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Abstract

The solar corona is a highly conductive plasma which is dominated by the coronal 
magnetic field. Observations show that important solar phenomena like flares or the 
heating of the corona are driven by magnetic energy, probably through the process 
of magnetic reconnection. The release of magnetic energy by reconnection requires 
that non-ideal processes take place in contradiction to the high conductivity of the 
corona. One possibility to overcome this problem is to generate sfiong electrical 
currents in strongly localised regions.

In this thesis we investigate how such localised currents can be formed by slow 
ideal evolution of topologically simple magnetic fields. To this purpose numerical 
simulations are caiiied out using an Eulerian and a Lagrangian MHD relaxation 
code.

We first use a simple example (twisting of a uniform field) to investigate tlie ad
vantages and disadvantages of both codes and to discover possible limitations for 
their application. We show that for the problems addressed in this thesis the La
grangian code is more suited because it can resolve the localised current densities 
much better than the Eulerian code.

We then focus in particular on magnetic fields containing a so-called Hyperbolic 
Flux Tube (HPT). A recently proposed analytical theory predicts that HFT’s are 
sites where under certain conditions strong current build-up can be expected. We 
use our code to carry out a systematic parametric study of the dependence of current 
growth for a typical HFT configuration. We have also developed a completely 
new version of the analytical theory which is directly based on the set-up of our 
numerical simulations.



We find that the simulations agree with the analytical prediction in a quantitative 
way but that the analytical theory underestimates the current growth quite sub
stantially, probably by not taking into account the non-linear character of the full 
problem.
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Chapter 1

Introduction

1.1 The solar atmosphere

The Sun is a fascinating subject of scientific research for a number of reasons. First 
of all it is interesting in its own right due to the physical processes taking place in 
its interior and its atmosphere. Furthermore it is our nearest star and therefore 
understanding the Sun better will also increase our understanding of other stars.
Last but not least the Sun influences life on eaith directly and there are still aspects 
of this we have not yet fully understood.

The solar atmosphere is very interesting because it is the only stellar atmosphere I
that can be observed at high resolution, both spatially and temporally. This allows \
us to study the phenomena occurring there in great detail and to extrapolate theories |
developed for the solar atmosphere to other more distant stars, where observational
data is more sparse. The quality of observations has increased greatly with the ad- |
vent of satellite missions, studying lots of different aspects of this highly dynami- |
cal environment. The SOlar and Heliospheric Observatory (SOHO) has a payload ■
allowing to study helioseisniology, the solar corona and to take in-situ measure- ;
ments of incoming high energy particles. For even higher resolution studies of the j
corona, we have access to data from the Transition Region And Coronal Explorer -
(TRACE) which makes images of the photosphere, the transition region and the
corona at very high resolution. This instrument is complementaiy to SOHO, as it • :
allows us to study smaller scales while SOHO gives us results from small scales 
up to very large scales (up to 30 solar radii for the C3 coronograph). The STEREO

10



1.1 The soiar atmosphere 11

mission, made up of two satellites, will be the next leap forward and will allows 
us to obtain 3D information about the structure of loops in the corona by using 
stereoscopy imaging techniques.

The solar atmosphere can be divided into 4 regions with distinct physical proper
ties: the photosphere, the chromosphere, the transition region and the corona. As 
an example the temperature profile of the atmosphere is given in Figure 1.1. This 
temperature profile is counterintuitive as we would normally expect the tempera
ture to drop as we move further away from the Sun, The reason of the surge in 
temperature is one of the main research subject in solar physics and we will come 
back to this in Section 1.4.

PHOTO
SPHERE

CHROMOSPHERE TRANSI
TION

REGION

LOW CORONA

MIDDLELOW 8600 28000 75000LOG T

-TEMPERATURE MINIMUM REGION

1000 2000 4000 5000 6000
HEIGHT (km)

Figure 1.1: Profile of the temperature of the solar atmosphere as a function of 
height above the photosphere (from Athay 1976)

In all four regions of the solar atmosphere the magnetic field plays an important 
role, and it is actually dominating the processes in the upper solar atmosphere, 
especially the corona. In particular, the magnetic field is generally thought to pro
vide energy for coronal processes like heating and flares, see e.g. Priest and Forbes 
2000. Storage and dissipation of magnetic energy in coronal magnetic fields is the 
prime motivation for the work presented in this thesis. Before we discuss this more 
in detail, the next sections will briefly introduce the four regions mentioned above 
and we will discuss aspects of coronal physics which are more directly relevant to 
the topic of this thesis.
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1.2 Photosphere

• i t .-

2004 01 21 01:41

(a) White Light (b) Magnetogram

Figure 1.2: Images of the Sun made with MDI: (a) Picture of photosphere in visible 
light (b) Magnetogram of the photosphere.

The first region, the photosphere, is the lower part of the solar atmosphere, which 
we perceive as the surface of the Sun. In reality, it is a thin layer of plasma, emit
ting radiation approximately like a black body at 5780 K. The photosphere can 
be observed directly in visible light (see Figure 1.2 a), or using magnetograms (see 
Figure 1.2 b), maps of the magnetic field intensity on the surface, or Dopplergrams, 
maps of the flow velocities on the photosphere.

These imaging techniques highlight the following three striking features of the 
photosphere: sunspots, pores and the granulation. The most impressive ones are 
the sunspots, usually made up of a dark umbra, surrounded by a less dark region 
called the penumbra, although they often have more complex structures, e.g. sev
eral umbrae sharing one penumbra. These sunspots are associated with strong 
magnetic flux and typical magnetic field intensities of the order of several kGauss. 
The sunspots usually appear in pairs of opposite polarity and migrate towards the 
equator from higher latitudes. Smaller features include pores, which appear as 
dark spots on the surface, but are much smaller than sunspots and also lack the 
penumbra. For more detailed information on sunspots see e.g. Priest 1982.

Polarimetry techniques cannot be used higher in the solar atmosphere because of 
the low density and high temperatures of the plasma and the information about the 
magnetic field can only be inferred from extrapolations of the photospheric mag
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netic field or from information contained in waves. This explains the importance 
of the photosphere for modelling the magnetic field in the solar atmosphere: the 
magnetic field measured on the photosphere serves as a boundary condition for the 
magnetic field models of the higher atmospheric layers.

1.3 Chromosphere and transition region

Figure 1.3: Picture of the chromosphere in the Ha and the Call line.

The chromosphere is the part of the solar atmosphere located just above the photo
sphere. The temperature of the plasma rises with increasing height, ranging from 
4800K at the temperature minimum up to 50000K in the upper chromosphere. Us
ing a variety of spectral lines, such as C a ll  (see Figure 1 .3b), we can study the 
chromosphere at different levels.

Plasma with chromospheric properties can also been found at a higher altitude in 
the corona, in the form of filaments, structures of colder and denser plasma which 
appear darker on images (see e.g. Lang 2001). When observed on the limb they 
are called prominences. They can be subdivided in two categories: quiescent 
prominences and active prominences. Quiescent prominences form at mid to high 
latitudes in quiet Sun regions (low magnetic flux) and can exist for up to several 
months whereas active prominences have a much shorter lifespan of a couple of 
hours up to a day. Quiescent prominences are larger than active prominences. As 
filaments are denser than the ambient plasma, the effect of gravity must be counter
acted by upward magnetic forces.
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It is also in the chromosphere that we find observational evidence of the existence 
of a super-granular network (Priest 1982). The top of the convection zone cells 
in the photosphere form a granular network. This network is embedded in another 
network, with cells of a far greater scale, typically of the order of 30,000 km.

Between the chromosphere and the corona, there is the transition region (see Lang 
2 0 0 1 ) which is a small region where the plasma undergoes an abrupt surge in tem
perature, from the typical value of 50000K in the upper chromosphere, to millions 
of degrees in the corona. The transition region is usually observed in the following 
spectral lines; C alV , SU V  and O IV  (see Figure 1.4).

Figure 1.4: Images of the transition region in the CalV and the S VI lines.

1.4 Corona

Moving still further away from the surface of the Sun, we encounter the solar 
corona, which is only visible to the naked eye during a total solar eclipse. The 
density of the plasma is very low and its temperature is extremely high, of the order 
of several millions of degrees. The corona, or outer part of the solar atmosphere 
is a highly dynamical region where the magnetic energy is the dominating form of 
energy and magnetism is the main driver behind the dynamical processes occurring 
here. Observations in XUV and soft X-rays shows it is also a highly structured 
medium.

The phenomena occurring here are mainly driven by magnetic energy, as shown by
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the low /?* of the plasma. Unlike the case of the photosphere, it is impossible to 
measure the values of the magnetic field with polarimetry. The magnetic field can 
however be reconstructed if we integrate the MHD equations, e.g. using the force- 
free assumption The boundary conditions used for this integration are obtained 
from magnetograms of the photosphere. The behavior of the plasma can then be 
described by the non-linear MHD equations.

The corona is home to very energetic processes like solar flares and coronal mass 
ejections. Its most striking observational feature is the fact that it appears very 
finely structured, as shown by Figure 1.5, where we note the fine loop-like struc
tures outlining the magnetic field, which is frozen in to the plasma, except for small 
non-ideal regions.

Figure 1.5: Magnetic loops in the corona, as observed by TRACE 

1.4.1 Coronal holes

Coronal holes, as seen in Figure 1.6 as dark structures, are areas in the corona 
where the field is open. They are mainly located towards the poles, although they 
can extend as far as the equator. Plumes can be found in such holes (see Lang 2001 )

‘The (3 o f the plasma is the ratio o f the kinetic pressure to the magnetic pressure. A low 0  

indicates a plasma dominated by magnetic effects, whereas a high 0  indicates a plasma dominated 

by non magnetic effects.
magnetic field is called force-free when the electrical currents are aligned with the magnetic 

field, satisfying J  =  q B  , where a  is called the force-free coefficient
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and appear to the observer as fine bright structures. The fast solar wind is thought 
to originate in the interplume region. Identifying the exact mechanism behind the 
driving of the solar wind is still an active research area.

Figure 1.6: Images of the corona in the 171 À and 195 Â. We can clearly see 
the coronal holes as the dark structures, the plumes which are the thin and bright 
structures emanating from the coronal holes. There is also evidence of the loop-like 
structure of the magnetic field above active regions

1.4.2 Solar eruptive phenomena

Solar eruptive processes are among the most impressive phenomena in astrophysics. 
To give an idea of the energies involved in such processes, a solar eruption can 
release an amount of energy equivalent to a million times the explosive energy re
leased during the eruption of the volcano Krakatoa in 1883. Their occurrence rate 
follows the solar cycle both in phase and amplitude (Webb 2000) and can vary by 
an order of magnitude over the cycle. Typically during a solar maximum we can 
have a frequency of eruptive events of the order of one a day. These eruptions are 
extremely complex physical phenomena and a lot remains to be understood.

We now describe some of the aspects two types of eruptive events: solar flares and 
coronal mass ejections.

Solar flares are observed as transient brightenings of the chromospheric plasma, 
associated with a conversion of free magnetic energy to kinetic, thermal and radia
tive energy. The process at the core of the energy release is magnetic reconnection, 
which can be interpreted as a change in magnetic field topology caused by non-
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ideal effects in the plasma where the held re-organizes itself to reach a state of 
lower energy (see e.g. Priest and Forbes 2002). The difference in energy between 
the initial and the final state is converted into other types of energy, with observa
tional consequences such as X-ray emissions. Solar flares are usually associated 
with eruptive events, or failed eruptive events, but can also occur independently 
from these.

Coronal mass ejections, or CME’s, can be defined as events where a part of the 
magnetic field goes from a closed configuration to an open one (see Webb 2000). 
These events are often observed on the Sun and consist of the eruption of a flux 
rope, as seen in Figure 1.7. We can see the typical three-part structure, often but 
not always seen in CME’s, consisting of a bright outer rim, a dark cavity and a 
bright inner core. The eruptions are usually observed alongside flaring activity due 
to energy release coming from magnetic reconnection. In some cases, the filament 
fails to erupt and just finds a new equilibrium position.

An aim of the study of CME’s is to be able to predict when a CME is going to occur 
and to predict the propagation of the ejected matter, which can indirectly damage 
satellites by perturbing the earth’s magnetosphere, perturbations which in turn give 
rise to energetic particles and radiation that can cause damage to electronic equip
ment. Again reconnection is thought to play a major role in the CME initiation 
process.

Figure 1.7: Evolution of a CME observed with the LASCO coronagraph
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1.4.3 Coronal Heating

We have seen that the temperature of the Sun surges in the transition region, to 
reach millions of degrees in the corona. Originally, it was thought that the heating 
could be caused by sound waves, but the heating generated in this way was several 
orders of magnitude too small to explain all the heating. Instead, the process of 
coronal heating is likely to be a combination of heating generated by reconnection 
and by plasma waves, as described for example in the review by Walsh and Ireland
(2003).

1.4.4 Summary

Magnetic reconnection obviously plays a key role for magnetic energy release 
in the solai* atmosphere on almost all observable scales (Large scales: CME’s, 
flares ; Intermediate scales: small flares, microflares, bright points; Small scales: 
nanoflares, coronal heating). On the other hand, the corona can typically be de
scribed extremely well as an ideal plasma, whereas magnetic reconnection requires 
non-ideal processes to occur. This thesis aims at studying ideal processes which 
can eventually lead to the (localised) breakdown of idealness and we will now de
scribe the necessary theoretical background for this.

1.5 The MHD equations

The behaviour of solar plasma can be described in the framework of the mag- 
netohydrodynamic theory (MHD). This theory is applicable to quasi-neutral,non- 
relativistic plasmas with the additional requirements that plasma is close to local 
thermodynamic equilibrium and that the typical length scales are large compared 
with kinetic length scales such as the Larmor radius of particles. These conditions 
are usually satisfied in the solar corona.

The full set of resistive MHD equations is given by the evolution equations
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^  =  V X (v X B) -  V X (i)V X B) (1.1)

^  =  - p V - v  (1.2)

= J x B - V p ~ p g  (1.3)

which are the induction equation, the mass conservation equation and the equation 
of motion. The material derivative here is defined as ^  ^  +  (v • V). Further
more, we need an energy equation and an equation of state for the plasma. We also 
have three remaining Maxwell’s equations and Ohm’s law:

V -B  =  0 (1.4)

V X B =  jhqJ  (1.5)

V x E  =  ~  (1 .6 )

J  =  o -(E H -vxB ) (1.7)

1.6 Current build up in topologically simple magnetic fields

We will now will introduce the theoretical foundations for the numerical experi
ments described in Chapters 4 and 6  and for the analytical solutions presented in 
Chapter 5. We will first introduce notions of magnetic topology and their appli
cation to the study of magnetic reconnection before generalising these concepts to 
magnetic configurations without singularities which can be described with geomet
rical tools instead of topological ones. We will then apply this theory to the study 
of quadrupolar regions, which frequently occur in the photosphere.

1.6.1 Processes of magnetic energy release

Many phenomena in the corona are associated with the release of energy stored 
in the magnetic field. This energy is converted into other forms of energy, such 
as kinetic energy, heat, high energy particles which in turn can release energy for 
secondary processes e.g. in the form of radiative energy (see e.g. Priest 1982). The 
release of energy stored in the magnetic field can be the result of ideal or non-ideal 
processes. Due to the complexity of the coronal magnetic field, it is likely that the 
actual process of energy release will be a mixture of ideal and non-ideal effects.
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We will see that the presence of strongly localised currents is required for the fast 
release of magnetic energy.

1.6.1.1 Ideal processes

Magnetic energy can be released in the corona through ideal processes. For the 
study of solar flares, the kink instability is especially important and theoretical 
work by Hood and Priest (1979) has shown that if we twist a coronal loop beyond a 
critical value it becomes kink unstable. This was verified for instance in numerical 
experiments by Gerrard et a l (2002) where the footpoints of a coronal loop were 
submitted to a vortex motion, leading to the appeaiance of the kink instability and 
an associated helical current sheet leading to the onset of non-ideal processes (see 
below). The energy release in these simulations is sufficient to explain some types 
of solar fiares, such as compact loop fiares.

1.6.1.2 Non ideal processes

In a non-ideal plasma, the magnetic energy can be released by a reanangement of 
the field structure through magnetic reconnection, the process in which the linkage 
of magnetic fiux is altered. The magnetic field reaches a lower energy state and 
the difference in energy is released for example as kinetic energy, heat or high en
ergy particles. For a detailed description of magnetic reconnection, see Priest and 
Forbes (2000). Magnetic reconnection is believed to be extremely important for 
coronal heating and for eruptive processes. It is therefore very important to under
stand where and under which conditions it is likely to occur. Current concentrations 
on small length scales are known to be favourable locations for reconnection.

1.6.1.3 Coupled processes

Quite often, we will have coupled processes involving both ideal and non-ideal 
effects. For example, Arber et a l (1999) did a two pait numerical study of cou
pled processes. In the first part of the evolution, a straight cylindrical flux tube is 
subjected to a twisting of its footpoints resulting in the appearance of an ideal kink 
instability. The strong localised currents generated in this process are a favoured 
place for reconnection. In the second part of the experiment, the reconnection
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process was studied using non ideal MHD simulations. The results from this ex
periment are consistent with observed transient loop brightenings. Further work 
along these lines has been done by Gerrard et al. (2001, 2002, 2003).

Another good example of such a coupled process is described in Torok et at.
(2004), as illustrated by Figure 1.8. This work is similar to the one described be
fore but here we have a curved flux tube. Torok et at. (2004) study the non-linear 
evolution of a kink unstable current carrying flux tube using MHD simulations. 
The ideal kink instability leads to the formation of two current sheets. One current 
sheet is wrapped around the kinking flux tube where it pushes into the surrounding 
magnetic field and is similar to the helical current sheets found e.g. by Gerrard et 
at. (2002). Due to the curvature of the flux tube a second current sheet is created 
below the tube. Magnetic reconnection subsequently occurs within this current 
sheet and leads to a release of energy.

Figure 1.8: Flux rope submitted to a twisting motion of the footpoints. The initial 
stage of the evolution is a sequence of quasi-static equilibria, but once the twist is 
past a critical value, a kink instability occurs and there is an eruption. Shown are 
isosurfaces of the current. Top: top view of the flux rope at the initial (no twist) 
and final stage of its evolution. Bottom: side view of the flux rope at the initial and 
final stage of the evolution (Torok et al. (2004))

These are examples where fast ideal processes lead to conditions which are favourable 
for non-ideal processes, i.e. reconnection. Another possibility is that slow changes, 
e.g. in the boundary conditions, lead to a sequence of (quasi-)equilibria, develop
ing under ideal conditions towards the onset of reconnection. In this thesis, we will 
investigate examples for this second possibility.
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1.6.2 Elements of Reconnection Theory

Now tliat we have introduced the full MHD equations, we are going to concentrate 
on the induction equation and show how it is linked to magnetic reconnection. Re
connection can not occur in an ideal plasma (77 =  0 ) as it would be in contradiction 
with the frozen in condition. For reconnection to occur, there must be a region 
where the plasma is non ideal (finite conductivity). In this case the evolution of 
the magnetic field is governed by an advection term and a diffusion term given by 
Equation (1.8), for the case where 77 is a constant

^  =  V X (v X B) +  t;V^B (1.8)

The magnetic field reconnects due to the diffusive term in Equation (1.8). This 
term is in general quite small though and reconnection is not usually an extremely 
efficient process, but if small length scales are present, the diffusive term becomes 
more important. We will come back to this in Section 1.6.3.

