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Abstract

The visible surface of the Sun, the photosphere, is covered with a multitude of small
magnetic fragments that form a "magnetic carpet". Understanding the behaviour of these
fragments and the overlying magnetic fields that they produce is crucial to unravelling the
nature of coronal heating.

This thesis, spurred on by observations, is an examination of various aspects of the
magnetic carpet. MDI magnetograms are used as input to a model which investigates the
connections between opposite-polarity fragments, as well as examining the origin of the
flux present at various altitudes. The domain structures through which the many opposite-
polarity connections are forged are examined and classified according to their geometry
and topological features.

The abundance of magnetic separators in mixed-polarity magnetic fields is then esti¬
mated using both a Monte Carlo experiment and a model based on observed data. It is
found that they are more abundant than one would expect, since some pairs of nulls are

linked by more that one separator. The orientation of separators about null points, as well
as connections between coronal nulls, is also studied.

MDI data is then used again in order to determine the timescales over which coronal
flux is recycled. After determining changes in domain fluxes due to emergence and can¬

cellation of flux between magnetogram images, it is found that coronal flux is recycled
in only a fraction of the time taken to recycle all photospheric flux. Typical separator
currents required to maintain observed heating rates are also calculated.

Finally, a 2y2D model is used to estimate how complexity affects the separatrix cur¬

rents that result from shearing motions applied to magnetic sources. The main factors that
affect the current are found to be the number of sources through which a given amount of
flux emerges through the photosphere, along with the spatial distribution of the sources.
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Chapter 1

Introduction
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An old pond
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The sound of water

MATSUO BASHO (1644-1694)

1.1 The Sun

The Sun is by far the most dominant feature in our solar system, accounting for approx¬
imately 98% of its mass. Situated 1.497xl08 km from the Earth at the centre of the
solar system, it is actually a fairly ordinary star of spectral type G2 V and absolute stellar
magnitude 4.83. However, our close proximity to the Sun makes it special, as it pro¬
vides a unique opportunity for us to gain an invaluable insight and understanding into the
behaviour of stars in general.

1.1.1 The Solar Interior

Traditionally, the interior of the Sun has been viewed in terms of a series of layers, as

illustrated in Figure 1.1. The innermost region of the Sun, the core, extends from the
centre of the Sun to about 0.25 R0. It is there that the temperature of 1.5xl07 Kelvin
and pressure of 340 billion times the Earth's air pressure at sea level allow thermonuclear
reactions to take place, generating some 99% of the Sun's energy.

In the region above the core, the radiative layer, the high density of the plasma pre-

1
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CORONA

Figure 1.1: Structure of the Sun. The temperatures shown are in degrees Kelvin and the densities
are in kg m-3. The radius of the Sun, Rq, is 6.96x 108 Mm.

vents the radiation from the core from travelling unimpeded to the solar surface, a process
that would take around 2 seconds. Instead, the many collisions between the photons and
the plasma (or absorptions and re-emissions of energy) mean that the photons follow a

'random walk' through the radiative layer, a process which takes around 170 thousand
years. Hence, the photons that start out as gamma rays emerge as visible light having lost
more than 99.999% of their energy.

At around 0.7 R0, the Sun's interior becomes too cool and too opaque to allow any

further radiative transport of energy. At this point, huge convection currents give rise to a

cellular pattern by causing the plasma to rise, cool and fall in a cyclic motion akin to the
way in which bubbles transfer energy in boiling water. This process efficiently transfers
energy over a distance of around 2.1 x 105 km to the solar surface.

1.1.2 The Solar Photosphere

Above the convection zone lies the visible surface of the Sun that we are most familiar

with, the solar photosphere. The photosphere is a very narrow region of only around 100
km in thickness, from which the majority of the energy that we receive from the Sun
originates. At this level, the temperature is around 6600 K, and it is only here that direct
observations of the various features of the outer Sun can start to be made. It is for this

reason that the photosphere is commonly known as the solar surface. The photospheric
surface is characterised by the granular and supergranular flow patterns resulting from the
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convection below.

Granules, which are the tops of convection cells, are small cellular features, typically
1000 km in diameter, that cover the entire surface of the Sun (except those regions occu¬

pied by sunspots). Hot material from the solar interior rises in the centre of each granule
and spreads out to the cell boundaries where it cools and drains. Thus, cell centres appear
bright, whereas the boundaries appear dark. On average, granules survive for around 8
minutes.

Supergranular cells exist in addition to granular cells, and their sizes range from 13
Mm to 18 Mm in diameter (mean 14 Mm) (Hagenaar et al., 1997), although they are

generally irregular in shape and size. They are best seen by observing Doppler shifts in
the light emitted by the photospheric material in motion. Supergranule cells typically last
for 1-2 days.

1.1.3 The Solar Atmosphere

Proceeding outwards to the base of the chromosphere, a highly non-uniform layer of
around 2000-3000 km in thickness, the temperature decreases to around 4400 K. How¬
ever, rather unintuitively, the temperature then starts rising, and reaches a temperature of
around 10 000 K at the top of the chromosphere.

Above the chromosphere, the temperature continues to rise further, and exhibits a

sharp increase through a narrow layer termed the transition region. Over a 30 km distance,
the temperature rises from 3xl04 to 3xl05 K. The temperature continues rising above
this, increasing from 3x 105 to 106 K within 2500 km.

The temperature attains a mean value ofover amillion Kelvin in the outermost layer of
the Sun's atmosphere, the solar corona. The solar corona, which extends from the top of
the transition region out to the Earth and beyond into interstellar space, may be observed
by the naked eye during solar eclipses as a halo that crowns the Sun. The corona gives
rise to a multitude of interesting features that occur as a consequence of the dominant
magnetic fields that are present there.

Around sunspots and active regions, closed magnetic field lines connect magnetic
regions on the solar surface and show up as magnificent loop structures in the corona.



4 Introduction

Figure 1.2: Coronal loop structures as seen by the TRACE spacecraft.

1.2 The Magnetic Sun

The surface of the Sun exhibits differential rotation, meaning that the poles rotate slower
than the equator. The result of this is that the Sun has a rotation period of 35 days at the
poles, but only 25 days at the equator. Solar seismological studies have demonstrated that
this behaviour persists throughout the convection zone; however, at a radius correspond¬
ing to the base of the convection zone, termed the tachocline, the picture changes and the
Sun rotates as a solid body through the radiative layer and the core. The interface layer
between the top of the radiative zone and the base of the convection zone is believed to be
the seat of a deep-rooted mechanism that generates intense, large-scale magnetic fields,
called the solar dynamo. These intense magnetic fields rise to the solar surface due to

magnetic buoyancy and pierce through the photosphere, producing a variety of phenom¬
ena in the solar atmosphere. Figure 1.2 shows an example of the typical kind of loop
structures that one would associate with the magnetic concentrations that characterise the
solar photosphere.

Typically, the fields that are observed at the photospheric level are divided into two
classes, namely quiet-Sun regions and active regions (illustrated in Figure 1.3). The tra-
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ditional view is that active region fields arise as a direct consequence of the large-scale
solar dynamo, whilst quiet-Sun fields are a by-product of this process. Recently, how¬
ever, it has been realised that other dynamo processes may be at work in the Sun. The
continued presence of quiet-Sun fields at solar minimum, when active regions are gener¬

ally absent, has led to the suggestion that the quiet-Sun photospheric flux is generated by
local dynamo action just below the Sun's surface, driven by granular and supergranular
flows (Meneguzzi and Pouquet, 1989; Durney et ah, 1993; Petrovay and Szakaly, 1993;
Lin, 1995; Hughes et ah, 1998; Tobias, 2002). In practice, it is likely that both mecha¬
nisms are at work, so that the problem lies with determining how substantial a role each
mechanism plays in the generation of quiet-Sun magnetic fields.

In this thesis, it is the smaller quiet-Sun magnetic fields, rather than the large, con¬
glomerate active region fields, that are subject to scrutiny.

I.2.1 Quiet-Sun Regions

It was previously thought that the quiet Sun, with fields ranging from the detection limit
of ~1016 Mx up to about 3xl020 Mx, is static and uneventful, with magnetic fields that
are unimportant. However, in recent years it has been realised that the quiet Sun is in
fact highly dynamic and complex in nature. A magnetogram image of the line-of-sight
magnetic field associated with a typical quiet-Sun region is shown in Figure 1.3.

At the photospheric level, quiet-Sun regions are made up of an interwoven array of
small magnetic fragments, termed the 'magnetic carpet' (Schrijver et al., 1997). Mag¬
netic flux is located in many fragments that form a network-like pattern which evolves
with the supergranular convection. The majority of the quiet-Sun flux originates in so-

called ephemeral regions, which have a total absolute flux ranging from 2.6xlO18 Mx
to 407xl018 Mx (Hagenaar, 2001). Title (2000) found that initially they diverge rapidly
at a speed of 4.5 km s-1, growing in flux until they acquire their maximum flux. This
birth phase occurs over about 30 minutes. They then slow down to around 1.4 km s~
as they drift towards the supergranule boundary. They are later characterised by a further
reduction in speed, typically to around 0.7—1.7 km s_1 (Harvey, 1993). Title (2000) also
found that the average flux concentration in the quiet Sun only travels around 25 000 km
before cancelling. Ephemeral regions essentially form clusters of fragments, whose total
net flux is zero, and have a slight tendency to appear near the edges of supergranule cells
(Wang, 1988). Hagenaar (2001) found the mean flux per ephemeral region to be around
II.3xl018 Mx, emerging at an average rate of 4.4x104 per day (averaged over the en-
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Figure 1.3: (a) Full-disk magnetogram showing the line-of-sight component of the photospheric
magnetic field. An active region is highlighted by the red rectangle, whilst the blue rectangle
highlights a quiet-Sun region (Courtesy of SOHO/MDI). (b) Close-ups of the two highlighted
regions.
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tire Sun). With this rate of emergence, the magnetic field in the quiet Sun can be replaced
every 14 hours. (Recent work by Hagenaar et al. (2003) revised this figure to 8-19 hours).

The quiet Sun is dominated by network fragments, 90% of whose flux originates in
ephemeral regions (Martin, 1990). Network regions (Martin, 1988) are typically found
at sites of strong downflow, usually at the confluence of two or more supergranule cells.
They have typical strengths of 1018-1019 Mx, and typical diameters of 1000-10 000 km.
The remaining 10% of flux in the network fragments comes from the piling up of intranet-
work fragments (Livingston and Harvey, 1975; Martin, 1984, 1988, 1990; Livi et al.,
1985; Wang et al., 1985; Wang and Shi, 1988; Wang and Zirin, 1988; Wang et al., 1988;
Zirin, 1985, 1987). These fragments have typical fluxes ofl016-1018 Mx (average 5 x 1016
Mx). Intranetwork fragments are very small (diameter ^2000 km) and relatively short¬
lived. As such, it has traditionally been believed that intranetwork regions have little
impact on the outer atmosphere.

The typical behaviour of the photospheric magnetic flux in the quiet Sun can be de¬
scribed by four processes: (i) emergence - the appearance of new flux from below the
photosphere; (ii) cancellation - the mutual loss of flux from opposite-polarity magnetic
fragments; (iii) fragmentation - the break-up of fragments into smaller ones and (iv) co¬
alescence - the merging of fragments of the same sign to form a single larger fragment.

Recent models by Parnell (2001) and Simon et al. (2001) for the way in which the
Sun's magnetic field distribution is created and maintained by ephemeral flux emergence,

fragmentation, coalescence and cancellation built upon previous work by Schrijver et al.
(1997) and van Ballegooijen et al. (1998). Parnell estimated that the average emergence

rate of new flux in the quiet Sun must lie between 6xl0~2 and 10~5 Mx cm~2 s-1 in
order to maintain an absolute flux density of 2.5-3 G. This requires a fragmentation rate
of more than 12 x 10-5 s-1 in order to agree with observations.

1.3 Modelling the Sun's Magnetic Field

The magnetic field that emerges into the Sun's atmosphere from the flux concentrations on
the photosphere obeys the equations of magnetohydrodynamics (MHD) (see, for example,
Priest (1982) or Boyd and Sanderson (2003) for a detailed discussion). These essentially
consist of a simplified form of Maxwell's equations together with Ohm's Law, a gas law,
and equations of mass continuity, motion and energy.
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In mks units, Maxwell's equations may be expressed as-

VxB = « + (U)
VB = 0, (1.2)

VxE = (1.3)

V-E = (1.4)
e

where B is the magnetic induction (loosely referred to as the magnetic field), E is the
electric field, j is the current density, p is the magnetic permeability, e is the permittivity
of free space, po is the charge density and c is the speed of light in a vacuum. In non-

relativistic MHD, the plasma flow speed vo is much less than the speed of light c (i.e.
v0 c), so that Equation (1.1) reduces to Ampere's law, namely

V x B = /ij. (1.5)

It is also worth noting here that for solar plasmas, p and e are approximated by their
vacuum values, p0 and e0, respectively.

Plasma moving with a velocity v across a magnetic field is subject to an electric field
v x B. Since there may also be an electric field E which would act on the material at rest,
Ohm's law may be written as:

j = cr(E + v x B), (1.6)

where a is the electrical conductivity.

The equation of mass continuity,

^ + V-(pv)=0, (1.7)
states that the density at a point increases (dp/dt > 0) if mass flows into the surrounding
region (V • (pv) < 0), whereas it decreases when there is a divergence of the mass flux.

The equation of motion may be stated as

Pj^ = -Vp + j x B + pg + Fy, (1.8)
where p is the plasma density, p is the plasma pressure, g is the gravitational acceleration,
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Fy is the viscous force (neglected here) and

^ = f + (v.V)v (1.9)
is the material derivative. In the solar context, the plasma pressure is related to the plasma
density by the perfect gas law

p = lZpT, (1.10)

where 1Z is the gas constant and T is the plasma temperature, which in turn is given by
an energy equation.

It is often convenient to combine together Equations (1.3), (1.5) and (1.6) in order to
eliminate E and j, resulting in the so-called induction equation

nr>

— = V x (v x B) + r?V2B, (1.11)
at

where r\ is the magnetic diffusivity, equal to (/icr)-1. The equation of motion and the
induction equation are essentially the two fundamental equations of MHD, determining
the two primary variables v and B. By comparing the two terms on the right-hand side
of the induction equation, the magnetic Reynolds number Rm may be defined as

Rr.
V x (v x B)

??V2B
(1.12)

77

where l0 and v0 are typical length and velocity scales.

When Rm 1, the magnetic field is said to be "frozen into the plasma", meaning
that, whilst the plasma is free to move along magnetic field lines, plasma motions per¬

pendicular to the magnetic field drag the field lines along with them. In this limit, the
frozen-flux theorem of Alfven holds, and so the plasma is perfectly conducting. This is
the case nearly everywhere in the Sun's atmosphere.

However, when Rm <C 1, the the magnetic field is governed by a diffusion equation,
implying that field variations on a scale /0 are destroyed over a time scale t0 — IqSh¬

in the cases where Rm < 1, the plasma is free to move across field lines with different
topological connections, which in turn may result in magnetic reconnection. Reconnec-
tion is the process by which field lines are broken and then reconnected in a different
way. In two dimensions, reconnection can only occur at null points; however, in three
dimensions, reconnection can occur both at null points and in the absence of null points
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(Schindler et al., 1988; Hesse and Schindler, 1988; Lau and Finn, 1990).

1.3.1 Magnetohydrostatics

It is often convenient to use reduced forms of the MHD equations depending on the rela¬
tive importance of all the forces acting within the region of interest. When the plasma flow
speed is much less than the sound speed (7Po/po)1^2 (here 7 is the adiabatic constant),
the Alfven speed ^/(ppo)1/2 and the gravitational free-fall speed (2p/0)1^2 collectively
(here Iq represents a vertical scale length), the result is magnetohydrostatic balance

0 = -Vp + j x B + pg, (1.13)

between the pressure gradient, the Lorentz force and the gravitational force. Taking the
ratio of the first two terms in Equation (1.13) gives the plasma beta

0 =
-Vp
j x B
^ (1 14)B2 ■ I'-"*)

where po represents a typical value for the plasma pressure. Thus f3 is essentially a mea¬

sure of the relative magnitudes of the plasma pressure and the magnetic pressure. Taking
the ratio of the third and first terms in Equation (1.13) gives

Pg

—Vp
k
Ho'

where H0 is the pressure scale height. When /? « 1 and l0 <C H0, the plasma pressure

gradient and gravity are dominated by the Lorentz force and Equation (1.13) becomes

j x B = 0. (1.15)

This is the so-called force-free assumption. Although a force-free approximation is in¬
valid during highly dynamic events, such as the explosive phase of a flare, it is otherwise
a good approximation to the field in the Sun's corona. One subtlety is that the electric
current flows along magnetic field lines. Furthermore, since the electric field is given by
Ampere's law, Equation (1.15) may be written as

VxB = cr(r)B, (1.16)
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where a(r) is some function of position. In general, a(r) is constant along each individual
field line. However, choosing a to be the same constant along every field line results in
the simpler linear or constant-a approximation. By choosing a = 0 in particular, the
so-called current-free (or potential) field is obtained.

1.4 Topology and the Potential Field Approximation

Throughout this thesis, much use will be made of potential fields in studying the statistical
properties of the Sun's magnetic field. To do this, the field will be considered to be
emanating from a series of point sources. In such an approximation, the charges are

assumed to lie in a plane, and the corona is considered to be the region z > 0. Thus,
if the field arises from n point sources at positions (i — 1... n) and with strengths e;

(i = 1... n), then the magnetic field B(r) at a point r = xSt + yy + zz, is obtained using
the point-source Poisson solution

In this thesis, the integration of Equation (1.18) will be carried out using a fifth-order
Runge-Kutta-Fehlberg method of integration with a self-adjusting step size.

Before continuing any further, though, it is worth stopping to ponder over the as¬

sumptions outlined above. Although the use of point sources appears at first to violate
the solenoidal condition V • B = 0, if each source is considered to represent a flux tube
passing through the solar surface and spreading out into the overlying corona, then this
simplification is allowable. Furthermore, although the Sun isn't flat, its curvature may be
neglected when the area of the solar surface under consideration is sufficiently small.

The potential field approximation, in which no currents flow and the field therefore
permits no stress, is more disputable. Certainly active regions, which are comprised of
multifarious flux elements that have complex geometrical structure and are separated by
distances less than present angular resolutions, give rise to complicated current systems
that are poorly represented by potential field models. In the quiet Sun, though, such prob-

(1.17)

Field lines may then be calculated by numerically solving

dl dx dy dz
B| Bx By Bz

(1.18)
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lems are less pronounced, as the current concentrations that build up in quiet-Sun regions
are undoubtedly far less complex than those that are suggested by images of the corona

above active regions. Indeed, it is believed that the magnetic field at sufficiently high
altitudes in the corona (away from structures such as prominences) is close to potential
(e.g. Longcope, 1996).

At present, any attempt to use a more elaborate method of construction than the po¬

tential field extrapolation requires a great deal of effort. Such studies are hampered by
insufficient knowledge of boundary conditions (due in no small part to the fact that current
magnetograms only view the photosphere from one fixed position, and so only record the
longitudinal component of magnetic fields in all but the strongest of magnetic regions),
and often require trying out several boundary conditions until the one that most closely
matches the observed field is obtained. Moreover, the resulting fields are never unique
and depend strongly upon observations of field structures which are highly instrument
(i.e. temperature) dependent.

1.4.1 Representing Photospheric Fragments

When choosing to represent photospheric fragments by a series of point sources, there is a

couple of ways in which one may proceed. Either several point sources may be clustered
together to represent a single photospheric fragment (Chapter 2), or each individual point
source may itself represent a single photospheric fragment (Chapters 3-6).

Each scenario has its own distinct advantages and disadvantages over the other (ex¬
amined in Appendix A). When one wishes to extrapolate the field from an observed mag-

netogram, it is worthwhile to consider representing each fragment by a cluster of point
sources. The number of sources in each fragment is then generally determined by the
resolution of the magnetogram from which the field is being extrapolated, since a natural
criterion for placing the sources is to put a single point source at the centre of each pixel.
The strength of the point source is then determined by the intensity of the pixel (although
pixels below a fixed threshold value are typically ignored, as they are indistinguishable
from noise). In this way, the overall geometry of each fragment is conserved far more
than it is when each fragment is represented by a single point source.

However, if one wishes to study the topology of a magnetic configuration, then repre¬

senting each magnetic fragment by a series of point sources has some awkward disadvan¬
tages. As null points are crucial to the study of magnetic charge topology, the artificial
null points that occur between sources within a fragment result in many artificial sepa-
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Figure 1.4: The structure of the field about a 3D null point. The null here is positive, with the
spine field lines lying on the z-axis and directed towards the null point. Fan field lines are directed
away from the null point and lie radially in the x-y plane.

rators and fan surfaces threading the corona. Although it has been realised recently that
quiet-Sun fragments are likely to be comprised of many smaller magnetic flux elements,
which would indeed lead to internal nulls within each fragment, it would be wrong to
allow artificial nulls here when there is no observational evidence showing the structure
of the sub-elements within a given magnetic flux fragment.

Instead, it is more convenient to treat each individual fragment as a single point source
when studying magnetic charge topology. This allows for faster computations of the field,
since there are fewer sources, whilst still retaining the main features of the overall field.

1.4.2 The Topological Skeleton

The topological skeleton of a magnetic field B(r) consists of sources, null points, separa-
trix surfaces (fans), spines and separators (Cowley, 1973; Priest et al., 1997). Null points
are locations at which the magnetic field vanishes, the structure near a typical 3D null
point being shown in Figure 1.4. Locally, in the region around the null, the magnetic field
can be approximated by Taylor expanding the field B(r) and neglecting all the resulting
terms except the linear ones. This linearised representation possesses three distinct eigen¬
values that must sum to zero, given that V • B = 0 (Fukao et al., 1975; Greene, 1988;
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Parnell et al., 1996). Thus, if the degenerate case when an eigenvalue is zero is ignored,
then it must hold that either two eigenvalues are positive (giving a so-called positive null),
or two are negative (a negative null). The two similarly signed eigenvectors define a pla¬
nar surface, termed the fan plane. Outwith the neighbourhood of the null, the field lines
that originate in the fan plane form separatrix surfaces. The remaining eigenvector de¬
termines the direction of the two spine field lines, which terminate at the null point and
are, in the case of potential nulls, normal to the fan plane. Fan field lines are oppositely
directed to spine field lines, so that field lines entering the null along the spine leave via
the fan plane (a positive null), and vice versa.

Photospheric nulls in potential fields may be either upright or prone (Beveridge et al.,
2003). Upright nulls are defined as those nulls with their spine field lines normal to the
photospheric surface, whilst prone nulls are defined as those with their spine field lines
lying within the photospheric plane.

When two separatrix surfaces intersect, they form a topologically distinct feature
called a separator, which joins two oppositely signed null points. Separatrix surfaces
divide the volume into distinct regions, called domains, within which all the field lines
connect the same pair of sources. Thus, separatrix surfaces provide the borders between
domains.

1.5 Some Results and Theories

The motions of network elements force the coronal magnetic fields to interact in a com¬

plex way. Numerous theories predict dissipation of magnetic energy at null points (Dungey,
1958; Schindler et al., 1988), whilst other models predict energy dissipation along sepa¬

rators (Lau and Finn, 1990, 1996; Longcope, 1996, 1998; Priest and Titov, 1996; Gals-
gaard and Nordlund, 1997; Galsgaard et al., 2000). Recently, Galsgaard et al. (2000),
Priest et al. (2002) and Mellor et al. (2004) also showed that dissipation may occur across

separatrix surfaces. Priest et al. (2002) explored the formation and dissipation of current
sheets on multiple separatrix surfaces (referred to as 'flux-tube tectonics') and their ef¬
fect on coronal heating. They found that simple relative motions (rather than complex
braiding) of separate flux sources produce current sheets along the separatrices, which
then dissipate rapidly by fast reconnection or in a turbulent manner. However, there is
very little observational evidence to show what roles each of these mechanisms play in
determining the way in which the solar corona is heated.
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Aside from investigating the physics of how the various mechanisms work, several
statistical studies have attempted to quantify the density of null points present in the
quiet Sun's atmosphere. Schrijver and Title (2002) studied the statistical properties of
the connectivity of field lines representing the magnetic field in the solar atmosphere by
analysing the potential field over a source plane randomly sprinkled with 300 magnetic
point sources. By looking at 200 such realisations (in order to improve statistics), they
found that each source connects to 1-12 opposite-polarity sources by field lines in the
plane (typically 3-4), whilst the total number of opposite-polarity sources that a source is
connected to by field lines both in and out of the plane ranges from 1 to 32, with an average

of 8. They discovered a relation of approximately 1 null per source, with 91% lying in the
source plane. One surprising result was that even the smallest sources frequently connect
to many sources, with only a weak trend of stronger sources connecting to more sources.

Despite the many connections, they found that 50% of the flux from a source connects
to just one near source, 40% connects to another 2-6 near neighbours, and the remaining
10% connects to as many as 25 other sources.

This study was followed by Longcope et al. (2003) who derived an expression for the
distribution of magnetic null points in potential magnetic fields and applied their results
in numerical experiments which also accounted for the effects of varying degrees of flux
imbalance. By considering 10 000 different model fields, each emanating from a random
number ofmixed-polarity sources scattered on a disk (typically ~300) and with strengths
chosen from both uniform and exponential distributions in two separate runs, they found
that the coronal density of null points in a given field is highly dependent on the degree
of imbalance between positive and negative sources, with the greatest density of coronal
nulls occurring when 20% of the sources are of the minority polarity.

In the z = 0 plane, one generally finds that prone nulls are far more common than
upright nulls. Beveridge et al. (2003), found a density of 0.0018 ± 0.0007 upright nulls
per charge for fields in perfect flux balance with an exponential distribution of source
strengths (they also considered a uniform distribution of source strengths and obtained
similar results). This density was found to increase exponentially as the flux imbalance
increases, with the highest density of upright nulls occurring when all sources are of one
polarity. This behaviour makes sense if one considers only the footprints of the field
(the two dimensional regions formed by the intersection of a domain with the photo-
spheric plane (Welsch and Longcope, 1999)). In the scenario where there are only pos¬

itive sources, the footprint fan field lines have no negative sources to connect to, and so

they must either terminate at upright nulls or connect to a balancing source at infinity.
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1.6 Outline

Throughout this thesis, potential field models are used, often based on observed data, to
deduce the properties of the Sun's magnetic carpet. These models typically consist of
hundreds ofmagnetic flux fragments, from which statistical properties of the corona over

the quiet Sun are obtained.

In the following chapter, the aim is to explore the geometric and connectivity charac¬
teristics of flux tubes in the quiet Sun. This is achieved by using data from magnetogram

images taken by the MDI instrument on board SOHO as input to a potential field model.
It is found that the coronal magnetic field over the quiet Sun, whilst generally being com¬

plex in character with many interconnections between fragments covering a broad range

of sizes, is highly sensitive to local flux imbalances. Fragments are found to connect to
numerous opposite-polarity fragments, with larger fragments generally having more con¬

nections. The origin of the flux at various heights is also examined, leading to the startling
observation that even smaller fragments contribute to the field at higher altitudes. Chapter
2 is concluded with a summary of the main findings of the analysis, along with a detailed
comparison with the study of Schrijver and Title (2002).

The next chapter. Chapter 3, explores the coronal magnetic field from a more topolog¬
ical viewpoint. It has previously been suggested by several authors (e.g. Lau and Finn,
1990; Longcope, 2001; Longcope and Klapper, 2002) that the coronal field is comprised
of domains of only two types, namely isolated domains and separator-ring domains. Af¬
ter presenting an algorithm for tracing separator field lines, the remainder of the chapter
examines the nature of both isolated and separator-ring domains, and categorises them
further according to their geometry and topology.

The density of separators in mixed-polarity regions is examined in Chapter 4 by
analysing magnetic fields arising from point sources that are distributed using a Monte
Carlo experiment initially (the same method as used by Schrijver and Title (2002), in
fact), and later by utilising observed data. It is found that they are more abundant than
previously thought, as many nulls are found to be linked by more than one separator. It is
also shown that they have a tendency to bunch together about the nulls and form trunks,
similar to the findings of Beveridge et al. (2003) in the source plane. Connections be¬
tween coronal nulls are then studied, with the conclusion that bifurcations in the corona,

rather than those confined to the (highly symmetric) photospheric plane, may be quite
common in practice.

