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Abstract

The theory of high field transport is applied to the properties
of small band gap semiconductors. To describe the transport propert-
ies of small band gap semiconductors it is necessary to include the
full effects of the lattice periodicity on the electron. Consequent-
ly the relaxation times and collision integrals for the various
scattering mechanisms require generalisation, since the usual deriv—
ation of these quantities only consider the effect of the bulk
properties of the lattice on the electrons. The theoretical methods
which are developed will be concerned with this generalisation.

This thesis is principally concerned with the properties of polar
semiconductors for which the traditional relaxation time approximation
is inapplicable. Two methods of solution are discussed with regards
to a description of the high field transport properties of n-InSb.

The first method, the drifted Maxwellian approach, is based on the
approximation that the functional form of the carrier distribution
function is determined by carrier-carrier interactions. The
simplicity of this approach is shown to provide a convenient starting
point for calculation of semiconductor transport properties. Various
scattering mechanisms are considered in a single energy band model of
InSb, and reasonable semi-quantitative agreement with experiment is
obtained when suitable material constants are chosen.

The second theoretical method considered is based on the solution
of the Boltzmann equation by iteration, and is therefore essentially
exact. The properties of the integral equations involved are
discussed, with particular emphasis being placed on the numerical
aspects of convergence. This method is applied to InSb where the
effects of intervalley scattering are included producing good
agreement with experiment.

Finally the two methods are compared, and a discussion is

presented concerning the extension of the two theories to more

realistic problems.
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CHAPTER 1

INTRODUCTI ON

Interest in the high field transport properties of solids first
arose in connection with the dielectric breakdown of insulators
[2]. Only at very high fields was it possible to produce any current
flow in these materials. In the case of semiconductors, the eyppllca-
tion of a high field can result in a very large increase in the
carrier energies, without any significant increase in carrier
concentration. Thus, it is possible to deduce directly the effect
of a high field on the carriers. A review of the subject has recently
been published by E. M. Conwell [1], where a fairly extensive account
of the high field transport properties of semiconductors is presented.
The application of a high field to a metal does not produce any
substantial change in the electron energies, and in general does not
lead to any phenomena which do not occur at lower fields,.

The definition of what can be regarded as a high field in a
semiconductor will now be made: When the carriers of a non-degenerate
system are in thermodynamic equilibrium, they will assume a Maxwellian

energy distribution of the form
f(f)x exp (- E(2)/ 4T, ) 1.1.1

vhere E and :g are the carrier energy and momentum respectively,
and “T; is the temperature of the system.

If a small field is applied to this system, the carriers will
drift in the direction of the field, and introduce an asymmetric
component into the distribution function. This leads to the assumption
which is adopted in the theory of low field transport, for which the

distribution function is taken to be of the form

f£) = £(€) + sy fe)
vith £,€) & {,(€),

wherejgﬂéj is defined by equation 1.1.1,J€é§) is the asymmetric
contribution, and X' is the angle between the carrier momentum and
the field. This equation can be used in conjunction with the

Boltzmann equation to derive the low field mobility of the carriers
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provided details of the relevant scattering processes are known Iﬁél,
The mobility is expressed in terms of j%(E]&nd is thus constant. At
higher fields the average carrier energy begins to increase, and it
is no longer possible to represent the spherically symmetric part

of the distribution function by equation 1.1.1, If the '"carrier

heating'" is not too large, this function may be given as
Lﬁ(é-} X (/'fffE)JQXP(—-é'/{,ﬂ:) ’ 1.1.3

where §(E) represents a polynomial expansion in powers of the carrier
energy. When equation 1.1.3 is substituted into equation 1.1.2, the
resulting distribution function corresponds to what is termed the
"warm electron" region, and it describes the onset of non-ohmic
behaviour, At higher fields still, where the increase in carrier
energy is large in comparison to the thermal equilibrium carrier
energy, the function defined by equation 1.1.3 would become inapprop-
riate and requires too many terms in order to represent the spherically
symmetric part of the distribution functionj this defines the '"hot
electron" region., When the dominant scattering processes of a system
are essentially elastic the relaxation time approximation is
applicable [1], and only the first two terms in the Legendre expansion
of the distribution function as defined by equation 1.1.2 need be
considered, even at high fields. But for the case of inelastic
scattering, as for example when short wavelength acoustic phonons

or optical phonons are present, this approximation is no longer valid
and further terms in the Legendre expansion may be needed. The
solution of the inelastic scattering problem will be of special
interest in the chapters which follow,

The transport theory of semiconductors at low fields is
concerned with carriers located in the close vicinity of specific
symmetry points of the Brillouin zone. In the case of TJ[[-V compounds,
this region of interest lies at the centre of the B.Z., but for
materials such as Ge and Si the region of interest consists of a set
of equivalent valleys located on the surface of the B.Z.. At higher
fields carriers may become sufficiently energetic to redistribute
themselves throughout large regions of the B.Z.. Consequently, band
structure peculiarities become more evident than at lower fields;
in Ge for example, the many valley band structure produces anisotropy

in the carrier mobility for the different crystal orientations. A
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phenomenon of particular interest arises in materials such as GaAs,

and InSb (5] with higher valleys which lie a few tenths of an eleclron
volt above the conduction band edge. Electrons with sufficient energy
may be excited into these valleys, and thus radically change the
average carrier mobility. In order to describe the transport properties
of small band gap semiconductors accurately even at low fields, it

has been necessary to include the effects of band structure non-
parabolicity [227]. The following chapters will be concerned with the
inclusion of these effects on the transport properties of small band
gap semiconductors at high fields.

In recent years three methods have been applied to the solution
of the high field transport problem in polar semiconductors. Firstly,
an approximate method based on the assumption that the carrier
distribution function can be represented by a transformed Maxwellian w-
hich was originally suggested by Fréhlich [3], and has been applied
to the case of polar semiconductors by Stratton [21], Hammar and
Weissglas [10], and others [8,9). The simplicity of the method
provides a convenient though inexact treatment of the transport
problem, and Chapter 3 will be concerned with its generalisation to
include the effects of band structure non-parabolicity, and other
effects resulting from the periodicity of the crystal lattice, The
theory is then applied to the material InSb in Chapter 4, in an
attempt to understand the important scattering processes for various
temperatures and fields. Most of the work presented in these two
chapters has recently been published [11,12].

Two other methods which have been developed involve the
solution of Boltzmann's equation by numerical means. Firstly, Monte
Carlo techniques have been introduced by Kurosawa [4 ] and Boardman,
Fawcett and Rees [5], where the properties of a single electron
travelling through the crystal are simulated and averaged. It has
been proved [5] that these Monte Carlo methods generate the
Boltzmann solution., Secondly, a method for solving the Boltzmann
equation by iteration from a trial distribution function has been
discussed by Rees [6,7]. This approach provides a more comprehensive
treatment of transport phenomena than the Monte Carlo technique since
it is possible, for example, to include the effects of carrier-
carrier scattering, and time varying effects in a straightforward
manner, However, complex problems associated with the time
independent solution of the Boltzmann equation can be treated more

efficiently by the Monte Carlo approach.



Chapter 4 is concerned with the derivation of the Boltzmann
equation and the associated collision integrals including the effects
of band structure non-parabolicity, and Chapter 5 will involve the
time dependent and time independent solutions of this equation for
InSb at 77°K using Rees' iterative method. Since Rees' approach
yields the exact result for the carrier transport in a semiconductor,
it was possible to evaluate the electron mobility in InSb at very
high fields with confidence, At such fields the effects of inter-
valley scattering are shown to be important, and the results are in
good agreement with a recent Monte Carlo calculation which has been
rade by Fawcett and Ruch C62]. Finally in Chapter 5 a comparison
is made between the solution of the high field transport problem by
the drifted Maxwellian approach of Chapters 2 and 3, and by the

iterative solution of the Boltzmann equation given in Chapter 5.



CHAPTER 2

THE GENERAL THEORY OF THE DRIFTED
MAXWELLIAN APPROACH

2,1 Introduction

The problem of evaluating the transport properties of electrons
in solids can be considerably simplified if the distribution function
of the particular system is known. Under the condition that carrier-
carrier collisions are predominant, the distribution function is of
the form [3]

f{ﬁ) X eXPE‘ ﬁt(ﬁ'ﬁ"f/mm‘ﬁsﬂﬂ ; 2.1.1

where the electrons are out of thermal equilibrium with the lattice
at a temperature 'T: , and j&, is the displacement of the electron
distribution function in momentum space due to the applied field.

In the case of small band gap semiconductors it is necessary to gen-—
eralise the above function in order to include the effects of band
structure non-parabolicity. Licea t13-1€l assumed a displaced Maxwe-—

llian of the form
f(é] ke i [‘E(I ﬁ'éol)/ﬁln;] g 2.1.2

which is the solution of Boltzmann's equation (4.6), but for a non-
parabolic band structure there is no simple relationship between‘ﬁo
and the average drift velocity of the carriers. A more suitable

expression for the solution to the Boltzmann equation is the drifted

@) o [EEO-RGAAT], .

suggested by Hammar and Weissglas CHﬂ . With this form the electrons
assume a Maxwellian distribution function at a temperature 1: , in
a reference frame moving at a velocity Xé relative to that of the
lattice.

There are a number of ways of obtaining the mobility-field
characteristic of a particular system with a known distribution fun-
ction. The usual method is to average the electron energy and momen-—

tum over the change of the distribution function with time due to



collis ion with the different scattering mechanisms. The resulting

equations are [1]
-ngf 2h =eV.F
. t/ ~

[#4(2) 78 = e F

2.1.4

where‘lg- is the applied field, and }f; is the resultant drift
velocity. An alternative but entirely equivalent method (cf.[l,uﬂ)
is to average the rate of loss of energy and the rate of loss of

momentum due to the different scattering mechanisms, giving

- [dEfig) = e o.E

- [ ditg)f@)ds = e

2.1.5

Both these methods involve a triple intergration over the momentum
space associated with the scattering mechanisms, followed by a triple
integration over the momentum space associated with the electrons.
Since equations 2.1.5 do not involve the distribution function until
the final triple integration, it will be shown that this leads to

a simpler and more generally applicable formulation than that of
equations 2,1.4., Thus using the distribution function 2.1.3 in
equations 2.,1.5 it is possible to evaluate the mobility-field char-
acteristic resulting from various combinations of scattering mecha-
nisms in closed integral form.

The following sections of this chapter will be concerned with
the derivation of equations 2.1.5 for lattice scattering due to polar
optical and acoustic phonons, and ionised impurity scattering. The
equations are expressed in terms of a generalised band structure
which is spherically symmetric in :é space, and the effects of
the mixing of the Bloch states and spin reversal scattering are
included in each case.

It has been usual to approximate the distribution functions

2.1.1 - 2.1.3 by expanding the drift term in the exponential to



first order, in order to make subsequent calculations tractable.
This is equivalent to assuming that the ratio of the drift velocity
to the "thermal" velocity of the electrons is small, which is not
true in all circumstances [9] . This assumption is not made throu-

ghout the following theory.



2.2 Polar Optical Scattering

The rate of loss of energy and momentum by electrons as a
consequence of interacting with the polar optical phonon field have
been calculated for a parabolic band by Conwell Efa and Paranjape

[18] , and for a simplified Kane band structure [lq by Hammar and
Weissglas [10] . They will now be evaluated for a generalised band
structure.

The rate of loss of energy by an electron in a state 1@ is

given by

de _ §
ol 2;_’-%“—’5} [pa(ﬁ"’ﬁ*%)" Q(ﬁ—?ﬁ-g,}], 2.2,1
where B (ﬁ —P_g-pg) is the absorption probability, and Efé-bg-i)
is the emission probability, #w‘f, is the phonon energy, and %

is the phonon wave vector. Similarly the rate of loss of momentum

in the direction 1? is

g({_{_f#ﬁ) _ Z; 294 [RE~Eg) - Rlh~£-9)], 2.2

-
where %& :(gg) g , with £ defining the unit vector,
According to Frohlich [?0] , the matrix element for s-type

wave functions for polar optical scattering is given by

/ 2 2
(€21 H ) = 2Thwel L L) (yyt o1 2.2.3
4TeVG* | &= &

where N = (e)(P(ﬁw/fa‘?:)_/ e S \/ is the crystal volume,
W is the frequency of the longitudinal phonons (taken as constant),
7:. is the lattice temperature, €. and ES are the high and low

frequency dielectric constants respectively, and E; the permitt-

ivity of free space.

2.2,(a) Rate of loss of energy
The parabolic case is described by Conwell [E] p.156. It will

now be generalised for an arbitrary band structure. Assuming the

validity of perturbation theory, equation 2.2.1 can be written as

dE ot /o2 "
i Zg: ’ftw['l(ﬁW,!HPJﬁ)f S(Eﬁr%,rd-: Eéu)

- ((£-g H,ialﬁ)ltfg( Eg g~ By NB

2.2.4



with the usual transformation

Zq; ——;81,\_/:',_3] ?,%inﬂd:;dsdqs 2.2.5

2.2.3 and 2.2.5 give

dE _ eHw)’ N "
de (4#6,);7;‘# € e fff[ J ( E ((Beq}) - E(F) -#w)

- exp (Fu/ 4T O(E(B-)- EGE) + )| siodlgdlocid-

FHS N/ L _
de 47TEaﬁN ){I(E - & P( I(E} 2.2.6
e "’ff JF ((£+4.f) - E(F) - #i) sinoloolg,

L) = [ S (Elth-gf)- El8)+#w)sinodlodlg,

To facilitate the evaluation of these integrals the function
F(E) is defined such that _£2= F(E) is the inverse of E = E(ﬂ‘),
'
Thus, taking F{E) = OdF/dE and letting

X = E((ﬂ-c-g'f),

then
A+ 2 cose +9* = F(x)
and

" Zf?, Sin@ de = Fixidx .

By substitution

((ﬁ-%))

L@) :// - iy £ §(x- (E+fw))a’x0/f ,
E(ﬁff-gf) “2
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which when intergrated results in

L(E) = mm/ 2.2,
T 2@ s,

The limits for the integration over q' must satisfy the conditions

defined in the argument of the (g function in equation 2,2.4, i.e,

E(B+gf) = E(#) + %u.
Thus
(_g*%)z = F(E+fw) .
Defining '-- m then ﬁ‘=ﬁ+% which results in

finma?x = |_£' Iﬁl , since q/ must be positive.
(4]

Hence
q;m: = | FlE+fwW) T/-F’_(E) 2.2,

which when substituted into the limits of equation 2,2.7 produces

I(E) - i&‘f--fu! &8Jm+ﬂffs_)
+ 2/FlE FIE) JF(E+#w) = [FE)

By a similar calculation

I (€) = E‘(&inzl ,&;3 JEE) +/Fle-fu)
T 2 e R

and

dE e Fwl A 2w N
UL N - - Flet#w)
At~ 8Te#/FE \E ( ) {F‘ﬂfw)‘gy JFE+ %) *J‘/ﬁ"?

o
.

