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Abstract

We build on the recent characterisation of congruences
on the infinite twisted partition monoids P:f and their
finite d-twisted homomorphic images Pf, o and investi-
gate their algebraic and order-theoretic properties. We
prove that each congruence of P"f is (finitely) gener-
ated by at most [57”] pairs, and we characterise the prin-
cipal ones. We also prove that the congruence lattice
Cong(P?) is not modular (or distributive); it has no infi-
nite ascending chains, but it does have infinite descend-
ing chains and infinite anti-chains. By way of contrast,
the lattice Cong(Pf’ d) is modular but still not distribu-
tive for d > 0, while Cong(P’fO) is distributive. We also
calculate the number of congruences of Pf! 4> showing
that the array (| Cong(Pf’ 2)Dn,dso has a rational generat-
ing function, and that for a fixed n or d, |Cong(733” d)l is
a polynomial in d or n > 4, respectively.
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1 | INTRODUCTION

The twisted partition monoid P;f is a countably infinite monoid obtained from the classical finite
partition monoid P, [8, 9, 14] by taking into account the number of floating components formed
when multiplying partitions. Its finite d-twisted images P?® a Are obtained by limiting the num-
ber of floating components to at most d, and collapsing all other elements to zero. The congru-
ences on these monoids have been determined in [4], where the reader may also find further
background and additional references; see also [1-3]. In this paper we harness the power of the
classification from [4] to investigate the algebraic properties of congruences on P‘I’ and P‘D and
the combinatorial/order-theoretic properties of the congruence lattices Cong(Pq’) and Cong(P‘I’ d)
We refer the reader to [4, Section 1] and references therein for the context and background for the
investigation presented in the two papers.

Before we discuss the results of this paper, it is instructive to recall the situation for the parti-
tion monoid P, itself, whose congruences were determined in [1]. The classification is stated in
Theorem 2.2 below, and the congruence lattice Cong(P,) is shown in Figure 1. From the figure,
a number of facts are easily verified: The lattice has size 3n + 8 for n > 4; it has three atoms,
and a single co-atom; it is distributive, and hence also modular (because it does not contain any
five-element diamond or pentagon sublattice). It was shown in [1, Section 5] that all but three con-
gruences of 7, are principal, and those that are not (denoted g, , 45, and p, ) are generated by
two pairs. Certain structural properties of the monoid P,, are responsible for the ‘neat’ structure
of the lattice Cong(P,,), as seen in Figure 1. These include the following: The ideals of P, form a
(finite) chain; the maximal subgroups of P, are (finite) symmetric groups Sy (g =0,1,...,n), the
normal subgroups of which also form (finite) chains; and the minimal ideal is a rectangular band.

The ideal structure of the twisted monoid Py is very different to that of P,: There are
infinitely many ideals; they do not form a chain; and there is no minimal ideal. These facts
alone already lead to a substantially more complicated structure of the lattice Cong(Pff ), includ-
ing the existence of infinite descending chains; we will also see that it has infinite anti-chains,
though by contrast it has no infinite ascending chains (Theorem 4.3). This property of ascend-
ing chains implies that every congruence on Pff is finitely generated, and this in turn implies
that Cong(PI‘f) is countable, as also follows directly from the classification in [4]. In fact, a
much stronger property than finite generation holds: Theorem 5.7 shows that every congru-
ence is generated by at most [57"1 pairs. We also show that there is no constant bound (inde-
pendent of n) on the number of pairs needed to generate congruences of Pff (Remark 5.11),
and classify the principal congruences (Theorem 5.2). Other order-theoretic properties of the
lattice Cong(P?) include the following. The lattice has a single co-atom, but no atoms (The-
orem 4.1). The latter says that the trivial congruence has no covers in the lattice; in fact,
every congruence has only finitely many covers, though some congruences cover infinitely
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FIGURE 1 The Hasse diagram of Cong(P,); see Theorem 2.2. Rees congruences are indicated in blue outline

many congruences (Theorem 4.4). In another marked divergence with the ordinary finite
partition monoid P, the lattice Cong(Pf) contains five-element diamond and pentagon sublat-
tices, meaning that it is neither distributive nor modular (Theorem 4.6).

Other infinite structures related to the finite partition monoids arise by allowing an infinite
base set [2], or by considering partition categories [3], where the sizes of the (finite) base sets
can be unbounded. Again contrasting with Pf , the congruence lattices in these cases are always
distributive and well quasi-ordered (so have no infinite descending chains and no infinite anti-
chains), but have infinite ascending chains; congruences can be non-finitely generated.

The situation for the finite d-twisted monoids Pff g isas follows. First, the lattice Cong(P;i d)
is of course finite. In fact, we will obtain an exact formula for |Cong(Ps” )|, and show that for

fixedn>0ord >0, |Cong(7)ff d)l is a polynomial in d > 0 or n > 4, respectively (Theorem 9.16).

Asymptotically, for fixed d > 0 we have |Cong(7)g’ d)l ~ (3n)4*1 /(d + 1)! as n = oo, and for fixed
n > 4 we have |Cong(P? )| ~ 13d*"~! /(3n — 1)l as d — oo (Remark 9.19). We also show that the
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array (|Con g(P<I> )Dn.as0 has a rational generating function,; this is given explicitly in (9.17). Con-
gruences on Pq’ continue to be generated by at most [ =] pairs (Corollary 8.2); the principal

congruences are c1a551f1ed in Theorem 8.1. Finiteness of the lattice Cong(Pq’ d) implies the exis-
tence of atom(s) and co-atom(s), and as we explain at the beginning of Section 7, it has precisely
one of each. In Theorem 7.1 we show that Cong(PfEO) is distributive (and hence modular), while
ford > 1, Cong(Pq’ ) is modular, but not distributive. Distributivity of the lattices Cong(Pq’ ) and

Cong(P,) is one of several properties shared by the 0-twisted monoid P‘I’ and the (ordinary)
monoid P,; for some others, see Remarks 6.5 and 8.3, and compare Flgures 1 and 7.

The paper is organised as follows. After giving definitions and preliminaries in Section 2, we
review the classification [4] of congruences on P;f in Section 3. Section 4 establishes the above-
mentioned properties of the lattice Cong(Pff), including (co-)atoms, (anti-)chains, covers and
(non-)distributivity. Section 5 proves the results on generation of congruences. The d-twisted
monoids Pf’ g are treated in Sections 6 (review of the classification), 7 (order-theoretic proper-
ties of the lattice), 8 (generation of congruences) and 9 (enumeration). The cases where n < 1 are
somewhat different, and are given a special treatment throughout.

2 | PRELIMINARIES

In this section we give a basic overview of monoids and congruences (Subsection 2.1), the partition
monoid P, and its congruences (Subsections 2.2 and 2.3) and the twisted and d-twisted partition
monoids Pq’ and P‘I’ (Subsection 2.4). The exposition will be rapid, and the reader can find a
more detailed 1ntr0duct10n in [4]. For congruences of Pq’ and P‘D we will need a more detailed
account, and we postpone this until Sections 3 and 6, respectlvely

2.1 | Monoids and congruences

Recall that a congruence on a monoid M is an equivalence relation o compatible with the opera-
tion, in the sense that (x,y) € ¢ = (axb,ayb) € o forall x,y,a,b € M. The set Cong(M) of all
congruences on M is a lattice under inclusion, with top and bottom elements V,; = M X M and
Ay ={(x,x) : x € M}.

Given a (possibly empty) ideal I of M, we have the Rees congruence R; = Ay, U V;. Associated
to any congruence o is the ideal I(c) defined to be the largest ideal I such that R; C o; when I(o)
is non-empty, it is the unique o-class that is an ideal [6, Lemma 6.1.3].

For a set of pairs Q C M x M we write Q for the congruence on M generated by Q. We write
(x, y)* for Qf when Q = {(x, )}, and refer to such a congruence as principal.

Recall also that Green’s relations on the monoid M are defined, for x,y € M, by

XZy & xM =yM, xZy & Mx =My, x 7y & MxM = MyM,

andfurther 7 = ZNLand 9 = ZV L = ol = LoX.ThesetM] 7 ={J

+ - X € M}ofall
J -classes of M has a partial order < defined, for x,y € M, by

J,<J, & x € MyM.
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FIGURE 2 Multiplication of two partitions in P

2.2 | The partition monoid P,

Let n > 1 and write n = {1, ..., n} and n;, = n U {0}. We also fix two disjoint copies of n, namely
n' ={l,..,n'}and n” = {1”,...,n"’}. The elements of the partition monoid P, are the set parti-
tions of n U n’; as usual, such a partition is identified with any graph on vertex set n U n’ whose
components are the blocks of the partition. Given two partitions «, 8 € P,, the product af is
defined as follows. First, let a; be the graph on vertex set n Un” obtained by changing every
lower vertex x’ of « to x/, and let 81 be the graph on vertex set n”’ Un’ obtained by changing
every upper vertex x of 8 to x”’. The product graph of the pair («, ) is the graph T'(a, ) on vertex
set nuUn’ Un’ whose edge set is the union of the edge sets of &| and B'. We then define af to
be the partition of n Un’ such that vertices x,y € nun’ belong to the same block of af if and
only if x, y belong to the same connected component of I'(«, §). Partitions and the formation of
the product can be visualised as shown in Figure 2.

A block of a partition a € P, is called a transversal if it contains both dashed and un-dashed
elements; any other block is either an upper non-transversal (only un-dashed elements) or a lower
non-transversal (only dashed elements).

The (co)domain and (co)kernel of a are defined by:

doma :={x €n : x belongs to a transversal of a},
codoma :={x € n : x’ belongs to a transversal of a},
kera :={(x,y) € nxn : x and y belong to the same block of a},

cokera :={(x,y) € nxn : x’ and y’ belong to the same block of a}.

The rank of a, denoted rank a, is the number of transversals of «. We will typically use the follow-
ing characterisation of Green’s relations on P, from [5, 19] without explicit reference.

Lemma 2.1. Fora,f € P,, we have

() a Z B < doma = domp and ker a = ker f3,
(i) a £ f < codoma = codom 8 and coker a = coker 3,
(iii) a 2B © a 7 B © ranka =rankp.

The 9 = _Z -classes and non-empty ideals of P, are the sets
D, :={a € P, : ranka = g} and I, :={a € P, : ranka < ¢} forgq e n,

and these are ordered by Dq <D, & Iq Cl, & g<r.
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The above notation for the Z-classes and ideals of 7,, will be fixed throughout the paper.
Given a partition @ € P,, we write

— (A
O(—Bl

AglCyl|Cs
B, [E |- El)

to indicate that o has transversals A; U Blf (1 <1< q), upper non-transversals C; (1 <i < s) and
lower non-transversals E] (1 < i < t). Here for any A C n we write A’ ={a’ : a € A}.

2.3 | Congruences of P,

We now present a brief account of the classification of congruences of the partition monoid P,
from [1]. First, we have a map

\'Pn—>D0‘O(=<2;

Ay lCq]...|Cy
q|>1 L TN
B, |Ey |- Er)

whose effect is to break apart all transversals of « into their upper and lower parts. Next we have
a family of relations on D, (2 < g < n), denoted vy, indexed by normal subgroups N of the sym-
metric group S, . To define these relations consider a pair (a, 8) of .7 -related elements from D:

Ay || Ag|Ch-|Cs <A1 Ag|Cy].|Cy
= n = for som .
a (Bl B, }_HH /oA and B Bur|m|Bor }—HH A or some 77 € S

We then define d(a, 8) = 7, which we think of as the permutational difference of « and 3. Note
that d(a, §) is only well-defined up to conjugacy in S, as 7 depends on the above ordering on the
transversals of a and . Nevertheless, for any normal subgroup N < S, we have a well-defined
equivalence relation (see [1, Lemmas 3.17 and 5.6]):

w={(@p)e Hlp, 9P € N}.
As extreme cases, note that v S, = JO0 D, and Viid,} = ADq.

Theorem 2.2 [1, Theorem 5.4]. For n > 1, the congruences on the partition monoid P, are precisely:

* the Rees congruences R, := qu ={(a,f) € P, xP, : a =forranka,rank < q} for
q €10, ...,n}, including Vpn =R,;

* therelations Ry :=R,_; Uy forq € {2,...,n}and {idq} #NLS,;

* the relations

Ag i={(@p) el xI, : azﬁ}uApn,
py = {@P el xI, : @ Z B} UMy,

e = {(a,B) eIy x1I, : a=[3\}uApn,
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FIGURE 3 P} asagrid, and the ideal determined by (0,0), (1,2) and (3,3)

forq € {0,1}, including Ap = po, and the relations
As, i=A Uvg, Ps, ‘= p1UVs,, Ms, 1= H1 UVg,.
The congruence lattice Cong(P,,) is shown in Figure 1.

The above notation for the congruences of P, will be fixed and used throughout the paper.

2.4 | Twisted partition monoids

For two partitions «, 8 € P, denote by ®(«, ) the number of floating components of the product
graph I'(a, §), that is, the number of components that are wholly contained in the middle row,
n"’. The twisted partition monoid Py’ is defined by

PP :=NxP, withproduct  (i,)(j,B) := (i + j + ®(a, B), af).

