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IMPERFECT BIFURCATION FOR THE QUASI-GEOSTROPHIC
SHALLOW-WATER EQUATIONS

DAVID GERARD DRITSCHEL, TAOUFIK HMIDI, AND CORALIE RENAULT

ABSTRACT. We study analytical and numerical aspects of the bifurcation diagram of simply-
connected rotating vortex patch equilibria for the quasi-geostrophic shallow-water (QGSW) equa-
tions. The QGSW equations are a generalisation of the Euler equations and contain an additional
parameter, the Rossby deformation length e =%, which enters in the relation between stream function
and (potential) vorticity. The Euler equations are recovered in the limit ¢ — 0. We prove, close to
circular (Rankine) vortices, the persistence of the bifurcation diagram for arbitrary Rossby defor-
mation length. However we show that the two-fold branch, corresponding to Kirchhoff ellipses for
the Euler equations, is never connected even for small values ¢, and indeed is split into a countable
set of disjoint connected branches. Accurate numerical calculations of the global structure of the
bifurcation diagram and of the limiting equilibrium states are also presented to complement the
mathematical analysis.
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1. INTRODUCTION

In this paper we investigate new aspects of simply-connected vortex patch relative equilibria satisfy-
ing the quasi-geostrophic shallow water (QGSW) equations. These equations are derived asymptot-
ically from the rotating shallow water equations, in the limit of rapid rotation and weak variations
of the free surface [28]. A key property of these equations, and of the parent shallow water equa-
tions, is the material conservation of ‘potential vorticity’, ¢, a quantity which remains unchanged
following fluid particles. The QGSW equations are given by

Oq+v-Vqg=0, (t,r) € Ry x R?,

V=",
- v=(A—e)ly
djt=0 = 40

where v refers to the velocity field, v is the stream function, V+ = (—=0,,0;) and ¢ € R. The
parameter £, when it is positive, is known as the inverse ‘Rossby deformation length’, a natural
length scale arising from a balance between rotation and stratification. Small & physically
corresponds to a free surface which is nearly rigid. For ¢ = 0, we recover the two-dimensional
Euler equations.

Historically, substantially more is known about vortex patch relative equilibria for the Euler
equations than for the QGSW equations. The most famous example is the exact analytical solution
for a rotating ellipse, found by Kirchhoff in 1876 [17]. This is in fact a non-trivial family of solutions
bifurcating from Rankine’s vortex, the circular patch (all axisymmetric vorticity distributions are
in equilibrium, by symmetry). Kirchhoff’s elliptical vortex is linearly stable when its aspect ratio
A € [1/3,1], i.e. when it is not strongly deformed from a circle, as was shown in 1893 by Love [19].
Love also discovered that there is a sequence of instabilities, at A = A, for m = 3, 4, ..., ordered
by the elliptical coordinate azimuthal wavenumber m. That is, A3 > Ay > ..., with A, — 0 as
m — oo [7]. Later, it was discovered that new branches of vortex patch equilibria bifurcate from
each of these instability points [4, 20], revealing that the equilibrium solutions of Euler’s equations
are exceedingly rich and varied. Analytical proofs and results on the boundary regularity were
given in [2, 3, 14, 15].

The ellipse is not the only solution which bifurcates from a circle. Deem and Zabusky in 1978 [6]
discovered, by numerical methods, m-fold symmetric vortex patch solutions for m > 2 which are
the generalizations of Kirchhoff’s ellipse. The near-circular solutions resemble small-amplitude
boundary waves. Their existence was proved analytically by Burbea [1] using a conformal mapping
technique and bifurcation theory. At larger wave amplitudes, the outward protruding crests of the
waves sharpen, ultimately limiting in a shape with right-angle corners. These corners coincide with
hyperbolic stagnation points in the rotating reference frame in which the patch is steady. From an
analytical point of view, this problem is still open and some progress has been recently made in [13].

In the present study, we generalize these vortex patch solutions further by exploring how they are
altered for the QGSW equations when ¢ € R* (the Euler case corresponds to e = 0). We focus on
€ < 1 where analytical progress can be made, but also present numerical solutions that confirm
the analysis and extend it to larger positive . A surprising discovery is a new branch of m-fold
symmetric solutions which do not bifurcate from the circle (below we exhibit the case m = 3).
This is an isolated branch and exists even for ¢ = 0.

Some relevant vortex patch solutions for the QGSW equations are already available in the litera-
ture. Polvani (1988) [24] and Polvani, Zabusky and Flierl (1989) [25] computed the generalization
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of Kirchhoff’s ellipse for various values of € (as well as for doubly-connected patches and for
multi-layer flows). Later, Plotka and Dritschel (2012) [23] carried out a more comprehensive
analysis of the generalized Kirchhoff ellipse solutions, including linear stability and nonlinear
evolution. In these studies, solutions were obtained numerically, starting near the known circular
patch solution. In all cases, the limiting states were found to be dumbbell-shaped, specifically two
symmetrical teardrop-shaped patches connected at a single point. This is in stark contrast with
Kirchhoff’s ellipse, which continues as a solution at arbitrarily small aspect ratio .

In fact, as shown in this study, there are other two-fold symmetric vortex patch solutions of the
QGSW equations. However, these are not on the branch of solutions connected to the circular
patch. We demonstrate numerically, then prove mathematically, that the Kirchhoff branch for
€ = 0 splits up into many disconnected branches for any € > 0. The limiting dumbbell state found
in the above studies is directly related to the limiting state of just one of the solution branches
bifurcating from the Kirchhoff ellipse at A = A4 found by Luzzatto-Fegiz and Williamson (2010)
[20] for € = 0. The other branch lies on a disconnected branch of solutions when £ > 0. The same
behavior appears to occur near all other even bifurcations, i.e. near A\ = Ag, Ag, ..., though we
only have numerical evidence for this at present.

The plan of the paper is as follows. In section 2, we describe the numerical method employed to
compute the vortex patch solutions. Results are then presented in section 3, both for the two-fold
and the three-fold singly-connected vortex patch solutions. The remainder of the paper is devoted
to proving the existence of m-fold solutions (in section 5), and proving that the two-fold solution
branch splits near A = Ay when |¢| < 1 (in section 6). We conclude in section 7 and suggest ideas
for future work.

2. NUMERICAL APPROACH

To navigate along equilibrium solution branches up to limiting states having corners on the patch
boundaries, it is necessary to employ a robustly convergent numerical method. Here we follow
Luzzatto-Fegiz and Williamson (2011) [21], employing a Newton iteration to find corrections to the
boundary shape from the exact condition

(2.1) Y(x) — %Q|a}]2 =C

expressing the fact that the stream functionstream function is constant in a frame of reference
rotating at the angular velocity €). Here C' is a constant, and in this section only x refers to the
vector position of a point with coordinates (x,y). For a single patch of uniform (potential) vorticity
q = 27, the stream function v is determined from the contour integral

(2.2) b(z) = ng(er) (@ — )y’ — (¢ — y)da)

where C refers to the boundary of the patch, r = |&’ — x| is the distance between &’ and x, and

the function H is given by
z2Ki(z) -1
22

(2.3) H(z) =

where K is the modified Bessel function of order 1 [23]. In the limit z — 0, relevant to the Euler
equations, H (er) reduces to +(Inr? — 1) plus an unimportant constant.

We start with a guess @ = @(1) for the shape of C. Here, following [10], we use a special coordinate
1 proportional to the travel time of a fluid particle around C from some pre-assigned starting point.
3



This coordinate simplifies the equations which must be solved at each step of the iterative procedure
correcting the boundary shape. The travel time ¢ is computed from

S dS,
24 = [ mo

where s is arc length measured from the starting point, and @ = V+ (¢ — 1Q|z|?) is the velocity in
the rotating frame of reference (here V+ = (—0/9y,d/0xz) is the skewed gradient operator). The
integral around the entire boundary, T, gives the particle orbital period, from which we define
the particle frequency €, = 27 /T),, a particularly useful diagnostic in which to characterize the
equilibrium patch solutions. From (2,, we define the travel-time coordinate as ¥ = (,t, where
t is given in (2.4). Notably, at equilibrium, @ is tangent to C. During the iteration to find an
equilibrium, this will not be exactly true, but the small discrepancy has no significant effect on
the convergence of the numerical procedure.

We correct the previous guess & at each step of the iteration by taking

() (gy, —7
(2.5) w:@+ﬂJ@g—ﬁ
|Zy]
where a 1) subscript denotes differentiation with respect to ¥}. This represents a normal perturbation
to the previous boundary, though the scalar function 7 has units of area. This choice of perturbation

leads to the simplest form for the linearized approximation to (2.1) and (2.2),
2m
(2.6)  2pn() —/0 () Ko(e|z(9') — 2(9)])d" — 5Q0z(9)|* = C — ¥(9) + 32/2(0)|* = R(Y)

where terms only up to first order in 7 have been retained, and we have additionally included a
perturbation Q) in the rotation rate Q2 =  + . Above, Kj is the modified Bessel function of
order 0, and notably Ky(er) reduces to —Inr plus an unimportant constant in the limit & — 0.
On the right hand side of (2.6), ¢ refers to the stream function evaluated using the previous guess
Z, i.e. using & in place of « in (2.2). This is a linear integral equation for 7 and possibly Q, but
its solution requires additional constraints. First of all, we require that the vortex patch area A
remains constant, and without loss of generality we may take A = w. This constraint gives rise to
an additional equation after linearising the expression for area

(2.7) A= 1¢xdy — ydx
2 Je
leading to
21
(2.8) /‘ﬁWMﬁ—A—A
0

where A is the area of the previous guess found by using Z in place of z in (2.7). If Q is held fixed
during the iteration (Q = 0), no further constraints are necessary. However, holding 2 fixed does
not allow one to negotiate turning points in the equilibrium solution branches [21]. If we let ) vary
(and thus be determined as part of the solution), we need to impose a further constraint. The most
natural is angular impulse:

(2.9) J= i 7% @ 2(zdy — ydz)

whose linearisation leads to the additional equation

27 B
(2.10) A 1Z(9))*H(9)dd = J — J
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where J is the angular impulse of the previous guess found by using Z in place of & in (2.9).

Numerically, the vortex patch boundary for an m-fold equilibrium is represented by n = 400m
boundary nodes, approximately equally spaced in . Upon each iteration, the travel time
coordinate is recomputed and the nodes are redistributed to be equally-spaced in 1, to within
numerical discretisation error. The algorithm for node redistribution is otherwise the same as
that introduced in [8] and uses local cubic splines for high accuracy. Also, the calculation of the
stream function 1 and velocity u = V11 by contour integration is described in [8], and further in
[9] for the QGSW equations (as used by [23] to determine the branch of 2-fold QGSW equilibria
bifurcating from the Rankine vortex).

The perturbation function 7(19) is represented as the truncated Fourier series

N
(2.11) N(v) = Z a;j cos(jmd)

§=0
which imposes even symmetry. The same symmetry is imposed for the node redistribution, so
only 201 boundary nodes are unique. Not all vortex patch equilibria have such symmetry [21],
but we restrict attention to symmetric equilibria in this study. A truncation of N = 32 was found
sufficient to produce results accurate to within the plotted line widths below. Accuracy is not
significantly improved when using larger N because ultimately the highest modes cos(jmd) for j
near N are poorly represented by the boundary nodes. In general, we find N ~ 0.08n/m ensures
the highest modes are adequately resolved, as judged by the decay of the Fourier coefficients a; for
7 large.

Note the coefficient ag is directly determined by area conservation. From (2.8), we find

A—A
(2.12) ag =5 .

This means that the stream function constant C' is determined by averaging (2.6) over ¢, and

thus C' is generally determined from all of the a, and Q. However, C' is not needed to find an
equilibrium, so this calculation need not be done.

We solve (2.6) for a, (n > 0) — together with (2.10) for  when Q is allowed to vary — by

substituting (2.11) into (2.6), then multiplying both sides by 7! cos(im1}), and finally integrating
over 9. This results in the linear system

N
(2.13) > Aja;—-BQ=Ci,  i=1,2,., N
j=1
where the matrix elements A;; and vector components B; and C; are given by

1 27 27
Aij = Qi — 77/0 /0 cos(im1) cos(jm' ) Ko(e|z(¥') — 2(9)|)d' dv

1 27

(2.14) B = — |Z(9)|? cos(ima))dd)
2w 0
1 2w
Ci = / R(9) cos(imv))dd
T Jo

where 0;; is the Kronecker delta. Notably, A;; = Aj;;. Care is taken to avoid the logarithmic
singularity in Ky(er) by separating this function into a singular part S = —In(1 — cos(¥ — ¥9)),
5



which can be integrated analytically (and contributes —md;;/(im) to A;;), and a non-singular
remainder Ky — S which is integrated by two-point Gaussian quadrature. The same numerical
quadrature is used to compute B; (if Q # 0) and C;. The area constant ag from (2.12) is ignored
at this stage and is added after the linear system (2.13) is solved.