- ex p( ) FlE-#u) Eogif"ff’ +/FE#s)
FE - JFE-%a)

2,2,(b) Rate of loss of momentum

The derivation of the rate of loss of momentum follows closely
that of the rate of loss of energy. Thus, substituting equations
2.2,3 and 2.2.5 into equation 2.2,2 and

d(#g) - &#w N
de (‘;;TE, 2!!'# E Es [// Zi [ 5( Beg Nl Eﬁ,N)



i T

= C)LP{ i—i‘-";) CS( “Nﬂ E“ ]Smededcpd%

A
where %ﬂ - CVOSQ -ﬁ . Therefore

e Rw 2.2.10
O% (#8) = = /,_% ﬁ(&‘ E—-){M(EJ exp %Z)MJE)}

where

Me) = ff g0 o Elifg) - E(@)- o) sinodocty,

MiE) =[[4 cos0 8 (E(B-g)")-E@)+Hi)sinodscly

These integrals can be evaluated using the method described earlier
by defining the function -ﬁz::F{E) as the inverse of E:E(ﬁz) :
Therefore if X= E((ﬁ_,g)‘) , then

/ 2
Cosaﬂz"‘f?’(F’(X"f"iz)i 2.2.11

and as before

~ 284 5in0dlo = Fx)d/x .

Hence

E(d-9f) |
e =-[[ (e gaS(x-etulandy
(4 ;)4 %

which gives

M) = F[Eifw) FE+#w)-RE) _ 9 ‘0{?/.
4 FE) g

The limits for this integration are given by equation 2.2.8, and

- EIE‘EM{ Flerfw)- JE(E+#w) +/FE)
M.(E) L) [ w) HE)]‘&?Fa_—(E iy

— 2 [FE+#w) JFE) f )




N . -

Similarly
F(r: Fle-Fw) . JFE) +/Fle-Ful
FlE-¥% w
M) = ) [D’(E) (6-#u)] 4.%3 o

+ UFEFI B |

which results in

d - € fw 1_ 1 i
%(ﬁﬁ) /‘77-&]-'{5 ,{ €0 f) {F(Effw)(l}’(g...{w),ﬂgﬂ

Log R ) _
" 3JF{5+E¢-J?(E; F(e'#)f_) EXP(‘%) E’wz 2.12

X ([_F(e)-ﬁ’e-#u]] %?gggf"pi:*‘:: + 2/Fle-#w)[Fle) ) }

2.2.(c) Averaging the rates of loss of energy and momentum

Averaging the rate of loss of energy over the drifted Maxwe-

llian distribution functlon defined by equation 2.1.3 and
Ty

o_f_f.-’> [«/ | & expL(E@)-4y, £)| £sindolpadyoty
/K expl; AiTe (Etk)- flé, g]ﬁfmlfdﬁdﬂ’a/’jﬂ

/
where 7{ is the upper limit of the band. Hence

O{E> / Y(ET, Jdef") Fleyexp(-£ )dE

dt
f Y(E%J%N—E)HENXP( )D{E 2.2.13

where \/(ﬁ,\é,re)— 5 q}\g, and Q= _:ﬁv‘if-‘ll
BaTe "

Similarly averaging the rate of loss of momentum in the \5

direction, Ty

L/ / A8.4) expl-i. ete)- A sttty
Jff expL(ER) £ g ki




B i

hence

| ZEVT,) l"—{dﬁ’ [ FE) Fie) exp(- m—)de

> 3@;1; f 2.2.14

Y(EN,Te) [FE) Fie) expl- éeT')dE

\ s

vhers  Z(ENyTe) = .é’_;('a cosha —sinha) .

Thus, averaging equations 2.2.9 and 2.2.12 as indicated above,
taking the limits of integration over the energy from O to X - Aw

for absorption, and from Aw to )C for emission,

dE\ _@}_( .f.) I, 2.2.15
dt/ =7 gme £ & &) I,

9{_.{’%) — A\ EfuN [ L+l 2.2.16
%) D AT 6 T,

I = [L(\/(b) exp(g&-%)-\’ra)) F(e+w) FE)

JRE+#w) E = E
4 ‘ZoijFZEqk?w)ij% EXP( EE;:EJ dE

I, = f R_(ENy,Tz) FlEHRw) FlE)[Flethn)- FE]]
[»]

x Log A (Etfw) +/FE) LE
J [FieFal - - [FE) exp (ﬁﬂ}) -

Ia = ﬁ Ry (E,\Vy,Te) Flerku) Fie) frerug T exp(-ﬁgr |dE
(4

¥
= (£ " =B c
IN [yfa) FE) FE) exp( ﬁﬁz)d"'



=Yg

Re (£, Te) = { Zlbjexp(fe-Hu ) + Z@),
#\‘/DJF(E’%'#QJ y Y 2 and (@ are defined above.

If we assume that the drift parameter in the distribution
function is small, taking a first order approximation it can be
seen that \/ and / tend to unity. Choosmg F(e)= 2M*E/ﬁ
as is the case for a parabolic band where m* is the effective mass
at the centre of the B.Z., equations 2.1.15 and 2.1.16 reduce to
those given by Stratton [21] . For an approximated Kane band struc-
ture [19] , where F(g) =2M'E(I+E/6-)/-ﬁl, G is the band gap,
equations 2.1.15 and 2.1.16 reduce to those given by Hammar and
Weissglas [10] . (A factor of I/Aﬁ,Tc is missing from equation
(8) in reference [10] , but is included in the subsequent calculat-

ion of that paper).

2.2.(d) Inclusion of the mixing of Bloch states and spin-reversal

scattering
When the full effect of the periodic lattice is taken into

account, not only is the band structure non-parabolic, but the
electron energy eigen functions are not pure plane waves. The latter
part requires the insertion on the right-hand side of equation 2.2.3

a multiplicative factor G(‘ﬁj'ﬁj’g) as shown by Ehrenreich [22] ,

G[f,ﬁ:’y) = ;{'ﬂ; ’[@u:ﬁ' (%) @‘Jf(},’) d,!j" 2,2, 17

é‘ﬂ are the cell periodic parts of the Bloch wave functions, and

where

M ,/‘4' are spin labels. Kane [19] has evaluated these functions
in the case of compounds with a cenduction band minimum at the centre

of the B.Z., which results in an expansion of the form

G (i,{:fy) = E(ﬁ,{} ‘f"f(ﬁ,'&’)y + O‘(ﬁ)-ﬁ’)yz 2.2.18
where g,: ﬁi‘g and y: Eg"

The rate of loss of energy can be derived in the same way as
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plane wave case in sub-section 2.2.(a). Thus

dE _ € Gw N 2.2.19
et & es){I - e"f’(aﬁ;ﬂ‘r—}*

by analogy with equation 2.2.6. Now

E) ff@(ﬁ £ ) g(E(l@;})‘ - E(#*)- #w)smededq/

where :g ﬂf% , and 7@ -£ (ﬁ/—gwgg)/ﬁ . Defining x = E((ﬁ‘}.%ﬁ]
in the usual way and y? ﬁ_é}__?-_ s which leads to

28 /i
) = EE ‘[/ Ec%l { ‘J"(ﬁﬂf-’@ + p(4Fe) (ff_%ﬂ_)

4_0.,{.&’@‘)(1@-*/?&)—3 )J)‘S(x—(swkfw))dxo{?/.
Hence with -£’=JF(E1"#LU)

Ymax
E b + £ % £ VaAPE
NG 2%?4 [Q4k) — Rit8)q +SA#)] ol

where

B8 = (b)) + B o) (B ) B 2"),
QA = §i88) + LA ot ) AT g

Ri#) = CRE) | £ A g g
24 284" %,

N

and

24y = =(AA)
SH#) = 2

Hence using the limits of integration from equation 2.2.8 and

I () = B2 { Qg £2£ 24 D Shaia™ 4},

LP{E) — FfEf-vfw) T(E‘ E+#Aw) .

2 IFE)
Similarly
I () = EE=tw T (E-#w,E).
. 2JFE)
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The rate of loss of momentum can be calculated in exactly the same

manner giving

dRf) _ Sfwn 4l €) - explto\ M. (@)). 2.2,

where

Mo {e)= ff@wse G E \Y) S( E(A+qV)- E(£)-Fw) s:nsdodc}

Integrating over @ as for I"(EJ and

o= Ele [ (00)-)(@- o5 155,

This reduces to

M) = F“-’**w’{w [Q g 2L 20001 250 A

- 2] @8k ReA(HIA)HS B R 108% ﬁf}[},

where @ , R ,anJSare defined above.
Thus

M*‘ E) = I;’(I:-E‘-Tw) {[F(Eraﬁ'w)—F(E)jT(E,E*#w) = 2U(E; E*‘#"“)}J

and

M (E)=E 4{ L { [F&) - Fe-Awf T (£-#,E) + 2 U(E-Aw, E)} .

Equations 2.2,19 and 2.2,20 can be averaged in exactly the same way

as equations 2.2.9 and 2.2,12, resulting in modified forms of equa-

tions 2,2.15 and 2.2.16.



o

2.3 Acoustic Phonon Scattering

Acoustic phonon scattering can be treated in a similar way to
polar optical phonon scattering. The s-type matrix element that is
analogous to that of equation 2.2.3 is given by Conwell [1] p.108,
where

= - 2.3.1
l(ﬁz%m;)g)f:.-%w (Vg+£74),
Nq' - (e*P(#%/ﬁﬂ;)" [ )"" g El is the deformation potential, W
the average longitudinal sound velocity, and e' the crystal density.
The remaining parameters have been defined earlier,

A linear dispersion relation W :(l?’ will be assumed for the
longitudinal acoustic phonon spectrum. For most materials of inter-
est at temperatures greater than about 20°K the acoustic phonon
energy is much less than the average energy of the carriers, so it
will be assumed that -4ﬁq$.4;1$1: throughout the following calcul-
ations. This in fact defines the condition of equipartition of energy

for the lattice oscillators [1] p.9.

2.3.(a) Rate of loss of energy

The parabolic case is described in [1] chapter 3, It will now
be calculated for a generalised band structure, thus, substituting

equations 2.2.,5 and 2.3.1 into equation 2.2.1 gives

00(’5 2;'— £ j[[iﬁ {N,i/ J(E((ﬁq,}) E(#)- #w?/)

- (Mg +1) & (EL4)~ ECL) + o, )] *sin b
Now ”9 = &7;/_#(‘;@_% since #w};@ﬂ, thus

de = E°
A [ Te)- 1@}
5.6 = [[ 44T Au) § (€U ))-E@)-Rug) singiscly,

3469 = J[GUAaTe+ ) S (ECh-3Y)-E () +Fag)sinbilocly
Substituting = F(E) ana X = E (g - f“? o |
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F (x Hfa@ ) = Flx)+ #a?//-'(fq -4 ?2:6’?,40549-# 9

" [fo) + Hag Fog Jax = - 2£q, wsé A&
leads to

TAE) = [ £ (KiT- #ug) Six-£) oy + oy ) ety
Thus q

L) -f L (£T,- 9@%)( Fe)+Rug, FE) ) dly,

Mm
where the limits of integration must satisfy the equation

E(#+3M) = E{'ﬁ”)-ﬁ-#a?, :
H+g) = Fle+hug) = Fe) + Kug Fle)
9(q+ (2/rE)-FuFiE) = 0

Since q{ must take a positive value the allowed range of integrat-

9 min =0, l}
and qmax = 2JF7§T+#HF{E’.

therefore

and

ion is
253502

Integrating over q results in

- ' ((2|re) +qu(eJ) (2/FE) +huFel) £, 5 }
TLE) 207‘5‘{ : AT RE) + — ) FulhiT, 7~ 5
Similarly
. , 3 , it P
3= L (’ZJFIE)“#UF(EJMG‘]; Fe) — ZJFT&'J-ﬁur@')l}a[&m-'(e)-f;'(g))},
7 2|Fe) 3 4 *

which when subtracted from J+(E) produces

4—#(4
36)- 3() = = [ Fe FiE) T, + Fe) (4T, F - £o) ]
after retaining first order terms. Thus

dE _ E #/FE)
de e

For a parabolic band structure, and E’S>‘£Ej: , the above formula

ffsx(Ffé) + FE) FZ;‘JJ - F&;_F(‘e)] . 2.3.3

reduces to equation (3.4.27) in Conwell [1].
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2.3.(b) Rate of loss of momentum

Substituting into equation 2,2.2 in the usual way, and

d# o 2. £ % ;
(*€ yﬂﬁ-ﬁ% N7/(S(E(£+$)) E(@) -Fug)

~ (Ng+1) S(E((ﬁ-g)‘)— E(f?-f-}f%)}c;‘sm@ a{a}d&dﬁ?

this can be written as

dI£E) _ .
a m - Jﬁa (Lye)- L(8)),
it ‘ 3, 5 2 2 ‘
L.(E) ﬂf_/‘i/ cos 6 [ £5T,- g (E((ﬁg))-&'(f)—#aq,)sm adedc},»

L_(e)={] [gpcose (457;+‘ﬁ_g.¢)8 (E(ch-g)-E#) +Fug) singdeds,

Substituting -Ez-; F(E') and X :E.((ﬁq-qf)—#uq’ where
s = (Flx) —ﬂz+%aq/Fr$c)-?}) /24g

e ‘[[m's) (4T, - {293,)[ Fég-#% #ug Fix)-g2)
(Floo+hag, Fiy) S (x-E) dx dg
'-4::(91,[ q" (4T, - $yq ) (Fug FlE)-¢) (FiE) + Rug Fe) g,

The limits for this 1ntegrat10n are given by equation 2,3.2. Thus

L(e) = L [ QB RFEET i) 4 fuf B+ Aty r . 7]
&) m@)[ 4 W)+ fuf D e i}.”

and similarly

L {E) = = (2(FE) - fuﬂzi)ggr F(Ehfu{(zﬁf) #aF@JJﬁ,TFH }
4E) 81

Hence
‘
L.E)-L-(E) = -2FE)FE) 46T,
after retaining only first order terms. This results in

diff) = . E ble 4 = Fle
dt 2Te u? ﬁ il 284
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Divide through by ifj? , assume a parabolic band structure and
equation 2.3.4 reduces to the momentum relaxation time given by

Conwell [1] , equation 3.1.11.

2.3.(c) Inclusion of the mixing of Bloch states and spin-reversal

scattering
[
When the factor G-(£,€,4) detined by equation 2.2.17 is inserted

in the right-hand side of equation 2.3.1 the effect of the periodicity

of the lattice on the electron is accounted for [23] . Thus it is
necessary to replace I(‘.:) of Section 2.3.(a) by J;Ff(E) s where

J;P*(E) zrjﬁﬁ(fﬂ_r f“‘i')(F(EJ-rfaq’F J)G'f'ﬂlﬁfgl'})sin edad?,.

Since we assume that the acoustic phonon energy is much larger than
. i
the electron energy, the terms which appear in G(ﬂ,'ﬁ,’g} will be

expanded to first order with respect to the phonon energy, thus

B(a#) = Ale) + g BE), o4 )= CE)+Hug D(E),

no
w

.5

o}({}{f) = G(E) +~fugm£) ,y: P(E,?/).+#a$ Ql’é}q,)

Thus by substitution, including only first order terms in the phonon

energy for G’(ﬁ}{:?) and

JplE)= 515 f f 9*(hile- #49) (Fled + Fug o) [A+ CP+GP”
+%ug, (B+CQ+ PD+26PQ+ Hp")JSMd@dc;

Now :f is defined in equation 2.1.18 as‘ﬂ 0&*%) thus

A+
,% Tﬁ%*gT [f+zvav$9 [(._ #“Q,F(E)) 2.3.6

The integration over ©® can now be performed in the usual way

giving

JpE)=, fc; [ﬁsT Fe)- 'fug(ﬁ;f‘ e)) {(mus)

(C+26)+ #G— +-ﬁaq[B+D+H 2,Ez(D

—(C =(€) /
+2H (C+26);_éf_)+4%1(14-G;_(E))]}dc’/.

l
I35
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Using the normalisation condition which is imposed upon G(‘ﬂ fz %)
where A +C+G=/ the integrand results in

56~ 00 e £
+7ug L"(zé’g?;F(E)—Eé_@))(- v )
+ AT, FE) (B+D+H .. .- )] }ofq,.

