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Supplementary Materials  

1. Phase-field Methodology 

For this work, the “improper” ferroelectric behavior with coupling of multiple order 

parameters is ignored, polarization vectors �⃗� =(Px, Py, Pz) are the only order parameters 

for the sake of simplicity. The system is governed by the time dependent Landau-

Ginsburg-Devonshire (LGD) equation: 

                         
𝜕�⃗� 

𝜕𝑡
= −𝐿

𝛿𝐹

𝛿�⃗� 
                              (1) 

Where t, F, L are the time, total free energy and kinetic coefficient, respectively. 

The total free energy has contributions from Landau, elastic, electric and gradient 

energies [1]. 

              𝐹 = ∫(𝑓𝐿𝑎𝑛𝑑𝑎𝑢 + 𝑓𝑒𝑙𝑎𝑠𝑡𝑖𝑐 + 𝑓𝑒𝑙𝑒𝑐𝑡𝑟𝑖𝑐 + 𝑓𝑔𝑟𝑎𝑑𝑖𝑒𝑛𝑡)𝑑𝑉           (2)                                    

The Landau free energy density can be expressed by the “Landau polynomial”, 

with odd terms being canceled by the symmetry of cubic reference phase.  

      𝑓𝐿𝑎𝑛𝑑𝑎𝑢 = 𝛼𝑖𝑗𝑃𝑖𝑃𝑗 + 𝛽𝑖𝑗𝑘𝑙𝑃𝑖𝑃𝑗𝑃𝑘𝑃𝑙 + 𝛾𝑖𝑗𝑘𝑙𝑚𝑛𝑃𝑖𝑃𝑗𝑃𝑘𝑃𝑙𝑃𝑚𝑃𝑛 + ⋯         (3)                   

The elastic energy density can be calculated from the elastic strain by the following 

expression: 

                             𝑓elastic =
1

2
𝐶𝑖𝑗𝑘𝑙𝑒𝑖𝑗𝑒𝑘𝑙 =

1

2
𝐶𝑖𝑗𝑘𝑙(휀𝑖𝑗 − 휀𝑖𝑗

0)(휀𝑘𝑙 − 휀𝑘𝑙
0)       (4)                              

Where 𝐶𝑖𝑗𝑘𝑙,  𝑒𝑖𝑗, 휀𝑖𝑗 , 휀𝑖𝑗
0 are the elastic stiffness tensor, elastic strain, total strain 

and eigen strain, respectively. The eigen strain is defined as the phase transformation 

strain given by the electromechanical coupling and the lattice strain:휀𝑖𝑗
0 = 𝑄𝑖𝑗𝑘𝑙𝑃𝑘𝑃𝑙 +
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휀𝑙𝑎𝑡𝑡𝑖𝑐𝑒 . Q is the electrostrictive coefficient tensor. The lattice strain is due to the 

difference between the psuedocubic lattice constants of PTO (or STO) and the reference 

state: 

                                             휀𝑙𝑎𝑡𝑡𝑖𝑐𝑒 (𝑃𝑇𝑂) =
𝑎𝑃𝑇𝑂−𝑎𝑟𝑒f

𝑎𝑟𝑒𝑓
                        (5)                                                            

                                                 휀𝑙𝑎𝑡𝑡𝑖𝑐𝑒 (𝑆𝑇𝑂) =
𝑎𝑆𝑇𝑂−𝑎𝑟𝑒𝑓

𝑎𝑟𝑒𝑓
                        (6)                                                                 

To solve the elastic equations, the total strain  휀𝑖𝑗  is separated into homogenous 

strain 휀 ̅and heterogeneous strain 𝛿휀𝑖𝑗. The homogenous strain is defined as the lattice 

mismatch between reference state 𝑎ref   and substrate 𝑎sub: 휀1̅1 = 휀2̅2 =
𝑎𝑠𝑢𝑏−𝑎𝑟𝑒𝑓

𝑎𝑟𝑒𝑓
. 

Where the effective inplane coherency strain, defined as the differences between 

homogenous strain and lattice strain: 

 휀𝑒𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒 (𝑃𝑇𝑂) = 휀1̅1 − 휀𝑙𝑎𝑡𝑡𝑖𝑐𝑒 (𝑃𝑇𝑂) =
𝑎𝑠𝑢𝑏−𝑎𝑃𝑇𝑂

asub
                         (7) 

 휀𝑒𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒 (𝑆𝑇𝑂) = 휀1̅1 − 휀𝑙𝑎𝑡𝑡𝑖𝑐𝑒 (𝑆𝑇𝑂) =
𝑎𝑠𝑢𝑏−𝑎𝑆𝑇𝑂

𝑎𝑠𝑢𝑏
                          (8) 

is independent of the reference state [2], hereafter the average pseudo-cubic lattice 

constant of PTO and STO is chosen as the reference state. The volume integration of 

heterogeneous strain 𝛿휀𝑖𝑗 is zero, i.e., ∫ 𝛿휀𝑖𝑗𝑉
𝑑𝑉 = 0. 

