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Abstract. We study a tropical analogue of the projective dual variety of a

hypersurface. When X is a curve in P2 or a surface in P3, we provide an explicit
description of Trop(X∗) in terms of Trop(X), as long as Trop(X) is smooth

and satisfies a mild genericity condition. As a consequence, when X is a curve

we describe the transformation of Newton polygons under projective duality,
and recover classical formulas for the degree of a dual plane curve. For higher

dimensional hypersurfaces X, we give a partial description of Trop(X∗).
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1. Introduction

1.1. Setting. Let X = V (f) ⊂ Pn be an irreducible hypersurface of degree d > 1.
The projective dual X∗ ⊂ (Pn)∗ is defined as the Zariski closure in (Pn)∗ of those
hyperplanes H ⊂ Pn such that H is tangent to X at a smooth point [Tev03, §1].
This will be also be a hypersurface, unless X is covered by lines. The dual variety
X∗ captures many interesting aspects of the geometry of X. For example, when X
is a plane curve with only nodes and cusps, Plücker’s formula relates the degree of
X∗ to the singularities of X:

(1.1) degX∗ = d(d− 1)− 2α− 3β,

where α is the number of nodes and β is the number of cusps. Dual varieties
appear in a wide array of applications, ranging from the study of hypergeometric
differential equations [GKZ90] to optimization [RS10].

In this paper, we will be working over an algebraically close field K of character-
istic zero with a non-trivial non-Archimedean valuation ν which takes trivial values
on the integers. Via ν, we have a tropicalization map

Trop : (K∗)n → Rn

(x1, . . . , xn) 7→ (−ν(x1), . . . ,−ν(xn)).

Given a projective variety Y ⊂ Pn, its tropicalization Trop(Y ) is the closure of the
image of Y ∩ (K∗)n under the tropicalization map. This is a polyhedral complex in
Rn which remembers many important features of Y , including its dimension and
degree, see for example [MS15].

With X ⊂ Pn a hypersurface as above, how does Trop(X∗) depend on Trop(X)?
We will always assume that X is not a cone, that is, the defining polynomial f of X
involves all n+ 1 variables. We make this assumption since otherwise X∗ does not
meet the torus of (Pn)∗. Z. Izhakian showed that as long as the lowest valuation part
of the coefficients of f are sufficiently generic, then Trop(X∗) can be determined
directly from Trop(X) [Izh05, §2.1]. The argument can be summarized as follows:
the coefficients of the polynomial defining X∗ are themselves polynomials in the
coefficients of f ; genericity assumptions ensure that no cancellation occurs, and all
arithmetic can be done at the “tropical” level. While this argument does guarantee
that Trop(X∗) can be recovered from Trop(X), it is not so explicit. However,
Izhakian then gives an explicit description in the case of quadric plane curves.

In this paper, we give explicit combinatorial descriptions of Trop(X∗) in terms
of Trop(X) in the cases when Trop(X) is smooth, and X is either a curve or a
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surface. More precisely, given p ∈ Trop(X), we say that q ∈ Rn is a tropical tangent
to Trop(X) at p if there is a smooth point x ∈ X ∩ (K∗)n such that Trop(x) = p,
and the tangent hyperplane to X at x tropicalizes to q (see Definition 2.4). The
copy of Rn containing q is tropically dual to the copy of Rn containing Trop(X)
in the sense that points of the former correspond to tropical hyperplanes in the
latter (and vice versa). We will show that Trop(X) admits an explicit polyhedral
subdivision, such that the collection of tropical tangents to points in the interior
of every cell P form a polyhedral complex. Taking the union of these polyhedra,
we obtain Trop(X∗). We will also give partial descriptions of Trop(X∗) for higher
dimensional hypersurfaces.

Although we will not use most of this terminology in the remainder of the paper,
we now explain our approach to the above problem from a conceptual point of view.
Consider the conormal variety

WX = {(x,H) ∈ Pn × (Pn)∗ | x ∈ X smooth, H tangent to X at x},
which comes equipped with projections to X = V (f) and X∗. Tropicalizing, we
have maps

Trop(WX)

Trop(X) Trop(X∗)

whose images are dense in the Euclidean topology. Hence, we may understand
Trop(X∗) by describing Trop(WX) and then projecting. While equations for WX

may be easily derived from f , they do not form a tropical basis. However, when X
is a curve or a surface, we are able to produce a tropical basis for WX by considering
appropriate linear combinations of the “natural” equations defining WX . We show
that these linear combinations form a tropical basis by using the lifting results of
B. Osserman and S. Payne [OP13].

In the remainder of this introduction, we give precise statements for our results
on plane curves (§1.2) and surfaces and beyond (§1.3), and mention related work
(§1.4). In §2 we phrase the problem of finding tropical tangents for a hypersurface
in terms of solving a system of polynomial equations. We manipulate this system
in §3 to obtain necessary conditions on the set of tropical tangents, and show in §4
that these conditions are sometimes sufficient, in particular, for situations arising
for curves and surfaces. In §5, we analyze the valuations of monomials in f that are
not minimal. We then describe tropical tangents at points in an edge of a tropical
variety in §6. In §7, we outline a strategy for calculating tropical multiplicities for
Trop(X), and do this in several examples. In §8 we prove our results for curves,
and finally in §9 we prove our results for surfaces. We conclude in §10 with some
thoughts on future research directions.

1.2. Results: plane curves. Let C = Trop(X) ⊂ R2 be a smooth tropical curve
of degree at least 2. This already comes equipped with the structure of a polyhedral
complex, dual to the subdivision of the Newton polytope of f induced by the
valuations of the coefficients of f . Zero-dimensional cells in this complex will be
called vertices, and one-dimensional cells will be called edges. Let e1, e2 be the
standard basis for R2, and e0 = −e1−e2. We are using the coordinates x1/x0, x2/x0

on the torus (K∗)2 ⊂ P2.
First we give a complete description of Trop(X∗):
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(0, 0)

Trop(X1) −Trop(X∗1 )

Trop(X∗1 )

Figure 1. A tropical curve and its dual

Theorem 1.1 (See §8). The tropicalization of the dual curve Trop(X∗) ⊂ R2, with
multiplicities, is the union of the following:

(1) −E, where E is an edge of C not parallel to e0, e1, or e2;
(2) −p−R≥0 · ei, where p is a vertex of C with no adjacent edge parallel to ei;
(3) −E − R≥0 · ei with multiplicity 2, where E is an edge of C parallel to ei

which is bounded in direction −ei.

Example 1.2. In all examples, we work over the field K = C{{t∗}} of Puiseux
series. Consider the cubic plane curve

X1 = V (x2
0x1 + x0x

2
2 + x0x1x2 + tx2

1x2 + t2x1x
2
2) ⊂ P2.

Its tropicalization is the tropical curve appearing on the left side of Figure 1, and
its tropical dual is the curve on the right side of the figure. We have also included
the curve −Trop(X1), since we find it easier to visually obtain −Trop(X∗1 ) from
Trop(X1); note the sign changes in Theorem 1.1. For convenience, every edge in
the dual picture has the same color as the edge or vertex that it is dual to. Thick
edges in the dual picture represent edges of multiplicity 2.

Consider instead

X2 = V (x2
0x1 + x0x

2
2 + x0x1x2 + t2x2

1x2 + tx1x
2
2) ⊂ P2.

Its tropicalization is the tropical curve appearing on the left side of Figure 2, and
its tropical dual is the curve on the right side of the figure.
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(0, 0)

Trop(X2) −Trop(X∗2 )

Trop(X∗2 )

Figure 2. A tropical curve and its dual

while X∗2 is cut out by the sextic
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Tropicalizing these two curves, we obtain the same result as provided above by the
theorem.

While Theorem 1.1 gives a complete description of Trop(X∗) in the curve case,
it is interesting to know a bit more: what are the tropical tangents for any given
point of C? The answer is found in §1.3, see Theorems 1.5 and 1.7.

Rather than asking for the tropicalization of X∗, we could ask for less refined
information such as the Newton polygon:

Corollary 1.3 (See §8). Let ∆X ⊂ R2 be the Newton polygon of X, and assume
that X is sufficiently generic with respect to ∆X . This is in particular satisfied if
Trop(X) is smooth.

Label the vectors of ∆X by v1, v2, . . . , vm in counterclockwise orientation, omit-
ting all edges parallel to w0 = (−1, 1), w1 = (0,−1), w2 = (1, 0). For i = 0, 1, 2, let
σi be the sum of edge vectors parallel to wi. Then the edge vectors of the Newton
polygon ∆X∗ of X∗ are exactly

−vm,−vm−1, . . . ,−v1

along with
Vol(∆X) · wi − σi

where Vol(∆X) is the normalized lattice volume of ∆X .

Here, the condition that X is generic with respect to ∆X means that X is in
a certain non-empty Zariski open subset of the space of all hypersurfaces with
Newton polygon ∆X .

Example 1.4. The Newton polygon of the curve X1 from Example 1.2 is displayed
on the left of Figure 3. Following the recipe above, or taking the Newton polygon
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associated to Trop(X∗1 ), we find that the Newton polygon of X∗1 is the one on
the right side of the figure. Note that even though Trop(X2) is quite different from

(1, 0)

(2, 1)

(1, 2)
(0, 2)

(0, 0) (5, 0)

(4, 2)

(1, 5)

(0, 4)

Figure 3. The Newton polygons of X1 and X∗1 .

Trop(X1), their duals have the same Newton polygons. This is to be expected since
X1 and X2 have the same Newton polygon and have smooth tropicalizations.

Using Corollary 1.3, we also obtain a formula for the degree of X∗ whenever X
has singularities which are sufficiently generic with respect to its Newton polygon.
We may then use this to recover Plücker’s formula for the degree of the dual of a
curve with nodal and cuspidal singularities (1.1), and more generally to partially
recover Teissier’s formula for the dual degree, see Remark 8.8.

While standard projective duality is an involution on varieties, this cannot be
true in the tropical setting. However, we do show that by enhancing the dual
tropical curve Trop(X∗) with a bit of extra information, the original tropical curve
Trop(X) may be reconstructed, as long as Trop(X) was smooth. See Proposition
10.1.

1.3. Results: surfaces and beyond. We now consider a smooth tropical hy-
persurface Trop(X) ⊂ Rn, where X = V (f) ⊂ Pn is a hypersurface of degree at
least two. As in the curve case, Trop(X) comes equipped with the structure of
a polyhedral complex induced by the subdivision of the Newton polytope of f .
As above, zero-dimensional cells will be called vertices, and one-dimensional cells
(possibly unbounded) will be called edges. We let e1, . . . , en be the standard basis
for Rn, with e0 = −e1 − e2 − . . . − en. We are using the standard coordinates
x1/x0, . . . , xn/x0 on the torus (K∗)n. For any subset J ⊂ {0, . . . , n}, let 〈J〉 be the
span of {ei}i∈J . For any subset S ⊂ Rn, we denote by 〈S〉 the subspace generated
by differences of elements of S.

In general, a description of the tropical tangents for vertices of Trop(X) is
straightforward. Fix a vertex p ∈ Trop(X). Similarly to the case of curves, the
tropical tangents to p are shifted in precisely the standard directions that don’t
coincide with directions of edges emanating from p. More precisely, let J (p) be the
collection of maximal sets J ⊂ {0, . . . , n} such that for every edge E adjacent to p,

〈E〉 ∩ 〈J〉 = 0.
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Theorem 1.5 (See §4.3). Let p ∈ Trop(X) be a vertex. Then the closure of the
set of all tropical tangents to p is the union over all J ∈ J (p) of

−p−
∑
i∈J

R≥0 · ei.

Example 1.6 (Quadric surface). We consider the smooth quadric surface

X = V (tx2
0 + tx0x1 + tx0x2 + tx0x3 + x1x2).

Its tropicalization has exactly two vertices:

v1 = −e1 and v2 = −e2.

There are a total of seven edges (see Figure 4):

E0 = v1v2

Ei1 = vi − R≥0 · e3 i = 1, 2

Ei2 = vi − R≥0 · ei i = 1, 2

Ei3 = vi − R≥0 · (e0 + ei) i = 1, 2

There are nine two-faces, which are formed by the following convex hulls of edges:

Fj : E0, E1j , E2j j = 1, 2, 3

Fijk : Eij , Eik i = 1, 2, j, k = 1, 2, 3, j 6= k.

Figure 4. The tropical surface Trop(X).

We use Theorem 1.5 to determine the tropical tangents to the vertices. For
p = vi, v2, J (p) consists of the single set {0, 2} or {0, 1}, respectively. By the
theorem, we thus obtain the tropical tangents

− v1 − R≥0 · e0 − R≥0 · e2

− v2 − R≥0 · e0 − R≥0 · e1.
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For tropical tangents of edges and higher dimensional cells in Trop(X), we need
a bit more notation. For any rational polyhedron P with facet Q, let vQ denote
the primitive inward normal vector, and define the function:

δQ : P → R
p 7→ 〈p− q, vQ〉,

where q is any point of Q. The quantity δQ(p) is sometimes called the lattice
distance from p to the facet Q. The function δ(p) = minQ δQ(p) is a piecewise
linear, concave function on P . If P has no facets (that is, P equals its affine span),
then δ(p) = ∞. If P is any polyhedron contained in Trop(X), we let P ∗ be the
Euclidean closure of all tropical tangents which are tangent at some point p in the
relative interior of P .

Returning to edges, fix an edge E ⊂ Trop(X). The tropical tangents to E will
be shifted in standard directions that are distinct from the directions of the two-
faces emanating from E. The shift will be unrestricted in directions that are not
already contained in E. More precisely, Let J (E) be the collection of maximal sets
J ⊂ {0, . . . , n} such that for every two-face F adjacent to E,

〈F 〉 ∩ 〈J〉 = 〈E〉 ∩ 〈J〉.

For each J ∈ J (E), let J ′ be the minimal subset of J such that 〈E〉 ⊂ 〈J ′〉 if such
a subset exists, and ∅ otherwise.

Theorem 1.7 (See §6). Let p be a point in the interior of an edge E ⊂ Trop(X).
Then the tropical tangents of p are the union over all J ∈ J (E) of

−p−
∑
j∈J

sjej ,

with sj ∈ R≥0, and the values {si}i∈J′ satisfy either

(1) the minimum is obtained at least twice and is at most δ(p); or
(2) the minimum equals δ(p); or
(3) p is the the midpoint of E, and the minimum is at least δ(p);

There is no condition on the sj with j ∈ J \ J ′.