Recycling times for the coronal field are obtained using MDI data in Chapter 5. This
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involves initially isolating the effects on domain fluxes of emergence and cancellation
of flux in the photosphere, for which a subtle method is devised. It is found that when
the effects of emergence and cancellation are considered, the coronal flux is recycled in
roughly 1 / 10th of the time taken to recycle the photospheric flux calculated by Hagenaar
(2001). Indeed, by comparison with the amount of time taken to recycle all coronal flux
when emergence and cancellation are prohibited, it becomes clear that a certain amount
of reconnection occurs in reaction to emergence and cancellation of flux. An estimate
of the currents required to be flowing along separators in order to give observed heating
rates is then made.

Chapter 6 goes on to consider a model 2D translationally symmetric field in which
the magnetic sources are subjected to shearing motions. An examination of the effects
of complexity on the build-up of currents on separatrices is preceded by a simple 4-
source example demonstrating the properties of simple shearing motions. It is then found
that the amount of free energy built up by the shearing motions is dependent upon the
number of sources through which a given quantity of flux emerges into the system, and
also the spatial distribution of the sources. A simple comparison is also made between
coronal heating due to separatrix currents and coronal heating due to separator currents

by revisiting the four-source quadrupolar configuration mentioned previously.

A summary of the work presented in this thesis is given in Chapter 7, along with a

discussion regarding its possible applications and extensions.
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2.1 Introduction

One of the most important discoveries in the history of solar physics in recent times has
been that of the so-called 'magnetic carpet'. Where it had been previously thought that
the Sun's weak magnetic field away from active regions has a negligible influence on

the outer atmosphere, early observations with SOHO's Michelson Doppler Imager (MDI)
provided a revolutionary insight into just how dynamic the quiet-Sun magnetic field really
is.

Several studies, discussed in Chapter 1.2.1, have determined the various properties
of quiet-Sun magnetic flux. Further studies (e.g. Dominguez Cerdena et al., 2003) have
recently shown that the field in intranetwork fragments is as strong as that in the larger net¬
work fragments that cluster in supergranular lanes. Thus, the main distinguishing factor
between intranetwork fragments, with strengths ~1016—1017 Mx, and network fragments,

tThe work in this chapter was published in Vol. 212 of Solar Physics in February 2003 (Close et al.,
2003).
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(a) (b)

Figure 2.1: (a) Magnetogram image from the inner balanced region with noise removed, (b)
Sketch of the point-source-per-pixel representation of the magnetogram. The blue stars are posi¬
tive point sources and the red are negative.

with strengths ranging from 1018 Mx to 1019 Mx, is one of flux.

However, since the magnetic concentrations that abide in the quiet-Sun photosphere
give rise to a web of intermingled magnetic flux tubes, a good statistical understanding
of the magnetic field above the photosphere is needed in order to understand better the
connection between the photospheric magnetic flux fragments and the coronal magnetic
field. In this chapter, the nature of coronal flux tubes is studied.

In the following analysis, each photospheric magnetic fragment is represented by a

series of point sources and the overlying potential field is analysed. A detailed expla¬
nation of how the field is represented is given in Section 2.2. Results are presented in
three sections: Section 2.3 discusses properties of flux tubes, Section 2.4 details the con¬

nectivity between opposite-polarity fragments, and Section 2.5 examines how individual
fragments influence the field at varying heights. Finally, Section 2.6 provides a discussion
of the results.

2.2 Analysing the Magnetic Carpet

In order to study the properties of the magnetic carpet, high-resolution MDI magne-
tograms of the quiet Sun, observed near disk centre on 13th June 1998, are used. Before
the analysis is performed, temporal noise in the data, which is largely due to 5-minute
oscillations, is reduced by averaging over 9 magnetograms spaced by 1 minute. Further¬
more, the resolution of the magnetogram is reduced by a factor of 2 in both the x and y

directions by summing 2x2 groups ofpixels. This helps reduce some of the spatial noise
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*

Figure 2.2: Example case showing starting points for n = 13; here p = 4 and q = 3, with one
field line starting directly above the source.

in the magnetogram.

To obtain information about the spectrum of flux tubes in the magnetic carpet, the
flux in a magnetogram is represented by a series of point sources. Each macropixel with
an absolute flux over 20 Mx cm-2 is represented by a point source, which is placed in its
centre (as discussed in Subsection 1.4.1). The flux of each source is set equal to the flux in
the pixel it represents. Figure 2.1 shows a representation of a section of the magnetogram
and the positions of the point sources used. In order to consider the effects of choosing
different regions with varying net flux, only a section of the magnetogram is used in the
analysis; two subregions are specially selected to give preferred scenarios. In each case, a

square, 300 x 300 macropixels in area, is selected with the subsequent analysis performed
on a smaller inner square of just 100 x 100 macropixels so as to reduce greatly the bias
of edge effects.

To calculate the field lines, a potential field is used, as discussed in Section 1.4. Al¬
though the field below the upper chromosphere is not force-free, much less current-free,
a potential field model is used for simplicity.

Field lines are calculated from starting points very close to the sources. Which sources

are integrated from and how many field lines are calculated from each source is discussed
later. Starting points for field lines are positioned on a hemisphere of radius 8 centred on

each source, where for a minimum source separation 7, say, it holds that 8 <C 7.

If there are n field lines per source, then the hemisphere is split into p rings, with q

segments per ring. This can be done in two ways such that there is always one field line
positioned directly above the source and n — pq + 1 (Figure 2.2), or n — pq, such that no
field line is started directly above the source (Figure 2.3).

Each starting point is calculated in such a way that each segment has the same area.

In the case shown in Figure 2.2, where there is a field line directly above the source, the
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Figure 2.3: Example case showing starting points for n = 12; here p = 4 and q = 3, with no field
line starting directly above the source.

angles shown in the figure are given by
7T

ft = 5,

#2 = COS-1
1 +pq

Qi = cos 1 ((i — 1) cos 02) f

9P+1 = cos"1 (p cos 92) ,

2 < i < p ,

(2.1)

(2.2)

(2.3)

(2.4)

whereas when there is no field line directly above the source (Figure 2.3), the angles are

(2.5)n —

7T

2 '

Oo = cos
-1

9i = cos ((i — 1) cos (>2) ,

9P+1 = 0.

2 < i < p ,

(2.6)

(2.7)

(2.8)

In both cases, the angle ipi that the field line makes with respect to the vertical, with
9i+1 > ipi > 9i, is given by

Ipi = cos 1 Q[cOs(6>;+i) + COs(#i)]^ .
(2.9)

For n > 5, the variables p and q are chosen such that the expression p — q > 0 is
minimised. (For 1 < n < 4, the value of p is fixed at one). This also determines whether
or not there will be a field line situated directly above the source. Each ring is offset from
the one below it by an angle 2tr/(pq) so as to obtain a larger range in the directions in
which the field lines point.
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Figure 2.4: High-resolution MDI magnetogram of the quiet-Sun photosphere, taken on 13th June
1998. The red solid-line box with the interior dashed-line box indicates the balanced region stud¬
ied. The blue solid-line box with the interior dashed line box indicates the unbalanced region.

2.3 Flux-Tube Characteristics

Two different regions, of size 300 x 300 macropixels (264 x 264 Mm), are picked from
the full magnetogram, as shown in Figure 2.4, and the inner 100 x 100 (88 x 88 Mm)
area is studied. The first region has a roughly balanced inner area (an exact flux balance
is difficult to find), whereas the second region has a strong imbalance, with the ratio of
positive flux to negative flux equal to 0.48 in the inner area. In both cases the entire flux
inside the larger square is roughly balanced. The height of the domain in which the field
lines are calculated is set at 264 Mm, equal to the horizontal size of the outer region.

For each of the two regions, m field lines are traced from each positive source of
strength e above 1.55 x 101' Mx (20 Mx cm""2 x area ofmacropixel), with m equal to the
integer part of e/e\ (where ei =7.73 xlO15 Mx = 1 Mx cm"2 x area of macropixel), so
that each field line represents the same amount of flux. This means that from each source

20 field lines are traced at minimum. For each field line calculated, it is assumed that all
the flux within the area it represents behaves in the same way. This is not strictly true,

but, provided min(e) t\, i.e., there are many field lines per source, it is a plausible
assumption. Since in any continuous field a flux tube may be defined as being the surface
made up of field lines that pass through a given curve, it is reasonable to refer to these
field lines as flux tubes. Thus, the continuous coronal field is split into a set ofmagnetic
flux tubes that each have flux e\ - hence, from a source of strength e = 30ei, say, there
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Figure 2.5: To the left is the magnetogram image of the balanced 88 x 88 Mm inner region that
is studied. To the right, the percentage of fragments with flux over a given value is shown. The
dashed line represents fragments with negative flux whilst the solid line represents fragments with
positive flux.

would start 30 such flux tubes. Since field lines are allowed to leave the inner region, the
distribution of lengths of field lines from both the polarities will not necessarily be the
same, and so the process is repeated for field lines linking to the negative sources.

For each flux tube calculated, information is stored about (i) its footpoints, (ii) the
strength of the fragments at these footpoints, (iii) the position of its maximum height and
(iv) its total length. For a random subset of the total number of flux tubes calculated, the
coordinates ofpoints along each flux tube are stored to produce field line plots. The results
obtained from the flux tubes are then compared in order to deduce various properties of
the magnetic carpet (Sections 2.3.1, 2.3.2 and 2.5).

In order to determine the connectivity of the region (discussed in Section 2.4), dis¬
crete fragments in the magnetogram are considered and information about the fragment
to which each pixel belongs is stored and used to create connectivity matrices for the
fragments of each polarity. Flux tubes that leave the domain through either the top or the
outer sides are flagged and subsequently discarded in the analysis. Those that leave the
inner box are followed to their footpoints in the outer region.

In the following discussion, flux tubes that have been traced from positive fragments
are referred to as 'positive' flux tubes, whilst those flux tubes traced from negative frag¬
ments are called 'negative' flux tubes.
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Figure 2.6: Percentage of flux tubes with (a) length greater than I, (b) height greater than h and
(c) endpoint separation greater than d. In all three plots the solid lines represent positive flux tubes
and the dashed lines represent negative flux tubes. Specific values are indicated by dotted lines,
and dsg indicates the diameter (14 Mm) of a typical supergranule cell.

2.3.1 A Balanced Inner Region

Within the balanced inner region (shown in Figure 2.5) there are 185 positive fragments
which are represented by 816 point sources and 190 negative fragments represented by
802 point sources. The distribution of the strengths of these fragments is also shown in
Figure 2.5 (right). For a given flux (rr-axis), the y-axis gives the percentage of fragments
with flux equal to or above this value. The total net flux is 24.5 xlO18 Mx in the inner
region, corresponding to a mean field of 0.3 G, compared to the total absolute flux of
629 x 1018 Mx and total absolute mean field of 8.1 G. In the whole 300 x 300 macropixel
region there are 2359 positive fragments represented by 7229 point sources and 1991
negative fragments represented by 7927 point sources.

The percentage of flux tubes with length greater than I is plotted in Figure 2.6(a)
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Figure 2.7: Contour plot of footpoint separation versus flux tube height for (a) positive flux tubes
and (b) negative flux tubes. The lowest contour level is 1, with each subsequent contour level at 3
times the previous one. The solid line indicates the line fitted to the data in the plot and the dotted
line is the line fitted to the data from the opposite polarity.

.? 40
<D
X

* 20

against length on a logarithmic axis. The dotted lines show that for flux tubes of both
polarities, 50% are less than 14 Mm, whilst 25% are more than 35 Mm in length. Close
inspection shows a mean flux tube length of around 35 Mm for the positive fragments and
around 29 Mm for the negative fragments. This implies that the majority of flux from one

quiet-Sun fragment closes within 1 or 2 supergranular cells. The two distributions are very

similar, which is what one would expect for a balanced region. There is, however, a slight
imbalance of flux in the region towards the positive polarity; the ratio of total positive flux
to total negative flux is 1.08. This imbalance affects mostly the tubes of longer length,
with the maximum positive flux tube length being far greater than the maximum negative
flux tube length. Flux tubes with lengths up to 623.4 Mm are found by starting above
positive fragments, whilst flux tubes of up to only 184.5 Mm can be traced back from
negative fragments.

Naturally, some fragments, particularly those near the edge of the inner region, will
be expected to connect to fragments outside the inner region. Heie 21.7% of the positive
flux from the inner region connects to the outer region, whilst 15.4% of the negative flux
from the inner region connects to the outer region (7.5% of positive flux must connect
outside the inner region due to the imbalance in flux).

Only 0.02% of flux tubes from positive fragments hit the upper boundary and only
0.02% hit the sides. None of the negative flux tubes hit the outer boundaries. It is not
known whether these flux tubes represent genuine open flux or whether they would even¬

tually connect to negative fragments in the abscence of a boundary.

Another property of magnetic-carpet flux tubes worth investigating is their distribution
of heights above the source plane. Figure 2.6(b) shows the percentage of flux tubes with
maximum heights greater than h, against height. The field is modelled as a potential field
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for simplicity, which fails near the photosphere (where gravitational effects enter) and
sufficiently high in the corona (where inertial and pressure effects come into play), and
also when there are Alfvenic plasma speeds or large enough currents present. Assuming
the chromosphere to be of width 2.5 Mm (and accepting that taking the chromosphere
and corona to be discretely separate layers is a naive assumption), it is found that 48% of
the photospheric flux closes low down near the coronal base in the present approximation.
Hence, only 52% of the total photospheric flux appears to reach into the corona for both
positive and negative flux. Flux tubes from both polarities reach similar heights, with
a mean height reached by the positive flux tubes of 9.5 Mm and a mean height for the
negative flux tubes of 7.5 Mm. However, the maximum height reached by the closed
positive flux tubes is 229.9 Mm, some four times higher than reached by the negative flux
tubes, which is 59.5 Mm. This difference in maximum heights for the two polarities is
due to the slight flux imbalance within the region.

Figuie 2.6(c) shows a plot of the percentage of flux tubes with footpoirrts separated by
more than a distance d. Around 41% of the flux from the positive concentrations extends
over 14 Mm, the mean diameter of a typical supergranular cell (Hagenaar et al., 1997). If
the larger 'classical' supergranular diameter of 32 Mrn is considered Simon and Leightori
(1964), then only 24% of the positive flux extends farther than this. These figures are

similar for the negative concentrations, where it is found that 38% extend farther than 14
Mm and 19% farther than 32 Mm.

Figure 2.7 shows contour plots of footpoint separation against flux tube height for
flux tubes of both polarities. It is clear, by merely glancing at the plots, that the maximum
height of a flux tube increases as the footpoint separation is increased, which one would
expect. Both plots have quadratic curves fitted to them, although the two curves vary

quite significantly. This is mostly due to the slight imbalance within the region. The
quadratic fitted to data for positive flux tubes has equation 0.0045d2 + 0.12d + 0.4, whilst
for negative flux tubes the equation is 0.0023d2+ 0.25d+0.51. These curves demonstrate
that the relation between the footpoint separation and the maximum height of the flux
tubes is not a linear one.

2.3.2 An Unbalanced Inner Region

To consider the effect of an unbalanced region of flux on the characteristics of potential
flux tubes, a second region is investigated (shown in Figure 2.4). For a given flux, the
percentage of fragments with flux equal to or above this value is shown in Figure 2.8.
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Figure 2.8: To the left is the magnetogram image of the unbalanced 100 x 100 macropixel (88 x 88
Mm) inner region studied. To the right, the percentage of fragments with flux over a given value is
shown. The dashed line represents sources with negative strength whilst the dotted line represents
sources with positive flux.

Here the net flux is —186.5xl018 Mx in the inner region, corresponding to a mean field
of —2.4 G, and there is roughly twice as much negative flux as positive flux. The total
absolute flux is 526x 1018 Mx, with a total absolute mean field of 6.8 G.

Within the unbalanced inner region studied here (shown in Figure 2.8), there are 222
positive fragments, represented by 608 point sources, and 192 negative fragments, repre¬
sented by 930 point sources. The distribution of the strengths of these fragments is also
shown in Figure 2.8. In the whole 300 x 300 macropixel region, 2450 positive fragments
are represented by 7543 point sources and 2019 negative fragments are represented by
8491 point sources. The analysis in the previous subsection is repeated for this unbal¬
anced region.

Again, the percentage of flux tubes with lengths greater than I are plotted against
length, (Figure 2.9(a)), with the x-axis logarithmic. The figure shows a substantial dif¬
ference in the distributions of lengths of flux tubes from the two polarities for all flux
tube lengths. As expected, flux tubes from the dominant (negative) polarity are generally
longer than those from the minority (positive) polarity. The dotted lines show that for
the positive flux tubes, 50% are longer than 9 Mm, whereas the negative flux tubes are

generally longer with more than 70% having lengths of over 9 Mm and 50% with lengths
over 23 Mm. For the positive flux tubes, 25% are over 17 Mm in length, whilst over
56% of negative flux tubes are over this length. Here the mean length of the positive flux
tubes is only 15 Mm, whereas the mean length of the negative flux tubes is 55 Mm. This
large difference in mean flux tube length is due to the flux imbalance in the inner region



2.3 Flux-Tube Characteristics 29

100 100

80
\ SN

— from +ve
80

v
— from -ve

X \ X

oCDnL \ - £ 60
0 40

\ 0 40
%

20 \ 20

0 0

10 100

I, Flux Tube Length (Mm)

100

80
X
□

LL. 60

0 40

20

0

c)

0.01 0.10 1.00 10.00 100.00

h, Flux Tube Height (Mm)

L. \ —
— from +ve

1, s - from -ve
Y \

\ s

-

dsg
\

\
A

'■ \

1 10 100

d, Footpoint Separation (Mm)

Figure 2.9: Percentage of flux tubes with (a) lengths greater than I, (b) heights greater than h and
(c) footpoint separations greater than d. In all three plots the solid line represents flux tubes started
from positive sources and the dashed line represents those started from negative sources. Specific
values are indicated by dotted lines, and dsg indicates the diameter of a typical supergranule cell.

(positive/negative flux « 0.48), which results in much of the negative flux connecting to
fragments outwith the inner area. The maximum length of the positive flux tubes is 100
Mm, whereas the maximum length of the negative flux tubes is far greater at 499 Mm.
Here it is found that only 3.4% of the positive flux connects to fragments outside the inner
region, whereas this figure is 54.0% for negative fragments. This is not surprising, since
52.4% of the negative flux from the inner area must connect to the outer region as a con¬

sequence of the flux imbalance. Of all the field lines calculated, none from the positive
fragments nor the negative fragments in the inner region hit the outer boundaries.

For this region, it is found that the mean height reached by flux tubes from the positive
fragments is 2.8 Mm, with a maximum height reached of 24.2 Mm. In contrast, flux tubes
from negative fragments have a mean height of 15 Mm and a maximum height reached
of 183 Mm. This is clearly illustrated in the plots showing the distribution of flux tube

— from +ve

from -ve
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Figure 2.10: Contour plot of footpoint separation versus flux tube height for (a) positive flux tubes
and (b) negative flux tubes. The lowest contour level is 1, with each subsequent contour level at 3
times the previous one. The solid line indicates the line fitted to the data in the plot and the dashed
line represents the opposite-polarity flux tubes.

heights in Figure 2.9(b). Taking the chromosphere to be of width ~2.5 Mm, and bearing
in mind the assumptions concerning the validity of this model previously discussed for
the balanced region, results in 33% of flux tubes from positive fragments reaching coronal
heights, whereas for flux tubes from negative fragments this figure is almost double at
61%.

Around 23% of the flux from the positive fragments extends out farther than the 14
Mm diameter of a typical supergranuler cell. More than double that, 53%, of flux from
negative fragments extends farther than this length. However, taking the diameter of a
supergranule to be 32 Mm results in values of 10% and 37%, respectively, of the positive
and negative flux tubes extending farther than a supergranule (Figure 2.9(c)).

Figure 2.10 shows slightly different behaviour for the flux tubes in the unbalanced
region than in the balanced region shown in Figure 2.7. It is still generally true that the
larger the footpoint separation, the greater the maximum height of the flux tube. However,
now the curves fitted to the data vary much more, although this is likely to be because the
range of footpoint separations and maximum heights is much smaller for the positive flux
tubes than the negative flux tubes. The quadratics now have equations 0.0013d2+ 0.18d+
0.03 for the positive flux tubes and 0.004d2 — 0.061d + 2.1 for negative flux tubes. The
negative quadratic appears to be a reasonable fit to the positive data and so the imbalance
does not appear to have changed the relation between footpoint separation and maximum
height of the flux tubes. These curves again show that the relationship between footpoint
separation and flux tube height cannot be assumed to be a linear one.

The contrast in flux tube lengths obtained for this imbalanced region compared to
the previous balanced region demonstrates that the flux tube length spectrum for a given
region is highly dependent on the flux balance within that region. It is most likely that
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Figure 2.11: Magnetogram of the balanced region together with a subset of the field lines cal¬
culated from the positive sources (left) and the negative sources (right). Animations showing 3D
rotational views about these configurations are provided on the accompanying CD (see Appendix
F for details on how to access them).

longer flux tubes than those found here may be obtained in other regions observed within
quiet-Sun areas, although, as the size of the region examined is increased, the maximum
possible imbalance will decrease. In a given region there will be areas that have a greater
local imbalance than others, so that the maximum flux tube length possible from frag¬
ments within a region will depend on the balance between the size of the flux imbalance
and the area over which the imbalance occurs.

2.4 Connectivity

Having looked at the characteristics of flux tubes themselves, now the individual frag¬
ments and their connections are considered. By considering adjacent macropixels of the
same polarity to be a fragment, matrices ofthe connectivity from each fragment are calcu¬
lated and connectivity properties are thus deduced. In the following discussion, the con¬

nections of an individual positive fragment to a series of negative fragments are termed
'positive' connections, while those from an individual negative fragment to positive frag¬
ments are termed 'negative'.

2.4.1 Balanced Region

For the balanced region studied, the field line plots in Figure 2.11 show fairly similar
behaviour for the flux tubes from both the positive fragments and the negative fragments.
The flux tubes in both plots are comparable in length, with roughly the same number of
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Figure 2.12: Contour plots showing the number of fragments to which a fragment of given flux
connects for (a) positive fragments and (b) negative fragments. The lowest contour level is 1,
with each subsequent contour level set at twice the previous one. Also shown are 3D bar graphs
of fragment flux versus percentage flux to major connection for (c) positive fragments and (d)
negative fragments.

flux tubes connecting outwith the inner region in both cases.

The maximum number of positive connections is 65, whilst the maximum number of
negative connections is 38. For fragments ofboth polarities the mean number of connec¬
tions is ~5. Figures 2.12(a) and (b) show that connectivity for fragments ofboth polarities
is similar, with many small fragments (flux < 1018) having 1-7 connections. There is a

slight trend for larger fragments to have more connections, although there is much scatter
in the plots. Figures 2.12(c) and (d) show that the flux from the smaller fragments of
both polarities often connects almost entirely to a single opposite-polarity fragment. In
some cases, though, as little as 20% of the flux from the smallest of fragments connects
to a single fragment. This implies a minimum of 5 connections from such fragments.
Figure 2.13(a) shows that the 10% of positive fragments with the most connections have
8 connections or more, whilst the largest 10% of negative fragments have 10 connections
or more. In Figure 2.13(b), each set of opposite-polarity fragments that are connected to
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Figure 2.13: (a) Percentage of fragments against minimum number of connections of that frag¬
ment. (b) Mean proportion of flux for each fragment to which a given fragment connects, (c)
Scatter plot of fragment flux versus the mean of the distances to connected fragments for positive
fragments (filled circles) and negative fragments (diamonds), (d) Diagram showing distribution
of flux and connections for both a typical negative fragment (left) and a typical positive frag¬
ment (right), against radius, r. The percentages show, as an average, the total amount of closed
flux within a given radius, whilst the numbers show the average number of connected fragments
within the given radius. The figure giving the number of fragments within a radius only includes
those of the opposite polarity.

a single fragment are sorted in decreasing order with respect to the amount of connected
flux. The stars (diamonds) denote the range of possible amounts of flux connected for
the various positive (negative) fragments. The solid (dashed) lines give the mean flux
connected to each fragment, again for the positive (negative) fragments. The two lines
almost lie upon one another. From this it can be seen that the mean flux linked to the
first (major) connection is 68% for both polarities. However, the range of possible flux
connected is large, ranging from 15-100%. Up to 25% of the remaining flux connects
to another 1-2 fragments, while the remaining 7% of flux connects to up to as many as

62 fragments for positive fragments and 34 fragments for negative ones (only the first 10
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fragments are shown in Figure 2.13(b)).

The scatter plot in Figure 2.13(c) shows that, for a given fragment, the mean dis¬
tance to connected opposite-polarity fragments is largely independent of the fragment
flux. Smaller fragments connect, on average, to fragments distributed over a wide range

of distances. However, as the fragment flux is increased, this range decreases, with the
largest fragments connecting mostly to opposite-polarity fragments at relatively large dis¬
tances. There is, perhaps unsurprisingly, a tendency for fragments to connect preferen¬
tially to their nearest neighbours. Indeed, 60-66% of flux closes, on average, within 9
Mm of a fragment. Although there is an average of ~2 connected fragments within this
radius, the figures indicated suggest (by comparison with Figure 2.13(d)) that the connec¬

tion with the second largest amount of flux does not necessarily lie within 9 Mm of the
fragment in question. For this balanced region, the plots for both polarities of fragments
are essentially the same.

Schrijver and Title (2002) found that strong fragments could connect to over 30 other
opposite polarity fragments and, using an expectation value of one fragment per area of
order A ~ 2 x 108 km2 (Schrijver et al., 1997), they estimated that direct connections
fanned out over a radius of order r = (30 * 2 * ~ 60 Mm.

The expectation value found here is one fragment per area of A ~ 1.6 x 107 km2.
Using this value, an estimate of the number of fragments within reach of a particular
positive (negative) fragment is given by Innr2/A (Ipirr2/A), where In (/p) is the ratio of
the total negative (positive) flux to the total flux of both polarities and r is the distance
over which direct connections occur. This is essentially the inverse of the calculation by
Schrijver and Title (2002).

The positive flux tubes have a mean footpoint separation of 22 Mm, so on average,

taking In to be 0.48, the flux from a typical fragment extends out over an area containing
~44 fragments. For the maximum footpoint separation of 156 Mm, this figure is 2297
fragments. For negative fragments, with Ip equal to 0.52 and a mean footpoint separation
of 19 Mm, flux extends out over an area containing ~36 fragments. For the maximum
endpoint separation of 118 Mm, this figure is 1411 fragments. For such numbers of
connections to be observed, this would require that (i) the field is sufficiently sampled
and (ii) there are enough opposite-polarity fragments to provide the connections. Here,
7672 flux tubes are traced from the largest positive fragment and 4818 from the largest
negative fragment, which is indeed enough to show up all the connections. Although
there are 2359 positive fragments in the whole region, which is enough to provide the
connections for the negative fragments, there are only 1991 negative fragments. Thus,



2.4 Connectivity 35

20

15

T
J

I 10
*<u
I

5

0

Figure 2.14: Magnetogram of the unbalanced region together with a subset of the field lines
calculated from the positive sources (left) and the negative sources (right). . Animations showing
3D rotational views about these configurations are also provided on the accompanying CD.

the maximum is 1991 connections for the largest positive fragment. Since the values for
the number of connections found are much lower than these estimates, this indicates that

fragments do not connect to all the fragments within their dome of influence. Indeed, it
is likely that they are not situated in the centres of their dome of influence, but rather near
the edge, and so assuming a full circle around the fragments is unrealistic.

2.4.2 Unbalanced Region

The contrast between the two field line plots in Figure 2.14 for the unbalanced region
demonstrate how the flux from the negative fragments dominates the field. As a result of
the imbalance of flux in favour of the negative polarity, many of the negative flux tubes
must close outwith the inner region, which is clearly shown. Hardly any positive flux
tubes close outwith the inner region, which is also reflected in the plot.

