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ABSTRACT

The published data of thirteen short-period population

II Cepheid variable stars has been Fourier analysed to

provide periods of pulsation for the stars. Light curves

have been constructed and the possibility of the presence of

a Hertzsprung progression in these stars has been

investigated. Two approaches have been used. The first was

a subjective discussion and the second an objective one.

Both methods have indicated that a Hertzsprung progression

does exist and the period of transition of bumps from

descending to ascending branch has been found to be between

1.6 - 1.7 days.

A selection of published models have also been analysed

using identical methods and good agreement has been found

between theory and observation, a period of transition of

bumps again occurring at a period of between 1.6 - 1.7 days

for the models. A grid of linear models has also been

constructed.



All Fourier analysis has been done using a harmonic

analysis program written by the author and documented in

this thesis.
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.CHAPTER 1.

INTRODUCTION

In recent years, much work, both theoretical and

observational, has been done on population I or classical

Cepheids. Reviews of the literature show that these stars

are young population I objects, yellow supergiants residing

in the plane of the Galaxy. In comparison to this work,

little has been done on the population II counterparts to

the classical Cepheids; the W Virginis stars (periods 6 to

about 50 days) and BL Herculis variables (periods 1 to 3

days). This work intends to give a theoretical account of

the latter class of pulsating star, with particular emphasis

being placed on the structure and shape of their light

curves.

Chapter 2 gives a brief review of BL Herculis stars,

describing their evolutionary status and properties. In

chapter 3» we discuss the 613 UBV observations of Kwee and

Diethelm (1984, hereafter KD). We then describe the light

curves which have been constructed using these observations.

Finally, there is a discussion of the Hertzsprung
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progression and its possible existence in the stars of this

survey.

Chapter 4 consists of two parts. The first is a

summary of Fourier analysis, beginning with elementary ideas

and continuing with a discussion of Fourier transforms and

their application to discrete, non-equally spaced data.

Fourier analysis provides us with very useful techniques for

studying light variations in astronomy, whether it is the

intrinsic variation in pulsating stars, or the extrinsic

variations of eclipsing binary systems.

Not only does the theory allow us to model light curves

of these stars using well-defined mathematical techniques,

but it also enables us to find periods of pulsation of our

stars.

The second part of chapter 4 involves a discussion of a

harmonic analysis and period determination program written

by the author. In brief, this involves fitting an Nth order

Fourier series to the data of KD and finding the periods of

the stars using a power spectrum and Fouriergram.
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Recently, the analysis of Simon and Lee (1981) has

indicated that the Fourier amplitudes and phases are related

to the movement of bumps in the Hertzsprung progression and

Gieren (1982) suggests that the parameter <plt , in the

notation of Simon and Lee, could also be of importance in

determining the mode of pulsation of the single-mode

Cepheids. The techniques of Simon and Lee also allow us to

compare theoretical, non-linear models directly with the

observed stars.

Chapter 5, therefore, contains a detailed discussion of

the techniques of Simon and Lee and their application to the

stars in KD. The results for our type II variables are then

compared with similar results for classical Cepheids, which

have been published by Simon and Lee. Finally in Chapter 5,

we discuss the techniques as applied to the models of Carson

and Stothers (1982, hereafter RCRS) and compare these with

the observed stars.

Chapter 6 contains a summary of this thesis,

conclusions and suggestions for further work in this field,

some of which might give further insight into many of the

problems which have been discussed in previous chapters.
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There are four appendices, the first of which is a

brief review of linear models which have been computed by

the author, the second and third contain light curves of the

observed stars of KD and the models of RCRS, respectively,

and the fourth appendix contains the harmonic analysis

program mentioned earlier.
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CHAPTER 2-.

EVOLUTIONARY STATUS AND PROPERTIES 0£ POPULATION H

UEfHETDS.

(2.1) Evolutionary Statu3.

Since the discovery of S Cephei in 1784 by Goodricke,

a great number of intrinsic variable stars have been

discovered- over 25000 in our galaxy alone. In the first

half of this century, the class of variable stars known as

pulsating variables were broadly grouped into two

subsets - the RR Lyrae variables and the classical Cepheids,

these being further divided into the & Cephei type stars

and the W Virginia variables, the latter originally being

thought of as a special case of the former, the difference

being merely in the shape of the light curves.

At the 1952 International Astronomical Union

Conference, however, Baade (1952) suggested that this

classification scheme was in error and the W Virginis

variables, previously thought of as being population I

objects, were actually population II stars and at a very

different evolutionary stage to the classical Cepheids. The
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implications of this discovery on the distances of galaxies

have been well discussed in the literature, and will not be

gone into here (see, for example, Struve and Zeberg; 1962).

The classical Cepheids are known to be yellow

supergiants, pulsating with periods between one and eighty

days. Their progenitors are high mass stars which have

exhausted their hydrogen-burning core and have reached the

helium-core burning stage of stellar evolution. Because of

their high mass, they do not undergo a helium flash, but

enter the Cepheid instability strip after looping to the

left from the supergiant region of the HR diagram, with the

onset of core-helium burning.

By contrast with these population I Cepheids, the

population II variables (or type II Cepheids as they are

also called) are thought to have evolved from low to medium

mass stars and to understand their evolutionary status, it

will be necessary to briefly describe the properties of the

red giant stars, since it is these which may ultimately

become population II Cepheids.
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Red giants are evolved stars which have moved upwards

and to the right of the main sequence in the HR diagram.

They have a degenerate helium core surrounded by a

partially-degenerate helium shell and a shell of

hydrogen-burning gas. This is all encompassed by a cool and

very tenuous envelope of hydrogen, comprising about

nine-tenths of the stellar radius. The degenerate core

gradually contracts and the temperature rises. Eventually,

it will become so hot that it can no longer remain

degenerate and helium burning will begin. This stage of

stellar evolution is associated with the explosive release

of energy known as a helium flash.

By investigating the post red giant evolution of a grid

of models with masses 0.65^" M/M„. <■ 1.0, Schwarzschild and

Harm (1970) have shown that certain stars will move rapidly

to the left in the HR diagram and onto the horizontal branch

(HB). It was known from previous calculations that a series

of helium flashes occur in red giant stars due to the

transition from core helium burning to helium shell burning

(Schwarzschild and Harm, 1965; Weigert, 1966).

Schwarzschild and Harm (1970) found, as did former

investigators, that the majority of stars remained in the
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red-giant branch; however, two of the model stars left the

giant branch soon after one of the flashes and described a

loop to the left and well into the Cepheid instability

strip, each loop lasting about io5 years. They showed that

about two flashes (and hence two loops) occur for each of

5
these two stars about every 2x10 years. These calculations

placed a reasonable fraction of a percent of red giants in

the instability strip on their second time up the red-giant

branch, this fraction being in good agreement with

observation.

Later calculations by Kraft (1972) supported the theory

of Schwarzschild and Harm and showed that not only will some

stars evolve blueward towards the horizontal branch due to

helium flashes on the giant branch, but also indicated that

there were, in fact two types of population II Cepheids. He

distinguishes between the "above the horizontal branch"

(AHB) stars and the longer period "loop" Cepheids. Thus,

the problem of the status of population II variables was

carried even further, with the difficulty of distinguishing

between AHB and "loop" Cepheids. Kraft suggested that the

AHB objects are post-horizontal branch stars, being fed from

the blue end of the HB by stars on their way to the
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asymptotic giant branch, and are temporarily passing through

the Cepheid instability strip.

Demers and Harris (1974) continue from Kraft with a

discussion of "loop" Cepheids, suggesting that these are, in

fact, W Virginis variables, and are post-AGB stars, having

looped into the instability strip due to a series of helium

flashes. Theories of stellar evolution indicate that the W

Virginis stars are on their way to the white dwarf region of

the HR diagram and the final stages of evolution. The AHB

stars, on the other hand, are the BL Herculis stars and, as

suggested by Kraft, are post-horizontal branch and are

burning helium in their cores. Strength is added to this

view, when Demers and Harris plot a colour-magnitude diagram

(fig. 2.1) for a list of observed population II variables.

They find that there is a distinct separation into two

groups. The first group contains variables with periods

less than three days, lying below the second group, but

above the horizontal branch. The second group, on the other

hand, have periods greater than six days. They call the

former group BL Herculis variables, and the latter the W

Virginis stars. This argument is in good agreement with

earlier comments by Kraft (1972), who suggested that a
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Fig. 2.1: Colour magnitude
diagram for population II
Cepheids. Field variables
are denoted by open circles
and cluster variables by
dots.
(Figure 1 of Demers and
Harris, 1974)

M boi
-6

-2

Fig. 2.2: Theoretical HR
diagram for population II
Cepheids. Blue edges are
shown for theoretical
models using three helium
abundances.

(Figure 2 of Demers and
Harris, 1974)
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change in the galactic abundance of AHB stars occurs at

around four days, where the numbers drop considerably. At

periods greater than about seven days, the AHB stars become

very scarce and the "loop" Cepheids increase in numbers.

These comments are confirmed by Sweigart and Gross (1976)

and Smith et al. (1978), who suggest that there are few, if

any, BL Herculis stars with periods greater than about six

days, and few, if any, W Virginis variables with periods

less than six days. Smith et al. take 0.9-^P^3.0 days for

all BL Herculis stars.

Since this thesis is concerned with population II

variables with periods between one and three days, it may be

concluded that it is only BL Herculis stars which are of

interest here and their properties will be discussed below.

(2.2) Properties of the Type II Cepheids.

(2.2.1) Masses.

The range of masses of population II variables were

originally constrained by evolution theory. It has been

known for some time that if a star is to evolve onto the
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horizontal branch, its mass must be less than 0.8Mo ;

otherwise, the star will remain on the red giant branch,

until it moves into the white-dwarf region of the HR diagram

(Iben, 1972). A reduction of mass will make the star move

blueward and, in fact, if M ^ 0.5Mo , the star will not
return to the red giant branch at all (Gingold, 1976;

Sweigart and Gross, 1976) and hence will not enter the

instability strip.

The evolution of a star onto the horizontal branch

depends mainly on its mass and chemical composition. For

fixed core mass and lower total mass, the evolution on the

giant branch is more rapid and the motion in the HR diagram

will be further blueward towards the helium-burning main

sequence than for a star of higher mass. CSV state that if

our current theories of stellar evolution are correct, then

the masses must certainly be constrained within the bounds

of 0.4^M/Mo ^0.8, the lower limit representing the

possible mass of the helium-burning core in stars about to

undergo the helium flash, and the upper limit the mass of

stars at the main-sequence turn-off in globular clusters.

Petersen (1981) examined the bump masses of BL Herculis

variables and concluded that all BL Herculis stars have
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practically the same mass (^O.bM^ ), although his analysis

is somewhat simplified.

More recent investigators seem to confirm this view.

For example, Hodson, Cox and King (1982, hereafter HCK) have

computed models using two masses of 0.7514^ and 0.55Mq,
whilst Wallerstein and Cox (198*0 use theoretical masses of

between 0.5MG and 0.75MG for normal population II stars.

This brief review of literature seems to indicate that

the masses can be confined to 0.5 ^.M/M^^O. 8 and the models
which are discussed in appendix 1 will have masses in this

range.

( 2.2.2)Temperatures M Iwpjppsj-Ueg.

Due to the distances of the type II Cepheids from the

solar neighbourhood and their relatively low apparent

magnitudes as compared to, for example, the classical

Cepheids, they have not been well observed, and little

photometric or spectroscopic data exists. For this reason,

the temperatures and luminosities are generally determined

from a theoretical instability strip, although a notable

example of observed red and blue edges comes from Demers and
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Harris (197*0 > who located population II variables on a

colour-magnitude (C-M) diagram to determine if an

instability strip could be defined. Using the tables of

Bohm-Vitense (1973) they were able to transform the (Mv,B-V)

values into a (M^, logTe) plane and so plot a theoretical HR
diagram (fig. 2.2). They find for their instability strip

that luminosity is related to temperature by equations (2.1)

and (2.2):

LogL/L = -10.75 LogT + 43.5 (blue edge) (2.1)© C-

LogL/L^ = -10.75 LogTt + 42.4 (red edge) (2.2)

Thus, by fixing the temperatures, we may find a range

for the luminosities of BL Herculis variables.

CSV choose 5300 ^1^^6500 on the basis of measurements

of <Tt> by Smith et al. (1978), whilst HCK construct models

using 5800^ Te^ 6600. Wallerstein and Cox (1984), on the

other hand, give 4800<^^^6300 for population II globular

cluster variables. However, the lower limit does take into

account RR Lyrae variables and RV Tauri stars, the latter of

which have a lower red edge than BL Herculis variables. In



Page 15

their theoretical HR diagram (fig. 2.3; fig. 1 of above

reference), the BL Herculis variables lie in the temperature

range 5700 K 6500 K, with luminosities 100 ^L/L^ 350.

These values of luminosity are in agreement with those

chosen by CSV and HCK, the latter of whom chOOse

75^L/Lo<350.

It would appear on the basis of the above discussion

that we may certainly take upper limits on the temperature

and luminosity of Te=6500 K and L/LQ =350. The lower

limits, however, are slightly more difficult to establish,

due largely to the problem of determining the red edge of

the BL Herculis instability strip. This difficulty arises

due to the fact that at lower temperatures convection in the

stellar envelope becomes much more important as a mechanism

for energy transport. Baker and Kippenhahn (1965) have

described how stellar convection can terminate pulsation and

the relation between convection and the red edge of the

instability strip has been discussed by Bohm-Vitense and

Nelson (1976). A little more recently, Deupree (1977) found

that the convective heat flux is greatest at around maximum

compression (minimum stellar radius) of the convective

regions, these existing, in particular, close to the helium
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Fig. 2.3: HR diagram for globular cluster Cepheids. BL
Herculis stars are denoted by b or B and the periods are
shown alongside. Also, lines of equal period a_re shown.

(Figure 1 of Wallerstein and Cox, 198*0
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and hydrogen ionisation zones. The energy which has been

'dammed up' by the operation of the ^ and x mechanisms will

then be allowed to leak out due to this convective zone.

According to Deupree, only a small amount of convection is

required to effectively throttle pulsations on the red side

of the instability strip. Unfortunately, no reasonable

theories of stellar convection exist, although Stellingwerf

(1982a,b; 1983a,b) seems to have produced a more or less

reasonable theory for convection in RR Lyrae stars.

According to the above literature search, it would seem

reasonable to take the low temperature edge of the BL

Herculis instability strip to be somewhere between 5300 K

and 5800 K. We will thus take an average of T =5500 K as

the lowest temperature. Using these upper and lower limits

of 5500 K^TTe^6500 K for temperature, equations (2.1) and

(2.2) give 150 ^L/L^ ^324, in good agreement with the values
used by other authors, and we will therefore take

100<L/Lo<350.
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(2.2 .3) Compositions.

The chemical compositions of the stars may be deduced

through a variety of ways. The usual technique is to make

measurements of the stellar spectra; however, because of the

relatively low luminosities of BL Herculis stars, this is a

fairly difficult task, and many workers in the field prefer

to use theoretical means, such as plotting the evolutionary

tracks for various compositions, and finding which one is

likely to enter the BL Herculis region of the HR diagram. A

third method involves fitting a blue-edge to the BL Herculis

instability strip, again for various compositions, and

comparing this to the observed blue-edge (for example,

Demers and Harris, 1974).

Whichever method is used, however, it does seem to have

been agreed that helium abundances must be in the range

Y = 0.2 - 0.3. CSV infer that 0.25<Y^0.50, if a

comparison of the observed blue-edge in the HR diagram is

made. A comparison of bump masses and pulsation masses, on

the other hand, yields Y = 0.31 i 0.08 i.e. 0.23 ^Y^.

0.39. This result is in good agreement with evolutionary

and spectroscopic helium abundances.
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Kraft (1972) suggests that only high helium content

stars (Y~0.3) can cross the instability strip. Demers and

Harris (1972) and Cox and Tabor (1976) agree with this

statement when they take Y = 0.30 and Y = 0.29 respectively.

In a discussion of Z (heavy element) content, CSV state

that Z is unimportant as a determination of the phase of

secondary bumps in theoretical light and velocity curves,

since putting Z = 0 in the models gives similar results to

those which one obtains if one chooses Z = 0.005. Other

authors take various Z abundances, where on the whole Z—

0.005 (for instance HCK; Carson and Stothers, 1982).

Compositions are of course important when one discusses

opacities. Carson (1976), for example, has constructed

tables for various abundances. Y is always equal to 0.25

and Z has the values 0.0, 0.005, 0.01 and 0.02. It is the

second of these which has been chosen by the author of this

thesis as a representative of the heavy element abundances

in BL Herculis stars and in appendix 1, we will use an

interpolated opacity table, constructed by Worrell (1984a)

from a table of Carson opacities found in CSV, with chemical

composition (X,Y,Z) = (0.745, 0.25, 0.005).
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We have so far discussed the evolutionary status and

properties of the short period, population II variables (BL

Herculis stars, with periods between one and three days).

Later we will present a set of linear models which have been

computed using these properties, but first we must discuss

both qualitatively and quantitatively, the light curves of a

selection of observed BL Herculis stars.
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CHAPTER 1

IHfi. UPBT CURVES.

LUL) Observational Data.

Much of the work of this thesis is based on the

photometric observations of KD. Kwee obtained 613 UBV

observations of a selection of pulsating variables between

1972 and 1973 at ESO, La Silla, Chile, the observing program

containing fifteen population II variable stars with periods

between one and three days. Most of the stars are rather
rn

faint, with magnitudes ranging from 11 .5 in maximum to

15*".5 in minimum.

The observations were reduced using the methods of Kwee

and Braun (1967) and for four of the stars (VZ Aql, V465

Oph, V527 Sgr and V839 Sgr) the data was supplemented with

the 1967 observations of Kwee and Braun. The periods for

this earlier data were determined graphically by Kwee

( 1967)> although the method used has not been given

explicitly. It is assumed that a similar method is used by

KD for the present data. Light curves of the data have been

plotted; however, two of the stars (V477 Oph and RT Tra)
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have been discarded from this study due to poor coverage of

their light curves.

The stars are classified by KD according to the scheme

devised by Diethelm (1983). The method depends on the shape

of the light curve alone, rather than the evolutionary

considerations of the previous sections. Whereas we have

seen that the period domain of one to three days should be

occupied by only BL Herculis variables, Diethelm suggests

that one finds a variety of pulsating variables here. He

states that a visual survey of 28 variable stars in our

Galaxy with periods in this range leads to a distinction of

four types of pulsating star (figs. 3.1-3.4).

The main points which Diethelm discusses in his scheme

are as follows:

(a) The RR Lyrae variables (RRd)

(i) The light curves in V are smooth and exhibit only a

small bump just before the ascending branch.

(ii) The rise to maximum light is steep.

(iii) The (B-V)-(U-B) two-colour diagrams result in a
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Fig. 3.1: A selection of PRd type light
curves in V magnitude.
(Figure 1 of Diethelm, 1983)
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Fig. 3-2: CW type light curves in V
magnitude.
(Figure 2 of Diethelm, 1983)
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characteristic "figure-eight" loop.

This last criterion is, according to Diethelm, the most

important factor in distinguishing RR Lyrae variables and it

is only this type of star which exhibits this feature.

(b) W Virginis stars (CW)

(i) There is a pronounced hump on the ascending branch 0.2

periods before maximum light.

(ii) CW variables show a close correlation between V, (B-V)

and (U-B) light curves, whereas RRd do not.

(iii) The pre-rise hump is broader at short wavebands.

(c) BL Hereulis stars (BL).

(i) There is a hump on the descending branch 0.3 periods

after maximum light. Using this as a criterion, 5 BL

Herculis stars were found out of the sample of 28.

(ii) The rise times lie between 0 .15 to 0 .3, with a

tendency to decrease with increasing period.
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Fig. 3.3: BL type light curves.
(Figure 3 of Diethelm, 1983)
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Fig. 3-1*: Cfc type light curves.
(Figure 4 of Diethelm, 1983)
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(d) Classical Cepheids (£&)

(i) These show a very smooth variation with a gradual rise

to maximum light.

Diethelm also suggests that the period domain of the

RRd variables ends at around 2.5 days and that there exists

a clear-cut separation between population II stars and RR

Lyrae variables. With regard to BL Herculis and W Virginis

stars he states that:

1) Population II Cepheids (presumably incorporating both CW-

and BL-type objects) with periods below three days show

similar light curve differences as W Virginis variables of

longer periods.

2) Both BL Herculis and W Virginis stars in the Magellanic

Clouds follow the same P-L relation, namely <My>= -1.31ogP

+k, in good agreement with that found by Demers and Harris

(197*0-

3) At the same period, Cfe stars in the SMC are brighter by

0 .5 than BL Herculis and W Virginis variables.
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In addition to the above remarks, we can perhaps make

the following comments. Firstly with respect to RRd stars

(or those stars which have RRd type light curves), it is

certainly true that the peaks of the light curves are sharp

and possibly a major feature of these stars, but this peak

becomes very much broader at longer periods, with an

increase in rise-time. For EK Del, in fact, we have a curve

which is reminiscent of the CW star HQ Cra, although

Diethelm does consider the extra aspect of the two-colour

diagrams, and it is these which give added weight to placing

some stars in the RRd class.

We may similarly compare some of the BL and CW stars in

Diethelm's survey. For example, V839 Sgr has a large

scatter of points before the ascending branch, making it

difficult to determine whether a pre-rise bump is present or

not. The descending branch also has a relatively large

scatter of points with a very slow fall to minimum light.

This light curve is very similar in these respects to the BL

star V527 Sgr, which according to Diethelm has a hump on the

descending branch, but not on the ascending branch (fig.
m

3.3), even though the scatter is between 0 .2 and 0 .3 in

both cases.
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The problem thus remains that it is very difficult to

classify population II variables purely on the basis of

their light curves and, in the rest of this work, all stars

with periods between one and three days will be called BL

Herculis stars according to the discussion in chapter 2,

whatever the shape of their light curve.

In the following section, therefore, the abbreviations

RRd, CW and BL will refer to the type of light curve and not

to the class of star involved.

H.2) Description oL tiie Lisht Curves

KD have used their periods and data to construct light

curves for each of the fifteen stars in their survey. Light

curves and periods have also been computed by the writer

using an independent harmonic analysis and graphics code, to

be described in chapter 4. The data is least-squares fitted

by a Fourier series and further information on the

techniques used may also be found in chapter 4. The curves

of the latter will be referred to as those of SPL and are

shown in appendix 2 (figs. A2.1 - A2.13). It should be

noted that, generally there is negligible difference between
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the light curves of SPL and KD, this being due to the fact

that the periods agree quite well, and often to the third

decimal place, this probably being the limit of accuracy

which can be achieved with this data. The light curves of

SPL only are published here and readers are referred to KD

for the light curves of these authors.