The elastic equilibrium condition is satisfied: 

                       𝜎𝑖𝑗,𝑗 = 0                                    (9)                                                
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Where 𝜎𝑖𝑗 is the elastic stress: 𝜎𝑖𝑗 = 𝐶𝑖𝑗𝑘𝑙𝑒𝑘𝑙=𝐶𝑖𝑗𝑘𝑙(휀𝑘𝑙 − 휀𝑘𝑙
0). In order to 

incorporate the anisotropic elastic properties of PTO and STO, the elastic stiffness 

tensor is separated into homogenous part 𝐶�̅�𝑗𝑘𝑙and perturbation part 𝛿𝐶𝑖𝑗𝑘𝑙: 

                                                  𝐶𝑖𝑗𝑘𝑙 = 𝐶�̅�𝑗𝑘𝑙 + 𝛿𝐶𝑖𝑗𝑘𝑙                        (10)                                                            

                                𝜎𝑖𝑗=𝐶𝑖𝑗𝑘𝑙(휀𝑘𝑙 − 휀𝑘𝑙
0) = (𝐶�̅�𝑗𝑘𝑙 + 𝛿𝐶𝑖𝑗𝑘𝑙)(휀𝑘𝑙 − 휀𝑘𝑙

0)       (11)                               

Combine Eq. 9, Eq. 10 and Eq. 11: 

                                 
𝜕𝜎𝑖𝑗

𝜕𝑥𝑗
=

𝜕

𝜕𝑥𝑗
[(𝐶�̅�𝑗𝑘𝑙 + 𝛿𝐶𝑖𝑗𝑘𝑙)(휀𝑘𝑙 − 휀𝑘𝑙

0)] = 0  

       
𝜕

𝜕𝑥𝑗
[(𝐶�̅�𝑗𝑘𝑙 + 𝛿𝐶𝑖𝑗𝑘𝑙)(휀effective + 𝛿휀𝑖𝑗 − 𝑄𝑖𝑗𝑘𝑙𝑃𝑘𝑃𝑙)] = 0        (12) 

The inhomogeneous strain 𝛿휀𝑖𝑗 can be further calculated by the differentiation of 

local displacement, 𝛿휀𝑖𝑗 =
1

2
(𝑢𝑖,𝑗 + 𝑢𝑗,𝑖) , where 𝑢𝑖,𝑗 =

𝜕𝑢𝑖

𝜕𝑥𝑗
, substitute into Eq.12,  

𝐶�̅�𝑗𝑘𝑙
𝜕2𝑢𝑘

𝜕𝑥𝑗𝜕𝑥𝑙
= −

𝜕

𝜕𝑥𝑗
[(𝐶�̅�𝑗𝑘𝑙 + 𝛿𝐶𝑖𝑗𝑘𝑙)(휀effective − 𝑄𝑖𝑗𝑘𝑙𝑃𝑘𝑃𝑙)] −

𝜕

𝜕𝑥𝑗
(𝛿𝐶𝑖𝑗𝑘𝑙

𝜕𝑢𝑘

𝜕𝑥𝑙
)  (13) 

The thin film boundary condition is applied, i.e. stress free at the film top: 

 𝜎𝑖3|filmtop = 0 , while the displacement at the film bottom is fixed to 

zero:  𝑢𝑖|filmbottom = 0. Eq.13 can be solved via the iteration method [3]. To ensure 

both high calculation speed and accuracy, the cutoff for the iteration is set as within 

0.1% deviation in elastic energy. 

