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ABSTRACT

This thesis investigates the localisation,

separation, and separability of quantum systems.

Motivated by the physical limitations of
measurement, we define the concept of a 1loecal
observable for both one and two particle systems, give
a precise prescription for the localisation of bounded
observables and demonstrate the suitability of a

certain family of local observables in describing the

measurement of a quantum mechanical system using
apparatus of finite size. The localisation of certain
unbounded observables (eg momentum) 1is examined.

Localisation in the spectrum is also introduced.

One of the consequences of this approach is that
we can provide a sort of short-lived resolution to the
EPR paradox for finite times when the particles have
separated. Recognising the 1limitations of this
resolution we proceed to formulate a quantum mechanical
theory for a two particle system with the property that
every state 1n which the two particles separate into
disjoint regions for 1large times 1is asymptotically
separable. Using this theory, some controversial
hidden variable questions are reexamined. The
relationship of these results to the experimental
evidence for nonlocality 1in quantum mechanies 1is

discussed.
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CHAPTER 1

INTRODUCTION



There is an enchanting story, related by
Heisenberg [1958], in which Max Planck is supposed to
have been out walking with his young son, on a winter's
day late in 1900, shortly before he presented his
historic paper [1900] on the quantisation of
radiation. According to the legend, he told his son,
excitedly, how he felt that he had found something
which was either one of the greatest discoveries since
Newton, or else completely wrong. Whatever the truth
behind this captivating image, and whether or not
Planck realised immediately +the profound effects his
proposals were to have on the course of physics, by the
late 1920's and early 1930's it was slowly becoming
evident that the new quantum theory proposed a view of
the world which was substantially different from the
previously accepted classical view: the quantisation of
radiation [Planck 1900], the wave nature of matter [de
Broglie 1930], the uncertainty principle [Heisenberg
1925]: all of these underlined the essential novelty of
the quantum theory. Perhaps most particularly it was
the essentially statistical nature of quantum mechanics
whieh first aroused controversy. The arch proponent of
the view that quantum mechanics was wrong, at least in
this respect, was Einstein, whose famous remark that
"God does not play dice" emerged as the catch-phrase of

the opposition to quantum mechanics during the



prolonged Bohr-Einstein debate of the 1930's. Einstein
argued that quantum mechaniecs provided at best an
incomplete description of the real world while Bohr and
the Copenhagen school replied that the quantum
mechanical description was the only possible one: no
more complete picture could be obtained. At the centre
of Bohr's argument was his "complementarity principle"
of which the theorem (2.5.6) 1is in one sense a
manifestation. As a consequence of some of the work in
this thesis, we shall have occasion to question the
validity of (2.5.6) as anything stronger than an
operator relation. In the light of this, it 1is an
interesting question whether or not, and to what
extent, complementarity may be maintained in its full
philosophical entirety. That 1s however beyond the
sccpe of our aims i1in this thesis. Here we are
concerned to elucidate the issue of locality arising

from the philosophical discussion.

Einstein's argument rested on a famous paper with
Podolski and Rosen [1935], in which they proposed a
thought experiment designed to show that quantum
mechanics was incomplete [ecf(2.7)]. One of ‘the
principles on which the argument is based is that of
(Einstein) locality and it is commonly supposed
nowadays that the EPR paradox embodies the wunderlying
non-locality inherent in the quantum mechanical

formalism [cf Bell 1964, Clauser and Shimony 1978,



Selleri and Tarozzi 1981]. This view seems to be
confirmed by the extensive investigations carried out
into the logical foundations of quantum mechanics [ef
Hooker 1975,1979, Beltrametti and van Fraasen 1981],
and the identification of the "paradoxical" features of
quantum mechanics with elements of the underlying

logical structure.

In view of the primary importance of locality in
the EPR example, it is rather surprising that, almost
without exception, discussion of the paradox is
concerned only with the spin state of the Bohm version
[1951 and 1957] of the EPR experiment. Beltrametti and
Cassinelli, for example, claim [1981] that since they
"have in mind ¢to consider only physical quantities
relative to spin, we only need specify the spin part of
the compound system." This limitation in the
description of the paradox is even more surprising when
we consider remarks of the type made by Pauli as long
ago as 1933 concerning the importance to interference

effects of the overlap of wavefunctions:

"From a superficial consideration of the
exclusion principle, it might be thought that
a sort of action at a distance is being
postulated, as a result of which even two
widely separated particles are aware of one

another.. However,this is not so, because the



exclusion principle is only valid as long as
the wave packets of the ¢two particles

overlap." [ef Enz (ed) 1973 p168.]

What Pauli suggests (this view is also discussed
by Furry [1936(b)] and Hiley [19801], eg) 1is that
nonlocal aspects of the quantum theory arise from the
physical interference of wavefunctions. 1In other words
it is being postulated that when the wavefunctions
themselves separate, separability is achieved and in
this sense 1locality 1s preserved. One reason that
these comforting words have been 1largely ignored 1is
because of the well-known phenomenon of the spreading
of the wavepacket [ef (7.1)J, so that the chances of
finding wavefunctions which are not overlapping seem at
first sight rather slim. Nevertheless it seems worth
investigating, to what extent we might be able to
provide a theory which satisfies the Pauli hypothesis
by paying closer attention to the localisation of the

quantum mechnical systems in question.

We proceed throughout by paying close attention to
the physical limitations of measurement. This leads us
to formulate [Chapters 3,4,5] local observables
appropriate to the measurement of physical systems
using apparatus of finite size. In Chapter T, we
investigate a time development for such systems and

also outline the ideas of the asymptotiec localisation



and separation of particles [Wan and McLean 1983 and
1984] which will be a basis for our investigation of an
asymptotically separable quantum mechaniecs. The
correlation of the subsystems in a two particle system
is the subjeet of Chapter 8 and in the following
chapter we use these results and an extension of the
concept of local observables to two particle systems
with spin to provide a resolution of the EPR paradox in
a limited sense for finite time. Acknowledging the
limitations of this solution we attempt in Chapter 10
an asymptotic resolution of the paradox in the limit of
large times, based again on the separation of the
particles, this time into disjoint regions at
infinity. Chapter 11 investigates some consequences of
this asymptotic analysis for the hidden variables
questions that have haunted quantum theory from those
early days. It turns out that we <can provide
asymptotically a hidden variable theory that will
describe a system of two spin-half particles. Chapter
6 1is a little out of the mainstream and entails a neat
formulation for providing bounded observables in a
slightly different sense to the usual lattice theoretic
approach. It is of interest to us partly as an example
in which the 1limitations of measurement 1lead to
significant changes in the formulation, and partly as
the basis of a quite general programme of localisation
of observables. Before we proceed with any of this it

will be convenient to provide some mathematical



background.



CHAPTER 2

MATHEMATICAL BACKGROUND



2.1 Quantum Mechanics in Hilbert Space.

In the conventional Hilbert space formulation of
quantum mechanics a quantum mechanical system 1is
associated with a Hilbert space H . For a single
particle moving in configuration space Rn this Hilbert
space is L' (R"). The inner product in the space is
denoted by <.l.>. A linear operator T on # is said to
be symmetric if the domain D(T) of T is dense in 4

and for every @,y in D(T), T satisfies

KPITY>=<KT@|Y>.

The adjoint operator % of T 4is a 1linear operator

defined by

<P ITHY>=<TQIY> for all YeD(T*)

D(TH = (yed : @ <TQIY > is continuous on D(T)}
An operator is called selfadjoint if T=T¥%. A symmetric
operator T is called essentially selfadjoint if T, the
closure of T, is selfadjoint. T¥= T 4is the unique

selfadjoint extension of T.

The states of the quantum mechanical system are
described by a certain class of operators known as the
density operators {g}. These operators are bounded,

positive, selfadjoint linear operators on # satisfying



Tr(e)=1 [ef Prugovecki 1971 p383]. The pure states of
the system are those operators 4 which satisfy (f=( and
comprise the set of projections P on # . For each
vector @ in 4l there exists a projection Pq, mapping H
onto the subspace generated by @. When e=F we write
fp to denote the vector state corresponding to @. Each
such vector state is evidently a pure state. We shall
sometimes use the Dirac notation for projections [Dirac
1930], namely: Py = lg><¢l. States ¢ which are not pure
are called mixed and consist of convex 1linear sums

Z )\, P, of pure states P, , 3\ =1.

Physical observables of the system are represented
by selfadjoint 1linear operators defined on dense
domains in #. The expected value or expectation value
{T;¢> of a physical observable T (by an abuse of
language we refer to both the physical quantity and the
operator representing it with the same symbol) for a
system in the state ¢ is defined formally to be:

(2.1.1)

<T;e>=Tr(eT).

The time evolution of a free quantum system is
described by the time evolution operator
(2.1.2)

U = expl-iH,t/h]q

for all @Qed, where H, is the free Hamiltonian



operator. Using the Fourier representation
(2.1.3)
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the time evolution of the vector Q may be given the
integral representation
(2:1.4)
Q(x,t) = (2mn)t ¢ (plexpl-ip* t/2mhlexplip.x/nldp.

R
This 18 the Schrodinger picture for the time evolution
of a system [ef Schiff 1955 p169 egl. In the
Heisenberg picture [op cit p170] the time dependence is
thrown onto the observables so that A, = U:AUt, while
the states are regarded as time independent. @(x) is
called the coordinate representation of the vector @
while &(p) is the momentum representation of the same
vector, the two representations being 1linked by
(2,13 ) We can also write in the Dirae notation
<x\@ > = q(x) and <p1@> = $(p), where (x> and |p> are
the generalised eigenfunctions of position and momentum

respectively [cf Bohm A 1979].

Problems with domains for unbounded operators and
the inconvenience of infinite expectation values have
led to the formulation of a Hilbert space quantum

mechanics based solely on bounded operators. This
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approach is based on the use of projection operators to
describe experimental propositions about the system
[von Neumann 1955, Mackey 1968, Jauch 1968, Piron
19761]. Let B(# ) denote the set of all bounded
operators on H . Selfadjoint elements of B (H ) now
correspond to the physical observables. This 1is of
course a smaller set of observables than before. A
number of notable observables, including the position
operator, the momentum operator and the Hamiltonian
operator, have been excluded. However all the
projection operators on H are in B (H). The
projection operators form a lattice of projections
AL (M) on H and Jauech, Mackey and Piron (et al) base
their quantum mechanics on this lattice of
projections. The link with the conventional theory is

made through the spectral theorem.

(2.1.5) The Spectral Theorem
For every selfadjoint operator T in # there exists
exactly one spectral family E(T;t) for which

T= JtdE(T;t).

Proof: Wiedmann 1981 p191,eg.

The spectral projections E(T;A ) of the spectral
measure form the basis for the theoretical
interpretation in this lattice theoretical approach.
The projection E(T; A) corresponds to a physical

measurement to test whether the observable T takes a



value which lies in the set A. The eigenvalues of
E(T; A) are 1 and 0. The value 1 corresponds to the
answer yes to the question; does the value of T lie in
A? The value 0 corresponds to the answer no to the
same question. In section (2.6), we expand upon this
interpretation in terms of probabilities. Using the
spectral projections enables wus to dispense with
unbounded observables and consider only the projections
associated with them via Theorem (2.1.5). The support
of the integral in (2.1.5) is the spectrum o(T) of T.
We shall wuse the following definition for the

spectrum.

(2.1.6) Definition

The spectrum o¢(T) of =&a selfadjoint operator T is
defined as the set of all points t in R such that for
every open interval I in R containing t we have E(T;I)

>0 [Prugovecki p253].

For an observable T with discrete spectrum the
theorem (2.1.5) reduces to
T= 2 tE;
where Ele(T;{tL}) is the projection onto the subspace
generated by the eigenvector(s) ¢, associated with
eigenvalue t;. Eigenvectors associated with different
eigenvalues are orthogonal and each eigenvector is

normalised to one so that we have <4%le> -~ 55 i For

continuous spectra there is an analogous orthogonality



relation in terms of generalised eigenfunctions and

§-function normalisation [Bohm A 1979 pl9,egl.

The zero operator has spectral measure given by:

(2 o il
E(0;4)= { | if oeh
0 } ofa
[ef Weidmann 1980 p195].
2.2 The Algebraic Formulation of Quantum Mechaniecs,

The algebraic approach to quantum theory is a
generalisation from the von Neumann theory in which the
algebraic structure of B(#\), namely as a C*-algebra,
is retained as the fundamental building block. One
associates to each physical system a C’nalgebra,ﬂ .That
is, an algebra closed under addition, multiplication
and an adjoint operation, possessing a norm I . Il with
respect to which the algebra is complete and such that
if A is a member of the algebra the following property
is satisfied:

(2.2v1)

na* an=nant

[Arveson 1976, Bratteli and Robinson 1979, Dixmier
1977, Emch 1972]. The C-property (2.2.1) ensures that

the norm on the Ctalgebra is unique [Rickart 1950].



Physical observables of the system are represented by
the selfadjoint elements of the algebra. States of the
system are represented by normalised,positive 1linear
functionals (NPLF's) w on the algebra: ie w is a
map:ﬁq4 ¢ such that w is linear, w(A*A)> 0 for all A,
and w(1) = 1 if A possesses the identity or otherwise
lim w(Ef) = 1 for every approximate identity E_. A
P

state w 1is mixed if it «can be written as a convex
linear combination of two (or more) other states: w =
Aw,  + (1-XN)w, ,w, # w,,0<2< 1. A state which is not

mixed is called pure.

The C‘Falgebras in which we shall be interested
are the so-called "concrete" algebras of operators on a
Hilbert space. A subalgebra A or B(H) is a
c¥-algebra if it is a *-subalgebra of B(#H ), ie it is
closed under addition, multiplication and the adjoint
operation, and it is also closed in the norm. The
C*—algebraio approach to quantum mechanics is
well-established in the theory of infinite systems and
in quantum field theory [Bogolubov et al 1975, Bratteli
and Robinson 1979,Emch 1972,Haag and Kastler 19614,
Streater 1971]. It is also applicable to finite
quantum systems however [Segal 1947]. Indeed the
simplest <case is to consider as C*-algebra the von
Neumann algebra B(H) of all bounded operators on a
Hilbert space H . In this case we recover immediately

the usual Hilbert space quantum mechaniecs 1if we



resatrict the physical states to the normal NPLF's on
B(H), ie [Bratteli and Robinson p76] states w, for
which there exists a density operator ¢ such that
we (A) = Tr(eh)

for all Ae8(#). We shall indulge quite shamelessly in an
abuse of notation when considering the conventional
theory and refer to both the normal NPLF's and their
corresponding density operators (and even the vectors
associated with pure states) as states of the systen.
No confusion is engendered by this so long as we are in

the conventional formalism.

One of the advantages of the algebraic approach
with 1ts emphasis on observables rather than states is
the ability to delimit the set of observables relevant
to a particular system. In section (2.4) we shall

consider a particular example of this.

We mention some results concerning tensor products
and direct sums of C'-algebras. Firstly, if ﬁk and
A, are C¥-algebras one can define an algebra
A= A®A,, the tensor product of A, and A, [Bratteli
and Robinson p142]. This algebra is again a C¥-algebra
and its norm is given by the so-called crossnorm
[Vowden,1974] in which the norm JA®B\\ of an element A®B
in A is given by WAN.NBN. In the conventional theory,
the algebra A is the algebra G(H,) 0B (H,)= B(HOH,)

of bounded operators on the tensor product Hilbert



space 4%9*L. [For details of the tensor product of
Hilbert spaces see (eg) Weidmann 1980 p48, Prugovecki

1971 p14k.]

In addition to the tensor product of Hilbert
spaces and of operator algebras we shall also have
occasion to consider the direct sum of C*-algebras and
their representation spaces. For any family {4, jie¢I }
of C'-algebras where I is some index Set, possibly
uncountable, we can define the direct sum algebra ﬂs =
e®1A‘ as the set of all functions ieI-—'A;E.?\-L which
satisfy the condition that 1lim IIA;}=*0 in the sense that

ivw
for every €>0 there is a finite subset Fel such that
NAW<E for all idF. We can make,ﬂg into a Cc*-algebra
by giving the pointwise operations {A;} + ({B,} =
{A;+B;}, {A }.{B;} = {A;B;} and norm W {A;} =suplA;l.
The simplest case is evidently the direct sum of two
operator algebras J{@J&. Operators in this algebra may
be given the convenient matrix notation:
(5 )
o A
in anticipation of their representation as operators on
a direct sum of Hilbert spaces. For direct sums of
C*-algebras see Arveson p21; for details of the direct

sum of Hilbert spaces see Weidmann p32.



Consider two one-particle systems I and II
described by Hilbert spaces ﬂ, and ﬂl respectively, The
two-particle system which we shall denote by I + II is
conventionally described by the tensor product space H‘
= 4L®*ﬁ. We shall always use the subscript ¢ to denote
the composition of systems. Observables of the
two-particle system are the selfadjoint elements of the
algebra B (#,). States of the system are given by the
density operators ¢ on ?h # Note that we cannot in
general write ¢ = ¢®¢; where ¢,¢, are density operators
on ﬂ.,*h respectively. In chapter 8 we shall see how
this fact leads ¢to some peculiarly nonclassical
features of two-particle quantum systems. The time
development that we shall consider in this thesis for
two-particle systems will be non-interactive in the
sense that we shall use the tensor product U, = U8 U,
of the time evolution operators for the separate

particles.

When we wish to introduce discussion of spin
observables in a system we shall again be concerned
with the tensor product. Conventionally one takes the
Hilbert space for a single particle with spin to be the
tensor product of the Hilbert space corresponding ¢to

the configuration space of the particle, eg L*(R ) for



a particle in one dimension, with a 2j+1-dimensional
complex space Qj,say,where j 1s the spin of the
particle. Observables of the spin system are then
bounded operators on Ll(ﬂ.)bPh and a C¥-algebra of such
operators is given by RB(L* (R ))95‘.- where ‘Sf %(HJ) is
an algebra which has representation in coordinate bases
as the algebra of all (2j+1)x(2j+1) matrices. We have
used the symbol é to denote the fact that the tensor
product is between a space entity and a spin entity
rather than system I and system T . This will prove
to 1lend clarity to the discussion of ¢two particle
systems with spin although it should be emphasised that
the two tensor products are identical in their formal
power. In the work presented in the latter part of the
thesis we shall restrict our attention to systems of
two particles each having spin 1/2 and hence we shall
only consider algebras & of 2x2 matrices and suppress
reference to the particular value 1/2. The appropriate
Hilbert space for the spin states of a spin-1/2 systen
is 61. In deference to the fact that the relevant

algebra of operators for such systems is generated by

the Pauli matrices:

o 1 (o —L) I 0
(2.3.1) o, = g = g =
* (1 o/ 3 L Oy o -l

together with the identity matrix, we shall denote spin
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quantities wusing the superscript o. Thus 44r will
denote the product space 41@0?' where # is the Hilbert
space for the spatial aspect of the system. Similarly

.3 .
A° will denote a product algebra of the form A®@S
where S is an algebra of spin observables. For
details of the tensor product representation of spin

systems see, in particular, Mackey 1963 & 1968.

When we come to discuss two-particle systems with
spin we shall use tensor products in both the ® sense
and the ® sense. 1In the conventional formulation we
would therefore be concerned with a Hilbert space ﬂf

given by:

W-UeH = (HoH,)é(cec?): HolC",

For system of two particles each moving in
n »
configuration space R ,we have ‘H: w B (IRJ'“ o € ¥ . The

algebra of observables would be:
B(H) = B(L(R)&C") = B((R")&(Se8)

where S is the algebra of 2x2 matrices generated by
(g 1} For the spin operators in the algebra S, =
53@‘5 an explicit formulation of the tensor product is
given by the Kronecker product, or direct product, of
matrices [Marcus and Ming 1964, Wedderburn 1934]. Let
S = (i_ 1) and S' = (i 1) be arbitrary elements of

j;. The direct product matrix S@S' is given by:
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(2.3.2)
pS’ 45 A 2 T
rS° s§ ) pe’ FS’ 90
rP' r$’ SF’ 51’
ce’ rs”  sr” 887
If we choose a vector basis in € such that &, , the

spin-up eigenvector for spin in the z-direction,say, is
represented by (;) and B, s the spin-down vector, by(?)
and likewise for system I, then the isotropic
spin-zero vector for example (1/f§)0&®§1— B,®%, ) which
as we shall see below (2.7) is of paramount importance
in discussing the Einstein Podolski and Rosen

gedankenexperiment, is represented by the vector:
o

iz

-\
fo}

2.4 TIhe Wapn and Mclean Theory

In a recent series of papers Wan and Mclean
[1983(a)&(b), 1984(a),(b)&(ec)] have proposed a quantum
mechanical theory (WM) which is asymptotically

separable 1in a certain sense and for which the EPR



paradox in the momentum formulation receives an

asymptotic resolution.

The algebraic theory for a system of one quantum
mechanical particle 1is obtained by considering the

algebra of observables:

(2.4.1) 5“‘\“ =FASO +L’°(F)

where L”(p) is the von Neumann algebra of essentially
bounded functions of the momentum operator p and Jﬁ is

a C¥-subalgebra of RB(L*(R")) given by:

(2.4.2)  AS = (AeBR(L*(R)):s*-1in &, = 0},

PR
where s*-1im denotes the limit in the strong*;topology
on operator algebras as time t tends to infinity [for
details of the strong -topology see Guenin 1966, Wan
and McLean 1984(a)] and At denotes the time evolution

U-I

¢ AU of A. States of the system are given in WM Dby

the normal NPLF's on A, and also by 'normal states at
infinity' w® generated from the normal states w in the
following way:
(2h:3)
a0
wo(A) = lim w(A,) for all AeJAm‘,

tow

For an arbitrary operator A eJAmq‘we can write:

(2.4.4)



A=X+Y Xed, ,Ye I¥(p).

In the WM-theory a two particle system is represented

= S o
by: ‘Awﬂc ) “Aoc ¥ i (E"E*))
where ﬁ‘(p,,pl) is the von Neumann algebra of

all essentially bounded functions of p, and p, and

Al = (A eB (X (R")): s*-1im UJ'AU, = O}

t—o®

2.5 Uncertainty and Complementarity

It follows from the Hilbert space formulation of

quantum mechanics that for any two observables T, and

(2.5:+1)
KTy ;0><T, ;9> > 1/4I1<[T, ,T, 1;9>\*
for each ®eD(LT, .7, 1), DT ), D(TH)
[Prugovecki Ch.4 Lemma 6.1]. If we now set

T, =Q-<Q;@>,T, =P-<P;®> for some observables Q,P we
obtain from (2.5.1):
(2.5.2)

<(Q-<Q;@>f@><(P-<P;a>)g> » 1/41<[Q,P1;9>I"

for all @ in the appropriate domain D.



The quantities on the 1left of the inequality
(2.5.1) are commonly denoted by (A¢Qf and (AQPf
respectively and AQQ,ﬂﬁP are called the variances of
the observables Q and P. It can be shown [Lahti 1980]
that the variance of an observable is zero if and only
if either the observable 1is constant or the vector
state 1is an eigenvector of the operator, so that the
quantity A¢Q gives a measure of the dispersion of
values for Q in the state @. As a particular case we
take Q to be the position operator g defined in (2.1.2)
and P to be the momentum operator § defined 1in
(2. 3) » It is well-known [Prugovecki 1971, egl that
the position and momentum operators satisfy the

commutation relations

(2.5.3)

[ e |
L
-
"o
Rl
in
e
o
—

and it follows that (2.5.2) yields:
(2.5.4)

Agx.B4P»1H/2 for all @QeD .

This is a mathematical derivation of the relations
known as the Heisenberg uncertainty relations which
received a lot of attention and several attempts at
heuristie justification in the early history of the
theory. We should point out though that such heuristiec

justifications for the alleged impossibility of



measuring position and momentum to arbitrary accuracy
are strictly independent of the operator relations
{25 wilh) e The relations (2.5.3) are called the
canonical commutation relations. A stronger form of
these is given by the Weyl relations:

(2:5.5)

exp[liQtlexp[iPs] = expl[-itslexpl[iPslexpl[iQt]

[For a proof that (2.5.5) implies (2.5.3) but not the
converse see Prugovecki Chapter 4 Theorem 6.3.] It 1is
clear that any pair of operators satisfying (2.5.5)
also satisfies (2.5.4). The restriction in the domain
in (2.5.4) is rather important for it is easy enough to
find examples for which the inequality is violated if
@ is not in D .(Consider "position"™ and "momentum"
operators in a box [-L/2,L/2] and take ¢ as any

eigenfunction of the "momentum" operator.)

The difficulty with domains for unbounded
operators has led to the use of bounded operators
exclusively [ef(2.2)]. It is of interest to note that
in such a theory the uncertainty relations cannot be
formulated. For in such a system there are no pairs of
observables A and B which satisfy Aqﬁ.éQB > ¢ >0 for
all @ in 1. To see this we note that D =4 and
for any bounded A, (AgA) 1is bounded by 2WAll . Hence
we can choose ¢ to be an eigenfunction of B and obtain

A¢A.ﬁ?B = 0. This is not in confliect with (2.5.2) but
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we observe that if A and B are bounded [A,B] cannot be
any constant observable apart from zero [Lahti 1980].
In <chapter 6 we shall have occasion to see how this
provides a clear indication that heuristic uncertainty
and the operator relations (2.5.4%) are independent

issues.

There is another rather important result which is
too often ignored in heuristic discussions of
experimental situations. This 1is the so called

complementarity theorem.

(2.5.6) Theorem
Let Q and P be any irreducible, canonically conjugate
pair of observables, ie Q and P satisfy the Weyl
relations (2.5.5). Then their spectral measures E(Q;A)
and E(P;A) satisfy:

E(Q;AN)AE(P;A)=0
for any finite Borel subsets A and A of R, where o is
the intersection in the lattice of projections.

Proof: ef Lahti 1980.

The physical consequences of this fact play a large
part in the motivation for our consideration of 1local

observables (Chapters 3 and lY).



2.6 Probability and Measurement

In a classical probability space (1 ,% ,m) events
are represented by the elements a of the Boolean
c-algebra of subsets & on the probability space fL .
We define the probability of a particular event a by
the measure of the subset representing the event. That
is, the probability, <a;;p>, of the event a with
respect to the measure # is given by

(2.6.1)

<aj;;m> = M(a) =JXad/q

where X is the characteristic function of the set a
and (by abuse of language) we identify events with
their representative sets. One also defines the
expectation value <A;u> for a random variable A on {)
measurable with respect tou by [Moy 1954,egl:

(2.6.2)

<Am> =.(A(x)d/A(X)

where A(x) is the wvalue of A at x and dm(x) =
M((x,x+dx)). Clearly <.j;;u> is a map from the field of
subsets of . into the interval [0,1] and <A;M> is a map
from the set R of random variables on L into R .
However, there is a certain subset of these random
variables which is in one-one correspondence with Y >

namely the set 2 of characteristic functions. The
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correspondence is obvious; a+ax;,a€?,x52{. Now the
restriction  of <.;4> to the set X yields the
probabilities by:

(2.6.3)

<Xa.;/">=<ai M2

Furthermore,using (2.6.1) we can write dm(x) =
<(x,x+dx);;M> and we have:
(2.6.4)

<AM> = jA(x)<(x,x+dx);;ﬂ>

Thus expectations may be regarded as weighted averages
of the possible values of A, the weights corresponding
to the probabilities assigned by the measure to (an

infinitesimal set including) the point at which A takes

these values. This becomes clearer in the discrete
case. Here A can be characterised by its effect on
certain M"atomic" events xLe"}, and if X'.:szg’ A, =

A(x; ), we have A =‘Z.Aax;. It follows that

(2.6.5)

<A pMm> =J'Z’A-LXL du = Z Anm (X.‘) = Z A, <x j5M0

and the expectation value is a sum of the values A
taken on each discrete event x; weighted by the
probability <x; ;u> of that event. The concepts of
expectation and probability are interderivable then,
and the duality between them is expressed by (2.6.3) in

classical probability theory.



In quantum mechanics one may introduce,
axiomatically, a probability measure <.;;¢> on the
lattice J (#) [we use the same notation L(# ) as for
the 1lattice of projections since the two lattices are
isomorphic] of subspaces of # given by:

(2.6.6)

<M;;¢>=Tr(QEy)

where Q is a density operator (and hence defines a
normal state on B (H)),Medl (M) and E, is the
projection onto the subspace M. Expectations are of
course defined by:
(2.6,

<A;0> = Tr(gA) for each Ae¢ ® (M ).
Clearly the duality expressed by (2.6.3) is mimicked in
the quantum mechanical theory:
(2.6.8)

<M;; @ >=<Ey; ¢ >

so that if the map <.;¢ >: B(HN )=»C is restricted to
the set of idempotent operators, ie the projections,
then the expectation values and the probabilities
coincide. Moreover we can derive expectation values
from probabilities in the sense that:

(2.6.9)

<Aj;g> = Tr(gA)

Tr (¢ JtdE(A;t))
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Itd(Tr(eE(A;t)))

jtd(E(A;t)’H H L

Now, E(A;t)H is the subspace of # on which A
takes a value in (-# ,t) so that we have an analogous
interpretation to the classical case, namely that
expectation values are weighted averages, with the
weights being given by the probability measure. The
correspondence between subspaces and projections, and
between projections and observables (via the spectral
theorem (2.1.5)) allows us to interpret these
probability measures on H4 in the following way [Mackey
1963, von Neumann 1952, Jauch 1968)]: we say that the
probability <A;A ;¢> of the observable A taking a value
in the set A when the system is in state ¢ is given by
the probability measure <E(A;A )H ;;¢> of the subspace
E(A; A)H and we have therefore:

(2.6.10)

<A; A ;¢> = Tr(¢gE(A;A)) for each observable A.

The difference between the classical case and the
quantum case arises from the rather less
straightforward representation of events in the latter
case., This in its turn is a consequence of the fact
that an observable A in quantum mechanics does not act
as a random observable on Y in the same way as for
classical observables with values given by A(x), but as

an operator whose values are o(A).



Having made the association (2.6.10) it can be
shown [von Neumann 1955] that the probability postulate
is derivable from the expectation value postulate and
we have already seen that the converse is the case.
The duality is expressed by (2.6.8) or equivalently by:
(2.6.11)

<A; A ;g>=<E(A; A );p>

The probability postulate plays a significant role
in the interpretation of quantum mechanies as a
physical theory with predictive statements to make
about the results of real physical measurements on
quantum systems. Another postulate with an important
part to play in enabling quantum mechanics to give an
account of the physical world is the controversial von
Neumann projection postulate. In answer to the
question, what is the state of a system after a
measurement of an observable T yields a value 1in the
set A , von Neumann postulated that the state must
satisfy

2 b 12)

s

E(T;8)¢" = .

Suppose that an observable T has a discrete,
nondegenerate spectrum ¢(T) and that a system undergoes
a measurement in which it is ascertained that the value

of T is t , say. Then according to (2.6.12) the state



of the system after the measurement is given by PQt
where QE is the eigenvector associated with the
eigenvalue ¢t. We shall call a measurement for which
the von Neumann projection postulate is assumed to be

valid a "measurement of the first kind" [cf Jauch 1968,

Piron 1976].

For a degenerate magnitude, no unique eigenvector
is selected on measurement. Von Neumann suggests that
the state after measurement should be given by

Py /Tr'(Pt ) where Pt is the projection onto the
subspace spanned by the eigenvectors {§}] associated with
It is pointed out by Bub [1979],eg, that this
cannot in general be correct. His reasoning follows an
earlier objection by Luders [1951] who postulates a
different generalisation of the von Neumann projection

postulate. The Luders rule is generally taken to be:

£2.6.13)

e=>¢ = EQE/Tr(pE)
where E 1is the projection corresponding to the
measurement. Now the projection postulate is

problematical in various ways and has been the subject
of continued and extensive discussion [Bub 1979, Furry
1936 & 1966, Jauch 1968, Luders 1951, Srinivas
1980,egl. A careful reading of Luders' paper, (the
original was in German, which may explain why it has

been misquoted) reveals that he only treats the case of



degenerate discrete spectra and does not in fact make
an explicit formulation of (2.6.13) as a general rule.
However Luders, and many others have, implicitly at
least espoused such a rule, and here we shall adopt
(2.6.13) as the Luders rule and we shall suppose that
at least for a certain class of systems we may regard
this rule as appropriate for the change of state
through measurement. We shall call a measurement for
which the Liders rule holds an "ideal measurement of

the first kind" [following Jauch egl.

2.7 Ihe Eipstein,Podolski and Rosen Experiment

In 1935, Einstein, Podolski and Rosen published a
now famous paper in which they proposed a thought
experiment designed to prove the incompleteness of
quantum mechanics. Their argument was based on the
fundamental assumption that if it 1is possible ¢to
measure the value of a certain quantity on a systen
"without in any way disturbing the system", then that
quantity constitutes "an element of the physical
reality™". They then attempted to show that quantum
mechanics was incomplete by demonstrating the existence
of such an "element of reality"™ not completely
described by quantum mechanics. The essence of their

argument was to consider a two-particle system in which



some physical quantity (momentum in the original
example) is conserved. By supposing that this quantity
is still conserved when the two particles in the system
have separated to an arbitrarily large distance EPR
maintain that the value of the quantity in question for
one of the systems may be measured without disturbing
that system by measuring the same quantity for the
other system and then using the conservation law. It
follows, according to the EPR argument, that this
quantity is an element of the physical reality, and as
such must have had the measured value before the
measurement occurred. This is in sharp contrast to the
quantum mechanical analysis in which no definite value
for such a quantity exists before measurement. EPR
claim that this exhibits the incompleteness of the

quantum theory.

The EPR experiment has been formulated by Bohm
[1951 & 1957] in terms of the spin of a system of two
spin-1/2 particles for which the total spin is
conserved as zero. The spin vector for this system
which is isotropic (ie invariant under a change of spin

axes) is given by:

C24T 1) ¥, = (1//2)(«®p, - p,©%;)

where o.and p; are as given in (2.3). The "paradox" that

arises from the EPR analysis is that the quantum



mechanical state for which the value of the spin is
definite (but unknown) before the measurement occurred

(as EPR suggest) is in fact the mixture:

(2.7.2) (1/2)P“ml+ (1/2)P; o,

in contrast to the state (2.7.1) which is a pure state.
Now there are two points of interest here. Firstly
there is the question: how does the pure state (2.7.1)
evolve to a mixed state or if this does not happen
which of the two states is the correct description ?
Secondly,if the correct state is a mixture, that is a
state corresponding to an incomplete knowledge of the
systen, then 1is it possible ¢to provide further
parameters not as yet ©belonging to the quantum
mechanical description which together with the quantum
state determine completely the values for the system?
The Copenhagen answer 1s to deny the validity of the
EPR reasoning by attacking the clause "without in any
way disturbing the system". A measurement on one
subsystemn, they claim, necessarily disturbs the other
subsystem and hence invalidates the EPR argument. 1In
answer to the hidden variables question they maintain
that no further parameters can exist which add anything
to the quantum mechanical information about the
system. Now we regard this view as extreme for it
entails a very high degree of nonlocality for quantum

systems, a nonlocality which is not confined to small
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spatial regions but extends over the whole
configuration space mf. Although there 1is quite
plainly evidence of quantum mechanical correlation
between systems within the confines of a particular
laboratory apparatus, for example, this does not seem
to us to necessitate the complete denial of locality on
a macroscopic level. In this thesis we shall attempt
to mitigate the extremity of the Copenhagen position by
providing an indication of how and where correlations
between subsystems occur and showing that it is
possible to provide a quantum mechaniecs which is
separable when the two subsystems are appropriately
separated. Having achieved this, we shall then

re-examine the controversial hidden variables

question.



CHAPTER 3

LOCALISATION OF BOUNDED OBSERVABLES



3.1 Introduction and Motivation

The theory of quantum mechanics is disturbingly
nonlocal. This much, as we have already mentioned, was
realised rather early on in the history of the
subject. Nevertheless there is, generally speaking,
something undeniably local about the act of physical
measurement using real physical apparatus. An
experiment designed to carry out a measurement on an
arbitrary quantum mechanical system is performed in a
definite physical 1locality. The apparatus, being
essentially classical, is localised in some spatial
region and can scan at most a finite region A in the
finite time taken to perform the measurement. We shall
call this region A the size of the apparatus. Given
these physical limitations of the measurement
apparatus, it seems reasonable to make the following

assumption concerning such measurement situations.

(3.1.1) Measurement Postulate
A measuring apparatus or device of finite size A cannot

detect a particle lying outside A.

Now let us consider a quantum system moving in
n
configuration space R with Hilbert space given by H o=
n
LY (R). B (M) will denote,as above, the algebra of

all bounded operators on H . Let i}(ﬂf) denote the set
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of all Borel subsets on R and let B(R') denote the
set of all such Borel sets of compact closure in Rﬁ
Given A in ;B(m$), we shall denote by A" the complement
of A in R", and by # (A) the subspace L*(A) of L*(R").
Note that the orthogonal complement # (A)" of #(A) in
M equals M (AY).

We wish to construct a quantum mechanical theory
for describing measurements using physical apparatus of

finite size A, so we must ask ourselves the following

question: which observables - selfadjoint 1linear
operators - are the appropriate ones for the
description of such a situation? Now, bearing in mind

that the physically meaningful values in the quantum
mechanical description of the world are the expectation
values (and probabilities), the requirement (3.1.1)
suggests that we should impose the following limitation
on the set of observables measurable using finite

apparatus:

(3.1.2) All observables measurable using apparatus of

finite size A must satisfy:

<YIAY>=0 for all YeH(A™)

In this chapter we shall construct a certain class
of observables which for obvious reasons we shall call
local observables. It will turn out that these

observables always satisfy (3.1.2). For the case of



bounded observables we can show additionally (Theorem
(3.2.2)) that the local observables exhaust the set of
observables which satisfy (3.1.2). By introducing a
concept of global relatedness between observables we
establish a correspondence between an arbitrary
observable in ®(4 ) and a suiﬁable family of globally
related local observables. This enables us to consider
using only local observables and hence satisfying the
measurement postulate (3.1.1). We investigate the
convergence properties of such a family of observables
in the 1limit of 1large apparatus size and discuss an
appropriate measurement scheme from a probabilistic

viewpoint.

