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ABSTRACT

This dissertation examines the consequences of (S, s) pricing rules in a dy¬

namic economy with heterogeneous costs of price adjustment. For macroeconomic

investigation, the issues of heterogeneity and aggregation seem especially daunting

when optimal microeconomic behaviour occurs in a discontinuous manner. It is

shown how one can construct analytically the ergodic distributions for aggregate

output and prices for a simple macroeconomic model where there are heteroge¬

nous agents facing dynamic profit maximizing decisions, differing costs of price

adjustment across agents and a two-sided nominal driving process. The developed

model has a number of qualitative properties that find some empirical support: (i)

Some sectors change prices more regularly than others on a systematic basis; (ii)

Price changes are asynchronized; (iii) The economy responds gradually to demand

shocks.
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Introduction

we must consider that though the high price of commodities be a necessary

consequence of the increase of gold and silver, yet it follows not immediately upon

that increase; but some time is required before the money circulates through the

whole state, and makes its effect be felt on all ranks ofpeople. At first, no alteration

is perceived; by degrees the price rises, first of one commodity then of another; till

the whole at last reaches a just proportion with the new quantity of specie which is

in the kingdom. In my opinion, it is only in this interval or intermediate situation,

between the acquisition of money and rise of prices, that the increasing quantity of

gold and silver 'is favorable to industry. "

David Hume (1752)

Hundreds years ago Hume in his marvelous essays "Of money" and "Of In¬

terest" deduced that prices respond proportionally to changes in money in the

long run leaving output unaffected. This, what we now call the quantity theory of

5



Introduction 6

money, has been confirmed many times in the data. For example, in McCandless

and Weber (1995) there is clear evidence of the existence of a linear proportionate

relationship between the inflation rate and money growth for 110 countries during

the period between 1960 and 1990. However McCandless and Weber also provide

evidence of a positive correlation between money growth and growth in real out¬

put for the same set of countries and the same period of time. For example large

scale reduction in money growth can be associated with large-scale depressions as

in United States Great Depression of 1929-33. On the other hand if monetary

contractions are part of a credible reform then they need not be associated with

output reduction. Sargent (1986) examines the end of World War I European hy¬

perinflations when dramatic reductions in the money supply were accompanied by

visible and suitable fiscal reform and little or no impact on output.

Things appear to be different at the business cycle frequencies, as Hume may

have been suggesting. In the short run there is a trade-off between inflation and

output as documented in Stockman (1996) where the data of inflation rates and

unemployment rates for various short-run periods (3,5 and 9 years) in the U.S.

between 1950-94 are presented. In all periods there appears to exist a Phillips

curve i.e. a clear negative relation between inflation and unemployment.

The interaction between the money supply and output as it was realized by

Hume lies at the heart of modern monetary theory. Following the line of Hume's
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theoretical reasoning the main finding from the economic research is that changes

in the money supply may have a quite different effect on the economy depending on

if they are anticipated or not (Lucas (1972),(1973)). Anticipated monetary expan¬

sions may have no positive effects onto employment and production while on the

other hand unanticipated monetary expansion can stimulate production. Similarly

unanticipated monetary contraction can cause depression. As Lucas (1996) states

the distinction between anticipated and unanticipated money changes partly re¬

solves the incompatibility between money neutrality as understood in the quantity

theory and co-movements of employment and production.

Hume wrote "At first, no alteration is perceived; by degrees the price rises, first

of one commodity then of another; till the whole at last reaches... ". This suggests

that he seems to have in mind that the economy consists of different economic

agents. Moreover the prices rises in asynchronic way, first of one commodity then

of another perhaps implying smoothness in agents aggregate economic behaviour

due to the heterogeneity.

Recent microeconometric evidence from both the US and EU suggests that

Hume's observations are prescient indeed. For there is clear evidence that price

changes are asynchronized in just the way Hume asserted and that agents differ

systematically in a way made clear later on in this work.
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Aside from the interaction between the changes in money supply and output

the issue of agent heterogeneity is also addressed in this dissertation. Overall,

then, the economy considered in this thesis will resemble much of what Hume had

in mind. To attack the above mentioned problems we start with well documented

facts of price stickiness and as a theoretical framework choose a stochastic state

dependent (s, S) pricing framework.

In Chapter 1 we provide a systematic and detailed overview of (s, S) pricing

models in the existing economic literature of price stickiness. It is necessary for

two reasons. Firstly to help the reader to get more familiar with continuous time

stochastic optimization techniques which are relatively unfamiliar in macroeco¬

nomics and secondly to position our work more clearly. At the end of the Chapter

1 we give a short overview of the latest empirical evidence. We do that in part

to motivate some of our modelling choices later in this work and also to show the

facts that a successful theory must try to match.

In Chapter 2 the interaction between money and output is considered in an

economy consisted of a continuum of monopolistically competitive agents where

the money supply follows a driftless Brownian motion. The heterogeneity of a

limited sort is introduced through the strategic complementarities between firms.

We find that in the stationary state the correlation between money and output

is not diminishing in the variance of money supply on the whole interval between
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zero and infinity. There exists some finite interval of variances of the money supply

in which the correlation is an increasing function of the variance of the money

supply. By discretizing the state space for the first time in the literature we provide

an expression for the joint probability function between two particular stochastic

processes: Brownian motion and its two-sided regulated counterpart. We do that

in an innovative way for this class of processes by using combinatorial methods on

a discrete state space.

In Chapter 3 additional heterogeneity is introduced through different costs of

price adjustments across different sectors in the economy. Those differences lead

to much richer dynamics both in respect of prices and output. The correlation

between money and output as a function of the variance of the money supply rises

in the beginning and then falls but now the interval in which it rises is much wider.

The issues about asynchronicity in price setting are also addressed in this Chapter

and the main findings are in line with the empirical evidence. In this Chapter the

theory of Markov chains is heavily exploited. This Chapter demonstrates that

a tractable, heterogeneous agent aggregate macroeconomic model based on (S,s)

behaviour can be constructed and used to generate predictions that can be assessed

against the data.

A number of appendices follow with some new technical contributions. For

example we show how one can calculate the joint probability distribution of two



Introduction 10

correlated random variables using Markov chain techniques. Also we provide an

explicit expression for the density of the sum of independently and non-identically

uniformly distributed random variables.



CHAPTER 1

Theoretical Route of (S,s) pricing

1.1. Introduction

Models of price stickiness can be grouped into two broad classes. In the first

one, referred to as time-dependent sticky price models, the timing of individual

price changes is fixed exogenously. For example, a firm might change its price

in predetermined periods as in Taylor (1980)1 or timing may be a random vari¬

able as in Calvo (1983). Although those settings allow for tractable and relatively

easy solutions of dynamic aggregate responses to monetary disturbances there is

a serious disadvantage of the time dependent approach. That is because times

of price settings are given exogenously, firms are not allowed to react even to ex¬

treme changes in environment between price adjustments. Recalling the evidence

of Sargent (1986), it is clear such models have a limited domain of relevance.

An alternative approach, commonly referred to as state-dependent pricing or

(5, s) pricing is to allow the firm to change its prices endogenously subject to the

Actually, Taylor has often emphasized nominal wage rigidity, but the principle is the same.

11
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cost of price adjustment, so called "menu costs"2. In situations of ongoing un¬

certainty firms act when the state variable crosses some critical threshold which

balances costs and benefits of price adjustment. There is a large literature based on

(.S, s) models in economics, control theory, operations research etc. (Arrow, Harris

and Marschak (1951), hereafter, AHM, Scarf (1959)). An overview of the impli¬

cations of state-dependent pricing for macroeconomics models is presented more

recently in Dotsey and King (2005). In this Chapter we give a detailed overview of

the key economic papers as necessary prerequisites for understanding the following

chapters.

In this chapter we examine the methodology introduced by AHM and exploited

by Robert Barro in a monopolistic pricing problem. We then extend this model to

the dynamic case where there are economy-wide factors; first a deterministic, and

then stochastic, trend in the price-level. This will allow us to formulate a dynamic

stochastic partial equilibrium model and retrieve in this much richer setting some

of Barro's key results. Along the way, we shall also demonstrate just how Dixit

generates the result that a small (fourth-order) menu cost can have a large (first-

order) impact on welfare. This will also be a major step forward in constructing

macroeconomic models of (s, S) pricing.

2Empirical evidence shows that menu costs are not trivial (see Levy et all. 1997, Dutta et all.
1999).



1.2. THE FIRST PRIMER 13

We shall also explore in some detail the impact of uncertainty in optimal pric¬

ing problems and attempt to explain some results that may appear, at first glance,

to be conflicting. This is especially important with respect to the impact of un¬

certainty on the width of optimal boundaries and hence the frequency of price

changes. When we move to a fully-fledged macroeconomic environment, under¬

standing these issues will be important in assessing the correlation between money

and output, which as we emphasize, is an important empirical issue motivating

our work.

1.2. The First Primer

In their seminal paper AHM introduce for the first time an optimal decision

rule of the (S, s) type. They derived an optimal inventory policy for the simple

model where the future demand flow is a random variable with known probability

distribution. They determined the optimal maximum stock and reordering point

as functions of demand distribution, the cost of handling an order (which they

assumed fixed) and the penalty of stock depletion. Because their model is a typical

dynamic programming exercise we shall exposit it in more detail.

Time t is discrete. In each time interval (t,t +1) the firm faces random demand

xt which is drawn from known probability distribution F(x). Let yt be the stock

available at time t without any replenishment. Let zt denote the stock at time t
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including replenishment and let qt be the amount ordered at the same time. Let

the time between ordering and receiving goods be r. Then assuming that the time

between ordering and receiving goods is zero we can write:

We define the rules of actions as follows:

Choose two numbers S > s > 0 where S is the maximal stock and s is the

reordering point;

If the current stock yt is greater than some positive lower boundary i.e. yt > s,

qt — 0 do nothing so that: zt — yt\

If Ut < s, qt — S — yt replenish the stock so that: zt = S.

The random variable z follows some kind of regulated stochastic process at

boundaries s and S. In between the boundaries the random variable z is driven by

the process of demand q. Once q drives z below lower boundary s the instantaneous

control is switched on, forcing random variable z to jump to upper boundary S as

is depicted in Figure 1.1. Clearly the probability distribution of yt given the value

yt_ i is independent of J/t-i, 'jJt-2, ■■■l-Jo that is the process {yL} is Markov. During

(1.1) yt = max(zt-i - xt-i, 0) £=1,2,..

(1.2) zt = yt + qt t = 0,1,...
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S
S

s

Figure 1.1. Random variable z as a function of time and the level of
stock (taken from AHM, 1951)

the period (t, t + 1) a certain loss will be incurred whose conditional expectation

is given by:

where c, A and K are constant costs of a carrying stock during a unit of time,

the depletation penalty and the cost of handling an order respectively. Denote the

unconditional expectation of the loss during the period (t, t+1) aslt = lt(yo)- As the

process {yt} is Markov the present value of the expected loss incurred during the

interval (t0 + t,t0 + t+l) is given by atE(l(yto+t)) = c^KVto) where a = l/(l + r) is

discount factor with market interest rate r. The Hamilton-Jacobi-Bellman (HJB)

type equation reads:

(1.3) Kvt) = <
cyt + A[ 1 - F(yt)] yt> s

cS + A[l-F(S)] + K yt<s
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(1-4) L(yt) = l(yt) + aE[L(yt+1)]

where L is the discounted sum of losses over an infinite time horizon [f, oo):

OO

(1.5) L = ^ar/(yT), t > 0
T=t

and E stands for the conditional expectation of random variable yt+1 given yt.

Prom (1.1) and the rules of actions we see that depending on the value of 2 the

random variable yt+\ can take two values: if y0 < s then y\ = max(S' — xa, 0) and

if yo > s, y\ — max(yo — Xo, 0). Then (1.4) reads:

s

L(y) = l(y) + aJL(S — x)dF{x) + aL(0)[l - F(5)], y < s;
(1.6) g

L(y) = l(y) + aJL(y — x)dF(x) + o:L(0)[l - F(y)], y > s.
o

The AHM problem is to find the function L(y) that satisfies (1.6) and then choose

optimal (S, s) boundaries to minimize L(y{]). AHM solved the above dynamic pro¬

gramming exercise in terms of probability distribution F obtaining an expression

for L{y) as a function of costs, discount factor and boundaries. They showed that

the optimal boundaries (S*, s*) do not depend on the initial stock y0.
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The AHM problem was one of the earliest example of (S, s) type models ex¬

ploiting the main idea that in conditions of ongoing uncertainty there exists some

threshold or optimal boundaries for the state variable so that as long as the state

variable is inside the optimal boundaries agents are willing to bear the cost of

being out of equilibria. Once the state variable hits the boundaries agents act

appropriately adjusting the state variable.

1.3. A Theory of monopolistic Price Adjustment

The first application of the ideas originated in the AHM paper to pricing was

by Barro (1972). His paper is crucial in the sense that he demonstrated how

macroscopic law emerges as a result of individual behaviour. In particular an

adopted (S, s) pricing rule leads to the simplest version of the statement that the

rate of price change is directly proportional to the amount of excess demand. As

regards pricing behaviour this is still ad hoc as it does not contain any maximizing

behaviour.

In what follows we exposit a simplified version of Barro's model. Consider a

market in which there is one monopolistic seller, which is a price setter and many

perfectly competitive buyers who are price takers. A monopolistic firm produces

an homogenous output flow Y. Let in equilibrium some control variable X take the

value X*. Two statements are in order. Firstly any departure from equilibrium
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incurs the cost equal to Z(X* — X) where Z is the cost of maintaining price so

that marginal revenue differs from marginal cost. Secondly there is some constant

cost of price adjustment incurred each time an adjustment of price is made.

Consider a monopolist who produces a homogenous output Y with linear cost

function (the original paper considers a quadratic cost function)

where a, /3 > 0, P is price and u is an additive term reflecting changes in demand.

To meet demand a monopolist maximizes profit given (1.8) i.e. solves:

(1.7) C(Y) = cY, c> 0.

The downward-sloping demand curve is given by

(1.8) D — a — f3P + u

(1.9) max7r (P,Y) — max(PY — C{Y))

(1.10) s.t. Y = D = a — f3P + u.
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Given (1.10), the first order condition amounts to equating marginal revenue and

marginal cost:

(1.11) P-a~^ + U=c.
Substituting P from (1.11) into (1.10) provides an optimal plan

a + c/3 + u
(1.12) P(u) = 2/3

(1-13) y(u) =^4^

for the firm assuming that it continuously changes prices and production in re¬

sponse to changes in demand. Now it is possible to calculate the change in the

firm's profit Atto,« when u varies continuously from 0 to u — u > 0. Writing profit

as a function of u along the optimal path as:

(1.14) tt(U) = ^(a-c/? + u)2

a straightforward calculation yields the result:

U

(1.15) ATT0,S = J dir(u)\ a — c(3

o

ttt2
, , du= — u + —udu J 2/3 4/3
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It is easy to verify that the linear term in the above expression is simply the change

in profit A7T0,«(-P) along the path where price is kept constant at P = P(u = 0)

and only production is expanding up to the point where marginal revenue is equal

to marginal cost. This is depicted in Figure 1.2. Rising u causes an upward shift

in demand by the amount u. Starting from u = 0, the firm continuously updates

prices and outputs moving along the OO' line to the point where u = u. Along

the path of constant prices OO" the firm expands its output up to the point

Y — a — PP + u = Y(u) + u/2 at which point the firm instantaneously adjusts its

price to P(u). The opposite movements when u < 0 is also depicted. The values

of price adjustment are AP —

From (1.15) it follows that

(1.16) Ayr = Att(0,U) — A7f(0,?l) = ——u2 — 9u2,

where um;n < u < umax, represents the profit foregone by not adjusting prices

while demand has varied by an amount u. Note that this cost is quadratic in the

neglected demand variation u.

Moving along the optimal path is costly because some costs are attached to

changing prices and production. For simplicity we will assume that there is no

cost in adjusting production. Then the cost of adjusting prices should be weighted
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Figure 1.2. Different paths for prices and outputs.

against the cost of being out of equilibrium. The precise form of optimal policy

(when and how much to adjust the price) depends on future behaviour of u as¬

suming that everything else is kept constant. We will treat u as an observable

random variable which follows a symmetric random walk starting from zero and

performing equal steps in constant consecutive time intervals r. Then the main

question for the firm is where on the line 00' price adjustment should take place.

The rationale is that due to the cost of price adjustment there is some trade-off

between those costs and cost incurred due to being out of equilibrium. In other
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words there exist some admissible boundaries along the line OO" (where price is

constant) between which the cost of being out of the equilibrium is minimal. We

will find optimal boundaries by minimizing expected cost over one price cycle i.e.

over expected time before the change in price takes place.

Let the cost of price adjustment be g and let n denotes the number of price

adjustments during time interval T. Then, the total expected cost per unit of time

is given by:

The expected time of the process of u to reach either upper or lower barrier ±/i is

h2r so

a2 is the variance of the symmetric random walk a2 = t/r with normalized t — 1.

To derive the second term in (1.17) we have to know the density function of u.

Recall that process u is killed at the boundaries u — ±h and reset to u — 0

after price adjustment. Then in the stationary state assuming u E (—h, h) the

77 77

(1.17) E(Cost) = gE(-) + E(Att - Avf) = gE(-) + 6E(u2).

(1.18) gE(~) « 4-y V h2T
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corresponding Markov equations for occupancy measures are:

(1.19) p(u) = ^p(u + 1) + ^p(u - 1)

(1.20) p{h) — p(—h) = 0

(1.21) p(0) = i[p(1) + p(-1) + p(h - 1) + p(-h + 1)]

with:

h

(1.22) £>(/*) = i.
u=—h

The solution of the above equations is:

/- / s h — \u\
(L23) p(u) = h2 .

By (1.23) E{u2) = f u2p(u)du — h2/6 and (1.17) becomes:

_-2 pu2
(1.24) E{Co8t)=gj? + °-±-.
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Prom

(1.25)

it follows that optimal boundaries are given by h\ 2

(1.26) hi,2 = ±

It is important to note that Barro, like AHM, solves for the optimal reflecting

barriers, a key ingredient in (s, S) models. However, these solutions are built on an

ad hoc set up, the weakness is that agent's demand behaviour is not microfounded.

In addition to this weakness, the ad hoc micro-structure means that we cannot

reliably construct an aggregate macroeconomic model. Barro's contribution is a

very important one, but it is undeniably a partial equilibrium model. A key aim of

the subsequent literature has been to remedy this shortcoming. However, before

turning to this we turn to the question, in Barro's model, of expected price changes.