That the above multiplication is associative follows from [5, Lemma 4.1]. Green’s relations on Pff
work as follows:

Lemma 2.3 [4, Lemma 2.10]. If # is any of Green’s relations, and if o, § € P, and i, j € N, then
(i,a) & (j,B)inP? o i=j and a. ¥ BinP,.
The 9 = _Z -classes and principal ideals of Pr‘ll’ are the sets

Dq,-:={i}><Dq and Iql-:={i,i+1,i+2,...}><I

q forgemngandi €N,

and these are ordered by Dy; < D,; & I;; CI,; < q<randi>j

It follows that the poset (P¥/2,<) of # = Z-classes is isomorphic to the direct product
(ny, <) X (N, »), and that an arbitrary ideal of Pg’ has the form I qiy YV quik’ for a sequence of
incomparable elements (q;, i1), ..., (., it ) of this poset. As in [4], we often view 732’ as a rectangu-
lar grid of Z-classes indexed by n, X N, as in Figure 3, which also pictures the ideal I;; U, U I,

of Pf.
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In addition to the infinite monoid Pff, we are also interested in its finite homomorphic
images P;f’ 4> called the d-twisted partition monoids. For d > 0, Pff 4 is defined as the Rees quo-
tient ’ ’

@ ._ p®
Pmd._Pn/R,

n,d+1

by the ideal I, ;,; ={d +1,d + 2, ...} X P,. We can also think of P}f’,d as being P with all ele-

ments with more than d floating components equated to a zero element 0. Thus we may take Pf P
to be the set ’

Pr, = (dy x P U0},

with multiplication

(2.4)

a-b e ab ifa=(,a), b=(j,f)andi+ j+ P(a,p) <d,
" 1l0 otherwise.

In this interpretation, P;I’ d consists of columns 0, 1, ..., d of Pg’ , plus the zero element O.

3 | CONGRUENCES OF THE TWISTED PARTITION MONOID P:ll’

We now recount the description of congruences of P from [4]. It will involve congruences on the
additive monoid N of natural numbers, and we recall that every such non-trivial congruence 6 has
the form

6=(m,m+d)ﬁ:ANU{(i,j)eN><N ti,j>m,i=j(modd)} forsomem>0andd>1.

Here m = min 6 is the minimum of 6, and d = per 0 is the period of 6. For the trivial congruence
we define min Ay = per Ay = 0. If 8; and 8, are congruences on N, then

6, Co, & min6; > min®, and perd, | peré;. 3.1)

Here | is the division relation on N U {oo}, with the understanding that every element of this set
divides oo.

Definition 3.2 (C-pair, C-chain, C-matrix). An ordered pair IT = (©, M) is called a C-pair if the
following are satisfied:

* ®=(6,,..,6,)is a chain of congruences on N satisfying 6, 2 -+ 2 6,,.

* M = (Mg;)n,x is @ matrix with entries drawn from the following set of symbols:

A1, b A, 0, RYUIN @ {id } #N <SS, 2< g <n}.

We refer to the entries in the second set collectively as the N-symbols.
* Rows 0 and 1 of M must be of one of the row types RT1-RT7 shown in Table 1.
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TABLE 1 The specification of row types in a C-matrix

Type Row(s) Relationship with 6, Further conditions
RT1  4[ATAJAT...
0|A|AA]. ..
RT2 LA AN lp]. - 6 =6, =4y Sefap ut,uwd
(V] VAN PR PAN V7 V71 7 B
7
RT3 4[A]. JAJAJAJA] 6y = (m,m + 1)} ¢ efp, AR}
0|Al...|A
m
RT 4 1AA 60=61=(m’m+d)n §e{,u,p,/1,R}ifd=1,
0|A|...|A E=pifd>1
m
RT5 IAA p,/.l,/,b 61=(m+1,m+1+d)ﬁ, ge{A’MT’Iul’#}’
0|A]L .. |Alplwl|. . 8o = (m,m + d)* § €{up, 4, R}if
9 m d=1,§=,uif
d>1l,i<m
RT6  [A]. JAJAL.. A 6, = (L1 +dy, Cefapl utu,
o[Al..]A 6, = (m,m + d)* § €{u.p, 4, R}if
m l d=1,¢=puif
d>1,m<]I
RT7  4[A] JATAA].. Al 6, =(L1+a)y, ¢ € {up, A, R}if
oAl Al 8o = (m,m + d)f d=1,§=pif
m l d>1,0<m<l-1,

m=1-—1 (mod d)

RT3 g[AJA[A].. ]
RT9  [A] JAINi[Nem | [ Nea [NV ™in6g >k Niy o s Nioy, N 2.5,
i k N;<--<N_; <N
RT 10 q\A\...\A|Ni|Ni+1|...|Nm_1- 6, = (m,m +1)* Npy ooy, Ny 25,
; - Ni<...<Nm_1

* Every row g > 2 must be of one of the row types RT8-RT10 from Table 1.
* An N-symbol cannot be immediately above A, u', u* or another N-symbol.
* Every entry equal to R in row g > 1 must be directly above an R entry from row q — 1.

The last two items were referred to as the verticality conditions in [4], and denoted (V1) and (V2).
We refer to © as a C-chain, and to M as a C-matrix. With a slight abuse of terminology, we will say
that M is of type RT1-RT?7, as appropriate, according to the type of rows 0 and 1.

Some concrete examples of C-pairs can be seen in Examples 5.3-5.6 further on.
Definition 3.3 (Congruence corresponding to a C-pair). The congruence associated with a C-pair

(©, M) s the relation cg(®, M) on P consisting of all pairs ((i, @), (j, §)) € P2 x P2 such that one
of the following holds, writing ¢ = rank « and r = rank 3:
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(C1) My; =M,;=A,(,j) €6, and a = B;

(C2) My; =M,; =R;

(C3) My; =M,;=N,(i,j) €0y, a # Band d(a, ) € N;

(C4) My; =M,;=2anda Z B;

(C5) My; =M,;=panda % §;

(C6) My =M,; =p',@=Fanda . B;

(C7) My =M,;=p',@=Fanda % B;

(C8) My; = M,; = u, @ = f and one of the following holds:
* g=rand(i,j) €, or
*q#r,(i+r,j+q) €6y i<minb, and j < minb,, or
*q#r,(i+r,j+q €6y i>mind,and j > min6,.

One special kind of C-pair also has a second kind of congruence associated to it:
Definition 3.4 (Exceptional C-pairs and congruences). A C-pair (®, M) is exceptional if there

exists g > 2 such that:

*fy=(mm+ 2d)* for some m > 0 and d > 1; associated with this relation, we also set 92 =
(m,m + d)¥;

* Mg, =Agifqg>2

¢ ifg = 2then M,,, = A, M;,, € {u,p,4,R}and € C 6.

This g is necessarily unique (by the verticality conditions in Definition 3.2), and we call row g the
exceptional row, and write g =: x(M). To the exceptional C-pair (@, M), in addition to cg(®, M),
we also associate the exceptional congruence cgx(©, M) consisting of all pairs ((i, «), (j,8)) such
that one of (C1)-(C8) holds, or else:

Q9 4,)) e 62 \ Oy a H B and d(a,f) € Sy \ Ag.
The following is the main result of [4]:

Theorem 3.5. Forn > 1, the congruences on the twisted partition monoid Pg’ are precisely:

* cg(©, M) where (0, M) is any C-pair;
* cgx(®, M) where (0, M) is any exceptional C-pair.

Remark 3.6. Consider a congruence ¢ on Pff . As in [4, Section 5], the C-pair (®, M) associated
to o is determined as follows. For the C-chain ® = (6, ..., 6,), we have

6, = {(L. ) ENXN : (L), (j.0) € 0 (G € D)}

= {(i,j)) e NXN : ((i,a),(j,a)) € 0 (Va € D)} for g € n,,.
For the C-matrix M = (M qi)noxN, an entry M; is uniquely determined by the restriction
0gi i= {(a, ) € Dy x Dy : ((i, @), (i, ) € 7},

apart from two possible cases:
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TABLE 2 The relationship between the entries M; of a C-matrix and the
restrictions o; of its associated congruence(s) o on P:f’

q M, Ogi Additional criteria
q>2 A Ap,
N YN D, & I(o)
R Vo, Dy € I(o)
qg=1 A Ap,
u! u!
H ut
K My Ip,
z A 1p,
19 P1lp,
R Vo,
q=0 A Ap, 0N (Dy; X Dy;) =a(Vj EN)
2 Ap, o N Dy X Dy;) #@(3j €N)
2 Aolp,
P Polp,
R Vo

* Ifoy = Ap,, then My is either u or A, depending on whether there are o-relationships between
elements of D; and those of some D, ;.

* If o, = Vp,, then M,,; is either R or S, depending on whether D,,; is contained in the ideal
class I(o) of 0.

The full relationships between the M; and o; are summarised in Table 2. The two hitherto unde-
fined relations making an appearance in the table are

u'i={(@p) eD xD,:a@a=p5 a%p} and w' :={(@pB)eD,xD,:a=p a B}

Building on the above classification of congruences on Pf , [4] also characterised the inclu-
sion ordering constituting the congruence lattice Cong(P?), as stated below in Theorem 3.7. This
ordering is closely related, but not identical, to the lexicographic ordering on C-pairs, based on the
inclusion ordering of congruences on N, and the ordering of C-matrix entries shown in Figure 4.
Specifically, given two C-pairs IT' = (@', M') and IT? = (02, M?), we write:

* 0150 & 0, COforallg €n,,
s Mo M? & M;i <c M;iforallqenoandieNand
c I < T2 & O <. ©%and M! <o M2,

The deviations from the lexicographic ordering are caused by pairs of matching us in rows 0
and 1, as well as by the exceptional congruences. To capture the former, suppose M is a C-matrix
of type RT2, RT5 or RT7. These are precisely the types that have ‘initial us’ in row 0, by which we
mean entries M,; = ¢ with j < min 6,. These initial us are coloured green in Table 1. We define
pin, (M) to be the position of the first initial ¢ in row 0. We then define pin, (M) to be the position
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//\\\

A5 .A4
pt p
/C4

FIGURE 4 The partial ordering <. on the C-matrix entries

5

of its ‘matching u’ in row 1. Thus, in the notation of Table 1:

. i for RT2 and RT5 . i+1 forRT2and RT5
ping(M) = and pin, (M) =
m—1 for RT7, -1 forRT7.

Note that pin, (M) need not be the position of the first u in row 1, as we could have { = u in types
RT2 and RT5.

Also, when dealing with exceptional congruences, for an exceptional C-pair IT = (0, M), recall
that x(M) is the index of the exceptional row (see Definition 3.4). With this notation we have:

Theorem 3.7 [4, Theorem 6.5]. Letn > 1, and let TT' = (@', M) and I1?> = (©2, M?) be two C-pairs
for P2,

(i) We have cg(IT") C cg(I1?) if and only if both of the following hold:
(a) ' < 112, and
(b) if M! has type RT2, RT5 or RT7, then at least one of the following hold:
(b1) min6; < piny(M") and min 67 < pin, (M*) or
(b2) M? also has type RT2, RT5 or RT7 (not necessarily the same as M'), and
win, (M?) — ping(M?) = pin; (M) — piny(M?).
(ii) When I1? is exceptional, we have cg(IT') C cgx(I1?) if and only if cg(TT') C cg(IT?).
(iii) When II' is exceptional, we have cgx(TT') C cg(IT?) if and only if all of the following hold, where
q 1= x(M"):
(a) cg(I') C cg(IT?),
(b) 2per 63 | per 6; and
(©) M;i € {S,, R} foralli > min6;.
(iv) When both TI' and II? are exceptional, we have cgx(IT') C cgx(IT?) if and only if both of the
following hold:
(a) cg(IT') C cg(IT?) and
(b) ifx(M') = x(M?) =: q, then the ratio per 6;/ per 63 is an odd integer.

Remark 3.8. Let o' and o2 be congruences on P?, with associated C-pairs IT' and I1%. Then by
inspecting the various parts of Theorem 3.7, we have ¢! C 02 = II!' <. 1%
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Remark 3.9. The cases of n = 0,1 were discussed in [4, Section 8]. When n = 0, P(c)p =~ N and its
congruence lattice is completely described by (3.1). When n = 1, Theorems 3.5 and 3.7 remain
valid, though there are some redundancies/degeneracies:

* There are no rows g > 2, and so no N-symbols, and no exceptional congruences.
* Since @ = 3 for all a, 8 € P, it follows that certain symbols play the same role: u' = u! = A
and A = p = R, and there are no unmatched us.

Thus, C-matrices have labels from {A, u, R}, and only items (C1), (C2) and (C8) from Defi-
nition 3.3 are needed to specify the congruence cg(®, M). Based on these observations, from
now on, the case n = 0 will be ignored, while n = 1 will be accompanied with necessary extra
considerations.

Remark 3.10. By inspection of the row types in Table 1, we see that the rows of a C-matrix M =
(Mi)n,xn are weakly increasing with respect to the <¢ order. That is, we have

Mgy <c Mgy <c¢ - forall g € n,,.

4 | PROPERTIES OF THE CONGRUENCE LATTICE Cong(P;I’)

At the end of [4, Section 3], some properties of the lattice Cong(P?) were derived as relatively easy
corollaries of the main results, including the fact that Cong(Pff) is countable. In this section we
provide a much more detailed analysis of the combinatorial and algebraic properties of the lattice,
proving results on (co-)atoms (Theorem 4.1), infinite (anti-)chains (Theorem 4.3), the covering
relation (Theorem 4.4) and non-modularity (Theorem 4.6).

In what follows we adopt the way of writing down explicit C-pairs introduced in [4]: The
C-matrix is written as a rectangular grid of its entries, and the members of the C-chain are written
to the right of their corresponding rows.

Theorem 4.1. For n > 1, the lattice Cong(Pf) has a unique co-atom, and no atoms.

Proof. 1t follows immediately from Theorem 3.7 that cg(IT) is the unique co-atom, where for n > 2
and n = 1, respectively:

(1,2)*
Vi

Sn|R|R|R)|- -
R|\R|R|R|---

(4.2)

= =D
=
<
Z

x| >
x| =

R|\R|R|R|---| Vn

To prove that there are no atoms, we show that for every non-trivial congruence o there exists
a non-trivial congruence 7 C o. If 0 = cgx(0, M) is exceptional we can take 7 = cg(®, M). Now
suppose g = cg(®, M).