Example 1.8 (Quadric surface continued). We continue Example 1.6. First we
consider the edge E0, which is parallel to e1−e2. Here, J (E0) consists only of {0},
with corresponding J ′ = ∅. This contributes the tropical tangents −E0 − R≥0 · e0.

Next we consider an edge Ei1, which is parallel to e3. Here we obtain that
J (Ei1) consists only of {0, 3}, with J ′ = {3}. For a point p = vi − λ · e3, its lattice
distance is δ(p) = λ, and we obtain the tropical tangents

{−vi + λe3 − λe3} − R≥0 · e0 = −vi − R≥0 · e0.

In other words, the tangents coming from the edge Ei1 form a two dimensional cone
in the dual space spanned by −e0 and −e3.

Consider instead an edge Ei2, which is parallel to ei. Here, J (Ei2) consists only
of {i}, with J ′ = {i}. For p = vi − λ · ei we have δ(p) = λ, and we only obtain the
tropical tangent −vi.

Finally, consider an edge Ei3, which is parallel to −e0−ei. Here, the only element
of J (Ei2) is ∅, and we obtain −Ei3 in Trop(X∗).



PROJECTIVE DUALS TO ALGEBRAIC AND TROPICAL HYPERSURFACES 9

As we increase the dimension of the strata of Trop(X) where we look for tropical
tangents, the complexity increases. We will now assume that we are in the situation
n = 3, Trop(X) is a tropical surface, and we have fixed a two-face F ⊂ Trop(X).
We will also often be assuming that X has generic valuations, see Definition 2.2.
Roughly speaking, this requires the coefficients of f to be chosen such that their
valuations are sufficiently generic. Many situations, including those of bounded
faces, are then particularly straightforward:

Theorem 1.9 (See §9.4). Let X be a smooth tropical surface with generic valua-
tions. Let J ⊂ {0, 1, 2, 3} consist of those i such that ei ∈ 〈F 〉. Assume that the
recession cone of F does not intersect

∑
i∈J R≥0 · (−ei) non-trivially. Then

F ∗ = −F −
∑
i∈J

R≥0 · ei.

To get more precise information about tropical tangents, and to deal with those
situations not covered by the above theorem, we will split things up into a number
of cases.

Proposition 1.10 (See §9.1). Let F be a two-face of the smooth tropical surface
Trop(X), such that ei /∈ 〈F 〉 for all i. Then for any p in the relative interior of F ,
the only tropical tangent to p is −p.

Example 1.11 (Quadric surface continued). We continue Example 1.6. The only
face of Trop(X) to which Proposition 1.10 applies is F3. We thus obtain −F3 as
tropical tangents.

We next deal with faces that contain a single standard direction. Consider the
piecewise linear concave function δ : p 7→ minE δE(p), where E are the edges of F .
This induces a polyhedral subdivision SF of F . For any S ∈ SF , let ES denote
the edges E of F for which δE is minimal on S. In the following propositions, we
will always assume that Trop(X) has generic valuations. Note that in this case, ES

consists of 3− dim(S) edges.

Proposition 1.12 (See §9.2). Let F be a face of the smooth tropical surface
Trop(X) such that ei ∈ 〈F 〉, but ej /∈ 〈F 〉 for j 6= i. Fix S ∈ SF intersecting
the relative interior of F . Assume that Trop(X) has generic valuations. We dis-
tinguish several (not mutually exclusive) cases.

(1) Not every E ∈ ES is parallel to ei. For p in the relative interior of S, the
tropical tangents are

−p− siei,
where si = δ(p) if exactly one element of ES is not parallel to ei, and
si ≥ δ(p) otherwise.

(2) Every E ∈ ES is parallel to ei. If −ei is not in the recession cone of S,
then

S∗ = {−p− δ(p)ei | p ∈ S} − R≥0 · ei.
(3) If −ei is in the recession cone of F , then

F ∗ =
⋃
E

−E ∪
⋃
v

(−v − R≥0ei) ,

where E varies over edges of F not parallel to ei, and v varies over vertices
of F not adjacent to edges parallel to ei.
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Example 1.13 (Quadric surface continued). We continue Example 1.6. Face F1

falls under the third case of Proposition 1.12, and we obtain −E0 as its tropical
tangents.

The most tedious case is when 〈F 〉 = 〈ei, ej〉. We split this up into several
propositions:

Proposition 1.14 (See §9.3). Let F be a face of the smooth tropical surface
Trop(X) such that 〈F 〉 = 〈ei, ej〉, i 6= j. Fix S ∈ SF intersecting the relative
interior of F . Assume that Trop(X) has generic valuations.

Assume that either dimS = 0, dimS = 1 and the edges in ES are not parallel,
or dimS = 2 and the single edge in ES is not parallel to ei or ej. Then the closure
of the set of tropical tangents for p in the interior of S is

−p− δ(p)(ei + ej)− λiei − λjej ,
subject to the additional conditions on λi, λj ∈ R≥0:

λiλj = 0 if edges in ES are in exactly two directions

λi = 0 if all but exactly one edge in ES are parallel to ei

λj = 0 if all but exactly one edge in ES are parallel to ej .

In particular, λi = λj = 0 whenever dim(S) = 2, and we always have λiλj = 0
when dim(S) = 1 (where, in addition, λi or λj is 0 if an edge in ES is parallel to
ei or ej respectively).

Proposition 1.15 (See §9.3). Let F be a face of the smooth tropical surface
Trop(X) such that 〈F 〉 = 〈ei, ej〉, i 6= j. Fix S ∈ SF intersecting the relative
interior of F . Assume that Trop(X) has generic valuations.

Assume that dimS = 2 and the edge in ES is parallel to ej.

(1) If −ej is not in the recession cone of F , then

S∗ = {−p− δ(p)(ei + ej) | p ∈ S} − R≥0 · ej .
(2) If −ej is in the recession cone of F , then

S∗ = {−p− δ(p)(ei + ej)− λjej | p ∈ S′}
where S′ consists of the edges of S not parallel to ej, and λj ≥ 0 is equal
to zero except at the interior vertices of S′.

The remaining case is where S ∈ SF is an edge, and ES consists of two parallel
edges. For this, we need additional notation. If S is a ray, we may write it as
S = q + R≥0 · v for some unique primitive lattice vector v. Let E be the unique
element of Eq \ ES . Then S is purely primitive if δE(q + v)− δE(q) = 1.

Proposition 1.16 (See §9.3). Let F be a face of the smooth tropical surface
Trop(X) such that 〈F 〉 = 〈ei, ej〉, i 6= j. Fix S ∈ SF intersecting the relative
interior of F . Assume that Trop(X) has generic valuations.

Assume that dimS = 1 and the edges in ES are parallel. Then the set S∗ consists
of all

−p− δ(p)(ei + ej)− λiei − λjej ,
for p ∈ S, λi, λj ∈ R≥0 subject to the following conditions:

(1) If S is bounded: no conditions.
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(2) If S is a line: λi = λj.
(3) If S is a ray of the form q + R≥0 · (αiei + αjej):

αi αj S purely primitive conditions

−1 −1
yes λi = λj = 0 unless p = q, and λiλj = 0
no λi = λj = 0 unless p = q

−1 0
yes p = q and λi = 0
no p = q

0 −1
yes p = q and λj = 0
no p = q

−1 < −1 no λj = 0 unless p = q
< −1 −1 no λi = 0 unless p = q
all other cases λiλj = 0

Example 1.17 (Quadric surface continued). We continue Example 1.6. The faces
we will consider are F2, and Fi12, Fi13, Fi23 for i = 1, 2.

We begin with F2. The subdivision SF2
is pictured in Figure 5, as are the

contributions of each strata S to the tropical tangents (where the colour of a cell
in SF2 matches the colour of the corresponding cell in the dual picture). These are
obtained by applying Propositions 1.14 and 1.15. Combining them, we obtain

conv{e1, e2} − R≥0 · e1 − R≥0 · e2.

A similar calculation shows that for Fi12, we only obtain −vi as a tropical tan-
gent. For Fi13, we obtain

−vi − R≥0 · (−e0 − ei)− R≥0 · (−e0 − ei − e3).

Finally, for Fi23 we obtain

−vi − R≥0 · (−e0 − ei)− R≥0 · e0.

Putting this all together, we are able to describe the tropical variety Trop(X∗)
when X is a surface:

Theorem 1.18 (See §9.4). Let X ⊂ P3 be a surface with Trop(X) smooth with
generic valuations. Then Trop(X∗) is the union of the polyhedra in R3 resulting
from Theorems 1.5 and 1.7 and Propositions 1.10, 1.12, 1.14, 1.15, and 1.16.

Example 1.19 (Quadric surface continued). We continue Example 1.6. Putting
together the tropical tangents we have determined, we conclude that Trop(X∗) has
vertices v′1 = e1 and v′2 = e2, edges

E′0 = v′1v
′
2

E′i1 = v′i − R≥0 · e0 i = 1, 2

E′i2 = v′i − R≥0 · ej i, j = 1, 2, j 6= i

E′i3 = v′i + R≥0 · (e0 + ei) i = 1, 2
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−e2

−e1

SF

0

e2

e1

Tangents for dimS = 2

0

e2

e1

Tangents for dimS = 1

0

Tangents for dimS = 0

Figure 5. The subdivision SF2
and tropical tangents for the face F2

There are nine two-faces, which are formed by the following convex hulls of edges:

F ′j : E′0, E
′
1j , E

′
2j j = 1, 2, 3

F ′ijk : E′ij , E
′
ik i = 1, 2, j, k = 1, 2, 3, j 6= k.

The contribution of each face of Trop(X) is summarized in the following table:

vi  F ′i12

E0  F ′1
Ei1  E′i1
Ei2  v′i
Ei3  E′i3

F1  E′0
F2  F ′2
F3  F ′3
Fi12  v′i
Fi13  F ′i23

Fi23  F ′i13

.

Alternatively, one could compute using Macaulay2 [GS] that X∗ is cut out by

ty1y2 − ty1y3 − ty2y3 + y0y3 + (t− 1)y2
3 .

The tropicalization of this variety agrees with the description of Trop(X∗) above.

Remark 1.20 (Dual Defects). Given an irreducible variety X ⊂ Pn, it is an
important problem to determine the dimension of X∗. This is measured by the
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dual defect :

def(X) = n− dimX∗ − 1.

Typically, the defect is zero, that is, X∗ is a hypersurface. In fact, if def(X) = k,
then X is covered by k-planes [Tev03, §1].

Any plane curve of degree larger than one will automatically have defect zero.
The situation for surfaces in P3 is more interesting. Since the dimesion of Trop(X∗)
equals that of X∗, we may use our Theorem 1.18 to determine the dual defect of
any surface X ⊂ P3 for which Trop(X) is smooth and has generic valuations. We
illustrate this with two examples.

Example 1.21 (Smooth quadric). The smooth quadric surface X from Example
1.6 is isomorphic to P1 × P1, and is ruled by lines, so it has the potential for being
defective. However, we have seen in Example 1.19 that its dual variety is also a
surface, so it has defect zero.

Alternatively, after a change of coordinates, we might consider the smooth
quadric X = V (x0x1 − x2x3) ⊂ P3. The tropical variety Trop(X) is the linear
subspace F of R3 spanned by e1 + e2 and e1 + e3. This face F satisfies ei /∈ 〈F 〉
for all i, so Proposition 1.10 applies, and we conclude that Trop(X∗) = −F . In
particular, dim Trop(X∗) = 2, so def(X) = 0.

Note that X is an example of a toric variety. In [DFS07], A. Dickenstein, E. Fe-
ichtner, and B. Sturmfels show how to describe Trop(X∗) for any toric variety.

Example 1.22 (Quadric cone). Consider the singular quadric

X = V (x2
0 + x1x2 + x1x3)

in P3. Then Trop(X) is the fan with lineality space E generated by e1 − e2 − e3,
and three two-dimensional cones generated by −e2, −e3, and −e0. It is smooth
with generic valuations.

For the unique edge E of Trop(X), Theorem 1.7 yields −E in the tropical dual.
For each two-face, the first case of Proposition 1.12 applies, yielding −E in the
tropical dual: if p ∈ F is of the form q − λei for some λ > 0, then δ(p) = λ, and
−p − δ(p)ei = −q. We conclude that dim(X∗) = 1, so def(X) = 1. In fact, X is
a cone over a singular quadric, so X∗ is properly contained in a hyperplane (and
thus defective).

1.4. Related work. We have already mentioned the work of Z. Izhakian [Izh05,
§2.1], which shows that for a hypersurface X = V (f) with the lowest valuation
parts of the coefficients of f sufficiently generic, Trop(X∗) may be determined from
the tropicalization of f , although this is not made explicit except for the case
of quadric curves. Groundbreaking work on tropical dual varieties was done by
A. Dickenstein, E. Feichtner, and B. Sturmfels, in which Trop(X∗) was explicitly
described for any projective toric variety X, not limited to the case of X being a
hypersurface [DFS07].

In a slightly different setting, B. Bertrand, E. Brugallé, and G. Mikhalkin study
pretangencies of tropical cycles in the plane to tropical morphisms [BBM14]. Bitan-
gents of tropical plane curves have been studied by the second author together with
M. Baker, R. Morrison, N. Pflueger, and Q. Ren [BLM+16], H. Markwig [LM17],
and H. Lee [LL17].

The problem of describing the projective dual variety X∗ is one of implicitization,
hence, the problem of describing the tropicalization Trop(X∗) is one of tropical
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implicitization. This has been studied by J. Tevelev and B. Sturmfels in the special
case when the map being implicitized has an algebraic torus as its domain [ST08,
§5].

2. Tropical Tangents

2.1. Tropical basics. Throughout this paper, we will consider a fixed hypersurface
X = V (f) ∈ Pn of degree d for f =

∑
u∈A cux

u. Here A is a subset of Zn+1, and
for u ∈ A, cu is a non-zero element of K. The Newton polytope of f is

∆X = convA.

