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CHAPTER 1.

INTRODUCTION,

1. The Problen.

A rigorous treatment of the motion of an
electron in liquid helium would involve the elu-
cidation of a complicated many-body problem. An
electrons interaction with a helium atom is in
itself a complex phenomenon that involves both
electromagnetic forces and gquantum mechanical ef-
fects. The problem of liquid helium alone is one
that has drawn much attention and still has not
been solved without many restrictions on the re-
gion of validity of the solution. The mathematical
approach to any physical situation involves an
idealization of it. In building a model we are
forced to make fairly drastic assumptions that ha-
ve to be Jjustified and this may only be possible
if we limit the ranges of the physical parameters
that describe tne problem. In tnis thesis: we have
tried to point to the approximations we have made

and to justify then.



We would have liked to 1lift all restrictions on
the theory but this was clearly impossible. Not
only have we been forced to ignore the detailed
structure of the helium atoms, to idealize their
interactions but virtually to ignore the composi-
tion of the liquid altogether. We have had to
judge which aspects of the problem could be co-
vered by a blanketing parameter. For example,
since we will only be considering low energy col-
lisions between the electron and helium atoms, we
rave been able to conceal the profusion of forces
that govern the scattering in the concept of a
scattering-length. This has been justified both
theoretically and by experiment for it has been
showrn thiat the low-energy scattering process is
insensitive to the details of the collision.

The use of a purely repulsive interaction in
place of the real helium atom-atom interaction is
not so simply vindicated. Here we have had to
appeal to mathematical expediency to excuse our
model. The idea that the attractive part of the
atom-atom potential may be described by a uniform

external pressure is not valid for this problem



and in this aspect our treatment is not realistic.
This will be more quantitatively discussed in
Chapter 3. when the Hamiltonian governing the
motion of the electron is set up.

The problem we are studying is an interes-
ting one. In 1959, Careri. Scaramuzzi and Thompson
proposed that the negative ion in liquid helium
might not only be an unbound electron but that
this electron might be self-trapped in a cavity
created by virtue of its high zero-point energy
in the space between the helium atoms. The elec-
tron reduces this energy by repelling the helium
atoms in its immediate vicinity. In 1960, Careri,
FFasolli and Gaeta reported the results of some
experiments that tested and confirmed this idea
and pointed out that Ferrell (1957) had proposed’
independently a similar structure for the positro-
nium atom in liquid helium. Kuper (1961) was the
first to present a calculation of tne size of
the cavity based on sound physical arguments. He
pointed out that the growth of the bubble was not
restricted by surface tension as Ferrell had pro-
posed nor by electrostriction (i.e. polarization

of the atoms around the electron) but largely by



the zero-point pressure exerted by helium atoms
on the bubble. Kuper found that the radius of

the bubble to be about twelve Angstroms, which
leads to values of the effective mass and scat-
tering cross-section that account remarkably well
for the observed mobility. Kuper's estimate is
still the touchstone against which other calcu-
lations are measured,

The idea of self-trapped electrons was origi-
nally put forward in 1933 by Landau to explain
F-centers in ionic crystals. This early theory
has grown into the well developed polaron problem
considered by a number of authors (Frohlich 1952,
Landau and Pekar 1946, Tiablikov 1952, Feynman 1959

nd others). The polaron problem has a number of
points akin to the subject of this thesis, and
many more if we extend the discussion to cover
all impurities in liquid helium. This similarity
has been pointed out by many physicists working
on liquid helium problems, notably Gross (1958),
Girardeau (190l) and Miller, Pines and Nozieres
(1962). In this thesis we use as our starting

point some ideas put forward by Gross (1958) and



show that these lead to a bubble structure around
a light particle, provided only that the interac-
tion between the liquid helium and the particle

is sufficiently strong.

2. Outline of the Thesis.

In the next chapter, we will look at Kuper's
model of the negative ion and compare it with the
band-like mode of propagation of an electron in
liguid helium. We will also discuss the experi-
mental evidence in favour of the bubble model and
Atkins model of the positive ion to illustrate the
effect of electrostriction. In Chapter 3. we will
derive Gross' equations: and, using a pseudo-poten-
tial to describe the interactions, express them
in a form from which a bubble-like solution can
be shown to exist. Chapter 3. also describes some
computer calculations of these solutions showing
clearly the extent of the cavity. In Chapter L,
we use a variational principal to obtain estima-
tes of the energy of the bubble structure, The
wave-functions which minimize the energy are

compared with the computed ones. Also included



in this chapter is a prediction of the exlstence
of excited electronic states in the bubble and
an estimate is made of tne minimum coupling
strength needed before a bubble state can be
sustained.

Chapter 5. discusses how excited states of
the bosons might be included in treatments of the
problem and estimates their effect. The effective
mass of the ion is shown to be determined by the
bubble radius. and that distortions of the hubble
at low velocities are unimportant.

Iin Chapter 6. we consider the application of
standard polaron techniques to the problem of an
impurity of arbitrary mass in liquid helium. 1ln
particular it is shown that Feynman's path inte-
gral treatment seems to break down for this pro?
blem for any other trial action functional than
a simple perturbatin theoretic one. Chapter 7.
snows that tihe bubble étructure is not limited
to boson systems but i1s rather the result of the
relative energies of thé impurity and the atoms
of the surrounding liquid. An illustrative cal-

culation for a fermion system is made. Finally



7.

in Chapter 8. conclusions and further problems

are presented.

3. Notation.

Mostly a symbol is defined only when 1t is
first used but occasionally, for clarity, its de-
finition has been repeated. The convention

tk = = \ , where t is. Plancks constant
divided by 2t and P is the impurity mass, has
been used frequently but usually the reader is
warned in the text when this occurs. The sym-
bol /bk stands for a general impurity mass, but
sometimes more specifically for the electronic

-2%
mass, 9-1 x 10 % qms .




CHAPTER 2.

MODELS OF THE IONS IN He IT.

In this chapter, we shall critically review
the various models proposed for the ions in li-
quid H&ﬁ. The experimental evidence in favour
of the bubble model will be presented as will be
the theory of the band-like mode of propagation
of the electron. The electron helium-atom scat-

tering length will be discussed.

l., The Negative Ion,

The bubble model for the negative ion has
been analyzed semi-phenomenologically by Kuper
(1961). It is assumed that the negative ion is
a free electron whose interactions with the atoms
of the liquid are mainly short range repulsions.
If the electron is localised in a sphere radius

L_ , then the pressures exerted by the elec-
tron outward on the liquid have to be balanced

by the inward pressures. of the atoms on bubble.

This leads to the equation



e

P (I Pe:. = l’—c./ﬂo s (P’#JW (2=1)

where /OD is the unperturbed number density and i,

is the pressure due to the kinetic energy of the
localised electron. %5 is the pressure due to the
electrostatic forces between the electron and the
polarized atoms. 1[:‘,/:9b is the kinetic energy per
unit volume of the atoms and Km is the pressure
term due to the van der Waals forces between the
atoms., If the electron is taken as a particle in
an infinitely deep spherical well, then

p‘xiﬂ

P = /Jaelx/llaj where o 1s the atomic pola-

Ttm/br/« Ef and the polarization term
es

rizability. The van der Waals pressure may be
calculated if we know the radial distribution
function 5(“};-{}‘ l) of the atoms in the liguid.
Kuper assumes that tbkr} =0 if + <4 ¢ vyhere ¢
is tne mean interatomic distance in the liquid
and %(«*) r/DO if ©>c , and £inds after a

straightforward calculation that

VR
Puw == () g (1I-5)  ew

where "/é/r" is the van der Waals potential.



Solving equation (2-1) graphically, he cal-
culates the radius of the bubble to be 12-\ A .
It is interesting to note that e electro-
static pressure & <this radius is le than 10%
of ‘Pk;_ ana ignoring it would ly increase
the radius to approximately bl B ; . Hence
tne only effect of polarization is to increase the
effective mass of tne ion. Kuper has shown that
polarization increases the effective mass by 20%.
However in any calculation of the structure of
the bubble, the polarization can be treated as a
corfection term.

There are a number of possible errors in
Kuper's treatment of the problem, which could
significantly affect the radius of the bubble.

The first is the estimated correction to the pres-
sure on the bubble from van der Waals forces. As
Kuper himself has pointed out, his approximation
to the radial distribution function is quite

crude and if one uses it to calculate the latent
heat per atom, it gives an answer that is 33% too
low., If one takes this as an estimate of the un-

certainty in the van der Waals pressure, one

10.



. 11,

finds that the radius of the bubble could lie
anywhere between the approximate limits |l 3 f
and 13-5 é , being smaller than i2-1 A ir
‘ th& \ is. overestimated and larger than
o S ﬁ it \ 9¢Jw \ is underestimated.
A second source of error is the assumption
that the kinetic energy of the electrons is given
by the formula kR //Zyw Ez' . This assumes
that the bubble constitutes an infinitely deep well
in which the electron is trapped and that there
is no penetration by the electrons wave-function
into the fluid. This is clearly not the case. The

fluid constitutes a well of finite depth of order

-

\/ - 1w ¢ K'/%

/M (2-3)

where ﬂ is the electron-nelium atom scatte-
ring length, A 1is the electronic mass and
/03 is the density of the fluid. The approxi-
mation that the well is infinitely deep can only
be made if
2
v, B TE
Rt (2-4)




or

2 T ‘ c\*
2> =~ (T1A)
4E po (5163
Since this criterion is not completely sa-
tisfied there will be a significant overlap of
the electrons wave-function and the fluid. Hence
there exists the interesting possibility that
the electrostatic attractive forces =-small at
-] é , but which increase as 7 may
become large more rapidly than the repulsive
pressure exerted by the electron and hence redu-
ce the bubble radius to a much smaller value
than Kuper found (Gross, 1965). There would then
be a finite probability of finding the electron
outside the bubble and tne electrostatic pressu-
re would no longer be that around a point chargé.
Later calculations in this thesis (Chapters
3. and 4.) allow overlap of the wave-functions
but find this causes no drastic change in the
radius. lHence it appears that the electrostatic
attraction is too weak at P21 ﬁ to promote

tiie collapse to a smaller radius mentioned above.

Only a detailed comparison of the energies in-

12,
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volved could decide whether the smaller radius
bubble is more likely to exist than the larger.
Experimentally it may be feasible to decide bet-
ween the two on the basis of effective masses,
scattering cross-sections or excitation energies
but the two radii are not sufficiently different

to make decisive experiments easy.

2. The Experimental Evidence.

The experimental evidence supporting the bub-
ble model of tihe negative ion in liguid helium
four rests mainly on tine behaviour of the ion

as 1t crosses a phase boundary of helium. Careri

o
ct

t alii (1960) performed the earliest experiment
of this type, the results of which are shown
schematically in Figure 2.l.. The gap between

two norizontal plates of a parallel plate conden-
ser were filled or half-filled with liquid helium.
On the lower plate was a radioactive layer which
ionised the helium in its vicinity and from which
ions of either sign could be selected by the ap-
propriate field.

The currents collected at the top plate were



measured and plotted as a function of the field
across the space. When the space was filled with
liquid helium, the currents collected were the
same for both positive and negative ions and were

ol
L

approximately independent of temperature. Above
the E\ -point the -currents collected were ap-
.proximately the same whether the space was filled
or only half-filled with liquid helium, but below
the \R -point, the positive ion current dropped
rapidly with decreasing temperature. The negative
ion current, on the other hand, remained high to
lower temperatures, though eventually it too dis-

K.

appeared near lo
As Careri pointed out this behaviour of the
negative ion can only be satisfactorily explained
oin tne basis of the bubble model. Firstly, sincé
collisioﬁs with excitations (rotons) in the li-
quid are needed to enable either ion to overcone
the attractive polarization forces and cross the
phiase boundary, the decrease in current with tem=-
perature 1ls explicable in terms of the drop in
roton density with temperature. Secondly, since

the negative ion penetrates the surface more

14,



easily than the positive, the negative must be
a substantially lighter quantity. This, since
the positive ion is suspected to be F\af; "
rules out any such models as FKQ:: or a
negatively charged impurity atom.

Thus 1T is-probable that the negative ion is
an electron. The final point made by Careri that
the negative 1lon is trapped at low enough tempe=-
ratures, argues against the model of a relative-
ly free electron proposed by Davis et alii (1962)
for the negative ion in He L ., For if the
electron moves through.the helium with an energy
of about | &V  (see below), it would have this
energy available to penetrate the surface on pas-
sing out the helium. However if some of this

energy has been dissipated in creating a bubble

joh

structure, then the electron would be trapped by
the surface more readily. This argument makes
some pnysical assumptions about the nature of

tiie energy barrier at the surface but accounts
for the experimental result. It would be interes-
ting to measure experimentally the energy requi-

red by an electron to penetrate the surface from

15.
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below for this might shed some light on the abo-
ve theory.

These considerations have been given some qua-
litative support by Sommer (196%). Sommer tried
to pass electrons into liguid He* from the va-
pour and found that the surface represented a
barrier to the passage of electrons of slightly
more than | oV . If the surface is kept
drained of charge and tune energy distribution
function of the electrons impinging on the surfa-
ce is known, then a measure of that fraction of
the current that penetrates tne surface gives an
indication of the size of the energy barrier.
Sommer caleculates the barrier to be about |- 3 eV
but estimates tnat the errors.could alter this
by 30%.

ljore recently Woolf and Rayfield (1965) have
confirmed Sommers result that the energy required
to inject an electron into liguid helium is about
one electron volt. By measuring the spectral res-
ponse of a pnotocatnode both when covered in ne-
lium and when in vacuum, they can deduce direct-

ly the extra energy needed to inject electrons into



liquid helium. They find a value of 102 L 0.0%V,
This is in very good agreement with the wvalue
l- 09 o\ found by Burdick (1965) theore-

tically on the basis of a free electron model.

3. The Quasi-Free Llectron.

‘Burdick has calculated the energy of an elec-
tron moving in periodic lattice. He considers so-
lutions of the Schrodinger equation for an elec-

tron moving through a periodic array of hardcores.

(V*+ &) o) - 4wt z

(2-0)
.- ¥ S 4%,
Writing Y(‘l‘) = Z "bt,» e
b
where the vectors E are 'ZT times tne

reciprocal lattice vectors generated by the lat-

tice o , Burdick shows that

Yor - - ”’"Tle >
b

t('-"'
(Re

(2-7)
and applies tne boundary condition that k'[’(f:')= 0

on the surface of each hard sphere. ( U\)(":‘) in



(2=7) is in fact calculated from the eauation
(v‘.x— L““) Yie) = k=t 2 3(*:—%)
2

so that this condition has not been used yet).
Borrowing techniques from solid state theory,
wnere similar sums are performed to calculate
Madelungs constant, he obtains an algebraic eaqua-
tion for kl .

Calculations have -been performed for various
types of lattice; namely simple cubic, body-cen-
tered cubic and face-centered cubic. These cal-
culations yield the values \-7i , |76 and

|-77 <V respectively for the energy 1if the scat-
tering-length { is I-k6 a, (where o,
is the Bohr radius). If (= 113 a, , the sim-
ple cubic lattice gives an energy value of
\-09 eV . All the above energies are cal-
culated with the density chosen to be that of li=-
quid helium,

Thus frow botin experiment and theory we have
a picture of the electron moving as in a lattice
immediacely after injection. Since the bubble re-

presents a lower energy state, the electron must

18.
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decay into this state in a time of the order of
Yol sec; this being roughly the time re-

quired by the helium atoms to move a distance of
the order of the bubble radius (Woolf and Rayfield,.
1965). Burdick suggests that in this process the
extra energy is dispersed by phonon emission. The
nalogy with the strongly coupled polaron can be
invoked to show that although the electron will
take advantage of any density depression in order
to aid the transition to the bubble state, there

is no energy barrier to be overcome and that the

process can proceed spontaneously.

L]-‘ ¢

3

he Llectron-Helium Atom Scattering Length.

