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ABSTRACT. We prove that the entropy map for countable Markov shifts of
finite entropy is upper semi-continuous on the set of ergodic measures. Note
that the phase space is non-compact. We also discuss the related problem of
existence of measures of maximal entropy.

1. INTRODUCTION

The entropy map of the continuous transformation 7" : X — X defined on
a metric space (X,d) is the map p — h,(T) which is defined on the space of
T—invariant probability measures My, where h,(T') is the entropy of u (precise
definitions can be found in Section 2). The study of the continuity properties of
the entropy map, with Mz endowed with the weak® topology, goes back at least
to the work of Bowen [Bol]. In general it is not a continuous map (see [Wa,
p.184]). However, in certain relevant cases it can be shown that the map is upper
semi-continuous, that is, if (u,), is a sequence in My that converges to u then
limsup,,_,, h(pn) < h(p). For example, if T is an expansive homemorphism of
a compact metric space then the entropy map is upper semi-continuous, see [Wa,
Theorem 8.2] and [Bol, De, Mi2]. It is also known that if T" is a C® map defined over
a smooth compact manifold then, again, the entropy map is upper semi-continuous
(see [N, Theorem 4.1] and [Y]). Lyubich [Ly, Corollary 1] proved that the entropy
map is upper semi-continuous for rational maps of the Riemann sphere. In all
the above examples the phase space is compact: in this article we will drop the
compactness assumption on the underlying space.

Markov shifts defined over finite alphabets have been used with remarkable suc-
cess to study uniformly hyperbolic systems. Indeed, these systems possess finite
Markov partitions and are, therefore, semi-conjugated to Markov shifts. See [Bo2]
for an example of the wealth of results that can be obtained with this method.
Following the 2013 work of Sarig [Sa2], countable Markov partitions have been
constructed for a wide range of dynamical systems defined on compact spaces (see
[Bu2, , LS, O]). The symbolic coding captures a relevant part, though not
all, of the dynamics. We stress that this relevant part is often non-compact. For
example, diffeomorphisms defined on compact manifolds have countable Markov
partitions that capture all hyperbolic measures. These results have prompted a
renewed interest in the ergodic properties of countable Markov shifts.
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In this paper we study countable Markov shifts (2, o). More precisely, the shift
on sequences of elements of a countable alphabet in which the transitions, allowed
and forbidden, are described by a directed graph (see Section 3 for definitions).
The space X is usually non-compact with respect to its natural topology. If the
alphabet is finite, a so-called subshift of finite type, and so the space X is compact,
it is a classical result that the entropy map is upper semi-continuous [Wa, Theorem
8.2]. In this article we recover upper semi-continuity in the ergodic case for shifts
of finite topological entropy defined on non-compact spaces. Our main result is:

Theorem 1.1. Let (X, 0) be a two-sided countable Markov shift of finite topological
entropy. If (tin)n, 1 are ergodic measures in My such that (py,), converges in the
weak* topology to u then

limsup h(p,) < h(p).

n—oo
That is, the entropy map is upper semi-continuous on the set of ergodic measures.

This has the following corollary:

Corollary 1.2. Let (X%,0) be a one-sided countable Markov shift of finite topo-
logical entropy. If (tin)n, b are ergodic measures in M, such that (u,), converges
in the weak™® topology to u then
lim sup h(p,) < h(w).
n—o0

That is, the entropy map is upper semi-continuous on the set of ergodic measures.

The strategy of the proof is the following. First note that if there exists a finite
generating partition of the space such that the measure of its boundary is zero for
every invariant measure, then the entropy map is upper semi-continuous. This is
no longer true for countable generating partitions. Krieger [[{r] constructed a finite
generating partition for each ergodic measure. More recently, Hochman [H1, H2]
constructed finite partitions that are generating for every ergodic measure. We can
not use the result by Krieger since we need the same partition for every measure
and we can not use Hochman’s result since his partitions have a large boundary.
We overcome this difficulty by constructing finite generating partitions with no
boundary.

