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NONLINEAR PLASMA WAVES AND THEIR APPLICATIONS

Abstract

The possibility of beat wave current drive in tokamaks is considered in this 

thesis in steady state 2D geometry. The problem is considered by including in 

the analysis the 2D toroidal inhomogeneity effect and the effect of finite 

spatial width of the pump microwave pulses on the beat wave excitation. Both 

a Langmuir beat wave as well as an obliquely propagating upper-hybrid 

cyclotron beat wave are considered in this study. The three wave coupled |

system of equations in a magnetized plasma has been derived and solved 

numerically for this purpose. It has been found that Langmuir type beat wave 

excited by two almost antiparallel pump microwaves is more efficient for 

action transfer than a cyclotron beat wave. It has also been found that for the 

same input parameters, right hand polarized pumps are more efficient than 

left hand polarized pump microwaves for depositing power in the beat wave.

The second part of the thesis considers the relativistic excitation mechanism 

of a large amplitude plasma wake field by a single ultra-short laser pulse.

This type of large amplitude wake field has been proposed for particle 

acceleration to very high energies for future generation of accelerators. The 

problem has been modelled self consistently in ID geometry and the relevant



coupled system of equations have been solved numerically. It has been found 

that the shape of the laser pulse profile and the ratio of the ambient plasma 

frequency to the incident laser frequency play an important role for the 

excitation of the wake-field and the stability of the laser pulse profile.
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chapter 1

INTRODUCTION

The Tokamak

The tokamak, a toroidal machine has emerged today as an exciting prospect 

to controlling nuclear fusion for the purpose of electrical power 

generation. To confine the charged constituents of the fusile fuel it has been 

recognized that two types of magnetic field are necessary, the toroidal field 

and the poloidal field. The effects of these two fields is to twist the magnetic 

lines of force while they are being bent into the toroidal shape. The toroidal 

field encircling the torus hole and the poloidal field encircling the centre of 

the minor cross section of the torus (Fig. 1.1). In a tokamak, the toroidal 

field component is large compared to the poloidal field component.

Trtnsformar Com

Winding

Toroidal FiaW CoMs

Poloidal
MagnatK

.Toroidal 
Raaultant Magnetic Field 
Helical 
Field

Figure 1.1: Schematic diagram of a tokamak.
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Current Drive in Tokamaks

The toroidal magnetic field can easily be produced by poloidal electric 

currents flowing in coils outside the plasma that encircle the minor cross
I

section and thread the torus hole. The poloidal magnetic field is more 

difficult to produce. It may be produced by a toroidal current, but this 

current must flow inside the plasma. The natural way to produce this 

current is by inducing a constant toroidal electric field inside the plasma.

The toroidal electric field is induced by treating the plasma as a secondary 

in a transformer circuit. Placed outside the plasma is a primary coil whose 

axis threads the hole of the plasma torus. So, in the present form the 

tokamak is a pulsed reactor due to the inductive mechanism used for |

driving the plasma current. It has severe engineering problems associated 

with thermal cycling of the walls and the pulsing of the poloidal magnetic |

circuit. There is a considerable technological advantage in building a 

tokamak that could operate in a continuous rather than pulsed mode. The 

desirability of maintaining a steady current has long been recognized, and 

various methods have been proposed for doing this (Fisch, 1987).
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Method 1 ( Neutral Beam Current Drive )

Ohkawa (1970) suggested that neutral beam injection could be used for 

driving steady currents. The neutral injection methods produce a beam 

current of fast charged particles circulating around the torus. The slowing 

down of these fast ions by collisions with the plasma electrons causes the 

electron to drift toroidally, producing a plasma current. This electron 

current is in the reverse direction to the ion current and so tends to reduce 

the net current. The degree of cancellation depends on the effective ion

charge Z^ff and the number of trapped electrons. Currents driven by the

neutral beams were first observed by Start et al (1978) on Culham 

Levitron. The first measurement of a beam driven current in a tokamak 

was made by Clark et al (1980) in experiments on the Culham DITE 

tokamak. In these experiments, about half of the toroidal current (total 

toroidal current was 250 kA) appears to be beam driven.

Method 2 ( Alfven Wave Current Drive )

Wort (1971) proposed the use of travelling Alfven waves to impart 

momentum to resonant electrons. The idea is to impart momentum with as 

little as possible energy expenditure to the resonant electrons and hence, by |
'3
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collisions, to produce a drift of the electron fluid. A current drive effect 

using the fast Alfven wave has been reported by Goree et al (1985) and by 

McWilliams and Platt (1985). In a toroidal device, Osovets and Popov 

(1972,1976) detected currents as large as 3 kA in the presence of a toroidal 

magnetic field with compressional Alfven waves.

Method 3 ( Lower Hybrid Current Drive )

Fisch (1978) suggested that lower hybrid waves could be used to drive 

toroidal current in a tokamak. High energy electrons are preferentially 

driven one way by Landau damping. A series of experiments (Bemabei et 

al, 1982; Hooke et al, 1983) on the PLT tokamak in Princeton have been 

done to drive current using lower hybrid waves. In a very encouraging 

experiment reported by Jobes et al (1984), both the plasma and the current 

were initiated without the aid of the Ohmic transformer coils. A current of 

over 100 kA was generated by the lower hybrid waves alone. But aU these 

PLT experiments were carried out with relatively low density (n<10^^ 

cm“̂ ) plasmas. Higher density experiments, more relevant to the reactor 

regime, were performed on the Alcator C tokamak at MIT, and in |

particular, the theoretical efficiency scaling was confirmed by Porkolab et
A
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al (1984). The high density operation of the current drive experiments on |

the Alcator C tokamak was possible because of the relatively high 

frequency (4.6 GHz), the high magnetic field (1 IT), and the relatively high 

power (1.1 MW) employed. In general, it has been observed that efficient

current drive is obtained only when cû/cûljj >2, where cOljj is the lower I

hybrid frequency and co is the wave frequency. A systematic experimental 

study of this observation (Mayberry et al, 1985) suggests that there is no

absolute density limit for the current drive effect when co/colh > but that

when co/(Olf[<2, there is a density limit and the lower hybrid wave power 

tends to be deposited in ions rather than in electrons.

The common feature of the three methods outline above is that

- to drive current one species of charged particle must be given a

net velocity relative to the other, I
!

- any wave (or beam) with net momentum can, in principle generate i  

a current by transferring its momentum via the appropriate 

damping mechanisms to the charged particles,

- desirable to minimize power dissipation, better to drive electrons 

(momentum dissipation rate is the same for electrons and ions but

a



The first principle is exemplified by each of the two early suggestions, 

neutral beams and Alfven waves. Neutral beams enter the plasma, ionize, 

and then collide primarily with the electrons, resulting in a drift of 

electrons relative to ions. Alfven waves similarly push the electrons. 

Exemplifying the second principle, in both cases, is the fact that thermal 

electrons are pushed. In the case of neutral beams, this occurs because, 

while all electrons contribute to slowing down the beams, most electrons 

are thermal. In the case of Alfven waves, this occurs because the wave phase 

velocity is picked so that only slow electrons are pushed by the wave. For

chapter 1

ratio of cur rent/momentum is greater for electrons by ratio mj/mg),

- an asymmetry must be introduced into the toroidal geometry so 

that one toroidal direction is favoured over the other.

The first two methods were both motivated by the two principles that 

guided early current drive research.

a) An external source that deposits toroidal momentum into 

electrons is necessary for current generation. î

b) It is most efdcient to push slow electrons.

,1
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wave-particle interaction, momentum and energy can be exchanged 

between waves and particles obeying a resonance condition: either the 

so-called Landau resonance

0)-k*v=0, (1.1)

or in the case of a strong magnetic field, the cyclotron resonance

m-k|jy^-nQ^ = 0 , (1.2)

—y
where (o and k are the wave frequency and wave number, Qg is the particle

cyclotron frequency,^is the particle velocity, and n is an integer. Vector 

quantities may be decomposed into projections parallel and perpendicular 

to the magnetic field, thus

\ = y2  + v , , (1.3)W z 1

where % is the unit vector in the parallel direction. The problem, of course,

is to generate current in the parallel, which is roughly the toroidal 

direction. The sense of the wave-particle interaction is dictated by the sense 

of a diffusion process: particles near equilibrium generally occupy 

lower-energy states rather than high-energy states; hence it is the wave that
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transfers its energy (a positive quantity) and momentum to the resonant 

particles. In the case of Alfven waves, the Landau resonance condition 

E q.(l.l) pertains, and the wave frequency and wave number are picked so

that V is subthermal, i, e., v<v^  ̂ , where is the electron thermal velocity,

while the perpendicular velocity of resonant electrons is, on average,

Vî »Vth- The first early principle is merely an intuition; the second principle

rests on the notion that it is easier to push a slow electron than a fast electron 

(slow and fast refer here to motion in the direction parallel to the push).

Now we shall see why it is favourable to accelerate a slower, rather than a 

faster, electron. Let us suppose an electron with mass m and charge q 

(q s -1 ) , in interacting with a wave or other source of momentum, is 

accelerated from velocity

% = (1.4)

to velocity

v +Av^e .̂ (1.5)

8
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The parallel momentum absorbed by this electron is 

Ap=m^AVj;

the incremental current carried by this electron is

Aj = q AVj ;

and the incremental increase in the electron kinetic energy is

Ae = A
I 2 ;

= mAAv

(l.Q

(1.7)

(1.8)

The ratio

Ae

^  A  ^qAv„
q  1

(1.9)

of the incremental current to absorbed energy is inversely proportional to

the velocity projection v;| indicates that it is energetically favourable to

accelerate a slower, rather than faster, electron. Thus, Ohkawa’s neutral 

beams push thermal electrons, and Wort's Alfven waves are designed to

push low-v|| electrons.

9
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Although it may be easier to push slow-electrons, it may actually be more 

effective to push fast electrons. In practice, this would be done by injecting 

waves with faster parallel phase velocities to deposit momentum in faster 

resonant electrons. The Coulomb collision cross-section becomes smaller 

with increasing relative speed between the colliding particles. Thus fast,

superthermal v>Vtj ,̂ electrons collide less often than slower, thermal

electrons, since the average relative speed between superthermal electrons 

and most other electrons and ions is far greater than the relative speed 

between thermal electrons and most other electrons and ions. In fact, the

ratio of these speeds is roughly v/v̂ h» where v is the superthermal electron

velocity.

Although it may be energetically expensive to accelerate fast electrons in 

the first place, this energy deposition need occur less often. Current lasts 

longer when carried by relatively less coUisional electrons, so the power 

requirements to sustain a given current against collisions can be small. To 

see this, let us assume that the velocity v of an electron is randomized by 

collisions in a momentum destruction time of l/v(v). An incremental 

energy input Ae then produces an incremental current Aj that persist for

10
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time lA(v). From Eq.(1.9), we have the relationship

Aj =
^qAe ^

(1.10)

The power requirement to refresh this current at time interval of l/v(v) is

P =v Ae. (1.11)

Combining Eqs.(LIO) and (1.11) and adapting the notation J=Aj (the only 

current is the driven current), we have the steady state efficiency

(
JL= 
P. V

(1.12)

We see from this equation (1.12) that the efficiency (or current per power 

dissipated) is maximized when VjjV(v) is minimized. There are two 

important limits:

(1) for V|| 0, but vx* V(h,

we have v(v) => constant ; (1.13)

1 1

I

I
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(2) forV ||»vfl,, 

however, we have

v(v) ~ (1.14)

The first lim it, which characterizes the case of Alfven waves, results in a 

high efficiency, since

j (1.15)

and V|| is small. The second limit, which characterizes the case waves with 

high parallel phase velocity, also results in a high efficiency, since

with V|j large. The second case, identified by Fisch (1978), argues for the

utilization of the so called lower-hybrid wave, which can be excited in a 

plasma with high parallel phase velocity. Although, in principle, high 

current drive efficiency can be realized in either of these limits, the low

12 3
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phase velocity approach suffers from a serious drawback. In tokamaks, it is

just the low Vjj, average v_]_ electrons that are trapped in magnetic weUs and

prevented from flowing freely along the field lines. As pointed out by 

Bickerton (1972), these electrons cannot carry current as required for 

Alfven wave current drive. This objection is both fundamental and serious. 

Luckily, the problem of trapped electrons does not touch on the opposite 

high efficiency limit, i. e., that of lower hybrid waves. Electrons with high

V|| and average vĵ  would be just those electrons that are not trapped. The

most intense effort in current drive research has in fact, been directed at 

this limit, and lower hybrid current drive experiments have now been 

performed at major tokamaks all over the world. However, current drive 

by lower hybrid waves has been achieved in relatively low density tokamak 

discharges with slide-away electrons. When the plasma density increases, 

the current drive efficiency drops abruptly. This is called density limit and 

may be due to the slide-away electrons not being able to couple to the wave, 

the power flow to ions and so on. The physical mechanism responsible for 

the density limit has yet to be explained.

1 3
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Method 4 ( Electron Cyclotron Current Drive )

A basically different method was proposed by Fisch and Boozer (1980), in 

which no net toroidal momentum is injected. Instead, the coUisionality of 

the plasma is altered so that, for example, electrons moving to the left 

collide more frequently with the ions than do electrons moving to the right. 

There is then a net current with ions moving to the left and electrons 

moving to the right. A feature of this scheme is that collisions are an 

integral part and without them there would be no current, whereas in the 

earlier methods, collisions between electrons and ions will reduce the 

current. The means of achieving this coUisionality of the plasma is to 

preferentially heat electrons travelling to the right, for example, so that, 

being hotter, they collide less. An electron cyclotron wave can do this. It is 

suggested that, despite their low parallel momentum content, electron 

cyclotron waves can drive currents with a similar efficiency to other 

methods, this efficiency being measured in terms of the total current driven 

per unit power dissipated in the plasma. Fisch and Boozer argued as 

follows: imagine a wave capable of pushing particles in velocity space. 

Consider the displacement of a small number, Ôn, of electrons from region 

1 to region 2. The energy required is

14



Ae = (e^-e^)6n,
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(1.17)

where E[ is the kinetic energy associated with region i. Now, since electrons

in different regions of velocity space scatter at different rates, the 

z-directed current density generated is given by

Kt)= e 8n [v^j eq)(-v^t)- expC-v t̂ ) ] , (1.18)

where V[ is the scattering rate associated with region i. The time average of 

j(t) over an interval At long compared to v f  ̂  is

At
J= At J 

0
j(t)dt_ c6n 

At
"zl

(1.19)

Substituting for ôn from Eq.(1.19) and identifying Ae /At as the dissipated 

power, Eq.(1.17) gives

ẑ2 ẑl
^2 1̂

(1.20)

In the limit as v% => V2

1 5



A

J - = i  <
eS.Vy

z
Iv J >

fd  1

chapter 1 

(L2D

where ^ is a unit vector in the direction in velocity space in which the 

radio-frequency field is increasing the electrons’ velocity. This expression 

now enables an important conclusion to be drawn. Assuming only that v

ocl/v^, where v is the velocity of the resonant electrons, the form of J

can be easily obtained. For lower hybrid waves, slley and the Fisch-Boozer 

expression yields

i + 3v„
1/2

(L29

Now the most effective current drive is obtained with superthermal

electrons for which V||»vj^. The above result then shows that the term

arising from energy input is three times greater than the term due to 

momentum input. This remarkable result suggests that even waves which 

carry very little momentum, e. g., electron cyclotron waves, are capable of 

driving currents with comparable efficiency to lower hybrid waves. Start et 

al (1982) first observed the electron cyclotron wave current drive effect on

1

Ï

■Î
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chapter 1 |

the Culham Levitron device. They observed the current to depend linearly 

on injected power, and inversely with density, as would be predicted by 

theory. In addition, the current per power dissipated was observed to ^

depend linearly on electron temperature. The net plasma current generated |

had an efficiency of about 30 mA/W. It should be remarked, however, that 

the plasma parameters attained here are very far from what is required for 

practical reactor.