We already know that AP = A^h. We want to calculate E[AP\u0 — u] for
the random walk originated at u. The probability that the walk terminates at Ah

given it started at u are (Feller, 1968):

(1.27)
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Then

(1.28) E[AP\u0 = u] = P{+h)^p + p(~h)jp = u

and taking into account that expected duration of the walk is given by

(1.29) E(T\u0 = u)
h2 — u2

we can write:

(1.30)
AP\

^ E[AP\u0 — u] a2
Af) ^ E(T\u0 = u) ~ 2'ph2

u

provided |u| <C h. Finally dividing both sides by P, substituting h from equation

(1.26) and viewing u as current excess demand u — Yd—Ys equation (1.30) acquires

the form of a "conventional" law of supply and demand.

(1.31) 1f—')P\AT
Yd ys

1.4. Price Adjustment under Stochastic Inflation

We now focus on the role of inflationary expectations in the formation of price

policies. First, we consider a monopolistic firm which expects the aggregate price

level to increase at a constant rate. As in the previous section, in the absence of
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adjustment costs the optimal policy would be to continuously increase its price at

the same rate. However due to the existence of fixed adjustment cost the optimal

policy is characterized by the sequence of intervals during which the price is held

constant followed by discrete price adjustment.

Assume that the general price level at time t is given by

with P0 = 1 and a positive rate of inflation g > 0. Then the firm's problem is to

choose such sequences of times of price adjustments {tT} and nominal prices {pT}

so as to maximize the real discounted profit over an infinite time horizon

where F(zt) — [zt — c(f(zt))]f(zt) is real profit at time t, z — Pt/Pt is real price

charged at time t, q — f(z) demand at time t, c is a cost of unit production, r > 0

is a rate of interest and C > 0 is the cost of price adjustment. We impose standard

restrictions on F() in order to ensure that F attains a unique maximum in its

domain. The first order conditions are:

(1.32)

(1.33)
f)V

= [-F(pTe~atT) + F(pT-\e~9tT) + Cr]e~rt = 0
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(1.34)
f)T/ ptr+1
^ = / F'(pTe-9t)e-(r+9)tdt = 0.
OPr Jtr

The solution of the the above system takes a periodic (recursive) form:

(1.35) pT = pT-\e9£ and tT+1 = tT + s, r = 1,2,...

where e > 0 is constant. It is apparent that optimal policy is of the (S,s) type.

Prom (1.35) it follows that real prices zt move between two fixed values (s, S) where

S — seg£. In variable z the first order conditions (1.33), (1.34) are

which are equations for determining optimal (s, S) boundaries.

This simple model has a straightforward interpretation. The nominal price

is held fixed during the period e. During that period the real price continuously

changes dropping from the initial value S to s. Then at point s (after time e has

elapsed) nominal price is adjusted according to (1.35) which also causes a jump in

real prices to the point S. By inspecting equation (1.36) we see that the profit prior

(1.36) F(s) - F(S) + rC = 0

(1.37)
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Figure 1.3. Profit as a function of real prices.

to adjustment F(s) plus interest gained from postponing adjustment rC is equal

to the loss caused by postponing adjustment i.e. F(S). In the case of zero cost the

monopolist will operate at the optimal point s* updating prices continuously. The

situation is depicted in Figure 1.3. Now using the first order conditions (1.36),

(1.37) we can perform an analysis of the dependence of the optimal solution given

inflation rate g, interest rate r and cost of adjustment C. We conclude this section

by summarizing the results.

A) Inflation Effect

(1.38) dS/dg > 0, ds/dg < 0.
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Rising inflation rate g causes increasing initial price S and decreasing terminal

price s in each period. As a result the magnitude of each price change S/s = e°£

increases. Some additional restrictions have to be imposed on F() to eliminate

ambiguity of the inflation effect on the frequency of price changes e.

B) Cost effect

(1.39) dS/dC > 0, ds/dC < 0.

Then by S/s = e9£ we have

de 1 .1 dS 1 ds.
(1'40) Jc - fsic ~llc)>0

i.e. increased adjustment cost leads to less frequent and to larger price adjustment.

C) Interest rate effect

(1.41) ds/dr < 0, dS/dr < 0.

An increase in the interest rate causes a decrease of both terminal and initial real

prices in each interval.
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1.4.1. Stochastic Inflation

In the case of stochastic inflation many of the results from previous sections hold

namely that the optimal policy is of the same (s, S) type as the one obtained for

the case of constant inflation under certainty. This implies that there exists some

certainty-equivalence rate of inflation which depends on the characteristics of the

underlying stochastic process i.e. the firm behaves as if it faces some certainty-

equivalent rate of inflation. Of course this equivalent inflation rate exceeds the

expected rate of inflation exactly by the amount equal to the risk premium. Al¬

though the basic results hold a new moment appears. The variance of the infla¬

tionary process plays a specific role. An increase in the variance of inflation forces

the firm to choose a pricing policy with larger amplitude in real prices which is in

line with Taylor's finding that there is a strong link between the spread of relative

prices and inflation variance (Taylor, (1980)).

We specify the inflationary process as a two state Markov chain. Each state is

characterized by the fixed rate of change in the price level. In state 0 there is no

change in the price level while in state 1 the price level changes at a constant rate

g > 0 as in the previous section. The process can spend some time in each state

( sojourn time) which is itself a random variable. We assume that sojourn times

in state 1 are independently and identically distributed with exponential density
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Ai exp(—Ait). The distribution of sojourn times in state 0 is q(t). Denote sojourn

times in states 0 and 1 by and i = 0,1,.. respectively and total time spent

in states 0(1) up to time £ by To(i)(t). Clearly T0(t) + Ti(£) — £ and the logarithm

of the price level at moment £ is

where the factor of g/( 1 + \iE(r]j) can be interpreted as the expected rate of

inflation. By adopting the (s, S) policy rules the following pattern emerges. Each

time the real price (log) hits the lower boundary s the firm adjusts its nominal price

so that the real price attains S. Now the time between successive price changes is

a random variable bounded below by the minimal time needed to change the price

tmin = (S — s)/g obtained from the condition that total sojourn time in state 0 is

zero. In Sheshinski and Weiss (1983) it is shown that the value function (expected

discounted real profit) is

(1.42) xt = logpt = gT\(t).

For large t the expected price level is

(1.43)

(1.44) V = —C + fU F(S- gux)e~rxdx + Ve~re"Jo
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where

(1.45) 9u
A1(l-Ag(r))+r

(1.46)
S-s

9u

and

(1.47)
o

is the Laplace transform of q(). The recursive formula (1.44) for the certainty case

is the same except that instead of gu we have a certain rate of inflation gc and the

fixed time interval between price changes ec — (S—s)/gc. For the class of stochastic

processes defined here there exists a certainty-equivalent rate of inflation gu which

is a real valued function gu(r, oj) such that VU(S, s, r, C, w) = VC(S, s, r, C, gu(r, lo)).

It was mentioned that the equivalent inflation rate exceeds the expected rate of

inflation exactly by the amount equal to the risk premium. The risk-premium R

associated with the interest rate r and parametrization uj of the stochastic process



1.4. PRICE ADJUSTMENT UNDER STOCHASTIC INFLATION 33

in our case of g and Ai is

(1.48) R = gu(r,Xi,g) 1 + AiE(rj)

Substituting (1.45) into (1.48) and expanding the Laplace transform Aq(r) around

r = 0 we get that /?—>() when r —> 0. In addition by direct differentiation we

obtain that dR/dr > 0. From (1.45) and (1.48) it follows that

d

9Tr
9 1 d "1 - Aq(r)'

^(1-A,(r)) + 1 1 + \\E{ri) dr r

1 1 f°°
= "^(1 - A<?(r)) ~ ~ te rtr r Jo

poo
= (1 = / erte~rt q(t)dt)

Jo
1 f°°

= — I [ ert — 1 — rt] e~rt q(t)dt > 0.
r Jo

Due to discontinuity of the price level there are some restrictions on the type of

stochastic shocks in states 0 and 1. If the firm changes its nominal price ex-post

then although optimality of the (s, S) policy can be proved, certainty-equivalence

does not exist. If on the other hand the critical levels for prices which will generate

price changes and chosen nominal prices for the firm are announced then it can be

shown that if the policy is of (s, S) type, then a certainty-equivalence exists if and
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only if the distribution of shocks is exponential and that (s, S) policy is optimal if

and only if the distribution of shocks is exponential (Sheshinski and Weiss, 1982).

Now we turn to the questions of the interplay between parameters of the infla¬

tionary process, the choice of (s, S) and the frequency of price changes. It turns

out that not only the mean rate of inflation but also its variance plays a significant

role. For this purposes we specify sojourn time in state 0 assuming that they are

exponentially distributed with density

(1.50) q(t) = A0e Xot.

Then

(1.51)

and the mean and variance of xt are given by:

(1.52)

(1.53) T r ( ^ 2A0AI<72
VarM=(uny-
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The certainty-equivalence (1.45) in this case is given by:

(!-54) gu = J~~rV~7 9-A0 + X\ + r

It has been shown that in the certainty case an increase in the rate of inflation g

increases the band S — s of real price fluctuations. Now from (1.54) we see that

gu increases when the rate of growth of the price level g rises or the probability of

staying in state 1 rises (Ai decreases). This leads to increasing S and decreasing

s. On the other hand an increase in the probability of staying in state 0 which is

equivalent to decreasing Ao decreases gu, having quite the opposite effect on (S, s)

boundaries. When we look at (1.52) and (1.53) we see that an increase in the

variance of the price level unambiguously causes an increase in S — s. For example,

from (1.52) we see that if we decrease both A0 and Ai in the same proportion

keeping g constant then the mean E(xt) does not change but the variance inevitably

increases Var(xt) ~ 1/Ao- On the other hand such a change increases gu as well

allowing real prices to fluctuate in a wider S—s region thus increasing the expected

time interval between price changes i.e. reducing the expected frequency of price

changes. However this is not always the case and this situation is rather caused

particularly by the nature of the inflationary process; states 0 and 1 alternate
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leading to a positive inflation. In more general setting, as we will see later, when

a disinflation is also allowed the time interval between consecutive price changes

can decrease.

1.5. Dixit's Approximate Solution

We see that the presence of a cost of price adjustment (menu cost) induces a

region of inaction for economic agents. The question arises as regards their re¬

pricing decision, as to the size of such costs and as to the width of the inaction

region. Furthermore the presence of an inaction region and the induced pricing

mechanism is at the heart of the debate between modern neoclassical (flexible

prices) and traditional Keynesian theories (sticky prices). Mankiw (1985) considers

a monopolistic firm which sets the price ex post by incurring a small menu cost.

Although the model is static some basic conclusions are in order. He shows that

a small menu cost can have a significant impact on economic efficiency in the

sense that sticky prices can be both privately efficient and socially inefficient. A

contraction in welfare has a much larger cost than the menu cost if the firm does

not cut its price in response to the contraction in aggregate demand. Private

incentives mean that prices are more sticky downward than upward which in turn

inevitably leads the economy out of equilibria i.e. the equilibrium rate of output is
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below the socially optimal rate. As Mankiw states this economy requires an active

monetary policy to stabilize output.

Now we want to justify more precisely the notion that small menu costs can

have a relatively large impact on the economy as a whole. In the first instance

this impact is transmitted through the width of the inaction region. Here we shall

see that increasing uncertainty leads to more frequent price adjustment in sharp

contrast to the Sheshinski and Weiss (1983) finding.

Let's consider a quite generic model with state variable x where cost L is

incurred by deviations from the optimal value x*. We assume a quadratic function

in these deviations. Assume for simplicity that x* = 0. Then L — kx2 , A: > 0 and

the discounted loss caused by moving x to the new value, say x — his kh2 /p where

p is discount factor. If the cost of restoring x to zero is C > 0 then the critical

value of h is

(1.55) h — y/pCjk.

This analysis is static because in each period the cost L is compared to the

menu cost C. Now from the above formula it is apparent why small menu costs

have a relatively large effect on the inaction band: if C is of the second order of

smallness C ~ e2 then h is of the first order of smallness.
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1.5.0.1. The Model. It was more than two decades before theoretical economics

could recover Barro's (1972) result (1.26 ) in a more general setting exploiting

stochastic dynamic optimization techniques. In the sequel we follow Dixit (1991)

and Hansen (1999). Suppose that state variable x follows a driftless Brownian

motion i.e.

where a > 0 is variance and IT is a standard Wiener process. As Dixit argues

compared to the static case now when x reaches barriers ±/i it is not optimal to

immediately reset x to zero but instead to wait for a small amount of time to see

if x will move spontaneously from the barriers towards zero. This waiting option

means that one should expect a wider zone of inertia than in the static case as the

following approximate calculation shows.

The firm's problem is to minimize the expected present value of losses over an

infinite time horizon,

(1.56) dx — adW

(1.57)
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where p is a discount factor and fj are specific times when control is exercised. For

sufficiently small time intervals we can express the right side of equation (1.57) as

(1.58) V (x) = kx2dt + E[V(x + dx)e~pdt].

Expanding the right side using Ito's Lemma we obtain the next differential equation

valid for x 6 (—h, h)

(1.59) V(x)= — +— + Acosh(ax)
P P

with a = -y/2p/<r2. Due to the symmetry of the problems we have two equations

for determining A and h. The first one, the so called value matching condition, is

nothing but the simple statement that the cost C of exercising control is equal to

the reduction in the value function V{h) — V(0) = C. The second one is the first

order condition for the optimal choice of h i.e. V'(h) — 0. We have two equations:

(1.60) 7l(cosh(a:/i) — 1) = —(kh2/p — C)

(1.61) Aasmh(ah) — —2kh/p.
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Dividing (1.60) by (1.61) and expanding by h we get:

(1.62) h2 = a

exactly the same result as in Barro (1972). Comparing (1.62) with the static case

(1.55) we see that a fourth order menu cost can generate a first order effect.

1.6. An Exact Solution

We see that the size of the inaction region (zone of inertia) rises with uncertainty

of the underlying stochastic process captured by variance a. This seems to imply

that prices are more rigid in a more uncertain environment. However as we shall

now see this conclusion is premature as it neglects the fact that with rising variance

a the probability of observing extreme shocks rises forcing the firm to be in the

vicinity of boundaries for shorter time intervals. The question of the frequency of

price changes is "almost" answered in Barro's original paper in the sense that the

overall picture is that with rising variance one can expect that price will be changed

sooner rather than later (1.18). Because this question is indeed important we shall

devote more attention to it in the sequel following Hansen (1997) and Karatzas

and Shreve (1991).

Let f(x) be a bounded and continuous function of stochastic variable x with the

state space consisting of an open interval (—h,h) following a generalized diffusion



1.6. AN EXACT SOLUTION 41

process:

(1.63) dx = + a(x)dW.

The function G(x) is defined as follows

(1.64)

where T is the first time the process reaches either — h or +/?,. It is clear that

when / = 1, G is simply the expected time to reach one of the barriers i.e.

G(x) = E{T\x(Q) = x]. Equation (1.64) is equivalent to the following second order

differential equation3

with boundary conditions —h < x < h and G(—h) = G{h) = 0. The solution of

the above equation is:

3The time interval T in (1.64) can be split into two parts, say [0,r*) and [t*,T] so that the
probability of reaching either +h or —h during the time interval r* is negligible. The remaining
inegral is from r* to T so that we translate the initial problem in a familiar dynamic programing
recursion i.e. Bellman type equation.

(1.65)
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(1.66)

G(x) = - fX[S(x)-Sm(Om(dO-J-h

S{x) - S(—h)
sih)-S(-h) [+h[S(h)-S(0]f(0m(d0J-h

where the speed measure m(dx) and scale function S(x) are defined as

(1.67) m(dx) — S'(x)a(x)
dx

and

(1.68) - exp 9 f MO M■2 J drj

respectively. In the case ofBrownian motion from (1.68) and (1.67) we get S(x) — x

and m(dx) — (2/a2)dx. We now can write solution (1.66) for different choices of

function f(x). Fix x(0) = 0. Then choosing f(x) from (1.64) we get the expected

time to hit either upper or lower barrier. After straightforward calculation from

(1.66) we get:

(1.69) E[T\x(0) =0] =
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Choosing /(£) = kt{2 in (1.66) and integrating we get accumulated losses up to

time T

The optimal boundary h is given by differentiating the average cost over the cycle

including the cost of resetting i.e. from the condition

To get more insight as to how uncertainty influences the expected time to reach

the barrier we consider a typical situation inside the cycle at time t < T where

0 < x{t) < T as depicted in Figure 1.4.

Now with /(£) = 1 from (1.66) and (1.72) we get expected time to hit either

lower — h or upper +h barrier

(1.70)
khA

E[G(T) |*(0) = 0] = £r.

(1.71)

from which the well known result immediately follows

(1.72)

(1.73) r I /„N i h2 — x2 6a — x2£1x11(0) = x] = =—5-



1.6. AN EXACT SOLUTION 44

-h

Figure 1.4. Typical path of the state variable in a resseting cycle.

where 5 — y/QCjk and t — T — t. The closer £ is to a certain barrier the shorter

is the expected time to hit it. However the effect of increasing variance a is a

bit different. Differentiating the above expression with respect to a it is easy to

verify that if \x\ > x — yj5a/2 then dE[r\/da > 0. Otherwise dE[r]/da < 0.

That is with increasing uncertainty the expected time to hit barrier rises only if

the state variable is sufficiently close to the barrier. Being close to the barrier the

firm finds it is optimal to wait i.e. to widen the barriers when uncertainty rises.

This conclusion is perfectly in line with Dixit's reasoning but however it needs to

be mentioned that in Hansen's approach as well in Dixit's the variance is constant

during the cycle and the firm always resets to zero.

Up until now we have tended to focus on microeconomics issues, and in partic¬

ular the nature of price setting and optimal boundary determination as we move
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from a situation of certainty to one of uncertainty. We now turn to explicitly

macroeconomic issues, and present an analysis of the impact of monetary shocks

in an environment where (s, S) rules characterize the corporate sector.

1.7. Neutrality of Money

It might seem that a model which assumes a degree of price rigidity must

necessarily imply money nonneutrality. Rather surprisingly that turns out not to

be the case. We now consider Caplin and Spulber (CS)'s (1987) model under which

money shocks have no real effect. The economy is under one sided shocks and firms

follow (s,S) pricing rules. We define in a moment exactly what a one-sided shock is.

As a result at the aggregate level price stickiness disappears and money is neutral.

Moreover the question of price asynchronization among the firms is considered.