The electric energy density can be written as: 

                          𝑓electric = −
1

2
𝐾𝑖𝑗휀0𝐸𝑖𝐸𝑗 − 𝐸𝑖𝑃𝑖.                        (14) 
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Whereas 
0 is the dielectric permittivity of free space, 

ij  is the background 

dielectric constants of the superlattice film, 𝐸𝑖 is the local electric field defined as the 

gradient of the electric potential 𝐸𝑖 = −∇𝑖φ. The electrostatic equilibrium must be 

satisfied, i.e., 

 𝐷𝑖,𝑖 = 0                          (15) 

The electric displacement 𝐷𝑖 = 𝐾𝑖𝑗휀0𝐸𝑗 + 𝑃𝑖, substitute into eq. 15: 

  휀0𝐾𝑖𝑗
𝜕2𝜑

𝜕𝑥𝑖𝑥𝑗
= 𝑃𝑖,𝑖                          (16) 

Close-circuit boundary condition is employed, with potential fixed as zero at the SLs 

top while uniform 0.1 V is applied at the film bottom to mimic the build-in field which 

arises from the band gap difference between conducting bottom electrode and PTO 

insulating layer. 

With the pseudo-cubic assumption, the gradient energy density can be given by:  

                                            𝑓gradient =
1

2
𝐺𝑖𝑗𝑘𝑙𝑃𝑖,𝑗𝑃𝑘,𝑙                      (17)                                                   

Where 𝐺𝑖𝑗𝑘𝑙  is the gradient coefficient tensor, 𝑃𝑖,𝑗  stands for the spatial 

differential of the polarization vector: 𝑃𝑖,𝑗 =
𝜕𝑃𝑖

𝜕𝑥𝑗
 . 

More detailed description of film-based phase-field method as well as iteration 

method for solving anisotropic elastic equations can be found elsewhere [3-5]. 

2. Initial setup and parameters  



5 

 

The simulation system is consisted of three parts: 30 unit cell of DSO substrate, 198 

unit cell of SLs layer which has alternating layer of 10 unit cells of PTO, 1 unit cell of 

interfacial layer and 10 unit cells of STO. Periodic boundary condition is applied for 

the lateral (x and y) dimension while a superposition method is used for the z dimension. 

The simulation system size is 200×200×250, corresponding to 80 nm×80 nm×100 nm 

in real space. The normalized time step for simulation is ∆𝑡∗ = 0.02，where the 

normalizer is 𝑡0 =
1

𝑎0𝐿
, 𝑎0 = |𝑎1PTO|𝑇=300𝐾. Here L is the “kinetic coefficient”, which 

is related to the mobility of the domain wall. 

The simulation parameters are mainly taken from previous reports, including Landau 

coefficients, elastic stiffness, electrostrictive coefficients for both PTO [6] and STO [7]. 

The lattice parameter for DSO substrate to calculate the misfit strain is taken from Chen 

et al. [8]. For the sake of simplicity, the normalized gradient coefficients are set as 

homogenous across the whole superlattice: 𝐺11
∗ = 0.6 𝐺12

∗ = 0 𝐺44
∗ = 0.3  𝐺44

′∗ =

0.3, where 𝐺∗ =
𝐺

𝐺110
, 𝐺110 = 1.73 × 10−10 C-2 m4 N [4]. The background dielectric 

constant is set as 40 for the two layers [9-11]. For the interfacial layer, the potentials as 

well as the properties are set as the average of PTO and STO. Random noise with 

magnitude less than 0.005 C/m2 is added as the initial nuclei.  

3. Energy density plot of vortex and flux-closure structure: the contribution 

from elastic, electric, Landau and gradient energies. 

We first analyze the spatial distributions of different energy contributions within a 

single vortex. Fig. 2a clearly shows the vortex core as the region of highest energy 
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density. By separating out individual contributions from the elastic, electric, chemical, 

and polarization gradient energy (Figure 2(b)-(e), respectively), we learn that the elastic, 

chemical and gradient energies dominate and taper out almost radially away from the 

vortex core. This can be understood as a consequence of the large lattice distortions 

(higher elastic energy), highly diminished and near zero polarization (higher Landau 

chemical energy as indicated by the “double well” energy curve), and large gradient 

energies from rapid change in both, the magnitude and direction of polarization that 

exists at the vortex core. This high energy density core allows a polarization distribution 

with largely in-plane component of polarization at the interface between PTO and STO, 

and that with a largely out-of-plane polarization in the region between a vortex and a 

neighboring antivortex. Such a distribution serves to minimize depolarization-energy 

related effects (Fig 2(c)) at the ferroelectric/paraelectric interface that would otherwise 

destabilize ferroelectricity, while at the same time adopting an elastically favorable out-

of-plane polarized configuration in the region. Moreover, the magnitude of ferroelectric 

polarization away from the vortex core rapidly approach values where contributions 

from the chemical landau energy are the most negative. In other words, the introduction 

