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Abstract

The use of graph theory has become widespread in the algebraic theory of semi-
groups. In this context, the graph is mainly used as a visual aid to make presenta-
tion clearer and the problems more manageable. Central to such approaches is the
Cayley graph of a semigroup. There are also many variations on the idea of the
Cayley graph, usually special kinds of subgraph or factor graph, that have become
important in their own right. Examples include Schiitzenberger graphs, Schreier
coset graphs and Van Kampen diagrams (for groups), Munn trees, Adian graphs,
Squier complexes, semigroup diagrams, and graphs of completely 0-simple semi-
groups. Also, the representation of elements in finite transformation semigroups
as digraphs has proved a useful tool.

This thesis consists of several problems in the theory of semigroups with the com-
mon feature that they are all best attacked using graph theory. The thesis has two
parts. In the first part combinatorial questions for finite semigroups and monoids
are considered. In particular, we look at the problem of finding minimal generat-
ing sets for various endomorphism monoids and their ideals. This is achieved by
detailed analysis of the generating sets of completely 0-simple semigroups. This
investigation is carried out using a bipartite graph representation.

The second part of the thesis is about infinite semigroup theory, and in particular
some problems in the theory of semigroup presentations. In particular we con-
sider the general problem of finding presentations for subsemigroups of finitely
presented semigroups. Sufficient conditions are introduced that force such a sub-
semigroup to be finitely presented. These conditions are given in terms of the
position of the subsemigroup in the parent semigroup’s left and right Cayley
graphs.
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Preface

This thesis is a collection of problems, and some solutions, from the theory of
semigroups. It is divided into two parts. In the first part finite semigroups are
considered and some combinatorial questions are investigated. In the second part
infinite semigroups are considered, in particular we look at a number of questions
in the theory of semigroup presentations. A summary of the topics covered in
this thesis is given below.

In Chapter 1 the necessary semigroup theory and graph theory preliminaries
are given. In Chapter 2 minimal generating sets for finite completely 0-simple
semigroups are investigated. In particular, we give a formula for the minimum
cardinality of a generating set for such a semigroup. Several applications to var-
ious finite semigroups of transformations are also given. In Chapter 3 semibands
(idempotent generated regular semigroups) are considered. Connections between
minimal generating sets of idempotents of semibands, and matchings in bipartite
graphs are explored. Necessary and sufficient conditions for a completely O-simple
semigroup to have an extremal idempotent generating set are given. These results
are applied to ideals of the full transformation and the general linear semigroups.
A consequence of this is a result giving necessary and sufficient conditions for
a subset of a two-sided ideal of the general linear semigroup to be a minimal
generating set.

Independence algebras and their endomorphism monoids are the subject of
Chapters 4 and 5. The main results of these chapters generalise combinatorial
results of Howie and McFadden for the full transformation semigroup, and re-
sults of Dawlings for the general linear semigroup, to the more general context
of endomorphism monoids of independence algebras. The necessary and suffi-
cient conditions for completely 0-simple semigroups to have extremal idempotent
generating sets, established in Chapter 3, provide the basis on which the main
results of Chapters 4 and 5 are constructed. We finish our consideration of finite
semigroups in Chapter 6 where an extremal problem for subsemigroups of the
full transformation semigroup is discussed. The largest order completely simple
subsemigroups of the full transformation semigroup are described using an argu-
ment that involves counting the number of distinct r-colourings of members of a
certain family of r-partite graphs.

Chapter 7 is the place that we begin our study of infinite semigroups and
in particular the theory of semigroup presentations. Given a finitely generated
semigroup S and subsemigroup T of S we define the notion of the boundary of

xi



T in S which, intuitively, describes the position of T inside the left and right
Cayley graphs of S. We prove that if S is finitely generated and T has a finite
boundary in S then T is finitely generated. We also prove that if S is finitely
presented and T has a finite boundary in S then T' is finitely presented. Several
corollaries and examples are given. In Chapter 8 we continue with the subject-
matter introduced in Chapter 7. In particular, the boundaries of left and right
unitary subsemigroups are analysed which leads to results for presentations of
unitary subsemigroups. Several applications are given.

The main results of the thesis have been written up as a series of five research
articles; see [42], [43], [44], [45], [46]. For all of the main results of this thesis,
approaching the problem from the point of view of graphs proved to be the “right
way” of thinking about the problem. I hope the ideas that appear here will be of
interest to those who read them and especially to others who, like me, think in
pictures.
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2 Chapter 1, Preliminaries

1.1 Semigroup theory preliminaries

In this section all of the basic semigroup theory needed to understand the results
of the thesis will be presented. All of the definitions and results are standard and
can be found in any introductory text on the subject (see for example [57], [64],
[49], [52] or [21]).

Subsemigroups and generating sets

A semigroup is a pair (5,-) where S is a non-empty set and - is a binary operation

defined on S that satisfies the associative law
(z-y)-z2=z-(y-2)

for all z,y,z € S. The product of two elements z and y is usually written just as
xy rather than x-y. If a semigroup contains an element 1 with the property that
rl = 1z = z for all x € S then we call 1 the identity element of the S and we
call S a monoid. If a semigroup contains an element 0 that satisfies 20 = 0z = 0
for all x € S then 0 is called a zero element of the semigroup. A semigroup can
have at most one identity element and at most one zero element.

We use S' and S° to denote the semigroup S with an identity or a zero

adjoined, respectively. That is,

5l fol if S has an identity element
SuU{l} otherwise
and
o o) if S has a zero element
SY =

SU{0} otherwise.

If A and B are subsets of a semigroup we define the product of the two sets as
AB = {ab: a € A,b € B}. In the special case of singleton subsets A = {a} we
write aB rather than {a}B. So for example, S'a = SaU {a}.

A non-empty subset T of S is called a subsemigroup if it is closed under
multiplication. Let S be a semigroup and let {T; : ¢ € I} be an indexed set of

subsemigroups of S. Then if the set (.., 7; is non-empty, it is a subsemigroup

el
of S. In particular, for any non-empty subset A of S the intersection of all the
subsemigroups of S that contain A is non-empty and is a subsemigroup of 5. We

use (A) to denote this subsemigroup and call it the subsemigroup of S generated
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by the set A. The subsemigroup (A) is the set of all elements in S that can be
written as a finite product of elements of A.

An element e € S is called an idempotent if it satisfies e? = e. We use E(S)
and F(S) to denote the idempotents of S and the subsemigroup generated by the
set of idempotents, respectively. A band is a semigroup such that every element

is an idempotent.

Homomorphisms and congruences

A right congruence on a semigroup S is an equivalence relation p that is stable

under multiplication on the right. In other words, for all a, s,t € S
(s,t) € p= (sa,ta) € p.

An equivalence relation which is stable under left multiplication is called a left
congruence and a relation that is both a left and right congruence is called a
(two-sided) congruence on S. If p is a congruence on S then we can define a

binary operation on the quotient set S/p by

(ap)(bp) = (ab)p.

A map ¢ : S — T where S and T are semigroups is called a homomorphism
if for all z,y € S
(2y)p = xdys.

If S and T are monoids then, to be called a monoid homomorphism, ¢ must also
satisfy 1g¢ = 1p. A homomorphism that is injective will be called a monomor-
phism and if it is surjective it will be called an epimorphism. Also, a homomor-
phism is called an isomorphism if it is bijective. When there exists an epimor-
phism from S onto T' we say that T is a homomorphic image of S. If there is an
isomorphism ¢ : S — T we say that S and T are isomorphic and write S = T. A
homomorphism from S to itself is called an endomorphism and an isomorphism
from S to itself is called an automorphism. The set of all endomorphisms of S,
under composition of maps, forms a monoid. We call this monoid the endomor-
phism monoid of S and denote it by End(S). Similarly, the set of automorphisms
forms a group that is denoted Aut(S) and is called the automorphism group of

S. Given amap ¢ : S — T we define

ker¢ = {(z,y) € S x S :x2¢ = yo}
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and call this the kernel of the map ¢. The first isomorphism theorem for semi-
groups tells us that with every epimorphism ¢ : S — T the kernel ker¢ is a
congruence on S and S/ker¢ = T. Conversely, if p is a congruence on S then
the map ¢ : S — S/p defined by z¢ = x/p is an epimorphism from S onto the
factor semigroup S/p.

Ideals and Rees quotients

A subsemigroup T of a semigroup S that satisfies T'S C T is called a right ideal.
Dually, if ST C T then T is called a left ideal and T is called a (two-sided) ideal
if it is both a left and a right ideal. An ideal I of S is called proper if I # S. If
I is a proper ideal of a semigroup S then

pr={(s,s):s€ S}U(I x I)

is a congruence on S. It is useful to think of S/pr as (S '\ I) U {0} where all
products not falling in S\ I are equal to zero. We shall call a congruence of this
type a Rees congruence, and if a homomorphism ¢ : S — T is such that ker ¢ is a
Rees congruence we shall say that ¢ is a Rees homomorphism. We shall normally
write S/I rather than S/p; and call this the Rees quotient of S with respect to I.

Regular semigroups, Green’s relations and the structure of a D-
class

Green’s relation were first introduced in [48]. They describe the ideal structure
of a semigroup. Since their introduction they have played a central role in the
structure theory of semigroups. We now define Green’s relations R, £, 7, D and
‘H and give some of their basic properties.

Let S be a semigroup and let s € S. The principal right, left and two-
sided ideals generated by s are the sets sS! = sS U {s}, S's = SsU {s} and
S1sS! = 55 U Ss U SsS U {s}, respectively. For s,t € S we say that s and ¢ are
R-related, writing sRt, if s and t generate the same principal right ideal. We say
they are L-related if they generate the same principal left ideal, in which case we
write sLt. Also, we say s and t are J-related, writing sJt, if they generate the
same principal two-sided ideal. We define H = RNL and D =Ro L = Lo R:
the composition of the binary relations R and £. Each of these relations is an
equivalence relation on the semigroup S and we call the corresponding equivalence
classes the R-, L-, J-, D- and H-classes, respectively of S.

Given an element s € S, we will use Ry, L, Js, Dy and H, to denote the R-,



Section 1.1 5

L-, J-, D- and H-classes, respectively, of s in S. Since R, £ and J are defined
in terms of ideals, ordering the right, left and two-sided ideals of S by inclusion

induces a partial order on these equivalence classes given by

L,<L, & Slacsl
R, <R, & aS!CbS!
J.<J, & SlaS!cC Slhst.

In finite semigroups the relations P and 7 coincide and, when working with finite
semigroups, we write Dy < Dy to mean J, < J,.

Each D-class of a semigroup S is a union of R-classes and also is a union of
L-classes. Moreover, aDb if and only if R, N Ly # @ which is true if and only if
Ryn L, # @. If Dis a D-class of S and if a,b € D are R-related in S, say with
as = b and bs’ = a, then the right translation ps : S — S defined by zps; = zs
maps L, to Ly. The map py : S — S maps L back to L, and the composition of
the maps pspg 1 S — S acts as the identity map on L,. Moreover, the map p; is
R-class preserving in the sense that it maps each H-class on L, in a 1-1 manner
onto the corresponding (R-equivalent) H-class of L. There is a dual result for
L-classes. These results, collectively, are known as Green’s lemma.

It is often useful to visualise a D-class of a semigroup using a so called egg-box
diagram. An egg-box diagram of a D-class D is a grid whose rows represent the
R-classes of D, its columns represent the L-classes of D, and the intersections
of the rows and columns, that is, the cells of the grid, represent the H-classes of
the semigroup. Egg-box diagrams will be found scattered amongst the chapters
of this thesis. They provide a useful tool for visualising semigroups.

The H-classes of a given D-class all have the same size. Each H-class H of S
is either a subgroup of S or satisfies H> N H = @. An H-class is a subgroup of
S if and only if it contains an idempotent (which will act as the identity of that
subgroup). We call the H-classes that contain idempotents the group H-classes
of S. Any two group H-classes in a given D-class are isomorphic.

An element a € S is called regular if there exists € S such that aza = a.
The semigroup S is said to be regular if all of its elements are regular. If D
is a D-class then either every element in D is regular or none of them are. The
D-classes that have regular elements are called the reqular D-classes. In a regular
D-class each R-class and each L-class contains an idempotent. If a € S then we

say that @’ is an inverse of a if

ad'a=a, dad =ad.
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An element has an inverse if and only if that element is regular. The following

lemma is used extensively in the thesis.

Lemma 1.1. Let a, b be elements in a D-class D. Then ab € R, N Ly if and

only if Ly N Ry, contains an idempotent.

0-simple semigroups, the Rees theorem and principal factors

A semigroup is called simple if it has no proper ideals. This is equivalent to
saying that the semigroup has a single J-class. A completely simple semigroup
is a simple semigroup that has minimal left and right ideals. Every finite simple
semigroup is completely simple.

A left zero semigroup is a semigroup in which every element acts as a left zero
(i.e. in which zy = z for all z,y € S). A right zero semigroup is one in which
every element acts as a right zero. Note that left and right zero semigroups are
just special kinds of completely simple semigroup.

A semigroup is called O-simple if {0} and S are its only ideals (and S? # {0}).
This is equivalent to saying that {0} and S\ {0} are its only J-classes (and
S? #£ {0}). A semigroup is O-simple if and only if SaS = S for every a # 0 in S.
A semigroup S is said to be completely 0-simple if it is O-simple and has O-minimal
left and right ideals. By a 0-minimal left (respectively right) ideal we mean a
left (respectively right) ideal that is minimal within the set of all non-zero left
(respectively right) ideals ordered by inclusion. Every finite O-simple semigroup
is completely 0-simple.

0-simple semigroups occur naturally ‘inside’ arbitrary semigroups appearing
as principal factors of J-classes. Let J be some J-class of a semigroup S. Then
the principal factor of S corresponding to J is the set J* = J U {0} with multi-

plication

0 otherwise.

{ st if s.t,steJ
s*t =

The semigroup J* is either a semigroup with zero multiplication or is a 0-simple
semigroup. The following construction, due to Rees, gives a method for building
completely O-simple semigroups

Let G be a group, let I, A be non-empty index sets and P = (py;) a reqular
A x I matrix over GU {0} (where regular means that every row and every column
of P has at least one non-zero entry). Then S = MO[G;I,A; P, the I x A

Rees matriz semigroup over the 0-group G U {0} with sandwich matriz P, is the
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semigroup (I x G x A)U {0} with multiplication defined by

(i, gpxjh, i) if pa; #0
0 otherwise

(629 \) (G b ) = {

The semigroup S = MO[G; 1, A; P] is completely O-simple. Moreover, by [57,
Theorem 3.2.3] every completely O-simple semigroup is isomorphic to some
MO[G; I, A; P).

Semigroups of transformations

Let X be a non-empty set. The symmetric group Sy consists of all bijections from
X to itself under composition of maps. The full transformation semigroup T'x
consists of all maps from X into X under the operation of composition of maps.
The partial transformation semigroup Px consists of all partial maps of X, while
the symmetric inverse semigroup Iy consists of all partial one-one maps of X.
When | X| = n we often write S,,, T,,, P, and I, in place of Sx, T'x, Px and Ix
respectively. When |X| = n we often identify X with the set X,, = {1,2,...,n}.

For every a € T'x we define
ima = {za:a€ X}
and call this the image of the map . Also we define
kera = {(z,y) € X x X : za = ya}

and call this the kernel of the map «. This is clearly an equivalence relation on
the set X. We call the equivalence classes of ker o the kernel classes of the map
a. A partition of the set X is a family of pairwise disjoint, non-empty subsets
of X whose union is X. Thus the kernel classes of a transformation in Ty are
a partition of the set X. Often it will be convenient to write ker e in terms of
this partition rather than as a subset of X x X. For example, the kernel of the

1 4
a = = 8 € Ty
1 2 2 13
would be written as ker a = {{1}, {2,3},{4}}.
Given a partition U;e;X; of X we define the weight of the partition to be

element

|[I|. The Stirling number of the second kind, S(n,r), is the number of partitions
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of {1,...,n} with r (non-empty) parts. This number is given by the following

recursion formula:
S(n+1,k) =kS(n,k) + S(n,k—1)

where S(1,0) = 0 and S(1,1) = 1. Given a partition of the set X we call a system

of distinct representatives of this family of sets a transversal of the family.

Direct and semidirect products

If S and T are semigroups then the set S x T with multiplication
(s1,t2)(s2,t2) = (s152,t112)

forms a semigroup that we call the direct product of S and T. More generally,
let T and S be semigroups and 1 be a homomorphism of S into End(T"). Denote
by *t the value of ¢(s) € End(T') at t € T. We view 9 as a left action of S on
T, ®1(%2t) = s1%2¢ by endomorphisms *(¢1t2) = *t1°ts. The semidirect product of
T and S over ¥ is the semigroup T' X, S on the Cartesian product T' x S with
multiplication

(t1,51)(t2, 52) = (t1°' L2, 5152).

In the special case where ¥(5) = {1gyq(7)} < End(T) the semidirect product of
T and S over 1 is equal to the direct product of S and T.

Free semigroups, monoids and presentations

Let A be a non-empty set. Let A" be the set of all finite, non-empty words in
the alphabet A. With respect to the binary operation of juxtaposition of words
the set AT forms a semigroup that we call the free semigroup on A. The set A
is a generating set for A* and it is the unique minimal generating set of A*.
Adjoining an identity 1 to the free semigroup A* gives the free monoid which we
denote A*. We think of the identity of the free semigroup A* as the empty word
and sometimes denote it by €. Every semigroup can be expressed as a quotient
of a free semigroup by a congruence. If A is a finite alphabet and if we can find a
finite set R C AT x A* such that S = A™' /p, where p is the smallest congruence

of AT containing R, then we say that S is finitely presented.
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1.2 Graph theory preliminaries

We need some basic concepts from graph theory. The ideas presented here are
standard and may be found in any introductory text on graph theory. See for
example [51], [10], [8] and [15].

Subgraphs and isomorphisms

A graph T is a pair (V,€) where V is a set and £ is a set of 2-subsets of V. The
set V is the set of vertices and the set £ is the set of edges. Given a graph I we
use V(I') and £(I") to denote the set of vertices and the set of edges, respectively,
of the graph I'. An edge {i,j} is said to join the vertices ¢ and j and this edge
is denoted ij. The vertices ¢ and j are called the endvertices of the edge ij. If
ij € £(T') we say that the vertices ¢ and j are adjacent in the graph I'. We say
that i and j are incident to the edge ij. We say that two edges are adjacent if
they have a common incident vertex.

We think of a graph as a collection of vertices, some of which are joined by
edges, and as a result graphs are often represented as pictures. For example, the
graph I' = (V,€) = ({1, 2,3,4}, {{1,2},{2,3},{3,4}}) is given in Figure 1.1.

The graph I'' = (V',&’) is a subgraph of T' if V' C V and &' C &€. If I contains
all the edges of T" that join vertices of V' then we call I the subgraph of I' induced
by V.

Given a subset W of V(I') we use I'— W to denote the subgraph of I" obtained
by deleting the vertices W and all of the edges adjacent with them. Similarly,
given a subset F of the edge set £(I') we use I' — F to denote the subgraph
obtained by deleting the edges F. An elementary contraction of a graph I' is
obtained by identifying two adjacent vertices u and v, that is, by deleting u and
v and replacing them by a single vertex w adjacent all to the vertices to which « or
v were adjacent. A graph I is contractible to a graph I if I can be obtained from
I" by a finite sequence of elementary contractions. If the graph T" is contractable
to the graph I'V then we call IV a contraction of T'.

The graphs I' = (V,€) and IV = (V',&’) are said to be isomorphic if there

Figure 1.1: A graph.
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is a bijection ¢ : ¥V — V' that preserves adjacency. That is, for all z,y € V,
xy € € if and only if ¢(z)p(y) € E'. We write I' 2 I” to mean that I' and I are
isomorphic.

The complete graph of order n is defined to be the unique graph with n vertices
and (;) edges, so that there is an edge connecting every pair of vertices, and is
denoted K,.

The degree of a vertex v is the number of edges adjacent to it and will be
denoted by d(v). The set of vertices adjacent to a vertex v is called the neigh-
bourhood of v and is denoted N(v). More generally, if W is a subset of V' then
the neighbourhood of W, denoted N (W), is defined to be the set of all vertices
of ¥V \ W which are neighbours of at least one vertex from W. We call a graph
k-regular if every vertex has degree k for some number k. A graph is regular if
it is k-regular for some k.

Paths and connectedness

A path in a graph T is a set of vertices 7 = {vg,v1,...,v,} such that v;_jv; belong
to E(I') for all 1 < i < n. We call vg and vy the initial and terminal vertices,
respectively, of the path w. A walk T is a sequence (v, e, v1,€2,v2,...,€n,0n)
where e; is the edge v;_jv; for i = 1,...,n. A trail is a walk where all the edges
are distinct. A trail whose endvertices coincide is called a circuit. A walk with at
least three vertices, where all the vertices are distinct, and where the endvertices
coincide, is called a cycle.

A graph I is called connected if for every pair {z,y} of distinct vertices there
is a path from z to y. The maximum connected subgraphs of a graph I' are called
the connected components of I'. A forest is a graph with no cycles and a tree is a
connected graph with no cycles. Therefore, the connected components of a forest
are all trees. A spanning tree of a graph I is a subgraph 7 that is a tree and that
contains every vertex of the graph I'. Frequent use will be made of the following

easy result.
Lemma 1.2. Fvery connected graph contains a spanning tree.

Of course, if I' has n vertices and 7 is a spanning tree of I' then 7 has n
vertices and n — 1 edges.

A graph I' is bipartite if V can be written as the disjoint union of two sets V;
and Vs in such a way that every edge in £ has one vertex in V| and the other
in Vo. We say that the bipartite graph I' = V) U Vs is balanced if |Vyi| = |Val.

Similarly, we say that the graph I' is r-partite with vertex classes Vy,...,V, if
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V() =ViuU...UV,, and V; NV; = @ whenever ¢ # j and no edge joins two
vertices of the same class. A complete r-partite graph is denoted K, . ., it
has n; vertices in the ith class and contains all edges joining vertices in distinct
classes.

In the above definition of graph we do not allow multiple edges or loops (an
edge joining a vertex to itself). We call a graph that is allowed multiple edges
and loops a multigraph. If the edges are ordered pairs (rather than two-sets) then
we get the notion of a digraph (directed graph) and directed multigraph. The
notions above for graphs, such as paths and walks, carry over to the context of

multigraphs and digraphs in a natural way.

Hamiltonian graphs

A cycle containing all the vertices of a graph is said to be a Hamiltonian cycle.
A Hamiltonian path is a path containing all the vertices of a graph. A graph
containing a Hamiltonian cycle is said to be Hamiltonian. No efficient algorithm
is known for constructing a Hamiltonian cycle, though neither is it known that no
such algorithm exists. On the other hand, some sufficient conditions for a graph
to be Hamiltonian are known. The following result gives a sufficient condition

for a bipartite graph to be Hamiltonian.

Theorem 1.3 (Moon and Moser, [75]). If ' = X UY is a bipartite graph with
|X| = |Y| = n such that any non-adjacent pair of vertices (x,y) € X x Y satisfies
d(z) +d(y) > n+ 1, then I' is Hamiltonian.

Matchings and Hall’s theorem

A subset F of £(I") is called independent if no two edges have a vertex in common.
Similarly, a subset V' of V(I') is called independent of no two vertices in V' are
adjacent. A matching in a graph is a set of independent edges. A perfect matching
is a matching on |V|/2 edges. In particular, in a bipartite graph I' = AU B
associated with any perfect matching is a bijection 7 : A — B that satisfies
{z,zw} € E(T) for all x € A. Note that if I' = AU B has a perfect matching then
Al = |B|.

Let Ay,...,A, be sets. A system of distinct representatives (SDR) for these
sets is an n-tuple (z1,...,x,) of element with the properties:

Q) g€ @ fort= 1y 75

(ii) x; # z; for i # j.
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Hall’s marriage theorem gives necessary and sufficient conditions for a family
(Ay,...,A,) of finite sets to have a SDR.

Theorem 1.4 (Hall’s theorem, [50]). The family (Ay,...,A,) of finite sets to
have a SDR if and only if

U4

jeJ

> |J| for every J C {1,...,n}. (1.1)

When a family of sets (Aj,...,A,) satisfies condition (1.1) we say that it
satisfies Hall’s condition. A family A = (A4;,...,A,), where A; C X for all ¢,
is naturally identifiable with a bipartite graph with vertex classes V4 = A and
Vo = X where A; € A is joined to x € X if and only if z € A;. A system of
distinct representatives is then just a perfect matching in this bipartite graph. In

this context Hall's marriage theorem becomes.

Theorem 1.5. The bipartite graph G = X UY has a perfect matching if and
only if IN(A)| > |A| for all subsets A of X.

A colouring of a graph is an assignment of colours to the vertices such that
adjacent vertices have distinct colours. A k-colouring of I' is a function ¢ : V(I') —
{1,2,...,k} such that for each j the set ¢7!(j) is independent. The chromatic
number x(I") of the graph I' is the minimal number of colours in a vertex colouring
of the graph T'.

The dual of the graph I' is the graph D(I') with vertex set V(I') and ij €
E(D(T)) if and only if ij & E(T).
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2.1 Finite semigroups and their generating sets

It is often convenient to give a finite semigroup S in terms of a set of generators A.
In many cases this set may be chosen to have considerably fewer elements than S
itself. For example, the full transformation semigroup 7, has n” elements while it
may be generated by just three transformations. In particular, the transposition
(12), the n-cycle (12 ... n), and any transformation a satisfying |ima| =n—1,
together will generate T, (see [57, Exercise 1.7]).

In this chapter we will be concerned with the problem of finding “small”
generating sets for finite semigroups. Given a semigroup S we will use rank(S)

to denote the minimum cardinality of a generating set for S. In other words:
rank(S) = min{|A4| : (A) = S}.

Our interest is in determining rank(S) and, whenever possible, in describing all
generating sets with this size. We will call any generating set of S with size
rank(S) a basis of the semigroup S.

The ranks of a wide number of finite groups are well known. In a finite group
g-1
for some positive number m) and thus, given a subset A of G, the subsemigroup

G every subsemigroup is a subgroup (since for any ¢ € G we have g™ =

of G generated by A is equal to the subgroup of G generated by A. There is,
therefore, no distinction between the group rank and the semigroup rank of G.
For infinite groups this is not necessarily the case. For example, the infinite cyclic
group Z has rank 2 as a semigroup but rank 1 as a group. It is well known that
the symmetric group satisfies rank(S,) = 2 for n > 3, as does the alternating
group A, for n > 4. In fact, any finite non-abelian simple group G has rank
2. This result is a consequence of the classification of finite simple groups. The
rank of any non-trivial finite general linear group is also known to equal 2 (see
for example [94]).

The function rank : § — N, from the class (pseudo-variety) of all finite
semigroups to the natural numbers, does not behave well with respect to taking
subsemigroups. For example, by Cayley’s theorem, every finite semigroup is
embeddable in some finite full transformation semigroup 7, while, as already
mentioned, rank(7;,) = 3 for all n > 3. On the other hand, if T' is the image of S
under a homomorphism then it is clear that rank(S) > rank(7T"). This is because

of the following simple observation.

Lemma 2.1. Let S and T be semigroups, let A be a subset of S and let ¢ :
S — T be an epimorphism. If A generates S then A¢ generates T'. In particular
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|A¢| < |A| and rank(S) > rank(T).

In [23] a group G is defined to be generator critical if all of its proper homo-
morphic images H satisfy rank(G) > rank(H). The idea being that if a group
is not generator critical then we may factor down to an “easier” group with the
same rank. Exactly the same idea carries over to semigroups and the general idea
of studying large homomorphic images of S in order to determine its rank will
be a re-occurring theme throughout this chapter.

In terms of semigroup theory, the question of rank has been considered mainly
for various semigroups of transformations. The theory of transformation semi-
groups is one of the oldest and most developed within semigroup theory. In [58]

Howie argues that

“It is this connection with maps (arising from the associative axiom)
that is the strongest reason why semigroups are more important both
theoretically and in applications that the various non-associative gen-

eralizations of groups”.

Early work on generators and relations in transformation semigroups was
carried out by Ailzenstat in [2] and [3]. In [37] Gomes and Howie prove that
the semigroup Sing,, of of all singular self-maps of X, satisfies rank(Sing, ) =
n(n — 1)/2. In the same paper they also consider the semigroup SP, < I,
of all proper subpermutations of X,,, proving that rank(SP,) = n + 1. In [59]
Howie and McFadden generalized the above result for the semigroup of singular
mappings by considering a general two-sided ideal of T),. These ideals have the

form:
K(n,r)={aeT,:|ima| <7}

where 1 < r < n (we will see the reason for this in Proposition 2.14). In particular,
in [59] it is shown that rank(K(n,r)) = S(n,r): the Stirling number of the second
kind. Garba, in [34], considered the semigroup of all partial transformations P,
on the set X, and showed rank(KP(n,r)) = S(n + 1,7 + 1) where

KP(n,r)={a € P, : |ima| < r}.

In [36] he also generalised Gomes and Howie’s result for SP, by showing
rank(L(n,r)) = (') + 1, where

Ln,r)={a€l,:|imal <r}.
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Various order preserving versions of the examples above have also been consid-
ered. Originally in [4] Aizenstat considered the semigroup of order preserving

transformations:
O, = {a € 8Sing, : (Vz,y € X;) z < y = za < ya}.

She showed that it is idempotent generated and that it has a uniquely determined
irreducible set of idempotent generators (namely the identity along with all the
idempotents e that satisfy | im e| = n—1). This result was later reproven by Howie
in [38]. We will see more on idempotent generating sets in subsequent chapters.
Also, in [38] it was shown that the semigroup O,, has rank n. In the same paper
the semigroup of partial order preserving transformations of X, (excluding the

identity map):
PO,, = 0, U {a :dom(a) ¢ X,, (Vz,y € dom(a)) z < y = za < ya}

was shown to have rank 2n — 1 and the strictly partial order preserving transfor-

mations:

SPO, = PO, \ O,

were shown to have rank 2n — 2. Also, in a series of papers [68], [67] and [66] Levi
and Seif have considered semigroups generated by transformations of prescribed
partition type. These semigroups are closely related to the S,,-normal semigroups
introduced in [65].

Given an arbitrary finite semigroup S, if A generates S and Jys is some
maximal J-class of S then AN Jyr must generate the principal factor Jys*. As
a consequence, the rank of S is equal to at least the sum of the ranks of the
principal factors that correspond to the maximal J-classes of S. If S happens to
be generated by the elements of its maximal J-classes then rank(S) is precisely
equal to this sum. In fact, this is a property that is shared by the majority
of the semigroups described above. As a consequence, in each case the rank of
the semigroup in question is equal to the rank of a corresponding completely 0-
simple semigroup. In this way, these results act as motivation for finding a general
formula for the rank of an arbitrary finite completely 0-simple semigroup.

The first occurrence of a formula for the rank of a completely 0-simple semi-
group can be found in [37] where, in order to find the rank of the semigroup SP,,
the authors give an expression for the rank of an arbitrary Brandt semigroup
B(G,{1,...,n}) in terms of its dimension n, and of the rank of the underlying

group G. In another paper [81] the author considers a class of completely 0-simple
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semigroups he calls connected, a restriction on the form of the matrix P which
in particular is satisfied by all completely simple semigroups, and gives a formula
for the rank of an arbitrary connected completely O-simple semigroup.

In this chapter we will build on the ideas of [81] giving a general formula for
the rank of an arbitrary completely O-simple semigroup in terms of the group
G, the size of the index sets [ and A, the number of “components” in the ma-
trix P, and a special term 7., that will be defined. In §2.2 some preliminary
results are introduced then in §2.3 the special case of combinatorial completely
O-simple semigroups (those whose maximal subgroups are trivial) is considered.
Graph theoretic methods for working with completely 0-simple semigroups are
introduced in §2.4. Results for connected completely 0-simple semigroups are
given in §2.5 and in §2.6-2.9 the general case is considered and the main results
of the chapter are presented. A normalization theorem is the subject of §2.10
and finally, in §2.11-2.13, several applications of the main results are discussed.

2.2 Preliminaries

Let S = M[G;I,A; P] be a finite completely 0-simple semigroup. We will use
Ri, Ly and H;y to denote the R, £ and H-classes indexed by ¢ € I, A € A and
(i, A) € I x A respectively. We can only hope to answer our question “modulo
groups” and the concept of relative rank gives us a way of accomplishing this.
Given a subset A of a semigroup S, we define the relative rank of S modulo A
as the minimum number of elements of S that need to be added to A in order to

generate the whole of S:
rank(S : A) = min{|X|: (AU X) = S}.

Example 2.2. From the discussion at the beginning of Section 2.1 we conclude
that rank(7,, : S,) = 1.

Since all the semigroups we consider here have a zero we will always include
the zero in any given subsemigroup. As a consequence of this by (X) we will
mean all the elements that can be written as products of elements of X, plus
zero if necessary. This is really just a matter of convenience and we do not lose
anything by doing it. Without this convention we would have to deal with the
cases 0 € (S\ {0})? and 0 ¢ (S \ {0})? separately with the rank differing by 1
each time.

The following lemma states the obvious fact that a generating set for S =
MO[G; I, A; P] must intersect every R- and every L-class of S.
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Lemma 2.3. Let S = M°[G; 1, A; P] be a completely 0-simple semigroup. Then
rank(S) > max(|I|, |A]).

As a direct consequence of Green’s Lemmas (see Chapter 1) it follows that if
A generates every element of a single group H-class and at least one element in
every other H-class then this is enough to say that A generates the whole of S.

More precisely:

Lemma 2.4. [81, Lemma 3.7] Let S = M°[G; I, A; P] be a completely 0-simple
semigroup, let H;y be a group and let A C S. If H;y C (A) and (A)NHj, # @
forallje I, u€ A then S = (A).

The result above may be thought of as analogous to the following situation
in group theory. Let G be a group and let N be a normal subgroup of G. Let
A be a subset of G. If (A) 2 N and (A/N) = G/N then (A) = G. Here N is
playing the role of H;) and the cosets of N in G play the role of the non-trivial
‘H-classes of S.

Roughly speaking, if S is a completely 0-simple semigroup and A is a gener-
ating set for S then every generator a € A makes a two-fold contribution. Firstly,
the generator contributes to generating at least one element in every H-class of
S. Secondly, each generator contributes to generating the underlying group.

2.3 Rectangular 0-bands

A rectangular 0-band, denoted by S = M°[{1};1,A; P], is a 0-Rees matrix semi-
group over the trivial group. Understanding the generating sets of rectangular
0-bands will give us a useful first step towards understanding generating sets of
Rees matrix semigroups over non trivial groups. Since the middle component of
every triple equals 1 we can effectively ignore it and consider the semigroup of
pairs S = (I x A)U{0} with I = {1,2,...,m} and A = {1,2,...,n}, P a regular
n x m matrix over {0,1}, whose multiplication is given by

! . (4, ) if pyj =1
!A k] =
(%, A) (4, 1) { 0 if pay = 0

(i, A)0 = 0(i, \) = 00 = 0.

Associated with any completely 0-simple semigroup S = M°[G; I, A; P] is the
rectangular 0-band given by replacing all the non-zero entries in the matrix P by

the symbol 1 and by replacing G by the trivial group.
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Definition 2.5. Given S = M[G;I,A; P] by the natural rectangular 0-band
homomorphic image of S we mean S/H. This semigroup can be concretely rep-
resented as T = MO[{1}; I, A; Q] where ¢y; = 1 if py; # 0, and ¢y; = 0 otherwise.
We will use fj to denote the corresponding epimorphism from S to 7" with 05 = 0
and (4,9, A)h = (i, A).

We call two n x m matrices A and B over {0, 1} equivalent, writing A ~ B, if
B can be obtained from A by permuting its rows and columns. Clearly ~ is an
equivalence relation on the set of n x m matrices over {0,1} and, as a special case
of Theorem 2.54 below, two matrices are equivalent if and only if the rectangular

0-bands that they correspond to are isomorphic.

Definition 2.6. Let P be an n x m matrix over {0,1}. Then we use
Pliv,...,4][j1,---,jk) to denote the submatrix of P obtained by deleting all ele-
ments with first coordinate in the set {i1,...,7;} or second coordinate in the set
{j1,--.y7k}. We use 0 when no rows or columns are to be deleted. For example

P[0][1] means leave the rows alone but delete column 1.

First we will show that given a non-square matrix we can always delete a row

or a column while maintaining regularity.

Lemma 2.7. Let P be a regular n x m matriz over {0, 1}.
(i) If m > n then there exists j € {1,...,m} such that Q = P|[0][j] is reqular.
(i1) If m < n then there exists i € {1,...,n} such that Q = P[i][0] is regular.

(iii) If n = m then there exists j € {1,...,n} such that P[0][j] is regular if and
only if there exists 1 € {1,...,n} such that P[i][0] is reqular which is the

case if and only if P + I, (the n x n identity matriz).

Proof. (i) Suppose otherwise, so that for all j € {1,...,m} the matrix P[0][j] is
not regular. Then for each j € {1,...,m} there is a row that has 1 in the jth
position and zeros everywhere else. All of these rows are distinct and there are m
of them which contradicts the fact that m > n. (ii) Use a symmetric argument
to that of part (i). (iii) By the same argument as in part (i) it follows that if
P[0][7] is not regular for all i € {1,...,n} then P ~ I,,. Conversely, if P ~ I, it
is clear that for any i € {1,...,n}, P[0][¢] is not regular. O

Corollary 2.8. Let P be a regular n x n matriz over {0,1} such that P  I.
Then there exist i,j € {1,...,n} such that P[0][j], P[i][0] and Pi][j] are all

reqular.
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Proof. By Lemma 2.7 we can find 4,5 € {1,...,n} so that P[0][j] and P[i][0] are
regular. Hence P[i][7], which is their intersection, is clearly regular. O

The Brandt semigroup B = B(G,{1,...,n}) is the Rees matrix semigroup
MPO[G;1,I; P] where P ~ I,, the n x n identity matrix, and I = {1,...,n}.
When G is the trivial group B(G,I) is a rectangular 0-band that we call the

aperiodic Brandt semigroup and denote by B,,.
Lemma 2.9. The aperiodic Brandt semigroup B, has rank n.

Proof. (>) By Lemma 2.3 rank(B,) > n. (<) The set {(1,2),(2,3),...,(n —
1,n),(n,1)} generates B,,. Indeed, if (z,y) € B,, then:

(zyz+1)(z+1,z4+2)...(y—1,9) ify>zx

7\ @rt et 1242 - L)@ - L)y <z

O

In fact, it is fairly easy to describe all the bases of the aperiodic Brandt
semigroup B,, and we will do so at the end of §2.4. Corollary 2.8 forms the basis

of the inductive step that proves the following result.

Theorem 2.10. Let S = M°[{1};1,A; P] be an m x n rectangular 0-band. Then
rank(S) = max(m,n).

Proof. It follows from Lemma 2.3 that rank(S) > max(m,n). Now we have to

show that we can always find a generating set of this size. We must prove:

U(m,n) : If S is an m x n rectangular 0-band then S has a generating

set with cardinality max(m,n).

First we consider the case where m = n and use induction on n. U(1,1) holds
trivially. Suppose U(k,k) holds and let T be a (k + 1) x (k + 1) rectangular
0-band with I = A = {1,2,...,k + 1}, and underlying matrix P. If P ~ I
then U(k + 1,k + 1) holds by Lemma 2.9. If P % I, then by Corollary 2.8
we can suppose without loss of generality that the submatrices M = P[k + 1][0],
N = P[0][k + 1] and O = P[k + 1][k + 1] are all regular. Let Tps,Tn and Tp
be the sub-rectangular 0-bands corresponding to these regular matrices. By the
inductive hypothesis we can find A C Tp such that |A| = k and (A) = Tp. Now
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let B=AU{(k+1,k+1)} CT. Clearly [B| = k+ 1 and we also claim that
(B) = T'. Indeed, we have

(B =(AU{(k+1,k+1)}) = (A U{k+1Lk+1)}) =(Tou{(k+1,k+1)}).

We are left to show {(k+1,7), (i,k+1) : 2 € {1,...,k}} C(B). Let j € {1,...,k}.
By the regularity of M and N we can find v,l € {1,...,k} such that py1); =

Pu,(k+1) = 1. Then we have
(k+1,7)=(k+1Lk+1)(7), Gkrk+1)=v)(k+1,k+1)

with (1, 7), (4,v) € Tp which completes the inductive step.

Now we consider the case where T' is an m x n rectangular 0-band with,
say, n > m. By repeated application of Lemma 2.7 without loss of generality
we can suppose that Q@ = Plm + 1,m + 2,...,n](0] is regular. Let T be the
sub-rectangular 0-band corresponding to Q. Since @ is an m X m matrix by
the previous case we can find A C Tp with |A| = m and (A) = Tp. Now let
R={(1,AN):A=m+1,...,n} and B= AUR CT. Clearly |B| = n and we

also claim that (B) = T'. Indeed, we have
(B) =(AUR) = ((A) UR) = (Tq UR).

We are left to show {(¢,j5) : i € {1,...,m},j € {m+1,...,n}} C (B). By the
regularity of @ we can find z € {1,...,m} such that p;; = 1 and we conclude
that (i,5) = (¢,z)(1,j) where (¢,2) € Tg and (1,5) € R. O

Using just this simple result we may now determine the rank of a special class

of completely 0-simple semigroup.
Definition 2.11. A semigroup S is called idempotent generated if (E(S)) = S.

Lemma 2.12. Let S be a finite idempotent generated semigroup and let A be
a subset of S. If A has non-trivial intersection with every H-class of S then A

generates S.

Proof. Since S = (E(S)) it is sufficient to prove E(S) C (A). Let e € E(S) and
let b € AN H,. Since H, is a finite group with identity e it follows that b* = e
for some 7 € N, the smallest such i just being the order of b in the group H,. It
follows that e = b' € (A) and since e was arbitrary that E(S) C (A). O

Combining this with Theorem 2.10 gives:
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Theorem 2.13. Let S = MO[G;1,A;P] be a finite completely 0-simple semi-
group. If S is idempotent generated then rank(S) = max(|I|,|Al).

Proof. The fact that rank(S) > max(|I|,|A|) follows from Lemma 2.3. For the
converse let T' = Sh, the natural rectangular 0-band homomorphic image of S.
By Theorem 2.10 we can find a generating set A for T' with size max(|I|,|A]).
The pre-image of A under the map f is a union of H-classes of S. Let B be a
transversal of this set of H-classes. Since (A) = T it follows that (B) has non-
trivial intersection with every (non-zero) H-class of S and so B generates S, by
Lemma 2.12, and |B| = |A| = max(|I|, |A]). O

This result is not quite as obscure as it might at first seem. Many naturally
occurring semigroups are idempotent generated and when, in addition to this,
they are generated by the elements in their maximal 7-classes, determining their
rank just reduces to the problem of counting the number of R- and L-classes.
The full transformation semigroup 7;, provides us with a family of examples of
this kind.

Proposition 2.14. Letn e N and let 1 <r <n. Let o, € T,,.
(i) Green’s relations are given by:
(a) aRB < ima = imf;
(b) aLlp < ker a = ker 3;
(¢) aDB < |ima| = |imj].
(i) K(n,r) = (E(D,)).
(iii)) The number of R-classes in D, = {a € T,, : |ima| = r} is the Stirling
number of the second kind S(n,r).
(iv) The number of L-classes in D, is (7).

(v) The H-class indexed by the image I and the kernel K is a group if and only

if I is a transversal of K.

Proof. (i) See [57, Exercise 1.16]. (ii) By [57, Theorem 6.3.1] the semigroup Sing,,
is regular and idempotent generated. By [57, Exercise 6.12] if S is a semiband
then every element a € S is expressible as a product of idempotents in J,. Also,
from [57, Lemma 6.3.2] it follows that (D,) = K(n,r). The result is an immediate
consequence of these three facts. (iii) and (iv) are immediate consequences of (i).
(v) See [57, Exercise 1.18]. a
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These facts, along with Theorem 2.13 allow us to determine the rank of the
semigroup K (n,r). This result was originally proven in [59, Theorem 5], where
they also determined the so called idempotent rank of the semigroup. We will

see more about this in the following chapter.

Theorem 2.15. Letn € N and let 1 <r <n. Then:
rank(K (n,r)) = S(n,r).

Proof. Tt follows from Proposition 2.14 that rank(S) = rank(K (n,r)/K(n,r—1))
and that K(n,r)/K(n,r — 1) is idempotent generated. Applying Theorem 2.13
to the idempotent generated completely 0-simple semigroup K (n,r)/K (n,r —1)

gives:
rank(K (n,r)) = rank(K (n,r)/K(n,r — 1)) = max(S(n,r), (:)) =S 1)

O

Theorem 2.13 may be applied to a number of other examples. In particular
the exact analogue of the above result may be proven for the ideals of End(V)
where V' is a finite vector space. See Section 3.5.2 for more details on this.

Another consequence of Theorem 2.10 is that with S = M°[G; I, A; P] we
have

rank(S) < rank(G) + max(|Z],|A]).

We obtain this bound by joining together a generating set for 7" = Sf and a gener-
ating set for G. In each case, exactly where the answer lies between max(|/|, |A])
and rank(G) + max(|I],|A|) will depend on the “contribution” that is made by
the idempotents of S.

2.4 Finite 0-simple semigroups and their associated

graphs

Given an element (i,g,\) € S = M°[G;I,A; P] we may visualise this triple as
two vertices 7 and A joined by a directed edge labelled with g:
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Taking this idea further, we may wish to view composition of elements of S as

composition of such paths so that:
(i,9,A) 0 (j,hyp) = i —T>= ) 0 j —>p
and since (provided py; # 0) we have:
(1,9, A) (G hy i) = (i, gpajh, 1)

we amend our diagram to give:

Grouping together elements of I and those of A gives:

A o
q Pxj
h
i J

which is starting to take the form of a directed bipartite graph with edges labelled

A

by elements of G.

Such representations of completely O-simple semigroups have been exploited
with success in the past. The first place that such an idea appears in the literature
is in [41]. In this paper Graham uses the graph theoretic approach to describe all
maximal nilpotent subsemigroups of M°[G; I, A; P] (a semigroup T is nilpotent if
for some n € N we have T™ = {0}). Moreover, necessary and sufficient conditions
are given for a completely 0-simple semigroup to have a unique maximal nilpotent
subsemigroup. Secondly, in the same paper a new normal form is introduced
for completely O-simple semigroups (see Section 2.10 for more details on this).
This normal form is used to give a general description of the form that the
maximal subsemigroups of an arbitrary finite completely O-simple semigroup must
take. This “local” result was later successfully used by Graham, Graham and
Rhodes in [40] to give the form of the maximal subsemigroups of arbitrary finite
semigroups. In [56] the bipartite graph representation was used to describe the
subsemigroup generated by the idempotents of a completely 0-simple semigroup
S and in [54] Houghton considered the homological properties of these graphs.

Here we will define three graphs, each with a different purpose. The first
helps us find what a given subset of S generates. The second facilitates the study
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of (E(S)) and the third gives us the concept of connectedness in S.

Graph 1: A(S: A)

Given S = M°[G;I,A; P] and A C S where 0 ¢ A we define a bipartite digraph
A(S : A) with labelled edges in the following way. The vertex set of A(S : A) is
ITUA, where I and A are assumed to be disjoint. Edges from I to A represent
elements of A and edges from A to I represent idempotents of S in the following

way':

(i) corresponding to each a = (i,g, A) € A there is an edge i < X labelled with
g;
(ii) corresponding to each non-zero entry p,; € P there is an edge p . j

labelled with p,,;.

Note that the graph A(S : A) is allowed to have multiple edges, so when
describing a path in this graph it is not enough to just give an ordered list of
vertices that the path is to traverse.

Definition 2.16. Let f =i % A be an edge from I to A and e = p il j be an

edge from A to I in A(S : A). We define the functions V' and W:

V(if)=9, V(e)=pu, W({)=(>gA) €A

Let z,y € TUA and let p = (ey,es,...,¢e;) be a directed path in A(S : A) starting
in « and ending in y. Then we write

V(p) = Vie1)V(ea)...V(ex) € G,

and call this the value of the path p. We will use P, , with ,y € TUA to
denote the set of all paths starting at # and ending at y in A(S : A) and define
Vaow = {V(p) : p € P.y}. We call paths that start in I and end in A the valid
paths. For every valid path p = (f1,e1, fo,e2,..., fk—1,€r—1, fr) we write

W(p) =W ()W (f)W (f3)...W(fi) € S.

Clearly if p is a valid path from ¢ to A then

W(p) = (i,V(p),A).
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There is a clear correspondence between non-zero products of elements of A
and valid paths in the graph A(S : A). As a consequence of this correspondence

we have the following straightforward lemma:

Lemma 2.17. Let S = MC°[G;1,A;P] and let A C S. If R is the set of valid
paths in A(S : A) then

(A) = {W(p) : p € R}U{0}.

Proof. This is obvious from the definitions. O

Graph 2: A(P)

When A = E(S) the graph A(S : A) = A(S : E(S)) takes a particularly nice
form. Since E(S) = {(i,pxi" 5 A) : pai # 0} U {0} every edge f = i 224

has a corresponding reverse edge e(f) = A -1£> 7. In this situation we can
simplify the graph A(S : E(S)) in the following way. Let A(P) denote the
underlying undirected graph of A(S : E(S)) noting that A(P) has precisely one
edge corresponding to each non-zero py; of P. In A(P) the edges are unlabelled
but we will still assign values to the paths through the graph. The value of the

path m = 23 — 20 — ... — 2z is defined to be

V(m) = ¢(z1,22)0(22, 23) - . . B(2¢—1, 21)

where
(i, A) =pyl, d(Ni)=prn, i€, AEA,

and P,y and V, , have the same meaning as before. Note that the graph A(P)
does not have multiple edges and so paths in the graph are uniquely determined
by ordered lists of vertices. Given two vertices = and y in A(P) we write x M y
if there is a path from z to y in the graph A(P). This connectedness relation X
on the graph A(P) is an equivalence relation on the set /U A and in [56] Howie

proves the following result:

Theorem 2.18. [56, Theorem 1] Let S = MC[G;I,A; P] be a completely 0-

simple semigroup, let I be the set of idempotents in S. Then

(E) ={(i,a,A) € S :i X X and a € V; ,} U {0}.
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Graph 3: T'(Hg)

Given C C I x A we will let I'(C') denote the undirected graph with set of vertices
C and two vertices (i, ) and (j, ) adjacent if and only if i = j or A = p. In
particular given S = M°[G; I, A; P] we define Hg C I x A as the set of coordinates
of the group H-classes of S, that is

Hg = {(i,A) € I x A: H;x is a group} = {(3,A) € I x A : py; # 0}

We will show, in Lemma 2.24, that the graph I'(Hg) is connected if and only if
the graph A(P) is connected. We say that S is connected if and only if I'(Hg)
(or equivalently A(P)) is connected (see Figure 2.1 for examples).

Also, for I' C I and A’ C A we say that I’ x A’ is a connected component
of S precisely when the subgraph of I'(Hg) induced by the vertices I’ U A’ is a
connected component of I'(Hg).

Example 2.19. Let G = S3 = {(),(1 2),(1 3),(2 3),(1 2 3),(1 3 2)}, the sym-
metric group of degree three. Define S = MO[G; {i1,i2,43}, {\1, A2, As}; P] where

O (@2 o
P=| o 0 (132
23) 0 0

Let
A= {(11 (1 2)! 1)! (2v ()12)’ (31 (1 2 3)13)} il

Then, for this example, the three graphs defined above are given below.