When  is held fixed, we have Q = 0 in (2.13) above, and then (2.13) may be directly solved for
the coefficients a;, j = 1, 2, ..., N. Otherwise, we need to add another equation in order to also

obtain 2. We do this by fixing the angular impulse and thus use (2.10). Inserting (2.11) into (2.10)
and dividing by 27 results in the further linear equation

(2.15) ZB% ]

2

(again ignoring the area constant ap). If we tag —Q to the end of the vector of coefficients
(a1,a2,...,an), we obtain a symmetric linear system for this vector, which is easily solved by
standard numerical linear algebra packages. Only at this stage do we add ag from (2.12) and fully
determine 7j(¢}) from the sum in (2.11). We then obtain a new guess for the vortex boundary shape
from (2.5), and accept this as the converged solution if the maximum value in |z — Z| < 1077
Otherwise, we use x as the next guess & and repeat the above procedure.

The above explains how we obtain a single equilibrium state for either fixed rotation rate Q or
fixed angular impulse J. To obtain a whole family of states or solutions, after convergence to
one state, we slightly change either Q2 or J and search for the next state using the same iterative
procedure described above.

This approach fails when we reach a turning point in either  or J. When this happens, we
switch the control parameter (e.g. instead of changing Q2 we change J) and continue to the next
turning point. Fortunately, the turning points for Q2 and J are almost never coincident, so this is
an effective strategy. A more elaborate strategy was followed in [21], but the proposed strategy
has been found to be highly effective. We always reach limiting states containing near corners on
their boundaries, beyond which there are no other states with the same topology.

We note for completeness that the above procedure is readily generalized to study multiply-
connected vortex patch equilibria. The primary change is that the constant C and all functions of
¥ in (2.6) acquire a k subscript (denoting the kth patch boundary or contour), while all functions
of ¥ acquire an ¢ subscript. Furthermore, the integral is now summed over all contours ¢ and
multiplied by the uniform potential vorticity g,. Each contour must also satisfy an area constraint
like (2.8), with n and A supplemented by k subscripts. If angular impulse is fixed, additionally
(2.10) must be satisfied. Here again all functions of ¢ acquire a k subscript, and the integral
must be summed over k£ and multiplied by the uniform potential vorticity gr. The impulse is an
invariant of the entire vortex system.

The procedure also generalizes to cases in which the vortex patches steadily translate rather than
rotate. In this case, without loss of generality, we may suppose that the patches translate in the
x direction at speed U. The only changes then required in the procedure described above is to
replace %Q|:i\2 by —Uy and to impose linear impulse conservation,

(2.16) Z qzcglg Y (zrdyy, — yrdar).
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When searching for equilibria of a fixed linear impulse I, an additional equation is required to
determine the perturbation U to the speed U. This is found by linearising (2.16) after substituting
(2.5), supplemented by k subscripts, yielding

27
Ur()e(9)d =T — 1
0

(2.17)
Ek:qk/

where I is the linear impulse of the previous guess found by using Z; in place of x; in (2.16).

Various diagnostics may be used to characterize the equilibrium vortex patch solutions. For the
symmetric m-fold solutions studied here, the only other non-zero invariant besides angular impulse
is the ‘excess’ energy F, as defined in [23]. For a single patch of area A = 7, this is determined
from

(2.18) =" (ne/2) +7) - - é ;é H(en)[(@ — 2)-d2’][(a — )-da]

where v = 0.5772... is Euler’s constant, » = | — @'|, and H(z) is defined in (2.3). This expression
for E has a finite limit as ¢ — 0, and equals the excess energy for the Euler equations (see
discussion in appendix B of [23]). For a circular patch, £ = 7/16 when € = 0.

The energy and angular impulse are important since minima or maxima of these quantities, as a
function of a control parameter like €2, generally indicate changes in stability. In the results below,
we have confirmed this by a direct linear stability analysis outlined in [10] and used previously in
[23].

3. NUMERICAL RESULTS

3.1. 2-fold vortex patch equilibria. We begin by discussing 2-fold symmetric vortex patch
equilibria, in particular the structure of the solution branches for small €. This structure is
illustrated in two ways for € = 0.01 in figure 1.

This figure shows the difficulty in distinguishing solution branches when a conserved quantity
like J or E is plotted versus the control parameter 2. On the other hand, €, versus ) fully
opens the branching structure, enabling one to see the separation in the branch stemming from
the circular vortex having Q = i (beyond the upper right corner of the figure) from the next
branch. In panel (b), the separate branches are coloured, with the primary one being black,
the second one blue (partly overlaid by the third one in red), etc. The blue, red, green and
cyan branches all have the same general form. They rise at larger €2 from small 2,, reach
a maximum in €),, then fall at smaller 2. If we could reach the limiting states having one
or more stagnation points on the vortex boundary (where the boundary exhibits a corner), we
would find €2, = 0 since it would take an infinite time for a particle to circulate around the boundary.

The separation of these branches becomes increasingly difficult to see as 2 decreases; however, at
the larger value of ¢ = 0.1 (shown in figure 2), we can clearly see the second branch separating
from the third. We believe this is a generic feature for all £ > 0: all branches separate.

The uppermost branch of solutions stemming from the circular vortex was computed previously

by [23], and at that time was thought to be the only branch of 2-fold solutions. The limiting

state is a dumbbell shaped vortex touching at a single point at the origin. On the second

branch, there are two limiting states. The one having the largest 2 has a rugby-ball shape

with right-angled corners at the outermost tips. The other limiting state has the form of an
7
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FIGURE 1. Solution branch structure for 2-fold vortex patch equilibria when ¢ =
0.01. In (a), we shown the particle frequency €, versus rotation rate €, while in
(b) we show 7/2.J versus  and render separate branches in different colours. Note,
for a circular vortex patch, J = 7/2. The upper right branch is not shown in its
entirety; it begins at the circular patch with Q = % and ), = i. Also, only the first
five branches of an infinite set of them converging on 2 = 2, = 0 are shown.
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FIGURE 2. Solution branch structure for 2-fold vortex patch equilibria when ¢ = 0.1.
Here, only 2, versus (2 is shown.
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FIGURE 3. Form of the (near) limiting solutions (black contours) and the co-rotating
stream function (blue) for (a) the end of the first branch, (b) the start of the second
branch, (c¢) the end of the second branch, and (d) the start of the third branch.
Note: ‘start’ and ‘end’ correspond to ‘right’ and ‘left’ respectively in figures 1 and
2.

array of three vortices connected at two stagnation points. This pattern continues for the
other branches, with the vortex become increasingly elongated. The (near) limiting states are
illustrated in figures 3 and 4 together with the stream function in the co-rotating frame of reference.

Key properties of the two-fold limiting states for € = 0.01 are provided in Table 1.

3.2. 3-fold vortex patch equilibria. We next turn to 3-fold symmetric vortex patch equilibria,
first studied by Deem and Zabusky in 1978 [6] for the Euler equations (¢ = 0). Here we discuss
the structure of the solution branches for a wide range of ¢.

The most surprising result is that there is a disconnected branch of solutions, not terminating
at either end at the circular Rankine vortex. This was discovered by increasing ¢ and finding a
change in the topology of the limiting states between ¢ = 3.5 and 3.6. This is associated with
a bifurcation in the structure of the solution branches, as shown in figure 5. For ¢ = 3.5 (black
curves), the branch starting from the circular patch in the upper right corner reaches a minimum
in Q at = 0.007704627, then increases and finally decreases approaching the limiting state. (In
fact dQ2/dQ, likely changes sign an infinite number of times before reaching the limiting state at
), = 0.) This limiting state is triangular (albeit with curved sides), and has the same form as
found for the Euler equations (¢ = 0) in [6] (see below). For ¢ = 3.6 (blue curves), the branch
starting from the circular patch in the upper right corner also reaches a minimum in €2, but then €2
increases and limits to a significantly smaller value as €2, — 0. This limiting state resembles three

petal-like vortices connected at a single point at the origin. This state is also the limiting state of
9



N

iy

o

fury

N

2.0

1.5
1.0
0.5
= 0.0
-0.5
-1.0
-1.5
-2.0}

T

/

\

I\J

iy

o

iy

N

z
=] [=]

i

FIGURE 4. Form of the (near) limiting solutions (black contours) and the co-rotating
stream function (blue) for (a) the end of the third branch, (b) the start of the fourth
branch, (c) the end of the fourth branch, and (d) the start of the fifth branch.
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| Branch || Q | w/2] | 16E/7 |

la 0.250000 | 1.000000 | 1.000000
1b 0.106827 | 0.317246 | —0.456852
2a 0.159754 | 0.471293 | 0.110399
2b 0.076297 | 0.195486 | —1.231673
3a 0.107035 | 0.272772 | —0.692599
3b 0.059980 | 0.142097 | —1.777402
4a 0.080209 | 0.191364 | —1.268668
4b 0.049782 | 0.113129 | —2.181805
5a 0.064135 | 0.147404 | —1.714846
5b 0.042700 | 0.094682 | —2.504112

TABLE 1. Key properties of the (near) limiting states for ¢ = 0.01 for the first 5
branches shown in figure 1. In the first column, ‘a’ denotes the start of a branch
while ‘b’ denotes the end of it.

three identical co-rotating vortex patches, first studies in [10]. Having determined that there is a
bifurcation in the solution branch structure between ¢ = 3.5 and 3.6, a new branch was discovered
by taking the near limiting solution for ¢ = 3.6 and gradually decreasing ¢ to ¢ = 3.5, holding
the angular impulse fixed (£2 must be allowed to vary). In this way, we could find a solution on
the black separated branch next to the blue one (the middle pair of curves in the lower part of
the figure with 2 ~ 0.007). Having found one solution, we could then continue in both directions

10
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FIGURE 5. Solution branch structure for 3-fold vortex patch equilibria when ¢ = 3.5
(black) and € = 3.6 (blue). The branches start at the circular vortex patch solution
in the upper right portion of the graph.

FIGURE 6. Form of the (near) limiting solutions (black contours) and the co-rotating
stream function (blue) for the state with (a) the smallest €2, (b) the intermediate
value of 0, and (c) the largest 2. Here ¢ = 3.6, corresponding to the blue curves in
figure 5.

to find the limiting states on this separated branch. (The blue separated branch can be found
similarly by jumping from the black separated branch at small €.) One of these limiting states
is the petal-like state just described. The other, at the smallest 2, is a new state consisting of a
triangular central vortex attached to three petals — a four vortex state. These limiting solutions
are illustrated for ¢ = 3.6 in figure 6.
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Q@ | w/2] | 16E/7 |

0.333333 | 1.000000 1.000000
0.301234 | 0.885055 | 0.835043
0.122420 | 0.290564 | —1.002261
0.113192 | 0.272230 | —1.110795

TABLE 2. Key properties of the three-fold (near) limiting states for e = 0.

“0.10 015 0.20 025 030 035

F1GURE 7. Solution branch structure for 3-fold vortex patch equilibria when ¢ =
0 (the Euler equations). The primary branch starts at the circular vortex patch
solution in the upper right portion of the graph. There, Q = % and 2, = %. The
separated branch is new. The blue portion of the primary branch is linearly stable
while the red portion and the entire separated branch is linearly unstable.

By continuing to jump branches from one value of € to another, we were able to determine that
separated branches exist over a wide range of ¢, and likely for all e. As ¢ — 0, the separated
branch moves far from the primary branch stemming from the circular patch, as shown in figure
7. The limiting states are qualitatively similar to those for ¢ = 3.6 and are shown in figure 8. Key
properties of the three-fold limiting states for ¢ = 0 are provided in Table 2.

The limiting solutions all appear to exhibit corners on their boundaries, though it is impossible to
accurately resolve these corners with the numerical algorithm developed. Zooms of a small portion
of the near-limiting solutions in figures 8(a—c) are shown in figures 9(a—c) respectively. Both (a)
and (c) appear to limit to right-angled corners, consistent with the analysis of Overman (1986) [22],
who demonstrated that the tangent angle through an isolated corner as in (c) must turn by 90°,
and that this result also holds for doubly-connected states close to that in (a). The situation in (b)
is different. This is close to the limiting triply-connected state found in [10], and the corner angle
(in the sectors of rotational fluid) depends on the rotation rate of the equilibrium. [22] estimates
12
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FIGURE 8. Form of the (near) limiting solutions (black contours) and the co-rotating
stream function (blue) for the state with (a) the smallest €2, (b) the intermediate
value of 2, and (c) the largest Q2. Here e = 0, corresponding to the Euler equations.
The state in (c) at the end of the primary branch of solutions was discovered in [6];
the state in (b) was discovered in [10], while that in (a) is new.
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—0.02- —0.02- —0.02-
—0.04 —0.04- —0.04-
0400 0425 0450 0475 —0.050 —0.025 0.000 0.025 0.05 1375 1400 1425 1.450
X X s

FIGURE 9. Zooms showing the vortex boundaries corresponding to the near-limiting
states exhibited in figures 8(a—c). The additional blue lines in (a) and (c) cross at
90°, while those in (b) cross at 60°. In (a), the image is centred at (z,y) = (0.444,0),
while in (c) it is centred at (v/2,0).

this angle to be approximately 46° (using 2 = 0.122420 from Table 2, the angle is found to be
closer to 46.9°). The evidence in figures 9(b) is however inconclusive.

