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Presentations of groups with even length relations

Isobel Webster

University of St Andrews, Scotland, UK

ABSTRACT
We study the properties of groups that have presentations in which the
generating set is a fixed set of involutions and all additional relations are
of even length. We consider the parabolic subgroups of such a group and
show that every element has a factorization with respect to a given para-
bolic subgroup. Furthermore, we give a counterexample, using a cluster
group presentation, which demonstrates that this factorization is not
necessarily unique.
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1. Introduction

A presentation of a group is a concise method of defining a group in terms of generators and
relations. In special cases, much information about the corresponding group can be extracted
from a given presentation [12]. Coxeter presentations are a classical example of this [2].

Recall that a pair (W, S), where S ¼ fs1, :::, sng is a non-empty finite set and W is a group, is
called a Coxeter system if W has a group presentation with generating set S subject to relations of the

form ðsisjÞmði, jÞ, for all si, sj 2 S, with mði, jÞ ¼ 1 if i¼ j and mði, jÞ � 2 otherwise, where no relation

occurs on si and sj if mði, jÞ ¼ 1 [11, Section 5.1]. Such a group, W, is called a Coxeter group.
An outline of the rich history of research into these groups is given in [3, Historical Note]. In par-

ticular, it is well known that the finite Coxeter groups can be classified via their Coxeter graphs and
the class of finite Coxeter groups is precisely the class of finite reflection groups [3, Chapter VI,
Section 4, Theorem 1;5,6]. The applications of Coxeter groups are widespread throughout algebra [3],
analysis [9], applied mathematics [4], and geometry [7]. However, the many combinatorial properties
of Coxeter groups make them an interesting topic of research in their own right (see [2]).

For example, for any subset I � S, WI denotes the subgroup of W generated by I. Any sub-
group of W which can be obtained in this way is called a parabolic subgroup of W [11, Section
5.4]. It is known that the coset wWI contains a unique element of minimal length for each w 2
W, meaning that we can choose a distinguished coset representative of wWI. It follows that there
exists a unique factorization of each element with respect to a given parabolic subgroup [2,
Proposition 2.4.4]. In certain cases, the reduced expressions for these distinguished coset
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representatives for a maximal parabolic subgroup can be described explicitly; see for example [13,
Corollary 3.3; 15].

In this paper, we will consider group presentations which generalize the Coxeter case by allowing
generating sets of infinite size and any relations that have even length. We show that a variation of
this property of Coxeter groups holds for any group, G, which has a group presentation of this type.

In particular, we can define a parabolic subgroup of G in an analogous way to the Coxeter
case and prove that there exists a (not necessarily unique) factorization of each element of G with
respect to a given parabolic subgroup. We also give a counterexample using cluster group presen-
tations (in the sense of [17, Definition 1.2]) showing that, in contrast to the Coxeter case, this
factorization is not unique in general.

Some of these results form part of the author’s Ph.D. thesis [18], carried out at the University
of Leeds. The paper will proceed in the following way. In Section 2, we establish basic properties
of the length function on G and provide a more detailed summary of the main result of this
paper. In Section 3, we prove our first main result: that there exists a factorization of each elem-
ent of G with respect to a given parabolic subgroup. In Section 4, we construct an example in
which the factorization with respect to a given parabolic subgroup is not unique.

2. Group presentations with even length relations

Let G be a group arising from a group presentation hXjRi, where X may be finite or infinite. By
the definition of the presentation of a group, any element w of G can be written as

w ¼ xa11 x
a2
2 :::x

ar
r ,

where r 2 N, xj 2 X and aj ¼ 61, for all 1 � j � r: The length of w 2 G, l(w), is the smallest r
such that w has an expression of this form and a reduced expression of w is any expression of w
as a product of l(w) elements of X [ X�1 (where X�1 ¼ fx�1 : x 2 Xg is a copy of X). We refer
to l as the length function on G. Taking an index set I, if R is a set of relations of the form ui ¼
vi for i 2 I, with ui, vi 2 FðXÞ, where F(X) denotes the free group on X, then the length of the
relation ui ¼ vi is given by the length of the word uiv�1

i in F(X).
Analogously to the Coxeter case, we define a parabolic subgroup of G.

Definition 2.1. For I � X, we denote by GI the subgroup of G generated by I. A (standard) para-
bolic subgroup of G is a subgroup of the form GI for some I � X:

Moreover, for each I � X we define the following sets.

