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Abstract

We introduce a definition of thickness in R? and obtain a lower bound for the Hausdorff
dimension of the intersection of finitely or countably many thick compact sets using a variant
of Schmidt’s game. As an application we prove that given any compact setin R? with thickness
7, there is a number N () such that the set contains a translate of all sufficiently small similar
copies of every set in R? with at most N () elements; indeed the set of such translations has
positive Hausdorff dimension. We also prove a gap lemma and bounds relating Hausdorff
dimension and thickness.
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1 Introduction

The classical co-dimension formula states that if C;, C, are submanifolds of R? that intersect
transversally then

dim(C; N C2) = dim(Cy) + dim(C») — d (1)

provided the right hand side is non-negative, where dim denotes the dimension of the man-
ifolds. There are various versions of (1) that are applicable in other settings, in particular
for more general sets using Hausdorff dimension dimgy. For example, for compact sets
C,C, C R4

dimg (Cy; N (Cz 4 x)) < max{0,dimg(C; x Cz) —d} (2)

for Lebesgue almost-all x € R?; the right-hand side can be replaced by max{0, dimy (C;) +
dimpg (C2) —d} if, for example, either C or C; has equal Hausdorff and upper box-counting
dimension, see [17]. On the other hand, for all € > 0,

dimy (C; N o (Cy)) > max{0, dimgy (Cy) + dimg (Cp) —d — €} 3)

for a set of similarities o of positive measure with respect to the natural measure on the group
of similarities o on R?. The similarity group may be replaced by the group of isometries if
dimyg C1 > (d + 1)/2 (it is not known if this condition is necessary if d > 2), see [12, 17].
The disadvantage of these results is that they are measure theoretic, and tell us nothing about
which particular similarities or isometries these inequalities are valid for.

Atthe other extreme, there are classes C of ‘limsup sets’ of Hausdorff dimension0 < s < d
which are dense in R? with the property that the intersection of any countable collection of
similar copies of sets in C still has Hausdorff dimension s, see for example [8].

It is natural to ask for specific conditions on compact sets that are ‘close enough’ to each
other that guarantee non-empty intersection, or even give a lower bound for the dimension of
their intersection. For subsets of the real line Newhouse [19] introduced a notion of thickness,
see Definition 1, which depends on the relative sizes of the complementary open intervals
of the set and showed that two Cantor-like sets, with neither contained in a gap of the other,
must intersect if the product of their thickness is greater than 1, see Theorem 2.

In this paper we propose a definition of thickness for compact subsets of R? forall d > 1.
We obtain a higher dimensional gap lemma, and show that given several compact sets in
R4 (d > 1) that are not too far apart in a sense that will be made precise, if their thicknesses
are large enough then they have non-empty intersection, and we obtain a lower bound for the
Hausdorff dimension of this intersection.

We first review the definition of thickness for subsets of the real line. Recall that every
compact set C on the real line can be constructed by starting with a closed interval I = I;
(the convex hull of C) and successively removing disjoint open complementary intervals
(they are the path-connected components of the complement of C). Clearly there are finitely
or countably many disjoint open complementary intervals (G,),, which we may assume
are ordered so that their lengths |G| are non-increasing; if several intervals have the same
length, we order them arbitrarily. The two unbounded path-connected components of R \ C
are not included. For each n € N the interval G, is a subset of some closed path-connected
component [, of I \ (G U ---U G,_1). We say that such a G,, is removed from I,,.

Definition 1 (Thickness in R) Let C C R be compact with convex hull 7, and let (G,,), be
the ordered sequence of open intervals comprising / \ C. Each G,, is removed from a closed
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Intersections of thick compact sets of RY

interval 7, leaving behind two closed intervals L, and R,; the left and right intervals of
I, \ G,. The thickness of C C R is defined as

in{|L,|, |R
(€ o g UL R )
neN |Gl

The sequence of complementary intervals (G, ), may be finite, in which case the infimum is
taken over the finite set of indices.

The thickness of a single point is taken to be 0, and that of a non-degenerate interval to
be +-o0.

If there are several complementary intervals of equal length, then the ordering of them does
not affect the value of t(C). See [1, 11, 20, 22] for more information on Newhouse thickness
and alternative definitions.

Theorem 2 (Newhouse’s Gap Lemma) Given two compact sets C1, C» C R, such that neither
set lies in a gap of the other, if t(C1)t(C2) > 1 then

C1NCy # 0.

Theorem 2 was proved only for subsets of R and it does not guarantee positive Hausdorff
dimension of the intersection, nor does it generalise in any simple way to intersections of 3
or more sets.

Here we give a definition of thickness for compact subsets of RY that enables us to
generalize Theorem 2 to higher dimensions, and also obtain lower bounds for the Hausdorff
dimension of the intersection of several sets. For a different definition of thickness for certain
dynamically defined subsets of the complex plane see [3].

Our setting throughout the paper is as follows. Given a compact subset C of R?, we define
(Gp);2; to be the (at most) countably many open bounded path-connected components of
C€ and E to be the unbounded open path-connected component of C¢ (except whend = 1
when E consists of two unbounded intervals). We call E together with G,, (n € N) the gaps of
C. We may assume that the sequence of gaps (G,);2 | is ordered by non-increasing diameter.
Note that we make no assumption about the connectedness or simply connectedness of C.

We write dist for the usual distance between points or non-empty subsets of R? and diam
for the diameter of a non-empty subset of R?.

Definition 3 (Thickness in R?) We define the thickness of C to be
dist(Gn, Uy<j<4—1 Gi U E)
diam(G,,)

provided that E is not the only path-connected component of C.
When the only complementary path-connected component is E, we define

400 if C° # 0
7(C) := )
0 ifC°=9¢

)

C) := inf
Q)=

We say C is thick if T(C) > 0.

If the sequence of complementary intervals (G,,), is finite then the infimum is taken over
the finite set of indices. Moreover, thickness is well-defined in the sense that if two gaps
have the same diameter, interchanging their positions in the ordering does not change the
definition of thickness.

Note that t € [0, +oc]. Also, t is invariant under homothetic maps, and agrees with the
usual definition of thickness in the real line (recall Definition 1).
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Observation 4 IfC C R? isathick compact set, then either there are finitely many gaps (G ),
or limy,_, oo diam G, = 0. To see this we can assume that E is not the only complementary
path-connected component. If diam G, > ¢ > 0 for infinitely many n, taking points x, € G,
with dist(x,, x;) > ct(C) for 1 <i < n contradicts the sequential compactness of E C

In Sect. 2, we obtain a higher dimensional gap lemma, Theorem 10. The gap lemma
does not generalize in any simple way to intersections of three or more sets, so we need to
use other methods to study such intersections. To achieve this we obtain lower bounds for
the Hausdorff dimension of the intersection of several thick compact sets in terms of their
thicknessess, which is easy to estimate in many cases.

Our main theorem, Theorem 6 which will follow from Theorem 18 which relates thickness
to ‘winning sets’.