The value \:13 «, of the scattering length
used by Burdick agrees with that found to fit the
observed total elastic cross-section of heliun
atoms for scattering by slow electrons, (0'Malley,
1963). Moreover he, Burdick, calculates a pola-
rization correction to the theoretical scatterin
length \‘L,éa.o (Moiseiwitsch, 1953) and shows
that it also reduces to |13« . Moiseiwitsch's

scattering length calculation includes thne effect



of exchange but not of polarization. The method
used by Burdick is due to O'llalley, Spruch and
Rosenberg (1961), who have modified the usual
effective range theory for short range poten-
tizls to include the 'long range' polarization
potential V@) = « /4% where « is cons-
tant. llere '"long range' means the the potential

only falls off at large distances as some power
-

gf = . rhe argument is essentially that the

radial eguation

[ L v il 2e vl - 0

CLI"" . s 12

(2-8)
does not have solutions which behave asymptotical-

ly as linear combinations of solutions of the free

particle equation

(fﬁ_ Vot e = 0

,{M'L

unless \/ﬁﬁ drops off for large ¥ more rapidly

than any power of !

range potentials it is not valid to drop the VQT)

term in determining the asymptotic behaviour of

solutions of (2-8).

(2-9)

o In other words for long

20,
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The knowledge of the asymptotic behaviour of
the solutions of (2-8) is essential to the usual
method of calculating the phase shifts. The cor-
respondence between the form of the solutions of
(2-8) and of (2-9) together with the boundary con-
ditions that W =0 at +=0 defines the phase
shift and hence the scattering length and the
effective range.

O'Malley, Spruch and Rosenberg observe how-
ever that the equation

(CE S /il)btm - 0

et i T4

(2-10)
can be solved exactly, since the equation can be

related to Matnieu's equation by the transformation
_ o Y
TeiRl (2-11)
, 2-11
LL(r) = flh' 43(5/)

Hence, if two independent solutions are Vgt )
and V%s(ﬂ , then solutions of (2-8) that behave
for large Y as V?5 ") +7% V?L #) may be

found if the potential in (2-8) is of the form

Viy = AV + B/

(2-12)

where ZXVﬁj is ‘'short range'. An erpression



for the phase shift may now be found as the asyup-
totic forms of v?s (r) and VPL(T‘) are known and

may be compared to the usual form

sia [ e =Lle + g0 ] e

As Burdick (1965) points out if AV@ is a
hard-core potential tne application of the above
is especlally simple for the potential may be re-
placed by the boundary condition that the radial
wave-function vanishes on the hard-core, but sa-
tisfies (2-10) everywhere else.

The substitution 5:T:tconverts (2-10), (in

the low energy limit, k=0 ) into the equation

. c‘:L 2 é\_ " 1 .
(‘3 Iﬂx v o dy = s (L+ 0 +ﬁ 31) Ply)= 0 (2=14)
where 49(3>:. W) , and this is the equation

for the spherical Bessel functions. Ience the so-

lution of (2-10) is
SL. (ﬁ/«'—> + @o LS (@/r)

where 'BO is determined by tne boundary condition

(2-19)

on the surface of the hard sphere. The asymptotic

form of this solution (T-s0) is

22,
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(B/*)  _ B, (/)

Al = o —~f—~—‘&

(aaillt {2 b=n) (2-16)
Comparison of tiis with the usual expansion for
low energies in terms of the scattering length
gives the formula for the modified S =wave

scattering length.

= ° = et E/%
P - W&) B et (F75)
(2-17)

where & is the hard core radius.

The value of € depends falrly cri+icai-
ly on tae ratio ﬁ/‘ S , vanishing if W\ = S =f
but tending to N Af E\ is large.

low the atomic polarizability of liquid
helium (-203 53) gives a value of /2==-é[?-£
and if thg hard core radius 1is taken to be the
value B\ = 0777 a which is the value
found by Moiseiwitsch (1953) the polarization

correction gives

23.



(2-18)
This value agrees exactly with the experimentally
measured value (O*Malley, 1963) as mentioned

above.

5. The Positive Ilon.

This section will describe briefly the theory
of the structure of the positive ion put forward
by Atkins (1959, 1963). This theory reveals the
strong effect that the polarization forces may
have., Around the negative ion the atoms are dis-
placed beyond tihe effective range of tnese forces.

Atkins gives good arguments for assuming that

i _
the positive ion is He “ where e is
a small integer (probably n= 2 ), and hence
that the charge is localized to a small region.
This being so the electric field around the ion
polarizes the atoms. By a straightforward ther-
modynamic argument, assuming only that the liquid
can be treated as a continuum, Atkins shows

(see also Durney, 1963) that the molar volume V



of tie liquid at pressure P is related to

the field £  at any point by

—

S:\/A? fm ciNe £

(2-19)
where Po is the pressure at the point where
the electric: field E=o0 and :E is
the polarization vector. Using the Clausius-
Mosotti formula, the relation

= e
k-

(2=20)

where 3 is the dielectric constant and ™

is the distance from tne charge, Atkins evalu-
ates the integral approximately (where P—Pe
is small) as \Q (j>— Pc) . The change in

density in this region is,

YN «, e”

ﬁ_/ov ‘- ,2\/,_, ur_alfi"

-]

(2-21)
where 'X is the ratio of the specific heats;

N is Avogadro's number; o_  1is the mole-

(7]
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cular polarizability; and W is the velocity

\
of first sound.
The pressure and density both increase as
o
<4 as ¥ decreases and at 63 A from
the ion the pressure reaches the melting pressure.
However as both Atkins and Kuper (1963) remark
the continuum approximation breaks down at these
distances. and there is in fact no reason to be-
lieve that a solid-like structure is formed. It
is certain that the density 1s increased over a
large distance around the ion and this causes
the ion to have a large effective mass. Atkins
estimates that about forty helium atoms move
with the ion which, if one includes the hydrody-
namic mass (Kuper, 1961) leads to a total effec-
tive mass of approximately seventy-five helium
atom masses., This estimate is based on the as-
o
sumption thnat only the part inside 6- 3 A
contributes to the nydrodynamic mass, i.e. the
guasi-solid part. Gross (1962) has made a more
detailed appraisal of the flow pattern around
the ion, concluding that it is not simply dipo-

lar but that far in front of the ion atoms move



'in towards it because of the polarization forces.
Gross! treatment leads to very high effective
masses ~ 300 M He' but as he remarks his
approximation to the boson-boson interaction 1is
not realistic enough to warrant drawing more than
order of magnitude values from the theory.

Atkins' theory reveals that the polarization
forces play a very important part in determining
the effective mass of the ion. The detailed struc-

ture close to the ion is not clear but this is

}.J
}-.-J
e

not critical to the argument. He also origina
proposed a similar model for the negative ion on
the grounds that the electron might behave as
though it were in tne bottom of the conduction
band of an insulator, and that increasing the
density of tihie helium would lower the energy orf
the bottom of the band. This idea has yet to be
worked out in detail but it seems likely that

any energy gained in this fashion would be offset
by the higher kinetic energy of the electron.
This. energy increase is due to the reduction in
the space available to the electron between the

helium atoms. Presumably Atkins included this

27.



change in the kinetic energy when he estimated

that The band energy would lowered. He gives no
details., However it would be surprising if the
total energy was finally lower than the energy

of the bubble structure, which involves a similar
displacement of the atoms but with a very pronoun-

ced reduction in the energy of the electron.




CHAPTER 3.

SOLUTIONS OF THZ HOUATION OF MOTION,

In this chapter we shall set up a Hamilto-
nian that approximates to that of an electron in
liquid helium., In this chapter and in most of
the rest of the thesis we shall take as a model
of the negative ion, a light impurity in a hard-
_Sphere boson system., A hard-sphere system is thne
best model of liquid helium that is amenable to
calculation. Even so, since no mathematical tech-
nigue has been devised capable of handling it over
all ranges of its parameters, it is unphysical in
that it requires the system to be both dilute and
degenerate., It is not the purpose of this thesis
td review its successes and failures but merely
to recognise its limitations in particular with
respect to the density of the system.

Having stated tnis limitation we are imme-
diately led into a situation which cannot be

glossed over. It will be shown below that the
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existence of a bubble-like state depends on the
strength oi tiie interaction between the bosons
and the impurity and hence indirectly on tne den-
sity. With values of the masses and scattering
lengtiis pertinent to an electron in helium, we
find that tioe minimum density showing a bubble
structure is already above the maximum for which
our model is valid. This is not as serious as it
sounds, for the magnitude of the coupling cons-
tant may be taken to be model-independent. In
other words, if we use the actual value of the
coupling constant of an electron in liguid heliunm
our model shows a bubble structure despite the
low density. Hence we feel reasonably justified
in extrapolating results found with the model to
the real physical problem.

il0ons.,.

ct

1. Blementary Considera

In order to permit mathematically tne forma-
tion of a bubble~like state in the boson system,
we require a formulation of the problem in which
the bosons may be described by a spatially inho-

mogeneous state. Clearly if the bubble is formed



and is at rest with respect to the surrounding
boson fluid then we may expect the state of the
bosons to have spherical symmetry about the bub-
ble centre. Moreover we expect the system to re-
turn to its undisturbed state at not very large
distances from tie bubble. Indeed on the basis of
tiitls type of argument we can make a very crude
variational estimate of the radius of the bhubble.
Assume that the electron is effectively trap-
ped in an infinitely deep spherical well of radius
4 . Then its energy is just

T
" it
< 2/.,{_ il

(3-1)
Similarly if the only effect on the boson system
is to decrease the volume available to it by an

- — 3

amount \/ = L /’3 ,Then the energy
of the systenm is

2 . ' [y
£ L["lfca.N-t_L e ilg ({L.l*\ll x

t; =

3 20 (£2-V)

L=V

(3-2)

where we have used the ground state energy of



bosons interacting via a hard short-range repul-
sive potential derived by many different authors
and methods, Since V  is small compared to (L ,
the volume of the system, equation (3-2) can be
written

2 [ 7 ,- 2NV p | - A Y |
—  h7aN K - + v ok JONIT o (\_/
k. - K 5% | Q HY) ' st | O <«

b 2M

(3-3)
and the radius of the bubble may be found by mi-
nimising E;_%' E$ with respect to R
We find

g/a\ f"uf =

(3-4)
where P M/il is the number density of the
bosons. Thougii the energy (3-2) cannot be applied
to liquid helium, it is of interest to calculate

o on inserting values of o and /9
tiat are approximately those of liouid neliﬁm.
Taking o , the boson diameter, to be -] ﬁi

and /0 to be (3-6 é)_s‘we find the radius



of tihe bubble

"-

|
o
T

(3-5)

It is not surprising that this: estimate is
fairly close to the phenomenological value found
by Kuper of  1%-} A . For the above calculation
is merely a refinement of tne following physical
argument. London (1954%) pointed out that the
properties of liguid helium at low temperature
are essentially due to the zero-point energy of
the atoms and the relative feebleness of the
attractive forces between them. Indeed he states,
that 1f one treats liquid helium as & system of
hard spheres, the energy per atom lies somewhere
between Lenz's (1929) value for a low density

system

M ¢
(3-5)
and a high density limit
1 g
= = R
hd 2_ M ( IQ.- CL)

(3-7)



where ¢ 1s the mean interparticle distance,
/.7'\/"-“’ , and R = ’ll/é(, is the distance

between centre of nearest neighbours in a close-
packed structure.

Since liguid helium is a fairly dense medium,
we will take (3-7) as the energy per atom. Then
an approximate value for the radius of the bubble
can be obtained by equating the pressure UL/’ )
exerted outwards by the trapped electron to
the pressure E}D of the bosons inwards on the

bubble volume,

g8 i 8
- {Z =" 1L1
5 . - %
Li T Ve )\'f'\(f’—c-l) h
(3-8)
In liquid helium, R-d = Lc¢ , sowe

arrive at the approximate expression for

AT, M
(“c) - }l} (/«) (3-9)

{v /s
or s l ( i\ ) >
(3-10)

Equation (3-10) gives a value of 7~ of



s |

i ™ { - - . . i
approximately lLJI\ . Now it is clear tuat

what we have done to obtain (3-10) is an appro-

ximation to Kuper's method and that tie method
used to obtain (3-4%) is equivalent to it, except
insofar as we have used different expressions for
the energy per atom,

Bxpressions (3-%) and (3-10) are however
transparent in a manner that Kuper's expression
is not. Both show how the radius of the bubble
is proportional to the fifth power of the ratio
of helium atom mass to the electron mass. The
other factors in eacii expression merely define a
significant unit of distance in the boson system,
effectively the interparticle distance. This has
been deliberately brought out in (3-10) by the
substitution (12-¢L>ta Vo € :

To develop the elementary treatments. given
above we need to consider the Hamiltonlan of the

system.

The Hamiltonian of the electron and the

interacting boson system can be written down

35+



immediately in configuration space.

e e (3=-11)

where

it S5
L
|
(
i
—~
g
<]
L
’1
N
AN
<
M
1r?’
,,;'
T

where the coordinate vector 4 refers to the

-t
position of thhe electron and x. to the ¢

[

boscn. In writing down this Hamlltonian it has
been assumed that only two-body interactions
need be considered and that these only depend on
the modulus of the relative distance between the
interacting bodies. We have also assumed that
there are no electron-electron interactions,
l.e. the density of the electrons is low enough
to merit treating them as single particles.

In order to be able to treat tiie boson sys-
tem we have to know its lowest single-particle

state. This state will be occupied by the majo-
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rity of the bosons. The presence of the electron
makes it impossible to assume that this state can
- - - i ’.
be described by a wave-function, \?’(u:) = const.,
.as 1s usually done wnen discussing boson systems.
In order to find the ground state we will make a
Hartree approximation and assume that the wave-
function on which the Hamiltonian (3-11) acts can

be written

N
4

kI/ ( S, XX, )LM') ) 4 (B) WO WXy - U xy)
(3-12)

shere d){n) and W(X) are normalized to unity.

-

Using the variational method and evaluating

ﬂ P HP & B,

(3-13)
where all integrals are over the volume of the
total system, we obtain N equations of the
form
o i 8 3 ! <

ET S [ T V], ey
e . x U(x: cl b
| -5 Ve 2| W) V() dixg
N F L

+ gﬁbﬂ(‘é) \'\_/K(i)(‘é) ‘lgﬁF] Wit,) = g, L’L{)i‘ﬂ)
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and one of the form
T lt':h vﬂ i _\_' g— L
T3 Ve T ) Ly W el =% b
2-/‘* & ) e ’)\ 3 ("J)jl = € JI(LJ)
i J
(3-15)
/ [ : 17
where V,, = \/(l::a-:&kl)and \/\;k =W/ (1 _):-kl) :
fhese equations can be written, dropping
suffixes and substituting LH@) for N w(x), as

\_‘;7\\\7 N
+§ &) W(io-1l) P d 31 U - ¢, e -
-2 0% [Tl & 4m- 1y
(3-17)

quations (3-16) and (3-17) are essentially

Eo
e same as obtained by Gross (1958) using a se-
mi-classical approach. This 1s not surprising as
the semi-classical approach to the grourd-state
to the Hartree one. The

is completely equivalen

Hartree method we have used here makes clear the
Je assume that each

;hie calculation., |

ideas behind ti

in a potential due to all the other

atom moves



-

atoms and to the electron and that all atoms are
in identical states. The electron is assumed to
mnove in a potential due to the presence of the
bosons., These potentials are self-consistent in
that they depend on the wave-functions LL(E) and

d}(@) themselves.

To study equations (3-lo) and (3-17) we

need.to make some assumptions about the nature
of the pdtentials \/(i{‘fgfg and \Nf(lg-—iﬂ).
In liguid He T , we would expect them both to
consist of a strong short-range repulsion accon-
panied in the boson-boson case by a van der Waals
attractive force and in the electron-boson case
by a long range attractive polarization force.
In the following exposition we shall assume the
repulsive forces to be dominant. The neglect of
thie polarization forces may be justified by re-
ferring to Chapter 2., where their effects were
shown to be small. The inclusion of an attracti-
ve term of tne right magnitude in the computer
calculation described below, only altered the so-
lutions within the error range. In neglecting

the attractive component of the bhoson-boson po-



tential, we are departing from beality. Kuper

has shown that this can reduce tne effective
pressure exerted by the atoms on the bubble by
more than 50%. To a certain extent we can incor-
porate tne attraction in our definition of the
atom-atom scattering length but this is not com-
pletely satisfactory. The concept of a uniform
negative potential applied externally to the sys-
tem fails when we have non-uniform systems, for

we do not know how to calculate the change in
potential at the boundary. That we obtalin a radius
in good agreement with Kuper's calculation implies
that the result is not strongly dependent on the
model. The problem, however, really requires an
adequate treatment of the effect of the attrac-

tive part of the potential.

