indicator of the reconnection rate, since there is no well-defined di↵usion region.
However, the use of a non-uniform resistivity means that the Ek is somewhat localised
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(a) t = 2

(b) t = 5

(c) t = 8

(d) t = 11

Figure 34: Current isosurfaces showing |j| = 1 at di↵erent times during the reconnection, viewed from the negative y boundary
unlike the current density. So it is possible to determine when separator reconnection
is occurring from figure 35 and also which parts of the fieldline exceed the critical
current. Of course, this figure does not give an indication of where else in the domain
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reconnection is taking place and how this compares with (and interacts with) the local
process along the separator.
This plot is only concerned with the local Ek at points within the separator line. Because
the separator initially sits along the y-axis and does not deviate significantly from this
position, the y-coordinate of the separator points is used in this space-time plot. The
two reconnection events are clearly distinguished, since there is no reconnection along
the separator at other times. The separator reconnection begins shortly after t = 3
at the centre of the separator, before spreading to y = ±0.5. The strength of the Ek
along the separator at this time shows little variation but the peak is at the centre.
Once the current at the centre of the separator has been dissipated and the Ek tends
to zero, weaker reconnection occurs close to the nulls. This is perhaps driven by the
reconnection outflows pushing plasma parallel to the separator.
The reconnection along the separator is evidently di↵erent from that seen in Stevenson
and Parnell (2015a). The previous work began with a separator current layer, so the
separator reconnection commenced immediately and also was strongest at the start of
the experiment. Here, the global current sheet must first di↵use before the current
redistributes itself along the skeleton features. Once the current has exceeded the
critical value, the separator reconnection initially occurs at the centre away from the
nulls, similarly to Stevenson and Parnell (2015a). However, the Ek seems to intensify
after the reconnection event begins, as well as spreading along the separator towards
the nulls. The majority of the ‘super-critical’ current along the separator is dissipated
and there is a pause in the Ek before the reconnection commences as seen before. A
major distinction is the fragmentary Ek occurring close to the nulls between the two
reconnection events. It should be noted that the separator used in figure 35 is not the
only connection between the two nulls at 6.6 < t < 6.8 (according to figure 37b). Hence
the parallel electric field along the separator is a lower bound for the reconnection rate.
As the separatrix surfaces are warped during the reconnection events, the null points
move apart and the separator lengthens (shown in figure 37(a)). When the separator
reaches the maximum length around t = 6.5, the angle between the separatrix surfaces
tends to zero and topological change occurs.
From figure 37(b), it can be seen that the maximum number of nulls at any time during
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Figure 35: Time evolution of the parallel electric field along the length of the separator
(represented by the y-coordinates)
this reconnection is 8 and there are typically between 40 and 90 separators connecting
these. After the initial bifurcation at t = 6.57, each of the two null points spawns a
new pair giving a total of 6, normally connected by around 30 separators. At t = 6.66,
a second bifurcation occurs at one of the nulls forming an additional pair but this is
unstable and disappears before returning again. Figure 36 shows the null positions
against time in a rough bifurcation diagram.
There are few examples of topological change during separator reconnection in the
literature. In Haynes et al. (2007), there are no separators in the initial condition but
as the photospheric sources are moved towards each other, the positive and negative
separatrix surfaces reconnect and topological change occurs. The dynamic full MHD
experiment consists of six phases, which are identified according to the number of
separators connecting the nulls. Initially, the reconnection yields two separators but
after successive bifurcations the peak number of connections is five. It is difficult to
compare these experiments, since the null points in this chapter maintain their position
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to a large extent, except for some slippage during reconnection. On the other hand,
the nulls in Haynes et al. (2007) are advected from one side of the domain to the other
in order to initiate the reconnection. A more appropriate comparison is with the null
point reconnection in Wyper and Pontin (2014a), where a single null point is subjected
to boundary driving. As in figure 26a, a pitchfork bifurcation sees the initial null point
spawn a new pair of nulls and these in turn undergo further bifurcations.

(a)

(b)

(c)

Figure 36: Null positions plotted over time, showing bifurcations during the first reconnection event. The three plots show the x, y and z co-ordinates respectively.

(a)

(b)

Figure 37: Topological changes during the reconnection experiment: a) time evolution
of the length of the main separator; b) total number of nulls/separators in the domain
during the first reconnection event, taken at intervals of 0.01.
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3.5
3.5.1

Parameter Study
Varying b, c and r

The magnetic field parameters b,c and r were varied collectively to assess the importance
of null points in the experiment. The condition for null points is cr/b > 1 so altering
any one of these three values would a↵ect the topology but it is preferable to study a
grid of experiments to ensure that the e↵ect of changing a particular parameter is not
mistaken for the e↵ect of changing the topology. Each of b,c and r was varied from
0.2 to 0.8 (or -0.2 to -0.8 for the parameter c) with an increment of 0.2, meaning there
was a grid of 64 experiments in total. These were performed at low resolution (1283 )
because of computational limitations but it was first confirmed that the results from
the original experiment could be replicated in a qualitative sense, except for yielding
fewer topological features in the dynamic phase of the reconnection.
Some of the terms contributing to the energy changes are plotted for the 64 di↵erent
experiments in figure 38. The initial total force is plotted along the x-axis because this
is unique to each of the experiments. Unsurprisingly, each of the three quantities is
positively correlated with the total force, although this is not intended to be the focus.
The integrated Ohmic and viscous heating are larger in the experiments containing
null points. By contrast, the work done by the Lorentz force appears to prefer the
experiments that do not contain nulls.
The Ohmic heating plot implies that for two experiments with a given initial total
force (and one can assume similar currents), the one containing null points will develop
larger currents during the course of its nonlinear evolution. As shown in figure 34, the
separatrix surfaces host current layers that are periodically replenished by the plasma
flows. The reconnection thus occurs in distinct events, while the global current sheet
di↵uses continuously. If the topological features are removed, there will be fewer locations in the field where current layers can grow- or the current growth will be less
strongly favoured. The existing current sheet will di↵use away as before but there will
be no additional reconnection.
If the viscous heating is larger in cases containing nulls, this means that the flows
that develop during the course of the experiments are stronger. This agrees with the
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statement that the currents must be larger, leading to more reconnection and plasma
acceleration. However, the work done by the Lorentz force is usually strongly dependent
on the flow speed. In this study, the experiments with no nulls- and consequently weaker
flows- do more work via the Lorentz force. This must mean that the j⇥B force is larger
in the non-null cases. In the absence of topological features, the restructuring undergone
by the magnetic field will be more limited. It is possible that the periodic transfer of
flux towards the separatrix surfaces leads to a more field-aligned current density over
time.

(a)

(b)

(c)

Figure 38: Energy terms plotted against initial total force for the b-c-r parameter
study. Each dot represents one of the 64 experiments with a particular combination of
the parameters. The blue dots are experiments that have nulls and the red ones do not
have nulls. The quantities plotted are (integrated over time and across the volume): a)
Ohmic heating; b) viscous heating; c) work done by the Lorentz force.
The results in figure 38 can be better understood by plotting the terms for a subset of
the experiments with a shared value of the parameters c and r. The four experiments
shown in figure 39 have c = 0.8 and r = 0.6 and the blue and orange lines show
experiments with null points. For larger values of b, it is clear that the initial Ohmic
heating rate is smaller and also the secondary heating events are less important. The
secondary heating still occurs (at a slower rate) for b = 0.6 but the additional peaks
are no longer visible in the b = 0.8 experiment.
The work done by the Lorentz force has a simple form for the experiments without
nulls. This reflects the decaying flow speed, which is more important than the slowly
varying Lorentz force. In the cases containing null points, the work done is not only
smaller but also has a more complicated time evolution. This is because the current is
redistributed along the topological features and the Lorentz force is reduced. Hence the
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work done is a↵ected both by the slowing flow speed and the reduction in the Lorentz
force.
The time evolution of the viscous heating (including the contribution of the shock
viscosity) is shown in figure 39(c) and the background component is plotted separately
in (d). The background heating is larger in the experiments containing nulls (and is the
quantity plotted in figure 40) but when shock heating is included, the viscous heating
is greater in the non-null experiments. This implies that the existence of topological
features inhibits the development of shocks in this system.

(a)

(b)

(c)

(d)

Figure 39: Time evolution of the volume integrated quantities for experiments with
di↵erent choices for the parameter b (normalised by the initial total energy): a) Ohmic
heating; b) work done by the Lorentz force; c) viscous heating; d) background viscous
heating. The four experiments have c = 0.8, r = 0.6 and b = 0.2 (blue), b = 0.4
(orange), b = 0.6 (green), b = 0.8 (red).
In figure 40, the integrated Ohmic heating is shown for a number of di↵erent values of
the parameter b. The key feature of the plot is that after the nulls are removed from
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the model at b = 0.48, there is a sharp downturn in the Ohmic heating. This decline
actually begins at around b = 0.44, as the e↵ect of increasing b is to move the nulls
closer together. The distance between the nulls tends to zero and they are replaced by
a ‘double null’. Hence the length of the separator is small at 0.44 < b < 0.48 and the
area over which current layers can build has been reduced.

Figure 40: Time and volume integrated Ohmic heating plotted against the parameter b
for a range of experiments. The vertical line indicates the value b = 0.48 beyond which
the model does not have nulls (for the choice of c = 0.8 and r = 0.6).

3.5.2

Varying d

The parameter d is inversely proportional to the length of the separator. This section
will compare the energy changes and reconnection rate for experiments with a factor
of 3/2 di↵erence in the separator length.
First considering the reconnection rate, it is important to remember that figure 41
shows the parallel electric field along the separator alone. In the main experiment, the
separator did not experience the strongest reconnection so this is not representative of
the entire domain. The integrated positive Ek is shown here to emphasise the contrast
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between these experiments and the original case (figure 35). Previously, the Ek was
negative across the length of the separator because the regions of current that were
directed opposite to the magnetic field had magnitude less than the critical value. Here,
a constant resistivity is used so reconnection occurs over a wider region, introducing
areas of positive Ek . The reconnection rate is measured as the absolute value of the
integrated Ek so the negative values make the principal contribution but the pulse-like
nature of the positive integral is a better indicator of the distinct reconnection events.
The general trend shown by this figure is for the magnetic fields with shorter separators
to experience a higher rate of reconnection. There is little di↵erence between the
lines showing the maximum Ek , simply because the current is directed opposite to the
magnetic field along the majority of fieldlines, meaning the positive Ek is weak. Instead
concentrating on the minimum reconnection rates, the order of the three lines does not
change (until t = 12) and the strongest reconnection is found in the fields with longer
separators. The di↵erence in the reconnection rates is not proportional to the di↵erence
in separator lengths but rather the change in d. This suggests that the length of the
separator is not the most important detail of these experiments. The jx component has
a term that is proportional to d2 so there is significant variation in the magnitude of
the current across these experiments.

Figure 41: Time evolution of the integrated Ek along the separator for three choices
of the parameter d. Left: integrated positive Ek along the separator; right: integrated
negative Ek along the separator
As expected, the experiments with the higher reconnection rates convert the largest
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amount of magnetic energy. Similarly to the reconnection rates, the two experiments
with d  1 do not show a large di↵erence in the amount of energy converted, at least
in the final frame. In the early part of the experiments where both the magnetic
and internal energies drop due to the release of considerable kinetic energy, there is
clear separation between the three lines. In all three of the experiments, the viscous
heating rate is an order of magnitude higher than the ohmic heating and in spite of
the quantitative di↵erences between the experiments, the peaks in these plots occur at
approximately the same times. The maximum viscous heating occurs around t = 7,
roughly coinciding with the first dip in the ohmic heating.

(a)

(b)

(c)

(d)

Figure 42: Energy changes for three di↵erent choices of the parameter d. Time and
volume integrated energy changes normalised by initial total energy: a) magnetic energy; b) internal energy. Volume integrated heating rates: c) Ohmic heating; d) viscous
heating.
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3.5.3

Varying ↵

The main experiment uses a fairly extreme choice of the parameter ↵ and this section
will o↵er some justification for this. This parameter dictates how close the 2D Corrugated Sheet Pinch field is to the 1D Harris Sheet. In principle, the value of ↵ should not
a↵ect the equilibrium properties of the magnetic field since the 2D field has a balancing
pressure that is a function of ↵. However, the parameter a↵ects the geometry of certain
fieldlines in the vicinity of the boundary. If the fieldlines intersect the boundary at an
oblique angle, this will encourage the growth of currents due to the line-tied boundary
conditions.
The reconnection rate increases with the value of ↵ according to figure 43. The jy
component of the current density contains a term that is proportional to ↵2 (similar
to the case of the parameter d) and stronger currents translate to higher reconnection
rates. The positive and negative values of Ek both appear to oscillate more quickly
for lower values of ↵. In the previous parameter study (figure 41), varying the value
of d did not a↵ect the location of the peaks in the reconnection rate in spite of their
di↵ering magnitudes.