A more complete picture of the bifurcation structure of the three-fold patch solutions for various
values of ¢ is provided in figure 10. Each value of ¢ is seen to have a separated branch which exists
at values of ) smaller than that of the limiting circular patch solution. In all cases, this separated
branch is linearly unstable. Portions of the primary branch are also unstable, though there is a
window of stability for all € > 0. The nonlinear evolution of the unstable states is deferred to

another study, but the instabilities often leave a time-dependent pulsating state.
13
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F1GURE 10. Solution branch structure for 3-fold vortex patch equilibria for various
g, as labelled. Blue portions of the curves are linearly stable while red portions
are linearly unstable, as determined by a full linear stability analysis (following [10]
and [23]). The uppermost blue curve connects the limiting circular patch solutions
continuously as a function of €. Note: small gaps between the blue and red por-
tions of the curves appear because successive equilibria are separated by non-zero
increments in €2 or J. Thus gaps occur where there is a change in stability.

4. TOOLS USED FOR THE MATHEMATICAL ANALYSIS

The purpose of this section is to review and collect some technical tools that are used throughout
the remainder of this paper. We first recall some simple facts about Holder spaces on the unit
circle. Second, we discuss basic properties of modified Bessel functions. Last we state the classical
Crandall-Rabinowitz theorem and give a generalized version with a parameter.

4.1. Notation. Here we introduce some notation that is used in the forthcoming sections.

e The unit disc of the plane and its boundary will be denoted by D and T, respectively.
e We denote by C any positive constant that may change from line to line.
e For a given continuous function f: T — C, we define its mean value by

} frar 2 o [ oy,

where dr stands for the complex integration.

Let X and Y be two normed spaces. We denote by £(X,Y") the vector space of all the
continuous linear maps endowed with its usual strong topology.

Let Y be a vector space and R be a subspace, then Y/R denotes the quotient space.

4.2. Modified Bessel functions. This section is devoted to some classical properties of Bessel
functions of imaginary argument. We start with the Bessel function of the first kind and order v
14



given by the expansion
400 2\ V+2m
(_1)m (f)
J = g :
v(2) — m!T(v+m+ 1)’ larg(2)] <7

Note that this sum converges in a classical way provided that I'(v + m + 1) exists for any positive
integer. In addition, for v = n € Z it is known that Bessel functions admit the following integral
representation:

1 s
VzeC, Ju(z)= / cos(nf — zsin 0)do.
0

7
Bessel functions of imaginary argument, denoted by I, and K, are given by
+oo (z)u+2m
I(2) = 2 : <
v(2) mzomll“(l/—i-m—i- 1) jarg(z)] <

and
7l y(2) — L(2)

2 sin(vm)

K,(z) = ,veC\Z larg(z)| <.

However, for v = n € Z we set K,(z) = ligl K, (z). At this stage we recall useful expansions for
K,, that can be found for instance in [29, p. 79-80],

(4.1) Ky(z) = —log < ) )+ Z % Pv(im+1), Kj(z) =—-Ki(2),

m:0

(1) =—vy and VYmeN*, ¢P(m+1) Z
k=1

?’r\H

In addition, for n € N*
+o0 (§)n+2m

1 1
Ku(z) = (1030 2 [ 1og (Z) - 5 1) - = 1
(2) = (1) Zm!(n+m)!<0g 5) —R¥(m+1) = gu(n+m+1)
! — (n—m—1)!
Z )n 2m .
Another useful property is the positivity of I,, and K,,. In fact, for any n € N we have
(4.2) Ve >0, In(x) >0 and Kp(z)>0.

The first one is obvious from the definition since each term in the sum is strictly positive. As for

the second one, it can be deduced from the following integral representation found in e.g. [29, p.
181],

+o00
(4.3) K,(z) = / e * 0t cosh(wt)dt.
0

Another useful identity found in [29, p. 441] deals with Nicholson’s integral representation of
I,(2)K,(2): forneN

(4.4) I,(2)K,(z) = 2= (2z cos 0) cos(2nh)do.

15



For the convenience of the reader, we next describe the relationship between Ky and the Green
function associated with Helmholtz’s operator in two-dimensional space. Let ¢ € R* and consider
in the distribution sense the equation

(—A+eH)G. =6y, in S'(R?).
Then using a Fourier transform we obtain

~ 1

G = —,

O grra

Thus by a scaling argument, we have

Vé e R

' 1 eix-£
G.(r) = Gy(ex), with Gi(z) = An2 /R2 T‘g‘?dg'

Hence, a change of variables using polar coordinates yields
1 —+o00 r 21
Gi(z) = 7 ), 1+702/0 cos(|x|r cos §)dbdr
1 [T
_ L ten,,
27T 0 1 —+7r
1
= —K
)}

where in the last line we have used an identity from [29, p. 425]. As an application we show how
to recover the velocity from the domain of the patch in (1.1). In fact, if D is a smooth bounded
simply-connected domain and ¢ = 1p, then from the foregoing results the stream function v, which
is the solution of the elliptic equation

(A-e*)p=1p
is given explicitly by

vle) = =5 | Kollella = s 1p()dA()

where dA denotes the planar Lebesgue measure. It follows that the velocity induced by the patch
v = V1 takes the form

(4.5) o(e) = — /a  Ko((elle = €l)de.

- 2
where the integration should be understood in the complex sense.
4.3. Boundary equations. In what follows we state the boundary equation of a rotating patch.
First, the initial data ¢y = 1p generate a rotating patch about the origin with uniform angular
velocity €2 € R if ‘
q(t) =1p, with D, =¢"D.
We may check that this is equivalent to
(v(z) — Qat) -ii(z) =0, Vxe€dD

with 7i(x) being the unit outward normal vector to the boundary at the point x. The velocity v
induced by qq is given by (4.5). Using complex notation we find that

Yw e T, G(g,Q,P)(w) =0,
with

G(e,9, ®)(w) = Im {Q@(w)@’(w)w - @’(w)w]_[r o' (1)Ko (|€H<I>(w) - @(T)y)dT}

16



and ® : T — C is at least a C'' parametrization of the boundary. Actually, we may add a constant
term in the kernel K without changing the equation. Thus according to the singularity structure

of Ky near the origin detailed in (4.1) the suitable constant to add is log (%) Therefore

(4.6) G(g,Q,?)(w) =Im {Q@(w)@’(w)w — @’(w)w]ﬁ ' (1) Kj(|®(w) — (I)(T)Dd’i'}
with
K§() 2 Ko(lelr) +log (1el/2).

If we let € — 0, then without surprise we get the vortex patch equation associated with the Euler
equations described for example in [15]:

Gr(Q,®(w)) = Im{ (QW+ % ]{ WQ/(T)dT>w@/(w)}.

One may notice that
(4.7) G(0,92, ®(w)) = ~Gp(9, D(w)).

Indeed, starting from the general formula

e L[ €%
]ﬁDlog\z lde = QéDg_zdf

we find by a change of variables

(4.8) ]{log(@(w) —®(7))®'(1)dr = _1/|' M@’(ﬂdr
Thus

Gp(Q, d(w)) = —Im{ (Q@(m + ﬁlog(]@(w) —B(r)))® (T)df)wqw(w)}.
It suffices now to use the expansion (4.1) to deduce that

Vo #0, lim K§(z) = —log(z/2)
e—0

and thus we find (4.7).

5. BIFURCATION TO m—FOLD SYMMETRIC VORTEX PATCH EQUILIBRIA

The main task of this section is to prove the existence of rotating m-fold vortex patch (relative)
equilibria, or ‘V-states’ [6], for the QGSW model given by (1.1). In the first section we state our
main result. The proof is carried out in several steps and is detailed in different sections. The basic
tool is the classical Crandall-Rabinowitz’s theorem, and for the study of the imperfect bifurcation
we need a slight generalization of this theorem.

5.1. Main result. We first state our principal result concerning the existence of a countable family
of bifurcating curves with m-fold symmetry from Rankine (circular) vortices. More precisely, we
obtain the following result.

Theorem 5.1. Let € € R, then for each integer m > 1 there exists a curve (or branch) of m-fold
rotating vortex patches bifurcating from the unit disc at the angular velocity

Qn(e) = Ll Ki(lel) — Im(le)) Km(le])-
17



Moreover, the existence is uniform for vanishing €. More precisely, there exists a > 0 and contin-
uous functions ¢ : (—a,a)® =R, ¥ : (—a,a)? = C1TY(T) satisfying

m—1
£(0.0)= 2,0) =L y(0,0) =0
such that
Q= s), Y sw)= Z Anm—1(g, s)@"™ !
n>2
and

G(e,p(e,8),w + sw™ ! + s¢(e,5,w)) =0,V (e,5) € (—a,a)?, VweT.
Recall that the function G defining the vortex patch equation is given by (4.6).

Remark 5.2. On the one hand, the case m =1 is trivial. It corresponds simply to the translation
of the unit disc, and with the notation of the theorem we have ¥(g,s,w) = 0. On the other hand,
the reqularity of the boundary is not at all optimal; like for the Fuler equations we guess that it
must be analytic, see [3, 14].

Remark 5.3. It is known that for the Fuler equations the bifurcation diagram of simply connected
vortex patches is organized around Rankine vortices through a countable collection of pitchfork
curves (one for each symmetry). Theorem 5.1 shows that locally this structure is preserved for any
perturbation size of € and therefore there is no symmetry breakdown. This is not the case however
for the bifurcation diagram close to Kirchhoff’s ellipse, as discussed below in Section 6.

The proof of Theorem 5.1 is a consequence of the materials developed in next sections. Actually, the
first part of Theorem 5.1 follows from Theorem 5.4, Proposition 5.7, and Proposition 5.9. However
for the second part dealing with the stability of Eulerian branches under small perturbation on ¢,
we need to make use of Theorem 5.5.

5.2. Crandall-Rabinowitz’s Theorem with a parameter. The main objective of this section
is to formulate suitable conditions for the bifurcation from the trivial solutions of a general nonlinear
equation of the type

F(e,\,z)=0, F:RxRxV =Y

with Y a Banach space and V' a neighborhood of 0 in some Banach space X. We assume that F’
is smooth enough and
YA, F(0,),0) =0.

The starting point is that for € = 0 we know the structure of the bifurcation diagram near the trivial
solutions and it is of interest to understand how its geometric structure varies with respect to an
arbitrary perturbation in €. This is called an imperfect bifurcation. This subject is well developed
in the literature starting with the pioneering work of Golubitsky and Schaeffer [11], who classify
the bifurcation diagram in a general setting using tools from the theory of singularities. Various
particular studies related to the present study have been carried out over the last few decades, and
one may consult for instance [18, 27] and the references therein. In what follows we formulate some
results dealing with imperfect bifurcations with symmetry persistence. This phenomenon occurs
especially when the trivial solutions do not vary with respect to the parameter ¢, that is

VA, Ve, F(g,),0) = 0.

For the steadily-rotating vortex patch solutions of (1.1), these are precisely the suitable conditions
enabling a detailed study of the bifurcations from the unit disc. Next we recall the classical theorem
of Crandall-Rabinowitz [5] concerning bifurcations from trivial solutions. This will be applied to
get the first part of Theorem 5.1 when ¢ is fixed at an arbitrary value.
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Theorem 5.4. Let X,Y be two Banach spaces, V' be a neighborhood of 0 in X and let
F:RxV—>Y

with the following properties:

(1) F(A,0) =0 for any A € R.

(2) The partial derivatives Fy, F, and Fy, erxist and are continuous.

(3) Ker(0,F(0,0)) = (xo) and Y/R(0,F(0,0)) are one-dimensional.

(4) Transversality assumption: 0x\0,F(0,0)xo & R(0,F(0,0)).
If X is any complement of Ker (0,F(0,0)) in X, then there is a neighborhood U of (0,0) in R x X,
an interval (—a,a), and continuous functions ¢ : (—a,a) - R, ¢ : (—a,a) — Z such that ¥ (0) =0,
»(0) =0 and

{(\2) €U, F(\z) =0} = {(w(s), szo + 56(s)) ; |s| < a} U {()\, 0): (\,0) € U}.

The next result deals with a slight generalization of the preceding Crandall-Rabinowitz’s theorem
to include a parameter. This allows us to treat the stability of the bifurcation diagram under a
small perturbation. This will be the cornerstone of the proof of the second part of Theorem 5.1.

Theorem 5.5. Let X,Y be two Banach spaces, V' a neighbourhood of 0 in X and let
F:(-1,L1) xRxV =Y

be a function of class C' with the following properties:

(1) F(e,A,0) =0 for any e € R and X € R.

(2) The partial derivatives Fy, Fy, F, and F), ezist and are continuous.
(3) Ker(9;F(0,0,0)) = (zo) and Y/R(9;F(0,0,0)) are one-dimensional.
(4) Transversality assumption: 0x0zF(0,0,0)zo ¢ R(0:F(0,0,0)).

If X is any complement of Ker (0;F(0,0,0)) in X, then there is a neighborhood U of (0,0,0), an
interval (—a,a), with a > 0, and continuous functions

Y:(—a,a)> >R, ¢:(—a,a)® = X
such that ¢(0,0) =0, 1(0,0) =0 and

{(5,)\,33) el F(g,\z) = 0} = {(6,w(5,s),sxo+s¢(5,s)) 5 el Is| < a}U{(s,/\,O); (e,),0) € U}.