1 A2 A3 A A2 Az
SO e
(121 [ 1() (0] 1(123)
\ / /
ia is iy i3

(2,1 i1 1

(1,1 1,

3) 5

(23)

(3,2 3,3)

T'(Hs) A(P) A(S : A)

Since I'(Hg) is connected, the semigroup S is a connected completely 0-simple

semigroup.

Since F(S) = (E(S)) is a subsemigroup of S and H;) is a subgroup of S the
intersection F'(S) N H;) is a subsemigroup of H;y in S and therefore must be a
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Figure 2.1: Two egg-box pictures of D-classes of completely O-simple semigroups.
The shaded boxes are the group H-classes.

l

Connected Disconnected

subgroup of S. But what does this group look like? Clearly
F(S)NH;) C {(i,k,\) : k € K}

where K is the subgroup of G generated by the non-zero entries of the matrix P.

In general, however, these two sets are not going to be equal.

Example 2.20. Let G be the cyclic group of order 5 written multiplicatively
and generated by a: so G = {a°,a!,a?,a3,a*}. Let S = M°[G;{1,2},{1,2}; P

with:
P= (1 ”’).
0 1

From the discussion above we deduce that:
F(S)NH;; £1xGx1=Hj.
However, by Theorem 2.54, the semigroup S is isomorphic to

T = MO[G} {1,2}, {112}; Q]

(3 )

and hence for every group H-class H;) of T = S we have:

where:

F(T)Nn H;, ={(1,a°%1)}.
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Since T = S it follows that:
F(S)NHy ={(1,a°,1)} #1 x G x 1.

This example is important for the following reason. If we are interested in
determining (E(S)) for S a finite O-simple semigroup then, in the example above,
the latter of the two representations is a more useful one. It satisfies the property
that the subsemigroup generated by the idempotents intersected with a group
‘H-class is isomorphic to the subgroup of G generated by the non-zero entries in
the matrix P. In fact, such a “nice” normalization always exists. This is called
Graham normal form (see [41]) and will be discussed in detail in Section 2.10.

Returning to the problem of describing the group F(S)NH;) we now show how
this group relates to a group of paths in the graph A(P). Let S = M[G; I, A; P)
be connected and let (17,15) € I x A with py,1, # 0 so that Hy,,, is a group
‘H-class of S.

Lemma 2.21. [81, Lemma 4.3] The mapping ¢ : Hy;1, — G defined by

¥((11,9,14)) = gp1,1,

is a group isomorphism. It maps Hy,;1, N F(S) onto Vi,1,P1,1;-

Proof. It is routine to check that the map is an isomorphism. The second asser-

tion follows from Theorem 2.18. O
We can actually say a lot more about the subgroups V;ypy; of G.

Lemma 2.22. Let H;y and Hj, be group H-classes of a connected completely
0-simple semigroup S = M°[G;1,A; P]. Then the subgroups Vixpxi and Vj.pu;

are conjugate in G.

Proof. Since S is connected we can fix a path 7 in A(S : E(S)) from p to 7. We

claim that with g = p;le(ﬂ) we have

aVrprig ™! = Viupyuj.
It is sufficient to show:

PV (mVapriV (1) € Vi
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Let p € P;). In the graph A(S : E(S)) this path may be extended to

-1
. Puj i . Pxi

- > 1 5 /\ — 1 = ’u = Pjy-
It follows that

PV (m)V (P)paV (7)) € Vi
Since this is true for every p € P;y the result follows. 0

As promised earlier we now describe all the bases of the aperiodic Brandt
semigroup B,. The structure matrix P of B, is the n x n identity matrix I,.
Therefore the graph A(P) has the following form.

A1 A Ay

]

31 i2 in

Let A C B,. Let G(B,, A) be the graph given by contracting the edges (A, k),
for all 1 < k < n, in the graph A(B,, : A). Thus the graph G(B,,, A) is isomorphic
to the graph with vertex set {1,...,n} and set of directed edges equal to A. It
follows from Lemma 2.17 that A generates B,, if and only if the graph G(B,, A) is
strongly connected (i.e. there is a directed path between every pair of vertices).
It follows from [8, Corollary 7.2.3] that if |[A|] = n then G(B,, A) is strongly
connected if and only if it is isomorphic to the following graph.

1 2

This proves the following result.

Proposition 2.23. Let S = B,, be the n x n aperiodic Brandt semigroup and let
aeS,. Then
Aa={(@,ia): 1 <i<n}

generates S if and only if « s a n-cycle in S,,.
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Figure 2.2: Diagram showing that the groups Vj,p,; and Vixpy; are conjugate in

G.

2.5 Connected completely 0-simple semigroups

The question of finding a formula for rank(S) divides into two cases: the case
when S is connected and the case when it is not. The connected case was dealt
with in [81] and in what follows we will extend these results to deal with the dis-
connected case. For what remains of this section S will denote a finite connected
completely 0-simple semigroup. We now give the details of a number of results

from [81] which will be needed later on.

Lemma 2.24. [81, Theorem 2.1] The following conditions are equivalent for

any completely 0-simple semigroup S:
(i) I'(Hg) is a connected graph;
(i) A(P) is a connected graph;
(iii) F(S)NH;) # @ for anyi € I and any A € A.

Proof. ((i) < (ii)) The graph I'(Hg) is disconnected if and only if there exist
vertices (i, A) and (4, p) in different connected components of I'(Hg) which is true
if and only if the edges {7, A\} and {j, 1} are in different connected components of
the graph A(P). Such a pair of edges exists if and only if A(P) is not connected.
((ii) = (iii)) Since the graph I'(Hg) is connected it follows that the graph A(P)
is connected. Given some i € I and A € A let p = (e, e2,...,€e;) be a directed
path in A(P) starting at ¢ and ending at A. This is a valid path, as defined in
the previous section, and the corresponding element W (p) € F(S) belongs to the
H-class H;y. Since i and A\ were arbitrary it follows that F(S) N H;y # @ for all
(i,A) € I x A. ((iii) = (i)) Suppose that H;y N F(S) is empty. Then it follows
from the definition of the graph that there is no path from ¢ to A in the graph
A(P). It follows that A(P) is not connected and so neither is I'(Hg).

O

In the next lemma we introduce the function ¢(i, A, 7, ). This function will

play a crucial role in what follows. The family of functions ¢(z, A, 7, ) where
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i,7 € I and A\, u € A allow us to use the idempotents of connected completely
O-simple semigroups to “move between the H-classes”. More than this, when

moving between two group H-classes we are able to map in an isomorphic way.

Lemma 2.25. [81, Theorem 2.1] Let S = M°[G;I,A; P] be a connected com-
pletely 0-simple semigroup. For any i,j € I and any A\, € A there exist
p(i, A, g ), q(i, A, g, 1) € F(S) such that the mapping ¢(i, A, j, 1) : Hin — Hjy,
defined by

@i, A, 3, p)(z) = p(i, A, g, p)zq(i, A, 4, 1)

is a bijection.

The elements p(i, A, j, i), q(i, A, j, 1) can be chosen so that

o(i, A, )t = B0, 1y i, A)

and ¢(i, A, J, it) is a group isomorphism if both H;y and Hj, are groups.

Proof. First we show that a bijection can be found with the given properties.
Then we show that in the special case where H;y\ and Hj, are both groups this
bijection may be chosen to be an isomorphism.

In the graph A(P) choose and fix a path m which starts at 7 and finishes at
i. Such a path exists since the graph A(P) is connected. Say this path is:

J—o M > J2 > e — . = fm > i — L

This is not a valid path but if we shorten it slightly we do get a valid path. Let 7’
denote the path m but restricted from j to p,,. In a similar way let £ be a fixed
path in the graph A(P) connecting A to p. Such a path exists since the graph is
connected. Say the path £ is:

A—ip = A =i — Lo Ay =iy — .

Once again, this path is not valid in A(P) but if we shorten it, by removing the

initial vertex, we get a path starting at ¢; and ending at p which is valid. Call

this path ¢’. By the definition of A(P) we have W (r') € F(S) and W (¢') € F(S).
Now define p(i, A, 4, ) = W(n') and q(i, A, j, u) = W(&'). The map

é(i, A, g, 1) (x) = p(i, A, 3, w)xq(i, A, 4, 1)

is a bijection from H;y to Hj, since it sends (i,9,A) € H;y to (4, V(m)gV (£), 1)
where V(7),V(§) € G are both fixed.
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Now define the path #—! from i to j to be the reverse of the path 7= and
the path €1 to be the reverse of the path £&. The paths 71" and E‘l’ are
defined in the analogous way to above and then define p(j, 1,7, \) = W(x~")
and q(7,p,%4,A) = W(&‘l’). In this way the map ¢(j, p, %, A) maps (4, h,n) € Hj,
to (i, V(m)"thV(£)71,X). Therefore for every (i,g,A) € H;x we have:

60 1o 1, A) (D0 A 5, 1) ((5,9,0) = 003, 1,2, A)((5, V() gV (€), 1)
= (i, V(r)"'V(m)gV()V(€)™',A)
= (i,9,2)

and so ¢(i, A, j, )™t = ¢(4, 3, N).

Now consider the special case where both H;) and Hj, are group H-classes.
=1 -1

. i i . Puj .
This means that the edges 1 Pxi, ) and j — u belong to the graph A(P). This
gives some control over the choice of the paths 7 and £ in the above construction.
Carry out the same process as above but this time once 7 has been fixed we may
define

-1
Pri - bt . Puj
E=A"Si— 5 — L.
Now the map ¢ = ¢(i, A, j, 1) maps (i, g, A) € Hiy to (4, V(r)gpxV (1) "'pj 1) €
Hj,. Again, this map is clearly a bijection. Moreover, it is an isomorphism since:

o((1,9, ) (i, h, X)) = (i, gpaih, A)
= (4, V() (gpail)paiV (7)o 1)
= (5, V(7)(gpxi) (bprs)V (7)o 1)
= (4, V(m)(gpxi)V (m) "'} pus V () (hpsa) V () 1oy s 1)
= (G, V(m)gpxV (7)o ) (G, V (m)hpaiV (1)~ o s 1)
= ¢((4,9,N)((i, 2, N)).

O

Lemma 2.26. Let H;\ and Hj, be group H-classes of the connected completely
0-simple semigroup S. There is an isomorphism 0 : H;x — Hj,, such that (F(S)N
H;\)0 = F(S)N ij-

Proof. The map ¢ = ¢(i, A, 7, 1) : Hiy — Hj, by Lemma 2.25 is an isomorphism.
We claim that ¢(F(S) N H;z) = F(S) N Hj,. Indeed, if x € F(S) N H;y then
$(z) € F(S)xzF(S) € F(S)® = F(S) and so ¢(F(S) N H;x) € F(S) N Hj,. Since
¢ is a bijection and since, by Lemma 2.22 the groups F(S)N H;, and F(S)NH;,
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are isomorphic, it follows that ¢(F(S) N H;y) = F(S) N Hj,. O

So the subgroups F(S) N H;y and F(S) N Hj, are not only isomorphic but
they sit inside their respective group H-classes in the same way. The following
result now follows.

Corollary 2.27. Let S be a connected completely 0-simple semigroup with H;)
and Hj,, two group H-classes of S. Then

rank(H;x : F(S) N Hyy) = rank(H;, : F(S) N Hj,,).

The next lemma, roughly speaking, shows us how effective a given subset A
of S can be in helping to generate the elements of a fixed group H-class H;).

Lemma 2.28. [81, Lemma 3.4] Let A= {ay,...,a,} C S where aj € H;,»,,j =
1,...,7 and let H;y be a group H-class. If we write

B = {¢(i1, A1,4,A)(a1), . .., &(ir, Aryi, A)(ar) } € Hin
then
(F(S)UA)N H;y = ((F(S)N Hix) U B).

Proof. (2) First note that by definition B C F(S)AF(S) and so B = BNH;) C
F(S)AF(S) N H;y. It follows that:

(F(S)NHa)UB) C ((F(S)N Hn) U(F(S)AF(S) N Hiy))
(F(S) U F(S)AF(S)) N Hi

)U
(F(S) U A) N Hi».

N 1N N

(C) First observe that A C F(S)BF(S) since for a € AN Hj, we have

a = ﬁb(i!/\vjr ”)(é(ja#riv’\)(a)) = _‘P(i, Aajs#)é(.ﬂ #11.: )\)(G‘:)q(i,/\,j, :U’)
e F(S)$(j, i, \)(a)F(S) € F(S)BF(S).

It follows that:

(F(SYUA)NH;x € (F(S)UF(S)BF(S)) N Hix
(F(S)U B) N H;y.

N

Also:
(F(S)UB)NH;y = (E(S)UB)N Hix C{(F(S)N H;x) U B).
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Indeed, any product in (E(S) U B) N H; has the form:

€1...€p bler1+1 - erzbgerz+1 cee e,—k_lbk_le,—k_l_,.l cea Epp

where each b, € H;) and e, € E(S) for all n. Let e;) denote the idempotent of
H;y which is the identity of this group H-class. The above product is equal to:

(81 Vi k erleu]bl (6,;,\6T1+1 s 67-26@,\)3)2(61‘)\61-2.*1 g erk_]ei,\)bk_l(e@,\erk_lﬂ FITN e,-k]

which has the form

fibi fobo .. . br_1 fr

where f; € F(S)N H;y and b; € B for all . The reason that f; and fi belong to
H;, is because the entire product f1b; fobs...bg_1fr belongs to H;y. It follows
that:

(F(S)UA)NH;x € (F(S)UB)N Hy C((F(S)NH;x) U B)

as required. O

Using the previous result we may obtain a result concerning the relative rank
of any subset of F(S) in S.

Lemma 2.29. Let S be a connected completely 0-simple semigroup with H;) a
group H-class and U C F(S). Then

rank(S : U) > rank(H;y : Hjx N F(S)).

Proof. Let V C S be such that (UUV) = S, say V = {v1,...,vn} C S where
g € Hiy, (k=1,...,m). If we write

B = {¢(i1,M1,%,A)(01), - - s (G, Amy 6 A) (V) } © Hix
then by Lemma 2.28 we have
(F(S)uV)NHix = ((F(S) N H) U B).
Now since U UV is a generating set for S, we have

Hy = SNHp=(UUV)nHy=(F(S)UUUV)NHi
(F(S)UV}OH;‘,\ = ((.F(S) ﬂH@,\)UB).

Il
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Therefore
|[V| > |B| > rank(H;y : F(S) N H;y).

O

This leads to the following corollary which gives an important lower bound

for ranks of connected completely O-simple semigroups.

Corollary 2.30. [81, Lemma 3.6] If H;) is a group H-class then
rank(S) > rank(H;y : H;y N F(S)).
Proof. By Lemma 2.29 we have:
rank(S) = rank(S : @) > rank(H;y : H;y N F(S))

as required. O

2.6 Arbitrary completely 0-simple semigroups

Now we look at the case when I'(Hg) is not necessarily connected. For the
remainder of this chapter, unless otherwise stated, S will denote a completely 0-
simple semigroup, represented as a Rees matrix semigroup M°[G; I, A; P], with k
connected components I1 x Ay, ..., Iz X Ay so the matrix P has the form suggested

by the following picture:

Iy T wue Iy
A (G 0
As Cy
Ak 0 Ck

We will first consider some properties that all generating sets of S must have.

Definition 2.31. We say that A C S is an H-class transversal generating set if
(A)NH;y #@ forallie ] and A € A.

For example, Theorem 2.24 tells us that I'(Hg) is connected if and only if F(S) is
an H-class transversal generating set. Clearly the smallest size such a set can have

is max(|I|,|Al). In fact, as a consequence of the results of Section 2.3, concerning
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the rank of an arbitrary rectangular 0-band, we know that we can always find at

least one H-class transversal generating set with this minimal size.

Lemma 2.32. There exists A C S such that |A| = max(|I|,|A]) and A is an

H-class transversal generating set.

Proof. The assertion follows from Theorem 2.10 and from the fact that the
mapping (i,g9,A) — (i, \) defines an epimorphism from S onto a rectangular
0-band. O

An H-class transversal generating set with size max(|I|,|A[) will be the first
building block we will use when constructing minimal generating sets for S. We
will call an H-class transversal generating set with size max(|/|,|A]) an H-class

transversal basis.

Definition 2.33. We call C C I x A component connecting coordinates if T'(HgU
C) is connected. Similarly we will call A C S a component connecting set if

{(i,N)|(i,9,A) € A} C I x A is a set of component connecting coordinates.

If I'(Hg) has k connected components then the smallest size a component con-
necting set can have is k£ — 1. We will call these the minimal connecting sets.

Lemma 2.34. FEvery component connecting set D has a subset E C D that is

minimal.

Proof. Let A be the coordinates of the component connecting set D. Let
C1,...,C be the connected components of I'(Hg). Construct a new graph I'"
with vertices C, ..., Cy and C; adjacent to Cj if and only if there is some ¢; € Cj,
¢; € Cj and a € A such that {¢;,a} and {a,c;} are edges in I'(Hg). Then I' is
a connected graph with &k vertices and so has a spanning tree with k& — 1 edges.
This spanning tree corresponds, in an obvious way, to a minimal set of coordinates

A’ € A which in turn correspond to a subset £ C D that is minimal. O
Lemma 2.35. Fuvery H-class transversal generating set is component connecting.

Proof. Suppose otherwise. Let A be an H-class transversal generating set that
is not component connecting. Then we can choose (i, A), (j, ) € I x A such that
(i,A) and (4, ) are in different connected components of I'(Hg U A). It follows
that ¢ and p are in different connected components of the graph A(S : A) and so
by Lemma 2.17 we have (4) N H;,, = &, a contradiction. O
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Corollary 2.36. Every H-class transversal generating set (and in particular ev-
ery H-class transversal basis) has a component connecting subset which is mini-

mal.

Example 2.37. Let G = {1, a} be the cyclic group of order 2 and let

S =MG;{1,...,4},{1,...,4}; P]

where
a 00 0 0
p_ a 1 0 0 g
0 0 a O
00 0 1

(1,1 1,2) 8’3) 8,4)

2,2)
I'(Hs)

The graph A(P) has 3 connected components.

(i) C ={(1,3),(2,1),(3,4),(4,2)} C I x A is a set of component connecting

coordinates.

(i) A={(1,qa,3),(2,1,1),(3,1,4),(4,a,2)} C S is an H-class transversal basis

which is a component connecting set.

(iii) T = {(1,a,3),(3,1,4)} C A is a minimal component connecting subset of
A.

We now define ry,;, which is the most complicated term that will appear in
the formula for the rank of a 0-Rees matrix semigroup. We use Map(X,Y) to

denote the set of all maps from a set X into a set Y.

Definition 2.38. Given the structure matrix P of S we define Pcy where C C
A x I and 8 € Map(C, G) to be a new |A| x |I| matrix with entries p}; where

. { (\i)0  if(\i)eC
Pxi = .
Pxi otherwise.

Also let Scg = MP[G;I,A; Pcg]. When |C| = 1 we will use the more relaxed
notation S(A,1, (A,7)0).
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Since, depending on the circumstances, we may need to view sets of coordi-
nates sometimes as subsets of I x A and at other times as subsets of A x I we

make the following definition.

Definition 2.39. Given A C I x A we define AT as
AT = {(\4): (5, € A} CAxI,

and call this set the transpose of A.

Definition 2.40. Let H;) be any group H-class of S and let C C I x A be a set
of component connecting coordinates with minimal size. Then define
Fmin = eeh-lfs[ig’*’"c,‘)(mnk(HiA s HixNF(Scr g)))-

If S is connected then C = @ and ryi, = rank(H;y : Hiy N F(S)). Otherwise
S is not connected and we associate the family {Scr g : 0 € Map(CT,G)} of
connected completely O-simple semigroups with S. We then look through this
family searching for a member that minimizes the relative rank of F(S) in a
group H-class.

We have to show 7, is well defined i.e. that it does not depend on the choice
of H;y or on the choice of C. First we note that, since Scr g is connected, by
Corollary 2.27 the number 7, is independent of the choice of H;y. That rnyin
does not depend on the choice of C' will eventually be proved in Lemma 2.43.

Lemma 2.41. Suppose that P has two connected components Ay x I1 and Agx Iy,
and let H;\ be a group H-class. If (j1,7), (v, k) € (A1 x o) U (Ag x 1) then for
every g € G there exists g € G such that

Hix N F(S(w,4,9)) = HaNF(S(v,k, g")).
Proof. There are essentially two cases to consider.

Case 1: (u,7), (v, k) € A; x Is. Let (i, \) € I x A be arbitrary. We will show that
given (p,7), (v, k) and g € G we can choose ¢’ € G so that if we let S} = S(u, 7,9)
with structure matrix P, and So = S(v, k,¢') with matrix P,, then we have

S1 _ 1S
Vi =55

Here Vg denotes the set of values of all paths from i to A (so far denoted simply
as V;y) in the graph A(Q) where @ is the structure matrix of U. This convention
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will be used throughout and will also apply to sets of paths P;y. Let us choose

and fix a path 7, in P!f’; and define w,, = V(m,,) € VS . Also, choose and fix a

27T

path 7 in Pﬁc defining wjx = V(mjx) € Vj'i Such paths exist since I; UA; and
I> U As are both connected components in A(P). Now define

5 S
g’ = WypgWjk € Vypgv:—'ik

so that

gi= w;;g’w;kl € Vj‘;g"Vg.
We observe that A(P;) is connected and is precisely A(P) with the extra edge
w2 §. Also A(P,) is connected and is precisely A(P) with the extra edge
2% %, Tt p be an arbitrary path from i to A in A(P;). We show that there is
a corresponding path p* in A(Ps) with the same value. While following the path

p whenever we come across

we replace it with

o p—v—ak—j— ...

Recall that the graph A(P) is directed and has unlabelled edges. Also, paths are
uniquely determined by giving a list of vertices. Above we move from g to v using
the fixed path 7, and from k to j using the path ;. Clearly V(p*) = V(p) by
definition of ¢’ and so T/;i‘ = Vﬁ? Similarly Vf{z = V;i’ and the result follows
from Theorem 2.18. The case where (u, 7), (v, k) € Ag x I; is dual to this case.

Case 2: (u,j) € Ay x I and (v, k) € As x I;. We follow a very similar argument
but this time let w,; € V#*(’;- and w, € Vy‘i, which is possible since I; U Ay and
I, U Ay are both connected components in A(P). Then ¢’ is chosen so that the

paths
w—k
and
p—j—ov—k
have the same value. O

Lemma 2.42. Let T be the family of all spanning trees of the complete graph



Section 2.7 43

K,. If T denotes the graph with vertex set T and edges defined by
(Th,T5) € E(T') & Fey,en € E(K,) : (Th —{e1}) U {ea} =T5

then I' is connected.

Proof. Observe that the set of acyclic subsets of the edge set of a graph I" defines
a matroid (see [15, Chapter 12]). Then since in particular the spanning trees of
K, are acyclic edge sets they are independent sets in the corresponding matroid.
That there is a path between the vertices 17,75 € T is now a consequence of the

exchange axiom for matroids. O

Combining the previous two lemmas, we conclude the following which tells us
that 7, is indeed well defined.
Lemma 2.43. Let S = M°[G;1,A; P] be a completely 0-simple semigroup with

connected components Iy x Ay,..., I x Ap. Let C,D C I x A be two sets of
minimal component connecting coordinates. If H;y is a group H-class in S then

Gemti)l(igf.G)(rauk(H,-A Hipn N F(Sery))) = ¢EM§EEBT.G){1‘auk(H,:A : HixNF(Spr g)))-
Proof. First we note that I'(Hg U C) and I'(Hs U D) are connected. We remove
one ¢ € C, changing I'(Hg U C') into I'(Hg U (C'\ {c})) which has two connected
components. Now by Lemma 2.42 we can find d € D such that I'(HgU (C'\ {¢})U
{d}) is connected and by Lemma 2.41 we can replace 8 by 6’ so that rank(H;) :
Hix N F(Scr ) equals rank(H;y : Hix N F(Se\(epyuqayr,er))- Repeating this
process we can, by Lemma 2.42, move from C to D in a finite number of steps,

and, by Lemma 2.41, keep the relative ranks equal at each step. O

2.7 Substitution lemma

In this section we analyse how an element a € S can compensate for a “missing”
entry of the matrix P. We will see how generators may be used to “connect” S
back together.

First we need some more notation. Let S = MY[G;I,A;P] and T =
MO[G;I,A;Q]. Note that S and T are equal as sets. For A C § = T we
will write (A)g and (A)p to mean the subsemigroups generated by the set A in

S and T respectively.

Lemma 2.44. Let S = MOP[G;I,A;P). Leti,j € I and \,ju € A be such that
Hjx, Hyy, are group H-classes and Hj,, H;\ are not group H-classes. If A C S
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with a = (i,9,A) € A and T = S(, j, pnigps;) then

Proof. Let Ag = A(S: A) and Ap = A(T : A) with Eg and Er the edge sets of
Ag and Ap respectively. The only difference between Eg and Er is that Ep has
bicca j. Let Rg and Ry be the sets of valid paths in Ag, Ap

respectively. It follows from Lemma 2.17 that

the extra edge p

(A)s = {W(p):p€ Rs} = {(k,V(p),6) : k€ ,E € A,p € Pi¢}
and
(A = {W(p):pe Rr} = {(k,V(p),€) : k€ I, € A,pe Pl¢}.

It is obvious that (A)s C (A)r since any valid path in Ag is a valid path in
Ap and so Rg C Rp. For the converse we argue in much the same way as in
Lemma 2.41. For p € Rp we show that there is a corresponding path p* € Rg

with V(p) = V(p*). In p whenever we come across

PuidpPij .
———FYE e

we replace it with

Pui . @ Pxj .
e e A e A T

Clearly V(p*) = V(p) and so (A)s = (A)r. O

We now, after first making another couple of technical definitions, combine
the main ideas of this section together in the form of Corollaries 2.47 and 2.48
which will be used in the proof of the main theorem of this chapter in the next

section.

Definition 2.45. Let C C I x A be a minimal set of component connecting
coordinates for S. For each (i,A) € C choose and fix a pair (¥()A), (7)) € I x A
such that pyg;); # 0 and pyy(x) # 0. Define

C° = {(®(N), (7)) : (i,A) € C}

noting that C% C I x A. We call C? the dual of C determined by v and ¢, or
more often just the dual of C (see Figure 2.3).
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A W d(i) D(j)
vl

Figure 2.3: Egg-box picture of a 3 component completely 0-simple semigroup
showing a set of minimal connecting coordinates (in white) and its dual (in black)
(determined by ® and W).

Note that if C' is a minimal set of component connecting coordinates then so
H ]
is G”.

Definition 2.46. Given S as above and B C S a minimal component connecting
subset of S with coordinates C' we define the connected completely O-simple
semigroup Con(S, B) by Con(S,B) = Sics)r o Where CY is the dual of C and
for (i,9,A) € B we have (¢(i),¥(N))a = pg(iyigpayn)- We call Con(S, B) the
completion of S by B.

Note that Con(S, B) is a connected completely O-simple semigroup.

Corollary 2.47. For any set of minimal connecting coordinates C' there is a set
X C S with coordinates C such that rank(H;y : H;x N F(Con(S, X))) = Tmin-

Proof. Since Con(S, X) = S(¢s)r o where for (i,g,A) € X we have

(#(2), b(N))a = PeiyigPrp(n)
it follows that we can choose middle components of X so that « satisfies

rank(H.g,\ : Hjy N F(Con(S, X))) = I‘a.Ilk(HgA :HinN F(S(CJJT,O&)) = Pmins
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Corollary 2.48. Let S = MO[G;I,A;P] with connected components I; x
Ay, I x A, let B C S be a minimal component connecting set with coor-
dinates C C I x A, let H;y be a group H-class in S, let T = Con(S, B) and let
A C S be such that B C A. We have:

(i) BC F(T);
(it) (A)s = (A)r;
(iii) rank(S : B) = rank(T : B).

Proof. (i) If (i,9,A) € B then (i, 9, A) = (i, pjy(5y, $()) (¥(X), ()5 A)s & product
of two idempotents. (ii) Repeated application of Lemma 2.44. (iii) A direct

consequence of (ii). O

2.8 Main theorem

Given a generating set for K = S, the natural rectangular 0-band homomorphic
image of the finite completely O-simple semigroup S, we will show how we can

build a generating set for S around its coordinates.

Proposition 2.49. Let S = M[G; I, A; P] be any completely 0-simple semigroup
with connected components Iy x Ay, ..., I x Ay. Let K be the natural rectangular
0-band homomorphic image of S. Let B be a generating set for K. Then there

exists a generating set X of S such that
]X| = mi‘x(|B|,T[“in + kf - ].)

where

P = min rank(H;y : Hiy N F(Sq s
min SGMap(CT,G)( ( iA iA ( Cr,ﬁ)))

and where C C I x A is any minimal set of component connecting coordinates,

and H;y is any group H-class. In particular, if ) : S — K is the natural homo-
morphism (i,g,A) — (i, A) then X may be chosen to satisfy B C X}.

Proof. Let B C I x A be a generating set of K. Let D be a minimal connecting
subset of B, which exists by Corollary 2.36, so |[D| = k — 1. By Corollary 2.47
we can find A C S with coordinates D such that for T' = Con(S, A) we have
rank(H;y : Hix N F(T)) = rmin. We will extend A to a generating set for T,
which, by Corollary 2.48, will serve as a generating set for S also. Let U C H;y
be such that |U| = riyi and (U U (Hijy N F(T))) = Hix, say U = {ug, ..., U, }-
There are two cases to consider:



Section 2.8 47

Case 1: |B| > rmin + k — 1. First we note that
lB\D] = |B|_(k_l) > rmin"‘(k_ 1)_(k_ 1) = T'min-

We can extend A to X = AUY C T with coordinates B in the following way. Let
Y ={v1, .o, Vs VB—(k-1)} € T have coordinates corresponding to B\ D.
Since T is connected we can choose middle components of vy,...,v, ,, so that

for every v, in H; y, with 1 < g < 7in we have
P(igy Ags, A)(vg) = ug.

Choose middle components of v, . +1,...,vg|—k-1) arbitrarily. We claim that X
generates T'. It follows immediately from the fact that X is an H-class transversal
generating set that E(T) C (X). It now follows, by Lemma 2.28, that with
this choice of vy,...,v,,, we have {uy,...,u, .} € (X). We conclude that
((X) N H;») = H;y, which, along with the fact that X is an H-class transversal
generating set, implies by Lemma 2.4 that X generates T', and, as a consequence,

generates S. Determining the size of X we have
|X[=[A]+ Y] =k —1+|B| = (k- 1) = |B| = max(|B|, "min + k — 1),
as required.

Case 2: |B| < rpin + k — 1. First we note that |[B\ D| = |B| — (k — 1) < "min.
We can extend A to X = AUY UZ C T where AUY has coordinates B while all
z € Z have the fixed coordinate (j, u) where (j, 1) € B. Let Y = {v1,...,v5} C T
(where 6 = |B| — (k — 1)) with coordinates B\ D and middle components chosen

so that for every v, in H; , we have
G(iq, Mgy 2, A) (vg) = ug.

Further let Z = {vs41, 542, ..., 0y, } With middle components chosen so that:
é(J, s 1, ’\)(Uq) = Ug-

Then as before X generates T', and, as a consequence, generates S with

| X| Al+ Y|+ |Z]| =k -1 +06+ (rmin— (6 +1)+1)

= Toin = 1 = max(|B|, ruin + k — 1)
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as required. O

Corollary 2.50. Let S = M°[G; 1, A; P] be any completely 0-simple semigroup
with connected components Iy x Ay,..., I x Ai. Then

rank(S) < max(| I, |A], rmin + & — 1).

Proof. Let T = Sh. By Theorem 2.10 we have rank(7") = max(|/|,|A|). The

result now follows from Proposition 2.49. O
We now state and prove the main result of this chapter.

Theorem 2.51. Let S = MO[G;1,A; P] be any completely 0-simple semigroup
with connected components Iy X Ay,..., Iy x Ap.. Then

rank(S) = max(|I|, |A|, 7min + &k — 1),

where

Poin = gemi&igT‘G)(rank(Hﬂ :Hix N F(Scr p))),

and where C C I x A is any minimal set of component connecting coordinates

and H;y is any group H-class.

Proof. The fact that a generating set with the required size can be found was
proven in Corollary 2.50.

To complete the proof, let A C S be an arbitrary generating set of S. By
Lemma 2.3, we must have |A| > max(|I],|A) so we are just left to show that
|A| > rmin + k — 1. By Lemma 2.34, the set A must have a minimal component
connecting subset say D C A with |D| = k — 1. Clearly by definition |A\ D| >
rank(S : D). Let T' = Con(S, D), a corresponding connected completely 0-simple
semigroup, which by Corollary 2.48 satisfies

rank(S : D) = rank(T : D)

and D C F(T). Therefore

|A\ D| > rank(S:D)
= rank(T: D)
> rank(H;\ : HxN F(T)) (by Lemma 2.29)
2  Tmin
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and so |[A| = |D|+ |A\ D| > rmin + k£ — 1. O

2.9 Expressing ry,, as a property of G

Recall that

min — i kHz :Hé NnFE(S
' 9€M$(12‘T.G)(ra'n (Hix : Hix N F(Scr )

where Scr g is a connected completely 0-simple semigroup. Since Scr g is con-
nected we can investigate H;y N F(Scr ) in more depth. We saw in Lemma 2.21
that if S is a connected completely 0-simple semigroup then Hy,1, N F(S) is iso-
morphic to Vi;1,p1,1,- We will now construct a generating set for Vq,1,p1,1, as
described in [81].

For each i € I and A € A let us choose a path 7y connecting 17 to A in A(P)
and a path m; connecting 7 to 15 in A(P) (with m, = m, = 11 — 1p); this is

possible since S is connected. Then with
ay; = V(?T,\)PMV(?T:')PMM

we have:

Lemma 2.52. [81, Lemma 4.5] The group Vi,1,p1,1, is generated by the set
A={ay |iel,xe A}

Proof. Consider an arbitrary path in the graph A(P) starting at 1; and ending
at 1x:

T=1r—= A —ias—= XA —i3—A3— ... = dp_1 — Ap_1 — p — 14,
The value of this path is:

-1 -1 —1 —1 -1
Pai1,PriaPrginPr2iaPagiy P qip_ 1 PAr—1irP1yd, e

Now we amend the path slightly by adding in “spurs” (see Figure 2.4). These
will not change the value of the path. The new path is:

. ™ L T .
]_f(—} 1 _’)11 — Al(i’ 1 A’)’\l — 32(—2+ ].A(E'* 11 3“—»)13\ —2»)12 — ,\2(—# g

] -1
P 5 .
P [ LIRS, PN Y G, [N
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1y Al 9 Ao
Pu fpyy! ﬂw,,_ T Tiy a.mw_ ._.C.,.m_ Txz
Ia 1y L 1;
pu | pp)
15}

Figure 2.4: Expressing an arbitrary element of Vi,

m.q.lw \/q.la m...ﬁ

7 -1 -1 |z .=

il qﬁ_q.]H u._.\.f_.x.__ Ar-1 Tir “_ﬂu..‘
1A 1 1z

-1 et |

P py P11 | ppy
17 1y

P11

as a product of elements of A = {ay; :i € I, A € A, py; #0}.
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Computing the value of this path we have:

-1

. T (. Lo
V(m)P1a1, = Pi,1,PAriaPayisPraisPyyis - - - Px \PAr_1irP15i, PIaLs

r=1%r—

_ e P | —1 =1
= Og1 Mhi2Bagiy PhaiaMrgig + + - On_yipg PAr-1ir P1pdp

Therefore the group Vi,1,p1,1, is generated by A. O

Using this generating set we may obtain a more concrete result than Theo-
rem 2.51. It generalises [81, Theorem 4.6].

Theorem 2.53. Let S = M°[G; I, A; P] be a finite Rees matriz semigroup with
k connected components Iy x Ay,..., I, x Ap.. For every j = 1,...,k choose
(11;,1a;) € I; x Aj with Pia, 1, # 0 so that Hlfj‘lnj are group H-classes. For
A€ A, and i € I} let m) be a path connecting 11, to A in the subgraph I, U A, and
let ; be a path connecting i to 1y, in the subgraph I; U Ay (with Ty, = Mp, =

Pl_ ” 1y =1
1y, ML R 1a,). For everyr=1,...,k let

axi = V(m)paiV (mi)p1,,1,. (A 3) € Ar x ).

Let H, be the subgroup of G generated by the set {ay; | (A1) € Ay X I, ay; # 0}.
Then
rank(S) = max(|I|, |Al, pmin + & — 1),
where
k
Pmin = min{rank(G : U giHigi Ylg1,...,9x € G}.

i=1
Proof. The way to think about this complicated looking theorem is as follows.
With each connected component A; x I; of P there is an associated subgroup H;
of G which is determined by the position and values of the entries of A; x I;. Note
that as a consequence of Lemmas 2.21 and 2.52 the subgroup H, is isomorphic
to F(S) N H;) where H;) is some fixed group H-class of component A, x I,. We
conjugate each of these subgroups in turn by any elements we want from G. We
go on to look at the relative rank in G of the union of these subgroups. The
number ppi, is the smallest possible value this relative rank can take.

Let C be the connecting set

C={(111a,), (Qr3,10,)s Argy10,)s- - (In10,)} © T X A,

let # € Map(CT,G) with (14,,17,)0 = g, for 2 < 7 < k with g = Pia,1;, and
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Figure 2.5: The connected graph A(Q) constructed from the disconnected graph
A(P) and the connecting set C.

consider
rank(Hi, 1,, © Hij 15, N F(Ser g))-

We are really interested in Hy; 1, N F(T'), where T' = S¢r 4 is connected and so
we can use Lemmas 2.21 and 2.52 to compute it.

In order to determine Hy, 1, N F(T) we consider the graph A(Q) (see Fig-
ure 2.5) where Q = Pgr g with entries ¢y;,i € I,A € A. The graph A(Q) is
connected and in it we can find paths from 1;, to any A and from any ¢ to 14,
which we need in order to compute Hlfllk; N F(T). For each A € A, C A let w),
be the following path from 1, to A

wy: 1l — 1, — 15, LLi¥s

Note that V(w)y) = ql-Allhlng(ﬁ,‘). Similarly for i € I, C I let w; be the

following path from i to 14,
. T
it — Iy, — 15— 1.

Note that V(w;) = V(?ri)qlmlfrgr_l. Also choose @y, = w1, = 1 — la,.
Now let
wy; = V(@ )V (@i)qiy, 14, -

For (A, i) € A, x I, with m # n we either have ¢); = 0 in which case wy; = 0 or

else we have A = 15,,i =1y, and q\; = Qip, 11, = In in which case

e e — -1 -1 _
Wxi = Wiy 1y, = V(wlf\l )Qrv(wh,,)‘i’lg\ll;] =qip, 1y, GrOr Qip 1y = lg.
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When (A7) € A, x I, for some 1 < r < k, we have

wy; = V(WA)QMV(W{)QL\IM
= (qua11, " 9V (m)arV (m) a1, (97 q1a,10,)
(PIAILTI"lgr)V(?Tr)PAiV(?T:‘)Pl,\,1;,(Qr"lpl,\ll;l]
= hraxih, !

with hy = p1, 14, ~lg, and ay; defined as before with (),i) € A, x I,..
It follows that the subgroup generated by

'{'wxg | AEAL EI,‘w,\g:ﬁO}

is equal to the subgroup generated by
k
U{hja«\ihj_ll(/\ai) 5= Aj X IJ}
j=1

Therefore

Tmin — BEMi{I;}(lgT‘G)(rank(th 1A, :ngl 1a, N F(SCT,B)))

= min rank(G : Vj
BEMap(C’T,G)( ( 1I11'\1:‘0]‘1'\111'1))

— i ank(G : (wy; | A€ Ayi € [,wy; #0
sty oG (g | N8 A Ly o O)

k
= min{rank(G : U 9iHigi™") | g2,...,9¢ € G} with g = Pip, 1y

i=1

k
= min{rank(G : U %Higi™") | 915+, 9% € G}

=1
= Pmin-

2.10 Isomorphism theorem and normal forms

Given a finite O-simple semigroup it will have, up to isomorphism, a unique non-
zero maximal subgroup. This subgroup is isomorphic to G in the Rees matrix
construction. The R-classes are indexed by I and the L-classes by A. The matrix
P with entries in GU{0} is not, however, uniquely determined by S. In the proof
of the Rees theorem (see Chapter 1) there is some choice in its construction.
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That is, with G, I and A fixed, two different matrices may give rise to isomorphic
semigroups. The following result demonstrates exactly how much variation in

the matrix P is allowed.

Theorem 2.54. [57, Theorem 3.4.1] Two regular Rees matriz semigroups S =
MO[G;I, A;P] and T = JVIG[K; J, M; Q] are isomorphic if and only if there exist
an isomorphism 0 : G — K, bijections o : I — J, x : A — M and elements
u; (1 € I),vy (A € A) such that:

paifl = VX y iy Wi
foralli eI and X € A.

It follows from Theorem 2.54 that if S = MO[G;I,A;P] and T =
MPO[K;J,M;Q)] are isomorphic then so are the graphs A(P) and A(Q). The
values of the paths in A(P) will however not equal the values of the correspond-
ing paths in A(Q), in general.

Another way of expressing this result is the following. If there is a A x A
diagonal matrix V' with entries in G and an I x I diagonal matrix with entries in
G such that P = VQU, then the map (i,a,\) — (i, u;avy, A) is an isomorphism
from M°[G; I, A; P] onto M°[G; 1, A; Q).

In particular, when P happens to contain only non-zero entries, i.e. S =
J U {0} where J is a completely simple semigroup, then there is an obvious

normal form that any matrix P may be put into:

Definition 2.55. We say that the matrix P = (p,;) with entries in G is in normal
form if every entry in the first row and the first column is equal to the identity
1g of G.

Theorem 2.56. If S is a completely simple semigroup then S is isomorphic to
a Rees matriz semigroup M|G; I, A; P| in which the matriz P is normal.

If S is a connected completely 0-simple semigroup then we can normalise the

matrix in a special way using the graph A(P).

Theorem 2.57. Let S = M°[G; I, A; P] be a connected completely 0-simple semi-
group. For any spanning tree T of the bipartite graph A(P) it is possible to
normalize the matriz P so that every edge in T is labelled by the identity of G.

Proof. We proceed by induction on the number of vertices of the graph A(P).
When A(P) has two vertices the result is trivial. For the inductive step we will
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isolate a leaf in the tree, remove it, normalize the resulting completely O-simple
semigroup, then add the vertex back in and normalize appropriately.

Let 7 be a spanning tree of the graph A(P). Let v € 7 be a vertex of degree
one in 7 (a leaf of the tree) and suppose that v € I. The vertex v labels a
column of the matrix P and by construction the matrix P’ = P[0][v] (the matrix
P with column v removed) is also connected. By induction the matrix P’ may
be normalized in such a way that the edges of 7 \ {v}, which is a spanning tree
of A(P'), all have value 1. Let # : A — G and § : I\ {v} — G be the functions
defining such a normalization. We will extend § to 6* so that the pair (6,6%)
normalize P in the desired way. Since v has degree one in 7 there is a unique
element A, € A to which i is connected in 7. Therefore py, , # 0 in P. Now

define

§*(v) = Py, 0(N) 7,

and thus the edge (\,,v) has value:

(g(/\v))p/\l.,v(p)_gli”g(’\v)_l) = lg.

Also, since v has degree one in 7, all of the other values of edges of 7 in A(P)
once normalized by (6,6*) are left unaltered (i.e. are all equal to 15). This

completes the inductive step. There is a dual argument when v € A. O

Now consider the generating set A = {ay; | 7 € I,A € A} described in the
previous section. It is constructed by fixing paths m; for each i € I and 7 for
cach A € A. Once P has been normalized, by the process described above, all of
the paths m; and m, can be chosen to only use edges from the spanning tree 7.
Therefore V(my) = V(m;) = 1¢ for all 7 and A. In addition to this we can find
H;i; such that p;; = 1. Now

A = {ax|ieLAe A} ={V(m)pxV(mi)pu | i € I,A € A}

We conclude that the group Viipi1 is equal to (py; | i € I,A € A,px; # 0), the
subgroup generated by the non-zero entries in the matrix P. Carrying out this
normalization process on each of the connected components of a matrix P in turn
gives a matrix that we say is in Graham normal form. Graham [41] was the first
to realise that the matrix P may be normalized in such a way.

Theorem 2.58. [/1, Theorem 2] Let S = M[G; 1, A; P] be a finite regular Rees
matriz semigroup. It is always possible to normalize the structure matriz P to
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obtain Q with the following properties:

(i) the matriz Q is a direct sum of r blocks C1,. .., C, suggested by the following

picture:
By By ... B,
A C 0
Ay Co
Ar 0 C;

(ii) Each matriz C; : A; x B; — G° is regular and

F() = (B($)) = | ) MO[Gs; 4, B i

i=1

where G; is the subgroup of G generated by the non-zero entries of C;, for

S N

2.11 Applications, examples and remarks

We begin by using the notion of Graham normal form to obtain the following

neat formulation of Theorem 2.53.

Corollary 2.59. Let S = M°[G; I, \; P] be a finite Rees matriz semigroup with
k connected components Iy x Ay, ..., I x A and with reqular matriz P in Graham
normal form. For everyr =1,...,k let H, be the subgroup of G generated by the
non-zero entries of component C, = I. x A, of the matriz P. Then

rank(S) = max(|I|, |A|, omin + & — 1)

where "
Omin = min{rank(G : U gHigi™) | 91,..., 91 € G}.
i=1
Proof. By Theorem 2.57 we may choose, for every j = 1,...,k, an element
(17;,14,) € I; x A; with Pin,lr, = 1g. For every r = 1,..., k we have

axi = V(m)paiV (mi)1c.
The subgroup H, of G is generated by:

{axi | (A7) € Ay x I, py; # 0}
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In fact, by Lemma 2.52

ale= Vlfr-]'

Hr = Vl;rl

Ar”

By Lemma 2.21 the map + : Hy, ;, — G defined by

¥(15,,9,17,.) =g

is an isomorphism which maps Hy, 1, N F(S) onto Vi, 1, . Since the matrix P

is in Graham normal form we have

th‘] ﬂF(S)zllr ><G1r-><1‘r\1~

Ar

where G, is the subgroup of G generated by the non-zero entries in component
C;.. We conclude that
H, = I/I;,,IM =G, CG.

In other words, H, and G, are equal as sets. Now the result follows as a direct

application of Theorem 2.53. O

In fact, using Theorem 2.54, once the best conjugating elements have been

found we can conjugate the entries in the matrix putting it in a new normal form.

Corollary 2.60. Let S = MO[G;1,A;P] be a finite completely 0-simple semi-
group where P has k connected components. It is possible to normalize the matric

P to obtain a matriz QQ with the property that:
rank(S) = max(|/|, |A|,rank(G : K) + k — 1)

where K is the subgroup of G generated by the non-zero entries in the matriz Q.

Note that the above result contains less information than the main theorems,
Theorems 2.51 and 2.53, in the sense that there are no instructions given for
finding the appropriate normalization. It just tells us that such a normalization
exists.

A Hamiltonian group is a group all of whose subgroups are normal. In partic-
ular, all abelian groups are Hamiltonian. The quaternion group g is an example
of a non-abelian Hamiltonian group. If G is an abelian group, or more generally
a Hamiltonian group, then conjugating has no effect on subgroups which gives us

the following corollary.
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Corollary 2.61. Let S = M°[G; 1, A; P] be a finite Rees matriz semigroup with
G a Hamiltonian group, k connected components and with reqular matriz P in
Graham normal form. Let H be the subgroup of G generated by the non-zero
entries of P. Then

rank(S) = max(|/|], |A],rank(G : H) + k — 1).

Given a completely 0-simple semigroup it is sometimes possible to express it
as a Rees matrix semigroup over a group where P is made up entirely of elements
from {0,15}. A formula for the rank, in this situation, is given by the following

corollary.

Corollary 2.62. Let S = M°[G; 1, A; P] be a finite Rees matriz semigroup with
k connected components and with reqular matriz P only containing entries from
{0,1¢}. Then

rank(S) = max(|I|, |A|,rank(G) + k — 1).

Proof. Since P has only 0 and 1g as entries then it is in Graham normal form.
Therefore

k
Pmin = min{rank(G : U 9iHigi Y|g1,- .., gk € G} = rank(G : {1¢}) = rank(G).

i=1
O

Recall that the Brandt semigroup B = B(G,{l1,...,n}) is a Rees matrix
semigroup MO[G;I,I; P] where P ~ I, the n x n identity matrix, and [ =
{1,...,n}. The Brandt semigroup represents the extreme case where I'(Hg) is
as disconnected as possible. The Brandt semigroup clearly satisfies the criteria
of Corollary 2.62 and as a result we obtain the following theorem of Gomes and

Howie:

Corollary 2.63. [37, Theorem 3.3] Let B = B(G,{1,...,n}) be a Brandt semi-
group, where G is a finite group of rank r > 1. Then the rank of B isr+n — 1.

We saw in Lemma 2.9 that when rank(G) = 0 (i.e. G is the trivial group)
then rank(B) = n. Note that the original result of Gomes and Howie actually
gave the rank of B as an inverse semigroup but in [35] Garba shows that, when
r > 1, the rank of B as a semigroup is equal to the rank of B as an inverse

semigroup.

Definition 2.64. We call S locally generated if H; = G for some 1 <1 < k.
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Corollary 2.65. If S = MP[G; A, I; P] is a locally generated completely 0-simple
semigroup then
rank(S) = max(|1], |A]).

Proof.

k
max(|I|, |Al, min{rank(G : U giH;g: Vg1, .., 9x € G}))

i=1

rank(S)

= max(|I], |A],rank(G : G))
= max(|I],|A]).

O

After proving Theorem 2.10, and considering the results for the connected
case, it would perhaps have seemed reasonable, as an initial guess, to think that

the rank of a completely O-simple semigroup might be given by

rank(S) = max(|I|, |Al, 'elp)i\réﬁ(rank(ffi,\ : Hix N F(S)))). (2.1)

In fact the expression on the right hand side does not even serve as an upper

or lower bound for the rank in general, as the following two examples show.

Example 2.66. Let G be a group with rank(G) = 3 (such as Cy x Cy x Cj for
example) and let S be the Brandt semigroup S = B(G,{1,2}). Then F(S) =
{(1,1¢,1),(2,1¢,2),0} and so

max(|1], |A|,iel}1,i\réA(rank[Hu :HixNF(S)))) = max(2,2,1)=2<4

= r+k—1=rank(S).

Example 2.67. Let G be a group with rank(G) = 11 (such as Ca!! for example)
and suppose G = (91,...,911). Let

(11 100 o)
I 9. 2 0 0 0
P 1 g3 g2 0 0 O
00 0 1 1 1
0 0 0 1 g5 ge
\0 0 0 1 gr g5

which is in fact in Graham normal form. Letting H; = (g1, 92,93, 94) and Hy =
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(95 96, 97, gs) we have
Tmin = min{rank(G : h]th;l U thQh;lNhl,hg € G} <rank(G: HyUH,) = 3.
Then we have
rank(S) = max(|I|, |Al, "min + 2 — 1) = max(6,6, rmin + 1) = 6.
The right hand side of (2.1) gives

max(|]], |A],t_61}1/i\réA(rank(H§,\ : H)nNF(S)) = max(6,6,min(7,7))

= 7> 6 =rank(S).