Figure 43: Time evolution of the integrated Ek along the separator for three choices
of the parameter ↵. Left: integrated positive Ek along the separator; right: integrated
negative Ek along the separator. Blue: ↵ = 0.85, orange: ↵ = 0.9, green: ↵ = 0.95.
The energy plots reveal issues with energy conservation in the experiments with smaller
values of ↵. For ↵ = 0.85, the total energy change is roughly 10% of the amount of
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magnetic energy converted, while for ↵ = 0.95 it is merely 1%. In spite of this fact, the
↵ = 0.95 experiment converts more magnetic energy to internal energy. This is due to
additional viscous (shock) heating which occurs in the middle part of the experiment.
The viscous heating rate in all experiments is an order of magnitude higher than the
Ohmic heating rate. This means that although the distinction between the di↵erent
experiments is clearer in figure 44e, it is the apparently minor di↵erence in figure 44f
that determines the energy changes. The kinetic energy is also marginally greater in
the ↵ = 0.95 experiment, as its stronger currents result in a larger work done by the
Lorentz force.

(a)

(b)

(c)

(d)

(e)

(f)

Figure 44: Energy changes for three di↵erent choices of the parameter ↵. Time and
volume integrated energy changes normalised by initial total energy: a) magnetic energy; b) internal energy; c) kinetic energy; d) total energy. Volume integrated heating
rates: e) Ohmic heating; f) viscous heating. Blue: ↵ = 0.85, orange: ↵ = 0.9, green:
↵ = 0.95.

3.6

Ideal Relaxation

This section will describe an ideal relaxation performed using the magnetic field from the
main experiment. The purpose of the ideal experiment is primarily to verify the resistive
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results from the previous section. These results o↵ered some evidence of magnetic
reconnection, particularly in the topological changes and the parallel electric field along
the separator. However, it was clear that the evolution of the system was a↵ected by the
initial non-equilibrium, which produced strong flows causing oscillatory behaviour. The
ideal results presented in this section should clarify the extent of the involvement of the
non-equilibrium flows in the main experiment. Additionally, the final state resulting
from the ideal relaxation could be taken as the initial condition for a reconnection
experiment following the methodology of Stevenson and Parnell (2015a).

(a)

(b)

(c)

(d)

Figure 45: Time and volume integrated energy changes (normalised by the initial total
energy): a) magnetic energy; b) internal energy; c) kinetic energy; d) total energy. The
blue line shows the ideal experiment and the orange is the original resistive experiment.
Figure 45 shows the energy changes in the ideal and resistive experiments. In the ideal
experiment the integrated magnetic energy loss is around 1 ⇥ 10 3 of the initial total
energy. The energy is initially converted to kinetic energy but from t = 5 onwards, the
internal energy grows as the kinetic energy declines.
The ideal and resistive energy changes are in agreement in the early phase because
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the resistive experiment uses a critical current higher than the initial maximum. The
resistivity is only applied where the critical value is exceeded so the system evolves
ideally in both experiments until the magnitude of the current exceeds jcrit = 1. Once
the resistivity is activated, the magnetic energy is converted to internal energy at a
fairly steady rate, while the ideal energies do not change significantly beyond t = 10.
The kinetic energy is also higher in the resistive experiment, although its temporal
variation is similar to the ideal case.
Figure 46 shows isosurfaces of the current density at the same times previously highlighted in figure 34. It should be noted that the contour used for these plots is |j| = 1.5
as opposed to the |j| = 1 used before. This is due to the larger current magnitude allowed by the ideal evolution, which peaks at approximately |j| = 2 in the final state. As
in the resistive experiment, the isosurfaces in the right column show current layers that
extend along the separatrix surfaces and pass through the separator. In the left column,
the current is confined to the footpoints of the fans at the edge of the box. The key
di↵erence between the isosurfaces for the two experiments is the width of the current
layer, which is much smaller in the ideal case. It has been seen in the previous chapters
that the width of a current layer will reach progressively smaller length scales if the
system relaxes ideally. In the resistive case, the strongest current density is dissipated
before the small scales can develop. The dissipation also explains the unconsolidated
nature of the current layers in figure 34, which are composed of innumerable current
fragments unlike the solid layers in figure 46.
In figure 47, the parallel current is presented as the analogue to the Ek plots in figure
35. Since a switch-o↵ resistivity is used in the main experiment, the separator Ek is
zero at various times but the same periodicity can be observed in both plots. The
parallel current along the separator peaks at t = 5 and t = 11 (agreeing with figure
46) before approaching a state with current distributed along the entire length of the
separator. During the initial oscillations, the jk is concentrated in the middle of the
separator and the relaxation acts to smooth the gradient between the centre and the
nulls. The magnitude of the parallel current along the spine is not sufficient to lead to
reconnection in figure 35 and it is also much weaker than the separator jk in figure 47.
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(a) t = 2

(b) t = 5

(c) t = 8

(d) t = 11

Figure 46: Current isosurfaces showing |j| = 1.5 at di↵erent times during the relaxation
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(a)

(b)

Figure 47: Time-distance plots showing jk along: a) the separator; b) the positive spine

(a)

(b)

(c)

(d)

Figure 48: Evolution of the topological features: a) y position of the positive null; b)
length of the separator; c) angle between the spine and fan eigenvectors; d) length of
the positive spine
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3.7

Reconnection from Quasi-equilibrium State

The final state from the ideal experiment can be used as an initial condition for a reconnection experiment in the manner of Stevenson and Parnell (2015a). The reconnection
is initiated by the introduction of a nonuniform resistivity which is non-zero above the
critical value jcrit = 1.5. This value was chosen such that there is a localised current
layer along the separator. The value of the resistivity inside the di↵usion regions is
⌘ = 0.001, while the viscosity has a background value of ⌫ = 0.001 and the coefficients
of the shock viscosity (explained in Chapter 1) are ⌫1 = 0.1 and ⌫2 = 0.5. The boundary
conditions remain line-tied, assuming that the reconnection occurs spontaneously due
to microinstabilities rather than external driving.
Figure 49 shows the magnitude of the current density in the mid-planes for the initial
condition. It is clear that the current has accumulated along the topological features,
as the separator current layer can be seen in the x = 0 and z = 0 planes, while y = 0
shows the strong current concentrations at the separatrix surfaces. The remnants of
the original large scale current sheet can also be seen in these contours, for instance in
the enhancement at y = 0 in the x = 0 plane, which is more visible in figure 29. In the
z = 0 plane, the initial current sheets at the x-boundaries are of similar magnitude to
the separator current layer. This is the consequence of the line-tied boundary conditions
used during the relaxation experiment, which do not allow currents at the boundary to
be redistributed.
In figure 50, the magnitude of the total force in the three mid-planes is shown for the
initial condition. Across much of the domain, the forces are e↵ectively balanced but
this is not the case in the y = 0 plane. The force imbalance is strongest along the
separatrix surfaces and in the corners of the x-z plane. The former is a characteristic
feature of all topological features undergoing relaxation but the latter is linked to the
strong current concentrations at the boundary. Even though the pre-relaxation field is
closer to a force balance than that in Stevenson and Parnell (2015a), the post-relaxation
total force is larger.
The energy changes for the resistive experiment using the relaxed field are shown in
figure 51. The amount of magnetic energy transferred to internal energy is three orders
of magnitude less than in the main experiment. This is unsurprising, since a large
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(a) x = 0

(b) y = 0

(c) z = 0

Figure 49: Magnitude of current density
(a) x = 0

(b) y = 0

(c) z = 0

Figure 50: Magnitude of total force
portion of the original energy transport was due to the relaxation process, which has
been separated from this experiment. The energies have a similar nonlinear evolution,
which is due to the work done by the Lorentz and pressure forces. The Ohmic heating
makes a minimal contribution to the internal energy increase, as there is no impulsive
reconnection after the di↵usion of the current layer at the start of the experiment.
The viscous heating occurs at a similar rate, spiking at the onset of the reconnection
before settling to a level that does not significantly influence the integrated energy
changes. The viscous heating is small because the flow speed has been greatly reduced
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by the relaxation. The kinetic energy change is nonetheless negative throughout the
experiment, indicating that the initial velocity due to force imbalance is stronger than
any reconnection outflows.

(a)

(b)

(d)

(c)

(e)

Figure 51: Time and volume integrated energy changes (normalised by the initial total
energy): a) magnetic energy; b) internal energy; c) kinetic energy. Heating terms
contribution to the energy changes: d) Ohmic heating; e) viscous heating
The parallel electric field was not a good measure of the reconnection rate in the main
experiment because of the global scale of the di↵usion region and its fragmentary nature.
In this case, it should be somewhat more valuable because the reconnection regions are
limited to the separatrix surface footpoints and the current layer at the centre of the
separator. The separatrix surface reconnection is represented in figure 52, which shows
Ek along fieldlines passing through x = 1.4. The two elongated regions align with the
intersections of the fan current layers with the plane, while the smaller regions are the
projections of the Ek from the opposite x boundary. Each of these four regions contains
areas of positive and negative Ek , which means that the current is being dissipated on
either side of the separatrix surface. Naturally, the parallel electric field is strongest
at the start of the experiment, when the current layers contain highly super-critical
current. Once the excess current has been dissipated, the Ek remains steady at a level
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close to that in figure 52(b).
(a) t = 0.01

(b) t = 0.05

Figure 52: Integral of Ek along fieldlines passing through x = 1.4
In spite of being theoretically more applicable than in the rest of this chapter, the
parallel electric field cannot be measured along the separator or spine. This is simply
because the reconnection is too short-lived at the separator, while the spine currents
are highly sub-critical. Instead the time evolution of the integrated parallel current is
plotted in figure 53. The parallel current along the separator is constant after the initial
reconnection event. The magnitude of the current is steady at the critical value and
does not exceed the threshold in impulsive bursts. The current along the spine consists
of extremely parallel and antiparallel sections which cancel to give the integrated value.
This is consistent with the ideal figure from the previous section (figure 47), although
it does not exhibit the same time dependence.
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(a)

(b)
Figure 53: Integral of jk along: a) the separator; b) the positive spine

3.8

Discussion

In this chapter, separator reconnection has been studied numerically using a novel
field derived from the Corrugated Sheet Pinch. The fact that the 3D magnetic field
is a perturbation to the 2D X-point field immediately presents some limitations, as
the individual field components all vanish in particular planes. This would not be
the reality in separator topologies occurring in astrophysical magnetic fields but this
Chapter emphasises the important of the topology, rather than the geometry of the
magnetic field.
The method of studying separator reconnection in this chapter is to perform a numerical experiment using resistive MHD, allowing the initial current sheet to di↵use and
drive reconnection along the topological features. The magnetic field parameters that
were used were chosen to limit the magnitude of the total forces present in the nonequilibrium initial condition. The e↵ects of this force imbalance are seen initially in the
magnetic and internal energy changes but as the Ohmic heating reaches its first peak,
the initial plasma motions are no longer important. Subsequently, the energies show
a conversion of free magnetic energy into internal energy that occurs in an oscillatory
manner as plasma flows reflect o↵ the simulation box to carry magnetic flux into the
reconnection region. The initial current sheet is focused at the boundaries away from
the separator but as di↵usion occurs, the current rebuilds across the entire separatrix
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surfaces. However, there is no sign that the separator has a distinguished role in the
reconnection. The current density remains strongest closer to the boundaries so the
reconnection rate is highest away from the separator. In spite of this fact, the separator
reconnection has some interesting properties, as the parallel electric field initially occurs
along the central part of the separator, before moving towards the null points.
Aside from the unique initial magnetic field, this chapter also gives the first evidence
of topological change in a pre-existing separator configuration. Such dynamic separator reconnection has previously only been seen in the fly-by experiment of Haynes
et al. (2007), which has very di↵erent initial assumptions. The apparent relationship
between reconnection along the separator and subsequent null point reconnection has
not been seen in previous work. Stevenson and Parnell (2015a) emphasised the lack of
involvement of the nulls in the reconnection, which originally occurred mid-way along
the separator as in this experiment. Another interesting result from this chapter is the
comparison between the behaviour of the system with and without nulls. The Ohmic
heating is clearly higher in the experiments containing nulls because of their multiple
reconnection events but this is not manifested in the magnetic energy change due to
the larger initial force imbalance in the non-null experiments.
There are some problematic aspects to this work. The principal concern would be
the contribution of the initial non-equilibrium to the results. In spite of using the
magnetic field parameters that minimised the force imbalance, it could be argued that
the dynamic nature of the reconnection is related to the larger flow speeds. The null
point reconnection in Chapter 2 showed no signs of topological change, even in the
asymmetric cases that had similar oscillations in the reconnection rate. Stevenson and
Parnell (2015a) also did not see the creation of additional nulls and separators, since
the equilibrium initial condition did not permit the development of significant flows.
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4
4.1