From the positive fragments there are at most 38 connections, with a mean of 3.7 con¬

nections. For the negative fragments, these values are roughly double, with a maximum
number of connections of 75 and a mean of 6.7 connections. The contour plots in Figures
2.15(a) and (b) further emphasise this difference, showing clearly that negative fragments
tend to have substantially more connections. There is again a definite trend for stronger
fragments of both polarities to have more connections, whilst many of the fragments of
strength less than 101S Mx have 1-5 connections. Figures 2.15(c) and (d) show again that
the bulk of the flux from a single fragment frequently connects to only a few other frag¬
ments. It is mostly the larger fragments that have their flux distributed more evenly over
a greater number of sources. Figure 2.16(a) shows that the distribution of connections
for fragments of the two polarities differ greatly. The 10% of positive fragments with
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Figure 2.15: Contour plots showing the number of fragments to which a fragment of given flux
connects for (a) positive fragments and (b) negative fragments. The lowest contour level is 1,
with each subsequent contour level set at twice the previous one. Also shown are 3D bar graphs
of fragment flux versus percentage flux to major connection for (c) positive fragments and (d)
negative fragments.

most connections have a minimum of 7 connections or more, whereas for the negative
fragments the top 10% with the most connections have 17 connections or more. This
demonstrates that the dominant polarity in an unbalanced region has more connections
than the minority polarity, as one would expect. Despite this, however, Figure 2.16(b)
shows that the mean flux to the major connection for both polarities lies at around 65%,
with up to 27% of flux connecting to another 1 or 2 fragments and the remaining ~8% of
flux connecting to up to a possible 34 further fragments for the positive fragments and 71
fragments for the negative fragments.

For a given fragment, the mean distance to connected fragments is again effectively
independent of the fragment flux (Figure 2.16(c)). The positive (minority) polarity frag¬
ments connect on average to negative fragments over a shorter range than the negative
fragments. There is much evidence from Figure 2.16(d) for both polarities suggesting
that a fragment connects preferentially to its nearest neighbours. 59-69% of flux closes,
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Figure 2.16: (a) Percentage of fragments against minimum number of connections from that frag¬
ment. (b) Mean proportion of flux for each fragment to which a given fragment connects, (c)
Scatter plot of fragment flux versus the mean of the distances to connected fragments for positive
fragments (filled circles) and negative fragments (diamonds), (d) Diagram showing distribution
of flux and connections for both a typical negative fragment (left) and a typical positive frag¬
ment (right), against radius, r. The percentages show, as an average, the total amount of closed
flux within a given radius, whilst the numbers show the average number of connected fragments
within the given radius. The figure giving the number of fragments within a radius only includes
those of the opposite polarity.

on average, within 9 Mm of a fragment. Again, the figures shown suggest that the con¬

nection with the second largest amount of flux does not necessarily lie within 9 Mm of
the fragment in question.

2.5 Properties of Fragments

So far the distribution of flux tube heights above the source plane has been described,
so now the attention is turned to the properties of the fragments that produce these flux
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Figure 2.17: (a) Scatter plots showing fragment flux versus maximum height reached by flux from
that fragment for positive fragments (filled circles) and negative fragments (diamonds), (b) Plot
showing, for a given height, the percentage of fragments with flux reaching that height (or higher).

tubes. Although one might expect only the larger fragments to contribute flux to the field
at larger heights, it is found instead that at a given height the field is comprised of flux
from fragments over a wide range of sizes.

2.5.1 Balanced Region

The scatter plot in Figure 2.17(a) shows the maximum heights reached by flux from frag¬
ments of both polarities. The behaviour is similar for both positive and negative frag¬
ments; only the flux from smaller fragments closes entirely at low heights, although many

small fragments have some proportion of their flux reaching relatively large heights. The
fact that in the lower-right triangle of the plot there are no points means that larger frag¬
ments will always have some of their flux reaching the larger heights. Figure 2.17(b)
shows that the 52% of flux from fragments of both polarities that reaches coronal heights
(i.e. above 2.5 Mm) is produced by around 43% of the fragments. Thus, flux from 57%
of all fragments does not reach the corona. Fragments that close entirely under 2.5 Mm
are small (under 2xl018 Mx), each accounting for under 1% of the total unsigned flux
within the region.

2.5.2 Unbalanced Region

The graph in Figure 2.18 showing the maximum heights reached by flux from fragments
of both polarities in the unbalanced region displays the same characteristics as fragments



2.6 Conclusions 39

r

.?
'<D
I

+ve fragments
-ve fragments

0.1 1.0 10.0

Flux (x 10'8 Mx)
100.0 10 20 30 40

Height (Mm)
50

Figure 2.18: (a) Scatter plots showing fragment flux versus maximum height reached by flux from
that fragment for positive fragments (filled circles) and negative fragments (diamonds), (b) Plot
showing, for a given height, the percentage of fragments with flux reaching that height (or higher).

in the balanced region, with the figures adjusted accordingly (since positive flux tubes
reach a mean height of only 2.8 Mm compared to 24.2 Mm for negative flux tubes).
Again, only the flux from the smaller fragments may close entirely at relatively low
heights, with larger fragments always having some proportion of their flux reaching larger
heights. Figure 2.18(b) shows that the 61% of negative flux that reaches a height of 2.5
Mm or over is produced by 56% of the negative fragments, whilst the 33% of positive flux
that exceeds this height is produced by 37% of the positive fragments. Positive fragments
whose entire flux closes below 2.5 Mm have flux under 3x 1018 Mx (less than 2% of the
total positive flux in the inner regon), whilst negative fragments whose entire flux closes
below 2.5 Mm have flux less than 1018 Mx (less than 1% of the total negative flux).

2.6 Conclusions

This study of flux tube characteristics and fragment connections from an MDI magne-
togram represented by a series of point sources (for each pixel over 20 G) and extrap¬
olated into the corona using a potential field has revealed several interesting properties.
The distribution of lengths of flux tubes determined by examining both the flux that leaves
the positive fragments and the flux that closes down on the negative fragments is highly
dependent on the total flux imbalance within the region of interest. Any flux imbalance
will be mainly noticeable at the higher end of the distributions for both polarities. Even
the quiet-Sun regions studied here are found to produce flux tubes that are 100 Mm long.
Indeed, roughly 10% of the flux in both cases is contained in such loops. Furthermore,
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Figure 2.19: Side view of a typical 3D magnetic carpet field: 50% of flux closes below 2.5 Mm,
whilst 5-10% of flux extends above 25 Mm.

it is found that much of the flux from the quiet Sun is contained in low-lying flux tubes.
This means that only 50% of the flux that threads the surface of the Sun extends further
than 2.5 Mm above the surface and only 5-10% extends further than 25 Mm, as shown in
Figure 2.19. Thus, assuming a minimum coronal height of 2.5 Mm, all these low-lying
loops never reach the corona. Hence, the magnetic field strength in the corona does not

just fall off as 1 /R3 in accordance with the expansion of the volume into which it is ex¬

tending, but it falls off much faster due to the closure of magnetic field at lower heights.
Analysis of the footpoint separation of the flux tubes shows that about 15% of the total
flux connects to fragments that are within 5 Mm of each other. That is, they are connected
to fragments that are probably in the same supergranular lane as themselves.

Typically 50% of the fragments contribute flux to the field above 2.5 Mm. Fragments
whose entire flux closes below this height are small (flux < 2xl018 Mx), although many

smaller sources have some of their flux reaching larger heights. Larger fragments, in
contrast, will always have some of their flux reaching relatively large heights.

For a balanced region, similar positive fragments and negative fragments will have,
on average, the same number of connections. Here a mean of 5 connections per fragment
was found. For an unbalanced region, fragments of the dominant polarity will have more

connections, on average, than those from the minority polarity. Here the total flux of both
polarities varied by a factor of ~2, and fragments of the dominant polarity had around
twice as many connections, approximately 7, as the minority-polarity concentrations.

Despite the fact that flux from a particular fragment may be expected to extend out
over an area containing many opposite-polarity fragments, the results obtained here show
that the majority of these will not connect to the fragment in question. There are two
reasons for this. Firstly, the estimates in this study assume that a fragment is situated in
the centre of its dome of influence, whereas in practice it is more likely to be situated
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nearer the edges. Indeed, the area over which flux from a given fragment extends is also
highly unlikely to be circular. Secondly, many fragments within the area often connect

entirely to other fragments. Thus, when calculating the field, the contribution from such
fragments will cancel with the flux from the fragments to which it connects, resulting
in many neighbouring fragments being effectively 'hidden' from the given source. So,
despite the multitude of fragments, many features of the topology of a field produced by
a small set of sources will be present here. The field produced by the many quiet-Sun
fragments may be considered, to a certain extent, to be made up of a superposition of the
fields produced by many low-order systems of only a small number of fragments.

The connectivity analysis performed here is in good agreement with the results ob¬
tained by Schrijver and Title (2002). Both studies show, in particular, that:

1. Although there is a trend, which shows up in all cases studied here, for stronger
fragments to be connected to more opposite-polarity fragments, there is at any frag¬
ment strength a wide range of possible connections. Even the smallest fragments
can have up to 7 connections, and the largest fragments can have between 10 and
60 connections.

2. Fragments show, perhaps unsurprisingly, a preference towards connecting to nearby
opposite-polarity fragments. On average, roughly 60-70% of flux from a given
fragment connects to an opposite-polarity fragment within a 9 Mm radius. How¬
ever, some connections may span several supergranular diameters.

3. Despite the vast number of possible connections, the bulk of the flux from a typical
fragment is here found to be divided such that (i) 60-70% connects to one opposite-
polarity fragment (ii) 25-30% goes to a further 1 to 2 opposite-polarity fragments
and (iii) any remaining flux may connect to as many as another 50 or more other
opposite-polarity fragments. The figures obtained by Schrijver and Title (2002) are
(i) 50% of flux goes to the major connection (ii) 40% goes to another 2-6 near

fragments and (iii) the remaining 10% may connect to up to 25 further fragments.

4. There is evidence for nesting of isolated flux domains, bounded entirely by the fan
surface from a single null point. Schrijver and Title (2002) observe this directly,
whereas in this study it is inferred from knowledge that some fragments only con¬

nect to one opposite-polarity fragment.

Differences in exact figures will be due to the different methods of modelling the quiet-
Sun photospheric fragments.
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From this study it can be seen that potential field extrapolation and knowledge of
connectivity within a region may provide useful information as to which fragments are

related to events observed higher up in the solar atmosphere.



Chapter 3

A Categorisation of the Building Blocks
of Coronal Magnetic Fields

Summer grasses...

Traces of dreams
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MATSUO BASHO (1644-1694)

3.1 Introduction

The previous chapter demonstrated how the quiet-Sun magnetic flux that pierces through
the photospheric surface in many discrete fragments is subsequently tangled up into com¬

plex regions of interconnecting flux. This in turn gives rise to a wide variety of interest¬
ing topological features. Thus, in order to capture something of the complexity of such
fields, three-dimensional models need to include information concerning the topology of
the magnetic field.

Up until a few years ago, relatively little was known of the topologies possible in three
dimensional fields. However, much recent work has gone into classifying the configura¬
tions that arise from simple point-source potential-field models, and how some states

may bifurcate into other states. In these models, the photospheric fragments are approxi¬
mated by point sources and the resulting coronal field has no current. Such studies of the
configurations arising from a handful of sources have proven very fruitful. Brown and
Priest (1999b), for example, completely classified the topological behaviour resulting
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from three sources, whilst Beveridge et al. (2002) explored the topologies possible with
two dipoles. Other topological studies include Inverarity and Priest (1999), Longcope
(1996), and Bungey et al. (1996). These studies have provided a greater understanding as

to what might be expected as higher-order systems are considered.

As configurations with a greater and greater number of sources are considered, how¬
ever, complete classification of the possible topological configurations becomes imprac¬
tical. Thus, perhaps a better way of understanding such fields would be to look at the
general properties of the domains themselves. This is what is investigated here.

In Section 3.2, the two fundamental building blocks of three-dimensional potential
fields are introduced. The following section, Section 3.3, presents an algorithm for locat¬
ing and tracing separator curves. Section 3.4 then considers a magnetic field extrapolated
from observed data; after applying the topological equations of Longcope and Klapper
(2002), the properties of photospheric domains and coronal domains are examined. A
description of the domain structures associated with upright nulls is then given in Section
3.5, followed by a concluding discussion in Section 3.6.

3.2 Two Key Building Blocks of 3D Fields

Previous work by Lau and Finn (1990), Longcope (2001) and Longcope and Klapper
(2002) has suggested that complex coronal configurations are made up of only two struc¬

turally stable building blocks, namely:

(i) an isolated domain, bounded by a single, unbroken fan surface such that all the fan
field lines connect to a single source. Figure 3.1 shows how all the field lines from a small
source on the right are bounded by a separatrix in the shape of a dome on which lie both
a null point and a large source.

(ii) a separator-ring domain, bounded by fan sectors from several fan surfaces (a fan
sector is a section of a fan surface for which all of the field lines connect to a common

source). Figure 3.2 shows a pair of separatrix cones, one with a positive source at its apex,
the other with a negative source at its apex. The two cones join along a closed curve of
separators. This type of domain generally receives the most attention, since separators
are believed to be important sites for reconnection (see discussion in Section 1.5).

It is worth noting here that during a bifurcation, such as the global separator bifurca¬
tion with two dipoles (Beveridge et al., 2002), where a domain of the second type changes
to a domain of the first type (i.e. when going from from an intersecting state to a detached
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(b)
Figure 3.1: An isolated domain. A selection of field lines is shown in (a), and field lines lying in
the separatrix surface are shown in (b).

state or vice-versa), a third, structurally unstable type of domain may be obtained. This
domain is bounded by the fan surface from only one null, which is unbroken but for one
curve in the z — 0 plane, where a spine field line and a planar separator make up part of
the bounding surface, as shown in Figure 3.3.

Domain structures may be categorised further, however. For example, some of the
domains that are encircled by a closed circuit of separators require the use of the sym¬

metry in the z = 0 plane and the resultant mirror corona to complete the circuit ('photo-
spheric' domains (alternatively known as planar domains)), whilst others may have their
engirdling ring of separators entirely above the z = 0 plane ('coronal' domains). In order
to address these points, an algorithm is presented in the next section for tracing separator
curves. This is an absolute necessity for identifying individual domains. The subsequent
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(b)
Figure 3.2: A separator-ring domain. A selection of field lines within the domain is shown in
(a), and the field lines lying on the separatrices are shown in (b). The separatrix boundaries of
the domain are two conical fan sectors, which join along a closed ring of separators. Since this
example is a photospheric domain, the domain is symmetric in the z = 0 plane, therefore the
separator in the mirror corona (the region z < 0, which is a the reflection of the region z > 0)
completes the separator circuit.

sections demonstrate how various domain structures occur in practice.

3.3 Locating Separators

The main problem with following the path of separator field lines is that in the fan plane
of the null from which the integration is started, the field generally diverges away from
the separator. This problem is most pronounced in the cases when the magnitude of
the component of the field perpendicular to the separator, Bj_, is much greater than the
magnitude of the component tangent to the separator, By (i.e. |Bj_| » |B|||). However,
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Figure 3.3: Point of bifurcation for global separator bifurcation with two dipoles, as seen from
above. Null points are shown as black filled circles, positive sources are indicated by plus signs,
and negative sources are indicated by crosses. Spine field lines are shown as solid blue lines,
whilst fan field lines are the dotted lines. The red line is a separator.

one fortunate consequence is that when attempting to track the separator, the field only
diverges in one direction in the plane perpendicular to the separator. Moreover, the field
orthogonal to this direction in the plane perpendicular to the separator actually converges

towards the separator. In the cases when |B,|| » |Bj_|, field lines generally follow the
path of the separator and there is little divergence away from the separator.

In order to locate separators in a potential magnetic field, the fan plane of each null
is first scanned for changes in the field-line connectivity. For each null positioned at r0,
a ring centred on ro and lying in the fan plane of the null is taken, with radius small
enough that the ring does indeed lie within the null's fan plane. 1000 field lines are

then computed, starting from equally spaced points on the circumference of the ring (of
course, when examining prone nulls, the section of the fan plane that lies below the z = 0
plane is not scanned, which by symmetry is the mirror image of the region z > 0). For
each field line in turn, the source to which its endpoint connects is noted. If it is found
that a particular field line is connected to a different source than that of the previously
calculated field line, then there is at least one separator lying between the two field lines
in the fan plane (see Figure 3.4(a)). Hence, if the field line starting from an angle 6a
about the ring is connected to source A, and the field line starting from an angle 6b is
connected to source B, then a field line from an angle 6c — {6a + 6b)/I is calculated,
which in turn connects to source C, say. Naturally, ifC is the same source as A, then 6a
is replaced with 6c, and likewise 6b with 6c if C = B. However, in the case that source
C is neither the same source as source A nor source B, then there must be more than one

separator field line lying between 6a and 6b- Thus, this procedure of bisection must be
performed recursively, so that both separators are followed. The process of bisection is
repeated until \6a ~ 6B\ < e<?, where e$ is just above machine precision.
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Figure 3.4: (a) Sketch of field lines about a typical separator curve, (b) Illustration of the method
by which separator curves are traced.

3.3.1 Tracing Separator Curves

With two starting points ao and bo, given by 0a and 0b, the aim is always to have two field
lines between which the separator is bounded. Thus, two field lines are calculated from
the starting points, ao and b0, but this time the points by which the method of integration
approximates the curves are stored.

The next step is to proceed simultaneously along both the field lines by an amount 5,
i.e. say from ao to ai and from bo to bi, respectively. Since each field line is approxi¬
mated by a series of points, this amounts to proceeding along the straight lines adjoining
consecutive points. A check is then made to see whether or not |ai — bj | < eg, where

is small, much less than the typical source separation. If this is the case, then a fur¬
ther distance of S is traversed along the bounding field lines from ai to a2 and from bi
to b-2- The process continues on in this manner whenever |a„ — b„| < e§; however, if
when moving from an to an+1 and from bn to b„+i, it is found that |an+i — b„+i | > es,

then it is necessary to move back to an and b„ and calculate a field line from the point
c = (a„ + bn)/2, which connects to the source C. If the source C corresponds to the
source A, then the old field line connected to A is replaced by the new field line, and
similarly the old field line connected to B is replaced by the new field line ifC = B. This
process is sketched in Figure 3.4(b). Like the earlier scenario, though, the new field line
may connect to neither A nor B. This means that there are (at least) two separators be¬
tween a„ and bn, and therefore this procedure must also be recursive, so that it is possible
to follow both separators. This often happens since pairs (or even groups) of separators
may be extremely close to one another, sometimes infinitesimally close, in the vicinity of
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a null, only to split at a distance from the null.

The method outlined above is repeated until either the magnetic field drops below a

threshold value, or progress ceases to be made spatially, indicating that the algorithm has
arrived in the vicinity of a null. At such a point, a root-finding method is deployed, with
the current position as an initial guess. If it is found that the current position is not in the
neighbourhood of a null, then the iterations are continued and the root finder is applied
again later on.

At each step n, a point mn = (an + bn)/2 is defined. The difference |mn — mn_i|
is then calculated and added to a running total, 5s. Whenever 5s peaks above a threshold
value, 5smax, the variable 6s is then reset to zero and the current coordinates are stored
in a position vector. Thus, although it may take very many increments 6 to calculate the
separator, only a sensible number of points are stored that smoothly trace the course of
the separator.

In practice, it is quite beneficial to allow <5 to vary depending upon the divergence of
the field lines from the separator. For instance, if there is little divergence from the sep¬

arator, it may be desirable to make 5 relatively large, so that the algorithm hurries along
the bounding field lines as quickly as possible, whereas when there is much divergence
from the separator, it makes sense to have 5 small so that as much information as possi¬
ble may be obtained from a bounding field line before discarding it and performing the
computationally expensive process of calculating a new one.

3.4 Classification of Magnetic Domains: An Extrapola¬
tion with no Upright Nulls

The same magnetogram region from 13 June 1998 as used for the balanced region study
in Chapter 2 is analysed here. Here, though, all pixels below 20 Mx cm-2 are treated as
noise and therefore ignored, and fragments that are comprised of less than 10 pixels (each
pixel is 0.88 x 0.88 Mm) are also ignored, leading to a region comprised of just 15 positive
fragments and 18 negative fragments in total. With each fragment comprising 10 pixels
or more, a point source is placed at the centroid of each fragment, which is calculated
with respect to the positions and strengths of the pixels within the fragment. (See Section
1.4 for more details on the use of potential fields emanating from point sources). Figure
3.5 shows an image of the magnetogram region studied.
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Figure 3.5: The magnetogram image of the 88 x 88 Mm inner region that is studied. Black regions
lepiesent negative flux, white regions represent positive flux, and grey is neutral.

3.4.1 Topology Equations

It is often useful to consider magnetic charge topology in terms of graph theory. The com¬

plete set of vertices possible comprises positive sources, negative sources, positive nulls
and negative nulls, whilst every edge represents a connection between pairs of vertices
belonging to the sets described above.

Longcope and Klapper (2002) studied the connectivity of the potential fields that arise
from an arbitrary distribution of discrete sources. By using the Euler characteristics (In-
verarity and Priest, 1999), and applying standard results from graph theory, they showed
that the number of flux domains, Nd, in a field containing no upright nulls may be defined
as

Nd = N1- TV7 + Ns, (3.1)
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where N1 is the number of separators in the configuration, Nq is the number of non-
upright nulls (i.e. coronal or prone) with connected separators, and Ns is the total number
of sources.

Longcope and Klapper (2002) also used graph theory to obtain expressions for the
number of domains that have footprints (upright nulls must be excluded from these calcu¬
lations too, as must null points which give rise to isolated domains (along with the sources

whose entire flux is enclosed by such nulls)). Using Euler's relation f = e — v + 2, which
relates the number of faces / (here Nfp, the number of footprint domains (if a domain
has a footprint, then the pair of sources linked by that domain share field lines that lie in
the z = 0 plane)), the number of edges e (here 4Nq, with Nq denoting the number of
prone nulls with connected separators) and the number of vertices v (here Ns +Nq), they
obtained that the number of footprint domains is

Furthermore, it may also be shown from the Euler characteristics that Nq — Ns — 2 for a
field with no upright nulls; making use of this relation, Equation (3.2) simply becomes

In the example here (the domain footprints of which are shown in Figure 3.6), there
are 15 positive sources (one of which, P4, is nested within an isolated domain) and 18
negative sources (one of which, N16, is also nested within an isolated domain). A neg¬

ative balancing source located at an infinite distance from the sources is counted as a

19th negative source so that the system may be considered to be in perfect flux balance.
Searching in the source plane reveals 16 prone positive nulls (one of which gives rise to an

isolated domain) and 16 prone negative nulls (one of which also gives rise to an isolated
domain), with no upright nulls present. Searching the volume throws up 2 negative nulls
in the corona and 2 negative nulls in the mirror corona. These figures are consistent with
the Poincare-Hopf theorem (Milnor, 1965; Inverarity and Priest, 1999), which states that
if there are Nq positive nulls and Nq negative nulls in a volume, then

Nfp = 3Nq -Ns + 2. (3.2)

Nfp = 2N0P. (3.3)

N0b - N0a = Nfi - N~, (3.4)

where Nfi and Ns are the numbers of positive and negative sources, respectively.

By using the algorithm outlined in the previous section, 104 separators are found here
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Figure 3.6: Domain footprints of the region. Positive sources are indicated by plus signs and neg¬
ative sources are represented by crosses. Downward-pointing triangles are positive nulls; upward-
pointing triangles are negative nulls. The dotted curves are planar fan field lines, whilst the solid
curves are spine field lines.

(52 above the source plane, and 52 below); thus N7 = 104. Removing the nulls and
sources associated with isolated domains gives Nq = 15, Nq = 19 (15 in the plane, 2 in
the corona and 2 in the mirror corona), Nf = 14 and Nf = 18. The values for Nq , Nq
and Ns are therefore 30, 34 and 32, respectively. Applying Equation (3.1) implies a total
of 81 domains in the region z > 0 (given by Nfp + (A^ — Nfp)/2), whilst Equation (3.3)
suggests that 60 of them should be expected to have footprints (of course, these figures
exclude isolated domains). However, by constructing a connectivity matrix using the
connectivity of the spine and fan field lines of each null, only 79 connections are found,
59 of which are planar. This means that there are two instances where a pair of sources is
connected by more than one domain. These so-called "multiple domains" are discussed
further in Subsection 3.4.3. The complete connectivity matrix is given in Table 3.1.
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N1

N2

N3

N4

N5

N6

N7

N8

N9

N10

Nil

N12

N13

N14

N15

N16

N17

N18

oo

PI P2 P3 P4 P5 P6 P7 P8 P9 P10 Pll P12 P13 P14 P15
— FC C C— F — — —

— FC C C C — F
— FC C C — F(2)

FFC C F F F
— F C — F C(2) F F F F — F
— FC — C — C — F — — —

F — C F
— F F — F — F — F

F F — — — —

FF F — — —

F F F — F

F — C F — F

F — F

F — F F

F F F

F F F

Table 3.1: Connected pairs. F indicates that the given domain has a footprint; C indicates that
the domain is purely coronal. Pairs of sources that are connected by more than one domain are
indicated by a figure in brackets.

3.4.2 Photospheric Separator-Ring Domains

Examples of domain structures are shown in Figure 3.7. The two plots demonstrate how
a given circuit of separators (here going from B9 to A13 and back to B9 via the mirror
corona) may engirdle more than one domain. Figure 3.7(top) is similar in appearance

to the sketch in Figure 3.2(b), and in this scenario the two sources are positioned such
that they straddle the closed separator loop. Thus, field lines within the domain pass

through the closed curve of separators when connecting the positive source to the negative
source. However, Figure 3.7{bottom) is a distortion of this, so that the two opposite-
polarity sources do not straddle the separator loop and instead both lie on the same side
of the separator ring. In such a scenario, although it is topologically equivalent to the
straddled domain discussed above, field lines within the domain do not pass through the
separator ring when connecting the positive source to the negative source.

A loop of separators that encircles a domain, however, need not only visit just two
nulls. Indeed, unless a coronal null connects to another null by more than one separator
above the z — 0 plane, then any domain that has a coronal null as one of its vertices must
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Figure 3.7: Plots of the domains that connect P5 to N13 (top) and P7 to N13 (bottom). The thin
blue curves are fan field lines, the thick blue curves are spine field lines, and the red curves are

separator field lines. The dotted blue curves are the planar fan field lines. Domain footprints for
the surrounding region are also shown in grey. Animations showing 3D rotational views about
these configurations are provided on the accompanying CD (see Appendix F for details on how to
access them).

have more than two nulls visited by its separator ring.

Figure 3.8 shows the domain linking source P6 to source N12. This domain exhibits
a curious property; it appears to be encircled by two rings of separators. One such ring is
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AZ

Figure 3.8: The domain linking P6 to N12; the closed ring of separators is distorted so that it
touches itself at B3. An animation showing a 3D rotational view about this configuration is also
available on the accompanying CD.

the circuit B3 —> A2 =>- B3, where ►' indicates that the separator above the plane z — 0
is traversed, whilst '=>•' indicates that the corresponding separator in the mirror corona
below the z = 0 plane is traversed. The other separator loop is the circuit B3 —> A3 =k
B3. However, since these two circuits share a common null, i.e. B3, then itmay be argued
that there is only one separator ring, which is the circuit A3 —> B3 —► A2 =A B3 =k A3.
In such case, the field lines connecting P6 to N12 pass through the single separator loop,
and the double visit to B3 in the separator circuit means that the loop is distorted such that
it kisses itself at B3. Such domains are not uncommon; indeed, there are several other

examples of them in the region studied here.

Whereas a domain of the type illustrated in Figure 3.2 has a footprint with a vertex
of each of the four types on its boundary, domains that have two encircling separator
curves have a positive source and a negative source, but two nulls of the same type on the
boundary of their footprint. However, a photospheric domain with a coronal null as part
of its separator circuit may also have such a photospheric footprint, and so domains with
two engirdling separator curves may not be identified by their footprints alone.
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Figure 3.9: Plot of the domain linking P10 to N4. Fan field lines from A10 that connect to P10
and form part of the boundary of the domain have been omitted for clarity. An animation showing
a 3D rotational view about this configuration is also available on the accompanying CD.

It may be noted that in Figure 3.8 the fan sector from B3 is not shown; this is because
in non-symmetric states, computing fan field lines from equally spaced points on a small
ring within the fan plane of a null only partially outlines the fan surface. This is due to
the fact that, in the lack of symmetry, the field strength is not uniform on the ring about
the null, so that field lines swiftly diverge from the regions of weak field. The result of
this is that fan field lines can often cluster together in clumps, and thus only part of the
separatrix is shown. This is discussed further in Chapter 4.