of a high energy density vortex core, serves to minimize the volume averaged total 

energy density in the PTO layers under the given strain and electrostatic boundary 

conditions. It is also noteworthy that under similar electrostatic and strain boundary 

conditions, thicker period superlattices form traditional flux-closure structures [12] 

with uniformly polarized c (tetragonal, out-of-plane polarized)- and a (tetragonal, in-

plane polarized)- domains that are separated by well-defined domain walls and 
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characterized by a total energy density distribution (Fig. 2f, computed for n=50) that is 

maximal at the 180o domain wall (separating c+ and c- domains) followed by 90o 

domain walls (separating c and a domains). In summary, these studies reveal length-

scale related criterion, in addition to favorable elastic and electrical boundary 

conditions, towards the stabilization of vortex states in these superlattices.  

The spatial resolved mapping of each individual energy density has been given in 

Fig. 2 in the main text. In order to give a more qualitative view point, the Line plot 

along X and Z through the vortex center is also plotted in Fig. S1, which reveals the 

dominant role of gradient energy near the vortex core. Generally, in the X direction 

through vortex core (Fig. S1a), the Landau energy and elastic energy is lower while 

along Z (Fig. S1b), the Landau energy and electric energy is lower along X. The 

surrounding area of the vortex core always has the highest energy and decay in a 

circular manner.  

 



8 

 

 

Fig. S1 Energetics of one vortex in (PTO)10/(STO)10 superlattices grown on a DSO substrate 

calculated from phase-field simulations. Spatial distributions of (a) the total energy density, (b) the 

elastic energy density, (c) the electric energy density, (d) the chemical energy density, and (e) the 

gradient energy density, (f) total energy density of one flux-closure in (PTO)50/(STO)50 superlattices 

grown on a DSO substrate. Line plot of energy densities across the vortex core from the vortex 

center (g) along X direction, and (h) along Z direction. 

In an attempt to better distinguish between traditional flux-closure structure and this vortex 

state, the structure as well as energy densities of flux-closure structure are also computed. Both 

simulation results and the TEM polarization vector plot for PTO50/STO50 shows a classical flux-

closure structure composed of four 90◦ a/c domain wall and one 180◦ c+/c- domain wall (Fig. 

S2a- S2b). The formation of flux-closure can be understood through the further separation of 

each individual energy (elastic, electric, Landau, gradient) contribution. 

(h) (g) 
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Fig. S2 Vector plot of flux-closure structure in PTO50/STO50. (a) From phase-field 

predication. (b) Experimental HRTEM mapping.  

As shown in Fig. S3(a), the elastic energy is much higher near the 180
◦
 domain wall 

region and relatively lower in the c domain region. The 180
◦
 wall is rod-like in shape 

stretched along Z direction. For electric energy density, however, the 90
◦
 domain walls 

has the highest energy. While the a domain region has generally lower electric energy 

density (Fig. S3b). The high Landau energy region can be found near both the 90
◦
 and 

180
◦
 domain walls (Fig. S3c). While the Landau energy is lower inside the c and a 

domains, suggesting that the magnitude of polarization is similar in the c and a domains. 

It is also worthwhile mentioning that the Landau energy in the small triangular a domain 

near the interface is higher due to decreased magnitude of polarization through the 

interfacial effect. The gradient energy is largest near the 180
◦
 wall due to the increased 

domain wall width as compared to 90
◦
 wall (Fig. S3d). The two 90

◦
 wall separating c 

domain and large a domain is also higher gradient energy wall as compared to the 90
◦
 

wall that’s separating c domain and smaller a domain since the polarization in the 

smaller a domain is suppressed. 

(a) (b) 
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The line plot of the energy densities across the 180
◦
 wall center for flux-closure is 

also provided (Figs. S3e and S3f), which shows that the domain wall is elongated along 

Z direction which can minimize the domain wall area as compared to the circular shape 

of the vortex. Note that the Landau energy density is lower than the vortex structure 

due to a larger magnitude of polarization in higher periodicity. 

   

   

 

(a) (b) 

(c) (d) 

(e) 

 

(f) 

 



11 

 

Fig.S3 The energetics of flux-closure. Spatial resolution of (a) elastic energy density, (b) 

electric energy density, (c) Landau energy density and (d) gradient energy density. Line plot of 

energy densities across the vortex core from the 180◦ domain wall center along (e) X direction, 

and (f) Z direction. 

