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ABSTRACT

The purpose of this project is to study the partially degenerate
stellar models. In order to begin this study, polytropic stellar models
are discussed and the Lane-Emden equation is solved by a new numerical
technique. Next, the partially degenerate models are proved to reduce
to polytropic models, at their limits of very high and very low
degeneracy.

Following this, the partially degenerate standard model is studied.
The equation of equilibrium is solved and the physical characteristics
are evaluated for different values of parameters.

To complete this study, the partially degenerate standard model is
discussed as a convective. model, and the luminosity is evaluated.

The adiabatic exponents are estimated for a mixture of degenerate
electron gas and radiation. The FORTRAN IV programes are found in the

appendices of this thesis.
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INTRODUCTION

The present work aims to calculate partially degenerate stellar
models whose basic equilibrium equation has been firstly described in
S. Chandrasekhar's book "An Introduction to the Study of Stellar
Structure".

The equation of state is based upon the Fermi-Dirac statistics for
an electron gas and it is also modified by the addition of the pressure
due to electromagnetic radiation. The contribution from the particle
pressure of the nuclei in the gas has been neglected in the present
treatment.

The equilibrium equation is solved using a method of numerical
integration whose accuracy is tested in the solution of the Lane-Emden
equation in Chapter I. Tables with the Lane-Emden functions are
produced, showing the accuracy of our method.

In Chapter II the degeneracy of the electron gas is discussed and
it is shown that the partially degenerate standard model equation of
equilibrium reduces to the Lane-Emden equation of index w= 3/2 in the
case of very high degeneracy and of index w= 3 in the case of very low
degeneracy.

A complete discussion of the numerical solution of the partially
degnerate standard model equation is given in Chapter III. Our results,
for various degrees of degeneracy are tabulated and also the functions
M/MK) , P/Pc, T/Tc, E/?c are shown in diagrams.

In Chapter V a criterion for convection is discussed and the
adiabatic exponents (gammas) are derived for the mixture of partially
degenerate electron gas and radiation.

In Chapter IV the luminosity of the completely convective
partially degenerate standard models is discussed and approximate

values are given. s



The problem of the partially degenerate standard model has beenl
discussed by G. Wares in his paper (Ap. J. 100, 1944). He gives results
for only three values of the degeneracy parameter. The Fermi-Dirac in-
tegrals have been obtained by interpolation in the tables of
J. McDougall and E, C. Stoner. In the present thesis the Fermi-Dirac
integrals are obtained directly as required from the very accurate
rational formulae given in a péper by W. J. Cody and H. C, Thacher.

‘The values obtained by this latter method are much imore accurate than
those by the former. Also, the models which we obtained by the new
method are more accurate than those by G. Wares. The position of the
surface for a degeneracy parameter equal to O is at point 9.5 according
to G. Wares. The value found in this thesis is at point S.0. This
value is checked by using logarithmic variables. When using logarithmic
variables the value is found to be at point 9.025.

G. Wares has shown that the partially degenerate staundard models
are aprlicable for snbdwarf stars as Wolf 134 and Wolf 1037 as wéll as
for old novae with low hydrogen content.

The equation of state for partially degenerate matter has been
considered by N. D, Limber for the study of the structnre of M=dwarf
stars which are suggested to be completely convective insofar as their
interiors are concerned,

The structure of stars of very low mass has been studied by
8. 8. Kumar using the equation of state of a nonrelativistic paftially
degenerate gas. S. Kumar proved that there is a lower 1imit to the mass
of a main seqﬁence star under which the star becomes completely degenerate
or "black dwarf", S. Kumar also showed in a second paper that the end=-
product of a star of very low mass is a completely degernerate object %nd
that the known planetary companions can be identified with the dead dwar?f

stars.



We can see that the partially degenerate configurations can help in
the understanding of the structure of stars of very low mass and they are
also important for the study of the helium-core of highly evolved red
giants (P. Demarque and J. Geisler). v

The scope of the present thesis is to give a detailed account of
the theory of the partially degenerate standard model. Suggestions for
further study can be the problem of the isothermal gas sphere and also

the construction of models for highly evolved red giants.



CHAPTER T

e —

In the first part of this chapter the general theéry of the hydrostatic
equilibrium of a gas sphere will be discussed and the basic formulae will be
derived.

The second part is concerned with polytropic stellar models. The Lane=
Emden equation is derived and its analytical properties and physical
characteristics of a polytropic configuration are discussed.

In the third part, a numerical method of solution of the Lane-=Emden
equation is introduced. Tables are obtained giving the results of our
solution for various polytropic indices.

The accuracy of the method is checked by comparing our results to the
known ones from the British Association for the Advancement of Science
Mathematical Tables Vol. 2, 1932.

The actual FORTRAN 1V program for the numerical solution of the

classical nonlinear differential equation is given in appendix I.



A. GENERAL _THEORY FOR THE HYDROSTATIC EQUILIBRIUM OF A STAR

We consider the equilibrium of an isolated static mass of gas held
together by its own gravitational attraction, which in the absence of
rotation, or any other disturbing causes, will settle down, into a

distribution of spherical symmetry.

Let r denote the radius vector, measured from the center of the
configuration
P(r) be the pressure at any point r,
g(r) the gravitational acceleration
¢(r) the density
M(r) the mass enclosed inside r.
Since we have a spherically symmetrical distribution of matter the

pressure P, the density e and the other physical variables will be functions
3

ofr only, and Mery- 3 Ane 3r) dr 1)
o

If a volume element of gas is to be held mechanically at a certain position

in the sphere, neither being expelled outward by pressure, nor falling to

the center of gravitational attraction, then it will be necessary for the

pressure and gravity forces to sum to zero. The gravitational force at r,

is due entirely to the mass M(r) interior to r, since the symmetrical shell

outside r does not exert resultant attraction in its interior. Hence

= G Mer (2)
P o

where G= 6e¥ «15* dynes - c.\nq‘/%m‘

also if '@ is the gravitational potential, we have by definition:

%(.‘fﬁ: -.‘.li = G_\ﬁ(._“l (3)

dr rt
The radial force on a volume element due to the pressure differential ap
is equal to: FPa PAA_LPi—AP) &.A :..AP Ch\ (4)

where for the volume element we have dA as the cross=-sectional area, and



P &RL\N‘: :lw., (5)

the mass of the volume element.

Here, we note that since dP is negative, the pressure force is

positive.
By Newton's law, the atiractive force for an element of mass dm is
Voo GO dm (6)
- rl

From (4) and (5) we get

orfoc0 5 _dPdA_ oM ?ﬁman o
v

5 -0P. GMN ?Ur\éur
2

of  df . _GWw) po (7)
dor i
which is the condition for hydrostatic equilibrium. From relation (1) we
get
&ﬂu} = Anvt ?Ur') (8)
o

Eliminating M(r) betwzen (7) and (8) we get
Rty ‘\,_G e =_4n~r‘-Gc\>u‘;
cl}r RO A dr
5> L 4 (2 &9&\ AnG pon) 9
S S
From (3) %zclﬁ; and (7) <
- I
Lod (0 iy s AnGron
tt d dor (10)

which is the analogue of Poisson's equation

vté . 4nGy
which for spherical symmetry takes the form

1.&3*

ad . 4{\@% (11)
dr

gl
C




From equation (1) we can easily obtain that for r __, o the mass will be

3

proportional to r” i.e. M(r) = r3 while Q@——EQB =0
- d.l' N—aO

i don finite and

its value is calculated from

tﬁw}) % GM oG4 et p) -4 nGrp,
o e 3 3

=0 1‘—;0
where = L=

The gravitational acceleration %U.')‘__c=o
and also \&R‘)_l =0 when ?(r) is finite
d" =0

At the boundary for =R d . ¢ o Ry

\ —

R



B POLYTROPES

The pressure in the static configuration of the gaseous sphere, is
determined by the equation of state, applicable to the local conditions of
the stellar interior.
The consideration of the hydrostatic equilibrium as well as that of the
not, in thewselves, determine the structurc of
We need more conditions on the‘density and temperature in a stellar interior
which, together with the hydrostatic equilibrium conditions will specify

the stellar structure. An explicit auxiliary condition that has been found

to correspond to certain idealized physical situations is of the form

P\ P o P. & Q\& (12)

!
where ¥ = Al

s

Equation (12) governs a thermodynamical polytropic change when this change
is also adiabatic. then g=% . Gaseous spheres in hydrostatic egquilibrium
in which the pressure and density are related by (12) at each point along
the radius are called polytropes.

The constants k and n (or 3) depend upon the nature of the polytrope.

An example of a stellar model which can be represented by a'polytrope
is the one studied by ¥eWin and considered to be in a state of adiabatic..
convective equilibrium. If for this model radiation pressure is of no
importance to the structure of the star, then the pressure will be given

by the well known relation for adiabatic changes
AT
Ko

where 3 =5/3 for an ideal monatomic gas and the polytropic index W =3/2

A second example of a configuration for which a polytrope can be
applied is the one of Rddington's standard model., In this case, by
introducing a quantity % such that

s =88 wd R LM e

where P is the total pressure, we easily obtain that for a perfect gas
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_\ %[
Assuming now that % is a constant throughout the star then P: LAMS ?

which is a polytrope of index w =3

A third example of a polytropic configuration is the one of the white
dwarfs where the pressure is the pressure of a completely degenerate

sis
electron gas. The pressure of such a gas is proportional to ?

when the electron momenta are not relativistic ( P Leéme ) and to ?w%
when the electron momenta are relativistic ( pHwe ). Since the
nuclei pressure is negligible small in comparison to the electron
pressure, then the total pressure is taken to be equal to the electron
pressure alone. S0, a non-relativistic, completely degeneralte model
will be represented by a polytrope of index w= 3/ C\&.- sf'b) y While an
extremely relativistic completely degenerate model will be represented
by a polytrope of index w3 K\6= 4/3)

In the following paragraphs we shall in brief refer to the theory and
the equation of equilibrium of the polytropes.

From thermodynamics we get that for a polytropic change (i.e. a
quasi-statistical change for which d@/dT = C = constant)

'

P = \3\& constant,

r
Pl"\JI Tx = constant,
1]
. T = ?\&”l constant
’
where ¥ = Cp=C/Cv=C

alg'-l.
Since the density P is proportional to T in a polytrope of index

] M,
W L/X-L , a convenient definition is p= 15) (13)
where Q is a scaling parameter whose equilibrium depends upon the
definition of © ,

For this rcpresentation the pressure is
wel, il W+l )
P = K ?“ - K Q“ % (14)



Substitute (13) and (1L4) in equ. (9)

{ :‘l,'\"l LM#L\\ _\___ -(L kq-\. @_\ T - g\.\ (15)
AnG % gy o
Introduce a unit length L ue
oz \km«-D\K 2% | (16)
4nG '

and a dimension less distance variable -%-V/O. (16a) whereupon
equ. (15) reduces to

L dTee)..¥
Ty N

2 49, d8 . (7)

R S

or

This equation is called the "Lane Emden' equation for the siructure of
polytropes of index w . Although the problem of the gravitational
equilibrium of a gas sphere was first studied by I. J. Lane and

equ. (17) was first explicitly established by A. Ritter, V. R. Eumden
was the first to systematize the earlilier work and also to include new
results and extensive tables in his work Gaskugelw (1907).

Since we assume that at the surface P=o wvhen ©= o and at the
center '?‘=$h when 8=1, it is clear that we are interested in
those values of the solution between O and 1.
The solution for © as a function of '% determines the structure of
the polytrope except for the choice of the central density.
We can choose 9 to be equal to the central density Rc »

It is evident that the solution of (17) must satisfy the boundarf

conditions

9= , %%;o c.lL Xgo (18)

under these conditions in order to find d 8

4%



1

ve use de l'Hospital's rule to evaluate the term

?-_%% ok S__,o

o

Indeed we have

L® 2 40
G 5

and (17) becomes *
- \ Qi e I
L 4R (9% =35 a8
T ey Qw ayr

ok x—-boi ©=)

Explicity solutions of the Lane~Emden equ. for general values of w ,
apparently do not exist.

In order to preserve thé continuity of the discussiong; the explicit
solutions for w =0, 1 and 5 (Stellar Structure, S. Chandresekhar,
p 91) are included where the solution is reduced to a classical
function

a) w=20

(17) becomes 4 Cg d®) .. >
3

where -~C, D are the constants for the two integrations for ¢ #£O

we have a singularity for S.._,o ‘

for (=0 we get the solution
Q= D- L X*
=

For the boundary conditions (18) the solution reduces to
©=1- (/e)
and for E:T-G = QC‘S\)= o

A polytrope of index w=0 corresponds to a constant density model.
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(h%]

b) W=14
(17) becomes (using the transformation %ew'i )

X‘)-“ x) R

S‘t d\g E\-\

(Y dx _xV= - e
L a2

“

(\‘&_\.&\___:r_
Xd‘b &8y R

\
(_fi:-fi CTor wel oy X oox

8T 53

The general solution is  x= CSim ('&.8} = S.cswm C‘SS') 3

=

where ¢ and S are the constants of integrations
For Sfo we have a singularity for -B__,c
For ©=0 = ©=¢ SZW\X/E

and for the boundary conditions (18) this function has its first zero

at X= Al

c) W =5
Introducing X= k/‘go equ. (17) becomes
v c\ﬁ - _e" ()
dvt
We first look for a solution of the form CB-:(.LXCS (AR
Substituting (C2) in  (&i) = WRlS-D SR S
valid - ¥x o 3422wE ol e ©O-6)

For Wy3 and & £\

we have a singular solution -\ it
ST LMm-D) X
Q-\-l\\

Since ©:=ux  is a solution of (¢l) , we make the transformation
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0: A zx® | & :asu-l =
AW LA d x® LB AT
Jdux dx :

£ A oAk 3@ AR LEwmDA T
Ayt dxt Ax Ax

= AL x® c_}?}_ L A& de ! N R N e B Ca®)

dx X
- % \x4 e R N )
Using (Cl), (C3) becomes A Lypet d= . Lo (\1 - L E-DEX Y_Azx =0
dxt Ax
w.\,q = Wrr Wt w owm
or clz P &1 x> ;m(.ﬁa—f)?.x A 2 % =0
At Ax
Nl 4 WG S ML W
PR I R e Sl U e S
Axt dx
2 ¥
o % dr L9 dxs®W@-Dz. AT o (¢a)
doxt dox
We now substitute x = 1/xb= é (C5)
# "g.-.Q.M K= = QM\
& Wade seE
=
dy A X
-2 Ok
= c\‘z.-e. &.\z EL()JL._E Ldz Q}_‘t-._)
dyr i+ Ax I K
Substituting in (C4) y ® i \
- - W
_g" & é‘}-_ _..& > de L U e o so@-Dz- A 2 =o
At RS &
= dc b 0 ﬁl sz, A SRl e (¢ed
di‘ 3 v\\
For w2 we choose A=a , A\“ Q-03) and (C6)

becomes
e o D) R _E G et =0
dXt 34

Since Cw-)®= L = @ = 3/ -L =



AR
az r S=w C)_I-_ _ 2n-m) (e2Y) = o

At v & -t
this, for w =5 becomes

e _ 4 @ D:=o
dir 4%

= _()il_ = l ?.K'l-z.d)
dir 4

dz
Multiplying both sides of (C8) by 9 we get

A‘._-".gi'_ =.!.'CK\‘7-4) ‘i.t:.
& A g J&

= l‘%—i\' \A“ Y] =

; §

Integrating we ge t

K ) .‘_ _..L"C.-GA-D

From (C9) = d ok

In the case of D=0 . ___€).1 : < ot
s (2 L_\_v_qﬂjz
=g
=> (l't.. - s )_ ()3{_
z &‘-Lz‘)‘jt l
We substitute \_ 24 = %\v\"x
&

Ccay)

(€2)

()

(e 1)

)



(C10) becomes JEE=SN A«x "_ =.1 &
3. 6.\\!'\& (_ng il

= (.05(:&.\0 dx =

Integrate (Cl2)
= Yowm L ‘% e

From (C13) <& X -,-Q,.,QQKM %._)

.\'

H "‘vt
=Ge

E

o]t

where C = integrating constants

From (Cl1) L =4. \. 9 ko % \1

K Likow Yh

4,\\ x g% ‘y’*
¢> =T L C
Cusct e.u 3"

Recall that %g(__\ Ll )'h“

-5? %: ‘t_ ‘:)C.l _l
The Lane-~Emden function for W=S% is

© =

)
Eey

@A)

W)

()

The solution for W =5 corresponds to a sphere of infinite radius.



