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Chapter It Introduction*

The topic of this dissertation is the interpre¬

tation of formal systems* It is an important topic for

the following reasons. First, it has been argued that
the procedure of •formalisation' can be very valuable

In constructing scientific theories, logical and mathe¬

matical systems, and Conceptual frameworks1; and to

formalise is to construct a formal system, together with
a particular Interpretation for It, precisely or loosely

specified. Second, the application of logic and of

mathematics in everyday life is very commonly explained

on the analogy of employing interpreted formal systems.

The claims made for the usefulness of formalising

deserve close strutiny; so also does the attempt to

explain practical applications of logic and mathematics

on the model of the use of interpreted formal systems.

Enquiries into these two varieties of claims form the

programme for this dissertation.

1. Formal Systems.

Throughout this discussion of formal systems, and

1
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their interpretation, the work of Rudolph Carnap will be

taken as the principal source; he is the chief expositor

of the construction of formal systems, and has con¬

sidered their interpretation in more detail than anyone

else. Further, what he has to say about formalising,

and about formal systems, fits the procedure, and the

products, of those who construct such systems, and agrees

with their use of them, in so far as that use is clear,
A formal system, or syntactical system, or cal¬

culus, is a structure consisting of1
?

(a) a set of characters , classified into various

groups (e.g., constants of various kinds, var¬

iables of various kinds, operators, logical

signs, auxiliary signs),

(b) a set of rules of formation, governing the con¬

struction of 'formulas• by concatenation of

characters of the system; these rules may be

regarded (and formulated) as a definition of

the term 'formula', or of the class of formulas
as a subclass of the class of all possible

strings of characters. The rules are generally

required to provide an 'effective' definition
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of 'formula'; that is, a definition the satis¬

faction of which by any given candidate can be

tested by a mechanical procedure^. Usually the

rules form a recursive definition.

The rules of formation generally define 'atomic

formula' first, and then 'formula' in terms of

'atomic formula*: formulas are either atomic

formulas or constructed in certain ways from

atomic formulas, while atomic formulas cannot be

analysed as constructed from more 'basic' formu¬

las.

The set of rules of formation may also dis¬

tinguish between 'open' and 'closed' formulas,

(c) a set of rules of transformation, governing the

manipulation or transformation of formulas (or

sets of formulas) into other formulas (or sets

of formulas). These rules may also be regarded

as constituting a definition, in this case of

the relational term 'immediately derivable from'

(meaning 'obtainable by a single transformation

from'); this definition leads to a definition of

the term 'derivable from' (meaning 'obtainable



by a sequence of transformations from'), (Carnap

uses the terms 'direct C-implicate of1 and *C-

impllcate of*, respectively.)
The rules are often presented by setting out

•axioms* or 'primitive sentences', formulas into

which any cot of formulas (including the empty

set) can be transformed, together with some rules
of transformation; the list of axioms may be

specific, consisting of individual closed formu¬

las, or may be open, specifying, by means of

'schemata', whole classes of formulas as axioms.

The rules are not required to be effective;

where they are, the system is 'decidable'.
Some language has to be employed in setting out

the structure of a formal system. It must be possible,

using this language, to make reference to the characters

of the system, and to strings of these characters. The

language used is called the 'metalanguage' (in contrast

with the system, thought of as a potential language,

and called the 'object language')• Reference to indi¬

vidual characters may be effected by using special names

for each character, or by using the characters themselves
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either within quotation marks (e.g., using "»0I" to

denote a zero), or without quotation marks, 'autony-

mously', as names of themselves (e.g., using "0" to

denote a zero). Strings of characters may be referred

to in corresponding fashion, or by using a sign of con¬

catenation ("«") with any kind of names of individual

characters. (Thus a zero in parentheses might be denoted

by "»(0)*», or by "(0)", or by "1 (,'"v,0 )1", or by

»TOT', or by "left parenthesis^zero^right parenthesis".)
Reference to strings of characters in general is usually

effected by use of variables—capital Roman or Greek

letters—having the class of all possible strings as

their range. The various methods of forming names of

strings may be extended to the case of variables as

well (e.g., "(A)" could be used as a variable having
the class of all strings of characters beginning with a

left parenthesis and ending with a right one as its

range).

The technical details of formulation of formal

systems are not of vital importance for the discussion

that follows. However, it may be useful to construct

a simple formal system, by the methods typically used,
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to illustrate what has been said so far. A formal

system incorporating** the propositional calculus could

be constructed as follows. The metalanguage used is

(a portion of) English, characters of the system are

used autonymously in the metalanguage, 'A', *B®, and *Cf
are used as variables having the class of all possible

strings of characters of the system as their range, and

names of strings are formed by concatenation of names

of components,

(a) Characters;

(i) Propositional-' constants: p-^ , p2 , P3 , ...5
(ii) Propositional-' variables: TT^ , , TT^ ,
(iii) Logical-' characters: - , ;

(iv) Auxiliary characters: ( , ) .

(b) Rules of Formation:

(1) If A is a propositional constant or variable,

then A is a formula,

(2) If A is a formula, then (-A) is a formula,

(3) If A and 3 are formulas, then (A=>B) is a formula,

(c) Rules of Transformation:

Let ,A* denote the null class of formulas.
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(1) If A, B, and C are formulas, then A may be trans¬

formed Into the formula (AsCB^A)),
or the formula 9

or the formula (((-B)o(-A) )-=>(A^B)) •

(2) Tf A and B are formulas, then the class of for¬

mulas (A, (A=>B)} may be transformed into the for¬
mula B,

(3) If A and B are formulas, and C Is the formula

obtained from A by replacement of some proposi-

tional variable TT^ at each of its occurrences in
A by B, then A may be transformed into C.

In (c), (1) might commonly be replaced by a list
of axiom schemata, leaving (2) and (3) as the rules of

transformation proper.

2. Semantical Systems.

A semantical system consists of a classified set

of signs, from which sentences can be constructed, fol¬

lowing rules of the system; these rules are generally

required to provide an effective definition of the term

•sentence1, and are called 'rules of formation'. In

addition, the system must contain some set of rules which
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supplies meaning for each of the sentences constructi¬

ve in the system.

The forms which these latter rules, the •semanti¬

cal rules*, may take, are many, Carnap usually gives

them in the form of 'truth conditions', or 'rules of

designation' together with 'truth conditions*^, Truth

conditions supply complete conditions for the truth of

each of the sentences of the system, and thereby, Carnap

claims, give meaning, since "to know the truth condi¬
tions of a sentence is to know what is asserted by it,

..•—in usual terms, its 'meaning'"'7. The rules of

designation supply designata for individual and predi¬

cate constants, in systems in which such signs occur;

they are supplemented by some such truth condition as:

A sentence of the form '—is,,,' (or »— ...*),
where ' * is a name, and ',..* is a predicate, is

true if and only if the thing designated by •-—• has
o

the property designated by

Further truth conditions are usually supplied for

negations, conjunctions, disjunctions, and possibly
other molecular complexes of subject-predicate sentences.
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Giving truth conditions for universal and exis¬

tential sentences is more complicated, and involves

introducing the subordinate concept of •satisfaction'

of a formula by an object, or an ordered sequence of

objects. However, there is no need to consider the

details of these more complicated rules.

Although this formulation of semantical rules is

the most generally accepted one, it seems clear that

semantical rules could be given in other forms# A sys¬

tem of rules which is based on a classification of

signs, and gives meanings of various kinds to signs of

the various classes, and thereby, indirectly, and pos¬

sibly in conjunction with some truth condition, gives

meaning to formulas, could be called a system of •dic¬

tionary rules ♦ . Carnap*s semantical systems involve

dictionary rules; presumably other kinds of dictionary

rules could be used. But semantical rules need not

take the form of dictionary rules at all. One could

give truth conditions for sentences directly; or one

could dispense with truth conditions altogether. Since

the semantical rules, in whatever form, have to be

given in some metalanguage, one obvious way to give
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semantical rules would be In such a form as *The sen¬

tence M " is to mean "...where "—— "

Is a sentence of the semantical system, and "••••«••"
Is a sentence of the metalanguage^. A language with

rules of either of these latter kinds would be like the

code of flags used at sea, which employs individual signs

as sentences.

There are problems about the forms in which seman¬

tical rules should be given, problems lying in the

province of the philosophy of language. For example,

Alonzo Churchfollowing Frege, has objected to

Carnap's formulation of semantical rules, on the ground

that a descriptive sign has not only a designation, but

a sense; and that sentences should be considered as

designating a truth value, as well as having a sense.

Another criticism of Carnap's account is that of Gilbert

Ryle1^, to the effect that it assimilates the semantical

properties of all descriptive words to those of names,

treating predicates, for example, as •designating' prop¬

erties. This general application of what he calls the

•Fldo^Fido principle, he shows, leads to absurd conse¬

quences, such as that soma sentences are lists of names.
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A further and yet more fundamental problem that

Carnap's approach presents stems from his assumption

that 'meaning' can properly be attached directly to

sentences, rather than to sentences in context of use,

or to statements made, or propositions asserted, by

use of sentences.

I do not propose to consider problems of either

of these kinds, serious as they may be for Carnap's

account. I wish to assume (i) that it is possible, in

talking about language, and linguistic systems such as

Carnap's semantical systems, to frame anything one may

have to say as a statement (or question, hypothesis, or

etc.) about sentences, and, specifically, that it is

possible to talk about sentences* having meaning; (ii)
that it is possible to formulate rules in virtue of

which sentences of a semantical system have meaning,
more or less as sentences of natural languages can be

said to have meaning.

3• Interpretation of a Formal System.

It is quite possible that there may be an exact

correspondence between the set of characters of a formal



12

or syntactical system, with its classification, and the

set of signs of a semantical system, with its classi¬

fication, so that, for example, the same design which

is a character, and specifically a propositional con¬

stant, in the syntactical system, is a sign, and specif¬

ically a propositional constant, in the semantical system.

And further, the rules of formation of formulas (of the

syntactical system) and of sentences (of the semantical

system) may correspond exactly, so that what is, as a

string of characters of the syntactical system, a

(closed) formula, is also, as a string of signs of the

semantical system, a sentence, and conversely. This

correspondence of rules of formation of the two systems

may, or may not, spring from a correspondence between
the structures of the two sets of rules.

Indeed there may be a correspondence between

characters and signs, and between formulas and sentences,

without there being identity of design between individ¬

ual characters and individual signs. However, there is

nothing essential about one design for a sign or char¬

acter, as against another, and so, where there is a

correspondence between a syntactical and a semantical
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system, without there being a shared set of designs,

the closer correspondence can be obtained by replacing

one or other of the systems by a system that is in

practical respects indistinguishable from it, but has

characters or signs (as the case may be) of a different

design.

A syntactical system may be in correspondence in

the way described, not with a whole semantical system,

but with a 'proper part' of one; then all the designs

which are characters in it are signs in the semantical

system, and all its closed formulas are, as strings of

signs, sentences in the semantical system; but the con¬

verse is not true.
12

In either case, Carnap says that the semantical

system is an interpretation of the syntactical system.

Specifically, the requirement of a semantical system as

an interpretation of a syntactical system is that it

should furnish a truth condition for each closed formula

of the syntactical system.

The concept of 'interpretation* is not so impor¬

tant as that of true interpretation. A semantical

system which is an interpretation of a syntactical
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system is in addition a true interpretation if it never,

by the truth conditions it assigns, interprets as a

false sentence a formula which is derivable, in the

syntactical system, from sentences which are inter¬

preted as true sentences# To put it more succinctly?

a true interpretation of a calculus is an interpreta¬

tion relative to which the transformations permitted in

the syntactical system all 'preserve the truth value

True', or yield only true formulas from true formulas.

In the case of interpretations, as elsewhere, the

most detailed account Is due to Carnap; but in this

case what he says corresponds particularly well with

the work of formal logicians? On the basis of concepts

Introduced by Tarski^3^ there has recently been devel¬

oped a branch of mathematical logic called 'model

theory', which occupies the position of a complement

to the traditional 'proof theory'; the notions of con¬

sistency and completeness basic to most of ^tamathe-

matics are the result of a fusion of proof-theoretic

and model-theoretic notions* And a model of a formal

system is, roughly, a formal correlate of a true inter¬

pretation of it. Specifically, a model of e formal
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system consists of an assignment, which is a function

correlating individual characters with members of some

domain, and predicate characters with functions from

that domain into the set (T, Fj , and a valuation rela¬
tive to that assignment, which is a function correlating
either T or F with each formula (open or closed) of the

system, on the basis of the ♦values' the assignment

gives to the characters occurring in it; an assignment

together with a Valuation relative tc it constitute a

model if they correlate with the element T all the

axioms, and all the formulas derivable from them (or:
all the formulas derivable from the empty set of formu¬

las). A model of a system having only propositional
lU

constants consists of an assignment only •

Except that a model does not distinguish between

variables in free occurrences and constants, and between

open and closed formulas, it is the equivalent of a true

Interpretation, constructed formally and extensionally,

and without any semantical connotations: it does not

give the characters and formulas of the formal system

meaning. Because Carnap deals with rules, and not

functions, he is able (in Meaning and Necessity) to
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give some account of the lntensional aspects of mean¬

ing, by considering the meaning of semantical rules-
how they supply designata and truth conditions—as well

as their effects—what designata and truth-values they

supply; model-theory takes no cognisance of such matters.

The combined structure of classification of signs,

rules of formation, rules of transformation, and seman¬

tics! rules, which is obtained when a syntactical system

and a true interpretation of it are conflated, might be

called a 'formalised language'*^. It is with formalised

languages that this dissertation is concerned.

k• Use of the Concent of 'Formalised Language1•

As was suggested at the start, the concept of

formalised language is brought into play in two kinds

of context. First, the use of formalised languages is
advocated in science, logic, mathematics, and concep-

16
tual enquiry. Second, it is suggested that logical

and mathematical procedures should be, or must be,

described and/or explained and/or understood in terms

of use of forraalised languages.

These contexts are not completely separate • The
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thesis that application of logic or raatheraatics is to

be thought of as use of a formalised language Is

clearly connected with the thesis that logical or math¬

ematical theories are best formulated by constructing

formalised languages. However, in the first kind of

context, it is the construction and use of formalised

languages that is being advocated, while in the second

kind of context, the thesis put forward is that apply¬

ing the concept of using a formalised language is fruit¬

ful, or essential.

It will prove convenient to proceed as follows:

first, the general status of formalised languages will

be considered, in its bearing on their utility, in

Chapter II; I will then turn to the attempt to explain

application of logic and application of mathematics on

the model of use of formalised languages, in Chapters
III and IV-VI respectively; in Chapter VII It will be

possible to return to the question of the utility of

formalised languages, and give a more adequate answer.

As was said earlier, I wish to assume that any¬

thing that can be said about language can be expressed

in terms of sentences. I wish to assume, further, that
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logical principles can properly be framed in terms of

sentences1? (but I do not wish to prejudge tho question

whether logical principles can also properly be framed

in other terms)# Carn&p, and all formal logicians, and

almost all philosophers of mathematics, take this pos¬

sibility so completely for granted that it is hardly

possible to appraise what they have to say in any use¬

ful manner, unless one adopts their viewpoint, tries to

argue in their own terms, and in particular uses the

'sentential' terminology they use in discussing language

and logic# For the sake of understanding what Carti&p

says, and what former logicians assume, I will try to

•speak their language', even if a great deal of what I

say is implicitly a denial of the appropriateness of

that language.



Chapter II: The Preciseness of Formalised Languages,

The question I wish to discuss first is this:

What is the difference between a formalised language and

the technical language found, for example, in scientific

textbooks, or systematic philosophical treatises? Is

this difference a radical one, or is It merely one of

degrees of preciseness?

Carnap and others write as if ordinary languages

and formalised languages were absolutely different in

certain respects, the former being •inexact' and •logi¬

cally imperfect1, while the latter are precise and free

of logical imperfections1. Further, they seem to in¬

clude among 'ordinary1 or 'natural' languages the tech¬

nical language which is a refinement of ordinary lan¬

guage, and is used In scientific, philosophic, and other

special contexts; for in general they speak as if the

only choice of languages open to us is that between

natural languages and formalised languages, constructed

more or less on the pattern outlined In the previous

chapter, and where they do actually talk about scientif¬
ic discourse, for example, they suggest that it is an

19
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inadequate vehicle of expression, and ought to he re-
2

placed by formalised language . X want to show that

this attitude is mistaken,

1. Meaning in Formalised Languages is 'Parasitic'.

The cornerstone of what I have to say is the fol¬

lowing contention: the meanings and logical properties

of, or connected with, the signs of a formalised lan¬

guage are parasitic upon the meanings and logical prop¬

erties of, or connected with, the signs or words of the

metalanguage used in formulating the semantical rules

of the formalised language. This contention may be

called, for short, the thesis of 'parasitic meaning*.

Suppose that we have a formal or syntactical

system, and wish to supply an interpretation for it.
As has been remarked, there seem to be various ways of

doing this; the only requirement of any method used is

that it give a meaning to every (closed) formula of

the system.

Suppose that the method used is like Carnap's:

the (syntactical) classification of the signs is

brought into play, the various kinds of signs given
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different kinds of meaning (individual constants, e.g.,

being given substantival meaning, predicate constants

adjectival meaning), and the set of semantical rules

completed by truth conditions for atomic and molecular

(i.e., complex) formulas. Typical examples of the two

kinds of rules involved ares

Rules of designation:

(i) "The individual constant 'a' designates the

city of Paris"}

(ii) "The predicate constant 'F* designates the

property of being in France"!

Truth conditions:

(i) "If A is an individual constant, and B is a

predicate constant, then the formula AB [or:
A^B, or etc7] is a true formula if and only
if the object designated by A has the property

designated by B"!

(ii) "If A and B are formulas, then AvB [or:
A%"B, or etc .J is a true formula if and only
if either A or B is true".

These examples may seem unduly simple to be typical!

yet they are comparable with most of the examples of

semantical rules offered by Carnap3#
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These rules give meaning to signs, or to groups

of formulas, of a formal system; that is, they make it

possible to consider, and use, the appropriate signs as

words, and the appropriate groups of formulas as types

of sentence. It is clear that they do this by 'trading

on1 the meaning that the words and phrases ♦Paris*,

•(the property of being) in France1, 'the object desig¬

nated by ..... has the property designated by *,

and 'either ..... or ..... is true*, already have, as

words and phrases of the English language.

The ways in which semantical rules of this kind

•trade on* the meanings of words, phrases, and sen¬

tences of the metalanguage they are formulated in may

be roughly classified under three heads. First, these

rules make essential use of such words as •designate',
L

and other semantical terms • The semantical structure

of a formalised language is supplied through the seman¬

tical terms used in its semantical rules, and this

structure is derived, via these terms, from some extant

semantical 'theory1, which is the natural 'habitat' of
these terms, and forms part of their collective conno¬

tation, (Similarly, the grammatical structure of a
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formalised language is derived, via grammatical terms

of the metalanguage, from some existing grammatical

'theory*•)

indeed, the semantical structure of a formalised

language is not independent of the semantical structure

of the metalanguage itself. For example, it would be

hard, if not impossible, to supply designsta for indi¬

vidual names in a metalanguage which had nothing like

nouns or noun phrases. In a similar way, a truth condi¬
tion making a character a sign of conjunction would be

very hard to express in a language in which it is not

possible to conjoin sentences.