2.12 Non-regular Rees matrix semigroups

The definition of Rees matrix semigroup generalizes in a number of ways. For
example, if we remove the assumption that the matrix P is regular we still obtain
a semigroup, but in general it will not be a 0-simple semigroup. We call such
semigroups generalized Rees matriz semigroups. We begin this section with an
easy generalization of the main theorem of the previous section with the removal

of the assumption that the matrix is regular.

Theorem 2.68. Let S = M[G; 1, A; P] be a generalized Rees matriz semigroup
over a group G. Write P in the form:

5L I

Ay 0

Ag

where Q = Ay x I is reqular and the rest of the entries equal zero. Let T =
MO[G; I, Ay; Q), which is a completely 0-simple semigroup. Then

rank(S) = rank(T) + [I2] + |Asl.

Proof. (<) We begin by demonstrating that a generating set with the required size
can be found. Let B C I) x G x A; be a generating set for T' with |B| = rank(T).
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Fix i* € I} and A\* € Ay and define
B; = {(i*, 1(_‘;,.\) XN E AQ}, BA = {(i,l(;,)n*) 11 E IQ}.

Now
|B U By U By| = rank(T) + |I2| + |Az]

and this set generates S.

(>) Let A be a generating set of S with |A| = rank(S).
Claim. (ANT) = (A)NT =T.

Proof. Consider the graph A(S : A) and recall the connection between (A) and
the values of the valid paths in the graph. Consider a path (with non-zero value)
beginning in [; and ending in A;. No such path passes through a vertex of
Is U Ag, since there are no directed edges from As to I, from A; to Iz, or from
Ao to 1. O

Claim. (A\ (I x G x Ay)) = S.

Proof. Let B = A\ (I x G x As). First observe that for every s € Iy x G x Ay and
for every t € S we have st = ts = 0. It follows from this that since A generates
S we must have (B) D S\ (J2 x G x Az). Finally note that S\ (I2 x G x Ap)
generates S since for io € Iy and Ay € Ao, if we fix A € Ay and ¢ € I} such that

pai # 0, which we can since () is regular, we have:
{(3‘2193/\2) g € G} = {(32391/\) g € G}{(I,g, /\2) 1g € G}
O

Returning to the proof of the theorem, since A\ (I3 x G x Az) generates S it
must intersect every row and every column of S. (Notice here that it is incorrect
to use the expressions R- and L-class for the rows and the columns since these

are not the R-classes and L-classes anymore.) We conclude that:

rank(S) |A| > |[ANT| + AN (I x G x Ay)| + |AN (I x G x As)|

rank(T') + |Ia| + |Ao]

v

as required. |
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In particular, if S = M°[G;I,A; P] is a finite completely O-simple semigroup
with I’ C I and A’ C A, then (I’ x G x A") U {0} is a subsemigroup of S and
is isomorphic to the generalized 0-Rees matrix semigroup M°[G; I', A’; Q] where
qxi = pyi for all (A7) € A’ x I'. In other words, if S is a finite completely 0-simple
semigroup and if Rq,..., R, is a set of non-zero R-classes of S, and Ly,...,L,

is a set of non-zero L-classes of S then
{{R} V. .l RGN (By s B Yy W {0}

is a subsemigroup of S and is isomorphic to a generalized 0-Rees matrix semi-

group, as described above.

2.13 A family of transformation semigroups

As mentioned in the introduction, in current literature one of the most common
areas of investigation has been that of the ranks of various semigroups of trans-
formations. Many examples that have been considered happen to be idempotent
generated and therefore the question of rank is answered simply by applying The-
orem 2.13. In order to find less trivial applications for Theorem 2.51 examples
that are not idempotent generated, and those that are not even connected, should

be considered.

Definition 2.69. Let n,r € N with 2 < » < n. Let A be a set of r-subsets
of {1,...,n} and let B be a set of partitions of {1,...,n}, each with r classes.
Define:

S(A,B)=({aeT,:ima€ Akera € B} )

the semigroup generated by all maps with image in A and kernel in B.

Example 2.70. In [68], [67] and [66] subsemigroups of T,, generated by elements
all with the same kernel type are considered. These semigroups are idempo-
tent generated and in this series of papers their ranks and idempotent ranks
are computed. The semigroups S(A, B) are a more general class since when
A= {X C {1,...,n} : |X| = r} and B is the set of kernels of a particular
partition type then we recover the examples of [68].

Example 2.71. Let S be a transformation semigroup over a finite set X gener-
ated by elements with fixed rank r and with the property that S has a subgroup
that is isomorphic to the symmetric group S,. Then this semigroup belongs to

the class of semigroups of the type S(A, B).
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Definition 2.72. Let I' be a finite simple graph. For a subset X of the vertices
of T define
W(X) ={z € X : d(z) = 0},

the set of all isolated vertices, and
Vi(X)={zeX:d(z)>0},

the vertices with non-zero degree so that X = V4(X) U Vi (X). Also define
vo(X) = |Vo(X)|, v4(X) = |Ve(X)| and MD(T') = max{d(v) : v € V(T')}: the

maximum degree of a vertex of the graph.

Recall that the edges in the graph A(P) corresponded to idempotents in the
completely 0-simple semigroup. From Proposition 2.14 the idempotents in 7;, are
indexed by pairs (I, K') where [ is an image and K is a kernel such that I is a

transversal of K. This leads to the following definition.

Definition 2.73. Let A be a set of r-subsets of {1,...,n} and B be a set of
partitions of {1,...,n} of weight r. Define the bipartite graph I'(A, B) to have
vertices AU B and a € A connected to b € B if and only if a is a transversal of b.

Lemma 2.74. Let T = {a € S(A,B) : |ima| < r} which, provided it is non-
empty, is a two-sided ideal of S(A, B). Then S(A, B)/1 is isomorphic to a gen-
eralized Rees matriz semigroup over the symmetric group G = S, and

rank(S(A, B)) = rank(S(A, B)/I).

Proof. Let S = K(n,r). Let T = K(n,r)/K (n,r— 1) which is a finite completely
O-simple semigroup. Let ¢ : S — T be the natural epimorphism from S onto T

By definition
S(A,B)/T = (S(4, B)n D,) U {0}

with a product of two elements z,y € S(A,B) N D, equal to 0 if and only if
xy & S(A, B)N D,. By the definition of ¢ it follows that S(A, B)/Z is isomorphic
to (S(A,B)ND,)¢pU{0} <T. From the definition of the semigroup S(A, B) this

subsemigroup of T" has the form
{(RiU...URy,)N(L1U...ULy)}u {0}

where Ry,..., R,, is a set of non-zero R-classes of S and Ly,...,L, is a set of
non-zero L-classes of S. Therefore, if T 22 M°[G; I, A; P] then there are subsets
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I’ C I and A’ C A satisfying
(S(A,B)N D, )puU {0} = (I' x G x A") U {0}

which is a generalized 0-Rees matrix semigroup. Since the maximal subgroups of
D, are isomorphic to S, it follows that G = S,.

For the second part, by definition S(A, B) N D, generates S(A, B). Therefore
rank(S(A, B)) < rank((S(A, B)/Z)). On the other hand, since S(A, B)/ZT is a ho-
momorphic image of S(A, B) it follows that rank(S(A, B)) > rank((S(A, B)/T)).

O

Theorem 2.75. Let n,vr € N with 2 < r < n. Let A be a set of r-sets of
{1,...,n} and B be a set partitions of {1,...,n} with weight v, and construct
the bipartite graph I'(A, B). Then:

max(vy (A),v4+(B)) +v(AU B) if MD(AUB) > 2
rank(S(A, B)) = { max(vy(A),v4+(B)) +vw(AUB)+1 if MD(AUB) =1
|A||B]r! if MD(AUB) =0

where vy, vo and MD(A U B) refer to values of the graph I'(A, B).

Proof. As a result of Lemma 2.74 is is sufficient to prove the result for the
generalized Rees matrix semigroup S = MPO[S,;I,A; P] which is isomorphic
to S(A,B)/Z. There are three cases to consider depending on the value of
MD(AU B).

Case 1: MD(AU B) = 0. In this case the structure matrix P consists entirely
of zeros so S(A, B)/Z is a null semigroup with |A||B|r! non-zero elements and

the result follows trivially.
Case 2: MD(AU B) = 1. In this case the matrix P has the form:
L I

Ay D

Az

where D is a diagonal matrix with entries in G. As in Theorem 2.68 let
T = M[G;I1,Aq; D] which, since D is diagonal, is isomorphic to the Brandt
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semigroup B(G,|I;|) with G = S,. Since r > 3 it follows that rank(G) =
rank(S,) = 2. Thus, by Corollary 2.63 we have:

rank(T') = |I;| + rank(G) — 1 = ||+ 2 - 1= || + 1.
Now by definition
[11] = |A1| = max(vy (4), v4(B))

and

|I2] + |A2| = vo(A U B).
It follows that:

rank(S(A4,B)) = rank(S(A4,B)/T) (Lemma 2.74)
= rank(T) + |I2]| + |A2| (Theorem 2.68)

(1] + 1) + |12 + |Ag]

= max(vy(A),v4(B)) +vw(AUB)+1

as required.
Case 3: MD(AU B) > 2. In this case P has the form:
I I

Ay Q

As

where @ is regular, non-diagonal and every entry outside of @ is equal to zero.
As before, let T = MO[G;I;,A;;Q]. Since Q is not diagonal the number of
components that @) has, when decomposed as in Proposition 2.58, must be strictly
less than max(|I], |[A1]). Also since r > 2 it follows that rank(G) = rank(S,) = 2
and so ryin < rank(S,) = 2. We conclude that:

Tmin +k—1< 24+ k-1 <max(|h], |A1]).
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It follows that rank(T") = max(|];|,|A1]). We conclude:

rank(S(A,B)) = rank(S(A,B)/T) (Lemma 2.74)
= rank(T) + |I2| + |Ag| (Theorem 2.68)
= max(|L],|A1]) + |I2] + |Ag]
= max(vy(A),v+(B)) +vo(AU B)

as required. 1)

Note that the result is slightly different for r = 2 since Ss is cyclic and so has

rank 1, not 2.

Example 2.76. Let n = 7 and » = 3 and define the set of images:
A={{1,2,3},{1,6,7},{5,6,7},{2,4,6},{1,2,5}}
and set of partitions:
B ={(1,4,7]2,53,6),(1,2,3]6,5|7),(1,2]6,7,4|3,5)}.

Then the graph I'(A, B) is isomorphic to:

(1,4,72,5/3.6)  (1,2,3/6,57) (1,2[6,76|3,5)
0
{1,2,3} {1,6,7} {5,6,7} {2,4,6} {1,2,5}

which has two isolated vertices so that vo(AUB) = 2, v4.(A4) = 2, v4.(B) = 4 and
maximum degree MD(A U B) = 3. Therefore:

rank(S(A4, B)) = max(2,4) + 2 = 6.

Corollary 2.77. If S(A, B)/T is reqular and has at least two idempotents in one

R- or L-class then

rank(S(A, B)) = max(|A], |B]).

In particular the semigroups K (n,r) satisfy the conditions of the above Corol-

lary.
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2.13.1 Ranks of regular subsemigroups of the full transformation

semigroup

In [16], while considering the question of the length of finite groups, the authors
give a sketch of the proof of the following result, due originally to P. Neumann.

Theorem 2.78 (P. Neumann). rank(G) < max(2, [n/2]) for all G < S,,.

A similar result for subsemigroups of the full transformation semigroup would
be of interest. In general this still seems like a difficult problem:

Open Problem 1. Determine a formula for max{rank(S) : S < T}, }.

One feels that the answer, if there is any reasonable answer, will be given by
finding a very large block of non-group H-classes in some J-class and taking this
set of elements as generators. If we add a number of hypotheses we are able to

obtain a positive result of the the above type.

Theorem 2.79. Let n > 4 and let 1 < r < n. Every reqular subsemigroup of T,
that is generated by mappings all with rank r, and has a unique mazimal J -class,
is generated by at most S(n,r) elements. Moreover, the bound is attained by the

semigroup K(n,r).

Proof. Let S be a regular subsemigroup of T, generated by mappings of rank
r and with a unique maximal J-class. Let Jy; be the unique maximal J-class
of S. Then rank(S) = rank(Jy*) where the principal factor Jy* is isomorphic
to a completely O-simple M°[G; I, A; P] where G < S, and the matrix P has at
most (:) connected components. By Theorem 2.78, since G < S,, it follows that
rank(G) < |r/2]. By Theorem 2.8

rank(S) < max(S(n,r), (?), r/2] + (?) - 1).
Of course,

s S, ), Cf) /2] + (':) — 1) = max(S(n, ), |r/2] + (":) —1).

Also, for n > 4 and 1 < r < n we have:
n
S(n,r) > |r/2] + (?) -1

It follows that rank(S) < S(n,r). O
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Can we remove the hypothesis that the subsemigroup must have a unique

maximal J-class?

Open Problem 2. Let n > 4 and 1 < r < n. Prove that any regular subsemi-
group of T,, that is generated by mappings of rank r is generated by at most

S(n,r) elements.

Another direction might be to consider inverse subsemigroups of the symmet-

ric inverse semigroup I,,.

Open Problem 3. Find max{rank(S) : S < I,,} where S is an inverse subsemi-

group of I,,.
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3.1 Semigroups generated by idempotents

In [57, Section 6], where various classes of regular semigroup are being discussed,
there is a section devoted to, so called, semibands. A semiband is a regular
semigroup that is generated by its idempotents. The canonical example of such
a semigroup is the semigroup Sing,, of all non-invertible elements of 7;,. More
generally, the semigroup K (n,r) is a semiband for r = 1,...,n — 1 (see Propo-
sition 2.14). The reason Howie gives for including a section on semibands in his

monograph is because

“...of the frequency with which such semigroups occur ‘in nature’ and

in the universal property they possess.”

The universal property being that every semigroup is embeddable in a semiband.
As he points out, many naturally occurring semigroups turn out to be idempo-
tent generated. The proper ideals of the full transformation semigroup, we have
already seen, are idempotent generated. The ideals of the semigroup O, of or-
der preserving mappings were shown to be idempotent generated by Aizenstat
in [4]. This was reproven in [38] where, in addition, the semigroup of partial order
preserving transformations PO, was also shown to be idempotent generated. A
subsemigroup S of T, is called S,,-normal if S is stable under conjugation by
elements of S, (i.e. Yo € S, : aSa™! = §). In [65] it is shown that S,-normal
semigroups are idempotent generated which generalizes the result for K(n,r)
since K (n,r) is an S,-normal subsemigroup of T,.

In addition to these transformation monoids, various linear semigroups have
been considered. The proper ideals of the semigroup of all linear transformations
of a finite vector space were shown to be semibands in [25] and [29]. Also, the
proper ideals of the semigroup of affine mappings of a finite vector space were
shown to be idempotent generated in [24]. In [31] the semigroup of n X n matrices
over Z was shown to be idempotent generated.

It follows from [57, Exercise 6.12] that a finite semigroup is a semiband if and
only if every principal factor of the semigroup is idempotent generated. Each
of these factors is completely O-simple and, using the normal form introduced in
Section 2.10, we can determine exactly when a completely 0-simple semigroup

will be idempotent generated.

Theorem 3.1. Let S = M°[G; I, A; P] be a finite completely 0-simple semigroup
in Graham normal form. Then S is idempotent generated if and only if S is

connected, and the group G is generated by the non-zero entries in the matriz P.
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Proof. Follows from Theorem 2.58. O

Given an idempotent generated semigroup S its idempotent rank is defined
to be the minimal cardinality of a generating set of idempotents for S. In other

words
idrank(S) = min{|B| : B C E(S),(B) = S}.

Clearly the idempotent rank is at least as large as the rank. In general, however,
they will not be equal. On the other hand, a fair number of semigroups are known
to have idempotent rank equal to rank. In [59], the semigroup K (n,r) was shown
to have this property. Since then, many other idempotent generated semigroups
have been shown to have this property. A list of some other examples, along with
their ranks and idempotent ranks, is given in Table 3.1. As with the question of
rank, for many of these examples the question of idempotent rank reduces to the
same question for a corresponding completely O-simple semigroup.

Amongst the collection of papers where idempotent rank is considered is
a series of papers [68], [67] and [66], where the authors consider semigroups
generated by transformations of prescribed partition type. These semigroups
are closely related to the S,-normal semigroups defined above. Stealing the
expression from [67], if a semigroup S is idempotent generated and satisfies
rank(S) = idrank(S) then we say it has an extremal idempotent generating set.
In [67] it is shown that S,-normal semigroups have extremal idempotent gener-
ating sets. The methods used involve relating the idempotent rank problem to
the, so called, Partition Type Conjecture. The Partition Type Conjecture is a
generalization of the famous Middle Level Conjecture, attributed to Paul Erdos
(see [85]), which asks whether the bipartite graph given by the middle two levels
of the poset of all subsets of X5,,,1, ordered by inclusion, is Hamiltonian.

It is the connections between finding extremal idempotent generating sets
and combinatorial problems in bipartite graphs which will be the main focus of
this chapter. Finite idempotent generated completely 0-simple semigroups will
be considered with a view to classifying those that have extremal idempotent
generating sets. The results will then be applied to a number of concrete ex-
amples. In particular, it will be shown that while the existence of Hamiltonian
cycle is sufficient for finding extremal idempotent generating sets, it is actually
not necessary.

In §3.2 relationships between ranks and idempotent ranks of rectangular 0-
bands and their substructures are explored. Then in §3.3 and §3.4 the ranks

and idempotent ranks of completely 0-simple semigroups are considered, and the
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main results of the chapter are given. Some applications of these results are given
in §3.5. Nilpotent rank is the subject of §3.6 and in §3.7 the connections between
idempotent rank and the problem of counting the number of bases of a semigroup

are explored.

3.2 Division and direct products

We now introduce a few notions concerning completely 0-simple semigroups which
we will need in what follows. A rectangular band with a zero adjoined is a
band (every element is idempotent) and therefore has an extremal idempotent
generating set. Recall that we call two m X n matrices A and B over {0,1}
equivalent if B can be obtained from A by permuting its rows and columns.
Given a regular matrix @) with entries in {0, 1} we will use ZB(Q) to denote the
rectangular O-band with structure matrix Q.

We say that the rectangular O-band ZB(P) divides the rectangular 0-band
ZB(Q) if P is equivalent to a submatrix of Q). We say that ZB(P) is an R-class
(respectively L-class) filling subsemigroup of ZB(Q) if ZB(P) divides ZB(Q)
and ZB(P) has the same number of non-zero R-classes (respectively L-classes)
as ZB(Q).

We call a completely 0-simple semigroup S tall if it has at least as many
R-classes as L-classes and wide if it has no more R-classes than L-classes. Note
that S is both tall and wide if and only if the number of R-classes equals the

number of L-classes. In this case we say that S is square.

Example 3.2. Let S and T be the rectangular 0-bands with structure matrices

10 1
’ Q:(111)'

Then S is wide, T is tall and T is an R-class filling subsemigroup of S.

P and @, respectively, where:

v

I
= O =
o O = o
o = =

The next lemma tells us that finding a suitable submatrix of P is enough to

conclude that ZB(P) has an extremal idempotent generating set.

Lemma 3.3. Let S and T be rectangular 0-bands such that T has an extremal

tdempotent generating set. Then:
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(i) if S and T are both tall and T is an L-class filling subsemigroup of S then

S has an extremal idempotent generating set;

(ii) if S and T are both wide and T is an R-class filling subsemigroup of S then

S has an extremal idempotent generating set.

Proof. (i) Let B C T < S be an extremal idempotent generating set for 7. If
S =T then B is an extremal idempotent generating set for S and we are done.
Suppose otherwise so that S is strictly taller than T". Since S and T are both tall,
and 7" is an L-class filling subsemigroup of S, the set B intersects every L-class of
S but does not intersect every R-class. Let C' be a subset of S, consisting entirely
of idempotents, that forms a transversal of the R-classes of S that the set B does
not intersect. Such a set C exists since S is regular and so every R-class contains
at least one idempotent. We claim that the set BUC' is an extremal idempotent
generating set of S. The number of elements in B U C is equal to the number
of R-classes in S and since S is tall this number equals rank(S) by Lemma 2.10.
It follows that |B U C| = rank(S) which is the required size for an extremal
idempotent generating set. Also, by construction it follows that every element in
B UC is an idempotent. We are just left to prove that B U C generates S. Let
s€S. IfseT < Sthense (B)C(BUC). Otherwise we have s € S\ T and in
this case we let {u} = R;NC and let e be some idempotent in T" that is L-related
to u. Such an element e exists since the subsemigroup 7' is regular. Finally let
{v} = RN Ls; CT. Since B generates T and since v € T it follows that v € (B).
Also by definition we have u € C. But now s = wv (since e is an idempotent)
and so s € (BUC). Since s was arbitrary it follows that (BUC) = S. (ii) Is

proved using a dual argument. O

In general the direct product of two completely 0-simple semigroups is not a

completely 0-simple semigroup.

Definition 3.4. Let S and T be semigroups each with a zero element. Let
Z=A(z;0): zeSU{By) iyeTiCcSxT

noting that Z is a two-sided ideal of S x T'. Let S xo T denote the Rees quotient
(SxT)/Z. We call S x¢T the direct product of S and T with amalgamated zero.

If S and T are completely O-simple semigroups then so is S xg 7. In the
particular case where S and T are rectangular 0-bands then so is S xo 7T and the
structure matrix of S xg T is constructed from the structure matrices of S and

T in the following way.
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Given two matrices P and @ over {0,1} the tensor product of P and @,
written P ® Q, is given by:

leQ iz pan
PeQ=| : .
ple swy pan

with 0 and 1 multiplying in the usual way. For any two regular matrices P and
Q over {0,1} the matrix P ® @ is regular and ZB(P) xq ZB(Q) = ZB(P ® Q).
The following simple lemma provides an upper bound for the idempotent rank

of the direct product, with amalgamated zero, of two semigroups.

Lemma 3.5. Let S and T be idempotent generated semigroups each with a zero

element. Then
idrank(S xo T') < idrank(S)idrank(T).

Proof. First note that if S and T are idempotent generated then so is S x T
and idrank(S x T') < idrank(S)idrank(7T’). Indeed, if A and B are idempotent
generating sets for S and T, respectively, then we claim that A x B C S x T is
an idempotent generating set for S x T'. To see this let (s,t) € S x T and write
s=e1---e, wheree; € Afor1 <i< kandt = f;-- f, where f; € B for all
1 < i < r. Suppose without loss of generality that £ < r. Then we have:

(s,t) = (e1, f1) - - - (€r—1, fr—1)(er, fi) (e, frv1)(eks frv2) -+ (ek, fr) € (A x B)

so the set A x B generates S x T'. Also we have |A x B| = |A||B| so the set Ax B
has the required size. Using the claim we have:

idrank(S %o T') = idrank((S x T')/Z) < idrank(S x T) < idrank(S)idrank(T")

as required. O

From the above lemma we now give a sufficient condition for S xo T to have

an extremal idempotent generating set.

Lemma 3.6. Let S and T be rectangular 0-bands such that idrank(S) = rank(S)
and idrank(T") = rank(T"). If S and T are both tall (or both wide) then

idrank(S xo T") = rank(S xo T').

Proof. Let P and Q be the structure matrices of S and T, respectively, where P
is an a x b matrix and Q is a ¢ x d matrix. Since S and T' are both tall it follows
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that b > a and d > ¢. We have
idrank(S xo T') > rank(S x¢ T') = max{bd, ac} = bd.
Also, by Lemma 3.5, we have
idrank(S xoT) < idrank(S)idrank(7") = rank(S)rank(7T") = bd.
We conclude that
idrank(S xo T) = bd = rank(S xo 7).

O

The condition that S and T are either both tall or both wide is necessary as

the following example demonstrates.

Example 3.7. Let S and T be rectangular O-bands with structure matrices P

and @, respectively, where

110 0 1
P=(11 11)’Q=(1)'

Then S @ T has structure matrix

PRQ=

i e e
== =
- = O O
== O O

In this example S and T both have extremal idempotent generating sets but
S ® T does not have one. Indeed, T is a band and so obviously has an extremal
idempotent generating set, and S is generated by {(1,1),(2,2),(3,2),(4,2)}. The
semigroup S ® T' does not have an extremal idempotent generating set because
it does not satisfy SHC (see the next section for the definition of SHC and the
proof of this fact).

Example 3.8. Let S and T be the 4-element right zero semigroup and 3-element
left zero semigroup, respectively (both with zero adjoined). Then S ® T is the
3 x4 rectangular band (with 0 adjoined) which does have an extremal idempotent

generating set even though S is tall and T is wide.
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Finally we include an example that shows S ® T' can have an extremal idem-

potent generating set even if neither S nor T does.

Example 3.9. Let S and T be rectangular 0-bands with structure matrices P

and @, respectively, where

Then S @ T has structure matrix

(100 0)
1100
1010
PRE@=14111
0010
\0 0 1 1)

and in this example neither S nor T both have extremal idempotent generating
sets but § ® T does have an extremal idempotent generating set. For example
the set A = {(1,1),(2,2), (3,2),(4,1),(5,3),(6,4)} C E(S®T) generates S®T.

3.3 Idempotent generated completely 0-simple semi-
groups

Recall that with every completely 0-simple semigroup S we may associate a rect-
angular O-band T = Sh with the same dimensions. In the previous chapter we
saw a connection between the generating sets of 7' and those of S. In the case

when S is idempotent generated this connection is even stronger.

Lemma 3.10. Let S = MP[G; I, A; P] be a finite idempotent generated completely
0-simple semigroup and let T = Sh be the natural rectangular 0-band homomor-
phic image of S. Then A C S is a generating set for S if and only if Af C T is

a generating set for T.

Proof. If A generates S then, since fj is a homomorphism, it follows that Af
generates T'. For the converse, if Al generates T then it follows that A generates
at least one element of every non-zero H-class of S. But S is idempotent generated
so (A) = S by Lemma 2.4. O



Section 3.3 g d

Combined with the results for rectangular 0-bands in the previous chapter we

have:

Lemma 3.11. Let S = MP[G; I, A; P] be an idempotent generated completely 0-
simple semigroup and let T = Sh be the natural rectangular 0-band homomorphic

image of S. Then:
(i) rank(S) = rank(T") = max(|/|, |A]);
(#) idrank(S) = idrank(7T').

In particular S has an extremal idempotent generating set if and only if T has

one.

Proof. (i) See Theorem 2.13. (ii) If X C E(S) generates S then X C E(T) with
| Xt < |X| and (Xt) = T. Therefore idrank(S‘) > idrank(T"). For the converse
let Y C E(T) generate T. Then X = {(4,p};,A) : (i,A) € Y} is a subset of the
non-zero idempotents of S satisfying Xt = ¥ and so generates S by Lemma 3.10.
Since |X| = |Y| it follows that idrank(S) < idrank(T").

O

Given a rectangular 0-band S we will often suppose that the index sets consist
of natural numbers (i.e. that I = {1,...,m} and A = {1,...,n}). Thisis a
possible source of confusion since we will still want to view I and A as being
disjoint sets. In some situations, in order to avoid ambiguity, we will use I =
{iteasn bond A =4 X006 Ak

Recall the correspondence between non-zero products of idempotents in 7" =
Sk and paths between vertices of I and those of A in the graph A(P). Indeed, the
equality (i1,A1) - (2ky Ak) = (21, Ax), with (4, A)) € E(T) for 1 <1 < k, holds in
T precisely when py,i,,...,Px,_,i, are all non-zero, which is the same as saying

that iy — A\ — ... — 4 — Ay is a path in the graph A(P).

Lemma 3.12. The set E' C E(T) of idempotents generates (i1, \x) € T if and
only if there is a path iy — A\ — i9 — Aoy — ... — i — A in A(P) such that
(tmyAm) € E' for 1 <m < k. O

There is a limited range of values that the idempotent rank can take.

Proposition 3.13. If S = M°[G; 1, A; P] is idempotent generated then

max(|7],|A]) < idrank(S) < [I]| + |A| — 1.
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Proof. The first inequality holds since idrank(S) > rank(S) = max(|/|, |A]) by
Lemma 2.3. As for the second inequality, since S is idempotent generated the

graph A(P) is connected. Let 7 be a spanning tree of A(P) noting that 7| =
[I]+|A|—=1. The set of idempotents given by the edges in this tree is a generating

set for S as a consequence of Lemma 3.12. O

Example 3.14. It was observed in [4] that the semigroup O,, of all non-identity
order preserving mappings of X,, is idempotent generated. Let .S be the principal
factor of the unique maximal J-class of O,,. The semigroup S has n — 1 non-zero

R-classes and n non-zero L-classes. The graph A(S) is isomorphic to

1 2 -

which is connected but has the property that the removal of any edge will dis-
connect the graph. As a result, every idempotent is required in order to generate

the completely O-simple semigroup S and
idrank(S) =n+(n—1)—-1=2n-—2.
In fact, with |I| and |A| fixed, for every j in the range max(|I|,|A]) up to
[I| + |A|] — 1 there are semigroups with idempotent rank equal to j.

Example 3.15. Let |I| = m and |A| = n. Suppose without loss of generality
that m > n. For 1 < k < n draw a complete bipartite graph Ky ; and then

extend it using a tree to obtain the following graph

T
e

n
Let S be the rectangular 0-band with structure matrix P where A(P) is isomor-

phic to the above graph. Then

idrank(S) =k+2(n—k)+ (m—n)=n+m—k
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which ranges between max(m,n) and n+m—1as 1<k <n.

We now return our attention to the question of which completely 0-simple
semigroups have extremal idempotent generating sets. We start by considering
square idempotent generated Rees matrix semigroups (i.e. when [I| = |A|) and
then extend our results to deal with non-square ones. Note that if S is a square
idempotent generated Rees matrix semigroup, with structure matrix P, then
A(P) is a connected and balanced bipartite graph.

If A(P) is Hamiltonian then S will have an extremal idempotent generating
set. Indeed if iy — A\ — ... = i, — Ay — 41, with n = |I| = |A], is a
Hamiltonian cycle then, by Lemma 3.12, the subset E' = {(i;,A;) : 1 < j < n} of
E(S) generates T' = Sh. It is, however, not necessary that A(P) is Hamiltonian

in order for S to have an extremal idempotent generating set.

Example 3.16. Let S be the rectangular 0-band with structure matrix

a b c d

S = O =
=R
o = = O
ot e S == R e |

A(P)

The graph A(P) is not Hamiltonian since the edges {a,e}, {e,b}, {b,h},
{h,d}, {d,g} and {g,a} must all be included in any Hamiltonian cycle and
they themselves already form a closed path. However, the set of idempotents
E' ={(1,1),(2,2),(3,3),(4,4)} generates S and so S has an extremal idempo-

tent generating set.

On the other hand, it is clear that for a square idempotent generated Rees
matrix semigroup S to have an extremal idempotent generating set the graph
A(P) must have a perfect matching. Indeed, given a generating set consisting of
n idempotents the edges in A(P) corresponding to these elements will constitute a
perfect matching in A(P). This is equivalent, as a consequence of Hall’s marriage
theorem, to saying that in A(P) for every subset X of I we have |[N(X)| > |X|.
It is, however, not sufficient that A(P) has a perfect matching (and is connected)

to conclude that S has an extremal idempotent generating set.
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Example 3.17. Let S be the rectangular O-band with structure matrix

0 1
A(P)

The graph A(P) is connected and has a perfect matching but idrank(S) = 3 (for

the same reason as Example 3.14) while rank(S) = 2.

Definition 3.18. We call a subset A of the semigroup S = MO[G; I,A;P] a
sparse cover of S if |A| = max(|I],|A]) and A intersects every non-zero R-class

and every non-zero L-class of S.

Theorem 2.10 in Section 2.3 says that every rectangular 0-band, and as a
consequence every idempotent generated completely 0-simple semigroup, has at
least one sparse cover that generates it. Of course, when |I| = |A| = n the
semigroup S = MP[G; I, A; P] has at most |G|"n! generating sets of size n, and

this number is attained precisely when any sparse cover of S generates S.

Lemma 3.19. Let I' = I U A be a connected and balanced bipartite graph. Then

the following are equivalent:

(i) IN(X)| > |X| for every non-empty proper subset X of I;

(ii) IN(Y)| > |Y]| for every non-empty proper subset Y of A.
Proof. Let X be a non-empty proper subset of I. Suppose that |[N(X)| < |X|. It
follows that (|A| —|N(X)|)—|A| = (|I| - |X]|) = |I| and so [A\ N(X)| >[I\ X]| >
IN(A\ N(X))|- o

If a connected balanced bipartite graph I' = I U A satisfies either, and hence
both, of the conditions given in Lemma 3.19 we say that I' satisfies strong Hall’s
condition (SHC for short). We say that S = MO[G;I,A; P], with |I| = |A],
satisfies SHC if the graph A(P) does (see Figure 3.1 for an example of this).

We now describe the class of square idempotent generated completely 0-simple

semigroups that have extremal idempotent generating sets.

Theorem 3.20. Let S = MO[G;I,A; P] be an idempotent generated completely

0-simple semigroup with |I| = |A|. Then the following are equivalent:
(i) rank(S) = idrank(S);

(ii) any sparse cover of S generates S;
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010 1
1010
Q=1901 1
1100
T=MO[{1};I,A,Q]
A N(X)
A(P)
I X

Figure 3.1: Egg-box picture of a Rees matrix semigroup S, the structure matrix
Q of T' = Sh, the associated graph A(P) and the neighbourhood of a collection
of vertices X. The set X satisfies |[IV(X)| > |X|. In fact, in this graph for every
proper subset Y of I we have |[N(Y)| > |Y| and so S satisfies SHC.

(iii) S satisfies SHC.

Proof. As a consequence of Lemma, 3.11 it is sufficient to prove the result for
rectangular 0-bands. Let S = (I x A) U {0} be an n x n rectangular 0-band with
I = A ={1,...,n}. Condition (ii) for rectangular 0-bands says that for every
B € S, (the symmetric group on {1,...,n}) the set X(3) = {(1,10),...,(n,nB)}
generates S.

((i) = (ii)) Suppose without loss of generality that E' = {(1,1),...,(n,n)} is an
extremal idempotent generating set for S. Let X (8) = {(1,15),...,(n,ng3)} for
some 3 € S,,. Let k be the order of # in S,,. Then

(i,9) = (i,)(iB,f?) ... (18", iB")
where each of the terms on the right hand side belongs to X(3). Therefore
(X(B)) 2 (E') = S and we conclude that X () generates S.

((i1) = (iii)) Suppose that S does not satisfy SHC and let J be a non-empty
proper subset of I such that |[N(J)| < |J|. We will find a sparse cover of S that
does not generate S. Let I = {i1,...,%,}, A= {Ai,..., A} with J = {i1,...,45}
and N(J) = {A1,..., N} where | < gq. We claim that the sparse cover Y =
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{(i1, A1), .., (in, An)} does not generate S, in particular (i, A1) € (Y). Consider
a path i, — Ay — g — Ay — ... = iy, — Ay, corresponding to a product of
elements of Y, starting at i,,. We know that N(A\ N(J)) C I\ J which implies
that iy, € I'\ J. It follows, since | < g, that A\;; € A\ N(J) and so iq, € I\ J.
Continuing in this way we see that i, € I\ J giving A;,, € A\ N(J) and as a
consequence Ay, # Aj.

((iii) = (i)) Suppose that S satisfies SHC. Then in particular S satisfies HC and,
by Hall’s marriage theorem, the graph A(P) has a perfect matching = : I — A.
We claim that M = {(i,7(i)) : ¢ € I} generates S. Let (i,A) € S be arbitrary.
We will construct a path from i to A in A(P) such that the first, third, fifth, and
so on, edges all belong to belong to M. Start with the path i — 7 (7). If w(z) = A
we are done. Otherwise by SHC we know that |N(w(i))| > 1 which allows us to
choose iy € I\ {2} and extend our path to i — (i) — ia — 7(i2). If w(iz) = A
we are done. Otherwise by SHC we know that |N({m(i),7(i2)})| > 2 and so
there exists an i3 € I\ {7,732} which we can extend the path to. Continuing in
this way since all of the 7, are distinct and 7 is a perfect matching, all the m(7,)
are distinct. Since |I| = |A| is finite, we will eventually have a path from i to A
corresponding to a product of elements of M. O

The above result can be extended to give the general result for the non-
square case. This will be done in Theorem 3.27. First we note that if we can find
a ‘subsquare’ that satisfies SHC then this is sufficient for proving the existence
of an extremal idempotent generating set.

Proposition 3.21. Let S = MO[G;I,A;P] be an idempotent genérated com-
pletely 0-simple semigroup. If A(P) has a connected and balanced, bipartite sub-
graph on 2min(|I|,|A|) vertices that satisfies SHC then

idrank(S) = rank(S) = max(|/|, |A]).

Proof. Without loss of generality assume that |I| < |A|. As a consequence of
Lemma 3.11 it is sufficient to prove the result for rectangular O-bands. The result

now follows from Lemma 3.3 and Theorem 3.20. O

The converse of the above result does not hold. It is not true that if a
completely O-simple semigroup has an extremal idempotent generating set then
we can necessarily find a subsquare that satisfies SHC.
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Example 3.22. Let S be the rectangular 0-band with structure matrix

0

1 1
P=10 0
1 1

= o= O

1
1
In this example the set A = {(1,1),(2,2),(3,3),(4,3)} consists entirely of idem-

potents and generates S while none of the sub 3 x 3 rectangular 0-bands of S

have idempotent bases (since none of them satisfy SHC).

We now describe a process of extending non-square matrices to square ma-
trices by making copies of existing rows (columns). By a square extension of an
mx n matrix P, where m < n, we mean an n X n matrix (Q where the first m rows
are the same as the first m rows of P and each of the remaining rows is the same

as one of these first m rows. More precisely we have the following definition.

Definition 3.23. Let I = {1,...,n} and A = {1,...,m} with m < n, and let
P = (py;) be an m x n matrix with entries in {0,1} indexed by A and I. For
this definition we no longer want to thing of I and A as being disjoint sets. In
particular we have INA = A = {1,...,m}. Let F = {B) : A € A} be a set of
disjoint subsets of I such that A € By for all A € A and [Jycp By = I. Given
such a partition F' of I define f : I — A so that i € Bj;). Note here that f is a
retraction.

By the square extension of P by F' we mean the n x n matrix () with entries
Gzy = Pfz)y for 1 < z,y < n. We use Sq(P) to denote the set of all square

extensions of the matrix P.

Example 3.24. If

10011

P=11 1 0 0

0O 0 1 01

then Sq(P) = {Q1,Q2,...,Qo} where

10011 1001 1 1001 1
1 110 0 11100 11100
Qi=|l00101]|,Q=]l00101]|,Qa=l0010 1],
100 1 1 11100 0010 1
1001 1 11100 00101
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1 00 1 1 10011 100 11
11100 11100 11100
Qi=| 0010 1]|,s=l00101],Qs=]|00101
1 00 1 1 10011 11100
11100 001 01 00 1 0 1

and {Q7,Qs,Q9} is the set of matrices {Q4,Q5,Q¢} with the last two rows
swapped around. In particular if P is a square matrix then Sq(P) = {P}.
Given a rectangular 0-band S we also define Sq(.S) to be the set of rectangular

0-bands corresponding to the matrices in the set Sq(P).

Definition 3.25. A subsemigroup T of a semigroup S is called a retract of S if
there is a homomorphism f : S — T, called a retraction, such that f(t) = ¢ for
allteT.

Lemma 3.26. Let S be a completely 0-simple semigroup and let Sq(.S) be the set
of square extensions of S. For every T in Sq(S) the semigroup S is a retract of

the semigroup T'.

Proof. Follows from the definition of square extension and [57, Section 3.5] on

congruences of completely O-simple semigroups. O

With I ={1,..., m},A={1,...,n},AC I and b € A we define
(A,b) ={(a,b):a€ A} C I x A.

Theorem 3.27. Let S = MP[G;I,A; P] be an idempotent generated completely
0-simple semigroup. Then S has an extremal idempotent generating set if and
only if A(Q) satisfies SHC for some Q € Sq(P).

Proof. As a consequence of Lemma 3.11 it is sufficient to prove the result for
rectangular O-bands. Let I = {1,...,n} and A = {1,...,m} with m < n. Let
S be a rectangular 0-band indexed by I and A with structure matrix P = (py;)

and extremal idempotent generating set
B = (A].': 1) U (A2v2) Uu...u (A??l'!?n)

where A; # @ for 1 < i < m and {1,...,n} is the disjoint union of the sets
A; for 1 < ¢ < m. Also suppose, without loss of generality, that j € A; for
1 < 7 < m. Let Q be the square extension of P by F where F = {A;,..., Ay}
(see Figure 3.2). Let T be the rectangular 0-band defined by Q). We claim that
T has an extremal idempotent generating set and thus, by Theorem 3.20, the
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Figure 3.2: Extending a 10 x 4 semigroup § = MO[G;I,A; P] using F =
{Al,Ag,A;;,A4} where .Al X Al = %, AQ X Ag - Eﬂ, Ag X Ag == %, and
A4 X A4 - D

graph A(Q) satisfies SHC. For 1 < ¢ < m choose and fix a bijection ¢; : A; — A;.
Since I is equal to the disjoint union [Ji*; A; we can combine these functions
together to give ¢ : I — I where ¢(z) = ¢;(z) for x € A;. We claim that the
set X = {(1,¢(1)),...,(n,¢(n))} is a subset of E(T') and that (X) = T. For the
first part note that if z,y € A; for some 1 < ¢ < m then

oy = Pf(a)y = Piy = Py = 1,

since (y, f(y)) belongs to B and is therefore an idempotent. In particular gy(;); =
1 for 1 < j < n since j and ¢(7) both belong to the set Afi)- It follows from this
that A; x A; is a subset of the idempotents of T for 1 < j < m. Now we observe
that A; x A; is contained in (X) for 1 < ¢ < m since given (z,y) € A; X A; we

have

(2,y) = (2, ¢:(2)) (6 (), ) = (2, () (& (v), $i(9i™" (v)))

where Q1 (y)gi(x) = 1 since ¢;(z),¢: " (y) € A;. Given any element (z,y) of
T the subset {y} of {1,...,n} can be extended to a transversal J of the sets
Ai,...,A,,. Consider the subset I x J of T. By construction {I x J} U {0} is

isomorphic to S and since B generates S it follows that

(A1 X AU ... U (Am % Am)) 0 (I x J)) = {I x J}U{0}.
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We conclude that
(z,y) e I xJC(((A1 X A1) U...U(An X 4Am))) C {X),

and since (x,y) was arbitrary it follows that X generates 7.

For the converse let @ be a square extension of P by F = {By,...,Bn}
where A(Q) satisfies SHC. Let T be the rectangular 0-band defined by Q. By
Theorem 3.20 we know that T has an extremal idempotent generating set. Let
7 € S, be such that Y = {(1,7(1)),...,(n,7(n))} is an extremal idempotent
generating set of T. Define a map ¢ : T — S by ¥((i,))) = (i, f())) and
¥(0) = 0. The map 9 is an onto homomorphism (it is a retraction mapping
from T to S) and |[¢(Y)| = n. Since Y C E(T') and % is a homomorphism it
follows that ¢(Y) C E(S). Since (Y) = T and % is a homomorphism it follows
that ((Y)) = S with |¢/(Y)| = n and therefore S has an extremal idempotent

generating set. O

3.4 Regular and symmetric bipartite graphs

The main result of the previous section gives necessary and sufficient conditions
for an idempotent generated completely O-simple semigroup to have an extremal
idempotent generating set. Unfortunately, testing SHC directly is a time con-
suming business since it involves looking at all the subsets of a set. In practice
it will be useful for us to note a few conditions which are slightly stronger than
SHC but are easier to check.

Lemma 3.28. If ' = X UY is a k-reqular, connected and balanced bipartite
graph then T" satisfies SHC.

Proof. The number of edges adjacent to the vertices of X and N(X) are k|X|
and k|N(X)| respectively. The set of edges adjacent to X is a subset of the edges
that are adjacent to N(X) giving k|N(X)| > k|X| which implies |[N(X)| > | X
When |N(X)| = |X]| the edges that are adjacent to X are precisely the edges
that are adjacent to N(X). It follows that X U N(X) is a connected component
of T which, since I is connected, implies that |X| = |Y|. a

We say that a balanced bipartite graph I' = X UY with a perfect matching
7w : X — Y (a bijection such that {z,w(z)} € E(T') for every x in X) has a
symmetric distribution of edges with respect to the matching 7 if d(x) = d(7(zx))
for every = in X (See Figure 3.3 for an example). Note that if ' = X UY is
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(1) T 2%(4
d1) = dx() =2, d(2) = d(x(2)) = 4,
d(3) = dx(3) =2, d(d) = d(x(4)) = 3,
d(5) = d(r(5)) = 2

Figure 3.3: A bipartite graph that has a symmetric distribution of edges with
respect to the perfect matching 7.

k-regular and connected then T' satisfies HC which implies that I" has a perfect
matching and T clearly has a symmetric distribution of idempotents with respect
to this matching. Thus I' being k-regular and connected is a stronger property
than I' having a symmetric distribution of idempotents with respect to some

perfect matching.

Lemma 3.29. IfI' = XUY is a connected and balanced bipartite graph that has a
symmetric distribution of edges with respect to some perfect matchingm: X —Y
then I' satisfies SHC.

Proof. Let A be a non-empty (not necessarily proper) subset of X. Since |m(A)| =
|A| and w(A) € N(A) it follows that |[N(A)| > |7(A)| = |A|. In addition to this
if IN(A)| = |A| then |N(A)| = |7x(A)| which means that N(A) = 7w(A). But the
total number of edges adjacent to A is ) . 4 d(a) while the total number of edges
adjacent to N(A) = w(A) is

> dd) =) d(x(a)) =) d(a)

be;rr(_.x‘l) acA aceA

It follows that AU N(A) = AU w(A) is a connected component of X UY but

since I" is connected this means that 4 = X. O

We say that S = M°[G; 1, A; P] has a k-uniform distribution of idempotents
if the graph A(P) is k-regular. We say that S = M°[G; I, A; P] has a symmetric
distribution of idempotents with respect to some perfect matching if A(P) has a
symimetric distribution of edges with respect to some perfect matching.

Loosely speaking, the results above tell us that if we can find some symmetry
in A(P) (or equivalently in the egg-box diagram of S) then we stand a chance of
showing that SHC holds without having to resort to any laborious computation.
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3.5 Applications

3.5.1 Ideals of the full transformation semigroup

Our first application of the results of the previous two sections is to prove that
the semigroup K (n,r) has an extremal idempotent generating set. The original
proof [59] used a fairly complicated Pascal’s triangle type induction. Recall that,
by Proposition 2.14, the semigroup K (n,r) is generated by elements in its unique

maximal J-class.

Lemma 3.30. Let J, denote the top J-class of the semigroup K (n,r) and P, =
K(n,r)/K(n,r — 1) for1 <r <n. Then

rank(K (n,r)) = rank(P,), idrank(K(n,r)) = idrank(P,).

O

Our aim is to prove that the ((), S(n,r)) bipartite graph A(P,), with 1 < r <
n, has a balanced ((7), (7)) bipartite subgraph that is connected and has a perfect
matching 7 : X — Y with respect to which P, has a symmetric distribution of
idempotents. Then, as a consequence of Theorem 3.20 and Lemma 3.29, it will
follow that K (n,r) has an extremal idempotent generating set.

Let F, denote the family of all subsets of X,, = {1,...,n} with size r, so that

Fr = {AC X5 2 |A| =r].

Define K, € X, x X, to be the family of all partitions of X,, with weight r.
By Proposition 2.14 the graph A(P;) is isomorphic to the graph I'(F,.,K,) of
Definition 2.73. It has vertex set F,. UK, (disjoint union) with A € F, connected
to K € K, if and only if A is a transversal of K. We are mainly concerned
with subsets and partitions of X,, = {1,...,n} and will want to use modular
arithmetic on these symbols rather than the usual {0,...,n —1}. In view of this

fact we will use the convention that n mod n = n rather than n mod n = 0.

Definition 3.31. Given a,b € X,, we define:
[a,b] = {a,a+1,a+2,...,b}

with all entries reduced mod n. We call [a,b] the interval between a and b.

Example 3.32. Given 2,4 € X5 we have [4,2] = {4,5,1,2} while [2,4] =
{2,3,4}. Also [1,1] = {1}.
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Figure 3.4: The symmetric distribution of idempotents with respect to the perfect
matching ¢ corresponding to the idempotents along the main diagonal in J3 of
T5. The kernel that labels row i is ¢(I) where I is the image that labels column
i. The shaded boxes give the positions of the idempotents in J3.

Definition 3.33. Define ¢ : F,, — K, by:
¢)(I) = {[£13£2 = 1]? [52333 == 1]! R | [ii":il = 1]}

where I = {i1,...,%4,} C X, 41 <... <1, and all entries are reduced mod n.

We are using the convention of writing partitions of X,, as sets of sets.
For example, if n =5, r = 3 and I = {2,3,4} then

$({2,3,4}) = {[2,2],[3,3], [4,1]} = {{2}, {3}, {4,5,1}}.

It is clear from the definition that the map ¢ is injective. In a natural way
it associates a kernel, with weight r, to each r-subset of X,, (for example see
Figure 3.4). Note that every image [ is a transversal of the kernel ¢(I).

Lemma 3.34. The balanced bipartite graph I" = F,. U ¢(F,) is connected and

has a symmetric distribution of edges with respect to the perfect matching ¢.

Proof. First we will show that the graph is connected. By definition, each A € F,
is connected to the corresponding ¢(A) € K, and as a consequence the graph I"

is connected precisely when the contraction of the graph I, given by contracting
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the pairs {A, ¢(A)} to single vertices, is connected. Let G denote this new graph
which is made up of (:f) vertices labelled by the r-subsets of X,,. In particular
the vertices corresponding to the subsets A and B are connected if (but not
only if) B may be obtained by adding the number 1 to one of the entries of A.
Indeed, if A1 = {i1,... %k, tk+1,---,ir}, Where k < r and ip4; > i + 1, and
As = {i1,... i + 1,ik41,...,%r}, then Ay is a transversal of the kernel ¢(A4;)
which means that vertex A is adjacent to vertex A, in the graph G. As a
consequence of this we can show that an arbitrary r-set I = {i,...,i,} with
i1 < ...< 1, is connected to {1,2,..., r} since (with the symbol ~ to be read as

‘is connected to’):

{1,...r=2,r—1,r}~{l,...,r=2ir=Lir+1}~...~{l,...r—2,r= 1,4}
~ {10y B ='20F, 8n } 6 w9 s P D e 358}

EURUNREEN | N Ngray

~ i1, r Gy Gp_1,ir )

Therefore every vertex is connected to the vertex {1,...,7}. We conclude that
the graph G is connected and thus the graph I" is connected.