The study of 2D reconnection theory focuses essentially on reconnection at X- 
points. The reconnection process associated with these field structures is explained 
schematically in Figure 1.9 where a vertical flow advects the fleldlines in a lo
calised non ideal region (77 ^  0). The small length scales present in this region 
facilitate the reconnection of the fleldlines which are advected inwards (red and 
green fieldline) and the reconnected fleldlines (green-red) are advected outwards. 
During this dynamic process, a part of the magnetic energy, stored in the fleldlines 
as magnetic tension, is released as kinetic energy and heat. The exact details of 
these mechanisms are outside the scope of this work, but are explained for exam
ple in Priest and Forbes (2000).

Two dimensional reconnection requires the presence of a magnetic null and special 
field lines known as séparatrices, which separate two regions with different con
nectivity. Connectivity is defined as the way in which flux regions connect with 
each other. The question is whether the presence of null points is still required for 
a generalised theory of reconnection in three dimensions.

The definition of reconnection has changed significantly since it was first intro
duced in the works of Parker, Dungey and Petschek. Vasyliunas (1975) defines 
’magnetic field line reconnection’ as the process whereby plasma flows across a 
surface that separates regions containing topologically different fleldlines’. This 
definition is too restrictive as it limits reconnection to cases where séparatrices are
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2D  null point

Figure 1.9: Reconnection process at a 2D magnetic x-point. The black lines rep
resent the séparatrices of the field, separating regions of different connectivity, the 
arrows represent the flows. The red and green fieldlines are advected towards the 
central, non-ideal zone, where reconnection occurs, resulting in two reconnected 
red-green fieldlines

present.

A more general definition was the introduced by Schindler et al. (1988) where ’gen
eral magnetic reconnection’ is described as ’a breakdown of magnetic connection 
due to non-idealness of the plasma’. Two plasma elements are said to be connected 
if they stay on the same fieldline at different instants in time. If these two elements, 
who were initially connected end up on different fieldlines, we call this breakdown 
of magnetic connection reconnection. This is illustrated in Figure 1.10 where we 
show two plasma elements initially connected by a certain field line at a time to. 
At the time ti, there has been a change in connectivity and the two elements are 
not linked by a field line anymore.

In three dimensional theory, reconnection occurs both in configurations with mag
netic nulls and in configurations without magnetic nulls.

Let us first consider 3D magnetic null points and the possible reconnection pro
cesses associated with these. In this case the structure of a null-point is more 
complex as can be seen on Figure 1.11. The main topological features (see Section 
1.6.5) are the spine, the field line through the magnetic null, the fan plane per
pendicular to the spine and containing the null point. Another topological feature 
associated with null points are separator field lines or separator. Separators con-
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t
Figure 1.10: Illustration of a change in connectivity: at the instant to, the two 
plasma elements lie on the same field-line, at the instant ti the two plasma elements 
are not connected anymore

nect two nulls and are usually intersections of two fan planes. Reconnection can 
occur at all three of these features, depending on the plasma flows, thus yielding 
three possible types of reconnection:

• spine reconnection: plasma flows bring the fieldlines towards the spine, 
where reconnection occurs in a non-ideal region

• fan reconnection: plasma flows bring the fieldlines towards the fan, where 
reconnection occurs in a non-ideal region

• separator reconnection

In a lot of cases however, reconnection occurs in the absence of 3D null points as 
long as the field has certain geometrical properties described in Section 1.6.6. The 
topic of this thesis is to investigate the processes creating favourable conditions for 
reconnection in magnetic fields without nulls.

1.6.3 Importance of current build up for reconnection

To understand why cuiTent build up is necessary for reconnection, w e have to look  

at the MHD induction equation

^  = V X (V X B) + (1.9)

where the first term on the right hand side corresponds a joint motion of the field 
and the plasma and the second term represents diffusion of the field through the
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Spine

fan

Figure 1.11: Magnetic skeleton of a typical 3D null point. The vertical spine line 
and horizontal fan plane are clearly indicated.

plasma. This equation is given for the case where 77 is a constant. If 77 =  0 this 
reduces to the ideal induction equation which implies that the magnetic field is 
frozen-in to the plasma. In such a case the connectivity cannot change. If on the 
other hand, if 77 ^  0  there is diffusion of the magnetic field through the plasma and 
changes in connectivity are possible. This shows that we need a non-ideal region 
in the plasma if reconnection should occur.

To understand how the presence of current bqild up affects this, we look at the 
magnetic Reynolds number, defined as

-Rm =  —  (1.10)
V

where v is the typical velocity of the system and L  is the typical length scale. The 
Reynolds number represents the ratio between the advection and diffusion term in 
Equation (1.9). In the corona, we typically have Rm ~  10® —10^  ̂which indicates 
that the dissipative term is normally small compared to the advection term, which 
is mainly due to tlie large length scales present in the corona. However, if small 
length scales are present in the magnetic field, the dissipative effect becomes more 
important and reconnection occurs more easily. This is typically the case in a 
current sheet, where the typical length scale I is much smaller than the typical 
length scale L  of tire corona. This is the justification for the in depth analysis of
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current build up in the corona. Processes leading to such current concentrations are 
outlined in the next section.

1.6.4 Processes leading to current build-up

We have seen why the study of current build up is extremely important to under
stand phenomena occurring in the solar corona. In this section, we will describe 
different ways in which current can be generated and describe where our work fits 
in.

The main processes studied until now considered mainly two cases: a simple mag
netic field subject to complicated photospheric motions and complex magnetic 
fields subjected to simple photospheric motions. In practice however, we expect 
also a range of situations between these two extremes and this is what we are 
studying in this thesis.

1.6.4.1 Simple magnetic field, complex photospheric motions

Parker (1972,1983) introduced the magnetic flux braiding model to explain the 
current build up in the magnetic corona. The main idea behind this model is that 
by subjecting a simple magnetic field to complex photospheric motions, we can 
create current sheets. This is illustrated by Figure 1.12 where we see the effect of 
complex boundary motions on a simple magnetic field.

(W

Figure 1.12: Uniform magnetic field subject to photospheric motions combining 
shearing and twisting

Numerical experiments for example by Longbottom etal. (1998) have shown that 
this was a good candidate for coronal heating. They have shown that two shearing
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motions in perpendicular directions are required to have a significant current build 
up.

1.6.4.2 Complex magnetic field, simple boundary motions

Another possibility for explaining current build-up in the corona is to consider 
complex magnetic fields which possess a lot of topological features; séparatrices, 
separators and nulls (see Section 1.6.5). When the foot points of the field lines of 
such a complex field are submitted to simple photospheric motions, currents are 
created as a result of topological constraints. This has lead, among other things 
to the development of the magnetic carpet model, illustrated by Figure 1.13. The 
magnetic carpet is the name given to the magnetic flux structure on the (quiet) 
photosphere. Priest et al. (2002) proposed a flux-tube tectonics model describing 
coronal heating resulting from motions of flux patches on the photosphere. The 
idea behind the flux-tube tectonics model is that due to the highly complex nature 
of the magnetic carpet, we have a lot of special topological features where current 
sheets can be generated and these current sheets can be generated by relatively 
simple boundary motions. This is illustrated in Figure 1.13 where we see a series of 
nested loops typical of the magnetic carpet. The region where we have a transition 
from short loops to a medium loop for example would be a favoured location for 
current build up.

Figure 1.13: Nested magnetic loops resulting from a six flux patches on the photo
sphere. The loops are labelled SIL for short, intermediate and long, according their 
lengths (Priest et al. 2002).
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1.6.4.3 Intermediate cases

The two previous sections covered two extreme cases of causes for current build up. 
It is interesting to study intermediate cases where we have a relatively simple mag
netic field, which is topologically trivial (see Section 1.6.5) but still possesses inter
esting geometrical features (see Section 1.6.6), combined with a relatively simple 
motion of the photospheric footpoints of magnetic field lines. This work aims at 
contributing to a better understanding of current generation in the corona and fills 
the gap between the two extreme cases described in Sections 1.6.4.1 and 1.6.4,2. 
The details of the type of magnetic field and photospheric motions we study are 
discussed in Section 1.6.7.2 whereas the numerical simulations are discussed in 
Chapters 4,5 and 6.

In the following sections, we will introduce the tools necessaiy to describe the 
structure and complexity of the magnetic field.

1.6.5 Topology of magnetic fields

Magnetic topology is mainly concerned with the structure of the magnetic field 
and the way in which different flux patches connect with each other. We will 
first introduce the notion of magnetic connectivity and show how it can be used to 
determine the topological structure of the magnetic field. The information obtained 
from magnetic topology can be used to construct the skeleton of the magnetic field, 
which is a schematic representation of the singularities in the magnetic field and of 
the special fieldlines separating regions with different connectivity. The magnetic 
skeleton is a very useful tool for describing the reconnection processes, as seen in 
Section 1.6.2. Finally, we will review some observational evidence linking flare 
brightenings to topological features.

1.6.5.1 Magnetic connectivity

In general, connectivity refers to how two identifiable plasma elements are con
nected. This description of connectivity has the advantage of being the most gen
eral. It can be adapted to situations where we are interested in closed field lines 
anchored in the photosphere by the line-tying condition. In this case, it is more 
convenient to define connectivity as a way of describing how different flux regions



1.6 Current build up in topologically simple magnetic fields 29

on the photosphere are linked together, and can be described unambiguously by 
labelling the flux patches at the start- and endpoint of the fieldline and by doing so 
determining the connectivity.

As an example, let us consider Figure 1.14. The connectivity changes when we 
cross the séparatrices, as defined in 1.6.5.3 and represented by dashed lines. When 
a footpoint of a field line crosses the dashed line (separatrix) the other footpoint of 
the field line becomes connected to a new flux region. The regions on both sides of 
the separatrix have different connectivities.

Separatrix curve

X - p o i n t

Figure 1.14: Illustration of the concept of connectivity. When a footpoint of a 
field line crosses the dashed line (separatrix) the other footpoint of the field line 
is a new flux region. The regions on both sides of the separatrix have a different 
connectivity.

1.6.5.2 Nature of magnetic singular points: nulls and bald patches

A magnetic null is a point where the magnetic field is equal to zero. There are two 
possible types of null points in 2D theory: O points and X points. We are more 
interested in X points in the context of magnetic reconnection and the structure of
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such a null point is shown in Figure 1.14.

A bald patch is a point where a field line is tangent to the photosphere. The field
lines on either side of the fieldline having a bald patch have different connectivities. 
The field line containing the bald patch is a separatrix fieldline.

1.6.5.3 Séparatrices and Separators

A fieldline which separates two regions of different connectivity is called a sepa
ratrix fieldline and an example of a separatrix is given in Figure 1.14, where it is 
represented by a dashed line. In a 3D case we will speak of separatrix surfaces, i.e. 
surfaces generated by separatrix fieldlines. Figure 1.15 shows a magnetic configu
ration where the seperatrix fieldlines generate two separatrix domes.

The intersection of two séparatrices is called the separator. Usually, the separator 
will be a field line at tlie intersection between two separatrix surfaces. An exam
ple of a separator is shown in Figure 1.15 and lies at the intersection of the two 
separatrix domes. It connects two photospheric magnetic nulls.

Séparatrices are required in order to have 2D reconnection. Reconnection still oc
curs at séparatrices and separators in the case of 3D dimensional magnetic fields. 
But 3D magnetic fields which do not possess a separatrix, where there is a dis
continuous jump in connectivity, can still undergo reconnection. This has led to 
the generalisation of the concepts introduced in magnetic topology to enable us to 
incorporate magnetic fields with a simple topological structure but which nonethe
less have strong gradients in connectivity. This is the subject of Section 1.6.6. It 
is worth anticipating Section 1.6.6 and mentioning that when there is a jump in 
connectivity associated with the crossing of a separatrix, this will have an effect on 
the Jacobian representation of the field line mapping, which will have singularities 
coiTesponding to such a separatrix.

1.6.5.4 The magnetic skeleton

The information about the magnetic field topology can be represented by the skele
ton of the magnetic configuration. The magnetic skeleton represents the main fea
tures of the field, i.e. magnetic nulls, séparatrices and separators.

A diagram of tlie skeleton contains all the required information about the magnetic
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topology of a given magnetic configuration. Figure 1.15 shows the magnetic skele
ton for a magnetic configuration containing 4 point sources on the photosphere, as 
well as some fieldlines of the magnetic field.

Separatrix surface
Separator

/

Figure 1.15: 3D representation of the magnetic skeleton of a quadrupolar configu
ration. The separatrix surfaces (domes), separator (thick line), sources (stars) and 
magnetic null points are clearly indicated.

The description of a magnetic field in terms of its skeleton is very useful as it 
allows us to identify the zones where reconnection and current build ups due to 
topological constraints are most likely to happen.

1.6.5.5 Relevance of topology to current build ups

Bright coronal features are often observed at the location of séparatrices and sep
arators of the magnetic field, reconstructed from observational data in either the 
potential approximation or the force-free approximation. For example Mandrini 
et al. (1995) have shown a strong spatial correlation between Ha kernels and the 
location of séparatrices, as seen in Figure 1.16. At the beginning of the flare, the 
best match is obtained for a linear force-free model of the magnetic field, which 
points at the presence of currents. Towards the end of the flare, the best correlation
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is obtained by using a potential field approximation of the field. This supports the 
view that the energy released in the flare was originally stored in the electrical cur
rents. After reconnection, during which some of the magnetic energy is released, 
the observed magnetic field can be better approximated by a potential field.

o

s
1

0-2 0-4 0

Figure 1.16: Illustration of the spatial correlation between Hcv flare kernels, repre
sented by shaded areas and séparatrices, indicated by thick lines (Mandrini et al. 
1995)

Work by Metcalf et a l (2004) has provided further evidence of the link between 
flare activity and the topology of the magnetic field, reconstructed from magne- 
tograms using the potential field approximation. There appears to be a strong cor
relation between HXR (hard X-ray) sources and the location of séparatrices, as 
seen on Figure 1.17. This provides further indications that magnetic topology is 
indeed important for understanding flares.

The main limitation of studying topology of a magnetic field to interpret flaring 
activity is that it can only be applied to cases where the magnetic field possesses 
null points. The previously mentioned papers actually found many flares that could 
not be explained through a topological approach. This was the main reason for the 
development of the concept of the quasi-separatrix layer, which is a generalisation 
of the concept of separatrix for cases with no discontinuities in field line mapping, 
as we will see in Section 1.6.6.

1.6.6 Geometry of magnetic fields

Geometrical features are different from topological features because it is possible 
eliminate them by applying a suitable smooth transformation of coordinates to the
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Figure 1.17: Location of hard X-ray sources (crosses) compared to location of 
séparatrices, represented by thick lines (Metcalf et a i 2004).

system. Topology is a very useful tool for magnetic fields possessing null points 
and/or singularities but for simpler magnetic fields some of the definitions of the 
previous chapter cease to be useful. For instance the separator, which joins two 
magnetic null points, cannot be defined in magnetic fields which do not possess 
null points.

We will generalise concepts like separatrix and separator to magnetic fields which 
are trivial from a topological point of view but still possess very interesting geomet
rical features. We will then show some observational evidence of flare brightenings 
correlated to the location of these geometrical features (see Subsection 1.6.6.6).

1.6.6.1 Field line mapping

We have seen in Section 1.6.5 that séparatrices are defined by a discontinuity in 
connectivity. We want to generalise this concept to magnetic fields with strong 
gradients in connectivity, but without discontinuities. In order to do this we will 
need to quantify magnetic connectivity, which will be done in Section 1.6.6.2. 
Before proceeding to this, we have to introduce the concept of fieldline mapping.

Every closed magnetic field is intrinsically associated with a mapping as it is al
ways possible to map any given point of positive polarity to a point of negative 
polarity along the fieldline as long as the field is closed.
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r+ r-

Figure 1.18: Magnetic fieldlines connecting points o f opposite polarity on the pho- 
tosphere.The thick line represents the inversion line, separating regions with posi
tive and negative polarity. The mapping follows the fieldlines from to r~
whereas the inverse mapping follows the fieldlines from r~ to r"*".

Formally the mapping 0) r “ (X_, F I, 0) links a point with
positive polarity, located at r+, with a point of negative polaiity at r~ via the 
field-line (see Figure 1.18). From this, we can immediately define the inverse 
mapping : r ”  —> r+. Following Titov et al. (2002), we will denote the 
mapping by its coordinate representation II+~ =  % " (r+ ) ,y " (r+ )  and II“ ’̂  =  
X + (r“ ), y + ( r “ ). This mapping can be described in term of its Jacobian matrix, 
defined as

dX~
dx+
d Y -

dX~

d Y -
dy-̂

(1.11)

For a magnetic field with discontinuities in the mapping, we can clearly see that the 
elements of D+“ can be singular. A separatrix for instance would be associated 
with a singularity as for a small displacement of the foot point of a field line across 
the separatrix, we have a jump in the position of the endpoints of the field lines. 
For a topologically simple magnetic field on the other hand the elements of the 
Jacobian will always be non-singular. In the next section, we will show how the 
Jacobian can be used to define connectivity.
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1.6.6.2 Measures of magnetic connectivity

Priest and Demoulin (1995) introduce the norm N+ to quantify the amplitude of 
the change in connectivity:

N+ =  (a^ +  6̂  +  c  ̂+  c^2)V2 (1.12)

The norm is the norm associated with the II+“ mapping, represented by the 
Jacobian matrix.

The problem of this norm is that it is dependent on the direction of the mapping. If 
we consider die inverse mapping, we obtain the AT_ norm (1.13):

JV_ =  iV+/|A+| (1.13)

where A"1 =  detV'^ .

