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Abstract

The diagonal right act of a semigroup S is the set S x S, with S acting by

componentwise multiplication from the right. The diagonal left act of S and

the diagonal bi-act of S are defined analogously.

Necessary and sufficient conditions are found for the finite generation of

the diagonal bi-acts of completely zero-simple semigroups, completely simple

semigroups and Clifford semigroups. It is also proved that various classes
of semigroups do not have finitely generated or cyclic diagonal right, left or
bi-acts.

The semigroups of full transformations, partial transformations and binary

relations on an infinite set each have cyclic diagonal right and left acts. The

semigroup of full finite-to-one transformations on an infinite set has a cyclic

diagonal right act but its diagonal left act is not finitely generated. The semi¬

group of partial injections on an infinite set has neither finitely generated

diagonal right nor left act, but has a cyclic diagonal bi-act.
The finitary power semigroup of a semigroup S, denoted Vf(S), is the set

of finite subsets of S with respect to the usual set multiplication. We show

that Vf(S) is not finitely generated if S is an infinite semigroup in any of the
following classes: commutative; Bruck-Reilly extensions; inverse semigroups

that contain an infinite group; completely zero-simple; completely regular.

Finally, the finite generation and presentability of Schiitzenberger products
are investigated. A necessary and sufficient condition is established for finite

generation. The Schutzenberger product of two groups is finitely presented as

an inverse semigroup if and only if the groups are finitely presented, but is not

finitely presented as a semigroup unless both groups are finite.
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Chapter 1

Introduction

We begin by outlining the chapters of the thesis: for each will be stated the

topics, definitions, a brief history of the previous research, and our main

results. The most important pieces are to be (or have been) published in

[10, 11, 12, 13, 14]. However, this thesis is not simply a compilation of these

papers. The results here have been presented in more detail, in many cases

have been extended, and a number of supplementary results and examples are

also included.

In Chapters 3 and 4 we consider diagonal acts of semigroups. This concept

was first mentioned, implicitly, in [2], It was then formally defined and con¬

sidered by Robertson, Ruskuc and Thomson in [40] (and those sections which

appeared as [35, 36]), initially in relation to wreath products. In [36, 40] the
notion of diagonal acts was used to prove necessary and sufficient conditions
for a restricted wreath product to be finitely generated or finitely presented.

In [35, 40] diagonal acts were studied in their own right and some interesting
connections were made with finitary power semigroups. Some interesting re¬

sults from [40] appear in Chapters 3 and 4 as Propositions 3.1.1, 3.1.4, 3.1.7,

3.3.1, 4.1.1, 4.1.2, 4.2.1, 4.2.2 and Corollaries 3.2.3 and 3.8.2.

In Chapter 3 we investigate which of the 'standard' classes of semigroups
can or cannot have finitely generated or cyclic diagonal right, left or bi-acts.

Our main findings on this question are summarised in Table 1.1.
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to

Property

Non-trivial

Infinite

Non-trivial

Infinite

of

S,cyclic

s,f.g.

S,cyclic

S,f.g.

semigroupS

right/leftact?
right/leftact?

bi-act?

bi-act?

Bruck-Reillyextension
No

No

No

No(Cor3.6.2)

cancellative

No

No(Thm3.7.1)
No(Prop3.5.1)

Yes(Prop3.3.1)

Clifford

No

No(Thm3.8.1)
No(Cor3.5.5)

Yes(Thm3.4.10)

commutative

No

No

No

No(Thm3.6.1)

completelyregular

No

No(Cor3.8.5)
No(Cor3.5.5)

Yes(Prop3.3.1,Thm3.4.10)

completelysimple

No

No(Cor3.8.4)
No(Cor3.5.4)

Yes(Cor3.3.3)

completelyzero-simple
No

No(Thm3.8.3)
No(Cor3.5.3)

Yes(Thm3.3.2)

finite

No

N/A

No(Thm3.5.2)

N/A

idempotent

No

No

No

No(Cor3.6.4)

inverse

No

No(Thm3.8.1)
Yes(Thm4.3.3)
Yes(Prop3.3.1,Thms3.4.10,4.3.3)

leftcancellative

No

No(Thm3.7.1)

?????

Yes(Prop3.3.1)

locallyfinite

No

No(Prop3.1.10)
?????

?????

rightcancellative

No

No(Thm3.7.7)

?????

Yes(Prop3.3.1)

Table1.1:Summaryofresultsondiagonalactsinstandardclassesofsemigroups.



In Chapter 4 we look for examples of infinite semigroups that have finitely

generated diagonal acts. There are many families of transformation semigroups
for which this question is not immediately answered by the results of Table

1.1, so we search in this area.

Let X be an infinite set. We consider the question of finite generation of
the diagonal right, left and bi-acts of the semigroups: Bx of binary relations;

Vx of partial transformations; Tx of full transformations; Tx of full finite-to-

one transformations (that is, in which no infinite subset is mapped to a single

point); Tx of partial injective transformations (also called partial bijections);
Sx of bijections; Surjx of full surjections; Tnjx of full injections; Tx \ Surjx
of full non-surjections; Tx \Tnjx of full non-injections; and VSurjx of partial

surjections on X. Letting X be an infinite totally ordered set, we consider this

question for the semigroups Ox of full monotonic transformations and Qx of
full strictly monotonic transformations on X. We also consider the diagonal
acts of End(A), the endomorphism semigroup of an infinite independence al¬

gebra A. These results are summarised in Table 1.2. We conclude Chapter 4

by exhibiting two families of semigroups, each defined by presentations, which
have finitely generated diagonal right acts.
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4^

Semigroup

Rightact

Leftact

Bi-act

Bx

cyclic(Thm4.1.3)

cyclic(Thm4.2.3)

cyclic

Vx

cyclic(Cor4.1.6)

cyclic(Cor4.2.6)

cyclic

Tx

cyclic(Cor4.1.7)

cyclic(Thm4.2.4)

cyclic

Tx

cyclic(Cor4.1.8)

infinite(Thm4.2.9)

cyclic

Tx

infinite(Thm4.1.10)

infinite(Thm4.2.10)
cyclic(Thm4.3.3)

Bx

infinite

infinite

infinite(Thm4.4.1)

Surjx

infinite

infinite

infinite(Thm4.4.2)

Tnjx

infinite

infinite

infinite(Thm4.4.4)

Tx\Surjx

infinite

infinite

infinite(Thm4.4.5)

Tx\Tnjx

infinite

infinite

infinite(Thm4.4.6)

VSurjx

infinite

infinite

infinite(Thm4.4.3)

Ox

infinite(Thm4.5.5)

infinite(Thm4.5.4)

?????

Qx

infinite

infinite

?????

End(A)

canbecyclic(Thms4.6.2,4.6.6)
canbecyclic(Thms4.6.3,4.6.6)
canbef.g.(Thm4.6.6)

Table1.2:Resultsonsemigroupsoftransformations.



In Chapter 5 we consider power semigroups and finitary power semigroups.

Both of these constructions have received significant attention in the literature

over the years. Perhaps most importantly, a number of papers deal with the

'isomorphism problem': if S and T are semigroups and V(S) is isomorphic
to V(T), is it necessarily true that S is isomorphic to T? Mogiljanskaja [31]
showed that this is not the case in general and subsequently a series of papers

considered the restrictions of the problem where S and T belong to various

distinguished subclasses of semigroups; see for example [5, 17, 28]. Almeida [1]
utilizes power semigroups of finite semigroups in the study of pseudovarieties
and Putcha [33] studies their maximal subgroups. Easdown and Gould [8]
investigate orders in finitary power semigroups.

The general question that we consider here is that of finite generation of
the finitary power semigroup Vf(S). This strand of research originates in [35]
(which was also part of [40]). Some interesting results from [35] appear in

Chapter 5 as Corollary 5.5.3, Theorem 5.5.6 (in the cyclic case), Proposition
5.2.1 and Example 5.7.1.

An important theme we introduce on this topic is that of properly decom¬

posable finite sets; that is, finite sets which may be written as products of
smaller sets. We observe that if Vf(S) is finitely generated then all finite sets
of size larger than some N e N are properly decomposable. We show, using
this fact, that if S is an inverse semigroup containing an infinite group then

Vf(S) is not finitely generated.
Some connections are demonstrated between the finite generation of fini¬

tary power semigroups and that of diagonal acts. Using these, we deduce
further results on our general problem. In particular, if S is infinite and Vf(S)
is finitely generated then S is not commutative, completely zero-simple, com¬

pletely regular or a Bruck-Reilly extension.

Except for some easy constructions on semigroups already known to have
this property, no new examples of infinite semigroups with finitely generated

finitary power semigroups arise in this work. However, we do consider certain

relative ranks of the finitary power semigroups of all those semigroups for
which we found positive results on diagonal acts in Chapter 4 (that is, as

listed in Table 1.2). Several of these relative ranks have finite values but,
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most interestingly, this is not the case for the semigroup of partial injective
transformations on an infinite set X.

Chapter 6 concerns Schiitzenberger products of semigroups and groups.

This construction arises naturally in language theory (see [24]) and has been
studied in several papers; see, for example, [16, 25, 30]. Here we consider

Schutzenberger products in the context of finite generation and finite pre-

sentability. This strand of research originates in [25], in which the authors de¬
termine generators and defining relations for SOT, where S and T are monoids.

However, unless S and T are both finite, these sets of generators and relations

are infinite. There is further work on this topic in [16], in which a more general
construction (the Schutzenberger product of n groups) is considered and two

infinite presentations are exhibited, each of which reflects the structure.

The following are the main results on this topic.

Theorem A Let S and T be semigroups, at least one of which is infinite. The

Schutzenberger product SOT is finitely generated if and only if the following
conditions are satisfied:

(i) S and T are finitely generated;

(ii) S has a unique maximal TZ-class R and there exists a finite ACS such
that S = RA;

(iii) T has a unique maximal C-class L and there exists a finite B CT such
that T = BL.

Theorem B The Schutzenberger product GOH of two groups is finitely pre¬

sented as an inverse monoid if and only if G and H are finitely presented.

Theorem C The Schutzenberger product GOH of two groups is finitely pre¬

sented as a monoid if and only if both G and H are finite.

Where S and T are not groups, the question of finite presentability of SOT

remains unsolved.
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Chapter 2

Preliminaries

We now give the basic definitions and results from semigroup theory and some

related areas which will be used throughout the thesis.

2.1 Basics

A semigroup is a non-empty set S together with an associative binary opera¬

tion, usually called multiplication (that is, (xy)z = x(yz) for all x,y,z G S).
A subsemigroup of S is a subset T C S which is a semigroup with respect to

the same multiplication. We abbreviate 'T is a subsemigroup of 5" as T < S.
A proper subsemigroup of S is a subsemigroup which is not equal to S.

We say that e G S is an identity element (or identity, usually denoted
1 or Is) of S if es = se — s for all s G S. If S contains an identity then
it has precisely one identity and is a monoid. For any semigroup S we may

form a monoid S1 as follows. If S is not a monoid then, for some symbol

1 ^ S, we let S1 = S U {1} and we extend the multiplication on S by defining
Is = si = s for all s G S1. If S is a monoid then S1 = S. For V C S we write

V1 = VU{1} c s1.
If S is a monoid and for every x G S there is a unique y G S such that

xy = yx = Is then we say that S1 is a group. In this case we write y = x_1,
the (group-theoretic) inverse of x.

We say that z G S is a zero element (or zero, usually denoted 0) of S if
zs = sz = z for all s G S. A semigroup can have at most one zero. For any

semigroup S, we can obtain a semigroup with a zero, denoted S°, as follows.

7



If S does not have a zero then, for some symbol 0 ^ S, we let S° = S U {0}
and we extend the multiplication on S by defining 0s = sO = 0 for all s E S°.
If S has a zero then 5° = S. For V C S we write V° — V U {0} C S°.

In a number of contexts we will use the notation of multiplying subsets of
a semigroup, in which AB = {ab : a E A, b E B} for A, B C S. In particular,
A2 = {aia2 : ai, a2 E A} and An = {a\... an : a\,... ,an E ^4}; we note the
distinction between these sets and sets such as A0 and A1. In the following

section we define the set A^ which, again, is obviously distinguished from An.

2.2 Sets, binary relations and mappings

For sets X and Y we denote the set {(x, y) : x E X, y E F} as X x Y. A binary
relation on X is a subset R C X x X. If R and Q are two binary relations on

X then we may define the composition R o Q as

(0, z) ■ (32/ G X)((x, y) E R, (y, z) eQ)}.

In fact, o is an associative operation, so the set Bx of binary relations on X

forms a semigroup. The identity relation Ax on X, defined as : i E X},
is the identity element of Bx-

Let R be a binary relation on X. If xRx, for all x E X, then R is reflexive.
If xRy implies yRx, for all x,y E X, then R is symmetric. If xRy and yRx

implies that x = y then R is anti-symmetric. If xRy and yRz implies xRz
then R is transitive. If R is reflexive, anti-symmetric and transitive then it

is an order relation. If R is reflexive, symmetric and transitive then it is an

equivalence relation. An equivalence relation R on a semigroup S is a right

congruence if xRy implies xzRyz for all x,y, z E S. Left congruences are

defined analogously and a relation is a congruence if it is both a left congruence
and a right congruence.

A (full) mapping f from a set AT to a set Y, written as / : X —>• Y, sends
each element of X to precisely one element of Y. Instead of writing '/ sends
x to y\ we will usually denote this as (x)f = y (the notation xf = y also

appears in the literature, but we include the brackets around the x as there

appear some instances where this adds clarity). The image of /, denoted

8



Im(/), is the subset of Y defined as {y G Y : (3x G X)((x)f = y)}. We say

that / is surjective if Im(/) = Y. The kernel of /, denoted Ker(/), is the

binary relation on X defined as {(xi,x2) G X x X : {x\)f = (2:2)/}. We say

that / is finite-to-one if each equivalence class of Ker(/) is finite. We say that

/ is infective if each equivalence class of Ker(/) is a singleton. We say that /
is bijective if it is injective and surjective.

A partial mapping f : X —> Y sends each element of X to either one or

no element of Y. Instead of writing '/ does not send x to any element of YJ,

we denote this as (x)f = —. The domain of a partial mapping / : X —► Y,
denoted Dom(/), is the subset of X defined as {x G X : (x)f 7^ —Then /
is a full mapping if Dom(/) = X. Images and kernels are defined as for full

mappings, noting that Ker(/) is a binary relation on Dom(/).

Letting f : X —> Y and g : Y —> Z, we define the composition mapping

fog:X —> Z by (i)(fog) = ((i)f)g■ Transformations, partial transformations
and permutations are mappings, partial mappings and bijections, respectively,

from a set X to itself. It can be shown that o is associative, so it follows

that the sets of transformations and partial transformations on X each form

semigroups with the same multiplication o. There are many further natural

semigroups of transformations, defined by only including those transformations
with certain properties; for example, injective.

We may consider a partial transformation / : X —> X as a binary relation

on X such that for every i G I there is at most one j G I with (i,j) G /

(in this case, j = (?)/). Full transformations are binary relations / such that

every i G X has precisely one j G X with (i,j) G /. Further, the composition
of mappings coincides with the composition of binary relations.

We may also consider a binary relation on X as a mapping from X into

the power set V{X) (which is defined in Section 2.6 below). Mimicking the
notation that we have stated for mappings, for an element i G X and a binary

relation x on X we may denote the set {j G X : (i,j) G x} as (i)x.
Let I be an index set and for each i G / let W be a set. A system of

distinct representatives of the family {A; : i G 1} is a collection of elements

{xi : i G 1} such that aq G Xt for each i e I and if i ^ j then xi Xj.

We say that a set X is ordered if there is an order relation, usually denoted

9



as <, on its elements. We say that A is totally ordered if every pair x, y G X

satisfy either x < y or y < x. If X and Y are ordered then the mapping

/ : X —> Y is monotonic if i > j implies (i)f > (j)f, and it is strictly
monotonic if i > j implies (i)f > (j)f for all i,j G X.

We make frequent use of some facts and notation from infinite set theory.

We denote the cardinality of a set X as |A|. For sets X and Y, we have that

|A| = |y| if and only if there is a bijection <f : X —> Y. Also, |A| > |Yj if and
only if there is a surjection f : X Y or, equivalently, if and only if there
is an injection ip : Y —* X. The set N of natural numbers has the smallest

infinite cardinality, which we call countable, or countably infinite.

Let X be an infinite set. Then X may be 'cut' into |A| disjoint pieces, each
with the same cardinality as X. More formally, there exists a set Z with the

same cardinality as X and a collection of mutually disjoint sets Vz C X (for
z G Z), with each \VZ\ = |A|, and such that \JzeZVz = A. As a consequence

of this, there are disjoint subsets Ai, X<± C A, each with the same cardinality
as A and which satisfy A = X\ U A2.

Another well-known fact states that A x A has the same cardinality as A,

so there is a bijection g : (AxA) -> A. Indeed, we may denote A xA x... xA

(n times) as X^f and this also has the same cardinality as A. Finally, the

pigeonhole principle states that if a set of size n + 1 (or larger) is written as

the union of n subsets then one of them has size at least 2. There is a similar

statement, sometimes termed the infinite pigeonhole principle, which states

that if an infinite set is written as the union of finitely many subsets, then at

least one of them is infinite.

For further information on the general theory of sets and mappings see [27].

2.3 Ideals and Green's relations

A right ideal of a semigroup S is a non-empty subset ACS such that if a G A
and s G S then as G A. Left ideals are defined analogously, and ideals are sets

which are both right ideals and left ideals. Any of these sets may be called

proper if it does not equal S.

If / is a proper ideal of S then the Rees quotient of S by / is the semigroup



with elements (S \ I) U {0} and multiplication • defined as

{xy tfx,y,xy e S\I0 otherwise.

Let X be a non-empty subset of S. The right ideal generated by X is the

smallest right ideal of S that contains X. This can be shown to be equal to

the set AS11, which is of course defined as {xs : x G X, s G S11}. If |A| = 1,

say X = {x}, then this set is called a principal right ideal. We usually write

{xjS11 = xS"1 and we say that this is generated by x. The definitions and
notation for the generation of left ideals and principal left ideals are analogous.

The ideal generated by X is the smallest ideal containing X, and equals S1XS1.
If |X| = 1, say X = {x}, then we write S^XS1 = S1xS1, which we call the

principal ideal generated by x.

We define the equivalence relation 1Z on S by the rule that xlZy if and only

if x and y generate the same principal right ideal; in other words, if and only
if xS1 = yS1. An equivalent condition is that there exists a,b G S1 such that

x = ya and y = xb. Similarly, we define C by the rule that xCy if and only if

S1x = S1y. Noting that C and 1Z commute (that is, IZo C — CoTZ), we define
V — TZ o C and 7i — C D 1Z.

The relation J is defined by the rule that xjy if and only if x and y

generate the same principal ideal. This is also equivalent to saying that

S1xS1 = S1yS1, or that there exist a,b,c,d 6 S1 such that x = aye and

y — cxd. The relations £, 7Z,H,V and J are Green's relations. We write Rx
for the Al-class of S containing x, with similar notation for the other relations.

We may visualise each 'P-class of S as a rectangular grid in which every row

has the same size, every column has the same size and every cell has the same

size. We call this an eggbox picture (see Tables 3.1 and 3.2, Section 3.4, for

examples). The whole grid represents a P-class, while the rows are P-classes,
the columns are £-classes and the cells are 7d-classes. From [23, 26] we have
some useful results in this area. For example, if H is an 7d-class then H is

a group if and only if H2 n H ^ 0. If S is finite then V = J. In the finite
case it also holds that if x, y and xy are all P-related then xy is in the 7d-class

RX H Ly.



The principal right ideals of S are partially ordered by inclusion. Therefore
the set of 7?.-classes of S is also partially ordered in a corresponding manner.

That is, there is a natural order < on the set of 7£-classes of S, defined by

Rx < Ry if and only if xS1 C yS1, or if and only if there exists a £ S1 such that
x = ya. Similarly there are partial orders on the £-classes and the j7"-classes.
For example, Jx < Jy if and only if there exist a,b E S1 such that x = ayb.

2.4 Homomorphisms

Let S and T be semigroups. A homomorphism from S into T is a map¬

ping 4> : S —► T which satisfies (siS2)<j> — (si4>)(s2<j>) for all Si,S2 £ S- An

epimorphism is a surjective homomorphism, a monomorphism is an injective

homomorphism and an isomorphism is a bijective homomorphism. We say

that T is a homomorphic image of S if there is an epimorphism 4> : S —> T.

We say that S and T are isomorphic if there is an isomorphism : S T.

An endomorphism is a homomorphism S S and an automorphism is an

isomorphism S —+ S. The set of endomorphisms of S, denoted End(S'), is a

monoid with respect to composition of mappings. The set of automorphisms
of S, denoted Aut(5l), is a group with the same operation.

If / : S —> T is a homomorphism then Ker(/) is a congruence on S.

Conversely, let a be a congruence on S and denote the a-class containing x £ S
as x/a. Denote the set of cr-classes of S as S/a and define a multiplication
on S/a as (x/a)(y/a) = (xy)/a. The fact that cr is a congruence means that
this multiplication is well-defined and makes S/a into a semigroup. Then

/ : 5" —> S/a, defined as (x)f = x/a, is an epimorphism and Ker(/) = a. In

general, Im(/) = 5'/Ker(/).
For example, let T be the Rees quotient of a semigroup S by a proper ideal

I of S. Thus T is a homomorphic image of S via the epimorphism ip : S T

defined by

f x if i E S \ I

^ 0 if x £ I.
In this case, Ker(^) = (I x I) U {(s, s) : s 6 S \ I}.



2.5 Generation and presentation

Let S be a semigroup and let Y be a non-empty subset of S. The subsemigroup

generated by Y, which we denote as (Y), is the smallest subsemigroup of S
that contains Y. This also equals the set of all elements which may be written

as products of the form y\- ■ - yn where each yi G Y. The rank of S, denoted

rank(S'), is the cardinality (finite or infinite) of a smallest generating set for S.
We say that S is finitely generated (or has finite rank) if there is a finite set

Y C S which generates S as a subsemigroup. One well-known fact states that

if T is a subsemigroup of S and the complement S\T is an ideal of S then
the rank of T is less than the rank of S. In particular, if S is finitely generated

then T is finitely generated. It can also be shown that if a semigroup S is

finitely generated then it has finitely many maximal ^7-classes, with all other

^7-classes below these. Similar results hold for 7Z- and T-classes.

An alphabet A is a non-empty set of symbols. A word on A is a finite

string of the form x\... xn where each xt G X. Let X+ denote the set of all

words on X. Then there is an associative binary operation which we define on

A+by

(X\ . . . Xn)(y\ • • • Dm) • • • %nU1 • • • Vm-

Thus we obtain the free semigroup on A. The free monoid X* is (A+)1.
We call (u, v) G A+ x A+ a relation on A and write this as u = v. For

a set of relations A on A, we let R} denote the smallest congruence on A+
that contains R. If S = A+/R^ then we say that (A | R) presents S (as a

semigroup), and we write S = Sgp(A | R). We say that S is finitely presented
if there is a finite alphabet A and a finite set of relations R on A such that

S = Sgp(A | R).
There is a similar notion of presentation as a monoid, in which A* replaces

A+ in the definition. Often we will write S = Mon(A | R) for '(A | R) presents
S as a monoid'. A monoid S is finitely presented as a semigroup if and only if
it is finitely presented as a monoid.

We say that S is inverse if for every x G S there is a unique y G S such
that xyx = x and yxy = y.

For an alphabet A we may define further alphabets A-1 = {a;-1 : x G A}



and X±x = X U X-1. Let w G (X^)4" be arbitrary. Then we may write
w — xSi ... xwith each aq G X and 8i G {1,-1}. We now define the word
w~x = x~Sn .. .xfSl. The standard inverse semigroup relations on X, denoted

are

{raw"1™ -- w, ww~xzz~x — zz~xww~x : w,z G (X±1)+}.

The inverse semigroup presentation Inv(X | R), in which X is an alphabet
and R is a set of relations on X±x, is defined to present the inverse semigroup

Sgp(X±:L | R, We say that S is finitely presented as an inverse semigroup
if there are finite X and R such that S — Inv(X | R). There is a similar
notion of presentation as an inverse monoid, in which (X"1"1)* replaces (X±1)+
in the definition. We denote l(X \ R) presents S as an inverse monoid' as

S = InvMon(X | R).
An inverse monoid is finitely presented as an inverse semigroup if and only

if it is finitely presented as an inverse monoid. If a semigroup is inverse and
is finitely presented as a semigroup then it is finitely presented as an inverse

semigroup. In fact, if S is inverse and S = Sgp(X | R) then S — Inv(X | R).
The converse does not hold; in [39] it is shown that the free inverse semigroup

(on any alphabet) is not finitely presented as a semigroup (this result also

appeared as Theorem IX.4.7 of [32]). There is an equivalent fact in regard to

presentation as a monoid and as an inverse monoid.

The standard group relations on X, denoted Ox, are

{xx~x = x~xx = 1 : x G X}.

The group presentation Gp(X | R), in which X is an alphabet and R is a set
of relations on X±x, is defined to be the monoid Mon(X±1 | R, 5sx)- The free

group on X is the group presented by Gp(X | ). (There is another definition
for group presentations which uses normal subgroups of the free group on X,
but the two are equivalent.) A group is finitely presented as a group if and

only if it is finitely presented as a monoid if and only if it is finitely presented
as an inverse monoid (and so on).

Let us consider a semigroup presentation Sgp(X | R) and let us pick two

arbitrary words W\,W2 G X+. We write w\ = w2 if they are identical words.
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We say that w\ = u»2 holds by one application of a relation in R if we may

write W\ = pu\q and W2 = pu2q where p,q E X* and (wi = W2) G R■ We

say that W\ = w2 may be deduced from the relations in R if there is a finite

sequence of words iq,... ,vn E X+ such that v\ = w\, vn = W2 and for each
i = 1,... ,n — lwe have that Vi = 1 holds by one application of a relation

from R. Then the words s,t E X+ are equal in the semigroup Sgp(X | R) if
and only if this equality can be deduced from the relations R.

The following alterations, which we may perform on a semigroup presen¬

tation (A | R), are called Tietze transformations.

(Tl) Add a symbol 2 to the list of generators and add z — w, for some w E A+,
to the list of relations.

(T2) If w\ = W2, for some wi,w2 E A+, may be deduced from the relations R,
then add this to the list of relations.

(T3) If there is a symbol a E A and a relation a — w (for some w E (A\{a})+)
in the list of relations R, then remove a from A, remove a = w from R

and replace a by w everywhere else that it appears in R.

(T4) If a relation W\ = w2, which appears in the list of relations R, can be
deduced from the other relations, then remove this relation.

Tietze transformations produce equivalent presentations; that is, presenta¬

tions which define the same semigroup. In fact, two finite presentations define

the same semigroup if and only if there is a finite sequence of applications of
Tietze transformations which turns one into the other.

We also make use of the following additional facts concerning semigroup

presentations; for proofs of these and further information on the theory of

semigroup presentations, see [38]. If S is finitely presented and T is a subsemi-

group of S whose complement is an ideal of S then T is finitely presented. If
S is finitely presented and S = Sgp(X | R) where X is finite and R is infinite
then there is a finite Q C R such that S = (X \ Q). If A is generated by X,
and there is a set of relations R on X that holds in S, then A is a homomor-

phic image of Sgp(X | R). Moreover, if all equalities of products in S can be



deduced (writing both sides as products of elements of X) from the relations
in R then S = Sgp(X | R).

Finally, there are analogous Tietze transformations which may be per¬

formed, and there are analogous statements which hold, in regard to monoid,

inverse semigroup and inverse monoid presentations.

2.6 Some classes and constructions

We introduce some standard classes of semigroups, which we will explore in

later chapters in a number of contexts.

Elements x,y E S are said to commute if xy — yx, and S is commutative

if all of its elements commute. In a commutative semigroup we see that all of
the Green's relations 1Z, C, H, V and J coincide.

An element x E S is (an) idempotent if x2 = x, and S is idempotent (or a

band) if all of its elements are idempotent.
A semilattice is a commutative band. The relations 7Z, C and J in a

semilattice coincide and the classes are all singleton sets. Denoting the partial

order on its elements (classes) as <, we observe that x < y if and only if

xy = x. The product of two elements is their (unique) greatest lower bound
with respect to this order. If a semilattice is finite and has a unique maximal
element (that is, an identity element) then each pair of elements has a unique
lowest upper bound, or supremum; we denote the supremum of /3 and 7 as

sup{/5,q}.
We say that S is right cancellative if xz — yz implies x — y for all x,y,z E

S. Left cancellative is defined analogously, and a semigroup is cancellative if
it is both left and right cancellative.

We say that S is locally finite if every finitely generated subsemigroup of
S is finite.

We say that x E S is a regular element if there exists y E S such that

xyx = x. We say that y E S is a (semigroup-theoretic) inverse of x E S if

xyx = x and yxy — y. It may be shown that an element is regular if and

only if it has an inverse. We say that S is a regular semigroup if all of its
elements are regular. A semigroup S is inverse if each x E S has a unique
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inverse, which we denote as x~l. An equivalent condition is that S is regular

and its idempotents commute. The obvious examples of inverse semigroups

are groups and semilattices, which, in many respects, lie at opposite ends of
the spectrum of inverse semigroups.

A rectangular band is a semigroup with a set of elements I x A, for some sets

I and A, and multiplication given by (z, A)(j, ji) = (z, /a). A left zero semigroup

is a rectangular band of this form with |A| = 1. An equivalent condition for S
to be a left zero semigroup is that x-y = x for all x,y £ S (so every element is
indeed a left zero). Right zero semigroups are defined analogously.

We say that S is simple if it has no proper ideals. We say that S is

completely simple if it is simple and has minimal right and left ideals (with

respect to inclusion). Rectangular bands are completely simple.
We say that S is completely regular if for every x £ S there exists y G S

such that xyx = x and xy — yx. An equivalent condition is that A is a union

of groups; that is, every element of S lies in a subgroup of S. Completely

simple semigroups are completely regular.
If S has a zero (denoted 0) then we say that it is zero-simple if the only

proper ideal of S is {0}. We say that S is completely zero-simple if it is zero-

simple but has minimal non-zero right ideals and minimal non-zero left ideals,

and S2 ^ {0}. The condition that S2 ^ {0} is necessary to avoid the trivial

semigroup and the two-element semigroup {x, 0} with x2 = xO = Ox = 02 = 0.
Let G be a group and let I and A be non-empty sets. Let P be a matrix,

indexed by A and /, respectively, with entries from G°, and such that no row

or column of P consists entirely of zeros. We denote P = {p\i)\eA,i&i- Let S
be the semigroup with elements (J x G x A) U {0} and multiplication defined
as

and 0(z, g, A) = (z, g, A)0 = 02 = 0, for all z, j £ /, g, h € G and A,/i 6 A. Then
S is the zero Rees matrix semigroup with respect to G, I, A and P. We write

S = AA°[G] I, A; P]. The Rees-Suschkewitsch theorem states that a semigroup
is completely zero-simple if and only if it is isomorphic to a zero Rees matrix

semigroup.

(■i,gpXjh,n) ifpAj^O

0 if pxj = 0,
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Let Y be a semilattice and for each a G Y, let Ta be a semigroup. A
semilattice of the Ta is a semigroup whose elements are those in the disjoint

union (JaeYTa with multiplication defined naturally within each Ta and glob¬
ally obeying the rule TaTp C Tap.

Strong semilattices of the Ta are nice examples of these. They involve an

extra ingredient, which is a family of homomorphisms {4>a,p : a, (3 £ Y, a > ft}
where each f>a^ maps from Ta to Tp, <fa^ is the identity mapping on Ta and

4>a,7 = The semigroup has elements (JQGyT'Q and multiplication is
defined, for x G Ta and y G Tp, as xy = (x(j)at0lp)(y4>piap). We denote this

semigroup as (Y, Ta, <fia,p)-
A semigroup is completely regular if and only if it is a semilattice of com¬

pletely simple semigroups. A semigroup is a band if and only if it is a semi-

lattice of rectangular bands.
For a semigroup S the following statements are equivalent: S is inverse and

completely regular; S is inverse and every idempotent commutes with every

element; S is a semilattice of groups; S is a strong semilattice of groups. A

semigroup satisfying one (and hence all) of these conditions is called a Clifford

semigroup.

Let N° be the set of non-negative integers under addition, let T be a monoid
and let 7r : T —» T be an endomorphism. The Bruck-Reilly extension of T

with respect to 7r, denoted BR{T, 7r), is the set N° x T x N° with multiplication
defined by

(m, ti,n)(p, t2, q) = (m-n + r, (ti7rr~n)(£27rr~p), q-p + r),

where r = max(n,p). From [38], if T = Mon(A | R) then

BR(T, 7r) = Mon(X, 6, c \ R,bc = 1, bx = (xn)b, xc = c(xn) (x G A")).

The resulting semigroup is infinite and contains a copy of T. Further, if Im(7r)
is contained in the group of units of T then BR(T, 7r) is simple.

The power semigroup of a semigroup S, denoted V(S), is the set of all non¬

empty subsets of S under the usual multiplication AB — {ab : a G A, b G B}
for A, B C S. The finitary power semigroup Vf(S) is the subsemigroup of
V{S) consisting of all finite subsets of S.
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Let S and T be semigroups and let 9 : T —» End(5) be a homomorphism.
The semi-direct product of S and T with respect to 9, denoted S ~XqT (writing

mappings on the left), has the set of elements S x T and multiplication

{si,t1)(s2,t2) = (si[6>(ti)](s2),M2)-

If, in addition to this, we have that 6{t) € Aut(5) for all t € T then this is called
the semi-direct product of S and T in which T acts on S by automorphism.

The direct product of S and T, denoted simply as S x T, is the semi-direct

product in which (t)9 is the identity mapping on S for all t £ T. That is, the

multiplication is defined by

(si,ti)(s2,t2) = (SiS2,tit2).

The notation S xT always means the set {{s,t) : s £ S,t £ T}, but if the
context implies that we are considering a semigroup then we mean the direct

product.

Let S and T be presented as semigroups by (A | R) and (B | Q) respectively.
Then the free product of S and T, denoted S*T, is defined as Sgp(A, B | R, Q).
If S and T are monoids, presented by Mon(A | R) and Mon(L? | Q) respectively,
then the monoid free product of S and T, denoted Mon(S' * T), is defined as

Mon(J4, B | R, Q). Note that, in this construction, the identities of S and T

merge to form the identity of Mon(S' * T).
If S = Inv(A | R) and T = lnv(B | Q) then the inverse free product of S and

T, denoted Inv(S'*T), is defined as Inv(A, B \ R, Q). If S = InvMon(A | R) and
T = InvMon(i? | Q) then InvMon(A, B \ R,Q) presents the inverse monoid

free product of S and T, which we denote as InvMon(S' * T). Each of the free

product constructions mentioned here can be shown to be independent of the

presentations used for the semigroups S and T.

For more information on these and many further areas of semigroup theory,

see [23, 26].

2.7 Acts

We say that a semigroup S acts on a set X from the right, and that X is a

right S-act via a : X x S —> X (a : (x, s) i—> xs € X) if (xsi)s2 = x(sis2) for



all x 6 X, si, S2 € S. Left acts are defined analogously. We say that X is a

bi-act if S acts on it both on the left and on the right and (six)s2 = si(xs2)
for all x £ X,S\,S2 £ S.

If S is a monoid (with identity 1) then for X to be a right 5-act it is

generally also required that xl — x for all x € X. For all of the acts studied

in this thesis, it is easy to see that if S is a monoid then this property holds.

Further, many of our results concerning acts are simpler to prove if we assume

that S is a monoid, as the definition of generation of the act is made slightly

simpler.

If S acts on X via a right action then A C X generates this act if AS"1 = X.

Generation of left acts and bi-acts is defined analogously. If A can be chosen to
be finite then we say that X is finitely generated. Further, if A can be chosen

to be a singleton, say A = {a}, then X is cyclic. In this case we say that X is

generated by a and we write X = aSl. (Of course, if S is a monoid then X is

generated by A C X if X = AS.)

Let I be a right 5-act, generated by A C X. We say that this act is free
with respect to generation by A if, for all ai,a2 £ Asi,s2 £ S, the equality

aiSi = <22^2 implies cq = and si = S2- There is a more general notion
of a finitely presented act, but we do not consider it in this research. There

are analogous definitions for the generation and freeness of left S'-acts and

bi-S'-acts.

We demonstrate some examples. Most obviously, a semigroup S acts on

itself by right multiplication. A generating set for this act must contain a set

of representative elements of the maximal Al-classes of S and, if S has any

infinite ascending chains of Al-classes without a maximal one (so there is no

principal right ideal containing the union of the chain), then we also require
elements from arbitrarily high in each such chain. Of course, if S* is a monoid

then its identity 1s generates this act. In this case the act is free with respect

to generation by Is.

Let R be a right ideal of S. Then S acts on R by right multiplication.

Noting that A is a union of Al-classes of S, a generating set for this act must

contain representatives of those 7H-classes of S that are maximal within R.
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If R is a right ideal of S then S acts on (S \ R) U {0} from the right via

{.xs if x, xs G S \ R0 otherwise.

