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Abstract

In this thesis both nonlinear and atom optics with holographically generated laser
beams are investigated. The actual laser beam shaping neccessary for these exper¬

iments can be regarded as the third key area of this work.

For the beam shaping, the Gaussian output of a commercial laser is transformed
by use of computer generated holograms. The holographic production of single-
ringed Laguerre-Gaussian modes and Bessel beams is well established. However, as

part of this thesis, several novel beam shaping experiments have been conducted.

Two new holographic designs have been realised. One allows the efficient gener¬
ation ofmulti-ringed Laguerre-Gaussian modes, the other creates a beam which has
a dark focus surrounded in all three dimensions by regions of higher light intensity.
Furthermore, the first realisation of Bessel beams at millimetre-wave frequencies
and a new efficient way of generating high-order Bessel beams is discussed.

The first of the two distinct nonlinear optics experiments in this thesis in¬
vestigated parametric down-conversion of light beams with orbital angular mo¬

mentum. For other nonlinear processes, such as second harmonic generation, the
orbital angular momentum is conserved within the three interacting light fields.
Our experiment, however, showed that the orbital angular momentum content of
down-converted light beams cannot be determined by a classical measurement.

The second nonlinear optics project studied second-harmonic generation with
Bessel beams. The phase matching of these beams was investigated experimentally
and a computer simulation was used to predict the conversion efficiency. In contrast
to earlier analytical work it was found that the conversion efficiency is always less
than for Boyd-Kleinman focused Gaussian beams.

The third key area of this thesis is the discussion of atom guiding by use of
'hollow' light beams. The guiding characteristics are investigated by studying the
optical dipole potential and calculating atomic trajectories by use of a particle
optics approach. For the first time the use of higher-order Bessel beams is proposed
and two schemes for coupling the atoms into the dark core of these beams are

presented.
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Introduction

Most commercial lasers operate in their fundamental transverse mode producing a

Gaussian output beam. These beams are circularly symmetric and their transverse
cross-sections appear as a single bright spot with smooth edges. As the beam
propagates, its spot size increases due to diffraction, but the Gaussian shape of
its intensity profile remains unchanged. Beams with this property are described as

structurally stable. The work presented in this thesis will mainly concentrate on two
other types of beams with different transverse cross-sections, namely structurally
stable Laguerre-Gaussian modes and Bessel beams.

The first key area of this work is the actual generation of these beams. This
is done by transforming the Gaussian output of commercial lasers mainly by use

of computer generated holograms. For the production of single-ringed Laguerre-
Gaussian modes and Bessel beams (the two types of beams dominating this thesis)
there exist well-established holographic techniques. However, as part of this work,
several novel beam shaping experiments have also been conducted, with two of
them particularly suited for applications in atom optics and particle trapping. The
new efficient method of generating a high-order Bessel beam, that is a beam with a

'nondiffracting' dark hollow core, seems particularly suited for atom guiding. Sim¬
ilarly, the novel 'optical bottle-beam', that is a beam with a dark focus surrounded
in all three dimensions by regions of higher light intensity, could be used to trap
cold atoms or micron-sized particles.

The second key area is nonlinear optics, where holographically generated beams
were used for two distinct studies.

The first experiment investigated the role of orbital angular momentum of light
in parametric down-conversion. In 1992 it was pointed out that Laguerre-Gaussian
modes possess orbital angular momentum. Earlier experiments here in St. Andrews
looked at second-harmonic generation with Laguerre-Gaussian modes. It was found
that the orbital angular momentum is conserved within the light fields and that
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a characteristic mode transformation occurred. As parametric down-conversion
seems to be exactly the opposite of this process one might naively expect that the
conservation of orbital angular momentum would lead to a similar mode transfor¬
mation. The work presented in this thesis, however, shows that the down-converted
light fields have low first-order spatial coherence. With our classical experiment
it was therefore impossible to determine their orbital angular momentum. Only
an experiment on the single-photon level will be able to confirm that the orbital
angular momentum is indeed conserved within the light fields.

The second nonlinear optics project looked at second-harmonic generation using
Bessel beams. As the central maximum of Bessel beams propagates without any
spreading it was suggested that they might yield a higher conversion efficiency than
the commonly used focused Gaussian beams. A computer model was developed to
simulate second-harmonic generation with arbitrary input beams. After the model
had been verified by a simple experiment, it was used to compare the maximum
achievable conversion efficiencies for different input beams. In contrast to earlier
suggestions it was found that Bessel beams do not give higher conversion than
appropriately focused Gaussian beams.

The third key area is atom optics. Within less than 15 years the preparation
and manipulation of cold atomic samples and beams has made enormous progress.

From the first trapping of sodium atoms in 1985 this fast growing area of physics has
come a long way, with Bose-Einstein condensation being only one of its highlights.

In this thesis the optical guiding of cold atomic samples is discussed. By ap¬

propriately detuning a laser from an atomic resonance atoms experience a force
repelling them from regions of high light intensity. Hollow light beams, such as

Laguerre-Gaussian modes or higher-order Bessel beams, can thus be used to chan¬
nel cold atoms along their dark hollow core. The guiding characteristics of these
hollow beams are investigated by studying the optical dipole potential and calcu¬
lating atomic trajectories using a particle optics approach. For the first time the
use of higher-order Bessel beams for atom guiding is proposed and two schemes for
coupling the atoms into the dark core of the beam are presented.

Synopsis

The first chapter gives a short introduction to Laguerre-Gaussian modes. It also
discusses the fundamental concepts of computer generated holograms using the
specific example of single-ringed Laguerre-Gaussian modes. In the second chapter
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two novel hologram designs are presented. One offers a simple and efficient way
of producing multi-ringed Laguerre-Gaussian beams whereas the second design
creates an 'optical bottle beam'.

After a short review of orbital angular momentum of light in chapter three
the next chapter presents the experimental investigation of the parametric down-
conversion of light with orbital angular momentum.

In chapter five Bessel beams are reviewed, whereas the following chapter presents
two novel experiments to generate Bessel beams. First, the realisation of Bessel
beams at millimetre-wave frequencies is discussed. The second experiment offers a

new, straightforward and very efficient way of generating high-order Bessel beams
by sending a Laguerre-Gaussian beam through an axicon. The seventh chapter
investigates second-harmonic generation using Bessel beams.

A short introduction to atom cooling, trapping and guiding follows in chapter
eight. The final chapter discusses atom guiding along hollow light beams, both by
studying the optical dipole potential and calculating atomic trajectories using a

particle optics approach.



Chapter 1

Laguerre-Gaussian modes and

their holographic generation

1.1 Introduction

In recent years considerable interest has been shown in the generation and the
properties of light beams containing phase singularities. These beams are best
described in terms of Laguerre-Gaussian modes. Laguerre-Gaussian modes are cir¬
cularly symmetric and structurally stable solutions to the paraxial wave equation.

Most of the interest in Laguerre-Gaussian beams stems from the fact that they
possess orbital angular momentum (chapter 3). This is associated with their helical
phase fronts. The identification of their orbital angular momentum content has led
to exciting studies such as the transfer of this angular momentum to macroscopic
particles [1, 2], theoretical studies of the interaction of Laguerre-Gaussian modes
with atomic systems [3, 4] and the investigation of their propagation in nonlinear
media [5]. In this thesis parametric down-conversion of Laguerre-Gaussian beams
will be discussed (chapter 4).

Furthermore, their structurally stable annular intensity cross-section has also
generated plenty of interest. They have been used in optical tweezers to improve
the z-trapping [6] and to allow the manipulation of low-refractive index particles [7].
They also can be used guide cold atoms [8]. The discussion of atom guiding along
the dark hollow core of Laguerre-Gaussian beams will be presented in chapter 9.
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1.2 Laguerre-Gaussian modes

Light beams emitted from a laser have to satisfy a number of boundary condi¬
tions [9]. The electromagnetic fields which satisfy these conditions are called laser
'modes'. One distinguishes between the longitudinal and transverse mode structure
of a laser. The longitudinal mode structure is due to the fact that the resonated
field has to reproduce itself after one round trip of the laser cavity. This longi¬
tudinal structure imposes a constraint on the operating wavelengths of the laser.
The requirement that the electromagnetic field in free space has to fall to zero

away from the axis of the laser cavity leads to the transverse mode structure. This
transverse structure of the mode shows in the intensity cross-section of the laser
output.

The analytical form of the allowed laser modes must satisfy the two bound¬
ary conditions mentioned above and be a scalar solution to the paraxial limit of
Maxwell's wave equation. According to the symmetry of the laser cavity there are

two frequently used approaches to describe higher transverse laser modes. For rect¬
angular symmetry the modes are best described as Hermite-Gaussian (HG) modes.
Their structure is given by a Gaussian function multiplied by two independent
Hermite polynomials for the field distribution in the x and y direction, respectively
(figure 1.1). HG modes are the higher transverse modes which are commonly en¬

countered in experiments as most laser cavities contain elements with rectangular
symmetry.

If the radial scaling is ignored, HG modes propagate without changing their
form, so their intensity cross-section is similar in any transverse plane. Beams like
this are called structurally stable [10]. Another set of structurally stable solutions

(m,n) = (l,0) (m, n) = (2,0) (m,n) = (3,2)
Figure 1.1. Calculated intensity cross-sections for Hermite-Gaussian modes with
different mode indices m and n.
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to the wave equation are the circular symmetric Laguerre-Gaussian (LG) modes.
Their electromagnetic field amplitude vL is given by

2p\
11 =
p 1' 7r(p + |/|)! w {rV2/w)^L^ (2r2/w2) e-r2/™2e-ikr2/2Re-i(2p+\l\+l)V e~il<l>

;i-i)

where Llp(x) is a generalised Laguerre polynomial and the standard definitions for
Gaussian beams parameters are used:

w(z) = Wo^yYTJz/zR^
R(z) =z( 1 + (ZR/z)2)
fy(z) = arctan (z/zr)

zr = \kwl

spot size,

radius of wavefront curvature,

Gouy phase,

Rayleigh range.

The spot size w(z) is defined to be the radius for which the intensity of the Gaussian
term falls to 1/e2 of its on-axis value. At the beam waist it is given by wq. The
Rayleigh range zr is the propagation distance from the waist at which the beam
area has doubled and the Gouy phase T is the phase shift that a fundamental
Gaussian beam undergoes compared to a plane wave when going through a waist.

Laguerre-Gaussian modes are characterised by two mode indices. The radial
structure is mainly determined by the radial mode index p whereas the phase
structure is described by the azimuthal mode index /. If the azimuthal mode index
is not equal to zero, the intensity cross-section of LG modes consists of p + 1
concentric rings. For I = 0, the innermost ring is filled in to give an axial spot
(figure 1.2).

(p,l) = (0,1) (P, 0 = (2,0) (P,0 = (2,1)
Figure 1.2. Calculated intensity cross-sections for LG modes for different azimuthal
mode indices I and radial mode indices p.
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Figure 1.3. Phase structure of two collimated laser beams, a) A normal laser beam
has a series of plane wavefronts. b) LG beams have helical wavefronts and their

Poynting vector S is spiralling around the beam axis.

The on-axis zero of Laguerre-Gaussian modes with / > 0 is due to the phase
singularity associated with the azimuthal phase term e~lUL This phase structure
is also often referred to as a vortex of charge I. In contrast to 'normal' Hermite-
Gaussian laser beams which have plane wavefronts, Laguerre-Gaussian modes have
helical wavefronts (figure 1.3). This gives rise to an orbital angular momentum
content of lh per photon (see chapter 3).

1.3 Generation of Laguerre-Gaussian modes

1.3.1 Laser cavities

As indicated in the previous section LG modes are higher transverse modes of laser
cavities. But to obtain LG output directly from a cavity this must be perfectly
circular symmetric. Any astigmatism introduced to the cavity (for example Brew¬
ster windows or slight misalignment) causes the laser to switch to HG modes. This
approach therefore requires specially designed laser cavities [11, 12], which means
that it is rarely used in practice.

1.3.2 Cylindrical lens mode converter

More commonly, LG beams are produced by the conversion of Hermite-Gaussian
laser modes using a cylindrical lens mode converter. The Gouy phase shift intro¬
duced by a pair of appropriately spaced cylindrical lenses can be used to convert
a high-order Hermite-Gaussian mode of indices m and n into a pure LG mode
with mode indices I — (m — n) and p — min(m,n) [13]. To generate the input
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Figure 1.4. A cylindrical lens mode converter can be used to transform a Hermite-
Gaussian mode into the corresponding Laguerre-Gaussian mode, and vice versa. The

position of the beam waist has to be centred between the two cylindrical lenses of
focal length / and the beam has to have a waist size of wq = \J(1 + \/2/2)/A/7r.

mode, a movable cross wire is inserted into the laser cavity, forcing it to oscillate
in a higher-order Hermite-Gaussian mode. The actual conversion of the HG mode
into a LG mode is very efficient, as the only losses are due to misalignment of the
mode converter and reflection losses. However, this method relies on the ability
to generate high-order HG modes, which most commercial lasers are designed to
avoid. Consequently, if a commercial laser is to be used as the source, techniques
which can generate LG modes directly from the fundamental Gaussian mode are

required.

1.3.3 Spiral phase plates

One way of generating a beam with helical wavefronts straight from a fundamental
Gaussian beam is by use of a spiral phase plate. This is a transparent plate whose
optical thickness increases proportional to the azimuthal angle 4> around a point
in the centre of the plate. To generate beams with azimuthal mode index I the
optical step height s has to be a multiple of the wavelength

s = IX (1.2)
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For beams in the visible spectral range spiral phase plates with the required step
height are very difficult to produce, as the wavelength is shorter than 1 yum. Al¬
though they have been realised for optical frequencies [14], spiral phase plates are
more suitable for the generation of beams with helical wavefronts in the millimetre
wave region [15].

Again, this method is very efficient. However, although the generated beam has
an overall azimuthal phase term and thus well-defined helical wavefronts, it
is not a pure Laguerre-Gaussian mode. Closer analysis reveals that it is an infinite
superposition of LG modes which all have the same azimuthal mode index I but
different radial mode indices p [14]. This mode decomposition is identical to the
one for holographically generated beams, which will be discussed in section 1.4.4.
In fact, phase plates can be regarded as the on-axis version of the phase holograms
discussed in the following section.

1.3.4 Holograms

At optical frequencies one commonly uses computer generated holograms to convert
a fundamental Gaussian mode into LG modes. More generally, holograms offer a

very flexible way of generating beams with any desired transverse structure straight
from the fundamental Gaussian output of a commercial laser. In the course of this
work, many different computer generated holograms were designed and produced,
not only to generate single-ringed LG beams (see the following section), but also
multi-ringed LG beams and 'bottle beams' (chapter 2) as well as Bessel beams
(chapter 5). The rest of this chapter gives a short introduction to holography using
the example of single-ringed (p = 0) Laguerre-Gaussian beams.

1.4 Holographic generation of single-ringed

Laguerre-Gaussian beams

1.4.1 Computer generated holograms

Traditionally, a hologram is a recording of the interference pattern between an elec¬
tromagnetic field of interest and some simple reference field [16]. The interference
pattern not only contains information about the intensity of the field of interest
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but also about its phase relative to the reference field. If the recorded interference
pattern is illuminated with the reference beam, the field of interest is reconstructed
by the diffracted light.

For the following, the field of interest is assumed to be an LG mode. The
simplest form of a reference beam is a plane wave

at an angle 0 = tan~l(kx/kz) with the field of interest. Mathematically, the in¬
terference pattern with a LG mode, ulp, on a screen at z = 0 can be described
as

In contrast to traditional holography, computer generated holograms use the
mathematical description of the interference pattern as their starting point. In its
most straightforward form the interference pattern is calculated on a computer and
then written onto a suitable recording medium, whereas other types of computer
generated holograms use a special encoding of this pattern [17]. The main advan¬
tage of computer generated holograms is that the field of interest does not have to
exist physically in order to record the hologram. Thus one can generate essentially
any desired light field. In addition to that, computer generated holograms can

quite easily be optimised for high signal-to-noise ratio and diffraction efficiency.

1.4.2 Amplitude and phase holograms

According to their design and physical properties holograms can be classified into
various types. If a hologram reconstructs the field of interest with reflected light
it is called reflection hologram. All the holograms discussed in this report use the
transmitted light to generate LG beams. These transmission holograms are fully
characterised by their transmittance function T(x,y). Given the incident reference
field E-m the transmitted field directly behind the hologram is simply given by

R = Roe^xx+ikzz (1.3)

I(x,y) = \Rae't" + u'p(x,y)\\ (1.4)

Et(x, v) = T(x, y). (1.5)

Most holographic materials record the interference pattern of the field of interest
and the reference beam as a variation in transparency. Such holograms modify
the amplitude of the reference beam and are therefore called amplitude holograms.
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Their transmittance function T(x,y) is a real valued function, which ideally is
directly proportional to the interference pattern between the reference beam and
the field of interest (see appendix A). To achieve the highest possible efficiency,
T(x,y) ideally has to vary between zero and full transmission (100% modulation).

Instead of modifying the amplitude it is also possible to reconstruct the field
of interest by altering the phase of the reference beam. For phase holograms the
complex valued transmittance function can be expressed as

where 8 is the amplitude of the phase modulation and H(x,y) the actual pattern
of the hologram.

The diffraction efficiency of a hologram is defined as the ratio of the intensity in
the reconstructed field of interest to the intensity of light incident on the hologram.
As ideal phase holograms transmit all the incident light, only acting on its phase,
they have far better prerequisites for high diffraction efficiency than amplitude
holograms. Theoretically, phase holograms can even be designed to achieve 100%
diffraction efficiency as will be discussed in the following section.

1.4.3 Generation of single-ringed LG beams

As computer generated holograms can be designed to produce any electromagnetic
field of interest, it is of course possible to produce pure LG modes with arbitrary
mode indices I and p from a fundamental Gaussian beam [18]. Unfortunately the
achievable efficiency is very small. The theoretical limit for the diffraction efficiency
for amplitude holograms is usually less than 1%, even when neglecting scattering
and reflection of the hologram.

As most researchers are only interested in the helical wavefronts characteris¬
tic for LG beams, a simplified version of this hologram, which gives far superior
efficiency [19, 20], is in common use. For pure LG modes with p = 0, which inter¬
fere with a plane reference wave at their beam waist z = 0, equation (1.4) can be
written as

where Ei(r) is the real valued positive amplitude of the LG mode. The first two
terms form a radially varying bias whereas all the phase information of the inter-
ferogram is contained in the last term. By neglecting the radial intensity variation

T(x,y) = exp ( (1.6)

/ = + (Et(r))2 + 2R„Ei(r) cos{kxx - l<pj (1.7)
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the important phase information can be retained by a hologram with a far simpler
transmissivity

T = i (1 — cos(kxx - Icj))) . (1.8)

This constitutes a sinusoidal grating with I fringe dislocations next to its centre

(compare figure 1.5). If such a hologram is illuminated with a fundamental Gaus¬
sian beam propagating along the axis, the field directly after the hologram is given
by

ET = TA0e-r2/wo, (1.9)

where A0 is the central amplitude and wq the spot size of the illuminating beam,
assumed plane at this point. After substituting T, the resulting field

Et = (Ao/2)e-r2/< - (A0/4)e-r2/woei{kxX-llt,) - (A0/4)e-r2Ke-i(fc**-/<« (i.iO)
can be recognised as consisting of a zeroth-order beam propagating along the axis
and two conjugate first-order diffracted beams. The two first-order beams possess

helical wavefronts with opposite handedness and their far-field intensity profiles
show single rings similar to LG modes with p = 0 (figure 1.6). As will be shown
in section 1.4.4 these beams are not pure LG modes but a superposition of modes
with different radial indices p but same azimuthal index I. This superposition of
modes is no longer structurally stable, that is the intensity cross-section of the beam
changes as it propagates. Particularly within the Rayleigh range of the illuminating
Gaussian beam this change is very noticeable, as can be seen in figure 1.7.

In practice it is much easier to produce binary holograms than ones incorpo¬
rating sinusoidal variations in the optical density implicit in equation (1.8). For
the binary version of the hologram the boundaries between the transparent and
opaque areas are given, in polar coordinates, by

l-=n+^-cos(t) (1-11)
7T A

Figure 1.5. Different hologram patterns for the generation of LG beams with 1 = 1.
At the left is the sinusoidal hologram, in the centre the binary version and at the

right the blazed pattern.
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Figure 1.6. Comparison of the far-field radial profile of a pure LG(p = 0,1 = 1)
mode (dashed line) with a first-order beam from a hologram (full line).

where n = 0, ±1,±2,... and A = 2 ir/kx is the period of the grating at large
distances away from the fork. This binary hologram has the same first-order beams
as the sinusoidal version (figure 1.8) but also generates higher diffraction orders.
Corresponding to their diffraction order m these beams have helical wavefronts
with a higher azimuthal index lm = ml.

Looking at the actual amount of light going into the first-order, the binary
version yields slightly better results than the sinusoidal one. Although some light
is wasted into higher diffraction orders the higher overall transmittance leads to
this improved diffraction efficiency of the binary hologram. As can be seen from
table 1.1 it is theoretically possible to achieve about 40% diffraction efficiency with
a binary phase hologram.

Hologram type Maximum theoretical efficiency

Amplitude, binary, 100% modulation 10.1%

Amplitude, sinusoidal, 100% modulation 6.25 %

Phase, binary, 7r modulation 40.4%

Phase, sinusoidal, 1.841 modulation 33.9 %

Table 1.1. Maximum theoretical efficiencies for different types of hologram [20].

It is well known that diffraction gratings can be designed to ideally achieve 100%
efficiency. This is done by blazing the gratings. Similarly, it is possible to design
blazed phase holograms which theoretically diffract all incident light into one of
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z = zR/10
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Figure 1.7. Intensity cross-sections of a beam with I = 1 as generated by a spiral

phase plate or, equivalently, by a perfect blazed phase grating, propagating for one

Rayleigh range. After one Rayleigh range the beam looks very similar to a pure LG
mode. Both the profiles and cross-sections have a transverse extent of 13.3w;o-
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Figure 1.8. Experimentally observed far-field of a binary phase hologram (only the
zeroth- and the two first-order beams are shown).

the first-order LG beams. The pattern for such a blazed hologram is calculated as

H(r,cj)) = ~ mod ^l(f) — ^-r cos </>, 27t^ . (1-12)
The actual transmittance function T(r, 0) of the hologram is then described by
equation (1.6). The achievable diffraction efficiency depends on the phase modu¬
lation 5 and peaks for a modulation of 5 = 2ir when 100% of the incident intensity
is diffracted into the first-order. Experimentally, efficiencies of slightly more than
50% have been reported [20].

1.4.4 Mode analysis

As pointed out earlier, the beams generated with the simple holograms discussed in
the previous section are not pure LG modes. However, as the LG modes themselves
form a complete set of helical modes they are still a useful basis for expanding
these beams. According to their two free Gaussian beam parameters, that is the
spot size w0 and the position of the waist, there is a twofold infinite number of
LG basis sets. Only after choice of the two Gaussian beam parameters is the
decomposition unique. The complex expansion coefficients of the decomposition of
the rath diffraction order can then be calculated by means of a scalar product [14]

2tt
api = (ulp(r, <f>, 0) exp(—zm—r cos <f>) \ T(r, 4>) | Ein(r))

27r \ *
ulp(r, (j), 0) exp(—im^r cos 4>) J T(r, 4>)Em(r)rdrd<j),

(1.13)

where

r2
E-m(r) = \ exp ^ (L14)

7T Wbeam V <eam /
is the field amplitude of the normalised incident beam with waist size u>beam and
T{r,4>) the transmittance function of the hologram. The relative weight of the
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modes is given by

Ipi = \api\2 ■ (1-15)

The mode decomposition of a particular diffraction order does not depend on

the specific realisation of the hologram. Sinusoidal, binary and blazed holograms
all have the same decomposition, only the overall intensity in the various diffraction
orders varies. For the decomposition of the first-order beam it is common practice
to choose spot size wq and position of the waist of the LG modes equal to those
of the incident beam. The decomposition can then be performed analytically [19],
yielding

(o l±l
Qpl ~ | / p! t r(p+i/2) ^'16^^ V (p+ey. 2 p\ 1 - 1

It is important to notice that, although this decomposition contains modes with
all radial indices p, these modes have all the same azimuthal mode index I. For a

hologram with 1 = 1, the LG mode with p = 0 contributes more than 78% to the
overall beam intensity (table 1.2). As the LG mode with p = 0 is so predominant,
these beams will still be referred to as Laguerre-Gaussian beams throughout this
thesis. More correctly, they should be described as beams with helical wavefronts
and single-ringed far-field intensity cross-section.

I = 1 I = 2 I = 3

p = 0 78.5% 50.0% 29.4%

p = 1 9.82% 16.7% 16.6%

p = 2 3.68% 8.33% 10.3%

p = 3 1.92% 5.00% 7.05%

Table 1.2. Contribution of the various radial indices p for a hologram with given
azimuthal index I. The mode purity declines rapidly with higher I.

For higher I, however, the contribution of the LG mode with p = 0 to the
intensity becomes smaller.

1.4.5 Optimised mode decomposition

The mode decomposition as presented in the previous section is the one used in
literature to date [19]. It uses the same spot size and waist position for both input
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beam and LG beams. However, figure 1.6 shows that the annular far-field pattern
of the hologram beam has a slightly larger radius than the pure single-ringed LG
mode with the same waist size. This gives an indication that the hologram could
be better described by a LG decomposition with a waist size smaller than the one

of input beam, i.e. wq < w-m.

By optimising the decomposition with respect to wq such that the amplitude
for the p = 0 mode is maximal (see Appendix B) one finds that the holographically
generated beam is best described as a single-ringed LG mode with waist size

^0 = n = Win • (1-17)
V' T 1

The decomposition amplitude of the p = 0 mode is

1 + l^l/2+1
aw = 7mr(i/2+1)l2^J ' (118)

Interestingly, there is no contribution of the p = 1 mode to this optimised decom¬
position (i.e. an = 0).

I = 1 I = 2 I = 3

p = 0 93.1% 84.4% 77.2%

p = 1 0% 0% 0 %

p = 2 3.45% 7.91% 11.1%

p = 3 0.51% 0.53% 0.40%

Table 1.3. Mode decomposition optimised for maximum contribution of the p — 0
mode. The mode purity is much higher than the standard mode decomposition

(table 1.2) suggests.

