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We consider the zero-energy deformations of periodic origami sheets
with generic crease patterns. Using a mapping from the linear fold-
ing motions of such sheets to force-bearing modes in conjunction
with the Maxwell-Calladine index theorem we derive a relation be-
tween the number of linear folding motions and the number of rigid
body modes that depends only on the average coordination number
of the origami’s vertices. This supports the recent result by Tachi
which shows periodic origami sheets with triangular faces exhibit
two-dimensional spaces of rigidly foldable cylindrical configurations.
We also find, through analytical calculation and numerical simula-
tion, branching of this configuration space from the flat state due
to geometric compatibility constraints that prohibit finite Gaussian
curvature. The same counting argument leads to pairing of spatially
varying modes at opposite wavenumber in triangulated origami, pre-
venting topological polarization but permitting a family of zero en-
ergy deformations in the bulk that may be used to reconfigure the
origami sheet.
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1. Introduction1

Origami-inspired materials are thin sheets whose two-2

dimensional crease patterns control their three-dimensional3

mechanical response, now manufacturable at the macroscopic4

scale using shape-memory alloys (1, 2) and the microscopic5

scale using graphene bilayers (3) or polymer films (4–6).6

Origami principles are used to engineer deployable solar7

cells (7), stent grafts (8), flexible electronics (9, 10), impact8

mitigation devices (11), and tunable antennas (12) as well as9

characterize patterns in biological systems (13). Yet deter-10

mining whether a crease pattern can be rigidly folded into a11

particular shape is an NP-hard problem (14) due to nonlinear12

geometric constraints (15) that can lead to disjoint (16) or13

branched (17–20) configuration spaces with multiple energetic14

minima (21, 22).15

Periodic origami sheets yield uniform mechanical properties16

such as negative Poisson ratios (23–27) and high stiffness-to-17

weight ratios (28), making them apt for the design of mechani-18

cal metamaterials. However, the study of origami tessellations19

has typically focused on crease patterns with inherent symme-20

tries, such as the parallelogram faces of the Miura-ori (23, 24),21

which both simplify their analysis and generate rigid fold-22

ing motions (29–31) that would cost energy in the absence23

of these symmetries (32). One might naively expect such24

symmetries are required as triangulations of all convex poly-25

hedra are rigid (33). However, Tachi recently found origami26

sheets composed of repeating unit cells with triangular but27

otherwise generic faces rigidly fold between cylindrical con-28

figurations, indicating that crease topology (the number of29

edges and vertices) may play as important a role as crease30

geometry (the angles between these edges) in determining 31

origami kinematics (34). 32

In the present work, we similarly consider generic trian- 33

gulations, which inform the general case in three vital ways. 34

First, the rigidly foldable configurations of any origami sheet 35

can be derived as a subset of its triangulation’s configurations. 36

Second, the low-energy deformations of origami sheets are 37

often well-approximated by the rigid configurations of their 38

triangulations (35, 36). Finally, the triangulations are at the 39

“Maxwell point”: they have an equal number of constraints 40

and degrees of freedom (37, 38), which we emphasize by calling 41

them Maxwell origami. Mechanical systems at the Maxwell 42

point generically possess large numbers of both zero energy 43

modes and force-bearing modes (39, 40) which can be local- 44

ized to the boundary via topological polarization (37, 38, 41), 45

provide directional response in the bulk (42, 43), and tuned 46

by reconfigurations of the network (44). However, origami 47

sheets possess a geometrical duality between these two classes 48

of modes (33, 45, 46) that, as we show, both permits the rigid 49

foldability (34) and modifies its topological class, prohibiting 50

the topological polarization (47) of Maxwell origami which 51

limits the ability to engineer directional response. 52

The remainder of the paper is organized as follows. First, 53

we review the work of Tachi to show Maxwell origami gener- 54

ically approximates a cylindrical sheet with two degrees of 55

freedom (34). Next, we construct an index theorem that 56

pairs folding motions with continuous symmetries in Maxwell 57
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origami. We then show the restriction to cylindrical configura-58

tions leads to distinct branches of nonlinearly foldable origami59

configurations that we confirm through numerical simulation.60

Finally, we extend our index theorem to accommodate spa-61

tially varying modes to explain the observed lack of topological62

polarization in Maxwell origami (47), and report lines of bulk63

modes with real wavenumber.64

(a) (b)

(c)

Fig. 1. (a) An origami unit cell with vertices labeled by Roman indices, sector angles
labeled by α(i,j,k), and fold angles labeled by ρ(i,k). (b) A generic, periodic origami
sheet with cylindrical symmetries that follow from vertex compatibility with the unit cell
highlighted in yellow. The screw periodicity of these sheets implies an orthonormal
frame rotates between cells by the cell rotation matrices S1(2). (c) The zero modes
of an origami sheet can be specified either by the vertex displacements, ui, on every
vertex i or the changes in folding angles, φ(i,j) on every edge (i, j). The vertex
displacements due to a folding motion accumulate allowing for non-zero curvature.

