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Abstract

This paper concerns the intermediate dimensions, a spectrum of dimensions that inter-
polate between the Hausdorff and box dimensions. Potential-theoretic methods are
used to produce dimension bounds for images of sets under Holder maps and certain
stochastic processes. We apply this to compute the almost-sure value of the dimension
of Borel sets under index-« fractional Brownian motion in terms of dimension profiles
defined using capacities. As a corollary, this establishes continuity of the profiles for
Borel sets and allows us to obtain an explicit condition showing how the Hausdorff
dimension of a set may influence the typical box dimension of Holder images such
as projections. The methods used propose a general strategy for related problems;
dimensional information about a set may be learned from analysing particular frac-
tional Brownian images of that set. To conclude, we obtain bounds on the Hausdorff
dimension of exceptional sets, with respect to intermediate dimensions, in the setting
of projections.
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1 Introduction

The growing literature on dimension spectra is beginning to provide a unifying frame-
work for the many notions of dimension that arise throughout the field of fractal
geometry. Suppose you are given two notions of dimension, dimy and dimy, with
dimy £ < dimy E for all E € R”". Dimension spectra aim to provide a contin-
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uum of dimensions, perhaps denoted dimy and parametrised by 6 € [0, 1], such that
dimg = dimy and dim; = dimy. This is of interest for a number of reasons. For
example, dimy and dimy may behave differently for certain classes of sets, since
each may be sensitive to different geometric properties. Thus, it may be valuable to
understand for what 6 this transition in behaviour occurs, potentially deepening our
understanding of dimy, dimy, and the family sets in question. Despite their extremely
recent introduction, they have already seen surprising applications, for example [1,
Corollary 6.4] and [8].
There are currently two main dimension spectra of interest. For £ C R”, recall

dimyg E < dimg E < dimy E

where from left to right, these denote Hausdorff dimension, box dimension and
Assouad dimension. Fraser and Yu introduced the Assouad spectrum to form a partial
interpolation between the upper box dimension and the Assouad dimension, see [10].
The main focus of this paper will be the intermediate dimensions of Fraser et al. [6]
that interpolate between the popular Hausdorff and box dimensions. These will be
formally introduced in Sect. 2.

In developing this new theory, it is natural to re-examine classical theorems and
see how well they adapt to this more general setting. Work along these lines has
already begun, with [8—10] investigating the Assouad spectrum and Burrell et al. [1]
establishing a Marstrand-type projection theorem for the intermediate dimensions.
This paper generalises [ 1] beyond projections to general Holder images and images of
sets under stochastic processes, such as index-« fractional Brownian motion. Recall
thatamap f : E — R™ is ¢-Holder on E C R” if there exists ¢ > 0and 0 < o < 1
such that

|fx) = fODI = clx = yI*

for all x, y € E. This scheme of work continues a tradition of Xiao [15,17], who
used dimension profiles almost immediately after their introduction in 1997 [7] to
consider the packing dimensions of sets under fractional Brownian motions. Unex-
pectedly, obtaining bounds on the dimension of fractional Brownian images allowed
us to quickly establish continuity of the profiles for arbitrary Borel sets. Moreover,
this led to an explicit condition showing how the Hausdorff dimension of a set may
influence the typical box dimension of Holder images such as projections. Both of
these applications followed from a method which suggests a more general philos-
ophy; dimensional information in a general setting can be obtained by transporting
information back from a well-chosen fractional Brownian image.

Finally, we return to the setting of projections where our main results may be
applied to bound the Hausdorff dimension of the exceptional sets, see Theorem 3.9.
That is, the dimension of the family of sets whose projection has unusually small
dimension. There is a long history of interest in this topic, see [2,12,13]. Throughout,
we adopt a capacity theoretic approach to intermediate dimension profiles, as in [1],
while adapting this strategy to meld it with ideas from [4].
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2 Setting and Preliminaries

In this section, we will define the necessary tools and concepts used throughout. This
section is intentionally brief, and the interested reader is directed to [ 1] for a more elab-
orate discussion of the material and [3] for a gentle introduction to dimension theory.
We begin with the precise formulation of the intermediate dimensions. Throughout,
all sets are assumed to be non-empty, bounded and Borel.