PHYSICAL CHARACTERISTICS OF THE LANE EMDEN EQUATION

is

We can easily see that when the Lane Emden function QQg)
known for a given polytropic index w and a fixed value for 'S and

A we can construct a stellar polytropic model by using the
following very useful formulae.
(1) The radius R is given by (16a)

(19)
R P AR
4nG .
where ‘EP defines the zero of the Lane~Emden function

Sw
(2) The mass is given by
a\ %
N\C&\= 3 4n?wrl<).\r' = “f\nc;fg S‘g‘%“ r).x
_4na ‘)’S AL

(20)
AN

and the total mass is

L M

Mo-dn | eenk 17O (R - (21)
q‘\G (IB -%c:&v\

(3)

The mean density

SCO. MY - U3 @\ 0
PO gt TN

is the central density

-l -T; (22)

and since 3

o =1

while P= “l%“

(%)

The central prejiure -

P=k?“ -.:kg.“ ©

From equ. (19)

Wil

ﬁ

Ui g UL
A\ Q\/\
\Mg ] 94



> wa < AR 6

(m&ff&&

since ©={ at the origin
- 52 % R N * el
R LT }?t
L S dp
kM*L\) i \a—.%)%._&“

| Sy (23)

T 4
4n Cna) \‘:@ L ¥
(5) The central temperature.
This can be computed by the central pressure and central density,

if we know the appropriate egquation of state.

For a perfect gas, the equ. of state

Pe i R_ ?-Y where P = total pressure
by
and P = l— ﬁgu. = 1 ?nuhuHoA
J -2
= le= b &R (24)
R Pe

(6) The gravitational acceleration

dB
S R N N D

T\. qt&!.
e \Vw-l)z
- 406G aQ 98 | _ 4G | )k \ N 2 d&
<§X 4q G &1%
| o Ve MaQur)
" ...K(.wu- m«]c W) g S (25)

5



(7) The gravitational energy of a polytrope

R
R - _GXN\&Y}&\'\U) _(in the case of hydrostatic equilibrium)

r

[

and since é(?ﬂ = - G.ﬂ.

= %0 =D P ,oen
R e R
Relation 70 R \ &Eﬁﬂ Mory becomes
LV o

R
R
SR . ) Gasd) \ BN L)L @ \ AN )
t). -] ? (L Q-o

Q
But _g}_ = 3\ SR\ " for a volume element N

=>-Q‘-L('M*’13 _g__?-.* Lmt
2 3 v R

A

S-w R
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Ce A NUMERICAL SOLUTION OF THE LANE-EMDEN EQUATION

We are now procecding t0 find a numerical technigue for solving
the Lane-Emden equation.

The purpose of this particular project is to test the accuracy of
the numerical technicue. by applying it to the known Lane-Emden equation,
which (technique)} is going to be used later for the solution of a more
complicated equilibrium equation, namely the equilibrium equation of
a partially degenerate stellar model.

As we shall see the accuracy of the method is up to the sixth decimal
point, which is considered to be very satisfactory.

In the following section we shall give the detailed analysis of
the numerical solution of the differential equation (17), for values
of w between 0 and 5, and solutions over an adequate range of variables
';B will be obtained.

We first derive the Taylor series expansion of 9] é& which will
be used to find the starting values of the problem for tSe numerical

solution of the differential equation.

We first note that if ©(Y) is a solution of the equation then O\Y) is
also a solution. This implies that if © is expressed as a power
series in N% only even powers of 1% appear, that i1s:

9(‘9=Qq~01‘§+&;§ "'-"-=0:L erg (27)

N=o

with for wm= WL Wy 5 a0



M
{5

In order to evaluate the coefficients O o, Oy we do the

_following algebraic calculations:

L= =}
Let Q= Q°+Q§+u§‘+_", = L Q“s (28)
® N=o 1
since for T=o, ©=1 o ©= Qo=4
)
Qo
% N=y >
Lot 5 948 o Qx.«“l,cx‘_‘ha.'b(x,bx o ¥ 2 \JQ‘_% (29)
N=)y
dY _
from the boundary conditions we can also sce that Q,=0

The second derivative is

&S - AW, s Suy § e luo\a.. —L \Jk\)ﬂu\,‘gl (30)
&g_ ‘J:-?_
From (29) and for '-S#o

_:%_ C\__Bvg = 4‘:11 G Qb\-\-% Q\“rg + 0 ngs LY er&; .
d
vRag e 18y (s 200, s 220, e e, T

e V-1
= Z Q\?Q“ X
i (31)

The series (30) and (31) can be added

gl_"_ﬁ_’)_, L °_).._ @_ = & Ul-n- L('l(.\,;& +« 20 Q‘_‘g‘a. -5Uq;§-\-"ﬁau:§-\-

v T A

ﬂiq{\% 0 Q‘l§+ W10 O.mmga, L L\“g’« \S6 Ay m&-

(32)
From equ. (28) we get: T
O". Cue «-Q\X«»Q‘_‘i-\ru,‘)";*(l“wg*...j“ %::
SUNES SRS DR SRR PSR N A

RN

R RN 9, T s o Tan Y
.



£ M0A-D) Oa-D -3 U\X" X Q.fg x (_\JQ Bt.
A\

= SHEE N N\Qﬂg ' \'\u;g"ar v\cx;g‘a.mu;g-\muggk mu{§+...

L G [t
NENCEY W\A NERUES u:“s + ) c.\:f* Mw-h*g 03.5*
o\ 9\ 3. 9,
bty ¥ oo X i ®°
"'“-——-——-‘ \“a‘b ¥ QEX'\"'

B

%G k]
> N\KM-‘;?ET\_M"ZB_ \5 Q\_ q‘b“b * .. \

+ ba-Doa-2) Ga-3) 0‘;_ rg x .. \ (33)
4

From equ. (32) and (33)

60.1*-&;-0 % Q‘Q-!E:-'%T.-

H..szo % q'snc

Wag=mg, = O =+0 = W
\2.0 s

Vo =-n0y S 9g= -9 .0 .o

0
Qo+ Wa, + anel) u}‘ =0 > Q. 2\-_3,_}__ - M- .1_\ /4&.
9. o 9, 36
=> o EUR \ht%\f’\—ﬁl

\S1AD = 2x3



22

56 a, «Wag + wlm-l) RESHRWY

" 3
19, Ay * Woe + M- Qusﬁ-%qqu)% ana-1) La-2) Uz
9 2

= q%._.‘;QM-\%’ev'\‘ LW

9x 9. A }EENO
W G, +MGq + MO (205 0+ 20 85D +abADOEY) U @ <0
2 3
= Q,=0

0 -0l o Qs + 20 Olue . .
Qe + WU, ; ) | Qq+20,0¢ RO |+ M-0tw-2) 5‘:\th+ S.Q‘u‘_ .
< 3

4
+ ) -0 a-) a, =o
q

3 4
<> O, = NOw 10805 4 13642 M - SOBL m
4sx1 ! = 1 79¢aSEeto

From the above calculations we get:

©=1.1 E" M ‘;- R -Sw) '; . (I0m -133m 4 12em) “\3
3 s R 99
3
+ M(. 3N0Mm - 1080 V\"-\. l'ig‘“}, M- RARYE Mﬁ) .&\O*‘” (34)
45 x 1

—_

c\‘b 2, 20 ux s el

dp - _Lr&q- 12 33— C3ar 80 3‘-4. (30m -1'3'5*»\‘\1‘1‘).«}) rg

+ m(3150m - 10805 4 1964 m°- SO M) T*' .

(35)
45 % 9! xq11

The second derivatiwis calculated by (34) and (35) if we substitute them



in equ.

(a7)

e,
@

(36) .
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Relations (34), (35), (36) will be used to find the starting values of

the problem for specific polytropic indices w=olos)§ by using

1 =0

‘S.‘ =\'&\_l x BX LD

S& is an interval ahead, equal to all the steps of the integration.
The interval b'& is reduced to be as sufficient as possible for our
computation with the IBM 360 computer of the University of St Andrews

(256K bytes)

The following numerical method of solution of second order
differential equation has been modified in an improved form from the
original method which was described in "Numerical Mathematical Analysis"
by J. B, Scarborough.

The principle, behind a numerical technique is that for any ordinary
differential equation having numerical coefficients and initial con-
ditions, there exists a method of solution. Starting with the initial
values, the solution is thence constructed by short steps ahead at equal
intervals Ax , each step usually being checked by some method
before proceeding to the next ster.

The second order, nonlinear differential equation

do .. (36)

AN 3%
can be reduced to a system of first order equations by putting

o .o (37)
%
The resultant equations are
® .o
L
o..e. e

a%, 3

(38)
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’ ]
with the initial conditions o @1 @0, de . .

L
dfy 3

Since the second equation involves © directly, it is necessary to

(39)

compute © at every step throughout the computation.
'
We approximate © Dby a polynomial, namely the Newton's formulae

for backward interpolation

! ! /]
R oo Q’“ T A A FNETCTD AT S wluadlir v) [T - T

AX kN s
|
AU D) DS, 4.+ uladnd L (urwel) B, ©,, (40)
4\ w '
where U= S—Eu. or \ -—“&“ W :\“: B\Q (41)

N

(IS are the horizontal differences.
We can now integrate the polynomial over any interval.
The change of © for any interval where Wd\ is continuous is

given by the formula

E\m X\m
INE S Ké&j 5‘\ P \ ¢ dy (42)
™ a‘b X\\
> ,
> Mo \%wh\%mw DiBu Gvw) « Dy Gl 3 W) »
™ ° C

¥ ﬁaﬁ'm Oy G4 it 4 60D > t‘s@;m Qu‘nmf*ss&ﬁso&mu\ .
Tl 120

)
+ De®wy (,ug-x 'Sy’ 4 R 995 oy 114 u\ WO w)
110

!
+ BB Gudy U 115 o 135U 1023 T oy uo\,o} dy  w3)
40 _
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Since 'S ;&M T = AX= W dos =

Ww 4t

B%:\\,\ \Q!M* B‘Q‘“!r BQ_QFM ().\lq-\.l) 1.“_} 6‘“ (44)
L

! | | 4
= h%= \fo %M\J-’f B\@M E_;; & h!gm K\i ¥\£ \ x B}BM \\_{-_ ,\_\.\3:,.\1‘) +
4

Y 9 3os G
+ Da®y Ku *Qu NSt ) b's%u K\L LG, T NRISEY )i{})
21 4 s ;5 \Te} G s 4 S 3

NS &i*\simmkm w4 L ‘—*—*Q‘O"‘)"

1o 1 G 4 3
Wi\
] 4 3 9
8 (W ST COTURIRYY J*Aﬁkm,ﬁﬁm’skﬁuax )
sodo 2 G ™

We have that

Yay = k&\mu _15“3 A5
S WA PAN
(45) becomes:

! ! ! | I
AB:.'\_“ =\M %M-\- \;-B\%M * %Bﬁ_g,“ k:?a_ BB&M*%‘)&%M*‘

¥ 95 1. S, , loo¥ b,._é,,\ (46)
W EARD
For the interval ‘S\-“Sﬂ“_ the limits for . are:
Uway = -S"’\' 'S"\ =9
'8
Ww = ESM-\-:SV\ - —L
\
and (45) becomes " : ’ |
w. 1 k\e_,ue S p®.-Ains -2 b8,

@ 24 190



| |
-2 0, -8 e, ]

o 4RO (47)

"

Formulae (46) and (47) are valid if instead of ©’ we integrate © .

In this case we have

AN
" S o’ &‘B \N\ VDS 4 S u\\g':‘ L3NS,
X"\ )] K3

| W W
+ Q5L DaS, % DBy, W08 LS, \ (48)
190 938 Q04R0
and for h%r,, \ ‘B CYS \\.\% =¥ EB“_ LI\ %M _ L ha.%m
e )
W ” L]
bﬂgv‘ - B b‘S%M = 3.‘2519.._ Et‘- e‘u\ -X (49)
F0 160 Q04AR0

Formulae (46) and (48) are used for integrating ahead. They give by
extrapolation the change in © and Qﬁ' respectively, for the next
step ahead. This change in © (and Y ) added to the last
already obtained, will therefore give the new B)B’ at the end of
the next step. The formulae are therefore used for finding the
approximate change in © and e’ in the next interval ahead of us,
thereby enabling us to find the approximate value of %‘%' at the
end of that interval.
When a line in the table of corresponding values of X and © and %’
have been finished, the first entry in the next line is computed by (46).
The procedure we follow for soJ.ving equ. (36) is as follows

(1) From equations (34), (35), (36) and given the polytropic index

’ N

W s We compute the starting values of 9\'5 i %5 ,eb
for TS" ‘Kg_; - b.\ : where in our case
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:_y!m‘{ and b"b varies according to the polytropic index.

(2) We form the differences for these quantities, namely

1] ’ 1]
DS D, D8 ... bSO}
]

i W W ‘
b‘eé; 08, Bag\'\ ... DSy and h%b

(3) Put the differences of the second derivative in formula (48)

I

and compute Y which we add in the previous value of 9'5‘.{

AAN

) ’
and get the new e‘.}“ =Sy + 09y,

(4) Compute the various orders of differences for %’SH
(5) Next we compute B9, (for this new line) by applying
/
(47) to the © quantities and get the new Q‘M‘ =95+ D0

!
(6) We next substitute the new values of 9’6*\ ,%6 to the (36)

"
and get the new 95*1

(7) Then we compute the several orders of differences for this
"

© 3+
(8) 1In order to check the new values we use (49) with the new
r
differences of the second order derivative and get "-\-95\')*\ If

this L\%’Sﬂ is the same as the one in step 3. It is not possible to
improve the value and the result is regarded as correct.

(9) For the corrected value of tﬁjsﬂ we find e;é.*"' and
proceed as step 4 describes and onwards as steps 5, 6, 7, 8 describe

o

until the new value of © is found.
et

This procedure is continued until the value of ® obtained becomes
Zero.
From equ. (36) we should also have in mind that

AE_) LO \i»&(u. ©&) decreasing function)

i
while 4“& Lo for w=0 %,eL'g is a concave curve

o



1
and d_._g)_ lo until some value t& after which
ot
‘_5:.9. becomes positive =->3§) is concave in the beginning

4%

and later becomes convex.
The Fortran IV program which was used for this numerical integration
is to be found in Appendix I.

Tables 1 to 10 give the values of the Lane Emden function ©O&),
its first and second derivatives %%h , BN the ?g/ﬁ; = '1-5‘6 t-%)

by

function, the - ‘g‘ 0  mass variable function, for M=o ,05,1,!19,17,
%

VU, LST,B0, 35,4 45,

For wso and ws) the fifth column gives the value of the exact

solution

e;‘ = Sm s

Figure 1 gives the graphical representation of the %L’E\ function

for four values of the polytropic index.
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CHAPTER IT

In the first section of this chapter we shall briefly refer to
the electron degeneracy. Secondly, we shall discuss the equation of
equilibrium of a completely degenerate electron gas and we shall see
how the completely degenerate models reduce to polytropic models of
polytropic index w = 3/2 in the case of non relativistic momenta
and of index w:=> in the case of extreme relativistic momenta. The
discussion is based on S. Chandrasekhar's book "Stellar Structure"
Chapter 11.

The third part will be concerned with the partially degenerate
electron gas and we shall restrict ourselves in the non relativistic
equation of state. Assuming a standard model, we shall prove that
the partially degenerate standard models also reduce to polytropic
models of polytropic index mtyﬁ‘in the case of very high degeneracy

and of index Ws=® in the case of very low degeneracy.



(a) GENERAL DISCUSSION OF FELECTRON DEGENERACY

The completely degenerate models of stars and the partially
degenerate stellar models are based on the Fermi-Dirac eguation of
state of an electron gas and are used to study stars that are at high
densities and high temperatures.

We can generally describe the situation by saying that the matter
is fully ionised and is also sufficiently dense that the free electrons
may be partially or fully degenerate but not dense enough for the
heavy particles to be degenerate. We, thus, assume that the stellar
material is a two-components neutral plasma made up of nuclei and free
electrons. We assume that the two components do not interact with each
other.

In deriving the necessary equation of state we only consider the
electron-component of the plasma.

The meaning of electron degeneracy is, as follows:

Electrons can only be described by antisymmetrical wave functions
and only then do they obey the Pauli's exclusion principle which states
that no two electrons can be described by the same set of quantum numbers.
As a result, this principle limits the number of free electrons which can
have energies in some range about some energy in a gas of free electrons.
According to the Pauli principle, not more than one electron can occupy

a unit cell h3

in phase space. Because of the spin of the electron, two
electrons can occupy each such cell provided that their spins are
in opposite direction.
The maximum possible number of electrons in the momentum range
which can be in the box of V is then

V. QQE? J{)

N

The term "degeneracy" is used to describe the extent to which the

available unit cells in phase space are actually occupied by electrons.