This latter example perhaps also illustrates a

dependence in meaning of another kind, namely, depend¬

ence in the 'logical* component of meaning. A clearer

example of this, the second way in which moaning is

derived from the metalanguage, is to be found in Meaning

and Necessity. Here Carnap, in setting up a semantical

system S^, gives as two of the 'rules of designation
for predicates' the following:

"'Kx'—'x is human (a human being)'"5

"'RAx'— *£ Is a rational animal.*"5,
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He adds that "the English words he re used are supposed

to be understood in such a way that 'human being' and

'rational animal' mean the same"^« He later deduces

that the sentence ' (x) (Ibc = RAx)' is L-true (i.e., logi¬

cally true), since its truth "can be established without

referring to facts by merely using the semantical rules

of especially Qthe rule of designation for predi-

cates^ (see the remark following this rule) and the truth
7

rules for the universal quantifier and for '= ; from

this he further deduces that the predicators 'H' and

'RA' are L-equivalent (i.ef, logically equivalent) in S^.
Obviously, the logical properties of the sentence, and

of the two predicators, are derived from the (claimed)

synonymity of 'human being' and 'rational animal', that

is, from a feature of English words which is independent

of (extra-linguistic) facts, and so 'logical'.
The third way in which semantical rules are de¬

pendent on significance in the metalanguage is in sup¬

plying designata (or whatever they do supply to give

meaning) for the descriptive signs (in a Carnapian sys¬

tem, the individual, predicate, and propositional con¬

stants). This parasitism of 'descriptive content* is
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the most obvious form of parasitism of meaning. In

effect, the rule "'a' designates Paris" provides 'Paris*

as a synonym, or literal translation into English, of

ta«. Hipi designates the property of being In France"

In effect provides 'in France' as a synonym or literal

translation for 'F' (or rather, this Is Intended, but

is not achieved, because adjectives are misconstrued as

names). Semantical rules supply parasitic meaning in

this way by functioning as translation rules, or dic¬

tionary entries.

It is worth considering in detail the case of

semantical rules which take the form of rules of desig¬

nation together with truth conditions for sentences,

because this is the form semantical rules generally take.

And what has been said about this case could, I think,
be applied to any other case of semantical rules which

are in the form of what I have called 'dictionary rules'.

But it is possible to give truth conditions for

any finite collection of formulas directly, without inter¬

vening dictionary rules. Carnap himself gives an ex¬

ample of a directly formulated truth condition in

Introduction to Semantics, pp. 22-23: "We know that



26

the sentence 'Mon crayon est noir', uttered by Pierre

is true if and only if a certain object, Pierre's

pencil, has a certain color, black". Here again, it
is clear that the semantical rule supplies meaning by

•trading on' meanings already *given' in English. In

this case the third kind of borrowing (of descriptive

content) is obviously present; however, the first two

kinds of borrowing (of semantical structure, and of

logical properties) are not so clearly in evidence as

they are in the case of interpretation by dictionary

rules#

Nevertheless, these other kinds of borrowing are

also present here# If a set of semantical rules is to

supply meaning for a formula, it must supply some

semantical structure and transmit some logical proper¬

ties or relations. If the rules consistently give, as

truth conditions for formulas of a certain structure,

the possession of particular properties by particular

objects, they in effect confer a subject-predicate seman¬

tical (and hence grammatical) form on sentences of that

kind; if they regularly give disjunctive truth condi¬

tions for formulas with some other structure, they in
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effect make that kind of formula, qua type of sentence,
a disjunctive type. If they do not consistently give

any one kind of truth condition for formulas which are

recognisably of the same syntactical type, they in

effect treat such formulas as singular unitary signs,

making them like one-word sentences. And of course the

semantical rules are supplemented by the grammar implicit

in the syntactical classification of characters, which
also helps to introduce semantical structure.

Similarly, if the truth condition given for one

formula is logically implied by the truth condition for

another, the conditions jointly confer the relation of

logical Implication on the pair of formulas in inter¬

preting them. (The particular form of rules involved in

the example taken from Meaning and Necessity is inessen¬

tial to the kind of parasitism of meaning it illustrates.)

It is perhaps unsafe to generalise dogmatically

about this matter, but I cannot see how any set of

semantical rules could supply meaning to a collection

of formulas without making use of the *givert' meanings

of the words, phrases and sentences of the metalanguage

used in their formulation, and, specifically, of the
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semantical structure associated with, the logical prop¬

erties and relations implied by, and the descriptive

content of, these meanings.

Another way of arguing for the thesis of parasitic

meaning, which sheds light on it from a different angle,

is as follows. Suppose someone is being taught a form¬

alised language? he is given the rules, including the

semantical rules, constituting the system. These rules

will be formulated in some metalanguage, which the learner

must understand if he is to understand the rules and

learn the language. The metalanguage may be his ♦mother

tongue1, the first language he ever learned, or it

may be a natural language, or conceivably an artificial

or formalised language, which he has previously learned.

If the metalanguage is not his mother tongue, then he

has most probably learned it through rules—1 transla¬

tion rules' of one kind or another—in somewhat the way

he is learning the new formalised language. These

translation rules will have been formulated for him in

some other language he already knew; it in turn may or

may not be his mother tongue. This chain of dependence

of the learning of one language on the previous learning
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of another may be considerably drawn out? but it must

end somewhere (else he knows none of the languages))
and the only way in which It can end Is in his knowledge

of his mother tongue, or of some language which he

learned In the way he learned his mother tongue, that

Is, by a means not involving being given rules in any

metalanguage. In th© case of his mother tongue, there

was no language he knew which could serve as metalanguage.

One can be taught languages by being given rules only

when one has learned some language in a different fash¬

ion; and the meanings of the words, phrases, and sentences

of this language are in a sense 'basic* to the meanings

of all words, phrases, and sentences of languages

learned, directly or mediately, through translation

rules linking them with this original language.

In this sense, then, meanings not only in formal¬

ised languages but also in acquired natural or artificial

languages, so far as these are acquired by learning

translation rules, are parasitic.

2. Formalised language is like Technical Diction.

Because the meanings of symbols and sentences of
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formalised languages are parasitic, in the various ways

outlined above, the effect obtained by formalising is

exactly that achieved when ordinary language is refined

and extended to form a technical language. For, the

•defining*, In a metalanguage, of the meaning of a sign

of a formalised language is just like the *definlng* of

the special meaning of a *technical term1, in a natural

language, for use in some scientific or other specialised

context.

Of course, technical language is full of everyday
words which are not given an explicit technical sense

(•is*, fand', and •all1, for example), and it might be

thought that their presence makes technical discourse

that much less precise, and not comparable with a for¬

malised language. But an examination of the semantical

rules governing the use of the signs corresponding in

formalised languages to these common words shows that

the following is the case: if the vagueness and/or

ambiguity of the everyday words cannot be overcome, then

the formal signs which take their place must also be

vague and ambiguous, and, contrapositively, if these

latter signs are unambiguous and exact, there must be
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ways of using the everyday words unambiguously and pre¬

cisely. Consider, for example, the rule of truth for

the disjunctive symbol ,v* cited earlier:

"If A and B are formulas, then AvB is a true for¬

mula if and only if either A or B is true."

As was noticed above, this formulation is typical of

these given when formalised languages are constructed.

Now either the phrase 'either ... or ... is true* is

used unambiguously and exactly in the rule, in which

case the meaning the rule gives to 'v' irs precise, or

the phrase is ambiguous, or vague, or both, in which

case 'v* lacks clear and precise meaning.

Now all that is required for technical parlance

to be (relatively) precise is that the words occurring

in it, as they are used in these occurrences, are pre¬

cise and unambiguous; it is not necessary that they be

words which have no vague or imprecise uses, but only

that their vague and imprecise uses, if any, do not

occur in technical contexts. So if *v' can be given

precise meaning in a formalised language, 'either ...

or ...' can be so restricted in use in technical
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discourse as to be precise, so that it in effect ac¬

quires a technical, precise, sense.

The same argument can be applied in the case of

other everyday words; for in every case, the definition

of the formal symbol involves the use of the word or

phrase corresponding to it in ordinary language, or of
an equivalent word or phrase.

The example considered is a very elementary one;

but I think that it is not possible to attain any degree

of preciseness in formalised languages, even employing

much more complex rules than the proponents of formal¬

ising have considered, that cannot be attained by com¬

paratively straightforward means in ordinary language, as

refined for technical purposes.

However, it may be argued that what makes a for¬

malised language radically different from ordinary and

technical language is not anything connected with its

interpretation, but its having explicit syntactical
rules of transformation. Instead of going by logical

principles, whose application is often far from clear,
one can apply these exact rules of transformation to

derive sentences from other sentences with ease, and
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with complete confidence in the propriety of one's

procedure (since the interpretation one is employing

is 'true'). It is this preciseness of logical proce¬

dure, it may be claimed, that sets the formalised

language apart. This claim must now be considered.

3. Logical Bules are 'Meaning' Rules.

When once a person knows the meanings of words of

a language, or, as we say, 'knows the language', he Is

already in a position to make inferences couched in

that language. To put it in Carnapian terms, he is

capable of making 'logical derivations of sentences'.

Evidence of this Is the fact that in everyday life

people who know no logical principles engage in such

practices as inferring, deducing, and arguing, and also

accepting or rejecting the logical procedures of others,

as valid, or invalid. Logical principles are (logi¬
cally) posterior to logical practice? In fact they

represent a 'codification* of logical practice (see

Section 2 of the next Chapter).

This observation about logic and language applies

equally to natural and to formalised languages. One
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can use the sentences of a semantical system in logical

ways, for example, as premiss- and conclusion-sentences

in inferences and arguments, irrespective of whether

the system is a true interpretation of any syntactical

system, or whether there are any explicit rules of trans¬

formation for the sentences.

As was pointed out earlier, semantical rules

'transfer' logical properties and relations as well as,

or as part of, meanings, from metalanguage to formalised

language. And perhaps even more than the semantical

rules proper, the syntactical classification of signs,

and the way in which the semantical rules are built upon

it, help to create the 'logic' or 'grammar-cum-logic' of
a formalised language. Calling a sign a predicate, and,

more Importantly, treating it as a predicate, gives it

certain logical properties and relations, and is, along

with other factors, what makes it possible to employ the

formalised language it belongs to in logical procedures.

And, as was argued earlier, even if only the sentences
of a formalised language are interpreted, these sentences

still acquire logical properties in being interpreted.

It is part of knowing what sentences mean, in fact, that
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one can perform logical transformations of them cor¬

rectly.

Logical rules are therefore an addition to seman¬

tical rules; they reduplicate explicitly 'implicit
o

rules'0 embodied in the semantical rules, and are in

principle dlspensible. Further, they must 'agree' with

these implicit rules in their effects (i.e., the results

of their application). In particular, if the rules of

transformation of an interpreted formal system are to

be regarded, under the interpretation, as logical rules,
then they must accord, under the interpretation, with
the semantical rules.

This requirement is in effect that given by Carnap

for an interpretation of a formal system to be true.

But it is not readily appreciated from his account that

the semantical rules of a formalised language have a

certain pragmatic priority. Carnap says merely that,

for an Interpretation of a formal system to be true, the

truth conditions it assigns to formulas of the formal

system must be such that transformations permitted by

the formal system never yield formulas interpreted as

false from formulas interpreted as true (cf. pp. 13-lU).
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He does not discuss the vitally important questions as

to how an Interpretation may be shown, and known, to be

true.

If an interpretation of a formal system Is to be

shown true, and if the rules of transformation of the

system have an unlimited number of possible applications

(and this is the commonest case), there must be some

systematic means of showing that each transformation of

the formal system always yields, from formulas inter¬

preted as true, formulas also interpreted as true. By

Systematic* here I mean *unlimltedly general', the con¬

tradictory of 'piecemeal*. This systematic means will

have to roly on prior systematic knowledge that certain

kinds of transformations of (meaningful) sentences are

legitimate ('preserve truth'); it must justify types of

transformations, relative to the interpretation, by corre¬

lating them with types of non-formal, 'meaningful*,
sentence transformations which are already known to be

justified. Ilence there can be, In the general case

described, no justification of the interpretation of

the formal system unless logical principles of equivalent

force are already known, with which the system's rules

of transformation can be correlated.
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Even in the special case of a formal system whose

rules of transformation can be applied only finitely

often, although it would be theoretically possible to

show an interpretation 'true' by considering all appli¬

cations of the rules to formulas of the system, the task

would be so great as to make a systematic proof impera¬

tive, unless the number of possible transformations were

very small; and if this condition were met, the system

would be of extremely little interest or use. We may

ignore this exceptional case.

Now a formal system with an interpretation which

is true is of no use unless in addition it is known

that the interpretation is true; no one would be justi¬

fied in taking advantage of the formalisation of logical

procedure it provides, unless he knew that the formali¬

sation was correct. Hence a pragmatic or practical

requirement that any formalised language of any interest

must meet, to be usable as a formalised language, is

that its rules of transformation correspond, via its

interpretation, to known logical principles of (sen-
tence-)transformation. ,

Carnap*s criterion of a true interpretation of a
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formal system therefore gives rise to a pragmatic con¬

dition that the formal system match the interpretation,
and match it very exactly, each rule of transformation

corresponding to a rule of (sentence-)inference.

This argument, and the previous more general one,

show, I think, that the logical rules which are the

interpretation of rules of transformation in a formal¬

ised language are but an extension of the semantical

rules, and at most serve to specify meaning more com¬

pletely, To the extent that the semantical rules are

determinate, admit of no ambiguity, and apply exhaus¬

tively, the logical rules, and indirectly the transforma¬

tion rules, must match them; only in so far as the

semantical rules do not cover every case, and the

implicit logic that goes with them is incomplete (as in

the case, e.g., of higher-order modal sentences), can

the rules of transformation go 'beyond* the semantical

rules. In this latter case the force of the interpreted

transformation rules is merely to fill in 'gaps' left

by the semantical rules as formulated—to complete these
9

rules •

It should be mentioned that the semantical rules
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may not determine the rules of transformation uniquely;
there may be different ways of formalising an ♦Implicit'

logic*, as we will see in the next chapter.

In conclusion, then, it appears that the rules of

transformation of a formalised language merely make

explicit something that is implicit in the semantical

rules, and they represent an advantage which formalised

languages have over other languages only in so far as

it is an advantage to have rules of procedure explicit.

They do not mark off formalised languages as better in

principle than ordinary and technical languages; though

of course in practice they may be very convenient to use.

W• Conclusion.

I cannot claim that the arguments of this chapter

are very novel, or that the conclusions reaches are very

surprising. However, I think that they do show some¬

thing worth pointing out. The proponents of formaUsing

seem to base their case rather less on the advantages

undoubtedly possessed by formalised languages—explicitly

formulated logic, the possibility of performing infer¬
ences mechanically, conciseness and simplicity of
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expression, and regularity of syntax—than on the claim

noticed earlier, that formalised languages are (abso¬
lutely) superior to ordinary languages in their precise-

ness and logical perfection. And the preceding shows,
I hope, that this claim has no basis in fact, preciseness

and freedom from logical imperfections being only rela¬

tively present (or lacking) in any language.



Chapter III: The Formaligation of Logic.

The discussion of formalised languages in the

previous chapter has implications for all possible uses

of such languages. In this chapter I want to consider

the idea that the formulation of a set of logical

principles is, or is to be explained as, construction

of a formalised language, or a skeleton or schematic

form of such a language,

1, The Thesis that Logic is Part of Semiotic,

One of the theses developed and argued for by

Carnap in The Logical Syntax of Language is that "as

soon as logic is formulated in an exact manner, it

turns out to be nothing other than the syntax either of

a particular language, or of languages in general"

When Carnap retracted his extreme claim that all philo¬

sophical and logical analysis is investigation of syn¬

tax, and admitted the need to consider the semantical

aspects of language as well, he discussed the changes
he felt necessary in some of the contentions he argued

for in The Logical Syntax of Language; this discussion,

l+l
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which appears in an Appendix to Introduction to Seman¬

tics2, makes no mention of logic. However, In the main

part of this same book, Carnap does claim, in one section,

that "logic, in the sense of the theory of logical de¬

duction, will here be shown to be a part of semantics"3,
The view of logic implied in this claim Is what

might be expected from Carnap after his * conversion*•

However, apart from that explicit remark, and some other

slight evidence1*, Carnap shows in all his work subse¬

quent to The Logical Syntax of Language an apparent

reluctance to discuss 'what logic is*• He has taken

rather to saying that certain semantical concepts may

be taken as ♦explications* of commonly used, but impre¬

cise, 3.ogical concepts; the concept 'logically true*,
for example, he feels should be displaced by the concept

'L-true, relative to a semantical system' (I.e,, 'true

in virtue of semantical rules alone')''.

It will be necessary to consider later what 'ex¬

plication' consists of| for the present it is sufficient
to notice that proffering semantical concepts as explica¬

tions of logical concepts does not commit Carnap to

saying that logic is part of semantics. An explicatory
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concept must be connected with its 'explicanduia* In

such a way that it can be used In its place| but it

does not seem that the two concepts have to be identical

in category, or logical type* At any rate, in his fullest
discussion of explication^, Carnap suggests, by way of

illustration, that the concept of *temperature* may be

regarded as an explication of the concept of 'warmth*}

and these two concepts are hardly of the same logical

type.

There is sufficient fluidity in the notion of ex¬

plication to make it possible to regard Carnap either

as giving an account of what logic is, or as putting

forward some concepts as useful to apply in logical

enquiry. The approach of explication is somewhat prag¬

matic} and in stressing the explication of logical con¬

cepts, instead of claiming to 'explain' the nature of

logic, Carnap is probably adopting the view that the
question 'What is logic?' cannot be given a satisfac¬

tory answer—or is not worth trying to answer*

His view, then,is probably that logic is best and

most profitably regarded as a part of semantics, rather
than that it is essentially or by nature part of
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semantics. Clearly, these two views are related, the

first being a weaker version of the second. Yet at the

same time they are quite different in kind. I hope that

the discussion in the next section will help to put these

views into a more general perspective?.
It is worth noticing that Carnap, who is so often

the spokesman for practising formal logicians, is In
this matter less dogmatic than they are. They, for the

most part, write as if logic were quite definitely a

part of semiotic, or 'the science of signs', and as if
the only way to pursue logical enquiry were to construct

formal systems with logical interpretations. Indeed,

they seem to take the narrower view that the proper way

to formulate logic is syntactically, standing by the

claim made in The Logical Syntax of Language that "•non-

formal i.e., non-syntactical logic* is a contradlctlo
Q

in adiecto" (whence their syntactical treatment of

model-theoretic concepts). Whether in formalising

syntactically, formal logicians think they are giving

systems of logical principles in their proper formula¬

tion, or merely 'representing' such systems by 'struc¬

turally isomorphic' formal systems, is not completely
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clear; but certainly, even if, like Carnap, they regard

calculi as merely formal representations of systems of

logical principles (and I do not think that they do),

they still do believe that logical principles really

are linguistic principles of some kind.

It may be helpful to conclude by attempting to

distinguish the various ways in which the thesis that

logic is part of seraiotic may be formulated. There are

three ways of interpreting the question 'What is logic?',
and three ways of answering it are relevant to the

present discussion (counting only versions of the thesis

in terms of semantics, not ones in terms of syntax).
Thus there are nine variant answers to be considereds

1. Answers to 'What is the nature of logic?':

f(a) is 1

Logic ( (b) is best regarded as} part of semantics,
C(c) may be regarded as J

2, Answers to 'What is logical enquiry?*:

((a) is )
Logical enquiry <^(b) is best regarded as > the con-

(c) may be regarded as J

structing of (skeletonic) formalised languages.



3. Answers to 'What are (are the uses of) logical

principles?'t

(applications of) semantical rules.

