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HAUSDORFF MEASURE AND ASSOUAD DIMENSION OF GENERIC
SELF-CONFORMAL IFS ON THE LINE

BALAZS BARANY, ISTVAN KOLOSSVARY, MICHAE RAMS, AND KAROLY SIMON

ABSTRACT. This paper considers self-conformal iterated function systems (IFSs) on the
real line whose first level cylinders overlap. In the space of self-conformal IFSs, we show
that generically (in topological sense) if the attractor of such a system has Hausdorff
dimension less than 1 then it has zero appropriate dimensional Hausdorff measure and
its Assouad dimension is equal to 1. Our main contribution is in showing that if the
cylinders intersect then the IFS generically does not satisfy the weak separation prop-
erty and hence, we may apply a recent result of Angelevska, Kdenméaki and Troscheit.
This phenomenon holds for transversal families (in particular for the translation family)
typically, in the self-similar case, in both topological and in measure theoretical sense,
and in the more general self-conformal case in the topological sense.

1. INFORMAL STATEMENT

A self-conformal iterated function system (IFS) on the real line is a finite collection
S = {S;}%, of C'* contracting conformal maps on a non-degenerate compact interval
X C R such that each S; extends to an injective, contracting conformal mapping on an
open set that contains X. Let us recall that a map f: R+ R is C**® if f is continuously
differentiable and the derivative f’ is non-vanishing and Hoélder continuous with Holder
exponent «. It is well-known that there exists a unique, non-empty compact set, the
attractor A associated to &, which satisfies

The set A is called a self-conformal set.

Let ¥* :=J,~, {1,...,m}" be the collection of all finite length words 7, and we obtain
7~ by dropping the last symbol of 7. For compositions of maps, we always write S; =
S
depending on the extent of separation between the cylinder sets S;(A). Of these, let us
recall the following. An IFS S with attractor A

:=5;, 0---0.5;, . Numerous different separation conditions exist in the literature

1---’L'n

(i) has an exact overlap if

there exist 7,7 € ¥*, 7 # J such that S;|y = Sj|a;
(ii) satisfies the Strong Separation Property (SSP) if

Si(A) N S;(A) = 0 for distinct 4,7 € {1,...,m};
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(iii) satisfies the Weak Separation Property (WSP) [12, 20] if
(1.1) sup {#®(z,r) : x € A and r > 0} < o0,
where B(x,r) is the ball in R? centered at z with radius » and where
(1.2) @(z,7) == {S|a : diam(S;(A)) < r < diam(S,- (A)), S;{(A) N B(z,r) #0, 1€ X*}.

The WSP is strictly weaker than the SSP, moreover, an IFS with an exact overlap can
satisfy the WSP but never the SSP. We remark that the Open Set Condition, which is
weaker than the SSP but stronger than the WSP, plays an important role in our proofs, but
is not essential in stating our results. Therefore, we postpone its definition to Section 3.2.

If a conformal IFS on R satisfies the SSP, then the Hausdorff and Assouad dimension
of its attractor A, denoted dimyg A and dima A, are both equal to the so-called conformal
dimension, see Section 3.2 for the definition. Furthermore, the dimy A-dimensional Haus-
dorff measure H4™A(A) € (0,00). In fact, recently Angelevska, Kidenmiki and Troscheit
showed in [1] that this holds true even under the weaker WSP condition, provided that
dimy A < 1. Moreover, failure of the WSP implies that H4™#A(A) = 0 and dima A = 1.

Notice that the SSP is an open condition, i.e. if an IFS satisfies the SSP, then a
small enough perturbation of it will still satisfy the SSP. The main question this paper
addresses is if a conformal IFS on R does not satisfy the SSP, then in some generic sense,
how significant are the overlaps between the cylinder sets?

Informal statement. Our main result is that on a proper space of conformal IFSs on
R, it is a generic property that if an [F'S does not satisfy the SSP, then

it does not satisfy the WSP nor does it have exact overlaps.

In particular, combining this with the aforementioned characterization of the WSP in [1],
we get that restricting to conformal IFSs with conformal dimension < 1,

generically, failure of SSP = H™™14(A) =0 and dimp A = 1.

In the next section, we define all the necessary terminology in order to state our results

precisely.

2. FURTHER MOTIVATION AND MAIN RESULTS

A self-similar IFS S on R is a special conformal IFS consisting of strictly contracting
similarity maps:

(21) S = {SZ(ZL‘) =7+ ti};zl ,reR r; € (—1, 1) \ {O} ,ti € R.
The attractor A of S is called a self-similar set.

The Assouad dimension was introduced by P. Assouad [2],[3] in relation with quasi-
conformal mappings and embeddability problems, see [0, 13, 17]. Recently though,

considerable attention has been given to its study in Fractal geometry, see [1, 5, 6, 7, 9,
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, 14] or the recent book [3] to name a few. The Assouad dimension of a set F C R? is

dimAE::inf{a: 3C >0, such that V0 <r < R,

sup N, (B(z,R)NE)<C (5) },
z€E r

where N, (F) is the smallest number of open balls centered in the set F' C R? of radius
r with which we can cover F. We denote the Hausdorff dimension of a set £ C R? by
dimpy F and its s-dimensional Hausdorff measure by H*(E).

In particular, on R, an interesting dichotomy was proved between the separation prop-
erty WSP and the Assouad dimension of self-similar sets by Fraser, Henderson, Olson
and Robinson in |7, Theorem 1.3.] and extended to self-conformal sets by Angelevska,
Kéenméki and Troscheit in [, Theorem 4.1, Corollary 4.2]. We summarize these results
in the following theorem.

Theorem 2.1 ([, 7]). Assume that A is the attractor of either a self-similar or self-
conformal IFS S on R such that A is not a singleton. Then

. dimyg A, if S satisfies the Weak Separation Property,
dimp A =
1, otherwise.

For a higher dimensional generalization see |9]. For self-similar sets, Farkas and Fraser
|6, Corollary 3.2] pointed out another equivalent characterization of the weak separation
property, relating it to the positivity of the appropriate dimensional Hausdorff measure
of the attractor. This result was also extended by Angelevska, Kdenméaki and Troscheit
in [1, Corollary 4.2] for self-conformal sets.

Theorem 2.2 (|1, 0]). Assume that A is the attractor of either a self-similar or self-
conformal IFS S on R such that A is not a singleton and dimg A < 1. Then

0 <HImEA(A) < oo, if S satisfies the Weak Separation Property,
HImEA(A) =0, otherwise.

We are now ready to introduce the space of self-conformal IF'Ss in Section 2.1, moreover,
parameterized families of self-conformal IFSs satisfying a transversality condition in Sec-
tion 2.2.

2.1. Generic self-conformal IFSs on the line. We begin by defining the space of
self-conformal IFSs on the line that we work with.

Definition 2.3 (Conformal IFSs on the line). Let V' C R be a non-empty open interval.
We say that a C**< function h : V — R is a conformal mapping if it has non-vanishing
derivative.