The limits for this integration are given by equations 2.3.2, which

produces after some calculation

T l®) = b fam P[00’ (vefrerz)s e ]

+Fu [(ﬁﬂ' FlE) - F(E} (f“’”‘f (W”—‘)(c 26)+ (W“”%]

+ AT, FE) ((5+D+H) (Wx)? - (+2H-(c+26)} J";;’j;“’
+(H- Q&JM]}

32#"’

where W = QJF—TL?J , and X< ‘ﬁé‘FfEJ .

By a similar calculation

- (B)= — {&T Fle)[ () 20 (w=x)(cr26)4 (‘—"’—3‘-)5']

/0 -R*
- [l - g el - a2l

] ¢ )¢
+ 4T, FE)((8+D+ H)O‘"—:if—- (D+2H~-(c+26) F‘G’)‘%Jz

+ (- GF'(eJ) 32& J}

Hence

Trpo(£) = () = 4IFET Aul AT, FIEN(1-2¢)

+F(€) (4T, F(E)- F _(e_-) )(1 - 4(.1-2(;-)

+ Fe) 4T, Fe) (8 - D*”*—%’“}?}“ 2L

This result in a similar expression to that given by equation 2.3.3

where
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AE _ E RV [y s ’ -f
ol —:];J"':é—" l__‘%'o(f:(’&')--f-FF)F'(sJ)- F—T%_—r@]
"("’ %(15+G“)) + T, FE) FfEJ(B +;3"('D-H)}.

The rate of loss of momentum can be obtained by the inclusion of an

f
additional factor G({,{,y) in the derivation of equation 2.3.4. It

287

can be seen that terms involving the phonon energy can be ignored,

therefore
I 3 / 2 4
Eﬂ B . . 2 -
Lo ; f 9 tal, FE)( 7 f,(c+.26)+4%¢6 ) di'

On integration

Fie) 46T, [ (Wx)" (w+x) 426) — (_+x_)
Ls,w(E)' 4 F(€) 4 124 ( .:I :

also

g y ]
Lo (e)= HEZ Ffé)ftﬁ sl £XJ (MG)*M xj,,(]

where W:ZJFE) and X‘J‘ﬂu F.fE) . Hence
Lopi(€) = Lsp-(€) = ~ 2FEVFE) AT, (- & (26+6))

and

alfg) = 7&7- /'E-_@F(;-)(f'" %(QC"‘GJ) : 2,3,8
olt 2T« |
Equations 2.3.3 and 2.3.4, 2.3.7 and 2.3.8 can be averaged by direct
substitution in equations 2.2.13 and 2.2.14.

The inclusion of p-type electron wave functions result in the
possibility of scattering by transverse acoustic phonons. Also it
would be expected that the non-parabolicity of the energy band would
result in some variation of the deformation potential. These effects
are discussgd by Korenblit and Sherstobitov [24 ] and are expected to

be small.
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2.4 Ionised Impurity Scattering

Ionised impurity scattering has been considered by many previous
authors, and in most cases of interest which arise in semiconductors
the determination of the scattering matrix by the Born approximation
is found to be satisfactory [25] . Thus, if the electron-impurity
interaction takes place via a screened Coulomb interaction, the

appropriate s—-type matrix element is given by

LIH | gy Pz TS
l(,vi jl,.., %)' (4,”.&&5)2\/ (X.{_q:Jz

where IIA is the screening length of the impurity, and the remaining

2.4.1

parameters have been defined earlier.
The mass of the ionised impurity is much greater than that of
an electron, so it will be assumed that the electron-impurity colli-

sions are elastic.

2.4.(a) Rate of loss of momentum

The impurity ions will be assumed stationary so the electrons
can only lose momentum. Thus, substituting equation 2,4,1 into

equation 2.2.2 taking N& as the impurity concentration results in

Al _ _om £ \/ Nf/// 9*@n) e* Hq cwso
dt £ [Fe gms (e ) N (A% @)

x S (ElA-g/") - E(#Y) sin® dg, d6 ¢

This equation reduces to

d (£8) = - £ 27N &' Fle) AR

de ~ (4[&09‘)1 (Fi(E) ?‘m"(A’L'sz)z % A
The limits for this integration must satisfy the equation
E({é~@f) = [—._(ﬁl) , so that sz,‘n:O and ?m,‘: 2/75(5_) ‘
Hence

d (#4) = - y ] LB €4F(:.¢) B(z)

ole N) (477-&&)1/’:—?5
where 7= 4FCE)//\1 , and 8(2) = ’&3(’+2)_2/(f+2) defines

the Brooks-Herring function [25] .

2.4.2

The resulting momentum relaxation time from equation 2.4.2

agrees with that of Barrie [26] .
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2.4.(b) Inclusion of the mixing of Bloch states and spin-reversal

scattering
The appropriate matrix element was first derived by Ehrenreich

[22] and is the product of equations 2.4.1 and 2.2.17. This can be
substituted into the rate of loss of momentum defined by equation
2.2.2 in a similar manner to that described in Section 2.4.(a)

producing

2/"'
A (#£E€)_ _ 4 2T N: € Fle) ;
dt % LTes) [Fe) ) (A 91) (1- R4Sy )dlg,

wvhere R and S are defined by equ&t10n 2.2.19. Thus, integrating

d (#4) = - £ TNz €*FE) { -
¢ @'F&Es)z/F!@) B(.) )\E{E)[Z

2662)]4 XSO - 22+ 22 +38(zﬂ}

Equations 2.4,2 and 2.4.3 can be averaged by direct substitution in

equation 2.2.14.



CHAPTER 3

THE APPLICATION OF THE DRIFTED
MAXWELLIAN APPROACH TO n-InSb

3.1. Introduction

A theory of the high field transport properties of semiconductors
that is based on the drifted Maxwellian distribution function was
developed in Chapter 2, In this chapter the theory will be applied
to InSb, and the results of numerical calculations on several model
band structures, particularly those of Kane [19] , will be descibed.
It will be shown that even though the drifted Maxwellian distribution
function may npt be the Boltzmann solution, good semi-quantitative
agreement with experiment can be obtained for a large range of temp-
eratures and electric fields.

In Chapter 2 the effect of the periodicity of the lattice on
the electron is taken into account. This manifests itself not only
in the non-parabolicity of the band structure, but also in the non-
planar form of the Bloch wave functions. For InSb spin-orbit coupling
leads to the possibility of spin-reversal scattering. This is incl-
uded in the mixing of Bloch states. It is found that for small band
gap semiconductors, these factors can significantly alter their
transport properties. With their inclusion it is possible to obtain
better agreement between theory and experiment for high and low field
transport properties. In particular the high field drift-velocity
field characteristics of InSb at 20°K and 77°K, and the low field
mobility-field characteristic between 20°K and 500°K are considered.
Optical polar, acoustic and ionised impurity scattering mechanisms
are included with suitably chosen values of the material constants
of InSh.

A great deal of experimental work has been done on the low and
high field transport properties of InSb over a wide range of temper-
atures E8,9,27—30] . Difficulties have been encountered in interpre-
ting these results. These arise not only from doubts about theoretical
methods applied, but also from uncertainties about the relative
strengths of the various scattering mechanisms in InSb, as these
depend on imprecisely known physical constants. Experimental values
of the static dielectric constant range from 17.50 to 18.7, ([32-35].
This leads to a change in the coupling constant of polar mode

scattering by as much as 50%. Similarly, Ehrenreich [22] suggested
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a value of -7.2eV for the acoustic deformation potential, but other
evidence has suggested a value of -30eV [28,36,37] . This would
increase the coupling constant of acoustic mode deformation
potential scattering by a factor of about 17. To help clarify this
situation a comparative study is presented of the transport
properties of InSb, over a wide range of lattice temperatures and
fields in an attempt to resolve the contradictions resulting from
these uncertainties., It will be shown that greater consistency
between theory and experiment can be achieved by taking the most
recent value of the static dielectric constant given by Sanderson
[35] of 17.50, with Ehrenreich's value for the acoustic mode
deformation potential of -7.2eV.

The effect of expanding the drift parameter of the drifted
Maxwellian distribution function to first order is investigated in
Section 3.2, It is shown that the approximation leads to the
disappearence of the region in which the electron temperature T;.
is less than the lattice temperature Ta- without significantly
affecting the mobility-field characteristic.
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3.2 Discussion of the Method through its Application to InSb at Tf;K

The low field mobility of InSb has been calculated by Ehrenreich
[22] for a wide range of lattice temperatures and scattering mechan-
isms. He concluded that polar optical mode scattering was dominant
from relatively low temperatures up to about 400°K. Using this
assumption at 77°K, many previous workers [8,9,10,38,39] have utilised
the displaced Maxwellian and the drifted Maxwellian approaches to
calculate its high field transport properties. Experimental high
field characteristics are given by [8,9,30], and a review assuming
a parabolic band structure is given by ([39].

In Chapter 2 if equations 2.2.15 and 2.2.16 are substituted
into equations 2.1.5 to form a set of simultaneous equations with
two unknowns it is straightforward to compute the drift velocity
>£D , and field l; corresponding to a particular electron temper-
ature 72 . All that remains is the choice of a suitable band
structure. Kane [19] has obtained the band structure of InSb using
a ‘ﬁ,p perturbation calculation, and his results are summarised

in Appendix 1. This predicts a band model of the form

2m* E(E+G)(E+G+A)(Gt1a) |
£ 6(6+4)(E+6+2%a)

F(e) = 3.2.1
where m* is the effective mass of an electron at the centre of the
B.Z., G is the band gap, and & is the spin-orbit splitting of
the valence band. This formula is valid provided m*& m , where

M is the free electron mass, and will be called the Kane (1)
band structure hereafter. If A ED(%E'a good approximation to this
formula is

Flg) = %";’E(HE/&J.

3.2.2

This will be called the Kane (2) band structure., If the band gap
G is much greater than the electron energy'f; then this further

reduces to the parabolic band strucure for which

F(E)'—"-‘Q'f . 3.2.3

Taking a first order expansion in the drift parameter of the
distribution function, as described in Section 2.2.(c), plots 1,
2 and 3 result for the band structures 3.2.1, 3.2.2 and 3.2.3

respectively in Fig.l and Fig.2. For the purpose of comparison the
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The variation of drift velocity wit: field for InSh at 17K
tssuring in plots 1, 2, and 3; Kane (1), Kane (2), and paratolic rond
- tructures respectively, The approximated distribution functior s

nesned.
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The variation of ‘electron temperature with field for InSh at 77°K
assurirg in plots 1, 2, and 3; Kene (1), Kane (2), and parabolic hand
structures respectively, The approximated distribution function is

assumed .
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the material constants of InSb are initially taken from Glicksman
*=0.018m , £,=15.7, £ =18.7
and the Bebye temperature © is taken to be 260°K. It is assumed

and Hicinbothem [9], which arem

that the longitudinal optical phonon energy is constant such that
Kw= fg@. The values for the band gap G and the spin-orbit
splitting A of the valence band are 0.23eV and 0.98eV respectively
[40]. Plots 2 and 3 in Fig.l and Fig.2 agree with those given in
references [17]1 and [27). The effect of spin-orbit splitting

appears to be relatively small, as can be seen by comparing plots

1 and 2.

By choosing a suitable iterative method it is possible to
compute transport characteristics for the exact drifted Maxwellian
distribution function. For the Kane (1) band structure this leads
to plot 2, Fig.3 and Fig.4. The same result, but with the drift
parameter of the distribution function expanded to first order is
included for comparison in plot 1.

It can be seen from Fig.4 that equations 2.2.15 and 2.2.16
can be satisfied when the electron temperatﬁ;e t1E is less than
the lattice temperature -Z: . This arises simply out of the
definition of the distribution function [38,41,42] and can be seen
as follows. It is straightforward to evaluate the average carrier
energy for a system with an exact drifted Maxwellian distribution
function assuming a parabolic band structure, and it is given by

2

(EY =34Te+ 3m Vo . 3.2.4
When the carriers are heated this everage energy must be greater
than the average thermal equilibrium carrier energy %-ﬁ{’: . The
contribution of the second term on the right-hand of equation 3.2.4
leads to the possibility that the electron temperature FT; can be
less than the lattice temperatureuT: . It should be noted that the
expansion of the drift parameter of the distribution function to
first order is equivalent to approximating the average carrier energy
by Ag-ﬁ%7; and hence the elimination of the region wheréljz Z:T: .

When the drift parameter #V;pﬂ /ﬁ)sTE is small, the approximated
and exact distribution functions are most similar. This is true
when \/p is small and when \/.D and _T:a_ are large, so that when V_p
assumes an intermediate value the approximation is least applicable.
This is confirmed by Fig.3 and Fig.4. The resulting drift-velocity-
field characteristic of Fig.3 shows that there is little difference
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FIG &

The varmetion of drift velocity with field for InSbhb at 77°K
taking the approximated and exact distributior functions in plots 1}

and 2 respectively.
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The variation of electron temperature with field for InSh at 77°%K

takirg the approximated and exact distribution functions in plots 1

o 2 respectively
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between the calculation of the exact and approximated distribution
functions. This conclusion was also reached by Mukhopadhyay and
Nag for the parabolic case [39]. So all remaining calculations of
this chapter will assume the approximated distribution function.

In Section 2.2.(d), the inclusion of the mixing of Bloch states
and spin-reversal scattering in the formula for polar optical
scattering is considered in detail. For InSb the function G(‘%‘ﬁ;’%}
defined by equation 2,2.17 can be evaluated using Kane's model,

and gives
GULy) = gy + 299w ( byby + CoCu)y
+(baba+ CoCyr)7p+ [#6abg +L (bs by
+CaCe) - = babg (g Cat Cabw) | (1 ~%*)

as shown by Matz [43]. Thus, the functions 5 y ¢ and o~ of

3.2, 5

equation 2.2.18 can be obtained by comparison since g , b& and

Cﬂ are given by equation (15) of Kane's paper. The calculation
for the Kane (1) band structure with the inclusion of the mixing
of Bloch states and spin-reversal scattering results in plot 2,
Fig.5 and Fig.6, with the straightforward plane wave calculation
plot 1 being shown for comparison.

The factors g b& and CE are discussed in Appendix 1,

and in the limit where the spin-orbit splitting of the valence band

becomes infinite

. Vj, - = yz.
qﬁ'—f(“gj;%;) ) bﬁ‘:Cﬁ/ﬁ_:(_g'(_@%}?)) ' 3.2, 6

When the mixing of Bloch states is taken into account to first order
Qa=1 and bg=Cg=0. Thus, 2=S=0 and @:QE‘ in equation
2,2,20, This results in an extra factor of a;': (G*#ﬁ))/(é'iz‘rx-?)in
the rate of loss of momentum which does not appear in the plane
wave calculation. The ratio #‘J/G‘ for InSb is about 0.1 which leads
to an increase in the low field mobility of 10%. An exact calculation
gives an increase of 17% as shown in Table 1, Section 3.3. Thus it
should be emphasised that for narrow band gap polar semiconductors,
the effect of the mixing of Bloch states and spin-reversal scatter-
ing on their transport properties can be significant.