A generating set for this act must contain representatives of the maximal 7Z-

classes of S that are within S\R.
Let a be a right congruence on S (that is, an equivalence relation on S

with the additional property that x a y implies xz a yz for all x,y,z G S).
Then S acts on S/a, the set of equivalence classes of a, from the right via

(;x/a)s = (xs)/a. A generating set for this act will consist of the cr-classes of
the generators for S as a right S'-act.

Let I be a set and let Tx be the semigroup of full transformations on

A. Then Tx acts on X from the right in the natural manner. An arbitrary
element i G X generates AT as a right Xv-act; to show this we observe that

for every j G X there is / G Tx such that (i)f = j. Of course, unless A is a

singleton there will be more than one such /, so this act is not free.
There are some ways to produce more examples of S-acts using simple

constructions on an arbitrary right S'-act X. Let I be an index set and, for

each i G I, let Xi be a copy of X (disjoint from the others) under the bijection
x Xi. Then S acts on (JieI Xi from the right via (xi)s = (xs)i. It is easy

to show that if A generates A as a right S-act then [Jie/ At (where Ai is the
copy of A within Aj) generates U,e/ Aj as a right S-act. There is an obvious
analogue for left S-acts and bi-S-acts.

Again we let A be a right S-act. Then A x A is also a right S-act, via the
natural componentwise action (x,y)s = (xs,ys). There are obvious analogues
for left and bi-S-acts.

Extending the actions of S on S to actions of S on S x S leads to the notion

of diagonal acts. More formally, the diagonal right act of S is the set S x S,
on which S acts via (x,y)s — (xs,ys). The diagonal left act of S is defined

analogously, via s(x,y) = (sx,sy). The diagonal bi-act of S is the same set

S x S, on which S acts from both left and right. The question of the finite

generation of diagonal acts is the main topic in Chapters 3 and 4.

For each of the stated examples in which S acts on one of its own subsets

A or on a construction A of itself, the question of the finite generation of



X x X is not explored formally in this thesis, but we remark that each of these

questions is connected to the same question for diagonal acts. Perhaps there
is some potential for future research here, to determine a more precise answer

to this question.

Considering X x X as a right 7x-act, we see that any pair (i,j) with i ^ j

generates X x X. To show this, we observe that for any pair (k,l) there is

/ E Tx such that (i)f — k and (j)f = I, so (i,j)f = (k,l). However, if
X contains more than two elements then there will be more than one such

mapping /, so this act is not free.

2.8 Independence algebras

We begin this section by defining and briefly discussing universal algebras,

although we will be mainly concerned with independence algebras.

Let A be a non-empty set. As usual, denotes the set of ordered n-

tuples (with n > 0) of elements of A and we also define A^ = {0}. An n-ary

operation on A is a mapping / : A—> A. We use the word nullary instead

of 0-ary and we refer to the results of nullary operations as constants. We also

use the word unary for 1-ary and binary for 2-ary.

A language of algebras is a set F such that there is a non-negative integer

n associated with each / E F (again, we describe / as n-ary).
If F is a language of algebras then an algebra A of type F is an ordered

pair (A, F) where A is a non-empty set and F is a family of finitary operations
on A indexed by F such that each n-ary f E F is in correspondence with
an n-ary operation f(E F) on A. Each element of F is called a fundamental

operation of A.

Let X be an alphabet of symbols. We define the set of terms over X as

follows: this set includes the elements of X and all constants; and if 11,..., tn

are terms over X and f E F is an n-ary operation then f(t\,..., tn) is another
term. The set of all terms over X is the free algebra of type F over X.

In an algebra A of type F every term t(xi,... ,xn) defines an n-ary term

operation An —» A by substitution of variables (that is, replacing the symbols

appearing in the term by elements of A).



We say that an algebra B is a subalgebra of A if: they are of the same

type; the element set of B is a subset of the element set of A; and every

fundamental operation of B is the restriction of a fundamental operation of
A. Letting A and B denote the element sets of A and B respectively, we say

that B is a subuniverse of A and note that B is closed with respect to the

fundamental operations of A; that is, if / is a fundamental n-ary operation of

A and b\,... ,bn E B then /(&i,..., bn) E B.

Given an algebra A of type T we define, for every subset X of A,

SgA(X) = P|{B : X C B and B is a subuniverse of A},

which is the smallest subuniverse containing X and which we call the subuni¬

verse generated by X. We call SgA the closure operator on A.

We say that X C A is independent if i £ SgA(A \ {?}) for all i E X. A
basis of A is a minimal set (with respect to inclusion) that generates A as

a subuniverse. While there does not necessarily exist a basis of A, we note

that if one does exist then it must be independent. The rank of A, denoted

rank(A), is the size of a basis (so rank is not defined if there does not exist a

basis). Each operation in A extends to a componentwise operation in A x A,

endowing this set with the status of a universal algebra.

The transformation n : A —» A is an endomorphism of A if it satisfies

[/(ai,..., an)]it = /([ai]7r,..., [an]7r)

for all the n-ary mappings / in T and sequences aq,..., an E A. In particular,

every endomorphism fixes the results of the miliary operations. It follows, for

any n-ary term operation t and sequence oq,..., an E A, that

[t(ai,..., an)]7r = t([ai]7r,..., [an]7r).

Two endomorphisms on A are equal if and only if they agree on one (and
hence every) basis. A bijective endomorphism is called an automorphism. The
set of endomorphisms of A, denoted End(A), is a semigroup with respect to

the usual composition of mappings. The set Aut(A) of automorphisms of A
forms a subgroup of End(A).
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We will frequently abuse our notation by writing A for both an algebra

and its underlying set of elements. For more information 011 universal algebra,

see [3].
An independence algebra is an algebra A which satisfies the following con¬

ditions:

(i) for all X C A and x,y G A, if x G SgA(X,y) \ SgA(X), then y G

SgA(A, x) (the exchange property);

(ii) if A is a basis of A and a : X —> A is any mapping then a can be
extended to an endomorphism (the free basis property).

The exchange property implies that: A has a (at least one) basis; each
basis has the same cardinality; bases are precisely maximal independent sets

(with respect to inclusion); A contains no independent sets larger than this;
and every independent set can be extended to a basis. Because of these facts,

we often refer to the rank of an independence algebra A as its dimension,
denoted dim(A).

Two examples of independence algebras are sets (with no operations) and
vector spaces. The endomorphism monoid of a set X is the semigroup Tx of

full transformations on X. The endomorphism monoid of a vector space V is

the semigroup of linear mappings on V. In the finite-dimensional case (say V
has dimension n and base held F) this can be regarded as the semigroup of all
n x n matrices over F with respect to the operation of matrix multiplication.

For further information on independence algebras see [18].
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Chapter 3

Finite generation of diagonal

acts among some standard

classes of semigroups

Throughout this chapter and the next we will study diagonal acts; thus it is

worthwhile to restate the definitions at this point. The diagonal right act of

S is the set S x S with S acting via (x,y)s = (xs,ys). The diagonal left act
is defined analogously, via s(x,y) = (sx,sy). The diagonal bi-act is the same

set S x S on which S acts from both left and right as above.

We wish to know more about which of the standard classes of infinite

semigroups may have finitely generated diagonal acts. Every result which is

stated and proved in this chapter and concerns the finite generation of the

diagonal right act has an analogous statement for the diagonal left act. There

will sometimes be analogous facts regarding the, diagonal bi-act, and even

concerning cyclic generation.

The majority of this chapter, but not all of it, appeared in [12].

3.1 Some preliminary observations

We begin with the following, which simplifies our basic definitions. This result,
and also Propositions 3.1.4 and 3.1.7 below, first appeared in [40].

Proposition 3.1.1 The diagonal right act of S is finitely generated if and only
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if S x S = (U x U)S1 for some finite U C S. The diagonal bi-act is finitely

generated if and only if there is a finite U C S satisfying S x S = S1 (U x U)Sl.
Moreover, if S is infinite then the diagonal right act is finitely generated if and

only if there is a finite U C S such that S x S = (U x U)S.

Proof. We begin with a simple proof for the first statement of the result.

(=>) Assume that the diagonal right act of S is finitely generated, so there
is a finite A C S x S that satisfies S x S = AS1. If we define U C S as

U = {a : (a, b) £ A or (b, a) E A} then it is clear that U is finite and that
S x S = (U x U)S\

(<=) This part is obvious.
The analogous result for the diagonal bi-act is similarly easy to prove. We

now consider the final statement of the result.

(=*) Assume that S x S = (U x P)S1 for a finite U C S. We let V = UAU2
and claim that S x S — (V x V)S. For arbitrary x,y £ S there are u\, U2 € U
and c E S1 such that

(.x,y) = (uuu2)c.

Of course, if either x ^ U or y U then c 7^ 1, so (x,y) E (V x V)S. We now

assume that this is not the case, so x, y E U. As S is infinite and V is finite we

know that S 7^ V, so there exists s E S\V. Then there are U3, U4, u$, u§ E U
and tx,t2 E S1 such that

(x, s) = (u3, u4)t1, (y, s) = (u5, u6)t2.

As s ^ V it follows that t\,t2 ^ U U {1}. There are u7,u& E U,t3 E S1 such
that

(ti,t2) = (u7,u8)t3.

As ti, t2 U it is clear that t3 7^ 1, so

(x,y) = (u3u7,u5us)t3 E (V x V)S,

completing the proof.

(<=) This part is obvious. ■
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We briefly remark on the significance of this result. Firstly, a finite gen¬

erating set A C S x S for a diagonal act can be replaced by one of the form
U x U. Further, in the case of the diagonal right act of an infinite semigroup,

the identity may be removed from the equality. It is natural to ask whether

the identity may be removed from the equality for the diagonal bi-act, but

Example 3.2.7 below shows that this is not the case.

Proposition 3.1.2 If the diagonal right act of S is cyclic and generated by

(a, b), for some a,b € S, then S x S = (a, b)S.

Proof. From S x S = (a, fyS1 it follows that there is u G S1 such that

(b, a) = (a,b)u. If u = 1 then a = b, so IS"! = 1; that is, S is the trivial
monoid and our result follows. If u -=fi 1 then (a, b) = (a, b)u2 6 (a, b)S, so

S x S = (a, b)S. U

From this point we will use Propositions 3.1.1 and 3.1.2 with no further

indication.

Proposition 3.1.3 If the diagonal right act of S is finitely generated andT is

a homomorphic image ofS then the diagonal right act ofT is finitely generated.

Analogous statements hold for the diagonal bi-act and cyclic generation.

PROOF. This follows because if S x S = (U x U)S, 4> : S —» T is an epi-

morphism and we let V = U(f>, then T x T = (V x V)T. ■

Proposition 3.1.4 If the diagonal right act of S is finitely generated, T is a

subsemigroup of S and S\T is an ideal of S then the diagonal right act of T
is finitely generated. An analogous statement holds for the diagonal bi-act.

PROOF. This follows because if S x S = (U x U)S, T < S, S\T is an

ideal of S and we let V = T D U, then T x T = (V x V)T. ■

Proposition 3.1.5 There does not exist a semigroup S whose diagonal right
act is cyclic and such that S has a subsemigroup T whose complement is an

ideal of S. An analogous statement holds for the diagonal bi-act.
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Proof. Assume that there are a,b E S such that S x S — (a,b)S, and
that there is T < S such that S \ T is an ideal of A. It is clear that we

must have a, b G T. For x G T and y € S \ T there is u G S which satisfies

(x,y) = (au,bu). As x £ T it follows that u £ T, which in turn implies that

y E T, a contradiction. ■

Proposition 3.1.6 The diagonal right act of S is finitely generated if and only

if the diagonal right act of S° is finitely generated. An analogous statement

holds for the diagonal bi-act.

Proof. If S has a zero then S° = S and there is nothing more to prove,

so we assume that this is not the case. If S is finite then the result is also

obvious, so we assume that it is an infinite semigroup.

(=>) Assume that S x S = {U x U)S for some finite U C S and note that
US - S. Then

(U° x U°)S° = (f/x[/)5u(I/x{0})5u({0}xl/)5u{(0,0)}
= (S x S) U (Ax {0}) U ({0} x S) U {(0,0)}
= S° x 5°,

so the diagonal right act of S° is finitely generated.

(4=) This is a consequence of Proposition 3.1.4. ■

In fact, this proof goes further than we have stated. It shows that adjoining
a zero to any semigroup, even if it already has a zero, preserves the finite

generation of diagonal acts.

If S does not have a zero then, by Proposition 3.1.5, the diagonal right act,
left act and bi-act of S° are not cyclic.

The n-diagonal right act of S is the direct product of n copies of S (denoted

F(n)), on which S acts via (xi,..., xn)s = (aqs,..., xns). The n-diagonal left
act of S and the n-diagonal bi-act of S are defined analogously. By a proof
similar to that of Proposition 3.1.1, the n-diagonal right act of S is finitely

generated if and only if there is a finite U C S such that S^ = U^S, while
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the n-diagonal bi-act of S is finitely generated if and only if there is a finite
U C S such that F(n) = SW^S1.

The following appeared in [40, 35].

Proposition 3.1.7 If the diagonal right act of S is finitely generated then the

n-diagonal right act of S is finitely generated for all n £ N.

Proof. Assume that S x S = (U x U)S for some finite U C S. We will
use induction to prove that for any n £ N with n > 2 there is a finite V C S

such that — V^S.

The base case n = 2 is precisely our assumption. For the inductive step we

assume, for some k > 2, that there is a finite W C S such that S^ = W^S.
We let V = IV U W2 and claim that S(k+1) = V^S.

For arbitraryXi,, Xk+i G S there are w\,... ,Wk £ W,p £ S such that

(xi, ...,xk) = (wi,.. -,wk)p.

Further, there are wk+i,wk+2 £ bF and q £ S such that

(p,xk+i) = (wk+i ,wk+2)q.

Hence

(xi,..., xk, xk+x) = (wiwk+1,..., wkwk+1,wk+2)q £ P(fc+1)5,

which completes the proof. ■

We observe the following unsolved question. We cannot answer this by

adapting the proof of Proposition 3.1.7 in any obvious way because we cannot

get the necessary induction to work in this case.

Open Problem 3.1.8 Let S be an infinite semigroup with a finitely gener¬

ated diagonal bi-act. Is it necessarily true that the n-diagonal bi-act is finitely

generated for all n £ N?

Proposition 3.1.9 Let S be an infinite semigroup with a finite subset U which

satisfies S x S = (U x U)S. Then U generates an infinite subsemigroup.
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Proof. Suppose that U generates a subsemigroup which is finite of size n.

By Proposition 3.1.7 there is a finite subset W C S which satisfies the equality

g(n+i) _ y/{n+l)jf \y is produced as stated in the proof of that result then

bP Q {U), so we must have \W\ < n.

As S is infinite there are n + 1 distinct elements si,..., sn+\ G S. There

are uq,..., wn+i G W and t G S such that

(si,. . . , Sn-)-i) = (wi, . . . , Wn-\-\)t.

By the pigeonhole principle, two of the w, must be equal, say ttq = Wj with
i 7^ j. Then s; = wrf = Wjt = Sj, which is a contradiction. ■

From this we have the following consequence.

Corollary 3.1.10 If S is an infinite locally finite semigroup then the diagonal

right act of S is not finitely generated.

Following these results, we show that there are similar, and even stronger,

results in relation to the cyclic generation of the diagonal right act.

Proposition 3.1.11 Let S be a semigroup with a cyclic diagonal right act, so
that S x S = (a, b)S for some a,b G S. For all nGN, the n-diagonal right act

of S is cyclic. Indeed, if we list the elements of {a, b}n asw\,..., u>2n, then we

have that S^ = (icq,... , U>2")S.

Proof. If the fc-diagonal right act of S is cyclic then, for all I < k, the

/-diagonal right act of S is also cyclic; the generating /-tuple is the first /

co-ordinates of the generating fc-tuple for the /c-diagonal act. Thus the first
statement of the result will follow from the second. We proceed by induction

to prove the second statement.

The base case n = 1 (that is, a statement concerning S x S) is precisely
our assumption. For the inductive step we assume, for some k > 1, that if

we denote {a,b}k — {rq,..., v2k}, then we have = (tq,..., v2k)S. For

arbitrary aq,..., x2k+1 G S there are s,t G S such that

(aq,.. .,x2k) = (tq,.. .,v2k)s, (x2k+i,.. .,x2k+1) = (tq,... ,v2k)t.

30



Further, there is r £ S such that

(s> t) = (a, b)r.

Then

(xi,..., x2k+i) = (v\a,..., v2ka, vxb,..., v2kb)r,

so 5(2fc+1) = (Vla,... ,v2ka,v\b,... ,v2kb)S and the 2fc+1-diagonal right act is
finitely generated. We also see that {uia,..., v2ka, V\b,..., v2kb} — {a, b}k+1,
so the result follows by induction. ■

Proposition 3.1.12 Let S be a non-trivial semigroup with a cyclic diagonal

right act, so there are a,b £ S satisfying S x S = (a,b)S. Then the subsemi-

group generated by a and b is free of rank 2.

PROOF. First we claim, for each n G N, that {a, b}n has size 2"; that is, all

products (words) of a and b with length n (which we write as w\,..., w2n) are
distinct in S. To prove this by contradiction we will assume that it is not the

case. This means that there are n € N and wi:Wj £ {a, b}n with i j (say
i < j) but Wi = Wj in S. As S is non-trivial there are distinct x,y £ S. We
consider the 2n-tuple (x,..., x, y,..., y) which has x in the first i coordinates
and y in the others. By Proposition 3.1.11 there is u £ S such that

(x,...,x,y,...,y) = (wi ,...,w2n)u.

Then x = WiU and y = WjU, so x = y, which is a contradiction. From this we

conclude, as desired, that {a, b}n has size 2n for each n.

We now claim that all products of a and b are distinct in S. To prove this

by contradiction we suppose that there are two distinct words v,w £ {a, b}+
which are equal in S. Let us say that v has length k and that w has length

I. We know that k ^ I, so without loss of generality we may say that k < I.

We also say that the (k + l)-th letter of w is a (a symmetric argument covers

the case where it is b). Then wbv and vbw are words in {a,b}+, each with

length k + I + 1, and are equal in S, but they are distinct products as they

differ on the (k + l)-th letter. This is a contradiction, and we can conclude, as

desired, that all products of a and b are distinct in S. From this there follows

31



the result, that a and b generate a free semigroup of rank 2.

An identity is a formal equality of two words over an alphabet X. We say

that a semigroup S satisfies an identity if every substitution of letters from X

by elements of S yields an equality that holds in S. For example, the identity

xy = yx is satisfied by every commutative semigroup.

Corollary 3.1.13 Let S be a non-trivial semigroup that satisfies a non-trivial

identity. The diagonal right act of S is not cyclic.

PROOF. It is clearly not possible for S to contain a free semigroup of rank

2; thus Proposition 3.1.12 gives us this result. ■

The following observation will become particularly useful in Lemma 5.9.4.

Proposition 3.1.14 If the diagonal right act of S is cyclic and free with re¬

spect to a generator (a,b) then the 2"-diagonal right act of S is cyclic and free
with respect to the generator (uq,..., w2n), where {a, b]n = {uq,..., w2n}.

Proof. By Proposition 3.1.11 the 2"-diagonal right act of S is cyclic, with

generating 2n-tuple (uq,... ,w2n). We will use induction to show that the 2n-

diagonal right act of S is free with respect to this generator. We have assumed
that the the diagonal right act of S is cyclic and free, so we already have the
base case n = 1 (that is, concerning S x S).

We now assume this statement to be true for all n < k and we consider

the 2fc+1-diagonal right act of S. We let {U\,..., u2k} = {a> b}k and note that

{iqa,..., u2ka, uib,..., u2kb} = {a, b}k+1. We now let s, t G S be such that

(uia,..., u2ka, U\b,..., u2kb)s = (u\a,..., u2ka, u\b,..., u2kb)t.

Breaking this down, we see that

(«i,..., u2k)as = (it!,..., u2k)at,

(iti,..., u2k)bs = (iii, • • •, u2k)bt.

By our inductive assumption it follows that as — at and bs = bt\ thus we

can write (a, b)s = (a, b)t, from which it can be deduced that s = t. We have
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shown that the 2fc+1-diagonal right act of S is free with respect to the generator

(■uia,..., u2ka, U\b,..., u2kb) and the result follows by induction. ■

3.2 Structural conditions

We now describe some links between the J-, 71- and £-class structure of an

infinite semigroup S and the diagonal acts of S.

Proposition 3.2.1 If S is infinite and has a finitely generated diagonal bi-act

then each maximal J-class has the same cardinality as S.

Proof. Assume that S is infinite and that S x S = S1 (IJ x U)SX for some
finite U c S, but that J is a maximal j7"-class whose cardinality is less than

that of S.

As the cardinality of J is less than that of S, and as U is finite, it follows
that the cardinality of JXUJ1 is also less than that of S, so we may select

y € S\ JlUJ1. Letting a; £ J be arbitrary, we may find s,t € Sx,Ui,U2 6 U
such that

(x,y) = (su1t,su2t).

We claim that s g J1. Indeed, if s ^ 1 then it is clear from x = suit that

J = Jx < Js- But J is maximal, so J = Js and s E J as desired. Analogously

it can be shown that t € J1. Hence y = su2t € JlUJ1, a contradiction. ■

Theorem 3.2.2 If S is infinite with a finitely generated diagonal bi-act then

S is a principal ideal and the associated (unique maximal) J-class has the
same cardinality as S.

Proof. Assume that S is infinite and that S x S = Sx(U x U)SX for some
finite U c S.

For arbitrary x,y € S there are s, t 6 S1, ui, u2 g U such that

(x,y) = (suit,su2t).
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Then S^-xS1 = S1sufiS1 C S1UiS1. That is, every principal ideal is contained
in one of the form S1uS1 where u E U. As U is finite, this family of principal

ideals is also finite. It is clear that some of these are maximal with respect to

inclusion amongst themselves, and it quickly follows that these are maximal.

Now suppose that there are distinct maximal jAclasses J\, J2 S. By

Proposition 3.2.1 both of these classes have the same cardinality as S. Then,

for x E J1 \ U and y E J2 \ U there are s, t E Sl, u\, u2 E U such that

(x,y) = (suit,su2t).

If s 1 then Ji — Jx < Js and hence J\ = Js. Also, — Jy < Js and hence
J2 = Js- Therefore J\ — J2, which is a contradiction. We conclude that s = 1.

Analogously, it can be shown that t = 1. Hence x,y E U, a contradiction. We

conclude that there is a unique maximal j7-class and that all other j7"-classes

are below this, so A is a principal ideal. ■

If x E S is indecomposable then {x} is a maximal W-class of S. If S has
no identity element then {1} is a maximal 37"-class of S1.

Corollary 3.2.3 If S is infinite and the diagonal bi-act of S is finitely gener¬

ated then S contains no indecomposable elements.

Corollary 3.2.4 There does not exist an infinite non-monoid S for which the

diagonal bi-act of S1 is finitely generated.

Proposition 3.2.5 If S is infinite with a finitely generated diagonal right act

then S has a finite number ofmaximal principal right ideals and every principal

right ideal is contained in one of these.

Proof. Assume that S is an infinite semigroup and that S x S = (U xU)S
for some finite U C S.

For arbitrary x,y E S there are ui,u2 E U, s E S such that

(x,y) = (ms,U2s).

Thus xS1 = UisS1 C uiS1, so every principal right ideal is contained in one

from the finite family {uS1 : u E U}. Again, as U is finite it is clear that this



family is finite. Also, some of these must be maximal with respect to inclusion

among the family, so it follows that some are maximal. ■

Corollary 3.2.6 If S is infinite with a finitely generated diagonal right act

then at least one of its principal right ideals has the same cardinality as S.

It is natural to ask whether Proposition 3.2.5 may be strengthened to state

that an infinite semigroup with a finitely generated diagonal right act has a

unique maximal principal right ideal. In fact the answer is no, as we will show

in the following example. This also answers some other interesting questions.

Example 3.2.7 Let S = {y, z} x Tx where {y, z} is a 2-element left zero

semigroup and Tx is the semigroup of full transformations on an infinite set

X. Then {y} x Tx and {z} x Tx are distinct maximal principal right ideals
of S. Theorem 4.1.7 below shows that Tx x Tx = (a, b)Tx for some a, b G Tx-
Therefore

S x S = {[(y, a), (y, 6)], [(y, a), (z, 6)], [(z, a), (y, 6)], [(z, a), (z, 6)]}5

is a finitely generated diagonal right act. Hence an infinite semigroup with a

finitely generated diagonal right act need not have a unique maximal principal

right ideal.

We note that for no a,/3 G Tx and U C S is the pair [(y, a), (z, /?)] in the
set S(U x [/), so the diagonal left act of S is not finitely generated.

Similarly, we see that there are no a,/3 G Tx and U C S for which

[(y, a), (z, f3)\ is in S(U x U)S. However, we know that the diagonal right
act is finitely generated, so the diagonal bi-act of S is also finitely generated.

We conclude that in Proposition 3.1.1 the identity elements cannot be removed

from the equality in the case of the diagonal bi-act. ■

Proposition 3.2.8 Let S be an infinite semigroup with maximal principal left
ideals and such that the diagonal right act of S is finitely generated. Then S
is a principal left ideal of itself and the associated (unique maximal) C-class is
a subsemigroup with the same cardinality as S.
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Proof. Let U C A be a finite set satisfying A x A = (U x C/)A. We

suppose that L\ and are two distinct maximal T-classes of A. For arbitrary

x £ L\, y £ 1/2 there are iq, w2 G U, s £ A such that

(x,y) = (UI3,U2S).

Then S1x = S1U\S C AT, so S1x = AT. Analogously it can be shown that

S1y = AT, so = S11!/ and hence Li = L2, a contradiction. We conclude

that there is a unique maximal £-class, which we denote as L.

For arbitrary x G L,y £ S, there are 113,114 €. U,t £ S such that

(x,y) = (u3t,u4t).

Then S1x — S1U3t C S11^ so = S11! Further, S1y = S1u4t C AT = Sxx,
so S1x = S and A is a principal left ideal of itself. By Corollary 3.2.3 we know
that x is not indecomposable, so we may write x = pq for some p,q € A. Then

xCq, so there is an element r £ A1 satisfying q = rx. Hence x = prx £ Sx,
so Sx = A. We conclude, for all x £ L, that Sx = A. It now follows that if

s,t £ L then Sst = St = A, so st £ L. Therefore L is a subsemigroup of A.

Now suppose that L has a smaller cardinality than A. As U is finite it

follows that UL also has a smaller cardinality than A, so we may select y £

A \ UL. Letting x £ L be arbitrary, there are W5, uq £ U and v £ A such that

(x,y) = (u5v,uev).

Then Slx = S1u5v C A1!*, so A1^ = A1!* and v £ L. We deduce that

y — uqv £ UL, which is a contradiction. Therefore L has the same cardi¬

nality as A. ■

This presents an unsolved (and relatively uninteresting) question.

Open Problem 3.2.9 Does there exist a semigroup without maximal prin¬

cipal left ideals but whose diagonal right act is finitely generated?

We also have the following result, which is an interesting statement on

semigroups with a particular kind of structure.
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Proposition 3.2.10 Let Y be a semilattice. For each a £ Y let Ta be a

semigroup which is either finite or does not have a finitely generated diagonal

right act. Let S be an infinite semigroup which is a semilattice of the Ta.

Then the diagonal right act of S is not finitely generated. There are analogous
statements for the diagonal bi-act and for cyclic generation.

Proof. Assume that S is an infinite semigroup which is a semilattice of

the Ta and that the diagonal right act of S is finitely generated. By Theorem

3.2.2, S has a unique maximal 77-class J, so the underlying semilattice has a

unique maximal element p. Moreover, J has the same cardinality as S. As
J C it follows that T^ is infinite. Further, T^ < S and S \ T^ is an ideal
of S. By Proposition 3.1.4 the diagonal right act of T^ is finitely generated,
which contradicts our assumptions.

In the cyclic case a contradiction arises because Proposition 3.1.5 implies

that S = T^. ■

3.3 Classes admitting finitely generated diag¬

onal bi-acts: completely zero-simple semi¬

groups

The next result first appeared in [40] and classifies groups with finitely gen¬

erated diagonal bi-acts. We use this to deduce more general results, charac¬

terising all infinite semigroups in certain classes which have finitely generated

diagonal bi-acts.

Proposition 3.3.1 If G is a group then the diagonal bi-act of G is finitely

generated if and only if G has only finitely many conjugacy classes.

PROOF. (=>) If the diagonal bi-act of G is finitely generated then there is
a finite U C G such that G x G = G(U x U)G. For arbitrary x £ G there are

Ui,u2 £ U,gug2 £ G such that (x, 1g) = <7i(«i, ^2)<72- Therefore

x = \q1x = gf1uf1gf1giu1g2 = gf\uf1u1)g2
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is conjugate to uflUi, so G has only finitely many conjugacy classes.

(<t=) If G has only finitely many conjugacy classes then let U C G be a

set of conjugacy class representatives. We note, as the identity 1g is only

conjugate to itself, that we must have 1q E U. For arbitrary x,y E G there

are u E U, g E G such that xy~l = g~lug and hence

(x,y) = g~l{u, lG)gy e G(U x U)G,

so U x U finitely generates the diagonal bi-act of G. ■

We now consider diagonal bi-acts of completely zero-simple semigroups.

Theorem 3.3.2 If S is an infinite completely zero-simple semigroup then the

diagonal bi-act of S is finitely generated if and only if S is a group with only

finitely many conjugacy classes and a zero adjoined.

Proof. (=>•) Assume that S = Ai°[G\ /, A; P] is an infinite completely

zero-simple semigroup represented as a zero Rees matrix semigroup and that
some finite U C S satisfies S x S = S1 (IJ x U)Sl. We may also assume that
U is a set of the form (/0 x Go x A0) U {0}, where Iq Q I ,Gq Q G and A0CA
are finite.

We claim that |/| = |A| = 1. To show this, we begin by supposing that

|/|>2.
It is obvious that if {jo, go, Ao) 6 U then i0 E Io,go E Go, A0 E A0. We now

consider some arbitrary but fixed element (i,g, A) E S\U and aim to show
that i E Io, g E GqGq1 and that |A| = 1. From this it will follow that I, G
and A are each finite, giving a contradiction. We select arbitrary elements

j E I \ {i}, y E A and we consider the pair [(z, g, A), (j, 1^, y)\-
There are (k, d, v), (I, e,n) E U and a, (3 E S1 such that

[(«, 9» a)> ch 1g, y)} = a[(k, d, u), (I, e, tt)}(3.

If a 1 and (3 ^ 1, say a = (m, c, p) and [3 = (n, /, a), then

[(«, 9, A), (j, 1g, y)} = (m, c, p)[(k, d, f), (/, e, 7r)](n, /, a)

= [(to, cpp,kdpv>nf, a), (to, cpp,iepn>nf, a)].
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Thus i = j(= to), a contradiction. The same contradiction is also obtained if
a 7^ 1,(3 = 1. We conclude that a = 1. If (3 = 1 then we would have that

(i, g: A) = (k, d, u) £ £/, a contradiction. Thus we may let fd — (n, /, cr), which
gives

[(*, 9, A)> O'l ic, A*)] = P, dp^nf, a), (/, epw,„/, cr)].

We have shown that the arbitrary element g £ A is equal to A, so we conclude

that |A| = 1. Also, i(— k) e /0 and hence I = /0.
We also see that g = dp^nf and 1g = epn<nf ■ Then

9 = 9^-g1 = dPu,nfrlp^ne~X = dpv,nP~]ne~l.

Of course, |A| = 1 implies that u = n, so pWtJl = pV)U and g — de~~l £ GqGq1 .

As desired, we are now able to conclude that /, G and A are each finite, which

is a contradiction.

If we suppose that |A| > 2 then we may similarly derive a contradiction.
Therefore |/| = 1 and |A| = 1, so in fact S = G°. By Propositions 3.1.6 and

3.3.1, we further deduce that G has only finitely many conjugacy classes.

(<=) By Propositions 3.1.6 and 3.3.1, if G is a group with only finitely many

conjugacy classes and S is G with a zero adjoined then the diagonal bi-act of
S is finitely generated. ■

Corollary 3.3.3 If S is an infinite completely simple semigroup then the di¬

agonal bi-act of S is finitely generated if and only if S is a group with only

finitely many conjugacy classes.

PROOF. (=>■) Let S be an infinite completely simple semigroup with a

finitely generated diagonal bi-act. Then S° is an infinite completely zero-simple
semigroup and, by Proposition 3.1.6, it has a finitely generated diagonal bi-act.

By Theorem 3.3.2 it now follows that S° = G° where G is a group with finitely

many conjugacy classes. Therefore S = G and this part of the result is shown.

(<t=) This is simply a part of Proposition 3.3.1. ■

Although these results are positive and cover two important classes, they

provide no examples of infinite semigroups with finitely generated diagonal
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bi-acts beyond those given by Propositions 3.1.6 and 3.3.1. In the next section

we find some new examples.

3.4 Classes admitting finitely generated diag¬

onal bi-acts II: Clifford semigroups

The class of Clifford semigroups contains that of groups, so again we will

build on Proposition 3.3.1. These are inverse, so Theorem 3.8.1 below implies

that an infinite Clifford semigroup does not have a finitely generated diagonal
left or right act. We represent Clifford semigroups as strong semilattices of

groups, using the notation introduced in Section 2.6. Throughout, we let

S={Y,Ga,(f>Q#).

Proposition 3.4.1 If the diagonal bi-act of S is finitely generated then Y is

finite and has an identity.

PROOF. Assume that the diagonal bi-act of S is finitely generated. We

define the mapping if : S —> Y as {x)ip = a, where x G Ga. This is well-
defined because the groups are disjoint and it is surjective because each group

is non-empty. For arbitrary x,y G S let us say that x G Ga and y G Gp, so

(x)ip — a and (y)ip = (3. Of course, xy G Gap, so (xy)ip = a(3 = (xip)(yip) and
-0 is an epimorphism. Thus Y is a homomorphic image of 5; an alternative

and shorter proof of this fact could simply use the observation that H is a

congruence on S and that Y = S/H.
Now Proposition 3.1.3 implies that the diagonal bi-act of Y is finitely gen¬

erated. By Theorem 3.6.1 below, it follows that Y is finite (the proof of that
result uses nothing from this section, so there is no possibility of a circular

argument arising). By Theorem 3.2.2, we know that S must be a principal
ideal of itself. Thus Y also has this property, so Y has an identity element. ■

The next main result in our investigation of Clifford semigroups is Propo¬
sition 3.4.7 below. To prove this we will need the following small statements.

In these we let Z be a subsemilattice of Y and let T = (Z, Ga,
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Lemma 3.4.2 The set T is a subsemigroup of S.

Proof. Let x, y e T be arbitrary. Then x E G7 and y E Gs for some

7,5eZ. Then 75 E Z and xy E G^s C T, so T is a subsemigroup of 5. ■

Lemma 3.4.3 IfY\Z is an ideal ofY then S\T is an ideal of S.

Proof. Let x E S\T and y E S be arbitrary. Then x E Ge (with e E Y\Z)
and that y E G^ (with f E Y). As Y\Z is an ideal of Y, we must have ef £ Z.
Then xy, yx E Ges, which is disjoint from (Z, Ga, <t>a,p)- Hence xy, yx E S \T,
as desired. ■

We are now able to prove the following result, which is effectively the first

half of Proposition 3.4.7.

Proposition 3.4.4 Let Y be a finite semilattice with an identity. For some

6 E Y let Z = {a E Y : a > 6} and let T = (Z, Ga, <fia,p)- If the diagonal bi-act

of S is finitely generated then the diagonal bi-act ofT is finitely generated.

Proof. We claim that Z < Y. To show this we let A, p E Z, so that 6 < A

and 0 < p. Then 9X = Op = 9, so 9\p = 9 and hence 9 < A/i. Then Xp E Z,
so Z is indeed a subsemigroup of Y. It follows by Lemma 3.4.2 that T is a

subsemigroup of S.

We now claim that Y \ Z is an ideal of Y. To show this, we let A E Y
and /a E Y \ Z, so that 9 ^ p. If we suppose that X/a E Z, then 9 < Xp
and 0(X[f) = 9. It follows that Op = 9, so 9 < y and p E Z, which is a

contradiction. We deduce that Xp E Y \ Z, so we have shown our claim that
the complement of Z is an ideal of Y. It now follows by Lemma 3.4.3 that

S\T is an ideal in S.
If we assume that the diagonal bi-act of S is finitely generated then we con¬

clude, by Proposition 3.1.4, that the diagonal bi-act of T is finitely generated.
■

To prove Proposition 3.4.7 we need further auxiliary results, which we will

now prove. Again we let Z be a subsemilattice of Y.

41



Lemma 3.4.5 Let it : Y —> Z be a homomorphism satisfying (a)n < a for all
a £ Y and (a)n = a for all a G Z. Then the mapping ip : S —» T, defined as

(x)ip = x<pa^a)n (where x G Ga), is a homomorphism which fixes every element
ofT.