Table 1.3 shows some numerical values for the optimised mode decomposition
of hologram beams with different I. The mode purity is much higher than the
standard mode decomposition (table 1.2) suggests. Nevertheless, it still declines
noticeably for hologram beams with higher azimuthal index I.

This optimised mode decomposition was first done numerically by my colleague
Johannes Courtial. These results were published in reference [21].
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Chapter 2

Novel hologram designs

2.1 Introduction

Computer generated holograms can be designed to produce optical beams with
virtually any desired intensity profile and phase structure. It is thus possible to

generate 'novel' optical beams straight from the Gaussian output of commercial
lasers. In this chapter two novel hologram designs will be discussed.

The first design is an extension of the holographic approach used to produce
single-ringed Laguerre-Gaussian modes (see chapter 1). By introducing circular dis¬
continuities, the hologram can be used to efficiently generate multi-ringed Laguerre-
Gaussian beams. Such beams might have applications for atom guiding as will be
discussed in chapter 9.

The second hologram design is used to generate a novel type of beam which has
a dark focus surrounded in all 3 dimensions with regions of higher intensity. This is
achieved by generating a particular superposition of Laguerre-Gaussian modes. We
label this sort of beam the "optical bolLle-beam" [1]. These beams have obvious
applications in optical tweezers for the trapping of particles with a refractive index
lower than that of the surrounding medium. They may also be used to trap atoms
in the dark focus, forming a single beam 'blue-detuned' trap for cold atoms.
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2.2 Holographic generation of multi-ringed

Laguerre-Gaussian modes

2.2.1 Generation of multi-ringed LG modes

Prior to this work, efficient generation of LG beams has only been demonstrated for
single-ringed (p = 0) beams, as discussed in the previous chapter. In the following
the holographic approach will be extended to LG modes with p > 0. This is
achieved by introducing a circular discontinuity, of radius ifhoio into the blazed
hologram about which the phase of the grating is advanced by 7r (figure 2.1). This
discontinuity causes destructive interference in an annular region of radius tUhoio

and a phase reversal between the inner and outer part of the beam. The beams
produced by such holograms should therefore be closely related to LG modes with
p = 1 and waist size w0 = u>h0io> as these modes have an annular zero in intensity
at a radius r = wq. Although the holograms do not produce pure LG modes, the
resulting diffracted beams can again, as in the case of single-ringed LG beams, be
expressed as a superposition of LG modes, dominated by the desired mode.

The complex expansion coefficients of the decomposition can be calculated using
the appropriate transmission function Thigh(r, (j>) in equation (1.13). For a hologram
generating a double-ringed (p = 1) LG beam, as the one shown in figure 2.1, the

Figure 2.1. Blazed hologram to generate a higher-order Laguerre-Gaussian beam
with p = 1, I = 1.
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transmission function is given by

A; mod (lef) — kxr cos <f>, 2n)
Tp=x,i (r, (f>)

r < ^hoio,

A- mod (lef) + 7r — kxr cos (f>, 2tt) r > u>h0i0 •

(2.1)

For an ideal blazed grating all intensity would be diffracted into one of the first order
beams, say m = +1. Integrating the equation over (f> shows that all the modes
present in the beam diffracted by the hologram have the same azimuthal mode
index I given by the number of fringe dislocations. The weighting of the different
p indices however depends on the ratio of waist size tCbeam to the radius of the
discontinuity u>hoio- The decomposition may readily be performed numerically using
routines written within the software package Mathematica [2]. For the numerical
evaluation the hologram was assumed to be placed exactly at the beam waist of the
incident beam. The LG modes used for the decomposition have their waist at the
same position. The waist size w0 of these LG modes, however, is defined as tOhoio

since the hologram is designed to produce LG beams with this waist size. Figure 2.2
shows the first four terms of the calculated decomposition of the beam produced by
a hologram with a single discontinuity. For small ratios wbeam/wh0\0 the intensity
is distributed evenly among the modes (with only a fraction of the total intensity
being in the depicted four modes!). For very high ratios the decomposition again
becomes very uniform. But for tCbeam/^hoio ~ 2, the LG mode with p = 1 is clearly
dominant and carries more than 80% of the total intensity. By matching the waist

100

^Beam^ WHod

Figure 2.2. Relative intensity contribution of different LG(p,l = 1) modes as a

function of the ratio Wbeam/iVh0\o-
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size u>beam of the incident beam to the radius of the discontinuity it is thus possible
to generate almost pure double-ringed LG beams.

This approach is not limited to double-ringed LG beams but can be extended
to the generation of modes with p > 1 by the inclusion of additional circular
discontinuities at larger radii. The discontinuities are canonically spaced accord¬
ing to the radii of the zeros of the desired LG mode. For example to gener¬

ate a Laguerre-Gaussian mode with p = 2, I = 1 two discontinuities with radii
r*i = ^/(3 — \/3)/2 tChoio and 7*2 = y^(3 + \/3)/2 iChoio are used. Again the mode
decomposition depends on the ratio u>beam/u>hoio> peaking at values of more than
70% in the desired LG mode. For example, if a hologram with two circular discon¬
tinuities is illuminated by a beam with Wbeam ~ 2.5iChoio the resulting beam has
more than 75% of its energy associated with the p = 2 mode.

2.2.2 Experimental results for LG beams with p > 0

For the experimental investigation into the efficient holographic generation ofmulti-
ringed LG modes, blazed phase holograms with a spatial grating period A =

0.175 mm and one fringe dislocation were designed. The radii u>hoio of the circular
discontinuity were typically between 0.8mm and 1.5mm. As the holograms had one

circular discontinuity and one fringe dislocation, the generated beams were good
approximations to a doubled-ringed (p = 1) LG beam with an azimuthal index
I = 1.

A number of holograms have been fabricated and the intensity cross-sections of
the resulting beams were analysed as a function of wbeam/wh0\o. Figure 2.3 shows
the far-field diffraction patterns as measured in the focal plane of a lens together
with the corresponding radial intensity profiles and their mode decompositions.
For small ratios (TUbeam/^hoio < 1) the intensity distribution is just a single ring
similar to a LG mode with p = 1. If the ratio is increased an additional ring
appears within this initial ring and for wbe&m/wboio ~ 2 the intensity distribution
within the two rings is very close to the one in a LG mode with p = 1 and 1 = 1.
The radial intensity profiles of the generated beams are in excellent agreement with
the ones predicted from the numerical simulations. The mode decomposition for
the various ratios shows that the p = 1 component peaks at just over 80% when
TUbeam/^holo ~ 2.
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Figure 2.4 shows the experimentally observed far-field diffraction pattern for a
hologram with two circular discontinuities designed to produce a LG mode with
three rings (p = 2). The holograms was illuminated with a fundamental mode
with tCbeam/^hoio ~ 2.5. Decomposition of the resulting beam shows that more
than 75% is associated with the p = 2 mode.

Figure 2.4. Laguerre-Gaussian mode with I = 1 and p — 2 generated by a hologram
with two annular discontinuities.

2.2.3 Phase structure

The intensity distribution of the holographically generated beams is in good agree¬

ment with that predicted, but a question remains as to their phase structure. The
phase structure of LG beams has previously been confirmed by observing the in¬
terference pattern between the LG mode and a plane wave [3]. Figure 2.5 shows a
similar experimental configuration to observe the phase structure of the holograph¬
ically generated beams. One arm of the Mach-Zehnder interferometer is used to

expand the input beam in order to get a 'plane' reference wave whereas the second
arm holds the hologram and a lens. The hologram is in the rear focal plane of this
lens which gives the far-field intensity pattern in its front focal plane. Figure 2.6
shows the resulting interferogram obtained using a hologram designed to give / = 1
in the first order. The zeroth-order, non-diffracted beam exhibits straight fringes

Laser
-o—&
Telescope

Hologram
Lens
A

A
Telescope CCD-Camera

Figure 2.5. Experimental setup to measure the phase structure of the generated

multi-ringed LG beams.
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showing a plane wave phase structure. The first-order beam exhibits a single fork
in the fringes, indicating an e^ phase structure. Note also that the inner and outer

rings are out of phase with respect to each other. The second-order beam has a

double fork, indicating an el2<t> phase structure. However, the second-order beam
only has a single ring. This arises as the phase advance of 7r for the first order
corresponds to 2ir for the second order; this gives no discontinuity in phase in the
far-field. The third-order beam, not shown here, has two rings with three forks
indicating an el3<t> phase structure.

Figure 2.6. Interference experiment revealing the phase structure of the generated
beams. The first order beam has an azimuthal index of / = 1 and a double-ringed

intensity profile p = 1, with the outer ring being n out of phase compared to the
inner ring.

2.2.4 Conclusions

In this section the production of Laguerre-Gaussian modes by use of computer
generated holograms has been extended to include modes with p > 0. These
holographic converters use the fundamental Gaussian mode, which is particularly
useful if a commercial laser is to be used as the source. In addition, removing
the need for cylindrical lenses eliminates any risk of introducing astigmatism into
the beam, even a small amount of which can lead to a break up of the Laguerre-
Gaussian mode in anisotropic media [4]. Multi-ringed LG beams have been used
in interesting studies of second-harmonic generation [5]. They might also be of
interest for atom guiding, where they could form narrow hollow light guides with
'reduced' diffraction (chapter 9).

This work has been published in the Journal of Modern Optics [6].
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2.3 Generation of an "optical bottle-beam"

2.3.1 Optical bottle-beam

In the following section the generation of an optical beam with zero on-axis intensity
at the focus that is surrounded in all three dimensions by regions of higher intensity
will be discussed. We call this type of beam an "optical bottle-beam". The total
confinement of the intensity null of these beams should be contrasted to Laguerre-
Gaussian beams with / > 0 or high-order Bessel beams, where the intensity null is
only surrounded in two dimensions.

By definition, the intensity cross-section at the bottle-beam focus differs from
that either side and hence the beam is not structurally stable. Structurally unstable
beams are not unusual and will arise from superpositions of two or more structurally
stable beams whose relative phase changes with propagation. Such a case arises
in the vicinity of a beam waist when two beams of the same wavenumber have
differing Gouy phases [7]. For Laguerre-Gaussian modes (see eq. (1.1)), the total
Gouy phase shift depends on the mode indices, and is given by

T(z) = (2p + I + 1) arctan(z/zr) . (2-2)

The relative phase between two different Laguerre-Gaussian modes therefore changes
as they propagate through a beam focus (figure 2.7). An appropriate superposition
of two Laguerre-Gaussian modes with the same azimuthal index I = 0, but different
radial indices pi and P2 can indeed be used to form an optical bottle beam.

Figure 2.8 shows intensity profiles of two Laguerre-Gaussian modes with indices
p = 0, I = 0 (the fundamental Gaussian mode) and p = 2, I = 0 respectively. When
appropriately weighted to give the same on-axis intensity, the relative phase of these
two modes can be adjusted such that they interfere destructively at their common
focus to give zero on-axis intensity. On both sides of the waist, their differing Gouy
phases cause constructive interference leading to an intensity maximum and hence
the formation of an optical bottle at the beam focus. The size of the optical bottle
depends on the rate of change of the Gouy phase and can be more tightly defined by
using modes with a larger difference in radial index. Figure 2.9 shows the calculated
intensity distribution of the optical bottle for a superposition of Laguerre-Gaussian
modes with pi = 0 and P2 = 2. The length and the radius of the optical bottle
scale with the Rayleigh range zr, and the beam waist, w0, respectively, which are

themselves related through the wavelength. Focusing the beam changes the ratio
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Figure 2.8. Intensity cross section and profile of Laguerre-Gaussian modes with
indices a) p = 0, I = 0 and b) p = 2, I = 0.
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z-position

a) 0 b) Zr v c)
Figure 2.9. The calculated through focus intensity structure of the optical bottle
beam with intensity profiles along a) the propagation direction, b) the direction of
minimal intensity and c) in radial direction. Note that the horizontal scale of the

intensity profiles depends on the degree of focusing, which in the depicted case is

//2.8 optics.

zR/wo and thus the aspect ratio of the optical bottle. The aspect ratio of figure 2.9
corresponds to //2.8 focusing optics, where the Rayleigh range is approximately
10 wavelengths and the beam waist approximately 2 wavelengths. For optical
frequencies this gives an optical bottle on the micron scale.

Although bounded in all directions, the enclosed dark focus created by the
bottle-beam is not spherically symmetric. The three intensity profiles in figure 2.9
reveal that the maximum of intensity ('intensity barrier') encountered along the
beam axis is approximately three times higher than in the radial direction and
four times higher than the lowest barrier, which lies in a direction off-angle to the
optic axis. In principle, however, as the on-axis intensity in the plane of the beam
waist is zero, an intensity barrier of arbitrary height can be created simply by
increasing the beam power. This is of great importance for particle trapping as the
optical potential for appropriately chosen conditions increases with light intensity
(see chapter 8). The dark focus of the 'bottle-beam' can thus be used to trap atoms
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or micron-sized particles in an potential well defined by the light intensity.

2.3.2 Hologram design

To demonstrate the generation of an optical bottle-beam, a superposition of La-
guerre-Gaussian modes with indices I = 0, p = 0 and / = 0, p = 2 was selected.
The required superposition of Laguerre-Gaussian modes was produced by use of a
computer generated hologram.

The hologram was designed to be illuminated by a fundamental Gaussian beam
at its beam waist. The bottle is then to be formed in the far-field of the hologram.
Alternatively, the hologram pattern can be regarded as being in the far-field of
the focus of the bottle beam. For destructive interference at the beam focus, the
relative phase of the two interfering Laguerre-Gaussian modes in the plane of the
hologram must be

AT = (1 - Ap)7r, (2.3)
where Ap is the difference of their radial indices.

In contrast to the efficient holographic generation of Laguerre-Gaussian modes
discussed earlier on, the radial mode purity of the bottle-beam is very important.
The diffracted beam should be exactly the desired superposition of two Laguerre-
Gaussian modes, with no other modes present in its mode decomposition. There¬
fore the intensity variation of both the 'bottle-beam' and the illuminating Gaussian
beam has to be taken into account when calculating the pattern of the hologram.
The proper amplitude transmission function T of the hologram is then not simply
given by the interference pattern of the illuminating beam and the bottle beam,
but as

T(x,y) oc | exp(ikxx) + EhoMe(x,y)/Em(x,y)\2 , (2.4)
where Fin(r) = A0 exp(—r2/wfu) is the electric field amplitude of the illuminating
Gaussian beam with waist size W\\\ and EboMe(x,y) the electric field amplitude of
the bottle-beam with waist size u>bottie- For the specific example discussed here
(jp = 0, I = 0 and p = 2, / = 0), the electric field of the bottle-beam is

^bottle(r) = exp(-r2/^bottie) - LG2(2r2/^ottle) exp(-r2/^ottle). (2.5)
The electric field amplitude directly behind the hologram is given by the product
of the transmissivity and the input field,

£hoio(r) = Em + E^oMe/Em + Fbottie exp{-ikxx) + Fbottie exp(+ikxx), (2.6)
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< 17 mm ►

Figure 2.10. The form of the amplitude hologram for the generation of an "optical
bottle-beam" is calculated as the interference pattern between the superposition

of two Laguerre-Gaussian modes with different Gouy phases and a fundamental
Gaussian mode.

confirming that a hologram with a transmissivity as calculated by equation (2.4)
indeed generates the desired bottle beam in its first diffraction orders.

Numerical modelling of the holographic generation of the bottle-beam shows
that the optimum power transfer into the first order diffracted spot occurs when
the beam waist wjh of the illumination beam is approximately 1.7 times greater
than the waist size u>bottie °f the Laguerre-Gaussian modes which form the optical
bottle-beam. Figure 2.10 shows the form of the computer generated hologram
that was printed to 35-mm slide film using a computer controlled slide writer. To
ensure phase uniformity, this pattern was then contacted printed onto holographic
film and an amplitude hologram was produced.

2.3.3 Experimental results

The output from a He-Ne laser was expanded and collimated to the desired waist
size of approximately 3.0 mm in the plane of the hologram. A 300 mm focal length
lens was placed one focal length behind the hologram, generating the far-field bot¬
tle in the other focal plane. The focused bottle-beam had a Rayleigh range of
approximately 6 mm. A xlO microscope objective coupled to a camera allowed
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Figure 2.11. The calculated and experimentally observed intensity cross-sections

(216 /um x 216/rm) and corresponding beam profiles of the "optical bottle-beam" in
the vicinity of the beam focus.
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direct viewing of the optical bottle in the region of the focus. The calculated
and observed beam cross-sections and profiles displayed in figure 2.11 show ex¬

cellent agreement. Inspection of the intensity distribution in neighbouring planes
confirmed that there were 110 'holes' due to unwanted interference effects and the

optical bottle was indeed complete.

As discussed above, ideally the on-axis intensity in the plane of the beam waist
should be zero giving an optical potential of arbitrary depth. However, imper¬
fections in the hologram could give rise to additional modes, resulting in a finite
intensity at the centre of the bottle. Experimentally the residual intensity was

measured to be less than 1% of the surrounding radial maximum. This contrast
could be further improved by tighter control of the photographic process used to

produce the holograms.

2.3.4 Conclusions

This section presented the discussion and experimental realisation of a beam with
a dark focus entirely surrounded by regions of higher intensity. A beam of this
kind has obvious applications in optical tweezers [8] for trapping particles with a
refractive index lower than the surrounding media [9], where the gradient force will
be directed towards the region of lowest intensity. It may also have applications for
the trapping of cold atoms where it makes possible the single beam 'blue-detuned'
trapping of atoms in a region of low intensity [10]. These potential applications
lead us to call a beam of this type an "optical bottle-beam".

This work has been published in Optics Letters [11].
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Chapter 3

Orbital angular momentum of

light

3.1 Angular momentum of light

Electromagnetic radiation possesses both energy and momentum. For propagating
light fields like laser beams there is always linear momentum along the direction
of propagation. This gives rise to radiation pressure. In addition to that there can

also be angular contributions to the overall momentum. This angular momentum
has a spin part associated with the polarisation and an orbital part associated with
the spatial distribution of the light field.

3.1.1 Spin angular momentum

As early as 1909 Poynting inferred by analogy with a mechanical experiment that
circularly polarised light passing through a wave plate should exert a torque on it
[1]. He suggested that this was due to a non-zero angular momentum component
in the direction of propagation of the light beam. When calculating this angular
momentum with respect to the optic axis of the beam1 he found that the ratio of
angular to linear momentum is equal to A/27T.

1All the calculations of angular momentum of light in this thesis are with respect to the optic
axis of the beam.
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Although this polarisation part of the angular momentum of light can be ex¬

plained completely within classical wave theory, it is nowadays usually referred
to by a quantum mechanical term as spin angular momentum. Quantum theory
describes light in terms of photons, which are spin-1 particles. Photons have two

eigenstates of the spin operator which correspond to left and right-hand circularly
polarised light. Circularly polarised light carries

angular momentum per photon, with az — ±1 according to the handedness. This
gives the same ratio of angular to linear momentum as Poynting's classical theory.

The first experimental measurement of this spin angular momentum was made
in 1935 by Beth [2, 3] using a half-wave plate suspended by a fine quartz fibre
(figure 3.1). A circularly polarised light beam was passed through this wave plate,
which reversed the handedness of its polarisation and thus transferred 2h of spin
angular momentum for each photon to the birefringent plate. The measured torque
agreed in sign and magnitude with this value predicted by both wave and quantum

theory of light.

Sz = azh (3.1)

C

C >-fi

Figure 3.1. A circularly polarised light beam reverses the handedness of its polarisa¬
tion when passing through a half-wave plate, thus transferring angular momentum
to it.

3.1.2 Orbital angular momentum

It has long been common knowledge that light can also carry orbital angular mo¬

mentum associated with its spatial distribution [4], It was not until 1992, however,
that Allen et al. [5] pointed out that Laguerre-Gaussian modes have a well-defined
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orbital angular momentum density of lh per photon, where I is the azimuthal
mode index. More generally, all beams with a helical phase structure, i.e. an ell(t>
azimuthal phase term, are eigenmodes of the orbital angular momentum operator
Lz = —ihjwith eigenvalue lh. The orbital angular momentum arises due to the
azimuthal component of the Poynting vector associated with the helical wavefronts.

The angular momentum density with respect to the optic axis of Laguerre-
Gaussian beams varies across the beam profile. However, for a monochromatic
light field it is proportional to the local energy density, which in turn can be
expressed as the product of photon density N and energy per photon hu. The
ratio of orbital angular momentum density and photon density then yields the
local angular momentum per photon,

Lz = lh, (3.2)

which is constant across the entire beam profile.

If the Laguerre-Gaussian beam is circularly polarised the ratio of the total
angular momentum flux to the energy flux integrated across the entire beam profile
becomes

JjcP = (I + az)/uj . (3.3)

Within the paraxial approximation spin and orbital angular momentum thus are

simply additive. For tightly focused beams, spin and orbital angular momentum
can no longer be separated and additional corrections to equation (3.3) have to be
taken into account [6].

3.2 Transfer of angular momentum to mechani¬

cal systems

3.2.1 Cylindrical lens 7r mode converter

In addition to identifying the orbital angular momentum in Laguerre-Gaussian
modes, Allen and co-workers also suggested a way of measuring its magnitude [5].
The idea of the experiment proposed by them is analogous to Beth's experiment.
The handedness of the phase fronts of a Laguerre-Gaussian mode are reversed by
passing it through a suspended cylindrical lens 7r mode converter [7, 8]. This leads
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to the transfer of twice the initial orbital angular momentum contained in the
beam, exerting a torque of 2lh per photon on the mode converter.

Unfortunately, the alignment of the beam for this experiment proved to be very
critical. If the beam hits the mode converter off-centre or skew this leads to a large
unwanted torque on the mode converter [9]. It is therefore very difficult to discrim¬
inate between the torque caused by the transfer of orbital angular momentum and
the torque due to misalignment. To date, this experiment has not been performed
successfully.

C_ Ifi

Figure 3.2. A LG beam reverses the handedness of its phase fronts when passing

through a cylindrical lens 7r mode converter, thus transferring angular momentum
to it.

3.2.2 Optical spanners

The direct transfer of orbital angular momentum of light to a mechanical system
was first observed in 1995 by use of modified optical tweezers [10]. Absorptive
micrometre-sized particles were trapped in the dark central minimum of a focused
Laguerre-Gaussian laser beam. The orbital angular momentum of this beam was
transferred to the trapped particle by absorption, causing it to spin. The direction
of rotation could be reversed by changing the sign of the singularity.

More quantitative measurements [11, 12] used the fact that absorption trans¬
fers the total angular momentum of the absorbed light to the particle, that is both
its spin and its orbital angular momentum. By changing the polarisation of the



3.3. OAM OF LIGHT IN NONLINEAR OPTICS 39

trapping Laguerre-Gaussian beam from linear to circular, its total angular momen¬
tum density can be changed from lh to (/ ± 1 )fi per photon. Experimentally, it
was observed that the rotation frequency of particles trapped in this 'optical span¬
ner' increased or decreased proportional to the total angular momentum carried
by the trapping beam. This confirmed, within the experimental uncertainty, that
Laguerre-Gaussian modes have indeed an orbital angular momentum density of lh
per photon.

3.3 Orbital angular momentum of light in non¬

linear optics

The discovery that Laguerre-Gaussian modes have a well-defined orbital angular
momentum density sparked off numerous experiments investigating their behaviour
in nonlinear optics. The key objective was to see if nonlinear interactions conserved
the orbital angular momentum within the light fields. The first experiments were

done for second-harmonic generation using Laguerre-Gaussian beams [13, 14], and
investigation of sum-frequency generation and parametric amplification followed
shortly afterwards [15]. As part of this thesis, the parametric down-conversion of
beams carrying orbital angular momentum was studied (chapter 4).

3.3.1 Frequency doubling Laguerre-Gaussian modes

Frequency doubling of beams with phase singularities was first reported in 1993
[16], but it was only 3 years later that the doubling of LG modes of various order
was investigated in the context of orbital angular momentum of light [13, 14]. It
was shown that the process of second-harmonic generation (see also chapter 7)
conserves the orbital angular momentum within the light fields. If a Laguerre-
Gaussian mode with azimuthal mode index Z, that is lh orbital angular momentum
per photon, is frequency doubled, a second-harmonic beam with an azimuthal mode
index 21 is generated.

A simplistic interpretation of this observation is possible by the use of a basic
theory of second-harmonic generation, which assumes that there is no absorption
and that the depletion of the input wave is negligible. In this case the amplitude
of the second-harmonic field at frequency 2uj is proportional to the square of the
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input amplitude at frequency uq that is, E(20 oc (if^) _

It is then easy to see that frequency-doubling of the lowest-order Gaussian mode
will generate a second-harmonic field which is again a simple Gaussian beam, but
with its spot size reduced by a factor of \[2 compared with the fundamental.
Similarly, if the amplitude of single-ringed LG modes (eq. (1.1) with p = 0) is
squared, this results again in a Laguerre-Gaussian mode. This mode has a reduced
waist size w/y/2 and radial mode index p = 0, but its azimuthal mode index has
doubled, implying that it carries twice the initial orbital angular momentum per

photon.

For multi-ringed Laguerre-Gaussian modes, i.e. p > 0, the discussion is slightly
more complicated, as the second-harmonic held can no longer be described in
terms of a single LG mode. The amplitude of the second-harmonic held has a

Gegenbauer-Gaussian distribution [14], which changes its intensity cross-section as
the beam propagates. The second-harmonic beam is therefore, as opposed to the
input Laguerre-Gaussian mode, no longer structurally stable. However, it is the
azimuthal phase structure that determines the angular momentum content of the
beam. Beams generated by frequency doubling of multi-ringed modes have again
a helical phase structure with double the initial azimuthal mode index 21.

For second-harmonic generation with any Laguerre-Gaussian mode it thus fol¬
lows that not only has the frequency been doubled, so too has the orbital angular
momentum per photon. Two photons might be said to have combined their energy,
Tko, to yield one with twice the energy, 2huj, and at the same time two units of
lh orbital angular momentum have combined to give 2Ifi. This, of course, is not
possible for circularly polarised light; a single second-harmonic beam cannot carry
spin angular momentum of 2h.

3.3.2 Sum-frequency generation with LG modes

In sum-frequency mixing, two input fields E\ and E2 generate a third field E3
oscillating at the sum frequency uq = uq + co2. Second-harmonic generation can

thus be regarded as a special case of sum-frequency mixing, were the two input fields
are completely degenerate, i.e. E\ = E2 and uq = u2. Berzanskis and co-workers
[15] investigated the slightly more general case of two separate input fields which
are still frequency degenerate, but have vortices of different topological charge. It
was found that the topological charge of the optical vortices is conserved, that is
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the charge Z3 of the generated field is equal to the sum of the charges l\ and l2 of
the two input fields,

h + h — h • (3-4)

Berzanskis et al. discussed all their results only in terms of topological charges.
But as beams with an optical vortex of charge I have an azimuthal phase it is
straightforward to interpret the experiment in terms of orbital angular momentum.
All three beams have a well-defined orbital angular momentum density, which is
conserved within the interacting light fields.