3.2 Local Operators and Local Observables

(3.2.1) Definition

An operator T on ¥ is called a local operator if it
satisfies:
(L)

T=E(x;A)TE(x;A) for some AeB(R")

A bounded operator Ae®(# ) satisfying (L,) is called a
bounded 1local operator or L,-operator for short. The
corresponding terms for selfadjoint operators are local

observable and bounded local observable



(Lp-observable),respectively.

(3.2.2) Theoren
Every selfadjoint Ae@®(H ) satisfying (3.1.2) is an
Lp-observable. Conversely, every L,-observable
satisfies (3.1.2).
Proof:
Firstly, (3.1.2) implies that AY=0, YeH(A*). hence for
any @ in ¥ we have AE(x;A")® =0 and therefore
E(x;A)AE(x;AY)=E(x;A")AE(x;A*)=0.
Since A is selfadjoint it follows that:
0=(E(x;A)AE(x;A*)) =E(x;A*)AE(x;A)
Now the result follows easily since:
A=(E(x;A)+E(x;A*))A(E(x;A)+E(x;A"))
=E(x;A)AE(x;A)+E(x;A)AE(x; AY)
+E(x; AY)AE(x;A)+E(x; AY)AE(x; AY)
=E(x;A)AE(x;A).

The converse is trivial.

3.3 Localisation u er

We have ascertained that L,-observables are unique
in satisfying the physical requirements imposed by the
finite size of the measurement apparatus. In quantum
mechanics, however, observables (even bounded ones) do

not generally satisfy (L,). If we wish to modify the
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conventional theory to allow for a local analysis we
must try to provide observables which do satisfy (L,).
For bounded observables this turns out to be relatively

straightforward.

(3.3.1) Definition
Let A¢B(4\). The localisation A, of A in A is defined
by :

A =E(x;A)AE(x;A), AeB (R").

It is evident that the localisation in A of a bounded
operator A is an L,-operator by virtue of the
idempotency of E(x3;A). Moreover,if A is a selfadjoint
operator, then A, is also selfadjoint and hence the

localisation in A of each selfadjoint A in B(4H ) is an

L, -observable.

A
(3.3.2) Definition

We shall call an observable global if it is not 1local.

The term global is not merely a contrast to the concept
of the local observable. As we have already mentioned,
quantum mechanical observables are not generally local
in the sense of (L,) and this is due to the fact that
they are influenced by the global characteristies of
the configuration space in which the particle moves

[Wan and McFarlane 1980,Wan and Viazminsky 19771].



3.4 Globally-Related Families of Local Operators.

Having shown that for each bounded operator on H
we can construct an operator A which is local in A in
the sense of (L,), we now attempt to carry through our
programme of replacing the usual observables with local
observables by associating each Ae(B(‘H) with a certain

sort of family A of local observables.

(3.4.1) Definition
Denote by H,\ the set:
.‘?\f {Ae¢®(4):A is an L,-operator}.

A map:
A BJW\“)“’AU’AA by

A= AMETA € A,

is called a bounded globally-related family of local
operators if A satisfies:
(i) the boundedness condition: there exists a number
Me® such that:
IA, <M for all AeB (R"),

(ii) the isotony condition (global-relatedness
property) : )‘k,is the localisation of A,‘# whenever AJQAH,OP
equivalently for any A,A" in Bo(ﬂn):

E(x;A)AE(x5A)=E(x;A)A E(x5A)

for all AcA’,A".



The boundedness condition (i) of definition
(3.4.1) is a technical point to ground the discussion
firmly in the realms of bounded observables. The
physical content of the definition is embodied in the
condition (ii). Essentially the global-relatedness
property will enable us to regard each member of such a
family as corresponding to the same physical quantity
measured wusing a measuring device of a certain size.
In terms of such a description, the condition ensures
that whenever the spatial domains of the two operators
overlap the corresponding globally-related observables
agree on the common part of the domains. The result

linking such families to the usual global observables

is:

(3.4.2) Theoren

A map: A:Sf,(‘p\n) "')!;]"95\:\

is a bounded globally-related family of local operators
if and only if there is a unique AeR(# ) such that,Ah
is the localisation A, of A in A.

Proof

Firstly, any A in ® (4 ) obviously defines a unique
bounded globally-related family of local operators by
,A& = Ay To prove the converse 1let {A;} be a
monotonically increasing sequence of subsets in iiﬁﬂn)
converging to m“. Given a bounded globally-related

family of local operators write AJ-:AA. and E; =
J
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E(;:I\J). For each pair @,y in cf(m“) there exists j,
(depending on Q,W) such that, for all j»>j, we have
/EQ supp® and AjD supp @. Now consider the sequence
<AJ-£PILP>; we have,for k¥ j » Jj,:

<Adcpltp> - <AQY> = <EJ-AkEJC?ILP> - <A Q1y>
CAEQRIE;R> - <A Q19> = 0.

This remains true for jzkzj, obviously. We have used

(ii) 4in definition (3.4.1) and the fact that Ei@ = ¢
and E =Y in the above proof,. It follows that for
each pair @,y in the dense subset C5T(R') of H the
sequence <Aj¢\w> is a Cauchy sequence. We deduce,by
Theorem 4.26 in Weidmann [1980],that Aﬁ is a weak
Cauchy sequence and hence converges weakly to some
operator A in B(# ).Let us now show that AA = A, for

all Aeg,,(ﬁ?\"). We have, for any @,y in ¥ :

I<QI(A, ~ADY> | = |<KQIE(x;A) (A=A E(x;A)W> |

IKE(x;A)Q 1 (A= ADE(x;A) 9> |

l<E(§;A)CP\(A-AAR)E(:_L;A)Q)H

for all A, 2A.

We have used the global-relatedness property of ,A in
the last step. Hence:

(1) <QI(A,-A,)Y> = 0 and A, = A,

since Ah‘converges weakly to A.

Finally for wuniqueness we observe firstly that
each weak Cauchy sequence {A‘n} admits a unique limit.
Furthermore, suppose a different weak Cauchy sequence
A, ~ with its weak limit A' is chosen, then A = A’

.

since:



<COIA, - ABIY> = <@l (A -ADY> = 0
for all A by (1).

We «can now associate with each bounded operator a

unique bounded globally-related family of loecal

operators.

(3.4.3) Theorem

There 1is a one to one correspondence between the set
B(#) of bounded operators A and the set {A‘} of all
bounded globally-related families of local operators on
H given by:

A=4 i A= s'}_,i,EA*J

where {AJ] is a monotonically-increasing sequence of
members of Bk(ﬂn) converging ¢to IR“ as j tends to
infinity. [From now on {ﬂS} will always mean such a

sequence.

Proof

By the properties of the spectral measure we have
E(E;ﬁj) converges strongly to the identity operator 1
in H as 4j converges monotonically to W' [ef
(2:1: 3]s As in the proof of Theorem (3.4.2), let
hA%} be a weak Cauchy sequence with weak limit A.
Then A, = A, implies that

(A=A, )
J

‘KA-AAJ)¢H

N

ll(A-E(:_c;Aj)A)CP + (E(’-‘Mj“'k’ﬁ Yo

N

I(I-E(x; A ))AQN + NACI-E(x;A;))QN .

Using the boundedness of A and the result above



concerning E(g;Aj) we obtain:
H(A-—AAJ)LPI\—’U as AJ--»fR“ for all Qe#,
or in other words {Aﬂ } converges strongly to A.
Finally it is trivial to show that each A in
® (#) defines a {AA} by A,‘ = A, and that any sequence
{Aﬁﬂ corresponding to a monotonically increasing
sSequence {AJ} converging to R" has A as its strong

limit.

Evidently, Theorems (3.4.2) and (3.4.3) apply in
particular to selfadjoint operators. In view of the
physical importance of selfadjoint operators as
observables of the system, we shall restate the results

explicitly in the form of the following theorem.

(3.4.4) Theoremn

A mapA :Sg(rp\“)ags\,\ is a bounded globally-related
family of local observables if and only if there is a
unique observable Ac¢ B (4 ) such that AA is the
localisation A, of A in A. Further, there is a one to
one correspondence between the set of all bounded

globally-related families of local observables and the

set ®(4# ) of all bounded observables on #, given
by :
A= A, ;3 A= s-1im A,
jT® J
Proof

Firstly we observe that the strong limit of a sequence

of selfadjoint operators is selfadjoint [Prugovecki



1971 p256]1. Also if A¢ ®(# ) is selfadjoint, so is A
= A, and the result then follows from Theorems (3.4.2)

and (3.4.3).

3.5 Convergence

What we have demonstrated is a sort of canonical
correspondence between the bounded observables
conventionally wused to describe a quantum mechanical
system and these globally-related families of local
observables. In principle we would want to proceed by
replacing an arbitrary bounded observable by the
relevant 1local observable for a given situation. By
the relevant observable we mean the member of the
canonically associated globally- related family which
corresponds to the size A of the measurement
apparatus. In practice of course, we must be able to
obtain results which are at least a good approximation
to those predicted (usually successfully) by the
conventional theory. We demonstrate the following
convergence results in the 1limit of large apparatus

size.

(3.5.1) Corollary
Given any @e#H, Ac® (H) we can choose a /\GBLUR“)

which renders the difference <Q|AQ>-<@|A,@> arbitrarily



small. [In other words:expectation values converge.]
Proof

This is a corollary to Theorems (3.4.2) and (3.4.3) for
by Theorem (3.4.2) we can construct a bounded globally
related family of local operators A such that A*zg\.By
Theorem (3.4.3) we know that A, converges strongly to A
and hence [Prugovecki 1971 p230] A, converges weakly to
A and it follows that <Q@lA¢>-<@|A,@> can be made

arbitrarily small.

(3.5.2) Theorem

(i) For each value A in the spectrum of A and for any
monotone sequence {4j} converging to ﬂf there exists a
sequence {xj} of members of the spectra G(AAJ) of Aﬁ
converging to A, ie there exist %éa(ﬁdd) such that
A>X\ as jeo.

(ii) For every value X not in the discrete part of the
spectrum ¢(A) of A, we have:

s-1lim E(A,

J-tm d

sAN)=E(A;N).

Proof

(i) It <can be seen from Weidmann 1980 p282 that the
sequences {A%} satisfy the conditions specified there
for "strong resolvent convergence". The result then
foliows from Theorem 1.14 pld31 in Kato 1966.

(ii) This follows from Theorem 1.15 pl32 in Kato's

book.

(3.5.4) Theoren



If Aﬁj admits an eigenfunction <%e#\ with eigenvalue
{3 for each j and if the sequence { M} of eigenvalues
converges to some (real) value A and the sequence {qt}

of eigenfunctions converges uniformly to @e¢# then @ is

an eigenfunction of A with eigenvalue \.

Proof
Hﬁﬁgj -AQI = HAﬁQj -AN@ +&ﬁ@ -AQ Il
< A A; (@, =P +11AAJ-<P -AQl
< Mil@d—({’ii-rﬂﬁ,‘icp -AQI=+0 as j—r .
Hence: s-1lim A, @ = AQ.

jroo Jd d
Now Il Aﬂ&cpj =A@l = A\ @ - AP Il

Il \JQ:J - XCPJ+ )ﬁ%u)\@ﬂ
(¢ )J -)\)@J‘ N+ \’“'ll'll.’lii-CPil“*U as jvo.

r

Therefore: s-1lim A,.Q. = M@ and hence AQ =Aq.
s J d

We observe that actually the convergence

requirement on ﬁ is not crucial in this theorem since

the ﬁ are bounded and therefore there always exists a

convergent subsequence.

The results of the preceding theorems and the
corollary indicate how a bounded (global) observable A
can be approximated by its localisations in the sense
that the spectrum and the expectation values can be

approximated by those of its localisations.



3.6 Local Observables and Measurement,

At the beginning of this chapter we postulated
(3.1.1) that measuring devices of finite size cannot
detect particles 1lying outside the spatial domain of
the apparatus. A mathematical formulation of this
requirement enabled us to deduce the necessity of local
observables for describing this finite measurement

situation.

Another aspect of the measurement situation is of
interest when considering the finite =size of the
measurement device and here again we shall find that
local observables play a crucial role. Suppose that an

experimenter wishes to study the properties of a

quantum mechanical system or prepare a quantum
mechanical system in a particular state, perhaps an
eigenstate of some bounded observable A, for future

study or interaction. He is physically limited in his
design by the fact that he has at his disposal only
measuring apparatus of some finite size A ,say.
Nevertheless he wants to do the following rather
natural kind of things: firstly, he wishes to make a
measurement (we restrict our attention here to
"measurements of the first kind" [ef (2.6)]) of the
observable A which will, according to the von Neumann

projection postulate, enable him to say that after the



measurement the system 1s 1in a certain eigenstate
@, say, corresponding to the measured value A of the
observable; and secondly, he will often want to be able
to say that after the above operation the system
remains 1inside the apparatus; for if it does not his
projected future study or interaction will be
fruitless, whereas if it does so remain the
experimenter can proceed to enact further processes on

the prepared system.

Now the question is: does such an observable A
exist 1in quantum mechanices, on which the process
outlined above may be fulfilled 7?7 Well firstly we can
show that except for certain special cases measurements

of local observables do admit this possibility.

(3.6.1) Lemma

Let A, =A(A)®0 be a local observable in A,where A(A) is
an observable on 4 (A). Let bc o(4,), bég (R) and
suppose that b does not contain zero. Then after

measurement of the proposition E(Ah;b) the system is in

A

Proof

The spectral projector E(A,;b) can be written as:
E(Ap;b) = E(A(A);b) ®E(Opu;b)

where 0, signifies the zero operator on M (A*). Since

b3 0, E(Os;b) = 0 (2.1.7) and so E(A,;b) = E(A(A);b).

According to von Neumann the state @’after measurement



satisfies @ = E(A,;b) = E(A(A);b)@ and now it is clear

that @’: E(E;A)Q/since A(A) is an operator on ™ (A).

In the event that b contains zero however,E(qL;b) takes
the value unity in 4 (A") and hence there may be a

4 whiech 1lies in

nonzero part of the wavefunction ()
#H (A~). In terms of eigenfunctions we may say that
this is because of the existence of trivial
eigenfunctions 0®Y , W G44(AL), of E(A,;b). To proceed
further with our investigation 1let wus assume for

definiteness that the Luders rule holds [ef (2.6.13)].

Then we have:

(3.6.2) Lemma

A system which is initially in A and which is subject
to a measurement of any local observable A, remains in
A after the measurement.

Proof

It suffices to note that E(x;A) commutes with E(A, ;b).

In fact of course for any operator Ah which

commutes with E(x;A) the above result holds.

(3.6.3) Lemma
A system which is initially in A and which is subject
to any measurement of an observable A, = A(A)@®A(A")

remains in A after the measurement.



We <can also prove the following with regard to

observables of the direct sum form A(A)®A(AY).

(3.6.4) Lemma
An observable A is of the form A(A)®A(A*) if and only
if for every initial vector state @ localised in A and
for every beR (R ) measurement corresponding to the set
b leaves the system in A.
Proof
Let A = A(A)®A(A~); then the necessity follows from
(3.6.3) which follows in turn from the preceding
discussion.
For the sufficiency we notice that for each QeH (A) and
for every beH(M ) we have by the Liuders rule:
© = E(A;b)Q/NE(A;b)Q

Then @ = E(x;A)@ implies that

E(A;D)E(x3A)Q = E(x;A)E(A;b)Q
for all QE'H(A),ng (R).
Therefore for each We ¢ it follows that:
E(A;D)E(x;A)Y =E(x;A)E(A;b)E(x;A)Y for all beR (R ).
By taking adjoints we see that:

[E(A;b),E(x;A)]

0 for all b.

Hence A commutes with E(x;A) and we have A

A(A)RA(AY).



The relevance of these last results to the
discussion on local observables is not purely
academic. It is of interest that the general form

A(A)®A(A*) arises as a less stringent alternative to
local observables. For example, we could have allowed
local observables to be quite generally of the form
A(A)®X1 in our formulation without seriously offending
the physical requirement (3.1.1). The constant term A
merely reflects in this case the meter setting or zero
reading for a particular apparatus, so that the

expectation value is given by A+<A(A);0>.

Now despite the previous lemmas we have still not
succeeded in fulfilling quite generally the
experimenter's requirement that the system remain in A
after measurement. Even restricting our discussion
purely to local observables we see from the remarks
following Lemma (3.6.1) that certain measurements of
local observables appear to offend the requirement in
question. As a solution to this problem we propose the

following definition and postulate.

(3.6.5) Definition

An L,-measurement or local measurement in A of a local
observable A, (or more generally an observable
A(A)@A(AY)) is a measurement which entails the

following sequence of events: first an ideal



measurement of the first kind is carried out in which
it is ascertained that the particle is in A and then a

measurement of the LA-observable is made.

We see that an L,-measurement 1is a measurement
whiech involves first "catching" the particle in A and
then performing the measurement. According to the
Luders rule (2.6.13) this is equivalent to performing
the measurement on the state E(x;A)QP/NE(x;A)®\ when the

initial state is ?.

We now boldly cut the Gordian knot and make the
following assumption concerning finite measurement

situations.

(3.6.6) Postulate
A measuring apparatus of finite size A makes

L, -measurements on L,-observables.

It follows from this postulate and Lemma (3.6.4) that
the requirement expressed at the beginning of this

section has now been fulfilled.

One way of regarding the concept of L, -measurement
is to see it in terms of keeping track of the
statisties when a quantum system becomes confined in a
finite spatial region. In the next section we examine

those statistics in more detail.



3.7 L. =Probabilities and L, -Expectation Values.

The concept of L,-measurement induces concepts of
L, -probabilities and L, -expectation values which differ
from the usual probabilities and expectation values.
We define the L,-probability of obtaining an answer yes
for a particular question as the probability of
obtaining the answer yes to that question on
L, ~-measurement and we denote by <Ap b5 e the
L, -probability of obtaining a value for A, in the set b
when the state is ¢. Consideration of the definition
(3.6.5) and the remarks following it 1leads wus to

formulate L,-probability by:

(3.7.1) <A, ;bje> = <A,;3bj5e,>

where ¢ = E(x;A)¢E(x;A)/Tr(E(x3A)e). If we denote
L,-expectation values by <A,;¢> and derive them from

the probabilities in an analogous fashion to the

derivation (2.6.4) we obtain:

(3.7.2) <hyie = J)\dﬂai(-”s")i(’%

JA d<A, (=, N) 5 0a>

<AL 002

<An;e>/Tr(E(§;A)()



s BB =

It 4is to be noted that the L,-expectation values
are not the same as the expectation values in the usual
formulation for AA' This rather highlights the
physical effect arising from the spatial limitations of
the measuring device. Using the results of (3.4) and
(3.5) however,we observe that Lp-expectation values
converge to the wusual ones in the 1limit of large
apparatus size as we would hope. Notice also that 2
is precisely the state predicted by the Luders rule for
catching the particle in A so that these formulations
agree with definition (3.6.5) and the remarks which

follow it.

In the probabilistic interpretation of quantum
mechanics probabilities and expectations are defined as
maps from the lattice of subspaces of a Hilbert =space
into [0,1] and from the observables on the Hilbert
space 1into the reals, respectively. A duality exists
between probability and expectations which is given by
(2.6.8). Now the first thing to notice about
L,-probability is that it may (most generally) be
defined for observables A which commute with E(E;A);
that is, observables of the form A(A)®A(A*); and
therefore it does not define a probability measure on
the whole lattice of subspaces J (M ). Lyo-probability
does however define a map on the lattice

L (M (AMe#H (A*)) of all subspaces M® M , M, H(A),



M#.Eai(AL), corresponding to the lattice of projections
of observables A, with [A,,E(x;A)] = 0. Notice that if
we try to restrict the formalism for the special case
of local observables by restricting the lattice of
projections to J (4 (A)) we run into trouble because
the projections of a local observable contain the term
E(Op;b) [ef(3.6.1)] which lies in £_(+\(AL)). The more
general description seems to be formally the more
appropriate and we have:
(3<T7+3)

<o55¢2 t o (HA)OH (AT ) >[0,1]

<Mj5¢% =Tr(Mg,), Mc L (M (AM)@H (A%))
and

<osen : B(H Mo )—~ C

<Ay =Tr(A,ga), A B(H (A)eH (AM))

with the duality of (2.6.8) echoed here by:
(3T=H)

<M; ;502 =<Eyn;02 -

The point is that the duality (3.7.4) cannot be
maintained unless the domains of the formal maps are as

given in (3.7.3).

In order to get a slightly different perspective
on the L,-probability measure and L,-expectation map,
let us consider the classical probability theory

again. The conditional expectation value <A;M>k of A



with respect to a particular event a, say, is given by
[ef Kolmogorov 1950, Moy 1954, Bub 1979]

(3.7.5)

<A;m>), = LAd,u/Lcl,«,

An alternative expression for (3.7.5) is:

(3.7.6)

<Asp0], =Jnxad,u/‘[x,\d,«,
or again:
<A;pu>l, = Jﬁd,q,_

where M,(f) = JX«X;“WJXN/“ = M(fpa)/m(a) for all e,

Clearly the measure M, corresponds to the
conditional probability measure in the conventional
sense [Kolmogorov 1950] and again we may derive
conditional probabilities from conditional expectations
(analogously to (2.6.8)) by:

(3:.747)

<E3 M, =<X¢ MOl s £

Conditional expectation with respect to the event ()
(or with respect to the field generated by the
partition {,$}) is the wusual expectation. From
(3.7.6) we observe that:

(3.7.8)

KAsm>| = <AjMp>

and hence we see that conditionalisation induces a map



from the set {um} of probability measures into itself
given by: M->M,. Correspondingly we have:

(3.7.9)

There have been various attempts to extend the
concepts of conditional expectation to the quantum case
[Bub 1979, Davies and Lewis 1970, Nakamura and Umegaki
1961, Umegaki 1954 & 19561]. The whole thing is
complicated by the noncommutativity of the algebra of
guantum mechanical magnitudes: not all magnitudes
(observables) will commute with the particular event
(proposition) with respect to which conditionalisation
occurs and the straightforward procedure M—>M, of the
classical case does not in general work. For the case
of local observables however, or more generally the
observables of the form A(A)®A(AY), we see that it is
possible to conditionalise with respect to the
proposition E(};A) since all these observables commute
with that proposition and the difficulties outlined
above are circumvented. We proceed then by defining
the conditional probability with respect to E(x3;A) on
the lattice A (H (A)oH(AL)) by:

(37:.10)
<M;;€>ku;n = <E(x3A)H, M;5¢>/<E(x;A)H;; ¢
in analogy with (3.7.6). It is then straightforward,

given M = E(A,;b)# say, to show that
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<Aﬁ;b;q>lﬁ§m =(by definition)<E(A;b)#H ;;rs>|%hM
=<%;b;& >

where ¢ is as given by (3.7.1). Now we see immediately
that the conditional probabilities deduced by analogy
to their classical counterparts are none other than the
L, -probabilities defined above. Similarly we can
deduce that the conditional expectation values are
given by

(3.7T+11)

B3l = Aai ey

and these are exactly the same as the L, -expectation
values (3.7.2). Hence we see that L,-probability and
L,-expectations may be regarded as conditionalisations

with respect to the event that the particle lies in A.

3.8 Summary and Remarks

We have defined a concept of local observables
appropriate to the physical 1limitations of the
measurement apparatus and a localisation for bounded
observables, demonstrated a correspondence between
certain families of such observables and the wusual
bounded observables and shown some important
convergence properties of the 1local observables.

Further physical considerations suggest the concepts of



Ly, -probability and L,-expectation values which turn out
to correspond to a conditionalisation with respect to
the particle being inside the apparatus. Some
algebraic properties of local observables may be found
in McLean 1984. Some of the results of this <chapter
have been published in Wan and Jackson [1984]. 1In a
recent paper de Muynck [1984] has proposed a scheme for
local observables which appears on the surface to
differ from the one proposed here. Happily it turns
out (de Muynck - private communication) that  his
definition and ours coincide for the case of a single

particle as considered here.
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CHAPTER 4

LOCALISATION OF MOMENTUM OBSERVABLES
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1t is a well known consequence of Fourier
transform theory [Carrier,Krook and Pearson 1966,eg]
that, if A and A are both bounded Borel sets in
B(R'),then the spectral projections E(x;A) and E(@;A )
for the quantum mechanical position and momentum
(respectively) admit no nontrivial =solution to the
simultaneous equations:

(B.1.1)

E(x5A)9 = ¢ ; E(P;A)Q =¢ .

This 1s Jjust an expression of the complementarity
theorem (2.5.6). An immediate physical consequence of
this fact is that we cannot simultaneously confine the
position and momentum of a particle. Let us consider
an ideal measurement of the first kind [ef(2.6)] where
the change of state obeys the Luders rule (2.6.13), and
let wus suppose that an experimenter wishing to measure
the momentum has at his disposal an apparatus of finite
size A. The state of the system after a measurement
yielding a value in the bounded set A is given by the
Luders rule as:

(4.1.2)

’,

9" = E(p; A)Q/NE(D; A)eli,

where Q is the initial vector state. Evidently the



state @  satisfies o’ E(B;A)q)’ in agreement with the

von Neumann projection postulate (2.6.12) and, by
virtue of (4.1.1), the state after measurement @x can
never satisfy Q’ = E(;;A)¢’. That is, even when the
initial wavefunction lies in the spatial domain of
the apparatus A, the wavefunction Q/ after the
measurement will no longer be contained in A. Indeed
Q’(x) is non-zero almost everywhere [Carrier, Krook and
Pearson 1966, Lahti 1980]. In other words the
wavefunction after measurement is spread over the whole
of mf. By the act of measuring the momentum, the
experimenter no 1longer necessarily retains the system
he is measuring within the apparatus. Here then is a
specific example underlining the motivation of the
previous chapter for the introduction of "local
observables". There we were able to overcome the
problem of an infinitely spreading wavefunction in the
measurement situation by introducing a localisation
procedure for each bounded observable A given by:
(4.1.3)

A, = E(x;A)AE(x;A).

This procedure makes sense for bounded observables
since A,, so-defined, is selfadjoint and unique. If A
is an unbounded observable however we cannot in general
proceed in the same fashion because the operator A
defined by (4.1.3) would be symmetric but not in

general selfadjoint. One may ¢try to define the



localisation of A by looking for selfadjoint extensions
of A,. But again, in general this does not work since
AA may admit no selfadjoint extensions, or if it does
there may be many such extensions, depending on
boundary conditions [Bratteli and Robinson 1979 p187,
McFarlane and Wan 1981]. 1In chapter 5 we shall discuss
more generally the problem of 1localising wunbounded
observables. In this chapter we confine our attention
to the momentum observable for which a localisation has
already been proposed [McFarlane and Wan 1981, McKenna
1982] which 1s selfadjoint-preserving. We shall
briefly describe this procedure and a similar one for
the radial momentum observable and then show how the
physical situation may be interpreted in terms of these
local observables. We obtain an explicit convergence
calculation and 1illustrate with a diagram how the
experimenters requirements are satisfied and the
results still agree with the usual quantum mechanical

ones within a certain domain.

4.2 ent Obse

We shall confine our attention here to the linear
momentum 3 for a particle moving in the one-dimensional
configuration space R . Let §(x) be a C¥- function

which vanishes outside the interval A = (a,b) and which



equals one on a closed interval A, = [a,,b,] inside
(a,b). Notice that such a function §(x) exists even if
[a,,b, ] ‘is arbitrarily close to (a,b) [Matsushima 1972
p69,931]. The classical observable $(x)p generates the
Hamiltonian . vector field X = £(3/dx) [Abraham and
Marsden p187]. The obvious fact that the support of
the vector field X is compact implies that X 1is a
complete vector field [op.cit p70]. Hence $(x)p is
quantisable in a straightforward manner to give a
unique selfadjoint operator [Mackey 1963, Wan and
McFarlane 1980, Wan and Viazminsky 19771]:
(4.2.1)

ﬁ) = -in($d/dx + Y4d§/dx)
with domain:

(WeL* (R ):yeAC(X, R ), (5pIWeLl* OR))

where AC(X,R) 1is the set of functions on R,
differentiable with respect to X almost everywhere
[McFarlane and Wan 1983]. Note that ip is the unique
selfadjoint extension of the essentially selfadjoint

operator:

(§B)°= -in(fd/dx +}d$/dx)

on the domain C) (R ).



Now we can introduce the following definition.

(4.2.2) Definition

The observable {B is called a local momentum observable
in A with centre of localisation A, and boundaries of
localisation A -A, (the two disjoint regions in A-A,

comprise the boundaries of localisation).

We now demonstrate formally how the local momentum
observables satisfy the definition (3.2.1) to be local

observables.

(4.2.3) Lemma
A
Let 35p denote the operator defined by
> L Y%
$p@ = -1n§2(d/dx)(5*Q)
~ N
on the domain O (3p). $p is a well-defined selfadjoint

operator and indeed

- 4p.

“y

Proof

Using the differential expression -in$§fd/dx$% we have

for each @ in C:(m,)

A ) ,
(3p),9 = -in$fd/dx(§1q)
= -ih§%(d(5%)/dx + §fd@/dx)
= -1h(§d/dx + Ld$/dx)Q
= (§9),0 -
A ~ P
Hence (£%p), = (3%p), . But (%p), 1s an essentially

selfadjoint operator on CT(R) with a unique
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selfadjoint extension given by (4.2.1). It follows
A A
that (§p), has the same unique extension and hence 3p =
o~

A )
$p is the unique selfadjoint extension of (§p), .

(4.2.4) Theorem
$p is a local observable in A as defined in (3.2.1).
Proof

A A
§p is formally equivalent to %p by lemma (4.2.3) and

since fiE(J_c;/\) E(:Lt;i'\).iLE =§% we have :

E(x;A)$PE(x3A) = E(x;A)4pE(x;A)

= E(x;A)(-1h$%(d/dx) $D)E(x;A)

- & - 6.

Given A and A, there are infinitely many
different 1local momentum observables §B in A with
centre A,. But these local observables differ only in
the boundaries A-A,, which can be made as small as we
please. Although our localisation of momentum is not,
strictly speaking, unique therefore, this procedure
does produce local momentum observables which possess
the essential physical characteristics of 1loecal

observables.



4.3 Local Radial Momentum Observables

As a further promotion of the idea of 1local
observables, we Wwill show now by means of an explicit
example that classical momentum observables hitherto
regarded as unquantisable (globally) and consequently
discarded [Mackey 1963, Abraham and Marsden 1978 pli34]
can be quantised locally to obtain meaningful quantum
local observables. The best-known classical observable
of this kind is perhaps the radial angular momentum p
[Mackey 1963, Messiah 1961 p346, Dicke and Wittke 1963
p143]. The reason p. 1is not quantisable is that its
associated vector field 9/dr is not complete. While it
may be reasonable for a quantum radial momentum not to
exist in a small region containing the origin since p
is not defined at the origin,it is difficult to see why
we should not have a quantum radial momentum in a
region far removed from the origin. To be definite,
let wus consider a two-dimensional configuration space
mf. Let A be an open rectangular region in W& defined
by:

A= {(x,y):xe(a,b)c(0,®),ye(-c,c),ec>0}.

When x is sufficiently larger than |y|, the radial
momentum p, and the linear momentum along the x-axis,

P

x !

are indistinguishable classically. To reflect this

classical situation, one would 1like to introduce a



= §8

quantum radial momentum observable ﬁ“ localised in A
such that for wave functions lying entirely within A
the observables ﬁm and ﬁ‘_ approximate each other. To
this end 1let us consider a closed rectangular region f\,
0 2

within A and let $(x,y) be a C,-function on R which
equals unity on A, and vanishes outside A. Then the
classical observable SP, generates the vector field
$0/0r which is complete. Consequently we can quantise
ég, to obtain an essentially selfadjoint operator:
(4.3.1)

N

(4p. ), = -in($d/0r + (1/2r)d(rg)/dr)

on the domain C:’(ﬁk). In the centre of localisation A,,

where $= 1, we have:

(4.3.2)
o~
($p. ), = -in(3/dr + 1/2r)
- x ﬁ * B o L
To(x? +5")”- x Octeyt)2 Y e ok
et A~ »
We can now vregard 3p, = (3p.) as a (quantum) local
radial momentum observable in A with centre of
localisation A,. For a region A such that a is much

bigger than ¢, we see from expression (4.3.2) that in
)

the centre of localisation $p. can be approximated by

P, in that for a C™-wave function @ with support in A,

we have <Q1§p, Q> 2 <159 >.



In the three dimensional case the expression for
P
($p ), is given by:
(4.3.3)

e
($p, ),

-in(%2/9r +'5?%?5%(3r131n8)/3r)
-in($d/dr + (1/2r*)d(sr*)/dr

In the localisation centre, therefore, we have:
(4.3.4)

-ih(d/dr + 1/r)

(5P Do

X ~ ~ z ~ Lﬁ
(irgerya Pt T Py gaon T (Ea

The approximation by the 1linear momentum Bx is a

straightforward extension of the two dimensional case.

4.4 The Physics of Local Momentum Obseryvables

For simplicity 1let us confine our attention to
one-dimensional systems and consider a local momentum
observable ?p in an open interval A = (a,b) with centre
of localisation A, = [a,,b,]. Intuitively we can see
that f} should behave like P in Ao. Such an intuition
can be given a precise meaning. To begin with, we can

verify without wundue difficulty that the following

hold:
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(1) Given @¢H in the domain of p, we have §B¢(x)

= pQ(x), xeA,.

A
(ii) The generalised eigenfunction of $p
corresponding to the generalised eigenvalue X is

[McFarlane 1980]:
{8:8.1)
-k. i
(21ns) exp[i)\/‘h)J $(x')dx'], xeA,
Ay
F(,\,x) ]

0 tx4)\i

where xoeA. These functions F()\,x) are not normalisable
since they diverge as x tends to a and to b. They
satisfy the usual S-function normalisation for
generalised eigenfunctions [ef(2.1)]:

(4.4.2) b

M[F”(k,x)F(k',x)dx = §(n=-A").

a

Choosing x, to lie in A,, we observe that:
F(A,x) = (2ﬂhf£ exp{id(x-x, )/n}, xeA,.

In other words the function F(A,x) is a plane wave in
W and hence corresponds in this region to a
generalised eigenfunction of (global) momentum 5.

(iii) The spectral function E(f};k) of é} is given

by [McFarlane 1980]:

\ b
(4.4.3) (E(gb;k)q)(x) = d\F(A,x)j%*(k,x')?(x')dx'.

-al) a
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Using these results we can prove the following

theorem.

(4.4.4) Theorem
Let ¢ be a member of 4 such that ¢(x) = 0, x¢A,, and
let A = () ,)) be an interval in R . Then:

(1) (E($p; 8 )9)(x) = (E(B;4)9)(x)

(E(x;ADE(D; A)D)E(x;A)P)(x)
for all xeA,.
(11)  NE(Ep; A)DQN = UE(D; A )l
Proof
Let Qeﬁ'(ﬂ,),@(x) = 0, x4A, and let f(x), F(x) be any
two vectors in I* (IR ) differing by at most a phase
factor, say

f(x) = expl-ix]F(x), xé€A,.
It follows that
(1) <F1@> = expl-ix]<FI@>, I<e1@ >1* = |<F|q;>l".
Now for each unbounded selfadjoint operator T, say, in
s (R ) with generalised eigenfunctions g(h,x)
satisfying the usual §-function normalisation we have,

for each Borel set A of IR,:

(E(T; A)@)(x) = jg(A,x)(gl(P)d,\,
A

(2)
IE(T;8 Q1" = j|<glq9>lz dx.

We can apply (1) and (2) to the comparison between
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momentum and local momentum. Let f(A,x) =
(2ﬂhfkexp[ihx/h] be the generalised moment um
eigenfunctions [Byron and Fuller 1969 p286]. It
follows that f(A,x) and F(A,x) (as given in (4.4.1))

differ on A, only be the

phase factor expl[ilx,/f]:

f(A,x) = explidx, /RIF(X,x), x€A,.

We deduce from (1) and (2) that:

(i) (E($p; A)@)(x)

The equality:
(E($p; 4 )qQ) (x)
follows trivially.

(11)  WE(£p; a)el*

The
obvious
kind)

measurements

=

fa -~
of the observables f£p and p can

J’F(X,x)<qu?>ch

A

Jf(x,x)<f1¢>dx, x€A,,
A

(E(p; A)@)(x), xel,.

(E(x; ADE(D; A)E(x;A,)P)(x),xeA,,

fI<FIcP>11 X
A

Jl<r|cp >I1* d\
A

NE(B; A )N .

be reduced

physical significance of this theorem becomes

when we recall that measurements (of the first

to

)
of propositions associated with $p and ﬁ,
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and that these propositions correspond to the

projectors E(?p;A) and E(p; A ).

We can carry out some further analysis. Let us see
what would happen to the physical system in an initial
vector state given by a normalised wave packet @ which
vanishes outside A, if a measurement is carried out to
obtain a value k in the range A for the global or

local momentum.

Firstly, the normalised state functions after
-~
measurement of %p and p are,according to the Luders

rule (2.6.13):
E(4p; A)Q/NE(Sp; 8 )@l and E(P; A )P/NE(D; A doh,

respectively. According to Theorem (U4.4.4) these two

functions coincide in the centre of localisation Ao.

Secondly, it follows from this that the
probability w(fb,& y@,As) that the particle is in the
centre of localisation A, after a local measurement is
equal to the corresponding probability w(p,A ,®,A,)
after a global measurement. For in the local case the

probability is:

w(ip, 8,9, M) = Jl(s(é“p; 8)9) V" ax/ 1ECdp; A )91
Ao



w: NG =
and in the global case it 1is:

WD, B o4 o) Jumﬁ; a9 o ax [ IEG; 4 )0l
Mo
We have used the w notation for the probabilities
denoted here for ease of handling although of course we
could have used the conditional probability notation of
(3.7). The probability w(%p,A ,0,A,), it is to be
noted, is independent of the particular behaviour of
the function £ in the boundaries of localisation A—Ao
and, moreover, w(fb,ﬂ y®, As) can be as close to unity

as we require by enlarging A and A,accordingly. since
W(ép,ﬁ,q’:ﬁo) = "(ﬁ!A :d?,/\o)
and w(p, A y@,A,) tends to unity as As tends to R .