41



Electrons, therefore, as antisymmetric particles or fermions
(particles with integral spin) must obey the Fermi-Dirac distribution
function, which is derived under the assumptions of thermodynamic
equilibrium but which may hold under more general conditions, of weakly
interacting constituent elements, and of systems of particles which
cannot be permanently distinguished one from another.

For the above assumptions the statistical mechanics gives the formula
for the Fermi-Dirac systems
e \
NlPISR = %%?_ b Fa | )
as the number of electrons per unit volume having momenta between p and

(p + dp).

Where - 1is the degeneracy parameter and is equal to

s P where ‘1\c = the chemical potential or
W1
-8 & where G, = thermodynamical potential

DN

y2



(B) DISCUSSION OF COMPLETELY DEGENERATE STELLAR MODELS AS
POLYTRCPIC STARS

L

The probability factor A+ RE
i ]

of complete degeneracy. In this case the total number of electrons per

is equal to A in the case

unit volume is

e_
3
Ve = % NEQQh‘&? = gﬂ; P,
o W
s
where Pr' Eherna\) is the highest momentum occupied by the
[In

electrons (it is often called the Fermi threshhold).

To calculate the pressure in a degenerate electron gas, we recall
that, by definition, the preséure is the rate of transfer of momentum
acrose an ideal surface of unit area in the gas and is given by the

formula
(<)

P 13 \ Mt PV dp

o
where \et?ﬁ depends upon the type of particles and the Quantum

Statistics, while the relation of UP to P depends upon relativistic

coneiderationse If we take non relativistic mechanics we have

P
E = !_(\Y\\)" = ﬁ_ = P: __%L \ '?4 &\:—‘l =
QL M E)\'E‘NV\ ° ’
3 TR oy U3 E N
€. R ”b_\:.___'z\;e_\ <\ \_s_\ L\ Kg_} -
IS\ R W " Ve

>

v s/
P. L00%6 x10 A dyves /o
?e

where No is the Avogadro's number and

L5
=



Ye is the mean molecular weight per free electrons and is
defined by the relation

o« meye N
where “ is the hydrogen atom mass ::l/.ﬁvogadrols number

For a completely ionized gas we know that
Mg = i T X2
. Al
where X; is the relative mass abundance of the element of atomic number

A and atomic weight Ay

AL Ve
= L_ is the average number of free ionization
Re
electrons per unit atomic weight, or
?g is the average atomic weight per free ionisation
electron.

If X, Y are the hydrogen and helium abundances, assuming that 2i = )

A\

el

= l. = X» L Y % L L\"X-V) o L\":‘Q
Ye 2 i 2

Since o¢X4L , it follows that for a completely ionized matter Ne
always lies between L £ Ne 8.5
If \Ne is a constant then the equation of state for a non
relativistic degenerate electron gas is a polytropic relation of index
W= 3/9,
For relativistic degeneracy we first take the variation of mass with

velocity:



-\/1

o= Ciag D , W= Mo
? v 0\. iy
Mo Moc-\ (L' E"‘)

The pressure integral becomes
®:

4
B, 2 \V\eqﬁo?? cly;: 2n_ S b dp ,
> IMmo ¢ (1 xE i
e e
The above integral can be solved (Chandrasekhar Cﬁap. 10) by introducing
the substitution

SN&%;vﬂmL , g@wQFngﬁmc

by which we obtain

o,
Po | 'S Ss‘m\i@&ﬁz
3\3 °

&
. fawm & \ 30 -3 s 2, L L s, ms\,'e.ﬂ
3N R 6 4

Letting Xz s\m\u&: = ‘3,_. /wac and defining the function
g
goﬂ: xR CU-3) + 3/ CxaTient )

we may write for the electron pressure

P umac %m - A%m - 8O0 xS Eoo Emgm/w‘
3

3
From the relations ?_= e Re \ awdl Mg = e Pr

Na 3\3

g 3 3 JB 3
@ ?a _ﬂ_\'\#\‘_t.& X = x
3\ N
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where B= 933 210 g (cgys)
The function ?(uq has the following behaviour for y.,o and for % __ o
. " s
For Row & 4 &uc)__,, 3 X
S
4
for Xmoo | E_u&)_* 9%

The equations (a) and (b) represent parametrically the equation of
state of a highly degenerate electron gas. From the asymptotic forms
of lwd) it follows that the exact variation of tl*;e px‘eésure with
density is

Pﬁ\(.?gu at low densities (non relativistic)
P-.:\&\:"n at h:i:gh densities (extremely relativistic)
The equation of eq'uilibrium of this completely degenerate matter
in equilibrium under its own gravitation is
A Lkﬁ@}:—q“@? (c)
™ p dr
By substituting Pe  ana ¢ in the basic differential equation (c) we
get

L

A
T o

(,
% 1%

Qfﬁ } v ARG oy
dor

o

From the definition of %m o o | e . dx
dr (x‘*k\‘ &

OEETR L TE N MU VIR S e X
x> dr L\I‘*ﬂllt dor &

= L& (et d )Ty o
vt e dor LA

{|

{

d

@

vy
re

,((ﬁ

We now define the dimensionless variable \g-.: xi«rL
3L
Then v Q__ ("-1% Y % nG R Q\g’-l\)
© A dor %A

If Y is the value of X at the center then \50 is the corresponding



value of % at the center. We now introduce the new variables

e
where O is a scale length Q.= kﬁil ) A
nG

= 0hn

4o &

The cquaticn of cquilibrium becomes
vl
LR NI T P
LY
R dw dwm o
The boundary conditions at the center are
d=1 .o
i
The outer boundary is defined 'at the point where the density becomes
ZEero.

/
At the center Q. Bx2 - B (\\5’; —Dh

31
At the boundary ?: ?Q _\g.____ LQ‘_ L)

(-0 de

At the non-relativistic limit ¥.,o0 or %f_.&

i\
#:E},_ " Sk%x‘)i FOR T IRV T "

and
g Qei™ T Y
and éﬁ - L é; X‘
d\ 9% dm
]
Put & Y =0 then ég: L-L &x’;-eﬁ
Yo %
At the origin ©(e) = Xeo
|
Introduce : ‘B - X% b w
The equation of equilibrium reduces to

Lodo(gde ). oo™
T & &
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which is the differential equation of a polytropic star of index w=3/%
Hence & polytropic degenerate white dwarf star is a polytropic star of
index wW=3/%

In the extreme relativistic limit Yo, \t—. @ and the

equation of equilibrium reduces to

[ LIV S W
w o dy dw

which is the differential equation of a polytropic star of index 3.
Hence, an extremely relativistic degenerate white dwarf is a polytropic

star of index 3.



(C) PARTIALLY DEGENERATE STELLAR MODELS

We first recall the general formulae for an electron gas.
The total number of particles is

w0

X
Rk @
o e 1

(or else Nf0=\hg = number density of free ionization electrons). The

total energy corresponding to the distribution is

- |
V. 2 S R 1S
; )
\E . é*%t*k
and o
)
o S \ ¥ W Ay 3
A o L R

However, for the astronomical applications we are going to
consider here, it is permissible to neglect the relativistic effects.

Therefore, we can write

E-_- \)l /QJVV\ 'Ilﬁ> é‘b: N_J‘- AIE
P
3 " ey
(D) = Ne 4 Cw) S e Jdt (2a)
\3 KA
° < *t
3/ (m k)
() VU= 4av () & (32)
\'\2—5 o) ec—(.‘%i"“l.
@ o PV. 2 AN () \ e & (4a)
3 ®K4DE
) o o e )
Put %tﬂlu and ®=.Us N\ and define the integral \» by
Ve @ L \ W du 5)
tloal) o) Leted

|



Equations 2a, 3a, L4a can be written

Nl Ve (6)
2
P, 2V < W ek W VUi )

3 \
The above treatment leads to an equation of state applicable for stellar
models which are too degenerate at the center for_the perfect gas law
to apply but not massive enough for the central density to be high
enough for the white dwarf models to be valid. For these stars of such
a small mass the relativistic effects can be neglected. Under these
circumstances the equ. (7) provides the equation of state. Considering

for the time being contributions only from the electron gas:

T N CY o Y W (8)
Y
The density is given by equ. (6) as ?: Mo \h_\\ (9)
or 2 Qawd™ Q™ W gk (20)
W

where Q‘ = mean molecular weight per free electron.
In the present treatment we consider ?g as a constant throughout the
model.
Assuming that \lut,\lwz are known functions of A » We get the equation
of state in terms of A . We shall consider next the standard model
equilibrium configuration as it is built on the equation of state (8).

We know that the ratio of the gas pressure to the total pressure
Q ; depends upon the distance from the center of the star. However,
for this specific configuration we assume that @ is constant i.e.
that the gas pressure is a constant fraction of the total pressure

throughout the star.
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4
P:Lp%w_, =L opd =L uT (13)
1 A% N 3
where P= Pﬂ-&b*‘\:’m&bhw is the total pressure. For Q:O

we have radiation pressure only
For Q,,_.L radiation pressure is negligible |

We adopt here the notation of S. Chandrasekhar "An Introduction to

the Study of Stellar Structure" Chapter X1

S s L Coma Y , Q, K3 W (14)
s ORI §
|a
equ. (8) is written ?o&s = Q. Qﬂ\ﬁ W2l (15)
from equas. (13) and (14) K\(’i?: Q‘?%ﬁ and substituting equ. (15)
e
W) s Re@ DT Wil 5 WD = QBB 16)
(X - F1E)
= Nw Q:J‘s .Q\‘- \‘- \.)-Sh_ (17)
h 13 L1 ;

From equ. (15) and (16) = Py = A Qo VW (18)

& 93 er b

= the toctal pressure is Y= E%"“‘- :Q\ Ql \Lsi',_ = {19)
Q

eguation (10) is written

32
?:: G.\ LV\T\) l{&.\\ \L'M'?. (20)

from equas. (15) and (20) = o= G}\ Gy, \{e\\ ASTRSEVEY (23..)

Equations 17, 18, 21 give respectively the temperature, pressure and
density of the partially degenerate partial model as functions of the
exponential of the degeneracy parameter, the relative radiation pressure
A-¢

) and the mean molecular weight per free electron k{q, , the

pressure and temperature being independent of \{o_.-
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(D ) THE EQUATION OF EQUILIBRIUM FOR THE PARTTIALLY DEGENERATE

STAWDARD MUODEL

By putting equ. 19, 21 in the equation (9) Chapter I of hydrostatic
equilibrium [P U R T AT
vtode o o

we get

’ | Y
(S G L R VS S SN 2} u.{;s\‘)‘&f‘&.h W, 8D

- e B iy

™ A WiVl Qe

For the Fermi-Dirac integral we know that
oo

g\_\xﬁi_\_‘\_xi’_n\u_:s‘ L\EQ’ du
N A Tlerl) L‘,\éf *\ the) £\ o \%\e\:*ﬂ\
B v T
. L\neﬁ\n&*_.}_}.\\x clnt*\_k_\t__‘ (23)
oY) N o U“e\fu\l W)\ \L“a*ﬂ N
Equ. (22) is simplified by (23) to the form:
\ " 3 \ V).T\ 3 143 -
— (L.(.\r g.. \\h \-\llt . R ‘«n(’&w@}\)Q‘QtU\tlxuxh (24)
e 3w, by, \ dr _
1] Ay U ;
o Ld Grul dlah ). an ol q, dd g uy, e
v Qe A Q

(2¢)

Let e o\ . Q e
% K 'BQGQ;Q?‘“Q;_'B U{e‘\)‘} ‘\

Eque (25) reduces to

| i_ (_“\g' \f':lz M Vs~ Vi W (27)

R
& B o
which is the equation of equilibrium for the standard model of a partially

degenerate configuration .,

or in an equivalent form:

X 2 us
Ldh Ly \e._ Wi ..L\ G2 LA N (ee)
N Y 5 Wl PRI
If we put f\'—= ’\o(l where As is a constant
and Q normalized variable e &9 € A wve- get

d Wuedde LU, (o) e dd oLl oy dt (29)
&y o0 N 0 o
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and from equ. (28) we have:

b0, QOYL) 20 )Y B My ()
N R I Y

3 ﬂﬂ»,&ﬂ\ % o, ....l:k q‘gdg --QU* < Mg (31)
A'\E n\\ -f) \-\‘\-"L

The required solution for equation 27 (or 30) is the function /\L'p or
for a chosen value of Mo -the function 0\’\@ where the boundary

conditions are:

o, NeV=No | A=A A0 _ e (32)
¥ d‘\

boundary 'X:;, N Lo , Ao

In order to derive the second derivative at the center, we need to evaluate

Ul

for the center \

the term

__‘)o__gfﬂ for E)._...&, t\_,,t) | dl .o
PR &y

Using de 1l'Hospital's rule =9

T A, a M (33)
RN N

from equs. (31) and (33), and for the initial valuez (32)

we get ﬂ NI dj-rl— = - \i!:h Wy & (-i‘l =-L \S:\.\'\""- (34)
Y aty SN

By continuous differentiations of the above relation (31) we can also find

the higher order derivatives. By using de l'Hospital's rule we are able to

evaluate the derivatives at the origin initial values (32).

Indeed the third derivative is going to be

3 ey’ 1\5?,‘ Wy Wy, Yo, ] a9 8 _3.*\1‘3,&,1]3*
dT 30 7d) 50y JY b4

vdf)) Q42 94l 1. .98 \LIS L Yoy o LUy, U,
PR AN S\ &\ ¢ %

'l

L2
N

q

39)
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For ‘x‘o L9220, QL1 equ. (35) becomes:
Jy ;
&@‘_L_Q\ufn (_wl 0 40 (36)
ay Vay oy
the terms in the r.h.s. are of an indeterminate form, so by using de o

1'Hospital's rule we have

:xa‘_u_.q.-ﬂsa_u_ VUL R R Adh.0d1.
" % & % N Fay FR O

=_°1,\3>cl‘l AN \\Qcm\ Qa0 L Qah l_‘)ﬁ\ci_'\ -

N noE N Iy
=~ & k&\-%&&&&\mﬂ_ (3]
BT W S N %
We note here that the terms in the brackets are equal to [) &Q

d"@

from equ. (36).

(37) - a@_=_0!§g_ = &:oa&.&_u_=o)x=0,gﬂ&
3P A\ Ay )
(38)

We notice here that we expect all the odd order derivatives to be zero at

the origin.

Because, since equ. 27 receives solution of the form M'@ and {\\"&\
then for a Taylor's expansion about the origin \-.—.a we expect to get
only the even powers of % which means that the derivatives of odd

orders must be zero at the origin.