Proof. The proof is a simple adaptation of [5]. Let (wg) be a complement of Y £ R(9,F(0,0,0))
in Y. Then
X=(rg)X and Y = (wy) d)Y.
Consider the projection P : X — (xg) on (xg) along X given by
r=sx90+ 2, 2z € X = Px = sxg

and similarly define the projection @ : Y +— (wq) on (wp) along Y. Then the equation F(g, \,z) =0
is equivalent to the system

Fi(e,\,5,2) 2 (Id - Q)F(g,\,s29+2) =0 and QF(e, \, sz + 2) = 0.
It is clear that for some 1 > 0, the function
Fi: (-1, 1) xRx (—=m,n) xU = Vm
is C! with U a small neighbourhood of 0 in X . Moreover, it is not difficult to check that

8.F1(0,0,0,0) = (Id — Q)9 F(0,0,0) : X — Y
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is an isomorphism. By the implicit function theorem, the solutions of the equation Fj(e, A, s,2) =0
are described near the point (0,0,0,0) by the parametrization z = (e, A, s) with

0:(=6,6>=X, 6§>0
being a C! function. Therefore we obtain
(5.1) (Id — Q)F(s, A, sxo + (g, A, s)) =0,Ve|, |\, |s| < 0.
Consequently, solving the equation F'(g, A\, z) = 0 close to (0,0, 0) is equivalent to
Fo(e, A, s) £ QF (g, A, sz0 + ¢(g,\,8)) =0, Ve, |Al|s] < 4.
Using the assumption F'(g, A\,0) = 0, for any € € R and A € R, one deduces by uniqueness that
(5.2) (e, A,0) =0, V|e|,|A\| <.
Now differentiating equation (5.1) with respect to s we get
88((Id —Q)F (5, \, 520 + (e, \, s))) = 0,Y]e], ||, |s| < .

In particular we deduce for s =0

(Id — Q)0 F (g, X, (g, A, 0)) (w0 + Os¢p(e, A, 0)) =0,
which implies, in view of (5.2), that

9:F(0,0,0) (95¢(0,0,0)) = 0.
This gives J5¢(0,0,0) € (xg), but from the definition one has d5¢(0,0,0) € X and consequently
(5.3) 0s¢(0,0,0) = 0.
Hence there exists a continuous function ¢; : (—d,6)% — X such that
w(e, A, s) = sp1(e, A, s) and ¢1(0,0,0) = 0.

Set

o [ QF (e, A szo+p(e, A 8))/s, s#0
(5.4) g(e, N, 5) = { QO F (g, 8) (20 + Os0(e, M, 0)], s=

Note that g is continuous and

9(0,0,0) = Q0. F(0,0,0)xo = 0.
Moreover, thanks to (5.2) one may easily check that

(e, A, 0) =0, Vie|, |A| < 0.

Consequently, the partial derivative 0)¢g exists, it is continuous and satisfies

0,9(0,0,0) = Q00 F(0,0,0)x(.
From the transversality assumption we find

0,9(0,0,0) # 0.
Hence we can use a weak version of the implicit function theorem, see Appendix A in [5], and
thus find that the solutions of g(e,A,s) = 0 near the origin are parametrized by a C' surface
Y : (—a,a)? = R such that A\ = ¢(e, s) and
g(e, (e, s),s) =0,Ve|,|s] <a,a>0.
Therefore the non-trivial solutions of the equation F'(e, \,x) = 0 near the origin are parametrized
b
Y A=1Y(g,s), x=sxo+sp1 (6,w(5, s), s) 2 sxo + s¢(e,s), Vs, |e| < a.
This completes the proof of the desired result. O
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5.3. Function spaces I. In this section we introduce the function spaces used below in studying
the bifurcation from the unit disc. For a € (0, 1), we set

:{feCH%)stieTf E:hw heR}

and
Y = {g € CYM),st.Vw e T, g(w Zgnen ,gn € R} with e, (w) = Im(w™).

As discussed below, the m-fold symmetric vortex patch solutions are essentially arising from bifur-
cations in the more restrictive function spaces

—{fexstieTf }:nmiﬁml}

and
Y., {gEYstieTg Zgnenm }

Of course, the spaces X and X,, are equipped with the strong topology of C'T® whereas Y and
Y,, are equipped with the strong topology of C'*.
Next we recall the following lemma (see e.g. [12, 14]).

Lemma 5.6. Let = {(w,w),w € T} and let K : Tx T\ > C be a measurable function with
the following properties. There exists C > 0 such that,

K (w,7)| <C, V(w,7) ¢
and that for each T € T, the function w € T\ {7} — K(w,T) is differentiable and
C

jw— 7]

]%Kmmﬁg

Then the operator
To(w) = | K(w,T)p(r)dr,
T
sends C*(T) to L>(T) for any a € (0,1) with

IT¢lla < CaCllglloo, © € L7(T),

where Cy, depends only on .

5.4. Regularity of the functional I. The main goal of this section is to study the regularity
properties required by Theorem 5.4 and Theorem 5.5 for the functional G introduced in (4.6).
Denote by B, the ball of center Id and radius r in the space X and B]" the same ball in the
space Xp,.

Proposition 5.7. There exists r € (0,1) such that for any «a € (0,1) the following holds true.

(1) G:RxRx B, =Y is of class C1. It is at least of class C3.

(2) The restriction G : R x R x B® —'Y,, is well-defined.
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Proof. The proofs are classical and can be performed in a similar way to those of [12, 14], using
Lemma 5.6 in particular. Some details will be given later in the subsection 6.3. Thus we only sketch
the proof of the symmetry given in point (2). The spaces that used are described in subsection 5.3.
Recall that

+o0
B:n = {CI) € Xm, ”(I) - IdHCl+a(T) < T}, CI)(U)) = w4+ Z fnm—lwnmil
n=1

and

Gle,Q,®) = Im{ (20 (w) ~ Iz, D) (w)) @/(w)w}
with
I(e, ®)(w) = ﬁ@’(T)KO(w@(w) ~a(r))dr.
We begin by checking that G(e, 2, f) belongs to Y;,. It is enough for that purpose to prove that

2im

G(e,Q, D) <emw> =G(e,Q,P)(w), Yw € T.
Note that

(5.5) q><ezii’w> = e'm D(w), @ (Jifw) = @' (w)

and thus the property is obvious for the first term Im {Q@(w)@’(w)@}. For the last term of G, it
is enough to check the identity,

21

I(e, ®) (Jifw) = em I(e,®)(w), Yw € T.

1)

LT

This follows simply by making the change of variable 7 = em &:

2 2im 2 2im 2im
T
2im

= f @’(T)KO(\dy@(w) - @(7)|)d7

2im

=em I(g,D)(w).
This ends the proof. O

5.5. Spectral study. In this section we compute the linearized operator at the trivial solution of
the functional G introduced in (4.6). We prove that it acts as a Fourier multiplier with symbol
related to modified Bessel functions. This allows us to describe the full range of €2 corresponding
to non-trivial kernels. Finally, we check that for these values of (2 all the assumptions of Crandall-
Rabinowitz’s theorem are satisfied.

5.5.1. Structure of the linearized operator. We prove the following result.

“+oo
Proposition 5.8. Let h: w — Z a,w" € X, then
n=0

+oo
DyG(e, Q1) (h)(w) = Y an(n+1) (QnH(E) - Q) eng1(w), with e (w) = Im(w™)
n=0
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and
Qm(e) = Li(leDKi(le]) = Im(le]) Km(Je])-

Proof. Without loss of generality, we may assume that ¢ > 0. Now, for given A € X, one may
deduce from straightforward computations that

(5.6) DyG(e, @, 1) (h) (w) = Lo(h)(w) + L1 (k) (w) + La(h)(w)
with
Lo(h)(w) = QTm {h(w)w + W(w) |

Li(h)(w) = Im{ —h’(w)w]{Ko(e\w — T\)dr —w]_[rh/(q—)Ko(e\w — T\)dT}

and
Re( (h(w) — h(T))(w -7
£2(h)(w)=51m{ —w]£ (( |w_T|)( )>K6(€w—7')dr}.

We begin with the easier term Lo(h)(w) whose computation is straightforward:

+o00
(5.7) Lo(h)(w) = =" anQ(n + en 1.

n=0

For £1(h) we first use the change of variable 7 +— wr

L£1(h)(w) = Im {—h/(m]ﬁm)(gu ~rl)dr - fTh'(Tw)Ko(gu _ Ty)df}

which implies that

+oo
Ly(h)(w) = — Znan []{_KO(EH — 7-|)(?N+1 _ 1)d7’] Entl-
n=1

We focus on the integral term involving in £1(h)(w). By symmetry arguments we obtain

1 2m
][ Ko(e]1 - T\)(?”‘H —ldr = o Ko (2esin(0/2)) ( cos(nb) — cos §)do
T T Jo
9 s
= = /2 Ko (2¢esin 0) ( cos(2nd) — cos(26))do

T Jo

2

= = /’2’ Ko (2e cos0) ((—1)" cos(2nb) + cos(26))df.
T Jo

Using (4.4) we deduce that
][Ko (e[l = 7)) (FH = 1)dr = L(e)Kn() — L(e)K(e):
T
Therefore

400
(5.8) Li(h)(w) =Y na, (11(5)1(1 (€) — In(s)Kn(s))enH.
n=1

For the computation of La(h)(w), we write

= 1) (7T — 7T —1)(T —
EQ(h)(U}) _ _Zegg’fl(]{— [(T 1)( 1) _ ( ’11_)(7-’ 1):|K(/)(5’1 - T’)dT) Enid.-

1= 7]

n=1
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Now we compute the following integral term which is more delicate

st [[E"=DF-1) T-1DEF-1D].,
dp = 2]£[ T - T }K0(5|1—7'|)d7'.

First we use the following trigonometric identity: for 7 = ¢, 0 € [0,27], one has

Re{ <(T” —1)(r-1) B (7 —=1)(7 — 1)) dr } — 1 cos(9/2)<sin9 + sin(n#) — sin ((n + 1)9)>d9.

|1 — 7| 1 — 7| 2im T

Thus integration by parts yields

1 2w

d, = by (e cos(0/2)) Ky (2esin(0/2)) (Siﬂ@ + sin(nfd) — sin ((n + 1)9)>d9
0

2
= 5 | Kolesin(0/2)) (cost-+ neos(nd) = (n+ 1)cos ((n + 1)) ).

Performing a change of variables and invoking symmetry arguments imply

d, = —% /02 Ko (2esin(f)) <cos(29) + ncos(2nb) — (n + 1) cos (2(n + 1)9))d9
= 72r /2 Ko (2e cos(h)) (Cos(2«9) —n(—1)" cos(2nf) — (n + 1)(—1)" cos (2(n + 1)9)>d9.
0

Using (4.4) we obtain

(5.9) dp = -1 (e)Ki(e) —nln(e)Kn(e) + (n 4+ 1) Iny1(e) Knti(e).

Combined with (5.8) we find that
+o00

L) (w) + La(h)(w) = 3 (n+ Dan (L()EKL(E) = Lnsr () Kt (€) ) ensr.

n=0

Putting together this identity with (5.7) gives the desired result.
([l

5.5.2. Bifurcation assumptions. Next we check the assumptions on the linearized operator required
by Theorem 5.4 and Theorem 5.5. For this purpose, we introduce the countable dispersion set

(5.10) S = {0(e) £ Ll Ka(lel) — In(leN Km(lel), m>1}.
The main result reads as follows.

Proposition 5.9. Let ¢ € R be a fized real number and G be the functional defined in (4.6); note
that some of its properties are detailed in Proposition 5.7. Then the following assertions hold.

(1) The sequence m +— Qp,(g) is strictly increasing and converges to I1(|e]) K1 (|e]).
(2) The kernel of DfG(e, Q, Id) is non-trivial if and only if Q@ = Q,,(e) € S. In this case, it is
one-dimensional and generated by

Ut w € T wm L

(3) The range of DyG (e, Qm(e),1d) is closed in Y and is of co-dimension one. It is given by

+oo
R(D;G (e, 2n(e),10)) = {g € C*(T).g = 3 guen, ga €R}.

n#m
n=1
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(4) Transversality assumption:
00DG (g, U, Id) vy, & R(D G (e, U, Id)).
Proof. (1) We use the following inequality (see [26]). For v > 0 and = > 0
IV—}—%('%.) < X < Ku—%(w)
IV_%(%') v+ 42 T KV+%(9C)

Thus using the positivity of I, and K, mentioned in (4.2), we find that the sequence n —
I,(le])Kn(Je]) is strictly decreasing. It remains to check that lim I,(|e|)Ky(|e|) = 0. For this,
n—oo

(5.11)

we establish a precise result on the convergence rate used below: there exists C' > 0 such that for
any real number ¢ ,

In(n + 1)'

n

(5.12) Vne N, 0<I,(le)Kn(le|) <C
Indeed, using integration by parts in (4.4) we find

L(leNKn(el) = 221"

™

/2 sin 6 K1 (2[e| cos 0) sin(2n6)d6.
0
Thus

0 < In(le) Kn(le]) < 2lel / sin § K1 (2]e| cos 0) | sin(2nd)|d6.