The differences in the vortex and flux-closure structure can be addressed: the 

polarization is continuous rotating in the vortex structure while only sudden changes 

near the distinct domain wall area in the flux-closure domain. From the energetic 

perspective, the total energy is changing in a circular way from the vortex center for 

vortex structure while flux-closure domain generally has higher energy in the domain 

wall regions. 

The computed energy density of various phases with respect to periodicity can reveal 

the phase transition sequence with increasing periodicity. The complete phase diagram 

and total energy density is given in the main text, while the contribution from each 

energies is provided herein. As can be seen in Fig. S4(a), the elastic and gradient energy 

has a sudden change at n=10 due to the a1/a2 to vortex transition. The decrease in elastic 

energy can fully compensate the gradient energy increase, which leads to a slightly 

lower energy density of vortex state. From Fig. S4(b), the Landau energy change is 

trivial at the transition. Meanwhile, the differences between the two phases are larger 

at higher periodicity, leading to more stable vortex state at higher periodicity. The 

electric energy has a small jump from the a1/a2 state to vortex state, primary owing to 

the increased out-of-plane polarization. The total energy density difference between 
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vortex and a-twin structure is increased with increasing periodicity from n=10 to n=16. 

Fig S4(c) shows the continuous energy change from vortex structure at low periodicity 

to flux-closure at high periodicity. The Landau and gradient energy generally decrease 

with increasing periodicity as has been discussed in the main text. The elastic energy 

increases due to larger strain in the STO layer with smaller polar magnitude. The 

smooth change in the individual energy densities (elastic, electric, gradient, Landau) 

leads to smooth change in the total energy density, which indicate that the vortex to 

flux-closure transition is more or less second order transition in nature.  

 

 

(a) 

(c) 

(b) 
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Fig. S4 Energy densities of a1/a2 twin structure, vortex and flux-closure structure. (a) Elastic, 

Gradient (b) electric and Landau energy density comparisons for a1/a2 and vortex (c) The 

energy densities at larger periodicities for vortex and flux-closure structures.  

4. Analytical expression for the periodicity dependence. 

Following the work by Luk’yanchuk et al., one can write the general analytical 

solution of polarization in a 2D model using Jacobian elliptical function, assuming ideal 

paraelectric STO layer [26]： 

             P𝑧 = P0sn(
𝑘1(𝑡)

𝑑
𝑥,𝑚1(𝑡))𝑠𝑛(

𝑘2(𝑡)

𝑎𝑓
𝑧,𝑚2(𝑡))               (18) 

             P𝑥 = P0cn(
𝑘1(𝑡)

𝑑
𝑥,𝑚1(𝑡))𝑐𝑛(

𝑘2(𝑡)

𝑎𝑓
𝑧,𝑚2(𝑡))               (19) 

Where P0 is the maximum magnitude of the spontaneous polarization at a given 

periodicity; k1(t) and k2(t) varies with varying t the normalized temperature given by 

𝑡 =
𝑇

𝑇𝑐
− 1; d and 𝑎𝑓 are the domain periodicity in x direction and SLs periodicity, 

respectively, where x and z is the spatial coordinate. m1 and m2 are the eccentricity 

which is also directly related to t. At room temperature, generally, Tc decrease with 

decreasing periodicity due to the combined surface effect and depoling effect which 

suppress the polarization as well as decreasing the ferroelectric phase transition 

temperature. So, at room temperature, the normalized temperature t changes from -1 to 

0 with decreasing periodicity which drives the change of the eccentricity of the Jacobian 

elliptical function from 1 to 0 for the above analytical solution which well resembles 

the phase transition from flux-closure to vortex in this SLs system, where the well-
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defined classical domain walls squeeze into continuous rotating polarization (e.g., 

vortex) structures. In the soft domain region, where the temperature is not so far from 

the Curie temperature, the eccentricity approaches 0. The polarization profile thus can 

be further simplified to: 

                     P𝑧 = P0𝑠𝑖𝑛(
𝜋

𝑑
𝑥)𝑠𝑖𝑛(

𝜋

𝑎𝑓
𝑧)                        (20)                                            

      P𝑥 = P0𝑐𝑜𝑠(
𝜋

𝑑
𝑥)𝑐𝑜𝑠(

𝜋

𝑎𝑓
𝑧)                       (21)       

The free energy density in the film boundary condition can be explicitly rewritten as 

the following,  

(22) 

where the a parameters are the Landau potentials under thin film boundary conditions:  