The low field mobility for acoustic scattering assuming a
parabolic band structure which can be deduced from equation 2.3.4,
differs from that given by Madelung [40] by a factor 32/aw = [.[3 .

Fig,7 compares the mobility-electron temperature characteristics



-34--

V, (1)

/O

I‘C { V/m/

FI1G5.

The variction of drift velocity with field for InSb at T7¢K
assuring a Kane (1) band structure with and without the inclusion of

s-p nixing in plots 2 and ] respectively,
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The variation of electron temperature with field for InSbh at 7T7°K
assuning a Kane (1) band structure with and without the inclusion of

s-p rixing in plots 2 and 1 respectively,
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TT7°K for acoustic scattering assuming a parabolic band structure, and
a Kane (2) band structure with and without s-p mixing in plots 1, 2,
and S respectively. Plot 4 shows tie polar case for a hane (2) band

structure.,




I 5

of the acoustic and optical polar modes of scattering. Plots 1, 2
and 3, Fig.7 describe the parabolic, the Kane (1) and the Kane (2)
with the inclusion of the mixing of Bloch states cases for acoustic
scattering. Further details are given in Appendix 1. Plot 4, Fig.T
shows the polar optical characteristic for the Kane (2) band struct-
ure, The material constants of InSb used for this calculation assume
an acoustic deformation potential of -T7.2eV, a longitudinal sound
velocity of 3,700m/s and a crystal density of 5.79gm/cm5.

The rate of loss of energy by an electron to the acoustic phonon
field is much less than the loss to the optical polar phonon field
even assuming an acoustic deformation potential of -30eV, so the
electric field at a particular electron temperature is principally
determined by the polar optical scattering mechanism.

For ionised impurity scattering the mobility- electron tempera-—
ture chatacteristic can be deduced from equations 2.4.2 and 2.4.3.
The resulting low field mobility for the parabolic case differs from
that given by Madelung [40] by a factor 32/37 = 34 and by the
form of the integral in which the Brooks-Herring function arises.
Usually the integral is approximated by substituting in the Brooks-
Herring function the value of E at which the remaining integrand
has a maximum., This value is 31&“: in the formula given by Madelung
[40]. However, this cannot be done for the mobility resulting from
equation 2.4.2 because when the Brooks-Herring function is removed
from the integral, the remaining integrand does not possess a maxi-
mum value. Using Dingle's suggestion [44], the value of E  substi-
tuted in the Brooks-Herring function is taken as that at which the
remaining integral has a mean value. This value of E s Jaﬁfz'ﬁyc
for the above case. Thus, plot 1, Fig.8 shows the mobility-electron
temperature characteristic for a parabolic band, approximating the
integral according to Dingle's method. Plot 2 shows the exact calc-
ulation for a Kane (2) band structure. The effects of the mixing of
Bloch states was found to be small.

For this calculation it is assumed that the system is non-
degenerate and the impurities are completely ionised, so that the

Debye screening length 1[* is given by [44]

) 392.7

/\Q" = 4Tn e‘!.
4TES BT,

e 1]
where 1: is 77°K, the carrier concentration b is taken as §x (0 /mé

) . . N ZO/ 3
and the impurity concentration Vpr as /x 10 [m® . It should be
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The variation of robility with electron temperature for InSb at
77°K considering ionised impurity scattering (Pﬁ = Iﬂaoms) for a
paralolic band using Dingle's approximation in plot 1, and for a Kane

(2) band structure in plot 2,
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noted that the mobility resulting from ionised impurities is very

insensitive to the electron concentration 7. .
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3.3 Analysis of the Scattering Mechanisms of InSb at High and Low
Fields

There is some confusion about the experimental value of the
static dielectric constant of InSb [32-35]. Table 1 lists the low
field polar mobility for InSb at 77°K for two different dielectric
constants, 18.7 and 17.50 and the corresponding Bebye temperatures
of 260°K and 278°K given by references [33) and [35] respectively.
Parabolic, Kane (1) and Kane (2) band structures with and without
the inclusion of the s-type mixing of Bloch states are considered,

The mobilities are given in m?/V-s,

£s 18.7 17.50

N 0 260 2178

Parabolic 72.6 131.6
Kane (1) 53.2 94.8 Table 1,

Kane (2) 51.8 92.3

Kane (1)+s-p 62.0 111.5

Kane (2)+s-p 61.2 109.5

Experimental values of the low field mobility of InSb at 77°K [8,

9, 301 range from 50-75m”/V-s, the variation for different samples
being due presumably to the different impurity concentrations. These
values suggest that the dielectric constant of 17.50 leads to a more
appropriate result for the polar mobility of 111.5, which is somewhat
higher than the experimental values, as should be expected. The
remaining calculations of this chapter for convenience will take a
Kane (2) band structure with the inclusion of s—p mixing and spin-
reversal scattering.

There is some doubt about the deformation potential of acoustic
mode scattering. If the value of -30eV is taken [28, 36, 371, combi-
ning acoustic and polar scattering, the low field mobility of InSb
at T7°K is about 67m"/V-s, which is rather low. Plot 1, Fig.9 shows
the experimental high field characteristic given by Glicksman and
Hicinbothem [9] for InSb at 77°K, plots 2 and 3 combine the effect
of polar and acoustic scattering with deformation potentials of
-T7.2eV and -30eV respectively. Plot 2 also includes the effect of
ionised impurities of concentration 1.4 X lO”/m3 which leads to
good agreement with experiment up to 3)({O‘V/m. This suggests that

-T.2eV is the more appropriate deformation potential.
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The variation of drift velocity with field for InSb at 77°K
including polar, acoustic (and ionised-irpurities for plot 2)
scattering, with an acoustic deformation potential of -7.2eV and

-30eV for nlots and 3 respectively. Plot 1 is experimental [9].
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Bok and Guthmann [ﬁ] give experimental data for InSb at 779K
and 20°K. Tuking a deformalion potential of -7.2eV, an impurity
concentration of 3.3 X 10*/m® is required to produce a low field
mobility of 50m‘/V—s at 7T7°K. The agreement at high fields is good.
Also, the corresponding theoretical plot at 20°K given by Fig.10
is in good agreement with experiment, and has a low field mobility
of 25m‘/V—s. It was not possible to explain the high field charac-
teristics of InSb at 77°K and 20°K consistently with a deformation
potential of -30eV.

An attempt was made to include the effects of electron-electron
screening \22], but it appeared to make little difference at the
electron concentrations stated for the experimental samples of

references [8, 9, 30] for InSb at TT7°K. Recent experimental evidence

[45] has been obtained for very high fields above 5x10* V/m prior

to the onset of carrier multiplication due to impact ionisation, At
such fields electron energies are acheived which introduce the
possibility of intervalley scattering. These effects will be
discussed in chapters 4 and 5.

The experimental low field mobility of InSb over a wide range
of lattice temperatures is given by Kinch [28] in plot 1, Fig.,1l.
Plot 2 shows the theoretical mobility characteristic resulting from
a combination of polar, acoustic (deformation potential -7.2eV)
and ionised impurity scattering of concentration 3.3 x 10“7m3.

Plot 3, Fig.1ll shows the effect of electron-hole scattering as given
by Ehrenreich [2%]. If this is included in plot 2 it can be seen
that good agreement with experiment would result at high and medium
temperatures., Below 20°K the disagreement is explained by Kinch [28],

and is due to electron—-electron effects.



1 |
10 _ _ -,

M (m’*/\/-:g)

sxio

10

5)( !01_ | ! OJ . fx 103 . / 04- ._')//\' Jot

FIG. 10.

o I08b at 202Kk where a

-
o

TL. variation of rokility with field
Fene (2) band structure is assumed ircluding s-p mixing, and polar,
accustic, and ionised impurity scattering (N; = 3.3 x 10*/n®) are all

trlen into account,



YACT \/—s)

/O

/o 50 /00 500

LK)

FIG. II.

The variation of low field mobility with lattice temperaturé for
InSb is shown by plots 1 and 2. Plot 1 is experiméntal [28], and plot
2 1s theoretical vhere a Kane (2) band structure with s-p mixing is
assumed &nd polar.‘acoustic, and ionised impurity scattering (ﬂ&.:
3,8 x 10’?n9)'1s irclided, Plot 4 is miven by Ehrenreich EQQ for

electron-iiole scatieringe.



CHAPTER 4

THE FORMULATION OF THE BOLTZMANN EQUATION
AND THE DERIVATION OF THE COLLISION INTEGRALS
FOR SMALL BAND GAP SEMICONDUCTORS

4,1 Introduction

The Boltzmann carrier transport equation can be written

symbolically in its most general form as

@l( + ‘E)Jc) 4.1.1
ot/ \9E

The first term represents the variation of the distribution function
J[(...Z?'é) with time due to the application of a field, and the
second term represents the variation due to carrier collisions.

The distribution function is defined in the usual way with the

normalisation condition given at any time t such that

// 4 2)dholr= 1

It is straightforward to deduce that
5‘f Ao

where )d is the electron velocity as shown by Wilson [46].

The validity and justification for the use of Boltzmann's
equation to describe low and high field transport in semiconductors
is discussed in references [1,47,48]). The general conclusions
reached are that provided the carrier concentration is sufficiently
dilute such that the velocity of a carrier is uncorrelated with
its position, and in the case where carrier—carrier energy exchange
is large that the collisions are predominantly binary, then Boltzmann's
equation is applicable. In the case of degenerate semiconductors the
inclusion of the Pauli exclusion principle on the carrier-carrier
interaction is an additional condition, but the following chapters
are principally concerned with non-degenerate semiconductors.

There are two types of scattering processes which will be
considered in the following sections of this chapter. Firstly there
will be scattering due to phonons and ionised impurities, where

the collision integral is of the form [1]
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Bff
) Z (B ~>2ug)f thg)+ RUb-E9)fd-g)
- G ldg=£)f6)- RiEg-)f )

the notation being the same as that used in 2.2, where Eg and F%
are the absorption and emission probabilities for an electron
scattered through a momentum change £§ . The subscripts ¢ and'j
refer to the different valleys, with 'f-(g and jf(g’) defining the
distribution functions corresponding to valleys labelled ( and.j
respectively. The intervalley collision integral given by equation
4,1.4 reduces to the intravalley collision integral by taking ( J
The second type of collision integral to be considered will be that

due to intravalley carrier-carrier collisions. This takes the form

[49]

8 - A [feraspo-repolans), o
e-e sinX a 4
where an electron with momentum lg is scattered 1nto a state ?g
due to collision with an electron of initial momentum Zg and final
momen tum z?: - This equation will be discussed in Section 4.5. The
detailed evaluation of the relevant collision integrals will be

performed in Sections 4.2-4.6.
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4.2 Polar Optical Scattering

The collision integral for polar optical scattering assuming
a parabolic band structure is discus$sS-ed by Conwell [1], Chapter X .
It will now be derived for a general band structure which is
spherically symmetric in zg sSpace.

Using first order perturbation theory the collision integral

for intravalley scattering obtained from equation 4.1.4 becomes

W) 2T |41 el
Se = 7 2Bl SEy By )iy

+ 18 1M §-g)* S (Eguei~ Eg 4)f(£-9)
U1 Hyol BT O(Epog - Egu ) 8)
~ (BegiH BT (Egg .~ Egu)f(A)

The notation is the same as that used in Chapter 2 where the polar

4.2,1

optical phonon matrix element is defined by equation 2.2.3 for the
case of carriers possessing s-type wave functions. Thus, transforming
the summation over g to an integral in the usual way and substitut-

ing the matrix element produces

gfe(g) (472,,)27#(8 £ )f[@“") O (ech)- Ethyf)rlf (frg)

N (RS- Eef) Fulfifi-g) 1.2
-li+1) O(Elh45)-E(€)-Fu)F £)
_ NO(ECksg) -G o) i) snt lclocl

Consider the first term in the integral where

= [[] S(e8)- Egeg5) +#0) flteg) sinody ot

the polar axis being in the direction ‘z? . The integration over

@ can be performed in the usual way by defining the function

‘fl' F(E') (2.2). It is convenient to define the function ]ﬁ(:g) in
terms of the carrier energy £ and an angle X , where QSJ'= 7. £
izr defining the unit vector in the direction of the field. The
function f(ﬁ{-’?) can be obtained since
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At +q(%-3)
£+gl

A N
E((ﬁ*%]aj': E(ﬁ")+=ﬁw , and £F(£+%J =

b

vhere ‘2 g = ws b 60f3’+$‘m€§’mfag¢as can be seen from the

diagram. Hence integrating over & gives

T,
Flerzo) affsfm @s8) dydg
‘ JFE)

© i

wvhere

Los 51"-_:: FE)
F(E+fuw)

{ b’+ { (Fet#0)-FE) -4 1 os ¥

+Ve F(e)q}- [Flewh)-FE) —c;”-]z'simoggs}_} :
max = [Flc+ #uw) + [FE)

and
min

The second term of the integral on the right-hand side of equation

4,2.2 can be evaluated in a similar manner, and the third and fourth

terms can be evaluated resulting in terms not unlike those of equat-

ion 2.2.9. Thus, the collision integrnl reduces to

Qﬂﬁj _ R0 N/ | 2;—'(54#‘.;)/)%’*??“ o5 3*) o
DE (av ES) [ idpg

[6T°E #

zF(e-z"wJ fletw, cof) o, , T,-E FiEtf)
2 t 2
VF(e) / Y ¢ 4.2.3

[FE)
) JF(E‘-f#_wJHF(e) o F e 4 (FEM{FER ] iz o)
? IF (e+fu) - [F&) [FlE) 4|Fe) - JF?E-?;J)

where the limits of integration over ;6 are O 277 , the limits
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of integration over C-L, are %mc}:‘;'ﬁm_u}_ﬂ%)&nd%x: Fe) +JEC-Fwo

for the first and second integrals respectively, and

wsﬁ:j FlE) 5+ - ((E(e+®w)-FO-g ] wsy
Fletfw) 03 +2{F(E)(LF( 71e

+J4re)q - [FEthw)-FE) -G T Sindose )}
It is assumed that the function F(g) is taken as zero if its
argument becomes negative.