On the other hand using (4.3) we deduce by the change of variable 8 = cosht that for z > 0

+00 0
Kl(f]f) = /1 €7I0\/02jd0

+oo
—df + / e~ 0 i

- [ v

—+o00
<e T+ / e 040
2

< e + l€—2x.
X

Consequently there exists C' > 0 such that for any = > 0,

C
K < =
(@) <
which implies after straightforward computations related to Dirichlet kernel,
WneN', L(e)K 0/2\81n2n9
cos 6
/ 2 [sin(2nd)|
<=
sin ¢
< Cln(n + 1)‘

n
(2) The result follows from the structure of the linearized operator stated in Proposition 5.8 and
the strict monotonicity of the eigenvalues (,,(€))m>1-

(3) We want to prove that for any m > 1 the range of D;G(e, 4, (¢),1d) coincides with

+o0
Zm & {g € CU(T),g(w) = Y gnengn € R}-

n#m
n=1
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As Z,, is closed in Y and of co-dimension one, it is enough to check that the range is Z,,. First, it
is obvious that

R(DsG(e, Qn(e),1d) C Zp,

and it thus remains to check the reverse inclusion. Let g = Z gnén € Zy; we want to find h € X

n>1
such that

D¢G(e,Qm(e),1d)(h) = g.

Set h(w Z h,w", then the equation
n>0

D¢G(e,Qpn(e), Id)h =

admits an explicit solution such that

gn+1
hyp, = , n#m-—1
(n + 1) (Qni1(e) — Qm(e))
and
hm—1 = 0.
We next check that h € C1T(T). Since
In+1 —n
h(w) = w
)= 2 G D) )

n>0

then it follows from Cauchy-Schwarz inequality and the Bessel identity that

‘gn-‘rl‘
[[7][ o1y < Co Z

n>1
< Cligllzz(my
< Clglleam

where Cj is the inverse of the distance between Q,,(¢) and S\{Q,(¢)}. Cp is finite due to the
monotonicity of the eigenvalues. We now prove that the derivative b’ belongs to C*. It is obvious
that

+o0o
, _ NGn+1 T
" (w) - n%l (n + 1)(Qm(5) - Qn+1(€))w ' ’

which can be split as follows

Z o w + Z m(e))wn

n;«fm nn;égw
1 —n
ZK e ;g[ 2 >—Qm<a>‘Km<s\>Im<rs\>]w

—n gn o 1 wn
+n TS ENTNE *Z  [ee e mmnE) ™

n2 =
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Set

+00 . 400 1 1 . 400 T
K= 2 o M) =2, e T T - 2o
and ; i boo , ) B
=25 EEE e S e e
Then
W (w) = — o (w) = i (w) 4 o () + x + Huw)
Kin(le])Im(le]) K (lel)Im(le])

As x(w) = 14 (2ig(w)) —2ig(w), with I1; being the Szegd projection that sends continuously C*(T)
to itself, we deduce that x € C*(T). Recall that Szegd projection is defined by

weT, f(w)= Zanw", I f(w) = Z apw™.
neZ neN

Hence in order to ensure b’ € C%(T) it is enough to prove that H; € L'(T),j € {1,2,3}. Let us
start with Hy. It is obvious that

1 _ 1 ‘ _ Kn(le]) In(le])

Qn(e) = Qnle)  Kn(le))Im(le]) B Km(|5’>lm(‘5|)(Km(lg‘)lm(lg‘) - Kn(|5’)IN(‘5|)) .
Hence using (5.12) we find a constant C' depending on m and e such that for any n # m
1 1

‘Qn(ﬁ)—ﬁm(E) Km(le)Im(le])

] < C Kn(le)In(le))

< Cln(n + 1).
n
According to the Parseval identity, this proves that H; € L?(T) and by the usual embedding we
find H; € L*(T). It is simple to check that Hy, H3 belong to L?(T) and so to L*(T) which completes
the desired result.

(4) For the transversality assumption, it is obvious that for any h € X

9D ;G (2, Qn(e), 1d)h = Im {h(w)w+W} .

Therefore, for vy, (w) = w™ !

9aD;G (e, U (e),1d) vy, = —mey, ¢ R(DyG (g, Qn(e),1d))

and consequently the transversality condition is verified.

6. IMPERFECT BIFURCATION CLOSE TO THE BRANCH OF KIRCHHOFF ELLIPSES

This section is devoted to the study of the global structure of the two-fold branch. According to
Theorem 5.1 we know there exists a local branch close to Rankine vortices that bifurcates at the
point (e). For e = 0 the full branch is explicitly described by Kirchhoff ellipses, and according
to [3, 15, 16, 20] we know that from this branch a countable family of bifurcating curves emerges
at the Love instability points [19]. Notice that these new curves model alternating one/two-fold
V-states and the two-fold V-states are characterized by an odd frequency perturbation of the
conformal mapping of the ellipse w € T — w + Qw.
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We investigate below the ‘imperfect’ bifurcation, that is, the behavior of the solution branch struc-
ture subject to a small perturbation in e. We prove that the scenarios of persistence/breakdown
symmetry occur simultaneously close to the Kirchhoff ellipse branch. Indeed, we prove by using
perturbation theory, see Theorem 6.3, that far from the second bifurcating point the local structure
of the two-fold branch persists and varies continuously with respect to a small perturbation in e.
However around the singularity set the issue depends on the symmetry of the V-states. In fact,
we show in Theorem 6.3 that the diagram structure around the one-fold bifurcating curves is not
destroyed and is similar to the Euler one. However, and this is only proved for the m = 4 Love
instability point, the symmetry is broken down around the first bifurcating curve of the two-fold
V-states (see Theorem 6.5). This is a kind of resonance phenomenon between the two branches
with the same symmetry leading to a separation of the singularity and a loss of the connected-
ness. Numerically, in Section 3 this behavior is observed for the first two-fold branches emerging
from the ellipse, but from an analytical standpoint the problem is difficult due to the cumbersome
computations required for higher elliptical azimuthal wavenumbers.

6.1. Function spaces II. We first introduce the function spaces suitable for studying the bifur-
cation from the two-fold branch. We draw attention to the fact that we use the same notation as
in the Section 5 dealing with the m-folds structure but with a different meaning. For o € (0, 1),
we set

+oo
(6.1) X = {f € CTT), f(w) = fad”, fr € R}
n=2
and
+o0
(6.2) Y = {g € CYT),g(w) = Zgnen(w),gn € R}, with  ep(w) = Im(w™).
n=1

6.2. Summary of the bifurcations from Kirchhoff ellipses. The results of this section were
obtained in [15] and for the commodity of the presentation we briefly recall them. Since ellipses
are explicit rotating solutions for the Euler equations, then from [15] one finds that

G(0,=2%,0g) =0, VQ € (0,1)

with ag: w € T — w+ Qw being the conformal parametrization of the ellipse centered at the origin
and with semi-axes 1 £ @ and @ € [0, 1). Notice that Kirchhoff discovered that such ellipses rotate

at the angular velocity #. Introducing

(6.3) F(e,Q.f)=G(e, =L, ag+ f), feX

where the space X is described in (6.1), it is plain that
F(0,Q,0)=0, VQe]l0,1).

From (4.7) one obtains

(6.4) Lo 2 DsF(0,Q,0) = —DfGE(1 _QQQ,aQ).

Let m > 3 be an integer and denote by @, the unique solution in [0, 1) of the equation
(6.5) 1+Qm—=2m =0,

and set

Sé{Qm,mZS}.

At various points in the argument, we need to distinguish between the following two subsets of S:

(6.6) Sreso = {Q2m7 m > 2} and  SNreso £ {Q2m+1a m > 1}-
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The first one is called the ‘resonant set’ and the second is the ‘non-resonant set’. Note that from
[15] we know that the sequence (Q,)m>3 is strictly increasing with
lim @, =1.

m——+00

The following result dealing with the structure of the linearized operator Lo was proved in [15].
This was used to prove the existence of bifurcations from Kirchhoff ellipses using the Crandall-
Rabinowitz theorem.

Proposition 6.1. Let X and Y be the spaces introduced in (6.1) and (6.2). Then the following
assertions hold true.

(1) Let h(w) = Z apw" € X, then

n>2
1
UL A
n>1
with
1 2
g2 = 5(1+Q) az,
93 = 2Q%as,
n 1- Q2
gnt1 = (1 +Q" — n) (ant1 — Qan—1), VYn=>3.

(2) The kernel of Lg is non-trivial if and only if Q = Qm € S and it is a one-dimensional
vector space generated by

merl

T 1-Qu?
(3) The range of Lq is of co-dimension one in'Y and it is given by

R(£q)={g € C*(T).g= Y gnsren, gn €R}.

n>1
n#m

U (W)

(4) Transversality assumption: for any Q = Qn, € S,
ILqum & R(LQ)-

6.3. Regularity of the functional II. The main goal of this section is to study the regularity
properties required by Theorem 5.4 for the functional F' introduced in (6.3).

Proposition 6.2. Let a € (0,1), p € (0,1) and set r, = 177“ Then we have

F:(-1,1)x(0,u) x By, — Y
(,Q, f) — F(e, 9 f)
is well-defined and of class C', and 0gOsF exists and is continuous on (—1,1) x (0, u) X B;,, where

B, = {f e X, |Ifllcite < r”}. Moreover for any i,j € N,i+ j < 3 the function 6&8§F(5, ) 08
continuous.

Proof. We only sketch the basic steps of the proof which closely parallels the proof developed in
[15]. For more details we refer the reader to this reference. First, we write

F(e,Q, f(w)) = Im{%(lJrQE?wf(w)) (1—Qw2+m)

- o f ¥()KG(0(w) - o) )ar
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with the notation ®(w) = a4(w) + f(w) and
K§(z) = Ko(le|z) + log ().
Since C® is an algebra, f € C'T® and f’ € C?, then the first function
we T =@mm{[1+Qu* +wf(w)1 - Qui + F'(w))}

belongs to C'* and its Fourier coefficients are all real; therefore, it belongs to the space Y. The
C! regularity with respect to (Q, f) is elementary and was discussed in [15]. For the second term,
using the results in subsection 4.2, one may write

2172
(6.7) Ki(z) = — log(z) — (log( ) + log(z ))%Kl(a%&) + o (£222)
where
*f i
and . -
= 2\ P(m+1)
’CQ(Z) = mzz:o (Z) (m‘)Q
Consequently,
— ]'[r (I)/(T)KS("I)(U)) — ®(7)|)dr = Ty®' (w) + T1®' (w) + Tod' (w)
where
Ty () flog<\<1>< ) — o(r))p(r)dr,
Tip(w ][Kl T,w,)p(T)dr
and
Typ(w) & f Ko (2] (w) — ®(7) ) p(7)dr
with

Rilrowe) 25 <log (5) + oetiocw) - <1><T>|>> [9() — @)K (2] B(0) — B(7)P)

Moreover, we have seen in (4.8) that

To®' (w) = Ty®' (w)
with

Too(w) = ~5 1. gid— g ¢TI

Let @ € (0, ) and take r, = 17“ By the mean value theorem, there exists a constant C,, such
that for all f € B,,

Selr —w| < [@(w) — (1) < Culr —w|, Vr,weT.

In addition, we may easily check that the kernel K(7,w) = % satisfies the assumptions of

Lemma 5.6 and thus
[To®’[lca(ry < C||@||1 < Co.
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Note that according to [15] we also have that (e, Q, f) — To®' is of class C* from (—1,1)x (0, u) x By,
to C*(T). As for Ty, the kernel is not singular and one may easily check that

|IA(1(7',w,€)\ + lawffl(r,w,eﬂ < Cy,Vr,weT.

Consequently we may use once again Lemma 5.6 and deduce that (¢,Q, f) — 119" is well-defined.
Moreover the Fourier coefficients of T7®’ are real which follows from the general fact

Tip(w) =Tip(w),Ve € X,YVw € T.

By straightforward arguments we can also prove that (g, Q, f) + T1®’ is of class C'. Observe that
the regularity with respect to € comes in particular from the fact that the function € € (—1,1) —
e2loge is C'. The same analysis can be implemented for the last term 75®’ and this concludes the
C! regularity of (e,Q, f) — F(e,Q, f). Concerning the existence and the regularity of g0 F it
can be proved similarly to the case ¢ = 0 discussed in [15]. O

6.4. Bifurcation diagram far from the resonant set. The main goal of this section is study
the structure of the bifurcation diagram far from the resonant set Syeso defined in (6.6). We prove
its persistence for small perturbations. This is done in two different subsections. First we prove
the stability of the Kirchhoff ellipse branch under small perturbations, leading to the existence of
a two-fold branch for (1.1) living close to the ellipse branch. Second we explore the bifurcation of
one-fold curves from the two-fold branch close to the non-resonant set. This proves the persistence
of the bifurcation diagram of the Euler equations under small perturbations in € but far from the
resonant set.

6.4.1. Structure of the two-fold curve. The aim in this subsection is to construct two-fold V-states
close to Kirchhoff ellipses &g parametrized by w € T — w + Qw, with @ € [0,1). We first study
the case where () is far from the resonant set Sieso = {ng,m € N*}. We prove that a one-
dimensional continuous curve can be constructed away from this set and which remains close to
Kirchhoff ellipses for small values of . For this purpose we introduce the spaces

(6.8) Xo = {f e O™ fw) = 3 fou®* o € R}
neN*
and
(6.9) Yy = {g e CYM),g(w) = Z Gn€2n, gn € R}, with e, (w) = Im(w™).
neN*

Note that a domain whose boundary is parametrized by ®(w) = w+Qw+ f(w),w € T with f € Xy
is two-fold. The main goal is to prove the following.