Multi-separator Reconnection
Introduction

Oppositely signed pairs of magnetic null points are commonly connected by a single
separator. This fieldline marks the intersection of the separatrix surfaces and divides
the magnetic field into four flux domains whose fieldlines have di↵erent asymptotic
behaviour. It is natural to assume that a single pair of nulls can only be connected
by a single separator but this is actually not the case. If the separatrix surfaces are
warped, they can intersect with each other multiple times and the pair of nulls will be
connected by multiple separators. In such a scenario, the magnetic field geometry is
more complicated and the number of flux domains is increased. There have been no
dedicated studies of reconnection in magnetic fields with multiple separators between a
pair of nulls. Previous numerical models have noted the presence of such configurations
(e.g. Haynes et al. (2007)) without discussing the details of the reconnection. Hence this
chapter will attempt the first systematic study of magnetic reconnection at multiplyconnected null points.
Recent observation-based studies have shown that in systems containing null points,
it is common for multiple separators to originate from (or terminate at) a single null.
Originally, the PFSS extrapolations in Platten et al. (2014) found 40-60 coronal null
points connected by 20-40 separators at solar maximum and 80-130 nulls with 40-85
separators at solar minimum. This suggested that each coronal null connects to one
other null at a single separator. However, Williams (2018) increased the number of
spherical harmonics in the extrapolation from L = 81 to L = 641 and found a greater
number of separators per null. At solar minimum, 4167-4700 nulls were connected
by 4140-5261 separators, while at solar maximum there were 3118-3742 nulls and 26603790 separators. The majority of these separators form a large network involving around
half of the null points but there are also smaller networks, including separator rings
similar to that studied in this chapter. There were at most 10 isolated ring structures
found in the study, although there is no record of the frequency of multiply-connected
nulls. In the observation-based magnetic field models of Close et al. (2004), there were
7.63 separators per null point and an average of 0.99 additional separators for every
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connected null-null pair. This suggests that it is normal for two nulls to be connected
by two separators, although the method of representing magnetic fragments by point
sources is less reliable than some other extrapolation methods.
There is further evidence for multiply-connected null points provided by numerical and
analytical models. In Haynes et al. (2007), two null points are driven past each other so
that their separatrix surfaces intersect temporarily. Using a potential assumption, the
skeleton contains a single separator for the duration of the interaction but the dynamical
MHD evolution is more topologically complex. When the separatrices intersect a pair
of separators is formed and although one of these is soon destroyed, the maximum
number of separators connecting the nulls at a later time is five. Parnell et al. (2010)
analysed the topology of a numerical simulation of magnetic flux emergence. During
the dynamic phase of the reconnection, a total of 229 separators were found connecting
18 null points. At a later time, the reconnection rate becomes steady and the number
of separators declines to 11 (with 10 null points). In Wilmot-Smith and Hornig (2011),
the process of separator bifurcation is illustrated by a time-dependent magnetic field.
Although this model does not solve the MHD equations and its reconnection is implicit,
the work demonstrates how the complex topologies of the numerical experiments can
be achieved by successive bifurcations.
When studying reconnection at multiple separators, it it important to keep in mind
the previous work focusing on a single separator. Reconnection at a single separator
has been studied both analytically and numerically as discussed in the previous chapter. The most relevant study for the work in this chapter is Stevenson and Parnell
(2015a), which performed a numerical experiment to study single separator reconnection beginning with an equilibrium current layer. In that study, the current layer is
rapidly dissipated in a phase of fast reconnection, which is followed by impulsive reconnection as the separator current layer rebuilds. The reconnection is largely confined
to a small radius surrounding the separator and does not extend as far as the nulls.
In the previous chapter, an alternative view of separator reconnection was presented.
In this case, the reconnection rate oscillates as the flows carry magnetic flux into and
away from the topological features. The reconnection is not confined to the separator
and is in fact more intense along the separatrix surfaces. In spite of this, there is some
evidence of reconnection along the separator which spreads to the null points, resulting
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in bifurcations creating extra nulls and separators.
The approach that will be adopted in this chapter has several facets in common with
Stevenson and Parnell (2015a). The starting point will be an analytical double separator model that will be used to perform a numerical reconnection experiment in Lare3D.
The non-potential initial condition will first undergo ideal relaxation in order to create
a quasi-equilibrium containing a separator current layer. Then the reconnection experiment will be undertaken with a nonuniform resistivity, using the equilibrium current
layer as the new initial condition. The key di↵erences in the method employed here
are analytical, as the numerical procedure is broadly consistent with Stevenson and
Parnell (2015a). The analytical field derived in the next section is a potential double
separator model instead of a non-potential single separator field. The current will be
introduced to the field by the addition of a flux ring, which imparts a localised twist
on the magnetic field.
There are a number of questions this work will try to address. The overall goal is
to determine whether there are significant qualitative di↵erences between reconnection
occurring in a two null system with one or two separators. A related question is whether
the two separators in this experiment will interact during reconnection at one or both
of the separators. A number of possible separator configurations will also be explored,
as will flux rings of varying intensity and dimensions.

4.2

Double Separator Potential Field

4.2.1

Derivation

The starting point for the investigation is a three-dimensional potential field containing
two null points. The components of the field are as follows:
Bx
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Bz
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⌘
(2b + f )xz (71)
(72)
(73)

The two null points were chosen to lie along the z-axis at z = 0 and z = L. It is
necessary to perform a linear analysis of the magnetic field local to the null points (in
the manner of Parnell et al. (1996)) to derive valuable constraints on the values of the
constants a-f appearing in the magnetic field components. These constraints ensure
that the null point at the origin has the following properties:
• It is a positive null
• The spine is located in the x-z plane (with a negative gradient)
• The fan is locally aligned with the y-axis and a line in the x-z plane (with positive
gradient)
The null point at (0, 0, L) satisfies the following:
• It is a negative null
• The spine is located in the x-z plane (with a positive gradient)
• The fan is locally aligned with the y-axis and a line in the x-z plane (with negative
gradient)
Linearising about the origin, the new variables are x = X, y = Y, z = Z, which are
assumed to be small perturbations about the null. Products of the new variables can
be neglected since they are small, leaving the following linearised magnetic field:
0
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Since the fan plane is aligned with the y-axis, its associated eigenvector is the y unit
vector so the first eigenvalue can be read o↵ as 1 = a. The characteristic equation can
then be solved for the remaining eigenvalues:

2,3

=

a±

p
a2

4( b2
2
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c2 + ab)

(75)

The spine of a 3D null is always associated with the eigenvalue that has opposite sign
to the two others so for a positive null, this is the negative eigenvalue. Consequently,
the eigenvalues found from the characteristic equation must have opposite sign, since
these both have eigenvectors in the x-z plane and one must represent the spine. This
yields the simple result that a must be positive to ensure that there are two positive
eigenvalues. A second constraint can be derived by observing that the value under the
square root in (75) must be greater than a2 to ensure that 1 and 2 have opposite
sign.
a2

4( b2

c2 + ab) > a2

b2 + c 2

ab > 0

(76)

Now turning to the case of the negative null, we linearise the variables by setting
x = X, y = Y, z = L + Z. Substituting these forms into the magnetic field gives the
following (again expressed in matrix form):
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Once more, the fact that one of the fan planes is aligned with the y-axis means that
its associated eigenvector is the y unit vector and we can see from the matrix that
1 = a + f . The characteristic equation gives the two eigenvalues with eigenvectors in
the x-z plane:

2,3

=

(a + f ) ±

p
(a + f )2 + 4(b2 + c2 + ab + bf 2 )
2

(78)

The correct alignment of the spine in the x-z plane is achieved if one of these two
eigenvalues is positive, which immediately tells us that the third is negative, a + f < 0.
For a negative null, we require two negative eigenvalues so the value under the square
root must be greater than (a + f )2 to ensure that 2 and 3 have opposite signs. This
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gives the fourth constraint on the values of the field parameters a-f :
(a + f )2 + 4(b2 + c2 + ab + bf ) > (a + f )2
b2 + c2 + bf + ab > 0

(79)

Four constraints have been obtained, including (79) and the following:
a > 0
f <
b2 + c2

(80)
a

(81)

ab > 0

(82)

These conditions are essential to ensure that the model contains exactly two nulls
connected by two separators. There are a number of free parameters (d,e,L) that are
unconstrained by (79) and (80). This implies that altering these values a↵ects the
geometry of the field but not the magnetic topology. The parameter study in the next
section will verify this assumption.
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Figure 54: Double separator potential field with B0 = L0 = 1, a = 0.5, b =
c = 1.0, d = 1.0, e = 0, f = 1.0, L = 2
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1.0,

4.2.2

Parameter Study

Beginning with the potential magnetic field in figure 54, each of the parameters was
varied individually. The remaining parameters were kept constant in order to determine
the contribution made by each to the null point structure.
According to the constraints laid out in the previous section, the value of the magnetic
field parameter a is strictly positive and its magnitude is greater than that of the
parameter f . Beginning with the set of parameters defining the magnetic field shown
in figure 54 and varying the value of a, one knows that it must lie in the range 0 < a < 1.
Figure 55 shows the e↵ect of changing this value on the shape of the separators. The
left figure shows the height of the separators (or the distance between its minimum
and maximum x positions), while the right shows the maximum distance between the
two separators (the di↵erence between the two y positions with greatest magnitude).
The distance between the two separators does not really change according to figure 55
but figures 56 and 57 show that the location of the maximum distance shifts along the
z-axis as a is varied. For a < 0.5, the separator ring is widest near to the positive null
and narrows towards the negative null, while the shape is flipped along the y-axis for
a > 0.5. One can achieve the same e↵ects by varying f , only a smaller magnitude of f
causes the ring to widen at the negative null.

Figure 55: E↵ects of varying a on the shape of the separators. Left: height of the two
separators, given by the di↵erence between their maximum and minimum x-coordinates.
Right: width of the separator ring, given by the di↵erence between its maximum and
minimum y-coordinates.
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Figure 56: Double separator potential field with a=0.2
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Figure 57: Double separator potential field with a=0.8

Although the four constraints in the previous section do not prescribe the sign of b, the
parameter study reveals that it must be negative (at least for this choice of the other
parameters). For more negative values of b, the separator ring becomes more square, as
the fieldlines run along the entire length of the separators instead of diverging at z = 0.
The distance between the separators is reduced as the fieldlines move less towards the
y boundaries but the variation in the x-direction (figure 58) is largely una↵ected by b
unless it is too close to zero.
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Figure 58: E↵ects of varying b on the shape of the separators. Left: height of the two
separators, given by the di↵erence between their maximum and minimum x-coordinates.
Right: width of the separator ring, given by the di↵erence between its maximum and
minimum y-coordinates.
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Figure 59: Double separator potential field with b=-4.0

By varying the parameter c, one can significantly alter the width of the separator ring
as shown in figures 62 and 63. As the value of c approaches zero, the two separators
close on the y-axis and their x variation also diminishes. From figure 61, it can be
seen that a larger value of c increases the height of the separators, as the fieldlines dip
slightly towards the opposing z boundaries close to the nulls. The e↵ects of varying
d mirror those shown here, with a larger value of d resulting in a narrower separator
configuration and vice versa.
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Figure 60: Double separator potential field with b=-1.5

Figure 61: E↵ects of varying c on the shape of the separators. Left: height of the two
separators, given by the di↵erence between their maximum and minimum x-coordinates.
Right: width of the separator ring, given by the di↵erence between its maximum and
minimum y-coordinates.
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Figure 62: Double separator potential field with c=0.5
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Figure 63: Double separator potential field with c=1.5
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4.3
4.3.1

Non-potential Component
Introduction

This research introduces a localised current to a double separator potential field in
order to study the locally non-ideal processes that take place once a new equilibrium
has been reached. This configuration is achieved by adding a component to the magnetic
field which corresponds to the field due to a ring of current (or flux ring). Since this
local field component is assumed to fall o↵ exponentially, it can be added smoothly
to the pre-existing potential field. The resulting non-potential field is continuously
di↵erentiable across the domain. This work will attempt to produce a numerical model
with similar characteristics to Longcope and Cowley (1996), which proposed adding an
infinitesimally thin current ribbon to a potential separator ring such that the plasma
motions remain ideal. The idealness of the plasma will be imposed numerically, so that
the current should relax towards the infinitesimal layer described in the previous work.
The decision to manipulate the potential field with a flux ring was motivated by a
number of considerations. In the first place, it has been shown by a number of authors
including Haynes et al. (2007) and Stevenson and Parnell (2015a) that the current in
a system containing 3D nulls will collect about the topological features and about the
separators in particular. Therefore by aligning a ring of current with the two separators
in our system, we are taking an initial condition for the subsequent relaxation that
bears a resemblance to the desired equilibrium field. Such an approach does increase
the likelihood that the reconnection will be dominated by the separators but this is
an allowable initial assumption. The advantage of this method is that it reduces the
Lorentz force to theoretically allow for faster relaxation. Since the sole purpose of
the relaxation is to create the initial conditions for our reconnection experiment, it
is desirable to accelerate the process where possible. A further advantage of such a
current distribution over a uniform alternative like that used in Stevenson and Parnell
(2015a) is that it keeps the current away from the boundaries of the domain. Since the
numerical experiment makes use of line-tied boundary conditions, any initial current in
proximity to the boundary is likely to be preserved for the duration of the investigation.
One hopes to eliminate such numerical e↵ects when trying to build a realistic model.
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A further question which had to be addressed at this stage concerned the direction of
the current in our flux ring. On the one hand, the two separator fieldlines are clearly
directed from the positive to the negative null, which suggests the current ought to be
directed similarly from one null to the other. However, if the current ring lies in the y-z
plane, the resulting magnetic field component will be in the x direction so should not
cancel with (or enhance) the existing field. The flux rings were instead chosen to be
oppositely directed. Although these initially diminish in magnitude towards the nulls,
it could allow for a closed current loop to form during the relaxation, which would
ensure that the current would stay away from the boundaries of the domain.