The types of answers (a), (b), and (c) might be labelled

'realist', 'expllcationist*, and 'empirical', respective¬

ly, The truth of the empirical claims has already been

assumed.for the purposes of the present discussion. Both

these and the explicationist claims are, of course, con¬

nected with claims on a lower level as to the utility of

constructing formal systems in the course of logical

enquiry, I will concentrate for the most part on the

realist claims. The answer 2(a) is, I think, most nearly
the formal logician's working credo; but the 'cash-value'

of both it and the abstract answer 1(a) must be regarded

as given in the answer 3(a),

2. Codifying Practices.

By a 'procedure' or 'practice' I mean a pattern

of action commonly exhibited in the behaviour of some

group of people. The people who go through a procedure

(Uses of) logical
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may be following rules of some kind, rules which when

followed always produce the given pattern of behaviour;

or there may be no such rules, and the procedure may be
ascribable only to a habit of some kind that is common

among the particular group of people in question.

It is frequently the case that there is a need to

•regularise1, or make explicit, to have laid down 'in
black and white1, the details of a given practice. In

particular, it is often necessary, and usually helpful,
to make a practice explicit in this way when it is to be

taught to someone. One way of characterising a proce¬

dure is by constructing an explicit system of rules, or

'code', of such a kind that the behaviour resulting from

following it matches the pattern of action which consti¬

tutes the procedure. 'Codifying1 a procedure, as we

might call this sort of characterising, is quite common.

Grammarians codify; so do collectors of folk-songs;

writers of 'How to' books attempt to codify success-

producing procedures; codification of 'courteous behav¬

iour' results in etiquette; and there are many other

examples of codification.

The following observations on codifying have a

bearing on the present topic of discussion.
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I. Codification is not a mechanical procedure} in

general, several different codes may serve equally well
as codifications of one procedure^. Though the rules

of two codes may differ, their 'effects' may be indis¬

tinguishable . This fact is obvious; but what is not so

obvious is that, according to certain standards of

•identity of effect', two codes of different kinds may

sometimes serve equally well as codifications of one

and the same practice. By 'codes of different kinds'

I mean codes whose rules are, in an obvious sense,

•about' different kinds of actions, or actions connected

with different kinds of things.

It is a prime rule In golf always to keep one's

eye on the ball; there Is nothing to be gained 'direct¬

ly' from having the ball in sight all the time (except

that one does not lose one's ball so often), but if one

so moves as to keep the ball in sight at all times In

one's swing and Immediately thereafter, one will, other

things being equal, have one's body in the correct posi¬

tion throughout the swing, and will achieve the best

possible result. The intended effect of the rule Is

that one will assume and retain the correct stance and



swing the club in the correct fashion, although it is
'about' watching the ball. Wow it should be possible,
in principle at least, to formulate some other set of

rules which could take the place of the rule 'Keep your

eye on the ball*, a set of rules about positioning of

the body, movement of the arms, shifting of one's weight

from one foot to the other, and so on. Such a set of

rules would take the place of the other rule by produc¬

ing, when followed, the same pattern of action as it

produced when followed. It would constitute an alterna¬

tive code, substitutable for the other; and yet the two

are different, not just in detail, but in kind.
Consider another, more complicated example: a

manual for sergeant-majors might give rules governing

the issuing of commands on the parade-ground. The rules

might be of the form 'In circumstances X, issue the
command Y'; or they might be of the form 'In circum¬

stances X, utter the words "Z"'—"Z" being an impera¬
tive form of words, e,g,, "Right wheelJ". Wow either

form of rule would if followed have the same results,
because when a sergeant-major utters imperative forms

of words of the appropriate kind on a parade-ground,

he will be taken to be issuing commands, whether or not
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he intends to be so taken. The one kind of rule is

about issuing commands, the other is about uttering

words; the two are different in kind, yet they produce

the same effects, and may be considered as alternative

codifications of the same procedure.

II. This second example brings out the relativity of

the phrase •identity of effect of a set of rules'. If,
as I have assumed, the actions of the platoon of men

under the sergeant-major's command is the 'effect' of

his following the rule, then the two kinds of rule men¬

tioned have identical effects; but If the intentional

issuance of commands, or absence thereof, counts as an

'effect', then the two kinds of rules are not identical
in effect. The same observation can be made about the

illustration from golf: if the procedure to be codified

is no more than positioning and movement of the body,

the two kinds of rules discussed are identical in effect;

if knowing where the ball goes, for example, counts as

part of the procedure, and following the proposed new

set of rules does not ensure this, then this set of

rules is not identical in effect to the rule 'Keep your

eye on the ball'.



51

Clearly, therefore. It is necessary to ascertain

exactly what kinds of actions count as part of any given

practice before considering two alternative codifica¬

tions of it. And the same is true, of course, in the
more general case where one has to judge whether a

given set of rules does or does not codify a particular

practice correctly* before one can decide, one must have
a thorough understanding of what the practice consists

of.

III. It may be possible, then, to codify a procedure

by sets of rules of different kinds. The procedure it¬

self may consist of actions of 'different kinds'* it

may, for example, consist of some physical act or acts

together with some 'mental* act or acts (e.g., an

intention). But in general there will be one kind of

code which is related in some particular way to a given

procedure; a code of this kind is 'about* actions of

the same (simple or complex) kind as the actions which

constitute the procedure. The rule 'Keep your eye on

the ball', as a rule intended to produce certain body

positions and movements, does not constitute a code of

this kind; the suggested substitute code would be such
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a code. In the case of the sergeant-major's manual, if

the procedure, or what counts as the effect of following
the rules, is 'getting the platoon to do certain things',
then neither of the kinds of rule mentioned would form

part of a code of this special kind; such a code would

have rules of the form 'Get the platoon to do X'.

There is some basis for saying that a codification

of a procedure by a set of rules having this particular

•same-kind' relation to the procedure is a more 'correct*

codification, or at any rate, is correct in ways in

which codifications not having this relation are not:

it is'literally* correct. 'Keep your eye on the ball',
for example, happens to produce the desired pattern of

action; it is in effect a codification of the pattern

of action. But the hypothetical alternative codifica¬

tion would be a more 'proper' codification: it would be

a codification 'by design' in a way in which the other

rule (though intended to produce the same results) is

not. In the case of the sergeant-major's manual, the

effectiveness of the rule 'In circumstances utter the

words "Z"' is even more obviously contingent# In both

cases, some contingent fact is used, deliberately taken

advantage of.
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I will call a codification of a practice having

this special 'same-kind' relation to that practice a

direct codification, and a codification not of this kind

an indirect codification.

Another way In which the difference "between direct

and indirect codificationo appears is as follows. Codi¬

fication is usually undertaken where there is no exist¬

ing code. In such a case, the newly formulated code

does not, initially, constitute a criterion or standard

for judging whether people are going through the proce¬

dure correctly; although judgments of this kind can be

and are made prior to and during this stage (a point not

grasped by Carnap, I think"*"0), they are made on the

basis of some kind of knowledge of 'implicit rules

It is also by measurement against this intuitive knowl¬

edge that the codification itself is judged 'correct'
i .. . ' .

or not, and wins, or falls to win, acceptance. As it

wins acceptance, and, for example, comes to be used to

teach people the procedure, it gradually comes to have a

normative role or status, and to displace people's

'intuition' of what is correct, and what incorrect,

practice. Only then does It become in any sense 'constitu-
12

tive' of the practice.



Now suppose that an attempted codification of

some practice is, in the sense indicated, •indirect'.

In this case, it will never be possible to describe the

procedure codified by saying that it consists of doing

the things required by the rules of the code; that is,
the codification will never become (in any sense) con¬

stitutive of the practice. For the practice preceded

the code, and was describable before the introduction of

the code only as consisting of actions of a certain kind,

different from the kind of actions called for by the

rules of the code (since the code is indirect); and it

must be describable only in these same terms after the

introduction of the code, or else it is not the same

practice. (Of course the introduction and acceptance of

the code may change the practice, and may even result in
its displacement by a practice of a different kind—as

when, for example, a formalised etiquette displaces

ordinary polite behaviour—but that is another matter.)

Thus an indirect codification of a practice can

never become constitutive of the practice; while a cor¬

rect direct codification obviously can.

IV. It was noticed in II above that we must have
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detailed knowledge of some kind as to what a practice

consists in before we can decide whether a purported

codification of the practice is correct or not. The

corresponding fact about Judging as to directness of

codifications is even more obvious: we cannot decide

whether a given codification of a practice is direct ex¬

cept on the basis of knowledge we already have of the

nature of the practice.

3* Logical Systems as Codifications of Logical Practice.

I wish now to apply these observations to the

particular case of sets of linguistic or other rules as

codes for logical procedures,

3ut before proceeding to this discussion, it may

be thought appropriate to offer some grounds for as¬

suming that logic is a codification of logical practice,

and that consideration of the relation of logic to log¬

ical practice is relevant to discussion of the nature

of logic.

It is hard to see what logic can be if it is not

a codification of logical practice. However, from the

writings of Carnap and most formal logicians, one gets
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the impression that they take a different view of logic#

It may therefore be worth while to show why Carnap,

despite his preference for considering abstract entitles

(e.g., sentences), rather than practices and activities

(e.g., using sentences to make statements), must agree

that the ultimate concern of logic is certain practices.

In introducing the concepts of semantics and syn¬

tax, Carnap first characterises a language as a 'system

of activities, or rather, of habits, i.e., dispositions
to certain activities'^); he then goes on to charac¬

terise semantics as the theory or investigation of lan¬

guage In which 'we abstract from the user of the lan-

guage' , and (logical) syntax as that enquiry in which

'we abstract from the designata also'1^. That is,

semantics and syntax are theories about the appropriate

aspects of language, i.e#, about the appropriate aspects

of certain systems of habits, or, as we might say, about
semantical practice, and syntactical practice, respec¬

tively (these being parts or aspects of linguistic prac¬

tice). One might put this another way by saying that

the theoretical concepts of semantics and syntax, which

are applied to sentences, have a 'cash-value* in terms

of (conventional) uses of sentences.
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Since Carnap constantly relates logic to either

syntax or semantics, he is surely committed to saying

that logic is, like them, a theory about some aspect of

(the use of) language; and this aspect must presumably

be 'logical practice'—the use of language in inferring,

deducing, and arguing, and the connected activities of

appraising inferences, deductions, and arguments, refut¬

ing them, and so on. To put it another way: the theoret¬

ical concepts of logic, which according to Carnap's

account are applicable to sentences, have a 'cash-

value' in terras of the use of sentences.

Turn now to consider the question 'What is logic?',

or 'What is the nature of logic?'. Formal logic con¬

sists of something rather like codes, which contain such

rules as Modus ponens. Modus tollens, the Law of Con¬

tradiction, and the Law of Excluded Middle. The problem
which gives rise to the question 'What is logic?' is

that these rules may be formulated as rules about 'mak¬

ing Judgments', or about 'making statements', or about

'uttering declarative sentences', or about 'inferring

propositions', and it is not clear which of these

several sorts of practice (if any) the rules actually
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codify; that is, it is not clear what the nature of

logical practice is.

What do the findings of the previous section sug¬

gest about the way in which this problem can be solved?

First, it is clear that the question 'What is the

nature of logical practice?1 may itself be rephrased

as 'What form would a direct codification of logical

practice take?'. Second, it is apparent that certain

ways of trying to show that logic JLs this, or is that,

are inappropriate.

In particular, the thesis of The Logical Syntax

of Language, that logic, precisely formulated, is an

extension of syntax, seems to be argued for in that

book merely by formulating a codification of logic in

syntactical terms; Carnap apparently assumed that the

achievement of such a codification proved that logic is

syntactical in nature. But, as we saw, it is quite

possible that more than one kind of codification of

logical practice is feasible; and so, even if Camap's

codification had been entirely successful, he would

still only have shown that logic may be syntactical.

Presumably it is possible to codify logical practice
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directly; but nothing about Carnap's codification sug¬

gest?? that it is direct. The same may be said of his

claimed semantical codification of logical practice in

Introduction to Semantics % in so far as he goes beyond

explicating vague logical concepts, and makes a serious

attempt to show that logic is a part of semantics, he

tries to prove his case simply by constructing a seman¬

tical codification of logical practice, without making

any attempt to show that this codification should be

considered 'direct', in the sense indicated.

In general it is not possible to show what the

nature of logic is merely by producing a codification of

logical procedures. Indeed, It may be that in practice
a direct codification of logical procedures is not

feasible (just as it may be impracticable to give a

direct code to replace the indirect rule 'Keep your eye

on the ball'); and if this happened to be the case, then

the more one concentrated on actual codifications of

logical practice, the less likelihood there would be of

one's gaining an understanding of the nature of logic.

Indeed, a more definite conclusion than this can

be reached. It was observed in the previous section
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that, in order to tell what a direct codification of

a given practice would he like, one must first know

exactly what the given practice is, and how it may he

properly described. It follows from this that before

one can decide whether a particular codification of

logical practice is 'direct', one must first determine

what logical practice is; that is, one must in effect

answer the question 'What Is logic concerned with?'.

Hence it is useless to try to prove anything about the

nature of logic via construction of codifications.

Thus the question 'What is logic?', though it is

equivalent to 'What form would a direct codification of

logical practice take?', is not to be answered on the

basis of any codification of logical practice; it may

be that Carnap has given up trying to answer the ques¬

tion because he recognizes this fact. I do not propose

to consider the question Itself here, except to say the

following. First, it is clear that it can be answered

only on the basis of a detailed examination of logical

practice. Second, as mentioned earlier, I wish to

appraise Carnap's account in his own terms, and so I

have been talking of logical properties and relations
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as properties of, and relations between, sentences.
But in fact this terminology, and the 'sentential' view
of logic it embodies, are hard to justify, because of

philosophical difficulties connected with the theory

(e.g., the contextual and indexical ambiguity which is

possibly an essential feature of ordinary sentences).

Further, this theory is misleading, and hampers under¬

standing of logical practice, and the important relation
between it and logical theory.

This last point touches on the value of the theory

qua explication, about which a little more should per¬

haps be said. In so far as Carnap's explication of

logical concepts in terms of semantical ones is intended

to constitute a literal description of the nature of

logic, the comments made above, about the 'realist'

account of logic, are applicable. In so far as the

explication is intended to yield Insight or understand¬

ing, or to explain what logic is, the criticism at the

end of the previous paragraph is applicable* There

certainly seems to be some truth expressed in the dictum

that logical truths are truths which hold 'in virtue of

meanings alone', but Carnap, who takes this conception
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of logical truth as his 'explicandura'"^, does not make

it clear what this truth is; he merely gives a precise,

artificial sense to the dictum, a sense which has no

bearing on logical practice.

W• Alternative Logics.

It has often been asked 'Are there alternative

logics?'. A fairly brief, and I think enlightening,

answer can be given to this question, on the basis of

the discussion in Section 2.

First, it should be noticed that although there
can be only one kind of codification of logical practice

that is direct, there may be several different direct

codifications, all correct. Suppose the sentential mode

of codification were the direct one; then the several

forms of the propositional or sentential calculus, which

take different logical constants as primitive, and have

different sets of axiom schemata, would, if taken in the

customary sentential interpretation, be alternative

direct codifications of logical practice with respect

to sentences. Thus, quite apart from the possibility
of codifications of logic of different kinds, direct and
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indirect, there is the possibility of alternative direct

codifications.

But all correct alternative logics will have to

be equivalent In effect; for their effects will have to

match logical practice. Only to the extent that logical

practice is ill-defined and incompletely determined will

there be scope for genuinely alternative logics, distin¬

guishable one from another in the practice they call

for; as was suggested earlier, one possible locus of

such divergence is in higher-order modalitles^»^^



Chapter IVt The Cartiaplan Account of Mathematics.

In the previous chapter, the topic of discussion
was the thesis that logic Is part of semantics. Vari¬

ous forms of the thesis were mentioned, the •realist',

the 'explicationist', and the purely empirical. In

this chapter I wish to consider a corresponding thesis

that may be advanced about mathematics. In particular,

I will consider the thesis in relation to the application

of mathematics, or 'mathematical practice', somewhat as

the thesis about logic was considered in relation to

'logical practice' (though the two cases are not entirely

similar? cf. p. 83)? and I will use Carnap's formulation

of the thesis, in terms of interpreted formal systems,

as a starting point. Again, there are nine variants
of the thesis that could be considered, but only the

stronger versions, the realist and explieationist ones,

are of real interest. According to the realist version,

mathematical theories are formal systems, and are

applied by employing true interpretations of them; ac¬

cording to the explicationist version, mathematical
theories are best understood as formal systems, and

6W
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applications of them as use of such systems in true

interpretations. The relative importance of these two

versions will be considered in Chapter VI.

Carnap does not have much to say about mathematics 5

what he does say falls into two categories. First, what

he says about logic in various places is extended, ex¬

plicitly or by implication, to mathematics; and second,

in The Foundations of Logic and Mathematics, he gives

what must be regarded as an explication of how mathe¬

matics is applied. In fact the application of mathe¬

matics is not, as Carnap assumes, like the application
of logic. Comparison of what Carnap has to say, in The

Foundations of Logic and Mathematics, with the facts of

how mathematics is applied (in Chapter VI) will prove

very instructive.

1. Carnap's Account of Mathematics.

The title of Carnap's monograph, The Foundations

of Logic and Mathematics, suggests that in it, if any¬

where, one will find Carnap's view of the nature of both

logic and mathematics. Also, it comes in point of time

after his 'conversion' from the view that syntax is all-
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important, and what he says in it about the application
of logic and mathematics has not been rendered out-of-

date by any more recent discussion# Thus it may be

taken as representing his current views about logic, and

more particularly mathematics, and their application.

In fact Carnap here, as in almost all his writing
since The Logical Syntax of Language, avoids talking

directly about 'the nature of logic', and 'the nature

of mathematics'. What he does talk about is the applica¬

tion of logical and mathematical formal systems, or, as

he calls them, 'calculi'. A logical, or mathematical

formal system is one which is constructed with a logi¬

cal, or mathematical interpretation, in mind*1-. Since

he nowhere speaks of logic or mathematics as such, it

must be presumed that he is discussing 'the foundations

of logic and mathematics* by giving an account of logi¬

cal and mathematical formal systems, and their applica¬

tion, Tiiis presumption is vindicated by consideration

of what he actually says.

(1) It should be remarked that at the very start of

the monograph he characterises calculation as 'a spe-
o

cial form of deduction applied to numerical expressions' .
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And throughout the monograph^, as well as in other

writings, he treats logical and mathematical interpre¬

tations of formal systems as essentially similar, lump¬

ing them together as 'logical' interpretations, in

contrast with 'descriptive ones.

(2) Under the heading 'Application of Mathematical
h

Calculi*, Carnap offers a very simple example of a

logico-matheraatical deduction in which 'we apply a cer¬

tain part of the higher functional calculus and an
c.

arithmetical calculus•'. He presents the example by

setting out a sequence of sentences, which must presum¬

ably be regarded as interpreted formulas of the combined

calculus. The details of this sequence are not of par¬

ticular interest, except that two of them are as follows:

"For every F, G, H, m, n jjlf m and n are finite
cardinal numbers and G Is an a and H is a n and for

every xj x is an F if and only if, x is a G or x is
an H] and for every x iJLf x is a then, not x ar*

H] then F is an m +

"3 + 6 = 9."

From the way in which he sets out this example,
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Carnap seems to be equating the application of mathe¬

matics with the use of mathematical formal systems in

(true) interpretations.