Proof. Let x e Ga,y G G0, so that xy = (xfa^iypg^p) G Gag. Then

(xy)lp \{-^4>a,apS){yfp,aP>)]4>al3,(a/3)iT

(■£0a,a/30a/3,(a/?)7r) (2/0/3,0/3001/3,(0/3)^)

(^0Q,(a/3)7r) (y0/3,(a/3)7r)

{^4>OL,{a)-K{P)n){dj4)g,{a)-K{P)i()

(cC</)Q,!(Q)7r</'(a)7rj(cl:)7r(^g)7r) (y0/3J(/3)7r0(/3)7r,(a)7r(/3)7r)

(%4>a,(a)n)(y4)f3,(/3) tt)
= (^)(#),

so if is a homomorphism.

As for the claim that ip fixes each element of T: if x G Ga C T then a G Z

and (a)n = a, so (x)ip = (x)(j)a}CX = x. ■

The next result holds in a general semigroup, although we only use it in

this section.

Proposition 3.4.6 Let S be a semigroup and letTi (i — 1,..., k) be a family

of subsemigroups satisfying the following conditions:

(i) each Ti has a finitely generated diagonal right act;

(ii) for every x,y G S there is some i such that x,y G TJ.

Then the diagonal right act of S is finitely generated. There is an analogous

result for the diagonal bi-act.

Proof. For each Ti there is a finite Ui C T% such that T% x Tt = (Ui x UfjTf.
We let U = (Jti Ui and claim that S x S = (U x U)S1. For all x,y G S
there is some T such that x,y G Ti, and q G Tf,U\,U2 G Ui such that

(x,y) = (Uiq,U2q) G (U x f/)S'1, completing the proof. ■
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Proposition 3.4.7 Let Y be a finite semilattice with an identity. The diag¬

onal bi-act of S is finitely generated if and only if the diagonal bi-acts of all

subsemigroups of S which have the following forms are finitely generated:

(G) Gp for any (3 £ Y;

(T) Gp U G1 for any comparable (3,7 £ Y;

(D) Gp-yUGpUG-fUGs, where S — sup(/?,7), for any incomparable /?, 7 £ Y.

PROOF. (=») Assume that the diagonal bi-act of S is finitely generated.
We select and fix arbitrary (3,7 £ Y, and we define Z\ — {a £ Y : /?7 < a}
and the subsemigroup T\ = (Zi, Ga, <t>a,p)- By Proposition 3.4.4 it follows that
the diagonal bi-act of T\ is finitely generated.

As Y is a finite semilattice with an identity it follows that Z\ is also a finite

semilattice with an identity. Thus [3 and 7 have a supremum which we will call

5. We let Z2 = {S,/3,7,/Ty} and note that Z2 < Z\. We define 7r : Z\ —> Z2
as (o:)7r = max{A £ Z2 : A < a}. That this mapping is well-defined comes

from the fact that there can be no ambiguity regarding the image of each a:

the only case which could cause problems is if a > (3 and a > 7. However, as

S is the lowest upper bound of (3 and 7 it follows in this case that a > 3, so

(a)7r — S. Further, we have that (a)n < a for all a £ Z\ and (ct)7r = a for all
a £ Z2.

We also claim that 7r is a homomorphism. To show this, we let A, p £ Z\,

so that A, p > Pj and we consider a number of cases.

First, we suppose that (Xp)tt = 5. Then \p > §, which can only happen if

A, p > 5. It is now easy to see that

(A/l)7T = S = 52 = (A"7r)(/X7r).

Next we suppose that {\p)n = /?. In this case it is clear that A/i > /? but

Xp 7. This could arise in a number of ways, in each of which both A and p

are above (3, but at least one of them is not above 7. One possibility is that

A > 6 and p > (3 but p ^ 7. Then (A)7t = S and (p)ir = (3, so

(A7t)(//7t) = 5{3 = (3 = (Xp)ir.
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A similar manipulation for each of the other cases in which = (3 also

gives that (A7r)(/i7r) = (3.
The case in which (Ayr)7T = 7 is precisely analogous to the case in which

(A/U)tt = (3.

Finally, in order to have (A/i)7r = /Fy, we need An to be above neither (3
nor 7. For example, we could have A > (3 and // > 7 but A ^ 7 and \i ^ (3. In
this case we have (A)7t = (3 and (/x)7r = 7, so

(A/x)7r = fa = (A7r)(//7r).

A similar manipulation for each of the other cases in which (A/i)7r = /Ay leads
to the same equality, so tt is a homomorphism.

By Lemma 3.4.5 it follows that if we let T2 = (Z2,Ga,(f)atp) then there is
an epimorphism : T\ —» T2. By Proposition 3.1.3, the diagonal bi-act of T2

is finitely generated.

It is clear that T2 is a subsemigroup of type (G) if (3 = 7, (T) if (3 and 7

are comparable, and (D) if (3 and 7 are incomparable.

(<=) Let Ti,... ,Tk be a list of all those subsemigroups in S of the types

listed (of course, this list is finite because Y is finite). If the diagonal bi-acts
of each of these is finitely generated then condition (i) of Proposition 3.4.6

(stated for the diagonal bi-act) is satisfied.
We now select arbitrary elements x,y G S, say with x G Gp and y G G1. If

(3 = 7 then x, y G Gp, which is a subsemigroup of type (G) and is therefore one

of our Ti. If 7 < (3 (or 7 > (3) then x, y G GpUG7, a type (T) subsemigroup. If
(3 and 7 are incomparable then x and y are in a type (D) subsemigroup, namely

Gs U Gp U G-y U Gp-y where (5 = sup{/3,7}. That is, the list of subsemigroups
Ti,... ,7fc satisfies condition (ii) of Proposition 3.4.6, so this part of the result
follows. ■

We have reduced our problem from the case of a general Clifford semigroup

to the same problem for three specific and relatively simple types of Clifford

semigroup. Representing groups as rectangles, we draw subsemigroups of type

(G), (T) and (D) overleaf.
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Type (T)

Type (D)

Figure 3.1: Subsemigroup classes (G), (T) and (D)
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Proposition 3.3.1 has already answered our question for subsemigroups of

type (G). For those of types (T) and (D) we introduce some new notions.
If G is a group and K is a subgroup of G then x,y E G are K-conjugate

if some k E K satisfies x = k~lyk. Thus G-conjugacy is the usual form of

conjugacy. If H is a subgroup of K and x,y E G are W-conjugate then they
are also iF-conjugate. Hence each iP-conjugacy class is a union ofW-conjugacy

classes. In particular, a set of AT-conjugacy class representatives contains a set

of conjugacy class representatives.

Proposition 3.4.8 Let T = ({/3,7}, GQ, (f>a,p) with (5 > 7 (that is, a type (T)
subsemigroup). The diagonal bi-act of T is finitely generated if and only if

Gp has only finitely many conjugacy classes and G1 has only finitely many

Imp^)-conjugacy classes.

Proof. (=£>) Assume that T xT = T(U x U)T for some finite U c T. By

Propositions 3.3.1 and 3.4.7 it follows that Gp has only finitely many conjugacy
classes.

For arbitrary x E G1 there are p,q E T and u\,u2 E U such that

(1g0,x) = (pu1q,pu2q).

From If; = pu\q it follows that p, q, u\ E Gp. Now, from x = pu2q we see that
u2 E G7. Hence

x = 1g\x = q~1uf1p"1pu2q = q~1uf1u2q = (g^!7)"1(uj"1u2)(#/3)7)

is Im(<^3)7)-conjugate to uf1u2. Thus U~XU contains a finite set of Im(</>/?,7)-
conjugacy class representatives.

(<^=) Assume that G7 has only finitely many Im^^j-conjugacy classes
and that Gp has only finitely many conjugacy classes. Let V and W be sets
of representative elements for these, respectively, and let U = V U W. We will
show that U xU finitely generates the diagonal bi-act of T. From the proof of

Proposition 3.3.1 it is clear that T{U x U)T contains Gp x Gp and G7 x G7.
Therefore we only need to demonstrate that it contains Gp x G1 (and G^xGp,
which will follow by a symmetric argument).



For arbitrary g G Gp and h G G1 it follows that g lh G G7, so this is

Im(</>a>Jg)-conjugate to some w G W. Thus for some g\ G Gp we have

9~lh = = 0i~W

Then

(5,^) = 99T1(lGp,w)gi G T(E7 x f/)T,

completing the proof. ■

If G is a group and if is a subgroup of G then a double coset of K in G is a

set of the form KgK = {kigk2 : ki, k2 G K) for some g G G. Distinct double
cosets of K in G are disjoint and their union equals G; the double coset index

[G : K] is the number of distinct double cosets of K in G.
We will also use the observation that if a,/?,7 G Y satisfy 7 < j3 < a,

then Im(0Q)7) < Im(<^gj7). Therefore if G1 has only finitely many Im(0Q;7)-
conjugacy classes then it has only finitely many Im^^j-conjugacy classes.

Proposition 3.4.9 Let T = ({£, (3,7, (3^}, Ga, f>a,p) where (5 and 7 are in¬

comparable and 6 = sup{/3,7} (that is, a type (D) subsemigroup) and let
K = {(g4>s,p, g^-y) '■ 9 £ G5} < Gp x G7. The diagonal bi-act of T is finitely
generated if and only if the following conditions hold:

(i) Gs has finitely many conjugacy classes;

(ii) Gp has finitely many Im(</>s.p)-conjugacy classes;

(Hi) G-y has finitely many lra{4>5^)-conjugacy classes;

(iv) Gp7 has finitely many -conjugacy classes;

(v) {Gp x G7 : K] is finite.

PROOF. (=>) Assume that T xT = T{U x U)T for some finite U CI, By

Propositions 3.3.1, 3.4.7 and 3.4.8, it follows that conditions (i), (ii), (iii) and

(iv) hold.
Let g G Gp and h G G7 be arbitrary. There are s,t G T and U\,u2 G U

such that

(g,h) = (suit,su2t).
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Then s, t € Gg, so

(g,h) = (s05i/3,S0<5,7)(wi,M2)(%,/3,%>7) e Ar(iti,w2)A'.

That is, U x U contains a finite set of double coset representatives for id in

Crg x G7, and condition (v) holds.

(<=) Assume that the stated conditions hold. By (i), (ii), (iii), (iv) and

Propositions 3.3.1 and 3.4.8, it follows that all of TxT can be finitely generated

as a diagonal bi-act, except perhaps for Gp x G1 (and G1 x Gp, but this will
be produced in a symmetric manner).

Let V C Gp and W C G7 be finite sets such that V x W contains double
coset representatives of K in Gp x G7. For arbitrary g € Gp and h G G7
there are v G V and w e W such that (v,w) € K(g,h)K. Hence, for some

/i,/2fG{, we may write

(9,h) = (/l0ilj9,/l05l7)(v,«;)(/2^,/3,/20i,7)
= {fivf2Jiwf2)CT(VxW)T,

completing the proof. ■

Propositions 3.3.1, 3.4.7, 3.4.8 and 3.4.9 combine to give the following.

Theorem 3.4.10 The diagonal bi-act of ('Y,Ga,<t>a,p) is finitely generated if
and only if the following conditions are satisfied:

(i) Y is a finite semilattice with an identity g;

(ii) for all a 6 Y the group Ga has only finitely many lm((f)^a)-conjugacy
classes;

(iii) \Gp x G7 : K] is finite for all incomparable (3,7 G Y, where 8 = sup(/3,7)
and K = {(g<f>s,p,gfaa) ■ g £(?«}■

Considering Corollary 3.3.3 and Theorem 3.4.10, one possible next step

would be to describe all the completely regular semigroups with finitely gen¬

erated diagonal bi-acts. Sadly, this is an open problem.
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Open Problem 3.4.11 Can we classify all the infinite completely regular

semigroups with finitely generated diagonal bi-acts? What about completely

regular semigroups for which 7i is a congruence (this class properly contains

the class of Clifford semigroups)?

Theorem 4.3.3 below gives us another example of an infinite inverse semi¬

group with a finitely generated diagonal bi-act; from that proof and also from

Proposition 3.3.1 and Theorem 3.4.10 it becomes clear that conjugacy in in¬

verse semigroups is a thematic link in these questions. In general, however,

the following remains another unsolved question.

Open Problem 3.4.12 Which infinite inverse semigroups have finitely gen¬

erated diagonal bi-acts?

3.5 Classes which do not admit cyclic diagonal

bi-acts

Besides those semigroups with cyclic diagonal right or left acts, Theorem 4.3.3

below shows that the semigroup lx of partial injective transformations on an

infinite set X has a cyclic diagonal bi-act. We will now prove that certain
classes of semigroups contain no such examples.

Proposition 3.5.1 If S is a cancellative non-trivial semigroup then the diag¬

onal bi-act of S is not cyclic.

proof. Assume that S is cancellative, non-trivial and that there are dis¬

tinct a,b E S with S x S = S1(a,b)S1. For x E S there are p,q E S1 with

(x, x) = (paq,pbq). From paq = pbq it follows that a = b, a contradiction. ■

Theorem 3.5.2 If S is a finite non-trivial semigroup then the diagonal bi-act

of S is not cyclic.

Proof. Assume that S is finite, non-trivial and that S x S = S1(a,b)S1
for some distinct a,b E S. For arbitrary x,y E S there are u,v E S1 such that

(x, y) — (uav, ubv).
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•q

•b •bq

•a •aq

•pa •pb •p •paq

•pbq

Table 3.1: The positions of some elements within J.

Hence Jx < Ja. So Ja is a unique maximal j7-class. We rename this class J.

Clearly a, b £ J, so | J\ > 2. For s,t £ J \ {a} there are p,q £ S1 such that

(s,t) = (paq,pbq).

Then J = Js < Jpa, so J — Jpa and hence pa £ J. It may analogously be
shown that pb,aq,bq £ J and p,q £ J1. We now represent J as the D-class

eggbox picture in Table 3.1.

If p, q £ S (that is, if p ^ 1 and q 7^ 1) then s = paqTipbq = t. If p £ S

(that is, p 7^ 1) but q = 1 then s — palZpb = t. If p = 1 and q £ S then
s = aqCbq — t. If p = q = 1 then s = a, a contradiction, so this is not the

case. In conclusion, any pair of elements from J are either 1Z- or £-related, so

J is either a single 7£-class or a single £-class. Let us assume that it is a single
£-class.

There are g,h £ S1 such that

(6, a) = (gah,gbh).

By the earlier argument, ga,gb, ah, bh £ J and g,h £ J1. We now draw J as

the eggbox picture in Table 3.2.

If g,h £ S (that is, g ^ 1 and h ^ 1) then a = gbhTCgah = b. Similarly,
if g £ S (that is, g 7^ 1) but h = 1 then a = gbTiga — b. If g = 1 and h £ S
then a = bh and ah = b, so alZb and hence aTCb. From ahib we conclude that

shit for all s,t £ J. That is, J is a single 7d-class. Analogously this conclusion

may be deduced from the assumption that J is a single Al-class.

50



•h

•9 •9a • gb

•gah • gbh

•a

•ah

•b

•bh

Table 3.2: The positions of some more elements within J.

Clearly J2 Pi J 7^ 0, so J is a group. As J < S and S \ J is either empty
or is an ideal of S, it follows by Proposition 3.1.5 that it must be empty, so

S = J. By Proposition 3.5.1 it follows that J is trivial. ■

The proof of this result seems unnaturally long and intricate. Perhaps there

is a more concise argument which remains undiscovered.

Corollary 3.5.3 If S is a completely zero-simple semigroup then the diagonal
bi-act of S is not cyclic.

Proof. Assume that S is a completely zero-simple semigroup (so it is not

trivial) and that the diagonal bi-act of S is cyclic. Theorem 3.5.2 tells us that
S is infinite. Then, by Theorem 3.3.2, we see that S = G° where G is an

infinite group with only finitely many conjugacy classes. By Proposition 3.1.5

there is a contradiction, as G is a subsemigroup with an ideal complement in

5. ■

Corollary 3.5.4 If S is a non-trivial completely simple semigroup then the

diagonal bi-act of S is not cyclic.

Proof. Assume that S is a non-trivial completely simple semigroup and
that the diagonal bi-act of S is finitely generated. Theorem 3.5.2 tells us

that S is infinite. Then, by Corollary 3.3.3, we see that S is a group with only
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finitely many conjugacy classes. This is a contradiction to Proposition 3.5.1. ■

In [26] it is shown that a semigroup is completely regular if and only if it is
a semilattice of completely simple semigroups. Using this fact, the next result

follows from Corollary 3.5.4 and Proposition 3.2.10.

Corollary 3.5.5 If S is a non-trivial completely regular semigroup then the

diagonal bi-act of S is not cyclic.

3.6 Classes which do not admit finitely gener¬

ated diagonal bi-acts

If the diagonal right, left or bi-act of S is cyclic or finitely generated, then

the diagonal bi-act of S is finitely generated. However, examples of infinite

semigroups with finitely generated diagonal bi-acts are still hard to find among

the standard classes. In this section we show that several classes of semigroups

contain no such examples.

Theorem 3.6.1 If S is an infinite commutative semigroup then the diagonal
bi-act of S is not finitely generated.

Proof. Assume that S is an infinite commutative semigroup and that

there is a finite A C S x S such that S x S = S1AS1.

By Theorem 3.2.2 there are infinitely many elements y E S such that

yS = S. We fix one such y G S and define the partial mapping : A —> S as

(a, b)ip = yz where there exist p,q G S1 such that

(:y,z) = (paq,pbq).

This is clearly surjective and we will show that it is well-defined. Suppose that

(y,zi) = (sat, sbt), (y,z2) = (uav,ubv),

with (a, b) € A, zi, Z2 E S and s, t,u,v G S1. Then (a, b)ip — yz\, (a, b)ip = yz2

and

yz\ = uavsbt = satubv = yz2.
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So 0 is well-defined and S is finite, a contradiction.

Corollary 3.6.2 If S is a Bruck-Reilly extension then the diagonal bi-act of

S is not finitely generated.

Proof. Let S be the Bruck-Reilly extension of the monoid T = Mon(X | R)
with respect to the endomorphism 7r : T —> T and assume that the diagonal
bi-act of S is finitely generated. Then S is the monoid presented by

Mon(X, b, c | R, be = 1, bx = (xn)b, xc = c(xn) (x £ X)).

The mappings (b)4> — z~x, (c)<j> = z and (x)<f = Iq (for all x £ X) can be
extended to a full epimorphism 0 : S —> G where G is the infinite cyclic group

generated by 2. By Proposition 3.1.3, the diagonal bi-act of G is finitely gen¬

erated, contradicting Theorem 3.6.1. ■

Rectangular bands are completely simple, so the following is a consequence

of Corollary 3.3.3.

Corollary 3.6.3 If S is an infinite rectangular band then the diagonal bi-act

of S is not finitely generated.

In [26] it is shown that a semigroup is a band if and only if it is a semilattice
of rectangular bands. Using this fact, the next result is a consequence of

Corollary 3.6.3 using Proposition 3.2.10.

Corollary 3.6.4 If S is an infinite band then the diagonal bi-act of S is not

finitely generated.

3.7 Classes which do not admit finitely gener¬

ated diagonal right acts: left cancellative

and right cancellative

Examples of infinite semigroups with finitely generated diagonal right acts

appear in [35] and in Section 4.1 below. In this and the next section we list
some classes which contain no such examples.
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Theorem 3.7.1 If S is an infinite left cancellative semigroup then the diago¬

nal right act of S is not finitely generated.

Proof. Assume that S is an infinite left cancellative semigroup and that

there is a finite A C S x S such that S x S — AS.

We arbitrarily select and fix y G S. We now define the partial mapping

if : A —> S as (a, b)if = z where there exists q £ S such that

(y,z) = (aq,bq).

This may be a partial mapping, but we see that it is surjective because A

generates the diagonal right act. Of course, it is not yet clear that if is well-

defined. To show this, we let

(y,zi) = (au,bu), (y,z2) = (av,bv)

with (a, b) G A and Zi,z2,u,v € S, then (a,b)if = z\ and (a,b)if = z2. How¬

ever, y = au = av implies u = v, so z\ — bu — bv = z2. Thus if is well-defined
and we conclude that S is finite, a contradiction. ■

We will shortly consider the finite generation of the diagonal right acts

of right cancellative semigroups. Before we do so, we include the following
four propositions, which describe some useful (for our purposes) connections
between right cancellative semigroups and the semigroup Tnjx of full injective

transformations on a set X.

Proposition 3.7.2 Let S be a subsemigroup of the semigroup Tnjx of full

injective transformations on a set X. Then S is right cancellative.

proof. Let x, y, z e S be arbitrary such that xz = yz. Then, for all i G X,

we have (i)xz = (i)yz, or \{i)x\z = [{i)y\z. As z £ S it must be injective, so

(i)x = (i)y for all i e A and hence x = y, completing the result. ■

Proposition 3.7.3 For each z € S let pz : S —> S be defined as (x)pz = xz.

Then S is right cancellative if and only if every pz is injective.
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Proof. (=£>) Assume that S is right cancellative and consider an arbitrary

pz. Let x,y G S be arbitrary and suppose that (x)pz — (y)pz, so xz = yz. By

right cancellativity we have that x = y, so pz is injective.

(<=) Assume that every pz is injective. Let x,y,z G S be arbitrary such
that xz — yz. We may rewrite this as (x)pz = (y)pz and then use the fact that

pz is injective to conclude that x = y. Thus S is right cancellative. ■

The 'Cayley theorem for semigroups' states that every semigroup is isomor¬

phic to a subsemigroup of a semigroup of full transformations. This is proven

in [26]. We apply this to right cancellative semigroups.

Proposition 3.7.4 Let S be a right cancellative semigroup and for each z G S

let pz : S —> S be defined as (x)pz — xz. Then 0 : S —> Tnjs, defined as

(.z)(j) = pz, is a well-defined homomorphism. Furthermore, if S is a monoid
then <f> is injective and S is isomorphic to a subsemigroup ofTnjs ■

Proof. That 0 : S —* Tnjs is well-defined comes from Proposition 3.7.3.

To show that 0 is a homomorphism, we let y,z G S be arbitrary and

consider (yz)fi, which obviously equals pyz. For an arbitrary x G S we have
that

0x)pyz = XVZ = Mpz = (x)pypz,

so pyz = Pypz. That is, (yz)j) — (yfi)(z4>), so 0 is a homomorphism.
Now assume that 5" is a monoid with identity 1$. To show that 0 is injec¬

tive, we let y, z G S be arbitrary such that (y)0 = (z)<f>. Then py = pz and in

particular we must have that y = (1s)py = (ls)Pz — z, so 0 is indeed injective.
It quickly follows that S is isomorphic to lm(0), which is a subsemigroup of

Tnjs. ■

We ask whether all right cancellative semigroups are subsemigroups ofTnjx
for some set X. The presence of the identity element in S is essential in

Proposition 3.7.4 to show that 0 is injective. If we define pz : 5"1 —> S then 0

would certainly be injective. However, if we do this then it may turn out that

pz is not injective as we could have (l)p2 = (x)pz for some x G S. We now



show this to be the case for left zero semigroups (which are, of course, right

cancellative).

Proposition 3.7.5 Let S be a non-trivial left zero semigroup. There is no set

X such that S is isomorphic to a subsemigroup of the semigroup Injx of full

injective transformations on a set X.

Proof. To obtain a proof by contradiction, let us suppose that S < Injx-

We select an arbitrary x G S and observe that x2 = x. As $ is non-trivial we

may suppose that x is not the identity transformation. Then there are distinct

i,j G X such that (i)x = j. But then (i)x = (i)x2 = [{i)x]x — (j)x, so x is not

injective, a contradiction. We conclude that x is the identity transformation,

which contradicts our assumptions. ■

Considering these connections, we begin to tackle our question on the gen¬

eration of diagonal right acts of right cancellative semigroups by proving the

following theorem. As well as answering our question for a sub-class of right
cancellative semigroups, we will soon utilise this to answer the general ques¬

tion.

Theorem 3.7.6 Let S be an infinite subsemigroup of the semigroup Injx of

full injective transformations on an infinite set X. The diagonal right act of
S is not finitely generated.

Proof. Assume that there is a finite A c S x S such that S x S = AS.

For x,y G S there are (a, b) G A,u G S such that (x,y) = (au,bu). For

every I G (Im(y))x-1 there ismGl such that (l)x = (m)y, so (l)au = (m)bu.
Thus (I)a = (m)b and I G (Im(6))a-1. We see that

(Im(y))x_1 C (Im(6))a-1.

The reverse inclusion may be shown similarly, giving

(Im(&))a-1 = (Im {y))x~l.

We define a finite family of sets F as {(Im(6))a_1 : (a, b) G A}. Then

(Im(y)):r-1 G F for all x,y G S.
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If S only contained bijections then it would be left cancellative and con¬

tradict Theorem 3.7.1, so there is a non-bijection x E S. For all n G N we see

that

(Im(a;n+1))x_1 = Im(:En) e F.

As x is injective but not surjective, it follows that Im(xni) 7^ Im(a;n2) where

n\ 7^ 77,2. Hence F is infinite, which is a contradiction. ■

At this point we note, by Proposition 3.7.4, that we have already answered
our question for right cancellative monoids. However, by Proposition 3.7.5, we

know that we have not answered it for all right cancellative semigroups. The

following theorem completes this task.

Theorem 3.7.7 If S is an infinite right cancellative semigroup then the diag¬

onal right act of S is not finitely generated.

Proof. Assume that S is an infinite right cancellative semigroup and that

there is a finite A C S x S such that S x S — AS.

We define pz : S —> S (for z G S) and </> : S —» Tnjs as in Proposition
3.7.4. Then <f is a homomorphism, so Proposition 3.1.3 states that the diag¬

onal right act of Im(</>) is finitely generated. But lm(0) is a subsemigroup of

Tnjs, so Theorem 3.7.6 states that lm(0) is finite, say with size r. We select

representatives Z\,..., zr E S such that Im(</>) = {pzx,..., pZr}- Then, for any
x G S, we see that

xS1 = {xz :zG5]}
= {(x)pz : z e S1} U {x}
= {{x)pz:z = Z\,...,Zr} U{:r}
= {x, XZi, ..., xzr}

is finite, contradicting Corollary 3.2.6. ■

As stated at the start of the chapter, each of our results concerning the

diagonal right act have dual statements for the diagonal left act. Note, how¬

ever, that the dual of Theorem 3.7.1 concerns the diagonal left acts of right
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cancellative semigroups, while the dual of Theorem 3.7.7 concerns the diagonal

right acts of left cancellative semigroups.

3.8 Classes which do not admit finitely gener¬

ated diagonal right acts II: inverse, com¬

pletely zero-simple and completely regular

Theorem 3.8.1 If S is an infinite inverse semigroup then the diagonal right

act of S is not finitely generated.

PROOF. Assume that S is an infinite inverse semigroup and that there is

a finite A C S x S such that S x S = AS.

We arbitrarily select and fix an idempotent e G S. We define the partial

mapping ip : A Se as (a, b)if = ze where there exists q G S such that

(e,z) = (aq, bq).

This is clearly surjective and we will show that it is well-defined. If

(e, z\) = (au,bu), (e, z2) = {av,bv)

with (a, b) G A and zi,z2,u,v G S, then (a,b)if = z\e and (a,b)if = z2e.

However,

(ea)(ue)(ea) = e(au)e2a = eAa = ea,

(ue)(ea)(ue) = ue2(au)e = ue4 — ue.

It follows that ue = (ea)-1 and it can analogously be shown that ve = (ea)-1.
Therefore ue = ve and Z\e = bue = bve = z2e. So is well-defined and Se is

finite.

The transformation f : S —> S, defined by (x)<f = a;-1, is a bijection and

(Se)4> = eS, so eS is finite. That is, the principal right ideal generated by an

arbitrary idempotent is finite. Further, for all x G S we see that xx~lSl C xSl
and xSl = xx~1xSl C xx^S1, so xS1 = xx~lSl. Noting that xx~l is idem-

potent, this means that every principal right ideal is equal to one generated

by an idempotent. Thus every principal right ideal of S is finite, contradicting
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Corollary 3.2.6.

From any of Theorems 3.7.1, 3.7.7 or 3.8.1 there follows the next result,

which first appeared in [40].

Corollary 3.8.2 If S is an infinite group then the diagonal right act of S is

not finitely generated.

Corollary 3.8.3 If S is an infinite completely zero-simple semigroup then the

diagonal right act of S is not finitely generated.

Proof. If S is an infinite completely zero-simple semigroup and has a

finitely generated diagonal right act then, by Theorem 3.3.2, it is an infinite

group with a zero adjoined. By Corollary 3.8.2 and Proposition 3.1.6 there is

a contradiction. ■

Corollary 3.8.4 If S is an infinite completely simple semigroup then the di¬

agonal right act of S is not finitely generated.

Proof. Let S be an infinite completely simple semigroup with a finitely

generated diagonal right act. By Proposition 3.1.6, S° is an infinite completely

zero-simple semigroup with a finitely generated diagonal right act. This con¬

tradicts Corollary 3.8.3. ■

Recalling that a semigroup is completely regular if and only if it is a semi-

lattice of completely simple semigroups, Corollary 3.8.4 and Proposition 3.2.10

imply the following result.

Corollary 3.8.5 If S is an infinite completely regular semigroup then the di¬

agonal right act of S is not finitely generated.

To conclude the chapter, we include the table overleaf, which summarises

the main results. So far most of these have been negative, so it seems that

very few infinite semigroups have finitely generated diagonal acts. However,

in the next chapter we prove some positive results.
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Property

Non-trivial

Infinite

Non-trivial

Infinite

of

S,cyclic

s,f.g.

S,cyclic

S,f.g.

semigroupS

right/leftact?
right/leftact?

bi-act?

bi-act?

Bruck-Reillyextension
No

No

No

No(Cor3.6.2)

cancellative

No

No(Thm3.7.1)
No(Prop3.5.1)

Yes(Prop3.3.1)

Clifford

No

No(Thm3.8.1)
No(Cor3.5.5)

Yes(Thm3.4.10)

commutative

No

No

No

No(Thm3.6.1)

completelyregular

No

No(Cor3.8.5)
No(Cor3.5.5)
Yes(Prop3.3.1.Thm3.4.10)

completelysimple

No

No(Cor3.8.4)
No(Cor3.5.4)

Yes(Cor3.3.3)

completelyzero-simple
No

No(Thm3.8.3)
No(Cor3.5.3)

Yes(Thm3.3.2)

finite

No

N/A

No(Thm3.5.2)

N/A

idempotent

No

No

No

No(Cor3.6.4)

inverse

No

No(Thm3.8.1)
Yes(Thm4.3.3)
Yes(Prop3.3.1,Thms3.4.10,4.3.3)

leftcancellative

No

No(Thm3.7.1)

?????

Yes(Prop3.3.1)

locallyfinite

No

No(Prop3.1.10)
?????

?????

rightcancellative

No

No(Thm3.7.7)

?????

Yes(Prop3.3.1)

Table3.3:Resultsconcerningsomestandardclassesofsemigroups.



Chapter 4

Examples of infinite semigroups

with finitely generated diagonal

acts

Having established some classes of infinite semigroups which do not admit

finitely generated diagonal right, left or bi-acts and only a restricted class of
Clifford semigroups that do, we now search for further specific examples that
have these properties.

The majority of this chapter, but not all of it, appeared in [11].

4.1 Diagonal right acts

We begin with two results from [35, 40] (the first of which also appeared in

[2])-

Proposition 4.1.1 The diagonal right act ofT®, the semigroup of full trans¬

formations on the natural numbers, is cyclic.

The following refers to the monoid of partial recursive functions of one
variable. In [35] it is shown that is finitely generated but not finitely

presented; for further information see [4].

Proposition 4.1.2 The diagonal right act of R^, the monoid of partial recur¬

sive functions of one variable, is cyclic.
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We now consider the semigroup Bx of binary relations on a set X in the

same context.

Theorem 4.1.3 The diagonal right act of Bx, the semigroup of binary rela¬

tions on an infinite set X, is cyclic.

Proof. Let X\ and X2 be disjoint subsets of X, each with the same

cardinality as X. We fix bijections a : X —> X\ and b : X —> X2, consider
them as binary relations

a = {(i, (i)a) : i £ X}, b = {(i, (i)b) : i £ X},

and claim that Bx x Bx = (a, b)Bx-
Select arbitrary x, y £ Bx and construct u £ Bx as

u = {«X>T j) : (hJ) {((i)b, j) : (i,j) £ y}.

Then (x, y) = (au, bu) and hence the diagonal right act of Bx is cyclic. ■

We can also characterise the pairs which generate this act, as we now show.
We use the notation (i)x = {j £ X : (i,j) £ x} for i £ X, x £ Bx-

Theorem 4.1.4 The diagonal right act of Bx, the semigroup of binary rela¬
tions on an infinite set X, is generated by (a, b) if and only if every set in the

family {(i)a : i £ X}U{(i)6 : i £ X} contains an element that is not in any

other set of this family.

Proof. (=>) We assume that a, b £ Bx satisfy Bx x Bx = (a,b)Bx■ We
let x, y £ Bx be an arbitrary pair of full injective transformations with disjoint

image sets, and we find u £ Bx such that

(x,y) = (au, bu).

In order to derive a proof by contradiction, we suppose that that there is some

set in the family {(i)a : i £ W}U{(i)6 : i £ X} which does not contain any

element that is outside all other sets of this family. Let us say that this set is

(i)a, for some particular i £ X. We let k £ (i)a be arbitrary and note that
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there is some I G X with either k G (I)a (and i ^ I) or k G (l)b. We claim that

(k)u is empty, where u G Bx is as above.
Let us consider the first possibility for k, in which we have k G (I) a for some

I 7^ i. To show our claim, we suppose that (k)u is not empty, so there is some

m G (k)u. Then (i,k),(l,k) G a and (k,m) G u, so (i,m),(l,m) G au = x.

But x is an injective transformation, so this means that m = (i)x = (l)x,
which is a contradiction.

Now we consider the second possibility, in which k G (l)b for some I G X.
If there is some m G (k)u then (i, k) G a, (.k,m) G u and hence (i,m) G x, so

(i)x = m. Similarly we may derive (l)y = m, which contradicts the assumption
that x and y have disjoint image sets.

So (k)u is empty. Indeed, we have shown this for an arbitrary k G (i)a,
so it follows that (i)x is empty, a contradiction. We conclude that the stated
condition is necessary.

(<=) Returning to the proof of Theorem 4.1.3 we can see that (x,y) =

(au, bu) even if we 'enlarge' a and b by adding pairs (i,j) for any i G X and

j G X \ (X\ U X2). This is because u is not defined outside of Xx U X2, so the

resulting relation is the same in each case. In this way, a and b may become

any pair of binary relations for which our stated condition holds. ■

We now ask for which generators the diagonal right act of Bx is free.

Theorem 4.1.5 The diagonal right act ofBx is free with respect to the gener¬

ator (a, b) if and only if a and b are full injective transformations with disjoint

image sets and Im(a) U Im(6) = X.

Proof. (=>) Suppose that (a, b) generates the diagonal right act of Bx
and that this act is free with respect to (a, b). By Theorem 4.1.4 we know that

every set in the family {(i)a : i G I}U{(i)b : i G X} contains an element that
is not in any other set of this family. First, we will claim that every set of this

family contains a unique such element.

For each set of this family, say (i)a or (i)b, we select and fix a representative
element rp)a or r^, which is outside all other sets of this family. Then, as in
the proof of Theorem 4.1.3 (although with slightly different notation as we are
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letting a and b be more general binary relations), we let x, y E Bx be arbitrary,
define u E Bx as

u = {(r(i)a, j) : (i,j) GijU {(r(i)6, j) : (■i,j) E y} (4.1)

and note that (x, y) = (au, bu). If we now suppose that there are two distinct

possible choices for one of the r^y (or r^y), then by (4.1) for every x,y E Bx
we may construct two distinct binary relations u that satisfy (x,y) = (au,bu).
This contradicts the assumption that the act is free.

Next, we claim that {rp)a : i E X} U {r^y : i E X} = X. Again, we

suppose that this is not the case, so there is an element j outside of this union,

and we aim to obtain a contradiction. We let x E Bx be a full constant

transformation, say with (i)x = k for all i G T and some fixed k E X. From

(4.1) we know that

u = {(r{i)a,k) : i E X} U {(r(i)6, k) : i E X)

satisfies (x,x) = (au,bu). However, if we let v — u U {(_), k)} then we have

(x,x) = (av,bv) while a/u, which is a contradiction.

Combining these observations, the only possibility is that a and b are full

injective transformations with disjoint image sets and that Im(a)Ulm(6) = X.

(4=) Assume that a, b E Bx are full injective transformations on X with dis¬

joint image sets and that Im(a)Ulm(f>) = X, so they clearly satisfy Bx x Bx —

(1a,b)Bx■ Now assume that this act is not free with respect to the generator

(a, 6), so there are distinct u,v E Bx that satisfy (au, bu) = (av, bv). As u and
v are distinct, there is some i E X such that (i)u 7^ (i)v. We also see that
there is a unique j E X and exactly one of either a or b (let us say a) such
that (j)a = i. It now follows that (j)au 7^ (j)av, so au 7^ av, a contradiction.