If T: X — X is a continuous transformation defined on a compact space for
which the entropy map is upper semi-continuous then there exists a measure of
maximal entropy. Diffeomorphisms of class C", for any r € [1,00) (in the compact
setting), with no measure of maximal entropy have been constructed by Misiurewicz
[Mil] and Buzzi [Bul]. These are examples for which the entropy map is not
upper semi-continuous. If the space X is non-compact, even if the entropy map
is upper semi-continuous, measures of maximal entropy might not exist. Indeed,
in the non-compact case the space of invariant probability measures might also be
non-compact and therefore a sequence of measures with entropy converging to the
topological entropy may not have a convergent subsequence. For instance, consider
the geodesic flow on a non-compact pinched negatively curved manifold. Velozo
[V] showed that in that setting the entropy map is always upper semi-continuous,
but there are examples for which there is no measure of maximal entropy (see for
example | ])- In Section 4 we discuss conditions that guarantee the existence
of measures of maximal entropy. We also address the relation between upper semi-
continuity of the entropy map and thermodynamic formalism. More precisely, we
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provide conditions for the existence of equilibrium measures. Finally, in Section 5
we apply our results to suspension flows.

We would expect our results to pass to some systems which are coded by count-
able Markov shifts, but with the important caveat that it is not always straightfor-
ward to compare topologies on the shift versus the coded space, so weak* conver-
gence in one space may not imply weak® convergence in the other.

2. ENTROPY AND GENERATORS

This section is devoted to recall basic properties and definitions that will be used
throughout the article. The reader is referred to [Do, P, ] for more details.

2.1. The weak™ topology. Let (X, d) be a metric space, we denote by Cp(X) the
space bounded continuous functions ¢ : X — R. Denote by M(X) the set of Borel
probability measures on the metric space (X, d).

Definition 2.1. A sequence of probability measures (p,), defined on a metric
space (X, d) converges to a measure u in the weak™ topology if for every ¢ € C(X)
we have

lim | ¢ dy, = fgo du.

n—0o0
Remark 2.2. In this notion of convergence we can replace the set of test functions
by the space of bounded Lipschitz functions (see [[X], Theorem 13.16 (ii)]). That
is, if for every bounded Lipschitz function ¢ : X — R we have
lim | ¢ du, = f@ dp.

n—0o0
then the sequence (py,), converges in the weak® topology to p.

If the space (X, d) is compact then so is M(X) with respect to the weak® topol-
ogy (see [Pa, Theorem 6.4]). For A = X denote by int A, A and dA the interior,
the closure and the boundary of the set A, respectively. The following result char-
acterises the weak™® convergence (see [Pa, Theorem 6.1]),

Theorem 2.3 (Portmanteau Theorem). Let (X, d) be a metric space and (fin)n, 14
measures in M(X). The following statements are equivalent:

(a) The sequence (pn)n converges in the weak™ topology to the measure .
(b) If C © X is a closed set then limsup,,_, ., in(C) < pu(C).

(¢) If O c X is an open set then liminf, o un(O) = p(0).

(d) If Ac X is a set such that 1(0A) = 0 then lim, o pn(A) = p(A).

Let T : (X,d) — (X,d) be a continuous dynamical system, denote by My the
space of T'—invariant probability measures.

Proposition 2.4. Let T : (X,d) — (X,d) be a continuous dynamical system de-
fined on a metric space, then

(a) The space M is closed in the weak® topology ([Wa, Theorem 6.10]).

(b) If X is compact then so is My with respect to the weak® topology (see [Wa,
Theorem 6.10] ).

(¢) The space My is a convex set for which its extreme points are the ergodic
measures (see [Wa, Theorem 6.10]). It is actually a Choquet simplex (each
measure is represented in a unique way as a generalized convexr combination
of the ergodic measures [Wa, p.153]).
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2.2. Entropy of a dynamical system. Let T : (X,d) — (X, d) be a continuous
dynamical system. We recall the definition of entropy of an invariant measure
w e My (see [Wa, Chapter 4] for more details).

Definition 2.5. A partition P of a probability space (X, B, u1) is a countable (finite
or infinite) collection of pairwise disjoint subset of X whose union has full measure.

Definition 2.6. The entropy of the partition P is defined by

H,(P):=— > u(P)log u(P),
PeP

where 0log0 := 0.

It is possible that H,(P) = . Given two partitions P and Q of X we define
the new partition
PvQ:={PnQ:PeP,Qe Q}
Let P be a partition of X we define the partition T7'P := {T*IP :Pe P} and

for n € N we set P" := \/?:_O1 T~P. Recall that a sequence of real numbers
(an)n is subadditive if for every n,m € N we have an4m < an + . A classical
result by Fekete states that if (a,,), is a subadditive sequence of non-negative real
numbers then the sequence (a,/n), converges to its infimum. Since the measure p
is T'—invariant, the sequence H,(P™) is subadditive.