By differentiation of equation 35 we find the fourth derivative:

3 cf_q + a0 cf_‘_l_ é_d;‘u,,‘ i A (dfﬂ \).‘I \‘\,‘ ﬂ.\x,'\.\‘, -3%‘%“
d‘g EAN dy 3 3
» L\-;ft\.)-n,_ -L\I'\sli. (VORYN X.\.LO_ (tl_f_l_ﬁ é‘_{l _\Sahulh;,\im\_\_‘h& ) lq
30 dy Y dg‘
A\, - 'S Xuﬂ\ Lodh o a&\yg\gcﬂ 30 gafl
B i VN 3 WY

A \ ua "
\-() K____w \ \ v \x\\.h Uﬂ,}‘ > U.-ll‘ u‘:; -\-%_,\l\\._ \.\-;h_ E_KC\_()_\ i‘ _“‘L\n‘ \lﬁ:‘ L,
¥\ 5 N

-sl3 u% W3 v -3
X ullz U » u 3] X CLU_ =Y, U"}f * & \ll\‘- U‘sl; \ ' (39)
3

3l e

q—
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Relation (39) is the general form of the fourth derivative. In order to
evaluate ﬂ at the origin

A
we first consider the terms whose limits at the origin are of an indeter-

minate form (o/o or 0. o )

We have the following:

xq-g\sgqcf‘_qucig_ﬁg o da, oy ), 19&&1
9 4L R N § s 0'5 .
kltHospitalts rule) 3_14 Q(_)L (:f_q . Q d‘\f} 3\5‘}\ X \.'5 (BQ cﬂ.ﬁ)gﬁ -
dy 4% BN} dy 9F Yy

\MQ*“? czqc\‘\] -

s = 1\_4 a0 &N . 0dl 5@0&3 _ UXa il
SIS S} ,
=‘1\4 N A, aM, s gy (40)

dy of S oy

For %0, c\_zl.: c, Q-A equ. (39) becomes
R

d_(l,-_i\n* Wt XL%\B‘\HP

o\'g‘
k JQ 3 \ ‘ﬁ3 kfu + LW 32 \‘Lm = U:‘:lx k‘\-ilt E]
3

ar\ (41)
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By differentiation of equs 39 we find the fifth derivative as

T

@.@.&\‘.&bﬂ?&_@_g\u_qum W u,‘\ RGP RTLY) o) -
gy o 3 A Al ELNCATE A DS SR ISR
MVETE I ST VRN 3 L&Y Tun uxu +T’U“i‘—‘-\.ﬁ-“;”.‘+

LI U, LG S Wi Wy,

A
st _ G Y }m @y N \um B, v | o220 A s
Wy, k\lm & Uy d" &\S i)y u‘h\ "h 3 A% 6‘8‘

(Y. 4d) 81 .30 & _adh ¢ o6 f . @'m\ \\w‘l R
S S S S\ G S A S A WA G Iy oY

&Q X\ iy ‘5| * U‘ ‘l,\'\ﬂ *rcln ul’l. \-\“; x—\: 3@_ &l\_ % L K.QB.\ \3\\\“‘\3\ u‘ "-1-|'!
MHIT AN

-3 3
EU. 3% \-\,,,_+U\3|‘ LL'.'.I *%u qu \*“‘ .:'l uth E—g‘ &QQ—B &_u“u u# +
5 3 QY \3

\3

+c).>\>*..'sh_ \‘i"ll. + b‘L

3L

WY A WO e W W
o

-1 3 -3
U‘l\ \'l-ll. uw\ - 4— ulh,u‘ah ‘g (42)

Using the same steps as we did for the third derivative we get

d‘q = © at the origin, (43)
a*
We differentiate expression 42, to find the sixth derivative. At the

origin this reduces to:

990 &0 3 (e e 1), ﬁkd‘_‘lﬁlm_ﬂ -Mﬂ& 08w \\ic}‘_‘lh
df Jf af 3w £\ SV VR VPR T G YN A S S

‘L_fx_ W R O I U T R T VR O R I
a0 b J\ SR W N A N S S S I SR A
@ (&Q) LU -0 a\_x 1\ W Dl e Wi, 1=

L T d'é



n3 -e/3
-5 Kd\q 3 \X“ LKM -6 U& 1]‘ 3“ + ti,\l.t",_ ngh -+ \\-If‘ \J‘ Ny \-L'ajt - i‘..
d
3 sl3 Wi
\klh. “'h'l. *\L'u’- \l‘l-n. ‘& (4

We consider the terms whose limits, at the origin, are of an indeterminate

form-

X, <aled PA,s &0 L0 4 (Y. a@d 40 (04 ], u

R R ) v

3 ﬂ_ r}(_\_ ,,Q &_ \('AAQ R J_A_QQQ (1 *Hospitalts rule) iy
;o 8y A

0 ‘E\‘_q- ‘.y_(l_.*iﬁﬁc?i.\t-»ﬁ Cﬁ.&*-%qﬁ 3

gy R Iy g\
Putting Q&,E}‘_q_=°\_ﬂ_x_=o _ XG-_-Q-CY.Q_ ﬁ*?—_qm_ (45)

AN Ay s oy

Relation (44) becomes now:
& =_’S_'_\c_fi ai%. \.'l_c; uq,_u-;h+°5 &&-%KC\‘(}\ lU\lu k\lnmsk
d‘& 1 dy \ 3 Wl NETR

YIS V 03 u
dﬁ(l \. L \hh_ Ug} + Uik u::. » W Wy, ‘343 ké&_\ U‘lh \-\‘111 ‘\_'5\'\ "'!t.\')“ e &
ot | ‘&t

(1Y =13 -3 .5
»Wap Wale 4 Wiy Ve Ua, - R Wy W Ay N2 \.\x;z \x\ (46)
9

at the origin.
Using the relations 34, 38, 41, 43, 46 and the initial values 32 we
can derive the solution (}C\) of our fundamental differential equation as

a Taylor's power series with center rkr_o

AP T ( ) AL N R € 0 P (47)
2 A’S‘ 4 Ay ¢ of
where q\UScD_- I\
N a‘qx T, () ..
&\ ¢ I w Y (48)

the second derivate is given by the equation (31).
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.0.\1 = q\k‘:t\-}\'l‘_ K@_\‘ \ 7. Uul\ LX K (49)
&Q? N Q 3 VEYEY

Using the relations 47, 48, 49 as starting series for a numerical
integration, discussed in the next chapter, for solving the differential

equation (27).
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(E) THE LIMITING CASES OF VERY 1OJ AND VERY HIGH CENTRAL
DEGENGRACY

In this section we shall prove that the partially degenerate standard
model reduces to the classical standard model or Lane Emden
polytrope of w3 as N4l or oOY0 and, in the opposite limiting case,
as AN to a Lane Emden polytrope of index W=3% which is the limiting
case of small central density for completely degenerate configurations
(white dwarf configurations) for l-baﬂ-\’o-a or lesse
Of course, the solution in the white dwarf case is not the Lane-Emden
function Oy,

Case (i) ALl -

-]

From equ. (5) we get U Vo \ W g _ (E1)
w0 Tlos) o L éh\
or -X.UI\): \ _\5\1_5334__ where oS- Qi (52"
© é*u X ~ ‘)
- -~

From statistical mechanics and for A4l o <Wo , we know that we can expand '

'X_UU:{) as a series of the form:
- - £ -9 =3
Tl T e*|t.e e _e ... (E3)
"):,“ _6\»1 400..1
r WX 3
-Cf - = - K
Iih_cu\z E.. e [l-.L_.;.E-.__._-g'__*... -l (E’i)
2 ™\ R 4A[
% - =W =3 '
Lo, Me et o8 -8 o ] (u5)
4 DR S SO N v '

from (1) and (2) = WM< 1 XubQMh\

Tlon)
= b, M, 1, (E€)
\'\_1’:.\
a0y 4 Ty @ (7)
T (Cl)
From (ES) and (E3) o Vwnl). e'.ﬁ{k_ g.(_*... ’X (E8)
pAtY
erom (E6) and (E4) o UspO) . id\l~§f*,.. ] (29)
;.T'J.
SV W N\ \ (£10)

AV 3%

%UH
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equations (E8), (E9), (E10) for Nl will reduce to

Vg = A (E11)

The equation of equilibrium

Let ©-= /\‘n and %-.: M X - (E13)

e (E12) — L & (¥ & )..¢ (E14)
Ty
which is the Lane~Emden equation of index w=3 ,

In this point of our investigation, it is also worth stating that ths
limiting cases provide a valuable check of the mathematical analysis in the
derivation of the second, fourth and sixth derivatives of ’)(."9 and in the
series expansion. _

Indeed, from equation (34), Chapter I we have that for a polytropic
index W=3  the function ©(R) is:

&
2 A
e.®,. | _L Yel ‘S o €541y ‘&« (E15)
3 s 3, -
If we consider the Taylor's expansion of © i.es
\2 1 4 4
©. L., ‘l_Q._ &._&- S l—* (E16)

KA A

from (E15) and (E16) we get that

&Qa_\_ , e .3 'éﬁ‘___ﬁ (£17)
4
RS o\ 1
Since A:e
Q_\'\_=§_QM:,\§
a8y
f.3e" fo 30 (@Y
S a4 i
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Mho_ze™db, 3™ s 3™ (oY
A T S Y
M ae" e 3€™Mids 26 \dﬁ}l ) -'r?’@ K‘N\ﬁ@m@ﬁ

NS &I 4 AT 4 3w x

A 36t wg"‘@[@_@@ iﬁa*ze’\@\‘d‘_ﬁ}f_e B -3

¥ 3 df df &y IF a9y oF d LT 4
e&d@a)k ‘l'Sfa o\&skd‘@q*scg &dﬁj cl%
3 \e CiY A\
c_li‘}_=3_é“cf'_9_*'§_g 38 cg__;tgg )d‘% 3.10% ABL __ém'
¥ % oF A df OF 2 a‘g M 4 oy oy a*& N

(48 _ets ST d8 Lsn ST BN (deV 45 g de VP, us
AR &%\&E B S e

é“@ﬁ\ wﬂ ¢ ® &b @.\K@_K‘E " J M
16

S Y TN
&
J‘g’
Substituting oB ‘:‘95 c\"@; ,d_Q. with zero in the above derivatives we
get: d‘k ‘S d‘L d's
CLR
i
M _3ct e (E18)
a2 &K
M .o
Y
ll 2
M e e ' ,cl__QY (E19)
aF o dY 4
M .o
&‘g Ut i 3
#_3 ot de (s do s _as e U\}e\ izach
A a‘&g‘ A dR CAN EAN
Substituting c_llg_ ‘c@_ : d°®  with their values from (E17)
AN AN
we get that; as “'S_,o and ©_, )
“ & '5\ \: - (E21)

o 2



Wy o (22)

s B3
"5 9% 4 3 30
cDﬁ_,:sﬁ m) 4s ( xj@) 45 K Lj _ 1031 (E23)
‘g o, 16 :

Recalling. that Er& (E13)

from (El13) and (ElBL@ - g;_, \\q“\) _.__ (E24)
é‘& 2\

(E13) ana (£29) 5 O _ ¢ Kﬁ_) _ 95 (825)
N ey T e

(E13)  (E20) o &N AN Kﬁ—y,: ot . (E26)
A d‘g‘ ® Se¥

We can now verify our results of equations (39), (41) and (46) checking
whether the derivatives reduce to
the values from (E24), (E25), (E26) for Azcl

From equs (34) we have

)
é_ﬁ__._L \l \lq -.L \ t*,- 5 as Nl
dr& 5 5 ®

from eque (41)

dq L S 4 u‘iu"’h ¥l \\S KQA—\ \‘ U‘.m. -rg_'\'ul‘;‘;i u’h %* U g .1 dh .\
rs \. d‘SL K &8

al3
_~.-"§K_1 L _*3\&\i\ - k o ) N

Lt

B NM¥ _ %5 as New X
43S 4s

from equ. (46)

en s Tdn g \)\g Wy, Wy S K a(a‘(\\ \tull\x N, u‘,l NN \LW,, ‘,+
¢ 5 Lo ay
\a =3
» Mo Uy, lz)‘u‘lx\')“h X;S@l\j R\)‘ll \-\;\ s 30y u‘h *%u"wu‘n "‘\X Wy -3-

- Y 4
- R - B LN o %o YA oot os M-l
Uy U" * u"lzu"’ \3\ 'k 345 > 43 +;‘:}3 ot
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Case (ii) AL
In the case of very large A we can obtain an asymptotic expansion of

the integral Jv by applying Sommerfeld's lemma

Sommerfeld's lemma states
If Qi.u\ is a sufficiently regular function which vanishes

for u = o then we have the asymptotic formula

S du é_&,_o.x__aema %\g%moarcqé;:.\m» _\
\o J

" “e_a.l
where Ve =1logA and ¢y ¢q.. are numerical coefficients
WAL
defined by s Lo & ok 4 z A"
DI -

Uil

In our case the function QW) will be QUN=\

o
W,. L A L \ du ™
Tow) o ‘:'\E\:#l Thovd) o o

(E27)

Then by the lemma we find that:

W . (gg% (\\ Ca Qoxin e Gy W00 -2)Wsx) ;&l rite)

N Gl ey

<=\
The coefficients C.v= e b bLa b ness =\-_’l L -B'&ﬂ
SIS
where rku\ Z is the Riemann zeta function
N=\ ‘-Y
From tables we get \GL\ . 0 : ‘SUQ = 'Q:
6 90
Finally we get \ltlzz 4 (\\‘h\ Ly ﬂ‘ T L ‘} - (E29)
AT %@u:g«\.‘
Was R U\nbl\\ \-L» o *\ (E30)
N 2 Qo)

From equations (E29), (E30) and for A\

/
Wils, = d.nﬁ“ s (31)

Wya = 8 %ﬁ\m

=5 (E32)
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Under these conditions the equation of equilibrium becomes

Ny %_ TR T L) Qe or
LT e, S

\B &W%EQ 13_§_ﬁ_&_L3 (h%\ (E33)

IS‘ I
_/3
Let (log A ) =9 and r%=°& where a: |2 (\sn)"/? (E34)
\L‘Q )

the equation (E33) becomes

I
LA iy a_ss_l,_e‘ (E35)
5% %
which is the Lane Emden polytrope of index W= 3/,
Following the same steps as in case (i) we can also verify the

formulae (34), (41), (46) of the second, fourth and sixth derivatives by

checking their validity in this particular case.

Indeed, for W= 3/9_ from equation (34) Chapter I we obtain:
oys LTV, LY.L e (E36)
e R0
fo . M a , Fe_ (£37)
o3 “\ 2
and since &
-5
R

3 Y 1 38 A -3l ¥ -ug 5
L[ﬂ..lcﬁ&__*l dj&.\\ 30 48 &5 © d‘bd@i LI5S (48
I W AR L g o K o §

v 8 -ujs WA ‘E



the fifth derivatives will be given

Fros o dn dbLp @y dl o
3 3 L
N SO S S SR
o QU\B (Sr\ N Z.a-_ K@_\Y= __5_ é‘sf% ()ig s g_ﬁ/i@ Qf_%_ .
IS N ) S ) S S G T S M,
lm éw*ai c__@_\" S&_ R éme ni@_ 5& ey '-a'a.'h/e( @ = _iﬁ_ .
si dfy’ O¥ e JY oY 4me YT OY

& -3%/4
ws &' e (de Y, msss & (&Y
JY

s, dYy I ot
3
Putting (};ﬁ 3 tl_'&_ (X_Q_ equal to zero, the above

A

derivatives become:

d\ .o

L 3™ de (838)
(AN Y |
63 =0
o
4 { v L \] %
LN 367 do & e (doy, 3 (Y (E39)
noO% R NS LN
@il‘..:o
d S
o 38 ST £ S
Lan 36T e ms 6™ o L as ¢ (e,
ANIE @ 9C @ o B s \N
TR N W S Q‘_l\_w" (E40)
T RVR |
We also know that for Q_..l,rs._..o then ‘)—.l:&*() and the derivatives
fo L do_3 o\
S T SR N
and recalling that “8= ur% where O\= Ws
<
the derivatives (E38), (E39), (E40) become
t q . \3
4% o LA where AL 8 (LY 2 L
R 3 ol o

'\
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M. A (E39)

£o -t pl (E40)
3 S\

We can check now our results from Part (D), namely the second, fourth and

sixth derivatives. From the relations {34), (41), (46) we get

o T R

= 3a

\

N 3

C) Lvd Ve dq L\l,] U. +3..U~ \lu rd.n \\-I S‘\\
AR PRIt R 4

ta

3 Uah dT;

c}.c_(l_:-i \@. C..\Q_(l_. \_C.\a\l-;\-{;‘ +S "\q \'\"l ‘.l = -‘ ¥ E
a'&“:éxéﬁ‘s"kkﬁ\al' X

4 L -3 ua -mn
(;_% Y \.Llh u.‘”‘_ * \'L-'I; mql e ‘g'\-s ‘)_Q_\ ”I. +

iy (kY -3 -513 3
-\‘J\l-“‘- \L”; & i\lq'&\'\"h * \L“'t \L‘lm U"Bh. = g— u"'h u"|1.+
2
3
‘l Wy, "S—X
Okl
If we now substitute tlu. E&g&h\ in the above relations, we can

. Toa)
easily verify thats Q9 o LTYEAT"Pray L LN
y verify g A (2 k_‘.}_ 1

3

M. o A
d‘& \Go

9t AS
A sy

We thus proved that the general equation of a partially degenerate standard
model can be considered as a polytropic model in the cases of very low and

very high degeneracy.
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We also derived the necessary formulae for the series expansion of the
variables of our basic equation which (formulae) will be used for the
numerical integration through the same analysis as the Lane Emden equation

as described in Chapter I.
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CHAPTER TIII

In this chapter we shall discuss the numerical solution of the
fundamental equation of equilibrium of the partially degenerate standard
models.

The numerical integration applied is the same as the one applied
for the solution of the Lane-Emden equation in Chapter I.

The range of the values for the exponential A, of the degeneracy
parameter O, has been chosen from 0.005 to 100.0.

For the initial and any other values of the degneracy parameter the
values of the Fermi-Dirac integrals were obtained from the tables of
W. J. Cody and H, C, Thacher.

We next derive the relations for the mass, radius, pressure,
density and temperature for the standard partially degenerate model.

Qur results are tabulated in the tables ( Al ) to (2l ). The
tabulated quantities are: $y QU8) r the ratio of the temperature
to the central temperature, the ratio of the denmity to the central
density, the ratio of the pressure to the central pressure and the ratio
of the mass to the total mass.

Diagrams are obtained for the above functions and for Ag=0.\ ,L

and Q using the facilities of the G.I.L. 6011 plotter of St Andrews.
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(4) NUMERICAL SOLUTION OF THE EQUILIBRIUM EQUATION OF THE
PARTIALLY DEGENERATE STANDARD MODEL

From the discussion in Chapter II we can see that the fundamental
differential equation for the hydrostatic equilibrium of a partially

degenerate standard model reduces to

3le
* c\‘s d‘k

and (1) reduces to.