The following constants appear in many of our results:

Definition 5 In R? (d > 1), let

_ 2d(24v/d) log(16v/d)

1
I-2

K1:

4/d)* (1 + 4dz)>2

and K2::< :
1=

(&)

We now state our main theorem which will follow from applying Theorem 18 on ‘winning
sets’ to thickness. We write E; for the unbounded open path-connected component of Cic
(the union of two unbounded intervals when d = 1).

Theorem 6 (Intersection of compact sets in RY) Let (C;); be a family of countably many
compact sets in R?, where C; has thickness t; > 0, such that:

(i) sup; diam(C;) < o0,
(ii) thereis aball B such that BNE; = { for every i, where E; is the unbounded component
of CF,
(iii) there exists ¢ € (0, d) such that

ZT‘_C < Lﬁc(l _ﬁd—())
- K

where
1 diam(B) }

B := min [7, _—
4" sup; diam(C;)

Then

—ce\d/c
dimy (B0(C) 2 I OV A0 M
ST B log(B)|

Note that condition (iii) comes from Theorem 18 and is needed both to obtain the lower
bound for the dimension of the intersection and to ensure that this bound is positive.

The significance of Theorem 6 is that a condition on thicknesses can give a lower bound
for the dimension of intersection of a finite or countable collection of sets in R? so ensure
that the intersection is non-empty. In practice, the thicknesses needed are rather large as a
consequence of the large constants K1 and K>.

A very active research area involves finding conditions on a set that guarantees the set
contains homothetic copies of a given finite set of points, called a pattern in this context. It
will follow from Theorem 6 that a set contains homothetic copies of any given pattern in R¢
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Intersections of thick compact sets of RY

provided it is sufficiently thick. Patterns and intersections are related: the set C contains a
homothetic copy of A := {ay, ..., a,} if and only if there exists A # 0 such that (), <i<n(C—
ra;) # 9. o

A consequence of the Lebesgue density theorem is that any set E C R¥ of positive
Lebesgue measure contains a homothetic copy of every finite set at all sufficiently small
scales, so it is natural to seek conditions on sets of zero Lebesgue measure form which this
remains true. Perhaps the most natural notion of size to consider is Hausdorff dimension but
there are constructions (see for example [6, 13, 14, 16, 18, 21]) which indicate that Hausdorff
dimension cannot, in itself, detect the presence or absence of patterns in sets of Lebesgue
measure zero, even in the most basic case of points in arithmetic progressions.

Laba and Pramanik [15] showed that if, in addition to having large Hausdorff dimension,
a subset of R supports a probability measure with appropriate Fourier decay, then it contains
arithmetic progressions of length 3. The hypotheses were relaxed and the family of patterns
covered greatly enlarged in subsequent papers [5, 9, 10]. This work uses harmonic analysis,
and such methods do not work easily for longer arithmetic progressions. Moreover, the
hypotheses may be difficult to check, and are not even known to hold for natural classes of
fractals such as central self-similar Cantor sets.

Yavicoli [22] showed that Newhouse thickness, Definition 1, allows the detection of homo-
thetic and more general copies of patterns inside fractal sets in the real line. Newhouse
thickness is easy to compute or estimate for many classical fractal sets such as self-similar
sets or sets defined in terms of continued fraction coefficients. Our notion of thickness in
higher dimensions, Definition 3, enables such results to be extended to RY,

Theorem 7 Let C C RY be a compact set with thickness © := t(C), such that EC contains
a ball B. Then C contains a homothetic copy of every set A with at most

Bllog(B)| ¢ J
ekK» log(7)

N(o) = { ©)

elements, where
. (1 15diam(B)
B 1= min {7, 7}
4" 16diam(C)
and K, is as in (5). '
Moreover, for all A € (O, %), there exists a set X of positive Hausdor{f dimension
(depending on A, B, C and ) such that

x+AA CCforallx € X.

We also discuss the relationship between Hausdorff dimension and thickness of a set. It
is shown in [20,p.77] that for C C R,

log?2

dimp (C) > log2 + 1/7(C))’ "

and in Sect. 6 we obtain analogous lower bounds for C C R¢.

2 A gap Lemma in R?
In this section we extend Theorem 2, Newhouse’s gap lemma on R, to RY ford > 2. We first

study a particular case when the gaps are either linked or do not intersect; in this setting we
can use an analogous argument to Newhouse’s proof.
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Fig. 1 An example of gaps G! and G? which intersect but are not linked and which might be parts of the
complements of compact sets C; and Co which satisfy the hypotheses of Theorem 10 but not of Proposition
9

We denote the boundary of U ¢ R? by aU.

Definition 8 We say that U € R? and V C R? are linked gapsif UNV # @, QU)\V # @
and V) \ U # 0.

We say that C; and C; are linked compact sets in R? if for every pair of gaps G! and G?
of Cy and C; respectively we have that either their intersection is empty or they are linked
gaps.

We first obtain the conclusion when C and C; are linked compact sets and then in Theorem
10 we reduce to this case the weaker condition that neither C; or C; is contained in any gap
of the other. Figure 1 illustrates how gaps may satisfy the hypotheses of Theorem 10 but not
of Proposition 9.

Proposition9 Let C| and Cy be linked compact sets in R4, with t(C))t(Ca) > 1, then
CiNCy £40.
Proof By definition of t,

dist(Gy, Uy <j<m—1 G} U E1)
diam(G)

71 :=t(Cy) ;= inf
m

and
dist(G2, U <j<p_1 G7 U E2)
diam(G2)

7 = 1(Cy) :=inf
n

where C and C; have gaps G,ll and G% and external path-connected components £ and E
respectively.
We assume that C; N C, = ¢ and will obtain a contradiction. Then,

crccs=JGIUE, and Gy c¢f = JGlUEL
i i

We will construct inductively a sequence (U;, V;);en of pairs of linked bounded gaps that
occur in the construction of C; and C, respectively, such that either diam U; — 0 or
diam V; — 0 (or both).

To start the induction: We will define (Uy, V1) linked bounded gaps.
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Intersections of thick compact sets of RY

Since E| and E; are linked gaps, thereis x; € 0E; \ E2 € C1 \ E2 C CZC \ E», so there
is a bounded gap V| = Gﬁl of C; such that x| € G,%]. Since E; and V| intersect and C;
and C; are linked compact sets, E£1 and V| are linked gaps. Hence, thereisx, € 0V \ E; €
Cr\E| < CIC \ E1, so there is a bounded gap U; := G,ln1 of C1 such that x; € G,lnl. Since
U; and Vj are gaps that intersect, and C; and C, are linked compact sets, U; and V| are
linked.

Inductive step: Given that we have defined a pair of linked gaps (Uy, Vi) of Cy and C»
defined, we now define (U1, Vit1)-

Since (Ug, V) is a pair of linked gaps, there is a; € dUy \ Vi. Since ax € dUy, we have
ay € C1, hence by assumption a; ¢ C3, so there is a gap Gﬁk of C such that q; € Gﬁk. Note
that (Uy, Gﬁ k) are linked because they intersect and Cy and C; are linked.