Thus, by taking the measuring device large enough,
we can always ensure that there is a probability as
close to unity as we please that the particle is in the
interior of the apparatus (ie the centre of
localisation) after a measurement of the local momentum
é}. In other words the probability of finding the
particle in the boundary region A-A, (where global and
local momentum eigenfunctions differ) can be made as
small as we please despite the fact that generalised

~
eigenfunctions of $%p diverge in A-A,.



Now it 1is evident that one may 1localise an
unbounded observable 1in a certain sense by localising
its spectral projectors according ¢to the procedure
(3.2.1) for the 1localisation of bounded observables.
The localisation procedure described here is not
unrelated to the previous idea as may be seen from
Theoren (4.4.4) above. Acting on wave functions
localised in A, , the spectral projector E(gb;ﬂ ) of the
local momentum ip agrees on A, with the localisation:

(E(P;4)), = E(x;A)E(D; A )E(x;A,)
of the spectral projector E(p;A) of the global
moment um B. The convergence of w(gb,A ,Q,A.) to unity
is, therefore, hardly surprising since this result is
equivalent to the convergence of (E(p;A )ho to E(p;A)
in the strong operator topology as Ao converges to ﬂ,.
The results discussed above are illustrated in the

figure.



(4.4.5) Figure: Comparative effects of 1local and
global momentum measurements on an initial state @
which vanishes outside A,. Notice that the curve
|(E(§b;ﬁ )@)(x)ll (- - =) for local momentum and the
curve |(E(D; A )@)(x)il (...) for global momentum
overlap in /\o and that the shaded area (corresponding
to 1-w(ip, A y®, A)) and the dotted area (corresponding
to 1-w(p,A ,P,A,)) are equal. —e—e— is the overlap

region.



4.5 Maximisation of Probabilities w({p, 4 ,@,As)

Let us carry our analysis a little further to see
what kind of magnitude of A, is required to render
w(é}, A,9,A) close to unity. We can achieve this by
considering w(p, A ,9,A,) and examining its relationship
to A, and A . Specifically for a given T"accuracy" A
in momentum B and given A,, we wish to know the maximum
possible value w,  for the probability w and the kind
of wave function {,, which gives rise to this maximum
value. The mathematics involved here is well-known in
signals analysis [Landau and Pollak 1961 & 1962,
Papoulis 1962, Slepian 1964, Slepian and Pollak 1961]
in which one 1s concerned to find the energy of a
band-limited signal (momentum-limited here) lying

within a certain time (position,here) range.

Let us for convenience choose our position
coordinate so that A,= [-T,T], T>0, and we shall
suppose that our momentum range A is of the form
(-2 +0,, % +5L),80>0. Our problem is to find the

maximum value w, ,say, of:
A 5 A 7 S
W = ﬁ(E(p;A )@)(x) 1" dx/IE(p; A )PU™ .
Ao

This maximum value 1is given (Appendix A.1) by the

largest eigenvalue M, of the integral equation:
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/41 Q(’L) & J’ Siﬁ[ Q\(X-‘x/)/t] @ (X.f) dx'

g
N T (x-x')

The solutions to this equation are a set {D,J ,..} of
wave functions complete in the subspace of #
associated with the projector E(D;A ) with
corresponding eigenvalues (in descending order of

magnitude) Mo s My which are all positive.

These solutions are known as the prolate
spheroidal wave functions and it 1is of particular
interest to note that the maximum eigenvalue 4, and its
corresponding eigenfunction @o are dependent on the
product X T/h. Indeed, as we would expect, M, =M, (0T/h)
is an increasing function of that product. For some
idea of the behaviour of M, against (LT/h we refer the

reader to the works cited above. Here we observe only

that, for Q.T/n = 4, say, w, =M, i3 as large as 0.996.
In order to achieve this maximum value, our initial
wave function ¢,, must satisfy, apart from a

multiplicative constant (see Appendix A.1):

@ (X) = E(x;A,)exp[iﬂwx/ﬁ]@o.

Now suppose that we have a measuring device of
size A which contains and is slightly bigger than the
centre of 1localisation A, =[-T,T]. Let us consider a

particle of mass m approximately equal to that of an
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electron m = 10 gm,say, with a typical velocity v of
about 10°cm s'. Then Av/v = SL/nmv represents the
(fractional) accuracy in velocity or momentum

measurement and we can relate this accuracy to the size

of the measuring apparatus when QT/h=4 as follows (take

hx 10" erg 5'):

(4.5.1)

T(cms) = 40 1 10" 107" 107
Mg em s*) = 107% 4,107 4,10 y.10® 0™
Av(em s') = 107" I 40 4.10" b.10°
Av/v =10 w.107® o107t wir0t wli0?.
4.6 S ents

Local momentum observables have been shown to
possess rather pleasing similarities with the global
momentum observables within the centre of
localisation. For states initially localised in the
centre of localisation, measurement of local momentum
yields probability densities which are identical in
to those given by measurement of the global momentum
and the probability that the particle remains in the
centre of localisation can be as close to unity as we
please by taking the the apparatus 1large enough.
Explicit <calculation gives a numerical idea of how

large the apparatus needs to be for this to occur. The



results are expressed in table (4.5.1). Two points
here are worth commenting on. Firstly, we have solved
the experimenter's dilemma concerning simultaneously
confining position and momentum, since the simultaneous
equations:
E(x;M)Q =@ , E(3p;4)9 =@

have many nontrivial solutions. Secondly, we see from
the table of values (4.5.1) that with a localisation in
a region as small as 10" em we can still achieve a very
high accuracy in velocity, namely Av/v is of the order

1077 .

The results of this chapter have been published in

Wan, Jackson and McKenna [1984].



CHAPTER 5

FURTHER LOCALISATION PROCEDURES



In the two preceding chapters we have discussed
the localisation of bounded operators and a
localisation for momentum operators. As mentioned in
chapter i, the problem of localising an arbitrary
quantum mechanical operator 1is complicated by the
failure of unbounded operators generally to admit a
selfadjoint localisation. Explicitly, the localisation
T, = E(x3;A)TE(x;A) is not always permissible without
restricting the domain because @€ D (T) does not
necessarily imply that E(x;A)9 belongs to D(T). If we
restrict the domain to those vectors @ for which
E(x;A)Q does belong to D(T) then there is no guarantee

that the restricted operator is selfadjoint.

We mention here that when the operator in question
is M"reduced" by the subspace #H(A) in the sense that
[Akhiezer and Glasmann 1961, Naimark 1968, Riesz and
Nagy 1956]

(5.1.1)
# (A) is an invariant subspace of T,ie
QED(T) A H (M) T eH(N)

and

E(x;A)D(T)e D (T),

then there does exist a local operator Ty, in A given by



the vrestriction of T to #H (A). This operator is
selfadjoint (op.cit) and obviously =satisfies the

definition (3.2.1).

In general however, and this includes the cases of
many important wunbounded operators, the reduction
(5.1.1) does not hold and we must look at other methods
of localising wunbounded operators. We shall not
attempt here anything so extensive as a complete,
coherent scheme for such localisation. Rather we shall
content ourselves with discussion of one or two areas
of the problem suggested by the previous analyses.
Particularly, we shall consider a localisation scheme
for some quantum mechanical operators in differential
form (including Hamiltonian operators) suggested by the
localisation fB of momentum and we shall examine in

more detail the localisation of spectral measures and

the convergence of the localised probability measures.

5.2 Localisation of Some Differential Operators

We recall that the local momentum operator f} may
be written in the form ib = 5&ﬁ5%'[Lemma (4.2.3)]. Now
31 is just another C™- function which takes the value
unity on the same spatial domain Ao as does and

vanishes smoothly outside the same interval A,
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Therefore we could equally have considered as momentum
observable the operator given by $p§ which differs from
{p only in the boundaries A-A, of localisation and
obviously corresponds to the operator ?}. This
suggests that we adopt a localisation scheme of the
form T, = §T§ for an arbitrary observable T. To make
this rigorous we have to show the existence of
selfadjoint operators T, when appropriate account is
taken of domain constraints. Let us first consider
operators given by the formal differential expression

£5.,2.1)

Ty = (-1)"d"/dx™

and the localisation defined by
(5.2.2)

P
(8T, @ = ST(SQ) ; D((ﬁm),) = C"(R ).

Then we can show the following result.

(5.2.3) Lemma

The operator (;;QL defined by (5.2.2) is symmetric in
L* (IR ).

Proof

Firstly we observe that the domain C°(R ) of ({Tn), is
dense in L*(RR ) and that for each @ in the domain, 5@ is
in CJ(R ) since % is a C® function of compact support.
§ is real-valued so we have for each @,y in C*(R )

N
<QIETH),W> = <EQITH(5W)>



and symmetry follows from the symmetry of T, on the

domain Cy (R ) [Weidmann 1980 p161].

We now want to demonstrate the existence of
A\
selfadjoint extensions of ($Tm), . We start by proving

this for even powers of m.

(5.2.4) Theorem

There exist selfadjoint operators {iﬂcorresponding to
the formal differential operator §T,.5 .

Proof

We have already demonstrated symmetry for the general
case. We show that ({EML is non-negative. Let
QéC®(R ), then $0eCy(R ) and <q>|($/"f;m)_¢ > = KEQ 1Ty 59> 0
since T,, is a non-negative differential form on C, (W)
[Weidmann Theorem 6.32]. It follows from a general
result on semi-bounded operators [Weidmann Theorem
5.38] that there exists a positive selfadjoint

P
extension of (%7T,), .
For the general case we proceed as follows.

(5.2.5) Definitions [ Weidmann 1980 p235 eq)
(a) An operator K: #{-+H is called a conjugation if for
every @,@e#

(1) K(ag@+bw) = a*K(@)+b*K(Y), a,bel

(11) k* = 1

(i11) <K(@)IK(Y)> = <qiw>.



(b) An operator T is said to be K-real if
(1) KD(T)ec D(T)
(ii) TK® = KT@Q, @e¢D(T).

(5.2.6) Lemma

Let T be a symmetric operator in t*(M),MeR, and
suppose ¢that T is K-real for some conjugation K on
L* (M). Then T possesses selfadjoint extensions.

Proof

Weidmann Theorem 8.9 p235.

Hence we prove the result we need.

(5.2.7) Theoren
The operators (f?;), of (5.2.2) all possess selfadjoint
extensions.
Proof
We have already demonstrated the symmetry of the
operators (;?;),. In order to show that they possess
selfadjoint extensions we =shall proceed by finding
conjugations K, with respect to which the (5?;% are
Knw-real. Let wus write Tme = (5;;),. Consider the
operation

K,®(x) = qﬂl(-ﬂmx)i‘k y Qed.
It is a simple matter to show that K, is a
conjugation. Moreover the domain constraint
(5.2.5)(b)(i) is satisfied trivially on CY(R ). We now

demonstrate that for each @ in C*(RR)
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T K, = K, Tn

mo m
First notice that by choosing our origin so that §(x) =
$((-1)" x) we immediately deduce:

(d§ /dx)(x) = (=1)" (d$/dx)((-1)"x)

(d*s /dx*) (x)

(d*s 7d¥) ((-1)"x)
and indeed, since % is real,
(1)

(478 7df) (x) = ((=1)") (d"§ 7d¥) ((-1)"x)

((=1)™) Kn(d"$ 7d%) (x)

or in an abbreviated notation:
£%x) = (-1 $((-1"%) = ((-1)") Ko §"Ux).
Now using (5.2.5)(a)(i) we have
(2)
1"K,@ = Ko(-1)"@
We shall also use the result
(3)
(C=1)"Y = =) , m an integer > 0,
which 1is easily verifiable by considering even and odd
cases separately. Now for each ¢ in CY(R ) we have

Tho @ ¢ (=1)" 2)*

Too K P(x)
= $(-17(a"/7ax™) (5 (x)Q((-1)"x)*)
= $C-0)" [ £ ()P ((-1)"x)*+m(- 1) x)@((-1)" x)
Foertm1/m-r) e ) (=™ $" 2 (x) ¢ ((-1)" )% . .
m (=™ O™ =)+ ((=1)™)" $(x)9™((-1)"x)]
= $C-D" LD LMD" 0P-1"%) +...
+om1/Gm-r) e DFU=1)"%) @7 ((-1)"x) +..
et S(C-D")FE((-1)"x) } (using (1) above)

= jf"mﬂ[fb(x)+mf“qu)+_,_.



+m1/m-r)te1) £ ¢ (x)+. .
ik .+m§'q?"")(x)+ sqf"’(x)]
(using (3) and the definition of K )
= §1"K,d"[5¢1/dax"
= Kn$(-1)"d"[5@1/dx
(using (2) and the reality of §)
£ K, Ty,

The result now follows from Lemma (5.2.6).

The analysis of the preceding theorem is much
simplified when we consider that 1in fact only two
conjugations need be considered: for even powers we can
employ the conjugation K, @(x) = (.P"(x) and for odd
powers we have KM_‘q)(x) = q)’(-x). Also, we only need to
bother about the origin relative to £ in the latter

case. The simplest such case is:

(5.2.8) Example

T, K, @(x) = $(-1d/dx)5 @ (-x)

$(-1)[-59(-x) - 3¢ (-x)1¥

i$K, (d/dx) (3¢9)

K, th? .
2

($T, ), 1is K-real therefore and hence may be extended to

a selfadjoint operator.



For the even case we again show expliecitly that

A~

(3T, ), is K-real.

(5.2.9) Example

Too @Y ()
£(-a*/dx*) (50"
§(-d*/dx*) (39)"

Tho Ko @(x)

n

§0(-d*/7dx*)(2Q)1*

K,T2s , since % is real.

Evidently the operator (égl), is one of the most
important of these operators in physical terms for it
corresponds to a localisation of the free Hamiltonian
operator (with an appropriate choice of units to make
h*/2m = 1). It turns out that we can extend our
existence theorems to some other Hamiltonian

operators.

(5.2.10) Theorem

Let H* be the Hamiltonian differential operator given
by

Hﬁ'

= -d*/dx* + V(x)
where V is a real, positive function of x. Then the
operator (531% defined by
(§87),¢ = $H*(5@) for all Q€D ((§H%))=C™(R )
has at least one positive selfadjoint extension.

Proof
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The domain of ({ﬁ*L is dense in 4 and the symmetry
then follows easily from the symmetry of -d*/dx* on
Co(R ) and the reality of V. Positivity of (ﬁi*)o
follows from the positivity of HY and we use Weidmann

Theorem 5.38 again.

(5.2.11) Theorem
Let H be the Hamiltonian differential operator
H = -d*/dx" + V(x)

where V is real and continuous and let (5%), be the
operator defined by

($H),¢ = $H(5Q) for all @eD((§H), ) = C®(R).
Then there exists at least one selfadjoint extension of
($1), .
Proof
We follow again the method of Theorem (5.2.7). Symmetry
of ({hh on C°(R,) follows from the symmetry of H on
C¥(R ) and the fact that C”(MR,) is dense in H. We
show that ({h% is K-real with respect to the

conjugation K = ¥*:

$(-d*/dx" + V) (§K@) = $(-d*/dx* + V) (3@%)

£(-a*/dx*, + V) (s@)¥

$(-d*/7dx* (8¢ )+ (sVs)”

(since V, are real)

K[§(-d%/dx* + V3] .



These results go some way to establishing a method
of localising various rather important unbounded
operators. Of course there is a problem in that there
may be many selfadjoint extensions and we shall not
know which one to choose. This problem is not however
always as severe as it seems at first sight. In
certain cases it is possible to show that all these
extensions have the same spectrum. For example if an
operator has a =selfadjoint extension with a purely
continuous spectrum then all such extensions have the

same spectrum [Weidmann 1980 Theorem 8.18].

We mention here that it is also sometimes possible
to form selfadjoint 1local operators by considering
differential expressions on certain finite intervals.
As an example of this, the momentum operator -id/dx has
selfadjoint extensions on closed intervals [a,b].
However, there are an infinity of different such
extensions and they each have a different spectrum
which renders this method rather unsatisfactory. We
refer the reader to Weidmann 1980, Naimark 1968, or
Akhiezer and Glasmann 1961 for further details of

selfadjoint differential operators of this nature.



5.3 Localisation and Spectral Measures

The spectral measure of any operator T yields
spectral projections E(T;b) which are bounded operators
for each b €B (fA.) and hence localisable according to

(3.3.1) by (E(T;b)), = E(x;A)E(T;b)E(x;A).

Now consider a bounded operator with a discrete,

simple spectrum
(5:.3:1)

B = Z}-&P;

where P, = E(B;{A }) = |@.><¢;|\ and @, are eigenfunctions
of B corresponding to eigenvalues X;. We can express
the localisations P, of the individual projectors in
terms of truncated eigenfunctions @, = E(x;A)@, . Then
we have P, = E(x;A)P E(x3A) = 19,><®,|. If we sum
these 1localised projectors over i we can construct an
operator (B,A) =Z"ipu\ and not surprisingly it is easy
to show that in fact (B,A) = B,, the localisation of B
in A .To generalise this to the continuous case we

consider the continuous analogue of (5.3.1),

B = deE,,

where E, is the spectral function E(B;(-#,\)) of B. E,

(5.3l2)

is a projector for each A\ and we can localise these



projections by (Ey), = E(x;A)E\E(x;A). Notice that,
just as (E(T;b)), is not necessarily a projector,
neither is (E,), and so it does not (necessarily)
define the spectral family of any operator.

Nevertheless we can once again define an operator (B,A)

by:

(5.3.3) <@ (B,A)P>

Jx A<Q [(Ey ) >
jx d<@, | E\ Yo

<®,IB >

<PIBY>.

So we have (B,A) = B, quite generally so long as B is a
bounded operator. If B 1is not bounded then the
interchange of integrals in (5.3.3) is not generally
valid so that we cannot construct the desired
selfadjoint operator. Hence this method yields no
great insight into the 1localisation of unbounded
operators but is of interest only in the construction
of bounded 1local operators from their localised

spectral measures.

Of course, in the spirit of the algebraic approach
to quantum mechanics we need in theory never consider
unbounded observables at all. We might, for instance,
postulate that the algebra of observables relevant to
the measurement of a system wusing an apparatus of

finite size A is the C*—algebra generated by the set,ﬂa



= (A ¢ B(#H);8,=E(x;A)A,E(x;A)} [For the algebraic
properties of local observables see Mclean 1984, Ve
shall have further recourse to these properties below

(chapters 9 and 10)]

In practice however, we require some
reinterpretaticn of the formalism if we are to make
sense of localising unbounded observables in this way.
To understand this 1let us recall that a projection
E(T;b) corresponds in the conventional interpretation
to the measurement of the observable T. The
probability that a measurement of T yields a value in
the set b 1is given by uE(T;b)@HL if the state of the
system is . Now, of course the localised projections
(E(T;b)), are in,ﬂ&, but these entities, which are not
projections themselves unless T is local, have as yet
no physical meaning: E(x3A)E(T;b)E(x;N) does not
correspond to a measurement of a localised operator in
the wusual way but to the localisation of something
corresponding to the measurement of an unlocalised

operator!

It is beyond the scope of this thesis to propose a
coherent formal theory based on localised projections.
There are several remarks however that may be
considered pertinent to the discussion. For a start we
point out that the localised projections have

previously appeared in our discussion in the



formulation of the concept of L,-probability. The
projections localised there were projections of
operators A, which commuted with E(;;A) and this
enabled us to regard the L, -probabilities as
conditional probabilities in a roughly «classical
sense. The difficulties of generalising the
conditional probability concept to quantum mechanics as
a whole have already been mentioned. One possibility
might be to formulate quite brazenly a theory in which
L,-probability does all the work and one allows
arbitrary observables, or at least localised
projections of arbitrary observables ¢to represent
physical magnitudes in finite measurement situations.
The entities E(x;A)E(T;b)E(x;A) would then always be
associated with suech a measurement. In fact the
localised projections (E(T;b)), can be shown to be
positive operator-valued measures 1in the sense of
Davies [1976 p16] who has proposed a quantum mechanical
theory of measurement in which these measures play the
dominant role. It would be of interest to investigate
to what extent it is possible to apply Davies' work to

the suggestions made here.

In addition to their appearance in the
L,-probabilities, the localised projections have also
been seen in another aspect of the preceding analysis.
Recall from Theorem (4.4.4) and Figure (4.4.5) that the

localisation (E(p; A )), of the spectral projections of
-]
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momentum give an indication of the agreement between
the local momentum observables and the global momentum
observables in the measurement situation. 1In addition
(E(p; A )%‘ provides a measure of the simultaneous
confinement of position and momentum in the sense of
section (4.5). We can generalise this latter aspect of

the localised projections to an arbitrary observable,

In (4.5) we &examined the convergence of the

fraction w(p, 4 ,9,A,) given by:

W(fJ,A sy A0) = J'IE(fJ;A )CPlLdK/HE(ﬁ;A )LP"L!
A

-}

that is the probability that an initially 1localised
wavefunction remains in A, after a mome nt um

measurement. We can write:
WP, 8 @, A) = WE; A, QW/IER; A)Q 1"

For an arbitrary operator T, 1let ¢, be a complete set

of (possibly generalised) eigenvectors. Then

E(T;b)q

Jmpw,_\cpdx
b

and

(E(T;b))q J 1@u1,> <Ouad @ >dN .
® b

We have:

(5.3.5)
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W(T,6,8,A) = IECT;0)), @1/ NE(T;0)Q1"

fo,\ot AN DGO ) ax dk’/ﬁ$(k IRCH
b

[ef Proof of Theorem (4.4.4)] where $(x) = <¢,19> and

KM(XJ:) = |¢@f dx. If T has discrete spectrum (5.3.5)
Ao
yields:

(5.3.6) (T,b,@, Ao) = K, (1,3). O. 1=
3 W 9y he) = 5T Ky J)q)‘ﬂ/és‘a“l

.\;“) \JQ

where :éi,: EJ().;) and KA,,“"J) = Kh(k;.\,‘).

For the particular case in which b comprises a

single discrete eigenvalue {\},say, we have:

(5.43T) w(T, N, @,A0) = K, (A\,\) = Jl%l"dx,
A

L]

which is independent of the initial wavefunction Q, as

we would expect. Let us consider an illustration.

5.4 Example:localisation of the harmonic oscillator

Specifically we shall seek w(H E,,®,Ao) where

osc !

He, is the Hamiltonian for the harmonic oscillator

given by

(5-”.1)
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Hye, = (-n*/2m)d*/dx* + mw*x>.

The solutions to the eigenvalue equation are given by

[Schiff 1955 pp69-T1,egl:

(5.4.2) E,

Pn

where H, are the Hermite polynomials given by

(n+X%)hw

(mw/BT)%(2" n1 ) ZH( (mw/h)%x) exp [ -mwx* /]

H,(y) = (=1)" exply*1(37dy" )expl-y*]
or by the generating function

sly.ad & expl-s*szay] = = . byiat i,

A=0

We wish to find |@,'dx. First notice that

A
(5.4.3) ’

-
I'QJ*dx = (mw/hﬂ)&(z“n'f‘{lHﬂ(y)exp[-y*]\de
Ao .

! -t
where y=(mw/h)%x
)

= Trli(2"n!fl lHﬂ(y)exp[-y‘]f'dy

)
where we choose A =[-T,T].

Now consider the following integral:

(5.4.4)

n

o 0o m
JS(Y.s)S(y.t)exp[-y"]dy ZZ?——jH (y)H,(y)expl-y" ldy
A eniml

L A’

where A: = (mw/ﬁ)aA,. The left hand side of (5.4.4)

yields:
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Pl
nlml

Hyo(y)Hu(y)e dy

N 2 e S t_‘L
J'es"+ 5set+15e 5dy
AI

>~.. >
iMe
iMs

. *
J' o lylers) T 2k -
A

(—"f)&'f-t-s
exp[EtS]J expl-y*ldy.
~()iT-t-s
By choosing t and s very small we can ensure that this
last expression is as <c¢lose as we please to the

integral:

expl[2ts] j exp[—y"']dy
A

which in its turn can be expressed in terms of the

error function erf [Dwight 1961 p136,egl as

(5.4.5)

1 1 [ (o

Tierf {(mw/h) Tlexpl2ts] = Tierf{(mw/R):T}> t"s"2"/n1 .

A=D
By equating equal powers of t and s between (5.4.4) and
(5.4.5) we deduce that

(5.4.6)

j H:(y)exp[-y"]dy ~ Tierf{(mw/n)*T}n12" ;
Ao

and it follows that
(5.4.7)

qui,‘lldx ~ erf{(mw/h)%T}.
A

L]
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Notice a rather peculiar feature of the example we

have chosen, namely that every eigenfunction has the
same concentration in A,. Now, for example erf x is
0.995, ie very close to unity when x is 2. Hence

w(Hye yEqy®, As) = 0.995 when (mw/h)4T = 2, so for each
eigenvalue, so long as the size of the localisation 2T
is greater than 4(n/mw)t we have a very high
probability of retaining the particle in A,. If m 1is
around the mass of the electron,say 10 'gm and h is
1077 erg 8 we require the size of the box to be greater
than (H/w%)cms where w 1is the classical angular
frequency of the harmonic oscillator. For high

frequency oscillators in particular therefore a high

degree of localisation is achieved.

5.5 Further Remarks

Evidently not every operator will allow the sort
of localisation analysis provided by the particular
example of the harmonic oscillator. In general the
analysis will be complicated by =such features as
degeneracy of eigenvalues, continuity of the spectrum
and substantially 1less straightforward convergences
involving the original wavefunction as well as the

(generalised) eigenvectors. However in each case it is
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in principle possible to examine the extent of
localisation of the measured system by means of the
general analysis proposed above and for this analysis
the 1localised projections (E(T;b)%. are a measure of
the localisation of quantum mechanical systems.
Furthermore, let us recall that a particularly
desirable feature of the local momentum observable f}
is that within the centre of localisation A, the local
and global measurements provide the same probability
distribution. In particular of course we have
(E(p; & Ydp = (E($p; A )),, and here the localised
projections play the part of demonstrating the
suitability of 1local observables in measurement
analysis. The analyses of the type pursued in (5.14)
then enable us to say how large an apparatus needs to
be in order for the boundary region A -A, to be
negligible in the measurement results and hence for the
local observables to differ negligibly from the global
ones. The same role may be fulfilled for any other
local observable f},say provided that the spectral
measure of 3$T satisfies (E(T;b)%_ = (E(f&;b))h. A
sufficient condition for this to hold is that the
(generalised) eigenfunctions of 5T and T coincide on
Nia This is not a straightforward issue
however,because there is in general no guarantee that
any one-one correspondence exists between global

eigenfunctions and local ones.
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respect

mathematical

[McLean 1984].
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we remark in passing, that localisation
to an arbitrary spectral measure is a
possibility for bounded observables

In the next chapter we shall see how it
localise an operator with respect to its

and this 1localisation also has some

interesting physical consequences.



- 107 -

CHAPTER 6

SPECTRUM-LIMITED OBSERVABLES
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6.1 Introduction

In chapter 3 we demonstrated how to construct
bounded local observables A, satisfying Ay, =
E(g;A)AAE(g;A),!\Eﬁcmﬁ. and showed that in a certain
sense, a family of such observables may be taken to
correspond to a single global observable. The physical
consequences of such a construction enable us to talk
more realistically about the process of measurement
using apparatus of finite size. While it is clear that
this procedure has a straightforward generalisation to
localisation with respect to the spectral measure of an
arbitrary observable (eg, we can construct observables
A, satisfying A, = E(p; A)A, E(P; A) where D is the
usual momentum observable), perhaps a more immediate
physical necessity 1is engendered in the following

discussion.

Consider the process of measurement of an
arbitrary observable wusing real physical apparatus.
Almost invariably (one might be tempted to say always)
such apparatus is limited not only in sensitivity, but
also 1in the range of possible values of measurement
attainable wusing the apparatus. One way in which this

can occur is illustrated by the following.
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(6.1.1) Example: measurement of momentum by deflection

in a magnetic field [Messiah 1961 p146, egl:

A beam of electrons with momentum in the
y-direction 1lying in some (possibly wunbounded) range
Ap, say, enters the magnetic field. The particles are

deflected according to [Clemmow 1973 p253,eg]

r = p/eB, peAp,

where e is the electronic charge, B is the magnitude of
the magnetic field and r is the radius of the resultant
deflection.(We neglect here uncertainty introduced by
the effect of diffraction due to a finite width of
slit. This is of course important but we need not
introduce such a complication for the purposes of this
discussion. The units are rationalised mks units [ef

Clemmow p U41])



- 110 -

Now 4if p lies in Ap where 4p = (p, ,pPo),8ay, then
the radius of curvature r 1lies in (r,,r,) where
r, =p, /eB and r, =p,/eB. However it is obvious from the
figure that the deflected particle will only be
detected if r lies in the interval (r. ,r,) where 2r. is
the distance from the slit to the nearest point of the
detection screen and 2r,  is the distance from the slit
to the furthest point of the screen. This means that
the range of momentum values which may be detected by
this apparatus is (p.,p,) where p_=eBr , p,=eBr .
Values of the momentum in Ap~(p.,p,) remain undetected
whatever the range Ap of the initial wavefunction. In
particular we see, since p_,p, are necessarily bounded,
that the range of possible measurement results

Apn(p_,p+) is also bounded.

Another restriction that we might expect to arise
is in the preparation of an initial state for an
experiment. In the case of the beam of electrons, the
range of possible momentum values is 1limited by the
available energy in the source. In fact,since we are
considering nonrelativistic conditions we must have
max{ Ip,| ,1p;1 } << mec and relativistic considerations
impose an upper bound mec on the possible momentum

magnitude.
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These considerations, together with the problems
associated with unbounded observables (infinite
expectation values,domain constraints,difficulties in
localisation) should be =sufficient to motivate the
search for observables that will be at once more
physically realistic and mathematically better
behaved. Similar motivations prompted the algebraic
formulation of quantum mechanics to its use of spectral
projectors in place of their corresponding operators.
The approach we propose here has the advantage of
retaining operators corresponding to physical
magnitudes such as momentum,energy,etc as well as the
spectral projections of these operators, and hence of
preserving a useful concept of expectation values. In
section (6.2) we construct these operators. In the
following section we present a correspondence,
analogous to that of (3.4), between the familiar
observables and certain families of bounded
observables. The physical aspects of this
correspondence will be examined in (6.4) and in (6.5)
we consider the particular case of the momentum

operator.
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6.2 Constructing Spectrum-Limited Observables

We start by defining what we mean by a

spectrum-limited observable.

(6.2.1) Definition
An observable A on 4 is said to be a spectrum-limited

observable in A ( A-limited observable for short) if

there exists a Ade 8;(1’&) such that A

E(A; 0 )AE(A; A ).

Suppose that T is an arbitrary selfadjoint
operator with domain D(T). We are going to construct
our spectrum-limited observables by first formulating
them in the spectral representation [Jauch and Misra
1965 p30]. This involves constructing a measure space
L* (R ,¢) on which the observable takes the form of a
multiplication operator. By exploiting the unitary
correspondence between this space and the Hilbert space
corresponding to the configuration space of the
particle, many results which are easy to formulate in
the diagonal representation can be translated in terms

of the original operator.
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We shall assume here for convenience that T has a
simple spectrum [cf Guenin 1966, Jauch and Misra
1965]. Then there is a wunitary correspondence
U:4-|-9L"(!R,,e?) with the property that each @e¢H is
represented uniquely by an essentially bounded function
u(r) e L"(I’R,e") and T is represented by Au()). The

spectral function E(T;t) of T is now given by:
-1
(6.2.2) UE(T;t)U = X{-w,t]()‘)

where X is a characteristic function in the usual

notation. The domain of T is given by:

(6.2.3) D(T) = {QeH: jx‘duE(T;t)qn% 0 }
If we denote by A the operator of multiplication by )
on LY(R ,¢), we have

~

(6.2.4) Au(A) = UTU'u = Au(r) ue D)
where D () = {ue L’ (R ,¢): P&lui‘dgum} = uD(T).

We now formulate the spectrum-limited observables in

A~

the spectral representation. Define the operator X\

t* (R ,¢") by:

a On

A

(6.2.5) AMud) = A(MDu(n), ued(R,)
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s D) w du i P 1R ) Jxﬁm‘ag“o}.
a

A~

Concerning the operator )\, we now prove the following

result.

(6.2.6) Theoren

Let 4¢P, (IR) and suppose that A, is defined according

to (6.2.4). Then:

(i) 3\, is bounded
(11) D(X,) = L*(R ,¢)
(ii4i) &6 is selfadjoint.

Proof

(1) N3 u(n)l

Ay 3Ol

I

[sup{A } hu(X)i
NEA

< o, since AEB"('R.)-
(ii) follows from (i).

(1ii) <u,|xu, > =J’ut"kx‘u,_dg"'

J (ul)\)’u,,df", since A is real,
5

J( u X uy de
A

A
<Aulug >,

A
Hence N\, is a symmetric operator on the entire space

and is therefore selfadjoint.
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We now use the unitary correspondence U:+h41}(ﬁk,€) to
define an operator T on 4 by:

=1

(6.2.7) T,@ = UNUQ = U'AUU" %, UQ = TE(T; 8)Q

- ~ 2 -
D(TL) = U7'D(N ) = U'L*(R,0) = H .
Using the properties of unitary transformations and the

Theorem (6.2.6) the following result is obvious:

(6.2.8) Theorem

Let T, = E(T; A)TE(T;A), AeB(R), D(T,) =# . Then
T is a bounded selfadjoint linear operator on # .
Proof

It suffices to remark that E(T; A )JTE(T; A ) = TE(T; A )
and the result follows immediately from the previous

analysis.

(6.2.9) Definition
The observable T, defined by (6.2.7) is called the

A -limitation (or spectrum limitation in A ) of T.

Obviously we should like to be able to show that
the A-limitation T, of T is a A-limited observable.
To do this we need to know the spectral function

E(Ty3t) of T,.

(6.2.10) Lemma
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The spectral measure E(T,;M) of Ta,MeB(R ) is given
by :

E(Ty ;M) = E(T;A,M) + E(T;A*)E(O;M).

Proof

We construct the =spectral measure first in the
representation space where it has the form of a

characteristic function Xn(hxn(h)). Now we have

N (AXa(AD) = (oA (V)

Xfl’e R tx“l")eﬁll( A)

[1 if AY(\)E M
0 if Ay, (A)f M

u

But kxa(x)e M if and only if either Ae¢A and Xe M (ie,
AeA, M) or else A¢4A and 0¢éM, and AX‘(X)fM if and only
if either A A and O¢{M or else XeA and A\{ M. So we

have

I'E{ either AeéA and Me M
' or \{A and 0e M

(A, (X)) =
,XA Xe 0 [ either AA and 04 M

fF [
or XNéA and A{ M

It 1is straightforward to verify that this function is
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represented by:

Fa () = MAOIXu )+ Xu(0) X0

and using the unitary transformation we have

immediately the result.

(6.2.11) Corollary

The spectral function E(T, jt) of T, is given by:
E(T,3t) = E(T;t)E(T; A) + E(T; A")E(0;t).

Proof

Follows immediately from the lemma.

Now it 1is straightforward to prove the result we

wanted.

(6.2.12) Theoren
The A-limitation T, of an arbitrary observable T 1is
A-limited.
Proof
(Tady = TRE(T,5,)
= TE(T;A){E(T;A)E(T;A) + E(T;A)E(0;4)}
= TE(T;A)

& Ty,
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It is clear that if A is a bounded observable with
spectrum o(A) then A is A-limited for each A2 o(A)
since [Prugovecki p253] E(A;A) = 1 for all such A.
Conversely, what can we say about the spectrum of a
A-limited operator? The answer to this question is the

subject of the following two theorems and corollary.

(6.2.13) Theorem

Let A€ B.(R ).An observable A is A-limited for each
AN2a, A7¢ B (R ), if and only if o(A) ¢ A, {0}.

Proof

Suppose that A is A-limited. Then A = A, and it follows

that
E(A;M) = E(A,;M) for each M ¢ & (R ). Hence
E(A;M) = E(A;M,A) + E(A; ANE(O;M), Me B (R).
Take M = A, {0} and we have

E(A; 4,10}) = E(A;8) + E(A;A") = 1,

and it follows that o(A) ¢ A , {0}.

Conversely, suppose that o(A) ¢ A ,{0}. If 0OeA , then
we have o(A)e A , and E(A;&) = E(A;A) = 1 for all
A’2A  and so A, is A'-limited for all A’ 24 . Next
suppose that 04 A . Then A,{0} = ¢ and we can write

1 = E(A;4,{0}) = E(A;4) + E(A;{0})

and hence

A = AE(A;A) + AE(A;{O}.

The last term in this expression is zero however since

E(A;{0}) 4is the projector onto the subspace on which A
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= 0 so we have AE(A;{0})¢ = 0 for every @ in #H. It

follows that A = AE(A;Q)

As an immediate consequence of this theorem we

observe the following corollary.

(6.2.14) Corollary

Let T be an arbitrary selfadjoint operator and let

Ae B, (R ). Then the spectrum o(T,) of T, satisfies:
c(T,)e A, {0}.

Proof

According to Theorem (6.2.12) T, is A-limited and the

result follows from Theorem (6.2.13).

Actually we are able to prove a stronger result. Namely

(6.2.15) Theoren
Let T be an arbitrary selfadjoint operator on # with
spectrum o(T). The spectrum o(T,) of Ty, Ae B (R ), is
given by

&(T) =[(cr(‘1‘),,ﬁ)u{0}, it Ag (T)

o(T) y if A 246(T).

Proof
Notice first that o(T)a8 and (o(T)s &),{0} are both
closed sets since o(T) is closed and A€ B, (R ). Now
if A2 ¢(T) we have immediately E(T;A) = E(T;s(T)) =
1. Suppose that V(T)g A . Then it follows that

E(T; A") is strictly greater than zero, and hence that
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for each open interval J containing zero
E(Tp3d) = E(T; A) E(T:Jd) + E(T;A") » E(T;4") > 0.
and from the definition of the spectrum it follows that
0€ o(T,). Also for each té¢ &(T),A it follows that
teA and for each open interval I containing t,
E(T;I) > 0. Let I be such an interval. Since I is an
open interval and by hypothesis t e A , there exists
another open interval I', say, containing t such that
I'e I,A, and E(T;I') > 0. Therefore we have for every
open I
E(T,;I) = E(T;I,A) + E(T;A*)E(0;1I)

2 E(T;I, Q)

> E(T;1') > 0,
Hence t € o(T,). We have therefore that (c(T), A ),{0}¢c
o(Ts). To prove the opposite inclusion we note first
that
(e(T)a A ), {0} = (e(T),{0}), (A, {0}).