GI ¼ fw 2 G : lðwxÞ > lðwÞ8x 2 Ig;
IG ¼ fw 2 G : lðxwÞ > lðwÞ8x 2 Ig:

In Section 3, we will prove our main result:

Proposition 2.2. Let G be a group generated by a fixed set, X, of involutions subject only to rela-
tions of even length. For I � X, let GI denote the subgroup of G generated by I and
GI ¼ fw 2 G : lðwxÞ > lðwÞ8x 2 Ig. Then every element w 2 G has a factorization

w ¼ ab,

where a 2 GI , b 2 GI and lðwÞ ¼ lðaÞ þ lðbÞ:
This result is a strengthening of [18, Proposition 7.2.4]. By comparison, we can see that this result

is similar to [2, Proposition 2.4.4] for Coxeter groups. However, unlike the Coxeter case, we will
show in Section 4 that the factorization for elements of G with respect to a given parabolic subgroup
is not necessarily unique or determined by minimal length elements of the coset wGI.

2 I. WEBSTER



3. Proof of main result

To begin, we prove some basic results for the length function on a group with an arbitrary group
presentation hXjRi:
Lemma 3.1. If x 2 X and w 2 G then lðxwÞ < lðwÞ if and only if there exists a reduced expression
of w beginning in x�1:

Proof. Let lðxwÞ < lðwÞ: Suppose xw ¼ xa11 x
a2
2 :::x

ar
r is a reduced expression, where xj 2 X with

aj ¼ 61 for all 1 � j � r: Then w ¼ x�1xa11 x
a2
2 :::x

ar
r is an expression of w of length rþ 1.

Moreover, this expression must be reduced otherwise lðwÞ � r, contradicting that lðxwÞ < lðwÞ:
Conversely, if there exists a reduced expression of w beginning in x�1, say w ¼ x�1xa22 :::x

ar
r

where xj 2 X with aj ¼ 61 for all 2 � j � r, then xw ¼ xa22 :::x
ar
r and so lðxwÞ � r � 1 < lðwÞ: w

For the remaining results, we let G be a group with group presentation hXjRi which satisfies
the following conditions.

(I) X is a fixed set of involutions. That is, for each x 2 X, x2 ¼ e:
(II) Every relation in R has even length.

We establish some properties, analogous to the Coxeter case, of the length function on G. The
first result is a consequence of Lemma 3.1.

Lemma 3.2. Let I ¼ X n fxg for some x 2 X and take w 2 G such that w 6¼ e. Then w 2 IG if and
only if all reduced expressions of w begin in x.

Proof. If w 2 IG has a reduced expression beginning in y for some y 2 X such that y 6¼ x then
lðywÞ < lðwÞ, contradicting that w 2 IG: Conversely, suppose w 2 G is such that all reduced
expressions of w begin in x. For any y 2 X such that lðywÞ < lðwÞ there exists a reduced expres-
sion of w beginning in y, by Lemma 3.1. Hence y¼ x and so w 2 IG: w

Remark 3.3. It follows from Lemma 3.2 that w 2 GI if and only if all reduced expressions of w
end in x.

The following result is analogous to [11, Proposition 5.1] for Coxeter groups.

Proposition 3.4. There exists a surjective homomorphism e : G ! f61g defined by e : x 7! � 1
for each x 2 X. It follows that the order of each generator is 2.

Remark 3.5. Suppose the group presentation hXjRi satisfies only condition ðIIÞ and each gener-
ator has finite order. In this case, the surjective homomorphism e exists and the order of each
generator x 2 X of G is even.

In [11, Section 5.2], the length function on a Coxeter group is defined along with five basic
properties. Below, we consider the length function on G.

As for the Coxeter case, each element of the generating set X of G is an involution and so any
element w of G can be written in the form w ¼ x1x2:::xr for xj 2 X: So the length, l(w), of w 2
G, will be the smallest r such that w ¼ x1x2:::xr:

Lemma 3.6. For all w1,w2 2 G and x 2 X the following properties hold.

(1) lðw1Þ ¼ lðw�1
1 Þ:

(2) lðw1Þ ¼ 1 if and only if w1 2 X:
(3) lðw1w2Þ � lðw1Þ þ lðw2Þ:
(4) lðw1w2Þ � lðw1Þ � lðw2Þ:
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(5) lðw1Þ � 1 � lðw1xÞ � lðw1Þ þ 1:
(6) lðw1xÞ ¼ lðw1Þ61 and lðxw1Þ 6¼ lðw1Þ

Proof. The proof is analogous to the Coxeter case, see [11, Section 5.2]. w

Remark 3.7. The properties (1), (3) and (4) in Lemma 3.6 hold for a group with arbitrary
presentation.