3.4.3 A Multiply Connected Pair of Sources

Close inspection of Figure 3.6, around the point (—30, —10), shows the typical footprint
of an isolated domain which is bounded entirely by an unbroken fan from a single null,
with a source lying within the domain (here it is the fan from null A4 that completely
encloses all the flux from source N16). In such cases, a neighbouring domain has two
footprints, separated by a spine from the null with the unbroken fan (for example, there
are two regions in the z = 0 plane that connect source P6 to source N15).
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Upon first encountering the footprint at around (—20, 40) in Figure 3.6, it is tempting
to conclude that the domain linking P12 with N4 is one of the nested domes described
above. However, by scanning the fan plane of A10, one finds a change in connectivity of
the fan field lines from PI2 to P10, then a change back to PI2. Thus, the fan from A10
breaks through the fan from B5, only to break through it again, therefore allowing a sliver
of flux from P10 to connect to N4 (see Figure 3.9). The two distinct separators that link
B5 to A10 provide the encompassing ring of separators, which the field lines from P10
clearly pass through in order to connect to N4. This also means that there are some field
lines from N4 that pass near B5 and along one of its spines to PI 2.

When a pair of nulls is connected by two or more discrete separators (neglecting
separators in the mirror corona, that is), then this is an indication that a pair of sources
is linked by more than one domain. This is the case here, and there are two separate
domains that link the source PI2 to N3 (their footprints can be seen in Figure 3.6). These
two domains are in fact of the type that appear to have two engirlding separator loops.

3.4.4 Coronal Domains

Since much of the flux in a magnetic field emanating from a multitude ofmixed-polarity
sources closes down at low altitudes, the majority of the flux is concealed within the
low-lying chromospheric or low coronal domains. However, the remaining flux that is
contained within coronal domains is also of vital importance, as the magnetic flux in
these higher domains may channel energy up into the Sun's outer atmosphere.

In contrast with the findings of Subsection 3.4.2, where some domains with non-

straddled separator rings were found, the flux in a coronal domain always passes through
its engirdling separator ring, since the closed curve of separators exists entirely above the
z = 0 plane. As is the case with photospheric domains, the closed curve of separators
that encircle a coronal domain may contain only planar nulls or a combination of planar
nulls and coronal nulls. However, it is also possible that the engirdling separator curve
of a coronal domain may contain only coronal nulls, which of course is not possible with
photospheric domains.
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Figure 3.10: (a) Sketch of an isolated domain bounded by fan surfaces from two positive prone
nulls, (b) Illustration ofhow an isolated domain with many prone and upright nulls on its boundary
may exist. The spines from the prone nulls connect to the positive source.

3.5 Magnetic Fields Containing Upright Nulls

Magnetic domains about upright null points fall into two distinct categories; those that
are photospheric, with a clear connecting path between the domain sources in the 2 = 0
plane, and those that are semi-coronal in that, despite having field lines in the photospheric
plane, they require the volume above the plane 2 = 0 in order to connect a given pair of
sources. The distinction does not stop there, though, since it turns out that photospheric
upright-null domains are actually isolating domains that entirely enclose the flux from
one of the domain sources, whereas semi-coronal upright-null domains are separator-ring
domains.

3.5.1 Photospheric Domains about Upright Nulls

Figure 3.10(a) illustrates how the flux from a given source, here positive, may connect

entirely to another source through a photospheric upright-null domain. The fan surfaces
from two prone nulls form the boundary of the domain, both unbroken but for two distinct
separator field lines that link the two prone nulls to the upright null. The two prone fan
surfaces are separated by the spine from the upright null, which connects to the negative
source.

In theory, more complicated domains of this type could exist, characterised by a ring
in the photosphere of, say (without loss of generality), p positive prone nulls interspersed
with u = p — 1 upright nulls, with a negative source between the two positive prone nulls
that have no upright null between them (shown in Figure 3.10(b)). The spines from the
prone nulls would connect to a positive source situated in the centre of the configuration,
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Figure 3.11: Domain footprints for the region containing an upright null, All, located at (0.6,0.5).

and the spines from the upright nulls would connect to the negative source. Whilst such
configurations are topologically possible, they are undoubtedly extremely rare in practice.

3.5.2 Semi-Coronal Domains

The magnetogram region studied so far contains no upright nulls. Thus, in order to study
the properties of semi-coronal upright-null domains in complex magnetic fields, a source
configuration that gives rise to an upright null is randomly generated. 36 sources are

randomly scattered in a unit square (18 of each polarity), and each source is allocated a

random strength. One set of sources is then multiplied by a single flux-balancing factor.
This process is repeated several times until a region containing an upright null is found.
The domain footprints for the region about the upright null are shown in Figure 3.11.

Figure 3.12 shows the skeleton of a semi-coronal upright-null domain around the up¬

right null located at (0.6,0.5), which connects P10 to N3. The domain footprints about
an upright null will generally contain a source, two similar polarity nulls, and an oppo¬

site polarity null (the upright one) on its boundary (note that photospheric upright-null
domains that enclose a single source have two footprints, one of which adheres to this
description). The two nulls of similar polarity, here BIO and B12, are connected to the
upright null, here All, by separators. Since the domain studied here is semi-coronal, a
further null, here Al, of the same polarity as the upright null must connect to the two
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Figure 3.12: Structure of a domain about a typical upright null. The coronal null A16 is repre¬
sented by the filled upward-pointing triangle. Fan sector field lines have been removed for clarity.
An animation showing a 3D rotational view about this configuration is also available on the ac¬

companying CD.

similar-polarity nulls BIO and B12, in order to complete the circuit. In this particular
example, BIO does not connect directly to Al, but instead connects to the coronal null
A16, which connects to B8, which in turn connects to Al. Thus the complete separator
circuit is BIO —» A16 —> B8 —■» Al —> B12 —> All —> BIO. The other two domains

about the upright null shown here are structured in a similar way.

Such domains are peculiar in that, although they are not purely coronal, since they
have part of their separator circuits in the photospheric plane, the separator circuit does not
dip below the z = 0 plane, as it would do with regular photospheric domains. Since there
is no direct connection through the photosphere from P10 to N3, the domain subsequently
takes on somewhat of a loop-like structure.

Whilst the upright null here is at the confluence of three domains, a general upright
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Figure 3.13: Classification of domain structures with respect to their various distinct properties.

null may be at the confluence of a great deal more, so that, although a prone null may have
a maximum of four connections in the source plane (two spine field line connections and
two connections from the fan field lines lying in the z = 0 plane), an upright null may have
substantially more connections in the photospheric plane. Beveridge et al. (2003) showed
how upright nulls affect planar connectivity, likening it to river valleys in a geographical
contour map, where the contours are of the potential F for which VF = B. In such a

scenario, the planar separators connected to the upright null follow valleys of the potential
and the upright nulls lie at local minima.

3.6 Conclusions

An algorithm has been presented here for locating separator fields lines in general three-
dimensional potential fields of arbitrary complexity. Such an algorithm is an invaluable
tool in the process of identifying the boundaries of magnetic domains in a model field
based on observed magnetogram data.

The potential field arising from a sufficiently complicated point-source model of the
mixed-polarity quiet Sun consists of many intricately entwined domain structures, con¬

necting pairs of opposite-polarity sources.

Previous authors have observed that these domain structures may be broadly cate¬

gorised into two classes, namely, the isolated dome domain, where a single unbroken fan
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surface encloses a source and all its flux, and the separator-ring domain, which is bounded
by sectors from several fan surfaces and encircled by a closed curve of separators. It has
been established here, however, that these descriptions overly simplify the matter, since
the various domain structures that exist may be classified in far greater detail depending
upon their geometrical and topological traits. Figure 3.13 summarises the various domain
structures and their properties.

It has also been demonstrated here that the number of domains in a system is not

necessarily the same as the number of connected pairs, since two instances have been
found where a pair of sources is connected by more than one domain. Along with the
example in Subsection 3.4.3 of a separator-ring domain with a footprint similar to that
of an isolated domain, this unfortunately proves futile any attempts to create a general
scheme that uses the domain footprints and knowledge of the presence of coronal nulls in
order to deduce the whereabouts of separators, which are notoriously awkward to trace.

Understanding the structure of the building blocks of complex magnetic topologies,
along with the bifurcations that may mutate them, is crucial to the understanding of the
Sun's magnetic field. It will be interesting in the future to see the role that various mag¬

netic structures play in the dynamical processes ever present in the Sun's atmosphere.
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4.1 Introduction

The thief

Left it behind

The moon at the window

"TAIGU" RYOUKAN (1758-1831)

As has been seen already in Chapter 1, the gas pressure in the Sun's corona is much less
than the magnetic pressure, leading to the belief that the magnetic field, which, in the
quiet Sun, emerges through the photosphere in well-separated magnetic flux fragments,
expands to fill the entire coronal volume. Hence, many dynamic processes in the solar
atmosphere occur as a result of the presence of the dominant magnetic field. However,
brightenings are observed in X-rays of coronal plasma along only a few field lines, so
attention has turned to the topological structure of the field to try and explain the obser¬
vations.

One particular topological feature that is a prime suspect in the quest to pin down the
precise location of coronal heating is the magnetic separator. Whilst steep field gradients
at null points may produce enhanced current densities that result in coronal heating (Titov
and Priest, 1993), studies have shown that separators are likely to be sites of intense

^The work in this chapter has been accepted for publication in Solar Physics (Close et al., 2004b).
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heating (Galsgaard et al., 2000; Priest and Titov, 1996). Although the statistics of nulls
present in mixed-polarity fields are now fairly well understood, only recently have studies
begun to provide an insight into the statistical properties of separators in complicated
magnetic structures (see, for example, Beveridge et al., 2003 and Welsch and Longcope,
1999). One of the main reasons for the relatively few studies of separator statistics is
the fact that separators are so awkward to trace, even for the most simple method of
extrapolation, i.e. potential field extrapolation. A good understanding of the number
density of separators in quiet-Sun fields is, however, of crucial importance if meaningful
estimates of coronal heating due to separator reconnection are to be obtained.

Here, the aim is to analyse the density and character of separators found in quiet-Sun
fields. Section 4.2 outlines how model fields similar to those of Schrijver and Title (2002)
are obtained. The results of this Monte Carlo simulation are then presented in Section
4.3, whilst Section 4.4 analyses fields based on observed data. A concluding discussion
is presented in Section 4.5.

4.2 An Exponential Distribution of Source Strengths

In order to examine the density of separators in potential magnetic fields, a plane is first
sprinkled with point sources which provide the nulls from which separator statistics are

then derived. Each point source here represents a whole fragment; the advantages of such
a representation are discussed in Section 1.4. (Details regarding the use and applicability
of potential fields are also given in Section 1.4).

In creating these random fields, the algorithm of Schrijver and Title (2002) is fol¬
lowed. Point sources are randomly positioned on a plane within a unit square, subdivided
into 9 smaller squares. Within each subdivision, 16 sources of each polarity are randomly
positioned, with strengths ranging from 0.5 to 5 in arbitrary units. This is chosen to co¬

incide with the distribution observed by Schrijver et al. (1997) for the quiet-Sun network,
although recent work by Parnell (2002) has suggested that a Weibull distribution, which
involves both a power law and an exponential, provides both a statistically good fit to the
data and a physically reasonable prediction for the absolute flux density.

Only situations for which there is an overall flux balance are considered, so one po¬

larity is multiplied by a single flux-balancing factor.

Null points are found in each of the 200 simulated fields by first searching for minima
of |B | in a 100 x 100 x 50 grid positioned over the central | x | x | region of the
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source plane. The precise positions of the nulls are found by using a Brodyn root-finding
algorithm. In order that all nulls may be resolved, sources may not lie closer than 0.02
units.

For each null at position rj, say, the eigenvectors of the derivative matrix M, for which
B = M • r, in the vicinity of the null, are calculated by maximising and minimising the
function

B(r, + fa) ■ fa
|B(r, + <5r)||<5r|

on the surface of a small sphere of radius |£r| centred on the null point. Ki takes its
maximum value of 1 when the field B is in the same direction as the vector dr, whilst it
takes the value —1 when B and <5r are antiparallel. Taking the cross product of the two
vectors 5ri and 5r2, say, which give Ki — 1 and Ki = —1, gives a third direction, £r3,
say. The two similar-signed vectors define the fan of the null, with the remaining vector

corresponding to its spine. If the value of Ki given by the spine vector is 1, then the null
is negative; if Ki = —1, the null is positive.

With knowledge of the orientation of the fan planes and spine field lines, it is then
possible to begin the search for separator field lines.

4.3 Monte Carlo Simulation

Having followed the same method as Schrijver and Title (2002), for distributing sources
on the source plane, similar results are found for the density of nulls; 1.090 ± 0.006 nulls
per charge are found, of which 1.001 ± 0.005 nulls per charge (around 92%) lie in the
source plane, with 0.089 ± 0.004 situated above the source plane. (A histogram of their
heights is shown in Figure 4.1). The number of prone nulls that occur is also examined,
and a total of 0.0023 ± 0.0006 upright nulls per charge are found. This is quite close to
the figure of Beveridge et al. (2003), who found a slightly lower value of 0.0018 ± 0.0007
for an exponential distribution in perfect flux balance; however, they obtained their result
by averaging over 1000 realisations, whereas only 200 are considered here.

A complete mapping of the connectivity of a potential field arises from complete
knowledge of the connectivity of the spine and fan field lines associated with magnetic
null points. In the plane, a prone null may have a maximum of four connections (two
spine field-line connections and two connections from the fan field lines lying in the
z = 0 plane). An upright null, though, may have substantially more connections in the
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Figure 4.1: Histogram of heights of coronal null points above the source plane, with the heights
normalised to the mean source separation, D.

photospheric plane. However, by analysing the connectivity about separators associated
with upright nulls, it is found here that, although the number of connections varies from 2
to 7, the average is 3.33 ± 0.35 connections per upright null. Thus, these findings predict
that, on average, upright nulls actually have fewer connections than prone nulls. This
is not likely to be the case, however, in fields consisting of sources of a single polarity,
where a great many separator field lines tend to bunch together to form trunks that connect
to upright nulls (Beveridge et ah, 2003).

A prone null may lie at the confluence of a maximum of four domains that have pho¬
tospheric footprints. In a scenario where there are only prone nulls, each with a maximum
of only one connected separator above the source plane, there are no coronal domains and
the number of photospheric domains is equal to the total number of domains in the config¬
uration. However, when there is more than one separator connected to a given null, each
extra separator has an associated coronal domain with no photospheric footprint. Thus,
the connectivity of field lines in the plane will not generally show up the full picture. One
would expect to find an average of around 3-4 planar connections per null, since isolated
dome domains (in which the entire separatrix surface from a single null forms a closed
dome enclosing a single source (see Chapter 3), meaning that the given null has only three
photospheric connections) are also observed in even the most complex of configurations
(e.g., Schrijver and Title, 2002; see also Chapter 2). In the plane, connectivity statistics
for sources should therefore be quite similar to connectivity statistics for photospheric
nulls, since the number of photospheric nulls is roughly of the order of the number of
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Figure 4.2: Fraction of nulls with number of separators greater than s. Specific values are indi¬
cated for the fraction 0.5 (dotted line) and for the mean number of connected separators (dashed
line).

sources.

4.3.1 Separator Densities

Brown and Priest (1999a) examined both how separators are created and destroyed and
what the topological conditions are for their existence. They not only showed how two

separatrix surfaces intersect to form a stable separator, but also how two neighbouring
separators can interact and merge into a single separator.

Here the question: how many separators should one expect to exist in a complex
magnetic configuration? is explored. This query is approached by examining the number
of separators connected to the nulls present in the model magnetic fields studied here.
In such configurations, where there are 32 sources and around 34.9 null points in the
inner region, an average of 176.2 separators are found. (Separators are located and traced
using the algorithm outlined in Section 3.3). This corresponds to 10.1 ± 0.13 separators
connected to each null. Figure 4.2 shows the fraction of nulls with numbers of connected
separators totalling s or more. Although the average number of separators per null is
around 10.1, 50% of nulls have less than 6 connected separators, with only the top 32%
of nulls having more than 10 connected separators. Thus, although the average number of
separators per null is quite high, it is the contribution from only a handful of nulls with a
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great many connected separators that results in such a high average number of separators
per null. The maximum number of separators found to be connected to any particular null
is 100.

At this point, the largely unexplored concept of multiple domains must be addressed.
Multiple domains, as discussed in Chapter 3, occur when two or more distinctly separate
domains link a common pair of sources. Hence, if Nm — 1 of the Nm domains that link
the pair of nulls are removed, then they will still be linked. Such domains have been
absent from configurations arising due to only a handful of sources. Here, by noting the
startpoints and endpoints of each separator, pairs of nulls that are connected by more than
one separator are identified. Each 'extra' (or 'multiple') separator field line connecting
a pair of nulls indicates the presence of a multiple domain, and this is used to gain a

measure of the frequency of occurrence of multiple domains. An average of 1.04 ± 0.04
such domains are found to be associated with each null, which in turn corresponds to
around 1.13 multiple domains per source. Thus, there are more domains present in a

complex configuration than one could glean by merely examining the connectivity of
field lines alone.

Of course, the above figures can be subdivided according to whether the null in ques¬

tion is photospheric or coronal. In doing so, 9.9±0.13 separators per photospheric null are
found, with 1.07 ± 0.04 corresponding to multiple domains. The figure for coronal nulls
is 12.42 ± 0.46 separators per null, with 0.72 ± 0.15 corresponding to multiple domains.
Of course, each separator connects a pair of opposite-polarity nulls, so the total number
of separators is equal to half the sum of the number of separators connected to each null.
In the case of prone nulls, the region of the fan plane situated below the 2 = 0 plane is
not considered, and since the majority of photospheric nulls are prone, each photospheric
null actually has around 19.8 separators connected to it. So on average, if real and mirror
separators are considered, then photospheric nulls have more connected separators than
coronal nulls.

4.3.2 Density of Topologically Distinct Regions

Subtracting the number of separators corresponding to multiple domains from the total
number of separators leaves 9.06 separators per null. For every coronal null and upright
null, each of these separators indicates the presence of a connection from that null's fan
plane to a distinct source. For prone nulls, on the other hand, the number of fan plane
connections for each null in turn is equal to the number of separators connected to that
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Figure 4.3: Fraction of separators with length greater than I, normalised with respect to the mean
source separation, D. The dashed line represents the function y = 1.11 exp(—0.12Z/D) and is
fitted to the shortest 90% of separators.

null plus one and minus the number of connected upright nulls. So the total number of
connections between null fan planes and sources, Cns, is equal to

Cns — Ccs + Cus + Cps + Np — Cus = Ccs + Cps + Np, (4.2)

where Ccs is the total number of non-multiple separator field lines associated with the
coronal nulls (where 'non-multiple' means that only one separator is counted per pair of
connected nulls), Cus is the total number of non-multiple separator field lines associated
with the upright nulls, Cps is the total number of non-multiple separator field lines as¬
sociated with the prone nulls and Np is the number of prone nulls. Note that an upright
null cannot connect to another null by any more than one separator field line. In the case

here, Cns — 69 570, which corresponds to an average of 9.97 fan plane connections per
null. This in turn corresponds to roughly 10.9 connections per source. Schrijver and Title
(2002) found an average of 8 connections per source. Their method of sampling the field,
by which they plotted a great many field lines from a small hemisphere centred on each
source, likely missed the small domains that fill tiny sections of space and account for a
minuscule fraction of the total flux; however, their routine has the advantage that it can
readily provide statistics on the apportionment of flux among the larger domains in the
field.
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Figure 4.4: Fraction of separators with footpoint separation greater than d, normalised with
respect to the mean source separation, D. The dashed line represents the function y =
1.21 exp(—0.24d/77) and is fitted to the shortest 60% of separators.

It is found that 1.8% ± 0.69% of nulls have no separators connected to them. This is
of particular interest because, as seen in Chapter 3, there are, broadly speaking, only two
types of domain that are present in potential magnetic fields, namely isolated domains
that are bounded by a single unbroken fan, and separator-ring domains that are engirdled
by a closed curve of separators. Thus, the findings here suggest that less than 2% of nulls
give rise to domains of the former type.

The fraction of separators with length greater than I is plotted in Figure 4.3 on a loga¬
rithmic scale against length. The length distribution is normalised to the mean separation
D between the sources, giving a mean length of 9.577. However, if only the shortest 90%
of separators are considered, the mean length is ID. It is found that the distribution of the
lengths is approximately N(l) oc exp(—0.12//D). Only the shortest 90% of separators
found are considered, since the longest separators are biased by boundary conditions, and
therefore overstretch the validity of the model.

Schrijver et al. (1997) found a typical expectation value of one network concentration
per area of order A ~ 2 x 108 km2 for the quiet Sun. This corresponds to a value of around
14 Mm for D (a similar figure may be arrived at by using the figures for the density of
ephemeral regions present in the quiet Sun obtained by Hagenaar (2001)). If only the
shortest 90% of separators are considered, then this gives a mean separator length of
around 100 Mm. However, if the larger of the intranetwork concentrations are included,



4.3 Monte Carlo Simulation 71

with strengths greater than ~4.5x 10'' Mx, then D ~ 8 Mm, giving a mean separator

length of around 60 Mm. By including even smaller intranetwork regions still, down to
around 1.5 xlO17 Mx (the lower limit of current magnetogram images, below which the
signal is indescernible from noise), then D ~ 4 Mm, resulting in a mean separator length
of around 30 Mm.

Figure 4.4 shows the fraction of separators with footpoint separation greater than d,
again normalised to the mean source separation D. If the mean diameter of a supergran-
ular cell is taken to be 14 Mm (Hagenaar et al., 1997), then for D = 14 Mm, D — 8 Mm
and D = 4 Mm, it is found that ~6%, ^20% and ~47% of separators, respectively, close
within a supergranule cell, with the remaining separators forming more distant connec¬
tions. The dashed line in Figure 4.4 represent the function N(d) oc exp(—0.24d/D), and
is fitted to the shortest 60% of separators.

The density of separators per unit area, NA, may be obtained by dividing the total
number of separators in the region by the area of the region. This gives a density of NA =

5.46/D2 Mm-2. For a mean supergranular diameter of 14 Mm, the number of separators
per supergranule cell is typically around 5, 17 and 52 for the values of 14 Mm, 8 Mm
and 4 Mm for D, respectively. This model, however, neglects the effects of supergranular
flows on the positioning of photospheric fragments, which tend to sweep magnetic flux
into the intergranular lanes. Similarly, the differences in both source strength and spatial
distributions that arise when considering sources at varying scales are also ignored.

4.3.3 Separator Bunching

The plot in Figure 4.5 demonstrates an interesting feature common in complex potential
magnetic fields: separators can be seen to leave a null bunched closely together in trunks,
only to diverge further from the null. This effect has already been observed in the case

of upright nulls in a single-polarity field by Beveridge et al. (2003). However, here it is
shown that it is also common in general mixed-polarity fields, and that it happens too with
prone and coronal nulls.

In order to show mathematically that this effect is commonplace, the angles from
which the separators leave their respective nulls are noted. Then, for each null in turn that
has its fan plane sectored by more than one separator, the quantity

\0i — 0j\n dOijn (4.3)
2tt 27T
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Figure 4.5: Plot of one of the prone photospheric nulls that arises in the model field, A14. The
solid blue lines are a selection of fan field lines and the thick solid blue lines are spine curves. The
dotted blue lines are fan field lines lying in the 2 = 0 plane, whilst the red lines are separators.
The thick solid grey lines and the dotted grey lines are spine field lines and footprint fan field lines
(respectively) from other nulls in the field. The plus sign is the positive source P69 and the cross is
the negative source N67; the upward pointing triangle is the negative null A14 and the downward
pointing triangle is the positive null B8. An animation showing a 3D rotational view about this
configuration is provided on the accompanying CD (see Appendix F for details on how to access

it).

is considered for all pairings of separators i and j (i f j), where 6, and Oj are the starting
angles in the fan plane for separators i and j, respectively, and n is the number of separa¬
tors connected to the null in question. Note that, since it is easier to analyse data scattered
on a circle rather than just a semicircle, separators lying in sections of the fan planes of
prone nulls that lie below the z = 0 plane are also included in this calculation. All the

fij are calculated for each of the nulls in turn, and the results are shown in a histogram
in Figure 4.6.

If the separators were distributed uniformly about the fan plane of each null, then the
histogram in Figure 4.6 would climb steadily from zero at = 0 and peak at around
fij = 1, since two consecutive points scattered uniformly on a circle should be separated,
on average, by an angle 2n/n. (only the interval [0,1] is considered, since n varies from
null to null and hence the function (j>(d0) becomes rather meaningless outwith [0,1]).
However, on the contrary, it is found that the histogram peaks at around zero, implying
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Figure 4.6: Histogram of the quantity <pij = \6L — 6j\n/2it in the range [0,1] for the pair of
separators i and j (i ^ j) starting from angles 0, and 9j, respectively, about a particular null with
n separators.

that the separators have a tendency to bunch together.

This still leaves the question as to why such behaviour occurs, though. In order to
address this question, it is assumed that it is related to the effect that causes fan field
lines to group together and only partially outline fan surfaces, explained by Parnell et al.
(1996).

The field at a point r = r0 + 5r near a null point in a potential field can be written
linearly as B(r) = M • r = M • (r0 + 5r) = M • <5r, where

M =

( d~t 9~t d~t\ / A: 0 0 ^
0 A2 0
0 OA3 /V

dx

dx
dBz
dx

dy
dBz
dy

dz
dBz
dz /

(4.4)

The field may also be expressed in terms of a parameter u, giving a field line equation

d(Sr)
du

= B = MTr. (4.5)

Suppose, without loss of generality, that Ai and A2 are the two same-signed eigenvalues
of the matrix M that correspond to the fan plane of the null, and that the spine field line
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Figure 4.7: Circular histogram showing the fraction of separators N that start from a given angle
6 about the fan planes of prone nulls.

is normal to the x-y plane. Then, if <5r lies in the fan plane of the null, one may write

d(Sr\)/du
d(8rf)/du

Solving this gives rise to two expressions, namely

5n = 8rloeXlU,

Sr2 = 8r20eA2U,
the ratio of which is

8r2 8r2o

(4.6)

(4.7)

(4.8)

(4.9)

In the cases when Ai A2, fan field lines will tend to be preferentially aligned with
the direction r\ in which the field is strongest; however, separator field lines tend to lie in
the channels of weak field, since they, by definition, link pairs of null points, and will be
preferentially aligned with the direction r2. The grouping of separators into channels of
weak field will show exponential convergence as |AX — A2| increases.

This explanation, in which the separators tend to form trunks along the fan plane
eigenvector with the smaller eigenvalue, implies that, in the case of prone nulls, there
are only two directions along which separators will tend to bunch: either parallel to the
photospheric plane or perpendicular to it. This is due to the symmetry that exists about the
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Figure 4.8: Plot of a coronal null, B3211, that is connected to two opposite-polarity coronal
nulls, A3211 and A3212. Figure 4.5 gives an explanation of the symbols and line styles. Coronal
nulls are shaded black to distinguish them from photospheric nulls. An animation showing a 3D
rotational view about this configuration is also available on the accompanying CD.

z = 0 plane. Figure 4.7 shows a circular histogram of the starting angles for separators
about the fan planes of prone nulls, and shows that the preferred angles are indeed 0 = 0,
0 = 7r/2 and 0 = it.

The angles which are obtained for the starting points of the separators about the nulls
are, of course, highly dependent on the radius of the ring about which the fan plane of
the null is scanned. Thus, if a much smaller radius were to be taken, then it's likely
that the behaviour illustrated in Figure 4.7 would be more pronounced. However, it is not
suggested here that for every null one should expect the separators to form trunks; indeed,
when the two fan-plane eigenvalues are comparable in size, then the separators will be
free to leave the fan plane in any direction.

In practice, it is found that separators bunched together about a null diverge at vary¬
ing stages. Some grouped separators may diverge very close to the null, whereas at the
other end of the scale, pairs of separators may remain grouped together right up until
they are in the vicinity of another null, where they then split, with one connecting to the
aforementioned null and the other going off to connect to a different null.
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Figure 4.9: Fraction of coronal nulls connected to c or more other opposite-polarity coronal nulls.

4.3.4 Connections between Coronal Nulls

In quiet-Sun fields, the tireless motions ofmagnetic flux elements mean that the structure
of the magnetic field is always changing, with bifurcation after bifurcation constantly
redefining the topological skeleton.

Coronal nulls, in particular, will naturally come and go. Since they are believed to
be important sites for reconnection, and may play a crucial role in a variety of solar
phenomena, such as X-ray bright points and solar flares, a good understanding of how
they come about is of great importance.

Until recently, the only known mechanism that could explain how coronal nulls come
into existence was the local double-separator bifurcation (Brown and Priest (1999a)),
where coronal nulls are bom in the photosphere and rise into the corona.

