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Abstract

This thesis is structured as follows. Chapter 1 introduces fractal sets before recalling
basic mathematical concepts from dynamical systems, measure theory, dimension
theory and probability theory.

In Chapter 2 we give an overview of both deterministic and stochastic sets obtained
from iterated function systems. We summarise classical results and set most of the
basic notation.

This is followed by the introduction of random graph directed systems in Chap-
ter 3, based on the single authored paper [T1] to be published in Journal of Fractal
Geometry. We prove that these attractors have equal Hausdorff and upper box-
counting dimension irrespective of overlaps. It follows that the same holds for the
classical models introduced in Chapter 2. This chapter also contains results about
the Assouad dimensions for these random sets.

Chapter 4 is based on the single authored paper [T2] and establishes the box-
counting dimension for random box-like self-affine sets using some of the results and
the notation developed in Chapter 3. We give some examples to illustrate the results.

In Chapter 5 we consider the Hausdorff and packing measure of random attractors
and show that for reasonable random systems the Hausdorff measure is zero almost
surely. We further establish bounds on the gauge functions necessary to obtain posi-
tive or finite Hausdorff measure for random homogeneous systems.

Chapter 6 is based on a joint article with J. M. Fraser and J.-J. Miao [FMT]
to appear in Ergodic Theory and Dynamical Systems. It is chronologically the first
and contains results that were extended in the paper on which Chapter 3 is based.
However, we will give some simpler, alternative proofs in this section and crucially
also find the Assouad dimension of some random self-affine carpets and show that
the Assouad dimension is always ‘maximal’ in both measure theoretic and topological
meanings.
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1.3 The Sierpiński triangle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.4 Lightning and the shores of Lake Nasser . . . . . . . . . . . . . . . . . . . 2

2.1 Bedford-McMullen, Feng-Wang, and Fraser carpets . . . . . . . . . . . . . 22
2.2 Generation of a 1-variable Cantor set . . . . . . . . . . . . . . . . . . . . . 24
2.3 Generation of an ∞-variable Cantor set . . . . . . . . . . . . . . . . . . . 24
2.4 Mandelbrot percolation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
2.5 Random fractal percolation . . . . . . . . . . . . . . . . . . . . . . . . . . 28

3.1 Graph used in Example 3.2.7 . . . . . . . . . . . . . . . . . . . . . . . . . 33
3.2 Layered construction of words for kmax(ε) = 3. . . . . . . . . . . . . . . . 37
3.3 Graph for the finite model used in establishing the lower bound. . . . . . 48

4.1 Three random realisations using the maps in Figure 2.1. . . . . . . . . . . 60
4.2 Two iterated functions systems used in Example 4.5.1 . . . . . . . . . . . 65
4.3 Two iterated functions systems used in Example 4.5.2 . . . . . . . . . . . 65

6.1 Deterministic self-similar attractors. . . . . . . . . . . . . . . . . . . . . . 99
6.2 Random self-similar attractors for different realisations. . . . . . . . . . . 99
6.3 Random realisation with overlaps and Assouad dimension 1. . . . . . . . . 101
6.4 Deterministic Bedford-McMullen Carpets . . . . . . . . . . . . . . . . . . 102
6.5 Random Bedford-McMullen Carpets . . . . . . . . . . . . . . . . . . . . . 103
6.6 Random self-affine carpet showing Assouad dimension 2. . . . . . . . . . . 103

ix





List of Symbols

Symbol Description Definition
(page)

∅ empty set, 0 element in semiring i
t,�,× binary operations in the definition of the semiring

i
32, 32

0 n by n zero matrix 31
0∅ n by n zero matrix of arrangements of words 36
1 n by n identity matrix 31
1ε0 n by n identity matrix of arrangements of words 36
1 infinite vector with entries 0 and 1 31
1l finite vector of dimension l with entries 0 and 1 31
1ε0 infinite vector with arrangement of word matrix

entries
36

αM (e), αm(e) length of longest and shortest edge of rectangle e 59
A σ-algebra of events 3
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Chapter 1

Introduction

It goes without saying that a mathematical thesis studying a particular class of objects
should start by giving a basic definition of the class under investigation. In our case:
defining a fractal. This, however, is easier said than done and even though ‘fractals’
have been studied for several decades, there is no generally accepted definition of
what constitutes one. Some authors use non-rectifiability, some define them in terms
of dimension theoretic properties, whereas others describe them with the help of
complex dimensions.

Since this is a rather unsatisfactory start to a thesis, we will begin with some
heuristics about the properties of fractals and why their study is warranted.

Our first example is the Cantor set, named after Georg Cantor who popularised
it in 1883, although he was not the first to consider it. This set is constructed in an
iterative fashion where one starts with the unit line [0, 1] and at step n removes the
2n−1 open middle thirds of the intervals from level n− 1, see Figure 1.1. The Cantor
set is the limit of this construction. More rigorously, it is the (countable) intersection
of the unions of intervals in its construction.

Figure 1.1: The first levels in the construction of the Cantor set

The Cantor set was designed as a topological example of a subset of Euclidean
space which is perfect (a closed set that contains no isolated point) but nowhere
dense (closure has empty interior). The set is further interesting as an example of an
uncountable bounded set that has zero length (one-dimensional Lebesgue measure).
Similar shapes were investigated around the turn of the century and here we only
mention the von Koch curve and the Sierpiński triangle (or gasket), see Figure 1.2
and 1.3, respectively.

The von Koch curve challenges our notion of a curve by having no tangent at
any point, infinite length; yet is connected and contained in a bounded region of the
plane. Similarly, the Sierpiński triangle is a bounded, compact set that has infinite
length, yet zero area in the sense of k-dimensional Lebesgue measure.

These sets were investigated at first solely because they made interesting patho-
logical examples with ‘unusual’ topological properties and it was not until the 1970s
when the term ‘fractal’ was coined by Mandelbrot and fractal geometry, as a field, was
born. Mandelbrot can be considered to be the first to connect the abstract works of
Cantor, Hausdorff, von Koch, Weierstraß, and especially Julia and Fatou to natural
phenomena such as coastlines and fractal geometry has since grown to a wide rang-
ing discipline spanning both applied and pure mathematics. At the heart of fractal

1



2 CHAPTER 1. INTRODUCTION

Figure 1.2: The von Koch curve

Figure 1.3: The Sierpiński triangle

geometry are shapes or structures that share similarities on different levels. These
similarities can be as simple as ‘looking exactly the same on different scales’ as the
Cantor set, von Koch curve, and Sierpiński triangle. But many examples from nature
exhibit a similar, more ‘stochastic similarity’ on different scales, see e.g. of lightning1

and a riverbed2 in Figure 1.4. One can easily imagine how one can alter the iterative
description of the Cantor set to a more stochastic version and this lies at the heart
of this thesis.

Figure 1.4: Lightning and the shores of Lake Nasser

The usual model employed for deterministic fractals are iterated function systems

1 c©User:Griffinstorm / Wikimedia Commons / CC-BY-SA-4.0
2by NASA International Space Station Imagery



1.1. BASIC PROBABILITY THEORY 3

(IFSs), which go back to Barnsley and Demko [BD]. Each IFS has a unique associated
set known as the attractor with the advantage that the IFS effectively describes the
similarities on different scales. We will review the basics of iterated function systems
in Chapter 2 but our main interest are random analogues. Unlike deterministic IFSs
it is not immediately obvious how to define random iterated function systems (RIFS)
and, historically, two randomisations were analysed: the random homogeneous, and
the random recursive model. More recently, Barnsley et al. [BHS1, BHS2, BHS3]
introduced the notion of V -variable attractors with the purpose of interpolating be-
tween the two models. A main component of this thesis is Chapter 3 where we
introduce the notion of random graph directed systems (RGDS), a general model en-
compassing random homogeneous, V -variable, and random recursive RIFSs. Briefly,
random graph directed systems allow us to describe random systems by changing the
sub divisions in every step according to auxiliary graphs that are picked randomly.
We prove some dimension theoretic results for self-similar RGDS and apply them in
Chapter 4 to the projections of random self-affine sets.

Before we investigate these sets we recall the basics of probability theory, ergodic
theory, and dimension theory.

1.1 Basic Probability Theory

We will now set basic notation, recall terminology from probability theory and state
basic results, mostly without proofs. We assume some familiarity with probability
theory and will follow the structure in Bauer [Bau] closely. Further material can be
found in Billingsley [Bi] and Williams [W].

The general aim is to develop a model of a probabilistic experiment and a formal
notion of ‘independence’. We start by letting Ω denote the set of outcomes (set of
realisations) of our experiment, where a realisation is generically denoted by ω. We
want to assign probabilities to possible events, and for this we introduce the set of
events A . We require that A is a σ-algebra, i.e. ∅,Ω ∈ A and for any countable
collection Ai ∈ A , we must have

⋃
iA,

⋂
iAi ∈ A , and Aci = Ω \ Ai ∈ A . Finally,

we need a way to associate probabilities to events. We do this with the set function
P : A → [0, 1] satisfying P(∅) = 0, P(Ω) = 1, and for any countable collection of
pairwise disjoint Ai ∈ A , that P(

⋃
iAi) =

∑
i P(Ai). We call P a probability measure

and call the triple (Ω,A ,P) a probability space.

Example 1.1.1. To model the throw of a single die we set Ω = {1, 2, 3, 4, 5, 6} for
each of the possible outcomes. We let A = P(Ω) be the set of all subsets of Ω and
define P(A) = #A/6, where #A is the cardinality of the set A ∈ A . It can be easily
checked that this is well defined and (Ω,A ,P) is indeed a probability space.

Having defined a simple basic probability space, like coin tosses or dice throws,
we might want to expand the model to n tosses. This can be done by using the n-fold
product of the probability triple. Given n probability spaces {(Ωi,Ai,Pi)}ni=1 we set
Ω = Ω1 × Ω2 × . . . × Ωn, A = A1 × A2 × . . . × An, and P = P1× . . . × Pn, where
(P1× . . .× Pn)(A1 × . . .×An) = P1(A1) · . . . · Pn(An) for Ai ∈ Ai. We write

(Ω,A ,P) =
⊗
i

(Ωi,Ai,Pi)

and this triple is indeed a probability space. In fact, given a probability space
(Ω,A ,P), this can be extended to the infinite product space (ΩN,A N, P̂) with unique

probability measure P̂ by Kolmogorov’s extension theorem.
We note that, when defining a measure, we do not need to specify the value for

every possible set in the σ-algebra. It is sufficient to know the behaviour of a measure
on a set that generates the σ-algebra. In particular, for the Borel σ-algebra B it is
sufficient to know P(O), for all O that form a basis of a topology of Ω.
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Proposition 1.1.2 (Carathéodory’s extension theorem). Let R be a ring of subsets
of Ω and P′ : R→ [0, 1]. Then there exists a unique probability measure P : A → [0, 1]
for the σ-algebra A generated by R such that

P′(A) = P(A)

for all A ∈ R.

When talking about events we call ∅ the impossible event and Ω the sure event.
Given an event A we say that A is an almost sure event if P(A) = 1, and A is almost
impossible or trivial (with respect to P) if P(A) = 0.

1.2 Random Variables

Having defined a probability space with events and outcomes as a model for ‘ex-
periments’, we might not be interested in the outcome itself but in some form of
measurement of the outcome. For example, having full knowledge of an infinite roll
of dice might not be what we are after, but maybe the average of the first n throws.
This leads us to define the following.

Definition 1.2.1 (Borel measurable). Let (Ω,A ) be a measurable space, i.e. a set Ω
with a σ-algebra A . We call a map X : Ω → R (Borel) measurable if X−1(B) ∈ A
for every B ∈ B, the Borel σ-algebra of R.

Definition 1.2.2 (Random Variable). Let (Ω,A ,P) be a probability space. Then
every Borel measurable map X : Ω→ R is called a (real) random variable or r.v. for
short.

If the integral of X with respect to a measure P exists, i.e.
∫
|X|dP <∞, we say

that X is P-integrable, or just integrable if the measure is clear from context. We
are interested in the values taken by this real random variable and the first notion to
introduce is the ‘mean’ or ‘expected’ value.

Definition 1.2.3 ((Arithmetic) Expectation). Let X be a real random variable on a
probability space (Ω,A ,P). If either X ≥ 0 or X is P-integrable, we let

E(X) =

∫
X dP =

∫
Ω

X(ω) dP(ω)

be the expected value (or expectation or mean) of X.

When E(X) = 0 we say that X is centred. Analogously to the arithmetic mean,
we also define the geometric mean.

Definition 1.2.4 (Geometric Expectation). Let X be a real random variable on
a probability space (Ω,A ,P) with X ≥ 0 and logX is P-integrable. We use the
convention that log 0 = −∞ and define

Egeo(X) = exp

(∫
logX dP

)
= exp

(∫
Ω

logX(ω) dP(ω)

)
as the geometric expectation (or geometric mean) of X.

Sometimes, especially when talking about martingales in Section 1.5, we need to
talk about moments or the positive part of a random variable.

Definition 1.2.5 (Moments). Let X be a real random variable and p ≥ 1. We call
E(|X|p) the p-th moment of X, if it exists.

Definition 1.2.6 (Positive part). Let X be a real random variable. The positive
part is X+(ω) = max{X(ω), 0}.
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For martingales we will also need the notion of conditional expectation.

Definition 1.2.7 (Conditional expectation). Let X be a random variable and A ′ ⊆
A be a σ-algebra. The conditional expectation of X given A ′, denoted by E(X|A ′),
is any A ′-measurable function Ω→ R satisfying∫

A′
E(X|A ′)dP =

∫
A′
XdP

for all A′ ∈ A ′.

The conditional expectation can be interpreted as the expectation with the ‘knowl-
edge’ of events in the σ-algebra A ′. The ‘finer’ the σ-algebra, the better our prediction
of the outcome. As an example, if A ′ = {∅,Ω} we have no knowledge and the con-
ditional expectation is a constant function E(X|A ′) = E(X). However, if A ′ = A ,
we have ‘total knowledge’ and E(X|A ′) = X.

It is important to note that P is a measure on the event space Ω. Given a fixed
r.v. we might instead want to talk about the distribution of measurements. The
distribution PX is simply the image of the measure P underX, i.e. PX(A) = P(X ∈ A)
for all A ⊂ R, which is itself a measure.

Definition 1.2.8 (Variance & Standard Deviation). For every integrable real random
variable X with mean m = E(X), we call

Var(X) = E([X −m]2)

the variance of X. If X is centred then the variance is equal to the second moment
of X. The quantity dev(X) =

√
Var(X) is known as the standard deviation of X.

Note that we do not refer to the standard deviation by the more common symbol
σ which we reserve for the shift operator on symbolic spaces.

Recall that a function f : R → R is called convex on the interval I ⊂ R if
f(αx+ (1−α)y) ≤ αf(x) + (1−α)f(y) for all x, y ∈ I and α ∈ [0, 1]. An example of
such a function is |x|p for all p ≥ 1. Convex functions are particularly useful because
of the following well-known theorem.

Proposition 1.2.9 (Jensen’s inequality). Let X be an integrable random variable
with values in an open interval I ⊂ R. Then E(X) ∈ I and for every convex function
f , f(X) is a random variable and

f(E(X)) ≤ E(f(X)),

if f ◦X is integrable.

Corollary 1.2.10. Let X be a random variable. Assume the p-th moment of X
exists, then

|E(X)|p ≤ E(|X|p).

The final item in this section is the question of convergence. If for every realisation
ω ∈ Ω we have limi→∞Xi(ω) = Y (ω) ∈ R then we talk of sure convergence to the
random variable Y , noting that it might be constant. However, this is a very strong
statement to make and we require a more nuanced notion of convergence in the
probabilistic setting. Often there is a ‘big’ set of realisations where we cannot say
anything. However, we might still know that convergence happens to all but a trivial
set of realisations. This is almost sure convergence.

Definition 1.2.11. We say that a sequence of random variables (Xi)
∞
i=1 converges

almost surely to the random variable Y if

P{lim sup
i→∞

|Xi − Y | > ε} = 0 for all ε > 0. (1.2.1)
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The following are equivalent to (1.2.1):

lim
k→∞

P{|Xi − Y | ≤ ε for all i > k} = 1 for all ε > 0,

P{|Xi − Y | > ε infinitely often } = 0 for all ε > 0,

P{|Xi − Y | ≤ ε for all but finitely many i ∈ N} = 0 for all ε > 0.

We may write Xi →a.s. Y or Xi → Y (a.s.) for short.

However if we are interested in the mean, rather than the behaviour of individual
realisations, we talk of convergence in mean.

Definition 1.2.12. Let p ≥ 1. We say that a sequence of random variables (Xi)
∞
i=1

converges in p-th mean to the random variable Y if

lim
i→∞

E(|Xi − Y |p) = 0.

The special case p = 1 is called convergence in mean. By Jensen’s inequality (Propo-
sition 1.2.9), convergence in p-th mean for some p > 1 implies convergence in mean.

The next, slightly weaker, notion is convergence in probability.

Definition 1.2.13. We say that a sequence of random variables (Xi)
∞
i=1 converges

in probability to the random variable Y if

lim
i→∞

P{|Xi − Y | ≥ ε} = 0 for all ε > 0.

We may write Xi →p Y for short.

Note the difference to almost sure convergence. Here we only require that the
probability tends to zero, rather than the probability of the set where Xi does not
tend to Y is zero. So, almost sure convergence implies convergence in probability.

The last type of convergence we will mention requires a short diversion to the
question of convergence of measures. Let (µi)

∞
i=1 be a sequence of finite (Borel)

measures on Ω such that (Ω, µi/µi(Ω)) are probability spaces. We say that this
sequence of measures converges weakly to µ, converges in weak∗ topology to µ, or
µi →w∗ µ if

lim
i→∞

∫
f dµi(ω) =

∫
f dµ(ω)

for every f ∈ Cb(Ω,R), where Cb(Ω,R) denotes the class of bounded, continuous real
functions.

Definition 1.2.14. We say that a sequence of random variables (Xi)
∞
i=1 converges in

distribution to the random variable Y if the sequence of distributions PXi converges
weakly to PY . We may write this as Xi →d Y .

As mentioned above these are progressively weaker notions of convergence and we
get the following implications.

Xi →a.s. Y =⇒ Xi →p Y =⇒ Xi →d Y
⇑

convergence in p-th mean =⇒ convergence in mean

1.3 Probabilistic Laws

Before we delve into probabilistic laws, we discuss independence. Two events A,B are
said to be independent if the knowledge of the event B does not affect the probability
of the event A. That is, P(A | B) = P(A), where

P(A | B) =
P(A ∩B)

P(B)
,
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for P(B) > 0 and P(A | B) = 0 otherwise. Extending this notion slightly, we say that
a sequence of events Ai indexed by i ∈ I (not necessarily finite) is independent if

P

(⋂
i∈I′

Ai

)
=
∏
i∈I′

P(Ai) (1.3.1)

for all finite non-empty subsets I ′ ⊆ I.
We extend this notion to include sets of events, so that we can talk about σ-

algebras being independent.

Definition 1.3.1 (independent families). Let Ei ⊂ A for i ∈ I be a family of sets
of events. The family is independent if (1.3.1) holds for all Ai ∈ Ei for all i ∈ I ′
and all finite non-empty subsets I ′ ⊆ I.

Definition 1.3.2 (tail events). Let An ⊆ A for n ∈ N be a sequence of σ-algebras.

Let Ãn be the σ-algebra generated by
⋃
m≥n Am, which we denote by

Ãn =

〈 ⋃
m≥n

Am

〉
.

Then Ã∞ =
⋂
n∈N Ãn is called the σ-algebra of tail events.

This leads us to a law of great importance.

Theorem 1.3.3 (Kolmogorov zero-one law). Let (An)n∈N be an independent sequence

of σ-algebras. Then for all A ∈ Ã∞ either P(A) = 0 or P(A) = 1.

Colloquially speaking, if the event does not depend on a finite number steps, it is
almost sure or almost impossible.

We extend our definition to random variables.

Definition 1.3.4 (independent random variables). A family of random variables
(Xi)i∈I on a common probability space (Ω,A ,P) is said to be independent if the
family of σ-algebras (〈Xi〉)i∈I is independent, where 〈Xi〉 is the smallest σ-algebra
such that Xi is measurable.

This leads to the intuitive and well-known multiplication theorem.

Theorem 1.3.5. Let X1, . . . , Xn be independent, non-negative and E(Xi) <∞, then

E

(
n∏
i=1

Xi

)
=

n∏
i=1

E(Xi)

Observe that E(
∑
Xi) =

∑
EXi by linearity of E, irrespective of independence.

Similarly, Egeo(
∏
Xi) =

∏
EgeoXi, irrespective of independence.

Let (Xi)i∈N be a sequence of random variables with finite expectation. One of
the first questions one might ask is of the long term behaviour of the outcome of the
trials. Thinking back to dice we want to be able to say that ‘in the limit’ the average
die roll will be 7/2. We are interested in whether the long term average behaviour
coincides with the mean, i.e.

lim
n→∞

1

n

n∑
i=1

(Xi − E(Xi)) = 0 (a.s.).

A sequence (Xi) for which this holds almost surely is said to satisfy the strong law of
large numbers.
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Theorem 1.3.6 (Kolmogorov’s strong law of large numbers). Let (Xi) be a sequence
of independent and identically distributed random variables with finite expectation
mi = E(Xi). Then

lim
n→∞

1

n

n∑
i=1

(Xi −mi) = 0 (a.s.).

Standard proofs usually use the Borel-Cantelli lemma which is very useful in its
own right. We state it as a theorem below.

Theorem 1.3.7 (Borel-Cantelli). Let Ai be a sequence of events. Then,

∞∑
i=1

P(Ai) <∞ =⇒ P({An i.o.}) = 0.

Additionally, if the events Ai are pairwise independent,

∞∑
i=1

P(Ai) =∞ =⇒ P({An i.o.}) = 1.

Knowing what happens to the average outcome might not be enough. Under some
mild conditions on the r.v. X, we can say something about the distribution of

∑
Xi.

Let N (a, v) be the normal distribution with mean a and variance v. Equivalently it
is the measure on R given by

N (a, v)(A) =
1√
2vπ

∫
A

exp

(
− (x− a)2

2v

)
dx.

Theorem 1.3.8 (Central limit theorem (CLT)). Let (Xi)i∈N be an i.i.d. sequence of
independent random variables with finite and positive variance. Let m = E(X1) and
v = Var(X1). Then ∑n

i=1Xi − nm√
nv

→d N (0, 1)

and we say that the central limit theorem (CLT) holds for (Xi)i∈N.

Thus, scaling Yn =
∑n
i=1Xi by n, the scaled sum converges almost surely to the

mean. Scaling by
√
n instead, the scaled sum converges in distribution to a normal

distribution. We can use the latter result to say, for example that for an i.i.d. sequence
of random variables and any K ∈ R,{

ω ∈ Ω
∣∣∣ n∑
i=1

Xi ≤ K
√
n for infinitely many n ∈ N

}

has full measure. This follows from the CLT and the Borel-Cantelli Lemma as there
exists ε > 0 and integer m(ε, x, n) such that the probability of an excursion to less
than K

√
m(ε, x, n) + n in m(ε, x, n) steps starting at x has probability greater than

ε. We are interested in obtaining a sharper bound on these exceptional excursions
and ask: Given a sequence of independent variables with positive and finite variance,
does there exist a sequence of real numbers (ai)i∈N such that,

P

{
n∑
i=1

Xi ≥ (1− ε)an infinitely often

}
= 1 (1.3.2)

and

P

{
n∑
i=1

Xi ≥ (1 + ε)an infinitely often

}
= 0 (1.3.3)

for all ε > 0? This is answered by the law of the iterated logarithm.
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Theorem 1.3.9 (Law of the iterated logarithm (LIL)). Let (Xi)i∈N be a sequence of
i.i.d. random variables with mean m, and positive and finite variance v. Then

lim sup
n→∞

∑n
i=1Xi − nm√
2n log log n

=
√
v (1.3.4)

and

lim inf
n→∞

∑n
i=1Xi − nm√
2n log log n

= −
√
v, (1.3.5)

almost surely.

Thus, for an =
√

2nVar(X1) log log n, equations (1.3.2) and (1.3.3) hold. We note
that this is not the only sequence for which the conclusion above holds. Any sequence
a′n such that limn(an/a

′
n) = 1 will give the same result. In particular we could have

set an =
√

2nVar(X) log log(Var(X)n). Since log log n is not defined for n ≤ 1 and
only greater than 1 for n ≥ 16, we use the convention that log log x = 1 for x < ee

when dealing with the law of the iterated logarithm as we are only concerned with the
asymptotic behaviour and want to avoid giving conditions on x for these expressions
to be well-defined.

1.4 Ergodic Theorems and Subadditivity

We will now look at our probability space from a more dynamical point of view. Let
T : Ω→ Ω be a measurable map. We call T measure preserving if P(T−1(A)) = P(A)
for every measurable set A. If, further, the only sets invariant under T are measure
theoretically trivial or their complement is trivial, i.e.

T−1(A) = A =⇒ P(A) = 0 or 1,

we call T ergodic. Intuitively, a map is ergodic if the dynamics it describes are the
same on the entire set the measure can see. A major result about ergodic maps is
the (pointwise) Birkhoff’s ergodic theorem (BET)

Theorem 1.4.1 (Birkhoff’s ergodic theorem (BET)). Let T : Ω→ Ω be a measurable,
measure preserving, ergodic map. Let X : Ω → R be a measurable, integrable, real
valued function, then

lim
n→∞

1

n

n−1∑
i=0

X(T i(ω)) = E(X)

for almost every ω ∈ Ω.

Thus if T is an ergodic map the average measurement under iteration of T tends
to the global spatial average. Compare this with the law of large numbers discussed
earlier.

Let a = (ai)i∈N be a real valued sequence. We say that a is additive if ai+j = ai+aj
for all i, j ∈ N and subadditive if ai+j ≤ ai + aj . A basic result, known as Fekete’s
Lemma, states that the running average of subadditive sequences converges.

Theorem 1.4.2 (Fekete’s Lemma). Let a = (ai)i∈N be a subadditive sequence. Then

an
n
→ inf

i

{ai
i

}
∈ [−∞,∞) as n→∞.

Note that the limit may be −∞, so under the additional condition that infi ai/i > −∞
the limit of an/n exists.

We recall a standard proof, see e.g. [F4, Proposition 1.1] or [PS, §1 Problem 98],
that is used in the derivation of a stronger statement later.
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Proof. Fix an integer p. Then n can be rewritten as n = kp + q for k ∈ N0 and
q ∈ {0, 1, . . . , p− 1}. Thus

an
n

=
akp+q
kp+ q

≤ akp + aq
kp+ q

≤ kap + aq
kp

≤ ap
p

+
aq
k
.

As k (and thus n) increases, the second term becomes negligible. Combining this
with the arbitrariness of p we conclude that lim an/n ≤ infp ap/p. However, infp ap/p
is an obvious lower bound to the limit and the result follows.

There is a similar result in the probabilistic setting for random variables known
as Kingman’s subadditive ergodic theorem [K].

Theorem 1.4.3 (Kingman’s subadditive ergodic theorem). Let {Xm,n} be a collec-
tion of random variables indexed by m,n ∈ N0. Assume that

• Xk,p ≤ Xk,l +Xl,p whenever 0 ≤ k < l < p,

• the joint distributions of {Xm+1,n+1, 0 ≤ m < n} are the same as those of
{Xm,n, 0 ≤ m < n} for all n,

• for each n, E|X0,n| <∞ and EX0,n ≥ cn for some uniform c > 0,

• for each k ≥ 1, the process {Xnk,(n+1)k, n ≥ 1} is stationary and ergodic.

Then limn→∞X0,n/n = limn→∞(1/n)E(X0,n) = infi(1/i)E(X0,i) ∈ R almost surely.

However, instead of discussing the result above we state an improvement due to
Derriennic.

Proposition 1.4.4 (Derriennic, [D]). Let Xm(ω) be a (measurable) random variable
on a probability space (Ω,A , µ) and let T be a measurable, measure preserving map.
If the expectation of the subadditive defects is bounded by a sequence of real numbers
(cm), i.e. for all n,m,

E(Xn+m(ω)−Xn(ω)−Xm(Tnω))+ ≤ cm,

where cm satisfies limk ck/k → 0, and E infkXk/k > −∞, then Xn/n converges in
L 1 to some random variable η taking values in R. If further,

Xn+m(ω)−Xn(ω)−Xm(Tnω) ≤ Ym(Tnω) (almost surely)

for some stochastic process (Ym)m satisfying supE(Ym) <∞, then Xn/n→ η almost
surely.

If T is ergodic with respect to P, then η takes a constant value for almost every
ω as

{ω ∈ Ω | lim inf
n→∞

Xn(ω)/n > z} = {ω ∈ Ω | lim inf
n→∞

Xn(Tω)/n > z}.

If it exists, the almost sure limit necessarily coincides with

lim
k

E(Xk)

k
= inf

k

E(Xk)

k
.

1.5 Martingales

In this section we define the discrete-time martingale and state two convergence re-
sults. Assume we are given a stochastic process, i.e. a sequence of random variables,
(Xi)i. Informally, a martingale is a process where, given information about all pre-
vious outcomes, the expectation of the next outcome is the current value.
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Definition 1.5.1. A discrete stochastic process (Xi)i is called a (discrete-time) mar-
tingale if all Xi are integrable and

E(Xi+1 | 〈X1, X2, . . . , Xi〉) = Xi for all i.

Equivalently,
E(Xi+1 −Xi | 〈X1, X2, . . . , Xi〉) = 0 for all i.

Similarly, a stochastic process is called a submartingale if it satisfies

E(Xi+1 | 〈X1, X2, . . . , Xi〉) ≥ Xi for all i,

and a supermartingale if

E(Xi+1 | 〈X1, X2, . . . , Xi〉) ≤ Xi for all i.

We note that every martingale is also a supermartingale and submartingale. The
first convergence result we mention is due to Doob about pointwise convergence and
can be found in [W].

Theorem 1.5.2. Let (Xi) be a supermartingale such that infiXi > −∞. Then
X = limi→∞Xi exists and is finite almost surely.

Corollary 1.5.3. Let (Xi) be a supermartingale and Xi ≥ 0 for all i. Then Xi

converges pointwise almost surely.

For uniform convergence we need stronger assumptions and state another result
by Doob, see also [W].

Theorem 1.5.4. Let (Xi) be a supermartingale such that supi E|Xi|p <∞ for some
p > 1. Then there exists a random variable X ∈ L p(Ω,R) such that

Xi →a.s. X and

∫
Ω

|Xi −X|pdP→ 0.

In particular, E(Xi)→ E(X).

1.6 Coding Spaces

We now introduce and discuss a very important example of a probability space, the
code space Ω = ΛN. Let Λ be a finite index set, e.g. Λ = {1, 2, . . . , N} for some
N ∈ N. We call λ ∈ Λ letters and associate a non-trivial probability measure µ with
Λ, meaning µ({λ}) > 0 for all λ ∈ Λ. We set AΛ = P(Λ) and write

Λk = Λ× Λ× . . .× Λ︸ ︷︷ ︸
k times

for sequences of letters of length k. These sequences are called words or codings of
length k. We call the word of length zero the empty word and denote it by ε0.
The set of all finite words is Λ∗ = {ε0} ∪

⋃
k>0 Λk and the set of all infinite words is

ΛN. This set is the code space we were looking for. It models a sequence of weighted
die rolls with faces labelled by a finite collection of letters. While words are formally
finite or infinite sequences, we usually concatenate the letters into a single word for
readability, so ω = (ω1, ω2, . . .) ∈ Ω becomes ω1ω2 . . . and λ = (λ1, . . . , λk) ∈ Λ∗

becomes λ = λ1λ2 . . . λk. We write |λ| = k for the (possibly infinite) length of the
word λ ∈ Λk. For x ∈ Ω ∪ Λ∗ write x|k = x1 . . . xi with i = min{|x|, k} and we write
λ = λλλ · · · ∈ ΛN. For the remainder of this section let Ω = ΛN and set A = A N

Λ

and P = µN to be the natural product σ-algebra and measure. As discussed earlier,
P is unique, and called the Bernoulli measure induced by µ.

We can define this measure in an alternative way by first considering subsets of
Ω called cylinders.
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Definition 1.6.1 (Cylinders). Let Ω = ΛN and λ ∈ Λ∗. The cylinder of λ is defined
as

[λ] = [λ1λ2 . . . λ|λ|] = {ω ∈ Ω : ω||λ| = λ}.

We endow the code space with the metric d(x, y) = 2−k, where k = min{i : xi 6=
yi} − 1 for x 6= y and d(x, y) = 0 if x = y. It can be checked that the topology of Ω
can also be generated by the cylinder sets as the basic clopen elements.

We now define a real valued function on the collection C of all cylinders by µ̂ :
C → [0, 1] where µ̂([λ1 . . . λk]) = µ(λ1) · . . . · µ(λk). This function satisfies all the
axioms of a measure on the cylinders and so, using Carathéodory’s extension theorem
(Proposition 1.1.2) µ̂ extends to a unique measure P on Borel subsets of Ω.

1.7 Dimension Theory

The main tool used in this thesis to study random sets is dimension theory to study
the geometric scaling properties of sets, measures and other structures.