■

We now turn to some other semigroups of transformations. First we note

that, in the proof of Theorem 4.1.3, the relations a and b are full injective

transformations. Moreover, if x and y are both partial transformations then

our construction yields u which is also a partial transformation. Similarly, if x
and y are both full or full finite-to-one transformations then our construction



yields u which may be extended to a full or full finite-to-one transformation,

respectively. Note that to extend u to a full finite-to-one transformation may

require a little care to avoid it mapping an infinite set to a single point, but
this can always be done. Hence we have the following results.

Corollary 4.1.6 The diagonal right act ofVx, the semigroup of partial trans¬

formations on an infinite set X, is cyclic.

Corollary 4.1.7 The diagonal right act ofTx, the semigroup of full transfor¬
mations on an infinite set X, is cyclic.

(This is an extension of Proposition 4.1.1.)

Corollary 4.1.8 The diagonal right act of Tx, the semigroup of full finite-
to-one transformations on an infinite set X, is cyclic.

Indeed, we may even derive Proposition 4.1.2 in this manner, as is shown

in [35]. In a similar manner to Theorem 4.1.4, we have the following result.

Corollary 4.1.9 The diagonal right act ofVx, the semigroup ofpartial trans¬

formations on an infinite set X, is generated by (a, b) if and only if a and
b are full, infective and their image sets are disjoint. Further, the diago¬
nal right act of Vx is free with respect to the generator (a, b) if and only if

Im(a) Ulm(6) = X. Analogous statements hold for Tx, Tx and R^.

It is not possible to extend Theorem 4.1.3 to partial (or full) injective

mappings. Indeed, Theorem 3.8.1 states that no infinite inverse semigroup has
a finitely generated diagonal right act. Therefore we have the following result.

Theorem 4.1.10 The diagonal right act ofTx, the semigroup of partial in¬

jective transformations on an infinite set X, is not finitely generated.

4.2 Diagonal left acts

From [35] we have the following two propositions.

Proposition 4.2.1 The diagonal left act of T^, the semigroup of full trans¬

formations on the natural numbers, is cyclic.
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Proposition 4.2.2 The diagonal left act of R®, the monoid of partial recur¬

sive functions of one variable, is cyclic.

Again, we consider the semigroup Bx of binary relations on a set X.

For x g Bx we define xR g Bx (the 'reverse' of x) as {(jf, z) : (i,j) g x}.
Then the mapping x xR is a permutation on Bx and is its own inverse. It

is important to note, for all x,y g Bx, that (xy)R — yRxR. In the following,
we are showing and using the well-known fact that Bx is 'left-right dual'.

Theorem 4.2.3 The diagonal left act ofBx, the semigroup of binary relations
on an infinite set X, is cyclic.

Proof. We let a,b g Bx be defined as in Theorem 4.1.3, and claim that

Bx x Bx = Bx(oR,bR). For arbitrary x,y g Bx there is u g Bx such that

(xR,yR) = (au,bu). Then

(x,y) = ((xR)R,(yR)R)
= ((au)R, (b
= (uRaR,uRbR)eB

so the diagonal left act is cyclic, as desired. ■

We may also characterise all possible generating pairs for the diagonal left
act of Bx, and those with respect to which the act is free, as the reverses of
those stated in Theorems 4.1.4 and 4.1.5.

However, we cannot use the proof of Theorem 4.2.3 to show equivalent

results for Vx, T.x or as the reverse of a transformation is not, in general,
a transformation. We turn to Tx and use a different method of proof. We note

that this is an extension of Proposition 4.2.1.

Theorem 4.2.4 The diagonal left act ofTx, the semigroup of full transfor¬
mations on an infinite set X, is cyclic.

proof. We fix a surjection g : X —> X x X and let p\,p% '■ X x X —■» X
denote projections onto the first and second co-ordinates, respectively. We let
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a, b E Tx be defined as gpi and gp2 respectively and we claim that the equality

Tx x Tx = Tx (a, b) holds.
We let / : X x X —> X be a left inverse of g, so that fg is the identity

mapping on X x X (note that in general there is more than one mapping /
with this property). For x,y E Tx we define u E Tx as (i)u = ((i)x, (i)y)f for
alii E Ah For all i E X we see that

(i)ua = ((i)x, (i)y)fa
= ((»)®» (i)y)fgpi
= ((i)x, (i)y)pi
= (i)x,

so x = ua. Similarly we can deduce that y = ub, so (x, y) = (ua, ub) and hence
the diagonal left act of Tx is cyclic. ■

We may also characterise all pairs of transformations which generate the

diagonal left act of Tx-

Corollary 4.2.5 The diagonal left act ofTx, the semigroup of full transfor¬
mations on an infinite set X, is generated by (a, b) if and only if the mapping

(a, b) : X —» X x X, defined as (i)(a, b) = ((i)a, (i)b), is a surjection. Further¬

more, the diagonal left act of Tx is free with respect to the generator (a, b) if
and only if the mapping (a, b) is a bijection.

Proof. (=*►) Assume that Tx x Tx — Tx(a,b). Let j,k E X be arbitrary
and let i E X and x, y E Tx be arbitrary such that {i)(x, y) = (j, k). There is
u E Tx such that

(x,y) = (ua, ub).

Hence (j, k) = (i)(x,y) = (i)(ua,ub) = ((i)u)(a,b), so (a, b) is a surjection.
To prove the second statement of the result we suppose that the diagonal

left act of Tx is free with respect to the generator (a, 6), but that the mapping

(a, b) : X —> X x X is not a bijection. As it is certainly a surjection it must
not be an injection, so there are distinct p,q E X with (p)(a,b) = (q)(a,b).
Let us define u E Tx as (p)u = q, (q)u = p and (i)u = i for alii E X \ {p, q).
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Now we note that (a, b) = (ua, ub) but that u is not equal to the identity
transformation on X, a contradiction.

(<t=) The mapping (a, b) corresponds precisely to what we called g in the

proof of Theorem 4.2.4, where it was shown that if g is a surjection then (a, b)

generates the diagonal left act of Tx.
To show the statement regarding freeness, let us assume that the mapping

(a, b) is a bijection but that the diagonal right act of Tx is not free with

respect to the generator (a, b). Then there are two distinct elements u,v E Tx

satisfying

(ua, ub) — (va, vb).

As u and v are distinct there exists i G X such that (i)u ^ (i)v. As (a, b)
is a bijection it follows that [(i)u](a,b) 7^ [(i)u](a, b), so (ua,ub) and (va,vb)
disagree on i. This is a contradiction and the result is shown. ■

We now turn to Vx-, which we may consider as the subsemigroup of 73oj{-}
consisting of all the transformations x with (-)x = —. If we apply the proof
of Theorem 4.2.4 to Txu{-} ensuring that (—)g = (—, —), then it is clear that
a, b G Vx, and that if x, y G Vx then u G Vx- Thus we have the following
result.

Corollary 4.2.6 The diagonal left act ofVx, the semigroup of partial trans¬

formations on an infinite set X, is cyclic.

We can also apply the same logic as Theorem 4.2.5 to show the following

result.

Corollary 4.2.7 The diagonal left act ofVx, the semigroup of partial trans¬

formations on an infinite set X, is generated by (a, b) if and only if the mapping

(a,b): (XU{-}) (XU{-}) x (X u {—}).

which we define as (i)(a,b) = ((i)a,(i)b), is surjective. Further, the diagonal

left act ofVx is free with respect to the generator (a, b) if and only if (a, b) is
a bijection.
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From [35], we know that the proof of Proposition 4.2.2 uses the same logic
as the proof of Corollary 4.2.4. Similarly, the same proof as Corollary 4.2.5

may be used to show the next result.

Proposition 4.2.8 The diagonal left act of R®, the monoid of partial recur¬
sive functions of one variable, is generated by (a, b) if and only if the mapping

(a, b) : N —> N x N, defined as (i)(a,b) = ((i)a, (i)b) is a surjection. Moreover,
this act is free with respect to (a, b) if and only if (a, b) is a bijection.

By way of contrast with Theorem 4.2.4 and Corollary 4.2.6, we have the

following result.

Theorem 4.2.9 The diagonal left act of Tx, the semigroup of full finite-to-

one transformations on an infinite set X, is not finitely generated.

Proof. Assume that the diagonal left act of Tx is finitely generated, so

there is a finite A C Tx x J~x such that T\ x Tx = TxA. For an arbitrary

pair i,j G X there are k G X are x, y G Tx such that (k)x = i and {k)y = j.
There are also (a, b) G A and u G Tx such that (x,y) = (ua,ub). Then

(ij) = ((k)u)(a,b), so

{((/c)a, (k)b) : k G X, (a, b) G A} = X x X.

Fixing I G X, this implies that

{1} x A C {((Ifc)a, (k)b) :keX, (a, b) € A}.

As A is finite and X is infinite, we can use the pigeonhole principle to see that
there is a particular (a, b) G A and infinite Y CI such that

{1} x Y C {((k)a,(k)b) : k G X}.

From this we can see that I G X has infinitely many pre-images under a, and

hence a £ Tx, a contradiction. ■

The dual of Theorem 3.8.1 states that no infinite inverse semigroup has a

finitely generated diagonal left act. Therefore we have the following result.

Theorem 4.2.10 The diagonal left act ofTx, the semigroup of partial injec-
tive transformations on an infinite set X, is not finitely generated.
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4.3 Diagonal bi-acts

As the diagonal right acts of £>x, Vx, T~x and J~x {X infinite) are cyclic, it
follows that the diagonal bi-acts of these semigroups are also cyclic. We now

consider 2x, the semigroup of partial injective transformations on an infinite
set X, and show that, in contrast to its diagonal right and left acts, its diagonal
bi-act is cyclic.

This semigroup is important in inverse semigroup theory; just as every

group is a subgroup of the symmetric group Sx of bijections on some set X,

every inverse semigroup is a subsemigroup of some Xx ■ In [29], the notion of

cycle representations of permutations is extended to that of path representa¬

tions of partial injective transformations. We will use this notion, in an infinite

context, in the proof of our result.

For x £ Xx we let be a digraph with vertex set X and edges specified

by

(i)x = j.

Let Ox be the set of all digraphs on X in which every vertex has in-degree

either 0 or 1 and out-degree either 0 or 1. Then there is a natural bijection

<j): Xx Ox, defined as (x)<f) = rz.

For graphs Ai and A2, a graph isomorphism tp : Ai —> A2 is a bijection

between the vertex sets such that

i -» j in Ai (i)ip -> (j)ip in A2.

If there exists a graph isomorphism from Ai to A2 then they are isomorphic,
which is denoted Ai = A2.

We say that p,q £ Xx are conjugate if there exists s £ Sx such that

q = sps^1. In [29] it is shown, for a finite set X, that p,q £ Xx are conjugate
if and only if they have the same path structure. We state and prove this in

terms of digraphs, and where X may be infinite or finite.

Lemma 4.3.1 Elements p,q £ Xx are conjugate if and only ifTp and r9 are

isomorphic.
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PROOF. (=>) Let us assume that p,q £ Ix are conjugate. That is, there is
s G Sx such that q — sps-1, so

i^jmTp 4=> (i)p = j
4* [(i)s_1]sps_1 = (j)s~1
** [(«)s_1]9 = 0>_1
44> (i)s-1 ->• (j)s'1 in r„

and 5_1 : Tp —> T9 is a graph isomorphism.
(<t=) Let us assume that Aq and Ap are graph isomorphic, so there is a

graph isomorphism ip : Tp —> T9. This is a bijection on X, so we may consider
it as some s G Sx- Furthermore,

(ii)p = j i-^jinTp

& ^ (j)ip in Tq

** [W]q = W

& = 0>

(ijsqs-1 = j

so p = sqs-1 and p is conjugate to q. ■

The components of a digraph are the connected components of its under¬

lying undirected graph. Up to isomorphism, the only components which may

appear in A G Qx are:

• finite paths of size r (for all r G N) i\ —> i2 —» • • • —■> ir\

• finite cycles of size r (for all r G N) i\ —> i2 —> • • • —> ir —> H',

• left infinite paths • • • —> i_2 —* i~\ —»► io]

• right infinite paths i\ —► i2 —► 13 —> • • •;

• bi-infinite paths • • • —> i-\ —> io —> i\ —>■ • • •.

In particular, there are only countably many isomorphism classes for com¬

ponents, so these can be indexed by the set N of natural numbers. To be more
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precise, we fix a family {Rn : n G N} where Rn is a component in some digraph

An £ fix and such that for any component C in any A G fix there is a unique

n G N such that C = Rn. In this case we refer to n as the isomorphism class

The restriction of p G Xx to Y C X is denoted p\Y and is the mapping
defined by (i)p\Y = (f)P if A {f)p £ Y and {i)p\Y = — otherwise. It is clear
that p\Y G Xx-

Lemma 4.3.2 There exists c G Xx such that for allp G Xx there exists s G Xx

Proof. We let Z be an index set with the same cardinality as X and we

partition X as the disjoint union

where each \Vz^n\ = |i?n|. We let T G fix be arbitrary such that each VZ)n is
the vertex set of a component of isomorphism class n and let c G Xx be such

that Tc = T.

Let p G Xx be arbitrary and let Fq (q G Q) be the components of Tp. As
every graph in Ox has at most |X| components of each isomorphism class,
we may assume without loss of generality that Q C Z. For each Fq we con¬

sider Vqtn, where n is the isomorphism class of Fq. Clearly Fq = VqtTl, so the
restrictions p\F<j and c\V(]ri are conjugate, by Lemma 4.3.1. That is, there ex¬
ists sq G Sx such that p\Fq — We can see that sq\Fq has domain
Fqi has the range Vq:U, and that it is injective. Now we define s : X —» X as

(i)s = (i)sq when i G Fq. As the Fq are disjoint it follows that s is well-defined;
as the Vq,n are disjoint it follows that s is injective. We can also see that s is a

full transformation, but it is not necessarily surjective. Finally, for any i G X

(say with i G Fq) we have

of C.

such that p = scs 1.

z£Z,n£N

(i)scs-1 = (^cfy^S-1
= (i)p\Fv
= (i)p,
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so p = scs x, as desired.

We are now ready to prove the main result of this section.

Theorem 4.3.3 The diagonal bi-act oflx, the semigroup of partial infective

transformations on an infinite set X, is cyclic.

Proof. We claim that Tx x Tx = Tx(c, l)2x where c is as in Lemma
4.3.2. Let x,y £ Tx be arbitrary. By Lemma 4.3.2 there exists s £ Tx such

that xy-1 = scs-1, and we note that

(i)x = (j)y & (i)xy~l = j «=> (i)scs-1 = j (i)sc = (j)s. (4.2)

Let t : X —> X be defined on Im(sc) U Im(s) such that [(i)sc]i = (i)x and

[0>]* = U)y-

Suppose that a contradiction is implicit here, in that t is required to map

one point to two different image points. This could only be the case if (i)sc —

(j)s but (i)x 7^ (j)y for some i,j £ X, which by (4.2) cannot happen.
Suppose that t is not injective. This is only the case if (i)x — (j)y but

(■i)sc / (j)s for some i,j £ X. Again, by (4.2), this does not happen.
So t £ Tx, {x, y) — (set, st) = s(c, 1)£, and the theorem is proved. ■

4.4 Semigroups of transformations without any

finitely generated diagonal acts

During the search for the positive results that we have demonstrated so far in
this chapter, we also found a number of natural semigroups of transformations
without finitely generated diagonal right, left or bi-acts. We first consider Sx,
the symmetric group on an infinite set X. The following result is an immediate

consequence of Proposition 3.3.1.

Corollary 4.4.1 The diagonal bi-act of Sx, the symmetric group on an infi¬
nite set X, is not finitely generated.
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We now examine Surjx, the semigroup of full surjective transformations

on an infinite set X.

Theorem 4.4.2 The diagonal bi-act ofSurjx, the semigroup offull surjective

transformations on an infinite set X, is not finitely generated.

Proof. We first note that Sx is a subsemigroup of Surjx, and we claim

that Surjx\Sx is an ideal of Surjx■ To prove this, we let a g Surjx\Sx and

P g Surjx be arbitrary and we examine aP and Pa. As a is not an injection,

it is easy to see that aP is also not an injection, so ap g Surjx \ Sx- Let us
now suppose that Pa g Sx', that is, it is an injection. Again it is easy to see

that P must be an injection and hence is a bijection. As a = P~1{pa) it follows
that a g Sx, a contradiction. We have shown our claim that Surjx \ Sx is
an ideal.

If we assume that the diagonal bi-act of Surjx is finitely generated then

we conclude, by Proposition 3.1.4, that the diagonal bi-act of Sx is finitely

generated. This contradicts Corollary 4.4.1. ■

Let TSurjx be the semigroup of partial surjective transformations on an

infinite set X\ that is,

TSurjx — {x g Vx : Im(x) = X}.

Theorem 4.4.3 The diagonal bi-act ofTSurjx, the semigroup ofpartial sur¬

jective transformations on an infinite set X, is not finitely generated.

Proof. We note that Surjx < TSurjx and we claim that the complement

TSurjx \ Surjx is an ideal of TSurjx- To show this, we select arbitrary
elements a g TSurjx \ Surjx and fi g TSurjx and we examine a.p and

pa. We fix an element i Dom(a), note that i jt Dom(cti/3), and conclude
that aP g TSurjx \ Surjx- As P is surjective there exists j g X such that

(j)P = i. Then j £ Dom(/?a), so pa g TSurjx \ Surjx- We have shown our

claim that TSurjx \ Surjx is an ideal of TSurjx-
If we assume that the diagonal bi-act of TSurjx is finitely generated, then

by Proposition 3.1.4 we conclude that the diagonal bi-act of Surjx is finitely
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generated. This contradicts Theorem 4.4.2.

Let Xnjx be the semigroup of full injective transformations on an infinite

set X.

Theorem 4.4.4 The diagonal bi-act ofXnjx, the semigroup of full injective

transformations on an infinite set X, is not finitely generated.

PROOF. We note that Sx < Xnjx■ In a similar style to the previous proofs,

we claim that Xnjx\Sx is an ideal ofXnjx■ To show this, we let a G Xnjx\Sx
and /3 G Xnjx be arbitrary and we examine a/3 and /3a. As a ^ Sx we know
that it is not surjective. So /3a is not surjective either; that is, /3a G Xnjx\Sx-
Now we suppose that a/3 G Sx- Again it follows that /3 must be surjective, so

/3 is a bijection. Hence a = (a/3)/3_1 G Sx, a contradiction. We have shown
our claim that Xnjx \ Sx is an ideal of Xnjx ■

If we assume that the diagonal bi-act of Xnjx is finitely generated then,

by Proposition 3.1.4, we conclude that the diagonal bi-act of Sx is finitely

generated. This contradicts Corollary 4.4.1. ■

Theorem 4.4.5 The diagonal bi-act ofXx\Surjx, the semigroup offull non-

surjective transformations on an infinite set X, is not finitely generated.

PROOF. For brevity we will write S = Tx \Surjx- We begin by assuming

that there is a finite A C S x S which satisfies S x S = A1 AS*1.

Let j, k, I, m G X be distinct and let x, y G S be defined as follows. For all
i 7^ j we let (i)x = v, we also let (j)x = k. For all i ^ I we let (i)y = i\ we also
let (l)x = m. Note that x and y are not surjective but that Im(x)Ulm(y) = X.

As usual, there are u,v G S1 and (a, b) G A such that

(x, y) = (uav, ubv).

Then Im(x) C Im(u) and Im(//) C Im(u), so X = Im(u). In other words, v is

surjective, so it cannot be an element of S and we conclude that v — 1. We

may now write

(x,y) = (ua, ub).



We now see that Im(x) C Im(o) and as a is not surjective it follows that

Im(a) = X \ {j}. That is, for all j E X there exists (a, b) E A with

Im(a) = X \ {j}. Therefore A is infinite, which is a contradiction. ■

Theorem 4.4.6 The diagonal bi-act ofTx \Tnjx, the semigroup of full non-

injective transformations on an infinite set X, is not finitely generated.

Proof. For brevity we write S = Tx \ Tnjx■ We begin by assuming that
there is a finite A C S x S which satisfies S x S = S1AS1.

We consider the mappings x and y from the proof of Theorem 4.4.5, but this
time we utilise the fact that x and y are not injective but Ker(:r)nKer(y) = Ax-
As before, there are u,v E S1 and (a, b) E A such that

(x, y) = (uav, ubv).

It is clear that Ker(z) D Ker(w) and that Ker(y) D Ker(it). We conclude
that Ker(u) = Ax, so u is injective and cannot be an element of S. The only

remaining possibility is u — 1, which now allows us to write

(x,y) = (av,bv).

We see that Ker(x) D Ker(a) and we know that a is not injective, so we are

able to deduce that Ker(a) = U {(j, k), (k,j)}. We have shown that for all
distinct j,k E X there is (a, b) E A in which a has this kernel. We conclude
that A is infinite, which is a contradiction. ■

4.5 Semigroups of monotonic transformations

We now consider the question of the finite generation of the diagonal acts of
the semigroups Ox and Qx-

Let X be an infinite totally ordered set. Let Ox denote the semigroup of
full monotonic transformations on X; that is,

Ox = {x E Tx : i > j => (i)x > (j)x (i,j E X)}.
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Let Qx denote the semigroup of full strictly monotonic transformations on X;

that is,

Qx = {x e Tx : i > j =>■ (i)x > {j)x (i,j e X)}.

Unlike those semigroups of transformations that we have previously consid¬

ered, Ox and Qx do not only depend on the cardinality of X but also on its

structure. For example, although the set Q of rational numbers has the same

cardinality as the set N of natural numbers, the semigroups Or and Oq behave

differently. To illustrate this point, we note that the inverse of a monotonic

bijection is also a monotonic bijection, so the group of units of Ox or Qx is the

set of monotonic bijections on X. Hence the group of units of Oq is infinite,
whereas the group of units of 0^ is trivial.

As Ox and Qx rely on the structure of A, we include the following propo¬

sition and discussion on this subject. We begin by introducing a new notion.

If X and Y are totally ordered sets and there exists a monotonic bijection

cf) : X —> Y then we say that X and Y are order isomorphic. Although Q and

N are totally ordered sets with the same cardinality, it is easy to see that there

is no monotonic bijection between them.

Proposition 4.5.1 Let X andY be totally ordered sets. IfX andY are order

isomorphic then Ox and Oy are isomorphic.

PROOF. Assume that there is a monotonic bijection cf : X —> Y. We

define if : Ox —»► Oy as (x)if = <f>~lx<f>. As x : X —> X it quickly follows
that cf^xcf : Y —> Y. Noting that <f~l is monotonic, we also see that the

composition (f~lxcf is monotonic. That is, ij> is well-defined.

We claim that if is a bijection. To show this, we suppose that there are

x, y € Ox with (x)ip = (y)ip. Then As f is a bijection it
follows that x = y, so if is injective. Also, for an arbitrary y € Oy we may

write y = f^cfycf^cf) = ((fyf^1)^, so if is surjective.

To show that if is a homomorphism, we select arbitrary x, y E Ox and

observe that

(xif)(yif) = (<f> 1xcf)((f 1yf) = (f 1xy<f> = (xy)if,
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which completes the proof.

To show that the converse of Proposition 4.5.1 does not hold, we define some

new notions. If X and Y are totally ordered sets then a mapping <fi : X —> Y

is anti-monotonic if i > j implies (i)4> < (j)0. If there is an anti-monotonic

bijection <f> : X —> Y then we say that X and Y are order anti-isomorphic.

Observing that the composition of two anti-monotonic mappings is monotonic,

the proof of Proposition 4.5.1 may be used to show that if X and Y are order

anti-isomorphic then Ox — Oy. Thus On = 0_n although the sets N and —N

are not order isomorphic.

On the topic of diagonal acts, the following question remains unsolved.

Open Problem 4.5.2 Does there exist an infinite totally ordered set X for

which the diagonal bi-act of Ox or Qx is finitely generated, or even cyclic? If

so, can we characterise all such XI

However, we will show several partial results relating to this problem. In

particular, the diagonal right and left acts of Ox and Qx are never finitely

generated. The diagonal bi-act of Ox is not finitely generated if X has the

property of being discrete, which we will define and characterise. We finish by

showing one possible approach to the questions of the finite generation of the

diagonal bi-acts of Ox and Qx, where X is a general totally ordered infinite
set.

We start by pointing out an important property of Qx-

Proposition 4.5.3 The semigroup Qx of full strictly monotonic transforma¬
tions on an infinite totally ordered set X is a subsemigroup of the semigroup

Tnjx of full injective transformations on X.

Proof. We only need to show that an arbitrary x g Qx is injective. Let

i,j g X be arbitrary with (i)x = (j)x. Of course, if i > j then (i)x > (j)x
and if i < j then (i)x < (j)x. We can immediately conclude that i = j, so x

is injective. ■
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By Proposition 3.7.3 we know that Qx is right cancellative. Then Theorem

3.7.7 and the dual of Theorem 3.7.1 imply that Qx has neither a finitely

generated diagonal right nor left act.

Theorem 4.5.4 The diagonal left act ofOx, the semigroup of full monotonic

transformations on an infinite totally ordered set X, is not finitely generated.

Proof. Assume that Ox x Ox = OxA for some finite A C Ox x Ox-

For x, y £ Ox we define the mapping (x, y) : X —> X x X as

(i)(x,y) = ((i)x, (i)y).

For any i,j £ X there are x, y £ Ox and k £ X such that (k)(x,y) — (i,j).

By writing (x,y) = (ua,ub), with u £ Ox and (a, b) £ A, it quickly follows
that (i,j) = (k)(x,y) = [(k)u](a, b) £ Im(a, b). Therefore we conclude that

U Im(a, b) = X xX,
(,a,b)eA

which will be very important in this proof.

Let n = | A| + 1 and let ji, ■ ■ ■ ,jn £ X satisfy ji < j,+i for i = 1,..., n — 1.
For i — 1 ,...,n the ordered pair (ji,jn+i-i) is contained in some Im(a, b) with

(a, b) £ A. The pigeonhole principle implies that two such pairs are in the
same Im(a, b). That is, there are k, I £ N (say with 1 < k < I < n) such that

(jkJn+1-k), (jijn+i-i) £ Im(o, b). Hence there are p,q£ X with

((p)a, (p)b) = {jk,jn+i-fc) and ((q)a, (q)b) = (ji,jn+i-i).

But (p)a = jk < ji = (q)a, so p < q. Similarly, (p)b = jn+i-k > jn+i-i = (q)b,
so p > q, a contradiction. ■

Theorem 4.5.5 The diagonal right act of Ox, the semigroup of full mono-
tonic transformations on an infinite totally ordered set X, is not finitely gen¬

erated.

Proof. Assume that Ox x Ox = AOx for some finite A C Ox x Ox-

For x, y £ Ox we define CX)V C X as {k : (k)x 7^ (k)y}\ that is, the set of
points on which x and y disagree. It is clear that if x and y disagree on an
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infinite set of points and we write (x, y) = (au, bu) then a and b disagree on

an infinite set of points. Therefore, there is (a, b) G A for which the set Ca>&
is infinite. Let F be a system of distinct representatives of the family of sets

{Ca,b '■ (a, b) G A, Ca)b is infinite}. Let us say that F (which is obviously finite)
has size n and let us write F = {fi,, fn} with fi < fi+i for i — 1,..., n — 1.
As each Ca,b in this family is infinite, there are infinitely many choices for each
element of F\ thus, for each i, we may ensure that there is at least one element
of X between each fi and fi+\ and also that fn is not the maximal element
of X (if there is one). That is, for i = 1,..., n — 1 there exists gi G X with

fi < 9i < fi+i and there also exists gn G X with fn < gn-

We define mappings x,y : {/i, - - -, /«} -> {fi, 9u ■ ■ ■, fn, 9n} as follows.
Each i = 1,..., n has some (a, b) G A associated with it, in that fi was chosen
as a representative of the set Ca,b- We consider each fi with its associated

(a, b). If (fi)a > (fi)b then we let (fi)x = fi and {ff)y = gi. On the other

hand, if (ff)a < (ff)b then we let {ff)x — gi and (ff)y = fi. At this stage x

and y are clearly monotonic where they have been defined.
We define x, for all j G X, as

f min{(fi)x : j < (.ff)x, i = 1,..., n} if j < (fn)x
0)x = <

( (fn)X if j > (fn)X
Then £ is a full monotonic transformation on X. We may extend y in an

analogous manner, so that it also becomes a full monotonic transformation
on X. We observe that Im(rr) and Im(r/) are disjoint, so x and y disagree

everywhere.

There are u G Ox and (a, b) G A such that

(x,y) = (au, bu).

As x and y disagree on infinitely many points, it follows that a and b also dis¬

agree on infinitely many points, so Ca,b is infinite. Hence there is fi G Fr\Ca<b,
so (fi)a / (fi)b. Suppose that (ff)a > (ff)b. Then, by our method of con¬

struction, we have that (ff)x — fi and (ff)y = gi, so (fi)x < (ff)y. Thus

(fi)au < (ff)bu and we conclude that (fi)a < (ff)b, a contradiction. Suppos¬

ing that (fi)a < (ff)b similarly leads to a contradiction. ■
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We now consider the finite generation of the diagonal bi-act of Ox, where

X is an infinite totally ordered discrete set. Briefly, we define and characterise

the notion of a discrete set.

A totally ordered set is discrete if every pair of points has only finitely

many points between them. If we define Ijyk, the interval set between j,k £ X
with j < k, as {i £ X : j < i < k}, then X is discrete if every Ij^ is finite,
it is well-known that sets with these properties can only be of three types, up

to order isomorphism. We state this in the following proposition and include

a proof for completeness.

Proposition 4.5.6 Let X be an infinite totally ordered discrete set. Then X

is order isomorphic to one of: the set N of positive integers; the set —N of

negative integers; or the set Z of all integers.

Proof. In the first case, suppose that X has a minimal element 2. We

define 0 : X —> N as (z)0 = \Iz>i\ and we claim that 0 is a bijection. Suppose
that 0 is not injective, so there are distinct i,j £ X such that \Iz,i\ = \h,j\- As
X is totally ordered we know that i and j are comparable, so let us say that

i < j. Then Izti C Iz,j and hence \Iz,i\ < \Iz,j\, a contradiction.
Now suppose that 0 is not surjective, so there is some n £ N\ lm(0). We

know that 0 is injective, so lm(0) is infinite and therefore contains no largest
value. So there is some m £ lm(0) with m > n. This means that there is some

i £ X such that \Iz,i\ = m. Denoting

Iz,i = {Pi, ■ ■ ■ ,Pm\

with pi = z, pm = i and pi < pt+i for / = 1,... ,m — 1, it is easily seen

that (p„)0 = \Iz,Pn\ = n, a contradiction. Thus our claim is shown and 0 is a

bijection.

We now claim that 0 is monotonic. To show this, we select i,j £ X with

i < j. By the same argument that we used to show the injectiveness of 0, we

see that \Iz,i\ < \h,j\, or in other words (j)<$> < (i)0. Our claim is shown, so X
is order isomorphic to N.

In the second case, we suppose that X has a maximal element. By a

symmetric argument it follows that X is order isomorphic to —N.
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In the third case we suppose that X has neither a minimal element nor a

maximal element. We select an arbitrary element z E X and define 0 : X —» Z

as follows, li z < i then (z)0 = \Iz.i\ If i < z then (z)0 = — |/jjZ|. An analogous

argument to the first case shows that 0 is a monotonic bijection, so X is order

isomorphic to Z.

As an infinite totally ordered discrete set cannot have both a maximal el¬
ement and a minimal element, there are no further cases to consider and the

proof is complete. ■

We now state and prove the main result concerning discrete sets within

this topic.

Theorem 4.5.7 Let X be an infinite totally ordered discrete set. The diagonal
bi-act of Ox, the semigroup of full monotonic transformations on X, is not

finitely generated.

Proof. Assume that Ox x Ox = OxAOx for some finite A c Ox x Ox-

If there are any pairs (a, b) E A for which Im(a) is a finite set then let

m — 1 + max{|Im(a)| : (a, b) E A, |Im(a)| < oo}.

If there are no such (a, b) E A then let m — 1. By Proposition 4.5.6 we know
that X contains arbitrarily large interval sets; in particular, there are p,q E X
with p < q and \Ip<q\ = m. We fix and consider these points as follows.

Let id : X —> X be the identity transformation on X and let x : X —* X
be defined as

p if i < p

(i)x = ^ i if p < i < q

q if i > q.

As id, x E Ox there are (a, b) E A and s,t E Ox such that

(x, id) = (sat, sbt).

As id = sbt is not eventually constant in either direction, it follows that neither
are s, b or P. As x = sat it follows that a must be eventually constant in both

directions; if this was not the case then we would have a contradiction, as it
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is impossible for the product of three mappings, none of which are eventually

constant, to be eventually constant. As X is discrete this means that Im(a) is

a finite set, but of course we must have that

|Im(a)| > |Im(x)| = |JPi9| = m,

which is a contradiction to our definition for m.

(If X is order isomorphic to N or —N then the phrase 'eventually constant

in both directions' makes little sense. However, our proof still works; we fo¬

cus on whether these transformations are eventually constant in the positive

direction for N, and in the negative direction for —N.) ■

The proof of Theorem 4.5.7 cannot be applied to Qx, as no full strictly

monotonic transformation on an infinite set X is eventually constant.

We do not know the answer to the general case of Open Problem 4.5.2

in which X may be any infinite totally ordered set. However, we show one

possible approach, from which we have made some progress. We begin by

introducing some new notions.

A pattern on a set 7 C X is a mapping

f : (Y x y) —> {<,=,>} x {<,=,>} x {<,= >}.

For elements x, y G Ox (or Qx) and Y CI we define the pattern px,y,Y on

y by (■i,j)Px,y,Y = (<71,02,03) (with <7i,<72,o3 G {<,=,>}) where (i)x ox (j)y,
(i)x &2 (j)x and (i)y <73 (j)y. For brevity we denote px,y,x as Px,y,Y- Intuitively,
the pattern pXtV records how the images of elements of Y under the mappings
x and y compare to each other.

Let Y and Z be totally ordered sets, let / be a pattern on Y and let g be a

pattern on Z. If there exists a monotonic bijection h : Y —> Z which satisfies

(b j)f = ((2)^, (j)h)g for all i,j € Y, then we say that / is pattern isomorphic
to g and we write f = g.

We state and prove the following result for Qx, as it is neater than its

analogue for Ox-

Proposition 4.5.8 Let X be an infinite totally ordered set, let Qx be the

semigroup of strictly monotonic transformations onX and let (x, y) = (sat, sbt)
with x, y, s, t, a, b G Qx ■ Then Pa,b,im(s) — Px,y-
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Proof. Assume that (x,y) = (sat,sbt). At this point we note that (with

i,j G X) if (i,j)px,y = (01 ,cr2,cr3) then (i)x a2 (j)x and (i)y a3 (j)y; as x and

y are strictly monotonic it follows that i cr2 j, i cr3 j, and a2 = a3.

Now, for all i,j G X we see that

(hj)Px,y = (cr1,a2,a3) & (i)x (j)y and i o2 j

<t4> (i)sat ai (j)sbt and i cr2 j

(i)sa o\ (j)sb and i a2 j

& ((i)s, (j)s)pa<6,Im(S) = (cri, cr2,0"3).

The proof is already complete as s : X —> Im(s) is a monotonic bijection and

{hj)Px,y = ((0S) U)S)Pa,b,Im(s)

for all i,j G X. ■

We state and prove the next result for Ox, as it is neater than the analogue

for Qx ■

Proposition 4.5.9 Let X be an infinite totally ordered set, let Ox be the

semigroup of full monotonic transformations on X and let us assume that ifY
is a subset of X and f : Y —>• X is monotonic then we may extend f to a full
monotonic transformation f : X —> X. If x, y,a,b G Ox satisfy pXtV = pa,b,Y

then there are s,t G Ox such that

(x, y) — (sat, sbt).

Proof. Assume that px,y = pa,b,Y■ So there is a monotonic bijection
s : X —> Y which satisfies (i,j)px,y = ((0s) (j)s)Pa,b,Y for all i,j G X. Then

(i)x ai (j)y (i,j)pXty = (cri,(j2,a3) for some a2,a3

((i)s,(j)s)paAY = (ai,a2,a3) for some o-2,<J3 (4.3)

(i)sa <Ti (j)sb.

Similarly, we may show that (i)x a (j)x if and only if (i)sa a (j)sa. Further,

(0y a ti)u if anci only if (0s^ ° (i)s^-
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We now define t : Im(sa)Ulm(s6) —> X as [(i)sa]£ = (i)x and [(i)s&]£ = (i)y
and we extend this to a full monotonic transformation t E Ox (which we have
assumed to be possible).

Suppose that this method of construction requires t to map some i E X to

two distinct points j,k E X. This would occur if i = (l)sa = (m)sb, for some

l,m E X, but that j = (l)x 7^ (m)y = k. By (4.3), this case does not happen.
This problem would also arise if we had i = (l)sa = (m)sa for some l,m E X,
while j = (l)x 7^ (m)x = k. However, by the remark following (4.3)we see that
this problem cannot occur.

At this point we make the straightforward observation that x = sat and

y = sbt.

It only remains to show that that t is monotonic. Suppose, in order to derive

a proof by contradiction, that it is not. Then there are i,j E Im(sa) U Im(sb)
with i > j but {i)t < (j)t.