Method 5 ( Beat Wave Current Drive )

Another interesting current drive scheme, one that relies on nonlinear wave 

interactions such as are possible only with free-electron lasers 

(Orzechowski et al, 1986), was first suggested by Cohen (1984) and Galvao 

et al (1984). This beat wave scheme would launch two intense pulsed 

sources into the plasma and produce a beat wave. This beat wave is a 

longitudinal plasma wave, e. g., a Langmuir wave propagating along the 

toroidal magnetic field or an obliquely propagating upper-hybrid wave. 

The resonant electrons will damp the generated plasma beat waves as they 

propagate around the torus and absorb wave momentum, and thus drive a 

current. Momentum deposition into plasma beat waves by the pump

17
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electromagnetic waves and from the plasma beat waves into the electrons 

continues until a balance is established with momentum loss process, like 

scattering of electrons by ions and neutrals, or until nonlinear effects on the 

plasma beat wave terminate the beat wave scattering process.

The dissipation of the electron plasma oscillation introduces irreversibility 

into the three wave interaction process, and is the mechanism for the 

eventual thermalization of part of the energy provided by the 

electromagnetic waves. The dissipation may be due to coUisional, Landau 

damping, cyclotron damping, convective loss, or nonlinear mode coupling 

processes.

Figure 1.2: Schematic diagram of beat wave current drive.

18
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one realization of this new idea of current generation by a Langmuir type 

beat wave, shown in Fig. 1.2 is being examined in detail for the MTX at 

Livermore (Thomassen, 1988). The second source differs in frequency 

from the first by the plasma frequency, and its intensity is perhaps as low as 

a few percent of the first source. This scheme is an example of a resonant 

three-wave interaction with frequency and wavenumber matching 

conditions:

= (1.23)

= , (1.24)

'—̂ ^
where ((Oi,ki) and (0)2,k2) are the pump microwaves and (o)g,kg) is the

excited beat wave. To understand the physics of the problem, we consider

the action flux density of the transverse waves, which is defined (Cohen et

al, 1988) in natural units as

2
(1.2@

—
where Vj is the electron quiver velocity in the wave field (cOĵ Jcj) and c is the |

speed of light. In terms of action flux density Ĵ , the energy and momentum

19
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flux densities are defined respectively as JjCô and Let us consider AJ

to be the action flux density transferred from the higher frequency pump

(co i,k i) to the lower frequency pump (a>2,K2) due to the beat wave

scattering process. Multiplying Eqs.(1.23) and (1.24) from the left by AJ 

and rearranging the terms, we get

(a j ] û) j = (â j ](02+(a j ](B2, (1.2Q

(Aj]kj = (Aj]k2+(Aj]i^, (1.27)

—>- —̂
From these equations we see that the energy loss (AJ)coi of pump (coi,ki)

is partitioned, with (AJ)C02 going to pump (a>2 ,k2) and (AJ)mg being

deposited in the excited beat wave. Similarly, the momentum loss (AJ)ki of 

the higher frequency pump is partitioned and the corresponding
V’

momentum flux density deposited in the beat wave is (AJ)kg. This energy

 ̂  ̂ ^
(AJ)o)g and momentum (AJ)kg of the excited beat wave is available for

accelerating electrons and thus driving current. We notice from Eq.(1.27)

that for antiparallel pump propagation (where kg is largest), the

20
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However, there are a number of requirements to be met for the 

achievement of high efficiency in beat wave current drive.

(i) The difference frequency of the two pump microwave beams must 

match the electron plasma frequency where the current is to be excited.

21
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momentum flux deposited in the beat wave is the largest compared to the 

other configurations of pump propagation. Beat wave current drive in a 

tokamak offers some advantages over other radio-frequency (RF) current 

drive methods.

(i) The high frequency pump microwaves can easily propagate any region 

of a tokamak plasma, which provides excellent possibilities to localize the 

generation region and to control the current profile.

(ii) An intense beat wave with a large phase velocity is able to generate very 

energetic, nearly coUisionless electrons.

(iii) Since the beat wave current drive does not suffer from density 

limitations due to pump wave propagation, the method is also suitable for 

high density tokamaks.

i

I
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(ii) The difference wave number must have a substantial component along 

the toroidal magnetic field line.

(iii) The beat wave phase velocity must not fall too far out on the tail of the I 

electron distribution function so that there are insufficient electrons to

damp the plasma beat wave and carry all the current.

(iv) The two pump transverse waves should be similarly polarized.

(v) Finally, the product of the two microwave beam powers must exceed a I 

threshold condition in order to deposit much momentum in the plasma.

The research on beat wave current drive has not advanced much. It is now 

at a preliminary stage only. No experiment on beat wave current drive has 

yet been performed. So far, Cohen (1984) and Cohen et al (1988) have 

studied the possibility of beat wave current drive in tokamak plasmas. They
I

considered parallel and antiparallel pump wave propagation in their |

analytic as well as numerical studies. They found quite strong coupling of

the beat wave momentum to the electron distribution for 1.5<Vp} /̂v(^^<7.5

for both the parallel and antiparallel cases in Microwave Tokamak |

Experiment (MTX) and Engineering Test Reactor (ETR) plasmas (where

Vpji is the phase velocity of the beat wave and v̂ h is the thermal velocity of

22
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the electrons). Recently, Heikkinen et al (1988) also investigated the basic 

properties of a beat wave current drive scheme in which parallel pump <

wave propagation was considered. Both of the earlier considerations of beat 

wave current drive are restricted to ID geometry. To model a realistic 

experiment on beat wave current drive, however, we must take into account 

the actual toroidal geometry of the tokamak and the finite spatial extent of i

the pump microwave pulses.

The purpose of the first part of the present thesis is to study the possibility 

of beat wave current drive by including in our analysis the 2D toroidal 

inhomogeneity effect and the effect of finite spatial width of the pump 

microwave pulses on beat wave excitation for current drive application.

The toroidal inhomogeneity effect on the beat wave excitation comes 

through the wavevector mismatch in the exponential factors in the coupled j

mode equations of beat wave plasma interaction, which is described in 

chapter 2.

The plan of the first part of the thesis is as follows. First of all, the beat 

wave coupling formalism and the derivation of the coupled mode equations

23
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associated with current drive in tokamaks is described in Chapter 2. The 

expression for beat wave current drive efficiency for a Langmuir type beat 

wave has been derived in Chapter 3, where a simple fluid theory is |

employed in the same line of view of Cohen et al (1988). Chapter 4 

describes the numerical solutions of the coupled mode equations for a 

Langmuir beat mode whereas Chapter 5 describes the numerical solutions 

for a cyclotron type beat mode. Finally, a general discussion has been given 

in Chapter 6.

1
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chapter 2

MODEL EQUATIONS FOR BEAT WAVE CURRENT DRIVE

Derivation of the Coupled Mode Equations

For the derivation of the coupled mode equations of beat wave plasma 

interaction we employ fluid theory with Maxwell's equations and assume 

the effects of a weak spatial inhomogeneity on the 2D geometry. The wave 

modes we consider are high frequency waves. In this case we assume that 

the plasma ions are immobile.

Maxwell's Equations:

V x E = - i ^ ,  Ç2.1)

J= -en v , (2.3)

where E and B are the electric and magnetic field vectors, respectively, J is 

the electron current density, n is the electron plasma density, 7  is the 

electron fluid velocity, e is the absolute value of the electron charge and c is 

the speed of light.
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Poisson's Equation: 

V«E=-47ien. (2.4)

Momentum Balance Equation:

at+ V • V v=-e (2.5)

where P is the plasma pressure and nig is the electron mass. It can be shown

that for the electromagnetic pump fields (o)i,k%) and ((02,k2), the electron 

quiver velocities are given by

v.=
J

i . e .

where j= l,2  for the electromagnetic pump waves. The dyadics Kj are 

related to the mobility tensor Mj by the relation

K.=
J

M , (2.7)

where Og=eBQ/mgC is the electron cyclotron frequency, Bq is the toroidal
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magnetic field. The current densities oscillating at and (Cû2,k2) are

given respectively by

1̂ = - ® V i4 " Ÿ 2 ’

and

where ng is the equilibrium electron density. and ng is the density

—V
fluctuation at (mg,kg) due to the nonlinear interaction of the two pump 

waves with the plasma. The current density Jg due to this density 

fluctuation ng is given by

lj = -ei]^v ,̂ (210)

where vg is the electron quiver velocity in the excited beat mode. Using 

Maxwell's equations, it can be shown that

A 4

( -  ^V E J = 2I JJ I c  j

aj.

¥ •
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Now substituting the expression for and J2 from Eqs.(2.8) and (2.9) into 

Eq.(2.11) and using Poisson's equation

v47te J S ' (212)

we obtain

V-Ej 1 +
y

Ki-Ej

-ek3 ^

2m̂ c? ¥ 3 (213)

and

+v
^  d t  ^

V-E.
c? J

s - s

2m c?co,
V ® V

K
1 at (214
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We assume the rapidly varying part of the wave fields is of the form:

-e;q)|^ijk «dk-icot 

and therefore

(219

a 0.16$

V sik . (2.16b)

Eqs (2.13) and (2.14) then take the following form:

Di.Ei =
idc«(o3 1

(217)

D .̂E^
-̂iek,®  ̂1

4 ^ ,
Kj.Ei (218)

where

D.=
J

c V -(o f  î - c ^ ï .  + <Dp.
. 1 J 7 J J P J

a m

29



From the momentum balance equation (2.5):

chapter 2

^3
at

( e ^ ' -e )
me v^xB^ = m E_- th

I G j 3 0 I ej 3 l"o J
v,^+ k

*"e’
(22CD

from which it can be shown that

3̂

(
iK,3

V V
(221)

where Kg is related to the mobility tensor Mg by the relation similar to

Eq.(2.7), vg is the electron quiver velocity in the excited beat mode and 

~v
fNL is the component of the ponderomotive force oscillating at

(cûg=Cûi"C02, kg=ki-k2) due to the pump electromagnetic wave fields. The 

—̂
expression for f j ^  is given ( see Appendix A ) by

' - a x '

NL 2m m m V G 1 2 / ^1-

\ i h

A—* -* \
X - i

'2 \ ’

(222)
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where we have written the electric field vectors of the pump 

electromagnetic waves in terms of their unit polarization vectors ̂  as

(22%

where e^, Cy and e  ̂ are the unit vectors along the x, y and z axes

respectively and cy and (3j ( j= l, 2 ) are given by J

a,
J

\

0)7
V J

(0?-  ̂ - 0)p0)^ -c ^
y

Pj =

/  2 2 ^ 
cTc.cos8.sm8.

J J J
(0? - co^-(?li?sm .̂

J P J J J

(224)

(225)

I*
I

J

■I

1 + ccf cc.+ p. p. 
J J J J

- 1/2
(22Q

We assume the excited beat mode is an electrostatic wave:

(227) I

where
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(22%

From Maxwell's equations and Eqs.(23) and (2.21), we get

v"'e V
(229)

where

D =-cOjI + K ,. (230)

The three coupled mode equations ( Eqs(2.17), (2.18), (2.29) ) by using the 

expression for fj^L ^  Eq.(2.29) can be written as follows:

Di-Ei = K ..B , (231)

-iehto.
K . K E (23%

^3-^3

9 ^
- ' % o | k - L 1

j
3 C j (233)
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 ̂ g* i*''
v i v k ^ i k

s - ^
(k , . Î ) . v K-i'•e.. (234)

(23%

Writing the electric field amplitudes as

E(x, t)=a.(x, t)expfiJk*dx-i(ot ,
J J \ J >

(j= l,2 ,3 )
-v-

where aj(x,t) are the slowly varying parts of the amplitudes Ej(x,t). Now

splitting the dispersion tensors Dj into Hermitian and anti-Hermitian 

components as:

=; rjH =: A 
D. = D. +D. , 

J J J
(23%

then slow modulations of each complex wave amplitude satisfy
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(-M
D. •E.= D. +iD. •Ë.H s

j J U  J J J IJ  ^
<û.+i-^,k-iV 

J dt J
- A

+ iD.
J

E.
J

=  1

^  -M  ^ 

dû).
V J J

f + r .+ u .- v
dt j J a (237)

where Fj are the linear damping coefficients of the wave modes and uj are 

their respective group velocities. The expressions for Fj and are given by

/  . \

F.=
J

and

e. »D. «e.
J J J

e.
3D.

J •e.
j 3û). j

V ' y

u = 
J

e.
3D.

J •e.
J 3k. J

J

e. -e.
J 3o)j J ^

(238)

(239)
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chapter 2

Eq(2.31): 

3D, A

V 1 y

exp Jkj .dT-ioOjl

m^+ cojjt (240)

Eq(2.32'):

p - %3m. 2 
\  ^ J

(ij:expiM

2m,mj ^ I'^l aj£^e)ç I i -1̂3 J -dx- i l'" r  "3 Jt j , (241)0),
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Eq(2.33):

3co-
ecp|̂ iJks-dT-irngt

3 J

- iek.(0 „ /—* \
3 pO K - L

3 Cj a^^expUjfe-k2 2it . (242)

Taking dot product of Eqs.(2.40), (2.41) and (2.42) from the left by ej*,

62* and eg*, respectively, we obtain finally, the following coupled mode 

equations:

9t ^ 1  V  ̂  J aj = - Cj â aj e ) ? N x  )), (243)

& + ^ 2 +%'^ja2=C^a^^exp(-iY(x)j, (244

â  = Cj BiŜ  exp (-i'F( X ) ]. (245)
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The coupling coefficients C2 and C3 are given by

CO

(0 ,

. ^ • " 1 ,

^ 5  i  '
1̂ 2~̂ 2

Î» 1 i

V ' y

V 2 3(0 2
/

s =

r 2 ^
-^ " p o

/

V y

(24Q

(247)

(248)

where fg  is given by Eq.(2.34) and

^ ( x ) = - j(^ l‘^ '^ ] - d x = - |Â k .S = i ( * ' ’‘R ]-g {* ‘\ ] ,  (249)

where the spatial variation of the wave vector mismatch has been well
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There is another point, since we have used cold plasma theory to derive the

coupled mode equations, the anti-Hermitian part of tensor Dj is zero. But in

reality, this is not the case. So we have artificially included the damping

38
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approximated (Reiman, 1979) by the first order term in its Taylor |

expansion about the exact resonance point XR=(z,x)=(0,xp^). The wave I

vector mismatch tensor is given by

g=-v(Ak) ^ . (250) I
lx=Xj^

We shall apply Eqs (2.43)-(2.45) in a steady state 2D geometry as our 

model equations for beat wave current drive application in Tokamaks 

(Amin and Caims, 1989,1990). A more exact treatment of the wave 

propagation in tokamak plasmas would include ray-tracing equations, 

giving the equation of k along the wave trajectory. For simplicity, we have 

ignored this, and also the effect of different group velocities at different 

parts of the beam profile. For the pump waves, which are above the 

cyclotron frequency, we do not expect these effects to make a large 

difference.
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coefficients Fj in the coupled mode equations. However, for the high 

frequency pump microwaves, Fj 2 are zero, but for the beat mode, which

will be Landau or cyclotron damped, its damping F3 would be calculated

from the hot plasma dispersion relation for an electrostatic wave (Stix, 

1962), For this case we do not expect the coupling coefficients to change 

very much if hot plasma theory is used.