A classical notion of dimension is the topological dimension, sometimes referred
to as the Lebesgue covering dimension. It is one of several proposed ways of defining
a dimension that is invariant under homeomorphisms, a modern definition of which
can be found in Munkres [Mu, §50]. Given a topological space T and an open cover
U = {Ui}, a refinement is a new cover O = {Oi} such that for every i there exists a
j such that Oi ⊆ Uj . The order of a cover O is the number n ∈ N0 such that there
exists x ∈ T that is contained in n elements of O and no x ∈ T is contained in more
than n elements of O.

Definition 1.7.1. A topological space T has topological dimension

dimT T = n ∈ N0 ∪{−1,∞}

if for every open cover of T there is a refinement which has order n+ 1 and n is the
least integer for which this holds. If there is no such n, then T is infinite dimensional.

The topological dimension of Rd is d, as one would expect, and for classical geomet-
rical shapes like circles, spheres, cubes, tori, and their higher dimensional analogues,
the topological dimension coincides with our intuitive notion of dimension.

Fractals, however, typically have topological dimension strictly less than their am-
bient space. For example, the topological dimension of the Menger sponge is famously
1, even though the standard construction is embedded in three dimensional Euclidean
space. In fact, Menger introduced the Menger sponge in 1926 while studying topolog-
ical dimension and proved that every (topological) curve, i.e. every compact metric
space of topological dimension one, is homeomorphic to a subset of the Menger sponge.
The Menger sponge is therefore sometimes also called a universal curve.

1.7.1 Box-counting dimension

Our first dimension that combines analysis and geometry is the box-counting dimen-
sion. Given a subset E of a metric space, we define Nδ to be the least number of
balls with radii less than δ necessary to cover E. Note that the existence of Nδ is
guaranteed if the ambient metric space is totally bounded.

Definition 1.7.2 (box-counting dimension). Let E ⊂M be a totally bounded subset
of a complete metric space M . The upper box counting dimension and lower box
counting dimension are defined, respectively, by

dimB(E) = lim sup
δ→0

logNδ(E)

− log δ
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and

dimB(E) = lim inf
δ→0

logNδ(E)

− log δ
.

If dimBE = dimBE we will refer to the box-counting dimension dimB E.

If E ⊂ Rd,the definition does not change if Nδ(E) is substituted by Mδ(E), the
number of grid squares in a δ-mesh that intersect E. We make use of this fact at
various stages. More equivalent definitions of box-counting dimension can be found
in Falconer [F6]. Note also that the Minkowski dimension is equivalent to the box-
counting dimension and we will omit its definition.

Example 1.7.3. Consider the countable set M = {1/n : n ∈ N} ∪ {0}. Then
dimB(M) = 1/2, see [F6, Example 2.7].

1.7.2 Hausdorff measure and dimension

An arguably more interesting notion is the Hausdorff dimension which is defined via
the Hausdorff measure and arises from studying the geometry of open covers of sets.

A δ-cover of a set F ⊆ Rd is a countable collection of sets {Ui} such that their
diameter satisfies |Ui| < δ and

F ⊆
⋃
i

Ui.

Definition 1.7.4. Let F ⊆ Rd and s ∈ R+
0 , we define the s-dimensional Hausdorff

δ-premeasure of F by

H s
δ(F ) = inf

{ ∞∑
k=1

|Uk|s
∣∣∣ {Ui} is a δ-cover of F

}
,

where the infimum is taken over all countable δ-covers. The s-dimensional Hausdorff
measure3 of F is then

H s(F ) = lim
δ→0

H s
δ(F ).

The Hausdorff dimension is defined to be

dimH F = inf{s |H s(F ) = 0}.

As can readily be seen, this definition is somewhat more involved than that of the
box-counting dimension. In fact, our previous example M = {1/n : n ∈ N} ∪ {0} has
dimHM = 0.

We note that the t-Hausdorff measure is 0 for t strictly greater than the Hausdorff
dimension and is infinite for t strictly less. The situation at the critical exponent is
less clear. In fact, H dimH(F )(F ) can take any value in [0,∞]. Intuitively this can
be interpreted as the geometry not scaling with an exact exponent, but with some
additional slow effects. To capture these, the s-Hausdorff measure can be extended to
use more general gauge function (also called dimension functions). A gauge function
is a left continuous, non-decreasing function h : R+

0 → R+
0 such that h(r) → 0 as

r → 0. If there exists a constant λ > 1 such that for x > 0 we have f(2x) ≤ λf(x)
then we say that f is doubling.

Definition 1.7.5. Let F ⊆ Rd and let h be a gauge function. Then the h-Hausdorff
δ-premeasure of F is

H h
δ (F ) = inf

{ ∞∑
k=1

h(|Uk|)
∣∣∣ {Ui} is a δ-cover of F

}
,

3Note that the Hausdorff measure is an outer measure as opposed to a bona fide measure and we
treat the Hausdorff measure mostly as a set function. Countable additivity may fail and in the rare
cases that we use this property it is understood to mean for all measurable sets w.r.t. the Hausdorff
measure. See also the discussion in [Rog].
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where the infimum is taken over all countable δ-covers. The h-Hausdorff measure of
F is then

H h(F ) = lim
δ→0

H h
δ (F ).

Obtaining upper bounds for Hausdorff measure and dimensions usually relies on
constructing an efficient cover, while lower bounds often make use of the following
simple result called the mass distribution principle.

Theorem 1.7.6. Let µ be a finite measure supported on F and suppose that for some
gauge function h there are constants c > 0 and r0 such that µ(U) ≤ ch(|U |) for all
sets U with |U | < r0. Then H h(F ) ≥ µ(F )/c.

While the proof can be found in a number of places, we recall it for completeness.

Proof. Consider any countable open cover {Oi} of F . Then

µ(F ) ≤ µ

(⋃
i

Oi

)
≤
∑
i

µ(Oi) ≤ c
∑
i

h(|Oi|).

But then, taking the infimum for each δ > 0, we have H h(F ) ≥ H h
δ (F ) ≥ µ(F )/c.

This can then be used to obtain lower bounds for the Hausdorff dimension of F
by considering h(r) = rs and constructing some finite measure µ on F .

1.7.3 Packing measure and dimension

The packing measure was introduced in the late 1970s as the natural dual to the
Hausdorff dimension, see Saint Raymond and Tricot [RT] for an early study. While
we will not directly work with packing measure and dimension in most cases, we
briefly recall their definition.

Definition 1.7.7. Let F ⊆ Rd and s ≥ 0. Define

Ps
δ (F ) = sup

{∑
i

|Bi|s | {Bi} is a countable

collection of disjoint balls centered in F with radii ri ≤ δ

}

and set Ps
0(F ) = limδ→0 Ps

δ (F ). The packing measure is

Ps(F ) = inf

{ ∞∑
i=1

Ps
0(Fi) | where F ⊆

∞⋃
i=1

Fi

}
.

Similarly to the Hausdorff dimension, the packing dimension is defined by the
abscissa dimP F = inf{s | Ps(F ) = 0} and the definition can be suitably extended
to h-packing measure for each gauge function h.

The reason we do not use the packing measure explicitly is that in most of the
settings we consider, the packing dimension coincides with the upper box-counting
dimension. This will either follow directly from the inequality dimH E ≤ dimP E ≤
dimBE for bounded E ⊂ Rk or from the following theorem.

Theorem 1.7.8. Let F ⊂ Rk be compact such that dimBF ∩ O = dimBF for all
open O ⊆ Rd with F ∩ O 6= ∅. Then dimP F = dimBF .

For a proof see [F6, Corollary 3.10].
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1.7.4 Assouad dimension

The last dimension we define is the Assouad dimension, introduced by the French
mathematician Patrice Assouad in the 1970s [As1, As2]. Assouad’s original motiva-
tion was to study embedding problems, a subject where the Assouad dimension is
still playing a fundamental rôle, see [Ol, OR, Ro]. The concept has also found a place
in other areas of mathematics, including the theory of quasi-conformal mappings
[He, Lu, MT], and more recently it is gaining substantial attention in the literature
on fractal geometry [AT, Fr2, FHOR, FY, GHM, Ho, KLV, LLMX, M, O2, ORN]. It
is also worth noting that, due to its intimate relationship with tangents, it has always
been present in the pioneering work of Furstenberg on micro-sets and the related
ergodic theory which goes back to the 1960s, see [Fu]. The Assouad dimension also
plays a rôle in the fractional Hardy inequality. If the boundary of a domain in Rd has
Assouad dimension less than or equal to d−p, then the domain admits the fractional
p-Hardy inequality [A, KZ, LT]. The Assouad dimension gives a coarse and heavily
localised description of how ‘thick’ a given metric space is on small scales; hence its
importance for embedding problems. Most of the other popular notions of dimen-
sion, like the Hausdorff, packing, or box-counting dimension, give much more global
information, taking an ‘average thickness’ over the whole set. As such, exploring and
understanding the relationships, similarities, and differences, between the Assouad
dimension and the other global dimensions is of high and increasing interest, and is
one of the themes of this thesis.

Definition 1.7.9 (Assouad dimension). Let (X , d) be a metric space and let Nr(F )
be the smallest number of sets with diameter less than or equal to r required to cover
F . The Assouad dimension of a non-empty subset F of X is given by

dimA F = inf

{
α
∣∣∣ there exists C > 0 such that,

for all 0 < r < R <∞, sup
x∈F

Nr
(
B(x,R) ∩ F

)
≤ C

(
R

r

)α }
.

Some authors include the existence of a global bound to R in the above definition,
i.e. they allow 0 < r < R < ρ for some uniform ρ. The reason for our definition
is to guarantee invariance of the Assouad dimension under specific types of maps,
for example the involution x 7→ x/|x|2 (x ∈ (0, 1)), see [Lu, Theorem A.10 (1)].
This clearly gives rise to a larger quantity, but for bounded sets F the two notions
are equivalent and in this thesis, as with most papers on fractal geometry, we only
consider bounded sets. We also note that the Assouad dimension can be defined in
a number of slightly different ways, but all leading to the same value. For example,
the function Nr(F ) can be replaced by the maximum size of an r-packing of the set
F , or the minimum number of closed cubes of side length r required to cover F .

We formalise a notion of ‘zooming in’ that gives rise to a structure called tangents,
which are useful to determine lower bounds to the Assouad dimension. We will use
them to prove that dimAM = 1, where M = {1/n | n ∈ N} ∪ {0}, as before.

1.7.5 Weak tangents

Weak tangents and their variants give a powerful technique for finding the Assouad
dimension of sets. We start by recalling the one-sided Hausdorff distance.

Definition 1.7.10. Let K1,K2 ⊆ Rd be non-empty and compact, and let [K]ε denote
the closure of the ε neighbourhood of K, we write dlH (K1,K2) for the left sided
Hausdorff distance between two sets K1 and K2, given by

dlH (K1,K2) = inf{ε ≥ 0 | K1 ⊆ [K2]ε}.
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Let dH denote the Hausdorff metric on the space of non-empty compact subsets
of Rd, defined by

dH(A,B) = inf
{
ε ≥ 0 : A ⊆ [B]ε and B ⊆ [A]ε

}
.

We now define very weak pseudo tangents, introduced by Angelevska and Troscheit
in [AT] a variant of weak tangents used in [Fr2, FHOR, MT].

Definition 1.7.11. Let E, Ê ⊆ Rd be compact. If there exists a sequence (Ti)i of
bi-Lipschitz maps on Rd such that

α−1
i |x− y| ≤ βi|Ti(x)− Ti(y)| ≤ αi|x− y|, (1.7.1)

for all x, y ∈ Rd, where 1 ≤ αi < α < ∞, for some α ∈ R and βi > 0, and if
dlH (Ê, Ti(E))→ 0 as i→∞, we call Ê a very weak pseudo tangent of E.

Example 1.7.12. Let M = {1/n | n ∈ N}∪{0} and let I = [0, 1]. Consider the maps
Ti = i · x. Clearly Ti are bi-Lipschitz and satisfy (1.7.1) for αi = 1 and βi = 1/i.
Now TiM = {i/n | n ∈ N}∪ {0} and so dlH (I, Ti(M)) = 1− i/(i+ 1)→ 0 as i→∞.
Therefore I is a very weak pseudo tangent to M .

We note that very weak tangents (convergence to 0 in Hausdorff metric) and weak
pseudo tangents (αi = 1 and left sided Hausdorff distance converges to 0) have been
introduced in Fraser [Fr2] and Fraser et al. [FHOR], respectively. Very weak pseudo
tangents are a generalisation of both of these types of tangents and we obtain the
same useful bound.

Lemma 1.7.13. Let Ê be a very weak pseudo tangent to some compact set E ⊂ Rd,
then dimA Ê ≤ dimAE.

We reproduce the proof in [AT] which closely follows the argument in [FHOR]
and [MT].

Proof. Set s = dimAE, then for all ε > 0, there exists constant Cε such that for all
0 < r < R,

sup
x∈E

Nr(B(x, r) ∩ E) ≤ Cε(R/r)s+ε.

Now Ti is a bi-Lipschitz map such that α ≤ αi ≤ α for some 0 < α ≤ α < ∞.
Therefore

sup
x∈E

Nr(B(x, r) ∩ TiE) ≤ Cε
(
αβiR

αβir

)s+ε
= C ′ε(R/r)

s+ε,

for some C ′ε > 0, independent of i. Choose i large enough such that

dlH (Ê, Ti(E)) < r.

Thus a minimal cover for Ti(E) can be extended to a cover of Ê by covering the
r-neighbourhood of every r-ball with cd balls of radius r. We have

sup
x∈E

Nr(B(x, r) ∩ Ê) ≤ cd sup
x∈E

Nr(B(x, r) ∩ Ti(E)) ≤ cdC ′ε(R/r)s+ε.

So dimA Ê ≤ s+ ε, and as ε was arbitrary the required conclusion follows.

We can therefore also conclude that dimAM ≥ dimA I = 1 and so dimAM = 1.
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1.8 Fractals revisited

We have now developed several notions of dimension and for totally bounded metric
spaces we have

dimH F ≤ dimBF ≤ dimBF ≤ dimA F.

These inequalities hold in general and for ‘nice’ sets like squares, cubes, Rd, etc.
these dimensions coincide with our intuitive idea of dimension. However, we cannot
hope for this equality to hold in general as our example showed. This motivates the
question:

Question 1.8.1. Under what conditions do the Hausdorff, packing, box-counting,
and Assouad dimensions of a set coincide?

Is there a general theorem for random sets that gives us details about the coinci-
dence of dimensions and information about their Hausdorff and packing measure?

We will discuss these two question during the course of this thesis. But first we
restrict our focus and look at specific examples of deterministic and random fractals
in the next chapter.





Chapter 2

Attractors of Iterated Function
Systems

Sets generated by iterated function systems (IFS) and Moran sets are the archetypal
fractal sets. The former class of sets was first introduced by Barnsley et al. [BD]
and received a lot of attention over the past decades and many generalisations have
been proposed with their random versions lying at the heart of this thesis. We
refer the reader to Käenmäki and Rossi [KR], and Holland and Zhang [HZ], and
references therein for a description of Moran sets and some of their dimension theoretic
properties.

In this chapter we define iterated function systems and their associated invariant
sets. We provide a brief survey of recent and classical results and proceed by stating
the three most common ways of generating random sets or attractors. This will set
the scene for the introduction of random graph directed systems in Chapter 3.

2.1 Deterministic Attractors

2.1.1 Iterated Function Systems

An iterated function system (IFS) is a set of mappings I = {fi}i∈I , with associated
attractor F that satisfies

F =
⋃
i∈I

fi(F ). (2.1.1)

If I is a finite index set and each fi : Rd → Rd is a contraction, then there exists a
unique compact and non-empty set F in the family of compact subsets K(Rd) that
satisfies this invariance, see Hutchinson [Hu]. Let dH be the Hausdorff metric. Note
that (K(Rd), dH ) is itself a complete metric space and the IFS can be considered as
a map from compact sets to compact sets. Using the assumptions above, the IFS
I : K(Rd) → K(Rd) is a contraction and, using Banach’s Fixed Point Theorem, the
map has a unique fixed point in the sets of non-empty compact sets, the attractor F .

These assumptions are however still insufficient to give concrete and meaningful
dimensional results for IFS attractors and further assumptions on these maps are
imposed. If one considers only similitudes, i.e. |f(y) − f(x)| = ci|y − x|, where
ci ∈ (0, 1) is the Lipschitz constant (contraction rate) of fi, the attractors are called
self-similar sets. If they are of the form fi(x) = Aix + vi, for x,vi ∈ Rd and non-
singular matrices Ai ∈ Rd×d with ‖Ai‖ < 1 we call the attractor and the associated
IFS self-affine. Finally, let O ⊆ Rd be open and let fi : O → Rd be a strictly
contracting diffeomorphism with Hölder continuous derivative that preserves angles,
equivalently |f ′(x)y| = |f ′(x)||y| for all x, y ∈ O. Then we call the attractor and
associated IFS self-conformal.

Of particular interest are the dimensional properties of these attractors, with the
Hausdorff, packing, and upper and lower box-counting dimension being the main
candidates for investigation. We also consider the Assouad dimension in this thesis.

19



20 CHAPTER 2. ATTRACTORS OF ITERATED FUNCTION SYSTEMS

2.1.2 Separation conditions

Definition 2.1.1 (strong separation condition (SSC)). Let I = {fi}i∈Λ be a finite
IFS consisting of contractive maps with associated attractor F . Then I satisfies the
strong separation condition (SSC) if

fi(F ) ∩ fj(F ) 6= ∅ =⇒ i = j.

The finiteness of the IFS and the compactness of F implies that there exists ε > 0
such that dH(fi(F ), fj(F )) > ε for i 6= j. So, if a set satisfies the strong separation
condition, the first level images are separated by an uniform ‘gap’.

Many results that hold for the SSC also hold for a weaker condition, called the
open set condition (OSC).

Definition 2.1.2 (open set condition – OSC). Let I = {fi}i∈Λ be a finite IFS con-
sisting of contractive maps with associated attractor F . The IFS I satisfies the open
set condition (OSC) if there exists an open set O such that fi(O) ⊆ O for all i ∈ Λ
and fi(O) ∩ fj(O) = ∅ whenever i 6= j.

Note that first level images are no longer separated by a gap, but any overlaps
must be points in ∂O, the boundary of O.

The last deterministic separation condition we mention is the weak separation
property (WSP). It was introduced by Lau and Ngai [LN] with one important alter-
native characterisation due to Zerner [Z]. Let

E = {f−1
v ◦ fw : v, w ∈ Λ∗, v 6= w},

where fε0 is the identity and we only consider the functions’ restriction to an open
neighbourhood [F ]ε. We equip E , a subset of all bounded functions from [F ]ε to Rd
with the supremum norm ‖.‖∞.

Definition 2.1.3 (weak separation property (WSP)). We say that I satisfies the
weak separation property (WSP) if the identity is not a cluster point of E,

Id /∈ E \ Id.

Interestingly, for iterated function systems with similarities, the open set condition
is equivalent to Id /∈ E .

Remark. We note that this definition has only been shown to be equivalent to the
WSP in the sense of Lau and Ngai for self-similar attractors of Rd, see Zerner [Z],
and self-conformal sets in R, see Angelevska and Troscheit [AT]. The formulation by
Zerner did not restrict the functions to a bounded interval and instead considered E
as a subset of the space of all similarities S(Rd,Rd), endowed with the topology T of
pointwise convergence. Convergence in the topological space (S(Rd,Rd),T ) and con-
vergence in the Banach space (C([0, 1]d,Rd), ‖.‖∞) are equivalent for similarities and
our definition of the WSP coincides with the original definition by Lau and Ngai [LN]
for self-similar IFSs but also extends to self-conformal IFSs in R.

We end this section by stating that these conditions are progressively weaker, i.e.

SSC =⇒ OSC =⇒ WSP.

2.1.3 Self-similar sets

Recall the definition of self-similarity.
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Definition 2.1.4. A set F ⊂ Rd is self-similar if there exists a finite IFS I = {fi}i∈Λ

such that, for all i ∈ Λ, there exist contraction ratios ci ∈ (0, 1), orthogonal d × d
matrices Ai ∈Md×d(R), and translation vectors vi ∈ Rd so that

fi(x) = ciAi(x) + vi.

Famous examples include the middle third Cantor set, the Sierpiński triangle, the
von Koch curve, and the Menger sponge mentioned earlier.

It is a straightforward calculation, assuming the OSC, that the Hausdorff, box-
counting and Assouad dimensions coincide with the similarity dimension. The simi-
larity dimension is the unique s ∈ R+

0 satisfying the Hutchinson-Moran formula∑
i∈I

csi = 1, (2.1.2)

see [Hu], [Mo]. In fact the OSC is not the weakest condition that implies coincidence
of Hausdorff and Assouad dimension. The appropriate separation condition here is
the weak separation property (WSP), see Fraser et al. [FHOR], Käenmäki and Rossi
[KR], and Chapter 6.

One interesting result is that for self-similar (and, more generally, self-conformal)
sets the Hausdorff dimension equals the upper box-counting dimension irrespective of
separation conditions, and therefore the Hausdorff, packing and box-counting dimen-
sions coincide. This follows from the implicit theorems we will discuss in Section 2.4,
see also Falconer [F3]. The Assouad dimension however can jump up if the WSP
is not satisfied. For self-similar and self-conformal attractors F ⊂ R the Assouad
dimension is then always equal to 1, see Fraser et al. [FHOR] and Angelevska and
Troscheit [AT].

2.1.4 Self-affine sets

So far, all sets generated by iterated function systems we have seen seem to have
the ‘nice’ property that many notions of dimension coincide. However, it does not
take much effort to break the equality of Hausdorff and box-counting dimension. Let
2 ≤ n < m < ∞ and partition the unit square into nm rectangles of width 1/n and
height 1/m. Let D be the collection of all such rectangles and let D′ ⊆ D be non-
empty. Consider the maps fd which map the unit square onto the rectangle d ∈ D,
preserving orientation. Apart from some exceptions (e.g. when D′ = D) the attractor
associated with {fd}d∈D′ is not self-similar. These attractors are called Bedford-
McMullen sets (or carpets) and have been studied in great detail, see Bedford [Be],
McMullen [Mc], and [F5] for a recent survey. In general their Hausdorff and box-
counting dimension differ.

Definition 2.1.5. A set F is called a self-affine set if there exists a finite IFS I =
{fi}i∈Λ such that there exist vi ∈ Rd and non-singular matrices Ai ∈ Rd×d with
‖Ai‖ < 1 so that

fi(x) = Aix+ vi.

If d = 2 and the Ai preserve the coordinate axes, we call the attractor a self-affine
carpet.

Falconer [F2] showed that for almost all (with respect to the translation vector)
self-affine sets the Hausdorff and box-counting dimension coincide with the affinity
dimension. However, for some Bedford-McMullen carpets the Hausdorff dimension is
strictly less than its affinity dimension. This phenomenon is known as a dimension
drop.

Further generalisations of Bedford-McMullen carpets have been considered and
we refer the reader to a comprehensive survey by Falconer [F5]. We will just briefly
mention some of the deterministic examples that succeeded the self-affine carpets by
Bedford [Be] and McMullen [Mc], see Figure 2.1 (left-most). These extensions were
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Figure 2.1: From left to right: Bedford-McMullen carpet (left), Feng-Wang carpet
(middle) and Fraser carpet (right) showing the difference in the introduction of just
one map with rotations.

by Lalley and Gatzouras [LG] who required a grid pattern along the axis of least
contraction of rectangles, and Barański [B] and a grid pattern in both axes (but no
restriction on which contracts more). Feng and Wang [FW] extended the analysis to
random carpets that map the square onto non-overlapping rectangles, such that the
matrix determining the contraction is diagonal. Fraser [Fr1], [Fr4] extended the class
to self-affine carpets with IFSs mapping the unit square onto rectangles such that any
horizontal or vertical lines get mapped to horizontal or vertical lines, see Figure 2.1.
Random analogues of these latter carpets will be treated in Chapter 4.

2.1.5 Graph directed iterated function systems

Graph directed systems are a natural extension of the IFS construction that simul-
taneously describes a finite collection of sets. A directed multi-graph is a finite set
of vertices with a finite set of directed edges with no restrictions but that the edges
start and end at a vertex in the graph. Given a directed multi-graph Γ = (V,E) with
finitely many vertices V and edges E, we consider a collection of sets {Ki}i∈V . We
say that Γ is strongly connected if there exists a path from every vertex v ∈ V to any
other w ∈ V . Let Ev w be the set of edges from v to w, we associate a mapping fe
with every edge and the sets Ki are described by an invariance similar to (2.1.1):

Ki =
⋃
j∈V

⋃
e∈iEj

fe(Kj) for all i ∈ V. (2.1.3)

Assuming that the maps fe are contractions, then the sets Kv are compact and
uniquely determined by the graph directed iterated function system.

Note that IFS constructions are also graph directed constructions as these can be
modelled by a graph with a single vertex and an edge for every map in the IFS. It can
also be shown that there exist graph directed attractors that cannot be the attractors
of standard IFSs, see Boore and Falconer [BF]. If one further assumes that Γ is
strongly connected, then dimKi = dimKj for all i, j ∈ V , where dim refers to any of
the Hausdorff, packing, box-counting, and Assouad dimensions. Again, restricting the
maps to similarities or conformal contractions, the Hausdorff and upper box-counting
dimension coincide by the implicit theorems, see Chapter 5. For more details on graph
directed sets we refer the reader to [F4, Chapter 3] and [Bo] for a detailed treatment.

2.2 Random Models

All of these models have random analogues, which for standard IFS are either the
V -variable or the∞-variable construction where V ∈ N is a parameter indicating the
inhomogeneity at every construction step.



2.2. RANDOM MODELS 23

2.2.1 Random homogeneous, random recursive, and V -variable models

To explain the construction of sets with a Random Iterated Function System (RIFS)
one first has to note that the invariant set in (2.1.1) can also be obtained by iteration
of the maps of the IFS. Consider the IFS I as a self-map on compact subsets of Rd,
I : K(Rd) → K(Rd), with X 7→

⋃
f∈I f(X). Take a sufficiently large set ∆ ∈ K(Rd),

such that F ⊆ ∆, then F can be written as

F = lim
N→∞

N⋂
k=1

I(k)(∆).

For the random analogues of this construction we consider a (usually finite) collection
of Iterated Functions Systems L = {Ii}i∈Λ with index set that is usually a compact
subset Λ ⊂ Rk for some large k. Let µ be a Borel probability measure supported on
Λ. If Λ is finite we simply associate a probability πi ∈ (0, 1] to each i ∈ Λ, such that∑
πi = 1.

Definition 2.2.1 (Random iterated function system (RIFS)). A random iterated
function system (RIFS) (L, µ) is a collection of IFSs L = {Ii}i∈Λ each consisting
of a finite number of contraction maps together with an associated Borel probability
measure µ supported on Λ. If Λ is finite we write (L, ~π), where ~π = (π1, π2, . . . , π#L)
is a probability vector.

The 1-variable attractor (also known as random homogeneous attractor) associ-
ated with a RIFS (L, µ) is the limit set one obtains by choosing an IFS at the k-th
level independently from previous steps and according to µ (or the probability vector
~π). This choice of IFS depends only on the level and the attractor can be written as

F (ω) = lim
N→∞

N⋂
k=1

Iω1
◦ Iω2

◦ · · · ◦ IωN (∆)

with ω = (ω1, ω2, . . . ), ωi ∈ Λ, being the infinite sequence chosen according to µ or
~π.

The ∞-variable attractor of a RIFS (also referred to as the random recursive
constructions) differs in the non-uniform application of the same IFS at every level.
Choose ω(v) ∈ Λ independently, according to µ or ~π, for every v ∈ {1, 2, . . . }∗ = N∗.
We consider a tree rooted at (1) branching into a subbranch for every map in the
IFS chosen for node (1). Writing (1, 1), (1, 2), . . . , (1,#Iω((1))) for these nodes. For
each of these nodes we have an associated independently chosen IFS ω(v) and split
the branch up into as many subbranches as maps chosen in the parent node, see
Figure 2.3. We denote the resulting outcome of labelling the nodes by ω ∈ Λ(N∗) and
write Ii = {f1

i , . . . , f
Ni
i }, where Ni = #Ii. We set a recursion depth k and associate

a set with every node in the tree up to level k recursively,

F kv (ω) = f1
ω(v)(F

k
(v,1)) ∪ f

2
ω(v)(F

k
(v,2)) ∪ · · · ∪ f

Nω(v)

ω(v) (F k(v,Nω(v))
)

for all v such that |v| ≤ k. We set Fv(ω) = ∆ for all other nodes. For each k we start
the recursion at F k(1)(ω) and end at F kv (ω) = ∆, where |v| = |(1, v2, . . . , vk+1)| = k+1.
The ∞-variable, random recursive, attractor is then

F (ω) =

∞⋂
k=1

F k1 (ω).

Thus the attractor is the limit set obtained at node (1) by increasing the recursion
depth k.

Intuitively, one can consider the union of composite maps as a tree. In the random
homogeneous construction a single IFS is chosen for each level and applied to all
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branches in the level, whereas for the random recursive an IFS is chosen independently
according to the same distribution for every branch, see Figures 2.2 and 2.3.

In general these two approaches give different geometric properties, with V -
variable attractors introduced by Barnsley, Hutchinson and Stenflo [BHS1, BHS2,
BHS3] attempting to interpolate between them. Let Λ be finite, then N = maxi∈Λ #Ii
exists and is finite. Further assume that #Ii ≥ 1 for all i. Informally, a V -variable
set will have at most V different ‘patterns’ at every step in the construction. This
is achieved in the following way: Consider the vector ~Fk = {F 1

k , F
2
k , . . . , F

V
k } of sets

for k ∈ {0,−1,−2, . . . }. Again, we define recursively: Fix k and set F il = ∆ for all
l ≤ k and i ∈ {1, . . . , V }. For j > k we choose λi ∈ Λ independently according to ~π
for each i ∈ {1, . . . , V }. Then, for uniformly independently chosen ωn ∈ {1, . . . , V },

F ij = f1
λi(F

ω1
j−1) ∪ f2

λi(F
ω2
j−1) ∪ · · · ∪ f#Iλi

λi
(F

ω#Iλi
j−1 ).

Taking
⋂
k F

i
0 we get a family of V attractors, called the V -variable attractor. The

description of these last two models might seem complex, but in Chapter 3 we will
introduce a unifying notation with the intention to clarify their structure in terms of
a conveniently chosen coding space we call arrangements of words.

Originally V -variable attractors were introduced to ‘interpolate’ between random
homogeneous and random recursive attractors but we reserve a discussion of whether
V -variable attractors adequately do this for Chapter 5.

1

a1 a2 a3

a1A1 a1A2 a2A1 a2A2 a3A1 a3A2

I2

I1

I1...

...

Figure 2.2: Generation of a 1-variable Cantor set by the iterated function systems
I1 and I2. The IFS I1 consists of two maps contracting by A1 and A2, respectively,
whereas the IFS I2 consists of three maps contracting by a1, a2, and a3. For each
level the IFS is independently chosen and applied uniformly to all codings at that
level.

1

a1 a2 a3

a1A1 a1A2 a2a1 a2a2 a2a3 a3A1 a3A2

I2

I2I1 I1

...

...

Figure 2.3: Generation of an∞-variable Cantor set by applying the iterated function
systems I1 and I2 independently for every finite coding in the preceding level. The
IFS I1 consists of two maps contracting by A1 and A2, respectively, whereas the IFS
I2 consists of three maps contracting by a1, a2, and a3.
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Example 2.2.2. Figures 2.2 and 2.3 show the difference in construction of 1-variable
and ∞-variable sets. Both attractors are created by the same RIFS consisting of the
two IFSs I1 = {A1x, A2x+(1−A2)} and I2 = {a1x, a2x+1/2(1−a2), a3x+(1−a3)},
with ~π = {1/2, 1/2} but in the 1-variable construction the IFS chosen is uniform on
every level of the construction, whereas the ∞-variable attractor is not subject to this
restriction. The Hausdorff dimension of both of these attractors can be calculated to
be almost surely dimH F1-var = 0.721057 and dimH F∞-var = 0.724952 (both to 6 s.f.),
see below.

2.2.2 Random separation conditions & self-similar random sets

Perhaps contrary to first impression, the independence in∞-variable attractors makes
them easier to analyse. We first define the random analogues of the strong separation
condition and the open set condition before stating basic results.

Definition 2.2.3. Let L = {Ii}i∈Λ be a (not necessarily finite) collection of IFSs.
The RIFS (L, µ) satisfies the uniform strong separation condition (USSC) if there
exists ε > 0 such that Ii satisfies the SSC with individual images separated by at least
ε for all i ∈ Λ.

Definition 2.2.4 (uniform open set condition (UOSC)). Let L = {Ii}i∈Λ be a (not
necessarily finite) collection of IFSs. Then (L, µ) satisfies the uniform open set con-
dition (UOSC) if there exists an open set O such that Ii satisfies the OSC with O for
all i ∈ Λ.

Assuming the UOSC, some natural assumptions on the IFSs and the measure µ
according to which Ii ∈ L is picked, we find that in the∞-variable case the Hausdorff
dimension is a.s. given by the unique s satisfying

E

 ∑
j∈Iω1

csj

 = 1,

see Falconer [F1], Mauldin and Williams [MW1], and Graf [G] whilst in the 1-variable
case it is a.s. the unique s satisfying

Egeo

 ∑
j∈Iω1

csj

 = 1, (2.2.1)

(see Hambly [H]) where the expectation is taken w.r.t. the measure µ. Further, it
has been observed that for the ∞-variable construction the Hausdorff and upper box
dimension coincide almost surely, see Liu and Wu [LW]. The latter result, and the
equality of Hausdorff and upper box-counting dimension for deterministic self-similar
attractors of Falconer [F3], are the main motivation for Chapter 3, where we prove
that the Hausdorff and upper box dimension coincide, independent of overlap, almost
surely. The almost sure existence of the box-counting dimension is then used in
Chapter 4 where we state dimension theoretic results for random box-like self-affine
sets.