In the same way, since (U, Vi) is a pair of linked gaps there is by € 9V \ Uy. Since

by € Vi, then by € C,, hence by ¢ Cq, so there is G}nk a gap of C such that by € G}nk
Again (G),, . Vi) are linked.

We will show that we can choose (Ui, Vi+1) to be either (Uy, Glzlk) or (G}”k, Vi) in
such a way the diameters of either Uy or Vj tends to 0.

We observe that for a fixed pair n,m € N the following two inequalities cannot hold

simultaneously:
o dist(G,. U <i<p_1 Gi U E1) < diam(G7)
o dist(G2, U <j<,_ GI U Ey) < diam(G},).

n’

For if both hold, then by definition of thickness,

diam(G?2) > 7y diam(G)) and diam(Gl) > 7, diam(G?).
Using the hypothesis that 7y > 1,

diam(G ) > 1, diam(G?) > 712 diam(G|) > diam(G} ),

which is a contradiction.

The gaps Uy and Vi can be identified as Uy := G,‘n and Vy = G,% for some n,m € N.
In the case dist(G,ln, Ulsis,n_1 G[l UE)) > diam(Gﬁ), we also know that (Uy, Vi) are
linked, so Vj does not intersect E| or Gil forevery 1 <i <m — 1. Also by € a0V \ Ur €
Ui<i<m—1 G} UEDNSN Clc. Then by belong to a bounded gap G,lnk with my > m, and we
take (U1, Vi1) = (G, . Vio.

In the case dist(G,ln, UlSiSm_l Gl.1 UE)) < diam(G,%), by the previous observation we
have dist(G2, |, -;,_; G}UE>) > diam(G,). Analogously to the previous case ax belong
to a bounded gap_G,_%k with ny > n, and we take (Uy+1, Viy1) = (Ug, G%k).

Since one or other of these cases occurs infinitely many times, we get a sequence (U, Vi)
of linked gaps of Cy and C,, where at least one of the diameter sequences tends to 0. Assume,

by symmetry, that diam(Uy) — 0. Take x; € dUy C Cq, and yx € U N 9Vy € C,. Then,
dist(xg, yx) < diam(Uy) — 0.

Since (x;)r € C; there exists (xk/) j a subsequence (x j) j convergent to x € Cj. Since
(ykj)j C (3, we also get (ykj)j — x € (2. So x € C1 N C; contradicting the assumption
that C; N Cp = 0. O

We can now relax the hypotheses of Proposition 9.

Theorem 10 (Gap Lemma in R?) Let Cy and C» be compact sets in RY such that neither of
them is contained in a gap of the other and t(C1)t(C2) > 1. Then C1 N Cy # 0.
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Proof We write 71 := 7(C1) and 15 := 7(C7). By hypothesis, C; and C» are thick compact
sets.

We will show that if the theorem is not trivially true then there are sets c 1 and 52 with
thicknesses 7; > 11 and 7, > 77 that satisfy the conditions of Proposition 9 such that
51 N 62 = Cj N Cy, from which the theorem follows immediately. We do this using a
sequence of steps to modify the sets so that we can assume that the sets satisfy such stronger
conditions.

Note that in these steps G will always be a gap of C; and G? will be a gap of C,; such
gaps may be unbounded unless stated otherwise.

(0) We may assume that there is at least one bounded gap in the construction of Ci,
and similarly for C;. Otherwise C; = E IC But by hypothesis C; is not contained in
E1,s0 C1 N Cy # ¢ and the theorem is trivially true.

(1) Wemay assumethat G'N3G? = @forallgaps G' and G2 of C| and C; respectively.
Otherwise there exist gaps G! and G? of C; and C; such that dG! N 9G? # ), so
C1 N Cy # @ and the theorem is trivially true.

(2) We may assume that 9E| ¢ E; and 0E; ¢ E. Otherwise dE; C E3 (or vice-versa).
Since C; and C, are compact, there exists a closed ball Bg(x) such that C; U Cy C
Br(x). We define r := R/Q2my+1) € (0,R), x € R? such that dist(x, ¥) > 2R
and C2 = C U Br(x) \ B,(x). Thus the external path-connected component of C H 1S
Ez E>\ B (X), and there is a new gap G, := B,(X) that was not in the construction
of C,. Then 1 = 7, by definition of r.

We take 7 € (0, r) and define Ci:=CU Bj(x). Then the external path-connected
component of C~'1 isE| = E; \ Bi(X) and 7| = 17.

By constructlon C1 and Cz are compact sets, with the same thicknesses as Cp and C»,
such that C; N Cy = C; N Cy, and 3E, 7 E, and 9E, g Ei.

(3) We may assume that no bounded gap of C; is contained in a gap of C», and vice-
versa. If there are bounded gaps Gg of C; contained in bounded gaps G? of Cr, we

set
61 :=C1UU U Gil;

J GlcGh

thus C| is obtained from C; by ‘filling in’ the gaps that are contained in a gap of C5. Then
51 is compact with 7; > 71 and 51 N Cy = C1 N Cy and no gaps of 51 are contained in
gaps of C».
Now we can apply the same argument to C» and C (filling in certain gaps of C») to obtain
aset 52. Hence, 51 and 52 are compact sets such that 717, > 1 and 51 N 52 =C1NCy.
(4) We may assume that there are no bounded gaps G' of C; such that G' < G2
and G! ¢ G? for any gap G2 of C», and vice-versa. If this is not the case, we can
inductively replace each gap G2 of C, by G?:=G*U UaG lcG? G (since 3G! € G?

this is intuitively G? with some holes filled in). Then dlam(Gz) = dlam(Gz), possibly
infinity. Note that a priori in this new sequence of gaps we could have gaps contained
in another gap, but that can be easily fixed by removing (in order of the sequence) the
gaps that are contained in a previous gap. In this way we obtained a compact set C» that
satisfiesTh > mand CiNCr, =C1 N 52

In a symmetric manner, we may repeat this procedure with C and C2 to obtain C 1 and
Cz with 7y > ryand 7o > 1 and C1 N C2 = C1 N C2, and such that all gaps satisfy
condition (4). (There may remain gaps of c 1 fully contained in gaps of C2 or vive-versa,
and these may be removed by Step (3).)
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(5) We may assume that 9G! SZ G? for every bounded gap G' of C; and every gap G?
of C», and vice-versa. This combines Steps 3 and 4.

(6) We may assume that 3G Q G?and 9G> Q G' for all gaps G' of C; and all gaps G
of C;. This means that we can assume that C; and C; satisfy the hypothesis of Theorem
9.
We consider in turn the cases when G' and G2 are unbounded and bounded gaps.

e Case G' = E| and G? = E,: was proved in Step 2.

e Case G! bounded and G2 = E»: By Step 5 we have that 9G! ;(_ E». To check that
0E, ;(_ G, note that if 3E, € G! with G! a bounded gap of Cp, then C, C G,
contradicting the gap containment hypothesis of this Theorem.

e Case G2 bounded and G' = E: as in the previous case.

e Case G' and G2 bounded: was proved in Step 5.