Expression for Wave Vector Mismatch Tensor

This section describes the simplification of the expression for 'F function 

(Eq.(2.49)) in the exponential factors of the coupled mode equations 

(2.43)-(2.45) due to the wave vector mismatch of the three wave resonance 

process. The components of g in 2D geometry are as follows:

/ | x = "  '
(2.5W

%x = (2.51b)
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(2.51c)

dx % (2.51d)
/ |x  = x^

—V " 'y
where xr is the exact resonance point. The components of Ak are as 

follows:

)g = Ak̂ =k jCcsĜ  - k̂ cosĜ  - k̂ cosĜ , (2.52a)

(Ak = Ak^=kjSinG  ̂- k ŝinG -̂ . (2.52b)

In Eqs. (2.52a) and (2.52b), Gj, G2 and G3 are respectively the angles made

by the wavevectors kq,k2 and k3 with the positive z-axis (BQlle%). By using

equations (2.52a) and (2.52b), the expressions for the components of g 

become

^dz  j
COS0J + COS02 +

ydz  j
oosĜ , (2.53^

40



sin9j +
ydz  ,

sin8.+

"r

v9z J
sin0̂ ,
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(2.53b)

R

\3X y

COS0J +

\
v 9 x  y

C0S8.+

\

' 4 '
V,3x y

œs0^ , (2.53()

"r

v 9 x  y
siri0  ̂+

V3X y
sin0̂ + ' i '

V3X y
sin0̂ , (2.53d)

where we have assumed that the angle of propagation of the wave modes 

does not change during the interaction. We now need to evaluate the z and x

derivatives of the wave vectors at the exact resonant point x ^ .  Setting the

determinant of the Hermitian part of the dispersion tensor Dj of the 

electromagnetic waves to zero:

(254

gives the dispersion relation. The simplified form of the dispersion relation 

(2.54) of the pump electromagnetic waves is the Appleton-Hartree 

dispersion relation:

41
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r

J J P

œ:
1 -

co.

(0  ̂ Ü sin%.
1___P._!  I

2 2©. CÛ.
J J

+
n^sin%. 

 ̂ J
4(0?

J

+

\

V
co?

J J

Q?cos^0.

(07
J

1/2 -1

(255)

Let us define

P.
J

V J y

(2.56^

CD2 a!sin%.

S1=  1
(07

J

-+
(07

J

sin̂ 0. 
 J
4(of

J

(
1 -

2 \  2 2 n coŝ 0,
 J

V
(0 ? (07

J

1/2

(2.56b)

.|
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The dispersion relation (Eq.(2.55)) now becomes

= (0? 
J J

(257)

/

Differentiating Eq.(2.57) with respect to X, we obtain

3k.

ax (0p ax Pj ax ax (258)

where X=z,x and j= l,2  for the electromagnetic pump waves. By 

differentiating Pj and Qj with respect to X:

ap.
- 1 =
ax

2<Dpa<0p

co:
J

(2.5%
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ax CO?
V J V

am.

ax

' 2£2̂ sin^. ^ 
 ̂ J
CO?

V j y

dQ,

ax

+ ^.sir?8. 
 ̂ J

2(0?
J

co:

f

4co?
J

V
cor

J y

n . coŝ G. 
 ̂ J
CO?

J

an.
y 2 \  2 0

2co„n. cosrG. 0co

ax
V

" S
J

P G J

y co;
J

ax

4
\  J y

n_ coŝ G. 
 ̂ J
cô

J

■1/2

(2.59b)

The cold plasma dispersion relation for the excited electrostatic 

upper-hybrid beat wave can be written as follows:

-03 .63= 0 ,

which eventually reduces to

(2.60^

CO: 0)2- «2 [“ ^3k2y2 (Û3 - i 2gCOs203 (2.60b)
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Differentiating Eq.(2.60b) with respect to X, we get

a t

ax

1 ^ 3(0 £2 cœ%_ - 00?

h i j
y 0, P I ® 3 3
1 “p ax + (Oj-OgCos^Oj

an.
ax . (261)

We assume the toroidal electron density and magnetic field profiles vary as:

1 -

R-R,

0
(26%

(263)

where is the electron cyclotron frequency along the axis of the

tokamak, Rq and aQ are respectively the major and minor radius of the 

tokamak, and

47Cî e
m_ (264

R2=(xg-xJ +z2 _ (2.65^

4 5



The geometry is shown in Fig. 2.1, 

(a)

chapter 2 

(2.65b)

Centre of the tokamak 
' (0. x q ) )

* (0, ao)

(0 ,0 ) z-axis

Figure 2 .1  : (a) Geometry showing the relation between R q , h q  and x q ; ( b )  geometry 
showing the propagation directions of the wave modes.

1$■IS

Differentiating Eqs(2.62) and (2.63) with respect to X:

ax
“ P’S

(166) I

ax R / ax'
(267)

Differentiating Eq.(2.65a) with respect to z and x:

46
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M .
3z R y a .68id

3x

_z
RJ (2.68t)

From figure 2.1, we assume the exact resonant point is

^ s ( z , x ) s ( 0,Xĵ ) (26%

It can be shown that the x-coordinate of the exact resonant point xr satisfies

the equation

(0pO
1 -

Rg + 2RQf+f^

LV
(0pO y

0

\
1 -

a
eO COŜ0. lR^+2R ^ + f^ f , (2.70a)

where

47
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(2.70b)

-V -V
and kg=k%-k2 is the driving wavevector due to the pump microwaves 

whereas kg, used in the earlier equations, is the wavevector of the 

propagating beat wave, and is obtained from the dispersion relation, 

Eq.(2.60b), kg=kg.

For a moment if we neglect the spatial dependence of the toroidal magnetic 

field to calculate the exact resonant point ( 0 , x r ) ,  then we get for an 

obliquely propagating upper-hybrid beat wave

(o:
1-^ 1 -

th

1/2

COpO
co -̂Q^cqs^0^ Q)pO

(2.7W

whereas for a simple Langmuir type beat wave, substituting 0g=O, in 

Eq.(2.71a), we obtain

1- 11
(o:

“ So “So

1/2

(2.71b)
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Now it is easy to calculate different quantities at the exact resonant point 

( 0 , x r ) :

Q..1U

v3z J = 0 , (2.72b)

(?.72c)
R

Substituting (2.72a)-(2.72c) into Eqs.(2.66) and (2.67), we obtain

d̂O)p̂

V 9z y
= 0 , (2.73^

a»„1

i r i  '  (“pU
(2.73b)

49
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CZ.73()

\

%
(2.73̂ )

Using the expressions (2.73a)-(2.73d) and calculating the other parameters

in Eqs(2.58) and (2.61) at the exact resonance p o i n t w e  can evaluate the

z and X derivatives of the wave vectors at the exact resonance point. 

Substitution of these in Eqs(2.53a)-(2.53d) will give the different 

components of the wave vector mismatch tensor g. The following 

simplified expression for the detuning parameter due to the wave vector 

mismatch can then be easily calculated:

'F s 'F (z ,x )= i 2?g^ + z(x-X j^ )(^  + g^) + (x-Xj^)^g^ (274)
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EXPRESSION FOR CURRENT DRIVE EFFICIENCY FOR A 

LANGMUIR BEAT WAVE

Let us define two quantities

P =
%J/ (3.1)

known as the input ratio, and

(3.^

known as the relative action transfer (Cohen et al, 1988). Where and

J2^  are the input action flux densities of the pump microwaves and AJ is the

transfer of action flux density from the higher frequency pump to both the 

lower frequency pump and the excited beat wave due to the nonlinear 

three-wave interaction. The action flux density J of an electromagnetic 

wave has been defined in Eq.(1.25) in the previous chapter 1. The fraction 

of power delivered to the beat wave is given by
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,1
4

“ î "  1 "3«. 1
a’ (3.3)

where

%=

00 ,

(OjCl + OÔ p/COj) (3.4)

is known as the quantum efficiency (Cohen et al, 1988). If is the action

flux remaining in the higher frequency pump (cojjkj) after interaction, and

assuming that its direction of propagation remains the same as before the 

interaction, which is appropriate for well underdense plasma, then the 

transfer of action flux density from the higher frequency pump to the lower 

frequency pump is

— » 4

Aj=jy -jy=Aj

where

cDs0j e ^ + , (3.5)

0.6)
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The momentum flux density deposited in the beat wave, which we assume is

propagating almost parallel to the toroidal magnetic field (Bolle )̂ is

(a j] kj = )(c»s0jco^3ê^l^+oo ĵSiiflg

 ̂ A 5 4“
+ sin0yOos9̂  ê  + siit9ySirt9̂ (3.7)

Figure 3.1: Calculation o f  the momentum flux density deposited in the beat wave.

Let us consider a cross-sectional area As [Fig. 3.1], perpendicular to the 

z-axis, so that its direction is along e .̂ Then the rate of momentum density

flow of the beat wave (C03, kg) across area As is

(A j]ic,-(A s)e. (3.8)
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The z-component of the rate of momentum density flow across area As is 

then

(As)*e (3.9)

Therefore, the z-component of the current density flow introduced on each 

toroidal transit of the electrons due to the beat wave is

^jeir ®z-

Using Eq. (3.7), we can write Eq. (3.10) as

(3.10)

Aj.di
][kj (AJ ) cosejoose^ j (3.11)

A simple rate equation describing the buildup of toroidal current ĵ , when

electron-ion collisions are the dominant loss mechanism can easily be 

deduced (Cohen et al, 1988) and which is

'^e.1
:  J ■''iJt-'̂ b't + (3.12)
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in the non-relativistic limit, where is the toroidal induction current field, 

and

jrJt+ it (3.13)

is the sum of fast resonant and bulk current contributions, Vy is the

collisional slowing down rate of a fast electron and is the slowing down 

rate of a bulk electron ( V|j»Vi.), x (= 27tR()/Vjj) is the toroidal transit

time, V|| = 0)g/kg cosGg is the resonant electron velocity and Rq is the major

radius of the tokamak. The expression of AĴ ij assumes that the beat wave is

completely damped by the resonant electrons over a toroidal transit. At 

steady state

(3-14

and Eq.(3.12) gives the toroidal current

(3.15)

55
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Using Eq.(3.11) in Eq.(3.15) and substituting the expression for x , we 

obtain

5kj(AJ)cos9jOos0̂

The total input power

(3. IQ

%
rin (3.17)

The efficiency of current drive can now be defined as

tcroidd dectrcn cuneit
total input power (3.1Q

Using Eqs. (3.16) and (3.17) in Eq. (3.18), we obtain finally, the expression 

of beat wave current drive efficiency for a Langmuir beat wave as

nbw

ĉ̂ R̂ eccsê
(3.19)

56



chapter 3 |

The expression for Vj. is given by (Cohen et al, 1988)

m  Ï
V =3.9x10'^ s’leJeV) Z?n.lnA, (3,20) ir 6 1 1

where nj is the ion density, Zj is the charge state of the ions and InA is the 

Coulomb logarithm. We assume npng(the electron density) and Z p l .  

ee=mç(V||2+Vj^2)/2, is the energy of the resonant electrons with v , |» V j _ ,  and 

can be approximated as 8e=m (̂Vp}^^+v ĵ[| )̂/2, where Vpjy is the phase

velocity of the beat wave and v̂ ĵ  is the thermal velocity of the electrons.

The validity of Eq.(3.19) depends on the beat wave being completely 

damped by the resonant electrons. We see from Eq.(3.19) that the 

efficiency of beat wave current drive depends on the nonlinear wave

interactions through two quantities q ,̂ the quantum efficiency, and R ,̂ the

relative action transfer. From the definition of q ,̂ given by Eq.(3.4), we

see that for low frequency pump lasers we get a comparatively large 

quantum efficiency. We need high power pump electromagnetic waves to 

excite a large-amplitude beat wave, and at the same time we seek 

comparatively low frequency of the pumps for good quantum efficiency.
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That is why free electron lasers are important for beat wave current drive 

application. Similarly, the relative action transfer, is also important for

beat wave current drive. From the definition of R ,̂ given by Eq.(3.2), we

see that the maximum value of the relative action transfer can not exceed 

unity. Thus the price of the advantages of the beat wave current drive 

described earlier is the use of two intense microwave sources and the

reduction of the current drive efficiency by the factor q̂ Rĝ  in Eq.(3.19),

where q  ̂< 1, R  ̂^ 1. So, for a comparatively large value of R ,̂ pump

depletion of the highest frequency wave is important for beat wave current 

drive.
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NUMERICAL SOLUTION OF THE MODEL EQUATIONS FOR 

A LANGMUIR BEAT WAVE

To solve the model equations (2.43)-(2.45) numerically, we consider a 2D 

steady state situation ( 9/9t=0, V=( 3/9z, d/dx )). The steady state condition 

is appropriate for times longer than the inverse damping rate of the excited

beat wave (Cohen et al, 1988). The damping coefficients T i  and T2 for the

pump electromagnetic waves are zero, whereas we assume the damping Tg

of the excited beat mode as Landau damping. The 2D geometry is 

reasonable approximation for waves incident in the median plane of the 

tokamak. With these assumptions, the model equations become

(4.1)

> i - ^ “2z | ] « 2=C2aia;exp(-fF), (4.2)

>   ̂I’s ] s  = C3a^^exp(W ) . (4.3)
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In Eq.(4.3), Eg is the Landau damping rate, whose expression is given by

l’3 =

r
exp

1
(4.4)

where Xp) is the electron Debye length. For the examples we consider in

this chapter, with almost antiparallel pump waves, where 0.2< kgX,p> <0.6,

Eq.(4.4) can be used to calculate Eg. However, for shorter wavelengths, or

hotter plasmas, where kgXp) can be of order 1, Eq.(4.4) then becomes

inaccurate and Eg must be calculated numerically from the hot plasma 

dispersion relation (Stix, 1962). The expressions for the coupling 

coefficients C ,̂ C2, Cg are simplified in the Appendix B.

r  _

------- ^

Figure 4.1; The direction of propagation of the wave modes; k j. % are the 
frequency pump, lower frequency punq> and the excited beat
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For our 2D geometry shown in Fig.4.1, where we arrange the pump wave 

propagation directions kj and k2 such that 82=7C-8 %, it is found that the

angle 83 , which is the angle between kg and +z-axis, is very small

(O^<0g<4®); consequently, kg is almost parallel to the toroidal magnetic 

A.field (e l̂lBQ), so that we can consider the excited beat mode is simply a

Langmuir wave. We consider our problem as an initial boundary value 

problem. We solve the coupled first order 2D equations (4.1)-(4.3) for the 

wave amplitudes by applying an explicit finite difference scheme. The 

independent variable x behaves like time variable and the independent 

variable z behaves like position variable. We assume a 2D slab geometry 

(Fig.4.2) shown below.

BtactRescnant Point 
(0, XR )

x̂-axi8

Cent* of the Tbrus 
(0.x J ( *.x )

z-axis

Figure 4.2: Geometry of Beat wave current drive.