As a first case to consider, let us say that i,j E Im(sa), so that i = (k)sa
and j = (l)sa for some k,l E X. As i = (k)sa > (l)sa = j it follows that k > I.
Then (k)x > (l)x, so (k)sat > (I)sat and hence (i)t > (j)t, a contradiction.
The case i, j E Im(s6) analogously leads to contradiction.

Finally, we suppose that i E Im(sa) and j E Im(s6), so that i = (k)sa and

j — (l)sb for some k,l E X. Then (k)sa > (l)sb, and by (4.3) it follows that

(k)x > (l)y. Then (k)sat > (I)sbt, so (i)t > (j)t, which is a contradiction.
The case i E lm(sb),j E Im(sa) analogously leads to contradiction and our

proof is complete. ■

This result raises a number of questions. Firstly, the condition referring to

the extension of partial monotonic transformations to full ones is mysterious.

We now show that, in fact, this condition does not always hold.

Example 4.5.10 Let X be the set K \ {0} of real numbers except 0, which
is clearly an infinite totally ordered set. Let Y be the set 1R \ {0,1} of real
numbers except 0 and 1, which is clearly a subset of X. We define / : Y —* X

as (i)f = i — 1. Then / is monotonic on Y but cannot be extended to a full
monotonic transformation on X as there is no possible value to assign to (1)/



which would preserve its monotonic nature.

In Proposition 4.5.8 we consider Qx while in Proposition 4.5.9 we consider

Ox; the latter also includes the condition about extending partial monotonic

transformations to full ones. Excepting for these discrepancies, these results

imply a connection between Open Problem 4.5.2 and the following unsolved

question.

Open Problem 4.5.11 Does there exist a finite A C Ox x Ox such that for

all i,i/ £ Ox there are (a, 6) 6 A and Y C X such that px<y = pa,b,Y? How
about for Qx?

Sadly, we have no more knowledge on this topic.

As an aside, we note that we may regard a totally ordered infinite set X
as a semilattice with the same order. We then have that Ox — End(AT). On
a similar note, the semigroup Vx of partial transformations on some set X

is the endomorphism monoid of the semilattice which consists of that set X

(considered as an antichain) with a zero. Corollaries 4.1.6 and 4.2.6 state that

Vx has some interesting diagonal act properties, and the results of this section

indicate that the diagonal bi-act of Ox may well have interesting properties,

so there arises the following question.

Open Problem 4.5.12 For which infinite semilattices are the diagonal right,

left and bi-acts of the endomorphism monoid finitely generated or cyclic?

We may even ask this question for diagonal acts of the endomorphism

monoids of general infinite semigroups and other algebraic structures. This

provides the topic for the next section.

4.6 Endomorphism monoids of independence

algebras

Corollary 4.1.7 and Theorem 4.2.4 have shown that the monoid Tx of full
transformations on an infinite set X has very interesting diagonal act proper¬
ties. Of course, a set X with no operations is an independence algebra and
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Tx is its endomorphism monoid. It is also known that Tx behaves very sim¬

ilarly in many aspects to the endomorphism monoid End(A) of an arbitrary

independence algebra A (see [18]), so it is particularly natural to investigate

End(A) in the context of the generation of its diagonal acts.
For our purposes, we want the endomorphism monoid End(A) to be infi¬

nite.

Proposition 4.6.1 Let A be an independence algebra. The endomorphism

monoid End(A) of A is infinite if and only if A is infinite and its dimension
is not zero.

Proof. (=>) Assume that End(A) is infinite. It is clear that if A is finite
then End (A) is finite; thus we see that A must be infinite.

Now suppose that A has zero dimension. Then SgA(0) = A. It is clear,
in general, that every endomorphism fixes every element of SgA(0), so in this
case the only endomorphism on A is the identity transformation. Thus the

endomorphism monoid is trivial and we have a contradiction.

(<£=) Assume that A is infinite and has non-zero dimension. Then there
exists an independent set of size 1, say {a}, in A. For all b € A we may

extend the map x : a b to an endomorphism on A. This gives infinitely

many distinct endomorphisms, so End (A) is infinite. ■

In our study of the diagonal acts of End(A) we begin with the following
extension of Corollary 4.1.7.

Theorem 4.6.2 Let A be an infinite-dimensional independence algebra and

let End(A) be the monoid of endomorphisms of A. The diagonal right act of

End(A) is cyclic.

Proof. Let B be an (infinite) basis of A and let B\ and B2 be disjoint
subsets of B, each with the same cardinality as B and satisfying B = B\ U B2.

We fix bijections / : B —> B\, g : B —> B2 and let a : A —* A, b : A —* A

be the extensions of / and g, respectively, to endomorphisms. We claim that

End (A) x End(A) = (a,6)End(A).
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For arbitrary r,t/6 End(A) let v : B —> A be defined as

(i)f lx if i £ Bi

(:i)g~ly if i e B2,

and let u : A —> A be the extension of v to a homomorphism. Then x and

au agree on every point of B, so x = au. Similarly it follows that y = bu, so

The following result, which concerns the diagonal left act of End(A), is an

extension of Theorem 4.2.4 but also provides further examples of semigroups

whose diagonal right and left acts behave differently (see Corollary 4.6.5 be¬

low).
We refer to the direct square A x A of an independence algebra A; we do

not know whether this is, in general, also an independence algebra (see Open
Problem 4.6.11 below), so we refer to its rank and not its dimension.

Theorem 4.6.3 Let A be an infinite-dimensional independence algebra and

let End(A) be the monoid of endomorphisms of A. The diagonal left act of

End(A) is finitely generated if and only if there is a generating set of cardinality
dim (A) for A x A (so dim (A) = rank(A x A) if the rank of A x A) is well

defined). In addition, in this case the diagonal left act o/End(A) is cyclic.

PROOF. (=*>) Assume that there is a finite F C End(A) xEnd(A) satisfying

Let k, I £ A be arbitrary. As A has non-zero dimension and satisfies the free
basis property, there is an element j £ A and endomorphisms x, y £ End(A)
such that (j)x = k and (j)y = /. Further, there are u £ End(A) and (a, b) £ F
such that

We regard (x,y) as the homomorphism (x,y) : A —> A x A, defined as

(i)(x,y) = ((i)x,(i)y). Then (k,l) = (j)(ua,ub) = [(j)u](a,b) £ Im(a,6),
so (k, I) £ Im(a, b). This is true for arbitrary k, I £ A, so we see that

(x,y) = (au, bu).

End (A) x End(A) = End(A)F.

(.x,y) = (ua,ub).

Ax A= [^J Im(a,6).
(a,6)6F
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Let B be an (infinite) basis of A. Then the set (B)(a,b) (which we de¬
fine as {(i)(a,b) : i E B}) generates the subalgebra Im(a,b) of A x A, so

U(a 6)eF(^)(a' generates A x A. This is a finite union of sets (B)(a, b), each
of which have cardinality less than or equal to that of B\ thus the whole gen¬

erating set has a cardinality less than or equal to that of B. That is, there is

a generating set of cardinality dim(A) for A x A. Of course, this is the small¬
est possible cardinality for such a generating set because A is a homomorphic

image of A x A.

(•<=) We assume that there is a generating set of cardinality dim(A) for
A x A, and we let B be an (infinite) basis of A. By our assumption there exists
a set C(C A x A), which has the same cardinality as B and which generates
A x A. We fix mutually inverse bijections g : B —> C and / : C —> B and we

let pi,p2 : A x A —> A be the natural projections onto the first and second

co-ordinates respectively. We let a and b be the extensions of gpi and gp^,

respectively, to endomorphisms on A.

We now claim that End(A) x End(A) = End(A)(a,b). To show this we

let x, y E End(A) be arbitrary and we construct an appropriate u E End(A)
as follows. For each i E B we write

(■i)(x, y) = t((ci, rfi),..., (cn, dn))

(where t is a n-ary term operation and each (cj, dj) EC), we define v : B —» A
as

(i)v = t((cudi)f,..., (cn, dn)f)

and we let u be the extension of v to an endomorphism on A. Then, for each
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i G -B, we observe that

[i)ua = {i)va
= [t{{ci,di)f, ...,(cn,dn)f)]a
= t([(ci,di)f]a, ...,[(cn,dn)f]a)
= t([(cu di)f]gpi,..., [(cn,dn)/]^pi)
= *((ci, di)[/p]pi,..., (c„,hn)[/^]pi)
= t((ci, di)pi,..., (cn, dn)pi)

t(ci,..., cn)
= {i)x.

We see that x agrees with ua on the basis B, so x = ua. Analogously we may

show that y = ub, so (x,y) — (ua,ub), completing the proof. ■

The condition stated in Theorem 4.6.3 is a little mysterious in that we

do not know which infinite-dimensional independence algebras A satisfy the

equality dim(A) = rank(A x A). This is clearly the case if A is an infinite set

or an infinite-dimensional vector space. For some more examples, let A be any

infinite-dimensional independence algebra with only finitely many operations.

Then dim (A) = |A| = |A x A|. Of course, we must also have the inequality

dim(A) < rank(A x A) < |A x A|, so it follows that rank(A x A) = dim(A).
The following is an example of an independence algebra that does not have

this property.

Example 4.6.4 Let A be the set M of real numbers. For every x E M \ N we

define a miliary operation ipx, whose result is x. We define no other operations.

We observe that SgA(A) = IU(I\N) for any X C A. To show that
the exchange property holds, we let x, y 6 A and X C A be arbitrary such

that x G SgA(X,y) \ SgA(X). But SgA(A) = A U (R \ N) and SgA(X,y) =
X U {y} U (M \ N), so it quickly follows that x — y and hence y 6 SgA(X, x).

The unique basis for A is N, and the endomorphisms of A are precisely

those transformations which fix every element ofM\N. It is now clear that any

mapping from the basis into the algebra can be extended to an endomorphism,

so the free basis property holds and A is an independence algebra.
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To compare the cardinalities of the generating sets, we already know that

dim(A) is countably infinite. Of course, the only operations in the direct square
A x A are the nullaries ipx, for each x e R\N, whose result is (x, x). Thus the

unique minimum generating set for A x A is (M x R) \ {(a:,x) : x 6 1\N}, so

rank(A x A) is uncountably infinite. ■

We can also ask which finite-dimensional independence algebras A satisfy

the equality dim(A) = rank(A x A). This is answered in Proposition 4.6.10
below.

Corollary 4.6.5 Let A be the independence algebra in Example 4-6-4■ The

diagonal right act o/End(A) is cyclic but the diagonal left act o/End(A) is
not finitely generated.

We now tackle our main question for endomorphism monoids of finite-

dimensional independence algebras.

Theorem 4.6.6 Let A be an infinite independence algebra with finite non¬

zero dimension, let End(A) be the monoid of endomorphisms of A and let

Aut(A) be the group of automorphisms of A. The diagonal right and left
acts o/End(A) are not finitely generated and its diagonal bi-act is not cyclic.

Furthermore, if the diagonal bi-act o/End(A) is finitely generated then Aut(A)
is an infinite group with only finitely many conjugacy classes.

Proof. As A is infinite with non-zero dimension, it follows from Proposi¬

tion 4.6.1 that End(A) is infinite.
From [18] we have that x, y e End(A) satisfy xjy if and only if the dimen¬

sions of the subalgebras Im(x) and Im(y) are equal. Further, Jx < Jy if and

only if the dimension of Im(x) is less than or equal to the dimension of Im(y).
From this we deduce that End (A) has a unique maximal jAclass, namely the
set of endomorphisms x for which dim(Im(rr)) = dim(A). As A has finite

dimension, the only subalgebra with the same dimension as A is A itself. So
this j7"-class is precisely the set of surjective endomorphisms on A.

Of course, the image of a basis under an endomorphism generates the image

of the endomorphism. From this it follows that a surjective endomorphism
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maps a basis to a basis. Let us say that x G End(A) is surjective, that B
is a basis of A and that {(i)x : i G B} = C. Then C is also a basis and
we may define a mapping y : C —> B as y : (i)x i—;> i. We extend y to an

endomorphism and observe that xy and yx act as the identity on B and C,

respectively. Hence xy = yx = id, so y is the inverse of x, which is therefore a

bijection. We conclude that the unique maximal 37-class of End(A) is Aut(A).

By Theorem 3.2.2 it follows that Aut(A) is infinite. It is clear that Aut(A)
is a subsemigroup of End(A) and that its complement is either empty or is an

ideal. Hence, if the diagonal right or left act of End(A) is finitely generated
then it follows by Proposition 3.1.4 that Aut(A) has the same property. This
contradicts Corollary 3.8.2. If the diagonal bi-act of End(A) is cyclic then

Proposition 3.1.5 states that we must have End(A) = Aut(A), and hence this
is an infinite group with a cyclic diagonal bi-act. This contradicts Proposition

3.5.1.

If the diagonal bi-act of End(A) is finitely generated then, by Proposition

3.1.4, the diagonal bi-act of Aut(A) is finitely generated. Proposition 3.3.1

implies that that Aut(A) has only finitely many conjugacy classes. ■

We show that there exist infinite finite-dimensional independence algebras

whose endomorphism monoids have finitely generated diagonal bi-acts.

Example 4.6.7 Let G be an infinite group with only finitely many conjugacy

classes. Let A have elements G and for each g G G let there be a unary

operation which pre-multiplies its argument by g\ that is, it is defined as

h9 — gh. This is an example of a free G-act over a group, which is well-known
to be an independence algebra; we provide a short proof of this fact.

To show that A satisfies the exchange property, we let x, y G A and X C A
be such that x G SgA(X,y) \ SgA(A). As the only operations present are

unary it follows that x G SgA(y), so x = y9 for some g G G. Then x = gy, so

y = g~lx = x9 1 G SgA(x) C SgA(X,x), as desired.
The endomorphisms of A are precisely those transformations <f>g : A —>• A

defined by (ti)(f>g = hg, for each g £ G. A basis of A is any single element set

{(?}. Then any mapping a on this basis, say (g)a — k, can be extended to an
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endomorphism, namely <f>g-ik- Thus A satisfies the free basis property and is
an independence algebra.

Composition of endomorphisms follows the rule 4>g4>k = 4>gk> so the endo¬
morphism monoid is isomorphic to the group G. By Proposition 3.3.1 this has

a finitely generated diagonal bi-act. ■

We consider this question for vector spaces.

Proposition 4.6.8 Let V be an infinite finite-dimensional vector space. The

diagonal bi-act of the endomorphism monoid ofV is not finitely generated.

Proof. Let n = dim(V) and denote the base field of V as F. It is clear
that F is infinite, that End(E) is the semigroup of all n x n matrices over F
and that Aut(P) is the general linear group of all invertible n x n matrices
over F.

The result follows from Theorem 4.6.6, as the general linear group over

an infinite field has infinitely many conjugacy classes (with representative ele¬
ments the Jordan normal forms of the matrices).

Alternatively, denote the multiplicative semigroup of F as F* and define a

mapping cj) : End(C) —» F* by = det(M). Then is an epimorphism,
so if we assume that the diagonal bi-act of End(C) is finitely generated then
we conclude, by Proposition 3.1.3, that the diagonal bi-act of F* is finitely

generated. This contradicts Theorem 3.6.1. ■

The second argument also leads to the following more general question.

Open Problem 4.6.9 Let R be an infinite ring (or even semiring), let R*
be the multiplicative semigroup of R and let S be the semigroup of all n x n

matrices over R, with the operation ofmatrix multiplication. Can the diagonal

right, left or bi-act of S, or indeed R*, be cyclic or finitely generated?

We include the table overleaf as a summary of our results on the diagonal

acts of transformation semigroups.
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co

4^

Semigroup

Rightact

Leftact

Bi-act

Bx

cyclic(Thm4.1.3)

cyclic(Thm4.2.3)

cyclic

Vx

cyclic(Cor4.1.6)

cyclic(Cor4.2.6)

cyclic

Tx

cyclic(Cor4.1.7)

cyclic(Thm4.2.4)

cyclic

Tx

cyclic(Cor4.1.8)

infinite(Thm4.2.9)

cyclic

lx

infinite(Thm4.1.10)

infinite(Thm4.2.10)
cyclic(Thm4.3.3)

Bx

infinite

infinite

infinite(Thm4.4.1)

Surjx

infinite

infinite

infinite(Thm4.4.2)

Injx

infinite

infinite

infinite(Thm4.4.4)

Tx\Surjx

infinite

infinite

infinite(Thm4.4.5)

Tx\Tnjx

infinite

infinite

infinite(Thm4.4.6)

VSurjx

infinite

infinite

infinite(Thm4.4.3)

Ox

infinite(Thm4.5.5)

infinite(Thm4.5.4)

?????

Qx

infinite

infinite

?????

End(A)

canbecyclic(Thms4.6.2,4.6.6)
canbecyclic(Thms4.6.3,4.6.6)
canbef.g.(Thm4.6.6)

Table4.1:Resultsonsemigroupsoftransformations.



Using our results we can make the following observation, although this

proof seems unnecessarily indirect. Perhaps there is a direct proof which re¬

mains undiscovered.

Proposition 4.6.10 There does not exist a non-trivial finite-dimensional in¬

dependence algebra for which the rank of the direct square equals the dimension

of the algebra.

Proof. Suppose that A is a non-trivial finite-dimensional independence

algebra and that rank(A x A) = dim(A). Note that the "•<=" part of the proof
of Theorem 4.6.3 only uses the assumption that dim(A) = rank(A x A), and
therefore may be applied to A. By this we may conclude that the diagonal left

act of End(A) is cyclic. Then Theorem 4.6.6 implies that End(A) is finite, so

Theorem 3.5.2 implies that End(A) is trivial.
We now claim that A is either a single element or has zero dimension. To

prove this by contradiction, we suppose that neither of these are the case; that

is, |A| > 2 and dim(A) > 1. So there are distinct elements 01,02 £ A and an

independent set of size 1 in A, say {6}. Then the mappings a : b i—> a\ and

P : b i—> <22 can be extended to distinct endomorphisms. This is a contradiction

to our earlier conclusion that End(A) is trivial, so our claim is shown.
We now claim that A has a single element. To prove this by contradiction

we suppose that it is not the case; that is, there are distinct 01,02 £ A. By

our earlier conclusion we know that dim(A) = 0. Then rank(A x A) = 0, so
A x A is generated by the results of its miliary operations. But these must be
of the form (a, a), for some a £ A, and they can only generate other pairs of
the same form. Thus they cannot generate the pair (01,02), a contradiction.
We conclude that A must be a single element. ■

Continuing on the theme of the direct square A x A, we ask the following

question; although it is at a tangent to the main topic of this section, this is

very interesting as it seems to be a simple question but it remains unanswered.

Open Problem 4.6.11 If A is an independence algebra, does it necessarily

follow that the direct square A x A is an independence algebra?
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Considering examples gives us little intuition here, as it is very simple
to show that the direct squares of sets and vector spaces are independence

algebras. From [19] we have the following partial result.

Theorem 4.6.12 If A is an infinite-dimensional independence algebra then

the direct square A x A satisfies the exchange property.

PROOF. Let (x, y), (p, q) E A x A and X C A x A be such that

(x,y)€ SgA*A(X, (p, \ SgAxA(X).

To prove the result directly, we aim to show that (p,q) E SgAxA(X, (x,y)).
There is a collection of elements (xi, j/i), • • •, (xn, yn) E X and some (n+ l)-ary
term operation t such that

(x,y) = t((xi,yi),...,(x„,yn),(p,g))
= (f(xi,.. .,xn,p),t(yi,.. .,yn,q))-

Now suppose further that there is an independent set {z\,..., zn, z} C A and
a term operation s such that

t{zi,..., zn, z) = s(z\,..., zn).

We define a : Zi •—> Xj and a : z p. As {zi,..., zn, z} is independent the

mapping a can be extended to an endomorphisnr of A, so it follows that

x = t(xi,... ,xn,p)
= t(zia,..., zna, za)
= \t{zi,...,Zn,z)\a
= [s(zx,..., zn)\a
= s(z1a,..., zna)
= s(xi,...,xn).

Similarly we define a : Zi ■—> yi and a : z i—> q, extend this to an endomorphism
and deduce that y = s(yi,..., yn). Therefore

(x,y) = s((xi,i/i),...,(xn,2/n)) E SgAxA(X),
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which is a contradiction.

We conclude that if {zi,..., zn, z} C A is independent then

t(zu ...,zn,z)<£ SgA(^i,... ,zn).

Of course, as dim(A) is infinite, there does exist an independent set Z C A of
size n+1. Writing Z = {z\,..., zn, z} we see that

t(zx,...,zn,z) G SgA(^i,... ,Zn,z) \ SgA(z1,...,zn).

Then the exchange property implies that

2 G SgAOi, ...,zn, t(z1, ...,zn, z)),

so there is a term operation u such that

z = u(z1,...,zn,t(zi,...,zn,z)).

We now define a : Zj >—> Xi, a : z i—»• p, f3 : Zi i—> y{ and (5 : z i—> q. Extending

these to endomorphisms, we conclude that

p = u(xi,...,xn,t(xi,...,xn,p))
= u(x i,...,xn,x),

q = u(yu...,yn,t(yi,...,yn,q))
= u(yi,...,yn,y).

Then

(P,q) = u({xuyi),... ,(xn,yn),(x,y)) G SgAxA(A, (x,y)),

which completes the proof. ■

4.7 Some finitely presented examples

We now construct two semigroups, which we denote as S(X, A, C, D, E, F) and

A4(X, A, C, D, (ab'),r). These are interesting for our purposes because they
are based on presentations (which can be finite) and they each have finitely

generated diagonal right acts. To begin, we describe a list of ingredients:
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(X) We fix an alphabet X, which may be finite or infinite. Letting 1 denote
an identity (or the empty word from X*) it will be useful for our notation
to write Z — (X x {1}) U ({1} x X).

(A) We fix a finite set A C X+ x X+.

(C) For each (a, b) £ A and (y, z) £ Z we fix a word W(yiZ)t(a,b) € X+ and we

denote the set {w(y)2),(a,fe) : (y, z) £ Z, (a, b) £ A} as C.

(D) For each (y, z) £ Z we fix aV}Z £ 74, the semigroup of full transformations
011 A. We denote the set {ay,z : (y,z) £ Z} as D.

(E) For all (v,x) £ X x X we fix (aVtX,bVtX) £ A. We denote the set

{(<!«,3,bv,x) : v,x £ X} as E.

(F) For all {v,x) £ X x X we fix rVtX £ X+. We define a new set F as

{rVtX : v,x £ X}.

We also define p\,p2 ■ X+ x X+ —» X+ as the natural projections onto the

first and second co-ordinates respectively. Then S(X, A, C, D, E, F) is defined
as

Sgp(X | aVtXrV)X = v, bViXrv,x = x,ya= [(a,b)aytZpi]w^tZ)^a,b), (4.4)
zb = [(a,b)ayiZp2}w(yiZ)t(aib) ((a, b) £ A, (v,x) £ X x X, (y,z) £ Z)).

Theorem 4.7.1 Let S be an infinite semigroup. The diagonal right act of S
is finitely generated if and only if S is a homomorphic image of a semigroup

of the form S(X, A, C, D, E, F), for some sets X, A, C, D, E and F.

Proof. (=*>) Assume that S is an infinite semigroup with a finitely gen¬

erated diagonal right act, so there is a finite set B C S x S which satisfies
S x S = BS.

We let S be generated by a (finite or infinite) set Q(Q S) and we define
an alphabet X = {xq : q £ Q} to be in correspondence xq q with Q.
For an element s £ S, say with s = qi ... qr (each ^ £ Q) we denote by
vjs the word xqi .. .xqr £ X+. We let A C X+ x X+ be defined as the set

{(wa,wb) : (a, b) £ B}.
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We consider arbitrary v,x E X and let these correspond to (71,(72 £ Q (so
we should really write v = xqi, x = xq2). There are (a, b) E B and s E S which

satisfy

(91,92) = (a,b)s.

In this case we let rv<x E X+ be dehned as the word ws and we also define
the pair (aVtX,bVtX) = (wa,wb) E A. Letting E = {(aViX,bVtX) : v,x E X} and
F = {rVjX : v,x E X}, we observe that the equalities corresponding to the
relations v = aVtXrVtX and x = bViXrVtX are satisfied in S, for all v,x E X.

We now let I = (Q x {1}) U ({1} x Q), let Z = (X x {1}) U ({1} x X), and
extend the correspondence between Q and X to a correspondence between I

and Z.

We consider arbitrary (y, z) E Z and (a, b) E A, and we let these correspond
to (p, q) E I and (a', b') E B. There is s E S and (a", b") E B such that

(pa',qb') = (a",b")s.

In this case we denote ws = w{ViZ)^afi) and we let (u>a»,t<v) E A be the result
of mapping (a, b) by some transformation ay>z : A —> A (which clearly depends
on (y,z)). We now label the sets {w^y^z)^a^ : (y,z) E Z,(a,b) E A} and
{ay,z : (y, z) E Z} as C and D respectively. It is now clear that all of the
equalities corresponding to the relations in (4.4) hold.

We are not claiming that these relations are sufficient to define the semi¬

group, but simply that they hold in it; from this it follows that S is a homo-

morphic image of a semigroup with a presentation of this form, so this part of

the result is shown.

(4=) We let S be presented by (4.4), for some choice of the necessary ingre¬
dients. We claim that S x S = AS. Once this is shown the result will follow

by Proposition 3.1.3. For any s,l G S there are (yi, z{),..., (yn-1, ^n-i) € Z
and (yn, zn) E X x X such that

(s,t) = (?/i,zi) • •. (■yn,zn)•

While this is not necessarily unique, we refer to the smallest possible value of
n as the length of (s, £). We will use induction on n to show that if (s,t) has



length k then (s,£) G AS. To consider the base case: if n = 1 then s,t E X
and hence

(s, t) = (as,ti bStt)rStt G AS.

For the inductive step we let n > 1 be arbitrary and assume that if a pair

(s, t) has length I (with I < n) then (s, t) G AS. We now fix and con¬

sider a particular pair (s,t) which has length n + 1. By the definition of

length this means that we can write (s,t) = (y, z)(y\, Z\)... (yn, zn) where

(y, z), ..., (j/n-i,«n_i) € Z and (yn,zn) e X x X. Clearly the pair

(yi ■ ■ ■ Dni Zi... zn) has length n, so by our inductive assumption there are

(a, b) G A and u G S such that

(yi ■ • • Vni Zi... zn) = (a, b)u.

Then

(s,t) = (;yy1...yn,zz1...zn)
= (ya, zb)u

[(fl, G AS,

completing the proof.

We now describe a related monoid construction. The sets X, Z, A, C and

D and the mappings p\ and p-i are the same as before, except that we re¬

place X+ by X* in the definitions. The final two ingredients are single ele¬
ments: we distinguish a fixed pair (a', b') G A and a fixed word r G X*. Then

Ai(X, A, C, D, (a', b'),r) is defined as

Mon(X | a'r = 1,6V = 1 ,ya= [(a,b)ay}Zp1]w(y,z)^bp (4.5)
zb = [(a, &)ay,zp2]w(y,*),(a,6)] ((a,b) G A, (y,z) G Z)).

Theorem 4.7.2 Let M be a monoid. The diagonal right act ofM is finitely

generated if and only if it is a homomorphic image of a monoid of the form

Xi(X, A, C, D, (a', b'),r), for some sets X, A, C, D, and elements (a', b') and r.

Proof. This proof is very similar to that of Theorem 4.7.1. We will outline
the main differences and omit some parts that are identical.
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(=>) Let us assume that M is a monoid with a finitely generated diagonal

right act, so there is a finite B C M x M such that M x M = BM.

We let M be generated by a (finite or infinite) set Q(C M) and we define
an alphabet X — {xq : q £ Q} to be in correspondence xq q with Q.
For an element s £ M, say with s = q\ ... qr (each qi £ Q) we denote by

ws the word xqi ... xqr £ X+. We let A C X* x X* be defined as the set

{(wa,wb) : (a, b) £ B}.
It is clear that there are (ai, &i) £ B and s £ M such that

(1,1) = (ai, b\)s.

We define the words r — ws, a' = wai and b' — wbl, so (a',b') £ A and the

equalities corresponding to the relations a'r = 1 and b'r — 1 hold in M.

The mappings ay<z : A —> A, the words W(ytZ)t(a,b) £ X* (for each (y, z) £ Z
and (a, b) £ A) and the sets C and D are defined precisely as in the proof of
Theorem 4.7.1, and it similarly follows that all of the relations in (4.5) hold.
This part of the result is complete.

(<S=) Let M be presented by (4.5) for some choice of the ingredients involved.
We claim that M x M — AM; once this is shown the result will follow by

Proposition 3.1.3.

For s, t £ M there are (yi, zi),..., (yn, zn) £ Z such that

(s,t) = (yi, Zi)... (yn,zn).

Again it is not necessarily a unique decomposition but we refer to the smallest

possible value of n as the length of (s,t). Also, the length of (1,1) is 0. (Note
that this is slightly different to the notion of length that we used in the proof

of Theorem 4.7.1.) We will use induction on n to show that if (s,t) has length
n then (s, t) £ AM. For the base case k = 0 we have s = t = 1 and we may

write

(.s,t) = (1,1) = (a',b')r £ AM.

For the inductive step we let n > 0 be arbitrary and assume that if (s, t)
has length less than or equal to n then (s, t) £ AM. We now fix and con¬

sider a particular pair (s, t) with length n + 1. This means that we may write
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(s,t) = (y,z)(y1,z1).. .(yn,zn) with (y, z), (yu zx),..., (yn, zn) e Z. The in¬
ductive step of this proof is now identical to that of Theorem 4.7.1. ■

We note that there are obvious duals of these presentations, which present

semigroups with finitely generated diagonal left acts. We may also present

a semigroup by a presentation including the relations of (4.4) (or (4.5)) with
those of its dual. The resulting semigroup has both finitely generated diagonal

right and left acts.

However, there are no obvious constructions which give analogous results
for diagonal bi-acts. This is because the inductive part of the proofs of The¬
orems 4.7.1 and 4.7.2 cannot be applied to a semigroup defined by relations

which are the obvious two-sided analogues of those given here.
If X is finite then S(X, A, C, D, E, F) and M(X, A, C,D, (a',b'),r) are

finitely presented. Given that the examples of infinite semigroups with finitely

generated diagonal acts that we have exhibited so far have been uncountably

infinite, a finitely presented one would be interesting. Sadly, each particular

selection of the necessary ingredients produces a semigroup that stands an

unknown chance of being finite (and therefore unexciting).

Open Problem 4.7.3 For which choices of the ingredients are the semi¬

groups S(X, A, C, D, E, F) and M(X, A, C, D, (ab'),r) infinite?

It is easier to consider Ai(X, A,C, D, (a',b'),r), as it has fewer defining
relations. If A is a singleton then the semigroup defined is commutative and
hence is finite, by Theorem 3.6.1. If X — {x,y} and A = {(a, b)} then C
contains four words from {x,y}*, the transformations of D are identities on

the single element of the set A, and (a',b') = (a,b). Further, by Theorem

3.5.2, the semigroup defined is either infinite or trivial. If we relabel the words
of C from W(itx),(a,b)i and ^ ^ to wi, w2, W3 and W4,

respectively, then M.{X, A, C, D, (a', b'),r) is presented by

Mon(x,y | ar = 1, br = 1, xa — awi, b = bwi, ya = au>2

b = bw2, a = aws, xb = bw3, a = aw4, yb = &u>4). (4.6)

Unfortunately, the answer to Open Problem 4.7.3 is not known even in this

restricted case. We can deduce some conditions which are necessary for the
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semigroup defined by this presentation to be infinite, but we do not know any

sufficient conditions. For example, by Theorems 3.7.1 and 3.7.7 we know that

our semigroup is neither left cancellative nor right cancellative, so we cannot

have both x and y being left invertible, nor both of them being right invertible.

Thus a and b must start with the same letter. We can similarly argue that

neither x nor y can be invertible, so r must end with the other letter.

By the proof of Theorem 4.7.2 it follows that if there exists a two-generated
monoid with a cyclic diagonal right act then it is a homomorphic image of a

monoid defined by a presentation of form (4.6). In [40] it is shown that R^,
the monoid of partial recursive functions in one variable, has precisely these

properties, and it follows that there exist choices of words for which (4.6)

presents an infinite monoid.
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Chapter 5

Finite generation of finitary

power semigroups

In this chapter we shall be concerned with finitary power semigroups. Although
these were defined in Section 2.6, we remind the reader of the central notions.

The power semigroup of a semigroup S, denoted V(S), is the set of all non¬

empty subsets of S under the usual multiplication AB = {ab : a G A,b £ B}
for A,BCS. The finitary power semigroup Vf(S) is the subsemigroup of
V(S) consisting of all finite subsets of S. (Note that we do not define V(S) or

Vf(S) to include the empty set as this would simply be a removable zero.)
The general question that we consider here is that of finite generation of

the finitary power semigroup Vf(S). The same problem for V{S) is trivial. If
S is finite then V{S) is finite and hence finitely generated, while if S is infinite
then V{S) is uncountable and hence not finitely generated.

The majority of this chapter, but not all of it, appeared in [10, 13].

5.1 Some basic properties

Before we begin our study of the finite generation of finitary power semigroups,

we consider when the finitary power semigroup is in some of the 'standard'

classes. For example, it is clear that Vf(S) is a monoid if and only if S* is a

monoid and that Vf(S) is commutative if and only if S is commutative.
To classify when Vf(S) is a band, we use the notion of royal semigroups.

A semigroup S is royal if for every x, y G 5" we have either xy = x or xy = y.

104



Equivalently, S is royal if every subset of S is a subsemigroup, or if the only

generating set for S is S itself. For further information on royal semigroups
see citegirh.

Proposition 5.1.1 The finitary power semigroup Vf(S) is a band if and only

if S is royal.

Proof. (=>) Assume that V/(S) is a band. Let x,y g S be arbitrary and
observe that {x,y}2 = {x2,xy,yx,y2} — {x,y}. Therefore either xy = x or

xy = y, so S is royal.

(<=) Assume that S is royal. Let Q g Vf(S) be arbitrary and note that

Q2 — {xy : x,y g Q}. We know that every xy either equals x or y, so we see

that Q2 c Q. Of course, every x g Q satisfies x2 = x, so Q c Q2 and hence

Q = Q2. That is, S is a band. ■

A more interesting question would be when Vf(S) is inverse, as this could

potentially lead to a study of the finite presentability of Vf(S) as an inverse

semigroup. It is easy to see that a semigroup is commutative and royal if and

only if it is a totally ordered semilattice. Thus the following result is implied

by Proposition 5.1.1 and provides non-trivial examples where Vf(S) is inverse.

Corollary 5.1.2 The finitary power semigroup Vf(S) is a semilattice if and
only if S is a totally ordered semilattice.

It is also easy to see that T/iCf) is inverse, where C2 is the cyclic group of
order 2. However, the following general question remains unanswered.

Open Problem 5.1.3 Can we classify all those semigroups S for which the

finitary power semigroup Vf(S) is inverse? What about regular?

There are, of course, many other classes of semigroups, like cancellative
and completely simple, but the author feels that this construction is too 'wild'

for a non-trivial finitary power semigroup to have such properties. All of the

observations in this section can equally be applied to the power semigroup.
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5.2 Comparing the ranks

We begin our study of the generation of finitary power semigroups with the

following important observation, which first appeared in [35].

Proposition 5.2.1 For any semigroup S, vankfPf(S)) > rank(S'). In partic¬

ular, ifPf(S) is finitely generated then S is finitely generated.

Proof. Let us say that rank(P/(S')) = r, so there are A\,..., Ar 6 Vf(S)
such that Vf(S) = {A\,..., Ar). We select and fix a* G Ai for i = 1,..., r.
For all s G S we can write {s} = Aix ... Aik with each ij 6 {1,..., r}. Then
s = ail...aik, so S = (ai,...,ar) and hence rank(S') < r, completing the

proof. ■

For the rest of this section we will be concerned with the question ofwhether

Proposition 5.2.1 can be strengthened; that is, apart from the obvious example
where S is the trivial semigroup and rank(S') = rank(P/(S')) = 1, are there any

other examples in which the stated bound is actually an equality? Of course,
for any countable non-finitely generated semigroup S, the rank of S and the
rank of Vf(S) are both countably infinite, but we discount such examples as

they are relatively uninteresting. In other words, we ask the following question.

Open Problem 5.2.2 Does there exist a non-trivial semigroup S for which

the rank of Vj(S) and the rank of S are equal and finite?

We conjecture that the answer is no, but cannot provide a conclusive ar¬

gument. However, we give the next six propositions by way of a partial proof.

Proposition 5.2.3 If S is a non-trivial semigroup then Vj{S) is not mono¬

genic.

Proof. Suppose that S is non-trivial and that Vf(S) — (H.) for some

A G Vf(S). We can see that \A\ > 2, so there are certainly distinct elements

ai,a2 G A. By the proof of Proposition 5.2.1, S = (ai) = (af), so S is mono¬

genic. If S is not a group then the generator of S is unique, so aj = o2, a

contradiction. Hence S is a group. But then all powers of A contain at least
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two distinct elements, contradicting that singleton sets lie in (A)-

Proposition 5.2.4 Let S be a non-trivial semigroup with rank r and assume

that Vf(S) is generated by the collection of r finite sets A\,..., Ar c S. The
sets At are mutually disjoint.