Thus we can replace Cy and C; by a pair of sets with the same intersection and at least the
same thicknesses which satisfy the hypotheses of Proposition 9, and applying it completes
this proof. O

3 Thickness and winning sets

Schmidt’s game and its variants are a powerful tool for investigating properties of intersections
of sequences of sets, see [2] for a survey. We will define a game and prove that every set
with positive thickness can be seen as a winning set with certain parameters for the game.
We will show that game has good properties, for example monotonicity in its parameters,
invariance under similarities, and that the intersection of winning sets is again a winning
set with different parameters. Theorem 18, proved in the Appendix, gives a lower bound for
the Hausdorff dimension of winning sets for this game and this leads to Theorem 6 on the
dimension of intersections.

Definition of the Game

We define a game in R? similar to the potential game from [4] but adapted to our purposes:

Definition 11 Given «, 8, p > 0 and ¢ > 0, Alice and Bob play the («, 8, ¢, p)-game in R4
under the following rules:

e For each m € Ny Bob plays first, and then Alice plays.

e On the m-th turn, Bob plays a closed ball B,, := B[x;,,, pm], satisfying pp > p, and
Pm = Bpm—1 and B, € B,,_; forevery m € N.

e On the m-th turn Alice responds by choosing and erasing a finite or countably infinite
collection .4,, of open sets. Alice’s collection must satisfy ), (diam A; ,,)¢ < (apy)¢ if
¢ > 0,ordiam A ,, < @p, if ¢ = 0 (in the case ¢ = 0 Alice can erase just one set).

e lim,, o0 P = 0 (Note that this is a non-local rule for Bob. One can define the game
without this rule, adding that Alice wins if lim,,_, o o # 0. But to make the definitions
simpler we added this condition as a rule for Bob.)

Alice is allowed not to erase any set, or equivalently to pass her turn.
There exists a single point xoo =), eN, Bm called the outcome of the game. We say a set
S ¢ R?is an (a, B, ¢, p)-winning set, or just a winning set when the game is clear, if Alice

has a strategy guaranteeing that if xoo ¢ U,,cn, U; Ai.m» then xeo € S.
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Note that the conditions By 2 By 2 --- and lim, . py = 0 imply 8 < 1.

Good properties of the game

Proposition 12 (Countable intersection property) Let J be a countable index set, and for each
Jj € Jlet Sj bean (aj, B, c, p)-winning set, where ¢ > 0. Then, the set S := N Sjis
(a, B, ¢, p)-winning where a“ = Zjej ozj (assuming that the series converges).

jelJ

To see this, it is enough to consider the following strategy for Alice: in the turn k she plays
the union over j of all the strategies of turn k.

Proposition 13 (Monf)tonicity) If Sis (a, B, c, p)-winning and & > o, f > B, ¢ > ¢ and
p > p, then Sis (&, B, ¢, p)-winning.

This holds because

\1/E N\ 1/e
(Z(xf) < (Zaf) when ¢ < ¢,

1 l

so Alice can answer in the (&, ,é , ¢, p)-game using her strategy to answer from the («, 8, ¢, p)-
game.

Proposition 14 (Invariance under similarities) Let f : R? — R? be a similarity satisfying
dist(f (x), f(y)) = Adist(x, y) forall x,y € RY.

Then a set S is (o, B, ¢, p)-winning if and only if the set f(S) is («, B, ¢, Ap)-winning.

This holds by “translating” the strategies being played through f.

Remark 15 (Relationship with the potential game in [4]) Let P be the set of singletons in RY.
Since every set A is contained in a ball of radius diam(A), if § C R%isan (a, B, c, p)-winning
set, then it is an («, B, ¢, p, P)-potential winning set in the game defined in [4].

Relationship between thickness and winning sets

We now establish the key property that relates winning sets to thickness.

Proposition 16 Let C C R? be compact with unbounded complement E and write S :=

CUE.Ift :==t(C) > 0, then S is (#, B, 0, %)-winning.for every B € (0, 1).

Proof We first describe a strategy for Alice. Given amove B by Bob, how does Alice respond?
If there exists n € N such that B intersects G,, and diam(B) < dist(G,,, U1<i<n_1 G;UE),
then BNG, # #and BN Gy =W forall 1 <k <nand BNE = (. Alice erases G, if it is
a legal move, otherwise Alice does not erase anything.

To show that this strategy is winning, suppose that xoc ¢ |J,, Am. We want to show that
Xoo € S. Otherwise xoo ¢ S so there exists n such that xoo € G,. We will show that Alice
erases G, at some stage of the game. By definition xo, € B, forallm € Ny, and we assumed
Xoo € Gy,80Xe0 € ByyNG,, forallm € Ny. Since v > 0, thendist(G,, U, ~;<,_; GiVE) >
0. Also lim,,_, o, diam(B,,) = 0, so taking m, € Ny to be the smallest_in_teger such that
dist(G, U <j <1 Gi UE) > diam(By,,), we know that B,,, NG, # #and B,,, NG =¥
forall 1 <k < n.If m, = 0, then

diam(By) = 2pp > 2p = B diam(C) > ﬂdist(G,,, lJ Giu E)

1<i<n—1
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If m, > 0, then

diam(B,,,) > B diam(By, _1) > ,Bdist(Gn, UJ Giv E)

1<i<n—1

So diam(B,,,) = Bdist(G,, <<, Gi U E). Hence,

1 1
diam(G,) < fdist(Gn, U Giv E) < — diam(By,).
T ) 112
1<i<n—1
This means that it is legal for Alice to erase G, in the m,-th turn, and her strategy specifies
that she does so. Finally, if m; = mj then the first gap intersecting By, = By, is G; and
also G;, soi = j; thus the elements of {m, : n € N} are all different. O

Observation 17 Let C be a compact set in R? and © := t(C) > 0. Then, by Proposition 16
and monotonicity, S :== CUE isa (#, B, c, g diam(C))-winning set forall B € (0, 1) and
all ¢ > 0.

4 A lower bound for the dimension of intersections of thick compact
sets in R

Whilst the gap lemma, Theorem 10, concerns the intersection of just two sets, it is of interest
to obtain conditions that ensure that finitely many, or even countably many compact subsets
of R? have non-empty intersection. Using the game introduced in Definition 11 we not only
obtain conditions involving thickness that ensure that such collection of sets in has non-empty
intersection, but also get a lower bound for the Hausdorff dimension of this intersection, as
stated in Theorem 6.

To achieve this we use the following technical theorem that gives a lower bound for the
dimension of winning sets, based on [4,Theorem 5.5] and [22,Theorem 4] and proved in the
Appendix A. The parameters of a winning set provide a measure of its size and we translate
this in terms of thickness which is a single number that is easy to compute and work with.