2. Cylindrical symmetries as a consequence of peri-65

odic origami angles66

Origami sheets are parameterized by fixed patterns of straight67

creases along which they can be folded rigidly, in the sense that68

no face bends or stretches. This rigidity constraint determines69

what folded configurations are compatible with the underlying70

crease pattern. Here, we introduce our notation and describe71

the most general origami structures with periodic folds, as72

previously explored by Tachi (34).73

We consider origami composed of unit cells, as depicted74

in Fig. 1a, with sector angles α(i,j,k) subtended by vertex-75

sharing edges r(i,j) and r(i,k), and fold angles ρ(i,j), given76

by the supplement of the respective dihedral angles, between77

pairs of adjacent faces (defined such that ρ(i,j) = 0 in a78

flat sheet), are identical in every cell, which are themselves79

indexed by n = (n1, n2). We do not require that the origami80

be developable, so that the sector angles need not sum to 2π81

around a vertex.82

A necessary and sufficient condition for a set of fold angles83

to comprise a valid rigid fold about a vertex is for the successive84

rotations induced by traveling about the vertex to yield the85

identity rotation. This leads to the vertex condition derived86

in SI Appendix 1 (15)87

Fi =
∏
(i,j)

Rz(α(i,j,k))Rx(ρ(i,j)) = I, [1]88

where j, k takes on the successive indices of vertices connected89

to vertex i in counter-clockwise order and Rx,Rz are matrices90

representing rotations about the x- and z-axes. For a simply91

connected sheet (as opposed to kirigami sheets with holes), 92

this condition imposed at each vertex is sufficient to ensure 93

rigid folding of the entire sheet. 94

Furthermore, the periodicity of sector angles between cells 95

ensures that periodic fold angles can satisfy this condition in 96

every cell. However, such periodic angles do not ensure that 97

adjacent cells will have the identical orientations of normal 98

crystalline structures. Instead, lattice rotation matrices 99

S1(2) ≡
∏
1(2)

R(ρ(i,j), r̂(i,j)), [2]

will relate the orientations between two faces in adjacent cells, 100

where the products are taken over edges on paths between the 101

two faces. This also means that the lattice vectors obtained by 102

summing along edges, l1(2) ≡
∑

1(2) r(i,j) can only be defined 103

in the first cell, and undergo rotations given by the lattice 104

rotation matrices in other cells. Hence, in contrast with a 105

conventional crystal whose cells are translations of one another 106

along lattice vectors, the origami sheet is screw-periodic: cells 107

are related by screw motions consisting of translations and 108

rotations (see Fig. 1b). 109

Any valid configuration, satisfying Eqn. 1, must define 110

unique relative orientations and positions of cells regardless 111

of the path between them. Considering a loop between cells, 112

such as the four colored cells in Fig. 1b, leads to the inter-cell 113

position and compatibility conditions, 114

S1S2 = S2S1, [3]
l1 + S1l2 = l2 + S2l1. [4]