Consider first the case where not all 6, equal Ay, and let g be the largest such. If M has a
non-A entry, then we take 7 = cg(®, M’), where M’ consists entirely of As. Otherwise, we take
T = cg(®’, M), where @' is obtained from @ by replacing 8, = (m, m + d) with (m, m + 2d)".
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If all Qq are equal to A, then, since o is non-trivial, M must be of type RT2; we then take 7 =
cg(®, M’), where M’ is obtained from M by increasing the parameter i = piny(M), and (if n > 2)
replacing any S, in row 2 by A. O

Theorem 4.3. Letn > 1.

(i) Cong(P?®) contains no infinite ascending chains.
(i) Cong(P?) contains infinite descending chains.
(iii) Cong(Pf) contains infinite anti-chains.

Proof.

(i) We need to show that a weakly increasing sequence o' C g2 C - of congruences must be
eventually constant. Writing IT! = (©, M") for the C-pair corresponding to each o', it follows
from Theorem 3.7 (see Remark 3.8) that IT! <. T1? < -. Since a C-pair defines at most two
congruences, it is sufficient to show that this sequence of C-pairs is eventually constant. It is
well known, and follows from (3.1), that there are no infinite ascending chains of congruences
on N. It follows that the sequence o! <c 02 <c -+ is eventually constant. It remains to show
that the sequence M 1 <M 2 <c -+ iseventually constant as well. Recall that in a C-matrix M
every row is eventually constant; say row q ends with an infinite sequence of the symbol L.
Gather these symbols into a sequence lim M := (L, ..., L,). Note that there are only finitely
many limit sequences. Let k € N be such that the sequence lim M*, lim M**1, ... is constant.
Note that any M with ¢ > k can only differ from M* in finitely many places, corresponding
to the entries where M ’;i # Lq. Since the set of possible C-matrix entries is finite, it follows
that our sequence of C-matrices is eventually constant, as required.

(ii) This follows immediately from the absence of atoms (Theorem 4.1). It also follows from the
obvious fact that N has infinite descending chains of congruences, or that Pff has infinite
descending chains of ideals and hence Rees congruences.

(iii) Forle{2,3,..},letc! : = cg(Il)), where

AJA[JA[AJA] ] Ax
Hl:(gl’Ml)::AA~~AAAH~ An )
AlA AT 1,1+ 1)
plelJelplpl-) .2
l

Then each M! has type RT7. For distinct k, [ > 2, we have

min Gé =1>0= uinO(Mk) and

win, (MY — ping(MY) =1 =1 # k — 1 = pin,(M*) — piny(M¥),

so that condition (b) of Theorem 3.7(i) fails. It follows that o* and o' are incomparable. There-
fore the set {o, 0%, ...} is an anti-chain in Cong(P?). O

Theorem 4.4. Forn > 1, every element of Cong(Pg’ ) is covered by only finitely many elements, but
there are elements of Con g(Pf ) that cover infinitely many elements.
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Proof. Beginning with the second assertion, let M := (A)noxN, let ® := (Vy, Ay, -, Ay), and for
each prime p let @ := ((0, p)’i, Ay, - s Ay). Then cg(©, M) covers all cg(©P, M).

For the first assertion, let ! be an arbitrary congruence of PS’ . The trivial congruence has no
covers since Cong(Pq’) has no atoms (Theorem 4. 1) so for the rest of the proof we assume that
ol is non-trivial. Suppose o? € Cong(P?) covers o*. For t = 1,2, let IT" = (6", M") be the C-pair
associated with o, noting that I < <c 1'[2 by Theorem 3.7. We will prove that, given ol, there are
only finitely many possible choices for o by showing that there are only finitely many choices for
2.

Fort =1, 2 let r, be the largest index of a non-trivial row in I1!, by which we mean that 65[ # Ay
or (M’ o r 1) # (4,4, ...). Note that 0 <7y < rp. We first claim that r; = r,. To prove this,
suppose to the contrary thatr; <r,.

o If 62 # Ay, then we alter IT? to obtain a new pair IT> = (®3, M?) as follows. We replace 92 =

(m,m+ d)Ji by (m,m + 2d)ﬁ, and we change all symbols in row r, of M? to A. If r, = 1, then we
also change any ,u entries in row 0 to A. Then ¢! ¢ cg(IT?) € o2, contradicting the assumption
that o2 covers o’

e Ifr, >2and 62 = A, then row r, of M? must contain symbols distinct from A, and hence is

of type RT9. Replace the leftmost N-symbol in this row by A to obtain a new C-pair IT3, which
then satisfies o' C cg(I1?) € o2, a contradiction again.

* Ifr, = 1and 67 = Ay, then M* must be of type RT2. Hence 67 = Ay, and then from ¢! ¢ o* we
conclude that 6(1) = A and that row 0 of M consists entirely of As, contradicting the assump-
tion that ! is non-trivial.

With the claim proved, we now write r :=r; =r,.

Case 1: 0} # A,. Since 6} C 62 C 62 | C --- C 67, there are only finitely many choices for the
congruences 6/, ..., Gf, all of which are non-trivial. Given such a choice of these congruences, let
0 < i <rand write m := min 6. There are only finitely many choices for M2, ...,M? _ and for

2 _ A2 2
M: =M; imil = , that is, there are only finitely many choices for row i of M-. Consequently,

there are only f1n1te1y many possibilities for M?.
Case 2:r > 2and 6! = A. In this case, row r of M! is of type RT9, say

(AL AN Nt [ - [Nia[N[N]-- ]

If 62 # Ay, say 62 = (m,m + d)¥, then we modify IT' by replacing 6! = A by the congruence 67
on N with min 63’ = max(k, m) and per 87 = 2d, to produce a C-pair IT* with o* ¢ cg(IT?) € o2,
and hence a contradiction.

So now suppose Gf = Ay. Then row r of M? is also of type RT9. If this differed from row r of
M in more than one place, then we could replace the first such entry in M2 by the corresponding
entry in M, to obtain a contradiction in the usual way. So in fact there is at most one difference
between the two rth rows, and hence only finitely many choices for row r of M2. Now fix some
such choice, and note that M?, M? 41>~ are all N-symbols.

Subcase 2.1: r > 3. In this case the verticality conditions tell us that M 2 =Rforallo<qg<r
and j > i. There are therefore only finitely many ways to complete the matrlx M?, and the con-
gruences 6;,...,67 | are then completely determined by the Rs in M?.

Subcase 2.2:r = 2. If 6% # Ay, then the argument from Case 1 remains valid and shows there
are only finitely many possibilities for rows 0 and 1 of IT?, including the associated congruences
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on N. So suppose now that 6] = Ay, which means that M" is of type RT2. If also 67 = A, then
M? is also of type RT2, and since 0! C o2 we must have pin,(M?) < piny(M1); there are therefore
only finitely many choices for M2. So now suppose 62 # Ay, say 62 = (m,m + d)*, and note that
min 67 < m.Thenwith [ : = max(m, winy(M")), we modlfy ' to I'[3 by replacmg 6, = 6] = Ayby
63 = (l,l +d)* and & =(1+1L1+1+ d)?, and obtain o' G cg(IT?) € 02, a contradlctlon again.

Case 3: r=1 and 6} = Ay. The C-matrix M L is of type RT2, since its row 1 cannot consist
entirely of As. It then follows that the type of M? is one of RT2 or RT4-RT7. If M? is of type RT2
then piny(M?) < piny(M?), and hence there are only finitely many choices for IT2. In any of the
remaining row types, we can modify IT? by doubhng per 62 per 02, and changing all the £-entries
to u, to obtain a C-pair IT* with o' € cg(IT®) € 02, and a contradlctlon.

Case 4:r = 0 and 91 Ay Since row 1 of IT! is trivial, and since 6(1) = Ay, M! can only have
type RT1. But then ¢! = Aptp a contradiction.

This exhausts all the cases, and completes the proof of the theorem. [

Remark 4.5. We observed in the proof that the trivial congruence has no covers; so too, obviously,
does the universal congruence. However, these are not the only such congruences. For example, it
is easy to see that the Rees congruence R; corresponding to an ideal of the form I = I for g € n,
has no covers. Indeed, the C-pair associated to R; is

n|AJAJA|---| Ay

A|A|A]- | Ay
Vi’

Vn

One then proceeds, as in the proof of Theorem 4.1, to show that for any congruence o 2 R;, we
haveo 2 7 2 R; forsome 7 € Cong(Pf ). This is done by analysing the C-pair (8, M) correspond-
ing to o, and considering separate cases according to whether any of the congruences 6,4, ..., 6,
is non-trivial.

Theorem 4.6. Forn > 1, the lattice Cong(P‘I’) contains five-element diamond and pentagon sub-
lattices, and hence is not modular (or distributive).

Proof. For n > 2, define four C-chains:

! = (VNy VN! (0’ 2)ﬁy AN; eeey AN)5 ®3 = (VN’ VN’ (1’ z)ﬁ’ ANa eeey AN);

2 1= (Vi Voo, Vi Ans oo s Ay, 0" 1= (Va, Vi, (1,3, Ay, o, Ay,

and three C-matrices:

ATATA ATATA ATATA
Ml .= [A[A]A]- M2 .—|A]A]A]--- M3 = |A[A]A]
AlAAT ] 321828z NI
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g(02, M?) cg(©2?, M?)
/ \ / cg(©?, M?)
g(02, M) cgx(©', M) g0, M?)  cgx(©', M) ‘
/ \ cg(©?, M?)
g(0!, M) cgx(0*, M)

FIGURE 5 Diamond and pentagon sublattices in Cong(Pq’) for n > 2. See the proof of Theorem 4.6 for more

details
A (1,2)F A (1,2)
(0,1)? (0,1)*
AN
[AJAJA]--(1,2)
(0,1)
Al 12" [AMRBREE (1,2)° m@a) [Afglal (1,3)" |
” DF (AR (1,2 0,1 [l 0,2
[A[A[A]---](1,3)
\ / \ ©.1)
e
[AlA] (2,3)" [AATAL (1, 3)*
AR (1,2)f [AJA[A](0,2)*

FIGURE 6 Diamond and pentagon sublattices in Cong(P{I> )
Then the following are all valid C-pairs:
@',MmhH, (©.M»), (@MY, (0’ M), (M%), (@, M), (o' ,M),

and furthermore the pairs (!, M') and (©*, M) are exceptional. By Theorem 3.7, the resulting
congruences are ordered as shown in Figure 5. Moreover, it is easy to check that their meets and
joins are as indicated in the figure.

For n = 1, we cannot use exceptional congruences to construct pentagon and diamond sub-
lattices. Nonetheless, examples of such sublattices are shown in Figure 6, with the congruences
indicated by their associated C-pairs. As a curiosity we mention that for n > 2 the lattice Cong(Pq’)
contains the analogue of this pentagon (with the remaining rows consisting entirely of As, and
their corresponding congruences on N trivial), but not of the diamond, as the latter relies on the
fact that for n = 1 both x and A in row 1 correspond to the trivial restriction. O

We used the pentagon sublattices displayed in Figures 5 and 6 to show that Cong(P?) is not
modular for n > 1. In fact, these show something more. Consider a lattice L, and write < for the
covering relation in L. Recall [16] that L is upper or lower semimodular if for all a, b € L we have

aAb<a= b<avb or a<aVvb = aAb<b, 4.7

respectively.
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Theorem 4.8. Forn > 1, the lattice Con g(Pg’ ) is neither upper nor lower semimodular.

Proof. Consider the diamond sublattice of Cong(P?) displayed in Figure 5 (for n > 2) or Figure 6
(for n = 1), and label the congruences in the following way:

It sufices to show that o! < 0% < ¢3. Indeed, then (a, b) = (¢2,7}) or (a,b) = (¢2, %) will wit-
ness the failure of the first and second implications in (4.7), respectively. Checking these covering
relations is fairly routine. We just give the details for o' < o in the case n > 2.

Sosupposec! C o C o?forsome o € Cong(P7), where n > 2, and let IT be the C-pair associated
to 0. As in Remark 3.8, ! C o C o2 implies (0%, M) <. IT <. (©!, M!). It then follows by the
form of these pairs that IT is in fact one of (0%, M) or (!, M), and hence that ¢ is one of

cg(@*,MY),  cgx(®@*,MY),  cg(®L, M),  cgx(©',M").

Buto! = cgx(©*, M) is contained in neither cg(®*, M) nor cg(®!, M), so it follows that ¢ is one
of cgx(®*, M') = o' or cgx(®', M') = g2. This completes the proof that o' < o2. O

5 | GENERATORS OF CONGRUENCES OF P:EI’

It follows immediately from Theorem 4.3(i) that every congruence of Pg’ is finitely generated. We
can in fact do better than that, and in Theorem 5.7 below we show that the number of pairs needed
to generate an arbitrary congruence is bounded above by [57”] . As a stepping stone, Theorem 5.2
classifies the principal congruences. The main technical result needed for all these calculations is
the following:

Lemma 5.1. Let IT be a C-pair, let Q C Pff X P;f, and let TI be the C-pair corresponding to QF.
Then:

(i) cg(Il) = Qf ifand only if Q C cg(IT) and I < IT;
(i) if I1 is exceptional, then cgx(IT) = Qf ifand only if Q C cgx(I1), Q ¢ cg(I) and 11 < IT'.

Proof. For the direct implication in each part the inequality IT <. I’ follows from Remark 3.8,
and the remaining (non-)inclusions are obvious. So we just need to prove the converse.