For E C R"and 0 < 6 < 1, the lower intermediate dimension of E may be defined
as

dim, E = inf {s > 0: foralle > 0andall o > 0, there exists

0 < r <rpand a cover {U;} of E such that

P < U <rand ) |UI <€)
and the corresponding upper intermediate dimension by

dimgE = inf {s > 0: forall € > 0, there exists ry > O such that

forall 0 < r < rg, thereis a cover {U;} of E

such that r/* < |U;| < rand Y |Ui|* <€},

where |U| denotes the diameter of a set U C R”". If & = 0, then we recover the
Hausdorff dimension in both cases, since the covering sets may have arbitrarily small
diameter. Moreover, if &6 = 1, then we recover the lower and upper box-counting
dimensions, respectively, since sets within admissible covers are forced to have equal
diameter. While the above makes the interpolation intuitive, for technical reasons it is
practical to use an equivalent formulation. First, for bounded and non-empty E C R”",
6 € (0, 1] and s € [0, n], define

S‘:,@(E) = inf { Z |U; |* : {U;}; is a cover of E such that

1

r<|Ui| <r® foralli}.

It is proven in [1, Section 2] that

log Sf’g(E) _ O)

dimyE = ( the unique s € [0, n] such that lim inf
r->0  —logr

and

—— . . log S} 4 (E)
dimgE = | the unique s € [0, n] such that lim sup ——— =0 ).
0 —logr

The first step of a capacity theoretic approach is to define an appropriate kernel
for the setting. For each collection of parameters 6 € (0,1],¢# > 0,0 < s < ¢ and
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0<r< l,deﬁnedﬁ”é :R* — R by

1 0<lx|<r
bro0 =107 rll<r’ @.1)
] r (t—s)+s 9
T s x|

INn addition, for Lemma 3.2 and Theorem 3.3, we will require a set of modified kernels
o i R" — R (m € N) given by

x| <r
G o) =1(%) r<lkl=<r, 2.2)
0 rf < x|

where 0 < r < 1,0 € (0,1] and 0 < s < m. Using the first of these kernels, we
define the capacity of a compact set E C R” to be

—1
Cro(E) = (Meiﬂr;f(m / / $ro(x =) dM(X)du(y)> ,

where M(E) denotes the set of probability measures supported on E. For a set that
may be bounded, but not closed, the capacity is simply defined to be that of its closure.

A measure that obtains the infimum in the definition of capacity is known as an
equilibrium measure. The existence of such measures and the relationship between
the minimal energy and the corresponding potentials is standard in classical potential
theory. We state this in a convenient form; it is easily proved for continuous kernels,
see, for example [5, Lemma 2.1].

Lemma 2.1 Let E C R” be compact,t > 0,0 <s <t,0 € (0,1]and0 <r < 1.
Then there exists an equilibrium measure u € M(E) such that

/ / by (x — ydp(x)dp(y) = L B.

CH(E)
Moreover,
[ ot = mane = g

for all x € E, with equality for p-almost all x € E.
In[1]aclose relationship between the capacity of aset £ and S, , (E) is established,

see [1, Proposition 4.2]. This connection allowed intermediate dimension profiles to
be introduced, which in turn are central to a Marstrand-type projection theorem [1,
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Theorem 5.1]. For ¢t > 0, we define the lower intermediate dimension profile of
E C R" as

. _ . logCly(E)
dimy £ = | the unique s € [0, ¢] such that liminf ———— = 2.3)
- r—0 —logr

and the upper intermediate dimension profile as

— , . log C'4(E)
dimyE = | the unique s € [0, ¢] such that limsup ———— =5 ). 2.4)
0 —logr

In[1], only integer ¢ < n was required, as this corresponded to the topological dimen-
sion of the subspace being projected onto. However, as we shall see, it is necessary
and possible to consider dimension profiles for non-integer and arbitrarily large ¢ in
the more general setting of Theorems 3.1, 3.3 and 3.4. In fact, to ensure that the above
profiles exist, we require the following lemma, which allows [1, Lemma 3.2] to be
easily extended for this greater range of 7.