These conditions imply there is a unique rotation axis (except 115

for flat sheets, and a few pathological cases that we will not 116

consider), denoted by ŝ, and a unique radius of curvature so 117

that the sheet generically approximates a cylinder as shown 118

in Fig 1b (see SI Appendix 2 for a characterization of this 119

cylinder) (34). The familiar case of spatially periodic origami 120

then emerges as the special limit in which the lattice rotations, 121

S1,2, become identity matrices while arbitrary configurations 122

with non-zero Gaussian curvature cannot be rigidly folded 123

from periodic angles. Given the position of each vertex in the 124

origin cell, denoted by ri, we can compute the position of an 125

arbitrary vertex by summation of all edge vectors traveled 126

along to reach it 127

ri(n) =
n1−1∑
n′=0

Sn
′

1 l1 + Sn2
1

n1−1∑
n′=0

Sn
′

2 l2 + Sn1
1 Sn2

2 ri, [5] 128

where the order of summation can be interchanged by ori- 129

entation and position compatibility, Eqns. 3 and 4 (see SI 130

Appendix 3 for an evaluation of the summations over lattice 131

rotations). 132

Those compatibility conditions allow a prediction for the 133

dimension of the space of cylindrical configurations of a trian- 134

gulated origami. Consider a potential configuration specified 135

by the positions of each vertex, the two lattice vectors, and the 136

two lattice rotation matrices. A rigidly folded configuration 137

of the triangulation must preserve the length of each edge 138

and satisfy position and orientation compatibility. Euler’s 139

polyhedron formula states that the numbers of faces, edges 140

and vertices must satisfy Nv −Ne +Nf = χ, where the Euler 141
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characteristic χ vanishes for a doubly periodic surface. Ev-142

ery face in a triangulation has three edges, each shared with143

exactly one face so that Ne = (3/2)Nf , thereby implying144

Ne = 3Nv. In this way, each three-dimensional vertex position145

is accounted for via three edge constraints. Additionally, there146

are twelve numbers that specify the lattice vectors and lattice147

rotation matrices. The compatibility conditions supply four148

constraints: that the direction of the axis of the second rota-149

tion is shared by that of the first, and that two components150

of the position vectors in Eq. 4 are equal (the third direction,151

along the shared axis, is guaranteed to be equal). This leaves152

an eight-dimensional space of configurations of the sheet, six153

of which are simply rigid rotations and translations, leaving a154

two-dimensional space of rigidly foldable deformations. This155

was observed by Tachi (34), who advanced a similar counting156

argument. We will see these deformations emerge explicitly157

by considering higher-order rigidity conditions, which also158

reveal subtle branching behavior around the flat state. Helical,159

cylindrical tubes have the two additional constraints that the160

ratios of lattice rotation angles, 2πθ1/θ2, and on-axis compo-161

nents of the lattice vectors lŝ1/lŝ2 are rational to ensure closure,162

which generically renders the tubes rigid. Allowing the tube to163

close without vertices connecting relieves the second of these164

conditions and permits motion by slip with a single degree of165

freedom (48).166

3. Linear folding motions from global symmetries via167

vertex duality168

A. Relationship between folding angles and vertex displace-169

ments. The cylindrical symmetries of origami correspond to170

rigid body modes which are paired with force-bearing modes171

at the Maxwell point (49, 50). These force-bearing modes,172

however, are identical to infinitesimal changes in the fold173

angles, φij , which satisfy the vertex condition, Eqn. 1, to first-174

order (33, 45, 46). Here, we combine this mechanical duality175

with the mechanical criticality of Maxwell origami to show176

rigid body modes generate linear folding motions independent177

of the sector angles.178

Consider infinitesimal changes (zero modes) φ(i,j) to the179

fold angles ρ(i,j). The linearization of Eqn. 1, as shown in (51)180

and recapitulated in SI Appendix 4, is181 ∑
(i,j)

φ(i,j)(n)r̂(i,j)(n) = 0, [6]182

where the edges rotate r̂(i,j)(n) = Sn1
1 Sn2

2 r̂(i,j) between cells183

by Eqn. 5. The infinitesimal rotation of a face (i, j, k) may be184

described by an “angular velocity” vector ω(i,j,k) such that185

any vector v on the face, including edge vectors, undergoes a186

rotation v→ v + ω(i,j,k) × v as shown in Fig. 1c. Two faces187

sharing an edge must then induce the same rotation upon it,188

leading to a relation between adjacent angular velocities and189

the folding angle of the edge between them:190

ω(i,j,l) − ω(i,j,k) = φ(i,j)r̂(i,j) [7]191

These then accumulate such that the angular velocity of one192

face relative to a fixed face is193

ω(i,j,k)(n) =
∑

(i′,j′)

φ(i′,j′)(n′)r̂(i′,j′)(n′), [8]194

where the sum is over all edges crossed on a path between the 195

faces. Similarly, the displacement of a vertex on a distant face 196

is given by the sum of all vertex displacements along the path 197

from a fixed vertex, which are in turn determined by rotating 198

the bond vectors via their respective angular velocities: 199

uk(n) =
∑

(i′,j′)