X - direction => direction toward the centre of die tokamak, 

z - (Érection => instantaneous direction of the toroidal magnetic fidd.
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To satisfy the CFL (Courant-Friedrichs-Lewy) condition for our 

geometry, we take backward difference formula for Ĝ â  and Ĝ ag and

forward difference formula for Gza2 . For the x-derivatives of all the

amplitudes, we take forward difference formula. The resulting nonlinear 

coupled difference equations for the amplitudes can then be written as 

follows.

a^(i,j+l)= -pw^a^O+LD +(l+pw^)a^(ij)+Ax aj(i,j)^Ci.j)e3qp(-' (̂i<i)), (4.Q

(̂i.j+1)= -j) + (1-pWg) ag(ij) - Ax ag(ij)

+ Ax ay(ij) €xp[-f (̂W)), (4.7)

where (i,j) is a grid point, i is along z-direction and j is along x-direction, 

p=Ax/Az, and Wj=Ujz/ujx, uj  ̂ and uj^ are the components of the group
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velocities (j=1,2,3)- The mesh lengths between two consecutive grid points 

along X -  and z-direction have been taken respectively as Ax and Az. CFL 

condition requires simultaneously

1 - pŵ  > 0 , (4.8a)

l + pw^>0, (4.8b)

l-pw^>0. (48c)

We need the further condition

Ax < 1 (4.%

to satisfy for the geometry we have considered. However, for very small 

U3(«0), we neglect the convective derivative term compared to the strong

damping term F gag in the beat wave equation (Eq.(4.3)). We consider 

finite spatial extent pumps, with initially Gaussian profiles:
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a^(z,0) = aj^exp

^ 2 9 ^(z-z^ )  sin 0^

V /

(4.10a)

a (̂z,0) = a^ ^  exp

f  2 9_ ^
(z-z^) sin^^

V y

(4.10b)

We consider the identical polarization of the pump microwave fields for 

efficient coupling of the beat wave interaction. We take for example, two 

types of tokamak, one is smaller, typical of MTX at Livermore 

(Thomassen, 1988) and the other one is larger, such as JET. The latter 

provides an interesting comparison, even though there are no plans, so far 

as we know, to use beat wave current drive in this or any comparable 

machine. The typical parameters of these two types of tokamak and the 

microwave parameters (Thomassen, 1988) are given in Tables I and II 

respectively. The illuminated cross-section of the microwave beams is 

elliptical but we have taken the equivalent circular cross-section for our 

numerical calculation.
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We present some graphics of the numerical solutions of our model 

equations in Figs.4.3 - 4,12. We see from the Figs. 4.3(a), 4.4(a), 4.7(a), 

4.8(a), 4.11(a) and 4.12(a) that the pump microwave pulses approach 

toward each other with the higher frequency pump from the left and the 

lower frequency pump from the right. After the interaction the shape of the 

pump profiles has been changed as can be seen from the graphics. The shape 

of the profiles has been changed due to the nonlinear interaction. A beat

wave is excited at the interaction region with frequency 0)3 = coj - Cû2 and

wave vector kg = - k2- We cannot see the profile of the amplitude of the

beat wave in Figs. 4.3(a), 4.4(a), 4.7(a), 4.8(a), 4.11(a) and 4.12(a) because 

the excited beat wave is heavily Landau damped in the interaction region. 

Figures 4.3(b), 4.4(b), 4.7(b), 4.8(b), 4.11(b) and 4.12(b) show the 

evolution of the beat wave amplitude.

Figures 4.5 and 4.9 show the variation of the relative action transfer

with x-coordinates for different propagation directions of the pump 

microwave pulses. We see from these figures that as the angle between the 

directions of propagation of the pump microwave pulses decreases, the 

relative action transfer also decreases.
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Figures 4,6 and 4.10 show the variation of the relative action transfer 

with x-coordinates for different input power ratios r=P2/Pi, where and

—̂ —V
P2 are the input powers of the pumps (o)%,k%) and ((02,k2) respectively.

We see from Figs 4.6 and 4.10 that the relative action transfer increases 

with input power ratio r. The input ratio p defined by Eq.(3.1) depends on 

the wave numbers of the pump modes (see Eqs.(1.25) and (3.1)). The 

wavenumbers of the pump modes depend on their polarization, therefore,

for the same input power ratio r=p2/Pi, the input ratio p=J2^/Ji^^ will be

slightly different for different polarization states of the pumps.

The dependence of the fraction of energy fE=Qe^a deposited in the beat 

wave and the current drive efficiency Tj^w on the input power ratio r, the 

quantum efficiency q  ̂and the relative action transfer R  ̂is shown in Tables 

in  and IV. Table V shows the dependence of the relative action transfer R^

on the input ratio p and the quantum efficiency q̂  for small incidence angle

of the pumps. In that table we consider the input ratio p instead of input 

power ratio r to compare our results with the ID results of Cohen et al
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(1988). It is noted here that the quatities p and r are not very different. We 

see from Figure 4.5 and 4.9 that the relative action transfer increases as the 

angle between the pump microwaves increases. Although our code can not 

handle exactly antiparallel pump waves, the results for incidence angle of 

2  ̂for LCP pumps (Table V) in MTX approach those obtained by Cohen et 

al (1988) for the antiparallel case. For input ratios of 0.1 and 0.01 we 

obtain relative action transfer of 0.756 and 0.335 respectively which 

compare well with the relative action transfer of 0.8 and 0.4 obtained by 

Cohen et al for their input ratios 0,1 and 0.01. From the Figs. 4.5(b) and

4.9(b), we can see that as the incidence angle 0][(02=7C-0 i)  of the higher

frequency pump increases above 2® the relative action transfer falls rapidly 

from the values obtained by Cohen et al (1988) from their exact antiparallel 

pump propagation case.

Due to the nonlinear interaction of the two intense microwave pulses with 

the plasma, an electrostatic beat wave is excited in the interaction region. 

This beat wave is then damped over a relatively very short distance by the 

resonant electrons going around the torus. On averaging over many pulses, 

the beat wave coupling delivers momentum to the resonant electrons, and
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thus these electrons drive a current. The fraction of power delivered to the 

beat wave is given by the quantum efficiency q̂  times the relative action

transfer R̂ , which depends nonlinearly on the pump wave peak intensities.

The current drive efficiency depends on the peak power (to achieve a

satisfactory value of R^), and the current is proportional to the current

drive efficiency times the average power. We have considered only 

opposed propagation of the incident pump microwaves to ensure good 

coupling of the beat wave interaction. We have varied the incident angles of 

the pumps in both cases, MTX and JET, and found good coupling and 

efficient action transfer, but as the angle between the pumps is decreased the 

coupling getting weaker and weaker (Figs 4.5 and 4.9). It has been found 

that the action transfer depends on the input power ratio r, the larger the 

input power ratio the greater the action transfer (Figs.4.6 and 4.10 ).

However, it is important to note here that, although the relative action 

transfer increases with the input power ratio, the quantum efficiency 

decreases. As is mentioned earlier ( Eq.(3.19) ), the beat wave current 

drive efficiency is directly proportional to the product of these two 

quantities. i
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From the figures we see that as the both pump microwaves approach 

towards the interaction region, the right edge of the higher frequency pump 

and the left edge of the lower frequency pump first meet with each other, 

and participate in the beat wave coupling process. For strong interaction 

and as the interaction continues, the higher frequency pump transfers 

almost all of its action (pump depletion) both to the lower frequency pump 

(2nd pump) and to the beat wave, before traversing the complete beam 

cross section of the second pump. As a result, the left edge of the 2nd pump 

gets amplified, whereas the rest of the profile remains almost unaffected.

We see this type of behaviour in MTX for small 0i(Fig.4.3), where for a

particular set of parameters we get pump depletion of the higher frequency 

pump. This happens because after losing the action by strongly interacting 

with the left edge of the 2nd pump profile, the higher frequency pump 

microwave has not enough action to drive the beat wave interaction 

process. However, for relatively weak coupling, the whole profile of the 

2nd pump amplitude is being amplified, although there is a tendency of the 

left half of the profile to be amplified more. We see this type of behaviour 

in JET (Fig.4.7), where for a particular set of input parameters we get 

relatively weaker pump depletion.
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The ray paths of the transverse pump microwaves are obliquely incident at 

the plasma edge as shown in Fig. 1.2. So, there are two modes for any angle 

of propagation, the extraordinary (X) and ordinary (O) modes. For 

approximately antiparallel propagation of the pumps the X-mode becomes 

right-hand circularly polarized (RCP) mode and the O-mode becomes 

left-hand circularly polarized (LCP) mode. The X-mode and O-mode 

pumps drive distinct beat modes at the same frequency and in the same 

interaction region, but with different wave numbers and phase velocities. 

The energy of the transverse pump waves available for beat wave coupling, 

is shared in two independent three-wave interactions.

We have calculated the current drive efficiency for RCP and LCP pump 

modes in MTX and in JET. In both devices the current drive efficiency for 

RCP pump modes is significantly higher than that for LCP pump modes for 

the same input parameters. For an average power of 2 MWatts for the 

higher frequency pump in MTX, Table HI gives 180 kAmps of beat wave 

current for RCP pump modes, whereas Table IV gives 64 kAmps of beat 

wave current for LCP pump modes. Similarly for JET, now we consider a 

five-fold increase in the microwave pulse rate from that in MTX, so that an
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average power of 10 MWatts is provided in the first pump wave (Cohen et 

al, 1988) but with same peak pump power. Table III then gives 360 kAmps 

of beat wave current for RCP pump modes whereas Table IV gives 135 

kAmps of beat wave current for LCP pump modes in JET.

71



TA BLE L TOKAMAK PARAMETERS

MTX JET

Plasm a electron density, n^( cm*® ) 0.7-0.8 X1014 0.8-1.1x1014

Electron temperature, T , ( keV ) 1.5-2.0 8.5-12.0

P lasm a current, Ip ( MAmp ) 0. 250-0.500 4.8

Toroidal magnetic field, Bq ( tesla ) 3.9 3.4

M ajor radius, Ro( xn ) 0.64 3.0

M inor radius, ao ( m ) 0.165 1.2



TABLE n. MICROWAVE PARAMETERS

Higher pump frequency 0)1=250 - 280 GHz

Peak power o f the higher frequency pump P i=8.0 - 24.0 GWatts

Average power o f the higher frequency pump Pi^y=2.0 -1 0 .0  MWatts 

Lower pump frequency 0)2=160 - 175 GHz

Peak power o f the lower frequency pump P2=5.0 xlO"^ - 25.0 GWatts

Average power o f the lower frequency pump Eiav" ̂  -25x10'^-10.0 MWatts

Pulse length

Pulse repetition rate

niuminated cross-section o f the pumps 

(elliptical)

tp=50 ns

fpr=5-25kH z

the lengths o f  the minor and 

major axes o f the eUips are 

3 cm and 8 cm respectively



T A B L E  m . DEPENDENCE OF THE CURRENT DRIVE EFFICIENCY Tib* ON 

T H E  IN PU T POWER RATIO r, THE QUANTUM EFFICIENCY q* AND ON 

TH E RELATIVE ACTION TRANSFER R , WHEN THE PUMP W AVES ARE 

R IG H T HAND POLARIZED MODES

MTX:Pi==8.0GW, ©j =255 GHz, JET:Pi=8,0GW, ©i=260GHz,

©2=170GHz. 81=50, 82=1750, ©2=160 GHz, 81=50, 82=1750,

VphA'ih^ -̂ .̂ Both pumps are RCP Vpi/vj},=2.3. Both pumps arc RCP

modes: t)|^= 0.265 qçRgCos8j (A/W). modes: 0.109 q̂ R ĉosOjCA/W).

-V

0.625 0.625x10-1 0.625x10-2 0.625x10-3 3.125 0.625 0.625x10-1 0.625x10-2

Ac 0.232 0.324 0331 0334 0.152 0.293 0.374 0381

Ra 1.000 0.992 0513 0.781 IJOOO 0.992 0.763 0391

% 0JO2 0J21 0302 0361 0.152 0391 0385 0.149

i W ^ 0.061 0.085 ojm 0069 0017 0.032 0031 0016



TA BLE rV. DEPENDENCE OF THE CURRENT DRIVE EFFICIENCY ON

TH E INPUT POWER RATIO r, THE QUANTUM EFFICIENCY AND ON 

TH E RELATIVE ACTION TRANSFER R . WHEN THE PUMP WAVES ARE 

LEFT HAND POLARIZED MODES

MTX:Pi=8.0GW, ©j =255 GHz, JET;Pi=8.0GW, ©j =260 GHz,

©2=170GHz, 61=50,02=1750, ©2=160 GHz, 81=50, 82=1750,

VphA'th=3.9. Both pumps are LCP Vph/vih=1.8. Both pumps are LCP

modes: 0.189 q̂ RgCosOj (A/W). modes: T%ŷ = 0.078 q^cosO i (A/W).

r 3.125 0625 0.625x10-1 0625x10-2 3.125 0625 0.625x10-1 0.625x10-2

<lc 0.063 0314 0312 0332 0.100 0345 0368 0381

Ra 0.988 0731 0357 0.154 0.972 0607 0.174 0.086

% 0.082 0.156 0.080 0651 0697 0.149 0664 0.033

0.015 0.030 0i)15 0609 0608 0012 0605 0.003



TA BLE V. CURRENT DRIVE EFFICIENCY FOR LEFT HAND POLARIZED 

PUM P MODES WHEN THE D K ECH ON OF PROPAGATION OF THE 

PUM PS ARE ALMOST ANTIPARALLEL

MTX: Pi=8.0GW, (o, =25) GHz,

o)2=170GH2, $1=20. «2=1780, 

Vpb/vth=3.39. Both pumps are LCP

modes: 0.189 q^R^cosOj (A/W).

JET: Pi=24.0GW, ©i=260GHz,

©2=160 GHz, 01=20. 02=1780, 

Vph/vtij=1.83. Both pumps are LCP

modes:

p 0.500 0.100 0.010 0.500 0.100 0.010

Ac 0.225 0.304 0.330 0.262 0.352 0.381

Ra 0.976 0.756 0.335 0.995 0.859 0.449

0.220 0.230 0.1H 0.261 0.302 0.171

0.042 0.043 0.021 0.020 0.024 0.013
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F igure 4.3: M TX param eters: (a) Evolutitm o f the wave am plitudes, (b) Evolution o f 

the beat w ave amplitude. Both pumps are RCP modes: ©1=255 GHz, ©2=170 GHz,

P l= 8 .0  G W , P2=0.5 GW  (r»0.625x10-1), O i=50, 02=1750, rieO =0.8xlO l4 (cm -3), 
Tç=1.5 keV, Bo=3.9 T. The amplitudes arc normalized by the initial peak amplitude o f 
the h igher frequency pump.
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Figure 4.4: M TX param eters: (a) Evolution o f the wave amplitudes, (b) Evolution o f 
the beat wave amplitude. B oth pum ps arc LCP modes. The param eters are sam e as in 
F ig .4 .3 . The am plitudes are norm alized by the initial peak am plitude o f the h igher 
frequency pump.
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F igu re  4 .6: M TX param eters: the relative action transfer vs. x-coordinates for

d ifferen t input power ratio r: (a) for RCP pum p modes; (b) for LC P pum p modes. The 
o ther param eters are same as in Fig. 4.3.
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Figure 4.7: JET param eters: (a) Evolution o f Ae wave amplitudes, (b) Evolution o f  Ae 

beat w ave am plitude. B oA  pum ps arc RCP modes: a>i=260 G H z, © 2=160 GH z,

P l= 8 .0  G W , P2=0.5 G W  (r*O .625x l0 -l), 01=50 02=1750, n^o= 1.0xlO l'*  (cm ‘3),
Tç=10.0  kcV, Bo=3.4 T. The amplitudes are normalized by Ae initial peak amplitude 
o f  A e higher frequency pump.
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igurc 4.8. JET parameters: (a) Evolution o f  the wave amplitudes, (b) Evolution o f  the 
A *7 amplitude. Both pum ps are LCP modes. The parameters are same as in Fig. 

