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Abstract

A Commutative Noncommutative Fractal Geometry
Anthony Samuel

In this thesis examples of spectral triples, which represent fractal sets, are examined and new
insights into their noncommutative geometries are obtained.

Firstly, starting with Connes’ spectral triple for a non-empty compact totally disconnected sub-
set F of R with no isolated points, we develop a noncommutative coarse multifractal formalism.
Specifically, we show how multifractal properties of a measure supported on F can be expressed in
terms of a spectral triple and the Dixmier trace of certain operators. If I satisfies a given porosity
condition, then we prove that the coarse multifractal box-counting dimension can be recovered. We
show that for a self-similar measure p, given by an iterated function system S defined on a compact
subset of R satisfying the strong separation condition, our noncommutative coarse multifractal for-
malism gives rise to a noncommutative integral which recovers the self-similar multifractal measure
v associated to u, and we establish a relationship between the noncommutative volume of such a
noncommutative integral and the measure theoretical entropy of v with respect to S.

Secondly, motivated by the results of Antonescu-Ivan and Christensen, we construct a fam-
ily of (1,4)-summable spectral triples for a one-sided topologically exact subshift of finite type
(2%, o). These spectral triples are constructed using equilibrium measures obtained from the Perron-
Frobenius-Ruelle operator, whose potential function is non-arithemetic and Hélder continuous. We
show that the Connes’ pseudo-metric, given by any one of these spectral triples, is a metric and
that the metric topology agrees with the weak*-topology on the state space S(C(Z}); C). For each
equilibrium measure v, we show that the noncommuative volume of the associated spectral triple
is equal to the reciprocal of the measure theoretical entropy of v4 with respect to the left shift
o (where it is assumed, without loss of generality, that the pressure of the potential function is
equal to zero). We also show that the measure vg can be fully recovered from the noncommutative
integration theory.
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Chapter 1: Introduction

1.1 Summary of Main Results

The main goal of this thesis is to develop the theory of noncommutative fractal geometry, as
originally proposed by Connes [Con3|] and Lapidus [Lap]. A summary of our main contributions
towards this theory is as follows.

A Noncommutative Coarse Multifractal Formalism. We show how multifractal properties
of a Borel probability measure p supported on a non-empty compact fractal set E of R
satisfying a certain porosity condition’ can be expressed in terms of the complementary
intervals of the support of p (by a fractal set we mean a non-empty totally disconnected
space with no isolated points). This allows the development of a noncommutative analogue
of a coarse multifractal formalism for Connes’ spectral triple representation of the set E.
Specifically, we prove that from this new development one can recover the coarse multifractal
box-counting dimension of . For a self-similar measure p, given by an iterated function
system S, we then show that our noncommutative coarse multifractal formalism gives rise to
a noncommutative integral which recovers the associated self-similar multifractal measure v,
and we establish a relationship between the volume of such a noncommutative integral and
the measure theoretical entropy of v with respect to S.

The Noncommutative Volume of a Subshift of Finite Type. By refining the methods of
Antonescu-Ivan and Christensen given in [AIC1], we derive a (1, +)-summable spectral triple
for each one-sided topologically exact subshift of finite type (X%, o) equipped with an equi-
librium measure vy (where ¢ € C(XS;C) denotes some Hélder continuous non-arithmetic
potential function). We show that a variety of geometric and measure theoretic information
can be recovered form such a spectral triple. We prove that Connes’ pseudo-metric, given by
our spectral triple, is a metric on the state space S(C(X%;C)) of the C*-algebra of complex-
valued continuous functions defined on X%, and that the topology induced by this metric
is equivalent to the weak™-topology on S(C(X%;C)). We show that the noncommutative
integration theory of our spectral triple is capable of recovering the measure v and that the
noncommutative volume is equal to the reciprocal of the measure theoretical entropy of vy
with respect to the left shift o.

1.2 Motivation and History

In the 1980s Connes formalised the notion of noncommutative geometry (see for instance [Con3,
Conl]) and, in doing so, showed that the tools of differential geometry can be extended to certain
non-Hausdorff spaces known as “bad quotients” and to spaces of a “fractal” nature. Such spaces
are abundant in nature and commonly arise from various dynamical systems.

A main idea of noncommutative geometry is to analyse geometric spaces using operator algebras,
particularly C*-algebras. This idea first appeared in the work of Gelfand and Naimark [GN], where
it was shown that a C*-algebra can be seen as the noncommutative analogue of the space of
complex-valued continuous functions on a locally compact metric space. Also, note that for a

IThe concept of lacunarity (derived from the Latin word lacuna meaning gap) or porosity (derived from
the Latin word porus meaning pore - a minute opening in a surface) for a fractal set was introduced by
Mandelbrot. His introduction of this concept in [Man4]| begins with the following curious sentence. “A
second skeleton rattles in the closets of most models of the distribution of galaxies.”
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smooth compact spin Riemannian manifold, one can recover its smooth structure, its volume and
its Riemannian metric directly from its standard Dirac operator (see [Jos]). Motivated by these
observations, Connes proposed the concept of a spectral triple. A spectral triple is a triple (A, H, D)
consisting of a C*-algebra A, which acts faithfully on a separable Hilbert space H, and an essentially
self-adjoint unbounded operator D defined on H with compact resolvent such that the set

{a € A : the operator [D, 7 (a)] extends to a bounded operator defined on H}

is dense in A. (Here 7w : A — B(H) denotes the faithful action of A on H.) Connes showed that
with such a structure one can obtain a pseudo-metric on the state space S(A) of A, analogous to
how the Monge-Kantorovitch metric is defined on the space of probability measures on a compact
metric space. In 1998 Rieffel [Rie2] and Pavlovié¢ [Pav] established conditions under which Connes’
pseudo-metric is a metric and established conditions under which the metric topology of Connes’
pseudo-metric is equivalent to the weak®-topology defined on S(A). Also, Connes [Con3] showed
that a notion of dimension (called the metric dimension) and that a theory of integration can be
derived for such structures. He also proved that for an arbitrary smooth compact spin Riemannian
manifold there exists a spectral triple from which the metrical information, the measure theoretical
information and the smooth structure of the manifold can be recovered (see [Con3, Ren]). This
illustrates that a spectral triple allows one to move beyond the limits of classical Riemannian
geometry. That is to say, not only is one able to recover classical aspects of Riemannian geometry,
but through the notion of a spectral triple one is able to extend the tools of Riemannian geometry
to situations that present themselves at the boundary of classically defined objects, for instance,
objects which “live” on the boundary of Teichmiiller space (such as the noncommutative torus) or
those of a “fractal” nature (such as the middle third Cantor set). Although one of the original
motivations for noncommutative geometry was to be able to deal with non-Hausdorff spaces, such
as foliated manifolds, which are often best represented by a noncommutative C*-algebra (see [Con3,
Var, Mar, Rie3]), this new theory has scope, even when the C*-algebra is commutative.

In Connes’ seminal book [Con3|, the concept of a noncommutative fractal geometry is intro-
duced. Consequently, a remarkable amount of interest has developed in this subject. In Chapter
IV of [Con3], Connes gives numerous examples to indicate how fractal sets can be represented by
spectral triples. Connes’ examples include non-empty compact totally disconnected subsets of R
with no isolated points and limit sets of Fuchsian groups of the second kind. Subsequently, in 1997
Lapidus [Lap] proposed several ways in which the notions of a noncommutative fractal geometry
could be extended, after which several important articles on the subject appeared. For instance,
in [GI1] Guido and Isola analysed the spectral triple presented by Connes for limit fractals in R
which satisfy a certain separation condition. (Note that such sets are non-empty compact totally
disconnected and have no isolated points.) There, the authors investigated aspects of Connes’
pseudo-metric, the metric dimension and the noncommutative integral of Connes’ spectral triple.
In [GI2] this construction and analysis is extended to limit fractals in R", for all n € N. Further,
Antonescu-Ivan and Christensen [AIC1] have provided a construction of a spectral triple for an AF
(approximately finite) C*-algebra with particular focus on aspects of Connes’ pseudo-metric. In
[AICL] the authors give several examples of spectral triples which represent fractal sets such as the
von Koch curve and the Sierpiriski gasket. There, the authors showed that for such sets the Haus-
dorff dimension can be recovered and that Connes’ pseudo-metric induces a metric equivalent to
the metric induced by the ambient space on the given set. More recently, in [BP] the authors adapt
Connes’ spectral triple to represent the code space {0, 1}N equipped with an ultra-metric d. It is
shown that an adaptation of Connes’ pseudo-metric gives rise to a metric equal to d. Further, they
proved that the box-counting dimension can be recovered and that a noncommutative integration
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theory gives rise to an integral with respect to the normalised J-dimensional Hausdorff measure on
the metric space ({0,1}",d). (Here, § denotes the Hausdorff dimension of ({0,1}",d).)

In [CL, PS, Kra, IKM] the authors showed that any finite metric space can be represented by a
finite spectral triple and that from such a representation one can recover the full geometric structure
of the finite metric space. Within these articles a full classification of finite spectral triples is given.
Further, in [Con4, GBIS] a finite spectral triple which represents the standard model in particle
physics is constructed. There, neutrinos are assumed to be massless. In [Conb|, investigations are
carried out in which the assumption that neutrinos are massless is not made.

Attempts to build spectral triples for general (non-fractal) compact metric spaces have been
made by Antonescu-Ivan and Christensen [AIC2]. There, the authors constructed spectral triples
for an arbitrary compact metric space (X, d) by gluing together finite spectral triples associated
with a two-point set as described by Connes in Example 2a on page 563 of [Con3]. In doing so,
they showed that Connes’ pseudo-metric induces a metric on X which is equivalent to d.

1.3 Outline and Statement of Main Results

The main contributions of this thesis are contained in Chapter 4, where our core results are contained
in Theorem 4.1.9, Theorem 4.1.11, Theorem 4.2.5, Theorem 4.2.6 and Theorem 4.2.7. In Theorem
2.1.20, Theorem 2.2.10, Proposition 2.3.4, Corollary 2.3.7, Corollary 2.3.10 and Theorem 3.2.17
we give new results which are both interesting themselves and essential to the proofs of our main
results. Below, we give a more detailed outline of the work carried out in this thesis.

Chapter 2: Fractals, Dynamics and Renewal Theorems. In this chapter, we begin by
discussing some of the basic aspects of fractal geometry that will be required in the sub-
sequent chapters. The first section, Section 2.1, is split into three main parts. A general
and brief introduction to fractal measures and dimensions (Subsection 2.1.1), a brief review
of the Minkowski content of a subset of R (Subsection 2.1.2) and finally an introduction to
the notions of coarse multifractal analysis (Subsection 2.1.3). The material contained in Sub-
section 2.1.1 and Subsection 2.1.2 is standard in the theory of fractal geometry and these
subsections are respectively based on material contained in [Fall] and [Fal2]. In Subsection
2.1.3, we define the coarse multifractal box-counting dimension b(g) at ¢ € R for a given
Borel probability measure pu with compact support, where we use the extension for negative
g introduced by Riedi [Riel]. We then prove that an equivalent definition of b exists in terms

of the complement of the support of u, provided that the support of u is strongly porous.

Definition. (Definition 2.1.10.) A subset E of R is defined to be strongly porous with
porosity constant p € (0,1), if for each z € F and r € (0,1] the ball B(z,r) contains a
complementary interval of F with diameter greater than or equal to pr.

Theorem. (Theorem 2.1.20.) Let p denote a Borel probability measure on a non-empty
compact subset of R. Assume that the support of u is strongly porous with porosity constant
p >0, and let {I : k € N} denote the set of complementary intervals of supp(u) whose
lengths are finite. If n > 2p~', then for each q € R, we have that

N ¢
— 1)
b(q) = inf{tGR : E w(ID || < oo} = inf {tGR : limsupM :0}.

keN N—oo In(N)

In the above theorem, and later, for an interval I C R, we let || denote the length of I and,
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for each n > 0, we let T denote the closed ball centred at the midpoint of I with radius
(L+n)kl/2.

Although the result of the above theorem seems unusual at first within the context of standard
multifractal analysis, it is useful in the formulation of a noncommutative coarse multifractal
formalism.

In the next section, Section 2.2, we introduce the concept of a one-sided subshift of finite
type. We describe the thermodynamic formalism for this setting, as developed by Bowen
and Ruelle ([Bowl, Bow2, Ruel, Rue2]). We state the results which give the existence of a
Gibbs measure and the existence and uniqueness of an equilibrium measure on a one-sided
topologically exact subshift of finite type. Finally, in Theorem 2.2.10, a new notion of Haar
basis for the Hilbert space L?(X%, B, 1) is developed. (Here, (X%, 0) denotes a one-sided
topologically exact subshift of finite type and p denotes a Gibbs measure with support equal
to 3%.) This concept enables us to describe in a natural way the filtration on L?(X%, B, 1)
induced by the Gelfand-Naimark-Segal completion and the AF-structure of the C*-algebra of
complex-valued continuous functions defined on 3. Thus, we are able to refine and develop
the spectral triple of Antonescu-Ivan and Christensen’s for an AF C*-algebra, in the setting
of a one-sided topologically exact subshift of finite type.

The final section of this chapter, Section 2.3, contains a discussion of three renewal theorems
for fractal sets and topologically exact subshifts of finite type. A description of the renewal
theorems presented in [Fal3, Lal, GH] is given and it is shown how these results lead to various
interesting counting results. Specifically, we derive the following.

1. Let {0,1} € E C [0,1] denote a non-empty compact self-similar set whose iterated
function system of similarities satisfies the strong separation condition. Set § equal
to the Hausdorff dimension of E and let {I, C [0,1] : k£ € N} denote the set of
complementary intervals of F. Let &€ : (0,00) — R be defined, for each r € (0,00), by

E(r) = Y L.

keN

|27
For f,g : R — R and zo € R, we say that f is asymptotic to g as x tends to zo, if
lima ey f(z)/g(x) = 1. We write f ~ g as = tends to xo.

Theorem. (Proposition 2.3.4.) There exists a positive constant ¢ such that, as r tends
to zero, £(r) ~ cln(r).

The precise value of the constant ¢ above is given in Proposition 2.3.4 and is related to
the geometric structure of the set E.

2. Let (X%, 0) denote a one-sided topologically exact subshift of finite type equipped with
an equilibrium measure v, for a real-valued non-arithmetric Hélder continuous potential
function ¢ € C(XF;R). Let h,, (o) denote the measure theoretical entropy of vy with
respect to the left shift o. For each ¥ € ¥ U, let Ty, 2y : (0,00) — [0, 00) be defined,
for each r € (0,00), by

Yo(r) = > 1, Eu(r) = > ps(w]).
weX? with weX’) with
v ([w])>r and [w]C[7V] v ([w])>r and [w]C[7]
Here, 2% denotes the set of admissible words of finite length and [w] denotes the cylinder
set associated to w € ¥%. If ¥ = (), then we set [V] := X,
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For f,g : R — [0,00) and for z9 € R, we say that f is comparable to g as x tends to
xo if there exist constants ci,ce > 0 such that for all x sufficiently close to x¢, we have
that ¢, f(z) < g(z) < ¢, f(xz). We write f < g as z tends to zo.

Theorem. (Corollary 2.3.7 and Corollary 2.3.10) For each ¥V € ¥ U0, as r tends to
zero, we have that

These counting results, interesting in themselves, also allow us to prove new results. In
particular, they allow us to formulate a link between the notion of measure theoretical entropy
and the notion of a noncommutative volume for a one-sided topologically exact subshift of
finite type equipped with an equilibrium measure (Theorem 4.2.7).

Chapter 3: C*-algebras and Noncommutative Geometry. Here, we give some of the ba-
sic concepts of noncommutative geometry which we will use and extend in Chapter 4. The
work presented in this chapter is partially based on work published in [Con3, Vér, FGBV,
Mar, BO, Dav] and is organised as follows.

We begin in Section 3.1 by formally defining a C*-algebra and stating the seminal classification
theorems of C*-algebras by Gelfand and Naimark as presented in [GN]. We then define the
notion of a noncommutative dynamical system, or, more precisely, a C*-dynamical system,
and describe how one can obtain from such a system the class of C'*-algebras called discrete
cross product algebras. Such a class of C*-algebras allows us to demonstrate, by way of
example, how Connes’ theory of noncommutative geometry can be applied to noncommutative
C™-algebras (see Subsection 3.3.2 and Subsection 3.3.3 for such application). A more extensive
analysis of noncommutative dynamical systems can be found in the recent preprint [BMR].

In Section 3.2, following [Con3], we define the notion of a spectral triple and describe the
geometric and measure theoretic information one can obtain from such an object.

1. Connes’ pseudo-metric (Subsection 3.2.1).

2. The notion of a finitely summable, (p,+)-summable and f-summable spectral triple,
where the first notion gives rise to the notion of metric dimension for spectral triples
(Subsection 3.2.2).

3. The notion of a noncommutive integration theory and that of a noncommutative volume
(Subsection 3.2.2).

To conclude the chapter, we give three basic examples of spectral triples, examining their
noncommutative geometries. Although most of the material in this section is well-known, it
is often the case that many of the finer details do not seem to appear in the literature. When
this is the case we provide a full account. Specifically, we examine the noncommutative
geometries of spectral triple representations of the following: the unit circle (Subsection
3.3.1), noncommutative tori (Subsection 3.3.2) and duals of countably infinite discrete groups
(Subsection 3.3.3). In the case of the noncommutative torus we take a more dynamical
approach than that usually presented in the literature (see [Con3, Var, FGBV]). The
material contained in Subsection 3.3.3 is based on material contained in [Con2].

Chapter 4: A Commutative Noncommutative Fractal Geometry. This chapter divides
into two main sections: Section 4.1, a version of which has been recently published in [FS]
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by Falconer and Samuel and Section 4.2, which extends the results of Antonescu-Ivan and
Christensen [AIC1].

In Section 4.1 we begin by describing Connes’ construction of a spectral triple (A, H, D) for
a non-empty compact totally disconnected subset F of R with no isolated points. Then in
Subsection 4.1.1 we investigate the geometric properties of (A, H, D). Specifically, we explore
the relationships between the following concepts.

1. The metric dimension of (A4, H, D) and the Hausdorff dimension dimy(E) =: ¢ of E
(Theorem 4.1.3 and Theorem 4.1.4).

2. The noncommutative volume of (A, H, D) and the Minkowski content of E, provided
that F is Minkowski measurable (Theorem 4.1.5 and Corollary 4.1.8).

3. The noncommutative volume of (A, H, D) and the measure theoretical entropy of the
normalised §-dimensional Hausdorff measure on E with respect to S, where F is a self-
similar set with associated iterated function system S satisfying the strong separation
condition (Theorem 4.1.6 and Corollary 4.1.8).

4. The noncommutative integral given by (A, H, D) and the normalised J-dimensional
Hausdorff measure on E (Theorem 4.1.7 and Corollary 4.1.8).

5. Connes’ pseudo metric given by (A, H, D) and the Monge-Kantorovitch metric on the
space of Borel probability measures on E (see the concluding remarks of Subsection
4.1.1).

Although some of the relations stated above are well-known and are presented in [Con3, GI1],
we provide new proofs. Further, we make explicit a point of ambiguity in Theorem 4.2 of
[GI1]. In a personal communication [Bel] we were informed that this ambiguity is well-known
to experts in the field of noncommutative geometry.

In Subsection 4.1.2 we develop a noncommutative analogue of a coarse multifractal formalism
for Connes’ spectral triple (A4, H, D) for a compact totally disconnected subset E of R with
no isolated points.

Let b(q) denote the coarse multifractal box-counting dimension of u at ¢ € R and let £ (H)
denotes the Dixmier ideal of H. Under the assumptions that E is strongly porous and that
u is a Borel probability measure with support equal to E satisfying the (mild) requirement

that, as r tends to zero
(B ) _
In(r) ’

uniformly in z € E, we prove the following.

Theorem. (Theorem 4.1.9.) Let p denote the porosity constant of E and let n > p. Then
there exists a bounded linear operator Q. ., : H — H (which we specify) dependent on p and
1 such that, for each q € R, we have that

b(q) = inf{p e R : Q- ,|D|? € LV (H)}. (1.1)

Next, in Theorem 4.1.11, we focus on the case where F denotes a self-similar subset of R
generated by an iterated function system of similarities S which satisfies the strong separation
condition and where p denotes a self-similar Borel probability measure on E. Here, we
show that one can obtain a noncommutative integral which recovers the associated self-
similar multifractal measure v. Before giving the statement of our result, we set the following
notation.
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1. Let (A, H, D) denote Connes’ spectral triple for the set E where m : A — B(H) denotes
the faithful action of A on H (note that A := C(E;C)).

2. Since S satisfies the strong separation condition, this implies that the set E is strongly
porous. Letting p denote the porosity constant of E, for each n > p, let Q. ., : H - H
denote the bounded linear operator as in Equation (1.1).

3. For a given limiting procedure W, let Tr;) denote the Dixmier trace with respect to W.
Note that it is through the Dixmier trace that one obtains a noncommutative integral.

Theorem. (Theorem 4.1.11) There exist positive constants hy, R1 such that for each limiting
procedure W, each n > p and each a € A := C(E;C), we have that

Tro(7(a)Qpun|D|°P) = lehV/Eady.

In the above theorem the constant h, is equal to the measure theoretical entropy of the
measure v with respect to S. Further, the precise value of the constant R; is given in
Proposition 2.3.4 and is related to the geometric structure of the set £ and the measure p.

In our final section, Section 4.2, we build on the results of Antonescu-Ivan and Christensen
[AIC1]. This section divides into two main parts. In Subsection 4.2.1, we review the relevant
results of [AIC1]. We also include an application of these results as given in Proposition 1.9 of
[CM]. We add to the discussion presented in [CM] by considering the metric dimension, the
noncommutative volume, the noncommutative integral and aspects of Connes’ pseudo-metric
of the given spectral triple.

In Subsection 4.2.2 we show how one can construct a spectral triple
(A,H,D) = (C(XX;C),L*(X%,B,vs), Du,)

for a one-sided topologically exact subshift of finite type (X%, o) and an equilibrium measure
vy for a Holder continuous potential function ¢ € C(X%;R). This construction is motivated
by the results of Antonescu-Ivan and Christensen and uses the results of Subsection 2.2.2
where we develop a notion of a Haar basis for a one-sided subshift of finite type. To justify
that the spectral triple we construct is reasonable we observe and prove the following.

Theorem. (Theorem 4.2.6.) Connes’ pseudo-metric dc(zf;c) given by the spectral triple
(A, H, D) is a metric on the state space S(A) of A. Moreover, the topology induced by Connes’
pseudo-metric is equivalent to the weak™-topology on S(C(X%;C)).

Theorem. (Theorem 4.2.7.) Let ¢ € C(EF;R) denote a Holder continuous non-arithmetic
potential function and let vy denote the unique equilibrium measure on L% for the potential
¢. Then the spectral triple (A, H, D) is (1, +)-summable with metric dimension equal to one.
Moreover, for each limiting procedure W and each a € A := C(X%;C), we have that

_ 1
Tro(m(a)| D, h = / advg.
WE@IDe| ) = s [ ads

In particular, the noncommutative volume of (A, H, D) is equal to 1/hy, (o).

Very shortly before this thesis was to be submitted, the author learnt that Sharp [Shal
(motivated by our work in [FS]) developed a very similar result to that presented in Theorem
4.2.7. The main focus of [Sha] is on representing a topologically mixing sub-shift of finite
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type by a spectral triple and calculating the noncommutative volume using a spectral triple
similar to that presented in [BP]. Although our results are similar, Sharp obtains his results
using different methods.

1.4 Basic Notation and Definitions

In this section we set out basic terminology and notation that will frequently be encountered.

1. Let N,Z,Q, R, and C denote the sets of all natural, integer, rational, real and complex num-
bers, respectively. It is assumed that the natural numbers exclude zero, and so, let Ny denote
the set of non-negative integers.

2. For a subset E of R™ let | E| denote the Euclidean diameter of E and let E denote the closure
of E, that is, the small closed subset of R" containing E. Further, let F denote the closure
of E minus the interior of £, where the interior of F is defined to be the largest open subset
of R™ which is fully contained in E.

3. For each z € C, the same symbol is used for the (complex) norm of z, that is, |z| := (22)"2.
4. Two notions which we will repeatedly use are those of comparability and asymptoticity.

(a) For f,g : R — [0,00) and zo belonging to the extended real numbers, we say that f
is comparable to g as x tends to xo if there exist constants ci,c2 > 0 such that for all
z sufficiently close to zo (and in the case that xo = Zoo, for all z sufficiently large,
respectively sufficiently small), we have that ¢, f(z) < g(z) < ¢, f(z). We write f < g
as x tends to xg.

(b) For f,g : R — R and zo belonging to the extended real numbers, we say that f is
asymptotic to g as = tends to zo (and in the case that xg = too, for all x sufficiently
large, respectively sufficiently small) if lim 4, f(x)/g(x) = 1. We write f ~ g as x
tends to xg.

5. For a topological space (X,7) and a continuous function 7' : X — X, two continuous
functions g,h : X — R are said to be cohomologous with respect to T if there exists a
continuous function ¢ : X — R such that g — h = ¢ — ¢ o T. This difference is called the
co-boundary of g and h with respect to T'.

6. A topological space is called totally disconnected if and only if its connected components
consist of single points. If a topological space has no open set which consists of a single point,

then we say it has no isolated points.

7. Let (X, 7T) denote a topological space. A subset Y of X is called discrete if and only if, for
all y € Y, there exists U € T such that Y NU = {y}

8. For a topological space (X, 7T), let B denote the Borel o-algebra, that is, the o-algebra gen-
erated by the open sets of X. Two finite measures p1 and p2 on B are said to be equivalent,
if for each B € B we have that p1(B) = 0 if and only if p2(B) = 0.

9. Let p denote a finite Borel measure on a topological space (X, 7). The support of p, denoted
by supp(u), is defined to be the set of all points € X for which every open neighbourhood
of x has positive measure.
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10. Let (X1,C1,p1) and (X2,C2,u2) be two measure spaces and let T : X1 — X2 denote a
measurable map. Then T is said to be measure preserving if i (T~1(C)) = p2(C) for all
C e Cs.

11. If (X,C, u) is a measure space, T : X — X a measure preserving transformation and p(X) <
00, then the measure preserving transformation 7T is called ergodic if and only if for all C' € C
with 77(C) = C one has that x(C) = 0 or u(C) = pu(X).

12. For n € N, let A" denote the n-dimensional Lebesgue measure.
13. For a given set X, we define the following.

(a) For Y C X, let x, denote the characteristic function of Y, that is, for each z € X,
define

Xy (z) =

0 ifzdy,
1 ifzey.

(b) For z € X, let 6, denote the Dirac point mass at x, that is, for a subset Y of X, define

5.0 0 ifzgy,
U ifzey.

(¢) For each z,y € X, let d5,4 denote the Kronecker-delta symbol, that is,

O,y =
! 1 ifz=y.

{0 if 2 # v,

14. For a topological space (X,T), let C(X;C) denote the set of complex-valued continuous
functions on X and let C'(X;R) denote the set of real-valued continuous functions on X.
For a measure space (X, B, i), we let L?(X, B, 1) denote the Hilbert space of complex-valued
square integrable functions on X with respect to p, where the inner product is given, for all
hi,he € L*(X, B, 1), by

<h1,h2> = / hlhizd,u“
X

15. For each k € N, let Il denote the symmetric group on k£ symbols.

16. For a complex separable Hilbert space H, let B(H) denote the algebra of bounded linear
operators from H to H and let K(H) denote the ideal of B(H) consisting of compact linear
operators. Further, for T € B(H) denote the adjoint of T" by T*. For a linear operator
T € B(H) define the trace of T to be tr(T) := >, . (T'(ex), ex), where {ex }ren is an arbitrary
orthonormal basis for H. An operator T is called a trace-class operator if and only if the trace
of |T| := (T*T)% is finite. Observe that set of trace-class operators form a subset of K(H).
Background on further relevant notions from functional analysis are included in Appendix A.

17. For a Hilbert space H, we let 1 denote the identity element of the set B(H).
18. Following convention, we let ® denote the tensor product of vector spaces.

19. Finally, throughout this thesis we shall assume the Axiom of Choice.



Chapter 2: Fractals, Dynamics and Renewal Theorems

The aim of this chapter is to present necessary background material from the areas of fractal
geometry (Section 2.1), symbolic dynamics (Section 2.2) and renewal theory (Section 2.3). To that
end, we state various well-known results and examples, but also give some new results. With these
foundations and those of Chapter 3, we will be able to achieve our overall goal of constructing and

developing a theory of a noncommutative fractal geometry.

2.1 Fractal Geometry

Let us begin by collecting relevant results from fractal geometry. The majority of the material
detailed here is well-known and so is stated here without proof, with the exception of the final
two results of Subsection 2.1.3 which do not seem to appear in the current literature. For the
interested reader, there is an extensive literature available, with good overviews contained in [Fall,
Fal3, Man4, Pol2].

2.1.1 Fractal Measures and Dimensions

In the foundational essay [Man3], Mandelbrot introduced the subject of fractal geometry. One
of the main motivations was to introduce tools which would be able to deal with irregular and
fragmented patterns which occur in nature and science. Often, unlike “smooth” objects whose
structure becomes simpler on a shrinking scale, fractal objects tend to be irregular or fragmented
on a shrinking scale. Therefore, fractal sets are too irregular to be described either locally or globally
with traditional geometric tools.

Various attempts have been made to give a mathematically precise definition of a fractal, but in
general such definitions have proven to be unsatisfactory. Therefore, it is often the case that a set
is described as being fractal if it satisfies certain characteristics, for instance the above-described
irregularity at all scales. Another characteristic is having a non-integer Hausdorff dimension, which
is obtained from the Hausdorff measure, where the Hausdorff measure is defined in an analogous
way to the n-dimensional Lebesgue measure, for n € N. In what follows, let n € N be fix.

Definition 2.1.1. Let E denote a subset of R", let s > 0 and let > 0. Define

Hy(E) = inf{Z|Ek|S : EC | Brand|Ey| < n}

keN keN

to be the n approximation to the s-dimensional Hausdorff measure and define

to be the s-dimensional Hausdorff measure of E.

Theorem 2.1.2. For s > 0, we have that H® is a reqular Borel measure and if E C R"™, then there
exists a unique 0 € R such that, for all € € (0,0), we have that

HO(E) = 0o, HTYU(E) =0
Moreover, one has that \™ = ¢, H", where ¢, is the n-dimensional Lebesgue volume of the unit ball

mn R™.

10
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PROOF. See page 31 of [Fall]. [ |

Definition 2.1.3. For E C R", the unique § given in Theorem 2.1.2 is defined to be the Hausdorff
dimension of E and denoted by dimy (FE).

Another type of dimension that we shall use is the box-counting dimension. Let E denote a
non-empty bounded subset of R™. For each € > 0, define N¢(E) to be the smallest number of subsets
of R™ of diameter less than € needed to cover E. The box-counting dimension of E is determined
by the power law relationship between N.(E) and e.

Definition 2.1.4. The lower and upper boz-counting dimensions of E C R™ are respectively defined
by

dim = limsu 71H(N€(E))
mint =@ o dims(E) = limsup =0

(2.1)
If these are equal then the common value is referred to as the box-counting dimension of E and is
denoted by
. o In(N.(E))
dimp(E) := lgr(l) (o
It is often the case that the Hausdorff dimension and the box-counting dimension differ. How-
ever, it is well-known that the box-counting dimension gives an upper bound for the Hausdorff
dimension, that is, for a subset E of R™ we have that

dimy(E) < dimg(E) < dimp(E).

For a proof of this result and further reading on the Hausdorff dimension and box-counting dimension
we refer the reader to Chapters 2 and 3 of [Fall].

In this thesis, a specific class of fractal sets which we will work with are self-similar sets. These
sets are made up of smaller images of themselves and can be constructed by an iterated function
system of similarities.

Definition 2.1.5. Let K be a compact subset of R". A similarity is a linear map s : K — K
such that there exists an r € (0,1) with ||s(z) — s(y)|| = r|lz — y||, for all z,y € K. We refer to
r as the contraction ratio of the similarity s. Define an iterated function system of similarities to
be a finite family of distinct similarity mappings {s1, s2,...,5m} on K. It is assumed that m is a
positive integer greater than or equal to 2 in order to avoid trivial cases.

A property of an iterated function system of similarities is that it determines a unique invariant
compact subset of R™.

Theorem 2.1.6. (Hutchinson’s Theorem) If S := {s1,82,...,8m} denotes an iterated function
system of similarities on a compact subset K of R™, then there exists a unique non-empty compact
subset 2 of K satisfying

We say that E is invariant under S and call E a self-similar set.