4.3.2

Mathematical Form of the Flux Ring

The flux ring approach of Wilmot-Smith and Hornig (2011) was adapted to introduce a
localised current in the neighbourhood of the separator. Since the authors were studying
reconnection along a single (initially) straight separator, they required a vertical electric
field which was assumed to experience a Gaussian fall-o↵ away from the separator. This
was achieved by adding terms to the x and y components of the magnetic field whose
form was dictated by Maxwell’s laws. By expressing the non-potential magnetic field
in terms of a vector potential, the solenoidal constraint was automatically satisfied.
Bp = r ⇥ ( B0 exp (

(x

xc ) 2
p2

(y

yc ) 2
q2

(z

zc )2
s2

)ẑ)

(83)

This experiment uses the same form for the perturbation magnetic field as in WilmotSmith and Hornig (2011) but the purpose of the flux ring here is quite di↵erent. The
previous authors did not study the reconnection process itself but rather added the
component in (83) to a potential separator field to simulate the e↵ect of reconnection.
They observed that the non-zero E · B term that is necessary for 3D reconnection is a
source term in the equation for helicity density, thereby justifying the introduction of
a localised twist to the separator by the addition of the flux ring. In this experiment,
the flux ring will merely be used to perturb the potential magnetic field.
The current associated with a magnetic field of the form in (83) (or a potential field
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with this added component) has the following form:
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Here, ⇤ = (x px2c )
is the exponent in the flux ring magnetic field
q2
s2
component (83). The presence of this exponential term ensures that the current components all experience a Gaussian fall-o↵ away from the flux ring centre. The x and y
components of the current density can be loosely described as the ‘perpendicular current’, since the magnetic field is approximately parallel to the z-axis where the flux ring
will be applied. The perpendicular current vanishes at z = zc and is directed radially
away from the flux ring centre for z < zc and radially towards the centre for z > zc . The
magnitude of the perpendicular current vanishes at (xc , yc ) and in a plane of constant
z it covers an annular region (figure 64(a)). The ‘parallel current’ (jz ) consists of a
strong positive core and an outer negative shell. The change in sign occurs along an
ellipse whose dimensions are dependent upon p and q. The magnitude of the parallel
current is greatest at the flux ring centre (where the perpendicular current vanishes),
so figure 64(a) and (b) show di↵erent z cuts. The setup in the main experiment ensures
that the parallel current is the most important component, as it is strongest closer to
the separator where the perpendicular components are close to zero.

4.3.3

Flux Ring Parameters

For the main experiment, two oppositely directed flux rings were superposed to the
magnetic field. These were centred at the points where the separator is farthest from
the y-axis, since this is where the magnetic field would be almost parallel to the z-axis.
It is clear from figure 65 that these points lie closer to the negative null, owing to the
slight asymmetry of the potential field.
For the parameter choices p = q = 0.01, s = 0.02, B0 = 0.1, the flux rings are localised
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Figure 64: Flux ring current components: (a) perpendicular current at z = 1.26; (b)
parallel current at z = 1.18

Figure 65: Magnitude of the current density for two flux rings with p = q = 0.01,
s = 0.02 and B0 = 0.1, centred at the widest points of the separator ring. These are
the parameters used in the initial condition for the reconnection experiment.
so that their length is much less than the length of the separator and the topology of
the magnetic field is unchanged. Looking at equation (84), the Gaussian will decay
faster for smaller values of p,q and s. Hence, a slightly larger value of s has been used
to extend the flux ring along the length of the separator. The values of p and q are
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chosen to be the same since the xy-plane is almost perpendicular to the separator at
the flux ring centre, so it can be assumed that the shape of the separator does not
influence the current distribution there.
By varying the parameters p (assumed to be equal to q), s and B0 , it is possible to
alter the initial magnetic topology, as shown in figure 66. The greatest number of
separators is found in the experiments with a small value of p and large values of s and
B0 . The small value of p (and q) means that the flux ring is confined to a small radius
surrounding the separator. The larger s elongates the structure so that it stretches
(approximately) along the separator.

Figure 66: Number of separators for di↵erent flux ring parameter combinations. Each
bar represents a di↵erent value of B0 , ranging from 0.1 to 0.9.

4.4

MHD Relaxation

The non-potential magnetic field developed in the previous section could be taken as
the initial condition for a reconnection experiment. However, the field is first relaxed
here to create a quasi-equilibrium state where the current is confined to thin layers
surrounding the separators. The motivation for the relaxation is twofold: first, the
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magnetic Reynolds number in the corona is sufficiently high to justify the use of the
ideal MHD equations, since the magnetic field is frozen-in to the plasma and di↵usion
e↵ects are globally negligible. Therefore, the system should be allowed to evolve physically until small length scales naturally arise as a result of the magnetic forces in the
initial non-potential field. The second explanation for the relaxation phase is the need
to clarify the e↵ects of reconnection. The addition of the flux ring to the potential field
is an artificial means of introducing electric current to the system and the associated
Lorentz force will lead to plasma flows that cannot be explained by any physical process. As the magnetic field reconfigured itself, the picture would begin to resemble the
expected reconnection inflows and outflows but earlier results would be uninformative.

Figure 67: Initial condition for the relaxation. Left: magnetic skeleton of the double
separator field with added flux rings. The potential field parameters are a = 0.5,
b = 6, c = 1, d = 1, f = 1 and L = 0. Right: cut through the separatrix surfaces at
z = 1.
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4.4.1

Initial Setup

The relaxation was performed using the Lare3D code described in chapter 1. The initial
conditions were given by the potential field in equation (71) with the parameters shown
in figure 67 plus the flux ring from equation (84) with parameters from figure 65. The
simulation box consisted of 5123 points with 3.0 < x, y < 3.0 and 2.0 < z < 4.0. At
every grid point, the initial velocity was set to zero and the plasma density ⇢ = 1.0 and
internal energy ✏ = 1.5 were chosen such that the plasma pressure was initially p = 1.
The plasma beta was less than one across most of the domain, except for at the null
points and neighbouring parts of the separators. At the centre of the separators, the
value was ⇡ 0.1, which is an order of magnitude larger than a typical value in the
solar corona. Line-tied boundary conditions were used, meaning derivatives of B,⇢ and
✏ were set to zero across the boundaries and all components of the velocity were set
to zero. The resistivity was set to zero for the duration of the relaxation, meaning the
ideal MHD equations were solved. The flows in the system resulting from the initial
non-equilibrium were damped using a high background viscosity, ⌫ = 0.01.

4.4.2

Separatrix Surfaces

Since the relaxation is performed by solving the ideal MHD equations, there cannot
be any change in the number of topological features. However, figure 68 shows that
the geometry of the separatrix surfaces is changed significantly by the relaxation process. This could be described as a transfer from the self-helicity in the initial negative
separatrix surface to the mutual helicity of both surfaces.
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Figure 68: Cuts through the separatrix surfaces, focusing on the separator at y < 0.
Left: pre-relaxation; right: post-relaxation.
4.4.3

Perpendicular Magnetic Field

It has previously been shown by Parnell et al. (2010) that the perpendicular magnetic
field local to a separator can be either X-type or O-type. It is clear from figure 68 that
the global magnetic topology is hyperbolic, as the separator divides the surrounding field
into four distinct flux domains. However, the hyperbolic topology does not necessarily
imply an X-type magnetic field.

Figure 69: Magnetic field in planes perpendicular to the y < 0 separator. Left: y =
0.5, right: z = 1. The Cartesian coordinates have been rotated so that the basis
vectors lie in the plane. x⇤ , y ⇤ and z ⇤ use the new basis vectors.
Figure 69 shows that in the vicinity of the null point at z = 0, the perpendicular
magnetic field is locally X-type in agreement with the global topology. By contrast, at
the mid-point of the separator (z = 1), the field is locally O-type. This is consistent
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with the reconnection experiment of Parnell et al. (2010), where the perpendicular field
is typically X-type at the null points (1/5 of the length of the separator) and O-type in
the middle 3/5 of the length. In figure 69, there is additional complexity because the
O-point centred on the separator has neighbouring X-points at x⇤ = 0.03 and x⇤ = 0.11.
This feature is attributable to the flux ring magnetic field that has been superposed to
the middle part of the separator.

4.4.4

Energies

(a) Evolution of the integrated kinetic energy (b) Evolution of the integrated internal energy

(c) Evolution of the integrated magnetic energy (d) Evolution of the integrated total energy

Figure 70: Time and volume integrated energy changes for the double separator relaxation, normalised by initial total energy
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The relaxation process initially causes the conversion of magnetic energy into kinetic
energy when the magnetoacoustic waves are released into the system. After the initial
spike in the kinetic energy value, the waves are damped by viscous damping and the
internal energy is increased by the resulting heating. The experiment conserves total
energy with a relative error of the order 10 10 .

4.4.5

Current Density

Figures 71 and 72 show that the high current density is localised about the separators.
From figure 71(a), it is clear that the current extends along the part of each separator
that is parallel to the z-axis and rapidly decays to zero as the separators bend parallel to
the y-axis at z = 0 and z = 2. There is also a weak current density stretching from the
ends of the current layer to the y-boundaries. In the y = 1 plane, the separator current
layer is again the dominant feature but there is also a significant build-up along the
separatrix surfaces. There are also weaker striations (due to numerical e↵ects) that loop
from the fan plane intersections towards x = 0 and back to the separator. By contrast,
at z = 1, the current is highly localised about the two points where the separators pierce
the plane. Within a small radius of the separator intersections, the current does cover
the separatrix surfaces but these do not extend towards the boundaries as in y = 1.

(a) x = 0

(b) y = 1

(c) z = 1

Figure 71: Magnitude of the current density in the quasi-equilibrium state
The separator current layers in this work are defined by the locations where the mag128

nitude of the current density exceeds the critical current jcrit = 5. This threshold has
been chosen because it selects the regions of strong current that are localised about the
separators, as shown by figure 72. Moreover, the current layers define two continuous
volumes with measurable dimensions.

(a) x view

(b) z view

Figure 72: Current isosurface showing |j| = 5 for the quasi-equilibrium state
Unlike in chapter 2, the current layer does not appear to relax towards an infinite singularity so the length, width and depth are all considerably larger than the grid scale.
Figure 73 shows that after t = 1, the current layer dimensions do not experience major
changes. The length (in the z direction) gradually increases as the width (in the y
direction) decreases, in the manner of a 2D collapse. The depth of the current layer
remains constant after t = 2, which is surprising as one would expect it to asymptotically approach the grid scale to create a current ribbon resembling that in Longcope
and Cowley (1996). The magnitude of the current is still increasing at a significant
rate when the relaxation is terminated. This phase of the experiment could not be
allowed to proceed further as the numerical boundary currents (visible in figure 71(a))
are beginning to grow beyond acceptable levels.
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Figure 73: Time evolution of the current layer properties. Left: dimensions of the layer
(volume satisfying j > 5); right: maximum magnitude of the current density.
4.4.6

Forces

In order to reach a true equilibrium, we require the forces on the right hand side of the
equation of motion to balance each other. Since we neglect gravitational e↵ects in this
model, this means that we require:
j⇥B

rp = 0

(85)

Figure 74(a) shows the Lorentz force in three di↵erent cuts through the domain. These
cuts are the same as those used in figure 71 to show the current density and as expected,
the high current regions along the separators in x = 0 and z = 1 match up with
a stronger Lorentz force. There are other regions of strong Lorentz force that can
be attributed to numerical e↵ects at the boundary, both in x = 0 and y = 1. The
magnitude of these forces can be as much as five times higher than that found near
to the separator, in spite of the current being considerably weaker. This is due to the
quadratic growth of the magnetic field, which is strongest at the boundaries. These
boundary e↵ects do not appear to have a significant e↵ect on the dynamics of the
reconnection, as will be seen in the next section.
The pressure force in figure 74(b) is enhanced at the topological features, where it
cancels with the Lorentz force. However there is no pressure force to cancel with the
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(a) Lorentz force

(b) Pressure force

(c) Total force

Figure 74: Post-relaxation forces. The three rows show the forces in the x = 0, y = 1
and z = 1 planes respectively.
Lorentz force away from the separators so the third column shows force imbalances,
particularly at y = 1. By consulting the z = 1 total force, it can be seen that the
stronger forces in planes of constant y are limited to 0.7 < |y| < 1.1. Away from
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these regions the system has relaxed to a quasi-equilibrium. This figure has certain
undesirable properties but the force imbalance does not directly a↵ect the region where
reconnection will occur. It will be seen in section 4.5 that the flows in the reconnection
experiment are to a large extent localised about the topological features, suggesting
that the force imbalance does not play an important role. Furthermore, the stopping
criterion for the relaxation was that the integrated kinetic energy dropped below 10 8 ,
indicating that any residual forces do not accelerate the plasma to significant speeds.
The final kinetic energy in figure 70 is several orders of magnitude lower than the peak
value, which implies that the relaxation has been successful in attenuating the net force
in the system. The aim of the relaxation was not to achieve a perfect equilibrium but
rather to establish an initial condition from which the e↵ects of reconnection can be
clearly identified.