Theorem 18 Let S C RY be an (a, B, ¢, p)-winning set with ¢ < d and B < i. Then for
every ball By of radius larger than p,

o 1
dimyg(SNBy) >d— K ——— >0 acff(l— dfc)7
ST ogpy] >0 e =50 =F

where K| and K, are as in (5).

We now prove Theorem 6 by combining Theorem 18 with the fact that sets of positive
thickness can be regarded as winning sets.
Proof of Theorem 6 By Observation 17, for each i
1
Si:=E;UCjisa|—,B,c, é diam(C;) )-winning set
‘Ci,B 2
forall 8 € (0, 1)andallc > 0. Wefixc € (0,d) and 8 € (0, %] from the hypothesis (iii). We
define p = g sup; diam(C;) which is a finite number by hypothesis (i). By monotonicity,
Proposition 13, S; a (#, B, c, p)—winning set. Hence, by Proposition 12,

S = ﬂ Si is a (@, B, ¢, p)-winning set,

l
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where
o= (D) = §(£)"

By hypothesis (ii) there exists a ball B such that B N E; = @ for all i and we take r to be
the radius of B. By definition of p and 8, we have r > p. By hypothesis (iii) and equation
(8) we have a¢ < K%(l — B97°), hence we can apply Theorem 18 to get

d
o
— >0
og(B)] ~

()
Bllog(B)]

dimp(SNB)>d—K

and we know by definition of @ that d — K “Og(ﬂ)‘ =d—- K
Since B does not intersect any E;,

SsNBCSiNEFNB=C;NBforevery i,

soSNBC BN ﬂi C;. The conclusion follows. O

5 Application: patterns in thick compact sets of R?

In this section we deduce Theorem 7 on the existence of small copies of pattens in sufficiently
thick sets from Theorem 6 and illustrate this in the case of Sierpiriski carpets.

Proof of Theorem 7 We write By := %B for the ball with the same centre as B but with

radius érad(B). Given a finite set A and A € (0, %) we seek translates of LA =

{b1, -, by} with b; € R? where we can assume b; = 0. As diam(LA) < dlam(B) then
diam(B)
LA C B0, mB)y
We define C; := C — b; which is a compact set with thickness 7 for every 1 <i < n. By
hypothesis there is a ball B € EC, so there is aball B C Mi<i<n(B=bi) S (Ni<i<n Elc of
diameter diam(B)(1 — ) = 12 diam(B).

We take B := min{}T, g%zg}‘%g;}, o :=1/tfand c :==d — 1/log(rh). Then a¢ = ea? and
d —c = 1/log(th).

By Theorem 6, if

o1 : I — -
na® < — (1 — p4=) orequivalently n < —a (1 — g4, ®
K> K>
then dimg (B N Ni<i<n Ci) > 0.

By definition of «, 8 and ¢, and using that f(7) := log(z)(1 — ,Bl/log(fﬁ)) is a decreasing
function with lim;_, o f(7) = |log(B)|,

—a (1 - g1 = L(tﬂ)d(l — p!/log(@h)y
eK»>

K>
_ Lt togia — o)
eK log(7)
4
Y
= Kzﬂl oz(B)] =
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Setting
N = V"Ilog(ﬂ)l 4 J
o eK>  log(7)

it follows from if (9) that if n < N(z) then dimg(B N ()2, C;) > 0.Ifx € X := BN
ﬂlsiin Ci,thenx+b; € Ci+b; = Ctoreveryl <i <n,soC 2 x+{by,--- ,b,} =x+AA
as required. O

Sierpinski carpets and sponges

Sierpinski carpets and sponges provide examples of sets for which thickness is easily found
and which satisfy Theorem 7 .

Letny, --- , ng € N>3 be odd natural numbers. Let
D={i:=(1,....i0) 1 1 <iy <ng, with (i1, ..., ia) # (31 + D, ..., $(g + D)}
The family of affine maps

{fi:R! > RY:ie D},

where

A x) = <x1+i1 — 1,”.,xd+id— 1)7
ni ng
forms an iterated function system, which defines a unique non-empty compact set C ¢ R?
such that C = ;cp £i(C), see [7,Chapter 9]. Then C is a self-affine Sierpiniski sponge
(carpet if d = 2) which can also be realised iteratively by repeatedly substituting the coor-
dinate parallelepipeds obtained by dividing the unit cube [0, 1]¢ into ny X - - - x ng smaller
parallelepipeds, with the central one removed, into themselves. In other words

c= U fio-ohqond.

k=0 i] ,,,,, ikED

We will find the thickness of C. Each parallelepiped at the kth step of the iterative construc-
tion has side-lengths l/nf.‘ (1 <i < d). Thus the central parallelepipeds that are removed
and which form gaps at the kth step have diameter

The minimal distance of a gap removed at the kth step from the previous gaps and the external
complementary component E is

. . 1n—1
dist; := min —kli.
Isizd ny 2
Hence, the thickness of C is
; o ln—l
o disy,  MMsisd Ty
7:=1(C) = inf = inf

: e
keN diamy  keN /leksd =
1
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Thus, with 8 := min{%, ﬁ}, Theorem 7 gives that C contains homothetic copies of
every pattern with at most N (t) points where N (7) is given by (6).

For example, the self-similar Sierpiriski carpet C,, in R?, taking 1| = n» = n above, has
thickness 7 = (n — 1) / 24/2, so there is a homothetic copy in C,, of every configuration of
up to N(t) points. Because K is large, n needs to be large to guarantee even that similar
copies of all triangles can be found in C,,. On the other hand, for C,, to contain copies of all

k-point configurations, n = O ((k log k)'/?) which does not increase too rapidly for large k.

6 Thickness and Hausdorff dimension

In this section we obtain two different lower bounds for the Hausdorff dimension of sets in
R in terms of their thickness.
Firstly, Theorem 6 yields a lower bound by taking a single set C.

Corollary 19 Let C be a compact set in R? with positive thickness T (so diam(C) < +o0
and there is a ball B such that B N E = (). If there exists ¢ € (0,d) such that T7¢ <

- . diam(B
25 B0 = B17°) for B 1= min{], FANE} then

—d

a7 >0
Bl 1log(B)]

Secondly, we can get a lower bound in the case of convex sets with convex gaps by
considering 1-dimensional sections.

dimg (C) > dimg(BNC) >d — K;

Proposition 20 Let Co be a proper compact convex set in R? where d > 2, and let C =
Co \ U,fil Gy, where {Gy} are open convex gaps ordered by decreasing diameters. Then
t(C N L) > t(C) for every straight line L that properly intersects Cy.