(i) Since cg(IT) is a congruence, it follows from Q C cg(II) that Qf cg(I1). It follows from this
(and Remark 3.8) that IT" < IT. Together with 1 < IT, it follows that IT" = II. Thus, Qfis
either cg(I) or else possibly cgx(IT) if II is exceptional; but the latter is ruled out by Qf C

cg(ID).
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(ii) The proofis almost identical to the previous part. In the first step, cg(IT) is replaced by cgx(IT).
In the last step we use Q ¢ cg(IT) to rule out of = cg(I0). O

‘We now determine the principal congruences on Pff , for which it suffices by symmetry to deter-
mine (a, b)‘i where a € Dql- and b € D, q=T, and i < j when g = r. The congruences will be
described by means of their associated C-pairs in the usual manner; additionally, we will omit
rows q + 1, ..., n, as these consist entirely of As and have Ay as their associated congruence on N.
For a permutation 7 € S, we write (7)) for the normal closure of 7 in S, that is, the smallest
normal subgroup of S, containing 7.

Theorem 5.2. Letn > 1,andleta = (i,a) € D
orgq=randi<j.

qi» b = (j, B) € D, be two elements of Py withq < r,

(@) Ifa =B and i = j (that is, a = b), then (a, b)} = Apg» = cg(®, M), where M = (A)noXN and
8, = Ay foralls.

(i) Ifa =B andi < j, then (a, b)ji = cg(®, M), where M = (A)no><N and 6 = (i,j)ji forall s =
o0,..,q.

(iii) If g = 2 and (a, B) & S, then (a, b)’ = RIquIrj = cg(®, M), where M = R precisely when
Dy C I, Ul,; and My = A otherwise, and where 6; = (m;, mg + 1)¥ (0 < s < q) for my the
first index of an R-entry in row s of M.

(v) Ifg = 3,i=j,(a,f) € # and a # B, thenwith N := (3(at, B))) we have (a, b)* = cg(©, M)

for the C-pair
J AT TAININET| Ax
Al A (i,i + 1)*
olAl--]A (i,i+1)*

W) Ifg>3 i<j, (a,p) € and d(a,pB) € A, \{idy}, then with N := (d(a, B))) we have
(a,b)f = cg(®, M) for the C-pair

qlAl- - |AININ]- - (i,j)ﬁ
Al A (i,i+1)*
olAl---]A (3,1 + 1)

i) If g23, i<j, (@p)eH and O(ap)E Ay then with d:=j—i we have
(a, b)* = cgx(©, M) for the exceptional C-pair

q[A]- - JATAG A (i, + 2d)*
Al A (3,3 + 1)*

olA--[A (i,i+ 1)
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(vii) Ifq=2,i=j,(a,B) € 5# and a # S, then (a, b)’ = cg(®, M) for the C-pair

2[ Al JA[S:[Sa] ] Ay
1Al A wl| Ax
oAl [Alplel ] Ax

7

(viii) Ifg =2,i < j, (o, B) € # and a # B, then with d := j — i we have (a, b)! = cgx(®, M) for

the exceptional C-pair
—JAJAJA]- -] (4,0 + 2d)*
A (i, + d)*
A (i,i +d)*

i

> > >

(ix) Ifg =1andi < j, and if (a, B) belongs to one of Ry, \ (4, U p1), A, \ uy or py \ 4y, then with
& =R, 1 or p, respectively, we have (a, b)} = cg(®, M) for the C-pair

1Al ]A (i,i+ 1)*
olA]---]A (3,5 + 1),

i

) Ifg=1r=0andi> j,andif(a, B) belongs to one of Ry, \ (4, U p1), A \ 1 0r py \ {4y, then
with € := R, 1 or p, respectively, we have (a, b)* = cg(®, M) for the C-pair

1{A]---JAJA]---]A (4,1 + 1)
olal---]A (g + 1)

(xi) Ifg=0and i< j, and if (a, B) belongs to one of Ry \ (Ag U py), A9 \ Ap, or py \ Ap,, then
with £ := R, A or p, respectively, we have (a, b)Ii = cg(®, M) for the C-pair

o[A]-- - [AJEEEE (i, + 1)*

)

(xii) Ifg =r = 1andi = j, andif (a, §) belongs toone of u; \ (u' U '), u' \ Ap oru' \ Ap , then
with ¢ := p, u' or u', respectively, we have (a, b)* = cg(©, M) for the C-pair

1Al [Apl---| An
O|A |- [Alp|p|--+| An.

7

(i) Ifg=r=1i< jand(a,B) € u; \ Ap,, then (a, b)! = cg(©, M) for the C-pair

1Al ]A (i,7)*
0|A[---|A (i,5)*.
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xiv) Ifg=1,r=0,i < jand @ = §, then (a, b)Ti = cg(®, M) for the C-pair

O[A[- | Al pel= - (i,j+1)",

i

xv) Ifq=1,r=0,i=j+1and@ = B, then (a, b)* = cg(®, M) for the C-pair

Al [AREPT Ax
OA...AMN... AN-

j ot

(xvi) Ifq=1,r=0,i> j+1and@ = f, thenwith d := i — j — 1 we have (a, b)* = cg(®, M) for
the C-pair

AJA]-[ATplplel G+ 1,04+ 1+ d)*
G+ i+14+d)".

> B>
> >

=
=
=
1=
=
=

The above exhaust all principal congruences on 732’ .

Proof. In each part, write IT = (@, M) for the stated C-pair, and let IT" = (®’, M’) be the C-pair
associated to (a, b)".

The proof for each part follows the same basic pattern. For all parts, except (vi) and (viii),
we use Lemma 5.1(i), and it is routine to verify that (a, b) € cg(IT). In parts (vi) and (viii) we
use Lemma 5.1(ii) instead, and it is equally routine to verify that (a, b) € cgx(IT) \ cg(IT). It then
remains to check that IT <. IT’, which amounts to showing that

6,C6, and Mgy <c M, foralls € njand k € N.

k
The first inequality is vacuously true when 6, = A. Likewise, the second inequality needs to be
verified only when M, # A, and, furthermore, by Remark 3.10, when M, >- M, _, (or k = 0).

Below we give some representative proofs; the rest are similar. It will be convenient to
write o := (a, b)".

(vii) As just noted, we only need to check that Méi >c S, and M ii, M (’)l. > u. From the form of
(a,b), we have o,; # Ap,. (The o, notation is explained in Remark 3.6.) It follows from Table 2
that M. ;l. # A, and so from Figure 4 that M. ;i 2c S,. Combining this with the verticality conditions
in Definition 3.2, it follows that M ;l. >c U, and then by examining the row types in Table 1 that
Mg, >c p

(viii) As this part involves an exceptional congruence, a little more work is required. As in
part (vii), we need to show that M’ oM (’)i > u, but this time we also need to show that 6; 2 6, for
s=0,1,2.

Beginning with the latter, first note that since M’ <. M (as o C cgx(I1)), row 2 of M’ consists
entirely of As. Thus, by the form of (a, b), this pair can only belong to o via (C9); it follows that
M/’ is exceptional, with x(M') = 2. In particular, we have G; = (m, m + 2e)" for some m > 0 and
e > 1, and moreover we have (m, m + e)* C 61 (see Definition 3.4). Since (a, b) = ((i,a), (j,B))
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belongs to o via (C9), we have (i,i +d) =(i,j) € (m,m + e), and so i > m and e | d, which
gives 6, C 6;. The reverse inclusion follows from @ <. ©, and so 6; =6,=(~,i+ 2d)t. Also,
6, =6, =(@,i+d)ff =(mm+e)C 6’ C 6. Moving on to the matrix entries, since x(M") = 2
and i = min 0;, it follows from Definition 3.4 that M {i > W, and then again by examining the row
types that M|, > u as well.

(x) We consider the case in which («, 8) € 4, \ 1, the others being similar. Referring to The-
orem 2.2, this means that & 2 B( = ) but & # j. Examining Definition 3.3, it follows that
(a,b) € o via (C2) or (C4), so that M}, = M(’)j € {1, R}, and so M{i,M(’)j > A. As usual this is all
we need to show regarding the matrix entries.

Examining Table 1, and remembering that per 0! = 1if £ # u in row s < 1 of M’, and that an
entry > ucanonly appear after min 6}, we see that &) 2 (i,i + 1)* = 6, and 6y 2 (j,j+ )% =6,.

(xvi) Since (a, b) € o, and since a and b belong to the Z-classes D;; and D,; in different rows,
we see that M L. = M(’)J. >c M, and again this takes care of the matrices.

Since 6] C 6, = (i+1,i+1+d)? and 6, C 6= (+1,j+1+d)F we have i < min ) and
Jj <min@/. Thus, since (a,b) € o N (Dy; X Dy;), M" is of type RT2, RT5 or RT7. Since i > j + 1
we can rule out types RT2 and RT3, and so

6(’)=(j+1,j+1+e)ji and 61=(i+1,i+1+e)‘i for some e > 1 withi = j + 1 (mod e).

Thus, since we wish to show that 9] 2 6, and 6] 2 6;, it remains to show thate |d =i—j—1.
But this follows from i = j + 1 (mod e). O

Our next result, Theorem 5.7, shows that every congruence on P}‘f can be generated by at most
[57"] pairs. As the proof is somewhat technical, we begin by considering some examples, all with
n=4.

Example 5.3. Consider the Rees congruence R;, where I := I33 UI;, U I,. Then R; = cg(II) for
the C-pair

AJATAJATAT--] Ax
AJAIAIRIR[ - (3,4)
IT:=|A|A|AIRIR] | (3,4)*
A|AIRIRIR|- - (2,3)
R/R|R|R|R|---| V&

We claim that R; = {(a, b),(c, d)¥ for any a € D33, be Dy,, ¢=(0,y) € Dy, d=(0,6) €
Dy, with (y,6) € £ UZ. Indeed, first note that by Theorem 5.2(iii) and (xi) we have
(a,b)* = Ry,,ur, and (c, d) = R;,- And then, since R; V R}, =Ry, for any ideals I}, I,, we
have

R =Ry, VR, = (@b} v (cdf = {(@b)(cd}

Many other pairs of pairs could be chosen to generate R;. For example, d could be replaced by any
element from I \ Dy,.
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Example 5.4. Consider the C-pair IT = (0, M) defined by

ATATA[ATATATAJATATAT -] Ax
AlATA|A]A]AlA]ATA]A]--] (9,13)*

I1 := [A[AA[A]A[AA]A]A]A]- -] (8,12)% .
EHMHMM (6,8)"
Alplplplp (5,7)F

Fix arbitrary partitions « € D;, 8 € D,, and 7,8 € D, such that (y,6) € u* \ Ap,. We claim that
cg(Il) = QF where

Q = {((9,®),(13,)),((8, ), (12, 8)), ((6,7), (8, 7)), (1, 1), (1, 8)) }.

To show this, let IT' = (©’, M”) be the C-pair associated to Q. It is easy to check that each pair from
Q belongs to cg(IT). Thus, it suffices by Lemma 5.1(i) to show that IT < II'. Again, it is enough to
show that

/ 1 ’ ’ l _
M, 2c u', M3, My, >c p and Gq C Gq forg =0,1,2,3.

By Theorem 5.2(xii), the C-matrix corresponding to the congruence ((1,y), (1, &) is of type RT2,
with i = 1 and ¢ = pt. Since ((1,7), (1, 8))* C QF, it follows that M), >c b and M}, M} >c u.
This takes care of the matrix entries, and in particular we have M’ = M.

Turning to the C-chains, first note that the pair ((9, @), (13,a)) € QF tells us that (9,13) € 6;
(see Remark 3.6). It follows that 8/ D (9,13)* = @,, and we similarly obtain 6/ 2 0, for g =1,2.

Since M’ = M, it follows that IT’ is of type RT2 or RT5, and since 91 = (6,8)" Ay, the former is
ruled out. It then follows (by the definition of type RT5) that 66 = (57 = 8-

Example 5.5. Consider again the C-pair IT = (0, M) from Example 5.4, and keep the notation
for the partitions «, 3,7, § defined there. Note in fact that IT is exceptional, with exceptional row
x(M) = 2. This time let ) € D, be such that 8 7 7 but 8 # 1, and set

8 = {((9, @), (13,)),((8, ), (10,m), ((6,7), (8, 7)), (1, ¥), (1, 6) }.

Note that the only place in which E differs from Q is the second component of the second gener-
ating pair. Note also that ((8, 8), (10, 7)) € cgx(IT) \ cg(IT). Thus, we can show that cgx(IT) = =t
by showing that IT <. IT', this time by applying Lemma 5.1(ii), where IT’ is the C-pair associated
to Ef. We establish M <¢ M, and the inclusions 0, C 0’ for g # 2, as in Example 5.4. For 6, C 6;

q
we use the pair ((8, §), (10,7)), and argue as in case (viii) in the proof of Theorem 5.2.

Example 5.6. Consider the C-pair

A
A
A
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We claim that cg(IT) = QF, where Q consists of:

(a) any pair from D, X D,3, and any pair from D,, X D, satisfying the conditions of Theo-
rem 5.2(x) with £ = R;

(b) any pair from D;; X D;; as in Theorem 5.2(xii) with { = u;

(c) any pair from D,, X D,, as in Theorem 5.2(vii), and any pairs from D, X D34, D35 X D35,
Dy¢ X Dy, Dy7 X Dy7 and Dyg X Dyg as in Theorem 5.2(iv) with N = A5, S5, K4, A4 and Sy,
respectively;

(d) any pair from D9 X D, 1; as in Theorem 5.2(ii).