Finally, we remark that in the V -variable and ∞-variable setting there must ex-
ist an almost sure Hausdorff, packing, lower box-counting, and upper box-counting
dimension. This arises from the fact that {dimF (ω) > α | ω ∈ Ω} is a tail-event and
thus the Kolmogorov 0-1 law implies the almost sure existence. However, this does
not imply the coincidence of any of the dimensions. Since these almost sure values
exist, we often refer to them by writing ess dimF (ω).

2.2.3 Random self-affine sets

Talking specifically about self-affine sets, several random variants have been con-
sidered. In his seminal work, Falconer [F2] considered deterministic self-affine sets
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generated from a single IFS with randomly chosen translation vectors and showed that
the Hausdorff dimension coincides almost surely (with respect to the chosen transla-
tion vectors) with the ‘affinity dimension’. The affinity dimension can be considered
the ‘best guess’ for the Hausdorff, packing and box-counting dimension of self-affine
sets and it is of major current interest to establish exactly when these notion do,
or do not, coincide. Jordan, Pollicott and Simon [JPS], and Jordan and Jurga [JJ]
studied limit sets with random perturbations of the translation (‘noise’) at every level
of the construction, recovering the same coincidence with the affinity dimension and
Bárány, Käenmäki and Koivusalo [BKK] recently showed that the same coincidence
holds if the contracting matrices were randomly chosen for fixed translation vectors.

However, the coincidence of Hausdorff and affinity dimension is not always guar-
anteed. Fraser and Shmerkin [FS] considered a Bedford-McMullen construction with
random translation vectors that keep the column structure intact. Under these con-
ditions they showed that the Hausdorff dimension is strictly less than the affinity
dimension, an observation known as a ‘dimension drop’.

A 1-variable (homogeneously random) version of Bedford-McMullen carpets was
considered by Gui and Li [GL1]. Here an n × m subdivision of the unit square is
fixed and the random iterated function system is created by assigning a probability
to all possible collections of rectangles (possibly 0) such that the probabilities add
up to 1. The authors found that in this setting the almost sure Hausdorff and box-
counting dimension equals the mean of the dimensions of the individual deterministic
attractors. We will show in Corollary 4.3.8 that this holds in a more general setting for
the box-counting dimension. However, when choosing more general set ups, e.g. by
simply choosing different subdivisions ni and mi for the Bedford-McMullen type IFSs,
the almost sure box-counting dimension is no longer the mean of the box-counting
dimensions of the individual deterministic attractors.

In a later article, Gui and Li [GL2] were looking at a similar 1-variable set up that
allowed the subdivisions to vary at different steps in the construction determining
the Hausdorff and box-counting dimension as well as sufficient conditions for positive
Hausdorff measure. Luzia [Luz] considered a 1-variable construction of self-affine
sets of Lalley-Gatzouras type and determined the Hausdorff dimension of these. At
this point we refer the reader also to Rams [R] which gave a more general approach
for determining the Hausdorff dimension for these 1-variable schemes. On the other
hand, Gatzouras and Lalley [GL] were interested in percolation of Bedford-McMullen
carpets, which are ∞-variable random IFS, also covered in Chapter 4.

Järvenpää et al. [JJKKSS, JJWW, JJLS] used a general model (code-tree fractals)
that overlaps somewhat with the∞-variable random model we consider in Chapter 4.
However they treat random translations in their construction and recover almost sure
coincidence with the affinity dimension, whereas we will fix a translation vector for
every realisation. In Chapter 4 we compute the box-counting and packing dimension
of random box-like sets without necessarily randomising the translation vectors and
thus our results can be used to determine conditions for which there is a ‘dimension
drop’ where Hausdorff and affinity dimension do not coincide almost surely.

2.3 Percolation

The last random method of generating sets that we mention is percolation. It can
roughly be divided into two families: Mandelbrot percolation and fractal percolation.
Note that some authors consider the terms to be synonymous, but we use ‘fractal
percolation’ in the sense of Falconer and Xiong [FJ1, FJ2] as we will describe below.

2.3.1 Mandelbrot percolation

Mandelbrot percolation, first appearing in the works of Mandelbrot in the 1970s as a
model for intermittent turbulence [Ma], is one of the most well studied and famous
examples of a random fractal and is defined as follows. Begin with the unit cube
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Q = [0, 1]d in Rd and fix an integer n ≥ 2 and a probability p ∈ (0, 1). Divide the
unit cube into a mesh of nd smaller compact cubes each having side lengths 1/n. Now
choose to keep each smaller cube independently with probability p. The result is a
compact collection of cubes, which we call Q1. Now repeat this process independently
with each surviving cube from the first iteration to form another collection of cubes
this time of side lengths 1/n2, which we denote by Q2. Repeating this process gives
a decreasing sequence of compact unions of increasingly smaller cubes, Qk. The
resulting random set, or Mandelbrot percolation, is defined as

F =
⋂
k∈N

Qk.

This construction has been studied intensively over the last 40 years, with many
interesting phenomena being observed. Initially, most work concerned the classical
question of ‘percolation’, namely, is there a positive probability that one face of Q
is connected by F to the opposite face? More recently, a lot of work has been done
on generic dimensional properties of F , orthogonal (and other) projections of F , and
slices of F . Rather than cite many papers we simply refer the reader to the recent
survey by Rams and Simon [RS]. Concerning the dimension of F , if p > 1/nd then
there is a positive probability that F is non-empty and conditioned on this occurring,
the Hausdorff and packing dimension of F are almost surely given by log(ndp)/ log n.

Figure 2.4: Mandelbrot percolation for p = 0.7 and p = 0.9 (n = 2, d = 2).

2.3.2 Fractal percolation

Fractal percolation, in the sense of Falconer and Xiong [FJ1, FJ2] is a generalisation
of Mandelbrot percolation. Instead of subdividing a d-dimensional cube we start
by considering a deterministic set obtained from an iterated function system I =
{f1, . . . , fN}. An obvious way of addressing each set in its construction is by coding
each n-fold composition of maps by a word w ∈ {1, . . . , N}∗. Note that this can
be represented as a tree with subbranches (w, 1), (w, 2) . . . , (w,N). We can now
percolate this tree and decide for every node with probability p whether we intend
to keep the subbranches or not. With this process we obtain a subset of the original
deterministic attractor and one can ask properties about this set, e.g. its dimension
theoretic properties, connectedness, etc.. We note that fractal percolation is contained
in the class of random recursive constructions if one allows for an IFS to be empty,
which indicates that the subbranch will be deleted. See Figure 2.5 for an example of
fractal percolation on a deterministic self-affine set.

2.4 The implicit theorems

The implicit theorems find their origins in a 1989 article by Falconer [F3] (see also [F4,
Theorems 3.1 and 3.2]). They give us information about several of the dimensions
introduced earlier without explicitly stating an expression for the dimension.
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Figure 2.5: Random fractal percolation on a Bedford-McMullen carpet with extinc-
tion probability p = 0.8.

Theorem 2.4.1 (Falconer [F3]). Let F be a non-empty compact subset of Rd and let
a > 0 and r0 > 0. Write s = dimH F and suppose that for every set U that intersects
F such that |U | < r0 there is a mapping g : U ∩ F → F with

a|x− y| ≤ |U | · |g(x)− g(y)|

for every x, y ∈ U ∩ F . Then, H s(F ) ≥ as > 0 and dimBF = dimH F .

Heuristically, this means that if every small enough piece of a set F can be em-
bedded into the entire set F without ‘too much distortion’, the Hausdorff measure
is positive (for the right exponent) and Hausdorff, packing, and box-counting dimen-
sions coincide.

Theorem 2.4.2 (Falconer [F3]). Let F be a non-empty compact subset of Rd and let
a > 0 and r0 > 0. Write s = dimH F and suppose that for every closed ball B with
centre in F and radius r < r0 there exists a map g : F → B ∩ F satisfying

ar|x− y| ≤ |g(x)− g(y)|

for all x, y ∈ F . Then H s(F ) ≤ 4sa−s <∞ and dimBF = dimH F .

Similarly, the intuitive picture here is that every ball centred in F contains a not
too small and not too distorted copy of the entire set F . As mentioned above, this
implies that self-similar and self-conformal attractors have finite Hausdorff measure
and Hausdorff, packing and box-counting dimensions coincide. This is, at least in
part, the motivation for proving the equality of Hausdorff and box-counting dimension
for 1-variable and ∞-variable self-similar random graph directed constructions we
will introduce in Chapter 3. Clearly the distortion condition is important as affine
contractions can allow Hausdorff and box-counting dimension to differ, something
that we will see again in Chapter 4 for the random setting. In fact, it is not even
clear whether the box-counting dimension of self-affine attractors exists. However,
these notions of dimension do coincide in many random cases. In particular, the
box-counting dimension often coincides with the Hausdorff and affinity dimension.

The results in Chapter 3 as well as many other papers on random self-similar sets,
like percolation, random cut-out sets and geometric martingales, see [SS], suggest
that there might be a random version of the implicit theorems above. In particular,
we would hope that these implicit theorems tell us something about the Hausdorff
measure of the random set in question. However, it turns out that there cannot be
a statement as strong as Theorems 2.4.1 and 2.4.2. The first observation to make
is that the Hausdorff measure for reasonable random systems is 0 and we have to
investigate the sets in closer detail using gauge functions in Chapter 5.



Chapter 3

Random Graph Directed Iterated
Function Systems

3.1 Introduction

Having introduced graph directed attractors, there is, of course, the natural question
of a random analogue. The usual model for this considers a fixed directed multi-graph,
where for each edge we associate a family of maps with a probability measure and
choose a map in a recursive fashion according to this probability measure. This model
and its multifractal formalism was extensively studied in Olsen [O1] and we refer to
this book and the references contained therein. Here we develop a different natural
model that arises in the study of sets with orthogonal projections more complicated
than simple self-similar IFSs, in particular the model studied by Troscheit in [T2],
the basis of Chapter 4.

Instead of one fixed graph, we consider a finite collection of graphs with an as-
sociated probability vector. We consider a 1-variable random graph directed system
(RGDS) and then a ∞-variable RGDS, where instead of the maps, the graphs and
hence the relations between vertex sets changes in a random fashion, see also Roy
and Urbański [RU] for a similar approach1 in the 1-variable setting.

One example of sets whose projections fail to be self-similar RIFS but are random
graph directed attractors in our sense, are the V -variable extensions of self-affine
carpets in the sense of Fraser [Fr1]. Failure here is caused by the non-trivial rotations
and the projections cannot be described by the standard RIFS model but can be by
the RGDS proposed here, see [T2] or Chapter 4.

Notice that many standard random models can be recovered by setting up the
RGDS in the right way. Choosing graphs with a single vertex allows the RGDS set-
up to be used to analyse 1-variable and random recursive attractors. The class of
V -variable attractors are specific 1-variable RGDS in our sense, where one chooses a
vertex set with V vertices and the randomly chosen graphs Γi with edges and prob-
abilities appropriately. Results about several other standard models can be deduced
from our main theorems, see Corollary 3.2.4. It is a quick calculation to show that
V -variable constructions satisfy all conditions in Definition 3.2.9 and one can reduce
the V -variable randomness to the simpler 1-variable RGDA construction treated here.
The model developed here can be further generalised to V -variable RGDS and higher
order random graph directed systems but we will not deal with the additional com-
plexity of these constructions. We also remark that in the ∞-variable case we are
allowed to have paths that can become extinct, so choosing the graphs and maps
appropriately our model specialises to fractal and Mandelbrot percolation.

The content of this chapter is based on On the dimensions of attractors of random self-similar
graph directed iterated function systems and will appear in Journal of Fractal Geometry, see [T1].

1We note that we were originally unaware of the work in [RU], but we are dealing with the
removal of separation conditions that were not considered by the aforementioned authors.

29
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We give basic notation, define the model and give our main results for 1-variable
RGDS in Section 3.2. Section 3.3 contains our ∞-variable results and proofs are
contained in Section 3.4.

3.2 Notation and preliminaries for 1-variable RGDS

Let Γ = {Γi}i∈Λ be a finite collection of graphs Γi = Γ(i) = (V (i), E(i)) indexed
by Λ = {1, . . . , n}, each with the same number of vertices. For simplicity we will
assume that they share the same set of vertices V (i) = V . The set E(i) is the set
of all directed edges and we write Ev w(i) to denote the edges from v ∈ V to w ∈ V .
We write Ew(i) =

⋃
v∈V Ev w(i) and Ev (i) =

⋃
w∈V Ev w(i) for i ∈ Λ. For all edges e

we write ι(e) and τ(e) to refer to initial and terminal vertex, respectively. The set of
all infinite strings with entries in Λ we denote by Ω = ΛN, whereas all finite strings
of length k are given by Λk, and the set of all finite strings is Λ∗ =

⋃
k∈N Λk. For

w ∈ Λ∗ we define as before the w-cylinder [w] = {ω ∈ Ω | ωi = wi for 1 ≤ i ≤ |w|}.
We use the standard metric d(x, y) = 2−|x∧y| on Ω and denote by P the Bernoulli
measure on Ω associated to probability vector ~π = {π1, π2, . . . , πn}.

Given a collection of graphs Γ we are now interested in the attractor of two
associated random processes. We first describe the 1-variable case. For v ∈ V , we
define the random attractor Kv for v ∈ V in terms of paths on the randomly chosen
graphs. Let Ekv u(ω) be the set of all paths of length k consisting of edges starting at
v and ending at u and traversing through the graph Γωq at step q, that is

Ekv u(ω) = {e = (e1, e2, . . . , ek) | ι(e1) = v, τ(ek) = u, ι(el+1) = τ(el)

for 1 ≤ l ≤ k − 1 and ei ∈ E(ωi)}.

To each edge e ∈ {e ∈ E(i) | i ∈ Λ} we associate a strictly contracting self-map
Se : Rd → Rd and choose a compact seed set ∆ ∈ K(Rd) such that ∆ = int ∆ and
Se(∆) ⊂ ∆ for all e ∈ E(i) and i ∈ Λ. In this notation we have

Kv(ω) =

∞⋂
l=1

⋃
u∈V

⋃
e∈ Elv u(ω)

Se(∆),

where Se = Se1 ◦Se2 ◦. . .◦Se|e| . The set Kv(ω) is well-defined for every ω and v and it
is a simple application of Banach’s fixed point theorem to show that Kv(ω) is compact
and non-empty. Even though this holds for all collections of contracting maps, we
restrict our attention to similarities, i.e. maps such that |Se(x) − Se(y)| = ce|x − y|
for some 0 < ce < 1 and all x, y ∈ Rd.

In many places we describe our results in terms of a structure that is an infinite
matrix over finite matrices with (semi-)ring element entries. Let Mn×n(R) be the
vector space of all n×n matrices with real entries andMn×n(R+

0 ) the set of all n×n
matrices with non-negative entries. We also consider the set of square matrices with
entries that are finite non-negative matrices

Mk,n =Mk×k(Mn×n(R+
0 )),

and the (vector) space of countably infinite, upper triangular matrices with entries
that are finite real-valued matrices

M∗N,n =MN×N(Mn×n(R)),

such that for every M ∈M∗N,n the number of row entries that are not the zero matrix
is uniformly bounded and

sup
j∈N

∞∑
i=0

‖Mi,j‖row <∞, (3.2.1)
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where ‖.‖row is the matrix norm, see below. It can be checked that M∗N,n is a vector
space and we consider the subset consisting of non-negative entries

MN,n =MN×N(Mn×n(R+
0 )) ⊂M∗N,n.

We note that the only infinite matrices we are considering are upper triangular.
Further, while the sets Mk,n and MN,n are not vector spaces per se, they are subsets
of vector spaces that are closed under multiplication and addition. We define the
following norms and seminorms.

Definition 3.2.1. Let M ∈Mn×n(R), we define

‖M‖row = max
i

∑
j

|Mi,j |

‖M‖1 =
∑
i

∑
j

|Mi,j |

which can easily seen to be (equivalent) norms. For M∗ ∈M∗N,n, the space of infinite
matrices consisting of matrix entries with real entries, such that only finitely many
matrices in each row are not 0 (the n×n zero matrix) and the norm of each row sum
is uniformly bounded, we define the norm

|||M∗|||sup = sup
i∗∈N

∞∑
j∗=1

‖(M∗)i∗,j∗‖row.

Furthermore we define two seminorms. The first |||1 . ||| is given by (3.2.2) and defined
on the same space M∗N,n of infinite matrices with real-valued matrix entries such that
the number of non-zero matrix entries is uniformly bounded above and (3.2.1) is
satisfied. The second seminorm |||1l . |||(1,1), given by (3.2.3), is defined on the space
of l by l matrices with n by n real matrix entries. We slightly abuse notation here and
concisely write ‖v‖s, where v is a vector with matrix entries, to mean the matrix sum
of all, possibly infinite, vector entries. Here 1 = {1,0,0, . . . } is an infinite vector and
1l is the vector of dimension l satisfying 1l = {1,0,0, . . . ,0}, where 1 is the n × n
identity matrix.

|||1M ||| = ‖‖1M‖s‖row =

∥∥∥∥∥
∞∑
k=1

(1M)k

∥∥∥∥∥
row

(3.2.2)

|||1lM |||(1,1) = ‖‖1lM‖s‖1 =
∑

i,j∈{1,...,n}

l∑
k=1

((1lM)k)i,j (3.2.3)

Before we introduce further necessary notation we refer the reader to two impor-
tant corollaries of our more general results. First, in Corollary 3.2.24 we state the
almost sure Hausdorff dimension of our 1-variable random graph directed systems,
assuming the uniform strong separation condition. The quantity pt1(ω, 1) referred to
in (3.2.8) is simply the Hutchinson-Moran matrix for the graph-directed iterated func-
tion system associated with Γ(ω1). Furthermore Corollary 3.2.4 states that for self-
similar 1-variable sets, and even V -variable sets in the sense of Barnsley et al. [BHS2],
we must have dimH Fω = dimB Fω for almost every ω ∈ Ω.

3.2.1 Arrangements of words

To describe the cylinders and points in the attractor of iterated function systems
and graph directed systems, one uses a natural coding. In this section we give a
more abstract way of manipulating words that will become useful in describing the
construction in random systems. We introduce two binary operations t and � that
take over the rôles of set union and concatenation, respectively, to manipulate strings
in a meaningful way.
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Definition 3.2.2. Let GE be a finite alphabet, which in this chapter is the set of
letters identifying the edges of the graphs Γi, i.e. GE = {e | e ∈ E(i) and i ∈ Λ}. We
define the prime arrangements G to be the set of symbols G = {∅, ε0} ∪ GE.

Define i� to be the free monoid with generators GE and identity (empty word)
ε0, and define it to be the free commutative monoid with generators i� and identity
∅. We define � to be left and right multiplicative over t, and ∅ to annihilate with
respect to �. That is, given an element e of i�, we get e � ∅ = ∅ � e = ∅. We
define i∗ be the set of all finite combinations of elements of G and operations t and
�. Using distributivity i = (i∗,t,�) is the non-commutative free semi-ring with
‘addition’ t and ‘multiplication’ � and generator GE and we will call i the semiring
of arrangements of words and refer to elements of i∗ as (finite) arrangements of
words.

We adopt the convention to ‘multiply out’ arrangements of words and write them
as elements of i�. Furthermore we omit brackets, where appropriate, replace � by
concatenation to simplify notation, and for arrangements of words φ write ϕ ∈ φ to
refer to the maximal subarrangements ϕ that do not contain t and are thus elements
of ϕ ∈ i�.

Example 3.2.3. Let GE = {0, 1}. The set of prime arrangements is then {∅, ε0, 0, 1}
and the elements of the semiring i∗ are all possible concatenations � and unions t,
e.g.

1� 0 t 1 = 10 t 1, (110 t 101 t ε0)� 1 = 1101 t 1011 t 1, ∅� (10 t 101) = ∅, . . .

The usefulness of the description above is that i∗ is ring isomorphic to the set of
all cylinders with set union and concatenation as the binary operations and we can
use � and t to describe collections of cylinders. For example the set containing all
cylinders of length k can be identified with the arrangement of words (0 t 1)k.

We can now use the algebraic structure above to give descriptions of 1-variable
RIFS.

Example 3.2.4. Consider the simple setting of just two Iterated Functions Systems
L = {I1, I2} that are picked at random according to probability vector ~π = {π1, π2},
πi > 0. Let φi = ai1 t · · · t ain, where aij are the letters in the alphabet associated with
IFS Ii. The arrangement of words describing the cylinders of length k with realisation
ω is then simply

φω1
� φω2

� · · · � φωk .

An arrangement of words is nothing more than a formalisation of the standard
alphabet one uses to describe words, where � is concatenation of letters and t is
the union of several letters. Before we can apply this construction to our RGDS we
need to extend this concept to the natural analogue of matrix multiplication × and
addition, which we also refer to as t.

Definition 3.2.5. Let M and N be square n×n matrices and v = {v1, . . . , vn} be a
n-vector with entries being arrangements of words. We define matrix multiplication
in the natural way,

(M×N)i,j =

n⊔
k=1

(Mi,k �Nk,j), (M tN)i,j = Mi,j tNi,j ,

(v ×M)i =

n⊔
k=1

(vk �Mk,i).

We extend this to multiplication of countable (finite or infinite) square matrices
with matrix entries.
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v1 v2
e1 e4

e3

e2

Figure 3.1: Graph used in Example 3.2.7

Definition 3.2.6. Let M∗ and N∗ be elements of Mk,k(Mn,n((i∗)) and v∗ ∈
(Mn,n((i∗))k, where k ∈ N∪{N}. We define multiplication and addition by

(M∗ ×N∗)i,j =

k⊔
l=1

(M∗
i,l ×N∗l,j), (M∗ tN∗)i,j = M∗

i,j tN∗i,j ,

and

(v∗ ×M∗)i =

k⊔
l=1

(v∗l ×M∗
l,i).

For graph directed attractors we can now describe codes as arrangements of words
in matrix form. Recall that a graph directed attractor is a collection of sets which is
invariant under maps between them, see (2.1.3). The aim of codings in this setting is
to describe all paths in the graph and every point in the attractor corresponds to an
infinite such path. We apply arrangements of words to succinctly write and modify
such paths.

Example 3.2.7. Let Γ0 be the graph in Figure 3.1. We define

M0 =

(
∅ e1 t e3

e2 e4

)
.

All paths of length, say k = 2, are the arrangements contained in (M0)2 = M0 ×M0,
that is

(M0)2 =

(
e1e2 t e3e2 e1e4 t e3e4

e4e2 e2e1 t e2e3 t e4e4

)
,

where e.g. e2e1 t e2e3 t e4e4 represents nothing but the set of paths starting at vertex
v2 and ending at v2 of length 2.

Slightly more abstractly, we can now take multiple graphs and consider paths that
traverse edges of graph i at step i as the following example shows.

Example 3.2.8. Let Γ = {Γi}i∈Λ be a finite collection of graphs sharing vertex set
V . Define the matrix M(i) over arrangements of words by

(M(i))u,v =
⊔

e∈ Eu v(i)

e, u, v ∈ V.

Let ω ∈ ΛN. The arrangement of words describing all paths of length k starting at
v ∈ V , traversing through graph Γωi at step i, is then simply

v(v)M(ω1)M(ω2) . . .M(ωk), where (v(v))i =

{
ε0 if i = v,

∅ otherwise.

Thus the arrangement of words encode paths that in turn will be associated with
sets. The limits of these sets as we multiply more and more matrices are the ob-
ject under investigation and we will expand on them after increasing the level of
abstractivication one more level.
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3.2.2 Stopping graphs

We continue this section by introducing the notion of the ε-stopping graph. Before
we can do so we need some conditions on our graphs Γ.

Definition 3.2.9. Let Γ = {Γi}i∈Λ be a finite collection of graphs, sharing the same
vertex set V .

3.2.9.a We say that the collection Γ is a non-trivial collection of graphs if for every
i ∈ Λ and v ∈ V we have E(i)v 6= ∅. Furthermore we require that there
exist i, j ∈ Λ and e1 ∈ Γ(i) and e2 ∈ Γ(j) such that Se1 6= Se2 .

3.2.9.b If for every v, w ∈ V there exists ωv,w ∈ Λ∗ such that Ev w (ωv,w) 6= ∅ and
P([ωv,w]) > 0, we call Γ stochastically strongly connected.

3.2.9.c We call the Random Graph Directed System (RGDS) associated with Γ
a contracting self-similar RGDS if for every e ∈ E(i), Se is a contracting
similitude.

Condition 3.2.9.b implies that at each stage of the construction there is a positive
probability that one can travel from every vertex to every other in a finite number of
steps. As every map for every edge in Γ is a strict contraction the maximal similarity
coefficient cmax = max{ce | e ∈ E(i) and i ∈ Λ} satisfies cmax < 1. This gives us

that for every ε > 0 there exists a least kmax(ε) ∈ N such that c
kmax(ε)
max < ε and hence

every path e ∈ Ekmax(ε)(ω) has an associated contraction ce < ε. Therefore all paths
of length comparable with ε only depend, at most, on the first kmax(ε) letters of the
random word ω ∈ Ω and thus the set of ε-stopping graphs below is well defined.

Definition 3.2.10. Let Γ be a non-trivial, finite collection of graphs sharing vertex
set V , satisfying Condition 3.2.9.c. Let E∗(ω, ε) be the set of paths e, corresponding to
the realisation ω, such that Se is a contraction with similarity coefficient comparable
to ε:

E∗(ω, ε) =

e ∈
kmax(ε)⋃
k=1

Ek(ω) | ce ≤ ε for e = (e1, . . . , e|e|)

but ce‡ > ε for e‡ = (e1, . . . , e|e|−1)

 .

Now consider all possible subsets of these sets of edges E(ω, ε), such that the images
of ∆ are pairwise disjoint in each of the subsets

E(ω, ε) = {U ⊆ E∗(ω, ε) | for all e, f ∈ U we have Se(∆) ∩ Sf (∆) = ∅}.

As E(ω, ε), and every Ui ∈ E(ω, ε), has finite cardinality we can order {Ui} in de-
scending order, i.e. |Um| ≥ |Um+1|. Finally we define E(ω, ε) to be the first, and thus
maximal, element E(ω, ε) = U0.
The ε-stopping graph is then defined to be

Γε = {Γε(ω) | zi ∈ Λkmax(ε) and ω ∈ [zi]}, with Γε(ω) = (V,E(ω, ε)).

In fact it does not matter which ω ∈ [zi] is chosen as Γε(ω) only depends on, at
most, the first kmax(ε) letters.

By the arguments above it can easily be seen that the collection Γε is finite for
every ε > 0 and every edge of Γε is a finite path in Γ for the same ω. However
there may be some paths in Γ that are not edges of Γε for any ε, but for ε small
enough, eventually that path will be a prefix of an edge coding. Note that we consider
arrangements to be equivalent if their images under S coincide exactly. In this latter
case of exact overlaps we will keep only one of the two paths as they describe an
identical subset.
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Lemma 3.2.11. Let ω ∈ ΛN and let e = e1e2 . . . ek be a path such that τ(ei) = ι(ei+1)
for 1 ≤ i ≤ k− 1 and ei ∈ E(ωi) and Se is unique. Then there exists ε > 0 such that
the path e is the prefix of the label of an edge of Γεi for some i, i.e. ew ∈ E(ω, ε) for
some path w = w1w2 . . . wl, where τ(wi) = ι(wi+1) for 1 ≤ i ≤ l−1 and wi ∈ E(ωi+k).

Further, for every ω ∈ ΛN and ε the sets Γε and E(ω, ε) are finite.

We will be considering ε-stopping graphs derived from the original graph and show
that if Γ has ‘nice’ properties (it satisfies most assumptions in Definition 3.2.9), then
Γε also has these properties.

Lemma 3.2.12. Let Γ be a non-trivial collection of graphs that is stochastically
strongly connected. Then there exists ε′ > 0 such that Γε is a non-trivial collection
of stochastically strongly connected graphs for all 0 < ε ≤ ε′ and almost every ω ∈ Ω.

Proof. Assuming Γ is non-trivial implies that for every v ∈ V and i ∈ Λ there exists
at least one edge in Ev (i). However as the set E(ω, ε) is chosen by non-overlapping
images, for a path to be deleted there must be a second path, leaving at least one
path. Hence | Ev (ω, ε)| ≥ 1 for all v and ω, i.e. Γε is non-trivial.

To show that Γε is stochastically strongly connected we note that the only pos-
sibility for a path that existed in Γ but not in Γε is that it had been deleted due to
overlapping images. However if ε is chosen small enough then there will be a differ-
ent path that is being kept, unless all maps Se are identical. We however exclude
this trivial case (Condition 3.2.9.a) as the attractor of such a system would be a
singleton.

We can partition the paths in E(ω, ε) by initial and terminal vertex and path
length and write Ekv w(ω, ε) to refer to paths e of length k with 1 ≤ k ≤ kmax(ε),
ι(e) = v and τ(e) = w. The set E(ω, ε) then consists of collections of paths whose
images are disjoint under Se.

3.2.3 Infinite random matrices

Recall that we succinctly wrote the codings of RGDS by matrices over arrangements of
words in Example 3.2.8. We wish to use the stopping graphs we have just introduced
to describe a subset of the attractor associated to random graph directed systems.
However, we can no longer simply multiply simple matrices, as the paths depend on
where along the random process ω we are. We thus split up the paths in the graph
by length and starting realisation. Arranging them as infinite matrices with matrix
entries, we can follow the same approach of multiplying (infinite) matrices to get the
appropriate codings. Here we will describe these matrices.

Let ω ∈ Ω be a word chosen randomly according to the Bernoulli measure P
associated with the probability vector ~π, where πi > 0 for all i ∈ Λ and recall that
σ is the shift map on Ω. For all i ∈ {1, 2, . . . , l} let ti(ω) ∈ Mn×n(R+

0 ). Letting
t(ω) = {t1(ω), t2(ω), . . . , tl(ω)} we have a random vector with matrix valued entries.
Now define T(ω) ∈MN,n by

T(ω) =



t1(ω) 0 0 0 . . .

t2(ω) t1(σω) 0 0 . . .
... t2(σω) t1(σ2ω) 0 . . .

tl(ω)
... t2(σ2ω) t1(σ3ω)

. . .

0 tl(σω)
... t2(σ3ω)

0 0 tl(σ
2ω)

...
. . .

... 0 0 tl(σ
3ω)

...
...

...
...

. . .



>

.



36 CHAPTER 3. RANDOM GRAPH DIRECTED SYSTEMS

The transpose in the definition above is solely to represent T in a more readable
fashion. We also, as indicated in Definition 3.2.1, construct matrices consisting of
collections of words. For the 1-variable construction we need two different construc-
tions: a finite and an infinite version corresponding to the ε-stopping graph defined in
Definition 3.2.10. We only give the infinite construction here as it is needed to state
our main results. Since the finite version is only used in the proof of Theorem 3.2.21
we postpone its definition until then. Let Γε be given and consider the partition of
edges of Γε(i) into the sets Ekv w(ω, ε). We assign unique letters to each of the paths
of Γ that are now the edges of the graphs Γε. For V = {1, . . . , n}, let η be a n × n
matrix over arrangements of words that are collections of these letters representing
the edges. We let, for 1 ≤ q ≤ kmax(ε),

ηq(ω, ε) =



⊔
e∈( Eq1 1 (ω,ε)) e

⊔
e∈( Eq1 2 (ω,ε)) e . . .

⊔
e∈( Eq1 n(ω,ε)) e⊔

e∈( Eq2 1 (ω,ε)) e
. . .

...
...

. . .
...⊔

e∈( Eqn 1 (ω,ε)) e
⊔
e∈( Eqn 2 (ω,ε)) e . . .

⊔
e∈( Eqn n(ω,ε)) e


We also need to refer to the two elements corresponding to the identity and zero
matrix in this setting. Let 0∅ and 1ε0 be n× n matrices such that

(0∅)i,j = ∅ and (1ε0)i,j =

{
ε0 if i = j,

∅ otherwise.

Furthermore let η̂i(ω, ε) = {0∅, . . . ,0∅, η1(ω, ε), . . . ηkmax(ε)(ω, ε),0∅,0∅, . . . } that is
the edges in the partitions arranged by length of original paths and prefixed by i− 1
occurrences of 0∅. The matrix Hε(ω) has row entries given by the vectors η̂i(ω, ε),
in particular the kth row of Hε(ω) is η̂k(σk−1ω, ε) for k ≥ 0:

(Hε(ω))i,j = (η̂i(σi−1ω, ε))j .