Secondly we have to check that I has a symmetric distribution of idempotents
with respect to the perfect matching ¢ (i.e. that for every A € F, we have
d(A) = d(¢(A))). On one hand if we fix the partition K = {[i1,i2 — 1], [i2,13 —
1],...,[¢r,41 — 1]} then the number of images of size r that form a transversal of
this partition is equal to the product [[;_; [[¢j,4;+1 —1]|. On the other hand if we
fix the image I = {41,...,%,}, with ¢; <4y < ... <4,, and consider the partitions
in ¢(K,) that this image is a transversal of, we see that I is a transversal of
{ljr, 32 — 1], [j2, 33 — 1)y .-, [Gry 1 — 1]}, with &3 € [j1, 2 — 1] say, if and only if
Ji € [i1—1 + 1,74;] (subscripts reduced mod r) for 1 <[ <r. We conclude that

¥ r
7=1 i=1
where all subscripts are reduced mod . O

Theorem 3.35. [59, Theorem 5] The semigroup K(n,r) = {a € T, : |[ima| <
r} satisfies
idrank(K (n,7)) = rank(K(n,r)) = S(n, )

forl<r<n.
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Proof. 1t follows from Lemma 3.34, Lemma 3.29 and Proposition 3.21 that P, has
an extremal idempotent generating set and then as a consequence of Lemma 3.30
so does K (n,r). O

Finally note that the proof above is constructive and as a consequence we can

write down a generating set of idempotents explicitly.

Corollary 3.36. Let Y be the set of the maps

1 2 'il—l '.*:1 3'2—1 ig 1'-,-—1 ’:;.-_-— . o n—1 n
G B ow B b ogen B A8 oo deoy By ses e S

where 1 < i) <ig < ... <1, <n. Forie X, let Cy(i) C X, be the kernel class

of v that contains i. Then with
Z={a:kera#kerf forall B € Y} N {a:ia =min(Cy(i)) foriec X,}

the set of idempotents Y U Z has cardinality S(n,r) and it generates K(n,r). 0O

The subsquare of J,. defined by the map ¢ was chosen carefully so that the
distribution of idempotents was symmetric. If a subsquare were chosen at random

then it may well fail to satisfy SHC.

Example 3.37. Let n = 6 and consider the following partitions of Xg which all
have weight 5.

ko= {1,2},{3},{4}, {5}, {6} k2 = {1,3},{2} {4}, {5}, {6}
ks = {1,4},{2},{3},{5}, {6} K4 {2,3},{1}, {4}, {5}. {6}
ks = {2!4}’{1}1{3}!{5}1{6} ke = {3’4}1{1}1{2}1{5}!{6}

The set of all transversals is given by X \ {7} for i = 1,2,3,4. Therefore, in the
graph I'(Z, K), we have

|N({k1a!k6})| =4<6= |{k1!s’l“b}I
and SHC is not satisfied. In fact, this subsquare is not even connected.

3.5.2 Ideals of the general linear semigroup

Now we will apply our results to give an analogous result to Theorem 3.35 but
for the proper ideals of the monoid of endomorphisms of a finite vector space. In
this case the J-classes are square allowing us to apply Theorem 3.20 directly.
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Let V be an n-dimensional vector space over a finite field F with |F| = ¢. Let
End(V') denote the monoid of all linear transformations of V. Of course, End(V')

can be represented concretely as the monoid of all n x n matrices with entries in
the field F. The ideals of End(V) are given by

I(r,n,q) ={A € End(V) : dim(im A) <r} for 1 <r <n

(see [21]). Denote the top J-class of this subsemigroup, the [J-class consisting
of all linear maps with dim(im A) = r, by J(r,n,¢) and the completely 0-simple
semigroup I(r,n,q)/I(r — 1,n,q) by PF(r,n,q). A summary of some known

properties of End(V') is given below.

Proposition 3.38. Let V' be an n-dimensional vector space over the finite field
F where |F| = q.

(i) Green’s relations are given by:

ARB < null A =null B;
ALB < imA=imB;
AJB & dim(imA) = dim(im B).

(i) Denote the H-class consisting of elements A for which imA = I and
nullA =N by Hyn. Then Hy n is a group if and only if I N N = {0}.

(i1i) The number of non-zero L-classes of J(r,n,q) equals the number of non-zero

R-classes of J(r,n,q) which equals the Gaussian coefficient

n| _ @ -1 -1)...(¢"""* 1)
r (-1 1-1)...(¢—-1)

(iv) The number of idempotents in any non-zero L-class of J(r,n,q) equals the
number of idempotents in any non-zero R-class of J(r,n,q) which equals

q

1"(1’1—7‘)’
(v) The semigroup I(r,n,q) is idempotent generated and in particular is gener-
ated by the idempotents in its unique mazimal J-class J(r,n,q).

Proof. (i) [21, Exercise 2.2.6] and [57, Exercise 2.16] (ii) [57, Exercise 2.19] (iii)
This is just the formula for the number of » (and also n—r) dimensional subspaces
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of an n-dimensional vector space over a field F' with size g (see [15, Chapter
9, Section 2]). (iv) A subspace of dimension r has ¢"™= ") complements (11,
Lemma 9.3.2.]. Also, a subspace of dimension n — r has g\n—r)(n—(n-r)) — pr{n—)
complements. (v) This is a consequence of the main result of [29]. O

These facts along with the general results from §3.3 and §3.4 allow us to

deduce the following.

Theorem 3.39. Let V' be an n-dimensional vector space over the finite field F
where |F| = q. Then the semigroup I(r,n,q) = {A € End(V) : dim(im A) < r}

satisfies
n

rank(I(r,n,q)) = idrank(I(r,n,q)) = !

P
q

for1 <r <n.

Proof. By Proposition 3.38 the completely 0-simple semigroup PF'(r,n,q) has a
¢" ™ ")-uniform distribution of idempotents which by Lemma 3.28 tells us that
PF(r,n,q) has an extremal idempotent generating set which in turn implies that

I(r,n,q) has an extremal idempotent generating set. O

As a byproduct of the above discussion we get the following result which char-

acterises all generating sets of minimum cardinality of the semigroup I(r,n,q).

Corollary 3.40. A subset of I(r,n,q) is a generating set of minimum cardinality
for I(r,n,q) if and only if it consists of [:] matrices all of whose images have

dimension r no two of which have the same nullspace or the same image space.

Proof. The completely O-simple semigroup PF(r,n,q) is square and has an
extremal idempotent generating set. By Theorem 3.20 any sparse cover of
PF(r,n,q) generates PF(r,n,q) which is equivalent to the statement in the corol-

lary. il

We have seen that the graph A(PF(r,n,q)) satisfies SHC for all 1 <7 < n.
In fact, for the particular case when » = n — 1, we can show that the graph
A(PF(n — 1,n,q)) is Hamiltonian. The first step is to verify that 2¢"~! > (¢" —
1)/(g—1) (this follows from the fact that ¢ > 2) which tells us that in the balanced
bipartite graph A(PF(n — 1,n,q)), which has 2((¢" — 1)/(¢ — 1)) vertices, every
vertex has degree strictly greater than ((¢" — 1)/(¢ — 1))/2. Then consider the
following result, mentioned in Chapter 1, which gives a sufficient condition for a
bipartite graph to have a Hamiltonian cycle.
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Figure 3.5: Egg-box picture of the unique maximal [J-class of the semigroup
1(2,4,2) C End(Zy x Zo x Zy X Z3). 1t has 35 non-zero R-classes, 35 non-zero
L-classes and 16 idempotents in every R- and L-class (represented by the 1s).

Theorem 3.41 (Moon and Moser, [75]). If G = (X,Y) is a bipartite graph
with |X| = |Y| = n such that for any non-adjacent pair of vertices (x,y) €
V(X) x V(Y) satisfies d(z) +d(y) > n+ 1, then G has a Hamiltonian cycle.

Proposition 3.42. The graph A(PF(n — 1,n,q)) is Hamiltonian.

Proof. Let X UY be the set of vertices of he balanced bipartite graph
A(PF(n—1,n,q)) with | X|=1|Y|=(¢"-1)/(¢g—1). Let z € X and y € Y be
non-adjacent vertices in the graph. Then:

d(z) +d(y) =2¢""' > (¢" - 1)/(¢ — 1) = | X|.

It follows from Theorem 3.41 that A(PF(n —1,n,q)) is Hamiltonian. O

The same approach cannot be used to prove the same thing for graphs asso-
ciated with principal factors that are lower down in the semigroup.

Example 3.43. Let V = Zy @ Zs & Zo & Zo and consider the semigroup PF5.
Then according to Proposition 3.38 the graph A(PF3) is bipartite with |I| =
|A| = 35 and each vertex has degree 16 (see Figure 3.5). In this example we
cannot show that the graph is Hamiltonian by applying Moon and Moser’s result
since 16 4+ 16 = 32 < 35.
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This leaves open the following question.
Open Problem 4. Is A(PF(r,n,q)) Hamiltonian for all 1 < r < n?

We have seen that it is true when » = n — 1 and in [20] the author shows
that it is true for some other special cases. The information given in Proposi-
tion 3.38 is not enough on its own to guarantee a Hamiltonian cycle. It is not
true in general that every connected, k-regular bipartite graph necessarily has
a Hamiltonian cycle. For example, in [28] an example is given of a 3-connected
(a stronger condition than being connected), 3-regular bipartite graph that is

non-Hamiltonian.

3.5.3 Transformation semigroups generated by mappings with
prescribed image

In the introduction to this chapter the work of Levi and Seif was mentioned. In
their work they say a partition of the set X,, has type 7 = dyd) gorldz) g, #de)
if it has p(d;) classes of size d;, where d; > ds > ... > dj. and n = Zi;l dip(d;).
The number of mappings with partition type 7 is denoted by N'(7). They consider
the semigroups S(7) generated by all transformations with partition type 7. In

particular they prove the following,

Theorem 3.44. [68, Theorem 1.10] Let n and r be positive integers with n
greater than r, and let T be a partition type of X, of weight r. Then

r

idrank(S(7)) = rank(S(7)) = max(N (1), (n) ).

What happens if, rather than prescribing the kernels of the transformations,
we prescribe the images? We begin with a result for completely 0-simple semi-

groups.

Theorem 3.45. Let S = M°[G;1,A; P] be an idempotent generated completely
0-simple semigroup with rank(S) = idrank(S) and |I| < |A|. For A C I define:

S(A) = {(i,g,\) :1€ A, ge G, Ae A}u {0}
a, not necessarily reqular, Rees matriz subsemigroup of S. If rank(G) < 2 then
rank(S(A)) = max(|I|, |A]) = |A].

Proof. The generalised Rees matrix semigroup S(A), in general, will not be reg-
ular. It will, however, have the property that for every i € A there exists at least
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one A € A such that py; # 0. In this sense it is semi-regular. That is, the matrix

P has the form
A

Ay Q

As

o

where @ is regular and all other entries equal zero. Let T' = M[G; A, A1; Q).
Since S has an extremal idempotent generating set, by Theorem 3.27, for every
subset Y of A we have |[N(Y')| > |Y|. In particular it follows that @ is not the
identity matrix and moreover that @ has strictly more rows than it has columns
(as suggested in the picture above). Since rank(G) < 2 it follows that in the
formula for rank(7") (given by Theorem 2.51) we have rp;, < 2. Also, the matrix

@ has at most |A| < |A;| connected components. It follows that:
Tmin+k—1<2+ [N -1=|Aq|+1
and therefore by Theorem 2.68

rank(S(A)) = rank(T) + |As| = max(|A4], |[A1], "min + &k — 1) + |A2]
|A1] +|A2] = A

as required. O

There is an obvious dual result to the one above for the case |A| > |I| and
A C A. Since the finite symmetric and general linear groups are both 2-generated

(see [94]) the following corollaries are obtained.

Theorem 3.46. Let A be a set of r-subsets of {1,...,n} where 1 < r < n. Let
S(A) be the semigroup generated by the set of all mappings o with ima € A.
Then:

rank(S(A)) = S(n,r).

Proof. Let S = K(n,r)/K(n,r — 1) and let I = {a € S(A) : |ima| < r}.
Then S(A)/I is isomorphic to a subsemigroup of S of the form described in
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Theorem 3.45. By Theorem 3.35 the semigroup S has an extremal idempotent
generating set. Moreover, the symmetric group is 2-generated. Thus all the

conditions of Theorem 3.45 are satisfied and the result follows. O

It is a little surprising that the rank of S(A) only depends on n and r and is
independent of the particular set A of r-subsets chosen. The exact analogue of

the above results holds for the ideals of the general linear semigroup.

Theorem 3.47. Let V' be a finite vector space with dimension n over the finite
field F with |F| = q. Let F be a family of subspaces of V' each with dimension r
for some 1 < r < n. Let S(F) be the subsemigroup of End(V) generated by the

set of all linear transformations o with ima € F. Then

rank(S(F)) = [T:]

q

Proof. Since I(r,n,q) has an extremal idempotent generating set and the general
linear group is two generated the conditions are satisfied for applying Theo-
rem 3.45.

O

3.6 Nilpotent rank

In [87] it was suggested by Schwarz that the role of nilpotents in semigroups
should be investigated further. Recall that given a semigroup S with zero 0 € S
we say s € S is nilpotent if s" = 0 for some n € N. Let N(S) denote the set of
nilpotents of a semigroup S. '

In [91] it was shown that the semigroup S P, of strictly partial transformations
on X, is nilpotent generated if n is even, and if n is odd then (N(SP,)) =
SP, \ W, -1 where W,,_; consists of all elements J,_; whose completions are
odd permutations. Similarly, in [38] Gomes and Howie showed that for n even,
the semigroup of proper subpermutations SI,, < I, is nilpotent generated, and
for n odd the nilpotents generate SI,, \ W,_;. One major difference between
analysing the subsemigroup generated by the nilpotent elements, as opposed to
that generated by the idempotents, is that if e is an idempotent in the principal
factor JY¥ then it is an idempotent in S. The same is not, however, true of

nilpotent elements.

I 2.3
Example 3.48. Let o = (1 1 2) € P5 the partial transformation semigroup



98 Chapter 3, Idempotent generating sets and Hall's marriage theorem

1. 23
on X3. The zero of P, is z = . Clearly no power of « is equal to z

so « is not a nilpotent element in P3. On the other hand, in the principal factor

J.* we have a? = 0.

By analogy with the rank and idempotent rank we define the nilpotent rank

nilrank(S) = min{|B| : B C N(S), (B) = S}.

Because of examples like the one immediately above, in most cases, determining
the nilpotent rank of a semigroup does not reduce to determining the nilpotent
rank of its principal factors. In the same way as for idempotent rank, the nilpotent
rank of S and the rank of S are not going to be the same in general.

Example 3.49. The rectangular 0-band with structure matrix

I
= ]
= =
el ==

has rank 3 and nilpotent rank 4.

One of the earliest results on nilpotent rank was given by Gomes and Howie
in [38] where they show that SI,, < I, satisfies:

rank(SI,) = nilrank(SI,) =n+1

for n even and n > 4. Some other nilpotent generated semigroups and their
nilpotent ranks are given in Table 3.1. In this section we will consider the question
of nilpotent rank for arbitrary finite completely 0-simple semigroups.

As we did for idempotent rank we want to relate the question of nilpotent
rank of S to the study of the nilpotent rank of its natural rectangular 0-band
homomorphic image. It is not quite as simple as the idempotent rank case here
though. We make use of Proposition 2.49, from the previous chapter, which tells
us how we can build generating sets for S around the coordinates of generating
sets of T' = Sh.

Theorem 3.50. Let S = MO[G;I,A;P] be a nilpotent generated completely 0-
simple semigroup. Let T be the rectangular 0-band homomorphic image of S.
Then

nilrank(S) = max(rank(S), nilrank(T")).
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Proof. (>) Let A be a nilpotent basis for S. Then |A| > rank(S) and since
Af C T is a nilpotent generating set of T it follows that |A| > nilrank(7). (<)
By Proposition 2.49 there exists a generating set A’ of S such that A’f C A where
A is a nilpotent generating set for T with |A| = nilrank(7") and

|A’| = max(rank(S), |A4|) = max(rank(S), nilrank(7T)).

Since A C N(T) it follows that A" C N(S). a
As an immediate consequence we have

Corollary 3.51. If S = M°[G; 1, A; P] is both idempotent and nilpotent gener-
ated and T = S§ then
nilrank(S) = nilrank(T').

Proof. Since S is idempotent generated it follows from Theorem 2.13 that
rank(S) = max(|I|,|A]). Therefore by Theorem 3.50

nilrank(S) = max(|/|, |A|, nilrank(T")) = nilrank(T").

O

We may now determine the nilpotent rank of the principal factors of some of

the examples in Table 3.1.

Corollary 3.52. [95, Theorem 5] The principal factors P, = K(n,r)/K(n,r—1)
all satisfy:
rank(P,) = idrank(F,) = nilrank(P,) = S(n,r).

Proof. We saw the proof of the rank and idempotent rank results in Theo-
rem 3.35. Take the subsquare of the unique maximal J-class of K(n,r) de-
scribed in Lemma 3.34. The dual of the bipartite graph I'' = F, U ¢(F,.) also has
a uniform distribution of edges. By the same arguments we can find a perfect
matching which can be used to pick (;’”) non-group elements which form a sparse
cover of the subsquare. This sparse cover generates a transversal of the H-classes
of F. U ¢(F,) by Theorem 3.20. Taking these generators along with arbitrary
non-group H-class representatives, one from every remaining R-class or P,, gives
a generating set with S(n,r) elements all of which belong to non-group H-classes

of J, and so are nilpotents in J,.*. [

Note that the question of the nilpotent rank of K(n,r) itself does not arise

since K (n,r) does not have a zero. A related question would be to consider
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generating with elements « such that for some natural number k the element o*
is a constant.

Returning to the Brandt semigroup we recover the following result:

Proposition 3.53. [97, Theorem 4.1] Let B = B(G,{1,...,n}) be a Brandt
semigroup, where G is a group of rank v (r > 1). Then

nilrank(B) = rank(B) = n+r — 1.

Proof. The natural rectangular 0-band homomorphic image 7T is the aperiodic
Brandt semigroup which satisfies nilrank(7") = n (in fact all bases of this zero
rectangular band are made up of nilpotents). By Theorem 3.50 nilrank(B) =
max(nilrank(7), rank(B)) = max(n,n+r—1) =n+r — 1. O

We now determine the nilpotent rank of the ideals of the general linear semi-
group. We must first show that they are nilpotent generated. We rely on the fact
that it is idempotent generated in order to prove this. The key to proving the
result is the observation that every non-group H-class of End(V') has at least one
nilpotent element. This, along with the fact that it has an extremal idempotent
generating set, allows the problem to be reduced to a corresponding question for

completely O-simple semigroups.

Lemma 3.54. Let I be a subspace of V with dimV = n and dimI = r. Let N
be a subspace of V' with dimension n —r. If IN N # {0} then the H-class Hy n

contains at least one nilpotent element.

Proof. Let W = I'N N and, say, dimW = k where 1 < k£ < min(r,n — r).
Let By = {wi,...,wi} be a basis for W. Define By = {v1,...,Vp—r—k} and
Br = {t1,...,tr—1} so that ByyUBy is a basis for N and By U By is a basis for 1.
Note that By UBxNUBY is an independent subset of V with |BywUBNUB|| = n—k.
This is because it has n — k elements and generates I + N. But dim(I + N) =
dim(f) + dim(N) — dim(I N N) = n — k (see [77, Theorem 2.15]) so the set
must be independent. Now extend By U By U By by C = {¢1,...,c} to a basis
BwUBNUBjUC of V. Define a € End(V) to be the unique linear transformation

extending the map

L1 L2 eoo bp—g—1 lp—k €1 ... Ck—l Ck Wl ... Wk Vi ... Un—pk
B g wes  Spage W W8 sew THE &1 0 see B 0 s 0

Then ima = (Bw U Bj) = I and nulla = (B UBy) = N so a € Hy . Also
a"~**1 = 0, since it sends every basis element to 0, and hence is nilpotent. O
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Theorem 3.55. Let V' be an n-dimensional vector space over the finite field F
where |F| = q. Then the semigroup I(r,n,q) = {A € End(V) : dim(im A) < r}
satisfies

n

nilrank(/(r,n,q)) = [

T
q

forl1<r<n.

Proof. Let S = I(r,n,q)/I(r — 1,n,q) and let M = [’_‘] . By Theorem 3.20
any sparse cover of S is a generating set for S. The com?)lement of the graph
A(S) is a regular bipartite graph and so has a perfect matching. Let Hy,..., Hys
be the non-group H-classes of .J,. C I(r,n,q) corresponding to the edges in this
perfect matching. By Lemma 3.54 each H; contains at least one nilpotent linear
transformation. Let a; € H; be a nilpotent linear transformation for 1 < j < M.
The subset {a; : 1 < j < M} of N(I(r,n,q)) is a sparse cover of J.* and so
generates .J,.*, by Theorem 3.20, and hence generates the whole of I(r,n,q) by
Proposition 3.38. O

3.7 Counting generating sets

One of the surprising things highlighted by Theorem 3.20 is the connection be-
tween the idempotent rank of S and the problem of counting the number of gen-
erating sets with minimum cardinality. These connections will be investigated
further in this section.

Given a rectangular 0-band S with structure matrix P we use S[i][\] to denote
the (not necessarily regular) rectangular 0-band with structure matrix P[A][z].

Definition 3.56. Let S be a rectangular 0-band with structure matrix P and
let s = (j,p) € S. Define T'(s,S) to be the rectangular 0-band with the same

dimensions as S and with structure matrix @ = (gy;) defined by:

1, if Prxi = 1 or Pui=DPrj= 1
qrxi = .
0 otherwise.

We call T'(s,S) the full completion of S with respect to s. The graph A(Q)
is constructed from the graph A(P) by adding in various edges. The following
diagram illustrates this, the dotted edges in the diagram are those that are being
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added in.

We have the following basic properties:

Proposition 3.57. Let S be a rectangular 0-band and let s = (j,p) € S be an
element such that there are idempotents e and f withe # s, f # s, sRe and sLf.
Then:

(i) T(s,S)jllpl, T(s,S)[0][x] and T'(s,S)[j][0] are all reqular;
(ii) for any subset A of S with s € A we have (A)s = (A)r(s,s)-

Proof. (i) We start by proving that T'(s,S)[0][y] is regular. This is equivalent
to showing that the bipartite graph A(7'(s,S)[0][x]) has no isolated vertices.
This graph has vertex set I U (A '\ {u}). None of the vertices in A\ {u} are
isolated in A(T(s,S)[0][x]) since none of them are isolated in A(S). None of
the vertices in I\ N(u) (the neighbourhood of i) are isolated for the same rea-
son. By assumption, N(j) \ {1} is non-empty and every vertex of N(j) \ {u}
is connected to every vertex of N(u) in A(T(s,S)[0][x]). Therefore, none of
the vertices of A(T'(s,S)[0][n]) are isolated and so T'(s,S)[0][x] is regular. The
fact that T'(s,S)[4][0] is regular follows from a dual argument. The semigroup
T(s,S)[j][p] is regular since T'(s,S)[0][u] and T'(s,S)[5][0] both are. (ii) Follows
from the definitions combined with Lemma 2.44. a

In Theorem 2.10 is was shown that for every finite n x n rectangular 0-band
S we can always find at least one set A with |A| = n such that (4) = S. In fact

we can say much more than this.

Theorem 3.58. Let S be an n x n rectangular 0-band. Let:
B(S)={ACS:|Al=n & (A) =S}.

Then |B(S)| > (n — 1)!. Moreover, there exist ezamples where this lower bound

18 attained.

Proof. We prove the result by induction on the dimension of S. When n = 1 the

result holds trivially since in this case |B(S)| = 1 = 0!. Now let S have dimension
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k and suppose that the result holds for all smaller examples. There are two cases

to consider:

Case 1: S is equivalent to the k x k aperiodic Brandt semigroup. In this case

the result follows from Lemma 2.23.

Case 2: S is not equivalent to the k x k aperiodic Brandt semigroup. In this case
by Lemma 2.7 there exist ¢, A € {1...,k} such that S[0][\], S[i][0] and S[¢][A] are
all regular. Let (¢, ) be an idempotent in S with ¢ # A. Such an idempotent

must exist since S[0][}] is regular. Now define:

X={(@8§eS:{#u}

Claim. For every z € X there are at least (n — 2)! sets B € B(S) such that
r € B.

Proof. Let ¢ € X. If z = s = (i, A) then the (k — 1) x (k — 1) rectangular 0-
band S[i][A] is regular by definition, so we can apply induction constructing the
set {C1,...,C—ay} of generating sets for S[i][\]. Each of the sets {z} U C, for
y € {1,...,(k—2)!} is a generating set for S and they are all distinct.

On the other hand, if z = (7,€) # (i, A) then S[7][0] is regular, by definition,
but S[0][¢] and S[i][¢] may not be regular. Now construct S(z,S) noting that,
by Proposition 3.57, all of S(z, S)[¢][0], S(z, S)[0][¢] and S(z,S)[¢][¢] are regular.
By induction the rectangular 0-band S(z,.S)[][¢] has at least (n — 2)! distinct
bases {C1,...,Cx—ap}. Each of the sets {z} UCy fory € {1,...,(k—-2)!} is a
generating set for S(z,S) and they are all distinct. But then, by Proposition 3.57,

we have
({z} U Cy)s(e,s) = ({2} UCy)s

and so {z} U C, are all bases of S. O

Combining all of these generating sets together we get (n —1)(n —2)! = (n—1)!
distinct bases for S. O

Example 3.59. Let S be an n x n rectangular band. Clearly
As =ilhsa) sl S8 nk

generates S for all a € S, and so |B(S)| = n! in this case.
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Example 3.60. Let S be the rectangular n x n rectangular 0-band with structure

matrix
0 A ik 1
1 0 0 0
P=11 0 0 0
L B0 on O

Since (1,1) ¢ (S'\ {(1,1)}) this element must be included in every generating
set of S. Then the set {(1,1),(2,2a),(3,3a),...(n,na)} generates S for every
a € 5({2,3,...,n}). Therefore |B(S)| = |Sn—1] = (n — 1)! in this case.

This leads to the following result.

Proposition 3.61. Let S be an m x n rectangular 0-band where m < n. Then
(m —1)! m("=™) < |B(S)| < m! S(n, m).

Proof. By Lemma 2.7 the semigroup S has an m x m regular sub-rectangular
0-band which by Theorem 3.58 has at least (m — 1)! distinct bases. For each of
these bases we can choose arbitrarily from the remaining columns, giving a basis
for S. We conclude that [B(S)| > (m — 1)!m™™ ™. The upper bound is just the

number of onto maps from an n-set to an m-set. O

This gives a corresponding lower bound for the number of bases of an arbitrary

finite completely O-simple semigroup.

Proposition 3.62. Let S = M[G; I, A; P] be a finite completely 0-simple semi-
group where |I| < |A|. Then

1B(S)| = (1] = 1)! |I|UAI=1D,

Proof. Let T" be the natural rectangular 0-band homomorphic image of S. By
Proposition 3.61 the semigroup T has at least (|I| — 1)! |I|UAI=HD distinct bases.
By Proposition 2.49 corresponding to every basis of T there is at least one basis

of S with the same coordinates. [,

In Theorem 3.20 we saw that square rectangular 0-bands have extremal idem-
potent generating sets if and only if every sparse cover is a generating set. This

is not true for arbitrary, non-square, examples.
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Example 3.63. Let S be the rectangular 0-band with structure matrix

(00 1 1)
0110
1100
po |1 100 1
1000
1000
1000
\1000)

Then
A={(4,1),(3,2),(2,3),(1,4),(1,5),(1,6),(1,7),(1,8)}

is an idempotent basis for S. However, the set
B ={(4,1),(4,2),(4,3),(4,4),(4,5),(3,6),(2,7),(1,8)}

is a sparse cover of S and does not generate S.

This leaves us the problem of deseribing all non-square completely O-simple
semigroups that are generated by all their sparse covers. Can a completely 0-
simple semigroup that is not idempotent generated have this property? We seek

the answer to this question below.

Lemma 3.64. Let S be a finite completely 0-simple semigroup. If S is generated
by all of its sparse covers then S is idempotent generated.

Proof. Let S = M°[G;I,A; P] be a completely 0-simple semigroup that is not
idempotent generated. Suppose that S is in Graham normal form. Then either S

1s not connected, or S is connected and the non-zero entries of P do not generate

G.

Case 1: S is not connected. If S is not connected then it is easy to find a sparse
cover that does not generate S. Indeed, since S is not connected the matrix P

can be assumed without loss of generality to have the form:
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where the entries in O and Oy are all equal to zero. Also assuming without loss
of generality that I = {1,... ,n},A={1,...,m} and n < m we let

X ={1,1¢,1),(2,1¢,2),...,(n,1g,n),(n,1g,n+ 1), (n,1g,n + 2),...,(n,1g,m)}.

Then X intersects A and B, and either Oy, or O, but not both. If X intersects
O then (X) does not intersect Oy and visa-versa. Therefore X is a sparse cover

of S that does not generate S.

Case 2: S is connected. In this case let
A= {(31 ,1G) /\1)1 ceey (ér: 16‘,)‘1")}

be a sparse cover of S such that the middle components are all equal to the

identity of the group G. Suppose without loss of generality that p;; = 1. Since
(A)NnHy € {(1,h,1):he H} C1xGx1

where H is the subgroup generated by the non-zero entries in the matrix P, it

follows that A does not generate S. O

Theorem 3.65. Let S = M[G;I,A; P] be a finite completely 0-simple semi-
group. Then every sparse cover of S is a generating set for S if and only if S is
idempotent generated and every square extension of S satisfies SHC.

Proof. (<) Let ¥ C S be a sparse cover of S. Say ¥ = (4;,1) U (42,2)U... U
(A, n) where, without loss of generality, we suppose that i € A; for all . Let Tk
be the square extension of S constructed using the family F = {4;,...,4,}. By
assumption T% satisfies SHC. Fix bijections ¢; : A; — A; for all ¢ and use these
maps to construct a bijection ¢ : {1,...,m} — {1,...,m}. Since T satisfies
SHC and B = {(i,¢(i)) : i € {1...,m}} is a sparse cover of Ty, it follows from
Theorem 3.20 that (B) = T%. Let ¢ : T'— S be the onto homomorphism defined
by (a,b)y = (a, f(b)) (i.e. the retraction mapping associated with the square
extension F). Then By = ¥ and (B) = S which implies that (B) = T since v
is a homomorphism. Therefore (X) = T which completes the proof since ¥ was

an arbitrary sparse cover of S.

(=) Suppose that every sparse cover of S is a generating set for S. It follows from
Lemma 3.64 that S is idempotent generated. Since S is idempotent generated,
it follows from Lemma 3.11 that it is sufficient to prove the result under the
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assumption that S is a rectangular O0-band. Therefore let S be a m x n(m > n)

rectangular 0-band such that every sparse cover of S is a generating set.

Claim. Fvery non-zero L-class of S has at least m — n + 1 idempotents.

Proof. Suppose otherwise and seck a contradiction. Say column 1 has z idempo-
tents where # < m—n+1. Without loss of generality say {(1,1),(2,1),...,(z,1)}
are all the idempotents in this £-class. Let

Y = {(1,1),(2,1),...,(z,1),(z + 1,2),(z + 2,3),...,

(x+ (n—1),n),(z +n,n),(z+n+1,n),(z+n+2,n),...,(m,n)},

which is is a sparse cover of S. However, (Y) # S since in particular (1,n) €
{Y). This contradicts the assumption that every sparse cover is a generating set,

completing the proof of the claim. O

Now consider an arbitrary square extension 7' of S and an arbitrary sparse
cover C of T thinking of S as a subsemigroup of T'. Using the claim we know that
every L-class has strictly more that m — n elements. It follows that C' generates
a sparse cover of S inside T'. By assumption this sparse cover generates .S. Now
using the elements in S and the elements in C'\ S we can, by regularity of S,
generate the whole of T'. Since the original sparse cover was arbitrary we conclude
that every sparse cover of T' generates T' which, by Theorem 3.20, implies that T
satisfies SHC. O

We saw in Corollary 3.40 that every sparse cover of I(r,n,q)/I(r—1,n,q) is a
generating set. In general, the same is not true for the semigroup K (n,r)/K(n,r—

1).

Example 3.66. The number of idempotents in every R-class of J, C T}, is "7
Whenever S(n,r) — (’;) > r"~ " we can find a square extension of J.* that does
not satisfy SHC. Consider K (5,3) for example. In this example every R-class of
J3 has 9 idempotents, S(5,3) = 25 and (2) = 10. If we extend J3* to a square by
repeatedly adjoining copies of a single R-class then, since 9 < 15, the resulting
square extension will not satisfy SHC. We conclude that not every sparse cover

of J3 C T5 generates J3*.

Using Corollary 3.40 we can count the number of bases of the semigroup
I(r,n,q).
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Proposition 3.67. Let F' be a finite field with size q and let S be the general
linear semigroup GLS(n,q). Let I(r,n,q) be a two-sided ideal of GLS(n,q). Then

the number of generating sets of 1(r,n,q) with minimum cardinality is given by

B ma)l = [1] 1@ =1 ~a)- (" - q,,_ln[:]

On the other hand, for K (n,r) we still do not have an exact formula for the

number of bases. Using Lemma 3.34 we may obtain a lower bound.

Proposition 3.68. Let n,r € N with 2 <r <n—1. Then a lower bound for the

number of generating sets of K(n,r) with minimum cardinality is given by

IB(K (n,r))| > (:), (r1)Se) (S(n’ " - (:)) (M) |

Proof. Consider the subsemigroup of P, = K(n,r)/K (n.r —1) which is the union
of the R-classes indexed by the partitions defined in Definition 3.31. Let T" be
the natural rectangular 0-band homomorphic image of this semigroup. Then T
is a square rectangular 0-band that satisfies SHC. Therefore T has (:})" distinct
generating sets. Let S be the natural rectangular 0-band homomorphic image
of K(n,r)/K(n,r —1). The semigroup T" is a subsemigroup of S and every
generating set of 7' may be extended to a generating set for S in (S(n,r)— (:f))(:)
different ways. Let A" be the family of all such generating sets of S. Since P, is
idempotent generated, for every X € X’ the coordinates X may be extended to a
generating set of triples for B in r!IX] = (?'!)S(“"') different ways. O

Thus, many of the sparse covers do generate .J,.*. On the other hand, not all

of the sparse covers do. This leaves the following problem.

Open Problem 5. Describe all generating sets of K (n,r) with minimal cardi-

nality, and then count them.
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4.1 Introduction

For any mathematical object M the set End(M) of all endomorphisms of M is
closed under composition and forms a monoid. For example, the semigroup of
order preserving mappings O,,, introduced in Section 2.1, may be viewed as the
endomorphism monoid of a linearly ordered set with n elements. The general
linear semigroup GLS(n, F) of all n x n matrices over the field F', introduced
in Section 3.5.2, is the endomorphism monoid of a vector space. Also, if X is a
non-empty set then the full transformation semigroup T’y is the endomorphism
monoid of the (very basic) mathematical object X.

Over the next two chapters we will consider the endomorphism monoids of a
number of different mathematical objects. By “mathematical object” what we
mean is a general algebra, in the sense of universal algebra. The formal definition
of an algebra will be given in £§4.2. In §4.3 the special class of algebras that we
are interested in, namely the so called independence algebras, will be defined. In
§4.4 we consider generating sets of End(A) and in §4.5 known results concerning
the ideal structure of End(A) are presented. In §4.6 an outline of the strategy
of the proof of the main result is given. In §4.7 and §4.8 endomorphism monoids
of finite trivial independence algebras are considered and the main results of the

chapter are presented.

4.2 Universal algebra

We will need some basic ideas from the field of universal algebra. In particular,
we need the notion of algebra, subalgebra and homomorphism. The main sources

for the definitions and results of this section are [27] and [74].

Definition 4.1. Let A be a set and let n be a natural number. A function
f i A" — A is called an n-ary operation defined on A and it is said to have arity

1.

An n-ary operation f on A can be regarded as an (n + 1)-ary relation on A
(i.e. a subset of A"*1) called the graph of f and defined by:

{(a'l':"' 90‘?1-1-1) E An+] : f(a‘].:"' :an) = a?1+]}'

Example 4.2. Consider the set N of natural numbers and the binary operation
f:Ax A— A defined by f(a,b) = a+b. It has the graph:

{(1,1,2),(1,2,3),(2,1,3), (2,2,4), (2,3,5),(3,2,5),...}



Section 4.2 113

which may be visualised as

4
213
2
1

b L = Wt
Wk v @

In this way the notion of graph is a generalization of that of Cayley table.

The definition of n-ary operation can be extended to the special case where
n = 0 to get a, so called, nullary operation. In this case we define A° = {@}
so that f : {@} — A. A nullary operation on A is uniquely determined by
f(@) € A. Conversely, for all a € A there is exactly one mapping f, : {&} — A
with f,(@) = a. Therefore, a nullary operation may be thought of as selecting

an element from A.

Definition 4.3. Let A be a non-empty set. Let I be some non-empty index
set and let (fi})ic; be a function that assigns to each element of I an n;-ary
operation f;* defined on A. Then the pair A = (A ; (fi*)ier) is called an algebra
(indexed by the set I).

The set A is called the universe of the algebra A, and (fz-A)t-E; is called the
sequence of fundamental operations of A. We call the number n; the arity of f;
and the sequence 7 = (n;);es of all arities is called the type of the algebra.

Often f4 will be denoted simply by f. Operations of arities zero, one, two

and three are often said to be nullary, unary, binary and ternary operations.

Example 4.4. A monoid M = (M ; -, e) is an algebra of type (2,0) that satisfies

the identities
Ve, y,ze M z-(y-z)=(x y): 2

Ve e M rT-e=e-TxT =21
Example 4.5. A ring R = (R ; +,,—,0) is an algebra of type (2,2,1,0) where

(R ; +,—,0) is an abelian group, (R ; -) is a semigroup and

Vz,y,z€ R z-(y+z)=z-y+z- 2z
Vz,y,2 € R (z+y)-z=z-2+y- 2

Example 4.6. Let R = (R ; +,-,—,0) be aring such that R is infinite. An alge-
bra M = (M ; +,—,0, R) of type (2,1,0,(1)rer), so there is a unary operation
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for every r € R, is called an R-module if (M ; +,—,0) is an abelian group and
if forallr,s € Rand z,y € M

rle+y) = r(@)+ry
(r+s)z = r(z)+s(z)
(r-s)(z) = r(s(z)).

If R also has an identity element 1 then we must also have 1(z) = z. In the

special case that R is a field, an R-module is usually called an R wvector space.

In this way, modules and vector spaces may be thought of as algebras with

infinitely many operations (when R is infinite).

Example 4.7. Let X be a non-empty set. Then X may be viewed as the algebra

X = (X ; ) which has an empty set of operations.

Our interest will be in semigroups of mappings between algebras. We will

need the notion of subalgebra.

Definition 4.8. Let B= (B ; (f;-B)ie;) be an algebra of type 7. Then an algebra
A is called a subalgebra of B, written A < B, if

() A= (A; (fi*)ie1) is an algebra of type 7;
(i) AC B;
(iii) For all 7 € I the graph of f;”* is a subset of the graph of 2.

Note that, in particular, a nullary operation f; must designate the same ele-

ment in each subalgebra A of B.

Proposition 4.9. The non-empty intersection A of a non-empty family {A;|j €
J} of subalgebras of an algebra B is a subalgebra of B.

Definition 4.10. Let X C B with X # @. Define:
(X)s=[[{A|A<B& X C A},

the subalgebra of B generated by X.

It is often more convenient to think about generation of subalgebras in the

following way. Define

E(X)=XU{fif(a1,...,an,) | i € I,a1,...,a,, € X}.
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Then define inductively
E'(X)=X, E*'(X)=E(E*(X))

for all k € N.

Proposition 4.11. Let B be an algebra and let X be a non-empty subset of B.
Then

o0

(X)s = | B*(X).
k=0
When there is no danger of ambiguity in doing so we write (X) rather than
(X)p for the subalgebra generated by X.
In a poset we say that z is a lower bound of x and y if z < 2 and 2z < ¥.
A greatest lower bound is a maximal element in the set of lower bounds. Upper
bounds and greatest upper bounds may be defined in a similar way. A lattice is
a poset in which each pair of elements has a unique greatest lower bound and a
unique least upper bound. If we take the set of all subalgebras of an algebra A
and order it by inclusion (i.e. By < By & B; C Bs) then the resulting poset is a
lattice. We call this lattice the subalgebra lattice of the algebra A

Finally we need the notion of a homomorphism between algebras.

Definition 4.12. Let A= (A ; (fi")ier) and B = (B ; (f;®)ier) be algebras of
the same type. A function ¢ : A — B is called a homomorphism of A into B if
forallie I

(;b(fiA(a'h- . 1“755)) — fiB(qb(al): v o !é(a7li))

for all ay,...,a,, € A. In the special case that n; = 0, this equation means that
#(fi1(@)) = fi®(@). That is, the element designated by the nullary operation

£, in A must be mapped to the corresponding element £, in B.

If the map ¢ is bijective then ¢ is called an isomorphism. A homomorphism
of an algebra into itself is called an endomorphism of A and a bijective endo-
morphism is called an automorphism of A. The set of all automorphisms of an
algebra A is closed under composition and forms a group that we call the auto-
morphism group of A and denote Aut(A). Similarly, the set of endomorphisms
of A is closed under composition and forms a monoid which we denote End(.A).
If A is an algebra we call the subalgebra (@) the constants of the algebra. The
endomorphisms of an algebra 4 must act identically on the set of constants. In
other words if @ € End(A) and ¢ € (&) then ca = ¢. Also, the image of any

endomorphism is a subalgebra of A.
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All of the examples of transformation semigroup given in previous chapters
may be viewed as endomorphism monoids of various algebras. Indeed, it is easily
observed, for example, that each monoid M is isomorphic to its monoid of left
translations (Cayley’s theorem), which is precisely the monoid of endomorphisms
of the algebra M = (M ; (fm)mem) of type (1)men where f,, is defined by

fm(s) = ms, the product of m and s in M.

Example 4.13. Another example is given by the semigroup of order preserving
mappings O,, which is the endomorphism monoid of the algebra Y = (X, ; ) of
type (2) where the binary operation - : X, x X,, — X, is defined by (a,b) —
min(a,b). Thus for a < b and ¢ € End(A) we have

¢(a) = ¢(min(a,b)) = ¢(a - b) = ¢(a) - ¢(b) = min(¢(a), $(b))

and so ¢(a) < ¢(b) (i.e. the map is order preserving).

4.3 Independence algebras

Looking at Proposition 2.14, which describes the structure of T,,, and Proposi-
tion 3.38, which describes the structure of End(V), there are a striking number

of similarities between the two semigroups. In [39] Gould asks the question:

“What do vector spaces and sets have in common which forces End(V)

and 7}, to support a similar pleasing structure?”

She answers this question by defining a class of algebra called an independence
algebra. In fact the algebras she defines are precisely the v*-algebras of [76]. An
independence algebra is an algebra that satisfies two properties. The first is the

ezchange property:

[EP] For every subset X of the algebra A and all elements z,y € A,
ifye (XU{z}) and y € (X) then z € (X U {y}).

A subset X of an algebra A is said to be independent if for all x € X we have
z ¢ (X\{z}) and is called dependent otherwise. There are a number of equivalent

ways of stating the exchange property.

Proposition 4.14. [74, page 50, exercise 6] Let A be an algebra. Then the

following conditions are equivalent.

(i) The algebra A satisfies the exchange property.
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(ii) For every subset X of A and for every element u of A if X is independent
and u ¢ (X) then X U {u} is independent.

(iii) For every subset X of A if Y is a mazimal independent subset of X then
(Y) = (X).

(iv) For subsets X,Y of A with Y C X if Y is independent then there is an
independent set Z withY C Z C X and (Z) = (X). O

A basis for A is a subset of A which generates A and is independent. Any
algebra satisfying [EP] has a basis. Moreover, in such an algebra a subset X is a
basis if and only if X is a minimal generating set which is true if and only if X is
a maximal independent set. All of the bases of .4 have the same cardinality which
we call the dimension of the algebra. By the third of the equivalent conditions
above, it follows that any independent subset of an algebra satisfying [EP] can
be extended to a basis.

The second property that an independence algebra must satisfy is the free

basis property:

[FB] Any map from a basis of A into A can be extended to an endo-

morphism of A.

Examples of independence algebras include sets (with an empty set of opera-
tions), vector spaces and free (right) G-sets (which will be discussed in the next
section). In [39] independence algebras are defined and some properties of their
endomorphism monoids are given. In the papers [30] and [32] Fountain and Lewin
consider the subsemigroup generated by the idempotents of End(A), firstly for
finite dimensional independence algebras, and then for the infinite dimensional
case. These results provide a common generalisation of the results of Howie [55]
and Erdos [29], in the former case, and of Howie [55] and Reynolds and Sulli-
van [79], in the latter. Also, in [33] Fountain obtained combinatorial results for
the depths of endomorphism monoids End(A) where A is a strong independence
algebra. As far as things stand, however, no generalisation has yet been made of
vhe results on minimal generating sets of ideals of 7}, and of End(V') to the wider
class of semigroups End(.A), where A is an independence algebra. These are the
questions that will be addressed in the following two chapters.
Included in [39] is a description of Green’s relations in End(.A).

Lemma 4.15. [39, Corollary 4.6] Let A be an independence algebra. Then for
o, 3 € End(A) we have:
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(i) aLB if and only if im & = im j3;
(ii) oRB if and only if ker(a) = ker(3);
(iii) oD if and only if dim(im &) = dim(im 3);
(iv) J =D. O

In condition (iii), it makes sense to speak of the dimension of im @ because any
subalgebra of an independence algebra is again an independence algebra and thus
has a well defined dimension. Since J = D we will adopt the convention of always
referring to the D-classes and not to the J-classes.

For an n-dimensional independence algebra A the ideals of End(A) are the
sets

I, = {a € End(A) : dim(ima) < 7},

where 0 < r < n,and I, = DgU--- U D,, a union of D-classes, where
D, = {a € End(A) : dim(ima) = r}

and Dy < Dy < ... < D,. The next result is taken from [30]. It tells us that
the minimal (with respect to inclusion) generating sets of I;. are contained wholly

within its unique maximal D-class D,.

Lemma 4.16. [30, Lemma 2.2] Let « € D,_; where 1 <r <n—1. Then there
are endomorphisms 3,v € D, such that a = (3.

If A has constants then Iy is non-empty and is a principal factor in End(.A).
If A does not have constants then I is empty and I is a principal factor. In
either case the other principal factors are the remaining Rees quotients I/, ;.

For » € N we denote the principal factor I,./I.—; by P.. If A has constants
then P, = I /Iy and Py = Iy, otherwise P, = [;. It was proven in [39] that
each P, is a completely O-simple semigroup. It follows from Lemma 4.16 that
rank(Z,.) = rank(P,) and that idrank(I,) = idrank(P,).

We conclude the section with a method, first described in [14], for building
new independence algebras from old. Let A be an independence algebra and
B be a subalgebra of A. Let A[B] denote the algebra A with the additional
nullary operations 14, with value b, for all b € B. If A is an independence algebra
with dimension n and B is a subalgebra with dimension m < n then A[B] is
an independence algebra with dimension n — m. The subalgebras of A[B] are
the subalgebras of A that contain B, and the endomorphisms of A[B] are the
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endomorphisms of A that fix B elementwise. In other words

End(A[B]) = {a € End(A) : ba = b, Vb € B}.

4.4 Generating sets for End(.A)

We begin with the problem of finding generating sets for the semigroup End(.A).
In the special cases of T;, and End(V') the answer is already known. As mentioned
in the introduction to Chapter 2 the full transformation semigroup 7, has rank
3. In fact, T}, is generated by S,,, its group of units, together with any element
from the J-class J,,_1. In a similar way, the general linear semigroup of n x n
matrices over a finite field is generated by three elements (and no fewer). Again,
GLS(n, F') is generated by its group of units GL(n, F') together with any matrix
with rank n — 1. This was originally proven by Waterhouse in [94].

Of course, in general it will not be the case that every finite independence alge-
bra A satisfies rank(End(A)) = 3. In fact, for every group G there is an indepen-
dence algebra A such that End(A) = G. Namely the algebra A = (G ; (fy)gec) of
type (1)yec, one unary operation for every element of G, where f,(h) = gh. It is
easy to see that A is a one dimensional independence algebra with (@) = @. The
bases of this algebra are the singleton subsets of G and End(A) = Aut(A) = G.
Therefore the question of determining rank(End(A)) is at least as hard as the
question of determining rank(G) for all finite groups G. The interesting thing
about 7}, and End(V) is not that the ranks both equal three, but that in order
to generate the semigroup, once the group of units has been generated, only one
more element needs to be added. In the language of relative ranks, introduced in
Section 2.2, if the independence algebra A is either a finite set or a finite vector

space then

rank(End(A) : Aut(A)) = 1.

Is the same true of all finite Independence algebras? This is the question we

address in this section.

Definition 4.17. Let n and m be natural numbers. Define P, ,, to be the
subsemigroup of T;, 4+, made up of all maps that fix the last m points, elementwise.

In other words:
Ppm = {ae Tyim i ta=sfors = n+l,...,n+m}

In particular, P, ; = P, (the partial transformation monotd on n points). We
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call P, ., the generalized partial transformation monoid.

The monoid P, ,, is the endomorphism monoid of the independence algebra
A[B] where A = (X, 44m ; ) is just a set, and B < A with B= {n+1,...,n+m}.
Thus A[B] is the algebra

A[B] = ({1! SRS e m} 3 (fi)ie{n—}-l

,,,,, n+m})

of type (0)ie(n+1,....n+m) Where the operations are defined by f;(@) = i. It follows
that (&) = {n+1,...,n+m} and the subalgebras of A of dimension r are subsets
of Xy 4m of the form BU{n+1,...,n+m} where B C X,, and |B| = r. It follows
that the D-classes of End(A) are given by

Dy = {88 Pyt |IERX] =5}

for0<r<n.

Proposition 4.18. Let m and n be natural numbers with n > 3. Then the
monoid Py, ., satisfies:
rank(P, m) =3 +m.

Proof. We begin with some notation. For every a € P, ,,, let
o(@) ={1,...,n}an{n+1,...,n+m}.

Observe that for every a € D,_; either o(a) = & or o(a) = {j} for some
je{n+1,...,n+m}.

We now show that a generating set of the required size can be found. Identify,
in the obvious way, elements of the symmetric group S,, with those of the group

of units of P, ;. Let o, 8 € S,, generate S,, and let:

B 1 2 3 ... nln+l ... n+m
= 2 2 3 ... nln+l ... n+m
o 1 23 ... niln+l ... n+m
= 7 2 3 ... n|ln+l ... n4+m

forj=n+1,...,n+m. Let
A={a,8,7}U{yvi:i=n+1,...,n+m}

Then |A| = 3 + m and we claim that A generates P,,,. Let § € J,_;. There
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are two cases to consider depending on the value of o(d). If 0(6) = @ then there
exist ay, a9 € S, such that a;yas = 6. On the other hand, if o(d) = {k} then
there exist 5y, f2 € Sy, such that B1y.[2 = 4. It follows that J,—; C (A) and, by
Lemma 4.16, A generates P, ,,.

For the converse let A be a generating set for P, ;,. We claim that AN J,_;
must contain an element a such that o(a) = @. Indeed, if no such element be-
longed to A then every a € (A)\S,, would satisfy o(a) # @ and as a consequence

(A> + Pn,m-
Claim. Let vy1,...,7 € Pn,m and let 6 =1 ...7. Ifi € 0(5) then i € 0(73) for

s0me §.