3. The lModel liguations.

As mentioned above tiie model that will be
considered is that of a light particle in an
imperfect Bose gas. All interactions will be ta-
ken to be purely repulsive and of short-range.

The force between tne impurity and a hoson par-~

L0.



ticle will be assumed to be large compared with
m

the boson-boson interaction. These potentials

will be described by the pseudo-potential

V(e-xt) - 9oek ((1xy))

2\ (3-18)
and ‘ 9 {E’l )
Wtz -sl) - 52 {1y )
Lr/A (3-19)

Here «_ 1s the bhoson-boson scattering length
(the hard-core diameter) and ( is the impurity-
boson scattering length. Since tThe impurity mass,
P is assumed to be muech less than the hoson
mass M 5.€ M « M );in (3-19) the reduced mass,
(/u'l~% pq’i> ) has been replaced by the impuri-
ty mass b .

The use of the potential (3-18) to describe
tiie boson-boson interaction restricts the calcu-
lation to low-density systems, for this potential
only simulates the hard-core correctly to first-

3 N
order in the paranmeter (aﬁo) in perturbation

theoretical calculations of the ground state



LJ'2.

Hartree approximation made ear-
lier, this first order term is all that could be
expected, since no particles are permitted to be
tes. It is for corrections to

this first order energy of the system due to the
the impurity that we are looking. The
use of the potential (3-18) is consistent with

the Hartree approximation for (3-18) is essen-

I_h

tially an ‘'optical approximation'., That is, the
rest of the boson system is replaced by a mediunm
having an index of refraction (see Huang, 1963),
and the wave~functions required are those of par-
ticles moving in this mediun.

Inserting the potentials (3-18) and (3-19)
in equations (3-16) and (3-17) and dropping a

o . o =l )
factor of order N , they become

ot 8Ee c el ot T
[_ j_&\v + 13 |Wool™ + \g—;} l¢'(‘§)\ *‘fb] Ww=0

(3-20)

; V o« g:;:%‘l Iti(n;J]l - &,

(3-21)



Let us look for spnerically symmetric solutions

of tne form
¢ ()
U @)

[\

(P\ 'l,('..(\r) \/;’EM (8‘) ¢>

N

Rae (r) V;t,‘(e* ¢)

(3-22)
and put es-o , SO thiat only the radial depen-
dence of the wave-function is considered. Then
uritig ¢ . Kk, and ¢ . Kk

_ {;& e 27M

the equations (3-20) and (3-21) become,

| & e 4B Lt | _f oo™
. crw‘("\ ;C-) + (k- het R, ‘”JRJP)? 0(3-23)

+od

v d£, TR | ‘
= B g ) + (k- freRliy — Lel(MR2)

(3-24)

with the normalization conditions

hef, R de - |

(3-26)

3.
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In equations (3-23) to (3-26) we have assumed

]

p . D
Yy and K

o) are real (we are looking

—~——

3
—

o

for stationary solutions) and we will impose the

boundary condition that both wave-functions va-

-~

17
nish on the wall of the container, T = koot

course, since tnese are radial wave-functlon:s

43]

?

we only consider solutions that are finite a

ct

the origin.

To sihow that equations (3-23) to (3-206)
have solutions that describe a bubble-like struec-
ture, let us first consider (3-24%) with Q\-— O

i.e. when no electron is present.

(3-27)
This equation should have g nearly uniform solu-
tion, with Q of s everywnhere except at the
wall, -If we let the radius of the container be-
‘inite, XK —» «© , then R, - /»;"‘ every-
where satisfies tihe normalization condition.,
Bguation (3-27) has a solution of this form if
k.f - $va Pe . The energy of the boson

system in this uniform state is N | ¥ | in
S 4 %
=

i,



units of ‘ﬁj/iﬁ\ . The factor half arises since
we have counted all boson-boson interactions
twice 1in finding iﬁk: by the Hartree method.
Equation (3-27) is a very interesting non-
linear equation that it would be useful to he
able to solve with other boundary conditions
than tnose required for the uniform solution. It

is an equation of the type

x

7O
“
(;\-r-’
7o

L L ®) -0

-
5 |

(3-28)
known as Umden type (see Davis, 1960) after the
astropnysicist R. Emden who first studied equa-
tions of tihiis nature in 1907. We discuss this
equation more fully in Appendix A . Here, all
we need to know is thatl there exist solutions of
(3-27) that behave like the uniform solution at
large distances from tie origin but which vanish
at some finite distance from the origin,

Now we can give a qualitative description of
the bubble-like solutions of (3-23) and (3-24%).
Let us relax the boundary condition at t+«X and

A 8]
assume simply that Qlﬁﬁ ug/%/'and A G O



as T = « , Also assume that thajt:[] an
Q\(o) is so large that

1 M 2 .. 1

T 0(Z) Ry > k.

het(z) Ne .

We can take =£@;, o and CUE:f at tne origin.

dr s v .
Then Q\@) behaves approximately as $ua k;»//r
and Rlpj remains small but steadily increasing

until such a radius that

L C[2)R) =k,
(3-30)

(the eclassical turning-point). At this radius R, jv)
a~k %

e e
increases rapidly with Y , but the term ¥ra R1

has tiie effect of turning the wave-function to the
asymptotic value /0;A " ilik) on tne other hand
behaves like the wave-function of a particle
seeing a finite potential step and decays expo-
nentially to zero. Note we must have k:-{ hﬂfﬁ?
for this benaviour.

Solutions of thnis form, if tihey exist, des-
cribe the ground state of the system since we have
assumed that the wave-functions have no nodes.

Equations (3-23) and (3-2k) have been studied

L6,



on an analogue computer and solutions of the type
described above have been shown to exist. The pro-
gramming and details of the techniques used are
discussed in tne next section., The results are

displayed in Figure 3.2..

L, Analogue Computer Calculations.

An analogue conmputer provides a rapid and
convenlent way of analysing non-linear differen-
tial equations such as (3-25) and (3-26). The in-
dependent variable on the machine is time,‘t ]
and the dependent variables, in our case R\Qq
and ngﬁ, are calculated as functions of time

rogressively from some initial value. The tech-
nique is most useful when the solutions are
stable, Stability can be rigorously defined for
an analogue computer by Liapunov's definition,

i.e. a solution x) of a differential equation

A x ;
It = %‘ (E ;%)

is .stable if for eacii €> 0 , there exists a
L3

(3-31)

$ > o such that any solution 4y of (3-31)
satisfying H x-y | < S for t =0 also sa-

L7.
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tisfies |lx- 9w |l € € forall t>p . Here
, where X 1is an wm-dimen-
sional vector.

Now the set of equations (3-23) to (3-26)

nhave boundary conditions at both ends of thne
I')

interval over which we wish to calculate K, and
! o o LQ 2 i {) A pu -
21 . For we are given &%V, -d‘ygr = 0 at
& = o and also R, = R, = 0at c=X.

Therefore we have to calculate the solutions
starting from some trial values of R\(q) and Qigj
and vary these initial #alues until we find the
solutions that satisfy the boundary conditions
at 7R . lMoreover from these solutions, we have
to select those satisfying the integral condi-
tions (3-25) and (3-26) by varying i(L and Kk,
until the correct solutions are found.

The equations are simplified somewhat 1f we

let N and K — = . At distances far from the

origin (v>> Y the bubble radius) we expect RJT)

s r = ] i
to be negligible and R, (r) to have the value /g/L
Hence we can set k. = Kﬁaﬁ and neglect the nor-
1 ¢
malization condition (3-26) since corrections

Lo
to k, due to the finite size of the bubble



will be of order !\:';]. Thus we can replace (3-26)
and R (7&) (O by the single condition that
R-_._U‘) -——3/)3 Loas ¢ o
Now the solution Ry = _o,j/* to (3-2k4) is

unstable as is shown in the .ﬂ_ppenulx. Also we are
looking for solutions of (3-23) that behave like
e for large ¥ and these are also
unstable. This. 1s easily demonstrated if we as-
sume that R}_(v-) :I,OOI/L for all v ﬂ-)o- say.

/

Then (3-23) becomes

_f:__ (T' Cl.R) |<L Ri = G

'\"' L‘L L

(3-32)

wnere

k. (47 ly . k2

™ (b L k) (3-33)
Letting R‘ = L X , we have

L

%}X‘ - KPR (3-31)
whiech has solutions ’)‘C\f &Kr + B G—_U:

é . :(L‘i'—'ﬁ‘) *g -
L cTLe 3

Let X - Be™ 7, and y-=
>0 ,then llx-92l=§ at v &, vut

i 3 c K{r-

H}_-wslhéa‘( Infor '\“>—$ so given e > C

we can always find a value of -~ such that

49.



x -=ll > ¢ irrespective of the value
of S . Thus the solutions are unstable.
The significance of this instability on the

analogue computer, is that it is impossible to

ct

set up equation (3-32) and to choose the initial
conditions on f& and d& /i (or equivalently on X ,
and &qu,) such that the computer plots the so-
lution R‘= Beszﬂr. Any small error in the ini-
tial conditions, such as are inherent in an analo-
gue computer, results in an exponentially accu-
mulating error in the solution.

This error can be largely avoided in the re-
gion of interest by careful setting of the para-
meters so that 5 is close to zero. But this in
itself would not ensure sufficient accuracy. To
obtain this we break the interval over which we
calculate into two parts., For ¥ larger than
some value, 4 5 we can calculate with increasing

T and for Y less than q » We can calcu-
late backwards to the origin with decreasing ¥ .
Although we have now two extra parameters to

vary, the fact that the controlled values of the

functions and thelr derivatives are closer to tie



Figure 3.1l.




region of divergence means that we can trace the
critical solution with much greater accuracy.

This procedure was adopted and the critical
solution was held in the unstable region by using
a cut-off wnere this was necessary. The function
thnat diverged most rapidly was the function Qxhﬂ
and this, for ©54 , was held to its maximum
value R (mex)  as soon as its derivative
vanished. The parameters were chosen to ensure
Ra.(’v‘“J e /'Dv" . For ¥ < g, ¥ 1itself was
used to switch the comparator and le[vﬁ was
held to zero for all Y 1less than the value
where both RL and &Rl/gr'were small simulta-
neously.

The circuit diagram is shown in Figure 3.1..

The symbols used are defined as follows :

x -

[::; denotes an amplifier used

L.

as an inverter.

€ =
gox‘u i o

denotes an amplifier used

as an integrator.

5l



Y

|

1)

denotes an amplifier used
as a summer. (The gain
indicated if it is not
unity).

denotes a potentiometer.
(lote p is

1y < 1),

necessari-

denotes an amplifier in

high-gain mode.

denotes a quarter-square
multiplier used to pro-

duce a product.

denotes a quarter- square
multiplier used to pro-
duce a quotient.

denotes a solid state diode

denotes a diode function

generator,

52.



=
denotes a comparator.(The
E £
' relay switches wvhen 2+ 4
|
S passes through zero).
—_—bh

Figure 3.l. does not show the switching me-
chanism incorporated to enable rapid changing
from computing for © 2 g , the breakpoint, to

computing for + < o .« Nor is the simple circuit

- -
L

that evaluates the integral, L (v) = Ec TagE R )
shown in the diagram. The variables marked in
the diagram are unscaled and only indicate the
proportional variation of the voltage at that

point.

-5, Scaling and Procedure.

The equations. (3-23) and (3-24%) arec not
conveniently scaled for setting up on the com-
7

puter. If we take as a unit of length, T, = (haxy%),

the equations become

i / 1
R\ +'j%'R!4— (kf; é’ Rl > R

il
O
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(3-36)
1 1:, 8 . Q ,/'L- 2 it
where we have also written y Far /05 K, and
L\
o ] o B YR - ‘
R\ for (q RPN ) Ri so that all the terms
are dimensionless. The normalization condition 1is,

in these units :

ey

S i ol Q\ Ar = \

¢ (3-37)
On an analogue computer all explicit variables are
represented by a veltage that must not exceed a
certain maximum. On the PACE TR 48 computer this
maximum is 1O volts, so we could choose variables
that have a maximum modulus of 10.

It is more convenient however to call 10
volts, one machine unit, and to scale the varia-
bles to a maximum of unity. Rough approximations
were taken at first for the ranges of the varia-
bles and these were refined as the nature of the
solutions became apparent. The final scaled va-

riables selected were
a) (lo Q‘§ b) (lxuf'é,) ) (ZRL)
d) (Ry) e) (o)

5k
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Bach of these quantities lay in the range

-1 < x €\ over all the region of computation.

The breakpoint « was chosen at (oy*)=-55
and the integral was evaluated at the maximum
range of ¥, x=125 . At this distance 'thad
dropped to a very small value and the integral
was virtually constant. Several runs were made
with different values . of § to ensure that
the solution did not depend on the chosen break-
point.

The procedure adopted to find these values
was the following :

1. To obtain approximate solutions, it was pos-
sible to switch the computer into its slowest
Rep-0p. mode in which it continuously cyecled
from .™= q to ©=25 or from ¢-q to -0
depending on which section had been chosen.
In this mode the parameters could be varied
manually, watching the functions on a oscil-
loscope, until the boundary conditions were
roughly satisfied. Because of the unstable
nature of the solutions, only approximations

to them could be found in Rep-Op mode.



2. The computer was switched to Operate and ‘QJSM kl
and fz:%) were varied to make R;@)Show the
correct behaviour as Yv-(¢ and as =,
R,.(g) and Ritﬁ were then varied to en-
sure that R, (r) satisfied its boundary con-
ditions and R (g and Rty readjusted if ne-
cessary. The solutions were then plotted on
an X-VY plotter and the value of the inte=-
gral read off.

3. k}' was varied to increase or decrease the
integral and the procedure repeated. Although
tedious, with a little practice, it became
possible to find solutions satisfying the
boundary conditions fairly rapidly.

,

6. Errors and Limitations.

The main source of error in the analogue
solutions of equations (3-3%5) and (3-36) lies in
the very large constant- {( g}), and in the non-
linearity of the equations. On an analogue compu-

.ter, generatibn of products or squares of varia-
bles is effected by diode-function generators.

‘hese function generators are set to produce an



output voltage that is the square of tne input
voltage by means of diodes biased to conduct at
preset potentials. The PACE TR 48 quarter-square
multipliers have seven diodes to cover the range
0-10 volts, which implies that a paratola is ap-
proximated by seven straight line segments. Thus,
if the output voltages are low the errors are high
and the makers only claim an accuracy of 0.25%
of full scale voltage. Hence below U 5 volts out-
put the accuracy 1s less than 5% and the multi-
pliers should not be used below this voltage.
(Ifultiplication in a quarter-square multiplier
1s performed by using the identity

Xy = f" [(x+a) — (2 -»)"] (3-39)
Hence the name).

Unfortunately the critical product in the
equations, the term @(;y)R:RL is suea that W
is small when R:' is large and R:' is small when

Ql is large. This meant that the output of the
multiplier was always small (the variables are
‘scaled so that they never exceed one machine

unit) and hence optimum scaling was necessar..

This was effected by tne device of overloading
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the multiplier in the 'uninteresting' region

L™
where R)f O . The variable R, (scaled) was

only greater than OC-:1 machine units when Qlfé .
Thus it was possible to multiply it by a factor
ten to ensure maximum sensitivity of the multi-
plier in the region where its output had most
effect. |

Note since the solutions were computed back-

wards towards the origin from the breakpoint ¢ ,

F

H

Hy

ct

the overloading of the amplifiers had no effec

onn the results whatsoever. If the solutions had

14)]

been computed forwsrds, with < 1increasing, the
mplifiers would have had to come out of an over-
loaded condition, which takes an appreciable
time. Thus the results would have been meaning-
less.