All of the light curves have been centred with maximum

light at phase 0.5 and fits computed for each. The

observations are denoted by crosses (+), whilst the fit is a

continuous curve passing through these points. In each

case, the order has been chosen by looking at several fits

of different orders and choosing what is hopefully the best

one. This method is purely subjective and one author may

not necessarily agree with another as to which is the best

fit.

The criteria chosen in this case are as follows:

1) First and foremost, the fit should look pleasing to the

eye, passing through the observed points as neatly as

possible. Particular emphasis is laid on the maximum light

and any bumps or shoulders which may be present. In some

cases, the fit will not, under any circumstances, pass



Page 32

through the observed maximum, and may involve artificial

bumps which are properties of the fit (see, in particular,

UX Nor and VX Cap).

2) The order of fit should be as low as possible. If there

is doubt between two particular fits, it is always the one

of lower order which is chosen. This will then eliminate

any false "wobbles" in the fit.

3) The standard deviation of fit should be small. In the

stars in this survey, standard deviations range from 0.025

to 0.085 (table 6.1).

Regarding figs. A2.1 - A2.13» the period of pulsation

is shown in the top left-hand corner, and opposite is the

epoch, calculated from equation (3.1).
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Epoch = (Phase(n£^- 0.5)P (3.1)

with P = period

PhaseinoJO= phase at maximum light before centring

at phase 0.5.

The light curves of each star will now be discussed,

with the description referring to the diagrams of both SPL

and KD. The stars appear in order of increasing period.

1) V716 Oph

This light curve has been designated as RRd by Diethelm

and according to this scheme is a typical member of its

class. It has a narrow peak following a quick rise to

maximum and a slow fall to minimum. Just preceding minimum
m

light is a small bump with amplitude about 0 .1.

2) V527 Sgr

The very large scatter of points ( & 0^.3) makes a fit

to this data very difficult. A hump at a phase of about

0.65 appears on the descending branch, but it is difficult

to assess whether this is due to the poor data or not. A
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particularly striking feature is the bump at phase 0.95 and

it is possible that this could be a bump in the Hertzsprung

progression to be discussed in sections (3.3) and (3.4).

This bump is not discernable in Diethelm's paper although a

fit is not published here.

3) VX Cap

The fit in this curve is not well defined with several

bumps appearing on the descending branch. It is likely that

this is due to poor data in this region. Just before the

steep rise to maximum light, there appear two bumps and

again these could again be due to poor data or a property of

the analysis used in producing the fit. However, because

the amplitudes of these bumps are greater than those in the

descending branch ("X>cF.08 as compared to 0^.05 on the

descending branch), we can perhaps assume that they are a

property of the actual star.

4) HQ Cra

Again there is a little spread of data, especially on

the descending branch. When considering this light curve,

there are two points to take into account: the first is

that the spread of points could be a property of the light
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variation in the star, and not due to poor photometry, in

which case, there is a definite bump at phase ~0.8. The

second point is that the fit does not account for all of the

nuances of the variation of the data, in particular, the

obvious bump at 0.25.

This star is a fairly typical example of those stars

classified as CW by Diethelm, with a broad peak and bump on

the ascending branch.

5) V2022 Sgr

Again a typical example of a CW light curve. The main

features are a shoulder on the descending branch, and a

shock bump on the ascending branch at phase 0.3.

6) V745 Oph

This curve is similar to that of HQ Cra, this time with

the hump apparently appearing at phase 0.65 and again what

is assumed to be a shock bump at phase 0.3.
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7) V971 Aql

CSV suggest that a large bump on the ascending branch

of their models indicates that the bump is due to the

Hertzsprung progression having passed through maximum light

and interacting with the stationary shock wave which is

normally present at about phase 0.25 before maximum.

However, this does not seem to be the case in the light

curve of V971 Aql.

Although we have a very large amplitude bump on the

rising light, there is still a hump on the descending branch

and we see later that this feature should pass through the

maximum at a period of between 1.66-1.8 days, as opposed to

the 1.62 day period of this star.

8) DU Ara

Again there are problems with the fit, making it

difficult to distinguish between bumps which are real, and

those which are properties of the fit. There is certainly a

second peak at phase 0.3, and possibly also at phase 0.6-0.7

on the descending branch.



Page 37

An interesting feature in this light curve is that it

bears a distinct resemblance to that of V971 Aql and the

periods are comparable. There is a fairly sharp peak,

falling off to form a bump on the descending branch, being

at approximately the same phase in both light curves. There

is then a slow decline of light and a gradual rise- to the

shock bump at phase 0.3. The major difference between the

two curves would appear to be the fact that the descending

branch of DU Ara seems to be less steep than that of V971

Aql, with the result that the second bump appears closer to

the maximum.

9) VZ Aql

The bump again appears on the descending branch;

however, the data is not good enough to distinguish exactly

where the bump lies.

A feature of the last three light curves which should

be commented on is that the maximum peak at phase 0.5

becomes very much broader with increasing period. At 1.62

days, it is sharp and well-defined, but as the period

increases through to 1.66 days (VZ Aql), the peak becomes

very broad, and the shoulder almost becomes part of it, as
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the descending branch becomes less steep. It is proposed

that this is due to a Hertzsprung progression in these

stars, and is discussed further in section (3.10.

10) V839 Sgr

There is a great deal of spread again in the data,

giving a series of false humps on the descending branch. It

is possible that there may be no hump at all (see, for,

example, the light curve of Diethelm in fig. 3.2);

however, if there are, we cannot decide at what phases they

should be.

11) EK Del

The hump now appears at the bottom of the descending

branch and no shock bump is evident. The data is fairly

good and the fit smooth.

12) UX Nor

Looking at the data only, it would seem that there

should be a smooth curve from phase 0.5 to about 0.8, with a

bump between 0.8 and 0.9; however, the fit is not a good

one and picks up bumps at phase 0.65, 0.9, 0.2 and 0.35.

The peak is not fitted as well as might be expected and
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at about phase 0.6, the data is left altogether by the fit.

This problem is discussed further in chapter ^ and could be

related to the so-called Gibbs Phenomenon in Fourier

analysis.

.13) V465 Oph

The final star to be discussed has a light curve of

type BL and, apparently, has a shoulder at about phase 0.7

with a shock at 0.3, although again this could be a

characteristic of using too high an order of fit.

The main features to look for in the light curves then,

are:

1) A post-maximum bump, which may be part of the Hertzsprung

progression of phase of bumps with period.

2) A shock wave, producing a stationary bump on, or

immediately preceding, the ascending branch.

Not to be confused with the bump in the true

Hertzsprung progression are such features as in 2) above,

and also stationary shoulders which sometimes occur at about

phase 0.2 after maximum and are particularly evident in CW-
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type light curves.

L2Lm31 Bumps in iiin Light Curves qL Population IX Cepheitis.

(3.3.1) The Hertzsprung Progression,

The bump progression in classical Cepheids has been

well discussed in the literature and was discovered by

Hertzsprung (1926). We find that the secondary bumps in the

light curves of these population I variables follow a

definite trend with period. The bump first seems to appear

at periods of around six days and, as the period increases,

it climbs up the descending branch. At a period of about

ten days, it merges with the maximum light, producing a

broad, symmetric light curve. The bump then crosses over to

the ascending branch and, at periods greater than about

sixteen days, disappears altogether.

Stobie (1973) suggests that the only other stars to

show such a progression should be the short period

population II variables (BL Herculis objects with periods

between 1 and 3 days) and was possibly the first to

demonstrate that such a progression might exist.
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Thereafter, much theoretical work has been done. CSV,

for example, studied models of these stars using the Carson

opacities and they pointed out the correlation between ta

and bump phase, comparable to that found by Simon and his

co-workers. A similar analysis by RCRS on field variables
t

indicates that a progression of bumps in their models does

exist and a resonance (interaction of bump with maximum

light) seems to occur at around 1.6 days. This value is in

close agreement with the results of HCK, who centre the

progression between 1.5-1.7 days, i.e. the transition of

bump from descending branch to ascending branch occurs near

this period. King, Cox and Hodson (1981) suggest that

observationally, for periods .^1.65d, the bump ought to

appear either on the descending branch or be absent

altogether. As will be discussed later, this statement

agrees with some of the conclusions of this thesis, in that

it implies that a transition occurs at a period greater than

1.65 days.

Petersen (198*0, however, disagrees with this point.

By studying the light curve of the BL Herculis variable KZ

Centauri and, on the basis of Fourier methods, he places the

resonance at about 1.52 days. One basis for this conclusion
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is that the light curve appears to be symmetric about

maximum light, although the variable V2022 Sgr in the survey

of KD, with a slightly different period of 1.53 days, is

clearly not symmetric, whereas V745 Oph (period 1.596 days)

is possibly more so.

Much work has been done in the past in an attempt to

explain the origin of this secondary bump in Cepheid light

curves. It is, however, the velocity curves which are

generally studied, since these are dynamically more

fundamental than the light curves.

Christy (1968) attempted to explain the bumps by means

of a wave echoing from the central core and reaching the

surface as a secondary bump. He begins by producing a

series of models in order to understand the origin of these

bumps. Fig. 3.5 (reproduced from fig. 15 of Christy)

shows the velocity curves of each zone of a forty-two zone

model during almost two periods. The velocity scale has

been shifted progressively upwards in order to display the

results.
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Several interpretations of this diagram are possible.

The one which Christy favoured was that a large acceleration

begins in the helium ionisation zone (zone 32 in fig. 3.5)

at about phase 0.9. A pressure wave is then sent inwards,

producing the inward (negative) velocity which reaches the

core (zone 2) at phase 0.45. Upon reaching the core, this

wave is reflected outwards with a positive velocity at phase

0.55, with an additional pulse at phase 0.85. The former of

these propagates out to the surface where it produces a

secondary bump at phase 0.45. Thus, the secondary bump is

an echo of a pulse produced at the helium ionisation zone

1.4 periods earlier.

The mechanism for the production of the pulse in the
■f

He zone is still unclear; however, it has been found that

the bumps are associated with an increase in opacity, thus

causing a pressure excess in the region of pulse production.

According to Whitney .(1983), this could be a local

phenomenon caused by rapid absorption of radiant energy or

variations in the degree of ionisation, or it may be a

non-local effect caused.by the descent of overlying layers

of gas.
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Fig. 3.5: Velocity curves for each zone of a
42 zone model, with zeros progressively shifted
upwards to display the results.
(Figure 15 of Christy, 195 8)
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An alternative point of view to Christy's echo for the

production of the secondary bump in our light and velocity

curves lies in the resonance theory of Simon and Schmidt

(1976) and Simon (1977). Using elementary mechanics, Simon

considers the star to have a set of natural pulsation

periods Of; , i=0,...,m and a set of driving frequencies ,

2P0,...,nP0. A star with a linearly unstable mode of

pulsation, with period Tt0 say (corresponding to the

fundamental mode) will have as its driving frequencies the

set 1/%(hP0) and its harmonics 1/2%, 1/3%,, etc. (h:1/2P„ ,

1/3P0 ,...). If it happens that the frequency of one of the

harmonics is close to that of a normal mode (i.e. a natural

frequency), 1/% say, then the oscillation will be enhanced

at the frequency of the harmonic in question. In the case

of the driving force being the fundamental mode and the

normal mode being the second overtone, we will have at

resonance, lti/^szO.5, and as decreases (increases),

the bump decreases (increases) in phase from maximum light.

The literature is divided between these two views.

King, Cox and Hodson (1981), for example, appeal to the

overtone resonance thepry of Simon and Schmidt (1976) and

theoretical models do show a progression of bumps when the
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ratios of the second overtone to the fundamental mode are

close to this resonance of 0.5. (Stobie 1969a,b; HCK).

The calculations of King, Cox and Hodson strengthen the

resonance hypothesis, whereas the Christy echo is only

weakly supported. On the other hand, CSV subscribe to the

echo phenomenon for the origin of the bumps, having come to

this conclusion by studying the velocity curves of

population II globular cluster Cepheids.

There are, however, problems with each of the above two

viewpoints of the presence of secondary bumps. Christy's

"echo" phenomenon cannot explain why the bump is apparent in

some models but not others. The theory does, however,

associate a physical mechanism with the bump, which is not

so in the resonance theory of Simon, who suggests that the

two systems may work together to produce a bump mechanism.

Whitney (1983) has attempted to do this when he

interprets fig. 3.5 in an alternative way to that described

earlier. It is suggested that a pressure excess near layer

23 produces two pulse trains shortly before maximum

velocity. There is an outward-travelling pulse and an

inward-moving one. The outward pulse will arrive at the
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surface, where it reflects with a change in sign and passes

through its origin. The inward pulse will reflect off the

core and meet the reflected, outgoing wave.

Suppose now that the inward and outward pulses meet

when the new cycle is generating its next set of pulses

(again shortly before maximum velocity). If this is to

happen, the time of travel from their origin to when the two

pulses meet must equal the fundamental period of pulsation

of the star.

Not only must this condition in time be achieved, but

we must also have a spatial condition for a resonance to

occur. That is, the pulses must be produced at an

appropriate depth in the star and we presume that this will

be at an antinode of an overtone if interference between

pulses is to be constructive. If this is so, the pulses of

finite frequency width will have components which originate

and meet at a point which is related to a particular

overtone and only these components will remain,

constructively interfering with the next set of pulses, all

others being damped out.
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The echo will thus be in resonance with a certain

eigenmode and appear near to the maximum light or velocity

in our curves. This gives the appearance of a resonance

between the driving mode (fundamental) and the eigenmode

with which the pulse is resonating. Hence, the appearance

of Simon's resonance .5. If the above "resonance"

conditions are not satisfied but the pulses meet slightly

away from our antinode, then the bump will occur away from

the maximum light.

Whitney was able to show heuristically at least by

modelling the pulses using acoustic waves that the 7fl/%)=0.5

resonance is selected because it permits precise repetition

from one cycle to the next, rather than leading to beats. A

star with such a resonance would also have an "echo pulse"

period equal to the pulsation period, thus satisfying the

temporal-spatial conditions defined earlier. It is the

spatial condition which selects the excited overtone, whilst

the temporal condition acts to choose the appropriate

polytropic index, which was found to be n=2.5.
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(3.3.2) Shock SUfflPS.

In general, the bump of the echo/resonanee effect just

described, is most prominent on the descending branch of the

population II Cepheids. However, in several stars, an

additional high amplitude feature appears on the rising

light and this is particularly prominent in the light curves

of V971 Aql and DU Ara (figs. A2.8 and A2.9). This feature

can also be found in the models of CSV, who suggest that it

could be caused by a temporary dip in light just before the

rise to maximum, due to rapid ionisation and subsequent

increases in opacity of the atmospheric hydrogen, caused by

a shock front. CSV also suggest that this bump only occurs

if the amplitude of the light variation is large and the log

of the equilibrium temperature is greater than about 3.78.

Bridger (1983) also states that this bump is a shock

phenomenon which seems to be a reflection of the Christy

echo wave which travelled inwards after being reflected off

the surface at maximum velocity.

In any case, this "shock bump" probably makes no

contribution to the Hertzsprung progression of bumps as

discussed in this section, and except for appearing later,

in table 3.1, will be largely ignored.
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Having discussed the methods of production of bumps, we

will go on to decide qualitatively in the next section if

there is a Hertzsprung progression in the stars we have so

far studied.

LhJil Hertzsprung Progression in. Observed gtflrs;

a Qualitative View.

We have seen in section (3 -2) that many of our light

curves contain various secondary bumps and shoulders. We

have also discovered that the bumps in the light curves of

BL Herculis variables appear to follow a Hertzsprung

progression in the theoretical models and possible

mechanisms for production of these bumps have been commented

upon. We are now ready to discuss whether a similar

progression occurs in the light curves which have been

constructed from the data of KD.

The phases of the bumps have been determined from a

quadratic fit to the data around the bump of form

y(x^) = ax-t+ bxt+ c (where y(x;) represents the magnitude at

phase x^, and a, b and c are constants), and then finding
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the maximum of this fit. There are of course errors in this

method, the foremost of which is possibly the fact that it

is difficult, if not impossible in some cases, to decide

which of the many bumps in the light curves are bumps in the

Hertzsprung progression; indeed, it is a controversial

point whether such a bump exists at all. The representation

of the bump in the light curves by a parabola is also a

major source of error.

The method for determining where the true bumps are in

the light curve is as follows: initially, the star of

lowest period is studied, this is V716 Oph, with period

1.115 days. The light curve for this star is very smooth

compared to some of the others and the fit is good. The

bump is prominent at phase 0.79 after maximum. If a

progression of bumps does exist in these stars, then the

next bump should be visible at phase <0.79. This is indeed

the case in VX Cap, where the bump appears at ^0.71 after

maximum. In this way, all the stars are studied to

determine if a prominent bump appears at the expected place

on the light curve, and only -in two cases (V527 Sgr and V839

Sgr) is there a problem in detecting a bump and this may be

due to poor data.
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Once the bump has been located in this way, the points

which make up the bump are least squares fitted by a

quadratic, as described earlier, and the phase of that

particular bump found. Table 3.1 gives these estimated

phases. The third column denotes the phase after maximum

of the "echo" or "resonance" bump, and the fourth column

indicates the phase <ps after maximum of the "shock" bump,
which should pay no contribution to the Hertzsprung

progression, as described in section (3 -3) - The final

column indicates under EBUMP, where on the light curve the

"echo" bump can be found. D indicates that the bump appears

on the descending branch, whilst XD indicates that it

appears on the descending branch, but one cycle of pulsation

ahead of the bump labelled by D.

Also, in table 3.1> NB indicates that the relevant bump

was either not present in the light curve, or the data was

too poor to register it . The question mark in the fourth

column indicates that VZ Aql is expected to show a shock

bump, but that region of the light curve in which the shock

ought to appear had too few data points to allow a

reasonable determination of its phase.
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table "3.1: Phases of Bumps in the Light Curves of SPL.

STAR PERIOD EBUM

V716 Oph 1.1159 0.79 NB D

V527 Sgr 1.2589 NB NB -

VX Cap 1 .3276 0.71 NB D

HQ Cra 1.4150 0.48 NB D

V2022 Sgr 1.5335 0.37 NB D

V745 Oph 1.5955 0.33 0.82 D

V971 Aql 1.6245 0.19 0.80 D

DU Ara 1.6405 0.19 0.83 D

VZ Aql 1.6653 0.14 ? D

V839 Sgr 1.8272 NB NB -

EK Del 2.0467 0.72 NB XD

UX Nor 2.3858 0.60 NB XD

V465 Oph 2.8417 0.55 NB XD

We must now decide on the basis of the foregoing

sections and the results of table 3.1 if a bump progression

in the light curve does exist. Perhaps we can tentatively

put forward the argument that we know that bumps appear in

the light curves and, if the bump is chosen discriminately
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for each star, we can see a very clear progression.

However, in doing this, we are almost "willing" the

progression to appear. This is not a good argument, and

certainly not sound scientifically! There are so many bumps

and shoulders visible in the curves that it is easy to pick

out definite features, most of which are probably due to

poor photometry, these stars being so faint (V ~12m.5

typically) that observations accurate to better than about

0 .02 are not generally possible.

Table 3.1 does seem to indicate that a progression

exists, however, and if we cautiously assume that this is

true, then at what period can we expect its centre to be?

The answer to this question also lies in a qualitative

description of the light curves. Petersen (1984) determines

this resonance centre on the basis of a symmetry about

maximum light, whereas, Carson (1984) suggests that upon

passing through the progression centre, the bump interacts

with the stationary shock feature, producing the large

"ascending branch bump" prominent in several of the stars of

our sample (V971 Aql, DU Ara, VZ Aql) and this would

indicate that the resonance occurs at around 1.6 days (V745

Oph) in agreement with the theoretical models of RCRS.
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However, perhaps the most useful qualitative

identification of the progression centre is to determine

where the bump merges with the maximum light. It would

appear that the bump is still climbing the descending branch

at 1.66 days (VZ Aql) and we may thus assume that the

resonance lies at a period greater than this, but possibly

at a period less than about 1.83 days (V839 Sgr), although

the data at this period is too poor to determine whether the

bump has crossed over to the ascending branch or not.

On this evidence, we can possibly put the limits of

1.66 ^P^1.83 on the period within which the progression

centre lies. Further evidence for this is given by the fact

that the light curve of VZ Aql appears to be fairly

symmetric, as expected. However, it should be pointed out

that the light curve is not wholly symmetric, indicating

that the resonance centre is being approached and is at a

period greater than 1.66 days, i.e. VZ Aql is not in

resonance but is approaching it.

In chapter 5, further evidence is given which supports

these comments. First, however, we must consider in the

following chapter the Fourier methods and the computer code

used to produce the light curves and periods which have been
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discussed in this chapter.



Page 57

CHAPTER i

FOURIER ANALYSIS AND COMPUTATIONAL TECHNIQUES.

XiUll Fourier Analysis.

(4.1.1) Introduction

It should be obvious from the diagrams described in the

previous chapter that the light curves of the stars in KD

are not sinusoidal, i.e. they cannot be reconstructed

mathematically using a pure sine or cosine wave. For this

reason, we must employ Fourier analysis to fit theoretically

the light variations using a judiciously selected mixture of

sine and cosine terms. Not only are Fourier techniques

useful for this purpose, but they may also be used to derive

periods of pulsation for our stars.

Consider the set of photometric data consisting of

observations mc. , taken at time t;, of a star pulsating with

period P and angular velocity w=2rc/P . A theoretical Nth

order Fourier fit to these magnitudes will then be given by



M

f(tj^) = <m> + {C^cosCnwt^) + S^sinCnwt;)}
n*l
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(4.1)

where the time average magnitude <m> and coefficients

and are constants to be found.

An obvious method for finding these unknowns is by the

method of least squares, in which we minimise the error

between the theoretical and observed magnitudes, thus

^ = §{f(t-) - mol }X/ (ND -2N - 1) (4.?-)
lz1

must be a minimum.

with ND=number of observations,

N=order of fit in equation (4.1).