We have already shown in corollary (6.2.13) that «(T,)

in

A , {0} and it remains only to demonstrate that o(T,)

n

(s(T) {0}). Let te &Ix)s Suppose that t ¢
6(T),{0}; ie t#0 and t4s(T). Then there exists an open
interval I,,say, such that te¢ I,, O 4 I, and E(T;I,) =
O©. So we have

E(Ta;I,) E(T;L,A ) + E(T;A*)E(0;I,)

E(T;I,,A), since 0 ¢ I,,
£ E(T:I,) = 0.
This implies that t4 U(Td) and the result follows by

contradiction.
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6.3 FEamilies of Spectrum-Limited Observables
We shall now proceed to demonstrate a

correspondence of a unique and canonical nature between
certain families of spectrum limited observables and
selfadjoint operators T with (not necessarily limited)
spectrum o (T). This correspondence is analogous to
that elucidated in Chapter 3 between bounded
selfadjoint operators and bounded families of globally
related observables. The correspondence provides the
mathematical justification to replace arbitrary
observables by their corresponding families. We start

with a definition.

(6.3.1) Definition
A map Y :B(R)—=>B(4) is called a family of
spectrum-limited observables if °I" satisfies

T (a) = (T (8)), ,

ie, if T (A) is A-limited.

The particular families in which we shall be interested

are the following.

(6.3.2) Definition
A family ¥ of spectrum-limited observables is called a
spectrally-related family of spectrum-limited

observables (or just a related family of 1limited
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observables, for short) if, for each A,A' ¢ B, (R ) such
that A2A we have
(%) T(A) = (T (&), ,

ie, T(A) is the A-limitation of T (A").

The following 1lemma provides the explanation for the

terminology of these definitions.

(6.3.3) Lemma

If T is a related family of limited observables, then
for each A,A € %‘_(ﬂ{,) such that A’2A we have

(T (8)) = (c(T(a))a A ), (0} € o (Y (&)).

Proof

Obvious from Theorem (6.2.13) and the definitions.

Now for convenience we 1introduce the shorthand
notation E,(t) = E(Y(A);t) and E,(M) = E(T(A);M) for
the spectral function and the spectral measures
associated with a related family T & If Y is such a

family it follows from (6.2.11) that

E,(t) = E4(t)Ey(A) + E (A" )E(0;t)

for each A,A € 3c(lﬂ.) with A2A, and for all te IR .
Through the following series of lemmas we establish a
correspondence between related families of 1limited
observables and a certain observable which appears in

the strong limit for increasing A .
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(6.3.4) Lemma

Let {A,} be an increasing sequence of subsets of R,

A. €8 (M ) such that A, »MR as i ©. Then for each t

¢R and i ¢ j, and for each @®€¢# we have:
<QIE,(t) - E,(t)Ig> = <¢IEAJ(&J;,')(E(0;1:) - By (£))1@>
Proof

The left hand side of the equation yields

<RIE,(E)EA(A) + E,(8)E(0;8) - E,(t)@>

<@IE,(t) (Ey(4,) = 1) + E%(Af)E(O;t)l@)

]

<¢1Ead.( AT)(E(O;t) - E,,J(t))lq».

(6.3.5) Lemma

(i) For each t<oO, {E,(t)} is a nonincreasing sequence

of projections.

(ii) For each t» 0, {E,(t)} is a nondecreasing sequence

of projections.

Proof

Using the definition [ef(2.1.7)] of E(O;t) and
lemma (6.3.4) we have

(i) 4if i ¢ j and t< 0

<QIE,(t) - Ey(£)I9 > -<qJIEAJ(Af)E&J(t)Iq)>( 0,
for all Q¢4 , since E% is positive and

(ii) if 1i¢ j and t> O

<QIEp(t) - Ey(t)i@> (q’lEAJ(Af')(1-EaJ(t))IfP>>/ 0,

for all @e¢M , since Eb‘5 is less than 1 and positive.

the
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(6.3.6) Theoren

A spectral family is defined on H by

E(t) = s-lim Ep(t), for each t¢ R .
L=P 0
Proof
Firstly, E(t) is a well-defined projector on #H for
each t by virtue of Theorem 3.10 on p209 of
Prugovecki's book. Next, let s ¢ t,s,telﬂ,. Then for
each i and for all @¢4l we have
HEQJS)QH £ HEhjt)Qﬂ
from which it follows that
%iﬂ HEafs)QHls {iﬂllEh(t)Q“’
and hence
NE(s)QN & WE(t)QNl, for all ¢ € H
or
E(s) ¢ E(t).
Now let € be a small positive number. We have
NE(t+e)® -E(t) @
= WE(t+g)-E,(t+£)+E,(t)-E(t)+E, (t+£)-E, (£))Qll,
for all i,
< NE(t+£)@ - E (t+£)Qll + HE“(t)w - E(t)Q
+ HEM(t+£)Q - Eaﬁt)QH,
for all 1i.
Now the first two terms on the right hand side of the
inequality «can be made arbitrarily small by taking 1
large enough and hence there is an i,,say, such that

IE(t+£)@ - E(t)QN € WE,(t+£)® - E,(t)Ql+ £, for all
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i¥i(e)

which tends to zero as £ tends to zero since E,, is a
spectral function.

Finally, let t, be any sequence of real numbers
converging monotonically to -, Then E(ta) is a
nondecreasing sequence of projections bounded below by
zero and hence converges to a projection E(-w) say.
Thus 1lim 1lim HEAJtn)QH exists for each @¢H. Moreover

AP =P

lim 1lim NE,.(t, )¢l exists for each ¢ and equals zero.
L2 A==® *:

Equality of these two limits ensures that E(t) = 0 as

t & -, Similarly it may be shown that E(T)-> 1 as

t P +o0,

Now E(t) defines a unique spectral measure
E(M),M e B(R) and of course by the spectral theorem
[(2.1.5)] it also defines a unique selfadjoint operator

T on 4 given by

(6.3.7) T
D(T)

ItdE(t)

{qeM: jt‘dnE(t)¢ﬁ< % }

Consider the A-limitation of this operator T. Let E®

denote the spectral measure E(T, ;.) of T,. That is,
E®(t) = E(t)E(A) + E(A*)E(0;t).

The fundamental theorem for our desired correspondence

may now be proved.

(6.3.8) Theorem
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Let Y be a related family of limited observables. Then
there exists a wunique observable T on # with the
property that for each AeB (R ):
(a)

T@) =T,

where T, is the A-limitation of T. Conversely, let T be
any observable onH then there exists a unique related
family of limited observables T satisfying (A).

Proof

We prove the converse first which is easy. Let T be an
arbitrary observable. For each AeB,(R ) define a map
Y:B(R)=>B(H) by (A). Let A24,A,A ¢ R, (R). Then
(Ty), = TE(T;A)E(T, ;4)

TE(T;A)(E(T;A,0) + E(T;A*)E(0;A))

TE(T;A) = T,
and hence T is a related family of limited
observables. Uniqueness is self-evident.

Conversely, let br be a related family of limited
observables. Define T by (6.3.7). T is selfadjoint.
Moreover for each @,y in 4 we have

IKQIE®(t) - E,(t)y>

= IKQIE(t)E(A) + E(A")E(03;t) - E,p(t)Iy>)

= IKQIE(t)E(A)+E(A")E(0;t)-E (t)E, (A)-Ey(A*)E(O;8)19 >,
€ |<QIE(t)E(B)=E (t)Ey(A)IY >l +1<qIE(0;t) (E(A*)-Ey (a* Ny >|
for each A'2A.

Now the right hand side of this inequality may be made

arbitrarily small because the strong convergence of E
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to E implies the weak convergence of EK(A*) to E(AY)
and also of Ey(t)E,(A) to E(t)E(A). It follows that E,
= Ea and by the wuniqueness clause in the spectral

theorem we have T(A) = T, . To complete the proof,

suppose that T! is another operator such that
T, = Y(A) for each AePB (R). Let E' be the
spectral measure of T' and we have E'® = E, for each

AeB (R) exactly as before. In particular if A 2R,
E‘® = E, for all i. But E,, = E", and so E®' = E% for
all 41 and it follows that s-1im E% = s-1imE* or E' =

ivo iveo

E. Hence T' = T.

As a corollary to this result we have another theoren.

(6.3.9) Theorem
The wunique observable T associated with the related
family of limited observables Y is given by:
T = s-1im Y (4,;),
=P
in the sense that
HT® - Y (A)QN—=>0 for each @QeD(T)

where { A;} is any sequence of sets in B‘(m,) converging

to R.

Proof
Notice first that if @eD(T) then T® =§ 1is a
well-defined vector in #H . Furthermore, from the

properties of the spectral measure we have
HE(A)Y = Wi = 0, for all We#H.

In particular, therefore,
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NE(A;)TQ -TPN = 0,for all Qe (T).
But for each @ in D(T) we have
T, = TE(A)® = E(A)TQ

and so T‘chfqu: as 1> o,

As a physical consequence of this theorem we observe

the following result concerning expectation values.

(6.3.10) Corollary
Let @ be any vector in the domain of T. Then for each
£> 0 there exists a A¢éR(MR ) such that
I<Ty ;0> - <T;@>I< € ,
for every A'2A,
Proof
Strong convergence of T& to T entails the convergence

of the expectation values <QIT, @ >.

A further result characterising related families

will proof useful in the sequel.

(6.3.11) Theorem
Let Y be any family of limited observables. ‘T is a
related family if and only if for every pair
A,A" e B, (R ) with A,A" ¢ ¢

(Y () = (Y (4))y, .
Proof
Evidently the condition (¥®*) of Definition (6.3.2) is a

special case of the condition of the theorem.
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Conversely suppose that Y is a related family of
limited observables. It therefore satisfies 'Y (A) =
(Y (A)), for every A2A. Suppose that A, and A,
satisfy AaD: #@, then AB,,8,¢A and AaA,€A,.. Hence

YA D) = (‘\I“(A,)),,Mh

T(A)ECY (A); A,4A,)

TA)ECY (A)A)E( Y (4,);4)

T(A)E(TY (4);8)
(Y (8)),,-

Similarly T (A,A48,) = (T (4)),, and hence

(7Y (8)),, = (Y(4)),,, for all Aabd: 3z g,

This characterisation enables us to introduce a new

definition concerning pairs of operators.

(6.3.12) Definition

Suppose that T, is a A-limited observable and T, is a
, A N2 Q.

A-limited observable, ( T, and T, are said to be
spectrally related (or just related) if there exists a

related family T such that T, =Y (4) and T,, = ¥ (&).

Then we have another result which follows immediately

from the definition and the preceding theorem.

(6.3.13) Theoren
Tp and T,» are two related observables if and only

(Tﬂ )a' = (Tﬂ')d .
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6.4 The Physical Limitations of Measurement

Physical observables in quantum mechanics are
generally regarded as selfadjoint operators on the
Hilbert space associated with the system. If the
selfadjoint operator corresponding to a particular
physical magnitude is unbounded then the set {<T;¢>} of
expectation values is also unbounded. This means that
for a particular physical apparatus the average values
given by the apparatus for the observable in question
have no upper bound. This is clearly in contradiction
to the general physical tenet advanced in (6.1) namely
that in general physical measurements using real
apparatus do not yield unbounded sets of measurement
results. Let us suppose in fact that a particular
physical apparatus is capable of yielding measurement
results in the set A, {0}, where Ae3(R ). (It makes
sense to include the value zero for 1t is always
possible that no measured value is perceived.) This
means that the expectation values for the operator T
describing the observable to be measured must satisfy

(6.4.1)

t, € <T;@> € t,, @eD(T),

where t, = inf{A, {0}}, t, = sup{A,{0}}. Then we can

prove the following.
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(6.4.2) Theoren

Suppose that A is simply connected, A¢R (R ). Then
t, € <T;9>< t,, for all, @€D(T)

if and only if T is A-limited.

Proof

We can write

<T;0> = J tdlIlE(T;t)QN"

If T is A-limited, then according to (6.2.17)
s(T)e A , {0} and so
<T;¢> = J tdUE(T;t)eut.

Auios

Now inf{ A, {0}} J ANE(T;t)QN* « J tdNE(T;t)oW
a

Ayfol .,!05

< sup{A,,{O}}I'dHE(T;t)QM

A,103

and since JduE(T;t)q)n‘ = JduE(T;t)@u‘ = Wt = 1
A,f0l o(T)

we have t & <T;@> ¢ ¢t,.

Conversely suppose that T is not A-limited. Then there
exists a te o(T) such that t ¢ A, {0}. Since A,{0}
is «closed there exists an open interval I, say, such
that I contains t and I,(A ,{0}) = 0 and for such I we
have

E(T;I) % O.

A is simply connected so we can choose a t& o(T) such
that either t> supAus{0} or t< inf A,{0}. Let @ be a

vector in #H satisfying E(T;I)Q = ? and suppose there
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is a ¢t in the spectrum of T which is greater than
sup A,{0}. That is there is an open interval I
containing t which is disjoint from A, {0} and
inf t > sup t. Hence

1 A, 10}

<T;@> = JtduE(T;t)@H" > infljdnE(T;t)qm‘? sup A ,{0}.
I

The result follows by contradiction.

We see therefore that observables measurable 1in
such limited physical situations correspond to the
A-limited observables of (6.2) and (6.3). Actually, we
need to eclarify our concepts a little here. The abuse
of notation which we have been accustomed to employ
which allows wus to identify a physical magnitude and
the selfadjoint operator representing it under the same
term "observable™ is no longer valid. For instance, it
is no longer immediately obvious how a physical
quantity (observable) is to be related to the
(A-limited) selfadjoint operator (observable)
representing it. The theorem above tells us however
that a measurement of a physical observable using
apparatus sensitive only within a certain range A must

be represented by a A-limited selfadjoint operator.
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Generally, then, we have a scheme in which each
physical quantity is not represented by an individual
selfadjoint operator but by a family of such
operators. Now let wus suppose that we have a family
{M,} of measurement devices such that M, has range
A {0}, AG-SL(W&) (we assume that each device has the
same zero reading). Obviously if each M, purports to
measure values of the same physical quantity, the

following consistency condition must be satisfied.

(6.4.3) Assumption

The family of measuring devices {M,} measure the same
physical quantity if and only 1if for every pair of
apparatus M, and M, A,A e B.(R) and for every
I¢ A,A (ie, for every interval in the range of both
the apparatus) the probability for obtaining a value in

I is independent of which apparatus is used.

Mathematically this assumption requires that for such

M, and Mg/
(6.4.4) E(T*;I) = E(T*;I), for all I in A,47,
where T and T¢ are the limited observables

corresponding to measurement of the physical quantity

in question using the respective devices.
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(6.4.5) Lemma
Suppose that two limited observables T and Tr satisfy
(6.4.4). Then we have
E(T;4) = E(T*;4)
Proof
By assumption both A and A’ contain zero so that

o(T2)¢A and o(T*)c A" . Therefore E(T*;A") = E(T*; A"

)=o0
and we have E(T*;A) = E(T*;AA) and E(TY;8) =

E(T*;A8'). From (6.4.4) it follows that E(T*;A)

E(T*;XA).

(6.4.6) Theorem

suppose that T? and T* satisfy (6.4.4). Then
(1%),, = (T*), .

Proof

We prove equality of the spectral projections.

Firstly:E((T"), ;I) E(T%;A.I)+E(T2; AY)E(0;1),

for all I ¢ B (R),

E(T"; A Ay I)+E(T®; 4*)E(0;1I),

for all I ¢ B(R ). Similarly:
E((T*), ;I) = E(T¥; 0. A, I)+E(T*; 4*)E(0;1I),
for all I¢B (R ).
Using (6.4.4) to cancel the first terms on the right
hand sides we have for every Ie¢ B (IR ):

E((T%)y 3 I)=E((T4), 5I) = E(0;I)(E(T*;4*)-E(T*;a"))

= E(0;I)(E(TY;A)-E(T*;a))
= 0, by virtue of (6.4.5).

Therefore (Tb)y = (TKJA as desired.
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The theorem (6.3.11) now reveals that the set {T*}
of 1limited observables measured by the apparatus {M,}
is in fact a related family of limited observables. We
therefore postulate as follows concerning the physical

measurement process.

(6.4.7) Postulate

To each physical quantity in quantum mechanies is
associated a related family of limited observables T .
The observable T (A ) is the appropriate observable to
describe the measurement of that physical quantity when

the range of the apparatus is A.

In conclusion then, we have argued two main points
in the preceding two sections. Firstly we have shown
that there is a mathematical correspondence between the
selfadjoint operators and the set of related families
of limited observables. Secondly we have argued that
the description of real measurement situations demands
the wuse of related families of limited operators. It
is evident that the first result provides the link
between the second result and the conventional
formulation and in general terms the discussion is
thereby completed. In the next section we shall
examine a particular example, namely that of the

momentum observable.



= 138

6.5 Spectrum-Limited Momentum Observables

In the conventional formulation momentum is
represented by the (unbounded) operator defined in
(2:1%37) In chapter 4 we discussed the possibility of
representing the momentum observable by alternative
"local"™ observables dependent on the =size of the
measurement apparatus. Here we use slightly different
physical constraints to suggest that the momentum
observable be represented by =a related family of

limited observables {ﬁa} where
A -k i
(6.54:1) p, = (2h) pexplipx/nl@dp, @¢H, AER(R ).
A
Alternative integral forms for ﬁ‘ are also possible.

(6.5.2) Theorem

P, @ (2ﬂhf%~]x;(p)p$(p)eXp[ipX/h]dp (1)

= (K, * p@)(x) (1)

= P(K, *@)(x) (1i1)
where K, (x) denotes (ZHhY&J;exp[ipx/h]dp and * denotes

convolution [ef Appendix (A.1)].

Proof
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(i) follows immediately from (6.5.1).
(ii) Letjx;p$ = zh(p). The inverse Fourier transform of
p$ is ﬁ? and hence, by the convolution theorem
[Papoulis 1962], the inverse Fourier transform of Ea(p)
is given by

,(x) = (K, * pQ)(x).
Examination of the integral in (i) reveals that it is
precisely the inverse Fourier transform of %A(p) and
hence (ii) holds.
(iii) Let XT$= @;(p). The inverse Fourier transform
@,(x) is given by the convolution theorem as

Palx) = (K, *@)(x)

and the inverse transform of p@, is §¢‘ so the integral
in (i) yields:

Ba® = DQulx) = B(K, *P)(x).
These integrals may be expressed more explicitly.

(6.5.3) Corollary

(1/1), @ J Ky (x-x')(d@/dx')dx"
8

J (a/dx) (Ky(x=-x'))@(x")dx"'
(18
Proof

Evaluate (6.5.2) as convolution integrals.

According to (6.2.15),the spectral function of B‘ is

given by
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(6.5.4) E(P,;I) = E(P; A.I) + E(P;A")E(0;I), IeB(R).

This yields, for each vector @ in H :

(6.5.5) E(P,;I)® = (2171&)'5{J' exp[ipx/fl]CF(p)dp
AL

" X}(O)LAixp[ipx/n]$(p)dp}
where X1 is the characteristic function of the set I.
The spectrum 6(p) of P is the entire real line R ,from
which we deduce that for each A€éR(R )

(6.5.6) e(p,) = A, {0}

using theorem (6.2.17).

The preceding results serve only ¢to give a
mathematical form to p,. It is of interest to consider
in which ways the limited observables ﬁ& yield
conceptual differences from the usual moment um
observable in physical analyses. In particular we
shall investigate the uncertainty principle in relation
to such 1limited operators. We start by proving some

elementary mathematical results.

(6.5.7) Lemma
Suppose that A= [p,,p,], and let ® be any vector in

D (Ix,$,1). Then

[x,5,1¢ = (27h)¥{p, explip.x/81§(p ) - p, explip, x/01§(p.)}.
Proof
(x,0,1@ = xPE(F;4)¢ - DE(F;8)xq
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= (2ﬂh5& J xpexp[ipx/h]$(p)dp
A

< l[pexp[ipx/h](ga)(p)dp}
A

Now (ic\ai)(p) = in(d§/dp) (p),so that

J‘pexp[ipx/h](gﬁ)(p)dp
A

JPihpexp[ipx/h](d&/dp)(p)dp
a

(ihpexp[ipx/h]&(p))h + ‘f$(p)pxexp[ipx/h]dp
A

Substituting in the above we obtain
5
[x,P,1¢ = (2mn) (pexplipx/nl¢¥(p))

(2ﬁh)&{pzexp[iptxlh]$(pz)-D.exD[ip.x/n]ﬁ(p.)}

(6.5.8) Corollary
Let A,9 be as in (6.5.7). Then

<%y By 139> = -ih{p, 1§ (p )" = p. 1P (p, N* )
Proof

<[x,B, 139> = -in(zwn3ﬁpz$(p1)J¢%x)exp[1pzx/n1dx

* P.g(p.)j¢7x)exp[ip,x/n]dx}

—iR{p, 1§ (p)* - p, 1P (p, )" 1.

We now use the general uncertainty analysis (2.5) to

deduce '"uncertainty relations" for the operators x and
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(6.5.9) Theorem
Let 8,9 be as in (6.5.7). Then

Agx.BgBy > (1/2) 1{p\@ (P N* = p, 18, (p, M™Y.
Proof

(2.5.1) and Corollary (6.5.8).

What is significant about this result is that the
uncertainty product Aqx.Aqﬁshas no state independent
minimum. For certain states therefore the minimum
uncertainty can be as small as zero, which allows for
the possibility that the product itself may be equal to
zero,or at least arbitrarily small. This is a rather
surprising consequence of the spectrum-limited
approach. It demonstrates in particular the
independence of operator relations of the form (6.5.9)
and heuristic uncertainty in the sense of some of the
early analyses [cf (2.5))], since momentum is no longer
represented by an operator which yields a minimum

uncertainty product strictly greater than zero.
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6.6 Remarks on the Localisation of Limited Observables

It is 1immediately obvious from the results of
(6.2) that an operator T is A-limited for some A if and
only if it is bounded. This obviously has a happy
consequence for the programme of 1localisation of
observables. It will be remembered that a satisfactory
and mathematically straightforward theory of 1local
observables exists only for bounded observables.
Hitherto this has presented difficulties in
generalising the theory to many observables of common
interest to physics: eg,momentum,energy, which are
commonly regarded as unbounded observables. Using the
present A-limitation of operators it is now possible to
set about providing a consistent localisation for such
physically essential observables. For example we may
localise the momentum by considering the localisation
(3.2.1) of the limited momentum operator B, = DPE(P;A).
The 1localisation is straightforward. We define an

operator (ﬁ‘)A by

(6.6.1) (b,), = B(x;A)p,E(x; )

E(x;N)PE(DP;A)E(x;A)

D((py)r) = # .
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Calculation of the uncertainty product for this
operator is straightforward if we use the fact that
[x,(Py)a] = E(x;A)[x,D, JE(x;A) = [x,,p,]
where x, is the A-limited position observable. Then it
is a matter of straightforward calculation to show that
the wuncertainty product is exactly as for p, but with
replaced by @ where @ = E(x;A)Q. Again we see that
it is possible for this minimum product to vanish for a
particular wavefunction. Another point arises from
this. Comparison of the pair x,(p,), and the pair
xa,ﬁa provides an interesting insight into the
processes of localisation and 1limiting spectra:
limiting the spectrum of the position observable
corresponds to localising the limited momentum

observable here.

Finally we observe that it is also possible to
localise simultaneously in position and momentum by
considering the spectrum limitation (f}a)a of the local
momentum operator of chapter L4 given by

(6.6.2)

E({p; A)$pE($p; A)
4".

N
($p),

D))

It is an interesting question to consider what physical
and mathematical differences exist between these two

formulations. In particular for certain wavefunctions
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A -
the two operators (p,), and ($p)la (and their
projections) may be expected to differ only in the
boundary regions of the apparatus so that the question

of which 1localisation to consider first is resolved.
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CHAPTER 7

TIME-DEVELOPMENT OF LOCALISED SYSTEMS
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A well-known result on free nonrelativistic
wavepackets 1is the fact that any wavepacket localised
in some bounded region of configuration space at time
t=0, spreads instantaneously over all space 1in
subsequent time [Amrein 1981 egl. A similar quite
general result is proved even for relativistic quantum
systems by Hegerfeldt and Ruijsenaar [1980]. The

nonrelativistic result is easily demonstrated.

Suppose @,(x) is the wavefunction at time t=0 for
a free quantum mechanical ©particle moving 1in the
one-dimensional configuration space R . Suppose

further that @, satisfies

(7.1.1) P, (x) = E(x;A)QP,(x).

The time development of such a wavefunction can be

given the integral representation [ef (2.1.4)]

(T142)

qi(x) - (2ﬂhyinp dx' @,(x')explip(x-x')/nhlexp[-ip*t/2mh]
R

Completing the square in the argument for the

exponential and performing the p-integration one

obtains [Feynmann and Hibbs 1965 pp96-8]

(T-1:3)
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@éx) =

(m/2wiht)aexp[imxz/2ht)J.exp[-imxx'/ht + imx'*/2nt]lg@,(x")dx"
[N

Put Y,(x) = explimx*/2nt]@,(x) and it follows from

(7.1.1) that E(x;A)¥,(x) = W, (x), while from (7.1.3) we

deduce that

€7 < Tl) QJt(x) = (m/it),iexp[imx"/2ht]l|v)t(xm/t),

where ﬁt denotes the Fourier transform of U,. It is
standard result in Fourier analysis [ef (4.1)] that the
transform of a function with bounded =support is
non-vanishing almost everywhere and hence for each
t> o0, Qt(x) is nonvanishing almost everywhere in x.
Now suppose that x, and x; represent the time dependent
position operators at times 0 and t respectively in the
Heisenberg picture [ef (2.1)]. The following theorem
expresses the instantaneous spreading of wave packets

rather neatly.

(7.1.5) Theoren
For each A,A in 3‘(9\,) we have

E(x, ;A)a E(xt;&) = 0.
Proof
Suppose the theorem does not hold. Then there exists a
nonzero vector Y in L* (R ) such that the simultaneous
equations

(i) E(xo M)W =
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(ii) E(xk;a)v =\
are satisfied. The second of these equations implies

that

U, E(x,;0) 0,9 = U
which in turn implies that

E(x, ;)¢ = VW, .
But it follows from the above reasoning
[(7.1.2)-(7.1.4)] that this equation cannot be
simultaneously satisfied with (i) and the result

follows by contradiction.

This result is a neat analogy to (and indeed
arises from) the complementarity theorem (2.5.6).
Another analogy can be drawn between time development
and the canonically conjugate pair. Namely, there
exists a sort of uncertainty relation 1linking the

position at time 0 and the position at time t.

(7.1.6) Theorem
Let ® be a member of the appropriate domain [ef
(2.5)].Then
Ao X,.B8px, > Nt/2m.
We start by evaluating formally the commutator bracket

[x,,U;].

u

[x,,0, 1] X, exp[-ip* t/2mh] - expl[-ip*t/2mhlx,

ﬁ; (-it/2mn)" [x,,p*"1/n!

S (-it/2mh)" 2ninp™ ' /n! [Prugovecki 1971 p333]

neo

S (-it/2mn) " (t/m)p™ " (n=1)1

LET]
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Lo 2 A2
(pt/m)Z (=it/2mh)" p“/n!

n=d

(Pt/m)expl-ip* t/2mh]

(Pt/m) Uy .
Now we evaluate the commutator bracket [x,,x,] using
the above result.

[x, , Up x, U, ]

[x,,x,]
= %, 0px, U = U x,U, x,
= X, + xoU'I[x,,Ut] - X, - U:[x,,Ut]x,
= (t/m)[x,,Pp]

iht/m

The result now follows by substituting this commutation
bracket in the usual mathematical analysis:

A‘,x,,&oxt > 1<lx,,x, 159> , [ef(2.5.4)].

It may be noted that this inequality embodies the
phenomenon known as the spreading of the wavepacket in
the sense that as t tends to infinity, Aqm,.qut tends
to infinity. No matter how small the original
uncertainty, for 1large times the uncertainty in
position becomes increasingly greater. A similar

result associated with the spreading of wavepackets is

the following theorem.

(7.1.7) Theorem
Let P e Ll(l?\),Vt. an evolution group such that

V, € L®(p). Then for every bounded A¢P (R ) we have

lim WE(x;A)V,@W\ = 0.
o
In particular of course the result holds for Vt 2 Ut =
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exp[—iﬁlt/2mn].
Proof

Amrein 1981 p132

The physical interpretation of this result is that
the probability of finding a quantum mechanical
particle in any finite region A at time t 1later
approaches zero as t tends to infinity (or negative

infinity).

All of this does not bode well for our programme
of localising quantum systems. The measurement
situations we have been at pains to respect seem doomed
by instantaneous spreading of systems as soon as we
allow time to pass. In this chapter we shall
investigate possible =solutions to this dilemma. We
propose, for instance, a time evolution "in a box"
based on the time evolution operator Usgy =
exp[—ii}it/2mh]. This time evolution will at 1least
allow for systems to remain localised within an
apparatus. Comparison of this operator with the usual
time evolution is made for 1initially 1localised
systems. We also describe some results of the
WM-theory [Wan and McLean 1983] which indicate how a
localisation of sorts is possible asymptotically. This
localisation is within unbounded regions and we discuss
whether it is possible to localise in bounded regions

at infinity. Finally we shall discuss the separation
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of particles in two-particle systems.

We consider the time evolution operator Uy given
by
(Te2:1)

Uy = expl[-13p®t/2un]

where § is a C®-function of compact support in A =
(a,b) which takes the value 1 on A,= [as,b,] ¢ (a,b).
f} is therefore a local momentum observable as defined
in (4.2.1):

{pe
D ($p)

-in($(a@/dx) + (1/2)@(ds/dx))

{oe L* (R): ¢ € AC(X,R), pP e L*(R)}

with localised eigenfunctions [(4.4.1)]
1. * -
F(\x) = (21r3h)"exp[(i/\/h)j $(x)ax)] x,,xe (a,b),
Xo

and spectral measure

E(§p;0)¢ = J

A

»
F(x, x) 1 JF(A,x')q)(x')dx'}d)\.
A

The completeness of the eigenfunctions 1in (a,b)
[MacFarlane 1980] ensures that any wavefunction Q(x)

with support in (a,b) can be expressed in 1local
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momentum representation space by

KFIQ> = JF(x,x)‘q)(x)dx

A

In this space (7.2.1) becomes

U, = expl-i X t/2mh)

and hence we can express Ug @(x) as follows

(Tz22) lth(x) = .[F(k,x)(FIQ>exp[-i)3t/2mn]d\.
R

Now for all x in A, we have [(4.4.4)]

F(A,x) = expl-ixx,/nlf(Xr,x),
where f(A,x) are the generalised momentunm
eigenfunctions. Furthermore if we impose the
restriction that @ vanishes outside the centre of
localisation A, then it can be demonstrated [ef(l4.U4.4)]
that

<F1¢> = explilx, /n]l<f19>

where <fl@> is the representation of @ in the momentum
space given by [(2.1.3)]

<Fl9> = (2mh)% [@(x)exp[-ihx/h].
From all this it 1s straightforward to deduce the

following result.

(7.2.3) Theorem

Let @,¢ L" (R ), @(x) = 0, x¢ Ao, then
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Uy @(x) = U,Q(x), for all xeA, .

In other words the time development in the centre
of localisation of a wavefunction @, initially 1lying
entirely within the centre of localisation may be
described equally by the usual time evolution operator
Ut or by the local time evolution operator Ug for all
subsequent time. Physically speaking, as far as the
interior of the apparatus 1is concerned the 1local
operator 1is exactly the same as the global one in
describing the time evolution of the system. The
difference between the two is that, in coptrast to
Theorem (7.1.5) above there are many solutions to the

simultaneous equations

(T.2.4) E(x; A)@,

@,
U!t Qn ;

E(X;A)thﬂ,

it 1is possible to retain a localised system within the
apparatus for subsequent time. Equally it is obvious

that

(7.2.5) lim llE(x;h)U;ttP.Il s 1,

tre

which is in sharp contrast to Theorem (7.1.6).
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Now suppose that we denote by ﬁt the time
development of the position operator using the local

evolution operator. In other words ?t is given by
6 2 Al AL
(7.2.6) X, = expli3p"t/2mhlx, exp[-isp*t/2mn].
It is worthwhile to consider whether we may draw =some

kind of analogy with the "uncertainty" theorem (7.1.6)

by considering the uncertainty product A,x,.A,ft for

the 1local time evolution. In fact we can prove the
following, remarkably similar result for the 1local
case.

(7.2.7) Theoremn
Let @¢L*(R) satisfy E(x,;A,)P = @. Then for all t> 0
A, .AgX, > nt/2m.

Proof

We start by computing the commutation relations for x,

and 55“. Proceeding formally, and using the equivalent
Fa '/"Lf_

representation $p = §ip$rF we obtain first

[x,,4p"] = $40xps...5p - BS...4Px14%.

Using the operator relation [f,p] = -p(f) (ef [x,p]
in), and assuming a compatible domain, the commutator
relation becomes (after some computation)

[x,, $p*] = ih $5(2npf...ps+...

r-\ ’_2‘"_:_"___1 1 L -
..+ (=1) (2nt/(2n-r)tr!)PS...0§%5%Dg... 6D (5) +. .
vt L1 B80. BRYIEE
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This rather complicated looking expression is
substantially simplified when we remember that for r» 2
the summands contain the term d§/dx which vanishes on
As. It follows that

[x,,3$1 = 2nindp>"'.

Hence the commutator bracket is exactly the same as for
the global momentum case [ef proof of (T7.1.6)] but with

p replaced by %p. The analysis of (7.1.6) goes through

exactly as before then and we obtain

[xo ’Uih ] = (.{;}t/m)Us[
and
[x,,?th = (t/m)[x,,{}]Q

= -(int/m) (x§p@ - $p(x@))
= -(int/m) (x P9 - x£po - @ $p(x))
= (ihft/m)Q.
Since §, vanighes outside A, we deduce that
<Ix,,%1; > = ht/m, t» 0,
and the result follows from the usual mathematical

relation concerning the product of the variances [ef

(2.5.%4) 1.



7.3 Asymptotic Localisatjon and Separation

The result of theorem (7.1.6) indicates that as
time tends to infinity a quantum mechanical system
governed by the conventional time evolution cannot be
localised in any finite region 1in space. There 1is
however a sense in which we may consider a system to be
asymptotically 1localised for large times even when the

global time evolution is used.

There is a much discussed experimental procedure
in quantum mechanics known as the "time of flight"
measurement of momentum [de Broglie 1930 p156, Feynmann
and Hibbs 1965 pp96-8, Gottfried 1966 p12, Jayaram
1966, Kemble 1937 p58 et seq, Park and Margenau 1968,
Raith 1976]. The idea of this experiment 1is to
determine the momentum of a quantum mechanical particle
by measuring the time taken for the particle to travel
from one specified point in the configuration space to
another. In classical mechanics this is a
straightforward enough thing to do. Suppose that
initially the (classical) particle is at position x
and after time t it arrives at Xy - Assuming that the
particle travels freely, ie no external forces act on
the particle, then the velocity of the particle between
the specified points is (x,-x_,)/t and hence the

momentum is given by m(x,-x,)/t. In quantum mechanics,
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as we know, no such straightforward description is
possible due to the probabilistic nature of the theory,
the spreading of the wavepacket, the incompatibility of
position and momentum measurements etec. It can be
shown instead [Schiff 1955 p29, ef also Farina 1984]
that the average (or expectation) values for the
quantum mechanical position and momentum measurements

satisfy <x;@> = <p;¢>t/m.

There 1is another way of looking at the problem.
Consider a classical ensemble of particles all of whose
momenta lie in some finite range [p,p'] in R. Suppose
that at time t=0 all the particles are located at x=0.
After time t we can say that the ensemble may be found
within the regicn [pt/m,p't/m] in the <configuration
space. A quantum mechanical counterpart to this result
is proved by Park and Margenau (eg) in their analysis
of the time of flight experiment for a restricted class
of wavefunctions. A more general result has been

proved by Wan and McLean.

(7.3.1) Theorem [Wan and McLean 1983(a) Theorem 1]
Let Q¢ Lz(ﬂ?),and suppose that [v,v'] is any proper
closed interval in & . Then

lim WE(x;[vt,v't1)u @l = NE(H;[my,my'1)QN .

t»
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Physically speaking, this result mimics
asymptotically the property of the classical ensemble.
Notice that (7.3.1) does not <conflict with (7.1.6)
since the "localisation"™ takes place only in an
unbounded interval. Now we provide a formal definition

for this "localisation".

(7.3.2) Definition [Wan and McLean 1983(a)]

A quantum mechanical particle described by the state
vector @ € L*(R') 4is said to be asymptotically
localisable if there exists a proper closed interval
[v,v'] in B (R") such that WE(x;[yt,v't])U QN = 1. We
shall also say that the particle is asymptotically

localised in [vt,v't].

We have immediately the following result.

(7.3.3) Corollary [op.cit]

A quantum mechanical particle described by the state
vector @ 1is asymptotically localisable if and only if
there exists a proper,closed interval [p,p'] such that
WE(p;[p,p'1eN = 1.

Proof

Evidently we have only to take [?,B'] = [mv,my'] where
m is the mass of the particle and the result follows

from theorem (7.3.1).



- 158 o

We introduce a further definition.

(7.3.4) Definition [op.cit]

Two states @,y of a one particle system are said to be
asymptotically separating if there exist disjoint
proper closed intervals [u,u'] and [v,v'] in R" such
that @ is asymptotically localised in [ut,u't] and ¥ is

asymptotically localised in [gt,g't].

The effect of the definition 1is that the
asymptotically separating states are those which are in

disjoint spatial regions for large times.

(7.3.5) Corollary [op.cit]

Two vector states @ and § are asymptotically separating
if and only if there exist disjoint proper closed
intervals [P,P'] and [r,r'] such that

NE(B;Lp,p' DN = 1 = HE(B;[r,r'1)ywN .