We need the structure as described above to construct the words with the stop-
ping graph. The original attractors to Γ do not require this structure as words are
constructed by multiplying

η1(ω1, 1)η1(ω2, 1) . . . ηk−1(ωk−1, 1)

and then taking the union over each row, cf. Example 3.2.8. However, when taking
the ε-stopping graph for non-trivial ε we have the added complication that edges in
Γε arise from paths of potentially different lengths in Γ. This needs to be considered
when applying another edge as it does not only need to start with the correct vertex
(the terminal vertex of the previous edge), but also on the length of the equivalent
path in Γ such that the edges of the correct graph are applied, namely for an edge of
length k at iteration step i, the graph with realisation σk+i+1ω has to be used. Writing
this in terms of matrix notation makes sense as the row a word sits in relates to how
long the path was that created it, so that when multiplying with the next random
matrix, the correct graph Γi is applied. It can help to visualise this construction of
words in a layered iterative fashion, see Figure 3.2.3. Given ω ∈ Ω one starts with
the identity empty word matrix 1ε0 and applies the first set of matrices {ηi(ω)} to
it to get a collection of kmax(ε) entries (the second row in the figure). The next
row is obtained by applying {ηi(σω)} to the collection of words in the first entry,
{ηi(σ2ω)} to the second, etc., taking t unions when necessary. The kth entry of
the ith row corresponds to the collection of words (1ε0H

ε(ω) . . .Hε(σi−1ω))k, where
the vector 1ε0H

ε(ω) . . .Hε(σi−1ω) is the ith row for 1ε0 = {1ε0 ,0∅,0∅, . . .}. These
words encode a collection of disjoint cylinders that approximate a random attractor
‘from the inside out’.
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(1, 1)

(2, 2) (3, 2) (4, 2)

(3, 3) (4, 3) (5, 3) (6, 3) (7, 3)

(4, 4) (5, 4) (6, 4) (7, 4) (8, 5) (9, 5) (10, 5)

(5, 6) (6, 6) (7, 6) (8, 6) (9, 6) (10, 6) (11, 6) (12, 6) (13, 6)

(i0, k)

(i0, k
′) (i1, k

′) (i2, k
′)

η1(σi0−1ω, ε)
η2(σi0−1ω, ε)

η3(σi0−1ω, ε)

Figure 3.2: Layered construction of words for kmax(ε) = 3.

The last construction we require is a generalisation of the Hutchinson-Moran sum
(see (2.1.2)) to this infinite setting. Let Rs, defined recursively, map matrices (or vec-
tors) with entries being matrices over arrangements of words into matrices (or vectors)
with entries being matrices over real valued, non-negative functions, preserving the
matrix (vector) structure.

ε0 7→ 1, ∅ 7→ 0, φ1 7→ csφ1
, φ1 t φ2 7→ csφ1

+ csφ2
,

φ1 � φ2 7→ csφ1
csφ2

= csφ1φ2
,

where cφ is the contraction ratio of the similitude Sφ. We define Ps
ε(ω) = Rs(Hε(ω)),

that is the matrix consisting of rows

psk(ω, ε) = {0, . . . ,0, ps1(ω, ε), . . . , psl (ω, ε),0, . . . },

(c.f. η̂i(ω, ε)) with

psq(ω, ε) =



∑
e∈( Eq1 1 (ω,ε)) c

s
e

∑
e∈( Eq1 2 )(ω,ε) c

s
e . . .

∑
e∈( Eq1 n(ω,ε)) c

s
e∑

e∈( Eq2 1 (ω,ε)) c
s
e

. . .
...

...
. . .

...∑
e∈( Eqn 1 (ω,ε)) c

s
e

∑
e∈( Eqn 2 (ω,ε)) c

s
e . . .

∑
e∈( Eqn n(ω,ε)) c

s
e

 . (3.2.4)

3.2.4 Results for 1-variable RGDS

Having established the basic notation, in this section we collate all the important
constructive lemmas and theorems. The proofs will be given in Section 3.4. We
begin by stating that the norm |||.|||sup and seminorm |||1.||| expand almost surely at
an exponential rate when multiplying the random matrices defined above; in other
words the Lyapunov exponent exists.

Lemma 3.2.13. For T as above we have that

lim
k→∞

∣∣∣∣∣∣T(ω)T(σω) . . .T(σk−2ω)T(σk−1ω)
∣∣∣∣∣∣1/k

sup
= α, (3.2.5)

where α = infk Egeo(
∣∣∣∣∣∣T(ω) . . .T(σk−1ω)

∣∣∣∣∣∣1/k
sup

), for almost every ω ∈ Ω. If we use

the seminorm defined in (3.2.2), almost surely,

lim
k→∞

∣∣∣∣∣∣1T(ω)T(σω) . . .T(σk−2ω)T(σk−1ω)
∣∣∣∣∣∣1/k = β, (3.2.6)
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where β ∈ [0,∞) and 1 = {1,0,0, . . .}. In particular,

β = inf
k

∣∣∣∣∣∣1T(ω) . . .T(σk−1ω)
∣∣∣∣∣∣1/k for a.e. ω.

We apply this result to the our RGDS setting and prove that the Lyapunov ex-
ponent is independent of the row of the resulting matrix, assuming Γε satisfies Con-
dition 3.2.9.b. We define the norm of matrix products in our setting.

Definition 3.2.14. Let ε > 0 and define

Ψk
ω(s, ε) =

∣∣∣∣∣∣1Ps
ε(ω)Ps

ε(σω) . . .Ps
ε(σ

k−1ω)
∣∣∣∣∣∣1/k and Ψω(s, ε) = lim

k→∞
Ψk
ω(s, ε).

We call Ψω(s, ε) the (s, ε)-pressure of realisation ω, if the limit exists, and we write
Ψ(s, ε) = Egeo Ψω(s, ε) for the (s, ε)-pressure.

We note at this point that the notion of pressure is usually applied to log Ψ.
However, in the 1-variable setting it is more natural to talk about Lyapunov exponents
and multiplicativity, rather than additivity, and we take the liberty to call these
quantities pressures, rather than the more appropriate ‘exponential of pressures’.

Lemma 3.2.15. Assume Γε, together with a non-trivial probability vector ~π, is a non-
trivial collection of graphs that satisfies Condition 3.2.9.b. The exponential expansion
rate of the norm of the matrix is identical to the expansion rate of each individual
row sum. We have, almost surely, for every v ∈ V and ε > 0

lim
k→∞

[∑
w∈V

(
‖1Ps

ε(ω)Ps
ε(σω) . . .Ps

ε(σ
k−1ω)‖s

)
v,w

]1/k

= Ψ(s, ε).

Lemma 3.2.16. For almost all ω we obtain Ψ(s, ε) = Ψω(s, ε). Furthermore Ψ(s, ε)
is monotonically decreasing in s and there exists a unique sH,ε such that

Ψ(sH,ε, ε) = 1.

For s = 0 the pressure function is counting the number of cylinders in the con-
struction. However, as we are considering a lower approximation consisting solely of
cylinders with diameter comparable to ε we can find the box counting dimension of
Kv(ω) by a supermultiplicative argument.

Theorem 3.2.17. Almost surely the box counting dimension of Kv(ω) exists, is
almost surely independent of v ∈ V , and given by

dimBKv(ω) = lim
δ→0

log Ψ(0, δ)

− log δ
= sup

ε>0

log Ψ(0, ε)

− log ε
. (3.2.7)

Using the construction given in Section 3.2.1 we define the ε-approximation to
our attractor. Note that this is not an ε-close set in the sense of Hausdorff distance,
but rather an attractor which satisfies the Uniform Strong Separation Condition
(USSC) and approximates the attractor from the ‘inside out’. Compare this to the
approximation of GDA by suitably chosen IFSs, see Farkas [Fa].

Definition 3.2.18. We say that a graph directed attractor satisfies the uniform strong
separation condition (USSC) if for every v ∈ V , Γk ∈ Γ, ω ∈ Ω and ei, ej ∈ Ev (k),

if Sei(Kv(ω)) ∩ Sej (Kv(ω)) 6= ∅ , then ei = ej .

Definition 3.2.19. The ε-approximation attractor Kv,ε(ω) of Kv(ω) is defined to
be the unique compact set that is the limit of words in the ε-stopping graph Γε:

Kv,ε(ω) =

∞⋂
i=1

⋃
e∈Ξiε(ω)
ι(e)=v

Se(∆),where Ξiε(ω) =
⊔
1ε0H

ε(ω)Hε(σω) . . .Hε(σi−1ω).
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These sets are easily seen to be subsets of Kv(ω).

Lemma 3.2.20. For every ε > 0 and ω ∈ Ω we have Kv,ε(ω) ⊆ Kv(ω). If Kv(ω)
satisfies the USSC, then Kv,ε(ω) = Kv(ω).

Proof. Note that points in the attractor of Kv,ε(ω) have (unique) coding given by
edges of graphs Γεi in E(ω, ε). To prove the first claim we observe that for every
symbol ei in the coding of x = (e1, e2, . . . ) ∈ Kv,ε(ω) we have an equivalent path
travelling through Γ. Starting at the first edge we have e1 ∈ Eq1(ω, ε) for some
q1. This means that e1 = ê1

1ê
1
2 . . . ê

1
q1 for ê1

j ∈ E(ωj) such that τ(êj) = ι(êj+1).

Furthermore e2 ∈ Eq2(σq1ω, ε) and so e2 = ê2
1ê

2
2 . . . ê

2
q2 for ê2

j ∈ E((σq1ω)j) for a
similarly linked sequence of edges. Inductively we can replace every edge in x by a
finite path in the appropriate manner, giving a coding of a point in Kv(ω) and thus
Kv,ε(ω) ⊆ Kv(ω).

Now assume that the maps of Γ satisfy the USSC; for all v ∈ V and i ∈ Λ,
every e1, e2 ∈ Ev (i) satisfy Se1(Kτ(e1)(ω)) ∩ Se2(Kτ(e2)(ω)) = ∅. But then for all
j ∈ Λ, e11 ∈ Ew1

(j) and e21 ∈ Ew2
(j), where w1 = τ(e1) and w2 = τ(e2), we have

Se1e11
(Kτ(e11)(ω)) ∩ Se2e21

(Kτ(e21)(ω)) = ∅. Inductively none of the compositions
overlap. But this means that every path traversing through Γ must also have an
equivalent path traversing through Γε as no paths get deleted due to the non-existent
overlaps. Hence, assuming the USSC, Kv(ω) ⊆ Kv,ε(ω).

Having established the almost sure box counting dimension we now consider the
Hausdorff dimensions of our approximation sets. These are given by the unique s
such that the pressure defined in (3.2.14) equals 1 and form a lower bound of the
Hausdorff dimension of Kv(ω).

Theorem 3.2.21. For all ε > 0 the almost sure Hausdorff dimension of Kv,ε(ω) is
independent of v ∈ V and

dimH Kv,ε(ω) = sH,ε where Ψ(sH,ε, ε) = 1,

where sH,ε is given by Lemma 3.2.16.

We get the following important corollary to Lemma 3.2.20 and Theorem 3.2.21.

Corollary 3.2.22. The Hausdorff dimension of the attractor of the 1-variable self-
similar RGDS is, almost surely, bounded below by sH,ε for all ε > 0

dimH Kv(ω) ≥ dimH Kv,ε(ω) = sH,ε.

Our main result is the almost sure equality of Hausdorff, box-counting and there-
fore also packing dimension, of Kv(ω) for all v ∈ V .

Theorem 3.2.23 (Main Theorem). Let Γ be a non-trivial, stochastically strongly
connected collection of graphs with associated self-similar attractors {Kv}v∈V . Then
sH,ε → sB as ε→ 0, where

sB = lim
ε→0

log Ψ(0, ε)

− log ε

and hence, almost surely,

dimH Kv(ω) = dimP Kv(ω) = dimBKv(ω) = sB ,

where sB is independent of v.

If the attractor of Γ satisfies the USSC we can in addition give an easy description
of the almost sure dimension of the attractor.
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Corollary 3.2.24. Assume the USSC is satisfied, then sH,ε = sB for all ε > 0, and,
almost surely,

dimH Kv(ω) = dimBKv(ω) = sO, where lim
k→∞

‖psO1 (ω, 1) . . . psO1 (σk−1ω, 1)‖1/k1 = 1.

(3.2.8)
Equivalently, sO is the unique non-negative real satisfying

inf
k

(Egeo‖psO1 (ω, 1) . . . psO1 (σk−1ω, 1)‖1)1/k = 1.

Because V -variable self-similar sets are 1-variable self-similar RGDS and under
the assumption that Γ satisfies the USSC, Corollary 3.2.24 reduces to the results in
Barnsley et al. [BHS3]. Additionally we get the following new result:

Corollary 3.2.25. Let F (ω) be the attractor of a V -variable random iterated function
system. Irrespective of overlaps, almost surely,

dimH F (ω) = dimBF (ω) = dimB F (ω).

This follows since the construction of a V -variable set relies on a vector of sets
of dimension V . Associating a vertex to each of these sets we can chose graphs
appropriately.

However, in contrast to all other dimensions, the Assouad dimension ‘maximises’
the dimension. This phenomenon has been observed in many different settings, which
is not surprising as the Assouad dimension ‘searches’ for the relatively most complex
part in the attractor and the random construction allows a very complex pattern to
arise on many levels with probability one, even though these events get ‘ignored’ by
the averaging behaviour of Hausdorff and box-counting dimension.

Definition 3.2.26. Let Γ be as above. We define the ε-joint spectral radius by

P(ε) = lim
k→∞

(
sup
ω∈Ω

{∣∣∣∣∣∣1P0
ε(ω)P0

ε(σ
1ω) . . .P0

ε(σ
k−1ω)

∣∣∣∣∣∣})1/k

.

We note that the spectral radius coincides for almost every ζ ∈ Ω with the limit
in (3.2.5):

P(ε) = α = lim
k→∞

∣∣∣∣∣∣P0
ε(ζ) . . .P0

ε(σ
k−1ζ)

∣∣∣∣∣∣1/k
sup
. (3.2.9)

We demonstrate this in the proof of Theorem 3.2.27.

Theorem 3.2.27. Assume Kv(ω) ⊂ Rd is not contained in any d − 1-dimensional
hyperplane for all v ∈ V and almost all ω ∈ Ω. Irrespective of separation conditions,
almost surely,

dimAKv(ω) ≥ min

{
d, sup
ε>0

logP(ε)

− log ε

}
. (3.2.10)

Further, the USSC implies equality in (3.2.10).

3.3 ∞-variable Random Graph Directed Systems

In this section we introduce and provide results for the ∞-variable construction. In
a similar fashion to Section 3.2 we start by giving a description of the model and
then state the results. For the ∞-variable construction many proofs turn out to be
simpler and to save space we give less detail in some of the proofs as they follow from
standard arguments.
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3.3.1 Notation and Model

The ∞-variable model, sometimes called random recursive or V -variable for V →∞,
is a very intuitive model that is usually defined in a recursive manner (see [F1] and
[G]). These are usually described in terms of random code trees. For an overview of
that notation we refer the reader to Järvenpää, et al. [JJKKSS, JJWW, JJLS] who
studied a slightly different random model with a ‘neck structure’. However, to keep
notation consistent we will describe the random recursive construction within our
framework of arrangements of words. Note that the∞-variable construction overlaps
with the notion of random graph directed attractors, considered in Olsen [O1], and
some of the results here follow directly from the ones in aforementioned book.

As in Section 3.2 we are given a collection of graphs Γ with associated non-
trivial probability vector ~π. We further assume that all the maps given by the edges
of the Γi are contracting similitudes and that all conditions in Definition 3.2.9 are
satisfied. However, we can generalise the results to include percolation by adapting
Condition 3.2.9.a.

Definition 3.3.1. Let Γ = {Γi}i∈Λ be a finite collection of graphs, sharing the same
vertex set V . We say that the collection Γ is a non-trivial surviving collection of
graphs if for every v ∈ V we have E(# E(ω1)v ) > 1: there exists positive probability
that the resulting ∞-variable RGDS coding does not consist of only ∅, and there exist
i, j ∈ Λ and e1 ∈ Γ(i) and e2 ∈ Γ(j) such that Se1 6= Se2 .

Definition 3.3.2. For v ∈ V let F0
v be a vector of length n = |V | defined by

(F0
v)i =

{
ε0 if i = v,

∅ otherwise.

We then define inductively,

(Fk+1
v )i =

n⊔
j=1

⊔
w∈(Fkv)j

⊔
e∈ Ej i(ξw)

w � e,

where ξw is the random variable given by P(ξw = i) = πi for i ∈ Λ and independent
of w.

The ∞-variable RGDS coding is then given by Fv = limk→∞Fkv and we define the
attractor Fv of the ∞-variable Random Graph Directed System to be the projection
of our coding set:

Fv =

∞⋂
k=1

⋃
w∈Fkv

Sw1
◦ Sw2

◦ · · · ◦ Swk(∆)

Given a collection of graphs satisfying Conditions 3.2.9.b, 3.2.9.c and 3.3.1 that
do not necessarily satisfy the USSC we obtain an analogous definition of the ε-
approximation.

3.3.2 Results for ∞-variable RGDS

Let Q be the space of all possible realisations of the random recursive process, Q is a
labeled tree encoding which graph Γ(i) was chosen at each node in the construction
of the tree. By the same argument as in Section 3.2.2, for every fixed ε > 0 there

exists a finite constant kmax(ε) such that for all w ∈ F
kmax(ε)
v we have |Sw(∆)| ≤ ε

for all realisations q ∈ Q. Now Fv is a function mapping realisations to compact
sets, depending solely on the random variable q ∈ Q (picked according to the Borel
probability measure induced by ~π) but, in general, we ignore the q in the notation of
Fv(q).

Definition 3.3.3. Let Γ satisfy the conditions in Definition 3.2.9. Let Q be the space
of all possible realisations of the random recursive process, we define the set of edges
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(words) of length j for realisation q to be Fkv(q) and the ε-stopping set of edge sets to
be

E∗v (q, ε) =

e ∈
kmax(ε)⋃
i=1

Fiv(q) | ce ≤ ε but ce‡ > ε

 .

Again let the set of all possible subsets such that images under S are pairwise disjoint
be

E(q, ε) = {U ⊆ E∗v (q, ε) | ∀e, f ∈ U we have Se ∩ Sf = ∅}.

Consider the element of maximal cardinality (choosing arbitrarily if there is more
than one) Ev(q, ε) ∈ E(q, ε). As Ev(q, ε) only depends, at most, on the first kmax(ε)
entries, the set {Ev(q, ε)}q∈Q is finite and we write

Γε = {Γε(q)}q∈Q = {(V,Ev(q, ε))}q∈Q

for the ε-stopping graph.

As Γε is finite we will set up a new code space for each of the graphs Γε(q) that
we will index by Λε. Similarly there exists positive probability of picking graph Γε(λ)
for λ ∈ Λε. Unlike the 1-variable case, the choice of graph Γ is independent for each
node, a property which transfers to the setting of the ε-stopping graph.

Lemma 3.3.4. The random recursive algorithm that generates the attractor of the
ε-stopping graphs Γε is identical to the process that generates the attractor of the
RGDS Γ. Note that for t ≥ 1 the identity Γ = Γt holds and we trivially have that
the attractor of the RGDS Γε is a subset of the attractor of Γ, with equality holding
if the attractor of Γ satisfies the USSC.

We omit a detailed proof as both processes can easily seen to be∞-variable RGDS.
Now let Kε(q) be the matrix consisting of arrangements of words related to Γε(q).
Let Ev w (Γ(q)) be the collection of edges e of Γ(q) so that ι(e) = v and τ(e) = w, and
define

Kε(q) =


⊔
e∈ E1 1(Γε(q)) e . . .

⊔
e∈ E1 n(Γε(q)) e

...
. . .

...⊔
e∈ En 1(Γε(q)) e . . .

⊔
e∈ En n(Γε(q)) e

 .

Theorem 3.3.5. Let Γ be a finite collection of graphs satisfying Conditions 3.2.9.b,
3.2.9.c and 3.3.1 with associated non-trivial probability vector ~π. Let Fv be the at-
tractor of the random recursive construction, then almost surely the Hausdorff and
the upper box counting dimension agree and thus,

dimH Fv = dimP Fv = dimB Fv.

We end this section by stating the Assouad dimension of this construction.

Theorem 3.3.6. Irrespective of overlaps and conditioned on Fv 6= ∅, the Assouad
dimension of Fv is a.s. bounded below by

dimA Fv ≥ min

{
d, sup

ε>0
max
q∈Q

log ρs(R
0Kε(q))

− log ε

}
, (3.3.1)

where ρs is the spectral radius of a matrix. If the USSC is satisfied, then equality
holds in (3.3.1) almost surely.
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3.4 Proofs

3.4.1 Proof of Lemma 3.2.13

First we prove the convergence in equation (3.2.5). Let n,m ∈ N0, n < m and define
the random variable Yn,m as

Yn,m(ω) = log
∣∣∣∣∣∣T(σnω)T(σn+1ω) . . .T(σm−1ω)

∣∣∣∣∣∣
sup

Note that, as the row norm is submultiplicative,

Y0,n+m(ω) = log
∣∣∣∣∣∣T(ω) . . .T(σn−1ω)T(σnω) . . .T(σn+m−1ω)

∣∣∣∣∣∣
sup

≤ log
(∣∣∣∣∣∣T(ω) . . .T(σn−1ω)

∣∣∣∣∣∣
sup

∣∣∣∣∣∣T(σnω) . . .T(σn+m−1ω)
∣∣∣∣∣∣

sup

)
= log

∣∣∣∣∣∣T(ω) . . .T(σn−1ω)
∣∣∣∣∣∣

sup
+ log

∣∣∣∣∣∣T(σnω) . . .T(σn+m−1ω)
∣∣∣∣∣∣

sup

= Y0,n(ω) + Yn,m(ω).

As P is an ergodic probability measure it follows from Kingman’s subadditive ergodic
theorem that almost surely

lim
k→∞

Y0,k

k
= inf

k
E
Y0,k

k
= inf

k
E log

∣∣∣∣∣∣T(σk−1ω) . . .T(ω)
∣∣∣∣∣∣1/k

sup
= logα,

giving the required result.

The second part is made slightly more difficult because of the interdependence
between the steps. We will show stochastic quasi-subadditivity, bounding the subad-
ditive defects, and make use of Proposition 1.4.4.

Writing uk(ω) = T(ω) . . .T(σk−1ω) the term 1uk(ω) is a matrix-valued vector
with at most lk positive entries, all appearing in the first lk rows, where l ≥ 1 as in
Section 3.2.3. We have

|||1un+m(ω)||| = |||1un(ω)um(σnω)|||
= ‖ ‖1un(ω)um(σnω)‖s ‖row

=

∥∥∥∥∥∥
nl−1∑
j=0

(1un(ω))j
∥∥1um(σn+jω)

∥∥
s

∥∥∥∥∥∥
row

≤
nl−1∑
j=0

∥∥∥(1un(ω))j
∥∥1um(σn+jω)

∥∥
s

∥∥∥
row

by subadditivity of norms,

≤
nl−1∑
j=0

∥∥∥(1un(ω))j

∥∥∥
row

∣∣∣∣∣∣1um(σn+jω)
∣∣∣∣∣∣

by submultiplicativity of the row norm,

≤ nl
∥∥∥(1un(ω))jmax(n,m,ω)

∥∥∥
row

∣∣∣∣∣∣∣∣∣1um(σn+jmax(n,m,ω)ω)
∣∣∣∣∣∣∣∣∣ (3.4.1)

for jmax maximising the sum,

≤ cnl|||1un(ω)||||||1um(σnω)||| (3.4.2)

The last inequality holds for some sufficiently large c > 0 upon noting that for large
n,m the additional shift jmax becomes insignificant as the difference in growth is
captured by the ‘overestimate’ of the first term. Therefore we have quasi-subadditivity
and by symmetry

|||1un+m(ω)||| ≤ cm|||1un(ω)||||||1um(σnω)|||,
for some c > 0. Considering log |||1un(ω)||| as a random variable, the subadditive
defect becomes

cm = log |||1un+m(ω)||| − log |||1un(ω)||| − log |||1um(σnω)||| ≤ log cm.
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Clearly E(log cm)+ = log cm and cm/m → 0. Since σ is an (invariant) ergodic
transformation with respect to P, applying Proposition 1.4.4 finishes the proof.

3.4.2 Proof of Lemma 3.2.15

The boundedness of the entries in the matrix entries of 1uk(ω), combined with the
linear growth of the number of positive entries of the vector, implies that for some
constant c > 0,

max
j
‖(1uk(ω))j‖row ≤ |||1uk(ω)||| ≤ ckmax

j
‖(1uk(ω))j‖row .

Therefore the value of both terms increase at the same exponential rate. In addition,
the jkmax maximising the norm cannot move arbitrarily with increasing k. First it must
be increasing monotonically, although not necessarily strictly so. But the value can
also not jump unboundedly, as the matrices that the matrix with maximal absolute
norm is multiplied with have bounded entries as well. Even though we will not prove
it here, it can be shown that almost surely jkmax/(lk)→ ρ as k →∞ for some ρ ∈ [0, 1]
dependent only on Γε and ~π. Let Rv(k) be the row sum for row v in the maximal
matrix at multiplication step k and RTv (k) be the total of that row over all matrices.
That is

Rv(k) =

n∑
i=1

[
(1uk(ω))jmax(n,m,ω)

]
v,i

and RTv (k) =

∞∑
j=1

n∑
i=1

[(1uk(ω))j ]v,i .

Furthermore let Rmax(k) = maxv∈V Rv(k). One immediately has on a full measure
set ∣∣∣Rmax(k)1/k − |||1uk(ω)|||1/k

∣∣∣→ 0 as k →∞,

so proving Lemma 3.2.15 can be achieved by showing Rv(k) � Rmax(k) holds almost
surely for all v ∈ V . The upper bound Rv(k) ≤ Rmax(k) is trivial.

For the lower bound, since Γ is stochastically strongly connected, i.e. satisfies
Condition 3.2.9.b, we can construct a finite word ωr ∈ Λ∗ that links all vertices,
starting at v = v1. That is ωr = ωv1,v2ωv2,v3 . . . ωvn,v1ωv1,v2 . . . ωvn−1,vn . Clearly
P([ωr]) > 0. Consider now the maximal element in the multiplication of uqk(ω) =
uk(ω) . . .uk(σ(q−1)kω), that is jmax(qk, k, ω). There exists a random variable, the
holding time H(i), that gives the number of multiplication steps q between the i− 1
and ith time such that ωr is applied to that element. We have σqk+jmax(qk,k,ω)(ω) =
ωr. We can without loss of generality assume that H(i) are i.i.d. random variables
with finite expectation EH(i) <∞. Let W (k) be the waiting time for the kth jump,

W (k) =
∑k−1
i=0 H(i) and define Nk to be the unique random integer such that

W (Nk) ≤ k < W (Nk + 1).

There exists a uniform constant λ > 0 such that, for all v ∈ V ,

Rv(W (Nk) + |ωr|) ≥ λRmax(W (Nk)).

Since this holds for all k we can furthermore find a lower bound to the value of
Rv between occurrences of ωr by considering the time it takes between occurrences.
Condition 3.2.9.a implies non-extinction and there exists contraction rate γ > 0, such
that for k and Nk as above we have

lim inf
k→∞

RTv (k)1/k ≥ lim inf
k→∞

(λRmax(W (Nk))γH(k))1/k ≥ lim inf
k→∞

(β − ε)W (Nk)/kγH(k)/k

where the last inequality holds on a set of measure 1 for every ε > 0. But we also
have that

W (Nk)/k ≤ 1 < W (Nk + 1)/k
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and as W (Nk)/k < 1 and W (Nk + 1)/k = W (Nk)/k +H(Nk + 1)/k we have by the
law of large numbers that almost surely W (Nk)/k → 1 and H(k)/k → 0, and hence
on a set of measure 1,

lim inf
k→∞

RTv (k)1/k ≥ (β − ε)

for every ε and v. Noting that RTv (k) � Rv(k) completes the proof.

3.4.3 Proof of Lemma 3.2.16

The almost sure convergence of Ψ(s, ε) follows directly from Lemma 3.2.13 and we
now show that Ψω(s, ε) is monotonically decreasing in s and continuous for almost all
ω ∈ Ω. Consider an arbitrary Hutchinson-Moran sum that arises in the Hutchinson-
Moran-like matrix in (3.2.4), ∑

e∈( Eqi j (ω,ε))

cse.

We immediately get∑
e∈( Eqi j (ω,ε))

cs+δe ≤ γδq
∑

e∈( Eqi j (ω,ε))

cse, where γq(ω) = max
i,j∈{1,...,n}
e∈( Eqi j (ω,ε))

ce. (3.4.3)

For ε > 0 there are only finitely many different psq(ω, ε) and ps(ω), see the discussion
of Lemma 3.2.11. Thus we can find

γ = max
q∈{1,...,l}
ω∈Ω

γq(ω), (3.4.4)

where 0 < γ < 1. Similarly we can find the minimal such contraction 0 < γ ≤ γ < 1.
Combining this with (3.4.3) we surely deduce, in turn,

γδpsq(ω, ε) ≤ ps+δq (ω, ε) ≤ γδpsq(ω, ε),
γδps(ω, ε) ≤ ps+δ(ω, ε) ≤ γδps(ω, ε),
γδPs

ε(ω) ≤ Ps+δ
ε (ω) ≤ γδPs

ε(ω), (3.4.5)

where ≤ is taken to be entry-wise, i.e. for matrices M ≤ N if and only if Mi,j ≤ Ni,j
for all i, j. Using (3.4.5) we can bound the s+ δ pressure

Ψk
ω(s+ δ, ε) =

∣∣∣∣∣∣1Ps+δ
ε (ω) . . .Ps+δ

ε (σk−1ω)
∣∣∣∣∣∣1/k

≥ γδ
∣∣∣∣∣∣1Ps

ε(ω) . . .Ps
ε(σ

k−1ω)
∣∣∣∣∣∣1/k ≥ γδΨk

ω(s, ε),

and similarly for the upper bound we have Ψk
ω(s + δ, ε) ≤ γΨk

ω(s, ε). Therefore, if
the limit exists, γδΨω(s, ε) ≤ Ψω(s + δ, ε) ≤ γδΨω(s, ε). Thus as 0 < γ ≤ γ < 1,
Ψω(s, ε) is strictly decreasing in s and, taking δ → 0, is easily seen to be continuous
for almost every ω and thus Ψ(s, ε) has the same property. Letting δ → ∞ we see
Ψ(s + δ, ε) → 0 and Ψ(0, ε) ≥ 1 by the non-extinction given by Condition 3.2.9.a.
The existence and uniqueness of sH,ε then follows.

3.4.4 Proof of Theorem 3.2.17

Note that the proof below directly implies that the box dimension exists almost surely.
Our argument relies on a supermultiplicative property of approximations of ε-

stopping graphs given by (3.4.7). Before we derive that expression we establish a
connection between the least number of sets of diameter ε or less needed to cover our
attractor Nε(Kv(ω)) and the number of edges of our ε-stopping graph | Ev (ω, ε)|. By
the definition of the ε-stopping graph we have that for all e ∈ Ev (ω, ε) the diameter
of Se(∆) is of order ε, see Definition 3.2.10. Since we also have that the images of the
stopping {Se(∆)}e∈ Ev (ω,ε) are pairwise disjoint, {Se(∆)}e∈ Ev (ω,ε) may not form a
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cover of Kv(ω). But since the construction is maximal, the image of any word (edge)
that was deleted must intersect another image of a word that was kept, which means
that to form a cover of Kv(ω) one needs at most 3ddγ−1e| Ev (ω, ε)| d-dimensional

hypercubes of sidelength ε to form a cover and hence Nε(Kv(ω)) ≤ 3ddγ−1e| Ev (ω, ε)|.
On the other hand, any element in the minimal cover for Nε(Kv(ω)) can intersect at
most a uniformly bounded number of elements in {Se(∆)}e, as otherwise the elements
in {Se(∆)}e would intersect. Hence there exists kmin > 0 such that Nε(Kv(ω)) ≥
kmin| Ev (ω, ε)| and we get the required

Nε(Kv(ω)) � | Ev (ω, ε)|. (3.4.6)

Using the notation of the Hutchinson-Moran matrices introduced in (3.2.4), we can
see that for s = 0, we have cse = 1 and thus the Hutchinson matrix P0

ε(ω) ‘counts’
the number of images in E(ω, ε). We have

| Ev (ω, ε)| =
∑
w∈V

∑
j

(1P0
ε(ω))j


(v,w)

.

The sum above behaves in a supermultiplicative fashion: for some constant ks > 0
and all ε, δ > 0,

∑
w∈V

∑
j

(1P0
δε(ω))j


(v,w)

≥ ks
∑
w∈V

∑
j

(1P0
ε(ω)P0

δ(σω))j


(v,w)

. (3.4.7)

By definition
⊔
1ε0H

ε(ω) is the arrangement of words that describe the cylinders of
{Kv(ω)}v∈V . Consider an arbitrary word e1e2 ∈

⊔
1ε0H

ε(ω)Hδ(σω), where e1 ∈⊔
1ε0H

ε(ω) and e2 ∈
⊔

Hδ(σω). Assume e1 is the (i, j)th entry of the matrix
at position k of the vector 1ε0H

ε(ω). Since e1e2 is obtained by regular matrix
multiplication, we have that e2 is an entry in one of the matrices in the kth row of
Hδ(σω), e2 ∈ η̂k(σkω, δ). Therefore, for some v1, v2, v3 ∈ V , we have e1 ∈ Ekv1 v2

(ω, ε)
and e2 ∈ Ev2 v3

(σkω, δ). Hence e1e2 describes a path of Γ for realisation ω and
therefore codes a cylinder of Kv1

(ω), and as cminε < ce1
≤ ε and cminδ < ce2

≤ δ
we additionally have c2minδε < ce1e2

≤ δε. Recall that Rs was the operator mapping
arrangements of words to the length of the associated image under S to the power s.
Therefore, applying R0 to (1ε0H

ε(ω)Hδ(σω)), we can express the number of cylinders
starting at a given vertex v by

∑
w∈V

∑
j

(1P0
ε(ω)P0

δ(σω))j


(v,w)

.