It is easy to see that (2) and (6) fail for the trivial group given by the presentation hxjx ¼ ei:
However, the property

(2�Þ w1 2 X [ X�1 implies lðw1Þ � 1
holds for any group with group presentation hXjRi: We can then apply ð2�Þ, (3) and (4) to prove
that (5) also holds for a group with arbitrary presentation.

We are now ready to prove Proposition 2.2.

Proof of Proposition 2.2. We proceed by induction on l(w). If l(w) ¼ 1 then w¼ x, for some x 2
X: If x 2 I, then we choose a ¼ e, b ¼ x and, by Lemma 3.6ð2Þ, this is the desired factorization.
If x 62 I, then we claim that lðxyÞ > lðxÞ for all y 2 I and so we choose a ¼ x, b ¼ e: Taking
any y 2 I, if lðxyÞ < lðxÞ then l(xy) ¼ 0 as l(x) ¼ 1, by Lemma 3.6ð2Þ: Thus, xy ¼ e. It
follows that x ¼ y 2 I, contradicting that x 62 I: As lðxyÞ 6¼ lðxÞ by Lemma 3.6ð6Þ, it must be
that lðxyÞ > lðxÞ:

Suppose lðwÞ ¼ r � 1 and that the statement holds for every element of G of shorter length. If
w 2 GI then we choose b¼ e and a¼w. Similarly, if w 2 GI then we choose a¼ e and b¼w. So
we need only consider the case when w 62 GI and w 62 GI:

As w 62 GI , there exists x 2 I such that lðwxÞ < lðwÞ: By Lemma 3.6ð5Þ, lðwxÞ ¼ lðwÞ � 1 < r:
By induction, there exists a0 2 GI and b0 2 GI such that wx ¼ a0b0 and

lðwxÞ ¼ lðwÞ � 1 ¼ lða0Þ þ lðb0Þ:
Let a ¼ a0 and b ¼ b0x: Then ab ¼ a0b0x ¼ ðwxÞx ¼ wx2 ¼ w: It remains to show that lðb0xÞ ¼
lðb0Þ þ 1, giving lðaÞ þ lðbÞ ¼ lða0Þ þ lðb0xÞ ¼ lða0Þ þ lðb0Þ þ 1 ¼ lðwxÞ þ 1 ¼ lðwÞ:

We assume, for a contradiction, that lðb0xÞ < lðb0Þ: That is, by Lemma 3.6ð5Þ, lðb0xÞ ¼
lðb0Þ � 1: By the above, wx ¼ a0b0, so w ¼ a0b0x, and lðwxÞ ¼ lða0Þ þ lðb0Þ: Thus

lðwÞ ¼ lða0b0xÞ � lða0Þ þ lðb0xÞ
¼ lða0Þ þ ðlðb0Þ � 1Þ
¼ ðlða0Þ þ lðb0ÞÞ � 1

¼ lðwxÞ � 1

< lðwxÞ,
contradicting the fact that lðwxÞ < lðwÞ: Since lðb0xÞ 6¼ lðb0Þ by Lemma 3.6ð6Þ, we have lðb0xÞ >
lðb0Þ and so lðb0xÞ ¼ lðb0Þ þ 1 by Lemma 3.6ð5Þ: Therefore, lðwÞ ¼ lðaÞ þ lðbÞ: Finally, we note
that a ¼ a0 2 GI and, as x, b0 2 GI , we have that b 2 GI : Thus, we have obtained the required fac-
torization of w. w

Remark 3.8. By applying Proposition 2.2 to w�1, it can be shown that, for any I � X, every
element w 2 G has a factorization w ¼ ab for some a 2 GI , b 2 IG such that lðwÞ ¼ lðaÞ þ lðbÞ:

Remark 3.9. Proposition 2.2 does not hold in general for groups with an arbitrary group presen-
tation. A counterexample is given by the Klein four-group, V ¼ fe, i, j, kg [19, Section 44.5],
which has group presentation:
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V ¼ hi, j, kji2 ¼ j2 ¼ k2 ¼ ijk ¼ ei:
Taking w¼ j, this is a unique reduced expression of w. We have Vfig ¼ fe, ig and so j 62 Vfig:

However, ji ¼ k and so lðjiÞ ¼ lðjÞ, meaning w 62 Vfig: Thus, j has no reduced factorization with
respect to Vfig:

As stated in [2, Proposition 2.4.4], in the Coxeter case this factorization exists and is further-
more unique. The element in the factorization lying in the set WI can be shown to be the unique
element of wWI of minimal length [11, Proposition 1.10]. The uniqueness of these minimal
length coset elements distinguish them as coset representatives and they are referred to as the
minimal coset representatives [11, Section 1.10]. Thus, the set wWI \WI contains only one elem-
ent, namely the minimal coset representative of wWI. The uniqueness of the factorization for ele-
ments of Coxeter groups is a consequence of the Deletion Condition and is not a property that is
transferable to the factorizations of elements in G with respect to given parabolic subgroup, GI. A
counterexample proving this will be given in the next section.

However, in the cases when I¼X and jIj ¼ 1 the factorization of all elements of the group
with respect to the corresponding parabolic subgroup will be unique.

Lemma 3.10. If I¼X or I ¼ fxg for some x 2 X, then for all w 2 G,wGI \ GI contains a unique
element. Hence the factorization of each element of G with respect to GI is unique.

Proof. If I¼X then GI ¼ G and GI ¼ feg, thus wGI \ GI ¼ feg:
If I ¼ fxg for some x 2 X, then GI ¼ fe, xg, as X is a fixed set of involutions generating G,

and wGI ¼ fw,wxg for any w 2 G: By Lemma 3.6ð6Þ, lðwxÞ ¼ lðwÞ61 meaning that exactly one
of w or wx is an element of GI and thus the unique element in wGI \ GI :

We conclude that, in both cases, the factorization of any w 2 G with respect to GI is unique as
if w ¼ ab ¼ a0b0 where a, a0 2 GI and b, b0 2 GI , then a, a0 2 wGI \ GI : Thus, a ¼ a0 and conse-
quently b ¼ b0: w

4. Non-uniqueness of factorizations

In this section, we present a counterexample demonstrating that the factorizations, shown to exist
by Proposition 2.2, for elements of a group with a presentation whose generators are involutions
and whose relations are of even length are not necessarily unique.

Specifically, we consider the finite group, G, arising from the group presentation ht1, t2, t3jRi,
where R is the following set of relations:

(a) t21 ¼ t22 ¼ t23 ¼ e (each generator is an involution).
(b) t1t2t1 ¼ t2t1t2, t1t3t1 ¼ t3t1t3, t2t3t2 ¼ t3t2t3 (the braid relations).
(c) t1t2t3t1 ¼ t2t3t1t2 ¼ t3t1t2t3 (the cycle relation).

We note that the above group presentation of G satisfies conditions ðIÞ and ðIIÞ, thus
Proposition 2.2 holds for elements of G with respect to a given parabolic subgroup.

Remark 4.1. This group presentation is a cluster group presentation. Cluster groups are groups
defined by presentations arising from cluster algebras. It was first shown in [1] and then in [10]
that a group presentation could be associated to a quiver appearing in a seed of a cluster algebra
of finite type and that the corresponding group is invariant under mutation of the quiver [1,
Theorem 5.4; 10, Lemma 2.5]. For detailed definitions of cluster algebras and quiver mutation,
see [14, Chapter 2]. It is the group presentation based on the work done in [10], that was consid-
ered more generally in [17], where due to the context, the corresponding groups were labeled
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cluster groups. Each quiver appearing in a cluster algebra of finite type is mutation-equivalent to
an oriented Dynkin diagram [8, Theorem 1.4] and the corresponding cluster group presentation
is precisely a Coxeter presentation. Consequently, a cluster group associated to a mutation-
Dynkin quiver is isomorphic to the finite reflection group of the same Dynkin type. The presen-
tation defined above is the cluster group presentation associated to the quiver of mutation-
Dynkin type A3 in Figure 1.