Indeed, once again we have Q C cg(II), so by Lemma 5.1(i) it remains to check that IT <. IT,
where IT’ is the C-pair of Q. As in Example 5.3, the pairs from (a) above generate the Rees con-
gruence associated to the ideal class I(Q*) = I, U I,; UI;, Uy, and hence ‘fix’ the Rs of M’;
these also fix the congruences 6; for g # 4. The pair in (b) fixes the u label. The pairs in (c) fix the
N-symbols. Finally, the pair in (d) fixes the congruence &/

Here is the main result of this section. Its constructive proof allows one to find a generating set
of suitably bounded size for an arbitrary congruence.

Theorem 5.7. Letn > 1.

. () n+l1 .
(i) Every Rees congruence on P’ can be generated by at most [T] pairs.
.. () 5n .

(ii) Every congruence on P’ can be generated by at most [7] pairs.

Proof.

(i) Let I be an ideal of P®. If I =@, then R, = Ape = @". So suppose I # @, so that
I= Iq1i1 - Uquik for some set of incomparable elements (q;,i,), ..., (qy. i) of the poset
(ngy, <) X (N, >). Now,

RI = RI ul VR ul A\VAE 5 (5.8)

a1l q2ln Tg3i3Ylgy14

where the last term in the join is either quw‘ or quk—lik—l ULy * depending on the parity of k.
Since k < n + 1 and each Rees congruence in (5.8) is principal by Theorem 5.2(iii), (ix)-(xi),
the assertion follows.

(ii) Leto € Cong(Pﬁf ) be arbitrary, and let IT = (©, M) be the associated C-pair, so that o is one
of cg(TT) or cgx(IT). We create a set Q with Qf = ¢, and with |Q| appropriately bounded, as
follows. Keeping Lemma 5.1 in mind, we ensure that:

* each pair from Q belongs to o;

* some pair from Q does not belong to cg(IT) if ¢ = cgx(II) is exceptional;

* each entry M,; of the C-matrix M is ‘fixed’ by some pair (a, b) from Q, in the sense that the
(q,1)-th entry of the C-matrix corresponding to (a, b)* is 2c My;;

* each congruence 6, from the C-chain © is also suitably fixed by a pair from Q.

We now proceed to construct the set Q, as a union Q := Q, UQ, U Q; U Q,, in four steps. As in
part (i), the (possibly empty) ideal I :=I(o) has the form I =1, ; U U1, ; , where k > 0 and
the (q,,i;) are incomparable. Let m = max(q;, ... , q; ), with the convention thatm = —1ifk =0,
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and note that k < m + 1. Note also that
m=-1& k=0 & I =@ < M hasno R-entries.

In what follows, the ‘type’ (i)-(xvi) of a pair (a, b) € P"f X 735’ refers to the enumeration in Theo-
rem 5.2

Step 1. As in part (i), we construct a set Q; C o such that R; = Qg and |Q,| = [%]. This fixes
any R-entries of M, and also fixes the associated congruences 8y, ..., 8,,,; each is of the form Gq =
(ig, g + 1)* where iy is the position of the first R in row g.

Step 2. Next we construct a set Q, C o to fix any non-trivial congruences among 6, , ..., 6,.
For any g € {m + 1, ..., n} with 6, non-trivial, Q, contains a suitable pair of type (ii) unless o is
exceptional and g = x(M) in which case we include a pair of type (vi) or (viii) as appropriate. In
any case, we have |Q,| < n —m.

Step 3. Next we construct a set Q; C o to fix the entries in rows 0 and 1 of M that are distinct
from A and R. Depending on the row type RT1-RT7 of M, Q; consists of the following pairs:

RT1: no pairs are required (because 6, and 6, have been fixed by Q,);

RT2: one pair of type (xii) or (xv);

RT3: at most one pair of type (xi); the clause ‘at most’ appears here as no such pair is needed when
& = R (since the Rs were fixed by Q, ), similar comments apply in the remaining cases;

RT4: at most one pair of type (ix) or (xiii);

RT5: one pair of type (xii) or (xv), and at most one of type (ii) or (xi);

RT6: if ¢ # A, then one pair of type (xii), and at most one of type (ii) or (xi); if { = A and & # u,
then at most one pair of type (x); if { = A and & = y, then one pair of type (xv) and one of
type (ii);

RT7: one pair of type (xvi), and at most one of type (xi).

By construction we have

1 ifm>0
Q3] < . (5.9)
2 ifm=-1.

Step 4. Finally, we construct a set Q, C o of pairs of type (iv) or (vii) to fix the N-symbols in M.
As in the proof of Theorem 5.2 (see also Example 5.6), we need only include one pair for each
distinct N-symbol appearing in M. We claim that

2n—2 ifm=n
Q4] <42m ifosm<n—1 (5.10)
1 ifm=-1.

To see this, first recall that the N-symbols in row g > 2 are the non-trivial normal subgroups
of Sq. Thus, the number of possible distinct N-symbols in rows 2,...,n are 1,2,3,2,2,2,...,2,
respectively. When m > 1, it follows from the verticality conditions in Definition 3.2 that only
rows 2, ...,m + 1 can have N-symbols, so that |Q,| < 2m; furthermore, when m = n, there is no
row m + 1, so the upper bound is 2n — 2. When m = 0 we have |Q,| = 0(= 2m); indeed, here
M is necessarily of type RT3 (with & = R), and the verticality conditions prevent M from having
any N-symbols. Finally, when m = —1 (that is, I = @), M can have any of types RT1-RT7 (with
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& # R), and S, can occur in any of types RT2-RT7, but no other N-symbols can occur, meaning
that [Q,| <1

This completes the definition of the set Q := Q; U Q, U Q; U Q,, and, as explained above, we
have o = QF. It remains to check the size of Q. By construction, and recalling that k < m + 1, we
have

Q] = Q]+ 19,] + 193] + Q4] < [Z2] + (1= m) + Q5] + 19,1,

It is now a matter of checking that this is bounded above by [57"] , which we do by combining (5.9)
and (5.10). When m = n, we have

0] < "] +0+1+@n—2) = [22].

When 0 < m < n — 1, we have
Q< [+ (r—m)+1+2m = ["2] +n+m+ 1)< [5] +2n=[3].

When m = —1, similar calculations give |Q| < n + 4 When n > 3 we have n + 4 < [57'1]. Thus,
the proof is complete except when m = —1 and n <

Now suppose m = —1 and n = 2, and that Q as constructed above has size n + 4 = 6. Since
[57"] =5, it suffices to show that at least one pair from Q is redundant. By maximality of |Q| we
must have |Q;| = 2, so examining the cases in Step 3 we see that M has one of types RT5-RT7.
In type RTS5 the second pair is either of type (ii) or (xi); in the first case the pair is redundant
because such a pair already comes from Q,; in the second case the pair of type (xi) fixes 6, so the
corresponding pair from Q, is redundant. Types RT6 and RT7 are treated in similar fashion.

Finally, when m = —1 and n = 1, we have |Q| < n + 4 = 5, and we need to show this can be
reduced to [ ~] = 3. First note that in this case we have Q, = @ as there are no N-symbols when
n=1,so0in fact |Q] < 4. If we had |Q| = 4, then we could remove a pair from Q as in the previous
case. O

Remark 5.11. We observe that there is no uniform constant bound (independent of n) for the
numbers of pairs needed to generate congruences on Pff. Indeed, for any n > 2, consider the con-
gruence o = cg(Il), for the C-pair

A

Ifo = Qﬁ, then Q must contain at least one pair from Dq,q_2 X Dq’q_2 foreach q = 2, ..., n, because
otherwise Q would be wholly contained in the congruence defined by the C-pair obtained from
I1 by replacing the entry M, ,_, = S, by A. Hence |Q| > n — 1, and the assertion is proved.

Congruences minimally generated by more than n — 1 pairs can easily be constructed, as in
Example 5.6.



TWISTED PARTITION MONOIDS AND THEIR LATTICES 27

TABLE 3 The specification of finitary row types in an fC-matrix

Type Row(s) Conditions
fRT1 1A JAIRIR 0<k<d+1
olAl. . [AIREIR
k
iEe Al AER AR 0<i<k<d,
olAl[Alplel  x[RIRE IR ¢ €fppl, ut, A}
7 k
fRT3 1Al JATA]. . [ ATEPE o<k<l<d+1,
Al AIREEIRIR R ...\ R $efuul,ut, Al
k l
fRT4 1[A]. . JAJATA].. [AERIRIER O<k<l-1<d
oAl AR IRPRIRIRIERL R
k l
fRTS A A NN EEE g>2,0<i<k<d+1,
i k fidg} #N; < <Ny,
N;...N,, <5,

6 | CONGRUENCES OF FINITE TWISTED PARTITION MONOIDS 7):11’ B

We now turn our attention to the finite d-twisted partition monoids PZI” g = (dy X P,) U {0} intro-
duced in Subsection 2.4. Their congruences were described in [4], by viewing 733’, 4 asaquotient of
P:f and deploying the Correspondence Theorem. In the course of this argument several simplifi-
cations take place: One can dispense with C-chains; C-matrices become finite; several row types
are not possible; and there are no exceptional matrices/congruences.

Definition 6.1 (Finitary C-matrix). A matrix M = (M, qi)noxdo is a finitary C-matrix, or fC-matrix
for short, if the following are satisfied:

* The entries M; are drawn from {A, ul, b, u, RYUN : fid}#N<2S,, 2<qg<n}

* Rows 0 and 1 of M must be of one of the finitary row types fRT1-fRT4 shown in Table 3.
* Every row g > 2 must be of type fRT5 from Table 3.

+ An N-symbol cannot be immediately above A, u', u! or another N-symbol.

* Every entry equal to R in row g > 1 must be directly above an R entry from row q — 1.

Definition 6.2 (Congruence corresponding to a finitary C-matrix). The congruence asso-
ciated with a finitary C-matrix M is the relation cg(M) on Pff 4 consisting of all pairs

((,a),(j,B) € Pf’ PR Pf, , such that one of the following holds, writing g =ranka and
r = rank g3

(fC1) Mg =M, =Ai=]j and a = 3;

(fC2) My; = M,; = R;

(fC3) Mg =M, =N,i=j,a 2 B and d(a, ) € N,

(fC4) My =M,; =u', @=PFanda 2 g;

(fC5) My =M,; =u', @ =Fand a % 6;
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(fC6) My; = M,; = u, @ = B, and either (g, i) = (r, j) or i — j = min (M) — min,(M);
as well as the pairs:

(fC7) ((i,@),0),(0, (i,a)) with M; = R;
(fC8) (0,0).

Here is the classification of congruences:

Theorem 6.3 [4, Theorem 7.3]. For n > 1 and d > 0, the congruences on the d-twisted partition
monoid P;I’ g are precisely cg(M), where M is any finitary C-matrix.

The analogue of Theorem 3.7, describing the inclusion ordering for congruences of Pg’ o also

simplifies considerably for P’i 4+ In particular, only part (i) applies as there are no exceptional
congruences. The main complication remaining is caused by the matching us in rows 0 and 1. To
handle these we use the piny(M) and pin, (M) notation introduced before Theorem 3.7, which
here applies to fC-matrices of types fRT2 and fRT4. Also, in the absence of C-chains, we write
minq(M), for ¢ = 0,1, to denote the smallest i € {0, ...,d} such that Mg =R if it exists, and
minq(M ) :=d + 1 otherwise. We have pin; (M) — piny(M) = min; (M) — min,(M) in types fRT2
and fRT4.

Theorem 6.4 [4, Theorem 7.4]. Let n > 1 and d > 0, and let M' and M? be any two fC-matrices
for PP . Then cg(M") C cg(M?) if and only if both of the following hold:

(a) M! <M 2
(b) IfM" has type fRT2 or fRT4, then at least one of the following holds:
(bl) miny(M?) < ping(M*) and min,(M?) < win, (M%), or
(b2) M? also has type fRT2 or fRT4, and min,(M?) — min,(M?) = min,;(M') — min,(M%).

Remark 6.5. The congruences of the O-twisted partition monoid P‘I’ are particularly easy to
understand, and these will play an important role in subsequent sectlons when looking at
P‘I’ for arbitrary d. When d = 0, the fC-matrices are simply fC-columns, and they come in
two families (with {1d }#NJ S, in row g > 2 in the second), and four individual ‘sporadic’

matrlces
[A] [A]
B B [A] [A] [A] [A]
A a Hn A
A, o Al Al 3], [a] 6.6)
B R Al Al A
: ﬁ ® B[R]
& (A

Denoting the congruences associated to the first two types by R, and Ry, and reusing existing
symbols to denote the four sporadic congruences by u', u', u and Ks,» the congruence lattice
Cong(P}f’ ) is shown in Figure 7.
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FIGURE 7 The Hasse diagram of Cong(P:’O); Rees congruences are indicated in blue outline, ‘sporadic’

congruences in red, and we abbreviate A = Ape and V = Vo
no no

7 | PROPERTIES OF THE CONGRUENCE LATTICE Cong(P;I’ d)

Let us compare the properties of the lattice Cong(Ps’ d) with those of Cong(Pg’) established in

Section 4. Since the monoids PS’ 4 are finite, so are their congruence lattices; we shall compute

their sizes exactly in Section 9. So, trivially, Cong(P:f’ d) has no infinite ascending/descending/
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FIGURE 8 A five-element diamond sublattice of Cong(Pf d), where d > 0. See the proof of Theorem 7.1 for
more details

anti-chains; also, every element has finitely many covers, and is in turn covered by finitely many
elements. The lattice continues to have a single co-atom, as in (4.2), and additionally it has a single
atom, which is defined by the fC-matrix

AJA|---[AIA

AA[JAAl
AAl AR

In one marked contrast with Con g(Pf ), this time we have the following:

Theorem 7.1. Letn > 2.

(i) The lattice Cong(P?,) is distributive.
(ii) Ford > 0, the lattice Cong(Pf d) is modular but not distributive.

Proof.