Obviously these cylinders do not intersect but they do not quite form an εδ-stopping
graph as some of the edges might have contraction rate c2minδε < ce1e2 ≤ cminδε.
However this does not present a problem as one needs to only avoid at most the last
branching to recover an εδ-stopping graph. Note that the number of subbranches is
surely bounded and therefore there exists a constant ks, which is the inverse of this
maximal splitting bound, such that we have an εδ-stopping graph that may not be
maximal, hence giving rise to the inequality (3.4.7).

Now given any ε > δ > 0 there exists unique q ∈ N and 1 ≥ ξ > ε such that
δ = εqξ. One can easily generalise equation (3.4.7), using above argument, to show
that

∑
w∈V

∑
j

(1P0
δ(ω))j


(v,w)

≥ kqs
∑
w∈V

∑
j

(1P0
ξ(ω)P0

ε(σω) . . .P0
ε(σ

q−1ω))j


(v,w)

.

(3.4.8)
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The relationship between the expression above and the exponent ε can be found by
an argument akin to that in the proof of Fekete’s Lemma, see [PS, §1 Problem 98]
and Theorem 1.4.2. Consider

log
∑
w∈V

(∑
j(1P0

δ(ω))j

)
(v,w)

− log δ
=

log
∑
w∈V

(∑
j(1P0

εqξ(ω))j

)
(v,w)

−q log ε− log ξ

≥
log ks + log

(∑
w∈V

(∑
j(1P0

ξ(ω)P0
ε(σω) . . .P0

ε(σ
qω))j

)
(v,w)

)1/q

− log ε− (1/q) log ξ
.

Thus for every ε > 0, assuming almost sure convergence and stochastically strongly
connected graphs,

lim inf
δ→0

log
∑
w∈V

(∑
1P0

δ(ω)
)

(v,w)

− log δ
≥ lim
ε→0

log ks + log Ψ(0, ε)

− log ε
≥ sup

ε>0

log Ψ(0, ε)

− log ε
,

holding almost surely. For the upper bound simply note that, almost surely,

lim sup
δ→0

log
∑
w∈V

(∑
1P0

δ(ω)
)

(v,w)

− log δ
≤ sup

δ>0

log Ψ(0, δ)

− log δ
.

Therefore, almost surely,

log
∑
w∈V

(∑
1P0

δ(ω)
)

(v,w)

− log δ
→ sup

ε>0

log Ψ(0, ε)

− log ε
as δ →∞.

Due to (3.4.6) we get the required almost sure result:

dimBKv(ω) = sup
ε>0

log Ψ(0, ε)

− log ε
.

3.4.5 Proof of Theorem 3.2.21

While the construction introduced in Section 3.2.3 with norm |||.||| makes sense in
establishing the box counting dimension of RGDS attractors where we wanted all
cylinders of diameter comparable to some ε > 0, we can also rewrite the system as
a finite graph directed system. We employ this idea here to find the lower bound to
the Hausdorff dimension of Kv,ε(ω) by constructing a measure on cylinders obtained
in this finite fashion. Since Kv,ε(ω) ⊆ Kv(ω), the Hausdorff dimension for the ap-
proximation will give a lower bound for the Hausdorff dimension of Kv(ω). We use
the |||.|||(1,1) seminorm defined in (3.2.3) on finite matrices with matrix entries.

Consider the system given by the states A1, H2, H3, . . . ,Hkmax(ε), where kmax(ε)
is the maximal length of column specified by ε, see Section 3.2.3. The corresponding
graph is shown in Figure 3.3. We record words in either the active (A1) or a holding
state (Hi) as a kmax(ε)-vector with matrix entries and the action given from the active
state by right multiplication of Cε(ω) and Ws

ε(ω) = RsCε(ω), where

Cε(ω) =



η1(ω, ε) η2(ω, ε) . . . ηkmax(ω)−1(ω, ε) ηkmax(ω)(ω, ε)

1ε0 0∅ . . . 0∅ 0∅

0∅ 1ε0 . . . 0∅ 0∅
...

. . .
...

...

0∅ 0∅ . . . 1ε0 0∅
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A1 H2

H3

H4

...

Hl

η2(ω)

η3(ω)

η4(ω)

ηl(ω)

η1(ω)

1ε0

1ε0

1ε0

1ε0

1ε0

A1 H2

H3

H4

...

Hl

ps
2(ω)

ps
3(ω)

ps
4(ω)

ps
l (ω)

ps
1(ω)

1

1

1

1

1

Figure 3.3: Graph for the finite model used in establishing the lower bound.

and

Ws
ε(ω) =


ps1(ω, ε) . . . pskmax(ω)−1(ω, ε) pskmax(ω)(ω, ε)

1 . . . 0 0
...

. . .
...

...

0 . . . 1 0

 .

We are now interested in analysing the cylinders given by the (finite) arrangement of
words Dk

ε(ω) and the norm of its Hutchinson-Moran matrix RsDk
ε(ω),

Dk
ε(ω) = 1ε0Cε(ω)Cε(σω) . . .Cε(σ

k−1ω)

and
Φkε(s) =

∣∣∣∣∣∣1Ws
ε(ω) . . .Ws

ε(σ
k−1ω)

∣∣∣∣∣∣
(1,1)

.

We first show

Lemma 3.4.1. On a subset of Ω with full measure we have, for all ε > 0,

Φε(s) := lim
k→∞

(Φkε(s))1/k = 1 if and only if Ψ(s, ε) = 1.

Note that these two notions of pressure do not, in general, coincide for s when
Φε(s) 6= 1.

Proof. The procedure of picking the multiplications that are applied to the active
state A1 is determined by the first kmax(ε) letters of ω, where the individual entries
of ω were chosen independently from Λ according to ~π. However, one can without
loss of generality assume that the matrices picked are given by a stochastic process
that is Markov. To see this let Λ‡ be a new alphabet consisting of |Λ|kmax(ε) elements.
These elements represent all the different strings one can have that determine the
matrices chosen. The full shift on Ω now induces a subshift of finite type on (Λ‡)N

and P gives a new Markov measure P‡ with appropriate transition probabilities. It is
a simple exercise to show that this subshift is also topologically mixing and we omit
it here.

The cylinders given by Dk
ε(ω) still exhaust all paths (compare with Lemma 3.2.11),

however they may no longer have comparable diameter. Given that it is a stopping
set we can find certain inclusions if we compare the arrangement of words of this
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finite model with the arrangement of words coming from the infinite construction.
Let Uk

ε(ε) = Hε(ω)Hε(σω) . . .Hε(σk−1ω). Then

b(k+1)/lc+1⊔
i=1

(1ε0U
k−i−1
ε (ω))i ⊆

⊔
Dk
ε(ω). (3.4.9)

To see this inclusion we refer the reader back to Figure 3.2.3. The arrangement Dk
ε(ω)

corresponds to taking the off-diagonal of entries that have been decided up to the kth
shift. The left hand side of (3.4.9) are exactly those words that were in state A1 at
the (k − 1)th shift and are part of the same off-diagonals in Figure 3.2.3.

The diagonal must also intersect with an element that is within some uniform
constant c > 0 of the maximal element on some level dk from b(k + 1)/lc + 1 to k,
giving the following inclusion:

⊔
Dk
ε(ω) ⊆

k⊔
i=b(k+1)/lc+1

⊔
j∈N

(1ε0U
i
ε(ω))j .

Applying the operator Rs we get the inequalities

b(k+1)/lc+1∑
i=1

‖(1uk−i−1(ω))i‖1 ≤ Φkε(s) ≤
k∑

i=b(k+1)/lc+1

∑
j∈N
‖(1ui(ω))j‖1 (3.4.10)

≤ n
k∑

i=b(k+1)/lc+1

|||1ui(ω)|||.

Let mk refer to the level for which Ψmk(s) = maxi∈{b(k+1)/lc+1,...,k}Ψi(s) and dk be
as above, then (3.4.10) becomes

‖(1udk(ω))dk‖1 ≤ Φkε(s) ≤ nk|||1umk(ω)|||
1

k
Ψdk
ω (s, ε) ≤ Φkε(s) ≤ nkΨmk

ω (s, ε)

k−1/kΨdk
ω (s, ε)1/k ≤ Φkε(s)1/k ≤ (nk)1/kΨmk

ω (s, ε)1/k.

Now assume s is such that Ψω(s, ε) = 1 for all ω ∈ U , where U is a set of measure
one. Now,

lim sup
k

Φkε(s)1/k ≤ lim sup
k

(nk)1/kΨmk
ω (s, ε)1/k ≤ lim sup

k
k1/kΨmk

ω (s, ε)1/mk = 1

And similarly

lim inf
k

Φkε(s)1/k ≥ lim inf
k

k−1/kΨdk
ω (s, ε)1/k ≥ lim inf

k
k−1/kΨdk

ω (s, ε)1/dk = 1

Thus Ψ(s, ε) = 1⇒ Φε(s) = 1. To establish the other direction just note that if s is
such that Ψ(s, ε) < 1, then eventually Ψk

ω(s, ε)1/k ≤ 1 − δ for all ω ∈ U and δ > 0
and k large enough and so Ψk′

ω (s, ε) ≤ 1− δ for large enough k′ ≥ k. This gives

lim sup
k

Φk(s)1/k ≤ lim sup
k

k1/kΨmk
ω (s, ε)1/k

≤ lim sup
k

k1/kΨmk
ω (s, ε)1/(lmk+l+1)

≤ (lim sup
k

k1/kΨmk
ω (s, ε)1/mk)1/(l+1) < 1.

A similar argument holds for Ψ(s, ε) > 1, finishing the proof.

For t < sH,ε we can define a random mass distribution on Kv,ε(ω) by constructing
a Borel probability measure ν on the cylinders described by Dk

ε(ω) that satisfies
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ν(U) ≤ C|U |t for some random, almost surely non-zero, constant C. We start by
defining the (diagonal) k-prefractal codings of Kv,ε(ω) for the vertex v by

Fvk (ω) =
⊔
w∈V

 l⊔
j=1

(1ε0D
k
ε(ω))i


v,w

Since the words of Fvk (ω) are in one to one correspondence with the cylinders gen-
erating the topology on Kv(ω) it suffices to define our required measure on those
(disjoint) cylinders only, as they generate the topology of Kv(ω) and this construc-
tion extends to a unique Borel probability measure νsv . For every word w ∈ Fvk (ω)
we can describe its ‘location’ relative to Dk

ε(ω) by a unique triple (x, y, z), where
x, y ∈ V and z ∈ {1, . . . , l}, such that w ∈ [(1ε0D

k
ε(ω))z]x,y. Let I be an arbitrary

word in Fvk (ω), with coordinates (x, y, z). For any word we define the location matrix
as

(V(I))i =

{
V (I) for i = z,

0∅ otherwise;
for (V (I))j,k =

{
I for (j, k) = (x, y)

∅ otherwise.

We set for I ∈ Fvk (ω),

νsv(I) = lim
q→∞

∣∣∣∣∣∣Rs
(
V(I)Cε(σ

kω)Cε(σ
k+1ω) . . .Cε(σ

k+q−1ω)
)∣∣∣∣∣∣

(1,1)∑n
q2=1

[∑l
q1=1(1lWs

ε(ω)Ws
ε(σω) . . .Ws

ε(σ
q−1ω))q1

]
v,q2

. (3.4.11)

One can check that, almost surely, this limit exists. However as one can derive the
properties of νsv by defining the measure in terms of lim inf or lim sup, we omit details.
It is easy to see that νsv is in fact a measure. Note that for I = ∅ we get RsV(I) = 0
and so νsv(∅) = 0. Obviously νsv(I) ≥ 0 and countable stability arises from the
construction being an additive set function, where

νsv(I) = lim
k→∞

{∑
|J |s | J ∈ Fvk (ω) and J ⊆ I

}
.

Formally, for any countable collection of disjoint words (no word is a subword of any
other)

⊔
wi we get, assuming that wi ∈ Fvki(ω) for some length ki,∑
i

νsv([wi]) =
∑
i

lim
q→∞

∣∣∣∣∣∣Rs
(
V(wi)Cε(σ

kiω) . . .Cε(σ
ki+q−1ω)

)∣∣∣∣∣∣
(1,1)∑n

q2=1

[∑l
q1=1(1lWs

ε(ω) . . .Ws
ε(σ

q−1ω))q1

]
v,q2

= lim
q→∞

∣∣∣∣∣∣Rs
(⊔

iV(wi)Cε(σ
kiω) . . .Cε(σ

ki+q−1ω)
)∣∣∣∣∣∣

(1,1)∑n
q2=1

[∑l
q1=1(1lWs

ε(ω) . . .Ws
ε(σ

q−1ω))q1

]
v,q2

= νsv

([⊔
i

wi

])
.

Notice that there exists a uniform constant C > 0 such that

νsv(Kv,ε(ω)) = lim
q→∞

∣∣∣∣∣∣Rs
(
1lCε(ω)Cε(σω) . . .Cε(σ

q−1ω)
)∣∣∣∣∣∣

(1,1)∑n
q2=1

[∑l
q1=1(1lWs

ε(ω)Ws
ε(σω) . . .Ws

ε(σ
q−1ω))q1

]
v,q2

≤ C

and we conclude that νsv is a finite measure, and without loss of generality we rescale
such that νsv = 1.

We observe that by virtue of the definition of the measure that there exists a
random variable C†(ω) with Eω C†(ω) <∞ such that

νsv(I) ≤ CC†(ω)|I|s (3.4.12)

as long as s < sH,ε, such that the denominator in (3.4.11) is almost surely increasing
exponentially in q. Note that the existence of a Borel measure satisfying (3.4.12)
immediately implies that sH,ε is an almost sure lower bound by the mass distribution
principle, Theorem 1.7.6.
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3.4.6 Proof of Theorem 3.2.23 and Corollary 3.2.24

3.4.6.1 Proof of Theorem 3.2.23

Let λ > 0, Theorem 3.2.21 gives us a lower bound on the Hausdorff dimension of the
λ-approximation sets Kv,λ(ω). In particular we have that dimH Kv,λ = sH,λ, where

lim
k→∞

∣∣∣∣∣∣1P
sH,λ
λ (ω) . . .P

sH,λ
λ (σk−1ω)

∣∣∣∣∣∣1/k = 1.

Consider one of the Hutchinson-Moran sums in the matrix P
sH,λ
λ (ω). They are given

by ∑
e∈( Eqi j (ω,λ))

c
sH,λ
e .

But since we have bounds on the size of ce, i.e. γλ < ce ≤ λ we have∑
e∈( Eqi j (ω,λ))

c
sH,λ
e ≤ | Eqi j (ω, λ)|λsH,λ

and so

P
sH,λ
λ (ω) ≤ λsH,λP0

λ(ω).

Considering the matrices λsP0
λ(ω), dependent on s, one can apply the same strategy

as in Lemma 3.2.16 to prove that there exists a unique 0 ≤ tλ ≤ sH,λ such that

lim
k→∞

∣∣∣∣∣∣1λtλP0
λ(ω)λtλP0

λ(σω) . . . λtλP0
λ(σk−1ω)

∣∣∣∣∣∣1/k = 1

We leave adapting the proof of Lemma 3.2.16 to the reader. Note that the tλ defined
above gives an a.s. lower bound to dimH Kv,λ(ω). By linearity,∣∣∣∣∣∣1λtλP0

λ(ω)λtλP0
λ(σω) . . . λtλP0

λ(σk−1ω)
∣∣∣∣∣∣1/k =

∣∣∣∣∣∣1λktλP0
λ(ω) . . .P0

λ(σk−1ω)
∣∣∣∣∣∣1/k

= λtλ
∣∣∣∣∣∣1P0

λ(ω) . . .P0
λ(σk−1ω)

∣∣∣∣∣∣1/k
and so

tλ = lim
k→∞

log
∣∣∣∣∣∣1P0

λ(ω) . . .P0
λ(σk−1ω)

∣∣∣∣∣∣1/k
− log λ

But since limk→∞
∣∣∣∣∣∣1P0

λ(ω) . . .P0
λ(σk−1ω)

∣∣∣∣∣∣1/k = Ψ(0, λ) we have, comparing with
equation (3.2.7), that

tλ =
log Ψ(0, λ)

− log λ

But tλ → dimBKv(ω) as λ→ 0 and so we can, for every δ > 0, find a λ approximation
such that, almost surely,

dimBKv − δ ≤ dimH Kv,ε ≤ dimH Kv ≤ dimBKv.

Therefore dimH Kv = dimBKv follows for almost all ω ∈ Ω.

3.4.6.2 Proof of Corollary 3.2.24

If our original graph satisfies the USSC, we can apply Lemma 3.2.20 and have that
Kv,ε(ω) = Kv(ω) for all ε > 0 and ω ∈ Ω. Therefore sH,1 = sH and the almost sure
Hausdorff, packing and box counting dimensions are given by the unique sO such that

lim
k→∞

∣∣∣∣∣∣1PsO
1 (ω)PsO

1 (σω) . . .PsO
1 (σk−1ω)

∣∣∣∣∣∣1/k = 1.
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But as ε was chosen to be 1 we must necessarily have kmax(1) = 1 and PsO
1 (ω) reduces

to

PsO
1 (ω) =


psO1 (ω, 1) 0 0 . . .

0 psO1 (σω, 1) 0 . . .
0 0 psO1 (σ2ω, 1)
...

...
. . .

 .

But then∣∣∣∣∣∣1PsO
1 (ω)PsO

1 (σω) . . .PsO
1 (σk−1ω)

∣∣∣∣∣∣ = ‖psO1 (ω, 1)psO1 (σω, 1) . . . psO1 (σk−1ω, 1)‖row

giving the required result upon noting that ‖.‖row and ‖.‖1 are equivalent norms.

3.4.7 Proof of Theorem 3.2.27

The proof of the lower bound is a relatively simple adaptation of the almost sure
lower bound proof due to Fraser, Miao and Troscheit [FMT], see also Chapter 6.

First note that P(ε) (see Definition 3.2.26) is well-defined by Lemma 3.2.13 since
the Lyapunov exponent with respect to the |||.|||sup norm exists almost surely. To see
that the joint spectral radius takes the same value recall that

1P0
ε(ω) . . .P0

ε(σ
k−1ω) =

(
P0
ε(ω) . . .P0

ε(σ
k−1ω)

)
1

and in general

1P0
ε(σ

lω) . . .P0
ε(σ

k+l−1ω) =
(
P0
ε(ω) . . .P0

ε(σ
k−1ω)

)
l
.

However this implies that for almost every ζ ∈ Ω

sup
ω∈Ω

{∣∣∣∣∣∣1P0
ε(ω) . . .P0

ε(σ
k−1ω)

∣∣∣∣∣∣} = sup
l∈N

(
P0
ε(ζ) . . .P0

ε(σ
k−1ζ)

)
l
.

The equality in (3.2.9) thus follows. Fix ε > 0 and let ξi ∈ Ω be such that∣∣∣∣∣∣1P0
ε(ξi) . . .P

0
ε(σ

i−1ξi)
∣∣∣∣∣∣ = sup

ω∈Ω

∣∣∣∣∣∣1P0
ε(ω) . . .P0

ε(σ
i−1ω)

∣∣∣∣∣∣.
It is easy to check with a standard Borel-Cantelli argument that the set

G = {ω ∈ Ω | ∃{ji}∞i=1 such that ji+1 ≥ ji + i, ωji+ki = ξi(ki), for 1 ≤ ki ≤ i}

has full measure: all finite words ξi (in increasing order) are subwords of the infinite
word ω with probability 1. However this is not the actual set that we have to consider.
This is because for every ξi we also associate a row vi as having the maximal sum
that is relevant for the norm. Since we however need a result for every row sum to be
maximal we have to consider the family of words {ξvi }, where ξvi = ωv,viξi. However
this modification does not change the fact that the modified good set

G∗ =
⋂
v∈V
{ω ∈ Ω | ∃{ji}∞i=1 such that ji+1 ≥ ji + i+ |ωv,vi |,

ωji+ki = ξi(ki), for 1 ≤ ki ≤ i+ |ωv,vi |}

still has full measure.
Now assume for a contradiction that

s := dimA(Kv(ω)) < t :=
− log(P(ε))

log(ε)
.

Let {wi} be any sequence of finite words such that the collection of subcylinders C(wi)
of [wi] is given by

C(wi) = wi � wτ(wi),vi �

⊔
j

[⊔
l

(1ε0H
ε(ξi) . . .H

ε(σi−1ξi))l

]
vi,j

 ,
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where wa,b is a connecting word from vertex a to b, that exists because Γ is stochas-
tically strongly connected. This sequence of words exists for all ω ∈ G∗, so almost
surely, and we consider the sequence of similitudes given by the (unique) mapping
S−1
wi that takes the cylinder [wi] and maps it onto ∆. Consider furthermore the

sequence of sets Zi = S−1
wi (Kv(ω)) ∩ ∆. Since S−1

wi is a bi-Lipschitz map we have
dimA Zi ≤ s and so by definition there exists a constant Ci(s

∗) > 0 such that
supx∈Zi Nr(B(x,R) ∩ Zi) ≤ Ci(s

∗)(R/r)s
∗

for all 0 < r < R < ∞ and s < s∗.
Specifically for s∗ satisfying s < s∗ < t there exists uniform constant C such that
supx∈Zi Nr(B(x,R) ∩ Zi) ≤ C(R/r)s

∗
and in particular that Nr(Zi) ≤ C∗r−s

∗
for

some 0 < C∗ < ∞ not depending on i, by choosing R > |∆|. Additionally, it is
easy to see that, for some ks > 0 independent of i and ε (cf. (3.4.8) and preceding
paragraphs) and some k > 0 related to the difference in length due to the connecting
word,

Nεi(Zi) ≥ kkis
∣∣∣∣∣∣1P0

ε(ξi) . . .P
0
ε(σ

i−1ξi)
∣∣∣∣∣∣.

Thus there exists C∗∗ such that

kis
∣∣∣∣∣∣1P0

ε(ξi) . . .P
0
ε(σ

i−1ξi)
∣∣∣∣∣∣ ≤ C∗∗ε−is∗ ,

so

s∗ ≥
log
[
(1/C∗∗)kis

∣∣∣∣∣∣1P0
ε(ξi) . . .P

0
ε(σ

i−1ξi)
∣∣∣∣∣∣]

−i log ε

≥
log
(

(1/C∗∗)1/iks
∣∣∣∣∣∣1P0

ε(ξi) . . .P
0
ε(σ

i−1ξi)
∣∣∣∣∣∣1/i)

− log ε

for all i. However the term on the right converges to t − log(ks)/ log(ε) as i → ∞.
Since ε was arbitrary, letting ε→ 0 we have the required contradiction that t ≤ s∗ < t.

To prove the upper bound note that since we are assuming the USSC, the ε
approximation sets Kv,ε(ω) are all equal to the attractor Kv(ω) by Lemma 3.2.20.

We first show that for any z ∈ Rd the number of sets of diameter comparable to
ε > 0 intersecting the ball B(z, ε) is uniformly bounded. Let Ξ∗ = {xi} be the set of
words in 1ε0H

ε(ω) whose image Sxi(∆) intersects B(z, ε). Let cmin > 0 be the least
contraction rate. We have

|Ξ∗|(εcmin)d =
∑
x∈Ξ∗

(εcmin)d ≤
∑
x∈Ξ∗

|Sx(∆)|d ≤ |B(z, 2ε)|d ≤ (4ε)d;

thus |Ξ∗| ≤ (4/cmin)d is bounded.
Now let r be such that 0 < r < ε and define kr to be the unique integer such that

εkr+1 < r ≤ εkr . For each x ∈ Ξ∗ the number of r-balls needed to cover Sx(∆) ∩
Kv(ω) is however bounded by

∑n
i=1(‖1P0

ε(ξkr ) . . .P
0
ε(σ

krξkr )‖s)v,i, the maximal way
of covering the cylinder with cylinders of diameter εkr+1 or less. Hence

sup
x∈Kv(ω)

Nr(B(x, ε) ∩Kv(ω)) ≤ |Ξ∗|
n∑
i=1

(‖1P0
ε(ξkr ) . . .P

0
ε(σ

krξkr )‖s)v,i

≤ |Ξ∗|
∣∣∣∣∣∣1P0

ε(ξkr ) . . .P
0
ε(σ

krξkr )
∣∣∣∣∣∣

≤ C(εkr+1)−(s+δ) ≤ C
(ε
r

)s+δ
for some constant C > 0 for each δ > 0 giving the required upper bound to the
Assouad dimension.

3.4.8 Proof of Theorem 3.3.5

Although we will not prove it here, there exists a nice expression for the Hausdorff
dimension of the random attractor.
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Lemma 3.4.2. Assume Γ satisfies the USSC, then almost surely, conditioned on Fv
being non-empty, dimH Fv = sh, where sh is the unique non-negative real satisfying

ρs

E
Rsh


⊔
e∈ E1 1(ω1) e . . .

⊔
e∈ E1 n(ω1) e

...
. . .

...⊔
e∈ En 1(ω1) e . . .

⊔
e∈ En n(ω1) e



 = 1. (3.4.13)

Here ρs refers to the spectral radius of a matrix.

Briefly, this can be shown by rewriting the Hutchinson-Moran sum of the kth
level as a martingale and a proof strategy almost identical to that of Theorem 15.1
in Falconer [F6]. Compare also with the results in the introduction of Olsen [O1].

Let Kε(q) be the matrix of words that corresponds to the graph Γε(q) ∈ Γε.
Since by Lemma 3.3.4 the attractor F εv of the approximation is again an ∞-variable
RGDS which furthermore satisfies the USSC, we can apply Theorem 3.4.2 and get
that dimH F

ε
v = sh,ε, where

ρs [Eq∈Q (Rsh,εKε(q))] = lim
k→∞

‖[ERsh,ε(Kε(q))]
k‖1/k = 1.

The second equality holds by Gelfand’s Theorem for any suitable matrix norm, such
as |||.|||sup, see for example Arveson [Ar, Theorem 1.7.3]. It can be shown that this
expectation is a decreasing, continuous function in sh,ε and there is a unique value
such that the expectation is equal to 1. The proof is almost identical to that of
Lemma 3.2.16 and we will omit it here. Now as F εv ⊆ Fv we have that sh,ε ≤ sh,
where sh = dimH Fv. We therefore conclude that

lim
k→∞

‖[ERsh(Kε(q))]
k‖1/k ≤ 1.

By an argument similar to that of Theorem 3.2.23, noting that the diameters of the
images are comparable to ε, we get

lim
k→∞

εsh‖
[
ER0(Kε(q))

]k‖1/k = εshρs E(R0(Kε(q))) ≤ 1,

and as Nε(Fv) �
∑
u∈V (R0(Kε))v,u we have ENε(Fv) ≤ Cε−sh . Let ζ, θ > 0 and

consider∑
δ=ζk

k∈N

P{Nδ(Fv) ≥ δ−(sh+θ)} ≤
∑
δ=ζk

k∈N

ENδ(Fv)
δ−(sh+θ)

≤ C
∑
δ=ζk

k∈N

δ−sh

δ−shδ−θ
≤ C

∑
k∈N

ζkθ <∞.

Now noting that for all k we have Nζk(Fv) � Nζk+1(Fv) so by the Borel-Cantelli

Lemma with probability 0 the event Nδ(Fv) ≥ δ−(sh+θ) happens infinitely often and
therefore, almost surely,

lim sup
δ→0

logNδ(Fv)

− log δ
≤ lim sup

δ→0

log δ−(sh+θ)

− log δ
= sh + θ.

But θ > 0 was arbitrary, so almost surely dimB Fv = dimH Fv, as required.

3.4.9 Proof of Theorem 3.3.6

The proof of Theorem 3.3.6 is very similar to that of Theorem 3.2.27 and we only
highlight the differences and sketch the rest of the proof. Let K

ε
= Kε(qmax), where

qmax is such that, ∣∣∣∣∣∣R0Kε(qmax)
∣∣∣∣∣∣

sup
= max

q∈Q

∣∣∣∣∣∣R0Kε(q)
∣∣∣∣∣∣

sup
.

Furthermore let Rε be the arrangements of words in the row of K
ε

that is maximal
with respect to the row norm. Given any finite word w we can therefore construct a
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maximal k-subtree by appending the letters from Rε to w, if necessary by connecting
them with a connecting word which is bounded in length l. Therefore we can construct
a subtree of level k + l such that, for some uniform constant C > 0,

Nεk(S−1
w (∆)) ≥ C

∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣R0 K

ε
. . . K

ε︸ ︷︷ ︸
k times

∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
sup

.

Noticing that by Gelfand’s theorem,∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣R0 K

ε
. . . K

ε︸ ︷︷ ︸
k times

∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
1/k

sup

→ ρs(R
0K

ε
) as k →∞,

and that for every k we can find a sequence of words {wi} that has this maximal i+ l
subtree splitting for almost every realisation q ∈ Q, we can apply the same argument
as in Theorem 3.2.27 to conclude that almost surely

dimA Fv ≥ sup
ε>0

log ρs(R
0K

ε
)

− log ε
.

Assuming the USSC the upper bound follows immediately as ρs(R
0K

ε
) is by defi-

nition the largest eigenvalue and hence greatest rate of expansion. The argument is
identical to Theorem 3.2.27 and is left to the reader.





Chapter 4

The box-counting dimension of
random box-like carpets

4.1 Introduction

In this chapter we will determine the almost sure box-counting and packing dimension
of self-affine box-like carpets in the sense of Fraser [Fr1]. One of the key elements of
our proofs are the results of the previous chapter, stating that self-similar 1-variable
and ∞-variable random graph directed (RGDS) systems have equal Hausdorff and
box-counting dimension almost surely. This will become relevant as the projections
of random self-affine box-like sets onto the horizontal and vertical axes are attractors
of self-similar RGDSs.

This chapter is structured as follows; In Section 4.2 we introduce additional nota-
tion used in this chapter for 1-variable and ∞-variable carpets. Section 4.3 contains
our results for random homogeneous (1-variable) attractors and Section 4.4 contains
our results for random recursive, or ∞-variable, carpets. This is followed by some
examples in Section 4.5, while all proofs are contained in Section 4.6.

4.2 Notation and basic definitions

The self-affine sets we are considering were introduced by Fraser [Fr1] and are known
as box-like self-affine carpets.

Definition 4.2.1. For a given i, let f ji : R2 → R2 be of the form

f ji (x) =

(
aji 0

0 bji

)
Qj

i

(
x1

x2

)
+

(
uji
vji

)
,

where 0 < aji < 1 and 0 < bji < 1, x = (x1, x2), and uji , v
j
i ∈ R are such that the unit

square ∆ = [0, 1]2 is mapped into itself, that is f ji (∆) ⊂ ∆ and

Qj
i ∈

{(
±1 0
0 ±1

)
,

(
0 ±1
±1 0

)}
.

If all maps f ji ∈ Ii satisfy the criteria above we call the IFS Ii = {f ji }
#Ii
j=1 box-like.

If all IFSs Ii ∈ L are box-like we call the RIFS (L, ~π) box-like.

We remark that the matrices Qj
i represent elements of the symmetry group of

isometries D8 such that f ji maps the square onto rectangles that are still aligned with
the x and y axis.

The content of this chapter is based on The box dimension of random box-like self-affine sets
by the author, see [T2].

57
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Definition 4.2.2. Let (L, ~π) be box-like as above. If there exist at least two pairs
(i, j) and (k, l) with

Qj
i ∈

{(
0 ±1
±1 0

)}
, and Ql

k ∈
{(
±1 0
0 ±1

)}
,

we call (L, ~π) non-separated. Otherwise, we call (L, ~π) separated.

We note that this differs from [Fr1] by only requiring one of the IFSs in Ii ∈ L to
have one map with a differing diagonal structure. This is the appropriate analogue
to consider in the random setting as every IFS is chosen infinitely often with full
probability, providing the necessary ‘mixing’ of projections.

Results in dimension theory usually require some assumptions on the level of
overlap. We introduce the random analogue of the condition introduced by Feng and
Wang [FW].

Definition 4.2.3. Let (L, ~π) be a box-like RIFS. We say that (L, ~π) satisfies the
uniform open rectangle condition (UORC), if we have, for every i ∈ Λ,

f ji

(
∆̊
)
∩ fki

(
∆̊
)
6= ∅ ⇒ k = j.

Here ∆̊ = (0, 1)2 is the open unit square.

To each map f ji we associate a unique symbol eji to enable us to code points in the
random attractor. We adopt the notation of arrangement of words to write sets of
codings succinctly. We set GE = {eji | i ∈ Λ, 1 ≤ j ≤ #Ii} and call G = {∅, ε0} ∪ GE
the prime arrangements. The set of all finite combinations of elements of G and
operations t and � is called i∗. Using distributivity i = (i∗,t,�) is the non-
commutative free semi-ring with ‘addition’ t and ‘multiplication’ � and generator
GE and i is called the semiring of arrangements of words.

Again, we use the convention to ‘multiply out’ arrangements of words and write
them as elements of i�. We omit brackets, where appropriate, replace � by concate-
nation to simplify notation, and for each arrangement of words φ write ϕi ∈ φ to refer
to the subarrangements ϕ that do not contain t and are thus elements of ϕ ∈ i�.