It was shown in [17, Lemma 3.10] that an isomorphism between a cluster group associated to
a mutation-Dynkin quiver of type An and the symmetric group on nþ 1 elements, denoted by
Rnþ1, can be constructed explicitly from the quiver. It follows from [17, Lemma 3.10] that the
following map defines an isomorphism between G and R4:

Lemma 4.2. [16, Proposition 3.4; 17, Lemma 3.10]. There exists an isomorphism p : G ! R4 given by

p : t1 7! ð1, 2Þ,
p : t2 7! ð2, 3Þ,
p : t3 7! ð2, 4Þ:

From Lemma 4.2, we conclude that G contains 24 distinct elements. Moreover, we can use
this isomorphism to determine that titjtitk ¼ tktitjti for all combinations of pairwise distinct i, j, k.
Using this together with the group relations, we construct the Cayley graph of G with respect to
this presentation, which is displayed in Figure 2.

Our goal is to choose a subset, I, of the generating set of G such that we can find an element
of G with two distinct factorizations with respect to the corresponding parabolic subgroup, thus
proving the factorizations shown to exist in Proposition 2.2 are not necessarily unique. Due to
Lemma 3.10, I must contain two distinct elements.

Take I ¼ ft1, t2g: From the Cayley graph of G (Figure 2) we have

GI ¼ fe, t3, t1t3, t2t3, t1t2t3, t2t1t3g:
For w ¼ t2t3t1t2, we have a ¼ t2t3 2 GI and b ¼ t1t2 2 GI: Using the Cayley graph of G in

Figure 2, we observe that each of these are all reduced expressions and so a and b yield a factoriza-
tion of w as given in Proposition 2.2. Moreover, we can apply the cycle relation to w to obtain
another reduced expression of w, w ¼ t1t2t3t1: Let a0 ¼ t1t2t3 2 GI and b0 ¼ t1 2 GI : As this expres-
sion for a0 is a subexpression of a reduced expression of w, it must be reduced. From Lemma 4.2 we
conclude that ti 6¼ e for i¼ 1, 2, 3, thus t1 is also reduced. Clearly, as a, a0 and b, b0 are of different
lengths, these are distinct pairs of elements in GI and GI, respectively. Thus, we obtain distinct factori-
zations w ¼ ab ¼ a0b0 where lðwÞ ¼ lðaÞ þ lðbÞ ¼ lða0Þ þ lðb0Þ for a, a0 2 GI and b, b0 2 GI :

This counterexample demonstrates that for a group G with presentation hXjRi satisfying con-
ditions ðIÞ and ðIIÞ, unlike in the Coxeter case, it is possible for the set wGI \ GI to have more
than one element for some I � X and w 2 G: In the counterexample above, two distinct elements
in this set are given by a ¼ t2t3 and a0 ¼ t1t2t3 for w ¼ t2t3t1t2:

Furthermore, for a Coxeter group, W, the unique factorization of an element w 2 W with
respect to a parabolic subgroup, WI, is determined by the unique minimal length element of the
coset wWI [2, Corollary 2.4.5]. In the more general case, the same example used to demonstrate
that the factorization is not necessarily unique can also be used to show that minimal length ele-
ments of wGI do not necessarily yield factorizations of w.

Figure 1. G is the cluster group corresponding to the above quiver of mutation-Dynkin type A3.
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Indeed, from the Cayley graph in Figure 2, we have

GI ¼ fe, t1, t2, t1t2, t2t1, t1t2t1 ¼ t2t1t2g:
Choosing w ¼ t1t2t3 2 GI , we observe from the Cayley graph that this is a unique reduced
expression of w and so the only factorization with respect to GI is obtained by taking a¼w and
b¼ e. However,

wGI ¼ ft1t2t3, t1t2t3t1, t1t2t3t2, t2t3t1, t2t3t2, t2t3g:
Thus, no factorization of w can be obtained from the minimal length element, t2t3, of wGI.

The property that this factorization is unique for elements of W, and determined by the unique
minimal length element of wWI, is a result of the Deletion Condition [11, Theorem 1.7]. The
Deletion Condition is a characterizing result for Coxeter groups. That is, if W is a group and S a set
of involutions generating W, then (W, S) has the Deletion Condition if and only if (W, S) is a
Coxeter system [2, Theorem 1.5.1]. Considering the proof of [11, Proposition 1.10(c)], we see that the
factorizations of w with respect to GI, as taken in the above counterexample, are no longer unique or
determined by the minimal length elements of wGI because, without the Deletion Condition, we can
no longer omit certain factors from a non-reduced expression of w and leave w unchanged.

Figure 2. The Cayley graph of ðG, ft1, t2, t3gÞ and the corresponding permutations of each element under p. The colored nodes
denote an identification of vertices.
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