Definition 2.7. The entropy of p with respect to P is defined by
1 n
hy(P) := lim —H,(P")
Definition 2.8. The entropy of u is defined by
hu(T) := sup {h,(P) : P a partition with H,(P) < o} .

If the underlying dynamical system considered is clear we write h, instead of
hu(T).

2.3. Generators. We now recall the definition and properties of an important
concept in ergodic theory, namely generators.

Definition 2.9. Let (T, X, B, ) be a dynamical system. A one-sided generating
partition P of (T, X,B,u) is a partition such that (J7_, P generates the sigma-
algebra B up to sets of measure zero. Analogously, if (T, X, B, ) is an invertible
dynamical system a two-sided generating partition P of (T, X, B, u) is a partition

such that Uf=7w P™ generates the sigma-algebra B up to sets of measure zero.

A classical result by Kolmogorov and Sinai [Si] states that entropy can be com-
puted with either one- or two-sided generating partitions (see also [Wa, Theorem
4.17 and 4.18] or [Do, Theorem 4.2.2]).

Theorem 2.10 (Kolmogorov-Sinai). Let (T, X, B, u) be a dynamical system and
P a one-or a two-sided generating partition, then h,(T) = h(u,P).

The existence of generating partitions depends on the acting semi-group. Rohlin
[Rol, ] proved that ergodic (actually aperiodic) invertible systems of finite en-
tropy have countable two-sided generators. This was later improved by Krieger
[K1] (see also [Do, Theorem 4.2.3]).
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Theorem 2.11 (Krieger). Let (T, X, B, u) be an ergodic invertible dynamical sys-
tem with h,(T) < oo then there exists a finite two-sided generator P for p. The
cardinality of P can be chosen to be any integer larger than e"+(T).

Note that in Krieger’s result the generator depends upon the measure. There are
some well known cases in which there exists a finite partition which is a generator
for every measure. For example, if (3, 0) is a transitive two-sided subshift of finite
type then the cylinders of length one form a two-sided generating partition for every
invariant measure. Hochman proved that a uniform version of Krieger result can
be obtained (see [[12, Corollary 1.2]).

Theorem 2.12 (Hochman). Let (T, X, B) be an invertible dynamical system with
no periodic points and of finite entropy. Then there exists a finite two-sided partition
P that is a generator for every ergodic invariant measure.

2.4. Upper semi-continuity of the entropy. The following well known result
(see for example [Do, Lemma 6.6.7]) relates the existence of finite generating par-
titions with continuity properties of the entropy map.

Proposition 2.13. Let (T, X,B) be a dynamical system and P be a finite two-
sided generator for every measure in C < M. If for every u € C we have that
w(OP) = 0 then the entropy map is upper semi-continuous in C.

Proof. Let € C and P € P. Note that since u(0P) = 0 the function v — v(P) is
continuous at p. Since the partition P is finite, the function defined in C by
v— H,(P)=— Z v(P)logv(P),
PeP
is continuous at u. Note that u(0P) = 0 implies that u(éP™) = 0. Thus, the

function in C defined by v — H,, (P"™) is also continuous. Since the function defined
in C by

v > by (P) — inf ~H,(P™)
n n

is the infimum of continuous functions at g we have that the map v — h,(P) is
upper semi-continuous at p. Since P is a uniform generating partition in C for
every v € C we have h,(T) = h,(P). Thus, the map

v h,(T)

is upper semi-continuous at p. Since p € C was arbitrary the result follows. O

Remark 2.14. Note that if in Proposition 2.13 we have C = M then the entropy
map is upper semi-continuous in the space of invariant probability measures.

Remark 2.15. The argument in Proposition 2.13 breaks down if we consider count-
able (infinite) generating partitions since, in that case, the map v — H,(P) need
not to be continuous (see Remark 3.11 or | , D.774]).

Remark 2.16. Expansive maps defined on compact metric spaces are examples
of dynamical systems having finite generators as in Proposition 2.13 (see [Wa,
Theorem 8.2]). We stress that while Theorem 2.12 provides a finite (uniform)
generating partition, in general this does not satisfy the condition of zero measure
boundary.
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3. COUNTABLE MARKOV SHIFTS

In this section we define countable Markov shifts, both one-and two-sided and
prove our main results.