3.3.3 Parametric amplification using LG modes

The same reference [15] also discusses parametric amplification of light beams car¬

rying a topological charge. Parametric amplification means that a signal beam at

frequency u>i is amplified by an intense pump beam at a higher frequency w3. This
process also generates an idler field at frequency uj2 = w3 — uq. In their experiment,
a signal wave with a vortex of charge l\ was parametrically amplified with a pump

beam that had no vortex (Z3 =0). It was found that the generated idler wave had
a vortex of the opposite charge l2 = ~h as the amplified signal field. This implies
that parametric amplification also conserves the orbital angular momentum carried
within the light beams, as the mode indices fulfil the conservation equation (3.4).

3.3.4 Orbital angular momentum of frequency-converted

light

For all these nonlinear optics experiments the orbital angular momentum content
of the frequency-converted light was determined in an indirect fashion. Instead of
directly measuring the angular momentum, the azimuthal phase structure of the
generated light was investigated. The orbital angular momentum content of the
beam was then inferred from the charge I of the vortex.

One of the two different methods commonly applied allows to determine the
charge of Laguerre-Gaussian beams very easily. A cylindrical lens mode converter
is used to convert the LG beam into the corresponding Hermite-Gaussian mode
(see page 7). The charge can then be calculated from the mode indices of the
Hermite-Gaussian using I = m — n.
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A more general method is to interfere the beam with its own mirror image by use

of a mode-analyser based on a Dove prism [17]. The azimuthal phase component of
the beam gives rise to forked interference fringes similar to the hologram patterns
used to generate Laguerre-Gaussian beams. The azimuthal index I of the beam is
given by the number of additional fringes divided by 2.

It is important to note that both of these indirect methods rely on the fact
that the beams have a well-defined azimuthal phase structure. Only if the beams
have a helical phase structure, or possibly if they are a coherent superposition of
a small number of modes with different azimuthal mode indices, can the orbital
angular momentum density of these beams be quantified. However, if a beam were

an incoherent superposition of modes with different azimuthal mode indices /, it
could carry a net orbital angular momentum which could not be detected by the
above methods.
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Chapter 4

Parametric down—conversion for

light beams possessing orbital

angular momentum

4.1 Introduction

In this chapter the spontaneous parametric down-conversion for light beams pos¬

sessing orbital angular momentum is investigated. From a naive point of view, para¬
metric down-conversion appears to be exactly the inverse process of sum-frequency
mixing. Therefore one might expect that the conservation of orbital angular mo¬

mentum would again lead to a well-defined mode transformation, as was observed
in all the nonlinear optics experiments mentioned in the previous chapter.

However, parametric down-conversion is fundamentally different from all these
other experiments in that only one (instead of two) of the three interacting fields is
given as an input. The signal and idler field build up from noise, which manifests
itself macroscopically in the low spatial coherence of these beams. The experiment
discussed in the following could only examine the classical 'bulk' properties of the
light field. Due to their low spatial coherence of the down-converted beams their
orbital angular momentum could not be determined. It thus turns out that the
role of orbital angular momentum for the process of parametric down-conversion
can only examined meaningfully at photon level. The final section of this chapter
discusses some first results obtained in Anton Zeilinger's group [1].
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4.2 Down-conversion of light beams possessing

orbital angular momentum

4.2.1 Spontaneous parametric down-conversion

Spontaneous parametric down-conversion is a nonlinear process in which an in¬
coming pump field generates two new fields, named signal and idler, which must
fulfil both the conservation of energy and phase matching conditions within the
nonlinear crystal [2], This process is very closely related to the parametric am¬

plification discussed in the previous chapter, the only but crucial difference being
that there is no input at the signal frequency. Both signal and idler beam start off
from vacuum fluctuations. In the degenerate case, when the signal and idler fields
have the same frequency (a>signai = tidier = <^pUmp/2), parametric down-conversion
appears to be exactly the inverse process of second-harmonic generation. If the
orbital angular momentum within the light fields is conserved, it should be divided
equally between signal and idler. Assuming that parametric down-conversion was

the inverse of second-harmonic generation, a pump mode with an even mode in¬
dex 21 should result in a fluorescence mode with lh orbital angular momentum per

photon. For pump modes with an odd mode index I, or for fluorescence away from
degeneracy, down-conversion would result in beams with non-integer multiples of
h orbital angular momentum per photon. Such beams are perfectly feasible, but
are not circularly symmetric nor do they propagate in a structurally stable fashion
[3],

z

Camera

Figure 4.1. Experimental setup: Lenses LI and L2 expand the laser beam to avoid

damage to the hologram; L3 and L4 collimate the beam generated by the hologram;
the aperture A removes the unwanted diffraction orders; F is a filter blocking the

pump beam and the lens L5 images the beams on to a CCD-array.
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4.2.2 Experimental results

Figure 4.1 shows the experimental setup. The pump beam was produced by a

commercial frequency-doubled Nd:YV04 laser which gives 100 mW of cw-light at
a wavelength of 532 nm. Computer generated holograms were used to produce
beams with an azimuthal phase term e^, carrying lh orbital angular momentum
per photon. The blazed transmission holograms were manufactured on holographic
film and had an efficiency of about 25% at 532 nm. The generated beam had an

annular intensity profile similar to a Laguerre-Gaussian mode with radial index
p = 0. Decomposition of the beam in terms of Laguerre-Gaussian modes showed
that about 80% of its energy was carried in the mode with p — 0; the remainder
was distributed amongst modes with higher radial index p but the same azimuthal
index I (see chapter 1). The beam was then collimated with a spot size of about
wo = 360 pm and passed through the down-conversion crystal which was a 20 mm
long lithium triborate (LBO) crystal cut for type-I non-critical phase-matching.
The temperature was set to 148 °C to achieve degenerate output at 1064 nm. The
generated signal and idler fields are indistinguishable as they have similar wave¬

length and the same polarisation. The intensity profile of the down-converted light
was investigated using a cooled charge coupled device (CCD) array (Meade Pictor
216XT, 336 x 242 pixels). The camera unit, that is an imaging lens and the CCD
array, was moved along the propagation direction to image the beam profiles in
different planes behind the crystal. The quantum efficiency of the CCD array at
our signal wavelength (A = 1064 nm) was only about 0.1%. As the signal was very

weak, about 10 pW, fairly long integration times of 1 to 3 min were required.

Figure 4.2 shows the recorded intensity profiles for both pump and down-
converted beams at various positions after the nonlinear crystal for a pump beam
with an azimuthal index 1 = 2. If parametric down-conversion were the inverse
of frequency doubling, one might expect such a pump beam to give rise to down-
converted beams with azimuthal index 1 = 1. Although the collimated pump beam
propagates in a structurally stable fashion, the down-converted light changes its
form as it propagates. In the vicinity of the nonlinear crystal the intensity profile
of the down-converted light resembled that of the pump beam with a clearly dis¬
tinguishable intensity null on the beam axis. But further away from the crystal
the ring became ill-defined and at about 40mm behind the crystal the on-axis zero

could no longer be distinguished.

Figure 4.3 shows the parametric fluorescence generated by a pump beam with
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Figure 4.2. a) The profile of the green pump beam for I = 2 , b) the profiles of the
down-converted infrared beam for a range of positions behind the back face of the
nonlinear crystal. Note that the last two infrared profiles are shown twice as bright
as the others.

0 mm 10 mm 20 mm 30 mm 40 mm

Figure 4.3. Profiles of the down-converted beam generated by a pump beam with
I = 1 for a range of positions behind the back face of the nonlinear crystal.

azimuthal index 1 = 1. The intensity profiles display the same qualitative behaviour
as for I = 2. The wide tuning range of the LBO crystal also allowed the investigation
of phase matching away from degeneracy, where it is possible to distinguish signal
and idler field by their difference in frequency. We looked at down-conversion at
a frequency ratio of 2:1 for signal and idler, that is Asignai = 798 nm and Airier =
1596 nm. As the CCD camera was not sensitive at the idler wavelength we could
look at the signal held on its own, and this showed the same qualitative behaviour
as in the degenerate case.

Clearly, the absence of an on-axis intensity minimum is inconsistent with the
down-converted light having an edc/) phase structure. More detailed examination of
the phase structure of the down-converted beam was achieved by interfering it with
a sheared image of itself. Within our experimental setup this was accomplished
by introducing a blazed phase grating into the system after the crystal. About
60% of the transmitted light was diffracted into the first order and most of the
rest was in the undiffracted beam. The camera lens recombined the first-order
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and the undiffracted beam on the CCD array. If the grating was positioned in the
object plane of the camera the beams overlapped completely. When the grating
was moved away from the object plane, the lateral shear between the beams was

increased. For complete overlap, the degree of spatial coherence of the beams
was irrelevant and straight line interference fringes were formed with a spacing
determined by the intersection angle of the beams. However, if the two beams
were sheared no interference fringes were observed (figure 4.4). This shows that
each of the down-converted beams is spatially incoherent.

Figure 4.4. Profile of the interference between a down-converted beam and a sheared

image of itself, a) The beams overlapped completely and produced interference

fringes, b) When the beams were laterally sheared by approximately 60 /mi, which

corresponds to roughly a third of the fringe period in a), the interference fringes

disappeared.

4.2.3 Discussion of the classical experiment

Although optical vortices have been associated with apparently random laser speckle
patterns [4], the low spatial coherence of the down-converted beams implies that
they can not have an e1'^ phase structure. Therefore the orbital angular momentum
of the down-converted beams is not well-defined. This is in direct contrast to the

process of second-harmonic generation [5] or sum-frequency mixing [6] where the
conservation of orbital angular momentum gives rise to a mode transformation.

The observation that spontaneous parametric down-conversion yields signal and
idler beams which individually have low spatial coherence is consistent with results
of Ribeiro et al. [7] and Ghosh et al. [8]. They demonstrate that for a Gaussian
mode pump beam the down-converted light has low spatial coherence. The sub¬
sequent spread of the down-converted beam is a function of the phase matching
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acceptance cone. However, the implications of the low spatial coherence with re¬

spect to the conservation of the orbital angular momentum has not previously been
considered.

The spatial incoherence of the signal and idler fields stems from the nature of
the three wave interaction. In three wave interactions in which one or more fields

build up from noise, the phases of the fields are constrained by the equation

fa ~ fa - fa = ±|, (4.1)
where the sign depends on the direction of the energy transfer between the three
fields [9]. In sum-frequency mixing, fa and fa are defined by the two input beams.
It follows that the phase of the generated field, fa, is delineated and the spatial
coherence of the pump beams is transferred to the generated wave. However, in
parametric down-conversion, only one of the fields, that of the pump beam, has
an externally defined phase, fa. Consequently, although at any point there is a

well-defined phase relationship between the signal and idler fields, neighbouring
positions in either of the beams have no fixed phase relationship. Hence the spatial
coherence of the pump beam is not transferred to the down-converted beams.

Although the orbital angular momentum for spontaneous parametric down-
conversion does not manifest itself in modes with an azimuthal ed^ phase structure,
other parametric processes may be expected to behave differently. For example it
seems likely that if optical feedback were to be introduced to one or both of the
down-converted fields, the mode selectivity associated with the cavity may well
favour the oscillation of self-reproducing signal and idler modes. Spatial overlap
with the annular Laguerre-Gaussian pump mode would presumably favour annu¬

lar signal and idler modes. Thus it is possible that these generated modes could
themselves be Laguerre-Gaussian possessing the corresponding orbital angular mo¬
mentum.

Our experiment indicates that, unlike second-harmonic generation, spontaneous
parametric down-conversion does not produce light beams with a well-defined az¬

imuthal phase structure. With a classical experiment, like the one presented here,
it is therefore not possible to decide whether the orbital angular momentum is
conserved within the light fields. It has to be concluded that the orbital angu¬
lar momentum content of the down-converted light beams can only be determined
with experiments on photon level. This will be discussed in some more detail in
the following section.

The work presented in this section has been published in reference [10].
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4.3 Entangled states of orbital angular momen¬

tum of photons

In the previous section, the parametric down-conversion has been investigated from
a rather classical point of view. It was attempted to determine the orbital angular
momentum of the down-converted light by an indirect method. However, as the
beams were found to be spatially incoherent neither of the two indirect methods
mentioned in the previous chapter worked. The 'mode-analyser' relies on an inter¬
ference pattern. Observation of such a pattern corresponds to a time integration
over many individual photon events. Such a time-averaged measurement only gives
meaningful results if the ensemble is in a pure state. Only when all the registered
photons are in the same orbital angular momentum eigenstate can this classical
measurement be used to determine the orbital angular momentum contents of the
beam.

Parametric down-conversion, however, can be seen as the an intrinsically quan¬

tum mechanical light source. It is therefore not too surprising to find that only
an experiment on photon level can make a meaningful measurement of the orbital
angular momentum of the down-converted light.

4.3.1 Mair and Zeilinger's experiment

In a recent experiment, A. Mair and A. Zeilinger studied the orbital angular mo¬
mentum of photons resulting from the parametric down-conversion of a Gaussian
beam (/ = 0) [1]. To determine the orbital angular momentum of individual pho¬
tons they used a mode filter consisting of a hologram and a spatial filter. First, a

computer generated hologram shifts the azimuthal index I of the photon by a value
AI upwards or downwards. Then, a spatial filter consisting of a fibre coupler and a
mono-mode optical fibre was used to select the photons with azimuthal index zero.
These photons were detected by use of a single photon detector. The mode filter
thus ensured that only photons with Alh orbital angular momentum were regis¬
tered by the counter. The efficiency of discrimination between a Gaussian beam
(/ = 0) and a Laguerre-Gaussian mode with azimuthal index I = 2 was better than
one part in 100.

In their experiment they used a Gaussian beam to pump a type-I down-con¬
version source. For both of the two spatially separated beams of down-converted
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light the orbital angular momentum of photons was determined by use of a sep¬

arate mode filter. The coincidence rate of the count signals of the two detectors
was measured for different combinations of mode filters. It was found that the

coincidence rate for modes that conserve the orbital angular momentum is very

high. As the orbital angular momentum of the pump beam was zero (Gaussian
beam), only combinations of mode filters with l\ = —l2 show high correlation.

4.3.2 Discussion of the photon experiment

Mair's experiment shows that for parametric down-conversion the orbital angular
momentum of photons is conserved for each individual photon pair. However, the
individual photons in either one of the down-converted fields do not all have the
same orbital angular momentum, but have a finite probability to be in any orbital
angular momentum state. Neither of the two down-converted beams has a 'well-
defined' orbital angular momentum per photon. These experimental results are

therefore completely compatible with our findings in St Andrews showing that for
a 'classical' observer, looking at the average of many individual photon events, each
of the down-converted beams appears as completely incoherent.

However, their experiment was only performed for a pump beam without any
initial angular momentum. From these experimental results it is not immediately
obvious what is going to happen in the case of a pump beam that carries lh of orbital
angular momentum per photon. Is this orbital angular momentum again going to
be conserved for each individual photon pair? Is the statistical distribution of the
measured orbital angular momentum of individual photons going to be centred
around lh/2 for both of the beams?

According to Anton Zeilinger [11] the sum of the angular momenta for the
down-converted light has to add up to that of the pump, i.e. the orbital angular
momentum has to be conserved within the light fields. This is a direct consequence
of the fact that the linear momentum is conserved in down-conversion due to the

phase matching conditions and that the Laguerre polynomials can be expanded in
momentum eigenstates. Consequently, both beams, although completely incoher¬
ent, should carry an average orbital angular momentum of lh/2 per photon, which
then could in principle also be measured classically, for example with optical tweez¬
ers. As the intensity of the down-converted light beams is very low, such a classical
observation is sadly almost impossible. However, an experiment similar to the one

of Mair and Zeilinger, where the Gaussian pump beam is replaced by a beam with
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orbital angular momentum could answer the question if the down-converted light
carries any net orbital angular momentum.

4.4 References

[1] A. Mair and A. Zeilinger, "Entangled states of Orbital Angular Momentum
of Photons," in Epistemological and Experimental Perspectives on Quantum
Physics, D. Greenberger, ed., (Kluwer Academic Publishers, Netherlands,
1999), pp. 249-252.

[2] R. L. Byer and S. E. Harris, "Power and Bandwidth of Spontaneous Parametric
Emission," Phys. Rev. 168, 1064-1068 (1968).

[3] I. V. Basistiy, M. S. Soskin, and M. V. Vasnetsov, "Optical wavefront dislo¬
cations and their properties," Opt. Comm. 119, 604-612 (1995).

[4] N. Shvartsman and I. Freund, "Vortices in random wave-fields — nearest-
neighbor anticorrelations," Phys. Rev. Lett. 72, 1008-1011 (1994).

[5] K. Dholakia, N. B. Simpson, M. J. Padgett, and L. Allen, "Second-harmonic
generation and the orbital angular momentum of light," Phys. Rev. A 54,
R3742-R3745 (1996).

[6] A. Berzanskis, A. Matijosius, A. Piskarskas, V. Smilgevicius, and A. Stabinis,
"Conversion of topological charge of optical vortices in a parametric frequency
converter," Opt. Comm. 140, 273-276 (1997).

[7] P. H. S. Ribeiro, C. H. Monken, and G. A. Barbosa, "Measurement of co¬

herence area in parametric downconversion luminescence," Appl. Opt. 33,
352-355 (1994).

[8j R. Ghosh, C. K. Hong, Z. Y. Ou, and L. Mandel, "Interference of two photons
in parametric down conversion," Phys. Rev. A 34, 3962-3968 (1986).

[9] Y. R. Shen, The Principles of Nonlinear Optics (John Wiley & Sons, New
York, 1984).

[10] J. Arlt, K. Dholakia, L. Allen, and M. J. Padgett, "Parametric down-
conversion for light beams possessing orbital angular momentum," Phys. Rev.
A 59, 3950-3952 (1999).



4.4. REFERENCES 53

[11] A. Zeilinger, private communication, 1999.



Chapter 5

"Non-diffracting" laser beams

5.1 Introduction

The work presented in the previous chapters was based on Laguerre-Gaussian
modes. In the following another set of radially symmetric solutions to the paraxial
wave equation, Bessel beams, will be discussed. These Bessel beams ideally have
the same intensity cross-section in any transverse plane and are therefore labelled
"non-diffracting".

This chapter gives a brief introduction to Bessel beams and reviews several
experiments to generate approximations to them. The two following chapters will
present novel experiments involving Bessel beams.

5.2 Bessel beams

In 1987 Durnin [1, 2] pointed out that one could obtain a set of solutions for the
free-space paraxial wave equation that were "non-diffracting". The electric field
amplitudes of these beams are proportional to Bessel functions and consequently
these beams are often referred to as Bessel beams:

En(r, <$>, z,t) = A exp (i(kzz — ujt)) Jn(krr) exp(±m</>) (5-1)

Here Jn is the n-th order Bessel function of the first kind, and kz and kr are the
longitudinal and radial components of the wave vector k, respectively. Higher-order
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Figure 5.1. Intensity cross-section of a) a zeroth-order Bessel beam, b) a first-order
Bessel beam with the same Ay. The intensity scale for both plots goes from zero to

half the peak value of the Jo beam.

Bessel beams (i.e. with n > 0) have a helical phase structure due to the azimuthal
phase term.

These Bessel solutions have the property that, for propagation in the ^-direction,
the intensity I(x,y,z) a \E(x,y,z)|2 obeys:

I(x,y,z > 0) = I(x,y) (5.2)

That is, the intensity profile is unaltered under free space propagation and the
beams are therefore labelled "non-diffracting". The zeroth-order Bessel beam has
a bright central maximum surrounded by rings of decreasing intensity, whereas
the higher-order modes have a dark central core surrounded by rings (figure 5.1).
Each of the rings carries approximately the same power and as there is an infinite
number of rings, a Bessel beam would require infinite power (like a plane wave).
Thus perfect Bessel beams can not be realised experimentally.

One defining property of Bessel beams is their characteristic decomposition
into plane waves. The transverse spectrum of a Bessel beam, which is found by
taking the spatial Fourier transform of the transverse electric field amplitude (eq.
(5.1)), is a ring in k-space. A Bessel beam propagating along the z-axis may

thus be considered as a superposition of an infinite number of plane waves whose
wavevectors are distributed on a cone centred on the z-axis (figure 5.2). Bessel
beams are therefore said to have conical wavefronts and the opening angle of this
cone,

0 = arctan kr/kz, (5,3)
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0'
Figure 5.2. a) The transverse spectrum of a Bessel beam is a ring of radius kr. b)
The wavevectors of the plane wave decomposition therefore lie on a cone centred on

the fc^-axis.

is often used to characterise the beam.

5.2.1 Zeroth-order Bessel beam

Most of the theory and experimental work concerning Bessel beams concentrates
on the simplest one, which is proportional to the zeroth-order Bessel function:

E(r, z, t) = Ao exp (i(kzz — tot)) Jo{krr)

The central spot has a full width half maximum of

FWHM = 2.253/Ay,

(5.4)

(5.5)

but the spot size is more commonly characterised by the radius of the first intensity
zero

r0 = 2.405/Ay. (5.6)

The following section will discuss several different methods to generate approxima¬
tions to a zeroth-order Bessel beam.

5.3 Generation of zeroth-order Bessel beams

As ideal Bessel beams have infinite extent and require infinite energy, they are

obviously impossible to realise experimentally. There are, however, several different
methods to obtain good approximations to an ideal Bessel beam. Nevertheless, the
finite aperture limits the 'diffraction-free' propagation of the central spot to some

maximum distance zmax and its intensity is in general no longer constant with
propagation. The actual intensity variation of the central spot depends critically
on the particular experimental method used to generate the Bessel beam.
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5.3.1 Annular slit

The method proposed in the first paper on Bessel beams [2] uses an annular slit
in the back focal plane of a lens (figure 5.3). The slit, which has a width much
smaller than its radius, is illuminated by a collimated beam of light. The lens
transforms the light emanating from each point on the slit into a parallel bundle
of light, creating a beam with conical wavefronts just behind the lens. Its opening
angle is determined by the diameter d of the annular slit and the focal length / of
the lens

d/2
tan O =

/
(5.7)

Close to the optic axis this beam approximates to a Bessel beam up to a propagation
distance which can be estimated geometrically to be

R

tan 0
Ad
kr ' (5.8)

where R is the radius of the lens. At first the on-axis intensity oscillates fairly
rapidly around its initial value and then drops off sharply (figure 5.4). The main
disadvantage of the experimental method is that it is very inefficient, as the annular
slit has to be narrow and thus blocks most of the illuminating power.

Figure 5.3. An annular slit (S) of diameter d in the back focal plane of a lens of
focal length / and radius R is illuminated by a plane wave (P). Up to a distance

zmaX the beam close to the optic axis approximates to a Bessel beam (B) with an

opening angle 0.
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Figure 5.4. Intensity variation at the beam centre for a Bessel beam generated by
an annular slit (reproduced from ref. [2]).

5.3.2 Fabry-Perot cavity

This method is quite closely related to the annular slit, but it generates approx¬

imations to Bessel beams which have less oscillations in peak intensity [3]. A
Fabry-Perot is illuminated by a spatially filtered Gaussian beam acting as a point
source (figure 5.5). The throughput of the Fabry-Perot is then imaged, giving a

series of concentric rings in the back focal plane of the imaging lens. The width of
these rings is determined by the finesse of the cavity. An annular aperture is placed
in this image plane to let only one of the rings of this interference pattern pass. A
second lens placed a focal length behind this aperture is then used to generate an

approximation to a Bessel beam, just like in the case of the annular slit.

Although this method seems very similar to the annular slit experiment, the
generated approximation has somewhat different characteristics. For the Fabry-
Perot, the width of the intensity ring is determined by the finesse of the cavity and
the ring has a 'smooth' profile. This leads to a reduction of the on-axis intensity
oscillations typical for the annular slit method. Furthermore, the average peak
intensity does not stay constant any more but rises with propagation distance
before it drops off abruptly (figure 5.6). Again, this method is rather inefficient in
converting the input into a Bessel beam.
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Figure 5.5. Spatial filtered laser light (SF) is sent through a Fabry-Perot etalon with
two mirrors (Mi, M2). The first lens (Li) images the resonant rings into the plane
of an annular spatial filter (ASF), which only lets the one ring pass. The second lens

(L2) transforms this beam into an approximation to a Bessel beam (B).
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Figure 5.6. Axial intensity versus propagation distance for a Bessel beam generated

by a Fabry-Perot etalon (reproduced from ref. [3]).
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5.3.3 Axicon

A far more efficient way of generating an approximation to a Bessel beam is by use

of a conical lens, which is usually referred to as axicon [4, 5, 6]. When an axicon is
illuminated by a plane wave, refraction at its conical interface creates a beam with
conical wavefronts (figure 5.7). In the paraxial limit the opening angle of the cone
is given by

where n is the refractive index of the axicon material and 7 its opening angle. Close
to the optic axis this beam approximates to a Bessel beam. If the illuminating plane
wave sees a hard aperture of radius R, the maximum propagation distance can again
be estimated using equation (5.8). The on-axis intensity variation, however, is very
different from that of the annular slit. Its mean value rises almost linearly, again
with rapid oscillations, before declining sharply after a distance zmax (figure 5.8
(a)). The rapid oscillations are due to diffraction of the hard aperture. They can

be suppressed by apodising the illuminating beam. This can easily be achieved in
practice by illuminating the axicon with a Gaussian beam [6, 7], with the axicon
placed at the beam waist (figure 5.7). If the waist size, Wo, is the same as the radius
of the hard aperture R, the on-axis intensity fluctuations are still pronounced. But
for wo < R/2 the on-axis intensity varies smoothly (see curve (c) in figure 5.8).
As very little of the Gaussian's intensity is blocked by the hard aperture, this 'soft
aperture' illumination is also the most efficient way to generate a Bessel beam.