PROOF. See Theorem 9.1 of [Fall]. [ ]

A useful condition that is commonly used in fractal geometry is the strong separation condition.
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Definition 2.1.7. Let S := {s1,52,...,8m} denote an iterated function system of similarities on
a compact subset K of R™ and let E denote the unique non-empty compact invariant set under S.
Then S is said to satisfy the strong separation condition if for all distinct i,7 € {1,2,...,m} we
have that s;(F) N s;(E) = 0.

Remark. A self-similar set satisfying the strong separation condition is necessarily a compact
totally disconnected set with no isolated points.

The following theorem gives a simple way of calculating the Hausdorff dimension of self-similar
sets satisfying the strong separation condition. In fact, the theorem holds under a slightly weaker
condition, namely, the open set condition (see page 129 of [Fall]).

Theorem 2.1.8. (Moran-Hutchinson Formula) Let S := {s1,s2...,sm} denote an iterated function
system of similarities satisfying the strong separation condition (or more generally the open set
condition) and let E denote the unique non-empty compact invariant set under S. Let r; denote the
contraction ratio of s; fori € {1,2,...,m}. Then

dimp(E) = dimy(E) = t,

where t is the unique solution of the equation

er = 1.
i=1
PROOF. See Theorem 9.3 of [Fall]. |

An example of a fractal set which we will repeatedly use within this thesis is the following.

Example 2.1.9. Forn € (0,1/2), consider the iterated function system of similarities S := {s1, s2},
where s1, 52 : [0,1] — [0,1] are defined by

si(z) = nz, s2(z) = nx+1—n.

We define the middle (1 —2n)-Cantor set to be the unique non-empty compact subset of R which is
invariant under S and denote it by C;,. Note that, by the Moran-Hutchinson formula, the Hausdorff
dimension of (), is equal to —In(2)/In(n).

It is well-known that any compact totally disconnected subset E of R with no isolated points is
homeomorphic to the middle third Cantor set (see Corollary 30.4 of [Wil]). Therefore, we can view
E in terms of its complement, that is, as a family of disjoint open intervals {I; : k € N}. When
viewing F in this way, it will always be assumed that the complementary intervals I are ordered
so that their lengths are non-increasing. If, in addition, one imposes a certain porosity condition on
FE, then one obtains bounds on the rate of decrease of the lengths of the complementary intervals
and that the Hausdorff dimension must be strictly positive. The porosity condition with which we
shall be concerned (especially in Subsection 4.1.2) is the following.

Definition 2.1.10. A subset E of R is defined to be strongly porous with porosity constant p €
(0,1), if for each z € E and r € (0, 1] the ball B(z,r) contains a complementary interval of E with
diameter greater than or equal to pr.

Remark. The standard concept of porous set, (see page 156 of [Mat]) only gives an upper bound
on the dimension of the set, hence our use of the term strongly porous.
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In order to show that the Hausdorff dimension of a strongly porous set must be strictly positive
we require the following lemma.

Lemma 2.1.11. Let (my)ren, denote a sequence in N\ {1} and let [0,1] =: Eg D E1 D Es...,
where for each k € Ng the set Ey is a finite union of disjoint closed intervals. Assume that every
connected component of Ej contains at least my, connected components of Ery1. If the mazimum
length of the intervals in Ey tends to zero as k tends to infinity, then the set

E = ﬂEk

keNy

is a compact totally disconnected set with no isolated points. Suppose that the intervals of Ey are
separated by complementary intervals of lengths at least €, > 0, where €x4+1 < €, for each k € Ny,

then
ln(ﬂllﬂlz...nlk_1)

() > T
o) 2 B )

PROOF. See pages 62 - 65 of [Fall]. |

Theorem 2.1.12. Let E denote a closed strongly porous subset of the unit interval [0, 1], with
porosity constant p > 0 and suppose that {0,1} C E. Then

In(2)

() > ) — ()

(2.2)

and

Cmnh ()
< R ) ey Tn(k)

~1. (2.3)

PROOF. In order to calculate the lower bound of the Hausdorff dimension of E we construct a subset
F of E whose Hausdorff dimension is greater than or equal to In(2)/(In(2) —1In(p)). We build the set
F inductively. Fix z € E\{0, 1} and let r := min{|z|, |1 —z|}. By the strong porosity condition there
exists a complementary interval I, C B (x,r/2) of E, such that pr/2 < |I| < r/2. Let Fy := 9I,.
Suppose that the sets Fo, F1, ..., Fx have been constructed. To obtain Fj41, consider y € Fj. By
the strong porosity condition there exists a complementary interval I, C B(y, 27’“72/)’”17") of E
such that 27572 2 < |I,| < 2777 2pF 1. We then set

Frn == | o1,

YyEFy,

The set F' is then defined by

Therefore, by applying Lemma 2.1.11, we have that

In(2)

dhny(ﬁ» > Hiéjijﬂil5.

For the inequalities given in Equation (2.3) the reader is referred to Proposition 3.7 of [Fal3]. W
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To conclude this subsection we give an alternative way of generating a self-similar set. This is
a simplification of the construction of a cookie cutter set as described in [Fal3, Bed].

Theorem 2.1.13. Let S := {s1,52,...,Sm} be an iterated function system of similarities on a
compact subset K of R which satisfies the strong separation condition. Let

be defined so that T o s;(x) := x, for each i € {1,2,...,m} and each © € k. Then the set
{z € K : T"(z) is defined for all k € N}

is precisely the unique invariant compact subset of K under S.

2.1.2 Minkowski Content

In this subsection we define the Minkowski content of a given subset of R. Its characterisation will
be used in various calculations in Section 4.1.
For a subset F of R and for € > 0 we define the e-neighbourhood of E by

E. := {z € R : there exists y € E with |z — y| < ¢}.

Here, we want to examine the behaviour of the Lebesgue measure of the e-neighbourhood E. of
E as € tends to zero from above. This quantity is linked to the Minkowski content which we now
introduce.

Definition 2.1.14. Let E denote a subset of R and let s > 0. If the limit

Ms(E) := lim A (E)

e—0 6175

(2.4)

exists, then we define this limit to be the s-dimensional Minkowski content of E. In the case that
s:=dimp(F) and the limit in Equation (2.4) exists we say that E is Minkowski measurable. Note
that an analogous definition exists for subsets of R", for all n € N (see [Fall, Gat]).

Theorem 2.1.15. Let I C R denote a compact interval, and let {I : k € N} denote a countably
infinite collection of disjoint open subintervals of I with Y 77 |Ix| := |I| and such that |Ix| > |Ix41],
for each k € N. Let £ := I\ Uy Ix. Then for all s € (0,1) and ¢ > 0, we have the following.

1. |Ix| < k7Y° as k tends to infinity if and only if \'(E.) < €'7° as ¢ tends to zero.
2. limyp s o0 | Ik k"* = 287 5cY*(1 — 5)/* if and only if Ms(E) = c.

PROOF. See Proposition 2 of [Fal2]. |

Theorem 2.1.16. Let E C R denote a self-similar set generated by an iterated function system
of similarities {s1, s2, ..., Sm} which satisfies the strong separation condition, and let r; denote the
contraction ratio of s;, for i € {1,2,...,m}. Further, let § denote the Hausdorff dimension of E.
Assume without loss of generality that E is scaled so that {0,1} C E C [0,1]. Then we have the
following.
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1. The additive group generated by the set {In(r;"),In(ry'),...,In(r1)} is dense in R, if and

only if
1 m—1 S
€ _ _ AT
lim fi) =2""°(1-9) 1—,?—; | ‘75 ,
e=0 € ijl T3 ln(rj )
where l1,1l2, ..., lm—1 denote the complementary intervals of | J;~, si([0,1]) whose lengths are
finite.

2. If the additive group generated by {In(r;'),In(ry 1), ..., In(rn1)} is isomorphic to Z, then we
have that \'(E.) =< €79 as € tend to zero.

PROOF. See Proposition 4 of [Fal2] for the proof of the forward implication of 1 and for the proof
of 2. For the reverse implication of 1 see Theorem 6.20 and Theorem 6.21 of [FL]. |

2.1.3 Coarse Multifractal Analysis

Here we describe and develop aspects of coarse multifractal analysis in such a way that allows for the
introduction of an analogous notion within the theory of noncommutative geometry (see Subsection
4.1.2). The final result of this subsection (Theorem 2.1.20) will play a vital role in the formulation
of this new notion. This is a new result which allows for the calculation of the coarse multifractal
box-counting dimension of the support of a measure p on R in terms of the complement of supp(u),
provided supp(u) is compact and strongly porous.

Multifractal analysis originated from statistical mechanics and was later adapted to dynamical
systems. It was developed by two independent groups of mathematicians and physicists. The first
approach can be traced back to the work of Mandelbrot, who in [Manl, Man2] suggested that the
distribution of intermittent dissipation of energy in highly turbulent fluid flows is “multifractal”
in nature and studied it by calculating its moments. The second approach is due to Grassberger,
Hentschel and Procaccia who in [Gra, GP, HP] generalised the work of Rényi [Rén]. These two
approaches were merged in the seminal paper [HMJPS].

Multifractals represent a move from the geometry of a metric space (X,d) to the geometric
properties of measures supported on X. The distribution of the mass of such a measure y may
vary widely over X. By studying the local dimension of p at each point of X, one obtains a family
of sets referred to as “level sets”. These are the intrinsic objects which multifractal analysis is
predominantly concerned with. A number of approaches to multifractals have been developed. In
what follows, we aim to introduce the coarse multifractal spectra for compact subsets of R. First
we introduce the Hausdorff dimension spectrum. Note that many of the ideas that follow can be
extended to higher dimensions. However, as we are primarily interested in fractal subsets of R we
state (and where necessary prove) the results for compact subsets of R.

For a finite Borel measure p on R, we respectively define the lower and upper local dimension

of u at x € supp(u) by

dim  (z) := h?ﬂ}ﬁ%’ dim,(z) = lirii_%lp In(r)
If these coincide, we refer to the common value as the local dimension of p at x, and denote it by
dim,(z). Further, we set dim,(z) := oo if z lies outside the support of u and that u(z) = 0 if =
is an atom of z. As a matter of interest, we note that the upper and lower local dimensions are
measurable functions. This follows from the fact that they are upper and lower semi-continuous,
respectively.
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In multifractal theory one is interested in the geometric properties of the level sets, which are
given for each n € R by
X, i= {o € supp(p) : dimy(z) = n}.

The function f, : R — [0, dimy (supp(u))] defined by

fu(n) = dimy (Xy) (2'5)

is called the Hausdorff dimension spectrum of .

The coarse multifractal spectrum, in certain cases, coincides with the Hausdorff dimension
spectrum and has parallel features to the box-counting dimension. A goal of coarse multifractal
analysis is to study global irregularities of a measure, in particular, the asymptotic behaviour of its
moment sums. There are many equivalent ways of defining the coarse spectrum. In what follows
we state the intuitive definitions which are given in [Fal3] and also the equivalent definitions given
by Riedi [Riel].

Let p denote a finite Borel measure on a compact subset of R. For r > 0, let 8, denote a
r-mesh of R, that is, a covering formed by closed intervals of length r such that the interiors are
pairwise disjoint. For each r > 0, define NV, : R — R, for each n € R, by

Ne(n) = card{B € B, : u(B) > r"}.

Then the lower and upper coarse multifractal spectra ?c, f R — R of u are respectively defined,
—C
for each n € R, by

e In(N —Ni(n—
L0 = gy )
_ o . In(N;-(n 4 €) — No(n — €))
Jolm = el =gy

If, at some 1 € R, the lower and upper coarse multifractal spectra coincide the common value is
denoted by f(n). Heuristically, the coarse multifractal spectrum provides a global overview of the
fluctuations of 4 at an infinitesimal scale, but gives no information about the limiting behaviour of
1 at a given point.

In analogy with the box-counting dimension, for a finite Borel measure p on a compact subset
of R, we respectively define @,E :R — R, for each ¢ € R, by

In (MZ ..
Q(Q) = lilrllﬁj(ljlfll_(T@)):
_ In (M2,
o) o= tmanp i)

Here, M7, ,. denotes the multifractal moment sum of p and is defined, for each » > 0 and ¢ € R, by

MZL,’I‘ = § (M(B))q
BeDB,
n(B)>0

For q € R, we refer to 8(q) and B(q) as the lower and upper multifractal box-counting dimension

of v at g, respectively. If, for some ¢ € R, we have that 8(q) = B(q), then we denote the common
value by B(q) and refer to it as the multifractal box-counting dimension of p at q.
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Just as we have a relationship between the box-counting dimension and the Hausdorff dimen-
sion, there exists a similar relationship between the Hausdorff dimension spectra and the coarse
multifractal spectra.

Theorem 2.1.17. Let p be a finite Borel measure on a compact subset of R. Then, for eachn > 0,
we have that

fum) < f (n) < fo(n). (2:6)

Further, for each n > 0, we have
Jom < inf {Bl@)+n-q}, [ (n) < inf {B(a)+n-q}. (2.7)

PROOF. See [Fal3] Lemma 11.1 for a proof of Equation (2.6) and Lemma 11.2 for a proof of
Equation (2.7). |

Remark. In many cases one has equality in Equations (2.6) and (2.7), for instance if j is a self-
stmilar measure (a class of measures which we will come to introduce at the end of this subsection).

In the above definition 8 is well defined for ¢ > 0, whereas for ¢ < 0 the multifractal moment
sums may only converge on subsequences, for r tending to zero. The reason for this is that for
certain values of r there may exist a B € 9B, such that u(B) is uncharacteristically small, and so,
u(B)? becomes uncharacteristically large. To overcome this difficulty we add a slight modification
to the definition of the multifractal box-counting dimension, as given in [Riel]. But first, let us set
some notation. For a compact interval I := [s,t] of R and for n > 0, let I"7 denote the interval
centred about I of diameter (1 + n)(¢ — s), that is, let

I = [s—n(t—s)/2,t+n(t—s)/2]

For r > 0, set By (u) :=={B € B, : pu(B) > 0}. Define b : R — R, for each g € R, by

b(q9) := inf Sk €R : limsup Z r*u(B" =0 (2.8)
r—0 BE‘B;(H)

= sup{ k€R : limsup Z P u(BM? =00 p . (2.9)
r—0 BEB (1)

The next proposition shows that b(q) is independent of n > 0 for all ¢ € R, and independent of
n >0 for ¢ > 0.

Proposition 2.1.18. Let u denote a finite Borel measure on a compact subset of R.

1. Given ¢ 2 0 and 0 < m1 < 12 there exists a constant ¢ > 0 such that, for sufficiently small r,
we have that

e 3 B < Y wB™M <Y wB™). (2.10)

BeB (1) BeB (1) BeB} (k)

2. Given ¢ <0 and 0 < n1 < n2, for sufficiently small r, we have that

SouBm < Y wBMt <2 Y B (21))

BeBj(n) BeBj(u) Bg%?ﬂ1r)/(2(1+n2))(u)
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In particular, b(q) is independent of m1 > 0, for all ¢ € R, and independent of n > 0 for q¢ > 0.
Hence, we have that b(q) = B(q), for ¢ > 0.

PrROOF. The upper bound of Equation (2.10) and the lower bound of Equation (2.11) are
established by using the fact that pu(B™) < u(B"). The lower bound of Equation (2.10) follows
since for each B € B}, there can only exist a finite number of Be B, such that the set B N BMm
is non-empty. An application of Holders inequality (Theorem III.1(c) of [RS]) then gives the
required result for ¢ > 1 and an application of Minkowski’s inequality (Theorem II1.1(a) of [RS])
then gives the required result for ¢ € [0,1]. The upper bound of Equation (2.11) is obtained from
the following observations. Firstly, to each B € B%(u) one can associate a B € Bl r)/2(11may) ()
such that B" C B™. Secondly, each B € B, ,)/2(112,) (1) can intersect at most 2 elements of
B (1) ]

Suppose that p denotes a finite Borel measure on R with compact support. By assuming
that the support of p is strongly porous (Definition 2.1.10) and using the definition of the coarse
multifractal box-counting dimension given by Riedi (Equations (2.8) and (2.9)), we develop a new
result which allows one to obtain the coarse multifractal box-counting dimension of u in terms of
the complementary intervals of the support of p. Although the formula given in Theorem 2.1.20
seems unusual in the context of standard multifractal analysis, it will become clear in Subsection
4.1.2 why this particular formulation is in fact quite natural. We begin with the following technical
lemma.

Lemma 2.1.19. Let p denote a Borel probability measure on a compact subset of R. Assume that
the support of p is strongly porous with porosity constant p > 0. Let {I; : k € N} denote the set of
complementary intervals of supp(p) whose lengths are finite. Then, for each ¢ € R, m1 = 2/p and
n2 > 0, there exist positive constants t1,t2, c1,c2 such that for r > 0 sufficiently small, we have that

o 3 uINT < Y wBR) < S I (2.12)

ptir<|Ig|<tir BeBy (1) ptar<|Iy| <tar

PRrROOF. Without loss of generality assume that {0,1} C p C [0,1]. As above, assume that the
complementary intervals of supp(u) are listed so that |Ix| > |Ik41], for each k € N. For each
t € (0,1), define Z;:={I; : pt < |[Ix| < t}. Fix r € (0, (n1 4+ 2)/n2) and note that since the support
of u is strongly porous, the set Z,,/(,, +2) is non-empty. Now observe that for each I € Z,r/(;, 12),
there exists a B € B (u) such that BN I, # 0 and T, C B". This follows since the boundary of
I}, lies in the support of u and since

n2r o n2r n2r

m
I+ 1 < = 2T
[l + 5 [l mt2 22 2

Next, observe that for each B € B, (1) we have that

- +2 1) +2
card {Iy € Lpyrn, 12 © Ipt € B™} < (T+ngr)n;n2r G /))77(;71 ) (2.13)

From these observations, the lower bound of Equation (2.12) follows for ¢ > 0, where t1 = 12/(n1+2)
and c1 = pa/((n2 +1)(m + 2)).

For ¢ < 0 we argue as follows. Fix r € (0,(2p + mp — 2)/(n2 + 2)) and consider an element
B € B;(n). For a fixed x € supp(u) N B, the strongly porous condition on the support of u
implies that there exists Ix € Z(yy+2)r/(2p4n, p—2y Such that I C B(z, (n2 + 2)7/(2p + mp — 2)) and
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p(n2 +2)r/(2p+ mip — 2) < |Ix|. Therefore, we have that

2 2 2 2 1
[T | + E\Iﬂ _ e t2)r = pliz + 2r mp_(2+2)r ___(n2+2)r = r+ ner.
2 2p+mp—2 20+mp—2 " 2 2p0+mp—2 2p+mp—2 2
From this we conclude that B™ C T}'. Next, observe that for each I" we have that
" T +2)2p+mp—2)""r 2 + 2
card {B € B (n) : B CT'} < (12 = . 2.14
{Bewi(w: B»CT'} ] oy (210

From these observations, the lower bound of Equation (2.12) follows for ¢ < 0, where t1 = (72 +
2)/(2p+mp—2) and c1 = (2p+mp —2)/(n2 + 2).

The upper bound follows in an analogous way. That is, for ¢ > 0, fix r € (0,710/(2 + n2)).
Then for each I € Z(a1ny)r/(y,0), One can find B € By (u) such that T contains B". Moreover, as
in Equation (2.14), it can be shown, independent of r, that each I can contain at most a bounded
number of intervals of the set {B" : B € By (u)}. Similarly, for ¢ < 0, fix € (0, (m + 2)/n2).
Then using the strongly porous condition on the support of u, one has that for each B € B;(u),
there exists an Iy € Ty, +2) such that Iy C B". In addition, as in Equation (2.13), we have
that each B" can contain at most a bounded number of intervals of the set {I" : I € Logr/(m+2) b
independent of r. |

Theorem 2.1.20. Let u denote a Borel probability measure whose support is a strongly porous
compact subset of R with porosity constant p > 0. Let {I : k € N} denote the set of complementary
intervals of supp(p) whose lengths are finite. If n = 2p~", then for each q € R, we have that

b(q) inf {t ER: > T < oo} (2.15)

keN

N TN t
) )91
inf {t R : limsup b=t I 0} . (2.16)

PrOOF. Without loss of generality, assume that {0,1} C supp(p) C [0, 1]. Let us begin by proving
the equality given in Equation (2.15). By Lemma 2.1.19, for » > 0 sufficiently small and for all
q,t € R, there exist positive constants t2, ¢ such that

D@L = Y Do w@)ULT = ey > wBY(pr)"

keN LENg plt+1tyr | Ty |<pltar 1eNg Be%:lr(u)

Therefore, by using the definition of b given in Equations (2.8) and (2.9), we conclude that

b(q) < inf {t ER: Z,u(ﬂi)quk\t < oo} .
kEN
Using the lower bound in Equation (2.12), a similar argument gives that
b(q) > inf {t ER: Z,u(ﬂl)quk\t < oo} )

keN

Let us consider the equality given in Equation (2.16). Let n,q,¢ be as above. If the series
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> oken w(ID)9 1|t is bounded, then
N 1 t
1)1,
lim sup Zk:l (k)| Ik _
N—oo ln(AU
Therefore, it follows that

N g ¢
1) —
inf {t eR: limsupM —0} < inf {t eR: Zp([ﬁ)quﬂt < oo}

N —oo IH(AU keN

To obtain the desired equality, first observe that 1 > Zf:1|fl| > k|| for each k € N. Secondly, if

I t
limsup—zk 1,u( £)* || 0,

N—oo In UV)
then there exists a positive constant ¢, such that for each € € (0,1) and each k € Ny, we have that

ok+1l_g
ST @R < 2 mEk .

1=2k

Using these two observations, we conclude that there exists a positive constant ¢ such that

2k+1
SUTIL = S W < e Y 2 e < e
kEN kENg =2k keNg

Therefore, it follows that

I —n
inf{t eER: limsupM —0} = inf{tGR : Z,u(lkl)qﬂﬂt < oo}

N — o0 ln(N) keN

To conclude this subsection, we consider the class of measures known as self-similar measures.
Let {s; : [0,1] — [0,1] : ¢ =1,2,...,m} denote an iterated function system of similarities and let
p = (p1,p2,-..,pm) denote a probability vector. A self-similar measure associated to p is defined
to be the unique Borel measure p, given, for each Borel set B, by

= Zpip (s;l(B)) . (2.17)

In this setting, the Hausdorff dimension spectrum of p is obtained from the Legendre transform of
the function § : R — R which is given by the equation

qu B(‘l) = 1.

(See Theorem 11.7 of [Fal3].) Moreover, in this setting, for all ¢ € R, we have that b(q) = B(q) (see
Theorem 16 of [Riel]).
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2.2 Symbolic Dynamics

In this section we have three main aims. Firstly, to define the concept of a one-sided subshift of
finite type (X%, 0). Secondly, to define the notions of a Gibbs measure and equilibrium measure
on the space X% and then to describe the thermodynamic formalism for the dynamical system
(2%,0). Thirdly, to create a new notion of a Haar Basis for the L?-space of ¥% with respect
to a Gibbs measure. Let us begin by defining the class of dynamical systems known as one-sided
subshifts of finite type.

Let M € N\ {1} be fixed. Let ¥ := {1,2,... M} denote a finite alphabet and let A := [a; ;]:,;
denote an M X M matrix with entries in {0, 1}, called the transition matriz. Define the space X%
by

XX = {w = (w1,w2,ws,...) € H Y Gupwpy, = 1forallk € N} . (2.18)
kEN

In other words, 3% is the space of all sequences with entries in the alphabet ¥ with transitions
allowed by A. Define the left shift o : X3 — X, for each w := (w1, w2, ws,...) € ¥F, by

O’(wl,qu,w3, .. ) = (wg,wg,W4,. . )

Then the system (X%, o) is called a one-sided subshift of finite type. If A is a matrix with all entries
equal to 1, we call the system (X, o) the full shift space on M symbols and denote it by (X°°,0).
Next we introduce a topology on X% . For k € N, define

ok = {w = (W1, w2, ...,wk) €D Aviwiyr = 1}, (2.19)
sao= JSh (2.20)
keN

and for w € % define

w] = {v:i=(v1,v2,...) €EX : (v1,V2,...,0k) =w},

lw] = k.

We call the set [w] a cylinder set and define the topology 7 on X% to be the topology generated
by the family of the cylinder sets. Throughout this thesis we will always assume that the space
3% is equipped with the topology 7. Observe that this topology is metrizable. We call a metric
d:X¥ — X% regular if the following hold.

1. The topology induced by d is equivalent to 7.

2. The left shift o is positively expanding with respect to d, that is, there exists € > 0 such that
if w,v € ¥ with w # v, then there exists k € Ny with d(¢"(w), o*(v)) > e.

Definition 2.2.1. Let M € N and let A := [a;;];,; denote an M x M matrix with real entries.
Then A is said to be non-negative if a; ; > 0 for all 4, j. For a non-negative matrix A we make the
following definitions.

1. A is called irreducible if for all 4,5 € {1,2,..., M} there exists some k € N such that the
(i,)-th element of A* is strictly positive.

2. Ais called irreducible and aperiodic if there is some k € N such that for all 4,5 € {1,2,..., M}
the (4, 7)-th element of A* is strictly positive.
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If ¥ is a finite alphabet and A is an irreducible and aperiodic transition matrix for 3, then we call
(XX, 0) a one-sided topologically exact subshift of finite type.

Example 2.2.2. The full shift space is an example of a topologically exact subshift of finite type.

Example 2.2.3. Let M € N\ {1} be fixed. Let ¥ := {1,2,...,2M} and let A := [a; ;];,; denote
the 2M x 2M transition matrix with entries in {0, 1} satisfying

Qi = _
0 otherwise.

{1 if |i — 5| # 1,
Then the subshift of finite type (X%, o) is topologically exact.

2.2.1 Thermodynamic Formalism: The Perron-Frobenius-Ruelle Operator and

Equilibrium Measures

In this subsection we introduce the notions of a Gibbs measure and an equilibrium measure defined
on the space X as well as the Perron-Frobenius-Ruelle operator for a one-sided subshift of finite
type (XX, 0). We will see that the existence of eigenmeasures of the dual of the Perron-Frobenius-
Ruelle operator proves the existence of Gibbs measures, where topological pressure appears as the
logarithm of the corresponding eigenvalue. The results of this subsection were originally presented in
the work of Bowen and Ruelle, see for instance [Bow1, Bow2, Ruel, Rue2]. However, as a reference
for this subsection we refer the reader to [Wall, Wal2, MU, Poll, Pol2].

Let us begin by describing the concept of measure theoretical entropy given by Sinai and Kol-
mogorov. For a o-invariant measure p on a one-sided topologically exact subshift of finite type
(XX, 0), we define the measure theoretical entropy of p with respect to o by

hu(o) = Jim = 3 —u(l]) W(ufe]).

This is a non-negative quantity which measures the uncertainty of p after iterations by o. Note
that this limit exists since the sequence

S — () n(afe])

K
weD kEN

is subadditive (see Corollary 4.9.1 of [Wal2]).

Example 2.2.4. Let E denote a self-similar set satisfying the strong separation condition generated
by an iterated function system of similarities {s1,s2,...,Sm} and let 6 := dimy (E) denote the
Hausdorff dimension of E. Further, let 1,72, ..., ., denote the associated contraction ratios of the
similarities and let T': E — FE denote the expanding map as defined in Theorem 2.1.13. Then the
dynamical systems (E,T) is topologically conjugate to a full shift space (X°°,0). That is, there
exists a homeomorphism ® : E — £ such that ®T® * = ¢. Then, letting i denote the push
forward of the normalised §-dimensional Hausdorff measure under ®, we have that

ha(o) = Z  In(r; %).
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In order to introduce a Gibbs measure on a one-sided subshift of finite type let us define the
Birkhoff sums of a continuous function.

Definition 2.2.5. For each ¢ € C(XX;R) and each k£ € Ny, let Sk¢p : XX — R denote the k-th
Birkhoff sum of ¢ defined, for each w € X%, by

Sip(w) = (W) + (o)) + -+ d(0" ! (w).

Theorem 2.2.6. Let (X, 0) denote a one-sided topologically exact subshift of finite type and let
¢ € C(EF;R) denote a Holder continuous function. Then there exists a Borel probability measure
e on XX and a uniquely determined number P(¢,c) € [0,00) associated to ¢, such that for some
¢ > 1, we have that, for all k € N and for all w := (w1,wa,...) € BT, that

~1 pol(wi, wa, .. wi)]
¢S T Se@ kPG S ¢ (2:21)

Moreover, to each Hélder continuous potential function ¢ € C(XF;R), there exists a unique o-
invariant measure satisfying the condition given in Equation (2.21).

PROOF. See Theorem 2.1.3 and Theorem 2.2.4 of [MU]. ]

We refer to such a measure satisfying the condition given in Equation (2.21) as a Gibbs measure
for the potential ¢. Observe that each Gibbs measure will have strictly positive entropy and that to
each potential function there can exist several Gibbs measures. Moreover, the uniquely determined
number P(¢,0) is called the topological pressure of ¢ and is characterised by

P(¢,0) = sup{hy<a>+/z gy : MGM(Z?J)}-

X
Here, M (X%, o) denotes the set of o-invariant Borel probability measures on 3%. Further, if there
exists a measure v € M (X%, 0) such that

P(¢,0) = hy(o) + odv, (2.22)

Ry

then we call v an equilibrium measure for the potential ¢. Setting ¢ = 0, it is well-known that
there exists a unique equlibrium measure associated to ¢ called the measure of maximal entropy
(also called the Parry measure). This meeasure maximizes the measure theoretical entropy, that
is, hu(0) = sup,cpr(z,,0) M (o). This measure, is the combinatorial measure, namely, the measure
which weights a cylindrical set [z] with weighting 1/card(X%), for z € X%, We refer the reader to
[Wall, Wal2] for a more detailed description of these notions.

Definition 2.2.7. For ¢ € C(X%;R), define the Perron-Frobenius-Ruelle operator L
C(EF;R) = C(E3;R), by
Lo(Nw) = Y Vf).

vEo—1(w)
Further, we denote the dual of the Perron-Frobenius-Ruelle operator by L. In what follows we
shall consider the restriction of L} to linear functional of norm one, and hence, by the Riesz

Representation Theorem (see Theorem I1.4 of [RS]) we shall view £} as an operator on the set
M (XZ) consisting of all Borel probability measures defined on Y.
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Theorem 2.2.8. Let (X%, 0) denote a one-sided topologically exact subshift of finite type and let
¢ € C(ZX;R) denote a Hélder continuous function. Then the following hold.

1. There exists a unique Borel probability pe on % such that

Lips = "0 py.

2. The unique measure jig, given in part 1, is a Gibbs measure for the potential ¢.

8. If 1 is a Hélder continuous function cohomologous to ¢ with respect to o, then the associated
Borel probability measures, given in part 1, are equal.

4. There exists a unique strictly positive eigenfunction hy of Ly such that Lg(hg) = €X' @7 hy

and such that
/ h¢ d,u(;s = 1.
=X

5. The potential function ¢ has a unique equilibrium measure vy. Moreover, vy is given, for
each B € B, by

V¢(B) = /h¢d/£¢.
B

6. The unique equilibrium measure for the potential ¢, given in part 5, is a Gibbs measure for
the potential ¢.

PROOF. See Theorem 2.16, Corollary 4.2 and Theorem 4.5 of [Wall]. |

Remark. In [Poll] the results of Theorem 2.2.8 have been extended to the case where the potential
function is a complex-valued function satisfying a condition weaker than Hélder continuity. Further,
the notions of entropy, pressure and that of a Gibbs and equilibrium measure also exist for more
general dynamical systems, see for instance [Fal3, Pol2, Wall, Wal2].

2.2.2 Haar Basis

In this subsection, we develop an essential notion which will be required in Subsection 4.2.2. This
notion is that of a Haar basis for a one-sided topologically exact subshift of finite type. As the
construction is an original construction we include a full account. We begin with the following
well-known example of a Haar basis for the middle third Cantor set (see for instance [Jor]).

Example 2.2.9. Consider the middle third Cantor set Ci/; generated by an iterated function
system of similarities {s1,s2 : [0,1] — [0, 1]} and let ¢ := dim,(C\/;) = In(2)/In(3). Then, for each
k € N and each (i1, 42, ...,ix) € {1,2}", define €;, i,,....i, : Cis — R by

oF/2 ifx € 84,8y ...54,51[0,1] N Cys
Ciryinynin () 1= ¢ =22 ifx € s 84, .8, 52[0,1] N Clys

0 otherwise.

Then the set

U {eilvi2w~-aik ¢ (1,42, 0k) € {1,2} } U {Xcl/37\/§<xslol/3 _X52[01/3])}

keN
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forms an orthonormal basis for L?‘(Cl/g,B, m where g ) denotes the normalised ¢

H5<cl/3))’ #HO(Cyy3

-Hausdorff measure on Cy/;. This basis is called the Haar basis of the middle third Cantor set.