Lately, though, a new explanation for the birth of coronal nulls has emerged from
Beveridge (2003), who demonstrated how purely coronal bifurcations can give rise to
nulls points. It was shown, for example, how a five-source configuration can produce an

unstable second-order null in the corona, which in turn splits into two stable first-order
nulls. The study then went on to demonstrate a bifurcation by which a seven-source

configuration containing two nulls can change to one with four nulls, which, moreover,
may bifurcate into one with 6 nulls.

In this section, the aim is to examine which mechanism is the more likely cause for
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coronal nulls to appear. The work here is based on the following observation made by
Beveridge (2003): nulls which are produced by coronal bifurcations are likely to remain
connected by separator field lines after the bifurcation, whereas coronal nulls created in
the plane by the local double-separator bifurcation will not be connected to any other
corona] nulls. Furthermore, the scenario in which an unstable second-order null which
has just been born out of a coronal bifurcation may be encountered will be discarded as

highly unlikely.

By examining the endpoints of separators traced from coronal nulls, the number of
coronal nulls that are connected to other coronal nulls by separator field lines is estab¬
lished. Figure 4.8 shows an example of a coronal null that is connected to two opposite-
polarity coronal nulls.

On average, 2.85 coronal nulls are found in the inner region containing 32 mixed-
polarity sources. Figure 4.9 shows the fraction of coronal nulls connected to c or more

other coronal nulls. It is found that each coronal null is connected to, on average, 1.03 ±
0.07 other coronal nulls, with the maximum number of connections being 8. Only 38%
of coronal nulls are found to be connected to no other coronal nulls at all.

These findings therefore give a strong indication that coronal bifurcations are com¬

monplace, and are most likely the preferred method by which coronal nulls are produced.

The results here show that a coronal null may be connected to a varying number
of coronal nulls. Thus, further work is needed to generalise the theory so that the key
processes that cause an arbitrary number of coronal nulls to appear may be clearly under¬
stood.

4.4 An Observed Sequence of Magnetograms

In this section, the fields observed in magnetogram images are analysed by representing
each of the magnetic fragments as a single point source.

A sequence of 50 magnetograms is examined, each 240 x 240 Mm, from 17 August
1997. Each image is spaced by 15 minutes and contains, on average, 286 fragments per

frame. The region is chosen so that it is roughly in flux balance, although there is an

average imbalance of (total positive flux)/(total flux) 0.45, hence there is some open

negative flux. Again, only the central | x | x | region is searched.
In the quiet-Sun network, fragments, rather than being randomly scattered over the
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Figure 4.10: (a) Fraction of nulls with number of separators greater than s. Specific values are
given for the fractions 0.5 (dotted line) and for the mean number of connected separators (dashed
line), (b) Fraction of separators with length greater than I, normalised with respect to the mean
source separation, D (lower axis). The upper axis gives the lengths in megametres. The dashed
line represents the function y = 1.07 exp(—0.12l/D) and is fitted to the shortest 90% of separa¬
tors.
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solar surface, tend instead to cluster around supergranular boundaries. With this in mind,
all the null points in the inner 80 x 80 x 40 Mm region are calculated. Since a restriction
cannot be placed on the minimum distances between sources as was possible with the
Monte Carlo experiments of Section 4.3, a search grid of dimensions 1000 x 1000 x 500
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Figure 4.11: Fraction of separators with footpoint separation greater than d, normalised with
respect to the mean source separation, D (lower axis). The upper axis gives the distances in
megametres. The dotted line represents the function y = 1.02 exp(—0.15d/D) and is fitted to the
shortest 60% of separators.

is adopted, so that nulls situated between fragments that are in close proximity to each
other may be identified.

A total of 1.051 ± 0.007 nulls per source are discovered, with 1.013 ± 0.008 (96%)
lying in the source plane and 0.038 ± 0.005 (4%) occurring in the corona. Initially, these
figures seem alarmingly different from those obtained in Section 4.3; however, it must
be remembered that this is a relatively small sample (50 magnetograms), and, since it
is a sequence that covers a fairly short time span (12.5 hours) that follows the evolution
of the field, the regions won't vary all that greatly from one magnetogram to the next.
Thus, although this region is analysed as a case study of what may be expected from
more realistic coronal fields, care should be taken not to assume that the results obtained
are generic for observed magnetic fields.

4.4.1 Separator Distributions

Shown in Figure 4.10(a) is the fraction of nulls with a total number of connected sepa¬

rators greater than or equal to s. A lower density of separators than the 10.1 separators

per null previously found Section 4.3 is observed here— on average, there are 7.63 ± 0.20
separators per null, of which 0.99 ± 0.059 are multiply connecting separators. The fig-
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Figure 4.12: Histogram of the quantity (f>ij(d9) = \0t — 6j\n/2-K in the range [0,1] for the pair of
separators i and j (z f j) starting from angles 9, and 93, respectively, about a particular null with
n separators.

ures for coronal nulls and planar nulls are quite similar— there are 7.65 ± 0.21 separators

per planar null, with 1.03 ± 0.061 multiply connecting, whilst 7.11 ± 0.39 separators

per coronal null are found, although only 0.11 ± 0.038 are multiply connecting. These
figures, lower than the averages found in Section 4.3, are partly explained by noting that
0.12 ± 0.021 nulls per source have unbroken fan surfaces, giving rise to isolated domes.
This accounts for 12.5% of all nulls— around 7 times greater than the figure of 1.8%
found in Section 4.3. Further investigation is required in order to establish whether this
anomaly is an effect common to observed quiet-Sun fields, or if it is just specific to the
case studied here.

The distribution showing the fraction of separators with lengths greater than or equal
to I is shown in Figure 4.10(b), with the fractions shown on a logarithmic scale. It is found
that the distribution of lengths is surprisingly close to the earlier distribution obtained in
Section 4.3— the curve fitted here corresponds to a distribution N(l) oc exp(—0.12//D),
which of course in this scenario may also be expressed as N(L) oc exp(—0.009L), where
L is measured in megametres. The mean separator length is found to be 113.2 Mm (7.57
times the average source separation).

Similarly, the distribution showing the fraction of separators with footpoint separa¬
tions greater than or equal to d is shown in Figure 4.11. As previously, the shortest 60%
of separator footpoint separations is observed to follow an exponential distribution, with
the distribution of footpoint separations here being N(d) oc exp(—0.15d/D). This may
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Figure 4.13: Circular histogram showing the fraction of separators N that start from a given angle
6 about the fan planes of prone nulls.

also be rewritten as N(S) oc exp(—0.0115), where S is measured in megametres.

Figure 4.12 shows a histogram of the function (discussed previously in Section 4.3)

_ \6j - 6j\n _ ddjdn
~

2tt 2TT '

applied to the scenario here, where and 9j are the starting angles for separators i and
j, respectively, and n is the number of separators connected to the null in question. All
the fij for each of the nulls are calculated in turn. As was the case in Section 4.3, it is
also found that the peak of the histogram is centred on 0 rather than 1, so that separator
bunching is also abundant in these fields. Figure 4.13 shows a circular histogram of
the starting angles for separators about the fan planes of prone nulls. Again, it is clear
that the preferred angles are 9 = 0, 9 = 7t/2 and 9 — tx. Although the plot here has
more significant contributions away from these angles than there were in the Monte Carlo
simulation, suggesting that there isn't as much separator bunching here, the fact that the
starting angles are so sensitive to the radius of the disk taken when scanning the fan planes
prevents us from reading too much into this.

It is found here that, on average, each coronal null connects to 0.12 ± 0.016 other
coronal nulls, with any given coronal null connecting to a maximum of 1 other coronal
null. This figure is in stark contrast to the value of 8 found in Section 4.3. This should
not be too surprising, though; a lower density of coronal nulls is also found in general, so
there simply aren't enough coronal nulls to provide many more connections.
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Figure 4.14: (a) Cross section about a typical separator field line. Dotted lines correspond to fan
surfaces, whilst the black filled dot is the separator. The flux from sources PI and P2 is separated
by one separatrix wall, and the flux from N1 and N2 is separated by the other, (b) Cross section
of two separators linking a common pair of nulls. Note that there are two regions connecting PI
and Nl.

4.5 Conclusions

The study here has shown that magnetic separators— strong candidates as locations for
energy dissipation in the Sun's atmosphere— are more abundant than previously thought.
One reason found for this is that pairs of nulls can be connected by more than one sep¬

arator field line. Figure 4.14 shows how the presence of a pair of nulls connected by
more than one separator field line results in two opposite-polarity sources being con¬

nected by two distinct regions. The separatrix wall separating the flux from PI and P2
breaks through the one which separates flux from Nl and N2, only to break through it
again. Thus, there are two domains through which source PI may connect to source

Nl. It is not difficult to imagine this occurring in practice, since fan surfaces are often
contorted into elaborate, warped surfaces as they weave their way through complicated
magnetic fields.

By analogy with the sources themselves, it is found that some null points too are

busier junctions of connectivity than others. It is found in this study of model fields with
an exponential flux distribution that 1.8% of nulls connect to no other nulls, whilst one
particular null has 100 connected separators. Slightly contrasting results are obtained
when an observed sequence ofmagnetograms is analysed; 12.5% of null fan surfaces are

unbroken by separator field lines, whilst the maximum number of connections from a

given null is 46.

It has been shown that in many cases, separators leave fan planes bunched together
into trunks that lie in a narrow channel. This is due to gradients in the field around the
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null, so that separators are grouped into regions where the field is weaker.

Further investigation is required to establish whether the discrepancies between the
two sets of findings are truly the result of the spatial distribution of magnetic flux frag¬
ments in the photosphere along supergranular boundaries, or whether it is just an artifact
of the specific observed data that is analysed here.
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Coronal Flux Recycling Times '
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Then responds another

Between the two mountains

KAYA SHIRAO (1738-1791)

5.1 Introduction

The four key processes that characterise the quiet-Sun photosphere— emergence, coa¬

lescence, fragmentation and cancellation— will undoubtedly have consequences for the
magnetic field in the corona above. Hence, the aim of this chapter is to gauge the effect
of the behaviour of the photospheric flux fragments on the quiet-Sun corona.

Observations have shown that the outer atmosphere of the Sun, the corona, is heated
to a temperature of several million Kelvin, some two orders of magnitude hotter than the
chromosphere below. It is believed that the energy required for such heating originates in
the turbulent convection zone below the photosphere. This energy is channelled through
the solar surface into the chromosphere and corona by the magnetic field.

Above the photosphere, new flux is seen to be constantly emerging. This is matched
by continual cancellation between coalesced and fragmented flux concentrations, so that
the picture that emerges is one of a very dynamic quiet-Sun magnetic field. Schrijver et al.
(1997) showed that observed source flux distributions are not consistent with a source

^The work in this chapter was published as a letter in Vol. 612 of The Astrophysical Journal (Close
et ah, 2004a).
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function that is just the distribution of flux that disappears from the solar surface. Hence,
the magnetic fields are not simply bobbing up and down through the photosphere, and
are instead continually being reprocessed. Supergranular flows sweep magnetic fields to

supergranular cell boundaries, fragmenting, cancelling or coalescing them along the way.

Upon reaching a cell boundary, flux fragments then move along the boundary with the
flow along it and are again subjected to fragmentation, cancellation or coalescence. (See
Subsection 1.2.1 for further details).

The complicated motions of magnetic flux fragments in the quiet-Sun network will
drive reconnection higher in the upper atmosphere, as magnetic fields constantly realign
themselves in response to the ever-changing footpoint configurations. Moreover, new flux
that emerges through the photospheric surface is likely to, at some stage, reconnect with
the overlying field.

Reconnection driven by the magnetic carpet is important, since it is thought that this is
the mechanism by which the ambient corona is heated (Levine, 1974; Parker, 1981, 1983,
1988; Parnell and Priest, 1994; Parnell and Priest, 1995; Schrijver et al., 1998; Longcope
and Kankelborg, 1999; Priest et al., 2002; Priest et al., 2003). It may also play a role in
several quiet-Sun coronal events (such as X-ray bright points, X-ray jets and nanoflares),
as well as accelerating the fast solar wind (McKenzie et al., 1995).

Thus, the aim of this study is to try to put a handle on the amount of reconnection that
occurs as a consequence of the dynamic nature of the magnetic carpet. This is approached
by taking observed magnetograms, identifying and tracking individual fragments, and ex¬

trapolating the magnetic field using a potential field approximation. By comparing do¬
main fluxes between successive magnetogram images, the amount of reconnection that
must have taken place to move from one configuration to the next is gauged. Section
5.2 discusses how photospheric flux fragments are treated using the general approach of
Longcope (2001) for mapping the connectivity of the field, whilst Section 5.3 details vari¬
ous assumptions in the analysis. This is followed up with an analysis whereby emergence
and cancellation are prohibited in Section 5.4. Section 5.5 starts with a discussion re¬

garding changes in source fluxes, which is followed by a calculation of the flux recycling
time due to emergence and cancellation. An estimate of the amount of reconnection that
takes place when emergence and cancellation are allowed is then presented. The study
is rounded off with a discussion of energy dissipation due to separator reconnection in
Section 5.6. A concluding discussion is given in Section 5.7.
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5.2 Photospheric Flux Fragments

To study the effects of granular and supergranular flows on the connectivity of magnetic-
carpet fields, a sequence of high-resolution MDI magnetograms (each 240 x 240 Mm) is
used for the analysis, and the central 80 x 80 Mm area is studied. After averaging over

sequences of 15-magnetograms spaced by 1 minute (in order to reduce the effects of 5
minute oscillations), this leaves a series of 50 magnetograms, each spaced by 15 minutes
and covering a 12-hour period.

Discrete fragments are located spatially and labelled in each of the 50 magnetograms
in turn. On average, there are 286 fragments in total per frame, although naturally this
number varies from frame to frame. Subsequent magnetograms are then compared in
order to track the motions of individual fragments. Thus, the unique labels given to each
fragment are projected temporally through the set ofmagnetograms (Parnell, 2004).

Since magnetograms show that photospheric magnetic field is generally assembled
into isolated fragments of strong magnetic field (a small section of which is illustrated in
Figure 5A(left)), with relatively little field outwith these concentrations, each fragment is
represented by a single point source, placed at its centroid. Further details regarding the
geometry and the approximations made here are given in Section 1.4.

As there are no magnetic monopoles within the Sun, the net flux crossing the complete
solar surface must be zero. However, in a case such as the one studied here, where only a

particular section of the photospheric surface is studied, there will undoubtedly be, unless
one is extremely lucky, some amount of flux imbalance. Thus, if a flux imbalance in a

particular region is found, and the sum of all the source fluxes is

then this requires the inclusion, at infinity, of a source with flux —$Tot- Thence, each
system may be considered to be in flux balance.

Aside from topologically defining field lines, such as fan field lines, spine field lines
and separator field lines, every field line in the corona begins at a positive source and
ends at a negative source. In this scenario, the coronal volume may be viewed as being
comprised of a multitude of flux domains, each characterised by the endpoints of its field
lines.

(5.1)
a

It is, of course, possible that a pair of sources may be connected by field lines from
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Figure 5.1: Left: A small section of one of the magnetogram images showing a typical quiet-
Sun region containing mixed-polarity fragments. The field shown here consists of three positive
fragments, Pi, P2 and P3, and two negative fragments, N\ and N2. The background shown in
grey is, by comparison with the flux fragments, unmagnetised. Right: A possible domain graph
for the region, with the domain fluxes ipi (i = 1.. .5) indicated.

multiple domains. However, in this study, only changes in the total flux connecting pairs
of sources will be considered, and any reconnection that relates to reapportionment of flux
between any multiple domains connecting the given pair of sources will be neglected, just
as any redistribution of field lines within domains will not be accounted for.

The fluxes of the Nci domains that interconnect the Ns sources will be denoted by tpn.
If a source a is considered, with a flux d>a, then the N<i domain fluxes may be related to
the flux of source a through the incidence matrix

The domain fluxes ipn are defined as positive quantities. An unsigned-flux convention
is adopted here, whereby <Fa > 0 for all sources, and the entries in Man are either +1 or 0.
Longcope and Klapper (2002), by contrast, use a signed-flux convention, where <3>a < 0
if a is a negative polarity source, and along the corresponding row Man = — 1 for each
domain n connected to it. The unsigned-flux convention is adopted here so as to avoid
confusion with the terms "increase" and "decrease" when referring to changes in source

fluxes. This will become important when comparing emergence and cancellation of flux
in a given domain with reconnection in that domain.

Figure 5A(right) shows an example of how a magnetic field may be interpreted in

(5.2)
n=l
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terms of graph theory. In this example,

Pi V2 Z>3 p4 V5
PI / 0 1 0 0 1 \
P2 0 0 0 1 0

M =

P3 1 0 1 0 0

N1 0 0 1 1 1

N2 V 1 1 o 0 0 /

where T>i denotes the domain within which the flux tp
may be stated more explicitly as

/ Tj \ f 0 1 0 0 1 \ ( ^ )
q>2 0 0 0 1 0 i>2
$3 = 10 10 0 1p3
$4 0 0 111 lp4

V $5 V i i o o o ) \ V>5 /

(5.3)

(5.4)

5.3 Analysis

The sequence of 50 magnetograms gives a total of 49 sets of consecutive pairs of mag-
netograms with which to compare domain fluxes. Henceforth, the first magnetogram in
a pair will be denoted with the letter V for initial, and the second magnetogram with the
letter '/' for final. In order to obtain the domain fluxes ipn, the same method as that of
Chapter 2 is used. This involves calculating a number of field lines from starting points
close to each source. (The method by which starting points are determined is given in
Section 2.2). Hence, from each source within the inner region, m field lines are traced,
with m equal to the integer part of e/e\ (where e\ = 7.73 x 1015Mx). Thus, each field line
represents essentially the same amount of flux.

The connectivity for each magnetogram is stored in a connectivity matrix, where
columns represent positive-polarity fragments and rows represent negative fragments.
Naturally, the nature of the connectivity matrix will change from one magnetogram to
the next, as fragments may emerge, fragment, coalesce or cancel from one magnetogram
to the next. Thus, positive and negative index vectors are kept for each frame, and the his¬
tory of which fragments have fragmented and which have coalesced is also stored. This
enables a comparison of domain fluxes for each of the 49 pairs. To accommodate for the
fact that field lines may close outwith the inner region, all the flux represented by such
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(a) (b) (c)

Figure 5.2: Sketches of the possible scenarios that may arise when (a) a single fragment in frame i
has split into several smaller fragments by frame /, (b) several fragments in frame i have coalesced
into a single, larger fragment by frame /, and (c) several fragments coalesce to form a single, larger
fragment in frame i, whilst this single fragment has split into several smaller fragments by frame
/. The various <f> values represent the flux in the given fragments.

field lines is recorded in the connectivity matrix; however, only half the flux represented
by a field line closing within the inner region is recorded because, at least in optimal con¬
ditions, the other half of the flux represented will be recorded when tracing back from the
fragment at which the field line closed. Thus, all the flux within the inner region studied
is accounted for.

5.3.1 Comparing Magnetogram Pairs

Taking each pair ofmagnetograms in turn, the aim is to have, for every fragment in frame
/, a corresponding fragment in frame i, and vice versa. However, a complication arises
due to the fact that fragments may split or coalesce. The exact cause of fragmentation
is not clear, but it is suspected that granulation may play a role (Parnell, 2001). A given
network element may cover a region containing as many as 25 granules, so it is quite prob¬
able that granulation flows will constantly buffet the many intense flux tubes comprising
the magnetic fragments, resulting in a continual redistribution of the flux within each frag¬
ment. Supergranular flows will tend to hold these fragments together as they drift towards
the downflow regions at supergranular boundaries. However, whenever there is a weaken¬
ing in the supergranular flows, then granular motions will prevail, causing fragmentation
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to occur.

Sketched in Figure 5.2 are three possible scenarios that may occur involving frag¬
mentation and coalescence. Figure 5.2(a) shows a fragment in frame i that has split into
several smaller fragments by frame /. Figure 5.2(b) shows the converse of this, where
several distinct fragments in frame i have coalesced into a single larger fragment by frame
/. However, a third possibility, shown in Figure 5.2(c), is that several fragments in frame
i coalesce into a single, larger fragment, which itself is viewed to have split by frame
/. Note the suggestion here is that coalescence occurred, followed by fragmentation. Of
course, one cannot know what happened between frames, so it is equally plausible that
fragmentation occurred, followed by coalescence. Indeed, both processes may have oc¬

curred at the same time. However, the way such cases are treated is independent of the
order of the processes.

Fragmentation and coalescence may be dealt with in the following way. Consider
two fragments, a and b, in frame /, with fluxes and A>[, respectively. If these two
fragments are connected by an amount then the change in the flux connecting a and b
from frame i to frame / may be written as

Al/jn = KAKBlplN- (5-5)

The term kb^n is essentially the amount of flux connecting the equivalents of the
fragments a and b in the frame i. The values of ka and which deal with fragmentation,
and ip*N, which deals with coalescence, are found in the following manner. If fragment a
in frame / has been formed by fragmentation, then

(J)f
ka = T > (5.6)

K

where &A is the sum of the fluxes of all the fragments that were involved in the frag¬
mentation. Otherwise ka = 1- Kb is defined in a similar way for the fragment b. Thus,
it is assumed that, at the point of fragmentation, each fragment receives a portion of the
connected flux proportional to its own flux strength.

The value of iplN is defined in one of the following three ways:

1. If both the fragments a and b consist of fragments that coalesced between the frames
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i and /,then

4>n = Flux connecting a® to blk,

where the a* are the fragments associated with a that have coalesced by frame /,
and the K are the fragments associated with b that have coalesced by frame /.

2. If only a consists of fragments that coalesced between the frames i and /, then

ipN = Flux connecting a* to b\
j

where the a* are the fragments associated with a that have coalesced by frame /,
and bl is the fragment associated with b in frame i.

3. If neither a nor b consist of fragments that coalesced between the frames i and /,
then

xjjlN = Flux connecting a1 to b\

where a1 is the fragment associated with a in frame i, and bl is the fragment associ¬
ated with b in frame i.

Births and deaths of fragments cause a slight problem, as it is of course not possible
to find corresponding fragments in both frames when fragments simply appear/disappear
between frames. The way in which this problem is overcome is as follows. If a fragment
in magnetogram i has died by magnetogram /, then either (i) the fragment is removed
from frame i or (ii) the fragment is copied into frame /, giving it the same flux and the
same position as it has in frame i. Both of these options are deployed in different scenarios
later on. Fragments that are newly born in frame / are treated in an analogous manner.

5.3.2 Emergence, Cancellation and Reconnection

In complex magnetic configurations, such as those found in the mixed-polarity quiet Sun,
the motions of photospheric fragments will inevitably, at the very least, lead to redistri¬
bution of flux between the domains that have their flux rooted in these fragments. Also,
from a topological viewpoint, these motions will drive bifurcations, as old domains are

destroyed or altered and new ones are created (Brown and Priest, 1999b, 2001; Beveridge
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et al., 2002). In a potential field, the system is entirely current-free, so the configuration
permits no stress and therefore changes in connectivity occur instantly. Here, however,
the details of how the reconnection occurs are not considered; instead, snapshots of the
field are examined as the process evolves, and regions where reconnection has occurred
are identified.

The motions of the flux fragments are not the only reason for changes in domain
fluxes, though. In a system as dynamic as the quiet-Sun photosphere, emergence and
cancellation of flux through the photospheric boundary will also alter domain fluxes, so
that the resulting changes that are recorded from one magnetogram to the next will be the
net effect of emergence, cancellation and reconnection. In light of this, recycling times
for coronal flux in two different scenarios are considered here. In the first, reconnection
is driven purely through the motions of the fragments by prohibiting emergence and can¬

cellation. In this case, fluxes are averaged between frames, so that fragment strengths
are kept fixed and only the effects of the motions of the fragments are measured. In the
second scenario emergence and cancellation are allowed, so that the fluxes of the frag¬
ments may vary between frames. Births and deaths of fragments are exceptions to this;
by deploying the little tricks outlined previously, it is essentially assumed that these frag¬
ments have witnessed no emergence or cancellation. Although this will introduce slight
errors into the analysis, the alternative, whereby the fragments are copied into the frame
in which they are absent but have their fluxes set to zero (these would essentially be "ghost
fragments", existing solely for the purpose of quantifying the change in domain fluxes),
would introduce far greater errors into the analysis. This is mainly because the cadence
of the magnetogram images is not high enough to trace the deaths (births) smoothly, re¬
sulting in a vanishing effect whereby fragments suddenly disappear (appear), rather than
having their strengths decrease (increase) to (from) zero. This will be discussed further
later on.

From a coronal heating viewpoint, a measure of the amount of reconnection that oc¬
curs is what is of greatest interest. Changes in source fluxes are accompanied by changes
in domain fluxes, related by the expression

This assumes that the connectivity does not change, so that, if a domain is absent from
either the initial or final field, then it is simply included in the incidence matrix and given
the value ipn — 0. Magnetic reconnection is a change in domain fluxes, Rn, which occurs

(5.7)
71= 1
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in the corona and therefore does not affect the source fluxes. Thus

Nd

Y ManRn = 0. (5.8)
n=1

The processes of emergence and cancellation of flux will alter the fluxes of the pho-
tospheric sources, which in turn will inject flux Sn into the domains. In general, domain
fluxes combine reconnection, emergence and cancellation (the adoption of an unsigned
flux convention means that Sn > 0 relates to emergence, while Sn < 0 relates to cancel¬
lation). Hence

This decomposition, however, is not unique, as can easily be seen by the fact that

which is consistent with no reconnection (Rn = 0). Thus, in order to quantify the re-

connection Rn occurring in a field in which A<f>Q and Ai/jn are measured, additional
information that allows the determination of Sn must first be introduced.

In the following section, the scenario in which emergence and cancellation of flux
are prohibited is considered, so that only the time taken to recycle coronal flux due to

fragment motions is measured. Section 5.5 then deals with the effects of emergence and
cancellation on the recycling time of coronal flux due to reconnection.

5.4 Scenario 1: Excluding Emergence and Cancellation

Initially, fields with A<f>a = 0 are considered. By Equation (5.10), this means that Sn — 0
for all n. This is achieved in the following way: if a fragment a is identified, which exists
in both the initial and final frames, then the flux of a is adjusted in both frames so that it is
equal to the mean of its values in frame i and frame /. However, since the four processes
of emergence, fragmentation, coalescence and cancellation occur, this must also be taken
into account when adjusting the fluxes.

Generally, if fragments that are born or die between frames i and / are excluded, the
fluxes in frame i are adjusted in one of the following 2 ways:

Atpn — Rn + Sn. (5.9)

(5.10)
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1. If the fragment a in frame i is not just about to coalesce, then its flux <3>„ is adjusted
such that

2

where &A is its corresponding flux in the frame /. If the fragment a is not about
to fragment, then <3>^ = the fragment's flux in frame /. If a is just about to
fragment, then

®a =
j=i

where <3>{ are the fluxes of the p fragments into which a fragments.

2. If m fragments in frame i are just about to coalesce, then the fluxes of each of the
a,j fragments (J = 1,..., m) are adjusted such that

K (^ + ¥a<3>*
aj <f)»^A

where &A is as previously defined and

m

*u =XX.
i=i

namely, the sum of the fluxes of the m fragments that are about to coalesce.

Similarly, if fragments that are born or die between frames i and / are again excluded,
then the fragments in frame / must also have their fluxes adjusted in one of the following
2 ways:

1. If the fragment a in frame / has not just been involved in fragmentation, then its
flux <3>{ is adjusted such that

: +-*■ n ^ 1

where <3>^ is its corresponding flux in the frame i. If the fragment a does not consist
of newly coalesced fragments, then <3>^ = <3>^, the fragment's flux in frame i. If a is
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comprised of newly coalesced fragments, then

v

where the are the fluxes of the p fragments that coalesced.

2. If the fragment a has just coalesced with m fragments, then the fluxes of each of
the a,j fragments (J = 1,..., m) is adjusted such that

namely, the sum of the fluxes of the fragments that just coalesced.

The results obtained by these measures are provided in the following subsection.

5.4.1 Coronal Flux Recycling Time Due to Reconnection Driven by
Footpoint Motions Alone

By prohibiting the emergence and cancellation of flux between magnetogram pairs, it
is possible to measure the changes in domain fluxes resulting from the motions of the
fragments alone.

Assuming that each domain is either a "donor" or a "recipient" of reconnected flux,
then the total amount of reconnected flux is

where is defined as above and

m

(5.11)
n=1

In this scenario, Rn = Aipn, since Sn = 0 in all domains.