0 « (n — 1)7, (5.9)

Figure 5.7. An axicon (A), with cone angle 7 and hard aperture (H) of radius R, is
illuminated by a Gaussian beam (G) of waist wo. The generated beam approximates
to a Bessel beam (B) within the shaded region.
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Figure 5.8. On-axis intensity for various experimental approximations of a Bessel
beam with ro = 18.1 /Lzm. An axicon with a hard aperture of radius R = 150 [im is

illuminated (a) with a plane wave and (b) with a Gaussian with beam waist equal
to the hard aperture wo = 150 //in. (c) The same Gaussian is used to illuminate an

axicon which effectively has no hard aperture (R = 400 /zm).

5 10 15

Propagation distance [mm]

5.3.4 Computer generated holograms

Computer generated holograms offer another simple and more flexible way to gen¬

erate Bessel beams efficiently. The simplest hologram uses a binary amplitude
coding for the radial phase function <f>(r) = —krr of the zeroth-order Bessel beam
[8]. By recording regions defined by

n — 1/4 < <h(r)/27r < n + 1/4 (5.10)

where n is any integer, a pattern of transparent and opaque rings of equal width
is created. Similar to the multiple foci of a Fresnel zone plate, this hologram
does not generate one single Bessel beam, but several diffraction orders. These
diffraction orders of the hologram result in an on-axis superposition of different
beams. To separate the Bessel beam from these unwanted diffraction orders, an

additional spatial carrier frequency v has to be introduced in the phase term,
yielding ^carrier = 4(r) + 27tux. The resulting hologram pattern is shown in fig¬
ure 5.9a). When these holograms are illuminated by a plane wave or a Gaussian
beam, the first diffraction orders approximate to Bessel beams with a spot radius
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Figure 5.9. Computer generated Holograms for the production of zeroth-order Bessel
beams, a) Binary off-axis hologram, b) Gray scale (multi-level) on-axis phase holo¬

gram. After bleaching the dark regions correspond to higher phase shifts.

of r0 = 2.405//cr. The propagation distance can again be estimated geometrically
using equation (5.8). It has to be noted, however, that for these simple holograms
the useful propagation distance might be much shorter, as the different diffraction
orders first have to separate behind the hologram.

The problem of multiple diffraction orders can be minimised or even completely
avoided by use of phase holograms, making the use of an additional carrier fre¬
quency unnecessary [8, 9]. If a gray scale (multi-level) coding is used (figure. 5.9b))
and the hologram is then bleached to convert it into a phase hologram, it gener¬

ates a single diffraction order approximating to a Bessel beam. This type of phase
hologram is completely equivalent to an axicon. Its phase variation is simply given
by

<f>(r) = mod (2-7T — krr, 27r), (5-11)

that is, the radial phase shift rises linearly from 0 to 2n, and then is reset to 0.

Unlike the other methods mentioned so far, computer generated holograms
can also be used to generate higher-order Bessel beams directly from a Gaussian
beam [9, 10]. As for the zeroth-order beams, the radial phase function <L(r) can
be encoded binary (using a carrier frequency) or as a multi-level phase hologram,
leading to patterns similar to the ones used to generate Laguerre-Gaussian beams
(figure 5.10).
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Figure 5.10. Computer generated Holograms for the production of first-order Bessel
beams, a) Binary off-axis hologram, b) Multi-level on-axis phase hologram.

5.4 Discussion

5.4.1 "Non-diffracting" beams

Bessel beams are often referred to as "non-diffracting" light beams. This is a

somewhat misleading description, as their propagation characteristics are perfectly
predictable from conventional diffraction theory. Nevertheless, the experimental
approximations to Bessel beams have an extended propagation distance when com¬

pared with the Rayleigh range of a Gaussian beam of the same radius as the central
spot of the Bessel beam. For example, the first Bessel beam discussed by Durnin
et al. [2] had a central spot size of ro ~ 60 /im and propagated for zmax ~ 85 cm.
A Gaussian beam with the same waist size w0 and wavelength A = 633 nm has a

Rayleigh range of only zR = 1.7 cm. However, one has to note that the full Bessel
beam profile does not only consist of the central peak but many surrounding rings.
In actual fact the maximum propagation distance zmax of the experimental Bessel
beam depends strongly on the number of its rings and therefore the full beam ra¬

dius. One might therefore argue [11] that zmax should be compared to the Rayleigh
range of a Gaussian beam with the same radius as the full Bessel beam. For ex¬

ample, the experimental Bessel beam mentioned above had an aperture of radius
R = 3.5 mm, and a Gaussian beam with this waist size has a Rayleigh range of
zr = 61 m, which is much farther than ,2max. This comparison makes the label
"non-diffracting" beam an obvious misnomer.

However, Bessel beams offer a small central spot size over an extended distance
and are therefore ideal for alignment purposes. They can also be seen as opti¬
cal beams with an enhanced depth of focus, which might be useful for imaging
applications as well as nonlinear processes like second-harmonic generation (see
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chapter 7).

5.4.2 Self-reconstruction

Another rather peculiar property of Bessel beams is their ability to reconstruct
their initial amplitude profile after being disturbed by an obstacle. Bouchal et al.
[12] used Babinet's principle to prove that the far-field intensity distribution of a
disturbed field is identical to the initial ideal Bessel beam. This highlights that
the energy in the central peak is not transported along the beam axis, but that
the energy of the central peak is actually supplied by the surrounding rings due
to the conical wave vectors. This energy flow along cones makes it easy to see

why Bessel beams can reconstruct their central intensity, and a simple geometric
approximation gives a good estimate for the length of the shadow zone behind the
object

Anin ~ ak/2kz, (5.12)

where a denotes the transverse dimension of the obstacle.

Self-regeneration might again be relevant for nonlinear processes, when pump

depletion attenuates the central peak of the Bessel beam.

5.5 References

[1] J. Durnin, "Exact-solutions for nondiffracting beams. I. The scalar theory," J.
Opt. Soc. Am. A 4, 651-654 (1987).

[2] J. Durnin, J. J. Miceli, and J. H. Eberly, "Diffraction-free beams," Phys. Rev.
Lett. 58, 1449-1501 (1987).

[3] A. J. Cox and D. C. Dibble, "Nondiffracting beam from a spatially filtered
Fabry-Perot resonator," J. Opt. Soc. Am. A 9, 282-286 (1992).

[4] J. H. McLeod, "The axicon: a new type of optical element," J. Opt. Soc. Am.
44, 592-597 (1954).

[5] G. Indebetouw, "Nondiffracting optical-fields — some remarks on their anal¬
ysis and synthesis," J. Opt. Soc. Am. A 6, 150-152 (1989).



5.5. REFERENCES 65

[6] R. M. Herman and T. A. Wiggins, "Production and uses of diffractionless
beams," J. Opt. Soc. Am. A 8, 932-942 (1991).

[7] R. M. Herman and T. A. Wiggins, "Apodization of diffractionless beams,"
Appl. Opt. 31, 5913-5915 (1992).

[8] J. Turunen, A. Vasara, and A. T. Friberg, "Holographic generation of
diffraction-free beams," Appl. Opt. 27, 3959-3962 (1988).

[9] A. Vasara, J. Turunen, and A. T. Friberg, "Realization of general nondiffract-
ing beams with computer-generated holograms," J. Opt. Soc. Am. A 6, 1748-
1754 (1989).

[10] C. Paterson and R. Smith, "Higher-order Bessel waves produced by axicon-
type computer-generated holograms," Opt. Comm. 124, 121-130 (1996).

[11] M. R. Lapointe, "Review of nondiffracting Bessel beam experiments," Optics
& Laser Technology 24, 315-321 (1992).

[12] Z. Bouchal, J. Wagner, and M. Chlup, "Self-reconstruction of a distorted
nondiffracting beam," Opt. Comm. 151, 207-211 (1998).



Chapter 6

Experimental realisation of Bessel

beams

6.1 Introduction

During the course of this thesis, all the different experimental methods mentioned
in the previous chapter (apart from the Fabry-Perot etalon) have been used to
generate approximations to Bessel beams.

The annular slit has been used for a simple undergraduate experiment, as it
offers an inexpensive method to generate approximations to a Bessel beam. The
only non-standard optical component needed to set up this experiment is the ac¬

tual annular slit, which can easily be produced by photoreducing a laser print-out
onto high contrast photographic film. The experimental setup then allows the stu¬
dents to investigate the "diffraction-free" propagation and the self-reconstruction
of disturbed Bessel beams [1].

Computer generated holograms in all different varieties, on- and off-axis, am¬

plitude and phase, have been designed and tested. The zeroth-order Bessel beam
used for the second-harmonic experiment (chapter 7) was generated by an on-axis
phase hologram.

Axicons have been used in the two novel experiments discussed in this chapter.
In the following section the experimental generation of Bessel beams for millimetre
waves is discussed. The second part of this chapter presents a novel method to

generate higher-order Bessel beams by use of an axicon.
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6.2 Millimetre-wave Bessel beams

Most of the experimental work involving Bessel beams to date has been done with
electromagnetic waves at optical frequencies. In the following the experimental
generation of Bessel beams for millimetre waves is discussed. In this wavelength
region, the paraxial approximations used for optical frequencies are no longer ap¬

plicable and the full vectorial wave equation has to be considered.

The experimental setup used is shown in figure 6.1. The mm-wave source is a

InP Gunn diode oscillator mounted within a resonant cavity, with a peak output

power of 10-20 mW. Adjusting the dimensions of the cavity tunes the linearly
polarised output from 72 to 95 GHz, which corresponds to wavelengths between
3.2 mm and 4.2 mm [2], The circular-aperture, corrugated feed-horn produces a
98% pure HGoo beam with Rayleigh range of 50 mm [3]. This beam is collimated
using a polyethylene lens that produces a Gaussian beam with a beam waist of
radius wq = 20 mm in the plane of the 90 mm diameter axicon. The axicon itself
has an external cone angle of 7 = 32° and is also made from polyethylene with a

refractive index of n = 1.52. To reduce any problems associated with reflections
and standing waves, both the collimating lens and axicon are textured with A/4
deep grooves that act as an anti-reflection coating.

To calculate the opening angle of the generated conical wave one can not use the
paraxial approximation given earlier (eq. (5.9)) but has to use Snell's Law without

Collimating lens

Figure 6.1. The experimental configuration for obtaining and measuring the Bessel
beam at millimetre-wave frequencies.



6.2. MILLIMETRE-WAVE BESSEL BEAMS 68

the small angle approximations to find

0 = arcsin(nsin7) — 7 . (6.1)

For the given experimental parameters a beam with 0 = 21° and consequently kr =
0.37/co is generated. The resulting beam should therefore be a close approximation
to a Bessel beam [4] with a centre spot size (FWHM) of approximately 3.5mm (see
eq. (5.5)) and a range of approximately 60mm (eq. (5.8)). However, one has to note
that the size of the centre spot is only slightly larger than the wavelength of the
beam (3.3 mm for a 90 GHz beam), which implies that the experimental situation
discussed here is far away from the paraxial limit. Rather than using Durnin's
solutions found for the scalar wave equation a full vector wave treatment of the
electromagnetic field is needed under these conditions. This has been pointed out

previously by Mishra [5], who found that the contrast of the rings decreases for the
full vector solution. The radius of the centre spot and the ring spacing, however,
hardly differs from that of Durnin's paraxial solution (eq. (5.1)). Therefore, the
equation for the spot size derived in the paraxial approximation should still give a

good estimate in our experimental situation.

The profile of the experimentally generated beam can be measured in various
planes after the axicon using a diode detector mounted on an x-y scanning stage.

Figure 6.2 shows some of the measured intensity cross sections as a function of
distance from the axicon. The measured FWHM of the centre spot is 4 mm and
the range exceeds 70 mm. The slight discrepancy between the predicted and the
measured spot size is mainly due to the point spread function of the detector.
Furthermore, the equations for the optical case were derived within the paraxial
limit and not the full electromagnetic vector field as discussed above.

The centre spot size of the Bessel beam is 4 mm in diameter (FWHM) which is
only slightly larger than the wavelength of the beam and the observed propagation
distance exceeds 70mm. A Gaussian beam of the same wavelength and FWHM has
a Rayleigh range below 10 mm. This comparison illustrates clearly the increased
depth of field of a Bessel beam. Beams of this type may be useful within imaging
applications where the short Rayleigh range of a Gaussian beam of similar spot
size would lead to a poor depth of field.

The work presented in this section has been published in reference [6].
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z = 0 mm
without axicon

z = 10 mm

z = 40 mm

Figure 6.2. The measured cross-sections of the generated Bessel beam. The trans¬

verse dimension of the scanned square is 60mm and the intensity units are normalised
with respect to the incoming beam.
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6.3 A novel method to generate higher-order

Bessel beams

Most of the Bessel beam experiments only consider the zeroth-order beam. Amongst
all the different methods discussed in chapter 5, only computer generated holograms
can be designed to produce approximations to higher-order Bessel beams. For most
of the applications of 'non-diffracting' beams, however, the first-order beams are

much better suited. If the beam is used for alignment purposes, the on-axis zero

of a higher-order beam is easier to align than the bright central maximum of the
zeroth-order beam. Most recently, our group proposed to use higher-order Bessel
beams for atom guiding [7], offering advantages over other 'hollow' light beams due
to their 'non-diffractive' nature and the fact that the radius of central minimum

can be of the order of the wavelength of light (chapter 9). In the following a sim¬
ple, efficient technique for generating higher-order Bessel beams by illuminating an

axicon with a Laguerre-Gaussian beam is presented.

6.3.1 Higher-order Bessel beams

The electric field amplitude of a Ith order Bessel beam is given by

where J; is the Rh-order Bessel function, and Ay and Ay are the longitudinal and
radial components of the free-space wavevector, such that k = 2ir/\ = \Jk2z + k2.
The zeroth-order beam has a central maximum, whereas all the higher-order beams
have zero on-axis intensity surrounded by concentric rings of light. The central
zero of the higher-order Bessel beams is due to the phase singularity of charge I
associated with the azimuthal phase term exp (il(f>). The radius of the inner ring
increases with the order /, as it is determined by the position pi (table 6.1) of the
first maximum of the Rh-order Bessel function:

The transverse spectrum of Bessel beams as observed in the back focal plane of a
lens, on the other hand, does not seem to change at all. Regardless of their order I,
the intensity spectrum is always a ring of radius Ay. It is only the azimuthal phase
variation exp(z'/</>) across this annular spectrum that distinguishes the different
order Bessel beams.

Ei(r,cj),z) = Aexp(ikzz)Ji(krr) exp (ilcj)) (6.2)

r, = p. (6.3)
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Order I Pi

1 1.841

2 3.054

3 4.201

4 5.318

Table 6.1. Position pi of the first maximum of some Bessel functions J;.

This fact can be exploited for the generation of higher-order Bessel beams.
All the experimental methods to generate zeroth-order Bessel beams that were

discussed in chapter 5 convert an illuminating beam with plane wavefronts into a

beam with an annular spectrum. If the illuminating plane wave is replaced by a

beam with an azimuthal phase variation exp(il(j>), its azimuthal phase is conserved
in the transformation, as only circular symmetric elements are involved. Thus the
generated beam will have an annular transverse spectrum with an azimuthal phase
variation, which gives an approximation to a Bessel beam of order I.

6.3.2 Axicon illuminated by a Laguerre-Gaussian beam

An illuminating beam with an azimuthal phase variation is best described in terms
of Laguerre-Gaussian modes. They form a complete orthonormal basis set for
paraxial light beams and are characterised by two indices I and p (chapter 1). The
azimuthal mode index I describes the charge of the phase singularity. For radial
mode index p = 0 the intensity cross-section of any modes with I > 0 is a single
annulus, and the electric field amplitude at the beam waist is given by

E(r, <fi, 0) = A (2r2/wqY^2 exp(—r2/wq) exp(—ilcf)), (6.4)

where w0 is the waist size of the mode.

If a single-ringed LG mode with azimuthal mode index I is used to illuminate
an axicon, an approximation to a Bessel beam of order I is generated (figure 6.3).
Figure 6.4 shows the intensity profile of a beam generated by an axicon illuminated
with a / = 1 Laguerre-Gaussian beam as calculated by the beam propagation pro¬

gram (Appendix C). The peak intensity varies smoothly with propagation distance,
similar to the case of an axicon generated soft-apertured zeroth-order Bessel beam
(figure 5.8c))
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Axicon High-order

Laguerre Gaussian
beam

Aperture

Figure 6.3. When an axicon is illuminated with a Laguerre-Gaussian beam instead
of a plane wave, the beam in the shaded region approximates to a higher-order Bessel
beam.

6.3.3 Mathematical analysis

A rigorous mathematical analysis of the conversion of a Laguerre-Gaussian beam
into a Bessel beam can be performed using the principle of stationary phase, com¬
pletely analogous to the discussion for axicon-type holograms outlined in reference
[8]. The electric field amplitude behind an axicon illuminated with a single-ringed
Laguerre-Gaussian beam (i.e. p = 0) can be described by use of the Fresnel diffrac¬
tion integral as

The integration over the azimuthal angle <p' can be performed easily, immediately
giving rise to a /th-order Bessel function:

x / exp(—ilcf)) exp (—ikr'r cos((j) — <$>')/z) d(f)'
Jo

(6.5)

! r*
E(r, <fi, z) = —— exp (ik(z + r2/2z)) exp(—ilcf)) / fi(r')exp(—ik/j.(r'))dr', (6.6)i\z ,/n0

where

fi(r') — 27t(—i)1A (^j2r'/wQ^ exp(—r'2/wl)r'Ji(krr'/z) (6.7)
and

(6.8)

The critical points r'c for the principle of stationary phase [9] in the r' integration are
the zeros of the first derivative of n{r'). There is only one critical point, r'c = krz/k,
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and the leading contribution of the integral then behaves as (see chapter 7 of ref.
[9], eq. (3-8))

f ft{r') exp(—ik[i(r'))dr' cc /,W , (6.9)Jo VM2)(^c)
where fi^(r'c) = l/z denotes the value of the second derivative of n{r') at the
critical point. The intensity in a transverse plane behind the axicon can therefore
be described by the following proportionality expression:

J(r, z) oc z2l+1 exp (~2z2/J2{krr), (6.10)

where the propagation distance 2max is defined as usual (eq. (6.11)). Close to the
optic axis, the beam generated by an axicon illuminated by a Laguerre-Gaussian
beam with azimuthal index I therefore approximates to a Bessel beam of order I.

6.3.4 Experimental results

For the experimental investigation Laguerre-Gaussian modes were produced by use

of computer generated holograms. A selection of holograms was used to generate
single-ringed beams of different azimuthal index from I = 1 to 4 with an efficiency
of about 30%. The holograms were illuminated with the Gaussian output of a
linearly polarised He-Ne laser, generating Laguerre-Gaussian beams with a waist
size of Wq = 3 mm. The axicon was placed at the beam waist of the illuminating
LG beam and a hard aperture of radius R = 6 mm was used to filter out the other
diffraction orders of the hologram. The axicon had an internal angle of 7 = 1°,
generating a beam with an annular transverse spectrum of radius kr ~ k(n — 1)7,
where n = 1.5 is the refractive index of the axicon. The propagation distance of
the generated Bessel beam can again be estimated geometrically to be

k
zmm = —wQ. (6.11)

kr

The intensity cross-sections of the generated Bessel beams were examined by
magnifying the beam using a xlO microscope objective and then recording it on a

CCD camera. Bessel beams with orders I = 1 to 4 were generated. Their profile and
propagation distance agreed closely with the numerical simulations and equation
(6.11). The radius of the inner ring of the generated first-order Bessel beam was

only 77 = 21.2 pm and it propagates about 2max = 29 cm without any spreading.
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Figure 6.5. Experimental beam cross-sections (355 fim x 355 /zm) of Bessel beams of
order I = 1 to 4 (from left to right) at a distance z = 14 cm behind the axicon. The
radial profiles shown are the average of 40 azimuthal sections. They are in excellent

agreement with the calculated profiles which are also shown. The radius of the inner

ring increases with the order from r\ — 21.2 /zm to r4 = 61.2 /zm.

A single-ringed Laguerre-Gaussian beam with I = 1 and the same ring size at its
waist would have a Rayleigh range of only about 4 mm.

Figure 6.5 shows the profiles for different order beams at the same distance be¬
hind the axicon. The averaged radial profiles of the beams are also shown together
with the theoretical intensity profile. The measured radii are in perfect agreement
with the values predicted by equation (6.3) and the averaged profiles almost coin¬
cides with the calculated intensity profile. The alignment of the axicon gets more

critical the higher the order of the Bessel beam, as higher order vortices tend to
break apart into I single vortices of charge one if there is any astigmatism present
in the optical system [10].

The Laguerre-Gaussian beam illuminating the axicon is hardly apertured and
therefore its conversion into a Bessel beam is almost 100% efficient. In the exper¬

iment presented here, the overall efficiency is obviously limited by the computer
generated holograms used to produce the LG beams. However, as was pointed out
in the first chapter, there are more efficient methods to generate LG beams. By
use of an open-cavity laser emitting Hermite-Gaussian modes which then is con¬
verted into LG modes with a simple cylindrical lens mode converter [11] the overall
efficiency could approach 100%.
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6.4 Conclusions

A novel efficient technique has been demonstrated which allows the generation
of Bessel beams of arbitrary order I by illuminating an axicon with a Laguerre-
Gaussian light beam of azimuthal index I. Experimentally, high-order Bessel beams
from Jx to J4 were generated by use of this technique.

Most notably, this straightforward conversion of LG into Bessel beams could be
used for atom guiding. By drilling a hole through the centre of the axicon atoms
can be channelled into the central minimum of the high-order Bessel beam which
forms a long narrow optical guide for the atoms. This will be discussed in more

detail in chapter 9.

The work presented in this section has been accepted for publication in Optics
Communications.
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Chapter 7

The efficiency of second-harmonic

generation with Bessel beams

7.1 Introduction

Second-harmonic generation in a nonlinear optical crystal is used widely to convert
the near infrared output of Nd+ lasers into the visible. For a plane wave input
beam, in absence of depletion, the single-pass efficiency is proportional to the
beam intensity and the square of the crystal length. For a pump beam of finite
diameter, the optical intensity is increased when the light is focused and so the
conversion efficiency is improved. If the beam is focused too strongly, however,
rapid divergence on either side of the focus means that the resulting intensity is low,
which yields a lower overall conversion efficiency. For a Gaussian pump beam there
is therefore an optimum focusing condition, commonly known as Boyd-Kleinman
focusing [1],

If the diffraclive spread of the fundamental beam could be overcome, the high
intensity would be retained over a greater distance and the conversion efficiency
correspondingly increased. This can be achieved with the use of optical waveguides
[2], and in this context the use of 'non-diffracting' Bessel beams seems also very

promising. In 1997, Shinozaki et al. [3] predicted that Bessel beams could achieve
a higher conversion efficiency than optimally focused Gaussian beams. However,
the analytic approach used in their work neglected the on-axis intensity variation
of laboratory generated Bessel beams. To investigate more realistic pump beams
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a computer model was developed which not only considers the correct intensity
variation of the central maximum, but takes the entire beam cross-section into
account. This model was tested by reproducing the results of an earlier paper
for Gaussian pump beams and by experimentally verifying the predicted phase-
matching characteristics for Bessel beams. In contrast to Shinozaki's prediction,
our calculations show that the conversion efficiency of a Bessel beam is always less
than that of an optimally focused Gaussian beam.

7.2 Second-harmonic generation

7.2.1 Coupled wave equations

The effect of an optical medium on the electromagnetic field is usually described
using the polarisation P. For light fields that are not very intense this polarisation
is proportional to the electric field that induces it. But for high light intensities,
nonlinear contributions to the polarisation can not be neglected and optical prop¬
erties of the medium, such as its refractive index, become a function of intensity.
Consequently, the wave equation becomes nonlinear and the principle of superpo¬
sition no longer holds. That is, in nonlinear media light waves interact with one

another, enabling the exchange of energy between a number of electromagnetic
fields of different frequencies. If the nonlinear contribution to the polarisation is
proportional to the square of the electric field amplitude, as will be assumed in
the following, then there are in general three interacting waves with frequencies
fulfilling the relation uq + u;2 = o>3.

In the case of second-harmonic generation part of the energy of an optical wave
of frequency u propagating through a nonlinear crystal is converted to that of a
wave at 2u>. In the simplest experimental realisation, two of the three fields are

completely degenerate (uq = lo2 = u>), and one only has to consider two distinct
fields, labelled the fundamental and the harmonic field. Instead of using the actual
electric field E, they are better described in terms of their slowly varying envelope
E, which is defined by

E = Eexp(—i(u>t — kz)). (7.1)

Second-harmonic generation can then be described by a pair of coupled paraxial
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wave equations for the field envelopes EF and EH-

Ief = -l-W2TEF + id-^—E*FEHe-iAkz (7.2)oz 2kF 2e0cnF

lEH = -L-V*TEH + id-^—EFEFe+lAkz (7.3)oz Zkn Zeqctih

where AA; = 2kF — kH is the phase mismatch of the axial wavevector and d is the
effective nonlinear coefficient. The first term on the right hand side arises from the
diffractive spreading, the second term represents the pump depletion (eq. (7.2))
and the second-harmonic polarisation (eq. (7.3)), respectively.

7.2.2 Phase-matching

For the energy transfer between the interacting electromagnetic fields to be efficient,
not only do they have to fulfil the conservation of energy

LO\ -f- U)2 = LO3 (7-4)

as mentioned before, but also the conservation of momentum

kx + k2 = k3 . (7.5)

This equation is usually referred to as phase-matching condition and is often ex¬

pressed in terms of refractive indices. Using ki = rii(ui) Ui/c and assuming that
the waves are collinear, it can be rewritten as

ni(ui)ui +n2(u2)u2 = n3(L03)u>3 . (7.6)

This condition can easily be fulfilled in birefringent media, where the refractive
indices do not only depend on the temperature of the crystal and the frequency of
the waves, but also on their polarisation and propagation direction.

There are two different approaches to achieve phase-matching: 'Critical' phase-
matching uses the angle 0 between the optic axis and the propagation direction to
achieve phase-matching. Alternatively, the propagation direction can be fixed at
0 = 90° and the phase-matching is then adjusted by use of the crystal temperature.
This 'non-critical' phase-matching has the advantage of avoiding 'walk-off' effects
and giving refractive indices which can be regarded, in the first approximation, to
be isotropic for paraxial beams.

Furthermore, two different types of phase-matching can be distinguished de¬
pending on the polarisation of the waves. For frequency conversion, the three
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interacting fields are never all of the same polarisation but one is always perpen¬

dicular to the other two. If the two incoming waves have the same polarisation it
is termed type I, if they have orthogonal polarisation it is termed type II phase-
matching.