(i) This follows by direct inspection of Figure 7.

(ii) To prove non-distributivity, we exhibit a five-element diamond sublattice of Cong(P‘1> ) in
Figure 8. To simplify the diagram, we only indicate the bottom-right 2 X 2 corner of each fC-
matrix; all other entries are A. Verification of meets and joins are straightforward with the
help of Theorem 6.4. To prove modularity we need to show that Cong(P‘b ) does not contain
a sublattice isomorphic to the pentagon. This is rather involved, occuples the remainder of
this section and is finally accomplished in Proposition 7.8. 1

We begin our work towards Proposition 7.8 with some preliminaries that gauge the extent to
which the inclusion ordering on Cong(P;f’ ;) differs from the < ordering on fC-matrices.

Definition 7.2. Let M be an fC-matrix, and let o := cg(M). We say that a pair of entries M; and
M, of M are matched if (q,1i) # (r, j), My; = M,; = pand o N (Dy; X D,j) # @.

We note that if M; = M, ; are matched then necessarily {g, r} = {0, 1}. We also note that every
u entry in row 0 is matched, whereas those in row 1 can be matched or unmatched. However,
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there can be at most one unmatched u in M, corresponding to { = u in types fRT2 and fRT4 (see
Table 3).
We now have the following obvious consequence of Definition 6.2:

Lemma 7.3. Let 0 = cg(M) € Cong(P<I> ), and let Dy and D, i be two distinct Z-classes. Then
o N (Dy; X D,;) # @ if and only lfeltherM =M,; = R orelse My; = M, ; = u are matched.

Next we consider the behaviour of the join and the intersection of two congruences restricted
to a single Z-class. We observe that since P‘I’ has a zero element, the ideal class I(o) of any
congruence o coincides with the class of 0, and is non-empty in particular.

Lemma7.4. Letc', 0% € Cong(P? ), andletq € nyandi € N.If (o' v o?) Ip, # ol Ip, V o2 D,
then o' N (Dy; X D,.;) # @ for somet = 1,2 and some (r, j) # (g, i).

Proof. Consider an arbitrary (a,b) € (¢! v o?) D, \ (¢! Ip, V o? qui). This means that there

exists a sequence a = a,,a,, ..., a,, = b such that the successive pairs belong to ¢! Uo?, and
not all the terms belong to D;. Let (a;, a;,,) € o' be any pair where a; € Dy; and a;,; & Dy;.
If a;, € D,; for some (r, j) we are finished. Otherwise a;,; = 0. But then D,; C I(c"), which
implieso' I, = V), ,and therefore (ctvad)r by = Vb, = o't Dy V o} p,;» @contradiction.  []

Lemma 7.5. Letol,0? € Cong(Pfd), and q € ng, i € N. Then:

) (e'na)ip, =c'lp, N’y ;
(i) (c'va?) fin =o! qui v o? qui, with the only possible exceptions when q € {0,1} and
1 2 1
M} M2 € {8, 1t pl b

Proof. (i) is obvious. (ii) follows from Lemmas 7.3 and 7.4, and the observation that if either M;i
or M;i equals R then (¢! v 0?) Ip, = Vb, = ol Ipy v a? IDy O

Next we move on to the ideal class I(o).

Lemma 7.6. Forany a',0* € Cong(P? ) the following hold:

(i) I(c! no?) =I(cH) nI(c?);
() Ifg =2, then D, i CI(c'va?) ifand only if Dy; C I(c") for somet = 1,2.

Proof (i) is obvious. For (ii) notice that for g > 2 we either have D ; C I (ah), or else there are no
o'-relationships between D,; and Pn 4 \Dgi- 1

‘We bring these results together into the following description of the fC-matrices for the intersec-
tion and join of two congruences. The meets and joins between the matrix entries are computed
under the ordering <. as depicted in Figure 4.

Lemma 7.7. Let o',0% € Cong(P? ) with o' = cg(M"), and furthermore let o' N o* = cg(M"),
ol va? = cg(MV). For q € nyand i € N, the following hold:
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(i) M" =ML A M?, except when q = 0, M. = M? = u, but the matching entries in row 1 are in
qi qi " ai 0i 0i
different positions in M' and M?, in which case M;‘i =A.
SN vV gl 2 ; ; 1 a2 Tl
(ii) Mql. = qu‘ \Y, Mqi, with possible exceptions for q € {0, 1}, Mql.,Mql. e {A,u', ut, u}, and at least

one of M! , M?. equals u, in which case we may have M. = R.
g’ qi qi

Proof. (i) By Lemma 7.5(i), the restriction (¢! no?)} D, I8 uniquely determined by the o* 'Dy-
Therefore, we can only have M” # M!' AM? when M" is not uniquely determined by
qi qi qi qi
(Calal-al; Dy+ As in Remark 3.6, the latter is only the case when g = 0 and (¢! N o)} py = Ap

0i’

or when ¢ =n and (¢! n az)rDm_ = Vp, - The first alternative rapidly leads to the assertion,
by eliminating the possibility M f] ; = A for some ¢ = 1,2. For the second, suppose n =q and

(e no?) qui = VDq,-' Then M;i,Msi,M;i € {S,, R}, and, using Lemma 7.6(i),
M;‘i =R & D,; CI(c'no®) =1(c")nI(c?) & M;i = M;i =R,
which implies M", = M'. A M?..
qi qi qi
(ii) Reasoning as in (i), we see that the only exceptions to M(\]’i = M;i \% M;i may arise if:

s (clva?) Ip, # ol D, Vo2 Ip,: OF

. M;’l. is not uniquely determined by (¢! v 2)| Dy

We begin with the first option. Here Lemma 7.5(ii) gives q € {0,1} and M;i,Méi e{Aul, ut, u.
If in fact M;l.,M ;i € {A, ,uT, /,ti}, then there would be no of-relationships between in and
P;‘E 1 \ Dgi (t = 1,2),and hence (el v o)) Dy = olt Dy v o2} Dy2 @ contradiction. Thus, at least one
of M' ,M? equals u. Butthenif MY, > M' v M? ,we canonlyhave M", = R (see Figure 4, remem-
qi> " qi gi qgi ¥ g qi

bering that 4 and p do not appear in fC-matrices).

For the second option, as in (i), we have g =0 and (c!Vvo?)} py = Ap,» or ¢ =n and
(6" voA)ip, = Vp, - In the first of these alternatives we have:

Mgi =u o (et vao?)n(Dy X Dy ;) # @ for some j €N
& o' n(Dy XD,;) # @forsomet=1,2, jeN
& M), = uforsomet =1,2.
And in the second alternative, using Lemma 7.6(ii), we have
M) =R & D, CI(c' vo?)
& D,; CI(c") forsomet =1,2
& M! =Rforsomet=1,2,
. . . V _ 1 2 .
and as in (i) this leads to M, = M, vV M-, completing the proof. I

We are now ready to demonstrate the non-existence of pentagons in Cong(Pg’ 4)» Which is the
final step in the proof of Theorem 7.1.
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Proposition 7.8. Forn > 1 and d > 0, the lattice Cong(Pg’ d) does not contain a sublattice isomor-
phic to the pentagon.

Proof. Seeking a contradiction, suppose Cong(P}‘f ) does in fact contain the following five-element
sublattice, with (non-)inclusions, meets and joins as indicated:

oV =cg(MV)
o = cg(M?)
ol = cg(M") ‘
o? = cg(M?)
o' = cg(M")

First we claim that there exists (a, b) € o3 \ o with a, b # 0. To see this, let (¢,d) € o3 \ o2
be arbitrary. Certainly ¢ and d are not both 0, say ¢ # 0; take a :=c.Ifd # O we take b :=d, so
suppose instead that d = 0. Since 02 # A, , we may take any b € I(¢?) \ {0}, with the required

n,d

conditions easily checked.

With the claim established, for the rest of the proof we fix some (a,b) € o3\ o with
aeD,; and beD,; Notice immediately from (a,b)¢gc'no*=0'no?, and from
o3 Colva® =0l vo?that

(a,b) ¢ o' and  (a,b)ec'vo? (7.9)

From here the proof will proceed in two stages: First we will consider the situation where
(a,b) € Z; and then afterwards we consider (a, b) ¢ Z, with the additional assumption that the
restrictions of o2 and ¢ to every Z-class coincide.

Stage 1: a,b € D;(= D,;). From (a, b) € ¢° Ipy, \ a? I'p,,» We obtain

3 2
Mql. > qui‘ (7.10)
We claim that
n 1 t v 1 t _
Mql. # Mqi /\Mqi or Mql. # Mql. qul. for some t = 2, 3. (7.11)

Indeed, if not, then M;i,M;i,M ;i,M;i,M;/i would form a homomorphic image of the the pen-
tagon. Furthermore, Méi <c M;i, and it quickly follows that in fact these entries form a pentagon.
This is a contradiction, because the lattice of allowable entries in any fixed position in an fC-matrix
has no pentagons (see Figure 4), and (7.11) is proved.

Now, use Lemma 7.7 to observe that

n 1 2 N 1 2 1 3
MO # My AMZ = MO <c My AMZ <c M), AM,

\ 1 3 Vv 1 3 1 2
and MqﬁéMquMqi = My >c My, VMg 2c My AM;.
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Thus (7.11) is equivalent to
n 1 3 v 1 2
Mqi <c Mqi A Mqi or Mql. >c Mql. \/Mql..

Consider the first of these alternatives, that is, M;‘l. <c M;i A Msl.. By Lemma 7.7(i) this can
only happen when ¢ = 0and M, = M, = u. But thisimplieso* |, = Ap_,in contradiction with
(a,b) € 0\ 0% C 03\ Ape . Therefore we conclude that

nd

M}, >c My, VM, (7.12)

Lemma 7.7(ii) gives us all the situations in which (7.12) may happen. For the purposes of this proof
we organise the cases as follows:

* q=1,M], = M}, = and both are matched;

* g=1,M] isoneof A, u', ' or an unmatched y, and M% = y;

* ¢=1,M,, = uand M2 isone of A, u", u* or an unmatched y;

* q=0,M) €{A uyand M}, = y;

* q=0,M), =uand M}, = A.

Note that in the first three cases, if M12i = u then Mfl. = R by (7.10). Likewise, in the last two
cases, Mgl. = R always (remembering that (a, b) € o> qui \Ain for the fifth). In all five cases,
Lemma 7.7(ii) gives M;’i = R. Throughout what follows we will make use of the following rela-
tion:

fo={y),(m3d):y,6€l,7=23 Lmed,)}.
Case1l:q = 1, M|, = M;, = u and both are matched. Suppose M|, = w is matched with M, = 4,
and M7, = u is matched with My = u. From M;, = R and o> C o? it follows that M) = R. We
split into subcases depending on the relationship between [ and u.

Subcase 1.1: | = u. Note that there are no o’-relationships (t = 1,2) between X := D;; U Dy,
and P2\ X. Hence

(' va)lx =c'Ix Vally =filx # Vx = (@' Vo)ly,
a contradiction.
Subcase 1.2: 1 < u. This implies M # A.If M = u then it is matched to some M|, = u with
v > i. But thenMg = M3 =R,andso
u 1v
(e' na*>)n(Dy, X Dy,) = 7N Dy, X Dy,) # @ = (6! na?) N (Dy, X Dyy),
a contradiction. If Mj = R then

(0" N 6%) N (Dy, X {0)) = Dy, X {0} # @ = (6" N 0%) N (Dyy, X {OD),

a contradiction.
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Subcase 1.3: [ > u. This time M gl = R, and hence
(c'na®>)N(Dy xDy;) =N (Dy X Dy;) # @ = (6! na?) N (Dy; X Dyy),

a contradiction.

Case2:q = 1, M, isoneof A, u', b or an unmatched u, and Mi. = u. Ifoi = uisunmatched,
then there are no o’-relationships (t = 1, 2) between D,; and Pff’ 4 \ Dy;, and hence

VDli =0’ rDli =(e'va?) rDli =d' rDli va? rDli = ﬁrDli’

a contradiction. So suppose that M}, =y is matched with M = pu. Since M;, =R and
o N (Dy; X Dy;) 2 0% N (Dy; X Dy;) # @, we have My = R. If M, = A a similar argument to the
above, but this time restricting to Dy, U Dy;, leads to a contradiction. If M él = u, and is matched
with M %u = u, then necessarily u > i, so that M fu = R, and therefore

(6! na®)n(Dy x Dy,) = BN (Dy X Dy,) # @ = (6" na*) N (Dy X Dyy),
a contradiction. Finally, if M él = R then
(6 na®) N (Dy X {0}) = Dy, X {0} # @ = (¢! N a?) N (Dy; X {0}),

a contradiction.
[ 1 _ 2 Tl 3 1 _
Case3:q =1, M, = u, and M7, isone of A, u', u* or an unmatched u. As in Case 2, M}, =
must be matched to some M, éu = u. Next note that

2 _ 1 2 _ 1 3 7 3
o rDli_(o no)rDli_(O' no')rDli_#rDlino' rDli'

If M7, € {R, u}, it follows that o® [, = il p ,and so M7, = u. By (7.10), the only other possibility
is for M3, € {u', u'}and M7, = A;butin thiscase 0? I, = filp, No3lp =03l ,andso M7, =
M13i, a contradiction. We therefore conclude that Mfi = u, which is then unmatched, and also
M; =R.IfM; = A, then there are no o'-relationships (¢ = 1,2) between Dy, U D;; and the rest
of Pfi o> and the usual argument (using Mfi = R) again yields a contradiction. Also, we cannot
have M gu = [, since u < i already, and there is no suitable fC-matrix. But if Mgu = R, then also
Mgu = R, and hence

(6 Nno®)N(Dy, X Dy;) = ZN (Do, X Dy;) # @ = (6! N o) N (D, X Dyy)s

a contradiction.