(3) Support for construing his account in this way

is to be found in what he says in a previous section

about the relation of ordinary deductions to the use of

interpreted logical systems • As in the case just men¬

tioned, he gives an example of the application of a logi¬

cal formal system, by setting out a sequence of sentences,

which are to be considered as interpreted formulas of

the system, or rather of a flllod-out version of the

system''. He remarks that while the example is of a

very short deduction, it is typical of the form of

longer ones as well; and he continues:

"In practice a deduction in science is usually

made by a few jumps instead of many steps. It would,

of course, be practically impossible to give each

deduction which occurs the form of a complete deriva¬

tion in the logical calculus, i.e., to dissolve it

into single steps of such a kind that each step is

the application of one of the rules of transformation
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of the calculus, including the definitions. An

ordinary reasoning of a few seconds would then take

days. But it is essential that this dissolution is

theoretically possible and practically possible for

any small part of the process. Any critical point

can thus be put under the logical microscope and
O

enlarged to the degree desired."0

Since Carnap regards mathematics and logic, and

their respective applications, as only superficially

different, it seems fair to apply the import of this
9

remark to the case of application of mathematics , and

to conclude that Carnap thinks that a mathematical

deduction of the kind he has outlined is the archetype

or ideal of proper •mathematical practice1, and that

other kinds of procedure may diverge from this ideal

only in having, in place of •steps', •jumps' which are

dissoluble into 'steps1 on demand.

We may conclude, I think, that Carnap holds that
an application of a part of mathematics must, in princi¬

ple, be analysable in terras of the employment of a

(mathematically) interpreted formal system or formalised
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language (the interpretation must presumably be true).

Consider a typical example of application of mathematics,

the performing of an arithmetical sum in the course of

solving a practical problem. According to Carnap, the

sum is to be regarded as consisting of a sequence of

formulas, obtained by transformations performed in

accordance with the rules of a formal system, each for¬

mula being interpreted in the practical situation as a

sentence, and rules of transformation corresponding, via

the interpretation, to known principles of inference

(cf. Section 3 of Chapter II). More precisely, the sum

either is such a sequence, or can be expanded into such

a sequence.

2. The Presupposition of this Account.

In this discussion, as everywhere else, Carnap is

satisfied to talk about sentences; he nowhere gives an

account of how sentences are applied or acted on in

practical situations, where there is something to be done

done, or a decision to be made, or plans to be drawn up.

Now the application of mathematics does not end in the

writing down or affirming of sentences; we apply
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mathematics to the world, and the practical problems

that crop up in everyday life. So Carnap's account as

it stands is incomplete: it only gets to the level of

sentences, and does not reach the level of practical

action.

However, Carnap could defend his procedure quite

easily, by pointing out that the problems of applying
or acting on sentences are problems related to language

as a whole, and not peculiarly associated with what he

is discussing, namely, mathematical sentences, or formu¬

las in mathematical interpretations. He might therefore

claim to be justified in presupposing some explanation

of what 'acting on a sentence' consists of, or leaving

others to provide such an explanation, and restricting

his attention to the 'gap' between arithmetical sums,

for example, and sentences.

This defence would be in order, if the assumption

it is based on were correct; this assumption is that

the 'gap' between manipulation of figures and action in

a practical situation is composed of two smaller 'gaps',

one between manipulation of figures and sentences, and

another between sentences and actions. Or, put another
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way, the assumption is that sentences 'mediate' between

calculations and the actions based on them. This assump¬

tion is questionable; and it will have to be examined

presently. If it is a mistaken assumption, thenCarnap's

method of escape fails: if sentences do not mediate in

the application of calculations, or in the application

of mathematics in general, then one certainly cannot

explain how this application is effected in terms of

interpretation of formulas as sentences. For the present,

it is sufficient to notice that this assumption is nec¬

essary for Carnap's account.

3. The 'Linguistic Model'.

Carnap's assumption that mathematics is applied

through the medium of sentences is but one version of an

assumption that has been almost universally made by

writers on the philosophy of mathematics. This assump¬

tion is that the way in which mathematics is put to

practical use is by treating mathematical characters

(numerals or figures, variables, and the rest) as symbols

of some kind, and, correspondingly, mathematical formulas
as (significant) sentences. For convenience, the picture
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of the application of mathematics involved in this

assumption may be called the 'linguistic model'. It

will be helpful to consider some of the forms in which

this assumption crops up. It should be remarked that

Carnap, In talking about the interpretation of formulas

of mathematical calculi as sentences, makes the assump¬

tion much more explicitly than do most writers, who seem

to make it quite unconsciously.

The assumption may take the form that the formulas

of mathematics are, per se. significant. This view is

probably not commonly held today, when it is generally

recognised that mathematical theories can usually be

'interpreted' in different ways, or given two or more

distinct models. It is interesting to notice, however,

that a view somewhat of this kind can be ascribed to

Hilbert. Hilbert was the chief spokesman of the Formal¬

ists, who hold that questions about the 'meaning' and

the use of mathematical formulas lie outside the prov¬

ince of enquiry into mathematics proper, and in general

ignore such questions. But Kleene remarks^ that

Hilbert at one time drew a distinction between 'real'

and 'ideal' statements in classical mathematics; the
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former are statements 'being used as having an intui¬

tive meaning'and the latter are statements which

are not being used in this way* Hilbert appears to have

been talking about the use of mathematical formulas,

not 'in interpretation', but in formal mathematical

procedures, e.g., in proofs, and so to have been main¬

taining that at least some formulas (the 'real' ones)

are, in themselves, meaningful sentences.

Most commonly, however, the linguistic model is

applied, not to formal mathematics, but to its applica¬

tions. This is how Carnap applies it.

Versions of the assumption may differ in other

ways. It may be applied only to formulas as a whole, or

it may be extended to particular kinds of characters,

leading to the further assumption that characters of

these kinds have, or can be treated as having, a spe¬

cific role (e.g., as names, or predicates).
The most obvious case in which the latter version

of the assumption is involved is that of theories of

'number'. Application of the linguistic model (con¬

sciously or unconsciously) to arithmetical procedures

prompts the question "What kind of symbol is a numeral?"
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(or "What kind of symbol is a numeral in the customary

interpretation?"). People have assumed for a long time

that this is a proper question to ask, and have tried to

explain what kind of thing a 'number' (i.e., the designa¬

tion of a numeral) is.

The account commonly accepted today, and used by

Carnap in his account of the interpretation of arithmet¬

ical formal systems, is that due to Frege^-2 and given

currency through the work of Russell. According to this

account, a numeral in arithmetic denotes a cardinal num¬

ber, which is the class containing as its members all

the classes of a certain numerical size; there is one

cardinal number for each size, and the cardinal number

three, for example, is the class of all collections of

three things. Numerals thus designate classes of equi-

numerous classes, and expressions built up out of numer¬

als by means of addition- and multiplication-signs

designate classes related in certain ways to the classes

designated by the component numerals. Equations express

identities between classes of numbers (or identity of

reference of numerals). Thus, for example, the formula

'3 + 6 = 9* quoted on p. 67 is interpreted to mean
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something like 'the class 3 + 6 is [or: is identical

with] the class 9*5 while 'the class 3+6' is under¬

stood as 'the class of those classes which are the unions

of pairs of disjoint classes which are members of the

classes 3 and 6 respectively'.

Commonly accepted accounts of many other parts of

mathematics are based on this 'theory' of number, and so

are based on the assumption that application of mathe¬

matics involves something analogous to the use of lan¬

guage. The application of geometry (e.g., in optics,

and in other parts of science) is explained independ¬

ently, but in a similar fashion^.
It is useful to consider what are the Influences

which have led to the.widespread assumption that mathe¬

matics is like language, or, at any rate, is applied

through some kind of linguistic medium. The following

list may not exhaust the totality of relevant factors,

but it may make it easier to understand the readiness

with which this assumption has been made, and still is

made. The first factors are of a very general sort.

(a) There is a very obvious apparent analogy

between calculating and using language, an analogy which

has no rivals in its obviousness.
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(b) More specifically, (i) mathematical practice

involves use of a set of characters, and (ii) this use

is governed by a convention; in both these respects there

is an analogy with language.

(c) Tt may be that the fact that there is such a

thing as 'mathematical discourse' (e.g., what is to be

found in textbooks and mathematical journals) is mis¬

takenly taken as showing that mathematical theorems and

mathematical notation are meaningful (whereas in fact

'mathematical discourse* is carried on in a metalanguage,

and is concerned with formulas, proofs, and the rest, as

objects of discussion).

(d) The apparent analogy between calculating, and

mathematical practice in general, on the one hand, and

deducing, on the other, suggests that the former, like
the latter, involves language.

(e) Philosophers of mathematics have concentrated

very heavily on 'pure' mathematics, and have considered

only the application of mathematics to 'theoretical'

problems. For example, they have considered the appli¬
cation of mathematics to arithmetical problems, such as

that of 'finding the sum of two numbers', rather than
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its application to problems of the 'bath-tub' variety,

which are the stock-in-trade of arithmetic and calculus

textbooks (problems about times of emptying of bath-tubs,

amounts of wallpaper needed to decorate a room, dimen¬

sions of containers having minimum surface area and given

volume, and so on).
To concentrate on the 'theoretical' problems is in

effect to apply the linguistic model; it is to regard

application of mathematics from the outset as a means of

providing answers, framed in sentential form, to questions

similarly framed, rather than as a practical activity.

(f) The gradualness of the growth of distinctively

mathematical, as opposed to logical, practice, and the

relative effectiveness of linguistic analysis of logical

practice, have made it less likely that applicability of

the linguistic model to mathematical practice would ever

be questioned.

These are the 'general' factors. The other fac¬

tors, which may be labelled 'linguistic', have been

perhaps even more Influential.

(a) In the particular case of numerical mathe¬

matics, the link between number-words of ordinary
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language (e.g., quantitative adjectives) and figures

or numerals is a very interesting one. The written

number-word •five1 and the corresponding numeral '5*,

for example, are not used interchangeably, in general;

but the spoken word 'five* is used as the vocal correlate

of either. (Or perhaps it would be more correct to say

that the vocable ♦five* is used both as spoken number-

word and as spoken numeral.) Hence the apparent distinc¬

tion that is made between the written 'five* and '5' can

be explained away as merely a part of literary etiquette,

or otherwise purely conventional. As a result, there is

a temptation to confuse the use of figures or numerals

and the use of number-words, and to assume that the

former must, like the latter, have a meaning.

(b) Mathematical notation has grown out of ordi¬

nary language by gradual stages of extension, and is

still, despite the recent trend to formal!sation, full
of everyday words; words like ♦homomorphism*, 'ring', and

so on, are recognisably linked with ordinary language.

And the notational innovations that have been made in

mathematics can be construed as useful, but (in princi¬

ple, at least) dispensible conveniences; variables, for
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example, take the place of such locutions as 'all ... *,
• some ... ', 'one •• • another •. •. • the one ••• the

other ... and so on^« Hence it is possible to

assume that mathematical notation is just another tech¬

nical language, similar to that of physics, for example.

(c) The terminology adopted by writers on the

nature of mathematics, and of its application, has, in

many cases, 'built into' itself the linguistic model.

The characters of a mathematical notation, for example,

are generally called 'signs', except by Formalists; and

the term 'symbolism* is very commonly used instead of
15

the neutral term 'notation' . The problems of mathe¬

matics tend to be discussed in terms of what 'mathemati¬

cal propositions' are, or what they mean. In each of

these cases, the terminology used makes it virtually

impossible to consider the application of mathematics on

any model save the linguistic one.

Similarly the commonly used term 'numeral* (as
; I ■ ' 0:

opposed to the much less commonly used 'figure') has an

implicit connection-and-contrast with the term 'number',

and employing it Involves presupposing that figures are

names of objects called 'numbers*.
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Further, some terms which were not originally

•loaded' in this way have acquired overtones of a simi¬

lar kind. Nominally, the term 'formula' does not carry

a connotation of having meaning, or being significant;

it should be applicable to anything v/ritten down 'in a

piece' in the course of a (written) piece of calculating,

for example. But it would seem odd if one were to call

a figure written down as the quotient of a division, say,

a 'formula'; and this oddness is due to the fact that we

feel that a formula should have a recognisable sentential

form, and be 'interpretable' in some way as a sentence.

Similarly, an equation is in practice thought of as a

potential identity-sentence, with its equals-sign as

copula, and the strings of characters on either side of

it as substantival expressions.

In these and other cases, development of the lin¬

guistic model, and its general acceptance, have led to

shifts in the meanings of commonly used terms, which

render them unusable for criticism of the linguistic

model; and no substitutes for them have been introduced.

This 'loaded* terminology has had great influence

in moulding thought about mathematics; it is so
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universal that it has been used even by those who, I

think, hold views that involve implicitly the rejection

of the linguistic model as inappropriate. I have in

mind the Intuitionlsts and (the later) Wittgenstein.

The conflict between the accounts they wish to put for¬

ward, and the presuppositions they are committed to in

using the terms they do use, may be a source of much of

the apparent paradox, and of the great obscurity, in what

they say. (Cf. the Appendix.)



Chapter Vt Mathematical Practices.

This chapter Is devoted to an examination of how

mathematics actually is applied. In Chapter VI, the

conclusions of this and the previous chapter will be

brought together.

It is important to consider calculating and other

mathematical practices, because they are to mathematical

theories somewhat as logical practice is to logical sys¬

tems (although of course the mathematical theory can

precede its applications, while the logical system is

always derivative upon logical practice). More specif¬

ically, though the work of mathematics is not mere

codifying, it is in terras of calculating and other mathe¬

matical practices that mathematics has 'cash value'5 as

long as a mathematical theory has no known application,
it is just a game, of the 'paper and pencil' variety,

though much more sophisticated than the ones to which

we usually apply that term^.

1. Terminology.

Before embarking on a discussion of what does

83
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happen when mathematics is put to practical use, some

remarks on terminology are called for, especially in

view of what was said at the end of the previous chapter.

First, I intend to use 'formula' in such a way

that all calculating can be described as making trans¬

formations from one or more formulas to some other for¬

mula. This sense of 'formula' is very broad.

I will use the word 'character', as hitherto, for

any uninterpreted design, in place of the commonly used

terra 'sign' and 'symbol', and the word 'notation' for
'set of characters'**. More specifically, I will use

•numeral' and 'figure' indifferently, to denote a string

of 'digits'.

Finally, by 'mathematical practice' I mean any

practical procedure which would ordinarily be described

as involving the application of mathematics, but not any

procedure which is straightforward deduction (even if

it involves, e.g., reference to numbers). Ordinary usage

fairly well justifies distinguishing calculating from

deducing in this way. Examples of mathematical practices

are the various sorts of calculating—doiig arithmetical

sums, differentiating, integrating, and the other procedures
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of what is commonly called 'calculus1, solving equa¬

tions and the other procedures of classical algebra—

and performing geometrical constructions. The term 'cal¬

culus' will be applied to the system of rules and nota¬

tion (if any) used in any particular calculation (this

use should not be confused with Carnap's use of the

term to mean 'formal system').

2. Practical Calculating.

The term 'calculation', as ordinarily used, may

be applied to either of two procedures. First, it may

be used to denote actual manipulation of figures or

other notation; or again, it may be used to refer to

the process of solving some problem by a means that in¬

volves some 'calculating' in the first, narrower, sense.

An example of the latter kind of use would be someone

saying 'I have calculated that we need five rolls of

wallpaper to decorate this room'; an example of the

former kind of use would be someone saying 'I made a

mistake in my calculations—I copied down a figure

wrongly'. I will use the term 'practical calculating'

for the second kind of calculating, and reserve the term
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'calculating1 for calculating in the first, more re¬

stricted, sense. Practical calculating, then, consists
of solving practical problems by calculating. And

'practical', in this context, is applicable to almost

anything that is 'beyond' the calculation itself; thus

a 'theoretical' problem of arithmetic, 'finding the

square root of 5', could be regarded as a practical

problem of a special kind.

It will be useful to have an example of practical

calculating, as a peg to hang discussion on. Consider

the following situation, in which calculation might

typically occur.

A foreman has to get a trench dug in four hours.

He must assign sufficient men to get it done, and all he

knows is that one man can be expected to dig two yards

of trench of the appropriate breadth and depth in an

hour. He may proceed by guesswork, or trial and error,

or he may find out the length of the trench, and try to

make a better founded decision. In the latter case, he

may make a deduction, or he may calculate.

Consider now the actual details of the various pro¬

cedures he may go through. Let us suppose that the

length of the trench is two hundred yards.
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(a) He might, to start with an extreme possibil¬

ity, take a lot of pebbles, and lay them out in a pat¬
tern of successive rows, with each pebble 'representing*
one foot of trench dug, say, and each row 'representing'

the total amount dug by one man in four hours, until he

has laid out two hundred pebbles; then he may count the

number of rows, and put a like number of men to work on

the trench.

(b) He might do something similar, but shorter,

using an abacus.

(c) What is most likely is that he will write down

something like

8)200 ,

and then add in succession a »2 and a '5' to produce

He will then assign twenty-five men to digging the trench.

(d) He might quite probably perform this (or

strictly, a corresponding) calculation 'in his head',

or aloud.

(e) He might conceivably write down a sequence of

sentences, perhaps as followsj

One man will dig two yards of trench in an hour;
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So, one man will dig eight yards of trench in four

hours;

So, 200/8 men will dig two hundred yards of trench

in four hours 5

200/8 =25?

So, twenty-five men will dig two hundred yards of

trench in four hours;

He may stop here, or continue:

This trench is two hundred yards long;

So, twenty-five men will dig this trench in four

hours;

He may stop here, or he may go further:

This trench is to be dug in four hours;

So, twenty-five men should be assigned to digging

this trench;

We would consider him very odd if he went further still:

So, assign twenty-five men to digging this trench,

(f) He might go through the reasoning correspond¬

ing to the procedure of (e), in any of its forms, with¬
out writing down sentences.

Which of these procedures is calculating? If the

foreman proceeded as in (a), for example, he would be
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representing his problem, or, strictly, its 'pattern',

to himself in a form which, in contrast with the form

in which the pattern appears in the actual problem, he

can manipulate in such a way that he is able to 'see'

the answer to his problem. His procedure really just

makes obvious to him what he should do, in a case where,

If the quantities involved were sufficiently small—if,

for example, the trench were eight yards long—it would
be obvious from the start what he should do.

Another way of describing case (a) is to say that

the foreman would be 'arguing by analogy*; he would be

relying on the analogy of manipulable pebbles in a pat¬

tern with non-manlpulable, abstract, 'units of work'.

The propriety of the analogy is obvious (and it would be

practically impossible to justify it except by 'intui¬

tion') •

In the second procedure, with the abacus, there ie

again an element of straightforward representation; but

elements of standardisation of procedure, and convention,

have also crept in. The abacus constitutes a general,

not an ad hoc, procedure for solving problems of a numer¬

ical nature. The way in which its beads represent is
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complex: some of its beads stand for units, while others

stand for groups of ten, others for hundreds, and so on,

according to certain conventions. On account of this

fact, I think, we would probably say that one calculates
when one uses an abacus, but not when one proceeds as

in (a).

If the foreman acted as in (f), we would say that

he went through a logical, not a mathematical, procedure,
and that he worked out by inference, or deduced, that

twenty-five men will dig two hundred yards of trench,
or two hundred yards of this trench, in four hours, or

that twenty-five men should be assigned to digging this

trench, or that he should assign twenty-five men to dig¬

ging this trench, as the case may be. I think that even

the step or steps from one ma^s output being eight

yards in four hours to twenty-five men's output being

two hundred yards in that time may be regarded as an

inference, or inferences; it is certainly not a calcula¬

tion. We might describe it as a •mathematical1 inference,

but by this we would mean only that it has somehow to

do with numbers. Passing Immediately from any sentence

or collection of sentences to any other sentence is
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never 'calculating' (though one can make such a passage

mediately, on the basis of calculation: this is 'prac¬

tical calculating').