The inclusion of the mixing of Bloch states and spin-reversal
scattering can be performed in a manner similar to that shown in
Section 2.2.(d) by the insertion of the function G(-ﬁ,-ﬁhﬂ in
the matrix element. It can be seen from the derivation of equation
2.2,19 that the integrands in equation 4.2.3 require an additional

multiplicative factor

QL) - REE)Q> + S(h#£)g
vhere £ = JF(E*Aw) . The third and fourth terms on the right-

hand side of equation 4.2.3 require their logarithms replaced by
the factor

QU ) log BB — 20048188 + 2504 44414

Thus the full effect of the lattice periodicity is taken into account

in the derivation of the polar optic mode collision integral.
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4,3 Acoustic Phonon Scattering

The derivation of the acoustic phonon collision integral follows
closely that of the polar optical phonon collision integral. It
is necessary to use the matrix element defined by equation 2.3.1,
and substitute it into equation 4.2.1 in the usual manner. Thus,

using the fact that the S —function is even

( ) i
o _ e f/[ R {0+ fchog) NF £ et g €689 Fop

+ {NAGg)- nef (£)) O(E37)-E(6) 1 ug)]

xq:ij'lnﬁdq/dﬂdt)b.
where N:(exp(-fw/fﬂ;)_-l )"' and #u)-:#ug . It will be assumed that

the phonon energy is much less than the carrier energy throughout
as in 2.3,

Consider the second term of the integrand and
[ :/(ﬂZ“%#u?ljcg(E((ﬁ»gf)-E'(ﬂ’)*fuq,)(fginedqfdﬁdfﬁl
which can be integrated over @ in the usual way by defining ‘El= F(E-_)

I 221%‘6"/ / (heT,- fAug)(Fle)s RugFle)) g lg ap,

q}“q‘-:zﬂ:'@) +-ﬁ'“?’ as given by equation 2.3.2, Integrating, and

disregarding terms above second order in the phonon energy produces

I = Ef4hr o For AuhT i@ Flbs st 4760)

resulting in off
0

A3 [ i ‘ “ Ty
+(#y )‘(it #:T. Fle)+ 4 FEIRE) AT, He) - £ Re)) -2 FEIFEE ))_}-

It is necessary to retain second order terms in order to include
the contribution of the spherically symmetric part of the distrib-
ution function in the collision integral, This is discussed in
Conwell p.218 [1]. Thus integrating the remaining terms in the

integrand of equation 4.3.1 :zmd_rr

%’gﬁj — _;%%TE[J%E ; [ f({a‘rﬁ%#a?,)(p(é)-f#ugfé‘vj ﬁ.e‘-‘fﬁug,wsf)cgdﬂpdﬁé
Tl":i,,mu

+r%[ (Felo= g )(Fies - Fug RE)f (g o5 )l lp
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{4€5TF(6]R£)+(#M (£ 46T REV+ 4-FEIREHL )

§H

-t FéJ]-grEk}F?s})}f(E, (s z’)}; 4.3.2

where the upper limit of the integration over g, is given by
(Z'"‘*_' 2{RE) tHhu F (E) for the first and second terms respectively.,
Also

ws¥'=(1- 2m)wsb'-!— 3 sinf s,

{ﬁa 4-(-‘() 4.3.3
which can be derived in a similar manner to equation 4.2.3.

If a strong energy relaxation mechanism exists, as in the case
of a polar semiconductor at sufficiently high temperatures, it may
be that the acoustic phonon field only affects the momentum relaxation
of the carriers significantly. In thié situation the higher order
terms involving the phonon energy may be neglected resulting in a

simplified collision integral of the form

T 2/FE)

%{Eﬁ) _-Mlﬁ:#';(f{){ / /f{f: cos¥ gy dlp - 41?*:@](54055’)} 4.3.4

The inclusion of the mixing of Bloch states can be performed
in the manner decribed in Section-2.3.(c) and is straightforward
but produces a rather lengthy expression for equation 4.3.2. For

equation 4.3.4 an additional factor of
| - ~—[c+26—)+z(6

appears in the integral, and the final term requires multiplying

by (- %(3(,1'26) wvhere C, and G are defined in Appendix 1.
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4.4 Tonised Impurity Scattering

The derivation of the rate of loss of momentum for ionised
impurity scattering given in Section 2.4, was based on the assumption
that the impurities could be regarded as infinitely massive and
stationary with respect to the lattice. Consequently the carriers
could not gain momentum as a result of being scattered by an impurity.
This assumption will also be made in the derivation of the appropriate
collision integral. Hence, substituting the matrix element given
by equation 2.4.1 into equation 4.4{.4 for the case of intravalley

scattering gives

¥) _
%iéi (Wé,&) TeeS U/ N+q
- ) &( E(@@ - E(ﬁ‘))__}g"m odty dodp

C(h-9r))

all the parameters being previously defined. Consider the second

term in the integral, where

f/-/( Cg( E((£+gY) - E(8*)) sinbap vl dep

which can be 1ntegrated over and giving

_ TFE) _?/_ oA
: [Fle)ds  (N+qY) 7

o as given in the derivation of equation 2.4.2,
CZ”“‘" = 2/F(e) €

Lo _ TFe), __2FE)
s JFE) N\ +49&))

2f) _ 4¢ Ny Fle) j A
Yla T@TES) #/7'?{ J,(,\"%Lq,)lf‘E st idﬁﬁ

4.4.1
— 1% f(E,LaS 3')}
N (N 4 F6)

where LOSX‘ is defined by equation 4.3.3.

As can be seen from equation 2.4.3, Section 2.4.(b) the inclusion
of the mixing of Bloch states requires the additional factor
(l—- 12.?/1'4- S‘q/“‘) in the integrand of the first term of equation
4.4,1. In the second term QF(E')/()\Z(/\Lf"I-F(E)J] needs replacing by

2FE)__(14XR+XS) - Log (1+ 52 (r4X5) + 4FE)S

N+ 4F6))
where R and S are defined in Appendix 1.
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4,5 Intervalley Scattering

The intervalley collision integral is defined by equation 4.1.4.
In order to include the full effects of intervalley scattering it
is necessary to sum the collision integrals for equivalent and
inequivalent intervalley scattering, over all the allowed transitions.
In some cases this may involve very many terms [50]. The appropriate

matrix element is given by Conwell, p.154 [1], and is

= =7
2 Sy L
‘ I et ) - L
(£rglHiyl B)1 = === (N4 35) Ak
2N @ Wi
M
where ;;U is the intervalley coupling constant, :%j the number
of equivalent valleys of type j s W, the intervalley phonon freq-
: -~
uency, and ﬂr=[bipfﬁum{ﬂﬂ;)-a is the phonon occupation number.
Thus, assuming S:’j and W as constants, substituting 4.5.1
into 4.1.4 produces

oflh)) _ u*J AJ foven) fithe . (tfsg)) -, (4) -2

+{ Ng&[ﬁ-g)-(~+:)3§(ﬁJ}5(!:}((£-@J")-E,; (8%) %) |
xgt5in8d g oy
where t‘ and Ei{ represent energy states for carriers in valleys

L and J respectively. The energy bands can be expressed in the

usual generalised formalism by taking
7
(£-K) = Fi(& -4;)

where !gf is the relative displacement of the ¢ th valley from

4.5.3

the centre of the B.Z. and Kli is the energy of the valley minimum.
Consider the first term of the integrand on the right-hand
side of equation 4.5.2 and

=/ // O(E;(thrg))- EL8)-Fu )y (f1) 0 sinOdg t6clp,

_ E}({ﬁ@)‘*) - E; - #w;
(£+g-B;) = Fj(E +Hwj-A,4X)

Choosing the polar axis dlrected along “& {EJ results in

therefore

-21£-Ejlg smodg = 5‘(5-1%‘%‘ -8) +x)dAX

Thus, substituting and integrating over X produces
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[ === /1%49)q dg
21F(g;-a))

where the limits for the Cb integration are given by the conditions

defined in the argument of the 5 function

Elihrgf)= G+t

which are

max = [L. (.4 e A . . '
WES JEE A 4;) j-jFJ{E‘-/-AJ)
The energy £ is defined as zero at the bottom of the ( th valley
4
and £ = £ 4 a; —A4; therefore

Joooaom
/ ‘;m
‘Z- _—-:: E{E;#wi'rﬂ s
2w ] ) T AR

vhere Gpon = JFJ‘/EH’M)-) T ‘/‘6,/(__.() , and £ = E44( -4

iy

Hence

ng(g)) _ E:N 2 Ry FE47e (e et
(Dé f'j“ gTp v Exp(m_ﬁ 2;/%?57 / ﬁ( ﬁ”’wswé}d?dfb
-I(G-f-fw'- __f § _ -
¥ %ﬁf//ﬁ(c CI3 )c}dgdfﬁ - M{FJ(E”""’W@‘*

TRy 4 exp () ey R I f €1

where the limits of integration over are 0~ 2T , and those
S =5 = N oo o : ;
over i are mak —-\/C (E?‘fwv) -_rl/rj.{EfJ for the first integral,

and %.:.:‘6;: :/T:\;E <+ \/?E’- #&)‘J) for the second integral.
Cﬂszfi:.:: __éifﬁél_‘_ oSy + .
F(E 2huy) 2 F(€')

+ JEEE - y) ) -FT S W}

/ :
where £ — E%A('“tﬂj . This derivation is similar to that given

(CF ('t F(ed-92] cosy

for equation 4.2,3, The inclusion of the mixing of Bloch states
is straightforward but somewhat lengthy and follows closely that

given in Sections 2.2.(d) and 4.2,
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4,6. Electron-electron Scattering

The carrier-carrier collision integral defined by equation
4,1.5 was derived by Chapman and Cowling [49]. It has been applied
to the transport properties of semiconductors by Appel [51], and
found to have little effect at low fields. However Hasegawa and
Yamashita [52] considered the warm electron problem and found that
at sufficiently high electron densities, electron-electron collisions
make a significant difference to the conductivity of M -type germanium.
Their derivation was concerned with the spherically symmetric part
of the collision integral. It will now be generalised to include
the non-symmetric part of the collision integral and band structure
non-parabolicity.

The collision integral will initially be derived for a parabolic

band structure. Equation 4.5.1 can be written in a suitable form

24 _ n AR} /]ﬁ:f(ﬁjf(fj_
s - ne L D= fEE) ] x () a6
ot (2Te* AaT, ) sinx dXded £,

where electrons with momenta :@ and jgf mutually scatter into states

‘ﬁf and f: , with relative momenta Z"’: g;—;g and 2"{: ﬁ'-gf.

Ead

a

is the angle between 2& and 2}’ y ¢ specifies the orientation
of 0 & (XyW) = oo (U ) (FAre/ m¥ s where () is
the differential cross—-section and . 1is the electron concentration.
The constant which appears before the integral in equation 4.6.1
arises from the definition otf the distribution function given by
equation 4.1.2. Chapman and Cowling [49] define their distribution
function as the occupation number per unit volume of configuration
space.

The collision integral can be evaluated by using the conservation
equations of momentum and energy which apply to electrons in a parabo-

liec band. These are

fgt t Z? ==3£: f'}?i
ek =R

It is easy to show that the magnitudes of the relative momenta 7“

and

and 71{ before and after the collision respectively, are equal.

A transformation of coordinates to the system (7",9,5{5) will
be made choosing the origin of the coordinate system at "é‘:,g ;
and the polar axis directed along jg . Thus
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Axde 1*5m 8 a/ow/é’/;é )
where 'g; - ﬁ_{, 2:1.

/

)

£+ (-1

and
f

£ =
L £ (24222

These equations can be squared to produce

2
A= B4 2800050 4 17

)

4= A+ A sd-ws8") +7%( esy)f2,

4.6.3

= s A (1054 asd) +F (ituss)y
J

It can be seen from the diagram that

w0s6' = (WSl x + S/ Sin¥X s € .

The distribution function will be defined so thatf(#)= F(Eusy)
the angle ‘X being defined with respect to the unit vector E
in the direction of t.he applied field. Hence, multiplying equations
4.6.2 by the vector 1ap gives

£, 005), = Beosy + a5

’

A sy '= Husy + 7(aif- wsf )/ 2,
B w05y, = Busy + (wsB+ w.;/o")/z ;
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wvhere

and

wSB = (058 wSY + Sl S ¥ osgh

(0SB = (05O &Y + SinB sy o

7
w$¢ can be obtained from the equation

WsX = (056 (056 "+ St B 518 Cos(B-4)
Redefin

‘#lﬁpg the distribu
E= 12

tion function in energy space such that
; £

and taking ¥= —=—
2mt* &

Jﬁ;? gives
E, =€+ 2[Exws®+ x* : ?
E'= E+VEX(10s0 -ws6) + XY1-wsx)/2 Lae.s

, = E +VEX(wso+ s8)+ X*(1+cos X ) /2 J

4
WSO e ing given

and

in equations 4.6.3. Similarly,

s ‘ﬁfé—{ﬁwsx+ stﬁ} ,
wsy' :Ef{@wﬁb’f- Jé.(wgﬁ.-cog;g’)} : 4.6.6

sy, = E{@wsm X(wsp+ews)}

{
os8 ond (0§ being defined in equations 4.6.4. The collision
integral reduces to
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as given by Conwell [11; The derivation of‘o((x:x) is based on the
Born approximation with A defined by equation 3.2.6.

It was possible for the collision integrals arising from carrier-
phonon interactions to include the effects of band structure non-
parabolicity in a very general way. In the case of the carrier-carrier
collision integral this is not possible. However, by choosing a
simplified Kane band structure of the form ‘szZWPE(ff(?/G)/#Z
which has been discussed in Section 3.1, with some additional
assumptions, the calculation can be performed.

The angle )X defined in the collision integral (equation 4.5.1)
refers to the angle between the relative velocities of the carriers
before and after collision. In the case of a parabolic band this
is also the angle between the relative momenta of the carriers before
and after collision. For a non-parabolic band this is no longer the
case and care has to be taken to choose }f correctly.

The effective mass of a carrier in an energy band of the above
form is m¥ (f-f-?é—/G) y, so the relative velocity of the carriers
with momenta -ﬁ; and 1@ is given by

{ _ f %‘ qL,
m* [+ 25 (i +2€) W)

the parameters being defined in a manner analogous to the parabolic

case. From this equation it is straightforward to deduce that
Cl/+2_ _
- 6-4T

_‘ E(tE) +2)<VE(”'§)_(,05(3’+>&2
(1 +2€7 (14 26)
G G

Ea and X being defined in the usual way. These equations reduce

where

to the parabolic expressions when G is large.
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Consideration of the relative velocity after collision leads to

; = / / -1 / /
(1) ()2’ = (1+ 5 )£ = (1+ %) ¢

which, after the inclusion of energy and momentum conservation

necessitates the solution of a quartic equation in order to find
] ’

E and Eﬂ . However, the problem reduces to the solution of a

quadratic equation if it is assumed that
EE
E+ & 3> -—é—:—— 4,6.8

This condition is satisfied reasonably well for fields which
produce average carrier energies corresponding to small fractions
of the energy gap. In the case of InSb the average carrier energy
is about 0.05eV at SxIG*V/m (see Ch. 5). The band gap of InSbh is
0.23eV as given in Ch, 2, so EI""E is roughly a factor of 10
greater than E;E/G. This approximation is least valid for collisions
between very energetic electrons.