Proof Let L be a straight line that properly intersects Co. Let {;}{°, be the (countable or
finite) set of open intervals I; := Gy N L in L ordered so that |;| < |I;|if i > j, where
| | denotes the length of an interval. Let 1 <i < j — 1. There are two cases:

(a) if k(i) < k(j) then
dist(f;, I;) = dist(Giy, Gir(jy) = t(C)diam(Gg(jy) = t(O)|1;l;
(b) if k(j) < k(i) then
dist(l;, 1)) = dist(Gra). Grijy) = 7(C)diam(Gyy) = t(O)|li| = t(O)I;].
In both cases dist(/;, I;) > |I;|forall1 <i < j—1sot(CNL)>t(C) from the
definition of thickness.
]

We can now obtain a lower bound for the Hausdorff dimension for these sets in terms of
thickness using the bound (7) for sets in R.

Proposition 21 Let Co C R? be a proper compact convex set, and let C = Cg \ U,Oil Gi
where {G;}; are open convex gaps. Then
dimp (C) = d — 14 1082 (10)
im — _
A=) = log(2 + 1/7(C))

where T(C) is the thickness of C.
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Proof Let L be a straight line that properly intersects Co. Combining the relationship between
thickness and Hausdorff dimension for subsets of R stated in (7) with Proposition 20,

log2 - log2
1/7(CN L)) ~ log2+1/t(C))
This is true for all lines L in a given direction that properly intersect Co, so by a standard result

relating the Hausdorff dimension of a set to the Hausdorff dimensions of parallel sections,
see for example, [7,Corollary 7.10], inequality (10) follows. O

di CNL)>
imp ( ) Z e+

Observation 22 Whend = 1 Proposition 21 is better than Corollary 19. Ford > 2, Corollary
19 gives a better bound than Proposition 21 when t is large but when t is small Proposition
21 is better.
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7 Proof of Theorem 18

The proof of Theorem 18 is based on [4,Theorem 5.5] and [22,Theorem 4] and adapted to
our particular setting.

Proof We can assume without loss of generality that the radius of By is p. We let x( be the
center of By,

on = B" p radii of balls, and

E, = %Zd + xo centers of balls of the family
Pn d
Ey = {B(7z+x0,pn) 7z €eX }

We will take Bob’s move of the nth turn from &,.
We also define

Dy, = 3and +x0 C Ey,

Dy :={BQBpuz +x0,0n): 2 € Zd} C &

Note that the elements of D, are disjoint (moreover they are at distance p;,).
We fix y € (0, 1), a small number to be determined later (independent of «, B, ¢ and p).

d
Let N := LZ—dJ.
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We define the function m,, : £,41 — &, B + m,(B) in the following way:

e Whenn # jN forall j: we define m, (B) as the element of &, that contains B such that
B is as centered as possible inside that element.

e Whenn = jN forsome j: If there exists B’ € D,y containing B, we define 77, (B) := B’
(it is well defined because in that case there is only one element belonging to D, y). If
not, we define the function as before.

Intuitively the function 7, carries the elements of level n 4 1 to its ancestor of level n.

We use the following notation: for m < n and B € &,, m,(B) := 7y 0 Ty ©--- 0
mh—1(B) € &,. This is to say, we carry B to its ancestor of level m via the functions . If
Bob plays B € &, in the turn n, we consider that in the previous turns m € {0, --- ,n — 1}
Bob has played m,, (B). Then, we have the following inclusions of movements from the turn
n to the turn 0:

B Cmp_1(B) C--- Cmo(B).

We defined the function in this way to guarantee that Bob’s moves are legal. Alice responds
under her winning strategy. If in the turn n Bob plays B € &,, we define A(B) as Alice’s
answer (each A € A(B) is a countable collection of sets A := {A; ,};, and a legal movement
as an answer for B, i.e.: ) ; diam(A; )¢ < (ap,)°). Let

A¥(B) :={A € A(m(B)) : BN A # (7}

be Alice’s answer (this is a list of sets) to the ancestor of B of level m < n.
Given any ball B, we denote by %B the ball with the same center as B and the half of the
radius.

Note that as 8 < %, if B e Djy and B’ € ;41 satisfy B’ N %B £ (, then B’ C B, so

7jn(B’) = B. It follows that
1
ifn > jN, B' C EB with B’ € &, and B € Dy, then7jy(B’) = B. (11D

This is true because if we look at the ancestor of B’ of level jN + 1, since 7, chooses the
element belonging to &, that contains B such that B is as centered as possible, that element
must intersect %B.

We define for every B € D;

¢j(B):=Y > diam(4;,)".

n<j AeAj(B)

This is a measure of all of Alice’s answers to the ancestors of B. Note that ¢y(B) = 0.
Let

D) :={BeD,: ¢;(B) < (ypj)}
We define
D;(B):={B €D;: B C }B}.

Some useful bounds.
We denote by rad(B) the radius of the ball B.
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Observation 23 If B € D, we have that rad(3B) = }filNe, and rad(B') = il+"Ne for

every B’ € D(jt1yn. We can cover %B with enlarged balls from D(j41)n(B) (with radii
4,o(j+1)N\/¢7). This gives us a lower bound for #D(j1)n (B):

dgl d
LY B) = #Dj+1yN(B)LY(By, .\ d):

NY

va__ L <#D(j+1n(B).
2d4d \/d

Proposition 24 If o < K%(l — B4 where K5 := max{y 2,2y~ log(y =)}, we have

that

#(D( v (B) ND(j,pyy) = B~ < -394 +4d2)> forall B € Dy,

2444 /"
We start by proving two preliminary lemmas:

Lemma 25 (a) Foralln € Nand B’ € &, we have that

T { diam(Ai,,,)C](diam(Ai,nHzp(,-Hw)d
min 3 1, -
(Ypo(+nN)© rad(B’)

Ae A(B')

00 d—c
< 394 max d—c" y ¢ G+DN )
rad(B’)

(b) If B € D;‘N then

) [ diam(A,-,,,)C} <diam(Ai,n)+210(j+l)N)d
Z Z min 4 1
rad(B)

’ . c
n<jN AcAx(B) vp+nn)

. d—c
§3dycmax ]/d_c,)/_c PG+DN '
rad(B)

Proof of Lemma 25 Firstly, splitting into the cases x < y and y < x, it is easy to see that

c

X d _ ad ge Y
min{l,i}(x—i—Zy) < 3%x“ max {x -,

- } forall x, y > 0. (12)

(ry)
Secondly, we will prove that if n € N and B’ € &, then the claim a) holds. By applying

the inequality (12) to x = %ﬁ‘;f) and y := f;{ﬁgf\)’ , summing over all A; , € A(B’) and

using that Alice is playing legally, we have that
) { diam(A; )¢ } (diam(Aii,n) +2p(j+1)N >d
Z min 1

Ain€AB) T (ypG+N)E rad(B")
S diam(Az,) \“ [ diam(A0) | e (PN de
T S rad(B’) rad(B’) ’ rad(B’)
< 3 {( i diam(Ai,n))dC o (ﬂ(j+1)1v )dc} Z (diam(Ai,n))C
= ) , ’ ’ / /
A, Ay rad(B’) rad(B’) A A rad(B’)
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PG+ )¢
< 394 max Otdic, yfc (+D ]
rad(B’)
diam(4; ;)