In what follows, our aim is to construct a basis for L?(X%, B, ug) analogous to the Haar basis
given in Example 2.2.9, where (2%, o) denotes a one-sided topologically exact subshift of finite type
and where p denotes a Gibbs measure for a Holder continuous potential ¢ € C(ZX;R). To this
end, fix X%, ¢ and pe as described above. Define o : £% — N by

a(w) = Z Aoy

€YD

For each w € X7, fix a bijection
O {z €Yt au e =1} = {1,2,...,a(w)}.
Then, for each w € £}, define the weighted inner product (-, ), : R x R« 5 R by

a(w)

(1,22, s Tagw)), W1, Y2, -+ s Ya(w) N pg.w = ZM([OJ@;l(k)])xkyk
k=1

and observe that the set

{fus = (o (w05 ()])) "2 (0,0,...,0,1,0,...,0,0) : j € {1,2,...,(w)}}

j—1times a(w)—j times

forms an orthonormal basis for (R*“), (., Vpyw). Further, for each w € ¥%, let ), denote the set
defined by

Q, = {U: R — RY®) . Uis linear and has positive determinant,
(U@), U@y = (#,y)uy wfor allz,y € R*, and
Ufura) = (o(@]) (1,1, 1}

and fix a sequence (Uw)wezg with U, € €. For each (w,i) € Uuezg{v} x {1,2,...,a(v) — 1},
define e, ; : X3 — R by

a(w)

i = 3 (o0 RN o Uolfo s X,

o5tk
P w (k)]

Following convention, for each a € C(X%;C), we will let a also denote, where appropriate, the
equivalence class

{f : X% — C : fis a measurable function and / |f —aldug = 0}

EA
of L2(E?4O7B7 N¢)~

Remark. For each k € N\ {1} and each w € X% there exists a canonical choice for U,. We
construct this canonical choice in the following manner. Assume that R* is equipped with the
standard Euclidean inner product, for k € {2,3,...,1}. We will now show how to construct a
(canonical) sequence of linear transformations (Vi )y_1, where Vi : R® — R* and such that each Vj
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satisfies the following.
1. Vi is orientation preserving.
2. For every z,y € R*, we have that (Vi(z), Vi(y)) = (z,y).
3. V&(0,0,...,0,1) =n"Y2(1,1,...,1,1).

For k = 2, one has only one choice for V2, namely
9-1/2  9-1/2
Ve = ( —1/2 o-1/2 | *
—2 9-1/

For k > 2, assume that Vi—1 := [vsj]i; R*! - R*! has been given, then define

V1,1 e V1,k—1 0 1 e 0 0 0
V2,1 - V2, k-1 0
Vi = o Ok = | 1 0 0
Vk—1,1 ++- Uk—1,k—1 0 0O ... 0 k71/2 (1—1/k)1/2
0 0 1 0 ... 0 —(1—1/k)"? k=172

where Oy € O(k), the orthogonal group of degree k over R. We then define Vi to be the matrix
VkOkV,f. A canonical choice for U, is then the linear transformation S_IVQ(W)S, where

§ = diag (w05 (DD, (w05 (W)?) -
Theorem 2.2.10. The set
{ews @0 € Upeny (0} x {1,200 ,a(0) = 1} U {(uo(la) ™ x, : @ € T
forms an orthonormal basis for L* (X%, B, fis)-

PROOF. For each x € X, we have that

o),

= /Zoo((H¢([x]))—1/2x[$])2du¢ .

A

Further, for each (w,i) € UUEEZ {v} x{1,2,...,a(v) — 1}, we have that

a(w)

lew:ll” = /Zoo Z(M([w(ell(k))]))*v?<fw,k’U(fwvi)>“¢’wx[w(e;1<k>n dps
A k=1
a(w)
= S el D) ek Ui Xyl
A k=1
a(w)
= > {furkr Un(fori)) iy
k=1
= Ol = Nfual® = 1.

Next, we observe the following.
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1. Let z € ¥ and let (w,i) € Uuezg{v} x {1,2,...,a(v) — 1}. If [w] Z [z], then
((,u(,)([:r]))_lx[z] ;€w,i) = 0, since x,; and fo,; are non-zero on different cylinder sets. Other-
wise, if [w] C [z], then

(o ([]) ™ Xy » €t)

= S e a0z DD ok Voo X
Tl k=1
= (/’Ld’([l’}))_l((l’ 1. 1)7 Uw(fw,i)>u¢,w
= (o ([2))) ™ (1o (W) "> (U (Fusrx(e) ) Uir(Fooi) a0
= (o ([2])) " (o ([W]) " (furate)s furiYugro = O
2. Let (w,i), (w,j) € UUEEZ{U} x {1,2,...,a(v) — 1} with ¢ # j. Then we have that
<ew,i7ew,j>
a(w)
S el D) ek U U s DX sl
a(w)
= Z <fw,k7 Uw(fw,i»%,w(fw,k: Uw(fw,j»u(p,w
k=1

a(w) a(w)

= ZZ w(fw,i)s fwk>u¢wak7< w(fw,j)7fw,m>u¢,wfw,m>u¢,w

k=1 m=1
— (U () U (fur ) g
= <fwa7;7fw7j>}-‘4¢7u = 0.

3. Let (w,1), (', j) € UUEEZ{U} x {1,2,...,a(v) — 1} € ¥% with w # w’. Then the following
hold.

(a) If either [w] € [w'] or [w'] € [w], then we have that (ew.s, €. ;) = 0. This follows since
fw,i and f, ; are non-zero on different cylinder sets.

(b) If [w] C [w'], then there exists a constant C' € R such that

o) = € /[w/] Z(“45([“’(6;1(]‘7))}))71/2<fw,kaUw(fw,i»lwvwx dpie

[w (65 ! (k)]

= O3 (o (w05 RN > Foories U (fuo Do

))1/2<Uw(fw,a(w))7Uw(fw,i))uqs,w
))1/2<fw,a(w)afw,i>yd),w = 0.

(¢) If '] C [w], then a symmetric proof to that given in (b), implies that {e.,i, e, ;) = 0.

By construction, every characteristic function of a cylinder set can be generated by a finite sum of
elements of the set

{ew + (@,1) € Upews {0} X {1,2,.., 0(v) - 1}} U {(ud)([m]))_l/zx[m] Lre z}.
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The result then follows from the Stone-Weierstrass Theorem (stated below) and the fact that
C(2%;C) is L*-norm-dense in L2(X%, B, ug). |

Definition 2.2.11. Let X denote a topological space and let R denote a subset of C(X;C). Then R
is said to separates points, if for all distinct z,y € X there exists a function f € R with f(z) # f(y).

Theorem 2.2.12. (Stone-Weierstrass Theorem for Complex Functions) Let X be a compact Haus-
dorff space and recall that C(X;C) denotes the set of complexz-valued continuous functions on X.
Let A be a complex sub-algebra of C(X;C) with the property that if a € A, then the complex con-
jugate a belongs to A. If A separates points and contains the set of constant functions, then A is
norm-dense in C(X;C) with respect to the supremum norm.

Definition 2.2.13. We refer to the basis given in Theroem 2.2.10 as a Haar basis for L* (2%, B, ps).

2.3 Renewal Theorems

The renewal theorem is a major theorem from probabilistic analysis. It guarantees convergence to
a steady state for a large class of stochastic processes. In this section three different formulations of
the renewal theorem (Theorems 2.3.2, 2.3.6 and 2.3.8) are given. These allow us to obtain counting
results for self-similar sets and Birkhoff sums of Hélder continuous functions on topologically exact
subshifts of finite type, some of which, to the best of our knowledge, do not appear within the
current literature. When building various noncommutative representations for such sets, these
counting results will allow us to broaden already existing links between various noncommutative
quantities and invariants of dynamical systems (see Chapter 4). The results of this section are based
on those given in [Fal3, Lal, GH]. Let us begin by describing the formulation given in [Fal3].

Definition 2.3.1. Let u be a measure on R. Then p is called arithmetic if there exists a positive
real number 7 such that the support of p is contained in the additive group 7Z. If 7 is the
greatest positive number such that this holds, then p is called 7-arithmetric. If there exists no such
number 7, then we say that the measure p is non-arithmetic. Similarly, for m € N, we call a set
Y :={y1,¥y2,...,ym} C R arithmetic if there exists a positive real number 7 such that y; € 7Z, for
each i € {1,2,...,m}. If 7 is the greatest positive number such that this holds, then we say that
Y is 7-arithemetic. If there does not exist such a number 7, then we say that Y is non-arithmetic.

Let m > 2 denote a natural number, let (p1,p2,...,pm) denote a probability vector and let
{yi : 1 €{1,2,...,m}} denote a set of positive real numbers. Let u denote the measure on R with
support {y; : i € {1,2,...,m}} such that pu({y:}) := pi, for i € {1,2,...,m}. Then a function
f : R — R is said to satisfy a renewal equation if there exists a function g : R — R such that for
each t € R, one has that

ft) = ijf(tfyj)Jrg(t)- (2.23)

Theorem 2.3.2. Let pu be as above and let f,g : R — R satisfy the renewal equation given in
Equation (2.23). Additionally, assume the following.

1. The function g has a discrete set of discontinuities.
2. There exist constants c1,cz2 > 0, such that |g(t)| < cre” 2!l for each t € R.

3. The function f is a Borel measurable function such that f is bounded on the half-line (—oo,n),
for each m € R. Further, we have that lims—_o f(t) = 0.
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If u is non-arithmetic, then
o d
i gy = I IO
t— o0 Zi:l YiDi
If there exists a T € R such that p is T-arithmetic, then for all y € [0,7), we have that
e 9(kT +y)

lim f(kt4+vy) = = .
k=00 ( v) > YiDi

PROOF. See Corollary 7.3 of [Fal3]. |

This allows us to compute the first of our counting results. For a compact subset E of R with
Hausdorff dimension §, we make the following definitions.

1. Define G := Gg : (0,+00) — N by letting G(r) equal the number of complementary intervals
of E of length greater than or equal to r, ignoring the two infinite components.

2. Define € := €g : (0,4+00) — R by

E(r) = Y ILl,

keN with [Ij[>r

where the set {I; : k € N} denotes the set of complementary intervals of E with finite length.

The following two propositions give the asymptotic behaviour of these functions as r tends to zero.
In particular, we consider a self-similar set {0,1} C E C [0, 1], which is generated by the iterated
function system of similarities {s1, s2, ..., Sm } satisfying the strong separation condition. We begin
with the following proposition which gives the asymptotic behaviour of the function G.

Proposition 2.3.3. Let § := dimy(E) and let r; denote the contraction ratio of s;, for each
i€ {1,2,...,m}. If the set {In(r;"),In(ry"), ..., In(r,})} is non-arithmetic, then there ewists a

¢ > 0 such that as r tends to zero we have that
G(r) ~ er ®.

If {In(r;Y),In(r3 "), ..., In(r)} ds a T-arithmetic set, for some positive real number T, then there
exists a bounded periodic function P : R — R with period 7, such that for y € [0,7), as k tends to
positive infinity we have that

Gle ") ~ P(y)e’ T

PROOF. See Proposition 7.5 of [Fal3]. |

In the next proposition we obtain a new result which gives the asymptotic behaviour of the
function £. This result, along with that given above, will prove useful in Section 4.1.

Proposition 2.3.4. Let {l; : i € {1,2,...,m — 1}} denote the set of complementary intervals
of the set |JI~, si([0,1]) whose lengths are finite, let r; denote the contraction ratio of s; and set
0 := dimy (E). Then, as r tends to zero, we have that

-1
2?;1 |li|(S

Elr) ~ —=——=——
() S In(r; ")

In(r—1).
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PROOF. Observe that for each ¢ € {1,2,..., m} the lengths of the complementary intervals of s;(E)
are exactly the lengths of the complementary intervals of ' multiplied by r;. Hence,

Elr) = ér;‘s (;) + > Ll (2.24)

oie{1,2,...,m—1}
with |1;|>7

Substituting 7 = e~* and ¥(t) = £(e™*) into Equation (2.24) gives

m
s - 5
Y(t) = Y om0 h) + Y |l (2.25)
i=1 i€{1,2,...,m—1}
with |I;|>e”t
Although this is a renewal equation, it is not in a form which allows for the application of the
renewal theorem (Theorem 2.3.2). Therefore, with the aim of applying Theorem 2.3.2, the following
definitions and substitutions are made. Let

pourgl Ak
—1 7"? ln(ri_l)

Define 91 : R — R by

_fu) -t if t>0,
hilt) = {w(t) if <0

and define g : R — R by

m
> P =ed rim(r
€{1,2,...,m—1} i=1

with |I;|>e™t

3! (t —In(r; )Xo (E— 1n(r;1))) ift>0,

i=1

0 if t <0.
Let us now show that ¢, and g satisfy the renewal equation (Equation (2.23)) with p; := 70 and

yi :=In(r] ") for i € {1,2,...,m}. First, let us consider the case ¢ < 0. Since in this case we have
that g(t) = 0, that ¥(t) = 0 and that ¢t — In(r; ") <0, for i € {1,2,...,m}, it follows that

Dot —In(r ) +g(t) = Y riv(t —In(r; ) = 0 = ¥(t) = ¢a(t).
i=1 i=1
Now, let us consider the case ¢t > 0. In this case we have that

> ot —In(r; "))

i=1

= Dol (e = In(r) — et = In(ry ) + et = Il )X (= In(r)))

v) = Y Ll —ctted i) +ed m(t—In(ry )X (E—In(r )
ic{1,2,....m—1} i=1 i=1
with [I;|>e”?
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P(t) — ct —g(t)
= ¢u(t) —g(t).

Moreover, it is clear from the definition of g that g has a discrete set of discontinuities and that
g(t) = 0 for t > max{In(r;") : i € {1,2,...,m}}. Tt is easy to verify that t1 is Borel measurable,
that 11 is bounded on the half-line (—oo, ), for each n € R, and that ¥(t) converges to zero as t
tends to negative infinity. Therefore, Theorem 2.3.2 can be applied and we conclude that

limw— limw—l.

t—oo ct t— o0 ct

Hence, it follows that £(r) ~ cln(r™!) as r tends to zero. |

Next, we consider such counting problems for a one-sided subshift of finite type (X, o). Specif-
ically, for a Gibbs measure py for a Holder continuous potential function ¢ € C(X%;R) and for
YV € 3% U, we are interested in the asymptotic behaviour, as r tends to zero, of the sums

To(r) = >, (2.26)
wEEZ with
1 ([w])>r and [w]C[V]

2 = S nalw)): (2.27)
weXY with
1 ([w]) > ‘and [w]C[v]
Here, when 9 = (), we set [¥] := £¥. To calculate the behaviour of such sums, we use renewal
theorems presented in [Lal, GH]. Let us begin with the renewal theorem which is stated in [Lal].
This enables the calculation of the asymptotic behaviour of the sum given in Equation (2.26).

Definition 2.3.5. A real-valued function ¢ is called arithmetic if it’s cohomologous, with respect
to o, to a function taking values in a discrete subgroup of R. Otherwise ¢ is called non-arithmetic.

Let (X%, 0) denote a one-sided topologically exact subshift of finite type, let ¢1 : % — R
denote a non-arithmetic Holder continuous function and let ¢2 : X% — R denote a non-negative
Holder continuous function that is not identically equal to zero. Define Ny, 4, (7, w), for each r € R
and w € XX, by

Noy 0 (r,w) = Z Z ¢2(’U)X(7OO’T](SJQ¢1(’U)).

keNo veo—F(w)

Observe that Ny, 4, (r,w) satisfies a renewal equation, that is,

Noy g0 (r,w) = Z Noy g5 (1 = $1(0),0) + QSQ(M)XPOO,T) (0).

veo—1(w)

Theorem 2.3.6. Assume that P(¢1,0) = 0, let pg, denote the unique fized point of LY, and let
hg, denote the unique fived point of Ly, such that

/ he, dpg, = 1.
ZOC

A



32 CHAPTER 2. FRACTALS, DYNAMICS AND RENEWAL THEOREMS

Define the continuous function C : 8% — R by

L f G2djig,
O TG, ")

Then, Ny, ¢ (r,w) ~ C(w)e" as r — oo, uniformly for each w € L.

PROOF. See Theorem 1 of [Lal]. ]

Corollary 2.3.7. Under the conditions of Theorem 2.3.6, for each V € Y% U0, we have that
Yy(t) <t ' ast tends to zero from above. (Note that the constants in the comparability statment

may depend on |V|.)

PROOF. Recall from Theorem 2.2.8 that the eigenfunction hg of Ly is strictly positive and since
% is compact, hg is bounded. Hence, for each w € ¥, each ¥ € ¥*, by Theorem 2.3.6, as r
tends to positive infinity, we have that

r

e = N¢7X[,V] (T’, w)

X

card{v := (v1,v2,...) €0 F(w) : k €N, [(v1,v2,...,vs)] C [¥] and
—In(ue([(v1,ve, ... vr)])) <7}

= card{v € T} : ue([v]) = e " and [v] C [¥]}

= Y.(e ).

The next result is a modification of a renewal theorem for subshifts of finite type as given in
[GH] and allows for the calculation of the asymptotic behaviour of the sum in Equation (2.27).

Theorem 2.3.8. Let (X%,0) denote a one-sided topologically exact subshift of finite type, let vy
denote an Equilibrium measure on XX for a Holder continuous potential function ¢ € C(X¥;R)
and let ¢ : ¥ — R denote a non-arithmetic Holder continuous function with positive moment with

respect to vy, that is,

v = Ydvg > 0.

=%

For each w € X%, define v, on the set {I CR : Iis bounded and connected} by

va(l) = /[ 3 xS dvte)

kEeNg

Then v, can be extended to a Radon Borel measure on R and we have that

lim v,(I+t) = 0,

t——o0

lim v(I+t) = 7 "N (vs(w]).
t—-+o0

PrOOF. For each k € Ny, define F, to be the Borel measure on the product space X% x R x ¥¥
which is given, for each Borel set X x B x Y, by

Fi(X x BxY) = vg({z : (z,Sp(x),0"(x)) € X x BxY}).
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For each t € R, let Fj * 0; denote the translate of Fi given by (z,a,y) — (z,a + t,y). In the
proof of Theorem 4 (Section B, page 95) of [GH], Guivarc’h and Hardy show that, provided # is a
non-arithmetic Holder continuous function with positive moment with respect to v4, one has that
the following hold

lim =
Jim Y7 Fiox 6 0,
kENg
lim = -1 1 .
t_>+002]:k*5t vy Ve X A X Vg
k€N

(Here, the limits are taken with respect to the vague topology and that within the proof of this
result one requires the property that vy is o-invariant.) Therefore, for each w € Y% and each

bounded connected interval I, we deduce that

t_l}r_noo V[w] (-["‘ t) = t_lgr_noo/ Z X1t (Sk’l/J(I))dl/(p(I)
[w] keng
= lim Xy @)X 140 (O)Xgoo (W) d ) Fi(x,b,y)
t——o0o P XRXZP ) a A k%o
— lim Xy (@)X, (DX (W) d D Fi(@,byy) 6
t= =20 Joe xRx SR 4 k€Ng
= 0.

Further, we conclude that

Jim v (40 =t [ 3 v (Sev@)dv(e)
o 1wl ken
= lim X (@)X 110 (O)X5oe (W) d D Fi(,b,y)
t=+o0 Jyeo yrxzmoe (] I+t =2 ng:o
- lim X[w] (x)XI (b)xz;oo (y) d Z ]:k(xa b7 y) * Ot
t=+o0 Jsooe xrx 2 A KeNo

- Yo () (B () g x A x 1) (2, b,)
E? ><]R><E%°

= 7 A Dwe (W)

Corollary 2.3.9. Let (X¥,0) denote a one-sided topologically exact subshift of finite type and let
vy denote the unique equilibrium measure on XX for a non-arithmetic Hélder continuous potential
¢ € C(XF;R). Further, assume that P(¢,o0) is equal to zero. Then, for each V € X3 UD, asr

tends to positive infinity, we have that

PROOF. Since P(o, ¢) is defined to equal zero and since the measure theoretical entropy of a Gibbs
measure is strictly positive, we have that — fzm ¢dvy > 0. Next, since vy is a Gibbs measure there
A
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exists ¢ > 1 such that for each r > 0, we have that

Sy(e™") = / (~ In(uglw])) - X, (%) dvg(a
rV]wEE*

and that

Eu(e™") = /M S X (= In@elw])) - X, (@) dug (@

wexY

Then, by Theorem 2.3.8, given € > 0 there exists R € N such
that

—7"

/ﬂ

[r+In(c)]—1
7 Xior sy (—Skd()) dvg () +

keNg m=[R+In(c)]
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)< [ 3 oo (549(0)) ()

1 keno

/ D Xiowoineey (~516(x))) dvg(@).

1 keng

that, for all 7 > [R + In(c)], we have

Z X[m,m+1] (_Sk¢(x))) dV¢(l‘)

(7] keNg

— R)(A + e ([V])

/q/ Z Xio.[r41n(ey)) (—SkP()) dv () + r

] keNg

and

=

(*7"

[r—In(c)]—1
/q/ Z X[0,[R=1n(c)]) (—=Ské(x)) du¢(x) +

>

m=[R—In(c)]

Z X{0,[R—1In(c)7) (=Skd(w)) dvg(x) +

- fE’f ddvy

> Xpomsr) (—Ské(2))) dvg ()

("] keNg

(r=R-2)(1 - ue([V])

] keNg
>/,

7] keng

- fzzo P dvg

Since vy is an equilibrium measure for the potential, by the charicterisation of the pressure function

given in Equation (2.22) ¢, the result follows.

Corollary 2.3.10. Let (X%, 0) denote a one-sided topologically exact subshift of finite type and let
vy denote the unique equilibrium measure for a given non-arithmetic Holder continuous potential

6 € C(Sa;R). If
Aw¢w¢#a

then, for each ¥V € ¥ UQ, we have that

lim

Ev(e)
(Tw

e—0 In

PrOOF. This result is an immediate consequence of Theorem 2.2.8, Corollary 2.3.7 and Corollary

2.3.9.



Chapter 3: C*-Algebras and Noncommutative Geometry

In the present work, our aim is to add to the ongoing attempts to define noncommutative repre-
sentations of fractal sets as introduced by Connes in [Con3]. To this end, we introduce Connes’
theory of noncommutative geometry. The fundamental idea behind noncommutative geometry is
that of viewing geometric structures in terms of operator algebras. The approach of representing
such structures by algebraic objects has its origins in the work of Gelfand and Naimark on locally
compact Hausdorff spaces and C*-algebras (see [GN]). In [Con2, Con3, Conl] Connes showed that
it is possible to generalise classical Riemannian geometry in terms of operator algebras, specifically
C™-algebras. This generalisation takes the form of a spectral triple.

The aim of this chapter is to give some of the basic ideas of noncommutative geometry, which
we will use and extend in Chapter 4. The work in this chapter is organised as follows. In Section
3.1 we introduce C*-algebras and C*-dynamical systems. In Section 3.2 we define the notion of
a spectral triple and include a description of some of the geometric properties of this object. To
conclude, in Section 3.3 we include three examples of spectral triples describing, in detail, aspects
of their noncommutative geometries.

3.1 (*-algebras

3.1.1 C(C*-Algebras and The Gelfand-Naimark Theorems

In this subsection we begin by giving the definition of a C*-algebra (Definition 3.1.2). We discuss
the Gelfand-Naimark-Segal completion of a C*-algebra and state the seminal classification theorems
of C*-algebras by Gelfand and Naimark (Theorems 3.1.14 and 3.1.11). To conclude this subsection,
we define two classes of C*-algebras, which we use within of this thesis. Let us begin with the
following definition.

Definition 3.1.1. A complex algebra is a vector space V over C with an associative operation -
(multiplication), which satisfies, for all v1,v2,v3 € V and z € C, the following three conditions.

1. ’U1~(’U2+U3) = V1 - Vg + V1 - V3.
2. (v1+v2)-v3 =103+ V2 V3.
3. z(v1 - v2) = (2v1) - v2 = v1 - (202).

*

An involution on V is an operation * such that, for all vi,v2 € V and all z1, z2 € C, the following

hold.
1. (v1)* = 1.
2. (v1-v2)" =w5 -0l
3. (z1v1 + 22v2)" = Z10] + Z205.
A complex algebra equipped with an involution is called a complex x-algebra.

Definition 3.1.2. A C*-algebra A is a complex *-algebra equipped with a norm ||-|| such that the
following hold.

1. A is complete with respect to the norm ||-||.

2. |la1 - az|| < ||a1]|||laz||, for all ai,a2 € A.

35
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3. |la* - a]| = ||a|)?, for all a € A.
A norm satisfying these three conditions is referred to as a C*-norm.

Remark. Any finite dimensional C™-algebra is isometrically isomorphic to the product of a finite
collection of closed subalgebras of matriz algebras.

Example 3.1.3. The primary example of a commutative C*-algebra is the set C.(X) of continuous
complex-valued functions with compact support on a locally compact Hausdorff space X. Here, the
associative operation - is pointwise multiplication, the involution is pointwise complex conjugation

and the C*-norm is the supremum norm.

Example 3.1.4. An example of a noncommutative C*-algebra is the set B(H) of bounded opera-
tors on a complex separable Hilbert space H. In this case, the associative operation - is composition,
the involution is given by taking adjoints and the C*-norm is the operator norm. In fact, any subal-
gebra of B(H) closed under involution and closed under the strong operator norm topology is also
a C™*-algebra.

Remark. It is not necessary for a C*-algebra to have a unit. However, throughout this thesis we
will assume that a C*-algebra is unital and that the norm of the unit is equal to 1. We will denote
the unit of a C*-algebra by the symbol 1.

Let us now describe the celebrated Gelfand-Naimark-Segal completion of a C*-algebra. This
construction allows one to obtain a complex Hilbert space H from a C*-algebra A, such that there
exists an injective map from A to B(H). This naturally leads to the classification theorems of
Gelfand and Naimark. In order to describe the Gelfand-Naimark-Segal completion of a C*-algebra
and to state the classification theorems we require the following definitions.

Definition 3.1.5. A x-homomorphism is a homomorphism between two complex *-algebras, which
preserves involution. A s-homomorphism is said to be faithful if for all a € A one has that ¢(a*a) =0
if and only if @ = 0. Further, define a x-automorphism to be an isomorphic *-homomorphism from
a C*-algebra onto itself.

It is important to note that a x-homomorphism between two C*-algebras is non-expansive, that
is, bounded with operator norm less than or equal to 1. If, in addition, the *-homomorphism is
faithful, then it also preserves the C*-norm (see Appendix A.4).

Definition 3.1.6. A x-representation of a complex *-algebra V is a tuple (7, H) consisting of a
complex Hilbert space H and a linear *-homomorphism 7 : V — B(H). A *-representation (m, H)
of a complex *-algebra is said to be faithful if 7 is faithful. Further, a *-representation (m, H) of a
complex #-algebra V is irreducible if and only if the only sets which are invariant under the action
of (V) are H and the trivial subspace.

Definition 3.1.7. An element a of a C*-algebra A is said to be non-negative, denoted by a > 0,
if and only if there exists b € A such that a = b*b. If, in addition, a # 0, then we say that a is
positive and write a > 0. Further, a linear functional ¢ : A — C is said to be non-negative if for
each non-negative a € A, we have that ¢(a) > 0. Similarly, a functional ¢ : A — C is said to be
positive if for each positive a € A, we have that ¢ (a) > 0.

Definition 3.1.8. A positive linear functional ¢ of norm one acting on a C*-algebra A is called a
state. Further, we call a state tracial if ¥ (ab) = ¢(ba), for all a,b € A and we let S(A) denote the
state space of A, that is, the set of all states on A.
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For a C™-algebra A, observe that the state space S(A) is a convex set. Recall that an extremal
point of a convex set S is a point which is not an internal point of any closed line segment contained
in S.

Definition 3.1.9. The extremal points of S(A) are referred to as pure states.

Observe that if (X, d) is a compact metric space, then the state space S(C(X;C)) of the C*-
algebra C(X;C) of complex-valued continuous functions is equivalent to the space M (X) of Borel
probability measures on X. This follows from the Riesz Representation Theorem (see Theorem 11.4
of [RS)).

Definition 3.1.10. Let A denote a C*-algebra and let (w, H) denote a *-representation. Then a
vector h € H is said to be cyclic for A if the set {w(a)(h) : a € A} is norm-dense in H, with respect
to the Hilbert space norm. Further, a vector h € H is said to be separating for A if and only if
whenever a,b € A and 7(a)(h) = w(b)(h) then a = b.

We are now in a position to define the Gelfand-Naimark-Segal completion of a C*-algebra. Let A
denote a C*-algebra and let ¢ € S(A). Observe that (a, b)y := 1(b"a) defines a positive sesquilinear
form on A which satisfies the Cauchy-Schwarz inequality in the form |¢(b*a)|* < ¥(a*a)(b*D).
Therefore,

Ny = {beA:yp(0b)=0} = {be A : ¢(a"b) =0for alla € A}

is a closed ideal in A. Note that N, = {0} if and only if ¢ is a faithful state. The quotient space
A/Ny is then a pre-Hilbert space under the positive sesquilinear form (a+ Ny, b+ Ny )y := (b a).
The norm completion of A/Ny under this form is called the Gelfand-Naimark-Segal completion of
A with respect to 1 and is denoted by Hy. Observe that A can be embedded into B(Hy). More
precisely, let B(A/Ny) denote the set of bounded linear operators on the pre-Hilbert space A/Ny,
and define 7y : A — B(Hy) to be the continuous linear extension of the map = : A — B(A/Ny)
given by m(a)(b+ Ny) := ab+ Ny. It can then be shown that the following hold.

1. (mwy, Hy) is a x-representation of A.

2. I+ Ny is a cyclic vector for the representation 7., where I denote the unit of the A.
3. If ¢ is faithful, then I + Ny is a separating vector.

4. The representation (my, Hy) is irreducible if and only if the state 1 is a pure state.

These results are proved in a number of texts, see for instance [Dav, BR, FGBV, Dix2]. This
naturally leads us to the Gelfand-Naimark classification theorems of C*-algebras.

Theorem 3.1.11. (The Gelfand-Naimark Classification Theorem) To each C*-algebra A there
exists a complex Hilbert space H and a faithful x-homomorphism which maps A onto a closed sub-
x-algebra of B(H).

PROOF. See Theorem 1.17 [FGBV] or [GN] for the original proof. |
Observe that for an arbitrary C*-algebra, the Hilbert space given by Theorem 3.1.11 need not
be separable. This leads to the following definition.

Definition 3.1.12. A C™-algebra A is said to be separable if and only if there exists a *-
representation (7, H) where H is a separable complex Hilbert space.
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Example 3.1.13. Examples of a commutative separable C*-algebra include the set of continuous
functions on a compact metric space equipped with a finite Borel measure. An example of a
non-separable commutative C*-algebra is the algebra of bounded complex valued functions on R
equipped with the supremum norm.

Theorem 3.1.14. (Gelfand-Naimark classification theorem for commutative C*-algebras) Given a
commutative C*-algebra A, there exists a compact Hausdorff space X (unique up to homeomorphism,)
such that there exists a bijective x-homomorphism from A onto C(X;C).

PROOF. See Lemma 1 of [GN]. ]

Remark. Similar statements to those given in Theorem 3.1.14 and Theorem 3.1.11 also exist
for non-unital C*-algebras (see [GN] or [FGBV]).

To conclude this subsection we define two classes of C*-algebras, which will be used within this
thesis.

Definition 3.1.15. Let 9' denote the one-dimensional spherical measure with 9'(S') = 1. Let
6 € (0,1) be an irrational number and let Ry denote the sub-+-algebra of B(L*(S, B,¥')) generated
by the operators U and V given, for each f € L*(S',B,9') and z € S*, by

UN) = z-f(z),  V()(z) = flz-e*™). 3.1)

The irrational rotation algebra Ag is then defined to be the completion of Ry with respect to the
universal norm, that is, the norm given by

lla|lu := sup{||7(a)|| : (w, H)is a x-representation of Rg}.

Remark. It is well-known that the irrational rotation algebra Ag (6 € (0,1) NR\ Q) is simple,
that is, it contains no proper ideals (see Theorem VI1.1.4 of [Dav]). Moreover, the irrational rotation
algebra is universal, that is, any C™-algebra which is minimally generated by two distinct elements
which satisfy the following,

UU* = U'U = VV* = V'V =1, VU = e ™pv. (3.2)

is necessarily isometric x-homomorphic to Ag (see Theorem VI.1.4 of [Dav]).

Definition 3.1.16. If a C*-algebra A is the normed closure of an increasing sequence of finite
dimensional C*-algebras, then A is called an AF (approzimately finite) C*-algebra.