3.1. Two-sided countable Markov shifts. Let (3,0) be a two-sided Markov
shift defined over a countable alphabet A. This means that there exists a matrix
S = (s;j) Ax.a of zeros and ones such that

Y= {JUEAZ:SJEMJr1 =1 for every i € Z} .
Note that the matrix S induces a directed graph on A. Let n € N and r :=

(ri,...,mn) € A", we say that r is an admissible word if s, ., = 1, for i €
{1,...,n — 1}. We say that the system is transitive if, given z,y € A, there exists
an admissible word starting at = and ending at y. Let (r1,...,7,) be an admissible

word and [ € Z, we define the corresponding cylinder set by
[, 0] i={z €X @ =71,2141 = "o, ees, Tifn—1 = T'n} .

If | = 0 then we omit this in the notation, writing [r1, ..., 7,] in place of [ry, ..., rx]o.
We endow X with the topology generated by the cylinder sets. Note that, with
respect to this topology, the space ¥ is non-compact. The shift map o : ¥ — X is
defined by (o(z)); = zit1. Let M, be the set of c—invariant probability measures
and £, < M, the set of ergodic invariant probability measures.

Each element a € A corresponds either to a transitive component of X, i.e., a
maximal subset X/ of 3 where there are x € ¥/ with x; = a for some 4, and which
is transitive (note that (X', o) is also Markov); or, if not, to the wandering set.
Since we will be dealing with ergodic measures p,, converging to some pu, we will
take a € A such that u([a]) > 0, and we may assume that u,([a]) > 0 for all n.
Ergodicity implies that our measures are supported on the transitive component
corresponding to a, and thus it is sufficient for our proofs to assume from here on
that our system is transitive.

The topological entropy of ¢ is defined by

. 1
hiop(o) := lim scgp - log Z X[a] ()

=sup{h,(o):pe My} =sup{h,(o):peé&s},

where a € A is an arbitrary symbol and x[4] is the characteristic function of the
cylinder [a]. By transitivity this definition is independent of a € A. Gurevich
formulated this condition in [ , ] and proved that if (2, o) is topologically
mixing then in fact the limit exists (see also [DS, Remark 3.2]); he also proved the
second and third equalities.!

3.2. Proof of Theorem 1.1. Given a € A we define
Yo = {z € X : 0"z € [a] for infinitely many positive and negative k € Z}.

Observe that 3, is a Borel o-invariant subset of .. Therefore, the dynamical system
0: X, > %, is well defined. Since (X, 0) is a finite entropy system, so is (X,,0).

L11f the system were not transitive, we could take the supremum of all these quantities over the
transitive components.
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Remark 3.1. Let u € &, be an ergodic o-invariant probability measure such that
u([a]) > 0, then by the Birkhoff ergodic theorem we have u(¥,) = 1. This is
the only point in our proof where we use ergodicity of our measures of interest.
Moreover, since the system is transitive the set 3, is dense in X.

The following class of countable Markov shifts that has been studied in [ ,
, ] will be of importance in what follows.

Definition 3.2. A loop graph is a graph made of simple loops which are based at
a common vertex and otherwise do not intersect. A loop system is the two-sided
countable Markov shift defined by a loop graph.

Lemma 3.3. The system (34, 0) is topologically conjugate to a loop system (3, 0)
of finite entropy.

Proof. For every n € N denote by C,, the set of non-empty cylinders in ¥ of the
form [axy...xna], where x; # a for all i € {1,...,n}. Since the entropy of ¥ is finite,
the number of elements in C,, is finite. Let ¢,, be the number of elements in C,, and
write C,, = {AL ..., A% }. Construct a loop graph with exactly ¢, loops of length
n+1, and denote by 3 the loop system associated to it. For convenience we denote
the vertex of the loop graph with the letter a. There is a one to one correspondence
between C,, and the non-empty cylinders in X of the form [axa], where the word
x does not contain the letter a and it has length n. Denote by B! to the cylinder
in ¥ associated to A’ .

Note that every x € ¥, is of the following form (...ax_jaxgaxia...), where
X; are admissible words that do not contain the letter a. Observe that for each
x; there is a unique corresponding cylinder Aﬁl Moreover, for each A}I there is
a unique corresponding cylinder B; in ¥. Finally, fo each Bfl there is a unique
corresponding admissible word x? in ¥. Following this procedure we can define a
bijective map F : ¥, — ¥ by F(...ax_jax¢axia...) = (...ax?;axBaxba...).