Proof. Let t be the smallest number such that i € o(y172...7%). If t = 1 then
i € o(y1). Otherwise there is a k € X,, such that ky;ys...1—1 € X, and
(kv17v2 ... Y1)y = i. It follows from the definition of o that i € o(y:). O

It follows from the above claim that for every j € {n+1,...,n+ m} the set
AnN.J,—1 must contain some element « such that o(a) = {j}. Since, including &,
there are m + 1 possibilities for the set o(a) where a € J,_1, we conclude that
|A| =2+ (m+1) and so

rank(P, ,,) = 3 + m.

O

Therefore, for every natural number n there exists a finite independence al-

gebra A that satisfies:
rank(End(A) : Aut(A)) = n.

If we consider only independence algebras where (&) = @ then things work

out differently.

Theorem 4.19. Let A be an n-dimensional independence algebra with (@) = @.
If o € End(A) is any endomorphism with dim(ima) = n — 1 then:

(Aut(A) U {a}) = End(A).

In particular

rank(End(A) : Aut(A4)) = 1.

Before proving the result we first need to prove a lemma.
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Definition 4.20. Let o € End(.A). A subset X of A is a preimage basis for « if
a is one-one on X and Xea is a basis for im a.

In [39] it is shown that if X is a preimage basis for A then X is an independent
subset of A. Using this definition we prove the following lemma which describes

what the elements of J,_; look like.

Lemma 4.21. Let A be an n-dimensional independence algebra with (@) = @ and
let « € End(A) with dim(im ) = n—1. Then there ezists a basis B = {b,...,b,}
of A and a basis Q = {q1,...,qn—1} of ima such that:

dn-1 if i=n.

bm:{qi if ief{l,...,n—1}

Proof. Let D = {dy,...,d,—1} be a basis for ima. Let C' = {¢1,...,c,—1} be a
preimage basis of D where ¢; — d; for all i. Then C is an independent subset of
A and therefore generates an n — 1 dimensional subalgebra (C) of A. Restricting
a to the subspace (C) gives a homomorphism (in fact an isomorphism) from (C')
onto (D). Now choose and fix an element d belonging to the image of A\ (C') under
a, say € A\ (C) where za = d. Note that d € ima = (D). Since d & (@) = @
we can extend d to a basis E = {d,es...,e,-1} of ima. If d were allowed to be a
constant then this would not be possible. Since a maps (C') onto (D) we can find a
basis L = {ay,...,an—1} of (C) such that aja = d, avsax = €3, ..., apn_100 = €,,_;.
Now z & (L) = (C) and it follows that L U {z} is a basis for A and satisfies the

conditions given in the statement of the lemma. O
The result above does not hold for independence algebras where (&) # @.

Example 4.22. Let A be the independence algebra with universe {1,2,3,4} and

a single nullary operation with image 4. Consider the endomorphism

1 2 3 4
o = € Ds.
1 2 4 4

The unique basis of A is {1,2,3} and the unique basis of ima is {1,2}. With
respect to these bases a does not have the form given in Lemma 4.21 (since 3 +— 4

under a).

Proof of Theorem 4.19. We show that given a, 3 € J,,_; there exist v, € Aut(.A)
such that
yad = 3.
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Let a,3 € J,—1. By Lemma 4.21 there exist bases B = {b1,...,b,} and C =
{e1,...,¢en} of A such that

bi_a:{Qi ifiE{l,..-Tn—l}’Ciﬁ:{pi it ie{l,...,n—1}

-1 if i=n Pr—1 if 2 =n.

Define « to be the unique endomorphism that satisfies ¢; v = b; for all 7. Extend
{q1,--.,qn-1} by {gn} to a basis of A. Similarly extend {p1,...,pn-1} by {pn}
to a basis of A. Let § be the unique endomorphism satisfying ¢;0 = p; for all 7.
Then 7,6 € Aut(A) with

ci(yad) = biad = ({ % if ie{l,...,n—1} )5

qn-1 if 4=mn.
P if ie{l,...,.n—1
= { oy { J =cf
Pn—1 if i=n

and therefore yaé = 3. This fact, along with Lemma 4.16, implies that for every
e Jn-—l
(Aut(A) U {a}) = (Aut(A) U J,,—_1) = End(A).

The converse of Theorem 4.19 does not hold. That is, if
rank(End(4) : Aut(A4)) =1

it does not follow necessarily that (@) = @. For example, a finite vector space V'
has the zero vector 0 as a constant but still satisfies rank(End(A4) : Aut(A)) = 1.

Open Problem 6. Investigate rank(End(A) : Aut(A)) in the infinite dimen-
sional case. The answer is known for the full transformation semigroup T,
in [60] it was shown that if X is infinite then rank(Tx : Sx) = 2.

4.5 Generating sets for ideals of End(.A)

In [30] it was shown that any proper ideal of End(.A), where A is a finite dimen-
sional independence algebra, is idempotent generated. We saw in Theorems 3.35
and 3.39 that, in the cases where A is a finite set or A is a finite vector space,
not only are the ideals idempotent generated, but they have extremal idempo-
tent generating sets. Does the same hold for all End(.A) where A is an arbitrary

finite independence algebra? The results of the previous section act as a warning
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against supposing that the answer must be true just because it is true both for
sets and for vector spaces. The main focus of this chapter, and the one that
follows it, will be to show that, in most cases, the analogous result does hold for

arbitrary finite independence algebras. We will eventually prove:

Theorem 4.23. Let A be a finite independence algebra with dim(A) > 3. Then
every proper two-sided ideal of End(A) has an ertremal idempotent generating

set.

In fact we will do more than this. We will go through every class of finite
independence algebra given by the classification in [14] and for each class we
give a formula for the rank (and idempotent rank) for that class. The condition

dim(A) > 3 is necessary. In fact, we will show:

Theorem 4.24. Let A be a finite independence algebra with dimension n and let
I, = {a € End(A) : dim(ima) < r}

where 0 < r < n. Then
rank(I.) = max(p, A)

and

rank([l,) + 1 ifr =1 and End(A4) = P, for somem > 1
rank([,.) otherwise

idrank(Z[,.) = {

where p and A are the number of R- and L-classes, respectively, in the unique

mazimal J-class of I,.

In light of Lemma 4.16 what we are really interested in are the ranks and
idempotent ranks of the completely O-simple semigroups that appear as prin-
cipal factors in End(A). Since the ideals of End(.A) are idempotent generated
determining the (ordinary) rank is easy.

Proposition 4.25. Let A be a finite independence algebra with dimension n and
let
I, = {a € End(A) : dim(ima) < r}

where 0 < r < n. Then
rank(I) = max(p, A)

where p and X are the number of R- and L-classes, respectively, in the unique

mazimal J-class of I..
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Proof. It follows from Lemma 4.16 that rank(/,) = rank(P,). Since I, is idem-
potent generated, P, is an idempotent generated completely 0-simple semigroup.
By Lemma 3.11 we have rank(P,) = max(p, A) and so rank([,) = max(p,A). O

Determining the idempotent rank is less straightforward and is the subject of
the rest of this, and the whole of the next, chapter. We will consider only the
endomorphism monoids End(.A) where A has dimension n > 2. This is reasonable
since when n = 0 the endomorphism monoid has no proper ideals and when n = 1
either there are no proper ideals or there is exactly one which, by [39, Lemma
4.4], must be isomorphic to a left zero semigroup with m™ elements, where m is
the number of constants in the algebra. In this case Theorem 4.24 follows trivially

from the observation that every band has idempotent rank equal to rank.

4.6 General strategy

We will make use of the classification of finite independence algebras given in [14].
In fact, independence algebras had previously been classified many years ago by
those working with v*-algebras (see [92] for details). Cameron and Szabd’s clas-
sification [14] is given up to equivalence, where two independence algebras are
called equivalent if their subalgebra lattices are isomorphic, and their endomor-
phism monoids are isomorphic. More precisely, two independence algebras A,
and A are equivalent if there exists a bijection 6 : 4; — As such that:

(i) both 6 and #~! map subalgebras to subalgebras;

(i) if f; : A; — A; (for ¢ = 1,2) are maps satisfying f16 = 6f> then f; is an
endomorphism of A; if and only if f5 is an endomorphism of As.

The main theorem of [14] states that every finite independence algebra is equiv-
alent to one of the classes that can be found in Sections 2 and 3 of the paper.
Over the next four sections we will go through the classes of algebra in those two
sections describing the endomorphism monoids, and determining the rank and
idempotent rank, in each case.

There are effectively four kinds of independence algebra to consider, depend-
ing on whether or not the algebra is trivial (a class of algebra that we define at
the beginning of the next section) and whether or not it has constants. In each

case we follow the four steps described below.

(I) Find a concrete way of representing the endomorphism monoid, usually as

a semigroup of pairs.
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(II) Describe Green’s relations in the monoid, identify the group H-classes and

determine the dimensions of the D-classes.

(III) For each D-class, D,, use the position of the group H-classes to construct

a rectangular 0-band T that satisfies idrank(T") = idrank(7,.).

(IV) Compute the idempotent rank of T" using the results of Chapter 3 along
with Theorem 3.35 and Theorem 3.39.

This approach is made clearer by thinking in terms of egg-box pictures. For
each class of independence algebra we get enough information to draw an egg-
box picture of End(.A). We compare this picture with the egg-box pictures of T,
and End(V). In each case the picture of End(.A) contains copies of, in the sense
described in Section 3.2, either the egg-box picture of T}, or that of End(V'). In
the majority of cases the existence of these substructures is all that we need in

order to find the idempotent rank.

4.7 Trivial independence algebras without constants

Let G be a group. A right G-set is a triple (X,G,¢) where ¢ : X x G — X is a
map, written (z,g)Y =z - g € X, that satisfies

(i) (z-9)-h=2z-(gh)
(ii) ol e

for all x € X and g,h € G. We say that the group G acts on the set X.
It is customary to say that X is a right G-set, without giving a name to the
homomorphism. Let G be a group and I be some index set (most of the time we
are concerned with I finite and we will usually suppose I = {1,...,n}). The free
right G-set over I consists of pairs (7,g) with the action (7, g) - h = (i, gh).

An independence algebra is called trivial if its subalgebra lattice is isomorphic
to the power set P(X) (ordered by inclusion) for some set X. In [14] the authors
describe all the trivial independence algebras, up to equivalence, in terms of group
actions. Let X be a set, G a group and C a right G-set. The set (X x G)uUC

forms an independence algebra

A= ((X x G) s (VC)CEC'1 (Pg)gec)
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of type ((0)cec, (1)gec) wWhere (&)v. = ¢ and

(z,h)pg = (z,hg), z€ X,g,heC
(¢)pg =c- g, ce G,

This algebra has dimension |X|, the subalgebras are the subsets of the form
(Y x G)UC for Y a subset of X, and (&) = C.

We begin by considering trivial independence algebras without constants. As
a result of the above classification, trivial independence algebras without con-
stants are just free (right) G-sets. The endomorphism monoids of free and pro-
jective S-acts where S is a semigroup (of which free G-sets are an example)
were considered in [12]. In that paper the author makes use of a wreath prod-
uct construction to describe the endomorphism monoid. We will use the same
construction here.

We start by describing the construction. It depends on which way round we
compose our functions. There are many different functions involved and to try
and keep things as simple as possible we view all our functions as mapping on
the right and we compose them from left to right always.

Let A = (X x G ; (pg)gec) be a trivial independence algebra with (@) =
@. Any transversal of the copies of GG is a basis of this algebra in particular
B = {(z,1) : = € X} is a basis that we call the natural basis of this algebra.
The free basis property tells us that the endomorphisms of End(.A) are uniquely
determined by their action on this basis. Associated with every m € End(.A) there
are two functions. Firstly we have a; € T'(X) (the full transformation semigroup
on X) and secondly we have f, : X — G defined by:

(z, D)7 = (zan, Tfr)-

Now consider what happens to the associated functions when we compose two
endomorphisms from End(A). Let mj,m € End(A) and consider the product

m1 7. We have:

(;I,', 1)?T1?T2 — ((IL‘, 1)‘?1'1)‘??2 = (I‘a’m,$fm)‘?r2
= ((maﬂ'l‘!l) : (Ifﬂ'l))ﬂz = ((T’am ) 1)”2) : (mf?rl)
= ((zam)an,, (zar ) fr,) - (2fr) = (Tar, Qny, (TQxy ) fry (T fry))-

This motivates the following definition.

Definition 4.26. Define the semigroup GT), to be made up of pairs (a, f) where
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a € T, and f € Map(X,,G) with products defined by:

(01 w)(ﬁ! ¢') = (0:,8, C.éa"v'ﬁ’)
where 1%y = ((ia)¢) (i) (a product of two elements in G).

To verify that G171, and End(.A) are isomorphic, define £ : End(4) — G T,
by ® — (ax, fr). It is clear that £ is a bijection. We want to show it is a

homomorphism. Since:

(i, 1)mim = (iQr, Qny, (100 ) frp (i fry))

it follows that

(?T]?Tg)f = (aarlaﬂ‘za f:;l f?ﬁ.)-

Therefore

(7716)("'725) = (aﬂ'ls f?rl)(a'm: f?rg) = (ama?rz:fﬁ;l fm) = (ﬂ1ﬂ2)‘5

and £ is indeed a homomorphism.
From now on we will view End(A4), where A is a finite trivial independence
algebra without constants, always in terms of the isomorphic semigroups G T),.

We start by describing Green’s relations in G T;,.

Lemma 4.27. Green’s relations in G1T, are given by:

(i) (e, ¥YR(B,¢) if and only if aRB in T, and (id)(i)~1 = (j$)(j¥)~" for all
(4,7) € ker(a).

(i) (e, ¥)L(B, ) if and only if aLf in T,,.
(i) (o, ¥)D(B,d) if and only if |ima| = |im 3.

Proof. (i)(=) If follows from the definition of multiplication in G T;, that aRf3.

For the second part suppose that

() (v, 1) = (B,4), (B,9)(6,€) = (a, ).

Then we have ay = 3, 86 = a, u®p = ¢ and £P¢ = 1 which means that for all
1€ X,

(i) (iy) = i(u*¥) = (i0), ((IB)E)(i¢) = (67 ¢) = (iv)).
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Hence for (7,7) € ker «
(i9) (i)™ = (ia)u = (jo)u = (i¢) (%)~

as required.
(«=) Suppose that the two conditions in (i) hold. Say v,§ € T}, with ary = 8
and 36 = a. Now define p : X,, — G by:

; { (o) () ! if i = jo for some j € X,
i = )
g otherwise.

This map is well defined since by assumption if (i,5) € ker o then (i¢) (i)~ =
(¢o)(j¥)~t. Now we have

i(pp) = ((ia)p)(iv) = (ig)(ip) ! (i) = i¢

implying that (a,v)(y,1) = (8,¢). Similarly we can find £ € Map(X,, G) such
that (3,9)(4,€) = (a, ). We conclude that (o, ¥)R(B,¢) in G T,.

(ii) (=) Follows from the definition of multiplication in G T5,.

(«<=) Suppose that 6o = 3 and that 78 = a. Then define y,v : X,, — G by:
in = ((i8)¢) " (i9), v = ((i7)6)”" ().
It follows that
i n) = ((0)9)(in) = ((©6)9)((i0)%) ™" (i¢) = i¢

and

i(97v) = (7)) (iv) = (7)) ((i7)$) " (W) = iw.
We conclude that
6, 1) (e, ¥) = (B,4), (7, v)(B,¢) = (,¥)

and (o, ¥)L(B,¢) in G T, as required.
(iii) Follows from Lemma 4.15. O

It follows that for this monoid

D, = {(a,%) € G1Ty, : |ima| = r}
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for 1 < r < n. We are interested in the distribution of the idempotents in D,.
The following lemma tells us how to identify the group H-classes (and thus find
the idempotents).
Lemma 4.28. Let (3,v) € G1T,. Then Hgy) is a group H-class in G1 T, if
and only if Hg is a group H-class in T;,.
Proof. If Hg ) is a group then (/3, ¥)*H(B,%) in G T, which, by Lemma 4.27,
means that 32Hp3 in T, and so Hg is a group H-class.

For the converse suppose that Hg is a group H-class in T;,. This is the
same thing as saying that $2H3. We have (3,1)% = (8%,¢%) where )%y =
((28)¢) (1) in G. If (4,7) € ker(f3) then

(i) (i) (i) ™! = (iB)Y = (3B)¢
= ((UBY)GV)(GY) ™" = (vl)(Gv) "

(iPy) (iy) ™

Il

It follows from Lemma 4.27 that (3,v)*H(8,v) and therefore Hg ) is a group
‘H-class in G T5,. O

We now find an embedding of T;, in G ! T;, that dictates the structure of
G T,. Define « € Map(X,,G) to be the map that sends every element of X, to
the identity of G (i.e. zt = 1 for all z € X,). Let

N ={(a,t) :a€T,}
noting that N is a subsemigroup of G {T,, and is isomorphic to 7},. Also define

G ={(1,¥) : ¥ € Map(X,,,G)}

where 1 denotes the identity of the monoid T},. The set G is a subgroup of the
group of units of G T,, and is isomorphic to the direct product of n copies of G.
The group G acts on the R-classes of D, in the following natural way. Let R be
an R-class in D, and let (1,%) € G. Then define

(1,%) - R=(1,¥)R = {(1,9)(8,¢) : (8,4) € R}.

This is a well defined action of G on the R-classes in D, since given any (1,v¢) € G

and any R-class R in D,, by Lemma 4.27, the set (1,%))R is an R-class in D,.

Given (o, ) € G1T, we use O(, y) to denote the orbit of the R-class R(q y).
We now prove that the R-classes of N N D, form a transversal of the orbits

of the R-classes of D, under the action of G, that all the orbits have the same
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size, and that any two R-classes in the same orbit look the same, in terms of
the position of idempotents (i.e. that the map f : R — (1,%)R defined by
f(r) = (1,%)r sends group H-classes to group H-classes).

Lemma 4.29. The R-classes of N N D, form a transversal of the orbits of the
R-classes of D,.

Proof. First we show that every orbit contains at least one R-class from N N D,.
Let (a,%) € D, and define ¥~! € Map(X,,,G) by iy~ = (i) ~! for all i € X,.
Then (1,97 1) (e, %) = (a,94~1) which belongs to N N D, since for all i € X,
we have it~ = (i) (ip~1) = 1. It follows that Oap) = O(apry-1) Where
(e, ¥y 1) € NN D,.

To see that only one R-class of N N D, belongs to each orbit, first let
(a,%),(8,¢) € NN D, where R, ) and R(g4) belong to the same orbit. Then
there exists some (8',¢') € R 4) and (1, ) € G such that

(L, ), ¥) = (B, ¢).
But by definition we have:
(1! So)(a: ‘w) - (Q‘, wlip)

and so (B,¢') = (a,¥'p). We conclude that o = 8 and so a = RS in T,.
Moreover, for all i € X,, we have i1) = 1 = i¢ so in particular for (¢, ) € kera
we have i) = 1 = j¢. It now follows from Lemma 4.27 that (e, ¥)R(8, ¢) and so
Riau) = B(p,9)- =

Lemma 4.30. Let (a,%) € G T, and let (1,0) € G. Then H(,y) is a group if
and only if H(j g)(ayp) @S a group.

Proof. From Lemma 4.28 it follows that H(, ) is a group if and only if H, is a
group in T, which is true if and only if H(; g)(a,y) = H(a,p16) 15 @ group in G1T5,.
O

Lemma 4.31. For every (a,v) € D, we have |O (4 )| = |G|"7".

Proof. Let (a,%) € NN D,. From the definition of the action we have:
O(a,yﬁ) = {R(a,é) NS Map(Xn, G)}

Fix (a,%¢) € D, and define Y = {(a,¢) : (a,¢)R(ex,9)} where « is fixed. We
claim that |Y| = |G|". Indeed, by Lemma 4.27, (o, )R (e, %) if and only if for
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(4,7) € ker a we have
(i9) = (i0) (i9) ™ (iW)).

We now count the number of choices for ¢ that satisfy this equation. For each
kernel class of «, once the image under ¢ of a single element of this class is
determined, the equation above determines the images under ¢ of every other
element in the same kernel class. Therefore, if we fix a transversal of the kernel
classes of a, once the images of this set under ¢ are defined, the map ¢ will be
completely determined. Since the elements in this set can be mapped anywhere in
G, there are |G|" possibilities in total. We conclude that |O, | = |G|"/|G|" =
|G- O

The correspondence that the three preceding lemmas establish between the

structure of T, and that of G T}, is demonstrated by the following example.

Example 4.32. Let G = S5, the symmetric group of degree 2. The semigroup
S = G T3 may be embedded in Tg where it is generated by the following trans-

formations:
1 2 :3 5 @ 1 2 3 4 :5 6
)] = 3 Qg = 3
345 6 1 2 34 1 2 5 6

(123456) _(123456)

ag = , B= .

213 45 6 1212656

The elements «a; generate the group of units S273 and 3 is a singular idempotent
in the second top D-class of the semigroup. The semigroup has size 216. The
group of units is isomorphic to S9153 and has size 48. The group H-classes in the
middle D-class are isomorphic to Ss 1Sy while the group H-classes in the bottom
D-class are isomorphic to Sy 5.

The egg-box diagram of the semigroup is given in Figure 4.1 and shows how
each of the D-classes looks like a “vertical tiling” of the D-classes of the full
transformation semigroup. In the language of Section 3.2 this vertical tiling is
a direct product (with amalgamated zero) of a principal factor of T;, with a left

Zero semigroup.

Finally we note that the group H-classes of G T, in D, are, as one would

expect, isomorphic to G1.5,. Combining these observations together we conclude:

Proposition 4.33. Let G be a finite group and let n € N. Let

K'(n,v) = {(a,¥) € G T, : |ima| <7}, K(n,r)={a€T,:|ima| <r}.
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\
W
N

.

Figure 4.1: Comparing the egg-box pictures of T3 and Sz ! T3. As usual, the
shaded boxes correspond to group H-classes.

Also let Vyr = K(n,r)/K(n,7 — 1), Qn, = K'(n,7)/K'(n,7 — 1) and
D, = {(a,¥) € GUT, : |ima| =r}.

Then we have:

(i) The number of L-classes in D, is (7).

(i) The number of R-classes in D, is |G|*""S(n,r).

(iti) Let Ty and Ty be the rectangular 0-band homomorphic images of Qnr and
Va,r respectively. Then Ty = L{}|G|n—r x0Ty where L%, denotes the k-element

left zero semigroup with a zero adjoined.

Proof. (i) Follows from Lemma 4.27(ii). (iii) Follows from Lemmas 4.29, 4.30
and 4.31. (ii) Follows from (iii) and Proposition 2.14 which gives the dimensions

of the D-classes of T;,.
O

Using the proposition above we now compute the idempotent rank of the
ideals of G T,,.

Theorem 4.34. Let G be a finite group and let n € N. Let

K'(n,7) = {(a,) € G1T}, : |ime| < 1}
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where 1 < r < n. Then for 2 <r < n we have
idrank(K'(n,r)) = rank(K'(n,7)) = |G|*""S(n, 7).
Also, when r = 1 we have

n if |G| =1

|G|"1 otherwise.

idrank(K'(n,1)) = rank(K'(n, 1)) = {

Proof. For the first part, using Proposition 4.33(iii), and the fact that r > 2,
it follows that the rectangular O-band Tj is the direct product with amalga-
mated zero of the two tall rectangular 0-bands T and L0|G|n—r. The rectangular
0-band 75 has an extremal idempotent generating set by Theorem 3.35. The
semigroup L0|G|n—r is a band and so has an extremal idempotent generating set.
By Lemma 3.6 it follows that T} has an extremal idempotent generating set and,
as a consequence of Lemma 4.16, so does K'(n,r).

For the second part we note that, by Proposition 4.33(iii), the D-class in
question is completely simple with dimensions |G|*~! x n. The result then follows
since max(|G|"~1,n) is n if G is trivial and |G|*~! otherwise. O

4.8 'Trivial independence algebras with constants

These algebras are given by the definition at the beginning of §4.7 with the
condition that C' # @. Let

A= ((XnxG)UC ; (Ag)gea, (Ve)eer)

where C' = {e¢1,...,em}. The bases of this algebra are the transversals of the
copies of G. In particular B = {(i,1¢) : ¢ € X,,} is a basis for the independence
algebra A and every a € End(A) is determined by its action on this basis.

We begin by observing that the semigroup G ! T;, embeds in End(A) in a
particularly nice way. In fact, the way that G1T,, embeds in End(.A) is analogous

to the way that T, embeds into P,.

Lemma 4.35. Let T = {a € End(A) : BanNC = @}. Then T < End(A) and
TG T,

Proof. First we show that T is a subsemigroup. Let o, € T. Since g € T it
follows that BANC = @. It follows that for all (¢,¢) € X,, X G we have (¢,9)8 & C
(since if (i,9)B € C then (i,1¢)8 = (i,99~")B = ((i,9)8) - g € C). Therefore,
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if {¢} = bafB N C for some b € B then ba € C which contradicts the fact that
acT.

To see that T = G T, we just have to show that 7" = End(X, x G), since
we have already seen that End(X,, x G) & G1T,,. Define ¥ : T' — End(X,, x G),
noting that B is both a basis for A and for X,, x G, by

b(aW¥) = ba

for b € B. Then the map WV is an isomorphism. O

Now consider the D-classes of End(A). As already mentioned, the subalgebras
of A are the sets (Y x G) U C where Y C X. Therefore, by Theorem 4.15, the

D-classes are given by

D, = {a € End(A) : |{i € X, : (i,9) = ba for some b € B}| =}
for 0 < r < n. Also by Theorem 4.15 the number of L-classes in D, for 1 <r <mn,
is equal to (’:), which is the number of r-dimensional subalgebras of A.

Lemma 4.86. Let 1 <7 <n. Then TND, is a union of the R-classes of D, in
End(A).

Proof. Let 7 € TN D, and o € End(A) be R-related to 7 in End(A). By
Theorem 4.15 it follows that ker(o) = ker(7). Since 7 € T' it follows that BrNC =
@ and so ker(7) has the set {¢} among its kernel classes for each c€ C. If 0 ¢ T
then for some b € B we would have bo = ¢ € C. But then b and ¢ would belong to

the same kernel class of o and thus ker(o) # ker(7) which is a contradiction. O

It follows from these observations that the D-classes of G1T,, “sit inside” the

D-classes of End(A) in the following sense.

Lemma 4.37. Let G be a finite group and let m,n € N. Let
K(n,r)={(a,9) € G1Ty : |ima| <71}
and
K'(n,7) = {a € End(A) : |{i € X,, : ba = (i, 9) for some b€ B}| <r}
for1<r <n. Also let

Vor =K(n,r)/K(n,r — 1), Qunr=K'(n,r)/K'(n,r —1).
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Then Vy  is an L-class filling subsemigroup of Q. O

Furthermore, since the group H-classes in any D-class of End(.A) are all iso-
morphic, and since we know what the group H-classes of G T, are, we have the

following result.

Lemma 4.38. Let 1 < r < n. Then in D, C End(A) the group H-classes are
isomorphic to G S,.

We now divide our analysis of End(.A) into the case where G is trivial and
the case where G is non-trivial.
Trivial independence algebras where (@) # @ and G is trivial

When G is trivial, and |C| = m, the semigroup End(.A) is isomorphic to the

generalized partial transformation semigroup P, , and the ideals are the sets
I(r,n,m) ={a € P, : |iman X,| < r}

where 1 < 7 < n. It is not true that the ideals of P, ,, always have extremal

idempotent generating sets as we now show.

Lemma 4.39. For allm € N the semigroup I(1,2,m) satisfies
idrank(I(1,2,m)) = rank(I(1,2,m)) + 1.
Proof. The unique maximal J-class of the semigroup I(1,2,m) is
D ={a€ Pym: ({la} U{2a}) N {1,2} # o).

This J-class has only two L-classes which correspond to the elements with images
{1,3,...,m+2} and {2,3,...,m + 2}, respectively. The number of R-classes in
D is 2m + 1 and every R-class, except one, contains only one idempotent. The

single exception is the R-class that contains the pair of idempotents €1, €5 given

by:
_ 1ifi=2 . 2ifi=1
€1 = 1€9 =
1 otherwise, i otherwise.

Let E be the set of idempotents in D. We claim that any idempotent generating
set of I(1,2,m) must contain all the elements of E. Indeed, we need all of the

idempotents E'\ {€1, €2} since otherwise one of the R-classes of D would be missed
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Figure 4.2: The structure of the unique maximal D-class of the semigroup
(1,2.1).
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out. Also, since € € (E U {e2}) and ez & (E U {€1}) we conclude that both ¢
and e are required in any idempotent generating set. Thus

idrank(I(1,2,m)) = |E| = 2m + 2 = rank(I(1,2,m)) + 1

as required. O

Example 4.40. Consider I(1,2,1) which is one of the two sided ideals of Py ;.

The elements are

1(1,2,1) = 19 3 13 3 1 9 3 1 9 -8
RETIN, 8 8)™\8 g 3)°\3 1 3)"\8 8 &)’
123\ /1 2 3 1 2 3
1 3 @3S\ 2 3/¥\3 3 8/

If we arrange the elements in an egg-box diagram and put a star next to the
idempotents we get the diagram in Figure 4.2. The distribution of idempotents

in this example agrees with the general description given in Lemma 4.39.

Looking back at the statement of Theorem 4.24 observe that the exceptions
to the rule in the theorem (i.e. those examples where idempotent rank and rank
are not the same) are precisely the examples given in Lemma 4.39. All the other

ideals of P, ,,, do have extremal idempotent generating sets.

Proposition 4.41. Let n,m € N with n > 2. Let K'(n,r) = {a € Ppp :
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liman X,| < r} for 0 <r <n. Then we have

rank(K'(n,7)) + 1 ifn=2 r=1and m>1

rank(K'(n,r)) otherwise.

idrank(K'(n,r)) = {

Proof. Let K(n,r) = {a € T, : |ima| < v}, Vo, = K(n,7)/K(n,r — 1) and
Qnr = K'(n,r)/K'(n,r — 1). There are a number of cases to consider depending

on the value of r.

Case 1: r = 0. In this case K'(n,r) is a band and as a consequence has an

extremal idempotent generating set.

Case 2: r > 2. In this case, by Lemma 4.37, V,, . is an L-class filling subsemi-
group of @, where, since r > 2, V,,, and @, are both tall. The result now

follows by Lemma 3.3.

Case 3: » = 1 and n > 2. Let D; denote the top J-class of the semigroup
K'(n,1). The number of L-classes in D; is equal to n, corresponding to the
images

Ly=A¢,n+ Y n+m}),

where 1 < g < n. Now consider the following n kernels:

Kj={{,j+1},Xonu \{Gj+1},{n+2},...,{n+m}}

for1<j<n-—1and

Kp = {{n,1}, Xpns1 \ {n, 1}, {n +2},...,{n +m}}.

Note that for 1 < j < n—1 the only images that form a transversal of the kernel
K; are I; and I;41. Also, the only images that form a transversal of the kernel
K, are I and I,,. In a similar way each image is a transversal of precisely 2 of
the kernels {K},..., K, }. Let T be the natural rectangular 0-band homomorphic
image of the principal factor P, ;. The kernels listed correspond to a rectangular
0-band T3 that is a tall (since it is square) L-class filling subsemigroup of T'.
We have seen above that the number 1 appears exactly twice in every row and
every column of the structure matrix of T. In other words the matrix has
a symmetric distribution of idempotents. Also, it is easy to see that T5 is a
connected rectangular 0-band. Therefore, by Lemma 3.28, the rectangular 0-band
T, has an extremal idempotent generating set which, by Lemma 3.3, implies that
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T has an extremal idempotent generating set. It now follows from Lemma 4.16

that K’'(n,r) has an extremal idempotent generating set.

Case 4: r = 1 and n = 2. This is the one case where the idempotent rank and

the rank are not the same. It is dealt with in Lemma 4.39. O

Trivial independence algebras where (@) # @ and G is non-trivial

We show that when G is non-trivial the proper ideals of End(A) have extremal
idempotent generating sets. We saw in the previous section that the number of
L-classes in D, C End(A) is equal to (I') for 1 < 7 < n. Finding an expression for
the number of R-classes is slightly more tricky. We know from Lemma 4.37 that
there are at least as many R-classes as in the corresponding D-class of G171,

Definition 4.42. Let

n—r

y(n,m,r,G) = ﬁ Z mF|GrF (:) S(n—k,r)
k=0

where |C| =m > 0.

Lemma 4.43. The formula v(n,m,r,G) gives the number of R-classes of D, C
End(A) where G is non-trivial and 1 <r <n — 1.

Proof. First we claim that

D, | = (”) ! z m¥|GE (:) Stn — k,r)
T
k=0

where 1 < r < n. We count the number of distinct maps o € Map(B, .A) that
extend to endomorphisms @ with dim(im@) = r. There are (7!) choices for im@,
since A has (') r-dimensional subalgebras. Let k = [{b € B : ba € C}| noting
that since dim(im@) = r we have 0 < k < n — r (since |B| = n and if more
than n — r elements mapped to constants then dim(im@) < r). There are (};)
possible choices for the set {b € B : bae € C'} and there are m* ways of assigning
the images of the elements in {b € B : ba € C}. The term S(n — k,r) gives the
number of ways of partitioning {b € B : ba ¢ C} into r kernel classes. There

n=k choices

are 7! ways of assigning the images to these kernel classes and |G|
within the groups for each of the elements of the set {b € B : ba ¢ C} to map to.
Summing as k runs from 0 up to n —r gives the displayed formula above for |D,|.

Note that this formula does not hold for C' = @. Let p and A denote the number
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of R- and L-classes, respectively, of D,. By Lemma 4.38, the group H-classes of
D,. are isomorphic to G S,. It follows that

| D: | | Dy | | Dy |
— - = = .7, G).
P X |GZS,| (1:) |G ) Sr] (:) # ]G|T 7(71;7??,, T, )

O

To complete the chapter, we determine the idempotent rank of the proper
ideals of the semigroup End(.A), where A is a trivial independence algebra with
constants, and G is non-trivial.

Theorem 4.44. Let G be a finite group, let myn € N, and let A = (X, x G)UC
where |C| = m. Let

K'(n,r) = {a € End(A) : |{i € X,, : (i,9) = ba for some b € B}| <r}
for0<r<n. Ifr =0 then
idrank(K'(n,r)) = rank(K'(n,r)) = m™.
If G is non-trivial and r > 1 then
idrank(K’(n,r)) = rank(K'(n,r)) = max( (:),q(n,m,r, G)).

If G is trivial and r > 1 then End(A) = P, ,,, and

max((}}),y(n,m,r,G)) +1 ifn=2 r=1andm2>1
max( (:‘l) ) F}((nﬁ m,rT, G)) otherwise.

idrank(K'(n,r)) = {

Proof. The case when G is trivial is dealt with in Proposition 4.41. When G is

non-trivial there are a number of cases to consider depending on the value of r.

Case 1: r = 0. In this case K'(n,r) is a left zero semigroup, every b € B has C

places it can map to giving m™ choices in total.

Case 2: r = 1. Let T be the rectangular 0-band homomorphic image of
the principal factor corresponding to the unique maximal J-class of K'(n,r).
Let RBg‘b denote the a x b rectangular band with a zero adjoined. Then, by
Lemma 4.37, RBFC;',‘_]‘” is an ﬁ-cl'ass filling subsemigroup of T. When G is non-
trivial |G|”_1 > n and RBJUG;,,_lm is tall. The result now follows from Lemma 3.3
and the dimensions of the D-class D, C End(A).
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Case 3: r > 2. Let T7 and T, be the rectangular 0-band homomorphic images
of the principal factors that correspond to the maximal J-classes of K(n,r) and
K'(n,r) respectively. By Theorem 4.34 the rectangular 0-band 77 has an extremal
idempotent generating set. By Lemma 4.37 the rectangular O-band 73 is an £-
class filling subsemigroup of T5. Also, 11 and T are both tall. The result now
follows from Lemma 3.3 and the dimensions of the D-class D, C End(A). O
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5.1 Non-trivial independence algebras

Let V be an n-dimensional vector space over the finite field F with |F| = ¢ = p*

where p is a prime. Let W be an m-dimensional subspace of V. As mentioned
in the introduction to the previous chapter, a vector space is an independence
algebra. It is a non-trivial independence algebra with a single constant (the
zero vector). The basic properties of this algebra’s endomorphism monoid, the
general linear semigroup GLS(n, F'), were given in Section 3.5. We saw that
the ideals of the general linear semigroup have extremal idempotent generating
sets in Theorem 3.39. More generally than this, the algebra V[W] (using the
construction described at the end of Section 4.3) is a finite independence algebra.
It has dimension n — m and its subalgebras are the subspaces of V' that contain
W and (@) = W. Moreover, as a result of [14, Proposition 8.1], every finite
non-trivial independence algebra with constants is equivalent to one constructed
from a vector space and a subspace in this way.

In the following section we will describe the structure of the semigroup
End(V[W]). In particular, a detailed description of the distribution of the idem-
potents in the semigroup will be provided. This will then be used to determine

the rank and idempotent rank of the ideals of the semigroup.

5.2 Non-trivial independence algebras with constants

Let Mat,x;(F') denote the set of all a x b matrices over the field F. The endo-
morphism monoid End(V[W]) consists of all linear transformations of V' that fix
W elementwise. Concretely we may represent End(V[W]) as the subsemigroup
of GLS(n, F') defined by:

{ (I:; ;) tAe l\(‘I&t(?;—m)x:m(F), X e GLS(TI — m,F)} S GLS(?L_J F)

where [, denotes the m x m identity matrix. Multiplying two of these matrices

Lo O il 05, Im 0
A X)\B v) \Aa+xB XY/’

Therefore End(V [W]) is isomorphic to the semigroup of pairs

together gives:

Mat(n—m}xm(F) X I\"Iat(n—m)x(n—m) (F)
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with multiplication:
(A, X)(B,Y)=(A+ XB,XY).

For what remains of this section we will think of End(V[W]) as this semigroup

of pairs. An important subsemigroup of End(V[W]) is
N ={(0,X): X € GLS(n —m, F)} < End(V[W]).

Let U = F™™™ and observe that N = End(U) = GLS(n — m, F'). In much the
same way as T, dictated the structure of G T, (see Section 4.7), the semigroup
End(U) will determine the structure of End(V[W]).

We start by describing Green’s relations in the semigroup. Given an element
(A, X) in End(V[W]) we view X as belonging to the general linear semigroup
GLS(n — m, F') and we write dim X to mean the dimension of the image of the
linear transformation X in GLS(n —m, F'). Thus dim X lies somewhere between

0 and n — m.
Lemma 5.1. Let (A, X),(B,Y) € End(V[W]). Then
(i) (A, X)L(B,Y) in End(V[W]) if and only if XLY in End(U).

(ii) (A, X)R(B,Y) in End(V[W]) if and only if XRY in End(U) and there
exists some Z € Mat(,_p)xm (F') such that YZ = A — B.

(iii) (A, X)D(B,Y) if and only if dim(im X) = dim(im Y').

Proof. (i) From the definition of multiplication in the semigroup it is seen that
(A, X) and (B,Y) are L-related in End(V[W]) if and only if X and Y are £-
related in End(U).

(ii) The elements (A, X) and (B,Y) are R-related in End(V[W]) if and only if
there exist (D1, Q1) and (D3, Q2) in End(V[W]) such that

(A+ XDy, XQ1) = (A,X)(D1,Q1) = (B,Y)

and
(B+YDy,YQ2) = (B,Y)(D2,Q2) = (A, X).

This is equivalent to saying that X and Y are R-related in End(U), XD; = B—A
and YDy = A — B. However, if YDy = A — B then XQ,Dys = A— B and it
follows that X(—1)Q1D2 = B — A. It follows that if there exists a matrix D;
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satisfying X D) = B — A then there exists a matrix Ds such that YDy, = A — B.
The converse also holds and so the two conditions are equivalent and one of them

may be omitted.

(iii) Follows from Proposition 4.15. O
Now we will find where the idempotents are by identifying the group H-classes.

Lemma 5.2. The H-class H 4 x) in End(V[W]) is a group if and only if Hx is
a group in End(U).

Proof. The H-class H(4 x) is a group if and only if (A4,X) is H-related to
(A,X)? = (A+ XA, X?). This is equivalent, by Lemma 5.1, to saying that
X is H-related to X? in End(U) and there exists a Z € Mat(,—n)xm(F) such
that XZ = (A + XA) — A = XA. This equation is satisfied by setting Z = A
and the result follows. O

The semigroup End(V[W]) has n —m + 1 D-classes given by
D, ={(A, X) € End(V[W]) : dim(im X) = r}

where 0 < r < n —m. Also, from Lemma 5.1(i), it follows that the L-classes of
D, are in one-one correspondence with the r-dimensional subspaces of End(U).

Now consider the R-classes. Our first step will be to partition the set of R-
classes in D,. Let H be the group of all (n —m) x m matrices over the field F'
under addition. This group is just the direct power of m(n — m) copies of the
additive group of the field F. The group H acts on the R-classes of D, in the
following way. Let A € H and let R be an R-class of D,. Then define

A-R=(ADR={(4,1)(B,Y): (B,Y) € R}

where I denotes the (n—m)x (n—m) identity matrix. The element (A,I)(B,Y) =
(A+B,Y) is D-related to (B,Y’), by Lemma 5.1, and so by Green’s lemma (A, I)R
is an R-class of End(V[W]) in D,. Since 0- R = (0,I)R = R and

(AB)- R=((A,I)(B,D))R = (A, I)((B,I)R) = A- (B - R)

this is a group action. Denote the orbit of the R-class Ria,x) by Oa,x)-
As in the previous section, we now prove that each of the orbits has the same
size, that the R-classes of D, in N form a transversal of the orbits, and that

any two R-classes in the same orbit look the same in terms of the position of
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idempotents (i.e. that the map f: R — (A,I)R defined by « — (A, )z sends

group H-classes to group H-classes).

Lemma 5.3. The R-classes of N N D, form a transversal of the orbits of the
R-classes of D,..

Proof. Let (A, X) € D,. Then (—A,I)(A,X) = (0,X) € N and so the set of
R-classes of N N D, intersects every orbit at least once.

To see that no orbit is intersected more than once let Oy x) = Og,y). Then
(D, I)R.xy = R,y for some (D, I) where D € H. Therefore (D, X) € Ry,
giving XRY in End(U) (by Lemma 5.1) and it follows that R xy = Rpoy). U

Lemma 5.4. Let (A,X),(B,I) € End(V[W]). Then H, x) is a group if and
only if Hp 1y(a,x) i a group.

Proof. The H-class H 4 xy is a group, by Lemma 5.2, if and only if Hx is a
(A,X)

group in End(U) which is true if and only if Hgy4 x) = H(B )4 x) is a group

in End(V[W]). O

Now we prove that the orbits all have the same size. Before we do this,

however, we need to make another definition. For each (0,Q) € N define
Go.g = {A€Matp_pnyxm(F): (A, X) € Ry ) for some X € GLS(n —m, F)}.

If (A, X), (B,Y) € R ) then by Lemma 5.1 there exist Z;, Za € Mat ;) xm (F')
such that QZ; = A and QZ; = B so that Q(Z, + Z») = A+ B which, along with
the fact that XRQ in End(U), gives (A + B, X) € R ). In a similar way one
can prove that (A+ B,Y) € Rg ). It follows from this that G ) is a subgroup
of the group H of all (n —m) x m matrices over F' under addition. The next

lemma justifies the definition of the group G x).

Lemma 5.5. Let X € GLS(n —m, F). Then the number of R-classes in O(g x)
is equal to the index of G x) in H.

Proof. For each R-class R in O x let
L(R) = {A € Mat(,_m)xm(F) : (4,X) € R for some X € GLS(n —m, F)}.

Since (A,I1)(0,X) = (A,X) it follows that UREOU,_‘\») L(R) = H. From this,
and from the definition of the action, it follows that {L(R) : R € O x)} is
precisely the set of all cosets of the subgroup G x) of the additive group H.
Moreover, it follows from the definition of the action that if Ry, Ry € O x) and
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L(R;) = L(R»3) then R; = Ry. Thus, there is a one-one correspondence between

R-classes in O x) and cosets of G x) in H. O
Therefore, proving |O x| = |O(,y)| is equivalent to proving that |G v)| =
G0,

Lemma 5.6. Let (0,X) and (0,Y) be in D,. Then Go xy and G(oy) are isomor-
phic groups.

Proof. We can suppose without loss of generality that X,Y are L-related in
End(U). This is because X and Y are D-related in End(U) and so there is an
X' such that XRX'LY satisfying Go x) = G(o,x7)- Let U1,Uz € End(U) so that

X =Y, LY =X,
By Lemma 5.1

Go,xy = {A€Matg_myxm(F): (A, K) € R x) for some K € GLS(n — m, F)}
= {A € Mat(_m)xm(F) : (4, K)R(0,X) for some K € GLS(n —m, F)}
= {A € Mat(_myxm(F): KRX in End(U) and

there exists Z € Mat(,_pyxm(F) : XZ = A
for some K € GLS(n —m, F)}
= {A € Mat(,_m)xm(F) : A= XZ for some Z € Mat(;,_m)xm}

and similarly
Go,y) = {A € Mat(,_pyxm(F) : A=Y Z for some Z € Mat;,_myxm }-

Define ¢ : G, x) — Go,y) by A¢ = B where A = XZ and B =Y Z. This map
is well defined since if A = X7 = XZs then YZ, = U1 X2, = U1 XZy =Y Zs.
Now define ¢ : Goy) — G(o,x) by B¢’ = A where B =Y Z and A = XZ. This

map is well defined by the same argument as above. Now we have

XZ¢d' =YZ¢ =XZ
and it follows that ¢ is a bijection. Also, ¢ is a homomorphism since:
(XZ1+XZ3)p = (X(Z1+22))p =Y (Z1+22) =Y Z1+Y Zo = (X Z1)p+(X Z2) .

O
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Now we compute the size of the group G o). We will then use this number
to find the number of R-classes in D,. The field F is a vector space over P =
{1,141,...,1+ ...+ 1}, and P = Z,. The additive abelian group of the field F’

e

P
is isomorphic to Zg and so H = Zﬁm(n_m), the direct power of m(n — m) copies

of Zg.
Lemma 5.7. If (A,X) € D, then |04 x)| = ¢""~™").
Proof. From the proof of Lemma 5.6 it follows that
g(g‘Q) ={Ae€ hda't(n—m)xm(F) : A= QZ for some Z € Mat(n_m)xm(F)}.
Let @ be the (n —m) x (n — m) matrix
I—.r- O

which has an r x r identity matrix in the top left corner and zeros everywhere

else. Then
A
g(O»Q) = 0 > A & Matrx,n(F) g I\{at(n_mjxm(F).

This group is isomorphic to Z;‘;”". It follows that:

IHI pkm(n—m) o
O =[H:G — — — gmn—m—r)
0.0 = H : G Goo)] P ¢

Since, by Lemma 5.6, all the groups G(g, x) are isomorphic it follows that for every
m(n—m—r)_ O

matrix P € GLS(n —m, F) we have |O¢ p)| = ¢
Combining these lemmas together gives the following result.

Proposition 5.8. Let V' be a vector space with dimension n over the finite field
F, with |F| = q, let W be an m-dimensional subspace of V, and let U = F"*™™,
Let

I(n,q,7) = {(A,X) € End(V[W]) : dim(im X) < r}

and
I'(n,q,7) = {X € End(U) : dim(im X) < r}

for 0 < r < n—m. Also, let Vo, = I(n,qr)/I(n, g7 — 1), Quny =
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I'(n,q,7)/I'(n,q,7 — 1) and
D, ={(A,X) € End(V[W]) : dim(im X) = r}.

Then we have:

(i) The number of L-classes in D, is [:”} .
q

r

(ii) The number of R-classes in D, is ¢ ("~™~") [" B ] :
q

(iii) Let T1 and Ty be the O-rectangular band homomorphic images of V, , and
Qnr respectively. Then Ty = Luqm(n_m_r; xo Ty where L%, denotes the k-

element left zero semigroup with a zero adjoined.

Proof. (1) By Lemma 5.1 the £-classes are in one-one correspondence with the r-
dimensional subspaces of the vector space U. Since dim(U) = n —m this number

is given by the expression in the proposition.

(ii) Since N is isomorphic to U, the number of R-classes in D, N N is equal to

r

[“ - '“] . The result now follows from Lemma 5.3 and Lemma 5.7.
q

(iii) Follows from Lemmas 5.3, 5.4 and 5.7. O

Example 5.9. Let V = Zo @ Zy & Zo & Zo, a 4-dimensional vector space over
the field with 2 elements, and let W = Zs & Zs @ {0} @ {0}, a 2-dimensional
subspace of V. In this example U = Zy & Z,. The independence algebra V[W]
has dimension dim(V') — dim(W) = 2. The endomorphism monoid of the algebra

is isomorphic to

End(V[W]) = {(? ;) :A,Be GLS(?,ZQ)} < GLS(4, Z,).

The semigroup End(V[W]) has 2° elements, it has 3 D-classes corresponding to
maps with image dimension 2,1 and 0. Figure 5.1 shows how the structure of
End(V[W]) and of End(U) are related to one another. The middle D-class of
End(V[W]) is built from 4 copies of the middle D-class of End(U), stacked on
top of one another. The bottom D-class of End(V[W]) is built from 16 copies of
the bottom D-class of End(U), stacked on top of one another. In the language of
Section 3.2, the rectangular 0-band homomorphic images of the principal factors
of End(V[W]) are isomorphic to direct products, with amalgamated zero, of
certain left zero semigroups and the rectangular 0-band homomorphic images of
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Figure 5.1: Comparing the egg-box pictures of the semigroup End(U) where U =
Zo @ Zs, on the left, and the semigroup End(V[W]) where V = Zo @ Zy @ Zo B Zs
and W = Zo @ Zo & {0} & {0}, on the right.

the principal factors of End(U). Notice how similar this figure is to Figure 4.1
which showed the relationship between the structure of T}, and that of End(GT,).

In the next example we compute all the elements of a particular D-class and
then describe the orbits of the R-classes under the action of the group H.

Example 5.10. Let V = Zo®Zo®Zs and W = Zo@®{0}&{0}. The independence
algebra VW] has dimension 2 and the endomorphism monoid End(V[W]) has
three D-classes. The middle D-class is illustrated in Figure 5.2 with the elements
arranged into R-, £- and H-classes. Here n = 3, m = 1 and the group H is the
additive group of 2 x 1 matrices over Zs. This group is isomorphic to Zo & Zs.
The orbits of the set {Ry,...,R¢} of R-classes under the action of the group H

O\ o o\ = P11\ fo o\, = {B1, Re}s
G TG0 6

)‘(0 1)] == {R2vR4}1

are given by:

o 0

Oran 1o N =Crex 76 . ={RsRs}:
O PTAQ P
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Figure 5.2: The elements of the middle D-class of the monoid End(V [W]) where

Zy & {0} @ {0}.