We will frequently work with the affine cone X̂ of X in Kn+1.
We have a tropicalization map

Trop : (K∗)n+1 → Rn+1

(x0, . . . , xn) 7→ (−ν(x0), . . . ,−ν(xn))

and the tropicalization Trop(X̂) of X̂ is the Euclidean closure of the image of

X̂ ∩ (K∗)n+1 under the map Trop. The tropicalization Trop(X) is the image of

Trop(X̂) in

Rn+1/R · (1, . . . , 1) ∼= Rn

where we identify Rn+1/R · (1, . . . , 1) with Rn by projecting Rn+1 onto its 1st
through nth coordinates. In Rn, we take e1, . . . , en to be the standard basis vectors,
and e0 =

∑n
i=1−ei. These are the images of the standard basis vectors of Rn+1 in

our chosen identification of Rn+1 with Rn.
The tropical varieties Trop(X̂) and Trop(X) are the support of pure codimension-

one polyhedral complexes in Rn+1 and Rn, respectively. These complexes can
be described quite explicitly using Kapranov’s theorem, see e.g. [MS15, Theorem
3.1.3].1 For p ∈ Rn+1, let A(p) denote the subset of those u ∈ A for which

ν(cu)− 〈p, u〉

is minimal. Then

Trop(X̂) = {p ∈ Rn+1 | #A(p) > 1}
and the sets conv(A(p)) form a polyhedral subdivision of ∆X which is dual to a

polyhedral complex whose support is Trop(X̂). Points p and q are in the same cell
of this complex if A(p) = A(q). We say that Trop(X) is smooth if the induced
subdivision of ∆X is a unimodular triangulation.

Example 2.1. Consider the curve X2 from Example 1.2. We picture the sub-
division of ∆X2

by the sets A(p) in Figure 6. For example, for p = (0, 3/2, 1),

we have A(p) = {(1, 1, 1), (0, 1, 2)}. The subset of those q ∈ Trop(X̂2) for which
A(p) = A(q) consists of the interior of

conv{(0, 1, 1), (0, 2, 1)}+ R · (1, 1, 1).

1Note that we use a different sign convention than loc. cit.
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x2
0x1

t2x2
1x2

x0x1x2

tx1x
2
2

x0x
2
2

Figure 6. The induced triangulation of ∆X1

Definition 2.2. We say that Trop(X) has generic valuations if for all k ≥ 1, the

set of all p ∈ Trop(X̂) satisfying

#{ν(cu)− 〈p, u〉 | u ∈ A} ≤ #A− k

has dimension at most n+ 1− k.

Remark 2.3. For any regular unimodular triangulation of ∆X , it is possible to
find to find a hypersurface Y with ∆Y = ∆X which induces the same triangulation,
and such that Trop(Y ) has generic valuations.

2.2. Equations for tangents. We are interested in determining the tropical tan-
gents of Trop(X):

Definition 2.4. A point q ∈ Rn is a tropical tangent at p if there exists a smooth
point x ∈ X ∩ (K∗)n such that Trop(x) = p, and the tangent hyperplane to X at x
(viewed as a point of (Pn)∗) tropicalizes to q.

For a smooth point x ∈ X, the tangent hyperplane has homogeneous coordinates
(f0 : f1 : · · · : fn), where fi denotes the partial derivative of f with respect to
i. Hence, a point (y0 : · · · : yn) ∈ (Pn)∗ is tangent to X at a smooth point
x = (x0 : · · · : xn) ∈ Pn if and only if the system of equations

f(x) = 0

f0(x) = λy0

...

fn(x) = λyn

is satisfied for some λ 6= 0. The point x being smooth simply means that some fi is
non-vanishing. In particular, if we restrict our attention to points (y0 : · · · : yn) ∈
(Pn)∗ ∩ (K∗)n, a point x satisfying the above equations is automatically a smooth
point of X.

We now fix a point p ∈ Trop(X̂), and will restrict our attention to those x ∈ X̂
with Trop(x) = p. Introducing new variables zi, our previous system is equivalent
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to solving

f(x) = 0

x0f0(x) = z0

...

xnfn(x) = zn

(2.1)

with the additional equations zi = xiyiλ. We can rewrite (2.1) as

(2.2)


1 · · · 1 · · · 1
· · · u0 · · ·

...
· · · un · · ·




...
au
...

+ (? ? ?) =


0
z0

...
zn


where the columns on the left are indexed by u ∈ A(p) and (? ? ?) denotes terms
of valuation higher than

ν0(p) := ν(cux
u) = ν(cu)− 〈p, u〉

for any u ∈ A(p).
Given a solution to (2.1) with x = (x0, . . . , xn) tropicalizing to p, set

(2.3) si = ν(zi)− ν0(p)

for i = 0, . . . , n. Considering (2.2), we observe that si ≥ 0. By choosing λ = au for
any u ∈ A(p), we obtain that the solution y tropicalizes to

Trop(y) = Trop(zi)− Trop(λ)− Trop(xi) = −p− s.

Our question has now become: for what si ≥ 0 is there a solution of (2.1) satisfying
(2.3)? It will be convenient to use the convention that s−1 =∞.

Remark 2.5. When discussing tropical tangents of Trop(X), it is convenient to fix
a point in Trop(X). On the other hand, when solving the above system of equations,

it is more convenient to fix a point in Trop(X̂) which projects to the former point.
We will occasionally abuse notation and use p to denote both such points. In other

words, we are fixing an arbitrary section of the map Trop(X̂)→ Trop(X).

3. Consistency

To determine which si are possible for solutions of (2.1), we will transform this
system of equations by inductively performing row operations on the matrix in the
left hand side of (2.2).

3.1. Motivating example. Before showing how we will transform (2.1) in general,
we present an example:

Example 3.1. Consider the cubic

f = x1x2x3 + x0x1x2 + t(x0x
2
1 + x0x

2
2 + x2

0x1)

where t ∈ K is any element with ν(t) = 1, and set X̂ = V (f) ⊂ K4. Consider the

image in Trop(X) of those points x ∈ X̂ for which

ν(x1x2x3) = ν(x0x1x2) < ν(tx0x
2
1) = ν(tx0x

2
2) < ν(tx2

0x1).
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This is the set

P = {p = (p0, p1, p2, p3) ∈ R4 | p3 = p0, p1 = p2 > p0}.

We would like to determine the tropical tangents to any point in the image of P in
Trop(X). We begin with the system (2.1):

f = x1x2x3 + x0x1x2 + tx0x
2
1 + tx0x

2
2 + tx2

0x1 = 0
x0f0 = x0x1x2 + tx0x

2
1 + tx0x

2
2 + 2tx2

0x1 = z0

x1f1 = x1x2x3 + x0x1x2 + 2tx0x
2
1 + tx2

0x1 = z1

x2f2 = x1x2x3 + x0x1x2 + 2tx0x
2
2 = z2

x3f3 = x1x2x3 = z3

.

Subtracting the first row from the third and fourth, we obtain the equivalent system

f = x1x2x3 + x0x1x2 + tx0x
2
1 + tx0x

2
2 + tx2

0x1 = 0
x0f0 = x0x1x2 + tx0x

2
1 + tx0x

2
2 + 2 tx2

0x1 = z0

g
(1)
1 := tx0x

2
1 + −tx0x

2
2 = z1

g
(1)
2 := −tx0x

2
1 + tx0x

2
2 + −tx2

0x1 = z2

x3f3 = x1x2x3 = z3

.

We modify this system once more, adding the third row to the fourth:

f = x1x2x3 + x0x1x2 + tx0x
2
1 + tx0x

2
2 + tx2

0x1 = 0
x0f0 = x0x1x2 + tx0x

2
1 + tx0x

2
2 + 2 tx2

0x1 = z0

g
(1)
1 = tx0x

2
1 + −tx0x

2
2 = z1

g
(2)
2 := −tx2

0x1 = z1 + z2

x3f3 = x1x2x3 = z3

.

By looking at the lowest order terms in this system of equations, we obtain that

ν(z0) = ν(z3) = ν0(p)

ν(z1) ≥ ν(tx0x
2
1) := ν1(p)

ν(z1 + z2) = ν(tx2
0x1) := ν2(p)

which in turn implies

ν1(p) ≤ ν(z1) = ν(z2) ≤ ν2(p); or

ν2(p) ≤ ν(z1), ν(z2) and ν2(p) = ν(zi) for either i = 1, 2.

From our discussion of lifting in §4, it will follow that these necessary conditions for
tropical tangency are also sufficient after replacing ≤ by <, see Example 3.4.

3.2. Consistent sequences. We now describe how to transform our system (2.1)
in general. The following definition is key:

Definition 3.2. Consider a matrix M . A set J indexing a subset of the rows of
M is M -consistent if

(1) the rowspan of MJ contains no standard basis vector;
(2) for i /∈ J , the row vector Mi is not in the rowspan of MJ .

We next set up notation:
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g
(0)
i = xifi i = 0, . . . , n; g

(0)
−1 = f

z
(0)
i = zi i = 0, . . . , n; z

(0)
−1 = 0

u
(0)
i = ui i = 0, . . . , n, u ∈ A; u

(0)
−1 = 1

A0 = A(p)

ν0 = ν(au) for any u ∈ A0

I0 = {−1, . . . , n}

We then let M (0) be the matrix with rows indexed by I0 and columns indexed by

A0, whose iuth entry is u
(0)
i = ui. Equation (2.1) now takes the form

g
(0)
i = z

(0)
i i = −1, . . . , n

and (2.2) can be written as

M (0) ·


...

cux
u

...

+ (? ? ?) =


...

z
(0)
i
...

 .

We now proceed inductively on m. Suppose that Jm is an M (m)-consistent set.
In the special case m = 0, we require that −1 ∈ J0. Let Km be the lexicographic
first subset of Jm for which

rankM
(m)
Km

= rankM
(m)
Jm

= #Km.

We set

Im+1 = Jm \Km.

For each element i ∈ Im+1, there are unique rational numbers α
(m)
ij , j ∈ Km such

that

u
(m)
i =

∑
j∈Km

α
(m)
ij u

(m)
j

for all u ∈ Am(p). As long as Im+1 6= ∅, set

Am+1 = {u ∈ A | u(m)
i −

∑
j∈Km

α
(m)
ij u

(m)
j 6= 0 for some i ∈ Im+1, and ν(cux

u) minimal}.

Using this, we define

νm+1 = ν(cux
u) for any u ∈ Am+1

g
(m+1)
i = g

(m)
i −

∑
j∈Km

α
(m)
ij g

(m)
j i ∈ Im+1

z
(m+1)
i = z

(m)
i −

∑
j∈Km

α
(m)
ij z

(m)
j i ∈ Im+1

u
(m+1)
i = u

(m)
i −

∑
j∈Km

α
(m)
ij u

(m)
j i ∈ Im+1

M (m+1) = (M
(m+1)
iu ), M

(m+1)
iu = u

(m+1)
i i ∈ Im+1; u ∈ Am+1.
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Definition 3.3. We call a sequence (J0, J1, . . . , Jm) arising in this fashion a consis-
tent sequence. A consistent sequence (J0, . . . , Jm) is maximal if for all 0 ≤ i ≤ m,
Ji is a maximal M (i)-consistent subset of Ii.

Example 3.4. In Example 3.1, the set J0 = {−1, 1, 2} is the unique maximal
consistent set for

M (0) =


1 1
0 1
1 1
1 1
1 0

 .

We obtain K0 = {−1}, I1 = {1, 2}, A1 = {(1, 2, 0, 0), (1, 0, 2, 0)}, and

M (1) =

(
1 −1
−1 1

)
.

The set J1 = {1, 2} is the unique maximal consistent set for M (1), leading to

K1 = {1}, I2 = {2}, A2 = {(2, 1, 0, 0)}, z(2)
2 = z1 + z2, and

M (2) =
(
−1

)
.

The unique maximal consistent set for M (2) is J2 = ∅, so the sequence (J0, J1, J2)
is a maximal consistent sequence.

For a consistent sequence (J0, . . . , Jm), we will consider the new system of equa-
tions

g
(k)
i = z

(k)
i k ≤ m and i ∈ (Ik \ Ik+1)

g
(m+1)
i = z

(m+1)
i i ∈ Im+1.

(G(m+1))

Notice that G(0) is our original system of equations (2.1), and each system G(m+1)

is equivalent to the previous one G(m). If we omit the equations

g
(k)
i = z

(k)
i k ≤ m and i ∈ Ik \ Jk

g
(m+1)
i = z

(m+1)
i i ∈ Im+1

the system G(m+1) can be written as

(3.1)


M

(0)
K0

∗ · · · · · ·
0 M

(1)
K1

∗ · · ·

0 0
. . .

0 0 0 M
(m)
Km




...
cux

u

...

+ (? ? ?) =


z

(0)
i

z
(1)
i
...

z
(m)
i


where the rows are indexed by K0 ∪K1 ∪ . . .∪Km and (? ? ?) denotes terms in the

Kith rows whose valuation are strictly larger than νi. We set s
(k)
i = ν(z

(k)
i )− νk.

Example 3.5. The system of equations that we obtain from the consistent sequence
(J0, J1, J2) in Example 3.4 is exactly the final system of equations in Example
3.1.

Proposition 3.6. Suppose that the system G(0) has a solution, and let J0 consist

of those j ∈ I0 such that s
(0)
j 6= 0. Then J0 is consistent for M (0). More generally,
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consider a consistent sequence (J0, . . . , Jm−1) and suppose that the system G(m)

has a solution. Let

Jm = {j ∈ Im | s(m)
j 6= 0}.

Then Jm is consistent.

Proof. We consider the subsystem of G(m) given by g
(m)
i = z

(m)
i for i ∈ Im. Let ev

be the row vector in RAm with v-th coordinate 1, and all other coordinates 0. If

ev is a combination
∑

j∈Jm
ajM

(m)
j of the rows of M

(m)
Jm

, then the valuation of the
only monomial cvxv in ∑

j∈Jm

ajg
(m)
j

is νm. On the other hand, ∑
j∈Jm

ajz
(m)
j

has valuation strictly larger than νm, contradicting∑
j∈Jm

ajg
(m)
j =

∑
j∈Jm

ajz
(m)
j .

Hence, the rowspan of M
(m)
Jm

contains no standard basis vector.
On the other hand, suppose that for some i ∈ Im,

M
(m)
i =

∑
j∈Jm

ajM
(m)
j .

Then the valuation of ∑
j∈Jm

ajg
(m)
j

is strictly larger than νm, so i ∈ Jm. �

Remark 3.7. The above proposition gives us necessary conditions that the s
(k)
i

must satisfy. We may obtain inequalities on the original si as follows. Fix a
consistent sequence (J0, . . . , Jm). Consider the linear system of equations

z
(k+1)
i = z

(k)
i −

∑
j∈Kk

α
(k)
ij z

(k)
j

for k ≤ m and i ∈ Ik+1. Let Z be the corresponding linear space. We obtain

inequalities on si = s
(0)
i by intersecting Trop(Z) with s

(k)
j ≥ 0, and s

(k)
j = 0 for

j ∈ Ik \ Jk, and projecting.

3.3. Consistency and geometry of Trop(X). We now interpret consistency ge-
ometrically. Assume that Trop(X) is smooth. Fix any k-face P ⊂ Trop(X). Let
J (P ) be the set consisting of the maximal J ⊂ {0, . . . , n} such that for every
(k + 1)-face Q adjacent to P ,

〈Q〉 ∩ 〈J〉 = 〈P 〉 ∩ 〈J〉.