Furthermore, S = {S1,...,Sn} is a conformal IFS on a compact interval X C R if
Si+ X = X and S; extends to a conformal injective mapping S; : V- — V', where V' is an
open interval with X C 'V and

sup |Si(z)] < 1 for alli € [m]:={1,...,m}.
zeV
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Definition 2.4 (Space of self-conformal IFSs on the line). Let ©™(X) denote the collec-
tion of conformal IFSs of m mappings on the compact interval X. For 0 < f < p < 1,
we define

7,(X)={Se0™X):8<|S{(x) <p, Vx e X, ic[m]}.

For a function h € C***(X,R) we write

| (z) — W (y)]
IRI == 12 llsup + 1A llsup + sup o
z,yeX ‘SL’ - y|

For T =(T1,...,Ty),G = (Gy,...,Gn) € OF (X) we define

(2:2) dist (T G) = max|IT; - Gl
relm
Then ©F (X) endowed with this metric is a complete metric space.

We remind the reader that a subset of a topological space is called a set of first
category or meagre if it is a countable union of nowhere dense closed sets (i.e. the
interior is an empty set). We call a subset of a topological space a Gs-set (or have the
Gy property) if it is a countable intersection of open sets. Observe that the complement
of a set of first category is a dense Gs-set by definition. We can now define a ‘generic’
self-conformal TF'S on ©} (X).

Definition 2.5. Let P be a property of self-conformal IFSs on the line. We say that a
generic self-conformal IFS on the line has property P if for all non-empty
compact intervals X CR, m > 2 and 0 < < p < 1 the set of IF'Ss from @gfp(X) which
do not have property P is a set of first category.

Our main result is the following. Its proof is in Section 4.

Theorem 2.6. For a generic (in the sense of Definition 2.5) self-conformal IFS on the
line either

the SSP holds OR the WSP does not hold and there are no exact overlaps.

Actually, we prove a stronger result on the genericity of the failure of the WSP, see
Section 4 for the precise details.

The conformal dimension, see Section 3.2 for the definition, is a natural upper bound
for dimyg A. Combining Theorem 2.6 with [, Theorem 4.1, Corollary 4.2] immediately
gives the following.

Corollary 2.7. Let us restrict to the open set of self-conformal IFSs on the line with
conformal dimension strictly less than 1. Then, a generic IFS either

satisfies the SSP OR~ HY™1A(A) =0 and dimpy A = 1.

Remark 2.8. Even though the set of IFSs for which the WSP fails and there are no exact
overlaps is topologically large, it is not easy to constract a concrete example of such an
IF'S.
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2.2. Transversal families of conformal IFSs on the line. Let d > 1 be an integer
and B C R? be a non-degenerate compact ball. For every A € B we are given an IFS
S2 = {S%, ceey S%} on R. To show dependence on ), we denote the attractor of S* by
A2

Definition 2.9. We say that {S*},_,, is a family of self-conformal IFSs on the
line if the following two conditions hold:

(a): for every A € B we have S* € O} (X);

(b): for everyie X ={1,....,m}" the following mapping is C* :
(2.3) A Th(i) == lim S, (z), A€ B,

- n—00 n
where x € X 1s arbitrary.

In particular, if S is a self-similar IFS for every A € B, recall (2.1), then we call it a

family of self-similar IFSs on the line.

Example 2.10 (Translation family). Let S € OF (X) and let B C R™ be a non-
degenerate compact ball. Then the translation family of S is

SA = {SZ(.T)—F)\Z};ZI, A:{)\l,,)\m} € B.

Definition 2.11 (Transversal family of self-conformal IFSs on the line). We say that a
family of self-conformal IFSs {S*},ep (in the sense of Definition 2.9) is a transversal
famaly if the following transversality condition holds:

There exists an ¢ > 0 such that for all i,j € X with 1, # j,

(2.4) () LG < ¢ = [Va(IL({) — LG > ¢
where Vy is the gradient in \.

Let us introduce

88P := {)\ € B: S satisfies the SSP},
WSP := {)\ € B: S satisfies the WSP},
€0 :={)\ € B: S8 has an exact overlap}.
The compliment of S8P is compact, because it is intersected with the compact set B
and 88P is open. Notice that S8P N EO = 0. Let L4(H) denote the d-dimensional
Lebesgue measure of the subset H C R?. Our main result concerns the set of parameters
((B\ 88P)NWSP) UEO, that is those parameters for which either we have exact overlap
or we have overlaps and WSP. We we prove that this set of parameters is a set of first

category in the complete metric space B \ 88P, which is the set of those parameters for
which there are overlaps. Its proof is provided in Section 5.

Theorem 2.12. Let {S2},cp be a transversal family of self-conformal IFSs on the line
as in Definition 2.11. Then

((B\ 88P) N'W8P) U €O is a set of first category, moreover, Lq(EO) = 0.
In addition, if {S?},ep is a self-similar family, then also L4((B\ 88P) N WSP) = 0.
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Remark 2.13. The Gs property does not follow from the more general Theorem 2.6,
because it can be checked that {S*: X\ € B} as a subset of O7F, is nowhere dense.

2.3. Application to translation families. Recall the translation family in Example 2.10.
The following lemma gives a sufficient condition for a translation family to satisfy the

transversality condition (2.4). We are unaware of a reference for it, so we provide the

short proof.

Lemma 2.14. Let {S2}cp be a translation family of the self-conformal IFS S € o7 ,(X),
moreover, denote pf := sup,y |Si(x)|. If

(2.5) pi +p; <1 foralli#j

then for every i,j € ¥ such that iy # ji there exists p € {i1,j1} for which

‘a—)\p(HA(i) - Hg(j))‘ >1—p; —pj >0,

recall (2.3). Thus, {S*}rep is a transversal family and Theorem 2.12 applies.

Proof. Without loss of generality we may assume that i, j € ¥ such that iy = 1 and j; = 2.
Let o : ¥ — X denote the left shift operator, d;, is the Dirac delta and for fixed i € X
and z € {1,...,m} we write

Z.(Gi):={l>1: iy =z}.

Using (2.3), the partial derivative %Hg(i) is equal to

G S0 (5 + (o) (e +)) = 6t 3 [ SL0H

LeT, (i) k=1
For brevity, let p;—1 := o S! (Iy(c*i)). Then, we can write
0 . . .. 0 . . -
(26) (L) —TL() =1+ Ei(i,j) and o= (1) - M) = -1+ Ea(i.j),
8)\1 a)\2
where

E,=FE.(ij) = Z pPije—1 — Z pjle—1 for z =1,2

LeT. (i) LeT.(§)

We take a convex linear combination of |F;| and |Es|, for which we claim that

1—p)I|E 1—p3)E
on  UDIBI L (Q-pIEl
2=pi—p  2—p—

L= p)| B+ (1= p3) | Es| < pf +p5 < 1.
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Indeed, the first and the last inequalities hold due to assumption (2.5). The second
inequality follows from union bounds

L= pDIE+ (A= p3) Bl < | Y (L= p)pmes|+| D (1= p5)pse1
fEIl(i) LeTy (j)
+ Z (1 —p3,)pije—1| + Z (L = pj,)p5e—1
fel—g(i) £€I2(j)
<Y U =pp)psph > (=Pl
=2 =2

*

= pi + 05 =P+ s (telescopic sum)

Choose p € {1, 2} for which |E,| = min{|E1|, | E»|}. From the convex linear combination
(2.7) it follows that |E,| < pi + p5 < 1. This and (2.6) implies that for this choice of p
the assertion holds. U

In the self-similar setting, recall (2.1), the translation family of a self-similar IFS S is
of the form

(28) SA = {T’Z'.T —+ tl + )\Z}Zl y A € BCR™

The similarity dimension of S is defined as the unique solution of the equation |rq|*® +
«+++ |rm|®* = 1. The condition in Lemma 2.14 simply becomes

max {|r} + [r;|} < 1.
i#£]

Combining this with the result of Simon and Solomyak [19, Theorem 2.1.], we get the
following characterization. For simplicity, we refer to a set H C R? as a very small
set if it is of first category and L4(H) = 0.