V=7o®Zo®Zoand W
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The set N NJ = {Ry, Ry, R3} is indeed a transversal of the orbits above, as

Lemma 5.3 says it must be. Using this example we can work through the steps

o))

of the proof of Lemma 5.6. Let

o[ 03] -

noting that XLY in End(Zy & Zs3) since with

we have
and

Now

own=5py ¢ 91°1(s)

=S ) { (3) | (;) } |

The map ¢ : Go x) — G(o,y) is defined by A¢ = B where A= XZ and B=YZ
for some Z € Matoy(Zs3). Therefore

o)e= () ()=o)

The map is an isomorphism from the additive group of matrices G x) to the
additive group of matrices G y). For every X € GLS(2,Z2) the group G x) has
index 2 in H which, as Lemma 5.5 says it must do, equals the size of each of the

orbits of the R-classes.
We now determine the idempotent rank of the ideals of End(V[W]).

Theorem 5.11. Let V' be a vector space with dimension n over the finite field
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F, with |F| = q and let W be an m-dimensional subspace of V. Let
I(n,q,7) = {(A,X) € End(V[W]) : dim(im X) < r}
for 0 <r <n—m. Then we have

7

idrank(I(n,q,r)) = rank(I(n,q,7)) = g A1) [" E '”] .
q

Proof. By Lemma 4.16 we know that the rank and idempotent rank of I(n,q,r)
equal the rank and idempotent rank of V,, .. Now the result follows from the fact
that @, » is square, Lemma 3.6, Proposition 5.8(iii) and Theorem 3.39. )

5.3 Non-trivial independence algebras without con-

stants

Affine independence algebras

We begin with a brief discussion of affine groups and semigroups (see [7] for more

details). The n-dimensional affine group over the field F' is
A0 n
Aft, (F) = ; :Ae GL(n,F),ve F" )} <GL(n+1,F).
v

Actually, the affine group is often given as the set of transposes of the above
matrices, but these two groups are isomorphic (under ¢ defined by A — (AT)~1).
We use the matrices above because we are viewing our matrices as acting on the
vector space V on the right. Identify = € F™ with the vector (z,1) € F"*! so

that
A 0
(z,1) ( ) = (zA+v,1)
v 1

which gives an action of Aff,,(F') on F". Transformations of F™ with the form
x — xA+v are called affine transformations. The vector space F'™ can be viewed

as the translational subgroup of Aff, (F)

Trans, (F') = {(I (IJ) tvE F"} < Aff,(F)
v

2l 2l

since
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the group Trans, (F') is isomorphic to the additive group of the vector space F™.

Another important subgroup is

{(‘; ?) L A€ GL(n,F)} < Aff, (F)

which may be identified with the group GL(n, F'). It is now straightforward to
verify that Trans,(F') is a normal subgroup of Aff, (F), that

Aff,(F) = GL(n, F)Trans,(F) = {gt : g € GL(n, F'), t € Trans,(F)}

and finally that GL(n, F) N Trans,(F) = {0} (this is because the every linear
transformation fixes the zero vector while the only translation that does so is
translation by the zero vector itself). These three conditions holding imply that
Aff,(F) is a semidirect product of Trans,(F) by GL(n,F) where the action of
GL(n, F') on Trans, (F') is given by

A0\ (1 o\(ao) (I o
0 1 v 1/\0 1) \wd 1)
Related to the group Aff, (F) is the n-dimensional affine semigroup
A 0 i
AffSg,, (F) = . :Ae GLS(n,F),ve F" } < GLS(n+1,F).
v
In a similar way, this semigroup may be viewed as a semidirect product. Indeed,

(o {2 5 ~lies )

it follows that the semigroup AffSg, (F') has a description as the semigroup of

since

pairs V' x End(V) with multiplication:
(@, A)(B, B) = (aB + 3, AB).

We will use End(Aff(V)) to denote this semigroup of pairs.

The connection between affine semigroups and non-trivial independence al-
gebras without constants is given by [14, Example 3.2]. Let V be a vector space
over a finite field F' where |F| > 3. For each ¢ € F' with ¢ # 0,1, define a binary
operator pi. on V by pc(z,y) = @+ c¢(y —x). The set V, with operations fi, is an
independence algebra whose subalgebras are the affine subspaces of V' (i.e. cosets
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Figure 5.3: The affine subspaces of V = Z3 & Z3.

of subspaces). If || = 2 then the construction must be adapted by adding the
ternary operator a(z,y,z) = ¢ + y + z. In either case the algebra is written as
Aff(V).

The algebra Aff(V) has dimension n + 1 (not n) and as a result has exactly
this many D-classes. The endomorphism monoid of Aff(V) is isomorphic to the
n-dimensional affine semigroup described above.

Example 5.12. Let V = Z3 @ Z3, where Z3 = {0, 1,2}, and consider the algebra
Aff(V). It has a single binary operation defined by:

pa(z,y) =z +2(y —x) =2y —z.

The independence algebra Aff(V) has dimension 3. The 1-dimensional sub-
algebras are the singletons (which are cosets of the trivial subspace of V).
The one dimensional subspaces of the vector space V are {(0,0),(1,0),(2,0)},
{(0,0),(0,1),(0,2)}, {(0,0),(1,1),(2,2)} and {(0,0),(1,2),(2,1)}. Taking all
translates (cosets) of these subspaces gives all the 2-dimensional subalgebras of
Afi(V). These affine subspaces correspond to horizontal, vertical and diagonal
straight lines in Z3 & Z3. Any two distinct points in Zg @ Zg extend uniquely to
one of these lines and this is the affine subspace generated by these two points (see
Figure 5.3). For example {(2,0),(0,2)} extends to the line {(1,1),(2,0), (0,2)}.
Any three non-collinear points generate the whole algebra Aff(V') and these 3-sets

are the bases of the algebra.

As in the previous sections, our first step is to determine Green’s relations in
the semigroup End(Aff(V)).

Lemma 5.13. Let (a, A), (8, B) € End(Aff(V)). Then

(i) (a, A)L(B, B) in End(Aff(V)) if and only if ACB in End(V) and a — 3 €
imA =imB.
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(ii) (o, AYR(B, B) in End(Aff(V)) if and only if ARB in End(V).
(iti) (a, A)YD(B, B) in End(Aff(V)) if and only if dim(im A) = dim(im B).

Proof. (i) The elements (o, A) and (3, B) are L-related in End(Aff(V)) if and
only if there exist (v,C) and (J, D) in End(V[W]) such that

(vA + @, CA) = (v,0)(a, A) = (8, B)

and

(0B + 3,DB) = (6,D)(B,B) = (o, A).

This is equivalent to saying that A and B are L-related in End(V), vA =0 —«a
and 6B = a — 3. Since imA = im B is closed under addition it follows that
a—fB€imA =imB if and only if 8 — a € im A = im B. We conclude that the
last of these conditions is redundant and we can exclude it.

(i1) The elements (a, A) and (3, B) are R-related in End(Aff(V)) if and only if
there exist (y,C) and (d, D) in End(V[W]) such that

(aC + 7, AC) = (a, A)(7,C) = (B, B)

and

(8D +6,DB) = (8,B)(5, D) = (, A).

This is equivalent to saying that A and B are R-related in End(V), v = 8 — aC
and § = a — D. We can just define v and § to equal these vectors.

(iii) Follows from Proposition 4.15. i

As already mentioned, the algebra Aff(V) has dimension n 4 1 and so the D-

classes are given by:
D, = {(a, A) € End(Aff(V)) : dim(im A) = r}

for 0 < r < n. The R-classes are in one-one correspondence with the R-classes of
End(V). Note that one big difference between the D-classes of these monoids and
those of previous sections is that here the number of L-classes in D, is greater
than the number of R-classes, while in the previous sections it was the other way
around (consider Figures 4.1 and 5.1 for example).

Now we determine where the idempotents are by identifying the group H-

classes,
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Lemma 5.14. The H-class H, 4y in End(Aff(V)) is a group if and only if H,
is a group in End(V').

Proof. The H-class H, 4) is a group if and only if (a, A) is H-related to (o, A)?
in End(Aff(V')). This is, by Lemma 5.13, equivalent to saying that A is H related
to A% in End(V) and a4 = (aA+a)—a € im A. The first condition is equivalent
to saying that H 4 is a group in End(V') and the second is always true. O

Let N = {(0,A) € End(Aff(V)) : A € End(V)} where 0 denotes the zero
vector. Observe that N is a subsemigroup of End(Aff(V)) and is isomorphic to
End(V). In the same way that T}, dictated the structure of G T, and End(U)
related to that of End(V[W]), the subsemigroup N will determine the structure
of End(Aff(V)).

It follows from Lemma 5.13 that the £-classes of D,. are in one-one correspon-
dence with the cosets of the subspaces of V' of dimension r. The vector space V
acts on the L-classes of End(Aff(V)) in the following way. Let L be an L-class
of End(Aff(V)) in D, and let v € V. Then define

L-v=L(v,I) = {(w,A)(v,I) : (w,A) € L}

where I is the identity matrix. Since (w,B)(v,I) = (w + v,B) the set L - v
is indeed an L-class in D,. We will show that the L-classes in N N D, form a
transversal of the orbits of the L-classes, that each of the orbits has the same
size, and that all the L-classes in a given orbit look the same, in terms of the
position of idempotents (i.e. that the map f: L — L - v defined by = — z(v, )

sends group H-classes to group H-classes).

Lemma 5.15. The L-classes in N N D, form a transversal of the orbits of the
L-classes of D,.

Proof. Let (o, A) € D,. Then (a, A)-(—a) = (0, A) € N which means that every
orbit contains at least one R-class of N N D,..
Suppose that L 4y and Lo p) belong to the same orbit. Then we have

Lo,a) = Lo,B) v = Lw,B)-

We conclude that (0, A)L(v, B) which means, by Lemma 5.13, that ALB in
End(V) and, as a consequence of Lemma 5.13 and of the fact that 0 € im A4, it
follows that L(U,A) = L(O,B)' O
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Lemma 5.16. Let (v,A),(w,I) € D,. Then H, 4y is a group H-class if and
only if Hy ayw,1) 5 a group H-class.

Proof. By Lemma 5.14, the H-class H, 4 is a group if and only if H, Ay(w,1) =
H(y1w,2) is a group. O

Lemma 5.17. If (a, A) € D, then [O(4 4)| = ¢" "

Proof. From Lemma 5.13 it follows that («, A) and (8, B) are L-related if and
only if im A = im B and « and 3 belong to the same coset of im A in V. Also,
for any orbit @ and any v € V there exists some element in O with the form
Ly,4y- This is because, by Lemma 5.15, every orbit contains some L-class of the
form L gy and (0, B)(v,I) = (v, B) which implies that L(, p) € O. From this

we conclude that each orbit has size

o WY@
[V'lmA]_|imA|_q'"_q .

Tying together the lemmas above we obtain:

Proposition 5.18. Let V' be a finite vector space of dimension n over the finite

field F', with |F| = q. Let
I(n,q,r) = {(v, A) € End(Aff(V)) : dim(im A) < 7}

and

I'(n,q,7) = {A € End(V) : dim(im A) < r}.
Also let Vo = I(m,q,7)/I(n,q,7 — 1), Qnr = I'(n,q,7)/I'(n,q,7 — 1) and
D, = {(v, A) € End(Aff(V)) : dim(im A) = r}
for 0 < r < n. Then we have the following.
(i) The number of L-classes in D, is q"~" [:] .

(ii) The number of R-classes in D, is [:] ,
q

(#ii) Let Ty and Ty be the O-rectangular band homomorphic images of V,, and
Qn r respectively. Then T = Roqn—r xo Ty where R%. denotes the k-element

right zero semigroup with a zero adjoined.
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AN

N

Figure 5.4: Egg-box picture of End(Aff(V)) where V = Zy & Zy. Here n = 2,
g = 2 and when » = 1 we have ¢"~" = 2 and the middle D-class is constructed
from 2 copies of the middle D-class of the semigroup End(V') sitting side-by-side.

Proof. (i) Since N is isomorphic to End(V') it follows that the number of L-classes
in NN D, is equal to the number of r-dimensional subspaces of V' which is given
by [‘:] . Now the result follows from Lemmas 5.15 and 5.17.

q

(ii) It follows from Lemma 5.13 that the R-classes are in one-one correspon-
dence with the (n — r)-dimensional subspaces of V. This number is given by the

expression in the proposition.

(iii) This follows from Lemmas 5.14, 5.15 and 5.17. O

Example 5.19. Let V = Zy & Zs. Then the semigroup End(Aff(V)) has 3
D-classes, the middle D-class is a horizontal tiling of two copies of the middle
D-class of End(V') and the bottom D-class is a horizontal tiling of 4 copies of the
bottom D-class of End(V') (see Figure 5.4).

We now calculate the idempotent rank of the ideals of the semigroups
End(Aff(V)).

Theorem 5.20. Let S = End(Aff(V)) with V' a vector space of dimension n
over the finite field F and with |F| = q. Let

I(n,q,7) = {(A,X) € End(Aff(V)) : dim(im X) < r}.
Then we have

idrank(I(n,q,r)) = rank(I(n,q,7)) = ¢"" [n] '
q

r



Section 5.3 161

Proof. By Lemma 4.16 the rank and idempotent rank of I(n,q,r) equals the
rank and idempotent rank of V,,,. Now the result follows from Lemma 3.6,
Proposition 5.18 (Part (iii)) and Theorem 3.39. O

The semigroup Aff(V)[+W]

We saw in Section 5.1 that given a vector space V', and a subspace W of V,
we can construct the independence algebra V[W]. The endomorphism monoid
of this algebra has a structure that is strongly related to that of End(U). In
a similar way, given a subspace W of V we may construct a new non-trivial
independence algebra, without constants, by combining Aff(V') and W. We do
not want the new algebra to have any constants, however, so introducing new
nullary operations will not work. Start with Aff(V') and then adjoin a collection

of unary operators 7, for w € W where
TTy =T+ w.

This new algebra is defined in [14, Example 3.2] where it is denoted by
Aff(V)[+W]. The algebra Aff(V)[+W] is an independence algebra with dimen-
sion n —m + 1. Its non-empty subalgebras are the affine subspaces of V that

contain some coset of W as a subset.

Example 5.21. Recall the example Aff(V) where V = Zz @ Z3. Let W =
{(0,0),(1,0),(2,0)}, a 1-dimensional subspace of the vector space V. Then
Aff(V[+W]) is a 2 dimensional independence algebra. The new unary operations
are 7(0,0), 7(1,0) and 7o), and its 1-dimensional subalgebras are the horizontal
lines {(0,0),(1,0),(2,0)}, {(0,1),(1,1),(2,1)} and {(0,2),(1,2),(2,2)}.

The endomorphism monoid of Aff(V)[+W] is a submonoid of End(Aff(V))
and consists of all the endomorphisms that preserve the new unary operations
(Tw)wew. In other words (a, A) € End(Aff(V)[+W]) if and only if for all w € W:

(ro@) (@A) = Tuls(a,4))
& (z4+w)(a,A) = Tw(zA+a)
& (r+w)A+a = zA+a+tw
& zA+wA+oa = TA+tw+a
& wA = w.

It follows that

End(Aff(V)[+W]) = {(v, A) € End(Aff(V)) : wA = w, w € W}.
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Using the representation of elements from End(V[W]) given in Section 5.2 we
can identify the elements of End(V[+W]) with the set of pairs:

{(,(A, X)) :a € F", A€ Mat(,_m)xm(F), X € GLS(n —m, F)}
with multiplication
(o, (A4, X))(B,(B,Y)) = («(B,Y) + B, (4, X)(B,Y)).

As in Section 5.2, let U denote the vector space F"~™. Using identical arguments

as in the previous section one may prove:
Lemma 5.22. Let (o, (A, X)), (8,(B,Y)) € End(Aff(V[+W])). Then

(i) (a, (A, X))L(B,(B,Y)) in End(Aff(V[+W])) if and only if XLY in End(U)
and a — 3 € im (A, X) =im (B,Y).

(ii) (e, (A, X))R(B,(B,Y)) in End(Aff(V[+W))) if and only if XRY in End(U)
and there ezists Z € Mat(,_)xm(F') such that YZ = A— B.

(iwi) (o, A)D(B, B) in End(Aff(V[+W])) if and only if dim(im X) = dim(im Y').
O

It follows that the semigroup End(V[+W]) has n — m 4 1 D-classes given by
D, = {(a,(A, X)) : dim(im X) = r}

for 0 < r < n —m. Identifying the group H-classes we have:

Lemma 5.23. The H-class H (a,x)) n End(Aff(V[+W])) is a group if and
only if H 4 xy is a group in End(V[W]) which is true if and only if Hx is a
group in End(U). O

Define
N = {(0,(A, X)) : (A4, X) € End(V[W])} < End(Aff(V[+W]))

which is isomorphic to End(V[W]) and dictates the distribution of idempotents
in D, in the same way as End(V) did for Aff(V) in Lemma 5.15. In the same
way as for Aff(V) the vector space V acts on the L-classes of the semigroup
End(Aff(V(+W))) partitioning them into orbits with

L-v=L(v,(0,1)) = {(, (4, X))(v, (0, 1)) : (w, (4, X)) € L}.
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Using identical arguments to the proofs of Lemmas 5.15 and 5.16 we have the

following two results.

Lemma 5.24. The L-classes in N N D, form a transversal of the orbits of the
L-classes of D,. O

Lemma 5.25. Let (o, (4,X)),(8,(0,1)) € D,. Then H(a(a,x)) ts a group H-
class if and only if H(q (4,x))(8,0,1)) S @ group H-class. O

Computing the size of the orbits gives
Lemma 5.26. If (a, (A, X)) € D, in End(Aff(V[+W])) then |O g a)| = ¢" ™"

Proof. From Lemma 5.22 it follows that (e, (4,X)) and (8, (B,Y)) are L-related
if XLY in End(U) and « and 8 belong to the same coset of im (A4, X) in the
vector space V. Since dim(im X) = r it follows that dim(im (A4, X)) = m+r and

n
|V| 4 _ n—m-r

[V :im (4, X)] = lim (A4, X)| — gt q

O

It follows that D, has ¢"~ ™" [":'"] L-classes. Moreover, by Proposition 5.8 it
q

follows that D, has ¢™("=m-7) [“;'"] R-classes. Summarising these results we
q
have the following.

Proposition 5.27. Let S = End(Aff(V[+W])) where V is a finite vector space
of dimension n over the finite field F, with |F| = q, and W is an m-dimensional

subspace of V. Let
I(n,q,7) = {(v,(A, X)) € End(Aff(V[+W])) : dim(im X ) < r}

and
I'(n,q,7) = {A € End(U) : dim(im A) < r}.

Also let V,, . = I(n,q,7)/I(n,q,7 — 1), Qn, = I'(n,q,7)/I'(n,q,7 — 1) and
D, = {(v,(A,X)) € End(Aff(V[+W])) : dim(im X) = r}

for 0 <r <n—m. Then we have the following.

=

(i) The number of L-classes in D, is q"~™ " ["—“‘] .
q

(ii) The number of R-classes in D, is ¢™n—m=") [“ = ’“] :
q
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N

o
\ X

Figure 5.5: Egg-box picture of End(Aff(V[+W])) where V = Zs & Zy ® Za and
W =Z, @ {0} & {0}. In this example n =3, m =1 and ¢ = 2 so when r = 1 we
have ¢"~™~" = ¢"("~m=7) — 2. This relates to the fact that the middle D-class
in the above diagram is a 2 x 2 tiling of the middle D-class of End(Z2 & Zs).

111 et 1 an e the 0-rectangula an omomo ic 1mages o ng an
Let T d Ty be the 0 gular band h rph ges of V. d
Qn T iespeCtiLe y' Q'Ia'e”’ [11 N_ sz =TT — 1 m{n—m-—r XU 12 where JEB de-
¥ { q q ( ¥ a,b

notes the a x b rectangular band with a zero adjoined. O

Example 5.28. Let V = Zo ® Zo ® Zy and W = Zy @ {0} @ {0}. Then

End(Aff(V[+W])) = ca,be,de,f € F, ae€ F?

The algebra Aff(V[+W]) has dimension 3 and has 3 D-classes. Its egg-box dia-

gram is illustrated in Figure 5.5.

The question of idempotent rank may now be answered for the ideals of the
semigroup End(Aff(V[+W])).

Theorem 5.29. Let S = End(Aff(V[+W])) where V is a finite vector space
of dimension n over the finite field F, with |F| = q, and W an m-dimensional
subspace of V. Let

I(n,q,7) = {(v, (4, X)) € End(A(V[+W])) : dim(im X) < r}
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for 0 <r <n—m. Then we have

r

qfu(n—m.—r') [n ~ m:| Ef . ?é 0
q
q(?’l—m-—?‘) [ﬂ = !n] ﬁ,f = 0.
q

idrank(I(n,q,r)) = rank(I(n,q,7)) =

r

Proof. 1t follows from Proposition 5.27(iii) and Theorem 3.6 that V,,, has an
extremal idempotent generating set. The result then follows from Lemma 4.16.

O

Note that when m = 0 we have End(Aff(V)) & End(Aff(V[+W])) and the

above result agrees with Theorem 5.20.

Affine nearfield algebras

The last remaining examples of non-trivial independence algebras are the so called
affine nearfield algebras (see [14, Example 3.3]). They are constructed in the
following way. Let G be a sharply 2-transitive permutation group on a set X.
Here 2-transitive means that for any two pairs (z,y), (z,t) € X x X there is at
least one g € G such that g - (z,y) = (¢- 2,9 -y) = (2,t). Sharply 2-transitive
means that there is precisely one g in G that sends (z,y) to (z,t). Let {O; : i € I}
be the orbits of G on ordered triples of distinct elements of X. Define binary

operations for each ¢ € I by
pi(z,x) =z, pi(z,y) = 2, if (z,y,2) € O;.

The set X along with these binary operations is a 2-dimensional independence
algebra whose proper endomorphisms are the constant maps. This means that the
only proper ideal is a right zero semigroup and hence has an extremal idempotent

generating set.

Proof of Theorem 4.24

Let A be a finite independence algebra and let End(A) be the endomorphism
monoid of A. By Cameron and Szabd’s classification of finite independence al-
gebras the monoid End(A) must be isomorphic to one of the examples given
in either this, or the previous, chapter. Therefore combining the results of this
section with Proposition 4.25 and Theorems 4.34, 4.44, 5.11, and 5.20 this

completes the proof of Theorem 4.24.
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5.4 Proving the result directly from the definition

Before moving on it will be worth our while stopping to reflect on the method
of proof employed in order to prove Theorem 4.24. Cameron and Szabd’s classi-
fication is a highly non-trivial result. In particular, it relies on the classification
of finite simple groups. It is not very satisfactory that Theorem 4.24 is proven
for all independence algebras basically by checking all of them one at a time.
This approach goes against the original philosophy for considering independence
algebras. The “nice” thing about independence algebras is the common frame-
work that they provide, allowing results for the general linear semigroup and the
full transformation semigroup to be unified with single proofs. What we have
resorted to here is, in some sense, exactly the opposite. We began by proving the
result for 7, and End(V) and then built the proof for End(A) using these two
results, together with the classification.

What problems does one come across when trying to prove Theorem 4.24
directly from the definition of independence algebra? In light of the results of
Chapter 3 is would seem reasonable to try and prove that every principal factor
of End(A) has a subsquare that is connected and has a uniform distribution of
idempotents with respect to some perfect matching. It may be seen that this is
indeed the case by glancing through the structural results of the previous two
chapters. One problem in proving such a result directly from the definition is
that sometimes the number of R-classes dominates the number of L-classes in
D,., and other times it is the other way around. As a result it is unclear whether
pinning down a subsquare involves finding an injection from the set of subspaces
of dimension r into the set of kernels with weight r, or vice versa. An alternative
approach to proving the result may be to prove the result by induction on the
dimension of the algebra. This is, for example, how Fountain and Lewin proved
that the ideals of End(A) are idempotent generated.

Open Problem 7. Prove Theorem 4.24 directly from the definition of indepen-
dence algebra (i.e. without using the classification of Cameron and Szabd).



Chapter 6

Large completely simple
subsemigroups and graph

colouring

167



168  Chapter 6, Large completely simple subsemigroups and graph colouring

6.1 Introduction

It is well known, by Cayley’s theorem, that every finite semigroup S may be
embedded in a finite full transformation semigroup 7;,. An obvious question to
ask is what is the smallest n such that S can be embedded in T,,? In other words,

determine
p(S) =min{ne N: S T,}.

The corresponding problem for groups of finding minimal faithful permutation
representations has been well studied (see [63] and [47] for example). Related to
the problem of finding p(S) is the question of finding maximal order subsemi-
groups of T},. Let C be a class of finite semigroups and let S € C. If

vin)=max{|T|: T €C, T — T,}

and if v(m) < |S| < v(m + 1) then p(S) > m. Of course, in general this lower
bound will not be attained.

The question of finding maximal, with respect to inclusion, subsemigroups
has been extensively studied. Liebeck, Praeger and Saxl considered maximal
subgroups of A, and S, in [70]. Yang considered the maximal subsemigroups of
various transformation semigroups in [99], 98] and [100]. The results of Yang are,
in some sense, special cases of a general description of maximal subsemigroups
of finite semigroups given by Graham, Graham and Rhodes in [40]. In [69] Levi
and Wood describe a class of maximal subsemigroups of the infinite Baer—Levi
semigroup BL(p, q) and conjecture that every maximal subsemigroup of BL(p, ¢)
is one of that type. In [78] Reilly describes a large class of maximal inverse
subsemigroups of T'x (where X is infinite).

In terms of determining the maximal order of subsemigroups of S,, and T,
less is known. Of course we need only look amongst the maximal subsemigroups
in order to find those with maximal order, but there still might be many of these
to consider. In [13] Burns and Goldsmith determined the maximal orders of the
abelian subgroups of the symmetric group S,. Also, in [100] Yang gives formulae
for the cardinalities of the maximal subsemigroups of the semigroup of all singular
transformations Sing,,.

The class of completely simple semigroups will be considered in this chapter.
We will determine the maximal order completely simple subsemigroups in each D-
class of T;,. In particular when r > 3 we show that the maximal order completely
simple subsemigroups in D, are all left groups (direct products of a left zero

semigroups with groups). The case when r = 2 is dealt with separately.
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The structural information of Proposition 2.14 will be used throughout. Given
a subset X of T, we use Kers S and Ims X to denote the set of all kernels and all

images, respectively, of elements of X. In other words
Kers X = {kera:a € X}, ImsX = {ima:ac X}.

It follows from Proposition 2.14 that a subsemigroup S of T}, in D, is completely
simple if and only if every image in Ims S is a transversal of every kernel in Kers S.
Given a € T, we call |im a the rank of the transformation a.

We will also need the following well known inequality. Given a set of real
numbers {ay,...,a,,} the arithmetic mean of this set of numbers is (a; + ... +
am)/m and the geometric mean is given by (a1as . .. am)lf ™. These two quantities

are related by the following inequality:

(a1+---+a?n)
m

1/m

> (amas...am)

This is known as the arithmetic-geometric means inequality.

In §6.2 we consider the largest order of left and right zero subsemigroups of
T,.. Completely simple semigroups are the subject of §6.3 and it is in this section
that the main results of the chapter are presented. Later in §6.3 a full description

of all largest order completely simple subsemigroups of T}, is given.

6.2 Left and right zero semigroups

Before we consider the question of the largest order completely simple subsemi-
group in 7T}, we first consider the related problem of finding the largest order left
and right zero subsemigroups of T,.

We start by describing the largest left and right zero semigroups in the D-
class D,.. Then to find the largest overall just involves maximizing this number

with 7 in the range 1 < r < n.

Proposition 6.1. Let U be a subsemigroup of T, where every o € U satisfies

[imal = 7.
(i) If U is a left zero semigroup then |U| < v,

(i) If U is a right zero semigroup then |U| < [n/r]*|n/r|"™" where n = t
mod 7.

Moreover, there exist left and right zero semigroups that attain these bounds.
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Proof. (i) Let A C X, with |X| = r. We will count the number of idempotents

in D, with image X. These are precisely the elements
E={eecT,:ie=iforiec A}.
It is clear that |F| = r"~" since we may map each i € X,, \ A anywhere in A.

(ii) It suffices to find the largest set of idempotents with a given kernel of weight
r. The difference with the previous case is that, in general, different choices of
kernel will give rise to right zero semigroups with different sizes. Our task is to
chose a kernel that corresponds to a right zero semigroup of largest possible size.

If K = U;er Ki is a kernel of weight r (i.e. |I| = r) then the total number
of idempotents with kernel K is equal to [],c; |K;| (i.e. the number of distinct
transversals of the kernel classes | J;c; K;). It follows that we must determine the
number

M(n,r) =max{ay...ar:n=a1+...+ar}

over all possible partitions of n into » numbers ay,...,a,.

Claim. M(n,r) = [n/r]*|n/r]"™" where n =t mod r.
Proof. If r divides n then from the arithmetic-geometric means inequality
(a1as. .. a)V" < (a1 +...+a;)/r=n/r

which implies that M(n,r) < (n/r)". Also, M(n,r) > (n/r)" just by setting
G = = =0 =0T
Now suppose that r does not divide n. Write n = ar + ¢ where 0 <t < 7.

(>) We have |n/r| =a and [n/r] =a+ 1. Now let a; = ... = a; = [n/r] and
G4l = o =@ = |n/r] so that:

a1 +...+a=tln/rl+(r—=t)|n/r] =tla+1)+(r—tla=ar+t=n

and

ai...ar = [nfr'|n/r]""

as required.

(<) Let by,...,b, € Nsuch that by +...+ b, =nand by ...b, = M(n,r). Since r
does not divide n it follows that r # 1. Ifb; > [n/r] then there is some b; < |n/r|
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with ¢ # 1 since otherwise for all b; with ¢ # 1 we would have b; > |n/r] > [n/r].
Then this would imply:

n=b+...+b.>[n/r]+(-1)(n/r]) = (a+1)r

which is a contradiction.
Without loss of generality suppose that by < [n/r]. It follows that

by > [n/r] > |n/r| > be
implying that b; > by + 2 and so
(by —1)(ba +1) =bibg — by + by — 1> bibg — by + (ba +2) — 1 = biba + 1 > bibs.
Then we have
(by — 1)(bo + 1)bg ... b, > by ...b, = M(n,r)

which is a contradiction. If by < [n/r] then we obtain a contradiction using a
dual argument. We conclude that b; € {|n/r], [n/r]} for all 4.
Now the result follows from the fact that n may be written in a unique way

as a sum, with » terms, of numbers from the set {|n/r|, [n/r]}. O

The result now follows from the claim above.

O

Using the proposition above we may determine the largest left and right zero

semigroups in the whole of T,.

Theorem 6.2. The largest size of a left zero semigroup in T, is given by
max{u""" :u € {|z|, [z]}} where z € R is the solution to z(1 + Inz) = n.

Proof. Differentiating we obtain:

d
— (") = 2" (n — 2(1 + Inz)).

dx

If u is a solution to the equation z(1 + Inz) = n then 2™ % is increasing when
1 € z < u and decreasing when = > u. Therefore the function z"~* has a

maximum when z(1 +Inz) = n. O
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Theorem 6.3. Let U be a right zero subsemigroup of T, of largest size where

n > 2. Then the size of U is given by:

3(n/3) ifn=0 mod 3
Ul =< 43093 4fn=1 mod3
2.3m=2/3  n=92 mod 3.

Moreover, U is contained in D3 ifn =0 mod 3 and in Dy, 31 ifn =2 mod 3.

Ifn=1 mod 3 then there is a largest order right zero semigroup in both Dy, 3

and Dy 3) .

Proof. When n = 2,3 the result is easily verified, so suppose that n > 4. We call
any k-tuple (aj,...,ax) such that n = a; + ...+ ax, and 1 < k < n, a partition
of n. We will call a partition (ay,...,ar) mazimal if

ajaz...ap =max{ajay...q :a;+ax+...+aq=n, 1 <l <n}.
We define the value of a partition to be the product of the terms in the partition.
Let (ai,...,ax) be a maximal partition of n.
Claim. a; # 1 for all i.

Suppose without loss of generality that a; = 1 and look for a contradiction. If
k = 2 then the partition (a1 + a2) = (1 + ag) has value 1 + ap which is strictly
greater than ajas = ag, the value of the partition (a;,a2). This contradicts the
fact that (a1,...,ax) is maximal. If & > 2 then the partition (a; + ag,as, ..., ax)

has value
(al—!—ag)ag...ak =a3a4...0 +a1a2...05 > a102...0a5

which again contradicts the maximality of the partition (aq,...,ag). O
Claim. a; < 4 for alli.
Suppose without loss of generality that a; > 5 and look for a contradiction. Then

2((&1 —2)&2...ak= (2(11 —4)a2...ak > (201 —al)ag...ak =a1az...ag

which is a contradiction of the maximality of the original decomposition. O

Claim. If a; = 2 then a; # 4 for all j.
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If a; = 2 and as = 4 then
(0,1 + 1)(&2 = l)agu.ak =9a3...a; > 8as...ar = ajagas...a

which is a contradiction of the maximality of the original decomposition. O
Similarly if a; = 4 then a; # 2 for all j. Using similar arguments it is clear
that the number 2 appears at most twice in (ag,...,a;). Also, the maximum

number of occurrences of the number 4 is 1. We conclude that:
(i) f n =0 mod 3 then (aj,...,ax) = (3,...,3);

(ii) if » = 1 mod 3 then either (a,...,ax) = (3,...,3,4) or (a1,...,ax) =
(3,...,3,2,2) (or some permutation of these k-tuples);

(iii) if » = 2 mod 3 then (a1,...,ax) = (3,...,3,2) (or some permutation of
this k-tuple).

O

In general the largest right zero and largest left zero semigroups do not lie
in the same D-class of T},. For example, in T3 the largest right zero semigroup
is unique and consists of the set of constant mappings. On the other hand, the

largest left zero semigroups can be found in Dy. For example:

1 2 3 1 2 3
L 2 4/°\1 2 2
is a left zero semigroup of 73 with largest possible order.

6.3 Completely simple semigroups

In this section we determine the largest order that a completely simple subsemi-
group of T;, can have. The results of the previous section provide us with bounds
on the size of such a semigroup. Indeed, if U is a left, or right, zero subsemigroup
of T, then V ={a €T, :ima € ImsU & ker(a) € KersU} is completely simple.
It is just the union of the group H-classes that U intersects. Also, if U contains
elements of rank r then |V| = r!|U|. Therefore a completely simple subsemigroup

T of T,, with elements of rank r, and largest possible size, satisfies

|T| > max(r! ™", r![n/r]*|n/r]"™")
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(which equals r! ™" when r > 2) where n =t mod r. Also, if r = 1 then the
largest completely simple semigroup has size n (i.e. is the set of constant maps).
On the other hand, the number of L-classes in T is at most [n/r]"|n/r|""" and

the number of R-classes is at most 7"~ ". Therefore
IT| < 7![n/r)t|n/r] """,

We will now show that it is, in fact, the lower of these two bounds that is best
possible.
We will convert the problem into a problem concerning counting the number

of colourings of a particular graph.

Definition 6.4. Let A be a nonempty set of r-element subsets of {1,...,n}. Let
I'(A) be that graph with set of vertices {1,...,n} and 7 adjacent to j if and only
if {i,7} C A for some A € A.

By an r-colouring of the graph I'(A) we mean an assignment of » colours to
the vertices of the graph such that no two adjacent vertices are coloured with the
same colour. Let C = {¢1,...,¢.} denote the set of colours. Then formally we
define an r-colouring of I'(A) to be a surjective map 6 from the vertices of I'(.4)
onto C satisfying:

V(i,j) € E(T(A)), 0() # 0(5)-

We will use C,.(I') to denote the set of all r-colourings of a graph I'. The connec-

tion between the graph I'(A) and our problem is given in the following lemma.

Lemma 6.5. Let U be a completely simple subsemigroup of T;, contained in D,.
Then |U| < |ImsU||C,.(T'(ImsU))|. Also, there exist completely simple semi-

groups with this size.

Proof. For every i € ImsU let K; denote the set of kernels that the image i is
a transversal of. Then define K = ﬂielmsv K;: the set of all kernels for which
every image of ImsU is a transversal. Clearly we have |U| < [Ims U|r!|K|. The
kernel of an r-colouring & of I'(Ims U) is a partition of X, (i.e. the colour classes
of the colouring). By the definition of I'(ImsU) every I € ImsU is a transversal
of these colour classes. There are r! distinct colourings corresponding to each
kernel. On the other hand, every x € K gives rise to r! colourings of I'(ImsU).
Thus 7!|K| = |C,(I'(Ims U))| and so

U| < [ImsU[rY|K| = |ImsU||C(I'(Ims U))|
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where equality is achieved by taking all maps with image in Ims U and kernel in
K. O

Example 6.6. Let n = 6 and r = 3. Also, let
A ={{1,3,5};{1,3,6},{1,4,5}, {1,4,6},{2,3,5},{2, 3,6}, {2,4,5},{2,4,6} }.

The 3-sets of A correspond to the triangles in the complete tripartite graph below.

] 1

4 3

There are 3! = 6 ways of colouring the vertices of this graph with three colours.
It follows that if U is a completely simple subsemigroup of T with ImsU = A
then |U| < |A||C3(T(A))| = 8.6 = 48.

The next lemma is vital for the proof of the main result of this section.

Lemma 6.7. Let A be a set of subsets of {1,...,n} each with size r. If |A|

has at least two elements then there exists a strict subset A" of A such that

|A|C(T(AN)] = |AICr(T(A))]-

Proof. If I'(A) has no r-colourings then let A’ be any singleton subset of A and
we have |A'||C,.(T'(A"))| = 0 = |A||C('(A))|. Suppose on the other hand that
['(A) has at least one r-colouring. Since A has at least two elements and is 7-
colourable there must exist z,y in X,, such that the degrees of z and y are both
non-zero and that = and y are not connected by an edge in I'(A). Indeed, if no
such pair z,y existed then every vertex with non-zero degree in I'(A) would be
connected to every other vertex with non-zero degree in I'(A). Since I'(A) is r-
colourable this would mean that I'(L4) has at most r vertices with non-zero degree
contradicting that fact that |.A| > 2. Choose such a pair z, y and suppose without
loss of generality that d(z) < d(y). Now let A" consist of all the elements of A
that do not contain the number x. Since d(z) < d(y) it follows that |A’| > |A|/2
(i.e. we have discarded no more than half of the sets from .A). In the graph
I'(A’) vertex x has degree zero. Now consider the number of r-colourings of the
graph I'(A’). Let ¥ be the set of all colourings of I'(A) where each ¢ € ¥ is a
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map from X, to a set of r distinct colours C'. Since I'(A’) is a subgraph of I'(A)
every r-colouring of I'(A4) is an r-colouring of I'(A’). For each colouring ¢ € ¥

we define the following new r-colouring 8, : X;, — C by

6y(m) = { i if m#

ce C\yY(z) otherwise.

Let © = {0y, : ¥ € U}. We claim that ¥ U © are colourings of I'(4") and that
they are all distinct. Each of the maps ¥ is a colouring of I'(A’) since I'(A’)
is a subgraph of T'(A). Let 6, € © and let v,w be adjacent vertices in the
graph I'(A’). Since z has degree zero in I'(A’) it follows that v # x and w # =.
Therefore

Oy (v) = ¥(v) # Y(w) = Oy (w)

and #y, is an r-colouring. The colourings ¥ are all distinct by assumption. To see
that the colourings © are distinct note that if 6, = 6, then ¢4 and 1, agree on
every vertex of I'(A) except possibly on . However, in the graph I'(A) vertex
x has non-zero degree and so is contained in a subgraph that is isomorphic to
K, (the complete graph on r vertices). The colour of z, therefore, is uniquely
determined once the rest of the vertices have been coloured. We conclude that if
6y, = 0y, then ¥y = 1y and as a consequence that [©] = |¥| and the colourings
W are all distinct. Also, if 8, € © is different from o € ¥ then either they differ
on some vertex in X, \ {2} or they agree on all of these vertices in which case
(as above) 91 = 19 and Oy, (x) & C\P1(z) = C'\ ¢2(z) and thus 0y, () # Pa(z).
It follows that ¥ U © are colourings of I'(A’) and that

[A|C(T(A))] = |A|(1%] + 18]) > (%)(2101(1“(«4))0 = |A[|C(T(A))]

as required. O

In fact, in the argument above if |C| > 3 then |C'\ ¢(z)| > 2 so that for every
colouring of the old graph we can define two new colourings of the new graph.
Then by exactly the same arguments we have:

1Al
. 2
5 MG T (A)] > JA]IC-(T(A))]

|A|C(CAN] = A2 +1©]) = (57)BICH(T(A))I)

Interpreted in terms of maximal order completely simple semigroups these results

tell us the following.
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Proposition 6.8. Let U be a completely simple subsemaigroup of T, contained
in D, where v > 2 and |ImsU| > 2. Then these exists a completely simple
semigroup V' C D, such that [ImsV| < |ImsU| and |V| > |U|. Moreover, if
r > 2 then V may be chosen so that |V| > |U]|. O

It is important to note that the lemma above does not say we can remove
L-classes one at a time with the size of the completely simple semigroup staying

at least as large at each step.

Example 6.9. In Example 6.6 if we remove a single element from A to obtain
A’y say A" = A\ {1,3,5}, then the number of distinct 3-colourings of the graph
['(A’) is still only 3! and it follows that

A[|Ca(D(A)| = 7.6 < 8.6 = |A||Ca(T(A))].

By symmetry, the same is true regardless of which 3-set we remove from A.
We may now prove the main result of this section.

Theorem 6.10. Let U be a subsemigroup of T,, of mappings all with rank r where
r > 2. If U is completely simple then |U| < rlr™™", and this number is attained

by the completely simple semigroup {a € Ty, : ima = ima? = {1,...,7}}.

Proof. By repeated application of Lemma 6.8 it follows that for some I € ImsU
there is a completely simple subsemigroup V of D, such that ImsV = {I} and
|U| < |V|. It follows from Lemma 6.1 that [U| < |V| < rlr™". O

As a consequence of this result, and since
n>n-1)n-1D'>n-2>%n-2)!>n-3)3n-3)!>...>2"22

we have

Theorem 6.11. If U is a completely simple subsemigroup of K (n,r) with maz-

imal order then |U| = r! v™7". In particular, the largest completely simple sub-

semigroup in T, is S,,.

In general, the maximal order completely subsemigroups of Dy are not all

isomorphic, as the following examples show.

Example 6.12. The elements

1 2 3 45 1 23465 1 23 45 1 23 45
2 142 1/°\8 4 3 & 4/°\3 4 3 4 3)\4 383 4 4
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generate a completely simple semigroup which is a subsemigroup of T; with two
L-classes, four R-classes and has size 16 = 2! 23,

Example 6.13. The elements

1 2345 1 2 3 45 1 23 45 1 2 3 45
2 1 9 92 1})'"\3 23 23/’ 283 3/"\3 232 2

generate a completely simple semigroup which is a subsemigroup of T5 with two
L-classes, four R-classes and has size 16 = 2! 23

Example 6.14. The elements

1 2 3 456\ (1 234656
9 78 1.2 11°\3 2.8 2 2 3}°

1 2 3 4 5 6 1 2 3 4 5 6
343433/'\141444
generate a completely simple semigroup which is a subsemigroup of T5 with four
L-classes, four R-classes and has size 32 = 2! 24,

In the example above we have an example of a largest completely simple
semigroup with four L-classes. We will now show that this is in fact the largest
number of L-classes that a maximal order completely simple semigroup in Dy
can have (for any value of n).

The maximal (with respect to inclusion) subsemigroups of 7;, in D5 are in one-
one correspondence with the set of all, not necessarily connected, bipartite graphs
on n vertices. In Figure 6.1 all of the maximal completely simple subsemigroups
of Dy in T5 are described using this correspondence. In this example there are four
types of maximal order completely simple subsemigroup, each with 16 elements
(i.e. the last 4 in the table). We will show that this example is representative of
the general situation since every maximal order subsemigroup in Ds, for any n,

corresponds to one of the types given in Figure 6.2.

Theorem 6.15. Let U be a completely simple subsemigroup of K (n,r) with maz-

imal order.
(i) If r = 1 then U = K (n,r) which is an n element right zero semigroup.
(i) If r = 2 then U is of one of the 4 types given in Figure 6.2.

(iiz) If r > 3 then U is the direct product of an v™~"-element left zero semigroup
and the symmetric group S, (i.e. is a left group).
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Graph Dimensions | Size Graph Dimensions | Size

O/ 15 4 8 1x6 12
@ O W

5 2% 3 12 ol 2x4 16
% N

- %3 7 & a| 2%2 16
C/:/O /:

@) 1 @) 4 x 2 16 O O @) 8x1 16

Figure 6.1: The graphs associated with the maximal completely simple semi-
groups in Do C Tk.

Let A be a set of 2-sets of X,,. The 2-sets of A are in one-one correspondence
with the edges of the graph I'(A). The number of 2-colourings of the graph is
simply a function of the number of connected components of the graph I'(A).
Indeed, we have Cy(T'(A)) = 2F where k is the number of connected components
in the graph I'(A). We call the connected components of I'(A) with only a single
vertex the frivial components of the graph.

Lemma 6.16. Let U < Jy be completely simple. If I'(ImsU) has more than two
non-trivial components then there exists a completely simple semigroup V' C Jo
such that |V| > |U].

Proof. The graph I'(ImsU) is bipartite since it is two colourable. Let A; U B;
where 1 < i <[ be the non-trivial connected components of the graph I'(Ims U)
and let C C V(I'(ImsU)) be the set of all trivial components (i.e. the set of
vertices with degree zero). Let e; denote the number of edges in the component
A; UB; for 1 <i <. Since I'(Ims U) has at least three non-trivial components
we may assume without loss of generality that e; < |F|/3 (since E§=1 e; = |E|).
Let V be the unique largest completely simple subsemigroup of Dy with ImsV =
Ims U \ (4; x By). We claim that |V| > |U|. By construction |Ims V| > 2|Ims U|
and |Co(I(Ims V)| > 2|Co(I'(Ims U))| (by exactly the same argument as in the



180  Chapter 6, Large completely simple subsemigroups and graph colouring

(i) o o (ii) o
o o o o

(iii) o (iv) o
O TR O

Figure 6.2: The bipartite graphs corresponding to the maximal order completely
simple semigroups in Ds.

proof of Lemma 6.7). It follows that

V| = |ImsV||Co(T(ImsV))| > §|ImsU|102(I‘(ImsU))|
> |ImsU||Co(T(ImsU))| = |U]

as required. O

It follows that if we are given a completely simple subsemigroup U of Ds,
such that I'(Ims U) has three or more non-trivial components, then U is definitely
not of maximal order in its D-class. As we saw in the examples of Figure 6.1
it is possible to have maximal order examples with two components, but by
Theorem 6.11 this is only possible when r = 2.

Lemma 6.17. Let U be a mazimal order completely simple subsemigroup of Do
in T;, where T'(ImsU) has at least two components. Let E be the set of edges in
a largest connected component of T'(ImsU). Define V to be the unique largest
completely simple semigroup with ImsV = E. Then |V| > |U| and V is also a
mazimal order completely simple subsemigroup of Ds.

Proof. We have
[V| = |Ca(I'(Ims V))|| Ims V| > 2|Co(T'(Ims U))|%| ImsU| > |U]|

as required. O

Let U be a maximal order completely simple subsemigroup of Dy such that
I'(ImsU) has only one non-trivial connected component. Let AU B be the non-
trivial component and let D be the set of vertices with degree zero. Since U has
maximal order, and the number of colourings is simply a function of the number
of connected components, it follows that every vertex of A is connected to every
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Graph Size
o o o o .. |lElc]=22"""2 =201
o I o . - S — :
o o o ]E”Cl = 4.21e—b+2 — 211-—2
/ M o ...
o ... | [E|lC]=82" % 2 =gn2
N E I @)

Figure 6.3: Two component bipartite graphs such that the largest components
are maximal and the total number of edges is a power of two.

vertex of B. Thus we have:
U| = |Ims U||Co(T'(V))| = ab2?+!

where a = |A|, b = |B| and d = |D|. From Theorem 6.11, since U has maximal
order, it follows that |U| = ab2¢t! = 2771, Since ¢ = n —a — b it follows that a,b
must satisfy the equation:

ab = 2a+b—2

where a,b € N. When a + b > 8 we have ab < (a + b)? < 2(¢+)=2_ Testing all
values in the range 1 < a,b < 8 it is easily verified that the only solutions (a, b),

with a < b, are given by

(a,b) € {(1,1),(1,2), (2,2)}.

These pairs correspond to the graphs (i), (i) and (iv) in Figure 6.2. This gives
all the single non-trivial component solutions to our problem.

Now we consider the two component solutions. Let U be a maximal order
completely simple subsemigroup of D, such that I'(ImsU) has exactly two non-
trivial connected components. It follows from Lemma 6.17 that either the two
non-trivial components of I'(Ims U) are isomorphic and they both correspond to
maximal single component solutions (i.e. those given in Figure 6.2), or they are
not isomorphic and the larger of the two components corresponds to a maximal
single component solution.

Start with a maximal single component solution (see Figure 6.2) and consider



182  Chapter 6, Large completely simple subsemigroups and graph colouring

all ways of extending it to a two component solution where the new component
has strictly fewer edges than the component we started with. Keep in mind
the restriction that the number of edges must be a power of two, for the graph
to stand a chance of being maximal, since |E||Cs| = 2"~ ! and the number of
2-colourings is always a power of two. It is now easily verified, by exhaustion,
that only three graphs may arise in this way. They are given in Figure 6.3.
From the second column of the table in Figure 6.3 it follows that the only two
component maximal solution is given by the graph (iii). Since, by Lemma 6.16,
every maximal graph has at most two non-trivial components, this completes the
proof of Theorem 6.15

Of course, for other classes of semigroup we can ask the same question. In [44]
the largest size of an inverse subsemigroup of T}, is computed. In particular it is
shown that:
Theorem 6.18. The largest possible size of an inverse subsemigroup of T), is

4 M iy

1 2 3 waw =1 n 1 2 3 ... n—=1 n 1 20 3 i =1 %
2 F B e =1 BJN2 F L e E WA\ 208 e W @

is an inverse subsemigroup of T, with this size.

2 ) .
)"m!. Morcover, the subsemigroup generated by the transformations:

One class closely related to the completely simple semigroups are the com-
pletely regular semigroups. These are the semigroups with the property that
every element lies in a subgroup of the semigroup. We leave the task of finding
large completely regular semigroups as an open problem. Clearly the answer is

at least n! but is there are larger example?

Open Problem 8. Determine the maximal order of a completely regular sub-
semigroup of T5,.
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7.1 Introduction

In previous chapters we have been concerned with the problem of finding “nice”
generating sets for finite semigroups. We will now move our attention to infinite
semigroups. We also change our question from that of the rank of the semigroup
to the question of whether or not the semigroup may be generated by a finite
set. Such semigroups are called finitely generated. Every finite semigroup is, of
course, finitely generated. Also, for an infinite semigroup to stand a chance of
being finitely generated it must be countably infinite (since the set of all finite
words over a finite alphabet is a countable union of finite sets, words of length
one, two three, etc..., and hence is countable). It was observed in our rank
investigations that the rank function is not well behaved with respect to taking
subsemigroups. Analogous to this is the fact that it is possible to embed non-
finitely generated semigroups in finitely generated ones (we will see examples of
this later in the chapter). In the previous chapters we approached the study
of finite semigroups by concentrating mainly on semigroups of transformations,
of one form or another. When working with infinite semigroups the theory of
semigroup presentations, representing semigroups as factor semigroups of free
semigroups, is often a more profitable approach. As a result of this, the theory
of semigroup presentations will be central this part of the thesis.