Despite this improvement, the output of the
nultiplier would still have been low, since the
scaled variables were always less than unity and
one or the other was small over the whole inter-
'esting range. This was partially avoided by pro-

. o e e B
ducing in the same multiplier the term K, y as

is shown in Figure 3.1l.. This meant that at least
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one of the inputs was close to unity over the
full working range of the multiplier and at the
same time was physically satisfying as it is Just

i’l“ R"-

. 3
the sum of these two terms, R,” + = K Ky

tinat determines the behaviour of the function W

5 @
An inaccuracy that does not affect the na-

ture of the solutions but could cause numerical
errors is involved in evaluation of the norma-
lization integral

oo

T = S Ti'R:—(kf
] (3-40)

Ilere again we needed to generate 5LK}, in a mul-
tiplier tne output of which became small as

{23'3'0 . Once again since we had the break-
point at Tay  We could rescale R? in the re-
gion where Y- was greater than S to produce
nore accurate results for that part of the inte-
gral in tils range. However, the errors involved
in evaluating the integral are estimated to be

¥ 2% . this error did not give rise to a large
error in the wave-functions.A number of runs were
made with the calculated value of the integral

: I = + . Vi = S 2
lying within 10 =005 and the difference in



the values of the wave-functions for any given
Y , was found to be less than 2L/ . Rather
closer limits can be given to the error in the

2 L
value of k‘ , as the scaling was such that ok, was

actually set on the potentiometer. For 'K:- y the
error is estimated as approximately 1%/, .

It is worth noting that the instability of
the wave-functions did not limit the accuracy with
wiich solutions could be found, for the solution
that was the critical one between diverging ones
was, in fact, quite definite. At = 0 , the terms

AR

2 > 1 . 3
= T, 1in the equations caused the slope to change

rapidly (%;31 became infinite) unless the correct
T .

solution was found. This divergence made the cor-
rect solution more definite than it would have

been had thie others not divérged. It was only when
Ql tended to unity or when Ql tended to zero, whe-
re the solutions were so unstable tihiat we were for-
ced to use a cut-off, that errors arose, Close to
cut-offs the computed function ins undoubtedly
inaccurate and we can only imply that this function
approximates to the solution of equation (3-36) in

this region. In this next chapter, it is shown that
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wave-functions of approximately this form do cons-

titute a minimum in the energy of the system and
this energy is evaluated.

M

The solutions have been computed for a num-

ber of values of the parameter «= &' and for
2 m
two values of ¢ for given o and A@~.

It should be remembered that we have taken , to

be unity and hence decreasing « 1s equivalent

c-
Q

decreasing the density of the boson system as
well as decreasing the nass-ratio. In the next
chapter a minimum value for « , giving solu-
tions of the type shown in Figure 3.2. is cal-
culated. The value of kf , for each value of the
parameters is shown in Table 3.1..
n Figure 3.2. the curves labelled 1, 2, 3,

L, are the dimensionless functions QL corres-
ponding to the values of « and S in
Table 3.1l.. The curves labelled 1', 2', 3!, L1,
are the complementary solutions R, . The x-axis
‘shows distance from the origin in units of *} .

The behaviour of the functions for the dif-
ferent values of the parameters is readily under-

stood quantitatively. For small ¢¢ , which cor-



TABLE 3.1

o -%; f;l k?
5.24 x 103 . 222 0275
1.18 x lO4 .50 .0314
1.0 x 10° 099 L0497
5.0 x 10° .222 .0651




responds to large impurit; particle mass, or low
scattering cross-section tiie bubble radius 1s
small, Increasing ¢ for a given mass-ratio results
in a steepening of the wave-functions but no ef-
fective change in the radius.

fhe particular choices of o and /e were
governed partly by the need to equate the model
to the only known physical system, thnat of an
electron in He L ., If we take /mo;‘ll,X151c41,
fﬁ//h as tne ratio of a helium atom mass to the

o

electronic mass and o as 271 A , we have for
the two values €= % &~ and e= - 270 o . HExio!
and bH-A% X 0= respectively. The value (-.2%a
is the experimentally determined electron-nelium
atom scattering length. The lower values of ¢
were chosen witn the intention of seeing whether
approaching the limit of applicability of the
model was detectable as pronounced instability.

This was verified.
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CHAPTER 4.

THE SELF=-INERGY OF THE TOI,

l. A Variational Estimate of the Energy.

To obtain an estimate of the energy of the

electron—bubblé structure we minimise the energy
Py wa 1 3
g P H Y A, - ﬁlwib
CJ.Z cls

JE et

The Hamiltonian H is given by (3-11) and the

|

potentials by (3-18) and (3-19).

N 2 -
i1 5 —% Ele o Grat }Z 4((75.-.—%;,

The many-particle wave-function %/ (%.-' EN.;%)
may again be taken to be the product wave-function

*'/3.
#3 (3) rJ Li_(l S LL((N)

(4=3)
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where (d}ﬁd) clgb - | anda S uﬁ U c[i-— N .
The choice of trial wave-functions may be
governed by the results of the preceeding sec-
tion, for the 'best' wave-functions are those
plotted in Figure 3.2.. For the boson radial
wave-function an expression is needed that beha-
ves approximately like the Fermi-Dirac distri-

bution function substracted from unity

Wiey - B L= (%)

- _ (f‘-(;) - i
=B l+e /T} (ks

while for the electron wave-function, we need

‘!-“

an expression that behaves as ¥ sia ke near
the origin and as gkras T = e0 ; On the

other hand, the choice must be tempered by our

abllity to perform the integrals and the mini-

misation, so we choose for 4)&) the function

(b(:) = A (l+'¥r é-YT

' (4=3)

For [Aif) the choice (4-4) leads to integrals

6k,



that can only be performed if we make use of the

Somuerfeld expansion for tuis type of integral,

l’e‘
S i b L
5 M = S (t)(x) Ax £ RE d)’({)’).i.__.
5 QDC""}/‘Y +\ : é

(4-06)
However this is only valid if ¢€0 is slowly
varying over a range of width A about x=b
and the function (4=5) is not sufficiently slow-
ly varying. Hence we choose for lhd_a function
for which the integrals can be evaluated exactly

W - B ((— e,-(r-B)/*) .o+ > b

2

:O )f"%]b

(4=7)

Inserting these choices in (4-1) to (4%-3) gives

(4+-8)

In all tne above integrals the radius of the



container X may be let tend to infinity with-
out complication, except in the second integral

wnere there is a term of the fornm

L R Y.
ubf c;x.‘L j ’B‘.{f‘iol.r _ -[-3}23 B"t (lflo_—_{__‘_)

M A M
(4=9)

Now J Wrde = N /v Sl from the nor-

malisation condition so
fL — -

B - o [1- £ 32 (2l vy s

ﬁo RS 23 \z22>" 315 "%

Hence if we let X-~ , the effect of (4-9) is to

contribute to the energy two terms :
gy 5

18

~1i6—

4

4“* M Y 3 “l 2 43 3 /36 7
LY [SL*% > Y1
(4-11)

The first being the energy of the undisturbed

boson system and the second a contribution to the

total energy due the decrease in the volume avai-
lable to the bosons.
The remaining integrals can easily be eva-

luated in terms of incomplete gamma functions of

J
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integral argument. The normalisation constant of

bl is

3 f/-.l..
R - (é; ) | (1-12)

The expressions simplify if a change of
variable 1s made. Writing Y= % and x=¥b so
that x and ) are dimensionless and putting,

as in Chapter 3., W
= (F7ap)

the energy (4-8) becomes

F- BN
2m 2 ‘
= £ LT 204 TR R+
M 2o [a (H J 23) + Z ( 12y ¥ T2 ggqja)
—l—éﬁ?&l +°_<_g7_+e“t+‘.,u 42 S)-2F /
T 2£ = 7 1 Pl ("’1&113)
where 2

e, (= lde+ &b, . "

2! 'S
(lx +3)
W = 1(14- 5)

(L=1)

and « 1is the coupling constant defined in the

67.
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chapter
- o9
/J\.
and B B Q/m

Differentiating E— with respect to b y X

(4-15)

and

4 , and equating the results to zero, we

obtain

ﬁ('ﬁ) Al Lg(t)) = —Tg L3

L C (.3') 4+ ]o3 )(3) = l%( H ()& , 3)
e x* | ke
3 S E
where ﬁ\ 5 l \ 1
&) (*3 A b 23\
By - L(1+L <2 635)
1 Y My 299}
Coy = @R - L (- L
W =5 7 i (1 231)
Dy = L8 1 fu | 3 (35
) (s) 3 Y 1 (;'I.)‘ 752_33 .13? 3"

(4-10)
4+=17)
(4+-18)
(4=19)
(4-20)
(4+=-21)

) (4-22)
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H (%, 4) —-,a% [F(x,a) BT b, zj]
:-e,#hx’ [2(1*1)1 (?12‘_%:") + % (li—x)(\-*ln.)(ia;’i‘_’)
+ ll(k+6x+6x) ( 2 _IL"‘) +‘76x(l4113 (és— i‘)

+ 240 x> ('gs‘ ﬁg):l (4-23)

and

G (*,y)
= 13(\-}1)1_31_3( L?(Iu)_lF(XEJ
= 0 (1 & e [ (b ) (1) (3-3)
(G-ng + Lt —le)(-_i—b— i-,‘_) o

(6+36= +O* LD»)( 3’" 2 (342~ 10x) (%‘1—;‘;&)

b 2t (1-10x) (?i;j-;g) - 0 (%, - i‘a)] (hhm2ls)

The variable {> can readily be eliminated
from equations (4-16) to (4-18) giving the equa-

tions in 2 and 9

Hfe B 3 o _.(,a«) (6D-nuB)
6dP-HTDB G : A*
(4=2%)



where A= AD - BC . These equations
have to be solved numerically. This is more easi-
ly done if we rearrange the equations so that

the left-hand sides depend largely on v and
the right-hand sides on x . ihis can be useful-
ly done provided L3)>x . The equations actually

solved were

(6D- H8) S/ HA-¢C) &
 (55)

3 o 1x i) x™ (4-26)

P

and

A”- 18t (na-60) g?
129 x¢ (1-27)

The solution was found to be approximately
>C= A B

s U 265 (4-28)

which gives for b ’ Y and

b= 42 B <,
i
Y = Lt Lkl T

-

¥ = 9% W (4=29)
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where « and S nave been taken to have the

values

o- 52 x1o°

$s <222 (+-30)
Figure 4.1. shows the wave-function used abo-
ve with the calculated values of § ,‘Y and Y
and also for comparison the computed solutions
for the same values of « and $ . The solid
curves are the computed solutions and the dashed
curves the variational ones. The solid vertical
line is the positioir of the step found variation-
ally if a step-function is used for Llhj . The
difference between the two sets of curves shows
that the wave-functions (4=5) and (4-7) could
probably be greatly. improved. The function
(\+ ¥+) QTY%— is too sharply peaked at the

origin. The function
, SN
d:) (T) = I:S‘ ( (+ Y'f 4 Sf‘ ) e (4-31)

as used by Pekar (19%46), would simulate the be-
haviour near the origin better but the extra pa-

rameter would make the minimisation procedure

Pidos



more difficult and tedious. ioreover the improve-
ment in the value of the energy obtained would
probably be small. Pekar (1951) remarks that in
the polaron theory, (4=31) improves the energy
over (4=7) by only 2%, and this can be taken as
an indication of the order of magnitude of the
difference one mignt expect.

Better wave-functions for the boson ground
state are not hard to guess, but difficult to
use in practice. The function (4=4) is one such.
In order to obtain an estimate of how important
the cnoice of wave-function is, we can minimise
the energy using a step-function for the boson
system and (4=7) for the impurity. This is equi-
valent to putting w= o , in the above and igno-
ring the infinite surface energy term. The results
for the two sets of wave-functions used are shown
in Table 4.l.. The energy of the impurity-bbson
system is

- RN R e »
1M 2 - 1M e (11'—32)

where € 1is given in Table 4.1..
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TABLE 4.1

Exponential Step
i 12.57 16.12
Y 4,42 4.39
T 2.92 0
- 5.24 x 10° 5.24 x 10°
$ .222 222
£ 2199.5 2235.4




A rather surprising result is that the step-
function representation of the boson state in-
creases the energy over the ‘'improved' wave-func-
tion (4=7) by only 1l.6%. Thus for values of o
(the coupling constant) such that b >0« , the
spherical well model for the ground state of the
boson system is probably satisfactory.

For values of b < 0+, , the slope of the
boson wave-function becomes less as can be seen
from the solutions for low o« 1in Figure 3.2..

This region will be explored in section 4.3.
where an estimate will be made of the minimum
value of = showing bubble-like solutions.,
lere we will compare the energy (4-32) with the
energy found by Burdick (1965) for an electron in
a periodic lattice. The values of the parameters

o and g chosen above, were made with this
comparison in mind.

The energy (4-32) is expressed in units of

Gl (8'1&/,) - If values of &, p and Mmoo,
that are relevant to liquid helium are used, we

]

find “ =~ -3 A and the value

73.



[ g lin = Al

LM (4=-33)

for the variational upper bound to the energy of
the system. This snould be compared with the ener-
gies > |-0 eV found by Burdick at approximate-
ly the same densities. The model used above is not
applicable to densities as high as liquid helium
densities, (a'p =-k), but the result suggest that
probably the bubble represents a lower energy stru-
cture than a 'free! electron propagating through
undisturbed He T, The difference hetween these
energies is the binding energy of the bubble stru-

cture.

2. Bxeited Electronic States.

The simple spherical well model of the hub-
ble gives rise to thne following possibility. The
depth of thne well.is

VLA LY. . -
° o 2/m j-..f"ol -34)
and the radius from Téble 4,1, is

v letle (4-35)

7.
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From the simple quantum-mechanical theory
of the spherical well, it is known that the well

will support a p-state if

Vo 68 > 2K
%7&

(4-30)

With (4=34%), this condition becomes

I/'L

i (1_;) fo = BhSR (4-37)

when V=-1m2 . Hence since (4=35) satisfies this
inequality, there exists an excited state of the
electron that would still be trapped. Actually
tiie radius of the bubble is sufficiently large

to maintain a second s=-state, but this i3 close
to the top of the well and the curvature of the
walls may increase the energy of the state beyond
the well depth. It is straightforward (see for
example Schiff, 1955) to calculate the energy
difference between the ground state and the

p=state. We find
L

2
w 7 h ,_)
£ - L[, -272x10 (z/m; o, 555
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and between the higher s-state and the ground
state

E‘ 7 <% £

=, - kg = TOL xlo (

5';.,. Z}.\r;

(4+=39)

If helium-densities are used to determine
tiese differences are, 'i50 «V and -33%<V
respectively. Thus, with radiation of about

Q\IOJF‘ wavelength it should be possible to
excite tie electron into its p-state. The boson
system would then accomodate to the new electro-
nic state by emitting phonons and the system would
find a new self-consistent state, presumably with
p-wave symmetry. This provides a method of testing
thie bubble theory for negative ions in ligquid he-
lium. The density of negative ions may be too low
to permit seeilng an absorption line but if the
p-wave accomodated state decays to an s-state, it
may be possible to see a line at a longer wave-

length.

3. Least Value of the Coupling Constant.

The variational procedure used above, pro-

vides us with a means of estimating the least



value of the coupling constant o« tnat can sustain
a bubble. That this minimum o exists, can be
understood from the spherical well model used abo-
ve. The radius of the well, £ s 1s monotonically
dependent on tihe coupling constant o . For
small values of ««< , b decreases to a value at

which the criterion

N, &y TR

Ll
S’/\_ (4=10)

can no longer be satisfied and no bound states of
the impurity exist. The penetration of the elec-
tronic wave-function into the boson system beco-
mes so great that it becomes energetically fa-
vourable for the cavity to collapse and the elec=
tron to become a free particle in thie medium., In
reality, the transition from the buvtble mode to
the free-electron mode is governed by the rela-
tive energies of the two modes. Our optical mo-
del of helium cannot describe the free-electron
mode at all so the calculation that follows at
best, can only give an order of magnitude of the

minimum value of o< , This can be obtained from
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equations (4-16) and (4-18). Eliminating b from

these equations we rapidly obtain

X

Z% 2 (33@) (SR~ 3"8 (L-l1)
vhere (= Ry, R= By and G- G(x,&,)
are defined in (%-19),(4=-20) and (4-2%). Now the
funetion of x and 4 on the right-hand side of
(4=41) has a positive minimum. Hence in order to
be able to minimise the energy of the system we
must have that,

i i ((32) i+ 228))

v SSG] & J (Ll-—)+2)

6(1,5) is a complicated function of x and Yy
and no attempt has been made to find the exact
values of x and 4 that minimise (4-42) and
satisfy (4-17). However if 4§ >> 1  x"6 .
has its minimum near x = | and also if Yy &K

g3 has its minimum near x=1 .
Putting x= | in (4=42) and minimising with res-
pect to w, we find the minimum occurs near b L

if $§--222 , giving
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i > 150 (4=13)
5
However 4- (-0 , x=1-0 does not satisfy (4-17)
hence does. not represent a true minimum to the
energy of the system. If x=\ , y can be deter-
mined from equation (4-25) for a given value of § .
The value y= \-31 approximately satisfies the
equations giving
gg' > ik

or < > NOO (L=444.)
It is of interest to perform the same calculation
using a step-function representation for the bo-
son wave=function although we might expect tihis
to be a bad representation because of the low
value of 4 found above (§= 6/';-, where 7T 1is
essentially the width of the surface of the bo-
son state). The calculation gives as a minimum
for (o( 53/‘)

2 83/:.