The experiment discussed later on in this chapter uses non-critical type I phase-
matching. This corresponds to the simplest case of phase-matching, as the two
fundamental fields Ei and E2 are completely degenerate (same polarisation and
frequency) and collinear with the harmonic field E3.

7.2.3 Modelling of second-harmonic generation

To investigate the conversion efficiency for Bessel beams, the differential equations
describing second-harmonic generation (eq. (7.2) and (7.3)) were solved numeri¬
cally using a split-step Fourier method. This is similar to a method that was first
proposed by Sheng and Siegman [4] and is discussed in some detailed in appendix
C. Within the paraxial approximation, this algorithm allows the analysis of second-
harmonic generation with arbitrary monochromatic input beams. It is therefore
straightforward to compare the conversion efficiency of a Gaussian beam with that
of a Bessel beam. The model was restricted to the simplest experimental situation,
namely a non-critically phase-matched crystal. The birefringence and anisotropy
of the nonlinear medium could therefore be neglected. All the numerical results
presented in the rest of this chapter assume a fundamental beam with wavelength
A = 1064 nm, and the nonlinear coefficient and refractive index were chosen to
match the experimental situation using a lithium triborate (LBO) crystal.

Before the second-harmonic generation with Bessel beams was considered, the
model was first tested for some limiting cases with known analytical solutions,
namely plane waves and focused Gaussian beams.

7.3 Conversion efficiency for plane waves

7.3.1 No pump depletion

If one only considers plane waves propagating collinearly in z-direction, the analysis
of the coupled wave equations is simplified considerably, as the diffractive terms
vanish. If one further assumes that the depletion of the input wave at u is negligible



7.3. CONVERSION EFFICIENCY FOR PLANE WAVES 82

and that there is no input at 2u>, one can integrate equation (7.3) to obtain the
output field at the end of a crystal of length I:

I piAkl _ i

Eh = 2iu El ... . (7.7)
eocriH iAk

The conversion efficiency is defined as the ratio of second-harmonic output to funda¬
mental input power. By relating the second-harmonic field to the output intensity
by use of

Ih = \YEh?'
the conversion efficiency ??shg is found to be

pH „{vY/2^d\2 . 2fAkl\T ,„0.
"shg = =8 U) smc <7-8)

Two important points to note are that the conversion efficiency for plane waves

is proportional to the intensity If of the fundamental beam (figure 7.1a) and also
to the square of the crystal length /. For perfect phase matching the conversion
efficiency reaches its absolute maximum, but for Ak ^ 0 it falls off according to
the sine2 factor (figure 7.1b).

7.3.2 Depleted input beam

In the previous section it was assumed that the depletion of the fundamental field
is negligible, allowing one to consider EF(z) as constant. This is obviously only a
valid approximation as long as the conversion efficiency is very small, i.e. t]shg
1. For the case of plane waves, however, even the full coupled wave equations
with depletion taken into account can be solved analytically [5]. If perfect phase
matching Ak = 0 is assumed it is found that the conversion efficiency is given by

Vsmg = tanh2 ^23/2dun~3p ■ (7-^)
After the initial linear rise seen in the previous section the conversion efficiency
asymptotically approaches unity (figure 7.2).

7.3.3 Modelled results

As an initial test for the model the analytical results for plane waves were repro¬

duced by numerical simulations. As the model assumes a limited aperture it can



7.3. CONVERSION EFFICIENCY FOR PLANE WAVES 83

Figure 7.1. Conversion efficiency for a well collimated Gaussian beam as a function
of a) input power and b) phase mismatch Ak.

not be used to propagate plane waves. However, plane waves can be seen as an

idealisation of a well collimated Gaussian beam. Figure 7.1a) shows the conversion
efficiency for the case of negligible depletion for a Gaussian beam with a Rayleigh
range zr = 1.11 m and a crystal of length I = 1 cm. The conversion efficiency
rises linearly as predicted by equation (7.8). However, as the intensity of Gaussian
beams varies across the beam cross-section, one has to use an averaged value for
the intensity, IF « Pf/(2t:uJq), where PF is the power of the Gaussian beam, to
get the correct slope.

Figure 7.1b shows the phase-matching curve for the same beam. Again, the
modelled data agrees perfectly with the analytical expression.

When pump depletion has to be taken into account, there is some discrepancy
between the modelled results and the analytic equation (7.9). Although the mod-

Input power [MW]

Figure 7.2. Conversion efficiency for a well collimated Gaussian beam with depletion
taken into account.
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elled data shows to same general behaviour, the conversion efficiency in the case of
high pump depletion is lower than expected (figure 7.2). But this is not too surpris¬
ing, seeing that well collimated Gaussian beams do not have a uniform intensity as

do the plane waves for which the analytic expression was derived. The central part
of the pump beam therefore experiences more depletion than the wings, leading
to a decrease in conversion efficiency. To find a more accurate expression for the
conversion efficiency using Gaussian beams, the actual beam profile has to be taken
into account.

7.4 Second-harmonic generation using focused

Gaussian beams

All the results presented so far have been derived for the limit of plane waves.

Experimentally, however, one is working with beams of a finite cross-section which
usually can be described as Gaussian beams. In 1968, Boyd and Ivleinman per¬

formed an extensive study of the nonlinear interaction of Gaussian light beams
[1]. Amongst many other things, they calculated the expected output power and
identified the conditions for optimum conversion efficiency for second-harmonic
generation. Their treatment is fairly general, allowing for birefringence and absorp¬
tion. The following outline is a simplified version appropriate for the experimental
situation that was investigated with our model.

The electric field amplitude of a monochromatic Gaussian beam is given by

E(r, t) = Eq exp(—i arctan(z/zr)) exp(—r2/w(z)2) exp (—i(u>t — kz))

where w(z) is the beam radius, k = 2-kti/X is the modulus of the wavevector k
and zr is the Rayleigh range, the distance from the waist at which the beam area

has doubled. The beam is fully characterised by its frequency u, its power P, its
Rayleigh range zr, the position of its waist and its direction relative to the crystal
axis. The last three parameters are 'optimisable' to increase the conversion effi¬
ciency, where the propagation direction is useful for controlling the phase-mismatch

The Gaussian fundamental beam is focused into a nonlinear crystal as shown in
figure 7.3. Note that all the beam parameters refer to the beam within the crystal.

(7.10)
with

Ak.
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Figure 7.3. A Gaussian beam is focused into a nonlinear crystal of length I.

For crystals with negligible absorption the optimum position of the beam waist
is the centre of the crystal, but the output power then still depends critically on

the focusing parameter £ = l/(2zR), the ratio of crystal length I to the confocal
parameter b = 2zr. When the beam is focused into the crystal, the intensity at
its waist increases and so does the conversion efficiency. However, the tighter the
beam is focused the faster its diffractive spreading, leading to a drop in conversion
efficiency on either side of the focus. So there must be some optimum focusing
parameter.

Boyd and Kleinman investigated this problem analytically by substituting the
Gaussian field amplitude into the partial differential equation describing the in¬
crease in the harmonic field (eq. (7.3)). In the case of negligible pump depletion
they derived an analytic expression for the output power as a function of the fo¬
cusing parameter £. They found that for any given focusing parameter there is a

single optimum phase-matching condition, which in general does not correspond to
the ordinary phase-matching condition Ak = 0. More importantly, they identified
the optimum focusing parameter, which in the case of negligible birefringence was

£ = 2.84 or zR = lf5.68. (7.11)

For a phase-mismatch of

Ak^ 3.2/1 (7.12)

this Gaussian beam achieved an efficiency of

- i nr° 1 (M3/2 IP (7 i?lnBK - 1.068— P-i3)

From a practical point of view it is important to notice that under optimum
focusing conditions the conversion efficiency is only proportional to the crystal
length I and not to its square as for plane waves.
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7.4.1 Pump depletion

Boyd and Kleinman's analytic approach is only valid in the case of negligible pump

depletion. But numerical studies [6] revealed that their optimum values for focusing
parameter and phase mismatch also yield the highest conversion efficiency when
depletion has to be taken into account. The conversion efficiency as a function of
pump power has the same qualitative behaviour as for a plane wave pump, and
White et al. [6] derived a semi-empirical expression for the optimum conversion
efficiency:

Figure 7.4 shows that the numerical results can be described pretty accurately
with the above equation. It is worthwhile to compare the conversion efficiencies
shown in this figure with the ones achieved with a collimated Gaussian beam (see
figure 7.2, where a 1 MW pump beam gives only 7% conversion efficiency).

(7.14)
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Figure 7.4. Conversion efficiency for an optimally focused Gaussian beam with

depletion taken into account.
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7.5 Second-harmonic generation using

Bessel beams

7.5.1 Axicon generated Bessel beams

Bessel beam field distributions have an intensity profile which does not change
with propagation, and are therefore termed 'diffraction free' [7]. As was discussed
in chapter 5, the lowest order Bessel beam has an electric field amplitude described
by

E(r, t) = Jo{krr) exp (—i(wt — kzz)) , (7-15)

where Jo is the zeroth-order Bessel function and kr and kz are the radial and
longitudinal components of the wavevector k.

Chapter 5 also presented possible experimental approximations to an ideal
Bessel beam. Although the second-harmonic generation has been modelled for
several of these approximations, only the most promising one, namely the 'soft-
apertured' axicon generated Bessel beam, is considered in the following. The axi¬
con, or its holographic equivalent, is illuminated with a Gaussian beam with a waist
size wo smaller than half the radius of the hard aperture R, i.e. w0 < R/2. As very
little of the Gaussian's intensity is truncated by the hard aperture, this is the most
efficient way to generate a Bessel beam and there are no rapid intensity oscillations
of the central spot. The amplitude of these 'soft-apertured' Bessel beams directly
after the axicon given by

J Eq exp(-r2/w20) exp(-ikrr) exp (~i(ut - kz)) r<R,E(r, t) — \ (7.16)
^0 r > R,

where the radial component of the wavevector kr = k{n — 1)7 is determined by
the cone angle 7 and the refractive index n of the axicon. O11 propagation, the
amplitude near the axis of such a beam approximates to a Bessel beam [8]. To
estimate its propagation distance it is convenient to replace the radius of the hard
aperture R in the geometric estimate given previously (eq. (5.8)) with the radius
of the soft aperture, iu0:

lkl k
W = w„- =—(7.17)

This estimate for zmax is somewhat arbitrary, as the on-axis intensity varies smoothly.
It gives the approximate distance at which the on-axis intensity drops to half its
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maximum value, whereas the Bessel-like profile close to the optic axis is retained
for almost twice this distance. This value of zmax may be used as one of the charac¬
terising parameters of the laboratory generated Bessel beams. It has to be used in
addition to the single parameter defining an ideal Bessel beam, namely the radial
wavevector Ay, or equivalently, the radius of the central spot r0.

7.5.2 Phase-matching of Bessel beams

As pointed out in chapter 5, Bessel beams are a superposition of an infinite number
of plane waves whose wavevectors k lie on a cone. The corresponding wavevectors
have all the same longitudinal component, Ay, and a radial component, Ay, such
that k2 + k% = k2. This gives rise to two distinct phase-matching geometries.
First, collinear phase-matching of wavevectors with the same radial component
generate second-harmonic output on a cone similar to that of the fundamental
beam (figure 7.5 a)). This gives a ring in the far-field. Second, a noncollinear phase-
matching, where wavevectors with the opposite radial components generate second-
harmonic output along the beam axis and give a single on-axis output in the far-field
(figure 7.5 b)). Either case can be selected by choice of the appropriate phase-
matching conditions. Collinear phase-matching occurs for Ak « Om-1, whereas a

'phase-mismatch' of Ak = 2(k — Ay) ~ k2/k yields noncollinear second-harmonic
generation.

Figure 7.5. Two distinct phase-matching geometries for Bessel beams, a) Collinear

phase-matching generating second harmonic with an annular far-field, b) Non¬
collinear phase-matching generating an axial harmonic field.

Figure 7.6 shows the calculated second-harmonic power as a function of phase-
mismatch Ak. Clearly, the conversion efficiency peaks for the two special phase-
matching geometries discussed above, giving higher conversion in the noncollinear
case. However, there is also some second-harmonic light for phase-mismatches
Ak in between these two extrema. In these cases the phase-matching has to be
discussed fully in vectorial form [9, 10]. It is found that the second-harmonic is still
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1.0

Phase mismatch Ak [m1]

Figure 7.6. The calculated second-harmonic generation efficiency as a function of
the phase-mismatch. The crystal length was taken to be I = 20 mm and the Bessel
beam had a spot size of ro = 11.9 /um and a 'waist' size of wo = 300 /xm. The first

peak corresponding to collinear phase-matching is at Ak = 100m_1, the main peak
at Ak = 4250 m-1.

generated on a cone similar to the collinear case, but with a smaller opening angle.
This becomes very apparent looking at the far-field intensity cross-section of the
second-harmonic light. Figure 7.7 shows some calculated intensity cross-sections
at the exit surface of the crystal and in the far-field. The annular far-field pattern
contracts towards the optic axis and its width increases as the phase-mismatch Ak
is raised.

The separation of the two maxima of the phase-matching curve is determined
by the radial component of the wavevector kr, whereas their width is mainly deter¬
mined by the phase-match bandwidth of the crystal. Similar to the case of plane
waves, where the central maximum of the sine2 function had a width of Ak = r/Z,
the longitudinal phase-matching requirement leads to a phase-match bandwidth in¬
versely proportional to I. Figure 7.8 shows the phase-matching characteristics for
the same beam for different crystal length I. As the crystal length is decreased,
the peaks broaden and eventually merge into one very broad maximum. The two
distinct phase-matching conditions are therefore only visible if the radial wavevec¬
tor is bigger than the spread in the longitudinal phase-matching determined by the
crystal length.
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Figure 7.7. Calculated normalised intensity cross-section of the fundamental (left)
and the second-harmonic field for different phase-mismatches Ak corresponding to

figure 7.6. The upper row shows the cross-section when the beam is leaving the

crystal, the lower row the far-field pattern.
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Figure 7.8. Calculated phase-matching characteristics for different crystal lengths I
and consequently different phase-matching bandwidth (314 m-1, 628 m_1, 785 m-1
and 2094m-1, respectively). To make the different curves more equal in magnitude
the graph actually shows the second-harmonic power per unit of crystal length P/l.
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7.5.3 Experimental verification of phase-matching condi¬

tions

The phase-matching conditions for second-harmonic generation using a Bessel beam
were also investigated experimentally. A temperature-tuned type I, non-critically
phase-matched lithium triborate (LBO) crystal was used to verify the predictions
of the numerical model. The experimental setup is shown in figure 7.9. The
Bessel beam was produced using a computer generated hologram illuminated by
the Gaussian output of a commercial Nd:YAG laser (A = 1064 nm). To ensure that
the two phase-matching conditions were sufficiently different to be distinguishable,
a Bessel beam with a large Ay and consequently a small spot size had to be used.
The holographically generated Bessel beam was therefore demagnified by a factor
of 7, reducing the radius of the central spot within the crystal to r0 = 11.9 yum. The
relative intensity of the second-harmonic light was measured using a photo multi¬
plier and intensity cross-sections were recorded using a CCD camera. Figure 7.10
shows the experimentally observed second-harmonic output power as a function of
the phase-matching temperature. The phase-mismatch corresponding to a partic¬
ular temperature can be calculated using the refractive indices of the LBO crystal
given by the Sellmeier equations [11]. This allows a direct comparison with the
modelled data which is also shown in the figure. The modelled results show very

good qualitative agreement with the observed data, confirming the accuracy of our
model.

Figure 7.11 shows four experimental intensity cross-sections of the second-
harmonic light. The pictures show good qualitative agreement with the calculated
far-field patterns. Although they were taken only about 10 cm behind the crystal,
this distance is greater than zm&x, and thus the recorded intensity cross-section is

Figure 7.9. A fundamental Gaussian beam illuminating a computer generated holo¬

gram (axicon) produced an approximation to a Bessel beam. After reducing the
central spot size with a telescope this beam was used to generate second harmonic
radiation in a LBO crystal.
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Figure 7.10. (a) Experimentally observed second-harmonic power output against

phase-matching temperature and (b) the corresponding modelled results. The peak

separation (AT = 29K) corresponds to a phase-mismatch of Ak « 4150m-1.

similar to the actual far-field pattern. The radius of the annulus and its intensity
decreases as the temperature is tuned away from collinear phase-match. When
the second-harmonic light is generated in axial direction, the intensity increases
dramatically.

In a similar way, two distinct phase-matching geometries have been previously
reported for critical phase-matching, where two distinct phase-matching angles
were observed [12]. Another paper [10], published at a similar time as these results,

T= 152 °C
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Figure 7.11. Experimentally observed intensity cross-section of the second-harmonic

light as measured about 10 cm behind the crystal. The phase mismatch of the
last three cross-sections relative to the first one shown is 2100 m-1, 3560 m-1 and

4150m-1, respectively.
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presents experimental intensity cross-sections for second-harmonic generation in
periodically poled KTiOP04 (PPKTP).

7.5.4 Conversion efficiency for Bessel beams

The 'non-diffractive' nature of Bessel beams implies that the high peak intensity
is retained over a greater propagation distance than for a Gaussian beam and so

the degree of conversion close to the beam axis is increased. This has led to the
suggestion that Bessel beams may show greater conversion efficiency than Gaussian
beams [3]. However, a substantial part of the power of the Bessel beam is contained
in its outer rings, which because of their low intensity do not contribute much to
second-harmonic generation. It is not obvious which of these two effects will be
dominant and it is therefore unclear whether Bessel beams will actually achieve a

higher conversion efficiency.

In the case of a Gaussian pump beam, the conversion efficiency is maximised
by adjusting its Rayleigh range zr relative to the crystal length I and optimising
the phase-mismatch Ak. For a Bessel pump beam, it is similarly intuitive to set
its propagation distance zmax to be comparable to the crystal length [3]. However,
the propagation distance is not a generic property of Bessel beams (an ideal Bessel
beam would propagate for an infinite distance), but depends on the experimen¬
tal implementation. As pointed out previously, the peak intensity behaves quite
differently for the various experimental realizations and consequently the propaga¬

tion distance is often rather ill-defined. The following discussion assumes axicon
generated Bessel beams or their holographic equivalent (eq. (7.16)).

Figure 7.12 shows the variation of the peak intensity with distance z for several
Bessel beams with identical zmax but different spot size r0. The peak intensity rises
quite sharply after the axicon to its maximum value at about half of zmax, and
then drops off more slowly. In order to ensure that there is a high peak intensity
throughout the length of the crystal it is therefore sometimes advantageous not
to place the crystal directly behind the axicon, but a distance Az away. Another
point worth noting is the fact that beams with the same propagation distance zmax

have practically the same peak intensity. Therefore beams with a larger central
spot size r0 are more likely to achieve high conversion as they have more energy in
the central spot.

Apart from the central spot size ro there are alternative choices of parameters
characterising the experimental Bessel beam, such as the radial component of the
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Figure 7.12. Variation of the peak intensity as a function of the distance z from the
axicon. All the Bessel beam have the same propagation distance zmax = 13 mm but
different sizes ro of the central spot.

wavevector kr. In the following the ratio vjq/vq is used, which describes the trans¬
verse extent of the laboratory generated Bessel beam and is an approximate guide
to the number of its rings. Together with the maximum propagation distance as

defined by equation (7.17) this ratio characterises the axicon generated Bessel beam
completely. For example, the radial component of the wavevector is then given by

K = \J (2A05k(wo/ro))/^max •

Figure 7.13 shows the calculated optimum conversion efficiencies relative to that of
a Boyd-Kleinman focused Gaussian beam for several values of zmax as a function
of the ratio wq/tq. For each of these numerical results the phase-mismatch AA;
was adjusted to give the best conversion efficiency. Highest conversion is found to
be achieved for a propagation distance zmax which is only half the crystal length
while the illuminating Gaussian has to be about 25% bigger than the radius of the
central maximum:

AnaxA ~ 0-5 (7-18)
WQ/tq ~ 1.25 (7-19)

However, it transpires that the highest achievable conversion efficiency is still ~
10% lower than for a Boyd-Kleinman focused Gaussian beam of the same power.

It is found that the optimal ratios w0/r0 and zmax// are independent of crystal
length. The conversion efficiency scales linearly with the crystal length as in the
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wo,ro

Figure 7.13. Numerically calculated conversion efficiency relative to that of a Boyd-
Kleinman focused Gaussian beam as a function of the ratio wo/ro for a number of
fixed propagation distances zmax. The phase-mismatch Ak was adjusted separately
for each data point to yield highest possible conversion efficiency.

case of Gaussian pump beams. This is because the peak intensity for a given beam
power drops when the propagation distance is adjusted to a greater crystal length.

As long as the pump depletion is negligible the conversion efficiency for Bessel
beams rises linearly with the pump power. This is again similar to Boyd-Kleinman
focused Gaussian beams, but the rate of increase always remains ~ 10% lower for
the Bessel beam.

7.5.5 Optimum Bessel beam for SHG

The discussion has concentrated so far on the optimisation of conversion efficiency,
without considering the associated properties of the fundamental beam. For an

infinite Bessel beam the modulus of the radial wavevector kr is precisely defined
and its transverse spectrum is a ring of radius kr. Experimentally however, the
finite aperture introduces a spread in the radial wavevector, which in the case of a
Gaussian illumination is given by Akr = 2\/2\n2/w0. As Akr/kr is inversely pro¬

portional to wo/r0, only beams with high values of Wq/tq are good approximations
to a Bessel beam. Those with low values, i.e. u>o/ro ~ 1, appear and behave more
like Gaussian beams.
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Figure 7.14. Radial spectrum (left) and the corresponding variation of the longitu¬
dinal wavevector (right) for three different Bessel beams. The beams all have the
same central spot size r0 = 40 /tm, but different waists for the illuminating Gaus¬
sian beam, yielding ratios wo/ro of 5, 2.5 and 1.25, respectively. The beam with
wq = 50 nm is the optimum Bessel beam for second-harmonic generation.

Figure 7.14 shows the radial spectrum and the corresponding variation of the
longitudinal wavevector component AAy = |k| — Ay for three axicon generated
Bessel beams with the same central spot size r0 but different waist sizes Wq. As the
ratio wq/ro approaches unity, the diffractive spreading increases and eventually the
radial spread AAy exceeds Ay. The longitudinal spread increases accordingly and
the maximum moves closer to origin.

For the optimum axicon beam, which has Wo/r0 = 1.25, the radial spectrum has
only a single central peak with the longitudinal spectrum broadened accordingly
{wq = 50/rm in figure 7.14). It has essentially lost all the properties characteristic of
an 'ideal' Bessel beam and to a considerable extent begins to look like a Gaussian
beam. It is therefore not too surprising that it achieves conversion efficiencies
similar to a Boyd-Kleinman focused Gaussian beam.

7.5.6 Bessel beams with pump depletion

All the results discussed so far are for low pump powers, where pump depletion is
negligible. When the pump depletion is to be taken into account, Bessel beams
might gain an advantage over Gaussian beams. For Gaussian beams at high con¬

version, the central part of the pump beam gets completely depleted and its cross-

section after the crystal is annular [6]. Due to the self-reconstruction of Bessel
beams mentioned in chapter 5 this problem might be overcome. Figure 7.15 shows
the conversion efficiency of two Bessel beams compared with a Gaussian beam. It
is found that the conversion efficiency with the optimised axicon beam is always
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Input power [MW]

Figure 7.15. Calculated conversion efficiency in a 10 mm long LBO crystal of two
axicon generated Bessel beams ((a) the optimum beam ro = 40/xm and wq = 50/xm,

(b) ro = 25/xm and wq = 160/xm) compared with a Boyd-Kleinman focused Gaussian
beam (c). The inserts show the transverse profile of the fundamental beam at the

position of highest peak intensity (3 mm, 7 mm and 5 mm respectively).

~ 10% lower than that of a Boyd-Kleinman focused Gaussian. The optimised axi¬
con beam has virtually the same parameters (eq. (7.18), (7.19)) as in the case of no
pump depletion. This beam has almost no satellite rings and therefore can not be
expected to show much of a self-reconstruction effect. It is therefore not surpris¬
ing that it does not do any better than the Gaussian beam. Experimental Bessel
beams with several rings, on the other hand, show good self-reconstruction, but
their peak intensity is much lower and thus achieve a lower conversion efficiency.

7.5.7 Comparison with Shinozaki's results

The numerical results presented here are in contradiction with earlier analytic work
by Shinozaki et al. [3]. They predicted that Bessel beams would achieve 48% higher
conversion efficiency than confocally focused Gaussian beams. Furthermore, they
claim that the conversion efficiency for a Bessel beam increases proportional to the
square of the crystal length.

Closer analysis of their paper reveals a number of mistakes which subsequently
led to their contradictory results. The whole analysis starts off with their equation
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(3), which in turn is based on equation (13) of a paper by Herman and Wiggins [8]:

E(r,z) = E(pq) ( 71^^&0S' — ^ exp (i(kz cos Q + n/4)) J0(kr sin Q) (7.20)
\ cos O J

However, Shinozaki did not interpret all the parameters correctly: p© is not the
radius R of the axicon but the radius of the thin ring which contributes most to the
intensity at z. This radius depends on both 0 and z, and is given by p© = ztanO.
The peak intensity of the generated Bessel beam is therefore not constant as is
assumed in Shinozaki's paper but proportional to p@£'2(p©) = ztan© £'2(ztanO).

Furthermore, they choose beam parameters which are not experimentally re¬

alisable. The radius of the axicon R and the radius of the illuminating Gaussian
beam a were both taken to be equal with R — a — 19.2 pm. They then adjusted
the propagation distance to be identical to the crystal length I = 5mm, leading to a

cone angle of 0 = 0.0038 rad. However, this corresponds to a radius of the central
maximum of 7*0 = 46.2 pm, which is more than twice the size of the illuminating
beam! For these parameters most of the approximations used to derive equation
(7.20) are invalid, and the beam is much more like a Gaussian beam than a Bessel
beam. These two initial mistakes lead the authors to draw the wrong conclusions.

7.6 Conclusions

Although only second-harmonic generation with 'soft-apertured' axicon beams was

discussed in this chapter, more numerical simulations have been done for other ex¬

perimental realisations of Bessel beams as well as apertured 'ideal' Bessel beams.
All exhibited essentially the same behaviour: the second-harmonic conversion ef¬
ficiency with any of these beams is always less than for a Boyd-Kleinman focused
Gaussian beam of the same power. Furthermore, the better the approximation
to an 'ideal' Bessel beam, the worse the predicted efficiency. This indicates that
the advantage associated with the 'diffraction-free' propagation of the central peak
is not sufficient to compensate for the fact that the power is distributed among

several rings of the Bessel beam. These results are in contrast to the previous
analysis [3], which did not take into account the variations in peak intensity and
intensity profile of experimental Bessel beams. Although Bessel beams might offer
new possibilities for phase-matching in unusual geometries [9, 10, 12], they do not,
unlike waveguides, offer an increase in second-harmonic conversion efficiency.