The model can be seen as an extension of Sheshinski and Weiss's (1983) model.

Most of our discussion in this section is about what the real effects are ofmonetary

shocks in an economy with endogenous timing of price revision.

The economy is populated by a continuum of firm indexed by i G [0,1], All

firm are identical with respect to demand and costs conditions. They all face a

fixed cost of price adjustment in real terms. Firm i's real price ry at the moment
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t in log form is

(1.74) Xi(t) = Pi(t) - P(t) = In[qi(t)/Q(t)\

where = In(&(£)), P(t) = ln(Q(f)) and q and Q stand for the nominal price

and aggregate price index respectively. The initial real prices x,(0) are known.

There are two sets of assumptions. The first one is related to the price index.

It is assumed that the price index depends only on the frequency distribution over

nominal prices Q{t) = Q(Gt(q)) where Gt(q) is the proportion of firms in [0,1] such

that at the moment t, qi(t) < q. If Gtl(q) = Gt2(Xq) for all q then XQ{t\) =

for any fi, f2 > 0. The second assumption is that the process for the money supply

is non decreasing and continuous in time that is M(t2) > M(t\) for t2 > where

M(t) stands for log of money supply at time t. We set M(0) = 0. We describe this

process for money as one-sided, following Caplin and Spulber,

Demand Di and output Yt of firm i depend only on real prices and real balances

i.e.

(1.75) Di{t) = D(xi(t),M(t)-P(t)),

(1.76) Yi(t) = Y(xi(t),M(t)-P(t)).
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The firm's instantaneous profit in real terms is

47

(1.77) 7Ti(t) = 7v[xi(t),M(t) - P(t)j = max [ex<(<)li(£) - C{Yi(t))\
Y{t)<Di{t)

where C represents real flow costs. Rigidity of prices is introduced by the presence

of real menu cost /3 incurred each time the firm changes its nominal price. With

(s, S) pricing rules each time the real price xt{t) hits lower level s, the firm adjusts

its nominal price in such a way as to move the real price to the upper level S. At

any time t the firm's nominal price is a multiple of S — s, that is

(1.78) pi(t) -pi(0) = k(t)(S - s)

where k is an integer. Then the pricing policy is characterized by: xt(t) € (s, S1]

and

(1.79) Xi(t) - Xi(0) = pi{t) - P(t) - pj(O) + P(0) = ki(t)(S - s) - [P(t) - -P(O)].

One important requirement is in order. The stationarity of real balances over time

is necessary for (s, S) policy rules to be optimal.

The final key assumption is that the initial distribution of real prices is uniform

over the range (s, 5]. Let Fo(x) denotes the proportion of firms with xt(0) < x.
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Then formally

(1.80) j? t \ x~sF0(x) = j—a.

We now address the questions posed at the beginning of this section, namely what

are the relations between asynchronous price decisions and price stickiness at the

aggregate level. We shall prove the main result that in this economy average real

prices and aggregate output are invariant to the money shocks. As we will see the

assumption of uniformity of real prices over the interval (s, 5] is crucial. First

we define money neutrality. We say that money is neutral if aggregate output

Y(t) is invariant to money shocks i.e. Y{t) — T(0) for all t > 0. It is easy to

see that by adopting (s,S] pricing rule described by (1.78) and (1.79) the initial

distribution of real prices remains uniform over time; see Figure 1.5. Suppose that

firms anticipate constant real balances, that is they expect the price index follows

money one to one P(t) — M{t). From (1.76) it follows that output of the iih firm

depends only on real price i.e.

(1.81) Y(t) = Y{Xi(t)).
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x,.(/3)
Xi(t2)

xi(t])

Figure 1.5. Relative prices move arround the circle (between the boundaries).

Then aggregate output at time t is

The last statement follows from the fact that if the variable x is uniformly distrib¬

uted in (s, 5] then at any point of time the same fraction of firms occupy every

point in the state space (s, 5] and consequently the above sum is invariant in time.

The main conclusion drawn here is that money shocks are neutral in the sense

that money growth does not have aggregate real effects if a) the firms pursue

a (s, S] policy pricing rule, b) real balances are constant and c) real prices are

initially distributed uniformly. However note that the nonneutrality of money is

due essentially to the presence of one-sided shocks. A natural question arises as to

(1.82)
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what would happen to the neutrality of money result if we allow for contractionary

money shocks. One may expect that sometimes it would be optimal for firms to

lower their prices. A model similar to the one considered in Barro (1972) has to

be developed to answer this question and this is what we shall consider next.

1.8. Non-Neutrality of Money

As we have seen in the economy with one sided monetary shocks, an (s.S)

pricing policy and a uniform distribution of prices, all shocks to the money supply

feed into prices and consequently there is no real effect. We shall now consider

an economy with state dependent pricing where monetary shocks have systematic

effects on output. In contrast to the previous examples here money shocks are two

sided and symmetrically distributed and some quite distinctive features appear

including a positive correlation between money and output, that is a Phillips curve-

type relationship starts to emerge.

The basic setting is a monopolistically competitive economy as in Blanchard

and Kiyotaki (1987) with the addition of fixed costs of price adjustment. As before

there is a continuum of firms on the unit interval indexed by variable i E [0,1]. At

all times t > 0 the aggregate price index in log terms is a simple geometric mean

of individual nominal prices (also in log terms),
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(1.83) p{t) = [ Pi{t)di.Jo

At each point of time real balances are equated to output via the quantity-type

relation

(1.84) m(t) =p(t) + Y(t),

where rri{t) and Y(t) are logs of money supply and output respectively. In addition

the money supply m(t) follows a driftless Brownian motion.

In the static case the profit function depends on a linear combination between

real balances m(t)—p(t) and relative prices pt{t)—pit) (see Blanchard and Kiyotaki

(1987)),

(1.85) at(t) = [m(t) -p{t)] -%(t) - p{t)].

We set b = 1 restricting our analysis to the special case in which the effect of a

change in the money supply on a firm's profit is independent of the price index so

that the ith state variable is
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(1.86) cti(t) = m(t) -Pi(t).

Since the firm's profitability depends only on ccj we assume that each firm adopts

a symmetric two-sided (s, 5) pricing strategy: each time [a.((t)| reaches 5, at(t) is

set to zero. Caplin and Leahy (1991) impose an additional assumption on initial

nominal prices Pi(0) and money supply m(0):

and m(0) is a random variable distributed uniformly on (—5/2, 5/2],

An immediate consequence of the above assumption is that cq(t) is uniformly

distributed over an interval of length 5 which is randomly placed in the interval

(—5,5] as is shown in Figure 1.6 by an elevator of length 5 inside the shaft of

length 25.

Before we characterize the interaction between money and output in this model

we list some obvious facts which follow from the above picture. The first one is

that at any given time t the state variable a,(t) is uniformly distributed over an

(1.87) ft(0) = S(i - i)
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Figure 1.6. "Price-Elevator" moves inside the "price shaft".

interval of length S4. If we look at the Figure 1.6 we can imagine that the uniform

distribution of variable a (vertical arrowed line inside the elevator) moves up and

down as money falls and rises. Once the elevator hits the shaft according to the

adjustment rule the firm with the lowest nominal price changes its price moving to

the top of the elevator making vacant its position for the firm with the next lowest

nominal price. The overall picture is the same as in the case of the one sided shock

4In order to start output from from its long run distribution Caplin and Leahy (1991) require
m(0) to be a random variable uniformly distributed in the interval (—5/2,5/2]. They claim that
as a consequence of that assumption the distribution of aj(0) is uniform. That in general is not
correct. To ensure that initial output is inside the interval [—5/2,5/2] it is sufficient to require
that ?n(0) £ (—5/2,5/2] only. To ensure that adO) is uniformly distributed it is sufficient that
Pi (0) is a uniformly distributed random variable.
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with one crucial difference. Here the elevator moves while in the previous case it

was static.

Now we turn our attention to the aggregate output and write:

(1.88) y(t) = m(t) - JPi(t)di = J[m(t) - Pi(t)]di = j oti(t)di.
Prom the above equation output is simply the mean of the variable a. So to study

the evolution of output it is sufficient to keep track of the midpoint of the "price-

elevator". Now it is apparent that while prices are in the interval (—5, 5] all

changes in the money supply feed into output leaving nominal prices unchanged.

When output (mid- point of the price elevator) reaches ±5/2 the elevator is at the

top (bottom) of the elevator shaft. Further increases (decreases) in the money sup¬

ply feed directly into prices. It is obvious that at any time t > 0, y € [—5/2, 5/2].

Because the price index can be written as the difference between gross cumulative

inflation u{t) and gross cumulative deflation l{t) up to time t the equation (1.88)

can be written as:

(1.89) y(t) = m(t) — u(t) + l(t).
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From the foregoing analysis it follows that u(t) and l{t) are increasing functions.

Moreover a necessary condition for u(t) to increase is that y(t) = S/2 and similarly

a necessary condition for l(t) to increase is that y(t) — —S/2. Such behaviour

defines aggregate output as a regulated Brownian motion (Harrison, 1985) and

as a consequence of that, the long run distribution of output is uniform on the

interval [—5/2, 5/2] with mean zero, that is monetary neutrality holds in the long

run. However money neutrality has to be understood in a specific way. In this

model all shocks are permanent and their cumulative effect is what forces expected

output to eventually return to zero5.

The fact that output follows a regulated Brownian motion leads to qualitatively

new predictions about the interaction between money and output.

In contrast with the one-sided model here we have a different situation in

respect of how changes in the money supply influence the economy. There is a

systematic relationship between money and output; that is, the correlation between

money and output is positive. Also, in contrast with time dependent models the

effect of money depends of the state of economy and is transmitted to the level

of output. However when we speak about this interaction we have to make clear

the distinction between an individual path and averaged path. In this sequel

5This is in contrast with the situation where the effect of an individual shock measured by an

impulse response function falls as time passes.



1.8. NON-NEUTRALITY OF MONEY 56

y2(0)

y(0)

Figure 1.7. Two output paths with different initial conditions being iden¬
tical after some time.

we consider two examples and infer some basic conclusions about the interaction

between money and output in the two-sided (S, s) model.

Simple reasoning leads us to conclude that an increase in initial output leads to

a less than one-to-one increase in final output6. If we consider two different paths

yi and with yi(0) > 1/2(0) then at any point of time Ay(0) = 1/1 (0) — 1/2(0) >

Ay(t) = 1/1 (t) —1/2(0- Paths never cross and after finite time they are identical i.e.

2/i (t) = 1/2 (^) as is apparent from Figure 1.7 where this situation is presented by a

declining distance between the output paths as time passes.

As a second example where a distinction between particular and average paths

is more clear consider two paths for money and its counterpart output. At the

terminal time the total change in the money supply is positive while the change

in output is negative as in Figure 1.8. A similar situation can be imagined with

a negative change in the money supply and a positive change in output. This

6The validity of this conclusion strongly depends on the length of time interval in which we
consider evolution of path as after some time initial conditions do not matter.
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is in sharp contrast with the fact that in the short ran the monetary expansion

leads to expanding output or vice versa that a monetary contraction leads to

falling output. However by averaging over all possible paths it is possible to show

that positive changes in the money supply are associated with positive changes in

output. Averaging over all possible paths means that we have to speak in terms

of expected values and say that the conditional expectation of output given initial

output y(0) and the terminal change in the money supply Am(t) is an increasing

function in Am(t) i.e.,

It is not hard to conclude that the effect of a positive (negative) change in the

money supply is much more pronounced on output when initial output is at a

low (high) level; monetary expansion is more effective in expanding output when

output is currently low.

The above analysis helps us to prove an important proposition about the cor¬

relation between money and output which we will use extensively later.

Proposition 1. The correlation between money and output is positive:

(1.90) dE[y(t)\y(0),Am(t)]
> Q

dAm(t)

(1.91) p(y(t),Am(t)) > 0
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Figure 1.8. In one particular path positive change in money supply can
lead to negative change in output.

Proof. Due to the symmetry of Brownian motion we have E[Am(t)\ = E[y(t)] — 0

Then

(1.92) cov(y(t), Am(t)) — E[y(t)Am(t)\ — E[Am(t)E[y(t)\Am(t)]].

Since E[y(t)\Am(t)\ is an increasing function in Am(t)7 , E[y{t)\Am(t)\ has

the same sign as Am{t) which establishes the result. □

We have uncovered the existence of an empirical Phillips Curve; that is the

sign of the coefficient in a regression of output on inflation ought to be positive

according to our model. More formally the correlation between inflation and output

is positive (Caplin and Leahy, 1991b):

7The condition (1.90) still applies if we remove conditioning on y{0).
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(1.93) e(y(t),Ap(t)) > 0.

Once again we stress the importance of the probabilistic approach. If we consider

one possible path of the money supply then it can be the case that money rises

monotonically by some multiple of S and then falls by S. Along this particular

path we will observe price increases with output terminating at its minimal level.

The relation (1.93) excludes in a probabilistic sense such a scenario by telling us

that among all possible paths the most probable is one where high inflation is

associated with a high level of output. This implies a positive autocorrelation

in the inflation rate. Since inflation during period t — 1, according to (1.93) is

associated with high final output y(t — 1) the probability that in the next period of

time the change in price will occur is high leading to the existence of inflationary

inertia. Similar analysis applies for the deflationary scenario.

Finally we stress again the key difference between one and two-sided shocks

in respect of the neutrality of money. In the presence of one-sided shocks as we

saw there is no relation between money and output. In the presence of two-sided

shocks a prolonged rise/fall in the money supply ensures that all firms will be in
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the upper/lower half of the state space appropriately changing their prices. In

between these two extremes money is non neutral.

1.9. Price Stickeness - Empirical Evidence

We saw that nominal rigidity is an important source of short-run monetary

policy non-neutrality. It in turn has important implications for inflation dynamics

and this fact is widely acknowledged in modern macroeconomics. There is a stream

of empirical work related to price stickiness at the firm individual level; see for

example Cecchetti (1986), Genesove (2003), Kashyap (1995), Lach and Tsiddon

(1992, 1996), Ratfai (2003) and more recently Bils and Klenow (2004), and Dhyne,

E. et. ah, (2004) Surveys of empirical assessments are presented in Taylor (1999),

and Wolman (1999,2000).

In this section we briefly introduce the most up-to-date empirical findings in

the form of stylized facts following Dhyne et. al. (2004) for the euro area. A

similar analysis for the US data can be found in Bils, M and Klenow, P (2004).

The main stylized facts are:

A) There is a pronounced effect of heterogeneity among the firms in respect to

both frequencies and synchronization of price changes. That is:
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- Prices changes occur infrequently and the frequency of price changes across

different products differs substantially i.e. there is a pronounced effect of hetero¬

geneity among the firms. For example price changes are very frequent for energy

related products and unprocessed food, while they are relatively infrequent for

non-energy industrial goods and particularly services.

-Synchronization of price changes across firms does not seem to be large at the

product level, even within the same country.

B) There is no strong asymmetry between price changes, that is:

- Price decreases are not uncommon as one may have expected. On average,

40 percent of price changes are price reductions except in services where there is

evidence of strong downward rigidity.

- The magnitude of price reductions is roughly similar to that of price increases.

The above mentioned stylized facts motivate us to set up the model of an econ¬

omy populated with heterogenous agents being exposed to a symmetric two-sided

source of uncertainty. Relaying on fact A) we assume that synchronization and

infrequency in price setting are caused by the very existence of systematic differ¬

ences across economic agents namely by different fixed costs of price adjustment,

so called menu costs. Being motivated by fact B) we expose our agents to an

environment where the only source of uncertainty is driftless Brownian motion of

the money supply.
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Finally our agents are rational in the sense that they adopt a two sided (S, s)

pricing policy rule in order to minimize their expected discounted losses over an

infinite time horizon by solving a typical stochastic optimization problem. It turns

out that this simple and intuitively appealing model is capable of reproducing the

majority of observed stylized facts. In that sense the model used and developed

here in this dissertation may be viewed as a new and important starting point in

the search for more emirically motivated general equilibrium models with (S, s)

pricing policy rules.



CHAPTER 2

One-Sector Economy

2.1. Introduction

In an important an influential paper Caplin and Leahy (1997) develop a model

of state dependent pricing within amonopolistically competitive price-setting frame¬

work. To characterize an equilibrium of their model, they require that aggregate

outcomes be consistent with individual optimizing outcomes. They demonstrate

one way to do that with a few additional assumptions, especially as regards the

distribution of relative prices. One of their key conclusions, Proposition 3 in their

paper, is that the correlation between money and output is falling in the variance

of the money supply, the only driving process in their model. In this Chapter

which will serve as the launch-pad for the multiple-sector (s, S) model that we

shall develop in Chapter 3, we want to offer some clarification on that last point.

We show that it is crucial to distinguish between the stationary and non-stationary

state1 of the model. First, we briefly set out the key relations of the Caplin-Leahy

fin what follows, when we refer to the stationary state we mean observations on output drawn
from that variable's stationary (i.e., ergodic) distribution. When we refer to the non-stationary
state, we are referring to a (set of) sample path(s) in finite time conditional on the initial value
of output.

63
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model that we need to recall their analysis and develop ours. We then demonstrate

that in the stationary state the correlation between money and output is initially

rising in the variance of money. We then reconcile our result with their Proposi¬

tion 3. Finally we offer a brief intuition for our result and indicate why it may be

important. What follows is based on Damjanovic and Nolan (2006).

2.2. Model

If firms face a cost of changing prices, then when shocks to the profit maximizing

price occur they have to weigh the benefits of changing prices against that cost.

In general, there will be a zone of inaction where firms prefer optimally to change

output rather than prices. Following an earlier contribution2, Caplin and Leahy

(1997) set up their model so that, in equilibrium, firms adjust their nominal prices

at only two levels of real balances, ±Y. Whenever the relative price of a particular

firm hits the boundary, price adjustment takes place moving the firm's relative price

to the opposite end of the price distribution. As a result, they demonstrate that the

distribution of relative prices remains uniform over time on some interval, [—S, S),

while aggregate output, driven by a two-sided nominal shock, follows a regulated

Brownian motion between the barriers ±Y. The boundaries themselves are the

result of firms having solved a dynamic programming problem. Each period they

2(Caplin and Leahy 1991)
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minimize the distance between the price they set and the optimal price knowing

that there is a fixed real resource cost to meet, C, if they decide to change prices

We consider a dynamic version of the monopolistically competitive price setting

model of Blanchard and Kiyotaki (1987). Output is produced by continuum of

firms indexed by i and as mentioned above each firm faces a fixed cost of changing

its nominal price. They all are identical in respect to flow profits which depend

on real aggregate demand Y and the firm's price relative to an aggregate price

index, Xi = Pi — P, where pt is a nominal price charged by firm i, P = f Pidi is

the aggregate price index, and all variables are measured in logs. We assume that

price P* which maximizes the firm's instantaneous profit is a linear combination

of the price index and real aggregate demand,

P* = p + aY.