Definition 4.2.4. Given an arrangement of words φ and a compact set K ∈ K(R2),
we define f(φ,K) recursively to be the compact set satisfying:

f(φ,K) =



f(φ1,K) ∪ f(φ2,K), if φ = φ1 t φ2;

f(φ1, f(φ2,K)), if φ = φ1 � φ2;

f ji (K), if φ = eji ;

K, if φ = ε0;

∅, if φ = ∅.

To each IFS we associate an arrangement of words.

Definition 4.2.5. Let Wi be the arrangement of words that are the letters coding the
maps of the IFS Ii,

Wi = e1
i t e2

i t · · · t e
#Ii
i .

This representation now allows us to define sets involving the IFSs recursively by
right multiplication of Wi to existing codings.

4.2.1 Projections

Our results depend on the box-counting dimensions of the orthogonal projections
onto the x and y axes. We write Πx and Πy to denote these projections, respectively:

Πx : R2 → R , where Πx

(
(z1, z2)>

)
= z1 , and
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Πy : R2 → R , where Πy

(
(z1, z2)>

)
= z2.

For e ∈ i�, let

αM (e) = max
z∈{x,y}

|Πz(f(e,∆))| and αm(e) = min
z∈{x,y}

|Πz(f(e,∆))|

be the length of the longest and shortest edge, respectively, of the rectangle f(e,∆).
We define s(e, F ) to be the upper box-counting dimension of the projection of the
random set F onto the line parallel to the longest side of f(e,∆), that is

s(e, F ) =

{
dimB(ΠxF ), if |Πx(f(e,∆))| ≥ |Πy(f(e,∆))|,
dimB(ΠyF ), otherwise.

Analogously, let s(e, F ) be the lower box-counting dimension of the projection of F .
If the box-counting dimension exists we write s(e, F ) for the common value. Let
sx(F ) = dimB(ΠxF ) and sy(F ) = dimB(ΠyF ), with sx(F ), sy(F ), sx(F ), and sy(F )
defined analogously. We will write Πe to denote the projection, Πx or Πy, parallel to
the long side of the rectangle f(e,∆), choosing arbitrarily if they are equal.

4.3 Results for 1-variable self-affine carpets

Let Ω = ΛN be the set of all (infinite) sequences with entries in Λ and let P be the
Bernoulli probability measure on Ω induced by ~π.

We now define the random set we are investigating in this section. In fact we
associate a set Fω to every ω ∈ ΛN. Choosing ω randomly according to P gives us
the random attractor Fω.

Definition 4.3.1. The k-level coding with respect to realisation ω ∈ ΛN is

Ck
ω = Wω1

�Wω2
� · · · �Wωk (k ∈ N) and C0

ω = ε0.

The arrangement of all finite codings C∗ω is defined by

C∗ω =

∞⊔
i=0

Ci
ω.

Recall that t represents addition in the semiring i.

Definition 4.3.2. The k-level prefractal F kω and the 1-variable random box-like self-
affine carpet Fω are

F kω = f(Ck
ω,∆) =

⋃
e∈Ckω

f(e,∆) ⊂ R2

and

Fω =

∞⋂
k=1

f(Ck
ω,∆) =

∞⋂
k=1

⋃
e∈Ckω

f(e,∆) ⊂ R2,

where ∆ = [0, 1]2.

For reasons of non-triviality we assume that each IFS in L has at least one map,
with at least one IFS containing two maps. This guarantees that Fω is almost surely
not a singleton.
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Figure 4.1: Three random realisations using the maps in Figure 2.1.

We define a singular value function for each realisation ω ∈ ΛN.

Definition 4.3.3. Let e ∈ i�, we define the upper (random) modified singular value
function by

ψ
s

ω(e) = αM (e)s(e,Fω)αm(e)s−s(e,Fω).

Let Ψ
k

ω(s) be the sum of the modified singular values over all k-level words,

Ψ
k

ω(s) =
∑
e∈Ckω

ψ
s

ω(e).

We let ψs
ω

(e) and Ψk
ω(s) be the lower modified singular value function and its sum,

defined analogously.

We will now introduce the last component, the pressure, which relates to the
topological pressure of the associated dynamical system.

Definition 4.3.4. Let s ∈ R+
0 , the upper s-pressure for realisation ω ∈ ΛN is given

by

Pω(s) = limk→∞

(
Ψ
k

ω(s)
)1/k

.

The lower pressure Pω is defined analogously.

Lemma 4.3.5. There exists a function P (s) : R+
0 → R+

0 , the s-pressure, such that
Pω(s) = Pω(s) = P (s) for P-almost every ω ∈ Ω. Further, P (s) is continuous and
strictly decreasing and there exists a unique sB ∈ R+

0 satisfying,

P (sB) = 1. (4.3.1)

Again we note that we are taking the liberty of calling P pressure even though
it is more appropriately the exponential of pressure. Section 4.6 contains the proof
of above lemma and our main result for the box-counting dimension of 1-variable
random box-like self-affine carpets.

Theorem 4.3.6. Let (L, ~π) be a box-like self-affine RIFS that satisfies the UORC.
Let Fω be the associated 1-variable random box-like self-affine carpet. Then

dimB Fω = sB , (4.3.2)

for almost every ω ∈ ΛN, where sB is the unique solution to P (sB) = 1.

Applying Lemma 4.6.7, we get the following corollary.

Corollary 4.3.7. Let (L, ~π) be a box-like self-affine RIFS that satisfies the UORC
and is of the separated type, with αM (e) = |Πxf(e,∆)| for all e ∈ Ii ∈ L. Let Fω be

the associated 1-variable random box-like carpet. Then ψ
t

ω is (stochastically) additive
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and the box-counting dimension of Fω is almost surely given by the unique sB such
that,

expE

log
∑

e∈Wω1

ψ
sB
ω (e)

 = 1. (4.3.3)

Introducing further conditions, we can express the box-counting dimension in
terms of the individual attractors. The following corollary to Corollary 4.3.7 ex-
tends the box-counting dimension result from Gui and Li [GL1] which states that
for 1-variable Bedford-McMullen carpets with subdivisions n,m the almost sure box-
counting dimension is the mean of the box-counting dimensions of the corresponding
deterministic attractors.

Corollary 4.3.8. Let (L, ~π) be a box-like self-affine RIFS that satisfies the UORC
and is of the separated type, with αM (e) = |Πxf(e,∆)| for all e ∈ Ii ∈ L. Let Fω
be the associated 1-variable random box-like carpet and write i = (i, i, i, . . . ) ∈ ΛN.
Assume further that

1. there exists η ∈ (0, 1) s.t. αm(e) = η for all e ∈ Ii and i ∈ Λ,

2. sx(Fω) =
∑
i∈Λ πis

x(Fi) almost surely,

3. and the following equality holds:

E

log
∑

e∈Wω1

αM (e)s
x(Fω)

 = E

log
∑

e∈Wω1

αM (e)s
x(Fω1

)

 .

Then, almost surely,

dimB Fω =
∑
i∈Λ

πi dimB Fi = E(dimB Fωi). (4.3.4)

Proof. First note that sx(Fω) is constant almost surely. We denote this value by sx

and note from (4.3.3),

1 = expE

log
∑

e∈Wω1

αM (e)s
x

αm(e)sB−s
x


= expE

log

ηsB−sx ∑
e∈Wω1

αM (e)s
x

 .

So

η−sB = η−s
x

(∑
e∈W1

αM (e)s
x

)π1

. . .

( ∑
e∈WN

αM (e)s
x

)πN
but η−s

x

= η−
∑
i∈Λ πis

x(Fi) almost surely and hence, almost surely,

η−sB =

(∑
e∈W1

(αM (e)/η)s
x(F1)

)π1

. . .

( ∑
e∈WN

(αM (e)/η)s
x(FN )

)πN

and

sB =

∑
i∈Λ πi log

(∑
e∈Wi

(αM (e)/η)s
x(Fi)

)
− log η

.

Thus sB is the weighted average of dimB Fi.
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On first glance these conditions seem very restrictive. However, note that 1-
variable Bedford-McMullen carpets sharing the same n,m grid subdivision satisfy
these conditions (the Gui-Li case). Briefly, this is because

sx(Fi) =
− log(number of non-empty columns)

log(column width)
(i ∈ Λ) ,

and

sx(Fω) =
− log(geometric mean of the number of non-empty columns)

log(column width)
(a.s.).

Further, these conditions are satisfied for much more general separated box-like self-
affine RIFS (such as the Lalley-Gatzouras type) if all the individual attractors’ pro-
jection onto the horizontal have the same box-counting dimension and they contract
equally in the direction parallel to the vertical.

Note however, that letting αm(e) = ηi for every e ∈ Wi is no longer sufficient
for the dimension to be the mean of the individual dimensions as Example 4.5.1 in
Section 4.5 shows. Another interesting consequence of Theorem 4.3.6 is the following
corollary for RIFSs such that the modified singular value function is not stochastically
additive.

Corollary 4.3.9. Let (L, ~π) be a box-like self-affine RIFS that satisfies the UORC
such that ψ

s

ω(e) is not stochastically additive. Let Fω be the associated 1-variable
random box-like carpet. Then the almost sure box-counting dimension of the attractor
can drop below the least box-counting dimension of the individual attractors, that is
there exists (L, ~π) such that, almost surely,

dimB Fω < min
i∈Λ

dimB Fi

Proof. See Example 4.5.2 in Section 4.5.

Of course, in light of Theorem 1.7.8, the box-counting dimension can be replaced
by the packing dimension in all the preceding results.

We end this section by commenting that if sx = sy = 1 a.s. the modified singular
value function coincides with the singular value function and dimB Fω coincides with
the natural affinity dimension. For the separated case with greatest contraction in the
vertical direction it is sufficient to have sx = 1. Conversely, if sx, sy < 1 the almost
sure box-counting dimension (and therefore the almost sure Hausdorff dimension) of
Fω will be strictly less than the associated affinity dimension.

4.4 Results for ∞-variable box-like carpets

In this section we define an infinite code tree and define the ∞-variable attractor
of a finite random iterated function system (L, ~π). We set ks = maxi∈Λ #Ii and
consider the rooted ks-ary tree. Each node in this tree we label with a single i ∈ Λ,
chosen independently, according to probability vector ~π. We denote the space of
all possible labellings of the tree by T and refer to individual realisations picked
according to the induced probability measure, described below, by τ ∈ T . In this full
tree we address vertices by which branch was taken; if v is a node at level k we write
v = (v1, v2, . . . , vk), with vi ∈ {1, . . . , ks} and root node v = (.). The levels of the
tree are then:

{(.)}, {(1), (2), . . . , (ks)}, {(1, 1), (1, 2), . . . , (1, ks), (2, 1), . . . , (ks, ks)}, . . . .

We write τ(v) ∈ Λ to denote the random letter for node v and realisation τ . Given
a node v we define σvτ to be the full subtree starting at vertex v, with σ(.)τ = τ .
There exists a natural measure P on the collection of trees, induced by ~π which we
now describe. Let [τ ]k be the collection of trees κ such that τ(v) = κ(v) for all nodes
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v in levels up to k. Similarly to the 1-variable setting we refer to this as a cylinder
and note that it generates the topology of T . The measure P is then the unique

measure on T such that P([τ ]k) = π
ρ(1,k,τ)
1 π

ρ(2,k,τ)
2 . . . π

ρ(n,k,τ)
n , where ρ(i, k, τ) is the

number of choices of letter i ∈ Λ for all nodes up to level k in realisation τ .
We note that in this section we relax the requirement that every IFS Ii must

contain at least one map, with a single IFS consisting of two maps. We now allow
an IFS to have no maps, i.e. Wi = ∅ with positive probability, but we require a
non-extinction condition.

Definition 4.4.1. We call the RIFS (L, ~π) non-extinguishing if∑
i∈Λ

pi#Ii > 1.

This implies that there exists positive probability that the associated attractor (de-
fined below) is non-empty. We will later state results ‘conditioned on non-extinction’
by which we mean ‘with respect to the (normalised) measure P restricted on the set
of non-extinction’.

Allowing for extinction we have to extend the definition of the modified singular
value function.

Definition 4.4.2. Let e ∈ i�, we define the upper (random) modified singular value
function as

ψ
s

τ (e) =

{
αM (e)s(e,Fτ )αm(e)s−s(e,Fτ ), if e 6= ∅,
0, otherwise.

Again, ψs
ω

(e) and ψsω(e) are defined analogously.

Recall that eji is the letter representing the map f ji ∈ Ii. For each full tree τ
that is randomly labelled by entries in Λ, we associate another rooted labelled ks-ary
tree Tτ , where each node is labelled by an arrangement of words that describes the
‘coding’ of the associated cylinder.

Definition 4.4.3. Let Tτ be a labelled tree, we write Tτ (v) for the label of node v
of the tree Tτ . The coding tree Tτ is then defined inductively:

Tτ ((.)) = ε0 and Tτ (v) = Tτ ((v1, . . . , vk)) = Tτ ((v1, . . . , vk−1))� evkτ(vk−1)

for 1 ≤ vk ≤ #Iτ(vk−1) and evkτ(vk−1) = ∅ otherwise. This ‘deletes’ this subbranch as

∅ annihilates under multiplication.
We refer to the arrangement of all labels at the k-th level by

Tk
τ =

⊔
v1,...,vk

Tτ ((v1, . . . , vk)).

We remark that the resulting tree will almost surely, when conditioned on non-
extinction, have an exponentially increasing number of vertices at level k as k in-
creases. We can now define the random recursive, or ∞-variable, box-like self-affine
carpet.

Definition 4.4.4. Let (L, ~π) be a box-like self-affine RIFS and τ ∈ T . The ∞-
variable box-like self-affine carpet Fτ is the compact set satisfying

Fτ =

∞⋂
k=1

f(Tk
τ ,∆).

We note that setting up the RIFS appropriately this models reduces to self-affine
fractal percolation.

We write sx and sy for the almost sure box-counting dimension of the projections
of Fτ onto the horizontal and vertical axes. In this case the projections are ∞-
variable RIFSs or random graph directed systems (RGDSs) in the sense of [T1] (see
Definition 4.6.1 below) and in the non-separated case sx = sy almost surely.
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Theorem 4.4.5. Let (L, ~π) be a box-like self-affine RIFS that satisfies the UORC and
is non-extinguishing. Let Fτ be the associated ∞-variable random self-affine box-like
carpet. The box-counting dimension of Fτ , conditioned on non-extinction, is almost
surely given by the unique sB satisfying

E


∑
e∈Tkτ

ψ
sB
τ (e)

1/k
→ 1 as k →∞. (4.4.1)

Corollary 4.4.6. Let (L, ~π) be a box-like self-affine RIFS that satisfies the UORC and
is non-extinguishing. Let Fτ be the associated ∞-variable random self-affine box-like

carpet. If the modified singular value function is additive, i.e. ψ
t

τ (e�g) = ψ
t

τ (e)ψ
t

τ (g),
we have, conditioned on non-extinction, dimB Fω = sB almost surely, where

E

(∑
e∈Ii

ψ
sB
τ (e)

)
= 1. (4.4.2)

Similarly to the 1-variable RIFSs we can get a dimension drop for ∞-variable
carpets.

Corollary 4.4.7. Let (L, ~π) be a box-like self-affine RIFS that satisfies the UORC but
does not have an additive modified singular value function. Let Fτ be the ∞-variable
attractor associated with (L, ~π). Then the almost sure box-counting dimension of the
attractor can drop below the least box-counting dimension of the individual attractors,
that is there exists (L, ~π) such that, almost surely,

dimB Fτ < min
i∈Λ

dimB Fi

Proof. See Example 4.5.2 in Section 4.5.

Interestingly, if the modified singular value function is additive, the sequence of
sums over the singular value function forms an L 2 bounded martingale, allowing us
to give an alternative proof of Corollary 4.4.6.

Theorem 4.4.8. Let (L, ~π) be a box-like self-affine RIFS that satisfies the UORC and
is non-extinguishing. Assume that the modified singular value function is additive,
e.g. if αM (e� g) = αM (e)αM (g). Then∑

ξ∈Tkτ

ψ
sB
τ (ξ)

∞
k=1

is an L 2 bounded martingale.

Corollary 4.4.6 then follows by an application of the martingale convergence the-
orem.

Again, we appeal to Theorem 1.7.8, and note that the box-counting dimension
can be replaced by the packing dimension in all the results in this section.

Finally, we remark that the the box-counting dimension of ∞-variable attractors
is always an upper bound to the box-counting dimension of 1-variable attractors.
When ψ is additive this can be easily seen by Jensen’s Inequality (Proposition 1.2.9),
noting that (4.3.3) is a geometric and (4.4.2) an arithmetic average.

4.5 Examples

We now use our results to compute the box-counting dimension of some simple random
self-affine sets.
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Figure 4.2: The two iterated functions systems used in Example 4.5.1. The IFS I1 is
to the left and I2 is to the right.

Figure 4.3: The two iterated functions systems used in Example 4.5.2 (left and middle)
and the first two iterations, choosing first I1 then I2, which is self-similar.

4.5.1 Example

Let I1 be the IFS for a Bedford-McMullen carpet F1 with subdivision n1 = 2 and
m1 = 3, consisting of two maps; one maps the unit square to a rectangle in the left
column and one maps the unit square into a rectangle of the right column. Take I2 to
be the IFS for a Bedford-McMullen carpet F2 with subdivision n2 = 2 and m2 = 4,
consisting of three maps, two mapping into the left column and one mapping into the
right column, see Figure 4.2. Note that for both IFSs the box-counting dimension of
the projection onto the horizontal is 1 and consider the 1-variable box-like self-affine
carpet associated with L = {I1, I2} and ~π = {1/2, 1/2}.

The modified singular value function takes the value ψt1 = (1/2)(1/3)t−1 for all
elements e ∈ I1 and ψt2 = (1/2)(1/4)t−1 for all e ∈ I2. Solving

∑
e∈I1 ψ

t
1 = 1 and∑

e∈I2 ψ
t
2 = 1 for t we get dimB F1 = 1 and dimB F2 = log 6/ log 4. However, as

P is the (1/2, 1/2)-Bernoulli measure, substituting into (4.3.3) and solving for sB
we get that, almost surely, dimB Fω = log 18/ log 12 and since log 18/ log 12 > (1 +
log 6/ log 4)/2 equation (4.3.4) fails even in the simple setting of Bedford-McMullen
carpets with mixed subdivisions.

4.5.2 Example

Let I1 be the IFS for a Bedford-McMullen carpet as in the previous example and let I2
be another Bedford-McMullen carpet but with major contraction in the horizontal,
see Figure 4.3. Note that the periodic word ω̃ = (1, 2, 1, 2, . . . ) describes a self-
similar set with Hausdorff and box-counting dimension log 4/ log 6. It is easy to
check that the individual Bedford-McMullen carpets have box-counting dimension
1. Again, I = {I1, I2} is of separated type, but has a non-additive modified singular
value function. We can calculate the box-counting dimension for the 1-variable model
explicitly, assuming the (1/2, 1/2)-Bernoulli measure. First note that both projections
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of the attractor have, by symmetry, the same dimension sp, which is the unique real
satisfying

expE log
∑

e∈Wω1

Lip(Πxf(e,K))sp = (2(1/2)sp2(1/3)sp)1/2 = 1,

and so, almost surely, sp = log 4/ log 6. The box-counting dimension of the carpet
then becomes the unique t satisfying(

2n
(

2−k(n)3k(n)−n
)log 4/ log 6 (

2k(n)−n3−k(n)
)t−log 4/ log 6

)1/n

→ 1 a.s. as n→∞,

where k(n) is maximum number of 1s or 2s in a randomly picked string {1, 2}n.
Since k/n→ 1/2 a.s. we deduce t = log 4/ log 6 and, almost surely, the box-counting
dimension of the 1-variable carpet agrees with that of the periodic word ω̃ and is
strictly less than the box-dimensions of the individual attractors.

Taking the same I1, I2 and ~π = {1/2, 1/2} but the ∞-variable construction, we
can calculate the almost sure box-counting dimension of the projection of the carpet
to be the unique sp satisfying

E
∑

e∈Wω1

Lip(Πxf(e,K))sp = 2−sp + 3−sp = 1.

For tree levels that are odd, the maximal singular value αM cannot equal the lower
singular value αm. We can explicitly state the expectation of the 2k+ 1 level sum of
the modified singular value function for k ∈ N0 by noting that for a binary tree of

level 2k + 1 with two choices of labels per node there are 212224 . . . 22(2k+1)−1

=

21+2+...+22k

= 222k+1−1 choices of trees and thus 222k

222k+1−1 = 222k+1+22k−1 =
23·22k−1 equally likely paths. These paths correspond to all values of 2αsBM αt−sBm

we want to sum up. Notice that αM = 2−i3−j and αm = 2−j3−i for some i ≥ j at
level k = i + j. Thus for subtrees the new singular values can only be 2−i−13−j if
i = j, and 2−i−13−j or 2−i3−j−1 otherwise. Therefore the number of choices for i at
level 2k + 1 must be (

2k + 1

i

)
222k+1−1

for k + 1 ≤ i ≤ 2k + 1. We can now state the expectation at level 2k + 1,

E
∑

e∈T2k+1
τ

ψ
t

τ (e) =
1

222k+1−1

2k+1∑
i=k+1

222k+1−1

(
2k + 1

i

)
· 2(2−i3−(2k+1−i))sp(2−(2k+1−i)3−i)t−sp

= 2

2k+1∑
i=k+1

(
2k + 1

i

)(
3

2

)sp2i(
3

2

)−sp(2k+1)

2−t(2k+1)

(
2

3

)it

= 21−t(2k+1)

(
2

3

)sp(2k+1) 2k+1∑
i=k+1

(
2k + 1

i

)(
3

2

)i(2sp−t)

≤ 21−t(2k+1)

(
2

3

)sp(2k+1)
(

1 +

(
3

2

)(2sp−t)
)2k+1

.

Let ε > 0 and set t = sp + ε, then

≤ 21−ε(2k+1)3−sp(2k+1)

(
1 +

(
3

2

)sp (3

2

)−ε)2k+1
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= 21−ε(2k+1)3−sp(2k+1)

(
1 + (3−sp − 1)

(
3

2

)−ε)2k+1

→ 0 as k →∞.

Therefore the box-counting dimension sB of the attractor satisfies sp ≤ sB ≤ sp + ε
and so sB = sp. Again this is a dimension drop when compared to the original
attractors.

4.6 Proofs

This section is divided into two parts; we prove the results of Section 4.3 in the
first, followed by the proofs for Section 4.4. First, however, we recall the definition
of random graph directed systems introduced in the preceding chapter and alter
it slightly to fit in with the notation used in this chapter. We then state and prove
Lemmas 4.6.5 and 4.6.6, which apply to both 1-variable and∞-variable constructions.

Definition 4.6.1. Let Γ = {Γ(1), . . . ,Γ(N)} be a finite collection of directed graphs
with edge sets E(i), 1 ≤ i ≤ N and common vertex set V = {1, . . . ,M}. Associate to
each graph a probability πi > 0 such that

∑
πi = 1. We represent each edge e ∈ E(i)

by a unique prime arrangement of words e ∈ GE that codes an associated contraction
fe. For v, w ∈ V write Ev w(i) = e1 t · · · t en, where the edges associated with the
prime arrangements ek ∈ E(i) have initial vertex v and terminal vertex w. We set
Ev w(i) = ∅ if no such edge exists. Let

E(i) =


E1 1(i) E1 2(i) . . . E1 M (i)

E2 1(i)
. . . E1 M (i)

...
. . .

...
EM 1(i) EM 2(i) . . . EM M (i)


and 1v be a vector of length M such that (1v)k = ε0 if k = v and (1v)k = ∅ otherwise.

Matrix multiplication × and addition t for such n by n matrices M and N, and
vectors v of dimension n is defined in the natural way:

(M×N)i,j =

n⊔
k=1

(Mi,k �Nk,j), (M tN)i,j = Mi,j tNi,j , (4.6.1)

(v ×M)i =

n⊔
k=1

(vk �Mk,i).

Definition 4.6.2. Let

Ek
v(ω) =

⊔
1≤j≤M

(1vE(ω1)E(ω2) . . .E(ωk))j

be the k-level sets for vertex i ∈ {1, . . . , N}. The 1-variable random graph directed
self similar set Kv(ω) associated to v ∈ V and realisation ω ∈ ΛN is given by

Kv(ω) =
⋂
k>0

f(Ek
v(ω),∆).

The ∞-variable random graph directed system is defined analogously to ∞-variable
RIFS (see Definitions 4.4.3 and 4.4.4), replacing evkτ(vk−1) by an appropriately chosen

matrix E(i) and taking the sum of arrangements over the v-th column.
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Definition 4.6.3. Let Γ = {Γi}i∈Λ be a finite collection of graphs, sharing the same
vertex set V .

4.6.3.a We say that the collection Γ is a non-trivial collection of graphs if for every
i ∈ Λ and v ∈ V we have ⊔

w∈V
Ev w(i) 6= ∅.

Furthermore we require that there exist e1 ∈ E(i) and e2 ∈ E(j) such that
fe1 6= fe2 .

4.6.3.b If for every v, w ∈ V there exists ωv,w ∈ Λ∗ such that Ev w (ωv,w) 6= ∅ and
P([ωv,w]) > 0, we call Γ stochastically strongly connected.

4.6.3.c We call the Random Graph Directed System (RGDS) associated with Γ
a contracting self-similar RGDS if for every e ∈ E(i), fe is a contracting
similitude.

Condition 4.6.4. Let Γ = {Γi}i∈Λ be a finite collection of graphs, sharing the same
vertex set V . We say that the collection Γ is a non-trivial surviving collection of
graphs if for every v ∈ V we have E(#{e ∈ E(ω1)v w | w ∈ V }) > 1. Furthermore we
require that there exist e1 ∈ E(i) and e2 ∈ E(j) such that fe1 6= fe2 .

Condition 4.6.4 is similar to a RIFS being non-extinguishing (Definition 4.4.1),
guaranteeing the existence of a positive probability that Kv(ω) 6= ∅.

Lemma 4.6.5. Let (L, ~π) be a box-like self-affine RIFS with associated 1-variable
(∞-variable) carpet Fω (Fτ ). The projections Πx(Fω) and Πy(Fω), and Πx(Fτ ) and
Πy(Fτ ) are, in the separated case, random self-similar and, in the non-separated
case, random graph-directed self-similar sets (RGDS) as above. The 1-variable RGDS
satisfies all conditions in Definition 4.6.3 (assuming every IFS has at least one map,
with at least one IFS having two maps) and the ∞-variable RGDS (assuming it is
non-extinguishing) satisfies all conditions in Definition 4.6.3 with Condition 4.6.4
replacing 4.6.3.a.

Proof. We prove the 1-variable case where (L, ~π) is a 1-variable box-like self-affine
RIFS. Assume that (L, ~π) is separated; without loss of generality (considering all
possible concatenations of two f ji if necessary) for every i ∈ Λ and j ∈ Ii the matrix

Qj
i does not have off-diagonal entries and for some âji , b̂

j
i ∈ R \{0} each map f ji can

be rewritten as

f ji (x) =

(
âji 0

0 b̂ji

)
x +

(
uji
vji

)
. (4.6.2)

We define the two induced maps Π̂xf
j
i : R→ R and Π̂yf

j
i : R→ R by

Π̂xf
j
i (z) = Πx◦f ji ◦Π−1

x (z) = âjiz+uji and Π̂yf
j
i (z) = Πy ◦f ji ◦Π−1

y (z) = b̂jiz+vji .

For every e ∈ Ck
ω

Π̂xfe = Πx ◦ fe1 ◦ fe2 ◦ · · · ◦ fe|e| ◦Π−1
x

= Πx ◦ fe1 ◦Π−1
x ◦Πx ◦ fe2 ◦ . . .Πx ◦ fe|e| ◦Π−1

x

= (Π̂xfe1) ◦ (Π̂xfe2) ◦ · · · ◦ (Π̂xfe|e|),

where fe(x) = f(e, x). So the attractor Kx,ω of the iterated function system Lx =

{Ixi }i∈Λ, with Ixi = {Π̂xf
j
i }j∈Ii satisfies Kx,ω = ΠxFω. A similar argument holds for

the projection onto the vertical axis and thus the projections of Fω onto the x and
y axes are the attractors of the RIFSs Lx and Ly. Finally note that the projections
are similitudes and hence the projections of Fω onto the horizontal and vertical axes
are self-similar RIFS.
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The argument for the graph directed construction in the non-separated case is
similar. For each i ∈ Λ we define a graph Γi, where all graphs Γ = {Γ1, . . . ,ΓN}
share the same vertex set V = {Vh, Vv}. We define a new set of prime arrangements
G∗E = {ezi,j | z ∈ {x, y}} for the RGDS, where for every eji we obtain two new unique

words: exi,j and eyi,j . Let f ji be of the same form as (4.6.2), we define

f(exi,j , z) = Πx ◦f ji ◦Π−1
x (z) = âjiz+uji and f(eyi,j , z) = Πy ◦f ji ◦Π−1

y (z) = b̂jiz+vji .

For f ji that map vertical lines to horizontal and vice versa, i.e. are of form

f ji (x) =

(
0 âji
b̂ji 0

)
x +

(
uji
vji

)
, (4.6.3)

we define

f(eyi,j , z) = Πy ◦f ji ◦Π−1
x (z) = b̂jiz+vji and f(exi,j , z) = Πx ◦f ji ◦Π−1

y (z) = âjiz+uji .

Fix i ∈ Λ. We define, for all v, w ∈ V the edge set Ev w(i) by

EVh Vh
(i) =

⊔
{exi,j | f

j
i is of form (4.6.2)},

EVv Vv (i) =
⊔
{eyi,j | f

j
i is of form (4.6.2)},

EVh Vv (i) =
⊔
{exi,j | f

j
i is of form (4.6.3)},

EVv Vh
(i) =

⊔
{eyi,j | f

j
i is of form (4.6.3)}.

It remains to check that ΠxFω = KVh(ω) and ΠyFω = KVv (ω), for which it is
sufficient to show that, given any finite arrangement of words in e ∈ C∗ω,

Πxf(e,∆) = f(ex, [0, 1]) and Πyf(e,∆) = f(ey, [0, 1]) (4.6.4)

is satisfied, where ex and ey are the two induced paths, starting at Vh and Vv, respec-
tively.

If e = ε0, then ex = ey = ε0 and if e = ∅, then ex = ey = ∅ and in both
cases (4.6.4) holds trivially. Let w = w1 � · · · � wk ∈ Ck

ω with w1 = eji and write
wx and wy for the induced paths. Assume inductively that Πxf(w2 � · · · �wk,∆) =
f((w2 � · · · � wk)x, [0, 1]) and Πyf(w2 � · · · � wk,∆) = f((w2 � · · · � wk)y, [0, 1]).

Consider the map f ji and assume first it is of the form (4.6.2). The map f(w, .) can
be written as (

z1

z2

)
7→
(
âji ·Πx ◦ f(w2 � · · · � wk, (z1, z2)>) + uji
b̂ji ·Πy ◦ f(w2 � · · · � wk, (z1, z2)>) + vji

)
=

(
âji · f((w2 � · · · � wk)x, z1) + uji
b̂ji · f((w2 � · · · � wk)y, z2) + vji

)
=

(
f(wx, z1)
f(wy, z2)

)
.

Analogously, if f ji is of form (4.6.3),(
z1

z2

)
7→
(
b̂ji ·Πy ◦ f(w2 � · · · � wk, (z1, z2)>) + vji
âji ·Πx ◦ f(w2 � · · · � wk, (z1, z2)>) + uji

)
=

(
b̂ji · f((w2 � · · · � wk)y, z1) + vji
âji · f((w2 � · · · � wk)x, z2) + uji

)
=

(
f(wx, z1)
f(wy, z2)

)
, (4.6.5)
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where we have used that wx1 ∈ EVh Vv
(ω1) and wy1 ∈ EVv Vh

(ω1) in (4.6.5). Therefore,

by induction on word length, ΠxF
k
ω = Kk

Vh
(ω) and ΠyF

k
ω = Kk

Vv
(ω). We conclude

that ΠxFω = KVh(ω) and ΠyFω = KVv (ω), where Ki(ω) is the 1-variable random
graph directed system of Definition 4.6.2, as all maps are similitudes.

Finally we check the conditions of Definition 4.6.3. Non-triviality arises from the
fact that pi > 0 for all i ∈ Λ, each map f ji induces exactly one map starting at each
of the two vertices and that we assume at least two maps to be distinct. Lastly, the
stochastically strongly connected condition is satisfied since at least one of the maps
is separated and there exists at least one pair (i, j) such that horizontal get mapped
to vertical ones.

The result for the ∞-variable case is almost identical and left to the reader.

The following lemma follows directly from Theorems 3.2.23 (1-variable) and 3.3.5
(∞-variable).

Lemma 4.6.6. Let (L, ~π) be a box-like self-affine RIFS s.t. every IFS has at least
one map, with at least one IFS having two maps (it is non-extinguishing) and let Fω
(Fτ ) be the associated 1-variable (∞-variable carpet. Let e ∈ C∗ω (e ∈ T∗τ ) be the
level sets of Definition 4.3.1 (Definition 4.4.3). Then s(e, Fω) = s(e, Fω) (s(e, Fτ ) =
s(e, Fτ )) is constant almost surely and coincides with sx or sy, the almost sure box-
counting dimension of the projection of Fω (Fτ ) onto the horizontal or vertical axis,
respectively. If I is non-separated, then additionally sx = sy almost surely.