. ne am plitudes are norm alized  by the in itial peak am plitude o f the h igher
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F igure  4,9: JET param eters: the relative action transfer vs. x-coordinates for
different incidence angle o f the pumps: (a) for RCP pump m odes; (b) for LCP pum p 
m odes. The other param eters are same as in Fig. 4.7.
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Figure 4.10: JET param eters: the relative action transfer R^ vs. x-coordinates for

different input pow er ratio  n  (a) for RCP pump modes; (b) for L C P  pum p modes. The 
other param eters are same as in Fig. 4.7.
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F igure 4.11: MTX parameters: (a) Evolution o f the wave amplitudes, (b) Evolution o f 
the beat wave amplitude. Both pum ps arc LCP modes: (ûj=255 GHz, 0)2=170 GH z,

F  1= 24 .0  G W , P2=1.5 G W  ( r « 0 .6 2 5 x l0 - l ) ,  8 i= 2 0 ,  0 2 = 1 7 8 0 , n^o= 0 .8x l o M  
(cm "^), Tç=1.5 keV, Bo=3.9 T. The am plitudes are norm alized by the initial peak 
am plitude o f the higher frequency pump.
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Figure 4.12: JET param eters: (a) Evolution o f  the wave am plitudes, (b) Evolution o f  
the beat w ave amplitude. Both pumps are LCP modes: ©1=260 GHz, ©2=160 GHz,

? 1 = 2 4 .0  G W , P2= 1.5  GW  ( r* 0 .6 2 5 x l0 - l ) ,  8 i= 2 0 ,  0 2 = 1 7 8 0 , n ^ o = 1 .0 x lO l4  
(cm  ^), T ç=10.0  keV, Bo=3.4 T. The amplitudes are norm alized by the initial peak 
am plitude o f  the higher frequency pump.
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NUMERICAL SOLUTION OF THE MODEL EQUATIONS FOR 

AN O BLIQ UELY PRO PAG ATING  UPPER H Y BR ID  

CYCLOTRON BEAT WAVE

We now consider coupling to an obliquely propagating upper-hybrid beat 

wave. The calculation is similar to that for the Langmuir beat wave in

chapter 4, with the same 2D geometry and T j and T 2  equal to zero. The

system of equations (2.43)-(2.45) becomes

u^'Va^ = -Ĉ  a^a^expQT), (5.1)

i^'Va^=C^a^a*exp(-iT), (5.2)

+ u .̂ V j a j a* exp(- i'F ). (5.3)

For a cyclotron beat wave, it can be shown that the first term (the damping 

term) in the left hand side of Eq.(5.3) is much larger than the second term 

(the group velocity term). In this situation, we can reduce the set of 

equations (5.I)-(5.3) to two simple equations. The resulting equations then
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describe the nonlinear induced scattering whereby the actions (quanta) are 

transferred from the linearly undamped higher frequency pump 

electromagnetic mode to the linearly undamped lower frequency pump 

electromagnetic mode through the coupling with the heavily damped 

cyclotron beat mode, with a net energy loss to the medium (Kaufinan and 

Cohen, 1973; Nishikawa and Liu, 1976).

Setting

exp (- i'F), (5.4)

Eq.(5.3) then can be reduced to

r^-iiy .(V Y )+uyV ]^=C ga^a*. (5.5)

Now we can neglect the third term in the left hand side of Eq.(5.5) 

compared to the other two terms to obtain

a*, (5.6^
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which can be written by using Eq.(5.4) as

% 

where

(5.6b)

^D= 1 + i

f    \  —

V y J
1 +

-1

y J
(5.7)

is the detuning factor due to the inhomogeneity of the toroidal plasma. 

Substituting (5.6b) into Eqs(5.1) and (5.2), the coupled mode equations 

become

 ̂ Ix 3x Iz 3z (5.8)

c x *2 3
r . dI 1

\  ^ J
(5.9)

fj^a^a*ejq)(-fF). (5.10)
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The expressions for the coupling coefficients 0%, C3 for a cyclotron 

type beat wave are simplified in the Appendix B. By using the expression 

for W  from Eq.(2.74), the complex function fp) can be written as follows:

\-l
(5.11)

where

%
'b 1 1

2n I
2zg^+(x-XR)(^ + g )̂]cœe,

’XX sin0. (5.12)

—V"
where 83 is the angle between k3 and the +z-axis (see Fig.2.1). The 

damping F3 of the electrostatic cyclotron beat mode can be obtained from

/

^3 = 3(0,

Im(D)

' Re(D) (5.13)

V - /

where
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2 . , 2
hz tt=-ocl i ;

e^I„(X){l + ajjZ(a„)}sO (5.14)

is the hot plasma dispersion relation of an obliquely propagating

electrostatic beat mode (Stix, 1964). In Eq.(5.14), kg^ and kg^ are

approximately the components of the wavevector of the beat mode; 1̂  is the 

modified Bessel's function, Z is the plasma dispersion function and the 

arguments of 1̂  and Z are respectively as

(5.15^

and

®3-n^e
“n“ (5.15b)

Similar to the case of an excited Langmuir beat mode considered in chapter 

4, here we also consider the problem as an initial boundary value problem. 

The variable x behaves like time and the variable z behaves like position; x
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direction is toward the centre of the tokamak and z is the instantaneous

direction of the toroidal magnetic field Bq. After finite differencing the set

of Eqs. (5.8)-(5.10), the resulting nonlinear coupled difference equations 

for the complex wave amplitudes become

Ax
J

(5.16)

^(ij+1) = - pw^^Ci+lj) + (1+ pw )̂ â OJ)

+ Ax â i J) aJCi-j) â CiJ). (5.17)

rc3 ^
^(U+l)= r  fD{ij+l)aj(ij+l)a*(ij+l)exp(-fP(i,ifl)],

V ^ /

(5.1(9

where (i,j) is a grid point of a rectangular mesh, i is along z-direction and j

is along x-direction, p=Ax/Az and Wj=ujg/uj^, uj  ̂ and uj^ are the

components of the group velocities of the wave modes (j=1,2,3). The mesh 

lengths between two consecutive grid points along x- and z- direction have
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been taken respectively as Ax and Az.

We consider finite spatial extent pump microwaves, with Gaussian profiles, 

given by Eqs.(4.10a) and (4.10b) in the previous chapter 4 and with 

identical polarization of the pump microwave fields for efficient coupling 

of the beat wave interaction process. We take for example, MTX at 

Livermore (Thomassen, 1988). The typical parameters of MTX and the 

microwave sources are given in Tables I and II respectively.

We present some graphics of the numerical solutions of the model equations 

in Figs.(5.1)-(5.5). Figures 5.1(a) and 5.2(a) show the nonlinear interaction 

of the two pump microwaves and the evolution of the wave amplitudes. It 

can be seen from these figures that the pump microwave pulses approach 

toward each other with the higher frequency pump from the left and the 

lower frequency pump from the right making an angle with each other. 

After the interaction the pump microwave pulses are propagating with 

different shape of the profiles in the case of right-hand polarized (RHP) 

pump modes as can be seen from the Fig. 5.1(a), whereas for the case of 

left-hand polarized (LHP) pump modes, the shape of the pump profiles are
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almost unchanged as can be seen from the Fig. 5.2(a).

Figures 5.1(b) and 5.2(b) show the evolution of the excited beat mode, 

Fig.5.1(b) for RHP pump modes and Fig, 5.2(b) for LHP pump modes.

Figure 5.3 shows the variation of the relative action transfer R  ̂ with

x-coordinates for different propagation direction of two RHP-pump 

microwave pulses. It can be seen from this figure that as the angle between 

the directions of propagation of the pumps decreases, the relative action 

transfer also decreases. It has been found that the coupling is negligible and 

constant over a certain angle.

Figure 5.4 shows the variation of the relative action transfer R  ̂ with

x-coordinates for different input power ratios r=?2 f ^ \  of two RHP pump 

modes. It is seen that the relative action transfer increases with input power 

ratio r. The dependence of the fraction of energy fE=Qe^a deposited in the

excited beat wave on the input power ratio r, the quantum efficiency q  ̂and
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the relative action transfer is shown in Tables VI and VII, It is seen that

although the relative action transfer increases with input power ratio, the 

quantum efficiency decreases. We notice again that the product of these two 

quantities gives the fraction of power deposited to the beat wave. Table VI

is shown for Pj=8.0 GW, the peak power of the higher frequency pump

whereas Table VII is for Pi=24,0 GW. We see from both Tables VI and

VII that the fraction of energy deposited fg in the beat wave for left hand 

polarized pump waves is always very small.

Figures 5.5(a) and 5.5(b) are shown for higher peak power of the pump 

microwaves compared to the earlier case. We notice that the coupling 

between two left hand pump modes is negligible compared to the coupling 

of two right hand pump modes for the same input parameters. However, in 

the left hand pump case, there is still excitation of cyclotron beat wave but 

the transfer of action to it from the higher frequency pump microwave is 

very small as can be seen from Tables VI and VII, and inefficient for 

plasma heating and current drive.
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TA BLE VI. DEPEND ENCE OF THE FRACTION OF PO W ER DELIVERED 

TO THE BEAT W AV E %  AND THE RELATIVE ACTION TRANSFER R^

ON THE IN PU T POW ER RATIO r, THE QUANTUM EFFICIEN CY FOR

8.0 GW  PEAK POW ER OF THE HIGHER FREQUENCY PUM P

MTX: Pi=8.0 GW, C0i=280 GHz, 0)2=160 GHz, 0i=3OO,

RHP pump modes LHP pump modes

VpfAth=6.0

T 3.125 0.625 0.0625 3.125 0.625 0.0625

0.103 0.260 0.384 0.160 0.320 0.410

Ra 0.983 0.770 0.232 0.110 0.110 0.110

% 0.101 0.200 0.089 0.018 0.035 0.045



TA BLE V n . DEPENDENCE OF THE FRACTION OF POW ER DELIVERED 

TO  TH E BEAT W AVE %  AND THE RELATIVE ACTION TRANSFER R^

ON THE INPUT POWER RATIO r, THE QUANTUM  EFFICIENCY FOR

24.0 GW  PEAK POWER OF THE HIGHER FREQUENCY PUMP

MTX: Pj=24.0 GW, ©1=280 GHz, ©2=160 GHz, Oi=300, 02=1500

RHP pump modes LHP pump modes

Vph/Vth=6.0 VpiAth=7.0

r 0.625 0.333 0.0625 0.00625 0.625 0.333 0.0625 0.00625

% 0.260 0.310 0.384 0.404 0.320 0.360 0.410 0.420

Ra 0.980 0.920 0.520 0.170 0.110 0.110 0.110 0.110

% 0.255 0.285 0.200 0.069 0.035 0.040 0.045 0.062
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Figure 5.1: MTX parameters: (a) Evolution of the wave amplitudes, (b) Evolution of 
the beat wave amplitude. Both pumps are RHP modes: © i=280 GHz, (02=160 GHz,

P l= 8 .0  GW . P 2=5.0 GW (r«0.625), 0i=3OO, 02=15OO, n^Q =0.8xlO l4 (cm-3), 
Te=1.5 keV. Bo=3.9 T. The amplitudes are normalized by the initial peak amplitude of 
the higher frequency pump.
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Figure 5.2: MTX parameters: (a) Evolution of the wave amplitudes, (b) Evolution o f
the beat wave amplitude. Both pumps arc LHP modes. The parameters are same as in
Fig.5.1. The amplitudes are normalized by the initial peak amplitude o f the higher 
frequency pump.
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Figure 5.3: MTX parameters: the relative action transfer vs. x-coordinates for 
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GW  (r«0.333). The other parameters are same as in Fig.5.1.
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Figure 5.4: MTX parameters: the relative action transfer R^ vs. x-coordinates for 
different input power ratio r. The pumps are RHP: P j= 24 .0  GW, P2= 8.0 GW

(r«0.333). The other parameters are same as in Fig.5.1.
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(r«0.333). The other parameters are same as in Fig.5.1.The amplitudes are normalized 
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chapter 6

DISCUSSION

In this part of the thesis, the possibility of beat wave current drive by two 

intense free-electron laser pulses have been considered in 2D geometry. 

The 2D geometry is expected to be a reasonable approximation for waves 

incident on the median plane of the tokamak. We have considered two types 

of excited electrostatic beat mode in this analysis: (1) a simple Langmuir 

type beat mode propagating almost parallel to the toroidal magnetic field 

and (2) an obliquely propagating upper-hybrid beat mode. The damping of 

the Langmuir beat mode is simple Landau damping and the damping of the 

obliquely propagating beat mode is cyclotron damping. We have 

considered opposite propagation (90^<angle between the pumps<180^) in 

the case of Langmuir type beat mode. For the case of a cyclotron beat wave, 

it is found that the damping of the mode is so strong that we can consider the 

three wave scattering process as a nonlinear induced scattering whereby the 

actions (quanta) are transferred from the linearly undamped higher 

frequency pump electromagnetic mode to the linearly undamped lower 

frequency pump electromagnetic mode through the coupling with the 

heavily damped cyclotron beat mode, with a net energy loss to the medium,
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In both the cases, we have considered the problem as an initial-boundary 

value problem. The coupled mode equations have been solved numerically 

by applying an explicit finite difference scheme in two independent 

variables x and z.

The ray paths of the transverse pump microwaves are obliquely incident at 

the plasma edge as shown in Fig. 1.2. So, there are two modes for any angle 

of propagation, the extraordinary (X) and ordinary (O) modes. For 

approximately antiparallel propagation of the pumps the X-mode becomes 

RCP mode and the 0-mode becomes LCP mode. This is the situation for a 

Langmuir type beat mode. The X-mode and 0-mode pumps drive distinct 

beat modes at the same frequency and in the same interaction region, but 

with different wave numbers and phase velocities.

It has been found that the Langmuir type beat wave (for almost antiparallel 

pump waves) is more efficient for beat wave current drive compared to the 

cyclotron beat mode. The most important result we have found is that the 

action transfer for RHP pump waves is much higher than LHP pump waves. 

For the case of a cyclotron beat mode due to two LHP pump waves, the beat
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wave coupling is negligibly small and constant over input power of the 

pump microwaves. For the case of a Langmuir beat mode there is some 

action transfer but still small compared to the case of RHP pumps. 

Although the RHP pumps give the better action transfer and so current 

drive efficiency compared to LHP pumps for the same input parameters for 

a Langmuir type beat mode, there is some possibility for cyclotron 

absorption of the lower frequency RHP pump for the input pump

frequencies considered in this analysis, where (ù iIÇIçq- 2 A ,  C02/^ e0” -̂̂

for MTX and (Gi/^G0=2.7, 002/0 eo=L7 for JET. As stated already by

Cohen et al (1988), absorption of RHP-modes can be minimized by raising 

the wave frequency to a higher cyclotron harmonic number and arranging 

the cyclotron resonance to fall outside the plasma or at its edge. However, 

in this case, the relative action transfer will be reduced compared to the case 

we have considred. This wiU happen because raising the wave frequency of 

the pumps will eventually reduce the coupling of the three wave interaction 

process. For LHP modes, the cyclotron harmonic absorption by the 

electrons is much reduced and refraction is insignificant (Cohen et al, 

1988).
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Unlike the collinear case, the cascading (Karttunen et al, 1987) for opposed 

propagating pumps is not a problem. The 4th wave involved in the process 

is generated by the beating of the highest frequency pump wave with the
■■■V'

excited beat wave giving k4=k^+k3, 0)4=001+0)3. This wave is so far off 

resonance (Fig. 6.1) and it will not grow (it is not a resonant mode of the 

system). Subsequently this mode (o>4,k4) cannot effectively couple with

'*+• -V" —+
either pump (0)2,k2) or beat mode (0)3 ,k3) to provide modes at k ,̂ etc.

Therefore for the opposed propagation case, only 3 modes take part in the 

interaction process.

(0>4»ki)
i s  not a

resonant mode

Figure 6.1. O ff resonance in the cascading in counter-propagating pum p waves.
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There is some possibility of parasitic effects of parametric instabilities of 

the intense pump microwaves and also for the large amplitude beat plasmon 

generated by the beat wave process in beat wave current drive (Cohen et al, 

1988). The effects of these parametric instabilities have been studied 

thoroughly by Cohen et al by performing particle simulations. Their 

simulations give evidence of these instabilities both for parallel as well as 

anti-parallel pump orientation case. For parallel pump orientation, their 

simulation predicts the parasitic effects of induced backscattering by 

resonant electrons for the higher frequency pump wave, and of scattering 

by resonant ions for the lower frequency pump wave and the beat wave in 

many cases. In this pump orientation case, the authors conclude that these 

parasitic effects, i.e., the induced backscattering by electrons and ions, may 

be significant for the amplitudes required for good beat wave action 

transfer. However, for anti-parallel directed pump waves, induced 

scattering by resonant ions and stimulated forward Raman scattering are 

the possible parasitic processes. In this pump orientation case, the particle 

simulations (Cohen et al, 1988) reveal that the parasitic effects of induced 

scattering are not significant. Moreover, their simulation predicts that for 

anti-parallel pumps, coupling of the pump waves to the beat wave supported
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by the electrons was dominant over other processes and that ion effects 

were relatively weak for the cases in which 1.5<Vp| /̂v^<7.5.