The geometrical interpretation of this norm can be derived as follows; if we con
sider an orthonormal basis {û+,v+} being mapped by IT^“ we obtain a new basis 
{u_,v_}, which in general is not orthonormal anymore. Titov et al. (2002) have 
shown that the norm iV+ determines the length of the diagonal, as seen on Figure 
1.19, constructed in the new basis {u_,v_}. The reciprocal norm iV_ (for the 
inverse mapping) is the diagonal in the basis {u+,v^.}. These two norms are in 
general not equivalent and are related by the following relation

JV _on+ - =  JV+/IA+I (1.14)

where the left hand side of the equation indicates we first map every point in the 
positive polarity region to a point in the negative polarity region and from these 
mapped points, we evaluate the norm associated to the inverse mapping. This 
shows that these two norms give different results, depending on the polarity we
consider, except in the case where |A* |̂ — 1 Therefore, it can be ambiguous and
should only be used with care in identifying special features of flux tubes.

Another method to measure connectivity has been proposed by Titov et al. (2002) 
and is based on an approach involving the study of elemental flux tubes (EFT), 
i.e. flux tubes with an infinitesimal cross-section. The change in connectivity is 
quantified by the degree of squashing of the EFT, which is defined as the ratio 
A1/A2 , where =  |u_ | and Ag =  |v_{ are in a sense expansion factors of the 
basis. Their ratio represents the squashing of the EFT. We now define a quantity
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Figure 1.19: Mapping of an orthonormal basis {û_|_,v+} . The squashing degree Q 
can be interpreted as the ratio o f the shaded area to the diagonal o f the rectangle 
constructed on projected basis{u-,V-}  (Titov et al. (2002))
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called the squashing degree Q as

N l
Q =  1 ^  =  N + N . (1.15)

which can also be written in terms of tlie elements of the Jacobian matrix

a
Q = — : —  (1.16)ac — bd

and which quantifies how much the cross section of an EFT is deformed by the 
mapping. The value of this definition of Q lies in the fact that the polarities are 
interchangeable, which was not the case of the norm 7V+ used by Priest and De
moulin (1995). It is therefore a coherent measure of connectivity. Regions where 
Q 2 are called quasi-separatrix layers, because they behave very much like 
séparatrices. This concept will be developed further in Section 1.6.6.3.

Geometrically it can be related to the ratio A1 /A2 by

IA1/A2 I — ^ -1-y  ^  1 (1.17)

1.6.6.3 Quasi-Separatrix Layers

The separatrix of a certain magnetic configuration is a field-line (in the 2D case) or 
a surface generated by fieldlines (3D case) where the mapping determined by the 
fieldlines has a discontinuity. This results in singularities in the Jacobian matrix. A 
quasi-separatrix layer (QSL) will be defined as the surface where there is a strong, 
albeit continuous, gradient in connectivity.

Quasi-separatrix layers usually connect a strong flux region with a wealc field re
gion, as shown schematically in Figure 1.20. If we consider an elemental flux tube 
in the strong field region, with a circular cross section, we see that the cross section 
in the weak flux region is a strongly squashed ellipse. This would be associated 
with a high value of the squashing degree Q, The squashing degree can be used to 
identify the presence of QSL’s in a given magnetic configuration and we define a 
QSL as the an object where Q )$> 2. This definition is derived from geometrical 
considerations based on the field line mapping.

Hence by finding the squashing degree for a certain magnetic configuration, we can 
determine whether QSL’s aie present in the configuration. This gives us a simple 
method of identifying areas which are likely to exhibit sti'ong current build-ups and
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quasi-separatrix (?1) 
field-line

QSL
(Quasi-Sepàrqtrix Layer)

Figure 1.20: QSL linking a strong to a weak flux region. The associated squashing 
of the elemental flux tube is clearly visible.

consecutively magnetic reconnection. Once we know the magnetic field, we can 
either compute the values of Q theoretically, if we can solve the fieldline equation, 
or numerically if this integration is too complicated.

1.6.6.4 The Priest-Demoulin QSL

Priest and Demoulin (1995) have used a very simple magnetic configuration of a 
2D X-point with a superimposed constant field component in the third direction 
to introduce and study quasi-separatrix layers. This configuration is frequently 
used as an example of a typical QSL. The magnetic field is given by Equations 
(1.18).(1.20).

B x  — X (1.18)
B y  = —y (1.19)
B z  =  I (1.20)

and is illustrated in Figure 1.21.

The X =  0 and y = 0 surfaces should be the location of the quasi-separatrices. 
Thus the Q values around these surfaces should be quite large. We will show, 
however, that the spatial distribution of the squashing degree is in fact quite dif
ferent from the one we are lead to expect from the literature and we will offer an 
explanation for this.
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Figure 1.21: Priest Demoulin ”QSL” configuration (1995)

Solving the fieldline equation

dx _  dy dz ds
Bx By Bz |B|

we find that the fieldlines of this particular solution are given by

X = x+e

y  =  y + e
~ z / l

( 1.21)

( 1.22 )

(1.23)

If we consider the endpoints of the fieldlines starting at (x-|., 0) and finishing at
(X_, y_, L), we find the following relationship between (z+, %/+) and (X_, YL):

X -  =

y_ =

(1.24)

(1.25)

This can be used to evaluate the squashing degree Q using Equation (4.4). The 
expression for Q then reduces to

-2LH (1.26)
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Thus for the magnetic field considered as the ’’typical” field containing QSL’s, we 
notice that the values of Q are in fact large (for lai-ge L /l)  but uniform, instead of 
having a non-uniform distribution as we would expect according to the definition. 
From a geometrical point of view, this is due to the fact that the expansion of the 
elemental flux tube in one direction is compensated by the contraction of the same 
elementary flux tube in a direction perpendicular to the expansion direction (see 
Section 1.6.6.2 for the geometric interpretation).

In general the configuration does not contain ’’layers” of any sort because it is scale 
free. Any particular layer structure would have a scale length associated with it. 
The ’’layers” discussed by Priest and Demoulin (1995) are actually introduced ar
tificially by enclosing the system in a finite volume. This can, for example, be seen 
in the case shown in Figure 1.21 because the layer shown there is bounded by field 
lines mapping to the upper edge of the box. Increasing the box size increase the 
layer width. As we will see the configuration can be regarded as an approximation 
of the central part of a magnetic field structure for which two QSL’s intersect. A 
layer structure can only be present if there is an additional length scale, for exam
ple, the distance between two sources.

1.6.6.5 Hyperbolic Flux Tubes (HFT)

We have seen in the previous section that Quasi Separatiix Layers are a gener
alisation of séparatrices. The equivalent to the separator, or intersection of two 
séparatrices is the Hyperbolic Flux Tube (HFT). It is defined as the intersection of 
two quasi separatrix layers.

An illustration of such an HFT is given by Figure 1.22. This concept was first 
introduced by Titov et a l 2003 and is now commonly used for example for the 
study of sigmoids (see Torok and Kliem (2003) and Gibson et a l (2004)).

Because an HFT is tlie generalization of a separator, we suspect by analogy that it 
would be a prefened site for current build-up. This is what we want to investigate 
in this thesis.

A more rigorous approach to the problem of modelling reconnection and current 
build-up in HFT’s was given by Titov et a l (2002) and is based on following 
consideration. The HFT connects regions of weak flux with strong flux regions, 
and vice versa. An order of magnitude argument shows that (see e.g. Priest and



1.6 Current build up in topologically simple magnetic fields 41

(C)
/  - X  - X

Figure 1.22: Sketch of a coronal Hyperbolic Flux Tube above a region of quadrupo
lar magnetic flux (from Titov et al. 2003).

Demoulin 1995), if we impose a speed of 1km /s  to the end of the field line at the 
strong flux boundary, it would lead to speeds of up to lO^km/s at the other end of 
the fieldline, due to the strong gradient in connectivity. However the other end of 
the field line is also anchored in the photosphere and cannot move. Therefore the 
fieldline mapping must change, which in turn can lead to strong localised current 
densities.

The structure of an HFT for a quadrupolar magnetic field is presented schemati
cally in Figure 1.22. This figure is taken from Titov et al. (2003) who adapted it 
from work by Gorbachev and Somov (1988). The magnetic field is generated by 
two positive and two negative flux patches divided by a polarity inversion line (IL). 
The gray surfaces are flux surfaces which outline the HFT in this particular case. 
The magnetic field lines shown indicate the strength of the magnetic field by their
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thickness, showing that they generally connect regions of strong with regions of 
weak magnetic field.

The middle part of the HFT has an X-type cross section. Also indicated in this part 
of the figure is how the HFT should react to specific variations of the boundary 
conditions, which we will discuss later. Under certain conditions a current layer 
should form in the central regions by a process called "magnetic pinching” by Titov 
etal. (2003).

The final part of this figure shows schematically how the cross section of tlie HFT 
varies as one moves from one end of the HFT to the other.

1.6.6.6 Relevance of geometry to the study of current build ups

We have seen in Section 1.6.5.5 that flare brightenings are often located at sép
aratrices and separators. However in practice, coronal magnetic fields exhibiting 
flaring activity often do not possess magnetic nulls or bald points. A numerical 
method has been developed by Demoulin et al. (1996) to identify QSL’s and has 
been successfully used by Demoulin et at. (1997) to show a correlation between 
H a and OV kernels and QSL’s.

This gives us a justification to study quadrupolar systems where quasi-separatrix 
layers or HFT’s are present. The theory of this will be given in Section 1.6.7 
whereas numerical results will be the subject of the Chapters 4, 5 and 6.

1.6.7 Application to quadrupolar configurations

Quadrupolar magnetic configurations are common on the Sun and are some of 
the simplest configurations where we can have topological features. Mandrini et 
a l (1995) have presented evidence of an observational link between quadrupolar 
configurations and solar flares.

In this section, we will first introduce a model developed by Gorbachev and Somov 
(1988), for configurations possessing a separator, which predicts current growth at 
the separator and attempts to provide an explanation for solar flares. After this, we 
will show a more recent theory which generalises these results for configurations 
where there are no separators, but where we have the presence of HFT’s, wliich are 
a generalisation of the concept of separators as shown in Section 1.6.6.5.
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The kinematic theory will be discussed in some detail, as the object of numerical 
work in Chapter 6 is to verify the validity of these approximate results. Also we 
have developed a new kinematic description of the HFT configuration we will study 
with the Lagrangian code. This new description follows the lines of the theory 
developed by Titov et al (2003).

1.6.7.1 Current layer formation in the presence of a separator

Gorbachev and Somov (1988) suggested a model to explain the observations of 
two-ribbon flares, by modelling the magnetic field as a field generated by four mag
netic ’sources’ located under the photosphere. In this model, a vortical flow was 
imposed on the photospheric boundary, resulting in a defomiation of the neutral 
line into an S shape, as is often observed. They showed the existence of a critical 
bend for the inversion line, beyond which a separator starts appearing above the 
photosphere. Reasoning by analogy with the 2D case, they assumed that a current 
sheet would form on the separator. A schematic view of skeleton of the magnetic 
configuration is given in Figure 1.23.

" 7

Figure 1.23: Magnetic skeleton: separator [thick line], polarity inversion line 
[dashed-dotted], sources el..e4 (Gorbachev and Somov (1988))

Their approach yielded some interesting results, explaining the appearance of the 
two ribbons in flares, but has the problem of requiring the presence of a separator, 
created by the photospheric vortex flow.
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1.6.7.2 Current sheet formation in the absence of a separator: kinematic 
theory

Titov et al. (2003) reinvestigated quadrupolar configurations but in their model 
no séparatrices are present, but instead there are quasi-separatrices (see Section 
1.6.6.3), which indicate strong gradients in connectivity. This has the advantage 
of being applicable to more general cases. In order to obtain theoretical results, 
a straigthened-out configuration was used. In this section, the magnetic field is 
created by two pairs of sunspots of opposite polarity located at the planes z = ±L. 
As we will see, this type of magnetic field possesses the geometric property of 
having QSL’s and a HFT.

The kinematic theory is based on the elastic properties of magnetic fieldlines and 
we will first explain these properties before introducing the kinematic theory. This
is best done by reworking the equilibrium equation of a plasma

J x B - V p  =  ( V x B ) x B - V p  =  0 (1.27)

This equation can be rewritten, using simple vector identities, as

((B . V)B -  V( — ) -  Vp =  0 (1.28a)

(B • V)B -  V(p +  ^ )  =  0 (1.28b)

The first term in Equation (1.28b) can be interpreted as a tension force acting along 
the field line and the second term as the total pressure, sum of the mechanical pres
sure and the magnetic pressure ( see e.g. Boyd and Sanderson 2003 for further de
tails on this topic). In the case of a force-free equilibrium, the mechanical pressure 
term p can be neglected. It is now clear* that the magnetic tension is proportional 
to the strength of the magnetic field, which implies that the part of the fieldline in 
a region of strong magnetic field will be quite rigid, whereas the part in a region of 
weak magnetic field will be more flexible.

In an HFT fieldlines link strong field regions to weak field regions, exactly the 
situation just described. This has been used by Titov et al. (2003) to study the 
kinematic evolution of the twisting/turning of an HFT, resulting from a shearing 
motion of the footpoints of the HFT.

The magnetic field is generated by four point sources located outside the domain at 
i'i,3 =  (±^, 0, L-\-d) and i’2,4 =  (0, ±Z, —L — d) and is obtained by a superposition
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of the field generated by each source. This allows us to easily mimic a field gen
erated by diffuse sources located on the photosphere. The parameters I and d are 
.much smaller than L and cannot be too small as otherwise the flux patches would 
merge.

(1.29)

The lower pair of sources is located on the x  axis while the upper pair of sources is 
located on the y axis. A numerical evaluation of the squashing degree for the given 
field shows the presence of an HFT in this configuration (see e.g Titov et al. 2002).

The following flow field was imposed on the boundaries

v+ — Vs tanli T^la: (1.30)
h h

V- =  =fVs tanh “ ly (1.31)
Ish

where Vs is the amplitude of the driving velocity and Ish is the typical length scale 
of the shearing motion. This velocity field forces an evolution of the hyperbolic flux 
tube present in the magnetic configuration. Using the assumption that this shearing 
motion would extend towards the center of the HFT, while decreasing in amplitude, 
a resulting velocity field was deduced for the complete volume by assuming a linear 
decrease in amplitude with distance from the respective boundaries. The resulting 
flow field is given by

V =  -y  [(1 — y )  tanh(y^)la; T (1 +  y )  tanh(-—)ly] (1.32)

The plus sign corresponds to the case where the velocity profile in the middle of 
the HFT is hyperbolic and has the effect of pinching the HFT. This is quite similar 
to what happens in the case of reconnection at a two dimensional X-point, where 
reconnection is driven by the flow advecting the field lines towards the magnetic 
null. In this case, we have a similar* velocity profile, but the field lines are advected 
towards a quasi-sepaiator. It is therefore believed that this process may result in 
cunent build up near the quasi separator and ultimately to 3D reconnection.

The minus sign corresponds to a circular profile of the velocity field and has the 
effect of turning the HFT in the midplane. This will become clear later when we
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Figure 1.24: Kinematic velocity profile in the center of the HFT, for the twisting(+) 
and the turning case (-)

study the deformation of the grid resulting from the boundary velocity profile (see 
Figure 1.25).

Figure 1.24 shows the kinematic velocity vector field in the midplane for both cases 
and we can clearly see the hyperbolic and circular profiles.

This velocity field v  can be used to determine the deformation of every coordinate 
point located at Lagrangian coordinate r{t, ro) by solving

dr

yielding the deformation equations (in the midplane z =  0)

X = arcsinh [(cosh Æo(cosh ftanh  fq +  sinh t tanh ÿo]) 

ÿ — arcsinh [(cosh ÿo (cosh t tanh ÿo +  sinh t tanh ÿo] )

where
t = Vst

(1.33)

(1.34a)

(1.34b)

(1.35)

The deformation associated with the twisting (hyperbolic velocities) and the turn
ing (circular velocities) case can be seen in Figure 1.25.

Once the deformation equations (1.34) have been obtained, they can be used to de
termine the evolution of the magnetic field because of the frozen-in condition (for 
more detailed developments see Titov et al. 2003). It is important to note that the 
magnetic field obtained in this way is not an exact solution of the MHD equations, 
but rather an approximation based on the elastic properties of the fieldlines.
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Figure 1.25: Magnetic pinching of a HFT (Titov et al. 2003)

From the analytical expression of the magnetic field, it is possible to determine the 
current concentrations and after some extensive algebra, Titov et al. (2003) showed 
the following dependence for the current, at the quasi-separator at footpoints of the 
HFT:

w/ 9 Box
t z \ qs = 2t{-

d x
dBoy Bo, 4P (1.36)

The current evolution in the middle of the HFT is given in the kinematic approach 
by

3 z
Jit (1.37)

where h represents the intensity of the magnetic X-point in the midplane, L  is the 
half-length of the HFT and B\\ is the longitudinal component of the magnetic field. 
The exponential rise in current is associated with the pinching of the HFT.

It is necessary to verify the predictions from the kinematic theory with results ob
tained in numerical experiments using the full MHD equations. Galsgaard et al. 
(2003), using a full resistive MHD code, have shown that the presence of an HFT 
combined with a twisting of its footpoints resulting from photospheric motions 
does indeed lead to a squashing of the HFT and an associated current layer forma
tion. Up to a critical shear value, the current evolution in the numerical simulation 
closely matches the evolution predicted by the kinematic theory. Beyond that criti-
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cal shear, resolution problems limit the current growth and the current is lower than 
the one predicted. This provided a useful first hint at the correctness of the theory.

A new paper by Pontin et a l (2005) investigates the reconnection process in the 
middle of the HFT with a resistive MHD simulation continuing the work by Gals- 
gaard et a l (2003). This showed first a growth of the current concentration in 
the middle, leading to reconnection. They also showed that the reconnection pro
cess in the central region is very complex with fieldlines changing their connection 
continuously throughout the non ideal region. Their aim is, however, to study the 
3D reconnection process itself, whereas in this thesis we are studying the ideal 
processes before reconnection sets in.

More work needs to be done to be able to assess the validity of the analytical 
theory proposed by Titov et a l (2003). Therefore in this thesis, we will present the 
results from numerical experiments on HFT current build up, using two different 
codes. The first code is the Eulerian relaxation code described in Section 2.2 and 
the other code is the Lagrangian code described in Section 2.4. In Chapter 5 we 
will also present a new version of the kinematic results developed particularly for 
the periodic boundar y conditions used by the Lagrangian code.

1.7 Where this work fits in

In this thesis, we study in particular the formation of cunent sheets in smooth mag
netic fields with large gradients in connectivity. This could be relevant to the study 
of solar flares as in the standard model of flares and coronal mass ejections recon
nection of magnetic fieldlines is the key process allowing the release of energy. 
Before reconnection sets in, a current sheet will form, with very small length- 
scales involved. This is extremely important for reconnection, as it only occurs 
when small length scales are present in the system, allowing the magnetic field 
to reorganize itself. The problem of current sheet formation is also important for 
coronal heating, as heating is generated by a conversion of magnetic energy into 
kinetic and thermal energy during the process of reconnection.