The fraction of flux reconnected over time At is given by

(5.12)
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where F, the total flux in the system, is given by

Nd
1 Ns

F = (5.13)
71=1 a= 1

If fit 1, then all field lines will be remapped after a time

t =— = Atfi'" (5 14)

where At is the time lapse between successive magnetograms, which here is 15 minutes.
In the first instance, where all fragments that have just been born or just died are removed,
it is found that an average of 8.12% ± 0.14% of flux is recycled between each pair of
magnetograms. This results in a recycling time of rr = 3.08 hours (ranging from 3.03-
3.13 hours) for coronal field lines by motions of their footpoints alone.

By copying fragments that are just born or have just died into the frame in which they
are not present, similar figures are obtained. It is found that, on average, 7.88% ± 0.14%
of flux is remapped between each pair ofmagnetograms, resulting in a period of rr = 3.17
hours for all the coronal field lines to be recycled. This has a range of 3.12-3.23 hours if
errors are taken into account.

However, the constant emergence and cancellation of flux through the photosphere is
likely to have an effect on the remapping time for coronal field lines. The next section
therefore details how an estimate of the effects of emergence and cancellation may be
obtained.

5.5 Scenario 2: Including Emergence and Cancellation

In this section, changes in the strengths of the fragments from one frame to the next are
included. Therefore, a boxcar smoothing method, as described in Appendix B, is applied
to the time sequence of each fragment in order to remove spurious fluctuations in the
fragment strengths. The effects of such smoothing are described in Appendix C.

Any effort to take into account emergence and cancellation of flux requires prior
knowledge of the changes in source fluxes. In general, the change in the flux of a fragment
a from frame i to frame / will be given by

A<f> = & - &a a a'
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However, it is again necessary to approximate what happens when fragments split or
coalesce. Thus, in such cases, the change in flux of a fragment a is approximated by

A4>« = - &A).
K

If a is involved in fragmentation, then is the sum of the fluxes of all the fragments
that were involved in the fragmentation. Otherwise, Similarly, if a consists of
newly coalesced fragments, then <f>^ is the sum of the fluxes of all the fragments in frame
i that have coalesced by frame /. Otherwise, the corresponding flux for a in
frame i.

Since infinity is included as a balancing source, then it too will have a change in
strength. Thus, as changes from one system of flux balance to another are considered,
the difference in these two fields comprises equal amounts of positive and negative flux.
Hence, it is now possible to start thinking about obtaining a decomposition of Equation
(5.10).

A natural starting point for considering emergence and cancellation is to assume that
the processes of emergence and cancellation must occur at the photosphere, resulting in
Sn = 0 for any domain n which is purely coronal. Assuming intuitively that emergence
and cancellation occur through a set of flux tubes crossing the photospheric surface, then
each flux tube will correspond to a domain, with the set of flux tubes forming a subset T
of all domains. Henceforth this will be referred to as pair-wise emergence/cancellation.
In the most straightforward version of this scenario, no source may belong to more than
one flux tube, meaning that each flux tube links a pair of sources that must increase or

decrease in tandem. However, even if pair-wise emergence/cancellation were occurring in
practice, one could not realistically expect that measured changes in source fluxes A<f>a,
with inherent noise and other errors, would be exactly equal in each pair of sources. Thus,
in order to make the analysis robust and mathematically well-posed, enough domains
must be included in the set T so that its graph forms a tree. A tree is a graph in which
all the vertices (here sources) are connected by a number of edges (domains) that is one

fewer than the number of vertices, here Ns — 1. Consequently, there will be one and
only one path connecting any pair of vertices, thus ruling out the possibility of circuits (a
circuit is a closed path containing a route that starts and ends at the same vertex, passing
through other vertices along the way).

However, a general set of photospheric domains will contain many circuits, meaning
that there will be numerous tree subgraphs that span the entire set of sources. Thus,
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further information must be supplied so that the choice of tree is unique and is related
to emergence and cancellation. An obvious assumption is that emergence/cancellation
occurs between the closest pairs of sources, leading to a minimum spanning tree. Of
course, infinity has been included as a source, which doesn't have a position. However,
this minor difficulty is overcome by writing Daoo, the distance between the source a

positioned at xa and infinity, as

Daoo Dmax "f . ,

|xa - X0|

where x0 is the centroid of all the sources and Dmax is the maximum distance between

any pair of sources. Thus, sources located at the edge of the region are preferentially
chosen as the sources through which infinity is included in the tree.

So, with knowledge of the distances between pairs of sources, the minimum spanning
tree is obtained, with the distances between the connected pairs of sources subject to the
minimisation. The minimum spanning tree is obtained using Prim's algorithm (Prim,
1957).

The incidence matrix Man may now be introduced, defined such that

M(T) = ^ 515)
0, Vn i T

where Vn represents the domain n. This allows Equation (5.10) to be rewritten as

Nd
= A4„, (5.16)

71=1

(T)
under the assumption that Sn — 0 for Vn £ T. Since T is a tree, the matrix Man is of
full rank and may be inverted, giving

Ns

Sn =£ [M^Y2 A*„. (5.17)
<2=1

In practice, Equation (5.15) is solved by locating a "leaf" on the tree, which is a vertex,

representing source y, say, connected to only one edge, representing domain Vx, say. This
gives the relationship Sx = |A<3>y|, which is trivial to solve. The vertex corresponding to
source y and the edge corresponding to domain Vx are then "removed" from the graph,
and the flux of the source z at the other end of domain x is decremented, such that A$2 —>
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A<3>2 — Sx. Hence, row a and column n are removed from Equation (5.15). The new

graph still has one fewer edges than vertices, and is therefore still a tree. The process

is repeated, solving for the next leaf and so forth, until all the Sn have been found. The
final equation will contain two sources coupled by a single domain, and as such will
be mathematically over-specified. However, since the system is in over-all flux balance,
both of the remaining fluxes will be equal, and the remaining Sn may be determined from
either one.

IfT is unconnected, then, since complete flux balance is far from guaranteed for each
disconnected component, Equation (5.15) would be over-constrained and could not be
solved in general. Therefore, after obtaining the tree T, a quick check is performed to
ensure that the graph T is connected, which, of course, it always is.

In pair-wise emergence, at least in optimal conditions, the A$a vector takes the form
of equal pairs corresponding to the emerging flux tubes. It can be shown that in this
scenario Sn is non-zero in only those domains linking the pairs being considered, inde¬
pendent of which domains supplemented the graph T in order to obtain a tree. In practice,
the addition of errors to a set of pair-wise emergences/cancellations will be manifested in
non-zero (but presumably small) fluxes in additional domains.

5.5.1 Photospheric Recycling Times

By considering the change in the source fluxes, an estimate for the recycling time of
photospheric flux due to emergence and cancellation may be obtained. The amount of
emergence in all the sources is given by

where the Heaviside function 0(x) picks out only the cases where the flux is increasing as

emergence. The factor of 1/2 is present since emergence affects a positive and a negative
pole equally. Conversely, the amount of cancellation is given by

(5.18)
a= 1

(5.19)
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In a statistical steady state, one may define an average quantity AS that accounts for
either emergence or cancellation as

1 1 Ns
AS ~ -{AS+ + A5_) = - ]T (5"20)^ ^

1
a= 1

The fraction of flux that emerges, which by the assumption of a statistical steady state
is equal to the amount that cancels, is

fs = (5-21)

where F is the total flux in the system, as given by Equation (5.13). Provided that /jCl
and the system is indeed in a statistical steady state, then all photospheric flux will be
"recycled" by emergence or cancellation after a time

At TNs 1$ I
_ — A f Z^q=l l^al
fs §E*x|A*a|

=
- - (5"22)

By including all changes in source fluxes in the calculation (i.e. changes due to births of
fragments, deaths of fragments and fluctuations in their fluxes throughout their lifetimes),
a photospheric flux recycling time of 15.66 hours is obtained. This figure is in fairly
good agreement with that of Hagenaar (2001) who obtained a slightly shorter recycling
time of 14 hours for photospheric flux. Important factors that account for the difference
in these estimates include the size of the area being studied— the region studied here is
significantly smaller than that studied by Hagenaar (2001), plus the data set used here is
of a much higher resolution too. Also, the two methods of calculating the recycling time
differ greatly, with Hagenaar (2001) generally being much stricter in what is accepted as

an emergence. (Hagenaar et al. (2003) revised the previous figure by Hagenaar (2001) of
14 hours to 8-19 hours, which is still in agreement with the estimate obtained here).

5.5.2 Coronal Recycling Time Due to Emergence and Cancellation

An estimate for the time taken to recycle the coronal field due to emergence and cancel¬
lation may also be obtained by considering the domains with Sn ^ 0. The total amount
of emergence/cancellation in all domains is given by

Nd

AS'± = J2\Sn\e(±sn).
r= 1

(5.23)
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Again, the Heaviside function picks out cases where flux is increasing/decreasing as

emergence/cancellation. Following the same reasoning for AiS±, an average quantity
to account for either emergence or cancellation is defined:

1 1 Nd
AS' = ~(AS'+ + AS'_) = -£ |Sn|. (5.24)

n=1

Using AS' instead of AS provides a time for coronal flux recycling due to emergence and
cancellation:

F 1$ I
re/c = At-— = At ffl1 a|. (5.25)AS'

The photospheric recycling time should be longer than the corresponding coronal
recycling time for recycling due to emergence/cancellation. This can be seen by taking
the absolute value of Equation (5.16) and applying the triangle inequality:

Nd

|A®a|<y]MiJ)|S„|. (5.26)
71=1

The equality only holds in the case that no source is involved in both emergence and can-
(T)cellation simultaneously (since in this case all of the terms Man Sn are of the same sign

for a given source a). Although this is automatically true in the pair-wise emergence sce¬

nario, when each source is part of only one emerging flux tube, in the more general case
of a tree of emergence domains it is possible for one source to simultaneously connect
to both emerging and cancelling domains at the same time. Substituting the inequality in
expression (5.20) yields

, ns / Nd \

|S»I=AS'. (5.27)
a=l \n=l /

Here use has been made of the fact that J2a Man = 2 for any incidence matrix, since each
domain connects exactly two sources. This inequality leads immediately to re/c < rp.

At this point, it is not possible to obtain a value of the coronal recycling time due to

emergence and cancellation that includes effects of the births and deaths of fragments.
Since a birth (death) can inject (remove) a relatively large amount of flux in one go (due
to the low cadence of the sequence of magnetograms studied here), this would wreak
havoc on the decomposition for Sn. Such a problem would not be so pronounced with
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a much higher cadence, since the births (deaths) of fragments would be more smoothly
traced, and there wouldn't be such a large amount of flux simply appearing (disappear¬
ing) between frames. Nevertheless, by including only the fluctuations in fragment fluxes
throughout their lifetimes, coronal recycling times of re/c = 2.25 hours and re/c = 2.29
hours are found (the first figure is obtained by copying newly born/just died fragments into
the frame in which they are not present; the second figure is obtained by removing said
fragments from both frames altogether). The corresponding photospheric times, calcu¬
lated by prohibiting births and deaths of fragments, are rp = 20.84 hours and rp = 21.01
hours. Thus, the time taken to recycle all the coronal flux due to emergence and cancella¬
tion is much less than the time taken to recycle all photospheric flux. This, as will be seen,

has dramatic consequences for the time taken for all coronal field lines to be remapped
by reconnection.

5.5.3 Coronal Recycling Time Due to Reconnection Driven by Emer¬
gence, Cancellation and Motions of Fragments

Having obtained an estimate for the amount of flux in each domain that may be attributed
to emergence and cancellation, it is now possible to consider reconnection.

Changes in domain fluxes related to reconnection are given by subtracting the flux
due to emergence/cancellation from each domain:

Ns

Rn =AtM(T)] nl <5"28)
a= 1

An estimate of the amount of the coronal flux that is involved in magnetic reconnection
may be obtained from

rr = At~, (5.29)

where AR is found by substituting the Rn found here into Equation (5.11). In doing so,

it is found that 17.87% ± 0.21% of coronal flux is remapped every 15 minutes, giving
a recycling time of 1.399 hours (ranging from 1.382-1.416 hours). These figures are

obtained by copying newly born/just died fragments into the frame in which they are not

present; when the newly born/just died fragments are removed from the frame in which
they are present, it is found that 17.61% ± 0.21% of coronal flux is remapped every 15
minutes, giving a recycling time of 1.420 hours (ranging from 1.403-1.437 hours).
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The calculation of the flux (Sn) that has emerged or cancelled in a given domain n

linking a pair of sources is often larger than the observed net change in flux (Aipn) when
Aipn > 0, so that the reconnected flux (FC) is of the opposite sign to Sn (similarly, for
Axpn < 0, it is sometimes found that Sn < Aipn). This implies that the field, initially
assumed potential, reacts to emergence and cancellation of flux between frames by re¬

arranging itself through the process of reconnection to a new equilibrium field (which
is assumed to be potential). This is reasonable, since it would be unlikely that coronal
domains simply swell from injection of flux without reconnection occurring. Thus, the
changing of photospheric flux continuously drives reconnection in the corona, enabling
the field to remain close to potential.

In this section, energy dissipation by means of separator reconnection is considered.

Generally, a given domain will be encircled by a closed ring of separators (Lau and
Finn, 1990; Longcope and Klapper, 2002; see also Chapter 3). The flux iph in such a do¬
main n may be obtained by defining a closed curve K. which, for a coronal domain, is just
the engirdling ring of separators, whilst for a photospheric domain, 1C is the section of the
engirdling curve that is situated in the region z >0, running from the photospheric points
P to Q, combined with a line segment in the z = 0 plane joining P to Q. Integrating the
magnetic potential A along IC gives

where the direction of the integration proceeds parallel to the magnetic field along the
separator.

Of course, there will also be isolated systems of flux where the field from a given
source is completely enclosed by an unbroken fan surface from a single null— it was
shown in Chapter 4 that around 12.5% of nulls give rise to such domains in a region like
the one studied here. However, these domains account for only a small fraction of the
total number of domains and, due to their nature, their fluxes will be altered primarily
through emergence/cancellation of flux through the photospheric boundary. Thus, the
consequences of the presence of these types of domain will not be considered here.

If the photospheric fragments are displaced so that the domain flux changes from ipln

5.6 Energy Dissipation

(5.30)
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to tp(L, then this will typically alter the net vacuum flux that A3 encloses by an amount Aipn.
However, Longcope (1996) points out that if the plasma is a perfect conductor, it will not
permit any change in flux through /C. Therefore, a current ribbon with a total current I
forms along the separator, with I flowing such that it generates a self-flux ipnr\l) which
cancels Aipn. Hence

rli +VfV) = C + Aipn + Vicr)(/) = (5.31)

Longcope and Cowley (1996) found that the quantities ipn {I) and I are related by

= (5.32)

where C is the differential inductance of the current ribbon. The precise expression for C
can be quite complex, depending upon the current it carries; however, it may be crudely
thought of as being the length of the separator, L.

In order that non-potential energy may be stored in the corona, this requires that
current densities are present without an accompanying electric field. Longcope (1996)
proposed a scenario where the corona remains ideal for a period, during which currents

gradually build up along each separator loop. When the build-up of current along a given
loop exceeds a threshold value, it is assumed that some instability occurs, which permits
an electric field E\\ that in turn allows a change in flux through the loop A3, and reduces
ipnr\ Longcope (1996) also assumed that, when this process occurs, ipn —> 0, so that
all the energy above that of the potential energy is liberated and the field is returned to its
vacuum state.

Here the aim is to obtain an estimate for the mean threshold current, /*, at which the
reconnection process is triggered. Time differentiating equation (5.30) results in a version
of Faraday's law

diPn
= r dA dl = _ r = (5 33)

dt JK dt

where Vn is the voltage along the loop A3. Here the approximation

^ ^ (5.34)At dt

is made, where ARn is the amount of reconnection associated with the domain n. With-
broe and Noyes (1977) obtained a heating rate of H = 300 W/m2 for the quiet Sun. This
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may be related to this study by

H_I*(Vn)seP __ I* / ^-Rn
A A \ At

(5.35)

where A is the area of the region, (Vn)sep is the mean voltage, I* is the mean current
along each separator, and Nsep is the number of separators in the region. Using the figures
obtained by prohibiting emergence/cancellation, an I* of 5.33 x 1010 Amps is obtained
by removing all fragments that have just been born or died, and a similar figure of I* =
5.45 x 1010 Amps is found by copying the newly born/just died fragments into the frame
in which they are not present.

However, in the example where emergence and cancellation during the lifetimes of
fragments are allowed, much lower values of I* are found. By using AR in order to
obtain (Vn)sep, a value of 2.42 x 1010 Amps is found in the scenario whereby fragments
that are newly born/just died are copied into the frame in which they are not present (by
removing newly born/just died fragments from the frame in which they are present, a

similar figure of 2.44 x 1010 Amps is found).

These values make sense when the difference in recycling times for the two repre¬

sentations (i.e. including and excluding emergence and cancellation) are considered. By
disallowing emergence and cancellation, it is found that much less reconnection takes
place. Thus, one should naturally expect larger currents to build up. In the case when
emergence and cancellation are allowed, however, the abundance of reconnection events
means that the threshold current for allowing reconnection and the subsequent dissipation
of energy must be lower for the given heating rate.

The figures above provide an indication as to the sort of values that should be expected
from current-ribbon models of the quiet Sun, where currents are confined to magnetic
separators.

Longcope (1998), in contrast, applied a current ribbon model to the flare of 7 Jan¬
uary 1992, and suggested maximum currents of the order 1011 Amps were flowing along
the associated separators. Here, the estimates for quiet-Sun separators suggest figures
between 1-10 times smaller.
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5.7 Conclusions

Examining changes in the connectivity of potential fields based on observed magne-

tograms has shown that there is quite a gulf in the recycling time of coronal flux compared
with that for photospheric flux.

By identifying discrete fragments in a 12-hour sequence of magnetograms, it is found
that the time taken for all photospheric flux to be recycled is around 15.7 hours. This is
in fairly good agreement with the figures of 14 hours obtained by Hagenaar (2001) and
8-19 hours obtained by Hagenaar et al. (2003), considering the relatively small region
and small time interval used here, not to mention the completely different approaches to
the calculations.

Whilst the recycling time for photospheric flux has been known for several years,
until now there have been no estimates for the time taken to recycle the magnetic field
in the corona. Such a calculation has been presented here. By considering a pair-wise
emergence/cancellation scenario, whereby flux emerges/cancels in flux tubes through a

tree of domains linking pairs of closest photospheric flux sources, it is estimated how
much of the change in domain fluxes is a consequence of emergence and cancellation
of flux in the photosphere. In this way, it is found that emergence and cancellation of
photospheric flux will recycle all coronal field lines in around 2.3 hours.

The time taken to recycle the coronal field due to reconnection, which is of particu¬
lar interest since reconnection is believed to be the primary means of heating the corona

over the quiet Sun, has also been calculated here. By considering two scenarios, one in
which the processes of emergence and cancellation are prohibited, and another in which
the change in magnetic flux domains due to emergence and cancellation is estimated, it is
found that the coronal flux is reconnected more quickly in the presence of emergence and
cancellation. If the motions ofmagnetic flux fragments were the only mechanism driving
reconnection in the corona, it is surmised the process would take around 3 hours to com¬

pletely remap all coronal field lines. However, by allowing emergence and cancellation
as well, a much lower estimate of around 1.4 hours is found.

This implies that the two main driving forces behind reconnection in the corona,

namely reconnection driven by motions of fragments and reconnection driven by emer¬

gence and cancellation of flux, are comparable in their importance. The first estimate of
3 hours indicates that even if emergence and reconnection were not occurring, the coro¬

nal magnetic field would still be entirely replaced in a relatively short time interval. The
second estimate of 1.4 hours implies that reconnection continually occurs in reaction to
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the emergence and cancellation of flux in the photosphere, which seems reasonable, as
the coronal field is unlikely to allow domains to swell too much from injection of flux
without responding in some way (similarly with reduction of flux due to cancellation).
Hence, the changing of photospheric flux continually drives reconnection in the corona,

enabling the field to remain close to potential.

All this will naturally have consequences for coronal heating. In this study, observed
heating rates have been used, along with the findings presented here, to predict the conse¬

quences for energy dissipation due to separator reconnection. It is shown that the observed
changes in domain fluxes will result in an average current density of around 5 x 1010 Amps
for reconnection due to motions of flux fragments alone, whereas if reconnection due to

emergence and cancellation is included, a lower average current is produced of around
2 x 1010 Amps. This points to the fact that a higher rate of reconnection implies that
the currents flowing along the separators during reconnection will generally be lower, as
expected.

The model presented here does, however, have its limitations. Flux motions, caused
by granular flows, which are unobservable in current magnetograms and occur within
fragments (which have a finite geometrical extent), are neglected here. These would in
turn cause more reconnection of field lines within domains, and would hence reduce the

recycling time further. To some degree, however, the effects of neglecting such dynamics
in the model are offset by the fact that potential fields are used to model the corona, since a

potential field permits no stress and therefore reconnection occurs instantaneously. Work
by Parnell and Galsgaard (2003), which examined reconnection between two driven flux
patches initially separated and connected to an ambient coronal field, showed that in a

potential field, the sources reconnect all their flux in a quarter of the time taken by a full
MHD evolution.

The mean reconnection time for coronal flux presented here will nevertheless have
a number of interesting applications in future. Indeed, the analysis may be extended to

provide a distribution of energy release magnitudes for the solar corona, and it could also
be adapted to show how reconnection in the quiet Sun may account for the background
population of non-thermal electrons observed by RHESSI. Furthermore, the frequent re¬
connection episodes will most likely launch a spectrum of waves that are a necessary

input to models of solar wind acceleration (e.g. Axford and McKenzie, 2002). Knowl¬
edge of the recycling rate of the coronal magnetic field may also be of relevance to studies
of the anomalous diffusion of plasma through the corona and abundance variations.



Chapter 6

Coronal Tectonics Model

The summer river

Although there is a bridge

My horse goes through the water
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6.1 Introduction

Several different heating mechanisms are believed to be at work in the various magnetic
phenomena observed in the Sun's outer atmosphere, the solar corona. In the quiet Sun,
for instance, the complicated motions of network and intranetwork elements in the pho¬
tosphere will force coronal magnetic fields, with their footpoints rooted in these concen¬

trations, to respond in different ways.

Heating mechanisms tend to fall broadly into one of two categories, namely heating
due to magnetic waves and heating due to magnetic reconnection. Granulation, for ex¬

ample, is likely to result in heating by way of magnetic waves, as granular motions will
tend to buffet magnetic fragments, resulting in magnetic waves being generated that prop¬
agate up to the corona and dissipate their energy there (Roberts, 1991). An example of
an instance where reconnection is important is the process of emergence of flux elements
through the photospheric surface, where the emerging magnetic field reconnects with the
overlying field, as discussed in Chapter 5. In a similar manner, cancellation between col¬
lections of flux elements will also result in reconnection. This process has been used to

explain the presence of X-ray bright points in particular (Parnell and Priest, 1995).

109
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As has already been discussed, motions of magnetic flux fragments in the solar pho¬
tosphere will undoubtedly drive currents in the corona above, which in turn may lead to
coronal heating. Up until this point, only currents concentrated along separator field lines
have been discussed; however, one might also expect a certain amount of current to build
up on the separatrix surfaces that bound the complex domain structures that fill the Sun's
outer atmosphere. Priest et al. (2002) recently proposed a scenario whereby reconnection
is driven at the myriads of separatrix surfaces that separate regions of interconnectivity,
known as "flux-tube tectonics", by analogy with geophysical plate tectonics on Earth.
They showed that lateral shearing motions of sources lead directly to the formation of
current sheets along separatrices, which then dissipate rapidly by fast reconnection or in
a turbulent manner.

Whilst high-resolution images from SOHO have revealed that small magnetic frag¬
ments in the quiet Sun have typical fluxes of the order 1018 Mx, the likelihood is that
the fundamental units of flux in the quiet-Sun photosphere are a great deal smaller, com¬
prising flux tubes with a field strength of around 1200 G, diameter 100 km and a flux of
around 3 x 1017 Mx (Priest et al., 2002). This would imply that each network element
itself consists of around 10 of these intense flux tubes, whilst ephemeral regions may

contain as many as 100. This will have important consequences for the field above the
photosphere, due to the multitude of unobserved flux tubes separated from one another
by a great many separatrix surfaces.

Here the aim is to model in 2X/2D the effect of photospheric flux dislocation on coro¬
nal heating by adopting a standard model for 2y2D magnetic fields used, for example,
by Zwingmann et al. (1985), Wolfson and Low (1988), Amari and Aly (1990), Vekstein
et al. (1990), Vekstein and Priest (1992, 1993) and Titov and Priest (1993). (Here 2J/2D
here refers to fields with no spatial dependence on the z-direction.) This is achieved by
showing that the independent motions of separate small 2D flux elements in the photo¬
sphere generate current concentrations at the separatrix curves in the corona, where this
flux becomes more continuously distributed. The effects of complexity are examined
by investigating what happens to the amount of free energy (i.e. that above potential)
resulting from a small shear when the total absolute flux in a region is fixed and the
number of concentrations by which it pierces through the photospheric surface is varied.
The next section, Section 6.2, introduces the problem and provides an overview of two-
dimensional fields. Section 6.3 then considers small perturbations to an initial potential
field configuration, with Section 6.4 providing a calculation of the extra energy stored by
this process. A simple four-source example is studied in Section 6.5, whilst Section 6.6
discusses the effects of varying levels of complexity on the energy stored. Section 6.7
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provides a simple comparison between separator heating and separatrix heating by revis¬
iting the quadrupolar configuration of Section 6.5. A concluding discussion is then given
in Section 6.8.

6.2 Flux Tube Tectonics

Priest et al. (2002) considered a plane-stratified geometry with the photosphere repre¬

sented by the planes 2 = —L and z — L. By studying a configuration in which the field
emanates from two infinite arrays of uniformly spaced flux sources of equal magnitude,
they found that in 2.5D the shearing of fragmented flux elements generates concentrated
flux layers which, although not singular in the Dirac sense, are nevertheless concentrated
into extremely thin layers in the limit of large aspect ratios. In 3D, they found that the
shearing motions give rise to a discontinuity in the field across separatrices that supports
a singular current sheet across which the current density exhibits a Dirac distribution. In
both cases, they showed that no significant current flows outwith these sheets.

The work here is also carried out in Cartesian coordinates (x,y,z), assuming a locally
flat photosphere in the plane y = 0. The magnetic field at the photosphere is assumed
to be rooted in sources of negligible size that suffer relative motions with respect to each
other, driven by the photospheric flow. Initially, the coronal field is taken to be the poten¬
tial field associated with these line sources.

Only simple motions are considered, in which the field sources are moved slightly by
a shearing in the ^-direction. The resulting coronal magnetic perturbation is calculated
under the assumption that it can be treated by linearisation about the potential field, and
that the coronal magnetic structure remains at all times force-free.

6.2.1 Overview of 2D Magnetic Fields

Following Zwingmann et al. (1985), Wolfson and Low (1988), Amari and Aly (1990),
Vekstein et al. (1990) and others, consider a 2lj^ field B(x, y):

B = BxSt + Byy + Bzz, (6.1)

which is translationally symmetric in the z-direction. Denoting Bz by b, and noting
that Bx, the part of B which is perpendicular to the direction of invariance z, is itself
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solenoidal (V.Bx = 0), one may write

^ ^ = 0. (6.2)ox dy

This implies that Bx = V x {a(x, y)z), which gives Bx = da/dy and By = —da/dx.
Thus, B may be expressed in terms of two functions, a(x, y) and b(x, y), as

da
„ da „ . „ .,

B - —x - —y + bz. (6.3)
oy Ox

It is worth noting here that

da da

dx y dy
B • Va = Bx——I- By— = 0. (6.4)

This implies that a(x, y) is constant along every field line. Much use will be made of this
property throughout the subsequent analysis. Using Ampere's law, the electric current

conveyed in a magnetic structure is given by

V x B = /xoj, (6.5)

where yo is the vacuum permeability. The displacement current, eod~Efdt, has been ig¬
nored as always in non-relativistic MHD. Evaluating Equation (6.5) explicitly for the field
here gives

db
„ db „ (d2a d2a\ „

/aoj = —x - —y z. (6.6)
dy dx \ dx2 dy2

Furthermore, the Lorentz force (or rather its density) is

jxB = —
Mo

da
, ( da , (db da db da\a

dx ^ dx) \ dy ^ dyJ \dx dy dy dx) (6.7)

6.2.2 Non-Constant-ct Force-Free Fields

Here, a force-free field is considered, such that any ambient force, pressure gradient or
gravity is negligible in comparison to the Lorentz force, and so j x B = 0. In particular,

db da db da
_

dx dy dy dx
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Figure 6.1: Schematic representation of the photospheric displacement (Z(x)) of the footpoints
of a 2%D force-free magnetic field. Initially, the field is potential and the field line lies in the x-y
plane with Z[xi) = Z(x2) = 0.