Thus, we have the 2N+1 equations of constraint (4.3) to

(4.5):

-^-2- — LD^-ntosCnujti) ~ *\>A ~ O
B <m> In J

— 2 f <m> + EC^<u,s(nu,tO +S„sW^V] - " °
^ ' -

2 {<">>+- ECCntosenwti) -4-S*1-" I»"*;.)] — (h--5)
bSj ;
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We therefore have to solve 2N+1 simultaneous equations

for the constants <m>, and CL.' Ti TV

(*t. 1 rg) Tftg Gibbs Phenomenon.

One observes that the Fourier fit in the light curves

of the previous chapter often oscillates between gaps in the

data or overshoots the maximum light. This effect could be

related to the so-called Gibbs Phenomenon in Fourier

analysis. First described by Wilbraham in 1848, the

phenomenon demonstrates how poorly a Fourier series

converges in the vicinity of a jump discontinuity in the

function f(x), which the series describes, at x=xe.

Gibbs discussed the sawtooth function, described by

f(x) =

x - n

0

n < x < n+1

x = n n = 0, 1, 2,

and found that if f(x) is represented by a truncated

Fourier series, then the series approximation overshoots the

actual value of the function at the discontinuity by about

9 % (fig. 4.1).
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Fig. 4.1: Tenth order Fourier fit to the sawtooth
function, demonstrating the Gibbs' Phenomenon.

%

In our analysis, we find that the Gibbs Phenomenon

becomes important as the order of fit increases. As this

happens, the light curves contain more "wobbles" as the fit

oscillates between the gaps or "discontinuities" in the

data, although these gaps may not be true, mathematical

discontinuities.



Page 61

Now, since the low-order amplitudes and phases change

only minimally with increasing order of fit, the Gibbs

phenomenon should have no effect on a quantitative

description of the light curves. However, the qualitative

examination of chapter 3 must suffer, and for this reason if

no other, such a discussion of the light curves is extremely

difficult, unless the data is very accurate and the light

curves are well covered.

(4.1.3) Fourier Transforms,

Physically, we may think of a Fourier series as

representing a set of harmonics np , with n = 1, 2,... and

if we assume that our actual oscillation or pulsation is

made up of various contributions of some or all of these

harmonics, then the series should give a reasonable

description of that variation, whether it is the pulsation

of variable stars and their associated light variations or

the oscillation of a weight attached to a spring. Such an

analysis will describe oscillations which are periodic, i.e.

they repeat themselves faithfully after regular intervals of

time.
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A natural progression from this would be to study

non-periodic variations in which the wave might never be

repeated. An example of such a wave might be a single

voltage pulse, or a flash of light. A variation of this

sort can be thought of as being composed of an infinite

number of harmonic contributions and is described by the

temporal variable F(y):

F(v>) = _L [ A(v) cos(2-xvt)dv + J B(\>) sin(27tv>t)dv>] (4.6)
o o

where F(9) represents a continuum (spectrum) of

frequencies and A(p) and B(i)) are known as the Fourier sine

and cosine transforms of F(v>) and determine the amplitudes

of the sine and cosine contributions in the range \> to P +

dp .

A(p) and B(v>) are given by equations (4.7) and (4.8)

respectively.

(4.7)

(4.8)
oo
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The Fourier transform of f(t) can be derived from these

and is

which is equivalent to (4.6) and also represents a

frequency continuum.

If we now return to a discussion of periodic pulsation

(BL Herculis stars), we can see that the Fourier transform

can have important implications; if the data is assumed to

be continuous, then the transform in (4.9) will compute the

relative importance of the frequencies in the range

- "°< V <+oo . if the oscillation is periodic and a pure sine

wave, then a frequency ~\>0 will be detected, since only in

the vicinity of =£\>oWill the transform be non-zero.

The above transform is approximated in the case of data

which is finite by replacing the limits by T/2 and -T/2. We

then compute the finite Fourier transform F(v). defined as

(4.9)
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IX?***-
(4.10)

In practice, the data can never be thought of as being

infinite and rarely is it continuous. In addition,

therefore, we define the discrete Fourier transform F (v>) as* D

and there is no restriction on the data spacing.

For multi-periodic phenomenon, the full Fourier

transform F(V) in equation (4.9) will consist of delta

functions at £ V,, £ ,. .., whereas the observed transforms

Ff(V) or F„(V) will differ from F(v), and this difference

can be described in terms of an interference effect between

frequencies. In practice, two such effects are usually

found and these are interference from:

(i) nearby frequencies

and (ii) distant frequencies.

(4.11)
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(i) is important for data taken over a short period of

time and is a product of the finite length of the data. The

second effect is due to the data spacing and is called

aliasing,

Aliasing occurs in its most extreme form when the data

is equally spaced, whereas it -is less prominent for

unequally spaced data, indeed, for such data, it is not

always possible to distinguish between effects (i) and (ii)

above.

For determinate processes (i.e. processes for which we

are able to predict what is next going to happen) the

observed Fourier transform, Fb(V) is the convolution of the

true Fourier transform F(V) with a spectral window 60(V)

(Deeming,1975). Thus,

with
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SD(V)=? (^-13)
h*l

The spectral window is an important indication of where

the true and aliased frequencies lie, since a plot of £„(*>)

against v will give a distribution which contains the times

of all the observations. We may therefore define 60(V) as

the Fourier transform of the distribution of the times of

observation, depending only on these times. This can all be

expressed in the statement by Deeming that the pathology of

the data distribution is all contained in the spectral

window.

Any set of astronomical observations will necessarily

have a one year periodicity in its spacing, since data can

only be collected when the sun is not too close in the sky.

There will also be gaps at one synodic month due to lunar

interference and at various other times when telescopes are

not available. Such spacing in the data will represent a

set of false frequencies v>i , with the result that a set of

subsidiary peaks (aliases) will appear in the spectral

window at v/= v. + vo and v.' = p- - vc due to an interference

between and the true frequency Ve . An example appears in

fig. (4.2) (fig. 2 of Deeming, 1975) in which the spectral

window of the quasi-stellar radio source 3C 345 is shown.
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Here, we have a moderate peak at a frequency of ^ 1 yr"' ,

corresponding to the yearly spacing in the data, a smaller

peak at 1 synodic month due to intervention by the moon and

a much smaller peak at 1 calendar month, which is presumably

when the telescope was not available.

10 I5 20

frequency {yr_l)

Fig. U.2: Spectral window for observations of the
quasar 3C3^5.
(Figure 2 of Deeming, 1975)
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A major importance of calculating the spectral window

lies in the fact that if F(V) has a delta function at a

frequency Ve say (the frequency of pulsation or oscillation

of a periodic function), then F (tf) will reproduce the shape

of the normalised spectral window ^0(V) = 66(V)/ND, centred on

V>0. Thus, by comparing the shape of a peak in the transform

FD(v) with the shape of a peak in , we can determine

whether a delta function at the frequency of this peak

exists in F(v>), and hence whether a periodicity is present.

This brings us to a discussion of determining the

frequency of an oscillation. Suppose we have a set of

observations made at times t., i=1,...,ND, with

1/(tMb-tl)«1 . If a delta function in F(V) does exist at

V0 say, then a plot of

X iJb v'A
P(V) = 2_{[2f(th)cos(27tVtK)] + [Sf(tK)sin(2xvtK)]^ (4.14)

h-.i k*'

against frequency results in a series of peaks and is

called a periodogram. Such a plot will have its maximum

peak close to the frequency of oscillation, the peak at y0

being smaller, since in practice, this maximum is usually a
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contribution of an alias plus the true frequency.

*

Physically, the quantity P(V)P (v>) has more relevance.

It is referred to as the power of the variation, although it

may not necessarily have the connotation of "energy per unit

time". If the timescale of the variation is small compared

with the time span of observation, then we may plot a power

spectrum of P(v>)P*(V) against V , again the frequency of

oscillation not necessarily being given by the highest peak

(maximum power). The above method has been used in this

study to compute approximate pulsation periods for our BL

Herculis stars.

A second method which has been used and which was

developed by Faulkner (1977) is to analyse the data in terms

of a Fourier series rather than the Fourier transform. This

process involves computing an Nth order Fourier series and

calculating the standard deviation of fit er f defined by

equation (H.2) for the range of frequencies v> , 2 \> ,.,.,mV ,

is plotted against to provide a frequency analysis

spectrum, with a minimum at V0 corresponding to a periodicity

in the stellar variation. Such a frequency analysis has

been called a Fouriergram of order N by Faulkner and a first

order Fouriergram (corresponding to a sinusoidal variation)
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is equivalent to the periodogram described previously.

Faulkner's technique thus has the advantage that it can be

generalised to stellar variations which are not sinusoidal

(i.e. those for which the order of fit N^2) and can

usually calculate periodicities more accurately than either

the periodogram or the power spectrum. However, it is

usually necessary to have a frequency increment which is

comparable to the Nyquist frequency 1/AT, where AT is the

time over which the data has been collected. Thus, if

AT ~10* days, then we must have an increment of at maximum
-Z

10 day in order to have the resolution required to

determine the period.

A BL Herculis star pulsating with an unknown period of

between one and three days would therefore involve

calculating 7X10 Nth order Fourier series. Depending on

the number of data points and the order of fit, this process

may require an inordinate amount of computer time and it is

therefore convenient to first calculate the power spectrum,

in order to fix the frequency within reasonable limits, and

then to compute a Fouriergram to calculate the frequency

more accurately.
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IH.2) Computational Techniques.

(4.2.1) Jntroflygtipn

In this section, we consider the method of solution of

our 2N+1 equations of constraint (4.3)-(4.5). Any set of

linear simultaneous equations of this sort may be considered

as a matrix equation (4.15):

Where A and B are known matrices, and X is to be found.

We may put equations (4.3) to (4.5) in this form by

writing

AX = B (4.15)

KJ het-e

fj = OT-dejr O-g- -git ,
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and the and b^ are the coefficients of the set of

simultaneous equations (4.3) - (4.5).

The arrays A and B are, of course, easily determined,

since t-t , moi , and w are known from the observations. If

we can now find a matrix k , which when multiplied by A

gives the unit matrix 1, then the solution to (4.15) is

given by

Tx = AB (4.17)

The matrix which satisfies this requirement is called
-i

the inverse of A, and is denoted by A . Perhaps the
-I

simplest method of calculating A is by Gauss-Jordan

elimination, a good account of which may be found in

Bevington (1974).

To compute the Fourier fit f(t;.), to the data points

m..t then, we must go through three steps:

1) Calculation of the coefficients a.fe and bK in equation
(4.16).

2) Solution of (4.16) by Gauss-Jordan elimination and
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subsequent procurement of the coefficients Cn and and

the computed time-average magnitude <m>.

3) Calculation of F(tc) once Cfl, Sn and <m> have been

found.

In the following section, we describe the computer code

which will perform steps one to three above. The code will

also calculate periods from a set of data and appears

complete with its subroutines and comment statements in

appendix 4.

(4.2.?) 3M. cpmp.y.ter Co.de.

The computer code mentioned above consists of the main

program called foufit (FOUrier FITting program) and four

subroutines called coeff (calculation of matrix

COEFFicients), sline (solution of Simultaneous, LINear

Equations), powspec (POWer SPECtrum computation) and finally

fougram (calculation of FOUrierGRAMs).

Two of the subroutines (coeff and sline) are necessary

for computing a Fourier fit to the data of the type

described in section (4.1), whilst the second two compute

periods and are not required if the period of pulsation or
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oscillation is known.

After declaration of the variables in lines 51-60 of

the program (appendix 4), the user is asked for the order of

fit of the Fourier series and an integer between 1 and 24

must be input; next, the user is asked whether pre-whitened

data is to be used. An answer of yes will ensure that data

is pre-whitened at a later stage by removal of the

contribution of the fundamental period to the Fourier

series. If the answer to this question is to the negative,

then the period of pulsation is required without

pre-whitening taking place.

The data read by this program must consist of three

parts: record 1 containing the name of the star; record 2

the epoch of observation and thereafter the data, each

record consisting of 1) time of observation; 2) a number

associated with the V magnitude; 3) a number associated

with the colour magnitude (B-V); 4) a number associated

with (U-B).

All numbers are in free format and the name of the star

should consist of not more than nine characters.
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Lines 101 to 108 therefore ask the user for a colour,

whether V, B-V or U-B. This is stored in the character

variable Ceq(1). The data is read from a file assigned to

input unit 4 in lines 118 to 151. The magnitudes moL

(either in V, B-V or U-B) are placed in the double precision

variable F(I) and times in T(I). The variable VF(I) is

single precision and is used in the graphics routines to be

described in the next section.

In lines 157 to 165, the subroutines coeff and sline

are called. The former sets up the matrices A and B in

equation (4.16) and appears in lines 400 to 449, whilst the

latter solves (4.16) by inversion of A and multiplication of

B by A '. Coeff calculates sine and cosine terms from w and

T(I) and places them in the arrays Q(J,I2) and P(J,I2). If

12 is odd in line 422, then Q and P are multiplied by cos

mwt, with m=1,..., N. The results are placed in the array A

in lines 424 to 425 and the previous value of A added from

the preceding progression through the loop in line 157.

This is equivalent to producing , (j=2m-1, all k and

m=1,...,N) in (4.15) and summing over i for times t . Lines

429 to 430 produce the similar result of a-^ for j=2m (all

k). After all elements of A and B have been calculated,
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sline uses the results to compute C„ , Sn and <m> by

Gauss-Jordan elimination.

The subroutine foucalc is next called to calculate the

Fourier series from C „ , S*, and <m>. The result is

contained in the array FC (computed magnitude, as opposed to

observed magnitude F). The standard deviation of fit is

calculated from the sum of the residuals squared, these

being contained in error in line 513.

After the results have been either printed at the

terminal or sent to output unit 7, the amplitudes and phases

of the series are computed, as in (4.18) below:

F( t; ) = "2 An cos(nwt: - «p„ ) + <m> ( 4.1 8)

according to

% '*■
A

r> = (S, + CA )

>

= Tan ' (-S„ /C ^ )

(4.19)
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(4.18) is merely an alternate way of writing (4.1), but

has the disadvantage that "dcr/7J<m>, 3<r/ 9An and

represent a set of non-linear simultaneous equations, and so

are less convenient to solve.

At this stage, we also compute the quantities

R». = K'K

K = A>/A«
- 2<p.

?»< = ?» " 3 «p.

(4.20)

The importance of the set of equations (4.20) is

discussed in chapter 5.

Lines 215 to 264 ask the user if a power spectra and

Fouriergram are to be computed. If a power spectrum is

required, then powspec in line 587 is called. After the

frequency increment has been asked for in line 600 and the

frequency range in line 603, the routine goes on to compute

the transform for the data as in equation (4.11). The power

will then simply be this transform multiplied by its complex

conjugate. Thus,
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# i.vjcv'ih
Power = Fd(V)F (?) =2F(tk)e ^F(tk)e (4.21)k k

3/H
which is similar to P(V)P (tf) with a normalising

factor. P(V) is simply the periodogram variable as seen in

equation (4.14).

The argument of (4.21) is 2it_vt and is calculated in

line 617. The real and imaginary parts of the transform are

stored in FTR and FTI respectively.

The power in array PS will then be

PS = _1_(FTR* + FTI1) (4.22)

ND is the number of observations and

1/ND normalises the power PS.

It should be noted that the average magnitude AVF is

calculated in line 609. This is then removed from the value

F(I) to avoid bias from non-physical zeros in the data. It

does, however, force the power at zero frequency to be zero.

If the power data is not required (and it usually is not),

it is stored in a file assigned to unit 8 and the power
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spectra plotted if required.

A Fouriergram may now be computed using fougram. Ibis

is a simple subroutine which calls coeff, sline and foucalc

for a range of frequencies v to v + md v , where m, v and d J

are input by the user. The standard deviation is calculated

for each frequency and stored in the array Error, which is

printed on the screen with period and frequency and plotted

if required.

If pre-whitened data is to be used, then this is

computed in lines 232 to 235 or 259 to 262. If only the

fundamental frequency is present, a power spectrum or

Fouriergram will merely result in noise if pre-whitening of

the data does take place.

(^.2.3) .Sr-aphicg Ecutioe.s

It may have been noticed that several lines of program

in foufit, powspec and fougram have not been discussed.

These share a special section since they form part of the

routines used for graphics purposes. These routines have

been taken from the Ghost graphics library implemented by

W.A.J.Prior of the Culham Laboratory for use on the digital
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VAX 11/780 computer system at St. Andrews.

The method of plotting curves using Ghost is

essentially the same in all cases and can be summarised as

follows:

(i) Setting limits on X- and Y-axes.

The y-axis limits are set in lines 169 to 285 of

foufit; 644 to 649 of powspec and 737 to 747 in fougram.

Lines 280 to 294 in foufit are necessary to place the

maximum of the light curve at phase 0.5 on the completed

graph. Note that the x-axis variables are always known and

so can be placed immediately into the graphics routines

without previously computing them.

(ii) Select a piece of graph paper.

Paper is selected by the "call paper (I)" command, with

1=1 always.

(iii) Select physical space.
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The physical space is set by a call to pspace (XPt,

XPx , YPj^ , YPt ) where XPt , YPt , XPx and YP,_ are chosen
according to the size of the window to be mapped and the

graphics device being used (always Tektronix T4010 in this

case).

(iv) Choose the mathematical space.

The mathematical space is chosen by call map (XMlf XM^,

YM^, YMX). It is this space onto which the axes are mapped,
and so XMt , XI^, YM4 and YM^ represent the limits on the x-

and y-axes.

(v) Plot axis labels and titles.

(a) Once the axes have been plotted, the mathematical

and physical spaces are altered to be larger than the set of

axes so that the axis labels and graph titles can be

plotted.

(b) The cursor is positioned by call positn (x,y), with

x and y being variables in the physical space.
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(c) The labels are plotted, beginning at the point

(x,y) in the call to positn. The labels are rotated and

magnified if necessary.

(d) The arguments of pspace and map are returned to

their original values in steps (iii) and (iv), so that a

curve may be plotted.

(vi) Plotting characters.

Call plotnc (x(I), y(I), 232) will plot a character

from the current St. Andrews Computing Laboratory character

font, with font number 232, at point (x(I), y(I)) in pspace

co-ordinates.

All points in foufit are plotted in this way in lines

3*15 to 3*17, with font number 232 being a cross (+).

(vii) Plotting a continuous line.

A continuous line may be plotted by the "call join

(x(I), y(I))" command, with points x(I) and y(I) being

joined to points (x(I-1), y(1—1)) by a continuous line. It

should be noted that no character is plotted in this case.
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(viii) End of graphics routines.

Call grend should be the final call to the graphics

library. This ensures that all graphical output is printed

and communications with Ghost are broken.

It should finally be noted that the Ghost graphics

library uses single precision variables only, i.e. those

beginning with the letter V in foufit and its subroutines.

(^.2.^) Prrpr Analysis

An important aspect of any physical calculation is the

estimation of errors, foufit is able to compute errors in

the Fourier amplitudes and phases which we have discussed so

far.

Suppose we have the function F=F(x,y), then the error

in F is given by

8F = { [af + [Bf SH]1 }Vl (4.23)
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where fcx and g,y are the errors in x and y.

Equation (4.23) is the usual formula for propagating

the errors in x and y through the function F(x,y). The

analysis can be extended to describe the errors in a Fourier

fit, where we have discovered that the coefficients of the

series may be found by using Gauss-Jordan elimination.

In this case, the errors in the coefficients C^, Sn and

<m> will be given by equation (4.24):

& x^ cr ( 4.24)

where Cn = x1A_,

S = x
\i\

and <m> = x
, (n=1,2,... ,N)

The least-squares fit yields a standard deviation of cr
—I

between the fit and the observations and the a}j are the
-I

diagonal elements of the inverted matrix A (equation

(4.17)).
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Now, since the amplitudes A^ and phases are related

to the and Sy, by the set of equations (1.20), the errors

6*% and in the former quantities follow easily from

equation (1.23).

They are:

6 A_ = { SvfeSV + c~€>c> }Vl
(c.l+ S") C

(1.25)

?n = { }
(CV+SV)

'/x

We finally note in this chapter that foufit has been

tested completely by comparison with an independent periodic

signals analysis package written by Skillen (1981).
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CHAPTER

QUANTITATIVE DESCRIPTION OE. JHE. LIGHT CURVES.

( 5. 1) Basic Analysis Applied jtfi. CI assical Cepheids.

We have seen in chapter 3 that there is a Hertzsprung

progression in classical Cepheids and we have discussed the

possibility of there being a similar progression in the

population II variables. Simon and Schmidt (1976) showed

that such a progression of bumps is related to the resonance

Tti/7tc»0.5. If 0.46^^/7^.^:0.5, then the bump appears

during rising light, whereas 0.5-£ TtjTt.^0.53 show bumps on

the descending branch. At periods approaching 10 days,

is equal to 0.5. It now seems to have been

acknowledged through the work of Cox (1980), King, Cox and

Hodson (1981) and others that the movement of secondary

bumps in the theoretical light curves of both population

types is always related to this resonance.

A qualitative study is not always possible, however,

since the models have always exhibited non-physical

artifacts of the computation in the form of numerical noise;

whereas, the observations do not often have the accurate
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photometry necessary to fully describe the light curves. We

have certainly encountered this problem in chapter 3, where

we discovered the difficulty of describing the progression

in terms of the movement of bumps in the light curves, with

the stars being so faint that secure detection of definite

physical features is not normally possible, even among

population I objects. Early authors (for example, Fricke,

Stobie and Strittmatter, 1972) in fact often read these

quantities from ill-defined light curves, drawn by hand

through the observed points. Even more recently, Diethelm

(1983) followed this procedure when he classified his

twenty-eight population II light curves.

There had thus been few reasonable attempts at

quantifying the light curves and the initial approach to the

problem began with Simon (1977), who iteratively described

theoretical light curves in terms of a Fourier series and

predicted that the resonance TtV/Tt:0 ~0.5 should be

described by the quantity cpi( = - 2<|> ,with and
having the same definitions as in section (4.2.2).
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Simon and Lee (1981, hereafter SL) continued with the

analysis and computed <pl( for fifty-seven classical

Cepheids, along with the quantities R1( , R J( and ,

defined below:

"n = Ar/A(

= Aj/A,

fx, = ^ - 2 9,

(5.1)

% ~ 39,
J

The first two quantities in equation (5.1) measure the

relative importance of the second and third Fourier

amplitudes in equation (4.18), as compared to the amplitude

A( , of the fundamental mode and and (p3( are the phase
differences between the second and third terms and the phase

Fig. 5.1 (fig.. 1 of SL) shows plotted against

period and shows a rise in short periods to a maximum at

about ten days. There is then a sharp drop at this period

and thereafter a scatter in points as the period increases.
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Fig. 5.1: The phase difference
?n versus period for a set of
observed classical Cepheids.
(Figure 1 of SL)

Fig. 5.2: The amplitude ratio
R^, versus period.
(Figure 2 of SL)
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At this point, <pw appears to be almost independent of
period. SL suggest that the discontinuity in fig. 5.1 at

about ten days is the result of the 7ti/Tte resonance, and

is possibly the most dramatic evidence of this interaction

so far published.