Basic dimensional properties give that the box-counting dimension of a set X is
bounded above by

dimBX ≤ dimB(ΠxX ×ΠyX) ≤ dimB(ΠxX) + dimB(ΠyX).

So, almost surely the box-counting dimension for 1-variable and ∞-variable box-like
carpets cannot exceed sx + sy. In the proofs below we will however also consider the
parameter s for s > sx + sy to show that our results are exactly the unique values
sB such that (4.3.2) and (4.4.2) hold, rather than min{sB , sx + sy}. Note that this
means that the modified singular value function must be subadditive, although not
strictly so.

4.6.1 Proofs for Section 4.3

The modified singular value function is in certain cases either stochastically subaddi-
tive, additive or superadditive. The proof shares many similarities with [Fr1, Lemma
2.1], although differs in some points because sx(Fω) and sy(Fω) do not surely coincide.

Lemma 4.6.7. Let e ∈ C∗ω and g ∈ i∗ be such that e � g ∈ C∗ω. Writing l = |e|
and γω(e, g), γmin, γmax for some quantities that will arise in the proof but are almost
surely equal to one, the following statements hold for all k ≥ 0

1. If t ∈ [0, sx(Fω) + sy(Fω)] then

ψ
t

ω(e� g) ≤ γω(e, g)ψ
t

ω(e)ψ
t

σlω(g),

Ψ
k+l

ω (s) ≤ γ(k+l)|sx(Fω)−sy(Fω)|
max Ψ

k

ω(s)Ψ
l

σkω(s). (4.6.6)

2. If t ≥ sx(Fω) + sy(Fω) then

ψ
t

ω(e� g) ≥ γω(e, g)ψ
t

ω(e)ψ
t

σlω(g),

Ψ
k+l

ω (s) ≥ γ
(k+l)|sx(Fω)−sy(Fω)|
min Ψ

k

ω(s)Ψ
l

σkω(s).

An analogous result holds for ψt
ω

and Ψk
ω.
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Proof. We first prove the results concerning the modified singular value function and
deal with the separated case, which implies that αM (e) can only take the values of
h(e)h(g) or w(e)w(g), where h(z) = |Πyf(z,∆)| and w(z) = |Πxf(z,∆)| are the
height and width of the rectangle f(z,∆). Without loss of generality we can assume
that h(e) ≥ w(e) i.e. αM (e) = h(e).

We therefore have the following cases to check:

(i) αM (g) = h(g) and thus αM (e� g) = h(e)h(g),

(ii) αM (g) = w(g) and αM (e� g) = h(e)h(g),

(iii) αM (g) = w(g) and αM (e� g) = w(e)w(g).

In the separated case we define γmin = γmax = γω(e, g) = 1 and we shall now treat
each of the cases above separately.

(i) We have

ψ
t

ω(e� g)

ψ
t

ω(e)ψ
t

σlω(g)
=

(h(e)h(g))s(e�g,Fω)(w(e)w(g)))t−s(e�g,Fω)

h(e)s(e,Fω)w(e)t−s(e,Fω)h(g)s(g,Fσlω)b(g)t−s(g,Fσlω)
,

=
(h(e)h(g))s

x(Fω)(w(e)w(g))t−s
x(Fω)

h(e)s
x(Fω)w(e)t−s

x(Fω)h(e)s
x(Fω)w(g)t−s

x(Fω)
= 1. (4.6.7)

(ii) We have

ψ
t

ω(e� g)

ψ
t

ω(e)ψ
t

σlω(g)
=

(h(e)h(g))s
y(Fω)(w(e)w(g))t−s

y(Fω)

h(e)s
y(Fω)w(e)t−s

y(Fω)w(g)s
x(Fω)h(g)t−s

x(Fω)

=

(
w(g)

h(g)

)t−sx(Fω)−sy(Fω)

= rt−s
x(Fω)−sy(Fω)

where r > 1.
(iii) We have

ψ
t

ω(e� g)

ψ
t

ω(e)ψ
t

σlω(g)
=

(w(e)w(g))s
x(Fω)(h(e)h(g))t−s

x(Fω)

h(e)s
y(Fω)w(e)t−s

y(Fω)w(g)s
y(Fω)h(g)t−s

x(Fω)

=

(
h(e)

w(e)

)t−sx(Fω)−sy(Fω)

= rt−s
x(Fω)−sy(Fω)

where r > 1.
The required cases then follow by letting t take the appropriate values.

For the non-separated case we have sx = sx(Fω) = sy(Fω) almost surely. Let

γmin = min
i∈Λ
h∈Ii

αm(h)

αM (h)
and γmax = γ−1

min.

Note that αm(e� g) ≥ αm(e)αm(g). Equivalently αm(e� g) = c(e, g)αm(e)αm(g) for
some c(e, g) ≥ 1 and so we have for all ω ∈ ΛN,

ψ
t

ω(e� g) = αM (e� g)s(e�g,Fω)αm(e� g)t−s(e�g,Fω)

= (αM (e� g)αm(e� g))s(e�g,Fω)αm(e� g)t−2s(e�g,Fω)

= (αM (e)αM (g)αm(e)αm(g))s(e�g,Fω)αm(e� g)t−2s(e�g,Fω)

= (αM (e)αM (g)αm(e)αm(g))s(e�g,Fω)

· (αm(e)αm(g))t−2s(e�g,Fω)c(e, g)t−2s(e�g,Fω)

= c(e, g)t−2s(e�g,Fω)γω(e, g)ψ
t

ω(e)ψ
t

σlω(g), (4.6.8)
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for some γω(e, g) ∈
[
γ
|e�g|·|sx(Fω)−sy(Fω)|
min , γ

|e�g|·|sx(Fω)−sy(Fω)|
max

]
. The required in-

equalities follow again by letting t take appropriate values. Note that, while γω(e, g) =
1 holds for all ω ∈ ΛN in the separated case, in the non-separated case the equality
holds only for ω ∈ G, where G is the full measure set on which sx and sy exist and
coincide (guaranteed to exist by Lemma 4.6.6 for RIFS of the non-separated type).
As it turns out this does not make a difference to the convergence of P .

We now move on to proving the inequalities involving Ψ
k+l

ω (s). We have from (4.6.8)
for e ∈ Ck

ω and g ∈ Cl
σkω such that e� g ∈ Ck+l

ω and t ∈ [0, sx + sy],

Ψ
k+l

ω (t) =
∑

e�g∈Ck+l
ω

ψ
t

ω(e� g)

=
∑
e∈Ckω

∑
g∈Cl

σkω

ψ
t

ω(e� g) ≤
∑
e∈Ckω

∑
g∈Cl

σkω

γω(e, g)ψ
t

ω(e)ψ
t

σkω(g)

≤ γ(k+l)|sx(Fω)−sy(Fω)|
max

∑
e∈Ckω

ψ
t

ω(e)


 ∑
g∈Cl

σkω

ψ
t

σkω(g)


= γ(k+l)|sx(Fω)−sy(Fω)|

max Ψ
k

ω(t)Ψ
l

σkω(t).

The other inequality follows by a similar argument, again noting that

γ(k+l)|sx(Fω)−sy(Fω)|
max = 1

for all ω ∈ ΛN in the separated case and for all ω ∈ G in the non-separated case.

Proof of Lemma 4.3.5. Let t ∈ [0, sx(Fω) + sy(Fω)], and consider log Ψ
k

ω(t). We first

note that log Ψ
k

ω(t) is a (measurable) random variable. Since there exists c > 0 such

that ψ
t

ω(x) ≥ c for all i and x ∈ Ii, we can write

inf
k

E log Ψ
k

ω(t)

k
≥ inf

k

log ck

k
= log c > −∞.

Hence the condition on bounded infimum is satisfied. Obviously the shift map σ is
an invariant and ergodic transformation on Ω = ΛN, and the subadditive defect is

log Ψ
k+l

ω (t)− log Ψ
k

ω(t)− log Ψ
l

σkω(t) ≤ log γ(k+l)|sx(Fω)−sy(Fω)|
max

= 0 (a.s.)

and therefore Pω(t) converges to some random variable P̂ω almost surely by Propo-

sition 1.4.4. Using ergodicity of σ we can conclude that P̂ω is almost surely constant
and so, almost surely,

Pω(t) = lim
k

exp

(
E log Ψ

k

ω

k

)
. (4.6.9)

The case for t > sx(Fω)+sy(Fω) follows by considering the stochastically subadditive

sequence of− log Ψ
k

ω and we will omit details here. We simply comment that Ψ
k

ω = Ψk
ω

(a.s.) and so Pω(t) = Pω(t) almost surely, and we denote this common, almost sure,
constant value by P (t).

Lemma 4.6.8. The s-pressure P (s) is strictly decreasing and continuous in s, and
there exists unique sB such that P (sB) = 1.

Proof. Let α = mine∈Ii,i∈Λ αm(e) and α = maxe∈Ii,i∈Λ αM (e). We have for ε > 0,

P (s+ ε) = ess lim
k→∞

∑
e∈Ckω

αM (e)s(e,Fω)αm(e)s+ε−s(e,Fω)

1/k
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≤ ess lim
k→∞

∑
e∈Ckω

αkεαM (e)s(e,Fω)αm(e)s−s(e,Fω)

1/k

= αεP (s).

Similarly we can establish the lower bound to get

αεP (s) ≤ P (s+ ε) ≤ αεP (s).

It immediately follows that P is continuous and strictly decreasing. Furthermore,
letting ε→∞ we can see that P (s)→ 0 as s→∞. Finally consider

P (0) = ess lim
k→∞

∑
e∈Ckω

αM (e)s(e,Fω)αm(e)−s(e,Fω)

1/k

≥ ess lim
k→∞

∑
e∈Ckω

1

1/k

= expE(log(#Ii)) > 1.

The last inequality follows by our assumption that at least one of our IFSs contains
two maps. We can therefore conclude that sB in (4.3.1) is unique, which concludes
the proof.

To prove that sB is the almost sure box-counting dimension of Fω we first define
a useful stopping.

Definition 4.6.9. For 0 < δ ≤ 1 we define the δ-stopping:

Ξδω = {e = e1 . . . e|e| ∈ C∗ω | αm(e) ≤ δ and αm(e1e2 . . . e|e|−1) > δ},

This is the collection of arrangements of words such that their associated rectangle
has shorter side comparable to δ, i.e. for e ∈ Ξδω,

αδ < αm(e) ≤ δ. (4.6.10)

We can now prove the upper bound of (4.3.2).

Lemma 4.6.10. Let Fω be the attractor of a box-like self-affine random iterated
function system. Irrespective of overlaps, almost surely,

dimB Fω ≤ sB .

Proof. For e ∈ C∗ω define
Fω(e) = f(e, Fσ|e|ω).

Let ε > 0 be arbitrary and let {Ue,i}Nε(Fω(e))
i=1 be a minimal ε-cover of Fω(e); then

Fω ⊆
⋃
e∈Ξεω

Nε(Fω(e))⋃
i=1

Ue,i. (4.6.11)

Recall that Πe is the projection onto the axes parallel to the longest side of f(e,∆).
Using 4.6.11 we get

Nε(Fω) ≤
∑
e∈Ξεω

Nε(Fω(e)) =
∑
e∈Ξεω

Nε(f(e, Fσ|e|ω)) =
∑
e∈Ξεω

Nε(f(e,ΠeFσ|e|ω)),

since the rectangles have shortest length equal to ε or less. Now notice that for ε > 0
there exists Cω > 0 such that

C−1
ω r−sω(e)+ε/2 ≤ Nr(ΠeFω) ≤ Cωr−sω(e)−ε/2,
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with 0 < Cω <∞ holding almost surely. We thus get

Nε(Fω) ≤
∑
e∈Ξεω

Nε/αM (e)((ΠeFσ|e|ω)) ≤ Cω
∑
e∈Ξεω

(
ε

αM (e)

)−s(e,F
σ|e|ω)−ε/2

,

and as αε < αm(e) for all e ∈ Ξεω we deduce, for C∗ = α−(sB+ε),

Nε(Fω) ≤ Cω
(
αm(e)

αε

)sB+ε ∑
e∈Ξεω

(
ε

αM (e)

)−s(e,F
σ|e|ω)−ε/2

≤ Cωα−(sB+ε)ε−(sB+ε)
∑
e∈Ξεω

αM (e)s(e,Fω)+ε/2αm(e)sB+εε−s(e,Fω)−ε/2

≤ CωC∗ε−(sB+ε)
∑
e∈Ξεω

αM (e)s(e,Fω)+ε/2αm(e)sB+ε−s(e,Fω)−ε/2

≤ CωC∗ε−(sB+ε)
∑
e∈Ξεω

ψ
sB+ε/2

ω (e)

≤ CωC∗ε−(sB+ε)
∞∑
k=1

Ψ
k

ω(sB + ε/2).

But since P (s+ ε) < 1 there exists C ′ω for almost every ω such that

Ψ
k

ω(sB + ε) ≤ C ′ωP (s+ ε/2)k.

Therefore, almost surely,

Nε(Fω) ≤ C∗CωC ′ωε−(sB+ε)
∑
k

P (s+ ε/2)k <∞

and hence dimB(Nε(Fω)) ≤ sB + ε as required.

For t < sB the sum over the random modified singular function of the elements
in the stopping is bounded from below.

Lemma 4.6.11. Let

Lδω(t) =
∑
e∈Ξδω

ψ
t

ω(e).

Then P (t) < 1 implies Lδω(t) < 1 for small enough δ, and P (t) > 1 implies Lδω(t) > 1
for small enough δ almost surely.

Proof. We start by introducing the same notation as in [T1] and write the stopping

Ξδω in an infinite matrix fashion. Define the matrix Ξ̂δω entrywise for i, j ∈ N by

(Ξ̂δω)i,j =
⊔{

e ∈ Ξδσi−1ω : |e| = max{0, j − i}
}

if there exists e ∈ Ξδσi−1ω with |e| = max{0, j − i}. Otherwise set (Ξ̂δω)i,j = ∅. We
define the vector 1kε0 by

(1kε0)i =

{
ε0, if i = k,

∅, otherwise.

Given 0 < ξ < 1, for every 0 < δ < 1 there exists a unique k ∈ N0 such that
δ = ξkθ, for ξ < θ ≤ 1. Fix such a ξ, we start by showing that

Lδω(t) =
∑

e∈(11
ε0

Ξ̂δω)

ψ
t

ω(e) �
∑

e∈(11
ε0

Ξ̂
(ξk)
ω )

ψ
t

ω(e), (4.6.12)
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where we write g � h to indicate g/h and h/g are bounded uniformly away from 0 in
δ (and thus k). The first equality in (4.6.12) is immediate as⊔

i

(11
ε0 Ξ̂δω)i = Ξδω.

For the asymptotic equality note that there exists c1 > 0 so that for all δ > 0 and all
e ∈ Ξδω and g ∈ i∗ such that e� g ∈ Ξδω with |g| = 1 we have

c−1
1 ψ

t

ω(e) ≤ ψtω(e� g) ≤ c1ψ
t

ω(e). (4.6.13)

Now also note that for every e ∈ Ξδω there exists unique e† ∈ Ξξ
k

ω and e‡ ∈ Ξξ
k+1

ω such
that the cylinders satisfy

[e‡] ⊆ [e] ⊆ [e†]. (4.6.14)

There also exists integer nmax(ξ), independent of ω ∈ ΛN, such that for all g ∈ Ξξω
we have |g| < nmax(ξ) as all maps are contractions. We find the following bounds,

where, for e ∈ Ξξ
k

ω , the g is such that e� g ∈ Ξδω,∑
e∈(11

ε0
Ξ̂δω)

ψ
t

ω(e) =
∑

e∈(11
ε0

Ξ̂ξ
k
ω )

∑
{g | e�g∈Ξδω}

ψ
t

ω(e� g)

≤ c
nmax(ξ)
1

∑
e∈(11

ε0
Ξ̂ξ
k
ω )

∑
{g | e�g∈Ξδω}

ψ
t

ω(e)

≤ (nmax(ξ)c1)nmax(ξ)
∑

e∈(11
ε0

Ξ̂ξ
k
ω )

ψ
t

ω(e),

and ∑
e∈(11

ε0
Ξ̂δω)

ψ
t

ω(e) =
∑

e∈(11
ε0

Ξ̂ξ
k
ω )

∑
{g | e�g∈Ξδω}

ψ
t

ω(e� g)

≥ c−nmax(ξ)
1

∑
e∈(11

ε0
Ξ̂

(ξk)
ω )

ψ
t

ω(e).

Hence the asymptotic estimate in (4.6.12) holds.
Now, by (4.6.13) and (4.6.14) we have for some c2 > 0 that Lδω(t) is related to the

sum of the modified singular value function over the ξ approximation codings by

c−k2 Lδ,kω (t) ≤ Lδω(t) ≤ ck2Lδ,kω (t), (4.6.15)

where
Lδ,kω (t) =

∑
e∈ Ξ̂ξk ω

ψ
t

ω(e) and Ξ̂ξk ω = 1kε0 Ξ̂ξω . . . Ξ̂
ξ
ω︸ ︷︷ ︸

k times

.

Now consider the infinite matrix Mξ
ω(t) that is defined for all i, j ∈ N by

(Mξ
ω(t))i,j =

∑
e∈( Ξ̂ξi ω)j

ψ
t

ω(e).

By definition the sum over all entries in the k-th row is Lδ,kω and we now show that

the sums of the k-th column is related to Ψ
k

ω(t), in fact it is easy to see that every

entry of the k-th column of Mω(t)ξ is a lower bound to Ψ
i

ω(t) as every such entry
is given by a word of length k. The number of non-empty column entries is at most
nmax(ξ)k, where k is the column index. Combining this with (4.6.13) and (4.6.14) we
get for some c3 > 0

Ψ
k

ω(t) =
∑
e∈Ckω

ψ
t

ω(e) ≥ c−1
3 c
−nmax(ξ)
1

nmax(ξ)

nmax(ξ)−1∑
j=0

∞∑
i=1

(Mξ
ω(t))i,j+k. (4.6.16)
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Similarly for every e ∈ Ck there exists g ∈ ( Ξ̂ξk+j ω) for some j ∈ {0, . . . , nmax(ξ)− 1}
such that [e] ⊆ [g] and using (4.6.13) and (4.6.14) again we get for some c4 > 0 that

Ψ
k

ω(t) =
∑
e∈Ckω

ψ
t

ω(e) ≤ c4cnmax(ξ)
1

nmax(ξ)−1∑
j=0

∞∑
i=1

(Mξ
ω(t))i,j+k.

We call
∑nmax(ξ)−1
j=0

∑∞
i=1(Mξ

ω(t))i,j+k the nmax(ξ)-corridor at k and denote by Cξ(l)

all pairs (i, j) ∈ N2 such that l ≤ i < l + nmax(ξ), that is the pairs in Cξ(l) are the
coordinates of the nmax(ξ)-corridor at l.

The final ingredient is to compare the rate of growth of the sum of the singular
value function of non-empty column entries with the rate of growth of the sum over
non-empty row entries. First notice that the rate of growth of the rows is related to
the maximal element in the row by

max
j

(Mξ
ω(t))i,j ≤

∑
j

(Mξ
ω(t))i,j ≤ nmax(ξ)imax

j
(Mξ

ω(t))i,j .

Note that elements in the matrix cannot increase arbitrarily from row to row, that is
we have for some c5 > 0 and all integers i, j > 1,

(Mξ
ω(t))i,j ≤ c5 max

k∈{1,...,nmax(ξ)}
(Mξ

ω(t))j−1,i−k. (4.6.17)

Combining this with the fact that at least one of (Mξ
ω(t))j−1,i−k is positive, the

maximal element cannot move arbitrarily and for every column k there exists a row
r such that

max
i∈{0,...,nmax(ξ)}

(Mξ
ω(t))r,k+i = max

j∈{0,1,... }
(Mξ

ω(t))r,j .

But using the existence of nmax(ξ) and that the Ξξω do not contain the empty word,
we also have (Mξ

ω(t))i,j = 0 for j < i and j > nmax(ξ)i. We deduce that

Lδω(t) ≤ ck2Lδ,kω (t) = ck2
∑
e∈ Ξ̂ξk ω

ψ
t

ω(e) by (4.6.15)

= ck2
∑
j

(Mξ
ω(t))k,j

≤ ck2nmax(ξ)k(Mξ
ω(t))k,jmax

for some jmax ∈ {k, . . . , nmax(ξ)k}

≤ ck2nmax(ξ)k

nmax(ξ)−1∑
l=0

∞∑
i=1

(Mξ
ω(t))i,l+jmax

≤ ck2c3c
nmax(ξ)
1 nmax(ξ)2kΨ

jmax

ω (t) by (4.6.16).

Similarly, we can derive the lower bound,

Lδω(t) ≥ c−k2 Lδ,kω (t) = c−k2

∑
e∈ Ξ̂ξk ω

ψ
t

ω(e) by (4.6.15)

= c−k2

∑
j

(Mξ
ω(t))k,j

≥ c−k2 (Mξ
ω(t))k,jmax

for maximising jmax ∈ {k, . . . , nmax(ξ)k}

≥ c−k2 c
−k−jmax−nmax(ξ)
5 max

(i,j)∈Cξ(jmax)
(Mξ

ω(t))i,j (4.6.18)

≥ c−k2 c
−k−nmax(ξ)k−nmax(ξ)
5

nmax(ξ)(jmax + nmax(ξ))

nmax(ξ)−1∑
j=0

∞∑
i=1

(Mξ
ω(t))i,j+jmax

≥ c−k2 c
−k−nmax(ξ)k−nmax(ξ)
5

c4c
nmax(ξ)
1 nmax(ξ)(jmax + nmax(ξ))

Ψ
jmax

ω (t).
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The inequality in (4.6.18) arises as the maximal element in the nmax(ξ)-corridor at
jmax must be in one of jmax + nmax(ξ) rows and the maximal element can be no

larger than c
jmax+nmax(ξ)
5 times the maximal element in any of the preceding rows

by (4.6.17).
Thus we get upper and lower bounds to Lδω(t) and we find for some c6, c7 > 0

such that

logLδω(t)

− log δ
≤ log c6c

k
7Ψ

jmax

ω (t)

− log ξkθ
≤ (1/k) log c6 + log c7 + (jmax/k) log(Ψ

jmax

ω (t)1/jmax)

− log ξ
.

Thus, for arbitrary ε > 0, we can pick ξ small enough such that

logLδω(t)

− log δ
≤ (jmax/k) log(Ψ

jmax

ω (t)1/jmax)

− log ξ
+
ε

2
.

Similarly, for some c8, c9 > 0 and small enough ξ,

logLδω(t)

− log δ
≥ log c8c

k
9Ψ

jmax

ω (t)

−k log ξ
≥ (jmax/k) log(Ψ

jmax

ω (t)1/jmax)

− log ξ
− ε

2

Observe now that almost surely

lim sup
k

(jmax/k) log(Ψ
jmax

ω (t)1/jmax) ≤ max
p∈{+1,−1}

nmax(ξ)p logP (t).

Similarly, almost surely,

lim inf
k

(jmax/k) log(Ψ
jmax

ω (t)1/jmax) ≥ min
p∈{+1,−1}

nmax(ξ)p logP (t).

Now as ε was arbitrary we conclude that (logLδω(t))/(− log δ) > 0 if P (t) > 1,
and (logLδω(t))/(− log δ) < 0 if P (t) < 1, for small enough δ > 0. Therefore the
implications in the statement hold.

Lemma 4.6.12. Let (L, ~π) be a box-like self-affine RIFS that satisfies the uniform
open rectangle condition. Let Fω be the associated 1-variable random set. Then

dimB Fω ≥ sB (a.s.).

Proof. Let δ > 0 and consider the δ-mesh on ∆, denoted by Nδ. Since we assume the
uniform open rectangle condition, the open rectangles C = {fe(∆̊)}e∈Ξδω

are pairwise
disjoint. Furthermore the side lengths of the rectangles R ∈ C are bounded below by
αδ by definition and thus the number of rectangles of C each square in the grid of Nδ
can intersect is at most C−1 = (α−1 + 2)2. Thus

Mδ(Fω) ≥ C
∑
e∈Ξδω

Nδ(Fω(e)).

In a similar fashion to the upper bound proof, Lemma 4.6.10, we find

Mδ(Fω) ≥ C
∑
e∈Ξδω

Nδ/αM (e)(Fσ|e|ω) ≥ CC−1
ω

∑
e∈Ξεω

(
δ

αM (e)

)−s(e,Fω)+ε/2

.

Using (4.6.10),

Mδ(Fω) ≥ CC−1
ω

∑
e∈Ξεω

(
α−1αm(e)

αM (e)

)−s(e,Fω)+ε/2

≥ CC−1
ω

(
αm(e)

δ

)sB−ε ∑
e∈Ξεω

(
α−1αm(e)

αM (e)

)−s(e,Fω)+ε/2

.
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Thus, for some C∗ω > 0,

Mδ(Fω) ≥ CC−1
ω δ−(sB−ε)αmaxz∈{x,y} s

z(Fω)−ε/2
∑
e∈Ξδω

αM (e)s(e,Fω)αm(e)sB−ε/2−s(e,Fω)

≥ C∗ωC−1
ω δ−(sB−ε/2)

∑
e∈Ξδω

ψsB−ε/2
ω

= C∗C−1
ω δ−(sB−ε/2)Lδω(sB − ε/2).

This in turn gives

logMδ(Fω)

− log δ
≥ logC∗Cω
− log δ

+ (sB − ε/2) +
logLδω(sB − ε/2)

− log δ

The lower bound follows almost surely because the first term becomes arbitrarily
small, and by Lemma 4.6.11, the last term is positive for small enough δ.

4.6.2 Proofs for Section 4.4

In this Section we prove the remaining results concerning ∞-variable box-like self-
affine carpets. We define a random variable Y tk and show that it behaves similarly to
a martingale. For t > sB we have Y tk → 0 a.s. and t is an almost sure lower bound
for the box-counting dimension of Fτ . We define a new random variable Ztk that, for
t < sB , increases exponentially a.s.. This will then allow us to establish the lower
bound. We end by showing that additivity also implies that Y sBk is an L 2-bounded
martingale.

Lemma 4.6.13. Let Y tk be the random variable given by

Y tk (τ) =
∑
ξ∈Tkτ

ψ
t

τ (ξ). (τ ∈ T )

For all t ∈ R+
0 and l, k ∈ N and some random variable ck that will be defined

in (4.6.22), the sequence of random variables satisfies

E
(
Y tk+l(τ)

∣∣∣ Fk) = ck(τ)Y tk (τ)E(Y tl ). (4.6.19)

Here Fk refers to the filtration corresponding to the ‘knowledge of outcomes up to the
k-th level’. Furthermore 0 < ck ≤ 1 for t ∈ [0, sx + sy] and so the sequence {Y sql}∞q=1

forms a supermartingale if E(Y tl ) ≤ 1.

Proof. Let e ∈ Tk
τ and g ∈ Tl

σeτ , then there exists C(e, g) such that

ψ
t

τ (e� g) = C(e, g)ψ
t

τ (e)ψ
t

σeτ (g).

We define the dual of the modified singular value function

ψ
∗t
τ (e) = αm(e)s(¬e,Fτ )αM (e)t−s(¬e,Fτ ),

where s(¬e, Fτ ) is the box-counting dimension of the projection of Fτ onto the shorter
side of f(e,∆). We find that C(e, g) takes only a few possible values, depending on
e and g.

1. αM (e� g) = αM (e)αM (g) and

a) the RIFS is of non-separated type.

b) the RIFS is of separated type and Πe = Πg.

2. αM (e� g) = αM (e)αm(g).

3. αM (e� g) = αm(e)αM (g).
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Case (1a). Since the RIFS is of non-separated type, for almost all τ ∈ T , we have
sx = sy. Furthermore, almost surely,

ψ
t

τ (e� g) = αM (e� g)s
x

αm(e� g)t−s
x

= (αM (e)αM (g))s
x

(αm(e)αm(g))t−s
x

= ψ
t

τ (e)ψ
t

τ (g),

and so C(e, g) = 1 a.s..

Case (1b). As the RIFS is of non-separated type and the directions of the maxi-
mal modified singular value coincide we can apply (4.6.7) and get C(e, g) = 1, for
all τ ∈ T .

Case (2). We can write, for almost every τ ∈ T ,

ψ
t

τ (e� g) = αM (e� g)s(e�g)αm(e� g)t−s(e�g)

= (αM (e)αm(g))s(e)(αm(e)αM (g))t−s(e)

= ψ
t

τ (e)αm(g)s(¬g)αM (g)t−s(¬g)

= ψ
t

τ (e)ψ
∗t
σeτ (g),

and so C(e, g) = ψ
t

σeτ (g)/ψ
∗t
σeτ (g) = (αM (g)/αm(g))t−s

x−sy .

Case (3). Similarly we can write, for almost every τ ∈ T ,

ψ
t

τ (e� g) = αM (e� g)s(e�g)αm(e� g)t−s(e�g)

= (αm(e)αM (g))s(g)(αM (e)αm(g))t−s(g)

= ψ
t

τ (g)αm(e)s(¬e)αM (e)t−s(¬e)

= ψ
∗t
τ (e)ψ

t

σeτ (g),

and so C(e, g) = ψ
t

τ (e)/ψ
∗t
τ (e) = (αM (e)/αm(e))t−s

x−sy .
Therefore

E
(
Y tk+l(τ)

∣∣∣ Fk) = E

∑
e∈Tkτ

∑
g∈Tl

σeτ

ψ
t

τ (e� g)
∣∣∣ Fk


= E

∑
e∈Tkτ

∑
g∈Tlτ

C(e, g)ψ
t

τ (e)ψ
t

τ (g)
∣∣∣ Fk

 (4.6.20)

= ck(τ)Y tk (τ)E(Y tl ), (4.6.21)

where

ck(τ) =
E
(∑

e∈Tkτ

∑
g∈Tlτ

C(e, g)ψ
t

τ (e)ψ
t

τ (g)
∣∣∣ Fk)

Y tk (τ)E(Y tl )
. (4.6.22)

We will analyse ck(τ) in Lemma 4.6.15 and here only comment that by inspection
we deduce C(e, g) ≤ 1 for s ∈ [0, sx + sy] and so (4.6.21) becomes E

(
Y sk+l(τ) | Fk

)
≤

Y sk (τ)E(Y sl ) and the sequence of random variables {Y sql}∞q=1 forms a supermartingale
if E(Y sl ) ≤ 1.

Lemma 4.6.14. Let s ∈ [0, sx + sy] and s > sB. Then the sequence {Y sk } converges
to 0 exponentially fast a.s. and sB is an almost sure upper bound for the box-counting
dimension of Fτ , so

dimB Fτ ≤ sB .
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Proof. If s > sB there exists l such that E(Y sl ) < 1 by definition, see (4.4.1). There-
fore, by Lemma 4.6.13, {Y sql}∞q=1 is a strict supermartingale. Hence E(Y sql) → 0 as
q → ∞ and since Y sk � Y sbk/qcq, we get Y sk → 0 as k → ∞, almost surely. This
happens at an exponential rate that is there exists γ < 1 and Dτ > 0 such that
Yk ≤ Dτγ

k.

We now define a stopping set Ξδτ analogously to before

Ξδτ = {e ∈ Ti
τ | i ∈ N, αm(e) ≤ δ and αm(e1e2 . . . e|e|−1) > δ},

and we can modify the argument in Lemma 4.6.10 accordingly to get, for s = sB + δ,

Nε(Fτ ) ≤ CτC∗ε−(sB+δ)
∞∑
k=1

∑
e∈Tkτ

αkδ/2ψ
sB
τ (e) ≤ CτC∗ε−(sB+δ)Dτ

∞∑
k=1

αkδ/2γk <∞,

almost surely. We conclude that sB is an almost sure upper bound to the box-counting
dimension of Fτ .

Lemma 4.6.15. For ck(τ) as in (4.6.19) we find s ∈ [0, sx + sy] implies ck ↗ 1 as
k →∞ for all τ . If however s > sx + sy we get ck ↘ 1 as k →∞.

Proof. We first decompose (4.6.20) into

E
(
Y tk+l(τ) | Fk

)
= E

 ∑
e∈Tkτ ,g∈T

l
σeτ

αM (e�g)=αM (e)αM (g)

ψtτ (e)ψ
t

σeτ (g)

+
∑

e∈Tkτ ,g∈T
l
σeτ

αM (e�g)=αM (e)αm(g)

ψ
t

τ (e)ψ
∗t
σeτ (g) +

∑
e∈Tkτ ,g∈T

l
σeτ

αM (e�g)=αm(e)αM (g)

ψ
∗t
τ (e)ψ

t

σeτ (g)

 .

Without loss of generality we can assume that the RIFS is strictly self-affine, that is
there exists at least one f ji such that αM (eji ) > αm(eji ), since otherwise we trivially
have C(e, g) = 1 and so ck(τ) = 1. We recall that l is fixed and thus there exists
a maximal ratio maxκ∈T maxg∈Tlκ αM (g)/αm(g). Now consider a word e ∈ Tk

τ for
large k and consider the case of αM (e�g) = αm(e)αM (g). We must, by the bounded
length of g, have αM (e)/αm(e)→ 1 as k = |e| → ∞, but then C(e, g)→ 1 as k →∞.

Finally consider αM (e�g) = αM (e)αm(g). Since k is large, αM (e) is substantially
smaller than αM (g) and αm(g) and as ψ behaves exponentially to changes in αM the

boundedness of |g| gives that ψ
t

τ (e)ψ
t

τ (g) behaves as ψ
t

τ (e) for large k and hence

ψ
t

τ (e)ψ
∗t
τ (g) ∼ ψtτ (e) ∼ ψtτ (e)ψ

t

τ (g) and thus ck(τ)→ 1, irrespective of τ .