Corollary 2.15. Let {S2}\ep be a translation family (2.8) of the self-similar IFS S €
@gfp(X) with similarity dimension so. Then apart from a very small set of A
(1) if so > 1, then L(AY) > 0. In particular, dimg A* = dimp A* = 1;
(2) if so < 1, then
(a) either A € 88P, thus dimy A2 = dimy A2 = 55 and H*(A2) > 0;
(b) or HIMAY(AX) = 0 and dima A2 = 1.

Proof. 1f max;; {|r:| + |r;|} > 1, then sy > 1. Moreover, excluding a very small set [19,
Theorem 2.1.(a)| states that A2 contains an interval.

If max;; {|r5| +|r;|} <1 and sg > 1, then [19, Theorem 2.1.(c)| states that excluding
a very small set £(A*) > 0.

If max;z; {|r:| +|r;|} < 1 and sy < 1, then Lemma 2.14 implies that {S2},cp is a
transversal family and point (2) follows from Theorem 2.12 and [1]. t

3. PRELIMINARIES

Here we summarize the symbolic notation we use, moreover, we recall the bounded
distortion property and equivalent characterizations of the Open Set Condition.
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3.1. Symbolic notation. An element of the symbolic space ¥ = {1,...,m}" is an
infinite sequence denoted by i = iyiy.... The left shift operator ¢ on ¥ maps i = 7175 ..
to o1 = 4i3.... The set of all finite length words is denoted by ¥* := (2, {1,...,m}".

Elements of 3* are either written as truncations of infinite length words i|n =4 ...4, or

as =1y ...1,. For compositions of maps we use the standard notation S; = S;;0...05;, .

For a finite word 7 = 47 .. .14, € ¥*, denote 7*° the infinite sequence for which ¢"7%° = 7°°.
Given an IFS S = {S;}.",, the natural projection IT : 3 — A is defined by

(i) := lim S, (),

where z € X is arbitrary. The Strong Separation Property holds if and only if II is a
one-to-one coding. The function i +— II(i) from X to X is continuous. When necessary,
to show dependence of II on the IFS S, we write IIs or ITy : ¥ — A2 when we work with
a parameterized family of IFSs {S2} 5.

A self-conformal IFS S satisfies the Bounded Distortion Property: there exists a
uniform constant Cy > 0 such that
S1(a)
Siw)

3.2. Equivalent characterizations of the Open Set Condition. Recall the separa-

(3.1) Cit < < Cp forevery 7€ ¥ and z,y € X.

tion conditions we introduced in Section 1. In the proofs, we will use one more condition.
An IFS § satisfies the Open Set Condition (0SC) if there is a non-empty open set
U such that S;(U) C U and S;(U) N S;(U) = 0 for distinct 7,5 € {1,...,m}.
In order to give equivalent characterizations of the OSC, we define the conformal di-
mension of a self-conformal IFS S and its attractor A. For s > 0, the pressure function

P(s) is defined by
. 1 1S
P(s) = T}ggoglogz; 15517,
where || - || denotes the supremum norm of a function.

The conformal dimension of A is the unique solution sy of the Bowen equation
P(s9) = 0. The bounded distortion property (3.1) and the mean value theorem imply
that there exists a uniform constant C'; > 0 such that for all 7 € ¥* we have

15
diam(Sz(A))

Hence, sy is always an upper bound for dimyg A. Moreover, H*°(A) < oco. If Sis a

Cit< < C).

self-similar IF'S, then the Bowen equation simply becomes

el = 1

In this case, sq is called the similarity dimension.
Peres, Rams, Simon and Solomyak [15, Theorem 1.1] showed the following equivalences
for self-conformal TFSs:

OSC <= H*°(A) > 0 (in particular, dimg A = so)

SUPyep |Si(2) — S3(7)|
min { | S(A)][, [S5(A)]], }

(3.2) = inf{ 11,7 € X7, 77&7} > 0.
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These equivalences were proved previously in the self-similar case by Bandt and Graf ||
and Schief [15]. It is not difficult to see that (3.2) is also equivalent to

(3.3) inf {[1S/(A)] 7" sup |Si(x) — S5()] 7.7 € £%,7 # 7} > 0.
TzEA
The relationship between the OSC and the WSP is given by the following observation.

Fact 3.1. A self-conformal IFS S on the line (or more generally in R?) satisfies the OSC
if and only if S satisfies the WSP and has no exact overlaps.

Proof. For self-conformal IFSs, it was proved in [I, Theorem 3.2] that the WSP is equi-
valent to the identity limit criterion, which holds if

(3.4) inf {HS{H’I sup |Si(x) — S5(z)| 7,7 € £, Si|a # Sj\A} > 0.
€A
Comparing this with (3.3) proves the assertion. O

4. GENERIC CONFORMAL IFSS, PROOF OF THEOREM 2.6
Similarly to parameterized families, let us introduce
88P (X) := {S € ©F (X) : SSP holds for S},
W8Py ,(X) := {S € ©F (X) : WSP holds for S},
e0y (X) := {S € ©F (X) : S has an exact overlap} .

Slightly abusing notation, since m, 0 < 8 < p < 1 and the compact interval X are
fixed, we suppress them from the notation and write simply 88P, W8P, €0, moreover,

NOWSP := 0F (X) \ WSP and NOSSP := OF ,(X) \ 88P.
To prove Theorem 2.6 it is enough to show that S8P U NOWSP is a dense Gy set in
OF ,(X) and that €O is a set of first category.

Theorem 4.1. In the topology on NOSSP defined by (2.2), the set NOWSP is dense Gy.
First, let us show that

Lemma 4.2. In the topology defined by the distance in (2.2),
NOWSP s a Gs set in NOSSP

Proof. For an ¢ > 0, we write
V.= {Se@gfp()() 30,7 € X5, Sila # Sila, 15271 sug) |S7(z) — S5(z)| <€}.
BAS

By its definition, the set V. is open in ©F (X). From (3.4), we get that

NOWSP = ﬁ Vi/n,

n=1

i.e. NOWSP is a Gy set. [
Lemma 4.3. NOWS?P is a dense subset of NOSSP.