Another consequence of the above assumption is that the relative
velocity has a constant magnitude throughout the collision process,

as in the parabolic case. Therefore after some calculation
g'= L

4
2((- %

I

J/ - g"(ﬂ-\f) - %(U\(—Wz) - (‘ B %(U-WJ)} )

= _ G _ . 4
E *5(1-%){\5‘ g(a-v)*éé(w*w)-(l'E("‘*“")) )

where —ar 2
EtE
=l e = (+2E ’Hew) T 0
= - +H+26
U =4E |5 +4{Exco59(f+%_ (14 E2€) +(1+28)
G

vV o= [f + :;_(%:@"(x‘,
and
(+ €

W :D +2%@}{2(€wa9 ( |+?i" +(1+2_‘G§)X1ws)c}
&

/ / . .
The cosines of the angles Bﬂ y B’ and Zn can be obtained in a

similar manner to those defined by equations 4.6.6.
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To include the effects of non-parabolicity on the mixing of
Bloch states in the differential scattering cross-section D'(]ﬁ,X)
requires the insertion of the function G(‘é,‘ﬁ:?) defined by equation
2.2,17. It should be noted that the condition defined by equation
4,6.8 has the effect of keeping the reduced mass of the inter-carrier

collision process constant.,



CHAPTER 5

SOLUTION OF THE BOLTZMANN EQUATION
BY ITERATION AND ITS APPLICATION TO
InSb AT 77°K

9,1 Introduction

A number of methods have recently been suggested for the
iterative solution of the high field Boltzmann transport equation
[6,53,54], They involve the reformulation of Boltzmann's equation in
such a manner that its solution can be generated from an initial trial
function., The development of these approaches originated from the
desire to evaluate the transport properties for realistic models of
semiconductors to a required degree of accuracy. Consequently
numerical considerations of the problem in question are of prime
importance, since analytic solutions rarely exist in all but the
simplest cases, This chapter is concerned with the theory of Rees’
iterative solution of Boltzmann's equation and its application to
InSb, with both the time dependent and time independent cases being
discussed.,

The time dependent Boltzmann equation which describes a non-
degenerate semiconductor at high fields was derived in Chapter 4,

and can be written in a general form as

Ekf _ 5.1.1
o F gLE: éZf.‘: Cffr

e kI
where Cf: represents the appropriate collision integral. It has
been assumed in this equation that the problem under consideration
is spatially homogeneous, and that only electric fields are present,
The simplest possible iterative scheme for solving this equation can

be obtained by a '"stepwise" integration with respect to time., Since

Ofhe) = tm FEtrac) -]
Je A€ >0 A€ ‘

equation 5,1.1 can be written in the form

f(;@,(—f—dé):-’{|+A6‘(—-e~é—;9‘%+2)}j€{f]él) 5.1.2

This equation could be used to evaluate the time development of the
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distribution function provided AE is sufficiently small, If the
tollision integral and the applied field are time independent, then

a steady state solution can existy; it would be expected that after
enough "steps in time" the distribution function would stabilise, and
thus satify the time independent Boltzmann equation, which is given
by equating the final term in equation 5.1.2 to zero, It should be
noted that

A Ey 2 _ E Of(g)
f(£ - = {(£) ae ez o

therefore to first order in A4€

f{f)br«dé)': {(H'A&Z)JC('E'JH} 5.1.3

€= £- 4E

where ;é -—-Pﬁ_e_é& 5 symbolises the projection of the function in
braces along its collision free trajectory for a period Ak . This
equation, with the inclusion of higher order terms in AE , has been
discussed by Kwok and Schultz [55,56], who also considered other
appraaches for generating the solution of Boltzmann's equation in such
a manner, However, it is essential that the method chosen should be
amenable to easy numerical evaluation, and the uniqueness of the
resultant solution be known. Recently a method has been developed by
Rees which possesses both of these qualities. This approach is initially
concerned with the solution of the time independent transport problem,
and will now be discussed,

The time independent Boltzmann equation is given by equation 5.1.1
when the distribution function can be expressed solely in terms of jg >
A reformulation of this equation can conveniently be obtained by

adding a term linear in-f{ﬂ) . Thus

£ Ofts o
2 -9%) + %(4) f£) = Cf(£) 5.1.4
G

This can be solved by introducing the integrating factor e , such
G G,
%”.9%((3{) = edf | 6 18

where (; can be obtained from the equation

that
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‘.Cg_.-—D( 5,1.6
€59 - wt)

The inverse of an operator can conveniently be defined so that

= -pPSs
:fdsep,for QQP'?O

This facilitates the solution of equation 5.1.6 giving

Gy ={[ds exp(- £ 2 AL

which after application of the translation operator produces

::4(;15 D({zg-— %%flf')

where G(w) is chosen to be zero., The solution of equation 5.1.5

can be obtained in a similar manner leading to

J[(ﬁ) = féXPC f°<(1f efF}dS)Cf(‘r‘? £).dt  5.1.1

The above derivation of this integral equation was given by Vassell

571 -

The collision integral for many problems of physical interest
may be expressed as a linear functional of:f[ﬁ) . A collision
integral of such a form is given by equation 4.1.4, which may be

taken as

CHE) = — (L8 P& R)- Fit) Pt gy]etd

The second term in the integrand may be integrated so that

) = NBYJR) - [fd) PEE R 4"

Thus by substituting equation 5.1.8 into equatiocn 5,1.7, a
homogeneous Fredholm integral equation of the second kind is

obtained such that

Jf(ﬁ):/pr(—g[i(g— r-)d)[E«ﬁ) NE{(8)+ ff(ﬁ)P(ﬁ, dﬁ}d&-

£ 4-SF
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Rees has discussed this equation in some detail and considered the
"self scattering" rate 0((%) ;, which has no physical significance
since it involves the scattering of a carrier with no change of

momentum, and chose it to remain a constant value, Therefore, with

cx(;é),-_-r' '
4k ;
f(£) :foe {D’-)\(gﬂf(ﬁ)+f;f(£]F’(ﬁjﬁJdﬁ'}dé 5.1.10

£of-E
It was known tp Rees that when r—, is large this equation generates
the time evolution of the distribution function. This can be shown
simply by assuming that the second factor in the integral varies
slowly when rﬂ is large, and can be removed from the integral
choosing its argument at the time corresponding to the average value
for the remaining integral., The remaining exponential can be
integrated and equation 5.1.10 reduces to the time evolution form
given by equation 5.1.3. Consequently Rees intuitively deduced that
by appealing to the stability of the steady state, provided the total
"self scattering'" rate fﬂ = O(Gﬂ\ is positive, equation 5.1.10
generates the Boltzmann time independent solution. This condition has
been given mathematical justification by Vassell ETﬂ who proved that
when the kernel of the integral equation is positive and linear, and
the initial trial iterate is also positive, then the unique steady
state solution to the Boltzmann equation 5.1.1 can be obtained. More
recently Kwok and Schultz (55,56], and Rees [7] have shown that the
speed of convergence of equation 5.1.10 can be increased in many
cases by choosing a '"self scattering" rate that can be negative,

By taking O((gJ = )\(ﬁ) in equation 5.1.9 we obtain the
iterative method which has been introduced by Budd [53] and Price
(54]° Budd applied the method to a specific problem where the
scattering processes are independent of the change in momenta of
the carriers, Consequently it was possible to express the anisotropic
part of the distribution function in terms of the symmetric part,
thus expressing the problem wholly in terms of a one dimensional
integral equation. This transformation is not possible for the
important scattering processes which arise in a polar semiconductor,

which is the problem of interest here,

A theorem from functional analysis proved by Banach [58] and
concerning the properties of continuous operators in metric spaces
will now be introduced, bearing in mind consideration of the

numerical solution of the integral equation 5.1.9,.
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Theorem

If a contraction operator u maps a complete metric space X
into itself, then we have a unique fixed point and this point can
be obtained by the method of succesive approximation from any
point XOEX » The contraction operator U given in the metric
space )( is defined such that a positive constant < | exists

for any )('JX”é X where

plux,ux”) & « 0 (x;x")

e()<:x”)definea the "distance'" between Xf and X “ . The fixed
point X* is defined by the condition UX*=X* This theorem can
be applied directly to the numerical solution of the integral equ-
ations discussed previously by defining the metric space )( as

the complete set of positive functions with the property

Am ( =0
/ﬁ/—wof £)

/ "
The distance between any two functions jﬂ . J: can be defined as
/
g({)f”) = Max ;Jc'._jr“[

Consequently, if the metric distance between successive iterates is
monotonically decreasing, the theorem above proves that convergence
to a unique fixed point is obtained.

The reason for introducing this theorem is twofold: Firstly,
the uniqueness of the solution to the Boltzmann equation can be
proved numerically irrespective of the linearity of the kernel of
the chosen integral equationj and secondly, the rate of convergence
of the iterative process can quickly be ascertained. By consideration
of the drift velocity or average energy of the successive distribution
functions generated by the integral equation 5.1.10, it may take time
to decide whether the process is convergent or weakly divergent, and
it is of some importance that r1 be chosen as small as is consistent
with generating a steady state convergent solution. Otherwise a great
deal of umecessary computational effort will be involved. However, the
application of the above theorem readily gives the rate of convergence

after some few iterations,
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The remaining sections of this chapter will be concerned with
the application of the theoretical methods discussed in this section
to InSbo
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5.2 Time Dependent and Time Independent Solutions for n-InShb at 17° K

Rees' method for solving the Boltzmann equation given by 5.1.10
will now be applied to InSb for combinations of the scattering
mechanisms discussed in Chapter 4. The calculations presented in
Chapter 3, which gave a good qualitative account of the main features
of the transport properties of InSb, were based on an approximate
method. Evidence was provided for the strength of the coupling
constants for the different scattering mechanisms, and, as a consequ-—
ence, the values of certain material constants of InSb., It is conven-
ient to choose these values for the exact solution of the Boltzmann
equation for InSh.

Recent experimental evidence [59,60] suggests that at very high

fields the effects of intervalley scattering become significant. In
previous calculations concerning intervalley scattering and the
transport properties of GaAs [ﬁl,ﬁd] the application of the drifted
Maxwellian approach has proved unsatisfactory when comparison with
more exact calculations is made. (A more detailed discussion will
be presented in section 5.3). However, since the approach discussed
in section 5.1 is essentially exact, intervalley scattering can be
included with confidence. A Monte-Carlo calculation recently repor-
ted by Fawcett and Ruch [62] on InSbh has included these effects:
The material constants for describing the higher valleys and inter-
valley scattering which this calculation was based on will also be
used here, and the constants for the central (000) valley as descr-
ibed previously.

The application of Rees' iterative method can conveniently be
performed in two stages. Firstly, the appropriate collision integral

can be evaluated leading to
§C8) = [~ NBITfL)+ [F&) P R)a’ oo

and secondly, the resulting function is projected along the collision

free trajectory of a carrier, followed by an additional integration

= M-Fe £ 5.2.2
fa= [ g08- 26 ) at. N

The inclusion of the effects of band structure non-parabolicity to
the evaluation of equation 5.2.1 have been given in Chapter 4. Its

inclusion for equation 5.2.2 will now be discussed,
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In evaluating the collision integrals of Chapter 4 it was found

convenient to define the distribution function as f(:g] = f(t::mﬁ’l
Congequently to perform the operation defined by equation 5.2.2 it

is necessary to find expressions for E; and Los?ﬂ, where
et - / ‘
(£~ 5F) = g(e),ws¥’)

1 %
For the band structure $ ‘:F(I:),

‘ oy e i A
FEe)= (B~ G £) ot wosy'= £ (47 5F)
Therefore -
"o ~ B I =7 T =
- F(e') = FlE) ~ 2/Fe) T sy +(€?E_f‘) 5.2.3

ws¥' = (FE) Losy - %f}//@
To solve equation 5.2.3 the inverse of the function F(E‘) must be
known and it may be necessary to do this numerically. However, the
calculations of Chapter 3 show that a good approximation to the band

structure of InSb is given by

F'(E) = :meE.(' +£'-/G‘)/‘#1.

- 4 ¥ F(E) _ .
‘:”g'(j'*zm*c; ')- o

The solution of equation 5.2.3 is obtained by substitution, A brief

which has an inverse

description of the numerical ~ . solution of the problem described
above will now be given.

A representative programme is listed in Appendix 2 which calcula-
tes the polar mobility, including the full effects of the lattice
periodicity, for InSb at 77°K and a field of ldQV/m, The distribution
function was given by a matrix of 500 points in the (E , CoS¥ ) plane
to produce an accuracy of greater than 1% for the corresponding drift
velocity and average energy. The integration over the phonon field
parameters %ﬁ and #) were evaluated using a 10 step Gaussian integra-
tion method for each, taking the appropriate values for the distribut-
ion function using a three point Lagrange interpolation formula. No
interpolation over the energy is necessary since the original values
for the distribution function were judiciously chosen as integral
fractions of the phonon energy. The final stage of the iterative
process described by equation 5.2.2 was accomplished by using a 20

step Gaussian integration method for E over an appropriate range,
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and using a six point bivariate interpolation formula on the logari-
thm of the distribution function. This part of the calculation is
very much quicker than the first part, and the accuracy of the resul-
tant drift velocity and average energy is greater than 2% over the
whole calculation. In Appendix 2 the first listing shows the variat-
ion of drift velocity and average energy of the electrons as they
evolve from thermal equilibrium to the steady state value for 104v/m.
It was necessary to chosse a small value of | /F“ initially corresp-
onding to 0.2 picoseconds in order to obtain convergence, but a
larger value of 0,75ps was possible when the distribution function
was nearer the steady state solution. A convenient way of making

the convergence process more rapid can be obtained by choosing an
appropriate distribution function near the expected solution. In

the example given by the second listing shown in Appendix 2 an

exact drifted Maxwellian distribution function with an average
energy and drift velocity close to the expected solution was chosen,
resulting in rapid convergence. The uniqueness of the solutions

for the two above calculations is evident from the distance between
successive iterates through consideration of Banach's theorem stated
in the previous section of this chapter. To include the effects of
intervalley scattering, which will now be discussed, it was necess-

ary to improve the efficiency of the above programme.

Table 2
(000) valley | (111) valleys
m™ 0.013m 0.2m
Acoustic deformation potential T.2eV 10eV
Optical deformation potential 0 1 x 10"eV/m
Band Gap 0.23eV
Spin orbit splitting of valence band o0
Static dielectric constant 15.68
High frequency dielectric constant 17.50
Debye temperature 278°K
[ : 3 3
Crystal density 5.79 x 10 Kg/m
- .3 =g
Sound velocity 3.7 x 10°m/s
Lattice spacing 6.48A
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Table 2 lists the material constants for the central (000)
valley and the four satellite {111} valleys for InSb used in the
calculations which follow. The intervalley scattering process was
assumed to take place between inequivalent valleys by interaction with
longitudinal acoustic phonons at the 111> edge of the B.Z. with an
energy of 12,TmeV [64,65]. The (111> valley was assumed to be 0.45eV
above the conduction band edge, and the intervalley coupling constant
was taken as 5 x 1d°eV/m. Plot 1, Fig. 12 shows the drift velocity
field characteristic for the model described. Plot 2 and the points
(®) of Fig. 12 indicate the theoretical calculation by Fawcett and
Ruch [62] and the experimental results by Neukerman and Kino [45],

Fig., 13 shows the average electron energy (bold line) and the fraction
of electrons in the (000) valley (dotted line) for InSb at 77°K. The
strength of the scattering by the polar phonon field resulting from
the material constants of InSb chosen by Fawcett and Ruch is greater
than in the present calculation and produces a lower population of

the higher valleys. Convergence of the iterative process is slow at
low fields but the low field mobility is estimated to be about

1.8 x 10" m?/V-s.

Figs., 14 and 15 show the first four terms of the spherical
harmonic expansion of the distribution function corresponding to
fields 1 x lﬁ*V/m and 5 x 10*V/m respectively. The Legendre functions
are normalised such that Fi()= 1. At a field of 1 x 10"V/m the distr-
ibution function is streamed in the direction of the field as would
be expected since the average carrier energy is about the same as the
polar phonon energy. The change in slope of the spherically symmetric
part of the distribution function is due to the onset of polar phonon
emission. At high fields the carrier energy increases with respect to
the polar phonon energy, and the higher terms in the spherical
harmonic expansion begin to decrease as can be seen in Fig. 15. The
average carrier energy is still only seven times the polar phonon
energy at 5 x ld$V/m. At energies above 0.45eV the distribution
function rapidly decreases due to intervalley transfer.