If the foreman followed the pattern of (e), he

might or might not be reasoning or inferring, depending

on whether he made the transitions between sentences by

'inference' or 'formal transformation'. Even if what he

was doing was transforming sentences mechanically, he

was doing something which is to be regarded either as

not calculating at all, or as a 'limiting case' of cal¬

culating, as I hope to show later (pp. 10*+-105 and 138).

The case of (c) or (d) is the one that concerns

us most here; it is the commonest one, but it has not

been considered in detail heretofore, and has not been

satisfactorily described and explained. This is calcu¬

lating in a typical form, and it is quite different from

deduction or inference, as exemplified by (f), and pos¬

sibly (e).

Suppose that the foreman does calculate, either

by using an abacus, or by performing a piece of written

or mental arithmetic. How is his behaviour to be des¬

cribed? Several descriptions are possible.
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The foreman has to take a certain action which

will bring about a certain goal, and he doesn't know

which particular action from a given range is the appro¬

priate one, So his problem may be formulated in the

question 'How many men should I assign to digging this

ditch to get it dug in four hours?'. His problem could

also be regarded as a more general one, which would be

formulated in the question 'How many men, digging two

yards each per hour, will dig two hundred yards of

trench in four hours?'; this formulation is that of

'textbook problems'. Again, as a problem in arithmetic,

the foreman's problem is to divide 2 x k into 200.

According as one or other descriptions of the

foreman's problem is adopted, the rest of his actions

will be described, with some interpretation, in one or

another of various ways. It is not possible to elimi¬

nate 'theory* entirely in describing what happens when

someone performs a practical calculation.

However, one can say the following without beg¬

ging questions of interpretation. The foreman makes

some kind of transition from the problem facing him, in

whatever terms he sees it, to the starting-point of his
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calculation (in the narrow sense). This starting-point

consists of what we might call an 'initial pattern',

or 'initial configuration' of characters, or whatever

it is he is going to manipulate; that is, he starts with

a set of objects of some kind arranged in a certain way.

He then calculates, applying the rules of the calculus

he is using, manipulating the objects of the initial

pattern into new patterns (creating a new pattern of

'types', with fresh 'tokens', if the objects are char¬

acters) . In his manipulations he follows what may be

called (drawing on the analogy with computing machines)

a 'programme', which is a pattern or sequence of manipu¬

lations. Following this programme, and starting from

an initial pattern of a certain kind, always results in

a final pattern of a particular kind (e.g., a quotient,
or other figure, or an equation). The foreman, having

performed the last manipulation and obtained the final

pattern, makes a transition back to the problem (as he

sees it): he applies the final pattern to the arithmeti¬

cal problem or to the general problem about digging

trenches, or to the problem about this ditch, as the

case may be. And then he proceeds to act. Indeed, it
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may be that it is improper to impute any particular

mental activity of 'transition to the problem'; he may

merely obtain the final pattern of the calculation, and

•act accordingly'—if the final pattern is '25', he may

immediately assign twenty-five men to the job.

3. Varieties of Mathematical Practice.

Consider now the different forms mathematical

practice may take. First, consider cases where a nota¬

tion is involved, i.e.. cases of calculating of the

ordinary kind.

(i) A calculation may take the form of a sequence

of transitions from one or more numerical equations to

some other equation.

(11) A particular sub-case of (1) is that in which

the initial equations and the final equations, or what

we might call the 'end-equations', of the calculation

involve only numerals of a certain kind, while in the

'intermediate equations' numerals of a different, and

classically derivative, kind occur. Specifically, the

end-equations may contain only numerals which classically

denote natural numbers, while numerals which denote
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negative integers occur in the intermediate equations;

or the end-equations may contain only numerals classi¬

cally denoting integers, or rational numbers, or real

numbers, while intermediate equations contain numerals
which classically denote rational numbers, or irrational

numbers, or complex numbers, respectively. In each of
these cases, it is possible to interpret the end-formu¬

las of the calculation in a way which is not available

in the case of the intermediate formulas.

Suppose a calculation of this kind occurs in a

situation in which there is an obvious'interpretation'

of the end-formulas, one which cannot be applied to the

intermediate formulas. Here is where Hilbert's notion

of 'ideal statements', or 'ideal elements', can be used.

The calculator proceeds from meaningful ('real') sen¬

tences, or rather sentences used meaningfully, by way

of 'ideal' sentences, which cannot be taken as having

meaning, to other sentences which can again be treated
as meaningful, and can be acted on. This case is a

clearer case of calculating than one in which the same

interpretation can be placed on all the formulas of

the calculation, for the latter can be regarded as a
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case of deduction, like the example (e) above: the pro¬

cedure involved is an exact correlate, on a formal,

formula-manipulating level, of a process of inference.

(iii) A central case of calculating is the per¬

forming of arithmetical sums. The case of long division

is very instructive, and it will be enlightening to

describe it in the appropriate terms. A terminology

for describing it may be constructed out of the standard

terminology of arithmetic, by prefixing a »C' through¬

out; thus 'C-quotient' means 'the numeral of the number

obtained as a result of division', 'C-division' is the

procedure of manipulating figures corresponding to ordi¬

nary division of 'numbers', and so on.

The calculus of C-long division includes or pre¬

supposes other calculi, for C-raultiplication and C-sub-
traction. The calculation can be broken down into

similar stages, each of which ends with the writing down

of a new C-sub-remainder; each stage consists of (a) the

formation of a C-sub-dividend, (b) a 'guess-work' C-short

division of this C-sub-dividend, (c) C-multiplication of

the C-divisor by the C-quotient of the guess-work C-short

division, and finally (d) C-subtraction of the resultant
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C-product from the C-sub-dividend to yield the C-sub-

reraalnder. Call this sequence of steps a 'subroutine'

(borrowing again from computer jargon); and call a nu¬

meral a 'sub-numeral' of another if it has no more

digits than the other, and each of its digits is the

same as the digit in the corresponding position, reading

from the left, in the other. Then instructions for

C-long division of a numeral A by a numeral B are: repeat

the subroutine, taking as first C-sub-dividend the

shortest sub-numeral of A C-divisible by B (or: C-greater

than B), and forming each successive C-sub-dividend by

copying down, on the right of the C-sub-remalnder of

the previous stage, the first digit from the left in A

which has not been used in a previous stage; stop when

all the digits of A have been used; then the successive

C-sub-quotients, in sequence,from left to right, form

the C-quotient, and the final C-sub-remainder is the

C-remainder.

This description is rather complicated; but it is

much less exceptionable as a factual description of the

process of long division as people actually go through

it than a description in terms of manipulation of
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numbers, or Inferences about numbers. People calculate

mechanically. To put it another way, using the termi¬

nology introduced in Chapter III, the above description

has a very much better claim to be considered a 'direct*

codification of actual arithmetical practical than codi¬

fications In terms of numbers.

(lv) Some cases of calculating depend on what may

be called 'notational algorithms'• For example, a com¬

monly used short-cut for multiplying by ten (In the case

of positive integers) consists of whbt would usually be

called 'adding a zero to the end of the number to be

multiplied'. This description is confused, of course;

the short-cut is a short-cut because it consists merely

of adding a zero to the end of something, but that some¬

thing can only be the numeral of, or denoting, the number

to be multiplied (a number has no endi)»

This short-cut takes advantage of the structure of

the Arabic numeral notation (or calculus), with its

decimal base. It would not exist if a duodecimal-based

notation were standard, though a corresponding short¬

cut would then exist for multiplication by twelve; and

if an irregular notation, with any base (e.g., Roman
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numeral notation) or none, were standard, there would

be virtually no short-cut algorithms for multiplying.

Another example of a notatlonal algorithm is the

one for testing divisibility by three: 'add the digits

of the dividend, and see If the sum is divisible by

three*. Again, this formulation is confused; properly

expressed, the rule Is 'add the numbers whose numerals

are the digits of the numeral of the dividend, and test

the sum for divisibility by 3' (or: *C-add the digits of

the C-divldend, and test the C-sum for C-divisibility by

"3"'). As It stands, this test Is only partially nota¬

tion- or calculus-dependent: it reduces testing of the

divisibility of one number to testing of the divisibil¬

ity of another number, which is smaller (since its numeral

is shorter3)t it could be made a complete test, fully

notation-dependent, as follows: *C-add digits of the

C-dividend, repeat with the digits of successive C-sums

until a single-digit numeral is obtained; if this numeral

is *3*, *6*, or '9', the number is divisible by 3, other¬

wise it is not*•

! While this test can be given a fully 'notational'

form, it cannot be given a form which is fully notation-
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Independent. If a duodecimal-based notation were

standard, there would have to be a completely different

rule^•
There is reason for saying that all calculi, and

not just notational algorithms, arc notation-dependent?

the standard 'programme' for addition (or C-addition)
K

reduces addition of multiple-digit numbers'^ to addition

of single-digit numbers in a systematic fashion? this
would be very difficult in, say, the Roman numeral nota¬

tion^.
Consider now mathematical practices in which no

notation Is used.

(1) In the case of calculating by use of an

abacus, the beads are treated somewhat in the way char¬

acters of mathematical notations are treated? but they

are not reproducible at will, nevertheless, we would

certainly say that using an abacus is calculating? and

so we see that calculating need not involve the use of

any notation.

(ii) The case of geometrical constructions is

quite different from any so far discussed. In perform¬

ing a geometrical construction, one manipulates physical
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objects, which do not seem in any sense to 'represent'

anything# Yet such a construction is still a mathemati¬

cal procedure.

The continuity between cases of calculating, and

those of performing geometrical constructions, lies in

thisi people who go through either kind of procedure

follow a 'programme', and the programme has a 'theoreti¬

cal' justification. In the case of the foreman working

out his problem by laying out pebbles, there is a pro¬

gramme, but its propriety is obvious, and intuitable;
it can hardly be given a theoretical justification. All

the cases of calculation considered are cases where the

procedure followed does not lead to an 'intuition' of

the answer; they are procedures which require justifica¬

tion, in terms of the convention of representation used—

whether it is one of notation or of beads.

Similarly, the procedure cf a person in construct¬

ing a right angle by forming a triangle with sides in

the ratio 3:*+s5 is not obviously bound to produce the

desired end; it must be proved that it will do so, and

the major part of the proof consists of an application

of the Converse of Pythagoras' Theorem. (The proof
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should also show that there is a correlation between

pure and physical geometry, and specifically between

the constructed triangle and an 'ideal* Euclidean tri¬

angle; but in practice, this part of the proof is taken

for granted.)

It is an interesting fact that ancient Egyptian

surveyors used the 3sUs 5 triangle construction to obtain

right angles, presumably without knowing any 'theoreti¬

cal' justification of the construction, or knowing that

there could be such a justification of it. They cannot

be said to have been performing a geometrical construc¬

tion, in our sense of that term; the rule they knew was

a piece of practical technology, based on an empirical

knowledge of physical geometry.

*+ • Borne Conclusions.

On the basis of the observations of this chapter,

a few preliminary conclusions may be drawn.

(a) Most commonly, nothing we could call 'inter¬

preting of formulas as sentences' occurs when a calculus

(in my sense) is applied in a practical situation; in

particular, people do not seem to apply the results of
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arithmetical sums via sentences, but act on these re¬

sults in some other fashion.

(b) Tt might be suggested that numerical calcu¬

lating can be regarded as a standardisation of the pro¬

cedure of laying out pebbles; there is a continuity

between the latter case, through the case of reckoning

by means of an abacus (where the representation is par¬

tially conventionalised), to the case of numerical
7

reckoning . At any rate, calculation can be applied to

situations because there is a relation between numerals

and quantities connected with these situations, a rela¬

tion something like conventionalised representation,

(c) The general characteristic of any mathematical

procedure is that it consists of applying rules from a

set, in accordance with some •programme*, and that it

can be 'theoretically' justified, either by considera¬

tion of the calculus used, or the convention of represen¬

tation employed, or else on the basis of certain assump¬

tions about the objects being manipulated (physical

lines, points, arcs, and the rest), together with theorems

of 'pure' geometry, which develop these assumptions.

(d) The difference between calculating and
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reasoning lies in the use of some convention to shorten

the deductive procedure, and in the fact that the appli¬

cation of a calculus has to be .justified (because the

representation involved is not direct and obvious, as in

the analogical argument with pebbles), by a proof which

is based on consideration of (a) the nature of the con¬

vention of representation, and (b) the 'practical cal¬

culus' governing the transition from problem to calcula¬

tion, and back again. The convention is 'contingent'—

it might be other than it is—and adventitious, and the

proof has to show how the calculus takes advantage of

the possibilities for simpler and shorter procedure

provided by the convention. This is most obvious, of

course, in the case of notational algorithms.

(e) Finally, a procedure of transforming formulas,

and then applying the result by 'interpreting' the whole

sequence of formulas, is not a mathematical procedure,

or if it is, it is a limiting case of such a procedure.

For the Justification of such a procedure must consist

of correlating it in detail with a logical procedure of

sentence-inference (cf. pp. 36-37); that is, it must

bring out the self-evident correctness of the procedure.
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This case is comparable with that of reckoning with

pebbles: there is a certain absurdity about providing

a 'justification1.

These last points will have to be considered fur¬

ther and amplified in the next chapter.



Chapter VI* Calculating and 'Applying Mathematical

Calculi'

I want now to compare calculating, as described in

Chapter V, with the account of application of mathematics

In terras of use of formalised language, as considered in

Chapter IV. But first it will be necessary to consider

how accounts of the application of mathematics, and

Carnap's in particular, are to be taken. For convenience,

I will use the terra 'calculation' and related terras with

an extended sense, to cover all applications of mathe¬

matics, throughout this chapter.

1 • Criteria for Appraising Accounts of Calculating.

A. As Descriptionss

One obvious way in which to appraise an account of

anything is to find out whether it 'fits the facts'* We

may enquire, of a given account of calculating, whether

the pattern it postulates is exhibited by typical exam¬

ples of calculating, and, further, whether every example

of what we agree to call calculating exhibits the pat¬

tern, We may also ask whether each of the distinctions

106
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embodied in the account corresponds to some recognisable

feature of calculating, and, conversely, whether the

account recognises each of the stages, and categories

of action, Involved in calculating.

Unfortunately, this method of appraisal is not

completely effective in the present case, because there

is no unique and agreed set of 'facts* to compare ac¬

counts with. As was remarked earlier, according to how

one approaches an instance of calculating, one will give

a different description of the procedure the calculator

goes through. In fact the account adopted colours the

description which is supposed to be the standard against

which it is to be measured. A Carnapian would see the

calculator manipulating formulas, which are interpreted

at the beginning and the end as sentences, and proceed¬

ing from practical problem to calculation and back again

via these sentences. Others, however, might see the

calculator's behaviour quite differently. Only a strict

'behaviourist' description would win agreement from

everyone; and everyone would agree that it was an in¬

complete description, and in fact missed the essential

features of the calculator's actions.
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It is clear, therefore, that comparison with the

•facts' of calculating will not get us very far in mak¬

ing appraisal of divergent accounts. However, the ex¬

tent to which such •facts' as there are have to be

'interpreted' In order to be reconciled with an account

will obviously tell against it in any appraisal.

B. As Explications:

Carnap has talked frequently about the introduc¬

tion of new concepts as 'explications' of old ones,

whose vagueness and ambiguity detract from their useful¬

ness. He has for the most part been concerned with ex-

plication as an aid to enquiry into logical matters ,

2
and to the construction of scientific theories ; in

particular his 'definitive' discussion of explication^
treats of explication as a tool of scientific investi¬

gation, and is somewhat specialised on that account.

However, the criteria he gives for an 'adequate' expli¬
cation in the course of that discussion are general, or

u
may be generalised, as follows : the explicating concept

(1) should 'correspond' as far as possible with

the old concept;

(2) should be precise, exactly defined In terms of
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other precise eoncepts--preferably, it should be

defined in the context of a formalised language;

(3) should be 'fruitful', i.e., should lead to new

grasp of the aspect of the world with which the
tj

old concept is connected';

00 should, so far as the other requirements permit,
be a simple concept.

This notion of 'explication' may, I think, be ex¬

tended to accounts of calculating, regarded as groups of

concepts, or 'conceptual frameworks', intended to re¬

place groups of interconnected empirical concepts.

Carnap's own account of the application of 'mathematical

calculi', as outlined in Chapter IV, can be regarded as

an explication of the rather inexact and unclear empir¬

ical concept of 'calculating'^.
Treating accounts of calculating as explications

of descriptive concepts will, I think, prove more fruit¬

ful than treating them as rival and conflicting descrip¬

tions. The notion of 'explication' may itself be re¬

garded as a precisification or 'explication' of the

notion of 'theory'; and, as we have seen, the attempt

to describe what goes on in calculating involves
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theoretical1 concepts, such as 'acting on a sentence',

from the start. To give an account of what goes on in

calculating involves some interpretation and explanation,

and is in effect to construct some kind of theory, or

something resembling an explication.

If this is the proper way to regard accounts of

calculating, then such accounts cannot be judged 'correct'

or 'incorrect' as straightforward descriptions can.

They must rather be judged on complex criteria, such as

those suggested by Carnap.

For the present purpose, I wish to add one further

criterion to Carnap»s list. This criterion is that of

general applicability to all instances of the concept

being explicated. (It may be regarded as one implica¬

tion of the requirement that the explicating concept

should correspond as closely as possible with the expli¬

cated concept.) An account of calculating which applies

only to some, not all, varieties of what we call 'cal¬

culating' is surely on that account less acceptable.

2. Carnap's Account of Calculating.

To consider Carnap's account as a description is
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to apply the first criterion of •adequacy' mentioned

above, and is therefore a suitable way of starting.

1. As was remarked earlier, it is possible to dis¬

tinguish, following Hilbert, •real' and 'ideal' elements

or formulas in mathematics, and, correspondingly, it is

possible to envisage applications of mathematics in

which 'real' problems give rise to 'real' or meaningful

interpreted formulas, which are transformed, via inter¬

mediate formulas which are 'ideal', not interpretable
in the way in which the original formulas are, to yield

formulas which are again 'real', and interpretable, and

can be applied to the problem, or 'acted on' in the prac¬

tical situation.

Not only is it possible to envisage such applica¬

tions, but they occur. Real solutions to equations with

real coefficients are sometimes obtainable more simply,

or perhaps only, by application of methods of complex-

variable analysis. Another example is that of the predi¬

cate calculus in its customary interpretation: sometimes

only the closed formulas (those in which no variables

occur free) are interpreted, while there are rules of

transformation which allow passage from closed to open
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7
formulas, and in the reverse direction ; and it is

quite possible that one closed formula might be deriva¬

ble from another by a derivation involving open, un-

interpretable, formulas.

Accordingly, if Carnap's account is to be consid¬

ered an account of application of mathematics in general,

it will have to be modified to allow in some way for

more ♦selective* interpretation of individual formulas,

or of calculations as a whole, involving interpretation

only of end-formulas.

2. A more telling criticism of Carnap's exposition

is that considerable imagination is called for in apply¬

ing it to the case of arithmetical sums.

When the foreman of the example used earlier does

a sum, all he does is write down figures (and draw

lines) in a pattern; he never writes down an equals-

sign, for example. According to the customary inter¬

pretation of arithmetical calculi, a figure is the name

of a cardinal number; if the formulas of the foreman's

calculation consist only of figures, then they lack any¬

thing that may be Interpreted as verb or predicate, and

so cannot be understood as sentences, as is required by
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Carnap's account. In this case, not only the inter¬

mediate formulas, but the end-formulas also, are unin-

terpretable; and this is true no matter how it is decided

what is to count as a formula.