Theorem 6.3. Consider the V-state equation (6.3) and let m € N*, § < M Define
Ins = [Qam + 0, Qam+2 — d]. Then there exists eg > 0 and a function

[ l—¢€0,€0) X I;ys — Xo
(6,Q) — [f(£,Q).
of class C' such that
F(é‘, Q7 f(Ev Q)) = 07 V(E, Q) € [_50)50] X I’m,(5~

In particular the curve Q € I, s — ag + f(e,Q) describes rotating patches with two-fold symmetry
living close to Kirchhoff ellipses.
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Proof. The proof relies on the use of the implicit function theorem. First notice from Proposition 6.2
that for any p € (0, 1), the functional

F:(=1,1) x (0,) x B} — Y3
(€’Q7f) ’H F(€’Q7f)

is well-defined and of class C', where

1—
(610) BTQ'# = {f S X27 Hf||01+a S r,u,} and 7’“ = T'u

We point out that the persistence of two-fold symmetry follows from Proposition 5.7. In addition,
D¢F(0,Q,0) is given by the restriction of the operator L described by (6.4) on the sub-space Xs.

As we have seen in Proposition 6.1, the kernel of Lg is non-trivial if and only if () € S. Since
Q € I, then Ker DF(0,Q,0) is trivial for any Q # Qam+1, and for @ = Qam41 the kernel is

2m—+2
iu—Qw2 :
belong to X» and consequently Ker D¢F(0, Q2m+1,0) is also trivial. Therefore for any Q € I, 5

the linear operator D;F'(0,Q,0) € L(X5,Y>) is one-to-one. We check that it is also onto. Let
g = > p>19n€2n € Y2 and consider finding the pre-image by D;F(0,Q,0). Then according to
Proposition 6.1, h(w) = 3, -1 haw®"t! satisfies D;yF(0,Q,0)h = g if and only if

(6.11) g1 =2Q%h; and g, = (1 +Q* - (1— Q2)n) (hn — Qhn—1),Yn > 2.

Note that for each n the number ((1 —Q)n—1- QQ”) vanishes if and only if Q = Q2,, and thus
for Q € I, 5 this coefficient does not vanish uniformly in n. One can see from the recursion relation
that

one-dimensional and generated by the vector von,+1(w) = However this vector does not

hw? + G n n
h(w) = l?f_—z?wgw) with G(w) = Z 1+ Q2n _9(1 _ Qz)nw2 +1

n>2
Since Q € (0,1) and ﬁ is C°°(T), then h € X3 if and only if G € C'T(T). Thus it suffices to
establish G’ € C*(T) or equivalently

)gn 2
X: wET»—>E — w e C(T).
n>21+Q2 —(1-Q%*n

It is plain that

W) = ~Y g+ Y ”QM g™
- n 2 o o 2 n
n>2 n>11+Qn Q)n

= —II'"(2ig(w) — grw ) + K+ 11" (2ig(w) — g1w2)
with ITT being the Szegd projection and
1+Q™
K(w) = ;2 o _% — Q2)nw2n.
It is easy to prove the existence of a constant C' > 0 such that for any Q € I, 5
14+ Q%" - c
1+4Q - (1-Q*)nl — n

Therefore K € L?(T) C L'(T), combined with the fact IItg € C%(T), implies that x € C%(T).
Finally we see that DyF(0,Q,0) is onto and thus it is an isomorphism from X, to Y>. By the
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implicit function theorem and a standard compactness argument we conclude the existence of a
unique surface of solutions

F(‘Ev Qa f(Ev Q)) = 07 \V/(E, Q) € [_50750] X Im,é'
This achieves the proof of Theorem 6.3. g

6.4.2. Bifurcation from the two-fold curve. In this subsection we prove the bifurcation of countable
family of one-dimensional curves of V-states from the curve constructed in Theorem 6.3 at some
points which are close to the points of the non-resonant set Snyeso = {Q2m+1, m > 1}.

The main result may be stated as follows.

Theorem 6.4. Let m > 3 be an odd number. There exists €9 > 0 such that for any € € [—eg, o],
there exists a one-dimensional curve of one-fold V-states bifurcating from the two-fold branch con-
structed in Theorem 6.3 at a point Qe m close to Q.

Proof. The proof follows the same lines of Theorem 5.5 with slight modifications using the
Lyapunov-Schmidt reduction in an important way. First recall from Proposition 6.2 that the
functional F : (—1,1) x (0, ) X B,, — Y is well-defined and is of class C', with

L—p
BTH = {f E X’ ||f||01+0‘ S Tp,} and ’I"u = T

According to Proposition 6.1, for Q = @Q,, the kernel of L, is generated by the vector vy, (w) =

wm+1

T 0uw? Denote by X a complement of v, in X such that

X9 C X.

This last fact follows since m is odd and therefore the function v, is even; consequently, we can
choose a complement containing odd functions which is exactly the space X5. Recall that the spaces
X and Xy were introduced in (6.1) and (6.8). The range of L, , denoted by ), is of co-dimension
one and we may choose a complement generated by the vector w,, = e,,. Then

X =(Wn) ®X and Y = (wy)d ).
Let IT; : X — (vy,) be the projection along X onto (vy,). Thus
f=svm+yg, geX=ILf=svy,

and similarly define the projection IIy : Y +— (w,,) along ) onto (w,,). The V-state equation
F(s,Q, f) = 0 is then equivalent to the system

Fi(5,Q,s,9) = (Id =) F(e,Q, svm + g) =0
and

The function Fy : (—1,1) x (0, 1) x (=n,1) x B, — Y is C!, with B, a small ball in X centered at
0, and 1 > 0 such that for any s € (—n,7n) and for any g € B, we have sv,, + g € B,,. Moreover,

Fi(0,Q,,0,0) =0
and it is not difficult to check that
0gF1(0,@1,,0,0) = (Id — I12)0 F(0,Qpn, 0) : X — Y

is an isomorphism. By the implicit function theorem the solutions of the equation Fj(g,@Q,s,g) =0
are described near the point (0, @.,,0,0) by the parametrization g = (g, @, s) with

(P:(_(575)X(Qm_(san‘i'(s)X(_(sad)_)Xy >0
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being a C! function. By virtue of Theorem 6.3, we know the existence of a function

(@)~ fle,Q) e XoC X
such that
(6.12) F(e,Q, f(£,Q)) =0
and so in particular

F1(€,Q,0,f(€,Q)) =0.

Thus by uniqueness we get

(6.13) ¢(e,Q,0) = f(e,Q), V(e,Q) € (=6,0) X (Qm — 6,Qm +9).
As Kirchhoff ellipses are exact solutions for € = 0, we obtain
(6.14) ©(0,Q,0) =0, VYQ € (Qm —3,Qm +9).

The equation of Fy in a neighbourhood of (0, Q,,,0,0) takes the form

Fy(2,Q,5) 2 aF (e, Q. 5vm + ¢(2,Q,5)) =0, Ve[, |Q — Qml,[s| < 6.
From the relations (6.12) and (6.13) we deduce that
Fy(e,Q,0) =0, V|e| <8,Y|Q ~ Qu| <0.

Set

F(e,Q.5)
(6.15) e, a2l — o s#0

HgafF(s, Q, (e, Q, 0)) (vm + 0s(e, Q, 0)), s =0.
Then the function g is continuous and

§(0, Qm, O) = H2afF(07 Qm, 0) (Um + 8390((]’ Qm, O))
= 0.
Indeed, by differentiating with respect to s the following equation
F1(6, Qa S, 80(5’ Qv S)) = 07 v|€|7 |Q - Qm|, |5| < 0

at the point (0, @, 0), we find

(Id — I12) 3¢ F (0, Qi 0) (Um, + 05¢(0, @, 0)) = 0.
Consequently, 0;0(0, Qm,0) € Ker(Lg,,) N X, and therefore
05s¢(0, Qm, 0) = 0.
Thanks to (6.14), we obtain
00¢(0,Qm,0) =0.
Moreover, ¢ is differentiable with respect to @) and
909(0,Qm.0) = 2000 F (0, Qum,0)(vim + 050(0, @, 0))
1,04 F(0, Qm, 0) (aQUm\Qsz + 0g0s¢(0, Qm, O))
H28J2”F(0> Qm,0) (Um + 05¢(0, Qm, 0), aQ‘P(Ov Qm, O))
= 11,00 F(0,Qm,0)(vm).
From the transversality assumption proved in Proposition (6.1), we obtain

999(0,Qm,0) # 0.
34

_|_
_|_



Hence using a weak version of the implicit function theorem, see [5], we deduce that the solutions of
d(g,Q, s) = 0 near the point (0, Q,,0) are parametrized by a continuous surface 7 : (—eo,£0)? — R
such that @ = (e, s) and

g(e,v(e,s),5) =0,V[e| <eq, V|s| < eo, with g9 > 0.

Therefore the solutions of the equation F(e, @, f) = 0 near the point (0,Q,,,0) are given by the
union C; U Cy where

G = {(E,Q,QD(E,Q,O)), |6| < €o, |Q - Qm‘ < 60}

corresponding to the two-fold V-states constructed in Theorem 6.3 and

C2 = { (.72 5), 50m + 9(£,7(2,8),5)), el < 2o, 5] < <o ).
Note that the curve Cy is different from C; since for s # 0 the V-state parametrized by
we T w+ QW+ sum(w) + ¢(e,7(e, 5), 5)

is not two-fold because m is odd and therefore v,, is a non-vanishing even function. In addition
the curve Cy intersects C; at s = 0. This achieves the proof. O

6.5. Breakdown of the bifurcation diagram close to the resonant set. The numerical
study conducted in Section 3 shows that, contrary to what occurs in the Euler equations, the
two-fold branch is never connected for small € and is split into countable disjoint connected
components or branches. The separation of the singularity set seems to happen around the
resonant set Spego = {ng,m > 2} due to the resonance between branches with the same
symmetry. We provide an analytical confirmation of this behavior only around the point (04 which
is more tractable than the remaining cases Qo,,, m > 3. We point out that the separation of the
two-fold branch around ()4 is only proved locally in the bifurcation diagram. The global structure
of this separation is much more complicated and may require more elaborate tools.

More precisely, we prove the following result.

Theorem 6.5. Consider the V-state equation (6.3). There exists € > 0 such that for any € €
(—€0,€0)\{0} there exists r. > 0 such that the set

{F(é,Q,f) = Oa ’Q_ Q4| < Tsaf € XQ, HfHCH'a < TE}

1s given by the union of two disjoint one-dimensional curves.

Proof. The proof is based on studying the local structure of the V-state equation (4.6) through
the associated quadratic form. At first sight there is a logarithmic singularity in € at second order
which could present difficulties for understanding the local structure. However, as shown below,
this term may be combined with the rotation term and therefore it does not contribute at the
nonlinear level. To show this, we first make some transformations using new unknowns. From (6.7)
we may write for z > 0 the expansion

2 2
K§(z) = (1) — log(z) — %:@2 log(x) + 6Z(1/1(2) —log(le|/2))a® + e*log e RE(x)
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where R is at least of class C? in the variable 2 and analytic in the variable €. It follows that

][@'<T>K5<|<I><r> —d(w))dr = - f & (1) log(1B(r) — B(w)|)dr
T T

62

+ 5 (4(2) —log(e]/2) i@’(ﬂy@(r) — ®(w)[?dr

82

- 4][T‘I>'(T) log(|@(7) — ®(w)[)|@(7) — ®(w)[*dr

+ etlog |€|]£(I)/(T)RE(|(I)(T) — &(w)|)dr.

Denote I' = ®(T); then it is simple to obtain, by a change of variables and the residue theorem,

f@'m@m ~ P(w)Pdr = f € — B(w)de
T I
— ]ﬁ (I — B(w)E)de.

From Cauchy-Pompeiu’s formula we find

Fleras=— [ caa,

and since the domain D delimited by the curve I' is two-fold and centered at the origin then

}l¢kas o

][]<I>(T)—<I>(w)|2<1>’(7')d7' = —@(w)][@(T)@/(T)dT.
T T

Hence

Thus we obtain

][KS(I‘I>(T) = ®(w)) ' (T)dr = —]Zlog(l‘b(T) = ®(w)|)®'(r)dr
T T

52

- ()~ oa(el/2)B(w) £ ) (r)ar
62
- T los(0(r) — B))Ie(r) - o(w) o (r)dr

+ etlogle] ]fnsq@(ﬂ — B (w)|) ' (r)dr.

Inserting this identity into (4.6) and using (4.7) we find

G(,Q,0) = —Gp(Q.,P) + sjlm{Gl((I))} + e'log |e| Im{G3 (e, ®)}
with )
0. 20+ S (v(2) - log(|<l/2) £ T (i
G1(®) £ T (w) ]ﬁ log(|B(7) — ®(w) )| ®(r) — ®(w) 2 (7)d7
and

Ga(e,®) & —w &' (w) ]£ D'(T)RE(|®(7) — @(w)|)dr.
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As before we look for solutions of the form
(I):aQ+fa fEXQ-
Note that the space X5 was introduced previously in (6.8). We now impose the constraint

1— 2
Q. = 4Q.