Lemma 2.2 For bounded E C R" and all t > 0,

log C"! (E) log C"! (E)
fiminf —2 020y < imsup —2 0y .
r—0 —logr =0 —logr
In particular, there exists a unique s € [0, t] such that
st
oL logClry(E)
liminf ———— =3
r—0 —logr
and unique s’ € [0, t] such that
. logCliE)
limsuyp ——— =5
r—0 - log r
Proof 1t suffices to show that
Crp(E) <cr™! (2.5)

for some fixed ¢ > 0 depending only on E and . For 0 < r < 1, let i be the
equilibrium measure associated with d)ﬁ’tg. Since E is bounded, there exists a constant
B > 1 such that

lx —yl<B
for all x, y € E. Directly from the definition,
O<lx—y|l<r

1
prox—n =1, ,
? (w57)

[x—yI

r=lx—yl
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for all x, y € E. Hence,

f/(ﬁﬁ’,t@(x — y)du@)du(y) = B~'r',
from which (2.5) follows. The final part of the lemma may then be deduced since

log C (E) .

lim inf >0,
r—>0 —logr
$,1
.. log C; 'y (E) . . . . L.
and lim inf, .o —2-— — s is continuous and strictly monotonically decreasing in s

by a trivial extension to [1, Lemma 3.2]. We may similarly argue for the upper limits.
O

To conclude this section, we briefly recall the definition of index-« fractional Brow-
nian motion (0 < o < 1), which we denote B, : R” — R form, n € N. In particular,
By = (By.1s - - -, Ba,m), where for each B, ; : R* — R:

(1) Bg.i(0) =05
(ii) By, is continuous with probability 1;
(iii) the increments By ;(x) — By ;(y) are normally distributed with mean O and
variance |x — y|?® for all x, y € R".

Moreover, By,; and By, ; are independent for all i, j € {1, ..., m}. It immediately
follows that for Borel A C R,

1 1 >
BB () B 4) — — ) dr.
(Ba,i(x) = Bai(y) € A) 27 1x — vl /exp(2|x_y|2a)
t

€A

The reader may enjoy the classical text of Kahane [11] for a more detailed account of
index-« fractional Brownian motion and related stochastic processes.

3 Statement and Discussion of Results

In this section, we collect and discuss the main results of the paper, the proofs of
which may be found in later sections. Our first result establishes an upper bound on
the intermediate dimensions of Holder images using dimension profiles. Recalling
that the m-intermediate dimension profiles intuitively tell us about the typical size of a
set from an m-dimensional viewpoint for m € {1, ..., n}, it is interesting to note how
the Holder exponent dictates which profile appears in the bound. This is in contrast to
the setting of projections [1], where the profile appearing in the upper-bound is simply
the topological dimension of the codomain.
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Theorem 3.1 Let E C R”" be compact, 6 € (0,1], m € Nand f : E — R™. If there
exists c > 0and 0 < o < 1 such that

If() = fOD <clx =y (3.1)

forall x,y € E, then
. L. mo
dim, f(E) < —dim)* E
o
and
T 1.—ma
dimg f(E) < —dim, E.
o

For certain families of mappings, such as fractional Brownian motion, we are able
to obtain almost-sure lower bounds for the dimension of the images in terms of profiles
too. Let (2, F, P) denote a probability space with each w € Q corresponding to a
oc({F x B : F € F, B € B})-measurable function f, : R" — R™, where 5 denotes
the Borel subsets of R". In order for this problem to be tractable, some condition
must be placed on the set of functions. Specifically, we need to assume a relationship
between

/ Lo (1 fo(x) = fo(MDAP (@) = P ({ : | fo(x) — fo(| =7} (3.2

and the kernels (2.1). This is analogous to Matilla’s result [14, Lemma 3.11], which
covers the special case where f,, denote orthogonal projections and Q2 = G(n, m),
the Grassmannian of m dimensional subspaces of R". However, such a result does
not hold in general and so must be included as a hypothesis. This allows us to prove
the following lemma that is a critical component of the following proofs. Essentially,
it says that the integral of the modified kernels (2.2) over the probability space is
bounded above by the kernels (2.1).