The cost of changing price aside, the loss function for the ith firm is proportional

to the squared deviation of Pi from the price which maximizes instantaneous profit

for each firm, P

(2.1) L(xh Y) = 7(p< - P*)2 = 7(Pi - P - aY)2 = 7(xi - aY)2,
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where 7 > 0, a > 0. The parameter a measures a degree of strategic interaction

among firms. If a < 1, then the pricing game exhibits strategic complementarity:

a firm wants to increase its nominal price when other firms raise their prices. When

a > 1, price increases by other firms reduce the price desired by firm i, and the

game exhibits strategic substitutability.

In addition we assume that the velocity of money is constant so that output is

determined by the level of real balances,

Y (t) = m(t) — P(t)

and that the log of the money supply follows a driftless Brownian motion with

infinitesimal variance a2,

dm(t) = adW(t)

where W(t) is a Wiener process.

Then the firm's problem is to minimize the expected present value of lost

profit and the cost of price adjustment. We will not consider this question here

(for detailed calculation see Appendix A) but instead we consider the question of

equilibrium in more detail as it provides a necessary link with our generalization

to the heterogeneous case in Chapter 3. The key ingredient in Caplin and Leahy's
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setting is the assumption that initial relative prices are uniformly distributed over

an interval [-S, S) which is naturally based on the invariance results in Caplin

and Spulber (1987) and Caplin and Leahy (1991) (see also Chapter 1). Then if

firms adjust their relative price from —S to S whenever their relative price falls

below —S, and from S to -S whenever their relative price hits S, and in addition

the price index follows a continuous process then the distribution of relative prices

remains uniform over [—S,S). Following the same line of reasoning as in Caplin

and Leahy (1991) given our assumption that the money supply follows a Brownian

motion it is easy to show that real balances follow a regulated Brownian motion.

Then Caplin and Leahy (1997) defined an equilibrium as follows:

(i) the price index adjusts to regulate real balances at Y and —Y;

(ii) firms adjust their relative price from —S to S whenever their relative price

falls below —S, and from S to -S whenever their relative price hits S;

(Hi) relative prices are initially distributed uniformly over an interval [—5", S1);

(iv) no firm has an incentive to deviate from the price adjustment strategy

described in (ii).

We can describe the economy in the equilibrium as a uniform distribution of

relative prices at a given level of output as in Figure 2.1. The solid line represents

the distribution of prices with the measure equal to 1/25. As money changes the

distribution of relative prices moves up and down between —Y and Y following
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Figure 2.1. The distribution of relative prices (bold line) moves between
boundaries [—Y, Y].

one to one changes in the money supply. Once the distribution hits Y{— Y)

further changes in the money supply translate into price adjustment leaving output

unaffected as depicted in Figure 2.1

After solving the corresponding Bellman equation the following set of equations

for optimal boundaries can be obtained (see Appendix A),

(2.2) tanh(/3F) + a(/3Y — tanh(/3y)) = f3Scoth(/3S) tanh(/3F);



2.3. MONEY AND OUTPUT: THE STATIONARY STATE 69

(2.3) S(pY - tanh(0Y)) = SC,

where 5 = r(3/(day) and /? = y/2r/a. r is the instantaneous discount rate, and

a is the standard deviation of the money supply process which follows a driftless

Brownian motion. For given C these two relations provide the optimal values

of Y and S. A notable contribution of Caplin and Leahy (1997) is that they

can reconcile the outcome of this individual stochastic control problem, with the

aggregate outcomes for the macroeconomy in an internally consistent way that is

what their definition of equilibrium, just described, accomplished.

One of the key claims that Caplin and Leahy make in their Proposition 3 that

the correlation between money and output is diminishing for all t' > t (where

t denotes time). In this Chapter we want to emphasize that this conclusion is

correct for the nonstationary state of the model. In the stationary state, however,

the conclusion is somewhat different; initially the correlation between money and

output is rising, before falling.

2.3. Money and Output: The Stationary State

In this section we show that the behaviour of this correlation in stationary state,

when output is uniformly distributed on the interval [-Y, Y], differs dramatically

for small a. Our claim is that before falling the correlation rises on some interval
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[0, er*]3. In order to show that the correlation is an increasing function on the

interval [0, cr*], it suffices to show that in stationary state p(a — 0) = 0. We turn

now to that proof and we also show that equations (2.2) and (2.3) can be solved for

the the optimal boundaries in the case of 'static' policies where the money supply

is, and is expected to be, constant i.e., er = 0. This is important as we have to

demonstrate that there are no discontinuities as a —> 0. Before this, however, we

find it useful to state Lemma l4:

Lemma 2. In the limit a —> 0, E(yAM) « a2.

Proof. Here we provide an heuristic proof of this Lemma. Assume for simplic¬

ity that both processes for output and money start from the origin i.e., y(0) =

AM(0) = 0. Then, approximating the money supply by a random walk in the

usual way, we may write:

n

(2.4)
i= 1

where Ayt = yt- y^i and Ar/j = yx.

3In Appendix D we provide an analytical expression for joint density function of random variables
V and AM.
4In what follows we suppress time dependence normalizing it to unity.
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Similarly

n

(2.5) AM(n) = J2AMi
i=1

where AMj = Mj — Mj_i and AMj = Mi.

Further,

(2.6)
n n n n n

E(yAM) = E(J2Ay*J>M7') = $>(A^AM*) + SA^AMi + $>^AMh
2=1 J= 1 2=1 2<J l>j

The second sum is zero simply because today's change in Y does not depend

on future changes in the money supply. The third term can be neglected because

changes in Y today are correlated with changes in money in the past only via

boundary effects. Over any finite interval of time and for sufficiently small variance,

it can safely be neglected. In other words, during a finite period of time the number

of events when Ay — AM is much bigger than the number of events when Ay — 0;

so on the average, Ay = AM. The same reasoning applies when Y is uniformly dis¬

tributed over the discrete interval [-Y, Y"]: E(yAM) = P(Y € (-Y, F))(AM)2 +

P(Y = F)(0 + iAML) + P(Y = -F)(0 + = (A? + I)(AM)2 = (AM)2 for

sufficiently large number of discrete points N in the interval [—Y,Y]. Now, since
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n

E(yAM) = — n(AM)2 = cr2, the statement of the Lemma follows

immediately. We can now turn to our key proposition. □

Proposition 3. In the stationary state of the model, and in the limit as cr 0,

the correlation function p —> 0.

Proof. As the money supply follows a zero mean Brownian motion E(AM) — 0,

the correlation is given by:

(2.7) p(Y,AM)= £<yAM>y/Var(Y)y/Var(AM)'

(2.8) = vSB(rAM)
Y{c)a

where Var{Y) = Y((j)'2/3 is the variance of a uniformly distributed random vari¬

able on the interval [—Y,Y\. When cr = 0 we are in a regime of 'static' policies,

where the change in the money supply will always be zero. Hence, the correlation

is zero as well. If the correlation were a decreasing function over the entire interval

of cr it would mean that it has a discontinuity at cr = +0. To demonstrate that

this is not the case we have to approach cr = 0 from above i.e., to start from the

set of equations for the optimal boundaries and see how their solution behaves as
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the variance approaches zero. From Lemma 1 we have:

(2.9) E(YAM) « a2.

Combining (2.7) and (2.9) we have that when a —> 0

(2.10) p(Y, AM) ~ a/Y(a).

We need to see how Y(o) behaves as er —> 0. We start from the set of equations for

optimal boundaries (2.2) and (2.3). Rewriting them in a more convenient form:

(2.1D +a(1."awn,_ eg coth(0S) tanh(/3F);

(2.12) (0S)<jnr)Q - = -02t

where c = Cr/(4a-y). Note that (3Y ^Y jo and both Y and S are monotonic and

increasing in o. In the following Lemma we show that ftY —> oo when o — 0. □

Lemma 4.

(2.13) lim /3Y = oo.
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Proof. Assume that this is not true and instead that lim/3F Y oo. Then there
a—>0

exists a positive number K so that we can find a sequence of numbers {on} such

that

(2.14) an < YYr/n,

and5

(2.15) f3nTn < K.

Caplin and Leahy (1997) proved that

(2.16) aY < S <Y,

and that proof holds good in the stationary state. Therefore, it follows that f3nSn

satisfies the inequality

(2.17) /3nSn < PnYn < K.

5We have suppressed the dependence on a in our notation. So, when we write [iTlYn we really
mean /3(an)Y(an).
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Furthermore we note that

75

(2.18) f3n = V2r/an> n.

Now using (2.18), (2.12), the fact that tanh(x)/x < 1 and (2.17) we write

= i - 5an>fF) </u.
However, we have obtained a contradiction, because no mater how large K is we

can always choose an N such that N > n — K2 /\fz. so that inequality (2.15) does

not hold. Therefore limBY = oo.B
(j—►()

Inequality (2.16) and Lemma (2) imply that /3S —> oo as well. Therefore

tanh(/3Y)/f3Y) —► 0 and coth(/55) tanh(/?y) —> 1, and from equation (2.11) in the

limit a —> 0 we recover the case of static policies when the price deviation is such

that the expected value of lost profits is just equal to the costs of price adjustment,

C:

(2.19) | = a.

From equation (2.12) we have another relation:

(2.20) SY = c.
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So, in the limit a —> 0, S and Y are given by the solution to the simple system of

equations:

(2.21) F(0) = (c/a)1/2;

(2.22) 5(0) = (ca)1/2.

From the above equations we see that a < 1 is equivalent to F(0) > 5(0)6. Finally

we have that p r>u a/Y(a) ~ a/Y(0) ~ a —* 0 when a —> 0 which completes the

proof of Proposition l.B □

2.4. Money and Output: The Non-Stationary State

We now contrast this with the non-stationary case. First, we provide a brief

intuitive discussion for Caplin and Leahy's (1997) conclusion.

We already know that F(0) is different from zero at the origin. Once the

money supply process starts with infinitesimally small variance the barrier Y (cr)

is practically inaccessible. In other words, there exists a positive probability that

Y will never hit the boundary during some time interval. The expected time to

6a < 1 implies that goods are strategic complements. All our arguments go through also if goods
are strategic substitutes, a > 1. For very high degrees of substitutability the interval [0, cr*] is
somewhat reduced.
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2

hitting either the lower (-Y) or upper (+T) barrier is given by E(T) — Y /cr2

(Karlin and Taylor, 1975). Because Y is finite for small values of a the expected

hitting time may be some way off. Consequently, output follows money one-to-

one. The correlation starts from one decreasing as o increases because then the

incidence of output reaching the boundaries increases. And so, as the time horizon

extends, Aii < Af2 < .. we shall have a set of correlation functions 1 > p(Afi, a) >

p(At2, c) > .. decreasing in both a and time.

In the stationary state this reasoning is no longer valid. Output is distributed

uniformly over the whole interval [—Y, Y] and, by Proposition 1, the correlation

starts from zero. As the variances increase away from zero, the correlation can rise

only on account of widening barriers. And this, in fact, is what happens; as the

variance of the money supply increases from zero, Y rises more than proportionally

with a, AY (a)/ Aa > 1. This situation is depicted in Figure 2.2, where the line

y — a is given for comparison purposes; what is key is the ratio Y/Aa. Starting

from a — 0, the correlation coefficient rises up to some small but finite value,

a* which is given by the solution of equations Y(a*) = a* and dp/do > 0. In

the next Chapter we will demonstrate that the range of values over which this

correlation is rising becomes larger as we add heterogenous sectors distinguished

by differing costs of price adjustment, C (Damjanovic and Nolan (2005)). For
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a > a* the correlation coefficient falls and dp/da < 0 as Caplin and Leahy (1997)

demonstrate in the nonstationary state. The results of simulation are represented

in Figure 2.3. For each value of a, with increments Act = 0.001, we compute time

series Y(i), AM{i) with initial conditions T(0) — AM(0) = 0. We do this via

a random walk approximation on the discretized space with AY — ayrAtJ where

At — 1 /TV]. Time t' — t is normalized to one as t' — t = N\At = 1. Then every Npth

pair of (Y(i), AM(i)) where AM{i) = M{iN\) — M((i — 1)W) and i — 1, ,.N2 is

taken out ofN2Ni pairs to make up our time series. Standard MatLab functions are

used to calculate the correlation coefficient. In the simulations reported, N\ — 100,

N2 = 10000.

2.5. Conclusion

It is interesting to note that Caplin and Leahy in proving their Proposition 3

use the fact that Y rises less than proportionally with a. The fact that there exists

a range of values for a where that is not the case does not invalidate their proof; in

the nonstationary state the correlation, as a function of the variance of the money

supply, always starts from its maximal value.

The fact that the correlation coefficient is initially rising with the variance of

the money supply in the stationary state is an important one. Lucas (1973) showed

that, in an economy consisting of agents who are unable to distinguish between
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real and nominal shocks, an increase in the variance of the money supply reduces

the effect of a given nominal shock on output. Caplin and Leahy (1997) showed

that the same effect arises in an (s,S) model of costly price adjustment i.e., that

the correlation between money and output is diminishing in the variance of the

money supply. These results are intuitively appealing to macroeconomists in the

sense that with increasing variance of the money supply more and more firms

adjust their prices more frequently. On the other hand, Lucas also mentioned that

expansionary monetary policies in stable price countries have large initial effects

on real output in contrast to countries with more volatile nominal policies. We find

that the dynamic (S, s) menu cost model of Caplin and Leahy (1997) is capable

of capturing such effects as well. The framework developed by Caplin and Leahy

(1997) has proven most fruitful, and is consistent with a number of other important

macroeconomic stylized facts. These are discussed more fully in the next Chapter

3 and in Damjanovic and Nolan (2005).
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Figure 2.2. Functions Y(o) and /SY(a)/A.o. The line y = a is given
to facilitate comparison between the two slopes, r = 0.05, 7 = 0.5 and
c = 0.001, as in Caplin and Leahy (1997). Strategic complementarity is
determined by setting a — 0.8.
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o

Figure 2.3. The correlation p(Y, AM).



CHAPTER 3

K-Sectors Economy

3.1. Introduction

In this chapter we pursue further the line of thought regarding nominal price

stickiness which we have already surveyed and which dates back to Barro (1972)

and Sheshinski and Weiss (1977, 1983), analyses that were in turn motivated by

the seminal work of Arrow, Harris and Marschak (1951). This work on (S,s)

pricing policies was developed into a macroeconomic environment by Caplin and

Spulber (1987), Caplin and Leahy (1991), Caballero and Engel (1991) and Caplin

and Leahy (1997), and more recently still by Golosov and Lucas (2003).

The basic idea behind all these (S, s) pricing models is as we have seen straight¬

forward enough; firms face a resource cost of adjusting prices when demand or cost

conditions alter. As a consequence, observed prices of most, perhaps almost all,

goods will differ from what would be the optimal price in the absence of this

cost. The more recent analyses in this vein have probed the macroeconomic sig¬

nificance of these (S, s) pricing strategies. One of the basic insights that seems to

82



3.1. INTRODUCTION 83

emerge is that nominal shocks will generally result in fluctuations in real magni¬

tudes, although that need not always be so, as Caplin and Spulber showed (1987).

However, many macroeconomists believe such nonneutralities to be an important

stylized fact that macroeconomic models must match.

But there are other aspects of the data that many of these models have difficulty

matching. First, in these models the impact of nominal shocks on aggregate output

is modest, short-lived and probably less than what we observe in the data. The best

evidence we know of on this score is Christiano et al. (2001). Second, in practice

price changes may not be highly synchronized (i.e., different prices may often move

in different directions in different sectors), as Bils and Klenow (2004) show for the

US and Dhyne et al. (2004) demonstrate for countries in the Euro area, whilst

many (5, s) pricing models generally predict a high level of synchronization. Third,

there is evidence that there are systematic differences across sectors in the economy

in the frequency of price adjustment; again Bils and Klenow (2004) document this

for the US and Dhyne et al. (2004) show that the same is true in the Euro area.1

This observed degree of price change asynchronization and the systematic sec¬

toral asymmetries suggest that heterogeneity is an important issue that needs to be

incorporated in any successful (S, s) model. In an important contribution, Golosov

1Dhyne et al. also document that the Euro area appears to have "stickier" prices than is the
case in the US.
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and Lucas (2003) introduce asymmetries in the form of idiosyncratic shocks and

by simulating their model show that this helps rationalize price change asynchro-

nization. However, nominal shocks (even when monetary policy lacks credibility)

continue to explain only a minor amount of variation in output.

In addition, introducing idiosyncratic shocks may be a less useful way of incor¬

porating systematic variation across sectors in the degree of price flexibility. One

could imagine a model with different sectors of the economy systematically being

buffeted by different sized shocks. Such a model would appear capable of ratio¬

nalizing price change asynchronization and systematic differences in the frequency

of price changes across sectors, with sectors prone to big shocks (on a systematic

basis) tending to change prices more frequently. However, as we are interested,

as far as possible, in obtaining analytical insights to the questions we pose, such

a model would pose formidable technical challenges. For example, in the Golosov

and Lucas (2004) analysis, a somewhat simpler set-up than the idealized model we

have just sketched, all the key results are based on simulations.

In this Chapter we take a simpler approach which turns out to yield substantial

analytical results. Motivated by the observation that we just mentioned, that there

appears to be some systematic variation in the frequency of price adjustment across

goods, we analyze the effects of heterogenous costs of adjustment. We extend the

important work of Caplin and Leahy (1997) by introducing multiple sectors into the
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model economy, where each of these sectors is indexed by a different cost of price

adjustment. In each sector of the economy firms face the same generic optimization

problem as in the single sector set-up of Caplin and Leahy (1997), but it turns out

that their actions have starkly different implications for aggregate output and

prices. Such a set-up is also consistent with a degree of price asynchronization.

As we demonstrate, the distribution of relative prices ceases to be uniform as

Caplin and Leahy (1997) found. This prediction of the model was, in any case,

counterfactual. We are able analytically to characterize the stationary distributions

of output and prices for our model economy. We also show that the stationary

distribution of aggregate output ceases to be uniform, and becomes dependent on

the number of sectors.