We see that the resonance is also apparent in fig. 5.2

(Rv, versus period). Here, RX1 takes on large values at the

shorter periods, and drops almost asymptotically at periods

between nine and ten days. As the period increases, we note

a recovery of RM as this parameter attains a more constant

value.

SL similarly plot against period, noting that there

is again a rapid jump at around ten days (fig. 5.3). Fig.

5.^ shows RJ( against period, and here a discontinuity is

again apparent at the period of resonance, even though R}1

shows a large amount of scatter over the full period range.
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(5.2) Population II Cepheids: a Similar Approach.

(5.2.1) Description ihje "Resonance" pj^grams.

We have seen how the above analysis describes the bump

progression in observed classical Cepheids. An obvious step

from here would be to apply these techniques to short-period

population II Cepheids, since besides population I

variables, it is only these stars which should have the

necessary relation between period and bump phase to exhibit

the Hertzsprung progression, as discussed in chapter 3

(Stobie, 1973).

Many theoretical models indicate that the bump

progression in the BL Herculis stars does exist and is

centred at a period of about 1.6-1.7 days. However, to

date, the procedure of SL has not been adopted for observed

stars of this type. The data of KD therefore provides a

very convenient basis for doing this. In this section then,

we will discuss the diagrams of SL as applied to the stars

of KD, all of which, as we have seen, are short-period,

population II Cepheids; i.e. they are BL Herculis stars

with periods between one and three days.
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We have seen in chapter 3 that a qualitative

description of the bump progression indicates that the

centre of the progression (i.e. a resonance interaction)

ought to occur somewhere between 1.66 and 1.83 days, and we

present below further evidence for this view by

consideration of plots of <pi( , (pj, , RL1 and R?( against

period. Such plots will often be termed "resonance"

diagrams hereafter.

Table 5.1 shows results for each star, with column 2

giving the name of the star and columns 3> 5 and 6 the

values of
v and RJt , calculated from the

amplitudes and phases presented in table 6.1. We show the

error below each quantity, estimated from the general

formula for propagation of errors presented in equation

(1.23).

At this juncture, we should perhaps point out that the

values of the relative amplitudes and phase differences in

equations (5.1) and (5.2) vary only slightly with increasing

orders of fit, and so for a given period and data set, we

can assume these quantities to be constant.
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Table 5.1: Phase Differences and Amplitude Ratios

for Pop. II Cepheids.

STAR %
(ERROR) (ERROR) (ERROR) (ERROR)

1 V716 Oph 4.002 0.478 1.903 0.314

(0.033) (0.013) (0.050) (0.012)

2 V527 Sgr -1.959 0.241 -2.927 0.118

(0.134) (0.030) (0.264) (0.030)

3 VX Cap -8.154 0.500 -10.240 0.291

(0.050) (0.022) (0.083) (0.019)

4 HQ Cra -2.459 0.265 -6.409 0.064

(0.087) (0.022) (0.318) (0.021)

5 V2022 Sgr -1.962 0.278 -5.028 0.192

(0.209) (0.042) (0.256) (0.034)

6 V745 Oph -8.345 0.344 -12.595 0.047

(0.061) (0.018) (0.358) (0.017)

7 V971 Aql -1.541 0.221 -4.758 0.173

(0.073) (0.015) (0.094) (0.015)

8 DU Ara 4.538 0.140 1.378 0.162

(0.146) (0.020) (0.136) (0.020)
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Table 5J_ (contd.)

STAR fu RX1 ?3,
(ERROR) (ERROR) (ERROR) (ERROR)

9 VZ Aql -1.005 0.225 -4.508 0.176

(0.310) (0.066) (0.421) (0.062)

10 V839 Sgr -1 .218 0.229 -4.040 0.219

(0.174) (0.039) (0.200) (0.039)

11 EX Del 4.674 0.464 2.762 0.219

(0.044) (0.016) (0.080) (0.015)

12 UX Nor -1.600 0.374 -3-480 0.230

(0.088) (0.028) (0.142) (0.025)

13 V465 Oph -1.383 0.316 -9.385 0.232

(0.074) (0.019) (0.101) (0.019)

From the data In table 5.1, we plot the <p resonance

diagram shown in fig. 5.5, noting that if q>i( < 0, then we

add 2n-K to % ' n being an integer sufficiently large to

make positive. Similarly, if > 2-yc , then we

subtract 2n-rc from ^ . We also note that the numbers
following each point refer to the numbers in column 1 of
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table 5.1, for easy Identification of the points.

The first feature in fig. 5.5 which one observes is

the striking discontinuity at around 1.66 days, with a rapid

rise from about 1.58 days and a more moderate fall-off from

about 1.8 days. The second point to comment upon is that at

periods greater than about two days, the curve is noticeably

flat, with stars 11, 12, and 13 having almost identical

values of <pxl .

We now note the resemblance between fig. 5.5 and the

corresponding diagram of SL (fig. 5.1). We therefore

paraphrase the remarks of SL by suggesting that the

discontinuity at about 1.66 days is the result of the

resonance of Simon and Schmidt (1976).

Following the discussion in sections (3.3) and (3.4),

we see that this resonance is related to the movement of the

secondary bumps in the light curves. For periods less than

about 1.66 days, this bump should appear on the descending

branch; whereas, stars with periods greater than about 1.9

days ought to show bumps on the rising light.
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Fig. 5.5: <pl( versus period for the observed stars of KD.
The numbers following each point refer to the numbers in
column 1 of table 5.1, for easy identification of which star
is associated with each point.



Page 97

Now, by extrapolating from points 8, 7» and 9, and 10

and 11 in fig. 5.5, we argue that the curve will reach its

maximum at about 1.7 days, i.e. observationallv. the centre

of the bump progression in population II Cepheids lies at

approximately this period. This is in very good agreement

with the qualitative description of the light curves in

section (3-4), where we suggested that the star with the

1.66 day period, VZ Aql, was not in resonance, but was

approaching it.

An obvious difficulty in the interpretation of fig.

5.5 lies in the position of the points 2, 3 and 4,

corresponding to V527 Sgr, VX Cap and HQ Cra respectively,

these stars departing from the expected curve. We should

perhaps expect the curve to continue to points 5 and 6 from

point 1 directly between these two sets of points, without

passing near either. To solve this problem, we turn to the

data and note that the faintest stars of KD's survey are VX

Cap (<m> ~ 15m.0), V839 Sgr (<m> — 15^.0), V527 Sgr (<m>~

14 .9) and HQ Cra (<m> ~ 1 ij'0.7), the magnitudes of these

being higher than any of the other stars (table 6.2).
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This statement would seem to imply that there is a

correlation between the scatter of these stars in fig.

5.5 and their relatively high magnitudes. Ihus, the

indication is that a Fourier fit to the data of these stars

might be difficult, with the possibility of a poor

determination of . It is also interesting to note that

the faintest star with perhaps the poorest data, V839 Sgr

(point no. 10), would produce a smoother curve if it had

~ 4.8 or <pvi ~ 5.3, thus emphasizing the point that the

brightness of the star does play a role in determining

and its subsequent position in the <pu resonance diagram.

Fig. 5.6 shows a plot of the relative amplitude

against period. Here it is difficult to discern any hint of

a progression, with several points to the left of centre,

two points (1 and 3) above these and several to the right of

the diagram. However, if we again neglect the fainter

stars, denoted by numbers 2 and 4 in the plot, the diagram

seems to be rather clearer, with the points between periods

1.0 to 1.3 days forming a more or less horizontal line

(points 1 and 3, with 0.45 ^ P-i, ^ 0.5) and then an abrupt

drop to Rtl~0.35 (point 6). The curve continues its

descent to a minimum at about 1.6 days and then ascends
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again to point 11 in the diagram, with a period of 2.04

days.

We note the similarity between figs. 5.6 and 5.5, with

a disoontinultv again occurring at a period of between 1,6.4

is. Li days.

In fig 5.7, we plot <pj( against period and see that
with the exception of points 2, 4 and 6, the curve is very

much flatter than the previous two plots. We can make

several comments concerning fig. 5.7: firstly, we see

again that it is points 2 and 4 (V527 Sgr and HQ Cra) which

receive the most scatter in this diagram. Excepting these

points, we find a relatively horizontal curve from points 1

through to 5, with a sharp rise through points 8,7 and 9.

Thereafter, we note the horizontal portion of the curve,

consisting of points 10, 11, 12 and 13. Thus, we again

assume that points 2 and 4 (and to some extent 3) do not

contribute to this progression, and so can be excepted from

this analysis (see also the following section).

We now note the position of point 6 in our diagram.

With regard to this star, there are two possibilities;

either it forms the apex of the discontinuity at 1.6 days,
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Fig. 5.7: ^ versus period for the observed stars.
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or it is another migratory point, and so should be

disregarded.

Examination of the preceding diagrams indicates that

this star is well-behaved and does not appear to diverge

considerably from the expected curves and this would of

course imply that this star is in its correct position in

the <p -period diagram. The period of resonance in fig. 5.7

thus appears to be lower than is indicated by the

resonance diagram. In fact, we should perhaps expect the

two to differ, since <pi( and <px, refer to different physical

quantities, and so might not necessarily yield similar

results when we consider our resonance diagrams.

However, inspection of the corresponding point in the

R.y diagram shows that the value of R?l for this star is
small compared with other stars, and so indicates that there

is only a minor contribution from the third Fourier term As

(amplitude of second harmonic). This suggests a difficulty

in determining the phase corresponding to a3 . Thus,

the position of star 6 in fig. 5.7 may be due to a poor

determination of <f>3 . If this is the case, then stars 2, 4
and 6 do not contribute to our progression of bumps in the

diagram and we may be able to neglect point 6 as well as



Page 103

points 2 and 4.

To find the true status of these stars, and

particularly that of star 6, it will be necessary to analyse

more stars with periods around 1.2 - 1.7 days, in order to

cover this region well enough to see the trend in at

these periods. We will suggest for the time being, however,

that the resonance has shifted to a slightly lower period as

compared to the <p chart, and that point 6 (V745 Oph) is at
the centre of this resonance.

We finally discuss in this subsection the -period

diagram for our population II stars (fig. 5.8). Again

there are the anomalous points 2 and 4 lying well away from

a curve drawn through the remaining points. In conjunction

with these, we again have star 6. As discussed earlier,

this star has a particularly low value of R3^ , indicating

that there is barely any contribution from the third Fourier

term.

We again note a discontinuity beginning at around 1.5

days, reaching a minimum at about 1.6 days and climbing to a

value of =0.22. The curve flattens off from about 2.0

days with constant values of RJ( .
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Because of the poor coverage of some of our light

curves, accurate determination of the higher Fourier terms

(A ^ and <p-, for i^.3) is not normally possible. For this

reason, one should perhaps be careful when discussing the

<p - and R..-resonance diagrams (figs. 5.7 and 5.8). ToTn

illustrate the point, we note that percentage errors in R-j,

range from about 3.9$ for V716 Oph to over 35$ for V7^5 Oph,

whilst we calculate errors in R^, for these stars to be 2.7$

and 5.2$, respectively.

From this and previous discussions, we may deduce that:

(a) The resonance in the Ri( and charts appears at a

period in the range 1.64-^ P«r 1.70 days.

(b) The resonance appears at a period of P^1.60 days if one

studies the R^ and <p3, charts and one assumes that the
resonance has shifted to a lower period as compared to the

R and diagrams.

It therefore appears that all four of our resonance

diagrams show a discontinuity at around 1.6-1.7 days, and we

assume this to be associated with the echo bump of Christy

(1968) and the resonance of Simon and Schmidt ( 1976).
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We may deduce from these charts and the qualitative

discussion in chapter 3 that for periods P-<1.60 days, the

bump appears on the descending branch of the light curves,

whilst if P^,1.70 days, the bump should either appear on

rising light, or be absent altogether. At periods between

1.60 to 1.70 days, the bump merges with, and is

indistinguishable from, maximum light, thus forming a broad,

symmetric light curve.

( 5»2.2) Piscussjpn SL v?27 S£H and. HQ. Org. in Relation in ihe

Regopgnqp Pjggr&mg,

We note that there are two stars in the survey of KD

which cause a certain amount of difficulty in all of our

resonance diagrams. These are of course the points which

are numbered 2 and 4, corresponding to the stars V527 Sgr

and HQ Cra, respectively. Both of these stars depart quite

drastically from the expected curves and there are three

apparent reasons why this may be so. Either,

1) The stars are pulsating in an overtone rather than the

fundamental mode.

2) They are pulsating in two modes simultaneously; i.e.

they are double-mode or "beat" cepheids.
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or 3) They have poorly-covered light curves, which results

in an inaccurate determination of the amplitudes and phases.

The second of the three alternatives above is easily

checked by pre-whitening the data (i.e. removal of the

contribution of the strongest pulsation mode) and testing

the result for periodicities by the usual power

spectrum-Fouriergram method. We have gone through this

process as a matter of course for all thirteen of the stars

in this study and no second periods have been detected.

We now note that V527 Sgr is not only a very faint
tr\

star, with average magnitude 15 .0, but its light curve

m

shows a great deal of scatter, varying between about 0 .3 on

the ascending branch to (T.2 on the descending branch (fig.

A2.2) making a Fourier fit to this data very difficult

indeed. This would indicate with a fair degree of certainty

that it is 3) above which is affecting the position of V527

Sgr in figs. 5.5 - 5.8.

The same argument may also be applied to HQ Cra, since

although there is only a little scatter in the light curve

of this star, there are several gaps in the data,

particularly at maximum light. Such gaps may result in an
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exaggerated maximum or minimum if they occur near a turning

point, or the light curves will result in a loss of certain

features if the gaps are present at a maximum gradient; for

example, on rising light in most asymmetric light curves,

where a shock bump may or may not be present in the fit.

Overtone pulsation is also a possibility for HQ Cra

showing dispersion in the resonance diagrams. However, if

variable stars in the population II class follow the

classical Cepheids as far as overtone pulsations are

concerned, then according to suggestions by Gieren (1982)

and Antonelli and Mantegazza (1984), <pw for such stars

should be larger than normal. This is clearly not the case

for HQ Cra, and it is assumed that poor observations account

for its peculiar locations in figs. 5.5 - 5.8.

(5.^) Comparison with Classical Cepholds

We have just discussed the resonance diagrams of

classical Cepheids (taken from SL) and the short-period

population II objects of KD. We now briefly attempt to

compare the two, noting that there are differences, but that
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the general shapes of the diagrams of SL are very similar to

the corresponding plots in figs. 5.5 - 5.8.

We begin with a discussion of the diagrams in figs.

5.1 (classical Cepheids) and 5.5 (BL Herculis stars). In

the latter case, the curve begins with a slowly increasing

value of <pw and then takes on a sharp rise, culminating in

a peak at what we consider to be the period of resonance.

In these last two respects, the curve is identical to that

of SL. After maximum, both curves show almost constant

values of .

The diagrams of R ^ are also similar in a very general

sense. If we disregard the controversial points 2 and 4 in

fig. 5.6, we see that both this diagram and fig. 5.2 begin

with large values of R 0.48 for the BL Herculis stars

and 0.3 for the classical Cepheids. The curves then rise to

a maximum and then drop precipitously to a minimum. In the

case of fig. 5.6 , we note a second rise to a similar

maximum and then a drop to lower values. In the diagram of

SL, however, we cannot be sure exactly what happens to R^,

after its fall to minimum. However, like fig. 5.6, R

does increase again to a value of around 0.25.



page 110

Figs. 5.3 and 5.7 show <p}| for the two classes of
variable. In the diagram of SL (fig. 5.3), we note a slow,

almost zero increase in <p1( for periods between three and

eight days. At about nine days, increases rapidly to a

value of about 7.5. Thereafter, we have a new, constant

value of <pyi . At first glance, this may not seem at all
similar to the corresponding plot for type II Cepheids.

However, if we are able to overlook points 2 and 4 in figure

5.7, as discussed earlier, and we suppose that the maximum

of <pi( in figure 5.3 does not occur at 7.5, but at a

higher value, then this diagram does compare with fig. 5.3,

with a much smaller amplitude. We now note that the large

scatter of points in fig 5.4 precludes any comparison of the

diagrams.

It would seem reasonable to suggest from the above

discussion that the resonance diagrams of BL Herculis stars

compare very well in. general shape to those of the classical

Cepheids, even though the two are in a very different

population group. This result is perhaps not surprising,

since the same physical mechanism drives the pulsations in

each case and so a Fourier decomposition of the type

discussed in this chapter might be expected to provide
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similar, but not necessarily identical results.

(5.4) A Comparison With Theoretical Reg<?nfrnQ3 Diagrams.

RCRS have computed a set of models for 11 BL Herculis

field variables. The author of this thesis does not intend

to discuss these models or their light curves, which he has

produced using Foufit and data provided by Carson and

Stothers (1984a). However, the light curves have been

published and appear in appendix

The data is in the form of times (in seconds),

luminosities and radial velocities. The first two of these

have been reduced to times in days and magnitudes using the

formula M„ = -2.5 Log , where L# refers to the

luminosity of the star. Since no reasonable velocity data

exists for the observed stars, only the luminosity data of

the models of RCRS will be analysed here.

The periods of the models have been computed by Foufit

and all agree with those of RCRS to two decimal places,

except for YZC, which has a period of 2.47 days, and not

2.67 as published by RCRS. The latter period is therefore

assumed to be a typing error.
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Figs. 5.9 to 5.12 thus show the resonance diagrams for

the models and will be referred to as "theoretical resonance

diagrams" in what follows. Here we show two plots in each

figure. The first is a plot of <p£l or for the models

(i = 2 or 3)» denoted by a square and a number, and the

second shows an envelope which indicates the domain of the

observed stars in these theoretical resonance diagrams.

This envelope has been sketched in to enable us to make a

direct comparison of the observations with the models.

Fig 5.9 then, shows the quantity <pxl plotted against

period. The main features are the drop in <pi( at low

periods (P.£1.3 days) and the sharp rise in at about 1.6

days. At periods greater than about 2.0 days, points 10 and

11 show some scatter.

One notices that at periods less than two days, the

majority of points lie within the observational envelope,

and in fact, only one lies outside to a marked extent (point

5). The important point to comment upon here is the

resemblance of fig. 5.9 to the observed chart, with s

resonance .QgcwriPg in i&JS. models si afrgyt ,1,6 davs. in

excellent agreement with the discussion in section (5.2).
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Fig. 5.9: <f>i, versus period for the models of RCRS. Here,
the squares refer to the models, and the envelope has been
sketched in for comparison of the observed stars with the
models.
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Now, points 10 and 11 seem to cause a problem, since

neither of them lies near the envelope of the observed

stars. Examination of RCRS reveals that both of the models

corresponding to these points were given rather high

luminosities and low effective temperatures for stars of

their periods. The object.here was to make the light curves

of these stars represent the prominent bumps which are

sometimes present on the rising branch of stars with periods

between 1.8 - 2.2 days.

The opinion of the author of this thesis, however, is

that the amplitude of the pre-maximum bump of model 11 is

much too large for a star in this period range, whilst model

10 has a rather peculiar light curve which could account for

its position in fig. 5.9. The light curves thus contain

exaggerated features which are not found in other models at

the same period.

The large pre-maximum bump in model 11 might explain

the position of point 11 in the <pi( diagram and is in fact
verified by the position of the corresponding point in fig.

5.11 (the R resonance diagram for the models). If the

pre-maximum bump in this model is too large and the bump on

the ascending branch is related to the amplitude of the
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first harmonic A,, then we ought to expect the quantity

AJl/Ai to be larger than normal. This is in fact what

happens, since in fig. 5.11, point 11 does lie well above

the envelope of the observed stars.

We now move on to discuss the <psi resonance diagram in

fig. 5.10. Here, we find that this plot is very similar to

that displayed in fig. 5.9 . Once more, there is a

decrease in at low periods and a rapid rise at a period

of about 1.6 days. After about two days, the curve flattens

off, with points 10 and 11 having similar values of .

Again we note the resemblance between this diagram and

the <pv diagram of the observed stars, once more denoted by
the envelope in fig 5.10. Particular attention should be

paid to the region of the resonance, at periods of about 1.6

days, where all points lie within the envelope. However,

several points lie outside the envelope on both sides of the

resonance. At periods greater than about two days, points

10 and 11 lie well above the observed stars and this can

possibly be explained by the previous argument that the

models represented by these points behave unexpectedly.
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Fig. 5.10: «p3l versus period for the models. Notation is
the same as in figure 5.9.
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To the left of the diagram, we find that models 1, 2

and 3 also lie outside the observational envelope.

Unfortunately, there do not appear to be any satisfactory

reasons for this discrepancy between the theoretical and

observed resonance diagrams. One possible explanation

might be that the parameters of mass, temperature and

luminosity have not been optimally chosen for these models,

although it is difficult to see why the values of <px, are

not affected in a similar manner.

We continue now with a discussion of the ft resonance

diagrams (i = 2 or 3) in figs. 5.11 and 5.12. The first of

these shows Rlt plotted against period, whilst the latter

shows against period. Both diagrams show the same basic

structure for periods P less than 2.0 days, with a rapidly

decreasing value of R^ for P^ 1.3 days, and for periods^

1.4 days, RV1 increases. This decrease/increase of these

quantities is reminiscent of the corresponding resonance

diagrams of the observed stars at longer periods. In fact a

comparison of the theoretical diagrams in figs. 5.11 and

5.12 with their respective observational envelope reveals

that these former curves would fit very nicely if one pushed

them slightly to the right.
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Fig. 5.11: Kju versus period for the models.
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Fig. 5.12: R31 versus period for the models.
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Thus, the resonance in the models seems to occur at a period

of between 1.3 - 1.4 days when one considers the theoretical

R1( and RJt resonance diagrams, this being about 0.3 periods

earlier than in the observed stars.