𝑎1 = 𝑎1
0(T − 𝑇𝑐) − (𝑞11 + 𝑞12 − 2

𝐶12

𝐶11
𝑞12) 휀𝑠 = 𝑎1

0(T − 𝑇𝑐) − (𝐶11 + 𝐶12 −

2
𝐶12

2

𝐶11
) (𝑄11 + 𝑄12)휀𝑠                                                (23) 

                                                                  (24) 

                         

             𝑎11 = 𝑎11
0 −

(𝐶11𝑄12+𝐶12(𝑄11+𝑄12))
2

2𝐶11
                         (25) 

               𝑎33 = 𝑎11
0 −

(𝐶11𝑄11+2𝐶12𝑄12)
2

2𝐶11
                           (26)    

𝑎12 = 𝑎12
0 − 4𝐶44𝑄44

2 − 𝐶11𝑄11𝑄12 − 𝐶12(𝑄11
2 + 𝑄11𝑄12 + 2𝑄12

2 )             (27) 

−2
𝐶12

2

𝐶11
𝑄12(𝑄11 + 𝑄12) 

𝐹 = (𝑎1𝑃𝑥
2 + 𝑎3𝑃𝑧

2) + (𝑎11𝑃𝑥
4 + 𝑎33𝑃𝑧

4 + 𝑎12𝑃𝑥
2𝑃𝑧

2) + (𝑎111(𝑃𝑥
6 + 𝑃𝑧

6) 

+𝑎112(𝑃𝑥
4𝑃𝑧

2 + 𝑃𝑥
2𝑃𝑧

4)) + 𝑔0((
𝜕𝑃𝑥

𝜕𝑥
)
2

+ (
𝜕𝑃𝑥

𝜕𝑧
)
2

+ (
𝜕𝑃𝑧

𝜕𝑥
)
2

+ (
𝜕𝑃𝑧

𝜕𝑧
)
2

) − 𝐸𝑥𝑃𝑥 − 𝐸𝑧𝑃𝑧 

𝑎3 = 𝑎1
0(T − 𝑇𝑐) − (2𝑞12 − 2

𝐶12

𝐶11
𝑞11) 휀𝑠

= 𝑎1
0(T − 𝑇𝑐) − 2(𝐶11 + 𝐶12 − 2

𝐶12
2

𝐶11
)𝑄12휀𝑠 
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In the above equations, a0s are the Landau energy coefficients under stress free 

boundary condition, while C11, C12, C44 are the elastic constants with pseudo-cubic 

assumptions, Q11, Q12, Q44 are the electrostrictive coefficients, 휀𝑠 is the substrate strain. 

Using variation method, at equilibrium, it can be derived: 

(28) 

Assuming that the transverse field is small, one can deduce: 

(2𝑎1 + 𝑔0(
𝜋2

𝑑2 +
𝜋2

𝑎𝑓
2)) + 4𝑎11𝑃𝑥

2 + 2𝑎12𝑃𝑧
2 + 6𝑎111𝑃𝑥

4 + 4𝑎112(𝑃𝑥
2𝑃𝑧

2 + 𝑃𝑧
4)=0   (29)   

In a rough estimate: 

(30)   

In the above equation, the < > symbol means average over the vortex region. The 

Landau terms can be represented by 𝑎1
′ :  

                                                               (31) 

The mean values in equation (31) can be calculated as: 

 

                                                               (32)  

                                                                        

Substitute Eq. 32 into the Eq. 31, it can be deduced: 

                                                               (33) 

𝛿𝐹

𝛿𝑃𝑥
= 2𝑎1(𝑃𝑥) + 4𝑎11𝑃𝑥

3 + 2𝑎12𝑃𝑥𝑃𝑧
2 + 6𝑎111𝑃𝑥

5 

+4𝑎112(𝑃𝑥
3𝑃𝑧

2 + 𝑃𝑥𝑃𝑧
4) − 𝑔0(

𝜕2𝑃𝑥

𝜕𝑥2  + 
𝜕2𝑃𝑥

𝜕𝑧2 ) − 𝐸𝑥 = 0 

(2𝑎1 + 𝑔0(
𝜋2

𝑑2 +
𝜋2

𝑎𝑓
2)) + 4𝑎11 < 𝑃𝑥

2 > +2𝑎12 < 𝑃𝑧
2 > +6𝑎111 < 𝑃𝑥

4 >

+4𝑎112(< 𝑃𝑥
2𝑃𝑧

2 > +< 𝑃𝑧
4 >)=0 

𝑎1
′ = 𝑎1 + 2𝑎11 < 𝑃𝑥

2 > +𝑎12 < 𝑃𝑧
2 > +3𝑎111 < 𝑃𝑥

4 >

+2𝑎112(< 𝑃𝑥
2
𝑃𝑧

2 > +< 𝑃𝑧
4 >

 