ω(i′,j′,k′)(n′)× r(i′,j′)(n′). [9] 200

This summation is explicitly evaluated for both the spatially 201

periodic and screw periodic cases in SI Appendix 7. 202

Having described how vertex positions may be generated via 203

arbitrary folding motions, we may complete the identification 204

by a map from the vertex positions of an isometry back to the 205

folding motions. The procedure is to take two edge vectors 206

along a face, r(i,j), r(k,j) and the normal vector N(i,j,k) = 207

r(i,j)×r(k,j) and to consider the changes implied by the vertex 208

displacements to the two vectors u(i,j),u(k,j) and to the normal 209

vector δN(i,j,k) = r(i,j)×u(k,j) + u(i,j)× r(k,j) This yields the 210

matrix equation 211

ω×(i,j,k)

(
r(i,j) r(k,j) N(i,j,k)

)
=
(
u(i,j) u(k,j) δN(i,j,k)

)
[10] 212

which may be inverted to obtain ω×(i,j,k), the cross-product 213

matrix whose elements give the angular velocity of the face. 214

From these angular velocities Eqn. 7 may be used to obtain 215

the changes to the folding angles. 216

B. Duality between folding motions and tensions. The linear 217

folding constraint, Eqn. 6, takes the familiar form of tensions 218

t(i,j) along edges r̂(i,j) that yield no net force called states of 219

self stress (33, 45, 46). This hidden symmetry between static 220

and kinematic modes has particular significance for periodic 221

sheets, for which it implies symmetrically distributed edge 222

modes, as we discuss later. The concatenation of Eqn. 6 at each 223

vertex within the origin cell yields the equilibrium matrix, Q, 224

that maps tensions to the net force on each vertex. Importantly, 225

the static-kinematic duality reveals that the transpose of the 226

equilibrium matrix is the compatibility matrix, C = QT , that 227

maps vertex displacements to bond extensions (50). This leads, 228

via the rank-nullity theorem of linear algebra, to the celebrated 229

Maxwell-Calladine index theorem relating the number of zero 230

energy vertex displacements, Nzm, to the number of states of 231

self stress, Nss, within the origin cell (49, 50) 232

Nzm −Nss = 3Nv −Ne. [11] 233

We are now able to combine the criticality of triangulated 234

origami, which ensures the right-hand side vanishes, with the 235

duality between states of self stress and folding modes to use 236

spatial symmetries to guarantee the existence of folding modes, 237

some of which have already been observed. Spatially periodic 238

sheets have three translational modes, implying three states of 239

self stress and three folding motions, as observed in triangula- 240

tions of the Miura-ori and eggbox crease patterns (23–27). In 241

contrast, cylindrical sheets have only two rigid-body modes: 242

translations along and rotations about the axis, implying the 243

two linear motions that lead to the two-dimensional space 244

of configurations. In either case, fusing two triangular faces 245

together to create a quadrilateral face eliminates a degree 246

of freedom, reducing the space of rigid configurations. More 247

generally, folding motions are possible in origami above the 248
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Maxwell point due to symmetries, e.g. the Miura-ori, that249

render constraints degenerate as has been observed in spring250

networks (52).251

4. Nonlinear constraints lead to branching between252

cylindrical configurations253

In this section, we describe the full set of nonlinear rigid folds254

of the origami sheets. Spatially periodic states have three255

linear modes and we employ second-order rigidity conditions256

to identify how they extend to the nonlinear branches. As we257

show, the necessary requirement that the linear modes generate258

a cylindrical surface is sufficient for a second-order folding259

motion to exist. The surface of modes in configuration space260

(parametrized by the fold angles) is generally two-dimensional,261

with two two-dimensional branches connected at the flat state.262

In contrast, in developable sheets up to 2Nv+1 branches can263

meet at the flattened state, with every sheet investigated264

showing pairs of branches distinguished by whether a vertex265

pops upward or downward, as previously observed in origami266

sheets with one-dimensional configuration spaces (19).267

While first-order compatibility is sufficient to ensure a cylin-268

drical configuration folds into another cylindrical configuration269

(see SI Appendix 7), the lattice rotation axes spontaneously270

chosen when folding from a spatially periodic state are not271

necessarily coaxial. We can see this by noting the expansion of272

orientation compatibility, Eqn. 3, about the flat state, where273

the lattice rotations are identity matrices, is trivially satisfied274

to first-order. Instead, the leading order contribution is given275

δS1δS2 = δS2δS1, [12]276

where the δS1,2 are skew-symmetric generators of rotation277

whose components are given by the inter-cell angular velocity278 ∑
1,2 φ(i,j)r̂(i,j) computed from Eqn. 8 (see SI Appendix 7).279