We suggested earlier that the <pJ) diagram for the
models differed from that of the observed stars because of a

non-optimal choice of mass, temperature or luminosity. The

problem with the RL1 diagrams tends to confirm this view.

The situation is analogous to similar problems encountered

in the resonance diagrams of the classical Cepheids (Simon

and Davis, 1983), where the diagrams of the models were

compared with those of the observed stars.

Two sets of models were examined in this case, the

first used the Carson (1976) opacities and were computed by

Vermury and Stothers (1978) and the second set were computed

by Adams, Castor and Davis (1980) using the Los Alamos

opacities. In the latter case, the models follow the

observed stars in the resonance diagrams at shorter periods,

but tend to fall away as the period increases. The

Vermury-Stothers models, on the other hand, never really

follow the observed stars at all, particularly in the <p1(

diagram for the velocity data, and the R diagram for
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PIdoyi)

Fig. 5.13: fu versus period for models of classical
Cepheids. This diagram uses velocity data of the
Vermury-Stothers models (crosses) and the Los Alamos models
(circles). The envelope indicates the domain of the
observed classical Cepheids.

(Figure 2 of Simon and Davis, 1983)

Fig. 5.14: versus period for light, with similar
notation to the above diagram.

(Figure 5 of Simon and Davis, 1983)
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light (fig. 5.13 and 5.1*0. However, the shapes of the

theoretical resonance diagrams for the Vermury-Stothers

models are very similar to those of the observations. All

that was required, therefore, was to "push" the resonance in

the models over to the left by about four days. This was

done by Carson and Stothers (1984b) by judiciously selecting

the physical parameters and computing models which included

convection. The theoretical resonance diagrams now resemble

those of the observed classical Cepheids to a very

reasonable extent.

Unfortunately, however, the BL Herculis models are not

as straightforward as those of the classical Cepheids, since

they are very difficult to compute. However, it is possible

to compute some BL Herculis models which are comparable to

the observed stars and the techniques for making these

comparisons are there in the form of the Simon and Lee

resonance diagrams.

We end this chapter by suggesting that just as in the

Vermury-Stothers models, the Carson and Stothers BL Herculis

models do appear to have a Hertzsprung progression, and a

transition of bumps occurs at about 1.6 if one considers the

and resonance diagrams. However, as suggested
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previously, comparisons of the theoretical and R,(
resonance diagrams indicate that the resonance occurs at a

lower period. The models must thus be altered in some way

so that the resonance complies with that of the observed

stars for all four quantities <p.j and RLl (i = 2 or 3).
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CHAPTER fu. SUMMARY AND CONCLUSIONS.

(6.1) Introduction.

In this chapter, we summarise the methods, results and

conclusions of previous chapters and give some suggestions

for further work in the area. Section (6.3) contains a

summary of chapter 3, in which we discussed, among other

things, the Hertzsprung progression in population II

variables. In section (6.4), the work of chapter 5 is

briefly discussed and finally, in section (6.6), we consider

the main conclusions of this thesis and include a discussion

on how our results could be improved.

We begin, however, with a summary of the properties of

short-period population II Cepheids.

(6.2) Properties q£_ Population II Cepheids

In chapter 2, we discovered that the population II

variables which have periods in the range of one to three

days should be occupied by only one type of star, the BL

Herculis variables, named after the prototype of their
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class.

Evolutionary considerations reveal that the masses of

these stars must lie in the range 0.5 M/M0 ^ 0.8, with

temperatures 5500 K ^ ^ 6500 K, where the lower limit on

the temperature, corresponding to the red-edge of the BL

Herculis instability strip, is rather more difficult to

establish than the upper one.

We also discovered that luminosities lie in the range

100 ^ L/L0 4: 350, these limits being imposed on both

evolutionary and observational grounds.

We also found in chapter 2 that the helium content of

these stars lies in the range 0.2 Y ^ 0.35 and we have

decided on Y = 0.25.

Compositions then have been taken to be

(X,Y,Z) = (0.745, 0.25, 0.005).
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(6.3) Hertzsprune Progression in PppulfrtiPP I£ Cppheitis.

We have discovered that many pulsating stars show

secondary bumps in their light curves and this may be due to

two physical effects.

The first is that a pressure wave produced in either

the helium or hydrogen ionisation zones reflects off the

interior core and reaches the surface as a secondary maximum

in the light or velocity curve. This is known as the

Christy (1968) echo phenomenon.

The second effect, which is possibly related to the

first, is based on elementary mechanics. Discussed

initially by Simon and Schmidt (1976), it assumes the star

to be undergoing pulsation in several normal modes, with

natural frequencies V; (i = 0,.,.,n), one of which, the

fundamental mode v>0 say, is a driving frequency. If one

of the harmonics of V0 is close to that of a normal mode,

then the normal mode will be in resonance with this

harmonic. Simon and Schmidt suggested that it is the first

harmonic with frequency which is driving the second

overtone of frequency VY . Here, we have, at resonance, the

period ratio "Kt/TC0 = 0.5 and the secondary bump in the light
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curves will be indistinguishable from maximum light.

We thus have a Hertzsprung progression, in which stars

with 0.5 4 0.53 show bumps on the descending branch

and stars with 0.46 4 7t»/7£,> 4 0.50 show bumps on rising

light.

In this work, we have discussed a set of population II

variable stars, data for which has been published by Kwee

and Diethelm (1984). All of the stars in KD are assumed to

be BL Herculis stars, that is, population II variables which

have periods between one and three days, according to the

definition in chapter 2.

We discussed the light curves of these stars in chapter

3 and attempted to discover if a Hertzsprung progression was

present. One conclusion to be drawn from this chapter was

that a study of the light curves, or a Fourier fit to the

light curves, is extremely difficult, due to the poor data

and coverage of the light curves of such faint objects.

However, we did find that a subjective view on the part of

the author revealed that a Hertzsprung progression does seem

to exist in BL Herculis stars, with a transition of bump

from descending to ascending branch occurring at a period of
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greater than about 1.66 days.

As has been often stated in this thesis, a qualitative

discussion of light curves of population II variables is

unsatisfactory and the results of chapter 3 perhaps should

not be treated as definitive without further corroboration.

However, the conclusions so far presented do agree very well

with those of chapter 5 and which we give below.

(6.41 Further evidence for a. Hertzsprung Progression

The methods of Simon and Lee (1981) were applied to our

stars in order to establish with greater certainty if there

is a Hertzsprung progression in BL Herculis stars.

Plots of the quantities and (i = 2 or 3)

against period reveal that a Hertzsprung progression exists

in observed stars. The techniques for describing the

progression are now quantitative as opposed to the

qualitative arguments of chapter 3. Much of the subjective

criticism is thus removed and we can conclude with more

conviction that a transition of bumps occurs at a period of

around 1.60 - 70 days, in good agreement with the results

presented in the previous section.
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We also discussed in chapter 5 an analysis of the

models of Carson and Stothers (1982). Here, the object was

to compare the models with observed stars, using the

techniques of Simon and Lee. The following conclusions were

drawn:

1) The models show a Hertzsprung progression of bumps when

one considers the 9 , <p%, , RX| and R1( resonance diagrams.

2) The p£l diagrams show a resonance in the expected range.

Here, the important conclusions to make are that both the

general shape of the curves and the fact that the resonance

occurs at about 1.6 days agrees well with the observed

stars.

3) A comparison of the theoretical and observational R;i

diagrams reveals that the curves are very similar in general

shape, but that the resonance in the models occurs about 0.3

periods earlier than in the observed stars.

It was suggested that better agreement might result if

the parameters of mass, luminosity and temperature were

varied in the models. We also pointed out that no

convection was included in the models.
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(6.5) Results qL Fourier Analysis.

In this section, we review the results of the Fourier

analysis of the data of Kwee and Diethelm (1984). In table

(6.1), we present, in the first three columns, the name of

the star, its period and the number of observations. Column

four shows the order of fit and thereafter we give the

time-average computed magnitude <m> and the amplitudes A;

and phases j>- (i = 1 - 4). Below each of these is a number in
brackets corresponding to the error in that quantity. The

final column denotes the standard deviation of fit

multiplied by 100.

One notices that the first amplitude A(, corresponding

to the amplitude of the fundamental mode, is the principal

component in all our stars, as expected in population II

Cepheids in this period range.

Table 6.2 shows a second set of results of our

analysis. Here, we show the name of the star followed by

the quantities maximum and minimum magnitude, denoted by

fmln and fmM., and the amplitude f^^- fwVTI , all of which

are computed from the fit. In column 5, we give the

asymmetry £ . This quantity can be of importance in



Table6.15FourierAmplitudesandPhasesfortheStarsintheSurveyofKD. STAR

PERIODNDN<m>

SD,

0716Oph

1.115949812.1110.5050.2410.1590.100-0.3753.2520.7774,6072.676 0.0040.0060.0060.0060.0060.0110.0240.0370.061
0527Ssr

1.258968814.8930.4220.1020.0500.0281.4510.9441.427-0.6786.756 0.0090.0120.0120.0120.0120.0290.1210.2500.448
OXCap

1.327674714.9860.4860.2430.1420.1043.397-1.361-0.0501.4714.597 0.0060.0090.0100.0090.0080.0190.0330.0610.085
HQCra

1.415040
614.746 0.006

0.408 0.008

0.108 0.009

0.026 0.009

0.032 0.008

2.596 0.021

2.732 0.077

1.378 0.312

1.3353.511 0.269

02022Ssr1.533534513.5470.3320.0920.0640.0611.5781.194-0.275-1.2613.908 0.0100.0150.0130.0110.0130.0460.1880.2160.195
0745Oph

1.5955

40613.2190.3640.1250.0170.0243.977-0.390-0.6631.2372.480 0.0040.0060.0060.0060.0060.0170.0500.3550.242
0971Ac,1

1.6245

11.9940.3210.0710.0560.0821.401 0.0030.0040.0050.0050.0050.015
1.262-0.554-0.9262.117 0.0660.0820.057

DUAr;

1.640554

12.1300.2990.0420.0480.049-0.214 0.0040.0060.0060.0060.0060.020
4.110 0.140

0.735 0.122

-1.212 0.117

2.795

ial

1.665333
413.6420.3700.0830.0650.0641.9222.83?1.2591.9638.744 0.0170.0240.0240.0230.0230.0650.2810.3730.366

hd
P W

a>

0839Ssr

1 .8272

14.917 0.009

0.349 0.014

0.080 0.013

0.076 0.013

0.064 0.012

1 .585 0.035

1 .951 0.159

0.715 0 .169

0.374 0.212

6.092

EXDel2.046750612.3390.3150.1460.0690.037-0.2554.1651.9980.501 0.0030.0040.0040.0050.0050.0150.0320.0670.128
UXNor

2.385841713.6780.4700.1760.1080.0872.2152.8303.166 0.0090.0120.0120.0120.0120.0260.0700.117
3.547 0.143

;.234

0465Oph2.8417
40

813.4800.4870.1540.1130.0672.8924.402-0.708 0.0070.0090.0090.0090.0090.0200.0620.082
0.374 0.136

3,740
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Ia]2l£ 6^2; Light Curve Parameters for the Observed Stars of

KD.

STAR f_ f . f„,_ -f . 0 m m . .C0<wc mooc »»\vn Ot ^ b

V716 Oph 12.61 11.18 1.42 0.16 12.61 11 .21 12.09 0.79

V527 Sgr 15.32 14.40 0.92 0.40 15.43 14.40 14.97

VX Cap 15.52 14.14 1.39 0.17 15.51 14.17 14.90 0.71

HQ Cra 15.18 14.19 0.99 0.68 15.19 14.18 14.75 0.48

V2022 Sgr 13-89 13-00 0.90 0.55 13-94 13-01 13-53 0.37

V745 Oph 13-62 12.70 0.92 0.51 13-63 12.71 13-25 0.33

V971 Aql 12.38 11.49 0.89 0.51 12.38 11.52 11.98 0.19

DU Ara 12.46 11.71 0.75 0.52 12.46 11.73 12.12 0.19

VZ Aql 14.11 13.20 0.91 0.69 14.11 13-18 13-58 0.14

V839 Sgr 15.29 14.44 0.85 0.48 15.33 14.50 14.91

EK Del 12.73 11-90 0.83 0.30 12.74 11.91 12.36 0.72

UX Nor 14.15 12.94 1.22 0.32 14.18 12.98 13-73 0.60

V465 Oph 14.06 12.95 1.11 0.15 14.00 12.90 13-45 0.55
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distinguishing the centre of the Hertzsprung progression,

since at the transition period, the light curve should be

symmetric, as discussed in chapter 3« Asymmetry in this

case has been computed from the fit, thus:

£ =

Where, is the phase at maximum of the fit,

® •»« ii ii •% minimum •« •• *»
1 rnc*r\

In columns 6 and 7> we show the maximum magnitude

minimum magnitude mmjn and average magnitude <m^>, given by

<m«;> = X m0.
»s l i

ND

Here, m0. is the magnitude of the star at time t;,

ND is the number of observations.

Finally, in table 6.2, we show the phase of bumps in

the observed stars, denoted by .
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In table 6.3» we give the phase differences and <pJ(

and the amplitude ratios Rw and R,( for the models. The

error is shown in brackets below each quantity.

Table 6.?: Phase Differences and Amplitude Ratios

for the Mpflels of RCRS.

STAR

(ERROR) (ERROR) (ERROR) (ERROR)

1 BXD 4.562 3.188 0.377 0.177

(0.069) (0.214) (0.024) (0.022)

2 BFS -1 .822 2.962 0.333 0.225

(0.095) (0.141) (0.030) (0.028)

3 XXZ -1.964 2.678 0.275 0.151

(0.102) (0.187) (0.026) (0.025)

4 CEH -2.221 -4.101 0.514 0.117

(0.056) (0.181) (0.023) (0.020)

5 SWT -1.114 2.601 0.498 0.124

(0.050) (0.152) (0.019) ■ (0.017)

6 839 -2.131 1.917 0.610 0.162

(0.037) (0.097) (0.017) (0.015)
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Table fu3. (contd.)

STAR <Pi.

(ERROR) (ERROR) (ERROR) (ERROR)

7 745 -0.398 -0.870 0.513 0.226

(0.050) (0.096) (0.020) (0.018)

8 NWL -0.769 -1.982 0.524 0.162

(0.079) (0.198) (0.032) (0.029)

9 VZA -0.479 -1.073 0.527 0.266

(0.056) (0.098) (0.023) (0.021)

10 UYE -4.083 -8.462 0.672 0.492

(0.226) (0.323) (0.111 (0.104)

11 YZC -6.938 -8.019 0.639 0.311

(0.088) (0.150) (0.040) (0.036)

(6.6) general Conclusions.

We finally conclude this thesis by summarising the

results of chapters 3 and 5 and making suggestions for

further work in this field.
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We have seen that a Hertzsprung progression exists both

in the observed BL Herculis stars and in the models. We

have also suggested that the period of resonance lies in the

range 1.6^P^1.7 days in the observed stars with a

reasonable degree of certainty, this conclusion being

formulated on the basis of two independent methods. The

first involved a subjective analysis of the light curves by

the author and the second, more objective description, used

the quantitative methods of Simon and Lee (1981). Both

approaches give comparable results.

The results in both cases may improved upon in two

major ways. Firstly, more accurate photometry of the stars

in Kwee and Diethelm is required. At the present time, this

may not be viable, but when it is, the qualitative

description of the light curves will certainly be

ameliorated. Further, since the second method of describing

the Hertzsprung progression relies on the data, although to

a lesser extent than the previous method, this also ought to

improve with a reduction in noise in the data, and so should

enable a more accurate estimation of the Rit and .

Because of the poor photometry, the calculation of higher

amplitude ratios and phase differences is not
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feasible, since, unpublished results show a great deal of

scatter in the resonance diagrams corresponding to these

quantities.

The second way in which we can refine our results is by

analysing the data of a greater number of stars,

particularly those with periods of around 1.6 days. In this

way, we can be certain of positioning the transition period

more accurately.

Further theoretical work may also be undertaken. For

example, the problem of why the bump should occur in

classical Cepheids and BL Herculis stars and not, for

instance, in W Virginis stars, has not yet been solved. We

must also produce a reasonable theory of the bump mechanism.

Whitney (1983) appears to be working in approximately the

correct area, although many problems are yet to be solved.

For example, Whitney's modelling of pulses by acoustic wave

cannot explain why it is the Px /P0 resonance which is

selected, nor can it explain the actual mechanism which

- produces the Christy pulse. The model is also rather basic

in that it does not take into account physical effects, for

example, convection or non-adiabaticity in the star.
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We finally suggest that the techniques of Simon and Lee

(1981) should encourage more accurate modelling of the BL

Herculis stars and, just as with classical Cepheids, many of

the barriers between the theory and observation of these

stars may be removed.
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APPENDIX 1^

HERCULIS MODELS.

(A1.1) Introduction.

In this appendix, we briefly discuss some of the models

which have been computed to represent the stars in the

survey of KD.

Using these models, a bump phase-radius law is derived

and the bump masses of the observed stars are estimated

using the methods of CSV and Petersen (1984).

To begin with, however, we discuss the linear pulsation

code which has been used to compute the models.

(A1 >2) linear Puliation Code.

Models of the stars in KD have been computed using the

linear pulsation code of Worrell (1984b). The code is able

to compute up to five non-adiabatic and twenty adiabatic

eigenvalues for a set of parameters of mass, temperature,

luminosity and chemical composition, using the opacity

tables of Christy, Stellingwerf or a cubic spline
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interpolation of the Carson opacity tables (Carson, Stothers

and Vermury, 1981). The code can compute models with a

varying number of zones, from 100 - 300, depending on what

is required by the user.

(A1.3) lb£. Models.

According to the discussion in chapter 2, a grid of

models has been made, with the following parameters:

0.5 < M/Mg <0.8

5500 K<T«, 4 6500 K

100 < L/L0 <350

The grid thus consists of 264 models, with periods

between about one and eight days.

We now wish to compute a set of BL Herculis models from

this grid, and this can be done by formulating a

period - (mass, luminosity, temperature) (PMLT) law, by

least-squares fitting the data to the following equation and

calculating the exponents f and i , and the constant term

k :
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ot f- i
P = k(M/M0 ) (L/Le ) Tfe (A1.1)

Here, we find that

= -0.74

fi = 0.88

* = -3.52

In k = 28.43

Thus,

-o-yif- -v51
P = k(M/M0) (L/Lg ) Te (A1.2)

These results are in good agreement with CSV, who

choose <*■ = -0.75, p = 0.87 and H = -3.5.

Once the PMLT law has been derived, periods of the

stars in KD are input into equation (A1.2) and for each

combination of two parameters (mass and temperature,

luminosity and mass, temperature and luminosity) the third

is calculated.
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In this way, a grid of models is acquired for each star

with parameters of mass, luminosity and temperature within

the range selected earlier. All models have been computed

with the chemical composition (Y,Z) = (0.25, 0.005) and an

interpolated opacity table of the Carson opacities, found in

CSV. Each model is also computed with three eigenvalues,

corresponding to the fundamental mode and first and second

overtones.

The models are listed in table A1.1, where the .first

column denotes the name of the star, the second column the

period and the third and fourth columns the period ratios

it,/Y0 and if,./V-D, respectively. Thereafter, we show the

mass, temperature and luminosity in columns 5, 6 and 7-

By computing this large set of models, the author hopes

that the data provided will be of use to other authors, for

example, in solving the problem of the comparison of

non-linear models with observation, as discussed in chapter

5 (section 5.5).
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Table A1.1; Linear Models of BL Herculis Stars.