Cased:q = 0,M}, € {A, u}and M7, = p. Suppose M, = u is matched to ij = p. From M, =
R and o? C o3 it follows that M13j = R. Therefore (¢3 \ 02)| D, #* D> which is the situation treated
in Cases 1-3.

Case5:q = 0,M} = uand M2, = A.Let M}, = ube matched with M} = u.If M is A, u', ut
or an unmatched y, there are no o’-relationships (¢t = 1, 2) between D; U D;,, and the rest of P}‘f’ &
and this leads to the usual contradiction. If M fu = p is matched to M gl = u then necessarily [ > i
and so M 31 = R; from o2 C &? it follows that M fu = R as well, and this takes us back to Case 1.
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Finally, if M} = R, then also M; =R, and so
u 1lu
(e’ na*)n(Dy; x Dy,) = N (Dy; X Dyy,) # @ = (6! na?) N (Dy; X Dyy,),

a contradiction. This completes the proof of this case, and indeed of Stage 1.
Stage 2: (a,b) ¢ 2, but o2 I, = o3 Ip, for all s€n, and [ €N. Since (a,b) € o? and
(a,b) ¢ 2 it follows from Lemma 7.3 that one of the following holds:
« M3 =M3 =Ror
qi rj
« M3 = M> = uare matched.
qi rj

Case lesi = M;’j = R. By the assumptions for this stage, 0% | Dy = a3t b, = Vp, and a2l D, =
o3 Ip,, = Vp,;- On the other hand, since (a, b) € (¢* \ o®) N (D,; X D,;), we cannot have Mfﬁ =
ij = R. Without loss assume that M;i # R. Asin Remark 3.6 we must have ¢ = nand M il. =S,.
If M. # R, then there are no o'-relationships (¢ = 1,2) between D,; and PZ ¢ \ Dni>
(a,b) € ' v o’ = o' v o?; therefore M| = R. But then (a,0) € (¢! nc?)\ (¢! N c?), a contra-
diction.

Case 2: M;i = Mr3j = u are matched. Without loss we may assume that ¢ = 0 and r = 1, and
we note thati < j. By (7.10) we have M2, = A. From ¢* Ip,, = o3 Ip,, it follows that ij = u. This
entry cannot be matched to My, because (a, b) € (o7 \ %) N (Dy; X Dy ;). On the other hand, it

cannot be matched to any other entry in row 1, as that would violate o> C 3. We conclude that
ij = u is unmatched.

contradicting

Since (a,b) € ¢! v o3 = ol v 02, there must be o!-relationships between D,; and another -
class, and also between D; ; and another P-class. In particular, M} ,M I €{u,R}, and if M }j =u
then this is matched in M. We cannot have Mél. = M}j =R, as thls would imply (a,b) € o',
in contradiction with (7.9). For the same reason we cannot have Méi = M}j = u matched to
each other.

Subcase 2.1: M, ! = u. This is necessarily matched to some M11’ and (since either M}j =R
or else Mllj = u is not matched to M) we have I < j. Since Mlzj = w is unmatched, it follows
that M}, = A = M;,. Thus, thereare no o' v o*-relationships between X := Dy; U Dy; and the rest
of P}f”d. But this contradicts (a,b) € 0! Vo3 = ol vo?, sincea € X and b ¢ X.

Subcase 2.2: M éi = R. As noted above, here we must have M 11j = u, and this must be matched
tosome M, = uwith [ < i. This time we have M, = A, and since M fj = wisunmatched, it follows
that there are no ¢! v o2-relationships between Dy, U D; j and the rest of Pf’ 4+ This leads to the
same contradiction as in the previous subcase.

This completes the proof of this case, Stage 2, and of the proposition. O

Remark 7.13. Our proof that the lattice Cong(P‘D ) is modular involved showing that it contains
no pentagon sublattices. Another way one mlght hope to show a congruence lattice is modular
is to use a classical result of Jonsson [10]. Specifically, it follows from [10, Theorem 1.2] that if
ootog = tooor for all congruences o and  on some algebra A, then Cong(A) is modular. One
might therefore wonder if Jonsson’s condition holds in Cong(Pq’ ), but it turns out that it does
not (apart from trivially small cases). For example, suppose n > 2 and d > 1, and consider the
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congruences o = cg(M') and t = cg(M?) of Pg’ > for the fC-matrices

A[ATA[- A AATA A

L 3 R I I ., HEHEIE
M* =AIAAl A and M~ =[A[AIAl.-|A|-

Let a, 8 € D, be such that @ # B. Then
@07 (x )0 B D7 (B0),
and hence ((@, 0), (E, 0)) € tooot. We claim that ((@,0), (,Z?\, 0)) & ootoo. To see this suppose
@,00cathboc wherea,b,cepg’,d.

By the form of ¢ and 7, we must have a = (&, 0), and then either b = (&,0) or else b = (y,1) for
some y € D, with ¥ = @. In the first case it follows that ¢ = (&, 0); in the second, ¢ belongs to the
ideal class I(g). In both cases it follows that ¢ # (8,0). Hence toooT # gotog, as desired.

Remark 7.14. We conclude with a brief overview of the properties of Con g(P‘I’ d) for n < 1. When

n = 0, the monoid P‘D is isomorphic to the finite nilpotent monoid N/(d + 1,d + 2)% of order
d+ 2, and its congruence lattice is a chain of length d + 2. For n =1 and d = 0 the lattice
Cong(P ) is a three-element chain. For n = 1 and d > 0 we have three families of fC-matrix:

1|A[. . |AA|. .. |A

o|Al...[A for0<i<j<d+1,
i J

VAN R VAN VAN /7 B 7 )

O|A]. .| Al |p]- - for 0 <i<j<d,
i J

1[A]. . JATATA[ . AR

o|Al...|Alp for1<i<j—1<d.

i J

The lattice Cong(P‘I’ ) is modular: The proof of Proposition 7.8 is valid for n = 1, even though
many of its cases do not arise. And the lattice remains non-distributive, as witnessed by the dia-
mond from Figure 6, which ‘survives’ in all Cong(P ) for d > 1. In fact [4, Figure 7] shows the

Hasse diagram of Cong(P ,)> in which many copies of the diamond are seen. (The pentagon in
Figure 6 of course does not survive in any P d.)

8 | GENERATORS OF CONGRUENCES OF Pf p

The results of Section 5 also have analogues for the finite monoids P"f ;- Note that in P:f 4 the
non-zero principal ideals are

=U{Drj:0<r<q,i<j<d}u{0} forqg enyandi € d,.
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Theorem 8.1. Leta = (i,a) € Dy andb = (j,p) € D, s both considered as elements of Pff o where

gzr,andi< jifq=r.

(i) Ifa =B andi = j(thatis, a = b), then (a, b)’ = Apcpd. We also have (0, 0)* = qu>d.

(i) Ifl[g=2and(a,b) & ) orif[q=r< land[iaéjora;éﬁ]] orifl[g=1,r=0and[j>i
or@ # B]], then (a, b)* = RIquIrj' We also have (a, 0)F = qui.

(iii) If ¢ > 3, (a,b) € # and a # b, then with N := {3(a, B))) we have (a, b)* = cg(M) for the

fC-matrix

B> >

(iv) Ifq =2, (a,b) € 57 and a # b, then (a, b)? = cg(M) for the fC-matrix

2

A

m

0

) Ifg=r =1andi = j, andif (a, B) belongs to one of u, \ (u' U u!), u' \4p,

> > >

. [AlS3[Sa]
A i o
--Au N--

2

orut\ Ap,, then

with ¢ = u, 1! or u', respectively, we have (a, b)* = cg(M) for the fC-matrix

1
0

Al
Al

..AHM...
ANN..-

7
u R .

i

(i) Ifg=1,r=0,i=j+1and @ = B, then (a, b)* = cg(M) for the fC-matrix

1

A
0|A|-

...AH“...
..A/‘LM...

i
wR| .

J e

il) Ifg=1,r=0,i> j+ 1and & = B, then (a, b)* = cg(M) for the fC-matrix

1

0

N
N

A
A

The above exhaust all principal congruences on P:f 7

Recalling once more the Correspondence Theorem, from Theorem 5.7 we obtain:

Corollary 8.2. Every congruence on Pff 4 can be generated by at most [57”] pairs.
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Remark 8.3. When d = 0 we can strengthen Corollary 8.2 considerably. Examining Figure 7, it is
clear that all congruences of P‘I’ are principal, with the possible exception of u and R, , and that
these are generated by two palrs In fact, u is also principal, as follows from Theorem 8.1(v). On
the other hand, since Rg, = R, U ug, is the union of two proper sub-congruences, it follows that
R, is minimally generated by two pairs. This is reminiscent of the situation with the ordinary
partition monoid P,, whose congruences are all generated by at most two pairs [1].

Corollary 8.2 can be similarly improved for other values of d relatively small compared to n.
Indeed, examining the proof of Theorem 5.7, congruences requiring many pairs to generate
involve ideals with many ‘corners’ and C-matrices with many distinct N-symbols, both of which
can only occur when d is suitably large.

9 | ENUMERATION OF CONGRUENCES OF P:’ P

This section is concerned with determining the numbers |Cong(7)f d)|. The main result is Theo-

rem 9.16, in which we obtain a closed form for |Cong(7)§j d)|, and prove that the array formed by
these numbers has a rational generating function in two variables. Furthermore, we show that
for fixedn > 0ord > 0, |Cong(PZ )| is a polynomial in d > 0 or n > 4, respectively, and give the
asymptotic behaviour in Remark 9.19.

For n > 1 and d > 0 we write C, 4 for the set of all n, x d,, fC-matrices, and ¢, ; := |C, 4| for
the number of such matrices. It follows from Theorem 6.3 that |Cong(P}‘i d)| = ¢, 4 for all such n
and d.

We begin by recording the values of |Cong(P;1’, d)| forn<1:

Lemma 9.1. Foralld > 0 we have:

@) |Cong(P8Dd)| =d+2;
(i) |Cong(Pf)d)| = (3d*> +5d + 6)/2.

Proof. This follows from Remark 7.14. For n = 0 the result is explicitly stated, and forn = litisa
straightforward counting of the fC-matrices listed there. O

To deal with larger values of n, we assume until further notice that n > 2. For any d >
we express |Cong(Pq’ d)l in terms of certain numbers c,, ;(o). These numbers are defined recur-

sively in d, and are also indexed by congruences o € Cong(P‘I’ ) of the O-twisted monoid P‘I’
described in Remark 6.5 and depicted in Figure 7. For brevity we write A for qu> and the 1nterva1

[A, o] appearing in the last line of the next result is in Con g(PfO).

Lemma 9.2. Forn > 2and d > 0 we have

[Cong(PPpl= Y cualo), (9.3)

ceCong(PfO)
where the numbers c,, ;(0) satisfy the following recursion:

co(@)=1 forallo € Cong(P;fO), 9.4)
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and, ford > 1,

1 ifo =A, (9.5a)
d+1 ifo = Ry, u*, 1, (9.5b)
6d ifo =p, (9.5¢)
2d? + 5d ifo = us,, (9.5d)
@d@ =1 o2 414y ifo =Ry, (9.5¢)
(13d* +21d*+2d +12)/6  ifo =Rs,, (9.5f)
Z Cp.d-1(7) otherwise. (9.5g)
T€[A0]

Proof. Examining the defining conditions for fC-matrices given in Definition 6.1, we see that the
right-most column of an fC-matrix from C, ; is itself an fC-matrix from C, j, as listed in (6.6).
(This is not necessarily the case for the non-final columns of fC-matrices.) These one-column
fC-matrices are in one-one correspondence with the congruences on P® . For o € Cong(P®

),
n,0° n,07?
let us write C, 4(o) for the set of all ny x d, fC-matrices whose final column corresponds to the

congruence o, and let ¢, ;(o) :=|C, 4(c)l|. So of course
Cpa = Z Cp.a(0), (9.6)
O'ECong(P;fo)

and it remains to show that the numbers ¢, ;(o) satisfy the recursion given by (9.4) and (9.5).

With (9.4) and (9.5a) being clear, we begin with (9.5b). In these cases, the only possible row type
is fRT3 with [ = d + 1. Here, ¢ is A, u' or u!, as appropriate, and 0 < k < d can be chosen arbi-
trarily.

For (9.5¢), row types fRT2-fRT4 are possible. In type fRT2 we have k = d, while0 <i<d—1
and ¢ € {u, u', u', A} can both be chosen arbitrarily; there are thus 4d possibilities here. In type
fRT3 we have I = d + 1 and { = y, while 0 < k < d can be chosen arbitrarily, giving d + 1 possi-
bilities. Similarly, there are d — 1 possibilities in type fRT4. Adding gives 6d.

For (9.5d), the same row types are possible as for (9.5c). For types fRT3 and fRT4 we again,
respectively, have d + 1 and d — 1 possibilities. For type fRT2, we may choose some number of S,-
labels on row 2; let j be minimal such that M,; i = S,,noting that j < d. Theni < j<dif{ =puor
i+ 1 < j < d otherwise; this gives a total of Zizo ((d—i+1)+ 3(d —i)) = 2d? + 3d possibilities
with this type. Adding gives the desired formula.

Items (9.5e) and (9.5f) can be checked directly in similar fashion to (9.5d), but they also follow
from (9.5g) and induction on d. Indeed, although (9.5g) is only stated for o 2 R,, we will shortly
prove that it holds for all ¢ D R;. For example, writing p(d) = (9d? — d + 4)/2, the inductive step
in (9.5e) involves verifying that

pld—1)+c,4-1(0) + Cn,d—l(:uT) + Cn,d—1(lli) +¢pa-1(Ry) + Cn,d—l(Apfo) = p(d).