4.5

Summary of the Relaxation

This work has so far been aimed at constructing an initial condition for a reconnection
experiment involving a system of two doubly connected nulls. It made use of an initial
potential field where the two separators were flattened such that there was minimal
variation in the x direction and the separator shape in the y z plane is square. This
potential equilibrium was then disturbed by the addition of a flux ring at the widest
point of the two separators. These flux rings had magnetic field parallel to the z-axis
in agreement with the potential field, which is approximately vertical at these points.
The non-potential field was then relaxed ideally using Lare3D until a quasi-equilibrium
state was achieved. The relaxed field contained separator current layers running parallel
to the y-axis away from the null points. The shape of the separatrix surfaces has been
altered such that the twist originally imparted on the negative surface (by the flux
rings) has now been shared with the positive surface. The resulting force balance is far
from perfect but the strongest imbalances are located away from the separator current
layers and it is hoped these will not significantly impact the reconnection.
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Figure 75: Quasi-equilibrium magnetic skeleton. This relaxed field will be taken as the
initial condition for reconnection.

4.6

Reconnection

The reconnection results presented in this section use the original quasi-equilibrium
field from the previous section as the initial state (shown in figure 75). The field is
evolved by solving the resistive MHD equations using the Lare3D code. The grid size,
resolution and boundary conditions all remain as before but the background viscosity
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has been reduced by two orders of magnitude to ⌫ = 1.0 ⇥ 10 4 . The experiment uses
an anomalous resistivity:
8
<0.01 for j j
crit
⌘=
(86)
:0
for j < jcrit

Here the threshold jcrit = 5 has been chosen to localise the current about the separators as seen in the isosurface in figure 72. The value of the resistivity is intended to
expedite the initial reconnection at the current layer. It would be possible to perform
the experiment with the lower resistivity value used in previous chapters.

4.6.1

Energies

(a) Magnetic energy

(b) Internal energy

(c) Kinetic energy

Figure 76: Time and volume integrated energy changes for the double separator reconnection, normalised by initial total energy
The reconnection process has the e↵ect of converting the free magnetic energy in the
system to internal energy and kinetic energy. It is clear that there are two stages in this
energy conversion, the first of which lasts from the beginning of the experiment until
just after t = 0.02. During this phase, the magnetic energy is transformed directly to
internal energy and the kinetic energy in the system remains negligible. In the second
phase, there is an increase in the kinetic energy (although the amplitude is still quite
small) and the magnetic and internal energies are changing at a slower rate.
These energy changes are consistent with those seen in Stevenson and Parnell (2015a),
although a quantitative comparison is not possible due to di↵erences in the setup. The
defining feature is the two distinct phases, which were also found by Fuentes-Fernández
et al. (2012a) and Fuentes-Fernández et al. (2012b) in a 2D null point reconnection
134

experiment. It would appear that the fast reconnection followed by impulsive reconnection is a consequence of the combination of an equilibrium initial condition and
nonuniform resistivity.

(a) Magnetic energy

(b) Internal energy

(c) Kinetic energy

Figure 77: Terms contributing to the rates of energy change during the double separator
reconnection, integrated across the volume.
Figure 77 shows the di↵erent terms that contribute to the rate of change of internal,
magnetic and kinetic energies. It is clear that the first phase of the experiment is
dominated by Ohmic dissipation, as the orange lines showing Ohmic heating agree well
with the blue showing the overall rates of change. The strong Ohmic heating is caused
by the high current regions surrounding the two separators and once this current has
been dissipated, both the Ohmic heating and magnetic/internal energy rates of change
drop to virtually zero.
After t = 0.1, the work done by the Lorentz force becomes more important and it
is apparent in figure 77(a) that the magnetic energy loss is slightly greater than the
value accounted for by Ohmic heating. The e↵ect of this work done by the Lorentz
force is felt most keenly by the kinetic energy, as figure 77(c) shows the magnitude
of the rate of kinetic energy change is the same as this work done after t = 0.1 and
the sum of the work done by the Lorentz and pressure forces gives the kinetic energy
curve. The work done by the pressure force peaks in the first part of the experiment
around t = 0.1, at which time the Lorentz force is unimportant. The pressure force
subsequently diminishes as the Lorentz force increases so that around t = 0.3 the kinetic
energy change is almost entirely caused by the Lorentz force.
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4.6.2

Parallel Electric Field

In this section, reconnection sites will be identified using the definition from Hesse and
Schindler (1988). This work associates 3D reconnection with a non-zero component of
the electric field acting parallel to the magnetic field:
Z

E · Bdl 6= 0

(87)

This condition must be satisfied across a finite region; it is not sufficient to have a
non-zero Ek along an isolated fieldline. The reconnection rate is then given by the
maximum value of the integral of Ek in the region.
Since the current layers have formed around the two separators in this experiment, one
would expect the reconnection rate to agree with the value of Ek integrated along the
separators. Figure 78 shows that this is indeed the case. There is initially fast reconnection, as the current that has been stored in the layers surrounding the separators is
rapidly dissipated after the resistivity is activated. The di↵usion region remains intact
until t = 0.026, after which time the majority of the current layer has magnitude less
than jcrit and the reconnection becomes impulsive. The reconnection rate during this
second phase is low but the energy changes taking place at this time are significant, as
seen in figure 76. The separator Ek drops to zero at the start of the impulsive phase
and does not deviate significantly from this mark, whereas the Ek across the whole
domain is of the order 10 3 . Clearly, this implies that the impulsive reconnection is not
localised about the separator, unlike the preceding fast reconnection.
As with the energy changes, the reconnection rates corroborate those seen in Stevenson
and Parnell (2015a). The period of fast reconnection expires sooner here, due to the
higher value of resistivity. The dark lines in figure 78 indicate that the reconnection
occurs continuously even during the transition from fast to impulsive behaviour. However, Stevenson and Parnell (2015a) plot the reconnection rate along the separator so
the light coloured lines should be used in a comparison, which do show a brief delay before the commencement of the impulsive reconnection. The other major di↵erence is of
course the presence of both positive and negative Ek in this experiment. This is caused
by the oppositely directed initial flux rings rather than the reconnection dynamics.
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(a) Positive E parallel

(b) Negative E parallel

Figure 78: Reconnection rates for the double separator reconnection. Left: time evolution of the maximum integrated Ek along fieldlines passing through z = 1, compared
with the integrated Ek along the y > 0 separator. Right: time evolution of the minimum
integrated Ek along fieldlines passing through z = 1, compared with the integrated Ek
along the y < 0 separator.
Figure 79 gives an indication of where the reconnection takes place in the domain at
t = 0.001. The Ek contours shown are given by integrating along the fieldlines which
pass through a grid of start points in the plane z = 0.5. The grey line is a projection
of the shape of the two separators when viewed from a plane of constant z. Clearly
the patches of non-zero Ek are close to the widest parts of the separator ring where
y = ±1. This figure shows that the fast reconnection in this experiment is localised
about the separators. Although figure 79 only represents the reconnection at a single
instant during the simulation, the frames in figure 80 confirm that the Ek does not
occupy a larger volume at later times.
Figure 80 focuses on the positive and negative regions separately, providing 2D projections of the volumes within which the parallel electric field is non-zero. On either
side of the y-axis, it is the negative separatrix surface that has been twisted chiefly,
so that the width of the reconnection region corresponds to the initial perpendicular
displacement of the negative fan plane. The strongest Ek is located at the centre of
these regions where the separator intersects the z-cut but as time progresses the areas
with the strongest Ek decay the quickest, meaning the gradients in the non-zero region
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Figure 79: Integral of Ek at t = 0.001 with projected view of the separators
become weaker, as the outer parts continue to reconnect at a slow rate. The middle
panel t = 0.015 also shows some expansion at the fringes of the non-zero regions, indicating that magnetic flux is being transported into the region as the resistive experiment
progresses, so that sections of current that were initially below the critical current have
now exceeded this threshold. As the reconnection progresses, the twist in the negative
separatrix surface diminishes and the angle between the fan planes approaches 90 degrees. By t = 0.026, the excess current has been completely dissipated and the parallel
electric field now is only found in small patches that match the location of the original
layer to a large extent but are much smaller in amplitude.
The spatial variation in Ek seen here is rather di↵erent from that in Stevenson and
Parnell (2015a). The Ek in this experiment is localised about the separator but constitutes a simple region that is not misshapen due to the separatrix surfaces. The previous
work had a strong core of Ek focused on the separator but also thin arms of weaker
Ek extending along the separatrix surfaces. This could be attributed to the fact that
the current layer arises due to localised twist and not the more large scale narrowing of
the cusp regions seen in Stevenson and Parnell (2015a). Here the reconnection acts to
relieve the build-up of magnetic tension whereas the other experiment reduces magnetic
pressure in the cusp regions.
Finally, the parallel electric field along the separators has been plotted through time for
both separators. It can be seen that the reconnection on either side of the y-axis shows
good symmetry. The strongest Ek occurs close to the midpoint of the two separators
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Figure 80: Parallel electric field integrated along fieldlines passing through z = 1 at:
(a) t = 0.001, (b) t = 0.015, (c) t = 0.026. Top row: y > 0 separator; bottom row:
y < 0 separator
and the reconnection site does not extend as far as the nulls. After the fast reconnection
expires at t = 0.025, there is no longer a continuous region of non-zero Ek and we instead
see scattered bursts of reconnection. The impulsive phase seems to be somewhat more
significant for the y < 0 separator.
The separator Ek is much more localised about the midpoint than in Stevenson and
Parnell (2015a). There are a few possible reasons for this. The simplest explanation
is that the critical current used in this experiment was chosen to localise the current
layers along the parts of the separator that are approximately parallel to the y-axis.
A lower value for the critical current would allow for reconnection closer to the nulls,
although the previous work did not use an especially small jcrit . Another reason for
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(a) y < 0 separator

(b) y > 0 separator

Figure 81: Distance-time plot showing the evolution of Ek along the separators
the distribution of Ek is the shape of the separators, which appears to discourage the
growth of current close to the nulls. The flux ring current was mostly directed parallel
to the separators at y = ±1 and consequently the current layer did not extend to the
sections parallel to the z-axis. Additionally, the flux rings applied a more localised
disturbance as discussed previously. In the single separator work, the angle between
the separatrix surfaces along the length of the separator is much more consistent.

4.6.3

Connectivity Changes

Although the parallel electric field is a useful measure of the reconnection rate, it should
be paired with fieldline plots to gain a clearer understanding of the dynamics of the
experiment. Figure 82 shows the evolution of two flux tubes that initially coincide with
the current layers along the two separators. The initial flux tubes are blue and the
fieldlines remain this colour until they reconnect. Fieldlines are retraced from both of
their initial footpoints and if this results in two separate fieldlines, these are coloured
green (traced from the negative x footpoint) and orange (traced from positive x).
It appears that the majority of the reconnection occurs before t = 0.02 in keeping with
the reconnection rate in figure 78. The last remaining blue fieldlines are reconnected
between t = 0.01 and t = 0.02 but it is important to remember that this does not mean
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the reconnection ceases. A well-known property of 3D reconnection is that fieldlines
threading the di↵usion region will reconnect continuously, so it is possible to identify
di↵erences in individual fieldlines between t = 0.03 and t = 0.04, although the overall
appearance of the flux tubes is similar.