Lemma3.2 Let E C R" be compact, 6 € (0,1], y > 0,m e Nand0 < s < m.
If{fo : E > R" w € Q} is a set of continuous c({F x B : F € F,B € B})-
measurable functions such that there exists ¢ > 0 satisfying

P01 fulr) = foI <)) < el (x = y) (3.3)
forallx,y € E andr > O, then there exists C ,, > 0 such that
[ o) = 08P @) = Condif" 6= 0,
This allows us to obtain the desired almost-sure lower bound.
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Theorem 3.3 Let E C R” be compact, 6 € (0,1], y > landm € N. If {f, : E —
R™, w € Q} is a set of continuous c ({F X B : F € F, B € B})-measurable functions
such that there exists ¢ > 0 satisfying

P({: | fu@) = fo)| < 7)) < @57 (x — ) (3.4)
forallx,y € E andr > 0, then
dim, f,,(E) > ydim’}/" E
and
dimg f,(E) = ydim}y " E

for P-almost all w € Q.

Fractional Brownian motion is known to be (o — ¢)-Holder and is shown to satisfy
condition (3.4) in Sect. 6. Thus, a combination of Theorems 3.1 and 3.3 yields our
main result.

Theorem3.4 Let6 € (0,1], m,n € N, By : R" — R™ be index-« fractional Brown-
ian motion (0 < a < 1) and E C R" be compact. Then

1
dim, B, (E) = adim’g“E
and
T 1.—m(x
dimg By (E) = adlme E

almost surely.

Future work may take inspiration from [16] and pursue uniform dimension results
in this context for the intermediate dimensions. This could take the form of proving
covering lemmas analogous to [16, Lemmas 3.2 and 3.3].

3.1 Observations and Applications

Here we present a few applications of Theorems 3.1, 3.3 and 3.4, the proofs of which
may be found in Sect. 7.

Recent literature has sought to identify situations in which the intermediate dimen-
sions are continuous at = 0, for example, see [1,6]. Theorem 3.1 implies that this
continuity is preserved under index-« fractional Brownian motion.

Corollary 3.5 Let E C R" be bounded and By, : R" — R™ denote index-a fractional
Brownian motion with ma < n. If dim » E is continuous at 0 = 0, then dim y B, (E) is
almost surely continuous at 0 = 0. The analogous result holds for upper dimensions.
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Furthermore, Theorem 3.1 together with Corollary 3.5 have a surprising application
to the box and Hausdorff dimensions of sets with continuity at & = 0. In the following,
we use the notation

dimg*E = dim'*E,

since our profiles extend the box dimension profiles dim}} of Falconer [5] to non-
integer values of m when 6 = 1 (and similarly for the upper dimensions).

Corollary 3.6 Let E C R" be a bounded set such that dim , E is continuous at 6 = 0.
Ifa > Ldimy E, then

1
—dimg*E < n.
o

On the other hand, if ¢ < rll dimyg E, then
ldim""‘E =n
o B ’

The analogous result holds for upper dimensions.

In particular, since dimy £ < dimg E, the first part of Corollary 3.6 shows us that
dimp* E is strictly less than the trivial upper bound of na implied by Lemma 2.2 for

(dimHE di_mBE>
o € s s

n n

and similarly for dimp E. Furthermore, Corollary 3.6 may immediately be translated
into the context of fractional Brownian motion by Theorem 3.4.

Corollary 3.7 Let E C R" be a bounded set such that dim 4 E is continuous at 6 = 0
and By, : R" — R" denote index-a Brownian motion. If a > %dimH E, then

dimg By (E) < n.
almost surely. On the other hand, if o < % dimy E, then
dimg By (E) = n.

almost surely. The analogous result holds for upper dimensions.