{ 4 Ug e c&uaﬁj = = U ) Wi Q) (1)

15
9 da L LY § M-LBAML AN, @
3t &\ 3 Uy "\ S
Equation (2) requires as solution a function ‘)L"D for a chosen

value of Ae with the initial conditions:

"o, Qen, Ao, ) LLL W O e O
) 3 (3)

%fl: Q,H.o
df)
The starting values of C\L’p and K;ﬁx\) for the numerical integration

are found using the Taylor's power series with center 30-.-.0 for }L‘D

QU@: QL’D _L@Aj _‘3_@‘}\ +J§_ ().
T al d )

with QL},} \
k l_ u‘, () Uy, €1

c*““\* e L

:.?...
C/I-
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O o_sTd & (e e, sTao(dY§ W _(Wny
) ; ] ‘S Kd‘&) kl)&

dt&‘ ° &‘SL d‘y 5 u's}q_ Unh. Usly

L
> ﬂ\ _L U. \). My +‘\.L‘l \_\ \- 3_,\.\11:\. .53 d_g_w%
Jir

6 -3
i‘u‘*nlu A 3 u_q‘ l‘ + mﬂp‘_ 3]1 ..\,..l\-L_qz\.L ._!_LU\”L - 1
9

-<l3 & Wy
ux[q_ Vg + u‘“’a. \‘L'\.fl X-}

oﬂ %(MH %'K \ %_K&‘l (5)

20 &‘k‘“

and the second derivative is given by

1 WS WV W v \gl_xx-?_\dﬂ_\ (6)
W

&'S‘ d‘\ q i- 3 U

Using the relations (4), (5) and (6) we find the seven starting values

for our numerical integration. The method is the same as in Chapter I

and the Fortran IV program is described in Appendix IT.

For any l(a the required values for the Fermi-integrals \l‘shlﬂo\) Uu,_mcb

U-ua (Ne)  for the determination of Kd 'l\ t\ \and are
4
obtained from the tables of W, J. Cody and H. C, Thacher

the same for the \\sh(ﬂ)\l\i"m\) U-9,(\) for any value of A  throughout
the integration using a subroutine described in appendix III.

For \,\-3{;({\) we use the property of the Fermi-Dirac integrals, namely

U-sie (N . A, __Cl_ Qg O e
d N\ a0
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The chosen interval for each integration is as small as possible for

best accuracy. 1In the tables we only give a number of values suitable

L

to the space of this presentation.
Tables (11) to ( 2] ) give the partially degenerate standard model '
function for various values of the exponential of the degeneracy
parameter Ao,

Figure 2 gives the partially degenerate standard model function

N for four values of Ae.
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(B) DERIVATION OF THE RELATIONS FOR THE PHYSICAL CHARACTERISTICS
OF THE PARTIALLY DEGENERATE STANDARD MODEL

(a) Mass:

The mass enclosed in a sphere of radius \":Q‘\ is given by:

v 3
My XMW‘?QW= And | g oy @
L] OJ
Wi
where = I - L l (2)
3GRR” Ay GRel®
- O R ye WU U (3)

Hence the relation (1) becomes:

N
M) = dna QL Q. '{e\\\ cl_rg u: Ldd V& o
) o Ly 1A
(- 4nd’ Q1a, g4 - L AL o )
3 AT oo \
L MO, ¢ (Nt )
\F 3 ¥ \JXQ " “E

(\R'N

where Q \-m- \' k}’_\
3G o

Cu= 4801 o (5)

b) Radius:

The radius at each point is given by:

ilq

.R-;cx - L \ (6)
3 \3?1(?%@:\1 QA D" k
ie
r . A ¥ L
5 R C, QF;) - &‘%
N
where k_:m@\ cu:s L&\;\.) i}i..
G ©.DITFIG ©

W= (7)



c) Density:

The density is given as:

Q= Q‘; Qq l‘\e_\\ Una Qe

Jy

where
GBe U Loy
3
o &
g= % K%) Re Y, W
with Gow & W' 2
? \
G« 2.03%F x\o° QSM/C_M‘
d) Pressure:

The pressure is given by:

‘3 si3
‘)= L P ay = L Q\ cit
Q N
or D¢ Qoo
P Q:%l'}
£ 1S 4 s13
where C. = Q W3
G i 5

| 3
Gp o T8¢ ~ Y dymes /om

e) Temperature:

The temperature is given by :
aly U3 -\

T & 4, X

or Te G, KM) \\

(8)

(9)

(10)

(1)

(12)

4



3 | \
with Gs x B W K}‘T%
Q
G, - 41924 x @ K (13)

From the above relations we realize that the values of % and "{e_
together have a strc;ng effect on the values of the mass, radius and
density, while the temperature and pressure depend only upon Q !

We expect that the radiation pressure is negligible so L% must ve very
small, and that the configurations do not contain considerable amounts
of hydrogen so \{a will be about (:L |
Typical values for the degeneracy parameter Q-_-‘{c%f\ will be around

Q=0 for the partially degenerate models will lie between their
degeneracy-non degeneracy values in the (log? 5 log U ) plane, as it is
shown in appendix IV.
Tables ( UL ) to ( ¥ ) give the values of the Mass, the Radius and
the central values of the pressure temperature and density of models
with Nas ol o4, a%; L, 9, §
and for trial values of \{Q_. L, .S and Zjand 105;&1-%.\ in the range of
(-}, -¢)
The variation of the mass and the radius for the above values of '\h_ and
Q} is shown in the diagrams ( ¥ ) and ( € ), %ar No=d,

‘ Figures 3, 4 and 5 give the characteristic functions of a partially

degenerate model for Ae = 0.1, 1, 2 correspondingly.

7
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The boundary~values found by G. Wares; for the three numerical

integrations he considered, are as follows:

Q?c% - Y= QM“O) % K‘Xﬁ Mass variable

0 : 9.75789 4.3271
2 3.45971 644143
5 1.4617 14,742

The boundary values found from our integration for the above

three cases are:-

Ao i % Mass variable
1 9.0096405 Le33
7.389 3.1932509 6.42
148.41 1.3481148 14.76

As we can see the difference in the mass variable is small since
the mass at the surface fringe is very small; but the difference in
k (or \0 ) is quite substantial.
We can also see that our solutions give value< of
much closer to zero than Wareg's integration
$ G N
~7.86857

-5.62393 CaWaves 's)
~4. 2456

Wi o :6’

while our solution gives

Ne L) 2 (Aw)

2 0.65428507 D=5 -11.94
148.41 0.59232673 D=5 =12.04
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CHAPTER 71V

The object of the first part of this chapter is to investigate a
criterion for convection in the case of the partially degenerate stellar
models.

In the second part we compute formulae for the adiabatic exponents
(gammas) THTK,TE in the case of a mixture of black body radiation and a
partially degenerate perfect gas. We will see that the formulae which
give 0,00 depend upon % (the ratio of the gas pressure
to the total pressure) and also upon the degeneracy parameter. In this
analysis we treat the partially degenerate gas, as a monatomic gas with
3= si3

In the third part of this chapter, tables of W, To and 3 will
be obtained for different values of the degeneracy parameter. The
recorded values have been computed at the center and the surface of each

partially degenerate configuration.
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(A) CRITERION FOR CONVECTION

We expect models of such small masses as in the case of partially
degenerate configurations poor in hydrogen to be completely
convectivee.

We shall investigate this problem by establishing a criterion for
convection instability for this particular case. The stability condition
can easily be expressed in terms of the temperature gradient (under the
assumptions of constant chemical composition and no existence of energy
sources).

Because the temperature decreases radially, it is also clear that the
stability condition demands that the temperature decrement for a radial
adiabatic displacement be greater than the temperature decrement of the
environment. Thus a layer is stable if

ISR CNN ®
&1" S\o.r A mlia&o.

= If the temperature changes too rapidly with distance,instability
towards convection existse.

The adiabatic gradient 37 \

ik is defined by the second
ax ki

adiabatic exponent

(definition:  Ya-) &Qﬂ
a%P)mh&

Te
The adiabatic relation between ® and 1\ is written in the form
(& _n \&\
de Jod St (2)
where the pressure gradient ég is obtained from
"
the hydrostatic equilibrium equation \ =6 gﬁ&_ 3_

Péx e
From (1) and (2) and as long as both gradients are negative, the alge-
braic condition for stability is
(A1) T (&)
IO R P

K&sh- (3)

This condition has to be checked at each point of the model.
The adiabatic exponent \a for a mixture of partially degenerate

gas and radiation is derived in part B.
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For the case of standard model we also recall that = aTh

and ¥ is a constant. 30-%)
= M o A(M
dr dr : (4)

From the formulae for the pressure and density of the configuration we can

also derive the exponent égﬁﬂi explicitly

daT

The pressure is given by

32 T2
. 2 Cawd)? O™ Vanwd) L
W3 ]
Since Q is a constant throughout the model we have

P = const _-‘-"Sh- \l-m_Uﬁ

and by logarithimic differentiation

5
UL L5 . AWW® s we Tdd (5)
AT 3 AT 9, Wil O 1
The temperature is given by
|
W) =2 (e &v:" 3R Ul )
W o R
by differentiation we get: _Q_ 9 . C.DMS\- 2 \)::1 \l,.‘ \ (6)
T A0 3 T
from (5) and (6) we have
Wl 5,3 T = S+2 =4 (7)
SUVS S N \ﬁ?;t.ms\ T
From the above expression we get the temperature gradient as
LATol ) ¥ oo = (A0 o L Towdgo
T dr 4 vt? de\s&m 49% (8)

From (3) and (8) we can see that the instability condition takes the form

AT o) L W-l T 9f
49%? % pK&r\s\w

= x4 )
' Q-1
We shall see in the following paragraphs that inequality (9) is valid

throughout the model.
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(B) DERIVATION OF THE ADIABATIC EXPONENT T

The adiabatic exponents W W, T3 are defined by the relations

o= o QL = (df
(o "R @

N M} ()
Na-\ QT /ad

% b o _
3z \%XA ’ \%Ml?\u& (3)

We consider systems which are in thermodynamic equilibrium (systems which
are in chemical and thermal equilibrium, definitions by Cox).
This assumption means that the second law of thermodynamics is valid,
hence we have a9= d&/T=0 if d6=0 . Therefore, an adiabatic change
i.e. a change for which &Q=0 is an isentropic change as well \.e. ds=0
We consider now an adiabatic, quasi-statistical change in an enclosure
containing radiation and matter in the form of a degenerate electron gas.
The internal energy of such a system is LL:k&uA,*\lﬁm (4)
In general when two or more systems are brought into contact the energy
is not additive.

However, if two or more systems are isolated from each cther
adiabatically, then by definition the energy of the system is equal to the
sum of energies.

According to the electromagnetic theory

&,

By ™ B w80 ()

according to Quantum statistic, for a non relativistic partially degenerate
3%
electron gas E%“ =3 V= 3V T () L\\'ﬂgh Uaa V) (6)
% % |
Similarly, for the pressure
' 3l sla
© Papiaa B LaThe 2 Clamd) T ) Vet (7)
3 W

In order to derive the relations for the three gammas we regard the
internal energy of the system as function of any two of the set P,V,T.
Generally, the thermodynamic functions can be written as functions of

any two of the three variables, P, V, Te We should recall here that the

volume V= b /? (8)



where \t\ = mean molecular weight
and ® is considered as a function of T and A  in the following
analysise

We shall avoid, in the following, the relations under constant
pressure, since pressure ig an additive quantitye.

From the definitions we can easily see that

AL S v (9) which means that only two of the three gammas
Ce-) Ta-) '
are independent.
From (1) & Noo (&) (10) ’
P N Twd
from (3) o W-l=-\ \QI_[ | (11)
N od

(&)
from (10) and (11) o &_ . T W44 (12)

SRS \?Q 3

for a quasi-statical change we have

o\Q:&Ewd\u@g) &?;Qﬁ% AN & AN (13)
A ®

for an adiabatic change dQ=0 and
KdP) 9~K%w (14)
—— = - E
dN /s 2
K%? v
similarly we can see that when E = E(T, V) a quasi-statical adiabatic
change will lead to
)3
- (%)
( &T\ L Wi (13)
N /s W
¥ N

Substituting (14) and (15) in (12) we get:

e Y_P-\-(E—E)p_\ \2%)7 TSR O %\E)P (16)

& o

L e @), P e
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But, for E=E\TV) and T(V, P) we have

R (a) ae () 8 () TOD) 20 () V). GE)

), (), 08, 18),

For V=V (T, P) and P = P (T, V) -y

N Q) w4 Qe ) [@EE) Y -

S R R A

X
%.l) = 5 : - _ K%B‘T (18)
T EETT @
because %\T &%\1 '

By inserting (18) in (17) and (17) in (16) we get:

W@\ B L&), A&),08). /R \

Ve .

= b ov
Te-1 © ¥ I C%\T (29)
T\ (¥

W E (ﬁﬁ o &, L& i | (20)
: o v )

Ta-d BT ¢ ® \og\:\:

To find . t@g} ‘ %'E-)

™N /5 DI /v

R\ d&}_pﬁ\).\, aT'VY . (‘:’*@%*59\_\ A5 (103 4R -
Q %

2
- U"?wi?Qd“s'r"F%h»i%&va*é\’ K%_g%\&\\. (21)
% VAW 4 N
to £ind QAN

% B AT ¢ (R AN =
d= 1Y #x Ry N 2

I (- () 0/ (), @2)



117

Inserting (22) in (21) and taking the partial derivatives we have

Q‘h’é) = %p 2 R 3 ? Ch%ﬁ? (23)
WL
2% \]Y"%A?: 3 %_?_ 3\ \%—?—“’b ) Q?_h?-t—)r\ (24)
£\ = : - X | x = 24 )
%T\q DT ¥ 9, B ] Y BN @%\\1
. o ™ \ FrS. N A
To find { L8« , © Qo 5 SN ' |
\%W\ K%ﬂ )I\ \ %t\>'1

df= A+ dpo \%ﬂ O K%} T, @_g_%T N

Q&Q'@%\n&q

Ve 4 (D AT 4 (g
\\%J Kfﬁ%n‘\ \ K?‘%T \%}T (25)
From (25) = : &1%‘?0“ ‘
(g - K%)*@@}n_K%%« \%\\ “
and o (_\\/\-‘1\ ) (27)
&{QT: K%?f TR/,

By inserting relations (23), (24), (26), (27) into (20) we get:

Y T\ (Dee Cﬁ%‘)'\ T 3 Ype L 3 Ve
Sl eaenghlre e
\_?5%1\ Ao \"'%1\ D % 3 R ) (28)
gﬁl\\%@t = \\ / \ YR R E‘i’_{ﬂ\x

T

We can easily calculate now the above partial derivatives from the formulae
for the radiation pressure, the partially degenerate electron gas pressure

and density

e - L (LaT) o Agpe (29)
K%T T 3 T
C‘:)_&.% - B %C%M\sh : \(s—/i' T%H‘ Gy S 9-(% (30)
N W . L _;‘- 2 (9 sh.‘:h. Nlu A
(B - 2e/¥ 0 |2 o)™ (Y L dp i) BT et
/T K%? /DN x \> N %‘?k%\f\ﬁj’”t Wi it rL\U-;]L Wi
%.

3 P_‘.’Q,. _Vd (31)
L 0 Uaje Uai)q



-\ . "
_?»\ MLl Wi L), Wik
AN = k%\\h N L{q.\\ ., N b \.\-IL,_U\'!h - (32)

We put the relations 29-32 in 28 and get:

___t‘}.__ + 3 Q \,\nlz ‘l_ s XL 'ﬂ_?‘.*l"ﬁ? 9 ﬁa U.lll
1 \ & @% '\)\3.'9_'\1 llzx % U«?Ja.\.\ 1

Te-1
\—-K P, Wi )Q/ P2y Ty . X  139)
\)m; U. U % Vala ul]';,

2
If wve nov substitute Q_ = Q-0)® and ? = oP > M&__ A =
BTV

JAD s8h 3 U\ \Kﬁk\%ﬁﬁ% 9‘1»%“\/4&\0;3_ -_Q»A‘}
\‘q__;, 9, v 2

| (34)
The above relation gives the adiabatic exponent Yo as a function of R

and /\.