Proof. From the proof of Proposition 5.2.1, we see that S = (oi,..., ar)
where a, G Ai for i = 1,... ,r (an arbitrary cross-section of the Af). As r is
the rank of S, it must be the case that {a\,..., ar} is a minimum generating
set for S. If two of the Ai had a non-empty intersection then there would exist

a smaller cross-section of the sets Ai and hence S would have a generating set

of size less than r, which would be a contradiction. Hence they are mutually

disjoint. ■

Proposition 5.2.5 Let S be a non-trivial semigroup with rank r and assume

that Vf(S) is generated by the collection of r finite sets Ai,..., Ar c S. For
i = 1,... ,r the set Ai is contained within one J-class.

Proof. We consider a particular Ai. If \Ai\ = 1 then it is clearly contained
within its A-class and there is nothing to prove.

Now suppose that \Ai\ > 2, so we can select an arbitrary pair of dis¬
tinct elements b,c g A- We now fix an arbitrary cross-section a\,... ,ar of
the Ai, so that aj g a for each i. As shown in the proof of Proposition

5.2.1, both {oi,..., Oj-i, 6, aj+i,..., ar} and {ai,..., d;_i, c, ai+i,..., ar} are

minimum generating sets for S. If we write c in terms of the generating set

{ai,..., aj_i, b, di+i,..., ar} then this product must contain at least one oc¬

currence of b, or else {ai,..., a;_i, ai+1,..., ar} would also be a generating set;

thus we may write c = sbt (with s, t g S"1). By a similar argument, there are

p,q £ S1 such that b = pcq. We conclude that bjc. As we have shown this for
an arbitrary pair within an arbitrary Ai it follows that each A is contained
within a A-class and the proof is complete. ■
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Proposition 5.2.6 Let S be a non-trivial semigroup such that the rank of S

and the rank ofVf(S) are equal and finite. Then S has a unique maximal
J-class.

Proof. Let us say that rank(S') = r, so Vf(S) is generated by a collection
of r finite sets A\,...,Ar C S.

As the rank of S is finite (that is, S is finitely generated) we know that S has

finitely many maximal jT-classes, and that all other j7"-classes are below these.

To prove the proposition, we suppose that J\ and J<i are distinct maximal

W-classes and we aim to obtain a contradiction.

We select elements ji G G J2 and we write {jfi, J2} — Aix ... Ain, with
each i[ G {l,...,r}. By Proposition 5.2.5 we know that Ail is contained within
one ^7-class, so let us denote this class as J. Then there are x\,x% G AifiC. J)
and 2/1,2/2 £ Ai2 ... Ain such that j\ = X\y\ and j% = X2])2- It is now clear that

J\ — Jji < Jxx — J and that J2 = Jj2 < JX2 — J- As J\ and J2 are maximal
we see that J\ — J and that J2 = J, so J\ = J2. This is a contradiction and

completes the proof. ■

Proposition 5.2.7 Let S be a non-trivial semigroup for which the rank of

S and the rank of Vf(S) are equal and finite. Either S is simple or there
exists T, a zero-simple Rees quotient of S with a non-removable zero (that is,
T \ {0} ^ T), such that the rank of T and the rank of Vf(T) are equal and
finite.

proof. It is possible that S is simple, in which case there is nothing to

prove. Therefore we assume that S is not simple. Let us say that the rank of

S (and the rank of Vf(S)) is r, so that Vj{S) is generated by a finite collection
of finite sets Ai,..., Ar C S.

By Proposition 5.2.6 there is a unique maximal j7-class J. As S is not

simple we know that S J, so S \ J is an ideal of S. As it is the complement
of a maximal j7"-class, this is a maximal ideal, in the sense that there is no

ideal I with (S \ J) C I C S.

108



Suppose that J is a proper subsemigroup of S. Selecting x G J and y G

S \ J, we write

{x, y} = Ah... A,

as usual. As x G Aix... A, fl J it follows that each of these sets A, contains
elements from J, so by Proposition 5.2.6 they are each entirely contained in

J. As J is a subsemigroup we deduce that y G J, which is a contradiction.

Therefore we conclude that J is not a subsemigroup of S.

Now let T be the Rees quotient of S by S \ J. As S \ J is a maximal ideal
it follows that T is zero-simple. As J is not a subsemigroup it follows that the
zero element of T is not removable, in that there exist fi,f2 £ T \ {0} with
tih = 0. As T is a homomorphic image of S it follows that the rank of T is

finite. We will complete the proof by showing that the rank of T is equal to

the rank of Vf{T).
We choose Oj G A for i = 1,..., r and note, as in the proof of Proposition

5.2.1, that {a!,..., ar} generates S. Let B = {a^ : G J} and let D = {Ai :

At C J}. We note that B and D have the same size, which we call n.
We claim that the rank of T is at least n. To show this, we suppose

that T has a generating set C of size less than n, and we aim to obtain a

contradiction. Clearly the non-zero elements of C generate all of T \ {0},
which then generates 0, so we may assume that C does not contain 0. We may

then consider B and C as subsets of J (in S). Noting that C generates B, it
follows that {a, : ^ J} UC generates S. But this generating set has size less
than r, which is a contradiction. We conclude, as desired, that n < rank(T).

Now we claim that the rank of V/(T) is at most n. To show this, we will
demonstate that D generates Vf(T). We consider an arbitrary Q G Vf(T).

Let us first suppose that 0 ^ Q. Then we may consider Q as an element of

Vf(S) and write

Q — A J ■ • ■ A;

with each ij G {l,...,r}. As Q C J it follows that each of these A3 is
contained in J; that is, each of these A^ is an element of D, so Q G (D).

Second, let us suppose that the set Q contains 0 but that Q is not {0}. We
let x G S \ J be arbitrary and consider the set (Q \ {0}) U {x}. This is an
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element of Vf(S), so we may write

(Q \ {°})u {A = Ax • • • A,

with each ij G {1,..., r}. As the set (Q \ {0}) U {x} contains elements from J,
we must have that each of these sets A contains elements from </, and henceLj •)

by Proposition 5.2.5 they are all contained in J. That is, they are all elements
of D. Interpreting this equality in Vf(T) (that is, mapping under the natural

epimorphism <fi : S —> T), the element x is mapped to 0 (that is, (x)<j> — 0)
but everything else is unchanged and we see that

Q — Ai • • • Ap

so Q G (D), as desired.
The final possibility is Q = {0}. As this zero is not removable, there are

t\, ^2 £ T \ {0} with t\t2 = 0. We have already shown that {U}, {£2} £ (D),
so Q = {0} = {ii}{^2} £ (D) as well. We have shown our claim, that D

generates Vf(T). Thus rank(7'/(T)) < n.

Using Proposition 5.2.1, we now see that

n < rank(T) < rank(P/(T)) < n.

Hence rank(T) = rank(7^/(T)), so T satisfies all of the stated conditions and
the proof is complete. ■

From [20] we have a final partial result on this question. We omit the proof,
but mention that it utilises Proposition 5.2.7 and the characterisation of finite

zero-simple semigroups as finite zero Rees matrix semigroups.

Proposition 5.2.8 Let S be a non-trivial finite semigroup. The rank ofPf(S)
is strictly larger than the rank of S.

Corollary 5.8.1 (below) states that if S is infinite with a finitely generated

Unitary power semigroup then it has a unique maximal j7-class, which is in¬

finite. Thus if the semigroup S in Proposition 5.2.7 is infinite then the given

Rees quotient T is also infinite. In other words, there is an example of a non-

trivial finitely generated semigroup S for which rank(5) = rank(P/(S')) if and
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only if there is an infinite simple semigroup or infinite zero-simple semigroup

which satisfies the same equality.

Sadly, we gain little further intuition on this question by applying it to the

'standard' examples of infinite simple semigroups and infinite zero-simple semi¬

groups, as Corollaries 5.8.5, 5.8.6 and 5.8.7 (below) show that Bruck-Reilly

extensions, infinite completely simple semigroups and infinite completely zero-

simple semigroups never have finitely generated finitary power semigroups.

Despite the length of the partial proof exhibited here, and the fact that this

research is not conclusive, Open Problem 5.2.2 does not seem as important as

some of the other questions in this area. It also seems likely that there is a

more concise and direct proof.

5.3 Proper decompositions and a necessary and

sufficient condition for 7>f(S) to be finitely

generated

From this point we will only be concerned with the question of the finite

generation of the finitary power semigroups of infinite semigroups. Thus we

introduce the following proposition, which eases notation but loses some infor¬
mation about minimum generating sets, and hence the rank, of Vf(S).

For dC5we let V(A) denote the set of all non-empty subsets of A. The

following result gives an equivalent definition of the finite generation of Vf(S).

Proposition 5.3.1 The finitary power semigroup of S is finitely generated if
and only if it is generated by V(A) for some finite ACS.

Proof. (=>•) Assume that Vf(S) = (Ai,..., Af). Letting A = (j'=i A, it
is clear that Ai,..., Ai £ V{A) and hence that V/{S) = (fP(A)).

(4=) This part is obvious. ■

We will often use Proposition 5.3.1 without indication.

Let S be a semigroup and let Ai,..., Ar 6 Vf(S). We say that a G Ai is a
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surplus element of the product A\... Ar if

A\... Ar = A\... Ai-\(Ai \ {a})A;+1... Ar.

Proposition 5.3.2 Let S be a semigroup and let Q G Vf(S). IfQ — A\... Ar
then there are C\,... ,Cr G V/(S) with the following properties:

(1) each Ci C A,;

(2) each \Cf\ < \Q\;

(3) Q = C1...Cr;

(4) the product C\.. .Cr has no surplus elements.

Moreover, if some \Cj\ = \Q\ then all other \Ci\ = 1.

PROOF. We write Q = {q\,..., qn} be a set of size n and we let A\... Ar =

Q. For m = 1,... ,n there are am, G A{ such that qm = ami • • • We

let Ci = {au,... ,ani} C Ai and observe that each \Cf\ < n and that Q =

C\... Cr. We may also assume that no Ci contains any surplus elements, as if

c G Ci is surplus then C\... Ci~\(Ci \ {c})Ci+1... Cr is another product with
the given properties.

To prove the final statement of the result, we suppose that some \Cj\ = n.

Then all of the amj are distinct and none are surplus. For k — 1,..., n we let
Xk = C\... Cj-i{akj}Cj+\... Cr and note that Q = (JL=i Xk- We now claim
that \Xk\ = 1 for each k. We aim to show this by contradiction, so we suppose

that |JW| > 2 for some k. Then we may remove a set, say Xi, from this union
without reducing it. Therefore

Q = Cx... Cj-i(Cj \ {aij})Cj+i... Cr,

so aij G Cj is surplus in this product, a contradiction. Hence each = 1,
so now, since no element of Ci is surplus, |Cj| = 1 for all i ^ j. ■

Let Q be a finite subset of a semigroup S. A proper decomposition of Q
is a product Ai... Ar (with A\,.. .,Ar C S) which equals Q and such that
each |A;| < \Q\. We say that Q is properly decomposable if it has a proper
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decomposition; in fact this is equivalent to having a proper decomposition
which is a product of only two sets, which we will show in Proposition 5.3.5

below. The following result shows the importance of this notion.

Proposition 5.3.3 IfPf(S) is finitely generated then there exists N G N such
that all n-sets in S with n > N are properly decomposable.

Proof. Suppose that Vf(S) = (V(A)) where A C S is finite. Let N = |A|
and let Q G Vf(S) be an n-set with n > N. We may write Q = A\... Ar with
Ai,...,Ar C A. Clearly each \Ai\ < n, so Q is properly decomposable. ■

For n G N, A C S we let Bn(A) — {Q C A : 1 < \Q\ < n} and let Dn(A)
be the subfamily of Bn(A) consisting of the properly decomposable sets. It is
clear that S = B^S) < Vf(S).

Proposition 5.3.4 IfVf(S) is finitely generated and N is the size of a largest

finite subset of S that is not properly decomposable, then there exists a finite

ACS such that, for all integers n < N, we have

Dn(S) U BfiS^B^BfiS1) = Bn(S).

Proof. Assume that V/(S) is generated by V(A) for some finite ACS,
so that N < | A| by the proof of Proposition 5.3.3.

We let Q be an n-set that is not properly decomposable. In other words,

we have that Q G Bn(S) \ Dn(S) and we must also have n < N. By our

assumption there are A\,..., Ar C A such that Q = A\... Ar. By Proposition

5.3.2 there are Cj C At with each |Cj| < n and Q = C\... Cr, with no surplus
elements. But Q is not properly decomposable, so some \Cj\ = n. We conclude,

by Proposition 5.3.2, that |Cj| = 1 for all i / j. Writing Cj = {ai,...,an}
and Cj = {q} for all i f j, we have

Q = {a ... Cj_i}{ai,..., an}{ci+i... cr} G B1(S1)Bn(A)B1(S1),

which completes the proof. ■

The next result gives an equivalent definition for proper decomposition.
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Proposition 5.3.5 A finite subset of a semigroup S is properly decomposable

if and only if it has a proper decomposition that is a product of only two sets.

proof. (=t>) Assume that P is a properly decomposable finite subset of
S. Let \P\ = n and observe that n > 3. Then P equals a product A\... Ar
of sets Ai,... ,Ar C S with each \Ai\ < n. We may also assume that each

|Aj| > 1, for if some |Aj| = 1 then another proper decomposition of P is

A\... Ai-i(AiAi+i)Ai+2 ... Ar, or A\... Ar_2(Ar_iAr) if i = r. Using Proposi¬
tion 5.3.2 we may add the condition that the product A\... Ar has no surplus

elements. It is also clear that r > 2. If r = 2 then there is nothing to prove.

Now suppose that r > 2.

Let us also suppose that P does not have a proper decomposition which

is a product of only two sets. That is, there do not exist Q,R £ Bn_i(S)
such that P = QR. Of course, P = A\(A2 . •. Ar), so Proposition 5.3.2 states

that there are Q' C A\ and R' C A2... Ar such that P = Q'R', \Q'\ < n and

\R'\ < n. In fact, as A\ has no surplus elements it follows that Q' = A\. We
know that |Ai\ < n, so our assumption implies that |i?'| = n. It now follows,

again by Proposition 5.3.2, that |Ai| = 1, a contradiction.

(<=) This part is obvious. ■

Proposition 5.3.6 Let Q,R £ Vf(S) be such that \QR\ > max{|Q|, |Z2|}.
There exist qi,q2 G Q,fi,r2 £ R such that |{gi, <72}{^1, f2}| > 3.

Proof. Without loss of generality we may assume that the product QR has
no surplus elements. To prove this proposition, we suppose that the inequality

|{<71, (feHri, r2}\ < 2 holds for all qi,q2 £ Q,r\,r2 £ R, and we aim to obtain
a contradiction.

We will use induction on |W| to show that if W C Q and |W| > 2 then

\WR\ < \W\. For the base case we let W = {<71,(72} Q Q be arbitrary of
size 2. As <71(6 Q) is not a surplus element in the product QR, there exists

rq £ R such that <71 rq $ (Q \ {qi})R, so q\r\ q2r\. But, for every r2 £ R,
we have |W{rq,r2}| = 2 and hence IU{r2} C W{ri}. Thus WR C W{ri}, so

\WR\ = 2.
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For the inductive step we let k > 2 be arbitrary and assume that all W C Q
with 2 < \W\ < k satisfy \WR\ < \W\. We let W = {qi,... ,qk+i} C Q be

arbitrary of size k + 1, and let W\ = {<7i,..., <&} and W2 = {qk, qk+i}- Then

\WXR\ < k, |W2-R| = 2, \WiR fl W2R\ > 1, and hence

\WR\ = \WiR\ + \W2R\ - \WiRn W2R\ <k + 2-l = \W\.

It follows by induction that \QR\ < |Q|, a contradiction. ■

The following result provides a characterisation of semigroups having finitely

generated finitary power semigroups. Although it does not constitute a proper

classification, it breaks our general problem into smaller questions on decom¬

posing subsets in particular ways, which will be used in the subsequent sections.

Theorem 5.3.7 The finitary power semigroup of S is finitely generated if and

only if the following conditions hold:

(1) S is finitely generated; and

(2) there exists N E N and a finite Y C S such that:

(i) for all n = 2,..., N, we have

Dn(S) U B1(S1)Bn(Y)Bi(S1) = Bn(S)-

(ii) for all n > N, every n-set is properly decomposable.

PROOF. (=$>) The necessity of conditions (1), (2.i) and (2.ii) have been
shown by Propositions 5.2.1, 5.3.4 and 5.3.3, respectively.

(<t=) Assume that conditions (1), (2.i) and (2.ii) hold. We let X finitely

generate S and let A = X U Y. We will use induction on \P\ to prove that all
P G Vf{S) have P G (P(A)). From this we will conclude that V{A) generates
Pf(S).

For the base case we let P = {p} be arbitrary of size 1. There are

xi,..., xr G X such that p = x1... ay, so

P = {x1}...{xr}e(V(A)).

For the inductive step we let k > 1 be arbitrary and assume that all subsets of

S with size less than or equal to k (that is, Bk(S)) are generated by V(A). We

115



consider an arbitrary (k + l)-set P, and first suppose that P is not properly

decomposable. Then k + 1 < N by condition (2.ii). By condition (2.i) there
are {s}, {f} G and {jq,... ,Vk+i} X A such that

p = W{l/i>---»2/fc+i}{*} e (P(A)).

Finally, suppose that P is properly decomposable. By Proposition 5.3.5 there

are Q, R C S with |Q|, \R\ < k (so Q, R G (V(A))) such that P = QR. Again,
it follows that P G (V(A)), completing the proof. ■

5.4 Inverse semigroups

In this section we generalise the results of [10], which dealt only with infinite

groups. We are now able to answer our question for a wider class of inverse

semigroups. We use considerations of proper decomposition, as introduced

above, to prove Theorem 5.4.3, which states that if S is an inverse semigroup

which contains an infinite group then V/(S) is not finitely generated.
We now introduce a new notion, which we call dependence. We note the

obvious difference between this and the more usual notion of dependence but,

as we only use this definition within this section, it creates no problems in the
thesis. The following result, Lemma 5.4.1, shows why this is relevant to this

topic.

A subset P of a group G is said to be dependent if it satisfies at least one

of the following two conditions:

(Dl) there exist distinct x,y, z,t G P such that x = yz~lt\
(D2) there exist distinct x,y, z G P such that x = yz~~xy.

Otherwise we say that P is independent. We denote the set of all independent

sets as X.

A product of elements from a set {aq,..., xn, ,..., x~x} in an inverse

semigroup is called a Dyck word if, when interpreted as an element of the

free group on {aq,... ,xn}, it equals the identity. It can be shown that if an
element may be represented as a Dyck word then it is idempotent.
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Lemma 5.4.1 Let S be an inverse semigroup and let P be a finite properly

decomposable subset of S, that is contained within one subgroup G of S. Then

P is dependent.

Proof. By Proposition 5.3.5 there are Q, R C S with P = QR and

|Q|, \R\ < \P\. By Proposition 5.3.6 there are qi,q2 G Q,r\,r2 G R with

|{?ii92}{ri,r2}| > 3.
Let x = qiri,y = q\r2,z — q2r2,t = q2ri, so that x, y, z, t € P C G. We

also have {x, y, z, t} = {gg, q2\{ri,r2}: but we do not know where gi, q2, rg and

r2 lie. However,

xt~lzy~x = qirirflqflq2r2rflqfl

is a Dyck word on the set {gi, g2, Pi, 7*2}, so it is idempotent in S. But

xy~xzt~x G G, so we must have xt~xzy~1 = 1g] that is, x = yz~xt.
If |{<7i) ?2}{n, ^2)1 = 4 then x,y,z,t are distinct, so (Dl) holds. Suppose

then that \{qi,q2}{n,r2}\ = 3. If x = y then z = t, so ({91, 92}{n, r2}| < 2, a
contradiction. Similarly a contradiction is reached if y = z, z = t or t = x. If

y = t then x, y, z are distinct and x = yz~xy, so (D2) holds. If x = z, the final

possibility, then x, y, t are distinct and t — xy~xx, so (D2) holds. ■

Lemma 5.4.2 If G is an infinite group and n G N then G contains an inde¬

pendent set of size n.

Proof. For every independent set P, let E(P) be the set of elements that
can be added to P without destroying independence; that is,

E(P) = {geG\P:PU{g}e 1}.

Since every 2-element set is independent, E({g}) is infinite for every g G

G. If we assume that the lemma is not true and that n is the size of a

largest independent subset of G, then E(P) = 0 for all P G X of size n. Let

Q G X be an independent set of maximal size such that E(Q) is infinite, say

\Q\ = m(< n). Let us pick m + 1 distinct elements ... ,rm+1 G E(Q). For
i = 1,..., to + 1 the set Q U {79} is independent but E(Q U {r,}) is finite.
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Note that the set

ra+1

E(Q) \ ( U E(Q u {r<}) u {yz~lf :2/'2'iG Qu{ri,..., rm+i}})
i=i

is infinite and pick an arbitrary element h in it. Since h G E(Q), the set Qu{h}
is independent. For i — 1,..., m + 1 the set Q U {ry} is independent, but as

h E(Qu{ri}) the set QU{?y, h} is dependent. That is, some distinct elements
x, y, z and possibly t from Q U fry, h] satisfy x = yz~lt or x = yz~ly. Two of
these elements must be h and ly and the remaining one or two elements must

come from Q. The relation these elements satisfy cannot be x = yz~lt, because
this could be rewritten as h = uv~lw with u,v,w G Q U {ry}, contradicting
the choice of h. Similarly, we see that in the equality x = yz~ly, we must have
y = h. So we conclude that ry = hq^h for some G Q.

Since the m+ 1 elements qi,, qm+1 come from the m-element set Q, there
must exist distinct G {1,... ,m + 1} such that q^ = q^. But then we

have rjj = hq~^h — hq~}h — ri2, a contradiction.
Thus our assumption that G* contains a largest independent subset is false,

and as all subsets of independent sets are independent, the lemma is proved

true. ■

Theorem 5.4.3 If S is an inverse semigroup containing an infinite group then

V/{S) is not finitely generated.

Proof. We assume that S is inverse, that G is an infinite subgroup of

S and that Vj{S) is finitely generated. By Theorem 5.3.7 there is N G N
such that all subsets of S with size greater than N are properly decomposable.

By Lemma 5.4.2, G contains an independent set of size N + 1. This can be

properly decomposed so, by Lemma 5.4.1, it is dependent, a contradiction. ■

There now follows the next result, which was the main theorem of [10].

Corollary 5.4.4 IfG is an infinite group then V/(G) is not finitely generated.

The proof of Theorem 5.4.3 relies on the existence of an infinite subgroup,
so there remains an unsolved question.
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Open Problem 5.4.5 Does there exist an infinite inverse semigroup S such

that Vf(S) is finitely generated?

5.5 Some connections with acts

We now describe some connections between the finitary power semigroup of a

semigroup S and its diagonal acts. We begin by defining some new acts, which

we will show to have obvious links with diagonal acts.

The n-oblique right act of S is the set Bn(S) considered as a right Bi(S)-
act. That is, those sets of size less than or equal to n, with singletons acting

via multiplication from the right. The n-oblique left act of S and n-oblique

bi-act of S are defined analogously.

Several of the results in this chapter which concern acts are stated and

proved only for the right act; all of these have analogous results for the left

act. However, only those specifically indicated have analogous results for the

bi-act.

Lemma 5.5.1 The n-oblique right act of S is finitely generated if and only if
there is a finite ACS such that Bn(S) — Bn(A)Bi(S1). There is an analogous
result for the oblique bi-act.

Proof. (=>) Assume that there are sets Ai,..., Ai £ Bn(S) which generate

Bn(S) as a right act. That is, Bn(S) = {Ai,..., Ai}Bi(S1). If we define the
set A by A — Ui=i A, then it is clear that Bn(S) = Bn(A)Bi(S1).

(«*=) This part is obvious. ■

Lemma 5.5.2 The n-diagonal right act is finitely generated if and only if the

n-oblique right act is finitely generated. There is an analogous result in terms

of the bi-acts.

Proof. (=$>) This follows because if A") = U^S (with U a finite subset
of S), then for all {pi,... ,pm} C Bn(S) there are (uj,... ,um,... ,um) £

and s £ S satisfying

(.Pi > • • • ) Vmi ■ • ■ > Pm) (^1 J • • • > ^bra) • • ■ > ^7n) S.
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Therefore {pi,.. .,pm} = {«i, • • •,««,}{«} and hence Bn(S) = Bn(U)Bi(S).

(<=) Similarly, this follows because if Bn(S) = Bn(A)Bi(S1) and A C S is

finite, then for all (pi,... ,pn) 6 there are s G S"1, ai,..., an G A satisfying

{Pi, ■ ■ • iPn} = {ai,...,an}{s}.

Then (pi,... ,pn) = (aiir, ■ ■ ■, amr)s for some permutation n of {1,..., n} and
henceS(n) = #'S1. ■

Using this proof and also Lemma 3.1.1, it follows that the n-oblique right

act of S is finitely generated if and only if there is a finite ACS such that

Bn(S) = Bn(A)Bi(S).
The conditions of Theorem 5.3.7 are quite difficult to check for many exam¬

ples but, using Lemma 5.5.2, we give some corollaries to that theorem, which

may be applied more easily. The following result appeared in [35].

Corollary 5.5.3 IfVf(S) is finitely generated then the diagonal bi-act of S
is finitely generated.

Proof. No 2-set may be properly decomposed, so D2(S) is empty. If

Vf(S) is finitely generated then, by condition (2.i) of Theorem 5.3.7, there is
a finite Y C S such that

B1(S1)B2(Y)B1(S1) = B2(S).

The 2-oblique bi-act of S is finitely generated, so the result follows by Lemma

5.5.2. ■

We now give two corollaries of Theorem 5.3.7 which state sufficient condi¬

tions for the finite generation of the finitary power semigroup.

Corollary 5.5.4 IfS is finitely generated, the diagonal right act ofS is finitely

generated and there exists N C N such that all n-sets with n > N can be

properly decomposed, then Vf(S) is finitely generated.

PROOF. Our assumptions include conditions (1) and (2.ii) of Theorem
5.3.7. The diagonal right act of S is finitely generated, so by Proposition 3.1.7
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the n-diagonal right act of S is finitely generated for all n G N. By Lemma

5.5.2, the n-oblique right act of S is finitely generated. That is, there is a finite
Y C S such that Bn(Y)Bi(S) = Bn(S). Condition (2.i) of Theorem 5.3.7 is

satisfied, so Vf(S) is finitely generated. ■

To prove our next important result, Corollary 5.5.6, we use the following

lemma, which connects oblique acts to proper decomposition.

Lemma 5.5.5 Let cq, b\, a2, 62 £ S satisfy B2(S) — {{ai, 61}, {02, b2}}Bx(S)

(that is, the 2-oblique right act is generated by a set containing at most two

sets). Then all n-sets with n > 2 can be properly decomposed.

PROOF. We let n > 2 and let Q — {gi,..., qn} C S be arbitrary of size n.

For I — 1, 2 we define Ui C B2(Q) as

Ui = {{<&, qj} :iy^j and {&, qj} = {ah k}{s} for some s G S}.

We let

Vi= [J {qi,qj}

and observe that Q — V\ U V2. We now claim that either Q = V\ or Q = V2;

that is, either for every £ Q there is a 2-set {qi,qj} that can be written as

{ai, 5i}{s} for some s € S, or that an equivalent statement regarding {a2, b2}
holds. To show this, we suppose that Q ^ V\. Then there is qj G Q \ V\, so

no 2-sets containing qj are in U\. Then every 2-set containing qj is in U2, so

Q = V2. Our claim is shown, that either Q — V\ or Q — V2.

Say Q — Vi. There is W C Ui such that \W\ < n and

Q= IJ {$>?*}•
{qi,qj}ew

For each {qi,qj} G W we can write {qi,qj} = {ai,bi}{sr} with sr G S and
r = 1,..., \W\. Thus Q = {ai, 6/}{si,..., S|wq} can be properly decomposed.

■

Theorem 5.5.6 If S is finitely generated and there exists A C S x S with

S x S = AS and \A\ < 2 (that is, the diagonal right act of S is generated by
a set containing at most two pairs) then Vf(S) is finitely generated.
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Proof. Let S be finitely generated and let the diagonal right act of S be

(at most) two-generated. By the proof of Lemma 5.5.2, the 2-oblique right
act is generated by (at most) two sets. By Lemma 5.5.5, the conditions of

Corollary 5.5.4, with TV = 2, are satisfied, completing the proof. ■

This result, restricted to cyclic generation of the diagonal right act, ap¬

peared in [35]. We have clearly extended that result, but it produces few new

examples, save perhaps Example 5.7.2 below.

We also provide the following alternative proof, which explicitly states a

generating set for Vf(S) in this case.

Proposition 5.5.7 Let S be a semigroup generated by a finite set X and let

there be a set A = {(oi,5i), (012,62)} Q S x S with S x S = AS (that is, the

diagonal right act of S is generated by a set containing at most two pairs).
Then V/(S) is generated by the set of sets {{^} : x £ X}U {{ai, &i}, {02, 62}}-

PROOF. We will prove this result by induction on |Q|, showing that every

Q G Vf(S) is generated by the given set of sets.
For the base case |Q| = 1 we let Q — {g} and write q = X\... xr with each

Xi G X. Then Q = {aq} ... {xr}, which is clearly generated by the given set.

For the inductive step we assume that every set of size less than n can be

generated by the given collection of sets. We now consider an arbitrary set

Q = (<7i> • • • > Qn} of size n. Exactly as in the proof of Lemma 5.5.5, we deduce
that Q = {ai,bi}R where either I = 1 or I = 2 and |J?| < n. Therefore Q is
also generated by this collection of sets, and the result follows by induction. ■

5.6 Some further connections with acts

Considering Corollaries 5.5.4 and 5.5.6, it is natural to ask the following ques¬

tion.

Open Problem 5.6.1 Is it true that if S is finitely generated and the diag¬
onal right act of S is finitely generated then Vf(S) is finitely generated?
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We conjecture that the answer is yes and we will piece together several

small results to show that we have made some progress in this area. We begin

with the following proposition (which, admittedly, has little obvious relevance).

Proposition 5.6.2 If the diagonal right act ofVf(S) is finitely generated then
the diagonal right act of S is finitely generated. There are analogous statements

for the diagonal bi-act and for cyclic generation.

Proof. This result clearly holds if S is finite, so we let S be infinite. We

assume that the diagonal right act of Vf{S) is finitely generated, so there is a

finite collection of finite sets F C Vf(S) satisfying

Vf(S) x Vf(S) — (Fx F)Vf(S).

We now let U = Uagf ^ an<^ claim that S x S = (U x U)S. For x,y G S there
are A\, A2 E F and Q G Vf(S) such that

({®}>M) = (A1Q,A2Q).

If we let oi G Ai, a2 G A2 and q G Q, then we have

(x,y) = (aiq, a2q) G (fix U)S,

and we are finished. ■

The question of whether the converse of Proposition 5.6.2 holds also re¬

mains unsolved.

Open Problem 5.6.3 Is it true that if the diagonal right act of S is finitely

generated then the diagonal right act of Vf(S) is finitely generated?

The remainder of this section will focus on showing a connection between

Open Problems 5.6.1 and 5.6.3. This will mainly be due to the following

proposition.

Proposition 5.6.4 Let S be an infinite semigroup with the property that the

diagonal right act ofVf(S) is finitely generated. There is N G N such that

every finite subset of S with size larger than N is properly decomposable.
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Proof. Let us assume that the equality Vf(S) x Vf(S) = (F x F)Vf(S)
holds for some finite F C Vf(S).

We let TV = max{2, \A\ : A £ F} and claim that every finite subset of
S with size larger than TV is properly decomposable. To show this we let

Q — {.Qii ■ ■ • t Qn} be an arbitrary n-set with n > N. We suppose that Q is not

properly decomposable and we aim to obtain a contradiction.

There are A, B g F and U g Vf(S) such that

(Q,{«i }) = (AU,BU).

By Proposition 5.3.2 there are A' C A and U' C U such that \A'\, \U'\ < n,

Q — A'U' and this product has no surplus elements. Of course, we know that

TV < |Q|, |A| < N and A' C A, so we must have \A'\ < n. As Q is not properly

decomposable it now follows that \U'\ = n (which is at least 3). Applying

Proposition 5.3.2 once again, we see that \A'\ = 1. That is, there is some

a g A such that Q = {a}U'. For convenience we will write U' = {u\,..., un}
such that aui = g, for each i = 1,..., n. Thus Q \ {qi} = {a}{ii2,..., un}.
We also note that for any b g B we have {gi} = {6}{u2,..., un). Thus

Q = {a, b}{u2,..., un}, which is clearly a proper decomposition. This contra¬

dicts our assumption. ■

Corollary 5.6.5 Let S be a finitely generated semigroup with the property that
the diagonal right act of Vf(S) is finitely generated. Then Vf{S) is finitely
generated.

Proof. By Propositions 5.6.2 and 5.6.4 respectively, the diagonal right
act of S is finitely generated and every finite subset of S with size larger than
a certain TV g N can be properly decomposed. The result follows by Corollary
5.5.4. ■

By this corollary, we see that if Open Problem 5.6.3 has a positive answer

then so has Open Problem 5.6.1. We conjecture that it has, but we can only
show this in the following specific case.
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Proposition 5.6.6 If the diagonal right act of S is cyclic then the diagonal

right act ofPf(S) is cyclic.

Proof. Let us assume that there are a, h G S satisfying S x 5" = (a, b)S.
We claim that Vf(S) x Vf(S) = ({a}, {b})Vf{S).

To show this, we select arbitrary P,Q G Vf(S) and write P = {pi,... ,pk}
and Q = {qi,..., qi}, with k > I (say). There are u\,... ,ui € S such that

(pi, qi) = (a, b)ui for i — 1,..., I. Further, there are iq+i,... ,Uk € S such that

(Pji Qi) — iai b)uj for j — I + 1,..., k. Then

Q) = (M. ib})iui. • • •, Ufc} e ({«}, {b})Vf(S),

completing the proof. ■

Unfortunately it is difficult to apply a similar argument to the more general

case, where the diagonal right act of S is finitely generated but not cyclic.

Using Corollary 5.6.5, Proposition 5.6.6 implies a positive answer to Open
Problem 5.6.1 in the case where the diagonal right act of S is cyclic. Of

course, we have already shown this in Theorem 5.5.6, but these results can

also be combined to give the following pleasing consequence.

Corollary 5.6.7 Let S be a finitely generated semigroup with a cyclic diagonal

right act and let us define a sequence of semigroups {Si : i G N} by Si = S
and Si+1 = Vf{Si) for all i. Every Si is finitely generated.

We have now reached the limit of our knowledge on this question.

5.7 Examples

We ask whether certain infinite semigroups, which are known to have finitely

generated diagonal acts, also have finitely generated finitary power semigroups.

The first comes from [35].

Example 5.7.1 The monoid Rf$ of partial recursive functions of one variable

is two-generated and its diagonal right act is cyclic. By Corollary 5.5.6, Vf(Rw)
is finitely generated. ■
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Example 5.7.2 If X is finite and |A| < 2 then both S(X, A,C, D, E, F)
and Xi(X, A, C, D, (a', b'),r) have finitely generated finitary power semigroups,

again by Corollary 5.5.6. Of course, it remains unknown when these are infi¬
nite. ■

We let X be an infinite set. From earlier results we know some interesting

facts regarding the generation of the diagonal acts of the semigroups Bx of

binary relations, Vx of partial transformations, Tx of full transformations, Ex

of full finite-to-one transformations and Tx of partial injective transformations
on X. None of these are finitely generated so, by Proposition 5.2.1, their

finitary power semigroups are not finitely generated. We also know about

the diagonal acts of the endomorphism monoid End(A) of an independence

algebra A. However, there are some interesting facts regarding relative ranks
for these examples.

For a semigroup S and a subset Y C S the relative rank of S to y, denoted

by r(S : Y), is the size of a smallest set Z C S such that (Y U Z) = S. For
further information on relative ranks see [22].

Returning to finitary power semigroups, if S is not finitely generated then
we ask if there exists n G N such that the relative rank r(Vf(S) : Bn(S))
is finite. For this, we will state and use the proposition below. However, we

omit the proof as it is simply a repetition of the proof of Theorem 5.5.6 (with a

similar level of intricacy in being built up through a number of smaller results),
except that it is stated in terms of relative ranks. Also, we will shortly use

Proposition 5.7.5 below (which follows from the same reasoning as Theorem

5.4.3) but we omit the proof of that for a similar reason.

Proposition 5.7.3 If the diagonal right act of S is generated by a set con¬

taining at most two pairs then the relative rank r(Vf(S) : Bi(S)) is finite.