4.6.4

Flows

One can visualise the reconnection outflows by following perturbations in the plasma
pressure in figure 83. The wave clearly propagates in all directions, although the shape
is more elongated when the length of the current layer is visible. At the start of the
experiment, a pressure deficit marks the regions where current is dissipated as the
plasma motions relieve the pressure build-up around the original current layer. Of
course, these flows transport the plasma to other parts of the domain so we observe
the pressure decrease moving away from the separator. The wave consists of a plasma
deficit and two weaker enhancements- one leading and one trailing. These are due to
the local loss of equilibrium caused by the progress of the wave through the domain.
The x = 0 cut o↵ers a view of the full length of the waves due to both separators,
which emanate from the parts that are parallel to the z-axis. The strongest pressure
perturbations are visible in this plane (of the three locations shown in figure 83). In
spite of their relative strength, the waves pass through each other without reflection
and do not appear to interact with the opposing reconnection site at later times. The
purple bands in the space vacated by the wave are evidence of plasma inflows, which
act to restore the equilibrium in the vicinity of the separator.
At y = 1, the length of the wave released by one of the separators can be seen. The
separatrix surfaces are also outlined faintly by a pressure enhancement, which has a
steady intensity. The amplitude of the wave seen at t = 0.015 is lower than that seen
for x = 0 and it has been almost completely damped by t = 0.026. Away from the
wave, the pressure builds up at the centre of the separator but decreases closer to the
nulls.
In the z = 1 plane, a cut through the centre of the length of the waves is seen. The
variation in the magnitude of the disturbance is visible, as the parts of the wave prop141

(a) t = 0.0

(b) t = 0.005

(c) t = 0.01

(d) t = 0.02

(e) t = 0.03

(f) t = 0.04

Figure 82: Connectivity changes for two initial flux tubes (blue). Fieldlines traced from
x = 3 are shown in green and those from x = 3 are orange.
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agating towards the x-boundaries have a greater amplitude than those moving towards
the y-boundaries. The wavefront experiences a transition between t = 0.016, where it
is concave, and t = 0.026 where it is convex. This is presumably caused by the waves
colliding with the x-boundary and splitting into two parts, which move away from each
other.
The pressure perturbations in Stevenson and Parnell (2015a) are visualised by a static
di↵erence p p0 rather than a running di↵erence. As a result, the regions of enhanced
and reduced pressure are much larger than in figure 83. One interesting di↵erence is
that the nature of the pressure perturbation for the static di↵erence was dependent on
the direction of the flow. Hence an enhancement in the pressure occurred in the cusp
regions while a deficit was seen in the non-cusp regions. In this experiment, it seems
that the nature of the perturbation (but not the magnitude) is independent of the flow
direction, since a pattern of enhancement-deficit-enhancement is clearly seen in each
cut at t = 0.015. There is evidence of asymmetry in the y = 1 plane at t = 0.026 but
this is not connected to the propagating wave.
Now looking at the flows parallel to the separator, there is a clear change in sign about
the midpoint of the two separators. This point coincides with the maximum |Ek | as the
flows are moving away from this point as the reconnection proceeds. The vk is spatially
localised along the parts of the separator parallel to the z-axis, which suggests that it is
strongly related to the initial current distribution. The flows moving towards the null at
z = 2 are in the direction of the magnetic field while those moving towards z = 0 move
against the field. Although these divergent flows can be linked to reconnection, their
magnitude is weakest during the fast reconnection. Figure 76 shows that the volume
integrated kinetic energy peaks around t = 0.2, so the behaviour along the separator
reflects the global development. The maximum speed of the parallel flows is 0.1% of
the Alfven speed, which is 100 times smaller than the maximum speeds achieved by the
plasma during the experiment.
After the wave leaves the reconnection site, the flow pattern in the midplane half-way
along each separator is a quadrupolar vortex. The flow is split into four quadrants
which rotate in the opposite sense to their neighbours. Figure 85 shows the flows in
this plane at t = 0.06, shortly after the wave is released and later at t = 0.2. The
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(a) t = 0.001

(b) t = 0.015

(c) t = 0.026

Figure 83: Running di↵erence contours showing pressure perturbations (⇥10 5 ) at three
instants in time. The three rows show cuts through the x = 0, y = 1 and z = 1 planes
respectively. The time interval between frames is 0.001.
two frames both show a stagnation point flow centred upon the separator, with plasma
being swept towards the separator along the y-axis and then moving away from the
separator parallel to the x-axis. The inflows in the cusp regions carry magnetic flux to
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(a) y > 0 separator

(b) y < 0 separator

Figure 84: vk along the separators
rebuild the current layer along the separator but the outflows are not necessarily caused
by reconnection, as they remain steady once the reconnection pauses at t = 0.26.

(a) t = 0.06

(b) t = 0.2

Figure 85: Plasma velocity in the z = 1 plane
There are two types of flow in the domain, namely the weak global flow caused by the
passage of the wave through the domain and the stronger local flows associated with the
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separator relaxation and reconnection processes. As the wave moves radially away from
the separators, the space it vacates is occupied by a plasma backflow which interacts
with the flows local to either separator. At t = 0.06, the wave has just left the separator
so the backflow due to the wave diverts the separator outflows seen in figure 85(a). The
plasma flows into the cusp regions where it becomes part of the separator inflow once
more. This flow pattern is sustained at later times, except that the influence of the
backflows due to the wave is diminished. In figure 85(b) one can see that the outflow
again feeds in to the cusp regions but the plasma is not being diverted to the extent
that it was before, as the streamlines for |x| > 0.1 are almost radial where the flow was
previously azimuthal.

4.7

Six Separator Case

It was shown in section 4.3 that by varying the parameters of the flux ring added to
the potential field, it is possible to alter the topology of the initial magnetic field. This
section will investigate the dynamics of a reconnection experiment involving six separators. To be more precise, there are two clusters of three separators, so it will be
interesting to observe whether the evolution recognises the six distinct separators. It
should be possible to judge whether the number of separators is significant in determining the reconnection rate. The additional separators are the result of increasing the
disturbance to the potential field so it will be necessary to weigh the importance of the
larger perturbation and the greater number of separators.
Here, the factor B0 determining the magnitude of the added field has been increased by
a factor of two. The e↵ect of this is to introduce more twist to the separatrix surfaces
such that on either side of the y-axis, there are three separators initially. As in the
double separator experiment, a current layer is developed through ideal relaxation. A
quasi-equilibrium is achieved once the internal and magnetic energies are constant and
the magnitude of the kinetic energy is of the order 10 9 . The setup for the reconnection
experiment is no di↵erent to the previous section, although the critical current has been
doubled to jcrit = 10 to account for the stronger currents caused by the choice of B0 .
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4.7.1

Energies

The energy changes for the reconnection experiment with six separators are shown in
figure 86. Clearly the same process is at work as in the two separator experiment, as
the magnetic and internal energy changes again occur in two phases, with the second
beginning around t = 0.02. The kinetic energy spikes after the initial phase of the
reconnection but the magnitude of the change is only of the order 10 11 relative to the
initial total.

(a) Magnetic energy

(b) Internal energy

(c) Kinetic energy

Figure 86: Time and volume integrated energy changes for the six separator reconnection, normalised by initial total energy
Ohmic heating is the main factor a↵ecting the energy changes during the first phase of
the experiment. The viscous heating steadily increases with the magnitude of the flows
in the system but the rate of viscous heating is still an order of magnitude less than
the ohmic heating rate during the second phase, when the di↵usion region is no longer
intact.
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(a) Heating rates

(b) Integrated heating

Figure 87: Time evolution of the ohmic and viscous heating for the six separator reconnection
4.7.2

Parallel Electric Field

The reconnection rate was calculated in the same manner as during the first experiment, integrating the parallel electric field along fieldlines passing through z = 1. The
magnitude of the current in this experiment is twice that in the two separator case, due
to the intensification of the flux rings. Consequently the magnitude of the integrated
Ek is also two times larger in this experiment but the qualitative behaviour is the same.
Figure 89 shows that the reconnection is locally di↵erent around the new separators,
since the parallel electric field is oppositely directed. However the reconnection along
the central separator dwarfs the two new separators on either side of the y-axis so when
considering the maximum value in the volume as in figure 88, these di↵erences are lost.
The parallel electric field is strongest at the start of the experiment and declines almost linearly until around t = 0.025, when it almost reaches zero. After this point the
reconnection proceeds in a bursty fashion with the parallel electric field showing small
ripples as the current exceeds the threshold in patches and is dissipated.
Figure 89 shows contours of the integrated parallel electric field in the plane z = 1
at three di↵erent times. In the first two frames, there are three separators passing
through the plane, which are marked by yellow circles. The lines where the separatrix
surfaces intersect with the plane are also shown and the separators are of course located
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Figure 88: Time evolution of the maximum and minimum integrated Ek along fieldlines
passing through z = 1.
where these lines meet. At the beginning of the experiment, there is a region of strong
positive Ek coinciding with the central separator and there are weak patches of negative
Ek close to the other separators. The negative Ek quickly vanishes before t = 0.003 as
the separatrix surfaces untwist themselves and the two new separators move inwards
towards the central separator. At the start of the experiment, the positive fan is only
slightly twisted but the negative fan is sigmoidal in this plane and the new flux domains
are formed from the protrusions in the negative fan. As time progresses, these central
flux domains are drained as the flux is transferred into neighbouring regions and the
protrusions diminish while the separators migrate inwards. Shortly before t = 0.016,
two of the separators annihilate, leaving only the left separator, which continues to
move towards the centre of the high current region.
The picture is similar for the three separators on the positive side of the y-axis (the
second row in figure 89). In this case the strong central Ek is negative and the fringes
are positive but it is still the negative fan plane that is highly twisted and must unravel
to cause the separator bifurcation. Here, the oppositely signed Ek again disappears
before t = 0.003 and the middle and right separators annihilate before t = 0.015. It is
interesting that the more distant pair of separators annihilate unlike for y < 0. This
is related to the amount of flux contained within the central flux domains and also the
local reconnection rates, which in turn are determined by the strength of the currents.
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(a) t = 0.001

(b) t = 0.012

(c) t = 0.016

(d) t = 0.001

(e) t = 0.013

(f) t = 0.015

Figure 89: Parallel electric field integrated along fieldlines passing through z = 1. Top
row: y > 0 separators; bottom row: y < 0 separators.
Figure 90 shows how the parallel electric field along the length of each of the six separators progresses over time. As shown in figure 89, only the left separator remains
at the end of the experiment and the horizontal dashed indicates the instant in time
where the separator bifurcation occurs. The parallel electric field is non-zero along the
middle third of each separator and it is clear that the null points (located at 0 and 1 on
the normalised scale) do not contribute directly to the reconnection. The major point
of inconsistency between these plots and figure 89 is that the sign of the Ek along the
left separators does not change during the experiment. In figure 89 we saw that the left
separator was initially associated with the oppositely signed Ek before the separator
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Figure 90: Distance-time plot showing the time evolution of Ek along each of the six
separators. Top row: y < 0; bottom row: y > 0
drifted into the main region, settling at the centre of the high current region after the
bifurcation eliminated its neighbours. However, a closer inspection reveals that these
parasitic regions of Ek lie on the outside of the negative fan plane and do not coincide
with the separator.

4.7.3

Flows

Figure 91 shows the time evolution of the parallel velocity along each of the three
separators with y > 0. As in figure 90 a horizontal line highlights the moment when the
right separator annihilates with the central separator. Prior to this time, the parallel
velocity is strongest along the central separator and has the same divergent nature
as the flows seen in the double separator experiment (figure 84). Along the other two
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separators, the flow is more homogeneous until shortly before the bifurcation when they
enter the di↵usion region. Once the annihilation has occurred and the left separator
takes its place at the centre of the di↵usion region, it develops the strong divergent
parallel velocity seen in figure 84. The flow appears to stretch farther along the length
of the separator than in the double separator experiment and there appears to be a
slight asymmetry in favour of the positive velocity towards the negative null.

Figure 91: Parallel velocity along the separators (y > 0)

4.8

Asymmetric Cases

The two experiments previously discussed in this chapter both assume that there are
current layers along both of the original separators. It is natural to begin by studying
a symmetric system but it could be argued that given the typical length scales of
separators connecting nulls in the solar atmosphere, the current layers could not arise
simultaneously. Hence this section will consider the asymmetric case where a current
layer initially exists along one of the two separators. Once more the energy changes and
reconnection rate will be studied, with the primary aim of identifying any di↵erences
with the symmetric case. It will also be interesting to observe whether the reconnection
at the initial current layer causes any reconnection or current build-up at the second
separator.
Three di↵erent asymmetric experiments will be considered here. The first case is the
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same as the original double separator experiment, except that the flux ring at the y > 0
separator has been removed. In each of the three experiments, there is initially a single
flux ring centred on the separator at y = 1 and the magnetic field is relaxed until
the kinetic energy drops below 10 8 (relative to the initial total energy). In the second
experiment, the initial plasma density is reduced from ⇢ = 1 to ⇢ = 0.1. The third case
uses a larger flux ring with parameter values p = q = 0.4, s = 0.5 and B0 = 0.1. As
before, the reconnection process is triggered by introducing a non-uniform resistivity,
⌘ = 0.01, where the current exceeded the critical value. For these experiments, the
critical value is taken to be one fifth of the maximum magnitude of the current density.
The viscosity is reduced from the value used during the relaxation (by two orders of
magnitude) to ⌫ = 0.0001.