Theorem 4.1 clearly follows by the combination of Lemma 4.2 and Lemma 4.3.
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Proof of Lemma /.3. 1t is enough to show that for any G ¢ S8P there exists an S €
NOWSP arbitrarily close to G in the topology defined by the distance in (2.2). We
achieve this through a succession of steps.

Fact 4.4. Assume G ¢ 88P, i.e. there exist i,j € X with iy # j1 such that

(4.1) Ig(i) = g(j).
Then for every € > 0 there exists an I[FS Ge OF ,(X) satisfying
(4.2) I5(j) — g(i) > 0 and dist(G,G) < &.

In the next step, for any «a € [0, 1], we take the convex linear combination of G and G
from Fact 4.4 defined by

S*:=aG+ (1—a)G = {8 =aG;+ (1 - O‘)éi};ir

Fact 4.5. Assume G, G € OF ,(X) satisfy (4.1) and (4.2), respectively, from Fact j.4.
Then §* € ©F (X) for all o € [0, 1] and there exists an o* € [0,1] such that

S e,
where
(43) U:={S€OF,(X):37€ X, Fw,T X",

wi # Ti, W # Tirpy T = Su(Z) = S-(2)}.
Fact 4.6. For every > 0 and every S € U there exists an IFS S € OF ,(X) such that
(4.4) dist(S,S) <& and S € R,
where
R = {5 €Oy (X): 37 € X,3w,7 €5,

log |5, (7))

wy # T, Wiw| # Tl T = Sw(f) = S‘r(f)’ log\S’ (’f)‘

¢Q}.
In particular, this holds for the IFS S constructed in Fact 4.5.

To conclude the proof of Lemma 4.3, we show the following.
Fact 4.7. If S € R, then WSP does not hold for S, i.e. R C NOWSP.

We prove all the facts separately in Subsection 4.1. O

Lemma 4.8. The set EOF ,(X) is a set of first category, i.e. it is the union of countably
many nowhere dense subsets of OF ,(X).

Proof. We can write £0 as the countable union

8(9 — U B@j,
7,JEX*
11751

where B;; = {S € @gfp(X) : S =550 # jl}. Hence, it is enough to show that each B;;
is nowhere dense.
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Since S; = 55, we have that I15(7°) = I[1s(7°). Then Fact 4.4 implies that for every
g > 0 there exists an IFS § € OF (X) satisfying
Hs(7>) — Hg(@>*) >0 and dist(S, S) < e. In particular, S ¢ B;;.
Thus, the complement of B; 5 is necessarily open and dense, in other words B;; is a closed

nowhere dense set. U

Proof of Theorem 2.6. 1t is clear that ©F (X) = 88P(JNOSSP. It is easy to see that
88P is an open set in OF (X). Thus, the theorem follows directly from Theorem 4.1 and
Lemma 4.8. O

4.1. Proof of facts in the proof of Lemma 4.3. The following claim is used in the
proof of Fact 4.7.

Claim 4.9. Let S = (S1,...,S5n) € OF ,(X). Using the notation of Definition 2./ and
the bounded distortion constants Cy introduced in (3.1) we have

diam(S;- (X)) N -
— > C— = .
diam (S.(X)) >1+Cy R T, Vie
Proof. Let k := 7. That is S; = S;- o Sp. We can choose an interval I C X such that
int(Sk(X)) Nint(/) = O and diam (/) > diam(X) - 1_T'0
Hence,
diam(S;- (X)) _ diam(S;- (Sk(X)) + diam(S;-(1)))
>
diam(S;(X)) — diam(.S;- (S (X))
. , 3
o, dam(Se@) |- ()] - diam(7)
diam(S;- (Sk(X))) 15 || - diam (5, (X))
diam(X) - 152
-1 2
> 1+ G p-diam(X)

4

Proof of Fact 4.4. Let G = {G1,...,Gp} € OF (X) be such that there exist i,j € 3 with
le # jl for which

(4.5) Ig(i) = Ig(j).

The infinite words i and j are fixed from now. Without loss of generality we may assume
that 0 < f < |Gi(z)| < p < 1. Otherwise, if |G}(x)| attains 5 or p for some x € X and
i€ {l,...,m}, then consider the IFS G. = {(1 — ¢)G,(x) £ z—:ﬁ—;gx}, where £ agrees with
the sign of G’(z) and by choosing ¢ such that dist(G.,G) < €. Using the function

e (z—(y—0))' (z—(y+9))", ifrely—0dy+7]

0, otherwise,

(4.6) T, (2) == {

we perturb G to an IFS 5 = {él, e ém} defined by

~ Gil T oi , if k=1 ;
Gr(2) ::{ (@) + Tng(on (), 1 @l

(4.7)
Gr(x), otherwise.
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Clearly, Tj, € C* and simple calculations give

(4.8) 1 Tsylloo = €6°%, || T5,lle0 <8-26" and ||}, [l < 54 - £6°.

For fixed € > 0 and § > 0, the parameter € in (4.6) is chosen so small that
(4.9) Ge OF ,(X), ie B < }é;(:p)} <pforevery k=1,....mand z€X

and
dist(G,G) < &
hold simultaneously. The appropriate § > 0 is specified later in the proof.
For this IFS 5, we claim that

First observe that (4.5) implies that
MM5(i) — T5() = () — g (i) + (M) — T5()).
Since j; # i1, using the definition (4.7) of g we bound
Hg(j) - Ng()| = |G, (g(ad)) — Gy (Lg(oj)) |
= |G}, (g(aj)) — G, (Hg(ed)) | < p- |Tg(aj) — Hg(oj)|-
Similarly,
Mg (i) — T5(i) = Tsngen (g (0i)) + Gy, (Tg(oi)) — Gy, (5(0d))
> e0® — p|lg(ai) — g (i),

where we used (4.8) and (4.9). Hence,
(4.10) (1) — () > €6® — p- (|Hg(oi) — 5(oi)| + [g(0j) — z(aj)]|) -
Also observe that by a simple induction argument, for every w € 3

(4.11) Tg(w) — Mzw)| < - 6%+ p- [Tg(ow) — Tg(ow)| < i'_(sp.

To continue, we distinguish between four different cases.
Case I. Assume that for every ¢ > 2

[g(01) # Tg(oi) and g(o'j) # lg(oi).
Choose L > 2 to be the smallest integer such that
1—p—2p>0

and let

1

0= ) min{’Hg(agl) }Hg (o'3) Hg(O‘i)’ :0=2,...,L} >0.