There is one way out of this difficulty for a pro¬

ponent of a Carnapian view. He might say that a predi¬

cate is 'understood' for each figure or group of figures

of a certain kind that is written down; that Is, that

the situation is somewhat analogous to that in which a

person in effect makes a statement by merely saying

♦Yes', or 'Probably', or saying, in a triumphant tone,

'Victoryl*. In such cases, a word serves as a substi¬

tute for a whole sentence. And similarly, it might be

argued, a man writing down figures is, as it were, making

statements in an abbreviated form, or 'mathematical

shorthand', which omits predicates in a systematic

fashion, leaving them to be understood.

Now there Is no obvious direct way of shewing that

this view is wrong; the facts seem to be interpretable

in this way, with a certain amount of ingenuity; but

the view can be shown to be very implausible. Consider

how it would work out in detail, in connection with a
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typical example. Suppose the 'abbreviated1 form of a

long division sura,

13)2793 (21!*

is to be 'expanded' into s sequence of sentences. The

working of the sum may be regarded as the successive

filling in of the gaps in the equation

2793 = 13 x 100 x .♦ + 13 x 10 x .. + 13 x 1 x ..+ .. ,

and each stage of the division could be regarded as

leading to the affirming of an intermediate equation,

first

2793 = 13 x 100 x 2 + 193,
then

2793 » 13 x 100 x 2 + 13 x 10 x 1 + 63,
and finally

^ -

2793 «= 13 x 100 x 2 + 13x10x1+ 13 x 1 x ^ + 11.

But it is surely absurd to say that anyone who is per¬

forming a long division sum is supplying or 'understand¬

ing' equals- and plus-signs all the time, or even that

this ever happens, or that calculation can 'in princi¬

ple' be performed in this manner.
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To give such a roundabout and Involved explanation

of what goes on when a calculation is performed and

applied is perverse, unless there are good reasons for

paying that it is the only consistent description pos¬

sible. And there do not appear to be any such reasons.

There is no need for the foreman of our illustra¬

tion, for example, to •interpret1 any of the figures or

groups of figures he has written down as sentences, when

he applies his calculation to the problem facing him.

Further, his procedure is proper and legitimate in its

own right, even if he does not interpret anything in

this way: it is not even necessary that he should be

able 'in principle1 to apply his calculation by inter¬

preting formulas as sentences.

3. The really crucial case for the Carnapian account

of calculating is that of notational algorithms. Ordi¬

nary sums can be construed, albeit with difficulty, as

applications of arithmetical formal systems, involving

interpretation of formulas as sentences; "short-cut*

calculating surely cannot be treated in this way,

A notational algorithm can be consistently formu¬

lated only as a rule about manipulating notation; and
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it does not correspond to any rule about manipulating

numbers, for example, at all. Suppose I have to pay ten

men two shillings each, and X work out how much money I

will need to do this; I write down a '2', add a zero on

the right to get '20*, and conclude that I will need

twenty shillings. It does not seem possible to regard

my procedure as writing sentences, or doing anything

which is a formal equivalent of writing sentences. This

may be seen as follows. If what I did was to write sen¬

tences, then what justifies the transition I made, from

*2' to '20*, must be a logical principle of sentence-

inference (cf. pp. 36-37); correspondingly, if what I
did was a formal equivalent, of writing sentences (i.e.,

writing interpretable formulas), then what justifies

the transition is a rule of transformation which is a

formal equivalent of such a logical principle. But

there is no logical rule, valid or invalid, which cor¬

responds to the rule T followed in my calculation, and

which could (if true) justify the application of the

particular 'calculus' I employed in the situation in

question. The rule followed was a rule about notation,

and the justification of the procedure must of necessity
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be 'meta-notatlonal'; It will be based on consideration

of the adventitious fact that one can obtain the C-product

of '2' and '10* by adding a zero on the right of the

'2'. To label this fact 'logical' would surely be to
Q

do violence to the meaning of that term .

What a person following a notatlonal algorithm

writes down does not seem to admit of being 'expanded'

into an interpretable formula. Despite the looseness of

connection, mentioned earlier, between calculating and

accounts of calculating, it does not seem possible to

reconcile the fact of the existence and use of nota-

tional algorithms with a Carnaplan treatment of calcu¬

lation*

Further, the case of the notational algorithm Is

not exceptional or odd, to be allowed for by minor modi¬

fications of the Carnaplan account* Bather, all the

standard calculi of arithmetic (those employed in doing

sums) are in an essential measure tied to a particular

notation, as was remarked earlier, and take advantage of

conventions of representation.

*4. The basic weakness in the Carnapian account of the

application of mathematics is the two-stage distinction

it implies. It was suggested at the end of the previous
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chapter that this distinction seems to have no basis

in fact; and it was clear that the foreman might well

not have recourse to sentences at any point in his prac¬

tical calculation.

There is a great deal that might be said about how

people apply sentences, and how they apply formulas of

calculations, and how the two cases are related. But

the following observation must suffice here.

Many questions call for an answer not in the form

of a sentence, but in a word or phrase. 'How many?',

'When?', 'Where?', 'Who?', 'Which', 'What?', and simi¬

lar questions call on the persons addressed to specify

something. To specify, in answer to such a question, is

to 'point', using words, to one alternative from a range

of alternatives implicitly or explicitly suggested by

the question. And calculations are undertaken in order

to answer questions of just this kind. The foreman's

problem, for example, is to specify a number of men, as

an answer to the question 'How many men, digging two

yards of trench per hour, will dig two hundred yards in

four hours?' (or a corresponding question on another

level, according to how he sees the problem).
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Now to regard a specification (as I will call it),
in response to a question of the kind described, as an

abbreviation for a sentence, is to make a mistake.

While, for example, the statement 'Twenty-five men will

dig two hundred yards of trench in four hours' contains

the answer to the question 'How many men will dig two

hundred yards of trench in four hours?', it cannot be

said to be the answer. For it is as much the answer to

'How many yards of trench will twenty-five men dig in

four hours?', and also to 'How long will it take twenty-

five men to dig two hundred yards of trench?'. These

three questions are distinct, and call for specifica¬

tions of different kinds of things; the specification

can in each case be based on the given statement or sen¬

tence, but goes 'beyond' it, picking out or emphasising
a particular 'aspect'^ of what the sentence conveys.

The answer 'Twenty-five men' goes 'beyond' the sentence,

and represents a move along the way from the sentence to

acting upon it; and it is this kind of answer that the

'How many?' question calls for.

Another example may make this clearer. Suppose a

teacher asks a pupil 'How many notebooks could you buy
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for eighteen shillings, if they cost three shillings

each?1, and the pupil answers 'You can buy six notebooks

costing three shillings each for eighteen shillings*.

The teacher might quite possibly follow this up by say¬

ing 'You haven't answered the question; the answer is

"Six notebooks"'. And the reason he might do this is

that it is possible that the pupil gave the sentential

answer without knowing how to utilise the information

contained in it, how to pick out what it has to say about
different situations; and this would be a serious gap

in the child's capacities. For example, if the child

•knew* in some sense that six notebooks cost eighteen

shillings, but could not pick out the component 'Six

notebooks' from it on demand, he would not know how

many books to ask for if he wanted to buy eighteen shil¬

lings' worth, nor would he know how many he should re¬

ceive if he asks for eighteen shillings* worth. Now

specification is merely a verbal expression of the

result of such a mental act of picking out; and so in¬

ability to specify is symptomatic of lack of this capac¬

ity to pick out information from facts.

If these arguments are correct, and a specification
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is something distinct in kind from a statement, then

three stages can be distinguished in the application of

a Carnaplan calculus. First, the formula is interpreted

as a sentence; then the 'aspect* of what the sentence

expresses or conveys which is appropriate to the given

situation is picked out, in the form of a specification

of some kind; and then the specification is acted on.

But, I wish to maintain, practical calculations commonly

bypass the 'sentence' stage, yielding specifications

directly.

It has been argued that calculations are undertaken

in order to answer questions calling for a specification

of some kind; and that making a statement is inappro¬

priate as an answer to such a question. If this is cor¬

rect, then it Is possible to show that it is not merely

implausible but incorrect to suggest that a man perform¬

ing an arithmetical sum is writing down abbreviated

sentences, with predicates 'understood' throughout. For

an arithmetical sum Is performed in order to specify a

quantity of some kind, and the figure obtained as a

result of the calculation will be interpreted as 'stand¬

ing for* a number of units of the appropriate kind. To
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interpret the figure as a shorthand sentence would be

to travel away from tho specific problem towards a general

statement, to go from a position nearer to solving the

problem to one farther removed from solving it.

The remarks of this sub-section have implications

of great interest; in particular they point to the exist¬

ence of a strictly 'extra-sentential* use of referring

words, a use which yet most closely resembles the use

of words to make statements. It may be that an account

of language could be developed in which the criterion of

the meaning of a word having a designating 'dimension'

Cas distinct from the word's having a reference, in the

way 'New York', e.g., does, but 'The present King of

France' does not) would be whether it could possibly be

used in answering some question that calls for specifica¬

tion.

However, I do not propose to develop this matter

further here, except to say that I am sure that such

•meaning' as numerals have is very largely derived from

their use in specification.

3* Carnap's Account as Explanation.

I want now to consider the Carnapian account of
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the application of mathematical formal systems, as an

explanation of how calculation is possible, and how it

is justified, and of how people know how to proceed when

they calculate. To do this is to apply the third of

the criteria of an adequate explication, namely, the

criterion of fruitfulness in yielding insight or under¬

standing.

In this respect the account is open to severe

attack. Carnap explains in detail how one employs a

formal calculus, and how one interprets it, and what the

structure of the rules governing transformation and

interpretation is like. But he does not consider more

basic questions, namely, (1) How is the use of a calcu¬

lus in a given Interpretation justified? (2) How do

people know which calculus to apply when faced with a

given problem, and how to apply it, that Is, what pro¬

gramme of calculation to follow in order to get an

answer? and (3) How do they make the transition from

problem to initial sentences, and from final sentence

back to the problem?

The first question was considered earlier, in

Chapter III, when the following conclusion was reached:
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because an interpretation of a calculus must, in order

to be usable, not only be true, but be known to be true,
1

the only calculi of practical utility, apart from very

trivial ones, are those which are exact formal corre¬
lates of systems of logical principles known to be valid.

When one considers the second question, it does

not take one long to realise that on the Carnapian account

a calculator must either go mechanically through a rigid

procedure that he has been taught by drilling, with no

understanding of what he is doing, or else he must con¬

stantly be •interpreting* the formulas he is manipulating

in order to see what move he should make next. Now of

course much calculating is done mechanically: people are

taught to solve problems of particular kinds by application

of particular calculi (in our sense), following specified

programmes; however, a lot of mathematical working is

done, not 'by rote', but in an ad hoc fashion, and such

working does not involve constant •interpreting*. In

fact in numerical calculating the programme of moves is

obvious because the relation between the given situation

and the calculation is a kind of representation, conven¬

tionalised but Intuitively comprehensible; and in applying
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geometry, people proceed largely by intuition, rather

than formally.

The third question, as we saw at the end of the

previous section, is not easily answerable on the basis

of a Carnapian approach.

The overall impression that consideration of these

questions gives is that the application of an interpreted

formal system, in the manner envisaged by Carnap, would

be far more complicated and difficult than proceeding

in an intuitive, or semi-intuitive fashion. Cne is

indeed less likely to make mistakes, and unconscious

assumptions, in manipulating strings of characters accord¬

ing to explicit rules, but the groundwork of showing a

given interpretation of a formal system to be true, of

determining which problems may be solved by using it,

of setting up the various programmes of moves to be made

in the various situations, offers scope for many mistakes
and unconscious assumptions. Indeed, one of the commonest

mistakes of philosophers who try to explicate by con¬

structing formal or axiomatic systems is to make incor¬

rect or questionable assumptions in correlating formal

systems with fields of experience; in general they spend
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much time elaborating their systems, but not enough time
in showing that the interpretations they have in mind

are in fact true, and true in detail. Correspondingly,

the Carnapian calculator is liable to err in using a

formal system in a practical situation with an interpre¬

tation which is not true.

U. Appraisal of the Linguistic Model in General.

We will have to return to Carnap again; but first

it may be instructive to consider how far the criticisms

of the previous sections apply generally to all accounts

of calculating based on what I have called the •linguis¬

tic model••

Consider first the Frege-Russell theory of number.

The discussion in part (U) of Section 2 suggests another

way of explaining how numerals signify, namely, in

specification. This discussion does not suggest that

numerals refer directly to anything, however, but implies

that they are used with nouns to specify quantities of

various kinds of units (e.g., seven men, ten dollars,

twenty-two miles, an hour and seventeen minutes); that

is, that they are used as adjectives of quantity are used,

and not substantially**"*.
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The Frege-Russell account of number is the best

account there can be, it seems: Frege effectively dis¬

posed of all the alternative accounts extant in his day,

and no new ones have come forward since. Even if one

agrees that the question 'What do numerals denote?' is a

real question, however, one will not find the account

very persuasive. We may adroit that a collection of ob¬

jects is a collection of five objects because it has the

property of 'fiveness', or qulntuplicity; but it is a big

leap from saying that fiveness is the property of all

five-member classes to saying that *5' denotes the class

with fiveness as its defining property. This identifica¬

tion seems to be justifiable only on the principle known

as Occam's Razor; but this principle seems to apply more

appropriately to the hypostatisation of numbers, that

is, against the prior assumption that there are objects,

denoted by numerals, whose nature requires to be char¬

acterised .

A more down-to-earth objection to the Frege-

Russell theory is that people used 'numbers' for so long

prior to the 'discovery' that numbers are classes of

classes, and that many people still ignorant of the
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theory can calculate correctly. Perhaps still more sig¬

nificant, people who are aware of the theory and accept

it do not, I am sure, calculate differently in conse¬

quence, nor do they Judge the correctness of a calcula¬

tion by its dissolubility into a sequence of formulas

interpretable as sentences in accordance with the Frege-

Russell theory, a sequence that constitutes a logically
valid derivation.

Consider now the applicability of the linguistic

model to mathematical practices in general. I think

the .arguments put forward in parts (2), (3), and 0*5 of

Section 2 tell strongly against any account of calculating

that might be constructed on the basis of the linguistic

model.

The discussion in part (U) of that section sug¬

gests that one stage in the application of mathematics

may be explained on the model of a particular use of

language, namely, the use of words in specification.

Indeed, the relation of this use of language to applica¬

tion of calculations is closer than that of a model or

analogy; calculations may lead to a specification, formu¬

lated in words, as an answer to a practical question.
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But it is also quite possible that the calculator may

proceed directly from writing figures to action, with¬

out any intermediate specification in words being in¬

volved; the figures may act as a direct trigger to action.

There is an account rather like a weak version of

the linguistic model, which is not so exceptionable as

the versions so far considered. According to this ac¬

count, a calculator 'interprets' the formulas resulting

from his calculations somewhat in the way an experimental

scientist interprets the results of his experiments, and

in doing this he treats the formulas as 'meaningful' or

•significant'•

This is nearly correct; but in so far as it is

correct it does not represent an application of the lin¬

guistic model, while in so far as it does represent an

application of the linguistic model it is not correct.

It will be worth exploring this point in detail.

In the first place, it is not a formula that the

calculator 'interprets' as meaning that he should do thus

and so; just as the scientist Interprets, not figures or

events, but results of experiments he has performed, or

data obtained by systematic observation, so what the
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calculator interprets is, not a figure, for example,
but the appearance of the figure as a C-sum or C-product

or C-quotient of a calculation he has performed.

In this respect what the calculator interprets

(and equally what the scientist interprets) is rather
11

like a 'natural sign' . A lightening of the sky during

the night may be taken as a sign of the approach of dawn?

a darkening of the sky during the day may lead people to

say 'That means it's going to rain'; a patch of green in

a dry landscape may 'mean* that there is water in some

form at that place. Each of these is an example of a

thing which is, or may be taken as, a 'natural' sign:

people take it as a sign that something other than itself

is present, or is the case. It is possible to take these

phenomena as signs in the respective ways mentioned,

because there is in fact a connection between their

presence or appearance (as the case may be) and the

presence or appearance of that which they are taken as

signs of; and further, it is proper and legitimate for

people to take them as signs, because they know of this

connection.

Natural signs are contrasted with 'conventional»
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signs, which are connected with what they signify not by

a natural regularity of concomitance, but by an artifi-

cial convention of some kind. People who know the con¬

vention may use a conventional sign to communicate with

others. Signals and sentences are examples of conven¬

tional signs.

Natural and conventional signs differ also in that

the former are characteristically 'phenomena'—things

happening, or appearing, while the latter are more pro¬

perly 'objects'. It is the sky's becoming lighter, not
its being of a certain lightness, that is the natural

sign; it is the appearance of the green in a particular

place, not its existence per se. that is the sign. More

specifically, the significance of a natural sign is essen¬

tially a function of the place and/or time at which it

appears or occurs: the lightening of the sky at place x

and time Jt is a sign that, at place £ and time Jt, dawn

is near. Further, such a sign does not have even this

meaning except in an appropriate context (the sky having

previously been dark for some time, or a desert landscape).
Of course, conventional signs are also context-

dependent; they are objects used or treated as signs,
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not signs in any absolute sense. But at the same time

they are independent of context of use or occurrence in

a way in which natural signs are not (Wittgenstein et

al. notwithstanding); if this were not so the compiling

of dictionaries would be out of the question. The con-

text-dependence of conventional signs can be either

eliminated or reduced to a dependence of an indirect

kind, by stipulating a * universal* spatio-temporal frame
of reference; this frame then becomes a conventional
'universal context'• There can be no such generalised

context in the case of a natural sign, which by its very

nature must 'mean something different' every time it

appears.

To return to the calculator and his 'interpreta¬

tion' of formulas: he treats an end-formula of a calcula¬

tion in much the way people treat natural signs, and

not in the way they treat conventional signs. It is,

and must be, the appearance of the formula at the end

of the particular calculation, in the context of the

practical situation which led to the act of calculating,

that is Interpreted, and treated as significant; the

interpretation is in terms of the situation. In the
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context of a problem about how long a bath will take

to empty, a '5' appearing at the end of a calculation
will be interpreted as a sign that the bath will empty

in five minutes, or five hours, or five of some other

units of time, according as numerals of the Initial for¬
mula or formulas were treated as representing lengths

' of time in minutes, or hours, or some other units. And

in the context of another problem a '5' would be inter¬

preted quite differently. What the appearance of a numeral

as a result of calculation signifies is In an essential

way a function of the circumstances which gave rise to

the calculation, and the way in which the calculator

passed from these circumstances to his calculation. Thus

the meaning of formulas in calculations is intrinsically

context-dependent, like that of natural signs; like

these signs, formulas 'never mean the same thing twice'.

Since language is a use of conventional signs, and

not of natural ones, it cannot provide a proper model

for the signifying use of mathematical notation; there

are different kinds of context-dependence involved in

the two cases. Further, when we say that the calculator

treats the result of his calculation as a sign, we may
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mean no more than that he acts on it. We do not mean

that he writes it down as a sign in the first place;

only when he has written it down, and has finished his

calculation, does he interpret the result. Nor, when

once he has interpreted the formula, would he use it to

communicate what he interprets it as meaning; '5', for

example, would not normally be used to tell someone that

a particular bath will empty in five minutes (though
12

•five minutes* might be) , In both these respects, as

well as that of context-dependence, the processes Involved

in applying a calculation, though they can be described

as 'taking formulas to mean something', are dissimilar
from the processes Involved in the use of language.

Of course, mathematical notation is used in accord¬

ance with conventions; and it is 'reproducible'—the

'type'-'token' distinction, or a similar one, is appli¬

cable to it. In both these respects it resembles the

vocabulary of a language, and differs from natural signs.