Given a semigroup S and a subsemigroup T of S it is natural to consider
which properties S and T" have in comumon. In the case of groups, for example, it
is known that a group shares many of its properties with its subgroups of finite
index. In particular we have the Reidemeister—Schreier theorem which says that
subgroups of finitely presented groups with finite index are finitely presented;
see [71, Proposition 4.2]. The general study of subgroups of finitely presented
groups continues to receive a lot of attention; see for example [9], [22] and [90]. An
important problem in the development of a similar theory for arbitrary monoids
has been the search for a suitable notion of index for subsemigroups. One ap-
proach is to define the index of T"in S to be the cardinality of the set S\ T". This
is normally known as the Rees index of 7" in S. In [61] and [62] Jura discusses
the problem of finding all the ideals of a given Rees index in a finitely presented
semigroup. In order to obtain this result he proves the Hilbert-Schreier theorem
for semigroups i.e. that if S is a finitely generated semigroup and 7' is a sub-
semigroup of S with finite Rees index then T is finitely generated. This result
was reproved in [82] where, in addition, it was also shown that subsemigroups of
finitely presented semigroups with finite Rees index are themselves finitely pre-
sented, although the proof given in that paper is incomplete. We discuss how the
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proof may be fixed in §7.5. An important tool that was used in the proof of this
result is the Reidemeister—Schreier rewriting theorem for semigroups introduced
in [17].

In [101] and [102] the groups of units of finitely presented monoids are con-
sidered. The author considers so called special monoids and proves that, for
this class of monoid, from a finite presentation for the monoid we may obtain a
finite presentation for the group of units (with the same number of defining rela-
tions). In [83] and [84] presentations for arbitrary subgroups of finitely presented
monoids are considered. In particular in [83] an example is given of a finitely
presented monoid whose group of units is not finitely presented. Presentations
of ideals of finitely presented semigroups were considered in [19] and of those of
arbitrary subsemigroups were considered in [18].

In [53] automatic semigroups were investigated and it was shown that if T is
a finite Rees index subsemigroup of S then S is automatic if and only if T is.

The theory of monoid presentations is closely linked to that of string-rewriting
systems. An important problem in this area is to classify all monoids that may
be presented by some finite complete string-rewriting system. Monoids that may
be defined by such presentations have nice properties: for example they all have
solvable word problem. On the other hand, in [88] Squier showed that not every
monoid that has solvable word problem is presented by some finite complete
string-rewriting system. In a subsequent paper [89] Squier, Otto and Kobayashi
introduced the notion of finite derivation type, proving that a monoid has finite
derivation type if it can be presented by a finite complete rewriting system. In [93]
it was shown that if 7" is a finite Rees index subsemigroup of S and T has finite
derivation type then so does S. The converse of this result is still an open problem
although has recently been solved by Malheiro [1] in the special case where T is
an ideal with finite Rees index. In the same paper it was also shown that if T
has finite Rees index in S then S can be presented by a finite complete rewriting
system if 7" can.

In this chapter we introduce a new notion of index for subsemigroups which
is significantly weaker than Rees index but is still strong enough to force T' to
inherit certain properties from S. The general idea is that rather than forcing the
entire complement S \ T" to be finite we need only restrict the number of points
where T' and S\ T meet each other in the Cayley graphs to be finite.

Let S be a finitely generated semigroup with T a subsemigroup of S. Let A
be a finite generating set of S. Let I',(A,S) and I';(A, S) denote the right and
left Cayley graphs of S with respect to A. Thus the vertices of I'.(A, S) are the
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elements of S and there is a directed edge from s to t, labelled with a € A, if
and only if sa = t. The left Cayley graph is defined analogously. We define the
right boundary edges of T in I'v(A,S) to be those edges whose initial vertex is
in S\ T and terminal vertex is in 7. The left boundary edges are defined in the
same way but using the left Cayley graph. We define the right boundary of T
in S with respect to A to be the set of terminal vertices of the right boundary
edges of T in I',.(A, S) together with the elements of A that belong to T'. The left
boundary of T in S with respect to A is defined to be the set of terminal vertices
of the left boundary edges of T in I'j(A, S) together with the elements of A that
belong to T. We define the (two-sided) boundary of T in S to be the union of
the left and right boundaries. We use B;(A,T), B.(A,T) and B(A,T) to denote
the left, right and two-sided boundaries, respectively, of 7" in S with respect to
A. Formally these sets are given by

B(AT)=AUNT ={au:uecU'ac A}NT,

B.(A,T)=U'ANT = {ua:ueUl,ac A}NT

and

B(Aa T) = BE(A} T) U BT‘(A’ T)

where S! denotes S with an identity adjoined (even if it already has one), U
denotes the complement S\ 7" and U! denotes S\ T. We say that T has a finite
boundary in S if for some finite generating set A of S the boundary B(A,T) is
finite.

Clearly the sets defined above depend on the choice of generating set A.
However, the finiteness (or otherwise) of these sets is independent of the choice
of generating set (see Proposition 7.3). Thus we may speak of T' being a sub-
semigroup with finite (left, right or two-sided) boundary without reference to the
generating set for .S.

The main results of this chapter show that the properties of finite generation
and presentability are inherited by subsemigroups with finite boundary.

Theorem 7.1. If S is a finitely generated semigroup and T is a subsemigroup of
S with finite boundary then T is finitely generated.

Theorem 7.2. Let S be a finitely generated semigroup and T be a subsemigroup
of S. If S is finitely presented and T has a finite boundary in S then T is finitely

presented.

The chapter is structured as follows. We begin by describing the basic prop-
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e Directed edges: right
boundary edges

e Filled vertices: the right
boundary of T' in S

Figure 7.1: Visualising the right boundary of the subsemigroup 1" of the semi-
group S.

erties of boundaries in §7.2. In §7.3 we show the connection between boundaries
and generating sets of subsemigroups and in the process prove Theorem 7.1. We
consider semigroup presentations in §7.4 and we prove Theorem 7.2. In §7.5
we give some applications of the main results and we show that having a finite
boundary is not a transitive property. The question of finite presentability when
only one of the boundaries is finite is the subject of §7.6 and in §7.7 the possible
sizes of left and right boundaries are explored. The converse of Theorem 7.2 is
the subject of §7.8 and in §7.9 boundaries of subsemigroups of free semigroups

are investigated.

7.2 Examples and basic properties

Let S be a semigroup generated by a finite set A. Let A" denote the set of all
non-empty words over the alphabet A, and let A* denote the set of all words over
the alphabet A including the empty word e. There is a natural homomorphism
6 : AT — S mapping each word in A™ to its corresponding product of generators
in S. Since A generates S the map 6 is surjective. Associated with the map 6
is a congruence 7 on the free semigroup A given by (w,v) € 7 if and only if
wh = vh. Then the quotient A*/n is isomorphic to S under the natural map
w/n +— wh. Given some w € AT we will, where there is no chance of confusion,
often omit reference to the function € or the relation n altogether and talk of w
in S rather than w@ in S or w/n € AT /.
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Given a word w € A" we will use |w| to denote its length. Given w,v € AT
we write w = v if they represent the same element of S (i.e. if wf = vf) and
write w = v if they are identical as words in A*. Furthermore, given w € A*
and s € S we write w = s meaning that wf = s in S. We write S! to denote the
semigroup S with an identity adjoined (even if S already has an identity) and we
extend the definition of 4 so that 6 : A* — S by setting €6 = 1.

For two words w,v € A" we say that w is a prefiz (respectively suffix) of
v if v = wp (respectively v = pw) for some § € A*. We say that w is a
subword of v if v = awp where a, 3 € A*. Also, for a subset Y of S! we define
L(AY) = {w € A* : wf € Y} and call this set the language of Y in A*. Note
that from the convention described in the previous paragraph it follows that, for
Y C S, we have £L(A,Y!) = L(A,Y) U {e}.

We now show that whether the boundary is finite or not is independent of

the choice of generating set.

Proposition 7.3. Let S be a finitely generated semigroup, let T be a subsemi-
group of S and let A and B be two finite generating sets for S. Then B.(A,T)
is finite if and only if B.(B,T) is finite. Also, B)(A,T) is finite if and only if
Bi(B,T) is finite.

Proof. We will prove the first statement only. The second may be proven using
a dual argument. For each b € B let m4(b) € AT be some fixed decomposition of
b into generators from A so that b = m4(b) in S. Let m = max{|ra(b)| : b € B}

which exists since B is finite. We claim that

B.(B,T) C | JB.(A,T)A’
i=1
which is a finite set since both A and B,.(A,T) are finite. To see this first let t €
B.(B,T). By the definition of B,.(B,T) we can write t = ub = umq(b) = ua; ... ax
where u € U, b€ B,a; € Afor 1 <i <k and k < m. Let | be the smallest
subscript such that wua; ...a; belongs to T. It follows that uay...a; € B.(A,T)
and we have

t = (uay...a) (a4 ... ax) € B.(A,T)A* C | | B.(A, T)A'

=}

since k — 1 < m. O
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Figure 7.2: The right Cayley graph of the bicyclic monoid.

Example 7.4. Let B = N? x NY subject to the multiplication
(m,n)(p,q) = (m — n + max(n,p), q — p+ max(n, p)).

This semigroup is called the bicyclic monoid and is generated by A = {b,c}
where b = (0,1) and ¢ = (1,0). The right Cayley graph of B with respect
to A is given in Figure 7.2. The subsemigroup T = {b' : i € N°} satisfies
B.(A,T) = {b} and so has a finite right boundary. On the other hand, the
subsemigroup L = {¢! : i € N°} satisfies B,(A4,L) = L and hence has an infinite
right boundary.

Finite boundaries arise in many natural situations. We describe a few of them
in the following proposition. The proof follows straight from the definition of the

boundary.

Proposition 7.5. Let S be a semigroup generated by a finite set A and let T be

a subsemigroup of S. Then we have:
(i) if T is finite then B(A,T) is finite;
(ii) if S\ T is finite then B(A,T) is finite;

(#ii) if S\ T is a right (resp. left) ideal in S then B,.(A,T) (resp. Bi(A,T)) is
finite;
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(iv) if S\ T is an ideal in S then B(A,T) is finite.

The depth of an element s € S is defined to be the minimal possible length of
a product in A" that equals s in S, and is denoted by d(s). In other words:

d(s) = min{|w| :w € AT, w = s in S}.
For a subset X of S we define the depth of X to be:
d(X) = max{d(z) : z € X}

when it exists and say that X has infinite depth otherwise. Also, given a word
w € AT we define the depth of w by d(w) = d(w#).

Fix a transversal R of the n-classes of AT chosen so that every w € R is a
word of shortest length in its n-class. For every w € AT define w = (w/n) N R:
the fixed shortest length word in R that equals w in S.

The next result gives a characterisation of subsemigroups with finite boundary
that does not refer to the generating set of S. The properties described in the

proposition will be used frequently in later sections.

Proposition 7.6. Let S be a finitely generated semigroup with T a subsemigroup
of S. Then T has a finite boundary in S if and only if the following properties
hold:

(i) for every finite subset X of S the set U'X NT is finite;
(ii) for every finite subset X of S the set XU' NT is finite;
(iii) the set U NT is finite.

Proof. Let A be a finite generating set for S. Suppose that T has an infinite
boundary in S. Then either the right or the left boundary must be infinite.
Suppose that the right boundary is infinite. Then we can find an infinite subset
{ui,u2,...} of U and a generator a € A such that {uja,usa,...} is an infinite
subset of T'. If a € U then condition (iii) fails. Otherwise {a} is a finite subset of
T for which condition (i) fails. On the other hand if the left boundary is infinite
then, by a dual argument, either condition (iii) or condition (ii) fails.

For the converse suppose that T has a finite boundary in S. We now show

that each of the three conditions given in the proposition must hold.

(i) Let X be a finite subset of S. Define B = X U A which is a finite generating
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set for S. Now we have:
U XNTCU'BNT =B,(B,T)

where B.(B,T) is finite by Proposition 7.3. That condition (ii) holds is proven

using a dual argument.

(iii) Let m = d(B(A,T)), the depth of the boundary of T' in S, which is well
defined since B(A,T) is finite. Define Z = {w € L(A,T) : |w| < 3m}, Y =
(Z0) NU? and let

k = max min{|v| : v,v € L(A,U),uv = y}
yeY

which must exist since Y is finite.

Claim. For all u,v € L(A,U) where uv € L(A,T) there exist uy,v; € L(A,U)

such that |v1| < k and uwv = wyv; in S.

Proof. We prove the claim by induction on the length of the word |uv|. Let
u,v € L(A,U) where uv € L(A,T). If luv| = 2 then the result holds trivially.
Now suppose that the result holds for all pairs 7,6 € L(A,U) where v6 € L(A,T)
and |yd| < |uv|. We prove the result for uv by considering the following cases.

Case 1: u has no prefiz in L(A,T). In this case since v € L(A,U) and uv €
L(A,T) we can write uv = u/f#; where u’ is a prefix of u, v is a suffix of
and B € L(A,Bi(A,T)). We have uv = u/B; where, since u has no prefix in
L(A,T), ' € L(A,U') and u'B; € L(A,T). We can, therefore, write u' By = Pory
where 8y € L(A,B-(A,T)), v is a prefix of 35 and « is a suffix of B1. Therefore

wv = fBoy = Bay where
1B27| = [B2| + 7] < |Ba] + [B1] < 2m < 3m.

It follows that d(uv) < 3m which implies that (uv)f € Y and, by the definition

of k, we can write uv = ujv; where |v;| < k.

Case 2: u has a prefiz in L(A,T). In this case, since u has a prefix in L(A,T), we
write uv = fu'v = Bu'v where 3 € L(A, B.(A,T)) and, since T is a subsemigroup
of S, v € L(A,U). This case now splits into two subcases depending on whether
or not u'v € L(A,T).

Case 2.1: u'v € L(A,T). Since Bu'v € L(A,T) we can write Bu'v = 3, where
By € L(A,BI(A,T)), « is a prefix of B and u'v is a suffix of #>. Now we have
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uv = pu'v = v which satisfies |'}'E[ < 2m < 3m. It follows that d(uv) < 3m
which implies that (uv)f € Y and, by the definition of k, we can write uv = ujv;
where |v1| < k.

Case 2.2: u'v € L(AT). In this case v',v € L(A,U), v'v € L(A,T) and
|u'v| < |uw|, so we can apply induction writing v'v = ugvy where |vg| < k. Now we
have uv = fu'v = Buguy. If Buy € L(A,U) then we are done since uv = (Bus)vy
where Bug,vo € L(A,U) and |va| < k. On the other hand, if Bus € L(A,T)
then since up € L(A,U) and Buy € L(A,T) we can write Sus = v3; where
B € L(A,B)(A,T)), v is a prefix of B and uy is a suffix of ;. Now we have
wv = Bu'v = Pugvy = YBiva. Since vy € L(A,U) and yB1v2 € L(A,T) we can
write yB1vy = 832 where By € L(A,B)(A,T)), J is a prefix of v3; and vy is a
suffix of 8. Therefore uv = 65, where

1682 < 18] + [B2] < [yl + [Bu] + |B2] < 1B| + B1]| + |Ba| < 3m.

It follows that d(uv) < 3m which implies that (uv)f € Y and, by the definition
of k, we can write uv = ujv; where |v;| < k.
This completes the proof of the claim. O

Returning to the proof of Proposition 7.6, let W be the set of words of £(A,U)
that have length no greater than k. This set is finite and as a consequence so is
the set W6. It now follows from the claim that U?> N'T C U(W#) N T which, by

condition (i), is a finite set. O
7.3 Generating subsemigroups using boundaries

In this section we will prove the first main result of this chapter:

Theorem 7.1 If S is a finitely generated semigroup and T is a subsemigroup of
S with finite boundary then T is finitely generated.

The right (or left) boundary of a subsemigroup T of a semigroup S may be
used to construct a generating set for 7.

Proposition 7.7. Let S be a finitely generated semigroup and let T' be a sub-
semigroup of S. Let A be a finite generating set for S. Then either of the sets
below generates T':

X, =B.(A,T)U'NT, X\ =UB(A,T)NT.
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Proof. Let t € T be arbitrary. Write t = a;...ap where a; € A for 1 < i < k.
Let m be the smallest subscript such that 8, = a;...a, belongs to T, let
Y1 = Qm41-..ar and note that By € B.(A,T). If 1 € U or is empty
then stop. Otherwise repeat the same process on the word a,,41...a; writ-
ing it as (o2 where 35 is the shortest prefix that belongs to £(A,T) so that
B2 € B,(A,T). Continuing in this way, in a finite number of steps, we can write
t = Bi...0m-1Bmym where Bi,...,Bm € B.(A,T) and v, € Ul. The elements
Biy- s Bm—1, Bm¥m all belong to X, and, since ¢ was arbitrary, it follows that X,
generates T'. The fact that X, generates 7" follows from a dual argument. O

Proof of Theorem 7.1. 1f Bi(A,T) and B,.(A,T) are finite then X, is finite, by
Proposition 7.6 (ii), and generates T', by Proposition 7.7. O

We can use this result to give an upper bound for the rank of T based on the

size and depth of the boundary.

Corollary 7.8. Let S be a semigroup generated by A and let T' be a subsemigroup
of S. Then
rank(7) < d(B,(A,T))|B.(A,T)||B;(A,T)|.

Proof. Let w € £L(A,X,) and let Y C L(A,B,(A,T)) be a fixed set of shortest
length word representatives of the elements of B.(A,T). Then w = vu where
v €Y and u € L(A,U'). Since u € L(A,U') and vu € L(A,T) we can write
vu = v/ where 3 € L(B;(A,T)) and v’ is a prefix of v. Since w was arbitrary it
follows that every word in £(A, X,) is equal to a word wjws where w; is a prefix,
possibly the empty word, of a word from Y and wy € L(A,B;(A,T)) NR. The
result follows since there are at most d(B,(A,T))|B,(A,T)| choices for w; and
|Bi(A,T)| choices for ws. O

The above bound is attained infinitely often as the following example shows.

Example 7.9. Let S = Z the infinite cyclic group written additively so that it is
generated, as a semigroup, by {—1,1}. Let me Nandlet T = {n € Z:n > m}.

Then T is a subsemigroup of S, T does not have finite Rees index in S, and
rank(T) = m = d(B,.(A,T7))|B,(A,T)||Bi(A,T)|.

The generating set given in the Proposition 7.7 is best possible in general as

the following example demonstrates.
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Example 7.10. Let A and B be finite alphabets and let S be the semigroup

defined by the presentation
(A,B,0|ab=ba=0, a0 =0a=b0=0=00=0, ac A, be B).

The semigroup S is generated by the set AUB. Let T' = {w € A" | |w| > k}u{0}
which is a subsemigroup of T and has infinite Rees index in 7. Then

B.(AUB,T) = {w e A* | |w| = k} U {0}

and
Ul ={eJuBtu{ac A" | |w| < k}.

Therefore
szBr(AUB,T)UlﬂTz {wEA+ | k < |w| <2k -1} U {0}.

Since T\ {0} is a subsemigroup of the free semigroup A% it follows from [57,
Chapter 7] that the unique minimal generating set for T is T\ T2 U {0} = X,,.

Note that if only the right (or left) boundary is finite then 7" need not inherit
the property of being finitely generated as the following example demonstrates.

Example 7.11. Let FF = A*, the free semigroup over the alphabet A, where
A = {a,b}. Let R be the subsemigroup of all words that begin with the letter a.
Then B,(A,T) = {a} which is finite but R is not finitely generated since all the
elements ab’ where i € N must be included in any generating set.

7.4 Presentations

Preliminaries: definitions and notation

A semigroup presentation is a pair B = (A|R) where A is a an alphabet and
R C AT x AT is a set of pairs of words. An element (u,v) of R is called a
relation and is usually written u = v. We say that S is the semigroup defined
by the presentation P if S = AT /n where 7 is the smallest congruence on A*
containing 73. We may think of S as the largest semigroup generated by the set
A which satisfies all the relations of B. We say that a semigroup S is finitely
presented if it can be defined by (A|R) where A and R are both finite. For example
the free semigroup on the alphabet {a, b} is given by the presentation (a, b|) and

hence is finitely presented. At the other extreme, every finite semigroup is finitely
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presented: by including the entire multiplication table in the set of relations if
necessary. Note that not every semigroup is finitely presented: consider the
semigroup defined by the presentation (a,b | ab'a = aba, (i € N)) for example. If
S is a finitely presented semigroup and T is a finitely generated subsemigroup of

S then T" need not be finitely presented, as the following example demonstrates.

Example 7.12. Let S = {a,b,c} ", a free semigroup of rank 3, and let T be the
subsemigroup of S generated by the set X = {ba,ba?, a®, ac,a’c}. Let & = ba,
& = ba?, &3 = a®, & = ac, and &5 = a®c. The relations

£263"64 = £:€3"65, (n €N)

all hold in T" and they are irreducible in the sense that no non-trivial relation
may be applied to either side of the relation. It follows that T is not finitely

presented.

We say that the word w € A" represents the element s € S if s = w/n. As
in §7.2 given two words w,v € AT we write w = v if w and v represent the same
element of S and write w = v if w and v are identical as words. Also, given an
element s € S and a word w € A" we write w = s when w/n = s in S.

We say that w is obtained from v by one application of a relation from R if
there exist o, 3 € A* and (z = y) € R such that w = azf and v = ay. We say
that the relation w = v is a consequence of the relations R (or of the presentation
PB) if there is a finite sequence of words (a, ..., ;) such that w = ay, v = a4y
and, for all k, ajy is obtained from aj by one application of a relation from A.

We now state a basic result that will be used frequently in what follows.

Proposition 7.13. Let B = (A|R) be a semigroup presentation, let S = A /n
be the semigroup defined by it, and let a,3 € A" be any two words. Then the

relation o« = 3 holds in S if and only if it is a consequence of P.

The Reidemeister—Schreier theorem for semigroups

Before embarking on the proof of the second main result of this chapter we need
to give some background on the Reidemeister—Schreier theorem for semigroups
described in [17]. This theorem is the semigroup analogue of Theorem 2.6 of [72].
It gives a general method for finding presentations for subsemigroups of a given
finitely presented semigroup.

Begin with a semigroup S defined by a presentation (A|R). We will find a pre-

sentation (B|Q) for a subsemigroup T of S where every element of B corresponds
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to a word in AT. More precisely, let T be the subsemigroup of S generated by X0
where X = {&; : i € I} with the & being words from A™". Introduce a new alpha-
bet B = {b; : i € I} in 1-1 correspondence with the set X. Define ¢ : BT — AT
by extending the map ¥(b;) = &, ¢ € I. We call ¥ the representation mapping
since given any w € BT the word wi) € AT represents an element of 7.

We say that a mapping ¢ : L(A,T) — B is a rewriting mapping if it satisfies
wey =w in S for all w € L(A,T). Note that this is not the same as saying that
wey = w in AT. The map ¢ may be thought of as rewriting every w € L(A,T)
as a product of the given generators for 7. Such a representation mapping always
exists since for each word w in £(A,T') there is a set of products in BT that equal

w and we can choose one of them.

Theorem 7.14. [17, Theorem 2.1] Let S be the semigroup defined by a presen-
tation (A|R), and let T be the subsemigroup of S generated by X = {&; :i € I} C
AT, Introduce a new alphabet B = {b; : i € I}, and let 1) and ¢ be the represen-
tation mapping and the rewriting mapping. Then T is defined by generators B

and relations:

b = &, i€l (7.1)
(wiw)p = (w19)(w2e) (7.2)
(wauwyg)d = (wzvwy)ed (7.3)

where wy,wy € L(A,T), uw = v is a relation from R, and w3, wy € A* are any
words such that wauwy € L(A,T).

If T is finitely generated then the set of relations (7.1) will be finite. The sets
of relations (7.2) and (7.3) will not, in general, be finite. A pictorial representation
of the theorem is given in Figure 7.3.

One problem with Theorem 7.14 is that it asserts the existence of a rewriting
mapping without actually constructing one. Also, the presentation it produces is
necessarily infinite even if T is finitely presented. The usefulness of the theorem
is that it may be used as a tool for finding finite presentations for subsemigroups
in various special circumstances. In certain situations it is possible to pin down
a specific rewriting mapping and then build a presentation with finitely many
relations from which all of the relations given in Theorem 7.14 may be deduced.
This approach has been used successfully in the past. For example, in the special
case where T is a two-sided ideal with finite Rees index a finite presentation may
be explicitly written down for T (see [17, Theorem 4.1]).
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Figure 7.3: A diagram representing the Reidemeister—Schreier rewriting process
for semigroups. On the left the semigroup S is represented as the factor semigroup
A" /n and on the right the subsemigroup 7" is represented as the factor semigroup
B*/o. Here n is the smallest congruence on A* containing R and o is the
smallest congruence on B containing @, where Q is the set of relations given
in Theorem 7.14. The “boxes” represent the 7- and o- classes of AT and B+
respectively. The subsemigroup 7' is generated by the words W = {& : i€ I}
and the shaded areas on the left correspond to words in the subsemigroup of the
free semigroup A™ generated by W. Note that (W) C £(A,T) in A* and £(4,T)
is just the union of the 7-classes of A* that (W) intersects (in the picture this
is the union of the boxes that contain some shading). The words in (W) are
not quite in one to one correspondence with the words in B* since the map
may not be injective (in the picture £3&; = €& in AT while bsby and bsbg are
distinet in B*). Carrying out deductions on words of B* using the relations
from @ we first use relations (7.2) to move to a word in the image of L(A,T)
under ¢. This may be thought of as a “bracket rearranging process”. We then
mirror a sequence of deductions in A", using relations from R, in the image of
A" under ¢, using the relations (7.3). Finally we again use relations (7.2) to
move to the appropriate word within the target ¢~!-class of B*. An example
of such a sequence of deductions is given by the directed path indicated in the
diagram.
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Proof of Theorem 7.2: bars and hats

We now begin the task of proving Theorem 7.2. We will use the Reidemeister—
Schreier theorem described above to construct a presentation for T" from a given
presentation of S. This presentation will be of the form (B|Q) where B is finite
and @ is infinite. We then go on to prove that there exists a finite set of relations
D that all hold in T" with the property that every relation of Q is a consequence
of the relations D. It will follow that 7" is defined by (B|D) where B and D are
both finite.

Let S be the semigroup defined by the presentation P = (A|R) and let 7 be
the smallest congruence on A™ containing R. Let T be a subsemigroup of S with
a finite boundary.

As before, fix a transversal R of the n-classes of AT chosen so that every
w € R is a word of shortest length in its n-class. For every w € A% define
w = (w/n) NR: the fixed shortest length word in R that equals w in S.

Define PZ(A,T') C L(A,T) to be the set of words w such that every prefix of
w (with the exception of w itself) belongs to £(A,U'). We call PZ(A,T)/n the
strict right boundary of T in S. Note that that strict right boundary of T in S is
a subset of the right boundary of T'. In Section 7.3 we found a generating set for
T by multiplying the elements of the right boundary on the right by elements of
U. In fact, if we just take the strict right boundary and multiply on the right by
elements of U we obtain a generating set. This is the generating set with respect
to which we will write a presentation for T. Let SB,.(A,T) = PZ(A,T)/n and
define

X, = SB(A, U'nT

which is a generating set for T' by exactly the same argument as in the proof of
Lemma 7.7.
We will now partition the elements of U into classes depending on how they

interact with T.

Definition 7.15. Choose a symbol 0 € S and for each u € U define f,, g, :
T U {0} — T U {0} by:

x.fu —

0 otherwise.

TUu fzeT,zueT ur freT,uxeT
p TGy =
0 otherwise,

Then, given a subset X of T" and given u,v € U we write u ~yx v if and only if
fu Ix= fo Ix and gy [x= g» [x. (Here f, [x denotes the map f, restricted to
the set X.)
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The relation ~y so defined is clearly an equivalence relation. Moreover, if
X is finite then, by Proposition 7.6, ~x has finitely many equivalence classes.
Indeed, we have f, [x: X — UX U {0} and g, [x: X — XU U {0} and, by
Proposition 7.6, the ranges of both of these functions are finite. In particular,
since the generating set X, is finite, the subset U has finitely many ~ x,-classes.

Given w,u € L(A,U') we write w ~x u if w/n ~x u/n. Again, this is
an equivalence relation. Let ¥ C L£(A,U') be a set of smallest length word
representatives of the ~x, classes. Clearly € € X.

We define the operation hat (w ~— @) on the words of L(A,U') by {@} =
(w/n) NE and € = e. Note that any word in A* may be barred but only words
in £(A,U') may be hatted.

The following lemma summarises several properties of the hat operation. Its
proof is an immediate consequence of the above definitions and discussion.

Lemma 7.16. The following properties hold:
(i) Foru e L(A,U) we have |u] < |ul.
(ii) The set ¥ is finite.
(iii) If vy € L(A, X,),u € L(A,U) and uwy € L(A,T) then uy = uy.

() If vy € L(A,X,),u € L(A,U) and yu € L(A,T) then yu = ~u.

Proof (continued): representation and rewriting mappings

In this section we find a presentation for T'. It will have infinitely many relations
and the rest of the proof will be devoted to reducing this infinite set to a finite
one.

The generating set X, can be represented by the following set of words in A™:
{vu:vePI(AT),ue L vue L(AT)}.

We construct a new alphabet B in one-one correspondence with these generating

words:

B={bs,:vePI(AT)uec X vue L(AT)}

This set is finite since A is finite and T has a finite boundary in S.

Let ¢ : BY — AT be the unique homomorphism extending bg,, — Tu and,
using the terminology introduced earlier in the section, call this map the repre-
sentation mapping. It has the property that for every w € B*, the words w and
wi) € A" represent the same element of S (and, of course, of T').
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Now define a map ¢ : L(A,T) — B* as follows. For w € L(A,T) write
w = aff where o € AT, 3 € A* and « is the shortest prefix of w belonging to
L(A,T): so «a is the unique prefix of w that belongs to PZ(A,T). Then ¢ is
defined inductively by:

i { b5 if 3¢ L(A,T)
bac(B0) if Be L(AT).

It is easy to see that for every w € L(A,T') the relation w¢y) = w holds in S.
(But we usually have w¢y # w.) Using the terminology introduced earlier in the
section, the map ¢ is a rewriting mapping.

It now follows from Theorem 7.14 that the semigroup T is defined by the

presentation with generators B and relations:

bou = (Tu)¢ (t4)
(ww2)p = (w1d)(w2e) (7.5)
(wszwy)gp = (wsyws)d (7.6)

where v € PI(A,T), u € ¥, vu € L(A,T), wi,wy € L(A,T), w3, wg € A*,
(z = y) € R, wyzwy € L(A,T).

The set of relations (7.4) is finite since B is finite. The remainder of the proof
is concerned with proving that the relations (7.5) and (7.6) are all consequences
of a fixed finite set of relations D that we define below.

Before we do that, we state a lemma which gives a canonical decomposition
of words from L£(A,T) that is compatible with the operation of ¢. The proof is
an immediate consequence of the definition of ¢.

Lemma 7.17. Letw € L(A,T) be arbitrary. The word w can be written uniquely
as

W= 0], Qp_100E L]
where k > 1, ay,...,ax € PI(A,T), o441 € L(A,UY) and arars; € L(A,T).

When applying the rewriting mapping we obtain:

wo = (19). .. (ak-19)(%kk+1)d = bare - - - bapy ebag,as -

We call the words ay,...,a_1,apap41 the principal factors of w and when
we write w € L(A,T) as aj ... ar_10rap1 we say that it has been decomposed
into principal factors.
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Proof (continued): a finite set D of relations

We use the fact that T has a finite boundary in S and that, by Proposition 7.6,

U? N T is finite to define the following four numbers:

(i) Mp = max{|yd| : v € PZ(A,T),8 € L(A,U'),v6 € L(A,T)} (well defined
by Proposition 7.7);

(ii) Mg = max{|o|: 0 € £} = max{|d| : v € L(A,U"')} (by Lemma 7.16 part
(ii));
(iii) Myy = max{|wv| : u,v € L(A,U'),uv € L(A,T)} (by Proposition 7.6);
(iv) My = max{|uv| : (u =v) € R} (well defined since R is finite).
Let D be the set of all relations in the alphabet B which hold in 7" and have
length that does not exceed

N = 4(max{Mp, Ms, Myy, Mx} + 1).

In other words D = {(u,v) € Bt x Bt : |uv| < N,us) = v3) holds in S}. The

rest of this section will be spent proving the following theorem.

Theorem 7.18. The presentation (B|D) defines T.

Proof (continued): three technical lemmas
We now present three key lemmas that are used to prove Theorem 7.18.

Lemma 7.19. The relations (uv)¢ = (wv)¢ where u,v € L(A,U') and uv €
L(A,T) are consequences of D.

Proof. We proceed by induction on the length of the word uv. When |uv| < 2

the relation (uv)¢ = (@0)¢ is in D since
|(uwv)p (@) | = |(uv)d| + |(Wv)o| < |uv| + |[wv]| < 2+2 =4.

Now let u,v € L(A,U?') where uv € L(A,T) and suppose that the result holds
for all uy,v; € L(A,U?') with wyv; € L(A,T) and |ujvy| < |uv|. There are two
cases to consider depending on whether or not u has a prefix in £(A,T).

Case 1: u has a prefiz in L(A,T). Write u = vw'u” where o’ is the shortest such
prefix. Since 7" is a subsemigroup, v € £(A,U?) and v’ € L(A,T) it follows that
u" & L(A,T). The case now splits into two subcases.
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Case 1.1: v"v & L(A,T). In this case (uv)¢ is a single letter and (uv)¢ = (uv)¢d
belongs to D since

(w0)p(@)¢| = 1+ |(@)¢| < 1+ [70] < 1+ Myu.

Case 1.2: u"v € L(A,T). In this case since u”,v € L(A,UY), u"v € L(A,T)

and [u"v| < |uv| we can apply induction giving

(w)p = (u)o(u"v)¢ (by Lemma 7.17)
= (u)é(u"v)¢ (induction)
— (@) (in D).

In the last step the relation (u')¢(u”v)¢ = (@0)¢ is in D since

|(@)p(u"v)d (@W)¢| = 1 + |(W"v)¢| + |(@0)| < 1+ [u"v| + [@0] < 1+ 2Myuy.

Case 2: u has no prefiz in L(A,T). First decompose uv = uf; ... BpBp+1 Where
the principal factors are uf3;, Ba2,...,Bp—1, BpOp+1. We follow the convention that
(1 always exists and ;41 may be the empty word. This case now splits into two

subcases.

Case 2.1: b= 1. In this case (uv)¢ is a single letter and (uv)¢ = (uv)¢ is in D
since it has length |(uv)¢(uv)¢| <1+ |ww| < 1+ Myy.

Case 2.2: b > 2. First note that since Byfp41 € L(A,T) and v € L(A,T) it
follows that 3y ...8y—1 & L(A,T). Then we have:

(w)p = (ufi...B-186Bp41)9

(uB1 - . Bo—1)$(BoBpr1)¢ (by Lemma 7.17)
— @B B)é(BBr1)é (induction)

= (uv)¢ (in D).

In the last step the relation (uf ... B—1)¢(BpB+1)¢ = (W0)¢ is in D since

|(uph ... Bp—-1)P(BoB+1)0(@0)| = |(wbh-...B—1)8| + |(BoBo+1)9| + |(TW0)¢|
< J(upy...Bp-1)| +1+|(@o)| <1+ 2Myy

as required.
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Lemma 7.20. The relations (vd)¢ = (B v8)p where B € L(AUY),y €
PI(A,T),6 € LA, UY), v € L(A,T) and By6 € L(A,T) are consequences of
D.

Proof. We proceed by induction on the length of the word |3vé|. When |8v6| < 3
the relation (8vd)¢ = (B v6)¢ is in D since

e —

[(B78)$(B 73)¢| < |86 + |B| + [v8] < 3+ Myx + Mp.

Now let B € L(A,UY),y € PI(A,T),6 € L(A,U') and 46 € L(A,T) where
Byd € L(A,T), and suppose that the result holds for (31,v1,d; satisfying the
analogous conditions and with |3;y101| < |37d|. First observe that if 3 is empty
then the relation becomes (v8)¢ = (78)¢ which has length |(v8)@(76)d| < 1+ M3
and so belongs to D. When 3 is not empty there are two cases to consider

depending on whether or not § has a prefix in £(A,T).

Case 1: 8 has a prefiz in L(A,T). Let ' be the shortest such prefix and write
B = [3'3". Note that since 8 € L(A,U"), ' € L(A,T) and T is a subsemigroup of
S it follows that 3” € L(A,U"'). This case now splits into two subcases depending
on whether or not 5"y € L(A,T).

Case 1.1: 3"v6 ¢ L(A,T). In this case (87d)¢ is a single letter and (8vd)¢p =
(B73)é is in D since

1(BY8)$(B 4)p| = 1+ (B 78)¢| <1+ |73 =1+ |B| + 8] < 1+ Mg + M.

Case 1.2: 3"v6 € L(A,T). In this case we have:

(Brvd)p = (B'B"vd)e

(B)¢(B"v6)¢ (by Lemma 7.17)

= (8)¢(B" 78)¢ (induction)
(BAd)o (in D).

i

In the last step the relation (ﬁ’)gb(aﬁq«_é)d) = (E 78)¢ is in D since

1(8)(B” ¥0)b(B0)p| = 1+|(B" F0)d| + [(B¥0)d| < 1+ |B" 73| + |B 79|
1+ |B7| + [78] + |B| + [78] < 1+ 2Ms, + 2Mp.

Il
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Case 2: 3 has no prefiz in L(A,T). In this case we decompose:

BYd =By ... Yet101 - .. 040441

where the principal factors are 391,72, .+ s Yes Yet101502, « «« s 0d—1, 0dO0d41-

A few words of explanation are in order here. As usual, we think of the
principal factors as being obtained by reading the word 8+4 from left to right,
and writing successive prefixes that belong to PZ(A,T), as long as the remaining
suffix is in £(A,T). Thus, Bv; is the first such prefix, provided it is also a prefix
of B~. If the first such prefix is longer than 3y we take ¢ = 0 and ve41 =711 = 7.
Also, . is the last of these prefixes which ends inside 7, and 7.4 is the rest of
v. Of course, it may happen that 7. ends at the last letter of 7, in which case
we take .41 = €. Furthermore, in this case, ¥4 is the final principal factor since
6 & L(A,T) and so we take d = 0 and d441 = 6 = 4.

This case now splits into two subcases.

Case 2.1: d > 2. In this case, by the definition of ¢, we have

(By0)d = (Bv01 ... 0a-1)P(040d+1).

This subcase now splits into two subcases depending on whether or not
Y01 ...04-1 € L(A,T).

Case 2.1.1: v61...84-1 € L(A,T). Then since 3 ¢ L(A,T) we can apply the

previous lemma to give:

(By8)p = (Byo1...0a-1)¢(dadds1)P
(8751 oo 04-1)0(0464+1)¢ (by Lemma 7.19)
= (B79)¢ (in D).

In the last step the relation (8v0; ...04-1)¢(0d0d+1)¢ = (B v6)¢ is in D since

|(BY01 -~ 6a—1)¢l + 1 + |(B0)g]
1B701 .. 8a_1| + 1+ |B| + [73]
< Myy+1+ Ms + Mg.

|(BY31 - - - 0a—1)(0ada41)H(B 70) |

IA

Case 2.1.2: 761 ...04-1 € L(A,T). Then, since 640441 € L(A,T), § € L(A,UY)
and T is a subsemigroup of S, we have d;...04-1 € L(A,T) and so ¥6; ...04-1 €
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L(A, X,) and we can apply induction giving:

(Byd)p = (é’yél . 04-1)0(640441)¢ (by Lemma 7.17)
(g Y01 ... 04-1)9(0404+1)¢ (induction)
(B o) (in D).

In the last step the relation (E Y01 .+ . 0d—1)P(0abdy1)d = ( ~6)¢ is in D since

(B3 ---0a_1)8| + 1+ |(B3)¢|
< 1B+ 781 .. 8a1] + 1+ 8] + 79|
< 2Ms +2Mp + 1.

(B 701 - - 0a—1)$(0a04+1)5(B 7))

Case 2.2: d € {0,1}. This subcase splits into two further subcases depending

on the value of c.

Case 2.2.1: ¢ > 2. Since v € PZ(A,T) no strict prefix of v belongs to £(A,T).
In particular we have 7, ...7._1 € £(A,U"). Now we have:

(BYO)p = (Bri-e Ye=1VcVer10)
= (B -Ye=1)0(YeYer19)¢ (by Lemma 7.17 and since ¢ > 2)
= (Q’Yl e Ye=1)P(YeVe+19)¢  (by Lemma 7.19)
(B~6)¢ (in D).

In the last step the relation (371 ...7%e—1)¢(YeYet+10)¢ = ( 78)é belongs to D

since

1B - 7e=1)] + |(Veve+18) 8] + (B 79)¢)
< By Aot + 2+ Bl + 9]
< Myy +2+ Ms + Mg.

1B - - Ye1)$(YeYe410) B (B 70)¢|

Case 2.2.2: ¢ € {0,1}. In this case ¢ € {0,1} and d € {0,1} and 3 has no prefix
in L(A,T). It follows that |(8vd)¢| < 2 and so (8vd)¢ = (B~8)¢ is in D since

1(B78)¢(B 70)¢| < |(818)8| + |(B10)$| < 2+ |B| + |78| = 2 + My + Mg

as required. O

Lemma 7.21. The relations (afv8)¢p = (aB)d(vd)¢ where a,y € PL(A,T),
B,6 € L(A,UY),aB € L(A,T) and v6 € L(A,T) are consequences of D.
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Proof. First note that if 3 is the empty word then, by Lemma 7.17, we have:

(aBy8)d = ()¢ = ad(78)¢ = (aB)d(v0)e.

Now suppose that 3 is non-empty. There are two cases to consider depending on
whether or not 8y € L(A,T).

Case 1: Bv0 € L(A,T). In this case (af37d)¢ is a single letter and the relation
(aBvd)p = (aB)@(vd)¢ is in D since

[(aBv8)p(aB)p(10)d| = [(aBd)e| + [(aB)d| + |(vd)o| < 1+ 2Mp.

Case 2: v € L(A,T). In this case we have:

(@B0)s = ad(Bro)p
= a¢(f78)¢  (by Lemma 7.20)
= (aB)é(16)¢. (inD)

In the last step the relation aé(E v8)¢ = (af)p(vd)¢ is in D since

lag(B70)p(aB)b(v8)d| < |ad|+ |(B0)d| + |(aB)d| + |(16))|
1+ 18|+ 78| + 141
< 3+|B|+ 0] < 3+ Mg + Mp

IA

as required. O

Completing the proof of Theorem 7.2

We now complete the proof by proving that the relations (7.5) and (7.6) are all
consequences of the fixed finite set of relations D.

Lemma 7.22. The relations (wjws)¢ = (w1)¢(wz)@ where wy, wy € L(A,T) are

consequences of D.

Proof. We proceed by induction on the length of the word wjws. When |wjws| <
2 the relation (wjw2)¢ = (wi)¢(ws2)¢ is in D since:

[(w1w2)@(w1)(w2)@| = [(wrw2)¢| + [w1g| + |wad| <2+ 1+ 1 =4.

Let wy,ws € L(A,T) and suppose that the result holds for all w},ws € L(A,T)
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such that |wjws| < |wjws|. Now decompose the word wo:

wa = P1 ... 06B+1

where the principal factors are 8y, ..., By—1,Bp0+1. Now consider the following
prefixes of the word wjws:

=w, &LG=whi...0 (2Li<b-1).

These words all belong to £(A,T') since they are products of elements of L(A,T).

There are two cases to consider:

Case 1: |{x¢| = 1 for all 0 < k < b— 1. In this case we can repeatedly apply
Lemma 7.21 to get:

I

w1)9(B1B2 - .. Bo—-18pBp+1)9

(w19)(w29) (
(w1)p(B1)P(B2)9 - - - (Bo—1)P(BoBo+1)
(
(

Il

w1B1)d(B2)d - .. (Bo—1)P(BoBs1)d
w1P162)¢ . .. (Bo—1)9(BsB+1)0

= (w112 .. Bs-1)P(BoBos1)P
= (w1B1B2. .. Bp-1BBp4+1)9
(wywy)@.

Case 2: [£,¢p| > 1 for some 0 < k < b— 1. Let k be the smallest number such
that [£x¢| > 1. Decompose & into principal factors:

k=Y. Ve Verl

where, since [£x¢| > 1, we know that ¢ > 2. Proceeding as in Case 1 we first

obtain

(w19)(wed) = (w1812 ... Br)P(Bk+1 - - - BoBo41)P-
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This time we continue as follows:

(w1B1B2 - - - Br)d(Br+1 - - - BoBo+1)9

(71« - YeYer1)P(Brt1 - - - BolBpt1)d

(v1)o(v2 - - - Vetr1)0(Br+1 - - - BoPBr+1)¢  (by Lemma 7.17 and since ¢ > 2)
(1)é(v2 -+ - Yetr1Bk41 - - - BoBo+1)9 (induction)

(M2 -+ Ye+1Bk+1 - - - BoBo+1)9 (by Lemma 7.17)

= (w1w2)¢5

Il

|

as required. O

Lemma 7.23. The relations (wszws)¢ = (wsyws)o where wz, wy € A*, (z =
y) € R and wszwy € L(A,T) are consequences of D.

Proof. We proceed by induction on the combined length of w3yrw, and wiywy.
When |wzzwswsywy| = 2 the words ws and wy are empty and the relation
(wazwy )¢ = (wsywy)¢ belongs to D since

|(wazws)d(wayws)d| = [(wazwy)@| + |(wayws)d| < |wzzws| + |waywy| < 2.

Let w3,wy € A*,(x = y) € R and wszwy € L(A,T) and suppose that the
result holds for all wj, w) and (2’ = y') satisfying the analogous conditions where
|whz' wiwhy'w)| < |wszwswsyw,|. There are two cases to consider depending on
whether or not w3 has a prefix that belongs to L(A,T).

Case 1: w3 has a prefiz that belongs to L(A,T). Then write ws = wywy where
w} is the shortest such prefix. This case now splits into two subcases depending
on whether or not wizws € L(A,T).

Case 1.1: wizwy & L(A,T). Then we also have wiywy € L(A,T) and so
(wzzwy)¢ and (wsywy)¢ are both single letters and the relation (wszrws)d =
(wsywyq)¢ is trivial.

Case 1.2: wizwy € L(A,T). Then we have:

(whwhzwy)d

(wy)@p(wizwy)p (by Lemma 7.17)
= (wh)p(wiyws)¢p (induction)
(wayws)o

(wazwy)p =



Section 7.5 211

Case 2: w3 has no prefic that belongs to L(A,T'). In this case we decompose our

words into principal factors:
— — ! ! ! !
w3zTwy = W3P1 ... Pot1M1 -+ Yetl, Waywa =w3By ... By 1M - Ve

where x = B;...0p41, ¥ = B ...ﬁ}",H and the principal factors of wszw, are

. f
w3, B2y - -+ s Bos Bo+1715725 - - - s Ye—1 and YeYet1, and those of wiywy are wgfy,
By s By BigaVs ¥os -+ Yy and v.7L ;. There are two cases to consider

depending on the values of ¢ and of ¢'.
Case 2.1: ¢>2 ord > 2. If ¢ > 2 we have:

W3V -+ - Ve Vet+1)P
W3L] « - F}'c—l)qﬁ(?c?c-f—l)gb (by Lemma 7'17)

(wszwy)p = (
(

= (wsyn .- Ye-1)9(YeYet+1)¢  (induction)
(
(

WYL - - - Ye—1VeVet1)P (by Lemma 7.22)
w3ywy)o.

The case ¢/ > 2 is dealt with analogously.

Case 2.2: ¢, € {0,1}. In this case first note that |(wszws)d| = b+ ¢ <
My + 1. Likewise |(w3ywg)d] = V' + ¢ < My + 1 and we conclude that
[(wazwy)p(wsyws)p| < 2Mp+2 and therefore the relation (wzzwy)d = (wayws)ed
belongs to D. O

7.5 Applications

In this section we list a number of corollaries of the main theorems of the chapter.
Recall that, given a semigroup S and a subsemigroup T" of S the Rees index of T
in S is the cardinality of the set S\ T'. If S\ T is finite we say that T" has finite
Rees index in S.

Corollary 7.24. If S is finitely generated (resp. presented) and T has finite Rees
index in S then T is finitely generated (resp. presented).

Proof. By Proposition 7.5, T' has a finite boundary in S and is therefore by
Theorems 7.1 and B finitely generated (resp. presented). O

This is in fact the more difficult direction of the main result of [82]. We remark

here that the proof of the finite presentability result given in [82] is incomplete.
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We outline briefly here the nature of the problem and explain how to fix it directly,
without reference to Theorem 7.2.

Stage 2 of the proof of [82, Theorem 1.3] is concerned with proving that the
relation (af7)¢ = (aBy)¢ is a consequence of a suitably defined set of “short”
relations D, for all words a, 3,7 such that o, 3,7 € A* and g & L(A,T). The

words a3y and a3y are decomposed into principal factors as:
afy = a1a;, - .. 0pa;, 0p 415105, - - - Ba@j, Ber1 1Ak - - VrQk, Yra1,

e / / / / ' ’
afy = 1y - .- 0-';aavt',_,ai;a+lﬁ1 ay - - - 63‘31!5133-1-17107:“ s Yy Vi1 -

Here the notation is slightly different than in the previous section: each a-symbol,
except for ay, and a,,,, is the last symbol in its principal factor. Then six cases are
considered depending on the values of the numbers p, ¢, 7, s and t. The problems
occur when either r = 0 or t = 0. For instance Case 6 deals with the situation

when p = r =t = 0. In this case the decompositions become:

afy = a1P16j, . .. Bt Berimn, By = aifiay, ... Bear,Bepm

where the last principal factor in the first decomposition is 3ya;,84+171 and in
the second decomposition is 8a; 3., ,7;. The second step in the proof of Case 6

claims that the relation

(m(e, @)31a0277)p = (m(e,a)B 7})

belongs to D. This is only true if both 4, and 4] belong to £L(A,U") otherwise
we we have very little control over |77| and Hﬂ In order to deal with the cases
where v, € L(A,T) or v} € L(A,T) a new concept must be introduced.

Let a, 3 € A* where a € £(A,U') and a8 € L(A,U'). Amongst all the words
31 with the property that 31 = af in S let o(a, 3) be one of minimal possible
length. Now define the number

P* = max{|o(a, B)| : @, af € L(A,UY)}.

Since T has finite Rees index in S this number is well defined. It gives a measure
of how far apart two elements of U can be in the right Cayley graph.
The definition of D must now be altered so that D also contains all relations

that hold in 7" and whose length does not exceed

Q* = max{5M +4P +3+2P*,7TM + P +4,4M + N}.
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Now Case 6 splits into four parts depending on whether or not 41 or v belong
to L(A,T). Changing the proof, in each case, involves replacing occurrences of
71, when v; € L(A,T), in the original proof by o(8y+1,71). Similarly, whenever
v) € L(A,T) we replace q by o(B,1,71). So for example if v, € L(A,T) and
v & L(A,T) then the argument becomes:
(aBy)¢ = (m(e,a)Braj, ... Beaj,Ber1m)9

(m(e, )Prayy - . . Baj, Be+10(Bg+1,7)) @
(7 (e, @)d1ab20 (Bg1,71)) P
(7 (e,
(7 (e,

(e, o 51052U(ﬁq+11'}'1))¢
€, )B ’h) (afB7)9.

m

Using exactly the same method one may also fix the proofs of Cases 4 and 5.