Example 3.1.17. The algebra of continuous complex-valued functions on a homeomorphic image
of the middle third Cantor set is an AF C*-algebra. An example of a noncommutative AF C*-
algebra is a uniformly hyperfinite C*-algebra, that is, the operator norm closure of an increasing
sequence of full matrix algebras.

3.1.2 (C*-Dynamical Systems and The Discrete Cross Product Algebra

The main aim of this subsection is to define the notion of a noncommutative dynamical system,
or, more precisely, a C*-dynamical system, and to show how to obtain from such a system the
class of C*-algebras called discrete cross product algebras. Note that such a class of C*-algebras
allows us to demonstrate, by way of example, how Connes’ theory of noncommutative geometry can
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be applied to noncommutative C*-algebras, which we consider in Subsection 3.3.2 and Subsection
3.3.3. For a general reference on C*-dynamical systems and the discrete cross product algebra we
refer the reader to [BO, Dav].

Definition 3.1.18. A C*-dynamical system is a triple (A, a,G), consisting of a separable C*-
algebra A, a countable discrete group G and a homomorphism « from G into the group Aut(A)
consisting of all x-automorphisms on A.

Given a C*-dynamical system (A, a,G), our goal is to construct a single C*-algebra which
encodes the C*-algebra A and the group action of G on A. In group theory, the analogue of this
procedure is called the semi-direct product. We will adapt this idea to create a C*-algebra A x, G,
called the discrete cross product algebra. This C*-algebra is constructed using the group-algebra
AG, which is defined by

AG = {Z agdy : ag € Afor all g € G and ay = 0 for all but a finite number of g € G} .
geG

(Recall that §, : G — {0, 1} denotes the Dirac point mass at g € G.) In other words, AG is the space
of continuous A-valued functions on G with compact support. A multiplication on AG is given by
a twisted convolution product * on AG, which, for all a1 :=3_  a1,40g,a2 1=} a2,40, € AG,
is defined by

a1 *az = Z <Z ai,g, - a(g2) (a2,g2_191)> g, - (3.3)

91€G \g2€G

Define an involution * on AG given, for each a := )" _, a4, € AG, by

geG

a® = Za(g)(ag_l*)dq. (3.4)

geG

The group-algebra AG with multiplication given by the convolution product defined in Equation
(3.3) and the involution as given in Equation (3.4), is a complex x-algebra. This algebra encodes
both the C*-algebra A and the group action of G on A. In order to form a C*-algebra from the
complex *-algebra AG it must be completed with respect to a C*-norm. There are two commonly
used methods to complete the complex x-algebra AG, namely, the universal completion and the
reduced completion. To define these we introduce the notion of a regular covariant representation
of a C*-dynamical system and to guarantee that these completions are well defined we require
Proposition 3.1.20 and Proposition 3.1.22.

Definition 3.1.19. A unitary representation of a group G is a pair (U, H) consisting of a complex
Hilbert space H and a homomorphism U : G — B(H) such that U(g) is a unitary operator and
U(g)* =U(g™"), for all g € G. A covariant representation of a C*-dynamical system (A, a,G) is a
triple (w, H, U) consisting of a x-representation (7, H) of A and a unitary representation (U, H) of
G such that U(g)m(a)U(g)* = m(a(g)(a)), for all a € A and g € G.

The following proposition is well-known, but since the proof is important and rather construc-
tive, we include it here for completeness.

Proposition 3.1.20. For any C*-dynamical system there exists a covariant representation.

PrOOF. Let (A,«,G) denote a C*-dynamical system and let (m,H) denote a faithful x-
representation of A. Such a representation exists by the Gelfand-Naimark Classification Theorem
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(Theorem 3.1.11). Consider the Hilbert space

(@) = {’YZG—>(C : Zlv(g)|2<00},

geG

with the inner product (-,-) : I*(G) x I*(G) — C defined by {(y1,72) := Egegfyl(g)fyz( ), for all
71,72 € I*(G). Note that the set {6, : g € G} forms an orthonormal basis for 1*(G). To define
a covariant representation of A we define a *-representation (7, H ® I>(G)) of A and a unitary
representation (U, H ® I>(G)) of G as follows.

1. Define @ : A — B(H ® 1*(G)) as follows. For all a € A, h € H and v € I>(G) define

T(a)(h®7) = Y m(alg”")(a))(h) @ 1(g)d,. (3.5)

geaG

To define 7(a) on H ® I*(G) we extend the definition given in Equation 3.5 using linearity.
Since w and «(g), for all ¢ € G, are linear x-homomorphisms, it follows that 7 is a linear

*-homomorphism. Hence, (7, H ® I*(G)) is a *-representation of A.

2. Define U : G — B(H ®1*(@G)) as follows. For all g € G, h € H and v € I*(G) define

U(g)(h®7) = > h@7(s)s (3.6)

seG

To define U(g) on H ® I>(G) we extend the definition given in Equation 3.6 using linearity.
Since for all g1,92 € G, h € H and v € I*(G), we have that

U(g1)U(g2)(h®@7) = Ul(g1) <Zh®v( 925> D h@Y(8)3g190s = Ulgrg2)(h®7)

seG seG

and

U(g) (h®7) = Y _ h®7(s)8
seEG

it follows that (U, H ® I>(G)) is a unitary representation of G.

We conclude that (7, H ® I>(G),U) is a covariant representation of (A, a, G), by observing that

Ulg)m(a)U(g)"(h@y) = EZGU a)(h ®y(s)dg-15)
= EZGU(Q) (m(e (571 g) (a))(h) @ v(s)84-1,)
= D (wla(sg) (@) (h) ®7(s):)
= ;E(Z(g)a)(h ®7).

Definition 3.1.21. The representation (7, H ® I>(G),U) given in the above proof is called a left
regular covariant representation.
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Proposition 3.1.22. Every covariant representation of a C*-dynamical system (A, a, G) gives rise
to a x-representation of the complex x-algebra AG and conversely, every non-trivial *-representation
of the complex x-algebra AG arises in this way.

PROOF. See page 117 of [BO]. [ |
The above two propositions ensure that the supremum in the following definition is not taken
over the empty set.

Definition 3.1.23. The full cross product C*-algebra A x G is the completion of the complex
x-algebra AG with respect to the universal norm given, for each a € AG, by

llallu := sup{||w(a)| : (&, H) is a *-representation of AG}.

Definition 3.1.24. Let (7, H,U) be a left regular covariant representation for the C*-dynamical
system (A4, a,G) such that the induced #-representation (w, H) of the complex x-algebra AG is
faithful. Then the reduced cross product algebra A X, G is the norm closure of AG under the
reduced norm given, for each a € AG, by ||a|rea := ||7(a)]|-

Proposition 3.1.25. The reduced cross product algebra does not depend on the choice of the left
regular covariant representation.

PROOF. See Proposition 4.1.5 of [BO]. |

The following theorem concerning amenable groups will be useful in Example 3.1.28. For more
information on amenable groups, the interested reader is referred to [Kes].

Theorem 3.1.26. Let (A, a,G) be a C*-dynamical system. If G is an amenable group, then the
reduced cross product algebra and the full cross product algebra are equivalent.

PROOF. See Theorem VII.2.8 of [Dav]. ]
A particular class of reduced cross product algebras, which we will make use of in Subection
3.3.3 and Subection 4.2.2, is given by the reduced discrete group algebra and is defined as follows.

Definition 3.1.27. Let C be the C*-algebra of complex numbers, let G be a countable discrete
group and let « : G — C be the trivial action, that is, a(g) := 1, for all g € G. For each
a:=) cq?0g € CG and each v € 1>(G), define the convolution of a with v by

axy = Y (Z Zgs ~v(g{191)> 8g1 € 1(G). (3.7)
91€G \g2€G

The reduced discrete group algebra is then defined to be the closure of the complex *-algebra CG
with respect to the norm given, for each a € CG, by

lallrea = sup {llax~]2 : v € *(G) with|ly]2 =1} .

We conclude this subsection by showing that the irrational rotation algebra can be expressed
as a cross product algebra.
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Example 3.1.28. Let A denote the set of 2m-periodic complex-valued functions on R, fix an
irrational number 6 € (0,1) and let cig : Z — Aut(A) be defined, for all k € Z, a € A and z € R, by

(ag(k))a(z) = alx — 27k0).

Observe that (A, ag,Z) forms a C*-dynamical system. Also, note the following.

1. The additive group Z is amenable.

2. The *-algebra AZ is generated by {U := ¢100,V := xz01}, where 0o, d1 : G — {0,1} denotes

71/26271'1‘1

the Dirac point masses on G at 0 and 1, respectively, and ¢1(z) := (27) , for all

x e R.

3. The elements U and V satisfy the following relations

UU* = U'U = VV* = V'V = 1, VU = e V.

Therefore, by the remark which immediately follows Defintion 3.1.15 and by Theorem 3.1.26, we
have that the reduced and the universal norm completions of the complex x-algebra AZ coincide
and that the resulting cross product algebra is isometric *-homomorphic to the irrational rotation
algebra Ag.

3.2 The Geometric Side of Noncommutative Geometry

The main aims of this section are to give the definition of a spectral triple, which represents the
noncommuative analogue of a compact metric space, to describe the geometric information one can
obtain from this noncommutative object and to give some basic examples. The reader who is not
familiar with the notions of functional analysis, which are in use, is referred to Section 3.1 and
Appendix A.1.

Definition 3.2.1. A spectral triple is a triple (A, H, D) consists of a C*-algebra A acting faithfully
on a complex separable Hilbert space H and an operator D with the following properties. The
operator D is an essentially self-adjoint unbounded linear operator with a compact resolvent, such
that the set

{a € A : the operator [D, (a)] is densely defined and extends to a bounded operator on H }

is C*-norm-dense in A. Here, 7 represents the faithful action of A on H and [D,n(a)] denotes the

commutator of D with 7(a). The operator D is called a Dirac operator.

Remark. The compact resolvent property of D in Definition 3.2.1 can be regarded as a gen-
eralisation of the ellipticity property of the standard Dirac operator defined on a compact smooth
Riemannian manifold (see [Mar]). The condition that the closure of [D,w(a)] is densely defined and
extends to a bounded operator is analogous to a Lipschitz condition (see [BMR, Mar]).

Definition 3.2.2. A Zs-graded complex vector space V is a complex vector space which decomposes
into a direct sum of two vector spaces Vo and Vi, that is, V = Vj @ V. If there exists an operator
I' : V — V such that I'> = 1 and such that I'(V}) = Vi41 (mod 2), for k € {0,1}, then we call " a
Zo-grading operator.

Definition 3.2.3. A spectral triple (A, H, D) is called even if there exists a Zs-grading operator
I’ on H such that I' commutes with each representative of A in B(H) and anti-commutes with the
Dirac operator on its domain of definition.
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Remark. Observe that in this setting the grading operator corresponds to the chirality operator
defined for a Riemannian spin manifold (see pages 26 - 27 of [Vidr]).

In what follows we describe some of the geometric aspects of a spectral triple (A, H, D). Specif-
ically, in Subsection 3.2.1 we introduce Connes’ pseudo-metric on the state space S(A) of A and
in Subsection 3.2.2 we define the operator algebraic analogy of a measurable function, the metric
dimension of a spectral triple and the noncommutative integral. We will see that in order to derive
these concepts the Dirac operator, in particular its singular values, will play a crucial role.

3.2.1 Connes’ Pseudo-Metric

Let us begin by recalling the definition of the weak*-topology defined on the state space of a C*-
algebra.

Definition 3.2.4. Let A denote a C*-algebra. For each a € A, let @ : S(a) — C denote the Gelfand
transform of a given, for each ¥ € S(A), by

The weak™-topology on the state space of A is then defined to be the weakest topology on S(A) such
that, for each a € A, the Gelfand transform @ is continuous.

Observe that a compact metric space X naturally embeds into the state space S(C(X;C)) of
C(X;C) and recall that S(C(X;C)) coincides with M (X), the space of Borel probability measures
on X. Therefore, by the Banach-Alaoglu Theorem (see Theorem IV.21 of [RS]) this space is weak™-
compact. Moreover, the Monge-Kantorovitch metric given, for all u,v € M(X), by

dvr(p,v) == sup {/ fdu— / fdv : f € C(X;C) and is Lipschitz continuous with
X X

Lipschitz constant less than or equal to one},

defines a metric on M (X) whose topology coincides with the weak*-topology (see Theorem 2.5.17
of [Edg]).

Within the theory of noncommutative geometry, given a spectral triple (A, H, D), the analogue
of a Lipschitz function is an element a € A such that the commutator [D,7(a)] is densely defined
and extends to a bounded operator. Further, the analogue of the Monge-Kantorovitch metric is the
pseudo-metric on the space S(A) known as Connes’ pseudo-metric, which is defined as follows.

Definition 3.2.5. Let (A, H, D) denote a spectral triple, where the *-representation is denoted
by (m, H). Let A denote a C*-norm-dense complex sub-x-algebra of A, where for all a € A, the
commutator [D,7(a)] extends to a bounded linear operator on H. Then, for each such *-algebra
A, define the psudeo-metric d4 : S(A) x S(A) — R by

da(r,2) = sup{|v1(a) — ¥2(a)| : a € A and the operator [D, w(a)] extends to a bounded

operator with norm less than or equal to one}.

We refer to this pseudo-metric as Connes’ pseudo-metric.

The term pseudo-metric is used because it is not clear that d(v1, 12) is finite for all pairs ¥, ¥2 €
S(A). However, the other axioms of a metric are fulfilled. Therefore, the question which naturally
arises is, when is d4 a metric and if d4 is a metric, then when does the topology induced by d4
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agree with the weak*-topology on S(A)? The following theorem by Rieffel gives a characterisation
which addresses this question.

Theorem 3.2.6. Let (A, H, D) denote a spectral triple, where the x-representation is denoted by
(m,H). Let A denote a C*-norm-dense sub-x-algebra of A, where for all a € A, the commutator
[D, (a)] extends to a bounded linear operator on H. Then the following hold.

1. The pseudo-metric da is a metric if and only if the set

{a € A : the operator [D,n(a)] is densely defined and extends to a

bounded operator with norm less than or equal to one} (3.8)

has a bounded image in the quotient space A/{zl : z € C}, where I denotes the identity
element of A.

2. The topology induced by the pseudo-metric da coincides with the weak®-topology if and
only if the set given in Equation (3.8) has a totally bounded image in the quotient space
A/{zl : z € C}.

PROOF. See Theorem 2.1 of [Rie3]. |

Remark. The essence of the above theorem is that the set given in Equation (8.8) is large enough
that it separates the states of A and, at the same time (by definition), small enough that it has a
bounded image in the quotient space A/{zl : z € C}.

3.2.2 Infinitesimals, Measurability and Dimension

As we have seen in Chapter 2 the Hausdorff dimension of a subset E of R™ is given by
inf{s >0 : H*(E) =0}

(see Theorem 2.1.2). Note that such a relationship also exists for other fractal measures and
fractal dimensions, for instance the Patterson measure and the Poincaré exponent of convergence
(see [Nic, Pat]) and the packing measure and the packing dimension (see [Fall]). Likewise, in the
noncommutative setting one has an analogous relationship. Therefore, in this subsection, we first
introduce the expectation of a compact operator which arises within the theory of operator algebras
and then we present the definition of the metric dimension of a spectral triple. Having developed
these notions, we are then able to define the noncommutative integral which arises from a spectral
triple.

Within the theory of operator algebras, for a complex separable Hilbert space H, the notion
of an expectation of an operator T € K(H) is given by the coefficient of logarithmic divergence
of the eigenvalues of T. In particular, the ideal K(H) of B(H) provides the “infinitesimal” of
noncommutative geometry. Heuristically, in the commutative setting, an infinitesimal is an “object”
smaller than any feasible measurement and not zero in “size”, but so small that it cannot be
distinguished from zero by any available means. As a matter of interest, we remark that the
founders of calculus, Euler, Leibniz and Newton initially formulated the theory of calculus using
infinitesimals. However, the notion and definition was foreshadowed in Archimedes’ script The
Method of Mechanical Theorems.

Returning to the noncommutative setting, we define an infinitesimal operator as follows.



3.2. THE GEOMETRIC SIDE OF NONCOMMUTATIVE GEOMETRY 45

Definition 3.2.7. Let H denote a complex separable Hilbert space and let T € K(H). For each
k € N, let 01(T") denote the k-th largest singular value (including multiplicities) of T, that is, the k-
th largest eigenvalue (including multiplicities) of |T'| := (TT*)"?. We say that T is an infinitesimal
of order s > 0, if 01 (T) < k™° as k tends to infinity.

Early attempts to define an expectation within the theory of operator algebras (see [Seg]) used
ordinary traces of Hilbert space operators, where trace-class operators play the role of integrable
functions. However, it soon became apparent that this is not sufficient. In 1966 Dixmier [Dix1] found
other tracial states that are more suitable. He noted that to appropriately define an expectation
within the theory of operator algebras, one must suppress infinitesimals of order higher than one.
More precisely, one wants to find the coefficient of the divergence rate of the singular values of
an infinitesimal operator of order one. In order to obtain this coefficient, we require the following
definitions.

Definition 3.2.8. A limiting procedure is a positive linear functional % defined on the set
I(R) := {(z1,x2,...) : o € Rfor all k € N and sup{|zx| : k € N} < oo},

where for each (z1,x2,...) € [°°(R), one has that

liminfxr, < W(z1,22,...) < limsupxy
k—o0 k—oo
Following convention, for (z1,z2,...) € [°°(R) and for a limiting procedure W, we set
Limw($1,$2, N ) = ‘W(mh T2y ... )

Remark. The ezistence of a liniting procedure follows immediately from the Hahn-Banach The-
orem (see Chapter 3 of [Bol]).

Example 3.2.9. A generalised limit is an example of a limiting procedure (see [Bol] page 59).

Definition 3.2.10. The Dizmier ideal of a separable Hilbert space H is denoted by £1’+(H) and
is defined by

LY (H) = {Te K (H) : Timsup % < oo}.

For a limiting procedure %, we define a Dixmier trace of a positive linear operator T € El’+(H) by

Try(T) := Limyy (W) . (3.9)

For a general operator in £V (H) the Dixmier trace is defined to be the natural complex linear

extension of Trgy.

Definition 3.2.11. Let H denote a complex Hilbert space and let I denote an ideal of B(H). Then,
a singular trace on I is a linear functional 7 of norm one with domain I such that the following
hold.

1. 7 vanishes on operators with finite dimensional range.

2. If T\, Ty € I are such that limy_,oc 0%(T1) /0% (T2) = 1, then T(T1) = T(13).
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3. If T1,T» € I have the property that o, (T1) < ox(T2) for all but a finite number of k € N,
then T(T1) < T(Tz).

4. For T1,T> € I, we have that T(T1T2) = T(T2T1).

Theorem 3.2.12. Let H denote a complex separable Hilbert space and let W denote a limiting
procedure. Then the Dizmier ideal LY (H) is an ideal of B(H) and the functional Try is a singular
trace.

PROOF. See Appendix A.3, where we given an independent complete proof. |

In the following definition we define the notions of a measurable operator and the noncommu-
tative analogue of an expectation.

Definition 3.2.13. If T € £ (H) and if Tryy(T) is independent of the limiting procedure W,
meaning that the limit

N
o Zi on(T)
N — oo h’l(N)
exists, then we call T measurable. The noncommutative expectation of a measurable operator

T € LY (H) is denoted by T and given by

D DAY/ ()
i

Remark. If c1,c2 € C and if T1, T> are measurable operators defined on some complex separable
Hilbert space, then one has the following

7L (aTh + e2Tp) = 617£ T + 027£ Ts.

This follows since the Dizmier trace is a linear functional (see Theorem 3.2.12). Moreover, the
subset of measurable operators in LY (H) is a closed subset of LY (H) (see Proposition 7.15 of
[FGBV]).

Having introduced the Dixmier ideal of a complex separable Hilbert space, we now discuss the
metric dimension of a spectral triple. The metric dimension of a spectral triple (A, H,w, D) is
given by the non-negative positive integer § to which the singular values of |1 + D2|*5/ ? form a
logarithmically divergent series. Loosely speaking, this value is given by the exponent to which the
operator (1 + D*)7'/2 is an infinitesimal of order 1. However, such a number does not necessarily
have to exist. Therefore, we introduce the following summability conditions on a spectral triple.

Definition 3.2.14. Let (A, H, D) be a spectral triple.

1. If for some p > 0
tr((1 + D*)™?) < oo, (3.10)

then (A, H, D) is called a finitely summable spectral triple.

2. For p > 1, if
N 2\—1/2
1+ D
i sup St 741+ D))

n NIV < oo, (3.11)
— 00

then (A, H, D) is called a (p, +)-summable spectral triple. If p = 1, then we say that (A, H, D)
is (1, 4)-summable if and only if |D|~" € £V (ker(D)™h).
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3. If forallt >0
2
tr (eftD ) < 00, (3.12)

then (A, H, D) is called a 0-summable spectral triple.

Remark. Let (A, H, D) denote a spectral triple. If D is an invertible operator, then (A, H, D) is
finitely summable if and only if for some p > 0 we have that tr(|D|™?) < co. Similarly, (A, H, D)
s (p, +)-summable, for p > 1, if and only if we have that

N _
D|—P
lim sup Ek:l ox(|D[77)

< 0

Remark. In the above definition of 0-summability we have stated the original definition given
by Connes. This notion was introduced in order to deal with noncommutative representations of
reduced group C*-algebras of non-amenable groups. We refer the reader to Section 7 of [Con2] for
a more in-depth discussion.

Observe that the condition of a spectral triple being finitely summable can be written in terms
of a (1, +)-summability condtion. Although it seems that this result is known to experts in the field
of noncommutative geometry, we could not find it explicitly stated within the literature, and so we
include a complete proof. Our proof will require the following definition and proposition.

Definition 3.2.15. Let H denote a complex separable Hilbert space. An operator T' € B(H) is
said to be a Hilbert-Schmidt operator if and only if T is a compact operator and tr(77T*) < oo.

Proposition 3.2.16. The class of Hilbert-Schmidt operators on a complex separable Hilbert space
H is an ideal of B(H).

PROOF. See Theorem VI.22 of [RS]. |

Theorem 3.2.17. A spectral triple (A, H, D) is finitely summable if and only if it there exists
ap > 0 such that |D|P € LY (ker(D)). Moreover, a finitely summable spaectral is always
0-summable.

ProoF. The first part follows directly from Lemma 3.2.18 given below. For the second part, we
have the following equality

67tD2 — (:H. + D2)p/2€7tD2 (:H. + D2)7;D/2'
Since (A, H, D) is finitely summable, there exists an N > 0 such that for all p > N, we have
that (1 4+ D?)™"? is a trace-class operator, and so a Hilbert-Schmidt operator. Further, since the
function f: R — R given, for each x € R, by
F@) = (1 o),
has supremum (p/(2t))”? '~/ we have that (1 + D2)p/267tD2 is a bounded operator. The result

then follows by an application of Proposition 3.2.16. |

Lemma 3.2.18. Let (zx)ren denote an increasing unbounded sequence of positive real numbers and
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let

di = supqa>0: limsup 7227:1 L =00
- N —oco ln(N) ’

do = inf a>0'limsupM:0
' 20 T ) ’

ds = inf{a}O:Zxko‘<oo} = sup{oe}():zg:ka—oo},
k=1

(lim inf 2(28) ) B

d k—oo In(k)

Then if any of the above are positive and finite, they are all equal.

Proor. To see that d; = ds, fix a p >0 such that

N -p
. Zk=1 Tk
limsup ="=——

> 0.

Then for 0 < ¢ < p and for each m € N, we have that

leevzm xy P lecvzm Iki(pﬂ”mkiq —(p—q) Zg:m xy ¢ —(p—q) ch\;l L
In(N) In(N) In(N) In(N)
Therefore, for each m € N, we have that
. Z]kv—1 ze? . ka zp P —(p—q) 1 ZNf z 1
limsup &£=1""  — limsup &¢=""" < 2, P 9 limsup &=k=1"" |
N In(N) N In(N) S N In(N)
Letting m tend to infinity, then gives
chvfl w1
lim su = 00
Nt In(N)
Hence, we have that d; = da.
It is clear that do < ds, since, if > 72, @x P < oo, then
timsup 2=t gy S BT
imsup == —— < limsup =2=—— = 0.
Nt (V) Nas In(N)
To see that ds < dy, for each k € N set
1
Yk = n(zx) (3.13)

and assume that d, is positive and finite. Since, liminfy_ oy, = dy ', for each a > d4 there exists a
¢ > 1 such that for sufficiently large m, we have that a - y,, > c¢. Therefore, there exists a constant
C > 0 such that

NgE
g
.
I
™
El
!
&
N
Q
+
™
¥

k=1 k=1 k=1

Hence, if a > dg4, then a € {s >0: Y w0 < oo}7 and so, we have that ds < da.
Finally, we need to show that ds < di. Note that if the sequence (yx)ren does not have an
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accumalation point then, give a positive M € R, there exists a N € N such that for all £k > M, we
have that y, > M. Therefore, for p > 0, it follows that

D DT SRS O
Mo (V) SN ()

Hence, di < 1/M for all positive M € R, and so, assuming that d; is positive, we have that
there exists an accumulation point y > 0 of the sequence (y, )ren. Thus, there exists a strictly
monotonically increasing sequence (km)men in N such that y, =~ tends to y as k tends to infinity.
Fix a <y~ ' and fix € € (0,1) such that there exists a K € N with a-y, <1—¢, for all m > K.
Then, for each m > K, we have that

km

Z - - —a-yg
xia>km'mkma:km'km m>k1€fn'

i=1

Hence,
km —a
Zi:1 Ti
In(km,)

tends to infinity as m tends to infinity. Therefore, for all a < d4, we have that

a€<s=20: limsupM:oo

This then concludes the proof. |

Remark. In general, if for a positive compact operator T' € K(H) there exists p > 0 such that

N
T
lim sup 721“:1 7k (T) < 00,

N —oo Nl_l/p

then TP € LY (H). However, the converse is not necessarilly true, see pages 316 — 317 of [FGBV]
for further details.

In the following definition, we introduce the metric dimension of a finitely summable spectral
triple. Note that the metric dimension is only defined for finitely summable spectral triples.

Definition 3.2.19. Let (A, H, D) denote a finitely summable spectral triple. Then the metric
dimension of (A, H, D) is defined to be the non-negative real number

§ = 8(A,H,D) = inf {p >0 te((1+ D% %) < oo} (3.14)
— sup {p >0 tr((L+ D)%) = oo} (3.15)
;X
= sup {p >20: liJIanilop In(N) ;Uk((]l +D?)7"?) 00} (3.16)
L&
— P > - li 2\—p/2 .
inf {p/O h]{;nj;lopiln(N) kZ:lUk((ILJrD )77 0} (3.17)

If (A, H,D) is a f-summable spectral triple which is not finitely summable, then we say that

(A, H, D) has infinite metric dimension.
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Remark. By the definition of the metric dimension, the operator \D|_‘5 belongs to the Dizmier
ideal LY (ker(D)h).

Remark. The dimension of a spectral triple can take the value zero. The two circumstances

under which the dimension is equal to zero are the following.

1. The singular values of (14+D?)~"? converge to zero exponentially fast, see [AIC2] for examples
of this case.

2. The algebra and the Hilbert space are finite dimensional. Such spectral triples have been fully
classified and the classification can be found in [PS, Kra, IKM].

Note that for a finitely summable spectral triple (A, H, D), the Dixmier trace of the operator
|D| =% generalises the notion of a volume.

Definition 3.2.20. Let (A, H, D) denote a finitely summable spectral triple with non-zero metric
dimension § and let % denote a limiting procedure. Then the volume of (A, H, D) with respect to
W is defined by

Vi = Vw(A, H,D) := Try(|D|™°).

Here the Dixmier trace is taken over the ideal £ (ker(D)") of the orthogonal complement of the
kernel of D. If |D|7? is a measurable operator, then we denote the wolume of (A, H, D) by

V = V(A,H,D) = f |D|~°.

Here the noncommutative integral is taken over the ideal £ (ker(D)™) of the orthogonal comple-
ment of the kernel of D.

More generally, one can define a noncommutative integral with respect to a spectral triple.

Definition 3.2.21. Let (A, H, D) denote a finitely summable spectral triple with non-zero metric
dimension ¢ and let W denote a limiting procedure. Then the W-noncommutative integral of an
element a € A with respect to the spectral triple (A4, H, D) is given by

Tro(m(a)|D|~°) (3.18)

Here, (w, H) denotes the faithful *-representation of A on H associated to (A, H, D). Further, the
Dixmier trace is taken over the ideal £Y'F (ker(D)") of the orthogonal complement of the kernel of
D. If w(a)|D|~° is measurable then we refer to the common values of the Dixmier traces as the
noncommutative integral of a with respect to the spectral triple (A, H, D) and denote the common

7£7T(a)|D\_6.

Remark. Let (A, H, D) denote a finitely summable spectral triple with non-zero metric dimension
8 and let (m, H) denote the x-representation associated to (A,H,D). If |D|™° is a measurable
operator, then it is not necessarily the case that w(a)|D|™° will be a measurable operator, for a € A.

value by

However, in the examples which follow, we shall see that for all a € A, the operator m(a)|D|™? is a

measurable operator.

Let us end this section with the following theorem, which provides us with an example of a
spectral triple and is presented by Connes [Con3, Con2] as a prototype of such an object. We refer
the interested reader to Chapters 1 and 2 of [Jos] for background on the notions of differential

geometry, which are in use.
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Theorem 3.2.22. Let n € N and let M denote a smooth compact orientable complex manifold of
(real) dimension 2n equipped with a spin® structure. Let A denote the C*-algebra of continuous
complex-valued functions on M acting by multiplication on the complex Hilbert space H, which
is generated by spinor fields. Further, let D denote the Dirac operator determined by the spin
structure. Then (A, H, D) is an even finitely summable spectral triple where the grading operator
is given by the chirality operator. Moreover, one recovers the theory of Riemannian geometry from

the noncommutative setting. For instance one has the following.

1. The metric dimension is 2n.

2. Connes’ pseudo-metric doos(ar,cy induces a metric on M which is bi-Lipschitz equivalent to

the Riemannian metric.

3. If n # 1, then for each a € C*°(M;C), we have that

Fr@pi = =, [ v

Here, (7, H) denotes the faithful x-representation of A and c, denotes a constant dependent
on n. Further, following convention, we let x denote the Hodge star operator which acts on
the p-forms of M.

PROOF. See for instance Chapter 11 of [FGBV] or Theorem 9 of [Ren]. ]

For a simple and fundamental example of this theorem, namely that of the spin geometry of
the Riemann sphere, we refer the reader to Section 9.A of [FGBV].

3.3 Examples of Spectral Triples

To conclude this chapter, we present three basic examples of spectral triples, examining their
noncommutative geometries. Although most of the material in this section is well-known, it is often
the case that many of the finer details are omitted, and so, where this is the case we provide a full
account. Specifically, we consider and examine the noncommutative geometries of spectral triples
which represent the unit circle (Subsection 3.3.1), noncommutative tori (Subsection 3.3.2) and duals
of countably infinite discrete groups (Subsection 3.3.3). In the case of the noncommutative torus
we take a different approach to that usually presented in the literature. Namely, by noting that
the irrational rotation algebra gives an appropriate representation of the noncommutative torus and
using the representation of the irrational rotation algebra given in Example 3.1.28, we show how the
spectral triple for the unit circle can be extended to obtain a spectral triple for the noncommutative
torus. Before beginning, we recall the following results from functional analysis and measure theory.

Theorem 3.3.1. (Riesz Representation Theorem) Let X denote a locally compact Hausdorff space.
If T is a positive bounded linear functional on Co(X), then there exists a unique finite Borel measure
poon X such that T(a) = [ adpu, for all a € Co(X). Moreover, the norm of T is equal to p(X).

PROOF. See Theorem II.4 of [RS]. |

Theorem 3.3.2. If T is a densely defined symmetric operator on a Hilbert space H, then T is
essentially self-adjoint if and only if the range of the operators T £+ il are norm-dense in H.

PrOOF. See Corollary to Theorem VIIL.3 in [RS]. |
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Definition 3.3.3. Let X denote a given space and let R denote a subset of the power set of X.
Then R is called a semi-ring if it has the following properties.

1. 0eR.
2. Ile,Y'QER, then Y1 NYs: € R.

3. If Y1,Y2 € R and Y1 C Ya, then there exist Z1, Z2,...,Z, € R which are pairwise disjoint
such that

v \Yi = J Z.
k=1

Definition 3.3.4. For a semi-ring R and for a set function A : R — [0, 0o], we make the following
definitions.