We will now prove that F' is a homeomorphism. Let U be an open set in X.
Consider a point x € U and define y = F~!(z). To prove the continuity of F it
is enough to check that y is an interior point of F~1(U). Let [ax}axYa...axB a];,
where h € Z and no x; contains the letter a, be a cylinder contained in U such that
x € U. Note that

F~Y([axPax8a...axP a],) = [axiaxza...axmal,

Note that y € [ax1aX2a...aXma]n, [ax1aX2a...axma], = F~1U and the cylinder set
[axiaXza...axma]y is open. Therefore, F' is continuous. A similar argument gives
that F'~! is also continuous, therefore F is a homeomorphism. By construction we
have that |, = F ools,. Since X, has finite entropy so does . O

The following result was obtained by Boyle, Buzzi and Gémez | , Lemma
3.7], they established the existence of a continuous embedding of a loop system
into a subshift of finite type. Let us stress that the relevant part of the result
is the continuity. Borel embeddings have been obtained in greater generality (see
Hochman [I12, Corollary 1.2] or [[11, Theorem 1.5]).

Theorem 3.4 (Boyle, Buzzi, Gémez). A loop system of finite topological entropy
can be continuously embedded in an invertible subshift of finite type.
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Lemma 3.5. Let A and B be disjoint open subsets of X.,. Suppose Ay and By are
open subsets of ¥ such that Ay "X, = A and By n X, = B. Then A, and B, are
disjoint.

Proof. Suppose that A; and B; are not disjoint. In this case we can find a non-
empty open set U ¢ Ay n By. Define V = U n 3, and observe that V < A n B.
Since ¥, is dense in ¥ we have that V = U n X, is non-empty, which contradicts
that A and B are disjoint. O

Given an open subset A of ¥, we define A as the largest open subset in ¥ such
that AN S, = A. Similarly, for a closed subset B of ¥, we define B as the smallest
closed subset of ¥ such that B n Yo = B. The existence of both A and B follows
from Zorn’s Lemma.

Remark 3.6. If B c X, is closed set, then there exists a closed set By < X such
that By n' ¥, = B. Since B < Bj, we conclude that B — B;, where B is the
closure of B in ¥. This 1mphes that B BnY, € B1 n L, = B, and therefore
B nY, = B. Moreover B=B.

Lemma 3.7. Let A be an open and closed subset of X,. Then Ac E, i particular
A=A

Proof. Let B := %, ~ A. Observe that X~ A is open and that (X~ A) n 2, = B.
By the definition of B it follows that (X~ A) < B, or equivalently that ¥\ B < A.

Observe that A and B are disjoint open subsets of X,, therefore we can use Lemma
5 and obtain that A c (X~ B). All this together implies that A < A. O

Lemma 3.8. Suppose that R = {R1, ..., Rx} is a partition of ¥, such that the sets
R;, withie {1,. N} are open and closed in the topology of ¥,. Then there exists
a finite partztzon R of XX which induces the partition R on %, and u(é’R) =0 for
every probability measure on X such that pu(3,) = 1.

We observe that there is an important step in the proof of this lemma which uses
the density of 3, in X, which as in Remark 3.1 follows from topological transitivity.

Proof. Let R = {}/E\l, ...,E\N,X}, where X = X \ Uf\[:l fl\l The partition is well
defined since by Lemma 3.5 the sets {sz\l, ey ]/%;} are disjoint. Observe that the set
X is closed and has empty interior (since X, is dense in ). Therefore p(0X) =
w(X N int X) = p(X) < p(ENE,) = 0. It follows from Lemma 3.7 that u(&j%\i) =
u(]/?\l ~ I/%:) = u(R; ~ ]/%\,) As observed in Remark 3.6 we have that R; n X, = R;.
Therefore

p(OR:) = p(Ri ~ Ri) = p((Ri 0 Ba) ~ Ri) = p(Ri ~ Ri) = 0.

Proposition 3.9. Let (u,)n be a sequence of invariant probability measures con-
verging in the weak® topology to a measure p. If 1(3,) =1 and p,(X,) = 1, for
every n € N, then

limsup hy,, (0) < hy,(0).

n—o0
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Proof. It was shown in Lemma 3.3 that there exists a topological conjugacy F :
¥, — ¥ between (%,,0) and (X,0). From Theorem 3.4 there exists a topologi-
cal embedding G : ¥ < Xy, where X is a subshift of finite type with alphabet
{1, ..., N}. The partition P = {[1],[2], ..., [N]} is a generating partition of (3¢, o)
for every invariant probability measure (see [Wa, Theorem 8.2]). It follows that
Q = G 'P is a generating partition for every o-invariant measure in . The
continuity of G implies that G~! ([])) is open and closed, in particular

oGTH([i]) = G-1([i]) ~ it G ([i]) = @.