Lemma 3.8. Let p ∈ Trop(X̂) map to the relative interior of P . Then for
J ∈ J (P ), J+ = J ∪ {−1} is a maximal M (0)-consistent subset, and all maxi-
mal consistent subsets are of this form.
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Proof. The rowspan of M
(0)
J+ contains a standard basis vector ev if and only if there

is w ∈ RJ+

such that ∑
j∈J+

wjuj = 0

for u ∈ A(p) \ {v}, and
∑

j wjvj = 1. Since Trop(X) is smooth, this is equivalent

to the existence of an adjacent (k + 1)-face Q with

〈Q〉 = 〈
∑
j∈J

wjej〉+ 〈P 〉.

Hence, 〈Q〉 ∩ 〈J〉 = 〈F 〉 ∩ 〈J〉 for all adjacent (k + 1)-faces F if and only if the

rowspan of M
(0)
J+ contains no standard basis vector.

Furthermore, since the sets J we consider are chosen maximally, this guarantees

that for i /∈ J+, the row vector M
(0)
i is not in the rowspan of M

(0)
J+ . �

4. Lifting

By transforming the system of equations (2.1) as in §3, we may obtain necessary
conditions that the si must satisfy for any tropical tangent. We wish to show that
in at least some situations, any si fulfilling these conditions does in fact arise from
a tropical tangent.

4.1. Osserman-Payne lifting. We will make use of the following lifting result
of B. Osserman and S. Payne. Let Y and Y ′ be subvarieties of (K∗)n. We say
that Trop(Y ) and Trop(Y ′) intersect properly at a point q ∈ Trop(Y )∩Trop(Y ′) if
Trop(Y )∩Trop(Y ′) has codimension codimY + codimY ′ in a neighborhood of the
point q.

Theorem 4.1 ([OP13, Theorem 1.1]). If Trop(Y ) and Trop(Y ′) intersect properly
at q, then q ∈ Trop(Y ∩ Y ′).

We will use this result in the following incarnation:

Corollary 4.2. Let Y1, . . . , Yk be hypersurfaces in (K∗)n, and

q ∈ Trop(Y1) ∩ . . . ∩ Trop(Yk).

Assume that in a neighborhood of q, the codimension of Trop(Y1) ∩ . . . ∩ Trop(Yk)
is equal to k. Then there exists y ∈ Y1 ∩ . . . ∩ Yk with Trop(y) = q.

Proof. Since the codimension of Trop(Y1) ∩ . . . ∩Trop(Yk) at q is k, it follows that
for any i, the codimension of Trop(Y1) ∩ . . . ∩ Trop(Yi) at q is i.

Now assume that q ∈ Trop(Y1∩ . . .∩Yi) for some 1 ≤ i < k, and the codimension
of Trop(Y1 ∩ . . . ∩ Yi) at q is i. Then in a neighborhood of q, Trop(Y1 ∩ . . . ∩ Yi)
agrees with Trop(Y1) ∩ . . . ∩ Trop(Yi), so Trop(Y1 ∩ . . . ∩ Yi) ∩ Trop(Yi+1) has
codimension i+ 1 at q. By Theorem 4.1, it follows that q ∈ Trop(Y1 ∩ . . . ∩ Yi+1).
Furthermore, the codimension at q is i+ 1, since a similar argument applies to any
point q′ in a neighborhood of q. Proceeding by induction, we obtain the claim of
the corollary. �
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4.2. Lifting tropical tangents. As in §2 we have fixed a point p ∈ Trop(X) and
are interested in determining the tropical tangents to Trop(X) at p. We continue
to use the notation of §3.

Let (J0, . . . , Jm) be a maximal consistent sequence and fix L ⊂ {0, . . . ,m}.

Definition 4.3. We say that lifting criteria hold if the following three conditions
are met:

(1) For j ∈ L, there exists K ′j ⊂ Ij containing Kj with

rankM
(j)
K′j

= #Aj = #K ′j .

(2) For j /∈ L, either #Jj = 1 or

rankM
(j)
Jj

= #Aj − 1.

(3) Each subspace of Rn+1 generated by

{u− v | u, v ∈ Aj and j /∈ L,#Jj > 1} ∪ {u | u ∈ Aj and j ∈ L}

along with, for each j /∈ L with #Jj = 1, a vector of the form u − v for
u 6= v ∈ Aj , has dimension∑

j∈L
#Aj +

∑
j /∈L

#Jj>1

(#Aj − 1) + #{j /∈ L | #Jj = 1}.

Proposition 4.4. Suppose that lifting criteria hold and Im+1 = ∅. For j /∈ L, set

K ′j = Kj. For all j = 0, . . . ,m and i ∈ Kj, fix arbitrary z
(j)
i satisfying ν(z

(j)
i ) > νj.

Likewise, for i ∈ K ′j \ Kj, fix z
(j)
i satisfying ν(z

(j)
i ) = νj with lowest order part

generic among the z
(j)
k , k ∈ K ′j. Then for the indices i ∈ Ij \ (Jj ∪K ′j) there exist

z
(j)
i satisfying ν(z

(j)
i ) = νj such that the system of equations G(m+1) has a solution.

Proof. We consider the system of equations from (3.1). Note that by our assumption

on the z
(j)
i , in each row the terms with minimal valuation are only appearing on the

left hand side. Putting each matrix M
(j)
Kj

in reduced row echelon form, for j /∈ L
and #Jj > 1, the rank condition guarantees that after these row operations, the

lowest order part of each equation from the M
(j)
Kj

block has the form

cux
u − µcv(j)x

v(j)

for some trivially valued constant µ and u ∈ Aj , and some fixed v(j) 6= u ∈ Aj .

If instead j /∈ L and #Jj = 1, the M
(j)
Kj

block has a single equation whose lowest

order term might not be a binomial.

For ` ∈ L, we instead include all equations g
(`)
i for i ∈ K ′`. By performing row

operations on these equations, we may obtain a new system of equations whose
K ′`-equations have the form

(4.1) cux
u + (? ? ?) = ẑi

(`)

for u ∈ A` and i ∈ K ′`, where

(4.2) ẑi
(`) = z

(`)
i +

∑
j∈K′`\{i}

βijz
(`)
j
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for some trivially valued constants βij , and (???) denotes terms of valuation larger

than ν`. For i ∈ K`, ẑi
(`) must involve some z

(`)
j for j not in K`, otherwise J` would

not be consistent. Since we have fixed sufficiently generic z
(`)
i for i ∈ K ′` \ K`, it

follows that ν(ẑi
(`)) = ν` for all i ∈ K ′`. Thus, the lowest order terms of these

equations are cux
u − µ for some constant µ and u ∈ A`.

Tropicalizing, each equation in this new system (indexed by i ∈ Kj or i ∈ K ′`)
cuts out a tropical variety contained in one of the following:

(1) (j /∈ L, #Jj > 1) an affine hyperplane orthogonal to u−v(j) with u, v(j) ∈
Aj

(2) (j /∈ L, #Jj = 1) a union of affine hyperplanes orthogonal to u − v with
u, v ∈ Aj

(3) (j /∈ L, #Jj > 1) an affine hyperplane orthogonal to u with u ∈ Aj

Any collection of the above vectors is linearly independent by assumption 3 above,
so the intersection of these tropical hypersurfaces at q = p satisfies the hypotheses
of Corollary 4.1. Thus, we obtain a solution x to this system of equations, and
hence to the subsystem of G(m+1) for i ∈ Kj or i ∈ K ′`. For the remaining indices

i ∈ Ij \ (Jj ∪K ′j), we define zi to be g
(j)
i . Since Jj was chosen maximally, we must

have ν(z
(j)
i ) = νj by Proposition 3.6. Since Im+1 = ∅, we obtain all indices in this

fashion. �

Example 4.5. Proposition 4.4 shows that the necessary conditions for tropical
tangents in Example 3.1 are also sufficient after replacing ≤ by <. Indeed, by
Example 3.4, we are considering the maximal consistent sequence (J0, J1, J2) with
J0 = {−1, 1, 2}, J1 = {2}, and J2 = {∅}. To apply Proposition 4.4, we set L = {2}.
Taking K ′2 = I2 = {2}, the first and second lifting criteria are clearly met. The
third is as well, since the subspace of Rn+1 generated by

(−1, 0, 0, 1) = (0, 1, 1, 1)− (1, 1, 1, 0)

(0, 2,−2, 0) = (1, 2, 0, 0)− (1, 0, 2, 0)

(2, 1, 0, 0)

has dimension three as desired. Since additionally I3 = ∅, we may apply the
proposition.

After fixing z
(1)
1 = z1 with valuation larger than ν1 and z

(2)
2 = z1 + z2 with

valuation ν2, by the proposition we may find z0, z3 with valuation ν0 such that G(3)

has a solution.
Let ε ∈ K be an arbitrary element with valuation ν2. If ν(z1) < ν2, we may

choose z2 = ε − z1, leading to the first kind of tangent described in Example 3.1.
If ν(z1) = ν2, we may choose z2 arbitrarily with valuation larger than ν2, leading
to one of the second kinds of tangents. The other case is covered by taking z2 of
valuation ν2 and z1 with valuation larger than ν2.

4.3. Tangents at vertices. We are now in a position to determine all tropical
tangents at a vertex of Trop(X) in the smooth case, and prove Theorem 1.5.

Proof of Theorem 1.5. By Lemma 3.8, the condition that 〈E〉 ∩ 〈J〉 = 0 is exactly
the condition that J+ = J ∪ {−1} is M (0)-consistent. By Proposition 3.6 we know
that any tropical tangent to X at p must be contained in the union in the statement
of the theorem. On the other hand, by taking the consistent sequence (J+) with
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L = {0}, the lifting criteria hold and I1 = ∅. We may apply Proposition 4.4 to
obtain the tangent −p− s as long as si > 0 for i ∈ J . Taking the closure, we may
replace si > 0 by si ≥ 0. �

5. Next Order Terms

The situation of tropical tangents at vertices of Trop(X) is especially tractable,
since we may deal directly with the system G(0) of equations. For points p in
higher-dimensional strata of Trop(X), we will be forced to deal with systems G(m)

for m > 0, which means in particular that we will need to better understand the
structure of the sets Aj for j > 0. For our purposes, a good understanding of A1

will suffice for the most part.
Fix a cell P in Trop(X) ⊂ Rn. Take p ∈ Rn+1 to be any point in the relative

interior of the cell P̂ of Trop(X̂) corresponding to P .
For v ∈ A and q ∈ Rn+1, let φq(v) = ν(cv)− 〈q, v〉. We set φ(v) = φp(v), and

A′1 = {u ∈ A | u not in affine span of A(p), and φ(u) minimal}.

Lemma 5.1. Suppose that either Trop(X) is smooth, or n ≤ 3. Then for any
u ∈ A′1, {u} ∪ A0 lie in a common cell in the subdivision of ∆X .

Proof. Let b be the barycenter of convA0. Since u is not in the affine span of
A0, there is some cell C in the subdivision of ∆X containing A0 as a proper face
which intersects the segment from u to b in its interior. Let L be the vector space
generated by v − w for v, w ∈ A0. By projecting onto Rn+1/L, we see that there
are v1, . . . , vk ∈ A not contained in the affine span of A0, and αi ∈ Q>0 such that

u =

k∑
i=1

αi(vi − b) + b+ w

for some w ∈ L. In fact, if Trop(X) is smooth, C is a simplex and any element of
A is in the integral affine span of C ∩ A. It follows that we can take the αi to be
integral. Likewise, if n ≤ 3, then one may similarly assume that the αi are integral.
This follows from the fact that the Hilbert basis of a one or two-dimensional rational
cone is contained in the convex hull of the origin and its primitive generators.

The subdivision of ∆X is induced by the values ν(cv) at v ∈ A; this is the same
as the subdivision induced by φ(v). Notice that φ(v) = ν0 for any v ∈ A0, and
φ(v)− ν0 ≥ 0 for any v ∈ A.

Suppose that u is not in C. For ε sufficiently small, εu + (1 − ε)b is in C. For
such ε, convexity implies that

εφ(u) + (1− ε)ν0 > ε
∑
i

αi(φ(vi)− ν0) + ν0.

It follows that

φ(u)− ν0 >
∑
i

αi(φ(vi)− ν0).

Since by the above we have seen that αi ≥ 1 for some i, we obtain

φ(u) > φ(vi)

which contradicts u ∈ A′1. Thus, we must actually have u ∈ C, as desired. �

Lemma 5.2. Suppose that #I1 ≥ dimP . Then A′1 = A1.
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Proof. We begin by noting that no element u ∈ A in the affine space of A0 can be

in A1. Indeed, such u is in the affine span of A0, which implies that u
(1)
i = 0 for

i ∈ I1.
The affine span of A0 has dimension n − dimP . On the other hand, the affine

space of all vectors v ∈ Zn+1 such that
∑
vi = 0 and

vi −
∑

j∈Km

α
(0)
ij uj = 0

for i ∈ I1 has dimension n−#I1, and it contains the affine span ofA0. By comparing
dimensions, it follows that these two affine spaces are equal. Incidentally, this shows
that we must always have #I1 ≤ dimP .

We conclude that if u is not in the affine span of A0, u
(1)
i 6= 0 for some i ∈ Im+1.

The claim follows. �

We will use the above two lemmas to better understand how A1 and ν1 vary
as p moves about in the cell P . In the following, we will assume that Trop(X) is
smooth. Then facets of P are in bijection with u ∈ A \ A0 such that {u} ∪ A0 is
a simplex in the triangulation of ∆X . For such u, the corresponding facet Q is cut
out by intersecting the affine span of P with the image in Rn+1/R of

{q ∈ Rn+1 | ν(cu)− 〈q, u〉 = ν(cv)− 〈q, v〉}

where v is any element of A0.

Lemma 5.3. Consider u as above with associated facet Q of P . Let δQ be the
lattice distance to Q as defined in §1.3. For any v ∈ A0 and q in the affine span of
P ,

δQ(q) = φq(u)− φq(v).

Proof. The primitive inward normal vector vQ to Q lives in the quotient of Zn+1

by the sublattice L generated by v − w, v, w ∈ A0. This is proportional to the
projection of v − u to Zn+1/L for any v ∈ A0. Furthermore, since Trop(X) is
smooth, the projection of v − u is in fact primitive, so this is exactly vQ.