From position compatibility, Eqn. 4, we have at first-order280

δS1l2 = δS2l1, implying these rotations lie in the plane of281

the origami sheet defined by l1 × l2 so that Eqn. 12 has only282

a single nonzero entry. Taking linear combinations of the283

linear folding motions, φ(i,j) =
∑

α
λαφ

α
(i,j), this becomes a284

quadratic expression in the real coefficients, λα, which will285

generically admit two distinct families of solutions, λ±α , that286

correspond to upwards or downwards folded cylinders. We287

note real solutions to Eqn. 12 do not always exist, as is the case288

for the triangulated Miura-ori, which prevents its out-of-plane289

linear motions from extending nonlinearly (23), however we290

find real solutions generically exist for our Maxwell origami291

sheets without any fine-tuning.292

That the linear folding motions yield a cylindrical configu-293

ration turns out to be a sufficient condition for the existence294

of second-order folding motions, δφ(i,j), which satisfy the ver-295

tex constraint, Eqn. 1, to second-order. This second-order296

vertex condition consists of a linear term in δφ(i,j)r̂(i,j) and297

a quadratic sum of pairwise products of φ(i,j)r̂(i,j) over each298

edge connected to a particular vertex i (see SI Appendix 5 for299

an expansion of Eqn. 1)300 ∑
(i,j)

δφ(i,j)r̂(i,j) +
∑
(i,j)

φ(i,j)

(∑
(i,k)
k<j

φ(i,k)r̂(i,k)

)
× r̂(i,j) = 0,

[13]301

where k < j denotes the interior sum is taken over successive302

indices clockwise from j up to the starting edge. The interior303

sum of the second term gives, by Eqn. 8, the angular velocity of 304

a face relative to the starting face at vertex i so that the cross 305

product gives the rotation of edge r̂(i,j) with the first edge of 306

the sum held fixed. By the first-order condition, Eqn. 6, we 307

can add any constant angular velocity, ωi, to this sum since 308

the exterior sum ωi
∑

φ(i,j) × r̂(i,j) vanishes, allowing us to 309

rewrite Eqn. 13 as 310

∑
(i,j)

δφ(i,j)r̂(i,j) +
∑
(i,j)

φ(i,j)δr̂(i,j) = 0, [14] 311

where δr̂(i,j) depends on the coefficients, λα, used to construct 312

the linear folding motion and are themselves linear in the 313

φ(i,j). This means when we concatenate Eqn. 14 at each 314

vertex, the first term is the action of the equilibrium matrix 315

on the second-order folding motions, Qδφ, while the second 316

term is the action of the change in the equilibrium matrix due 317

to a linear folding motion on the linear folding motions, δQφ, 318

where we use bold to denote the vector of fold angle changes 319

φ = (. . . , φ(i,j), . . .). 320

Since we have already restricted our linear folding motions 321

to those which yield cylindrical configurations, the compat- 322

ibility matrix of the linearly deformed state, C′ = C + δC, 323

must admit zero modes, u′, corresponding to translations and 324

rotations about the uniquely defined axis. These are paired 325

with states of self stress, t′, that lie in the nullspace of the 326

new equilibrium matrix, Q′ = Q + δQ, via mechanical crit- 327

icality which, by the mechanical duality, are isomorphic to 328

linear folding motions φ′. Such new linear folding motions can 329

generically be written as a combination of the linear folding 330

motions in the original configuration, φ, along with a correc- 331

tion, δφ, that satisfies Eqn. 14 after dropping the higher-order 332

term δQδφ. Hence, the existence of the second-order folding 333

motions of Eqn. 14 is guaranteed so long as the first-order mo- 334

tions generate a cylindrical surface. As shown explicitly in SI 335

Appendix 6, this result can also be derived via the mechanical 336

duality, which reveals a connection between rigid translations 337

and rotations. 338

Finally, let us consider developable origami sheets in the 339

flat state which admit extra linear folding motions (the gen- 340

eralization to origami sheets with both developable and non- 341

developable vertices is straightforward). This can be seen by 342

noting Eqn. 6 only furnishes two constraints per vertex when 343

all edges lie in a plane. These additional folding motions are 344

paired with zero modes that correspond to vertices popping 345

up or down out of the plane (19, 20). Generally, this yields an 346

extra Nv − 1 linear folding motions for developable origami 347

in the flat state (the rigid-body translation in the direction 348

normal to the sheet can be written as a linear combination of 349

the Nv additional modes arising from developability) which 350

do not all extend to rigid folding motions. The Nv seemingly 351

missing constraints are provided by the quadratic term in 352

Eqn. 13. Since every edge lies in the same plane, this yields a 353

single constraint per vertex. Moreover, this term is in the left 354

nullspace of the equilibrium matrix so no δφ(i,j) are needed 355

to satisfy Eqn. 1 to second-order. We generalize our definition 356

of sector angles so that α(i,j,k) is the angle between edges 357

r(i,j) and r(i,k) which do not necessarily share a face but are 358

coplanar. Eqn. 13 then simplifies to the scalar equation for a 359

developable vertex i 360
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∑
(i,j)