Ve would expect the above formula for XY to reduce
W)
in its classical values for a monatomic gas of b i SI3 in the two cases for

slight and high degeneracy. For a monatomic gas we know that

T __3l-24R+37 Wl \=4 when Wd (non~degenerate case)
-1 % U\-BQA = sl when W=2h (extr. degenera Cy)

= i LdVq & §.
3 %
Indeed, ecqu. (34) for ALl 50v=A becomes:

_RLaed,slER [uen . st 1@‘3 o./a\u-m_s_z_-;o; -

(_—"""_"/

Te -\ R 3 4 4 L 2
= \QU-Q ¥ Q}Y‘.\ 12k L‘t*l\ x }'J.Q} - 1e- b Ay *Q}\- W% -%Cé:* @b -\?.Q:'-\-?’/;,Q.i
40-0) x &, AQ-L)+ @
o 63 0aka vy | 394k

2[a0-0) + 0] SATIRVERY|
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Where W 1is defined by the relation

. L T of
d,n- (Ma-ﬁgﬁ, 96.»4'

Oandod = 32240 38 .
-6 Ta-L
which has the physical meaning that the temperature gradient corresponds
to adiabatic change of matter and radiation (J$=0©) as above

If the absolute value of radiation temperature gradient

‘).1 ;| \;L_T). where S)= ‘E_Clg:
& O A RN
is greater than &V = 1 _ T A\ matter is unstable
dr Oawded P dr

for convections

A temperature gradient which is very slightly larger than the adiabatic
one is sufficient for the convection to transport the energy flux 00
in the stellar interior (,.,,\*2;9_5 in case of negligible radiation

pPressuree.
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(C) DERIVATION OF THE ADIABATIC EXPONENT W :

Following the same analysis we can find the other two adiabatic

exponents:

¥ ix -@M
AN ol

R R\
® K&\:\u& (@)

an adiabatic quasi-statistical change is of the form:

AQ = AR+ PN (RE N\ QR (%m\&u SN - o
\2p

A el e

T (iijv

(1) becomes - fl\_?@_*‘_ .
i
dE . %__g ‘e QN - im\&e ux\ﬂk \c\\m_?
b, X @) ag,\T | g
& (%), Kc%i? \. 5
N . @hﬂ AT, @\s\ U %_ aw @\1\ \\ \ 3T, K’Qfﬂ -
@ 0, (8. € ®), <o @)R), @), -

(%T\ C&%ﬂ (5)
R%'?B (&) AN
Insert (3), (4), (5) in (2) =
%E K&ﬁf%ﬁﬁr
v.y o & ) [Ty \3 K‘ @)
e W -1
Qﬂ N Qﬁ:)v
[ it &%BT

X
)

T T - yv: %31\3—3\1\ % &
kﬁ@;)v K‘qﬁ:yu



We shall now calculate the partial derivatives involved in equ. (7):

3
e Gprdp) Mavin®e, 2 %}‘“ vy oY)

AN § ( R/ ),
WY = Ip 13 L3 o (Dee/ON)
and %_'_E} . \j\-‘b @_&) W3 \m—\l_ 3\ K \\ 6‘1‘)‘\
T N ¥ % Y 2™ @/@T
AP (R0 AT L (®\ AN
bt /A ' K‘?ﬂ:)T
do- (D AT, (2 I\
? Kg‘:')f\ Kh_j‘\ <
from (11) dN. - at %
BREE IR VAS- 1
we substitute (12) in relation (10) and get
4 (N AT, (P '%ATE% =
(\%W\)n "k‘h;\T \u(i? Kxéis)“ //(~;§; < i
? (B (§) /(X
W)1 K%Ar : /(“WDT
®\ = (D B - (2 3
(™ G- A A,
By substituting relations (8), (9), (13), (14) into relation (7) we
finally get
Fel pee3y Pa- 3 83 A 1 N
b IQ.?r.\. %?%_%?%R e
for Pe = Q-OF owd Q%= Qe , W\ Dbecomes:
T laoey-30-30 Al TN
2Q-L) o % Q...‘% 'Y
for ALl (slight degeneracy) n becomes
Y‘\ L] Y % 2
Toe -0 +% 1 g 9(4-30) 42400 .38

wo-e) 3 8 240-0) +3%
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- (¥%41) ,, ot S

(e)

(9)

(10)
(11)

(12)

(13)

(14)

(15)

(16)
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for AW, >

N [ iy ) ) 2

tc_'S

Y Yy ¢l ._"_____ T, @ .
U\..q,_\la;,_ QQ,«\%!\\ erﬁh m;z-) _‘ fz) \QDZS“ ) 3

From (15) =

3p.3 \° 2 )
i‘QBl -\-E-QD-:KO@U‘?-Y\J.-EQ-:P
n(-e) S 8- 2 LS N 12 (0-0) 3
4 4 3
N I (17)
5 Q) 3
v Lo o, T:=4

Foe &l o Ti=sh



(D) DERIVATION OF THE ADJABATIC EXPONENT 3.

For the third adiabatic exponent we get:

=_\_J_ A (1)
'1'\&3

N /ol

B-1s K dQM\}

dQ= %l?‘-_ l)T.‘_ cb_E_) dn\-\:’w = 0O =7
/N |

K \ e O/, 2)

&%E [%T\ N
e :
W = 3-10 -y ‘“k /) (3)
SN
from the previous calculations we  take:
%E... i @  + 3 e = 3 D A %? (4)
NIRRT N kam ©)
D v DoAY e ;A @i’/%ﬂ
(3) becomes : \f‘ '
‘-3'1 = )—- APP PB 1 ?% \h' iy = ‘:{U‘QA*E'LQ'%TL & A (6)
T L{we.% Wira TR PR
1%k § &3 Pc% e G0 T L2 LA
Gk » ool = 2l ( gar AZLL)
1200 +34 0 24 -2\k

relation (6) is exactly the classical relation for V3-1 for a monatomic

gas of 3= sl3

oL (A-3) 061
g\ (g-1) O-2)

We can also check our relations for (’,, a , G_)
Te-A

by the formula -l U.Wo
f'a.

Indeed, we get:

&-l T. 400 + oh 0 - 3h & A
L
Ta Y_« -4 T AN-% Q,AT'., \LAL-L) SRR -2 LA
9 9 4

-



la4

3
Lag-y+2e-2en) *Q,z\‘}
QL) 450 2GR
a3

U+ 3e-30A .
(40 g0 s en LARLR) S ALy
T e 4 4

2 T 9 1
Taowesg-Bea Vv aange) s TAE-24A
- Y _9
(1 -0) L; A EQ’A

LA 30 - '3729- A w Vau ok (6)
w(-0) %‘Q;- %QA

From the above discussion, it is obvicus that in the case of the
partially degenerate stellar configurations the adiabatic exponents
depend upon the degree of degeneracy A and also upon QL , the ratio
of the gas pressure to the total pressure.

We compute T )},\3 at each step of our numerical integration of the
basic differential equation (28) Chapter II. We can see that the values
of the adiabatic exponents vary along the configurationes

In the tables below, we record the surface and the boundary values

of N T for variouc degrees of degeneracy and . ..
L |



-4 nne) WL T30, 0)
107t 1.56664135 3.,1288664 1.5006329 center
10?04?630 2-?538}-}69 L 61904?9 surface
10"2 1.6511034 2.5835562 1.6390817
1.9457678 2.0968913 | 1.9279297
10"3 1.6650118 2.5086330 1.6637128
1.9940656 2.0099658 1.9920894
10™" 1. 6665001 2.5008662 1.6663692
1.9994030 2.0009973 1.9992033
1077 1. 6666500 2.5000866 1.6666369
1.9999424 2.0000976 1.9999224
TABLE 28. ADIARATIC EXPONENTS FOR A PARTIALLY DEGEINERATE

ELECTRON

cas oF Ao = 0.5
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i
10 nn,e) el Ch, ) | Th&)
107t 1.5691151 3.1771259 1.4938788 center
1.7047810 2.7538588 1.6190517 surface
T e 1.6511883 2.5922973 1.6369595
1.9458002 2.0968611 1.9279586
1072 1.6650128 2.5095688 1.6634657
1.9941028 2.0099288 1.9921261
10'4 1.6665001 25009604 1.6663441
- 19994407 2.0009596 1.9992409
1077 1.6666500 2.5000961 1.66663LL
1.9999801 2.0000599 1.9999601
TABLE 29. ADIABATIC EXPONENTS FOR A PARTIALLY

DEGENERATE ELECTRON

GAS OF

Ao

= ik
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G
L-Q m ) LR T, &)
i
10 1.5730163 3.2491880 1.4841260 center
1.7047674 2.7538498 1.6190488 surface
1072 1.6513219 2.6061693 1.633%6203%
1.9457756 2.096884 1.9279367
107 1.665014L 2.5110664 | 1.6630706 -
1.9940746 2.0099569 1.9920982
10"” 1.6665001 2.5011113 1.666303%9
1.9994121 2.0009882 1.9992123
10~ 1.6666500 2.500111.2 1.666630L4
1.9999515 2.0000885 1.9999315
TABLE 30. ADIABASTIC EXPONENTS FOR A PARTIALLY DEGENERATE
ELECTRON GAS WwIiTH Ao = 2.0

12
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CHAPTER V
LUMINOSITY OF A COMPLETELY CONVECTIVE _ STELLAR MODEL

In a completely convective star, in which most of the flux is
carried by convection, the luminosity, or the rate of radiation of energy,
which is carried outward through a sphere of radius ¥ is given by the

mixing length theory as:

/v
et " d (avT)
L=(nfg) Trorg Co/rm)c, UL ) )
where qg = local gravitational acceleration of the star
Q. =1 if Y constant

v = (= 9Vde) - (& 77/de) qaids

C9 = specific heat per unit mass at constant pressure

Q = mixing length, i.e. the chracteristic distance at which
the moving elements dissolve and merge smoothly into the
surroundings, giving any excess energy they possess or

absorbing any defect

PROOF OQF THE ¥ORMULA FOR CONVECTIVE TLUMINOSITY

1 & 3 T is the temperature difference between the element and its

surroundings then the excess energy per unit volume is ?‘-‘-,E.S-‘I

N ﬁ (- 'K‘Aj‘\ }mg
dr /mean surrounding & / individual

convective elements
Ty o, e e

1 %és_ K&Va l

(2)



The energy flux transported by elements moving with velocity V) is
YQ?ST\>=i1F;MU (3)

A simplification is made hre by averaging, over all elements, the paths
of travel

N

We setl Av. ,&
2

(3) becomes

™ S},E g.__U“ V) (%)

_We introduce the pressure scale height 3?

dLPo,,
9? dor ”’P

(4) becomes

nf =1 ?Q?GTK%VV-VQ : (5)
%

We need an expression for the velocity VU .
If S% is the density difference between the element and its surroundings,
the buoyant force is

Q{: - 9% (6)

For perfect gas

Qx:%P+Qu.B\. QméT Qw?-v@ dP _Jr, M i

P %QQ%T Y
dp - & _a T 7)

? Y T

where Q_L_ k Qc_%}_} ] when \i\constant
%mew

Inasmuch pressure equilibrium ex1sts



(7) becomes: §¥= oV
? E
or S?_ - Q §l (8)
e T

(6) becomes then,
= 9t G‘?—:— *—%%"ri&‘h\ d‘) ]N (9)

Integrating (9) over some displacement { ; the work done by -& is

S G

X 7T
frorl (2) L Q_%?Q_g?) KQ_V};) _Q_l
R Qo

We estimate that half of this work will end up as the Kinetic energy of
the element and the other half will be lost to friction with the other
neighbouring elements.

Therefore:

Lpdta L G 06&0«9\&9_%3(&3’ - (10)
;) \e O¢
5. 4 @B (9-9)" 2 )
A R
FATY Q\a

This analysis is not physically valid if O Uscuud
If this happens the assumption of pressure equilibrium between the

convective element and its surroundings would not be a realistic

condition.

Substituting this result in (5) % £k
e
Mo = L Q8007 G (LY -9 5
1 \0Y O
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nFeon = \ ﬁ;‘ “t Kﬁ)é} KQQ%T) KMR:\ \'_gf) (59‘3

A¥q ‘ D¢
R N YL RS A A
P\TS N
L s aFAnt.n v Q \ Q &mﬂ
Comn - n % \ t\DL?

R

(12)

13)
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Equation (13) gives us an approximate value for the luminosity of
completely convective models.
Unlike the luminosity of a radiative model which depends upon the

temperature gradient through the relation

L o= At dae T2
vod 3 ;; S;

3
. depends upon the excess of the temperature

the me = (60T
gradient over the adiapaticm_gradient.

Relation (13) is also based on the assumption that the convective
elements move adiabatically.

One of the fundamental uncertainties in the theory of mixing length is
the question of how to choose an appropriate value of {'

The usual prescription is to use the local pressure scale height, or
else the density pressure scale height but the procedure of chocsing the
mixing length is rather an arbitrary one.

In the following tables we calculate the luminosity using (13) and the

pressure scale height

L. %2_: - \Wy at each point

dp P dr

of the model.

Characteristic values of the convective luminosity are obtained for a
model with Ao=\ )

values of L-% in the range of it e m‘“

and values of %n (mean molecular ‘&u per free electron) 1, 1.5 and

2.0.



A-% Leonv/L o Leonv/Lo Dp = = /P

107 0.199  (107%) 0.4l (107H) 0.276 (108)
102 | o.617 03y | o35 (1073 0.392  (10°)
1072 0.148 (10~h | 0.650 (0~?) 0.572  (10°)
1 0.700 (107%) | 0.225 (07h) 0,183  (10%)
1072 0.336  (10™2) | 0.193 (10™) 0.260 (10%)
1072 0.803 (107). | 0.349 (107 0.382  (10°)
161 0.455  (107%) 0.146  (107h) 04137 (108)
1072 | 0,218 @0%) | 0,125  (107) 0.195  (10%)
1072 0.521  (1077) | 0.226 (10™?) 0.282  (10%)

TABLE 31. LUMINGSITY OF COMPLETELY CONVRECTIVE PARTIALLY
DGENERATE STELLAR MODEL OF Ao=l '

The last column shows the pressure scale height at the surface

L¥ conv/l.o is the mixing length luminosity (as Lconv/L @
is) with dT Te
\dr\ R



RADTATIVE METHOD OF BVALUATION _OF THE _LUMINOSITY BY THE USE OF

OPACITY TABLES

Another method for an approximate evaluation of the luminosity
of a completely convective stellar model is based upon an opacity law
as

K = Ko ? T
Given the opacity tables we try to fit the above relations in the
tables. To do that we need to solve the system of the equations.

w

"
Ko it T

n

K.

]

A "

K = Ko o Ty )
wA W
K, =Ko ¢ T

and to find the Ko, m and n for the given triplet of values Ps T and K.

We next consider a relation for the density and the temperature of

our models of the fornm

— ?a (R—I‘)
T = & (R-r)
where Oz \ %i \ and Nt \b_l

It is easy now to find the optical depth from the relation
= SK ? d.N‘

Sv\o\?“uaa\ \Tu ﬂﬂ dae
' ?& X % @ dor o,

w © VAWM Y

s Kt T @0
WAAWAY
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For <= U -
%&#\-\*l
Ree) \1 e
3 wg, To 3

Ymvury
TGy, Ta \ T paxurY \ (2)

'5 WAkl A
Vo R Y
We thus, get the actual temperature at the photosphere which is the

effective temperature Teff

We can now find a value for the luminosity from the classical formula
L= 4na RY Ty 3)
Relation (3) for the luminosity is justified according to the theory
that the radiation from an actual stellar atmosphere has approximately
the same character as the radiation which would be emitted by a black
body surface whose temperature is Teff' Since, by definition, the
photosphere is the layer from which the energy being transferred up from
the interior is radiated into space, the material above the photosphere
must be predominantly in radiative equilibrium.
In equation (3), R is the radius of the surface (ar photosphere) of the

star and v 1is the Stefan-Beltzmann constant.

APPLICATION:

We use Cox's tables for a Limber I mixture of X = 1.0, Y = 0.0, Z =

0.0 for a partially degenerate standard model of Aewl, Ne=% | WS
The last two points of our integration give the surface values for the

radius, temperature and density as:

o.ggsszsgogo mi‘0 - - 8% = 0.7688396835 xio
0.6842638081 1o

0.14251739 102 4 - AT = 0.01 (=Ta)
0.71696870 10 BR

0.17487025 10:2 2 - By =1.985 %2070 (= Ru)
0.22266105 10 =3

134
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From the opacity tables a system of 3 equations as the system (1),

corresponding to the above values will be one with

- 5 - 5 - 5
'I'l = 5 %10 T2 =2 x 10 T3 =1 x 10
,=1x107 f,=1x107" Py o=l 2 i0™ )
Kl = 2.14 KZ = 9.46 K5 = 36.8
The system (1) is equivalent to 'Tx\)
Q“‘Qﬁu‘;}=m QM\%I)‘*”‘_Q"‘&“

b CR)=m B () an W \R)
wo " (5)

Kiz¥e B
Substituting the set of values (4) in system (5) we gét

Wy = =0.422 M = =0.560 e = 207.73
From the relation (2) and by substituting the known quantities we get
a very small value for the effective temperature inconsistent with the
physical situation in our models.