Our model with multiple sectors may also deliver more plausible aggregate

dynamics than a single sector model. (S, s) models based on homogeneity of costs

tend to imply somewhat rigid dynamics; a sequence of positive (negative) monetary

shocks cause output to rise (fall), while entailing no nominal price response, until

some boundary is reached; further shocks in that positive (negative) sequence affect

only prices. With heterogeneous costs of price adjustment the aggregate dynamics

are more nuanced. For example, we demonstrate that, in the stationary state,

the correlation coefficient between money shocks and output initially rises in the

variance of the money stock before falling, in contrast to the findings of Caplin and
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Leahy (1997). We reconcile our result with theirs. We also show that as we add

heterogeneous sectors the correlation between money shocks and output is lower

in the multiple sector case (compared with the single sector case) for relatively

low monetary variance, and higher for relatively high monetary variance. Adding

heterogenous sectors in the way we do appears to hold out the promise of increasing

the importance of nominal shocks. Further, a natural implication of our set-up is

a degree of price asynchronization as in some sectors average real prices may be

rising or falling whilst in other sectors they are moving in the opposite direction.

The Chapter is organized as follows. In Section 2 we set out our framework

by extending the model of Caplin and Leahy (1997). In Section 3 we define the

optimal behaviour of agents in different sectors and discuss the distributions of

outputs and relative prices in each sector of the economy. We show that the

correlation between outputs in different sectors is intimately related to the cost of

price adjustment, and the sense in which price changes are asynchronized emerges

here also. In Section 4 we obtain an explicit solution for the stationary distribution

of aggregate output in the case of two sectors. Appendix 4 shows how to generalize

that derivation, first to the case of three sectors and then to the if—sector case. In

Section 5 we analyze the interaction at the macroeconomic level between money,

output and prices and demonstrate that our model economy may be sensitive to

monetary shocks. In Section 6 we summarize and conclude.
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3.2. The Model

Our model is a K—sector model building on the basic framework pioneered by

Blanchard and Kiyotaki (1987)2. In turn, each sector is comprised of a continuum

of firms. Firms in each sector are monopolistic competitors. The marginal cost

of production (absent fixed costs of price adjustment) is constant across firms and

sectors although, in equilibrium, firms do not all charge the same price. At instant

t the optimal frictionless price for any firm i in sector / is given by

(3.1) p*(t,i,f) = P(t) + aY(t).

That is, the 'optimal' price, in the absence of costs of adjustment, is a linear

function of (the log of) the aggregate price level P(t) and (the log of) real aggregate

demand Y(t). a is a measure of strategic interaction between firms. In particular,

a < 1 indicates strategic complementarity such that firms tends to raise their

prices when other firms do the same. On the other hand, if a > 1 firms exhibit

strategic substitutability; firm i tends to decrease its nominal price when other

firms increase them. From now on, where we can safely do so, we suppress the

index i, assuming that a is the same across sectors. We distinguish between

2The underlying model is developed in more detail in the appendix, whilst in the main text we
use a linear approximate version.
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different sectors of the economy by the costs of price adjustment in each sector,

c & C. c is positive and takes discrete values from some bounded set. We assume

that the costs of price adjustment are 'sufficiently different' across sectors such

that when one sector starts to change nominal prices, this does not immediately

cause firms in 'nearby' sectors to change prices.

The aggregate price-level and aggregate demand are defined in the following

way,

An appendix provides more details on the functions $[•], © [•] • The aggregate

price level is a function of sectoral prices, which are in turn themselves a basket

of individual firms' prices. Similar considerations obtain with respect to output.

There is a cost to changing prices and this cost differs systematically across sectors

of the economy which are enumerated by the number of elements (K) in the set

C3. In each sector we assume that the continuum of firms all face the same cost.

In Caplin and Leahy (1997) C is a singleton. We assume that costs c are positive

3We emphasise that costs of adjustment do not vary stochastically across firms. The result of
randomly altering the costs of adjustment may have a limited impact on our analysis here, as in
Caballero and Engel (1991b), where the distribution of relative prices remains unaltered.

(3.2)
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and bounded, c G (0, cmax]. Firms in this economy will therefore differ along two

dimensions. First, there will be, in equilibrium, a non-degenerate distribution of

relative prices within each sector. Second, the distribution of costs across sectors

will mean that different sectors will produce different levels of output, before finally

changing prices.

If velocity of money is constant, we may write the relationship between the log

of aggregate real money balances, M(t), and (demand-determined) output as

where W (t) is a Wiener process.

Each firm in each sector faces a control problem of the same sort. In what

follows, to avoid notational clutter, we shall drop the t index. For each firm the

instantaneous loss in real profits is a quadratic function of the deviation of its

nominal price from the optimal price given by

(3.3) Y(t) = M(t) - P(t).

We assume that money evolves continuously without drift,

(3.4) dM(t) — adW(t)
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(3.5) L(p{i),Y, i) = 7(p(i) - p*(i))2]

7(p(i) - P - aV)2;

(3.6) l(x(i) — aY)2

where x{i) = p{i) — P is a relative price. In each sector agents face identical

problems i.e., to minimize the expected present value of lost profit given the cost

of price adjustment. Assuming that the discount factor r is constant, the value

function of the firm at moment t can be expressed in the form:

(3.7) V(p(i),Y) = min jT e"rsL [p(z), F] ds +^ e"r!rjc|,
where Et stands for the expectations operator and the sequence {7}} represents

the time when the jth adjustment takes place.

As we show in the appendix, the value function is given by:
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(3.8) V{x,Y) = -(t-«F)2+7
aa

x—aY 1 ] /SY „f3Y (x+aY
~r& I e e

\ P $'
f(x-aY 1 \
u p P1)
(x+aY , 1 \

27 a — 1
V (e2/?F _ e-2/?F) X

-0YpfSYe - e"

I *±«Y + ^) e0Ye-PY + (z=«Y + e-^e-^|

There are several other optimality conditions related to an equilibrium of the

model. First there is the smooth contact conditions,

(3.9) dV(x,Y)
dx

dV(x,Y)
Y=±Y dY Y=±Y

Then there is the value matching condition,

(3.10) V(-S,Y) = V(S,Y) + c.

The optimal choice of target is given by

(3.11) dV{x,Y)
dx x=—S

dV(x,Y)
dx x=S
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and the smooth pasting condition is

(3-12) dV(x,Y)
dx x=S,Y=Y

= 0.

Appendix 2 derives the value function and evaluates the accompanying optimality

conditions to find a value for k, a variable defined in the appendix, and a pair

of simultaneous equations necessary and sufficient to solve for Y and S. Here S

denotes denotes the lower bound on the real relative price, and Y the bound on

output.

In this section we take a closer look at the distributions of relative prices and

outputs in each sector of economy. In the one sector model with two sided shocks,

we know that relative (i.e., real) prices will optimally remain uniformly distributed,

if they are initially uniformly distributed. And the same is true for output; this

will also be uniformly distributed in the stationary state (Harrison, 1985). The

same applies in the case of a iT-sector economy. In each sector the behaviour of

agents is defined by their costs of price adjustments. As already noted firms face

the same optimization problem but with different costs of price adjustment. The

next proposition will prove useful.

3.3. Output and prices in different sectors
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Proposition 5. The sequences of optimal boundaries {5"(c)} and {Y(c)} are

strictly increasing functions of cost.

Proof: The set of equations for determining optimal boundaries are derived in

Appendix A ( A.17 and A.18) and reproduced here as (3.13) and (3.14):

(3.13) olY + -—— a- tanh(/3Y) = Scoth((3S) tanh(/?Y);

(3.14) S{/3Y - tanh(0Y)) = dc,

where 5 — r/3/(Aaj) and (3 — 2r/a2.

The solutions of equations (3.13) and (3.14) determine optimal S and Y for

a particular sector c. Unfortunately, this system of equations does not yield an

analytical solution, but it is still possible to obtain asymptotic solutions in the

region of small and large costs of adjustments. We proceed by rewriting equation

(3.13):

(3.15) Ucoth(Y» - 1 = a.v ;
/3Y coth(/3Y) — 1

Consider equation (3.14) and let c increase. It follows that the left hand side of

(3.14) must also increase. Consequently, there are three possibilities: Both S and
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Figure 3.1. Optimal boundaries S(c), Y(c) as a functions of cost of price adjustmer

Y increase, S increases while Y decreases, or Y increases and S decreases. It turns

out that only the first of these possibilities is consistent with condition (3.15). The

solutions of (3.13) and (3.14) for various costs are given in Figure 3.1. ■

A direct consequence of Proposition 5 is that, in the stationary state, the

inaction regions [—5(c), S(c)] U [-Y(c), Y(c)] are nested as depicted in Figure 3.2

for the case of two sectors. Hence we define a stationary equilibrium of our model
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as a straightforward generalization of the one sector model of Caplin and Leahy

(1997):

Definition 6. ; An equilibrium is an initial distribution of prices and set of

pricing strategies such that :

(i) the aggregate price index only changes when at least one sectoral output level

is at ±T(c) and relative prices hit S(c);

(ii) in each sector firms change their relative prices only when output is at

±F(c) and relative prices are at =FS(c);

(Hi) in each sector relative prices are distributed uniformly over the interval

l-S(c),+S(c)};

(iv) no firm deviates from the price adjustment strategy in (ii).

We conclude this section by formulating and proving one important result about

the distribution of relative prices: We show that the distribution of costs of price

adjustment determines the distribution of relative prices in an equilibrium. For

simplicity, consider the case of two sectors. Let total firms be of measure one. The

measure of firms in sectors one and two are denoted by n\ and n2, respectively. We

then have that n\+ n2 = 1. Since in each sector the same rule of price adjustment

applies, the fraction n\ of firms is uniformly distributed over an interval of relative

prices [—Si, Si] and so too is the fraction n2 of firm over the interval [—52, <f>2].
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Figure 3.2. Nested regions of innaction for two sectors. The sectoral
densities of relative prices ('elevators') in both sectors move up and down
when money rises or falls.

We choose Si < S2 (<h < c2 ). The distribution of aggregate relative prices is

not uniform (as it would be in a single sector set-up) but it is invariant in time

as depicted in Figure 3.3. It is not hard to see that any distributional shape can

be achieved by choosing a specific distribution of costs, n(C). The corresponding

densities for the case of two sectors are depicted in Figure 3.3. By way of illustra¬

tion, it is straightforward algebraically to describe the densities of relative prices

for a two and three sector economy. In turn these are:
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n2/2S2 —S2 < x < —Si

(3.16) = ni/2Si + n2/2S2 -Si < x < Si \

n2/2S2 Si < x < S2

(3.17) ^(x) =

n3/25*3

ni/2Si + n2/2S2 + 113/283

n2/2S2 + 77.3/253

—S3 < x < —S2 U S2 < x < S3

—Si < x < Si

—S2 < x < —Si U Si < x < S2

It is easy to show that f fj,(x)dx = 1. In particular, for the two dimensional case

we have / n(x)dx = 2(52 - 5i)^ + 2Si(f/r + ^) = rii + n2 = 1.

Proceeding further in the same fashion we can construct any distributional

shape by specifying n(C). The generalization of this analysis to the continuous

case is straightforward and we conclude this section by formulating it in the next

proposition.

Proposition 7. Let 77(c) be the density of firms in respect of their cost of

relative price adjustment, i.e., / n(c)dc = 1, where c takes its values from some
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-s. -S1 5, X

Figure 3.3. The density of relative prices /i2(:r) (bold line) in the case
of two sectors defined by (3.4). Dashed lines represent sectoral densities:
I/2S2 (lower line) and l/2Si(upper line).

bounded set. Then the density of relative prices, x, is given by:

(3.18)
Cmax

p{x) = J n(c)
25(c)

dc,

where x G [—5(Cmax), 5(Cmax)] and x and C are given by equations (3.13) and

(3.14).

It is immediately clear that price changes are not synchronized across sectors.

For simplicity, consider the two sector case and assume that money rises. Then

the "elevator" (that is, the distribution of relative prices) in the first sector (with

lower cost of adjustment) will hit the boundary y — Y\ first, causing nominal price
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adjustment in that sector while the elevator in the second sector will continue

to travel up towards to boundary Yi (see Figure 3.2). At that instant of time

adjustment will take place in the first sector only. The situation where firms from

the sector with higher cost of adjustment change nominal prices but not firms from

the lower cost sector is, of course, possible but only for particular paths defined

on specific initial conditions; it can only happen a finite number of times. In the

stationary state it cannot be the case that the higher cost sector adjusts but the

lower cost sector does not. So in this model synchronization/asynchronization of

relative prices is understood as follows: When sector c* < cmax adjusts then all

sectors with costs c < c* also adjust, but those sectors with costs c > c*, do not

necessarily adjust prices.

Overall, then, our model predicts that the frequency of price changes is likely

to differ systematically across sectors, and that these changes will not be synchro¬

nized. These findings appear to be broadly in line with Dhyne et al. (2004) where

a high degree of heterogeneity in price setting behaviour, across both products and

sectors, is clearly documented. The heterogeneity is reflected in the frequency of

price setting and in the absence synchronization of price changes across different

sectors. Interestingly, Dhyne et al. also document that there is no evidence of

strong downward price rigidity in the Euro area. On average 40% of price changes
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are downward movements. Our model with symmetric and nested boundaries is

also capable of generating similar behaviour.

3.4. The case of two sectors

We now consider the dynamics of aggregate output for the case where dif¬

ferent costs of price adjustment lead to optimal boundaries for output, derived

from equations (3.13) — (3.14), that are characterized by the strictly increasing

finite set, \Yi\i — 1,2.... Incorporating heterogeneity with respect to costs of

price adjustment one would expect that the dynamics of aggregate output should

change materially from the one sector case, where we know that output is uni¬

formly distributed. Indeed this is the case. Intuitively, although firms in different

sectors have different costs of price adjustment, there will still be some range over

which their respective outputs rise and fall together. Eventually, however, demand

rises sufficiently that some firms start adjusting nominal prices, whilst others con¬

tinue to meet demand at their current posted prices. At this point, their supply

responses diverge. It turns out that the stationary distribution of aggregate out¬

put can, therefore, be split into two parts. One part corresponds to the uniform

distribution of absolutely correlated outputs. The other part of the distribution

represents the sum of independent random variables. This is an important result
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which, as we show in an appendix, can be generalized. We formally state this in

the next theorem for the two dimensional case, K — 2.

Theorem 8. Let the economy consists of two different sectors with strictly

increasing optimal boundaries {Yi\i = 1,2}. Let output Yi in each sector i follow

a regulated Brownian motion. Then, in the stationary state, the density function

of aggregate output, defined as Y — Y\ +Y2, is given by a weighted average of two

densities:

(3.19) p(Y) = (1 — ca)fJ>i + loh2(Y = 2zi + z2),

where weight uj is given by:

(3.20) w 2

//[ denotes the density of a uniformly distributed random variable on the interval

l-Y.-T^ + T,} i.e.,

(3.21) hi
2(hi + Y2)'
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and n2 is the density of the sum of two independently and non-identically and

uniformly distributed random variables, 2z\ and z2. with corresponding densities:

PROOF: We are considering the two dimensional case K = 2 with boundaries

Yi < Y2- We may construct the state-space for pairs (Yi; Y2) shown in Figure

3.4. where joint state space (Yi, Y2) for outputs from two sectors is represented

by bold dots for particular values Yi = 2, Y2 — 4 so that Y\ — -2,-1,0,1,2

and Y2 — —4, —3, ..0, ..3,4 (ni = 5, n2 — 9). Two way moving between the

states is represented by bold lines while one way moving is represented by ar¬

rowed lines. Arrowed circles represent possibilities of remaining at corners A

and C. For simplicity, and only temporarily, suppose that outputs Y\ and Y2

take only discrete and equidistant integer values in the intervals [—Ah, Nj] and

[—N2,N2\ respectively, i.e., Yi € {—Ah, —Ah + 1,., 0,.., Ni — 1, Ni} and Y2 G

{—N2, —N2 + 1,., 0,.., N2 — 1, N2} . The feasible set of states of the system are

those represented by points of the parallelogram ABCD including the points on

(3.22)

(3.23)
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its boundaries. In principle the system can start from any point outside of this

set but once it reaches any point on its boundary (that will happen for sure in

finite time) it remains inside that set forever. After we characterize this density

for the discrete case, we generalize to the continuous case and all the results and

analysis will apply in the limit as AY —> 0 (N —> oo), where we demonstrate that

Ay - 2Y/(2N + 1).

We proceed directly to find the joint distribution in the stationary state, de¬

noted by 7r(yi,y2), by solving the eigenvalue problem for the Markov transition

matrix P:

(3.24) ttP = 7r.

The number of different states, i.e., the number of points in the set ACBD, is

n — n*pn2 where n\ — 2Ni + 1 and n2 — 2(N2 — N{) + 1. Obviously, dim(7r) = n

and P is a square matrix with dimensions n x n.

If we consider any subset of admissible states with Y2 fixed (that is, points

parallel to the Y\ axis), then for such a set the following equation must be satis¬

fied: p(Y2) — ^7r(y2, Yj). where p{Y2) is the unconditional probability of Y2, and
j

Tr(Y2,Yi) are joint probabilities. However, it must be the case that p(Y2) = l/n2
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where n2 — 2N2 + 1 because in the stationary state outputs in each band are uni¬

formly distributed. It follows, then, that the joint probabilities in corners a and

c are txa — — 1/^2- Now start from corner b and move to a along the edge

BA and write down the corresponding balance equations. As appendix 3 shows in

detail, we find that along BA the joint probabilities are given by:

(3.25) vtba(0 = —5
rtin2

and along the edge CD by:

(3.26) ^cd(C) = ni + 1~C,
Tl\Tl2

where C = 1,2, In all other points n — ttb — l/n±n2.

Having calculated the stationary distribution of joint probabilities it is possible

to find the stationary probability distribution of aggregate output. We start by

calculating the probability function p(y) defined in the usual way:

(3.27) p(y) = ep« s y)'
€
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On the other hand, the unconditional probabilities P(£) are given by:

(3.28)

where the sum has to be taken over all values of Fj and Y2 where £ = Y\ + Y2 < Y.

In Figure 3.4 it corresponds to all points lying on the line Y2 — £ — Yi for a certain

£. Combining (3.27) and (3.28) we see that in order to find the probability function

P(Y) one has to sum joint probabilities over all points lying on the lines

We perform this summation noticing that lines from (3.29) are divided into

two groups. It is worth noting now, that this sub-division provides us with our

clue on how to take these discrete calculations to the proper continuous limit. The

first group is represented by lines containing the points on the edges AB and CD

where we have different joint probabilities. We label such points as elements in

the 'exterior' group (£s lines). The remaining probabilities are elements in the

'interior' group (£7 lines). These are depicted in Figure 3.4.