The work presented in this chapter was published in reference [13].



REFERENCES 99

7.7 References

[1] G. Boyd and D. A. Kleinman, "Parametric Interaction of Focused Gaussian
Light Beams," J. Appl. Phys. 39, 3597-3639 (1968).

[2] G. I. Stegeman and C. T. Seaton, "Nonlinear integrated optics," J. Appl. Phys.
58, R57-R78 (1985).

[3] K. Shinozaki, C. Q. Xu, H. Sasaki, and T. Kamijoh, "A comparison of optical
second-harmonic generation efficiency using Bessel and Gaussian beams in
bulk crystals," Opt. Comm. 133, 300-304 (1997).

[4] S.-C. Sheng and A. E. Siegman, "Nonlinear-optical calculations using fast-
transform methods: Second-harmonic generation with depletion and diffrac¬
tion," Phys. Rev. A 21, 599-606 (1980).

[5] A. Yariv, Quantum electronics, 3rd ed. (John Wiley & Sons, 1988).

[6] D. R. White, E. L. Dawes, and J. H. Marburger, "Theory of Second-Harmonic
Generation With High-Conversion Efficiency," IEEE J. Quant. Elec. QE-6,
793-796 (1970).

[7] J. Durnin, "Exact-solutions for nondiffracting beams. I. The scalar theory," J.
Opt. Soc. Am. A 4, 651-654 (1987).

[8] R. M. Herman and T. A. Wiggins, "Production and uses of diffractionless
beams," J. Opt. Soc. Am. A 8, 932-942 (1991).

[9] R. Gadonas, V. Jarutis, A. Marcinkevicius, V. Smilgevicius, and A. Stabi-
nis, "Angular distribution of second harmonic radiation generated by bessel
beam," Optics Comm. 167, 299-309 (1999).

[10] A. Piskarskas, V. Smilgevicius, A. Stabinis, V. Jarutis, V. Pasiskevicius, S.
Wang, J. Tellefsen, and F. Laurell, "Noncollinear second-harmonic generation
in periodically poled KTiOP04 excited by the Bessel beam," Opt. Lett. 24,
1053-1055 (1999).

[11] S. P. Velsko, M. Webb, L. Davis, and C. Huang, "Phase-matched harmonic-
generation in lithium triborate (LBO)," IEEE J. Quantum Electronics 27,
2182-2192 (1991).



7.7. REFERENCES 100

[12] T. Wulle and S. Herminghaus, "Nonlinear optics of Bessel beams," Phys. Rev.
Lett. 70, 1401-1404 (1993).

[13] J. Arlt, K. Dholakia, L. Allen, and M. J. Padgett, "Efficiency of second-
harmonic generation with Bessel beams," Phys. Rev. A 60, 2438-2441 (1999).



Chapter 8

Atom trapping and guiding

8.1 Introduction

The idea that light carries momentum and therefore can exert a force was already
proposed by Kepler in the 17th century. However it was not until Maxwell's theory
of electromagnetism that the first classical expression for the momentum carried
by the electromagnetic radiation field was provided. Experimental verification of
radiation pressure followed soon afterwards at the beginning of this century, but
it was only after the invention of lasers that the radiative force of light at optical
frequencies could be utilised for actual applications.

Ashkin was the first to propose and demonstrate that the radiative force can be
used to trap micron-sized neutral particles [1]. Nowadays these 'optical tweezers'
are routinely used for the optical manipulation of trapped micron-sized particles,
especially for biological samples. In parallel with this work on macroscopic ob¬
jects, light was also used to manipulate atomic particles. Here the light-matter
interaction exhibits a strong resonant enhancement due to the fact, that the light
is scattered resonantly from the quantum levels of atoms. The momentum carried
by light is used to cool and trap neutral atoms. The radiative force can also be
used to guide and manipulate cold atomic samples.

This chapter will give a brief introduction to the physics behind atom cooling
and trapping. A more detailed and complete discussion can be found in reference
[2], Furthermore, some sources of cold atomic beams and different approaches to
atom guiding [3] will be discussed.
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8.2 Atom cooling

8.2.1 The radiative force

Light can transfer energy and momentum to matter due to absorption and emission
of photons. This interaction is particularly strong if an atom is irradiated with a

resonant or near-resonant laser beam. If the atoms are moving slowly the mean

radiative force can be split into two parts. The first part is related to the phase
gradient of the laser wave and is referred to as radiation pressure. The second part
is due to the intensity gradient of the laser and is called the dipole force.

Both of these forces play an important role in the optical manipulation of atoms.
The radiation pressure force is used to achieve the cooling of an atomic sample to
temperatures down to a few hundred ^uK, whereas optical traps and light-guiding
of atoms mainly relies on the dipole force. The following section will discuss the
radiation pressure in some more detail, whereas the explanation of the dipole force
will be postponed until section 8.4.1.

8.2.2 Radiation pressure force

The most intuitive model to explain the effect of radiation pressure uses the quan¬

tum mechanical description of light. It is based on the conservation of momentum
during the absorption and emission of light. A photon of frequency u> carries a linear
momentum of hk along the direction of its propagation, where k is the wavevector
of modulus k = 27r/A. The radiation pressure on an atom can then be understood
as a cycle of absorption and spontaneous emission of a photon.

This cycle is illustrated in figure 8.1. If an atom absorbs a photon, the pho¬
ton's energy hui is almost entirely converted into internal energy and the atom
is transfered into an excited state. There is, however, also some recoil in the di¬
rection of the incoming light beam and the atom of mass m changes its velocity
by an amount hk/m. Within its natural lifetime, the atom then returns to the
ground state by spontaneously emitting a photon and is ready to start the cycle
over again. The spontaneous emission causes the atom to recoil in the direction
opposite to that of the emitted photon. However, as spontaneous emission is a

random process with a symmetric distribution, it does not contribute to the net

change in momentum. When averaged over many absorption/spontaneous emis¬
sion cycles the momentum transfered by the emitted photons cancels out to be
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Figure 8.1. The radiation pressure force acting on a two-level atom. The atom,

which is initially in its ground state (top) absorbs a photon with momentum Tik,

transferring it into the excited state (right). The velocity of the atom has been

changed by Tik/m in the direction of the incoming photon. Spontaneous emission

(left) brings the atom back into the ground state. As the probability distribution
for the spontaneous emission is symmetric the associated average velocity change is

zero. Back in the ground state the atom is ready to go through the cycle over again.

exactly zero. The atom therefore only experiences a net force in the direction of
the laser beam, changing its velocity by an amount of fik/m for every time it runs
through the absorption/spontaneous emission cycle. If the atom is initially moving
in the opposite direction of the laser beam, this friction force will slow it down and
eventually accelerate it in the direction of the beam.

The first application of radiation pressure was to slow a beam of sodium atoms.
As the initial velocity of Na atoms was about 900 m/s on average, each atom had to
scatter about 30000 photons of counterpropagating, near-resonant laser light to be
stopped. The laser had to be tuned below the atomic resonance to be resonant with
an atom moving at 900 m/s. However, as the atom is slowed down, its Doppler-
shift changes and the laser is no longer in resonance. This problem can be solved
either by changing the frequency of the laser with time [4] or changing the atomic
transition frequency spatially using the Zeeman shift [5].

An additional problem encountered in atomic beam slowing and optical cooling
is the possibility of optical pumping into another ground state. It is essential that
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the transition chosen for the cooling cycle is closed. This means that after the
spontaneous decay the atom always has to return to the same initial ground state
in order to keep the cooling process going. Figure 8.2 shows the hyperfine structure
of rubidium 85Rb, which is typical for all alkalis. In 85Rb, the only closed transition
is F = 3 to F' = 4. However, even though the transition as such is closed, there is
also a small probability for off-resonance excitation into F' = 3, which then permits
spontaneous decay to F = 2. This effectively terminates the slowing process as the
F = 2 state is too far from resonance to allow further excitation. This problem
can be avoided by introducing a second laser which is resonant with the F = 2
to F' = 3 transition. Small intensities of this 'repumping light' are sufficient to
optically pump the atoms back into the cooling cycle [6].

F'=4 (+100 MHz)

Figure 8.2. Energy level diagram (not drawn to scale!) for the laser cooling cycle of
rubidium 85Rb.

8.2.3 Laser cooling

So far, only slowing of an atomic beam with an unidirectional force has been
discussed. For successful laser cooling, the mean velocity and velocity spread in all
three dimensions has to be reduced. A possible scheme to achieve this was proposed
as early as 1975 [7] and the first experimental demonstration was reported 10 years
later [8]. The cooling process relies on the Doppler effect, and the method is
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therefore often referred to as Doppler cooling. The basic idea can be understood
by just looking at the one-dimensional case. The atoms are illuminated with two

counterpropagating laser beams. Without the Doppler shift, or if the laser were
exactly resonant with the atomic transition, the atoms would absorb as many

photons moving to the left as photons moving to the right, which means that
there would be no net frictional force on the atoms. However, if the laser is tuned
slightly below resonance, the Doppler shift introduces an imbalance in absorption
(see figure 8.3). If an atom is moving in the opposite direction of the laser beam
the Doppler effect 'shifts' the laser light closer to resonance, leading to a higher
absorption. Conversely, atoms moving in the direction of the laser beam absorb
less as the laser frequency seems to be shifted even further away from resonance.

Overall, the atoms therefore experience a net force against their motion.

Figure 8.3. The strength of absorption of laser light of frequency u>l detuned slightly
below the atomic transition frequency loq depends on the velocity of the atom. If the
atom is moving against the laser beam the frequency appears shifted to u>l + A, if
the atom is moving with the beam it is lowered to wl — A, leading to a higher/lower
absorption, respectively.

To achieve 3-dimensional cooling one uses 3 orthogonal sets of counterpropagat¬
ing laser beams. Atoms in this 'optical molasses' experience a net frictional force
against their motion, damping their velocity exponentially towards zero. However,
the stochastic nature of the absorption and spontaneous emission cycle puts a lower

<DL-A cdL COL+A CO0

Frequency
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limit to the width of the atomic velocity distribution. The heating rate due to this
momentum diffusion gives rise to an equilibrium temperature. For rubidium the
minimal temperature achievable by Doppler cooling is about Tp fa 140 /rK.

However, experimentally it was found that the temperatures routinely achiev¬
able in 3D molasses were actually significantly below this Doppler cooling limit.
The temperature of a sodium molasses measured by Lett et al. was only 43±20pK
instead of the expected value of 240 /iK [9]. The fact that the experiments worked
much better than expected gave evidence that there are additional cooling mech¬
anisms at work. To understand these cooling mechanisms one has to drop the
two simplifying assumptions of Doppler theory: that the atom has only two-levels
and that the light field has a pure state of polarisation. A discussion of this Sisy¬
phus cooling and a review of some of the seminal experiments can be found in
reference [2].

8.2.4 Magneto-optical traps

Even though laser cooling slows the atoms down in all three dimensions, they
are not trapped inside this 'optical molasses'. Atoms experience a frictional force
against whatever direction they are moving in. However, they are free to diffuse
around, and eventually they will reach the surface of the interaction region and
escape.

Indeed, Ashkin and Gordon [10] proved that a trap based solely on absorption
and spontaneous emission from a static configuration of laser beams is fundamen¬
tally unstable. This is often referred to as the 'optical Earnshaw Theorem' by
analogy with the theorem in electrostatics, and it stems from the fact that there
are no sinks or sources for photons within the trapping region. This implies, that
as long as the scattering force is proportional to the photon flux this force will have
zero divergence. Any point with a vanishing force must therefore be a position of
unstable equilibrium. However, if the proportionality between scattering force and
light intensity is modified in a position dependent way, a stable trap can be formed.

One possible experimental realisation is the Magneto-Optical Trap (MOT) [11].
The optical molasses is placed in a spherically symmetric magnetic quadrupole
field generated by two anti-Helmholtz coils. The magnetic field is zero at the trap
centre and changes linearly along the x, y and 2: axes. This gives rise to a Zeeman
splitting of the atomic transition frequencies. If one uses a± circularly polarised
light for each set of counterpropagating laser beams for the optical molasses, this
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leads to a position dependent restoring force. Again, it is sufficient to look at
the one-dimensional case as depicted in figure 8.4. As an atom with a J = 0 to
J' = 1 transition moves away from the trap centre, the splitting of the excited
level increases. For example, if the atom is moving to the right, the a~ transition
will come closer to resonance with the laser, as the trapping laser is tuned slightly
below the unshifted resonance frequency. This gives rise to an increased absorption
of the light which pushes the atom back towards the trap centre.

The first magneto-optical trap [11] was loaded by chirp-slowing a thermal atomic
sodium beam. Three years later [12] it was demonstrated that a MOT can collect
atoms directly from a room temperature vapour. Atoms in the low energy tail
of the thermal Maxwell-Boltzmann distribution are slow enough to be captured,
and there are enough of them to achieve a substantial loading rate for the trap.
The simplicity of these vapour cell magneto-optical traps makes them a convenient
starting point for a multitude of experiments using cold atoms.

G+

B

Z

m, = -1 ny = 0 m,= +l
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Figure 8.4. An atom with a J = 0 to J' = 1 transition placed in a linearly varying

magnetic field experiences a Zeeman splitting of its excited state. For an atom with
a negative ^-coordinate the Am = +1 transition is shifted into resonance with the
a+ laser, pushing it back towards the centre of the trap.
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Figure 8.5. Magneto-optical trap: Three sets of counterpropagating beams with

appropriately chosen circular polarisation cool the atoms. The anti-Helmholtz coils

produce a spherically symmetric quadrupole field, providing the position dependent

restoring force necessary for the actual trapping.

8.3 Sources for slow atomic beams

The previous section gave an overview of how to cool and trap neutral atoms.
An atomic cloud trapped in a MOT can be used as a starting point for further
cooling experiments, eventually leading to a Bose-Einstein condensate. However,
for most other applications one is not so interested in a 'static' cloud of atoms but
rather wishes to generate a beam of cold atoms. The development of sources of
bright monochromatic beams of cold atoms, i.e. beams with a low velocity spread,
started of the relatively young held of 'atom optics' [13]. On the one hand, these
new atomic beam sources made it is possible to investigate the wave-like properties
of atoms, leading to the observation of interference and diffraction effects. On the
other hand, the small de Broglie wavelength of atoms means that these atomic
beams can be focused to very small spot sizes and can thus be used to write fine
structures. In the following, two different kinds of atomic beam sources, both of
which are closely related to the magneto-optical trap, will be discussed.
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8.3.1 Atom funnel

The atomic funnel [14] is essentially a two-dimensional version of the MOT. In¬
stead of using a spherically symmetric magnetic quadrupole field created by anti-
Helmholtz coils a cylindrically symmetric held produced by current-carrying "hair¬
pin" wires is employed. Perpendicular to the symmetry axis, two pairs of coun-
terpropagating laser beams of properly chosen circular polarisation are used to

trap the atoms in two dimensions. And as for the MOT, there is a third set of
counterpropagating beams along the axis. However, as there is no variation of the
magnetic held, and therefore no Zeeman shift, they only cool the atomic sample,
generating an optical molasses, without actual trapping.

To form a slow beam emanating along the axis of the trap, a drift velocity
is imposed on the axially conhned atoms. This is done by either changing the
relative intensity of the axial beams or by changing the frequency of one of the
beams. In the latter case the atoms will move away from the high-frequency beam
with a velocity such that both beams are Doppler shifted to the same frequency.
For the case of unbalanced intensities the atoms drift with a velocity such that the
scattering rates from the two opposing beams are the same. The original atomic
funnel experiment [14] was done with sodium atoms, and beam velocities in the
range of 100-500 cm/s have been achieved using either method.

More recently, a funnel with an improved setup was developed for rubidium
atoms [15]. This produced beams with a controllable velocity in the range of 3
to 10 m/s with a flux of 1010 atoms/s. The funnel beam had a diameter of the
order of 500 gm and its transverse temperature was about 360 pK. Its longitudinal
temperature was about 500/rK which corresponds to a velocity spread of only about
20 cm/s. The very small value for Avz/vz means that the atomic beam produced
by the atomic funnel is fairly monochromatic.

8.3.2 LVIS system

The atomic funnels discussed in the previous section are quite elaborate systems.

They need high electric currents to produce the required magnetic field and are

loaded by a chirp-cooled atomic beam. A far simpler system can be build by making
just a small modification to a standard vapour cell magneto-optical trap. That way
a low-velocity intense source (LVIS) of atoms with a brightness of 5 x 1012 atoms/sr
s can be created [16].



8.4. ATOM GUIDING 110

Forcing
beam

/

* — Retro-optics
I

Hollow
beam

Atomic beam
0

1+ z

Figure 8.6. LVIS setup. The atomic beam is extracted from the MOT through a

hollow beam and a hole in the retro-reflecting optics. The beam divergence can be
found by a geometrical argument from the separation z and the diameter of the hole.

The only difference between this LVIS system and a standard vapour cell MOT
is that one of the six orthogonal intersecting beams is replaced by a beam that has
a narrow dark column in its centre (figure 8.6). This is clone by drilling a small
hole of typically 0.7 mm in diameter into the standard retro-reflecting unit, which
consists of a quarter-wave plate and a mirror. The atomic vapour that enters the
trapping volume of the MOT is slowed down and diffuses into the trap centre.
When the cooled atoms enter the central column of the hollow beam ("extraction
column") they are accelerated out of the trap by the counterpropagating laser
beam ("forcing beam"). The thus generated atomic beam can be extracted from
the trapping region through the hole in the retro-reflecting optics. The velocity of
the rubidium beam generated using this method is determined by the number of
photons the atoms scatter from the forcing beam before leaving the trap. It was

typically centred at 14 m/s with a FWHM of 2.7 m/s. Before leaving the trap, the
extracted beam is continuously apertured by the light of the hollow beam. Atoms
diverging out of the dark extraction column are captured and returned to the trap
centre. This 'recycling' of divergent atoms makes LVIS a very efficient atomic beam
source, with up to 70% of the trapped atoms being loaded into the atomic beam.
A 0.6 mm diameter rubidium beam with a continuous flux of almost 1010 atoms/s
has been demonstrated [16].

8.4 Atom guiding

The topic of atom guiding is quite closely related to atomic beam sources. Guides
for atoms, i.e. 'atom hosepipes' can be used to transport atoms in a controlled way
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to well defined locations. This might have many different applications, starting
from simple transfer of atoms from a poor vacuum (like a vapour cell MOT) to a

high vacuum chamber, to applications for atom lithography and atom interferom-
etry.

Basically there are two different designs for such atom hosepipes [3], both of
which rely on the dipole force. For one approach the atoms are guided within
a hollow fibre [17]. If atoms are sent through a naked hollow fibre they tend to
stick to the fibre wall due to the attractive van der Waals force. To achieve actual

guiding one therefore has to use the dipole force of light coupled into the fibre to
keep the atoms away from the fibre wall. The second approach is to guide the
atoms along free propagating light beams [18]. In the following section the dipole
force will be explained, forming the basis for a more detailed discussion of the two
different guiding schemes.

8.4.1 Dipole force

As was mentioned earlier on, the force that an electromagnetic wave exerts on an

atom can be split into the radiation pressure force and the dipole force. The dipole
force is related to the intensity gradient of the laser field. Quantum-mechanically,
it can be seen as an absorption-stimulated emission cycle which leads to a redistri¬
bution of photons in the laser field ('refraction').

For low light intensities the dipole force is actually conservative and can be
described by the velocity-independent potential

where A is the laser frequency detuning from the atomic resonance, A = u>i — cjo,

F is the natural linewidth of the transition and u>R is the Rabi frequency. The Rabi
frequency is proportional to the laser field amplitude E(r),

where d is the dipole moment for the atomic transition and Jsat is its saturation
intensity. The direction of the dipole force, FDip = —VD, depends on the detun¬
ing A of the laser. For red-detuned light, the atom is attracted to the high intensity
region, whereas blue-detuned light forces the atom towards the dark regions.

(8.1)

(8.2)
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The dipole force acting on an atom is completely identical in form to the dipole
force on a microscopic dielectric particle. If a micron sized sphere is placed in an

inhomogeneous light beam it acts like a tiny lens (see figure 8.7). If the relative
refractive index is greater than unity, light rays will be refracted towards the centre
of the sphere. As the light rays change direction and thus gain momentum towards
the centre they cause an equal and opposite recoil in the sphere. In an inhomoge¬
neous light field this recoil force pulls the sphere into the higher intensity region.
A sphere with a relative refractive index less than 1 reacts in the opposite way, i.e.
it will be repelled from regions of high light intensity.

Force

a)

b)

Atomic resonance

c)

Refractive /
index n-K /

\ Absorption

\

Force co„
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Figure 8.7. Dipole force for a macroscopic dielectric particle in an inhomogeneous
laser field. If its relative refractive index is greater than unity, recoil drags the sphere
into the high intensity region (a). For n < 1 the sphere is repelled from the high

intensity region (b). The refractive index of an atom close to its resonance is greater
than unity for red-detuned light and less than one for blue-detuned light (c).

The direction of the dipole force on atoms can be understood by analogy with
the dielectric sphere placed in a field gradient. For atoms the refractive index close
to an atomic resonance is related to the absorption profile through the Kramers-
Kronig relations [19] (see figure 8.7c). Just below the resonance frequency, the
refractive index is greater than 1, which corresponds to an attractive force, and if
the laser is tuned above the resonance, the refractive index is less than 1, giving
rise to a repulsive force.

However, for higher laser intensities the dipole force also exhibits viscous qual¬
ities, which can not be explained with a simple microscopic analogy, but require a
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quantum mechanical picture, such as the dressed-state model [20].
Instead of dealing with the atom and the light field individually, the dressed

atom picture looks at the eigenstates of the combined system. For simplicity the
atom is regarded as a two level system with ground state | g) and excited state
| e). The laser field has a single frequency u>l, detuned by A from the resonance

frequency u>o. If the atom-laser coupling is not taken into account, the eigenstates
of the corresponding 'dressed' system are the states | g,n + 1) and | e,n), where
n is the number of photons in the laser field. The energy of the states | e, n) and
| g,n + 1} only differs by the detuning TiA. The energy levels of the eigenstates
thus form a ladder (figure 8.8), where pairs of two eigenstates are well separated
by the photon energy Hlul-

a) b)
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Figure 8.8. Dressed-state energy diagram for red-detuned light. If the atom-laser

coupling is neglected the dressed states form a ladder with pairs of states \g,n + 1)
and |e,n) well separated by the photon energy (a). With the coupling taken into
account the energy difference between the two states of a manifold increases with
the laser intensity to fl = yjA2 + ^2R{v).

If the atom-laser coupling is taken into account, the energy levels are shifted
proportional to the laser intensity. This is known as the ac-Stark shift. Further¬
more, the atom is no longer in one of its eigenstates but in a linear superposition
of ground and excited state. For red-detuned light the ground state evolves into
a state | 2,n) with lower total energy, whereas the excited state evolves into a
state | l,n) with higher energy. In an inhomogeneous laser field this leads to a

spatial variation of the energy levels and eigenstates of the 'dressed' atom. The
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conservative part of the dipole force arises from the spatial variation of the energy

of the | 2, n) state. Most of the atoms are in the state | 2,n), and as the energy

of this state is lowest in the regions of high light intensity, they are pulled towards
the beam centre. For a blue-detuned field the energy of the ground state is raised
(and that of the excited state lowered) proportional to the laser intensity, giving
rise to a repulsive force.

The viscous part of the dipole force can be understood as a result of the time
delay between absorption and emission of photons for a moving atom. For red-
detuned light the dressed states form a ladder where the 'excited' states lie above
the 'ground' state levels (figure 8.9). Occasionally, atoms in the 'ground' state,
say | 2,n), undergo spontaneous emission which can take them into the 'excited'
state | l,n — 1). This spontaneous transition, however, is only possible due to
the mixing of the unperturbed atomic eigenstates and is thus most likely in the
high-intensity region of the field. A second spontaneous emission brings the atom
back to the 'ground' state | 2,n — 2). However, the atom on average spends one
natural lifetime in the 'excited' state. While the atom is in the 'excited' state it

gets repelled by the field and therefore gains kinetic energy (see figure 8.9). The
second spontaneous event is most likely to occur in the low intensity region where
the level mixing is minimal. Back in the 'ground' state the atom is now attracted to
the high intensity region and gains more kinetic energy moving towards the beam
centre. For red-detuned light the viscous part of the dipole force therefore leads to
a heating of guided atoms. Conversely, for a blue-detuned laser field this viscous
part of the dipole force actually cools the guided atoms.

8.4.2 Blue versus red guiding

As the direction of the dipole force depends on the sign of the detuning there are
two possible guiding scenarios. If red-detuned light (A < 0) is used the atoms are
attracted to the high intensity region. Guided atoms thus spent most of their time
in the high intensity region of the light field. This leads to a relatively high photon
scattering, i.e. radiation pressure. The scattering also heats the guided atoms and
destroys their coherence, as it involves the incoherent spontaneous emission of a
photon. These detrimental effects become less pronounced if the guiding beam
is detuning far from resonance, as the scattering decreases proportional to 1/A2,
whereas the dipole force only weakens proportional to 1/A.

For blue-detuned light (A > 0) on the other hand the atoms are repelled from



8.4. ATOM GUIDING 115

|e,n)
\g,n+\)

|e,n-2)
\g,n-l)

Spontaneous
emission

\2,n-\)

Spontaneous
emission

Energy increase
f

Energy increase

Figure 8.9. Viscous component of the dipole force for red-detuned light. The energy

levels of the dressed state are shifted proportional to the local laser intensity. At

high intensities there is a significant probability for a spontaneous transition to the
repulsive state potential curve. The spontaneous transition back to the attractive
state is most likely to occur in the low intensity region, leading to an increase in the
kinetic energy of the atom.
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high intensity regions. The guide therefore has to have a hollow low intensity region
totally surrounded in radial direction by a high intensity region. For example,
hollow light beams such as Laguerre-Gaussian beams are suitable. Blue-detuning
has several advantages over red guiding. First of all the atoms stay most of the time
in the low intensity region of the light field. This means that photon scattering-
is drastically reduced. The coherence of the guided atoms is therefore maintained
over much greater distances which is essential for atom interferometry. Also, the
atomic energy levels are less perturbed which is important for spectroscopy and
the use of additional cooling methods [21]. Furthermore, the viscous component of
the dipole force helps to cool the guided atoms.