7.4 Asymptotic Separation for Two Particle Systems

Now let us consider the case of a two-particle
system. Obviously we can extend the notion of
asymptotic 1localisation of the states. We state first

the two-particle equivalent of theorem (7.3.1).
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(7.4.1) Theorem [Wan and McLean 1984(c) Theorem 2]
Let § ¢ L*(R"). Let m, be the mass of particle 1 and
m, be the mass of particle 2. Then for every proper

closed interval [v,v'] in R we have

lim I (E(x, ;[vt,v't])® 1)U, B

tPeo

WE(D, ;[m, v,m,vy']1)® 1IN

and

lim (1®E(x,;[yt,v't]))U, &)

t=sew

n

K1® E(p, ;[m,v,m,y'1))R) .

One can introduce definitions of the asymptotic
localisation and separation of states quite analogously to
the one-particle case [op.cit Definition 2]. We remark here
that in the present analysis we confine ourselves to the
term asymptotically separating to describe such states. 1In
the previous WM analysis, such states are sometimes called
asymptotically separable. However it does not in general
holda that states which are separating are separable as we
shall see later on [Chapter 9]. For the purposes of the
theory to be presented in this thesis a more useful concept
for two-particle systems 1s the notion of asymptotically

separating particles.

(7.4.2) Definition [McLean 1984]

The two particles in the vector state ® e L*(®R') are said
to be asymptotically separating 1f there exinst dinjoint
proper closed intervals [y,,v/] and [y,,v,] in R" such that

1

lim W (E(x, 5[y, t, v/ t1)® 1)U, 3

t=+o
lim |[(1® E(xy 30y, t,y tD))u @0
t-’m
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For a simple tensor state § = @®Y the effect of this
is easy to visualise physically. The two particles are
separating if their wavefunctions end up in disjoint spatial
regions "at infinity". There is an obvious extension of

Corollary (7.3.5).

(7.4.3) Corollary [McLean 1984]

The two particles in the state Q are asymptotically
separating if and only if there exist disjoint intervals
[p,,p/ 1 and [p,,p/] such that

ICECB, ;lp, ,p/D® DEN = 1 = W1®ED, ;lp, ,p, 1T -

When we come to consider two particle systems with spin

a further degree of generalisation is required.

(7.4.4) Theoren

Let Q’ be a vector state of a system comprising two
spin-half particles with masses m, and m,. Let [Y,,!:] and
[v,,v;] be proper closed intervals in R". Then

lim W ((E(x, ;ly, t,y/t1)® 1) 1)U

t*o

= H((E(ﬁ,;[m.y,,m.gf])@‘” ® 1)3°) and

lim H((1® E(x,;30v, t,vit])) @ 1)U7E"

b"tD

= N((18 E(P, jIm v, ,mv/1)) & 1NE7N .

where U: is the time-evolution operator for the two-particle
spin system, namely:Uy = U, ® 1.

Proof

The degree of generalisafion in taking the tensor product of
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the L* space with the four-dimensional spin space is in fact
less then the generalisation already incurred in taking the
tensor product of the two o spaces. The form of Wan and
McLean 's proof for (7.4.1) may therefore be employed a

fortiori for the present case.

Of course we can then generalise the definition (7.4.2)
and the corollary (7.4.3) to incorporate the spin, simply by
including the tensor product with the identity operator on
the spin algebra. Finally we point out that generalisations
of these results exist in two further senses. Firstly it is

possible to prove the following.

(7.4.5) Theorem

Let w’ be any normal state on B (#4;) the algebra of bounded
operators on a system of two spin-half particles, and 1let
(v,,v/1,[v,,v/] be proper closed intervals in R". Then

Li,m vi((E(x, ;[y, t, v/t N 1)

= w‘“’((E(E ;[m,v, ,my/1)® 1)® 1), and

lim w/((1®E(x,;[lv,t,v,t]1))8 1)

tPeo

= w((1® E(p, 5[m, v, ,my 1))@ 1),

where w;’(n) = wi(A,) for every Ae B (H]), A_ 1is the time
developed operator in the Heisenberg picture [ef (2.1)], and
w’ is the state at infinity generated by w°.

Proof

Notice firstly that w((E(p, ;Im, vy, ,m, y/1)® 1) ®1) is equal
to W"'((E(ﬁ. ;lm,v, ,m,v/1)® 1) ® 1) since the operator argument

is in L""(_l?l yP, )®S5, and that if w? is given by a pure
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state ®°, then the theorem reduces to (7.4.4). For the
general case we remark that a normal state w? is given by a
convex linear sum of pure states

wh o= Z xPg s N0

where 2 ), = 1.Hence we have

lin wi((E(x, 30y, t,y/ t1)®1)@ 1)

- O

= 1limlZ )«;((E(J_(l ;[Yn tr‘!:t’])@ e 1)0:.@:'”'
Eva i

Now the terms of the sum are uniformly bounded by )\, since
WC(E(x, ;[v, t,v/t])® 1) ®1)U 87l is bounded uniformly by 1

and so, by the Weierstrass M-test [Apostol 1957 p396, egl]

the sum converges uniformly. Hence we can interchange the

limit and the sum to obtain

lim wi ((E(x,;ly, t,v/t1)® 1)@ 1)

[ )

= Z)\lim I ((E(x, [y, t,v/t])® 1)8& 1)U

e

S 0 CCEG, 5Imy, ,my/1)® )& 1)E

w((E(p, ;[m, v, ,m,v/1)e 1)® 1).

]

Similarly for the second particle.

A further generalisation 1s possible. In each of
L (7.4.1),(7.4.4) and (7.4.5) it 1is possible to
replace the projections of the position operator by any
essentially bounded complex-valued function g(mx/t). A
theorem in Amrein [1981,p123] ensures that the limit yields
the function g(p). For details of this and an application
of the more general result to states at infinity we refer

the reader to Wan and Jackson [1985].



Finally we shall define a notion of spatial separation

which is not asymptotic but exists for finite time t.

(7.6.1) Definition
Two states ¢,y ¢ # are said to be spatially separate at

time t if there exist A, A' ¢ B (iRn) such that

We= E(x5A") W, -
Two systems and described by the two-particle state

vector & at time t are said to be spatially separate at
time t if there exist A,A' ¢ B (R') such that A,A'=¢ and
® = E(xex,;AxR")P

= E(x,® x,; R'xA') D.

Evidently the instantaneous spreading of the wavepacket
[(7.1)] means that even if such a localisation of subsystems
in disjoint regions occurs for a particular time t there is
going to be a subsequent overlapping of the systems fcr
later time. However this does not prevent us considering
the possibility ¢that at a particular time t we have
separation of the two systems (or states) into disjoint
spatial regions. It will emerge 1later [ecf (9.8)] that
consideration of such spatial separation for finite time
yields some insight into the problems of correlated

subsystems in quantum mechanics. There is an obvious
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extension of the concept of spatial separation for finite

times to systems with spin.
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CHAPTER 8

REDUCED STATISTICAL OPERATORS
AND

CORRELATIONS BETWEEN SUBSYSTEMS
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At the heart of the so-called paradoxes in quantunm
mechanics concerning two-particle systems (eg the EPR
experiment [Einstein,Podolski and Rosen 1935, Bohm 1951])
lies the relationship between the state of the overall
system I+II and the states of the individual component
subsystems, namely the reduced statistical operators. In
particular therefore we must elucidate the following two

questions.

(8.1.1) Given a state w of I+II what are the states w,

and w, of the individual component subsystems ?

(8.1.2) Given states w, and w, of systems I and II,

what is the state w of the combined system ?

The next section in this chapter discusses these
questions in the context of the conventional theory.
Following this we examine +the problem for the
WM-algebra [cf(2.4)]. Defining, in section (8.4),
several precise (and distinct) formulations used in the
literature under the blanket term "correlations", we
then show in what sense, correlations do and do not

exist in the WM-theory.
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We shall assume for most of what follows that we
are dealing with a system of two distinguishable
particles of masses m, and m,, and to start with we are
going to consider systems without spin. The time
evolution will ©be taken as U, = U,® U, . This amounts
to an assumption that the systems are non-interactive.
Since we are concerned with free particles here, U, and
Uy will be the respective free particle evolution

operators [ef (2.1.2)] for I and II.

8.2 Reduced Statistical Operators; Conventjonal Theory

Consider a state w of a two particle system given
by the density operator ¢ on H,. Now one defines the
one particle observables 1in a two particle system as
the observables of the form A,® 1,1@ A,, with A, ¢B(H),
A, e B(+,), We shall follow the usual, very reasonable
assumption that the statistics of the individual
subsystems of the systen, reflected in the reduced
particle states w, and w,, are consistent with the
statistics of the one particle observables in the state
w of the combined system. That 1is we have the
following requirement [ef Beltrametti and Cassinelli

1981 p651]
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(8.2.1) Consistency Requirement

The probability of obtaining a value in the set b on
measurement of the observable A, of system I in state
W, is equal to the probability of obtaining a value in

the set bxR on measurement of the observable A, ® 1 of

the composite system in state w. Similarly for system

IT.

Mathematically requirement (8.2.1) yields the

following.

w,(E(A, ;b)) = w(E(A,®81;bx®R)), for all A e B(H)
(8.2.2)

w,(E(A, ;b)) = w(E(1® A,;RxDb), for all Ae B(H,)

for every bé B (R ).

Since we are considering the conventional
formulation in which every bounded operator on #
belongs to 5«, (8.2.3) may be expressed in terms of the
projections P, on 4, ,B, on #, and in terms of the
traces of the density operators e, and ¢, corresponding
to w, and w,. So we have

Tr(e P, )

(8.2.3) and
Tr(e,P,) = Tr(e(1® P, )), for all P,e L (H,).

Tr(e (P, ® 1)), for all B e £ (H,),
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We point out that this consistency requirement
could as easily have been formulated in terms of
expectation values, since these are interderivable with

probabilities [ef(2.6)]. Thus we have, equally

Tr(e, A, )
(8.2.4) and
Tr(g A;,) = Tr(e(1®@ A.)), for all A e B (H,).

Tr(¢(A,® 1)), for all A, € ® (H,)

It turns out that these consistency requirements
enable wus to provide fairly concise answers to the
questions (8.1.1) and (8.1.2). We shall state these
results without proof and refer the reader to
Beltrametti and Cassinelli [1981, Chapter 7] and von

Neumann [1955] for further details.

(8.2.5) Lemma

Let p ©be the state of the composite system. Suppose ¢
and e' both satisfy (8.2.2)-(8.2.4). Then the
respective reduced statistical operators ¢ and ¢' for

system I satisfy g, = Q". Similarly for system II.
We can derive explicit expressions for the unique
reduced statistical operators generated by a specific

state 4 of the composite systenmn.

(8.2.6) Theoren
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(i) Let {‘P;Qlﬂ_-j}- g.cH, , l%e #H,, be an orthonormal basis
for #,. Suppose ¢ is a pure state on @B (¥, ) given by
the state vector Q whose decomposition in the

orthonormal basis is

é= 5. X,JCPtG’u)J 3 A;JC'C ; ﬁ‘xultz l

Then ¢, and ¢, are given by

(%

-3 c;ij><4>;|1>>
i,J

A

T gl <wiw)
]

where c.. =ZX:;XJ|¢ , and d.;

s
U ='§ Na\ﬁ'

(ii) If the state of the composite system is given by

the mixture

0 =/ue' + (I-/A)fﬂ,qu(l

then the reduced statistical operators are given by

e, = mp +(1-pm)g)]
€ S M0t (1"/'4)€:

where ﬂ' and ﬂ' are the reduced statistical operators

corresponding to ¢’ and ¢",¢" are those corresponding to

n

&
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This theorem ensures that once the state of the
composite system is known the reduced statistical
operators are also determined. Moreover everything can
be reduced (according to (ii)) to the case in which
is pure and for which ¢ yields precise expressions for
the operators e, and ¢,. The following corollaries

detail certain specific cases.

(8.2.7) Corollary

(i) Suppose that & P A\, (9,0 ;). Then

. 2
G = %le‘ P'i.
el= Z‘ix"ll P'-l’;,'

(ii) If ¢ is a pure state represented by the simple
tensor @®Yy, then g¢,¢, are also pure states and are

represented by the vectors @ and Yy respectively.

We now tackle the converse problem (8.1.2).

(8.2.8) Theorenm

Let ¢ and ¢ be the density operators associated with
two subsystems I and II of =a composite system of
particles I+II. Then

(1) The state ¢ = ¢,®¢, is always a possible state
for the system.

{i1) If ¢ and ¢, are pure states then the state of

the composite system is uniquely determined as e =

0®¢€ -
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(1ii) If o and @, are not pure then there may be a

number of possible states for the composite system.

It is of interest to note that the proof of (iii)
in (8.2.8) 1illustrates a feature peculiar to quantum
mechanics, namely that the composite state may be pure
while the reduced statistical states are mixed. We
shall come across a particular example of this in the

isotropic spin-zero vector of the EPR paradox.

8.3 Reduced Statistical States; The WM-Theory

Let us now turn our attention to the WM theory, in
which the algebra of observables is given by the
asymptotic algebra A, [ef (2.4)] with states which
include the normal NPLF's on JKM‘ and the normal NPLF's
at infinity on A, [ef (2.4.3)]1. As in the
conventional case we shall adopt the physical
requirement (8.2.1). Now however we must generalise
the mathematical requirements to include all the states

on the system. For every Borel set b we require:

w, (E(A, ;b)) = w(E(A, ;b)® 1), for all A,e Ay
(8.3.1) and

w, (E(A; 3b))

w(1® E(A, b)), for all A, ¢ Awma

We shall also make wuse of the following equalities
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corresponding to (8.2.4):

w,(A,) = w(A,® 1) for all A e Auu ,
(8.3.2) and

w,(A,) = w(1® A;) for all A,e A 2 -

If A is a selfadjoint element of the algebra.ﬁu where
Am{is a WM-algebra then [Wan and McLean 1984(a) Theorem
8] every projection of A is in Am. It follows that
(8.3.2) implies (8.3.1). Conversely the spectral
theorem ensures that (8.3.1) implies (8.3.2).80 these
two conditions are again equivalent. For the case of
the WM-theory we recall that states are of two distinect
kinds. There are normal states given as usual by the
density operators on A,, and the states at infinity,
generated from the normal states as the limits in time
of the time-developed normal states [(2.4.3)]. We
shall use the notation w, to specify normal states and
w, to specify states at infinity. In both cases the
subscripted greek 1letter denotes the density operator
generating the state. A general state w is of the form
[Wan and McLean 1984(b) Postulate 3] w = mw, + (1-M)wy,
Dsgmg 1. Let us suppose first that the state w of the

composite system has been given.

(8.3.3) Lemnma
Let w be the state of I+II. If w, and w/ are states of

I which both satisfy (8.3.2) then w, = w/. If w, and
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w, are states of II which both satisfy (8.3.2) then w,

Proof

The states w, ,w’ are by definition elements of the dual
*

space Am; of Awu: [Bratteli and Robinson 1979 ph48].

W, =w/’ is a well-defined, though not necessarily

positive, element of this space. Since w,(4,) = w:(A,)

for every Ae,ﬂw, we have w, -w,/, = 0. Hence the

result.

We have shown here that the reduced statistical
states (as we shall call them in a natural extension of
the term reduced statistical operator) are uniquely
determined by the state w of the composite system and
we shall therefore refer to (8.3.3) as "the uniqueness
lemma™, We wuse this lemma to generalise Theorem

(8.2.6) above to our present case.

(8.3.4) Theorem
(1) Let w be the state of the composite system I+II
and suppose that w is pure. Then w can be represented
by some vector § in H, with
® = ;ij;.'j CP;@&‘J'

where {@0W} is an orthonormal basis in #4.. Moreover
we have

W, = We § W, = W

where ¢ and @, are the reduced statistical operators
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determined by the vector $ according to Theoren

(8.2.6).

(i1) If w is a mixture of the form
w o= uw o+ (1-m)w”

where 0 <4< 1, then the states w, and w, satisfy
w,=maw + (1=p)w’
w, = maw o+ (1-m)w,”

b, it

where w » Wy

are the reduced statistical states of w'

i’

and w',w,’ are those of w".

Proof

(1) Theorem 5 in Wan and McLean 1984(b) tells us
that @® has the given form in the orthonormal basis.
Theorem (8.2.6) ensures that the states w, and w,
satisfy (8.3.2) which has the trace form (8.2.4) for
this particular case. Their uniqueness as solutions to
the problem follows from the uniqueness lemma.

(i1) This follows easily from the wuniqueness lemnma

and the linearity of the states.

(8.3.5) Corollary

(i) If w is a pure state § = Z \ ¢;®W; , then w, =
Hh' W, = w&, where L

¢ = = | 31* Py,

6= Z;”‘i‘l Py,

(ii) If ® = 4oy, then w, and w, are also pure
states represented by the vectors @ and
respectively.

Proof
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Both (i) and (ii) follow easily from (8.3.4).

There is another useful consequence of (8.3.3) and

(8.3.4).

(8.3.6) Corollary
If w is a normal state, then so are w, and w,.
Proof

Follows immediately from (8.3.4)(ii).

In the case where w is normal therefore, all the
states, including reduced particle states are given by
density operators and the results that hold for the
conventional formalism concerning the form of the
reduced statistical states and their uniqueness are
reproduced for the asymptotic theory (WM). We now
investigate the problem of +the states at infinity,
which of course do not exist in the conventional

theory.

(8.3.7) Theorem

Let w be a state at infinity given by w = wg. Then the
reduced statistical states for the subsystems I and II
are given by w; and wz_reSpectively, where T, and T,
are the reduced statistical operators determined
uniquely by 7.

Proof

For each A, in »‘\m,_ we have
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wy(A,) = lim Tr(¥, A¢ ) = lim Tr(7(A,@ 1))

W::( A|® 1 ) ?
. tveo

and

wo(Ay) = lim Tr(v Ag )

[ L]

The uniqueness 1lemma ensures that the states w: and w$
' 2

lim Tr(Y(1® A,)) wr(1® A,).
]

are the appropriate reduced statistical states.

Of course the results of Theorem (8.2.6) suffice
to elucidate the form of the density operators T, and
T, which generate wy and ":' In addition, when T is a

mixed state we have a further result

(8.3.8) Corollary

Let w = w$ where T is a mixed state T = a1’ + (11M)T”.

" ©
Then w, =mw  + (1-m)w", where w' = w5, w/ = Wy, and

similarly for w,.
Proof
For every A, in J&,,we have

w,(A,) = wP (A,) = lim Tr(V A, )

] kv
1im Tr( (™ '+ (1=m)Y")A )
k»e

Mlim TP(Y\'Alt) + (1-4)1lim Tr(¥ A )

(by linearity of Tr and the limit)

pmw! (A ) + (1=p)w (A,)

Mmawh (A ) + (1=m)w; (Ay).

Similarly w,(A4,)

It was noted above that a general state of the
WM-theory is given as a linear sum of a normal state
and a state at infinity. By the following lemma we can

transfer this mixture to the subsystems.
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(8.3.9) Lemma

Let w = mwg + (1-m)w’, 0<m<1. Then

W, Mw + (T-H)w;

W,

n

MW, + (1-ﬂ)w€

where ¢.;¢ , Y., T, are determined according to Theorems
(8.3.4) and (8.3.8).

Proof

Using the uniqueness lemma we have only to show that w,
and w, satisfy (8.3.2). This is straightforward since
w, (eg) is a linear sum of states w, and wy which have
already been shown to satisfy the consistency

requirement.

We now consider the reverse problem. Given the
states w, and w, of the subsystems of a composite
system, when and how can we determine the state of the

composite system ? Firstly,let us prove a preli minary

lemma .

(8.3.10) Lemma

(i) If w, and w, are both normal states then w is
normal.

(ii) If w, and w, are both states at infinity, then w
is a state at infinity.

Proof

(i) Suppose that w is not normal; ie suppose that

o= uu, + (1-p)wy
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where 0 ¢M<1. Then from lemma (8.3.9)
WS MW+ (11A)H:,
so that w, is not normal. The result follows by

contradiction.

(ii) The proof is similar to that of (i).

Now, suppose that w, and w, are any two states of
I and II. By definition, w, and w, are members of,A;u
and aAtu respectively. We can form the tensor product
,A;ugnﬂ:m_ of these dual spaces, consisting of linear
combinations of simple tensor elements w,® w, which act
on Ay in the following way: let 3 M\A;® A, be an
i)

arbitrary element of J«mu ; then

_k;jw,(ﬂi_ )Hz(AJ)-

i
We can now generalise Theorem (8.2.8) to the present

(‘N.@ wz)(ﬁ \;jﬁ"@ A.J‘) =
case.

(8.3.11) Theorem

Let w, and w, be the states of the systems I and II.

Then:
(i) A possible state of the combined system 1is
always
W = W,® W,
(i1) If w, and w, are pure states with state vectors

@ and ¥ respectively, then w is pure and has state
vector qayw.
(iii) If w, and w, are not pure, then the solution w

to (8.3.2) for the state of the composite system is not
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necessarily unique.
Proof
(1) JAZRL®J4;“ is a space of continuous 1linear
functionals on Awm. . Hence the functional defined
by W = W,® W, is continuous (ie bounded) and hence
[ef(2.2.2)] positive. Moreover w(1) = w,(1)w,(1) = 1,
80 w defines a state on JAwng . If A.edAwu we have
(w,®@ w,)(A,® 1) = w, (A, )w,(1) = w, (4,).
Similarly for system II.
(41) Since w, and w, are pure they are normal
[Theorem 5 Wan and McLean 1984(b)]. According to Lemma
(8.3.10) w is also normal and the problem is reduced to
the density matrix form of the conventional case =so
that the result follows from Theorem (8.2.8).

(iii) The example of (8.2.8) suffices here.

8.4 Correlations Between Subsystems

We have made an extensive comparison of the
relationships between composite and reduced statistical
states in the conventional theory to the relationships
between such states in the asymptotic (WM) theory. It
transpires that many of the results for the
conventional theory in which states correspond to the
density operators in B(H) are echoed in the

asymptotie theory. 1In both cases, the state of the
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composite system I+II uniquely determines the reduced
statistical states for the component subsystems. In
both cases the state of the composite system is
uniquely determined by the states of the subsystems if
and only if the states of the subsystems are both
pure. In addition the form of the reduced statistical
states for a given pure state of the composite system
is identical in both theories. One important
difference emerges however, which we shall now
elucidate by examining the concept of correlations
between subsystems. Unfortunately, the quantum
mechanical literature is littered freely with the term
correlation (or sometimes correlation function) and it

is possible to isolate three distinct usages.

Firstly, the term correlation or correlation
function is often used to refer to the joint
expectation function <A@ Bjg> or the joint probability
function <A® BjAxA, ;0 >. In particular many authors
employ this term when considering such joint
probabilities in Bell-type analyses of two-particle
systems [cf many of the references in Appendix A.3].
To avoid confusion, which is particularly likely in the
precise situation in which we are talking about
"correlations"™ in more than one way, we shall always
refer to these '"correlation functions"™ as a joint

expectation functions or joint probability functions.
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In another sense, the term correlation is
sometimes wused to refer to the effects of coherence
which characterise the difference between a pure state
and a mixed one. Given some expectation value
<A; (@ +v)/[2>, say, the so-called correlation terms are
those given by <@IAW> for example and yield the
statistical difference between <A;(¢+V¥ )/J2> and the
mixed state <A;(1/2)(P,+P,)>. As an example of this
meaning of the term correlations the WM-algebra is an
algebra of "asymptotically vanishing correlations" in
precisely this sense [Wan and McLean 1984(a)]. When
describing a system in which two states ¢ and W are
asymptotically separating [ef (7.3.4)] the Wan and
McLean algebra ensures that the coherence terms vanish
in the asymptotic limit. This means that pure states
evolve to mixtures "at infinity" and these proper [cf
Cufaro Petroni 1977, Jauch 1968,eg] mixtures provide an
essentially classical statistics for large times. The
concept of correlations in this sense, which from now
on we shall refer to as coherence, arises in the
extension of asymptotic separation of states to the
two-particle case and is <cited by Wan and McLean
[1984(c)] in their resolution of the momentum
formulation of the EPR paradox. The resolution
consists in demonstrating that at infinity a system
comprising two particles whose states are a

superposition of asymptotically separating vectors is
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described by an incoherent mixture. We shall see later
that this analysis has no straightforward extension to

the spin case. We shall attempt to provide such an

extension by employing a stronger notion of
correlations.
Classically, [Cramer 1946, egl correlations are

supposed to exist in a combined statistical system if
the joint expectation function E for the overall system
and the expectation functions E| and E, for the
individual systems fail to satisfy the following "no
correlation" condition.

(8.4.1)

E (A, A,) = E, (A )E, (A,)

for all pairs of random variables A, and A, (ie,
physical magnitudes) on the probability spaces fl, and

ﬂ-!_.

In quantum mechanics a simplistic extension of
this condition for the conventional formulation is
given by [Beltrametti and Cassinelli 1981 p68]

(8.4.2)

TP(Q(A|© A,)) = Tr( e, A, )Tr(e; Az)

where ¢ is the state of the composite system and ¢,, ¢,
are the reduced statistical operators for the

individual subsystems, and A ,A, are bounded
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observables on #, and #H,. For a general quantum
system, therefore we might require as a no-correlation
condition

(8.4.3)

W(A.@ Az) = W,(A,)WI(A;),

where w is the state of the composite system and w, ,w,
are the reduced statistical states; A, and A, are
elements of the C*-algebra associated with the systems
I and II. This is in fact the no-correlation condition
given by Beltrametti and Cassinelli [1981] for
example., It corresponds, moreover to the separability
requirement wusually made in the analysis of Bell-type
systems [Aspect 1976, egl. The classical correlations
themselves are defined by

(8.4.4)

C(A, JA, ;M) = KA Aa; M D> = <A, ;4 D<A; ;M0
(VA m) 12 V(A 0] 2

where V (A, ;4, ),V (A, ;m,) are the variances of the
random variables with respect to the probability
measures M, and m, respectively. A quantum mechanical
counterpart of this classical correlation is defined in

Beltrametti and Cassinelli [1981 p68].
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We shall adopt the usage of the term correlation
in this third sense, since it obviously corresponds
most exactly with the classical usage. We suggest one
generalisation , however, designed to take into account
the possibility of considering sums of =simple tensor
observables. Namely, we propose as the no-correlation
condition
(8.4.5)

w(A) = w,® w,(4)

for every observable A in the composite algebra §L for
the combined system. We shall also «call this a

separability requirement for a two-particle system, and

say the the two particles are separable if they are

correlation-free in the sense of (8.4.5).

Now for a classical system if the state 1is pure
then the system 1is always correlation-free. For a
quantum mechanical system this is also true when the
pure state vector ® is of the simple tensor form @ =
oY as it is easy to verify from (8.4.5). Such a
system 1s always separable therefore. However, in
quantum mechanics there exist pure states which are not

correlation-free.

(8.4.6) Example [ef Beltrametti and Cassinelli 1981

87.4, egl
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Consider a system of two particles I+II described by
the spin half algebra 5,= S©8 of bounded operators
on the Hilbert space C'. Suppose that the state of the
system is ¢, = (1/J2)(«®B, - B,®« ) where «;,B; are
[ef (2.3)] the eigenvectors of spin z in the wup and
down directions (respectively) for the (respective)
systems. In the matrix notation the spin observable in

the z-direction is given by

(where we have chosen wunits with h = 1). Hence the
observable J, = J,® J,, has the matrix representation
| o o
= | o - 0
J; = s
0 o -l 0
o o o 1

Then we have

0 \ o O © 0

| - |

Cgdn® g > = s < = & ® .
L3 o o | ©

o/ * o o 0 -\ O



= ABF »

O\ /o
N 4 ! 0 L -
b L ® 0 = <gll® d,ly,>
o/*\o
While
0o \1 O ©O (0]
| 0o - 0] |
<gldly. > = =
8’ !Xo 8 ol | 0 o __| o =1
or® o o 0 | 0]
(o} 0
NN
= =1 \ |= =174
8
o/.\0

It follows that w(J,.® J,) 3§ w,(J;)w,(J) and therefore

this is an example of a correlated system.

We have here an example of a system in a pure
state which is not correlation-free therefore. This is
an undeniably nonclassical aspect to quantum theory
responsible for such effects as the EPR paradox. If we
examine the algebraic theory proposed by Wan and McLean
we find that we still have correlations in the sense of
(8.4.5) even when the states are asymptotically

separating.
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(8.4.7) Example

Let W= W, where ¢ 1s the projection operator
corresponding to ® = (1/72)(¢, 8V, - Yo > and o ,v,
and 9, ,¢¥, are pairs of asymptotically separating
vectors. Let A = A,® A, be any observable in AA,&.
Then we have s-lim A, = f ® f, for some f ¢ L®(p,),

t+o
f,¢ L"(p,), and hence

we (B) = 13.;‘1 Tr(¢(A, @ A, ), )

= Tr(e(f, ® £, ))

= (1/72) (K@ £, @, ><WIF, 8, > + <WIf, 0 ><q' £, ¢'>
while

w:(ﬂ,) = (1/72)(<Q1£,9,> + <VIfy,'>)
and

(172) (K@/1£,¢/> + <WIf,¥,>).

o
wh‘(A,‘)
Easy computation shows that w:’(ﬁ) f w:(&.)w:(ﬂ,‘) and
1 L

hence the state is not correlation free.

The point of the WM analysis is that the coherence
terms, that 1is the correlations in the second sense
mentioned above, vanish and hence the correlations that
remain are essentially those of a classical mixture.
At infinity, therefore, the pure state has evolved to a
mixture and it is quite all right, even classically,
for a mixed state to exhibit correlations in the sense

that (8.4.5) is not satisfied.
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8.5 Remarks

It is illuminating to compare the WM treatment of
the EPR paradox (in the momentum formulation) to the
discussions concerning "sensitive" and "indifferent"
observables in quantum mechanics [Capasso,Fortunato and
Selleri 1973, egl. In a sense, the observables in the
WM-algebra are indifferent to the difference between a
pure state "of the second type" [op.cit] and a mixture
of state vectors "of the first type", at infinity, when
the states are asymptotically separating. Finally we
mention that, while it is not possible to determine the
state of a composite system from a knowledge of the
reduced statistical states [Theorems (8.2.8) and
(8.:3.11)1; one can introduce a physical operator,
called the correlation operator and it turns out that a
knowledge of this operator together with a knowledge of
just one of the reduced statistical states provides all
the information concerning the composite system [Herbut

and Vujicic 1975 and 1984].
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CHAPTER 9

LOCAL OBSERVABLES
FOR

TWO-PARTICLE SYSTEMS AND SYSTEMS WITH SPIN



- §Gf =

9.1 Introduction

In Chapter 3 we discussed the concept of 1local
observables and the localisation of bounded
one-particle observables according to a well-defined
scheme. We now wish to extend this discussion to the
two-particle case and to the case of systems with
spin. Sections (9.2) and (9.3) are concerned with
defining these 1local observables. The next few
sections elucidate the algebraic properties of sets of
these local operators and the correlation properties of
states on these algebras. We shall apply the analysis
of Chapter 8 to some pertinent examples and thereby
draw some conclusions as to the relevance of these
local observables to a certain naive resolution of the
EPR-type paradoxes. This resolution i1s based on the
idea [cf Chapter 1] that when the wavefunctions of the
subsystems become disjoint, there are no correlations
between the subsystems. Finally we include a few brief
examples to illustrate how local observables apply to

the case of identical particle systems.
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9.2 Local Observables for Two-Particle Systems

Following the motivation behind the formulation of

L,-observables [Chapter 3] we postulate for the present

case as follows.

(9.2.1) Measurement Postulate
A measuring device or apparatus of finite size A cannot
detect either particle of a two-particle system if that

particle lies outside A.

Now 1in the description of two-particle systems in
quantum mechanics we retain the option of only
considering one of the particles by allowing for the
existence of one-particle observables [ef(2.4)] of the
form A, ® 1 (or 1® A,). The mathematical requirement

for one-particle observables which arises from (9.2.1)

is

(9.2.2) One-particle observables A1, 1® A,
measurable with finite apparatus of size A must satisfy

(1) <3A, @ 18>

0, for all @ = (E(x, ;A*)e 1)&

(1® E(x,;A"))E .

(1i1) <311@A, 3 >

0, for all 3



- 193 =

When we consider two-particle observables however

we have

(9.2.3) Two-particle observables A measurable with
finite apparatus of size A must satisfy

<3I1Ad > =0
for every d = (E(E‘;AL)Q'I)Q and for every @ =

(1® E(x, ;A")® .

We now define our 1local observables for these
systems. Although we restrict our attention to bounded
observables here, it should ©be noted that the
definition itself can be generalised to arbitrary

observables in much the same way as (3.2.1).

(9.2.4) Definitions

A one-particle observable (OP-observable) A® 1
(1® A,),A, e B(H,) (A, e B(#H,)), 1is a local one-particle
observable in A for system I (II), or L, -observable
(L,, —observable) for short, if A, (4,) is an
L,-observable on H, (H,). An arbitrary observable A on
4—\, is a 1local two-particle observable in A, or
LTP, -observable for short, if A satisfies

E(x,® x, ;AxA)AE(x,®x, ; AxA) = A.
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It turns out, as in the one particle case that
these definitions provide exactly the appropriate
observables to satisfy the measurement requirement
(9.2.1).

(9.2.5) Theorenm
(1) The selfadjoint operator Ae B(H,) is an
LTP, ~observable if and only if it satisfies (9.2.3).
(11) The selfadjoint OP-operator A,® 1, A,¢ B(H,) is
an L,, -observable if and only if it satisfies (9.2.2).
Similarly for La -observables.
Proof
(i) It is easy to show that every LTP, -observable
satisfies (9.2.3). Conversely, suppose that (9.2.3)
holds for some observable A in B (#H.). Then we have
<§IAP > = 0 for all P = E*(x,® X, ;AxA)

This implies that AE“(x,®%, ;AxA)® = 0 for all { in
M., and hence we have
0 = E(x,8%, ; VA)AE*(x,8 X, ; AxA)

= E*(%.@ %, ;AxA) AE*(x,@ X, ; AxA),
and since A is selfadjoint we also have
0 = E*(x,®%, ; AxXA)AE(X,® x, ; AxA) [ef Theorem (3.2.2)].
Therefore A = E(x,® X, ;AsA)AE(x,® x; ;A%A).

(1i) Straightforward using the Theorem (3.2.1).
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9.3 Local Spin Observables

We shall follow a procedure similar to the above
when considering systems with spin. We start with a
one-particle spin system. The wusual measurement
requirement [ecf (3.1.1) and (9.2.1)] yields the

mathematical requirement

(9.3.1) All observables A* on a one particle spin
system must satisfy
<(P‘l A® ?‘ > = 0

for all @%#” such that 4" = (E(x;A)® 1)¢°.

(9.3.2) Definition
A bounded observable A” on #H” is a local observable in
A, or L -observable for short, if A" satisfies

(E(x;A)® 1)A(E(x3A) @ 1) = A .
Once again we can show that the L] -observables are
precisely the observables which satisfy the measurement

requirement.

(9.3.3) Theoren

Let A ¢ ® (H°) and suppose that A” is selfadjoint. Then
A° is an LY-observable if and only if A" satisfies
(9.3.1).

Proof

It 1is evident that each 1local observable satisfies
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(9.3.1). Conversely,(9.3.1) implies that A¢°= 0 for all
Q'eiﬂﬂAjt and the proof follows exactly as for

(3:242)

For two-particle systems with spin we again use
the measurement requirement (9.2.1) to deduce a

mathematical requirement.

(9.3.4) OP-observables measurable with apparatus of

finite size must satisfy

<FIAT@ 18°> = 0, for all 8= (E(xex, ;AxR)® 1)&°

<3¥11® A] 37>

0, for all 3= (E(x,ex,;RxA)® 1)§°.

Two-particle observables must satisfy
<¥IA"P"> = 0,

for all 3°= E“(x,@x, ;AxA)® 1)§°.

We define local observables in the expected way.

(9.3.5) Definitions

A bounded two-particle observable A in B(#H!) is a
local two-particle obgervable in A, or LTP:—observable
for short, if A® satisfies

(E(x,@ X, ;AxA)® 1)A(E(x,@ %, ;AA)® 1) = A

A one-particle observable A® 1 (1® A7) is a local one
particle observable in A for system 1 (2),
Ly, -observable (Lsa,-observable) for short, 4if A, (A,)

is an LJ -observable on #H, (H,).
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(9.3.6) Theorem

An observable A in [B(#7) is an LTP -observable if and
only if A” satisfies (9.3.4). An OP-observable A ® 1
in B(H))e 1 is an L, -observable if and only if AJ® 1
satisfies the appropriate equality in (9.3.4).

Similarly for L,,-observables

The proof of this theorem is a straightforward
extension of what has gone before. As a consequence of
the above analysis we see that the Lj -observables are
tensor products of 1local observables with spin
observables. Thus for instance, the simplest form of
L{ -observable is E(;;A)é S,for some S in 5 i the
algebra of spin operators. This is a significant
feature of the formulation, for 1t embodies the
insistence that we consider the 1locality of the
particle and the confines of the measurement situation,
even when it is only the spin parts of the observables
that appear to be of interest. It will be seen below
that this fact has important consequences 1in the
physical analysis of spin measurements on two-particle

systens.
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9.4 Localisation of Bounded Obseryables
Exactly as for the localisation of bounded

one-particle observables for systems without spin, it
is possible to introduce a procedure for the
localisation of bounded two-particle observables and

observables for systems with spin.

(9.4.1) Definitions
For each A" ¢ B(#H") where M is the Hilbert space
corresponding to a one-particle system the localisation
A7 of A in A is defined by
A7 = (E(x;A)® 1)A°(E(x;3A)® 1),

for each A€eB (R").
For each A in B (M] ), the localisation AT of A" in A
is defined by

A7 =(E(x,0X,;AxA) @ 1)A° (E(x,® X, ;A*A) ® 1),

for all AeB (R').