Finally, we prove the claim b). By applying the inequality (12) to x := “rad(B) and

y = ‘;;j‘;r(g’)" , summing over all elements of |, _ ;v A5 (B), and using that, since B € D,

we have

diam(A; ;) \° .
22 ( rad(B) )fy’

n<jN A;,cA%(B)

diam(A; )
rad(B)

) { diam(A; ;)¢ } <diam(Ai,n) + 2P(j+1)N)d
Z Z min {1
rad(B)

9 . c
n<jN A;n,eA%(B) (vPG+DN)

D> <diam(Ai,n))cmax [(diaIn(Ai,n))d_c e (/O(j+1)1v)d_c}
rad(B) rad(B) rad(B)

n<jN A;,cA%(B)

. diam (A )\ i —c(PGron

n<jN A;,cA%(B)

d d PN\
<3 c —c’ —c J )
=27 max{’/ ’ (rad(B)) }

and in particular < y forevery i and every n < jN, we obtain that:

Now we are ready to prove Proposition 24.
Proof of Proposition 24
#(Dj+1N(B) \DZ_,-H)N)

. B’
S#{B/ € D(j_H)N(B) : M > 1}

(vPG+HN)°
. B’
< Z min{l, 7(?(H1)N( )L)}
B'e€Dj+1yn (B) YPU+DN
diam(A; »)°
< X mnfn >y SEAMC
BreD.. 4 = VPG DN)©
G+nn (B) n<(j+DN A; € A5(B')
diam(A; ,)¢
D DI M e
BeD; 4 e (vpG+nN)°
G+ON (B)n<(j+DN A; € A%(B')
=

Z Z Z min{] diam(A,',n)C}

: - -
B'eD( 1w (B) n<JN A;ne A%(B) vp+nN)

+ Y 3 3 min{l 70‘““1(*"*")6}. (13)

’ . c
B'eD(j 1)y (B) iN<n<(j+)N A; e A%(B') rpG+nN)
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We have split the sum in (13) into two parts, depending on whether n < jN or jN <
n<((+1N.
To get a bound for the left-hand sum of (13) we will use thatif n < jN then
{(B',A): B' € D(j11)n(B), A € A% (B}
c{(B',A): B € Dj1iyn(B), A € A5 (B), AN B #}.
Since B € D}  the set A*(B) only makes sense for n < jN. This inclusion holds because

of (11), as A(m,(B")) C A(m,(B)) since B’ C B.
So,

Z Z min{l diam(Ai,,,)C}

C
B'eD(j 11y (B) A n€ AL (B)) (yo(j+0N)

diam(A; ,)¢
D D I et
A w€AL(B) B'€D 11y (B) YPG+DN
BNAZD

. dlam(Al n)c / /
= Y min{l, ——"= 1 #B €Dy n(B), B'NA 7).
AR (B) ¥o+1N)

Now, we will get a bound for the right-hand sum in (13), when jN <n < (j + 1)N.
Recall that B € D;.N. First, note that if B” € D(j11)n(B), then B” € Ej+1yn, B” C %B
where B € Djy. If we take B’ := 7;5(B") € £jn, by (11) we have that B’ = B.

For all B” € D(j+1)n(B), there exists B’ € &, with B" C B and B” C %B/ (B’ = B if
n = jN). Hence

Z Z min {1 diam(A; ,)¢ }

c
B"€D(; 41y (B) Ajn €A% (B") P +HN)

Y XY ey )

. c
B'e&, B"€Dj41)n(B') AcA(B') (ypi+1N)
B'CB ANB" ()

Z Z Z min{l diam(Ai,,,)‘}

&
B'e€, AA(B') B'€D ;41 n (B') (pi+oN)

IA

B'CB ANB/ A0
diam(A; ,)¢
=) Y m { %}#{B” € D+yn(B): ANB" # 0},
B'e€, AcA(B') YPG+DN
B'CB

where the inequality holds by considering in particular B” := m,,(B”) C B.
By inequality (13), and what we have noted before,

#(D+1n(B) \ DE/’H)N)
diam(A; ,)¢
< Y Yy mnf S
BeD (B ¥PG+1HN)°
Gj+HN(B)n<jN A; ,€Ax(B')
U+DLN-1 { diam(A,-,n)v}
mi _—

* Z Z Z T (ypG+HN)E

B'€Djyn(B) n=jN A;,€A;(B)
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<> > min{l,M}#{B/eD(Hl)N(B):B’ﬂA;é@}

. c
n<jN Aj 4 €A (B) (pi+0N)

(j+DHN-1

+ Z Z Z min {1, 7diam‘(A,~,,,)" }

n=jN B'e&, A; €A} (B) (y'o(j+l)N)C
B'CB
#{BN S D(j.;,_l)N(B/) :B"NnA #= 0}
d
- <rad(B) ) Z Z
PUGTDN T TN Ay e AL (B)
{1 diam(A; ,)° } <diam(A,-,n) + 203+ 1)N )d
T (YPG+DN)E rad(B)

G ON- rad(B)) \*
LY Y () v

P(j+1)N

n=jN B'€E, Ajn€A;(B)
B'CB
diam(A; ,)¢ ] [ diam(A; 2p(; d
min{l, iam( z,n)-} < (Ain) +/ 10(]+1)N) 7 (14)
(YPG+1HN)° rad(B’)

where in the first term of the last inequality we use that B € D;.N (sopin(B) < (¥pin)©),
in the second term that Alice is playing legally (i.e.: ), diam(A; ;)¢ < (@pn)¢), and in both
terms that: for every B’ € |, &, and every A, ,, since the elements of D(; 1) are disjoint,
£4(B") = cdpfj +1yn> and if moreover B” N A; , # ) then B” C N'(A; », 2p(j+1n) (the
2p(j+1)n-neighborhood of A; ), which is contained in a ball of radius diam(A; ,,)+2p0¢;+1)N-
Therefore,

#B" € DN (B) 1 B" N Aiy # D Capliy 1y = £d< U B”)
B"e€Dj1n(B')
B//ﬁAi,n?é(J

< LY (N(Ain. 20(+18)) < Ca(diam(A; ) + 20413,
in other words,
(diam(A; ;) + 2/0(]+1)N)

p(;+1)1v

#{B” € D(j+1)N(B/) : B'n Aiy 0} <

By inequality (14), using claim b) from Lemma 25 to bound the first term, and claim a)
from Lemma 25 to bound the second one, we obtain:

#(D(j+1yn (B)\ Djy1)n)