In conclusion, we have considered the possibility of beat wave current drive 

in tokamak plasmas from the same point of view as Cohen et al (1988), but 

with 2D geometry. We have considered steady state condition in our 

analysis, which is appropriate for times longer than the inverse damping 

rate of the excited beat wave (Cohen et al, 1988). The same problem has 

been considered by including in our analysis the 2D toroidal effect and the 

effect of finite spatial width of the pump microwave pulses on the beat wave 

excitation for current drive application. Moreover, we have considered the 

possibility of beat wave current drive by a cyclotron beat wave. In this 

investigation two types of tokamak have been considered; it is found that

the overall fraction of energy deposited % in the beat wave, and ultimately

going to the electrons can be as high as 32% in MTX and 29% in JET for

RHP pump modes for a Langmuir type beat wave with Pi=8.0 GW. For an

obliquely propagating upper-hybrid cyclotron beat wave with Pj[=8.0 GW,

fg  turns out to be 20% in MTX for RHP pump microwaves. However,

86



chapter 6

increasing ? i  from 8.0 GW to 24.0 GW, fg increases to 24% for RHP

pumps. It has been found that the current drive efficiency for RHP pumps is 

significantly higher than that for LHP pumps with the same input 

parameters. It is also found that the current drive efficiency for JET is 

significantly reduced from the values obtained for MTX. The reduction in 

current drive efficiency for the larger machine is a feature of all current 

drive schemes (current drive efficiency depends inversely on the radius of 

the tokamak). It can be partially compensated by improved absorption and a 

resultant increase in the action transfer. In a hot reactor plasma, the high 

temperature would enable more energy to be put into the tail of the 

distribution, also helping to improve efficiency. A better current drive

efficiency could be attained at higher peak pump wave powers so that R̂

could be improved to a value very closer to imity (Cohen et al, 1988).
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INTRODUCTION

Laser and Particle Acceleration

Particular interest to accelerator physicists is the design of linear e'̂ -e'* 

colliders above 1 TeV (1T=10^^). Present radio-frequency techniques have 

gradients of order 0.01 - 0.1 GeV/m. TeV colliders, therefore, would be 

longer than 10 km. Ever since the invention of the laser it has been a source 

of the most intense electric fields available in free space (E=377W, where E 

is in V/cm and W is in Watt/cm^), A laser power of lO^^Wcm'^ 

corresponds to E=2 x lO^Vcm"^, and if this could be utilised for 

acceleration then the ITeV accelerator would be only 10m long. The 

problem of course is that electromagnetic waves in vacuo are transverse 

and do not impart energy to particles moving along at close to the phase 

velocity of the wave. There is a transient acceleration due to the 

ponderomotive force, and an electron initially at rest and overtaken by a 

light pulse, first acquires a velocity, but is reduced to rest again as it is left 

behind the pulse. The acceleration is describable as the gradient of a 

ponderomotive potential and in a similar manner to DC particle 

accelerators it is not posible to cascade multiple stages.
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The requirements to accelerate particles have been studied by Lawson 

(1982) and in some form require a material medium to change the free 

space dispersion relations. Four essentially different mechanisms exist: 1) 

The Laser Excited Cavity (Palmer, 1985); 2) The Inverse Free-Electron 

Laser (Pellegrini, 1982); 3) The Inverse Cerenkov Accelerator (Fontana 

and Pantell, 1983); and 4) Plasma Based Accelerators ( Katsouleas et. al.,

1985).

Plasma Based Accelerators

A plasma can support longitudinal electric fields through electrostatic 

waves and these can be of arbitrary phase velocity. The plasma waves can 

be pumped by a variety of mechanisms including two lasers whose 

frequencies differ by the plasma frequency, a bunch of relativistic charged 

particles or a single frequency ultra-short laser pulse. It is interesting to 

note that plasma waves can have gradients of order 100 GeV/m (Chen, 

1990), leading to a possible reduction of 10  ̂ in the length of linear 

accelerators.
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PLASMA BEAT WAVE ACCELERATOR (PBWA)

In plasma beat wave accelerator (PBWA), an electron plasma wave is 

excited by the beat between two electromagnetic waves. This excited 

electron plasma wave can accelerate electrons. Longitudinal fields of the 

order of a few GV/m can be obtained which makes the beat wave process a 

promising new method for particle acceleration to ultra-high energies as 

first shown by Tajima and Dawson (1979).

t w o - f r e q u e n c y  
U s e r  b e a m i o  n ex t etaoe ->

f l f l  n  a a  a  a  o  n j  a  q  o  q q o q o d d o b o i i b b

p lasm a tu b e

0 9 9 ^  Conceptual schem e o f a plasm a beat wave accelerator m odule. A fter Chen

The basic idea of the PBWA is illustrated in Fig.7.1. A picosecond laser 

beam containing two lines of the lasing medium is brought through a 

window into the large chamber filled with the operating gas and is focused 

into the plasma tube. A fully ionized, high density plasma in the range 

10l 6_ io l8 cm"  ̂ is created by one of several possible mechanisms: q- or
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z-pinch, radiofrequency waves, or multiphoton ionization. If the plasma 

frequency is resonant with the beat frequency of the two laser lines of the 

picosecond driving laser, a large amplitude electron plasma wave is excited 

in the plasma. Bunches of electrons from an injector linac, shown coming 

from the left, enter the plasma chamber through a thin foil or a differential 

pumping tube and are injected into the plasma wave. The bunches are 

synchronized with the laser pulses. Those electrons trapped in the right 

phase in the wave will be accelerated by the wave's large longitudinal 

electric field. To increase the acceleration length, it may be necessary to 

trap the laser pulse by refracting it with an inverted density profile or by 

using relativistic self focusing. To achieve higher energy than can be gained 

in one stage, the modules can be repeated, with each module serving as the 

injector for the next. Successive modules can be optimized for the beam 

energy it is required to produce.

(*)

(b)

Figure 7.2: Beat pattern o f two electromagnetic waves of slightly different frequencies 
traveling in the same direction: (a) the individual waves; (b) the combined wave has an 
amplitude (broken line) that oscillates in time.
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Two electromagnetic waves (o)%,ki) and (C02»̂ 2) will have a beat pattern 

(shown in Fig.7.2) whose ponderomotive force (Chen, 1974) can excite a 

lower frequency electrostatic wave (cog,kg) obeying the relations

a)j = (02+e)j, = (7.1)

If kj and k2 are oppositely directed, Ikgl is large, and the phase velocity 

cog/kg is too small and not useful for particle acceleration to GeV energies. 

If and k2 are co-directional, fast plasma waves are excited with

©2 = «)j-0)2=A(os(Op,  (7.2)

>̂  = k j - t ^  = A k sk p .  (7.3)

The phase velocity Vp=cog/kg is seen to be equal to the group velocity of the 

light waves Vg=3©/3k=Aco/Ak in the limit C0p « 0)j 2-

VpSVg =  c
V "c

= c , (7.4)
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where Dq is the background electron plasma density and

e is the magnitude of the electron charge, m  ̂is the electron mass. It can be 

shown that the cold plasma wave amplitude (Chen, 1990) is

0  = 0,96 V^m, (7.6)

where e satisfies the differential equation

2
^ + ( o g e  = .likpC^a^a^. (7.7)
dt

a i  and «2 r̂e given by

a .=
J

 ̂ eE. ^
___
m.co.c

y ^ } j
(>=1,2) ((7.8)

Eq.(7.7) is nonrelativistic, and this equation can be used for the initial 

growth rate. It is important to note here that due to the actual relativistic 

effect the amplitude of the beat electrostatic wave saturates at a lower 

value. This saturated wave amplitude is given (Chen, 1990) by
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0

The cold plasma wave-breaking limit is obtained by setting e=l in Eq.(7,6).

Thus, the maximum accelerating gradient is eE^^^^=l GeV/cm at nQ=10^^

cm"^. However, atainable amplitude levels and the stability of the beat 

plasmon are key questions. Regarding the electron response the main 

saturation mechanism (Rosenbluth and Liu, 1972; Tang et. al., 1985) is the 

relativistic frequency shift (Akhiezer and Polovin, 1955). The collisional 

damping is indeed usually negligible due to high electron oscillation 

velocities in the laser and plasmon fields.

On a slow time scale, ion dynamics start to play an important role in the 

stability of the large amplitude beat plasmon. The time scale of the ion

motion can be close to cOpf ̂  (cOp̂  is the ion plasma frequency) which is

fairly short (a few picoseconds) at typical densities of 10^^-10^  ̂ m“̂ . 

Thus, ion effects should certainly be considered for pulses longer than 50 

ps, which is the case of present day experiments (Clayton et al, 1985). 

Particle simulations by Forslund et al (1984) have clearly shown the
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importance of ion dynamics. The build-up of ion fluctuations destroys the 

coherence of the beat process and sets a limit to the life time of the beat 

plasma wave. High intensity pump beams (lasers) may excite instabilities 

involving ion motion. In long homogeneous plasmas for instance,

stimulated Brillouin scattering (SBS) has a large growth rate (<C0pi)

(Drake et al, 1974). Besides direct reflection losses SBS excites large 

amplitude ion waves, which can severely disturb the beat wave generation 

(Darrow et al, 1986). Self focusing or filamentation of the laser light is 

another process which should be considered in detail in the context of the 

beat wave generation. The first observation (Clayton et al, 1985) of the fast

beat wave was by the UCLA group. They used a CO2 laser operating at the

two wavelengths 9.6 pm and 10.6 pm and producing about lOJ of energy at 

each wavelength in 1-2 nsec. The two wavelengths emerge together from 

the laser and are focussed into an arc plasma whose density can be tuned to 

resonance. The beat wave is diagnosed by ruby laser Thomson scattering 

and also by the development of Stokes and anti-Stokes sidebands on the

transmitted CO2 laser light. The value of ôn/n  ̂inferred from both these

methods is about 0.01-0.03 and corresponds to an electric field of about 1 

GeV/m in the beat wave.
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A more recent experiment by the group at INRS Quebec ( Ebrahim et al,

1986) has used a similar but slightly more powerful CO2 laser. Their work

differs from the UCLA experiment in two significant ways, firstly the 

plasma was not pre-formed but was created by breakdown of the low

pressure neutral gas by the CO2 laser focussed to 10^4 Wcm“̂ . Secondly

the INRS group actually demonstrated electron acceleration by injecting 

electrons at 500 keV to 900 keV from a laser-produced plasma on a solid 

target. The electrons were energy selected at injection and analysed on 

extraction from the beat wave region. The typical exit energy was about 

2.0-3.0 MeV, in an acceleration length of 1.5 mm. This gives direct 

evidence for a field of about 1 GeV/m, in good agreement with theory. 

Experiments on PB WA are in progress in other places as weU; in the United 

Kingdom (Dangor et al, 1987,1990), and in Japan (Kitagawa et al, 1987).

PLASMA WAKE FIELD ACCELERATOR (PWFAI 

The wake of a fast particle bunch in a plasma is an electrostatic wave, which 

can be used for accelerating other particles to higher energies in the same 

manner as in the PBWA. Using a particle beam for exciting an electron 

plasma wave avoids problems of laser inefficiency and density tuning. The
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concept, known as plasma wake field accelerator (PWFA), suggested by 

Chen et al (1985) and Chen (1986), is illustrated in the following figure.

driven bean driving bean

Figure 7.3: M echanism o f wake field excitation. After Chen (1990).

As shown in the above Fig. 7.3, a plasma-wave wake is excited behind an 

electron bunch because the cold electrons of the plasma are displaced by the 

first-moving electrons of the bunch. When the bunch ends, it leaves behind 

a large positive charge imbalance, and the plasma electrons rush into 

neutralize it. The electrons overshoot and oscillate at the natural frequency

of the plasma, which is (Dp. Since the wave phase velocity must be the same

as that of the bunch, or «c, the plasma wave has wavenumber k=cOp/c, as in 

the beat wave case.
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The injected , accelerated bunch itself creates a wake; and if this wake is 

adjusted to be as large as the original wake and 180  ̂out of phase with it, the 

wakes will cancel each other. The plasma wave energy is then completely 

transferred to the driven beam. The width of the wake cannot be smaller

than the minimum size of a plasma wave, which is the skin depth c/(Op. This

fact allows the driven beam to be made smaller than c/o)p without

sacrificing efficient energy transfer; thus the driven particles need not 

sample the radial variation of field strength across the diameter of the 

wave.

Figure 7.4. The wake fields inside and behind a finite slab o f  electrons moving through a 
plasm a. A fter Chen (1990). ^

Inside the driving bunch (see Fig.7.4), electrons feel a small retarding field 

E" from the wakes of the particles ahead; the bunch is shaped so that E" is
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approximately constant. The driving bunch, therefore, loses all its kinetic 

energy in a distance L=(y-1 )mgC /̂elE"l. If the maximum wake field is E*̂ ,

the driven bunch gains energy Aym^c^=eLlE’̂ l. Thus, the driven particles 

have an energy gain larger than the driving energy by the ratio

R = (7.10)
1E1 ’

which is called the ’transformer ratio'. For unshaped bunches, it can be 

shown that R < 2; but for carefuUy shaped density profiles, R can be as high 

as 100. In this example, a low current, 100-GeV beam would be produced 

by a 1-GeV driving beam.

Since the wake must travel with the driver, the problem is time-independent 

in the beam frame and can easily be solved in the one-dimensional case. 

Figure 7.4 shows the wake of a charge sheet o9(z) which is moving to the 

left. In the beam frame, the cold plasma streams by with a velocity u and is

set into oscillation with a velocity v and a perturbed density n j . Setting

8/9t=0, we may write the equations of motion, continuity, and Poisson as
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m u ^ = - e E ,  
® dz

(7.11)

(7.12)

■“  = - 47:01. - 4t i o 8(z) . 
oz 1

(7.13)

Differentiating Eq.(7.13) and substituting Eqs.(7.11) and (7.12) yields

9z?
E = -47 ia -~ô(z),

dz (7.14

where kp^=(0p /̂u^=C0p^/c^. For shaped bunches p(z), one integrates over 

this Green's function to obtain

B(z) = - 4tc j  p(zf ) cos[l^(z - ) jdz'. (7.15)
0

as the plasma wave wake field. If the leading bunch is to produce a wake 

field which is a significant fraction of the limiting field eE=mgC/cOp then 

the charge density in the leading bunch must be a significant fraction of the
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background plasma density. This situation clearly gives rise to the classical 

two-stream instability. In the transverse direction the dominent instability 

is the Weibel instability (Lee and Lampe, 1973). The Weibel instability is 

large enough to destroy the leading bunch before it has had time to give up 

much of its energy. Recently (CaUan et al, 1988) it has been suggested that 

there is a further problem with the PWFA. The transformer ratio is related

to the length of the driving bunch in units of c/cOp and if this is large then

the beam is also subject to the MHD 'hose' instability. This has not been 

studied in great detail.

An experiment is performed on the PWFA, at the Argonne National 

Laboratory in Illinois (Rosenzweig et al, 1988,1990). In this experiment, a 

linac produces both a 6-psec, 21-MeV driving bunch with 15-20 psec full 

width and a 15-MeV witness beam which can be delayed by varying the 

time of flight so that it can be injected at various phases into the wake. The 

plasma of lO^^-lO^^ cm"  ̂ density is produced by a 20-cm long hollow 

cathode arc in an 800 G field and a temperature Tp =2-8 eV. The result 

achieved was a gradient of a few MeV/m corresponding to 30% bunching.
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LASER WAKE FIELD ACCELERATOR CLWFÂ

A plasma wave with relativistic phase velocity may also be excited by a very 

short single frequency laser pulse. If the pulse duration is less than the 

plasma period then the ponderomotive force gives a substantial impulse to 

the electrons which subsequently oscilate at their natural frequency. The 

physical mechanism of the excitation of a large amplitude plasma wave by a 

single ultra-short laser pulse is shown in Fig.7.5.