Therefore 0Q = . Let R = F~1Q. Then R is a generating partition for (X,, o),
OR = & and moreover the elements in R are open and closed. From Lemma 3.8
we construct a partition R of ¥ that induces R when restricted to 4. Since by
assumption the measures p and (uy,), give full measure to ¥,, Lemma 3.8 implies
that ,u(@?%) = 0. Moreover h,(o) = h,(o, ﬁ) and hy, (0) = hy, (o, 7@) for every
n € N. Indeed, for every o-invariant probability measure v on ¥ such that v(%,) = 1
we have that the systems (X, 0,v) and (2,4, 0]s,,V|s,) are isomorphic. Therefore

N B,
hy(B,0) =h,(2,,0) = nll_r& EHV(R ),

since R is a generating partition for (X,,0). Note that for every n € N and
Riy,...1, € R" we have

n

V(ﬁ'ih..-,ln) = V(ﬁ' NY,) =vls, (Riy,n)-

i1,ee0ln
Thus h, (o) = h,(o, 75,) Therefore, Proposition 2.13 implies that
limsup hy, (o) = limsup h,,, (o, 7%) < hy(o, 7%) = hy(0o).

n— 00 n—0o0

]

Proof of Theorem 1.1. The above argument proves that if (u,), is a sequence of
ergodic measures that converges in the weak™* topology to the ergodic measure p
then lim,,_, by, (0) < hy(o). Indeed, there exists a € A such that p([a]) > 0.
Since lim,, o pn([a]) = p([a]) > 0, there exists N € N such that for every n > N
we have that p,([a]) > 0. We then use Proposition 3.9 to get the result. O

3.3. One-sided countable Markov shifts. Let (X%, 0) be a one-sided Markov
shift defined over a countable alphabet A. This means that there exists a matrix
S = (sij) Ax.a of zeros and ones such that

vt ={xeAV:s;,,,, =1forevery i e N}.

The shift map o : ¥7 — X1 is defined by (o(z)); = 2;+1. The entropy of o is
defined by hiop = htop(o) := sup {hu(o) : p € E;}. Note that, as in the two-sided
setting, it is possible to give a definition of entropy computing the exponential
growth of periodic orbits, but for the purposes of this article the above definition
suffices.

Proof of Corollary 1.2. Denote by (X, 0) the natural extension of (X1, ) and by
& and €7 the corresponding sets of ergodic measures. There exists a bijection
7 EY — &£ such that for every p € £ we have that h, = hr(,) (see [Do, Fact
4.3.2] and [Sa3, Section 2.3]).
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Lemma 3.10. Let (pp)n, 0 € ET such that (py,), converges weak® to p. Then
(7(ten))n converges weak™ to m(u).

Proof. Note that in the notion of weak® convergence we can replace the set of test
functions by the space of bounded Lipschitz functions (see Remark 2.2). That is,
if for every bounded Lipschitz function ¢ : ¥ — R we have

lim sodun:fso .

n—ao0

then the sequence (p, ), converges in the weak* topology to u. A result by Daon
[Da, Theorem 3.1] implies that for every Lipschitz (the result also holds for weakly
Hélder and summable variations) function ¢ : ¥ — R there exists a cohomologous
Lipschitz function ¢ : ¥ — R that depends only on future coordinates. The transfer
function can be chosen bounded and uniformly continuous. The function 1 can be
canonically identified with a Lipschitz function p : ¥ — R. Thus,

L @ dr(pn) = L Y dm(pn) = fm p dn,.