> ¢
(L=k5)

or if  $=-7222 ,

< 2 HE (L4=Lt6)
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Thus to obtain an order of magnitude the step-
function is good enough.

Figure 3.2. shows how the computed solutions
behave as o< approaches tiiese low values. lHuch
below 4~ = 500 , it became impossible even to
approximately satisfy the boundary conditions,
because as the lower end of tune boson wave-func-
tion approached the origin, it diverged more and
nmore rapidly. Thus it was found impossible to ge-
nerate solutions for low values of o that

still satisfied the integral condition on K




CHAPTER 5.

93]

THE EFFECTIVE MAS

In the preceding chapter we have dealt with
the ground state of boson system in semi-classi=-
cal manner. This can only be regarded as a first
approximation to a cuantum-mechanical treatment
of the interacting bosons and impurity. In the
case of strong coupling the disturbance of the
ground state and the energy of the trapped im-
purity dominate tne changes in the energy of the
system, #hen the coupling is weak, so that dis-
turbance of the ground state is neglegible, and
in the intermediate coupling case (the transi-
tion region) interactions involvin:s excited sta-
tes of the boson system will become important.
We will consider the latter two cases in the
next chapter. Here, we will discuss mainly the

strongly coupled impurity.
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1. uxecited Boson 3tates in Strong Coupling.

The Hamiltonian covering all strengths of

tiie coupling constant 1is

i3 HE * Hbe.

(5-3)

o (5-1)

To enable us to treat the excited states as
well as the ground state of the bosons, we will
transform from the Schrddinger representation to

the formalism of second guantization for the bosons.
b "%:\ SW?X) Vlk{/@s) Lx |
+ iI_ SH’&)W@)VOE—}’&) L{)(y i) K B
e o
£y
(W W(lx-sl) Yo £

o
d

!
—_
©
\

=
i
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where [W(“-E) ’ LV*(’E'):[ = g(ng) (5-6)

The Hamiltonian in this form has been stu-
died by Gross (1962) for the weak-coupling case
in whieh W(b_t— g\) is a hard-core plus a polari-
zation potential and by Girardeau (1961) for the
weakly coupled case when H(l)_ﬁ - gs_l) is solely a
repulsive hard-core. Gross (1958) also outlines
the equations we have analysed in Chapters 3. and
k.. ".‘.friting the whole Hamiltonian in second quan-
tization notation, we have

H - - S\ﬂﬂ Vl%s) dx

5 M

2

- 2 [0 v &
Hbtt gg CPH) Tl (x) u () QB(‘:\ (1) A‘" g

This 1s the Hamiltonian of two interacting quan-
i ; : $ .
tized fields. ‘he operators g’b(:)} (P vy » 1f we
are considering the impurity to be an electron,

obey the anti-commutation relation

Lo, &) - §s-9)

+ l jkf’-;-,ff) Ll’(;_c) \/(‘¥-—¥-’D Ll/(X)Y(Ef) ng ctgt.f
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Wle can simplify the Hamiltonian somewhat if we
use the Bogolubov approximation and assume that
a single boson state is macroscopically occupied

and that no other state is so occupied. Iixpand

in terms of an orthonormal basis (b (v) , & G,

i

klj(zf)
o)

z— L’w\ 1w ()
n=o
b* 9%
;u " Q“ () (5_9)

where 5]_-' g k N %) lL & x l

and choose f),(x) to be the 'most-occupied' boson

|

i

b
state., Here the l)m En are the creation and an=-
nihilation operators for particles into the

states 0 (x) y

{9 S 1 S Ll/{’f) ’Li(’f) cpf_c

n Q'
(5=10)

WJe may extract the Ta(“) state by writing

Yeay - Fop) + Yo ®)
(5-11)

in the Hamiltonian (5-7), where

Yo = L b Qo(zc)l
a> (5-12)

o4,
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and an(z) represents the sum of other possi-

ble states available to the bosons

P

e

Writing (5-11) in (5-7) and extracting only the i

dependent terms and the terms linear in %;t 4

we obtain

e

P B
M
\r

%g“r’w (I’)\/(hc ) 1T, Lol

VY
g(vv V. + VL V)8 +
V(lx X )*Y & P 4 S \i/a Ya \/(lz*!’?‘i{tfﬁ ijtl;x"

5=1k)
} (Ve ve o

f

(5=15)

g§.¢{‘_ﬂ o (X) \,J [5 x)d;‘g) \{/ &) A.—Sx olgj
Hifer gt W(ls-x) @y, d% &

- g ¢y v W([gw_r]) O Y Ay

(5-16)
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llow since the state rla (x) 1s macroscopically
occupied we can, following Bogolubov, replace bc,

by ﬂ,_.,/‘ , So that

: /s
o - (8™ q, 0 .

If we assume that the electron is a single par-
ticle and occupies a given state, we can also
replace the operator 4) (x) Dby its equivalent
state qg{sg) , and ci>+(><) by (gD*(x) . Yhen putting
Wee (X) = 0 , and using only the first 1li-
nes of (5-14%), (5-15) and (5-16), we have the
Hamiltonian used in Chapter 3.. The analysis
that followed showed that o (x) and c'i:)(g) were
given the computed curves in ’Figure 3+2% v The
above approximation is equivalent to assuuning
that N, , the ground state occupation number,
equals N , tine total number of particles,

since the number operator is

Nop = § 70 Yo &
s s ; : o 1
+ S(Ll/o,r(ﬁ) (t./ex_ '1- LVQK_ Li/o) Dl}i + O(q}a)

(5-18)

= N

o

Hence putting \‘VQ*‘O , We have N, = N
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To improve oi: tiie lowest order result we
need to include the oscillations of the boson s
system about its lowest state %ﬂ(;) that are
concealed in Yo (X) . These excited states re-
present different configurations of the bhosons,
each of which presents to the electron a diffe-
rent array of potentials in wnich to move. e
have already assumed that the electron can adia-
batically follow the changing configuration of
the bosons. In our variational treatment we have
shown that only those configurations that produce
a potential well in which the. electron can reduce
its ernergy are important. The electron enerzy is
degenerate as the shape of tne well can vary con-
tinuously but within a given well it exists in
discrete states. Since these higher electronic
states are separated from the lowest state by an
energy of the same order as the depthi of the well,
we can probably ignore trainsitions of the electron
into these states. The approximation is equivalent
to the Born-Oppenheimer approximation in metals
and 1s used in strong=-coupling theories of the

polaron, (see Allcock, 1956, for a review).



Since only a small number of bosons is not
in tne state Q€ , the electronic wave-~function
is largely determined by the variational proce-
dure. Thus as a first approximation to the self-
energy of the bubble, we can take V. and <¢
as determined by the variational ansatz. This
procedure separates out the electronic part of
the Hamiltonian and we are effectively left with
the problem of a boson system bounded on the one
hand, at a large distance, by the walls of the
container and on the other by the surface of the
bubble. The electron-boson interaction term in
the Hamiltonian becomes a single-particle poten-
tial acting on the boson system if we assume ¢HE)

to be known and integrate over 4y . Lven if

11/(\;—\%0 is taken to be propo;tional to S(TE-%O,

~

the Dirac S-function, the problem is still non-
trivial because the electron density C#?3)¢X%)
at any U is not a simple function. Probably
the simplest form of the problem that one might
hope to treat analytically 1is to assume that the

electronic bubble constitutes a hard-sphere in

the boson system and force the boson wave=function

88.



to vanish on tiie surface of the sphere by using

a pseudo-potential. One could expand the boson
wave~function ‘ﬁg) in terms of spherical har-
monics and suitable radial wave-functions. This
is essentially the method suggested by Gross (19062)
in connection with the problem of the nheavy impu-
rity. Notice we have altered the light impurity
problem to one with infinite mass as we have not
permitted recoil of the bubble in any interaction
with the excited boson states. This is not a too
strong assumption as thé effective mass of the
bubble is indeed large. However distortions of
the bubble may be important, and should be in-

cluded in any attempt at analysis.

2. The bffective Mass.

Throughout the work, so far, we have formula-
ted the problem as a static one without considera-
tion of the possible motions of the electron
tarougii the bosons. In order to obtain the effec-
tive mass, we have to reformulate the problem in
a way that permits us to obtain the energy EF of

the system as a function £(p) of the total
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momentun P .
Since the Hamiltonian (5-7) is translational-
ly invariant, tie total momentum is a constant of

the motion. The total momentum operator f is

-

P- L {(eve- v g)ey + fur-vv )]

(5-19)
which can readily be shown to satisfy
-LJRCLP;LP H:[ & €
i = & : (5-20)

In the Hartree approximation, we can replace
the (# operator and the 9/ operator by the cho=
sen occupied state wave-functions, -and their Her-
mitean conjugates by t..e complex conjugate states.

This leads us to the eaquation

oy - [ 0e-vp8) &
1

f(%5TY, - TH ) 2 |
(5-21)
We should attempt to find wave-functions that
diagonalize both T and W simultaneously.

Clearly the Hartree wave-functions used previously



o
L

can in no way do tiis., On the other hand 1t 1s
reasonably to assume that at low momenta the bub-
ble will not be greatly distorted and that the
density distribution of bosons around the bubble
is largely described by the stationary state den-
sity. This is ecuivalent to assuming the boson
system is a nearly incompressible fluid and the
problem of the effective mass of the bubble be-
comes nydrodynamical. If we assume that the bub-

ble constitutes a hard-sphere and that tnere 1is

a dipolar flow around it, the effective mass is

mg\* - 3 %T‘L’B)fﬂo v (5-22)

where /Dw is the equilibrum bosoun density. This

assumes tnat the density of tne bosons is uniform
up to the bubble surface and zero 'inside it, i.e.
a step-function. We have seen variationally that
this gives a good estimate of the energy despite
the interpenetration of the two fields and hence
(5-22) probably is a close approximation to the
real effective mass. In any case, corrections to

ti:zis estimate from quantum effects will almost

9l.
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certainly be smaller, in any application of the
theory to the negative ion, than corrections due
to polarization increases in the density around
the ion. Ilowever tiie theory can bhe put on a more
rigorous basis, by assuming a general wave-func-
tion that diagonalises _E and performing a func-
tional variation to minimise the expectation va-
lue of the Hamiltonian. This has been done for the
heavy impurity by-Feynﬁan (195%) and for the hea-
vy ion by Gross (1962) and we will apply much the
same arguments to the light impurity here.

e do not wish to consider explicitly the
momentum of the electron, only its average veloci-
ty through the bosons. Hence we need a description
of the bubble which reduces to the Hartree state
in the limit of zero velocity.

Because such a description cannot diagona-
lise the total momentum we need a different va-
riational procedure from the usual one. wWe will
use a method described by Allcock (1956) and
applied by nim to the effective mass of a pola-
ron in the strong coupling limit. We describe

the bubble by a wave packet and attempt to sa-



tisfy the time dependent osciirddinger enuation.
We will find a new variational principle that
tells us whether our trial wave-functions are
approximate solutionslof this equation or not.
Consider the following time dependent wave-

functions

Y (g6 - 5

v

e

+3)t CE (lﬁ’ia*_x“ir "_C.'u’j)

(5-23)
Tihils represents a distribution of the bhosons and
tne impurity about the point ¢ which is moving

througi: the liquid wita veloci1y ‘! . In order
that ){(ﬁ, f) represents a solution of the time
dependent oSchrodinger equation, Allcock suggests
that % (g,f) snould be chosen to minimise the

positive definite expression
= 15 ﬁg | ?E‘L d - 2y
g" <X(g té‘t“H[ )L,yc HS’\*L>
(5-2%)

Minimising first with respect to }\ y we find

trivially that

X = %0 H- Py X (g 0)>
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and that g reduces to

<¥(‘i. 0) 'I(H_ E\_{)""\')( (cl,o)> — [<K{g,o) lH— ?Y\\C(ﬁl;ob‘]l

(5=25)

Now Allcock points out that any eigenstate of the
operator H - P.V  will exactly minimise (5-25),
and moreover the lowest will correspond to the
lowest eigenstate of H . So we look for the
lowest eigenstate of (H - ?W{> , Or eouiva-

lently minimise

T, - {9 1u- 2V X (1.0

(5=20)
vith ¢ [ %> = |
To find the effective mass we observe (see
Allcock, 1962) that if WCP is an eigenstate

that diagonalises bothn WY and P then

% = Ew %o (5-27)

and {E Y—p_ = B K p. (5-28)

where ¢ 1s the momentum eigenvalue correspon-

ding to the state }CR‘ Also that for small ¢

) = E(o) 4 ﬁ_ (5’"2“5])



wnere Me“ is defined as the effective mass.

Hence the eigenvalues of Jy are

L
E?o) RN P2 P_Ag ) -
( o (5-30)
which has a minimum at  p - My V
Ee — LMy \? (5-31)

Hence we can estimate Me&\_ from the formula.

_l__ m . - (‘ M FS_G — Mia FS"‘.’
V—‘:-O (5'32)

Now the function X (1,0) must allow for the
motion of the bubble and also a backflow of bo-
sons abound the bubble., On the other hand since
as V=0 we expect the impurity to be in a

Hartree state, let us write

(a0 = ¥x-2, xi-1)
N

t/"\\‘-/‘-S Tl S (x4
=. L % 9‘5(’5'5) I -(r@a-‘})?-s(' :

Cs

(5=33)
Then the expectation value of (H-— PV) is



96.

% - [5 e« 2 fmye
+ N_-g_:— g Sy(x)\/(l x —z’\) 41'&') A de?
N S %l(xJ W([;_h;q) b)) A&x]

F[Afre S (e - fup]

(5=34)

g L

writing ¥ = N, we see that the first
bracket in tiis expression is tne term we mini-
mised before. Also if g¢}kfx= | then the se-
cond bracket becomes

_S = -|;\ e B 5

= 3

A /*1 ] (VS) LI/CL —’)-h SVS

)

J

(5-35)

where we have written Tk = MV

let us assume at tnis point that the backflow
around tne bubble may be described by a dipolar
flow. 1i.e.

A 2

${x) = =
==  (5=36)

where we take Z "along the direction of Vo,



Following Feynman (1954%), we Lave to slightly
alter SkK) at large distances so that the last
term in (5-35) converges and may be integrated
by parts. Then minimising with respect to Fl

we find after a straightforward calculation

A - '\i (%“'fw) T (5-37)

and A-S _ __Vl[

where Y., = E
e

To obtain this result we have assumed that L‘Fl(f)
is a function of |%¢ ‘ only. In the notation of
Feynman, Ly‘-(‘:) < P({;) .

It is unnecessary to minimise T{Y) with
respect to 6}5 and -g: for the following -
reason. ) (v) differs from 3, only in order

V' . 8o if (d%) 'fv) minimises J, and
(‘bg ;]CY)_ minimises Jy , then (diou,{:,)—- (d'),_,, f—g)
will be of order V' . For the difference bet-

—_— —
ween J, and 3o can be regarded as a small

9?.
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-—

perturbation of J, and the perturbation of the
wave-function will be of the same order. Je have
also 5 .
—T;v = ), + AD

~ © (5=39)

—

and since (@o,i}) minimises Jd, , then

TL (¢vw£v)—- fi @$°/%b) is of order ]
E(cb\-‘/']f\‘) - (b, va)jl , i.e. of order V

Hence using @o and +; in My in place of
: . 3 4
(¢>V,-%g) only introduces terms of order \/ .
So to determine the effective mass we may use
. P, { '1_
our previously found value of b 4 .