In the relativisticaUy guided laser wake field accelerator (LWFA) concept 

(Tajima and Dawson, 1979; Sprangle et al, 1987, 1988) the short pulse, 

high power laser beam provides both a radial and axial ponderomotive 

force on the plasma electrons. The radial ponderomotive force expels 

plasma electrons radially outward while the front (back) of the laser pulse 

exerts a forward (backward) force on the electrons. In this sense, the laser 

pulse acts approximately like a negative charged macro-particle 

propagating through the plasma (see Fig.7.5). As the plasma electrons flow 

around the laser pulse, large amplitude plasma waves are generated. This 

mechanism is similar to the plasma wake field accelerator but without the

necessity to accurately tailor the axial profile of the driving beam.
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A r m  fOAT.wr PIASMA f I f CI H ON S
E U C T R O N  BU NC H E S

* * I '*  ̂ —------
'  JE

 ̂ ^ f «= I - Cl

POSITIVE NEGATIVE lA C F n
CHARGE CHARGE p u i c c
REGION REGION

Figure 7.5: Schematic o f the laser wake-field accelerator showing the ponderomotive 
force from an intense short pulse laser generating a plasma wave wake as it propagates 
through the plasma. The laser pulse acts like an intense negative charge by repelling 
electrons in both the radial and axial directions. After Sprangle et al (1988).

Although the PBWA has been more extensively investigated in the last few 

years since its birth the LWFA has been recently receiving renewed 

attention (Joshi et al, 1984; Gorbunov and Kirsanov, 1987; Sprangle et al, 

1988; Tsytovich et al, 1989; Bulanov et al, 1989; 1990) due in part to some 

problems with the PBWA and the PWFA which can be solved or avoided in

the LWFA. In the PBWA the resonance condition C0j-C02=C0pe for the two

laser pumps raises problems such as:

i) high plasma uniformity ( 0n/nQ<l%),

ii) wave saturation due to detuning (C0p=0)po/T=a) 1-0)2, (Opo^=47cnoe /̂mo,
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niQ is the electron rest mass) where Y=(l-v%^)"^/^ comes from the electron

mass variation in the strong electromagnetic field of the pumps,

iii) fine tuning of the laser frequencies is needed as well as long pulse

lengths (many plasma periods).

If the length of the packet is not much smaller than its cross-section, the 

one-dimensional approximation is no longer justified: 3D effects (i e the 

transverse ponderomotive force due to the laser beams) are not disruptive 

in the non-relativistic case (Fedele et al, 1986) but lead to cross-field 

coupling between the longitudinal and radial plasma field components in the 

weakly relativistic case (Miano et al, 1989) with the result that an 

accelerating and focusing region of useful extent can no longer be found. 

Other problems in the PBWA scheme are related to beam diffraction, the 

role of competing instabilities and ion dynamics, phase detuning and energy 

depletion.

In the PWFA scheme the difficulties are related to beam technology for 

both the driving beam and the injected beam and different kind of 

instabilities may occur. In the LWFA scheme, since the excitation is due to a
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single pump all the problems raised by the resonance condition are absent. 

In particular, the plasma wave can here grow to larger amplitudes (there is 

no saturation due to detuning) thereby also losening the constraints on the

injected beam. If a short ( ~C0p“ )̂, high power (>10^^ W) laser pulse is

used there could be the further advantage of avoiding diffraction due to 

relativistic optical guiding (Sprangle et al, 1988, Esarey et al, 1989). The 

penalty is that the energy put in to the excited wave must be supplied in a 

shorter time period and the power (but not energy) requirements on the 

laser are increased. The growth of sidebands from the impulsive single 

frequency drive has not been considered, and so no comment can be made 

about efficiency. From the point of view of plasma instabilities only the 

relativistic self focusing and modulational instability of the light waves 

remain as potential problems.

The purpose of the second part of the thesis is to numerically investigate the 

self-consistent theory of the excitation mechanism of an ultra-relativistic 

plasma wake field by a single ultra-short laser pulse in ID geometry. We 

are particularly interested to see the effects of different shape of the laser 

pulse profile and of the ambient plasma density. Our plan is to first derive
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the relevant self-consistent coupled equations for the spatial-temporal 

evolution of the scalar and vector potentials of the wave fields in ID 

geometry. Although the relevant coupled equations have already been 

given previously by de Angelis (1990), the detailed derivation was verified 

and is given here. This is done in chapter 8. The coupled equations for the 

potentials are then solved numerically in the envelope approximation by 

using a numerical code. This numerical code was written originally by Mr. 

B. McNamara (1990). However, in the case of running it we made various 

modifications and improvements. Some numerical solutions of the 

potentials for different input parameters and a short discussion is given in 

chapter 9.
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MODEL EQUATIONS FOR LASER WAKE EXCITATION IN 

ID GEOMETRY

Let us consider a model (de Angelis, 1990) based on the one-fluid, ID, cold 

relativistic hydrodynamics and Maxwell's equations. The plasma is 

unmagnetized and the ions are immobile. The equation for the electron 

momentum is:

p = - e E+^v XB (8.1)

where

P=n\)Yv,

mg and v being the electron rest mass and velocity. In Eq.(S.l), we have

assumed that aU quantities only depend on z and t, II signifies the z-direction 

which is the direction of propagation of the external pump field.

(8.2)

where e ,̂ ey and e  ̂are the unit vectors along x, y and z axes respectively;
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Aj_ is the vector potential of the electromagnetic pulse and (j) the ambipolar

potential due to the charge separation in the plasma. We assume the high 

frequency part of the perpendicular component of the nonlinear terms in 

Eq.(S.l) is small; in that case we obtain

(8.3^

which gives

n^c A^na(z,t) (&3b)

We have

f = i + ^  1
2 A /  

’1  , 1̂1
1 + a^+Y^

/

i

from which it can be shown that
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and we write it as

chapter 8

(8.4b)

where

f i fY=[ l+arJ ;

(8.4(̂

(8.4(0

From Eq.(7.4a) we can write

We have

V  = C f V f

V il
(8.5a)

4 r - t ' (8.5b)

( ( _  \\  
VXA_^vx

from which

px , (8.5c)
n
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1
" B ' , -

From relation (8.3b), we have

(8.5d)

P lx = cA j^  = "'0"^; P±y = l \ y  = '"0‘= \-

Applying the relations (8.5e) and

l + â

into Eq.(8.5d) we finally obtain

(8.5e)

(v x b U

 ̂ 3^

ey.
V V

dz ' (8.Q

Therefore the parallel component of the momentum balance equation 

(Eq.(8.1)) can be written as

l a .

where

Æ T
J '' ^ d zdz

0  =

(8.7)

(8.8)
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is the dimensionless potential. From the continuity equation

• ^ + V  .(nv) = 0,
at

we have

(8.9)

J,3n , ^  
 ̂ 9t dz

\

=  0 .

J

The Poisson's equation

(8.10)

V »E = -47te[^"^o 

gives

(&11)

%

where C0p0̂ =47i:nQê /mQ, n=nQ+6n, n  ̂ is the background ambient electron 

plasma density and ôn is the density fluctuation. The Maxwell’s equation

(a 13)

gives

. J -
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(&14)

In this Eq.(8.14) we have used the relations (8,2) and J=-env, Equations 

(8,7), (8,10), (8,12) and (8.14) form the basic set of the formulation. We 

assume a driving pulse of the form:

a(z, t)= -| â exp ( - i0 )+ con^. ccnj. = iyâ (̂ , t) exp ( - iO ) + ccnpl, caij., (815)2 O'

where 0=(OQt-kQZ, coq and kQ being the central frequency and

wavenumber, and Ç=z-Vgt, where OcoQ/OkQ is the group velocity and x is a 

slow time-scale:

d ^
«  0)0 (8 IQ

y

accounting for changes in the pump due to the plasma reaction. We use the 

following operators

az ' at 3t ’

to obtain the wave equation in envelope approximation. We have

(&17)
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(8.18^

da
- V, 0

2 -  gdrd% ^ g , 2 'at -  »r g

The wave equation (8.14) now reduces to

(8.18b)

dr

da,0 + c H

0Ç v “ 0 8 a:
e)q) (-10)

+ co n ^ . conj. '^-co^+co  ̂ ” ^ ^  exp(-i0) + cctTçl conj. (8.19)0 pOHoYaTi
/

From Eqs.(8.7) and (8.10) in the quasistatic approximation (Sprangle et al, 

1990) the following two first integrals can easily be obtained (de Angelis, 

1990):

1̂1 ■ Pq V 'I - 0  = 1, (8.20)
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where Po=Vg/c and we have approximated d/ dz^d/ d^  and d/dt=-Vg(3/d^). 

The constants of integration have been chosen in such a way that:

h  In=n^, Yj|= 1, 0  = 0 , for y^= 1, ( wheie = 0 ). (8.22)

The general system [Eqs.(8.7), (8.10), (8.12), (8.14)] is then reduced to 

equations (8.12) and (8.14) only which can be written, using Eqs.(8.20) and 

(8.21), as:

7 ?
(823)

dl

3L
kOp̂ + cPq- ^

;

%

%

2
=  -  Û)lO

0

J  J
% (8.24)

For the limiting case Pq= 1 the set of equations (Eqs(8.23) and (8.24)) 

simplifies to
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3^0 _
2c' / (1 + 0 )

(829

/

dr

f

%
2._2 \

CO)pO
co:

V

%=  -CO

/ d̂
pO

0
1 + 0 % (82@

Eq.(8.25) has been solved by Tsintsadze (1990) for the case of a given 

pump; the coupled system (8,25)+(8.26) has been considered by Bulanov et 

al (1990), whereas we are now going to consider the general system of 

equations (8.23) and (8.24) as our model equations for the numerical 

evaluation of the excitation of a relativistic nonlinear large amplitude 

plasma wave.
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NUMERICAL SOLUTION OF THE MODEL EQUATIONS FOR 

WAKE-FIELD EXCITATION, RESULTS AND DISCUSSION

The ID formulation for the excitation of a relativistic plasma wake-field by 

a single ultra-short laser pulse has been described in chapter 8. The result 

ends up with a set of two coupled equations (Eqs (8.23) and (8.24)) for the

self consistent evolution of the laser pulse vector potential envelope aQ and

the scalar potential O of the excited wake-field. For convenience we write 

this set of coupled equations again as follows:

®̂o0t 2 2"'®pô %'
0 3%

where t now is a slow time scale and
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p,

This set of equations (9.1) and (9.2) to be solved numerically in the 

stationary frame of the pulse. Eq(9.1) is the Poisson's equation which is to 

be solved by integrating back from the head of the pulse, to obtain values at 

a series of mesh points, with initial conditions, 0=0, 9O/d^=0. The right 

hand side of the equation, the perturbed electron density, is a very spiky 

function of O. This creats some difficulties at particular mesh points in the 

integration. The method we use is a simple predictor-corrector. The 

corrector is iterated till convergence is obtained at each point. If 

convergence is not obtained, the interval is divided into several

sub-intervals. Values of are calculated by linear interpolation among the

values of aQ on the same mesh and the integration repeated over the

interval. The total computation is not large, so many mesh points are used 

to minimize computational difficulties. The potential equation is integrated

to some arbitrary point (say, Sip, lp=27cc/(0p0, is the plasma wavelength),

beyond the end of the pulse.
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The envelope equation (9.2), which is written as two coupled equations for

the real and imaginary parts of aq, is solved implicitly. This is essential for

correct treatment of the mixed derivative term. The difference scheme is of 

the form

+ B . f k ) + C.a^l(j-l) = U.

= P.ag(j+l) + (^ a ^ + R j^ (j-l) . (9.3)

The coefficients are mostly complex. The right hand side, U, is first 

calculated with the known values of 0  at time step n. We solve the 

difference relations in standard fashion by Gaussian elimination.

The present model is based on a quasi-static approximation, in which we 

have obtained two integrals of motion (Eqs(8.20) and (8.21)), described in 

chapter 8 for slow-time scale t, in the assumption that B/d% = 0. In that

approximation the electron plasma density n=nQ+0n and the quantity

Yc=Ya(Y||̂ ’i)^^ are constants. The quantity has been checked frequently

in the numerical calculation and it has been found that it changes slowly 

with time after a certain number of plasma periods. Table VIII shows for

118



chapter 9

different input parameters, the number of plasma periods after which Jq 

changes by 25%.

We present some numerical graphics for the evolution of the excited plasma 

wake-field potential O, wake-electric field as well as the laser pulse

field vector potential lagl. In all the following figures, we have plotted the

fields as normalized quantities, 0 =e(|)/mQC ,̂ E^=elEI/mQC(Opo and

aQ=eAo/mQC^, where ([), E and Aq are respectively the wake scalar 

potential, wake electric field and pump laser vector potential. The 

horizontal scale is position ^=z-Vgt, normalized with the plasma wavelength

>-p=27Cc/(Dpo, (OpQ is the ambient angular plasma frequency. Time has been

counted in terms of plasma period Tp=2^/(0pQ; laglaj signifies the peak

amplitude of the normalized initial vector potential of the laser pulse, coq is

the laser frequency, Oj. and Of signify the Gaussian rise and fall respectively.

Figures 9.1-9.3 show the evolution of the excited wake-field scalar 

potential O and the magnitude of the laser pulse vector potential lagl for two
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different times, different values of laQî l and with different shapes of the

pump pulse profiles Gj. and Gf. It is seen that, the larger the value of laQ̂ Î,

the higher the excited wake-field 0 .  It is also seen that, for symmetrical 

Gaussian pulse, or pulse with slow Gaussian rise and steep Gaussian back,

for lower value of laQî l̂, the shape of the laser pulse almost unchanged up to

a time of about 40Tp. However, for a Gaussian pulse with steep front and

slow back, there is some distortion in the pulse shape, as we see from the 

Fig.9.2.

Figure 9.4 shows the evolution of lag!, 0  and the real and imaginary parts

of aQ. We see from these curves that there are distortions of the laser pulse 

at particular positions  ̂where the wake-potential 0  has local minima.

Figure 9.5 shows the evolution of the density perturbation ôn/nQ for the

excited laser wake field. In that figure we see the sharp peaks of the density 

perturbation, where the potential 0  has local minima.

Figures 9.6 and 9.7 show the evolution of lagl, 0  and wake-electric field
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in two different times. Figure 9.6 is for C0po/C0o=0.01 whereas Fig 9.7 is 

for 0)po/(OQ=0.1. As we see from the figures, distortion in the pulse shape 

increases with increasing the ratio cOpo/cOQ-

Figure 9.8 shows the evolution of lagl, 0  and wake-electric field at time

t=2Tp for similar parameters as considered by Tsintsadze (1990) for his

fixed pump field amplitude. As we see, steep front with slow back shape of 

the Gaussian laser pulse is more favourable for the wake-field excitation. 

However as we have noticed earlier that, in this favourable case, there is 

some distortion in the shape of the laser pulse.

Figure 9.9 shows the evolution of lagP/2 and 0  for a square laser pulse. It is 

seen that the distortion of the pulse shape increases with the ratio cOpo/coQ.

For a numerical example, in the present ID simulation, the energy gradient 

of the excited laser wake field can be of the order of 480 GeV/m. In this 

example (see Fig.9.6), we have considered the following input parameters:

the value of the dimensionless input vector potential la()ki|=2, the ratio of the
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ambient plasma frequency to the laser frequency C0po/oc>o=0.01, Gaussian

rise G j ^ 0 . 2 5 A p ,  Gaussian fall G f = 1 . 5 X p ;  X p  is the plasma wavelength. It is

noted here that the above parameters are relevant to present-day KrF 

lasers.

The present study has considered different shapes of the Gaussian profile as 

well as a square profile for the incident laser pulse. Parameter studies

suggest that an ultra-short (pulse length l^<plasma wavelength Ip), high

intensity (lao^^l>l) laser pulse can excite a very large amplitude plasma

wake-field. The amplitude of the excited wake-field increases with 

increasing the ambient plasma density but the shape of the pulse is distorted 

for a long pulse or a pulse with steep front with relatively long tail. An 

interesting feature of the behaviour of the pulse is that the distortion occurs

where the wake-potential 0  has a minimum that is, Ôn/ng has a maximum.