(a) Magnetic energy

(b) Internal energy

(d) Ohmic heating

(c) Kinetic energy

(e) Viscous heating

Figure 92: (a)-(c) Time and volume integrated energy changes for the asymmetric
double separator reconnection, normalised by initial total energy. (d)-(e) Rates of
heating. Blue: Original asymmetric experiment; yellow: low beta; green: large flux
ring.
As in the symmetric case, there are two phases to the energy conversion. Before t =
0.02, the Ohmic heating is important in all three experiments but after this time, its
magnitude is similar to the viscous heating. The viscous heating is greatest in the case
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with the low plasma beta due to the higher flow speeds but this does not translate into
a large energy change. Figure 92 shows that the experiment with the large flux ring
converts the most magnetic energy. The significant energy conversion occurring beyond
t = 0.1 is due to adiabatic e↵ects, as there is a more widespread pressure gradient owing
to the larger initial perturbation.

Figure 93: Time evolution of the minimum integrated Ek along fieldlines passing
through z = 1.
The time evolution of Ek is similar for each of the three asymmetric experiments, as
shown in figure 93. The super-critical current is rapidly dissipated at the start of the
experiment and at later times the reconnection rate is almost steady. There is no
impulsive behaviour because the choice of critical current is so low that the resistivity
is unable to dissipate all of the super-critical current before the current layer rebuilds.
The experiment with the large flux ring has a maximum current magnitude that is
almost a factor of two less than the other experiments but the current layer spreads
along a larger portion of the separator, meaning that the integrated Ek is not always
proportionally small. The low beta case has the strongest reconnection rate, since the
lower plasma density allows for stronger flows, which replenish the current layers faster.
Figure 93 does not show the spatial extent of the Ek but it has been confirmed that
this is mostly consistent with the original experiment. Of course, the double flux ring
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case also had a patch of positive Ek that is not matched here due to the lack of current
surrounding the y > 0 separator.

(a) y < 0 separator

(b) y > 0 separator

Figure 94: Time evolution of the integral of jk along the separators
Figure 94 shows the change in the integral of the parallel current density along both of
the separators. The asymmetry between the two separators is very clear, as the change
di↵ers by three orders of magnitude in the original case. The parallel current increases
significantly at the y < 0 separator because the direction of the current density is
opposite to the magnetic field, so as its magnitude decreases, there is a positive change
in the jk . The parallel current becomes steady in both cases beyond t = 0.3, indicating
that the majority of the super-critical current in the separator current layer has been
dissipated. There is no reconnection at the y > 0 separator because the current layer is
mostly confined to y < 0. There is also little evidence of reconnection at y < 0 causing
current build-up along the opposing separator.

4.9

Discussion

This chapter has studied the reconnection occurring in magnetic fields where a single
pair of nulls is connected by more than one separator. A current density is introduced
to the analytical magnetic field before the system is relaxed ideally to create separator
current layers. The quasi-equilibrium field is then used in a reconnection experiment
which makes use of a nonuniform resistivity that is non-zero where the current exceeds
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a critical value. The main experiment uses a double separator configuration and flux
rings are added to both separators with oppositely directed current.
The reconnection experiment has a number of similarities with that seen in Stevenson
and Parnell (2015a). This is particularly true of the integrated quantities, namely
the energy changes and the reconnection rate. The reconnection rate (and energy
conversion) is highest at the start of the experiment. This period of fast reconnection
expires quickly and is followed by impulsive behaviour, as the reconnection along the
separator occurs in frequent bursts. During the fast reconnection, the free magnetic
energy is converted directly to internal energy via Ohmic heating but the kinetic energy
becomes more significant in the impulsive phase.
One must look closely at the parallel electric field to identify the di↵erences with Stevenson and Parnell (2015a). In both experiments, the reconnection is localised about the
separator in a current layer. However, the original experiment used a non-potential
magnetic field with constant current, compared with a flux ring added smoothly to a
potential field. Consequently, the current layer here is due to localised twist, rather
than a large scale merging of the separatrix surfaces. This translates to a parallel electric field that does not extend along the separatrix surfaces and is localised around
the centre of the separator. The di↵erences between the experiments appear to be
attributable to distinct approaches to the initial current density, rather than di↵ering
reconnection mechanics.
A second reconnection experiment was performed using a quasi-equilibrium field containing six separators. This initial condition was created by adding a flux ring to both
the separators in the potential field as before, only using a stronger perturbation magnetic field. Although the presence of multiple separators in the main experiment did
not appear to significantly alter the dynamics of the reconnection, the three separators
on either side of the y-axis in this case were much closer together. This increased the
likelihood of interaction between reconnecting separators.
The six separator experiment mirrored the double separator case in its energy conversion and reconnection rate. The energy changes di↵ered by a factor of two because of
the higher current but experienced a transition from fast to impulsive reconnection at
a similar time. The parallel electric field showed interesting behaviour, as the central
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separators on either side of the y-axis have a strong Ek initially, while the other separators do not experience reconnection. As the experiment progresses, the magnetic field
untwists and the outer separators move into the regions of Ek before one of them annihilates with the central separator. The reconnection after the annihilation follows the
double separator case, with the fast reconnection dissipating the excess current before
the onset of impulsive reconnection.
A third reconnection experiment was completed, in which a flux ring was only added
to one of the potential separators. The aim of this experiment was to investigate the
e↵ect of this asymmetry in the current distribution on the separator reconnection. The
di↵erences were not pronounced, as the energies once more showed similar qualitative
behaviour to the original case, while the reconnection rate was almost indistinguishable
except for minor di↵erences in the impulsive phase. By plotting the magnitude of
the current along both separators against time, it was clearly demonstrated that the
reconnection at y < 0 did not have a noticeable e↵ect on the separator at y > 0.
This work is the first attempt to study separator reconnection in a system containing
multiply-connected null points. It has highlighted some interesting properties of the
reconnection process, in particular the bifurcation of the six separator case and the
movement of the separators into the high current regions. This conflicted with the
expectations because the separators were assumed to have their own identity associated
with a particular polarity of Ek , while bifurcations are traditionally seen as violent
events occurring over shorter time scales. One aspect of all these experiments which
di↵ers from previous work is the initially twisted separator configuration, which means
that the reconnection acts to reduce the magnetic tension force. It is debatable whether
this twisted configuration could be seen in nature as it would require localised vortical
flows. However, in spite of the fundamentally di↵erent types of current layer, this work
still bears strong similarities to Stevenson and Parnell (2015a). The appendix of this
thesis will investigate whether radically di↵erent behaviour can be achieved by applying
a boundary driver to the potential double separator field.
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5

Conclusions

This thesis aimed to build on our understanding of magnetic reconnection at topological
features of the magnetic field. It intended to study the reconnection process in detail
and isolate its features, meaning it was necessary to use somewhat artificial models.
The second chapter is a numerical study of 3D null point reconnection, which is a very
active area of research, particularly in the solar flare community. The challenge they
face is to determine whether topological features are significant in flaring activity, and
if so to understand their exact role in the process. There are still fundamental questions
regarding null point reconnection that need to be discussed, such as how it can occur
in an undriven system, or at a null with a generic current distribution and what is
the exact energy partition? Chapter 2 is concerned with the latter class of abstract
questions, although it is hoped they could be applied to specific solar phenomena in
the future. Chapters 3 and 4 deal with separator reconnection, which is relatively
unexplored in the literature. In contrast to the null point reconnection studies, there
are no driven numerical experiments beginning with a separator configuration. Again,
there are not currently any examples of separator reconnection using a generic initial
current. There is a fundamental question about how this type of reconnection relates
to null point reconnection and whether they can occur in tandem. It is also not known
whether reconnection in systems containing multiple nulls and separators is the sum of
its parts or there are coupled events that trigger each other.
In chapter 2, reconnection for a specific class of null points has been studied, using
the classification of linear nulls in Parnell et al. (1996). There were six experiments in
all, three of which were spiral nulls and two were improper nulls (with one non-generic
case). These experiments were grouped according to the value of the parameter b, since
this had previously been shown to have a bearing on the nature of the reconnection.
The method used in this chapter was to perform ideal relaxation of the initial field to
achieve a quasi-equilibrium containing current layers, before proceeding with the reconnection experiment. The reconnection is commenced by specifying a critical current
above which a constant resistivity is applied. The experiment is run for approximately
two Alfvén wave crossing times, since every crossing introduces boundary e↵ects to the
reconnection. As previously mentioned, there has been little attention paid to undriven
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reconnection and the idea of using a quasi-equilibrium initial condition has only previously been realised in Williams (2018). There are also few studies that attempt to
di↵erentiate between reconnection at spiral and improper nulls. The di↵erent types of
null point were found to have a very similar resistive evolution both in a qualitative
and quantitative sense. The reconnection rate at the improper nulls was slightly higher
but owing to its impulsive nature there were instances where the spiral reconnection
was stronger. In all cases, the reconnection was split into three phases, with the fast
initial reconnection and the impulsive phase being separated by a brief pause. The free
magnetic energy is converted mostly to internal energy with only 1% going to kinetic
energy. This change is e↵ected in part by Ohmic heating but also by adiabatic e↵ects,
with the dominant mechanism depending on the stage of the reconnection. In spite of
the di↵erent methodology, the work supports the conclusion of Al-Hachami and Pontin
(2010) regarding the parameter b, as the fieldlines in the b = 2/3 experiment have a
larger integrated Ek compared with b = 1 due to the larger current layer. However,
there is little di↵erence between the b = 1 and b = 3/2 cases, indicating that the
dimensions of the current layer are the critical factor and not the parameter b.
There are several possible improvements to the null point reconnection model that could
be considered. In the first place, although the current distribution is more generic than
those previously seen in the literature, the initial current is still not completely generic.
A realistic model would have to find a way to introduce a fully 3D current. The
quasi-equilibrium initial condition for the reconnection is limited by the MHD code
used during the relaxation. If the initial condition were closer to an equilibrium, it
would be clear that any flows were generated by the reconnection. The relaxation
uses viscous damping to reduce the plasma velocity but a more convincing numerical
equilibrium could be accessed by a purely Lagrangian code. The small amount of kinetic
energy achieved during the reconnection is not consistent with previous work, which
generally states that the Ohmic heating is less important than the acceleration of the
plasma. It would appear that this inconsistency is caused by the quasi-equilibrium
initial condition. Having a quiescent initial state in a simulation of an explosive process
implies that there is an instability that occurs at some stage during the relaxation of
the field. This instability does not occur during the experiment but is rather assumed
to have occurred in between the relaxation and reconnection experiments. An approach
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that incorporated the instability in a self-consistent way would be more likely to exhibit
explosive properties such as the acceleration of the plasma. Finally, it could be argued
that finite di↵erence methods are not well-suited to such a problem, where the key
feature is the interface at the separatrix surface, which splits the domain in half. A
numerical method that explicitly acknowledges these barriers would at least allow for
calculations of the flux transfer between flux domains and the plasma flows across the
fan. A stretched grid with a greater density of cells around the fan would be the
simplest way to improve the numerical setup but it also might be possible to explore
finite element or spectral methods.
Chapter 3 investigates separator reconnection using a magnetic field that is adapted
from a 2D equilibrium. The 3D field is regarded as a perturbation to the Corrugated
Sheet Pinch and is thus sufficiently ‘close’ to an equilibrium to be taken as the initial
condition for reconnection. The reconnection is again initiated using a non-uniform resistivity, whose critical current is slightly larger than the initial maximum. This allows
the current to redistribute itself prior to reconnection, as the separator is embedded in
a global current sheet that initially lacks small scale structure. The resistive experiment was terminated once the energy changes showed the system was relaxing towards
an equilibrium.This main experiment was then contrasted with an ideal relaxation, to
determine the relative importance of the initial force imbalance and the current dissipation to the overall dynamics. There are very few analytical separator models but this
case is unique in that the magnetic field components are finite. In addition, the fact
that there is a global current sheet means that the separator is less isolated than other
models, being part of a more global field. The idea of treating the separator field as
a perturbation to a 2D equilibrium is also new and it facilitates a reconnection study
that is not directly driven but also does not start with an equilibrium. A consequence
of this approach is that the reconnection is somewhat difficult to distinguish from the
relaxation which occurs in the ideal study. In both experiments, the plasma flows transport current from the boundaries to the topological features in a periodic manner. The
current accumulates across the entire separatrix surfaces and the separator does not
play a special role in the reconnection. However, the null points undergo bifurcation
during the peak reconnection, creating great topological complexity for a short period of
time. This is one of the first examples of topological change at a pre-existing separator
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configuration during a reconnection experiment.
An exemplary separator reconnection experiment would use an unstable equilibrium
field as its initial condition. Such a field is inaccessible by analytical methods and
current layers obtained by relaxation appear to be quite stable in that they favour a
more di↵usive type of reconnection. This experiment did produce more dynamic reconnection but at the expense of the initial equilibrium, which is desirable in a controlled
experiment. The flows that carry magnetic flux towards the topological features are not
realistic since they result from the force imbalance introduced when extending the field
to three dimensions. A more realistic scenario could be achieved by driving a potential
separator field, although provisional studies suggest that it is difficult for the current
to penetrate the central flux domain when the boundary is disturbed. Another issue
with the results presented in chapter 3 is that the global current sheet does not di↵use
quickly and strongly a↵ects the integrated quantities throughout the experiment. An
obvious way to overcome this problem would be to use a di↵erent magnetic field where
the initial current is not strong at the boundaries. The boundary currents are especially problematic in section 3.7, where the system has relaxed to a separator current
layer whose magnitude is less than the boundary accumulations. When the resistivity
is switched on, the separator current instantly dissipates and the subsequent energy
changes are due to steady Ohmic heating from the boundary. The line-tied boundary conditions are largely responsible for the boundary currents. However, there are
no clear alternatives because of the need to preserve the magnetic skeleton. It might
be possible to cut out the central portion of the box containing the current layer and
complete the resistive experiment over a smaller grid, although this is not supported
by Lare3d.
Chapter 4 presents a model for separator reconnection occurring at multiply-connected
null points. The analytical potential separator field is derived using an expansion
method similar to that of Stevenson et al. (2015), with the orientation of the two null
points being fixed so that their separatrix surfaces intersect along two separators to
form a ring. This magnetic field is then perturbed by the addition of localised flux
rings located at the mid-points of the separators. Ideal relaxation is performed so
that the current concentrations associated with the flux rings can spread along the
separators, while the field approaches a quasi-equilibrium. The resulting field is taken
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as the initial condition for the reconnection experiment, using a non-uniform resistivity
so that the di↵usion regions are confined to the central part of the separators. The
novel aspects of this experiment are the complicated initial topology and the use of
flux rings to perturb the potential field. The experiment converts magnetic energy
through a combination of Ohmic and adiabatic heating. The maximum kinetic energy
is only 1% of the net energy transfer and the flows remain mostly localised, except for
the low amplitude wave passing through the surrounding plasma. The reconnection
rate consists of distinct phases as in chapter 2, which suggests that this time evolution
is linked to the quasi-equilibrium starting point. In the case with six separators, the
reconnection acts to untwist the separatrix surfaces, causing a pair of separators to
annihilate on either side of the y-axis. The asymmetric experiment reveals the lack of
interaction between neighbouring separators, as reconnection at one current layer does
not lead to significant current build-up elsewhere.
The di↵erences between this multiple separator experiment and Stevenson and Parnell (2015a) are surprisingly subtle. It generally seems that the reconnection in this
experiment is more localised than before because of the fact that each flux ring only
perturbs a small volume. Increasing the length of the flux ring might increase the similarity between the experiments but the reconnection resulting from quasi-equilibria is
still characteristically di↵usive. The fact that the e↵ects of this reconnection are not
widespread precludes any sympathetic behaviour between the separators. One possible
way to change this is to attempt a low beta experiment. This can be challenging in a
magnetic field containing null points because numerical reconnection can lead to topological change in a supposedly ideal plasma. It might be possible to use a non-uniform
density that is highest at the nulls to attempt to control the rate of numerical di↵usion.
It is possible that increasing the grid resolution local to the separator would lead to
more dynamic reconnection if there would be more small scale structure in the current
layer. However, the layer does not appear to relax towards a singularity, maintaining a
finite radius around the separator. Because it does not have the same extreme aspect
ratio seen in the current layers in null point reconnection, one would not expect it to
be susceptible to the tearing instability. If there is no instability, this raises questions
about whether spontaneous reconnection can occur in the manner suggested by this
experiment. For this reason, the possibility of driven separator reconnection should
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again be considered.
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6