Let q′ be any point in Q. Since q′ ∈ Q, φq′(u) = φq′(v). We obtain

δQ(q) = 〈q − q′, vQ〉 = 〈−q,−vQ〉 − 〈−q′,−vQ〉
= (φq(u)− φq(v))− (φq′(u)− φq′(v))

= φq(u)− φq(v).

�

Proposition 5.4. Assume that Trop(X) is smooth, and #I1 ≥ dimP . Let p be in
the relative interior of P . Then A1 consists of those u ∈ A corresponding to facets
Q of P whose lattice distance is closest to p. Furthermore, ν1 − ν0 is equal to the
lattice distance of p to any such facet.

Proof. By Lemmas 5.1 and 5.2, any element u of A1 is such that {u} ∪ A0 is
contained in a simplex in the triangulation of ∆X , and thus corresponds to some
facet of P . Conversely, any facet of P corresponds to an element u of A not
contained in the affine span of A0.

For any point x tropicalizing to p, the valuation ν(cux
u) is exactly φ(u). The

claims now follow by Lemma 5.3. �
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(2, 1, 0, 0)

(0, 1, 2, 0)

(2, 0, 1, 0) (0, 2, 1, 0)
p

Figure 7. Edges of P correspond to possible elements of A1

Example 5.5. Consider

f = tx3
0 + x2

0x1 + x2
0x2 + x0x1x2 + t3x2

1x2 + t2x2
2x1 + x1x2x3.

Then X = V (f) is a cubic surface, and

P = conv{0, 3e1, 2e2, 3e1 + 2e2}

is a two-face in Trop(X) with A0 = {(1, 1, 1, 0), (0, 1, 1, 1)}. The edges of P corre-
spond to the vectors (2, 1, 0, 0), (2, 0, 1, 0), (0, 2, 1, 0), and (0, 1, 2, 0) as pictured in
Figure 7. We have drawn the subdivision of P showing which edges have closest
lattice distance. For example, at the point p = e1 + e2, we obtain that

A1(p) = {(2, 1, 0, 0), (2, 0, 1, 0), (0, 1, 2, 0)},

and ν1 − ν0 = 1. Indeed, at this p,

ν(tx3
0) = 1 ν(x2

0x1) = −1

ν(x2
0x2) = −1 ν(x0x1x2) = −2

ν(t3x2
1x2) = 0 ν(t2x2

2x1) = −1

ν(x1x2x3) = −2

so ν0 = −2 and ν1 = −1. Notice that in this example, for any p in the interior of
P , (3, 0, 0, 0) will never be in A1(p).

6. Edges

We are now in a position to determine all tropical tangents at an edge of Trop(X)
in the smooth case, and prove Theorem 1.7.

Proof of Theorem 1.7. Consider any tropical tangent

−p−
∑
i

siei

to p. This determines a consistent sequence (J0, J1, . . .) by 3.6. Since E is an edge,
#(J0 \K0) ≤ 1, which implies that I2 = ∅, so we only need to consider the sequence

(J0, J1). Since E is an edge, either the rows of M
(0)
J0

are linearly independent, or
have a unique linear dependency:

0 =
∑
i∈Z

αiM
(0)
i

with all αi 6= 0.
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If the rows are linearly independent, then K0 = J0 and J1 = ∅, and the only
constraints on si we obtain are exactly si > 0 for i ∈ J0. If there is a linear
dependency as above, then K0 consists of every element of J0 except for the final
element ` of Z. Then J1 is either empty, or consists of `. The latter is only possible
if #A1 > 1. In either case, we have

z
(1)
` = z` −

∑
i∈Z
i 6=`

αi

α`
zi.

The constraint ν(z
(1)
` ) = ν1 in the case J1 = ∅ leads to the constraint that the

minimum of

{ν(zi)}i∈Z ∪ {ν1}
is obtained at least twice. Similarly, the constraint ν(z

(1)
` ) > ν1 in the case J1 6= ∅

leads to the constraint that the minimum of

{ν(zi)}i∈Z
is obtained at least twice, or the minimum is at least ν1. We thus obtain the
following constraints on the si. Firstly,

si ≥ 0, with si > 0 if and only if i ∈ J0.

Secondly,

si = sj ≤ ν1 − ν0 for some i 6= j ∈ Z and si ≤ sk for all k ∈ Z; or

si ≥ ν1 − ν0 for all i ∈ Z, and

si = ν1 − ν0 for at least one i ∈ Z unless J1 6= ∅.

(6.1)

If (J0, J1) is not maximal, we may find a maximal consistent sequence (J̃0, J̃1) such

that J0 ⊂ J̃0, and J0 ∪ J1 ⊂ J̃0 ∪ J̃1. For this new sequence (J̃0, J̃1), the new
constraints we would obtain on the si (after relaxing strict inequalities to weak
ones) are weaker than the constraints coming from (J0, J1). We thus obtain that
any tropical tangent to p satisfies the constraint (6.1), and si = 0 if i /∈ J0, for
some maximal consistent sequence (J0, J1). For (J0, J1) maximal, J1 is already
determined by J0.

By Lemma 3.8, the condition that 〈F 〉∩〈J〉 = 〈E〉∩〈J〉 for all adjacent two-faces
F is exactly the condition that J+ = J ∪ {−1} is M (0)-consistent. Given such a
maximal J , we set J0 = J+. Recall that J ′ is the minimal subset of J such that
〈E〉 ⊂ 〈J ′〉 if such a subset exists, and ∅ otherwise. It is straightforward to check
that J ′ = Z \ {−1}.

By Proposition 5.4, ν1−ν0 is the lattice distance δ(p) of p to the nearest endpoint
of E. Furthermore, #A1 = 2 if and only if p is the midpoint of E. Note that if E
has no endpoints, then it must be the case that A1 = ∅, and we may view ν1 − ν0

as being ∞. The above discussion thus implies that any tropical tangent of p is
contained in the set described in the statement of the theorem.

It remains to show that every such point is in the closure of the set of tropical
tangents. To that end, fix J ∈ J (E), and sj > 0 for j ∈ J satisfying the hypotheses
of the theorem. We take J0 = J+ = J ∪ {−1}. If J ′ = ∅, then it follows that
K0 = J0, so I1 = ∅. In this case, the consistent sequence (J0) with L = {0}
satisfies the lifting criteria, and we may apply Proposition 4.4 to obtain the tangent
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−p −
∑

j∈J sjej . Suppose instead that J ′ 6= ∅, and let J1 be the unique maximal

consistent set for M (1). Note that if A1 = ∅, we have J1 = ∅. Similar to above,
the consistent sequence (J0, J1) will satisfy the lifting criteria with L = {0, 1} if
#A1 = 1 or with L = {0} if #A1 = 0, 2. Fix zi for i ∈ J with ν(zi) = ν0 + si.

Given the constraints on si, we may choose these zi such that ν(z
(1)
` ) = ν1 (if p is

not a midpoint) or ν(z
(1)
` ) > ν1 (if p is a midpoint). Applying Proposition 4.4, we

conclude that −p−
∑

j∈J sjej is a tropical tangent to p.
We had assumed the constraint si > 0, but by passing to the closure of the set

of tropical tangents, we may relax this to si ≥ 0. This shows that every point
described in the statement of the theorem is in the closure of the set of tropical
tangents. �

7. Multiplicities

In this section, we describe a strategy for computing the multiplicities of the
maximal cells in the tropical dual variety Trop(X∗) for hypersurfaces of arbitrary
dimension, and make these calculations explicit in the case of curves. We refer the
reader to [OP13, §2.3] for details on tropical multiplicities.

As usual, X ⊆ Pn is a hypersurface and X∗ ⊆ (Pn)∗ its dual. We consider the
conormal variety

WX = {(x,H) ∈ Pn × (Pn)∗ | x ∈ X smooth, H tangent to X at x}.

This comes with a projection π : WX → X∗.
We fix a cell σ of Trop(X∗), and are interested in computing its multiplicity.

Let σ′ be any cell of Trop(WX) that maps to σ under Trop(π). For such a cell σ′,
consider any subvariety Z ⊂ WX of complimentary dimension such that Trop(Z)
is an affine linear space with multiplicity one which intersects σW properly. We
refer to such a Z as a test variety. Denote by η(σ′) the number of intersection
points (counted with multiplicity) of WX and Z which tropicalize to σ′. Likewise,
denote by ω(σ′) the tropical intersection multiplicity of Trop(WX) and Λ, where Λ
is the tropical variety whose support is the affine span of σ′, and which has constant
multiplicity one.

Lemma 7.1. Assume that def(X) = 0 and that for any σW , the image of the
lattice points in σW generate the affine lattice of lattice points in σ. Then the
multiplicity m(σ) of σ is the sum of

η(σ′)/ω(σ′)

as σ′ varies over the cells of Trop(W ) mapping to σ.

Proof. By projective duality, WX coincides with the conormal variety WX∗ for
X∗, see [Tev03, §1.2.A]. Since def(X) = 0, X∗ is also a hypersurface, so the map
π : WX → X∗ is an isomorphism over the smooth locus of X∗. In particular, π is
a generically finite map of degree one.

We now apply [OP13, Theorem C.1], which states that (under the assumptions
we have made on the lattice points of σW ) the multiplicity m(σ) of σ is equal to
the sum of the multiplicities m(σ′) of the σ′. By [OP13, Theorem 5.1.1], η(σ′) is
the sum of the tropical intersection multiplicities of Trop(WX) and Trop(Z) at the
unique point in σW ∩Trop(Z). But this tropical intersection multiplicity is just the
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tropical intersection multiplicity of ω(σ′) of Λ with Trop(Z) times the multiplicity
m(σ′) of σ′. �

Fix now some σ′ ⊂ Trop(WX) projecting to σ. We wish to compute η(σ′)/ω(σ′).
Coordinates for the torus of Pn × (Pn)∗ are given by

x0/xi, . . . , xn/xi, y0/yj , . . . , yn/yj

for some choice of i and j, omitting xi/xi and yj/yj . Equations for

WX ∩ (K∗)(n−1)+(n−1)

can be obtained from any system G(m) by de-homogenizing with respect to xj . If we
instead wish to work with coordinates x0, . . . , xn, z0, . . . , zn, we may alternatively
obtain equations for WX ∩ (K∗)(n−1)+(n−1) from G(m) by setting xi = 1.

Assume now that the n+ 3 equations we obtained for WX have binomial lowest
order terms on σ′, as do n− 1 equations cutting out Z. Considering the differences
of the exponent vectors for each binomial h, we obtain 2n + 2 elements wh of
Zn+1 × Zn+1. Let A be the (2n+ 2)× (2n+ 2) matrix whose columns are indexed
by the 2n+ 2 above binomials, and the column h consists of the vector wh.

Proposition 7.2. If the matrix A has full rank, then the quantity η(σ′) equals
|det(A)|.

Proof. By [OP13, Corollary 5.2.4], the intersection multiplicity η(σ′) equals (2n+
2)! · V (Q1, Q2, . . . , Q2n+2), where V stands for the mixed volume and Qi is the
convex hull of 0 and the vector wi from above. But since the Qi are one-dimensional,
[Ful93, Section 5.4], implies that

(2n+ 2)!·V (Q1, Q2, . . . , Q2n+2) = Vol(Q1 +Q2 + . . .+Q2n+2) = |det(A)|.
�

We illustrate how Proposition 7.2 and Lemma 7.1 apply in the case of a plane
curve X of degree at least two. We will always make use of the modified system of
equations used in the proof of Proposition 4.4.

Example 7.3 (Non-standard edges). Let E be an edge of Trop(X) which is
not parallel to e0, e1, e2. By Theorem 1.7, E contributes exactly σ = −E to
Trop(X∗). In fact, the unique cell of Trop(WX) mapping onto −E in Trop(X∗) is
σ′ = {(p,−p) | p ∈ E}. This implies in particular that the lattice hypothesis in
Lemma 7.1 is satisfied.

On this cell of WX , the lowest order terms for equations of WX are given by

cux
u + cvx

v = (? ? ?)

α0x
u − z0 = (? ? ?)

α1x
u − z1 = (? ? ?)

α2x
u − z2 = (? ? ?)

x0 − 1 = 0

where u, v are the elements of A0 and αi are non-zero constants. We choose the
test variety Z = V (xazb − xbza) for any a, b ∈ Zn+1 satisfying

det
(
u− v e0 a− b

)
= 1.

This necessarily exists, since u− v is primitive.
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We then obtain the matrix

A =

(
u− v u u u e0 a− b

0 −e0 −e1 −e2 0 b− a

)
.

Performing invertible column operations, we obtain(
u− v u u u e0 a− b

0 −e0 −e1 −e2 0 0

)
.

which is easily seen to have determinant one. Thus, η(σ′) = 1. It follows that
ω(σ′) = 1, so m(σ) = 1.

Example 7.4 (Vertices). Let p be a vertex of Trop(X) with no edge adjacent to
p parallel to e0. By Theorem 1.5, p contributes the cell σ = −p − R≥0 · e0 to
Trop(X∗), and the cell σ′ = (p,−p)− R≥0 · (0, e0) ⊂ Trop(WX) maps to it.

In this case, we choose Z = V (x0z2 − x2z0), leading to the matrix

A =

(
u− w v − w w w e0 e0 − e2

0 0 −e1 −e2 0 e2 − e0

)
.

Here u, v, w are the elements of A(p). Since p is a smooth vertex of Trop(X),

|det
(
u− v v − w e0

)
| = 1.

so |det(A)| = 1 as well. Similar to Example 7.3, we obtain that the contribution of
σ′ to m(σ) is 1.

Example 7.5 (Standard edges). Let E be an edge of Trop(X) which is parallel
to e0, and bounded in direction −e0 with endpoint q. Let qmid be the midpoint of
E if the edge is bounded, otherwise we treat it as a point at infinity. By Theorem
1.7, E contributes exactly σ = −E −R≥0 · e0 to Trop(X∗). If E is bounded, there
are two corresponding cells of Trop(WX):

σ′ = {(p,−p− (p− q) | p between q, qmid}
σ′′ = (qmid,−qmid − (qmid − q))− R≥0 · (0, e0)

If E is unbounded, only the first cell σ′ exists. In both cases, the lattice hypothesis
in Lemma 7.1 are satisfied.

We will again choose Z = V (x0z2 − x2z0). Consider first σ′. Let u, v be the
elements of A0, and w the unique element of A1, corresponding to the endpoint q
of E. Our system of equations for WX is

cux
u + cvx

v = (? ? ?)

α0x
w − z0 = (? ? ?)

α1x
u − z1 = (? ? ?)

α2x
u − z2 = (? ? ?)

x0 − 1 = 0

leading to the matrix

A =

(
u− v w u u e0 e0 − e2

0 −e0 −e1 −e2 0 e2 − e0

)
.