But the conventions associated with a mathematical nota¬

tion do not determine the 'meanings' of its character-

types; they have to do with how the character-types are

to be manipulated, and the ways in which the character-

tokens are to be used to represent.
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5• Final Appraisal of Cernap's Account.

Carnapfs account of calculating is not a very good

description; nor is it a very good explanation. As an

explication it therefore shows up poorly also: it satis¬

fies the criterion of exactness, but it fails to meet

the other two main requirements, of correspondence with

the empirical concept of calculating, and of fruitfulness.

The fourth criterion, of simplicity, is a subordinate

one; I do not know how Carnap*s account would measure

up to it#

The previous section was intended to place the

failure of Carnap's account within a larger perspective,

by showing how any presupposition of the appropriateness

of the linguistic model must inevitably mislead.

Carnap's account is not so much wrong as very

incomplete. He is correct in recognising that mathemat¬

ical practice grows out of logical practice, but wrong

in regarding It as a straightforward extension of logical

practice. It is of course impossible to draw a sharp

line between logical and mathematical procedures; but

if there is any feature which is peculiar to and charac¬

teristic of mathematical procedure, it is the use of



136

conventions of notation and/or representation in provid¬

ing simpler and shorter methods of problem-solving. All

mathematical theorems and proofs can, 1 think, he re¬

garded, so far as they are really meaningful, as

•pseudo-object* sentences and sequences, to uso Carnap's

terminology^; that is, they can be regarded as being

•about*notation while appearing to be 'about' mathemat¬

ical objects of some kind. Hot only can they be regarded

as •meta-notatlonal' theorems and proofs, but they must

be so regarded.

This view sounds very strange, it must be admitted;

but if it is conceded that the nature of mathematics

must be explained in terms of mathematical practice, of

the application of mathematical theorems, then T think
it must be granted that this account is the only consis¬

tent one possible. Of course, there is no condemnation

implicit in the contention that mathematical theorems

and proofs are 'pseudo-object* sentences and sequences

of sentences; if methods of calculation are to be devel¬

oped prior to the discovery of ways in which to apply

them (and this procedure has proved very fruitful hither¬

to), then it is simplest to frame them in the form of
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theories about some kind of abstract objects, and to

frame proofs of the appropriateness of these methods

as 'factual* proofs about these objects; these 'factual'

proofs can then be applied to justify methods of reckon¬

ing and calculating when the theories come to be applied,

just as other methods and procedures can be justified

by citing facts3.
Carnap's error, as I see it, lies in not appreci¬

ating the many ways in which a mathematical practice can

15
be justified . He assumes that it must be justified by

correlating it, step by step, with a logical practice;
at any rate, this is what is entailed in his notion of
a true interpretation of a calculus, and his view that
a mathematical procedure is an application of a calculus

in a true interpretation. The only concession he allows,

presumably, is the one he allows for logical practice!

•jumps' can be substituted for 'steps', provided the

'jumps' can, on demand, be dissolved into 'steps'.

Kven the common mathematical practices which led Hllbert

to talk of 'real' and 'ideal* elements—using complex-

variable theory to solve real-variable equations, and

the rest—do not fit Carnap's pattern; and the other
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examples of calculating produced in Chapter V are still

farther removed from the Carnapian conception. The

Justification of a notational algorithm involves showing

that two ways of solving problems of a certain kind—a

logical way, proceeding by sentence-transformation, and

a 'notational' one, which involves representation-cum-

specification—are equivalent in effect; it does not cor¬

relate the two methods directly at all, and could not

do so, because they are radically different, the one

being, like all logical procedures, independent of the

particular mode of expression used, and the other essen¬

tially notation-dependent.

The justification envisaged by Carnap is the

limiting case of justification; it consists of showing

that two procedures, one logical, the other the exact

formal correlate of it, are equivalent in effect. This
Involves merely pointing out the correlation, and drawing

the obvious conclusion. The proof is really just a
<*

♦proof by inspection'. Hence, I think we must say, the

method that is justified is not a mathematical one, but
a logical one, or rather, a method of formal logic. If

it is a mathematical method, it is only trivially so.
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A mathematical practice is one with a theoretical

Justification, one eventually based on appeal to logical

principles. All formal logic, and use of formalised

language is in this sense mathematical practice; but it

is so only as a limiting case, because its Justification

consists of a 'proof by inspection'♦ Hence, to regard

the application of mathematical theories in general as

the use of them in 'true interpretations' is to fail to

do Justice to the real power and rich variety of mathe¬

matical methods; it is to assimilate all these methods to

one not very useful and far from typical method. The

general aim in mathematics is to provide an alternative

to a process consisting of a sequence of logical steps,

an alternative that is provably equivalent in effect to

that process, but not necessarily stepwise equivalent.
This can be achieved in two ways. First, notational

manipulations can be substituted for logical inferences

or deductions; and second, the formulation of 'data'ir«

sentences can be by-passed, by use of the method of

representation-cura-specifieation. By these two means,

a much shorter procedure can often be obtained; and

this is the point of the whole endeavour. For if one
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is going to forsake intuitive logic, and proceed formally,

one should try to gain the maximum compensation for the

loss of intuitive understanding, "by using the simplest

possible formal procedure. The procedure involved when

one uses a Cernapian interpreted formal system in a

practical situation is of course just as long as the

corresponding intuitive logical one, because of the

stepwise correlation of formal and logical procedures;

it makes use of neither kind of short-cut.



Chapter VII: The Utility of Formalising.

I would like to conclude by considering the ques¬

tion of the utility of constructing formalised languages

in general. This will prove a useful way of drawing

together the various threads of discussion.

First, consider how the findings of the previous

chapters bear on this question. The implication of

Chapter II relative to the question is obvious* one can¬

not gain anything in the way of linguistic preciseness

or logically perfect expression by using a formalised

language, that cannot be gained in other ways. In

Chapter ITT, nothing was concluded about the possibility
of formulating logic by constructing skeletonic formalised

languages (this possibility was in fact explicitly as¬

sumed), but only about what the fact of a successful

codification of logic of this kind would or would not

prove. And the great stimulation given to the study of

logic proper by the trend to formalising indicates with¬

out doubt that it is fruitful to codify logic in this

way, irrespective of whether the codification is •direct'

or not. In Chapters TV-VI, the relation of the process

lkl
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of formalising to those of constructing mathematical

theories and setting up mathematical techniques was

considered; and it was concluded that using a formalised

language could be considered as constituting only a

limiting kind of mathematical procedure, in that, though

it does enable one to proceed formally instead of logi¬

cally, the substitute procedure is no shorter or simpler

than the original logical one would be. This led to the

conclusion that it is not true to say that mathematical

theories are formal systems, and are applied by using

them in true interpretations,

1* Formal Systems as Mathematical Systems,

The first point I wish to make can be made by

reversing the approach of Chapters IV-VI, and comparing,

not the applications of mathematics with use of formalised

languages, but the use of formalised languages with appli¬

cations of mathematics. In fact, formalised languages

and applied mathematical systems are alike; but it is

the latter that are historically and genetically prior

to the former, which form a special species of applied
mathematical theories. The advantages of formalising
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should therefore be exactly those of using mathematics;

it is as a method of formulating mathematical procedures

that formalising in general should be judged.

This judgment has already been made, in effect,

at the end of the previous chapter, where it was argued

that the products of formalising fail to offer either of

the procedural advantages typical of mathematical pro¬

cedure, namely, substitution of shorter mechanical pro¬
cedures for intuitive logical ones, and bypassing of

language by the use of representation-cum-specification.

It is for this reason that the construction and use of

formalised languages is of no great value, and has failed

to become popular outside logical and logico-mathematical

fields (and there they are used somewhat differently).

2. The Use of Formalised Languages in Metamathematics'*-»
I would like to emphasize that throughout this

dissertation I have been concerned with what might be

called the 'direct1 uses of formalised languages, that

is, the uses of them as languages, and, correspondingly,
with attempted explications of empirical concepts in

terms of 'direct* uses of formalised languages. Now of



course In formal logic the aim in formalising is an

•indirect' use of formalised languages, namely, as ob¬

jects of study; here they are studied as precise sys¬

tems, relative to which concepts can be defined exactly,
and indeed formally, concepts such as those of complete¬

ness, consistency, and decidability which form the basis

for metamathematical exploration. Formalising thus is

what has made possible the monumental work of Godel, and

the various methods of investigation of deductive theories

that have grown out of that work2. And it might be ar-

gued^ that it is only in this way that formalised

languages are useful; that they are indeed not intended

for direct use, in setting out scientific theories, for

example.

If these contentions were correct, then some of

the previous discussion, and especially Chapter II and

the preceding parts of this chapter, might perhaps seem

pointless. But I do not think that this is the case.

In reply to the second claim, it can only be repeated

that Carnap and others have written about formalised

languages as if they regarded them as intended for di-

rect use, as vehicles of expression and communication •
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And though the first claim is partly correct, it does

not represent the whole truth, for it does not take

into account the status of raetamathematics; this may

he seen as follows.

There is a certain dependence of metamathematics

on the existence of mathematical and logical practices.

The importance and value of metamatheraatical enquiries

cannot be denied; but, so far as I can see, this impor¬

tance consists entirely in the implications metamathematl-

cal findings have for ordinary logical and mathematical

procedures. That is, if metamathematics is to be use¬

ful and valuable, its results, which are in terms of

, interpretations, or rather, of models, of formal systems,

must be translated into terras of actual everyday logical

and mathematical practice. The question thus arises as

to what the relation is between formalised languages and

logical and mathematical practice. And this question

inevitably reduces to the following ones What is the

relation between the direct use of a formalised language

and ordinary logical and mathematical practice?

Here is where the discussion of the previous chap¬

ters is clearly relevant. It may have been noticed that
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throughout Chapters III-VI, I discussed formalised

languages from just the point of view of this question.

And the conclusions of these chapters are relevant to

this problem as follows.

(1) Mathematical practice is not, in general, use

of formalised languages. Hence the application of meta-

raatheraatlcal results to mathematical practice must at

best be indirect, being based on showing that the logi¬
cal procedures to which mathematical procedures correspond

can or cannot be replaced by decision procedures, do or

do not lead to contradiction, will or will not always

yield a proof or refutation, and so. Further, it is

not very clear how such a result as Godel's Incomplete¬

ness Theorem could be applied to mathematical techniques

based on the method of representation-cum-specification

rather than on that of formulation of data in sentences-

And, more generally, the implications of metamathematical

findings about deductive systems for genuinely mathemat¬

ical practices are far from clear.

(2) In the case of logical practices, the con¬

nection with formalised languages seems more direct and

obvious, and the application of the results of
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mstaraatheraatics seems straightforward. (It should be

noticed, however, that, even if this is so, there will

inevitably be controversy over the significance of

Godel's results.)

Consider, however, the functions of logic. Logic

is not basically metamathematics. The formal logician

indeed deals with logical calculi; but his first and

basic task is to decide whether particular calculi in

particular interpretations codify logical practice

correctly. And in order to be able to do this, he must

first discover in detail what logical practice is (cf.

II on pp. 50-51) • And his second task is of a similar

kind, namely, to decide whether given codifications of

logic are direct codifications; here again, an enquiry

Into logical practice, in which codifying can play no

part, is called for. Relative to these tasks, setting

up formal systems Is 'hack-work', or 'notational engi¬

neering'; like all pure mathematical labours, though it

is complicated, it is only a means to an end. However,

formal logicians have been too interested In logical

calculi, neglecting the end in favour of the means, and

forgetting that logic is basically neither pure nor
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applied mathematics, but is applying mathematics—test¬

ing particular codifications of logical practice for

correctness and directness. As a result, they have

tended to overlook these two basic tasks, and to focus

attention on a third, but subsidiary task, that of inves¬

tigation of logical procedures via metamathematical con¬

sideration of formal systems codifying them. And they

have perhaps overlooked the fact that in any given

branch of logic this task cannot properly be undertaken

until the first two tasks have been completed.

So in fact the application of metamathematical

results to logical practices is not so straightforward

and obvious as it appears to be• When once logicians

have settled the questions as to what are adequate codi¬

fications of logical practice, and what are direct codi¬

fications, the application of metamathematical results

will be a mechanical business; but until it is clear

what logical practice Is, the way in which metamathemat-

ical results should be applied to logical inferences,

deductions, and the rest, must inevitably be somewhat

uncertain. These results are presently framed in terras

of sentence-transformation; it is not very clear whether
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corresponding results could be obtained in every case

if metamathematical enquiries wore framed in terms, say,

of statements (i.e., types whose tokens are events).
And it is certainly not clear at present what the nature

of logical practice is, and what terms metamathematical

results will have to be translated into to be significant.
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I would like here to try to justify the suggestion

made on p. 82 about the Intuitionists and Wittgenstein,

and relate their views to those put forward in Chapters

V and VI, This will be only a brief outline, however.

1. Mathematical Intuitionlsm.

I will take as my source the most recent authori¬

tative exposition of Intuitionism, A. Heyting's Intul-

tionism: An Introduction. The aspect of Intuitionism

that concerns us here is its view of mathematical propo¬

sitions.

Heyting says, for example, 'a mathematical asser¬

tion affirms the fact that a certain mathematical con¬

struction has been effected* (p.. 3)5 '"2 + 2*3+1"

must be read as an abbreviation for the statement "I have

effected the mental constructions indicated by *2 + 2'

and by *3 + 1* and have found that they lead to the same

result"* (p. 8); and '"the proposition £ is not true"
or "the proposition £ Is false" means "If we suppose

the truth of £, we are led to a contradiction"* (p. 18).

150
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He also remarks, In discussing the Intuitionist Propo-
sitional Calculus, that 'our logic has only to do with

mathematical propositions; the question whether it admits

any applications outside mathematics does not concern

us here' (p. 97).

These statements may leave something to be desired

in the way in which they employ semantical terms; but

it is clear what sort of account they embody. Summarily,

they express the view that asserting a mathematical

proposition £ is identical with asserting that one can

prove £ by construction.

This view is interesting, though wrong, and much

might be said about it. The following comments will

suffice here. First, it seems clear that assertion of

*2 + 2 » h' and assertion of one's ability to prove that

2 + 2 = h are quite distinct; the latter assertion in¬

volves reference to a person, while the former does not.

But, second, there is some connection between making an

assertion and being able to back it up. formally, people
do not make assertions unless they can back them up;

though it is possible to make an assertion without being

able to back it up: there is nothing absurd or
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unintelligible or impossible about doing this. In the

case of mathematical assertions, the backing called for

is proof of some kind; and here again, it would seem

that there is a conventional, but not a logical connec¬

tion between asserting a mathematical proposition and

being able to prove it. Mathematical statements do not

'presuppose' (to use P. F. Strawson's terminology^)
statements about the speaker's ability to prove them.

Further, even if they did, the Intuitionist view would

not follow as a consequence: one statement may presup¬

pose another without that other being made when the

first one is made.

These remarks, I think, are sound, in that they
follow from the nature of assertion of propositions in

general, and In particular, assertion of mathematical

propositions, as that is commonly conceived; and

Heyting talks, as do all Intuitionists, about 'assert¬

ing mathematical propositions'. Heyting clearly accepts

what I have called the 'linguistic model' as appropriately

applicable to mathematics, and it is because he does

this that- his view seems so unacceptable.

However, it is possible to interpret the reasoning
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behind this view as based on a recognition, albeit per¬

haps confused, of some of the features of mathematical

procedure that are incompatible with a linguistic

account,

Heyting talks for the most part about 'mathemati¬

cal assertions', rather than talking about propositions

or sentences in the abstract; that is, he talks in terras

of action, not of linguistic or conceptual entities.
Now if we apply what he says, not, to acts of asserting,
but to acts of writing down mathematical formulas in the

course of calculations or formal derivations, we will

obtain an obvious truth. The doctrine under discussion,

thus modified, becomesi a formula should not be written
down unless the writing of it can be Justified. And in

fact the writing down of a formula is intelligible only

when it occurs in the course of a calculation or formal

derivation, where it can be Justified by reference to the
rules of procedure. While it is the case that, for

example, the proposition 'Action and Reaction are equal

and opposite' can be asserted meaningfully by someone

ignorant of physics and unable to Justify his assertion,

it is not the case that a person's writing down, say
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'127' is, taken by itself, an intelligible action.

Such significance as does attach to an act of writing

down a formula is built upon, and inextricable from,the

rules governing the procedure in which it must properly

occur; and these are the rules which Justify the act.

This kind of act thus 'makes no sense' apart from its

Justification, in contrast to an act of assertion, which

does.

This, I think, is the kernel of truth in the

Tntuitionist view; and in terms of it, most of Intui-

tionist theory can be explained (though not Brouwer's

epistemological doctrines). If Heyting had talked in

terms of the writing of formulas, he could have ex¬

pressed the view without distortion, Instead of producing

the palpably false account outlined above.

2. Wittgenstein's Discussion of Mathematics.

As Is probably obvious, I am deeply indebted, in

my treatment of mathematics, to Wittgenstein's approach,
as it is embodied in the writings to be found in Remarks

on the Foundations of Mathematics. This approach is one

not used by any writer previous to the publication of



155

that book, save perhaps Wittgenstein's pupil, R. L.

Goodstein2. The basic idea I have borrowed, from which
all the others flow, is that mathematics should be ex¬

plained and understood in terms of its applications.

Indeed, the general approach to formal systems employed

throughout this dissertation is the Wittgensteinian one

of looking, not at words and sentences in isolation, but
at the use of them.

I would like to take this opportunity of dealing

with a possible objection that might be made to ray treat¬

ment of what I called the 'linguistic model' of appli¬

cations of mathematics. Wittgenstein's later work, and

especially the discussions to be found in the Philosoph¬

ical Investigations, are directed toward showing that

characters may be meaningful in very different ways, and

that being meaningful is fundamentally a matter of having

a use, of playing some role in a 'language game' that

is actually played by people. It might be argued that

on this criterion mathematical characters can be regarded

as meaningful, in that they do have a use, do play a

role in a language game. However, this contention is

obviously incorrect, for while the characters of mathematics
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do play a role In a procedure or game, that game is not

a language game. It is a game which may be, and usually

is, engaged in by a single person, and this 'single-

person' game is not parasitic upon any 'two-person' or

'many-person' game, as, say, 'talking to one's self'is.

The game of calculating, and all other mathematical

practices, are essentially non-linguistic. Wittgenstein

himself recognised that the use of language is superfluous

in mathematical activity^.
This brings us to the main point to be considered

here, the suggestion that much of the apparent paradox

in Wittgenstein's remarks may be traced to the fact that

he used terminology 'biased' in favour of a linguistic

analysis of mathematical practice to point out facts

which are incompatible with that analysis. For though

he recognised that language could be dispensed with in

mathematical practice, he continued to talk about 'mathe¬

matical propositions*.

To vindicate the suggestion in detail—supposing

it could be done—would take much time and space. But

I would like to illustrate it by examining one particu¬

lar example from the Remarks.
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Wittgenstein there makes several statements

roughly to the effect that the meaning of a mathematical

proposition is determined by its proof. For example,

he sayst

"A psychological disadvantage of proofs that con¬

struct propositions is that they easily make us forget

that the sense of the result is not to be read off
L

from this by itself, but from the proof."