Obviously the localisation in A of A" ¢ B ( H7) is
an L} -observable, while the 1localisation in A of
Ae B (HT) is an LTP{-observable. Similar
localisation procedures can be defined for one-particle
observables in two-particle systems. Without much
difficulty it is possible to prove several convergence
results corresponding to those in (3.3). Essentially,

these amount to the fact that in the limit of large
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apparatus size we regain the usual global observables.
In addition it 4is of some interest to explore
formulation of bounded globally related families of
L:—observables and LTﬂf-obaervables. Since we have
carried all this through in some detail for the
one-particle case however, we shall not detail the
extension to the present cases. Rather, we shall
concern ourselves here with an investigation into the
algebraic properties of the 1local observables. In
particular we shall investigate the correlation
properties [ef (8.4)] of certain states with respect to

algebras of local operators.

9.5 Algebras of Local Operators

We start by considering sets of L,-operators on
one-particle systems without spin. Throughout A will

denote an element of ﬂg(l’Rﬂ).

(9.5.1) Lemma

Let A,= {Ae B (# ): A is an L, -operator}
= {Ae B(#): A = E(x;A)AE(x;A) 1.

Then A, is a c*-subalgebra of B (4H ).

Proof

Lemma (8.2) in McLean 1984,
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(9.5.2) Lemma

Let A,= {Ae B (#, ): A is an L, -operator}
= {AecB(H ): A= A0 1,A¢ A, 1, and
let A, = {Ae B (#H ): A is an L,, -operator}

{Ae B(H, ): A =1®4,,A, ¢ A, }.

Then A, and ,.A“ are C¥-subalgebras of R(#, ).
Proof

,.AM is the +tensor product algebra of A,\ with the
trivial C¥-algebra {1} and by the properties of tensor
products of C*—algebraa [ef (2.4)] 4is 1itself a

C*-algebra. Similarly for ,.ﬂn.

(9.5.3) Theoren
Let A, = (A ¢ B(H): Ae A, for some Ae B (R")}
B LJA,\,

and 1let A_denote the closure in the operator norm of
A,. Then

(13 A_. 1is a proper *-subalgebra of B(#H ).

(1i) ,.f?\,_ is a proper C*-subalgebra of @ (4 ).

Proof

(i) Theorem (8.5) in McLean 1984,

(1i1) Evidently ,.;\l_ is a C*-algebra. Moreover 14 A,
nor 1is 1 the uniform limit of members of A._ since
NE(x;A)=10 = IE(x;A*)Il = 1 for all A. Hence 14..;\,_ and

A;_ is a proper C¥-subalgebra of B (H ).

(9.5.4) Theorem

Let 9‘\‘ = {(AeB(H ): Ae A, for some Ae B, (R}
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A= (AeB(H,): Ae Ay for some A€ B (R")},
and let ,A,,ﬂﬂl denote the norm closures of these
sets.Then we have

(i) A, and A, are proper ¥-subalgebras of ®(#, ).

(ii) A, and A,; are proper C*¥-subalgebras of B( #H. ).

Proof
(1) It is sufficient to observe that A, and A, are
tensor product algebras of proper®-subalgebras.

(ii) As for the proof of (i).

(9.5.5) Corollary

Let A = A A . A, is a *-subalgebra of R(H, ).
Am is a C*-subalgebra of B(H, ).

Proof

Follows immediately from (9.5.4) and definition.

(9.5.6) Theorenm

Let .ﬂnﬂ‘: {Ae B(#H,): A is an LTP, -operator}
and A, = (Ac¢® (M. ): AeAy , for some Ae B (R")}.
Then

(i) anﬂ is a proper C*-subalgebra of B (#H.).

(1) ,;“m, is a proper C*-subalgebra of B(H, ).

(111) A, c A cAlcB(H,.).

Proof

(1) A = Aned,.

(i1) Let A,Be A, . Then there exist A,A' such that A
is an LTP,-operator, B is an LTP,-operator. It is a

straightforward matter to show that A+B is an
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LTP, , -operator, while AB is an LTP, ,»-operator.
Closure under the adjoint operation is straightforward
and it follows that As is a ¥-subalgebra of B( #H. ).
1 is not in A,y [ef proof of (9.5.3)] and hence Ay is
proper. ,9?\._11: is therefore a proper C*—subalgebra of
B(H, ).

(iii) Every element of ,5‘\,_.,9 is a sum of elements
An® Ay, for some A. But A, Ay is a product of A,® 1
and 1® A, which are both in A,. Now A,e 1 is in AL
but not in ,.A,_Tp and we have ,.‘Amc:\m. For each
Ly—-operator A , say, we have

s =lim ((A,® 1)) = s =1im(A,e) = O
L

t a0

by Theorem (9.20) in McLean 1984, Similarly

s*-1im((1@ 4,),) = O. Hence each L, -operator or
t-’ﬂ

L,, -operator is in A, . Since A, is a C*-algebra [Wan
and McLean 1984(b)] it follows that arbitrary sums and
products of such operators are in A?,. This exhausts
all the operators in ,.A“_; ie ,.A..;,C ,.Af, . The final

inclusion is obvious. The result follows by closure.

When we introduce spin quantities into the
discussion we shall use, as before, the superscript e.
C*-algebras are generated by taking the tensor product
of the local algebras ,.Au, ,Au“, etc with the relevant
spin algebras. The algebras inherit the nomenclature

of the operators. Thus, for example, .AT“ is the

L;—algebra comprising all L:‘-operator-s, 'L_“ is the

LCf—algebra comprising all LCf-operators, ,.A:,-p is the



- 203 -

LTP®-algebra of all LTP -operators, and so on.

9.6 Correlation Properties for Local Spin Algebras

In Chapter 8 it was shown in the proof of Theorem
(8.4. ) that the spin state ¢, = (1//2)(«®g, - §02) is
not separable (ie not correlation free) on the algebra
of observables éi. That analysis was carried out using
purely spin quantities. We shall examine this case
(among others) anew in the 1light of our present
understanding that we must take 1into account the
spatial 1location of the various states and subsystems,

due to the finite limitations of the measuring device.

Before proceeding we need to clarify the concepts
"pure" and "mixed" as applied to states. In
particular, when we have a separable product w =
W*Mb w*m of a spin state with a space state, for
example it is possible for the overall state to be a
mixture in the conventional sense, ie

wo=pmw' + (1-ud)uw",
and yet only one part of the state, say the space part
Wioaw 9 is mixed. Since the pure part of the state, the
spin part for example, may be a superposition of
correlated vectors, it will not necessarily be

sufficient for our purposes (in examining correlations
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between subsystems) to show simply that the overall

state is mixed.

(9.6.1) Definition
We call a normal state w on a spin algebra,
spin-separable if we can write

W = Won

Voo ® Wy,

with the obvious nomenclature.

The states $8y , §¢#H. , ye¢ H , are all spin-separable,
for example. Notice that a spin-separable state is not
necessarily separable in the sense of being
correlation-free. When a distinection 1is necessary
between these two concepts we shall refer to the latter
as particle-separability as opposed to

spin-separability.

(9.6.2) Definitions
We call a spin-separable state wwué Wepa Spin-mixed if
Wspin is a mixed state, and we call it space mixed if

Wypae 1S5 a8 mixed state.

(9.6.3) Lemma

A spin-separable state w is mixed if and only if it is

either spin-mixed or space-mixed.
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The proof of the lemma is obvious. Notice however
that w being mixed does not imply that w is spin-mixed

(eg).

(9.6.4) Example

Consider the state &eég  where § is the isotropic
spin-zero vector, and & is the example of (8.4.7)
given by

b = (1/1]2) (9,0, +Vv'e® ),

We recall from (8.4.7) that the state 3 is mixed on
the algebra L”(PI'Pt) and hence Qég, is space-mixed on
the algebra L”(g,,gk)ééﬁ % But is not mixed on
5& ! So this state is not spin-mixed on

L” (p, ,p, )& S, .

It is evident that to a certain extent at least,
just as the notion of mixed or pure is dependent on the
algebra on which a state acts, so is the notion of
separability: both particle separability and
spin-separability. As an illustration of this we
observe that, while a state given by a pure vector ¢y
is separable on any algebra, any state w is separable
on a one-particle algebra, since by definition w(A,®1)
= w,(4) = we w,(A®1). Equally a vector state ¥ =
@éx is spin-separable on any algebra, while any state

is spin-separable on an algebra A®1 or 165 .
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We shall formulate some results concerning
spin-separable states. First we must introduce one or

two further definitions.

(9.6.5) Definitions
Let w be a spin-separable state w = w*mélw*m. We shall

say that w is spin-simple if w is a pure state of the

Sf:n
simple tensor form. We shall say that w 1is
space-simple if g*u is a pure state of the simple
tensor form. Finally we shall say that w is simple if
w 1is both spin-simple and space-simple: 1ie w is given

by a pure state §"= (00W )® (4, @4 ) -

The notions of spin and space simple are not
algebra dependent. However it does follow that a simple
state 1s both particle separable and spin-separable on

any algebra. Some immediate results are presented 1in

the following.

(9.6.6) Theorem

Let 54 be any one-particle algebra. Then

(1) Every =state on jk is particle-separable (ie
correlation free).

Let A° be an OP"-algebra. Then

(ii) Every spin-separable state is either
space-simple or space-mixed.

(14i1) Every spin-separable state is either spin-simple
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or spin-mixed.

(iv) Every spin-separable state is either simple (and
hence correlation free) or mixed.

Proof

(i) Evident from the preceding remarks.

(ii) Let w = Ve ® Wagin - Let A® 1 ¢ A° , and suppose

that A= 5 Be S, » B¢ A, Se S. Then we have
¥

o B =
w(A® 1) = % H,WEB-L@ 1) . ",,;n(sde )
= Z w;;-)ll (B)ow‘:;.d (S)|
i,J
Where @ga and dﬂm are reduced particle states. Now it
follows from Theorem (8.2.8) that w!' is mixed unless

SfMl-

‘%Pu is given by a simple tensor, and hence w is either
space-simple or space-mixed.
(iii) The proof is identical to (ii).

(iv) Follows from (ii) and (iii).

The physical importance of this result may best be
seen as follows. Recall [(8.4.1)] that in classical
probability theory every pure =state is correlation
free. What we have shown in the above is that for a
certain class of states (namely spin-separable ones) on
a certain class of algebras (one-particle algebras) the
classical respect for pure states is echoed. Every
state which is not mixed is correlation free. As a

corollary we examine a particular example.

(9.6.7) Corollary

Let & = (1//2) (o, 0V, + %{04);& ), where the subscripts
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ArA'! denote the support of the wavefunctions. Let w =
By ® By, A Then w is a mixed, space-mixed and
spin-mixed, correlation-free state on each of

(a) AL (b)) AL (e) AL (@) AL .

Proof

w 1is spin separable but is neither space-simple or

spin-simple and the result follows from Theorem (9.6.6)

therefore.

(9.6.8) Theoren

-8
Let w be the state defined in (9.6.7) and let A, be
any LC5-algebra with A'AA’ = @. Then w is either
space-mixed, spin-mixed and correlation free or else
zero on all elements of this algebra.
Proof

For all one-particle observables w is spin-mixed,

space-mixed and correlation-free. The other
o
observables in JQ“M are generated by the

LTE&-observables and it is straightforward to show that
w 1is zero on these observables since every term in the

L
wavefunction & contains a vector in 1%.

(9.6.9) Theorem

Let w be as in (9.6.7). Consider the LTP’—algebra -Zp.
There are observables in Jiﬁp for which w is neither
zero, nor mixed, nor correlation free.

Proof

Take A°¢ AL, , A" = E(x®x,;A%A") ® J,, where J, is as
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in example (8.4.6), and A A # 0 and NaA # 0. The
space part of the state is nonzero and the spin part is

not correlation free. Neither part is mixed.

(9.6.10) Corollary

o 1o
Let w be as above and consider the LC -algebra qu.
There are observables in Aﬁi,for which w 1is neither

zero, nor mixed, nor correlation free.

Proof

A%, € AL by (9.5.8).

We remark that the results of (9.6.7)-(9.6.10) can

be proved a fortiori for the state given by vector

ERTIST A

9.7 Ihe EPR-Paradox

Recall from (2.7) that the spin vector relevant to
the EPR paradox is the isotropic spin vector .
Almost invariably no attention 1is paid to the space
part of the wavefunction 1in consideration of this
problem in the 1literature. We have learned in the
present chapter, however that this neglect is not only
unjustified but represents a major oversight in the
analysis of the issue. We must therefore reconsider

the problem, trying to take into account the space-part
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of the wavefunction in order to be able to specify the
locality of the particles in the system at the time of
the measurement. Remember that the two particles are
supposed to fly off in opposite directions after time t
= 0 at which they are in the spin-zero state, so that
when a measurement is made on them, the two particles
are (arbitrarily) separated. This can come about in
two ways. Either the particles are asymptotically
separating, so that for 1large times they occupy
disjoint spatial regions. Or else, for some finite
time t,say, the particles are spatially separate in the
sense of (7.6.1). In either case the form of the

overall wavefunction for the EPR system must be:

(9.7.1) 7 = (1//2)(9e@ w )(a®B, - BOX1)

where ® and Y are either asymptotically separating or
spatially separate for some finite time t. In this
chapter we shall consider the case for finite time and
suppose that at that time (we suppress reference to the
exact time itself) the two particles are spatially
separate. Thus, (9.7.1) becomes a special case of the
wavefunction ® of (9.6.7)-(9.6.10). In particular

Theorem (9.6.8) holds for this case.
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Our resolution of the EPR paradox as formulated in

(2.7) consists in the following line of reasoning;

(9.7.2)

(1) The appropriate wavefunction to describe the
system is §.

(141) A measurement of one of the particles in the
system can only satisfy the nondisturbance criterion if
the measurement apparatus does not interfere with the
other particle. In particular this means that the
finite domain A” of the measurement apparatus and the
support of the wavefunction of the second particle are
disjoint.

(iii) The C¥-algebra of observables measurable with
finite apparatus of size A" is ,A;M[This follows from
(9.2.2)1.

(iv) The state given by $7 and all possible algebras
of observables measurable in such a way as to satisfy
the EPR non-disturbance criterion satisfy the
conditions of Theorem (9.6.8),

(v) The state w is mixed, spin-mixed and space-mixed,
and correlation-free (ie separable) for all non-trivial

observables in all possible non-disturbing algebras.
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We consider (v) to constitute a resolution to the
paradox in this limited finite time case: w is not only
mixed, but demonstrably separable with respect to the
physical algebras relevant to the situation. The
limitations of the resolution are obviously the ones
already mentioned concerning the instantaneous
spreading of the wavepacket. This resolution exists
only instantaneously. The next instant, the
wavefunctions will have spread irrevocably, no further
spatial separation is possible and the two systems
become inseparable according to the standard 1laws of
time-evolution for quantum mechanies [ef(T7.1)]. We
cannot alleviate this problem by considering a sequence
of local algebras because we would then involve
ourselves in considering the algebra.AzJ and we have
seen [(9.6.10)] that A% is neither mixed nor separable
on this algebra. The only way out of this dilemma
would be to <claim that the time-evolution in quantum
mechanics 1is faulty ,at 1least globally. (We have
already suggested an alternative time-evolution in a
box [(7.2)].) But such drastic measures must await
elucidation elsewhere. Another solution is possible in
the asymptotic limit where a "localisation"™ in disjoint
spatial regions occurs [(7.4.2)]. We shall investigate

this situation in the next chapter.
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9.8 Identical Particle Systems

Although it is not our purpose here to discuss
identical particle systems in great depth we shall
briefly mention one or two examples in which the use of
local observables illuminates the breaking of particle

symmetry suggested by Pauli [ef Chapter 1].

(9.8.1) Example
Consider the state w given by the vector

d = (1/J2)(¢ey + vogQ)
where ¢@(x) = 0, x4A , and WY(x) = 0, x4 A, AN =
g, and let A! be the symmetrised observable given by

Al = A,® 1 + 1@ A,

where A, is an L,-observable. Notice that the
observable A' is a sum of local one-particle
observables and hence belongs to ,ﬂud. The symmetry of
both state and observable suggest this description as

the appropriate one for two 1identical symmetric

particles, that is bosons, and we have

w(A}!) (172) (< QLA P> + <PIA,Q>)

<RIA@ >

(172)Tr (B A') + (1/2)Tr(B A")
It is evident from the above that (a) w is a mixed
state with respect to observables of the given form and

(b) A, is in some sense a one-particle observable. The

sense in which A: may be regarded as a one-particle
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observable is as follows. With respect to observables
measurable using apparatus of finite size A and
appropriately symmetrised w 18 no longer a pure
superposition of state @&y in which 1 is on the
left,say and II on the right with state Y®¢ in which
I is on the right, I on the left; it is now a mixture
of these states. Since it is a mixture we are entitled
to conceptualise the problem in the following manner:
one (and only one) of the particles is on the left (ie,
in A ), one (and only one ) is on the right (in A’ ) but
we do not know which is which. This is the classical
ignorance interpretation of a mixture. The use of
local observables therefore enables us to break the
identical particle symmetry, when the particles become

disjoint [ef Pauli 1973 p168].

(9.8.2) Example

Consider the non-spin-separable identical particle
(boson) state w given by the vector

3" = (1/J2)(ga ®Wp + WpOQa ),

where we have suppressed the spin tensor product for
ease of writing. Consider an observable A! = A{® 1 +
1@ &f, where this time A: is an L:-observable. Let us
take a simple case: suppose A] is the 1local spin
observable in the z-direction J,, = E(xj;A)Jd, and write
Jl = Jdz3® 1 + 1® J,, . Then w(J') is easily calculated

and we find w(J') = 1/2. 1In other words, the expected

value for a measurement of spin in the z-direction in
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region A is 1/2. This makes physical sense since it

is

spin

whose

we

seen by inspection of the wavefunction that the

up state 1is always allied to the wavefunction
support is in A. What is surprising is that if

tried to proceed in the <conventional way by

considering a spin measurement corresponding to the

spin

whp

The

observable J;= J;® 1 + 1® J; we discover that

<P 11& (J,® 1 + 1@ J3 )17 >

172(<«x@g1(J, ® 1+1® I3 )«BR > + <RBX|(J3® 1+1® Jp ) pO >

(172){((1/72) = (1/72)) + ((1/2 = (1/2))}

£ Da

identical particle symmetry seems to prevent us

making a non-trivial measurement on a single particle.

But

once again we =see that the use of a 1local

spin-observable does allow such a measurement once the

particle symmetry is broken by the fact that the wave

functions no longer overlap. It turns out in addition

that

$° is an eigenvector of the local operator J;ﬁ

with eigenvalue 1/2, and not surprisingly it is also an

eigenvector of q;U with eigenvalue -1/2.
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CHAPTER 10

ASYMPTOTICALLY SEPARABLE QUANTUM MECHANICS
AND

THE EPR EXAMPLE
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10.1 Introduction

The Einstein Podolski and Rosen experiment in the
spin formulation [Bohm 1951] hinges on the separability

of systems described by wavevectors of the form

(10.1.1) 7= (17/2)( 90 W )® (4,808, - B,O )

lef (2.7),(9.7)]. In chapter 9 we showed that if @ and
Y were considered to be spatially separate states
[(7.5)] 1localised in disjoint spatial regions A and A’
respectively at time t,say, then the state w given by
®. could indeed be regarded as separable with respect
to any algebra Jﬂm of observables relevant to the
non-disturbative measurement of the system in N, say .
This 1is one analysis of the EPR problemn. Quite a
different analysis has recently been proposed by Wan
and McLean [1984(c)] for the momentum formulation of

the paradox. They consider the wavefunction

(10.1.2) d = (/J2)(a,0W, + /0O, ),

where @, and Uf are a pair of asymptotically separating
states for particle I and ¢ and V), are a pair of
asymptotically separating states for particle II.
Their solution consists in demonstrating that the state

@ has vanishing coherence terms ( sometimes called
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correlation terms [cf(8. k4 )]) in the asymptotic limit
of large times with respect to the algebra Au [cf
(2.4)]. Our aim now is to generalise these results, or
rather to approach the problem in a slightly different
fashion which will allow us to present an algebraic
solution to the EPR problem by providing asymptotiec
separability of the relevant state whenever the systems
are asymptotically separating. This generalisation
will be applicable to both the spin and the momentum

formulation of the problem.

Let us suppose first that we can extend the
WM-theory to the spin case by simply considering the

algebra

(10.1.3) A = ﬂ\mcésa’

and let us investigate to what extent separability may
be achieved for the wavefunction 3, say of (10.1.1).
Although the space part of the spin separable
wavefunection is obviously correlation free (and also
mixed at infinity) the spin part o yields expectation
values of the form <g,IS g, >,8¢.S, where ¢, is the
isotropic spin-zero vector, and it has already been
demonstrated [(8.4.6) eg]l] that this state exhibits
correlations for certain observables. Neither is w a

spin- mixed state with respect to A .
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The problem we have encountered here stems from
the fact that the usual quantum mechanical description
of two independent systems proceeds via the
specification of the tensor product of the individual
algebras and Hilbert spaces. Using the usual state
specification on the tensor product algebra, one
arrives at what is supposedly a joint probability
measure for results of experiments carried out with
respect to observables on the two-particle system.
Unfortunately, however, the quantum mechanical
superposition of wavefunctions yields coherence effects
in the probability measure which mean that two systems
described 1in this fashion can never be treated as
independent or isolated. That this is an intrinsic
property of the 1logic (and hence probability) of
quantum mechanics has been pointed out recently by
Aerts [1984]. It is evident then that the mathematical
formulation of the conventional formulation is actually
inadequate to the description of a situation where we
demand that two systems be isolated from each other and
independent of each other. This remains the case no
matter how far apart the systems might be. Of course,
this fact (and the philosophy behind it) 1is exactly
what constitutes the huge sledgehammer that allows
followers of the Copenhagen interpretation of quantum
mechanies to knock the EPR argument on the head: EPR's

reasoning is faulty, they will say, because no matter
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how far apart the particles it is not possible to
measure one system "without in any way disturbing" the

other.
OQur aim in this thesis has

largely been to mitigate the extremity of this
position. For the finite case , a sort of uneasy truce
was negotiated by restricting the observables relevant
to the physical situation. Unfortunately the truce is
short-lived. In the long-term, namely the asymptotiec
limit, as we have seen before [cf T.4)] it is possible
to consider a 1localisation of particles in disjoint
regions at infinity. In this chapter we shall pursue a
thecry which provides separability in the asymptotic
limit of large times, when the particles in a
two-particle system are asymptotically separating. To
this end we shall consider an approach in which we make
use of the freedom of the algebraic theory of quantum
mechanics to regard the C*-algebra of observables as
the fundamental building block and consider as states
the NPLF's on the algebra. Our asymptotically
separable theory will be based on a restriction of the

NPLF's on the WM -algebra A .
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10.2 Asymptotic Separation

Before constructing the asymptotically separable
theory, we return to the asymptotic separation of
particles once again [ef(7.4.2)] and introduce some
concepts and notation that will be of wuse in the

subsequent analysis.

Firstly we shall use the abbreviation
E(;_),e P, ;miAxmlA') = E(mAxm,A) throughout this chapter
for the spectral measure of the momentum operator. Let
us consider a vector state Qf of a two-particle spin

system. For each such vector, we define the following

sets:
(10.2:1)
AR) = N{AeB(R"): NE(mAxmR")® 1)) = 1)
A") = NiaeB (R"): IE(m R "xmA)® 1)37 1 = 1}
A = A (87) = A(D7) ,4,(8%).

(10.2.2) Definition
Let As = R"VA.. We call Ag the region of asymptotic
separation of the (vector) state @F_ We define a

parameter of separation A(3%) by

A(37) = I(E(mABgx mA) & 1)37Y
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and we say that a state has no (asymptotic) separation

if the parameter of separation is zero.

(10.2.3) Theoren

The following statements are equivalent:

(i) ®“ is an asymptotically separating state.

65 & ) The region of asymptotic separation of @ is R".
(iii) The parameter of separation for Q' is 1.

Proof

(1) (i1): If ° is asymptotically separating, then

there exist disjoint Borel sets A’,A such that

WE(m, A% mR)é 1)3°N = 1 = W(E(mR¥m,4 )® 1)@°W, and it
follows that A (F°) = Aa8; ¢ A A’ = §. Hence A=
Rﬂ

(ii) 2>(1iii): Obvious since E(mnk"xmzﬂf) = 1.
(ii1i) 2> (1) NE(m AsxmyAg) ® 1)3°) = 1 4implies that
mAgx myAs2 mA,x m;A, and hence Ag2 A, ,Az. It follows

that A, = 0 and hence %% is asymptotically separating.

Now we define two vectors §7 and 3] by:

(10.2.4)

7 = (1/2(8))(E(mAsxm Ag)® 1)3”

(17(1=3) SE(EL(m, Agx m, Ag) © 1) B°.

&7

It is straightforward to show that these vectors are

normalised and that

(10.2.5)
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3= MBI + (1- N(8)E @7,

(10.2.6) Theorem
Let &% and 37 be as defined in (10.2.84). Then we have
AN @S) = 1 and A(®7) = 0. Furthermore the decomposition
(10.2.5) of &“ 4into two orthogonal vectors, one of
which 1is separating, and the other which has no
separation, is unique.
Proof
Let A’ = A~NA., Ay= ANA, . Then

(E(m,Alxm,R")® 1)3] = $% and

(E(mR"xmyA})® 1)37 = 87 .
But A,.,A;= 0 and it follows that 3] is asymptotically

separating, and (by (10.2.3)) A(3%) t

Qi ’ since the

= A (3°). Now

n

Next, we have (E(m.A,x myR") & 197

I

projections commute and so A, (3])¢< 4,
suppose that A(®)¢A. Then

(1= ¥ )HE(m, 8, (3))xmR) & BTN =
E(mA, (37)xmR)® 1) (E*(mAxxm,A5)® 1)37 )\

]

ICE(m, B, (3 )xmA) + E(m, (A () A )xmA)) & 1371 =
WE(m, &, (3T )xmA )@ 1)B7) + W(E(m, ( A(RT)nA ) xmA) ® 1)37|| <
WE(m,®RxmA)® 1)7| + H(E(mAxmA) & 1)8%) =

ICE " (m, Agxm,a) @ 1)FTN = (1= XN

It follows by contradiction that A/(2]) = A,. Similarly

we have A,(87) =A, and hence A(®]) = A, and A[(3]) =
Ag. Therefore we have

x (89)

"(E(ml A_s(&i)“m:. A.‘S(&t) é 1)&:“

N(E(m, Agx my Ag) ® 1)8%)
A
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For the uniqueness, suppose that
7= md] + (1-2)% 8]

we observe that if Q; is asymptotically separating then
there exist Ais , Ays with Agalzs = @ and

NCE(m, Al xmy AZg )@ 1)3/N = 1.
Since & and @ are orthogonal we must have
(E(m,AxxmA,) & 1)8, = 0, and hence
(1) (E(mAxmA)® 1)87 =/H§;, and
(i1)  I(E(mAfxm4a5)@& 13N = 4 .
Now

1

H(E(m,A x m,4,)@ 1)3° "

MUICE(m A, % my8,) @ 1N + (1-42) I(E(mAx my4,) & 1) P, 1"
Each of the norms on the right of the equality is less
than or equal to one and actually we must have
(E(m,A,xm4,)® 1)3; =@ and since § is separating the
stronger result, (E(m,A]x mA;) & 1)3 = Q; , must also
hold. Then we have mAsxmAa;; < mA'x mA; or

Al24), A,28,, and so from (i)

(1ii) ® = (1/4)(E(m,Alsxm, 8)) @ 1)37

(NMm) (E(mAga m,AL )& 1)8]

and from (ii) we have A»x. Suppose that Ay = A, and
Ag= A,. Then A=« and
¥, = (/) (E(m,8/xmA;) @ 18 =87 .
Suppose that A ¢A, and A §A;. Then from (ii) u<M and
from (iii), we have
1 = IpN = (M) N(E(m,Agx m Ay ) ® NN 1.

The result follows by contradiction.
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The generalisation of the preceding formulation to
arbitrary normal states is relatively straightforward.
Let Wo be a normal state given by the density operator

Q on 4. Then the definitions (10.2.1) become

{10:.2.T)
A.(HQ) = N{seB(R"): Wwe (E(mAx mR")e 1) = 1}
Ay(wg) = NEAEB(R): wy (E(m, R xmA)& 1) = 1)
DAlwg) = B,(wg)nbalwg).

Evidently this definition reduces to the previous case
whenever Q is a projection operator corresponding to a
vector in ?H:. The region of asymptotic separation is
defined exactly as in (10.2.2), and we can define a
parameter of asymptotiec separation by: A (we) =
“G(E(m,Aﬁﬁ mAs)e® 1), and prove results analogous to
(10.2.3), without any great difficulty. If however, we
look for a decomposition of an arbitrary state We in
terms of an asymptotically separating state and a state
with no separation, we shall not be successful. In
fact it is easy enough to see that even for the vector
case with ¢ ='PQ, ,say, it is not in general true that
we - fwg + (1-§)m;, since Wo is generally a pure state
and not a mixed one,. Nevertheless, it 1is still

possible to define an asymptotically separating state

(we); and a state (w,). with no separation by



(10.2.8)
(wE)S = W
where
(E(mAsx myAs)® 1) ¢ (E(mAsx myAs )® 1)
i c Tr( ¢ (E(m,8s%x mAs)@® 1)
and
(We)o = W
where
(E*(mAsx myAs) ® 1) ¢ (E (m,Asx myAs)@ 1)
e, =

Tr( ¢ (E*(m,AgxmAs)® 1)

and actually % is decomposable 1in terms of these

states on the algebra at infinity:

(10.2.9) Theorem

Let F = F(PiiPx*“') be any operator in the algebra at
infinity A" = L (p, ,P’_)GS‘,. Then for every normal
state we Wwe have

We (F) = N(wg ) (F) + (1-%")(we), (F),
where )\ = k(wc) is the parameter of separation for We -
Proof
Set E(mAsxm;A5)® 1 = E, E“(mA;xmAs)@1 = E*. Then E

and E* commute with F and

we (F) Tr(e F)

Tr(¢ (E+E“)F(E+E"))

Tr(g EFE) + Tr(g¢ E*FE"Y)



@ DT

Tr(E¢ EF) + Tr(E'¢ E“F)

Tr(EQ )(wp)s (F) + Tr(E%g )(w,), (F)

N(we ) (F) + (1=-X)(wp) (F).

For the special case of the algebra at infinity
therefore We has the decomposition into an
asymptotically separating state and a state with no
separation. We shall say that a state at infinity is
separating if the normal state from whieh it is
generated is asymptotically separating, and that it has

no separation if the normal state from which it is

generated has parameter of separation zero.

(10.2.10) Corollary
Every state at infinity 1s decomposable as a sum of a
separating state and a state with no separation.
Proof
We are required to prove that

we = X (w¥) o+ (1=-X)(w.)
for some separating state w® and state w with no
separation. It is obvious that the states (weL and
(“E)s will suffice and the result follows immediately

from Theorem (10.2.8).
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10.3 Asymptotically Separable States on the Algebra .

We define an asymptotically separable state to be

any state w for which the state at infinity w®

generated from w by w® = 1lim w(A,) exists and is
tvo0
separable. We attempt to formulate a theory for which

the following physical requirement is satisfied.

(10.3.1) Every asymptotically separating two-particle

state is asymptotically separable.

(10.3.2) Lemma

The WM-theory comprising the algebra A and the normal
states and normal states at infinity on 5& does not
satisfy (10.3.1).

Proof

Example (8.4.7) suffices to demonstrate the lemma.

We overcome this difficulty by dropping the
restriction to normal states and by defining a new
class of state W, determined by density operators but
satisfying (10.3.1). For each density operator p on
Hf we denote, as before, the asymptotically separating
part of w, by (w,); and the state with no separation by
(wWe ) - These states are defined as in (10.2.8). We
denote further the reduced statistical operators

corresponding to (A and ¢, by Qg 1 €a and g,y €c
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respectively.

(10.3.3) Lemma

be the

L4

For each density operator ¢ on ﬂf let
functional defined on 54 by

Wo (Ao + F) = wo(B) + Nwp @ wp, (F) + (1-X")we, (F),

where A is A( ¢ ) the parameter of separation associated
with the density operator ¢ and A + F is an arbitrary
element of 54 . Then ﬁt is a well-defined linear
functional on 54 .

Proof

For each fixed ¢, A(¢ ) is a constant and W, ® Woo =

4 '3

Wo ®¢s, is a well-defined linear functional on A . It
follows that W, is a linear sum of well-defined linear

functionals on JA and is therefore a linear functional

011.9«-

(10.3.4) Lemma

E( is an NPLF on 54 .
Proof
Firstly we have ﬁe(ﬂ = )\"wes.owe“(ﬂ + (1-)\1)%‘_(1)

= A o+ (1-)) = 1.
For positivity it is sufficient [Arveson 1976,p33] to
show boundedness on A . Now A is a C*-subalgebra of
B(HMT) and so wo(A) € NAW < and w, (F) ¢ IFli< =
for all A+F in S . Similarly, W, ® W, (F) & NFll<w
and X ,(1-X") are both less than 1 so that

We (A+F) = wo (B) + X w @ W (F) + (1-¥)w (F)
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S UAN + NUFN + (1=X)IFN
< e,
(10.3.5) Lemma

Let W, be defined by

ﬁ? (A) = lim ﬁg(kt), for each A ¢ A .
t>

Then % is a well-defined NPLF on A .

Proof

Let A = A + F.Then

#e (A)

lim {wrQ(JI!xt ) + f’wes‘owe“(l"t) + (1">‘1)“e¢(Ft)}

Lt
= lim N w, ® w,._ (F 1im (1-X)w, (F
o ‘510 e“.( t) + t-reo( ) e‘( t)
= N Wy ® W, (F) + (1-2")wy (F).
It follows that each of the limits is well-defined and

that W@ 4is an NPLF on A .

Now we can define reduced statistical states
corresponding to the states ;;Q . Obviously we require
these states to satisfy the usual physical requirement
(8.2.1) . Indeed we define the reduced statistical
states by
(10.3.6)

W, (A,) = ¥ (A,® 1), for each A, in A,,

)

w, (A,)

ex ﬁe(1® A,), for each A; in JQ;.

(10.3.7) Lemma

The reduced statistical states ?f& and ﬁh satisfy

-~ i AL
‘H t ¢ - Tn‘" ] “zl. - WeL

where Wo and Woo are the reduced statistical states
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for the normal state Wo o
Proof
Wo (A, +F) = i, (A, ® 14F, ® 1)

Similarly we show that W, = w

= we (8,8 1) + Nwpe we, (F,® 1) + (1-X)w(F, ® 1)
= W (,® 1) + Xw (F,® 1) + (1-X)w, (F,® 1)
= w,(A® 1 +F® 1), by (10.2.8),

= we (A#F).
I

€

It is also possible to show that ?i't:” = we and 3:':':
= w; These results are straightforward consequences
2

of

(10.3.7). Now we shall say that a state ﬁt is

asymptotically separating if there exist disjoint sets

A and A’ such that

This

We (E(B, 5m8)® 1) = 1 = W, (E(,;m&) & 1).

is obviously a straightforward extension of

(7.4.2) and indeed we see from (10.3.7) that w, is

€

asymptotically separating if and only if w is

(4

asymptotically separating. We can now show that the

states w, satisfy the physical requirement (10.3.1).

(10.

(4

3.8) Theorenm

Let ﬁt be an asymptotically separating state. Then

~t

(i) W, 1s asymptotically separable

(idi) ﬁk is separable if and only if w, is separable.
Proof

;e is asymptotically separating implies that ¢ is

asymptotically separating and hence that A(¢ ) = 1 and
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we have

a at ~t ~
(i) W* (A+F) = Wo (F) = We ® We, (F) = W'e Ve, (A+F).
(ii) Suppose EQ(A+F) = ;h® ﬁh (A+F) for all A+F in A .
In particular therefore ﬁg(ﬁ) = We,® W,, (A) for all A in
AY. Hence w,(A) = W ® Wy, (A) for every A in M) and
it follows that ¢ = ¢,®g, and therefore w, 1is separable

on A .

Conversely, if We = weg W, We have € = €8 and so

Wo (A+F) = we® we, (B) + Nwp ®vp, (F) + (1-X)w, @ W (F)

2
= W, ® W, (A+F)

= $Q|® ﬁe’“ (A"'F)-

We shall call the states W AS-states to indicate
that they satisfy the requirement of asymptotic
separability whenever they are asymptotically
separating as 1is evident from the above theorem. It
follows, moreover, that these AS-states are not

unnecessarily restrictive when W is not separating.

As we remarked above we have obtained the required
separability by first allowing states on S& which are

non-normal and then restricting this set to the state
of the form (10.3.3). We shall see nevertheless that

the states We are "almost" normal states in certain

senses,.

(10.3.9) Theorem

113
(1) The restriction of %, to the algebra A, is a
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normal state on i.
(ii) The restriction of ﬁe to the algebra at infinity
A°” is a normal state on ,ﬂwz L”([-’,,_P;)és,,.
(iii) Every state at infinity ﬁ; is a normal state at
infinity.
(iv) A state ﬁg is a normal state on ﬁ« if and only

it g = Ng®e, + (1-N)g, .

Proof
(1) We(A,) = w(A,), for all A, in Ai.
(11) W (F) = Xwpowy (F) + (1=X)wp,(F)
= XTr(g®¢,F) + (1-X)Tr(g, F)
= Tr( Ng,®¢, F + (1-\)¢, F)
= Tr(§ F)
= wg(F),
where § = k"es,@esl + (1-X\)g, 1is a density operator on
47 .

(iii) Follows immediately from (ii).

(iv) Suppose that 3& is a normal state. Then there
exists a density operator ¢ on #{ such that W = W
ie

Tr(§ (A,+F)) = Tr(gh,) + X Tr(ea®¢,F) + (1-X)Tr(g, F)

for every A, +F in SQ . In particular therefore we have

Tr(§A,) = Tr(gh,) for each A, in Ao ;

Tr(¢ F) = Tr(( N e,®¢s2 + (1-X )¢, )F),

for each F in A = L™(p, ,p,)®S5,. It follows that

[l

e = e = )\zes,®€3_ + (1-\2)80 . (.)
Conversely if ¢ = \'¢®¢€s; + (1-X)¢, , it is easy to

show that "2 wt.
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(10.3.10) Corollary

(i) 1If ¢ has no separation then ﬁé is normal.