This choice of § implies that én(ngwi)) = G;,(Tg(o%)) and G,,(Tg(c')) = G, (g (c'))

for every ¢ = 2,..., L. Therefore, induction immediately gives
Tlg(oi) — M5(oi)| < p- [Hg(0®1) — 5(c%1)| < ...
11€°0°

<7 [lglo™) — Tg(o)] < o T

12
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where we used (4.11) in the last step. The same is true for |Ilg(cj) — II5(cj)|. Plugging
this back into (4.10) yields

£-08
=(1=p=2p")7

by our choice of L. This concludes the proof in Case I.
Case II. Assume that L > 2 is the smallest integer such that

Ig(o"i) = g (o),

M5(5) — () > 20% — 29

g g >0

i.e. Ilg(oi) is a fixed point of G;, o --- 0 G;,. Thus, without loss of generality we can
redefine i = 71(iy...11)%, where (iy...71)> € X is obtained by concatenating (is...ir)
after each other infinitely many times. Also assume that for every n > 2

lg(c"}) # lg(oi).
Choose N > 2 to be the smallest integer such that

1 PN
4.12 - > 0.
(4.12) L+ptt 1-p
Let 1
0i=g {|Tg(o*1) — Tg(oi)|, [Tg(0")) — Mg (ai)|} > 0.
2<n<N

This choice of § implies that éjn(ﬂg(a"j)) = G;,(Ilg(c"™j)) for every n = 2,...,N.
Therefore, using the same argument as in Case I we bound

66) - 10)| < -
g - 1—p
To bound |Ig(i) — Iz(i)| from below, first assume that iy # 1. Then the choice of

and i;, # 4; implies that éif(ﬂg(aéi)) = G,;,(lIg(c*1)) for £ =2,..., L. Thus
Mg(oi) — Mg(oi) = Gy 0+ 0 Gy, (Tg(ai)) — Giy 0+~ 0 G, (TIz(0)),

where we used that oi = (i3 ...i)>. Since G;,0---0G;, is a monotone strict contraction,

we obtain that Ilg(oi) = lI5(oi). As a result

5(1) — g(i) = Toug (o1 (g (01)) + Gy, (g(oi)) — Gy, (5(0i)) = d®.
Now assume that i;, =iy, i.e. i = (i1...7,-1). Then
(i) - Mg (i)

=ed® +Gjo--0Gy, . (Hg(aLfli)) —Gyo-0Gy, (Hg(aLili))

> 6% — ph (1) — g (i)).
In summary, we showed that

(1) — H5() > ( ! — — o )'8(58>0
1+pt-t 1—p

by (4.12). This concludes the proof in Case II.
Case III. Assume that L > 2 is the smallest integer such that

g(0"1) = Tg(oi),
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and there also exists an M such that
Ig(c™j) = Ig(oi).

We may assume in this case without loss of generality that for any N > 2 satisfying
[g(oVj) = Tlg(oi), we have that jy # i;.

Indeed, if M can be chosen such that jy; = iy, then Ig(c™~1j) = IIg(i) which equals
IIg(j) by (4.5). Hence, Ilg(j) is a fixed point of Gj, o---0 Gj,, ,. If M is the smallest
such index then without loss of generality we may redefine j = (j1 ... 7y -1)* and in this
case, for any N > 2 satisfying [Ig(o"j) = Ilg(ci), we have that jy # i;.

As in Case II, choose N > 2 to be the smallest integer such that

1 N

- o

1+pt-t 1—p

Let
0= %min{’l‘[g(crei) - Hg(cri)},

g (0"j) — Mg(oi)] -
2<(<L-1,1<n<N and Ilg(c"j) # lg(oi)} > 0.

The argument to bound |IIg(i) — IT5(i)| from below is the same as in Case II It remains
to bound |Tlg(j) — I5(j)|-
The choice of § and the fact that j, # i; whenever Ilg(c"j) = Ilg(oi), implies that

G, (g(o"j)) = G, (IIg(c"j)) for n =1,..., N. Hence, using (4.11), we obtain that

. . . ) g8
Tg(§) — TsG)| = |Gy (g (o™))) — Gyy.giy (Ta(a™))) | < PNl —
The conclusion in Case III is the same as in Case II:
T+(i) — [4(j) > L PN s
g g J) =z 1+ pL—l 1 — p :

Case IV. Finally, assume that for every ¢ > 2
(o) # g (i)
and there exists an M such that
Mg (o"j) = Mg(oi).

Again, similarly to Case III, we may assume without loss of generality that for every
N > 2 with TIg(c"j) = IIg(oi), we have that jy # i;. Choose L > 2 to be the smallest
integer such that

1—p—2p">0.
Let

§ = %min {|Ng(c"1) — g(oi)

, [g(0"j) — Hg(oi)| -
2</{,n <L and Ig(c"j) # lg(oi)} > 0.

Similarly to Case III, we obtain that

1 (5) — Lg(G)| = |Gir.jn (Hg(0™5)) — Girjw (Hg(a™i) | < p
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On the other hand, similarly to Case I,
}H (i) — H~(ai)’ < pL_lg.—é8
g g —_ 1 _ p )
and so
5(i) — H5(5) > e6® — p - [lg(oi) — 5(oh)| — [Tg(j) — I5(j)]

58
> 0.

> (1—p—2p" )1
O

Proof of Fact J.5. Recall, 8* = aG + (1 — )G, where G,G € OF (X) are as in Fact 4.4.
The definition (4.7) of G; implies that G4 (x)-(G;)'(z) > 0 for allx E X andi € {1,...,m}.
Hence, §* € ©F (X) for every a € [0,1].

I ) i
i i i 1S 12
— e : o .10
1) — il LI0 — th
ilk ® : R : v i i L R : v : .
Mg (i) = g (j) 3 Mg (i) Mz()

FIGURE 1. Finding the common fixed point = at o*.

We denote the interval spanned by the attractor A® of S by I* and the natural

projection by ITI*. Moreover, for a u € ¥* and « € [0, 1] we write
Iy = So(1%).

The left and right endpoint of I¢ is denoted by I$>~ and I$F, respectively. Without loss
of generality we may assume that I15(i) < I15(j). Hence, we can choose k so large that
(4.13) It < I,
see Figure 1. Since Ilg(i) = Ig(j), we have that [1“; < [l‘k (otherwise I, N I, = 0).
First assume that

L— _ 71+
(4.14) I
Then we can choose w, T € ¥* such that w|k = i|k and 7|k = j|k satisfying
(4.15) I,}’—’— < Iul)’_ and Wiw| #+ Tiz|-
On the other hand, (4.13) implies that I2F < I®~. Combining this with (4.15) yields
that

(4.16) i(0) < j(0) and i(1) > j(1),
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where i(a) := [I*(w™) € IS and j(«a) := [I*(7%°) € I¢ denotes the fixed point of S¢ and
S¢, respectively.

It follows from the definition of S that for every u € ¥ the function a +— II%(u) is
continuous. In particular, for w™ and 7 this and (4.16) implies that there is an o* € [0, 1]
such that

T =11 (w™) = i(a*) = j(a*) = TI* (1™).
Thus, 7 is a common fixed point of S and S&". Moreover, with the last part of (4.15),
we showed that S* € U provided (4.14) holds (recall (4.3)).
If [i1|}: = [jl‘;;, then either there exists £ < k such that (4.14) holds with I;t < IJ.1|’[ or

Y4 ~
for every ¢ < k we have Ii1|’£+ = IJ.1|’[. In particular, IZ-11’+ = I;f_' In this case we choose G
from Fact 4.4 so that IIz(i) > II5(j) and the same argument applies. O

Proof of Fact 4.6. By assumption S € U, i.e. there exist w = (wy,...,wy) and 7 =
(T1,...,7) € X" with wy # 71, wy # 7 and T € X such that

T = S,(7) = Sy (7).
Forpe{2,...,k} and g € {2,...,(} let
Yp 1= Sup.w () and z, := Sp ., (7).
Using the function

L(z) =[] (x =" ] (x = 2)",

p=2 q=2

we define the IFS S = {gl, ey St to be

Then  is still a common fixed point:
(4.17) 7= 5,(7) = 5:(3).