STAR PERIOD %/Tt0 KJJto M/MQ Te/K L/Lc

V716 Oph 1.123 0.71 0.54 0.70 6500.0 105.2
1.122 0.71 0.54 0.70 6423.1 100.0
1.124 0.72 0.54 0.80 6300.0 103.2
1.125 0.72 0.55 0.80 6400.0 110.3
1.126 0.72 0.55 0.80 6500.0 117.8
1.123 0.72 0.54 0.80 6253.9 100.0
1.123 0.72 0.54 0.77 6300.0 100.0
1.122 0.71 0.54 0.71 6400.0 100.0
1.121 0.71 0.53 0.66 6500.0 100.0

V527 Sgr 1.260 0.70 0.52 0.60 6500.0 105.9
1.260 0.70 0.52 0.60 6412.9 100.0
1.263 0.71 0.53 0.70 6300.0 105.7
1.263 0.71 0.53 0.70 6400.0 113.0
1.264 0.71 0.53 0.70 6500.0 120.7
1.261 0.71 0.53 0.70 6218.3 100.0
1.261 0.71 0.53 0.80 6100.0 103.2
1 .264 0.71 0.53 0.80 6200.0 110.6
1.266 0.71 0.54 0.80 63OO.O 118.4
1.267 0.71 0.54 0.80 6400.0 126.6
1.268 0.71 0.54 0.80 6500.0 135.2
1 .260 0.71 0.53 0.80 6054.5 100.0
1.260 0.71 0.53 0.77 6100.0 100.0
1.262 0.71 0.53 0.71 6200.0 100.0
1.261 0.71 0.52 0.66 6300.0 100.0
1.261 0.70 0.52 0.61 6400.0 100.0
1.259 0.70 0.52 0.56 6500.0 100.0

VX Cap 1.328 0.70 0.52 0.60 6400.0 105.3
1.328 0.70 0.52 0.60 6500.0 112.5
1.328 0.70 0.51 0.60 6322.1 100.0
1.329 0.71 0.52 0.70 6200.0 104.9
1.331 0.71 0.52 0.70 6300.0 112.3
1.332 0.71 0.52 0.70 6400.0 120.1
1.332 0.71 0.53 0.70 6500.0 128.2
1.328 0.70 0.52 0.70 6130.2 100.0
1.327 0.71 0.53 0.80 6000.0 102.2
1 .330 0.71 0.53 0.80 6100.0 109.7
1.332 0.71 0.53 0.80 6200.0 117.5
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V2022 Sgr

.334

.335

.336

.326

.327

.329

.329

.328

.328

.326

.410

.412

.416

.415

.415

.415

.415

.416

.418

.418

.418

.414

.411

.415

.417

.419

.421

.421

.422

.410

.422

.411

.414

.414

.415

.415

.413

.421

.530

.528

.532

.533

.533

0.71
0.71
0.71
0.71
0.71
0.71
0.70
0.70
0.70
0.70

0.69
0.69
0.70
0.70
0.70
0.69
0.70
0.70
0.70
0.70
0.70
0.70
0.71
0.71
0.71
0.71
0.71
0.71
0.71
0.71
0.71
0.71
0.70
0.70
0.70
0.69
0.69
0.71

0.68
0.69
0.68
0.69
0.69

0.53
0.53
0.54
0.53
0.53
0.52
0.52
0.51
0.51
0.51

0.50
0.50
0.51
0.51
0.51
0.51
0..52
0.52
0.52
0.52
0.52
0.51
0.52
0.52
0.53
0.53
0.53
0.53
0.53
0.52
0.53
0.52
0.52
0.51
0.51
0.50
0.50
0.53

0.50
0.50
0.49
0.50
0.50

0.80
0.80
0.80
0.80
0.78
0.72
0.66
0.61
0.56
0.52

0.50
0.50
0.60
0.60
0.60
0.60
0.70
0.70
0.70
0.70
0.70
0.70
0.80
0.80
0.80
0.80
0.80
0.80
0.80
0.80
0.80
0.78
0.71
0.66
0.61
0.56
0.52
0.77

0.50
0.50
0.50
0.60
0.60

6300.0
6400.0
6500.0
5968.7
6000.0
6100.0
6200.0
6300.0
6400.0
6500.0

6500.0
6445.3
6300.0
6400.0
6500.0
6214.6
6100.0
6200.0
6300.0
6400.0
6500.0
6026.0
5900.0
6000.0
6100.0
6200.0
6300.0
6400.0
6500.0
5867.2
6455.6
5900.0
6000.0
6100.0
6200.0
6300.0
6400.0
6500.0

6400.0
6500.0
6307.5
6100.0
6200.0

125.8
134.5
143.6
100.0
100.0
100.0
100.0
100.0
100.0
100.0

103.6
100.0
106.0
113-3
121.0
100.0

105.3
112.8
120.8
129.1
137.9
100.0
102.4
110.0
118.0
126.4
135.3
144.6
154.4
100.0
150.0
100.0
100.0
100.0
100.0
100.0
100.0
150.0

106.4
113.6
100.0

101.3
108.5
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V2022 Sgr 1.533
1.533
1.532
1.533
1.529
1.532
1.533
1.535
1.536
1.536
1.535
1.529
1.536
1.526
1.529
1.532
1.535
1.537
1.538
1.539
1.540
1.523
1.538
1.525
1.532
1.533
1.533
1.532
1.537
1.535

V745 Oph 1.594
1.592
1.590
1.595
1.596
1.595
1.595
1.594
1.593
1.594
1.591
1.594
1.596
1.597

0.69 0.50 0.60 6300.0 116.1
0.69 0.51 0.60 6400.0 124.2
0.69 0.51 0.60 6500.0 132.6
0.69 0.50 0.60 6081 .7 100.0
0.70 0.51 0.70 5900.0 100.2
0.70 0.51 0.70 6000.0 107.6
0.70 0.51 0.70 6100.0 115.4
0.70 0.51 0.70 6200.0 123.7
0.70 0.51 0.70 6300.0 132.4
0.70 0.52 0.70 6400.0 141.5
0.70 0.52 0.70 6500.0 151.1
0.70 0.51 0.70 5897.2 100.0
0.70 0.52 0.70 6488.5 150.0
0.70 0.52 0.80 5800.0 104.4
0.70 0.52 0.80 5900.0 112.2
0.70 0.52 0.80 6000.0 120.5
0.70 0.52 0.80 6100.0 129.3
0.70 0.52 0.80 6200.0 138.5
0.70 0.52 0.80 6300.0 148.2
0.71 0.52 0.80 6400.0 158.5
0.71 0.53 0.80 6500.0 169.3
0.70 0.52 0.80 5741 .8 100.0
0.70 0.52 0.80 6317.6 150.0
0.70 0.51 0.76 5800.0 100.0
0.69 0.50 0.64 6000.0 100.0
0.69 0.50 0.59 6100.0 100.0
0.69 0.49 0.55 6200.0 100.0
0.68 0.49 0.50 6300.0 100.0
0.70 0.52 0.75 6400.0 150.0
0.70 0.52 0.69 6500.0 150.0

0.68 0.49 0.50 6300.0 104.1
0.68 0.49 0.50 6400.0 111.3
0.68 0.50 0.50 6500.0 118.9
0.68 0.49 0.50 6240.6 100.0
0.69 0.50 0.60 6100.0 106.0
0.69 0.50 0.60 6200.0 113.5
0.69 0.50 0.60 6300.0 121.5
0.69 0.50 0.60 6400.0 129.9
0.69 0.51 0.60 6500.0 138.7
0.69 0.49 0.60 6017.2 100.0
0.69 0.50 0.70 5900.0 104.8
0.69 0.51 0.70 6000.0 112.6
0.70 0.51 0.70 6100.0 120.8
0.70 0.51 0.70 6200.0 129.4
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V745 Oph .597
.598
.597
.589
.597
.583
.588
.591
.595
.597
.599
.600
.600
.601
.582
.599
.592
.593
.596
.594
.599
.597
.595

0.70
0.70
0.70
0.69
0.70
0.70
0.70
0.70
0.70
0.70
0.70
0.70
0.70
0.70
0.70
0.70
0.69
0.69
0.68
0.68
0.70
0.70
0.70

0.51
0.51
0.52
0.50
0.51
0.51
0.51
0.51
0.52
0.52
0.52
0.52
0.52
0.52
0.51
0.52
0.50
0.50
0.49
0.49
0.52
0.51
0.51

0.70
0.70
0.70
0.70
0.70
0.80
0.80
0.80
0.80
0.80
0.80
0.80
0.80
0.80
0.80
0.80
0.66
0.61
0.56
0.52
0.77
0.71
0.66

6300.0
6400.0
6500.0
5834.6
6419.7
5700.0
5800.0
5900.0
6000.0
6100.0
6200.0
6300.0
6400.0
6500.0
56 80.9
6250.6
5900.0
6000.0
6100.0
6200.0
6300.0
6400.0
6500.0

138.5
148.1
158.1
100.0
150.0
101.4
109.2
117.4
126.1
135.3
144.9
155.1
165.8
177-1
100.0
150.0
100.0
100.0
100.0
100.0
150.0
150.0
150.0

V971 Aql .625
.623
.620
.618
.624
.623
.625
.625
.624
.623
.622
.623
.620
.623
.625
.626
.627
.626
.626
.617
.626

0.68
0.68
0.68
0.68
0.68
0.68
0.69
0.69
0.69
0.69
0.69
0.68
0.69
0.69
0.69
0.70
0.70
0.70
0.70
0.69
0.70

0.49
0.49
0.49
0.50
0.49
0.49
0.50
0.50
0.50
0.50
0.51
0.49
0.50
0.50
0.51
0.51
0.51
0.51
0.52
0.50
0.51

0.50
0.50
0.50
0.50
0.50
0.60
0.60
0.60
0.60
0.60
0.60
0.60
0.70
0.70
0.70
0.70
0.70
0.70
0.70
0.70
0.70

6200.0
6300.0
6400.0
6500.0
6210.6
6000.0
6100.0
6200.0
6300.0
6400.0
6500.0
5988.3
5900.0
6000.0
6100.0
6200.0
6300.0
6400.0
6500.0
5806.5
6388.8

100.0

106.3
113.6
121.3
100.0
100.8
108.2
115.9
124.0
132.6
141.6
100.0
107.0
114.9
123.3
132.1
141.4
151.1
161.4
100.0
150.0
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611 0.70 0.51 0.80 5700.0 103.5
617 0.70 0.51 0.80 5800.0 111.5
620 0.70 0.51 0.80 5900.0 119.8
624 0.70 0.51 0.80 6000.0 128.7
626 0.70 0.52 0.80 6100.0 138.1
627 0.70 0.52 0.80 6200.0 147.9
629 0.70 0.52 0.80 6300.0 158.3
629 0.70 0.52 0.80 6400.0 169.2
630 0.70 0.52 0.80 6500.0 180.8
610 0.70 0.51 0.80 56 53.5 100.0
628 0.70 0.52 0.80 6220.5 150.0
628 0.69 0.51 0.76 5700.0 100.0
617 0.69 0.50 0.70 5800.0 100.0
621 0.69 0.50 0.65 5900.0 100.0
624 0.68 0.49 0.59 6000.0 100.0
625 0.68 0.49 0.55 6100.0 100.0
627 0.70 0.51 0.75 6300.0 150.0
626 0.70 0.51 0.69 6400.0 150.0
624 0.69 0.51 0.64 6500.0 150.0

640 0.68 0.48 0.50 6200.0 100.4
638 0.68 0.49 0.50 6300.0 107.4
637 0.68 0.49 0.50 6400.0 114.9
634 0.68 0.50 0.50 6500.0 122.7
640 0.68 0.48 0.50 6194.2 100.0
640 0.68 0.49 0.60 6000.0 102.0
641 0.69 0.49 0.60 6100.0 109.4
6 41 0.69 0.50 0.60 6200.0 117.2
640 0.69 0.50 0.60 6300.0 125.4
639 0.69 0.50 0.60 6400.0 134.1
638 0.69 0.51 0.60 6500.0 143.2
639 0.68 0.49 0.60 5972.5 100.0
632 0.69 0.50 0.70 5800.0 100.6
636 0.69 0.50 0.70 5900.0 108.2
639 0.69 0.50 0.70 6000.0 116.2
641 0.69 0.51 0.70 6100.0 124.7
642 0.69 0.51 0.70 6200.0 133.6
642 0.70 0.51 0.70 6300.0 142.9
642 0.70 0.51 0.70 6400.0 152.8
642 0.70 0.51 0.70 6500.0 163.2
633 0.69 0.50 0.70 5791 .2 100.0
642 0.70 0.51 0.70 6371.9 150.0
628 0.70 0.51 0.80 5700.0 104.7
632 0.70 0.51 0.80 5800.0 112.7
637 0.70 0.51 0.80 5900.0 121.2
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.640

.642

.644

.645

.646

.646

.625

.644

.632

.637

.640

.640

.643

.641

.638

.665

.663

.661

.658

.666

.664

.666

.665

.665

.664

.662

.664

.658

.662

.664

.665

.667

.667

.667

.666

.657

.667

.653

.658

.662

.664

.667

.669

.670

0.70
0.70
0.70
0.70
0.70
0.70
0.70
0.70
0.69
0.69
0.68
0.68
0.70
0.70
0.69

0.68
0.68
0.68
0.68
0.67
0.68
0.68
0.69
0.69
0.69
0.69
0.68
0.69
0.69
0.69
0.69
0.69
0.69
0.70
0.70
0.69
0.70
0.70
0.70
0.70
0.70
0.70
0.70
0.70

0.51
0.51
0.52
0.52
0.52
0.52
0.51
0.52
0.50
0.50
0.49
0.49
0.51
0.51
0.51

0.48
0.49
0.49
0.50
0.48
0.49
0.49
0.50
0.50
0.50
0.51
0.49
0.50
0.50
0.50
0.50
0.51
0.51
0.51
0.51
0.50
0.51
0.51
0.51
0.51
0.51
0.51
0.51
0.52

0.80
0.80
0.80
0.80
0.80
0.80
0.80
0.80
0.69
0.64
0.59
0.54
0.74
0.69
0.63

0.50
0.50
0.50
0.50
0.50
0.60
0.60
0.60
0.60
0.60
0.60
0.60
0.70
0.70
0.70
0.70
0.70
0.70
0.70
0.70
0.70
0.70
0.80
0.80
0.80
0.80
0.80
0.80
0.80

6000.0
6100.0
6200.0
6300.0
6400.0
6500.0
5638.6
6204.1
5800.0
5900.0
6000.0
6100.0
6300.0
6400.0
6500.0

6200.0
6300.0
6400.0
6500.0
6169.3
6000.0
6100.0
6200.0
6300.0
6400.0
6500.0
5948.5
5800.0
5900.0
6000.0
6100.0
6200.0
6300.0
6400.0
6500.0
5767.9
6346.3
5700.0
5800.0
5900.0
6000.0
6100.0
6200.0
6300.0

130.2
139.6
149.6
160.1
171.2
182.8
100.0
150.0
100.0
100.0
100.0
100.0
150.0
150.0
150.0

102.1
109.3
116.9
124.8
100.0
103.7
111.3
119.2
127.6
136.4
145.7
100.0
102.4
110.1
118.2
126.8
135.9
145.4
155.5
166.0
100.0
150.0
106.5
114.7
123.3
132.4
142.0
152.2
162.9
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VZ Aql

V839 Sgr

.670

.670

.648

.668

.653

.658

.662

.664

.666

.667

.668

.666

.663

.830

.827

.825

.822

.818

.831

.827

.828

.829

.828

.826

.824

.822

.824

.825

.817

.821

.825

.827

.829

.828

.828

.828

.827

.813

.829

.803

.809

.815

.820

.823

0.70
0.70
0.70
0.70
0.69
0.69
0.68
0.68
0.68
0.70
0.70
0.69
0.69

0.67
0.67
0.67
0.67.
0.68
0.67
0.68
0.68
0.68
0.68
0.68
0.68
0.69
0.67
0.68
0.68
0.68
0.69
0.69
0.69
0.69
0.69
0.69
0.69
0.68
0.69
0.69
0.69
0.69
0.69
0.69

0.52
0.52
0.51
0.51
0.50
0.50
0.49
0.49
0.48
0.51
0.51
0.51
0.51

0.47
0.48
0.48
0.49
0.49
0.47
0.48
0.48
0.49
0.49
0.49
0.50
0.50
0.48
0.50
0.49
0.49
0.49
0.50
0.50
0.50
0.50
0.51
0.51
0.49
0.50
0.50
0.50
0.50
0.50
0.50

0.80
0.80
0.80
0.80
0.74
0.68
0.63
0.57
0.53
0.79
0.73
0.67
0.62

0.50
0.50
0.50
0.50
0.50
0.50
0.60
0.60
0.60
0.60
0.60
0.60
0.60
0.60
0.60
0.70
0.70
0.70
0.70
0.70
0.70
0.70
0.70
0.70
0.70
0.70
0.80
0.80
0.80
0.80
0.80

6400.0
6500.0
5616.0
6179.1
5700.0
5800.0
5900.0
6000.0
6100.0
6200.0
6300.0
6400.0
6500.0

6100.0
6200.0
6300.0
6400.0
6500.0
6017.4
5900.0
6000.0
6100.0
6200.0
6300.0
6400.0
6500.0
5802.0
6383.8
5700.0
5800.0
5900.0
6000.0
6100.0
6200.0
6300.0
6400.0
6500.0
5625.9
6190.0
5500.0
5600.0
5700.0
5800.0
5900.0

174.1
185.9
100.0
150.0
100.0
100.0
100.0
100.0
100.0
150.0
150.0
150.0
150.0

106.0
113.5
121.5
129.9
138.7
100.0
107.4
115.3
123.7
132.5
141.8
151.6
161.9
100.0
150.0
105.7
113.8
122.4
131.4
141.0
151.0
161.6
172.8
184.6
100.0
150.0
101.7
109.8
118.4
127.5
137.0
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V839 Sgr 1.827
1.829
1.830
1.831
1.831
1.831
1.827
1.831
1.803
1.812
1.817
1.827
1.829
1.829
1.827
1.831
1.825
1.821
1.829

EK Del 2.055
2.054
2.052
2.049
2.045
2.040
2.036
2.054
2.039
2.045
2.047
2.050
2.050
2.050
2.048
2.046
2.044
2.041
2.041
2.049
2.028
2.034
2.039
2.043
2.047

0.69 0.51 0.80 6000.0 147.2
0.69 0.51 0.80 6100.0 157-9
0.70 0.51 0.80 6200.0 169.1
0.70 0.51 0.80 6300.0 181.0
0.70 0.51 0.80 6400.0 193.5
0.70 0.52 0.80 6500.0 206.7
0.69 0.51 0.80 6027.0 150.0
0.70 0.51 0.80 6449.8 200.0
0.69 0.50 0.78 5500.0 100.0
0.68 0.49 0.72 5600.0 100.0
0.68 0.49 0.66 5700.0 100.0
0.67 0.48 0.55 5900.0 100.0
0.69 0.50 0.75 6100.0 150.0
0.69 0.50 0.69 6200.0 150.0
0.69 0.50 0.64 6300.0 150.0
0.67 0.47 0.51 6000.0 100.0
0.68 0.50 0.59 6400.0 150.0
0.68 0.50 0.55 6500.0 150.0
0.70 0.51 0.77 6500.0 200.0

0.65 0.46 0.50 5900.0 104.7
0.66 0.46 0.50 6000.0 112.4
0.66 0.47 0.50 6100.0 120.6
0.66 0.47 0.50 6200.0 129.2
0.66 0.48 0.50 6300.0 138.3
0.67 0.48 0.50 6400.0 147.8
0.67 0.49 0.50 6500.0 157.9
0.65 0.46 0.50 5836.7 100.0
0.67 0.48 0.50 6422.0 150.0
0.67 0.47 0.60 5700.0 105.6
0.67 0.47 0.60 5800.0 113.6
0.67 0.47 0.60 5900.0 122.2
0.67 0.48 0.60 6000.0 131.2
0.67 0.48 0.60 6100.0 140.8
0.67 0.48 0.60 6200.0 150.8
0.68 0.49 0.60 6300.0 161.4
0.68 0.49 0.60 6400.0 172.6
0.68 0.50 0.60 6500.0 184.3
0.66 0.47 0.60 5627.7 100.0
0.67 0.48 0.60 6192.1 150.0
0.67 0.48 0.70 5500.0 103.4
0.68 0.48 0.70 5600.0 111.6
0.68 0.48 0.70 5700.0 120.3
0.68 0.48 0.70 5800.0 129.5
0.68 0.49 0.70 5900.0 139.3
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2.049 0.68
2.049 0.68
2.049 0.68
2.048 0.68
2.047 0.69
2.045 0.69
2.049 0.68
2.046 0.69
2.024 0.68
2.031 0.68
2.036 0.68
2.042 0.69
2.046 0.69
2.048 0.69
2.050 0.69
2.050 0.69
2.050 0.69
2.050 0.69
2.049 0.69
2.043 0.69
2.050 0.69
2.029 0.67
2.038 0.67
2.046 0.66
2.052 0.66
2.046 0.68
2.049 0.68
2.049 0.68
2.049 0.67
2.046 0.67
2.051 0.69
2.039 0.67
2.047 0.69
2.043 0.68

2.401 0.64
2.403 0.64
2.402 0.64
2.400 0.65
2.395 0.65
2.390 0.65
2.384 0.65
2.378 0.66
2.372 0.66
2.399 0.64

49 0.70 6000.0 149.6
49 0.70 6100.0 160.4
49 0.70 6200.0 171.9
50 0.70 6300.0 184.0
50 0.70 6400.0 196.7
50 0.70 6500.0 210.0
49 0.70 6004.1 150.0
50 0.70 6425.3 200.0

49 0.80 5500.0 115.8
49 0.80 5600.0 125.0
49 0.80 5700.0 134.7
49 0.80 5800.0 145.1
50 0.80 5900.0 156.0
50 0.80 6000.0 167.5
50 0.80 6100.0 179.7
50 0.80 6200.0 192.5
50 0.80 6300.0 206.0
51 0.80 6400.0 220.3
51 0.80 6500.0 235.2
49 0.80 5845.9 150.0
50 0.80 6256.1 200.0
48 0.67 5500.0 100.0

47 0.62 5600.0 100.0

47 0.56 5700.0 100.0
46 0.52 5800.0 100.0

49 0.76 5900.0 150.0
49 0.70 6000.0 150.0
48 0.65 6100.0 150.0
48 0.60 6200.0 150.0
48 0.55 6300.0 150.0
50 0.77 6300.0 200.0

48 0.51 6400.0 150.0
50 0.71 6400.0 200.0
50 0.66 6500.0 200.0

45 0.50 5700.0 107.7
45 0.50 5800.0 116.0
45 0.50 5900.0 124.7
45 0.50 6000.0 133.9
46 0.50 6100.0 143-6
46 0.50 6200.0 153.9
47 0.50 6300.0 164.7
48 0.50 6400.0 176.1
48 0.50 6500.0 188.0
44 0.50 5601.1 100.0

0

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0
0
0
0
0

0
0
0
0
0

0
0
0
0
0
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UX Nor 2.392 0.65 0.46 0.50 6162.8 150.0
2.381 0.65 0.46 0.60 5500.0 108.0
2.387 0.65 0.46 0.60 5600.0 116.6
2.392 0.65 0.46 0.60 5700.0 125.7
2.395 0.65 0.46 0.60 5800.0 135.4
2.395 0.66 0.46 0.60 5900.0 145.5
2.395 0.66 0.47 0.60 6000.0 156.3
2.393 0.66 0.47 0.60 6100.0 167.6
2.390 0.66 0.47 0.60 6200.0 179.6
2.386 0.67 0.48 0.60 6300.0 192.2
2.382 0.67 0.48 0.60 6400.0 205.5
2.378 0.67 0.49 0.60 6500.0 219.5
2.396 0.66 0.46 0.60 5942.2 150.0
2.384 0.67 0.48 0.60 6359.0 200.0
2.373 0.66 0.47 0.70 5500.0 123.1
2.380 0.66 0.47 0.70 5600.0 132.9
2 . 3 86 0 . 6 7 0 . 47 0.7 0 57 0 0 . 0 1 43 .3
2.390 0.67 0.47 0.70 5800.0 154.3
2.392 0.67 0.47 0.70 5900.0 165.9
2.392 0.67 0.48 0.70 6000.0 178.1
2.392 0.67 0.48 0.70 6100.0 191.1
2.390 0.67 0.48 0.70 6200.0 204.7
2.388 0.67 0.49 0.70 6300.0 219.1
2.385 0.68 0.49 0.70 6400.0 234.2
2.383 0.68 0.50 0.70 6500.0 250.2
2.388 0.67 0.47 0.70 5761.8 150.0
2.391 0.67 0.48 0.70 6166.0 200.0
2.383 0.68 0.50 0.70 6499.0 250.0
2.367 0.67 0.48 0.80 5500.0 137.9
2.375 0.67 0.48 0.80 5600.0 148.9
2.381 0.67 0.48 0.80 5700.0 160.5
2.386 0.68 0.48 0.80 5800.0 172.8
2.390 0.68 0.48 0.80 5900.0 185.8
2.391 0.68 0.49 0.80 6000.0 199-5
2.392 0.68 0.49 0.80 6100.0 214.0
2.392 0.68 0.49 0.80 6200.0 229.3
2.391 0.68 0.49 0.80 6300.0 245.4
2.389 0.68 0.50 0.80 6400.0 262.3
2.388 0.69 '0.50 0.80 6500.0 280.2
2.376 0.67 0.48 0.80 5610.0 150.0
2.391 0.68 0.49 0.80 6003.6 200.0
2.390 0.68 0.50 0.80 6327.8 250.0
2.387 0.64 0.45 0.55 5500.0 100.0
2.400 0.64 0.44 0.50 5600.0 100.0
2.383 0.67 0.48 0.74 5700.0 150.0
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UX Nor 2.391 0.66 0.47 0.68 5800.0 150.0
2.394 0.66 0.47 0.62 5900.0 150.0
2.395 0.66 0.46 0.57 6000.0 150.0
2.396 0.65 0.46 0.53 6100.0 150.0
2.391 0.67 0.48 0.74 6100.0 200.0
2.390 0.67 0.48 0.68 6200.0 200.0
2.386 0.67 0.48 0.63 6300.0 200.0
2.381 0.67 0.48 0.58 6400.0 200.0
2.387 0.68 0.50 0.76 6400.0 250.0
2.373 0.67 0.49 0.54 6500.0 200.0
2.384 ' 0.68 0.50 0.70 6500.0 250.0