Appendix

This section will study driven reconnection at the double separator field described in
Chapter 4. It is necessary to study the MHD evolution with more than one numerical
approach in order to distinguish the properties of the reconnection that are intrinsic to
the magnetic field. Boundary driving is the most common method of studying 3D null
point reconnection (as practised by for example, Pontin et al. (2007), Galsgaard and
Pontin (2011b), Wyper and Pontin (2014b)). However, there are few separator reconnection studies employing a driver (Galsgaard et al. (2000b) and Haynes et al. (2007)).
The presence of multiple nulls in the simulation box presents additional complications
to a driven numerical study, as it is not obvious where the driving should be applied.
In null point reconnection studies, current is introduced to a potential field by advecting
the spine footpoints in opposite directions. The driving initiates the collapse of the null
point in the direction of the eigenvector associated with the larger eigenvalue. Galsgaard and Pontin (2011a) showed that this will happen for a range of di↵erent driving
directions, except in the case where the driving is perpendicular to the eigenvector. A
current layer typically forms along the fan plane at the location of the null point.
There is no separator connecting the two null points initially in Haynes et al. (2007).
Since the nulls are located at the boundaries, the driver causes them to move across
the length of the box. As they are driven past each other, the separatrix surfaces
intersect and bifurcations occur, leading to a maximum of five separators connecting
the nulls. Galsgaard et al. (2000b) use a constant-↵ force-free field with eight null points
connected by separators. The driving is imposed at a single boundary and introduces a
shear flow to the separatrix surfaces of both null points. Focusing on one of the null-null
pairs, a current layer is formed along the separator with an orientation of ±45 degrees
relative to the spine. The previous separator reconnection works did not apply driving
to a potential field and also did not explore driving at the spine footpoints. These are
the defining characteristics of the driven separator reconnection experiment discussed
in this section.
The numerical experiment was carried out using Lare3D as in the previous chapters
of this thesis. The initial magnetic field is the potential field from Chapter 4 equation
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(71), which contains two null points located at (0, 0, 0) and (0, 0, L) connected by two
separators. Unless otherwise stated, the magnetic field parameters used in this chapter
are L = 2, a = 1, b = 1, c = 0.5, d = 1, e = 0 and f = 1. The numerical domain
covers 3 < x, y < 3 and 2 < z < 4. The plasma density is initially uniform (⇢ = 1)
and the internal energy (✏ = 1.5) is chosen so that the plasma pressure is p = 1. The
plasma velocity is initially zero everywhere except at the driven boundaries. For the
main experiment, the resistivity has a value of ⌘ = 0.001 and the background viscosity
is ⌫ = 0.001.
The boundary conditions are line-tied with the driving velocity having the same form
as that used in Galsgaard and Pontin (2011b):
vz = vf (tanh((yd

y0 )/yh ) tanh((yd + y0 )/yh ))(tanh((zd

z0 )/zh ) tanh((zd + z0 )/zh ))
(88)
vf = vd tanh(t/td ) is a function specifying the time dependence of the driving velocity,
which has a peak value of vd . The form of the driver in (88) assumes that the driving
is applied at the x-boundaries. In this case, yd = y yc and zd = z zc are the coordinates relative to the centre of the driving patch (yc , zc ). y0 and z0 are the lengths
separating the peak velocity from the point with half its magnitude and yh and zh are
the half-widths of the hyperbolic tangent functions.
A logical starting point is to apply the driver to the spine footpoints in the tradition of
the null point reconnection studies previously mentioned. The velocity is only applied
to one of the footpoints at either boundary in order to limit the mass drainage occurring
due to the compressible flows.
The magnitude of the current density is highest at the null points, as shown by figure
95(a). This is not surprising, as it is consistent with the null point reconnection results
employing similar driving profiles. However, this figure is not in agreement with the
work in chapter 4 (figure 71), which suggested that the current would accumulate away
from the nulls in the double separator system. Clearly it has spread across the entire
separator ring, although the magnitude at the widest part (y = ±0.73) is weaker than at
both the nulls and the neighbouring separatrix surface. The asymmetry in the current
distribution along the separatrix surfaces in figure 95(b) is related to the fact that only
one of the spines is driven at either boundary, although this is not evident in planes of
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(a) x = 0

(b) y = 0.73

(c) z = 1

Figure 95: Magnitude of the current density
constant z.

(a)

(b)

Figure 96: Spatial and temporal variation of the maximum current. Left: Magnitude of
j along the spines and separators. The lengths of these fieldlines have been normalised to
one. Right: Time evolution of the maximum |j| in the domain and along the separators.
Figure 96(a) shows the magnitude of the current density along the topological features
of the field. The strongest current is found at the two null points, which are at the
ends of the two separators and the centres of the spines. The weakest current at the
separator is still stronger than at 95% of the spine lines. This means that the spine
is not a preferred location for current accumulation, as it was already shown in figure
95 that the weaker separator currents are small compared with those at the separatrix
surfaces (away from the spines). This is somewhat unexpected, since the driving is
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focused on the spine footpoints and should lead to their deformation. The asymmetry
in the current along the two spines is accounted for by the fact that they are driven
from opposite ends.
The time evolution of the maximum current (figure 96(b)) follows that of the driving
velocity, growing almost linearly until the driving is switched o↵ at t = 4. After
this time, the system slowly relaxes and the current is redistributed across the domain,
leading to a slight reduction in the maximum. The peak current is in fact located at the
boundaries but this numerical error can be improved by varying the driver parameters.
The magnitude of the current density at the nulls is at least 60% of the numerical
maximum and the di↵erence between these values could be reduced if the system is
allowed to relax further. Another issue that should be noted is that the null detection
fails at 2 < t < 3. The MSAT software assumes that the magnetic field is trilinear in
the vicinity of the nulls, which is unlikely to be valid when the nulls are embedded in
current layers.
The potential field parameters were varied in order to determine whether the geometry
of the magnetic field is important to the reconnection. Figure 97 shows that regardless
of the choice of parameters, the current will accumulate at the null points. However the
extent of the current along the separators seems to vary with the field geometry. For
instance, the field with c = 1.5 has two long current layers that cover more than half of
the length of the separators. By contrast for c = 0.5 (figure 95), the narrow separator
ring has a more localised current distribution. In the b = 3 case, the strongest
current is again localised at the nulls but there is weaker current extending to the the
z-boundaries. Of the seven experiments, this example most resembles the magnetic
field from chapter 4, where the Bz component is generally dominant. Although the
driving is not e↵ective for this case, the addition of a flux ring directed parallel to
the z-axis results in an equilibrium current layer. The remaining experiments develop
current layers when subjected to driving but cannot relax to an equilibrium when the
flux rings are applied.
The maximum current density (figure 98) in the di↵erent potential field cases is very
similar, with the exception of b = 3. As before, the impulsive driving is evident
in the time variation of the current, which becomes almost steady after t = 4. The
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(a) c = 1

(d) b =

3

(b) c = 1.5

(e) a = 0.65

(c) b =

1.5

(f) a = 0.8

Figure 97: Magnitude of the current density at t = 8 in the x = 0 plane for di↵erent
potential field parameters. The parameters are chosen to be a = 0.5, b = 1, c = 1,
d = 1, f = 1 and L = 2 (with the exception of the parameter specified under each
cut).
minor di↵erences in the magnitude of the current are probably related to the strength
of the magnetic field. The parallel electric field along the separator is greater in the
c = 1.5 experiment than for a = 0.8, in spite of the latter having a larger maximum
current. Of course, the fact that the Ek is integrated along the separator means that
it will not necessarily agree with the maximum current values. However it is clear that
these experiments are similar in a quantitative sense, as well as having similar current
distributions according to figure 97.
Figure 99 shows how the magnitude of the current density and the parallel electric
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Figure 98: Time variation of the current density (left) and parallel electric field (right).
The current density is the maximum value along the y > 0 separator and the Ek is
integrated along the y > 0 separator.

(a)

(b)

(c)

Figure 99: Variation of peak |j| (blue) and separator Ek (orange) with: a) resistivity,
b) viscosity, c) driving velocity
field vary with certain parameters. The peak current does not vary significantly as the
resistivity and viscosity are changed by three orders of magnitude. As a result, the
Ek (calculated as the resistivity multiplied by the integral of jk along the separator)
is directly proportional to the resistivity. This does not agree with the scaling law
Ek ⇠ ⌘ 0.65 found in the null point reconnection study of Galsgaard and Pontin (2011b).
In figure 99 (b) and (c), the parallel electric field is proportional to the current as the
resistivity is held constant. By increasing the magnitude of the driving velocity, one can
achieve a significant increase in the magnitude of the current density. However, there
are numerical disadvantages to a larger driving velocity, as the current accumulations
at the boundary become more prevalent.
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These preliminary results show that it is possible for the null points to play a role in
reconnection at a separator configuration. Chapter 4 indicated that the nulls do not
play a role in separator reconnection, which could be attributed to the location of the
flux rings. The null points are not merely involved in the reconnection process in this
section but rather are the locations where the current is strongest. This is consistent
with null point reconnection studies, which use a similar type of driving. It could be
suggested that this experiment is an example of null point reconnection in a separator
configuration but other types of driving should be explored before making a statement
of that kind.
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