After this introduction, we will describe the codes used for the numerical simu
lations in Chapter 2. In Chapter 3 we will compare the performance of the two 
codes when applied to a test case where a flux tube undergoes a twisting motion 
of its footpoints. We will then describe the Eulerian experiment on HFT pinch
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ing in Chapter 4 and discuss the obtained results. Chapter 5 will develop the new 
kinematic description for the pinching of the HFT. The Lagrangian experiment will 
then be discussed in Chapter 6 and the results obtained here will be compare with 
the prediction made using the kinematic theory. A summary and conclusions are 
presented in Chapter 7.



Chapter 2

Numerical Methods

2.1 Introduction

The aim of this chapter is to describe the two numerical methods used in this thesis 
to study current-sheet formation in different magnetic configurations: the Eulerian 
relaxation code and the Lagrangian relaxation code. These codes are designed 
to study systems where the evolution of the magnetic field can be described by a 
sequence of equilibria, which is accurate only for sloVly evolving systems. This 
will result in a simpler set of equations describing the physical system. We will first 
introduce the theory behind the relaxation method in general, and then describe the 
Eulerian and Lagrangian algorithms.

2.2 MHD relaxation in an Eulerian formulation

The so-called relaxation method, also dubbed magneto-frictional method, used in 
our code has originally been proposed by Chodura and Schliiter (1981) for appli
cations in fusion research. It has then been adapted by Yang et a l (1986) to help 
reconstruct coronal magnetic fields using the force-free assumption, in cases where 
the frozen-in condition is valid. The idea behind this method is to reconstruct the 
coronal magnetic field from a given photospheric magnetic field, which can e.g. be 
obtained from magnetograms. Starting from a potential field, the field is evolved 
into a force-free field matching the magnetograms. This is done by an iterative 
process of stressing the field with the help of photospheric flows, and then relax

50
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ing it. Once the photospheric field matches the observed field and the system is 
relaxed (i.e. almost force-free), the computed field will be a good approximation 
of the actual field on the Sun. This method can be improved by making the relax
ation parameter v locally inversely proportional to B^, which resulted in a faster 
convergence rate.

Although this iterative method has originally been used to reconstruct the coro
nal field based on information about the photospheric field, it can be adapted to 
study the slow evolution of a magnetic configuration. The evolution can then be 
described as a sequence of equilibria.

Before describing the iterative method used to generate a sequence of equilibria, 
we will first show which equations to use to determine a particular equilibrium 
situation,

2.2.1 Equations

The full magneto-hydrodynamic (MHD) equations, in the case of an ideal plasma, 
are

®  =  V x ( v x B )  (2.1)

V -B  =  0 (2.2)
d"v

p - ^  + p(v • V )v =  J  X B -  Vp -  pg (2.3)

combined with an equation of state.

The cunent density is given by

V X B =  poJ (2.4)

Whenever we are interested solely in determining an equilibrium state for the 
plasma, the equations reduce to:

V X B =  /.aqJ (2.5)

V -B  =  0 (2.6)

0 =  J  X B — Vp — pg (2.7)
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We simplify this even further by neglecting the influence of gravity and using the 
force-free approximation. This is justified by the fact that the corona is a low 
beta plasma where magnetic pressure dominates mechanical pressure, hence we 
neglect the pressure gradient term. The gravity term can be neglected because the 
resulting gravity scale-height is much larger than the other length scales involved. 
The resulting set of equations is

V x B =  poJ (Z8)
V B =  0 (Z9)

0 =  J  X B (ZIO)

The solution of this set of equations will provide us with the equilibrium state of 
the magnetic field for given boundary conditions. Numerically, we need to have an 
evolution equation for the system to evolve towards this equilibrium. This is ob
tained by using an additional friction term in the equation of motion which allows 
the system to relax towards the equilibrium position. The system we will have to 
solve numerically will then be:

^  =  V x ( v x B )  (2.11)

V -B  =  0 (2.12)

uv = J  X B (2.13)

where u is called the relaxation parameter of the system. The choice of i/ is in prin
ciple arbitrary, but some choices yield a faster convergence, as will be discussed 
later in this chapter. A positive value of nu  allows us to find stable equilibria 
whereas a negative value of v> allows us to find unstable equilibria.

2.2.2 Iterative Scheme

Now that the equations governing the system have been established we can discuss 
the iterative method generating the equilibrium sequences of the system, given a 
certain stress applied at the boundary of the system. The iterative scheme used 
in this thesis is similar to the one described in Roumeliotis (1996), but instead of
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working with the vector potential A, we will work with the magnetic field B. The 
scheme operates in two phases:

• a driving phase, where we apply a certain stress to the system for a small 
duration

• a relaxation phase, where we allow the system to relax to a new equilibrium

These two steps can be repeated up to the point at which the system does not relax
anymore.

In effect, we calculate an equilibrium sequence for a quasi-static physical system. 
This approach is valid as long as we model physical phenomena that occur at time- 
scales far larger than the typical timescales of the physical system.

2.2.2.1 Driving Phase

During the driving phase, we do not use the equation of motion but instead we 
prescribe a driving flow V£j and solve the following system,

l9B V7 / -DN—  V X (v£) X B)

V -B  =  0

where the driving flow, which is cut-off at the altitude Zcut~of f ,  is of the type

I Vp/,exp(-Kz/Az) ^ < z ^ i t - o f f  _  , _
^/D= \  (2.14)

2: >  ^c u t - o f f

and Vp/i represents the photospheric flow

Vpk(æ, y)  =  y)!^ + Vy{x,  y ) l y  (2.15)

The driving extends into the box with an exponential dependence on altitude, char
acterized by the parameters k and Az, in order to avoid a strong gradient between 
the boundary and the inside of the computational box which might give rise to nu
merical problems. An appropriate choice of these two parameters ensures a smooth
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transition between the zone where driving occurs and the zone where v =  0. We 
also note the absence of flow across the boundary.

The equations we have to solve can be rewritten, using some vector identities, as

^  =  v d (V • B) -  B(V • v d ) +  (B ■ V )vc -  (VD ■ V )B  (2.16)

V -B  =  0 (2.17)

The induction equation is integrated in time with the Toth scheme, designed to 
keep the divergence of the magnetic field small, as described in section 2,2.4.

2.2.2.2 Relaxation Phase

During the driving phase, we introduced a perturbation to a system in a state of 
equilibrium given by Equation (2.13). The relaxation phase will allow this system 
to evolve towards a new equilibrium. This is done by solving the following system 
of equations inside tlie box (v r  =  v  in Equation (2.13):

^  =  vk(V - B) -  B(V - vh) +  (B - V)vB -  (VB - V)B (2.18)

V -B  =  0 (2.19)

y v R  =  J X B =  Ff, (2.20)

The velocity is obtained from the third equation, the pseudo-equation of motion, 
and is proportional to the Lorentz force. We substitute it into the first one, allowing 
us to evaluate the field at the next time-step.

The relaxation coefficient v  is in principle an arbitiary positive parameter. The 
most straightforward way of implementing the magneto-frictional method is to use 
a constant v in equation (2.20). However a constant v does not usually yield the 
best results, and a faster convergence is obtained if the relaxation coefficient is pro
portional to |B|^. This effect has also been confirmed in Wiegelmann and Neukirch 
(2002). So, for a relaxation coefficient of the type

v ^ ( T \ B f  (2.21)

the equation of motion (2.13) reduces to

VB =  (2-22)



2.2 MHD relaxation in an Eulerian formulation_______________________ ^

where C,. =  1/C* is an additional parameter, chosen to optimize the convergence 
rate.

As an example of the influence of Cr we show in Figure 2.1 the results for the twist
ing of a stiaight flux tube in a uniform background field, as described in Section 
3.2. The resolution of the grid used in this case is 96^. This shows the evolution 
of the maximum Lorentz force for different values of the parameter Cr and for the 
case with constant u. The rising part of the graph corresponds to the driving phase 
where energy is injected in the system and the magnitude of the force increases. 
The decreasing part of the graph represents the relaxation phase of the code where 
the Lorentz force decreases until an equilibrium is reached. For C,> =  10“  ̂ we 
observe that the maximum Lorentz force increases. This is typical of the case 
where the numerical inaccuracies become too laige and the code does not converge 
anymore.

This figure illustrates the dilemma we are confronted with. If Or is to small (e.g. 
10~^) the system requires a lot of numerical steps to relax, whereas if Cr becomes 
too big, the system relaxes more quickly but if it exceeds a certain value, which 
is empirically determined, we never reach the equilibrium as the conections to the 
system are too large and we move away fiom the equilibrium. The parameter Cr 
is thus determined by a process of trial and error and will depend on the magnetic 
configuration we wish to study and on the grid resolution.

This set of equations is integrated until we find a new equilibrium. To determine 
whether we have achieved this, we need a criterion to judge how close to an equi
librium we are.

2.2.2.3 Parameter choice for the iterative scheme

For the driving phase, we have to choose two parameters for the code, namely 
the time-step for the driving dro and the total driving time td . The maximum 
value of dTD has an upper bound. If it is too lai'ge, the errors in the advection term 
will generate a motion of the footpoints which is different from the one we want 
to prescribe. The upper bound will depend on the magnetic configuration and is 
determined by a trial and error routine. In practice, there is also a limit to the total 
driving time td and once the currents become too large, a quasi-static approach is 
not valid anymore and our code breaks down.
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Figure 2,1: Twisting of a uniform flux tube in a uniform background field for 2000 
iterations. The associated evolution of the maximum Lorentz force during one 
drive (rising section of the curve) and relax (decreasing section of the curve) cycle 
is illustrated here. The dashed line corresponds to C,. =  10“ ,̂ the dashed-dotted 
line to Cr — 10“ '̂ , the solid line to Q, =  10“ ®, and finally the dotted line to 
ly ~  uq = 12.

For the relaxation phase, we have to choose several paiameters for the code, 
namely the time-step for the driving dTR, which is not related to any physical time- 
scale, the relaxation coefficient C,. and the maximum number of steps the code can 
do Ur . These parameters need to be tuned to make the code efficient.

D riving Relaxation
dTD dTR

t d C r  o r  Z/'o

Table 2.1 : Parameters of the iterative scheme

Figure 2.1 represents the evolution of the Lorentz force during the driving and 
relaxation phase for different values of the parameter Q., in the case of the rigid 
rotation of a flux tube in a background flow. The fastest convergence in this case is 
obtained for Cr = 10“ ,̂ dvR =  10“ ® for a fixed number of steps ur  = 1750.
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2.2.3 Energy considerations

In this section we will prove that a relaxation code solving the ideal MHD equa
tions has the required property of reducing the magnetic energy in the system, as 
long as we impose line-tying boundary conditions. This implies that the system 
evolves towards an equilibrium as long as the cqde represents the equations prop
erly. Starting from the induction equation (2.11), we multiply it by B, yielding

This is the equation for the time evolution of the magnetic energy density. If we 
integrate this over the entire,volume of the computational box we obtain

=  /  B ■ V X (VH X B )d y  (2.24)

Using the vector identity

V . [{y r  X B) X B] =  B • V X (vfl X B) -  (vjj X B) . (V X B) (2.25) 

we can rewrite this equation as

J {V ■ [(Vfl X B) X B] -  (VR X B) • (V X B)}((K

=  /{ V  • [(vR X B) X B] -  (Vfl X B) • J}dV

Using Gauss’s theorem and {y r  x B) • J  =  (J x B) • this leads to

=  i { { v R x B ) x B } - d S -  f { { JxB) - VB} dV  

=  i [ (B-  vh)B  -  BVfl] • IndS -  J {3 x B) -  VRdV

dt

In our case, the boundary conditions specify that y r  should be zero on the bound
ary of the box, so the surface integral vanishes. We also know that in a relaxation 
scheme, the Lorentz force is proportional to y r  and the previous expression re
duces to

^E„, = -  fuv%dV < 0  (2.26)

which proves that relaxing the system leads to a decrease in magnetic energy con
tained in the computational box, until y r  —  0.
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2.2.4 The V  • B  =  0 constraint

The soleiioidal condition V • B =  0 is, following Gauss’s theorem, equivalent to 
the statement that there is no change in magentic flux through the surface enclosing 
the considered volume, or alternatively that all the magnetic energy added to the 
system will come from the magnetic constraints created by the boundary flow and 
not from flux injection. It is therefore important to use a numerical scheme that 
keeps the magnetic field divergence-free as closely as possible.

2.2.4.1 First order accurate scheme

Let us first consider the simplest numerical scheme that can be implemented for 
the integration of the induction equation 2.11.

The induction equation can be rewritten as

§  =  ^  7  X (V X B) (2.27)

where e is the order of magnitude of the truncation error. When we take the diver-

y - B „ + i - V . B „  + V-e(At^) 2̂.28)

Hence, if we assume that the magnetic field was divergence-free at time n, it 
will still be divergence free at time step n -f 1, up to a maximum error of order 
O (^),w here h is the smallest grid step on the entire grid. This is not a satisfying 
result, thus the need of a better numerical scheme.

2.2.4.2 Second order accurate scheme

To obtain a scheme that is second order accurate in time, we use a field interpo
lated centered difference scheme, as described in Toth (2000). To simplify the 
following calculations it is useful to introduce the following notations:

e B* =  B " +  A£(V X (v X B)")

.  n "  =  - ( v  X B)^ =  E
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where B* is the first order approximation for B^+^, and represents the electric 
field at timestep n.
The idea is to approximate replace by a time-centered approximation. 
will be the average between the electric field at time-step n  and the electric field 
obtained with the first-order scheme.

=  - ( v  X  ̂ +  (v X (2.29)

This represents the electric field at an intermediate time-step. We can now solve 
the induction equation (2.11) with second-order accuracy in time, yielding:

B7+1 =  B li, -  Ai ■ (V X n )  (2.30)

As discussed in Toth (2000), this scheme conserves the solenoidal character of the
magnetic field and is accurate up to an error of 0{A t^)  in time and in
space for Q̂ h order centered finite differences, as opposed to an error of 0 {A t)  for 
the first-order scheme.

2.2.4.3 Implementation of Toth’s scheme

The algorithm used to integrate the induction equation over one time step is

V  =

W  =  i(vxB )°^ ^

V  =  V - b A t - V x  [i(vxB)°^^]

B* ^  -Qoid _i_ A t . V X (v X B )‘’̂ '̂

W  =  X B)*

V  =  V - b A t - V  X [ i ( v x B) * ]
■Quew ^ y

which gives us the requested update

■Quew _  -b At • V X [ i(v  X B)°^ ]̂ +  A t . V X [ i(v  x B)*]

2.2.5 Stability issues

The induction equation, which is similar to a non-linear diffusion equation is a 
parabolic equation, and as such the use of an explicit method can lead to numerical
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problems. We notice that (numerical) instabilities arise which might be due to 
the fact that a suitable stability criterion is not respected. It is however extremely 
difficult to determine a stability condition compaiable to the CFL criterion^ due to 
the complex form of the induction equation and due to the non-linearities. Instead, 
the time-steps and grid step are determined empirically by a trial and error method.

A widely used scheme for relaxation methods is the ADI scheme (e.g. Longbottom 
et al. 1998), or Alternating Directions Implicit scheme, and is a method where the 
operator is split in three parts

du
= CxU CyU -f- CzU (2.31)

In the future, the code could be made unconditionally stable by the use of a implicit 
or semi-implicit method of time-integration.

2.3 Implementation

At this point, we know which equations we need to solve to study the quasi-static 
evolution of a force-free MHD system. We now have to translate this into a stable 
numerical scheme, with an adequate accuracy. The main steps of the code devel
opment aie outlined below.

1. Discretise the volume

2. Evaluate the finite difference coefficients for the differential operators, for 
the previously determined grid

3. Discretise MHD equations

4. Solve the MHD equations for the driving phase and the relaxation phase

5. Validate output from die code (check for inconsistencies,...)

2.3.1 Convergence criterion

This section is devoted to the problem of finding a suitable convergence criterion 
for the code. This criterion should indicate whether the system has relaxed to an

*The Courant Friedrichs Lewy criterion, used for hyperbolic PDE’s, states that the velocity o f  

information propagation in a system should always be smaller than the physical velocities.
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equilibrium state. Hence it looks reasonable to stai't from a force-free field and 
estimate the maximum force present in the computational box, due to the discreti
sation of the field. If at the end of an iteration, the maximum force remaining in the 
system is of the same order of magnitude, we can say that the system has relaxed to 
an equilibrium, up to discretisation eiTors. Therefore the stopping criterion is that 
the Lorentz force at time t is of the order of magnitude of the numerical residual 
force present in a potential field, and due to the resolution effects :

|F ( t)U  =  0 ( |F E ')  (2.32)

where P  — J  x B and the infinite norm is defined as |.t|oo =  max(æi). We also 
tried the L\ norm |æ{i =  |a;i| and there is no significant difference in the results.

In our test cases, we noted that the maximum Lorentz force decreases and then 
reaches some sort of plateau and tends to remain constant. So in practice it proves 
useful to consider instead the decrease in the maximum of the Lorentz force. Once 
the maximum of the Lorentz force over the grid reaches a minimum, it is useless to 
continue with the simulations. This is due to the fact that the discretisation errors 
limit how close we can get to a perfect equilibrium. The greater the resolution, the 
closer to the real equilibrium we get.

2.3.2 Boundary Conditions

When we are modelling coronal magnetic fields, we usually make the approxima
tion that the magnetic field is tied in to the photosphere. This is justified by the 
fact that photospheric plasma has a much larger inertia. This provides the linety- 
ing boundary conditions, meaning that tlie flow velocity is chosen to be zero on 
all boundaries of the box during the relaxation. Linetying fixes the normal com
ponent of the magnetic field on the boundaries, preventing magnetic flux through 
the boundary to change during the relaxation step. The advantage is that all the
magnetic energy changes then result from the chosen driving. The tangential com
ponent of the magnetic field can vary. All this can be shown from equation 2.11, 
using the fact that v  =  0 on the boundary. We first rearrange the induction equation 
as follows:

^ B  =  V X (v X B)

=  v(V  • B) -  B(V • v) -h (B . V)v -  (v • V)B  

=  -B (V  • v ) +. (B • V)v
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We used the fact that the divergence of the magnetic field is zero and that the flow 
velocity on the boundaries of the box is zero as well. This leaves us with two terms 
on the left hand side.

We treat the lower boundary as an example. In this case v =  0 and ^  ^  =  0
but ^  7  ̂0. The evolution of the Bz component reduces to

= 0 (2.33)
at

as required. The other boundaries can be treated in the same way by doing a per
mutation of the coordinates.