It may be of interest to see how Corollary 3.7, which deals with box dimension, differs
from the related classical result of Kahane on the Hausdorff dimensions of Brownian
images [11, Corollary, pp. 267].

A further implication of Theorem 3.4 is that an inequality derived from a slight
modification of the proof allows us to show in Sect. 7.3 that the dimension profiles are
continuous for any Borel set E C R".
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Corollary 3.8 Let E C R”" be bounded and 6 € (0, 1]. The functions f, g : (0,n) —
[0, n] defined by

f(t) = dimy E
and
g(t) — di_mteE
are continuous in t.
One final application concerns the Hausdorff dimension of the set of exceptional sets
in the projection setting. The proof is based on an application of Theorem 3.3, which
allows the proof of [5, Theorem 1.2 (ii), (iii)] to be generalised from box dimension

(the case where 8 = 1) to all intermediate dimensions.

Theorem 3.9 Let E C R" be compact, m € {1, ...,n}and 0 < A < m, then
dimp{V € G(n,m) : dimgny E < ﬁ@E} <mn—m)—(m—2N) (3.5)
and

dimy{V € G(n,m) : dimyny E < dim} E} < m(n —m) — (m — 1) (3.6)

Recall that di_m)(;E and dim% E decrease as A decreases. Thus, Theorem 3.9 tells
us that the there is a stricter upper bound on the dimension of the exceptional set
the larger the drop in dimension from the expected value. We conclude by posing a
slightly different question which is a slight strengthening of Theorem 3.9, an analogy
of which was considered in [5, Theorem 1.3 (ii), (iii)].

Question 3.10 Let 0 < y < n — m. What are the optimum upper bounds for
dimp{V € G(n,m) : dimgny E < dimy " E — y}

and
dimg{V € G(n,m) : dimyny E < dim’y " E — y}?

The method in [4] for box dimensions relied on Fourier transforms and approximating
the potential kernels by a Gaussian with a strictly positive Fourier transform. However,
the natural family of kernels appropriate for working with intermediate dimension
have a more complex shape, which complicates matters. A significantly different, but
perhaps interesting, approach may be required.
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4 Proof of Theorem 3.1

To prove Theorem 3.1 we use the following result [1, Lemma 4.4], which is stated
here for convenience.

Lemma4.1 Let E C R™ be compact, 0 < s < m and 6 € (0, 1]. If there exists a
measure |t € M(E) and B > 0 such that

[ e = o) = @

forall x € E, then there is a number ro > 0 such that for all 0 < r < ro,

N

$3 4(E) < anflogy(IE|/r) + 11%

where the constant a,, depends only on m. In particular,
Xy S,m Ky
o (E) < an[logy(|E[/r) + 11C 5 (E)r”.

Intermediate dimension is invariant under scaling and thus we may assume the
Holder constant ¢ in (3.1) equals one. First, note

7S re(mfs)Jrs

<
[x — y|* 7 |x — y|em

for [x — y| < r%/¢ and 0 < s < m. It then follows from the definition of ¢y that

s O(m—s)+s
e (f (1) = f(3)) = min { ’ ! }

L, ;
Lf Q) = FODI 1fx) = fOIm

7S r@(m—s)+s
lx — y[os” x — ylom

> min{l,

1 lx —y| < rl/@
(/e /1x = y1)™ Pl <y — y| < r0/
(rl/ot)0(ma—sa)+sa/ (|x _ y|)mot |X _ y| > r@/a

so,mo
= ¢rl/a’9 (x — ).

By Lemma 2.1, for each 0 < s < m there exists a measure u© € M (E) such that for
allx € E

1 s, mo _
W = /4),1/&,9 (x —y)du(y)
< [ - rode
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= [0 - wamw

where fu € M(E) is defined by [ g(w)d(fu)(w) = [ g(f(x))du(x) for all con-
tinuous functions g and by extension. This verifies that f(E) supports a measure
satisfying the condition of Lemma 4.1. Hence, for sufficiently small » > 0,