The inclusion of electron-electron scattering was considered in
the above calculation for the spherically symmetric part of the
distribution function. It was found to have a small effect of the
order of a few percent for carrier concentrations in the range
ldq--l()mm'3
reached by Rees Lﬁ]q

and was subsequently ignored. This conclusion was also
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FIG 12

The variation of drift velocity \nth- field for InSb at 77°K for
the present calculation in plot 1, and in a similar cal-alation by
Fawcett and Ruch [62] in plot 2. The experimental points {®) are
given by Neukerman and Kino [ﬂs]a(,E[l (i00] |
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The variation of everage electron energy (bold llhe) and fraction
of electrons in the (000) valley (dotted line) with field for InSh at
77%K .
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FIG. 14

The spherical harmonic expansion of the distribution fun.tion for

a field of 10YV/m for InSb at 77°K.
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FIG. |15

The spherical harmoni« expansion of the distribution fun.tion £or

a field of 5 x 10°V/m for InSh at 77°K.
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By choosing a suitably large value of [T the time evolution
of the distribution function can be obtained from equation 5.1.10.
Appendix 2 lists the time evolution of the drift velocity and
average carrier energy for a field of 1 x 10¢V/m, This is represented
by plot 2, Figs. 16 and 17, Plots 1 and 3, Figs. 16 and 17 show the
drift velocity and average energy evolution for the application of
fields 1 x 163V/m and 4 x ld+V/m; only polar scattering has been
included for convenience. As has been pointed out by Rees, at higher
fields the carrier drift velocity overshoots its steady state wvalue,
reaches a maximum value and then decreases, The approach to the steady

state at the lowest field is slow.
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The evolution of the drift velocity in time for electrons in InSh
at 77°K for fields of 10’v/m, 10°V/m, and 4 x 104“v,/m in plots 1, 2.

and 3 respectively. Only polar scattering is included.
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The evolution of the average energy in time for electrons in [nSh

at 77 K for fields of 103V/m, ld?V/m. and 4 x ]d*me in plots
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and 3 respectively. Only polar scatteriné 1s 1ncluded.
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9,3 Comparison of the Drifted Maxwellian Approach with the Boltzmann

Solution

The solution of a particular problem by the drifted Maxwellian
approach is considerably easier than by the exact methods previously
discussed, and consequently has some value for qualitative or perhaps
semiquantitative analysis. It is estimated that the computational
effort involved in satisfying the one dimensional simultaneous
equations for the drifted Maxwellian solution is about two or three
orders of magnitude easier than the integral equation methods.,
Consequently it is of considerable interest to discuss the limitations
of the farmer approach through comparison with the exact Boltzmann
solution.

The drift velocity-field characteristic, including polar
scattering only and the full effects of the lattice periodicity, are
shown for the solution of Boltzmann's equation in plot 1, Fig. 18,
and for the drifted Maxwellian solution in pleot 2, Fig. 18, The
material constants for InSh at 7T7°K are those discussed previously.

It can be shown that the agreement for fields between 1 and 4 x 16+V/m

is very good, the two solutions differing by only 10%; at higher

fields the difference increases somewhat, The mobility for the

Boltzmann solution at low fields is estimated to be about 1.9 x ldzmsz~s;
the drifted Maxwellian approach is about 40% lower. This large difference
can be understood by considering the onset of polar phonon emission:

At low fields the average electron energy is about half the polar

phonon energy, thus the polar phonon emission produces a rapid decrease
in the exact distribution function at higher energies., The

corresponding drifted Maxwellian solution attempts to approximate the
rapidly varying function by a smoothly varying function. This produces

a corresponding inaccuracy in the resulting mobility. At higher fields
the average electron energy increases, and the exact distribution is

able to accommodate the onset of polar phonon emission, Consequently,

as can be seen from Figs, 14 and 15, the distribution function varies
less rapidly and the drifted Maxwellian is more able to represent the
Boltzmann solution.

In plots 1 and 2, Fig, 19, the average energy and field are given
for the exact and drifted Maxwellian solution for carriers scattered
by polar phonons in InSb as discussed above. Very good agreement
between the two theories is obtained., The reason for this is because

at energies above the onset of polar phonon emission the corresponding
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FIG. I8

The variation of drift velocity with field for InSb a< 11°K s
given for the exact calculation in plot 1 and the corresponding drifted
Maxwellian calculation in plot 2, with the exclusion Qf_acou;tuc-uud
intervalley scattering, Plots 3 and 4 are the same calcuilation a- fge
plots 1 and 2 bat with the imelusion of agoustic scatltering with a

deformation potential of -30eV.
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The variation of the average energy with field for InSb at 77°K
is given for the exact calculation in plot 1 and the corrﬂsbondfng
drifted Maxwellian calculation in plot 2, with the exclusion of
acoustic and intervalley scattering. Plots 3 and 4 are the same
calculation as fer plots 1 and 2 but with the inclusion of acousi)

scottering with & deformation potential of -30eV,
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relaxation time is given by a slowly varying function, as can be
seen from equation 2.2.20, and since the average carrier energy
depends directly on the spherically symmetric part of the distribut-
ion function which is least affected by the detailed peculiarities
of the distribution function, the drifted Maxwellian is able to
give a good approximation to the exact solution., Fig. 20 compares
the spherically symmetric parts of the distribution functions
corresponding to the exact solution for plot 1, and the drifted
Maxwellian solution in plot 2, at a field of 5 x ldi'v/mo The
average energy for the two functions is close, but the detailed form
is different. This is due to the weakening of polar scattering at
high energies as has been discussed by Fawcett et al (63] in
connection with intervalley scattering, and the inadequacies of

the drifted Maxwellian approach to represent the inclusion of these
effects,

Plots 3 and 4, Figs. 18 and 19, describe the properties of the
above system for InSb, with the inclusion of acoustic phonon scatt-
ering taking a deformation potential of -30eV, for the exact and
drifted Maxwellian solutions respectively. Reasonable agreement
exists between the two treatments up to about 3 x 1d+V/m, and the
low field mobility for the exact solution is estimated to be
1.0 x ldlmz/V—s, and the corresponding drifted Maxwellian solution
about 30% less. However, the solutions at higher fields are very
different, It can be seen from equation 2.3.8 that the relaxation
time for acoustic scattering rapidly decreases with increasing
energy, From the above discussion this is precisely a situation
in which the drifted Maxwellian distribution function has diffi-
culty representing the exact solution, Consequently the drifted
Maxwellian treatment overestimates the average electron energy at
high fields.

Interpretation of the inadequacies of the drifted Maxwellian
theory is not straightforward since the resulting solution
depends simultaneously on the average energy loss and the average
momentum loss of the carriers. However, some insight into the
nature of the approximation can be obtained by a detailed study
of the relaxation mechanisms present as indicated above. The
solution of more realistic models for semiconductors involving
spatial inhomogeneity for example, cannot be solved by the

iterative method discussed here at the present time, since it
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‘The spherically symmetric part of the distribution fun<ticn fo
electrons scattered by polar phonons in InSbh at 7T7°K for an exact
calculation in plot 1, and the corresponding drifted Maxwellian

calculation in plot 2.
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would involve at least an order of magnitude more computation than
can reasonably be carried out by existing computers. The application
of a set of drifted Maxwellian distribution functions suitably
modified to represent the corresponding spatially homogeneous
Boltzmann solutions could prove a useful starting point tor such

a calculation.



APPENDIX 1

A summary of the relevant results from Kane's [lQ] :g19 band
structure calculation of InSb will now be given.
Equation 10 of Kane's paper gives the functional form of the

conduction band of InSb as

Al.1l

$4° _ E'(E+6)(et6+a)(6+58)
2m* G(G+a)(E'+6+34)
where E’:‘ E-‘ﬂ?ﬁlf.?m‘, G is the band gap, A the spin orbit
splitting of the valence band, M’ the effective mass at the
centre of the B.Z., and m the free electron mass. Since £~ R B 2m*
and m*~ 0.013m it is a good approximation to replace g’ by E
in equation Al.l. The coefficients for the inclusion of the terms
arigsing from the mixing of Bloch states and spin-reversal scattering

are given by equation 15 in Kane's paper and can be written as

Oa = £P(E+G +24/3)
R [P )(Er6t3a) + 20067 (a
_ 2 AE/3

o
S
!

J@ P et)ere+3a) 424 €a (1.,

and

Ey = E(E+G+24/3)

where
g0t - E(E1G)(E+G+4)
(E+G +24/3)
The spin orbit splitting for InSh A ~ (eV . and a reasonable

approximation for equations Al.l and Al.2 arise from the assumption
. This leads to
E, G4 A

£8 - E((+E(G)
2m*

and

Qg

bs

VI+E/6)[(1+2e(¢) |

Al.3

JE/(B(G-W).Q)‘ = L4 |42

I
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To incorporate the effects of equations Al1.,3 for the case of

acoustic phonon scattering it is necessary to replace E by E’—“fuq/

and expand the resulting function to first order in 'ﬁuqf . Thus,

taking X =E/G

_ [I+x
U = [ +2% (l
—

Dir 2 o
4 3(l+2><)([
and
A (|
Ce i 3U+2x)<
. Therefore

n_ [ 5 _
U G L

Mﬁﬂz_ﬁﬁLtil( [ -
e (14 2x )¢ 3
and

"o 3%1 +
(b #)= 4 (1+2x)" ( 2

- Aug

* 26(1+x)(”2x)) )

+ ‘ﬁuq, ) )
26x(1+2x)

T $ug )
26 x ((+2x)

ﬁﬁUQr(f* 2x) St +

G (1+2x) ) = A ‘#G?S’
% ug, _ .

26 x (1+2x) (1£x) ) B Ciﬁ%o'
HAuq _ 2

G x( 1+2x) ) - éi#éﬂ_{’

in the notation previously defined. It is straightforward to obtain

the factors resulting from the inclusion of lattice periodicity.



APPENDIX 2

PRAGRAMME FOR CALCULATING THE POLAR MOBILITY OF INSB AT HIGH
ELECTRIC FIELDS.

DIMENSION WG(12)5sF(3)sDF(3)5CGM(16),GNC16),BF(40515)5AAC(3),BB(3)>
1UNC20)5ENC20) _
COMMON BG(40,15), BT(40,15), WYC45), CGGC15),WXC(40),WZC40)
READ(5,101) (GNCIJsUCGCId»I=2511)
READ(5,103) (WYCI)sWYC(16-1I)5I=158)
READ(55,104) (UXC(I)>UWXC(I+1)51=251052)
READ(5,105) (ENCIJLUNCI)>»I=1,20)
PI=3.1416
GAMMA=1./0.2E-12
N=6
DO 5 I=1,15
GG(Id= =1e+(I=1)/7+
GM(I+1)=COSC(PI/2¢%(1e~=GNCI+1)))
5 CONTINUE
DO 6 I=1,15
WK ( ID=UYCI)
6 CONTINUE
DO 77 I=1 ,15
WY(30-I)=uyCI)d
WY(28+I1)2=UYCI)
77 CONTINUE
WYCL15)=2+%yY(15)
WY(29)=1Y(29)%2.
THETA=2.78E+2
EM=0.13E~-1
T=7.7E+1
EG=2.3E-1
TEX=EXP(THETA/T)
FIN=5.093E+8*THETA*SQRTC(EM) /(TEX~-1.)
UD=0.
ELEC=1.E+4
TEMP=7.7E+1
Cl=1+/(8+.617E-5%TEMP)
Bl=3+.37E-6%SQRT(EM)
D2=4./EG
C2=3.37E-6%C1%UD*SQRTCEM)
A=8.617E-5%THETA
C3=1.
C5=3.37E-6%SQRT(EM)*VUD
AZ=T.
100 FORMAT (15E12.4)
977 FORMAT (E12.4)
101 FORMAT (2E12.4)
103 FORMAT(2F10.7)
104 FORMAT (2F10.7)
105 FORMAT (2F9.6)
106 FORMAT (1X,'THE VALUE OF GAMMA IS'>E12.4)

TABULATION OF TRIAL FUNCTION

DO 7 I=1,30
E=(I-1)%A/N



~ O

99

98

17,
19

21
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XX=EXP(-E*C1)*C3
XY=SQRT(E+E*E/EG)*C2

DO 9 J=1,15

BTCI» J)=XX*EXP(XY*GGC(JI)D
CONTINUE

CONTINUE
TEM=EXP(THETA/TEMP)
TEMX=EXP(THETA/(N *TEMP))
LL=1

CALL VELO(CLLs>Bl,EGsAsN)

MAIN PROGRAMME

NN=29 +N

DO 3 KK=1ls,2
TD=ELEC/GAMMA/B1
VRITE (6,106) GAMMA
DO 999 LL=2,25

DO 98 J=1,15
IU=29+N

DO 99 I=30-1IU
BG(I»J)=BG(29,J)/TEMX*%(I-29)
CONTINUE

CONTINUE

DO 15 I=2,29
E=(I-1)*%A/N

IF, (I.GT«N+1> GOTO 17
IN=2

GOTO 19

IN=3

E=E+A

DO 21 M=1,IN
F(M)=E+E*E/EG
DF(M)=1.+2.%E/EG
SF=SQRT(1.+E/EG)

.SDF=SQRT(DF(M))>

AA(M)=SF/SDF
BB(M)=SQRT(E/(3.*%EG))/SDF
E=E-A

CONTINUE

Fl=FC1)

F2=F(2)
Al=S5QRT(F1)
A2=5QRT(F2)
A5=2.%A1%A2
F4=(F1-F2)/(2.%F2)
AP=AAC1)*AAC2)
AP2=AP*AP
BP=BB(1)*BB(2)
BP2=BP*BP
ALP=AP2+2.25%BP2
BEP=6.%AP%BP
GAP=6.75%BP2
FAP=(F1+F2)/A5
FAP2=FAP*FAP
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DEP=( ALP+FARLEBEP+FAP2¥GAP)
EPP=(RBEP+2.%FAPGAP) /AS

ZEP=CAR/ (LxF1IREFE)

TRL=DF( 1% (DEPHALOGC((A2+AL)/(AL1-A2) ) -AS5*% (EPP~-AS*FAPXZEP))
TR3=0,

Hi=AR/Al

Z L=DES1) *PI*TEX

IT=T+N"

IF CIN-LT+3) GOTO 23

F3=F(3X =

AZ#SQRT(FI)

AG=E < QAZFAJ

FS=(F3-F2Xl02.%F2)

AN=AAC2)*ANCR)

AN2=AN*AN

BN=BB(2)%BB(3)

BN2=BN:*BN

ALN=AN2+2.25%BN2

BEN=6.*%AN*BN

GAN=6.75%BN2

FAN=(F2+F3)/A6

FAN2=FAN*FAN

DEN=ALN+FAN*BEN+FAN2%GAN
EPN=(BEN+2.%FAN*CGAN) /A6

ZEN=GAN/ (A6*A6)
TR3=TEX*DF(3)*(DEN*ALOGC(A2+A3)/(A2-A3))~-A6%(EPN-A6%FAN*ZEN) )
H3=A2/A3 '
Z2=DF(3)%PI*xA3/A2

ID=1-N

REL=2.%PI/A2%(TR1+TR3)

DO 25 J=1 ,15

GC=GG(J)

GS=SQRT(1.-GCx*GC)

. SUL1=0.

SUL3=0.
DO 27 L=2,11

-, Q1=A2%CGN(L)+Al

29

@P=DEP/AQ1-Ql*(EPP-ZEP*Ql*Q1)
Q2=Q1*Ql/F2

R1=F4-0.5%Q@2 _
R2=SQRT(Q2-R1*R1)*GS*H1"
S1=H1%GC*(1l«+R1)

SUM1=0.