Our second corollary concerns subsemigroups of free semigroups.

Corollary 7.25. [18, Corollary 3.6] If F is a free semigroup with finite rank
and I is a two-sided ideal that is finitely generated as a subsemigroup then I is

finately presented.

Proof. We will show that I has a finite boundary in F. Let W be a finite gen-
erating set for I. If w belongs to the right boundary of I then, writing w = w'a
where a is the last letter of w, the word w' belongs to F'\ I. Since [ is a right
ideal no prefix of w belongs to I and therefore w € W, a finite set. A similar
argument tells us that the left boundary is finite. Then I is finitely presented by
Theorem 7.2. O

In fact, in [18] a stronger result is proved: I must have finite Rees index in F.
In general, it is not true that ideals of finitely presented semigroups that are
finitely generated as subsemigroups are finitely presented. One such example is
given in [19, Theorem 3.1]. This example is in fact a semilattice of semigroups
where the semilattice in question is a two element chain. In other words, it has
the form S = T'U I where [ is an ideal. We can obtain a positive result for this
case if we introduce an additional hypothesis. If S = T'U I (a disjoint union)
where T is a semigroup and I is an ideal then T acts naturally by left and right
multiplication on I. The orbits of these actions are the sets i7'' and T''i where
i ed.
Corollary 7.26. Let S =T U1, a disjoint union, where I is a two-sided ideal of
S and T s a subsemigroup of S. If S s finitely generated (resp. presented) and
the cardinality of every orbit of I under the action of T is finite then I is finitely
generated (resp. presented).
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Proof. Since all the the orbits are finite it follows that properties (i) and (ii) of
Proposition 7.6 both hold. Also, since T is a subsemigroup of S clearly T2 N I
is finite (in fact it is empty) so condition (iii) of Proposition 7.6 holds. It now
follows from Proposition 7.6 that T" has a finite boundary in S and is therefore

finitely generated (resp. presented) by Theorem 7.1 (resp. Theorem 7.2). O

We also have as a corollary the following folk-lore result concerning subsemi-

groups with ideal complement.

Corollary 7.27. Let S be a semigroup with T a subsemigroup of S such that
S\ T is an ideal. If S is finitely generated (resp. presented) then T is finitely

generated (resp. presented).

Proof. For any finite generating set A of S the sets UANT and AUNT are both
empty since U is an ideal. It follows that the boundary of 7" in S has no more
than |A| elements and so is finite. The result then follows from Theorem 7.1
(resp. Theorem 7.2). a

The next example shows that it is possible to have a chain K < T < S of
subsemigroups such that the boundaries of K in T and of T" in .S are finite while
the boundary of K in S is infinite. It therefore warns us against taking too far
the analogy between boundaries and other notions of index.

Example 7.28. Let S be the semigroup with underlying set
S = [N° x N x N°\ {(0,0,0)}] U {0}

and multiplication that we describe below.

Define F' : S\ {0} — {1,2,3} where, for a € S\ {0}, F(«) is the position
of the first non-zero entry of the triple o (e.g. F(0,1,1) = 2). Also define
L:S\ {0} — {1,2,3} where L(«) is the position of the last non-zero entry of «
(e.g. L(0,1,1) = 3). Now multiplication in S is given by:

(z1 + z2, 91 + y2, 21 + 22)
(z1,91,21) (22, 42, 22) = if L(zy,y1,21) < F(x2,y2,22)
0 otherwise

and

(r:2)0=0(z. 9, 2) =00 =0

So for example (1,2,3)(4,5,6) = 0 since L(1,2,3) =3 > 1 = F(4,5,6). On the
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other hand (1,2,0)(0,5,6) = (1,7,6) since L(1,2,0) =2 < 2 = F(0,5,6). It is
routine to check that the multiplication is associative.
The semigroup S is finitely generated by the set A = {(1,0,0),(0,1,0),(0,0,1)}

since for (z,y,z) € S\ {0} we can write
(xj y? z) = (11 0? 0)2: ({]’ ]‘? O)y({]'l U? 1)z

and we generate 0 with (0,0,1)(1,0,0) = 0. In fact, S is defined by the presen-

tation
(a,b,¢,0 | ba =0,cb=0,ca=0,0%=a0 =0a=0b0=0b=c0=0c=0)

where a,b and ¢ correspond to the generators (1,0,0),(0,1,0) and (0,0,1), re-
spectively. Let B = {(1,0,0),(0,1,0),(0,1,1)}, C = {(1,0,0),(1,1,1)}, T = (B)
and K = (C). Clearly K < T < S. We begin with a straightforward observation

concerning the elements of these subsemigroups:

T ={(z,y,0) : 2 > 0,y > 0, = and y not both zero}
U{(z,y,1): 2 >0,y > 1} U {0}

and
K = {(2,0,0) : 2 > 1} U{(z,1,1) : £ > 1} U {0}.

Claim. The boundary of K in S is infinite.

Proof. We will show that B(A, K) in S is infinite. For all z > 1 we have (z,1,0) ¢
K. However (z,1,0)(0,0,1) = (z,1,1) € K where (0,0,1) € A. Thus {(z,1,1) :
x > 1} is an infinite subset of the boundary of K in S. O

Claim. The boundary of K in T is finite.

Proof. We will show that B(B,K) in T is finite. Let Q; = {(z,9,0) : y > 1},
Q2 = {(z,y,1) : y > 2}, and note that T\ K = Q; UQ2U {(0,1,1)}. Next note
that every (z,y,2) € K has y < 1 so that the intersection of each of the sets

Q281 BQ?! {(0,1,0),(0,1,1)}@1, Ql{(O,l,O),(O,l,l)},
{(0,1,1)}{(0,1,0),(0,1,1)}, {(0,1,0),(0,1,1)}{(0,1,0)}

with K is either empty or equal to {0}. Also

Ql{(lvor[})} = {0} = {(01 111)}{(1!0’0)}
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by the definition of multiplication. Hence the right boundary is equal to

{(1,0,0),0}.
For the left boundary we have

B(T\K)!nK = (BU(1,0,0)Q; U(1,0,0){(0,1,1)} U{0})n K
(BU{(z,y,0):z,y > 1} U{(1,1,)}U{0}) N K
{(110:0)!(1-151)50}

We conclude that the boundary of K in T is equal to {(1,0,0),(1,1,1),0}. O
Claim. The semigroup T' has a finite boundary in S.

Proof. We will show that B(A,T) in S is finite. Let P, = {(z,0,1) : = > 0},
Py = {(z,y,2) : z > 2} noting that S\ T = P, UP,. Note that every (z,y,2) € T
has z < 1 and so the intersections of each of the sets

(0, 0, 1)P1, P (0,0,1)‘ PANT, AP.NT

with T is either empty or is equal to {0}. In addition P;(1,0,0) = P;(0,1,0) =
{0} and so the right boundary is equal to {0,(1,0,0),(0,1,0)}. For the left
boundary we have

AS\D)InT (AU(1,0,0)P, U (0,1,0)P)NT
(Au{(z,0,1) : 2 >1}U{(0,1,1),0}) NT

{(01 13 1)3 (1}010)1 (01 110)10}

We conclude that the boundary of T in S is equal to {(1,0,0), (0,1,0),(0,1,1),0}.
O

7.6 One sided boundaries

In §7.3 we saw that subsemigroups of finitely presented semigroups with only the
right (or left) boundary finite need not be finitely generated, never mind finitely
presented. This still leaves us with the question of whether finitely generated
subsemigroups of finitely presented semigroups, with only a finite right (or left)
boundary are always finitely presented. We now answer this question in the
negative.

Let M be a monoid and let # be an endomorphism of M. The Bruck-Reilly
extension of M with respect to 8 is the semigroup of triples N® x M x N? with
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multiplication defined by:
(m,a,n)(p,b,q) = (m —n+t,(ad""") (56" P),q — p+1)

where t = max(n,p). Bruck-Reilly extensions are an important class of infinite
simple semigroup. (For more details on Bruck—Reilly extensions see [57, Chapter

5.)

Proposition 7.29. Suppose that the Bruck-Reilly extension S = BR(M,8) of a
monoid M is finitely generated and consider the subsemigroup T = {(0,a,n) : a €
M,n € N°}. Then the right boundary of T in S is finite, while the left boundary

is infinite.

Proof. Let U = BR(M,#0)\ T. Since
m-—n+t=m-—-n+max(n,p) >m-—-n+n=m

it follows that U is a right ideal in BR(M,#) and thus, by Proposition 7.5, the
right boundary of T in BR(M, #) is finite.

Let X be a finite generating set for BR(M,#). Since, by Proposition 7.3,
the finiteness or otherwise of the left boundary is independent of the choice of
generating set, we may assume without loss of generality that (0,1p7,0) € X.
For n € N we have:

(0, 1ps: 1)(1,8,m) = (0.8,n);

note that here (1,s,n) € U and (0,s,n) € T. Therefore, the left boundary of T'
in S is infinite (and equal to the whole of T). O

Example 7.30. Let M be a non-finitely presented monoid which has a finitely
presented Bruck—Reilly extension S = BR(M,#). One possible choice for M is
the group defined by the presentation:

(a,b,c,d | a®b¥ = *'d? (i € N?))

where 6 : M — M extends the map z6 = 2z for = € {a,b, c,d}. This example is
taken from [83, Proposition 3.3] where it was shown that M is finitely generated
but not finitely presented and BR(M, 0) is finitely presented.

Let T be as in the proposition and let N = {(0,a,0) : a € M}. Clearly
N =M, NCT and T\ N is an ideal of T. Hence, by Corollary 7.27, T is not
finitely presented, although, it is finitely generated: any finite generating set for
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N together with the element (0,157,1) is a generating set for T. It now follows
from Proposition 7.29 that T" has a finite right boundary.

7.7 Left and right independence

We have seen three situations where the right and left boundaries are both finite.
We also know that the right boundary may be infinite while the left finite and
vice-versa, consider the boundaries in the bicyclic monoid for example (see Fig-
ure 7.2). The next proposition shows how any possible combination of left and
right boundary sizes is possible.

Proposition 7.31. Let S be the semigroup with set of generators A = {a} UBU
C U {0}, where B and C are finite alphabets, and relations R given by:

ab="5b, ba=20 be B
ac=10, eca=<c ceC
20 =0z =0 T € A

Let T = (A\ a). Then:
(i) |B-(A,T)| = |B| +1;
(ii) |Bi(A,T)| = |C| +1;
(iii) S and T are both infinite;
(iv) T has infinite Rees index in S.

Proof. First we find a normal form for the elements of §. We claim that every
element of S may be written uniquely as a word from the set

N={0}u{a':ieNJUBUCUBCUCBUBCBUCBCU...C A*.

If w € {a' : i € N} then none of the relations of R may be applied to w and
w=wuin S only if u = w. If w = bye1bacs . .. bye, then applying relations from R
to w must give a word of the form
l:p-!—l

a''bierabacoa™ . .. a'*byepa

where i; € NO for all j. If w = cobierbacy . .. bye, then applying relations from R

to w must give a word of the form

Cgailbl c1a?bocoa®™ . .. a‘Pbpcpa‘P“
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where i; € NO for all 5. If w = byeibacy. .. bpepbpy then applying relations from

R to w must give a word of the form
a''bycia’bycga’ ... a'Pbycya?t by

where i; € N for all j. Also, If w = ¢1bicabs . .. cpbp then applying relations from

R to w must give a word of the form
c1a byeaat®bocza® . . . a'r- ‘bp_lcpai*’bp

where i; € NO for all j. In particular if w has any of these four forms then w # 0
and w & {a' : i € N}. It follows from the observations above that if w,u € N
with w # u then w # w in S, i.e. the words in N represent distinct elements.
Let w € AT. We have to show that using the relations from R the word w
can be transformed into one of the words from the set N. If w € N then stop.
Otherwise, if w contains the symbol 0, or has a subword from either of BA or
AC then applying relations we can transform w into 0. Also, for all by,bs € B

we have
biby = byaby = 0by = 0.

Similarly for all ¢1,¢co € C we have cicg = 0. Therefore, if w has a subword from
either the set BB or the set C'C then applying relations we can transform w into

0. Otherwise w must belong to one of the sets:

a*BCa*BCa*...a*BCa*
Ca*BCa*BCa*...a*BCa*
a*BCa*BCa*...a*BCa*B
Ca*BCa*BCa*...a*BCa*B

and any powers of a may be removed from w by applying relations from R, thus
reducing w to a word from N.

Now that the normal forms have been established the rest of the proof is
straightforward. The semigroup S is infinite since the set N is infinite. The

subsemigroup T has normal forms
M ={0}UBUCUBCUCBUBCBUCBCU...C A*

and is infinite since M is infinite. The Rees index of T in S is infinite since N\ M
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is infinite. Computing the boundaries we have:
B.(A,T)={a':i e N°}ANnT = Bu {0},

Bi(A,T) = A{a’:i e N°}nT = C U {0}.
Therefore |B.(A,T)| = |B| + 1 and |B;(A,T)| = |C| + 1. O

7.8 The converse: unions of semigroups

When defining the boundary B(A,T) it is essential to assume that .S is finitely
generated. Therefore the converse of Theorem 7.1 is not a sensible thing to
consider. The converse of Theorem 7.2 may be formulated as follows. Let S be a
semigroup generated by a finite set A and let T' be a subsemigroup of S. If T is
finitely presented and B(A,T) is finite then is S necessarily finitely presented? It
is not hard to see that the answer to this question is no in general. For example,
if S is any non-finitely presented semigroup that has a finite subsemigroup 7" then
T is finitely presented and has a finite boundary in S.

One interesting situation where the converse does hold is when the comple-
ment of 7" happens to be a subsemigroup of S, i.e. when S is a disjoint union
of two subsemigroups. In general we can prove the following result when S is a

disjoint union of finitely many subsemigroups.

Theorem 7.32. Let S = |J;¢; Si, a disjoint union, where I is finite and each
S; is a subsemagroup of S. If each S; is finitely presented and has a finite right
boundary in S then S itself is finitely presented.

Proof. For each i € I let S; be defined by the presentation (A;|R;). We will write
a presentation for S of the form (B||J;c; Ri, R) where B = (J;c; Ai and R is a
finite set of relations holding in .S that we describe below.

Let i,j € I withi # j. Consider the set of words w € A} such that there exists
some a € B with wa € £(B, S}). Denote this set of words by W,.(¢,5) C A;". Note
that the elements that the words W,.(i,j) represent may constitute an infinite
subset of S;. Let w € W,.(i,7) and a € B with wa € £(B,S;). Amongst all the
words w; € A;" with the property that wa = wia in S let 7, (w, a) be such a word

of shortest length. So we have wa = m.(w,a)a in S. Now define:
dr(i,7) = max{|n,(w,a)| : w € AT,a € B,wa € L(B,S;)}

provided W,.(z,7) is non-empty; when W,.(4,7) is empty we define d,.(z,7) = 0.
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The number d,(i, 7) is well defined since B is finite and the boundary of S; in S

is finite. Now define
f=max{d.(i,7) : 4,5 € I,i # j}

which is well defined since I is finite. For every word w € B let w € A} U.. .UA?}I

be a fixed word such that w = w holds in S. Now let:
R={(w=w):we B, |w| < f+2}.

Note that the relations wa = m.(w,a)a with |w| < f + 1 are consequences of
Uier Ri UR.
Claim 1. For every w € A;" and every a € B there exists some u € AT U.. .UAm

such that wa = u is a consequence of the relations R.

Proof. We prove the claim by induction on the length of the word w. If |w| < f+1
then the relation wa = wa belongs to R and we are done. Now let w € A;" with
lw| > f + 1 and suppose that the result holds for all v € A such that |v| < |w|,
Write wa = w'w”a where |w”| = f + 1. There are two cases to consider:

Case 1: w”a € S;. Then the relation w”a = w”a belongs to R. Now w' € A}

and w”a € AT and so we can deduce
wa = w' (w"a) = w'(w"a) € Af
as required.

Case 2: w”a € S; where j # i. Then the relation w”a = m.(w”,a)a is a
consequence of |J;c; Ri U R where |m.(w",a)] = f < f+ 1 = |w"| and so

H’|

lw'm, (w”,a)| < |w'w”|. Therefore we may apply induction to deduce:

wa = w'w"a = wn (" a)a=ue AfU...U Ar‘;[
as required. O

Claim 2. For every w € B* there existsu € AT U... UAIJ:’f such that w = u is

a consequence of the relations R.

Proof. We prove the claim by induction on the length of the word w. When
|w| < f + 2 the relation w = @ belongs to R and we are done. Now let w € B
with |w| > f + 2 and suppose that the result holds for all v € BT with |v| < |w|.
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Figure 7.4: Picture of a semigroup that is the disjoint union of finitely many
semigroups each with a finite boundary. It may be thought of as a patchwork
quilt with finitely many patches sewn together with a finite amount of thread.

Write w = w'a where a € B is the last letter of w. By induction we can deduce

w' = u where u € ATU...UAl"}l.

ve Afu...U Aﬁl' It follows that we can deduce:

By Claim 1 we can deduce ua = v where

w—=“'w'a=ua=veAfU...UA|§|

as required. O

Let w,v € B* such that w = v holds in S and w,v € £(B, S;), say. Then there
exist w’,v' € A} such that the relations w = w’ and v = v’ are consequences of R. '
Furthermore, the relation w’ = v’ is a consequence of the relations R;. Therefore,
using the relations J;c; R; U R we may deduce w = w’ = v/ = v and, since w and
v were arbitrary, S is defined by the presentation (B||J;c; Ri, R). O

There is an obvious dual result where the left boundaries are all finite. Now

if we combine Theorem 7.32 with Theorem 7.2 we obtain:

Corollary 7.33. Let S be a finitely generated semigroup which can be decomposed
into a finite disjoint union S = J;c; Si of subsemigroups with finite boundaries.
Then S is finitely presented if and only if all the S; are finitely presented.

Example 7.34. Let S1,S55,...,5,, be finitely generated semigroups. Define a
semigroup
T=5USU...uS,U{0}

where all products of elements belonging to different 5; equal zero. We call T' the
0-disjoint union of Si,...,Sy,. Each of the semigroups S; has a finite boundary
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in 7', since they each have ideal complement. Also, the subsemigroup {0} is finite
and hence has a finite boundary. Therefore, T" is a finitely generated semigroup
which can be decomposed into a finite disjoint union of subsemigroups with finite
boundaries. It now follows from Corollary 7.33 that T is finitely presented if and

only if all the S; are finitely presented.

Note that the converse of Theorem 7.32 does not hold in general. For example
let A= {a,b}, T1 ={aw:we A*} and T = {bw : w € A*}. Then S = A™ is the
disjoint union of 71 and 7%, both T and T3 have finite right boundaries in S but
neither of them is finitely presented (since they are not even finitely generated).

Without the restriction that the boundaries are finite Corollary 7.33 no longer
holds. For example, in [5, Example 3.4] an example is given of a non-finitely pre-
sented semigroup S that is a disjoint union of two finitely presented semigroups.

7.9 Subsemigroups of free semigroups

Earlier in this chapter we saw an application of Theorem 7.2 to finitely generated
ideals of free semigroups with finite rank. We discuss a few other results relating
to boundaries of subsemigroups of free semigroups in this section. Let F = AT

where |A| = r be the free semigroup of rank r.

Proposition 7.35. If I is a right ideal in F' and I is finitely generated as a

subsemigroup then I has a finite right boundary in F.

Proof. Let W be a finite generating set for I. Let w be on the right boundary
of I in F' with respect to the generating set A. This means that we can write
w = ua where a € A, u € A" and u is not in 7. Since I is a right ideal we

conclude that no prefix of u belongs to T and therefore w € W. O

We know that subsemigroups of free semigroups can have finite boundaries
while having infinite Rees index. The next result tells us that the same is not

true for the ideals of F.

Proposition 7.36. A right (respectively left) ideal I of F' has finite Rees index
if and only if it has a finite left (respectively right) boundary in F'.

Proof. If the Rees index is finite then the boundaries are obviously finite. For
the converse, suppose that I does not have finite index in F. Let Y be an infinite
subset of F'\ I and let w € I be fixed. Then, since [ is a right ideal, wY is an
infinite subset of I. Clearly this is only possible if the left boundary of I in F is

infinite. O
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This gives the following corollary which was originally proven in [18].

Corollary 7.37. If I is a two-sided ideal of F that is finitely generated as a
subsemigroup then I has finite Rees indez in F.

Proof. Since I is a left ideal and is finitely generated, by Proposition 7.35, I has
a finite left boundary in F'. Therefore [ is a right ideal with finite left boundary

which, by Proposition 7.36, must have finite Rees index. O

There do exist examples of right ideals that are finitely generated but do not
have finite index. It was shown in [18] that right ideals of F' that are finitely
generated as subsemigroups are finitely presented. The propositions above tell us
that finite boundary theory alone cannot be used to deduce this result. That is,
it is not true that every right ideal that is finitely generated as a subsemigroup
has finite left and right boundaries.

There is an interesting question here though. We know that if T" is a subsemi-
group of F' and T has a finite right boundary then 7" need not be finitely generated.
For example given a € A the subsemigroup of all words {aw : w € A"} is not
finitely generated but has a finite right boundary. What happens if we force the
subsemigroup to be finitely generated? We saw in Proposition 7.29 that, in gen-
eral, finitely generated subsemigroups with finite one-sided boundaries will not
be finitely presented. We will see below that for subsemigroups of free semigroups
they are.

Given a word w € AT define

pref(w) = {u : w = uv for some v € A*}
and for a subset X of AT define

pref(X) = U pref (w).
weX

We call the set pref(X) the prefiz closure of the set X. Given a subset X of
AT we say that X is prefiz closed if pref(X) = X and almost prefiz closed if
pref(X) \ X is finite. Also, given w € AT and n € {1,...,|w|}. Then define
w(n) = ay ...a, where w = ay...a),

The connection with subsemigroups with finite boundaries is given by the

following result.

Proposition 7.38. Let T be a subsemigroup of the free semigroup F, of rank r.
Then T has a finite right (resp. left) boundary if and only if T' is almost prefiz
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(resp. suffiz) closed.

Proof. Suppose that T is almost prefix closed. Let w € B,.(A,T') where |w| = m.
Then w(m — 1) belongs to pref(T") \ T" which is finite, because T is almost prefix
closed, and puts a bound on |w|. For the converse suppose that T is not almost
prefix closed. Then we can find arbitrarily long words w € F'\ T such that for
some u € AT we have wu € T. This implies that we can find arbitrarily long
words on the right boundary which, since F' is free, contradicts the assumption

that the right boundary is finite. O

Theorem 7.39. Let F' be a free semigroup of finite rank and let T be a finitely

generated subsemigroup of F.
(i) If T has a finite right boundary in F then T 1is finitely presented.
(ii) If T has a finite left boundary in F then T is finitely presented.

Proof. We prove part (i). Part (ii) follows from a dual argument.

By Proposition 7.38 there exists some M € N such that for every w € T with
|lw| > M, and for every | > M, we have w(l) € T. Fix a finite generating set
W = {wy,...,wp} for T and let B = {by,...,by,} be a new set of symbols in
one-one correspondence with the words in W. Given a relation

biy...bi, =bj,...b;

L]

that holds in 7" we define its length to be

[wiy oo Wiy | = |w5y 00w, )

Define
N = max{|w| : w € W}.

We claim that 7T is defined by the presentation (B | Q) where Q@ C BT x Bt is
the set of all relations that hold in 7" and have length not exceeding M N.

Let (a = f3) € B* x B be a relation that holds in 7. We prove the result by
induction on the length of the relation o = 3. For the base case, if (o« = ) € Q
then we are done. Now suppose that (o = 8) € Q and that every relation that is

strictly shorter can be deduced from the relations Q. Say
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Since o = f holds in T it follows that w;, ... w;, = wj, ... w;, in A*. Suppose,
without loss of generality, that |w;, | < |wj,|. There are two cases to consider

depending on the length of the word w;, .

Case 1: |w;,| = |wy,|. It follows that b;, = b;, and w;, ... w;, = wy, ... w;, and

£

so the relation b;, ...b;, = bj,...b;, holds in T' and has length strictly less than

the relation @ = 3. Therefore by induction we can deduce:

biybiy ... b, = bjybiy ... bs, = bj by, ... bj..

Case 2: |w;| < |wj,|. Begin by writing w;, = w;, ¢ so that w;,...w;, =
Cwj, ... wj, = w'. Since (o = B) & Q it follows that [w'| > M and v’ € T.
By definition of M it follows that for every | > M we have w'(l) € T. It follows
that for some k < M we have (wj, ... wj, € T. Therefore

|Cwyy - .. wji | = |¢] + |wi| + - .. + |wj, | £ KN < MN.
We can, therefore, write it in terms of generators giving:
CtWig + o Wiy, =Wy o WY

q

The relation:
bj bj2 S bjk = bilbll 37 .bg

q

belongs to @ since it has length
lwj, ... wj | L kN < MN.
Moreover, the relation
bigbis ... by, = by .. by by, -0y,
holds in T and is deducible from the relations @ by induction since it has length
lsy o W5 € [y e W)
Therefore we may deduce:

Bisbis s Bibipin -+ Bgy = igbyy - by By o bjy = iy bige by,

as required. O
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As an immediate corollary we have the following result:

Corollary 7.40. [18, Theorem 4.3] If R is a finitely generated right ideal of a
free semigroup S, then R is finitely presented.

So the finitely generated subsemigroups of F;. with finite one sided boundaries
provide a fairly large class of finitely presented subsemigroups of F,.. By no means,
however, does this set account for all finitely presented subsemigroups of F,.. For
example T' = (ab) < {a,b}" is free, and hence finitely presented, but has an
infinite right and infinite left boundary in T

Open Problem 9. Use the notion of boundary to “describe” the subsemigroups

of free semigroups that are finitely presented.

In [73] a finitely generated semigroup S isomorphic to some subsemigroup of
a free semigroup is called an F-semigroup. In this paper Markov proves that it

is decidable whether or not an F-semigroup has a finite presentation.
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8.1 Introduction

In the previous chapter the importance of the strict right and left boundaries
became apparent. In particular, strict boundary elements played a crucial role
when decomposing words from L£(A,T) into principal factors. In this chapter we
investigate the strict boundary in more detail.

The chapter is structured as follows. In §8.2 we recall the definitions of
strict right and left boundaries given in the previous chapter and we provide
some motivation for their study. In §8.3 we consider generating sets of unitary
subsemigroups with finite strict boundaries and in §8.4 we consider presentations
of such semigroups and present the main results of the chapter. Finally in §8.5 we
give applications of the main results firstly to subgroups of groups and secondly

to maximal subgroups of completely O-simple semigroups.

8.2 Preliminaries

We first recall the definitions of strict right and left boundaries that were given

in the previous chapter.

Definition 8.1. Let S be a semigroup generated by the finite set A and let T be
a subsemigroup of S. We call w € A" a strict left boundary word of T in S with
respect to A if w € L(A,T) and no proper suffix of w belongs to £(A,T). Also,
we call w a strict right boundary word of T in S with respect to A if w € L(A,T)
and no proper prefix of w belongs to L(A,T).

We denote the set of strict right and left boundary words, respectively, by
SWB,.(A,T) and SWB(A,T).

Definition 8.2. The strict left boundary of T in S with respect to the generating
set A is SBI(A,T) = SWB(A,T)0 and the strict right boundary is defined as
SB.(A,T) = SWB,(A,T)8. Moreover we define the strict two-sided boundary by
SB(A,T) = SBI(A,T)USB,.(A,T).

The first thing to observe is that SB;(A,T) C Bi(A,T) and SB,(A,T) C
B,(A,T). This inclusion may well be proper as we will see below.
Unfortunately the finiteness or otherwise of the strict right, left and two-sided

boundaries does depend on the choice of generating set.

Example 8.3. Let S = Z & Zs which is generated, as a semigroup, by A =
{(1,0),(—1,0),(0,1)} and also by the set B = {(1,1),(—1,1),(0,1)}. Let T' =
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Figure 8.1: The right Cayley graph of S with respect to the generating sets A
and B.

Z & {0}, a subsemigroup of S. We claim that SB(A,T) is infinite while SB(B,T)
is finite.

For all b1,bs € B we have by + by € T and so the strict (left, right and
two-sided) boundaries all equal to {(0,0),(-2,0),(2,0), (1,0),(-1,0)}.

To see that SB(A,T') is infinite note that:

(0,1) + (1,0) + (1,0) + ... + (1,0) +(0,1) = (m,0)

L l
e

m

belongs to SB(A,T) for all m € N.
This leads to the following definition.

Definition 8.4. We say that T has a finite strict left, right or two-sided boundary
in § if for some finite generating set A of S the sets SB(A,T), SB.(A,T) or
SB(A,T), respectively, are finite.

The motivation for the study of strict boundaries came from considering cer-
tain subgroups of groups. The main result of the previous chapter does not tell
us anything interesting when applied to groups. Indeed, if G is an infinite group
and H is a proper subgroup of G then, by Proposition 7.6(iii), H has a finite
boundary in G if and only if H is finite. On the other hand, if G is a group and
N <9 G such that the factor group G/N is a finite cyclic group then, as we will
see in Lemma 8.21, N has a finite strict boundary in G.

Words in subgroups of groups decompose into principal factors in a particu-
larly “nice” way. Let G be a group generated, as a semigroup, by the finite set
A. Let H be a subgroup of G. Given a word w € AT when we decompose it into

principal factors (as in Lemma 7.17) we obtain:

wW=o1...00L41
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where a; € SB,(A,H) for 1 < i < k and ag4+; = €. This is because if apy; €
L(A,G\ H) and o € L(A, H) then ajayy € H, contrary to assumption. It
follows that the strict right boundary of a subgroup is a generating set for that
subgroup. In the special cases when this strict boundary is finite we are able to
conclude that the subgroup is finitely generated. More generally than this, the

same is true for left and right unitary subsemigroups of arbitrary semigroups.

Definition 8.5. Let S be a semigroup with 7" a subsemigroup of S. Then T is
right unitary if
Vses, VieTl, steT &seT,

and left unitary if
Vse S, VteT, tseTesceT.

The main aim of this chapter is to prove the following result and discuss a

couple of applications.

Theorem 8.6. Let S be a semigroup and let T' be a left unitary subsemigroup
of S. If S is finitely generated (resp. presented) and T has a finite strict right
boundary in S then T is finitely generated (resp. presented).

There is an obvious dual result when T is right unitary and has a finite strict left

boundary.

8.3 Generating sets

Our first result concerns generation.

Theorem 8.7. Let S be a semigroup generated by the finite set A. Let T be a
left unitary subsemigroup of S. Then (SB.(A,T)) =T.

Proof. By Proposition 7.7 the subsemigroup T is generated by SB,.(A, T)U'NT.

Since T is left unitary it follows that:
SB.(A,T)YU'NT =SB, (A, T)NT = SB,.(A,T).

Therefore, SB,.(A,T) is a finite generating set for 7'. O

Corollary 8.8. Let S be a finitely generated semigroup and let T' be a subsemi-

group of S. Then:
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(i) if T is left unitary and has a finite strict right boundary in S then T is
finitely generated;

(ii) if T is right unitary and has a finite strict left boundary in S then T is
finitely generated.

Notice that, unlike in the the previous section, the strict boundary does form a
generating set for the subsemigroup. It is not true, in general, that subsemigroups

with finite strict boundaries are finitely generated.

Example 8.9. Let S = A", where A = {a,b}, and T = {a} U a{a,b}*a, a
subsemigroup of S. Clearly T is not finitely generated since the elements ab’a

must all be included in any generating set. We have
EBi(A,T) =8B.(A,T) = {u}.

Therefore, T has a finite strict boundary in S but T is not finitely generated.
Note that T is not left unitary since a € T, b'a € T but ab’a € T. Similarly T is
not right unitary.

8.4 Presentations

In this section we will prove the following result.

Theorem 8.10. Let S be a finitely presented semigroup with T' a subsemigroup
of S. Then:

(i) if T is left unitary and has a finite strict right boundary in S then T is
finitely presented;

(i) if T is right unitary and has a finite strict left boundary in S then T is
finitely presented.

We will go through an argument that is similar to the one given in the proof
of Theorem 7.2 of the previous section. This time, however, the decomposition
of words in £(A,T) is much less complicated and as a result the proof is more
straightforward than that of Theorem 7.2. It is also worth noting that Theo-
rem 8.10 neither implies, nor is implied by, Theorem 7.2 of the previous section.

Let S be a finitely presented semigroup with T a left unitary subsemigroup
of S with a finite strict right boundary. Let A be a finite generating set for S
with respect to which 7" has a finite strict right boundary, and let p = (A|R)
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be a finite presentation for S with respect to this generating set. Let n be the
smallest congruence on AT containing R.
We will use the generating set described in Theorem 8.7. Define

X={v:veRNL(ASB.(AT))}

a set of shortest length word representatives of the elements of the strict right
boundary. Define a new alphabet in one to one correspondence with these gen-

erating words:
B={b,:veRNL(ASB.(AT))}.

Let ¢ : Bt — A% be the unique homomorphism extending b, — v and call this
the representation mapping.

Now we define our rewriting mapping. For w € L(A,T) write w = a3 where
« is the shortest prefix of w that belongs to £(A,T). Since T is left unitary it
follows that 5 € L(A,T). We can, therefore, define ¢ inductively by

by if B=c¢
ba(B¢) otherwise,

we =

where bar is defined as in Chapter 7, §7.4. Note that it is necessary to bar words
in the above definition because it is possible that SWB,.(A,T) is infinite while
SB,.(A,T) is finite.

Now by Theorem 7.14 it follows that the semigroup T is defined by the pre-

sentation with generators B and relations

by = vo (8.1)
(wwe)p = (w19)(wae) (8.2)
(wszwy)d = (wsywq)d (8.3)

where v € RN L(A,SB,(A,T)),w;,ws € L(A,T), w3, wqg € A*,(x =y) € R and
wyzwy € L(A,T).
The relations (8.1) are all trivial by the definition of ¢. We now prove that

the relations (8.2) are also all trivial.

Lemma 8.11. Let w € L(A,T). Then w may be written uniquely as w =
a1...ar where k > 1 and o; € L(A,SB(A,T)) for all i. Moreover, this decom-
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position satisfies:
we = (a1...ar)¢ = (1) ... (ard) = bay ... bar.

Also, given wi,we € L(A,T), where wy and wy decompose as «j...qp and

B1 ... B respectively, we have:
(wiws)d = (1 ... axBr... B¢ = bar. .. bazbg; - . . by = (w19)(w29).

Proof. The first part follows directly from the definition of ¢. For the second part
let w; and wq be as in the statement of the lemma. It follows that «; € SB,-(A,T)
and 3; € SB(A,T) for all ¢. Then from the definition of ¢ we have

(a1...axB1...8)p = (19) ... (axd)(B10) ... (Bid)

and the result follows. g
We now write a presentation for 7.

Theorem 8.12. The presentation (B|Q) where
Q= {(u=v) € Bt x BT : Juv| < max{|af| : (o = B) € R}}

defines T'. In particular, if R is finite then T is finitely presented.

As a consequence of the discussion above it is sufficient for us to prove the

following lemma.

Lemma 8.13. The relations (wav)¢ = (wBv)d where w,v € A* and (a = ) € R

are consequences of Q).

Proof. We prove this by induction on the length of the word wavwBv. When
|lwaw| + |wpv| = 2 we have |(wav)d(wpPv)p| = 2 = |af| and so, by definition, the
relation (waw)¢ = (wPv)¢ belongs to Q. Now suppose that the result holds for
all «/,v" € A* and (¢/ = ') € R, satisfying the analogous conditions, such that

|w'a/v'w' f'V'| < lwavwPBv|. Decompose wav and wBv into principal factors:

WOV =9 ...%, wBv=48d...9.
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Case 1: |v| < |w|. Write w = ;¢ where ( € A*. Then we have

(wav)p = (m€av)d =mé(Cav)d¢ (Lemma 8.11)
mMo(¢Hv)o (by induction)
(m¢Bv)e = (wPv)e.

I

Case 2: || < |v|. Write v = {7y where ¢ € A*. Then we have

(waly)¢ = (wal)d e (Lemma 8.11)
(wBC) e (by induction)
(wBCvk)d = (wPv)¢.

(wav)e

Case 3: |d;| < |w|. Exactly the same argument as in Case 1.
Case 4: |0 < |v|. Exactly the same argument as in Case 2.

Case 5: |y1| > |wl|, |61] > |w|, || > |v| and |§| > |v]. It follows that
72...Yk—1] < |a| — 2 and that |d...8_1] < |B] — 2. Therefore k < |a| and
[ < |B]. In particular |(wav)g(wpBv)d| = k + 1 < |aB| and so (wav)¢p = (whv)d
belongs to Q. O

In order to prove the dual result we decompose words into principal factors
from right to left rather than from left to right. This completes the proof of
Theorem 8.12.

The condition that the subsemigroup is left unitary cannot be removed. We
saw in Example 8.9 that S can be finitely presented and have a subsemigroup
T that has a finite strict boundary but is not finitely generated. Also, if S is
finitely presented, T' < S is finitely generated and T has a finite strict boundary
it is not necessarily true that 7" is finitely presented. To see this we consider

subsemigroups of free semigroups.

Lemma 8.14. Let S = A" where A is a finite alphabet and let T be a sub-
semigroup of S. If T is finitely generated then T has a finite strict boundary in
5

Proof. We will show that SB(A,T) is finite. Let B C AT be a finite generating
set for T'. Let w € SB,(A,T). Write w = ;... where 3; € B for all i. Since
no strict prefix of w belongs to T' it follows that £ = 1 and w € B. By a dual
argument it follows that SB;(A,T) C B. Therefore SB(A,T) C B is finite. O
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Example 8.15. Let T be a finitely generated and non-finitely presented subsemi-
group of the free semigroup S = AT, over a finite alphabet A (see Example 7.12
for example). Then T has a finite strict boundary in S by Lemma 8.14. On the
other hand, since T is not finitely presented, it cannot have a finite boundary by
Theorem 7.2.

Combining Lemma 8.14 with the presentation given in Theorem 8.12 we re-

cover the following well known fact.

Corollary 8.16. Finitely generated right or left unitary subsemigroups of free

semigroups are free.

In fact, a more general result than this is known. In Chapter 7 of [57], which
is on the subject of codes, Proposition 7.2.1 states that a subsemigroup 1" of A*

is free if and only if
(Vw € ANWTNT # @ & TwnT # 3] = weT.

In particular, left and right unitary subsemigroups satisfy this condition. This
result is originally due to Schiitzenberger; see [86].

Of course, in general left and right unitary subsemigroups of finitely gener-
ated (presented) semigroups need not be finitely generated (presented). Consider

subgroups of groups for example. We also have the following example.

Example 8.17. Recall the bicyclic monoid, introduced in Example 7.4. It is an
inverse semigroup and so its idempotents form a subsemigroup. The subsemi-
group of idempotents of this inverse semigroup is both left and right unitary.
In fact this semigroup is an E-unitary inverse semigroup so this must be the
case. This subsemigroup is isomorphic to an infinite semilattice (in fact an infi-
nite chain) which is clearly not finitely generated. Both the left and right strict

boundaries of E in B are infinite (see Figure 7.2).

8.5 Applications

Subgroups of groups

Since the original motivation for studying the strict boundary in more detail came
from considering subgroups of groups we revisit them here. We begin with a result
that compares the left, right and two-sided strict boundaries of a subgroup.
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Proposition 8.18. Let G be a group generated, as a semigroup, by a finite set
A. Let H be a subgroup of G. Then:

SB.(A, H) = SB)(A, H) = SB(A, H).

Proof. Let h € SB.(A, H). Write h = a; ...a; = w such that no strict prefix of
w belongs to H. For all r € {2,...,k} we have

T cap_1) 'he H

since ay...a,—1 € H which implies that (a;...a,_1)"' & H. Therefore, h €
SB(A,H) and so SB,.(A,H) C 8B;(A,H). Similarly SBi(A,H) C SB,.(A,H)
and the result follows. O

As a result we need only speak of the strict boundary of H in G with respect
to A. Example 8.3 tells us that, even for groups, the finiteness of the strict
boundary may depend on the choice of the generating set A.

In an ideal world, whenever GG is a finitely generated group and H a sub-
group of GG with finite index the strict right boundary of H in GG would be finite.

Unfortunately, this is not the case.

Proposition 8.19. Let N =Z, H =Zo® 7o and let G = N® H = Z® 7o ® L.
Then for any finite generating set A of G the strict boundary of N in G, with
respect to A, is infinite.

Proof. Let A be a finite generating set for G. Since A generates GG there is some
(z,y,z) € A with z # 0 and some (a,b,c) € A such that (b,c) # (y,2) and
(b,c) # (0,0). Define the following word in these generators:

wor = (a, b, c) +£x,y,z) + ...+ (at,y‘z}l-i-(a,b, c).

2k

We have wsy. € N since
wor = (2(a + kz),2(b + ky),2(c + k2)) = (2(a + kz),0,0) € N.

We claim that wor € SWHB,(A,N) and as a consequence that wyrf €
SB,(A,N) = SB(A,N). First note that (a,b,c) € N since (b,¢) # (0,0). Now
let [ € {1,...,2k} and consider the word:

v = (a,b,¢) + (z,y,2) + ...+ (z,y,2) = (a + lz, b+ ly,c + [2).

- vl
e

l
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If [ is even then b+ 1ly = b (mod 2), ¢+ 1z = ¢ (mod 2) and since (b, ¢) # (0,0) it
follows that v; € N. On the other hand, if I is odd then b+ ly = b+ y (mod 2),
¢+ ly = ¢+ z (mod 2) and since (b,¢) # (y,z) then either b # y, which means
that b+y =1 (mod 2), or ¢ # z, in which case ¢+ z =1 (mod 2). In either case

we conclude that vy & N.
It follows that for all £ € N the element wor0 € SB(A, H). O

In the example above N has index 4 in G but the strict boundary of N in G
is infinite. One simple situation where we may obtain a positive result is given by
the following lemma. Before stating the lemma we need the following definition.

Definition 8.20. Let G be a group and let H be a subgroup of G. Then

Core(H) = m gHg™".

geG

Core(H) is a normal subgroup of G and it is well known that if H has finite

index in G then so does Core(H ).

Lemma 8.21. Let G be a finitely generated group with H a subgroup of G. If
G/Core(H) £ Zyy, for some m € N then H has a finite strict boundary in G.

Proof. 1f Core(H) = G the result is trivial. Otherwise let C' be a coset of Core(H)
in G that corresponds to a generator of G/Core(H). It follows that (C) = G and,
since G is finitely generated, there is a finite subset B of C' that generates G.
Then the strict right boundary of Core(H) in G with respect to B is finite since
any product of generators of C' of length m must belong to Core(H). O

The example given in Proposition 8.19 also answers the question of whether
or not having a finite strict boundary is a transitive property for subgroups of
groups. If we define K = Z & Zy @ {0} and let N and G be as in the proposition
then it is clear that N < K < G. Moreover, the index of K in G is 2 and the
index of N in K is 2. It follows from Lemma 8.21 that N has a finite strict
boundary in K and that K has a finite strict boundary in G. Thus the property
of having a finite strict boundary is not a transitive one, not even for groups.

This leads to the following question.

If G is a finitely presented group with H a subgroup of G with finite

index, then can we always construct a finite chain of subgroups

G =K = Kj'Z .o 2 Ky =H
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such that K; has finite strict boundary in K;_; for all i?

We provide a partial answer to this question here. A group is soluble if it has
a normal series such that each normal factor is abelian, and a group is polycyclic
if it has a normal series such that each normal factor is cyclic. It is well known
that a finite group if soluble if and only if it is polycyclic (i.e. every finite soluble

group has a subnormal series with cyclic factors; see [80, 5.4.12.]).

Proposition 8.22. Let G be a finitely generated group with N a normal subgroup
of G. If G/N is a finite soluble group then there exists a finite chain

GC=Kp>..2Keg=N

such that the strict right boundary of K; in K1 is finite for all i.

Proof. We prove the result by induction on the index of N in G. When [G :
N] = 2 we have G/N = Z; and the result follows from Lemma 8.21. Now
suppose that the result holds for all groups G’ with normal subgroups N’ such
that [G' : N'] < [G : N] and G’'/N’ is finite and soluble. Since G/N is finite and
soluble we can write:

G/N-:L{}ELlE...[ZLk:{l}

where L; /L4 is finite and cyclic for all . By the correspondence theorem there
exist groups:
G=Rg > K 2o Kp=N

such that K;/N = L; for all i. Also, since L} 9 Ly = G/N it follows that
K; <K, = G. By construction we have K7 /N = L. Note that [K; : N] < [G : N]
and K /N is soluble so we can apply induction. By induction there is a chain:

Ki=HozHy2...2H =N

such that H;,, has a finite strict boundary in H; for all i. By the third isomor-

phism theorem we have:

G/N
G/I(] — K,I/W — L(]/Ll

where Ly/L; is a finite cyclic group. If follows from Lemma 8.21 that K; has a
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finite strict boundary in G. Therefore the chain:
G=Go2Ki1>2Hi2H>...2H =N

has the property that each group has a finite strict finite boundary in the previous
one. This completes the inductive step and the proof of the proposition. O

We leave the general question as an open problem.

Open Problem 10. Let G be a finitely generated group with N a normal
subgroup of G. Prove that if NV has finite index in G there is a finite chain:

G=K¢>K,>...>2K,=N
such that Ky, has a finite strict boundary in K; for all i.

Subgroups of completely 0-simple semigroups

In Chapter 2 we undertook a fairly detailed analysis of the generating sets of finite
completely 0-simple semigroups. It is obvious, using ideas from those chapters,
that for § = M°[G; I, A; P] to stand a chance of being finitely generated, both
I and A must be finite. Furthermore, if G is finitely generated and I and A are
finite then S is obviously finitely generated. What about the converses? These
questions were considered in [6] where it was shown that S is finitely generated
(resp. presented) if and only if I and A are finite and G is finitely generated
(resp. presented). In this subsection we will recover one direction of this result
as an application of Theorem 8.10.

Our approach is as follows. Given a finitely generated completely 0-simple
semigroup S = MO[G; I, A; P], where I and A are finite, we will show the ex-
istence of a subsemigroup T of S that is right unitary, has a finite strict left
boundary in S, and has a subgroup H isomorphic to G that is left unitary in T°
and has a finite strict right boundary in T'. It then follows from Theorem 8.10
that if S is finitely presented then T is finitely presented and so G is finitely
presented.

Let S = MY[G;1,A; P] where I = {1,...,m}, A = {1,...,n} and where P
has been normalised (using Theorem 2.54) so that every non-zero entry in the

first row and first column is equal to 1, and so that p;; = 1.

Proposition 8.23. Let S be a completely 0-simple semigroup. Let R and L be

a non-zero R- and L-class, respectively, of S.
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(i) The union of group H-classes of S that intersect R is a right unitary sub-

semigroup of S.

(ii) The union of group H-classes of S that intersect L is a left unitary sub-

semigroup of S.
Proof. We prove part (i) only. Part (ii) may be proven using a dual argument.
Let s € S\ T and let t € T. There are three possibilities to consider.
Case 1: s = 0. In this case st = 0 which is not in 7.

Case 2: s #0 and L;NT = @. In this case st = 0 which is not in 7.

Case 3: s # 0 and Ly;NT # @. Then st belongs to the same R-class as s which
means that st ¢ T'.

It follows that T is right unitary in S. O
By exactly the same argument we have:

Proposition 8.24. Let S be a completely simple semigroup. Let R and L be a
non-zero R- and L-class, respectively, of S. Then R and L are right and left

unitary subsemigroups, respectively, of S. - O

We now want to show that these subsemigroups have finite strict left or right
boundaries in S. In order to do this we will give a method for transforming an ar-
bitrary finite generating set of S into one with respect to which the subsemigroup

R (or L) has a finite strict boundary.

Definition 8.25. Define f : S — P(S) by

{(i,9,M\)} ifi=1

i,g,A) ) =
f((E,9,2)) {(1,9,/\)1(3.7111)} otherwise.

Lemma 8.26. If A C S generates S and pyy = 1 then f(A) = J,e4 f(a)

generates S.

Proof. Since (i,1,1)(1,9,A) = (¢,1g9,X) = (4,9, A) it follows that A C (f(A4)) and
50 (f(A)) 2 (4) = 5. 0

Lemma 8.27. Let A be a finite generating set for S. Let T = {(1,9,A) : g €
G,pax1 = 1}. Then the strict left boundary of T in S with respect to f(A) is finite.
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Proof. It is immediate from the definitions that every element in SB;(f(A),T)
has the form
(1, 9ks A) (ik-1,1,1)(Ik—2,1,1) ... (i1, 1,1)

where i; # 1 for all j. Now we have
(X, Gk A) O3 1y ) oo (8, 1 1) = (86800 WD s D 15 1) = [Lo@ePis; g5 1)

We conclude that SB;(f(A),T) C {(1,gpxri,1) : g € m(f(A)),2 € I, X € A} which
is a finite since f(A) is finite and I and A are both finite. Here m(f(A)) denotes
the set of middle components of the set f(A) which is a subset of G. O

Now we do the same thing but for Hy; inside T'. first we define the dual of

the function f.

Definition 8.28. Define f': S — P(S) by

{(i,9,2)} ifA=1

"((5,g,)\) ) =
f'(G,g,A)) {(1,9,A\),(1,1,\)} otherwise.

In the same way as in Lemma 8.26 if A generates T' then f’(A) generates T
Let Hyy be the H-class Hyj; = {(1,4,1) : g € G}. It is a group since p;; = 1 by

assumption.

Lemma 8.29. The subsemigroup Hyi is left unitary in T and if A is any finite
generating set for T then Hyy has a finite strict right boundary in T with respect
to the generating set f'(A).

Proof. For the first part let h € Hyy and let t € T'\ Hy;. Then ht is in the L-class
of t in T and so does not belong to Hyj.
For the second part consider an arbitrary element of SB,.(f'(A),H11) in T.

It can be written as
(L, LA ... (1,1, A1) (1, 9%, 1)

where A; # 1 for all j. Now we have
(L1, A1) - (3,1, Me—1)(L, 9, 1) = (L, pA1Px01 - - - P19k, 1) = (1, gk, 1).

Since f’(A) is finite it follows that the strict right boundary of Hy; in T is
finite. O

From these results we can conclude the following.
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Theorem 8.30. Let S be a completely 0-simple semigroup with finitely many
R- and L- classes. Let G be the unique non-zero mazimal subgroup of S. If S
is finitely generated (resp. finitely presented) then G is finitely generated (resp.
finitely presented).

Proof. Let G be a maximal subsemigroup of S. Let T" be the union of the group H-
classes that intersect the R-class of G. Then by Proposition 8.23 and Lemma 8.27
the subsemigroup T is right unitary in S and has a finite strict left boundary in
S. By Lemma 8.29 the subsemigroup G is left unitary in T and has a finite strict
right boundary in 7T'. The result now follows by applying Theorem 8.10. O

We conclude this chapter by mentioning that in [83] a much more general re-
sult than the one above was proven. It was shown that if S is a regular semigroup
with finitely many R- and L-classes then S is finitely presented if and only if all
of its maximal subgroups are finitely presented.
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