830 (f(E)) < amTlogy(|E|/r) + 11r° C1 0 (E)

for all 0 < s < m. This implies

829 (f(E) Coilug (E)
lim inf .0 () < —s + liminf —%0 """
r—0 —logr r—0 —alogrl/e
and so
S3 o (f(E)) CUT(E)
o liminf Sr6 S EN) < —so + liminf —-0 "
r—0  —logr r—0 —logrl/®
Recall,

1 1
—dim}“E < —ma = m.
o %
and thus we may set s = dim’j® E. It follows
Ldim"* E

S@ E
lim inf 2 () <0
r—0 —logr

implying
. L.
dim, f(E) < —dimy“E.
o

The inequality for dimg £ (E) follows by using a similar argument and taking upper
limits. O
5 Proof of Lemma 3.2 and Theorem 3.3

5.1 Proof of Lemma 3.2

Let 6 € (0, 1]. To ease notation, define

1 lx —y|l <r?

mfy m/y.m/y
X — = X — = R
o ( y) ¢ry,9 ( y) ( Y >m/y X — y| > 7
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since the kernels ¢f:(§ lose dependence on 6 and take the same form on [r, r?] and
(r?, 0o) when s = ¢.
Recall, from [1, Lemma 5.3], that

»0

~

5 o0 = sr° / How (D +H0du 4+ #0010 s (x]),

u=r

and so by Fubini’s theorem

f 6L o (fo(¥) = fu(1))dP (@)

70

=sr / u= Gt [/ 10,1 (| fo (x) — fw(y)l)dP(w)} du

u=r

L) / Lo (1 @) = fu(DAP (@),

From (3.3),
1010 (| fo () = fuo(DAP (@) < g (x — y) (.1
and
/ Lo.01(| fo(x) = fo(y)DAP (@) < C¢>fé/yy (x = ). (5.2)
Hence

1 [~
Effﬁi,g(fw(X) — Jo(y))dP(w)

0

<o [ Gy du g ),

u=r

which must be evaluated in three cases.
Case 1: Suppose |[x — y| < r?, then

o (x—y) =1

0

forallr <u <r%, and

¢ (x —y) =1.

Hence
1 [~
;/¢ﬁ,9(fw(x) — fo()AP(w)
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0

<ot [T ey du 400G )
u=r

70

— / w6 gy 4 ps1-0)
=r

u

=1.
Case 2: Suppose r” < |x — y| < r?”, then

¢ (=) = 1.

Moreover, forr <u < |x — y|1/V we have

m

mly .y
¢MV ('x y)_ |x_y|m/y

and

o (x—y) =1

for |x — y|1/V < u < r?. Hence

1 [~
E/¢ﬁ,9(fw(X) — Jo(y))dP(w)

70

<srf / DGR (¢ — vy du 4 O (= )
u=r

0

=sr’ / u_(‘v"’l)d)umy/y (x —y)du + ps1=0)

u=r
le—yl'/” r!
u™ 1 1-6
=sr' f u~ 6D du + sr’ / u St gy 4 500
lx — y|m/r
u=r u=|xfy|'/y
s 24 s/y
< +1 .
m—s lx —yl
Case 3: Suppose |x — y| > r?7, then
om
miy. oy _ T
¢r0y ('x )’)— |x_y|m/y
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and

m/y . _
oG- =

forr <u<r?.

Hence
1 [~
Z/¢f,9(fw(X) — fo(¥))dP(w)

<sr / u_(s“)%m/y(x —y)du + rs(l—e)qb%y(x —y)

0
— / u_(”l)Ldu—krs(l_a) ro

x — y|m/y lx — y|m/v
u=r
s (r¥)om/y=s/y)+s/y
= +1 .
m-—s lx — y|m/y

To conclude, we deduce from Case 1, Case 2 and Case 3 that

1 [~
E/Qbf,g(fw(X) — Jo(¥))dP(w)

1 lx —yl <r?
sly
s - Y — vo
<15+ (5 r’ <lx—yl<r
B (ry)e(m/yfs/l/)+5/V y0 o
mos 1 lx—y[m/y <=l