(ii) If ¢ is separable then ﬁe is normal.

Proof

Using (iv) of Theorem (10.3.9) we see that (i) if ¢ =
¢ then (*) is satisfied trivially and (ii) if ¢ 1is
separable so is Qs and therefore % = u®0sy and

hence (*) holds again.

(10.3.11) Corollary

Not every AS-state is a normal state.

Proof

It is evident from (10.3.9)(iv) that we can construct a

state w, for which (*) is not satisfied.

¢

10.4 Asymptotically Separable Quantum Mechanics

We shall formulate a quantum mechanical theory
which 1s asymptotically separable in the sense that it

satisfies requirement (10.3.1).

(10.4.1) Postulate I
A composite system of two non-identical free spin-half

quantum particles moving in configuration space Wc has

associated with it the C*-algebra 3@ . Selfadjoint
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elements of 5& correspond to physical observables of

the system.

The time-development of the system is the usual

one.,

(10.4.2) Postulate II
The time evolution of the system is described by a
one-parameter group {« :te R } of automorphisms of A
defined by

ut(A) = U, AU, ,

where U is the time-evolution operator given in (2.3).

Notice that Ub is in 9« for each t, so that the
theory is self-contained 1in the sense that the
time-evolution operator is an operator in the algebra
of the theory. We now specify +the states of the

system.

(10.4.3)Postulate III

Physical states of the system are given by the

AS-states Wk where ¢ 1is a density operator on the

Hilbert space HI, and by the states at infinity ﬁ:
generated by ?."e according to (10.3.5). w (A),Aesﬂ "

represents the expectation value of the observable A

upon measurement.
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10.5 The EPR Example

In the conventional theory, the state vector for
the spin formulation of the EPR example is given by a
vector of the form (10.1.1). We now make the

P
where P, is the projector onto the subspace generated

assumption that the state in the new theory is W, o
-]

by Q:. This assumption is certainly reasonable, for
;ﬂ- yields the same statisties as the state vector 37
in the conventional formulation for every observable in
,ﬁﬁ' and particularly therefore for every observable
measurable with finite apparatus. In addition ﬁp: is
asymptotically separable and at infinity the systems
are localised in the same regions as for the
conventional formulation. Now however a significant
difference between the usual theory and the
asymptotically separable theory emerges. In the usual
theory the state @ is not separable even at infinity.

For the AS-theory however we have
~ . - s 00 N o0
wp:(A+F) = W, ® "h.(F) = W, ® wh_(A+F)

where ¢ and ¢, are the reduced statistical operators
determined by @;. This is evidently a separable
state. Moreover it turns out that the state at

infinity ﬁ;: is both spin mixed and space mixed.
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We have demonstrated then how a system which for
finite times and overlapping wavefunctions possesses
correlated subsystems may in the asymptotic 1limit
separate spatially and be moreover separable. No
correlations exist between the subsystems when this has
occurred and the state is a statistical mixture. This
provides an asymptotic resolution to the EPR paradox.
We remark that this algebraic theory includes the local

theory proposed in Chapter 9 in so far as the local

s

T
spin algebras.ﬂwaare all contained in oo

10.6 Another Theory

In a recent paper [Wan and Jackson 1985] we have
presented a slightly different theory to describe a
system of two spin-half particles. Essentially this
latter theory is based on the assumption that at
infinity it is not possible to measure two-particle
observables. This assumption arises from the concept
of "chronological disordering" [Wan and Timson 1985].
The algebra of observables at infinity then turns out
to be a direct sum algebra. Details of this theory may
be found in Appendix A.3 or Wan and Jackson [1985].
What we have attempted in the present chapter 1is to

extend the slightly simplified direct sum theory so as
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to include the possibility that two systems which do
not separate at all may still be correlated at
infinity. In addition, the present formulation
provides immediately the joint expectation functions
which we shall need for our discussion of hidden

variable issues in the next chapter.
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CHAPTER 11

HIDDEN VARIABLES AND BELL'S THEOREM
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11.1 Introduction

In classical mechanics every pure state 1is
dispersion free. That is to say that the value -each
idempotent random variable takes on the pure states is
either one or zero. We can easily see that this is the
case. Idempotent random variables in <classical
mechanics are the characteristic functions X‘ on the

phase space.

(11.1.1) 1 1f (x,ple A
Xa“2a B {
0 if (x,p)d A .
The pure states in classical mechanics are simply the
points (5,2) in phase space. The value taken by an
observable f in state (3,9) is f(x,p) and it follows

immediately from (11.1.1) that every idempotent random

variable takes either one or zero on the pure states.

In quantum mechanics it is no longer the case that
the idempotent random variables take only the values
one or zero on all pure states. For now the pure
states are vectors ¢ in an appropriate Hilbert =space
H. The 1dempotent random variables are projectors E
in the lattice of projections L (H ) on H. 1In general

only expectation values are determined [ef(2.6)] and
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generally we have

(17:142) 0 < <KE;@ >< 1.

In fact <E;¢@ > can only take the value 1 if @ is a
vector in the range of E and the value 0 if @ is a

vector in the range of E*.

We have a situation in quantum mechanics therefore
in which the extent of our knowledge of any system in a
pure state is still apparently incomplete. We —can
determine only expectation values for observables and
not actual values. In other words the pure states are
not dispersion-free. This apparent incompleteness in
quantum mechanics led people to wonder whether it 1is
perhaps possible to introduce some extra parameters or
hidden variables A, say, such that (@ ,\) together
constitutes a dispersion free state on some state

space.

The literature on this subject, which has
inspired, perplexed, and occasionally enlightened
quantum physicists for fifty years or more, is vast.
It was Einstein who became the arch proponent of the
view that quantum mechanics was incomplete. His paper
[1935] with Podolski and Rosen caused unrest and
controversy that has remained unabated. Various
authors [von Neumann 1932/55, Jauch and Piron 1963,
Gleason 1957 inter alia] have proven theorems which

allege the impossibility of hidden variables in quantum
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mechanies. But these "no-go" theorems have themselves
been criticised [ef Bell 1966 and refs therein] and
hidden variables theories of one kind and another have
actually been proposed [Bohm 1951, Bohm and Bub 1966].
Part of the problem has been an insufficiently exact
definition of a hidden variables theory, or rather the
inability of the antagonists in the dispute to agree on
one. Moreover the M"no-go" theorems themselves have
been shown to rest on questionable premises. A
thorough historiecal and theoretical background to all
this may be found in Belinfante [1973] or Jammer

[1974].

Whatever the case for hidden variables generally,
the =situation as regards the EPR gedankenexperiment
seemed to receive a significant clarification when Bell
published his paper [1964] on the impossibility of a
hidden variables theory which satisfied not only the
quantum mechanical statistics but also a certain
locality condition, demanded,so it seemed, by Einstein
locality [Einstein 1948; cf also Aspect 1976, Selleri
1978, Jammer 1974]. Bell's theorem as it has come to
be known consisted of deducing a dertain inequality
necessary for the so-called local hidden variable (LHV)
theories, but vioclated by quantum mechanical systems.
Since the publication of this work, Bell's inequality
and various other forms of inequality which

collectively are referred to as Bell inequalities, have
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been the subject of extensive discussion and supposedly
crucial experimentation to determine th validity of
quantum mechanics against the LHV theories. We shall
later have occasion to discuss both the relevance and
the effectiveness of such theories it perform this
determination [ef Chapter 12]. As for the vast
literature which has sprung up <concerning Bell's
theorem we content ourselves here with mentioning that
it is largely the "locality condition" which has caused
controversy. We shall examine this in more detail
later [(11.6)] and mention here only our belief that a
locality condition which makes no reference to spatial
location 1is almost bound to cause confusion. A survey
of some of the literature is included as an Appendix to
this thesis [Appendix A.4)]. The immediate task in hand
is to clarify the 1issue of what exactly we take a
hidden variables theory to be. We do this in the next
section. The following three sections are devoted to
several, variously successful, hidden variables
theories. We then turn our attention to Bell's theorem
and the locality condition , and examine these issues
in the 1light of the asymptotically separable quantum

mechaniecs proposed in the previous chapter.
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11.2 Hidden Variables and Hidden Variables at Infinity

A fairly concise definition of a hidden variables

theory is provided by Jauch [1968]

(11.2.1) Definition

A physical system is said to admit hidden variables if
there exists a measure space [" together with a finite
measure s (normalised so that 4(") = 1) on " such
that every state W of the system can be represented as

a mixture

W(E) = Jqﬂ(x)w,(ﬁ)
I
of the dispersion free states W, .

For =several reasons this definition is not really
satisfactory for our purposes, however. Firstly it
will be more wuseful for us to have a definition
expressed more generally in terms of expectation values
rather than in terms of Jauch's more limited definition
of a state on the 1lattice of projections. More
importantly, Definition (11.2.1) is more stringent than
it needs to be and in fact seems to be too stringent to
be fulfilled by any theory. In particular there seems
to be no reason why we cannot allow the particular

finite measure M to be dependent on the state of the
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system. This is generally the <case 1in a classical
theory. We shall therefore use a definition closer to

the ones given by Bub [1969] or Jammer [19T74].

(11.2.2) Definition
A quantum mechanical theory is said to admit hidden
variables if there exists a measure space [ of hidden
parameters A\ ( )\ may itself be a set), a set of measures
Mg on [7 and a set of real-valued functions f, , such
that the following conditions hold:
(1) Each  (statistical) state vector @ of the
quantum mechanical system is associated with a measure
Mp ON " normalised so that M () = 1 and subjeect to
the interpretation that for each measurable subset A
of " we have

Me(A ) = probability that the hidden state ) of the

system 1i€s in A .

(ii) Each observable (selfadjoint operator) A of the
physical system is associated with a function f, : M-
R . fk is single-valued and has the interpretation
that f, (A) is the result of measuring A when the state
is characterised by the parameter A. (Thus the A\ may
be seen as dispersion-free states in the same way that
the points in phase space are for classical mechanics.)
(iii) The expectation value of the observable A when
the (statistical) state is @, seen as a mixture with
distribution Mg over the values fa(A) of states A,

agrees with the usual quantum mechanical expectation
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value. That is:

<hjme> = Jf‘n(k)dﬁq(,\).
r

We remark that this definition is less stringent
in its conditions than some others. It 1is not
uncommon, for example, to find the following additional
condition [ef Bub 1969 p1031]:

(iv) If f (\) = a, then fsm()\) = g(a).

This condition 1is, however, close to the sort of
assumptions which have been objected to in
impossibility proofs. We will bear it in mind for
future comparison, but not include it in our

definition.

We now turn our attention to asymptotic theories.

(11.2.3) Definition
We shall say that a quantum mechanical theory admits
hidden variables at infinity if:
(0) The algebra of observables of the system is an
asymptotic algebra in the sense of Wan and McLean
[1984(a)], ie
lim <A,; @ > exists for each @ in H, ﬂeA,
t> e
and there exists a measure space r of parameters A ~
called (hidden) states at infinity, a set of measures
Mg on [' and a set of functions f, such that

(1) Each statistical state vector @ of the quantum

mechanical system is associated with a measure 4o on r



normalised so that ﬂw(r ) = 1 and subject to the

interpretation that for each measurable subset A of "
we have:

Mp( ) = probability that the (hidden) state at

infinity \ lies in A .

(ii) Each observable of the system is associated with
a function f, : "+ R such that f, is single-valued and
with the interpretation that f (A) is the result of
measuring A when the state at infinity is \A.
(iii) The &expectation value of A over the space of
hidden states at infinity when the statistical state
vector is @ agrees with the quantum mechanical
expectation value of A in the state at infinity w?

¢
generated by @:

k=

W (A) = lim <A,; Q> = J' £a (M) dufN).

The proximity of this definition to (11.2.2) is
obvious. It raises the possibility however, that it
makes some sense to describe a certain aspect of a
particular system by means of hidden variables. We
shall discuss this further later on in our analysis.
We shall now examine whether it 1s possible ¢to
construct hidden variable theories at infinity for
certain simple quantum mechanical systems. First 1let

us conclude this section with another definition.

(11.2.4) Definition

If a system admits hidden variables at infinity, we
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shall call the triplet (I ,{f, },LMQ}) comprising state
space,measure set and set of functions, a hidden

variables theory at infinity.

11.3 1Ihe Single Particle without Spin

We prove the main result of this section in the

form of the following theorem.

(11.3.1) Theorem

Let ,% be a quantum mechanical system described by the
WM-algebra JAW=;Ai + L?(g). Then the system admits a
hidden variables theory (1 ,{f, },{Mp}) at infinity
with T = R" , {fa } = L”(P), where dmMp/dp the

probability density function is given by

due/dp = 1<P|q>>l1 (*®)
where <pl@> is the momentum representation of @ [ecf
{253 s
Proof
(0) Firstly it makes sense to talk of a hidden

variables theory at infinity because 34w1is by
construction an asymptotic algebra.

(1) Suppose that m, is as given by (*). Then we

have:

Mol A) = J IKp1g>1* dp
A
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which <can be interpreted as the requisite probability

that the parameter p is in the measurable subset A of

n
R since

AT ) j‘l<pI@>11dp
R -

jl¢(x)ﬁdx = 1.
"
Notice that this is nothing more than the usual quantum
mechanical interpretation of the probability measure
defined by the momentum observable.
(i1) Each observable A in M, may be written

A = Ay +F
where F e L% (p). We prescribe the functions f,
corresponding to the observables A by setting f, g iF
for each A of the above form in the algebra. The
interpretation that f, (P) is the result of measuring A
when the state at infinity is P is reminiscent of the
phase space interpretation of classical mechanics and
makes sense here since fj is single valued and
real-valued.
(iii) We need to show that the expectation values
determined by the statistical distribution @ over the
hidden parameters p are equal to the quantum mechanical
expectation values for the state at infinity w: s This

is straightforward since:
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(A;ﬂ¢aw

Jfﬂ (p)du (p)
r

J I<pI@VF(p)dp
m"- ST

<QIF(p)@ >
w; (n)

For any system described by the WM-algebra then, a
hidden variables theory exists to describe the system
at infinity. In terms of dispersion-free states, we
have a theory for which such states exist at infinity,
namely they are given by the hidden parameters P of
course p are simply the momentum values and hence it is

rather misleading to call them hidden. Nevertheless

the essential form of a hidden variables theory has

been achieved.

Now in quantum mechanics the states are wusually
thought of as NPLF's on the algebra of observables. In
the hidden variables theory, the states appear as
points 1in a "phase space". These two descriptions can
be rendered compatible for the hidden variables theory
at infinity proposed here in the following way: for

each hidden state p at infinity define an NPLF by:

-

Q,(R) = F(p), A = A +F ¢ A -
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This is a pure state on ﬁﬂun [ef Wan and McLean
1984(b) 1, and it 1s straightforward to verify that

these states are dispersion free on the WM algebra.

As a point of interest it is perhaps worth noting
that if g 1is any polynomial function, then g(A) =
g(A,+F) = g(A') + g(F) where A'GAAi , and hence we have

f$ﬂ(9) = g(F)(p) = g(fa(p)),
so that condition (iv) of (11.2) is in fact satisfied
in the hidden variables theory at infinity for a single

particle without spin.

11.4 The Single Spin Half Particle

In Bell's original paper [1964] and a later paper
[19661], he brought attention to the fact that it is
possible to construct a hidden variables theory for the
spin of a spin-half particle. In Appendix A.2 we have
elaborated a version of such a theory based on Bell's
suggestions. Essentially the theory consists of the
triplet (fﬂ,{mg},[fs}) where (' the state space is
given by:

(11.4.1) M =8 a5 emd : 1 = 13

The measures M, are determined for each polarisation
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vector P (or for each spin vector ¢ ) by

(11.4.2) Mo(A ) = (1/211')'” sin® de d¢ ,

) AﬂHE
where HE is the hemisphere given by A.P > 0, and the
functions fg are given for each spin observable S =

«l1+0.a by:

(11.4.3) fs (M) = «a+ a sign).a!
where a' is obtained by rotating a until
C11b.0) a.P = 1 - (2/w)cos '(a'.P)

[ef Appendix A.2 for details and a proof that this
theory yields the wusual quantum mechanical results

under the appropriate statistical averaging.]

A rather important point now arises. Evidently T
and M, satisfy the conditions in (i) of definition
(11.2.2) and, from the results of Appendix AZ , the
condition (iii) is also satisfied, namely the quantum
mechanical expectations coincide with the hidden
variables expectations. If we look carefully at
condition (ii) however, and compare it with the
prescription (11.4.3) and (11.4.4) for the function f
we discover a crucial difference. While f, in

condition (iii) of Definition (11.2.2) is a function



- 253 -

from the hidden state space " to the reals, it may be
seen that the prescription (11.4.3)-(11.4.4) 1is
essentially for a function fg: Mx 4> R , where # is
the Hilbert space of quantum states K - In other
words, the particular value fg(\A) of the observable S
is not in fact determined solely by A\, but by ¥ (or g)
as well. This seems to indicate that after all
Definition (11.2.2) 1is too stringent to include a
hidden variable theory of the type proposed here. In
order to 1include such theories we would need to amend

the definition as follows.

(11.4.5) Definition

A quantum mechanical system is said to admit hidden
variables if there exists a triplet (I !hﬂ¢}’{h }) as
before such that

(1) As in Definition (11.2.2)

t4L) Each observable A of the system is associated
with a map fa: ¥+ where 4 is the space of state
vectors and “} is the set of real-valued functions on
the hidden state space T'. We denote by f§ the image
fa(@) of @ under the map f, . We require further that
the functions f: are single-valued and we interpret
ff(h) as the value of the observable A when the quantum
state is ® and the hidden state is A

(iii) The expectation wvalue of A as a statistical
average over the values fz(k) under the distribution @

must coincide with the wusual quantum mechanical
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expectation values:

<A; Q> = J £7 (A)dug(A) .
P

In other words, we have amended our definition in
such a way that the quantum mechanical state vector @
now not only plays the role of determining the
statistical distribution function but also partly
determines the the values of the observables. Given
that the role of the hidden variables was originally to
"complete™ the quantum mechanical states this does not
seem unreasonable . Evidently it is this form of
hidden variables theory that Bell had in mind when he

wrote [1966 p398]:

"The question at issue is whether the
quantum mechanical states can be regarded as
ensembles of states specified by additional
variables, such that given values of these
variables together with the state vector
determine precisely the results of individual

measurements."

In this respect some of the literature on the
subject is manifestly wunclear. Jammer's definition

[1974 p262] of hidden variables contains the clause:
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"(1) Each individual quantum system
described by the usual state function @ is
characterised by additional hidden states
labelled by a parameter A; the totality of
all hidden states is the "phase space" M of
hidden states; ® and A determine the result

of measuring any observable on the system."

While the wunderlined parts of the clause (our
underlining) indicate a sympathy with Bell's view of a
hidden variable theory and our definition (11.4.5), the
phrase in quotation marks (our quotation marks)
indicates a sympathy with the previous definition.
Indeed when Jammer explicitly characterises the
functions f, he does so in the stricter sense of
Definition (11.2.2). There is obviously some confusion
here. For the sake of the present analysis we shall
adopt the view that the quantum mechanical state vector
may in part determine the results of measurement of an
observable, these results being completely determined
only by additional variables X« Notice that the
sentence in parentheses in Definition (11.2.2)(ii) 1is
now no longer strictly true. We cannot regard the X as
dispersion-free states or as points in a phase space in
the same way as we can with classical mechanics. We
must now say that a dispersion-free state is determined

by A and @ and write (¢ ,\), say, for such an object.
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Presumably we would then want to regard (@ ,\) as
points in some phase space 1in the classical sense.
Certainly, in the theory we are considering here this
can be done: each vector ¥ is determined by a
polarisation vector P which in its turn is specified by
two angles e and ¢ ; we can regard the phase space
therefore as the space Imﬂ'I:xT” of all points

(@, ,)) where I:W= [0,2w], IF = [0,7] and M is as

(-]

given by (11.4.1).

The question now arises whether we can formulate a
hidden variables theory at infinity which incorporates
the spin and the spatial part of the systenm. Since our
spin hidden variables theory 1is specified in terms of
the broader definition (11.4.5) we shall use this as
our criterion to judge whether or not such a theory
exists, Or, more precisely, we should use the obvious

extension of (11.4.5) to the case at infinity.

We consider a quantum mechanical systemAE’
comprising one particle with spin half described by the
WM-algebra BQ;h Now the problem we have to face here
is how we may combine the two hidden variable measures
for the tensor product states @° of the combined spin

and space system. We prove the following theorem.

(11.4.6) Theorem

Let M, be a measure on Mx /R given by
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'JL<p|¢>Ilsined9dqdp,

Ax H;

where ¢ = @ég is a spin separable [ef(9.6.1)] vector

ﬂthxh') =(1/2W)L
in the product space H". Then the expectation value for
the hidden variable theory at infinity of this =spin
system is the same as the quantum mechanical
expectation value.

Proof

Firstly of course, we must clarify the hidden variables
theory itself by specifying the value f::(g,é) of each
observable A” in JN;. We define for each observable
A® S in Al the function fibs(p,A) by:

£5 (pa) = £, (p)g (V).

It then follows that for each such A® S we have:

<A® S;M03, = (1/2v)J J|<P;¢>\*fn(9)fs(g\)dgdp
R® I )
= J ]<g|¢>|1fﬂ(?)dg j fsfi)dﬁ
A2 r

= <&;M¢>w <S;,HE>W

= <A;w:>.<s;g >

= <A®S;H:a>.
For a sum of observables A = > A® %j we put

T
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It follows that <X MA@ 5 jMpedy, = ZJ <A® S;Mg> =
2 <A;® Sj;w:}) = <2 A® %.;w;:&. The swopping of sum and
W u',j

limit being justified by the uniform convergence of the

partial sums [ef (T7T.4.5)1].

The case for an arbitrary state vector ¢’ presents
a considerable complication in the question of which is
the correct measure in the hidden variable theory.
Even for the simplest case where the observable is a
simple tensor we do not have an obvious way of
combining the measures that will yield the quantum
mechanical expectations. Suppose that we consider a
vector @7 = Z‘ c; i@y, 1in #7. Then the expectation
values <A® S;qi> for a simple tensor observable are

given by

<A® S;0°> = ;%u ol Cxy <UbKIAO SIgey >.
Note that these expectation values contain crossterms
arising from coherence effects in the quantum
mechanical measure and hence the hidden variable
measure will also have to contain crossterms. Let us
attempt ¢to construct the appropriate measure. We

observe first that the spin measure 4, satisfies
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Mo(A ) = (1/2w)LXHEd5,

where ’YH' is the characteristic function of the
AN

hemisphere H;, so that

dmp /) = X4 /2T

and we can think of )&;/2w as an appropriately
normalised probability dénsity function ¢ug/d§.
Likewise of course I<Pi¢>ﬁ is the probability density
function for the spatial part and we <c¢an think of
|<?‘¢>ﬁ1Xh;/2W as the probability density function
dyffd(g,b)- for the combined state, when we are
considering a simple tensor (p“:CPfZ.’g . Now suppose
that we have a state vector of the second type, that is

an arbitrary vector of the form:
3
= 0 ®¢.

where the {¢,} and { &} constitute orthonormal systems

in the respective spaces. For simplicity we shall
consider only two terms:

q)‘: c@.@gl + dt?l@a’; 3 et 4+d* = 1.

How are we to construct the measure on the hidden
variable space IRS¥-5u) ? Suppose that we try ¢to
include crossterms in the measure. Then the
probability density functions must have terms XhEﬁYﬁﬂ
in them corresponding to the crossterms arising from
different spin vectors. Since these spin vectors are

orthogonal however, the polarisation vectors P, and P,
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satisfy P, = =~-P, and it follows that the two
hemispheres X.P, > 0 and A.P, > 0 are disjoint. Hence
the probability density function vanishes on the

crossterms and we are left with

dugr/dpdy = c"d/wf/dpd)t + d*dua/dpdy
r b - g "=
= c®I1<pig >\ xus + d"|<gl¢,_>I17(HE
2m PE
where @7= 9,0y, . Now we can get agreement with quantum
mechanics generally only for (mixtures of)
spin-separable states of the first kind or

alternatively if we consider only spin observables 1® S
or only space observables A® 1. In the case of spin

observables we have

<185 Mg,y =J

”cln <p1@,>I* f5 (X)drdp +J ﬂd"l <p1g,>1* £, (A)drdp
R OHE L

'S
He,

c? Lo (A)dy + d‘ﬂ L£ ())da
J]smxufu $°e S-!JXHEI. & =5 -

et <SiM, 0, + d"<s;,agt>m,

e*<S;¢, > + 4 <55 4>

<1® S;07>.
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We are left then in the position of ©being unable to
provide a hidden variables theory which agrees with quantum
mechanics for an arbitrary state vector even at infinity,
unless we restrict the observables even further. Moreover,
the existence or lack of existence of such a theory remains
eminently undecidable. The wusual "no-go" theorems do not
apply in this instance, either because the underlying logic
is not the usual one or because the kind of hidden variables
theory we are attempting to construct lacks the necessary
algebraic premises - we tried to make it as broad as

possible.

In a sense we could say that we have here a contextual
hidden variable theory at infinity in that, for either spin
observables or space observables the theory 1in question
reproduces quantum mechanical results. This 1is actually
broader than the usual definition of a contextual hidden
variable theory [Beltrametti and Cassinelli 1981, eg] since
it is usual to take a contextual hidden variable theory as
meaning a theory for a set of compatible observables whereas
here we have a theory which embraces, contextually, a set of

incompatible observables, namely the spin observables.

What is of particular interest in this case is that the
obvious combination of two hidden variable theories has not
provided wus with a hidden variables theory (that satisfies

quantum mechanics). This of course should not surprise us,
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since it 1is precisely the difficulty encountered in the
attempt to provide a hidden variables theory for two spin
half particles. It is obviously of extreme interest to know
whether in the case we have examined here it is possible to
provide a noncontextual hidden variable theory at infinity
which completely satisfies condition (iii) of (11.4.5). But
this will have to remain an open question for the present.
Supposing that the answer to such a question were negative,
what could we still glean from all this ? Firstly, of
course, we might be tempted to drop the requirement that the
theory should agree with quantum mechanics, argue that
quantum mechanics is wrong, and construct an experiment
designed to test the hidden variable predictions against
those of quantum mechanicecs. We do not know of any
experiment which has been motivated in this way for the case
of spin and space vectors, although of course this 1is
precisely what 1is being tested for the <case of two
spin-particles by the many experimental tests [ecf Aspect
1976, Aspect et al 1981,1982, Lamehi-Rachti and Mittig 1976]
involving photon cascades and the like. It seems then that
there should be interesting lessons to be learned concerning
the latter case by considering carefully what prevented the
straightforward formulation of a hidden variable theory in
the former. Specifically we remark that what seemed to
stand in the way of agreement was the coherence in the
quantum mechanical measure which had no counterpart in the
hidden variable measure space and it is not at all clear

that this has anything to do with whether or not the
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measurement results in the asymptotic theory are separable.

There 1s another option open to us in the face of the failure of
such a hidden variables theory to conform to the results of quantum
mechanics. It could be that our definition of a hidden variable theory 1is
still too stringent. Perhaps a further broadening could allow hidden
variables which do reproduce quantum mechanical expectations. In fact
the quantum potential theories of Bohm, Hiley et al are very much along
these lines. In this thesis however we shall restrict our attention to
the sort of theories outlined here. This 1s primarily because our main
interest is in the locality questions which (11.6 et seq) are best

investigated in the present form.

11.5 Two Particles without Spin at Infinity

We are going to consider first the theory described by

the WM-algebra A,.

(11.5.1) Theorem

Let I+II be a two particle system described by the algebra
JQWkwith states given by the normal states We on,A“L, the
normal states at infinity wf, and the singular states at
infinity of the form:

n:;‘(n,, + F) = F(p, ,p,)

with the obvious notation. Then I+II admits a hidden
variable theecry at infinity in which the hidden variables

(g,,gz) are in one-one correspondence with the

oo

dispersion-free singular states ijP'
L) ¢}

Proof
(0) 'Awu is an asymptotic algebra [Wan and McLean 198H4(c).

(i) Define for each & in #H, the measure My by

/J‘Q(A) * J] Ii(?r’?;)‘ld!’- dPL’

A

where AN is a measurable subset in the phase space [ =

= R* and 9 denotes the Fourier transformed
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wavefunction. Evidently we have

n
—
.

Mg iF ) = ﬂ | (p, 1 p, 1" ap, ap,

R R
(ii) We can define a single valued function f, (p ,p, ) for
each A = A,+F in A, by fa(g‘,g ) = F(P"Pm) =,ﬂ%h(A). The
one-one correspondence of singular states to phase space
points (PI’PL) is then clear and the dispersion-free nature
of +the singular states can be demonstrated exactly as for

the one particle case.

(iii) Finally we must show that <A;m, >, = <A;w; >. We have

S
ChjMydy = HP@ (po b, NV £4(p, ,p, )dp, dp,

J Jﬁ?. »B )F(p,»p, ) @(p, ,p, )dp, dp,
Rﬂ IR" -

<F; ® >

<A, +Fju™ >
"Tp

<Aj;w® >
L]

So we have a very straightforward extension of the
previous hidden variables theory at infinity (11.3) to the
two particle case. This theory also satisfies the condition

(iv) of (11.2).
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Next we consider the theory of chapter 10 for the
spinless case. Once again the algebra is,Amu But now the

states are a different set of NPLF's.

(11.5.2) Theoren

Let I+II be a system of two-particles without spin described
by the algebrarﬂwu. Let the physical states on,Aw% comprise
the states ﬁe defined in (10.2) and the states at infinity

L. ]

GE generated by these states. Then I+II admits a hidden
variables theory at infinity.
Proof
We must show that an appropriate measure,ﬁ exists which
will fulfill the normalisation condition and yield the
quantum mechanical expectation values. Firstly, we remark
that the measure My defined for a state vector 3 in (11.5.1)
can be extended to any normal state by taking

dug fops = <puapale) By B, >
where l?.'Pz> are the generalised momentum eigenfunctions.
This reduces to the previous case when ¢ = P.t for some
vector @ since [cf A Bohm 1979 pl8 et seq.] <P, s1P,1® > =
% (p,yp, ) In the more general case it is easy enough to
show that the measure Mp yields the quantum mechanical
expectation values <Fj;¢@ > in the state o for all
observables in L”(g.,pl). Now for each vector & in #H_ we
have ® = A@_ + (1-¥ ¥p, [ef (10.2.5)]. We define our

measure for the present theory by

dity /dpdp, = X<p, 1, lg@e, )P 0p, > + (1-NDIB (p, ,p, )"
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where ¢, and ¢, are the reduced statistical operators

determined by ®,. Then we have

n

/}1’:‘( ™) X‘LJ' <P| ' Py "Fslaeulyl ’Pz >d?l dl_),.

r

e (1-*~)J1§L(g,,g.139,dgl
r

=1
since ® and ¢®¢, are both normalised states. Moreover for

each observable F(p,,gz) in U”(p,,gl) we have

Fify3, = N<Fig®@es > + (1-X3)<Fje >

n

<F3H2>.

11.6 Local Hidden Variables and Bell's Theorem

Since Bell's original paper [1964] in which he proved
an "impossibility theorem™ for local hidden variable
theories in quantum mechanies by providing an inequality
which he claimed should be satisfied by every LHV theory but
which was violated by quantum mechanices, a number of
generalised inequalities have been proposed which go under
the collective name of Bell 1inequalities. [ef refs in

Appendix A.4].
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In this chapter we shall use the following Bell
inequality.
(116 :3)

|p(a,b) - P(2,b')| + |P(a',b) + P(a',b')} & 2

This inequality is Selleri's [1972] amended version of a
similar inequality deduced by Clauser, Horne, Shimony, and
Holt (CHSH) [1969]. The striking feature of this amendment
is not so much that it strengthens CHSH's inequality, but
that it does away with the physical requirement that for
certain parameter values b,b' say, a definite (or even
slightly indefinite) Jjoint expectation P(b,b') exists. It
is now possible to prove (11.6.1) using only the fact that
the two dichotomic observables satisfy a certain "locality

requirement" which we shall specify below.

Let us begin at the beginning; that is to say, with a
system I+II of two particles on which we are to carry out
measurements of certain physical quantities. Let us suppose
that we wish to measure the values A and B of two physical
quantities A and B. Suppose also that the two systems are
separated and that there are measurement parameters a,b
determining the measurements at system I and i
respectively. Then the systems are said to fulfill the

condition of Bell locality if the following holds.

(11.6.2) Bell Locality



- 268 -

The measurement results A and B for the measurement of the
quantities A and B on I and II respectively satisfy

A = A(a,N) ; B = B(b,))

The important point here is that A depends only on the
state A and the parameter at I and B depends only on X\ and
the parameter at II and neither measurement result is
influenced by the parameter at the distant system. This
condition has also been called Einstein 1locality, or

Einstein separability [ef Aspect, egl.

Bell's theorem then consists of the following line of
reasoning. A local hidden variable theory must satisfy
(12465 1) . Quantum mechanical expectation values do not
always satisfy (11.6.1). Therefore no local hidden variable

theory is possible for quantum mechanics.

This result was proved by Bell for the specific case of
spin observables. Notice, however, that we can apply the
reasoning to any observables. In particular, for any
observable T, on system I the observable given by

A, = 2E(T, ja) - 1
represents a dichotomic physical quantity. Similarly

B, = 2E(T,;b) -1
represents such a quantity for system II. Now if we denote
by Pf(a,b) the joint expectation values for these two
observables in state § we can proceed to examine whether

Bell's inequality is satisfied. If there exist a,b,a',b!
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for which the inequality (11.6.1) is violated then it can be
said that no local hidden variable theory of the Bell type
is possible for the observables T, and T;. (Notice that we
are asking the question of hidden variables contextually
here; ie in terms of specific observables.) The following

result is extremely important for our subsequent analysis

(11.6.3) Theorem

Let T,,T, be observables on 4, and #H, respectively, and let
A, and B, be as above. Suppose that the joint expectation
value in state ¢ 1is Pe(a,b) where Q@ 1is a mixture of state
vectors of the first type (ie, simple tensors). Then Bell's
inequality is always satisfied for any a,b,a',b'.

Proof

Capasso,Fortunato and Selleri 1972.

1.7 -The e ' eore E t

Suppose that f, and f, are any dichotomic observables
in L”(p, ) and L” (p,) respectively. Then E, = (1/2)(f, + 1)
defines a projection in L®(p,) for which f, = 2E, - 1.
Similarly for £ It follows that every dichotomic
observable in the algebra at infinity .A” in the WM-theory
is of the form 2E, - 1. The parameters of measurement are

then subsets of M.
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(11.7.1) Theoren

Suppose

described by the WM-algebra
normal NPLF's on,Amu and the
generated by normal NPLF's.

the form

¢ =

where

(1/702)(g0Y, +v'ed )

@ ,Y¥, are asymptotically

are asymptotically separating,

that the two-particle system I+II without

spin 1is

-ﬁmu with states given by the

normal states at infinity
For every vector state § of
separating states and W ,®

the joint expectation values

P; at infinity satisfy the Bell inequality for every pair of
dichotomic observables.
Proof
The dichotomic observables with nonzero expectation values
at infinity are all derived from projectors in Lm(g,) and
Lm(ga). For each F(p, ,p, ) in L”(g,,gl) we have
g (F) = <2\ F & >
= (1/2)<00V \Faow> + (1/2)<9, @0, |F|v0¢ >

since @,,¥/ and ¢’,w, are asymptotically separating pairs of
states. Hence w; corresponds to a mixture of state vectors
of the first type and therefore by Theorem (11.6.3)
satisfies the Bell inequality for every pair of dichotomic
observables.

Now let us consider the asymptotically separable

algebra of Chapter 10.

(11.7.2) Theoren

Let

I+II be a two particle spinless system described by the
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algebra qum and the AS-states and AS-states at infinity.
Suppose that the two particles are asymptotically
separating. ie, the AS-state is asymptotically separating.
Then the joint expectation values at infinity for dichotomic

observables all satisfy the Bell inequality.

Proof
if w is asymptotically separating then W® is separable.
That is W® = w®® w,”°. This state is a mixture of states

of the first type and hence [(11.6.3)] satisfies the Bell

inequality.

What we have demonstrated then is that for both the
asymptotic theory of Wan and McLean and the AS-theory of
chapter 10, the quantum mechanical expectations satisfy the
Bell inequality when we take appropriate account of the
asymptotic localisation of the particles. Specifically, the
inequality is satisfied when the particles are separating.
Hence we have shown that by making inherent reference to the
localisation of the two particles in the formalism we can

recover separability in the form of the Bell inequality.
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11.8 Bell's Theorem for Two Particles with Spin

We are going to consider spin observables as in the
usual Bell analysis, but in the present analysis the
(asymptotice) localisation of the particles plays an
important role, so we must consider wavefunctions which

involve both spin and space parts.

Let us consider first the WM-theory in which the
algebra of observables 1is 54 and the states are normal
NPLF's on A and the normal states at infinity. We
consider joint expectation values P§ (a,b) for the
observable 1 S,® S, where S, and S, are dichotomic
observables on H, and H, respectively. For such an
observable we deduce by a similar analysis to tht used for
the one particle algebras [cf (9.6.6)] that every state is
spin separable, so that the expectation values reduce to the
ones encountered in the wusual Bell analysis no matter
whether the state is asymptotically separating or not. It
follows that there are states and measurement parameters
a,b,a',b' for which the Bell inequality is violated. For
example 1if the state is given by a simple tensor product of
any space state with the isotropic spin zero vector and the

parameters a,b,a',b' are as shown in the diagram
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(11.8.1)

o

then [ef Beltrametti and Cassinelli 1981 Chapter T,egl the
quantum mechanical expectation values violate (11.6.1). The
WM-theory does not satisfy the Bell inequality therefore.
Indeed the discussion in (10.1) concerning the
nonseparability of WM even asymptotically should already

have led us to expect such violation.

Next we examine whether the AS-theory of chapter 10

violates the inequality.

(11.8.2) Theoren

Let ﬁﬁ be any asymptotically separable AS-state. Let S, and
S, be dichotomic spin observables on H, and H, respectively,
and let P® (a,b) denote the joint expectation function for
the observable 1® S,® S, in the AS-state at infinity

generated by W Then the expectation values P (a,b)

0"
always satisfy the Bell inequality (11.6.1).