Since L(y,) = 0 = L(z,) for every p € {2,...,k} and ¢ € {2,...,/}, a simple induction
shows that

(4.18) Supion (@) =yp and S, _.,(F) = z,.
As for the derivatives

3V () — Si(x) + el (z)(x — 2)? + 2eL(x)(z — ), ifi# wy;
e = e T il

Similarly, L'(y,) = 0 = L'(z,) for all p and ¢ implies that for all i € {1,...,m}
(419) (gz),(t) = Sz/(t) ifte {yQa oy Yk 22y 000 Zf} ’
furthermore, L(Z) # 0 implies that

~ SI(7), it 1 # wg;
(4.20) () (@) = { sEEaf; e L(@), ifz’iw:
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Hence, it follows from (4.18), (4.19) and (4.20) that
(50) (@) = S,@) +¢- L@ - S,- () and (S,)'(@) = S, (@).

Choosing ¢ small enough, dist (S , g) can be made arbitrarily small (in the metric defined
in (2.2)) and at the same time log |§;(5)|/log|§;(5)| ¢ Q. This together with (4.17)
shows that S € R. O

Proof of Fact 4.7. First, let us recall the definition of ®(z,r) from (1.2). Let us generalise
it as follows: for N > 1, let

Dy (z,7) = { S : diam(S;(A)) < 7 < diam(S;-~(A)), Si(A) N B(z,r) # 0, 7€ X},

where 777 is the prefix of 7 by removing the last N symbols. Recall from (1.1) that the

WSP holds if sup,cp ,~o®(2,7) < 00, and thus, WSP implies that for every N > 1,
SUP,ep o0 P (2, 7) < 00, Indeed, if f|y € ®n(z, R) then for every finite word 7 € ¥* for
which S|y = f|a, there exists a prefix 7 of 7 such that

diam(S;(A)) < diam(S3(A)) < r < diam(S;-(A)) < diam(S;-~(A)).
Moreover, S;(A) N B(x,r) # 0 clearly implies that S;(A) N B(x,r) # 0. Thus, S3s €

®(x,7). Hence, for every g|p € ®(x, ) there exist at most 1 +m+ - --+m" ~l-many maps
fla € ®n(x,r) such that f o Sp|a = g|a for some h with |h| < K, and so, @y (z,7) <
(mY —1)/(m — 1)®(x,r) for every x € A and r > 0.

Now, let § € R (introduced in (4.4)), i.e. there exist T € X, w,7 € ¥* for which 7 =
Sw(T) = Sy(7) and log |S,(Z)|/log |SL(z)| ¢ Q. Observe that € A, since = [[(w™).
We claim that &y (7, R) can be made arbitrarily large for an appropriately chosen R,
where N = max{|w|, |7|}, implying that S € NOWSP by the discussion above.

For brevity, let us write
g1:= S, and ¢y := S, a:=|gy(7)| and b:= |gy(T)]|.

Since loga/logb ¢ Q, Dirichlet’s approximation theorem implies that there are infinitely
many j € N for which we can find ¢ € N such that

1 ' 1
0< |28 Lo
logb j| j°
After rearranging
W A , .
(4.21) b < 7 < b7 and of £V
Let us fix such an 4, j pair. For 0 < r < +/j we introduce
(4.22) hy=gio---0g0gr0---0gs.
- (lVil=r) b

Since 7 = ¢1(7) = ¢2(Z), we get that |h.(Z)| = o/ (VI=7)p"" Hence, (4.21) implies that
for every 0 <17y <19 < +/j

|h (2)] <aj)”_” e S
RSl e (pr=rli p=(ra=ra)/iY (bw;,b w;)'
|7, (7] b
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By the Bounded Distortion Property there is a constant C' > 0 independent on j such
that for all 0 < 7y < ry < +/7:

diam(h,, (A)) YN IR, 1 .

S ) PV, CHIVTY € (5,20 ) for large .

diam (h,, (A)) (o1, < \gg2¢) for large J
Let K := (1(1);%14/(,;)1 We can construct K open intervals {(wy, ) }o_, such that

K
1
(%,26) CH(wk,zk) and z, < 7w, k=1,..., K,

where 7 was defined in Claim 4.9. Then there exists an ¢ < K such that for
diam(h,, (A))
diam(h,, () (we, ) .

we have #7Z > (L@H)/K. That is if j is large enough then

(4.23) 7= {(Tl,TQ) 0<r;<ry < \/3,

J
(4.24) #I > o

Now we partition the pairs contained in Z according to their second components. That
is for every r € {0, ..., V5] }, we introduce the disjoint sets

L. :={ry: (r,r) €Z}.

By definition Z, C {0,..., [V/j]}. So, by (4.24) we can fix an r, € {1,...,[\/j]} such
that

Vi
4.2 1. > —.
( 5) # Tx - 4K
We choose an 7 € Z,., such that
diam(h#(A)) = max {diam(h, (A)) : m € Z,,} = 1.

Observe that for every r; € Z,., we have

1
(4.26) —-n < diam(h,, (A)) < n = diam(hz(A)).
T
Indeed, let m € Z,, be arbitrary. Then (rq,7.) € Z. By the definition (4.23) of Z we have
diam(h, (A)) diam(h#(A))
— d also ————=% :
diam(hy_ (1) © (Weze) andalso or ) € (we )
Using this and (4.26) we get
1 i A
(4.27) - < We < M <1, Vr €L,.
Tz n

We introduce h,- for an r € {0, ..., /7] } as follows: if r > 1 then

h,- = 10" 0g10g20"0gs.

(V7 -1) i1
If r=0then h.- :=gy0---0g; (cf. (4.22)). Then (4.27) and Claim 4.9 imply that
——

J-Vil-1
(4.28) diam(h,, (A)) <n and diam(h,—(A)) >n, Vri€T,.
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By the definition of the mapping h,., we get that for all 0 < r; < /j
(4.29) T =h. (T) € hy (N).
The combination of (4.28) and (4.29) yields that
(4.30) Z., Cdn(Z,7).
Since j can be arbitrarily large, (4.25) and (4.30) together imply that the WSP does not
hold. O

5. TRANSVERSAL FAMILIES, PROOF OF THEOREM 2.12

Let {S2: )\ € B} be a transversal family of self-conformal IFSs, recall Definition 2.11.
We defined the sets 8§P, WSP and €O as those A\ € B for which S2 satisfies the SSP, the

WSP or has an exact overlap. Let us also introduce
08¢ = {A € B : 8 satisfies the OSC}.

We prove the assertions of Theorem 2.12 in separate propositions.

Proposition 5.1. Let B C R? be a non-degenerate ball and let {S* : X\ € B} be a
transversal family of self-conformal IFSs on the line. Then

€O is a set of first category and L4(EQ) = 0.