1. The set function A is said to be additive if for a finite collection of pairwise disjoint sets
Wi, Wa,...,Wm € R for which ], Wi € R, we have that

A(Um) = a0,
k=1 k=1

2. The set function A is said to be o-subadditive if for a countable collection of sets W1, Wa, - - €
R, we have, for each W € R with
w c |,
kEN

that
AW) < > AWR).

keN

3. The set function A is said to be o-finite on R if there exists a nested sequence of sets
X, C Xo C ... such that
X = X

keN

and such that A(X}) is finite for each k € N.

Theorem 3.3.5. (Hahn-Kolmogorov Theorem) Let R be a semi-ring and A : R — [0, 00] an additive
o-subadditive set function with A(0) = 0. Then A can be extended to a measure on the o-algebra
generated by R. Moreover, if A is o-finite on R, then this extension is unique.

PROOF. See either [Kef}] or Theorem 9.8 of [Bar]. |

Let us begin by describing the standard spectral triple representation of the unit circle in S' as
given in [Con3, AIC1, AICL, Pal].

3.3.1 Circles

Let A denote the set of continuous 2m-periodic complex-valued functions on R and let 7 denote a
state on A given, for each a € A, by

7(a) = R (3.19)
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Let H,; denote the Gelfand-Naimark-Segal completion of A with respect to 7 and observe that
H, = L*(S',B,9"). (Here, ¥* denotes the one-dimensional spherical measure on S' with 9*(S")
equal to one.) Let m: A — B(H,) denote the faithful *-homomorphism given by 7(a)(h) := a - h.
Next, observe that the Hilbert space H- has a canonical orthonormal basis {¢r : R — C : k € Z},
where ¢i(x) := (2m)"1/2e?® for each k € Z and each € R. (Note that we follow convention, in
that we do not distinguish between a measurable function f : R — C and its equivalence class

{g :R — C : gis a 2m-periodic measurable function with /|f —gld\' = 0}
R

belonging to H,). Next, set

d 1
D= —i% 4.
it o

Observe that D is a linear unbounded operator on H, and that ¢; is an eigenfunction of D with
eigenvalue k + 1/2, for each k € Z. It is clear that D is an unbounded symmetric operator and that
the domain of D is given by

Dom(D) := {he H, : Z(l{:+1/2)2\(h,¢k>|2 < oo}

kEZ

Proposition 3.3.6. The triple (A, H-, D) is a spectral triple, where the x-representation is given
by (m, H;).

ProOOF. The images of the domain of D under D =+ i1 are both norm-dense in H,. Therefore, by
an application of Theorem 3.3.2, it follows that D is an essentially self-adjoint operator. Further,
since zero does not belong to the spectrum of D, the inverse of D is well defined. Moreover, we
have that D™ (¢y) = 2(2k + 1)~ ¢y, for each k € Z. Hence, we conclude that D™! is of trace-class,
and so, D has a compact resolvent. By noting that

c>(s%;C)

C {a € A : the operator [D,m(a)] is densely defined and extends to a bounded operator on H, },

we obtain that (A, H-, D) is a spectral triple, where the *-representation is given by (m, H;). W

Theorem 3.3.7. The metric dimension of the spectral triple (A, H;, D) is equal to one. Moreover,
the D™ is a measurable operator.

PrOOF. Let p > 0 and observe that

tr(|D[7?) = Y 272k 4+ 1)
keNg

Since this sum diverges at a logarithmic rate for p = 1, the result follows. |

Theorem 3.3.8. For all a € A, we have that

7Kw(a)\Drl = w*l/ﬂ ad\'. (3.20)

-

ProOoOF. We note that it is enough to show that the result holds for each non-negative real valued
function a € A. We begin by making the following obsevations and fixing the following notations.
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1. For each ¢ € R and for each k € N, we have that

_ 2le
on(rlex)IDI ™) = oo
and for each k£ € Ny, we have that
_ 2|c|
a1 (m(exs) DY) = W

Hence, it follows that Y"1 oy (m(cm(x,))|D|™1) ~ 2|c| In(N).
2. If T € B(H,) is a positive compact operator, then for each N € N, we have that
N
> ow(T) = sup {tx(T'P) : P=P? = P"and dim(P(H,)) = N}.
k=1
(See Lemma A.3.5 of Appendix A.3.)

3. For each Borel set B C R, let B denote the Borel set

{z € R : there exists y € B and k € Z withz = y + 2kn}.

4. For each k € N\ {1}, let K}, :=[— |(k—2)/2], [(k—1)/2|]NZ and let Qi : H; — H, denote
the projection given, for each h € H,, by

Qi(h) =Y (b, ér) .-

k1€K)

Then, for each Borel set B C R and for each natural number N > 4, since W(X§)|D|71QN is a
positive operator, we have that

Zak(ﬂ(xg)\Drl) = sup{tr(n(x;)|D|"'P) : P=P?=P"and dim(P(H,)) = N}

> tr(n(x,)|DI 7 Qn)
= ) (m(x,)ID| T Qn ok, ¢r)

keN
= Y 22k+17'@m) A (BN -, q])
kEK
N LN/2]
> (2m) "\(Bn[-n,x)]) Z 2k~ 1.
k=2

Hence, for each real valued function a € A, we have that

s S 7@ DI )

S 1] (3.21)

with equality holding if a is a constant function. Further, for each Borel set B C R we have that
the limit

g B 02
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exists and is bounded below by 7 *A}(B N [, 7]). Letting % denote an arbitrary limiting pro-
cedure, the map a — Try(a|D|™") defined on A is a bounded linear functional. By the Riesz
Representation Theorem there exists a unique finite Borel measure p such that, for each a € A, we
have that

Try(7(a)|D|™") = 1’7 adp.

Moreover, from the lower bound on the limit given in Equation (3.22), for each non-negative real
valued a € A one can deduce that

Trw(n(a)[ D) = / ady > 7r_1/ adA. (3.23)

Suppose that equality does hold, then we can assume without loss of generality, that there exists a
real valued function a € A with 0 < a(z) < 1 for all z € R, such that

Trop(w(a)| D7) > w*l/ ad\'.

-

If this is the case, then

Try(n(1—a)|D|™') = 2 —Try(n(a)|D|™") < 2—a* / ad\' = w*l/ 1—ad\'.
This gives a contradiction to Equation (3.23). Therefore, equality holds in Equation (3.23) and so
concludes the proof. |

Since the operator D is not a closed operator, it is not a self-adjoint operator. However, as we
have seen above, it is an essentially self-adjoint operator. Therefore, when taking the closure of D
one needs to be cautious, since there exists a non-constant 27-periodic continuous function 0, with
the following properties.

1. 6, has derivative equal to zero almost everywhere with respect to the Lebesgue measure.
2. The element (51,7 51,/2) € H, x H. belongs to the closure of the graph of D.
This leads us to the following theorem.

Theorem 3.3.9. Let (A, H;, D) denote the spectral triple as given in Proposition 3.3.6 and let
A denote the set of Lipschitz continuous 2m-periodic complex-valued functions. Then we have the

following.
1. Connes’ pseudo-metric da is not bounded.
2. Connes’ pseudo-metric d 4 is bounded and is equal to the Monge-Kantorovitch metric.

PRrROOF. The second part of the theorem follows from the fact that for any Lipschitz continuous
function a € A, the operator [D, w(a)] extends to a bounded linear operator with norm equal to the
Lipschitz constant of a.

For the first part of theorem, consider the middle third Cantor set Ci/;. Let ¢ := In(2)/In(3)

and let p ) denote the normalised J-dimensional Hausdorff measure on Cy/;. Further, let

HJ (Cl/a

© :[0,1] — R be given, for each z € Cy/3, by

O(x) :

= M?—t5(01/3) ([0,z] N 01/3).
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Let © : R — R denote the 2m-periodic extension of © to R given, for each x € R, by

Q R z—2km —(2k+1)7
O(z) = Z X{2km,(2k+1)7) (z)© (%) t X(@rt1ym 2h+2)m) (z)© (1 - %)
kEZ

Then, for each k € N, we have the following.

1. The operator [D,7(k©)] is densely defined and extends to a bounded operator whose norm
is equal to zero.

2. |k©,(0) — kO, ()| = k.

Hence, we have that da(do,0-) = oco. [ |

In the following two subsections we turn our attention to two classes of algebras that are not
commutative. We begin with the irrational rotation algebra which gives a representation of the
object known as the noncommutative torus.

3.3.2 The Noncommutative Torus

The noncommutative torus is an example of a space known as a “bad quotient”. In particular, it
is a quotient space which is non-Hausdorff. It arises from an irrational rotation of the unit circle
St = R/27Z. More precisely, fix an irrational number 6 € (0,1) and let Ty : R/27Z — R/277Z be
defined, for each equivalence class [z] € R/27Z, by

Ty([x]) == [z —270).

Define the equivalence relation ~¢ on R/27Z by, [z1] ~¢ [z2] if and only if there exists k € Z
such that Ty ([z1]) = [x2], for each [z1],[x2] € R/27Z. Then the space of equivalence classes
(R/27Z)/ ~o, equipped with the quotient topology, is a non-Hausdorff space and is called the
noncommutative torus. Note that the set of complex-valued continuous functions on (R/27Z)/ ~s,
equipped witht the quotient topology, is isomorphic to C. Therefore, if one wants to study the
space (R/277Z)/ ~¢ on an algebraic level, one is required to consider a more complex algebra. For
instance, an algebra which encodes the C*-algebra A of 2mw-periodic complex-valued continuous
functions defined on R and the group action of Z given by agy. (Recall, that ap : Z — Aut(A) is
given by ag(k)f(x) := f(x — 2wk0), for each f € A.) In other words, the appropriate algebra to
study the space (R/27Z)/ ~yp is the irrational rotation algebra Ag := A Xq, Z.

To construct a spectral triple for Ay, we first need a suitable Hilbert space. If there exists a
tracial state 7 on Ay, then the GNS completion H, of Ay would provide such an object. In fact it
is well-known that there exists a unique tracial state on Ag, see for instance Proposition VI.1.3. of
[Dav]. With the representation of Ay as presented in Example 3.1.28, we observe that the unique
tracial state 7 is given, for each ), _, ardx belonging to the complex *-algebra AZ, by

T <Z ak6k> = /7r agdA'. (3.24)

kEeZ

To define 7 on the reduced completion A x4, Z of AZ we extend the definition given in Equation
(3.24) by continuity. The result that 7 is a unique tracial state follows from an application of
the Riesz Representation Theorem (Theorem 3.3.1) and the following observation. The only Tp-
invariant ergodic Borel probability measure on R/27Z is the push forward of the Lebesgue measure
on R to the quotient space R/27Z (see Theorem 6.18 of [Wal2]). Due to the fact that the irrational
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rotation algebra is universal, this provides an alternative proof for the existence of a unique tracial
state on the irrational rotation algebra to the standard proof as given in [Dav], Proposition VI.1.3.

We now want to construct a Dirac operator. For reasons which will become clear (see Theorem
3.3.12) fix z € C with Sm(z) # 0. Define V. on the subset

Dom(V.) = {th(Sk € AXg, Z : hiy € ANDom (—z%) for each k € Z}

kEZ

V. (é hk5k> = % ((—i% +z (lc + %) ]1) hk> 5.

Since to each element 7, , axdy belonging the complex x-algebra AZ, there exists a unique equiv-

of H; by

alence class in H; which contains ), _, axdy, following convention, we do not distinguish between
the element Zkel ardr and its equivalence class.

Lemma 3.3.10. The operator V. is a densely defined unbounded operator with a compact resolvent
such that Vi = Vz on Dom(V.).

PROOF. By the Stone-Weierstrass Theorem (Theorem 2.2.12) and the GNS construction of H,

the set Dom(V.) is norm-dense in H.. Linearity of the operator V. follows since fi% is a
d

linear operator and multiplication by a constant is a linear operator. Similarly, since —i-
is an unbounded operator, it follows that V. is an unbounded operator. Moreover, for all

> kyez P Okys Dohy ez o Ok, € Dom(V2), we have that

T (Vz (Zklez hk15k1) * (Zk2€z 9’625’92)*)
=T (Zkl ez _i%hkldkl *D ez @0 (k2)(G g, )0ks+
Siyen 2k + Dy % Xy e 0 (k2) (G i, )0, )
= 7 (Suyen(—ig by a0 (k1)(G0,))00 + Sy ez 21 + $)hay o (k1) (G, )0 )
= 7 (Syen a0 (k) (155, )00 + i, e s @ (k) (k1 + 5)gis o )
= 7 (s cahma s * iz 00 (k) (< g-10) 0+
Dkven ey * 20y, cq o (k2)(Z (k1 + 3) 97k2)5k2)

=T (Zklez R, Ok, * (V? (Zkzez gkzékz)) ) .
Hence, it follows that
<vz (Zklez b, 5k1) ) Z}Qez gk25k2> = <Zklez hiy 0k, V= (Zkzez gk25k2)> .
Next, note that V.~ is defined, for each 3, _, hxdx € Dom(V.), by
1 1
2 h = ———— (hgy, . 2
v <Z kdk) Z Z ko + Z(lﬁ i 1/2) < k1 ¢k2> Dy 5k1 (3 5)
kez k1€Z \ko€Z

(Recall that ¢y (z) := (27)~/2e™*® for each k € Z and each z € R.) Observe that V. ! has a
unique extension to a bounded operator on the GNS completion H- of A x4, Z. It follows that
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V.~! is compact, since V. 7' can be approximated by a sequence of bounded operators with finite
dimensional range. Such a sequence is given by the closure of V;}c defined, for each )7, ., hi.dx in
the x-algebra AZ, by

-1 — X[—k,k](kl)X[fk’k](kQ)
. (th5k> ap P> Btz (b 1/2) (o fne) Ok | Oh

kEZ k1€Z \ko€Z

Therefore, V. has a compact resolvent. |

As V. is not symmetric we cannot consider it as a Dirac operator. However, the operator D,
define on Dom(V.) ® Dom(V.) C H- & H, and given by

b.o— (O V5
V. 0

is a symmetric operator and a more suitable candidate for the Dirac operator. Finally, we require a
representation of A on H,@® H,. Recall that the GNS completion provides a faithful -representation
(mr, Hr) of A %o, Z, and so, define the x-representation (7., Hr @ H;) of A xq, Z, by 7-(a) :=
mr(a) @ 7 (a), for each a € A X, Z.

Proposition 3.3.11. Let z € C with Sm(z) # 0. Then the triple (A X, Z,H- ® H-, D) with the
x-representation, (-, Hr ® H;) is a spectral triple.

ProOOF. By the properties of V. given in Lemma 3.3.10, it follows that D, is a densely defined
unbounded symmetric linear operator with compact resolvent on H, & H,. In order to conclude
that D is an essentially self-adjoint operator we apply Theorem 3.3.2. Therefore, we need to show
that Ran(D, +41) are norm-dense in H, ® H,, with respect to the Hilbert space norm. Recall that
the irrational rotation algebra is generated by the two unitary operators U := ¢1d0 and V := x;01.
(Here we remind the reader that ¢; (x) := (27) ~'/2¢'® and that x, denote the characteristic function
of R.) Then for all k1, k2 € N, we have that

. 1 k1 ko _ k1 ko
(Dziﬂ)(kzl—f—z(kg—i—lﬁ)ii(lj *V @O)) = 0U™ xV™,

. 1 k1 ko _ k1 ko
(Dziz]l)<k1+z(k2+1/2)ii(O®U «V )) = UM xvRgo.

Since the set of polynomials in U and V' is norm-dense in H, we have that the ranges of D, + il
are norm-dense in H, @ H,. Therefore, D is an essentially self-adjoint operator.

Next, we aim to show that the set
{acC(s") X7, Z : [D,7-(a)] extends to a bounded operator}

is a dense subset of the irrational rotation algebra. Indeed this follows by observing that, for all
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k1,k2,q1,q2,t1,t2 € Z, we have that
Ua *th
~ k k
H |:Dz77r7' (U LxV 2)] (Uq2 *Vt2> H

_ 0 V= 7 (UF % VE2) 0 Un xvh
N V. 0/’ 0 7T7—(Uk1 % V’“2) U2 x Vt2

Y V=(UR « V2 kU2 Vi) — (UF % VF2) % (V2 (U2 % V'2))
= V. (Ukl * sz « U % Vt1) _ (Ukl % VkQ) % (Vz (Uq1 * th))

)

)
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= [|e7 20 G 4 2 (o + 1/ UF O s VR 4

He—iﬂkgql (kl +E(k2 + 1/2)) Uk2+q1 % Vk1+t1
|

= |lk1 + z (k2 + 1/2)|| + ||k1 + 2z (k2 + 1/2)

Remark. Observe that the operator I' € B(H,; @ H) defined by

_— (1 0)7
0 -1

provides a grading of the Hilbert space Hr ® H.. Moreover, for each z € C with Sm(z) # 0, the
data set (A X, Z, Hr ® H-, D.) with the x-representation, (7, Hr & H;) and grading operator T

is an even spectral triple.

Theorem 3.3.12. Let z € C with Sm(z) # 0. Then the metric dimension of the spectral triple
(A Xo, Z,H, ® H,,D.), as given in Proposition 3.3.11, is equal to 2. Moreover, |D.|™% is a
measurable operator with V(A X, Z, Hr ® H-, D) equal to 2m/Im(z).

PROOF. Recall that ¢1 : R — C is defined, for each € R, by ¢1(x) := (27) 'e’® and that x,
denotes the characteristic function of R. Further, recall that U := ¢1dp and V := x, 61 form a
generating set for the reduced cross product algebra A xq, Z. Next, observe that the following
hold.

1. The set
{U’“V’” B0 : ki ks € Z} U {O@U’“V’” Sk ks € Z}

forms an orthonormal basis for H, ® H..

2. For ki, ks € Z we have that

(1+D*)(UMV* ®0) (k1 + 2 (k2 + 1/2)* + (U™ V™2 0 0),
(L+D)O0aU" V™) = (ki +2((k+1/2) +1) (0@ U™ V™).

Next, observe that as R tends to positive infinity, we have the following

1 2R? 1 2
on(|D- —2) o - (3.26)
In(2R2) é |D:| 2In(R) kl%ez |1 4 z(k2 + %)HQ
ki +k5<R
1 1
1 R S 3.27
In(R) zﬂ%ez |1 + F2z||? ( )
k2 +k3<R
L/R/” 1 rdrdd  (3.28)
(@) ), ), Treos@ + zrsm(@)]? ‘
7‘ 1

/—w |lcos(6) + zsin()]|2 do. (3.29)
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Applying the change of variables u = tan(f), we observe that

[cos(8) + zsin(0)||> = (cos(8) + Re(z) sin(6))? + Im(z)* sin*()
= cos?(0) + 2Re(z) sin(20) + Re(z)? sin®(0) + Sm(z)” sin(z)?
N c(2)s(26) + %622)2 (1 —cos(20)) + %mQ(z)Q (1 — cos(20)) + Re(z) sin(2)0
- I+ Re(z )2 Sm(2) + 1— Re(2) 2_ Sm(z) cos(20) + Re(z) sin(20)
_ (1 4+ Re(2)? + Sm(2)>) (1 +u?) + (1 — Re(2)? — Im(2)?)(1 — v?) + 4uRe(2)
2(1 + u?)
_ 1+ 2Re(2)u + (Re(2)? 4+ Im(2)?)u?
1+ u? '

Here we have used the following trigonometric identities.

1. cos(26) = 2cos?(0) — 1.

2 tan(0)
2. 260 — 5
sin(20) = 1+ tan?(6)
3. cos(26) = M
' T 14 tan?(0)’
Therefore, since
fl—z =sec’d =1+tan’(9) =1 4 u°

we have that

4 1
/,ﬂ lcos(8) 1 zsm@)|

” ! do
= 2
/_m [cos(®) + zsin(6)

> 1
= 2/ [T 2Re(z)u + (Re(2)? + Smie)) ™
_ 2 " + Re(z) 2 " Im(z)? - du
o %e( )2 + Sm( 2+ Qm(z)? (Re(2)? + Sm(z)?)?
_ 2 e(2)” + m( ) -1 Re(z) =
T Re(2)? + Im(z)? { Sm(z)? fan " v+ Re(z)2 +Im(2)? /| _ .
. 2
T Sm(z)’
By an application of Lemma 3.2.18 the result then follows. |

We now include a brief discussion on the metric aspects of the spectral triple (A Xa, Z, Hr &
H.,D.) as given in Proposition 3.3.11. Observe that an analogous argument to that given in part
1 of Theorem 3.3.9 can be constructed to show that Connes’ pseudo-metric dAMan not a metric.
However, by considering an appropriate complex sub-x-algebra A of the irrational rotation algebra
Ap 2 A X, Z, a consequence of Theorem 4.2 of [Rie2] shows that one obtains that d4 is a metric.
An appropriate choice for the complex sub-x-algebra is the complex x-algebra generated by all
polynomials in the two generators of Ap.
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3.3.3 Discrete Groups

Finally, let us conclude this section with the spectral triple which Connes investigates in [Con2], that
is, a spectral triple which represents the reduced discrete crossed product algebra of a countably
infinite discrete group. Here we only outline Connes’ construction and refer the reader to [Con2]
for various geometric and algebraic results of the spectral triple.

Definition 3.3.13. For a group G, define a length function of G to be a map L : G — [0, 00) such
that the following hold.

1. L(g1g2) < L(g1) + L(g2), for all g1, g2 € G.
2. L(g7') = L(g1), for all g € G.
3. L(e) = 0, where e is the group identity.

Example 3.3.14. For a finitely generated group G, the reduced word length with respect to a
fixed symmetric generating set is an example of a length function.

Remark. If L is a length function on a group G such that L(g) = 0 if and only if g = e, then L
gives rise to a metric on G. For instance, the map dr, : G X G — [0, 00) defined, for each g1,g2 € G,
by dr(g1,92) := L(gy ' 92).

Let G denote a countably infinite discrete group G and let L : G — [0, 00) denote a given length
function. Define Dy, on I*(G) by

Lemma 3.3.15. The operator Dy, is an essentially self-adjoint operator.

PROOF. For ~1,7v2 € Dom(Dy) we observe that

(Dr(n)v2) = > Lemn()zle) = D 1(9)Lgnele) = (v, Dr(r2))-

geG geG

Thus, Dy, is symmetric on its domain. If Dy, is a bounded operator, then the result immediately
follows. If Dy, is an unbounded operator, then since the set

{6 € I’(G) : 8(g) = 0 for all but a finite number of g € G}

is norm-dense in 1*(G), one can conclude the following.
1. The operator Dy, is densely defined.
2. The ranges of the operator Dz, & i1 are norm-dense in I*(G).

Hence, the result then follows by an application of Theorem 3.3.2. |

Proposition 3.3.16. Let G denote a countably infinite discrete group, let L denote a length function
of G and let A denote the reduced discrete group C*-algebra C x4 G. Further, let (7,1%(G)) denote
the x-representation of A, where for each a € A we define w(a)(y) := a * v (see Equation 3.7).
If for each k € Ny the cardinality of the set L™*(k) is finite and the sequence (card(L™(k)))rew,
contains only finitely many zeros, then (A,1%(G), Dr) is a spectral triple. Moreover, we have that
11D, 7(6,)]ll = L(g) for all g € G.
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PROOF. The following proof is similar to the proof given by Connes [Con2], however we include
some further details.

By Lemma 3.3.15 we have that the operator Dy, is an essentially self-adjoint operator. Further,
since for each k € Ny the cardinality of the set L™ (k) is finite and non-zero for all but a finite
number of k& € Ny, we conclude that the operator (1 + D?)™' can be written as the limit of a
sequence of operators with finite dimensional range. Hence, (1 + D?%) is a compact operator and D
is an unbounded operator.

Letting e denote the group identity of GG, observe that, for each g € GG, one has that
DL, w(@)Ill = [P, 7(65)I0ell = [[Dr(dexdg) =g+ Dr(be)ll = [1DL(3g)ll = IL(9)d4ll = L(g)-

Moreover, for each v € I?(G) with |y||2 < 1, observe that

I[P, 7@l = | De (Z 7(9‘191)5gl> — 8% > L(g2)7(92)0g

g1€G g2€G

2

= || > Llg)(g '91)00 — > Llg " g2)7(9™ " 92)4s

g1€G 92€G

= || (Lig) — L g9 91)0,
91€G

L(g)llz < L(g).

/N

Since the set {6 € I2(G) : §(g) = 0 for all but a finite number ofg € G} is norm-dense in I*(G),
the result follows. |

Theorem 3.3.17. Let G denote a finitely generated countably infinite discrete group, and fix a
finite generating set. Suppose that L is the length function given by the reduced word length of a
group element with respect to the fixed generating set. Then the following hold.

1. If G has polynomial growth, then the spectral triple (A,1%(G), DL), as given in Proposition
8.8.16, is finitlely summable.

2. If the spectral triple (A, H, D) is finitely summable then G has polynomial growth.

PRrROOF. The following proof is similar to the proof given by Connes [Con2], however we include
some further details.

For the first part, for each k € Ny, let By := {g € G : L(g) < k}. Since G is of polynomial
growth there exist constants ¢, > 0, such that for k& € Ny, the cardinality of By is less than or
equal to ¢(1 + k)". Subsequently, if p > r 4+ 1, then we have that

tr ((11 + Di)-m) = S L@+ 1) = 3 (card(By) — card(Bi1)) (1 + k%)

geG keN
< ) (card(B))(1+ k)"
< D 4k 1A+k)7P
keN

N

cZkiPﬂ" < oo.

keN
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Hence, the spectral triple (A,1*(G), D) is is finitely summable.
For the second part, if the spectral triple (A, H, Dy) is finitely summable, then for some p > 0,
we have that

> (card(By) — card(By—1)) (14 #°) " = 3 (14 L(9)*) " = & ((1+DF)") < oo
keN geqG

Therefore, there exists N € N, where for each £ € N, we have that
card(Byyx) — card(Byntk—1) < (N +k+1)P.
Hence, it follows that there exists a constant ¢ so that
card(Bn4x) < (N +k+1)"77.

This finishes the proof. |



Chapter 4: A Commutative Noncommutative Fractal

Geometry

In the past three decades it has gradually emerged from problems in pure mathematics that the class
of Riemannian manifolds is too narrow to encompass all interesting spaces. To rectify this, Connes
suggested that one should work on a C*-algebraic level and developed the theory of noncommutative
geometry (see Chapter 3). Although one of the original motivations for noncommutative geometry
was to be able to deal with non-Hausdorff spaces, such as foliated manifolds, which are often
best represented by a noncommutative C*-algebra (see for instance [Con3, Véar, Mar, Rie3], it has
been shown that the theory has a far wider scope even when the C*-algebra is commutative. For
instance, in [CL, PS, Kra, IKM] the authors show that any finite metric space can be represented
by a finite spectral triple, from which one can recover the geometric structure. In [Con4, GBIS]
spectral triples which represent the standard model in particle physics are considered. Note that,
within these articles neutrinos are assumed to be massless. However, in [Con5] Connes constructs a
noncommutative representation of the standard model where this assumption is not made. Further,
in [Con3, Con2] Connes has shown that from a spectral triple representation of a spin manifold M,
one can recover much of the geometric information of M (see Theorem 3.2.22). Also, attempts to
build spectral triples for an arbitrary compact metric space have been made by Christensen and
Ivan in [AIC2]. There the authors construct spectral triples for an arbitrary compact metric space
(X, d) by gluing together spectral triples associated with pairs of points. More recently the work of
Palmer [Pal] continues along this research thread.

In what follows, we consider how one can represent a compact totally disconnected set with
no isolated points via a spectral triple and give new insight into the geometric aspects of such a
spectral triple. This illustrates that the tools of noncommutative geometry are capable of bridging

the gap between the continuum and the discrete.

The work in this section is split into two parts. Firstly, in Section 4.1 we briefly review Connes’
method for constructing a spectral triple on a compact fractal subset of R and then we consider
geometric aspects of this spectral triple. In particular, it is proven that from this representation
of a compact “fractal” subset E of R the multifractal box-counting dimension b can be recovered
if F is strongly porous. Moreover, if one has a self-similarity condition, it is shown that the
noncommutative integration theory is able to recover the associated multifractal auxiliary measures.

Secondly, in Section 4.2 we consider the construction of a spectral triple given by Antonescu-Ivan
and Christensen in [AIC1]. Motivated by this construction, given a one-sided topologically exact
subshift of finite type (X%, 0) and a Gibbs measure pg4 for a Holder continuous potential function
¢ € C(XX;R), it is shown that there exists a spectral triple which represents the measure space
(XX, B, ). Moreover, it is proved that the topology arising from Connes metric dc(g?;c) agrees
with the weak*-topology on the state space of C'(X%; C). Further, if in addition ¢ is non-arithmetic
and pe is the unique equilibrium measure for the potential ¢, then it is shown that the spectral triple
is (1, +)-summable with metric dimension equal to one, that the noncommutative volume coincides
with the reciprocal of the measure theoretical entropy of p14 and that the noncommutative integral
coincides with the integral with respect to ps.

65
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4.1 A Spectral Triple for Homeomorphic Images of the Middle Third Cantor
Set

Throughout this section, unless otherwise stated let E denote a compact totally disconnected subset
of R with no isolated points. We will assume, without loss of generality, that {0,1} C F C
[0,1]. Recall from Section 2.1 that such a set can be viewed as the complement of a family {I} :
k € N} of countably many pairwise disjoint open intervals, ignoring the two infinite connected
components. Here, we assume that the complementary intervals are ordered so that their lengths
are non-increasing. Further, for each k£ € N, we denote the boundary of I by 0l := {b,;bz'},
where b, and bz respectively denote the left and right end points of Ij.

Our present aim is to describe the spectral triple presented by Connes in [Con3], which represents
a fractal set F. To this end let A denote the C*-algebra of complex-valued continuous functions
on E equipped with the supremum norm and let H :=[? @ [?. Here, I* denotes the Hilbert space
of sequences in C whose sum is absolutely convergent, where the inner product is given, for all
(21,22,...), (w1, wa,...) €% by

((z1, 22, ... ), (W1, w2,...)) = szﬁk.

Let (m, H) denote the #-representation of A, where 7 : A — B(H) is defined by

m(a) ((zr, yu)ren) = (o alby) s a(by)) ey - (4.1)

Since the set {b},b, : k € N} is dense in E, it follows that the *-representation (m,H) of A is
faithful. Let D denote the operator on H with domain

Dom(D) := {(mk,yk)keN €H : Y || 7% (27 + k) < 00} C H,
keN

and defined, for each (zk,yr)ren € Dom(D), by

D ((xlﬁyk)keN) = (‘Ik|7l (ylﬁxk))keN . (42)
Note that
Dom(D) O {(xk,yk),ey € H : there exist at most finitely many k € Nwith (zx, yx) # (0, 0)},

which implies that D is a densely defined operator on H. Further, since the lengths of the com-
plementary intervals are decreasing, we have that D is a well defined unbounded operator. For the
remainder of this section, let A, H and D be fixed as above.

Proposition 4.1.1. The operator D is an essentially self-adjoint operator with a compact resolvent.
PRrOOF. It is clear that D is a symmetric operator. From Theorem 3.3.2 and the fact that
Ran(D +i1) D {(xk,yx)ren : there exist at most finitely many k € Nwith (zx,yx) # (0, 0)},

it follows that D is an essentially self-adjoint operator. Moreover, as for each (zy,yr)ren € H we
have that

D7 @k yk)en) = (6l Wk ) e »
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one can construct a sequence of operators with finite dimensional range which converges to D~*.
This implies that D has a compact resolvent. |

Proposition 4.1.2. The triple (A, H, D) is an even spectral triple with the action of A on H given
by the x-representation (w, H) and grading operator I' € B(H) given, for each (xk,yr)ren € H, by

T ((zr, yr)ken) = (Tr, —Yk)ken-

PrROOF. From Proposition 4.1.1, we have that D is an unbounded essentially self-adjoint operator
with a compact resolvent. Next, observe that for each (zk,yr)ven € H and a € A, the following
hold.

L. DT ((zr, yx)ren) = (el (=ym, 21))ken = —(Ix] =" (yr, —21))ken = =D ((zk, yr)ren).-
2. Tr(a) ((wr, yr)ken) = (zra(by ), —yra(dl))ken = 7(a)T ((xk, yr)ken)-

Therefore, all that remains, is to show that the set
{a € A : the operator [D, w(a)] is densely defined and extends to a bounded operator}

is C*-norm-dense in A. Indeed, if a € C(E;C) belongs to the set Lip(E) of Lipschitz continuous
functions on E, then, for each (z,yx)ren € H, we have that

I[D, m(a)](zk, yr)renll = [|Dm(a)(@r, yr)ren — m(a) D(k, Yr)ken||
= [ID(zx - alby ), yx - a(bi))wen — 7 (@) (| Tk] ™" (yk, 2x) ) ren]
(761" (k- (b)), @ - alby))ken — (el ™" (yk - alby, ), @ - a (b)) renl|
1((a(bi) = alby) [Tl ™" (yk, =) kenl]
Lip(a).