Applying invertible column operations, we obtain(
u− v w u u e0 (u− w) + (e0 − e2)

0 −e0 −e1 −e2 0 0

)
.
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But then

|detA| = |det
(
u− v e0 e0 − e2

)
+ det

(
u− v e0 u− w

)
| = 1 + 1 = 2

so η(σ′) = 2. On the other hand, it is straightforward to verify that the tropical va-
riety Λ intersects σ′ tropically transversally, implying that ω(σ′) = 1. We conclude
that m(σ′) = 2.

Considering instead σ′′, we obtain the matrix

A =

(
u− v w − w′ u u e0 e0 − e2

0 0 −e1 −e2 0 e2 − e0

)
where w,w′ are the two elements of A1(q|). Since w and w′ correspond to the
endpoints of E and Trop(X) is tropically smooth, we obtain

|detA| = |det
(
u− v w − w′ e0

)
| = 2.

Again, ω(σ′) = 1 and we conclude that m(σ′) = 2.

8. Curves

We are now able to prove our Theorem 1.1, describing the tropicalization of the
dual of a plane curve.

Proof of Theorem 1.1. The description of the underlying set Trop(X∗) follows from
Theorems 1.5 and 1.7. Indeed, these theorems imply that the set described in the
statement of the theorem is contained in Trop(X∗). Furthermore, any plane H
with dual coordinates in (K∗)2 which is tangent at a point x ∈ X ∩ (K∗)2 must
be contained in this set. The only tangents we must still deal with are those
which are tangent at points in the boundary of X. But these will form a zero-
dimensional set in Trop(X∗), so since the set described in the theorem is closed
in the Euclidean topology and Trop(X∗) is a tropical curve, the union we describe
must equal Trop(X∗).

It remains to calculate the multiplicities. But after applying Lemma 7.1, this
follows from Examples 7.3, 7.4, and 7.5. �

We next consider the situation of the Newton polygon of X∗. To begin with, we
assume that Trop(X) is a smooth tropical curve:

Proposition 8.1. Let ∆X ⊂ R2 be the Newton polygon of X, and assume that
Trop(X) is a smooth tropical curve. Label the vectors of ∆X by v1, v2, . . . , vm
in counterclockwise orientation, omitting all edges parallel to w0 = (−1, 1), w1 =
(0,−1), w2 = (1, 0). For i = 0, 1, 2, let σi be the sum of edge vectors parallel to wi.
Then the edge vectors of the Newton polygon ∆X∗ of X∗ are exactly

−vm,−vm−1, . . . ,−v1

along with

Vol(∆X) · wi − σi
where Vol(∆X) is the normalized lattice volume of ∆X .

Proof. The edges of ∆X∗ are determined by the unbounded edges of Trop(X∗). Let
S be the regular unimodular triangulation of ∆X induced by the valuations of the
coefficients of f . The tropical curve Trop(X) is dual to this triangulation.
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We use the explicit description of Trop(X∗) from Theorem 1.1 to see: the number
of rays in direction ei (counted with multiplicity) is given by 2 ·αi + βi where αi is
the number of edges of Trop(X) parallel to ei excluding rays in direction −ei, and
βi is the number of vertices of Trop(X) not having an edge parallel to ei. We can
reinterpret 2 · αi as the number of vertices of Trop(X) having an edge parallel to
ei, plus the number of rays of Trop(X) in direction ei, less the number of rays of
Trop(X) in direction −ei.

Let S ′ consist of those triangles in S with an edge orthogonal to ei, and S ′′ =
S \ S ′. Then #S ′′ = βi, and #S ′ is the number of vertices of Trop(X) having
an edge parallel to ei. Let κi = σi/wi; this is the number of rays of Trop(X) in
direction −ei, less the number of rays of Trop(X) in direction ei. Then

2αi = #S ′ − κi.
Since Vol(∆X) = #S = #S ′ + #S ′′, the formula for the length of the edge of ∆X∗

in direction wi follows.
For u /∈ {e0, e1, e2}, the number of rays in direction u (counted with multiplicity)

is given by the number of rays of Trop(X) in direction −u. The description of the
other edge vectors of ∆X∗ now follows. �

Example 8.2 (Example 1.2 continued). We illustrate the proof of Proposition 8.1
using the plane curves X1 and X2 from Example 1.2. The Newton polygons of X∗1
and X∗2 agree and were pictured in Figure 3.

In Figure 8, we show the subdivided Newton polygons of X1 and X2. The shaded
regions form the set S ′ with respect to e1, and the unshaded regions form the set
S ′′. We see that for X1, β1 = 2, and 2α1 + κ1 = 2, and κ1 = 0. Hence, we obtain
that the length of the edge in direction w1 in ∆X∗1

is 4. On the other hand, for X2

we have β1 = 4, and 2α1 +κ1 = 0, and κ1 = 0. This also leads to an edge of length
4; in both cases, β1 + 2α1 + κ1 is 4, the area of ∆Xi

.

(1, 0)

(2, 1)

(1, 2)
(0, 2)

(1, 0)

(2, 1)

(1, 2)
(0, 2)

Figure 8. The subdivided Newton polygons of X1, and X2.

To generalize Proposition 8.1 to curves X with Trop(X) not smooth, we need
the following lemma:

Lemma 8.3. Let X be an irreducible hypersurface in Pn, and let H be the space
of all hypersurfaces in Pn with Newton polytope ∆X . Then there is a non-empty
Zariski open subset U ⊂ H such that for Y ∈ U , ∆Y ∗ does not depend on Y .

Proof. Let

g =
∑

u∈∆X∩Zn+1

αux
u ∈ K(αu | u ∈ ∆X ∩ Zn+1)

where the αu are indeterminates. The coefficients αu may be specialized to au ∈ K
obtain the equation of any hypersurface Y ∈ H.
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Consider the ideal

I =

〈
∂g

∂x0
− y0,

∂g

∂x1
− y1, . . . ,

∂g

∂xn
− yn

〉
⊂ K(αu)[x0, . . . , xn, y0, . . . , yn].

Then I ∩ K(αu)[y0, . . . , yn] is a principal ideal, say with irreducible generator h,

and the projective dual of V (g) (working over K(αu)) is exactly V (h).
For any Y ∈ H, the ideal of Y ∗ will contain h, after we specialize the αu to the

coefficients au defining Y . In particular, the specialization h(au) will cut out Y ∗

whenever this specialization is irreducible and non-zero. But the locus of au ∈ K
for which h(au) is irreducible and non-zero is Zariski open [Noe22]. Hence, there is
a Zariski open subset U ′ ⊂ H for which, given Y ∈ U , the equation for Y ∗ is h(au).
Within U ′, there is a Zariski open subset U for which the Newton polytope of the
specializations h(au) are the same as the Newton polytope of h. The claim of the
lemma now follows. �

Corollary 1.3 now follows:

Proof of Corollary 1.3. Consider the set U ⊂ H from Lemma 8.3. The set of all
Y ∈ H with Trop(Y ) smooth is dense in H, hence it must intersect U . Thus, for
X sufficiently generic with respect to ∆X , X is in U , and ∆X∗ will be the same as
∆Y ∗ for some Y ∈ H with Trop(Y ) smooth. But we may apply Proposition 8.1 to
obtain the description of ∆Y ∗ . �

From the Newton polygon ∆X∗ , we may read off the degree of X∗. We first
illustrate this with several examples.

Example 8.4 (Generic plane curves). If X is a generic plane curve of degree d,
its Newton polygon is d · ∆ where ∆ is the standard simplex. Furthermore, it
is sufficiently generic with respect to its Newton polygon. By Corollary 1.3, the
Newton polygon ∆X∗ has edges in directions w0 = (−1, 1), w1 = (0,−1), and
w2 = (1, 0), each of length

Vol(∆X)− σi/wi = d2 − d.
Hence, ∆X∗ = (d2 − d) ·∆, and we recover the classical fact that a generic degree
d plane curve has dual of degree d(d− 1).

Example 8.5 (Nodes, cusps, and Plückers formula). Let X be a generic plane
curve of degree d with an isolated nodal or cuspidal singularity at the origin. After
changing coordinates, we can assume that its Newton polygon is

conv{(2, 0), (d, 0), (0, d), (0, 2)}
in the nodal case or

conv{(3, 0), (d, 0), (0, d), (0, 2)}
in the cuspidal case. By Corollary 1.3, we obtain that ∆X∗ has edges

(d2 − d− 2)(1, 0), (d2 − d− 2)(−1, 1), (d2 − d− 2)(0,−1)

in the nodal case and

(d2 − d− 3)(1, 0), (d2 − d− 6)(−1, 1), (−3, 2), (d2 − d− 4)(0,−1)

in the cuspidal case. See Figure 9. Thus, in the nodal case, ∆X∗ = (d2 − d− 2)∆,
and X∗ has degree d(d − 1) − 2. In the cuspidal case, the smallest dilate of ∆ in
which ∆X∗ fits is (d2 − d− 3)∆, so X∗ has degree d(d− 1)− 1.
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(0, 2)

(0, d)

(d, 0)(2, 0)

∆X for node

(0, d2 − d− 2)

(d2 − d− 2, 0)(0, 0)

∆X∗ for node

(0, 2)

(0, d)

(d, 0)(3, 0)

∆X for cusp

(0, d2 − d− 4)

(3, d2 − d− 6)

(d2 − d− 3, 0)(0, 0)

∆X∗ for cusp

Figure 9. Newton polygons for cusps and nodes

Combining this with the fact that the decrease to degree of X∗ from each singu-
larity of X is local (see e.g. §9 of [BK86], especially Lemma 3), we recover Plücker’s
classical formula that every node of X lowers the degree of the dual curve by 2,
and every cusp by 3.

Generalizing the previous example, we can describe how a large class of singu-
larities contribute to the decrease in degree of the dual curve:

Lemma 8.6. Let X be an irreducible projective plane curve of degree d which is
generic with respect to its Newton polygon, and with Q = (0 : 0 : 1) the only singular
point. Let A be the area of d∆ \ ∆X . Let η be the multiplicity of Q in X, and τ
the intersection multiplicity of the union of the coordinate axes with X at Q. Then
the degree of X∗ is d2 − d− δ, where

δ = A+ η − τ.

Proof. Consider the Newton polygon ∆X of X; it has vertices (d, 0), (0, d), and

(a1, b1), . . . , (am, bm), 0 = a1 < a2 < . . . < am; b1 > b2 > . . . > bm = 0.
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(a1, b1)

(a2, b2)

(a3, b3)

(ak, bk)

(ak+1, bk+1)

(am, bm)

Figure 10. The Newton polygon of an isolated singularity

See Figure 10 for an illustration. Let k be the index such that (bi+1−bi)/(ai+1−ai)
is smaller than −1 if and only if i < k. Note that the area A mentioned above is
simply d2 less the area of ∆X ; it is the area of the shaded region in the figure. Using
our description of ∆X∗ from Corollary 1.3, it is apparent that (0, 0) is a vertex of
∆X∗ . Furthermore, the degree of X∗ is given by the length of the edge in direction
(1, 0) of ∆X∗ , plus b1 − bk + a1 − ak. But this is the same as

d2 −A− (d− am) + (b1 − bk + a1 − ak)

= d2 − d− (A− am − b1 + ak + bk).

We conclude the proof by noting that ak + bk is the multiplicity of Q in X, and
am + b1 is the intersection multiplicity at Q of the union of the coordinate axes
with X. �

Remark 8.7. Recall that the Newton polyhedron of X at Q = (0 : 0 : 1) is the
Minkowski sum of ∆X with the positive orthant of R2. Hence, the quantity A in
Lemma 8.6 may be interpreted as the area of the complement in R2

≥0 of the Newton
polyhedron of X at Q.

Remark 8.8. Let X be any integral plane curve of degree d. A generalization of
Plücker’s formula for the degree of the dual curve X∗ is the following formula due
to Teissier [DPT80]:

degX∗ = d(d− 1)−
∑

Q∈Sing X

(µ(X,Q) + η(X,Q)− 1).

Here, the sum is taken over all singular points Q of X, µ(X,Q) denotes the Milnor
number of (X,Q), and ν(X,Q) is the multiplicity of X at Q. See also [Tei07] for
details.

This can be related to our Lemma 8.6 as follows. Let V (g) ⊂ K2 be an integral
affine plane curve with singularity at the origin. Recall [Kou76] that the Newton
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number of V (g) at 0 is
A− τ + 1

where A is the area of the complement of the Newton polyhedron of g in the positive
orthant, and τ is the intersection number of V (g) with the sum of the coordinate
axes. Kouchnirenko has shown that as long as g is non-degenerate with respect
to its Newton boundary, the Newton number is equal to µ(V (g), 0), the Milnor
number of V (g) at 0 [Kou76, Theorem II].

We will say that a plane curve singularity (X,Q) is sufficiently generic if there
is some plane curve X ′ with single singularity Q′ such that the germs (X,Q) and
(X ′, Q′) are isomorphic, and X ′ is sufficiently generic with respect to its Newton
polygon for Corollary 1.3 to apply. Suppose that our curve X is such that each
singularity (X,Q) is sufficiently generic, and is non-degenerate with respect to the
Newton boundary. Lemma 8.6 implies that each singularity Q of X decreases the
degree of X∗ by δ = A + η − τ . The quantity A − τ + 1 is the Newton number
of (X,Q), so by Kouchnirenko’s result, it follows that each singularity Q decreases
the degree of X∗ by µ(X,Q) − 1 + η(X,Q). We thus recover Teissier’s formula,
assuming that the singularities of X are sufficiently generic and non-degenerate
with respect to the Newton boundary.

9. Surfaces

9.1. Setup and simplest case. We now work towards a description of Trop(X∗)
when X is a surface in P3 with a smooth tropicalization. By Theorems 1.5 and
1.7, we only have to deal with points contained in the relative interior of a two-face
F . For such a point p, the corresponding matrix M (0) will only have two columns.
This means that there is a unique M (0)-consistent set J0: it will consist of {−1}
and all indices i such that M

(0)
i is proportional to (1, 1). By Lemma 3.8, this set

J0 will be of the form {−1} ∪ J , where J is the maximal subset of {0, . . . , n} such
that 〈J〉 is contained in 〈F 〉. There are three cases, which we deal with separately:
#J = 0, #J = 1, and #J = 2.