IA

S
( + 1) oY (x — y),
—~ ,

-
as required. O

5.2 Proof of Theorem 3.3

Let E C R”" be compact, 8 € (0,1], y > 1,m € Nand 0 < 5 < m. Choose a
sequence (rx)kenN such that 0 < ry < 27k and

Coro(E) Cou(E)
lim sup —~—- = lim sup ———. (5.3)
k—oo —logr; r—0 —logr
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Moreover, define a sequence of constants S by
T /V(E) = [ [l = paento.

where 11X is the equilibrium measure from Lemma 2.1 on E associated with the kernel
s/ysm/y
ry 0 :

Hence by (3.4) and Lemma 3.2 we have

/ / / br o (fox) — fo)AP(@)duk (x)du (v)

< Cym f / BT (= Mkt )

=< Cs,m,Bk~

Then, for each ¢ > 0,

f / f B rEdy, o (fo®) — fu(y)AP(@)duf (0)dp* (y) < Comrf

from which Fubini’s theorem implies
/ 3 ( / / B o (ful) — fw(y))duk(X)duk(y)) dP(@) < Cypn
=1

00
E:s
ry <00

k=1

since |r,f| < 27*¢ Hence, for P-almost all w € €, there exists M,, > 0 such that
/ f B ' ridy, ot — wdpl (D dpul ) < My, < 00
for all k, where /LI;) is the image of ,uk under f,,. Thus,
/ f ¢F ot —wydul (Odub ) < Mo
for all k. Hence, for each k there exists a set F C f,(E) with ,ufu(Fk) > 1/2 and

[ Bt = w0 < 20
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for all u € Fy. Hence, by Burrell et al. [1, Lemma 5.4]

1
Srsk‘e(fw(E)) > E(ZMwﬁk)*lr;H - (4Mw/3k)7]r,§+8,

and so
. log S} o(fu(E)) log ri e (4M,, i)~
lim sup —————— > lim sup
k—o0 —logr k—o00 —logry
log r;+ecj£yém/y(E)
= lim sup k-
k—00 —logrg
log €77 (E)
=—(s+e€)+limsup —A—
k—s 00 —logry
Hence
| logS! ,(foE)  ste log €} (E)
— lim sup LD > — + lim sup k—y
Y k=00 — log i y k— 00 —logr;
This is true for all € > 0, so using (5.3),
1 logSS,(fu(E) s logClr"(E)
—limsup ——— > —— + limsuyp ———
Y r—0 —logr Y rs0 —logr

forall s € [0, m). Since the expressions on both sides of this inequality are continuous
for s € [0, m] by Burrell et al. [1, Lemmas 2.1 and 3.2] , the inequality is valid for

s € [0, m] and consequently s/y € [0, m/y]. Hence, for s/y = ﬁ'g/yE

log $¢ E
Jim sup g5, o(fu(E)) >0

0 —logr

’

implying dimg f,,(E) > s = ydi_mng/yE. The argument for dim, f, E is similar,
although it suffices to set ry = 27, O

6 Proof of Theorem 3.4

Letd € (0,11and 0 < ¢ < o < 1. By Falconer [4, Corollary 2.11] there exists,
almost surely, M > 0 such that

|By(x) — Bo ()| < Mx — y|*™* (6.1)
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for all x, y € E. In addition,

P(I1By(x) = Boa(y)| =7) = P(IBa,i(x) — Bo,i(y)| = rforall 1 <i <m)

m
- 1 1 / —2 dr
|\ V= Pl —ype
[t|<r
m

1

<|— 1dt
lx — y|*
[t|<r

= 2m< r]/a )ma

|x — ¥
< pmaxm) GBI (x — y) 6.2)

forallx,y € Eandr > 0, where y = 1/a.
By applying Theorems 3.3 and 3.1,

1 1 _
—dim"“E < dim By (E) < dim?“ 9 E < dim"® E
o - o—& o—&

and
 QE—y - 1 ——m(a—¢) ——ma
—dim, E <dimgBy(E) < ——dim, E < dim, E
o o—¢ -

almost surely, with the last inequality in each case holding since the profiles are
monotonically increasing. Letting ¢ — 0, the result follows. O