Example 5.7.4 The relative rank r(Vf(S) : Bi(S)) is finite if S is any of the
semigroups: Bx of binary relations; Vx of partial transformations; Tx of full

transformations; or Tx of full finite-to-one transformations on an infinite set

X (by Proposition 5.7.3 and Theorem 4.1.3, Corollaries 4.1.6, 4.1.7 and 4.1.8



respectively). This is also the case for the monoid End(A) of endomorphisms
of an infinite-dimensional independence algebra A, by Theorem 4.6.2. Fur¬

thermore, each of these relative ranks equals one, as Vf(S) is generated by
B\ (S) and the 2-set {a, b} where a, b G S satisfy S x S = (a, b)S. ■

We have not classified when End(A) is finitely generated, so it seems possi¬

ble that P/(End(A)) could be finitely generated for some infinite independence

algebra (with non-zero dimension) A. We show that this is not the case in
Theorem 5.7.12 below.

We turn to Xx and use the next result.

Proposition 5.7.5 If S is an inverse semigroup containing an infinite group

then the relative rank r(Vf(S) : Bn(S)) is not finite for any n G N.

Example 5.7.6 Let Xx be the semigroup of partial injective transformations

on an infinite set X. The relative rank x(Vf(Xx) '■ Bn(Xx)) is not finite for any
n 6 N. ■

As examples are in short supply, we ask which simple constructions preserve

the finite generation of Unitary power semigroups, and hence could create new

examples. We first consider a homomorphic image.

Proposition 5.7.7 If V/(S) is finitely generated and T is a homomorphic
image of S then Vf(T) is finitely generated.

Proof. If T is a homomorphic image of S then Vf(T) is a homomorphic

image of Vf{S). Thus if V/(S) is finitely generated then so is Vf(T). ■

Example 5.7.8 Let J be the maximal 57-class of and let S be the Rees

quotient of by Rpj \ J. Then Vf(S) is finitely generated by Proposition
5.7.7. ■
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It is also clear from Proposition 5.7.7 that if Vf(S x T) is finitely generated
then so are P/(S) and V/{T). However, the following example shows that the
converse of this fact does not hold. This comes from [35], in which we also find
the definitions of the 'constant extension' and the 'opposite' of a semigroup.

Example 5.7.9 If S is the constant extension of and T is the opposite of

S then Vf(S) and V/(T) are finitely generated but Vf(S x T) is not. ■

Proposition 5.7.10 If Vf(S) is finitely generated, T < S and S \ T is an

ideal of S then Vf(T) is finitely generated.

Proof. If T < S and S \ T is an ideal of S then Vf(T) < Vf(S) and

Vf(S) \ Vf{T) is an ideal of Vf(S). Thus if Vf(S) is finitely generated then so

is vf(T). m

Proposition 5.7.11 The finitary power semigroup of S is finitely generated

if and only if the finitary power semigroup of S° is finitely generated.

PROOF. If S has a zero then S° = S so there is nothing more to prove, so

we assume that this is not the case.

(=>) Suppose that Vf(S) = (V(A)} where A C S is finite. For Q e Vf(S°)
we write Q\{0} = A\... Ar with A\,..., Ar C A. If 0 ^ Q then Q = A\... Ar,
while if 0 £ Q then Q = (Ai U {0})H2 ... Ar. Thus V(A°) generates Vf(S).

(<t=) This follows from Proposition 5.7.10. ■

We note that, in fact, this proof shows more than we have stated. It shows

that adjoining a zero to any semigroup, even if it already has one, preserves

the finite generation of finitary power semigroups.

Continuing in the theme of connections between finitary power semigroups

and diagonal acts, we note that Propositions 5.7.7, 5.7.10 and 5.7.11 mirror

Propositions 3.1.3, 3.1.4 and 3.1.6, which made equivalent statements for di¬

agonal acts.

We are now able to use our results to answer our question for the monoid

End(A) of endomorphisms of an independence algebra A.
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Theorem 5.7.12 Let A be an infinite independence algebra with non-zero

dimension and let End(A) be the endomorphism monoid of A. The finitary

power semigroup o/End(A) is not finitely generated.

PROOF. By Proposition 4.6.1 we know that End(A) is infinite. Suppose
that P/(End(A)) is finitely generated.

Let us further suppose that A has an infinite basis B. Every mapping

/ : B —> A can be extended to a distinct endomorphism, so we can see

that End(A) is uncountably infinite and hence is not finitely generated. By

Proposition 5.2.1 we have a contradiction.

We have concluded that dim(A) is finite, and Corollary 5.5.3 implies that
the diagonal bi-act of End(A) is finitely generated. We may therefore apply
Theorem 4.6.6 (and its proof) to conclude that Aut(A), the automorphism

group of A, is an infinite subgroup of End(A), that it has only finitely many

conjugacy classes, and that it has an ideal complement in End(A). By Propo¬

sition 5.7.10 we conclude that P/(Aut(A)) is finitely generated. This is a

contradiction to Corollary 5.4.4. ■

5.8 Further restrictions

We now give several consequences of Corollary 5.5.3, using our knowledge of
the finite generation of the diagonal bi-act. The following is an immediate

consequence of Theorem 3.2.2 and Corollary 5.5.3.

Corollary 5.8.1 If S is infinite and Vf(S) is finitely generated then S is a

principal ideal and the associated (unique maximal) J-class is infinite.

If x € S is indecomposable then {x} is a maximal 57-class of S. If S has
no identity then {1} is the unique maximal 57-class of S1.

Corollary 5.8.2 If S is infinite and has at least one indecomposable element
then Vf(S) is not finitely generated.

Corollary 5.8.3 If S is infinite and has no identity then Vf(Sl) is not finitely

generated.
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We now have a consequence of Theorem 3.6.1 and Corollary 5.5.3.

Corollary 5.8.4 If S is an infinite commutative semigroup then Vf(S) is not

finitely generated.

From Theorem 3.6.2 and Corollary 5.5.3 we have the next result.

Corollary 5.8.5 If S is a Bruck-Reilly extension then Vf(S) is not finitely

generated.

Corollary 5.8.6 If S is an infinite completely zero-simple semigroup then

Vf(S) is not finitely generated.

Proof. If V/(S) is finitely generated then, by Corollary 5.5.3, the diago¬
nal bi-act of S is finitely generated. If S is an infinite completely zero-simple

semigroup then, by Theorem 3.3.2, it follows that S = G° where G is an infi¬
nite group. By Proposition 5.7.11 we deduce that Vj{G) is finitely generated,

contradicting Theorem 5.4.4. ■

Corollary 5.8.7 If S is an infinite completely simple semigroup then Vf(S)
is not finitely generated.

PROOF. If S is an infinite completely simple semigroup then S° is an infi¬
nite completely zero-simple semigroup. If Vf(S) is finitely generated then, by
Proposition 5.7.11, it follows that Vf(S°) is finitely generated, contradicting
Corollary 5.8.6. ■

The following result mirrors Proposition 3.2.10, which is an equivalent

statement for diagonal acts.

Proposition 5.8.8 Let Y be a semilattice. For each let Ta be a semi¬

group which is either finite or Vf(Ta) is not finitely generated. If S is an

infinite semigroup that is a semilattice of the Ta then Vf(S) is not finitely
generated.
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Proof. We let S be a semilattice of the Ta and assume that V/(S) is

finitely generated. By Corollary 5.8.1, S has a unique maximal 57-class J,

which has infinite cardinality. It follows that the underlying semilattice has a

unique maximal element p. Clearly J C T^, so T^ is infinite. Further, S\Tfl is
an ideal of S so Vf{T^) is finitely generated by Lemma 5.7.10. This contradicts
our assumptions. ■

In [26] it is shown that a semigroup is completely regular if and only if it is a

semilattice of completely simple semigroups. The next result is a consequence

of Corollary 5.8.7 and Theorem 5.8.8.

Corollary 5.8.9 If S is an infinite completely regular semigroup then Vf(S)
is not finitely generated.

Unlike the question of the finite generation of the diagonal bi-acts of infinite

completely regular semigroups, we have completely answered the question of

the finite generation of finitary power semigroups of infinite completely regular

semigroups. Of course, this result for the diagonal bi-act is clearly more com¬

plicated, as shown by the (partial) result Theorem 3.4.10. This is due to the
difference between Proposition 3.3.1 and Corollary 5.4.4. Of course, there are

many classes which we have not even considered in this context (for example,
left cancellative and right cancellative). For each of these our questions remain

open.

5.9 Finite presentability

Another natural question in the study of the combinatorial properties of fini¬

tary power semigroups is that of finite presentability. We begin this section

by admitting defeat.

Open Problem 5.9.1 Does there exist an infinite semigroup S for which

Vf(S) is finitely presented?

There are, however, some partial results. We begin with a necessary con¬

dition, which may also be regarded as an analogue of Proposition 5.2.1.
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Proposition 5.9.2 IfPf(S) is finitely presented then S is finitely presented.

Proof. Let us assume that Vj{S) is finitely presented. By Proposition
5.3.1 there must be a finite ACS such that V/(S) = (V(A)). Hence there
is a finite presentation (X | R) which presents Vf(S) and in which the set
of generators X corresponds to the set V(A). That is, there is a finite set of
relations R on the alphabet X = {xB '■ B c A} such that every equality in the
set {B1...B1 = C\...Cm : (xBl ■■■xBl = xCl ... xCm) £ R} holds in Vf{S)
and, moreover, every equality between products of the generators V(A) that
holds in Vf(S) can be deduced from equalities in this set.

By the proof of Proposition 5.2.1 we know that S is generated by the

set A. We define a new alphabet Y = {ya : a £ A} and aim to construct a

presentation (Y \ Q) for S, in which ya £Y represents a £ A. For each relation
u = v in R we construct a set of relations Qu=v on Y as follows. We write

u = xBl ■ ■ ■Xb1 and v = Xcx ■ ■ .xcra, with each Bi, Cj c A. We include the
relation y^ ... y^ = yCl... yCm in Qu=v if and only if each bi £ Bi, Cj £ Cj and
the equality b\... bi — c\... cm actually holds in S. We let Q = U(u=i))ej? Qu=v
and we claim that S = Sgp(y | Q).

Let us now fix arbitrary elements 61,..., bi, C\,..., cm £ A which satisfy
the equality b\... bi = C\... cm. We will complete the proof by demonstrating

that the equality y^ ■ ■ ■ ybt — Uci ■ ■ ■ Ucm can be deduced from the relations Q.
We see that each {bi}, {cj} £ V{A) and that {bi} ... {bi} = {ci} ... {cm}

holds in V/{S). Therefore the equality xpj}.. .£{6,} = X{C1>.. .X{Cmy can be
deduced from the relations R. So there is a chain of words W\,..., wn £ X+
such that w\ = ... ^{6,}, = ^{ci} • • • x{cm}> and for i = 1,..., n — 1 the
equality Wi = Wi+\ holds by one application of a relation from R.

We will use induction on i (with 1 < i < n) to show that there exist
words V\,... ,Vi £ X+ such that for every q{< i): if wq = xBx ■ ■ ■ xBr then
Vi = ydx-'-ydr where dj £ Dj for each j; and (with q i) the equality

vq = vq+\ holds by one application of a relation from Q.

For the base step i — 1, we define v\ = ■ ■ ■ ybt and the claim is obviously
true.
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For the inductive step, we suppose that we have defined the words v\,... ,Vi,

for some particular i with i < n, and that these words satisfy the stated

properties. Let us say that Vi = ydl .. .ydr, and that Wi = xd1 ■ • ■xdt with
each dj G Dj. Let us also say that the application of a relation in R which
transforms uy into wl+\ does so by changing the subword ■ ■ - xok (with
1 < j < k < r) into xex ■ ■ ■ %ep- That is,

Wi-\-\ 3-£>I • • • XDj—1X• • • XEpXEk+i ■ ■ ■ X[)r

and xd ■ ■ ■ XDk = Xe1 ■ ■ ■ Xep is a relation in R. As this is a relation it follows
that Dj ... Dk = Ei... Ep holds in Vf(S). Therefore we can find elements
e\ 6 Ei,..., ep 6 Ep such that the equality dj ... dk = ei ... ep holds in S. We
fix these elements and note that y^ .. .ydk = yei ■ ■ ■ 2/ep is a relation in Q.

We apply this relation ydj ■ ■ ■ ydk = yei ■ ■ ■ yep to the subword ydj ...ydk of
ydl ■ ■ .ydr, and replace the left hand side of the relation by the right. This

produces the word

ydi • • ■ Wj_i2/ei • • ■ Vepydk+i ■ ■ ■ ydri

which we define to be Vi+i. Thus we have produced a sequence of words

Vi,..., Vi+1 G Y+ with all the desired properties.

We continue this inductive proof to i = n. As wn = X{C1}... £{Cm} it follows
that vn = yci ... yCm■ We have shown that there are words vi,... ,vn G Y+
with vi = ybt ... ybt, vn = ycx • • • yCrn 5 and such that for i = 1,..., n — 1 the

equality Vi = vi+i follows by one application of one relation from Q. Therefore

ybi ■ ■ ■ Vbi — yci ■■ ■ yCm is a consequence of the relations in Q, and the proof is

complete. ■

We list and label some properties which seem likely to lead to an example
of an infinite semigroup S for which Vf(S) is finitely presented.

(Fl) S1 is a monoid with identity 1.

(F2) S is finitely presented by Mon(AT | R).

(F3) The diagonal right act of S is cyclic; that is, there are a,b G S such that

5x5= (a, 6)5.
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(F4) The diagonal right act of S is free with respect to the generator (a, 6);
that is, (a, b)s = (a, b)t implies s = t.

From Proposition 4.1.2, Theorem 4.1.4 and Corollary 4.1.9 we know that

there exist infinite semigroups satisfying (Fl), (F3) and (F4); the semigroup

Bx of binary relations on an infinite set X and the monoid R® of partial

recursive functions of one variable are two such examples, but neither of these

satisfy (F2). The example Xi(X, A,C, D, (a',b'),r) with X finite and |/1| = 1

(from Section 4.7) satisfies (Fl), (F2) and (F3) but we do not know whether
it satisfies (F4), nor do we even know when it is infinite. In fact, we know of
no semigroups that satisfy all of these properties, but we choose to ignore this

problem.

In what follows we construct presentations for Vf(S), based on (and assum¬

ing) the properties (Fl), (F2), (F3) and (F4). Each of these have the alphabet
X U {z}. The letter z represents {a, b} G Vf(S) while, for each x G X, the
letter x represents {a;} G Vf{S). It follows from the proof of Theorem 5.5.6
that these generate Vf(S).

We will utilise some structural properties of S that are not connected to the

presentation Mon(X | R). In this way there may arise some ambiguity between
an element of S and a word that represents it. To tackle this problem, we adopt

the convention of denoting by w3 g X* a word representing an element s g S.
If there is more than one word representing an element s (as is likely) then we

break ties arbitrarily. In a slight deviation from this rule, we let S contain X,

so, for example, x and wx are the same.

We let r g S be the unique element which satisfies (1,1) = (a,b)r. For
each x g X we let u(x) g S be the unique element which satisfies the equality

(.xa,xb) = (a,b)u(x). We define the sets of relations Qi and Q2 011 X U {z}
by:

Qi = {R, zwr = 1, xz = zwu(x) : x g x};

Q2 — {znws = znwt :ugn,s,1g5 and {a, &}n{s} = {a,

In this section we will frequently use this notation, without any reminder of
the definitions.
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Lemma 5.9.3 Let S satisfy (Fl), (F2), (F3) and (Ff). The finitary power

semigroup of S is presented as a monoid by Mon(X, z | Q\,Q2)-

Proof. It is clear that the relations Qi and Q2 hold in Vj(S). Let A\... Ar
and B\... Bi (where each of the Ai and Bj either equals {a, b} or {2;} for some
x G X) be equal in Vf(S). We represent these products in the natural manner
as words qi,q2 G (X U {z})* respectively. We will complete the proof by

showing that q\ = q2 is a consequence of the relations Q\ and <^2-

By applying relations of the form xz = zvu(x) (from Qi) we may transform
qi and q2 into zmq[ and znq'2, respectively, where m,n > 0 and q[, q'2 G X*.
Let us say, without loss of generality, that m > n. By applying the rela¬

tion zwr = 1 we may further transform znq'2 into zmq'f, where q'f G X*. As

A\ ... Ar = Bi... Bi holds in Vf(S), the relation zTnqfx = z^qff is in Q2. There¬
fore q\ = q2 holds as a consequence of Q\ and Q2. ■

While Qi is a finite set of relations, Q2 is infinite, so we ask whether Q2 can

be reduced. To answer this, we want to know when {a, fr}n{s} = {a, b}n{t}
holds in Vf(S).

We denote {wi,..., w2n} — {a, b}n. We also say that p G S permutes

{a, b}n if {a, b}n{p} = {a, b}n or, alternatively, if

(W(l)7r, . . . , W(2")n) = (Wl, , W2n)p

for some ir G S2n.

Lemma 5.9.4 Let S be a semigroup satisfying (Fl), (F2), (F3) and (Ff) and
let s,t € S,n £ N be such that {a, 6}n{s} = {a, b}n{t}. There is an element

p G S which permutes {a, b}n and which satisfies s = pt.

Proof. Assuming that {irq,..., W2n}{s} = {wi,..., w2n}{t}, there is

clearly a permutation 7r of {1,..., 2n} for which

(Wi, . . . , W2n)s = (W(1)n, W(2ny)t.

By Proposition 3.1.11 the 2"-diagonal right act of S is cyclic, generated by

(w\,..., w2n). Hence there exists p G S such that

(w(l)n, . . . , W(2«)7r) = (wi, . . . , W2n)p.
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We note that this element p permutes {a, b}n and that

(Wl, . . .,W2n)s = (Wl, . . . ,W2n)pt.

By Proposition 3.1.14, the 2n-diagonal right act of S is free with respect to

the generator {w\,..., w2n), so we conclude that s = pt, as desired. ■

We define a set of relations Qz on X U {z} by

Qz — {zn = znwp : n € N,p G S such that p permutes {a, 6}n}

and we note that Qz C Q2.

Lemma 5.9.5 Let S satisfy (Fl), (F2), (F3) and (Ff). The finitary power

semigroup of S is presented as a monoid by Mon(AT, z | Qi,Qz)-

Proof. Let znws = znwt be a relation in Q2 (and hence is in the presen¬

tation in Lemma 5.9.3), so {o, 6}"{s} = {a, b}n{t}. By Lemma 5.9.4 there is

p € S which permutes {a, b}n and satisfies s = pt. Hence ws = wpwt (perhaps
they are not identical as words, but they are certainly equal in the presentation

Mon(X | R)). We may now rewrite the relation as znwpwt = znwt. It is clear
that this relation can be deduced from znwp = zn, which is a relation in Q2
and is also in the subset Qz■ Therefore, using the Tietze transformation (T4)
we may remove the set of relations Q2 \ Qz from the Lemma 5.9.3 presentation
to give the desired result. ■

We note that while we have reduced and simplified our set of relations,

it is still infinite. At this point we are unable to reduce the presentation any

further, so the task of demonstrating a finite presentation for Vf(S) or showing
that one does not exist remains open. The following corollary sums up our

progress, but we first require notation for another set of relations.

For each ne N we define the set of relations Ln on X U {z} by

Ln — {zn = znwp : p € S where p permutes {a, b}n}.

Then each Ln is finite, while Qz = UneN Ln is infinite. For IVeMwe define a

further set of relations on X U {z} by Q^n — U!!Li Ln.
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Corollary 5.9.6 Let S be a semigroup satisfying (Fl), (F2), (F3) and (Ff).
The finitary power semigroup of S is finitely presented if and only if there is

N £ N such that

Vf(S) = Mon(AT,z | Q\, Q4,n)■

Proof. (=>) Suppose that V/(S) is finitely presented. We use the well-
known fact that if T is a finitely presented monoid, A is a finite alphabet, P is

an infinite set of relations and T — Mon(A | P) then there exists a finite Pq C P
such that T = Mon(A | P0). Applying this to the Lemma 5.9.5 presentation,
we see that there is a finite Q' C Qi U Qz such that V/(S) = Mon(AT, 2 | Q').
Clearly there exists N G N such that Q1 U Qa,n (which is obviously a finite set
of relations) contains Q', so the result follows.

(<t=) This part is obvious. ■

We now see that if the following question, which remains unsolved, has a

positive answer then Vf{S) is finitely presented.

Open Problem 5.9.7 Does there exist JVeN such that we may deduce all

of the relations Qz from only Q1 and

The rest of this section will show a partial proof that the answer to Open

Problem 5.9.7 is no. Unfortunately, if this is the case then it means very little,

as it is possible that there exists an infinite semigroup S that does not satisfy

(Fl), (F2), (F3) and (F4) but where V/(S) is finitely presented. It seems

(at least to the author) that this in unlikely, and that if there is no infinite

semigroup S with (Fl), (F2), (F3), (F4) and Vf(S) finitely presented then
there should not be any infinite S with a finitely presented Vf(S).

We begin by describing the set of elements of S which permute {a, 6}n;
then we use some obvious links between this set and the set of relations Q^n
to show that we cannot deduce all of the relations of L/v+i using Q\ and Q^n
in the 'most obvious' ways.

Lemma 5.9.8 Let Mn — {p 6 S : p permutes {a,b}n}. Then Mn is a sub¬

group of S and is isomorphic to the symmetric group S2n of bijections on

{!>•••)2n}.
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Proof. We define 0 : Mn —> S2n as (p)<f = 7r where 7r G S2n is the

unique permutation which satisfies (w\,... ,w2n)p = (wp)^, ■ • •,W(2n)ir)- As
(wi,..., w2n) generates the diagonal right act of S, and because the act is free
with respect to this generator, it follows that 0 is a well-defined bijection.

To show that 0 is a homomorphism, we let Pi,P2 € Mn and write (pi)0 =
and ('P'2)0 = TX'i- Then

(wi,.. .,W2n)pi = (tw(1)ni1 ... 1 tO(2n)-7Tl ) )

(ifj , . . . , 1^2" )p2 (^(1)^2 > • • • 1 R'(2n)7T2 ) >

and hence

(iwi,... ,tU2")piP2 = (W(l)7T17T2 5 • • • 5 ^(2n)7Tl7T2 ) *

We see that (pip2)<f> = ^1^2 = (Pi0)(.P20), so 0 is an isomorphism. ■

This result gives us some intuition for the set of relations Ln, as there is an

obvious correspondence between Ln and Mn. The notion of generation in Mn

also has some relevance in Ln, in that the relations zniup = zn and znwq = zn
in Ln (perhaps also using the relations R) may be used to deduce the relation

znwpq = zn, and so on for all other products of p and q. In particular, if p and

q are generators for the finite symmetric group Mn then we can deduce all of

Ln from the relations znwp = zn and znwq — zn.
Of course, the question remains open on whether we can deduce such 'gen¬

erating' relations for L^+1 using only Q\ and Q^n- We cannot answer this in

general, but we will show in Corollary 5.9.11 below that it cannot be done in

what we might think of as the 'most obvious' ways.

We will require the following technical result on finite symmetric groups.

Lemma 5.9.9 Let X be a finite set, let X\ and X2 be disjoint copies of X
under the bijections i i\ «->• i2 and let 7r G Sx be arbitrary. If the transfor¬
mation n' : X\ U X2 —> X\ U X2 satisfies (j\)ix' = («7r)i and = (in) 2 for
all i G X then n' is an even permutation of X1 U X2.

proof. Clearly the restriction 7r' is a permutation on X\ and the re¬

striction 7r' \x2 is a permutation on X2. We also see that these permutations
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have the same cycle shape as n. Let us say that they are each a product

of r transpositions. Further, ir' is the product of these restrictions; that is,

7r' = 7t' [xi tt' fx2> so it can be written as a product of 2r transpositions and

is, therefore, even. ■

For an element s G S we may write s = Xi... xm where each Xi G X. We

now define u(s) = u(x\).. .u(xm). A simple inductive argument shows that

u(s) (is the unique element which) satisfies (sa,sb) = (a,b)u(s). Similarly,
wsz = zwu(s) holds in the presentation Mon(AT, z | Qi,Qa,n) (which comes

from Corollary 5.9,6).

Lemma 5.9.10 Let S satisfy (Fl), (F2), (F3) and (Ff) and letp G S permute

{a,b}n. Then p and u(p) are even permutations of {a,b}n+1.

Proof. As p permutes {a,b}n, we know that {a,b}n{p} = {a,b}n. Then

{a,i,r+1{p} = {a,

{a, l}"+1 {nip)} = {a,b}n{p}{a,b} = {a,6}"+1,

and so we see that p and u(p) each permute {a, b}n+1.
First we consider p as a permutation of {a, 6}n+1. We write X\ = {a}{a, b}n

and X2 = {b}{a,b}n. Then X\ and X2 are disjoint copies of the set {a, b}n
under the bijections w aw bw, and X\ U X2 = {a, 6}n+1. Let w G {a, b)n
be arbitrary and note that wp G {a,b}n. Then

(aw)p = a(wp) G Xi,

(bw)p = b(wp) G X2,

so p, when considered as a permutation of {a, 6}n+1, satisfies the condition
stated in Lemma 5.9.9 and hence is even.

Next, we consider u(p) as a permutation of {a, b}n+1. Let us now define the
sets Yj = {a,b}n{a} and Y2 = {a,b}n{b}. Then lj and Y2 are disjoint copies
of the set {a, b}n under the bijection w wa wb, and Yi U Y2 — {a, b}n+1.
Again let w G {a, b]n be arbitrary and note that wp G {a, b}n. Thus

(wa)u(p) = (wp)a G Vj,
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(wb)u(p) = (wp)b G Y2,

so u(p) satisfies the condition stated in Lemma 5.9.9, and hence is an even

permutation of {a, b}n+1. 9

Corollary 5.9.11 Let S be a semigroup satisfying (Fl), (F2), (F3) and (Ff).
The relations in L/v+i which may be deduced from Q\ and Q^n by pre- or post-

multiplying a relation in L^ by z are of the form zN+1wp — zN+1, where p G S
is an even permutation of {a,b}N+1.

Due to this corollary, we conjecture that for no N is it possible to deduce

all the relations of L^+i from Q\ and Q^n- We appear to be tantalisingly
close to a proof that Open Problem 5.9.7 has a negative answer, but we are

unable to complete the investigation.

Another approach to the problem could be to utilise Theorem 4.7.2. That

is, if A is a finitely generated monoid with a cyclic diagonal right act (which
is the case if it satisfies properties (Fl), (F2) and (F3)) then by Theorem
5.5.6 and Proposition 5.6.6 we know that Vf{S) is also a finitely generated
monoid with a cyclic diagonal right act. Thus we may apply Theorem 4.7.2

and conclude that Vf(S) is a homomorphic image of a monoid defined by a

presentation of the form (4.5), which appeared in Section 4.7. Perhaps a finite

presentation for Vf(S) could be worked out from this observation, or a proof
exhibited that one does not exist.
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Chapter 6

Finite generation and

presentability of Schiitzenberger

products

In this chapter we are concerned with Schiitzenberger products. We start with

the central definition, which first requires two acts to be defined.

Let S and T be semigroups and let Vf(S x T) be the finitary power set of
the direct product S x T (in this case we let 0 £ Vf(S x T)). Then we let S
act on Vf(S x T) from the left via sQ = {(sp, q) : (p, q) £ Q}, and we let T
act on Vf(S x T) from the right via Qt = {(p, qt) : (p, q) £ Q}.

The Schiitzenberger product SOT is the set S x Vf(S x T) x T with mul¬

tiplication

(si, Qu ti)(s2, Q2, t2) = (sis2, S1Q2 U Qit2, tit2). (6.1)

Although this definition involves the finitary power set of a semigroup and
the notion of actions, which was one of the initial reasons for undertaking this

study as part of this project, none of the results in this chapter indicate that

the Schiitzenberger product has any deeper connection with the topics that we

covered in our earlier chapters.

The majority of this chapter, but not all of it, appeared in [14].
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6.1 Some properties of the Schiitzenberger prod¬

uct

We begin by observing some basic properties of this construction. These will

be frequently used, and will form a foundation on which more interesting

statements will be proved.

(51) SOT is a monoid if and only if S and T are monoids. If the identity of S
is 1s and the identity of T is 1t then the identity of SOT is (Is, 0, ly).

(52) SOT is finite if and only if S and T are finite. Moreover, if l^l = n and

|T| = m then I^OT) = nm2nm.

(53) SOT is countable if and only if S and T are countable.

(54) S x {0} x T is a subsemigroup of SOT isomorphic to the direct product
S x T. Its complement (SOT) \ (S x {0} x T) is an ideal of SOT.

(55) S and T are homomorphic images of SOT.

We immediately note a property that is unusual among semigroup prod¬
ucts. By property (S2) we see that if T is trivial and S is finite then |,SOT| >

l^l, so SOT ^ S. Indeed, it is true in general that SOT ^ S where T is
trivial. Similarly, in general if S is trivial then SOT ^ T.

We now ask when the Schiitzenberger product SOT is in some of the stan¬

dard classes of semigroups. The first result can also be deduced from Corollary
6.8 of [9].

Theorem 6.1.1 Let S and T be semigroups. The Schiitzenberger product
SOT is inverse if and only if S and T are groups.

Proof. (=>) Let us assume that SOT is inverse. Due to property (S5)

(that is, S and T are homomorphic images of SOT) it immediately follows
that S and T are inverse.

Suppose that S is not a group. Then S contains two distinct but compa¬
rable idempotents e and /, say with / < e. Let t be arbitrary in T and define
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Q E Vf(S x T) as Q = {(e,t)}. We consider the element (f,Q,t) E S"OT and
we suppose that its inverse is (s, P, u). Then

(f,Q,t)(s,P,u)(f,Q,t) = (f,Q,t), (6.2)

(.s,P,u)(f,Q,t)(s,P,u) = (s,P,u),

so s/s = s, /s/ = / and hence s is the inverse of /. As / is idempotent it
follows that s = f, so the middle co-ordinate of (6.2) becomes the equality

Qut U fPt U fQ = Q. This means that fQ C Q, which is impossible as

fQ = {(/,£)}. We have a contradiction, so we conclude that S is a group. An

analogous argument shows that T is a group.

(<=) Let us assume that S and T are groups. We will use the fact that a

semigroup is inverse if and only if it is regular and its idempotents commute

(this is proven in [26]).

First, we let (s, Q,t) G SOT be arbitrary and we observe that

(s, Q, £)(s_1,0, t_1)(s, Q, t) = (s, Q, t),

so AOT is regular.

Second, we suppose that (s, Q, t) is idempotent. Then s and t are each

idempotent, so s = Is and t = 1 t- Moreover, for any Q G Vf(S x T) we see

that (1SiQi Is) is idempotent, so the set of idempotents of SOT is precisely

{(Is, Q, It) : Q ^ x T)}. It is obvious that

(Is, P, 1t)(1s, Q, it) = (Is, P u Q, it) = (Is, Q, 1t)(1s, P, it),

so idempotents commute. We conclude that SOT is inverse. ■

The Schiitzenberger product of two groups has an interesting structure,

which we describe in Corollary 6.4.2 and Theorem 6.5.3 below. We note that
SOT is never a group, as (Is, {(Is, it)}, it) and (Is, 0, it) are distinct idem¬

potents. We also observe the following result about Schiitzenberger products
of groups.

Proposition 6.1.2 Let G and H be groups. Then GOH = HOG.
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Proof. For Q E Vf(G x H) we define Q* E Vf(H x G) as

Q* = {(q~l,p~l) ■ (p,q) e Q}- (6-3)

We now define <f> : GOH —► HOG by (<?, Q, h)(f> = (h, hQ*g, g) and claim that

(f) is an isomorphism.

Before we prove this, we make a further definition and some observations.

For Q E Vf(H x G) we define Q* E Vf(G x H) in exactly the same way as

(6.3). We note that (Q*)* = Q for all Q. Further, for all g E G, Q E Vf(Gx H)
we see that

(gqy = {(gp,q)(p,q) £ qy
= {(q~l,p~lg~l) ■ {pa) e Q}
= {Or1,?-1): {p,q) e Q}q~x
= Q*g~l-

Similarly, we can deduce that (Qh)* — h~lQ*\ It is also very easy to show
that (P U Q)* = P*UQ*.

For an arbitrary (h, Q,g) £ HOG we can write

(g,gQ*h,h)<t> = (h,h(gQ*h)*g,g)
= (.h,hh~1(Q*)*g~1g,g)
= (h,Q,g),

so <f> is surjective. To show that <f) is injective, we suppose that the equality

(guQi,hi)cj) = (sr2,Q2,h2)</> holds. Then (hi, hxQ\gu gx) = (h2, h2Q*2g2, g2), so
hi = h2,gi = g2 and hxQ\gi = h2Q2g2. Thus Q{ = <22, so Qi = Q2 and 4> is

injective.

Finally, the manipulation

[(gi,Qi,hi){g2,Q2,h2)\(f) = (gig2,Q\h2G giQ2,hih2)(j)
= (h\h2, hih2(Qih2 U giQ2Ygig2, gig2)
— (hxh2, hih2((Qih2)* u (giQ2Y)gi92, gig2)
= (hih2, hxh2(h2lQ*i U Q2gi1)gig2, gxg2)
= (hxh2,hxQ\gig2Ghxh2Q*2g2,gxg2)
= (hx,hxQ*1gx,gx)(h2,h2Q*g2,g2)
= [(9i,Qi,hx)(/)][(g2,Q2,h2)(p]
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shows that 0 is a homomorphism.

At this point we ask whether it is always the case that SOT = TOS.
A similar question we could ask concerns the notion of the opposite of a

semigroup. The opposite of S is the set S' which is in correspondence with S
via the bijection s s' and whose multiplication is defined as s't' = (ts)'. If
S is inverse then 5 = 5' via the isomorphism f> : S —> S' which is specified

by (s)cj) = (s-1)'. Therefore, another possible extension of Proposition 6.1.2
would be to show that, in general, TOS = (SOT)'.

We use the following result to show, in Example 6.1.4 below, that neither

of these are the case.

Theorem 6.1.3 Let S and T be semigroups. The Schiitzenberger product

SOT is a band if and only if S is a right zero semigroup and T is a left

zero semigroup. In addition, if this is the case then SOT is the direct product

of the rectangular band S xT and the semilattice Vf(S x T) with the operation

of union.

Proof. (=>) Assume that SOT is idempotent. Let Si,S2 £ 5, t £ T be

arbitrary and consider the element (si, {(s2, t)},t) £ SOT. This is idempotent,
so

(si,{(s2,t)},t) = (s1,{(s2,t)},t)(s1,{(s2,t)},t)
= (s?,{(s2,t2),(sis2,t)},t2).

The middle co-ordinate gives {(s2,i)} = {(s2, t2), (S1S2, £)}, so we see that

S1S2 = s2. That is, 5 is a right zero semigroup. An analogous argument shows

that T is a left zero semigroup.

(<=) Assume that 5 is a right zero semigroup and that T is a left zero

semigroup. Then it is clear, for all s £ 5, t £ T and Q € V/(S x T), that the
equalities sQ = Q and Qt = Q hold. Therefore

(s, Q, t)(s, Q, t) = 02, sQ U Qt, t2) = (s, Q, t),

so SOT is a band. We also see, for si,S2 € S,ti,t2 £ T,Qi,Q2 £ Vf(S x T),
that

(si, Q2, t2)(s2, Q2,t2) = (S2, Q1 U Q2, fi),
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so SOT is the direct product of the rectangular band S xT and the semilattice

V/(S x T) with respect to union. ■

Example 6.1.4 Let S be a non-trivial right zero semigroup and let T be a

non-trivial left zero semigroup. By Theorem 6.1.3, SOT is a band but TOS

is not. Hence SOT ^ TOS. Further, as the opposite of a band is also a band,
we see that (SOT)' ¥ TOS. ■

Theorem 6.1.5 The Schiitzenberger product SOT is commutative if and only

if S and T are trivial. In addition, if this is the case then SOT is the two-

element semilattice.

Proof. (=>) Assume that SOT is commutative. By property (S5) it fol¬
lows that S and T are also commutative. We now let s\,s2 £ S, t £ T be

arbitrary and observe that

(s?,{(s1s2,t)},t2) = (s1,<D,t)(s1,{(s2,t)},t)
= (s1,{(s2,t)},t)(si,t/),t)
= (sl{(s2,t2)},tl).

Equating the middle co-ordinate gives (sis2,t) = (s2,t2), so sis2 = s2 and S
is a right zero semigroup. But S is commutative, so we conclude that S must

be trivial. An analogous argument shows that T is trivial.

(<*=) Assume that S and T are trivial. Then SOT has two elements, namely

(Is, 0, It) and (Is, {(Is, It)}, It), and it is a two-element semilattice. ■

The two element semilattice in Theorem 6.1.5 is also the only example in
which SOT is zero-simple, as (SOT)\(S x {0} xT) is an ideal (property (S4))
and has size greater than 1 in all other cases. The Schiitzenberger product is
never simple for the same reason.

There is a range of open questions in this topic, of which the following is
an example.

Open Problem 6.1.6 Can we classify the semigroups S and T for which the

Schutzenberger product SOT is regular? What about completely regular?
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6.2 Finite generation

In our examination of the finite generation of the Schiitzenberger product we
will use the connections with the direct product (properties (S4) and (S5)).
We say that an element a; of a semigroup S is indecomposable if there do not

exist y, z £ S such that x = yz. In [37] we find the following two results on the
finite generation of direct products (that paper also contains results classifying
the semigroups S and T for which S x T is finitely presented, but we do not

use these).