∑
(i,k)
k>j

φ(i,j)φ(i,k) sin(α(i,j,k)) = 0. [15]361

By taking linear combinations of our folding motions, we can362

find simultaneous solutions to the Nv second-order constraints.363

While there are up to 2Nv+1 complex roots by Bézout’s theo-364

rem (19, 53), we are only interested in the real-valued solutions365

whose existence depends on the crease geometry. Since a de-366

velopable sheet has reflection symmetry through the plane of367

the sheet, these roots come in pairs which fold upwards or368

downwards into indistinguishable cylinders. In other words, for369

N branches there are only N/2 unique branches which cannot370

be obtained by rotations of the remaining N/2 branches.371

5. Numerical investigation of nonlinear folding372

We now show corrections exist at all orders by numerically373

evolving periodic origami sheets. We begin with a spatially374

periodic, non-developable origami sheet composed of six tri-375

angular faces and a single quadrilateral face in each cell (this376

unit cell with four vertices is the simplest pattern with no377

trivial creases), as labeled by the star in Fig. 2, and rigidly fold378

along its one-dimensional branches. Following, we add a crease379

across the diagonal of the quadrilateral face, allowing the sheet380

to explore its two-dimensional space of rigidly foldable config-381

urations embedded in the Ne-dimensional configuration space.382

Alternatively we may obtain a one-dimensional path through383

the two-dimensional configuration space by locking the fold384

angle on any edge whether or not the adjacent faces form a385

polygon. To visualize this surface, we project into a three-386

dimensional space spanned by strains of the lattice vectors.387

We use the three independent components, (ε11, ε22, ε12), of388

the in-plane deformation tensor determined via changes to the389

lengths and angle between the lattice vectors as described in390

SI Appendix 9.391

In Fig. 2, we show the branched one-dimensional paths and392

the two-dimensional surfaces corresponding to configurations393

of the origami sheet along with a spatial configuration of the394

sheet on each branch (see Supplementary Movie 1 for evolution395

along this surface). The branches are colored according to the396

configuration’s radius of curvature at each state, where the397

sign is chosen to designate whether the sheet folded upwards398

or downwards. In SI Appendix 8, we discuss how the spatial399

embedding and curvature direction of these configurations400

is obtained from the fold angles. These trajectories close401

when allowing for self-intersection of the origami sheet (some402

fold angles pass through ±π at which point adjacent faces403

intersect), as shown in the inset of Fig. 2 which, although404

unphysical for origami, may have consequences in the behavior405

of equivalent systems such as spin origami (54). Although406

the two-dimensional surfaces close, we only show a closed407

one-dimensional path as otherwise features are obscured by408

spurious self-intersections due to different configurations with409

the same in-plane strains despite having distinct fold angles.410

We next construct a developable origami sheet with a single411

quadrilateral face in the flat state. Our arbitrarily chosen412

crease pattern yields six real solutions to Eqn. 15, indicating413

six branches from the flat state. We show three of these414

branches in Fig. 3 (each branch has a beginning and end which415

join in the flat state), all with positive radius of curvature416

(see Supplementary Movie 2 for evolution along this surface).417

The remaining three branches have the exact same in-plane 418

strains with equal and opposite radii of curvature. The number 419

of branches is a property of the crease geometry and we do 420

not address a method for controlling the number of branches 421

here. In fact, even identical triangulations with different faces 422

fused into a quadrilateral substantially effects which strains 423

and curvatures (geometry) occur in addition to the number 424

of branches (topology). For developable origami, the lattice 425