< 𝑃𝑥
2 >  = < 𝑃𝑧

2 >  =
1

4
  𝑃0

2 

< 𝑃𝑥
4 >  = < 𝑃𝑧

4 >  =
9

64
  𝑃0

4 

< 𝑃𝑥
2𝑃𝑧

2 >  =
1

64
𝑃0

4  

𝑎1
′ = 𝑎1 + (2𝑎11 + 𝑎12)

𝑃0
2

4
+

𝑃0
4

64
(27𝑎111 + 20𝑎112) 
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Using Eq. 33, Eq. 30 can be reduced to: 

                                                               (34) 

If we were to write:                                                                                                                           

                                                                 (35)   

Where 𝑎0 is the “characteristic length” related to the gradient energy coefficients and 

the modified Landau coefficients. While the parameter √
𝑔0

𝑎1
′  is related to δ, δ is the 

width of 180o domain wall [14]. At room temperature, for short period PTO/STO 

superlattice, if the spontaneous polarization is estimated to be ~0.5 C/m2, using the 

parameters given by Li et al. [4], one can estimate the “characteristic length” to be ~3.2 

nm. The equation 34 can be simplified as:                                                                                                 

                                                                  (36) 

Substitute d/af by the aspect ratio r, and multiply by af
2 in eq. 36, the Eq.1 in main text 

can be deduced: 

1

𝑟2
+ 1 =

𝑎𝑓
2

𝑎0
2                            (37) 

5. Synthesis and Characterization of superlattice thin films 

a. Synthesis: Laser-MBE 

Superlattices of (SrTiO3)n/(PbTiO3)n (shorthand: n/n) were synthesized on DyScO3 

(110)o substrates via RHEED-assisted pulsed laser deposition (PLD) method, where ‘n’ 

refers to the thickness in unit cells of respective materials oriented in the [001]pc 

(psuedocubic) direction. Superlattice films of 100nm thick were grown at a set 

2𝑎1
′ = −𝑔0(

𝜋2

𝑑2
+

𝜋2

𝑎𝑓
2) 

𝑎0
2 = −

𝑔0

2𝑎1
′ 𝜋2 

1

𝑑2
+

1

𝑎𝑓
2 =

1

𝑎0
2 
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temperature of 630°C and chamber pressure of 100 mTorr. While the growth of PbTiO3 

was achieved using a lead rich polycrystalline target with composition Pb1.2TiO3, 

growth of SrTiO3 targets was done using a single crystalline target. For the growth of 

superlattice films, a buffer layer of SrRuO3 was used which was grown at set 

temperature of 700°C and growth pressure of 50 mTorr. A laser fluence of 1.5 J/cm2 

was used on all three targets. The growth of PbTiO3 and SrTiO3 was monitored using 

RHEED (Reflection High Energy Electron Diffraction) in-situ characterization 

technique, with Frank-van der Merwe growth mode present throughout the growth of 

100nm thick superlattice film. During the growth, the RHEED oscillations were 

monitored along the [1̅ 1 0] direction of the DyScO3 (110)o substrate for the specular 

spot on the RHEED pattern. After growth, films were cooled down at an oxygen 

pressure of 50 Torr to ensure full oxidation of the samples. 

b. Structural characterization 

i. X-ray Diffraction (XRD) 

All superlattice films were characterized by X-ray diffraction using a PANalytical 

X’Pert Pro diffraction machine which uses Cu K𝛼 radiation. Symmetric XRD scans 

were first performed to confirm the periodicity of superlattice structures as 

characterized by in-situ RHEED during growth. Reciprocal space maps studies were 

also performed to ensure that superlattice films are strained to the substrate.  

ii. Transmission Electron Microscopy (TEM) 
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Atomic resolution High-Angle Annular Dark-field (HAADF) STEM images of 

superlattice films were obtained using TEAM 0.5 electron microscope located at 

National Center for Electron Microscopy, Lawrence Berkeley National Laboratory. 

TEAM 0.5 is an aberration-corrected electron microscope, and it uses commercial 

TITAN electron microscope manufactured by FEI. Electron transparent TEM samples 

were prepared using mechanical polishing with a 0.5° wedge for cross-sectional TEM. 