N

Here, Lip(a) denotes the Lipschitz constant of a and is defined by
Lip(a) := inf{r >0 : [ja(z) — a(y)|| < rlz —y| for all z,y € E}.

An application of the Stone-Weierstrass Theorem (Theorem 2.2.12) then finishes the proof. |

4.1.1 Geometric Properties of Connes’ Spectral Triple

In this subsection, the metric dimension, the noncommutative volume, the noncommutative integral
and aspects of Connes’ pseudo-metric of the spectral triple (A, H, D) are discussed. Although most
of the results in this subection are stated in [Con3, GI1], we obtain these results by using different
methods. In contrast to the results given in Theorem 4.4 of [GI1], we show that Connes’ pseudo-
metric de(g;cy induced by this spectral triple, is not a metric. On personal communication with
Bellissard [Bel] we learnt that the ambiguity in Theorem 4.2 of [GI1] is apparently well-known to
experts in the field of noncommutative geometry. Let us begin by discussing the metric dimension.

Theorem 4.1.3. Let E denote a self-similar set satisfying the strong separation condition and
assume, without loss of generality, that {0,1} C E C [0,1]. Further, let (A, H,D) denote the
spectral triple representation of E as given in Proposition 4.1.2. Then the metric dimension of
(A, H,D) is equal to the Hausdorff dimension of E.
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PROOF. Let E be generated by the iterated function system of similarities S := {s1,s2,...,8m},
which satisfies the strong separation condition and let p > 0 be fixed. Denote the contraction ratios
of the similarities of S by 71,72, ..., m respectively. Applying S to the unit interval [0, 1] gives a set
consisting of m connected components which are separated by m — 1 open connected components
of the complement of S([0,1]). We denote these separating components by I, ... ln—1. Further, let

-1
K = |lz‘p
1

3

2

Then we have that

_ 2|1 P
tr((1 + D*)™"?) = Z 7(1+||Ik‘|2)”/2 < 2K Z (0 +rE 4R,
kEN keNg
2\—p/2 2|Ik‘p 1-p/2 P P P \k

keN keNg

This shows that tr((1 + D?)™*2) is finite if and only if ¥ + % + ... + 72, < 1. Hence, by the
Moran-Hutchinson Formula (Theorem 2.1.8), this holds if and only if p > dimy (E). [ |

Theorem 4.1.4. Let (A, H, D) be as in Proposition 4.1.2. Suppose that for some s > 0, we have
that |I,| < k~Y* as k tends to positive infinity. Then the metric dimension of (A, H, D) is equal to
s and coincides with dimp(FE).

PRrROOF. Let p > 0 be fixed. Then there exist positive constants c1, c2 such that for sufficiently large
k € N we have that

ak ™ < L] < ek

It then follows, by using Holder’s inequality and Minkowski’s inequality that

2\ —P/2\ 2|[k|p 202 2672) —p/s
tr ((IL +D ) ) - Z (1 +|1|?) p/2 S Z (ks + p/z < min{LQl—p/z} %k )
€

2\ —P/2\ 2\1k|p 2C1 v/s
tr((]l—l—D) ) - Z (1+|Ik p/2 Z Z k2/* p/z 2 max{l 21 p/2} Z k-
keN k=Tle2]
Hence, tr((1 + D2)7P/2 is positive and finite if and only if p > s. Thus, §(A4, H, D) is equal to s. It
then follows from Theorem 2.1.15 that §(A, H, D) coincides with the box-counting dimension of E.
|

The results of Theorem 4.1.3 and Theorem 4.1.4 now allow us to consider the noncommutative
volume and the noncommutative integral.

Theorem 4.1.5. Let (A, H, D) be as in Proposition 4.1.2, and assume that E is Minkowski mea-
surable with d-dimensional Minkowski content My(E), where d := dimp(F). Then the volume
V(A, H,D) is equal to 2%(1 — d)M4(E).

PROOF. For ease of notation let ¢ := 2471 (1 —d) M4(E). Since E is Minkowski measurable, applying
Theorem 2.1.15 gives that for each € > 0 there exists N € N such that, for all £ > N, the following
inequities hold

2c—¢€ d 2c+¢€

< I 4.
2%k [l 2%k (4.3)
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Now let € > 0 be fixed and let N € N be such that for all £ > N the inequalities in Equation (4.3)
are satisfied for this e. Then, for each M > 2N, we have that

L7z 2c — € N 2c — € M /21 2c+ € 2c+ €
— 2014 — === < D™ < 2014 — ===
> +;(|k| = Sl < 30 % +;(|k| .

Therefore, it follows that

S ok(IDITY) In(M — 1) —In(2)

g 2ek=1 TRUDT ) . _ In(M —1) —In(2) _ B
W T o 2 eI Tan e
: e k(D17 : 1+In(M +1) — In(2)
limsup ="=—~————~ < limsup(2c+¢ = 2c+e.
M—>oop 1II(JVI) M—>oop ( ) IH(M)
The result then follows by letting € tend to zero. |

In [Con3] Connes showed that a similar result can also be obtained for certian self-similar sets
which are not Minkowski measurable. Namely, self-similar sets for which the contraction ratios are
all equal and the covering intervals are all equally spaced. Indeed, these sets are not Minkowski
measurable by Theorem 2.1.16. Further, in [GI1] Connes’ result was extended to any self-similar
set. In the following proposition we state this result and present an alternative proof.

Theorem 4.1.6. Let (A, H, D) be as in Proposition 4.1.2. Additionally, assume that E is a self-
similar set satisfying the strong separation condition which is generated by an iterated function
system of similarities {s1,82,...,8m}. Denote by r1,7r2,...,7m the associated contraction ratios
of the similarities and let 11,1z ..., L1 denote the complementary intervals of |Ji, s:[0, 1] whose
lengths are finite. Further, let § denote the Hausdorff dimension of E. Then we have that

23l

V(A,H,D) = —ZZI - ln(r;‘s) .

(4.4)
PROOF. In order to prove the equality given in Equation (4.4) we will use Proposition 2.3.3 and
Proposition 2.3.4. Recall that for each 7 > 0 we let G(r) denote the number of complementary
intervals (ignoring the two infinite complementary intervals) with length greater than or equal to
r. Further, recall that, for r > 0, we set

E(r) = S

keN with |Tj,|>r

For ease of notation let s
S i n(r )

Next fix € > 0 and observe that we have the following.

c =

1. By Proposition 2.3.4, there exists 71 > 0 such that if 0 < r < 1, then

(I—eeln(r™!) < &(r) < (I+e)cn(r™).

2. By Proposition 2.3.3, there exists 12 > 0 such that for each 0 < r < 72 the following hold.

(a) If the set {In(r1),In(r2),...,In(rm)} is non-arithmetic, then there exists a positive con-
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stant c1, independent of r and 72, with

a(l—er? < gr)<al+er .

(b) If the set {In(r1),In(r2),...,In(ry)} is 7-arithmetic, for some positive real number 7,
then, for each k € Ny and each y € [0, 7) such that e *""¥ < 15, we have that
(1= Py’ ™™ < Ge™™ ™) < (1+e)P(y)e” Y.

Here, P is a positive bounded function on the interval [0, 7) which is also bounded away

from zero.

Therefore, there exist constants K7, K2 > 0 such that
In(r=°) +In(Ky) +In(1 —¢) < In(G(r)) < In(r~°) + In(K2) + In(1 + ¢),

and hence, we have that

) E(r) . (14 €)cln(r™)

lmsup gy S MmSUP L ) (R £ (1 —
(4., ln(ril)
T s P e ) (K (= )7
= (1+ 6)§

As the left hand side of this inequality is not dependent on ¢, we can let € tend to zero, and obtain
£(r)

. ST
limsup —=ov < < = S
TP IG) S8 T R, ()

o

A similar argument shows that

m—1716
limint S 5 € _ E;“[é
r—0 In(G(r)) k) Zglrfln(ri )
Therefore, we can conclude that
&(r) ol

lim =

r=0In(G(r)) T, i In(r?)
Thus, for all 7 € (0, 1), it follows that

lim ety Pk
koo In(G(r+)) St n(r %)

Next, let 7 € (0,1) be fixed. Since o(|D|~°) converges to zero as k tends to infinity, given N € N
there exists 17, € N such that "~ < gx(]D|7%) < 7"~ Observe that as N tends to infinity we
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have that nnx tends to infinity. Therefore, it follows that

N
2607% 7)< Do an(IDIT) < 268G,
k=1
In(2G(r"~ 1)) < In(N) < In(2G(r"v T,
The result then follows since
D 5P (1[0 NSNSt 0 N D i 14
N-—so0 In(N) N—roo In(2G(r"~ 1)) T In(r %)
lim inf —22]:1 Jk(|D‘_§) > liminf 725(TnN_1) = —2 Zzi—lluil& .
RE T m) ML @G T Y ()

Theorem 4.1.7. Assume that we are in the setting of Theorem 4.1.6 and let T denote a singular
trace whose domain contains the operator |D|™°. Then there exists a positive constant ¢ such that

for all a € A, the following equality holds
-5
T(m(a)|D|™°) = c~/E ad,uw;(E). (4.5)
Here, {135y denotes the normalised §-dimensional Hausdorff measure on E.

PROOF. Let 7 denote a singular trace defined on an ideal I of B(H) such that |D|™° € I C K(H)
and fix an iterated function system of similarities {s1, s2, ..., Sm} with unique invariant non-empty
set . For k € N, let ©* := {1,2,...,m}* and let ¥* := UkeNZk. For each k,l € N, i :=
(i1,42,...,ir) € ¥, we have that

—5 5 -5
oi(m(x, eik(o,l)mE)|D| ) = oalrim(x,, ...sik(o,l)ﬂE)‘D| )

Sip s in
5 —d
= Tilo-l(ﬂ-(Xsil...sik(O,l)F“IE)‘D| )-

(Recall that for a subset F of E, we let x, denote the characteristic function on F.) Therefore,

since 7T is a singular trace, it follows that

-4 5 5 -4
T(r(x,, . @)D = vl T(D])

Hogs ) (S - 83 (B)T(ID|7°).

Moreover, since 7(|D|™°) is finite and since the domain of 7 is an ideal of B(H) to which the
operator |D|76 belongs, it is immediate that the map defined, for all a € A, by

a = T(r(a)|D|™),

is a bounded linear functional. Hence, by the Riesz Representation Theorem (Theorem 3.3.1), we
have that there exists a unique finite Borel measure p such that, for each a € A, the following

equality holds
T(r(@ID|) = [ adu.
E
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Next, observe that the set
R = {si,8iy...5,(F) : k€ Nand i1,42,...,i € "},
forms a semi-ring on which the set function A : R — [0, 00) given, for each I € R, by
A(I) = T(x,|D|™"),

defines an additive o-additive set function. Therefore, since A is also o-finite by the Hahn-
Kolmogorov Theorem (Theorem 3.3.5), we have that

T(r(@| D) = T(DI7) [ aduy,,.

|
Corollary 4.1.8. Assume we are in the setting of Theorem 4.1.6. Then we have that
) 2 S )
D7’ = =L / d :
7£w(a>\ = e e
Additionally, if E is Minkowski measurable, then
—5 _ o8
7£7r(a)|D| =2 (1—5)M§(E)/Ead,uﬂ5(E).
In particular, we have that
2176 m—l lz 5
My (E) = L
(6-1) Yy ln(rj)
PrOOF. The results follow from Theorems 4.1.5, 4.1.6 and 4.1.7. |

Let us now consider the metric aspects of the spectral triple (A, H, D) given in Proposition
4.1.2. By considering the charicteristic function x, € A, one has that

|z —y| < sup{la(z) —a(y)| : a € A and the operator [D, a] extends to a bounded

operator whose norm is less than or equal to one}.

Observe that equality does not necessarily hold in the above equation. This follows, since there can
exist a non-constant function a € A such that ||[[D,7(a)]|| = 0. For instance, consider the middle
third Cantor set Ci/; C [0,1] and let 6 := dim#(Ci/3) = In(2)/In(3). Further, let © : Ci/3 — R
denote the continuous function whose graph is the Dewil’s staircase of the middle third Cantor set,
that is, for each = € C\/5, we define

O(x) = 0,z] N Clhys). (4.6)

I’LH5(01/3) ([
Then, for each h € H and each k € N, we have that
[D,7(k®)]h = 0. (4.7)

Hence, Connes’ pseudo-metric d4 : S(A) X S(A) — [0,00] is unbounded (see Definition 3.2.5).
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Indeed, for all k € N and z,y € C\/5, we have that
dA(éa:v 611) = kll/"‘ﬂ(s(cl/g) ([l‘7 y] N CV1/3)'
This observation is also reflected in the fact that the set {k© : k € N} is a subset of
{a € A : the operator [D, m(a)] is densely defined and extends to a bounded operator}

which does not have a bounded image in the quotient normed space A/{zx, : z € C} (see Theorem
3.2.6). Note that this result is in contrast to Section 4.2 of [GI1] as remarked at the beginning of
this subsection.

Let us now return to the general case, where {0,1} C E C [0, 1] is a compact totally disconnected
set and let Lip,(E) denote the dense *-sub-algebra of A := C(E;C) consisting of complex-valued
Lipschitz continuous functions with respect to the metric d induced by the Euclidean distance on
E. Then Connes’ pseudo-metric dpip, gy : S(A) X S(A) = R is a metric and is equivalent to the
Monge-Kantorovitch metric d,,, . Indeed this follows since we have that

{a € Lipy(E) : Lipg(a) < 1}
= {a € Lip,(E) : the operator [D, m(a)] is densely defined and extends to a bounded

operator with norm less than or equal to 1}.

(Here, Lip,(a) denotes the Lipschitz constant of a € A with respect to d.) However, it is important
to observe the following. There can exist a metric 9 : E X E — [0,00), which is equivalent to the
metric d given by the Euclidean distance on E, such that Connes’ pseudo-metric dyip, (&) is not
a metric. (Here, Lip,(FE) denotes the dense sub-k-algebra of A := C(E;C) consisting of complex-
valued Lipschitz continuous functions with respect to 9.) For instance, consider the middle third
Cantor set Ci/3 and let 2 : C1/3 X Ci/3 — [0, 00) be defined, for each z,y € Ci/3, by

o(z,y) := inf{27% : k € N and such that there exists a sequence (i1, 42, . ..ix) € {1,2}*
with the property that @,y € si; i, ... 54, (Cry3)}-

(Here, s1, sz are the similarity mappings as given in Example 2.1.9.) Then the map O, as defined
in Equation (4.6), is a Lipschitz continuous map with respect to the metric d. Since, for all k € N
and h € H, we have that [D, kO)h = 0, it follows that the pseudo-metric dLiPa(Cl/e,) is not a metric
on §(C(Cyy3;C)).

Remark. The spectral triple presented by Connes to represent a compact “fractal” set E C [0,1]
is an “atomic” representation of E. With this in mind, consider the map Ty, : [0,1] — [0,1] defined,
for each n € (0,1/2], by

In this case, the spectral triple given in Proposition 4.1.2 can be extended to represent the dynamical
system ([0,1],T},). Moreover, this can be done such that the metric dimension is equal to 1 and such
that, for each a € C([0,1];C), we have that

7L7T(a)|D|_l - ln§2) /M adv.
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Here, v denotes the Borel probability measure defined as follows. Let sy : [0,1] — [0,n] and s2 :
[0,1] — [n, 1] denote the contractions given, for each x € [0,1], by

s1(z) = nz, s2(z) == (L—m)z+n.

Let R denote the semi-ring {si,si, ...5:,.([0,1]) : k € No and (i1,92,...,3%) € {1,2}*} and let
A: R — [0,00) denote the set function given, for each k € N and (i1,42, . ..,1) € {1,2}*, by

A(silsiz...sik([o, ID) = .

We then let v denote the unique extension of A to a Borel probability measure with support [0, 1].
Indeed, the existence and uniqueness of such a measure follows from the Hahn-Kolmogorov Theorem
(Theorem 3.8.5).

4.1.2 Multifractal Analysis of Connes’ Dirac Operator

The material contained in this subsection forms the final section of the paper by Falconer and
Samuel [FS]. Our main aim is to show how certain coarse multifractal information of a measure
supported on a compact “fractal” subset of [0, 1] satisfying a porosity condition can be rediscovered
through Connes’ spectral triple, as given in Proposition 4.1.2.

Recall that we let E denote a strongly porous compact totally disconnected subset of R with
no isolated points, where we assume, without loss of generality, that {0,1} C E C [0,1]. Further,
recall that we let {I := (b ,b]) : k € N} denote the set of complementary intervals of E of finite
length, ordered so that |Ix| > |Ix+t1].

Let us now introduce a multifractal component for the spectral triple (A, H, D), which gives a
representation of a non-empty compact totally disconnected subset E of R with no isolated points, as
introduced in Proposition 4.1.2. Specifically, we define an operator Q which encodes the multifractal
behaviour of a measure whose support is equal to E. Fix n > 0 and fix a probability measure p
whose support is equal to E. Define

Q= Qu: U{blzvb:} - [0,00)

keN

to be the non-zero positive function given, for each k € N, by
Qby) = QbY) = pu(Iy). (4.8)

(Recall that I}, denotes the closed interval [b, — n|I;|/2, by + n|Ix|/2].) To express the function Q
as an operator on H := 1% @ 2, we let

Q= Q,,:H—H,
be given, for each ((zx,yr))ken € H, by
Q ((zhs yk)ren) = m(Q) ((mr, yr)ren) = (QUbE )Tk, QUL )Yk )ken. (4.9)

Recall that (7, H) denotes the %-representation as given in Equation (4.1).

The next theorem (Theorem 4.1.9) is a multifractal analogue of Theorem 4.1.3. It shows that
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for a given ¢ € R the critical value
inf{p e R : QYD|* e LV (H)}

reflects the behaviour of the multifractal moment sums of F, given that E is strongly porous and
that p satisfies the mild density condition given in Equation (4.10). Moreover, from this result, in
Corollary 4.1.10, we show that the noncommutative integral gives rise to a non-degenerate integral
with respect to the underlying measure.

Theorem 4.1.9. Let E denote a non-empty compact totally disconnected strongly porous subset of
[0, 1] with no isolated points and porosity constant p. Suppose that there exists a probability measure
w whose support is equal to 2 and where, for each © € E, we have that as r tends to zero

In(u(B(z,1))) _
o) = 1, (4.10)

uniformly in x. Then, for each ¢ € R and each n > 2p~", setting Q := Q, ., we have that
b(q) = inf{p e R : QYD|™® € L " (H)}. (4.11)

Here, b denotes the coarse multifractal boz-counting dimension as introduced in Equation (2.9).

PROOF. By Theorem 2.1.12 and Equation (4.10), we have that as k tends to infinity

In(u(Tr)) _
—hi = U (4.12)

Indeed, this follows since, for each k € N, we have that
(B(by i1kl /2) U B nl Ikl /2)) N E = TiN E.
For ease of notation, let 91(r) : (0,00) — Z(N) be defined, for each r € (0,0), by
Nr) == {keN: uT)IL[P >}

(Here, #(N) denotes the power set of the set of natural numbers.) Observe that by Theorem 2.1.12
and Equation(4.12), we have the following.

1. There exist positive constants ¢1,t2 such that, for each r > 0 sufficiently small, we have that
{keN: L] ="} C Nr) C {keN: L] >r"?}, (4.13)

and so,
SOO@ULE < S p@LE < S0 w@ L

I >t kEN(r) I |>rt2

2. Since, as k tends to positive infinity, we have that In(|Ix|) < —In(k), it follows that, as r
tends to zero
—In(r) < In(card{k € N : |Ix| > r}) < In(card(DM(r)))
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We now aim to show that

1 3 lecvzlﬁk(gq‘L| p)
b 2 1nf S R : hmsup < 0 .
(Q) {p In (N)

Observe that each element of the set {u(T;)?|Ix|? : k € N} is a singular value of the operator
Q7| D|™P with multiplicity two and that by Theorem 2.1.20, we have that

- D » LA
b = inf<teR:1 =r= L —=0;.
(@) =in { L Y

Fix ¢ € R and let p € R be such that

N 7N
1)1k |?
i sup She TP _

0.

By definition the sequence (0% (Q7|D|™?))ken forms a decreasing sequence which converges to zero.
Also, by Theorem 2.1.12 and Equation (4.12), to each sufficiently large N € N there exists an N € N

such that [I_| > o, (Q%D|7?)"2 and such that In(N) < —In(o,, (Q%|D|™?)), as N tends to infinity.
Hence, there exist positive constants ci, c2, c3 so that for sufficiently large N € N, we have that

S oe(@ID1 ) 2 Tkenmowc@upi—ry HIE Ikl
In(N) In(card(M(~Z(2IUDLP) _yy)

1-on(Q9|D|7P)

=N
i zon(@e|pl-ryr2 KU Ik

< a
. on (Q4|D|"P)
In(card{k € N : |I}}| > W})
o o S (L
~ T =In(on(Q1[D|P))
N ¥l
¢ o T @I
In(N)
This then implies that
: See1 ok(Q1D[ )
1 = = 0.
Ve ()

Therefore, we have that

: . >y IR L
b = inf<teR : 1 == =0
(@ = { NP )

N a9 p|—P
> inf ¢ p € R : limsup k=1 Ox(Q1DIT) <00p.

Next, we aim to show that

: . a0k (27D 7P)
b < inf € R : limsu = <00 ).
(9) {p m sup ()
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To this end, fix ¢ € R and let p € R be such that

. Sneq ox(QYD|7P)
| i
Noser In(N)

By Theorem 2.1.12, we have that

. . Soay w(T0) | I |
b = infdteR: limsup = ="— " < .
W= { FEC AT

Further, by Theorem 2.1.12 and Equation (4.12), for each sufficiently large N € N, there exists
Ty > 0 such that |[Ix| > r%! and such that In(N) < —In(ry), as N tends to infinity. Hence, there

exist positive constants ca, cs, cs so that for sufficiently large N € N, we have that

- 7N
S @ e AT
In(N) * In(ry)
Zkem(rN) M(TZ)"IIk\”

N

<
S “In(card{k €N : |Ig] > 7y })
-1
o Zkem(rN) p(Lk) Iel?
= In(card(M(ry)))
Therefore, we have that
; ; Zg—l N(Tz)q|1k|t
b = f{teR:1 e
(9) in { € 1]{]njé10p In(N) < o0

N a|p|—P
< inf<peR : limsup 2= Ok(IDI) <00,
N—roo In(N)

This then completes the proof. |

Corollary 4.1.10. Assume that we are in the setting of Theorem 4.1.9 and let ¢ € R. If for some
p € R and some 1 > 2p~ ', the measure u satisfies the condition

S w@DLP = ~In(r), (4.14)

[T |Z7
as r tends to zero, then p = b(q). Moreover, as N tends to infinity, we have that

She1 ok(QUDITP)
k (M) = 1. (4.15)

In particular, for any limiting procedure W, we have, for each a € A := C(F;C), that the linear
functional
a — Try (7(a)Q?D|7P) (4.16)

gives rise to a non-trivial integral.

PROOF. The result follows from Theorem 2.1.12, the Riesz Representation Theorem (Theorem
3.3.1) and Theorem 4.1.9. |
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Remark. By Lemma 2.1.19, if for some ¢ € R and some n > p/2 a measure p satisfies the
moment condition

> wBYW < 1, (4.17)

BeB} (1)

then the condition given in Equation (4.14) is satisfied.

In the following theorem (Theorem 4.1.11) we specialise to the case where E is a self-similar
set satisfying the strong separation condition and where p is a self-similar measure. The result is a
multifractal analogue of Theorem 4.1.7 and Corollary 4.1.8. Indeed, by setting ¢ = 0, one recovers
the results of Theorem 4.1.7 and Corollary 4.1.8.

Theorem 4.1.11. Let E C [0,1] denote the unique non-empty compact invariant subset of an
iterated function system of similarities S := {s; : [0,1] = [0,1] : i € {1,2,...,m}} with associated
contraction ratios ri,72,...7m. Further, assume that S satisfies the strong separation condition
(Definition 2.1.7) and let i denote the associated self-similar probability measure given by the prob-
ability vector p := (p1,p2,...,pm). Then, for each n > 0, each ¢ € R and each a € A := C(E;C),
the operator

(@) QL |D| @

is a measurable operator. Moreover, if v is the unique probability measure on E given, for each
Borel set B € B, by

qu YDy(s; 1 (B)),

then, for each a € A, we have that

fw(a)QZ,MDrwq) = 2R1h, ! / ady. (4.18)
E
Here,
S0 D (u@ - pluts TN+ D L) < o,
i=1 I}, Cs;([0,1]) Ii, C[0,1\U7Z 5:([0,1])
and

hy, = qu 6(q) ln( —q —5(4))

Remark. FEach of the sums in the definition of R1 is over a finite set, and so, R is well defined.
Further, the notation h, is purposefully chosen, as it is the measure theoretical entropy of the
measure v with respect to the expanding map defined on E whose inverse branches are given by the
similarities of S (see Example 2.2.4).

PROOF. Let & : (0,00) — [0,00) denote the function given, for each r > 0, by

Er) = > p@)L

(T 1| 2
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and let Ry : (0,00) — [0, 00) be given, for each r > 0, by

=3 ST LS9 (@D pluls @Y+ S LT,

i=1 I Cs;[0,1],[ 15|27 x| >r
I, C[0,1N\Uz% 1 s3([0,1])

Note that, for each r > 0, the sums in the definition of R1(r) are over a finite set, and so, R1(r) is
well defined. Since pu is a self-similar measure, for 7 > 0, we obtain the following scaling relation

qu [’(Q)(@( ~a, b(q))+R1(r).

By applying the transformations ¢ = —In(r) and 1 (t) = &(e”"), we obtain that
i) = S pirt Oy (£ = (p70r 0 0)) + Rafe™). (4.19)
=1

Although this is a renewal equation (see Equation (2.23)), since R1(e™") is equal to Ry > 0 for ¢
sufficiently large, Equation (4.19) is not in a form which allows for the application of the renewal
theorem, as given in Theorem 2.3.2. Therefore, with the aim of applying Theorem 2.3.2; the
following definitions and substitutions are made. Let ¢ := Rih, "' and let ¢ : R — R be defined,
for each t € R, by

Yi(t) —ct ift >0,

p(t) = _
0 ift<o0

Further, let g : R — R be defined, for each t € R, by

Ra(e™) czpq 2@ n(p; 4r; @)
fczpq P (= I )X g (E— ("))
g1(t) =
+ZP?Tf(Q)wl(t—1n(pfq7“fb(®))x<,w,o](t—1n( ry @) ift > 0,
0 ift <0.

Let us now show that ¢ and g; satisfy the renewal equation (Equation (2.23)). First let us consider
the case t < 0. Since in this case we have that g1 (t) = 0, that ¢(¢) = 0 and that t—ln(p;qrfb(q)) <0,
for i € {1,2,...,m}, it follows that

pr {6t —In(p; ")+ gr(t) = 0 = (o).
Now, let us consider the case t > 0. In this case we have that

ot) = 1) —ct qur‘“q)w In(p; 'y ")) + Ra(e™) et =
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= pr 0o = ) + —chi’ ()
—czp”‘”t— 0oy 17y DX (= o)

3 ) (- Iy )

i=1

= pr [Pt —In(p; D)) + g (8).

Moreover, it is clear from the definition of g; that it has a discrete set of discontinuities and that
g1(t) = 0 for t sufficiently large. It is easy to verify that ¢ is Borel measurable, that ¢ is bounded
on the half-line (—oo,t), for each ¢ € R, and that lim¢—_o ¢(t) = 0. Therefore, Theorem 2.3.2 can
be applied and we conclude that

r—0 — ln(r) t— o0 t t—o0

lim S0 20 gy M =c (4.20)

Next, let us consider the function ¥4(r) : (0,00) — [0, 00) given, for each r > 0, by
17 — (TN 7,18
G (r) := card{k : p(Ig)?|Ix| >r}.

Let Rz : (0,00) — [0,00) be given, for each r > 0, by

Ro(r) = 3 card {k €N : I C s:(]0,1]) with 0@ 1| *@ppu(s; HT1)? < r < |1,€|"<‘Z>H(TZ)4}

=1

+card{k€N |1:)°@ w(T2)7 > 7 and I, € [0,1]\ U™, s:([0, 1})}

Observe that Ra(r) is decreasing with R2(r) equal to zero for r sufficiently large, and that there
exists a positive constant Rz > 0 such that Ra(r) = R2, for sufficiently small r. Further, since p is
a self-similar measure, for » > 0, we obtain the following scaling relation

Z% (rp "<q>) + Ra(r). (4.21)

As above, we apply the following transformations. For r > 0, let ¢ := —In(r) and let ¥2 : R — R,
be given, for each t € R, by

Pa(t) = e 'g(e7).
Further, let g2 : R — R be given, for each t € R, by

ga(t) == e "Ra(e™).

Applying these transformations to Equation (4.21), then gives the renewal equation

) = 3otV (6= () + ga(t).
1=1

Next, note that the following hold.

1. By the definition of Rz, we have that go has a discrete set of discontinuities.
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2. For sufficiently large t € R, we have that g2(t) < Rze™".

3. The function v, is Borel measurable and bounded on the half-line (—o0,t), for each ¢t € R.

4. By the definition of 12, we have that 2 (t) tends to zero as t tends to minus infinity.

Therefore, we can apply Theorem 2.3.2, and so, we obtain that ¥2(t) < 1 as ¢ — oo, or, more
precisely, we have 12 (¢) either converges to a constant or is asymptotic to a periodic function which
is bounded from above and bounded away from zero. Hence, it follows that

In(card{k : w(T)| 1D > r}) In(4(r))

li = lim ———= = 1. 4.22
0 —In(r) s —In(r) (422)

By combining Equation (4.22) and Equation (4.20), we can conclude that

N-1 a |p|~bla) °
lim 2i=o 7%l D] ) = lim 2@:(7T) = 2c = 2R1h, "
N-=o00 In(N) =0 In(card{k : u(Iy)9|1x|*@ > r})
Therefore, the operator Q2 ,|D|~"?) is measurable and we have that
fQ%,ulDl_b(q) = 2Rih, " (4.23)

Hence, the map defined, for each a € A, by
q —b(q)
a — Try (w(a) ol Dl )

is a bounded linear functional. The Riesz Representation Theorem (Theorem 3.3.1) and Equation
(4.23) together imply that there exists a unique Borel probability measure U such that, for each
a € A, the following equality holds

Trw (m(a)Q4,,1D| @) = 2R1h;1/adu.
E

In order to show that U = v, we use a scaling argument to show that ¢ and v agree on a semi-ring
which generates the Borel o-algebra. Then by an application of the Hahn-Kolmogorov Theorem
(Theorem 3.3.5) the result follows. To this end, consider (i1,42,...,ix) € {1,2,...,m}"* and let I :=
Siy Sig - - - Siy (E). Then the singular values of W(XI)Q%MDFI’(Q) are precisely those corresponding to
the complementary intervals contained in I and those corresponding to the complementary intervals
whose closure intersects the boundary of I. Next, note that the following hold.

1. The mapping s;, Si, ... Si, gives a bijection between the sets {I : k € N} and {I; : k €
Nand I C ]}.

2. For any interval J C [0, 1], we have |si; Siy ... i (J)| = T3 Tig ... 74, | |-

3. For any interval J C [0, 1] of sufficiently small diameter, we have that pu(ss, S, ... s, (J)) =
DiyDig - pzmu(‘])
4. The Dixmier trace is linear and vanishes on operators with finite dimensional range.

Together, these observations then give, for each (i1,42,...,ix) € {1,2,...,m}", that

—b b —b
Trep (TI—(XI) Z,M‘D| (q)) = (rilri2 s rik) (q)(pilpi2 .. -pik)qTr‘W (Q?;,u|D| (q))

2R1h, " w(I).
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Therefore, since the set
{silsh ~~~75ik(E) : ke Nand (i1,i2,...,ik) S {1,2,...,m}k}

forms a semi-ring and generates the Borel o-algebra on which ¢ and v are defined and since for
each
I€{si,8ip..,8i,(E) : ke Nand (i1,iz,...,ix) € {1,2,...,m}*}

we have that U(I) = v(I), the result follows. |

4.2 Noncommutative Geometry and Subshifts of Finite Type

In this section, the construction of a spectral triple for an AF C*-algebra, given by Antonescu-Ivan
and Christensen in [AIC1], is adapted to give a representation of the measure space (X%, B, te)-
Here (X%, o) denotes a one-sided topologically exact subshift of finite type and p14 denotes a Gibbs
measure for a Holder continuous potential function ¢ € C(XX;R). Further, various geometric
aspects of such a spectral triple are investigated. It is within this section that the results of
Subsection 2.2.2 will play a major role. The main results of this section are Theorem 4.2.5, Theorem
4.2.6 and Theorem 4.2.7. Let us begin by giving a brief overview of relevant results which are
presented in [AIC1].