vectors are maximal in the flattened state so any folding 426

results in ε11, ε22 < 0, while shearing allows for either positive 427

or negative values of ε12. 428

6. Pairing of spatially varying modes at opposite 429

wavenumbers 430

In the previous sections we considered the pairing of rigid-body 431

modes and deformations with the same fold angle changes in 432

every cell. Here, we generalize the mechanical duality to spa- 433

tially varying modes to investigate the topological mechanics 434

of Maxwell origami whose connections to quantum mechanical 435

systems such as topological insulators (41), nodal semimet- 436

als (42), dissipative systems (55) and spin origami (54, 56–58) 437

are discussed in SI Appendix 10. These spatially varying zero 438

modes are normal modes of the system (with frequency zero) 439

and so, due to Bloch’s theorem, must take the forms 440

ui(n) = uizn1
1 zn2

2 , φ(i,j)(n) = φ(i,j)z
n1
1 zn2

2 , [16] 441

for Bloch factors zi = eiqi with wavenumbers qi which may be 442

complex for general boundary conditions. The mapping from 443

vertex displacements to folding motions in Eqn. 9 extends 444

naturally to the spatially varying modes, which inherit the 445

same dependence on wavenumber so that, by the mechanical 446

duality of origami, there is a mapping between zero modes and 447

states of self stress at finite wavenumber Nzm(q) = Nss(q). 448

The finite wavenumber static-kinematic duality relates the 449

equilibrium matrix to the transpose of the compatibility matrix 450

at the opposite wavenumber, Q(q) = CT (−q), modifying the 451

Maxwell-Calladine index theorem of Eqn. 11 to (37, 38) 452

Nzm(q)−Nss(−q) = 3Nv −Ne, [17] 453

which pairs zero modes at q with self stresses at −q (this 454

sign difference, crucial for our argument, has been omitted 455

previously). This leads to the intriguing scenario, identified 456

by Kane and Lubensky (41), in which a zero mode may be 457

exponentially localized to one edge (at some complex q) with 458

a state of self stress at the opposite edge (at −q), creating an 459

excess or deficit of zero modes on an edge or interface beyond 460

that predicted by local coordination number, which is known as 461

topological polarization. The localization of these modes can 462

be characterized by an inverse decay rate κ1(2) = −Im(q1(2)), 463

where, e.g. κ2 < 0(κ2 > 0) indicates the mode is exponentially 464

localized on the bottom (top) edge as shown in Fig 4a-b. 465

Since these states of self stress can themselves be mapped 466

onto zero modes via the duality discussed above for triangu- 467

lated surfaces, whenever there is a zero mode at q there must 468

also be one at −q, as shown by the pairing of inverse decay 469

rates in Fig. 4a. This means while it is always possible to im- 470

pose a periodic distortion on a surface and, by the fundamental 471

theorem of algebra, find a mode that exponentially decays 472

into the bulk, the hidden symmetry guarantees that there 473

is a corresponding mode on the opposing side. This shows 474
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Fig. 2. The 2-dimensional surface of rigidly foldable configurations for a nondevelopable triangulated origami sheet projected from its Ne-dimensional configuration space to
the 3-dimensional strain space (see SI Appendices 8 and 9) where coloring indicates the signed radius of curvature at each point. Arrows point from a point in this space to
the corresponding reconstructed sheet with cell n = (0, 0) colored in gray. Some origami sheets have two triangular faces fused into a rigid quadrilateral marked in yellow,
restricting the folding motions from the full 2D surfaces to one-dimensional paths marked with curved, multi-colored arrows. The yellow quadrilateral indicates a polygonal face
which restricts the sheet to 1-dimensional trajectories. The distinct branches correspond to origami sheets which fold upwards or downwards from the flat state. The boxed inset
shows two one-dimensional folding trajectories as they close into a single loop over high strains.