This implies that b(x, y) is in fact a function, 6(a), of a(x, y), and this in turn implies that
6 is constant along any given field line. The consequence is that the first two equations of
Equation (6.7) reduce to a single equation, since

da

which shows that the force-balance equation can only be satisfied everywhere if the Grad-
Shafranoff equation is satisfied, i.e.

(6.9)

Thus

—AaVa — 6—Va = 0, (6.10)

da
(6.11)

Note that, although there is no need to introduce a here, it equals db/da, and so is a

function of a alone.
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6.3 Perturbation of 2D Potential Field into a 2%D Force-
Free Field

Now suppose that this configuration is sheared by slightly moving the footpoints of any
field line rooted at x in the plane y = 0 by Z = Z(x)z. From the flux freezing theorem,
By(x, 0) is unchanged, as is a(x, y), which remains equal to a(x, 0). However, the flux
freezing theorem also implies that those points which were linked by a common field line
before the footpoint displacements should remain so afterwards. For example, suppose a

particular field line had its footpoints initially at (x\, 0, z0) and (x2, 0, Zo), with z0 = 0,
say. The field line's footpoint at x\ moves from z0 = 0 to z\ — Z(xi), and its footpoint
at x2 moves from z0 = 0 to z2 = Z(x2), as sketched in Figure 6.1. The overall footpoint
displacement is

Z12 = Z(x2) - Z(Xl). (6.12)

The component b(a) is determined by the stretching experienced by the corresponding
field line. The general field-line equation reduces in this linear approximation to

dx
_ dy_ _ dz _ ds0 _ ds0

Bpx Bpy b(a) |Bo | |Va|

where dsp denotes the line element along an unperturbed field line of the flux function
a(x, y). Integrating along a field line gives

footl

Z\i = Z{x2) — Z(xi) = J 6j^| = b{a) J j^j, (6.14)
foot1 a=const.

since on a line of constant a(x,y), b = 6(a) is also constant. The force-free field which
appears as a result of the stretching is given by the Grad-Shafranoff equation (6.11).

6.3.1 Infinitesimal Perturbations by Shearing Footpoints of a Poten¬
tial Field

In cases when Z\2[a) is very small, the Grad-Shafranoff equation reduces, to first order
in Z\2, to Aa = 0. This implies that the boundary conditions for a(x, y) (i.e. a(x, 0)) are
effectively unchanged. Hence, a(x, y) remains the same function as it is for the potential
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Figure 6.2: Sketch of how a{x, 0) varies with x. Between pairs of sources, a(x, 0) is constant,
and suffers a discontinuous jump when passing over a source.

field. For small Z12(a), the associated 6(a) is approximately

Zi2(a) Zi2(a)6(a)
i to w'

(6.15)

ao(x,y)=a

This relation between the field and the elongation involves the specific volume of the field
line

V& =
ds±o

ao(x,y)=a
|Vao|'

(6.16)

so-named because the volume of a flux tube of small flux <7$ constructed about this field

line is V0d&. The distribution in space of the electric current induced by the small source
displacement is given by

J
b'(a)B_

do
(6.17)

6.3.2 Peculiarities of Fragmented-Flux Model

In the model considered here, the distribution of flux on the photosphere (the plane y — 0)
enters the system via line sources parallel to the axis of invariance 2. The potential field
generated by a series of n such sources is given by the sum

Bx(^,y) = X)-|ri~r'i2 ■ (fU8)7T r_L — rd2
I ' '

where r; = + r/,y is the position of the ?'th source, with strength e,.
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Figure 6.3: Illustration of a point P lying at an angle 6 on a semicircle of radius D (D <C <5, the
mean source separation), drawn about a source positioned at Xj. At such a small distance from the
source, the value of a(x, y) varies linearly about the circumference of the circle from cl(xa, 0) at
the point (x^, 0) to a(xg, 0) at the point (x#, 0).

Since in this model the flux remains constant between magnetic fragments, the func¬
tion a(x, 0) is constant between the fragments and suffers a discontinuous jump by —e,
when crossing a fragment i at r;, as illustrated in Figure 6.2. When ^ e; = 0, one should
expect that a(+oo, 0) = a(—oo, 0). Rotating about a source makes the identification of
a easy, because very close to a source its own field is dominant, and B may therefore be
approximated by only the field created by this source, so that

(6.19)
7r |r_j_ — rip

near source i, say. If a semicircle of radius D is taken about the source (shown in Figure
6.3), and the value of a(xj, 0) at Xi is known, then at P, a(x, y) has the value

a(P) = a(xi) + -0{P). (6.20)
7r

This is only true if D is very small, so that field lines about the source i are still straight
and radial at such a distance.

6.4 Extra Energy Stored

In response to the small motions, the magnetic field perturbations take the form Bx =

VAi x z + bz. The poloidal field component is small in comparison to the toroidal
component. The magnetic energy (per unit length in the z direction) is then given by

Under the assumption that the poloidal field remains unchanged for small motions, the
perturbation b to the original field is essentially confined to the direction of invariance
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(i.e. b = bz). The magnetic energy (per unit length in the z-direction) is then given by

(6.22)

Although it may be shown that the energy associated with the actual perturbation to the
poloidal field may potentially be comparable to the energy associated with the pertur¬
bation to the field in the z-direction in magnitude (and indeed, need not necessarily be
positive), such a posssibility is not considered here. The change in magnetic energy (per
unit length in the z-direction) is consequently given by

Wz = JJ Y~0dxdy■ (6-23)
Not all this energy is convertible into heat (Heyvaerts and Priest, 1984), but this will
nevertheless be assumed in order to judge the properties of energy storage due to shearing.
The surface element (dx, dy) is split as usual into dxdy = dS = dsdcr±, where ds is a line
element along the local potential field line and da± is an infinitesimal element across it.
The element da± sustains a flux \da\, the two quantities being related by \da\ — |Bx|<icrx-
Since b depends only on a, this gives the stored energy Wz as

w.= f tdJMJ5= (6.24)J J |BjJ 2p0 J 2p0

In practice, this integral is approximated numerically by

0 &max

W^T.^-1 r. (6.25)
aumin

2p0 J V0(a)'

The integral can be calculated without difficulty because V0~1(a) is a regular function
which vanishes at the separatrix. Very interestingly, this shows that those field lines in a

given domain linking two sources that contribute most to the energy storage are the lines
of smallest specific volume. It will certainly emerge that much energy becomes stored in
the 'carpet', i.e. regions where a lot of flux closes back down in the form of short loops.
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Figure 6.4: (a) Skeleton of the simple field arising from four sources positioned at
—0.3, —0.15,0.15 and 0.3, with strengths 0.5, —0.5,0.5 and —0.5, respectively, from left to right.
The region studied extends between —0.5 and +0.5 in the x-direction, and between 0 and 0.5 in
the y-direction. (b) Contour plot of for the initial potential field. Each contour level is a factor
of 1.5 times the previous level. The skeleton of the field is overplotted.

6.5 Example: Four Sources

In order to demonstrate the properties of the field following a translational shearing mo¬

tion, a case consisting of four sources, two positive and two negative (as shown in Figure
6.4(a)), is initially considered. If the sources were to represent network fragments, then
typical source fluxes, source separations and field strengths would be 1018-1019 Mx, 14
Mm and 3-30 G, respectively. In this simple scenario, the sources alternate in polarity
and are spaced at uniform intervals. The magnitudes of all the strengths are equal, and
a contour plot of the unperturbed field is shown in Figure 6.4(b). A plot of the specific
volume about the second source from the left is shown in Figure 6.5(a) as a function of
a. The specific volume, in comparison with the values it takes close to the separatrix, is
negligible in regions far from the separatrix. In fact, Vo diverges at the separatrix, in the
vicinity of which, as shown in Appendix D, it varies as

(6.26)
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Figure 6.5: (a) Specific volume Vo(a) as a function of a, rotated about the negative source located
furthest to the left. Far from the region being examined, a(—oo,0) = a(+oo,0) = 0. (b)
Resulting magnitude of the field b in the z-direction, which is constant along each field line. The
magnitude of the displacement field b is minuscule in comparison with the poloidal field |Bo|—
typically around 1%. (c) Derivative of b with respect to a; the current density j is given by
j = (db/da)B0.
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Figure 6.6: Contour plot of b2 for the sheared field. Each contour level is a factor of 4 times the
previous level. The skeleton of the field is overplotted.

where a* is the value of a{x, y) along the separatrix, L is a characteristic length scale
and F may be identified as F = {Bq)L (here (Bq) is a representative value of the field
calculated about the null). As such, F/L2 is therefore a gradient of the field about the
null point.

The two positive sources are then moved a distance of 5 x 10-4 units in the negative
z-direction, whilst the negative sources are moved a distance of 5 x 10-4 units in the
positive z-direction. The resultant b component of the perturbed field about the second
source from the left is shown in Figure 6.5(b). Because Vo(a) diverges on field lines
passing close to the neutral point, the value of the perturbed component of the field b(a)
given by Equation (6.15) is very small on field lines passing close to the neutral point,
and is zero on the separatrices themselves.

The derivative of 6(a) with respect to a is shown in Figure 6.5(c). Here it can be seen
that the current given by Equation (6.17) is focused on the field lines that pass very close
to the neutral point, and actually becomes infinite at the separatrix in this model. Priest
et al. (2002) showed that this kind of behaviour is generic for systems with translational
symmetry.

A contour plot of 62 is shown in Figure 6.6. Since the free energy stored (i.e. that
above potential) scales as 62, it can be seen that the bulk of the energy is stored low down
in the system.
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6.6 Effects of Complexity

The properties of the current sheets that occur in a 2:/2D force-free field generated by ap¬

plying small shearing motions to a potential configuration have been demonstrated above.
However, it should be expected that complexity in the distribution of photospheric frag¬
ments plays a role in determining macroscopic quantities, such as the amount of energy
stored and dissipated. Indeed, this complexity will affect, for example, the total number of
neutral points and separatrix surfaces in the configuration. Energy storage and dissipation
may depend drastically on properties other than just the r.m.s. flux of the photospheric
fragments or their average density in the photosphere. They may depend, for example, on
the statistics of the flux distribution among fragments, their spatial clustering properties
(or lack thereof), or the mixing of polarities on the photospheric boundary. Extrapolat¬
ing further, they might also depend on the possibly fractal character of photospheric flux
distribution (or lack thereof) and its effective fractal dimension.

A simple exploration of the effects that complexity in the photospheric flux distribu¬
tion may have on the magnetic energy storage and coronal heating has been undertaken
here. Such a study, even for such a simplified model as that studied here, needs to be nu¬

merical. As such, limitations are placed on the distances between sources and the range

that their fluxes cover.

Energy storage has been computed for several models with varying spatial flux dis¬
tributions on the rc-axis. These models also differ in the number of fragments involved
and the distribution of flux among the different fragments. For example, in some cases

the fluxes of the fragments are all equal in magnitude, whereas in other cases the fluxes
are drawn from chosen statistical distributions. Similarly, the spatial distribution of frag¬
ments in space is in some cases taken to be deterministically simple and regular, whilst
in other cases fragments are positioned randomly, and/or clustered to varying degrees. In
all cases, the configuration is held in flux balance, with the total flux in the positive frag¬
ments equal in magnitude to the total flux contained in the negative fragments. In every

run, the total absolute flux in the system is fixed at 2 arbitrary units.

The sources in each configuration have been placed between x = —0.3 and x =

+0.3, with the region examined extending between x = —0.5 and x = +0.5. Table 6.1
summarises concisely the parameters of the experiments that are performed. Six cases

are considered, as follows:

(i) The sources are positioned regularly in space in sequences of two positive sources,

followed by two negative sources, e.t.c.
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Source Distribution Distribution Pattern Clustered? Figures
(i) + + + + ... No (a),(b)
(ii) + + + + ... Yes (c),(d)
(iii) + - + - + - + No —

(iv) + - + - + - + Yes —

(v) Random No (e),(f)
(vi) Random Yes (g),(h)

Table 6.1: Summary of the source distributions described in the text. The '+' and ' signs
represent the polarity of each source in sequence that is placed on the photospheric axis. The
'Clustered' column indicates whether or not the sources are split into well-separated groups of
four sources.

(ii) The sequence of the source signs is the same as case (i); however, this time sources

are grouped together into clusters of 4.

(iii) The same as case (i), except that this time the sequence of the source signs varies
alternately from one source to the next.

(iv) The same as case (ii), but for the fact that the sequence of source signs also varies
alternately from one source to the next.

(v) Half the sources are positive, and half are negative. They are scattered randomly
throughout the interval between x = —0.3 and x = 0.3.

(vi) Similar to case (v); however, the sources are clustered in groups of four containing
two sources of each polarity. Each source is positioned randomly within the interval
that its group occupies.

In the cases where fragments are positioned in a regular (unclustered) way, each con¬

secutive pair of sources is separated by a distance 0.6/(n — 1), where n is the number
of sources in the given configuration. When sources are clustered into groups of 4, the
intervals in which the sources are placed are 1/3 of the separation between clusters.

In the following sections, several distributions of source strengths are considered.
These include a constant distribution, where the magnitudes of all the sources are equal, a
uniform distribution, where all the source strengths are selected randomly with a uniform
probability, an exponential distribution, and a power-law distribution.
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Source Distribution Figure Fitted Line

(i) 6.7(a) y = 5.5a; - 17.3
(ii) 6.7(c) y — 35a; — 188.6
(iii) Similar to 6.7(a) y = 5.1a; — 12.5
(iv) Similar to 6.7(c) y = 40.9a; — 224
(v) 6.7(e) y = 14.5a; + 8
(vi) 6.7(g) y= 137.9a; — 815

Table 6.2: Equations fitted to the graphs on the left-hand side of Figure 6.7. y represents the extra
energy stored and x represents the number of sources through which the flux emerges.

6.6.1 Scenario 1: Constant Source Strengths

In order to consider the effects of having the field emerge through a varying number
of sources, the number of sources in each case is initially set at eight. After having
calculated the extra energy stored in such a field following a translational shearing motion,
the number of sources through which the flux emerges is increased to 12. In turn, this is
increased to 16, and so forth, until the number of sources has reached 200.

In the initial scenario, where all the sources are of equal magnitude, the cases in
which the sources are spatially distributed in a symmetric way (cases (i)-(iv)) have, for
a prescribed shearing motion, one unique value for the extra energy stored. However, in
the cases where the sources are scattered randomly on the photospheric plane, there is an

infinite number of possible fields. Thus, for a given number of sources, the extra energy

stored is calculated for a sample of 50 fields.

Figure 6.7 shows plots of the energy stored versus the number of sources through
which the flux emerges. By examining Figures 6.7(a) and (c), and Figures 6.7(e) and (g),
it is clear that the clustering of the sources is the most important factor in affecting the
amount of extra energy stored due to shearing motions; in the cases where the sources

are clustered into groups of 4 (Figures 6.7(c) and (g)), the stored energy is significantly
larger. The lines fitted to Figures 6.7(a), (c), (e) and (g) are given in Table 6.2. By
comparison, the differences in stored energy incurred due to varying the sequence of the
source signs on the photosphere, which invariably reflects the density of neutral points on

the photospheric plane, is fairly minimal.

The right-hand side of Figure 6.7 shows the fraction of the extra energy, W, stored
below a given height, h (here h is normalised to total width of the region under exami¬
nation). It is clear that, in all cases, the height below which the majority of the energy

is stored decreases as the number of sources increases. It is also clear from comparing
Figures 6.7(b), (d), (f) and (h) that when there is a greater amount of energy, the height
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Figure 6.7: Plots of the extra energy stored per unit length in the z-direction (left) for distributions
in which all sources have equal strength, versus number of sources. The source positioning for
each of the graphs is summarised in Table 6.1. The fraction of the total energy stored in the system
below a given height is given on the right. In each plot, the rightmost curve represents the values
obtained with eight sources; proceeding leftwards, subsequent curves give the values obtained
with 12, 16, 20... 200 sources. Thus, as the number of sources increases, the energy becomes
stored lower and lower down.
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below which the majority of the flux is stored is lower.

In all the cases, the amount of stored energy increases linearly as the number of
sources is increased. This can be understood by carrying out a dimensional analysis.
Considering a typical domain, the field is of the order

<f>n£o~-A (6.27)
-^o

where $0 is a typical source flux and L0 is a typical length scale of an average domain.
Of course, the field contains contributions from other sources at distances greater than
L0; however, close to the photosphere the field is largely dominated by the sources at the
boundaries of the domain, so that, even if there are thousands of sources in the configura¬
tion, only a few have a non-negligible contribution. The specific volume Vo may then be
expressed as

(6.28)
-£>o wo

This means that the extra energy stored, Wz, scales as

Co ~ LlWz ~ ~ (6.29)
Jo

If the number of sources is then increased by a factor ofAf from N to J\fN, then the
flux <l>o and length L0 change in the following way:

-* "77 and L0 -* ^ (6.30)M N

Clearly, as the number of sources is increased, the energy stored in a typical domain
remains, on the whole, unchanged. However, the number of domains into which the
flux is partitioned does increase. As has already been seen, domains with long connec¬

tions (which by their very nature are the ones that reach higher into the corona) do not
contribute much to the extra stored energy Wz. Thus, the majority of the extra energy

above potential comes from the domains that lie along the photospheric axis. In a two-
dimensional configuration there is typically one such domain per source, so that, when
the number of sources is increased by a factor A/", then the extra energy Wz increases
accordingly:

WZ-*NWZ. (6.31)
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Figure 6.8: Plots of the extra energy stored per unit length in the ^-direction (left) when source

strengths are selected from a uniform distribution, versus number of sources. The source position¬
ing for each of the graphs is summarised in Table 6.1. The fraction of the total energy stored in
the system below a given height is given on the right. In each plot, the rightmost curve represents
the values obtained with eight sources; proceeding leftwards, subsequent curves give the values
obtained with 12, 16, 20... 200 sources. Thus, as the number of sources increases, the energy
becomes stored lower and lower down.
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Source Distribution Strength Distribution Figure Fitted Line

(i) Uniform 6.8(a) y = 5.5a: - 16.3
(ii) Uniform 6.8(c) y = 34.3a; - 184.4
(hi) Uniform Similar to 6.8(a) y = 5.7x - 14.1
(iv) Uniform Similar to 6.8(c) y = 44. 5a: — 246.8
(v) Uniform 6.8(e) y = 14.6x — 0.17
(vi) Uniform 6.8(g) y = 138.4a; - 699.3
(i) Exponential Similar to 6.8(a) y — 5.6a: — 20.4
(ii) Exponential Similar to 6.8(c) y = 34.2a: - 195.3
(iii) Exponential Similar to 6.8(a) y = 5.9a; - 16.8
(iv) Exponential Similar to 6.8(c) y = 44.7a; - 254.5
(v) Exponential Similar to 6.8(e) y = 14.8x + 2.4
(vi) Exponential Similar to 6.8(g) y = 140.5a: - 773.5
(i) Power Law Similar to 6.8(a) y = 5.6a: — 13.9
(ii) Power Law Similar to 6.8(c) y = 34.2a: - 170.2
(iii) Power Law Similar to 6.8(a) y = 6.2a: — 15.7
(iv) Power Law Similar to 6.8(c) y = 44.4a: - 236.7
(v) Power Law Similar to 6.8(e) y = 14.8a; + 3.7
(vi) Power Law Similar to 6.8(g) y = 138.4a; — 709.6

Table 6.3: Equations fitted to data for the uniform source-strength distribution (Figure 6.8), the
exponential source-strength distribution, and the power-law source-strength distribution, y rep¬
resents the extra energy stored and x represents the number of sources through which the flux
emerges.

Hence Wz should be expected to increase linearly with M, which of course it does.

6.6.2 Scenario 2: Random Source Strengths

Having studied the behaviour due to sources that are all of constant magnitude, fields
emanating from sources whose strengths are chosen at random are now analysed.

In order to do this, three different source-strength distributions are considered; a uni¬
form distribution, an exponential distribution, and a power-law distribution. In all these
cases, the source strengths are selected randomly from the range [0.1,1]. In this way, it
is ensured that there are no neutral points that lie too close to any of the sources, which
of course would make it difficult to resolve the problem computationally. The sources

are then scaled so that the sum of the positive sources is 1, and the sum of the negative
sources is —1.

For each of the 6 different spatial distributions, the experiment is performed over a

sample of 50 fields, since randomly selecting source strengths means that there is an
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infinite number of fields, even when there is spatial symmetry in the distribution of the
sources.

Figure 6.8 shows the results obtained using the uniform distributions (results obtained
for the exponential and power-law distributions are similar). By comparing the plots in
all three figures, it can clearly be seen that the results obtained for the various spatial
distributions are all very similar. This naturally implies that the distribution of source
strengths has little effect on the extra energy stored due to the shearing motions. This is
further backed up by looking at the equations of the lines fitted to the plots, given in Table
6.3. For a particular spatial distribution, the lines fitted to the data obtained from the three
separate source-strength distributions are practically the same.

6.7 A Comparison of Separator and Separatrix Heating

In this section, the four-source quadrupolar configuration of Section 6.5 is re-examined
in order to make a simple comparison between heating resulting from the formation of
current sheets upon separatrices and heating resulting from the formation of current sheets
along separators.

^4

Figure 6.9: (a) Sketch of initial source configuration, with the directions in which the sources
are displaced shown by arrows. The domain fluxes are shown by ipi, -02, "03 and 04. (b) The
configuration after the source displacement. Domains V\ and P3 have had their fluxes increased
by an amount A0, whilst the fluxes of domains V2 and V4 have decreased by the same amount.
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6.7.1 2D Separator Current Sheet Formation

Since the magnetic field in two dimensions is translationally symmetric, the sources are of
infinite length in the direction of invariance (here taken to be the z-axis). This also means

that the neutral point has an infinite extent in the ^-direction, and is in fact a neutral line.
In light of this, the calculation is restricted to a finite portion of the system by placing
conducting boundaries at the planes z — 0 and z — 1 (Longcope, 2001). Furthermore,
in this 2D model, the role of the 3D separator, which generally lies at the confluence of
four separate magnetic domains, will be played by the neutral line, which also lies at the
confluence of four domains.

In this simple 2D scenario, illustrated in Figure 6.9(a), the four sources are linked
in all possible ways by the domains T>\, T>2, V3 and VA, which have fluxes xp\, ip2, f>3
and ip4, respectively. Since all source strengths are of equal magnitude, it turns out that
xpi = ips and xp2 = xp4. Displacing the sources along the x-axis in a vacuum magnetic
field will in general lead to changes in the domain fluxes xpi (i — 1... 4). Following
the displacement shown in Figure 6.9(a), domains V\ and V3 have their fluxes increased
by an amount Axp, whilst domains T>2 and V4 have their fluxes decreased by the same
amount. However, in the stick-slip reconnection model of Longcope (1996), the field is
assumed to thread a perfectly conducting plasma, which does not permit any flux to pass

through the neutral point. Thus, a current ribbon with total current I forms along the
neutral line with an orientation and self-flux such that it cancels Axp. Longcope (2001)
showed that the current I and self-flux xp^ are related by

</><*->(/) = -A,fr(/) =^ In 167re
L

(6.32)

where A is a characteristic current for the potential neutral point and is given by /* =

B'Yf (Y^ is the y-coordinate of the neutral point and B' is defined as |VB0| calculated
at the neutral point, with B0 denoting the initial vacuum field). Strictly, this expression is
only valid in the vicinity of the neutral point (i.e. when |/| <C If)- The free energy above
potential (AW) stored by this current build-up is given by

AW = 11 (Axp)Axp. (6.33)

Rather than allowing the current to build up indefinitely, the model of Longcope (1996)
places a limit on the quantity I*/\I\, so that, once such a threshold is reached, a 'nanoflare'
is assumed to occur, in that an electric field parallel to the neutral line ensues and con¬

sequently allows the flux Axp to pass through the neutral point. It is also assumed that



130 Coronal Tectonics Model

A-0 —> 0, i.e. the field returns to its vacuum state, which is precisely the potential field
arising from the sources positioned as they are at the onset of the flaring event.

6.7.2 Analogous Separatrix Stick-Slip Reconnection

The current per unit length in the z-direction across a separatrix resulting from the shear¬
ing motions described in Section 6.3 follows from Equation (6.17), and is given by

I' dl =
'Ci

dbj
da

da, (6.34)

where Ct follows the path of the separatrix i and At is across the separatrix. For the
purpose ofmaking a comparison between the two heating models, a representative current
I' (i = 1... 4) for each separatrix is defined as
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Figure 6.10: Extra energy stored (AE) as a function of source displacement (Aq) for the two
different scenarios. The displacement axis is normalised to the initial separation between each of
the sources. Extra energy stored following the shearing motions is given per unit length in the
^-direction.

ir = |Bmi|Li, (6.35)

where Li is the length of the separatrix curve i and Bmi is the value of the poloidal
field at the midpoint of the separatrix. Since the values of /* and IT (i = 1... 4) are
not directly comparable, a more universal criterion for comparing the two mechanisms
must be found, hence the actual values of the various IT are not too critical. In fact, due
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to the translational symmetry along the z-axis, all the If (i = 1... 4) remain constant

throughout the evolution of the system (unlike /*, which changes its value after every
event (i.e. release of energy)). It is assumed that when any one of the four I'^/\I[\ reaches
a threshold value, an instability occurs and the energy stored in the system is released.
Thus I[ —■> 0 for all i.

6.7.3 Comparison of Energy Storage

The evolution of the two configurations is managed such that each source is displaced by
an amount Aq. In the separator heating scenario, the sources are displaced along the x-
axis in accordance with the description in Subsection 6.7.1, while in the separatrix heating
scenario, the sources are sheared along the z-axis in accordance with Section 6.5.

The value of Aq is normalised to the initial distance between neighbouring pairs of
sources, and is varied between the limiting values of —0.5 and 0.5. In the case of dis¬
placements along the a>axis, when Aq = —0.5 the two central sources cancel and the
null point disappears; when Aq — 0.5, the leftmost pair of sources cancels, as does the
rightmost pair of sources, resulting in a magnetic void.

Figure 6.10 shows how the extra energy above potential would vary for the two types
of source motions were the energy storage to increase unimpeded. The plot suggests that
energy storage associated with separatrix currents is more efficient than energy storage
associated with separator currents, with the ratio of separatrix to separator energy being
typically 2-4. It should be noted, however, that the values calculated for the larger dis¬
placements are less reliable, since the validity of Equations (6.25) and (6.33), which give
the extra energy stored by the two systems, becomes somewhat overstretched.

The three plots in Figure 6.11 show how the extra energy stored (AE) by the two

configurations varies with the mean displacement between flaring events. As one would
naturally expect, small source displacements between events (which are a consequence

of placing low thresholds on the values of the peak currents allowable) result in frequent
releases of energy, and therefore not so much energy is stored between events as is stored
when there are large displacements between the flaring events. The question that then
arises is: what releases a greater amount of energy in total- frequent releases of small
bundles of energy, or less frequent releases of relatively large bundles of energy? This
question is addressed by Figure 6.12, which shows that in both the scenarios less frequent
releases of energy result in a greater amount of energy being released in the long run.

What is also shown is that, for a given mean source displacement between events, the total
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Figure 6.11: Extra energy stored (AE) as a function of source displacement (Aq) for mean source
displacements of (a) 0.02, (b) 0.04 and (c) 0.07 between events.

amount of energy released by the separatrix heating model is around twice as much as
that released by the separator heating model. This simple analysis suggests that separatrix
heating and separator heating both make significant contributions to coronal heating, with
separatrix heating being somewhat more prevalent.
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Figure 6.12: Plot showing how the total energy released by the system (EAE) varies as a function
of the mean source displacement between events.

6.8 Conclusions

The effects of applying simple shearing motions to a series of line sources in a transla-
tionally symmetric magnetic field have been studied here. It has been shown that these
motions lead to highly concentrated currents on the separatrices that are present in the
system, with essentially no currents flowing far from them. The extra energy generated
by these shearing motions is stored very low down in the system, with little energy stored
in the overlying upper coronal domains. In other words, the heating preferentially occurs

near the footpoints of coronal loops, in agreement with observations of TRACE loops.