IF (IN.LT.3) GOTO 29
Q3=A2+0N(L)*A3

QN=DEN/Q3-Q3*% (EPN-ZEN*Q3%Q3)
Q4=Q3%Q3/F2 ? .
R3=F5-0.5%Q4
R4=SQRT(Q4~R3%R3)*GS*H3
S3=H3%GC*(1l.+R3)

'SUM3=0. :

DO 33 M=2,11
GM1=S1-GM{M)*R2
R =7.0xGM1+8.0
Jl=r



71

198

199

73

298

299

33

27

25
15
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R=R-J1
IF (ReLT«0+5) GOTO 71

R=R‘ l.

Jl=Jil+1

IF (J1+EQ+1.0ReJ1+EQ.15) GOTO 198

GOTO 199

J1=(8 +6%J1)/7

R=(1«-ABS(R))*(J1-3)/IABSCJ1=-3)

RR=R*R

SUM1=SUMI1+UG(M)* C(CRR=R)/2¢*BG(IIs>Jl=154C1e=RF 3
1+(RR+R)/2.%BG(CII>Jl+1)) ST LaRRONDGCT kT2
IF (IN.LT.3) GOTO 33

GM3=S3+R4*GM(M)

R =7.0%CM3+8.0

J3=R

R=R-J3

IF (ReLT«0+5) GOTO 73

R=R-1.

J3=J3+1

IF (J3+.EQe¢1+.0ReJ3.EQ+15) GOTO 298

GOTO 299

J3=(8 +6%J3)/7

R=(1.-ABSC(R)I*(J3=-3)/IABS(J3=3)

RR=R*R

SUM3=SUM3+WG(M)* (C(RR-R)/2+*BG(ID>J3~=1)+(1e=RR)*BGCID»J3)
1+CRR+R) /2. %BGC(ID>J3+1))

CONTINUE

SUL 1=SUL 1 +UG(L)*SUM1*QP

IF (IN.LT.3) GOT027

SUL3=SUL3+WG (L) *SUM3%QN

CONTINUE
BF(I,J)=(Z1*5UL1+ZB*SUL3)*FIN+(GAMMA-HEL*FIN)*BGCI:J)

RF(I,J)=AL0G(BF(IsJ)/GAMMA)
CONTINUE
CONTINUE

PROJECTION ALONG COLLISION FREE TRAJECTORIES

399
398

DO 398 J=1,15
I1U=29+N

DO 399 I=30,1IU
BF(I»J)=BF(29,J)-A%C1%(I-29)
CONTINUE
CONTINUE

DO 45 1I=2,29
E=CI-1)*A/N
F1=E+EX*E/EC
Al=SART(F1)
Di=1./C(Cl*xAl)
ET=SQRT(E)*2.

89 DO 47 J=1 515

CC=GG(JD
XL=AZ*TD
SUM=0.

DO 49 NM=1,20
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TC=XL./2«%(1l++ENCNM))
GD=F1-2.%GC*kAl*TC+TC*TC
Z=C(SQRTC(1.+D2%GD )=1.)%EG/2.
RE=N *Z /A+1.
I1=RE
RE=RE-I1
IF (I1.NE.1> GOTO 50
RE=RE-1.
I1=2
IM=29+N
50 IF (Il.LT«.IM=1) GOTO 51
Il=IM-1
RE=1.
51 GF=(Al1*%GC-TC)/SQRT(GD)
I2=I1+1
RG=T7« 0kGF+8.0
J1=RG
RG=RG-J1
IF(Jl.NE.1l) GOTO 58
RG=RG~-1.
Jl=2
58 IF(Jl.NE.15) GOTO 59
RG=1.
Jl=14
59 J2=J1+1
R1=RE/2.
R2=RG/ 2.
R3=RE*RE/2.
R4=RG*RG/2.
HF=RE*RG
SUM=S5UM
1+ N CNM) % EXPCC(R3-R1)*BF(I1-1,J1)+(R4-R2)*BF(I1l,J1=-1)+(l.+HF-2
2.%(R3+RLII*BF(I1>,J1)+(R3+RI1-HF)*BF(I12,J1)+(R4+R2-HF)*BF(I1l,J2)+HF*
3BF(I2,J2)-TC/TD)
49 CONTINUE
BT(I,J)=SUM*Bl/ELEC*XL/2.*GAMMA
47 CONTINUE
45 CONTINUE
CALL VELO(LLsBl->ECGCsA>N)
999 CONTINUE
GAMMA=1./0.75E-12
3 CONTINUE
STOP
END

SUBROUTINE VELO(L»Bl,EG:A>N)

COMMON BG(40515), BT(40,15), UYC45), GGC15),WAC40),WZC40)
?IMENSION VC100)5>XLP1C40)»XLP2C40) s XLP3C40) s XLPAC40)
X=4.
NN=21+N
VEL=0e
SUME=0.
200 FORMAT (I4,4E12.4)
201 FORMAT (I4,2E1244,12X,E12.4)



202

66

13

23

22

54

53

51

-0]-=

FORMATC(15F8.+5)
SUM3=0.

sSuMa= O

DO 5 I=1,29
E=CI-1)%A/N
Fl=E+EX*E/EQG

"Al=SQART(F1)

DF=Cle+2+%E/EG)*Al
SUMA=0.

© SUMB=0.

DO 8 J=1 515

ZG=BG(IsJ)

ZF=BT(I,J)

BG(¢IsJ)=ZF

T=ABS(ZG-ZF)

WW=UXCJ)*ZF

IF (T.LT.VEL) GOTO 13

VEL=T

SUMA=SUMA+WW*GG( J)
SUMB=SUMB+UU

CONTINUE

IF (L+EGQs1+QReL.EQ.20) 'GOTO 22
GOTO 22

K=1/2

T=1-2%K

IF C(TeGT.0+1) GOTO 22 _
WRITEC65202) (BTCIsd)sJ=1s15)
SUM2=SUM2+WY ( I)*SUMA%F 1
TERM=WY ( I )% SUMB*DF
SUM3=SUM3+TERM
SUM4=SUMA4+TERM*E

CONTINUE

IF (L+EQe.1+OR.L.EQ.20) GOTO 56

. GOTO 56

DO 51 I=2530,2
XLL1=0.
XLL2=0.
X1.1.3=0.

, XLLA4A=0.

DO 53 J=1,15

XMU=GGCC(J)

DIF=BG(I,J)*UX(J)/0.250193
XLL1=XLL1+DIF/2. i
XLLE2=XLL2+DIF*3./2«%XMU
XLL3=XLL3+DIF*k5¢ /24 % (34 %k XMU*XMU=-1.)/2.
KLLA=XLLA+DIF*7 e /24 %XMU% (5 ¢ kXMU*XMU=-3. ) /2.
CONTINUE

XLP1CI)=XLL1

XLPa(I)=XLlL2

XLP3(I)=XILI.3

XLP4(I)=XL1,4

CONTINUE

WRITE (65202) (XLP1(CI)5I=2,30,2)

URITE (6,202) (XLP2(CI)»I=2,30,2)

WURITE (6,202) (XLP3(I)»I=2,30,2)
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WRITE (65202) (XLP4(I)>»I1=2,30,2)
56 UX=2.%SUM2/SUM3/Bl1
AVE=SUM4/ SUM3
V(L)=VEL
IF (L.LT.3> GOTO 10
RAT=VEL/V(L-1)>
WRITE (65,200) LsVUXsAVEsRAT,VEL
GOTO 12
10 WRITE (65,201) L,VUXsAVE,VEL
12 RETURN
END
/DATA
=0.9739E+00
-0.8651E+00
=0. 6794E+00
-0.4334E+00
-0+ 1489E+00

0«.6667E-01
O« 1495E+00
0.2191E+00
0.2693E+00
0.2955E+00

0« 1489E+00
0.4334E+00
0.6794E+00
0.8651E+00
0.9739E+00

0.2955E+00
0.2693E+00
0.2191E+00
0. 1495E+00

.0090242 .0090242
.0710987 «0710987
- «0770721- «0770721
«3501443 .3501443
- 6625093~ 6625093
1.2630122 1.2630123
1.6802270-14+6802270
1.9534439 1.9534439
0.0069028 0.0603652
-0.0926840 0.4301592
-1.0343692 2.2336420
-3.5331888 4.3920768
-3.7088370 15148337
- .993128 .017614
«963972 +040601
.912234 .062672
«839117 .083277
.746332 +101930
.686054 118195
.5{0867 +131689
«373706 «142096
«227786 +149173
«076527 «152753
«076527 +152753
«227786 +149173
«373706 142096
«510867 +131689
«636054 .118195
. 746332 '+101930
.839117 .083277
.912234 .062672
«963972 .040601
.993128 .017614
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Time evolution for a field of 1 x IO*V/m

The programme listed above will calculate the time evolution
of the distribution function for InSb at a field of 1 x 10+V/m°
For brevity, only the effects of polar phonon scattering has been
included, but at this particular field it is the dominant scattering
mechanism.,

The following table lists the time evolution of the carrier
drift velocity and average carrier energy for InSb at 17° K from
equilibrium. The first column gives the number of the iterate, the
second column the carrier drift velocity in m/s, the third column
the average carrier energy in eV, the fourth column the maximum
"distance'" between two successive iterates, and the fifth column
the ratio of successive "distances'" between iterates:
0.1000E 01

1 0,1404E 01 0.1092E-01

THE VALUE OF GAMMA IS l,/O.2E—12

2 0,2417E 05 0.,1096E-01 0.5235E-01

3 0.4632E 05 0.1106E-01 0.5023E-01 0,9594E 00
4 0.6744E 05 0.,1122E-01 0.4806E-01 0.9569E 00
5 0.,8T98E 05 0.1142E-01 0.4940E-01 0.1028E 01
6 0,1081E 06 0.1165E-01 0,4979E-01 0.1008E 01
7 0,1279E 06 0.1193E-01 0.4930E-01 0.9901E 00
8 0.1473E 06 0.1224E-01 0.4804E-01 0.9746E 00
9 0.1664E 06 0.1258E-01 0,4711E-01 0.9807E 00
10 0.1850E 06 0.1295E-01 0.4751E-01 0.1C08E 01
11 0.2032E 06 0.1334E-01 0.4722E-01 0,.9941E 00
12 0.2209E 06 0.1375E-01 0.4633E-01 0.9811E 00
13 0.2381E 06 0.1418E-01 0,4556E-01 0.9833E 00
14 0.2548E 06 0.1461E-01 0.4569E-01 0.1003E 01
15 0.,2710E 06 0,1505E-01 0,4527E-01 0.9908E 00
16 0.2867E 06 0.1548E-01 0.4435E-01 0.9798E 00
17 0.3019E 06 0.1591E-01 0.4425E-01 0.9976E 00
18 0.3166E 06 0.1634E-01 0.4403E-01 0.9952E 00
19 0.3308E 06 0.1675E-01 0.4336E-01 0.9848E 00
20 0.3444E 06 0.1714E-01 0.4306E-01 0.9930E 00
21 0.3574E 06 0.1752E-01 0.4293E-01 0.9969E 00
22 0.3698E 06 0,1788E-01 0.4238E-01 0.9872E 00
23 0,3814E 06 0.1822E-01 0.4147E-01 0.9784E 00
24 0.3924E 06 0.1855E-01 0,4025E-01 0.9706E 00
25 0.4026E 06 0.1886E-01 0.3879E-01 0.9637E 00
THE VALUE OF GAMMA IS 1./0,75E—12

2 0.,4361E 06 0.2007E-01 0.1364E 00

3 0.4498E 06 0.2095E-01 0.1139E 00 0.8355E 00
4 0,4570E 06 0.2169E-01 0,9813E-01 0,8613E 00
5 0.4603E 06 0,2225E-01 0.8339E-01 0.8498E 00
6 0.4613E 06 0.2264E-01 0.6952E-01 0,8337E 00
7 0,4612E 06 0.,2292E-01 0.5767E-01 0.8295E 00
8 06 0,2312E-01 0.4876E-01 0,8455E 00

0.4604E



9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25

0.
0,
00
00
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0,
0,
0.

4593E
4582E
45T0E
4558E
4548E
4538E
4528E
4520E
4512E
4504E
4497E
4491E
4485E
4480E
4475E
44T1E
4467E

06
06
06
06
06
03
06
06
06
06
06
06
06
06
06
06
06

0.2326E-01
0,2336E-01
0,2343E-01
0.2348E-01
0,23518-01
0.2354E-01
0.2355E-01
0.2355E-01
0.2355E-01
0,2355E-01
0,2355E-01
0,2354E-01
0.2353E-01
0,2352E-01
0,2351E-01
0.2350E-01
0,2349E-01

-94 -

0,4313E-01
0,4035E-01
0.3833E-01
0,3650E-01
0.3466E-01
0,3281E-01
0.3101E-01
0.2933E-01
0.287T7E-01
0,2898E-01
0.2901E-01
0.2889E-01
0.2865E-01
0.2833E-01
0.2794E-01
0.2751E-01
0.2705E-01

Steady state for a field of 1 x 10'V/m

0.8846E
0.9355E
0.9499E
0.9522E
0,9466E
0.9466E
0,9452E
0.9457E
0.9811E
0.1007E
0.1001E
0,9959E
0.9919E
0,.988TE
0.9864E
0.9845E
0.9833E

00
00
00
00
00
00
00
00
00
01
01
00
00
00
00
00
00

The corresponding steady state distribution function can be
evaluated by choosing a suitable initial distribution function
with the same average energy and drift velocity. In this case an
exact drifted Maxwellian distribution function with an electron
temperature of 95" K and drift velocity of 4.5 x ldsm/s was chosen
for the initial function. The columns correspond to those previously
defined:
01

1 0.4517E 06 0.2483E-01 0.2571E

THE VALUE OF GAMMA IS 1,/0.75E—12

2 0,4464E 06 0.2477E-01 0.4800E 00

3 0.4482E 06 0.2438E-01 0.3805E 00 0.7928E 00
4 0,4511E 06 0,2420E-01 0,.2833E 00 0.7444E 00
5 0.4527E 06 0,2407TE-01 0.1978E 00 0.6983E 00
6 0.4519E 06 0,2394E-01 0.1162E 00 0.5874E 00
7 0,4496E 06 0.2382E-01 0.6327E-01 0.5446E 00
8 0.4471E 06 0.2372E-01 0.3121E-01 0.4932E 00
9 0.4451E 06 0,2363E-01 0,2757E-01 0.8835E 00
10 0.4438E 06 0.2357E-01 0.2580E-01 0.9358E 00
11 0.4431E 06 0.2352E-01 0.2526E-01 0.9789E 00
12 0.4428E 06 0,2349E-01 0.2436E-01 0,9647E 00
13 0.4427E 06 0,2347E-01 0.2285E-01 0,9378E 00
14 0.,4426E 06 0.2346E-01 0.2125E-01 0.9300E 00
15 0.4426E 06 0.2346E-01 0.1979E-01 0.9315E 00
16 0.,4425E 06 0,2345E-01 0.1854E-01 0,9366E 00
17 0.4425E 06 0.2344E-01 0.1747E-01 0.9421E 00
18 0.4424E 06 0.2344E-01 0.1655E-01 0,9477E 00
19 0.4424E 06 0.2343E-01 0.1578E-01 0.9531E 00
20 0,4424E 06 0.2343E-01 0.1512B=01 0,9582E 00
21 0.4424E 06 0.,2342E-01 0.1547E-01 0,9637E 00
22 0,4424E 06 0.2342E-01 0.1411E-01 0.9684E 00
23 0.4424E 06 0.2342E-01 0.1387E-01 0.9831E 00
24 0,4424E 06 0,2342E-01 0,.1379E-01 0.9941E 00
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