polarization can never occur in Maxwell origami as observed475

by Chen et al. (47). In fact the same work found Maxwell476

kirigami, composed of equal numbers of quadrilateral faces and477

holes, to topologically polarize is reconciled by a generalized478

version of the mechanical duality which pairs folding motions479

of the original structure with the self stresses of a distinct480

structure obtained by replacing all faces with a hole and vice481

versa (59), thereby breaking the hidden symmetry.482

Interestingly, this characteristic of Maxwell origami, while483

eliminating the Kane Lubensky invariant, generates a new484

topological property. The determinant of the compatibility485

matrix becomes a Laurent polynomial in the Bloch factors,486

det C(q) =
∑

m,n
cmnz

m
1 z

n
2 , where the highest-order of m and487

n is given by the total number of edges passing from the unit488

cell to the n = (1, 0) and n = (0, 1) cells respectively and cmn489

are real coefficients determined by the crease geometry. This490

determinant vanishes at wavenumbers admitting zero modes,491

and previously it has been shown in 2D Maxwell lattices (42)492

that the real and imaginary parts of the compatibility matrix493

generically vanish at zero-dimensional points within the 2D494

Brillouin Zone. In the present case, the existence of zero modes495

at equal and opposite wavenumbers implies this determinant496

must be purely real so there instead appear 1D lines of zero497

modes, as shown in Fig. 4a, corresponding to the lines of498

magnetic waves observed in a quantum analog of origami499

sheets (54). Furthermore, the sign of the real compatibility500

matrix serves as a topological invariant which changes only 501

when crossing such a line of zero modes as shown in Fig. 4c. 502

It is not clear how these linear modes extend into nonlinear 503

deformations. By mechanical criticality, a triangulated sheet 504

with open boundaries must have modes due to the missing 505

constraints at the edges. In general, though, the existence 506

of such finite-wavenumber modes is guaranteed only by con- 507

tinuous symmetries that are broken as the mode is extended 508

nonlinearly. In particular finite-wavenumber modes will induce 509

sinusoidally varying amounts of Gaussian curvature through 510

the sheet in contrast to the uniform folding motions that 511

extend nonlinearly. 512

7. Conclusion 513

We have considered the rigid foldability of periodically trian- 514

gulated origami with generic crease patterns and constructed 515

a counting argument via Maxwell origami’s combined mechan- 516

ical duality and mechanical criticality. That argument shows 517

translational and rotational rigid-body modes ensure the ex- 518

istence of folding motions that extend nonlinearly to yield 519

two-dimensional spaces of rigidly foldable origami configura- 520

tions which branch from the spatially periodic configuration. 521

Furthermore, we showed this allows construction of crease pat- 522

terns with a single degree of freedom simply by adding a single 523

quadrilateral face to the unit cell. We leave for future work the 524

refinement of our counting argument to address how discrete 525
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Fig. 3. The 1-dimensional lines of rigidly foldable configurations for a developable origami sheet with one quadrilateral face per unit cell projected from its Ne-dimensional
configuration space to the 3-dimensional strain space (see SI Appendices 8 and 9) where coloring indicates the signed radius of curvature at each point where the flattened
configuration is labeled by a star. Arrows point from a branch in this space to the corresponding reconstructed sheet with cell n = (0, 0) colored in gray and the insets show a
full one-dimensional orbit through the configuration space when constraining the fold angle on an edge. Our randomly generated crease pattern admits 6 solutions to Eqn. 15
and hence has 3 branches with strictly positive radii of curvature. There are 3 additional branches with identical strains and the oppositely signed curvatures.
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Fig. 4. (a) The signed inverse decay lengths, κ2, along the l2 direction for zero
modes at particular, real assignments of q1. The line along the origin corresponds to
bulk zero modes that have zero inverse decay length everywhere. (b) The spatially
periodic origami sheet shown in (a) with blue (red) arrow indicating zero mode vertex
displacements on one vertex per cell (additional arrows omitted for visual clarity) that
grow towards the top (bottom). (c) The determinant of the compatibility matrix for the
origami sheet in panel (b) across the Brillouin zone.

symmetries can permit non-triangulated patterns, such as the 526

Miura-ori, to rigidly fold. 527

Finally, we have extended our counting argument to spa- 528

tially varying modes, revealing that edge modes necessarily 529

appear in pairs on opposite sides, explaining the lack of polar- 530

ization previously observed (47). Our analysis reveals the exis- 531

tence of one-dimensional lines of bulk zero modes in Maxwell 532

origami, as opposed to zero-dimensional points, that could 533

be used to reconfigure the origami sheet by introducing an 534

expanded unit cell. This also identifies a new topological invari- 535

ant based on this hidden symmetry between folding motions 536

and states of self stress that may lead to additional topological 537

properties (60). The generality of our results is unique in 538

that it depends only on the coordination of the crease pat- 539

tern rather than the specific geometry which may aid in the 540

design of foldable materials in hard-to-control, microscopic 541

environments. 542

Materials and Methods 543

544

We use Mathematica 12 to evolve our rigid origami. Each step 545

of the trajectory first finds the tangent plane in the configuration 546

space by computing the nullspace of the linear vertex condition. We 547

then project the previous direction into this basis to minimize the 548

change in our tangent vector at each step of the trajectory. Then, 549

using Mathematica’s FindMinimum function, we evolve our origami 550

sheet in this direction satisfying the vertex condition to numerical 551

precision 10−16 using the BFGS QuasiNewton method. 552
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