For (9.5g), consider an fC-matrix M € C, 4(0), where o 2 R;. This means that column d of M
has Rs in the bottom two positions, and it follows that the matrix M’ obtained from M by removing
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column d belongs to C,, ;_;. Moreover, by examining the row types, we see that the congruence 7
on Pg’o corresponding to column d — 1 of M’ satisfies T C o, and the claim follows. O

It is clear from Lemma 9.2 that the numbers c,, ;(0) actually do not depend on n in the follow-
ing sense. Recall that for m > n the lattice Cong(P‘I’ ) naturally embeds as an ideal of Cong(Pq’ ).
Furthermore, under this embedding, any congruence o € Cong(P‘D ) and its image in Cong(Pq’ )

have the same label as per Figure 7 (using R,, for the universal congruence on P‘D o)- Thus, identi-
fying a congruence with its label, we have that ¢, 4;(c) = ¢, 4(c), and we will erte simply c,(o)
for this number.

Now suppose o € Cong(P)fO) is any congruence strictly containing R , and let o’ € Con g(P}fO)
be the unique congruence that o covers. Then, for any d > 1, two applications of (9.5g) give

@)= Y cqu@®= Y (@ +cq1(0) =cg(@)) + g, (0). 9.7)

7€[A0] T€[A0’]

(For the o = R, case, where o’ = R , recall from the proof of Lemma 9.2 that (9.5g) holds for any
o 2 Ry.) Also, for any d > 0, (9.3) and (9.5g) give

[Cong(P)l = D ca@)= D c4(0) =cai(Ry). (9.8)

oeCong(PR)) o€[AR,]

If we identify every o € Cong(PfO) satisfying Rg C o with its position pos(o) in the natural
sequence

Rg R, R, . Rg ,R3,Re . Ry Rg Ry Ry, R Rs, ...,
starting with pos(Rsz) =0, we can interpret the numbers c (o) as a 2-dimensional array
(b(k, d))y. 450, Where c;(0) = b(pos(0), d). ‘Forgetting’ the first column (b(k, 0))¢, and ‘shifting’

the array by one to the left, we obtain a new array (a(k, d)) 45, featuring in the following:

Lemma 9.9. Let (a(k,d)); gen be the array defined recursively as follows:

a(0,d) = (13d® + 60d* + 83d + 48)/6 ford >0, (9.10)
a(k,0)=k+38 fork >0, (9.11)
alk,d)=ak —1,d) + alk,d —1) fork,d > 1. (9.12)

Then, foralln > 2 and d > 0, we have

1 ifn=2,
|cong(7>j}f Dl =alk,d), wherek =k(n) :=34 ifn=3, (9.13)
3n—4 ifn>4

Proof. The array (a(k, d))y gen = (b(k,d + 1)) gen is obtained in the way explained before the
lemma. The polynomial featuring in (9.10) is obtained from that in (9.5f) by evaluatingitatd + 1.
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The formula (9.11) follows, using (9.5g) and (9.4), from

c@= ) c@®= ), 1=|[Aa]|=pos(o)+8.

T€[A,0] TE[A,0]

The ‘Pascal’s triangle’ recurrence (9.12) is a direct translation of (9.7). Finally, the equality (9.13) is
a straightforward translation of (9.8), upon noting that

1 ifn=2,
pos(R,) = 14 ifn =3, 0
3n—4 ifn>4

The recurrence (9.10)-(9.12) for the a(k, d) is sufficiently simple that it allows standard methods
to be deployed to compute the generating function

Alx,y) i= Y alk,d)xky?

k,d>0

and even an exact closed form for a(k, d), which we now proceed to do. While all the manip-
ulations are standard and elementary, the actual calculations have been performed using
Maple™ [13].

Recall that the generating functions for the constant sequence (1),., and for the power
sequence (n"),5, for fixed m > 0, are given by

m .' j
Zx and Z n"x" = z {m}(lj x3;1+1

n=0 n=0 j=0

where {'J"} denotes the Stirling number of the second kind; see [7, Equation (7.46)]. The generat-
ing function of any polynomial is then a linear combination of these functions. In particular, using
(9.10) and (9.11), the generating functions for the boundary sequences (a(k, 0))-, and (a(0, d)) 450
in variables x and y, respectively, are:

8—-7 —2y% +5y* +2y +38
Bi(x) := ) a(k,0)x* = ~ and B, := Y a(0.d)y? = Yy +oy . y
k=0 (1 - x) d=0 (1 - y)

Straightforward manipulations of power series now give

By(x)- (1 —x)+ By(y) - (1 —y) — a(0,0)
l—x-y
1 < x —2y3+5y2+2y+8>
= +
l-x-y 1 -y)

Ax,y) =

(9.14)

From this we can obtain an exact formula for a(k, d) by writing down the power series for the
terms appearing in

1 _ l+] ij X _ i 1 _ j+2 Jj
1_x_y—..2< i >xy’ 1—x_2x’ (1—y)3_2< 2 )

Jj=0
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and finding the coefficient of x*y?

o =2 (1) g (7)) g ()1

ST

Using standard binomial coefficient identities this simplifies to

_(k+d k+d+3 k+d+2 k+d+1\ _(k+d
a(k’d)_<d+1>+8< k+3 >+2< k+3 >+5< k+3 > 2<k+3>’ (©15)

where we adopt the convention that (j) = 0 for ¢t > s. Of course, this formula can also be proved
directly, by induction, using the recursive definition (9.10)-(9.12) of the a(k, d).
We are now ready to state and prove the main result of this section:

Theorem 9.16.

(i) Forn,d > 0, the number of congruences of the twisted partition monoid Pf 4 is as follows:

N\ —
|Cong(P0’d)| =d+2,

@\ _ 3d*4+5d+6
|Cong(731’d)| =7

@\ _ 13d*+106d3+299d%+398d+216
|Cong(PY,)| = > :

13d7+322d°+3262d°+17920d* 4+ 58597d3+115318d2+127128d+60480
|Cong(73§?d)| = 5040 ’

|Cong(P? )| = (”;i;“) + 8(3’;f;1) + 2(3’;2;2) + 5(3';?) - 2(3’;2;4) forn > 4.

(ii) The array (|Cong(Pq’ d)|)n 40 has a rational generating function.

(iii) For any fixed n > 0, the function N - N, d — |Cong(73<I> )|, is a polynomial. For n > 4 this
polynomial has degree 3n — 1 and leading term 13d3"~ 1/(3n -1

(iv) For any fixed d > 0, the function {4,5,..} > N, n — |Cong(Pfd)|, is a polynomial of degree

d + 1 with leading term (3n)?+1 /(d 4+ 1)\.

Proof.

(i) This follows by combining (9.13) and (9.15). For |Cong(P:lI’ 2| we rewrite the first term
(3n+d—4) (3n+d—4) ’
d+1 3n—5
(ii) For simplicity, we will write c(n,d) = |Cong(P§’ d)l. A rational form for the generating func-

tion

C(x,y) := Z c(n, d)x"y?

n,d=0
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can be obtained by using a sequence of standard manipulations on the generating function

A(x,y) = Y gs0 alk, d)x*y?, whose rational form is given in (9.14). Specifically, the follow-

ing steps need to be performed:

* ‘Pick out’ the terms in A(x, y) corresponding to the rows of (a(k, d)); 450 indexed by the
numbers of the form k = 31 + 2 (I > 0). Formally, if the array (f(k, d)) 45 is defined by

0 otherwise,

P d)_{a(k,d) if k =2 (mod 3)

then the generating function for this array is

F(x,y) := Z flk, d)xkyd = %(A(x,y) + wA(wx,y) + 0’ A(w’x,y)),
K,d>0

where w is a primitive cube root of unity in C.

* From F(x,y) ‘remove’ the terms corresponding to rows 2 and 5 of (a(k,d))y 450. This
is done by recalling that the sequences (a(2,d));s, and (a(5,d));s, are polynomial,
as given by (9.15). So their generating functions A,(y) := Zd;o a(2,d)y? and As(y) :=
Y0 a(5, d)y? can readily be computed, and then the desired generating function is

G(x,y) :=F(x,y) — x*A,(y) — x> A5(y).

« Expanding and simplifying G(x, y) we obtain a rational function of the form x?H(x3, y).

* The underlying function H(x,y) is nearly our desired generating function C(x,y). How-
ever, it has no terms x‘y/ where i = 0, 1, and the coefficient of a general term x'y/ (i > 2)
isin fact c(i + 2, j). Hence, to obtain C(x, y) we need to ‘shift’ H by two, and ‘insert’ gen-
erating functions C;(y) := Zd;o c(i,d)y? for each 0 < i < 3:

C(x,y) = x*H(x,y) + Co(y) + XxC,(y) + x*C,(») + X*C3(»).

* Polynomial expressions for c(i, d), 0 < i < 3, are given in part (i), and they can be converted
into the corresponding generating functions C;(y). Performing the above calculations in
Maple, the desired generating function is now:

1
-1 -10(> =3y +x+3y—1)

C(x,y) = ((—x2 +x + Dyt

+(x + 7x? — 8x — 12)y'% + (—8x> — 19x? + 28x + 65)y°

+(19x3 + 28x2 — 56x — 210)y® + (x> — 34x? + 69x + 450)y’

+(—80x> + 45x% — 49x — 672)y° + (151x> — 32x% + 7x + 714)y°

+(=x° 4+ x* — 122x3 — 31x? 4 27x — 540)y* + (x° — x* + 31x> + 87x°
—34x + 285)y° + (8x> — 8x* +19x> — 76x? + 21x — 100)y?

+(4x° —4x* —15x3 +31x% = 7x + 21y 4+ x° —x* +3x3 —5x% + x — 2).

(9.17)
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TABLE 4 The number of congruences on Pff M

n\d 0 1 2 3 4 5 6 7 8 9 10

0 2 3 4 5 6 7 8 9 10 11 12

1 3 7 14 24 37 53 72 94 119 147 178

2 9 43 136 334 696 1294 2213 3551 5419 7941 11254

3 12 76 329 1105 3100 7608 16842 34353 65560 118404 204139

4 16 134 773 3456 12806 41054 117273 304889 732888 1648660 3503734

5 19 188 1281 6754 29413 110312 366724 1103538 3053642 7865696 19043434
6 22 251 1969 11930 59547 255132 965409 3293916 10294295 29832242 80951191
7 25 323 2864 19578 110012 529298 2242845 8544569 29728765 95627675 287192490
8 28 404 3993 30373 189556 1010840 4737070 19912815 76266840 269426820 886585245
9 31 494 5383 45071 309114 1808352 9279855 42636438 178144941 685232184 2450483412

—_
(=]

34 593 7061 64509 482051 3068039 17102328 85221356 385570064 1603380636 6189136484

(iii) That all these functions are polynomial follows from (i), given that for fixed integers s € Z
and t €N, (djs) = (d“)(d“_lt),‘“(d”_t“) is a polynomial in d of degree t. For the second
statement, it is clear that the Highest power of d is d3"~1, that only the last four terms con-
tribute such power, and that the coefficientis (8 + 2+ 5—2)/(3n — 1)! = 13/(3n — 1)!.

(iv) This time we can rewrite the final formula from (i) as
oy _ (3n+d—4 3n+d-1 3n+d-2
|Cong(7)n’d)|—< d+1 >+8< d >+2< d—1
3n+d-3 3n+d-—4
5 -2 .
+< d—2 ) < d—3 >

This is clearly a polynomial in n, of degree d + 1, which comes from the first term with coef-
ficient 34+1 /(d + 1)!. O

Remark 9.18. The first few polynomials in part (iv) are as follows, each valid (only) for n > 4:

9n%4+27n+16 9n34+45n2+62n42
|Cong(733’,0)| =3n+4, |Cong(7):1)| = %’ |Cong(7)f’2)| — '+ n2+ n+2

Remark 9.19. The leading terms of the polynomials in parts (iii) and (iv) lead directly to asymptotic
expressions:

42 d d7
. |Cong(P(‘fd)| ~d, |Cong(73fjd)| ~ 37, |Cong(P§d)| ~ % and |Cong(P§’d)| ~ ;(3)—40, asd — oo,

3 —_
. |Cong(7)g’d)| ~ gi_nl)ll asd — oo, for fixed n > 4, and

d
. |Cong(P§’d)| ~ ((3;11; asn — oo, for fixed d > 0.

The numbers of congruences of P;fj 7 for 0 < n,d <10, given by Theorem 9.16 are listed
in Table 4. As a verification of our results, we have computed the same numbers by gener-
ating and counting the fC-matrices, as well as by directly computing the congruences using
GAP [15, 17], although this latter computation is only feasible for smaller combinations of the
parameters.
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It is also interesting to compare the enumeration of congruences of P® o with those of the (un-
twisted) partition monoids P,, as well as the classical transformation mon01ds for example, the
monoids of full transformations T, partial transformations P7,, and partial bijections Z,, on the
set n. For the latter, the classical results of Mal’cev [12], Liber [11] and Sutov [18] (see also a more
recent, unified presentation in [6, Section 6.3]) show that for n > 4 we have

|Cong(T,)| = |Cong(PT,)| = |Cong(Z,)| = 3n—1.

Furthermore, Theorem 2.2 and Figure 1 show that even though the lattice Cong(P,,) is more com-
plicated than in the case of transformations, its size |Cong(P,)| = 3n + 8 (1 > 4) remains linear
in n. Our Theorem 9.16 can be viewed as continuing this theme: For n > 4 we have |Cong(P‘I’ ) =

3n + 4, a linear function, and, for higher d, the values (|Cong(73ff d)l)n>4 at least retain the poly-
nomial behaviour, even though with an increasing degree.
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