8.4.3 Fibre guiding

The idea of transporting atoms along hollow fibres using red-detuned light was

first proposed theoretically in 1993 [17]. Almost at the same time, an independent
group suggested blue-detuned guiding along a hollow fibre [22]. Atoms that get
into close proximity of the wall of a hollow core fibre get attracted and will tend to
stick to it. This is caused by the van der Waals interaction between guided atoms
and atoms forming the wall. The use of the dipole force of light coupled into the
fibre can overcome the van der Waals force and keep guided atoms away from the
wall.

As discussed in the previous section, there are two possible scenarios. For red
guiding the light has to be coupled into the hollow region of the fibre. The atoms
are then guided within the high intensity region of the coupled fibre mode. One
practical problem is that the hollow region only allows grazing incidence modes,
which are strongly attenuated. This limits the guiding distance to a few centime¬
tres. Red guiding of thermal atoms was first demonstrated experimentally in 1995
by Renn et al. [23]. Rubidium atoms were transported along 3.1 cm of fibre with a
hollow core of 44 /mi diameter. In a later paper of the same group a more detailed
study, including the discussion of heating due to the viscous part of the dipole
force, is presented [24].

Alternatively, one can guide atoms by use of blue-detuned light which is coupled
into the annular glass region of the fibre. Here, the light is coupled into almost
lossless optical modes that will propagate along the fibre. The light is mostly
contained within the annular glass region, but an evanescent wave leaks into the
hollow region near the fibre wall. The repulsive force associated with this blue
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detuned evanescent wave is used to overcome the attractive van der Waals forces.

Blue-detuned guiding is also referred to as evanescent wave guiding. The first
experimental demonstration of guiding of thermal atoms was presented in 1996 by
two independent groups [25, 26].

To date, no guiding experiment along hollow fibres with cold atoms has been
reported in the literature.

8.4.4 Light beam guiding

More recently, guiding along free propagating light beams has been demonstrated
[18]. Again, one can either use red- or blue-detuned light. Red guiding can be
done along a standard Gaussian laser beam where the atoms spend most of their
time in the central high intensity region of the beam. For blue-detuned guiding a

hollow beam is required. The use of a focused Laguerre-Gaussian mode allowed the
guiding and focusing of a slow atomic beam of metastable neon atoms [18]. The
slow atomic beam was coupled into the Laguerre-Gaussian mode through a 30 pm
radius hole in a mirror (figure 8.10) and was guided for up to 0.3 m and focused
down to 6.5 pm radius. For a given laser power, the capture rate depended on

Mirror with

Figure 8.10. Guiding and focusing of metastable neon atoms. The percentage of

captured atoms depends on the degree of focusing and the frequency detuning of the

Laguerre-Gaussian beam. The transverse motion of the atoms can be cooled with
an optional additional 2D molasses close to the focus. The atoms are detected with
a microchannel plate (MCP).
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both the focusing and the frequency detuning of the guiding beam. The measured
capture rates went up to (60±10)% of all atoms injected into the Laguerre-Gaussian
mode, whereas simulations indicate that in principle up to 98% could be captured
and guided.

8.5 Fibre versus light beam guiding

Both of these two guiding schemes have their respective distinct advantages and
shortfalls. Fibres can be used to link two independent vacuum systems without
themselves being inside a vacuum chamber. Furthermore, the guide does not neces¬
sarily have to be straight but can be used to steer a guided atomic beam. However,
in fibres there is the van der Waals interaction which has to be compensated by
light forces. As red-detuned light inside the hollow core only forms lossy grazing
incidence modes the guiding distance is fairly limited. Blue-detuned light inside
the walls allow for longer guiding distances, but as the evanescent wave is weak,
fairly high laser powers are required. Fibre guides are also very difficult to align.
Not only has the guiding laser to be coupled into the fibre but also the atomic
beam.

Pure light beam guiding, on the other hand, is much easier to align and the full
dipole force of the laser field can be exploited, giving much higher potential barriers
for a given laser power. However, they can only be used to guide along a straight
line. Furthermore, all optical guides commonly have an increasing cross-section
due to diffractive spreading of the guiding beam. To date, no all optical guide with
a constant transverse extent, such as one is presented with in hollow fibres, has
been considered.

The next chapter will discuss atom guiding along light beams in more detail and
will propose the use of higher-order Bessel beams to achieve a guide with constant
transverse extent.
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Chapter 9

Atom guiding along hollow laser

beams

In recent years the idea of guiding atoms along structurally stable laser beams has
generated a growing interest. The first proposal suggested to use the dark hollow
region of a Laguerre-Gaussian laser mode to focus an atomic beam. Theoretical
investigation predicted that a collimated atomic beam can be focused to nanometre-
scale spot diameters [1, 2], Thorough numerical analysis of the guiding potential
of a 'dark hollow beam' generated by a hollow optical fibre followed in 1998 [3].
In the same year the first experimental results for guiding and focusing a beam of
cold atoms with Laguerre-Gaussian beam were reported [4],

In the first part of this chapter atom guiding by use of blue-detuned Laguerre-
Gaussian beams will be investigated theoretically. LG beams with azimuthal index
I > 0 have a dark hollow core. As the beams are structurally stable, this dark region
does not fill in upon propagation, thus creating a long hollow guide for atoms. This
is in contrast with the 'dark hollow beam' discussed by Yin et al. [3]. Even though
this initial paper claims that these beams generated by a hollow optical fibre do
show slower diffractive spreading than LG beams, later analysis revealed that they
are not structurally stable. Without a microscope objective straight after the fibre
the dark hollow region of the beam fills in after propagating for only about 100
microns [5].

After discussing the guiding potential for various orders of LG beams, a rather
basic model is used to predict the capture/guiding efficiency of LG beams with
azimuthal index 1 = 1.



9.1. GUIDING ALONG LAGUERRE-GAUSSIAN BEAMS 122

In the second part of this chapter a novel scheme for atom guiding by use of
higher-order Bessel beams is proposed. In contrast to LG modes, which are par¬

ticularly suited to focus atomic beams, the non-diffractive nature of Bessel beams
mimics the guiding along a hollow fibre. Two possible setups for an experimental
implementation are proposed and the capture/guiding efficiency is predicted by
numerical simulation.

It seems worthwhile to note that all the atom guiding as discussed in this
chapter only depend on the intensity profile of the hollow guiding beams. The
atoms are confined to the dark hollow region by use of the repelling dipole force of
far blue-detuned light, which only depends on the intensity gradient. The effects
associated with the helical phase structure of both Laguerre-Gaussian and Bessel
beams, such as the theoretically predicted transfer of orbital angular momentum
to atoms [6], are due to the phase-gradient dependent radiation pressure force. As
the scattering is very low for the blue-detuned light guides discussed here, effects
due to the helical phase structure of the light beams will be negligible.

The work presented in this chapter is still ongoing. Apart from improving our

model and investigating the different experimental scenarios numerically we hope
to get first experimental results within the coming months.

9.1 Guiding along Laguerre-Gaussian beams

9.1.1 The guiding potential

Atom guiding relies on the dipole force of light, as was explained in the previ¬
ous chapter. If the light intensity is not too high this part of the light force is
conservative and can be described using a velocity-independent potential

where A is the laser frequency detuning from the atomic resonance, A = lol — loq,

/sat is the saturation intensity of the transition and T its natural linewidth. Here
in St Andrews the trapping and guiding experiments are done with rubidium. For

(9.1)
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the rubidium transition 85Rb 5Si/2—5P3/2 these parameters are

A = 780.2 nm,

Jsat = 16 W/m2,
T = 27T x 6.1 MHz .

All numerical results presented in this chapter assume guiding of cold rubidium
atoms.

The intensity profile of the guiding beam leads to a spatial variation of the
guiding potential. For a Laguerre-Gaussian mode with radial mode index p = 0
and azimuthal index / = 1 the beam intensity is given by

4 r2 ( r2 \
/(r, z) = - exp -2, (9.2)

7T U>4(z) \ Wz{z) J

where P$ is the total power of the beam and w(z) its spot size which depends on
the propagation distance z (see eq. (1.1) for definition of w(z)). This single-ringed
intensity profile has its maximum at radius

rmax(z) =w(z)/V2, (9.3)

and the peak intensity at the beam waist is

W* = 0) = — —2 • (9.4)
7re Wq

The dipole potential has a similar annular transverse profile as the intensity
distribution. For blue-detuned laser light it has its radial maximum at the radius
of peak intensity rmax (figure 9.1). For a given laser intensity the height of the
potential barrier depends on the frequency detuning A. There is an optimum
detuning, which can be calculated numerically to be

^opt(-Giax) — g gg \ Anax/-Isat ~ ^ \JImax/Gat ■ (9.5)

However, the peak intensity of the Laguerre-Gaussian beam falls off consider¬
ably with propagation distance z. Figure 9.2 shows that the height of the potential
barrier drops off accordingly. As the peak intensity of the guiding beam decreases
the optimum detuning also changes. Instead of optimising the potential height
at the beam waist (curve a)) one could also consider to optimise the detuning at
the guiding distance z, where the peak intensity is lowest (curve b). However, the
increase of the potential height at z causes a noticeable decrease at the beam waist,
flattening the variation of the peak potential.
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Figure 9.1. Radial variation of the dipole potential for LG(I = 1, p = 0) beams
with different detunings (1.1 GHz, 2.7 GHz and 7.7 GHz, respectively). The peak

intensity of the laser field was /max = 7 x 105/sat- This peak intensity can, for

example, be achieved at the waist of a laser beam with 48 mW power and a waist

size of wo = 100 /im.

Figure 9.3 shows the variation of the transverse guiding potential with propa¬

gation distance z. Further from the beam waist the height of the potential barrier
drops off and the radius increases. This spatial structure of the potential lends
itself to the transverse focusing of an atomic beam. The large radius of the po¬

tential well far from the beam waist allows to couple atoms into the beam very

easily. As the potential narrows and heightens the transverse extent of the atomic
beam is compressed. This focusing works best if the detuning is adjusted such
that potential height at the beam waist is maximised. As the atoms travel along
the guiding beam the dipole force accelerates them towards the optic axis. The
average radial momentum of the atoms is therefore increased, leading to a spread
in their transverse velocity distribution. This spread gets more pronounced the
closer they get towards the beam waist, as the potential well gets narrower and
the restoring force bigger. The spatial compression of the beam thus leads to an

increase in transverse energy. To confine as many atoms as possible one has to
maximise the height of the potential barrier at the position at which the transverse
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Propagation distance zizR

Figure 9.2. Variation of the height of the potential barrier over a guiding distance
of z = 2zr away from the beam waist. Curve a) is for a detuning of 66.8r which
maximises the potential at the waist, curve b) for A = 29.9r, giving the highest

potential barrier at z = 2zr. The peak intensity at the waist is Jmax = 7x 105/sat
as for figure 9.1.

kinetic energy of the atomic beam is the highest. This is at the beam waist, the
position of tightest confinement. Numerical simulations presented later on in this
chapter indeed confirm that the capture/guiding rate of a laser beam is highest if
its detuning optimises the potential height at the beam waist.

For a single-ringed Laguerre-Gaussian mode with azimuthal index I = 1 the
potential close to the optic axis is harmonic. If single-ringed Laguerre-Gaussian
beams with higher azimuthal index / are used the guiding potential becomes an-

harmonic. For a given waist size the radius of peak intensity increases with the
azimuthal index I according to

ri(z) = \J^wiz) ■ (9-6)
For beams with a fixed waist size, or equivalently the same Rayleigh range, this
results in a guide with its cross-sectional area increased proportional to I. For the
same power in the guiding beam the potential barrier will be lower as the peak
intensity of the annular laser cross-section decreases with I. When compared to a
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2

0

Figure 9.3. Spatial variation of the guiding potential. Further from the beam waist
the height of the barrier drops off and the radius increases, giving rise to a broadened

potential. The detuning A = 66.8r optimises the potential height at the beam waist.
All the other parameters are the same as for the previous two figures.

/ = 1 beam with the same Rayleigh range higher-/ beams thus do not seem to offer
any advantages.

However, higher-order Laguerre-Gaussian beams could be better suited for the
focusing of an atomic beam. As the size of the focal spot is roughly given by
the radius of peak intensity it is more meaningful to look at higher-/ beams with
the same ring radius rp For a given power, the peak intensity at the beam waist
then increases and the potential walls get steeper with higher azimuthal index
/, as higher-/ Laguerre-Gaussian modes have a narrower annular intensity profile
(figure 9.4). At the same time higher-/ beams with a given radius of peak intensity
will have a smaller waist size and consequently have a shorter Rayleigh range.

This means they diverge faster, with their cross-sectional area being increased
proportional to I2 when far enough from the beam waist. For a given propagation
distance this results in a much faster decrease in the height of the potential barrier
(figure 9.5a)). Experimentally, however, it is usually not the focusing/guiding
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Figure 9.4. Guiding potential for Laguerre-Gaussian beams with different I but
the same peak radius at the beam waist. As the intensity of higher-/ beams is
concentrated in a narrower ring the potential barrier is higher. The detuning was

optimised for each I, yielding Ai = 66.8r, A3 = 90.3r and A5 = 103.2r, whereas
all the other parameters are the same as for the previous figures.

distance that is given, but the necessary input aperture of the guiding beam. The
size of the input atomic beam is usually dictated by the apparatus, and in order to
capture as many atoms as possible the guiding beam therefore has to have a given
input aperture. With higher-/ Laguerre-Gaussian beams an atomic input beam
with given radius can be focused within a shorter guiding distance to the desired
spot size. Even better, when looking at the potential height as a function of radial
position of the peak potential, it can be seen that higher I beams have always a

higher potential barrier (figure 9.5b)).
LG beams with higher azimuthal index I should therefore have a better cap¬

ture/guiding efficiency. Schiffer et al. [4] seem to have some experimental evidence
for this, briefly mentioning that they increased the atomic flux by a factor of 8 by
use of an I = 5 instead of an / = 1 beam, but so far there has been no detailed
investigation of this problem.

Conversely, one also might consider multi-ringed LG beams, leading to quite
different characteristics for the atom guide. As discussed above, increasing the
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Figure 9.5. Variation of the peak intensity for LG beams with different I but identical

ring size at the beam waist, a) As a function of propagation distance (in units of
the Rayleigh range of the I = 1 beam), b) As a function of the radial position of the
maximum (in units of the peak radius ri at the beam waist).

azimuthal index (for fixed radial index p = 0) enhances the funnel/focusing char¬
acteristics of the LG beams. Increasing the radial index (for fixed azimuthal index
/ = 1), on the other hand, brings the characteristics closer to those of a hollow fibre
atom guide. For higher radial index p the radius of the dark central core decreases
relative to the waist size. If again the radius of the dark region at the beam waist
is assumed to be identical, modes with higher radial index p will have a bigger
Rayleigh range (figure 9.6). Higher-p modes therefore experience less diffractive
spreading over a given guiding distance. Phenomenologically, higher-p LG beams
thus make the link to the 'non-diffracting' atom guide generated by a higher-order
Bessel beam, as discussed later in the second part this chapter.
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Figure 9.6. Guiding potential for Laguerre-Gaussian beams with different p but the
same peak radius at the beam waist, a) At the beam waist b) after a propagation
distance of 2 Rayleigh ranges (of the p = 0 beam). The total power in the beams
was the same (Po = 48 mW) and the detuning was adjusted to give a maximum
potential barrier at the beam waist (Aq = 66.8T, Ai = 42.8r and A2 = 34.4r).
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9.1.2 Particle-optics approach for simulation of

atomic guiding

Examination of the dipole potential gives a good indication of how well the guid¬
ing and focusing with a particular type of light beam might work. However, the
capture/guiding rate and the size of focus for a given atomic input beam are more

difficult to predict. In general, one has to resort to numerical simulations.

In a first rough approximation one can use a particle-optics approach as sug¬

gested by McClelland and Scheinfein [2] to analyse the trajectories of atoms guided
along the laser beam. This particle-optics approach is only meaningful if the
velocity-dependent, i.e. dissipative, terms of the radiative force are negligible. This
leads to two key assumptions. Firstly, the atom has to move slowly enough in the
spatially varying light field as to maintain the equilibrium between internal state
and radiation field (adiabatic condition). Secondly, the atom should not spend a

long time in the field in order to avoid significant modifications of its trajectory
due to spontaneous emission.

If these key assumptions are fulfilled the atom can be treated as a classical
particle in a conservative potential. Its trajectory can then be calculated by
integrating the equation of motion, which can be derived from the Lagrangian,
L = m(f2 + r2(p2 + i2)/2 — U(r,z). Here m is the mass of the atom and U(r,z)
is the optical dipole potential (eq. (9.1)). The angular momentum associated with
the macroscopic motion of the atom is conserved, as the laser beam, and thus the
potential, is always assumed to be circularly symmetric. This conservation of the
initial angular momentum, £ = mr2^, and energy conservation can be used to
simplify the equation of motion. If the motion is parameterised in terms of the
distance 2: along the optic axis the equation of motion becomes

d

dz

(9.7)
Here E0 is the kinetic energy of the incident atomic beam, r' is the derivative of r
with respect to 2: and the effective potential, which takes the angular momentum
£ of the atomic motion into account, is given by

U'" = U{r'z) + 2^- (9'8)
The equation ofmotion (9.7) is a second-order differential equation with respect

to 2. To solve this equation numerically it is advantageous to convert it into a

-1/2
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system of two first-order ordinary differential equations:

a

a

1 + a2
2(E0 — Ueff)

(9.9)

(9.10)

These two equations can be integrated using one of the standard numerical algo¬
rithms for ordinary differential equations. The results presented in the following
were obtained by use of a Runge-Kutta algorithm with an adaptive step-size con¬

trol. Its implementation in the programming language C is based on chapter 16.2
of 'Numerical Recipes' [7].

Given the initial conditions for an individual atom, that is its position and
velocity, its trajectory can be calculated. Due to the circular symmetry of the
potential the position is sufficiently characterised by r0 and zo, whereas all three
velocity components are needed. In an atomic beam the atoms will have a certain
spatial and velocity distribution. The atomic beam is assumed to be circular sym¬
metric with a known initial radial profile. To obtain the radial distribution, that
is the number of atoms within an annular region r and r + dr, the radial profile
has to be multiplied by the the circumference 2nr. All the velocity components
will have a characteristic distribution with a typical velocity spread. The radial
velocity spread Avr determines the divergence of the input beam and the spread
in azimuthal velocity vv leads to a variation of the angular momentum I. The
longitudinal velocity will be centred around an average value vz with a velocity
spread characterising its longitudinal temperature. If the initial distribution of the
atomic beam is known, the distribution at the end of the guide can be calculated
by calculating individual atomic trajectories weight according to the probability of
their initial conditions.

9.1.3 Guiding and focusing the LVIS beam

As one realistic example, the guiding and focusing of an atomic beam generated
with the LVIS system [8] will be discussed (see also section 8.3.2 and table 9.1).
The transverse spatial profile of the LVIS beam is triangular with a total width of
d = 0.6 mm. The average longitudinal velocity is vz = 14 m/s with a spread of
Avz = 2.7 m/s. The radial velocity spread can be determined from the divergence
of the beam. For a beam with 0 = 30 mrad divergence this velocity spread can

be estimated to be Avr ~ vzQ/2 — 0.21 m/s. All three velocity distributions were
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assumed to be Gaussian, i.e. the probability is proportional to exp(—u2/(2<72)),
where the velocity spread Av gives the variance a.

LVIS Funnel

radius r 300 gm 250 finl

Vz 14 m/s 10 m/s
Avz 2.7 m/s 0.22 m/s
Avr 0.21 m/s 0.19 m/s

Table 9.1. Parameters for two representative rubidium beams [8, 9].

Initially, McClelland's assumption that the angular momentum of incoming
atoms is zero was adopted. Looking at a realistic system, however, this assumption
can not be justified as atoms will have an azimuthal velocity component. For the
following this azimuthal velocity spread was taken to be identical to the radial
velocity spread. The angular momentum associated with the azimuthal motion of
the atoms gives rise to a centrifugal term in the effective potential Ues. This keeps
the atoms away from the optic axis, thus degrading the focusing of the atomic
beam.

Figure 9.7 shows the radial profiles for two differently focused LVIS beams.
In both cases the guiding beam with azimuthal index I = 1 had a waist size of
Wq = 150 /rm and a total power of Pq = 100 mW. The atomic beam was guided
for Az = 40 cm, compressing it from its initial radius of 300 //m to about 100 /mi.
In one case, the detuning was optimised to give the highest peak potential at
the beam waist, whereas the second detuning gave a more uniform peak potential
throughout the guiding distance Az. The beam optimised for high peak potential
at the beam waist has a much better capture/guiding efficiency. It guides almost
80% of the incoming atoms to the focus, whereas the beam with the more uniform
potential only captures slightly more than half of the incoming atoms. This can be
understood by considering the transverse velocity distribution of the atoms, as was
discussed earlier. Focusing the atomic beam means that its radial velocity spread
increases as the radial position gets tighter defined. Part of the kinetic energy

associated with the velocity vz in the beam direction is transfered into transverse
kinetic energy. To confine atoms with this increased transverse energy as the beam
is focused more tightly the potential height has to increase towards the focus.
Flattening the potential therefore lowers the capture/guiding efficiency of the LG
beam.
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Figure 9.7. Radial profile of a LVIS atomic beam focused by guiding it for Az = 40cm

along a LG mode with azimuthal index 1 = 1, waist size wq = 150 pm and power

Po = 100 mW. a) The detuning A = 65.2T maximises the potential height at the
focus and 78% of the atoms are captured and focused, b) A detuning of A = 26.IT

gives a more uniform barrier height. Only about 53% of the atoms are captured and
focused.

9.2 Guiding along higher-order Bessel beams

9.2.1 Experimental scenario

Laguerre-Gaussian beams are very useful for the radial compression and focusing
of atomic beams. However, they are less suitable for transporting atoms over 'long'
distances with an almost constant radial extent, as can be done with hollow fibres.
In the remainder of this chapter, the realisation of an all optical guide mimicking
hollow fibre guides is proposed. This is achieved by use of a blue-detuned higher-
order Bessel beam, creating a confining dipole potential with a constant cross-

sectional area. For such an all optical guide there are no van der Waals forces
to be overcome and the alignment should be much easier than for hollow fibres.
Furthermore, it is straightforward to generate a Bessel beam with a dark hollow
region of less than 5 yum in diameter. A hollow fibre with this sort of diameter
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would be very difficult to evacuate, which makes it almost impossible to create
such a small aperture fibre atom guide.

Higher-order Bessel beams have a dark central region which can retain its trans¬
verse extent over an appreciable distance. The radius of this dark region increases
with the order /, but more importantly it can be of a similar size as the wavelength
of light. Especially when telescoping an axicon generated Bessel beam, core diam¬
eters of a few microns are easily achieved with lasers suitable for the guiding of
rubidium atoms. These dimensions are of the same order as the de Broglie wave¬

length of an ultra-cold atomic sample. For T = 100 fiK, a temperature typical for
atoms trapped in a MOT, the de Broglie wavelength is \DB ~ 34 nm and is thus
still too small when compared to the radius of the guide. However, for a Bose-
Einstein condensate, where the temperature is below T = 100 nK, the de Broglie
wavelength is indeed greater than 1 //m. The atoms might form modes within this
narrow atom guide. This would give rise to an atomic speckle pattern and possibly
even a mono-mode atomic guide.

Laguerre Gaussian
beam

w0 = 300 pm Intensity cross-section
Figure 9.8. Guiding of an atomic beam by use of an axicon generated Bessel beam.
A LG beam with a waist size of wo = 300 /im can generate a Bessel beam with
a hollow core of radius ri = 15 /rm that propagates for 5 cm without appreciable

spreading due to diffraction.

Mirror with
hole

Atomic beam

■ ■

Axicon with hole

Mr- Ana>*50mm->.

Bessel beam

r, = 15 pm

One possible experimental scenario uses the novel method to generate high-
order Bessel beams discussed in section 6.3 to directly channel an atomic beam
from a LG beam into the Bessel beam (figure 9.8). The LG beam is not only
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used to generate the higher-order Bessel beam but also to funnel/focus the atoms
through a hole in the centre of the axicon into this Bessel beam.

An alternative setup shown in figure 9.9 could be used to couple atoms straight
from a MOT into the Bessel beam. If an atomic cloud is released from a trap and
simply dropped or possibly pushed down, the telescoped beam will funnel the atoms
into the dark central region of the Bessel beam. This setup has several practical
advantages. First of all, the axicon does not have to be mounted inside the vacuum

system. This facilitates the alignment of the whole system considerably and makes
it much easier to check the quality of the generated Bessel beam. The telescope
also makes it possible to vary the radius of the hollow Bessel beam fairly easily.

1st Bessel
beam region

Axicon

Atom cloud

Figure 9.9. Possible experimental scenario to couple atoms released from a MOT

straight into an axicon generated Bessel beam. The telescope generates a second
Bessel beam region below the trap centre and can also be used to adjust the radius
of the dark hollow core.

9.2.2 Simulation results

To get a first idea about the experimental feasibility of Bessel beam guiding, the
capture/guiding efficiency was investigated numerically. So far, only the first exper-
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imental scenario, that is the channelling through the axicon has been analysed. The
guiding potential associated with the Laguerre-Gaussian beam and Bessel beam is
shown in figure 9.10. An axicon sitting at position 2 = 0 converts the LG beam
into an approximation to a Bessel beam. The height of the potential barrier in
the Bessel beam region is increased by almost a factor of three, and the narrow

hollow guide is well defined for about 5 cm propagation distance. For a physical
realisation the axicon would have to have a central hole, which was assumed to
have a radius of 30 pm. This hole leads to diffraction effects immediately after the
axicon. However, numerical simulations confirmed that these distortions do not
'block' the hollow region but only cause slight ripples in the potential.