Proposition 6.2.1 Let S and T be infinite semigroups. The direct product

S x T is finitely generated if and only if S and T are finitely generated and do

not contain any indecomposable elements.

Proposition 6.2.2 Let S be an infinite semigroup and let T be a finite semi¬

group. The direct product S xT is finitely generated if and only if S is finitely

generated and T does not contain any indecomposable elements.

The property (S2) answers the question of finite generation of SOT where
S and T are finite. We now deal with the more difficult cases.

Theorem 6.2.3 Let S and T be semigroups, at least one of which is infi¬
nite. The Schiitzenberger product SOT is finitely generated if and only if the

following conditions are satisfied:

(i) S andT are finitely generated;

(ii) S has a unique maximal IZ-class R and there exists a finite ACS such
that S = RA;

(Hi) T has a unique maximal C-class L and there exists a finite B CT such
that T = BL.

Proof. (=>■) Assume that X finitely generates SOT. By property (S5) it
follows that S and T are finitely generated, so condition (i) holds.

Let k = 1 + max{|<5| : (x,Q,y) £ X}. Then, for arbitrary s £ S,t £ T and
P £ Vf{S x T) with |P| = k there are generators (xi, Qi,yf) £ X such that

(s, P, t) = (xi, Qi,yx)... (xn, Qn, yn).
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We first note that n > 1. It is clear that s = x\..,xn and t = y\... yn, so

neither S nor T contain any indecomposable elements.

As S is finitely generated it has only finitely many maximal P-classes, and

every other P-class is below one of these. We let R\,..., Ri be the maximal

P-classes and we select representatives r\ £ Rt for i = 1. Now we

consider an arbitrary element s £ S. There are u,v £ S such that s — uv and
there is i £ {1,...,/} such that Ru < Ri. Hence there is w £ S1 such that
u = rtw, so wv £ S and s = riWV. We conclude that for each s £ S there are

a(s) £ {1,...,/} and y,(s) £ S such that s = ra(s)/r(s).
We define A C S as the finite set C U D where C, D C S are given by:

C = {s £ S : (s,t) £ Q for some (x,Q,y) £ X and t G T};

D = {/x(s) : s £ C}.

We claim that
i

S'=(UJRi)A. (6.4)
i=1

To prove this assertion, we begin by letting s £ S be arbitrary. Further, we

pick t,t\ £ T and let P £ Vf(S x T) be a k-set containing (s,t). We now

consider the triple (ri,P, t\) and write it as

= (xuQuyi)... (xn,Qn,yn), (6.5)

a product of generators from X. Again we note that n > 1. Now we see that

r\ = Xi... xn, so X\... Xj £ R\ for every j = 1,... ,n. Equating the middle
co-ordinates of (6.5) gives that

n

P= U Xl • • • Xj-lQjVj+l ■■■Vn-
j=1

Therefore there is h £ {1,..., n} and (a, b) £ Qh (so a £ C) such that

(s, t) = (xi... xh-ia, byh+u ..., yn).

We consider two cases concerning the equation s = X\... Xh-\CL. If h — 1 then
s = a = rQ(ffi)/Li(a) £ Ra(s)A. If h > 1 then, clearly, s £ R\A. This proves (6.4).

We now see that either S is infinite, in which case at least one of Pi,..., Ri
is infinite, or else S is finite and T is infinite. In any case, without loss of
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generality, we may assume that R\ xT is infinite. We now consider an arbitrary
set P = {(si,ti),..., (sfc,ifc)} CfljxTof size k and let t G T be arbitrary.
We consider (r2, P, t) and write it as another product of generators from X:

(r2,P,f) = (xi,Qi,yi)... (xn, Qn, yn).

Yet again, note that n > 1. For (a, b) G Qi it follows that (aqa, 67/3 ... j/n) G P,
so there is some m G {1,..., A;} with sm = aqa. Also, r2 = X\... xn, so X\ G P2.
It now follows that Pi = RSm < RXl = P2, a contradiction. Therefore S has
a unique maximal P-class. Returning now to (6.4), we see that condition (ii)
holds. By a symmetric argument, it can be shown that condition (iii) holds as

well.

(<^=) Assume that conditions (i), (ii) and (iii) hold. Neither S nor T contain

any indecomposable elements (by (ii) and (iii)) and both S and T are finitely

generated (by (i)). Hence, by Propositions 6.2.1 and 6.2.2, we see that S x T
is finitely generated and we let Y be a finite generating set for S x {0} x T

(which is a subsemigroup isomorphic to 5 x T). We fix arbitrary r G P, I G L
and let

A = Y U {(r, {(a, 6)}, I) : a G A,b G B}.

We will complete this part of the proof by showing that SOT = (X).

By induction on |P| we will show that (s, P, t) G (X) for all P G Vf{S x T)
and all s G S, t G T. The base case |P| = 0 is obvious as X includes a

generating set for S x {0} x T.
Next we consider the case |P| = 1, by letting s,s\ G S and t,ti G T

be arbitrary and examining the triple (s, {(si, ti)}, t). As S = RA there are

7~i G P, a G A such that Si = ria. As P is the unique maximal P-class of S

there is u G S such that s = r\u. Further, there is u\ G S such that u = ru\.

Therefore si = rqa and s = r\ru\. A dual argument shows that there exist

b G P, /1 G L and v\ G T such that t\ = bl\ and t = V\ll\. Hence

(s, {(si,H)},t) = (ri,0,ui)(r, {(a,6)},/)(ui,0,/i) G (X).

For the inductive step we assume that X generates all of the triples in

the set {(s, P, t) : |P| < k, s G S, t G T} for some positive integer k. We let

s, Si G S,t,U G T be arbitrary for i = 1,..., k + 1 and consider the triple
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(s, {{si,ti),..., (sjfc+i, tfc+i)}, t). There exist r\ G R and X\,X2 G S" such that

Sfc+i = ri^i and s = Also, there are l\ E L and yi,... ,Vk+i £ T such
that t — yk+xh and U = yJi for i — 1,..., k. Then

(s, . . . , (s/j+i, j-, t)
= (fix2, {(si, 2/1/1),..., (sk,ykl 1), (riXi,tk+i)},yk+lli)
= (n, {(suyi), (sfc, 2/fc)}, J/fc+i)(®2, {(®i, tfc+i)}> ^i)

and the claim follows by induction. ■

We notice the similarity between this theorem and the following result,

which appeared in [34] and concerned wreath products (the definition of which
can also be found in that paper). However, this similarity does not extend as

far as either set of conditions implying the other.

Proposition 6.2.4 The restricted wreath product of two monoids A and B is

finitely generated if and only if A and B are finitely generated and either A is

trivial or B = VG where V C B is finite and G C B is the group of units of
B.

We apply Theorem 6.2.3 to some examples. After this section we will

mainly be interested in Schiitzenberger products of groups, so we state our

first example as a formal result.

Corollary 6.2.5 Let G and H be groups. The Schiitzenberger product GOH
is finitely generated if and only if G and II are finitely generated. Moreover,
rank(GOH) — rank(G x H) + 1.

Proof. The first statement of the result follows directly from Theorem

6.2.3. From the proof of that result, we observe that

GOH = (G x {0} x H, (1<3, {(1g, !//)}> 1#)),

so rank(GOff) < rank(G x H) + 1.
From the property (S4) it follows that rank(GOW) > rank(G x H), com¬

pleting the proof. ■

We can make similar statements for certain constructions on groups.
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Example 6.2.6 Let the infinite finitely generated groups Gp and G1 be iso¬

morphic (under the isomorphisms gp p7). Let Y be the semilattice {/?, 7}
with 7 < p. Let <j)pn : Gp —> G7 be defined as (gp)4>p,~l = and let (pptp
and 07)7 be the identity transformations on Gp and G1 respectively. We let
S = (Ga,Y, 4>a,p) be the usual Clifford semigroup construction with these in¬

gredients, and let H be another infinite finitely generated group.

Clearly Gp is both the unique maximal 7£-class and £-class of S. We also
see that there is a finite set A = {Ig^,1g7} C S which satisfies the equality
GpA = AGp = S. Also, H is its own unique maximal 7£-class and C-class, and
there is a finite set B = {1//} which satisfies H = BH = HB. By Theorem
6.2.3 we conclude that SOH and HOS are both finitely generated. ■

We also note that the conditions of Theorem 6.2.3 are not symmetric, in

the sense shown by the following example.

Example 6.2.7 Let G and H be infinite finitely generated groups, let Z be a

finite non-trivial right zero semigroup and let S = G x Z (which is also a Rees
matrix semigroup). Letting X be a finite generating set for G, it is clear that
S is finitely generated by X x Z.

Further, S has a unique maximal Abclass, which is S itself, and there is a

finite set A = {(1g> z) : z £ Z} C S satisfying S = SA. Also, H has a unique

£-class, which is H itself and there is a finite set B = {R} C if satisfying
H = BH. Therefore SOH is finitely generated by Theorem 6.2.3.

However, S consists of \Z\ incomparable A-classes, so HOS is not finitely

generated, again by Theorem 6.2.3. It is also clear that SOH ^ HOS. ■

6.3 Schiitzenberger products of two groups:

an infinite presentation

In this section we lay foundations for proofs of Theorems B and C by obtaining
an infinite, but 'nicely behaved', presentation ((6.7) in Theorem 6.3.2) for the
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Schutzenberger product of two groups. A very similar presentation (which we

label here as (6.9)) appears in [16], where it is derived from a presentation for
a more general structure.

We show another way to derive it, beginning with the following theorem
from [25] and using Tietze transformations.

Theorem 6.3.1 If S = Mon (AT | Rs) and T = Mon(F | Rt) then

SOT = Mon(X,Y, zsfis £ S,t £ T) \ Rs, Rt, xy — yx,

Zs,t — ^s,t, ZsjZu<v — ZU}VZsj, XZsi ZXs,tX, (6.6)
zs,ty = yzS)ty {x £ X, y eY, s,ue S, t,v e T)).

We now transform presentation (6.6) in the case where the monoids con¬

sidered are groups G and H.

Theorem 6.3.2 Let G and H be groups and let G x H = Mon(A | R). For
each (g,h) £ G x H we let wgth £ A* be a fixed word representing (g, h) and
let z9th = Wgth-izwg-ith. Then

(A,z | R, z2 = z, zguhlz92M = Zg2Mzguhl{gl,g2 £ G,h1,h2 £ H)) (6.7)

presents GOH as a monoid.

Proof. Let (X I Rc) and (Y \ Rh) present G and H, respectively, as

monoids. By Theorem 6.3.1,

GOH — Mon(X,Y,z9th(g £ G,h £ H) \ Rc, Rh, xy = yx,

^g,h — ^g,h, ZgiihiZg2th.2 — Zg2,hiZg\,h\, Zxg^X, (6-8)
Zg,hU = yzg,hy (x £ X, y £ Y, g,gi,g2 G G, h,hx,h2 £ H)).

For every g £ G we let wg £ X* be a fixed word representing g. For
every h £ H we let Wh £ Y* be a fixed word representing h. By repeated

application of the relations xzg^ = zxgjXx we can deduce all relations of the
form wgiz9th — zgig^wgi, so we use the Tietze transformation (T2) to add
these to the presentation (6.8). Likewise, from zg^y = yz9thy we can deduce
all relations of the form zg^Whi — w^Zg^hi, so we use (T2) to add these to

(6.8) as well.
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Now, from wgiz9ih = zgigthwgi, z9ihwhl = whlzgMl, Rc and RH we can

deduce all relations of the form wgWh-iZiGtiHWhWg-i = zg^, so we use (T2) to
add these to our presentation.

We now use (T3) to remove all zg^, except for Z\G>iH, from the generating

set, and delete all relations zg^ = wgWh-iZiG^HWhWg-i from the set of defining
relations. For the sake of brevity we will rename ziG,iH as z. We will also
continue to use the symbols z9th with the understanding that they represent
the corresponding words wgWh-^zwhWg-\.

From the relations Rq, Rh and z2 = z we can deduce all relations of the

form Zgh = zg^ so we use (T4) to remove these from our presentation, except
for z2 = z.

Similarly, from Rq, Rh and xy = yx we can deduce all relations of the forms

wgiz9,h = zgig,hWgi and z9thwhl = whlz9thhl so we use (T4) to delete these from
our presentation. Thus we have transformed the original presentation (6.8) for
GOH into

Mon(X, Y, z | Rg, Rh, xy = yx, z2 = z, zguhlzg2ih2 = z92Mzgithl (6.9)

(x G X, y £ Y, g\,g<2. £ G,hi,h,2 G H)).

Since both (X, Y | Rc,RH,xy = yx(x G X,y G T)) and (A \ R) define

GOH, there is a sequence of Tietze transformations which converts the former

into the latter. Applying the same sequence to (6.9) yields the presentation

(6.7), as desired. ■

6.4 Finite presentability of GOH as an inverse

monoid

From Theorem 6.1.1 there arises the question of whether GOH is finitely

presented as an inverse monoid. We use Theorem 6.3.2 as a starting point.

Theorem 6.4.1 If G x H is presented by Mon(A | R) then GOH is presented

by InvMon(A, z | R,z2 = z).
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Proof. We consider presentation (6.7) from Theorem 6.3.2 as an inverse
monoid presentation for GOH. Let B = A U {z}. By definition, we have

GOH = lnv{B | R, z2 = z, z9lMz92M = z92MzgiM(g1,g2 G G,hX)h2 G H))
— Mon(B±1 | Kb, R, z2 = z,

zg\hizg2,h2 Zg2MZguhl{gi,g2 £ G, hi, h2 G 77))

But Kb includes uu^vv-1 = vv~luu~x for all u, v G (T^1)*. For u = w h-\zyi) i

and v = wg2 h-iz, this relation becomes zgi^1zg2)h2 = zg2Mzg\M- Hence

GOH — Mon(B±:l | Kb, K, z2 — z) = Inv(H, z \ R,z2 = z), (6.10)

as desired. ■

We note an immediate consequence of this result.

Corollary 6.4.2 Let G and H be groups. The Schutzenberger product GOH
is the inverse monoid free product of G x H and the two-element semilattice.

More importantly, our second main result follows from Theorem 6.4.1.

Corollary 6.4.3 The Schutzenberger product GOH of two groups is finitely

presented as an inverse monoid if and only if G and H are finitely presented.

Proof. (=>) Assume that GOH is finitely presented as an inverse monoid.

Again we use property (S4). Corollary 5.4 of [21] states that a subsemigroup
with an ideal complement inherits finite presentability (this also appears in

[38] and is considered folklore), so it follows that G x H is finitely presented.
In turn this implies that G and H are each finitely presented.

(<*=) If G and H are finitely presented, then G x H is finitely presented and

(6.10) in Theorem 6.4.1 is a finite presentation for GOH as an inverse monoid.
■

6.5 A coincident structure

At this point we briefly leave our study of presentability in order to include an

interesting observation. Namely, the Schutzenberger product of two groups is
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isomorphic to the semi-direct product of a semilattice and a group, in which the

group acts on the semilattice by automorphisms. This is particularly useful
because it leads to an alternative proof of Corollary 6.4.3. In this and the

following section we will write mappings on the left in order to conform with

the usual notation for semi-direct products.

Let G and H be groups. Also let K = G x H and Y = Vf(K) with
the operation of union. For each g £ G,h £ H we define <f>gth : Y —> Y by

<f>g,h(P) = gPh.

Lemma 6.5.1 For all g £ G, h £ H, we have that cj)g^ £ Aut(T).

PROOF. Let P, Q £ Y be arbitrary. The manipulation

<f>g,h(PUQ) = g(PLlQ)h
= gPh U gQh

= 4>g,h{P) V<f>g,h{Q)

shows that <f>g^h is a homomorphism.

Further, an arbitrary Q £ Y may be written as 4>g,h(g~lQh~l) = Q, so <f>g,h
is a surjection.

Finally, if 4>g,h{P) = 4>g,h(Q) then gPh = gQh. It quickly follows that
P = Q, so (j)g:h is an injection. ■

We now define 9 : K —> Aut(T) by 9(g, h) = 4>9th-1-

Lemma 6.5.2 The mapping 9 is a homomorphism.

PROOF. By Lemma 6.5.1, we note that 9 is well-defined. For arbitrary

Q £Y and (cq, /q), (g2, /12) £ K, we may perform the following manipulation:

0[(gi,h1)(g2,h2)](Q) = 9(g1g2,h1h2){Q)
= (t>gig2,h~1h~l (Q)
= 9\giQh21/ij"1
= (t)guh-i(g2Qh21)

K,K1(^g2,h^(Q)
= 9{gi,hi)6{g2,h2){Q).

155



Therefore 6[(g\, h\)(g2, ^2)] = 0(<7i, hi)0(g2, ^2), so 9 is a homomorphism. ■

Theorem 6.5.3 The Schiitzenberger product GOH is isomorphic to the semi-

direct product Y if.

PROOF. Lemma 6.5.2 shows that 6 : K —> Aut(T) is a well-defined homo¬

morphism, which is the necessary condition for its role in Y xie K.
We define the mapping n : Y Xq K —> GOH by 7r[P, (g,h)] = (g,Ph,h)

and we claim that this is an isomorphism. To show this, we examine arbitrary

elements g, g' e G,h,h' e H and P,Q G Vf{G x H).
We may write (g, P, h) — n[Ph~~l, (g, h)], so 7r is surjective.
If 7r[P,(g,h)\ — 7r[Q,(g',h')] then (g,Ph,h) — (g',Qh',h'). It follows, in

this case, that g = g',h = h' and P = Q, so [P,(g,h)] = [Q, (g', h')]. We
conclude that 7r is injective.

Finally, the manipulation

7r([-p> (9,h)}[Q, (g',h')]) = n[PU9(g,h)(Q),(g,h)(g',ti)]
= tt[PU gQh~\(gg',hh')}
= (gg', Phh' U gQti, hh')
= Gg,Ph,h)(g',Qh',ti)
= Tr[P,(g',ti)]Tr[Q,(g',ti)}

shows that 7r is a homomorphism. ■

6.6 An alternative proof of Corollary 6.4.3

In [6, 7] there appears the result labelled below as Theorem 6.6.1. This gives

necessary and sufficient conditions for a semi-direct product of a semilattice
and a group, in which the group acts on the semilattice by automorphisms, to
be finitely presented as an inverse semigroup. By Theorem 6.5.3 this clearly

applies directly to the question of finite presentability of GOH as an inverse

monoid. We require the following technical definition, which also appeared in

[6, 7],
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Let K be a group that is finitely presented as a monoid by Mon(A | P).
Let Y be a semilattice and let 6 : K —> Aut(T) be a homomorphism. For
k £ K, y £ Y, we may regard [d(k)](y) as the element k acting on y, which we

may also write as ky.
We say that InvAct^ \ P){B \ Q) finitely presents Y as an inverse semi¬

group with respect to the action of K if

Y = Inv{B' | Q')

where B C Y is finite and B' = {wb : w £ A*,b £ B}, Q is a finite set of
relations on B and Q' is defined as

{*uPw = otofi^ au(3p = avpq^ *p = *q.

(p — q) £ Q U3(u = v) £ P,a, (3 £ A*, £ 5+}.

There then appears the following result.

Theorem 6.6.1 Let Y be a semilattice, let K be a group and let the mapping

9 : K —> Aut(y) be a homomorphism. The semi-direct product Y >\q K is

finitely presented as an inverse semigroup if and only if the following conditions

hold:

(i) K is finitely presented;

(ii) Y has only finitely many maximal elements and every element ofY is
below one of these;

(Hi) Y is finitely presented as an inverse semigroup with respect to the
action ofK.

From this there follows another way to show when GOH is finitely pre¬

sented as an inverse semigroup (or monoid).
Proof of Corollary 6.3.2. We consider GOH as the semi-direct prod¬

uct stated in Theorem 6.5.3 and we apply Theorem 6.6.1.

(=r-) If GOH is finitely presented as an inverse semigroup then condition

(i) of Theorem 6.6.1 holds. That is, K(— G x H) is finitely presented, so G
and H are each finitely presented.

(<*=) Assume that G and H are finitely presented. We claim that condi¬
tions (i), (ii) and (iii) of Theorem 6.6.1 holds. It is obvious that K is finitely

presented, say by Mon(A | P), so condition (i) holds.
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As Y = V/(G x H) with the operation of union, the natural order < on

the semilattice Y follows the rule that P < Q if and only if Q C P. Therefore

0 is the unique maximal element of Y and every element of Y is below it, so

condition (ii) holds.
We note that {{(g, h)} : g G G,h £ H} = {^(Ig, 1h) ■ k £ K] and that Y

is the free semilattice on this set, with an identity 0 adjoined. Therefore Y is

generated with respect to the action by 0 and {(1g> I//)}- We let eo = 0 and
ei = {(!g, 1//)}. We define R as the set of relations

{el = e0, e\ = ex, eie0 = ex, ae0 = e0 : a e A}

and we claim that InvAct^ | p)(eo,ei | R) hnitely presents Y as an inverse
semigroup with respect to the action. The relations R, together with the stan¬

dard inverse semigroup relations, imply that all elements of the forms keo and

kei, with k £ K, are idempotent and commute with each other. Also, eo is

the identity, but the relations give no more information. This agrees with the

fact that Y is the free semilattice on {kei : k € K} with an identity adjoined.
Therefore our claim is shown. ■

The inverse monoid presentation for GOH which was deduced in Theorem

6.4.1 also follows from the proof of Theorem 6.6.1; we omit the details.

6.7 (Non) finite presentability of GOH as a

monoid

We return to the question of the finite presentability of GOH as a monoid.

Again we use Theorem 6.3.2.

Theorem 6.7.1 The Schiitzenberger product GOH of two groups is finitely

presented as a monoid if and only if both G and H are finite.

Proof. Assume that G and H are not both finite but that GOH is finitely

presented. Therefore, by the same argument as the proof of Corollary 6.4.3,

but applied to monoid presentations, G and H are finitely presented. We can
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now let G x H be finitely presented as a monoid by (A\ R). Remembering the
definition of zg^ in Theorem 6.3.2, we rearrange those relations using g = g^g?
and h = hih^1 to see that

(A, z | R, z2 = z, wgihzwg-ith-izwgth = zw9ihz ((g, h) G G x H)) (6.11)

presents GOH as a monoid. As GOH is finitely presented, the generators of

(6.11) and a finite subset of the relations of (6.11) will suffice to present it.

Therefore, for some finite W C G x H, we have

GOH = Mon(A,z \ R, z2 = z, wgthzwg-iih-izwgth = zw9thz ((g,h) G W)).
(6.12)

We will complete the proof by showing that this is not possible.

Consider a word of the form zw9thZ for some fixed g G G, h G H such that

(g, h) ^ W UW~l U {(1g, Iff)}- We claim that any word obtained from zw9thZ

by applying the relations from (6.12) is of the form

aiza^ ■ ■. arz/3zar+i... ar+i^izar+i (6.13)

for some ctj G A* (i = 1,..., r + /), all of which represent (1<3,1h), and some

P G A* which represents (g,h). Intuitively, a word of the form (6.13) has the
'centre' zfiz, which is surrounded by 'redundant' factors which do not change

the element of GOH that the word represents. Clearly the word zwg^z is of
this form. We proceed to show that applying any relation from presentation

(6.12) to a word of the form (6.13) yields another word of the same form.
A relation from R contains no occurrences of z. Hence any application of

such a relation is wholly within 7, where 7 = a; or 7 = /?, and it does not

change the element of G x H that 7 represents.

The result of applying the relation z2 = z to a word of the form (6.13) is

that, depending on whether the right hand side is substituted for the left or
vice versa, the number of occurrences of z is decreased or increased by one and
an empty is removed or inserted.

We now consider the effect of applying the relation

wgi,hizwg1-\h1-^Wguhl = ZWglMZ,

for some particular (gi,hi) G W, to a word of the form (6.13). We first
consider the case where this relation is applied by replacing the left hand
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side by the right. Consider the particular occurrence of wgith1zw -1 h~lZWg\,h\t 1

as a subword, which is to be replaced by zwgithxz. If this occurrence is in

ai-izctizai+i, then = cwgithl,cti = wg-ih-i,ai+i = wguhld for some c,d G
A*. But ctj represents (1g,1//), so all of the words wgiihi, w h-i, c and di/f >1

in fact represent (Iq, 1//). Applying the relation as stated transforms the
subword cwg^zw -i h-izwguhld into czw^^zd and leaves the rest of the wordy \ i \

unchanged. In particular, the newly obtained word also has the form (6.13).
If wgi,hxzw ~i h-izw^^! appears as a subword in ar-izarz(3 or /3zar+izar+2,y 1 '1

then wgiji1 again represents (1g, 1h) and a similar argument as above shows
that applying the relation as stated produces a new word which also has form

(6.13). If wgi,hiZwg-1 is a subword in arz/3zar+i, then /? = wg-i h-i.
This leads to the contradiction (g, h) = (gi,hi)~l G W^1, and so this case

cannot arise.

We now consider the case where the same relation can be applied by re¬

placing the right hand side by the left hand side. Then zwgith1z appears

as a subword of v. If this subword is zamz, then am = wgi,hi and hence

(gi, hi) = (1g, 1h) = (sfUr1)- Applying the relation as stated keeps the
overall word in the given form. If zw^^z appears in the word as zf3z then
/3 = wgi^i, which leads to the contradiction (g, h) = (gi,hi) G W. Our claim
is shown.

To complete the proof of the theorem we note that since (g, h) ^ (1g, 1h),
the word Wg^zWg-i^-izWg^ is not of the form (6.13). Thus the relation

zu)gthZ = Wg^hZWg-i^-lzwgth holds in GOH but is not a consequence of presen¬
tation (6.12), a contradiction. ■

There is an interesting dichotomy, reminiscent of the free inverse monoid,
that the Schiitzenberger product GOH, where G and H are finitely presented

infinite groups (or one infinite and one finite), is finitely presented as an inverse
monoid but not finitely presented as a monoid.

There remains an obvious unsolved question.

Open Problem 6.7.2 Let S and T be monoids, or even semigroups. Can
SOT be finitely presented (without S and T both being finite) and, if so,
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when?

6.8 A generalisation of Theorem 6.7.1

In fact we may show that the inverse monoid free product of any infinite

group and non-trivial semilattice with an identity is not finitely presented as

a monoid.

To begin, we let K = Mon(A | R) and Y = Mon(i? | Q) be inverse monoids
and let S be the inverse monoid free product of K and Y.

Lemma 6.8.1 We have:

S = Mon(A, B | R, Q, ww~lzz~l = zz~1ww~1 (w,zE {A, B}*) ). (6.14)

Proof. It is clear that K — InvMon(A | R) and Y — InvMon(P | Q), so
S = InvMon(A, B \ R,Q). By the definition it follows that

S = Mon(A±1,5±1 | R,Q,$Ia,b)
= Mon(A, A'1, B, Q, ww~lw = w, (6.15)

ww^zz'1 = zz^ww'1 (w, z G {^4, A-1, B, B-1}*)).

We will now perform Tietze transformations on (6.15) to turn it into (6.14).
As K is an inverse monoid defined by a monoid presentation Mon(A | R),

it follows that for all a G A there is a word wa G A* such that the equality

wa = a~l holds as a consequence of R. Therefore, we may use the Tietze

transformation (T3) to remove A-1 from the set of generators and replace
each occurrence of a"1 by wa in the relations. For ease of notation we continue

to refer to these subwords wa as a-1. Similarly, we may use (T3) to remove

B"1 from the set of generators.

We select an arbitrary word w G (A U B)* and write w = k\y\... knyn
where ki,... ,kn G A* and yi,... ,yn £ B*. We refer to the smallest possible
value of n as the length of the word w, and also say that the length of the

empty word 1 is 0. We will use induction on n to show that if w is a word of

length n then ww~lw = w is a consequence of the other relations in (6.15).
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We first consider the base case n — 0; that is, in which w = 1 £ (A U B)*.

Applying the relations R and Q, we can easily deduce that ww~lw = II-11 =

1 = w, so the base case is finished.

For the inductive step we assume, for some n £ N, that if w is a word of

length less than n then ww~1w — w is a consequence of the other relations
in (6.15). We consider the word w = k\y\... knyn of length n. We let v =

k2V2 ■ ■ ■ knyn and we note that w = k\y\v. The length of v is n — 1 so, by our

inductive assumption, we have that vv^v = v. Using this and the relations

R, Q and those of the form ww~lzz~1 = zz^ww"1, we observe that

ww~xw = (k1y1v)(kiyiv)~1(k1y1v)
= kiyiw^y^k^kiyiv
= kiyi[vv~l][{kiyi)'1 {kxyi^v
= ^iyi[(A;iyi)-1(A;iyi)][uu_1]u
= kxiyxy^ik^k^yivv^v
= kik^kiyiy^yiv
= kiyiv

= w,

which finishes the inductive part.

It is now straightforward to complete the proof: because all the relations
of the form ww~xw = w are consequences of the other relations, we may use

(T4) to remove these from the presentation. This gives us (6.14). ■

From this point we consider the more specific case in which If is a group

and that Y is a semilattice with an identity.

Lemma 6.8.2 We have:

S = Mon(A, B | R, Q,bkc — kck~lbk (k G A*,h, c G B)). (6.16)

Proof. We will show this by reducing the relations of (6.14).

Denoting the semilattice of idempotents of S as E(S), we claim that

E(S) — (k~lyk : k € A*, y G B*). To show this, we define <f> : S —> K as
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the extension to a homomorphism of the mapping <fi : A U B —> K given by

{a)(j> = a, (b)<f> — Ik (for each a G A,b G B). The image of an idempotent
under a homomorphism is idempotent, so (e)0 = 1k for all e G E(S). That

is, if e is idempotent and we write e = k\y\... ynkn+\ with k\,..., kn+\ G A*
and yi,...,yn 6 5*, then fci... /cn+i = Ik- Therefore

e = kiyi... ynkn+i

= (k1y1ki1)(k1k2y2k21K1) ...(ki... knynk~l... k^1)(k1... kn+1)
= (hyiK1) - - - (h ... knynk~l... fcf1),

and this is contained in (k~lyk : k G A*, y G B*), so our claim is shown.
For all y G Y we may write y = b\... br with each bt G B. Then

k~~lyk = (k~lbik)... (k~lbrk),

so in fact ^(S1) = (k~lbk : 6 G B,k G A*). Those relations of the form
— zz~lww~l (which state that idempotents commute) may be de¬

duced from only those of the form

(fcf lbki){k^1ck2) = (k21ck2)(ki1bki)

with ki,k2 G A*,bi,b2 G B (which state that the generators of the semilattice
of idempotents commute). If we let k = k\k^ then a simple rearrangement

gives (6.16). ■

At this stage we note that if B = {z} and Q = {z2 = z} then (6.16) is
within a simple alteration of (6.7). We are also in a position to generalise
Theorem 6.7.1 as follows.

Theorem 6.8.3 Let K be an infinite group, let Y be a non-trivial semilattice

with an identity and let S be the inverse monoid free product of K and Y.

Then S is not finitely presented as a monoid.

We note that the proof of this result is simply a generalisation of the proof
of Theorem 6.7.1.

proof. To derive a proof by contradiction, we begin by assuming that S
is finitely presented as a monoid. It follows that K and Y are each finitely
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presented as monoids, say by Mon(A | R) and Mon(B | Q), respectively. In

particular, Y is finite.

By Lemmas 6.8.1 and 6.8.2 we conclude that S is presented by (6.16). As
we have assumed that S is finitely presented as a monoid, it follows that the

generators and a finite subset of the relations of (6.16) suffice to present this

semigroup. That is, for some finite W Q A*,

S = Mon(A, B | R,Q,bwc = wcw_1bw (w G W,b,c G B)). (6.17)

We will complete the proof by showing that this is not possible.

Consider a word puq where p,q G B,u G A* and u does not represent the

same element of K as any word \n W A {Ik}■ We claim that any word
which may be obtained from puq by applying relations from (6.17) is of the
form

^-1^1 • • • &rbr{3br~—1-1 • * • (6.18)

for some a, G A* (i = 1,..., r + I) all of which represent Ik, (3 € A* which

represents the same word as u, and some bj G B (j = 1,,r + I). Intu¬
itively, a word of the form (6.18) has the 'centre' br(3br+1, which is surrounded

by 'redundant' factors which do not change the element of S that the word

represents. Clearly the word puq is of this form. We proceed to show that

applying any relation from presentation (6.17) to a word of the form (6.18)
yields another word of the same form.

A relation in R contains no occurrences of any element of B. Hence any

application of such a relation is wholly within 7, where 7 = or 7 = /?, and
it does not change the element of K that 7 represents.

The result of applying a relation from Q to a word of the form (6.18) is
that the bi may change and some empty ctj may be removed or inserted.

We now examine the effect of applying the relation wcw~lbw = bwc, for
some particular b,c G B and w G W, to a word of the form (6.18). We look first
at the case where this relation is applied by replacing the left hand side by the

right. Consider the particular occurrence of wcw~1bw, as a subword, which is

to be replaced by bwc. If this is in ai_ibiaibl+iai+i then Qfj_ 1 = dw,ai = w~l
and ai+i = we for some d, e G A*. But <a, represents Ik, so in fact w,w~l,d
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and e all represent 1k- Applying this relation as stated transforms the subword

dwbiw~1bi+iwe into dbi+\wbie and leaves the rest of the word unchanged. In

particular, the newly obtained word has the form (6.18). If wcw~lbw appears

as a subword of ar-ibr-\arbT(d or (3br+\0ir+\br+20Lr+2 then it can similarly be

shown that w represents Ik, and hence that applying the relation as stated

produces a word which also has form (6.18). If wcw^bw is a subword in

arbrpbr+\ar+i then (3 represents the same element as u>-1, which contradicts

our assumptions; thus this case cannot arise.

We now consider the case where the same relation can be applied by replac¬

ing the right hand side by the left hand side. Then bwc appears as a subword

in our word of form (6.18). If this is in bi-\Oiibi then cq = w, so w represents

Ik- Applying the relation as stated keeps the overall word in form (6.18). If
bwc appears in the word as br/3br+1 then j3 represents the same element as w,

which again contradicts our assumptions.

To complete the proof we note that since w does not represent Ik, the

word wcw~lbw is not of form (6.18). However, bwc clearly is of this form, so

bwc = wcw~lbw does not hold in the presentation (6.17). This equality does
hold in S, so we have a contradiction and we conclude that S is not finitely

presented as a monoid. ■

Because of Corollary 6.4.2, Theorem 6.7.1 follows as a direct consequence

of Theorem 6.8.3.

It is well-known that the monoid free product Mon(G* * H) of two finitely

presented groups G and H (which is also the group free product of these

groups) is a finitely presented group. As this is inverse, it coincides with the
inverse monoid free product InvMon(G * H). So Theorem 6.8.3 cannot be

generalised to state that if S and T are inverse monoids, at least one of which
is infinite, then the inverse monoid free product InvMon(S' * T) is not finitely

presented as a monoid. However, the following question remains unsolved.

Open Problem 6.8.4 Let S and T be inverse monoids, at least one of which

is infinite, and at least one of which is not a group. Can the inverse monoid

free product of S and T be finitely presented as a monoid and, if so, when?
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The main open problems

As so many unsolved questions have arisen, we list those that seem most impor¬
tant. They are almost uniformly distributed over the covered topics, although
the most promise appears in those regarding the finitary power semigroup,

particularly Open Problem H, which concerns finite presentability. However,

there is also strong potential for future research in several others.

Open Problem A Is it possible to classify all of the infinite inverse semi¬

groups that have finitely generated diagonal bi-acts? What about completely

regular?

Open Problem B Does there exist an infinite totally ordered set A such
that the diagonal bi-act of Ox, the semigroup of monotonic transformations
on A, is finitely generated, or even cyclic? What about the semigroup Qx of

strictly monotonic transformations on A?

Open Problem C Let R be an infinite ring, let R* be the multiplicative

semigroup of R and let S be the semigroup ofnxn matrices over R. Can the

diagonal right, left or bi-act of S, or of R*, be finitely generated or cyclic?

Open Problem D Let A be an independence algebra. Is it always the case

that the direct square A x A is also an independence algebra?

Open Problem E For which choices of the ingredients are the semigroups

<S(A, A,C, D, E, F) and M.(X,A,C,D,(a',b'),r) (both of which are defined
in Section 4.7) infinite?

Open Problem F Does there exist an infinite inverse semigroup S for which
the finitary power semigroup V/(S) is finitely generated?
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Open Problem G If S is finitely generated and the diagonal right act of S
is finitely generated, does it always follow that Vf(S) is finitely generated?

Open Problem H Does there exist an infinite semigroup S for which the

finitary power semigroup V/(S) is finitely presented?

Open Problem I Let S and T be semigroups, at least one of which is infinite.
Can the Schiitzenberger product S<>T be finitely presented and, if this is

possible, can we classify all pairs of semigroups for which this is the case?

Open Problem J Let S and T be inverse monoids, at least one of which is

infinite, and at least one of which is not a group. Can the inverse monoid free

product InvMon(Sl * T) be finitely presented and, if so, when?
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