This behaviour of the laser pulse shape can be explained as follows. When a 

light pulse interacts with a plasma density gradient, the group velocity of 

the light pulse, Vg=c(l-C0p2/(0Q2)l/2  ̂ decreases as the plasma density 

increases. This has the effect of slowing the light wave down as it
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propagates up the density gradient and speeding it up as it propagates down 

the density gradient. Thus causing a pile up of photons on one side of the 

gradient causing a distortion of the laser pulse profile.

Besides this pulse distortion, however, a steepening of the laser pulse is seen 

to occur for a steep front with long tail of the pulse. Similarly, for a square 

pulse, the steepening of the pulse is found to occur at the leading front. This 

type of behaviour of the square pulse was observed earlier by Bulanov et al 

(1990) for their fixed pump amplitude case.

Finally, we have numerically modelled the self-consistent theory of the 

excitation of a relativistic large amplitude plasma wake-field by a single 

ultra-short laser pulse. The theory is restricted to ID geometry but 

temporal behaviour has been taken into account. The electron-fluid 

response has been simplified in the laser pulse frame in the slow time scale 

by considering a quasi-static approximation for the plasma quantities n the

plasma density, and gc=Ya(Yll̂ “̂ )̂ ^̂ * This quasi-static approximation states

that, if the laser pulse is sufficiently short, the fields Uq and 0  which drive 

the plasma are expected to change little during a transit time of the plasma
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through the laser pulse (Sprangle et al, 1990). This quasi-static 

approximation breaks down after a certain time, which of course depends 

on different input parameters, namely, ambient plasma density and 

amplitude of the pump field. The 2D effects on the evolution of the laser 

pulse profile as well as the excited plasma wake-field might be important 

for wake-field excitation and this should be investigated thoroughly in a 

self-consistent (r,z,t) model.
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TABLE Vm. VALIDITY OF THE MODEL

laghil (Opo/WQ Time t in terms of plasma 

period Tp=27c/(OpQ

1 0.05 40

a^=0.25Xp 0.01 250

af=0.25Xp 2 0.05 30
0.10 15

3 0.05 25

1 0.05 30

aj=0.25Xp 0.01 200

af=1.50Xp 2 0.05 25
0.10 10

3 0.05 20

1 0.05 50

o^=L50Xp 0.01 250

af=0.25Xp 2 0.05 50
0.10 20

3 0.05 50

Square 0.01 250
pu lse  width 2 0.05 40

ip=LOXp 0.10 6
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Figure 9.1: The values o f  the m agnitude o f normalised vec tor potential laol (solid curves)

and scalar potential 0  (dashed curves) with position Ç=z-Vgt. G aussian rise o^=0.25A.p,

G aussian fall af=0.25Xp, C0pQ/cûQ=0.05. Curves (a) and (b) are fo r laoin!=l; (c) and (d) are 
for laQ>n|=2; (e) and (f) are for lao'”f=3. Curves (a), (c) and (e) are at tim e t=0.4Tp whereas

curves (b), (d) and (f) are at t=40Tp. Tp=2tt/(0pQ, is the plasm a period and Xp=27ic/C0pQ, is 
the plasm a wavelength.
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Figure  9.2: The values o f  the m agnitude o f norm alised vec tor potential lag! (solid curves)

and scalar potential d> (dashed curves) with position Ç=z-Vgt. G aussian rise cjj.=0.25Xp,

G aussian  fall 0|=1.5X.p, ©pq/C0q=0.05. Curves (a) and (b) are for laoiN=l; (c) and (d) are 
fo r laoin|=2; (e) and (f) are for lao»"l=3. Curves (a), (c) and (e) are at tim e t=0.4Tp w heieas 
curves (b), (d) and (f) are at t=40Tp.
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Figure 9.3: The values o f  the m agnitude o f norm alised vec tor potential la^l (solid curves)

and scalar potential O  (dashed curves) with position  %=z-Vgt. G aussian rise 0^=1.5X,p,

G aussian fall af=0.25Xp, C0pQ/c0Q=0.05. Curves (a) and (b) are for la()in|=l; (c) and (d) are 
fo r la()in|=2; (e) and (f) are for la{)in|=3. Curves (a), (c) and (e) are at tim e t=0.4Tp whereas 
curves (b), (d) and (f) are at t=40Tp.
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Figure 9.4: The values o f  the m agnitude o f normalised vec tor potential lagl (solid curves)

and the real and im aginary parts o f  ag and also O  with position  Ç=z-Vgt. G aussian rise

O j= 0 .25^p , Gaussian fall af=1.5A.p, (OpQ/(OQ=0.05^laola(=2. Curves (a) and (b) are for 
t=0.4Tp, (c) and (d) are for t=20Tp, (e) and (f) are for t=40Tp.
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Figure  9.5: The evolution o f  the normalised density perturbation Sn/ng. Gaussian rinse of
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Figure 9.6: The values o f  the m agnitude o f normalised vec tor potential laol (solid curves)

and scalar potential 0  and/or wake-electric field (dashed curves) with position ^=z-Vgt

laoM=2, C0po/C0o=0.01. G aussian  rise Oy=0.25A^, Gaussian fall a{==1.5Xp, Curves (a) and 
(b) are at tim e t=2Tp; (c) and (d) are at t=200Tp.
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Figure 9.7: The values o f  the m agnitude o f norm alised vec tor potential lagl (solid curves)

and scalar potential O  and/or wake-electric field (dashed curves) with position Ç-z-Vgt

la()in|=2, û)pQ/cûQ=0.1. Gaussian rise G^=0.25%p, Gaussian fall <j£=1.5Xp, Curves (a) and
(b) are at tim e t=0.2Tp; (c) and (d) are at t=10Tp.
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Figure 9.8: The values o f  the m agnitude o f norm alised vec tor potential laol (solid curves) 

and scalar potential and/or wake-electric field (dashed curves) with position Ç=z-Vgt 

lao^ lW S , cOpo/cOo=0.01, t=2Tp. (a) and (b) G aussian rise and fall o^= af=5c/cOpo=0.795Xp;

(c) and (d) Gaussian rise 0j.=c/o)po=O.159Xp, G aussian fall af=9c/cOpo=1.433^; (e) and (f) 

G aussian  rise Oj.=9c/ci)po=1.433^p, Gaussian fall af=c/cûpo=0.159Xp.
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Figure 9.9: The values o f  laQp/2 (curve 1) and the potential 0  (curve 2) fo r square 

pulse-w id th  lp=1.0A.p and laoin|=2. (a) and (b) are for cOpQ/o>o=0.01, (c) and (d) are for

(^) (f) are for O)p(/G)o=0.1. Curve (a) is at tim e t=2Tp, (b) is at t=l(X)Tp,
(c) is at t=0.4Tp, (d) is at t=20Tp, (e) is at t=0.2Tp and (f) is at t=10Tp.
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Appendix A

DERIVATION OF THE EXPRESSION FOR 

PONDEROMOTIVE FORCE AT THE BEAT FREQUENCY OF

THE PUMPS

The expression for the ponderomotive force can be written as follows:

fj^ = -m ^ (v-V )v-|vxB . (Al)

The component of the nonlinear ponderomotive force oscillating at the beat 

frequency 003=0)1-0)2 is given by

^Vi-Vjv2+ v*.V\ z y

_e_
2c

where

Wl^®3’V  ' 2 ,v*.V
V Z

(A2)

A l
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and

4

VjXB^ + v^xBj

The electron quiver velocities vj in the electromagnetic pump fields have 

been defined in Chapter 3 ( see Eq.(3.6)) and is

j

-ie ^
t - t ,

J J

where j=l,2; Ej are the pump electric field strengths and Kj are related to 

the cold plasma mobility tensors by the relation Ki=(ic0j/Og)Mj.

Therefore, the expression for fNLl(®3»^3) can now be written as follows:

ie2
\

s - s ,

(A3)

By using the relation

B. = ̂ k .x E .,  
J “ j J J
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and substituting ̂ ’s in the expression for fNL2(®3»̂ 3)» namely

we obtain

V, xB« + V* xB

ie2
®2 r®i

+
.* A. \

V
Therefore, by adding (A.3) and (A.4), we finally obtain, the expression for

—V"
ponderomotive force fNL(®3» kg):

W ® 3 ’ V

\

v l 2‘®2 ,
%-K -K2 1 1

Kf-I
®r

r 3  -
2 r®i

c *
K2-I (A5)
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SIMPLIFICATION OF THE EXPRESSIONS FOR THE 

COUPLING COEFFICIENTS

The electric field vectors of the pump electromagnetic waves can be written 

as follows:

(B-1)

where
A

e = gj ê  + a.êy+p.ê^] (B.2)

are the polarisation vectors of the pump electric fields (j=l,2). 

ACondition ej *ej=l gives

*l  + a .  a .  + p . p . j  _ (B.3)

From Eq,(2.19) with Dj = DjH + DjA, and DjA = 0, we have

D.=J î-c^ kk+ (û ^ g..J  ̂ /  J J P J
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Differentiating Dj partially with respect to (oj, we get

3K.
i  = -2(0.I+(0^3-4. 

3(0. J P 3(0.
J J

(B.4)

In cold plasma approximation, the components of Kj are given by

K. = K. =
jxx jyy

K. =
jxy

-K.
jyx

K. =K. =K. =K. =0, and K. =1 
jxz jyz jzx J2y  jzz

Now by differentiating the different components of Kj, we get

3K. 3K.jxx m
00).

J
3(0.

J

- 2 (0.q !

J  -J

A S



3K,
___E .

3 o ) ,
J

3K.
jyx-

3(0 .
J

a n d  th e  o th e r  d e r iv a t iv e s  a r e  z e r o .

W e  h a v e  f r o m  E q .( B .4 )

J
3(0. 2(0.+ (0^ 

J P
XX

J
3 (0 .

I  u

2 (0 .
J

XX

1 + “ p « e

J
3(0 .

u

J
3(0 ,

V V yx

3K.
J

3 (0 .
V V xy “r “ e

3 (0 .
2 (0.+(0̂  

J P
yy

J
3 (0 .

yy

2 (0 .
J

1 + «

9 2 '(0?-O^
. J /  J
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 J
3(0.

V V

2 (0.+ (0  ̂
J P

zz

 J
3(0,

V V
- 2 (Oj,

zz

and

aS"!
J J

3(0. 3(0,
KZ I  0 zx

^dB«'
J

3(0.
V

J

yz
3(0.

V V

=  0

zy

We have

36."
^ + a .è y  + p.e^
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f  jk \ (  J, \ f  a B . " l ■

l  +  a .  a .  I J I a .  -  a *  1 J
+ p * p

j
I J jJ 3(0.

+ , J J J 3(0. 3(0.
I  J JXX I  V x y I  V zz_

(B.5)

To calculate the coupling coefficient Cg, we use Eq.(2.30) with DgA=0:

1
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= cœ^0. 3co- 
3 V

+ sm

2Z

' g '
d(û. ,

V 3 ;XX

(B.Q

' ^ î f c l Z Î ^  f / '  ^  i f c a ^ l Z i  ^  ^
a • K. • è. = ^ [ê  + apey + Pi è̂  ) -K. .g |^  + a. + p.

1 + afa. 'K. + a. - af
I ' JJ jXX I J 0

gjgj l + a*ai^ (B.8)

“ *®3®z+™®3®xJ-K3-kj
*A y \

œs9^ê^+sin0jê^

= k, K- cœ0, cœ0_ + K_ sirt9. sir6.  1. 1 3zz 1 3 3xx 1 3 (B.9)

A8

1

I

85" . 85t^COS0.L + sirt9- e; 1. 3 Jcœ0_ e + sin0 e,
I 3 3 0WL I 3 z 3
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where, when i=l then j=2 and when 1=2 then j=l.

''
4

•I



Similarly,

Appendix B

K. cos8. COS0- + K. sin0. sin0̂  
3zz 2 3 3xx 2 3

(B.IO)

Again

kj. • ̂ 2=k 1 [OOS01 e ,+ sinGi ex J. + p2

and

% ' Kj• f j = k jfo o se^ l + sinGjI^) v « i V P i ^

K, +a,K, 
Ixx 1 Ixy sirt9. (B.12)
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Now

v s
f  C \ —* —* ^

K.-I
^ 1 j • ® r cosG^e^+sine^Sc j-Kg-

•8 1 [Sc +  “ i«y+Pi«z)

= g ŝin8g K3xx
K, - l  + a ,K , I Ixx 1 Ixy J

" ^ S x y r i r k x ' T %

and similarly

v S œsGge^+sinGg^j.Kg' (-*
, s - ‘ ] ■ h[

= g^sin8g S x x {^ 2xx '* '“2*̂ 2jqr

■‘‘S xy  T 2 ,’' 2xx-‘ ) - V (B.14)

By using (B.5)-(B.14) into Eqs.(2.46)-(2.48), the coupling coefficients C%,

C^and C3 can easily be evaluated. The relations (B.5)-(B.14) can further

be simplified for the case of a Langmuir type beat mode. In this special 

case, for small incidence angle of the pump waves, both pumps can be 

considered to be circularly polarized waves. For circularly polarized pump

A 1 0
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electromagnetic waves

^1 1̂ 1 2 “ ^’ ^1 2 ~ ’̂ ’ œs0^ = l, sin0^ = O.

Therefore, the polarization unit vectors of the pump electromagnetic waves 

become

" i= ^ = n
where the upper positive sign is for right-hand polarization and the lower 

minus sign is for left-hand polarization respectively.

Eq.(B.5) becomes

4*
e.

3d :
J
H

j 3cOj J

0 =1,2)

e =
f  8 5 " !

J ±i J
3m. 3m.

0 XX I  0 sy

- 2o)y - 2o)j (for two polari2ations). (B. 15)

For a Langmuir beat wave propagating almost parallel to the toroidal
A  A

magnetic field 03=62, Eq.(B.6) then becomes

A1  1

%
-.c

I

■Î
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a. _

®3’3o) ’®3- 9o),
V 3y

-2co,

ZZ

Eq.(B.7) becomes

Appendix B 

(B.IQ

1

®1 2  ’ ®2 “  2xx “  ‘ 2xy “

(0 ,

“ 2-« e CO + Q2 8 y

for two polarizations (RCP and LCP) respectively. 

Similarly

(B.17) ■i

1

/ CÙ r «2 ^

“ l + ^e
(for tw o pdanzations). (B.18)

Eq.(B.8) becomes

A rrî*
l̂-*^2 - 2" ^ 2xx±‘*'2xy

for two polarizations like before.

Eqs.(B,9) and (B.IO) become

^ CO. ) f  CO. ^
2 2

c o . - O ^ J co.  +  Q^
I  2  e j I  2  e j

e^'K^'k^ = k̂ cos6 ,̂ (B.20)
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Eq.(B.ll) becomes

V /2 J

k̂ sin0^ 0) . ^

72 CO.. -Q
V 2 e

k̂ sin0^

72
 ̂ “ 2 1 
®2+fle (B.22)

and similarly Eq.(B.12) reduces to

n ^Ixx-'^ lxy)

V n V ” 2̂
/2

f  cô  ^
(B.23)
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Eqs.(B.13) and (B.14) reduce to

% 'S

f—» ^ \
R,.i %=0 , (B.24)

and

%'S K2-1 - e ; .o (B.25)

Using Eqs.(B.15) and (B.17) into Eq.(2.46), we obtain

“ 2- ^ e (B.2Q

Using Eqs.(B.15) and (B.18) into Eq.(2.47), we obtain

">l±“ e (8.27)
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Similarly, by using Eqs.(B.16), (B.18) - (B.25) into Eq.(2.48), we obtain

cm
pO kjOos0^

0), 0)

V 1
(B.28)

In Eqs (B.26)-(B.28), ± signs are respectively for left and right circularly 

polarized pump waves.
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