<(rad<B>> Y Y min {Ldiam‘(Ai,n)f}(diam(Ai;Zzlé)zmmNy‘

PUTONT T i, e B) ¥PG+1HN)°

Py (Me)y

Pi+1)N

jN<n<(j+1)N B'€&, AineA:(B')
B'CB
. { diam(A,-,n)C} (diam(Ai,,,)+2p<_,+1)N>d
T (PG +1N)© rad(B’)
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d . d—c
- ( rad(B) ) 39y max 1 yd—¢ < (P(]-H)N)
PG+1)N rad(B)

rad(B") d d e d—e  —c,PG+DN d—¢
39 ¢ max c, c J d—c 15
RS <p<;+1>N CEE Y sy )
JN=n<(j+1)N B’€§, .
B'CB

To continue the estimates, we will use that

wdB) PV oy
/3(1+1)Np

P(j+1N
To bound the second term in (15) we write n = (j + 1)N — k for some k € {1,---, N}.
We know that B := B(3pjnz + X0, pjn) for some z € 74, and recall that &, := {B(%z/ +
X0, pn) 1 7 € Z4}. So,

rad(B’) ok

P+DN
and
#{B' c& : B C B) 5#{%”z’+xo €B: 7 ez
6 1
_ / d

a(- L ’ gL
= (IBN—k - 1) +1) = pAN—K)*
Combining with (15),

#(Dj+1n(B) \D2j+1)N)

d . d—c
< (M) 3y max [ 47¢, o (LUEDN) )
PG+1)N rad(B)

COT T () e e () )

iN<n<G+DN Breg, \PUTDN
B'CB

< ﬂde3d,)/c max{ydfc, yfclgN(dfc)}
+ Z 4dﬂ*d(N7k)ﬂdk3daCmax{adfc,J/*Cﬁk(dfc)}

I<k<N
< ﬂ*Nd3d<max{yd, Y@} 441 (Nat 4oy Y /3’“‘“))),
1<k<N
(16)
where in the last inequality we have used that if a,,, b, > 0 then Zn max{a,, b,} < Zn a, +
>, bn.
Provided we can establish the following claims:
(i) Na? <y,

(ii) OlC)/_C ZkeNo lgk(d—c) < )/d,
(iii) pN=) < y4,
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then
#(Dy 1w (B)\ D) < B V9341 + 492);

hence, by Observation 23,
#(D(j+1)n (B) ND[jq)y) = ﬁ‘N"(i -3yda+ 4d2>>,
@+ 2d4dﬁd
as required.
Let us prove (i)—(iii):

(i) This holds by the definition of N.
(ii) Take K, := max{y 24,2y~ log(y~¢)}. By hypothesis and by using ¢ € (0, d),
B e, JT]’ we have

af 1 2d—c d
< < <y,
ye(l — Bi=¢) = y°Ks
for the second claim.
(iii) Continuing, since a¢ < acﬁ < % < p? then 1 < p~ (49 < (%)C, so
y/a > 1, and thus
1
N > —y%a™?. 17)
2
On the other hand, using the hypotheses, ¢ € (0, d) and « € (0, 1),
1 1 1
<o < —(1 =BT < —]log(B4)| = —(d — 0)|1 18
a <a _Kz( B )_K2|0g(ﬁ )l Kz( c)|log(B)l, (18)

where in the last inequality we have used that d — ¢ € (0, 1), 8 € (0, %], z:=pl"c¢
(0,1),and f(z2) := log(%) + z + 1 is a positive function on (0, 1),s0 1 —z < log(i).
Then,

Na’K, < N(d — o)|log(B). (19)

By inequalities (17) and (19) and the definition of K>,
d v d
N(d —c)llog(p)l = Na" Ky = —-K; = [log(y®)|
which is equivalent to claim (iii).
This concludes the proof of Proposition 24. O
Conclusion of the proof.
For each y € (0, 1) we proceed as follows:

By definition, By € Dgy. Moreover, ¢o(Bo) := 0 < (yp)¢,so By € D’O. ‘We will construct
a Cantor set F' as the intersection of a sequence of unions of closed sets:

e By :={By} C D;.

e Given a collection B; C D}N we construct the next level of sets B C Déj-&—l)N by
i . — —Nd 1 _n2d,d d
replacing each element of B € Bj by M := ’V,B <2d4dﬁd 3¢yt +-4 2)>-‘

elements of DN (B) N D(/—&-I)N; this is possible by Proposition 24.
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We define

F=) U B

jeNg BeB;

By a standard argument (see e.g. [7,Example 4.6]),

—Nd 1 _ad.d d
log(M) log(B )+log<2d4dﬁ, 3yd(1+4 2))

[log(BM)| — N|log(B)
log (m;ﬁd —3dyd(1 4+ 4d2))
N|log(p)l

-1
207 log ((2d4dlﬁd —3dyd(1 + 4d2)> )

y41log(B)

dimy(F) =

> d—

)

where we have used (17).
This last inequality holds for every y € (0, 1). We can take, for example, y € (0, 1) such

that 39y9(1 4 492) = (1 - L) —L__ (this is not sharp, but it is close enough). For this y

24 ) 8V/d)l
we get
af
dimg(F)>d — K1 ———,
[log(B)]
where
2424/d) (10g2) + log(8v/)) 4Vl + 442\
K| = 1 making Kj := : .
1 - 3 1— 5
It remains to prove that F C S N By, since then
d

dimy(S) > dimy(S N By) > dimy(F) > d — K

ogB)I’

Clearly F' C By, by definition of . We need to show that F C S. Let x € F. For every
J € N there exists a unique B;y € B; containing x. By definition of B;; we have that
B+ C %BjN. By (11), mjn (B(j+1)n) = Bjn. The sequence (Bjy); can be extended in
a unique way to a sequence (B,), satisfying B, € &, and B, := m,(B,+1) for all n. We
interpret this sequence as Bob’s moves, to which Alice responds according to her winning
strategy.

Thus, for each x € F we construct a sequence (By), as before, where x is the only
element of (1), B, (50 x = xo is the outcome of the game). We will show that x € S by
contradiction. Otherwise, suppose that x ¢ S where S is an («, B, ¢, p)-winning set. Then,
x € Upen, Ui Aim, where 3 (diam A; )¢ < (@pn)© = (f™ p)© (since it is a legal move
for Alice we know that | J; A; ,» € A(By)). Sox € A € A(By,) for some m, and as x € By,
we have x € AN By,. Since A}, (B,) = A(By,) for every n > m (because 7, (B,) = Bp),
then ¢;(Bjy) > (diam A)‘ for every j such that jN > m (because (diam A)€ is just one
term in the sum of the definition of ¢;(B;y) when A € Ay, (By)).
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On the other hand, since Bjy € D;, then ¢;(Bjn) < (ypjn)°. Putting everything

together, diam A < yp;y for all j such that jN > m. Letting j — oo, we get diam A = 0,
a contradiction. So x € §, thatis F C S.

Finally, using (18), and that K1 /K, < 1,

d _
o _ d—c)K;

K, < <d,
[log(B)| K>
S0
d 1 J
—Kj——— > 0ifa® < —(1 - B*7°).
[log(B)I 2
This concludes the proof. O
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