V465 Oph 2.871 0.62 0.43 0.50 5500.0 113.0
2.874 0.62 0.43 0.50 5600.0 122.0
2.875 0.62 0.43 0.50 5700.0 131.5
2.873 0.63 0.44 0.50 5800.0 141.5
2.871 0.63 0.44 0.50 5900.0 152.2
2.865 0.63 0.44 0.50 6000.0 163-4
2.858 0.63 0.45 0.50 6100.0 175.3
2.849 0.64 0.46 0.50 6200.0 187.8
2.841 0.64 0.46 0.50 6300.0 201.0
2.832 0.65 0.47 0.50 6400.0 214.9
2.824 0.65 0.48 0.50 6500.0 229.5
2.871 0.63 0.44 0.50 5879-9 150.0
2.842 0.64 0.46 0.50 6292.4 200.0
2.855 0.64 0.44 0.60 5500.0 131.9
2.860 0.64 0.45 0.60 5600.0 142.4
2.864 0.64 0.45 0.60 5700.0 153-5
2.864 0.64 0.45 0.60 5800.0 165.2
2.863 0.64 0.45 0.60 5900.0 177.6
2.861 0.65 0.46 0.60 6000.0 190.8
2.856 0.65 0.46 0.60 6100.0 204.6
2.851 0.65 0.47 0.60 6200.0 219-3
2.845 0.65 0.47 0.60 6300.0 234.7
2.838 0.66 0.48 0.60 6400.0 250.9
2.832 0.66 0.49 0.60 6500.0 267.9
2.862 0.64 0.45 0.60 5669.4 150.0
2.858 0.65 0.46 0.60 6067.1 200.0
2.838 0.66 0.48 0.60 6394.7 250.0
2.843 0.65 0.46 0.70 5500.0 150.3
2.850 0.65 0.46 0.70 5600.0 162.3
2.854 0.65 0.46 0.70 5700.0 174.9
2.857 0.65 0.46 0.70 5800.0 188.3
2.859 0.65 0.46 0.70 5900.0 202.5
2.857 0.66 0.47 0.70 6000.0 217.4



Page 158

V465 Oph 2.855
2.851
2.847
2.842
2.839
2.858
2.851
2.839
2.834
2.842
2.848
2.852
2.855
2.855
2.854
2.853
2.849
2.846
2.844
2.849
2.855
2.849
2.844
2.856
2.865
2.872
2.853
2.859
2.861
2.857
2.854
2.852
2.852
2.844
2.836
2.844
2.829
2.836

0.66 0.47 0.70 6100.0 233.2
0.66 0.47 0.70 6200.0 249.9
0.66 0.48 0.70 6300.0 267.4
0.67 0.49 0.70 6400.0 285.9
0.67 0.49 0.70 6500.0 305.4
0.65 0.46 0.70 5883.0 200.0

0.66 0.47 0.70 6200.7 250.0
0.67 0.49 0.70 6472.9 300.0
0.66 0.47 0.80 5500.0 168.3
0.66 0.47 0.80 5600.0 181.7
0.66. 0.47 0.80 " 5700.0 195.9
0.66 0.47 0.80 5800.0 210.9
0.66 0.47 0.80 5900.0 226.8

0.67 0.47 0.80 6000.0 243.5
0.67 0.48 0.80 6100.0 261.2
0.67 0.48 0.80 6200.0 279.9
0.67 0.49 0.80 6300.0 299.5
0.67 0.49 0.80 6400.0 320.2
0.68 0.50 0.80 6500.0 342.0
0.66 0.47 0.80 5728.0 200.0

0.67 0.48 0.80 6037.3 250.0

0.67 0.49 0.80 6302.4 300.0
0.65 0.46 0.70 5500.0 150.0
0.64 0.45 0.64 5600.0 150.0
0.64 0.45 0.58 5700.0 150.0
0.63 0.44 0.54 5800.0 150.0
0.66 0.47 0.75 5800.0 200.0

0.65 0.46 0.69 5900.0 200.0

0.65 0.46 0.63 6000.0 200.0

0.65 0.46 0.58 6100.0 200.0

0.66 0.47 0.76 6100.0 250.0
0.64 0.46 0.54 6200.0 200.0

0.66 0.47 0.70 6200.0 250.0
0.66 0.48 0.65 6300.0 250.0
0.66 0.48 0.60 6400.0 250.0
0.67 0.49 0.74 6400.0 300.0
0.66 0.48 0.55 6500.0 250.0
0.67 0.49 0.69 6500.0 300.0
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(A1.4) Estimated Masses for the Observed Stars.

In this section, we derive a bump phase-period-radius

law from the non-linear models of RCRS, and use this law to

derive masses for the observed stars of KD, using the data

provided in table 3.1 and the PMLT law of the previous

section.

According to physical considerations, the radius of a

star should be proportional to the quantity <ptP> where <pt is
the phase from maximum light of the bump plus unity and P is

the period. To obtain a bump phase-radius law then, we fit

equation (A1.3) to the data in RCRS using the phases of

bumps estimated from the light curves in Appendix 3.

<pLP = C(R/R0) (A1.3)

Here, we find that C = 0.24 with an estimated error of

no more than about 0.05, in agreement with CSV, who find

that P cp ~ 0.21 (R/Re) days, where is the phase of

bump on the velocity curve, and <pv — <pc = 0.00 - 0.04 (see,

for example, CSV).
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We now substitute equation (A1.3), with the estimated

value of C, into equation (A1.2) - the PMLT law, given that

L = IttrVT* .

We find that

M/M a = 0.46 «pt P"° 35 (A1 .4)

Application of the above equation to the observed stars

which have been discussed in this work, and using the bump

phases listed in table 3.1, yields the results of table

A1.2, where the first column denotes the name of the star

and the second column the phase <pt from maximum light of the
second bump plus unity. The third column denotes the period

of the star and the final column the mass estimated from

equation (A1.4).
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Table A1.2: Bump Masses of Short-Period Population II

Cephelds.

STAR ft PERIOD m/mg

V7 16 Oph 1 .79 1.1159 0.79 i 0.09

V527 Sgr - 1 .2589 -

VX Cap 1.71 1.3276 0.71 i 0.08

HQ Cra 1.48 1.4150 0.60 t 0.07

V2022 Sgr 1.37 1.5335 0.54 ± 0.06

V745 Oph 1.33 1 .5955 0.52 t 0.06

V971 Aql 1.19 1 .6245 0.46 £ 0.05

DU Ara 1.19 1 .6405 0.46 £ 0.05

VZ Aql 1.14 1 .6653 0.44 £ 0.05

V839 Sgr - 1 .8272 -

EK Del 1.7 2 2.0467 0.62 ± 0.07

UX Nor 1.7 0 2.3858 0.58 1 0.06

V465 Oph 1.55 2.8417 0.49 i 0.06
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(A1 .5) SumiParY.

A grid of models for eaeh star has been computed using

a PMLT law to compute the parameters for each model. From

the PMLT law, we are able to compute a period-mass-radius

law, from which we formed an equation relating the mass of a

BL Herculis star to the phase of bump in its light curve.

This equation was then used to compute masses for the

BL Herculis stars in the survey of KD.
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APPENDIX Z*.

LIGHT CURVES OF OBSERVED STARS.

This appendix contains thirteen light curves which have been

computed using the data of KD and which have been mentioned

throughout the text. The light curves have been described

in detail in chapter 3 and the methods used to produce them

in chapter The diagrams appear in order of increasing

period.
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Fig. A2.1; Light Curve for Y716 Pph.

V7I60PH

ORDER OF FIT= 8

OlD D. I 0.2 0.3 0.4 0.5 0.6 D.7 0L8 a.9 1.0

PHASE CYCLES
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FIk. A2.2; LJ,Kht Curve Ian Y527 Ssr.

V52FSGR

ORDER OF FIT= 8

O. D D.I 0.2 0.3 0.4 0.5 0.6 D.? <L8 <L9 1.0

PHASE CYCLES
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Fie. A2.^: Light Curve for VX Cap.

VXCAP

ORDER OF FIT= 7

O.D D. I 0.2 0.3 0.4 0.5 0.6 0.7

PHASE
0.8 0.9 1.0

CYCLES
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Fie. A2.^: LJ.p;ht Curve Ian fig. Cre.

HQCRA

ORDER OF FIT= 6

O.D IX I 0.2 0.3 0.4 0.5 0.6 0.7 0.8 a? 1.0

F"HASE CYCLES
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FlK. A2.5; Light Curve for V2022 Sgr.

V2022SGR

ORDER OF FIT= 5

O.D D. I 0.2 0.3 0.4 0.5 0.6 D.7 4.6 a? 1.0

PHASE CYCLES
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Fig. A2.6.I Light Curve for V7 45 Qph.

V7450PH

ORDER OF FIT= 6

O.D D. I 0.2 C.3 0.4 0.5 0.6 D.7 0.8 Q.9 1.0

PHASE CYCLES
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F1k. A2.7; LiUht Curve Y971 flql.

V971AQL

ORDER OF FIT= 7

ao a 1 0.2 as a* 0.5 0.6 ar «.e a? i.a

PHASE CYCLES
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FlE, A2.8; Light Curve for DU Ara.

DUARA

ORDER OF FIT= 8

aD Dw I 0.2 0.3 0.4 0.5 0.6 D.7 *6 <L9 1.0

PHASE CYCLES
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Fig. A?.Q: Light Curve for VZ Aal.

VZAQL

ORDER OF FIT= U

ao ai 0.2 0.3 o.a as ao 0.7 te a.? i.a

PHASE CYCLES
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Fig. A2.1Q: Light Curve for V88Q Sgr.

V839SGR

ORDER OF FIT= 6

PHASE CYCLES
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Fig. A?.11: Light Curve for EK Del.

EKDEL

ORDER OF FIT= 6

0,0 D. I 0.2 0.3 0.4 0.5 0.6 0.7 <L8 0.9 1.0

PHASE CYCLES
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Fie. A?.12: Light Curve for UX Nor.

liXNOR

ORDER OF FIT= 7
12-B F

12.9 -

15.0

13. I

15.2

13.3

13.4

13.3

13.6

13.7

13.8

13.9

14. Q

14.1

14.2

14.3

aD D. I 0.2 0.3 0.4 0.5 0.6 D.7 0.6 a? 1.0

PHASE CYCLES
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Fig. Light Curve for V^6Qph.

V4650PH

ORDER OF FIT= 8

O.D D. I 0.2 0.3 0.4 0.5 0.6 0.7 0.8 a? 1.0

PHASE CYCLES
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APPPNPIX 3j_

LIGHT CURVES FOR THE MODELS.

In this appendix, we present the light curves of eleven BL

Herculis models. These light curves have been produced

using the data provided by Carson and Stothers (1984a) and

are described in RCRS. The names of the models associated

with the following diagrams have also been provided by

Carson and Stothers (1984a) and bear no relation to the

stars of KD, as discussed in this thesis.
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Fie. A3.1: Light Curve Ian PXP.

—89.0

-H?.d

-CP. A

-W.2

-89.0

-86.8

-88.4

-88.4

-88.2

a

BXD

ORDER OF FIT= 7

d. 1 0.2 as a+ 0.5 0.6 0.7 a.e a 9 i.o

PHASE CYCLES
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Fig, a?.?: Light Curve for EFS.

BFS

ORDER OF FIT= 7

0.0 Dv I 0.2 0.3 0.* 0.5 0.6 D.7 <L6 <L ? 1.0

PHASE CYCLES
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Fig. A3.3; Light Curve for XXZ.

xxz

ORDER OF FIT= 9

-ro. a

-B9.0

-89. <5

-89. «

-W.Z

-89.0

-00.0

-86. ^

-86.4

-80.2

0. 0.6 D.7

PHASE
a.e a?

CYCLES

1. 2200 -0. 1898
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Fig. AT. Light Curve for CEH.

CEH

ORDER OF FIT= 7

O.D D.I 0.2 0.3 0.* 0.5 0.6 0.7 0.0 <L9 1.0

PHASE CYCLES
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Fig. AT.1?; Light Curve for SWT.

SWT

ORDER OF FIT= 10

O.D D. I 0.2 0.3 0.* 0.5 0.6 D.7 <L8 <L9 1.0

PHASE CYCLES
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Fig. A3.6: Light Curve for 839.

839

ORDER OF FIT= 10

0. D D. I 0.2 as a* 0.5 0.6 D.7 4.8 <L9 1.0

PHASE CYCLES
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Fig. A3.7: Light Curve for 745.

745

ORDER OF FIT= 9

<XD (XI 0.2 0.3 0.4 0.5 <X6 0.7 fl.8 0.9 1.0

PHASE CYCLES
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Fie. A^.8: LJlKht Curve £ar_ NWL.

NWL

ORDER OF FIT= IO

O. D D.I 0.2 0.3 a* 0.5 0.6 0.7 C.6 a? 1.0

PHASE CYCLES



Page 186

Fig. A^.9; Light Curve for VZA.

VZA

ORDER OF FIT= 9

O. D D.I 0.2 0.3 0.4 0.5 0.6 D.7

PHASE
(L6 <L9 1.0

CYCLES
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Fig. AT.1Q; Light Curve for UYE.

UYE

ORDER OF FIT= 7

(XD D.I Cl2 0.3 0.4 0.5 0.6 0.7 <L6 <L 9 1.0

PHASE CYCLES
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Fie. A3.11; Light Curve for YZC.

YZC

ORDER OF FIT= 7

-pt.a

_P0_5

~po.a

-89.5

-w.o

-ee.s

O.D 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.0 <L5» 1.0

PHASE CYaES

-66.0

-W.5 -

-B7.0 -
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APPENDIX JL.

THE COMPUTER CODE.

This final appendix contains the computer code with which

the author has Fourier analysed the data of KD and Carson

and Stothers (1984a). The code has been explained fully in

chapter 4 and further explanation is unnecessary.



1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
1?
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55

C A program which fits a Fourier series to an
C array of data in the form of 'times' and 'magnitudes'.
C It also computes periods of oscillation
C or pulsation, using a power spectra or a Fourier-gram
C In this program, the following variables are
C used :

C
C
C G j order of fit.
C N i rank of matrix < = 2G + 1)
C I. II. II. 13 i counting variables
C T : an array which contains the times of
C observations
C F : array containing the light data.
C FC : array containing the fit
C P : period
C W : angular frequency
C PI : 3.1415926 (a double-precision number)
C STAR : name of star < 8 characters or less)
C EFCH : epoch of observation
C MOBS : number of observations
C CEO : a character which holds the colour index
C GW. QP. QF s character variables which contain
C the answer to a question
C C : array for errors in the solution of a
C set of simultaneous equations.
C ERR : standard deviation of fit
C Z : residuals F-FC
C VHIN, VI'IAX : minimum and maximum magnitudes
C in single precision
C F'HSE : phased data
C PHI : phase
C AS : amplitude
C Rl.j ; amplitude ratio A /A
C PHIl.j : phase difference
C NF : number of frequency steps
C

. FI. FF : initial and final frequencies
C DF : frequency increment
C FUEAN : average magnitude
C FTR. FTI : real and imaginary parts of the
C Fourier transforms
C ARG : argument of above quantities
C FREQ : array of frequancies
C PS : power
C EHIN. EHAX : minimum and maximum errors in
C Fourieraram analysis
C
C
C Declaration of Variables
C

IMPLICIT REAL*8 (A~H.0-S.T-U.W-Z)
ItlFLICIT REAL*4 V
CHARACTER 5TAR*32.GW*1.GN*1,CEQ(1)*12
INTEGER ISTAR(8).iCEG(i),G.XX
DIMENSION T(1050).F(0:1050).FC(1050).A(50.50).B(50,50>,



56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109
110

* E(1050)
DIMENSION VFHSE(1050) ,R(50,50) ,AS(50) ,F'HI(50),

* Dhic(50,50)
DIMENSION UFK1050) ,UFC1!1050) »VF'HSE1 (1050) ,VF(1050>
DIMENSION VFC( 1050) ,C(50.50)

C
C Input order of fit
C

WRITE(6.10)
10 FORMAT(' ORDER OF FIT? ' ,$)

READ(5.*)G
N=2*C
11=1
1=0
F(0>=0«0
PRINT*,' '

C
C Ask if pre-whitened data is to be computed and
C analysed for periodicities.
C

WRITE(6.20)
20 FORMAT(' Do you want to use ore-whitened data(u/n)?

* $)
22 READ(5,25)QW
25 FORMAT!Al)

PRINT*,' '
IF(GW,EG,'Y'.OR.QU.EO,V)THEN
PRINT*,' Incut fundamental period '
PRINT*',' ' '
READ(5.*)P
G0T041
ELSE IF(GW.NE.'N'.AND.GW.NE. 'n')THEN
PRINT*.' You must answer "y" or "n"'
G0TO22'
ENDIF

C
C Inout Period
C

URITE(6.40i
40 FORMAT!' PERIOD? ',$)

READ(5,*)P
41 F'I=4,0*DATAN(1.DO)

W=F'I*2,D0/P
PRINT*,' '

WRITE(6,43)
43 FORMAT!' COLOUR INDEX !INPUT V.B-V OR U-EO? '.$)
44 READ(5.45)CEG(1>
45 F0RMAT(A12)

IF(CEQ(l),NE.'V'.AND.CEQ<l).NE,'v',AND,CEQ(l),NE,'B-V'.
* AND.CEQ(l)
* ,NE,'b-v',AND,CEQ(1),NE,'U-B'.AND,CEQ(1),NE,'u-b') THEN

F'RINT*.' You must answer "v", "b-v" or "u-b".'
G0T044'
ENDIF
DECODE!12,46.CEO)ICE0(1)
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46 FORMAT(3A4)
PRINT*.' '

C Read data from a file assigned to unit 4.
C The data should contain the name of star: epoch; times
C and magnitudes.
C

WT=W
READ(4.48)STAR

48 FORMAT(A32)
DECODE!32,4?.STAR)1STAR

4? FORMAT(8A4)
READ(4»*)EPCH
Tl-0.0
13=0
N0BS=0
1)050 11=1 ,N+1
D050 12=1.N+l
A(I1,I2)=0.0
B(I1,12)=0.0

50 CONTIMJE
IF<CEQ(1).EQ.'0')G0TO70
IF(CEQ(1).EQ.'B-V)G0T060
D055 1=1.1050
READ(4,*,END=80)T1.FV.FB.FU
T(I)=T1-EPCH
F<I> =FU
VF(I)=F(I)

55 CONTINUE
60 D065 1=1.1050

READ(4.*.END=80)T1.FV.FB.FU
T(I)=T1-EPCH
F<I)=FB
VF<I)=F<I)

65 CONTINUE
70 D075 1=1.1050

READ<4,*.&)D=80)T1 .FV.FB.FU
- T(I)=T1-EPCH

F(I)=FV
VF(I)=F(I)

75 CONTINUE
80 N0BS=I-1
C
C The coefficients of a Fourier series are

C computed from a set of simultaneous equations.
C C0EFF computes the coefficients of these equations
C

DCI83 13=1.NOBS
CALL COEFF(T,F,N.G.I3.A,B,U.N0BS>

83 CONTINUE
N=N+1

C
C Solve simultaneous equations and. return
C coefficient of Fourier series to arrav A
C

CALL SLINE(N,.A.B.C)
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C
C Calculate a Fourier series usina Foucalc
C

CALL FOUCALC< ERR .N ,G .NOBS .A ,C ,T .F .FC ,Z ,W >
XX=7

67 WRITE(6.90>
90 FORMAT(' Do uou want results from foufit printed at

* terminal?'.$)
READ<5,95)011

95 FORMAT(Al)
IFIGN.EQ/Y' .0R.QN.EQ. V)THEN
XX=XX-1
GOT097
ELSE IF(QN.NE/n'.AND.QN.NE.'N')THEN
PRINT*,'YOU MUST ANSWER "Y" OR "N"'
G0TO87
ENDIF
OF'EH < UN IT=XX.NAME=' F0R007. DAT' .STATUS*W)
PRINT*,' Results saved in for007.dat,'

97 PRINT*/ '
PRINT*,' '

C Print results (either in a file assigned to
C unit 7 or at terminal
C

UF<ITE (XX. 110 > STAR .ERR ,P ,U
110 FORMAT(IX,AS//' STD.DEVIATION '..Gil,6/' F'ERIGD =

* Gil.6/
C ' ANG,FREQ,= '.Gil.6)

WRITE(XX.112)A(1.N)
112 FORMAT(//21X /AO'/12X,G18.6/)

D0120 1=1.G
WRITE(XX»il5)I»I

115 FORMAT(9X/C' ,i2,18X,'S' .12)
WRITE(XX ti18)(A<i.2*1-1))*(A(1.2*1))

118 F0RMAT(2(2X,G18,6)/)
WRITE(XX,119)C(1,2*12-1),C(l,2*12)

119 FORMAT(' +/-',2<G18,6>//)
120 CONTINUE

PRINT*,' '
PRINT*.' '
WRITEfXX.130)

130 FORMATdlX/1' /llX.'F(I)' .20X/T')
PRINT*/ '
PRINT*/ '
D0135 1=1,NOBS

WRITE(XX.*)IjFC(I),T(I)
135 CONTINUE

CALL COAMF'IA.T/F.U/NOBS.G.XX)
C
C Ask if a Dowersoectrum is reouired
C

WRITE(6,137)
137 FORMAT!' Do uou want to calculate the power spectra(u/n)