From the opacity tables we should expect values of and as

Wy = 1 and M= =3.5.
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APPENDIX T

PROGRAM FOR THE NUMERICAL SOLUTION OF
THE LANE-EMDEN EQUATION FOR W=090(c-5)4.S

The Fortran IV program for the solution of the Lane-Emden equation
as described in Chapter I is given, as well as the subroutine for the

computation of the exact values of the solution for W=00,\S5,§.°




50

20
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IMPLICIT REAL*E[#4-F,(-2)
CIMENSICN NVMLT7CC) :
CIMENSICN CY(7C5)yC1YP(7C5),C2YPIT7CS5),C3YP(7CS),04YP(7C5)
CIMENSICN CL1YFPLTCE)C2YFP{T705),L4YPF(725),C3YPP(7C5)
CIVENSTEN CY(TCE)oCYP{ICE) CYPPUTCS)
CIVMENSICN CLY(TVCEY ;
CIMENSICN CC1YFL7C3)CC2YP{7C5),CC3YP(705),CLAYP(T7C5)
CINENSICN CS5YP(7C5)4+CCEYPUTCE) 4CEYPP(TC5)
CIMENSICN X(7CE),Y[T7CE),YPLTCS)yYPP{TICS)
DIMENSICN DEYR(7C5) »CEEYF(ICH)yLEYPPITOS)
CIMENSICN VARM({TCC) 4RCRA(TCC)
CALL CLELND
CLUBLE FRECISICN N
CO 77 IN=],11
N=FLCAT({IN-1)/2.C
WRITE(EHEC) N
FORMAT(1F1,16H PCLYTRCPIC INCEX=,F%.2)

XS=X{T)*X{I)
VII}=1eC-XS*(1eC/EaC-XS%(N/12CoC-XSk((E,C*
2% ((TC.O#N-183.,C4N4#24122.0%N*#%3)/32€562C.
2GG293Nx%2=3G(GHN%%4) /1T7GE256CCC.C)))))
YOI =1al=XS% 10 /& S~ XS INZL2C, C=X5% [ (BaL¥N=5.C
2% ({TC.O¥N-183.C*N#32+4122,0%\#%3)/32€552C T4 XS*(
IANHH2412€42, CHEN#X3=5C22,CxN#%4) /1756256CCC40)))
Cy(I)=v(1l)
YP(I)==X(T)*(1.
2?9“{{?u.ﬁ““—18“.
BEN*%Z2412€642. CHNH
CYPLI)=YF(I)

IF (I-1)25,25,2C
YPRIIl=—Y{I)*’h-E.C/XII)*YP{I)
QYe R (1= VPR(T)

" —
[6¥]
[

XSHANSIL 2 C=XSB [ ETENEF 25 CUN)/
E2A L 22 Ggena ) JACE2HC L NS (215
22

0/34C-
ST E
g o LXNAFTY) L1 TSEE56L0+L))]))

€




23

24

26

27

25
21

10
13

CY(L)=Y(I)=Y(IT)
ClYP(I)=YP(I)=YP(ITI)
CC1lYF(I)=C1YPI(I)
ClLYPP(I)=YPP(I)=YFFI(II)
IF(I-2)z1,21,422
C2YP(1)=Cl1YF(I)=-C1lYPI(II)
CCZYP(I)=C2YP(TI)
C2YPP(I)=C1YPPI(I)=C1lYPP({II)
IF[I‘B)Z].:?].:ZB g
C2YP(I)=C2YP(I)=-C2YP(II)
CC3YP(I)=D2YPILI)
C3YPF(T)=C2YFFI(I)-C2YFFPI(II)
IF(I-4)21,21,24
C4YP(T1)=C3YP(I)=C2YP(II)
CC4YF(I)=C4YFI(I)

C4YPP(I)=C2YFP(I)-C3YPPIII)
IF(I=-5)21,21,26
CEYP(I)=CaYP(I)=-C4YPI(II)
COSYP(I)=D5YF(I)
CEYPP(I)=C4YPPI(I)-C4YPP(II)
IF(I-6)21,21,27
CEYP(I)=CSYP(I)=-CBYP(II)

CCEYP(TI)=CEYP(T)
CEYPP(I)=CSYFF(I)-CS5YFP(II)
CCNTINLE

CONTINUE

CALL SUB(INsX(I)s1,EY)
VARM(I)=X(I)**2%YP(])

RCRA(I)=1.C/2.CxX(I)*(1.C/YF(I))

X(I+1)=X(TI)+CX

WRITE(Ey2 T 9 X(I)yYUI)yYP(I)yYPP(I)yVARNM(I),RCRA(T)

FORMAT(14,¢602C.8)
CCNTINUE

CC &€ 1=8,7CC
[1=1-1
X(I)=x(I1)+CX

138

ClYP(I)=CX*(YFP(II)+1.C/2.C*C1YPP(II)45.0/12.0%C2YFP(I])+
22.C/E.C*C3YPP(II)+251.C/72C.C*CAYPP(II)+55,0/288.C*DSYFPP(I])
3419087.C/6048C.C*CEYFP(II))




(@]

98

YP(I)=YP(IT)+C1YF(I)

C2YP{I)=C1YP(I)-C1¥YPI(IIL)

C2YP(I)=C2YP({I)-C2YP(II}

CaYP(I)=CAYP(I)=-C32Y¥P(II)

CS5YP(I)=CaYP(I)=C4YPI(II)

CEYP(I)=CSYP(I)-C5YP(II)
CY(D)=CX*(YP(I)-1.C/2.C*C1YP(1)-1.C/12,0%C2YP{])~-

21eC/24.C*C3YP(I)-15.0/72C.0*C4YP(TI)-2.C/1€C.C*DSYP(I)

2-863.C/€6C48C.C*CEYF(I))

Y(I)=Y(ITI)+CY(T)

IF(Y(I))66,56,G8
YPP(T)==Y(I)**N=z,C/X(I)*YP(I)
CLYPF(I)=YPP(I)=YPF(II)
C2YPF(I)=C1YFP(I)-C1YFFI(II)
C2YPP(I)=C2YFP(I)-C2YPP(II)
CaYPP(I)=C3YFP(I1)-C3YPPI(II)
CSYPP(I)=C4YFF(I)-C4YFPI(II)
CEYPP(I)=CEYFP(I)-CSYFFI(II)

CHECKINC FCRMLLA
CCLYFUI)=CXx*(YFP(I)=1.C/2.0%C1YPP(I)-1.0/12.C
2*C2YPP{I)-14C/24.C*D2YFP(]1)=1S.0/720.0%C4YPP(1)
3-3.C/1€6C . C*CEYPP[I)-E62,C/6C48C.C*DEYFP(I))
CYP(I)=CYP(II)+CC1YP(I)

CCRRECTELC VALUE FCR THETA PRIME. CIFFERENCES
YP(I)=CYP(I)

VARM(T)=X(1)**2%YP(I)*(-1.0)
RCRA(I)=14C/2.CkX(T)*#(1.C/YF(I))*({~-1.0)
CCZ2YP(IV=COLYP(I)-CD1YP(II)
CC3YF(I)=CC2YP(I1)-CC2YP(II)
COaYP(I)=CC3YP(I)~-CE3YFLII)
CCESYP(I)=CL4YP(I)-CD4YP(II)
CCOYF(I)=CCS5YF(I)}-CCEYP(II)

CCY(I)=CX*(CYP(I)-1aC/2.C*CLL1YP{I)=-1.0/12.0%CC2YP(1)=1.0/24.C

2HCE3YP(1)=194C/T7cC.C2CLAYP(I)-3aC/16C.CXCDEYP(I)
3-863.0/€EC4BC.C*CCEYPII)) t

CCRRECTEC VALLE FCR THETA. CIFFERENCES
CY(IN=CY(ITI)+CCY(TI)

IF(CY(I))S6,66,67

CCRRECTEC VALLE FCR THETA DCLBLE .PRINE,
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S

80

81
a3
86

87
82

85
84
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CYFP(I)==-CY(I)¥*N=2.C/X{I)*CYP(I)
YPP(I)=CYFP(I)
CLYPP(I)=CYPF(I)=-CYPPI(II)
C2YPF(I)=C1YFP(I)=-CL1YFPI(I
C2YPF(I)=02YFP(I)-C2YFP(I
C4YPP(1)=03YPP(I)-C3YPPI(I
CSYPP(I)=C4YFF(I)-C4YFPI(I
CEYPRIT)=D5YPP(I)-C5YFPILI
SURBRCLTINE TC CCMPLTE THE EXACT VALLES CF THE LANE-EMCEN EGU.FCR N=C:
CALL SUB(N,X{I)yI,EY)

CYPP(I)=YFP(I)

WRITE(E93) T 9Xx (1) oY (I),YP(I)YPP(I)4VARN(T)RCRA(I)
CCNTINUE '

CCNTINUE

CCNTINLE

CCNTINUE

STCP

ENDC

1)
1)
I)
1)
1)

SUBRCUTINE SLE(N X, 14EY)
CCUBLE PRECISICN NyX,EY
IF(N)E0,80,81
EY=1.C-x%¥%2/6,.,C

GO TC 84
IF(N-1.C)24,83,82
IF(I-1)86;:86,87

EY=1.C

CC TC &4

EY=DSINIX)/X

GC TC &4
IF(N-5.C)84,85,84
EY=1.0/CSCRT(1.C+X3¥¥2/3,C)
CCNTINLUE '

RETURN

ENC
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APPENDIX TIT

PROGRAM FOR THE NUMERICAL SOLUTION OF THE
PARTIALLY DEGENERATE STANDARD MODEL FUNCTION

Fortran IV program for the numerical integration of the partially
degenerate standard model function r)Ug)KrVCQ as described in

Chapter II.



100

94

11

T#PLICIT
DIMENSICON
DIMZNSION
DIVENSION
DIMENSICN
r‘\“. ”.)IF]’“
DIMENSIGN
DIMENSION
DIMENSION
DIMENSION

E S[?bd],?PASS[?ﬂ*l.AR&b{?WO}, AD(700)

YPP705) 402YPP(T7C5)sL3YPP(T705),D4YPP(T705)
SYP(705) ,CEYP(T05),D5YPP(705),056YPP(T705)
COY(7G5),COLYP(705),C02YP(705),C03YP(705)
CO4YP(T705%) 4CO5YP(T7C5),CDOYP(TC5)
CY(705),C1YP(705),02YP(705),D3YP(T05),D4YP(705)
Y{705),YP(705),YPP(705)
CY(T7C5)4,CYP(T705),lYPP(T705)

Z1727)

A
M
1

r.
{5
»
iy
-
U
o

CALL CLeUND

00 53 J=1

y36

RZAU(5,100)AN,D2

WRITEZ(Ay10

FORMAT(2D1
IF (AN)SG,
CONT INUE

T7)AN,DZ
Ne3)
53,494

PI=3.14159265358G6793

GRAV=

6.£7D-8

FOLTZ=1.3790-16
PROTCN=1.6720-24
ALFA=7.55D-15
PLANK=6.,620-27

:LMMSS"q 1

CONSTL=2.0/PLANK*(2,0%PI*ELMASS)*%(3,0/2,
CONST2={EDLTZ*%2)#%3,0/ALFA*

I_.'\Sl i= DS[
CONST4=1.
I=1
Z(1)
Y(I)
YR (1
X=0L N)
C=X/100.0

=0.0
=1.0
)=0.0
OG(A

IF(AN.FQ.1.0)GC

C=1.0/1C0.
CONTINUE

CALL FDICH
CALL FDIDI

0/1CONST1%%(2,0/3.0)*CONST2%%( 1

n50-28
0)/PLANK* %2
(COLTZ*%2)
RT(2.0/(3.C*PI*GRAV)) :
«0/6.0)*PROTON)

T0 11
0

=14 X+C/2,UXP)
=14 X=C/2,4,UXM)
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3

4

UMT=(UXP-UXM)/C

CALL FODID(+1,X,UPH)

CALL FDID [(+3,X,UTH)

CALL FDIC (—-14XsUMH)
YPP({[)==1.0/3.0%UPFxUTH**(1.0/3.0)
A2==1.0/3.0%UPH=LTH**{1.0/3,.0)
A41=(1.044.0/3,0%UPH=({1.0C/UTH) ) *A2%%2
A42=(140/3.0%(1.C/UTH)**(2.0/3.,0)*UPH*%2+PH*UTH**(1.0/3.0)%*2
2HUMHEUTH%*(1.0/3.0))
Abd==3,0/5.0%(A41+12%A42)
SS=A2%AG=(16.0/3.0%UPH*{1.0/UTH)+5,0)

SU=A4%(1,0/3,0%UPH=%2%x (1. 0/UTH) *%(2.,0/3.1)
2HUNMHRYTH®H (1 ,0/3,0) 42 0%UPHRUTHX®:(1.0/3.0))

SY=3, 35A2:%5 2% (YPH*x 2% (1 O/UTH)*%(2,0/3.0)+3,0*UMH
2xUTH*x(1.2/3,0Q)
F4+22)PHRUTHR(1.0/3.0)+UMHR (1. 0/UTH)*x%x(2,0/3.0)*UPH
4-2.0/9.0%(1.0/UTH) %% (5,0/340)=UPEX*3+UTH*x%(1,0/3,0)%UMT)

Ab==5,0/T.0%(SS+ST+SL+SV)

PGLG=UTH*UPH

AMVAR=Z (1) %%24% (14 0/Y (1) )*UTH®xX(2.0/3.,0)%YP(])

WRITE(H93)Z(I)4Y{I),,YP(I)yYPP(T),PCDG,AMVAR

FORMAT(60D16.8)

FORMAT(2C020.8)

DO 13 I1=2,8

[1=1-1

Z(1)=2(11)+D2Z

2S=2(11%2(1)

Y(I)=1a0+2S%[A2/2.0+2S%(A4/24.0+725%A6/720.0))
CYy(1) (1)

Y2 (1) (YR (A2+2S®(A4/6.04+47S*A6/120.0))
CYB(1 Y2 (1)
X=0LOG(AN=Y(1))
CALL FDID (+3,X,UTH)
CALL FDIC(+1,X%X,UPH)
20 YPP(T)==Y2 (I )32 (=1,0/Y([)+2.0/3.0/Y(1)*(1.,0/UTH)*UPH)
2=YP( ) %20/ 2 (1))=Y (I )XUPH®UTH®=x(1.0/3.0)
DY (I)=Y(T)=yY(I1)
DIYP(I)=Y2(I)=YP(II)

1'.
=Y
=7
) =
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( =D1YP( 1)
D1YPP{ =YPP(I)=Y22(]1)
IE(]=2 1421422
22 D2YP(I)=ClYP(I)=-D1YP(II)
CoO2YP(I)Y=D2YPI(T)
P2YP2(1)=D1YPP(I)=D1lYPPIII)
IF(I=-3)21,21,23
23 C3YP(I)=D2YP(I)=C2YPI(II1)
Co3Y2(11=23Y~2(1)
D3YPP(T)=02YPP(I)=-D2YPPI(II)
[IF(I-4)21,21,24
24 D&YP(1)=03YP(I)-D3YP(IT)
CoaYP(I)=D4YPI(1)
D4YPP(I)=D3YPP(I)-C3YPPIII)
IF{I=-53)21421,26
26 DSYP(I)=04YP(I)-D4YP(II)
COSYPLI)=DSYP(I)
DSYPP{I)=D4YPP(I)-C&4YPP(II)
IF{I—=6)214,21:427
27 CasYP({I)=D5YP(I)}=-C5YPIIT])
CDEYP(1)=06YPI(1)
DEYPO(I)=05YPP(I)=-DSYPP(II)
25 CONTINUE
21 CONTINUE
T=COMSTLI*®(1.0/3.0)%UTH*%(2.0/3.0)*%CONST1%%(1.0/3.0)/8BCLTLZ
2RCONST2%%(1.0/3.0)*CONSTZ2x%(1.0/3.0)
P=ALFA/ 3 04T Hk4
D=CONST1%UPHXUTH*CCNST2%COMNST1*PROTON
CALL FCZID (+34X4LTH)

1004 AMASS{I)=={2.0/3.0)%%(3,0/2.0)%4,0/DSORT(PI)*LUSQRT(CONST2)
2%1o0O/PROTON®H:2%] s /GRAVH* 4 (3 ,0/2.0)%Z(1)%%x2%1,0/ Y{I)*YP(I)*UTH
3%%(2,0/3.0)