(3.29) Ti + F2 = £ < T.
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Consider first the exterior group of lines and calculate P(£) for an arbitrary

line. Before we proceed, we rewrite the joint probabilities of points lying on the

exterior lines in a more convenient forms as:

(3.30) 7T±(C) = (±C + yi + l)TB

where ( — —Yi> — Y\ + 1, , Y\ — 1, Y\, along the upper and lower edges respec¬

tively, and 7tb otherwise.

Now calculate P(£) directly from (3.28) for some £. Let AY = Y2 — Y\. The

line Y2 = £ — Yi intersects the upper edge BA in ( — (£ — AY)/2 and the lower

edge CD in £ = (£+AF)/2, as depicted in Figure 3.4. Then equation (3.28) reads:

(3.31) P({) = + i(2Ay - 2)1,B,
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where the last term is simply the number of points between intersections excluding

the two points on the edges. By direct calculation, we then have that

(3.32) = (——— f Yi + 1)7tb + (———— b + 1)7TB + (AY" — 1)775;

= -AYttb + 2(Ya + 1)775 + AY775 - irB;

= (2Y1 + 1)775;

= 1/(2Y2 + 1) = 1/712-

When the line £ does not intersect both edges the above relations also hold. For

example we can conclude immediately that P(£ = N1 +N2) — — —Ni — N2) —

1/712 = 1/(2Y2 + !)• Moving one step further from, for example, corner A gives:

= -N, - N2) = 77— ( Y\ + 1) + 775 = (-(-Y + 1) + Y + 1)775 + 775 =

(2Y1 + 1)775 = 1/(2Y2 + !)■ Continuing in a similar fashion we conclude that for

any £ representing an exterior line, the sum of joint probabilities is the same and

equal to 1/(2Y2 + 1)- For points belonging to interior lines the contribution is

simply equal to where n(£) is a number of points on the interior line, £7.

It follows that (3.27) can be written as
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(3.33)

Let Y = Y1+Y2 m +ri2
2

— 1. Then from (3.33) we have:

(3.34)

as must be the case.

It is easy to rewrite (3.33) in a more explicit form, but instead of that we now

proceed to derive an expression for the probability function in the continuous case.

Introduce the continuous variable r? E [0, 2(a + 6)] to enumerate aggregate output

from the interval [—a — 6, a + b\. Then on the scale rj point D in Figure 3.4 has

coordinate 4a and the measure of edge DA is 2(6 — a). To see that this is indeed

the case recall that in the discrete case just half of the £ lines (here we speak of 77

lines) terminate on edge CD. The measure of edge DA remains unchanged as all £

lines terminate on this edge. In the continuous limit this must be preserved so that

on the scale 77 properly applying (3.33) means changing 77 —» 77/2. The situation is

similar for 71(77), ^ it is just half of the interval lying on the 77 line. To illustrate

this, we now provide an explicit calculation of P(rj) for 77 < 2(6 — a).
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C

Figure 3.4. Joint state space (Yi, Y2) f°r outputs from two sectors with
Yi=2,Y2 = 4.

Hence:

(3.35) n(0 = d/2,

where we require that,
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V

(3.36) ^ - fd(£/2),
f o

and

(3-37) E f "
t,Ee<x

Therefore, it follows that

(3.38) n\ —> 2a, n2 —> 26.

And applying (3.33) for the continuous case we obtain:

ft qoi pn _ 1 1 , 1 /*£j/f \ _ 1 *1 . 1 ^^ ^ 262 4abJ 2 V 262 4a6 8 '
0

Finally we write an expression for the probability function as a sum of two terms,

P(rj) = PE{rj) + P1^) where:

(3.40) PE{ri) = 0 < 77 < 2(a + 6)
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and

(3.41) p'in) =

0 < < 2(6 — a)

^b^iv-b + a) 2(b - a) < r] < 4a

4hl2a(b -a) - [r} 2ag 26)2 ] 4a < r? < 2(a + 6)

It follows immediately that the density function is given by:

(3.42) M =
dP(v)
dx

'i + JL2Z
4a6 4

0 < 77 < 2(6 — a)

<

35 +
1 b—a

4ab 2 2(6 — a) < ?7 < 4a

1 2(a+6)—7) 4a < 77 < 2(a + 6)
„ 46 + 4a6 4

Finally rewriting the first term in the above expression as

(3.43) l_2a(2a + 26) 1 12a(26 - 2a) 1
V r> ' 14b 2(2a)(26) 2a + 2b v 2 (2a)(26) '2a+ 26

and in the same fashion the second terms as

(3.44)

1 ?7 1 2q(26—2q) n
4ab 4 2 (2a) (2b) 4a(26-2a)

1 b-a
_ 1 2a(2ft—2a) l

4a6 2 2 (2a)(26) 4a

1 2(a+i>)—T) 1 2a(2b—2a) 2(a+b)—rj
4ab 4 ~~ 2 (2a) (26) 4a(26-2a)
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Figure 3.5. Density function

we recover expression (3.19) completing the proof.

As we conjectured above, we see that the density has two components. First, we

recognize the influence of the uniformly distributed outputs from the two sectors

that we intuited earlier. This is captured by the uniform density, 1/2(26). In

Appendix C it is shown that in the general case ofK sectors the uniform part takes

the form 1/K{2Yk)- Second, there is the influence of the independent portions of

the sectoral outputs, that is the density for the sum of two independent uniformly

and nonidentically distributed random variables (see Renyi, 1970). In the above

formulas for the probability function and the density function one should make the

substitution r] —> Y + a + b where —a — b <Y < a + 6 (see Figure 3.5).
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3.5. The Relationship Between Money, Output and Prices

In the model of Caplin and Leahy (1997), the implied dynamic interactions

between money, output and prices were an improvement on earlier (S,s) pricing

models, but still somewhat rudimentary. The improvement was that output and

money were positively correlated, up to a certain point, after which further changes

in the money stock resulted merely in a rise in prices. In other words, state-

dependent models were shown indeed to be consistent with Phillips-curve type

behaviour of a general sort that seems to characterize the data in many advanced

industrial economies. On the downside, these dynamics seem somewhat 'angular'.

Inside the barriers, output rises with money one for one; once the barriers are

reached, all further monetary shocks (in the same direction as those that led output

to hit the barrier) result merely in price rises4. In the case of K sectors these

dynamic interactions are smoother. At the aggregate level output does not change

with money one-to-one and this is the main result we are going to show in this

section.

For what comes later, it will be useful to work with an alternative definition of

regulated Brownian motion using a state-space discretization, in the spirit of the

4It is worth emphasising that this qualitative feature of the model is not merely a function of
having closed the model with a simple quantity-type equation. With richer nominal specification,
the same basic features would be present.
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previous section. In the presence of two barriers —Y, Y output Y follows regulated

Brownian motion

where lower and upper regulators L(t) and Uit) respectively are continuous and

non-decreasing stochastic processes, Y(t) 6 [—Y, Y] for all t and L(t) increases only

when Y(t) — —Y and U(t) increases only when Y(t) — Y. The role of regulators

L, U is to keep output at the level Y — —T(+T) when money further decreases

(increases). Then, at the next instant of time, output will stay at the boundary

with positive probability. To see that more clearly we construct processes L, U in

terms of the exogenous process M(t). We do that by approximating the process

M(t) by a simple random walk on a lattice. Consider first the case with a single

barrier +Y and define

(3.45) dY(t) = dM(t) + dL(t) - dU{t)

(3.46) U{t) =
0 t < Ty

maxs6[0,t] M(s) -Y t > Ty



3.5. THE RELATIONSHIP BETWEEN MONEY, OUTPUT AND PRICES 115

where the stopping time, Ty, is defined as the first time when M(t) — Y. Clearly

Y(t) <Y for all t. In the presence of the lower barrier only, we have:

(3.47) L{t) =
0 t < T_y

—Y — minse[0)t] M(s) t > T_y

where T_y is defined as the first time when Mft) — —Y. The above construc¬

tion ensures that Y(t) > —Y for all t. In Figure 3.6 two cases with upper and

lower barriers are depicted. In the presence of two barriers the above constructions

still apply but one has to keep track of consecutive sequences of stopping times

p2i+lj^2i] or p2i> -^2i+l] depending on wether the process M(t) crosses first the

upper or lower barrier; for more details see Stokey (2002). Instead of that, we

provide an alternative definition for the regulated random walk.

Definition 9. Let random variable X follow a simple random wall?:

(3.48) AX(n) = X(n) - X(n - 1) = <
+5 with probability 1/2

—5 with probability 1/2

We say that random variable Z follows a random walk regulated by variable X and

barriers ±F or follows a regulated random walk if

5 "simple" means that we exclude the possibility: X(n) = X(n — 1).
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max{m(t)}=B+3 y=m-min{m(t)}-B

y=m-max{m(t)}+B min{m(t)}=-B-2

Figure 3.6. Regulated Brownian motion starting at t — Tj and termi¬
nating at t — Tj + 8 is illustrated. For example, on the upper bound¬
ary (left side) we have Y(T\ + 8) = M{T\ + 8) — maxM + Y —

(F+ 2) - (F+ 2) +F = F-1; and Y{TX + 5) = M(7\ + 5) - 3 +F -
y + 3 — 3 — Y + Y = Y and on the lower boundary (right side)
Y(TX + 8) = M(Ti + 8) - F - minM = -Y -Y - (-F - 2) = -F
+ 2.

a) Z is bounded below and above, i.e.,—Y < Z{n) < +Y ,(F > 0) for all n and

b)

(3.49)

if Z(n — 1) = + F and AX(n) = +<5

AZ(n) - Z(n) - Z(n - 1) =

0

0 if Z(n — 1) = —Y and AX(n) = -6

AX{n) otherwise

We can now justify our claim that the dynamic between money and output

is indeed smoother in the heterogenous cost case. We do that by performing

simulations of the correlation between changes in the money supply and output

for one and two sector economies. As E{Y) = E(AM) = 0 the correlation function
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IS

(3.50) p(Y, M(t') - M(t)) = E(YAM),

where we use normalized variables Am/a and Y/\JVar{Y). On the other hand

(3.51) Var{Y) = J Y2pm(Y)dY,

where for the one sector case //, (F) = 1/2Y and for the two sector case p2(Y) is

given by (3.19). Using the definition of regulated Brownian motion we simulate

paths of normalized Y and AM for both one and two sectors for different values

of the standard deviation of money. Optimal boundaries Y (a) are calculated from

equations (3.13) and (3.14) with parameters 7 = 0.5, a = 0.8, r — 0.05 and

c\ — 0.001, c2 — 0.002. Then time series of length N — 10000 for outputs Ti, Y

and AM are generated. Normalizing time to T — 1 we have that At = 10~5. We

found that t' — t — 100At was enough to achieve reasonable convergence of outputs

to their limiting distributions. The results of these simulations are presented in

Figure 3.7.

For both cases there exists a maximum of the correlation function. We can

conjecture such a maximum with equations (3.13) and (3.14) from which it is

easy to verify that Y(a)— a changes sign from positive to negative after some
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value of the variance ac. For our chosen set of parameters, ac = 0.033 in the one

sector case. We showed that in the region a < ac the correlation is an increasing

function of the variance ofmoney. Before hitting the boundaries, the absolute value

of output increases with increasing \AM\ and, in addition, with rising variance

more and more firms find themselves at their respective boundaries, and hence

are compelled optimally to change their nominal prices. In the region a > ac

with rising variance, Y rises allowing output to fluctuate more widely (output is

still uniformly distributed) while at the same time fluctuations in money are much

larger i.e., 7 «a. Again, this can be verified using (3.13) and (3.14).

If the standard deviation of the money supply process were to rise over any

finite period of time, then it can be shown that the probability of output reaching

its limits rises. As a result, the correlation coefficient characterizing the money-

output relation necessarily falls. That is the intuition behind Proposition 3 in

Caplin in Leahy (1997).

In the stationary state that reasoning is no longer valid. Output is distributed

uniformly over the whole interval [—Y, Y\. Now as the variance of money in¬

creases away from zero, Y rises more than proportionally with a, AY(p)/ Aa > 1.

Eventually, however, that effect subsides and the correlation coefficient falls. In

Chapter 2 we analyzed this issues further and showed in Appendix F how it is
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possible to derive an analytical expression for the correlation function, drawing on

the state-space discretization developed above.

Another striking features of this model is that aggregate output is less respon¬

sive to changes in the money supply for small values of the variance of the money

stock than is the case in the one sector economy. However, for larger variances, that

effect is reversed and monetary shocks may have a larger impact in the muti-sector

economy. In the mutli-sector economy prices are less flexible and so monetary

shocks can have a relatively large impact, particularly as the variance grows; for

the high cost sector it requires a relatively large change in the variance of the

money stock to counter the effect of widening barriers. Moreover, it appears from

Figure 3.7 that the correlation between money and output may decline only rather

gradually, even as the variance becomes quite large. This may well be a function of

the fact that all goods in our economy are complements (perhaps goods in different

sectors ought to be substitutes). We leave further investigation of that issue to

future research. Suffice to say for the moment that the degree of complementarity

that we have assumed does not seem wildly out of line with what other researchers

have assumed.
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Figure 3.7. Correlation between output Y and changes in money supply
for one and two sectors respectively as a function of standard deviation
a.

3.6. Conclusion

This Chapter has presented a simple macroeconomic model with multiple sec¬

tors, which differ because firms in one sector face higher costs of price adjustment

than firms in other sectors. Almost by construction, then, we build in an assump¬

tion that firms will tend to differ in the frequency of nominal price adjustment.
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That systematic difference was one of our motivating stylized facts. Based on that

assumption, our model is then capable of replicating, qualitatively, the other two

stylized facts; a potentially sizeable impact on output of a nominal shock, and a

degree of price change asynchronization across sectors.

We derived these results by characterizing the stationary distribution of ag¬

gregate prices and output, given a stochastic driving process for money. We

showed that introducing sectors with different costs of relative price adjustment

may smooth the dynamics of aggregate output and money significantly in the sense

that output does not follow the money supply one-to-one any more. Although sec¬

toral outputs follow a regulated Brownian path with their own uniform distribution

in stationary state, in characterizing output at the aggregate level we have to deal

with the fact that sectoral outputs are also partially correlated. The source of the

correlation is, of course, due to the underlying process for the money supply but

the strength of the correlation depends how different the sectors are (in terms of

their costs of adjustment). The more similar are their costs of adjustment, the

more correlated are sectoral outputs, while the further apart they are, the less

correlated are outputs and the more asynchronized are sectoral price changes. We

spelled out the behaviour of a two sector economy in some detail, but by increas¬

ing the number of sectors the picture appears to remain qualitatively the same.

For example, the density of aggregate output continues to consist of two parts;
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one component being simply the sum of independent random variables, while the

other reflects the correlation across sectoral outputs. Regarding the distribution

of relative prices, the picture is no less interesting. The density of relative prices

is invariant in time and can in fact take any form. The particular form it takes

depends not only of the size of the adjustment costs, but also on the distribution

of firms in respect of those costs.

(.S, s) pricing models based on heterogeneous costs of price adjustment appear

to be a promising modelling route for macroeconomic models incorporating price

rigidity. Our simple extensions resulted in a model with interesting aggregate

dynamics, but also able to capture a number of important stylized facts recently

documented in empirical analyses of price rigidity



CHAPTER 4

Conclusion

In this work, apart from developing a model in which it is possible to study opti¬

mal state-dependent pricing in combination with an endogenously given stochastic

path for the aggregate price level, one important issue has also been addressed.

This concerns aggregation in the case when heterogeneity in agents' behaviour is

explicitly introduced by systematic differences in the cost of price adjustment. We

can call such costs "menu costs" but without loss of generality they can represent

another type of costs as for example costs of making decision. What is important

is that the presence of these systematic differences among the agents (sectors of

economy) leads to much richer dynamic than in the case of an homogeneous pop¬

ulation where the interaction between agents is introduced only through strategic

complementarities (substitutability). For the simplest case where such costs do not

dependent on any other endogenous variable we saw that their existence influences

not only firm's individual behaviour but what is more important they influence

aggregate variables. For example as we demonstrate the stationary distribution

of aggregate output ceases to be uniform. Moreover the stationary distribution of
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relative prices is closely related to the distribution of costs among the sectors. In

our setting where we require uniformity of relative prices in a particular sector,

the distribution of costs actually defines the distribution of relative prices at the

aggregate level. This may be a useful framework estimating the costs of price

adjustments from the data. Again, the distribution of relative prices ceases to be

uniform.

This "breakage" of uniformity turns out to be that essential link between the

model and real data. We demonstrated that the model developed in this work is

well capable of reproducing qualitatively major empirical findings related to price

rigidity in both US and Euro area. In that sense this is a promising tool for con¬

structing general equilibrium models wich incorporate price rigidities. Of course,

the model is quite simplified partly because it is already demanding technically

and increased complexity of calculations but mainly because our aim, in the first

instance has been just to trace the way towards richer general equilibrium models.

We would like to remind the reader that our work is the first one where some ex¬

plicit analytical results are obtained in this environment of heterogeneous agents

apart from Caballero and Engel's (1993) where they consider one-sided shocks and

most recently Golosov and Lucas (2003) who consider two-sided shocks but their

main conclusions rely heavily on simulations.
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As we said the model is realistic but far from complete. A number of extensions

are in order as for example introducing different intensities of strategic interactions

among different sectors or allowing costs to depend on some state variables as for

example on demand. One can think also about introducing an additional local

interaction term in the loss function where additional loss will be incurred by the

differences in relative prices between nearest sectors on the cost axes. This venue

of research seems to be promising one and we leave it for the future.
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APPENDIX A

The Microfoundations of the K-Sector Model

The simple approximate linear model that we use in Chapter 3 may be moti¬

vated as a more or less straightforward generalization of the model of Blanchard

and Kiyotaki (1987). Consider an economy with k = 1,.... A final composite good

sectors. Following Chari, Kehoe and McGrattan (2001)1 we employ the notion

of a competitive bundler who composes the output of the various sectors in the

economy for competitive resale. The aggregate for final output, Q (t), is then given

by,

K

(A.l) Q (t) = Y[q(t,k)*,
k=1

where q(t, k) is itself an aggregate, competitively bundled, of firms across the

various sectors. We detail the sectoral aggregates presently. The corresponding

price index for the economy can be shown to be,

^ur precise notation is, however, closer to Canzoneri et al. (2004).
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K

(A.2) X(t) = K]\x(t,k)*,
k=1

where x(t, k) is again a sectoral index of prices, specified below.