Set
Fp(Q,f) 2 -Gp((1- Q%) /4,00 + f), Fi(Q,f) = Gilag+ f)
and
FQ(Eva f) £ G?(Ean + f)

Then the V-state equation is equivalent to
2

(616)  F(&,Q.0) 2 Fp(Q )+ TIm{F(Q, )} + =" log(|e]) Im{Fa (e, Q. )} = 0.
Following the same lines of Proposition 6.2 we can check that
F:(=1,1) x (0,1) X By, — Y2
(£,Q.f) — F(=.Q.f)

is well-defined and of class C!, where the ball B, was previously defined in (6.10). In fact, we can
casily check that F is at least C3. Moreover, 8@? and Dfﬁ are also C3. Note that from (6.3) we
have N

DF(0,Q,0) = D Fp(Q,0) = Lo,
and the full structure of Ly was previously detailed in Proposition 6.1. Recall in particular that

for Q = Q4 one has

w®

Ker£Q4 = <’U4>, U4(UJ) = TCM

and
R(‘CQ4) = {g € CQ(T)ag = Zgn€2n7 gn € R}
i

Let )?2 be a complement of v4 in X, that is,

Xy = 5(:2 & <U4>.
Thus any f € X2 admits a unique decomposition in the form f = svs + g with g € X, and s € R.
Denote by Y5 the space R(Lg,), then

Y2 = }/}2 D <€4>,
and let IT : Y5 — (e4) be the canonical projection along Y5. Thus equation (6.16) is equivalent to
(617) Hl(57Q)Sag)é (Id_H)ﬁ(E’Q’Svﬁl—'_g) =0 and HQ(E,Q,S,Q)éHﬁ(€,Q,SU4—|—g) = 0.
Now we can directly observe that

9yH1(0,Q4,0,0) = (Id — II) Lg,,

and that 0yH1(0,Q4,0,0) : Xy — Ys is an isomorphism. Thus, by the implicit function theorem,

the solutions of the equation Hj(e,@,s,g9) = 0 are described near the point (0,Q4,0,0) by the
parametrization g = (g, @, s) with

(6.18) ©: (=0,0) X (Q4—6,Qu+08) x (=6,0) = Xa, 6>0
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being a C! function. As the functions defining the V-states are smooth enough, ¢ is in fact at least
of class C® . Notice that the defect of regularity comes only from the variable ¢ and thus one gets
more smoothness in the remaining variables. Indeed, we have the following.

Remark 6.6. The functions gy and Osp are at least C3. To prove this, we just differentiate the
equation

(Id — 1) F (e, Q, sv4 + (£, Q, ) = 0, Y(,Q,5) € (—6,8) X (Qs — 6, Qq + ) x (=0,0)
and argue by induction.

Now since the ellipses are solutions, then by uniqueness we obtain

(619) 30(07 Q7 0) = O,VQ € (Q4 - 67 Q4 + 6)
This implies that for any k € {1,2, 3}
(6.20) 9y(0,Q,0) = 0,YQ € (Q1 — 6,Qu + ).

On the other hand differentiating the first equation in (6.17) with respect to s we obtain
(Id — H) (EQ4 (vg + 05p(0,Q4,0)) = 0
and as J5p(0,Q4,0) € X, we deduce

(6.21) 95¢(0,Q4,0) = 0.
Similarly, differentiating the first equation of (6.17) with respect to €, we obtain (due to (6.16))

(Id — 1) L, 0-0(0, Q4,0) = 0
which implies that

(6.22) 9:0(0,Q4,0) = 0.

Now the V-state equation reduces in this small neighbourhood to the finite-dimensional equation
(6.23) P(e,Q,s) = Hoy (5, Q, s, (e, Q, s)) =0.

It is obvious from (6.16) that

(6:21) V(. Qu5) = ¥5(. Q) + S (2,Q,) + <M log o] al, 0, 5)

with

VE(e,Q,s) £ IFE(Q, svs + ¢(¢,5,Q)), ¥i(e,Q,s) = NIm{F (Q, svs + ¢(c,Q, s)) }
and
Pa(e,Q,s) £ I Im {Fg (E, Q, svs + p(s,Q, 3)) }

Moreover,
¢(07 Qa 0) = O,VQ € (Q4 - 63 Q4 + 6)
which implies that for any k € {1,2, 3,4}
(6.25) 961(0,Q,0) = 0,YQ € (Q1— 6,Q4 +6).
Moreover straightforward computations yield, in view of (6.22) and the structures of II and Lg,,
6€¢E(07 Q47 O) = H£Q48€¢(Oa Q47 0) = 0.
Using once again (6.22) we find
aesz(Oanluo) = Ha%FE(Q47O) (8590(0) Q450)7a€@(07Q470)) +H‘CQ48€2¢(07 Q4)O)

0.
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Hence we obtain

20(0,Q1,0) = 1(0,Q1,0)

_ %HIm{F1(Q4,0)}-

To compute the projection, we need to calculate the coefficients of w* and w* in the Fourier
expansion of F1(Q4,0). First we have

F1(Q4,0) = wag,(w)l(w)
= (@—qu)[(w)
with
I(w) 2 ]ﬁlOgﬂan;(T)_O‘Q4(w)‘)’0‘Q4(7)_OCQ4<7~U)’20/Q4(7')dT-

Using the identity
’anl(T) - O‘Q4(w)’ =|r - le - Q47—w’a Vr,weT

we find after straightforward computations

(6.26) laQ, (1) — ag,(w)Pag,(r) = Y ap(w)r® + 3 Br(w)7"

with

ap(w) £ 2+ Q3 + Qu(w? +0?), a1(w) 2 —2Quw—(1+Q)w, as(w)2 Qu,
Br(w) 2 (= D(Qu@ +w), fr(w) £ -Qu(2Qf+1) - Qfuw* — Qiw”,

B3(w) 2 2Q%W + Q4(14+ QHw and By(w) 2 —Q3
Now we compute for n € Z
][log(\aQ4(7') —ag,(w)|tdr = ][log(h’ —w|)rdT + ][ log(|1 — Qarwl|)r"dr
T T T

I,(w) + Jp(w).

lI>

First note that by a change of variables
1 2m ) )
I(w) = w"“/ log |1 — €| T10 g,
2 0
From elementary trigonometric identities we write
1 2 )
I,(w) = w”+14/ log (4 sin2(0/2))ez(”+1)9d9.
T Jo

Using Lemma A.3 of [3] we get

oLyt i e Z\{—1}

I(w)=1{ _2mtq? o 1

(w) {0, if n=—1.
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In addition

1 2m ) )
Jn(w) _ wn-‘rl%/o logll—Q4e’9|el("+1)9d9

I A
= @”HZ / log |1 + Q% —2Qq4 cos(@)‘e’(”“)gde.
T Jo

Again from Lemma A.4 [3] we obtain

‘”"‘”—n :
To(w) = 2‘n+1|Q toif nez\{-1}
0, if n=-1.

Putting together the preceding identities one finds

1 n+1 [n4+1]_—pi1 : o
(6.27) ][log(]aQ4 (7‘) —aQ, (w)’TndT = { 0 2|n‘-i£'1\ (w _1‘_Q4 w )7 if ne Z\{ 1}
T , if n=-1.

Using (6.26) we find

2 4
Iw) = > ap(w)(In(w) + Je(w)) + > Br(w) (I_p(w) + J_g(w))
k=0 k=1
= Zak w) + Jg(w +Zﬁk w) + J_g(w)).

From straightforward calculatlon, and using the fact that @4 is a solution of (6.5) with m = 4, we
obtain

HIm{w ag, (w Zak Iy, + Jk)} Q4 (5 Q7)ea

Similarly we obtain

4
HIm{EWZBk(I_k + J—k)} _ Q% —3Q1 — 2Q4
k=2

12
Consequently
Qi 2
Hm{ F(Q1,0) } = ~H(Qf - 4Q% +3)es
Therefore
(6.28) 020(0.Qunt) = Q1 — 403 + 3)es

We next compute 050-1(0, Q4,0). From (6.24) we write
050:10(0,Q4,0) = TIFFR(Q4,0)[0:0(0, Qu, 0), v4 + Js0(0, Qu, 0)]
+ I1L£g,0-0:¢(0,Q4,0).
From (6.22) and the structure of II we find
(6.29) 950:(0,Q4,0) = 0.
Similarly we find
9059 (0,Q4,0) = M0 Fp(0,Q4,0)

= 0o{1I9;F5(Q. 9(0,Q.0)) (11 + 0s(0.Q,0) }_g-
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Using (6.19) and (6.20) we deduce that
00s1(0,Q4,0) = T{dgLqua}q_g),-

This is the transversality assumption in the Crandall-Rabinowitz theorem. According to [15] we
have

H{8Q£Q04}Q:Q4 = 4(@4 + Qi)e4
and thus
(6.30) 9Q0s9(0,Q4,0) = 4(Qa + QY)ea.
To compute dg0:1 (0, Q4,0) we note from (6.19), (6.22) and the identity IILg, = 0 that

3@&:71)(0, Q47 0) = HaQ{afFE(Qv @(07 Q7 0))8530(07 Qa O)}Q=Q4
(6.31) = 0.
The computations of 92¢(0,Q4,0) can be performed using the formula
Rv(0,Q4,0) = 07Fp(Qa,0)[vs, v4]

= { @ FE(Q4,SU4)}

ds?

5=0
Observe from (4.7) that

FE(Q4, SU4) = G(O, (1 - Q?L)/4a QQy + 3U4)
= _GE((l - QZ)/ZL, aQ, + SU4)

with
N2
Gr(l - Qj/4,ag, + sv1) = Im{(l 4Q4 (g, (w) + svg(w)) + I(s))w(o/@l(w) + svfl(w))},
I(s) = % : ﬁizg(a’@l(ﬂ + svy(7))dr
and
A = QQy (T) —aQ, (w)
B = (1) — va(w).
It is easy to obtain
2 — 02 -
{%GE(I —Q%/4,00, + SU4)}S: _ ! 2Q4 Im{m(w)wvg(w)} + Im{2['(0)wvfl(w) + I"(0)wag, (w)}

2 1_TQ4Im{Il(w)} +Im{ Ly (w)} + Im{I3(w)}.

We start by computing HIm{I 1 (w)} It is straightforward to show

, w? —3Quu?+5
valweea(w) = o - QuuP

Set z = w?. Then

oz —3Quz+5
2= Qu (1—Qu2)?

Note that z — ZfQ4 (*f’_%gg’ is holomorphic in the annulus of small radius Q4 and large radius é,

vg(w)wvly(w)

and therefore it admits a Laurent expansion in this domain. To evaluate HIm{I 1 (w)} it suffices to
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compute the coefficients of z? and Z% in that expansion using the residue theorem. The coefficient
of 22 is given by

N ][ 1 —3@Quz+5dz
72— Q4 (1—Quz2)% 2%
Using the change of variable z — % we obtain

B 22 5z —3Qq
“ - 7£1—Q4z(z—624)2dz

A 9(2)
S Aen e
= ¢'(Qq)
with L (52— 304)
9(z) = W'
Thus we obtain,
_ 71907
- (1-Q))?

Now we move on to the coefficient of Z% given by the formula

N ][ 22 —3Quz+5
b= 2dz:.
12— Q4 (1—Q42)

Using the residue theorem we obtain

-3Q7+5
— 2 4
O g
Consequently
1-Q3% 1-Q3
2Q4H1m{ll (w)} = 2Q4 (a—Db)ey
(6.32) = 2Qjes.

Next we compute IIIm{Iz(w)}. First notice that
A AB — BA
20'0) = f oi(ryir + £ 225 g, (ryar.
T T
We rewrite I5(w) as follows,

Ig(w) = Igl(w) + IQQ(’LU) + 123(10),

where o
Iy (w) = woy(w) é1}11(7')d7
TA
/ E /
Iy (w) = wyy(w) 10 (r)dr
and

Ing(w) = —wv)(w) g Fa@l(r)dr
Straightforward computations imply
A, [ Quuwr —1 —=3Qu75 + 574

fTAv4(T)dT—w O (- Qi) T
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Hence by the residue theorem we obtain

A, _ —3Qiw” +5Q]
]{_AU4(T)dT =w’(Q? — 1) a jué)iwz)z 4

Since we can extend z +— I21(2) to a holomorphic function in the annulus of small radius @ and large
radius é, then Iy, admits a Laurent expansion in this domain. As before, to evaluate II Im{I21 (w)}

it suffices to compute the coefficients of z* and z%l in that expansion using the residue theorem.
The coefficient of 2% is given by
- —3Q7Tw? + 5Q1 dw
a= ][ wvly (w)w° (Q3 — 1) Qiw” 150,
T

(1-Qfw*) v

Moreover, the coefficient of 2 is given by
z

—3Qw* + 5Q7 .
(1 - Qiw?)?

b= wiiw)w(@2 - 1
-
One may thus deduce the following equality,
MIm{l(w)} = (a—Db)ey
Q4° (45 — 58 Q4" + 21 Q4®)
Q4" = 1)(Q4* +1)

As for I59, using the change of variable 7 +— 7, we obtain by the residue theorem
][B, ()d 7[1)4 —’U4 1—@47’2 dr
—agp,(T)dr = —
TA Qu w 1—Quurt 7

Again, we can extend z — I31(z) to a holomorphlc function in the same annulus and thus we just
need to compute the coefficients of z* and zi‘l denoted by ¢ and d, respectively:

= —]iwvfl(w)m(w)ilg

(6.33) e4.