The case #J = 0 is exactly the situation of Proposition 1.10, which we now
prove:

Proof of Proposition 1.10. Since J0 = {−1}, Proposition 3.6 implies that the only
possible tropical tangent to p is −p. This is in fact a tropical tangent: the maximal
consistent sequence (J0) satisfies the lifting criteria with L = {0}, and I1 = ∅,
so Proposition 4.4 applies. This guarantees that −p is a tropical tangent to p as
desired. �

9.2. Face in one standard direction. The next case to consider is when #J = 1.
This is exactly the situation of Proposition 1.12. Here, we have fixed a two-face F
with ei contained in 〈F 〉. For any p in the relative interior of our two-face F , let
φ(p) = ν1(p)− ν0(p). Then φ is a piecewise linear concave function.

Fix p in the relative interior of F .

Lemma 9.1. The set A1 is not empty.

Proof. Since ei ∈ 〈F 〉, every element u ∈ A0 has the same ith coordinate, say α.
If A1 is empty, then every u /∈ A0 must also have α as its ith coordinate. Then A
is contained the hyperplane where all ith coordinates are equal to α which implies
that either X is not irreducible, or X is a cone. �
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Lemma 9.2. Suppose that Trop(X) has generic valuations. The closure of the set
of tropical tangents to p are

−p− siei
for any si ≥ φ(p), with si = φ(p) unless #A1 > 1.

Proof. Since J0 = {−1, i}, we have I1 = {i}. There is a unique maximal consistent
J1: this will be J1 = ∅ if #A1 = 1 and J1 = {i} if #A1 > 1. By Proposition 3.6,
any tropical tangent at p must have the form claimed.

On the other hand, we claim that the maximal consistent sequence (J0, J1) satis-
fies the lifting criteria for L = ∅. Indeed, if J1 = ∅ the second and third criteria are
straightforward to verify. If instead J1 = {i}, the second criteria is still straightfor-
ward. For the third criterion, we must show that for any two elements u 6= v ∈ A1,
u − v is not proportional to the difference of the two distinct elements of A0. If
u− v is proportional to the difference of the two distinct elements of A0, then

0 = ν(cu)− 〈q, u〉 − (ν(cv)− 〈q, v〉)
for all q ∈ F . But this contradicts Trop(X) having generic valuations. We conclude
that (J0, J1) satisfies the lifting criteria.

Note that z
(1)
i = zi, so Proposition 4.4 guarantees the existence of all tangents

with si = φ(p) (if #A1 = 1) si > φ(p) (if #A1 > 1). Taking the closure, we obtain
the inequality si ≥ φ(p) in the latter situation. �

In order to complete the proof of Proposition 1.12, we will need to interpret φ in
terms of δ. The difficulty is that since dimF = 2, Proposition 5.4 does not apply
verbatim. However, Lemmas 5.1 and 5.3 may be applied to conclude that A′1 (as
opposed to A1) consists of those u ∈ A corresponding to facets Q of F whose lattice
distance is closest to p. When is an element u of A′1 actually in A1? This will be

the case if and only if u
(1)
i 6= 0, or equivalently, the facet Q of F corresponding to

u does not have 〈Q〉 = 〈ei〉.

Proof of Proposition 1.12. To start, notice that we cannot have ES = ∅, since in
that case, A0 = A, contradicting Lemma 9.1. Suppose first that not every element
of ES is parallel to ei. Then the set A1 consists of those u ∈ A corresponding to
the elements of ES not parallel to ei, and for p in the relative interior of S it follows
that φ(p) = δ(p). The claim now follows from Lemma 9.2.

Next, we assume that ES consists only of elements parallel to ei and that the
recession cone of S doesn’t contain ei or −ei. Then for any point q in the relative
interior of S, the line segment (q + 〈ei〉) ∩ S has two distinct endpoints on which
φ takes the same values as δ. Furthermore, since the endpoints of this segment
correspond to different sets A1, there must be some point q′ on this segment for
which #A1(q′) > 1. Together with the concavity of φ, Lemma 9.2 implies that the
closure of the tropical tangents along this segment are exactly

(9.1) {−p− δ(p)ei | p ∈ (q + 〈ei〉) ∩ S} − R≥0 · ei.
If instead the recession cone of S contains ei (but not −ei), then for any point

q in the relative interior of S, the ray (q + 〈ei〉) ∩ S has exactly one endpoint, on
which φ takes the same values as δ. Since φ ≥ 0 and this ray has recession cone
ei, again Lemma 9.2 implies that the closure of the tropical tangents along this ray
are exactly as in (9.1). Letting the point q vary within the relative interior of S in
both of these cases, we obtain the description of S∗ from the proposition.
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Finally, suppose that −ei is in the recession cone of F . We cannot have ei in
the recession cone of F , otherwise the Newton polytope ∆X will be contained in a
hyperplane orthogonal to ei, implying that X is reducible or a cone. For u ∈ A0,
ui is some constant, say λ. For the u ∈ A corresponding to any face of F parallel
to ei, we also have ui = λ. Furthermore, since −ei is in the recession cone of F , we
must have ui ≥ λ for all u ∈ A. We conclude that λ = 0, since otherwise X is not
irreducible.

For any u ∈ A corresponding to an edge of F not parallel to ei, we must have
ui = 1, otherwise Trop(X) is not smooth. Furthermore, any u ∈ A1 must have
ui ≥ 1. For p in the relative interior of F , consider the ray (p + 〈ei〉) ∩ F . Near
its endpoint q, A1 consists only of some set of u ∈ A which correspond to edges
of F . It follows that A1(q − λei) is constant for any λ > 0, since for u ∈ A1 near
q, ui = 1, and as λ varies, only the ith coordinate matters. This implies that
−p− φ(p)ei = −q.

It remains to see when #A1(p) > 1. But this is exactly when q is a vertex of
F not adjacent to any edge of F parallel to ei. Lemma 9.2 now implies the third
claim of the proposition. �

9.3. Face in two standard directions. We finally arrive in the case #J = 2.
This is the situation of Proposition 1.14. Here, we have fixed a two-face F with
〈F 〉 = 〈ei, ej〉 for some i 6= j. Then J = {i, j}, and J0 = {−1, i, j}, from which
follows that I1 = {i, j}. It is straightforward to understand A1 and ν1 − ν0: since
#I1 = dimF = 2, Proposition 5.4 applies, so A1 consists of some u ∈ A corre-
sponding to facets of F , and ν1 − ν0 = δ.

Since ν1−ν0 = δ and elements of A1 always correspond to facets of F , the set A1

is constant on the relative interior of any S ∈ SF . Furthermore, since Trop(X) has
generic valuations, for any S ∈ SF , dimS = 3−#A1 = 3−#ES . By Proposition
3.6, for p in the relative interior of S, any tropical tangent must belong to

(9.2) − p− δ(p)(ei + ej)−
∑
`∈J1

R≥0 · e`

with J1 an M (1)-consistent set. In some cases, we will show that this set is the
closure of all tropical tangents; in other cases, we will derive additional conditions.

Proof of Proposition 1.14. First we suppose that dimS = 0, which implies that
#ES = #A1 = 3. Two columns in M (1) are proportional if and only if the cor-
responding edges in ES are parallel. It follows that the 2 × 3 matrix M (1) must
have full rank two. It is straightforward to check {i} (or {j}) is consistent if and
only if no two edges of ES are parallel to ei (or ej , respectively). Likewise, {i, j} is
consistent if and only if no two edges of ES are parallel. In all cases, taking J1 to
be a maximal consistent set leads to a sequence (J0, J1) which satisfies the lifting
conditions for L = ∅. Indeed, this follows from the fact that each element of A1

belongs to a simplex in the triangulation of ∆X containing A0. Thus, after possibly
taking the Euclidean closure to account for non-maximal consistent sequences, the
set of all possible tropical tangents is exactly that of (9.2). To summarize, these
are exactly the tangents of the form

(9.3) − p− δ(p)(ei + ej)− λi · ei − λj · ej
for λi, λj ≥ 0 with at most one of λi, λj non-zero if ES contains any parallel edges,
and λ` = 0 if two edges of ES are parallel to e`.
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Next we suppose that dimS = 1, which implies #ES = #A1 = 2. The rank
of M (1) is two if and only if the two edges in ES are not parallel. Otherwise, the
rank of M (1) is one. In the hypotheses of the proposition, we have assumed that
the two edges in ES are not parallel. Since M (1) is a full rank 2× 2 matrix, {i, j}
cannot be an M (1)-consistent set. On the other hand, it is straightforward to check
that {i} (or {j}) is consistent if and only if no edge of ES is parallel to ei (or ej ,
respectively). Any (J0, J1) with J1 maximal consistent satisfies the lifting criteria
for L = ∅. Thus, after possibly taking the Euclidean closure to account for non-
maximal consistent sequences, the set of all possible tropical tangents is exactly
that of (9.2). We conclude that in this situation, the tropical tangents are exactly
of the form of (9.3) for λi, λj ≥ 0 with at most one of λi, λj non-zero, and λ` = 0
if one edge of ES is parallel to e`.

Finally, we suppose that dimS = 2, and the edge E of ES is not parallel to
ei or ej . Then J1 = ∅ is the unique M (1)-consistent set, so (J0, J1) is the unique
consistent sequence. This satisfies the lifting criteria for L = ∅, so everything
appearing in (9.2) is a tropical tangent. Since however, J1 = ∅, there is only one
tropical tangent: the tangent of (9.3) for λi = λj = 0.

Putting together the above analysis, we arrive at the claim of Proposition 1.14.
�

We will prove Propositions 1.15 and 1.16 together. These situations are more
difficult, because the consistent sequences involved have a J2 term. We will assume
that i < j. For a fixed point p in the relative interior of S, we will initially split
things up into six cases, which are differentiated by the dimension of S (1 or 2),
the behaviour of the edges in ES , and the size of #A2. We list them in the table
below, omitting some cases that may be obtained by interchanging i and j. For
each case, we list the unique maximal choice of J1, the resulting K1, I2, and J2,
and then a choice of the set L to be used for verifying the lifting criteria:

#A2 J1 K1 I2 J2 L
A.0 dimS = 1, parallel edges in ES , 0 {i, j} {i} {j} ∅ ∅
A.1 not parallel to ei, ej 1 {i, j} {i} {j} ∅ {j}
A.2 2 {i, j} {i} {j} {j} ∅
B.1

dimS = 1, edges in ES parallel to ej
1 {i, j} {i} {j} ∅ ∅

B.2 2 {i, j} {i} {j} {j} ∅
C.1

dimS = 2, edge in ES parallel to ej
1 {j} ∅ {j} ∅ ∅

C.2 2 {j} ∅ {j} {j} ∅

In cases A.0, A.1 and A.2, z
(2)
j = zj−αzi for some non-zero α. In all other cases,

z
(2)
j = zj . Applying Proposition 3.6, we see that any tropical tangent to p must be

of the form

−p− δ(p)(ei + ej)− λi · ei − λj · ej
for λi, λj ≥ 0 satisfying the following constraints:

(Case A) Either 0 ≤ λi = λj ≤ ν2− ν1, or λi, λj ≥ ν2− ν1 with either λi = ν2− ν1

or λj = ν2 − ν1 unless #A2 = 2. Note that if A2 = ∅, we use the
convention that ν2 = +∞, which implies that λi = λj .

(Case B) λj ≥ ν2 − ν1 with equality unless #A2 = 2.
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(Case C) λi = 0, and λj ≥ ν2 − ν1 with equality unless #A2 = 2.

The closure for the set of tropical tangents to p is in fact this entire set, since
we may again apply Proposition 4.4. The maximal consistent sequences (J0, J1, J2)
satisfy the lifting criteria for our choice of L in every case; this follows from Trop(X)

having generic valuations. Note that in case A, we may choose zi = z
(1)
i and z

(2)
j as

we wish (subject to conditions on their valuations), which also allows us to choose

zj as we wish. For case A.0, we have z
(2)
j = 0, which implies that zj is already

determined from zi.
It remains to check that in each case, as p ranges over the relative interior of

S, the closure of the set of tropical tangents equals the claimed set S∗ from the
proposition.

Proof of Proposition 1.16. If S has no endpoints, then we must have A2 = ∅, so we
are in case A.0, and we obtain that S∗ consists of −p− λiei − λjej for λi = λj ≥ 0
and p ∈ S. We will subsequently assume that S has endpoints.

Near an endpoint q of S, A2 consists of the element u ∈ A corresponding to
the edge of Eq not in ES . This implies that as p approaches the endpoints of S,
ν2 − ν1 approaches 0. If S is bounded and hence has two distinct endpoints, then
the set A2 must change over the course of S, so at some point p in the interior of
S, A2(p) consists of two elements. Using our analysis of situation A and B above, a
straightforward convexity argument shows that if S is bounded, we obtain exactly
the set claimed in the proposition.

Assume instead that S = q+R≥0 ·v for v = αiei +αjej . Then there is some p in
the interior of S for which #A2(p) = 2 if and only if S is purely primitive. Indeed,
since Trop(X) is smooth, there is some edge E of F such that δE(q+v)−δE(q) = 1.
Furthermore, (ν2(q+ v)− ν0(q+ v))− (ν2(q)− ν0(q)) ≥ 1, so on all but a bounded
portion of S, ν2−ν0 equals some such δE . If S is purely primitive, then ν2−ν0 = δE
all along S, otherwise ν2 − ν0 is not linear, so there must be some point for which
#A2 > 1.

We must now differentiate based on the direction of v. Take for instance αi =
αj = −1. Then−p−δ(p)(ei+ej)−(ν2−ν1)(ei+ej) = −q−δ(q)(e1+e2)−β(ei+ej) for
some β ≥ 0 for all p ∈ S, with β = 0 if S is purely primitive. If S is purely primitive,
we are always in case A.1, and obtain exactly the tangents −p − δ(p)(ei + ej) for
p ∈ S and −q−δ(q)(ei+ej)−λiei−λjej with λiλj = 0. If S is not purely primitive,
then for some p we are in case A.2, and we may drop the condition λiλj = 0.

If instead αi = 0 and αj = −1, then −p − δ(p)(ei + ej) − (ν2 − ν1) · ej =
−q − δ(q)(e1 + e2) − βej for some β ≥ 0 for all p ∈ S, with β = 0 if S is purely
primitive. If S is purely primitive, we are always in case B.1, and obtain exactly
the tangents −q − δ(q)(ei + ej)− λiei. If S is not purely primitive, then for some
p we are in case B.2, and we will obtain tangents −q − δ(q)(ei + ej)− λiei − λjej .
A similar analysis holds if αi = −1 and αj = 0.

For the remaining directions of v we are always in case A. Let

φ1(p) = −p− δ(p)(ei + ej)

and

φ2(p) = −p− (ν2 − ν0)(ei + ej).