4.2.1 A Review of Antonescu-Ivan and Christensen’s Spectral Triple on AF
C*-Algebras

Let A denote an AF C*-algebra, given by the inductive limit of a sequence of finite dimensional
C~-algebras {Ay}ren,, where Ag := C. Further, suppose that there exists a faithful state ¢ on
A. Recall that Hy denotes the Gelfand-Naimark-Segal completion of A with respect to ¢ and that
there exists a natural s-representation (mw, Hy) of A (see Section 3.1). Further, since ¢ is faithful,
we know that there exists a separating vector h € H, with norm equal to one. Therefore, the map
¥ : A — Hy defined, for each a € A, by

induces a bijective linear homomorphism of the finite dimensional algebra Aj onto the finite di-
mensional subspace Hy p := W(Ay) of Hy, for each k € N. Next, for each k € N, fix a projection
Py, mapping Hy onto Hy,,. In the following theorem, it is shown that there exists a sequence of
positive real numbers (ax)ren such that the operator D(a,), oy, defined by

Diajypen = Zak(Pk — Pi-1), (4.24)
keN
can serve as an appropriate operator so that the triple (A, Hy, D(a,),cy) is @ spectral triple.
Theorem 4.2.1. Let A, Hy and w be as described above. Then the following hold.

1. There exists a sequence (ay)ren such that the triple (A, Hy, Day),cn) 95 @ spectral triple.
Moreover, Connes’ pseudo-metric da induces a metric on the state space of A whose topology
coincides with the weak™-topology.

2. Given any p > 0, there exists a sequence (ax)ken such that the triple (A, Hy, D(ay), ) has
metric dimension equal to p.
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PROOF. See Theorem 2.1 of [AIC1]. |

Antonescu-Ivan and Christensen apply this result to obtain a spectral triple representation of
the middle (1 — 2n)-Cantor set C; (as introduced in Example 2.1.9), where n € (0,1/2). More
precisely, consider the representation of C,, given by the full shift space (3°°, ), where ¥ := {0, 1}.
Recall that (X°°,dx) is a compact metric space, where the metric dx, : 3°° x X°° — [0, 00) is defined,

for each w := (w1, w2,...),v := (v1,vV2,...) € %, by
ds(w,v) =27,
where w A v := max{sup{n € N : w,v € [z], for some z € ¥7},0}. As in Section 2.2, for each

k € N and each w € IF, let
W] == {v:=(v1,v2,...) €57 : (v1,v2,...,0) =w}
and let ), : ¥ — R denote the characteristic function on [w]. Further, set
Ao = {2Xgo 1 2€C}=C
and, for each k € N, set
Ar = {zx,, 1 #€Candw € vFY o .

Then the C*-algebra A := C(X°°;C) of continuous complex-valued functions on X*° is the norm
completion of the inductive limit of the sequence (Ax)ren,. Here, the norm completion is taken
with respect to the supremum norm. Letting v denote the measure of maximal entropy of the
dynamical system (X°°,¢), define the faithful tracial state 7 on A by

7(a) = /Eooady.

As before, let H,; denote the Gelfand-Naimark-Segal completion of A with respect to 7. Note that
H, is precisely the Hilbert space L?(X°°, B,v), where B denotes the Borel sigma algebra on %>
generated by the ring {[w] : w € ¥*}.

Theorem 4.2.2. Let A := C(X°°;C), let H := H. and let 7 : A — B(H) denote the linear
x-homomorphism given, for each a € A and each h € H, by

Then the following hold.

1. Let (ax)ken, denote a sequence of real numbers such that ao := 0 and such that

oo
Zsup{|ak—ai|_1 :0<i<k—-1} < oo
k=1

Then the triple (A, H, D(qa,),cy) i a spectral triple, where the x-representation of A is given
by (m,H). Further, Connes’ pseudo-metric da : S(A) x S(A) — [0,00) is a metric and the
topology induced by da is equivalent to the weak™-topology defined on S(A). Moreover, da
induces a metric on X°° which is equivalent to the metric ds.
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2. For a given n € (0,1/2), consider the sequence (cu)ken, given by ao := 0 and ay := n~ "

for each k € N. Then the triple (A, H, D(n—k+1)keN) is a finitely summable spectral triple with
metric dimension equal to —In(2)/1In(n), where the x-representation of A is given by (7, H).
Further, the metric d induced by Connes’ pseudo-metric da on 3°° satisfies, for all x,y € X°°
with x # vy, the inequalities

min{keN: zp#y,}—1

(1—mn)?

2nmin{k€N:zk¢yk}71 < d(z,y) < 2

PROOF. See Theorem 4.1 of [AIC1] |

Recall that © : C1/; — R denotes the continuous function whose graph is the Devil’s staircase of
the middle third Cantor set Cy/;, as defined in Equation (4.6). Further, let ¥ denote the alphabet
{0, 1}, as above. Consider the continuous function which is the lift of © from C'/; onto X*° and let
it also be denoted by ©. The following proposition shows that for the spectral triple presented in
the second part of Theorem 4.2.2, the operator [D(7I—k+1)k€N, 7(©)] is not a densely defined operator
on H, for any n € (0,27%/%). This is in contrast to the result of Equation (4.7) for Connes’ spectral
triple.

Proposition 4.2.3. Let n € (0,27%%) and let (A, H, D(n—kJrl)keN) denote the spectral triple as
given in the second part of Theorem 4.2.2. Then the operator [D(n—k+1)k€N,7l'(®)] is not a densely
defined operator on H.

PROOF. Let 17 € (0,27%/%) be fixed and let v denote the measure of maximal entropy of (£, ).
Further, let e, : ¥°° — R be given, for each & € N and each w € ¥, by

2¥2 if x € [w0]
ew(z) = ¢ =22 ifz € [wl]
0 ifz e X%\ [w].
Then {e. : % — R}wem+ U{Xye 1 X;g — Xy} 18 @ Haar basis for the Hilbert space L*(Z>,B,v),

as described in Subsection 2.2.2. Recall that we do not make a distinction between a measurable
function f: 3% — C and its equivalence class

{g : X% = C : gis a measurable function and / |f—gldv = O} .
EOO

Then, for each h € L?(£°, B, v), we have that

—k
Dig=rt1yen0(R) = (hs Xo) = X)) (X0 = Xpay) + Z” Z (h, ew)ew.
keN wexk
Next, note that

1
<®7X[0] _X[1]> = Odv — Odv = ~1
[0] [1]

and that, for each k € N and each w € =F, we have that

1 1
(0,e.) = / 2k/2@d1/—/ 2"20dy = —2"? = — .
¢ (0] (1] 22(k+1) 2(3k/2)+2
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Therefore, it follows that

1 —ko—(3k/2)—2
[D(ﬁ’k+l)kEN76]XZ°° = D(W”“*l)keN(@) - _Z(X[O] _X[ll)_zn 2= H/2 Z €w- (4.25)

keN wexk

Since 7! > 22/3, we have that the right-hand side of Equation (4.25) does not belong to H.
Therefore, [D,—k+1), ., 7(©)] is not defined on constant functions. |

Remark. For each n € (0,1/2), another representation of C,, is given by the compact Abelian
group [ ey Z2 equipped with the product topology. Observe that the dual of this group is the infinite
product group @keN Z2, and that there exists a norm preserving bijection between the reduced discrete
group algebra of @,y Z2 and the C*-algebra of continuous functions defined on Cy equipped with
the supremum norm. Next, consider the length function L : @,cyZ2 — Ry defined, for each

g = (917927 .. ) € @neN ZQ; by

n—max{kEN:gkzl} ng?é (0707...),

L(g) =
0 if g =(0,0,...).
Then the spectral triple constructed in [Con2], and as described in Subsection 3.8.3, coincides with
the spectral triple given in the second part of Theorem 4.2.2.

Let us conclude this subsection with the following application of Theorem 4.2.1. Here, we
construct a spectral triple which represents the set of continuous functions on the boundary of a
free group generated by k € N elements. (Note that the term “boundary of a group” is used in the
sense of Gromov, see for instance [Gro, ABCT].) Although this construction is partially discussed in
Proposition 1.9 of [CM], we add to the discussion by considering the metric dimension, the volume,
the noncommutative integral and aspects of Connes’ pseudo-metric of the given spectral triple.

Example 4.2.4. Let Fj; denote the free group generated by M € N\{1} elements. Observe that the
boundary O Fas of Fas (in the sense of Gromov) has a representation as a one-sided topologically
exact subshift of finite type. Namely, let ¥ := {1,2,...,2M} and let A := [a; ];,; denote the
2M x 2M transition matrix with entries in {0, 1} satisfying

1l — £ 1,
Q4,5 =
0 otherwise.
Then there exists a homeomorphism between dFy; and X% . For the remainder of this example we
shall work with this representation.
Consider the C*-algebra C'(X%) of continuous functions on X% and observe that C'(X%;C) is
an AF-C*-algebra. Indeed, the inductive limit of finite dimensional algebras
Ar = {zx,, 1 #€Candw € vhY = ((32M(21V[71>k7
for k € N, with Ao := {zx, : 2z € C}, is isometrically *-homomorphic to C(£%;C). (Here, the
A
inductive limit is taken with respect to the supremum norm.) Let p denote a Gibbs measure and
let 7, : C(X%;C) — C denote the state given, for each a € C(X%; C), by
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The Gelfand-Nafmark-Segal completion of A with respect to the tracial state 7, is precisely the
Hilbert space H := L*(E%, B, 1t). Recall that we do not make a distinction between a € A and its
equivalence class

=3

{f : X% — C : fis a measurable function and / |f —aldu = 0} .

Now let m: A — B(H) denote the natural *-homomorphism of A given, for each a € A and h € H,
by m(a)h := a-h. Since the characteristic function x, .. is a separating and cyclic vector for the sub-
x-algebra m(A) C B(H) and since A is an AF-C*-algebra, we obtain a natural filtration (H)ken,
of H, where, for each k € Ny, we define Hy, := {m(a)xge : a € Ax}. Let Py : H — Hy denote the
orthogonal projection from H onto Hy, for each k € Ny. Motivated by Theorem 4.2.2, Cornelissen
and Marcolli in [CM] define a Dirac operator D on H by

D =" dim(Ag)(Ps — Pic1) = Y 2M(2M — 1)* 1 (Py — P a).

In Proposition 1.9 of [CM] it is then shown that the triple (A4, H, D) is a finitely summable spectral
triple, where the *-representation is given by (w, H). By Theorem 4.2.1, we also have that Connes’
pseudo-metric d4 is a metric on the state space S(A) whose topology is equivalent to the weak™-
topology on S(A).

Let us now consider the metric dimension of the spectral triple (A, H, D). It is easy to see
that o1(D) = 02(D) = -+ = gam(D) = 2M. Further, for each £k € N and each integer | €
[2M(2M — 1)*~' 4 1,2M (2M — 1)*], we have that o;(D) = 2M(2M — 1)¥~1. Therefore, for each
p > 0, it follows that

L S (14 D))

L ZALCMEM —2)@M - DML+ 2M)PRM — ) ED) v
T v In(2M (2M — 1)) '

Hence, the metric dimension is equal to 1. Moreover, the noncommutative volume is give by

2(M —1)

V(A,H,D) = M1

Next we shall consider the noncommutative integral given by (A, H, D). For each k € N and for
each w,v € X%, we have that Uk(ﬂ(x[w])\Drl) = O'k(TI'(X[U])lD|71) and hence,

Traw(m(x,)IDI™Y) = Trw(m(x,,)IDI 7). (4.26)

Here, we recall that, by definition, the Dixmier trace is taken over the ideal £ (ker(D)™). Since

the map given, for each a € C(X%), by
a > Try(r(a)|D|™")

is a linear functional, by the Riesz Representation Theorem (Theorem 3.3.1), there exists a Borel
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probability measure p so that, for each a € A, we have that

Try(r(a)| DY) = %/ﬂmadu.

Therefore, by Equation (4.26) and applying the Hahn-Kolmogorov Theorem (Theorem 3.3.5), it
follows that p is the unique measure given, for each k£ € N and each w € % by

n(wl) = 2M(2M —1)7FH,

This is precisely the measure of maximal entropy for the dynamical system (X%, ). Further, since
this holds for all limiting procedures, for each a € A, we have that

1 2AAM-1)
7[7r(a)|D| = ln(2]\4—1)/zioad'u'

4.2.2 The Noncommutative Volume of a Subshift of Finite Type

The construction of a spectral triple, given in [AIC1] and reviewed in Subsection 4.2.1, gives a
noncommutative representation of a one-sided topologically exact subshift of finite type (X, 0).
This follows, since the C*-algebra of complex-valued continuous functions on X% is an AF C*-
algebra. However, the measure theoretical properties of such a spectral triple essentially encodes the
measure of maximal entropy. In what follows, we consider a one-sided topologically exact subshift of
finite type (X%, o) and an equilibrium measure vy for a non-arithmetic Holder continuous potential
function ¢ € C(XX; C). By refining Antonescu-Ivan’s and Christensen’s construction, we provide a
spectral triple which represents X% whose measure theoretical properties encode the measure vg.
Indeed, by breaking down the projections used in Theorem 4.2.1 and by relating the singular values
of the Dirac operator to the vg-measure of the cylinder sets of X%, we prove that a spectral triple
(A, H,D) := (C(E%;C), L*(Z%, B, vy), D,,,) can be constructed so that the following hold.

1. Connes’ pseudo-metric do(sy;c) is a metric on the state space S(C(X4;C)) and the topology
induced by do(sy;c) on S(C(X4;C)) is equivalent to the weak*-topology defined on S(A).

2. The spectral triple (A, H, D) is (1, +)-summable with metric dimension equal to one.
3. The noncommutative integral given by (A, H, D) agrees with the integral with respect to vg.

4. The noncommuative volume of (A, H, D) is equal to 1/hy,(c). Recall that h,, (o) denotes
the measure theoretical entropy of vy with respect to the left shift map o.

Let us begin by setting up some notation. Let % denote a finite alphabet with card(X) =: M € N
and let A := [a;,;];,; denote an irreducible aperiodic M x M transition matrix for 3. Let ue denote
a Gibbs measure for some Hoélder continuous potential function ¢ € C(X%; R) and let

{(M([x]))*l/?x[w] z€ z} U {ew D (@,1) € Uyesy (0} x {1,2,,a(v) = 1}}

denote a Haar basis for L?(E%, B, ug), as described in Subsection 2.2.2). Recall that o : % — N
denotes the set function given, for each k € N and each w := (w1, w2,...,w) € 5 by

a(w) = Z Quwy, -

TEY
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Let 7, C(X%;C) — C denote the tracial state defined, for each a € C(X%; C), by

Tu¢(a) = /ocadu¢.
A

Then the Gelfand-Naimark-Segal completion of C(X%; C) with respect to Ty is precisely the Hilbert
space L*(2%, B, 1s). Next, define the Dirac operator Dy, on LA(Z%, B, ug) by

a(u)—l
1
D = ) co w T *y Cw,i)Cuw,i- 4.27
He QEEZEN¢([‘TD< X >X < XZ Z wezz* /*L¢ UJ] ; < > ( )

Observe that the operator Dy, is a well defined unbounded operator since the following hold.

1. The measure ug is a Gibbs measure and hence, g is non-atomic and pe([w]) # 0, for each
weXy.

2. The domain of D, contains the set of locally constant functions, which is L?-norm-dense in
L*(Z5F, B, po)-

To compare this with the Antonescu-Ivan and Christensen Dirac operator, given in Equation (4.24),
we observe that the projections used are given, for each k € N, by

a(w)—1

1
Prr = D oo X)) X + Z > D Gewidews,

ey Ko =1 wexl, i=1
where
Py = <':Xzoo >X2°°7 by o= Z ;<'7X[IJ>X[I].
a A g po([z])

Recall that we do not make a distinction between a measurable function f : X% — C and its
equivalence class

{g : 3% — C : g is a measurable function and / lg — fldue = 0} .
=3

Theorem 4.2.5. The triple (C(Z%;C),L*(£%, B, He)s Du,) is a spectral triple, where the x-
representation (m, L*(S%, B, ug)) is given by m(a)h = a - h, for each a € C(E%;C) and each
he L*(X, B, ug).

PROOF. Observe that the set C(X%; C) equipped with the supremum norm is a C*-algebra, that
L*(Z%, B, ) is a complex Hilbert space and that (w, L2(3%, B, ue)) is a faithful *-representation
of C(X%;C). Further, we have seen that D, is a well defined unbounded operator. Next, observe
that the kernel of D, consists of all equivalence classes of L*(2%, B, png) which contain some
constant function on X%. Moreover, by the properties of a Gibbs measure, we have that D;d)l is a
bounded operator on the complex Hilbert space 1«:er(DH¢)l C L*(2%, B, 1y). Hence, the operator
(1 -l—Did))fl/2 is a bounded operator which can be approximated by operators in B(ker(DM)J‘) with
finite dimensional range. Therefore, D), has a compact resolvent. Moreover, the sets Ran(D,,, +i1)
are L*-norm-dense in L*(3%, B, 114). This follows, since the set of locally constant functions is L>-
norm-dense in L?(X%, B, v4), since the operator (D, £41) is linear and since we have the following.
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1. For each x € X, we have that

1

(D, +i1) (E(X[z])ﬂmw([w})xzf) = Xp-

2. For each (w,j) € Uuez’;{“} x {1,2,...,a(v) — 1}, we have that

(D, +i1) (% ew,]) = ew,j-

89

Moreover, we have that D, is symmetric on its domain. Indeed, for each hi,h2 € Dom(D,,) C

L*(2%, B, uig), we have that

(Duy(h1), he) = <Zm<h1,x[m]>x[m]—(hhxz%dng;
alw) —1 @
+ ZE* W Zl (h1, €w,i)ewi
1 a(v)—1
sz<h27x[y]>x[y] + Z* Zl <h276v’j>eu7j
1 .
= sz<hl7x[z]><h2’x[m]>
s MQ%I% ew.i) Iz, €wd)
S mell]) o T
_ Z m(hh XZ?AQ >W<X2? ’ X[y]>
1 .
= Z;m<h17X[m]><h27X[w]>
afw)—1 ALt T
t 2 (e & (el
1 L
= 2 oty o) e o) 3 oy e X g i)
1 -
= sz<hlv>([z]><h27xh]>
afw) —1 R T
P2 i) 2y (el
—%m<hl’xlvl><><2?’xw]>w

= <h17DM¢(h2)>'

Hence, by Theorem 3.3.2, it follows that D), is an essentially self-adjoint operator. In order to

show that (C(Z%;C), (2%, B, g), D,.,) is a spectral triple, it remains to show that the set

{a € C(2%;C) : the operator [D,,,,n(a)] is densely defined and extends to a bounded operator}
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is norm-dense in C'(X%;C) with respect to the supremum norm. To show this, first note that
by the Stone-Weierstrass Theorem (Theorem 2.2.12), the set of locally constant functions is a
norm-dense subset of C'(X%; C) with respect to the supremum norm. Secondly, note that for each
h € L*(Z%, B, ue) and for each y € &, we have that

[D#qbaﬂ—(xh,] N = Dy, (X[y] ~h) — W(X[y])DM¢(h)
1
- ;e:z po ([]) X o X ) X10) = Xy P Xsgp g
1 a(w)—1
+ Z D Oy hoewidews
wEXY i=1

1
_EEZAAYTVB<hﬂMW>XM].XW]+Kh’XET>XM

vex He
104(11)71
- Z Z (hyevi)xg - v
vETYH Jj=1
1
= Ry Xy 0X X1y P Xgoo ) X oo
u¢([y])< [y]> [y] < ly] ) > b
S S
ot po(w]) & s
A
[w]C[y]
1
- Ry X, )Xy Tt (R Xseo )X,
p¢<[y]>< XXl O X DX
- (hy ev,j)e0,;
e, M¢> U] ot
[wIC[u]

= _<X[y] ’h7X2? >XE%° + <h’X2?4°>X[y]'

By taking norms and applying the triangle inequality and applying Parseval’s identity (Theorem
I1.6 of [RS]), since this is a finite sum, one can deduce that the operator-norm of [Dy.,, 7(x, )] is
finite. Further, for each k € N, each (w,%):= ((w1,...,wk),%) € Uuezg {v} x{1,...,a(v) — 1} and
each h € L*(X%, B, 114) we have that

[Dyg,m(ewi)lh = Dy, (ew,i-h) —m(ew,:)D(h)

1
= ;%;};Rﬂaj<ewi'h’xhﬂ%KW]_<ewﬂ'h7XE?>X2%

a@) —1 37 lewihyev e

o) =

a(v)—1

a(v) —1 !

)
7’1/_]) Z (h,evi)ew,i evy =

+ >

UEEZ

- (1[ ])< Xi) €t Xy + (B X D
yeD Y

vers, Mol

=1
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1
= 7(&0,1‘ . h’X[W1]>X[w1] - <€w,i . h7 Xgilc>Xg<zo

tes([wr])
> =13

+ (ew,ih,evj)ev,;
ey M) o
[w]C[v]

X Ve 4 (X ews
g (fun]) * 7 Xeal /et A Xoagp Tt
a(V)—1
Z T <h7€v,j>€w,i'€q/,j~

vesy, MoV o
[w]C[V]

By taking norms and applying the triangle inequality and applying Parseval’s identity (Theorem
I1.6 of [RS]), since this is a finite sum, one can deduce that the operator norm of the operator
[Dyy, m(ew,i)] is finite. By these observations, it follows that the set

{a € C(2%;C) : the operator [D,,,,n(a)] is densely defined and extends to a bounded operator}
forms a norm-dense subset of C(X%; C), with respect to the supremum norm. |

In the following theorem we consider the metric aspects of the spectral triple given in Theorem
4.2.5. Specifically, we verify that Connes’ pseudo-metric dc(zio;(c) associated to this spectral triple
is a metric and that the topology induced by do(gf;c) is equivalent to the weak*-topology on the
state space of C'(X%;C).

Theorem 4.2.6. The pseudo-metric dc(s,c) is a metric on the state space S(C(EX;C)) of
C(XX;C). Moreover, the topology induced by the metric do(ss,cy on S(C(EX;C)) is equivalent to
the weak*-topology on S(C(X%F;C)).

PROOF. The proof of this result is motivated by the proof of Theorem 2.1 of [AIC1]. For ease of
notation, set card(X) =: M € N and set

D

= {a € C(X7’;C) : the operator [D,,,7(a)] is densely defined and extends to

Ko

a bounded operator with norm less than or equal to one}.

For each k£ € N, set

Cr = sup{\/po([w]) : w e X5}

Since g is a Gibbs measure, it follows that C} converges to zero as k tends to infinity.
Observe that the characteristic function Xgoo € L*(X%, B, ue) is a separating and cyclic vector

for the subalgeba 7(C(3%;C)) of B(L*(X%, B, i) and define the following mappings.
1. Let Py, P : L*(Z%, B, ug) — L*(2%, B, 1e) denote the projections given by

1
Po = (", Xgeo ) Xspo0 5 P o= (s Xa1 ) X -
{5 Xnoe )Xoy §M¢([x])< (z]/ X (2]

Further, for each k € N, let Pyyy : L2(Z%, B, pug) — L*(E%, B, us) denote the projections

given by
a(w)—1

Py = Z Z () €us,i)€ui-

wesh =1
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2. Let mo,m : C(XF;C) — C(XX; C) denote the projections given, for each a € C(X%;C), by

1
mo(a) = </E?G'X2%O du¢> Xger  mi(a) = ;m (/madw) X

Further, for each k € N, let mx41 : C(EF;C) — C(XX;C) denote the projection given, for
each a € C(X%;C) by

a(w)—1

Te+1(a) = Zﬁ (/[ ad,ud,) X + Z Z Z (/ a- ewldu¢> €w,i-

zen Mo =1 yexl, =1

Since pg is a Gibbs measure and since we have that Dy, (XE‘/’;C) = 0, by the triangle inequality
and by Parseval’s identity (Theorem II.6 of [RS]), there exists a positive constant C' dependant on
¢ such that for each k,m € N and a € A, we have that

k+m a(w)—1
fra(e) = mem@lhe = s 3157 33 ( / 0 ewdﬂd)) e (4.28)
zeEio = E):l =1
k+m a(w)—
< / a - ey dig (4.29)
k-‘rzm Z MY20 a%1 2\ /2
< / Q- €, disg (4.30)
1=k wesl, \/W i=1 [V5F
k+m a(w)—1 2\ /2
c-M"”.C 1
<> Eﬁ])( w) ~ 1) > / a-ewidug (4.31)
I=k wexl, =1 |[V¥%
k+m
1
—C M.y - Z HPZ vy (@ ) . (4.32)
k+m
=C . M1/2 - Ch Z Pl quﬂ' }Xgoo (433)
L2
<C- M0 H [Dy,, 7(a)] (4.34)
<C-M" . Ci-|[[Dyy, m(a)]|l (4.35)

Further, by using the fact that D, (XE?) = 0, applying the triangle inequality and applying
Parseval’s identity (Theorem II.6 of [RS]), for each k € N and a € C(X%’; C), we have that

[mo(a) = mi(a)lle = lmo(a) —mi(a) +mi(a) — mr(a)lloo
< lmo(a) = mi(a)lloc + [[m1(a) — mi(a)
< MDugs (@)X 22 +C - MY2[Dyy m(a)] |

N

(C- M2 +1)|[Dyy, ()]l

Therefore, for each k,m € Ny and a € AD‘qu , we have that

|7k (a) — Thsm(@)|oo < C-MY*41. (4.36)
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Moreover, from the Equations (4.28) - (4.35), it follows that, for each a € AD%, the sequence
(mk(a))ken is a Cauchy sequence in the C*-algebra C(X%; C), with respect to the supremum norm
Illoo- Hence, the sequence (mx(a))ken is a convergent sequence. Let b € C'(X%F; C) denote the limit
of this sequence. Then we have that

T()Xpe = lim 7w(m(a))xe = lim ~ Pnm(a)Xse = m(@)Xzg -
Since X, .. is a separating vector, it follows that b = a. Namely, we have that m(a) converges to
a as k tends to infinity, for each a € AD%. Therefore, by Equation (4.36), for each a € AD%7 it
follows that

[mo(a) — allee < C- M7 +1.

This shows that for an arbitrary a € AD% , the quotient norm of a+{mg(a) : a € A} in the quotient

space A, | /{mo(a) : a € A}, is bounded by C - M'/2 + 1. Therefore, by the first part of Theorem
3.2.6, Connes’ pseudo-metric dc(zio;(c) is a metric.

In order to show that the topology induced by the metric dc (s c) on S(C(X%;C)) is equivalent
to the weak®-topology on S(C(X%;C)), we observe the following. Firstly, by Equations (4.28) -
(4.35) and since mx(a) converges to a as k tends to infinity with respect to the supremum norm, for
each € > 0, there exists N € N such that for all natural numbers k£ > N and for each a € AD‘qu , we
have that .

la—m(@le < 5.

Secondly, for each k € N, the space m,(A) is finite dimensional, and so, the closed ball of radius
C-MY?4+1inm (A) is norm compact. By these observations, it follows that given ¢ > 0, the set
{a —mo(a) : a € AD%}
can be covered by a finite number of sets of diameter less than €/2. In other words, the set
{a —mo(a) : a € AD%} is a totally bounded subset of C(X%;C). Consequently, it follows that
under the quotient map C(X¥;C) — C(EX;C)/{mo(a) : a € A}, the image of ADu¢ is totally
bounded. The result then follows from the second part of Theorem 3.2.6. |

Let us now consider the metric dimension and measure theoretical aspects of the spectral triple
(C(EX;C), L*(SX, B, 1s), Dy, ), as given in Theorem 4.2.5.

Theorem 4.2.7. Let ¢ € C(XX;R) denote a Hélder continuous non-arithmetic potential function
and let vy denote the unique equilibrium measure for the potential ¢. Then the spectral triple
(C(Z%;C), LA(2%, B, vy), Dy,) is (1,+)-summable with metric dimension equal to one. Moreover,
for each a € C(X%;C), we have that

7£7r(a)|Du¢|_1 = hy(:(a)/z adve. (4.37)

oo
A

In particular, we have that

V(C(£X;C), L* (%, B,vs), Dy,) = (4.38)

hu (@)

PROOF. For each ¥ € ¥ U0, let Ty, ZEy : (0,00) — [0, 0) denote the functions that are respectively
defined in Equation (2.26) and Equation (2.27). Let r € (0, 1) be fixed and let card(X) =: M € N.
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For each k € N and a € C(X%;C), recall that ok (m(a)|D,,|™") denotes the k-th largest singular
value of the operator 7(a)|Dy, "t e B(ker(D%)J‘). Further, since Dy, has a compact resolvent, the
sequence of singular values (ok(|Dy,|~"))ken of the operator |D,,|~" € B(ker(D%)L) converges
to zero as k tends to infinity. Therefore, for each k € N, there exists 1, € N such that 7= <
ok(IDv,|™") < r"~! and such that 7, tends to infinity as k tends to infinity. Hence, for each
V € X% U there exists a positive constant ¢ such that for N € N sufficiently large, we have that

Sy (Mr" 1) <Y or(m(x)I1Duy|71) < et En(rv), (4.39)
In (Yy (Mr"~~1)) < In(N) < In(c+ MYp(r™v)). (4.40)

The pressure of the potential function ¢ — P(¢, o) is equal to zero and that by Theorem 2.2.8, we
have that the unique equilibrium measure v4_p(4,,) for the potential function ¢ — P(¢,0) is equal
to vg. Then, using the inequalities given in Equation (4.39) and Equation (4.40) and by the results
of Corollary 2.3.7 and Corollary 2.3.9, for each ¥ € ¥% U (), we have that

Zi\;l Uk(Tr(X[q/])‘DW)rl) c+ Ey(r'y)

L < b
o uf () S M A, 1)
¢+ In(r"™ ) ve ([V]) (Jgoo ddve) ™!
= liminf ——=
N o0 In(M—1r Myt )
_ v
hu (o)

Moreover, by a similar argument, one can deduce that

. Sri1 ok (TP |7 ()
fypsup W) 7 )

Therefore, for each ¥ € X U@, we have that the Dixmier trace of the operator TF(X[,V])|D,,¢|_1 is
independent of the limiting procedure. Moreover, it follows that

fﬂ(xm)lD%rl - %

In particular, we have that the noncommutative volume of the spectral triple
(C(Z%;C), LA(2%, B, vy), D,,) is equal to 1/h,,(c). Subsequently, by Definition 3.2.19, it
follows that the metric dimension of the spectral triple (C(Z%;C), L*(2%, B, vg), D,,) is equal to
1. Next, note that for each limiting procedure %W, the operator defined, for each a € C(XF; C), by

a = Try(m(a)|Dy,| ),

is a bounded linear functional on C'(X%; C). Hence, by the Riesz Representation Theorem (Theorem
3.3.1), there exists a finite Borel measure v such that, for each a € C(X%;C), we have that

Trw(w(a)|Dl,¢|71) = /Eocadu.

A
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Further, the set R := {[w] : w € XX} U {0, XX} forms a semi-ring on which the set function
A : R — [0,00) given, for each I € R, by
—1
A(I) == Tra(m(x;)|Dvy ),

is an additive o-additive set function (see Definition 3.3.4). Therefore, since A is also o-finite, by
the Hahn-Kolmogorov Theorem (Theorem 3.3.5), for an arbitary limiting procedure W and for each
a € C(XZ;C), we have that

1
Tro(m(a)| D, - = 7/ advg.
’W( ( )| ¢| ) hu¢(0') 5o (4

Moreover, for each a € C(X%;C), we have that

f@ID., | = h%l(a) [ adve

A

Remark. In certain cases, the condition of ¢ being non-arithmetic can be weakened. This can
be done, for instance, when (X%, 0) is the full shift space. More specifically, for M € N, consider
the case when ¥ := {1,2,... M} and when the potential function ¢ is given as follows. Let p :=
(p1,p2,...,py) denote a probability vector with p; non-zero for all i € {1,2,...,M}. Then let
¢ : XX — R be given, for each w := (w1,w2,...,) € BT, by

$(w) = —In(pe,).