2.3.3 Diagnostic quantities

We use the following physical quantities evaluated by the code as diagnostics to 
determine whether the outcome is acceptable;

« magnetic energy E b = J  

® kinetic energy = J  ^pv'^dV

• divergence of B

• total Lorentz force F  jr, = f ( j  x B )dV

• current density f  j'^dV

« average force-free coefficient < a  > evaluated on the whole grid, where a  
is defined as V x B =  aB

The main quantities to analyse are the total magnetic energy E b  and the divergence 
of the magnetic field V - B .  As was shown in Section 2.2.3, the total magnetic 
energy of the system can only decrease and if this is not the case due to numerical 
instabilities, the code breaks down and we cannot study the further evolution of 
the system with this code. The evolution of the divergence of the magnetic field 
is also important because any error in the divergence results in flux creation or 
cancellation, which we are trying to avoid.

Figure 2.2 shows the typical evolution of the diagnostic quantities for a successful 
drive-and-relax step of the code, used for the study of the effect of the twisting of
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a straight flux tube in a uniform background field, as described in Section 3.2. The 
magnetic energy increases during the driving phase and then decreases during the 
relaxation phase to a new equilibrium value, higher than for the previous relaxed 
state. The divergence of the magnetic field is kept approximately constant, and is 
quite small. When we look at the current evolution, we see that the current peaks 
at the end of tlie driving phase, for the most perturbed system, and then decreases 
during the relaxation phase, while the system evolves towaids a new equilibrium. 
The evolution of the Lorentz force shows that the force peaks at the end of the 
driving. During the relaxation phase, we first have a rapid decrease in the amplitude 
of the force followed by a slow down as the small scale perturbations are levelled 
out rapidly but the lai'ge scale perturbations take longer to relax. The force-free 
coefficient a  also levels out at the end of the relaxation phase.

2.4 Relaxation method in a Lagrangian formulation

2.4.1 A brief description of the Lagrangian code

In fluid dynamics, there are always two different ways of describing the system: 
the Eulerian approach and the Lagrangian approach. Depending on the case we 
study, one approach or the other might prove more convenient. When we study the 
evolution of a plasma with the MHD equations, it is possible to use either approach.

In the Eulerian method, the relevant physical properties of the system are described 
as functions of fixed points in space and time, and we study the evolution of these 
properties as functions of space and time. So the Eulerian approach is well suited 
to numerical simulations where a fixed grid is used.

The Lagrangian method is quite different, and instead of studying the physical 
parameters at certain fixed points in space and time, we follow the fluid elements 
identified by x(X , t), where x  is the position at time t of the particle which was at 
position X  at time t = 0, and study the evolution of the physical parameters at the 
cunent location of the fluid paiticle.

Before proceeding with a description of the numerical method, it is useful to intro
duce the concept of flow lines. A flow line is a line joining different fluid elements 
and tangential to their velocity. The evolution of the flow line can be studied in a 
Lagrangian formulation. If we now consider a fluid line element 5x joining two
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Figure 2.2: Control quantities in the case of a successful iteration: the magnetic 
energy E b , the kinetic energy E'fc,the divergence of the magnetic field V • B, the 
Lorentz force Fl , the square of the current density and the force-free parameter 
a.

infinitely close fluid elements, its evolution of is governed by equation (2.34)

Sxi = ^ ~ Ô X a  
OÆct

(2.34)

which uses the Einstein rule for the summation of repeated indices.

If we apply the material derivative ^  to (2.34) we obtain the evolution equation

=  (6x ' V)v. (2.35)
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The code described in Craig and Sneyd (1986,1990) uses the fact that the ratio of 
the magnetic field B to the density p follows the evolution equation (see Moffatt 
1978):

^ 5  =  ( | . v ) v  (2,36)

SO a line element evolves in the same way as B /p.

As a consequence of this, we can use an expression analogous to (2,34) for the 
evolution of B /p  in a Lagrangian approach

Bi dxi Boce /r,—  =   -------  (2.37)
p , dXcc PO

where B q is the initial magnetic field and po the initial density, at time t  =  0.

The density can be eliminated from equation (2.37) by using the conseiwation of 
mass pod^X =  pd^x and introducing the Jacobian Aq =  po/p =  ^  we obtain

Bi =  (2.38)

Using Equation (2.38) we can determine the evolution of the magnetic field from 
the deformations of the Lagrangian grid and we now only need to find an expres
sion for the deformation of the Lagrangian grid to be able to study the system. This 
is provided by the pseudo-equation of motion

V =  ^  =  J  X B (2.39)

which stipulates that the deformation speed is proportional to the Lorentz force in
the same way as for the Eulerian code. So the system stops evolving once we have 
reached a force-free state. This equation is non-physical and is chosen to force 
the system to relax to an equilibrium state. The details of the determination of the 
Lorentz force in Lagrangian coordinates are given in Craig and Sneyd (1986,1990).

The system governing the evolution of the magnetic field and of the Lagrangian 
grid can be expressed as

Dxi
D t

=  (J X B)i (2.40)
dxi

Bi =  (2.41)
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This is iterated until the Lorentz forces vanish and an equilibrium has been reached, 
up to a certain tolerance limit.

The Longbottom code used in our numerical simulations (A.W. Longbottom, pri
vate communication) uses the Dynamic Alternating Direction Implicit (DADI) 
method to integrate the evolution of the system. This is a variant of the uncon
ditionally stable Alternating Direction Implicit(ADI) method used by Craig and 
Sneyd (1986).

The ADI method is an operator splitting method where one time integration is done 
in three steps, each intermediate time step being associated with the integration of 
one operator.

Agjli -f- jCyti T HzU (2.42)du 
dt

The time step used for the integration is fixed in the programme and it is difficult 
to adjust it to maximise the efficiency of the code. If the time step is too small, 
the code relaxes too slowly and we loose valuable time whereas if the time step is 
chosen to be too large the system does not relax anymore.

The version of the code used for the numerical simulations described in this thesis 
uses the DADI method as described in Doss and Miller (1979) and Hewett et al 
(1992). In this method, there is a dynamical allocation of the virtual time-step for 
each step in the integration. An integration is done in the three directions with a 
certain time and is compared with the results obtained by doing two integrations 
along the three directions, but with half the time step.

The difference between the final state using both methods is compared to the 
change between the initial and final state of the system when integrated with the 
large time step. If the difference is small compaied to the change undergone by 
the system, we can continue to increase the time step and check that it does not 
significantly alter the results. This dynamical allocation of the time-step allows the 
code to operate with the greatest possible time-step and allows it to converge more 
rapidly.

So far, no formal proof exists that this method always converges and although in 
relatively simple situations it converges more rapidly than the ADI method, we will 
show that in an extreme situation like the one we are about to study (see Chapter 
6), where small length scales are present, this method has problems in selecting 
a suitable time-step and the selected time-step oscillates between small and big 
values, sometimes preventing convergence altogether.
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2.5 Comparison of the two numerical methods

In our case, the main advantage of the Lagrangian approach over the Eulerian ap
proach lies in the fact that the grid is deformed under the influence of the cuiTents 
appearing in areas with strong gradients. This flexibility of the grid allows us to 
resolve length scales that are much smaller than the length scales which could have 
been resolved with the initial grid. This makes Lagrangian codes very suitable for 
the study of current sheets and current concentrations.

The Eulerian code on the other hand works with a fixed grid and the code breaks 
down when the structures cannot be resolved anymore due to grid size limitation. 
In the future, the Eulerian code should be adapted to implement a fully implicit 
method and it would be useful to incorporate adaptative mesh refinement tech
niques, so that one could selectively increase the spatial resolution in the regions 
where the small length scales appear. In this thesis however we will use the Eule
rian code in the way described above.



Chapter 3

Flux tube in a uniform 
background field

3.1 Introduction

In this chapter we are investigating the influence of the boundaiy driving on a 
uniform magnetic field. This experiment is done using first tlie Eulerian code and 
then the Lagrangian code, which will allow us to compare the workings of the two 
codes. However due to the differences in the boundary conditions the driving will 
be different for the two codes.

3.2 Numerical experiment with the Eulerian code

3.2.1 Introduction

This chapter contains the results obtained with the code for a simple case: the 
rotation of a flux tube in a uniform field.

The initial field used is a normalized uniform field. In this case the equation for the 
magnetic field is

B =  (3.1)

In one case, the rotation at the bottom and the top of the tube are in the same 
direction, so we simply turn the fieldlines inside the flux tube while leaving the

68
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background field unperturbed. The other case we study is that of a twisting of the 
flux tube, occurring when the rotations at the bottom and at the top are in opposite 
directions.

This field should be perturbed by the application of a boundary velocity forcing a 
rigid rotation, but numerically, the velocity at the boundary should drop off to zero, 
so we have to cut-off the rigid rotation at a critical radius Rc. The chosen velocity 
field can be expressed as

Roj
V0 = (3.2)

where uj is the angular velocity and R the distance from the rotation center. We 
can choose the parameter in such a way that the driving cuts-off at a safe dis
tance from the lateral boundaries of the box, to avoid numerical problems caused 
by flows across the boundaries. The effect of parameter ^ on the velocity profile 
is illustrated in Figure 3.1. The dimension of ^ is 1/L^ and it relates to the typ
ical length-scale of the drop in velocity as Ldrop = Table 3.1 shows the
relationship between Ldrop and ^ for a set of parameters used in our test cases to 
implement the driving velocity.

Ldrop
0.05 4.47
0.1 3.16
0.2 2.23
0.3 1.82
0.5 1.42
0.75 1.15

Table 3.1: Relationship between ^ and the drop-off length scale Ldrop

For the case of the turning of the flux tube, the driving velocity V£> can be expressed 
as

VbI q Z = Z2 

V q I q  z  =  z \

where Ig, is the unit vector perpendicular to the radius unit vector Ir. For the case

(3.3)
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Figure 3.1: Velocity profile for ^ =  0,05 (solid), ^ =  0.1 (dotted), ^ =  0.2 
(dashed), ^ — 0.3 (dashed-dotted), ^ =  0.5 (dash-dot-dot), ^ =  0.75 (long dashes)

of the twisting of the flux tube, the driving is 

vj;i{R ,e,z) :
Vq I q Z  =  Z2 

—VqI q Z — Zi
(3.4)

The Eulerian relaxation code is implemented for Cartesian coordinates, which 
means that we have to convert the velocity back to those coordinates as well.

3.2.2 Turning

In this case, we expect the system to relax easily with almost no currents present, 
except for those due to numerical inaccuracies. This is illustrated in Figure 3.2 
where we compare the components of the current density at the end of the driving 
phase and at the end of the relaxation phase. At the end of the driving phase, we 
have the highest currents, as this is the stage when the maximum energy has been 
put into the system. We also plot the currents at the end of the relaxation phase and 
use the same scale as the one used for the plot of the currents after driving. We can 
see that the current is almost negligible as we should expect.
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(b) Currents for the relaxed system for 6 =  O.IOtf.

Figure 3.2; Evolution of the current density at the bottom of the box, for a rotation 
of 0 =  O.IOtt, R c = 1.0 and ^ =  0.2. The figures represent the current components 
Jx,Jy, Jz and the amplitude of the current | J |.  There is a cut-off for the driving 
case because we wanted to compare both subfigures using the same scale in the z 
direction.
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We now consider a typical step in the iterative process consisting of a driving and 
a relaxation step, where the driving corresponds to a rotation of an angle 9 ^  
O.OStt. At the end of the driving phase, we can clearly see in Figure 3.3 that the 
fieldlines are bent near the bottom and the top of the tube as a result from the 
driving, extending smoothly inside the box due to the fact that the driving is applied 
to the first layers inside the box. After the system has relaxed to an equilibrium, we 
are back to a state where we have straight fieldlines and the kink has been smoothed 
out during the relaxation process.

The currents associated with such a typical step are shown in Figure 3.2, where 
relatively strong currents build up at the boundary between rotated and non rotated 
fieldlines. Our particular choice of driving velocity leads to a cylindrical current 
sheet. These currents virtually vanish during the relaxation phase and we almost 
return to a potential field. Some residual current cannot be totally eliminated and is 
a consequence of numerical inaccuracies resulting from the discretisation. Higher 
resolution makes this problem smaller, without totally eliminating it.

The evolution of the currents for our simulation are shown in Figure 3.4, for a box 
of [40,40,4] with a grid size of 96^. The current in the middle of the flux tube 
remains very small whereas tlie current at the bottom of the box increases, due to 
numerical errors.

As far as the paiameter choice is concerned, this particular test case works well 
even for coarse grids (24^ and 48^) and for a relatively big rotation of ^ % 15°. 
This is due to the fact that we do not have very strong gradients developing in this 
paiticular case.

Also there is no notable influence of the critical radius Rc, as long as the velocity 
drops down to zero at the boundary. We will see that this is not the case in the case 
of the twisting (see Subsection 3.2.3).

3.2.3 Twisting

In this case, the driving velocity can be seen as caused by two vortices of opposite 
signs, at both ends of the flux tube. This should create a current in the flux tube 
due to the twisting, and an additional current sheet due to the gradient in driving 
velocity where we cut off the driving.

To avoid confusion, it is useful to specify that the term ’’twist” used in this thesis
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(a) After driving

(b) After relaxation

Figure 3.3: Evolution of a flux tube submitted to a rotation of the footpoints, for a 
rotation of ^ % O.OStf.

is different from the one usually used in the context of flux tubes. In our simula
tions, the footpoints follow circular paths and the twist is defined as the angular 
displacement of the footpoints.

The typical evolution of the field lines is shown in Figure 3.5. The fieldlines are 
originally straight lines and the surface of the flux tube is a cylinder. When we start 
applying the driving the relaxed fieldlines go back to nearly straight fieldlines, but 
the surface of the flux tube becomes a hyperbolic surface, which becomes more
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Figure 3.4: Evolution of the currents for a final turn of I.Gtt. Dotted line: maximum 
of the current in the middle of the flux tube, solid line: maximum current at the 
bottom of the box.

and more pinched in the midplane. Ultimately, we reach a critical rotation angle 
and the code does not relax to an equilibrium anymore. The fieldlines for the non 
equilibrium field obtained for a twisting of % O.STtt are shown in (d) and we see 
that at this point the calculated fieldlines do not satisfy the line tying condition 
anymore and have an erratic aspect.

The problem with a velocity profile like the one represented in Figure 3.1, is that 
it creates a sharp gradient in velocity where the driving field drops back to zero on 
a short length scale. This in turns lead to the creation of a current sheet which is 
prone to numerical instabilities.

Other velocity profiles have been used with no greater success. The main problem 
is the difficulty of implementing a twisting motion in Cartesian coordinates. As the 
velocity profile must be zero on the boundaries, we need to have a decrease in v q  

towards the edge of the box. It is this decrease which generates the current sheet, 
which appears in the area where the velocity profile drops down. In this par ticular' 
case, it would be useful to adapt the code to cylindrical coordinates to avoid having 
to introduce a drop-off in the driving velocity.

The gradients appearing in the current sheet depend strongly on the parameters of 
the driving velocity, as is illustrated by Figure 3.6. The critical radius Rc needs to
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(b) e  % 0.167T

(c) 9 % 0.327T (d) 9 % 0.377T

Figure 3.5; Evolution of a flux tube submitted to a twisting motion of the foot
points. For a twist of O.STvr or 67°, an instability has developed and the code does 
not find a stable equilibrium anymore.

be relatively small so that the current sheet appears far enough from the boundaries 
of the box. In the numerical example shown, the computations are done on a box 
of dimension [20,20,5].

Figure 3.6 shows that Rc = 2.0 already causes problems at the boundary when the 
current sheet expands enough. On the other hand, we can reduce the radius of the 
current sheet by reducing parameter but then we have strong gradients which 
cause numerical problems to the code.

In the case of the twisting of the flux tube, the formation of a current layer at 
the boundary between the zone where driving is applied and the zone where the 
driving goes to zero is a direct result of the driving velocity. This current layer has 
an unstable behavior. So far it is unclear whether this is due to numerical problems 
or a real instability.
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(a) Rc ■ 2.0

(b) Ac = 1.0

Figure 3.6: This figure shows isosurfaces of the components of the current distri
bution JxiJyi Jz and of the norm of the current \J\ at the base of the flux tube, in 
the case of a driving flow resulting in a twist of 0 =  30° for different values of Rc. 
For Rc = 2.0 the current sheet is very close to the boundary, causing numerical 
problems. For Rc = 1.0, the current sheet is further from the boundary and we 
avoid that problem.
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Figures 3.8 and 3.9 show the evolution of the current sheet for a twist going from 
0 to O.STtt.

To illustrate the numerical problems with this particular test case, we show tlie 
components of the magnetic field as contour plots at the initial and final steps of our 
simulation (see Figure 3.10). The kinks appearing in the magnetic field contours 
appear to be on the grid scale, which points at a numerical rather than physical 
problem. This is corroborated by the fact that an increase in resolution delays the 
appearance of this problem. When the instabilities finally occur, they are on this 
smaller grid scale.

Figure 3.11 shows the evolution of the Lorentz force for a case where the code 
converges (a) and when the numerical problems start appearing (b). We see that 
the residual Lorentz forces at the end of the relaxation stages increases gradually 
until the point where the code starts showing an increase in the Lorentz force during 
relaxation, forcing us to stop the simulations.

All these considerations explain why we are severely restricted in the parameters 
we use in our code. As small length scales appear quite quickly, it is important to 
apply a weak driving at every iterative step and the maximum twist which can be 
applied at every step is 6 ^  0.15° which is a hundred times smaller than in the 
turning case. This slows down the calculation quite considerably.

The effect of the numerical resolution is illusti*ated in Figure 3.12 by comparing 
the evolution of the maximum current at the bottom, the top and in the middle of 
the box for two different resolutions: 48^ and 96^. The qualitative behaviour is 
similar, but quantitatively, the currents are higher in the 96^ case, which points at 
the fact that we do not resolve the current structure completely. Higher resolution 
runs take too long to converge to do full simulations with the cuiTent computing 
facilities and the present version of the code.

3.2.4 Conclusion

When we submit a uniform magnetic field to a driving velocity profile as shown in 
Figure 3.6, tlie system relaxes quite easily to a new equilibrium, which is close to a 
straight field, bai' the numerical inaccuracies which ultimately add up on the lower 
boundary, limiting the maximum rotation our code can cope with.