7 Proof of Corollaries 3.5, 3.6 and 3.8
7.1 Proof of Corollary 3.5
From [11, Corollary, pp. 267],
. I ..
dimy By (E) = —dimyg E
o
almost surely, and so
. . 1. . .
dimy E < adim 4B, (E) < a—dim}y*E < dimE = dim,E
o

by monotonicity of the profiles. Hence, as & — 0, continuity of dim , B, (E) at0 = 0
is established, since dim , £ — dimy E by definition. The proof for upper dimensions
is similar. o

@ Springer



Journal of Theoretical Probability

7.2 Proof of Corollary 3.6

Let E C R" be such that dim, E is continuous at ¢ = 0, and let B, : R" — R"
denote index-« fractional Brownian motion where

dimyg E
o > .
n

Hence, by Kahane [11, Corollary, pp. 2671,
. 1.
dimy By (E) = —dimg E < n (7.1)
o

almost surely. Then, in order to reach a contradiction, let us suppose that dimj* £ = na.
This implies dimg By (E) = n almost surely by Theorem 3.4. Then, by Burrell et al.
[1, Corollary 6.3],

dim By (E) = n

almost surely for all 6 € (0, 1]. By Corollary 3.5, dim , B, (E) is continuous at 6 = 0
which implies dimyg By (E) = n, a contradiction to (7.1). The case for « < % dimyg E
follows easily from [11, Corollary, pp. 267] and Theorem 3.4. O

7.3 Proof of Corollary 3.8

Let0O <s <nandf € (0, 1]. Fix @ > 0 such that na = s. Since E is bounded, there
exists B > 1 such that
lx—yl <B

forall x,y € E. Let ¢ > 0 be such that n(o + ¢)/(1 — ¢) < n, and choose C, >
Be+e)/(-8) Observe

Ce =[x — y[ (/170

|X _ y|(a+8)/(1—8)

(7.2)
lx — y|*

for all x, y € E. Then, consider B, : R" — R". By (6.2) and (7.2),

1/a no
P(|By(x) — By(y)| < 7) < 2" min 1,< : )
lx — vl

ate
1=

F(1-6)/(@+e)
<2"Clminql, | ——
lx — yl
—nengvnly .
s¢rr,9 x =y
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forall x,y € E andr > 0, where y = (1 — ¢)/(« + ¢). Hence, from Theorems 3.1
and 3.3, we have

1—¢ _
dim’}“*/0"IE < dim B, (E) <

dim"*“ ¥ E
o+ e o — 8_9

almost surely. The profiles are monotonically increasing, and so

I—e . I—¢
dimy E <
oa+é& a+e¢

_ (I e
dim?@ U E < _dimE < dim’“ ' E
o

<

o —¢&

: N
dimy E
almost surely, since

n(a + ¢)

>s5 >n(a—e¢).
1—¢

This holds for arbitrary sequences of sufficiently small positive ¢ tending to zero and
so establishes continuity from above and below. The proof for dimsg is similar. O

8 Proof of Theorem 3.9
First, define
A=1{VeGhnm):dmenyE < dim;E}
and suppose, with the aim of deriving a contradiction, that
dimg A >m@m —m) — (m — A).

By Frostman’s lemma, there exists a measure p supported on a compact set B C A
and ¢ > 0 such that

W(BG(V, 1) < cr™tr=m=n=2)

forall V € G(n,m) and r > 0, where Bg is a ball defined via the natural metric of
dimension m(n — m) on G(n, m). Hence, using [18, Inequality (5.12)] yields

)m(zl—m)—(m—k)—m(n—m—l)

u{V e Gm,m):|ryx —myyl <r}) < <
|x — ¥

=(|xiy|)A

<ol — ).
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Thus, the condition of Theorem 3.3 is satisfied with @ = G(n,m), P = p and
y = m/A. Hence

dimgmy E > dim') E (8.1)

for p almost-all V € G(n,m). Since u is supported on A, this is a contradiction,
as it implies the existence of V € A satisfying (8.1). The proof for dim, follows
similarly. O
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