* ?',$)
140 READ(5,145)QN
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145 FORMAT(Al)
print*.' '
IF(QN,EG,' Y' .OR,ON,EG. V )G0T0146
IF(GN.NE»'N'.AND.QN.NE.'n')THB4
PRINT*.'You must answer "v" or "n".'
G0T0140
end:f
got0150

C Pre-whiten data at this stage if required
c
146 IF(QW.EQ.'Y' .OR.QW.EQ,V > THEN

D0147 1=1 .NOBS
F(I)=F(I)-FC(I)
VF(I)=F(I)

147 CONTINUE
ENDIF
CALL POWSPEC(T,F.NOBSfN.PI.ISTAR)

C
C Ask if a Fourierorant is required
C
150 WRITE(6.151)
151 FORMAT!' Do uou want to calculate a fourieroram '..$>
152 READ(5,153)QF
153 FORMAT(Al)

PRINT*.' '
IF(QF,NE,'Y'.AND.QF.NE.V.AND.QF.NE.'N'.AND.QF.NE.'n')

* THEN
PRINT*.' You must answer u or n'
G0T0152
ELSE IF(QF,EQ,'N'.OR.QF.EQ.'n')THEN
G0T0155
endif

C
C If data hasn't been pre-whitened already, then
C do so now

C
IF*(QP.EQ.'N'.OR,GP.EG,'n').AND.(QU.EQ.'Y'.OR.QW.EQ.V)

* )THEN
D0154 1=1,NOUS
F(I> =F(I)-FC(I)
VF(I)=F(I)

154 CONTINUE
ENDIF
CALL FOUGRAM(PI,ISTAR.T/F.N.M.G.NOBS)
U=WT

C Set up limits of axes in graphics routines and
C ohase the data
C
155 VMN=VF(1)

VMAX=VF(1)
D0156 1=1,NOBS
VMIN=AMINi(WIH,VF(I))
VmX=Af1AXl(VMAX.VF(I))
NP=T(I)/P
DNP=NP
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VPHSEt I)=T(I) -DNF'*P
VPHSE(I)=VPHSE(I)/P

C Centre the data with maximum liaht at chase 0.5
C

IF(VMIN.EQ.UF(I))THEN
VPHSHAX=VFUSE(I)-0.5
VF'HHAX=VFHSE( I)
ENDIF
VAV=VAV+VF<I)

156 CONTINUE
VAV=VAV/NOBS
D0157 1=1.NOBS
VPHSE(I) =VPHSE (I) -VFHSI1AX
IF(VPHSE(I),LT.O.O)THEN
VPHSE(I)=VPHSE(I>+1,0
ELSE IF(VFHSE<I)»GT»1»0)THEN
VPHSE (I)=VPHSE(I) -1 ♦ 0
ENDIF

157 CONTINUE
ADD=0.2
IF<ABS(VMIN).LT«0»1)THEN
ADD=0.02
ELSE IF<ABS<VI*tIN) ,GT.80.0)THEN
ADD=ADD+0.6
ENDIF
VI1IN=VI1IN-ADD
Vt1AX=V11AX+ADD

C
C Erase all output on the screen and select a
C oiece of orach cacer

C
CALL ERASE
CALL PAPER!1)

C
C Set up physical space according to size of
C screen and mathemematica) space onto which axes are
C clotted
C

CALL PSF'ACE (0.16.1.31.0. i ,0.890)
CALL MAP (0.0 ♦1.0 VT1AX ♦VNIN)
CALL BORDER
CALL SCALES

C
C Alter space to allow titles and labels to be
C clotted
C

CALL F'SPACE<0.05.1.31.0.02.1.0)
CALL MAP(0.05.1,31.0.02.1.0)
CALL CTRHAG<21)
CALL CTR0RK90.0)
CALL PCSCEN(0.05,0.51»ICEQ«4)
CALL TCSCENC MAC .4)
CALL CTRORI(O.O)
CALL FCSCEN!1.0125.0.0205.'PHASE CYCLES)',15)
CALL PCSCEN(0,70.0,?8,ISTAR,8)
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CALL PCSCEN(0.73.0,92.'ORDER OF FIT='.14)
CALL TYF'ENI(G)
EF'CH= (UPH11AX-0.5) *P
CALL POSITN<0.25,0.8>
CALL TYPENFIP.4)
CALL P0SITN(1.1.0.8)
CALL TYF'ENF (EF'CH »4)
CALL CTRI1AG(18)
CALL PSPACE<0.16.1.31,0.1,0.8?)
CALL IW'(0,0.1,0,WAX,0I1IN)
CALL POSITN<VPUSE<1).VF(1))

C
C Plot characters at (VF'HSE(I).VF(I) )
C

D0161 1=1,NOBS
CALL F'LOTNC (VF'HSE < I) .OF (I) ,232)

161 CONTINUE
C
C Draw a line through the points .just plotted.
C This lull be the fit.
C

HOB3=1000
D0165 1=1.NOBS
VFHSEII)=1*0.001
T(I)=VPHSE(I)*P
FC(I)=0,0

165 CONTINUE
Z=0,0
CALL FOUCALCl ERR,N ,G .NOBS .A,C,T,.F .FC,Z,W)
FCMN=FC(1)
foiax=fcu)
D0170 1=1.NOBS
VFC(I)=FC(I)
VF'HSE (I) =VF'HSE (I) -VPH91AX
IF < VF'HSE (I).LT.O.O) THEN
VFHSE (I) =VF'HSE (I)+1,0
ELSE IF(VPHSE(I>.GT.1.0)THEN
VF'HSE (I > =VF'HSE (I) -1.0
ENDIF
FCHAX=DHAX1(FC( I) .FCflAX)
FC11IN=DI1IN1 (FC< I) .FCFIIN)
IF (FCI1IN»EQ. FC(I)) THEN
F'HSEHIN=VPHSE(I)
ELSE IF(FCNAX,EQ,FC(I))THEN
PHSEMAX=VPHSE(I)
ENDIF

170 CONTINUE
Anp=ABS(FCMAX-FCI1IN)
ASYI111=<FHSEP1AX -F'HSEHIN) / (1-PHSEI1AX+FHSEI1IN)
CALL FtJSITN (VF'HSE (1),VFC(1))
D0175 1=1,NOBS
K=I
J=I
IF(OPHSE(J),GT,VPHSE(J+1))THEN
J=J+1
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CALL POSITH<VPHSE(J>.VFC(J))
ENDIF
CALL JOIN(VPHSE<I).VFC(I))

175 CONTINUE
CALL JOIN(VF'HSEtJ+l) ,VFC<J+l)>

185 CALL GREND
CALL FRAME
WRITE (XX *190) AI1F" ♦FCtlAX _»FCNIN»ASYNM.»VAV

190 FORMAT(lx.'Amp 1 itude= ' .gl8.6/lx/Maximum= '»gl8.6/lx.
* *Miniuium= '>gl8.6/lx,.
* ' Asymmetry5 ' >gl8.6/lx>
* 'Mean Light= '/al8.6>

STOP
END

C
C Subroutine to compute coefficints of
C simultaneous equations developed from a least squares
C solution to the coefficients of a Fourier series
C

SUBROUTINE COEFF(T.F.N.C.13,A,B,U.NOBS)
IMPLICIT REALM (A-F,0-R,T-Z)
DIMENSION A(50.50),B(50.50),P(50,50),0(50,50),T<1050),

* F(0:1050)
INTEGER G.H
D050 12=1,N
11=1
D050 J'-l.G
DJ=J
P(I1,I2)=DC0S(DJ*U*T(13))
Q(I1+1.I2)=DSIN(DJ*W*T<I3))
11=11+2

50 CONTINUE
S=0.0
D055 H=1,N.2
11=1
S=S+1.0
I2=H
D054 J=1,N.2
A<II ,12)=P(J,H)*DC0S(S*W*T(13)>+A(J»H)

A(I1+1,I2)=0:J+1,H)*DC0S(S*W*T(I3))+A<J+1,H)
11=11+2

54 CONTINUE
B<I2,1)=F(13)*DC0S(S*W*T(I3))+B(H,1)
A(N+1«I2)=DC0S(S*U*T(I3))+A(N+1.H)
A(I2,N+1)=A(N+1.12)

55 CONTINUE
S=0,0
D063 H=2,N;2
I2=H
11=1
S=S+1.0
D062 J=1.N,2
A(I1,I2)=P(J.H)*DSIN(S*W*T(I3))+A(J.H)
A(Il+l.I2)=Q(d+l.H)*DSIN<S*U*T(I3))+A(J+l,H)
11=11+2
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62 CONTINUE
B<12.1> =F(I3)*DSIN(S*W*T<13))+B(H .1>
A(N+1*12)=DSIN<S*W*T(13))+A(N+l«H)
A(I2.N+1)=A(N+1.I2)

63 CONTINUE
B(N+1»1)=F(I3)+B(N+1.1)
DNOBS--NOBS
A(N+liN+l)=NOBS
RETURN
END

C
C Subroutine which solves the set of equations
C computed above, The solutions ar contained in the first
C column in arrau A
C

SUBROUTINE SLINE(N.A.B.C)
IMPLICIT REAL*8 (A-F.0-U.W-Z)
DIMENSION D(50.50),A<50,50).6(50.50),C(50,50)
D030 J=1,N
D020 1=1.N
IF(I.EQ.J)G0T020

C(I,J)=-A(I,J)/A(J,.J)
D020 K=1,N
IF(K.EQ.J)THEN
C(K.I)=A<K,I)/A(J.J)
G0T020
ENDIF

Ca,K)=A(I,K)-A(J,K)*A(I,J)/A(J,J>
20 CONTINUE

C(J,J)=1/A<J,J)
DII30 1=1,N
D030 K=1.N
A(I.K)=C(I,K)
D(I,K)=0,0

30 CONTINUE
D040 J=1.N
D040 1=1,N

D(1,J)=B(];1)*A(I;J)+D(1,J>
40 CONTINUE

D050 J=1,N

A<1,J)=D(1,J>
50 CONTINUE

END
C
C Compute a Fourier series
C

SUBROUTINE FOUCALC<ERR.N,G,NOBS,A.C,T,F,FC,Z,t>l)
IMPLICIT REAL*8 <A-F,0-R,T-Z)
INTEGER G.HjS
DIMENSION A(50,50);B(50,50).T(1050),FC(1050),F(0:1050)
DIMENSION E(1050)fC(50,50),DC(50,50)
ERROR=O.DO
D0100 I3=1,N0BS

C
C The series is computed in this loop for the
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C time T and freauencu W
C

D090 12=1.G
DI2=I2
FC(I3)=FC(I3)+A(1.2*I2-1)*DC0S(DI2*W*T(I3))+AU«2*I2)*

* DSIN(DI2*W*T(I3)>
90 CONTINUE
C
C Add on the time-averaoe maa. (m>
C

FC(I3)=A(1.N)+FC(I3)
C
C Compute the residuals Z and the standard
C deviation between observations and fit
C

Z=FC(I3)-F(I3)
E(I3)=Z**2
ERR0R=E(13)+ERR0R

100 CONTINUE
ERR=DSQRT(ERR0R/<N0BS-N))

C
C Compute error in coefficients of series ( C(I)
C is the inverse of the matrix A comoutetl in COEFF)
C

DO110 I=1.N

C(1,I)=DSQRT(C(I,I))*ERR
110 C0NTIWJE

RETURN
END

C
C Compute phases PHI and amplitudes AS of series
C Also, compute quantities Rli and FHIli» for i=1.2
C

SUBROUTINE C0AI1P(A J,F,W,N0BS,G,XX>
IMPLICIT REAL*8 (A-F.0-R.T-Z)
DIMENSION TU050),F(0:1050),A<50,50),PHI<50)fAC<50)
DIMENSION AS(50>,R(50,50),FC(50),FS(50)?C(50.50)
INTEGER G/H
N=2*G
PI=4.D0*DATAN(1.D0)
D010 12=1/G
X=A(1.2*12)
Y=A(1,2*12-1)

PHI(I2)=DATAN(-A(1,I2*2)/A(1,2*12-1))
AS(I2)=DSQRT(X**2+Y**2)
PHIS=-X/DSQRT(X**2+Y**2)
PHIC=Y/DSQRT(X**2+Y**2)
IF<DTAN(PHI(I2)).GT.O.O,AND.PHIS.LT.O.O)THEN
PHI(I2)=PHI(I2)+PI
ELSE IF\PHIS,GT.0,0,AND,DTAN(PHI(I2)).LT.0»0)THEN
PHI(I2)=PHI(I2)+PI
ENDIF

D=((Y*Cil,2*I2))**2.0+(X*Ca,2*I2))**2.0)/((X**2,0
* +Y**2.0)**2.0)

D=DSQRT(D)
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Y1=Y**2«0
X1=X**2.0
C(1.2*I2-1)=DSQRT(((X*C(1,2*I2))**2,0+(Y*C(1,2*12-1))

* **2»0)/<Xl+Yl))
C(1.2*12)=D

10 CONTINUE
R12=AS<2)/AS(1)
PHI12=FHI(2)-2*FHI<1)
R13=AS<3)/AS(1)
PHI13=PHI(3)-3*PHI(1)
PRINT*/ '
PRINT*/ '
DR21=DSQRT<<C(1,3)/AS(1))**2,0+(C(1,1)*AS(2)/

* <AS(1)**2.0))**2.0)
DR31=DSGRT((C(1.5)/AS(l))**2.0+(C(l.l)*AS(3)/

* (AS(1)**2.0)**2»0))
DPHI21=DSQRT(4♦0*C<1,2)**2.0+C(1,4)**2.0)
DFWI31=DSQRT(9.0*C<1,2)**2,0+C(1.6)**2.0)
D080 12=1.C

WRITEIXX,50)12,12
50 FORI1AT(10X/AMl,l?X/PHr,Il)

URITE(XX,55)AS(I2),FHi(I2)
55 F0RHAT(2(3X»C18.6)/)

WRITE(XX,83)C(1,2*12-1).C(l.2*12)
83 FORMAT(' +/-',2<G18.6)//)
80 . CONTINUE

URITE(XX,85)R21,PHI21.DR21,DPHI21
85 F0RMAT(2(G18.6)/,/ +/-' ,2(G18,6>)

«RITE(XX,86)R31,PHI31,DR31,DPHI31
86 F0RMAT(2(G18,6)// t/-';2(G18.6))

RETURN
END

C

C Compute a power-spectrum from the Fourier
C transform F;= Sum I f(t-)exDt i2*vtj}
C

SUBROUTINE POUSPEC<T.F,NOBS,N,PI,ISTAR)
I If'LICIT REAL*8 <A-F^O-Q .T-U^U-Z)
INTEGER ISTARI8)
CHARACTER*1 PSR,PSG
DIMENSION VPS(OilOOOO).PS(0;10000>.VFREQ(10000)
DIMENSION FREQ(10000),T(1050),F(0:i050),FA(1050)
REAL*4 V

C
C Compute a transform for the range of
C frequencies FI to FF. incremented by DF
C Maximum number of frequency steps is 10000
C

WRITE(6,10>
10 FORMAT/ INPUT FREQ. INTERVAL' .$)

READ*;DF
WRITEI6/20)

20 FORMAT/ INITIAL AND FINAL FREQ/ ,$)
READ*,FI.,FF
NF= <FF-FI)/DF
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D025 K=1.N0BS
FSLB1=FSUfl+F(K)

25 CONTINUE
AVF=FSU1/(N0BS)
D040 M.NF+2
FTR=0.0
FTI=0.0
FREQ<I)=(I-1)*DF+FI
ARG1=2.0*PI*FREQ(I)
D030 K=1.N0B5
ARG=ARG1*T(K)
FA(K)=F(K>-AVF
FTR=FTR+FA(K)*DCOS(ARC)
FTI=FTI+FA(K)*DSIN(ARG)

30 CONTINUE
C
C Calculate power., given by ( Re(FL) + Im(FL) )
C Also, normalise Dower

C
F'S(I)=< FTR**2+FT I **2) / ((NOBS) **2)
UFS(I)=PS(I>
VFREQ<I)=FREQ(I)

40 CONTINUE
XX=6

PRINT*.,'Do uou want printout at terminal?'
42 READ(5.44)PSR
44 FORMAT!Al)

IF(F'SR.EQ.'N')THEN
XX=XX+2
PRINT*.'Data saved in for-008'
G0T043
ELSE IFIF'SR.NE, 'Y' .AND.PSR.NE. 'N')THEN
PRINT*,'You must answer v or n'
G0T042
ENDIF

43 D045 J=l,NF+2
WRITE(XX,*)PS(J).FREQ(J)

45 CONTINUE
PHIN=PS(1)
FTIAX=F'S(1)
D050 1=1»NF+2

PNAX=DMAX1(PNAX,PS<I))
PMIN=Df1INl (PMIN..PS( I))

50 CONTINUE
VFHIN=F"HIN
VF'tlAX-PNAX

PRINT*,'Do uou want to plot power spectra?'
READ(5,55)PSG

55 FORMAT(Al)
IF(F-SG.EQ.'N')THEN
GOT070
ENDIF

C
C Plot oower soectrum if required
C
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CALL F'APER(l)
CALL PSRACE(0.16.i.31.0»1.0t?2)
CALL HAP(VFREQ<1),VFREQ(NF+2) ♦VFTIIN ♦VPHAX)
CALL BORDER
CALL SCALES
CALL F-SPACE<0.05.1.31,0,02,1,0)
CALL MAF'(0,05,1,31,0,02,1,6)
CALL CTRMAG(21)
CALL F'CSCEN(1.0125.0.027.'FREG, CYCLES/DAY' ,1?)
CALL CTRORI(?0.0)
CALL PCSCEH(0.05,0.51?'POWER',5)
CALL CTRORI(O.O)
CALL CTRMAG(25)
CALL PCSCEN!0.73.0.?5.'POWER SPECTRUH FOR ' .28)
CALL TCSEND(ISTAR»8)
CALL CTRHAG(IO)
CALL PSF'ACE!0.16,1,31,0,1.0.?2)
CALL HAPlVFREQf1),VFREG(NF+2).VPMIN.VPHAX)
CALL P03ITN(UFREQ(1).VPS(1))
D060 I=2,NF+2
CALL JOIN(UFREQ(I).UPS(I))

60 CONTINUE
CALL FRAHE
CALL GREND

70 RETURN
END

C
C Commute a Fourier-gram
C

SUBROUTINE FOUGRAIKPI,ISTAR,T,F,N,M,G.NOBS)
Ilf'LICIT REAL*8 <A-F,0-R,T-U,W-Z)
INTEGER G,H,S
REAL*4 U
DIMENSION FREG(1001).ERROR!1001), VFREQ!1001),VERR<1001)
DIMENSION C(50,50),FC(1050),A(50.50),T(1050),F(0:1050)
DIMENSION BC>0;50)
N=N-1

C
C Commute a Fourier series for each frequency
C in the range FI to FF, incremented by DF
C Maximum number of frequency steps is 1000
C

WRITE(6.35)
35 FORMAT!' FREQ,INTERVAL? ' .*)

READ(5,*)DF
URITE(6/40)

40 FORMAT!' INITIAL AND FINAL FREQ,? '.$)

READ!5,*)FI.FF
NF= (FF-FD/DF
D0120 I-ljNF+2
FREQ(I)=(I-1)*DF+FI
W=2,D0*FREQ( I )*F'I
ERR=0.D0
Z=0»D0
ERROR!I)=0.00
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744
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D050 11=1.50
D050 J1=1.50
A(I1.J1)=0.D0
B( II.J1)=0.DO
C(I1,J1)=O.DO

50 CONTINUE
C
C Compute a Fourier series and it's standard
C Geviation
C

D060 13=1.NOBS
CALL C0EFF(T,F,N,G,I3,A,B,W,N0BS)
FC(13)=O.DO

60 CONTINUE
N=N+1
CALL SLINE(N.A.B)
CALL FOUCALC(ERR,N,G,NOBS,A,T,F,FC,Z.W)
ERROR(I)=ERR

URITE(6,*)ERROR(I),1.DO/FREQ(I),FREQ(I)
N=N-1

120 CONTINUE
EMAX=EFJROR < 1)
EHIH=ERR0R(1>
D0130 I=l.NF+2
E1IN=DWN1 (EMIN .ERROR(I))
EMAX=DMAX1 (ET1AX ,ERR0R( I))
VERR(I)=ERROR(I)
VFREQ<I)=FREQ(I)
IF(ERROR(I).EQ.EMIN)THEN
FHIN=FREQ(I)
ENDIF

130 CONTINUE
VFWN=EMN
VEMAX=EMAX .

C
C F'lot a Fourierara» of standard deviation
C aaainst error
C

CALL PAPER!1)
CALL PSPACE<0.16,1.3,0.1,0.9)
CALL HAP(VFREQ(1),VFREQ(NF+2),VEHIN.VB1AX)
CALL BORDER
CALL SCALES
CALL PSF'ACEf0.05.1.31,0.02.1.0)
CALL IW<0.05,1,31,0.02,1.0)
CALL CTR0RK90.0)
CALL CTRMAG< 21)
CALL PCSCEN(0.05,0.51,'ERROR',5)
CALL CTRORI(O.O)
CALL PCSCENd.0125,0.025,'FREQ. CYCLES/DAY',19)
CALL FOSITN(0.545,0.98)
CALL TYPENI(G)
IF(G.EQ»1)TUEN
CALL TYPECSCST ORDER FOURIERGRAN' .20)
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ELSE IF(G.EQ,2)THEN
CALL TYPECSCND ORDER FOURIERGRAfl' .20)
ELSE IF(G.EQ.3)THEN
CALL TYPECSCRD ORDER FOURIERCRAil' .20)
ELSE IF(G.GE.4)TWEN
CALL TYPECSCTH ORDER FOUR IERCRA11' .20)
ENDIF
CALL POSITN(0.81.0.92)
CALL TCSEND(ISTAR.8)
CALL PSPACE(0.16/i.3^0.1.0.9)
CALL HAF'(VFREQ(l)/VFREQ(NF+2)/VEJ1IN/VEMAX)
CALL CTRMAG(IO)
CALL POSITN(VFREQd),VERRd>)
D0140 I=2.NF+2
CALL JOIN(VFREQd)/VERR(I))

140 CONTINUE
CALL FRAME
CALL GREND
N=N+1
RETURN
END