Therefore,

lim | pdr(p,) = lim | pdu, = J pdp = J @ dm(pn).
b n— o+ b

n—o0 o8] >+

The result now follows. O

Let pn, pu € E; be such that (uy), converges weak® to . Lemma 3.10 implies
that (7(pn))n converges weak® to m(u). Moreover, for every n € N we have that
hr(u,y = by, and hy) = hy,. Since, by Theorem 1.1, the entropy map is upper
semi-continuous in (3, o) we obtain the result. O

Remark 3.11. The finite entropy assumption in Theorem 1.1 and in Corollary 1.2 is
essential as the following example shows. Let (X7, o) be the full shift on a countable
alphabet, note that h,,(0) = 00. Denote by P the partition formed by the length
one cylinders. This is a generating partition. Let h € R be a positive real number

and (a,), be the sequence defined by a, = login for every n > 1. Consider the
following stochastic vector
an @ a
ﬁn = <1_an37n37n7"'77n70707"')7
n’'n n

where the term a,/n appears n times. Let p, be the Bernoulli measure defined
by p,. Note that the sequence (u, ), converges in the weak™ topology to a Dirac
measure §; supported on the fixed point at the cylinder C;. Note that

1
H, (P)=—-(1-ay)log(l —a,)—a,loga, —ay,log—.
n

Therefore,

lim H,,(P)=h>0= Hs(P).

The above example shows that the map v — H,(P) need not to be continuous
for countable generating partitions. Moreover, since the measures pu,, are Bernoulli
we have that h,, (o) = H,, (P), and therefore the above argument shows that the
entropy map is not upper semi-continuous:

lim hy, (0) =h>0=hs(0).

n—o0
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In other words, the entropy map could fail to be upper semi-continuous for general
dynamical systems defined on non-compact spaces, even if there exists a uniform
(countable) generating partition with no boundary. The construction of the above
example is based on examples constructed by Walters ([Wa, p.184]) and by Jenkin-
son, Mauldin and Urbariski | , P.774]. This example also shows that the entropy
map is not upper semi-continuous even if we consider a sequence of measures for
which their entropy is uniformly bounded.

4. MEASURES OF MAXIMAL ENTROPY

A continuous map T : (X,d) — (X,d) defined on a compact metric space for
which the entropy map is upper semi-continuous has a measure of maximal entropy.
Indeed, from the variational principle there exists a sequence of ergodic invariant
probability measures (uy), such that lim, o hy, (T') = heop(T). Since the space
of invariant measures M is compact, there exists an invariant measure p which is
an accumulation point for (u,),. It follows from the fact that the entropy map is
upper semi-continuous that

hiop(T) = lim hy,, (T) < hy,(T).

Therefore, p is a measure of maximal entropy. For countable Markov shifts the
variational principle holds (see | , ]) and the entropy map is upper semi-
continuous (see Theorem 1.1 and Corollary 1.2), however the space M, is no longer
compact. Despite this, under a convergence assumption we can prove the existence
of measures of maximal entropy. Indeed, Corollary 1.2 provides a new proof of the
following result by Gurevich and Savchenko [GGS; Theorem 6.3].

Proposition 4.1. Let (X,0) be a finite entropy countable Markov shift. Let (pn)n
be a sequence of ergodic measures such that lim,_,o hy, (0) = hiop(o). If (fn)n
converges in the weak® topology to an ergodic measure i then hy, (o) = hiop(o).

It might happen that there is a sequence (j,,),, with lim, e hy, () = hiop(0),
but (), does not converge in the weak™® topology. Examples of countable Markov
shifts with this property have been known for a long time. In [ ] a simple
construction of a Markov shift of any given entropy with no measure of maximal
entropy is provided. In | , ] examples are constructed of finite entropy count-
able Markov shifts having a measure of maximal entropy e and sequences of
ergodic measures (fin)n, (Vn)n With lim, o by, (0) = im0 by, (0) = hiop(0)
such that (), converges in the weak® topology to pmaes. and (v,), does not have
any accumulation point.

The continuity properties of the entropy map also have consequences in the
study of thermodynamic formalism. Let (X7, 0) be a transitive one-sided countable
Markov shift of finite entropy and ¢ : ¥* — R a continuous bounded function of
summable variations. That is >, var, () < o0, where

var, () == sup{¢(x) —o(y) : z; = yi,i € {1,...,n}}.

Sarig (see [Sa3] for a survey on the topic) defined a notion of pressure in this context,
the so called Gurevich pressure, that we denote by P(¢). He proved the following
variational principle

P(p) = SUP{hu(U) + f@ du:pe Ma} = SUP{hu(U) + fw du:pe 50}
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A measure p1 € M, such that P(p) = h,(0) + § ¢ du is called equilibrium measure.
It directly follows from Corollary 1.2 that

Proposition 4.2. Let (X% o) be a finite entropy countable Markov shift and ¢ :
¥ — R a bounded function of summable variations. Let (pn)n be a sequence of
ergodic measures such that lim, o (b, (0) + §¢ dpn) = P(@). If (n)n converges
in the weak* topology to an ergodic measure p then P(p) = h,(o) + §¢ du.