Proof. We can write €O as the countable union

8(9 — U Bi,ju

7,JEX*

1751
where B;; = {A € B : S = S%} Hence, it is enough to show that each B;; is a set of
first category and L4(B;;) = 0. We set

i: =71 and j :=71.
Using that ITy(i) = S2(I1y(1)) and ITy(j) = S2(I5(1)) we get that
Bi; C Big:={A € B : I(i) — I1(j) = 0}.

We claim that

(5.1) éi,j is a set of first category and Ed(éw) =0,

which implies the assertion of the proposition.
To show (5.1), we fix a A € B;; Nint(B) if B;; # 0 and denote f: R — R

FA) = A (i) = T ())-
Since f()') = 0 and {S* : A € B} is a transversal family, the transversality condition
(2.4) implies that one of the coordinates of V, f()\') is positive in absolute value. Without
loss of generality we may assume that this is the last coordinate:

af

md(A’) > (¢ >0.
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By assumption, A — II,(i) is continuously differentiable, recall (2.3), so there is a neigh-
borhood M of ) such that

of
By

Let proj be the projection to the first d — 1 coordinates:
pI‘Oj()\l, cey )\d) = ()\1, Cey )\dfl).

(5.2)

(A)‘ >0 for A € M.

We write
B* :=proj(B), M :=proj()), and X" := proj(\).
The Implicit Function Theorem implies that there exists an open neighborhood N C

int(B*) of A" and there exists a unique continuously differentiable function g : N — R
such that g()\'™) = X, and for all \* € N we have

Then it follows from (5.2) that
Biz N M = {(X", g(A")) : A" € N}

From the fact that ¢ is continuously differentiable we obtain that the set on the right
hand-side is a set of first category and has zero d-dimensional Lebesgue measure. Then
using a usual compactness argument we obtain the same for éw. This completes the
proof of (5.1). O

In light of Fact 3.1, to prove the claims in Theorem 2.12 for (B \ 88P) N W8P it is
enough to show the same for (B \ 88P) N OSC.

Proposition 5.2. Let B C R? be a non-degenerate closed ball and let {S*: X\ € B} be a
transversal family of self-conformal IFSs on the line. Then

(B\ 88P) N OSC is a set of first category.
The proof of Proposition 5.2 relies on the following auxiliary lemma.

Lemma 5.3. Let F := {f1, fo, fs} € ©} ,([0,1]). Assume further that
(1) f1(0) = f2(0) =0,
(2) f1(0) = f3(0) = a, and
(3) f3(1) = 1.

Then F does not satisfy the OSC.

Proof. The proof goes by contraposition. Assume that there exists an open bounded set
U such that for every i # j € {1,2,3}

[(U) CU and f(U) N f;(U) =0,

Let I be an open interval in U and denote J := f35(I) = (ag,bp). Moreover, let {1,2}*
denote all finite length words with entries either 1 or 2.
Writing a; := fi(ap) and b; := fz(bo) for 7 € {1,2}*, we have that

(5.3) Cyla"ag < az < Coaag and Cyla"by < by < Coaby,
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where [7| = n and Cj is the constant from the bounded distortion property (3.1). Indeed,
using that f;(0) = 0, the mean value theorem, the bounded distortion property and (2)
implies that
ar = filao) = fi(§)ao < Cof;(0)ag = Coa"ap.
The argument for the other direction and b; is exactly the same.
Hence, (5.3) implies that for every 7 € {1,2}*

_9 Qo az 2 Ao
5.4 0<C?2<2<c?2
( ) < 0 bO_bz__ 0b0<oo

Moreover, for every i = 1,2

filaz) _ filfilao)) — fi(f:(0))

az az
since fz(ap) — 0. The same limit holds for f;(b;)/bs.
We also claim that for every 7 # 7 € {1,2}*
[0 f5(J) = 0.
Indeed, there is a unique w and 7 with w; # 7 for which 23 = (7 A J)w and 73 = (7 A J)7,
moreover, f,, (U)N f-(U) =0. Then

(DN FT) = fing(FuD) 0 f2(1) € farg (fur (U) N £, (V) = 0.

Therefore, (a;, by;) N (a9, by;) = 0 and we may assume without loss of generality that

— f!

7

(5.5) (0) =« as [1] — oo,

b1z < ag; for infinitely many 7 € {1,2}*.
Case 1. Of these 7, choose a sequence such that a;/b; — z # 1. Then

bgg—agg_%iﬁ)—%?)'% a—oz
by — an %ﬁ*ﬁ_%jﬂ.% a— oz ’
where we used (5.4) and (5.5). Similarly,
b1z — ar; a—az_l
by —a; o —az )

Thus, ay; < by; for |7] sufficiently large, contradicting that by; < ag;.
Case II. Now assume a;/b; — 1 as |7 — oo. Then a combination of the bounded
distortion property, the mean value theorem, and (5.3) yields
Cla™(by — ag) < f1(€)(bo — ag) = by — az = @(1 - %) < Coa"bo<1 - %)
As aresult 1 — a;/b; > Cy by " (bg — ag) > 0, which contradicts a;/b; — 1. O

Proof of Proposition 5.2. It is enough to prove that the compliment of OSC is a dense Gy
set. We first argue that it is dense, i.e. for every A\, ¢ 88P and € > 0

(5.6) there exits A* € B(),¢) such that \* ¢ OS8C.

Choose )\, ¢ 88P, i.e. there exist i,j € ¥ with i1 # j; such that II, (i) = II, (j).
We may assume that )\, € intB because the boundary of B is a first category set with
zero d-dimensional Lebesgue measure. The transversality condition (2.4) implies that
‘%(Hi(i) — HA(j))|A=AO‘ > 0 for some coordinate \.. Along this direction there exists
parameter w € intB arbitrarily close to A, such that I, (i) # II,(j). An analogous
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argument to the one in the proof of Fact 4.5 implies that for every ¢ > 0 there exist
o € X, A" € B(\y,¢) and n,m > 1, for which

*

Si(x0) = w0 = Sy, (o).
Case I. If .
log ‘ (Sﬁn)l(xo)‘ ‘Q
log [(55,,) (x0)|
then Fact 4.7 implies that A* ¢ W8P, in particular, \* ¢ OSC.
Case II. If

log |(57,) (@0)|  p
log ’ (Sﬁ;),(xo)’ q €Q

then consider the IFS
f1 = S f2 = Sz and S,
where f3 is any other map with fixpoint other than x, that is the composition of maps
from S»". Then Lemma 5.3 implies that {fi, f2, f3} does not satisfy the OSC, hence,
A" ¢ O8C. This proves (5.6).
Now we show that B\ O8C can be expressed as the countable intersection of open sets.

Let s9(A) denote the conformal dimension of S2. Recall the equivalent characterizations
of OSC from (3.2), in particular

B\0SC={AeB: H*V(AY)=0}=) {A € intB: HOWY(A) < %} .
k>0 ~~ -
=:Ji

Using the definition of Hausdorff measure, .J is equal to the countable intersection

A l Aso(d) l
A< LS < k}

i

ﬂ {A € intB: 3 {A%} such that A* C UA%,

n>0

Since each of the sets in the intersection is open, the assertion follows. O

Proposition 5.4. Let B C RY be a non-degenerate closed ball and let {S*},ep be a
transversal family of self-similar IFSs on the line, then L4((B\ 88P) N O8E) = 0.