The similarity between the case of this view and that of

the Intuitionist doctrine discussed above is obvious;

this view sounds nonsensical on first consideration^,
but, translated into other, more suitable, terms, it is

quite intelligible and correct. What Wittgenstein had

In mind, I think, was this: a mathematical proposition
must have an application, and its meaning is dependent
on this application^; this application will be in the

justification of a method of calculating or some other

mathematical procedure; as Wittgenstein puts it, the

proposition will 'determine* us or make us decide to

act in certain ways^. Now what determines us to calcu¬

late in certain ways is not an abstract mathematical
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proposition; such a proposition is used as a summary

of a proof; and it is this proof, read as a sequence
o

of ♦pseudo-object1 sentences (cf* p. I36 abovo), that

determines us to proceed as we do. And so the applica¬

tion cf the mathematical proposition, and hence its

meaning, is determined by the proof—what sort of pro¬

cedure it can be used to Justify.

If Wittgenstein had avoided using the term 'propo¬

sition' altogether, he could have said this much more

clearly, and prevented misunderstandings. It is clear

that he recognised that 'mathematical propositions' are

hardly propositions at all, from his talk throughout the
Remarks about such propositions as 'rules', or as 'com¬

mandments', or as 'determining us to use new concepts';

but, in the main, he continued to talk about 'mathemati¬

cal propositions'.



Footnotes.

Chapter I.

1. Cf. Carnap, The Logical Syntax of language (hereafter
referred to as 'LSL'), P*

Foundations of Logic and Mathematics

(hereafter referred to as 'FLMO, pp. 18-21;
Introduction to Semantics (hereafter

referred to as •IS'), pp. 156-158;
Introduction to Symbolic Logic and Its

Applications (hereafter referred to as

•ISL'), pp. 79-80;
A. Church, Introduction to Mathematical Logic.

vol. I (hereafter referred to as 'TML'),

pp. U8-50 (the 'primitive basis');

S. C. Kleene, Introduction to Hetamathematl cs

(hereafter referred to as 'IM'), ch. IV;

J. G. Kemeny, 'Models of Logical Systems' (here¬
after referred to as 'MLS'), p. 17

(the definition of 'logical system').

2. I wish to use the term 'character' instead of the

usual 'sign', because the latter is misleading in a

way that will become clear in Chapter IV.

159
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3. Cf. Church, IML. p. 50,

*+. A logical1 system contains no descriptive (desig¬

nating) signs, such as individual, predicate, and

propositional constants, and so it is, as Carnap says

(ISL. p. 1) a schema or skeleton of a language, to be

incorporated into other languages; correspondingly,
the formal system constructed here incorporates the

propositional calculus.

5. The use of such terms is not strictly justifiable;

it is a reflection of the 'customary' interpretation

of the system. Cf. Carnap, IS, Section 37s 'Calculi*
and 'Variables*.

6. Cf. FLM, pp. 8-11;

IS, pp. 22-25;
ISL. pp. *+-15.

In Meaning and Necessity (hereafter referred to as

'MN'), Carnap gives a somewhat different account,

supplying 'intensions' and 'extensions' for all desig-
I

nating signs (including sentences); he also constructs

the Language B in ISL somewhat similarly. However,

this modification does not require special consider¬

ation here.
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7. FLM, p. 10. Cf. ISL. p. 15: MA knowledge of the

truth conditions of a sentence is identical with an

understanding of its meaning."

8. Cf. FLM. p. 9.

9. Csrnap envisages the possibility of semantical rules

of this kind in a remark in FLM. p. 11.

10. Cf. his Review of Introduction to Semantics* and

also IML, Sections 01 and OH.

11. In his Discussion of Meaning and Necessity. Carnap's

reply, in his article, 'Empiricism, Semantics, and

Ontology', seems to miss the point of Rylo's criticism.
Cf. also W. Mays, 'Logique et Langage Chez Carnap',

Section 3.

12• FLM. p. 21 (but note also the use of 'interpretation*

on p. 11, at the top);

JS, pp. 203-2C&;
ISL. pp. 80 and 101.

13. The locus classicus for these ideas is his Per Wahr-

heitsbegrlff in den formalisierten Sprachen, trans¬

lated as 'The Concept of Truth in Formalised Languages'

(hereafter referred to as 'CTFL'5, in the volume

Logic. Semantics. Metamathematlcs.
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Ik. Cf. Kemeny, MLS and Kleene, IM. Sections 28 and 36,
for formal definitions of these concepts. Carnap

adopts a like structure in the semantical system

for Language B in TSL (cf. pp. 95-98).

15♦ This use of the term is more or less the same as

that of Tarski in CTFL (cf. p. 166).

16. Bee especially Carnap, IBL. pp. 1-2, and the axiomat-

isations of logic, mathematics, scientific theories,

and legal concepts in Part II. Cf. also Woodger, The
Technique of Theory Construction (hereafter referred

to as 'TTC •), pp. 1-2 and 71-72.

17. As, for example, in the first sentence of Section 1
of the next chapter.

Chapter II.

1. This view is implicit in their overall attitude and

procedure, but is not often expressed explicitly.

See however Carnap, ISL. p. 2, and Woodger, TTC.

pp. 1-2. Cf. also Carnap, LSL, p. 2, Church, IML.

p. 2, and Tarski, CTFL. pp. 16^-165.
2. Cf. the references in the previous footnote to Carnap,

ISL. and Woodger, TTC.
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3» Cf., e.g., FLM. Section 5;
IS. Chapter B, the semantical systems

to Sr,}

MN, Section 1;

ISL, Sections h and 25 •
U • In particular, the terms used in the classification

of signs (which are often transferred to the syntacti¬

cal classification of characters--cf. note 5 of Chapter

I) are semantical terms (predicate1, •constant1,

•variable')j and they often play an important role in

the interpretation. Cf, also p. 3*4 above.

5. MN, p. *4.
6. Ibid.

7. Ibid., p. 15.

8. Cf. M, Black, 'Notes on the Meaning of "Rule"' (here¬
after referred to as *NMR'), II, pp. 1*+9-151, for a

discussion of 'implicit rules' which are logical

implications of explicit ones. The present case Is

similar, though not quite Identicals the 'implied*

implicit rules here are logical, the explicit ones

semantical—there is a difference of kind not found

in the cases Black considers.
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f Such cases will not occur often# Suppose, for

example, a logician is debating whether a certain

schema, Interpreted in a certain way, is valid or not

and it happens that logical practice does not yield

a direct answer; it may well happen that logical prac

tice does yield an answer for the case of some schema

logically derivable (in the interpreted system) from

the problematic schema, and that this answer—or the

answers for several such cases—givoV an indirect

answer for the original case (since the Implications

of a valid schema must be valid)# So the logician

must explore all the 'consequences1 of the problem-

atic schema, and their relation to logical practice,
to see if he can thereby decide about that schema;

only if he fails in this (possibly open-ended) task

can he make an 'arbitrary' decision, on the basis of

simplicity of the resultant system, say. Thus the

logician's main task is exploration of logical prac¬

tice; this may involve analysis of the logical rela¬

tions built into metaphysical or other philosophical

concepts that are commonly current, Cf. also pp,

135-136 below.
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Chapter III*

1. LSL. p. 233 (italicised in the original). Cf. also

Section 1 and pp. 7 and 259.

Xfl* Section 39.

3. Ibid.. Section lU, p. 60.
*+♦ E.g., ISL, p. 16s he decides to call a procedure

•logical* "when it is grounded

only in the analysis of senses" of

sentences;

p. 102, top: he speaks of logical rela¬

tions "holding between ... sen¬

tences" •

He also generally restricts the use of more techni¬

cal logical terms, such as 'proof' and 'derivation',
to contexts in which transformation of formulas is

being discussed (ISL, pp. 89-93), though not invariably

(ISL. p. 33: he talks of a derivation as a sequence

of sentential formulas).

5. Cf. MN, Section 2;

ISL, p• 2.

Logical Foundations of Probability (hereafter re¬

ferred to as 'LFP'). Chapter 1.
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7. Specifically, what I have in mind is the following:

corresponding to the possibility of describing in dif¬

ferent ways, there is the possibility of codifying

practices, and logical practices in particular, in
different ways (cf. pp. U8-50); corresponding to the

feeling that there should be some 'correct* descrip¬

tion, a set of concepts that are appropriate on a

literal, not an 'as-if' basis, there is the feeling

that we should be able to give a 'direct* codifica¬

tion (cf. pp. 51-5*0 for any given practice. And, as

any codification of a practice, whether direct or

indirect, does determine that practice, and does

yield a great deal of information about it, so an

explication, whether it can be taken literally or

only as 'a way of looking at things', has or lacks a

certain kind of correctness, and so is worth con¬

structing. Cf. also the discussion in Section 1 of

Chapter VI.

8. LSL, p. 259.

9. As Carnap recognizes in the case of codifications of

linguistic practice (FLM. p. 6: "These semantical

rules are not unambiguously determined by the facts.").
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10. He says (FIM. p. 7) that "A question of right or

wrong must always refer to a system of rules", with

the implication (cf. the foot of p. 6) that there is

no right or wrong procedure until there is a codifica¬

tion. But surely this is not so: for example, people
can (logically) make grammatical mistakes before any

grammarians have got to work, and they can, and do,

recognise such mistakes without knowing any explicit

grammatical rules.

11. Cf. Black, NMR, II, pp. 152-151*, for a discussion of

whether the term 'implicit rule' can be applied in

such a case.

12. Cf. again Black, NMR, II, pp. 1W6-1L8, for a dis¬
cussion of this notion.

13. IM» P. 35 cf. IS, p. 3.

lU. IS, p. 95 cf. FLM. p.

15. Ibid.; cf. again F&M, p. W.
16, Cf. MN, p. 10, and a similar treatment in ISL. pp.

16-18, where Leibniz* notion of logical truths as

truths which hold in all possible worlds is also

•explicated* by a precise concept, without being

explained in any way.
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17, But cf. again the footnote accompanying that sugges¬

tion (Chapter II, note 9) •
18. The case of Intultlonist Logic is somewhat different;

as a logic, it is wrong, but as a code of mathematical

procedure It can be justified. Cf. the Appendix,
Section 1.

Chapter IV.

1. Cf, FLM, pp. 29 and 38.
2. FLM. p. 1.

3* Ibid., pp. 22, 29, and Uk, Cf. also note 9 below.

k. Ibid,. Section 19.

5• Ibid., p. UH.
6» Ibid.. Section 15.

7* Ibid., p. 36. Cf. also p. 32, and note k to Chapter I.

8. Ibid., pp. 36-37.

9. The passage quoted continuess "In consequence of this,

a scientific controversy can be split up into two

fundamentally different components, a factual and a

logical (Including here the mathematical)(p. 37)

10. IM, pp. 55-565 Hilbert actually talks about 'real*
and 'ideal* elements (entitles), rather than statements.
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11. IM. p. 55.

12. Cf. The Foundations of Arithmetic.

13* Cf», e.g.} EiiMf Section 21.
lH• C f» I8L, p• 2•

15. But it is interesting to notice that the term 'nota¬

tion* is still used, and retains a connotation of

'meaninglessness'; this suggests that the linguistic

model has not completely dominated thinking about

mathematics.

Chapter V.

1. Cf. the various remarks to this effect by Wittgen¬

stein in the Remarks on the Foundation of Mathematics

(hereafter referred to as'RFM'), especially 17, para¬

graphs 1-8 (pp. I33-I38) and 7, paragraph 25 (p. ISO).
2. There seems to be no verb correlated with 'character*:

■ • ! ;-u v

one'writes* words, letters, and symbols in general;
one 'draws' designs, and possibly pictographs; should
we say that one 'inscribes* characters? I have used

'write' in the text.

3. E.g., the algorithm reduces the testing of any number
whose numeral has eleven digits or less to the testing

of a number whose numeral has two digits or less.
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H. E.g., suppose that we had a duodecimal notation cor¬

related as follows with the standard decimal one:

1 2 3 ... 9 10 11 12 13 ... 23 2k 25 ...

A £ 1 2 D U 10 11 ... 1U 20 21 ...;

then *uyf for example, would correspond to '135',
which satisfies the test (1+3+5=9) and is divisi¬

ble by 3j but U + 3 = 12 (i.e., lU), so the test fails.
In this notation, the test for divisibility by 3, would

be: is the final digit of the numeral of the number a

fl'» 'is *2S or

5. Abuse of terminologyI

6. Further, this generalisation can be extended beyond
the bounds of arithmetic, as the following examples

show. (1) The algorithm for solving quadratic

equations is essentially: substitute the appropriate

numerals in place of 'a1, 'b', and 'c' in the expres¬

sion '(-b t /h2 - Wac)/2a* j the corresponding task
In terms of handling numbers is conceptually very

complicated, and would be as hard to perform as solv¬

ing the equation directly. (2) The method of working

out the value of a determinant by 'pivotal condensa¬

tion' (See A. C. Aitken, Determinants and Matrices.
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I

p. U5—^8) Is essentially a procedure of manipulating

notation; it depends for its practical usefulness on

the standard representation of determinants by pat¬

terns of rows and columns of numerals. As an abstract

procedure, it would be impossibly difficult to execute

in the case of determinants of rank greater than 3,

(3) The method of representing a power of a quantity

by writing the expression for that quantity with the

appropriate numerical index (e.g., representing 5.5.5

by ,5^t, and x.x.x.x.x by ,x^t) undoubtedly plays an

important role in many contexts, but particularly in

differential and integral calculus, where, for example,
the derivative of a polynomial function is another

polynomial function whose coefficients are obtainable

from the coefficients and indices of the powers in

the first function.

Still, it might be argued, these examples all come

from •numerical* mathematics. Modern algebra is non-

numerical; does the same hold good for it? Modern

algebra has been developed more abstractly and logi¬

cally, and less with particular applications, or indeed

any applications, in view. Yet there are examples which
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show that the 'cash-value' of abstract algebraic

theories is in terms of something like notational

algorithms, (1) The standard test for modularity in

a lattice is: does it contain a 'five-sided1 sub-

lattice? (See Garrett Blrkhoff, Lattice Theory, p. 66)
And the standard test for non-distributivity in a

modular lattice is whether or not it contains a sub-

lattice of another form, (Ibid.. p, 13*0 The value

of these tests is related to the method of represent¬

ing lattice by 'Hasse diagrams', which are lattices
of lines and points? the diagrams of the sub-lattices

specified are like this:

It is the simplicity of these diagrams, and the ease

with which it can be determined whether any Hasse

diagram contains either of them that makes these tests

useful; once again, the corresponding abstract tests
would be as difficult and lengthy to perform as direct

tests based on the definitions of modularity and dis-

tributivlty respectively, (2) The method of testing

(Ibid., pp. 5-6)
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for tautologies and contradictions in the preposi¬

tional calculus is indubitably a mathematical tech¬

nique, and can be regarded as an algebraic one (it can

be formulated within the theory of Boolean Algebras),

This method consists of writing out a *truth-table *

of 'T's' and 'F's* for the propositlonal schema to be

tested, according to certain rules, and ascertaining

whether a certain column of the table contains only

T's (in which case the schema Is a tautologous one)

or only F's (in which case it is a contradictory one).

(Cf. Quine, Methods of Logic, Sections 5 and 6.) Here

again, it is the possibility of proceeding concretely
that makes this 'decision procedure* (and, similarly,

all other decision procedures) valuable,

7. R. L. Goodstein, in Constructive Formalism, has sug¬

gested that the Arabic numerals *1* up to '91 are

modified forms of patterns directly representative of

groups of one, two, three, and so on up to nine,

respectively, as follows?

123^56789 (Op, cit,. pp. 65-67)

\ L □ Q
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Chapter VI.

1. Cf, MN and Isi. the passages cited in note 5 of Chap¬

ter iii# Carnap's correlation of 'L-concepts* with

'Radical concepts' in is (cf. Chapters b and C) fore¬

shadows his explicationist approach to logic,

2. Cf, the discussion cited in the next note,

3» IFP* Chapter 1,

k. cf, ;lfp, pp, 5-7.

5. In Carnap's formulation, the requirement given is

that of frultfulness for scientific investigation, and

the development of scientific theory; I think this

modification of it is fair,

6. It should be noticed that Carnap does not present his

account in flm as an explication, but appears to put
It forward as a 'realist* descriptive account; today,

however, he would probably want to put it forward as

an explication,

7. Cf,, e.g., the rules ui, eg, UG, and ei introduced

by W. V, Quine in Sections 27 and 28 of his Methods of

Logic. Formulas in which variables occur free can

usually be interpreted as universal sentences, of

course (cf. the Language I in LSL): but that does not

affect the point made.
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8, Logical truths, after all, are supposed to be 'above'

language, or 'language-indifferent', formulable, with¬

out essential modification, relative to any language,

9. Cf. S, Hallden, The Logic of Nonsense, pp. 29-30,

for discussion of a notion of 'propositional aspects'.

It is not quite clear whether this notion and the one

introduced here are the same or not; the particular

kind of aspect of propositions I am concerned with

here is the kind of aspect that is emphasised when

someone says 'It was Cassius who engineered the assas¬

sination of Caesar', or 'It was Caesar whose assassi¬

nation Cassius engineered', or 'Fifteen shillings
was what it cost me'.

10, Cf, also note 12 below,

11, The distinction between 'natural signs' and 'conven¬

tional signs' is fairly common, and can be traced

back at least to C. S. Peiree, who used the terms

'index' and 'symbol* respectively. Cf. The Philos¬

ophy of Peirce. Chapter 7.

12, Of course, 'five' would impart this information, if
said in reply to the question 'How many minutes will

it take for the bath to empty?*; but this is use of
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the adjective of quantity, not the numeral: the sub¬

stantive 'minutes1 is understood.

13* 151* 'Pseudo-Object Sentences', p. 28*4ff.
lH, Black, in NMR, finds that 'rule' can be applied to

four kinds of things, one of which consists of prin¬

ciples or 'general truths'; these are different from

other kinds of rules in that they are formulated and

behave very much like statements: they can be true or

false, and evidence can be found for or against them.

They serve as rules only indirectly, e.g., by pro¬

viding mnemonics, and, Black concludes, constitute
a degenerate case of rules. Mathematical theorems

function in a somewhat similar fashicn, I think: they

are formulated, and generally treated, as statements

of some kind, but their use is ultimately as (justi¬

fied) rules of procedure.

15. Cf. Wittgenstein's comments in various places in RFM

to the effect that mathematics is a motley of tech¬

niques. See, e.g., XI, U6 (p. 8*0, (p. 88), and

IV, b6 (p. 155).
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Chapter VII.

1. I am Indebted to Professor Max Black for comments

which gave rise to the writing of this section.

2. In formal semantics, too, formalised languages are

constructed as objects for study; here they serve as

rudimentary languages, whose simplicity makes them

easier to handle than natural languages. However, it
is not clear that this use of formalised languages has

produced any great achievements, and so I have not

felt it necessary to consider it in the discussion

that follows.

3. Cf. A. R. Anderson, Mathematics and the "Language

Game"1, p. UH9.
h, Cf, notes 1 and 2 to Chapter II.

Appendix.

1. Cf, Introduction to Logical Theory, p. 175,

2. In his book, Constructive Formalism,

3. Cf. RFM, I, 11+2-1^ (,p. U3), Appendix I, k (p. H9),
and III, 15-19 (pp. 118-119).
Ibid.. II, 25 (p. 76).

5. Miss Alice Ambrose, in her article *Proof and the
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Theorem Proved1, concludes that it makes sense only
when applied to arguments for notational conventions,

mistakenly regarded as ♦proofs*.

Cf. the passages in RFM cited in note 1 to Chapter V,

Cf• gFM, e.g., pp# 76—77> 12^*

Cf. RFM, IV, 16 (p. 1*42):
"The comparison with alchemy suggests itself. We

might speak of a kind of alchemy in mathematics.

"Is it the earmark of this mathematical alchemy

that mathematical propositions are regarded as

statements about mathematical objects,--and so

mathematics as the exploration of these objects?"
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