On the other hand, we have seen that the twisting motion of the footpoints creates a
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cylindrical current sheet at the boundary between perturbed and non perturbed vol
ume. This is due to the fact that we have tilted fieldlines next to straight fieldlines 
and this introduces strong gradients. Ultimately the gradients become too big and 
the numerical problems arise which stop the code from relaxing. This happens for 
relatively small values of the twist, around O.STtt. By increasing the resolution, it 
is possible to perturb the system further but the same problem is only delayed. It is 
also interesting to notice that the implemented driving causes the flux tube to col
lapse at mid height, illustrated in Figure 3.7. The driving thus results in a pinching 
of the flux tube, as can be seen from the increase in the vertical component of the 
magnetic field if we take a cut along the middle of the tube. The relevance of this 
will become clearer in Chapter 6.
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Figure 3.7: Evolution of the Bz profile through the center of the tube. Initial 
configuration (dashed-dotted line), after a rotation of ^ =  0.1 Gtt (dotted line) and 
after a rotation of9  = 0.32% (solid line).



3.2 Numerical experiment with the Eulerian code 79

(a) 0 =  0

1

(b) Û % O.IGtt

Figure 3.8: Evolution of the current density components Jx-,Jy, Jz and the norm 
of the current |J | at the bottom of the box. The same scale has been used in 
both examples to illustrate the reduction in currents resulting from the relaxation 
process.
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tA .

(a) 9 % 0.327T

(b) 9 % 0.377T (after instability)

Figure 3.9; Evolution of the current density components JxiJy, Jz and the norm 
of the current |J | at the bottom of the box. The same scale has been used in 
both examples to illustrate the reduction in currents resulting from the relaxation 
process. A cut-off appears in (b) because we restrict the range of Jz to make 
comparison easier with (a).
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runbi00 Bx at z= 0 .0 0 0  
201

(a) 0 =  0

run5499 Bx at z = 0 .000  
201

(b) 9 % 0.327T

Figure 3.10: Contour plots of the components of the magnetic field Bx,By,Bz and 
of B^, at the beginning and at the end of simulations, at the bottom of the box. The 
black lines are the places where the component of the magnetic field is equal to 
zero.
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(a) At the beginning o f the simulations, the plot o f the maximum 

Lorentz force shows that the system relaxes very well to an equilib

rium

0.010 0.0150.005

(b) After a rotation o f 27t / 10, the system cannot relax to an equilib

rium anymore

Figure 3.11: Evolution of the maximum Lorentz force, for (a) the beginning of the 
simulation, where we reach an equilibrium, and at the end of the simulations(b). 
Successive equilibrium curves. The value of the relaxed state Lorentz force in
creases for each successive equilibrium, as the error increases and ultimately, the 
code does not find an equilibrium anymore and the Lorentz force increases instead 
of decreasing.
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(a) Grid 48^

i t i i i i i i i l i i i i i i i i i l i i l i i n n n i l i

(b) Grid 96^

Figure 3.12: Effect of the grid resolution on maximum current density found. The 
horizontal axis corresponds to a twist from 0 to O.OStt.
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3.3 Numerical experiment with the Lagrangian code

3.3.1 Introduction

After the experiment with the Eulerian code, we have done a similar experiment 
with the Lagrangian code written by Aaron Longbottom (private communication), 
which generates a sequence of equilibria modelling the slow evolution of a system.

The magnetic field is still of the form

B =  B qzI z (3.5)

Due to the periodic nature of the boundary conditions we had to change the driving 
at the photosphere. Instead of doing a rigid rotation, we submit it to a sheaiing 
motion which will introduce either twisting or turning, depending on the situation 
we want to study. The shearing velocity has the following equation

yvg =  t;o sin - — la; (3.6)
i^sh

vy dz-UQ sin - — ly (3.7)
■L>sh

It is now convenient to introduce the shear d which is the displacement of the 
sources in units of tx/ 2 .

3.3.2 Turning

The turning corresponds to the case where we have have a plus sign in Equation
(3.7). The driving is not strictly speaking a pure rotation but a combination of two 
shearing motions, perpendicular to each other and resulting in a motion similar to 
rotation in the midplane. This is due to the fact that we have a superposition of the 
two driving velocities in the middle of the box.

The current in the middle of the box is very small and oscillates around zero, as 
seen in Figure 3.13

3.3.3 Twisting

The twisting corresponds to the case where we have a minus sign in Equation
(3.7). The temporal evolution of the maximal current is very rapid and is shown in
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Current at no de  { 4 4 , 4 4 , 4 4 }

0.60.5 0.70.30.2 0.40.0 0.1
S h e a r

Figure 3.13: Current evolution in center of the midplane as a function of the shear 
d.

J z  evolution
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Figure 3.14: Current evolution in center of the midplane of the HFT, as a function 
of shear.

Figure 3.14. The structure of the vertical component Jz of the current distribution 
is shown in Figure 3.15 and we see that the current build-up has the shape of a 
flattened peak, located where the grid undergoes the biggest deformations. We will 
return to these results in Chapter 6 where we will consider this configuration as a 
degenerate case in the study of current build-up in Hyperbolic Flux Tubes.
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3.3.4 Conclusion

The turning of the flux tube does not lead to any significant current build-ups in the 
middle of the tube. On the other hand, a driving simulating a twisting of the tube 
leads to a very rapid rise in current, of an exponential nature. This is a result of the 
contraction of the tube in the midplane, as can be seen from the squashing of the 
grid at Figure 3.15.

3.4 Comparison of the results

As far as the turning case is concerned, we get qualitatively similar results, with 
a negligible current growth in the center of the flux tube. Both codes have no 
problem in this case.

In the twisting case we can drive the system further with the Lagrangian code 
than with the Eulerian code. We also notice that the current build up is much 
stronger in Lagrangian code, which is a consequence of the lack of resolution of the 
Eulerian code, even for a grid of 96^. This clearly shows the advantage of using the 
Lagrangian code in cases where we study the formation of small scale structures, 
as it has the property of increasing resolution in areas with strong gradients. This 
effect will also be important in the simulations shown in Chapter 6 where we will 
study the process of magnetic pinching, which also creates small scale current 
stmctures.
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(a) t =  0.1 (b) d =  0.2

(c) d — 0.3 (d) d — 0.4

(e) d =  0.5 (0 rf =  0.6

(g) d =  0.7 (h) d =  0.8

Figure 3.15: Evolution of the current component Jz as a function of d in the middle 
of the HFT.



Chapter 4

Eulerian approach to HFT 
pinching

4.1 Introduction

Our original aim for the work presented in this chapter was to compare analytical 
results obtained by Titov et al. (2003) with numerical results obtained with the 
Eulerian magneto-frictional code. We will however show that for magnetic fields 
which are complex from a geometrical point of view, or in our case magnetic fields 
possessing HFT’s, the Eulerian code does not prove to be a useful tool. In this 
particular case, the code has problems coping with the small length scales and 
even for small values of the twist of the HFT, we encounter these problems.

In order to help with future improvements of the code, it is however useful to anal
yse the origin of the problems in some detail. The failure to obtain reliable results 
for this particular problem with Eulerian code led to the use of the Lagrangian code 
and the results obtained with that code will be presented in Chapter 6.
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4.2 Setup of the numerical experiment

4.2.1 Magnetic Field

To model the straightened out HFT, we will use a potential magnetic field generated 
by four diffuse magnetic sources, two on the top boundary and two on the lower 
boundary. Instead of prescribing a complicated magnetic field on the surface, we 
generate the magnetic field by positioning point sources under the surface.

These flux patches will then be submitted to an adequate driving flow, which sim
ulates either a turning or a twisting motion of the footpoints, in analogy to the 
analytical theory described in Section 1.6.7.2, The magnetic field due to the pres
ence of n  sources located at the points ri..r,i is given by the following expression:

=  (4-1)

We choose to parametrise the magnetic field with the parameters {Bs, d, I and L}  
where

9 Bs is the strength of each magnetic monopole 

» d is the depth under the photosphere at which the source is located 

« I is the half-distance between the sources 

® L is the half length of the HFT

We can now rewrite the quantities in equation 4.1 as

ï*l,2 — {p  ̂m id i  y  m id  (4.2)

^3,4 — {p^mid’d^^iVmidi^ ^

This is needed because the grid used in the code is not centered around (0,0) but 
ai-ound {xmidiVmid)-

4.2.2 Squashing degree

When we evaluate the squashing degree Q for a given magnetic field it is unprac
tical to calculate Q over the whole extent of the photospheric boundary, due to
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numerical reasons. We therefore concentrate our efforts on a region V  where we 
are likely to encounter the biggest gradients in connectivity. We then evaluate Q in 
this domain using the definition of the squashing degree introduced in Titov et al.
(2002):

(d X ^ /d x+ Ÿ  +  ( d X - ld y + f  +  W . / d x + Ÿ  +  (d Y ./d y+ Ÿ  
^  |(9X ./âx+)(âK _/ôî/+ ) -  (d X - ld y + )(d Y - ld x + f\  '  ' ’

where R+ =  (x+, y+) are the coordinates of the footpoint of the fieldline in the 
region of positive polarity, and R_ = (X_, YL) the coordinates in the region of 
negative polarity. The values of Q in the domain are evaluated on a by Uy grid, 
using a discretised version of 4.4.

For the magnetic configuration we are studying, we have evaluated the associated 
squashing degree distribution in the area outlined by a white rectangle in Figure 
4.1 and the typical structure of this distribution can be seen in Figure 4.2, as a 
colour coded map representing the intensity of Bz. The spatial derivatives present 
in the definition of Q (see equation (4.4)) are approximated by using centered finite 
differences, and the values of Q increase with the resolution. In the limit where the 
grid-size used in the numerical algorithm approaches zero, Qnum ~  Qexact-

Figure 4.1: Colour map of the intensity of Bz for the set of parameters
{L, d, Z}={5,2,2} . The white frame is the region in which we are going to evalu
ate the squashing degree Q.

After having determined the values of the squashing degree at the footpoints of the
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Figure 4.2: Contours of the squashing degree Q, plotted against a colour back
ground representing the intensity of Bz. The numbers on the axis refer to the nodes 
used in the calculation of Q and correspond to 8 < x < 12 and S < y < 12.

HFT, we can now represent the HFT by tracing the fieldlines originating from an 
iso-Q contour, as seen on Figure 4.3. We see that the morphology of the HFT is 
quite similar to the one shown in Figure 1.25.

Table 4.1 gives an overview of the dependence of Q upon the normalised parame
ters ^  and

Bs d
L

I
L

1 0.4 0.4 20.96
1 0.2 0.2 11.23
1 0.1 0.1 5.1

Table 4.1 : Dependence of Qmax on 4 and i

4.2.3 Velocity field

According to the theory, current sheets should form when the central regions of a 
hyperbolic flux tube are pinched due to a twisting motion of the sources. In a first 
attempt to obtain a suitable pinching imposing a boundary velocity, we introduced a
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Figure 4.3: Structure of a HFT built on a iso contour of Q with a value of 50.

differential rotation inside the flux patches, but this caused severe numerical prob
lems with the code. The chosen velocity field rotated both the positive and the 
negative sources around their midpoints. We thus decided to use the same bound
ary velocity field as in Chapter 3. We managed to obtain greater values of the twist 
with this velocity profile and we will discuss the case of maximum twist we can 
impose before being restricted by failure of the code in Section 4.3.1.

4.3 Results for the twisting of the HFT

To study the effect of the driving on the HFT, we used the following procedure. We 
first identify a suitable iso-contour of Q (i.e. Qo > >  2) and construct the HFT by 
tracing fieldlines originating from this contour. We can then integrate the footpoint 
displacement and calculate the new shape of the HFT and study the associated 
current build up.
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4.3.1 Parametric study of the maximal twist

This section presents the results of the study of the twisting of a hyperbolic flux 
tube. We have done simulations for several parameter regimes and present the 
results for a configuration with d fL  — l , l / L  — 1, which allowed us to obtain the 
greatest values of twist. Table (4.2) shows the maximum twist Omax that can be 
reached before instabilities develop as a function of the following parameters:

• the uniform background field =  B^lz

•  the parameter determining the width of the drop-off layer, as defined in 
Equation (3.2).

An increase in background field is beneficial to the stability of the structure, and 
allows us to twist the HFT further than in the case where the background field is 
present.

On the other hand, an increase in which has the effect to reduce the length- 
scale of the cylindrical current concentration, seems to improve stability, contrary 
to intuition which would let us believe that strong gradients on small length scales 
should be detrimental. So far it has not been possible to clarify where this effect 
comes from.

4.3.2 Study of current build-up in the middle of the HFT

When studying the evolution of the maximum current in the middle of the HFT, we 
encounter problems due to resolution issues. We can only study the onset of the 
current growth and it is difficult to determine whether we have an exponential rise 
as predicted. The evolution of the currents can be seen in Figure 4.4. We notice 
a slow rise in the currents followed by a rapid rise associated with the onset of 
numerical problems.

Instead of looking at the evolution of the maximum current, located on the qtiasi- 
separator, it is useful to consider the profile of the vertical component of the current 
Jz across the midplane. The structure of the current in Figure 4,5 can be interpreted 
as the superposition of the cylindrical current sheet, generated by the driving and 
a component due to the twisting of the footpoints. We notice that even in the 
case where we have a smooth gradient in the current concentration, some spikes
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^drop B t "^runs ^max{°)

0.05 4.47 0.05 11 15.75
- - 0.1 11 15.75
- - 0.2 14 20.05

0.1 3.16 0.05
- — 0.1 12 17.2
- - 0.2 13 18.6

0.2 2.23 0 7 10
— - 0.2 14 20.05
- - 0.6 16 23
- — 1.0 17 24

Table 4.2: Relationship between ^ (or Ldrop — and the maximum twist
obtained by the code before onset of numerical problems. The maximum number 
of runs Uruns as well as the corresponding maximum twist $max is indicated for 
each case.

appear where we have an inversion of the sign of the current J^. There is an 
intrinsic limitation of the code regarding the currents we can resolve. The results 
presented here were obtained with box with L = 4Q and 96 nodes, the typical 
spatial resolution is «  0.42. We have also done a couple of higher resolution runs 
which did not provide significant improvements.
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(a) $ =  0.1, Bb =  0.2, 0 <  e  <  18=
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(b) ( = 0.2, Bb = 0.2, 0 < 0 < 20°

Figure 4.4: E volution of the maximum current at the top, the bottom and in the 
middle of the HFT, for two different values of The numbers on the horizontal 
axis correspond to the number of drive-relax steps we have taken and depend on 
the parameters we have chosen. For clarity, the range of 9 which corresponds to 
these iterations is indicated.

We would expect the current density to show stronger fluctuations because it is cal
culated by numerical differentiation. We have therefore also look at the magnetic 
field which should be smoother. In Figures 4.6 and 4.7 we show tlie values of Bx, 
By, Bz and \B\. This is represented by a colour coded map. For the Bx and by 
components of the magnetic field, green represents the positive polarity, red the
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negative polarity and the black lines represent the lines where the component is 
equal to zero. For the Bz component and the modulus of the magnetic field (both 
always positive), green represents the lowest values and red the highest values. The 
contours are taken in the middle of the HFT at z =  2, for a HFT of length 4. The 
kinks in the contours appear on the grid scale, indicating a numerical origin for the 
problem. Increasing the resolution therefore delays the problem but due to com
puting power restrictions, we can not obtain a resolution which is high enough to 
enable to study the current build up adequately. Using adaptive mesh refinement 
would probably be the best solution.

4.4 Conclusions

At this stage in the development of the code, we are encountering numerical prob
lems resulting from a lack of resolution, even for the parallelised version of the 
code. The code is therefore only suitable for the veiy early evolution of the system 
(maximum twist of % O .S T tt or 20°), which limits severely the amount of infor
mation we can deduce. One thing we can say however is that the presence of a 
background field seems to delay the appearance of numerical problems by making 
the magnetic field lines more rigid, as the magnetic tension is proportional to the 
amplitude of the magnetic field.

As the problem with the Eulerian code is that once the length scales become too 
small, the code breaks down and we cannot study the further evolution of the sys
tem, future performances of the code could be enhanced by using a adaptative 
mesh refinement technique combined with a fully implicit solver for the differen
tial equations. These modifications to the code are, however, quite substantial and 
outwith the scope of the present work.

For the study of the pinching of the HFT, it is therefore better to use a code which 
naturally adapts to the small length scales, i.e. the Lagrangian code. Chapter 6 
will report the numerical results obtained with this code for the process of HFT 
pinching. Before that we discuss a new approximate analytical theory of the con
figuration we will study numerically in 6.
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Figure 4.5: Profile of Jz across the midlayer of the HFT, for ̂  == 0.1 or Ldrop ~  3.2 
(a..d) and ^ =  0.2 or Ldrop ~  2.2 (e..h)
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Figure 4.6: Contour plots of the components of the magnetic field Bx,By,Bz and 
of B^ for different values of 9 in the middle of the box. The black lines are the 
places where the component of the magnetic field is equal to zero.
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Figure 4.7: Contour plots of the components of the magnetic field Bx,By,Bz and 
of B^ for different values of 9 in the middle of the box. The black lines are the 
places where the component of the magnetic field is equal to zero.



Chapter 5

Kinematic theory of HFT 
pinching for periodic driving

5.1 Introduction

In the Introduction we introduced the results obtained for the pinching of an HFT 
by Titov et al. (2003)using a kinematic approach to model the evolution of the sys
tem. This allowed them to determine the deformation equations of the coordinate 
system and from there it is possible to determine the associated evolution of the 
magnetic field and of the associated currents.

However the case studied by Titov et al (2003) is not really suitable for compari
son with the results obtained with the Lagrangian code. Since the Lagrangian code 
uses periodic boundary conditions, the driving we will use is periodic. It is unclear 
whether this changed driving will give rise to the same temporal behaviour of the 
current density as the flow used by Titov et al (2003). Therefore we present a 
completely new calculation of the kinematic theory of HFT pinching for periodic 
driving flows. The assumptions we will make are the same as those of Titov et al
(2003). We will see however, that the periodic case is a lot more complicated than 
the one discussed by Titov et al (2003).

100
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5.2 Kinematic evolution equations

In order to determine the kinematic evolution equations of the Lagrangian coordi
nates, we start from the differential equations specifying the boundary velocity. At 
the upper boundary, we have the following system of differential equations for the 
Lagrangian coordinates x  and y :

S =
dy , •— =  smTræ

while at the lower boundary we have

dx .
—  =  Vx = VsSmTry
at

I  = = °
Following Titov et al  (2003) we can then use linear interpolation to approximate 
the velocity field inside the HFT, yielding

§ = =  j)T4shi(7ry)

^  =  Vy = ±^{l-hj)VsSm {7Tx)

For simplicity we will now restrict ourselves to the study of the midplane, where 
we expect to see the biggest deformation of the coordinate system, and using the 
normalisation x  = t t x ,  ÿ = ivy and t  = the system reduces to

dx _  . _ _ d H
dt ^  dÿ  ( )

$  =  ± s i n x  =  - ^  (5.2)
at ox

where we have introduced the Hamiltonian H. Due to the Hamiltonian structure, 
we immediately find a first integral of the system which is conserved throughout 
the time evolution

H  — — cos ÿ ±  cos X (5.3)

5.2.1 Twisting case

The twisting case corresponds to the plus sign in the previous equations. Instead 
of solving the system for x  and ÿ  it is more convenient to use linear combinations
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of the equations. We define $+ =  5  (x +  ÿ +  tt) and — ÿ +  tt), which
leads to the following evolution equations:

=  “ (siny +  sinæ) =  sin[^(æ +  %/)] cos[i(x -  y)]

=  ^(sinÿ -  sinx) =  c o s[i(æ  +  ÿ)] sm[i(æ -  ÿ)].