™

and
d= ]{_wv4( w)vy(W)widw.

According to the residue theorem we obtain
MIm{lop(w)} = (¢—d)ey
4
(6.34) _ Mol eq.
Q2 —1)
Now we move on to the last term I53(w). The computations are very tedious and we use the Maple
symbolic manipulation package to obtain the following expressions

BA _ > 2i(Qa)w™
~ T e = gl ar T et (1 Q)

where
ao(Qs) £3QF —4QY,  a2(Qu) £ 4Q1° — 4Q% + 7Q5 - 5Q1,
as(Qa) £ Q1 —8Q1 +7Q7 — QF,  as(Qq) £ QF —3Q% +3Q1 — QF,
ag(Q1) £3Q5 —2Q7 — Q1 and  a10(Q1) £ Q7 — 1.
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Let € and f be the coefficient of z* and zi‘l in the Laurent expansion of Iz3(z). Again using Maple,
we obtain

MIm{Ix3(w)} = (é— f)ey

(6.35) = _QZ(21%2_65693—12Q3+47Qi+1262?1+5)e4
| QI —1)(@QF+1) :

Now using (6.33), (6.34) and (6.35) we find

2 4 512
(6.36) HNIm{L(w)} = ;Q4 (7?5?1 _234 Y és.

Now we compute Im{Ig(w)}. First we notice that
B?A — BBA BA— BA
1"(0) = ]ﬁ TQIQ4(T)OZT + ]£ Tvé(ﬂdr

Consequently, we can split I3 as follows,

Ig(w) = Igl(w) + Igg(w) + 133(111) + 134(111)

where -
B-A
I3 (w) = wa@(w)f F@/cz4(7)d77
T
/ E /
I32(w) = way, (w) g ZU4(T>dT’
BA
Isz(w) = —wajgy, (w) FUZ(T)dT
T
and

BB
I3y (w) = —wo/Q4 (w) g FQ/Q“ (T)dr.
In the following, we denote by as; and bs; the coefficient in front of 2% and Z% in the Laurent

expansion of I3;(z) on the same annulus as before. We obtain the following expressions using
Maple,

Q(-12Q4+8Q7 +26Qf +3+12Q1” +4Q)° —33Q%)

azr =
Q1 —1)2(Q7+1)
and
, QS (78Q4 +8Q% +3+56 Q2 —129Q% — 20Q5 + 12QY0)
31 — — :
(@ -1)" (@3 +1)
Therefore,
OIm{I3;(w)} = (a3 — bs1)es
(56 Q12 +12Q1° — 85Q% — 12Q$ + 26 Q1 + 8 Q% + 3) Q?
(6.37) = es.

(QF+1) (-1+Q1)

Similarly we obtain using Maple,

B, .. S Bai(Qa)w”
J iy = e Ot~ QG 1

where
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Bo(Q4) == —6Q7 +3QL +3Q4",  B2(Q4) :=3Q4° — 11QF + 13Q5 — 501,
Bi(Qq) = 3Q — 11Q] + 13Q5 —5Q%, Bs(Q4) == —6Q5 + 13Q] — 5Q7,
Bs(Q4) == —Q5 + 6Q3 — 5Q4 and B19(Q4) := 3Q7 — 5.

The coefficients in the Laurent expansion have the following expressions,

asy = 0
and
by, — (TQ1—9Q1+307-5)Qf
(QF—1)?
Consequently,
MIm{I32(w)} = (asz — bs2)es
(7R -9Q1+30Q7-5) QF

(6.38) = — (QF-172 e4.

Thanks to Maple, one may find the following expression

(w? = Qu)QF (0 72i (Qa)w?)

B3 = S — QD) (—(QI + 3Qw? + 3Q1(Q} + Dwt — (3Q] + Dub + Q] + Qrad)

where
70(Q4) = 18Q1% —15Q,°,  72(Q4) = 30Qy" — 68Q] + 48Q] — 18Q,°,
1(Q4) = —15Q*~105Q3+90Q4+80Q1"—45Q%, 76(Q4) = —12Q}' —136Q1+122Q3+66Q7 —40Q7,
18(Qa) = —35Q7% + 104Q] +46Q% — 112Q%,  710(Q4) = —30Q4 — 64Q7 + 86Q%,
and
712(Q4) = 30Q?% — 25.

This allows one to obtain
Qf (9QF — 26 Q4 +25)

(Q3+1) (-1 + Q)"

ass =

and
QS (—-131Q5 +56 Q1> +78Q1 +5+12Q7 —24Q% + 12Q1°)

(@ +1) (-1 +Qb)°

b33 =

Finally we obtain
HIm{Igg(w)} = ((133 - b33)€4
L Q8(14QI+3Q8 - 21Qf —3Q] +5)

(659 - @ +1) (C1+@QD)

€4.

For the last term, we use Maple to obtain
BB ,

S0 o Ei(Qa)w¥
~ ] Az e

w?(w? — Q) ((Qf + QF + Dw?(Qa — w?) + Qu(w® — Q)

(r)dr = —

where
€0(Q1) = —3Q%,  &(Qu) =3Q% —3Q% +5Q1,
£4(Qq) = 3Q1 — 8Q] +5Q%, &(Qa) = 3Q4 — 8Q1 + 507,
£3(Qa) = —6Q3% + 5Q4 and &10(Q4) = 2Q7 + 5.
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Thus we deduce using Maple once again

_QiB3Q7-5)

a34 =

(QF — 1)
and
. _ QR0 — 401 + 303 - 5)
e (QF - 1)?
Therefore we find
MIm{Is4(w)} = (ass —bsqg)eq
I
(6.40) = @?17_1)64.

Finally, using (6.37), (6.38),(6.39) and (6.40) one finds
@010+ 01~ )
(—1+Q3)°
Now combining (6.32),6.36) with (6.41) and simplifying the polynomial equation of @4, we obtain
QBT Qi -5@i+)
(—1+Q3)°

(6.41) I Im{/3(w)} eq.

a?¢(07 Q47 0) =

€4

To summarize, up to this point we have proved that the V-state equation (6.24) reduces in the
small neighbourhood I5 £ (—6,6) x (=6 + Q4,Q4 + 6) X (—6,6) to the finite-dimensional equation

(6.42) U(e,Q,s) = 0.
As 1 is at least C3, we can use a Taylor expansion with the integral form for the remainder around
the point (0, Q4,0),

2
'¢<5a Q? S) = w(O, Q47 0) + 8851/1(0, Q47 0) + Easlb((), Q4a 0) + (Q - Q4>8Qw(07 Q47 0) + %85251/}(07 Q47 0)

b 20(0,00,0)+ L= 2 10,040 — Q)P o2
9 Y y W4 )+ 9 Qd}( Nore )+5(Q Q4) €Q¢(05Q470)+55 5s¢(05Q470)
+ (Q — Qu)s05,¥(0,Q4,0) + &(2,Q, s)es
where L g2
5(5,62,5)64:/0 (;!)D3¢}(05,Q4+9(Q—Q4),95)(5,Q—Q4,s)3d9.

For a given vector h we use the notation h? to denote (h, h, h). Consequently, using the preceding
computations concerning the quadratic expansion, we obtain for any (¢, @, s) € Is

P(e,Q,s) = [a£2 +bs(Q — Q) + cs? + &(e, Q, s)}e4

with 20— 102
o Qi(Q —48624‘*‘3)7 b=404(Q2 + 1)
and
Qi3RI+ QI—-5Q1+5)

(-1+@3)°
Since Q4 = vV V2 — 1, one may easily check that

a>0,b>0andc<0.
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We introduce the parameters ¢ = —c, b= —Z—i and d = 20, which are three positive constants,

and write equation (6.42) in the new variables Q = Q — Q4 and X = s — dQ. In this way, we find
in a small neighbourhood of zero,

(643) TZJ(EaQaX) = a52 _6X2+5Q2+é(€7Q7X) es =0

where

£(e,Q,X) =E(s,Q,s).
For the quadratic equation

ac® — X2+ Q% =0

we find for given € # 0 two disjoint curves

X== g52+2Q2.
V é ¢

We prove that this structure persists for the full equation,
(6.44) ac? — eX? +0°Q% +4(¢,Q, X) = 0.

To this end, we check that the solutions have the form

X—\/—s2+ Q2+y

where y is a small correction described shortly below. From (6.44) we deduce that y satisfies the
equation

G(Q,y) =v,
with
2 £(5,Q,/222 + 2Q7 +)
GQy) =——-2—+ ~ .
2,/ %2 + 2 Q2 281/ %2 4+ 2Q2

We prove the following lemma,

Lemma 6.7. There exist two strictly positive constants n and g < 1 such that for any 0 < e < gg

is well-defined. Moreover, for any Q € B 5, G admits a unique fized point y(Q) which depends
ne

continuously on Q.

Proof. We begin with the simple inequality,

2 2 a2 . b2
@y < ——Y | EVE QY]

2 41 b2 21 002
2y ze" +2Q 2/ ze7 +2Q
It is plain that there exists C' > 0 such that,

2 ~€2 bQQ



For the second term we use the cubic form of the remainder and its continuity,

b
‘é(EaQ, W—Fy)‘ < Cne2.

IG(Q, )| < CnPe® + Cen.

N

It follows that,

Choosing 1 such that
(6.45) Cn+Cn? <1

we guarantee that G is well-defined. In order to apply the Banach fixed point theorem with a
parameter, we need only check that G is a contraction. Let y and 3 be two elements of B 3 then
ne

we have

(y+9) (7 —vy)

/ b
2 %52 + EQQ

1G(Q.y) - G(Q.9)| <

For the first term we write

(y+9)(—y)

b
2\/ 56 +2Q°

As for the second term we split it into two parts

é<57 Q) V %EQJF%QQJFZI) - é(E, Qa \ %EQJF%QQJFQ) = Tl (55 Q7 gv y) + T2(57 Q7 gv y)

< Cnezlj—y).

with
1
T Qi) = [ 52 (D% (5(0,.Qup) = D (306.2,Q.) | [o(e, Q)
where
g
5(07 g, Q7 y) - <9€7 Q4 + 9Q7 6 V %82+%Q2+y+dQ )7 '1)(5, Q7 y) = Q
( ) V2624 2Q7Hy+dQ,
and

1
e Qi) = [ 5 (DM (0ean) vl Q)] = Do(0a0) e Q.5 )b

According to Remark 6.6 and (6.23) one has that d,D3% is continuous. This implies by virtue of
the mean value theorem that

Ti(e,Q.9,9)] < Cly—3l(e*+ QP + [y*)
< Cly—l( +nPe? +nle?)
< Cly—gl(e® +n’e?).
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For the term T, we use the multi-linear structure of D31 which gives
To(e, Q. 5, 9) < C(E+Q+¢*)|y— 7l
< O(E+ned)ly — gl
Finally, we have the following inequality, since ¢, € [0, 1],
- - 5 5
G(Q.y) —G(@Q.9)] < Cly—gl(e® + ez +n’e3)
< Cly—3l(e* +e3).
For the choice of n made before in (6.45), it suffices to fix £y such that
5
Ceg+n%ed) <1

2
The continuity dependence with respect to Q is classical and follows from the fixed point theorem

with a parameter. This achieves the proof of the lemma. O

in order to guarantee that G is a contraction and hence admits a unique fixed point y(Q) € B 3.
ne

Therefore equation (6.43) admits a solution in the form

X=X (Q) = /%24 2Q7 +4(Q).

Reproducing the same analysis we can prove that the equation (6.43) admits another solution of

the form
b _

It remains only to check that the curves Q € B

[N

s X4 are disjoint graphs. For this we write,
n
by the triangular inequality,
a ., b N
XH(@ - X Q] > 2/%2+ 202 ((Q)] + [H(Q))
3
> C(le| - 2nlel?)
> Ce

if £ is small enough. Coming back to the initial unknowns, we find two disjoint curves of solutions
to equation (6.42). The proof of Theorem 6.5 is now complete. O

7. CONCLUSIONS

In this paper we have described both numerically and analytically the bifurcation structure of two-
fold and three-fold symmetric singly-connected vortex patch equilibria for the Quasi-Geostrophic
Shallow-Water equations. The numerical results reveal that the branch of solutions for two-fold
symmetric equilibria, consisting of a main branch of Kirchhoff elliptical vortices and secondary
branches bifurcating at the Love instability points for the Euler equations, likely separates into an
infinite set of disjoint branches for any finite value of the Rossby deformation length ¢~'. This
is confirmed for ¢ < 1 by mathematical analysis for the first separation near the Love instability
point for elliptical azimuthal wavenumber m = 4.

The numerical results for the three-fold symmetric equilibria also reveal a separated branch, in

this case existing for all e. The mathematical analysis confirms that solutions exist for small e

near the Euler limit (¢ = 0); these solutions are near circular in form. The separated solutions are
49



beyond the scope of this analysis. In a future work, we will report on the stability and nonlinear
evolution of these solutions.
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