We follow the convention in the (sS) pricing literature and tie nominal expen¬

diture to the money stock, L(t), in a simple way:

The demand for the sectoral bundle is inversely related to its real price (mea¬

sured with respect to the economy wide price-level, X (t):

It follows immediately that nominal expenditure on each sectoral composite is

proportional to total nominal expenditure,

(A.3) Q(t) = L(t)/X(t).

(A-4) qd (t, k) — K 1 [x(t, k)/X (i)] 1 Q (t).

(A.5) x(t,k)qd (t,k) = K lX(t)Q(t).
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We turn now to the sectoral aggregates. In each sector k there is a continuum of

firms, denoted by h in what follows. The output of each firm is bundled as follows,

(A.6) q(t, k) =
fk+1/ q(t, k, h)~

y h

dh

so that q(t, k, h) denotes the output of firm h in sector k and time t. The corre¬

sponding sectoral price and demand functions are given by the following pair of

expressions:

(A.7) x(t, k) =
rk+l

/ x(t,k,hY~
Jk

dh

(A.8) qd(t, k, h) =

We now turn to calculate what the optimal price of a firm in sector k would

be, were it free of any rigidity in the setting of price. Let us write total cost as

being proportional to output, where d is an arbitrary constant.

(A.9) TC — dq(t, k, h) 1~a.
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It follows that marginal cost is given by

(A-10) MC — dq(t, k, h) 1~1 — a

The optimal (frictionless) real price is given

(A.ll) x*(t,k,h) 9d
X(t) (0 - 1) (1 - a)

q(t, k,

Since all firms would behave symmetrically in such a friction free scenario, we

have that qd(t, k, h) = qd (t, k), and so we may write

(A.12) x*(t, k, h) 6d

(0-l)(l-a)J K

1-a \ a-
a 1 \

Qit)c

By an appropriate choice of d we may normalize the first term to unity to

recover the origins of equation (3.1) in the main text, where log x*(t, k, h) = p*(t, ?'),

logX(t) = P(t) and logQ(t) = Y(t).
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Deriving the Value Function
Initially we work with the following two relationships.

(A.l) rV(x, Y)dt — L(x, Y)dt + EdV(x, Y)-

(A.2) V(x, Y) = -V2(x, Y), for Y = Y or - Y.

Ito's Lemma yields

/a -io\ nt dV , dv \d2V ld2V,,„,2 d2V ,(A13) iv= fodx + w+ 2 aU(dx) + 2aF5(dy) +

We have that E(dM) — 0, and E(dM)2 = a2dt. We also know that

f —dP, if the firm does not adjust at moment t;
\ 0, if other firms do not adjust at moment /;.

dY = dM — dP = dM, if dP = 0, no-one adjusts. So, at interior points

(A. 14) dV=d^dM+lPE(dMf
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Taking expectations through this function and using the resulting expression in

(A.l), yields

(A.3)
1 d2V

rV(x, Y)dt = - olY)2 + YgyiG'ldt-

As the loss function is quadratic, it is reasonable to assert d2V/dY2 = 2a2j/r, so

that

(A.4) V(x,Y) = ^(x-aY)2 + 7
aa

(A.3) also implies that (3 — ±^2r/a2, so that the solution to (A.3) is given by,

(A.5) V(x,Y) = -(x-aY)2 + 7
r

aa

L r J
+ A1e/3Y + A2e"^.

Now (A.2) implies, using (A.6), that

(A.15) [Ai(x) + /3A((x)] e/3y + [A'2(x) — j3\'2(x)\ e = — (1 — a)(aY — x).

Exploiting the symmetry of the value function we may simplify this expression,

(A.6) [A'(x) + /?A'(x)] e^Y — [A'(—x) — (3A'(—x)] e ^Y — —(1 — a){aY — x).
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As a result, (A.5) becomes

(A.7) V(x,Y) = -(x-aY)2 + 7
r

aa

r J
+ \{x)e^Y + A(—x)e .

Solving (A.6) and using the result in (A.7) finally recovers the value function. The

general solution to (A.6) may be written as

(A.16) A(x) = A + Bx + fte l3x,

where ne l3x is the solution to the homogenous part of (A.6). It follows that

(A. 17) A'(x) = B- pKe~Px,

and, by symmetry, that

(A. 18) A(—x) — A — Bx + Ke^x\

X'(-x) = H-/Wx.

Hence we have the following system of equations:

(A.19) B(e^Y — e /3y) + fiA{e?Y — e /3y) = — (1 — a)aY]
r

/3B(e~PY — e^Y) = —— (1 — a)x.
r
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Clearly, the second of these relations implies that

(A.20) B = -
27 1 — a

TPe-^-eP7'

It follows that

(A.21) A = 1} _ + e_/3y) - \{e?Y - e^Y)V 7
r(e2/?y _ e-2/3T) \ p y ' pAv ;

Hence, recalling the value function expression,

(A.22) H(>,y) = J(r-ah)2 + 7
cur

r J
+ X(x)e/3Y + A(—x)e ®Y.

Straightforward substitution yields

(A.8) V(x,Y) = -(x-aYf + 1
aa 2 27

+
a — 1

-=- x
r (e2/3K _ e-2/JV)

_ 1 ') e/5Re/?R _ f*±uT _ x\7i-«r 1 A
\—~W) \ p ) e

^(^A) + (hF + ?)e-pYp-0Y
K(eP*e~PY + e-0xe0Y).

This is expression in the main text of Chapter 3 and is the same as equation (4.1)

in Caplin and Leahy (1997).
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There are several other optimality conditions related to an equilibrium of the

model. First there is the smooth contact conditions,

(A.9) dV(x, Y)
dx

dV(x, Y)
Y=±Y dY Y=±Y

Then there is the value matching condition,

(A.10) V(-S,Y) = V(S,Y) + c.

The optimal choice of target is given by

(A.11) dV(x,Y)
dx x=-S

dV{x,Y)
dx x=S

The smooth pasting condition is

(A.12)
dV(x,Y)

dx
= 0.

x=S,Y=Y

These last two relations may be written more compactly as

(A-13) dV(x,Y)
dx x=-S

dV(x,Y)
dx E=-S
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It will be convenient to write the value function in a slightly different way.

(A. 14) V(x,Y) = -(x-aYf + j
aa

i r J
+

27 1 — a
V (e2/?u _ e-207)

■x

aY (e?Y + e"^) (e^y + e^Y) + x (e?Y + e~^y) (e^y + e"^)
+i (e?Y + e"^) (e/3y + e"^y)

Using (A. 10), implies after some algebra

(A.23)

ASaYj ASj I-a
_ t-ps f-0? + epv\ + eps (07 -

r r/3 (e2/3Y - e~^Y) V J I \ J V

Drawing on some trigonometric identities, this can be rewritten as

(A.15) 4SaY~/ + 4*97(1 — a) tanh _ _ ^^^^ _ = ^
r rp
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Now recall that Vi(S, Y) = 0 = Vi(—S, Y). Hence we have the following pair

of relations

(A.24) — (S" — aY) + ~^(1 ~ a) tanh/3F = k/3
——(S + aY) + —^(1 — a) tanh/3T = /c/3
r r/3

These imply that

75

e0Se-0Y _ e-/3Se0Y

e-0Se-0Y _ePSe/3Y

(A.16) k —

and

r/3 sinh /3S1 cosh /3Y

(A. 17) aY + —^-^tanh/3T = S1 coth (3S tanh tanh (3Y

(A.16) in (A.15) yields

r/3c
(A.18) 5 =

4ci!7(/3Y — tanh/3T)

(A.17) and (A.18) are two equations in two unknowns, Y and S.



APPENDIX B

Stationary Distribution of Output for Two Sectors

Starting from corner B and moving along to A along the edge BA (Figure 3.4

in the main text) we may write the balance equations as follows,

(B.l) 7rB = 7r(l);

*"(!) = ^"(2);
t(2) = \^(l) + ^(3);
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From the above equations we receive the following recursion:

(B.2) 7r(l) = 7rB;

7r(2) = 2-kb]

7T(3) = 3ttb;

7r(ni) = tta = ui-rb-

Hence ita — l/n2 and from the last equation it follows that irb — l/nm2. By

symmetry ttd — ttb. So along the edge BA joint probabilities are given by:

(B.3) 7tba(x) = **
nin2

and along the edge CD by

rii + 1 — C
(B.4) ttcd(x) =

nin2

where £ = 1,2, To see where this latter relation comes from, note that as

we move along edge CD the probabilities are falling, as opposed to rising (along
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BA). So, we have that

(B.5) 7TC = 7r(l);

7t(1) = UxTTD-

7t(2) = (nx - 1)7175;

71 (ni) = (ni — 1 + 1)7175.

Proceeding in the same fashion we find that all remaining points in the joint

probability equal 1tb- Consequently, the balance equations are satisfied for all

points. We can verify this by direct calculation. For any points on edge BA

we have that

(B.6) 71tm(C) = - !) + AWC + l) =J^ + ^-C + 1 C2 2 2 niU2 2 n\U2 n\n-i

while on edge CD we have
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(B.7) nCD(C) = \^cd{C - 1) + ^ttco(C + 1);
lwi + l — C + 1 1 Wi + 1 — £ — 1
2 nin2 2 nin2

?U + 1 ~ C
n\U2

At corner A we see that

m on 1 lni-1 1 1(B.8) 7TA = ~7TA + 1-o o 1 o '2 2 n\ri2 2U\U2 ri2

and similarly at corner C. For any other point we have the obvious identity —J J n\ri2

2ni?U 77UU' Finally> we require that the probabilities sum to unity:

(B.9) 53(ttba(C) + kcd(O') + —— (nin2 - 2nx)
f nxn2

Eni T 1 1 /_1 ni(n2 - 2)
nin2 nin2

X

nijni + 1) ni(w2 - nx - 1)
nin2 nin2

= 1.
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This completes the solution of equation (3.24).

To further illustrate our solution we rely on the well known fact that Pk —> P*

in the limit as k —» oo where P* is a stationary Markov matrix whose rows are

identical and equal to the stationary eigenvalue vector it*. We chose N\ = 2, N2 — 4

so that ni = 5 and n2 = 9 and the dimension of the transition matrix is 25 x 25 (see

the Figure 3.4 in the main text). We enumerate states by index j as follows. The

first state, represented by the point A, is the state with j — I and the last state,

represented by C, with j — 25.After a sufficiently large number, k, of iterations we

obtain P* with all rows equal and given by:

(B.10) 7r* - (0.1111,0.0889,0.0667,0.0444,0.0222,0.02222,....,

0.0222,0.02222,0.0444,0.0667, 0.0889,0.1111),

from which we read for example tta — = 1/^2 = 1/9 — 0.1111, ttb

1/45 = 0.02222 and so on.

= l/nin2 =



APPENDIX C

Stationary Distribution of Output for Three Sectors

To find the stationary distribution of aggregate output in the case of a three-

sector model we proceed in the same fashion as in the case of two sectors. In

each sector let output yi, follow regulated Brownian motions inside their own

boundaries [—Y^Y^] respectively where i — 1,2,3. As in the case of two sectors

we start in a discrete setting constructing the state space grid {ni,n2,n3} where

n\ < n2 < n.31. The same arguments as in the two-sector model apply here: the

initial state (ni(0), n2(0), ^(O)} can be any point in the parallelepiped but

moving through the state space afterward is only in the direction toward interior

parallelepiped ABCDABCD as depicted in Figure C.l. Once the state reaches

the interior parallelepiped it stays inside it forever.

In stationary state each sectoral output is uniformly distributed inside its own

boundaries and in order to find the stationary distribution for aggregate output

lrii = 2Yi + 1 where all numbers are integers. The continous case is obtained by setting Hi —> oo
and Ayi —■» 0 so that riiAyi —> 2Yi.
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defined in the usual way as

Y = Yi + U2 + Y3

C

Figure C.l. Assuming that money falls continuously then starting from
the initial point O, we move toward ()' along the line x — y = z — constj
and then to the edge D along the line x — 0, y = z — const2 .
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we have to find the joint probabilities 7t(Yi, IfyY3) which in the stationary state

are given by the solution of

(C.l) 7r' = Ptt'

where P is a Markov transition matrix defined on the state space as follows. To

simplify the analysis we move, as before, to an equivalent representation where

states are represented by discrete points in a three-dimensional box ni x (n2 —

rii) x (n3 — n2) as depicted in Figure C.2 (this is equivalent to moving from the

old coordinate system {Yj, Y2, I3} in Figure C.l to the new one {£, 77, £} in Figure

C.2). The possible transitions are represented by arrows with transition proba¬

bilities equal to 1/2. It is clear that the corresponding Markov chain consists of

77,3 — /7,2 connected two-dimensional chains, embedded in ni x (772 — 77] ) rectangles;

this is reminiscent of our two sector analysis, although there are some important

differences, which we shall come to presently. The similarity is apparent at the

AA and CC edges; when the state is on the edge CC we can either move up to

the next rectangle (if money rises) or move back along the line belonging to the

plane CDCD, just as in the two-sector case. However, we see that the difference

between this case and the two-sector case is that the state instead of staying at the

ending point (ni,n2) with the probability 1/2, can now move upwards. Identical
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reasoning applies for states on edge AA, as they can either move back (if money

rises) along the line belonging to the plane ABAB or move down (if money falls) to

the next rectangle. Moving along the first ABCD and the last rectangle ABCD is

identical except at points A and D where with probability 1/2 in the next instant

of time states can freeze if money further falls/rises respectively (this situation is

represented by the circled arrow). Now it is clear that all states in our Markov

chain 'communicate' that is, for any two states i and j we have P(i —> j) > 0 .

In other words there is at least one path leading from i to j. That means there

exists an n > 1 so that all elements of stochastic matrix Pn are strictly positive

i.e. Pn(i,j) > 0 V(z, j). Then P has a unique stationary distribution; that is (C.l)

has a unique solution it*. Moreover limn(t) — n* independently of the initial
£—>oo

distribution 7r(0).The solution of (C.l) in units is given by:
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(C.2)

7t(AB) = tt(£, 1,1) = n2(n1 + 1 - £) £ = 1,nx

n(DC) = 7t(£, n2-n1 + 1, n3 - n2 + 1) = n2£ £ = 1,..,m

■k(AA) = 7r(l, 1,C) = ni C = 2, ..,n3 - n2 + 1

7r(CC) = 7r(ni,n2 - ni + 1, C) = «i C = 1, ~ n2

7r(ABBA) = tt(£, 1, <") = ni + 1 - £ C = 2,n3 - n2 + 1

£ =

7t(DCCD) = 7r(£, n2 - ni + 1, £) = £ C = 1,

£ =

7t(ABCD\AB) — 7r(£, 77,1) = n2 — ni + 1 + £ — 77 77 = 2,n2 — ni + 1

£ =

7t(ABCD\DC) = 7t(£, 77, n3 — n2 + 1) = ni — £ + 77 77 = 1, ..n2 — ni

£ = l.-.,wi

7r(^,77,C) = 1 everywhere else

One can check that the local balance equations are satisfied at each point. The

stationary distribution ir{£,r),£) represents the occupancy measure of the state

(£> hi 0 which is just the joint probability function. Then, in the usual way, we
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Figure C.2. The state space in the new coordinate system (£, 77, Q is
presented together with the plane 3£ + 2r) + £ = Y.

may write the probability distribution function for aggregate output as

(C.3) P(Y <Y) =
3^+2tj+C<F

In terms of the new coordinates {£, 77, £}, the condition Y < Y is equivalent to

3£ + 217 + ( < Y which may be interpreted in the following way: The initial

problem of finding the probability distribution function of the sum of correlated

and uniformly distributed random variables Yi, Y2, Y2 on the intervals rq, n2 and nz
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respectively is now transformed, due to the existence of the restricted joint state

space, into finding the probability distribution function of a new random variable

z — 3£+2r]+( where the probability distribution functions of the random variables

£, 77, £ are given by:

(C.4) P(£<£) =

(C.5) P(r] < rj) — tt(£,?7,C);

(C.6) P(£ < £) = £ tt(£, »?,£),
£,v,C<C

respectively. We calculate the above probabilities for the continuous case where

the sums become Riemann integrals. We perform integration separately over the

regions where 7r ^ 1 and over interior points where tt = 1. The integrations are

trivial so in order to illustrate transition to the continuous case we perform in
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detail just part of the summation for P(£ < £) along line AB.

(0.7, E ^ =
»?=i,c=i,e<€ £=1

Now let ni, n2, n3 —> oo in such a way that n\An —> nj", n2An —> 7I2 and n3An —>■

n3 where all n, are continuous and An is an infinitesimal increment along the axes.

Then, taking limits we have in terms of continuous variables

(C.8) lim PAB(t < 0 = lim + ^—~An = —~— /"afai-£)<£•«-»oo An—»o nin2n3 n\n2n3J
s—An q

In the continuous case, equations (C.4),(C.5) and (C.6) become

(C.9) p(e < 0 = -
rai

The random variable £ is uniformly distributed on the interval [0, ni] with density

1/ni. For densities for rj and ( are not properly defined because they are discon¬

tinuous at the end points

(C.10) P{V < V) = <

n 1

2ri2

JL
ri2

ni

2ri2

rj = 0

rj € (0,n2 - ni)

rj = n2 — ni
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and

rj — 0

rj <E (0, n3 - n2)

rj = n3-n2

One can easily check that P(£ < n\) = P(rj < n2 — n\) = P(( < n3 — n2) = 1.