Note that if the set {In(p1),In(p2),...,In(p,,)} s arithmetic then the potential function ¢ will be
arithmetic, and if the set {In(p1),In(pz2),...,In(p,,)} is non-arithmetic then the potential function
¢ will be non-arithmetic. Let vy denote the unique equilibrium measure for the potential ¢ and
observe that, for each k € N and each w := (w1, w2, ...,wk) € % we have that

V¢([W]) = PuwiPwsy - - - Pwy, -

Then by Theorem 4.2.5, the triple (C( ?;C),LQ(EZ“’,B,V@,D%) s a spectral triple. Moreover,
by an argument synonymous to that used in the proof of Proposition 4.1.6, one can deduce that
the spectral triple (C(S%;C), L*(S%, B,vs), Du,) has metric dimension equal to one and that the
noncommutative volume is equal to 1/hy,, (). Further, the measure vy can be recovered from the
noncommutative integration theory of the spectral triple (C(X%;C), L*(%, B, vg), Dy,).

Remark. In [BP], Bellissard and Pearson presents an alternative spectral triple to that considered
here, which represents the full shift space ¥ on two symbols equipped with an ultra-metric. An
ezample of such an ultra metric is given, for w,v € ¥ by

dv,(w,v) = inf{vg([z]) : 2 € X" U{0} andw,v € [z]},

where vy is an equilibrium measure for a Hélder continuous potential function ¢ € C(X;R). For
such a metric, our results give that the noncommutative volume constant of Bellissard and Pearson’s
spectral triple is equal to 2/hy,, (o).



Appendix A: Operator Theory and C*-algebras

A.1 Basic Definitions

In this section we define some basic objects and discuss some fundamental results from functional
analysis which are in use within this thesis. There is an extensive literature available on the subject,
with good overviews found in [Rud, RS]. For the proofs of the results stated in this section we refer
the reader to [Rud, RS].

Let H denote a complex separable Hilbert space and let B(H) denote the set of bounded linear
operators T : H — H. The spectrum of such an operator T is defined to be the set

o(T) := {z € C : T — 21 is not invertible}.

The resolvent set of an operator T' € B(H) is defined to be the complement of o(T") in C.
The adjoint of an operator T' € B(H) is denoted by T and is defined to be the unique operator,
which, for all hi, he € H, satisfies the following equality

(T'(h1),h2) = (h1,T"(h2)).

We say that T' € B(H) is self-adjoint if and only if T'= T™. Note that the spectrum of a self-adjoint
operator is fully contained in R.

Remark. The notions of the spectrum, the resolvent set and the adjoint for an unbounded densely
defined operator on a complex separable Hilbert space also exist. For this case we refer the reader
to Appendiz A.2.

An operator T' € B(H) defined on a complex separable Hilbert space H is said to be compact
if one of the following equivalent conditions hold.

1. The closure of the image of the closed unit ball in H under T is compact.

2. For any bounded sequence (hy)ren in H, the sequence (T'(hi))ren contains a convergent
subsequence.

Observe that for a bounded operator T' € B(H ), defined on a complex separable Hilbert space H,
the following are equivalent.

1. The operator T is compact.
2. The operator T™ is compact.
3. The operator TT™ is compact

Further, note that the set K(H) of compact operators on a complex separable Hilbert space H
is a two sided ideal of B(H). Moreover, given a compact operator T € B(H), one has that for
each € > 0 there exists a finite dimensional subspace K C H such that the norm of T restricted to
K* C H is smaller then e. (Here, K+ denotes the orthogonal complement of K in H.) In other
words, the ideal of compact operators is the operator-norm closure of the set of operators with finite
dimensional range. Also, note that the spectrum o(7") of a compact operator 7" has the following
properties.

1. The spectrum o(T") of T is compact and non-empty.

96
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2. The cardinality of o(T') is at most countable.

3. The spectrum o(7T') of T contains at most one limit point and in the case that there exists a
limit point the limit point is equal to zero.

Moreover, one has the following result.

Theorem A.1.1. (Spectral Theorem for Self-adjoint Compact Opeators) Let H denote a complex
separable Hilbert space. For each self-adjoint T € K(H) there exists a finite or infinite set {¢r fren
of eigenvectors of T, with corresponding real non-zero eigenvalues { A }ren, such that, for every
heH,

T(h) = > Aalh, én)dn.

neN

Assuming that the eigenvalues are listed in a non-increasing order, if the set {\p}ren is infinite,
then A\ tends to zero as k tends to infity.

An operator T' € B(H) defined on a complex separable Hilbert space H is said to have a compact
resolvent if for all z & o(T) the operator (T — z1)™* is compact.

Proposition A.1.2. Let H denote a complex separable Hilbert space. Then an operator T € B(H
has compact resolvent if and only if there ewists a complex number z € o(T) such that (T — 21)™*
is compact.

PROOF. The forward implication follows trivially. For the reverse implication let z1, z2 & o(T') and
observe that

(T — 2 1)(T — 211) ™ = (T — 221) )T — 221) = (T — 201) — (T — z11) = 21 — z1.
This implies that
(T—21)"' — (T —21)"" = (21— 2)(T —21) (T — 21)"".
Therefore, (T — z11)™" is compact if and only if (T' — 2z1)™" is compact. |

Proposition A.1.3. If T € B(H) denotes a self-adjoint operator defined on a complex separable
Hilbert space H, then T has a compact resolvent if and only if (T® + 1) is a compact operator.

PROOF. Since T is a self-adjoint operator, we have that +i ¢ o(T). Therefore, T has a compact
resolvent if and only if the operators (T 4 i1)™" are compact, which is if and only if the operator
(T* —il)y " (T+ia)™" = (T*+1)""
is compact. |

To conclude this section, we define the operator theoretical analogue of a positive number and
state the Square Root Lemma.

Definition A.1.4. Let H denote a complex separable Hilbert space. An operator T' € B(H) is
called positive if (T'(h),h) € [0,400), for all h € H. We write T' > 0 if T is a positive operator and
T <ThifTo —T1 > 0, where T, 1> € B(H)

Note that every bounded positive operator on a complex Hilbert space H is self-adjoint. More-
over, for any T' € B(H), we have that the operator T*T is positive.
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Theorem A.1.5. (Square Root Lemma) Let H denote a complex separable Hilbert space and let
T € B(H) denote a positive operator. Then there exists a unique S € B(H) with S > 0 and T = S2.
Furthermore, S commutes with every bounded operator which commutes with T'.

Definition A.1.6. In the setting of Theorem A.1.5, we call S the square root of T" and write
T2 (:= S).

Definition A.1.7. Let H denote a complex separable Hilbert space. The modulus of an operator
T € B(H) is denoted by |T| and is defined by |T'| := (T*T)"2. Further, 2 € R is said to be a
singular value of T with multiplicity k € N if and only if = is an eigenvalue of |T| of multiplicity k.

A.2 Symmetric and Self-Adjoint Unbounded Operators

In this section we review some of the basic definitions for unbounded operators. There are several
texts on functional analysis which deal with unbounded operators, for instance [Rud, RS, BR]. In
this section we closely follow Chapter VIII of [RS] and refer the reader to [RS] for the proofs of the
stated results.

Let H denote a complex Hilbert space, let T' denote a densely defined linear operator on H and
let Dom(T") denote the domain of T. The graph of T is then defined to be the set

I(T) == {(h,T(h)) : h € Dom(T)} C H x H.

If T'(T) is a closed subset of H x H, then T is said to be closed. An operator T is called closable if
it has a closed extension. Note that every closable operator has a smallest closed extension called
its closure which will be denoted by T.

Definition A.2.1. Let T denote a densely defined linear operator on a complex Hilbert space
H. Define Dom(T™) to be the set of hy € H for which there exists a ho € H such that, for all
hs € Dom(T'), one has that

(T(ha),h) = (ha, ha). (A1)

The adjoint of T is then defined to be the linear operator T* : H — H given by T*(h1) := h2. Note
that T is well defined, since Dom(7') is a dense subset of H.

Remark. Given a densely defined unbounded operator T, unlike for bounded operators, the do-

main of T may not be dense in H.

Example A.2.2. Suppose that f : R — R is a bounded measurable function which is not square
integrable with respect to the Lebesgue measure. Let ho € L*(R,B,\') be fixed and define the
linear operator T on L*(R, B, ') with domain

Dom(T) := {h € L*(R,B,\") : /|f-h|d>\1 < oo}
by

T(h) = (h, fYho.

Since the domain of T" contains all square integrable functions with compact support, 7" is a densely
defined operator. Now, for each h1 € Dom(7™) and each hy € Dom(T"), we have that

(ho, T"(h1)) = (T(h2),h1) = ((h2, fYho,h1) = (h2, f){ho,h1) = (ha, (ho, h1)[).
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Therefore, for each h; € Dom(T™), it follows that
T*(h1) = (hi,ho)f.

Hence, for all hy € Dom(T™), we have that (hi,ho) = 0. Thus, the domain of 7™ consists of the
orthogonal complement of the vector ho. In particular, we have that the domain of T™ is not dense
in H and that it vanishes on its domain of definition.

Definition A.2.3. Let T denote a densely defined linear operator on a complex Hilbert space H.
The resolvent set of T is defined to be the set of all z € C such that the operator 7' — 21 is a
bijective mapping from Dom(7') into H whose inverse belongs to B(H). Further, the spectrum of
an unbounded operator is defined to be the complement of the resolvent set.

Definition A.2.4. A densely defined linear operator T° on a complex Hilbert space is called
symmetric if Dom(T") C Dom(T*) and T'(h) = T*(h), for all h € Dom(T). If, in addition,
Dom(7T) = Dom(T™), then we call T' self-adjoint.

Theorem A.2.5. Let T denote a densely defined linear operator on a complex Hilbert space H.
Then we have the following.

1. The operator T™ is closed.
2. The operator T is closable if and only if Dom(T™*) is dense, in which case T = T**.
8. If T is closable then (T)* =T".

Corollary A.2.6. Let T denote a densely defined linear operator on a complex Hilbert space H.
Then we have the following.

1. If T is symmetric then Dom(T) C Dom(T**) C Dom(T™).
2. If T is closed and symmetric, then T =T and Dom(T) C Dom(T**) C Dom(T™).
3. If T is self-adjoint, then T =T** =T* and Dom(T) = Dom(T**) = Dom(T™).

Remark. The distinction between closed symmetric operators and self-adjoint operators is im-
portant, as it is only for self-adjoint operators that one can formulate a spectral theorem.

Another important type of operator is an essentially self-adjoint operator. We note that most
differential operators, although they are symmetric, are not self-adjoint. However, they are often
essentially self-adjoint.

Definition A.2.7. A symmetric operator is called essentially self-adjoint if its closure is self-
adjoint.

Observe that if T is an essentially self-adjoint operator on a complex Hilbert space, then it
has a unique closed self-adjoint extension. This follows since if S is a self-adjoint extension of T,
then S is closed, and so, since Dom(7) C Dom(S), we have that Dom(7"*) C Dom(S). Thus,
Dom(S) = Dom(S*) C Dom((T™*)*) = Dom(T™*) and so S = T™".

The following theorem gives the basic criteria for a densely defined symmetric operator to be
self-adjoint and/or essentially self-adjoint.

Theorem A.2.8. Let T be a densely defined symmetric operator on a Hilbert space H. Then, T is
self-adjoint if and only if Ran(T +il) = H, where Ran(T +i1) detnotes the range of the operator
T +£il. Moreover, T is esentially self-adjoint if and only if Ran(T £+ il) are dense in H.

PRrROOF. See Theorem VIIL.3 and the corollary that follows of [RS]. ]
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A.3 The Dixmier Ideal and The Dixmier Trace

Here we give a complete proof (of our own design) of the fact that for a complex separable Hilbert
space H, the Dixmier ideal £ (H) is an ideal of B(H) and that the Dixmier trace is a singular
trace defined on £ (H). The original proof can be found in [Dix1]. Before proving the main results
we give several eigenvalue inequalities which will be required. Further, throughout this section, we
let H denote a complex separable Hilbert space.

Lemma A.3.1. For each T € K(H) and each k € N, we have that oi(T) = o (T"). (Recall that
or(T) denotes the k-th largest singular value of T, where k € N.)

PRrROOF. If hy € H is a non-zero eigenvector of T*T with eigenvalue z, , then T*T'(h1)—2,h1 = 0, and
so TT*T(h1) — z,T(h1) = 0. Therefore, T'(h1) is a non-zero eigenvector of 7T with the eigenvalue
z,. Similarly, if hs is an eigenvector of TT™* with eigenvalue z,, then T*(hz) is an eigenvector of
T*T with eigenvalue z,. Further, if hg and hs are two non-zero orthogonal eigenvectors of T*T
with non-zero eigenvalue z,, then we have that

(T'(h3), T(ha)) = (T"T(h3),ha) = 2,(h3, ha) = 0.

Thus, T*T and TT* have the same eigenvalues with the same multiplicity. Note that we have
implicitly used the assumption that 7" is compact, since we have used the fact that the eigenspace
of an eigenvalue of a compact operator is finite dimensional. |

Lemma A.3.2. For each positive T € K(H) and each k € N, we have that
ox(T) =inf { |T(1 — P)|| : P€ B(H), P = P? = P* and dim(P(H)) = k — 1}.

PrOOF. Assume, without loss of generality that the dimension of the range of T is countably
infinite, since, in the case that the dimension of range of T is finite, a simplification of the following
argument will give the required result. Further, since T is a positive compact operator there exists
a set of orthonormal vectors {¢r € H : k € N} such that, for each h € H, we have that

T(h) = > ok(T)(h, éx) b (A.2)

keN

Now, for each k € N, let Hj, denote the complex linear span of the set {¢m, }fn;ll and let P, : H - H
denote the orthogonal projection from H onto the subspace Hp C H. Next, for each £ € N and
each h € H, observe that

T -PY(R) = 3 ou(D) <Z<h,¢z>¢z,¢m> bm

meN 1>k

= Z Um(T)Z<h’¢l><¢l7¢m>¢m

meN 1>k

= Y a(T)(h, 1)

1>k

Therefore, o;(T) is an eigenvalue of T'(1 — Py) with eigenvector ¢, for each k € N and each natural
number [ > k. Moreover, for each k € N, we claim that

o(T(1—Py) = {oy : l € Nandl > k}.
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To see this, fix a k£ € N and suppose that there exists a non-zero eigenvalue
z € C\{oi(T) : leNand > k}
of T(1 — Pi) with eigenvector h. Since, for each natural number ! > k, we have that ¢; is an
eigenvalue of T(1 — Py), it follows that (b, ¢;) = 0, for all natural numbers | > k. Therefore, we
have that T'(1 — Px)(h) = 0. This is a contradiction to the assumption that z is non-zero. Therefore,
we conclude that ||T(1 — Py)|| < ox(T), for each k € N. Hence, for each k € N, we have that
inf {|T(L — P)| : P=P?=P*and dim(P(H)) =k — 1} < ou(T).
In order to complete the proof we are required to show that for each £ € N, we have that

inf {||[T(1 — P)|| : P=P®=P*and dim(P(H)) =k -1} > on(T).

However, this is an immediate consequence of the following inequalities.

< i .
or(T) < V&Iéff h?;& (T'(h), h), (A3)
dim(W)=k—1 IRll<1
|7 > sup (T(h),h)]. (A.4)
heH
lihll<1

The inequality given in Equation (A.4) follows directly from the Cauchy-Schwarz inequality.
Indeed we have that

IT|l = sup [T(z)| = sup [[T(z)|llzll > sup [{T(x), ).

llzll<1 llzll<1 llz]<1

Let us now prove the inequality given in Equation (A.3). Let k € N be fixed and consider a
(k — 1)-dimensional subspace W of H. Let {en}* ", denote an orthonormal basis for W and let
{em}mem1,2,..k—1} denote a set of orthonormal vectors of H, such that the set {em}men is an
orthonormal basis for H. Let {¢m }men denote the orthonormal basis as given in Equation (A.2)
and let V denote the closed linear span of {¢,, : m € {1,2,...,k}}. Suppose that V N W=+ = {0},
then for all A € V', we have that

ko

-1
h = (hyem)em.
1

3
I

This implies that k¥ = dim(V) < k — 1, and so, provides a contradiction to the assumption that
V N W+ = {0}. Therefore, V N W+ contains a non-zero vector. Let h € V N W+ with norm equal
to one and observe that

(T'(h), h)

Il
T
Ma-
=
<
3
=
<
g
Mx-
=
Iy
S
~_—

m=11=1
k
> on(T) D [(hs ¢m)?
m=1



102 APPENDIX A. OPERATOR THEORY AND C*-ALGEBRAS

(Note that the final inequality follows from Parseval’s identity (Theorem I1.6 of [RS])). Hence, we
have that
s (T(h),h) > ou(T).

heWL with ||h||<1

Since the right-hand side of this inequality is independent of the chosen subspace W, the result
follows. |

Corollary A.3.3. For each positive operator T € K(H) and each k € N, we have that
ox(T) = inf{||T(1 — P)|| : P=P?= P* and dim(P(H)) < k —1}.

Definition A.3.4. For each k € N, let S, : B(H) — [0, 00) be defined, for each T' € B(H), by

k
Sk(T) = ZO’m(T).

m=1

Lemma A.3.5. Let T € B(H) denote a positive compact operator. Then for each k € N, we have
that

Sk(T) = sup{t(TP): P=P?=P" and dim(P(H)) =k} (A.5)
sup {t(PTP) : P = P® = P* and dim(P(H)) = k} . (A.6)

PROOF. Let us begin by showing the equality given in Equation (A.5). Let k € N be fixed. Then,
for each projection P € B(H) such that dim(P(H)) = k, it is clear to see that o (T) > o (TP).
Therefore, since T is positive, it follows that Si(T") > tr(T'P). Hence, we have that

Sk(T) > sup {tr(TP) : P=P?=P" and dim(P(H)) =k} .

On the other hand, let {gbm}fn:l denote the set of eigenvectors of T with corresponding eigenvalues
om(T). Let P € B(H) denote the projection given by

k
P = Z <" ¢’m>¢)m-

m=1

Then, it immediately follows that Si(T") < tr(TP), and so, we have that
Si(T) = sup {tr(TP) : P =P?=P" and dim(P(H)) =k} .

Let us now show the equality given in Equation (A.6). Observe that for any two traceclass
operators T1,T> € B(H), we have that tr(T172) = tr(7>T1). Therefore, if T' € B(H) is a compact
operator and P € B(H) is a projection from H onto a finite dimensional subspace of H, it follows
that

tr(PTP) = tr(TPP) = tr(TP).

This then completes the proof. |
Lemma A.3.6. For any two positive compact operators Th,T> € B(H) and for each k € N, we

have that
Sk(Th +T2) < Sk(Th) + Sk(T3).
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PROOF. Let T1,T>» € B(H) denote two positive compact operators and let k € N be fixed. Then,
by Theorem A.3.5, we have that

Sk(Th + 1)

sup {tr((T1 + T»)P) : P = P? = P"and dim(P(H)) = k}
= sup {tr(Ta P) + tr(T2P) : P = P? = P*and dim(P(H)) = k}
sup {tr(T1P) : P = P? = P"and dim(P(H)) = k} +
sup {tr(T2P) : P = P? = P* and dim(P(H)) = k}
Si(Th) + Sk(T2).

N

Lemma A.3.7. For any two positive compact operators T1,T> € B(H) and for all k1,ke € N, we
have that
Skrtko (T1 +T2) =2 Sy (Th) + Sk (T2)-

Proor. Let Pi, P> respectively denote two projections from H onto a ki-dimensional and ko-
dimensional subspace of H. Further, let P € B(H) denote a projection with dim(P(H)) = k1 + k2
and such that P(H) D Pi(H)U P>(H). Observe that tr(T1 P1) < tr(T1P) and tr(T2P2) < tr(T2P).
Hence, since tr : K(H) — R is a linear functional on the set of compact operators, we have that

tr(T1P1) +t1‘(T2P2) < tl‘(Tlp) +tr(T2P) = tr((T1 +T2)P)

The result then follows from Lemma A.3.5. | |

Corollary A.3.8. If Th,T> € K(H) are both positive, then for each k € N, we have that
Sp(Th + 1) < Sip(Th) + Sk(T2) < Son(Th + To).
PRrROOF. This is an immediate consequence of Lemma A.3.6 and Lemma A.3.7. |

Recall that £ (H) denotes the Dixmier ideal of B(H) and is defined as follows
k
m(T)
LV(H) = {T e K(H) : Lo o) L
(H) { (H) imsup = 0o
Further, let Ei‘Jr(H) denote the positive cone of LY (H), that is, the set

LYT(H) = {T € K(H) : limsup

Lemma A.3.9. For each limiting procedure W (see Defintion 3.2.8), we have that
Tryp £1+(H) — [0,00)
defined, for each T € £}r’+(H), by

— Lim E]kvz1‘7k(T)
) = im (EEET)
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is a positive linear functional on E},_’"'(H).

PROOF. For each T € Efr’Jr(H)7 it is clear to see that, for each N € N, we have that

> e 9k (T)

===__——" = 0.
In(N)
Therefore, it follows that the mapping Trqy : [,}F”L(H) — R is a positive functional on the positive
cone of the Dixmier ideal £ (H).
Next, let T1,T> € B(H) denote two positive compact operators. By Corollary A.3.8, for each
k € N, we have that

Sk(Tl + Tz) < Sk(Tl) n Sk(Tg) ln(2k) Szk(Tl + Tz)
In(k) = In(k) In(k) = In(k) In(2k)

Therefore, since limg_ o In(2k)/In(k) = 1, for each 171,75 € Ci_’*’(H), it follows that
Trop(Th +T2) = Tryp(Th) + Trop(To).
Further, for each T € Ei’+(H), each k € N and each 7 € [0, 00), we have that
ok(nT) = nok(T),

Hence, it follows that
Trw(nT) = nTrw(T).

This completes the proof. |

Theorem A.3.10. The set LY (H) is an ideal of B(H).

PROOF. Let H denote a complex separable Hilbert space. Let T' € B(H) denote a compact operator.
Here, we assume that T'(H) is not finite-dimensional, since, if not, then the result follows trivially.
By the inequality given in Equation (A.3), for each k € N, we have that

(o(T))? = ow(T*T) < it sup [(T"T(h),h)| = ot sup [|T(h)|.
dim(W)<k—1 }IL\EI‘\AS dim(Wy<k—1 }ILI%I‘IAS

Therefore, for each k € N, each S € B(H) and T € L (H), we have that

oSTF = jpt, s ISTGI < IS jof,  sup TGP = IS ou(a’
m(W)Sk=1 5 =1 dim(W)Sk=1 5 j1=1
This implies that £ (H) is a left ideal in B(H).
Let us now show that £ (H) is a right ideal in B(H). By Lemma A.3.1, for each k € N, we
have that
ok(TB) = ok((TB)") = ox(B"T") < ||B"[lox(T") = | Bllow(T).

This implies that £V (H) is a left ideal, and so, completes the proof. [ |

Let us recall the definition of the Dixmier trace Try on the Dixmier ideal £V (H), for W
an arbitrary limiting procedure. Fix a limiting procedure %. Then given a self-adjoint compact
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operator T € LYV (H), observe that there exist positive compact operators Ty, Te € £ 1 (H) such
that T'= T} — T>. We then set

T\I‘w(T) = TI‘rw(Tl) — TI‘rw(TQ),

This is well-defined, since if S1,S2,T1,T> are positive operators such that T'= S; — Se = T1 — 15,
then we have that

Trw(Tl) =+ Trw(SQ) = Trw(Tl 4+ SQ) = Trw(Tg —+ Sl) = Trw(Tg) =+ Trw(Sl).
Therefore, it follows that
Tr:W(Tl) - Tr.W(Tg) = Trw(Sl) - Tr.W(Sg).

Next, observe that for each T € [,1’+(H), there exist unique self-adjoint compact operators T3, Ty €
LY (H) such that T = T3 + iTs. We then set

Trop(T) := Tro(T3) + iTre(Ty).

Definition A.3.11. Let H denote a complex Hilbert space and let I denote an ideal of B(H).
Then, a singular trace on I is a bounded linear functional 7 with domain I such that the following
hold.

1. 7 vanishes on operators with finite dimensional range.

2. If T\, Ty € I are such that limy_,oc 0%(T1) /0K (T2) = 1, then T(T1) = T(1%).

3. If T1,T» € I have the property that o, (T1) < ox(T2) for all but a finite number of k € N,
then 7(Th) < T(12).

4. For T1,T> € I, we have that T(ThT2) = T(12T1).

Theorem A.3.12. For each limiting procedure W, we have that the Dixmier trace Trqy is a singular
trace on LY (H).

ProOF. By Lemma A.3.9 and its extension to £"*(H) it follows that Try is a linear positive
functional on £Y"(H). Further, Try vanishes on operators with finite dimensional range. If
T1,T> € LYY (H) are such that limg_, o 0k (T1)/0k(T2) = 1, then for each ¢ > 0 there exists
N € N such that, for all £ > N, we have that

an:l om(T2) anzl om(T1) Zl]\;l o1(Tz)
(=)= S Tam (k)

S o) _ (T S on(Th)
In(k) = In(k) In(k) '

+(1+e€)

Hence it follows that
Tro(Th) = Tro(T3).

Further, it immediately follows from Lemma A.3.5 that Trqy(T172) = Tre(72T1), for all positive
T1,T> € LY (H). Thus by linearity of the Dixmier trace, we have that condition 4 of Definition
A.3.11 holds. Finally, if for all but a finite number of k € N, 04(T1) < ox(T2), by the behaviour of
the logarithm, we have that Trey(71) < Trop(T2). |
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A.4 Representations of C'*-Algebras
The aim of this section is to prove the following result.

Theorem. Let A, B denote two unital C*-algebras and let w: A — B denote a x-homomorphism.
Then the following hold.

1. The x-homomorphism 7 is a non-negative map.

2. For each a € A, we have that ||7(a)| < |la].
Moreover, the following statements are equivalent.

1. The x-homomorphism 7 is faithful.

2. The x-homomorphism m is an isometry.

3. The x-homomorphism m is a positive map.

The material in this section is largely based on the material contained in Chapter 2 of [BR].
However, other sources where the results can be found are [Rud, RS].

Definition A.4.1. Let A denote a unital C*-algebra. Then, for each a € A we define the following.
1. The spectrum of a, denoted by o(a), is defined to be the set
{z € C : a — zI does not have an inverse in A}.
(Here I denotes the unit of A.)

2. The spectral radius p(a) of a € A is defined by
p(a) := sup{|A\| : A€ o(a)}.

Definition A.4.2. Let A denote a unital C*-algebra. Then an element a € A is called normal if

and only if aa™ = a*a.

Recall that an element a of a unital C*-algebra A is said to be non-negative, written a > 0, if
and only if there exists b € A such that a = b*b. Equivalently, a is said to be non-negative if and
only if a is self-adjoint and its spectrum o(a) is a subset of [0,00) (see Theorem 2.2.12 of [BR]).
Further, recall that an element a € A is said to be positive, written a > 0, if and only if a # 0 and
a > 0. We also define the relations < and < between positive elements a,b € Abya <bifb—a >0
and a <bifb—a>0.

Lemma A.4.3. Let A denote a unital C*-algebra. Then
pla) = lim fla" ", (A7)
n—oo

Moreover, if a is normal, then the spectral radius of a is equal to ||al|. In particular, for an arbitrary

a € A, we have that
1/2 1/2

lall = lla*all™* = p(a”a)
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PROOF. The equality given in Equation (A.7) is known as the spectral radius formula, and, in fact,
holds for all Banach algebras. There are several texts which give detailed proofs of this result, see
for instance Proposition 2.2.2 of [BR].

If a denotes a normal element of A, then, for each £ € N, we have that

2k 12 2k ok 2k 2k—1 2 2k gk+1
[a® " =l(a")" a” || = (a"a)” || = [I(a’a)” |7 = ... = |laa]” = [af” .

Therefore, by the spectral radius formula we have that

k —k
pla) = Jim o |*" =
— 00

In the following Lemma we use the following notation, for A a subset of C, we set
A= {ze€C:zecA}

Lemma A.4.4. Let A denote a unital C*-algebra. Then we have the following.
1. For each a € A, we have that o(a*) = o(a).
2. For each a such that a is invertible, we have that o (a™") = (c(a))™".

3. If a € A is unitary, then o(a) C{A € C : |\ =1}.

PROOF. Let I denote the unit of A. For each z € C, we have a* — zI = (a — zI)*. Therefore, it
follows that

Finally, if @ is unitary, then by Lemma A.4.3 we have that o(a) C {z € C : |z| < 1}. Further, we
have that

o(a) = o(a) = o(a ) = ola) |

This then completes the proof. |

Lemma A.4.5. Let A denote a C*-algebra and let a € A denote a self-adjoint element. Then we
have that
a(a) S [=llall;[lall].

Moreover, we have that
2 2
a(a”) € [0, [lal"].

PRrROOF. Observe that every self-adjoint element is normal. Therefore, by Lemma A.4.3, for each
self-adjoint a € A, we have that p(a) = ||a||. Hence, it follows that

o(a) € {z2€C: [z <|al}.

Thus, if z € C with [27| > ||a||, we have that I + i|A\|a has an inverse in A. Let U € A denote the
unitary element given by U := (I +14|A|a)(I —i|A\|a) ™" and, for each ¢ € C with Sm(£) # 0, observe
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that
1 —4[Al€

1+ A€
Hence, by Lemma A.4.3, for each £ € C with Sm(§) # 0, the element

¢ {zeC: |z| =1}

_ 1A
T+iME

has an inverse in A. Next, observe that

L—iME _ 2iAl(a+€D)(1 - i|\a)~! _

IEEE 14 i|A€

Therefore a — £I has an inverse in A, for all £ € C with Sm(§) # 0. This then implies that

o(a) € {zeC: |z[ <|lall} R = [=|lal, [[a]].

Finally, since a is self-adjoint, it follows that a? = a*a. This implies that a® > 0, and so, we have
that

o(a) C {z€C: |z[ <|all} "R C [0, ]|al].

Lemma A.4.6. Let A denote a unital C*-algebra and let a,b € A. Ifa > b > 0, then |la|| = |||
and alla|| > a®.

ProOOF. Recall that we let I denote the unit of A. By Lemma A.4.3 we have a < ||a||I. Hence, it
follows that 0 < b < ||a||I, and so, 0 < ||a|]|l — b. This implies that the spectrum of |||l — b is a
subset of [0,00). Hence, for all z € o(b) we have that |la|]] — z > 0. Therefore, by Lemma A.4.3,
since a, b are positive they are self-adjoint, and so, it follows that [|a]| = p(b) = ||b]|.

Let us now show that al|al| > a®. By Lemma A.4.5 we have that

(6-29) <)

2 2
0 < (a—MH) < lal”

This then implies that a® < ||a/a. |

Hence, it follows that

Theorem A.4.7. Let A, B denote two unital C*-algebras and let @ : A — B denote a *-
homomorphism. Then we have the following.

1. The x-homomorphism m is a non-negative map.
2. For each a € A, we have that ||7(a)| < |la].

PRrOOF. Part 1 is immediate, since if a is a positive element of A, then there exists a b € A such
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that a = b*b. Therefore, since 7 is a *-homomorphism, we have that
m(a) = w(b"b) = w(b")w(b) = (m(b)) m(b) = 0.

Let us now prove the second part of the theorem. Note that if ||a]| = 0 then the result follows
trivially. Therefore, we assume that ||a|| > 0. By Lemma A.4.6 we have that

0 < (a*a)® < a*alla”al.
Hence, by part 1 it follows that
0 < 7(a*a)® < w(a*a)||a”al.
Then, by Lemma A.4.3 and Lemma A.4.6, we have that

Ix@)I* = lIr(@a)|* = |x(a"a)®|l < [ln(a’a)|lla*al = |lx(a)l|*|all*.

Theorem A.4.8. Let A, B denote two unital C*-algebras and let 1 : A — B denote a *-
homomorphism. Then the following are equivalent.

1. The x-homomorphism m is faithful.
2. The x-homomorphism m is an isometry.
8. The x-homomorphism m is a positive map.

PROOF. Assume that 7 is faithful, then there exists a *-homomorphism 77! : 7(A4) — A such that
77 (m(a)) = a, for each a € A. Then by Theorem A.4.7 and since m(A) is a complete sub--algebra
of B, for all a € A, we have that

lall = ll=~ (@)l < lI7(@)] < [l

Hence, 7 is an isometry.

Assume that 7 is an isometry and let a € A denote a positive element. Then ||7(a)| = ||a|| > 0,
and so, m(a) # 0. Since by Theorem A.4.7 we have that 7 is non-negative, we conclude that
m(a) > 0.

Finally, we show that 3 implies 1. In order to do so we use a contra-positive argument. Assume
that 7 is a positive map which is not faithful. Then, there exists a non-zero element a € ker(n).
Since 7 is a *-homomorphism it follows that m(a*a) = 0. However, since a is non-zero we have that
|la*al| > 0, which implies that a*a > 0. This provides a contradiction to the assumption that 7 is
positive. |
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