Hence

o pe B [ o]

(5-40)

The step-function ansatz for L%&ﬂ gives
the hydrodynamical mass (5-22). Using tre ‘V(r)
found in Chapter 3. slightly reduces the effec-
tive mass but we nave not undertaken this calcu-
lation as (5-40) neglects the important polari-
zation induced mass. Gross (1962) has pointed out
tnat around the positive ion one no longer gets

dipolar flow if one includes thne attractive pola-



rization forces. The procedure he adopts will be
outlined below.

The polarization effect, which is dominant
in the positive ion case, is not so important in
the negative ion case, because tiie reglon imme-
diately around tne charge is cleared of bosons.,
The polarization force rapidly falls off (as %)
and is small outside the bubble radius. However
Kuper finds that it increases the effective mass
even of the negative ion by 20%. Notice, that
because of thie spherical symmetry of the bubble
and the fact that the electron is largely loca-
lised we cai consider the charge as located at
the bubble centre. Actually tne bosons experience
a rapidly fluctuating force as the electron oscil-
lates across the bubble but the frequency of this
fluctuation is so large that the bosons cannot
respond to tne force. The frequency LY, of tue
fluctuation is of the order of 't/Z/,AL1 , whereas
the natural freaquency of the bosons is L g

- + /2m r: . Since
B> M
2= &9

o S~ (5=41)
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we see that W, > W, .
To find a better <(x) than dipolar, we
use tie variational principle on $¢x) . In our

case tnis leads to the eqguation,

v' [ P({‘) (lf."vs)] - O (5_42)

£z

(ef. Feynman, 195%, equation 7-4. and Gross, 1962,
equation 2-9.). Multiplying by S(x) , integrating

and substituting back in A7 gives

me% =gt AN (5-1:3)
where ﬂ is defined by
/g[f = - gS VP atzx . (5-kk)

Writing Sfc) = L(z( Vf )a‘“d inserting

in (5=42) gives

%{(ﬂ- P ”}ﬁ) = 2‘)\/ ey

and in (5-44) gives

My, = ot M [H‘T @’ﬁw d g:(\°“/"“’J rlir](s-%)

where B is defined by the asymptotic form of

100.
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VIO, VE) ~ ~ =+ R+7 , and b is the ra-

f&y.) -0 .
v

dius of the bubble |
Gross solves (5=45) for the case Ph—} = |<I\r'l‘ §
[3(4“( c 3 'Pbr)_-/om y »e , and calculates
the effective nzass.in térms of two parameters ()
the radius of ti;é hard-core of the ion =& and
(:L) the radius +-¢ at which K¢ .—/DM .

He finds in the limit L << <

M@. = g % }HME*“‘f 1 (5-47)

However nis pf‘-) is not applicable to thne bubble
as the polarization part 1is already smali at the
bubble radius. The best way to find the effective
mass, including polarization, would bhe %o minimise
3_\_, with a polarization term included and solve

for V() from (5-45) numerically. This has not

yet been undertaken.
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CHAPTIER ©.

[r1]

1% JEAKLY COUPLiD IMPURITY.

1. Introduction.

The weak-coupling case that we will consider
in this chapter, covers a number of different
physical situations. The coupling constant e
depends not only on the relative masses of the
impurity and the bosons, but also on the hoson-
impurity scattering length and on the density of
Ehe boson system. By 'weak-coupling' we shall
mean that the impurity nearly leaves the bosons
undisturbed, that is, that the ground state may
bé regarded as a uniform state. This criterion
distinguishes tnis range of o< from the strong
coupling range where the boson ground state is
greatly distorted.

Girardeau (1961) has treated the weak-cou-
pling case of the heavy impurity. He restricts
nimself to heavy impurities by neglecting cer-

. M . . S
tain terms of order }; in his transformed llamil-



tonian. sSince the weak-coupling case also inclu-
des the light impurity in a low-density mediumn,
we should be able to exfend his work to cover
the light impurity provided the coupling cons-

tant 1s sufficiently low.

2. The Polaron-Like Hamiltonian.

The Hamiltonlian we shall use has been given

in equation (5-5) and is, with the boson operators

expressed in the notation of second quantization

but with the impurity operators in the Schrddinger

picture

H- H, + Ve + Hy,
Hy = B (4l VW o

T
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F 4 0 W Vi) e oo £

(6-1)
Since we have postulated that tne ground state is

undisturbed, let us follow the usual procedure



and expand Wﬁ@) in plane-wave states

Yix) -

1#]\/{
\R
—
P
3
Bl 1
N
o
I
—
WM

(6=2)

Denoting the boson creation and annihilation ope-
+
rators by b and b

" n « we obtain
i k- 1)+ i ot
Hb: ,’7._1"\ E L Lk Li‘. N j):g)_ 2 V‘s L§+g Lg\-g L*:\ Lg
E k,2,m
H, - 2
Lo
| L* tk .y
- 3 y b v, L” ) (6-3)
ke

where

(5]

V, - S\/(f:) c'u’

X

(6-4)

4+
The operators Lk 4 L& satisfy the commutation

relations

[Lk,bg] 5. f ] =
[, b0 ] - Sew o

104,
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and the total number operator N= Z Ny = Z k
. =
Je have imposed periodic houndary conditions
so that k takes discrete values. The bk opera-
tors, of course, commute with © and p which
obey the usual commutation relations for conju-

gate Schrddinger operators.
Pi\l = ok gis (6=6)

From the Hamiltonian (6-3), we separate out the

ko= © state following the usual Bogolubov

procedure (Bogolubov, 19%7), and let L;’ nf’, E (P

adopt the viewpoint that N.>| or any other N, .
1}1

o

Replacing b and b’ by N

5 5 only introduces

-1 . -

an error of order N, - . If we consider only tho-

se terms in tne interaction part of Hb that have
wda e ~ i'f -

at least two factors N, and in H,, at least

one, we obtain from (6-3)

R Veto Vi Ao +
HV/KM Eo(me = b =2 7)[%!,3
ey
by R

a1 z U»:; b+ bby)

K¥eo
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_ o We  ar ( * kg e
.- = o Z ws be Tabe '§>
le#0 (6=4)

where, following Hugenholtz and Pines (1959), we
consider H-—/AhJ in order to permit us to consi-
der processes that do not conserve the total num-
ber of bosons N .

The next step is to diagonalise H,_ . This

we do by writing

O- =\kLl5 -{«/,Lkbj-lﬁ

%, b b
o B e (=5

where §w£ and /uk are c-numbers which are to be

determined by the criterion that the terms invol-

+ E 1 . .
ving o Ck‘i‘_ and 0‘.5 Ay vanish in the
transformed Hamiltonian. In order that th oL

K

obey the same commutation relations as the

operators-we cnoose

1

\;1. "',}*:

- (6=6)

Thence, writing

21 :
X, = (T.l._!f- - + V-‘)"O + \/k "Lo)

106.
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and

(0=7)

1/ — _
Hb - n;;{ + 2 (&kq;‘c\% -{-%—(tk-——xk)

ko
ly - P

W. Vo TR e P s
Hk e+ 2 (;—t_) ka"tke '+aue"?
¢ Q k+0 k

]

The values of B\Qand/ukthat give (6-7) are found

from equation (6-0) together with

(I ) B

= Xk \k/“x (6-9)

Now the factor (ﬁ%,\qfk)is related by the
Feynman-Bijl formula to S@Q « It has, in fact,
been shown by Miller, Pines and Nozieres (1962)
in the Bogqlubov approximation to be exactly
equal to E£ S(k) , where S(k) is the liquid struc-

ture factor defined by

S(k) - lN <°\/s/; lo> - gﬁr ple) T

(6-10)
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and PO - _& <b(/p+@0/06j(d> is. the pair cor-

relation function. Hence we can write the Hamil-

tonian
H- E, + ?— + > Epof
k#o
E_(S)l'w +ﬂthg+aketk€)
kwo T (6-11)
where
L - NV V c -
" 24 Z( ) PR [ e

ko

Now expression (6-11) is a Hamiltonian of
the type proposed by Frohlich for the polaron
problem (see Frohlich, 1954). This Hamiltonian
nas been treated in a very elegant way by Feynman
(1955) using his path integral techniques (Feynman,
1948), and it would be interesting to apply the
same method to (6-11).

Feynman's treatment of the polaron problem
covers. all values of the coupling constant but
this we can clearly not expect in this problem
for tﬁe following reason. As we hwve seen in ear-

lier chapters the strong coupling region corres-
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ponds to a macroscopic depletion of the uniform
ground state. In setting up tue Hamil:ionian (6-11)
we have assumed that evérywhere n, the number
of particles in the ground state is large. Ience
we cannot expect to find (6-11) describing the
strictly localised impurity that exists in a den-
sity depression of the same order as the uniform
density of the bosons. The theory should describe
the weak-coupling and intermediate coupling re-
gions where we can describe the density fluctu-
ations around tiie impurity as é cloud of virtuél
excltations. Indeed the impurity particle has been
so described by Girardeau (1961) and by Miller,
Pines and Nozieres (1962), using, in the former
case, the intermediate coqpling polaron technicue
of canonical transformations (Lee, Low and Pines,
1953) and in the latter case, perturbation theory.
At least I'eynman's method should reproduce the
results of these works and, at best, may indicate

the limits of validity of the Hamiltonian (6-11).

3. Path-Integral Methods.

Since (6-11), apart from the tern E is

< ?



exactly of the general form given by Feynman in
his paper (1955, the last two equations are the
relevant ones here) we can immediately write
down the energy intergral that has to be mini-
mised with respect to the parameters used by
FPeynman in his trial action :

ol

4

N E = % v.-w)l—— 55 exp [—L:_K;?'- g- %)}/fkw:i“ Lk

o

(6-13)

mere F6) = v+ V=R (iav) L, N
where \—fr) Lot v -2 P _r:l_{ 3

V , w are the variational parameters, and we
have taken K = 4~ = | in accord with Feynman.,
To establish contact with earlier work, we can
let V=« , in which case the energy should cor-
respond to that found by the perturbation theory
method, since this 1is equivalént to taking as the
trial action

S M5

t

=<

(6=14%)

i.e., the action of a free particle. We have used

: /
here Feynman's notation, i.e. t stands for it
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' . .t

where 1 is real time and 5¢ stands for .§ where
/ ; 5

S corresponds to the more commonly defined ac-

tion.

| A S
S E@ = (6-15)
and inftegrating over % gives

s 0"Skl,\),:_ L2k
‘AC\Mw B (F;:]g g.*:} (£k+ 1%)

(6=-16)
Substituting for S, from (6-7) and using the
result that the chemical }gotential /,\__, N"_\./." ’

Ey i
we obtain

— -—/‘J S‘m ™ L\}: 51'3\‘
Ke.. & 2= % ame, [ Eﬁ‘*‘f]
(6=17)
where Ek - }w\ (L'L +4Mﬁo VK )
_ (6-138)

Now (6=17) is exactly the perturbation theory
result with the total momentum P = O , found

LY
by Miller, Pines and Nozieres. As expected,

P 1
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Feynman's theory reproduces tnis result. The
same thing can be shown for the effective mass.
Je are however interested in going beyond per-
turbation theory and would like to be able to
integrate (6-13) for values of y and u other
than V=W ., Let us look, following Feynman, at
the case \ = [\ -t—s_) W where ¢ is small., Then,
to first order in ¢ ,

. = 2 — T —¢
SE R = v+ 2 (leT e

and At becones

L nga? -+ 9)7] Kz (1-ur- g““)/o G W

z = (23)°
= AF,.. * %o - 4’[ 5, L Lt
24t J, (Ek 51)1_ (E—k*‘ Lt TNJ

We have, in order to proceed further, to as-
sume a form of thne potentials \/J (l‘x;@l) and
\/(l’{ ~x’ I) . bince we are interested in the

case of a hard-spaere impurity interacting with
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hard-sphere bosons we will use the pseudo-poten-

tials already used in Chapter 3.,

\/ (\5- =_c’l> _ Bzt g(zzs>

(3-18)

6/# (3-19)

These gives from (6-k)

k/k o hEA -

M (6-21)
: 1
and VJR = Zfijéf' (6-22)
S

L, The Perturbation Energyv.

If we insert these forms of \4 and le in
(6-20) and make no further commenf, we would be
neglecting an important point. the use of (6-21)
for \/k need not worry us as we are only using
the excitation spectrum of the bosons in (6-20)
-~ the g..und state energy having already been
substracted off. However inserting (c-22) into

the term AE,_,, i.e. (6-17), causes it to



diverge. This is because (3-19) is not the correct
pseudo-potential and fails when tine wave-function
on which it acts has a '/r singularity at ¢-0.
A number of autihors have proposed alterations of
the original pseudo-potential treatment of Huang
and Yang (1957), (notably Wu, 1959, Lieb, 1960,
and Liu and Wong, 1963) that by various devices
are arranged to remove tie divergent terms automa-
tically. However none is simpler to use in our
case than tne original method of lHuang and Yang.
This method consists of calculating the first
order perturbation correction to tine wave-function
explicitly, so that the terms that have to be
éubstracted out becomnme obvidus.

The first order correction to the ground
state wave-function is from Miller, Pines and

~
Nozieres, (1962),

N - .
(1) PR
L‘{J l = L Z 9 (fd - @) ¢o <
e (6-23)
where % (£) = L+ W« e__'tls by
3 .S.L 5 [E‘S 4 l%—l___ L E
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ile have to study %({:) 5 when ?_ =0 , near
= O . Since I,JK in (6-24) acts on a well-be-
haved function at v= O 1i.e. without a _{_—1
singularity, we can substitute from (L-22). Hence

we need to look at tiie behaviour as —= O of

Ll( )
aff) = JAwt Z

e,
(6-25)

where (Hjn a/)), and the sum is over all [5
of the form 14 & D (Lyn, n) /L where 3= Q
and L y m 5 A are integral and not all zero.

Taking the limit as | — «» , we can replace

the summation by an integral

' t..l<-r
q(e) = =il ‘—lgo\% £
N (G A
: m 2z
. (6=26)
= ZLEM g S\-«\chuc
- ¥ L Mk + (in-c.‘) A
(6-27)

where we have extended the range of integration
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to k = O since this causes no singularity in
tfne integral. The integral is a Fourier sine trans-
form that in general cannot be done in élosed_
form. However two special cases M= 0 and M-\
can be done and are tabulated (Uberhettinger, 1957)
= Euk l(r I
L () = _;:’.r I_L'; (ev) = ﬁ,.a(cr):{
(6-238)

- _Eiljfi;ﬂ- I 4
S k + (lhs)"k T2 or [Ia ) — ZL‘; (c-f*)]

o

(6-29)

—

where J_D(‘z) is the modified Bessel function and
l_p (z) is the modified Struve function. Since

for small Y- , these functions benave as

- 1 e ]

(6=30)
i u+i R
ﬂ‘_ ) * [" ~ (%h) e 5
v BT TR s
(6-31)

we see that as ¥ =20 , in the two cases,
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Low aq® = M (L -1;)
- M=o <‘_ - (6=32)
Z_LM © - Lg | ke
ts o0 % gl C 3"-) ' (6=33)

both of which contain a ! singularity.

The range of M that we are particularly
interested in, is M >» | i.e. small impurity
mass. In this reglon we can evaluate the inte-
gral in (6-27) approximately in the following
way.