TEAM 0.5 microscope operated at a voltage of 300kV was used to perform scanning 

TEM, and High-angle annular detector was employed to obtain atomic-resolution Z-

contrast images. The polar displacement mapping on these atomic resolution STEM 

images was obtained using algorithm detained elsewhere [15, 16].  

 

c. TEM verification of the simulated phase diagram 

 

Fig.S5 HRTEM polar mapping of the PTO/STO superlattices with different periodicities. 

(a) 4/4 with inplane polarization; (b) 10/10 showing the vortex configuration; (c) 16/16 

transition from vortex to flux-closure, elongation of the vortex core and decreasing of the aspect 
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ratio; (d) 50/50 showing the flux-closure domain. This study confirms the phase diagram in 

fig.3 of main text. 

In order to further verify the simulated phase diagram, HRTEM displacement 

vector plot is shown in Fig.S5. It is revealed that at lower periodicity (i.e., 4/4, meaning 

superlattice consisting of 4 layers of PTO and 4 layers of STO), the inplane polarization 

is observed, confirmed the ferroelastic domain configuration by PFM shown in the fig 

3 of main text (Fig.S5a). Further increasing of the periodicity, i.e., 10/10, shows the 

continuous rotation of polarization (polar vortex), as depicted in both this paper and 

Ajay et al. [17], which has been thoroughly studied in the main text of this paper. With 

a higher periodicity, for instance 16/16, elongation of the vortex core to a rode-like 

configuration with decreasing aspect ratio is clearly shown (Fig. S5c). This can be 

viewed as a transition point from vortex to flux-closure state. And eventually, at large 

periodicity (50/50), the flux-closure domain with distinct domain wall is given in 

Fig.S5d. The above observation eloquently confirmed the phase diagram (Fig.3 of main 

text) predicted by phase-field simulations. 

d. Calculated phases for the (PTO)10/(STO)m (m=2-100) superlattices 
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Fig.S6 Phase diagram for (PTO)10/(STO)m. m=2, planar view (a) and cross-section view (b), 

a/c domain; m=3, planar view (c) and cross-section view (d), mixed a/c and vortex; m=20, 

planar view (e) and cross-section view (f), mixed a and vortex; m=100, planar view (g) and 

cross-section view (h), a1/a2; 

The (PTO)10/(STO)m (m=2-100) phase diagram is calculated by the phase-field 

simulation. As shown in Fig. S6(a) and (b), when STO layer is thin (i.e., only two unit 

cells), it is highly polarized by the PTO layers. The polarization in the STO layer can 

be as large as 0.3 C/m2, which is comparable to BaTiO3, the large polarization in the 

STO layer is also observed by the recent experimental studies in ultrathin STO film 

[18]. With increasing STO layer thickness, the depolarization strength increases which 

decrease the polarization in the STO layer as indicated in the main text. This leads to 

the formation of vortices for m>=3, as shown in Fig.S6 (c) and (d). Further increasing 

of the STO layer thickness leads to the mixed phase of vortices and a domains, as clearly 

shown in Fig.S6(e) and (f), with the increasing of vortex ratio. Eventually, the 

polarization of the STO layer drops to almost zero, which makes out-of-plane 

(a) 

(b) 

(c) 

(d) 

(e) 

(f) 

(g) 

(h) 
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polarization highly unfavorable, as a result, pure a1/a2 twin domains form despite the 

large elastic penalty (Fig. S6g and S6h).  

To further reveal the phase transition with different STO layer thickness, we 

calculate the energies accompanying the transitions (Fig. S7). The total energy of the 

PTO layer drops with increasing STO layer due to the decreasing of the electric energy 

in the PTO layer, while a reverse trend is observed in the STO layer since the electric 

energy increases rapidly with smaller internal field (Fig.S7a). An energy plateau is 

formed where the vortex ratio is large. The elastic energy shows reverse behavior as 

the electric energy, showing the competition of this two energies towards the formation 

of vortex state (Fig. S7b). The gradient energy has a big jump when the vortex forms at 

the intermediate periodicity (Fig.S7c). The Landau energy decreases for STO with 

increasing STO thickness since the polar state is unfavorable for bulk STO, while the 

decreasing of the polar magnitude in PTO could leads to higher Landau energy in this 

layer (Fig.S7d). The energy consideration could not only help the explanation of the 

phase transition phenomenon, but also helpful in the further design of new materials 

with novel topological structures. 
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 Fig.S7 Energies for (PTO)10/(STO)m. (a)Average total energy of the two layers as a 

function of n; (b)-(d) shows the elastic, gradient and Landau energies, respectively.  
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