Proof. For d = 1, the statement was proved in |16, Theorem 2.1], for higher dimensions

only an outline of the proof was given, see [16, Theorem 7.1|. For the convenience of the
reader, we include a detailed argument in Appendix A. O
Proof of Theorem 2.12. Follows directly from Propositions 5.1, 5.2 and 5.4. U

APPENDIX A. DETAILED PROOF OF PROPOSITION 5.4

In the self-similar case, we use another equivalent characterization of the OSC due to
Bandt and Graf [1]. It asserts that a self-similar IF'S does not satisfy the OSC if and only
if

Ve>0,31#£7€%: ||S:10S—1d| <e.
One can easily get that for an arbitrary z,zy € R we have

A oS = (1) () ¢ 2L

7 7
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Let B C R? be a non-degenerate ball and let
A A m

=1’

where r;(A) € (—1,1) \ {0},
be a transversal family of self-similar IF'Ss on the line as in Definition 2.9. In particular,
0<B<|r(A)<p<lforall A€ Bandie€ [m]:={l,...,m}. For an ¢ > 0, we write
V, = {A € B : there exists 7 # 7 € X" such that
77(A)
r5(4)

where 1 := (1,1,...). Then (A.1) with the choice zy = IIy(1) immediately implies that
for every A € B:

€ (e %,e) and |I(71) —II,(71)| < e - 7’7@)},

AZOSE <= A€ (Vi
n>0

Hence, to prove the proposition it is enough to show that for every € > 0 the set B\
(88P U V.) has no density point. We already argued in (5.6) that for every A\, ¢ 88P and
0 > 0 there exits \; € B()\j,9) such that A\, ¢ OSC. In particular, V. is dense in B\ S8P.
However, we need a more quantitative dependence between the parameters, see (A.9).

We start with a technical lemma. For a A\; € B and a k > 1 we define the corresponding
Moran class:

Mi(de) = {7 € T [ra(Qo)] < 0" < |- ()1},

where ;- (o) 1= 74, (Ag) i, _, (Ag). The proof of the following Lemma is the combina-
tion of the proofs of |16, Lemma 3.2 and Lemma 3.3].

Lemma A.1. For every e > 0 and Ay, € B we can find an N = N(e, ;) such that for
every k > 1 and 7,7 € My(),) there exists u,v € X* such that

(a): 7 is a prefix of u and |u| — 7| < N

(b): 7 is a prefix of v and |v| — |7 < N

satisfying

ru(A) —£/3 ¢/3

TV(AO)G(e , € )
Moreover, assume that A € B satisfies

ep

A= N € —"F——

13— 2ol < 377
where L := max ||Vr;(A)||. Then we have

i€[m],AeEB
Ta(A) _ () _

A2 e/3 &/3 d € &£
(A.2) TU(AO)E(e ,e/?) an TV(A)E(e ,€°)

Let us introduce some notation,

T:= max t;(}), T:= max [V,
i€[m],AeB i€[m],AeB
and

fii(Q) =T () — T (),
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where in the self-similar case IT)(i) = > ", 74, 4, ,ti,. Hence, for all i,j € X,
2T |7ip5(N)| 2T 2TL
. i < — = (Ch.

(a8 il < T [V W] < T s = G
Moreover, there exists a K > 0 such that

Ofij Ofi;
(A1) By = P < K - Al AL A € B )

O\ O\

24

Proof of Proposition 5.4. Let A, € (B \ 88P) N (intB). Hence, we can choose i,j € ¥

with
it # 71 and  fij(Qg) = 0.
Let
P
2K m’

where K was defined in (A.4). Choose k large enough satisfying
AT, - min{J, dist(\g, 0B)}
11—, 4y/m '

Then we choose n and p such that

(A.5)

(A.6) i|n,jlp € M.

Now we fix an € > 0 and apply Lemma A.1 for 7 :=i|, and 7 := j|,. Then Lemma A.1

defines us u,v € ¥* and a constant NV independent of i, j such that

ul =il and v[, = j|p,
lul <n+ N and v <p+ N,

ru(Xo)] —e/3 _¢/3
——= € (e 77 e7).
[7(A0)|

For brevity, let f(A) := fu1,.,1(A). The choice of u and v implies that

T <Ao>|<|fu11<xo>|+|fu<xo>\+\fm<Ao>\<4—Tpp <¢,

where the last inequality holds by (A.5).Then by the transversality condition (2.4) there

exists an ¢ € [m] such that g—/{l@o) > \/—% Using that
S| 2 Kla- 2l + 5L 0,
we obtain that
(A7) 3¢ € [m] such that ||A —X|| <6 = ‘ﬁ(g)‘ > L
O\ 2y/m
So, if we choose k so large that
T

(A.8) [f ()] <

1=, S 1/m’
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then combining (A.7) and (A.8), we get that there is \; such that

(A9)  fQ)=0and [y — A < — LGl STYm 0
i ng()\)’ ¢-(1—-p) 2
IA=Agll<o 197

By the definition of k we also see that \; € (intB). We write

8Tv/m
= Fr,:=B()\),2- .
Mk C(1— p)/) ; k (2052 7e)

Recall that we defined Cy in (A.3). Let

B BNt

é T ék,z—: - 202 .

We claim that B (), &) C V. with u # v € £, ie. for every A € B (A, &)

() _
A.10 = €. e
A1) ny <)
and
(A~11) |fy17yl(A)| <E- Ty

First of all, we choose € small enough such that &, . < n; for every k. Note that by this
and (A.9) we have B (), &) C Fi. Moreover, if we choose k so large that
ep
< S —
=30k + N)
then Lemma A.1 implies (A.10) for all A € Fy, D B (A1, &ke)-
To show (A.11), we fix an arbitrary A € B (), ). First we observe that

(A.13) BT < Qo) < 2ru().

Indeed, the left hand-side in (A.13) holds since i|,, € M, and |u| —n < N. The right
hand-side of (A.13) follows from the fact that we choose € > 0 so small that /% < 2 and
(A.12) implies that & . < n, < e6/(3L(k+ N)), so (A.2) holds, which implies the right
hand-side of (A.13). By (A.13), to show (A.11), we only need to prove that

(A.12)

(A.14) Fuaaa Q)] < 5808 for A€ B (4,6

To see this, recall the definition of Cy which was given in (A.3). By the mean-value
inequality we get

E
|furo1(A)| = [furw1(X) = fur w1 (X)) S Cof|lA = A < §5N+lpk-

That is (A.14) holds and so (A.11) holds. Thus, we showed that B (A, &) C V-.
To conclude, observe that

Ge BV p)
20 16T/mCsy
This and B (A1, &) C V. implies that for every k large enough we have:
L4((B\ (88PUV.))" N B(Ag, mk))
La (B(Ag: k)

> const - ™,
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in other words B\ (88P U V.) has no Lebesgue density point. This concludes the proof
of Proposition 5.4.
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