This can be rewritten as

=  -  cos sin <E»_ (5.4)

=  sin cos$_. (5.5)

The Hamiltonian invariant can also be rewritten in terms of the new functions $+
and 0 _ as

H  = —2 cos $+  cos (5.6)

We can now take the square of Equation (5.4)

=  cos2$+sin2$_ (5.7)

=  cos^ $+(1 — cos^ 0 _ ) (5.8)

=  cos^ #_}_ — cos^ $+ cos^ $ _  (5.9)

=  cos^ ?  (5.10)
Jj2

=  (1 - — ) - s i n 2 $ +  (5.11)

and similarly for Equation (5.5) we obtain
j  rj2

( ^ $ _ ) 2  =  ( l _ _ ) _  sin^ (5.12)

We now define a new parameter /c by =  1 — ^  and as, by definition, 0 < <
4  the new pai ameter k will obey the inequality 0  < <  1 .

We now rewrite the system as

-  s iif  #+ (5.13)

(^ # _ )^  — — sin^ (5.14)
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with the additional requirement that > siii^

Another change of variables of the form

=  A; sin (5.15)

leads to the relationship

cos^ — A:̂  cos^ (5.lè)

and ultimately
_ k'^cos'^u± ,du±^2  

 ̂ dt  ̂ "  1-A;28m2u±^ dt ^
We can now substitute this result into Equations (5.13) and (5.14) and we obtain:

=  1 — A:̂  sin^ u± (5.18)

Equation (5.18) can be integrated in terms of Jacobian elliptic functions^ :

f - f o  =  n  / -  (5.19)
7mo± V 1 — A;2 gin^

du'__________________ du'
lo \ / l  — A.*2 s i n ^  u' Jo a / i  — s i n ^  u'

=  A:̂ ) -  ^oi'^o±, k' )̂ (5.21)

where and are elliptic integrals. By definition sn(^^, A:̂ ) =  smu±

sn{t — to +  k“̂) =  sn(^'^, A;̂ ) =  sinn± (5.22)

We can now use the addition rule for elliptic functions

sn(u +  %) =  (5 23)
1 —Ar. sm n • sn^t;

and we finally obtain an expression for u

sn(t -  to)cn(^f )dn(^f) +  sn(^J)cii(t -  to)dn(t -  to) 
“  ~  1 -  fc2s„2(t _  to)s„2(f±)

‘Elliptic functions: The elliptic functions are obtained by inverting the elliptic integral ^ =  

F(Ui k^) =  frT — wi t h the restriction that 0 <  <  1. Therefore u  can be ex-
Vl-fc2sin2tt '

pressed as u  =  fc )̂ =  am(^, k^) and we will use the elliptic functions s?i(^, k^) =  sin  it,

cn(^, A^) =  c o s u  and k^) =  (1 — Â  sin^ ( after Abramowitz and Stegun 1965)
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It is now possible to return to the previous variables by using Equation (5.15) 
and we obtain

,T' -  io)on(i^)da(4^) +  sn(i^)cn(t -  to)dn(t -  to)
1 -  k^sn^(t -  io)sn^((t)

Therefore, we obtain #+  and in terms of the elliptical functions sn, cn and dn:

*  .. --Ini'- ~  +  sn(e^)cn(t -  tO)dii(t -  tp)
0+ -  aicsmll 1 _  k^sn(t -  to)sn(^+) >

f  “  *o)cn(lo )dn(î„ ) +  sn(Jo )cn(t -  tO)dn(4 -  to),
“  ‘ l-f t% n (t- to )sn K o -)  — ]-(5-27)

However, we have to be very careful when carrying out this inverse. In the step 
from Equation (5.18) to Equation (5.19) we have taken the positive square root. 
However if < u f  the negative square root should be taken to make t  — to 
positive. This results in a change of sign of sn(t — to) in the previous equations. 
We therefore have to investigate which signs we have for which values of Or 
alternatively, we can study which signs we have for which values of as sin 
has the same sign as sin'a±. The correct signs are given in Figure 5.1 as function 
of the values of $+  and Another problem arises from the restricted range of 
the inverse sine. Phase corrections need to be added depending on tlie values of 

Equations (5.26) (5.27) are valid for elements of the Lagrangian coordinates 
which were originally satisfied —tt/2  < and —tt/2 <  < tt/2.
Phase corrections need to be added for the other areas.

Finally the deformation of the Lagrangian coordinates can be expressed as

x{xo,yo>t) =  4- -  7T (5.28)

y{xo,yo,t) = 0+ -  (5.29)

These equations can be used to determine the new Lagrangian coordinates at any 
time and we have plotted the Lagrangian coordinate system using deformed grids 
for shears between 0.2 and 0.8 in Figure 5.2.

The squashing of the plotted grid in the center is clearly visible in the lower right 
panel of Figure 5,2. This indicates that the kinematic theory presented here has the 
correct properties, as a comparison with the lower panels of Figure 1.25 shows.
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Figure 5.1: Sign of the temporal derivatives of and $  for different areas in 
the new coordinate space.

D e f o r m e d  grid D e fo rm e d  grid
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(a) Shear o f 0.2

D e fo rm e d  grid

(b) Shear o f 0.4

D e fo rm e d  grid

- 1.0  - 0.5  0.0  0 .5  1.0 - 1.0 - 0.5  0.0  0.5  1.0

(c) Shear o f 0.6 (d) Shear o f 0.8

Figure 5.2: Kinematic deformation of the grid in the twisting case for different 
values of the shear.

5.2.2 T\irning case

For the turning case, we introduce the following change of coordinates: $+ =  
^{x + y) and — ÿ). We then proceed in a similar fashion to the twisting
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case and obtain the following deformation equations:

-^0+  =  — cos0_|_ s in$_ 
dt ^  ^

—4>_ =  sin$+ sin$_.

with the Hamiltonian
H  = —2 cos $_!_ cos

(5.30)

(5.31)

(5.32)

So we basically have the same equations governing the turning case. The resulting 
deformation of the grids are shown on Figure 5.3.

D e f o r m e d  grid D e f o r m e d  grid

- 1.0 - 0.5  0.0  0.5  1.0 - 1.0  - 0.5  0.0  0 .5  1.0

(a) Shear o f 0.2

D e f o r m e d  grid

(b) Shear o f 0.4

D e fo rm e d  grid
1.0

0.5

>- 0 .0

- 0.5

- 1.0
- 1.0 - 0.5  0.0  0 .5  1.0 - 1.0 - 0.5  0.0  0 .5  1.0

(c) Shear o f 0.6 (d) Shear o f 0.8

Figure 5.3: Kinematic deformation of the grid in the turning case for different 
values of the shear. The holes in the grid are due to plotting problems.

Again it is clear that in the turning case there is no squashing of the plotted grid. A 
comparison with the upper panel of Figure 1.25 shows the similarity between the 
two transformations.
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5.3 Transformation of the magnetic field

The initial magnetic field Bo is the same as the one used for the numerical simula
tions and it is given by (for more details see Chapter 6)

a/ 5 sinh(2\/57rZ')
cosh[7r(^: — L)]

+Bzi sin(7ra;)

- ^ s m ( , . ) = o s ( 2 . y ) 5 2 ! M ^ h ^  (5.33)

Boy =  -Bzi  sin(Try)

siiih(27rL)

/nDs(27ry)—-

cosh[?r(z 4- L)] 
sinh(27rJS)

a/ 5 sinh(2V^7rL)

sinh[27r(z -f L)]
Bqz — ^zO T" Bzi i^z\ cos(27T2:) 

+Bzi cos(Try)

sinh(47fL) 
smh[7r(z 4- L)]

—Bzi cos(2%æ) cos(7ry) 

-\-Bzi cos(27ry)

—B z i  cos(7ræ)

sinh(27rL)
smh[A/57r(z 4- L)]

sinh(2A/57rI/) 
8inh[27r(z — L)] 

sinh(47rL)
8inh[7r(z -  L)]

siiih(27rL)

+ S . , c o s M c o s ( 2 , r y ) ! i ^ I g | ^ .  (5.35)

From the analytical expression for the grid deformation equations, we can deter
mine the associated evolution of the magnetic field in the midplane. As mentioned 
in Section 2.4 this is given by Equation (5.36), where X  represents the coordinates 
of the original grid, x  the coordinates of the deformed grid, B q the initial magnetic
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field, B  the magnetic field associated with the new grid and Aq the determinant of 
the Jacobian of the grid transformation, and the Einstein summation convention is 
used

Bi =  (5.36)
uA.(x

The magnetic field in the transformed coordinate system is evaluated numerically 
using the initial magnetic field (5.33)-(5.35) and will be used in the next section.

5.4 Current Evolution

The Jz component of the current can be obtained from

d B y d X  d B y d Y  d B ^ a x  d B ^ d Y  
ax dx ÔY dx ax 8y d Y  dy

We want to investigate the current in the middle of the HFT for the twisting of the 
HFT and for this purpose, we plot the values of Jz on the new grid in Figure 5.4, 
for the same values of the sheai* as on Figure 5.2. We see the appearance of a strong 
current concentration in the middle as expected and as we will see in Figure 6.4 in 
the case of the numerical simulations detailed in Chapter 6.

It is also interesting to plot the evolution of the maximum current for different 
values of the parameter n defined as /c =  , which is the ratio of the quadrupolar
field to the background field. The result is shown in Figure 5.5 and we will refer to 
this later (see Chapter 6) when comparing the results of the Lagrangian code with 
the kinematic results.

When we have a look at the current evolution for the turning case, we see that the 
current consists of numerical fluctuations and is very close to zero.
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(a) Shear o f 0.2 (b) Shear o f 0.4

(c) Shear o f 0.6 (d) Shear of 0.8

Figure 5.4: Colour map of the intensity of Jz for the twisting case, for different 
shears. The brightest colour represents the highest current whereas the dark struc
tures on the edge are the return currents.

Figure 5.5: Evolution of the maximum current for two values of k: solid line k = 1 
and dotted line k =  0.5
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(a) Shear o f 0.2 (b) Shear of 0.4

' j  0 ,0  O. j

(c) Shear o f 0.6 (d) Shear o f 0.8

Figure 5.6: Colour map of the intensity of Jz for the turning case, for different 
shears. The currents are almost uniform and equal to zero in the center of the HFT.

Figure 5.7: Evolution of the maximum current for the turning case.



Chapter 6

Numerical investigation of HFT 
pinching

6,1 Introduction

In this chapter, we present the result of a numerical experiment on the effects of 
Hyperbolic Flux Tube (HFT) pinching, using the Lagrangian relaxation code de
scribed in Section 2.4. We will first introduce the magnetic field used in this model 
and describe the shearing motion applied at the footpoints of the HFT.

In previous work Titov et al. (2003) have investigated magnetic configurations of 
a quadrupolar nature in which an HFT is present. They have shown that in the case 
of the straightened out HFT, there should be a significant current buildup in the 
middle of the HFT when submitted to a shearing motion of the footpoints. This 
was only the case when the motion of the footpoints resulted in a twisting of the 
HFT. When the shearing motion induced a turning motion of the HFT, the current 
build-up was much weaker.

Our numerical experiment will allow us to verify predictions on the current buildup 
coming from Titov’s kinematic theory and from the theory presented in the previ
ous chapter. The main aspects to verify are the presence of exponential current 
rise in the middle of the HFT and cubic current rise at the base of the HFT. We 
will mainly concentrate on cases where the HFT is submitted to a twisting shear
ing flow. Results from the turning case will also be shown, although they are less 
relevant in the current-sheet formation context.

I l l
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As already described in the previous chapter Titov’s et al. ’s theory is based on the 
assumption that it is possible to interpolate the driving velocity on the boundaries 
all the way to the inside of the box and to deduce the deformation of the Lagrangian 
coordinate system resulting from this, without taking into account the effect of 
magnetic forces. Our experiment, on the other hand, considers the full physical 
problem except for one approximation, being the assumption that we can study 
the evolution of the system as a series of magnetostatic equilibria. This has the 
advantage of allowing us a fuller understanding of the physical processes involved 
in tlie pinching of hyperbolic flux tubes.

Shearing motions would induce currents even for the case of a straight uniform 
magnetic field. We will show that although this is true, the current concentration is 
much higher if the magnetic field possesses an HFT as a geometric feature. We will 
also investigate the dependence of the current buildup as a function of the dimen- 
sionless parameter K, where n is defined as the ratio between the strengths of the 
quadrupolar magnetic field and the uniform magnetic field,as defined in equation 
(6.7).

6.2 Setup of the numerical experiment

6.2.1 Magnetic field

We require a magnetic field that will result in a configuration where an HFT is 
present and it should be periodic nature due to the periodic nature of the code. The 
magnetic field proposed by Titov (Titov et al. 2003) consisted of two pairs of flux 
patches, ortliogonal to each other, with one on the top boundary and one on the 
bottom boundary. To ensure we can use Titov’s results for compaiison, we will 
use a similar configuration. The initial magnetic field can be deduced from the 
magnetic potential #:

V $  =  B. (6.1)

If we take the divergence of this expression we obtain

V • B =  — 0. (6.2)
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The associated boundary condition is the magnetic field component Bz at the bot
tom and top boundary, for a box extending from ~1 to 1 in all three directions;

B z \ z = - i  =  B zi{l ~  cos{27rx){l-\-cos{7ry)), (6.3a)

B z \ z = + i  =  B ^ i ( l  -  c o s (2 7 T î/) (1  + cos(Træ)), (6.3b)

Solving Equation (6.2) under this set of boundary conditions gives the magnetic 
field

a/ 5 sinh(2A/57rL)
cos1i[7t(2: — L)]

+Bzi sin(7ræ)

- : ^ s i n ( , x ) c o s ( 2 , y ) E 5 | h g | ^  (6,4)

B o y  —  - B z i  sin(7ry)

sinh(27rl/)

cosh[7r(z -t- L)] 
sinh(27rL)

cosh[27r(z — L)]
-B z i  sin(27ry)- sinh(47rL)

^ c o s ( . x ) s i n ( 2 „ ) 5 E | h | | ^  (6.5)

8inh[27r(;z +  L)]
Boz = Bzo -f Bzi -  Bzi cos(27ræ) 

- \ - B z i  cos(7T2/)

sinh(47rL) 
smh[7r(z -t- L)]

—B z i  cos(27ræ) cos{7Ty) 

■FBzi c o s (27t î /)

—Bzi cos(Træ)

siiûi(2nL)
sinh[\/57r(% 4- L)]

sinh(2\/57rl/) 
8mh[27r(z — L)] 

smh(47rl/)
8 i n h [ 7r ( z  -  L ) ]

sm\i{2'irL)

-\-Bzi co8(7ræ) cos{2inj) ~  • (6.6)
8inh(2v57rL)

which was also used in Section5.3.
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The constant background field was included to be able to study the limiting case 
of purely constant field. It also turns out to have a positive effect on numerical 
convergence, similarly to the Eulerian case discussed in Chapter 4.

In Section 6.2.2 we will determine the distribution of the squashing degree for this 
magnetic configuration and show that it possesses an HFT.

Figure 6.1 shows the Bz distribution on the lower and upper boundaries of the box 
and we can clearly see the two pairs of flux patches lying on axes perpendicular to 
each other, which is quite similar to the configuration used in Titov et al. (2003).

(a) Lower boundary, z =  —I (b) Upper boundary, z  =  4-1

Figure 6.1: Bz distribution on the lower and upper boundaries. The parameters 
used in this case are Bzo = 1 and Bz\ = 0.5

In order to have an idea of the relative importance of the HFT field with respect to 
the background field, it is useful to introduce the dimensionless parameter n which 
is the ratio

K = Bz\jBzo  (6.7)

where Bzo and Bzi are defined as in Equation (6.6). Hence a stronger k indicates 
the presence of a stronger hyperbolic flux tube in the field. This can clearly be 
seen in Figure 6.2 and Table 6.1 where a higher value of n corresponds to a higher 
maximum value of Q.
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6.2.2 Squashing degree of the magnetic field

In Section 1.6.6.2 we introduced the squashing degree Q of a the magnetic field. 
Q can be calculated numerically for the given magnetic field, yielding different 
results according to the ratio k and the total strength of the magnetic field. The 
estimates are obtained in the same way as in Section 4.2.2. We evaluate Q at the 
bottom boundary, in a domain centered around the midpoint of the two sources. 
The resulting distribution of the squashing degree is given in Figure 6.2 . The 
distribution of Q for both cases (« =  0.5, k = 1) is quite similar to the one 
shown in Titov et al. (2003). In this paper, the iso-Q lines have elliptical shapes 
aligned with the line segment linking the two flux patches on the boundary, and 
a maximum at the midpoint between the two sources. In our case, we have a 
similar distribution, with the comma-shaped contours, probably being a result of a 
combination of numerical inaccuracies and the periodicity of the magnetic field.

(a) K -  0.5, Q mox -- 63 (b) K =  1.0, Qhlax =  95

Figure 6.2: Distribution of the squashing degree Q on the lower boundary for dif
ferent values of K =  B z i/B zq.

6.2.3 Driving velocity on the top and bottom boundaries

We impose a periodic driving velocity, acting as photospheric flow, at the top and 
bottom boundaries. This velocity field extends inside the box with an exponen
tial decay as a function of height. Similar to the study in Section 4.2.3 using the 
Eulerian code, we introduce this exponential decay to avoid the creation of strong 
gradients in the boundary layer.
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The velocity field of amplitude Vs is defined as:

v-|_  =  Vssm{7ry)e~^/^=lx (6.8)

(6.9)

where the plus sign is associated with a twisting motion and the minus sign with 
a turning motion. This is the same field as used in Chapter 5. The plus sign 
corresponds to the twisting flow whereas the minus sign corresponds to the turning 
flow.

6.3 Parameter study of the pinching of a hyperbolic flux 
tube

We study the influence of the parameter k on the current growth observed during 
the pinching of the hyperbolic flux tube, caused by a shearing motion of the foot
points. Table 6,1 shows the influence of k on the initial maximal squashing degree 
QltLo, and the maximum displacement of the footpoints given in units of
7t/2. The parameter d^h^ar corresponds to time. We emphasize however that be
cause our simulations are quasi-static, the relationship between and time are 
only given through the boundary conditions 6.8 and 6.9. For higher values of the 
shear the code does not relax anymore and we cannot study the further evolution 
of the system. The amplitudes Bzo and Bzi are included for reference.