Proof

Firstly, the observable 1@ S, S; lies in the algebra at
infinity |®(p,,p, )®S. and ﬁf is asymptotically separating,

so the expectation values ?w (a,b) are given by
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P® (a,b) = w,® w, (1® S,® S;)

= ¥, (18 5,)¥ (185)

= W (80w _(8.),
where ¢_ ,(, are the unique reduced statistical operators
on H, ,H, determined by ¢. It follows that on observables of
the form 1@ S,® S,, P® is either equivalent to a state
corresponding to a vector of the first type on H. or a

mixture of such vectors and hence [ef Theorem(11.6.3)]

satisfies the Bell inequality.

This result means that Bell's inequality is satisfied
asymptotically by every asymptotically separating state in
the AS-theory. Does every AS-state satisfy the Bell
inequality asymptotically ? The answer to this question must
be negative. Consider the spin-separable state vector ¥ =
¢.®y, where ¢ is the isotropic spin zero vector and . is

any space state with parameter of separation zero. Then the

relevant expectation values F;: (a,b) are given by
P® (a,b) = <¥11® (S, @ S, )37>

4

(g,,IS, ® S:ly >,
and it is known [(11.8.1)] that there are spin directions
for which these expectation values violate the Bell

inequality.
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11.9 A Hidden Variable Theory for Two Particles with Spin
Bell's theorem is an impossibility theorem.

Violation of the inequality implies the impossibility
lozal
of akhidden variables description. Satisfaction of the

inequality does not imply the existence of such a

description. As far as the AS-theory 1s concerned
therefore, what we have shown 1is that no hidden
variable theory exists which will describe every

AS-state at infinity. However it remains a possibility
(though not a certainty) that a hidden variable
description at infinity exists which will describe the
asymptotically separating states. Happily it turns out

that we can demonstrate just such a theory.

(11.9.1) Theorem

Let 5=5,® §, where S, ,S, are any two spin observables on
H ,H, respectively. Then for each asymptotically
separating AS-state W, there exists a set [ of
(hidden) parameters 4 , a measure jﬂ‘on M and a set of
functions f(a,b,4) such that

(1) A () =1

(1) [ dfgela,b,0) = BF (a,b)

Proof ’

Define the set [ of hidden states by V' = s®x s* where
5 i the unit sphere [ef (11.4) and Appendix (A.2)].

Now denote by g4 the wunique reduced statistical
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operator defined on H, by ¢ and suppose first that g,
is a pure state on H_. Each pure state can be written
as a projection Pb‘ where i is some vector in H_ and

each such vector can be written as

§ =2 huer . Zngh= 1,
J

where {«;} 1is any pair of orthonormal base vectors in
H, and {ﬁ_j} is any pair of orthonormal base vectors in
H,. For each such gy we define the measure /a} on " by
~r ! - B /
;'ua, ( A* A ) - EIXIJI 'M"L(A )","SJ‘(A )
where m_, 1is the hidden variable measure defined on s
for a, by (11.4.2) and Mg. is the corresponding measure
J
for p.. Immediately we have M (M) = S Nl (SP) L u, (S9)
J g J d; B‘i
= 2l \* = 1. Next define the functions f(a,b,u) by
f(a’b,fj) = fS.(a’})cfs&(b’})’

where the single valued functions f, (a,)) and fg (b,))

are as given in (11.4.3). It follows that

Jdﬁxf(a,b,g) Z“iJ‘LJd”<;(§)f5-(a’5)'J'
'J r

dug (¥) £ (b,Y)
r J

= Z.x;j;’\(s, P %> <8, 585 >
"

= ile_l).':if“<s,® S, «®p, >

<8$,® S,; = ;xﬁﬁp‘

—
z 0,

A

<18505,: we >
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For a mixture ¢, on H.,, let us suppose that
(s = ‘;Z/""Pga’ Z/"‘l = 1
where ¥, are pure states on H,. Then we define the
measure by
";EJ(AKN) = %ﬂ;,qgt( Ax A ),

and it is straightforward to show that this measure
yields the quantum mechanical expectation values so
long as the interchange of the integral and the
arbitrary sum of pure states is valid. We justify this
by consideraticns of uniform convergence of the partial

sums.

The extension of the theorem to arbitrary spin
operators is a straightforward matter of the

interchangeability of integral and arbitrary sum. The

extension to arbitrary observables in the algebra,ﬂ

is not so straightforward however. The reason for this
is the difficulty already encountered in providing a
hidden variable measure to echo the tensor product
between spin and space systems. In the particular case
in which the state is spin separable, we recall from
(11.4.6) that this is wunproblematic. We state the

following theorem without formal proof.

(11.8.4) Theorem
Let A® $,® S, be an observable in ﬁk « Then for each

spin-separable, asymptotically separating AS-state W

Qﬂ’
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there exists a measure & on the space [ =R"x s¥x s¥
of hidden states at infinity and a set of functions
f(g, yP, »a2,b,4), given by

£CPy 1P, 18sbyd) = PP, 5Py ) o f (1) o8y, (X)
such that

<A®S®@ S ;X >,

= <A® S @ sz;"w‘;'b.

Sketch of Proof

The measure is defined by

du /dudp, dp, = (d.-“g/d/g).<§-, ,g’_li’!l | 98 PR

and the integral becomes separable into the space

hidden variable integral for two particle systems as in

(11.%) and the spin integral in (11.8.3).
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CHAPTER 12

CONCLUSIONS AND PROSPECTS



- 280 -

In 1936, shortly after the appearance of the EPR
article, Furry [1936(a)] published a paper in which he
investigated the statistical differences between
coherent wavefunctions of the EPR type and mixtures of
factorisable state vectors. He demonstrated explicitly
that the statistical inferences which may be obtained
from a wavefunction
{ ¥24:1)

o =JL3_(“'@B‘ - p®% )

(eg), are not generally the same as those obtained by

assuming that the state is a mixture

(12.2)
Wo = (1/2)B g0 + (1/2)Pgq,,
of factorisable wavefunctions, even though such

inferences may agree in certain instances. For reasons
which are now obscured by the tide of  history, the
thesis that the state of +the EPR example somehow
evolves into a mixture (12.2) of factorisable state

vectors (and hence provides a resolution to the
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paradox) has become known as Furry's hypothesis. It is
clear from that paper and a subsequent note [1936(b)]
that Furry did not in fact espouse this view, which was
actually advanced first by Schrodinger [1935].
Nevertheless we shall refer to the hypothesis in
question as Furry's hypothesis. (Interestingly, Furry
himself seems [1936(b)] to have attributed the
interference terms in the coherent state to the overlap
of wavefunctions and also refers to Pauli's discussion

in support of this.)

Evidently the theory we have proposed in Chapter
10 as an asymptotic solution to the EPR paradox 1is
closely related to the Furry hypothesis. We have, 1in
effect proposed an explicit evolution of the quantum
mechanical state into a mixture of factorisable state
vectors. Recall from (10.5), that the AS-state

relevant to the EPR example is given by W where Q: is

¥
the vector given by
(12.3)

d; = (1/[2) (90w )oY, ,

where @ and Y are asymptotically separating state
vectors. Hence, in the asymptotic limit the spin part
of the state is given by

(12.4)

Wo = (1/2)(By, + Pg) ® (1/2) (P, + Bg)

(A7 B3 ER 50 # Poeg, * Fron* 1;”1) ’
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whiech is again a mixture of factorisable state vectors,
although not the same mixture (12.2) that generally

appears in the Furry hypothesis.

Now 1let us consider this solution in the light of
certain remarks and objections that have been raised in
the 1literature concerning the separability of quantum

systems and the Furry hypothesis in particular.

Firstly, it must be observed that the state Ko
given in (12.1) is isotropic,ie spherically symmetric
in configuration space, so that under any change of
coordinate basis in the Hilbert space H., ¢ retains the
form of (12.1) [ef Beltrametti and Cassinelli 1981 p70,
eg]. The state given by (12.2), on the other hand is
non-isotropic. This has led to some rather complicated
averaging procedures [ef Bohm and Aharanov 1957,
Baracca et al 1975 egl] in order to regain spherical
symmetry for the separable state. In the case of the
AS-theory however we observe that the spin state (12.4)
is already spherically symmetric. It is
straightforward to verify this using the direct matrix

product notation. The projectors P

oL@, ! &ﬂh » B

80y ! and

P are given by the matrices
5|vﬁl
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1 o 0 © O O o0 0o

P =|o 0o © ¢ P -=/lo ' o O
&® Ay o 0 0 o «,88, & © 6 0

o 0 o 0 o o0 O O

00 O P 0 0 O ©

P =[O0 © 0o © P -|lo O o O

@
posi |65 5 4 o PO 15 0 0 o
O 0 0 o o 0 0O |

Hence the state (12.4) is simply (1/4)1 where 1 is the
identity operator in the space. Since the identity
operator 1is invariant wunder any change of coordinate

bases the state g

2 is spherically symmetric as

desired. In our theory, therefore, no complicated
averaging 1is required; the symmetry falls out quite

naturally from the limiting process.

The reason why our state at infinity (12.4)
retains spherical symmetry while (12.2) does not is the
L PBIO B:.
unpolarised mixture. Ironically this feature seems to

inclusion of the terms P which yield the

“1Od1
produce a new complication in the physical analysis of
the solution. In previous analyses, the only
factorisable state vectors considered as permissible in
the mixed state for the solution of the paradox have

been states g, and g,®« corresponding to systems
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whose z-component of spin (eg) are correlated so that
the total spin in that direction is zero. Allowing
states «®« and g®R, seems to deny the conservation
law that preserves +this spin zero component. In an
ensemble of identically prepared systems, therefore,
the mixture (12.2) indicates that a measurement of the
z-component of spin on (say) the 1leftgoing particle
would yield about half of the systems having spin up
and half having spin down. Similarly for the
rightgoing particle. The state (12.4) in the AS-theory
yields the same proportions for each particle. The
difference between the former analysis and ours is that
(12.2) predicts that for each particle pair on which we
conduct a simultaneous measurement of spin in the
z-direction one will have spin-up and the other will
have spin down. (12.4) on the other hand predicts that
only a half of the particle pairs measured will be
correlated in this  way. Of the rest of the systems
measured half will yield both particles having spin up
and half will yield spin down for both particles. We

still have

<Ja®1 + 18 I W, > = Tr((J @1 + 1@ J,)(1/4)1)

(1/W)Tr



- 285 -

= (/1)1 - 1) =0

so that, on the average, the z-component (and indeed
every component) of spin of the system is conserved as
zero. Now however, there exist pairs of particles for

which the conservation law seems to be violated.

It has recently been shown by Wan and Timson
[1985] that this apparent violation of conservation is
precisely what we would expect to be observed
physically for separating particles. The spread of the
wavepacket and the finite size of the measurement
device means that a "chronological disordering" of
particle pairs is introduced and we are no longer able
to correlate particular pairs of particles after they
have left the source. It is this chronological
disordering which allows the existence of =states

which seem to violate the conservation laws.

We now turn our attention to some rather different
serts of objections to =separability in quantum
mechanics. Since the time of Bell's original analysis
of the EPR experiment and before, people have proposed
a number of variants on experimental situations
designed to provide conclusive proof of the essential
nonlocality of quantum mechanics. With each such
experiment performed the experimenters concerned have

claimed the right of experimentum crucis in the
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determination: which of Einstein locality or quantum
mechanics is right. The most recent experiments
concerning this issue are those of Aspect et al
[1981,1982]. These experiments have been criticised
from the point of view of the statistical significance
of the data [ef Marshall 1983,1984], but have
nevertheless been widely accepted as providing firm
evidence for the nonlocality of quantum mechanics and

hence for the denial of Einstein locality.

Aspect's experiments were carried out using photon
cascades. For this reason no direct comparison between
his experimental results and our theory is possible.
We have only tackled the case of massive particles for
which a well-defined position operator enables us to
describe the locality of the particles in question and
hence to undergo the analysis of the AS-theory for
separating particles. Photons are massless particles.
They do not fall under the sphere of description of our
theory. Nevertheless, there are one or two remarks
that perhaps are worth making concerning the Aspect
results. In particular, we reiterate the belief that
in order to discuss the question of nonlocality it is
of paramount importance that we be able to represent
the =spatial location of the particles. For photons
this is not entirely straightforward, since the
definition of a position operator for massless

particles is not without problems. Until such a
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definition is possible, however, and until a firm
thecretical basis in which to discuss localisation is
available, it seems rather dangerous to draw the sort
of conclusions concerning locality that are being drawn
from the experimental results of the photon cascade

experiments.

So far as experiments using massive particles are
concerned, there are unfortunately few of these and the
ones that have been carried out are not able to help us
in the determination of the truth of our hypothesis
concerning the separability of systems when the
particles are separating. Lamehi-Rachti and Mittig,
who performed such an experiment using protons [1976]

remark

"Qur device does not fulfil the
conditions of =spacelike separation.. We
assume that this does not affect the result

of the measurement."

Obviously, from our point of view, it precisely
this lack of spacelike separation which does affect the
results of the experiment. Equally obviously, if we
wish to test our theory we must perform experiments for
which such separation is achieved (at least to a large

extent).
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Finally, we mention that apart from the extension
of the present analysis to massless particles, there
are various other avenues of exploration which would
seem to lead directly from the present study. For
instance, it has been shown by Aerts [1984] that
(conventional) quantum mechanics is logically incapable
of describing separated systems. The 1logical axioms
which are responsible for this failure are, according
to Aerts, the weak modularity and the covering law on
the lattice of propositions. It would be worth
investigating the logical structure of the AS-theory in
respect of these points. In particular we might
examine the hypothesis that separation involves a sort
of superselection principle in the logic which
overccmes the inability of the conventional theory to
describe separated systems. In addition we remark that
our theory which is asymptotic in nature and hence
provides a complete resolution only in the
(unattainable) limit of infinite time might be extended
by considering the following variation. We define the
sets A, and A, for the wavefunction Q of a twoparticle

system at time t by

(12.6)
A= N{Ae® (R"): IE(x,@ %, ;A teR)U 2N = 1}
A, = NEAEB (R"): IE(x,@ %, ;R"xA t)U. AN = 1}

and a "region of separation" for the two particles by
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A = m"\Ac s, Wwhere A = A”|A1 3 The analogy with
(10.2.1), and (10.2.2) is obvious. Now, however, we
are describing the localisation of the two particles in
disjoint regions for finite times. If it were possible
to construct some algebra, and set of states in analogy
to chapter 10 for finite times, we believe that this
theory would be an even better description of the way
in which the spatial separation of particles determines

the degree of separability of the systems.

In summary, we have made an extensive study of
local observables in quantum mechanies paying close
attention to the physical limitations of measurement.
We have wused the concepts involved in localisation of
observables to provide a sort of resolution to the EPR
paradox for finite times and in addition, we have
attempted to provide a quantum mechanical theory which
accounts for the separation of systems and allows for
the separability of such systems in the event that they
separate completely. It seems that a consequence such
a theory is that we may return a measure of reality, we
might say 1local reality, to the quantum mechanical

wavefunction.
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APPENDICES
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A.1 Maximisation_of w(ip,A ,@,As)

Let 9eH,®(x)=0,x¢A,. The state E(p;A )¢ is given

by (Byron and Fuller 1969):

(E(p; A )9)(x) = (2ﬂh5iJ$(l)exp[ihx/h]dk,
A

where $(A)=<f|Q> is the Fourier transform of ¢. It

follows that:

Jl(E(ﬁ; A)@Q)(x)1* dx = ” Kho(k-):)$(8)$’(h'Jdk dx),
A AA

where

K\ (A=X) = (21m)“J exp[1i(d-X)x/nldx.
A

And since (as in the proof of Theorem (U4.4.4))

NE(D; A)dolt = jicﬁ(x)l‘dx,

A

we deduce that the maximum value Wno Of w is given by

the maximum value of

H K, (A =X)F (A)FFN ) ax dk’/ ﬁq?’ O NaN.
A

- Y-
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The maximum value of this fraction 1is given
[Landau and Pollak 1961 & 1962] by the maximum
eigenvalue u,,say, of the integral equation
(Aedel)

~S

PERSY =Jx,\°(x-x)ﬁ(x')dx, AEA .

A
The corresponding eigenfunction 'ﬁo(X), AeA, provides a
restriction on the initial wave function @, -

Explicitly ., must satisfy &MUH?L(X) for \e A .

When this is satisfied we have w = w__= AM,.

In order to specify @, completely, we recall
first that ¢,, must vanish outside As and, therefore,
that a;mu(") must be nonzero almost everywhere. We can
in fact use (A.1.1) to define f?i(h) everywhere by
(A.1.2)

?’1(2\) = 1/,4-,’&\,(\-\’)?'1()\’)&’, AeR .
A

In particular we can so extend ﬁa(k) and we claim that
No(A), A¢® , provides the appropriate initial wave
function (ﬁﬁm(k) to maximise w. To show this, we need
only demonstrate that any solution "F[(X),M-R, of
(A.1.2) (and hence ‘ﬁ,(k) in particular) is position

limited in the range A,.
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Let M (x) be the inverse Fourier transform of ﬁ{k).
Denote by x} the characteristic function of the set A
and let ﬁ(k) =)(A()\);\()\). Let WY(x) be the inverse
Fourier transform of ﬁ()\). Now (A.1.2) is equivalent

to

M) = POV, (),

where *® denotes convolution. Then by the convolution
Theorem [Papoulis,egl] we have

(A.1.3)

M (x) = XA,(X)Wx)'

Thus we have shown that solutions of (A.1.2) are
position limited in A,. In particular, for M, we have
-qo(x)=0, x4\, and hence we can take as maximising

initial wave function @,[(x)="MN(x).

We want to find out now what the function mM,(x) is
like and the dependence of the eigenvalue 4, on A and
Nys We cast the problem into an already investigated
form (ops.cit) by 1looking at the funection U,(x) from
which M, (x) is obtained by truncation in Ne and,
observing that, since ﬁ(k):xﬁ(k)?’l(x), we have, by the

convolution theorem again,

W(x) = KA(x)"Tl(x) = th(x—x')Tl(x')dx'.
R
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Now we use (A.1.3) to deduce that

(A.1.0)
Mmuy(x) = JKa(x-x')L]J(x‘)dx',
Ao
which is essentially the same equation as (A.1.2) with
the same eigenvalues. In particular, the maximum
eigenvalue is M, . Now
sin ((x=x")0L/K)

K, (x-x') = explif,(x-x')/n] T i) so that

(A.1.4) is equivalent to

(A.1.5)

_ sin ((x-x)n/k) T
pgld .[ T (x-x') BlxDaxt,

Ao
where (l)(x) = expl-1ix/nlY(x). The solutions to
(A.1.5) are known to be the prolate spheroidal wave
functions. The maximum eigenvalue /ug and the

corresponding eigenfunction }g(x) are both dependent on

the product NT/h (ops.cit).

Since U,(x) satisfies (A.1.Y4) with u=u,, we have

Wo(x) = explifl,x/h] ﬂg,(x),

where @o is the appropriate prolate spheroidal wave
function. And it is now clear from (A.1.3) that the
initial wave function required to attainw = w_ = Mo

is given by

Duay = rlo(x) =/u”'E(x;A.)exp[iIl.x/'h]qg,(x)-
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A.2 A _Hidden Variable Theory for a Spin-half Particle

This model is an elaboration on the one proposed
by Bell in his famous paper [1964] on local hidden
variables and the EPR experiment. We observe first
that the observables of a spin-half system are

generated by the four 2x2 matrices

A general observable S for the system may be written in
the form

S =1 + 0.2
where oefR and a is a real vector (g.a represents the
spin observable in the direction a). Pure states of
the system may be represented [ef Fano 1983, egl] either

ty a two~-component spinor

- i@
e 7 s 8

(eﬂ?) = :
8 e % Smt@i

or alternatively by a unit vector P of direction (6,9)
known as the polarisation vector. The expectation
value of any observable S in state § 1s given by

<g'\'S g >
<glal + 0 .a1g>

Ch.241) <85 ¢ >



Now we can construct a hidden variable theory by taking
the state space [' to be the set of all unit vectors A R
with A.P> 0 and specifying the result of measurement of
an observable S of the form (A.2.1) to be
(A.2.2)

S(M) = a«+ a sign[).a']
where a is the magnitude of @, ie a = ad, and where 3a'
is a unit vector obtained by rotating a towards P until
the angle ﬂj between g‘ and P and the angle*ﬂ between a
and P satisfy
(ha2.8)

1 - 2q7ﬂ = cos'q.

This procedure amounts to the specification of a
function f,: M =R [ef (11.2.2)] by

{h.2.4)

fs (\) =« + a sign A.3a'.

Evidently g is single-valued and therefore
fulfils the condition (ii) of Definition (11.2.2). For
the probability measure Mg or M, on ™ we take a

uniform distribution over all vectors M in the

hemisphere A.P> 0. We average uniformly over all these
hidden states to get the hidden variable expectation

values <S;s, 2, corresponding to a statistical state gy

or P. If we choose our axes so that the x-axis

coincides with P we see [Fig (A.2.5)] that the
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hemisphere A.f) 0 is the right hand side of the sphere
depicted in the diagranm.

(A.2.5) Figure

=
.
o

' e

P o

N
) N
' t?m of hemisphere X.a’>0

!

Now let & be the angular variable 1in the
zy-plane, and let Q' be the angular variable in the
xy-plane. We shall choose our y-axis as in the figure
(A.2.5) so that &' is in the xy-plane, Then ﬂf becomes
the ¢ -coordinate of a'. Also, the hemisphere \.P is
then characterised by the ranges Dgesw ,
-N/2&$ @& W/2, so that the uniform distribution Mp Over

the given hemisphere ).?) 0 is given by the —constant

probability density k where

n w5

1 = JJk sin®' d¢’ do’
%
= 2Tfk-
Hence if we take k = 1/27 the measure is appropriately

normalised and for each measurable subset A (8,9) in
the hemisphere we have:

Mp(N) = (1/21:)“ sin® do d¢ .
A
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Thus m, provides the normalised measure required by (1)
of Definition (11.2.2). It remains to show that the
expectation value <S;/°'g> given by the hidden variable
theory is equal to the expectation value <S iy > of the
quantum mechanical theory. To this end we observe
that, since a' is in the same plane as @', we have A.&!

> 0 for ¢ e (-(m/2)+n ,w/2] while A.a'< 0 for

o' e [-%/2,-(7/2)+m ). It follows that

(A.2.6)
T, W
<S jMp> = (1/2v)JJs(5) sine’ d¢’ de’
- (] 'w‘i

™ l'si

(172w z[ J(d+asign}.§')sin e de’ aq
0 -,
4

™ e

F3
= 1/2Jsin9' d@'#Jasigné._@' d¢’ + «
] ..‘lri ’
L & i
= UTTJa do' - 1/r| adg@ +
‘%-ﬂ]" -Tf/z

= o+ ( 1-21]'/‘“)3

= o+ aeos‘q
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A.3 Another Asymptotically Separable Theory.

In a recent paper [Wan and Jackson 1985] we
proposed an asymptotically separable theory for two
spin half particles based on the construction of a
direct sum algebra for the description of two isolated
systems. Recall from (2.2) that the direct sum of two
C*Lalgebras is a well-defined C*-algebra. Our
description of two 1isolated systems formally as a
composite system, toc be called a composite description
of isolated systems, consists of (i) the association of
the C*-algebra A, ®A, with the composite system, where
J& and,ﬁ; are the respective algebras for systems I and
II; (ii) the identification of the set
{w® w, ,00 w, ,w® O:w, ,w, are normal NPLF's on A LA,
respectively] of positive 1linear functionals on A®A,
as the set of states of the composite system. Clearly
the composite description 4is simply as a pair of
totally independent one-particle descriptions which
automatically excludes all observables capable of
correlating the two systems. When dealing with the
first particle we <can ignore the second particle

entirely by considering observables A,® 0 and states

w,® 0. Such states are normalised to one while the
two-particle state w,® w, is normalised to two. The
two particle states therefore find a natural

interpretation as a sum of probability measures on the
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lattice of projections of the respective algebras,
rather than as a probability measure on the direct sum
lattice associated with the two-particle algebra. For
the particular case of two spin half particles let us

spell out the postulates on observables and states.

(A.3.1) Postulate 1
(i) A composite system of two free, nonidentical

spin-half particles in configuration space Wf has

associated with it the C*-algebra
5T 1.3 0T
-\A = Apc @ ,-A| @ I\A‘L

a

where fﬂ; is the finite spin algebra [ef (9.5.8)],~AT‘
. L -

is "(p,)eéS® 1 and A, is 16 °(p, )08 .

(ii) The time evolution of the system is described by a

one-parameter group {dt:teﬁ’\} of automorphisms of A A,

defined by

«(A®F, ® F ) = Uy AU, ® F, ®F, .
(iii)Selfadjoint members of,A: correspond to bounded
observables of the system at finite times and

18 L.l
selfadjoint members of Jﬂ,eaﬂz correspond to bounded

observables pertaining to the system at infinity.

(A.3.2) Postulate 2

Any state of the composite system is represented by
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W,®00 0 or 00 w,® wy or w,® W, ® w; , where w, are NPLF's

ool ©oF
on AS,w® are NPLF's on A, and w, are NPLF's on J\..

Acting on observables, W, 0® 0 has a nonvanishing
expectation only with respect observables in the finite
spin algebra Aii, while w* = w’® w; has a nonzero
expectation value only with respect to an observable at
infinity. At infinity there are basically only
one-particle observables, 1ie those in ,ﬁzn JA:’ and
their direct sums for which no correlations between the
systems exist. Further details of all of this and some
convergence results concerning states at infinity in

the theory may be found in Wan and Jackson [1985].
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This bibliography gives a brief resume of a number

of important papers concerning

question and the EPR
chronological order and
item 1is to be found in

reference section below.

1964

experiment.

It is

the hidden variables

in

the exact reference for each

the

J S Bell : "On the EPR Paradox™"

Bell's original
derives the inequality.

vital assumption..that

alphabetically

paper in

the

result

which he

Proves that with "the

B for

particle 2 does not depend on the setting a

of the magnet for particle 1,

Bell's inequality

shows that quantum

satisfied.

nor A on b",

He then

mechanics violates this

inequality. Also of interest in the paper is

an illustration of a hidden variable theory

for one-particle

1966

Jd S Bell : "On the Problem of

Quantum Mechanics"

Hidden

Variables

ordered

in

=
"o
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Actually written prior to Bell [1964] this
paper looks at the impossibility proofs of
von Neumann, Jauch and Piron, and Gleason for
hidder variable theories and argues that the
validity of these is limited by unreasonable
assumptions concerning the additivity of
expectation values. An explicit hidden
variable model is proposed for a one-particle
system. The model does not retain the

additivity assumption.

1967

S Kochen and E P Specker :

Impossibility proof for hidden variables
based on showing that one cannot represent
the statistics of quantum mechanics by
measures on a classical probability space if
the random variables representing the
magnitudes are required to preserve the
algebraic structure of the magnitudes. This
includes the controversial assumption
concerning additivity of the magnitudes

challenged by Bell [1966].
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1969
d F Clauser, M A Horne, A Shimony, and R A Holt :
"Proposed Experiment to Test Local Hidden Variable

Theories™

Proposes an experimental test for the Bell
inequality

|P(a,b) - P(a,b')] +|P(a',b) + P(a'b")|¢ 2,
using the polarisation correlation of a pair

of optical photons.

J Bub : "What is a Hidden Variable Theory of Quantum

Phenomena?"

Resolves the conflict between the
impossibility proofs of von Neumann [1955],
Kochen and Specher [1967] and Jauch and Piron
[1963] and the hidden variables theory of
Bohm [1952(b)] by giving an explicit
definition of a hidden variable theory. It
is shown that the impossibility proofs have

additional assumptions.

1971
H P Stapp : "S-Matrix Interpretation of Quantum

Mechanics"
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Of interest to the present discussion is the
thesis that the Bell argument is essentially
between 1locality and a lawful description of

the world.

1972
S J Freedman and J F Clauser : "Experimental Test of

Local Hidden Variable Theories"

Experimental tests of CHSH's generalisation
of Bell's inequality using photon correlation
give results in agreement with quantum
mechanics and in vioclation of the

inequality.

F Selleri : "A Stronger Form of the Bell Inequality"

A proof of the inequality (11.6.1).

1973
V Capasso, D Fortunato, and F Selleri : " Sensitive

Observables of Quantum Mechanics"

Defines state vectors of the first and second
type, mixtures if the first and second type,
and sensitive and indifferent observables.

Proves that for a mixture of the first type
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Bell's inequality is always satisfied, but
for a mixture of the second type we can find
parameters such that Bell's inequality is

violated.

1974
A Baracca, S Bergia, R Bigoni and A Cecchini:
"Statisties of Observations for "Proper" and "Improper"

Mixtures in Quantum Mechanics"

"Roughly speaking it turns out that, with
reference to certain physical situations QM
implies the existence of "improper mixtures"
which are .. incompatible with a description
in terms of hidden variables." An
investigation of von Neumann's results and
Furry's analysis. Specifically it is proven
that for every & there are observables which

are correlated by ¥ .

J Clauser and M Horne: "Experimental Consequences of

Objective Local Theories"

Extends the discussion of CHSH to

probabilistic local theories.
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1975
A Baracca, D Bohm, B Hiley, and A Stuart : "On some New
Notions Concerning Locality and Nonlocality in the

Quantum Theory"

Proposes a new form for the dynamical laws
which might induce the Furry hypothesis,
namely that the wavefunction of a many body
system factorises into a product of localised
states at large distances. Also gives an
explicit Bell separable average over the spin

directions.

1976
A Aspect: "Proposed Experiment to Test the

Nonseparability of Quantum Mechanics"

Proposes an experiment based on Einsteinian
separability: the setting of a measuring
device at a certain time (event A) does not
influence the result obtained with another
device (event B) if B is not in the forward
light cone of A. Bell 1locality implies
Einstein separability but not vice versa.
The experiment proposed uses photon

cascades.
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D Fortunato and F Selleri: "Sensitive Observables on

Infinite Dimensional Hilbert Spaces™"

Extends the previous analysis to infinite

dimensional spaces.

F Herbut and M Vujicic: "Distant Measurement"

Expounds a " strictly quantum mechanical
theory of distant correlations which
completely replaces [the two particle state
vector] by [the reduced statistical
operators] and a third operator U which
expresses precisely the correlations inherent
in [the two particle state vector]." In fact
either of the reduced statistical states
together with U 1is sufficient to completely

determine the two particle state.

M Lamehi-Rachti and W Mittig: "Quantum Mechanics and
Hidden Variables: A Test of Bell's Inequalities by the
Measurement of Spin Correlations in L ow Energy

Proton-Proton Scattering."
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One of the few correlation experiments
carried out using massive particles and
therefore of considerable importance to our
analysis. The author's motivation for the
use of protons as opposed to photons includes
the remark that the coherence length of the
photons used in cascade experiments were of
the order of the dimensions of the apparatus
and hence separation could not be
guaranteed. However even this experiment
does not fulfil the conditions for spacelike
zeparation. The authors assume that "This
does not affect the result of the

measurement."

1977
N Cufaro Petroni: "On the Observable Difference Between

Proper and Improper Mixtures."

Constructs a particular sensitive observable
for each state vector ) of the second type.

The observable is Z A\\l@><Wl where b = .

D Fortunato: "Observable Consequences from Second Type

State Vectors of Quantum Mechaniecs."
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Using the singlet state vector, the paper
presents an observable for which the
expectation is 3 according to quantum
mechanics while it has a maximum value of 1
if only state vectors of the first type are

considered.

A Garuccio, G Scalera and F Selleri: "Cn Local

Causality and the Quantum Mechanical State Vector™"

Shows that it is not possible to drop state
vectors of the second type and that state
vectors of the second type and local
causality are quite different things by
considering two inequalities satisfied
(resp.)(i) by all locally causal theories as
well as all vectors of the first type and
(ii) by all state vectors of the first type

but not all locally causal theories.

1978
J Clauser and A Shimony: "Bell's Theorem: Experimental

Tests and Implications™



A
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Extensive review article on the subject, from
Bell's early work to the experimental tests
and much historical background.
Interpretation biassed in favour of the

success of experiment in refuting objective

local theories. NB Appendix on Furry's
hypothesis.
Garuccio: "Generalised Inequalities Following

Einstein Locality"

A

Deduces a set of inequalities of which Bell's
is the strongest. Einstein locality is taken
to be "the assumption that some variables
exist which together with the variable
instrumental parameter a determine.. the

results of measurement of some observable A."

Deterministic and Probabilistic Local Theories"

The deterministic approach has P(a,b) =
jM(A)A(a,HB(b,de while the the
probabilistie one has P(a,b) =
Lu(h)p(a,k)p(b,X)dk. The paper shows that
the class of DLT's is equivalent to the class

of PLT's as far as inequalities for linear

From

Garuccio and F Selleri: "On the Equivalence of



F Selleri: "On the Consequences of Einstein Locality"

1280

P Garuccio and F Selleri:
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combinations of correlation functions goes.

More 1inequalities following from Einstein
locality, namely A=A(a,\) or "Measurements cn
distant correlated systems by apparatus with
variable parameters cannot influence the

result of the measurement of A." Both DLT's

and PLT's are considered. Consequences at

small angles are investigated.

the Inequalities of Einstein Locality"

Deduces inequalities of the type

2 cl.jP(aa,bJ)s M from Einstein locality for
'
probabilistic models.

"Systematic Derivation of all

F Selleri and G Tarozzi: "Is Clauser and Horne's

Factorability a Necessary Requirement for

Probabilistiec Local Theory 7"

An explicit example is constructed of a PLT
satisfying Bell's inequality for which the
factorability hypothesis is not wvalid.

Therefore "all considerations developed from

a
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the factorability hypothesis are generally
valid only for DLT's."™ Rather surprising in
view of Garuccio and Selleri [1978]. The
following statement is of interest to our
present analysis of hidden variables: "If one
found that local hidden variable models of a
probabilistic nature ..exist which do not
satisfy Bell's inequality, the latter would
lose the general empirical and
epistemological significance which is
commonly attributed to it and the door for a
reconciliation between quantum mechaniecs and

local causality would be open."

H Stapp: "Locality and Reality"

More on the view that Bell's theorem is
concerned only with locality. "No process
that selects observations that conform to the
contingent predictions of quantum theory can
be 1local." Stapp proposes a theory without
hidden variablec (and also without objective
reality) for which 1locality and quantum

mechanics are still incompatible.
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1981

A Aspect, P Grangier, and G Roger: "Experimental Tests

of Realistic Local Theories via Bell's Theorem."

F Selleri and G Tarozzi: "Quantum Mechanics, Reality

and Separability™"

Another comprehensive review article with
more of the theoretical background and
philosophical and epistemological
implications than Clauser and Shimony
[1978]. De Broglie's paradox and the EPR

paradox are discussed.

1982

D Aerts: "Description of Many Separated Physical
Entities without the Paradoxes Encountered in Quantum

Mechanics"

The paper shows how frem a logical point of
view quantum mechanics cannot describe
separated systems. Five axioms are given for
a quantum logical system. The axioms of weak
modularity and the covering law are found to
be responsible for the inability to describe
separate systems. Of interest with reference

to our description of separated systems.
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A Aspect, P Grangier and G Roger: "Experimental
Realisation of the EPR Gedankenexperiment: A  New
Violation of Bell's Inequalities™

A Aspect, J Dalibard and G Roger: "Experimental Tests

of Bell's Inequalities Using Time-Varying Analysers"

Further experiments claiming to support
quantum mechanics over Bell inequalities.
All three Aspect experiments wuse photon

cascades.

F Selleri: "Generalised EPR Paradox"

Expounds on the difficulties of existing
theories concerning deterministic ceriterion
or probabilistic factorability and presents a
generalised theory starting from a
generalised reality criterion. Of particular
interest to wus is the observation that the
factorability criterion is not in general
satisfied by local probabilistic models and
the example is given where A is a set of

variables A' and )\".
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1983
T Angelidis: "Bell's Theorem: Does the CH-inequality

hold for all Local Theories 7"

Argues that the universality claimed for the
CH inequality does not hold and hence quantum
mechanics is not necessarily nonlocal. The
argument involves showing that the
universality claim is incompatible with the

conserveticn of angular momentun.

D Dieks: "Stochastic Locality and Conservation Laws"

A proof that stochastic hidden variable
theories which obey Bell's 1inequalities do
not admit the usual conservation laws. Hence
physically interesting stochastic theories

must violate Bell inequalities.

D Liddy: "On Locality, Correlation and Hidden

Variables™"

Since the factorability criterion of CH 1is
not necessary for PLT's, what is ? Liddy
concludes that the theory is already local in
underlying structure and produces a hidden

variables theory which 1is also therefore
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local.

T Marshall: "The Distance Separating Quantum Theory
from Reality"
T Marshall, E Santos and F Selleri: "Local Realism has

not been Refuted by Atomic Cascade Experiments"

Arguing that the data from the Aspect

experiments is inconclusive.

M Vujicic and F Herbut: "A Quantum Mechanical Theory of

Distant Correlaticons?®

further exploration of EPR type correlations
in terms of the reduced statistical operators
and the correlation operator [cf Herbut and

Vujicic 19761].

1984
A Barut and P Meystre: "A Classical Model of the EPR
experiment with Quantum Mechanical Correlations and

Bell Inequalities™

A simple model of a classical breakup has
correlation of spin components identical to
the q.m. one. It 41is 1loecal but the
normalisation procedure for correlation

functions is different. Discretisation
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reproduces q.m. fully.

D Home and S Sengupta: "Bell's Inequality and

Non-contextual Dispersion-free States"”

Argues that Bell's inequality 1is derivable
from general c¢oncseqguences of noncontextual
hidden veriables and that gedankenexperiments
can be formulated for which locality is not

an issue but Bell's inequality is violated.

D Liddy: "An Objective, Local Hidden-Variables Theory

of the Clauser-Horne Experiment”

Extends idess in Liddy [1983] by proposing a

modle for the photon experiments.

T Marshall: "Testing for Reality with Atomic Cascades"

More arguments on the inconclusiveness of the

Aspect experiments.
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