Note that the thermodynamic formalism of a two-sided countable Markov shift
can be reduced to the one-sided case (see [Sa3, Section 2.3]).

5. SUSPENSION FLOWS

Let (X,0) be a finite entropy countable Markov shift and let 7 : ¥ — R*
be a locally Holder potential bounded away from zero. Consider the space Y =
{(z,t) e ¥ x R: 0 <t < 7(x)}, with the points (z,7(x)) and (o(z),0) identified for
each x € X. The suspension flow over X with roof function 7 is the semi-flow
® = (p1)ter on Y defined by ¢r(z, s) = (z, s +t) whenever s+t € [0, 7(z)]. Denote
by Mg the space of flow invariant probability measures. Let

My () = {u eEM,: JT du < oo}. (5.1)

It follows directly from results by Ambrose and Kakutani [AI] that the map
R: M, - Mg, defined by

(< Leb)|y

(4 % Leb) (Y)’

where Leb is the one-dimensional Lebesgue measure, is a bijection. Denote by Es

the set of ergodic flow invariant measures. Let F': Y — R be a continuous function.
Define Ap: ¥ — R by

R(p) =

7(z)
Ap(z) = f F(x,t) dt.
0
Kac’s Lemma states that if v € Mg is an invariant measure that can be written as
1 x Leb

(1 x Leb)(¥)’

A
J dezisz qu.
Y SZTd.u

The following Lemma describes the relation between weak* convergence in Mg
with that in M.

where 1 € M, then

Lemma 5.1. Let (v,),v € Mg be flow invariant probability measures such that
tn X Leb tn X Leb
= —_4— V= ———"
ST dpn, ST dpn,

where (fn)n, p € My are shift invariant probability measures. If sequence (Vn)n
converges in the weak® topology to v then

and

Un

n—ao0

(tn)n converges in the weak™ topology to p and  lim | 7 du, = fT dp.
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Proof. Assume first that (v, ), converges in the weak™ topology tov. Let f: X —> R
be a bounded continuous function. Following Barreira, Radu and Wolf | | there
exists a continuous function F' : Y — R such that

7(x)

f(z) = Ap(z) = J F(z,t) dt. (5.2)

0
Indeed, define F(z,t) : Y — R by

where 1 : [0,1] — [0, 1] is a C* function such that ¥(0) = 0, (1) = 1 and 9’(0) =
¥'(1) = 0. Note that since 7 is bounded away from zero, F'(z,t) is continuous and
bounded. Therefore

lim | F dv,, = fF dv.

n—ao0

By Kac’s Lemma we have that
[Ap du, _ §Ap dp

li = . 5.3
00 §7 dpn §7du (5:3)
In particular if f = 1 is the constant function equal to one, we obtain
dfin
fim A7 00 _ (5.4)
n—w {7 dp

Let f: ¥ — R be a bounded continuous function, then it follows from equations
(5.2), (5.3) and (5.4) that

lim | fdu, = Jf du.
n—0o0
Therefore (i) converges weak™ to p. O

Proposition 5.2. If (v,), is a sequence of ergodic measures in Eg converging to
an ergodic measure v, then
limsup h,, (D) < h, (D).
n—0oo0
Proof. Let (v,)n be a sequence in g that converges in the weak® topology to
v € £. Note that there exists a sequence of ergodic measures (i), € M, and
© e M, ergodic such that

b L % Leb and v — u x Leb
" (1n x Leb)(Y) - (tn x Leb)(Y)
By Abramov’s formula [Ab], for any ' € Mg, with v/ = W’if% we have that
h,/(q)) — hH'(U) )
§7adw

Recall that by Lemma 5.1 we have that v, — v in the weak® topology implies that
fin, — p in the weak*® topology and lim,, o § 7 dp,, = {7 dp. Since hyop(0) < 0 by
Theorem 1.1 or Corollary 1.2 we have that

limsup hy,, (0) < h,(0).

n—ao0
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Therefore,
limsup h,, (®) = limsup i1, () _ limsupn o Py, () < () = hy (D).
n—ow n—0 ST dpin, ST du ST du
([l
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