K. bzO h z i QlKo j M
sh ea r

0 1.0 0.0 2
0.5 1.0 0.5 63 0,7
1 0.75 0.75 95 0.4

GO 0.0 1.0 137 PdO

Table 6.1: Dependence of squashing degree Q and displacement d on k .

6.3.1 Effect of the background field

When we reduce the background field Bzo, the magnetic configuration becomes 
less rigid and we will have current build up for smaller values of the shear. This is
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evident from Table 6.1 where we see that for increasing values of n the maximum 
shear decreases. For k =  0 (straight field case) we have run the simulations up to a 
shear of 1.5 without problems and we simply did not continue these simulations as 
they are not the most interesting case from a physical point of view. When k = oo 
we can only apply very small shears (% .001) before the code breaks down.

All this can intuitively be explained as follows: as we reduce the background field, 
we reduce the magnetic pressure in the HFT and this allows the structure to col
lapse (pinch) more easily leading to small length scales appearing rapidly and a 
more rapid rise in current concentration. In the extreme situation where there is 
no background field (k — co) the system is less stable for very small values of the 
twist, of the order of 10"^, A similar effect was noted when using the Eulerian 
code (see Section 3.2), where we also noticed an improvement of stability with 
increasing background field. This also shows that the kinematic theory which does 
not include any forces will probably only give a qualitatively correct description 
of HFT pinching since the magnetic forces seem to influence the pinching process 
quite dramatically.

6.3.2 Current evolution in the middle of the HFT

We want to verify the existence of the formation of a current concentration in the 
middle of the hyperbolic flux tube and to compare its growth rate with that infeiied 
from kinematic theory. Kinematic calculations by Titov et a l (2003) predict an 
exponential rise of the current density in tlie middle of the HFT (see Equation 
(1.37)), which is indeed observed in our simulations as well. The prediction of our 
theory for periodic systems predicts a similar behaviour and is shown in Figure 5.5.

The existence of a current concentration is apparent in Figure 6.4, which shows 
surface plots of the Jz component of the current in the middle of the hyperbolic 
flux tube for three different values of k. at two different values of the shear d. In 
the Figure we compare the results obtained for three différent values of k. {k = 
0 ,0.5,1.0), and show the output of the simulation for two different values of the 
shear {d — 0.2,0.4). All plots present a current concentration in the middle of the 
flux tube, which becomes much shaiper for increasing values of K.

When we speak of the middle of the flux tube in the context of Lagrangian simu
lations, we actually consider a Lagrangian surface for a constant initial z. Nothing 
guarantees that this will remain a plane during the evolution of the system. When
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Figure 6.3: z displacement of the Lagrangian surface originally at located at z =  0. 
The scale used in this case is small compared to the length of the structure (L =  1) 
and these are small deformations.

we look at the z displacement, it is actually quite small, which in turn justifies a 
posteriori the assumption made in the kinematic theory (z =  0) of no vertical flow.

In order to investigate the dependence of the growth of current concentration on the 
shear rate, we calculate the maximum value of the z-component of the current, , 
for varying values of the shear. Figure 6.5 (a) shows a plot of as a function 
of the shear. This shows a clear correlation between the two functions, but in order 
to determine whether this growth is exponential, it is useful to plot the logarithm of 
jmax jj function of the shear - see Figure 6.5 (b). The maximum of the current 
distribution is located in the middle of the grid, where we have a quasi-separator.

When we have closer look at these results, we notice that the growth rate looks 
almost identical in the cases k =  1 and n = 0.5. This could be an effect of the 
resolution we use which does not allow us to resolve the current concentration 
further.

6.3.3 Current evolution at the base of the HFT

The second prediction from Titov et al. (2003) is a current growth at the base of the 
HFT proportional to the third power of the shear. Figure 6.6 presents the current Jz 
at the lower boundary of the flux tube. We observe the formation of a sharp current 
concentration. This current is a direct result of the way in which we implement the 
boundary velocity.

Figure 6.7 shows the evolution of the current at the base of the HFT, on the quasi-
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(a) K =  0 ,d  =  0.2 (b) K =  0, d =  0.4

(c) K — 0.5, d  =  0.2 (d) K =  0.5, d  =  0.4

(e) K =  1, d =  0.2 (f) K =  1, d =  0.4

Figure 6.4: Structure of the current concentration in the middle of the HFT. The left 
hand side is the distribution of the Jz component of the current for a shear d = 0.2 
for three values of k. The right hand side is the distribution of Jz for a shear of 0.4 
and three different values of k.

separator. To verify whether we have a cubic dependence on the shear, we do a 
polynomial fit of the data from the numerical experiment, using a generic third 
order polynomial of the type:

jb o tto m  — a + bs + cs^ +  ds'- (6 . 10)
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Current evolution
30

25

20

0.80.2 0.4 0.60.0

(a) (c()

Evolution of In(Jz)
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Ml

Figure 6.5: Influence of k, on the evolution of the maximum current. Solid line 
K = 0, dotted line k = 0.5 and dashed line K =  1.0. Figure (a) represents the 
maximum of the 2; component of the current for the three values of k . Figure 
(b) represents the logarithm of as a function of the shear d.

Table 6,2 gives the coefficients of the polynomial for three different values of k.
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(a) K =  0 ,d  =  0.2 (b) K =  0 ,d  =  0.4

(c) K =  0.5, d =  0.2 (d) K =  0.5, d =  0.4

(e) K =  1, d =  0.2 (f) K =  1, d =  0.4

Figure 6.6: Structure of the current concentration at the base of the hyperbolic flux 
tube, for the twisting case. The strongly deformed grid causes problems with the 
plotting routines resulting in the white patches.

The dominating terms in the polynomial are the one in s and in s^, as predicted in 
the kinematic theory by Titov et al. (2003), see Equation (1.36). Thus the main 
predictions of the theory are at least confirmed qualitatively. We do not expect a 
quantitative agreement because a) the Titov et al. (2003) theory has been developed 
for a non-periodic case and b) because the kinematic theory does not include the 
influence of the magnetic forces.
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Evolution of Jz
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Figure 6.7: Plot of Jz as a function of shear, for three values of k: continuous line 
/Î =  0, dotted line K — 0.5 and dashed line k = 1.0

K a b c d
0 0.004 3.0 0.566 4.63

0.5 -1.12 9.3 0.85 14.2475
1 -0.012 15 0.46 34.78

Table 6.2: Coefficients of the interpolated polynomial for three values of k. 

6.3.4 Current buildup: feature of the driving or of the HFT ?

Obviously, the prescribed driving field leads to a current build-up even in the 
case where only a uniform field is present. It is therefore important to investigate 
whether the deformation of a grid element is stronger in the case where an HFT 
is present. The measure of squashing of such an element is called the Lagrangian 
squashing degree Qi, and is defined as the ratio of its major diagonal I2 to its minor 
diagonal li

(6 .11)

as shown on Figure 6.8. It can easily be calculated with the Lagrangian code.

Figure 6.9 (a) shows the evolution of the Lagrangian squashing degree Qi, of the 
central grid element for increasing shear. In a configuration where only a back-
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0.15

- 0.15  - 0.10  - 0.05 0.05 0.10•0.00 0.15

Figure 6.8: Plot of the central square of the Lagrangian grid after it has been sub
mitted to a shear d — 0.1

ground field is present (k = 0), tire element is still subjected to a substantial de
formation. However, this effect is much more marked for increasing values of k, 
which coiTesponds to an increasingly dominant quadrupolar field. Theory suggest 
that there is a link between the squashing factor and the current rise in the hyper
bolic flux tube. Figure 6.9 (b) shows the associated evolution of the current, which 
appears to be strongly correlated to the evolution of the squashing degree. This 
is convincing evidence that the rapid current growth in the HFT is mainly due to 
the squashing of the central part of the HFT, resulting from a combination of the 
particular driving conditions imposed on the boundaries and of the particular struc
ture of the HFT. When we use a straight field with a comparable flux, the current 
growth is not as strong. This can be supported by our kinematic calculations of Jz 
where negative powers of the Jacobian determinant Ao appear.

Figure 6.10 shows the deformation of the Lagrangian grid in the midplane for in
creasing values of the shear. It is clear from this figure that we have a squashing 
of the grid, with a very deformed area of the grid along the diagonal. The max
imum deformation is obtained in the center of the grid. This is evidence of the 
development of small length scales associated with the pinching of the HFT. The 
squashing becomes more important for increasing values of k,, as previously seen 
in Figure 6.9 (a) which showed the evolution of tire maximum squashing degree as 
a function of shear, for different values of k .
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C om p ression  ratio

20

0.5 0.60.0 0.2 0.3 0.70.1 0.4

(a) Lagrangian squashing factor: Dotted line k  =  0, continuous line k  — 0'5  

and dashed line «  =  1.0

Current evolution

25

20

0.2 0.4 0.80.0 0.6

(b) Plot o f Jz as a function o f shear

Figure 6.9: (a) Evolution of the Lagrangian squashing degree Ql for the central 
grid element (b) Current evolution at the central grid element, associated with the 
squashing process.
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- 0.2 0.0 0.2 04 -04  - 0.2 0.0 02  0.4

(a) K =  0.0 and shear=0.2 (b) K — 0.0 and shear=0.4

- 0.4 - 0.2 00  0.2 0.4 - 0.2 0.0 0.2 0.4

(c) K =  0.5 and shear=0.2 (d) K =  0.5 and shear=0.4

- 0.2 0.0 0.2 0.4 -0 4  - 0.2 0.0 0.2 0.4

(e) K =  1.0 and shear=0.2 (f) K =  1.0 and shear=0.4

Figure 6.10: Deformation of the Lagrangian grid in a horizontal plane at mid
height of the HFT, for different values of k. For each value of k we show the grid 
corresponding to a shear of 0.2 and 0.4.
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6.4 Turning of the HFT

In this section, we will show that in the case where the shearing motion of the 
footpoints induces a turning of the hyperbolic flux tube, the rise of the current is 
much slower than in the twisting case.

If we compare this result with the current obtained for the same magnetic field, 
in the case where we have a twisting effect of the driving, we see that there the 
maximum current obtained for the turning is two orders of magnitude smaller than 
for the twisting.

When we look at the deformation of the Lagrangian grid (see Figure 6.12), we see 
that in this case, there is no such phenomenon as the collapse of the grid on small 
length scales, which was one of the causes of the extremely rapid current rise. The 
slow deformation rate can be seen on Figure 6.11 [b], where we plot the evolution
of Ql -

The current structure represented in Figure 6.14 has extrema on the side of the box. 
This is a consequence of the periodicity of the boundary conditions. The edge of 
the box is actually seen as a quasi-separatrix and this in turn creates these currents. 
We are more interested in the current in the middle of the HFT, which is a result of 
the driving on the upper and lower boundary.
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(a) Evolution of Js in the middle o f the hyperbolic flux tube, for a case where 
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(b) Evolution o f Q l  in the middle o f the hyperbolic flux tube, for a case where 

K =  0.5

Figure 6.11: Evolution of the maximum current [a] and of the Lagrangian squash
ing degree [b], for a HFT submitted to a turning rriotion
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(a) K =  0.5 and shear=0.0
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(d) K =  0.5 and shear=0.6

Figure 6.12; Deformation of the grid for the turning case, with k = 0.5
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Figure 6.13: Evolution of the Lagrangian squashing degree Ql for the turning 
(dashed line) and the twisting case (solid line), as a function of shear d.)
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(a) d =  0.2 base (b) d =  0.2 mid

(c) d =  0.4 base (d) d =  0.4 mid

(e) d — 0.6 base (O d  =  0.6 mid

Figure 6.14: Structure of the current concentration at the base of the hyperbolic 
flux tube.
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6.5 Comparison with kinematic results

We now have the kinematic results for the turning and twisting case as well as the 
results obtained witli the Lagrangian code. It is interesting to compare these to 
assess the validity of the kinematic theory. In Figure 6.5 we notice straight away 
that for large values of the shear, the currents obtained from the kinematic theory 
in Chapter 5 are higher than the predicted in Titov et a l ’s (2003) theory. The 
currents however are still substantially smaller than the ones obtained in the La
grangian simulations. This indicates that the magnetic field plays an important pai't 
in the evolution of the system and the kinematic theory only provides qualitative 
agreement. In Figure 6.17 we show contour plots of the current density Jz in the 
Lagrangian midplane for the area —0.5 < x ,y  < 0.5. The values of the shear 
are 0.2, 0.4, 0.6 and 0.7. This figure is to be compared witli Figure 5.4 ( which 
is repeated here as Figure 6.16). We again notice that there is a qualitative agree
ment of the location of the current maximum but there are also clear differences 
between the kinematic and the fully self-consistent case. The most obvious is the 
shape of the current concentration region which has a squashed oval structure for 
the kinematic case whereas the Lagrangian calculation shows a ”bone”-like struc
ture which is squashed for higher shears. These figures aie obtained for /c =  0.5 
and are typical cases. A comparison for different values of K would provide similar 
results.

In general we come to the conclusion that the kinematic theory can only make 
qualitative predictions about the growth of the current layer, but that the quantita
tive predictions are not possible. This is probably due to the non-linearity of the 
problem which requires a fully self-consistent solution.

6.6 Conclusion

The results presented in this chapter show unequivocally that the dependence of the 
current on the shear still hold when the magnetic effects are taken into account. As 
expected, for the twisting case we obtained a strong current concentration along a 
45° direction in the center of the HFT combined with a collapse of the grid structure 
along this same line. The squashing degree in this area was shown to be quite 
large. The evolution of the current was exponential and faster than predicted in the 
kinematic theory. As one might expect, the rate of current growth was dependent
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Figure 6.15: Evolution of the current density Jz for the kinematic theory and the 
numerical experiments {k, = 0.5). The thin solid line represents.the results obtained 
for the turning case. The lower dotted line is the predicted current density for the 
twisting case using Titov’s theory. The results obtained with our kinematic theory 
are represented by the thick solid line. Finally, the results for the twisting obtained 
with the lagrangian code correspond to tlie dotted line.

on the parameter tz which is the ratio of the HFT field to the background field. 
The more pronounced the HFT, the faster the current growth. We also showed 
that although the driving speed imposed to the foot points of the magnetic field 
lines creates currents, even for a straight field, it is the combination of the driving 
with die quadrupolar field which creates conditions favourable for an extremely 
rapid current rise. Furtliermore, the evolution of the cunent density at the lower 
boundary followed a cubic law, which was another prediction of the kinematic 
theory. All of this provides a good qualitative verification of the theoiy and of the 
usefulness of the concept of the QSL and the HFT.

When we considered the turning case, the deformation of the grid and the associ
ated currents were much smaller than in tlie twisting case, again as expected.
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(a) Shear o f 0.2 (b) Shear of 0.4

(c) Shear o f 0.6 (d) Shear of 0.7

Figure 6.16: Colour map of the intensity of Jz for the twisting case, obtained with 
the Lagrangian code, in the central region of the HFT.

We also compared the current evolution obtained from the code with the one ob
tained from the kinematic calculations described in Chapter 5. The currents ob
tained from the kinematic theory are consistently smaller than the ones obtained 
from the numerical simulations. This indicated that the magnetic field plays an 
important part in the evolution of the HFT.
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(a) Shear o f 0.2 (b) Shear of 0.4

(c) Shear o f 0.6 (d) Shear of 0.8

Figure 6.17: Colour map of the intensity of Jz for the twisting case, for different 
shears and for the central region of the HFT. The brightest colour represents the 
highest current whereas the dark structures on the edge are the return currents.



Chapter 7

Conclusions

7.1 Summary

The objective of this thesis was to investigate the process of current sheet formation 
in topologically simple magnetic fields. Current sheet formation is important for 
reconnection, which is the key process e.g. in eruptive phenomena and coronal 
heating. We then discussed the case of current sheet formation in magnetic fields 
which do not possess null points and introduced the relevant theory. Ultimately, 
we discussed the special case of quadrupolar magnetic fields who occur frequently 
on the sun and how current sheet can be generated in HFT’s present in these fields.

To investigate the current sheet formation two numerical codes were used: an Eu- 
lerian relaxation code, which we developed, and an existing Lagrangian code.

The turning and twisting of a flux tube in a uniform background field was then 
used as an example to compaie the results obtained witli both codes and showed 
the limitations of the Eulerian code in the case where small length scales are present 
in the system. The Lagrangian code adapts naturally to these small length scales 
and outperformed the Eulerian code for this test case.

Chapter 4 concentrated on the study of HFT pinching with the Eulerian code. The 
fact that we could only obtain usable results for small values of the twist is due to 
the appearance of numerical problems related to the small length scales created in 
the system by the driving and the HFT pinching. This provides a useful insight in 
the code and will be very useful for future improvements of the code.

134
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In Chapter 5 we introduced a new kinematic theory for systems with periodic 
boundary conditions and applied it to the study of the pinching of an HFT. The 
results of this theory were in qualitative agreement with previous results by Titov 
et al. (2003) and are used in Chapter 6 to provide a comparison with the results of 
the Lagrangian code.

In Chapter 6, we studied HFT pinching with the Lagrangian code and showed 
clearly that strong currents build up in the middle of the HFT for suitable boundary 
conditions and for a range of parameters. We showed clearly that this was not only 
a result of the implemented boundary conditions but was due to a combination of 
a topologically simple magnetic field and a .shearing flow on the upper and lower 
boundaries. This confirms previous theories which predicted these strong cunents. 
It also provides a further proof of the usefulness of a geometrical description of 
topologically simple magnetic fields.

The final conclusion of this thesis is that strong current sheets can be generated 
inside HFT’s given an appropriate driving, which can in turn lead to magnetic 
reconnection, which is studied in detail in Pontin et al. (2005). This was confirmed 
both by the kinematic theory developed in Chapter 5 and by the results of the 
numerical experiments. This has potential applications for the understanding of 
flares and coronal heating. This thesis also showed the usefulness of the kinematic 
theory to obtain a good qualitative understanding of HFT pinching. However, it 
also showed that this method does not allow accurate quantitative predictions, as it 
neglects magnetic forces.

7.2 Future work

From a numerical point of view, it would be useful to improve the Eulerian code by 
implementing a fully implicit solver and an adaptive mesh refinement algorithm. 
This would probably result in an increased stability of the code and allow to code 
to resolve small scale structures much more accurately. It would also be interesting 
to study more complicated magnetic fields which do not possess nulls and to gain 
insight in the conditions leading to current build up in these fields.
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