The guiding potential of Laguerre-Gaussian beams discussed earlier this chapter

Figure 9.10. Guiding potential for a I = 1 LG beam with waist size wq = 300 /im
converted into a Bessel beam with radius rq = 15/mi by an axicon sitting at position
z = 0 mm. A laser power of Po = 1 W and a frequency detuning of A = 3 GHz =
78.3f was assumed.
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can be calculated completely analytically, as there is a mathematical expression for
the intensity profile for any given propagation distance z. The intensity profile
of the axicon generated approximation to a Bessel beam, however, can not be
described by a simple equation but has to be calculated numerically. Seeing that the
calculation of the dipole potential is already more complicated, it is not surprising
that the calculation of atomic trajectories gets far more demanding. First, the
intensity profile and the associated dipole potential was determined numerically
on an 2-dimensional array (r = 0 to rmax and z = 0 to £max) by use of the beam
propagation algorithm (appendix C). Secondly, the program solved the equation
of motion (eq. (9.7)) by extrapolating the potential gradients from this data.

Figure 9.11 shows the results of a numerical simulation. The atomic input beam
is assumed to be generated by a rubidium funnel [9] (see also section 8.3.1 and table
9.1), giving a beam with somewhat better parameters than the LVIS system. This
beam was coupled into a LG beam with waist size wq = 400 /rm and focused over

a distance A2 = 300 mm onto the axicon. The axicon generated I = 1 Bessel beam
had a core diameter of r\ = 25 /mi and the atoms where guided along this beam for
another 30mm. Both the focusing along the LG beam and the channelling into the
central core of the Bessel beam, together with the associated increase in the atomic
beam intensity, can be seen quite clearly. Slightly more than 4% of the atoms of the
input beam are actually coupled into the central core of the Bessel beam. Although
this does not appear to be very much it should still be experimentally observable,
especially with a high brightness atomic beam such as the atomic funnel or LVIS
beam. Most of the atoms were lost because they did not get channelled through
the hole in the axicon. Interestingly, it is worth noting that there are also some

atoms channelled into the first annular dark region.

9.2.3 Discussion of the simulation results

These initial numerical results indicate that the channelling into and along Bessel
beams should indeed be experimentally feasible. However, these predictions are

based 011 a rather crude numerical model. All the dissipative terms of the radiation
force, that is radiation pressure force and the viscous part of the dipole force, have
been completely ignored. The spontaneous emission associated with both of these
processes will impart random momentum kicks to the atom, thus modifying their
classical trajectories. Spontaneous emission will also cause heating of the atomic
ensemble, that is an increase in velocity spread. As the guided atoms typically
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spend several tens of milliseconds in the LG beam and for the Bessel beam are in
a tightly confined channel surrounded by a region of very high light intensity it is
not obvious that either of the two key assumption (page 129) for the particle-optics
approach is fulfilled.

Therefore one of the main objectives of our ongoing work is the development
and implementation of a quantum trajectory algorithm [10, 11]. As a preliminary
study, the spontaneous emission probability for atoms guided along a LG beam has
been calculated. The rates for spontaneous emission depend on the local saturation
parameter [12]

("I)

and the total probability psp for a spontaneous transition is then given by

psp = 1 - exp Ts(r(t))/3dt (9.12)

By use of this equation the spontaneous emission probability for an atom guided
along a LG beam can be calculated numerically. For typical guiding parameters
the spontaneous transition probability averaged across the whole atomic beam
profile was less than 2%. Even when assuming that all of the atoms undergoing
spontaneous emission escaped and were lost from the guiding laser beam, the effect
is relatively small. This implies that, despite the use of the rather crude particle-
optics model, the results presented in this chapter should give at least a reasonable
indication of the true capture/guiding efficiencies.

One further flaw of the model is the fact that it does not take the hyperfine
splitting of the transition into account. This hyperfine splitting is especially large
for the ground state, as can be seen in figure 8.2 for the example of rubidium
8oRb. Indeed, with Ahf = 2ir x 3.036 GHz the hyperfine splitting is actually quite
similar to typical detunings mentioned throughout this chapter. The effects of
the hyperfine splitting of the ground state will therefore be of great experimental
relevance. In order to have a positive (blue) detuning for both ground state levels,
the laser detuning has to be specified relative to the lower hyperfine level [12].
Atoms in the upper hyperfine level will then also see a repulsive force, only much
weaker, as the detuning A2 = A + AHf is much bigger. To achieve efficient guiding
it is therefore advantageous to keep the atoms in the lower ground state, which
can be assured using a weak repumping beam tuned to the transition from upper

ground state to the excited state. This repumping will also cool the atoms in an

effect similar to the Sisyphus cooling in standing wave laser fields [12].
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As the hyperfine splitting of the excited state is small enough to be negligible,
the atom-laser held system can be described using 3 dressed states. The two

groundstate levels have a different repulsive potentials, whereas the excited state
has an attractive potential. The effects of the hyperhne splitting can be modelled
within the dressed-atom picture by working out the transition probabilities between
these three levels.

9.3 Conclusions and outlook

In this chapter the guiding potential and the focusing properties of Laguerre-
Gaussian beams have been discussed in detail. LG modes with higher azimuthal
index I seem to be advantageous for the focusing of atomic beams, whereas modes
with higher radial index p are preferable if a guide with a reasonably constant
cross-section is required. However, such a 'fibre-like' guide is mimicked even better
using a higher-order Bessel beam. This is the first time their application for atom
guiding is discussed in any detail, suggesting two novel schemes to couple atoms
into the dark hollow region of the beam. Preliminary numerical results indicate
that about 4% of the atomic input beam is coupled into the dark central region.

Once again it has to be emphasised that the work presented in this chapter is
still ongoing. Many of the points addressed here still need some closer investigation
and we have only just started to understand the complex interplay between the
parameters of the guiding beam and the capture/focusing efficiency. In the near

future the numerical model will be improved to take both spontaneous emission
events as well as the hyperfine structure of the atomic transition into account. This
should give more reliable results for the capture/guiding rates and will also allow
us to investigate heating due to the spontaneous transitions and cooling due to a

repumping beam.

Ultimately, however, we are planning to realise Laguerre-Gaussian and Bessel
beam guiding experimentally. Unfortunately, the current trap does not give enough
optical access to do meaningful guiding experiments but a new improved trap is
already designed and should be operational within the next couple of months.



REFERENCES 140

9.4 References

[1] V. I. Balykin and V. S. Letokhov, "The possibility of deep laser focusing of
an atomic-beam into the A-region," Opt. Comm. 64, 151-156 (1987).

[2] J. J. McClelland and M. R. Scheinfein, "Laser focusing of atoms - a particle-
optics approach," J. Opt. Soc. Am. B 8, 1974-1986 (1991).

[3] J. P. Yin, Y. F. Zhu, W. B. Wang, Y. Z. Wang, and W. Jhe, "Optical potential
for atom guidance in a dark hollow laser beam," J. Opt. Soc. Am. B 15, 25-33
(1998).

[4] M. Schiffer, M. Rauner, S. Kuppens, M. Zinner, K. Sengstock, and W. Ertmer,
"Guiding, focusing, and cooling of atoms in a strong dipole potential," Applied
Phys. B-Lasers Optics 67, 705-708 (1998).

[5] C. Won, S. H. Yoo, K. Oh, U. C. Paek, and W. Jhe, "Near-field diffraction by
a hollow-core optical fiber," Opt. Comm. 161, 25-30 (1999).

[6] M. Babiker, W. Power, and L. Allen, "Light-induced torque on moving atoms,"
Phys. Rev. Lett. 73, 1239-1242 (1994).

[7] W. H. Press, Numerical Recipes in C: The Art of Scientific Computing, 2nd
ed. (Cambridge University Press, 1992).

[8] Z. T. Lu, K. L. Corwin, M. J. Renn, M. H. Anderson, E. A. Cornell, and C. E.
Wieman, "Low-velocity intense source of atoms from a magneto-optical trap,"
Phys. Rev. Lett. 77, 3331-3334 (1996).

[9] T. B. Swanson, N. J. Silva, S. Iv. Mayer, J. J. Maki, and D. H. Mclntyre,
"Rubidium atomic funnel," J. Opt. Soc. Am. B 13, 1833-1836 (1996).

[10] S. Kuppens, M. Rauner, M. Schiffer, K. Sengstock, W. Ertmer, F. E. vanDors-
selaer, and G. Nienhuis, "Polarization-gradient cooling in a strong doughnut-
mode dipole potential," Phys. Rev. A 58, 3068-3079 (1998).

[11] N. Gisin and I. C. Percival, "The quantum-state diffusion model applied to
open systems," J. Phys. A 25, 5677-5691 (1992).

[12] J. Soding, R. Grimm, and Y. B. Ovchinnikov, "Gravitational laser trap for
atoms with evanescent-wave cooling," Optics Comm. 119, 652-662 (1995).



Conclusions and Outlook

In this thesis work in both nonlinear optics and atom optics was covered. All of
the rather different experiments and simulations that have been presented here are

linked by the fact that they involved holographically generated laser beams. There
were several key projects which proved to be very topical within the optics com¬

munity, and in which there are further studies going on both here at the University
of St Andrews, at Glasgow University and elsewhere.

The first key project was the parametric down-conversion of light beams possess¬

ing orbital angular momentum. In all the previous experiments looking at nonlinear
processes using light beams with orbital angular momentum this angular momen¬
tum was conserved within the light fields, giving rise to frequency-converted beams
with a well-defined helical phase structure. However, the experiment presented
here revealed that the down-converted light beams had a low spatial coherence.
It was therefore impossible to determine their orbital angular momentum content.
Only experimental investigations at photon level could confirm that the orbital
angular momentum is conserved within the light fields. First experimental results
by A. Mair and A. Zeilinger do indeed confirm that the orbital angular momentum
of photons is conserved for the case of a Gaussian pump beam. However, there
is still no thorough theoretical analysis of the role of orbital angular momentum
in parametric down-conversion and also some further interesting experiments that
could be done. For example, it seems worthwhile to investigate the case of a pump
beam which itself carries orbital angular momentum experimentally.

In the case of second-harmonic generation, the 'non-diffractive' nature of Bessel
beams led to the suggestion that they might achieve higher conversion efficiencies
than Gaussian beams. However, a substantial part of the power of the Bessel
beam is contained in its outer rings, which because of their low intensity do not
contribute significantly to second-harmonic generation. Therefore the outcome is
not obvious. The numerical simulations presented here reveal that Bessel beams
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do not achieve a higher conversion efficiency. Although Bessel beams do not offer
advantages in terms of conversion efficiency there is still a widespread interest
within the nonlinear optics community in applications for these beams. Especially
their phase-matching characteristics and their use for pumping optical parametric
amplifiers seem very attractive.

Another project which generated considerable interest when presented at con¬

ferences was the 'optical bottle-beam'. This beam with a dark focus surrounded
in all three dimensions by regions of higher intensity has obvious applications for
particle trapping. In optical tweezers it could be used to trap micron-sized par¬

ticles with low refractive index in three dimensions. In atom trapping this beam
could form a single beam blue-detuned dipole trap. Furthermore, there was also
interest in 'inverse bottle-beams', or more appropriately, 'bubble-beams'. If the
relative phase of the two Laguerre-Gaussian modes is changed one can create a

bright focus surrounded in all directions by a region of very low light intensity.
These beams could again be useful for trapping, but also for applications were a

very short depth of focus is required.

The novel method for the generation of high-order Bessel beams presented in
this thesis is potentially very efficient. If the illuminating Laguerre-Gaussian beam
is generated by converting a Hermite-Gaussian beam by use of a cylindrical lens
mode converter, nearly all the laser output is transferred into the high-order Bessel
beam. Furthermore, this conversion method seems to be particularly advantageous
for applications in atom guiding.

Both the numerical and experimental investigation of this Bessel beam atom

guiding as well as other realisations of atom guiding will dominate my future work
here in St Andrews. The preliminary results presented here highlighted some of
the distinct characteristics of hollow light beam atom-guides. It was found that
Laguerre-Gaussian beams with higher azimuthal index / are better suited for the
focusing of atomic beams. High-order Bessel beams, on the other hand, can provide
long 'fibre-like' atom guides with a constant cross-section. Ultimately, this might
allow the observation of atomic speckle patterns, as very small guide diameters can

be realised fairly easily.



Appendix A

Production of the holograms

In the course of this project a wide variety of holograms has been produced and
evaluated. One task was to determine a procedure which allows easy production
of highly efficient holograms at low cost. This procedure will be outlined in this
appendix.

A.l Recording on photographic emulsion

Computer generated holograms can be produced in many different ways. Litho¬
graphic writing of the phase holograms probably offers the best control of the phase
step height. Diffraction efficiencies close to the theoretical limit have been achieved.
A more traditional way of producing holograms uses photographic recording media.
The widespread availability, low cost and relative ease of handling make it by far
the most popular holographic recording medium. All the holograms used in the
course of this work have been on photographic recording media, as this allowed
complete in house fabrication of the computer generated holograms.

When explaining the theory of traditional holography one usually assumes that
the recording process of the hologram is linear. The amplitude transmission func¬
tion T is taken to be proportional to the exposure E of the film and thus propor¬

tional to the intensity of the interference pattern of the reference beam and the
field of interest. However, looking at the exposure characteristics of photographic
emulsion reveals that, in reality, the holographic recording process is far from linear
(see, for example, chapter V in ref. [1]).
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These nonlinearities can be minimised by proper choice of exposure time and
by changing the type of developer and the time of development. Taking contact

prints of a master hologram also helps to reduce the effects of the nonlinearity.

When designing computer generated holograms the film is exposed according
to a calculated pattern instead of an actual interference pattern. It is therefore
possible to take the nonlinear response of the film into account when calculating
the hologram pattern [2]. During the course of this thesis some preliminary exper¬
iments were done trying to compensate for the nonlinearity of the film and a slight
improvement in conversion efficiency was achieved. However, a closer analysis was

abandoned as the holograms were not the central part of this work but rather a

means to an end.

A.2 The recording procedure

The best results were achieved using the following procedure, which involves three
distinct steps:

1. Calculating the hologram pattern.
A computer program was written in 'C' to calculate the appropriate patterns
with the required high resolution (4096 x 2732 pixels). The pattern was coded
with a linear 8-bit gray scale. Out of the possible 256 gray levels however
only a few were actually used as one grating period A typically corresponded
to just 20 pixels. The pattern was saved as a portable graymap (pgm) and
then converted into TIFF file format.

2. Writing the pattern onto photographic film.
The computer generated pattern was written directly onto photographic film
using a film recorder (Agfa Slide Writer; 4096 x 2732 pixels on a slide of
35 mm x 23 mm size). Negative as well as reversal films have been tested
and the colour reversal film Kodak Ektachrome Professional 100 gave the best
results. The more commonly used method is to laser print the pattern and
then photoreduce it. The main advantage of using the 'slidewriter', besides
the ease of handling, is that it produces a proper gray scale as opposed to
the halftoning of laser printers.

3. Making contact prints onto holographic film.
The contact prints onto holographic film (sold by Edmund Scientific) were
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Process Time

1. Exposure

2. Develop (Kodak D-19) 4 min

3. Rinse (5 ml acetic acid in 995 ml distilled water ) 1 min

4. Fix (Kodak Max Fix) 4 min

5. Rinse (Distilled water) 1 min

6. Bleach (table A.2) 5 min

7. Rinse (10 ml acetic acid in 990 ml distilled water) 10 min

8. Drying

Table A.l. Processing of the holographic film

Bleach

Potassium dichromate 1.8 g

Potassium bromide 4.0 g

Sulfuric acid 1 ml

Distilled water to make 1.0 1

Table A.2. Formula for the rehalogenation bleach

made using white light from a standard photographic enlarger. The process¬

ing of the thus exposed holographic him is most crucial to achieve as high
a diffraction efficiency as possible. The processing comprises the developing
as well as the bleaching in order to obtain a more efficient phase hologram.
After experimenting with different developers and bleaches we decided to use

a conventional rehalogenating bleach as described in reference [3] (Table A.l
and A.2). For conventional bleaching the holographic him is hrst processed
like an ordinary photographic him, that is it is developed and hxed. The
developing converts the exposed silver halide grains into the silver image and
the hxation removes all the unexposed silver halide from the emulsion. The
holographic him is then bleached which converts the silver back into trans¬
parent silver halide. The him is now completely transparent, but due to the
difference in refractive index, the incident light experiences a phase shift in
the exposed regions.
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A.3 Diffraction efficiencies

When using a He-Ne laser (A = 632 nm) the combination of blazing and bleaching
gave a typical optical efficiency into the first diffraction order of approximately 36%.
For near infra-red lasers, like the 780 nm diode laser used for atom guiding and the
Nd:YAG (A = 1064nm) used for optical tweezers similar efficiencies were obtained.
Unfortunately, with the green laser (frequency-doubled Nd:YAG, A = 532nm) used
for the parametric down-conversion experiment the same holograms only achieved
25% efficiency. This dramatic drop in efficiency is caused by the reduced overall
transmission for the green light. Besides higher absorption in the base substrate
of the him the green light experiences higher scattering by the silver halide grains.
Furthermore, the green laser used is far more powerful than the He-Ne laser which
resulted in considerable printout in the holograms. Printout means that some of
the light sensitive silver halide contained in the bleached emulsion is converted to
metallic silver in the process of photolysis. Thus the illuminated region gets more

opaque, reducing the efficiency of the hologram [4]. The drop in efficiency caused
by the difference in phase shift for red and green light is negligible.

The diffraction efficiency of my holograms is not as high as reported in ear¬

lier work which used specialist holographic glass plates [5]. However, the simplic¬
ity gained by using the combination of standard photographic film and the slide
writer seems to justify the loss in overall optical efficiency. By changing to better
holographic material and by compensating for the nonlinearities of the film by ad¬
justing the computer generated gray scale further improvement in efficiency should
be readily achievable.
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Appendix B

Mode decomposition

The optimal decomposition of a holographically generated vortex beam into Laguerre-
Gaussian modes, as presented in section 1.4.5, can be computed analytically.

B.l Analytical mode decomposition

The electric field amplitude of the first-order beam directly after the hologram is
given by

EH = JIJ-e-^ine"^, (B.l)V nw-m

where the amplitude is normalised such that (EH, EH) = 1. A normalised Laguerre-
Gaussian mode at its beam waist is given by

-I'l

Elp{r) = J ,P! —e'r2/"°e-^J^ (%] . (B.2)]j-K(\l\+p)lw0 y iwg p WoJ
In order to determine the decomposition of the holographically generated beam
one has to calculate its scalar product apv = {Eh-, E^) with the different Laguerre-
Gaussian modes:
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The azimuthal integration yields a factor 2iv5ii>, which implies that the decompo¬
sition of the holographic mode only has Laguerre-Gaussian modes with azimuthal
index I' = I. If the substitution x = 2r2/wl is used, the remaining radial integral
can be re-written as

aPi = t/TTTrr-v?— r e-^w^2+1^x^2L^(x)dx. (B.4)w nl\ + p)\win J0

This integral can be found in standard integral tables, for example as formula
7.414(7) in reference [1],

e-st tsK(t)dt = r(/* + lw(°,+n + + 1; a + 1; 1/s), (B.5)jo till (a + 1)

where F(a, b\c\z) is a hypergeometric series as defined in the same reference in
equation (9.100). If one assumes that I > 0 1 and makes the following substitutions

s = ((w0/win)2 +1) /2 , /3 = 1/2 , a = I , n = p , t = x (B.6)
the decomposition amplitude api can be written as

dpi J—-TT—r('/2 7" + + 1| ( + X; 1/s). (B.7)y(/+p)!twin p\T{l + l)
For the optimal decomposition we want to choose u>o such that the decompo¬

sition amplitude for p = 0, i.e. a0i, is maximised. The general equation (B.7) is
simplified significantly by looking at the p = 0 term, as the hypergeometric function
is a constant F(0, ... )= 1:

aal = 2V2+,IW2 + 1) » ((w.n/mo)2 + !)-'/»-! (B.8)
V<! ^in

By taking the derivative of this expression with respect to wq and looking at its
zeros one readily gets the relation between the waist size w-m of the illuminating
beam and the optimum output waist:

W0 = J—-Win (B.9)
VI +1

This gives a maximum for a0i, which after using that s = (/ + 2)/2(1 + 1) can
be simplified to read

I ( i+i\l/2+1
«« = 7^r(i/2 + 1)(2TT2j <B10)

xThis makes the following equations easier to read. For generality, every occurence of I has to
be replaced by its modulus |/|.
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Furthermore, it turns out that the contribution of the p — 1 Laguerre-Gaussian
mode is always zero for the optimum decomposition, and the first two higher con¬
tributions are given by

- = ih^ +«(2 &),/2+" = rb-
and

I l + l 41 (J + l\l/2+1 _ I T+1 41
a3l~

Y 3!(Z + 3)! (/ + 2)2 ( / + H / + 2J ~ y 6(/ + 3)(/ + 2) (l + 2ya°l
(B.12)
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Appendix C

Beam propagation and

second—harmonic generation

algorithms

A very useful tool during the course of my work was a numerical algorithm which
modelled the free-space propagation of the electric field of any paraxial monochro¬
matic light beam. This algorithm, which is based on a plane wave decomposition of
the propagating beam, was first proposed in 1975 by Sziklas and Siegman [1]. One
of my colleagues, Johannes Courtial, implemented this algorithm for the Mathe-
matica [2] package. This implementation proved very useful for the analysis of the
holograms for higher-order Laguerre-Gaussian beams and bottle beams (chapter 2)
and higher-order Bessel beams (chapter 5). The beam propagation algorithm is also
an integral part of my C++ program used to model second-harmonic generation
(chapter 7) and it is essential for the discussion of atom guiding along higher-order
Bessel beams (chapter 9).

C.l Beam propagation algorithm

To propagate a paraxial electric field amplitude, uz(x,y), in ^-direction through
free space from one transverse plane to the next, one has to find a solution to the
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paraxial wave equation:

<92 <92 d
u +——u + 2ik—u = 0 (C.l)dx2 dy2 dz

One of the most efficient algorithms to solve this problem is based on a plane wave

decomposition of the propagating beam, where each of the plane wave components
travels at a different angle in k-space. Each component is propagated individually
from one transverse plane to the next using a simple formula and the resulting
wave is then transformed back into the new spatial wave function.

The algorithm can be divided into four steps:

1. The decomposition of the propagating beam into plane waves is achieved by
taking the two-dimensional Fourier transform of the electric field amplitude
in the start plane, z — Zo,

uzo{kx,kz) = ^Jj uZ0(x,y) exp(+i(kxx + kvy)) dxdy. (C.2)
uzo(kx, ky) is the transverse spectrum of the electric field and can be seen as
the field amplitude of a plane wave with transverse wavevectors kx and ky.

2. The longitudinal component of the wavevector kz for each of these plane
waves can easily be calculated if the field is assumed to be monochromatic
with a wavenumber k = 2tt/X:

kz = -k\-k\ (C.3)

3. When propagating for a distance Az in ^-direction, each of the plane wave

components experiences a phase shift A</> = —kzAz. The amplitudes of the
individual components in the transverse plane z = zq + Az are therefore
related to those in the initial plane by

&zo+Az{kx, kz) —uZo(kx, ky) exp ( i-\Jk^ k% ky Az^ . (C.4)
4. The spatial cross-section of the electric field in the plane z = zq + Az is

obtained by taking the inverse Fourier transform

uZ0+AZ(x, z) = JJ uz0+az{kx, ky) exp (~i(kxx + kyy)) dkxdky . (C.5)
This gives an exact solution to the paraxial wave equation (C.2), which did
not involve any further approximation.
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The two Fourier transforms needed for one run of the beam propagation algo¬
rithm can be carried out very efficiently by use of the Fast-Fourier transformation
(FFT) algorithm [3]. However, discrete Fourier transforms are not always a good
approximation to the continuous transforms, so the parameters have to be chosen
carefully to obtain meaningful results.

The electric field in an transverse plane is sampled on a equidistant rectangular
grid and its complex values stored as a two-dimensional array. The FFT algorithm
calculates the corresponding points in Fourier space, which again lie in an rectangu¬
lar area. The closer the spacing of the sampling points in real space, the bigger the
area covered in Fourier space (kXjmax = n Akx = 1/Ax), and the bigger the area
in real space, the tighter the grid in Fourier space (Akx = l/xmax = 1/(n Ax)).

If the electric field vanishes outside the area which is sampled by the rectangular
grid then the discrete Fourier transform gives a very good approximation to a

continuous Fourier transform. To obtain meaningful results one therefore has to
make sure that the input beam is not 'cropped' by the boundaries of the array.

Similarly, the array in Fourier space must be wide enough to cover all the non-zero

components of the Fourier transform. A more detailed discussion of the possible
problems with the beam propagation algorithm and FFTs in general can be found
in references [4] and [3].

C.2 Second—harmonic generation algorithm

As was pointed out in chapter 7, second-harmonic generation can be described
by a pair of coupled paraxial wave equations for the envelopes of the fundamental
field, ef, and the harmonic field, eh,

Ief = -^v2tef + id-^—e*feHe~iAkz (C.6)oz 2kF 2e0cnF
d
eh = -l.vleh + id-^—efefehakz (C.7)

oz 2kH 2eocnH
The first term on the right hand side describes the diffractive spreading, the second
term the pump depletion (eq. (C.6)) and the second-harmonic polarisation (eq.
(C.7)), respectively.

The basic feature of the algorithm used to solve these equations is to split the
problem into two parts:

1. The diffraction part of the problem is extracted analytically by use of a spatial
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frequency transform. This is done with the beam propagation algorithm
discussed in the previous section.

2. The resulting reduced equations for the nonlinear part of the problem are

solved using a standard routine for ordinary differential equations. If the
nonlinear polarisation is handled in real space one speaks of a 'split-step
method'. The nonlinear differential equations are then solved independently
for each transverse position. Alternatively, the nonlinear part can be dealt
with in Fourier space, leading to a set of nonlinear differential equations
for each of the plane wave components. This method is consequently called
'Fourier-space method' [5].

For my program I used the split-step method, which is slightly more intuitive
than the Fourier method. The crystal of length I was divided into m equal slices
of width Az. For each of these slices the fundamental and second-harmonic field

are propagated using the beam propagation algorithm. This reduces the equations
for the nonlinear polarisation in real space to

Ef = id-^—E*FEHe~iAkz (C.8)
oz Zeocnp

Eh =id7^—EFEFe+*Ak* (C.9)oz 2e0criH

These ordinary differential equations where solved separately for each transverse
position using a Runge-Kutta algorithm with fixed step size [3].

Typically, the electrical fields were represented by 256 x 256 or even 512 x 512
matrices. The electric field of the fundamental beam was initialised according
to which type of pump beam (Gaussian or Bessel beam) was chosen and it was
assumed that there is no initial harmonic field. The crystal was then typically
divided into m = 20 slices. The program allowed to monitor the intensities and
beam cross-sections after each slice.
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