Then S∗ consists of

conv{φk(p) | p ∈ S, k = 1, 2},
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along with

φ2(p)− λiei − λjej
for all p ∈ S, with λi, λj ≥ 0 and λiλj = 0 for given p unless φ2 is non-linear at p.
Suppose for example that αi = −1 and αj < −1. Then the ray φ2(q + γv) for γ
sufficiently large is parallel to ej . In fact, if S is purely primitive, then this is true for
all γ ≥ 0, and the ray is the ray in direction ej with endpoint −q−δ(q)(ei+ej). The
description of S∗ in the proposition follows in this case. If S is not purely primitive,
then since for for p in S we obtain φ2(p)−R≥0ei−R≥0ej , the description also follows
in this case. For the remaining directions of v, a similar straightforward analysis
always leads to the set S∗ claimed in the proposition. We leave the details to the
reader. �

Proof of Proposition 1.15. We now find ourselves in case C from above. First,
assume that E is bounded. Then for any point q in the relative interior of S, the
line segment Sq = (q + 〈ei〉) ∩ S has two distinct endpoints. Near an endpoint v of
Sq, A2 consists of the element u ∈ A corresponding to an edge Q of F for which
δQ(v) = δ. This implies that as p approaches the endpoints of S, ν2−ν1 approaches
0. Furthermore, the set A2 must change over the course of Sq, so at some point in
the interior of S, A2 consists of two elements. A convexity argument shows that
the closure of the set of tropical tangents agrees with the S∗ from the proposition
statement.

If E is unbounded but −ej is not in the recession cone of F , then E must be
unbounded in direction ej . It is no longer the case that we necessarily find points
for which A2 consists of more than one element. Nonetheless, since S is unbounded
in direction ej , a convexity argument still shows that we get the desired set S∗.

Finally, suppose that −ej is in the recession cone of F . Similar to at the end
of the proof of Proposition 1.12, we must have that for u ∈ A0, uj = 0, as well
as for those u ∈ A corresponding to any face of F parallel to ej . For any u ∈ A
corresponding to an edge of F not parallel to ej , we must have uj = 1, otherwise
Trop(X) is not smooth. Furthermore, any u ∈ A2 must have uj ≥ 1. For p in the
relative interior of F , consider the ray (p+ 〈ej〉) ∩ F .

Near its endpoint q, A2 consists only of some set of u ∈ A which correspond to
edges of F . It follows that A2(q − λej) is constant for any λ > 0, since for u ∈ A2

near q, ui = 1, and as λ varies, only the ith coordinate matters. This implies that
−p− δ(p)(ei + ej)− (ν2 − ν1) = −q − δ(q)(ei + ej).

It remains to see when #A2(p) > 1. But this is exactly when q is an interior
vertex of S′. The claim of the proposition now follows from the description of
tangents in case C above. �

9.4. Putting it all together. Our analysis of tropical tangents to points p ∈
Trop(X) yields a complete description of Trop(X∗):

Proof of Theorem 1.18. We argue as in the proof of Theorem 1.1 that the closure of
the union of all tropical tangents is Trop(X∗). Indeed, the only points in Trop(X∗)
we might miss are those which are tangent at points in the boundary of X. But
these will form a set in Trop(X∗) of codimension at least one. Removing it from
Trop(X∗) and taking the closure again yields Trop(X∗). �

We now finally show Theorem 1.9:
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Proof of Theorem 1.9. If J = ∅, then the claim follows directly from Proposition
1.10. If J = {i}, then we are in the situation of Proposition 1.12, and the hypothesis
of the theorem guarantees that −ei is not in the recession cone of F . Applying
the first two parts of the proposition, it is straightforward to verify that F ∗ =
−F − R≥0 · ei.

Finally, suppose that J = {i, j}. We are now in the situations of Propositions
1.14, 1.15, and 1.16. By assumption, no non-zero element of the positive hull of
−ei and −ej is in the recession cone of F . This means in particular that we may
exclude the third case of Proposition 1.14, the second case of Proposition 1.15, and
most cases of Proposition 1.16.

It is straightforward to check that for p in the boundary of F , −p is in F ∗.
Furthermore, using a convexity argument and the assumption on the recession
cone of F , it follows that −F is in F ∗. Consider any point −q in the interior
of −F . We claim that −q − R≥0 · ei ∈ F ∗. Indeed, if F has ei in its recession
cone, the claim is immediate. Otherwise, let −p1 and −p2 be the endpoints of the
segment (−q + 〈ei〉) ∩−F . Then again by the assumption on the recession cone of
F and the fact that δ(p) = 0 on the boundary of F , there is a piecewise linear path
γ : [0, 1]→ F with endpoints p1 and p2 such that

−γ(t)− δ(γ(t))(ei + ej)

is contained in (−q + 〈ei〉) for any t ∈ [0, 1]. At some point, γ must cross a one
dimensional cell S of the subdivision SF induced by δ, say at the point p. If the
edges of ES are parallel, Proposition 1.16 applies, and we obtain that

−p− δ(p)(ei + ej)− R≥0 · ei
is contained in F ∗, but −p−δ(p) lies in (−q+〈ei〉), and the claim follows. If instead
the edges of ES are not parallel, Proposition 1.14 applies. The claim again follows,
as long as one edge of ES is not parallel to ei. But in this case, we may move into
the neighboring two-dimensional cell S′ whose edge is parallel to ei to again obtain
the desired tropical tangents (using Proposition 1.15).

A similar argument shows that −q − R≥0 · ej ∈ F ∗. Now, to show that

F ∗ = −F − R≥0 · ei − R≥0 · ej
we again consider several cases. If F is unbounded, the claim already follows from
the above discussion, so we may assume that F is bounded. This implies that SF
must contain a zero-dimensional cell S. If no two edges of ES are parallel, then
Proposition 1.14 tells us that

(9.4) − q − δ(q)(ei + ej)− R≥0 · ei − R≥0 · ej
is contained in F ∗ for q = S, which together with the above discussion implies the
claim.

Suppose instead that two edges of ES are parallel. Then moving to the neigh-
boring one-dimensional cell S′ with the two edges of ES′ parallel, we may apply
Proposition 1.15. Since F is bounded, we again obtain tangents as in (9.4) for a
point q arbitrarily close to S. Again, the claim follows. �

10. Future Directions

10.1. Tropical projective duality, and singular curves. One of the striking
features of projective duality is that it is an involution: given X ⊂ Pn, we have
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Trop(X1) Trop(X∗1 )

Trop(X2) Trop(X∗2 )

Figure 11. Tropical quadrics with the same tropical dual curve

(X∗)∗ = X. It is tempting to try to extend our descriptions of tropical dual curves
and surfaces to give an involution on the set of tropical plane curves, and on the
set of tropical surfaces in R3. Here, we will focus on the situation of plane curves.

The first difficulty we face is that the map that takes a smooth tropical curve
Trop(X) to its dual Trop(X∗) is not injective: both tropical quadrics Trop(X1)
and Trop(X2) pictured in the left of Figure 11 have the same dual, pictured on
the right. As in Example 1.2, thick lines represent edges of multiplicity two, and
the colors on the right correspond to the contributing pieces on the left. The issue
here is that the rays emanating from the bottom left vertex of Trop(X2) both are
contracted to points in Trop(X∗2 ).

To remedy this non-injectivity, we may decorate Trop(X∗) by marking each
point −p of Trop(X∗) for which p is a vertex of Trop(X) with edges emanating in
directions −e0, −e1, and −e2. We call Trop(X∗) with these markings the decorated
tropical dual of Trop(X).

Proposition 10.1. The map which assigns to any tropical curve Trop(X) its deco-
rated tropical dual is injective. In other words, we may recover any smooth tropical
curve Trop(X) from its decorated tropical dual.

Proof. The claim of the proposition follows by analyzing the local contribution to
Trop(X∗) of the portion of Trop(X) surrounding any vertex p. Here, we differen-
tiate among different cases based on the number of standard directions e0, e1, e2

emanating from p, the number of anti-standard directions −e0,−e1,−e2, and the
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# std. # anti-std. # non-std. Trop(X) Trop(X∗) dual vertex type

3 0 0 trivalent, all edges
multiplicity two

1 1 1 trivalent, one edge
multiplicity two

1 0 2 five-valent

0 1 2 four-valent

0 0 3 marked

Figure 12. Local contributions of vertices to Trop(X∗)

number of non-standard directions. Figure 12 lists the 5 cases which occur, and
gives an example of what Trop(X) and Trop(X∗) may look like in a neighborhood
of the vertex. As before, thick edges denote edges of multiplicity two. The circle in
the final case denotes the marking on the decorated tropical dual.

We observe that the vertex −p of Trop(X∗) is different in each of the five cases.
Also observe that none of these vertices has a line passing through it. Hence, to
recover Trop(X) from Trop(X∗), we may proceed as follows:

(1) For each vertex v of Trop(X∗), remove any lines through the vertex;
(2) Match the remaining local picture around v to one of the five dual vertex

types;
(3) Recover the local picture of Trop(X) at −v.

�

The second difficulty for viewing tropical duality as an involution on plane curves
is that even when Trop(X) is a smooth tropical curve, Trop(X∗) is typically not
smooth. However, our Theorem 1.1 describing the tropical dual curve is only ap-
plicable to smooth tropical curves. Thus, it would be very interesting to extend
this theorem to include singular plane curves. Any such extension would have to
take into account some information on the singularities of X, since for tropically
singular Trop(X), Trop(X∗) is not determined by Trop(X). One possible approach
to account for singularities would be by defining a tropical version of Chern-Mather
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classes. In fact, we believe that the markings in our decorated tropical dual may
be interpreted in this fashion.

10.2. Bitangents. Bitangents of algebraic plane curve are in bijection with ordi-
nary nodes of its projective dual. Plücker’s formula, together with the fact that a
general plane curve X of degree d has 3d(d− 2) flexes, implies that X has

(d+ 3)d(d− 2)(d− 3)

2

bitangents. Similarly, we believe that tropical bitangents may be detected via
projective duality. For example, letX be a generic plane curve whose tropicalization
is depicted on the left of Figure 13; the tropicalization of its dual X∗ is depicted on
the right, where as usual, thick lines represent edges of multiplicity 2. The point
p where two branches of Trop(X∗) meet transversally corresponds to a tropical
bitangent line Λ of Trop(X), depicted as a dashed line. By [LM17, Theorem 3.1],
Λ lifts to 4 bitangents of X, which is exactly the intersection multiplicity of the two
branches of Trop(X∗) at p. We believe that this is more than just a coincidence.

Conjecture 10.2. Let X be a hypersurface in Pn such that Trop(X) is smooth,
and suppose that n faces of Trop(X∗) meet transversally with multiplicity k at a
point p. Then there are k distinct n-tangent hyperplanes H with Trop(H) = p.

We prove the conjecture for plane curves that are generic in the sense of [LM17,
Assumption 3.3].

Proof sketch for generic plane curves. Let Λ be the tropical line dual to p. In order
to use [LM17, Theorem 3.1], we need to show that Λ is tangent to Trop(X) at two
distinct points. Let e′, e′′ be the direction vectors of the two branches of Trop(X∗)
at p. Since Trop(X) is assumed to be smooth, at least one the vectors, say e′, must
be in a standard direction. From the construction of the dual curve, Λ is a shifted
tangent of some point q′ along the direction e′. If e′′ is in a standard direction as
well, then Λ is tangent to a point q′′, shifted in direction e′′ (similarly to Figure
13). Otherwise, e′′ is not in a standard direction, and Λ is tangent to Trop(X) at
q′′ = −p. In any case, the two tangency points q′ and q′′ are distinct.

There are two cases to consider: either e′′ is in a standard direction and Λ is
shifted from q′′, or e′′ is in a non-standard direction and Λ is not shifted. In each of
these cases, it is straightforward to check that the intersection multiplicity coincides
with the lifting multiplicity from loc. cit.

�

We leave further investigation of this phenomenon for future work.

10.3. Beyond surfaces. It is natural to try to extend our results beyond the
case of curves and surfaces. However, moving from curves to surfaces already led
to a much more complicated result. We anticipate that for higher dimensional
hypersurfaces, things become even more complicated.

Nonetheless, one could still try to apply the framework of §3 and §4 to describe
the tropical dual of a hypersurface. In general, looking at k-cells in Trop(X) may
require that we consider consistent sequences with k + 1 terms in them, which
will require understanding Ai and νi for i ≤ k. While we have good control of
A1 through §5, understanding even A2 can be much more subtle. In the case of
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Trop(X)

Λ

Trop(X∗)

p

Figure 13. A bitangent of a tropical curve corresponding to a
node of the dual.

surfaces we managed to describe Trop(X∗) without a complete understanding of
A2; for 2-faces in higher dimensional hypersurfaces, this will not be possible.

Instead of working with Trop(X), one could instead take as input the tropi-
calization of the polynomial f . This would perhaps make understanding Ai and
νi more straightforward. However, there is an even more fundamental difficulty:
Proposition 3.6 gives bounds on the valuations of not the zi (and thus the yi), but

on the linear forms z
(k)
i . One may use these bounds to deduce bounds on the zi as

well (as we have done for curves and surfaces) but in higher dimensions, situations
can occur in which the resulting inequalities on the si give a subset of Rn which has
dimension n. This means that these inequalities alone do not always give sufficient
criteria for the existence of a tropical tangent.

10.4. Higher codimension. Instead of increasing the dimension of X, it is nat-
ural to try to generalize our results by increasing the codimension of X. On the
one hand, the system of equations describing the conormal variety becomes more
complicated. On the other hand, if we e.g. restrict our attention to the case where
X is a curve, the combinatorial structure of Trop(X) is still quite manageable.

A natural starting point would be the case of space curves. This would be
especially interesting from the point of view of tropical duality as an involution,
since as we saw in Example 1.22, even for a smooth tropical surface Trop(X) in R3,
Trop(X∗) might be a curve.

10.5. Multiplicities. In §7, we have described a framework for calculating the
multiplicities of Trop(X∗), and applied it in the case of plane curves. It would be
very interesting to extend this to a description of the multiplicities in the case with
X ⊂ P3 a surface.

Armed with our description of Trop(X∗) along with the multiplicities, one would
be able to describe the Newton polytope of X∗. We believe that a (more com-
plicated) version of the statement of Corollary 1.3 should also hold for surfaces.
Lemma 8.3 applies to hypersurfaces in arbitrary dimension, so given any hypersur-
face X which is sufficiently generic with respect to its Newton polytope ∆, there is
some rule which will produce the Newton polytope of X∗; it is just a question of
describing this rule explicitly.



PROJECTIVE DUALS TO ALGEBRAIC AND TROPICAL HYPERSURFACES 47

References
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