By conserving the total amount of flux in the system, along with the length scales over
which the flux emerges, it has been found that increasing the number of sources through
which the flux emerges results in an increased amount of stored energy arising from the
shearing motions. On the Sun, it is more natural to expect the total absolute flux to in¬
crease as one considers smaller and smaller scales. This is because magnetogram images
are comprised of a multitude of finitely sized pixels, meaning that opposite-polarity mag¬

netic structures that exist on scales smaller than the dimensions of the pixel elements are

likely to suffer from cancellation effects. Thus, all that is registered in a given magne¬

togram pixel is the net flux of the region covered by that pixel.

Nevertheless, this study has shown that the introduction of complexity alone may

greatly increase the energy storage of a given system. Such a discovery is of particular
relevance at the moment, where there is a growing realisation of the importance of fine-
scale structures in the problem of how the corona is heated.
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The results obtained here have natural implications regarding what should be expected
in three dimensions. Although the Grad-Shaffranov equation does not hold in 3D, making
an analysis that is analogous to the work presented here extremely difficult, one would ex¬

pect to find results in 3D that are similar to those found here. (Indeed, Priest et al. (2002)
have already shown how currents may build up on 3D separatrix surfaces by considering
a configuration comprising point sources placed in a grid-style pattern on two infinite lat¬
tices at z = —L and z = L). It would seem fairly intuitive to expect that the majority of
the energy in a 3D system is also stored predominantly by the low-lying loops. However,
it is shown in Appendix E that the amount of free energy arising from shearing motions
in 3D should be expected to fall as H as a linear decrease in the length scale is consid¬
ered (although the amount of free energy arising from such shearing motions falls as \0\f
when the number of sources increases linearly). This contrast with the 2D scenario arises
because in 2D, the number of sources is related linearly to the length scale; in 3D, there is
an extra dimension to consider when placing sources on the photosphere. This means that
the number of sources should grow quadratically as the length scale decreases, therefore
affecting the amount of extra energy stored. The consequence of this discrepancy is that
merely increasing the number of sources through which the magnetic field arises will not
increase energy storage in 3D; however, this assumes that the total amount of flux remains
constant as smaller scales are considered, which (as discussed above), is not the case on

the Sun. Thus, on the real Sun, the stored energy will likely increase as smaller scales
are considered. The rate at which the stored energy increases will depend on the rate at
which the amount of flux observed increases.

The simple comparison of separator heating and separatrix heating given here has
suggested that coronal heating associated with shearing motions and subsequent current
concentrations on separatrices play a substantial role in coronal heating, with indications
that it may actually be more efficient at heating the corona than heating associated with
currents confined to separators. It will be interesting to see how future work involving
more complicated systems compares with the results found here.
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7.1 Discussion

Several previous authors, such as Inverarity and Priest (1999), Brown and Priest (1999b,
1999a, 2000, 2001) and Beveridge et al. (2002) have produced some insightful work that
has greatly advanced our understanding of the configurations that one might expect in
a magnetic carpet environment and the (often subtle) relationship between the various
states. Whilst their work tended to focus upon the interactions between only a handful
of magnetic sources, other studies, motivated by the existence of multitudes of magnetic
sources in the quiet-Sun photosphere, have aimed more at estimating the statistical prop¬
erties of model magnetic fields arising from hundreds of sources (e.g. Schrijver and Title,
2002; Longcope et al., 2003 ; Beveridge et al., 2003).

The work presented in this thesis has followed in the same vein as the later case and
considered magnetic fields arising from a great many point sources scattered on a model
photosphere. In Chapter 2, such point sources were used to represent the fragments ob¬
served in MDI magnetogram data. With each fragment itself being comprised of several
point sources, it was found that 50% of quiet-Sun flux closes down at chromospheric
heights or lower (i.e. < 2.5 Mm), with only 5-10% of flux reaching heights of 25 Mm or
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higher. It was also shown in Chapter 2 that a given fragment may connect to between 1
and 75 opposite-polarity fragments, the average being 5. Whilst the larger fragments tend
to connect to more fragments, the majority of their flux is distributed among only a few
nearby neighbours, with approximately 60-70% of flux connecting solely to an adjacent
neighbour.

Chapter 3, in contrast, examined the domain structures themselves that interconnect
the magnetic fragments previously discussed in Chapter 2. This involved representing
each fragment as a single point source and using the techniques of magnetic charge topol¬
ogy to identify the boundaries of each domain. Such analysis required the development
of an algorithm for efficiently tracing separator field lines. It was found that, although
there are generally only two types of domain observed in 3D potential magnetic fields,
namely separator-ring domains and isolated domains, non-trivial differences between do¬
main structures that exist under both of these categories mean that they may be classified
further. Such a classification will be a useful tool as heating models of increasing com¬

plexity are considered.

The work in Chapter 4 provided a statistical analysis of magnetic separators in mag¬

netic fields based on both simulated source distributions and observed source distribu¬

tions. In the case of the simulated fields, this involved replicating the results of Schrijver
and Title (2002) in order to obtain a population of nulls from which to track separators.
It was found that separators are generally more abundant than one would imagine, with
pairs of nulls often being linked by more that one separator. As well as establishing that
separators tend to bunch together to form trunks, Chapter 4 also showed that many pairs of
coronal nulls are connected by separator field lines, suggesting that perhaps bifurcations
in the corona are a common way of creating coronal nulls.

Chapter 5 again made use of observed magnetogram data. Having already shown in
Chapter 2 how flux from a given fragment is typically apportioned between connected
opposite-polarity fragments, the aim of this chapter was to gauge how the dynamic be¬
haviour in the photosphere affects the configuration in the corona above. After developing
a method with which to determine how variations in source strengths affect domain fluxes,
it was then established that, when emergence and cancellation of flux are considered, the
magnetic field in the corona is replaced in around only 1.4 hours by the process of recon-
nection (when emergence and cancellation are prohibited, this figure increases to around
3 hours). It was then estimated that to achieve the observed heating rate of 300 Wm~2
(Withbroe and Noyes, 1977) by means of separator reconnection requires a mean current
of 2 x 1010 A to be flowing along the separators in the configuration (when emergence
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and cancellation are neglected in the calculation, this figure becomes 5 x 1010).

In Chapter 6, a 2y2D translationally symmetric geometry was considered in order to
study the effects of complexity on the build-up of currents on separatrices following a

simple shearing motion of the magnetic sources. It was established that the amount of
free energy stored increases as the number of sources through which the flux emerges

is increased. This energy is stored lower and lower down as more sources are consid¬
ered. Chapter 6 also provided a simple comparison between coronal heating resulting
from separatrix currents and coronal heating resulting from separator currents in a 2y2D
quadrupolar configuration. In such a scenario, it was found that the two forms of heating
release comparable amounts of energy, with separatrix heating being the more dominant.

7.2 Future Work

Developing a better understanding of the quiet-Sun photosphere and the heating of the
overlying corona is a multi-faceted affair, with various angles from which the matter may
be approached.

Advances in observational capabilities over recent years have resulted in an increasing
realisation of the importance of small-scale magnetic fields. Indeed, as the spatial resolu¬
tion available to observers increases, it is natural to expect that more and more magnetic
flux should be discovered, as the mixing of polarities on scales below current magne-

togram resolutions reduces polarisation, effectively hiding such flux from the observer.
Thus, a challenge for the observationalists is to determine empirically the full complexity
of the magnetic fields that emerge through the solar photosphere.

It was shown in Chapter 2 that intranetwork concentrations, rather than closing down
entirely at low levels, actually contribute to the coronal field over quiet-Sun regions. Re¬
cent indications by Schrijver and Title (2003), obtained using a theoretical model, sug¬
gest that as much as 50% of the coronal field over quiet-Sun regions may originate in
such weak intranetwork concentrations. A qualitative follow up to this work based on

observed data is required in order to confirm these findings.

Whilst the larger of the intranetwork fragments were included in the calculation of
the recycling times given in Chapter 5, in future a reworking of the analysis that includes
the multitudes of weaker intranetwork fragments along with the full complexity of the
substructures within fragments will also be necessary.

From a topological viewpoint, there are several important areas for development.
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Multiple domains, noted in Chapters 3 and 4, warrant further study in order to under¬
stand the bifurcations that bring about their existence. More investigation is also required
to uncover the properties of coronal domains; although thorough studies of configurations
arising from small numbers of sources have provided a wealth of knowledge regarding
the low-lying domains that intersect the photosphere, coronal domains generally tended
to be absent from these models. As large-scale connections are typically through coronal
domains, a study that demonstrated a series of bifurcations through which flux from a

given source emerges through the photosphere, rises up into the corona and then forges
large-scale connections would be highly interesting.

Topological models of the quiet Sun could also explore the consequences of the study
by Schrijver and Title (2003) in terms of null point statistics and how our new understand¬
ing of the structure of the quiet-Sun magnetic field affects the density and location of null
points within the corona.

The major disadvantage of using potential field models to extrapolate the magnetic
field into the corona is that, being in the lowest energy state, they allow no extra energy

to be stored. Certainly, as higher order force-free models are considered, one should ex¬

pect new topological behaviour to present itself alongside the behaviour already observed
in potential field models. Preliminary discussions on force-free topology have been pre¬

sented (e.g. Longcope (1996), Brown and Priest (2000), Maclean et al. (2004)); however,
as of yet the subject remains largely unexplored.

With regard to the subject of coronal heating, the extent to which the various proposed
mechanisms play a role in dissipating the energy stored in the coronal magnetic field is
still unknown. From a reconnection viewpoint, a key unsolved question at the moment
is whether separator heating is more or less efficient than separatrix heating. With re¬

cent analytical work by Priest et al. (2004), together with the experiment in Chapter 6,
concluding that both are likely to be important for coronal heating, a natural progression
would be a quantitative analysis of the role played by each mechanism in complex model
fields. A starting point could be to expand the work in Section 6.7 to more complicated
fields arising from many sources and containing a multitude of neutral points. It would
be interesting to see what effects mutual induction and subsequent sympathetic flaring
(Longcope, 1996) have on the pattern of energy storage and release by the system. A
more involved analysis would be to consider a 3D numerical simulation that contained
both separator and separatrix currents, and to calculate the resultant energy dissipation at
both locations.



Appendix A: Comparison of
Photospheric Fragment
Representations

Here a comparison is made between the fields produced by two different methods of rep¬
resenting the flux fragments in the balanced region of the magnetogram studied in Chapter
2. As with Chapter 2, the central | x | is studied, with the 8 surrounding magnetogram
squares being included for the purpose of removing the potential bias of edge effects
within the region of study. Hence, this is essentially the configuration of Section 3.4, but
with 8 surrounding squares included.

In the first representation, all the pixels in the magnetogram are represented by a

single point source, as in Chapter 2. Setting the minimum number of pixels in a given
fragment to 10 results in each fragment being represented by at least 10 point sources.
This representation has the advantage that it retains something of the general geometric
character of the fragment. In the second representation, each fragment is represented by
a single point source. Other possibilities for representing magnetic fragments include
placing sources below the photosphere, hence avoiding singularities in the photospheric
plane (Demoulin et al., 1992), or modelling a fragment by a circular region in the photo¬
sphere, within which the normal field is uniform and vanishing outside of it (Lothian and
Browning, 1995).

In both representations considered here, a single field line represents 7.73 x 1015
Mx, so that more field lines are traced from stronger fragments. Field lines are traced
both forward from positive fragments and backwards from negative fragments using the
method of Section 2.2 for determining the starting points for field lines. Since flux closing
within the inner region is accounted for twice (i.e. once when calculating field lines from
positive fragments, and once from negative fragments), it is only right that field lines
closing outwith the inner region should be counted twice, so as to fully account for all the
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Figure A.l: Percentage of flux tubes with (a) length greater than I, (b) footpoint separation greater
than d and (c) height greater than h. In all three plots, the solid lines represent the field lines
calculated using the point-source-per-fragment representation, and the dashed lines represent the
flux tubes calculated using the point-source-per-pixel representation.

flux within the inner region.

A.l Flux Tube Characteristics

Figure A. 1(a) shows the contrast in flux tube lengths obtained by the two representations.
As one would expect, the two representations differ mostly at the lower end of the length
distribution. With the point-source-per-pixel approximation, flux tubes as short as 0.88
Mm can be found, whereas the point-source-per-fragment approximation only allows for
flux tubes as short as 4.3 Mm. A glance at Figure 3.5 in Section 3.4 confirms why this
should be so; one can see opposite-polarity fragments literally touching each other. In
the point-source-per-fragment approximation, there is a greater limit to how close two

point sources may lie, as each point source lies at the "centre of gravity" of a cluster of



Appendix A 141

w
c
o

u
Q)
c
c
o
O

0
_Q

E
3
Z

25

20

15

(b)

10 20 30 40 50 60
Flux (x 10'8 Mx)

10 20 30 40 50 60
Flux (x10'B Mx)

Figure A.2: Contour plots showing the the number of fragments to which a fragment of given flux
connects for (a) the point-source-per-pixel representation and (b) the point-source-per-fragment
representation

the (at least) ten pixels that comprise each fragment (of course, the point-source-per-pixel
approximation places a point source at the centre of each pixel, so the minimum length of
flux tube attainable is exactly the side length of a pixel).

As the length of the flux tube considered is increased, the two approximations con¬

verge to one another, so that the longest 50% of flux tubes have practically the same

distribution in both representations. This also shows in the mean lengths of flux tubes
found, as the point-source-per-pixel representation gives a mean flux tube length of 50
Mm, whilst the point-source-per-fragment representation gives the mean flux tube length
as being only slightly longer at 53 Mm. The longest 25% of flux tubes have essentially
the same distribution, with the longest flux tubes found at around 620 Mm.

Figure A. 1(b) paints a similar picture for the footpoint separation of the flux tubes.
Below the scales of typical supergranular diameters (around 14 Mm), the two represen¬
tations differ quite greatly. As already discussed, the minimum footpoint separation in
the point-source-per-pixel approximation is 0.88 Mm, whereas the minimum footpoint
separation in the point-source-per-fragment representation is 4.3 Mm. This will therefore
be the minimum separation between point sources in this representation.

The longer ends of the distributions are again essentially the same for both represen¬

tations. However, the point-source-per-pixel representation gives a maximum footpoint
separation of 160 Mm, whilst the maximum footpoint separation found by the point-
source-per-fragment representation is 150 Mm. This is a hint that, whilst one would
expect the topology of both regions to be on the whole quite similar, the connectivity of
the two configurations should also be expected to differ in places.
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Figure A.3: (a) Percentage of fragments against the minimum number of connections of that
fragment, (b) Mean proportion of flux for each fragment to which a given fragment connects.

The distribution of the maximum heights reached by the flux tubes is given by Figure
A. 1(c). Here it can be seen that the distributions obtained by both approximations are

almost identical, at both the shorter and the longer ends of the scale. This perhaps indi¬
cates how well the field produced by a single point source resembles the field of a more
complex configuration at a sufficient distance. The previous two plots (Figures A. 1(a) and
(b)) show greatest differences at length scales where the physical positioning of the point
sources provides limiting factors. In the vertical direction, however, where one would
expect the positioning of the sources to have less of an influence, the two distributions of
maximum heights attained are virtually the same.

A good measure of the complexity of the entangled field produced by the abundant mag¬
netic flux fragments observed in the quiet-Sun photosphere is given by analysing their
connectivity.

Figures A.2(a) and (b) are contour plots showing the number of fragments to which a

fragment of given flux connects for the point-source-per-pixel and the point-source-per-
fragment representations, respectively. Although these plots are very similar, they exhibit
clear differences, confirming that, rather than merely deforming the skeleton into a state
that is slightly differing spatially but conserving of the original topology, representing
a fragment by a single point source will actually result in changes in topology. That
said, the areas where differences in connectivity occur are likely, on the whole, to involve

A.2 Connectivity
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small unstable flux domains, so that the large flux domains that mostly characterise the
topological skeleton will be consistent between the two approximations.

Statistically, however, the two representations give similar results. The point-source-
per-pixel representation gives the mean number of connections at 7.03 per fragment, with
a maximum of 25 connections for a single fragment, whilst the point-source-per-fragment
representation gives a mean value only slightly higher at 7.12 connections per fragment,
with a maximum of 24 connections. Figure A.3(a) reinforces this statistical agreement,
showing no significant difference in the distribution of the number of connections for each
fragment.

Figure A.3(b) shows the average partitioning of flux from a given fragment to its con¬

nected fragments. As the two curves lie on top of one another, it is clear that representing
magnetic carpet fragments by single point sources has no notable effect on the mean

distribution of flux over a fragment's connections.



Appendix B: Boxcar Data Smoothing

The algorithm used for smoothing an array A of N elements is that used by IDL. Typi¬
cally, the smooth function in IDL returns an array R, defined as

where N is the number of elements in the array A and w is an odd number equal to the
width of the smoothing window. However, here edge truncation is used, so that if the
neighbourhood of a point includes a point outside the array, the nearest edge point is used
to compute the smoothed result. For example, when smoothing an ./V-element vector with
a smoothing window three points wide (i.e. w = 3), the first point of the result, Rx, is set

equal to (Ai + A\ + A2)/3 if edge truncation is used (it would just be A\ otherwise). In
the same manner, the point is set to (A/v-i + A^ + A^)/3 if edge truncation is used
(otherwise it would be set equal to An). In this way, points within a distance wjl from
the edge of the array are also smoothed.

In the case studied here, the value of N is dictated by P, the number of elements in the
sequence of fragment fluxes being smoothed. This means that N generally varies. When
P > w, the size of N is just P. However, in some cases, particularly when larger values
of w are chosen, the value of P is actually less than the value for w. As N must be larger
than w, in such scenarios an extra w — P + 1 "dummy" elements are added to the array

A so that N is then greater than w. These extra dummy elements are all initially assigned
the same value as the last point in the original sequence (i.e. Ap), and are discarded after
smoothing. This allows any given sequence of points to be smoothed using a smoothing
window of arbitrary width w.

U1+ 1
2 ' " • • '

otherwise
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Appendix C: Effects of Data Smoothing

Preparing magnetogram data for the purpose of extrapolation requires the use of thresh¬
olds in order to separate genuine signals from the noise that is inherent in magnetic field
observations. In the data studied here, where fragments are tracked not only spatially but
also temporally, two levels of threshold are used so that fragments whose strengths fluc¬
tuate above and below the upper threshold are tracked properly and not simply recorded
as a series of births and deaths.

Despite the use of two thresholds to minimise the counting in and out of pixels with
values near the upper threshold level, the total flux in each of the fragments does of
course include contributions from noise in the pixels. As the method outlined in Section
5.5 for calculating emergence and cancellation in the fragments counts all changes in
the fluxes of the fragments between frames as being emergences or cancellations, this
inevitably results in an over-estimation of the amount of emergence and cancellation that
is occurring.

Thus, in order to reduce the effects outlined above, data smoothing is applied to the
time sequence of each fragment's flux. The algorithm used for the smoothing is a box¬
car smoothing algorithm, detailed in Appendix B. This essentially relies on an integer
parameter w which defines the width of the "smoothing window" (i.e. the number of
neighbouring data points used for the smoothing of a given data point). Varying the
size of w subsequently varies the amount of smoothing that occurs, therefore varying the
amount of emergence and cancellation that occurs.

Before proceeding any further, it is worth pointing out that since mergence and frag¬
mentation may occur within the region of interest, it is not always possible to smooth over
the entire lifetime of some fragments. In such cases, only the parts of the time sequence of
the fragment's flux where no mergence or fragmentation occurs are smoothed. Of course,
this will lead to peculiar jumps in the time sequences of such fragments across the points
where mergence or fragmentation occur. In order to remove these anomalies, the fluxes
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Figure C.l: (a) Time taken (in hours) to recycle all photospheric flux versus boxcar width w used
in the smoothing of the fluxes of the fragments. The diamonds indicate the values obtained for
specific values of w. In this plot, births and deaths of fragments, along with the fluctuations in
their fluxes, have been taken into account, (b) Time taken to recycle all photospheric flux when
only fluctuations in the fluxes of fragments over their lifetimes are considered. The solid line and
diamonds indicate values obtained when newly born/just died fragments are copied into the frame
in which they are not present, whilst the dashed line and squares indicate values obtained when
newly born/just died fragments are removed from the frame in which they are present.
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of the fragments that are affected by mergence and fragmentation are adjusted in accor¬

dance with Section 5.4. In this way, it is assumed that fragments that either merge or split
between a given pair of magnetograms witness no emergence or cancellation. This is an

unavoidable consequence of using observed data in which mergence and fragmentation
occur.

Ideally, a sensible amount of smoothing should be applied so that one may be certain
that spurious fluctuations in the data due to noise in the magnetogram pixels are eradicated
without compromising the profiles of the fragment fluxes too much. Whilst all recycling
times given in the text are calculated using a smoothing window of width 7 frames (1.75
hours), it is interesting to observe what happens to the recycling times when varying levels
of smoothing are used. This is what is detailed here.

Figure C.l shows a couple of plots that demonstrate how the recycling time for photo¬
spheric flux, given by Equation (5.22), varies as the amount of smoothing deployed varies.
Plot (a) shows the photospheric recycling time calculated by measuring all changes in the
fluxes of the fragments, i.e. due to births of fragments, deaths of fragments and fluctu¬
ations in the strengths of fragments. From an initial recycling time of 10 hours in the
case where no smoothing is deployed, the graph asymptotes towards a figure of around
46 hours. This would essentially be the time taken to recycle all photospheric flux were

the strengths of each fragment constant over its lifetime. Plot (b) in Figure C. 1 shows the
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Figure C.2: (a) Time taken (in hours) to recycle all coronal flux due to emergence and cancellation
of flux in the photosphere versus boxcar width w used in the smoothing of the fluxes of the
fragments. Again, the solid line and diamonds indicate values obtained when newly born/just
died fragments are copied into the frame in which they are not present, whilst the dashed line and
squares indicate values obtained when newly born/just died fragments are removed from the frame
in which they are present, (b) Time taken to recycle all coronal flux due to reconnection versus
boxcar width w used in the smoothing of the fluxes of the fragments.

recycling times calculated when changes in flux associated with the births and deaths of
fragments are ignored. In such a scenario, one would expect the recycling time to tend
to infinity as the smoothing is increased, since the profiles of the fragments tend to one

in which the fragment fluxes are constant over their lifetimes. This is clearly seen to be
happening in the plots.

Corresponding coronal recycling times due to emergence and cancellation, given by
Equation (5.25), are shown in Figure C.2(a). Again, the effects of the births and deaths
of fragments have been neglected in the calculation of these values, meaning that as the
amount of smoothing increases, the recycling time tends towards infinity. Comparing
plot (b) in Figure C.l with Figure C.2(a) suggests that the photopheric recycling time
tends to infinity much quicker than the coronal recycling time. This is fairly intuitive
behaviour, since one would expect a given amount of recycling in the photosphere to
result in substantially more recycling in the corona, where the flux is partitioned into
complex domain structures that interconnect the multitude of sources.

The recycling times due to reconnection are displayed Figure C.2(b). The times are

calculated using AR in Equation (5.29). It can clearly be seen how varying the amount
of emergence that is occurring affects the time taken to recycle all the coronal flux due
to reconnection. When there is very little data smoothing applied, reconnection driven by
emergence and cancellation of flux dominates over reconnection resulting from fragment
motions, giving a recycling time of ~0.78 hours. However, as the amount of smoothing is
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increased, the flux recycling occurring as a result of emergence and cancellation becomes
increasingly less significant. This relates to a scenario in which reconnection occurs only
as a consequence of fragment motions. In the infinity limit, footpoint motions take just
below 5 hours to recycle all the flux.



Appendix D: Specific Volume about a
2D Null Point

Here an analytic expression for the value of Vq about a null point is obtained. In appro¬

priate cartesian coordinates, X and Y say, a 2D potential field may be represented locally
in the vicinity of a null point by the flux function

a{X,Y) = a* + -^(F2- A2). (D.l)
The magnetic field which corresponds to this is

Bx = 2~Y, By = 2^X, (D.2)
where the X and Y axes are orientated such that locally about the origin the field is that
of a classical X-type neutral point. The quantity F/L2 may then be physically identified
as being related to the gradient of the field near the null point

0 F _ dBx _ dBy
//- ~ dY ~ dX 7 V \ Bx + By (D.3)

This shows that near the null point |B| depends only on the distance from the null point.
Hence F/L2 describes the structure of the magnetic field near the null point. Letting 5a
be the difference in the flux function between a given non-singular field line a and the
flux function of the separatrix a* gives

5a — a — a*. (D.4)

In the vicinity of the neutral point, this may be rewritten as represented by

5a=^(Y2-X2). (D.5)
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Now consider a section of a field line passing the Y axis at Y0 and extending from —X
to +X. Next, consider how the specific volume of this section varies as the separatrix is
approached, i.e. when |<5a| approaches zero. The value of 8a for this line is

8a = ^Y02, (D.6)
and line element along this field line is

ds2 = dX2 + dY2 = dX2 f^r + 1V (D.7)Y2

With the modulus of the field being given as

( F
1

2 \ 2

|B|=(4(2_) (X2 + Y2)\ , (D.8)

this leads to

ds L2dX V y? + 1 L2dX L2dX
(D.9)

IB| 2\F\ y/X2 + r2 2\FY\ 2\F\^Y2 + X2'

The specific volume of the line between ±X is then

*=I =w\argsinh (I) • <D-10)
-X

which can be expressed in terms of 8a, the difference in the flux function across the
separatrix

Vi = Fargsinh ■ (D.11)

For very small 8a, the approximation argsinh(u) ~ ln(2w), which is valid for for large
u, may be used. This leads to the expression

°
\F\ IVZV&J~2|F| U«|J' '



Appendix E: Energy Storage in a 3D
Configuration

It was shown in Subsection 6.6.1 that the energy stored in a 2y2D configuration over
a fixed region following a simple shearing motion grows linearly with the number of
sources through which a given amount of flux emerges. Here, similar dimensional ar¬
guments are used to explore what happens in 3D. Assuming that the initially potential
magnetic field arises from a series of sources which lie in a 2D plane and are subjected
to a shearing motion, it is further assumed that the overlying corona consequently suf¬
fers a quasi-static, perfect MHD change. This turns the potential magnetic configuration
into one that is force-free, associated with a displacement field £. The resulting field
perturbation is

where $0 is a typical source flux and L0 is a typical length scale of an average domain.
As in 2V2D, the field contains contributions from other sources at distances greater than
L0; however, close to the photosphere the field is largely dominated by the sources on the
boundaries of the domain, so that, even if there are thousands of sources in the configura¬
tion, only a few have a non-negligible contribution. A typical field perturbation may then
be seen to be of the order

b = V x (£ x B0). (E.l)

The field in a typical 3D magnetic domain is of the order

7-2'-^o
(E.2)

(E.3)
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The energy associated with the field perturbation in a typical domain may be expressed
as

~ blLl ~ (E.4)
J-/Q

If the number of sources N is then increased by a factor ofAf to AfN, then the flux and
length scales change in the following way:

in 2D, though, the number of domains increases as the number of sources is increased.
Furthermore, the majority of the extra energy stored in the system following the source

displacement is likely to be stored in the low-lying domains. There are typically 3-4
planar domains per source in 3D (Schrijver and Title, 2002; see also Chapter 4). Thus,
the total energy stored in the system, EW&, as a result of the source displacement varies
as

and To —> —r.
aft

(E.5)

This implies that the energy stored in a typical domain varies as Wb —> Wb/Af*. As

(E.6)

It may also be shown in a similar way that the total energy stored in the system following
a fixed shearing motion increases linearly with a linear decrease in the length scale L0
(i.e. EWb -> ZWb/Af for L0 -» L0/Af).



Appendix F: CD Information

Attached to this thesis is an accompanying CD, which contains animations of 3D rota¬
tions about some of the configurations studied in Chapters 2, 3, and 4. To access these
animations, the file 'ind.ex.html' should be opened in any web browser. This page gives a

list of links to the animations contained on the CD, together with descriptions of the parts
of the thesis to which they are relevant.

The animations on the CD are provided in both AVI and MPEG formats. It may be
necessary to download a relevant browser plug-in, for example RealPlayer, from the web
browser homepage (for example, for Netscape browsers, see http://wp.netscape.com
/plugins/index.html). Alternatively, the animations may be viewed in a suitable package
directly from the files on the CD.
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