Although unconditional probabilities of random variables rj and £ are discontinuous

functions it turns out that the joint probability function is defined in the usual way

as

f v C

(C.12) P(f <£,??< r?,C < C) = JJJn(£,ri,()d€drid(.
0 0 0

(C.ll) P(C < 0 =

ri2

2ri3

A
n3

2n3

l

i
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This function is absolutely continuous and an increasing function. In (C.12),

7t(£, 77, £) is now a function of continuous variables defined by:

7r(AB) = 7t(£, 0,0) = n2(n1 - f)

n(DC) = 7t(£, n2~n1,n3 - n2) = n2£

7t(Av4) = 7r(0,0, C) =

7r(CC) = 7r(ni,n2 — niO,C) = ni

(C.13) tt(ABBA) = 7r(£, 0, £) — ni — £

tt(DCCD) = 7r(fy n2 - m, C) = £

7t(ABCD\AB) — 7r(£, 77, 0) = n2 — ni + £ — 77

tt(ABCD\DC) = 7t(£, 77, n3 — n2) = nx - £ + 77

7t(£, 77, C) = 1 everywhere else

The previous analysis was necessary to justify why one can calculate first P(Y < Y)

and then density /i{Y) in the continuous case. It is clear now that (C.3) in the

continuous case reads:

(C.14) P(Y < Y) = P(Y = 3£ + 2r? + C < Y) = J7r(fy 77, Qd^dydC
Q

*
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where the integration region 0 is that sub-space obtained by cutting the state

space by the plane 3£ + 2r\ + £ = Y (Figure C.2.). To illustrate this we calculate

P(Y < Y) for some Y < 3nj. First, let Y < 2(n2 — tr) and Y < n3 — n2 which

corresponds to the situation depicted in Figure 6.2. Let O = Oi+ 02+ ^3+ ^4

where Oi, 02, ^3 and Q4 represent the line of integration along the £ axis, the

set in the plane 77 = 0, the set in the plane £ = 0 and the interior points in the

integration space respectively. Then (in l/ri^n^n^ units)

(C.15)P(Y = 3£ + 2r? + C < F) = JTt^d^C = IQl + /Q2 + In, + In, =
Y/3 Y13 Y-3£

(C.16)
0 0 0

y/3 (y-30/2 3

(C.17)
0 0

3 2

(C.18)

Now the density is given by
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We see that the density starts from the value /x(0) = l/3n3 which is similar to

the two dimensional case with the 'dimensionality' factor 1/3. This leads us to

conjecture that in the K—dimensional case this will read fJ.(K) = 1 /KnK. Indeed,

note that when Y — 0 and Y — ni + n2 + ... + tik the only states are (0,0,0) and

(ni,n2, ...,hk), respectively (i.e., the two points in planes YK = 0 and YK = tlk)

and the joint probabilities are for these two states equal to the unconditional prob¬

ability, 1/riK• However, due to the symmetry in the K—dimensional hypercube we

will have two lines of discontinuity. One beginning from (0,0,..., 0) and terminat¬

ing on (ni, 0,..., 0), and another beginning from (ni, n2, •••,nx) and terminating on

(0, n2,..., riK). Along the first one joint probabilities are given by

(C.20) 7r(£, 0, 0,..., 0) = nK-inK_2 ■ -n2(ni - 0

and along the second one by

(C.21) 7r(£, n2,..., nK) = nK_inK^2 • -n2C

Then, by defining new random variables <P, i = 1, 2, ..K with corresponding densi¬

ties Hi — l/ni and /q — 1/(nt — rii-1) for i ^ 1, expressing Y in the new variables
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as

(C.22) Y = K£1 + (K- 1)& + (K - 2)£3 + • • +£K,

and performing an integration (C.20) in the hypercube along the edge (£l50,0)
K

up to the intersection with hyperplane Y — + ^(K — i + l)£i} we get Y/KnK
4=2

in an expression for the probability function. Because the probability function is

strictly increasing in Y we always have a simple relation P(Y) > Y/Ktlk■ Due

to the symmetry of the probability function we have another relation in the site

(ni, n2,tik), P(Y) < Y/KnK + 1 — /Ktlk- The probability function for

ni — 0.19, n2 — 0.81 and n3 = 1.77 is plotted in Figure C.3. With an increased

number of dimensions (sectors), calculating the probability distribution analyt¬

ically becomes more and more cumbersome. Nevertheless, we still can provide

an accurate answer as to how the probability distribution or density of aggre¬

gate output behaves when the number of sectors increases. We already know that

Y/Kuk < P(Y) < Y/Kuk + 1 — n«/Ktik and that the density is shifted 'up¬

wards' by the amount 1/Kuk- We saw that it can be interpreted as a weighted

uniform measure over the whole interval [0, J2ni\- What remains can be repre¬

sented by a weighted mixture of other densities. In other words, when we calculate

the probability P(Y < Y) which is simply a sum, we are free to rearrange this
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sum as we wish. For example in the two dimensional case we rearranged the sum

in a specific way over the interior and exterior sets. But in fact we could rearrange

the sum in another way considering separately the boundary points and the entire

interior set (where the joint probabilities are all equal to unity) arriving at the

same result. This motivates us to approximate the density function for aggregate

output with K sectors as a weighted sum of,

where oj = ^2 ni/KnK and /I is density function of the sum of K independently2

and nonidentically uniformly distributed random variables 0 < <F < rq — rq_i with

densities p(<F) = 1 /(n* — n;_i), i — 1, 2,...K, and n0 — 0. In Appendix E an exact

solution for the density of the sum of independently and nonidentically uniformly

distributed random variables is given.

2By increasing the number of sectors to if > 3 (dimensions), splitting the density of aggregate
output between a uniform part and the rest is not as simple as in the case of two sectors. Here
we assume that what remains after populating the uniform density does not violate "too much"
independency.

(C.23)
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Figure C.3. Probability functions for aggregate output for three sector
model are shown. The exact one Ptrue is obtained by integrating (C.14)
over the whole range of Y. The second one Papp is obtained by integrating
(C.23)



APPENDIX D

Correlation

By discretizing the state space for output the Regulated Brownian Motion

(RGB) can be viewed as a random walk on planar lattice confined between two

symmetric boundaries around the origin. One typical path of the random walk

is depicted in Figure D.l. Let the random walk start from an initial value yo G

(—jB, +B) in time t = 0. In any consecutive time step At we have yt+At = Vt+3 with

probability 1/2 or yt+At — Vt — 5 with probability 1/2. After a finite time the path

will hit either lower —B or upper +B boundary and with a positive probability will

stay on the boundary. By "staying" on the boundary we actually mean moving

along the boundary in the sense of Definition 9. By this we distinguish two different

components of any path. The first one, denoted by nl, is formed from all paths

lying on the boundaries; the second one, denoted by AA'J), js formed from all paths

of an even length in between the boundaries and no part of those paths lies on the

boundaries; i, j — +, — where +(—) stands for upper (lower) boundary so that for

example AA>+) stands for a path which starting from the upper boundary reaches

the same boundary after some time, as depicted in Figure D.l. (see also Figure 3.6).
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It is obvious that: L(yb+>+)) > 2, L{A^~~^) > 2, L(A.(+'-)) > 2B, L(A^~'+^) > 2B

where L(-) stands for the length of the path. Clearly the contribution of paths

of types and A^~~^ in AM is zero whereas contributions of paths of type

A(+'-) and A(~~'+} are —2B and +2B respectively. Contribution of n+<y ) paths in

AM is clearly n+ — n~. For all possible initial and terminal values of yTaking into

account initial and final values of y the relation (D.l) holds

(D.l) AM = n+ — n + Ay

where Ay = y - yQ.

We are interested in the number of all possible paths from y0 to y with AM —

const. In calculating the number of all possible paths between yo and y (keeping

AM and Ay in (D.l) constant) we use a combinatorial approach. We do this

by constructing state space of all possible paths starting from a particular type

of path. Then adding another type of path we extend state space obtaining the

complete lattice. Let start with n+C) paths first. The number of different ways of
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distributing n+ and n between themselves is given by:

(D.2) E
(.A ( \
nn

\ a )

n

V
where a — 0,1,min(n+, n ). For example the typical {n+n } configuration is

represented by

+ + + + + -- + + + - + h +

where the number of places where '+' is followed by 'is given by a. Similarly

after '+'follows a times. All possible combinations are summarised bellow:

(D.3)

++ n+ — a

H— ex

h (X

n~ a

Then on each of a places of type (+, —) we have one path of type A(+~^ and

similarly on each of a places of type (—, +) we have one path of type A(~>+). ln

total we have 2a paths of essentially the same kind, the only difference is their

contributions in AM but as they cancel each other (as it embedded in relation
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+++ ++++

Figure D.l. One part •• A^+> ) A( ' ) ,+) + + + A.(+,+) +
+ + +yT+'D • • of typical path is represented.

(D.l)) there is no necessity to keep track of those contributions. The paths of type

T'+'+) and A^~'~^ have to be placed on n+ — a and n~ — a places respectively. We

have n+ + n~ — 2a paths of essentially the same kind. Now the typical path on

the whole lattice can be represented symbolically by, for example • • A(+,~)

A^~'^ + + + A(+'+) + + + +A.(+'+) • - ..and this representation is identical

with the graphical one given in Figure D.l.

Due to the symmetry of the problem the number of all paths of types

and A^~*A is given by the same expression; what really matters is their lengths.

As is noted their lengths I are even numbers so that we can write I — 2B + 2i,i =

0,1, 2...Let there be paths of length 2B, j2b+i paths of length 2B + 2, j2b+4

paths of length 2B + 4 and so on so that 7 G 7*, where 7* is an positive integer

set defined as follows:
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(D.4) Iib^B + 72B+2(2-B + 2) + ... — L2

and

(D.5) 72B + 72i?+2 + = 2a

where L2 is the total length of paths of type A(+<~) and A^~'+\ The total number

of paths of type A^+~' and A(~>+) is given by:

(D.6) Pi =V ^ JJP(+'~)(2P + 2 i)^+2i
7* J_ J_72B+2i' i=0

i=0

where summation has to be taken over all integer values of 72#+2i £ 7* where 7*

represents the set of all different from zero solutions of equations (D.4) and (D.5).

In (D.6) P(+,-)(/) is the number of all possible paths of length I of either type

A(+-) or A(->+).

For paths of types A.D>+) and we have n+ + n~ — 2a places to put them

on but instead of the previous case where the number of places had to be equal to
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2a now the number of places, say S can be S < n+ + n — 2a. The total number

of paths is now given by:

m, ».Er*T-te,fear«»
i=1

where summation has to be performed over all integer, and different from zero,

solutions of the system:

(D.8) ^
i=i

(D.9) *y^2i52i — L\.
2—1

As before L% is the total length of paths and p(+>+) (/) js a total number of paths

of length I of either type A(+,A or A^~~\ An additional relation holds:

(D.10) n+ + n~ + Li + L2 = N
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where iV is a total number of time steps. Before we proceed we formulate and

prove next proposition.

Proposition 10. The number of paths p(+>-) and p(+>+) are given by:

(D.ll)

p(+.-)(2£ + 2i) = y"| ( 2B + 2i A _ f 2B + 2ihz \ \2B + 2i~ K2B + 2)) \i + k{2B + 2)-2B-lj]

(D.12) P(+'+)(7) -g | ^ _ k(^B + ^ + + _ 2B _ ^ }
where k takes all integer values for which members of the sums are defined.

Proof. As a direct consequence of Theorem 2. in Mohanty "Lattice Path counting

and its Applications" (p. 6) we have that the number of paths from the point

g — (g^, g2) to the point A = (Ai,A2), A,g E Z2 which do not cross the lines

y — x + d, y = x + c, where c,d E Z and d > c is

(D.13)
hi ~ T2 A ( + X2 — gl — g2P =

k&Z5 {(P- ki^d — c T 2)J V^i — h2 — c + 2) + c — 1

provided Ai + c < A2 < Xi + d and gx + c < g2 < /q + d. Then choosing (g1,g2) —

(0, 0) as an origin, d — 0, c = —2B we see that for p(+>+) the final point has the

coordinates (Ai, A2) — (I, I) where I is even and equal to the length of path of type
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p(+'+S). Similarly for paths of P(+' ) type the final point is given by (Ai,A2) =

(2B + i,i). Substituting values for c, d, fj,1, y2, Ai, A2 in expression for P above, the

Substituting (D.ll) and (D.12) in (D.6) and (D.7) respectively, multiplying

(D.2), (D.6) and (D.7) and performing all admissible summations we obtain the

total number of paths from yo to y provided AM = const. Finally dividing by

the number of all possible paths 2T and taking the limit T —> 00 (At —» 0) so

that relation a2 — Th2 holds to ensure that underlying process matches Brownian

motion with variance o2 we obtain the probability transition function:

statements of the proposition follow immediately. □

K" J K" J
(D.14)

^2i-l2B-\-2y
p(+,+)(2i)S2ip(+~\2B + 2j)l2B+2i



APPENDIX E

The Sum of Random Variables

Proposition 11. Let the random variables Yi, i = 1,2..A be uniformly and

independently distributed on the intervals [—Yi,Y with corresponding densities

gi = 1/2Yi. Then the the density function g(Y) of random variable Y = Yi + Y2 +

... + Y/v is given by:

(E.l) g(Y)
N

2n+1(N — l)!jJVj
i= 1

-1 N

Et-1)' x
k=0

^2 [Y + S(N, £(A)) - 2S(k, cmf'1 sign [Y + S(N, £(N)) - 2S(k, £(£;))]
.«(*)}

where S(k,£(k)) stands for the sum of k different Yi chosen from set {Xj} and

{£(&)} stands for all possible choices Else if

Y =

x + Y2 +... + YN
N

then g{Y) is given by the same expression with Yi —* Yi/N.

lThe total number of choices is (ff).

170
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Proof. We will exploit the method of characteristic functions. Since the random

variables F(cj) are assumed to be independent the characteristic function of their

sum

is the product of the characteristics functions of their distributions

N

(E-3) g(t) = Yl^t)
i=1

where the characteristic function 0j(t) is the Fourier transform of density n(Yi)

given by :

N

(E.2)

(E.4) = f exp(itYi)/j,(Yi)dYi= : exp{itY^dYi
— OO

sin(y^)
Yit

Substituting (E.4) in (E.3) we obtain:

N

(E.5)
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and taking the inverse Fourier transform of (E.5) we obtain:

+00 +00 M

-sin(Fjf)(E.6) g(Y) = exp(-itY)g(t)dt = J exp(-^F)^QSm^ dtt.
= 1 13C

Note that g(Y) = g{—Y) is an even function which can be easily verified by

changing variable of integration t —> — t. All we have to do now is to proceed with

the calculation in (E.5). Using the identity sin a: = (exp(iar) — exp(—ix))/2i in

(E.6) we can transform the product into a sum:

(E.7)
3=1 YY

n exp (iYjt) — exp {—iYjt)
. , 2iYjt3=1 J
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example : (ex — e x)(ey — e y)(ez — e z) = +ex+y+z

_(e-x+y+z _j_ ex-y+z _j_ £x+y-z^

_|_(e-x-y+z _|_ &-x+y-z _|_ ex-y-z^ _ e~x-y-z

, &x+y+z

— (ex+u+z~2x -|- ex+y+z~'2y _(_ ex+y+z-2z^

-j-(ex+y+z~2(x+y) _j_ ex+y+z-2(x+z) _|_ ex+y+z-2(y+z)^

_ex+y+z-2{x+y+z)

(E.8) = (2i) -TV
"

TV

nu
j=i

h-d'e exp[zt(S(JV,g(JV))-25(fc,C(fc))]
fc=0 {£(*)} 4

where S(k,£(k)) stands for the sum of k different Y% chosen from the set {Y,}

and {£(&)} stands for all possible choices £. Substituting the above expression in

(E.6) and first taking integral of summands (which we can do as the product in

(E.6) is finite and bounded below and above due to the properties sin xjx < 1 and
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sm.x/x —► 0 when x —> ±00 ) we get

+ OO

(E.9) g(Y) =T exp

=

N

IT1
j=i

N

fc=0 {£}

where

(E.10) IN

+OO

(*,a = /: -dt

X(k,0 = Y + S(N,Z(N))-2S(k,£(k).

Further performing N — 1 partial integration we obtain:

(E.ll) IN(k,0 =
iN-!XN-l

(N — 1)! 1

so that (E.9) becomes:

(E.12) g(Y) =

[(N-l)V
2N+1in

N

IE.
b=i

-1 N

{€}k=0
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where

+00 +OO
" itX

(E.13) h = J~dt = sign(X)J ^dx
— OO —OO

The above integral can be calculated in a standard way by performing contour

integration

(E.14) I = J~dz
c

in the complex plan z over the contour shown in Figure E.l. Writing 2 = rel6 we

have on arc dz = irel6dd and on the x axis, dz = el6dr. Expanding the contour by

taking appropriate limits r\ —* 0 and r2 —> 00, integration over the contour yields

I = I —dz(E.15) I = J z
c

■K

/r 00 ir r0idd6 + / —dr + /
J0+ r J-oo

0

fJ —c

—dr
r

+oo gir
= —i-K + / —dr

as I itself is zero it follows:

/+oo ir—dr = m

oo ^
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and substituting in (E.13) we obtain:

(E.17) I\ — msign{\).

Finally substituting (E.17) in (E.12) we obtain (E.l) which completes the

proof of part a). The proof of part b) is straightforward. If random variable

Yi is uniformly distributed on interval [—Yi,Yi\ then random variable Yi/N is

also uniformly distributed on the rescaled interval [—Yi/N, Yi/N] with density so

g(Y) — 1/2Yi where Yt — Yi/N is the rescaled variable. Then, the proof of part a)

applies with rescaled barriers. All we need to do is to change Yi —> Yi/N and the

result follows immediately. By this we complete the proof of Proposition 11. □
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Figure E.2. Conture of integration in complex plane with the singularity
in upper plane.

An alternative solution that gives the density function even more compact form

is as follows. Consider again the integrals:

For N > 1, these integrals are all singular. We know that these singularities cancel

each other because initial integral given by (E.6) is perfectly regular at I — 0. Then

in initial expression (E.6) we can make regularization by substituting t —> t — ie

and writing sin [Y(t — ie)\ / \ Y(t — is)] . This substitution regularizes each term

in (E.9) leading to a well defined integral:

(E.18)
—oo

(E.19)
—OO
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For x < 0, the contour of integration can be closed by a large semicircle in the

lower half-plane. Since the lower half-plane contains no singularities as the only

singularity is in the upper half-plane, the residue theorem gives that:

(E.20) In{x) — 0, x < 0.

On the other hand, for x > 0, an expansion of the exponential function in powers

of t — ie produces a pole. We write:

£rj(te)V - «)'""■
~A=o—oo

Requiring that k — N — — 1 in the pole the above integral can be written as:

-fOO

<E22> - dt

27riNxN 1

(N — 1)!
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which after substituting in (E.9) gives the same expression (E.l) but the sum has

to be taken only over positive x :

(E.23) g(Y) =

N

2n(N —
»= 1

N

B-P x

fc=0

E \Y + S(N,t(N))-2S(k,t(k))]N~1
{«*)}

Proof, where S(k,£(k)) < Y + S(N,£(N)). □

The above formula is a generalization of the density function of the sum of

N mutually independent random variables with uniform distribution on (—a, a),

which is given in Reny, (Probability Theory, 1970):

rjv±£i
{ N\

(E.24) f(Y) = [2n(N - l)!a7V]-1 E (-1)'' [ k J (N + Y ~ 2k)N-\