Since the term ML dominates the denomina-
tor for all k » M-‘ , we can split tne range of
integration at k= ¢ 3

goo sia ke di gt Sin et ok
° Mhr (1) h o Mt + () Yo

-]

+j siviert olf

LMt -1-(&1+\j "
(6=34)

oSince M is large and since the first integral

converges as we go to the limit T =0,
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=]

. ke dk
Lo § I
>0 ‘¢ Mk + (thc) k

T st AT ffd™ e iy
- L {5 - )« (s ot
(l cet Ak 5 O(fL)§

Mt +. (€% l)lf"

= : y g T l\_ i -
) L—Mg 6 - (S ) o [Tactds +o¢:,,)}

, L et (E4)R
(6-35)

Now both the remaining integrals can be done

i
duces the integrands to rational functions.

gi“’ % (Jc— (‘tlﬂ)y") = =~ g_* el e

21t (x-1)

exactly by substituting &= L (x- %) which re-

i+dz

s b &b
R & L P (6=36)
(+&) (e 47)
| :
S‘ JCC/L'{: _ _L SH-\FL -)C‘(___l L
LG R TUO I Ny e B
i f— ot {2 (i4)
& Jaf 1+ ‘—— )4— "..‘_-—" l.m —'—1—'—"'>
Z(MQ[ (i) 5 N Tesn
(6-37)
3 M-\

where X = PYUST



oince as T —= O

S RE) 5 Ti'_ S A O(cr)3

(0=38)

we have for large ﬁm .
i 80 = ) D ol LM e
T20 ’ "> i(f"\“)“ f\(m\)"*tl (wn)"ﬁﬁi'\
(6-39)

where the next term is of order ﬁﬂ—l . Thus in

all the cases considered, we have an ' diver-
gence plus é constant term, Denoting the constant
in the brackets by - é; %ﬂﬂ, we have for [lE;gu

after removing the divergence,

::1’:?82(.?. [ N
AE:N . ‘(:(M)E

—_—
[

i [t‘“' & A (&fv)lkf -E*(M)

| (6-10)
where ,Q,(M) e~ M 5 R
5 M=\

v\
| e [.V\_ w_. - J2-\ - |
(mu)"[ (i+31)* \ﬁ,-n] ; A

(6=41)

{
)
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5. Higher Order Terms in the Enersgy.

As we have seen in eaquation (6-20) correc-

tions to the total energy are of the fornm
i~ I . L) © Tk
e e TEw - g_ﬁj‘ Si Wi kA

T E TR

Substituting for V, , W, , S. and L, from
equation (o=-21), (6-22), (6-7) and (6-18) and
remembering that ‘L\:/A: | , we can write (6-42)

as

AE = 28w = hﬁ- (NN
|

7t
LL”‘U‘ {aﬁ {[w );Mk] [L(Hr.) MLJ{?J"@}

(6=43)
o
where & lé"““*/o &
The integral can be done exactly. Writing
k= ¢ (% - x) reduces the integral in (6-43) to
.L Lo
! 3 3 oL
2 I( E Z f (l—x) 2
W) = s
S 3 . :
((F)e (9 2 () i) (1o te) + 42 (10) ]
c'l-
(6-:k)
‘ , 2 M-
wnere "again K = — =



Although (6-44) can in principle be evaluated
exactly the expression obtained is complicated and
not very illuminating, The expression (o-43) still
has to be minimised with respect to «w» and ¢
and in general this involves solving a transcen=
dental equation. An interesting special case is
obtained by letting ¢ = 0 in equation (o-43) i.e.
taking the boson spectrum to be proportional to

k' instead of the Bogolubov spectrum., Then
(o=43) reduces to

= 2. % 6 M ﬁﬂ+ty¢ i/
= £ WS P E 1
Ati 4 (;“H-\)}' . ( M s

v\

(6=45)

' . . r V4
which 1s a function of (&w) only and minimises
when
i
E,Lo‘k - 2 g

3 (w%)g {l/ﬂ“*' (6-46)

c 1 29 [ MV
and  AE, L3 (Wl) (¢ ) .

For (+ D , tne minimisation is not so straight-
forward, and it is simpler to proceed as follows.

From (6-43) and (6-44)
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Differentiating with respect to § gilves

2.2 ™ g -
L S i R (6-49)

C

{

and — st
[ 3 M3
AE, - -4 1"-3} L%

UL&Q (6~50)

so we have tne problem of finding the maximum va-
—_— i T L
lue of w L (w) or eéquivalently the zeros of

T (T + 2 i)

(7S]

(6=-51)

Since (b6-44%) is a convergent integral the
differentiation can be performed under the inte-
gral sign giving,

Lt d5 (g L ]
Aw L(l—-x)(i-—xx) Fho & ()]
(6-52)

It is clearly a necessary condition for (6-52) to

vanish that the numerator vanishes for_ some value
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of X in the range O < x <) , since all
other aquantities in the intezrand are positive
over the range of integration., However, although
it is always possible to find a sy such that
this condition is sat.sfied for any « (fl(ac<%
(6=52) does not necessarily vanish for some fini-
te W . Indeed it only appears to vanish as «~
tends to infinity. For the case & = | ; @Wf?l),

this is easily verified, since then

= _._\.___._. t}.,_,,"t (’2,..& & lyh

1l (W) = N
o 2(2‘”’6‘_0 (0=53)

; o =
amd, Lw = 4@ -2 ‘)[h‘“ O"“ ~4) ] (6=54)

which increases monotonically as W — e to the
limit

(S T
thﬁm (7N J— (Q-D) = &3
- o= | 32

(6=55)

For ;(5=Ca (W&l), the integral in (6-52) may
be readily evaluated and esuating tiie result to

zero gives tiie equation



12k,

\ {,7&3 ‘.B-nﬁl t-i)l/" (16 3 \ ; _
1 —_£_1 + |16 'l_‘i-t__ 32 ?]:—
(£-))' (£-1)" AN L L r-s‘) Q

(6=56)

L
where t: b e . The behaviour of the left-

hand side of this equation for small £ and

+~ | is more easily seen if it is written

T4 . o

—— [t-f‘:l>+ f%o._{g-_o‘_ L) ] +1 (1546t +%)
(t-‘) * T (o™ 15

(6=57)
aucf Uy s
where ton (+-9 = '&xﬂl\( (l-t)vl (6-58)
S

ir t< 1,
Equations (6-56) and (6=57) appear to have
no solution other than at +=w . From this re-
sulcv and from the fact that as W tends to in-
finity
LL-.M' a I'L(w) = et
. (6 (14 o)

(6-59)

which increases as o« - decreases in tae range

— |l<kx < | , we infer that the maximum value



Y is the result (q-59)

of W Il(w) for any «
lHowever if we try and interpret this result in
terms of the model used by Feynman to ohtain his
trizl action, we run into difficulty. Ieynman's
model is that of the impurity bound harmonically
to another partiéle of mass M . In the pertur-
bation theory limit both tue spring counstan : K of
the binding and the mass M\ of the secund fic-
tional particle vanish. However the limit we nave

-lh
nere, W-» 60 , &€~ W implies (Schultz, 1962).

3

e o 1D (6-60)

.~ [es)

The combination of these two is such that there
is a resulting finite enerpgy correction. Lhis
energy is given by equations (6=50) and (6-59)

and 1is

L
AE, - -1 3 gy

T 3 (l""ﬂ’\)

It is not surprising that tuis is t..e same
result as (6-47), since it is independernt of < .

'ne reason for this is that when W 1is large
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only large k in the integral in (6-43) has any
importance. riiis is more easily seen in (o-l4)
where it 1is the region of x near zero which
is dominant.

It is clear from (0=60) that we have failed
to find the extension of perturbation theory that

wve were looking for., Ieynman's trial action 1is

S, - L (e - g [ [xe-x] e 1"k,

{

w
where C.: E‘

(V" u“) 3 3

- ~« Perturbation theory

£ P i

takes C = 0 , but if (u-u)»-ua“ and tends to
infinity then the second term outweighs the first:
Thus the expansion (6-60) fails, as (V-w) 1is
not small but becomes infinite as w'~, although
-

s itself tends to zero as w .

It is reasonable to ask how much this dis-

crepancy depends on the treatment of the hard-core

interaction and in particular on the pseudo-po-
tential (6-22). To analyse this dependence let us
consider Z&E‘ using a well-behaved function for

ka . The simplest to use is
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N, = e-._(ak‘/q
K o

(6-63)
I'or convenience, let us also take ¢=0 . Then we
have for AE from (6-13)

AE = :Zi‘u(“““) p'w ﬁ [k( @+§)]leuxv

P
(6=-564%)
The integration over L can now readily be per-

formed,

oo

A
[ e W

4

I N RS =
INER LT /’2,_,”8

Let us again look for the expected extension to

perturbation theory. Writing V= (\+ i)LJ and

expanding in powers of ( Ais a constant),

AE - Foe - Al Ty [1-32 Leret) o)
é [~¢ *\)*ﬁ] <RI

(6-66)
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2 2 M M 5/1. y Uﬁ""\
1 i/ s Mo |
:—ug-ﬁ -(~# + s —) e _Uk(
4 ﬁ-'z,, PR M|

(6=67)
The first term in the square bracket is tne ener-
gy one would obtain putting V= « 1i,e. the per-
turbation theory energy. The other two terms is
the expression (6-45), which is reobtained if we
let /8= O . Minimising with respect to €& in
these two terms we find

>
5
AE - AF, -0 (=) [52 ol (s80 )
- V=i . O\ M g QFI( (M-\-l

(6=686)

and
i 5/ m *\ i,
QD}L r?‘. p(T\'A ..m—. e ¢ m+\ ( )
3 Mt | eere (m+
(6-69)

Putting [gf 0O we again have the results (6-46)
; : Ve i

and (6-47), i.e. €w " is constant and so the

"expansion in powers of & 1is not the expected

extension of perturbation theory as demonstrated
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above, loreover if)@:#o , thien (6-68) is minimi-
sed when © = 0 and again su is a consf:ant.
Thus 1t would appear tiaat The expansion used by
feynman is not even valid for as well-hbehaved a
poten"tial as a Gaussian.

Finally it should be remarked that extending
to expansion to order ¢' does not improve matters.
If we write

AE - 2o S+ B + 0 (6-70)
and minimise witn respect to ¢ , we find
AL— _ _ Pﬁw}
2 [%u +1B{u}]

: > ; - 1 .
e have seen above tnat P\{u) behaves as «w for

(6=71)

large s so (0-71) nas a minimum for finite W
only if B P > 1) for larg

Yy (&) ~ w', (P or large wo» .
fiowever when & 1is large, we may replace the
Bogolubov spectrum by a parabolic one i.e. let
= QO , since only large k is important. If
¢C = 0 , it is easy to see from (o-60) tnat if
ﬁ = 0O , the dependence on w of A(._,) , B

i

and any coefficient of higher order ¢ is w .

Thus for tane hard-core pseudo-potential the
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unevaluated terms make no difference.

£

6. Discussion.

Although this chapter was opened in the hope
that the path-integral techniques might provide
some insight into the mode -of behaviour of the
untrapped impurity, we have to close it with the
unfortunate conclusion that thie method used is
inapplicable to the problem. We cannot even in-
dicate the region of applicability of perturba-
tion thedry techniques as we have been unable fo
obtain meaningful results when we attempt to ex-
tend them. What is not clear at present, is
wnether the difficulty we have found is a mathe-
matical or a physical one. The trial action func-
tional is sufficiently general to be capable of
simulating the behaviour of the electron. Yet
this very generality leads us into mathematical
difficulties. Until we héve found a hetler way of
evaluating tue integral in (6-13) for all ranges
of the variables \V and W , we cannot improve
on tihe perturbation theory result and test the

L - - - - - .
validity of the trial action. This point is cer-
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tainly worth further investigation, if only for
the light it sheds on Feynman's method and on the
application of path-integral techniques to Hamil-

tonians of the form (6-11).




132,

CHAPTER 7.

THE NLGATIVE ION IN A FERMI SYSTEM.

1., Introduction.

In the earlier parts of this thesis, we

nave been exclusively working with boson systems
and have shown that when fhere is a strong repul-
sive interaction between the system and an impu-
rity, the impurity becomes self-trapped and cre-
ates. a bubble around itself. low boson systems
are characterised by the existence of a ground
state with long-range order and it is essential-
ly the distortion of this state that we have con-
sidered to be the formation of the bubble. We
have been able to do this because at low tempe-
ratures it is legitimate to equate the local den-
sity of the bosons with the local density of the
ground state. However, having made this correla-
tion, it is not clear how mucih the resulls depend

on the boson statistics or to what extent they are



'hydrodynamic' results, i.e. that the bubble would
exist in any ligquid that has a sufficiently strong
interaction with the impurity. The criterion on
which the existence of the bubble depends is in
fact independent of the statistics of thé system,
The criterion is that the energy of the trapped
impurity must be higher than any energies asso=-
ciated witin the surrounding medium, or equiva-
lently, that the frequency of the motion of the
impurity is rapid compared to those of Cthe atoms
containing it. Stated thus, it is clear that the
statistics the atoms obey only effect the bubble
insofar as tiiey determine the energies of the ind;-
vidual atoms. Hence it should be possible for a
self-trapped state to exist in a Fermi system as
well as in a boson system, provided only that the
Fermi energy is less than the energy of the trap-
ped impurity. To demonstrate this, let us consi-
der an imperfect Fermi gas and use tne Thomas=-
Fermi approximation to obtain the variation in

density of the fermions,
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2. The FEguation of lotion.

The basic equation for tne energy E} of
the impurity in this system is
- R VLdD + ¢ fw (3‘&’)/{1‘—')&31’ ’EIC(JP (71

%m

where we assume that the impurity may he descri-
bed by a wave-function ¢%£) whose behaviour is
governed by its interaction with the density
of the fermions. With tune Thomas-Ferni abpro—
Ximation, we nave that the density is determined
by the condition that the maximum energy per par-
ticle E;_ of the ferm;on system at any point is

constant ;
. ? Y 3
£ - Jﬁ(s—.\—l{;u)) + (V(x-x) pan) dx
2 2M
; i T
+SMM$—¥)¢(y)&xf
_ (7-2)
Je will again use thne pseudo-potertial form
of tne potentials discussed in Chapter 3.

VIO IO S (O

(3-18)

ﬁ/“ (3-19)
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Inserting these into (7-1) and (7-2) and letting
"= o=\ we obtain the following pair
of equations,

Voo +1Ede - k<8 p) by =0

(7-3)
(31(?)"”3 + 35 009 + k<4 M ¢'w - 2F, - 0

(7-k)

—

The quantity kL, can be immediately determined
from the condition that d)@) vanishes at large
distances from the origin and that P(@) there is

the undisturbed fermion density.
—~ 1/3 )
2t = (?)T\'q-/p(ao)) —+ g'ﬁm/o(m) (7-5)

Moreover since /o(x) can never be negative, it
is clear from (7-4) that the density vanishes

everywhere that

DM >E, (7-6)

It is this condition together with the normali-
zation of the function ¢%Q that determines the

size of thne cavity in the fermion system. The
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behaviour of ¢H@) is determined by (7-3) which

can bé reduced to a second-order non-linear equa-
tion dependent on ¢) only by substituting for /0(§)
from (7-4%). The resulting equation is only valid

if (7-6) is violated. If (7-6) is satisfied then
qb(z) satisfies,

qu‘)(;) + E oy =0 FS

3. Analogue Computation.

Equations (7-3) and (7=4) can be readily re-
duced to radial equations (neglecting angular mo-
sentum states) and in this form were set up on a
PACE TR 48 analogue computer. In view of the fact
that this technique has already been fully dis-
cussed in Chapter 3., we will restrict comments
here to those specific to the problem.

As has been pointed out already the equations
can converted into a single non-linear differential
equation, so they are much simpler to handle than
thie pair of coupled differential equations we dis-
cussed above. since there are only two boundary

conditions to be satisfied, namely “*l‘Q/oLr | =0
f':O
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and &{t; Q{ﬁ = 0O where Qﬂj is the radial
part of ¢(;) , the machine can be made to hunt
solutions that satisfy the integral condition,.

One has only then to vary E: manually in order
to find the soluti»n that satisfies the boundary
condition when ~ 1s large.

“he analogue programme is shown in Figure 7.1.
and the solution in Figure 7.2.. Figure 7.3. shows
a sequence of solutions in a typical machine hunt
for that solution which satisfied the integral
condition. In this sequence, E? was virtually at
its correct value and the final trisl solution is
tending to zero as Y increases. If E] rad been
set too large the solution would. nave cut the
r-axis, too small tiien the solution would never
have reacned the axis, For clarity only on the
final run was the function /Mr) plotted. The ne-
gative values of f(r) have no significance.