EMASSII)=AMASS(TI)/1.585D33
ARAD(I)=CONST3*CONST4%2(1)
RAD(I)=ARADIT)/6.951010

AMYAR=Z (T)%%x2%(1.0/Y (1) )%UTH*:(2,0/3.0)=YP(])
P5305=UTH*UPH
WRITE(AH3)Z{L)Y(L)yYP(I),YPP(I),PC0C,AMVAR
CYPP(TI)=YPP(I)

CO1YPI(T)
1)
)2
=
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10 LUNTINUE

CO 88 1=9,700

I11=1-1

2(1)=2(11)+D2
DLYP(I)=CZ=(YPP(II)+1.0/2.0%C1YPP(IT1)+5.0/12.0%D2YPP(ITI)+
23.0/8.0%C3YPO(II)+251.0/720.0%xC4YPP(II)+35.0/288. Q*D)YPP(II)
3+190287.0/50480.0%¥D6YPP{II))

YP(I)=YP(II)+D1YP(I)

C2YP({I)=01YP({I)=-D1lYP(II)

C3YP{I1)=D2YP(I1)=02YP(I])

D4YP(I)=D3YP(I)=-C3YP(II)

COYP(I)=04YP({T)=-L4aYP(II)

DAYP(1)=DOYP(TI)=-DBYRP(II)
DY(I)=C2%(YP(I)=1.0/2.0%D1YP(I)=1.0/12.0%D2YP (1)~
21.0/26.0%03YP(1)=19.0/720.0%04YP(1)=3.0/160.0:=D5YP(1)
3-863.2/60480.0%D6YP(1))

Y{I)=Y(II1)+DY(I)

IF{Y(1))92,95,96

CCNTINUE

=DLOS(AN=®Y(I))

CALL FDID (+3,%,UTH)

CALL FCID(+1,4X,UPH)

IF(Y(I))9e,549,c8

98 YOP{TJH-YP{I)$*2*("1.3/Y{I)+2.U/3.P/Y(Il*(l-G/HTH}*UPHl

=YPLI)EZ,0/Z (1))=Y (1) =UPH*UTH*%(1.0/3,.0)
“IYPPII!=YPP{I}-YPP{III
DZYPP(I)=D1YPP(I)=CL1lYPP(II
D2YP2(I)=02YPP(])-D2Y2PP(]]
C4YPP(T)=0RYPP({I)-C3YPP(II)
C5YPP(I)=L4YPPII)-04YPP(II])
DOoYPDR(I)=05YPR(I)-CS5YPPIIT)
CUiYP(I)=UZ&(YPPII)=1,0/2.0%C1YPP(I)=-1.0/12.0
2%D2YPP([)=1.0/2440%D3YPP(I)=18.0/720.0%D4YPP{ 1)
3=3.0/16C.0%D3YPP (1) =8L3,0/604R20,0%D6YPP(I))
CYP(I)=CYP(II)+CD1YPI(I)
v,;YP{I}-”PIYP(I}-VUIYDIII)
CO3YP(I)=CD2YP(I)-CD2YP(II)
I)
1)

)
)

CD#Y“{!I=CJ3YP[I)-CDBYPII
CO5YP(I)=CD4YP(I)=-CD4aYP (I
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CO6YP(I)=C0SYP(TI)-CDSYPI(II)
COY(I)=0Z%=(CYP(I)—-1.0/2.C%CD1YPLI)-1.0/12.0%CD2YP(])~-1.0/24.0
2RCUBYP(TI)=19.0/T720.,0x%CD4AYP(1)=3,0/16C.0%=CDS5YP(I)
3-863.0/6048C.0%CEHYP(I]))

CY(I)=CY(IT)+CDY!(I)

Y(I)=CYI(I)

ITF(ICY(1))29,99,97

IF(YP[]))95499499

X=CLOS[AN®Y (1))

CALL FDID (+3,X,UTE)

CALL FCID (+14XyUMH)
CYPP(T)==CYP(I)*%2%(=1.0/CY(I)+2.0/3.0/CY(I)* (l.0/UTH)*UPH)
2=CYP{I)*=(2.0/2(1))=CY(I)*UPH*TH**(1.0/3.0)

YoP(I)=CY2P(I])

ClYPP(I)=CYPP(T)=-CYPPI(II)

N2YPP(I)=D1YPP(I)=CLlYPPIII)

D3YPR(I)=D2YPP(I)-D2YPPI(II)

DAYPP({T)=D3YPP(I)=D3YPPIII)

Co5YPP(T)=0&4YPP(I)=-C4YPP(II)

DAYPRP(T)=D3YPP(L)-C5YPP(II)
ColYP(I)=DZ%(CYPP(I)-1.0/2.0%D1YPP{I)-1.0/12.0
2%D2YPP(I)=-140/24.0%D3YPP(T1)-19.0/720.0%x24YPP(1)
3-3.0/160.0%D5YPP({1)=8A3.0/60480.0%06YPP(1))
CLYP(I)=CD1YP(I)

CALL FDID(+1,4X,UPH)

CALL FCID (+3,X;UTH)
T=CONSTL#*=(140/3,0)%ULTH*x*(2,0/3,0)*CCHNSTL**(1,0/3.0)/8BCLTZ
2HCONST2%% (14 0/34C)*CCNST2%%(1.0/3.0)

P=ALFA/3 .0*T %4

D=CONST1*UPH®UTHXCCNSTZ2*CONST1*PROTON
AMASSITI)==(2.0/3.2)V%%(3,0/2.C)%4,0/DSORT(PI)*DSQRT(CCNST2)
2%1O/PROTONH®R22] ,O0/GRAV*%(3,0/2.0) %2 [)%*%2%1,0/ Y(I)*YP{I)*UTH
3w4(2.0/3.9)

EMASS(T)=AMASS(I)/1.G85D33

PGCG=UTE*UPH

AMYAR=Z (I )%%2%(140/Y (1) )#UTH*=(2.0/3.0)%YP(])
WRITELEy3)Z(1) 4 Y(I)a¥YP(I)yYPP(I)4PGDG,AMVAR

YP({Il)=C¥yP(I)

CONT INUE

conTiNug

)

ENO



Subroutine for the computation of the Fermi Dirac integrals using

the approximation formulae by W. J. Cody and H. C. Thacher, Jr.,

X(ﬁ:QMf)L%D 'Ao\ :

and for each order

where
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SUBRCLTINE FLCIC(LyX,L)
IMPLICIT REAL*E (A-H,0-2)

CIMENSICN GANM(3)
CIMENSICN CAL(5,3

2(CCL(1,3),CCL3(1)

148

) CANM(5,3),CNH(5,3),CCL(5,+3),CCM(5,3),CLH(5,3)
CIMENSION CNL1(5),COL1(S5),CNMI(E)LCCMLI(5)4CNHLI(5),,CCFL(5)
CIMENSICN CNL2(5)+CDL2(5),CNM2(5),C0OM2(5),CNH2(5),CDF2(EZ)
CIMENSICN CANL3(5),CCL3(5),CNM3(5),CC¥3(5),CNF3(5),COF3(E)
EQUIVALENCE (CNL(1,1),CNLLICL)),(CNL(1,42)4CNL2(1)),

L(CNL(1,2),CNL3(1)),(COL(1y1),CELIL1)),(CDL(1,2),C0L2(1)),

)

EGUIVALENCE (CAM{141),CNMLIL)) (CNNM(L1y2)4CNAM2(1)),
1(CAM(143),CNM2(1)){CCM(1s1)4CCNMI(1))»(CCM(1,2)CON2(1)),

2(CCM(1,3),CCNM3(1)

EQUIVALENCE (CANH({1,1),CNR1I(1)),(CNF(1,2),CNH2(1)),
1{CNH(1+2),CNH3(1)),(COK(141),CCH1(1)),,(CCH(1,2),CDH2(1)),

2(CCH(1,3),CCF3(1)

)

DATA GAM/1.CC4CaSC40.75/
CATA PIE/3.1415G2€65358S763/

CATA CNL1/

1-1.25331412882CE CCy-1.723663557701E CO09y-6.559045729258E-C1,
Z-€.3422E831G7682E-02,-1.4E83831C6116E-05/

CATA CCL1/
1 1.0CCCCCCCCCCCE
2 4.443€€5527481E-
CATA CNM1/
1 1.0738127694G0E
2 1.1743362816CCE
CATA COVM1/
1 1.0CCCCCOCCCCOE

2 4.2151132145CCE~-

CATA CNF1/

CC,
Cl,

cC,
CC,

C0,
01,

2.19178C0925980E CCy 1.6C58159E5540€E CC,
2.624232288112E-02/

5.6003203€&CCCE CCy 3.688221127CCCE CC,
2.3641935527C0E-01/

4.6031840667C0E CCy 4.3C7591C€740QE-C1,
1.18326C16C100E-02/

1-8422255%33CCCCE-C1,-3,62C365345CC0E+01,+y-3,C1538541CCCCE+C3,
2=7.04587157SCCCE+04,-5.6G8145924C00E+04/

CATA CDHL1/
1 1.0CCCCCCCCCCCE
2 4.181893625CCCE+
DATA CNL2/

CC,
04,

3.6356€ES841CCCE4CL, 3.5687562€€CCCE+C3,
3.385138907C00E+05/

1-3,1232653C557CE-C14-4.1€61873852293E-01,-1.5C22084C0588E-0Q1,
2=1+33557T9375173E~02,-1.51335C7C0138E=D5/
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CATA CDL2/
1 1.CCCCCCOCCCCCE CCy 1.872608€75SC2E CCy 1.14520444657€EE CC,
2 2.57102255€87573E-Cl, 1.63G9C2543568E-02/ :
CATA CNM2/

1 6.7817€€2€666CCE-Cly €6.33124C17S100E-01y 2.G54479€51772CE-C1,
2 8.0132C71141GCE-02y 1.339182129400E-02/

CATA CDN2/
1 1.0CCCCCCCCCCCE CCy 1.4374C4CC3GT7CE-01y T7.C8¢6214845C0E-C2y
2 2.3457G494T7350E-03,4-1.2544G9288350E~-05/

DATA CNH2/

1 8,2244G697626CCE-C1y 2.CC4€E2C33G3CCE+C1, 1.8268C92446CCE+03,
2 1.2226530374CCE+04, 1.4C40750CSZCCE+05/

CATA CDFR2/

1 1.0CCCCCCCCCCCE CCy 2.34862CT765S0CE+01, 2.2C13483743CCE+03,
2 1.14426735G6CCE+04,y 1.6584715GCCCCE+0S/

CATA CNL3/

1-2.34G9€E2G854C6E-C1 4-2.9273726375476-01,-9.883097588738(-02,
2-8.2513€€6376551E-C2,-1.€743E4153223E-05/

CATA CDL3/

1 1.CCCCCCOCCCCCE CCy 1.6(85571C9146E CCy B.27528953088CE-01,
2 1.5223223€8285CE-C1y 7.€66512C475C€E4E~-GC3/

CATA CNM3/

1 1.15302134C2CCE CCy 1.0591558G7200E COy 4.689880309500E~-01,
2 1.1882608784(CE-C1,y 1.54387557€7CCE-C2/

CATA CCNF3/

1 1.CCCCCCCCCCCCE CCy 3.7348G65384100FE-02, 2.3248458137CCE-02,
2-1.37€¢6770874CCE-C2, 4.64663G2781CCE-Q05/

CATA CNE3/

1l 2.4674CC23684CE CCy 2.191675823€80E+02, 1.2352927907SCE+C4,
2 C2CEETT24GEEBCE+CS,y B.49442G2CC340E+05/

CATA CCR3/
1 1.CCCCCCCCOCCOE 00, 8.9112514C6190FE401, S5.04575¢€€SE€T7CE+C3,
Z S.0SC7E5S463C4CE+C4,y 3.8S96CS156410E+05/

FN=0.C

FC=0.0

N=(L+3)7/72

IF(X-1.C)1,4,4

IF(X-4,C)242,3

CCNTINUE



ic

20

3C

EX=DEXP(X)

CC 1C F=1,5

K=¢-M
FN=EX*FN+CNL{K4N)
FO=EX*FC+CCL(K4N)
CONTINLUE

CC=FN/FC

Y=EX% (GAM(N)#CSQRT(PIE)+EX*CC)

GE TE 5

CCNTINUE

CC 2C M=1,5

K=6-V
FN=X*FN+CNM(K,N)
FC=X*FD+CDM(K,yN)
CCNTINUE

CD=FN/FC

Y=CD

cao T0 5

CCNTINUE

C=2%N-1
SX=DSQRT(X)

CC 3C M=1,5

K=g-M
FN=PX*FN+CNE(K,4N)
FC=PX*FL+CCH(KyN)
CCNTINUE

CoO=FN/FC
Y=SX*¥*¥C#*(2.C/C+PX*CD)
CC TC 5
U=Y/CANM(N) /CSQRTI(PIE)
RETURN

ENC
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APPENDIX TV

REGIONS OF DEGENERACY OF THE ELECTRON GAS
ON THE (logP = 1logT ) __PLANE
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The various regions of degeneracy of the electron gas on the (log P,

log | ) plane can be shortly discussed in the following:

(D) Complete Degeneracy

In a completely degenerate gas, the density is high enough so that
all the available electron states having energies less than some maximum
energy are filled. The occupation index for the Fermi gas is

iexp (_uxch\*l]-‘ so that the maximum density of electrons in phase space

is
" <
M) d? - ,\E ‘h\? e\p
or the total number of density of electrons in a completely degenerate

electron gas is

Ve =81 P«: where Po = maximum momentum of the
3
3\‘\" nonrelativistic electrons.

The electron pressure is given by

Pe. ¥ Pe or LA N
\SM\E 2w

_5‘1\3 N‘h 13
Led V)

513

or P < L.oca v:lon K_?_\
Re

This equation shows that the nonrelativistic electron pressure varies as

A\{V\e.s / !.wm‘

the S$[3 power of the density.
We may define an approximate boundary line in the (logP A logT ) plane,
dividing it into regions of nondegenerate and degenerate gas by the

condition:

v 9 . U3 Nm si3
ok o7 M K“) o KR‘\ (2)
Ye Wm0 R

or, numerically this equation shows that the completely degenerate

electron pressure exceeds the nondegenerate electron pressure when



3y

TN Q9 4x18° g /o 3)
\19..

(2) Completely relativistic degeneracy

243 Ay a3 s
Uc @&}n My = ¢ 3\&%3 Kg_\ (4)
30 “8n '
us o ik i
Wl pee = Amget = ke %va.) = G.n‘m Mg - 5. \Sx 10 (3_3 MeV.
for  poe= AN £ W30 glow’ (5)
ve

Densities must exceed 15)‘ (b,fmf for a degenerate gas to be relativistic, for

9
which the degeneracy will be essentially complete unless )10 W (&O\\A--ﬂ

(3) Partially relativistic Degenerate

P nnm L %(:0 = A }m (6)
3\

R TS . 7

t{q, -5\;: (8 '{0..

\ ]
%= Pr /e, P s "2\_:_. Me)n , Ru’):wﬂbfﬂ) : e-3) 43Ul “)
qn

(4) Non relativistjc partial degeneracy

Poe pMT Wan | 8)
‘f"\\ (SRS

LISV WO L e |

be W N. (9)

=) Qﬂlﬁ K _ﬁ. T ) Qﬁ%ullt R.044 this equation relates log L? /

‘tQ_T -N") to the degenerate

varameter > §



154

(5) Extremely relativistic partial degeneracy

P s w X1 W By - R o1 QI3 Falw) {6)
B Gn Fol)
Re ¢

2. Lo L Fod (11)
‘{e. \‘)Q\A}(} )

0o
where F\ OA) = S _E“_Elf_—— L&W 18 Cox o, D)
° Qx? L—V\*'KB xL :

(= G-=-Qm5!\\

(6) Partially relativistic Partially Degenerate

PE‘. = ‘LQ;_‘—}Y'}_‘. ﬁ‘_‘_ﬁg Q:h.\vaj ,J_UJ\ ,QD «—U"DPQ tsly LMJQ-X

3 \e —
- GG AR \m an &)+ DR Fspe m,mx
(13)

_?_ =3 (.\‘:/Qe) Qsh \me,m +Q Fspo ‘M,Q\\

‘{e. o ] )
where ?KUM%\:\ x Qs+ ‘fggr)zcb‘ b o W/

" &'\ﬂ?" % L

The diagram below illustrates the various domains of degeneracy as they

are estimated by the above relations.
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de,ﬁ..? /ye) %m:’r.m‘

T\ca, Re%go«ns ow e L?-T\ \:Qu-u\e wagre é.n%mem%
omd.  relukudic 15{?\&\5 W Swoww LS?‘ww 3 Cox ?.ﬁ’ﬂ\
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