High accuracy was not sougnt in tihis calcu-
lation in view of the crudity of the Thomas-Fermi
approximation, particularly in the vicinity of
the boundary. The parameters however were selec-

ted so tunat easy comparisons with more realistic
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. - . . . 3
predictions of the lonic cavity radius in He

could be made. The values used were

J

% = 5L7 x‘osj -0-'-"7 05 3 E;:O:L'—' 53[ (7_8)
/.# o

The functions plotted in Figure 7.2, and I"igure

7.3. are the dimensionless fermion density

/Oﬂ-r) //(ao) and K \Q(f) , tiie radial part of
9’5(}5) times a scale factor K cnosen so that

k R is dimensionless,
Lo\ 7>

In Figure 7.3. the vertical units. are only mean-
ingful for the function k R . The units along
the x-axis are such that one small division is

® /3= in length. If o is taken to be the
- ~ 3 - f 8 - -
diameter of a nelium atom (2-éﬁ) tne scale is
such that the point at which /O(r) vanishes 1is

(=]
k-1 A, lhe energy of tie trapped particle
p P

is 0-08 eV , if we take its mass to be an
- . u 1. 1 - T
electronic mass, which is a factor [0 1larger
than E,,_ , the maximum energy per particle of

tiie fermions. ilence tne criterion staced at the

beginning of this chapter is satisfied.
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L., Discussion.

Althougn the calculétion cannot he applied
with any confidence to liquid He ? , 1t is inte-
resting to compare tine computed radius with a
phenomenological estimate based on Xuper's cal-
culation (1961) in liquid He®, It is simple to
adapt nis calculation. The pressure exerted out-
wards by the electron has to be equated to the
inward pressure of the zero-point motion of the
atoms minus the van der Waals pressure. There is
also a small electrostriction term.

L
Tk, Elfo - faw /0‘3 «
ko kP Lb Y (7-10)

Y A
Taking tane values E;= L7Q'deds ergs/atom
(London, 1954%) and f); Lgs‘XlOm' atoms/cec
we find the equalion

- ———

56 x 10° 3-4) 3:36 x 0"
1 655 - e -2 (1-&97) « R

31 x 0 ‘ 4
:\1-64—7‘3_‘5_;. +'5__ﬁ_£_g>:_i_€>__

(7-11)

where b is expressed in Angstroms. Since the



last two terms are small we can solve this equation

by successive approximations. We find the solution,
I) = lk-57 A (7-12)

which is surprisingly close to the computer solu-
tion. We feel that this is fortuitous, since the
imperfect Fermi gas is not a good model of H¢3 .
But the fact that the two values found are close,
together with the same proximity in the case of

He' , indicates that the radius is more strong-
ly dependent on the parameters of the liquid than
on the model., It should be noted, however, that
the only other published estimate of the bubble
radius in kﬁ‘(m;ﬁ) differs wildly from the above °
(Clark, 1963).
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CHAPTER 8.

FURTHER PROBLEMS AND CONCLUSION.

1. The Pressure Dependence of the lons.

The bubble model of the negative ion has
been successful in explaining the observed mobi-
lity of the negative ion at low fields and also
provides a basis for discussion of phenomena
such as the Careri steps (Careri, Cunsolo and
Mazzoldi, 190l). But the mobilities of both the
positive and negative ions and their step-like :
behaviour with increasing field are qualitatively
similar. Thus it is oniy required that the theo-
retical models of the positive and negative ions
have a similar macroscopic structure. Since the
ratio of the theoretical radii of the ions is the
same as the ratlio of the experimental critical
drift velocities at which the Careri steps occur,
we nave reasons to think that the models are cor-

rect. Apart from this indirect evidence, the ex-
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periments do not critically differentiate between
tiie models of the ions. Where the behaviour of
the ions differs drastically is in the observed
pressure dependence of the mobilities (Mfeyer and
Reif, 1961, and Cunsolo and Mazzoldi, 196l1). This
is shown in Figure 8.1l.. The behaviour of the mo-
bility of the positive ion under pressure can be
explained straightforwardly. The mobility is go-
verned by collisions between the ion and rotons.
The known change in number density of rotons with
pressure accounts well for the ohserved change in
the mobility. This theory also accounts for the
behaviour of the mobility of the negative ion
above 10 atmospheres. Below 10 atmospheres the
benaviour of the negative ion mobility is stri-
kingly different. At zero pressure tae mobility
is substantially lower that that of the positive
ion and, as the pressure increases, the mobility
increases to a value closé to that of the positi-
ve ion, from wihich it then steadily decreases.
The difficulties associated with explaining
this behaviour on the basis of the bubble model

are manifold. If one accpets Atkins (1959) electro-
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striction model of the positive ion, one can ex-
plain the above mobility change by postulating
that the model 1s virtually pressure independent.
This can be forced on the theory by assuming
that the growth of the ceantral solid core (if it
exists), as tine external pressure approacnhes the
melting pressure, is restricted by surface ten-
sion (Atkins, 1959, 1963). Above 10 atmospheres
we must assume that electrostriction effects
play a dominant role in determining the mobility
of the negative ion as well. This implies that
radius of the bubble decreases steadily from

o
about |Q.ﬂ at zero pressure to a value approxi-
mately that of the radivs of the positive ions

o

core (6 or] A ) as the pressure increases. Ilow-
ever this requires tnat the bubble hodel is very
much more sensitive to pressure than Kuper's
(1961) calculation allows. If this calculation
is taken as a basis, a change of 10 atmospheres
in the external pressure would reduce the radius
of the bubble by less than one Angstrom, i.e.
less than 10%, whereas a change of the order of

50% is needed.
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The only concept that could explain such a
pehaviour is that of electron penetration into
the liquid. Kuper assumes that the electron is
virtually in an infinite potential well and we
have seen in earlier chapters that this is not
a bad approximation. As the pressure increases
however, the penetration will become larger and
the electrostrictive forces will play a more
important part in determining the radius of the
bubble. This may cause tiie bubble radius to be
strongly pressure dependent. This theory certain-
ly merits further investigation.

The rough idea of the collapsing bubﬁle was
mentioned in a footnote by Kuper (1961) and was
also conceived by Cunsolo and Mazzoldi (1961).
Nelther of these authors have worked out any

details.

ransition from the Free to the Trap-

A second problem of some interest is an ade-

quate treatment of the transition of the electron



from the self-trapped state to the corduction band
behaviour. As we have seen in Chapter 6., path-
integral techniques seem to be inapplicable beyond
the perturbation theory limit. In any case, we
would not expect the theory to apply to the bubble
mode because of the assumption in developing the
Hamiltonian of the validity of the expansion into
plane wave states. At present, the best that can
be done, in order to predict the density at which
the transition occurs, is to compare trie energy
given by perturbation theory with the energy of
the bubble structure at various densities and
choose that density at which they are enual to be
the transition density. This has been done (in a
paper to be published) by Jortner, Kestner, Rice
and Cohen. Their perturbation theory differs

from ours in that it assumes that the helium
atoms occupy rigid sites, whereas the polaronic
perturbation theory allows the atoms to recoil.
Their estimate of the bubble radius (21 A) also
differs from ours as they assume that-the radius

is determined by the external pressure not by

the zero-point pressure of the atoms as we have
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done. lheir caleculation however is aimed at deter-

mining the structure of the negative ion in helium

gas as it is only in densities as low as those of

zas that one obtains tne transition. The den-

-

tiie
sity at which they find the transition should oc-
cur is 09 x 10" alos Jcc 5 which in terms of
the coupling constant defined in Chapters 3. anrd
4, is o= |-\l X \0> . This is a factor 5 lar-
ger tnan the minimum o« found in Chapter 4. but
as remarked tunere, the model could not describe
the free-electron so could not be expected to
give more tnan an order. of magnitude.

This argument is quite crude but the result
is in fair agreement with the density at which a
sharp drop in the negative ions mobility occurs
(Levine and Sanders, 19062). The experimental va-
lues of the mobility drop rapidly over four or-
ders of magnitude as the density is increased
between the values O-6 x 10" atoms/cc and
‘-5 x o™ atoms/cc. There seems little doubt

that tiils drop is caused by the transition from

the free electron state to the trapped state, par-

ticularly in view of the agreement with theory,
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but tiie mechanism is not altogether clear as the
pressure required for the mobility drop to occur
is close to the saturated vapour pressure and
hence the pure gas model may not be valid. Apart
from this one reservation, we believe thnat the
result is additional evidence in support of the
bubble theory. It is fair to say, however, that
the theories that describe the motion of the
electron above and below the transition fail in
the region of the transition. A tneory that covers
both limits and the transition region remains

unknw.

3. Coneclusion.

In this thesis we have attempted to put the
bubble model of tne negative ion on a firm theo-
retical basis and to calculate from first prin-
ciples some of its.characteristics. “hether we
have succeeded depends on the judgement of the
reader. i‘here remain many problems most of which
we hope we have outlined in the body of this work.
The behaviour under pressure, the effect of pola-

rization, the transition to the free state, the
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effect of collisions with excitations in the
helium, further excited states of the ion, in
particular rotational states and deformed confi-
gurations are but a few of these problems. .hat
is certain is that there now exists a bhody of
work on tiie structure of the negative ion, to
which we nave contributed a little and from
which discussion of these further problems can

proceed.




In this appendix, tne non-linear, non-auto-

nomous second-order differential equation
il 3
R+ 2R+ R-R* = O (4-1)

will be studied. Primes denote differentiastion
with respect to ¥ . Hquation (A-l) has three tri-

vial solutions,

R= O, b, =1 . : (A—2)'

The solutions R= ¥l divide all solutions that

obey the boundary condition, R0 at~+= 0 , into

three distinet types ; (a) |R@I< 1, (b) R@ > |\ 5

(¢) R@ < —1| . Type (a) perform damped oscilla-
tions about R-0 , types (b) and (e¢) diverge mo-
notonically to + e« and — %« respectively.

lore specifically the following theorems can
be proved.

Theorem 1. (a)

If X&) is a solution of (A-1), continuous
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and witn continuous derivatives, and X/(f) =0 for
some value of ¥ ,%-k say, such that X(k)>1 ,
then X(© > 1 for all >0 and X’()> 0 for
all v>k , and X' @ < © for all 0<*v<k .,
Proof : If X'(k) =0 then from (a-1)

X0 = X2k - x(k) > o (A-3)

Hence X(k) is a minimum of X(v) in the (X,+) plane.
Hence for some §>6 , X/(k*'3)>0 and X' (k- S)( 0,
and X (k£ §$) > X(k) . Hence X'® >0 for
all v+>k and X'(» £ 0 for all 0<r<k,
Since if X' =0 for some v>k , let v=€ be
the first value of + at which X'(€) =0 . Then

X(E) must be a minimum. Hence, since Xi(r) is
continuous and X/G(%—S)>O and X'(€-$§)< 0 ,
there exists some v in k+§ <+ < {-§ at which

X't) = o, which contrédicts the assumption
that € was tue first value of + >k at which X'@)
vanished. Similarly for v < k
Q.E.D.

similar theorems can be proved for tie cases

) X < -1

(e) o < x() <\ (A=4)
@ o> x>~
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In case (b) X(k) can be proved to be a maximum
and X' @© >0 for all 0<+<k% and X'@®©< 0 for
all ¥>k . In (e), X(k is also a maximum and X'©
cannot change sign at any ©=4{£ = k unless X ()
vanishes in the open interval (€, k) . In (d), X (W
is a minimum and Xzﬁﬂ similarly cannot change
sign at ©={ unless X\ vanishes in (¢,k).
Theorems (b) and (d) can be deduced from (a) and
(¢) by observing that (A-1) is unaltered under
tne transformation Rit)—% v R&), i.e. refiexion
in the - 0 axis in the (R, +) plane.

The substitution Qs: %_7¢(¢) reduces (A-1)
to
&

If the maximum value of X &+, the solu-
tions of (A-5) tend asymptotically to the solu-
tions of X// £Y = O - (]
llowever, in Chapter 3., we are more interested
in solutions. that behave asymptotically as

i{: l , so for large 1, write,

%:T"‘l‘g("(‘)
(A-7)

Kan-2 Lo e
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;r.rhere'%(r) is small, and - 0 as > , Then
" 3 W (¢-_+ &)3
WAL =E o § +(+8) -2 = O (a-8)
¥ : Sl
or since S(r) is small, neglecting higher order

terms than the first

b -28 =0 (4-9)

The solution-: S(r);ae.‘zr satisfies the
condition that S{f)-? 0 as € > < , Hence there
exists solutions of (A-l), that for large  be-
2.1‘"

Yy = |+ o & (A-10)
%

have as

These solutions are not necessarily finite at
-~ © , but we are interested in Chapter 3. in
solutions like (A=10) that vanish for some finite
T 0 . Ifin \/(-;«) , a<0, from Thcorem 1. (c),
since for some finite f=wm , \/(m) < l and
Yy > o , then either for some O0< ¢ <M |
Y () nmnust vanish, or Y(#) is monotonically in-
creasing from some value Y(o) at =0, O <NYor<),
and Y’(@ > 0 . low tfnese. last two conditions
are mutually incompatible for the condition that

\/(o) is finite, implies Y?O}-—-O . “he proof
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of tnis statement is as follows (Chandrasekhar,
1939, proves tihis theorem for the equation
R” + %‘__ {{f “+ Rn - O . We merely adapt his
proof lLere).
The solutions of (A-l) that are finite at
the origin in the (R)r) plane correspond to solu-
tions oif (A-5) that pass throuzh the origin in

the (X, #) plane. Also

SO I (4-11)
Av ¥ od * _

Hence [ cL’)L Y
) ke (%)
AY /o= 0 cH0

/
Bxpanding X@ and X() in a Taylor series about

P:O 1 £
E) - O + = X' (o) +r—1-")(.'(o)-¢-~-

and W () = X'© + X0 +--

and substituting in (A=12) gives

dg) Lol T Ly

b —] L v - (8]

(tLr/fzo T30 sz ()]

¢ 5 T
T‘—ao L ( )]
- 0

since R=L‘f_ is finite at &= 0 , and X =0 at v=D.

Hence YY) must vanish for some finite v , since

/ .
Y(O) cannot bhe greater than zero at v~ 0 for
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finite Y . Fizure A.l. shows solutions tha% have
Q’ﬁO at =0 and R (@) x| . Also siown in
Figure A.l. are two solutions that vanish at

=4 and are upper and lower bounds to the solu-
tion that satisfies the condition that R=1 as
~ — o0 . The solution that satisfies this con-
dition lies between these two. |

The two solutions R=l and R--} are un-

stable. rhis 1is easily seen from Figure A.2.
wiiich siiows tlhie phase-=plane diagram of solutions
of (A-l) which are finite at the origin. The so-
lutions R\ , R=-1 are the points (0,1\) and (0-1) .
Unstable solutions are characterised by saddle-
points in a phase-plane diagram. 3table points,
such as (0,0 , are characterised by lines that
spiral into them. To find the separatrices, we
observe that tihiey result from the liniting solu-
tions above and below RK-<1| or R--| . Ience,
since we can always find a solution such that
given -, (é ég) is negligible at v , the sepa-

ratrices result from tne limiting solutions of

i 3
R B~ = 0 (A-13)
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for waich R0 0 , and R(o) =1+$ , as § » o .
Let Y- K(r) and = R () 5 wnere x=0 , 4=0O

are the coordinate axes in tiie phase-plane. Then

" dx
R~ = E-R = o (A-1Y4)
and OE - R' = > (A-15)

Hence the separatrices are given by the solutions

of ix B 33, “

clb >

(A-16)

which pass through the points (Ql), (0,-)) . These

are the two parabolae
‘31"’ (l tlz “") (A-17)

enclosing the origin.
The separatrices are drawn in Figure A.2..
Also for comparison, is shown the phase-plane dia-

gram of the solutions of

1

R+k =0 (A-18)
that satisfy R'=0,R=1 at -0 .
Equation (A-13) is, of course, a special case of

tiie equation whose solutions are Jacobean ellip-
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tiec functions. The solutions of more gzeneral equa-

tions)( |2 Mm20 , o real),

" T 3 .
R+ ()R -a R =0 (4-19)

if s 3
A & (14w —om R =0
\Q 2 ( ) R (A-20)
that satisfy the boundary conditions Q'(o) = 0,
== | ad ” af
R(o) = | , are de (&\m) and cd ('\ﬁ\h)
respectively. As m>| , a-» | both these solu-
tions degenerate to the line, R@ = | .
Finally we list a few alternative forms of

(A=1) that might be useful for special purposes.

XE© 5 R+ % L

r‘l..-

(8

W) Re Y@ ;3 Wil —~ E5.% - o
\ 8

‘('1-

. i
m) R = ')(.({-)) 1‘={—j—1 3 (-{:{é) % E% ~RNE = O

V) Re XM ety Y a% X+ HL =0

where X = G-L}
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