We remark that the result in Lemma 4.6.15 shows that the sequence Yk/E(Y1)k

looks like a martingale ‘in the limit’. In the additive case, ck = 1 (surely) we show in
the proof of Theorem 4.4.8 that Yk/E(Y1)k is a L2-bounded martingale, but to work
in greater generality we will not employ this fact here and prove the general lower
bound by a branching argument.

Lemma 4.6.16. For s < sB, the sequence of random variables {Y sk } diverges to +∞
almost surely and hence the box-counting dimension of Fτ is bounded below by s. We
conclude

dimB Fτ ≥ sB ,

almost surely.
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Proof. Using the definition for the∞-variable stopping set Ξδτ and using an argument
identical to Lemma 4.6.12 we can write for s = sB − ε and some C∗ > 0 and some
almost surely positive Cτ ,

Mδ(Fτ ) ≥ C∗Cτδ−(sB−ε/2)
∑
e∈Ξδτ

ψ
sB−ε/2
τ (e). (4.6.23)

But one can easily see that for any ξ > 0, the random variable

Zsn =
∑
e∈Ξξ

n
τ

ψ
sB−ε/2
τ (e)

is also an approximate supermartingale, c.f. (4.6.19), for some analogous constant ck
with properties as in Lemma 4.6.15,

E(Zsk+l | Fk) = ckZ
s
k E(Zsl ). (4.6.24)

Now, for s < sB let k be large enough such that

E

∑
e∈Tkτ

ψ
s

τ (e)

 > 1,

choose ξ > 0 such that ξ < αk. Then

E(Zsl ) ≥ E

∑
e∈Tkτ

ψ
s

τ (e)

 > 1,

for all l. Now choose lsup large enough such that E(clsup
)E(Zslsup

) > 1. Using (4.6.24),

we conclude that E(Zsqlsup
) increases exponentially as q grows. Similarly, since

Zslsupbk/lsupc � Z
s
k,

there exists some β1, β2 > 1 and a constant D such that D−1βk1 ≤ E(Zsk) ≤ Dβk2 .
Consider the stopping trees Ξξ

n

τ . Since we are conditioning on non-extinction, a
simple Borel-Cantelli argument shows that, almost surely, in every surviving branch
there are infinitely many nodes where the branch splits into two or more subbranches.

For definiteness let N(τ) be the least integer such that #{λi ∈ Ξξ
N

τ } > 1. We know
that τ̂i = σλiτ are independent and identical in distribution and hence, for ζ1, ζ2 > 1,

P
{
τ ∈ T | ∃C > 0 s.t. for all n, C−1ζn1 ≤ Zsn(τ) ≤ Cζn2

}
= 1−

#{λi∈Ξξ
N

τ }∏
j=1

(
1− P

{
τ ∈ T | ∃C > 0 s.t. for all n, C−1ζn1 ≤ Zsn(τ̂j) ≤ Cζn2

})
(4.6.25)

= 1−
(
1− P

{
τ ∈ T | ∃C > 0 s.t. for all n, C−1ζn1 ≤ Zsn(τ) ≤ Cζn2

})#{λi∈Ξξ
N

τ } .
(4.6.26)

≥ 1− (1− P
{
τ ∈ T | ∃C > 0 s.t. for all n, C−1ζn1 ≤ Zsn(τ) ≤ Cζn2

}
)2. (4.6.27)

Note that the measure P in (4.6.26) and (4.6.26) is conditioned on #λi. However, since

#{λi ∈ Ξξ
N

τ } ≥ 2 for all such nodes, (4.6.27) holds unconditionally. For x ∈ [0, 1], the
only solutions to x ≥ 1− (1− x)2 are 0 and 1, and we conclude that the probability
that Zsn (eventually) increases at least at exponential rate ζ1 > 1 and at most at rate
ζ2 > 1 is 0 or 1. Letting ζ1 < β1 and ζ2 > β2, it is easy to see that the probability
must be 1 by noticing that αZsn ≤ Zsn+1 ≤ αZsn and

P {τ | Zsn(τ) ≥ (ζ2 + ε)n or Zsn(τ) ≤ (ζ1 − ε)n} → 0 as n→∞,
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for sufficiently small ε > 0. This, and the arbitrariness of ζ1 imply that there exists
γ > 1 and a random constant Dτ such that Zsn ≥ Dτγ

n almost surely.
We can now bound the expression in (4.6.23) for δ < ξ, where k is such that

ξk+1 < δ ≤ ξk, and redefining C∗ if necessary, by

Mδ(Fτ ) ≥ C∗Cτδ−(sB−ε/2)
∑
e∈Ξξ

k
τ

ψ
sB−ε/2
τ (e)

� C∗Cτδ−(sB−ε/2)Z
sB−ε/2
k

≥ C∗CτDτδ
−(sB−ε/2)γk.

And so

lim inf
δ→0

logMδ(Fτ )

− log δ
≥ lim inf

δ→0

log
(
δ−(sB−ε/2)γk

)
− log δ

= sB − ε/2 + lim inf
δ→0

k
log γ

− log δ

= sB − ε/2−
log γ

log ξ
≥ sB − ε/2.

Using the same idea one can extend Lemma 4.6.14 and drop the condition s ≤
sx + sy by picking lsup large enough such that clsup

E(Y slsup
) < 1, we omit details.

Combining Lemmas 4.6.14 and 4.6.16 we conclude that Theorem 4.4.5 holds.
Finally we prove Theorem 4.4.8 by proving this general result.

Lemma 4.6.17. Let sB be the unique value such that (4.4.2) is satisfied. The se-
quence {Y sBk } forms an L 2 bounded martingale and hence converges to an L1 random
variable Y almost surely. We have 0 ≤ Y < ∞ for almost every τ ∈ T and Y > 0
with positive probability.

Proof. As remarked earlier we have already established that {Y sBk } is a martingale.
It remains to prove L 2 boundedness. Let s ∈ [0, sx + sy], then

E
(

(Y sk+1(τ))2
∣∣∣ Fk) = E


∑
e∈Tkτ

∑
g∈T1

σeτ

C(e, g)ψsτ (e)ψsσeτ (g)

2 ∣∣∣ Fk


= E


∑
e∈Tkτ

ψsτ (e)
∑

g∈T1
σeτ

ψsσeτ (g)

2 ∣∣∣ Fk


= E

 ∑
e1 6=e2∈Tkτ

ψsτ (e1)ψsτ (e2)

 ∑
g∈T1

σe1 (τ)

ψsσe1 (τ)(g)


·

 ∑
g∈T1

σe2 (τ)

ψsσe2 (τ)(g)




+
∑
e∈Tkτ

ψsτ (e)2

 ∑
g∈T1

σeτ

ψsσeτ (g)

2
 ∣∣∣ Fk



=

E

∑
g∈T1

τ

ψsτ (g)

2 ∑
e1 6=e2∈Tkτ

ψsτ (e1)ψsτ (e2) + C
∑
e∈Tkτ

ψsτ (e)2,

(4.6.28)
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for C = E
[(∑

e∈Tlτ
ψsτ (e)

)2
]
. Note that equality (4.6.28) holds for any s ∈ [0, sx +

sy]. Then for sB the first term is equal to 1 and

E
(

(Y sBk+1(τ))2
∣∣∣ Fk) =

∑
e1 6=e2∈Tkτ

ψsBτ (e1)ψsBτ (e2) + C
∑
e∈Tkτ

ψsBτ (e)2

≤

∑
e∈Tkτ

ψsBτ (e)

2

+ C
∑
e∈Tkτ

ψsBτ (e)2

= Yk(τ)2 + C
∑
e∈Tkτ

ψsBτ (e)2. (4.6.29)

Furthermore the unconditional expectation becomes

E(Y sBk+1(τ)2) ≤ E
[
Yk(τ)2

]
+ C E

∑
e∈Tkτ

ψsBτ (e)2

 . (4.6.30)

Note that ψtτ (e � g)2 = (αM (e � g)/αm(e � g))s(e)ψ2t
τ (e � g) and so, writing β =

E
[∑

e∈T1
τ
ψ2sB
τ (e)

]
, we obtain

E(Y sBk+1(τ)2) ≤ E(Y sBk (τ)2) + Cβ

and so by induction

E(Y sBk+1(τ)2) ≤ E(Y sB1 (τ)2) + C(βk + βk−1 + · · ·+ 1) <∞,

and therefore {Y sBk } is an L 2 bounded martingale.





Chapter 5

Hausdorff and packing measure for
random attractors

In this chapter we summarise recent and classical work regarding the Hausdorff and
packing measure of ∞-variable, random recursive sets and analyse the 1-variable,
random homogeneous, case. We prove some bounds on the gauge functions that give
positive and finite Hausdorff and packing measure in this setting. We relate this to
the implicit theorems by showing that any potential random implicit theorem cannot
be ‘as strong’ as their deterministic counterpart.

5.1 Almost deterministic attractors

Let L = {Ii}i∈Λ be a (not necessarily finite) collection of IFSs with at most N
similarities, i.e. |f ji (x) − f ji (y)| = cji |x − y|. Let Λ be a compact metric space such
that µ is a compactly supported Borel probability measure on Λ. We now construct
1-variable and ∞-variable sets as before by picking realisations ω ∈ Ω and τ ∈ T
according to the natural measure induced by µ. Thus P = µN in the 1-variable case
and it is the natural measure on the random recursive labelled tree for T in the
random recursive setting, see Section 4.4. We write (L, µ) for a random iterated
function system. Since random graph directed systems are inherently discrete we did
not extend our proofs in Chapter 3 to measures supported on more than finitely many
points, but using the UOSC and natural assumptions on contractions it is easy to
show that the Hausdorff dimension of 1-variable attractors is almost surely given by
the unique s satisfying

Egeo

#Iω1∑
j=1

(cjω1
)s

 = 1.

For ∞-variable sets the almost sure Hausdorff dimension is the unique s satisfying

E

#Iω1∑
j=1

(cjω1
)s

 = 1.

To ease notation we write Ss
λ =

∑#Iλ
j=1(cjλ)s for λ ∈ Λ. We state a condition that will

be used later.

Condition 5.1.1. Let (L, µ) be a random iterated function system. We assume that
there exists N such that #Iλ ≤ N for all λ ∈ Λ and cmin > 0 such that cji ≥ cmin

for all i ∈ Λ and j ∈ {1, . . . , Ii}. For the associated ∞-variable set Fτ and τ ∈ T
we further assume E(S0

τ1) > 1. For the associated 1-variable set Fω with ω ∈ Ω we

similarly stipulate Egeo(S0
ω1

) > 1.

We note that Condition 5.1.1 implies that csmin ≤ Ss
λ < N and s log cmin ≤

logSs
λ < logN for all s ≥ 0. We immediately obtain that E(Ss

τ1) < ∞ and

85



86 CHAPTER 5. HAUSDORFF AND PACKING MEASURES

Egeo(Ss
ω1

) < ∞ for all s ≥ 0. Under these conditions we have Var(logSs
ω1

) < ∞
for all s ≥ 0.

Definition 5.1.2. A random iterated function system (L, µ) is called almost deter-
ministic if there exists s such that Ss

λ = 1 for µ-almost every λ ∈ Λ.

If such s exists it must necessarily be the almost sure Hausdorff dimension s =
ess dimH(Fτ ).

Theorem 5.1.3 (Graf [G]). Let (L, µ) be a random iterated function system satisfying
the UOSC (Definition 2.2.2) and Condition 5.1.1 with associated ∞-variable set Fτ
and write s0 = ess dimH Fτ . If (L, µ) is almost deterministic then

0 < H s0(Fτ ) <∞ (a.s.)

and H s0(Fτ ) = 0 (a.s.) otherwise.

For 1-variable attractors we similarly obtain the following result1.

Theorem 5.1.4. Let (L, µ) be a random iterated function system satisfying the UOSC
and Condition 5.1.1 with associated 1-variable set Fω with almost sure Hausdorff
dimension s0 = ess dimH Fω. If (L, µ) is almost deterministic then

0 < H s0(Fω) <∞ (a.s.)

and H s0(Fω) = 0 (a.s.) otherwise.

Before proving this we prove the following lemma which shows that the number of
sets f(φ,O) with diameter approximately r that intersect a closed ball B(z, r) centred
at z ∈ Fω of radius r is bounded by a constant not depending on r and z. This is
a simple generalisation of results in [Hu, O2] to the random setting and is included
here for completeness.

Lemma 5.1.5. Assume that (L, µ) satisfies the UOSC and set

Ξω(r) =
⊔{

φ ∈
⊔
k∈N0

Ck
ω | cφω < r ≤ cφ

†

ω

}
,

where φ† = φ1φ2 . . . φ|φ|−1. Then

#{φ ∈ Ξω(r) | f(φ,O) ∩B(z, r) 6= ∅} ≤ (4/cmin)d

for all z ∈ Fω and r ∈ (0, 1], where O is the open set guaranteed by the UOSC.

Proof. Fix z ∈ Fω and r > 0. Let Ξ = {φ ∈ Ξω(r) | f(φ,O) ∩ B(z, r) 6= ∅} and
suppose the ambient space is Rd. We have

#Ξ(rcmin)d =
∑
φ∈Ξ

(rcmin)d ≤
∑
φ∈Ξ

|f(φ,O)|d.

But since f(φ,O) ∩ B(z, r) 6= ∅ and |f(φ,O)| < r we find f(φ,O) ⊆ B(z, 2r) for all
φ ∈ Ξ and since the sets f(φ,O) are pairwise disjoint we have

#Ξ(rcmin)d ≤
∑
φ∈Ξ

|f(φ,O)|d ≤ Ld(B(z, 2r)) ≤ (4r)d,

where Ld is the d-dimensional Lebesgue measure. It follows that #Ξ ≤ (4/cmin)d as
required.

1We note that this result is also proven in greater generality in [RU] but we will prove it here to
set the scene for gauge functions in the following sections.
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Proof of Theorem 5.1.4. First assume that (L, µ) is almost deterministic. Using the
natural covering by images f(φ,O), where φ ∈ Ck

ω and O is the open set given by
the UOSC we have, almost surely,

H s0
δ (Fω) ≤

∑
φ∈Ck(δ)

ω

|f(φ,O)|s = |O|s0
∑

φ∈Ck(δ)
ω

(
cφ1
ω1
cφ2
ω2
. . . c

φk(δ)
ωk(δ)

)s0
(5.1.1)

(5.1.2)

= |O|s0 Ss0
ω1

Ss0
ω2
. . .Ss0

ωk(δ)
= |O|s0 <∞,

where k(δ) is such that |f(φ,O)| < δ for all φ ∈ C
k(δ)
ω . Note that k(δ) < ∞ for all

δ > 0 for almost every ω. Our estimate immediately implies H s0(Fω) ≤ 1 almost
surely.

Let νω be the natural (random) probability measure induced by assigning weight
|f(φ, [0, 1]d)|s0 to each cylinder φ ∈ i∗. This is a measure if Ss0

σkω
= 1 for all cylinders.

Since there are countably many cylinders and the intersection of countably many full
measure sets has full measure, νω is well defined for almost every ω. Let U ⊂ Rd
be a bounded νω-measurable open set such that |U | ≤ 1. We want to show that
νω(U) ≤ cω|U |s0 for some constant cω ≥ 1 that is almost surely finite. Assume
U ∩ Fω 6= ∅ as there is nothing to prove otherwise. Clearly, there exists z ∈ Fω such
that U ∩ Fω ⊆ B(z, u) ∩ Fω, where u = 2|U |. Therefore

νω(U) ≤ νω(B(z, u) ∩ Fω) ≤ νω

 ⋃
φ∈Ξω(u)

f(φ,O)∩B(z,u)6=∅

f(φ,O)



=
∑

φ∈Ξω(u)

f(φ,O)∩B(z,u) 6=∅

νω(f(φ,O)) =
∑

φ∈Ξω(u)

f(φ,O)∩B(z,u)6=∅

(cφω)s0

≤
∑

φ∈Ξω(u)

f(φ,O)∩B(z,u) 6=∅

(u)s0 ≤ (4/cmin)d(u)s0 = (4/cmin)d2s0 |U |s0 .

Therefore, using the mass distribution principle (Theorem 1.7.6) we obtain

H s0(Fω) ≥ (4/cmin)−d2−s0 > 0

almost surely.
Finally, we show that if (L, µ) is not almost deterministic then H s0(Fω) = 0

almost surely. Consider the random variable Yλ = logSs0
λ . Since cmin > 0, E(Yω1) =

0, and P{Yω1 = 0} < 1 we must have 0 < Var(Yω1) <∞ and we can apply the central
limit theorem, Theorem 1.3.8, to obtain, for any C > 0,

P

({
ω ∈ Ω

∣∣∣ n∑
k=1

Yωk < −C for infinitely many n ∈ N

})
= 1. (5.1.3)

But then, using the same covering idea as in (5.1.1), we obtain

H s0
δ (Fω) ≤

∑
φ∈Ck(δ)

ω

|f(φ,O)|s0 = |O|s0 Ss0
ω1

Ss
ω2
. . .Ss0

ωk(δ)
= |O|s0 exp

k(δ)∑
l=1

Yl


for large enough k(δ). Applying (5.1.3), we note that H s0(Fω) ≤ |O|s0e−C is finite
almost surely and the desired conclusion follows as C was arbitrary.
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5.2 Hausdorff and packing measure for ∞-variable constructions

Recall the general h-Hausdorff measure stated in Definition 1.7.5 where we replace the
exponential function |U |s with a gauge function h(U). Note that this function need
only be defined on [0, r0] for some r0 > 0. Graf, Mauldin, and Williams determined
the natural gauge function for which we obtain a positive and finite Hausdorff measure
in the ∞-variable setting.

Theorem 5.2.1 (Graf – Mauldin – Williams [GMW, MGW]). Let (L, µ) be a random
iterated function system that is not almost deterministic. Let Fτ be the associated ∞-
variable attractor. Assume that

E

∑
j

(cjω1
)0

 > 1.

Let

hsβ(t) = ts(log log(1/t))1/β and β0 = sup

β ∣∣∣ ∑
j

(cjω1
)s/(1−1/β) ≤ 1(a.s.)

 .

(5.2.1)

Then, H h
s0
β (Fτ ) <∞ for all β > β0, where s0 = ess dimH Fτ .

The authors then proceed to give technical conditions under which β0 = 1− s/d,
where d is the dimension of the ambient space. Under these conditions the hsβ0

-
Hausdorff measure of Fτ is positive and finite almost surely. Checking the conditions
one obtains that Mandelbrot percolation of [0, 1]d has positive and finite measure at
this critical value β0.

Liu [Liu] investigated the Gromov boundary of Galton-Watson trees with i.i.d.
randomised descendants. Let m = E(N), where N is the number of descendants,
α = logm, and assume that E(N logN) < ∞. If m = ess supN < ∞, then the
appropriate gauge function for which one obtains positive and finite measure of the
boundary (with respect to a natural metric) is

h(t) = tα(log log(1/t))β , where β = 1− logm

logm
.

For the packing measure to be positive and finite the appropriate gauge function is

h∗(t) = tα(log log(1/t))β
∗
, where β∗ = 1− logm

logm
,

with m = ess inf N > 1
Berlinkov and Mauldin [BM] point out an error in the proof of positivity and

provide the following, more general result. Under the same almost deterministic
condition they show that the s-dimensional packing measure is positive and finite
almost surely. When this fails the packing measure is ∞ almost surely, assuming the
UOSC in both cases. Let α denote the almost sure packing dimension. The authors
prove that for the gauge function

hαβ(t) = tα(log log(1/t))β , where β satisfies 0 < lim inf
a→0

−a−1/β logP(Sα
λ < a) <∞,

the packing measure is almost surely finite. We remark that the constant β may not
exist and only coincides with the β0 in the Hausdorff measure statement in trivial
cases.

Additionally, Berlinkov and Mauldin give an integral test [BM, Theorem 6] to
determine whether the packing measure is 0 almost surely. They further conjec-
ture a lower bound that Berlinkov proved in [Ber]: If the random variable Sα

λ is of
exponential type, i.e. if

C−1a1/β ≤ − logP(0 < Sα
λ ≤ a) ≤ Ca1/β

for some C, β > 0 and all a ∈ (0, 1), then the packing measure is positive and finite
almost surely with gauge function hαβ(t).
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5.3 Hausdorff measure for 1-variable constructions

Recall that the implicit theorems (Theorems 2.4.1 and 2.4.2) give us information
about the Hausdorff measure of attractors satisfying conditions like e.g. the open set
condition. In particular if the attractor is self-similar or self-conformal the Hausdorff
measure will be positive and finite. One might expect that an implicit theorem for
random systems might be of a similar nature and that a gauge function of the form
tα(log log(1/t))β for some exponent β should work for all reasonable natural random
constructions, including the 1-variable model.

However, we will show that this turns out not to be the case. Indeed, for α =
ess dimH Fω, we argue that the correct gauge function for positive and finite Hausdorff
dimension should be of the form

h1(t) = tα exp
(√

(log(1/t))(log log log(1/t))
)
.

Let β, γ ∈ R, we similarly define

h1(t, β, γ) = tα exp

(√
2β(log(1/t))(log log log(1/tβ))

)1−γ

.

The first thing to note is that h1(t, β, γ) is doubling in t.

Lemma 5.3.1. Fix β, γ > 0. There exists t0, ρ > 0 such that

h1(t, β, γ) ≤ ρh1(2t, β, γ) ≤ ρ2h1(t, β, γ)

for all 0 < t < t0.

Proof. Let κ ∈ R and

h∗(x+ κ) =
√
β(x+ κ) log log(β(x+ κ)).

This is well defined for log log β(x + κ) > 1 =⇒ x > ee/β − κ. It can easily seen
that this function is strictly increasing in x, and differentiating we obtain,

h′∗(x+ κ) =
√
β · 1/(log(β(x+ κ)) + log log(β(x+ κ))

2
√

(x+ κ) log log(β(x+ κ))
.

Then, for κ > 0,

h′∗(x)√
β

=
1/(log(βx) + log log(βx)

2
√
x log log(βx)

>
1/(log(β(x+ κ)) + log log(β(x+ κ))

2
√
x log log(β(x+ κ))

=
h′∗(x+ κ)√

β

and so h′∗(x + κ) − h′∗(x) < 0 and h∗(x + κ) − h∗(x) is decreasing, i.e. there exists
some ρ0 such that

0 ≤ h∗(x+ κ)− h∗(x) ≤ ρ0.

Now substituting κ = − log 2 and x = − log t, i.e. x + κ = log(1/2t), we obtain, for
0 < t < t0 and t0 > 0 small enough,

0 ≤
√
β log(1/(2t) log log(β log 1/(2t))−

√
β log(1/t) log log(β log 1/t) ≤ ρ0,

and

2α ≤ (2t)α

tα
· e(1−γ)

√
2·
(√

β log(1/(2t) log log(β log 1/(2t))−
√
β log(1/t) log log(β log 1/t)

)

≤ 2αe(1−γ)
√

2ρ0 .

But then

2α ≤ h1(2t, β, γ)

h1(t, β, γ)
≤ 2αe(1−γ)

√
2ρ0 ,

as required.
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For ease of exposition we deal with the basic case where all maps in a fixed IFS
contract equally. Note that we assume E(S0

ω1
) > 1 throughout.

Theorem 5.3.2. Let Fω be the random homogeneous attractor associated to the
RIFS (L, µ) satisfying the UOSC and suppose that ciλ = cλ ∈ [cmin, cmax] for every
i ∈ {1, . . . ,#Iλ} and λ ∈ Λ, where 0 < cmin ≤ cmax < 1. Let ε > 0, α = ess dimH Fω
and β = Var(logSα

ω1
)/η for some η ∈ R (arising in the proof), then

H h1(t,β,ε)(Fω) = 0,

almost surely.

Proof. Let O be the open set guaranteed by the UOSC, we assume without loss of
generality that |O| = 1. From the definition of Hausdorff measure

H h1(t,β,ε)(Fω) ≤
∑
φ∈Ckω

h1

(
|f(φ,O)|, β, ε

)
for all k ∈ N. So, writing v = Var(logSα

ω1
),

H h1(t,β,ε)(Fω) ≤ lim inf
k→∞

∑
φ∈Ckω

h1

(
|f(φ,O)|, β, ε

)

= lim inf
k→∞

(
k∏
i=1

#Iωi

)
(cω1

cω2
. . . cωk)α

· exp
(√

2β log(1/(cω1 . . . cωk)) log log β log(1/(cω1 . . . cωk))
)1−ε

= lim inf
k→∞

exp

[(
k∑
i=1

logSα
ωi

)

+ (1− ε)
√

2kβ log(Ckω) log log(βk log(Ckω))

]

for Ckω = (cω1
cω2

. . . cωk)−1/k, and so

= lim inf
k→∞

exp

[(
k∑
i=1

logSα
ωi

)

+ (1− ε)

√
2

logCkω
η

kv log log

(
logCkω
η

kv

)]
.

Note that we can apply the law of the iterated logarithm, Theorem 1.3.9, to sums
over the random variables Yi = logSα

ωi where Yi are i.i.d. with E(Y1) = 0 and
0 < Var(Y1) <∞. Thus

P

{
k∑
i=1

Yi ≤ −(1− ε/2)
√

2vk log log(vk) for infinitely many k ∈ N

}
= 1

Let (i1, i2, . . . ) be a sequence of indices where the above inequality holds. Note that
cmin ≤ Ckω < cmax for all ω and k, and so log cmin ≤ logCkω < log cmax. Therefore, for
some uniform η̃ ∈ [log cmin, log cmax], we have logCikω /η̃ ≥ 1 for infinitely many k, for
almost all ω. We can thus choose η the greatest value for which this is satisfied.
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We get, almost surely,

H h1(t,β,ε)(Fω) ≤ lim
k→∞

exp
(
−ε

3

√
2 Var(logSα

ω1
)k log log(Var(logSα

ω1
)k)
)

= 0,

completing the proof.

We note that if cλ = c̃ for every λ, then η = log c̃. Note also the following
corollary which implies that the ‘fine dimension’, i.e. the dimension according to the
gauge function, is distinct from the ∞-variable case.

Corollary 5.3.3. Let Fω be the random homogeneous attractor associated to the
RIFS (L, µ) satisfying the UOSC and suppose that ciλ = cλ ∈ [cmin, cmax] for every i ∈
{1, . . . ,#Iλ} and λ ∈ Λ, where 0 < cmin ≤ cmax < 1. Let hαβ(t) = tα(log log(1/t))β,
where α = ess dimH Fω and β > 0, then

H hαβ (t)(Fω) = 0. (a.s.)

Proof. We check

lim
t→0

hαβ(t)

h1(t, β′, ε)
= lim
t→0

tα(log log(1/t))β

tα exp
(√

2β′(log(1/t))(log log log(1/tβ′))
)1−ε

= lim
t→0

(log log(1/t))β

exp
(

(1− ε)
√

2β′(log(1/t))(log log log(1/tβ′))
)

≤ lim
t→0

(log(1/t))β

exp
(

(1− ε)
√

2β′(1/t)
) = 0.

This holds for all β, β′, ε > 0 and the behaviour of the limits is sufficient for the
desired result

Considering h1(t, β,−ε) the law of the iterated logarithm guarantees a similar
lower bound where the sum diverges and one can define a mass distribution on the
random set, implying infinite Hausdorff measure for ε > 0.

Theorem 5.3.4. Let Fω be the random homogeneous attractor associated to the
RIFS (L, µ) satisfying the UOSC and suppose that ciλ = cλ ∈ [cmin, cmax] for every
i ∈ {1, . . . ,#Iλ} and λ ∈ Λ, where 0 < cmin ≤ cmax < 1. Let ε > 0, α = ess dimH Fω
and β0 = η0 Var(logSα

ω1
) for some η0 ∈ R (arising in the proof), then

H h1(t,β0,−ε)(Fω) =∞

holds almost surely.

Proof. We use the same notation of the proof of Theorem 5.3.2. Let ε > 0 be given
and write v = Var(Y1). Then the law of the iterated logarithm, Theorem 1.3.9,
implies

P

{
k∑
i=1

Yi ≤ −(1 + ε)
√

2vk log log(vk) for infinitely many k ∈ N

}
= 0

and so, writing Dk(ω) = (cω1
cω2

. . . cωk)−1, and ηk(ω) = k/ logDk(ω),

P
{
Sα
ω1

Sα
ω2
. . .Sα

ωk
≥ C exp

(
− (1 + ε)

√
2vηk(ω) log(Dk(ω))

·
√

log log(vηk(ω) log(Dk(ω))
)

for all k ≥ l0(ω) where l0(ω) ∈ N
}

= 1 (5.3.1)
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for any C ∈ R. Since cλ is bounded away from 0 and 1, the sequence ηk(ω) is
uniformly bounded in k and ω. Therefore there exists uniform η0 such that (5.3.1)
holds with ηk(ω) replaced by η0. Let N (i) = #Ii then, on a full measure set,(

k∏
i=1

N (ωi)

)
≥ CDk(ω)α exp

(
− (1 + ε)

√
2vη0 log(Dk(ω)) log log(vη0 log(Dk(ω))

)
=

C

h1(Dk(ω)−1, β0,−ε)
(5.3.2)

holds for all k ≥ l0(ω).
We define a random measure νω on Fω. Assume φ ∈ Ck

ω for some k ∈ N, for every
basic cylinder we set

ν̃ω(f(φ,O)) =

(
k∏
i=1

N (ωi)

)−1

.

This extends to a unique random measure νω on Fω for every ω ∈ Ω by Carathéodory’s
extension theorem. We now show that, almost surely, there exists Cω > 0 such that
νω(U) ≤ (Cω/C)h1(|U |, β0,−ε) for all small enough open U that intersect Fω. Let U
be such that u = 2|U | < (cmin)l0(ω) and choose z ∈ (U ∩ Fω), then

νω(U) ≤ νω(B(z, u)) ≤ νω

 ⋃
φ∈Ξω(u)

f(φ,O)∩B(z,u)6=∅

f(φ,O)



=
∑

φ∈Ξω(u)

f(φ,O)∩B(z,u)6=∅

k(u)∏
i=1

N (φi)

−1

≤
(

4

cmin

)dk(u)∏
i=1

N (φi)

−1

,

by Lemma 5.1.5, where k(u) is the common length of all φ ∈ Ξω(u). Note that by
assumption k(u) ≥ l0(ω). Therefore, using (5.3.2),

νω(U) ≤
(

4

cmin

)d
C−1h1(Dk(u)(ω)−1, β0,−ε).

Recall that h1 is doubling, cω1cω2 . . . cωk = Dk(ω) < u, and so there exists κ > 0 such
that

νω(U) ≤ (κ/C)h1(|U |, β0,−ε).

Now, using the mass distribution principle, Theorem 1.7.6, we conclude

H h1(t,β0,−ε)(Fω) ≥ C

κ
.

The desired conclusion follows from the fact that C was arbitrary.

Note that the constants η and η0 might not coincide, and thus β = β0 might not
hold.

Both Theorems 5.3.2 and 5.3.4 seem to suggest that h1(t, β, 0) with β = β0 is the
correct function that gives positive and finite Hausdorff measure. However, it seems
unlikely that there exists β such that

0 < H h1(t,β,0)(Fω) <∞.

We conjecture that the situation in the random graph directed setting should be
similar.
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Conjecture 5.3.5. Let Kv(ω) be an attractor of a 1-variable random graph directed
system (Γ, ~π) satisfying the UOSC, all conditions in Definition 3.2.9 and Condi-
tion 5.1.1. Then there exists β, β′ ∈ R such that for all ε > 0, almost surely,

H h1(t,β,ε)(Kv(ω)) = 0 and H h1(t,β′,−ε)(Kv(ω)) =∞.

Since V -variable attractors, see Section 2.2.1, are nothing but a special case of
random graph directed systems, this would show that V -variable sets behave intrin-
sically like 1-variable sets. This means that these systems cannot truly interpolate
between 1-variable and ∞-variable attractors.

5.4 Packing measure for 1-variable constructions

Recall that dimP (F ) = dimB(F ) if F is compact and dimBF ∩O = dimBF for every
open O that intersects F , see Theorem 1.7.8. Similarly, we can prove the following
Lemma.

Lemma 5.4.1. Let h be a doubling gauge function and let Fω be the 1-variable at-
tractor of a RIFS (L, µ). Assume that all maps in the IFSs are strict contractions
such that there exist 0 < cmin ≤ cmax < 1 such that cmin|x − y| ≤ |f ji (x) − f ji (y)| ≤
cmax|x− y| for all i, j and all x, y ∈ Rd. Let ω ∈ Ω, then

Ph
0 (Fω) =∞ =⇒ Ph(Fω) =∞

and
Ph

0 (Fω) = 0 =⇒ Ph(Fω) = 0.

Note that we did not make any assumption on the contractions and separation
conditions in this Lemma.

Proof. The second claim follows by definition of Ph and it remains to prove the first,
i.e. we need to show that

inf

{ ∞∑
i=1

Ph
0 (Ei) | Fω ⊆

∞⋃
i=1

Ei

}
=∞

if Ph
0 (Fω) =∞. Now Fω is compact, and so we can assume the subcover of {Ei} is

finite. Thus there exists j and φ ∈ Ck
ω for some k such that f(φ, Fσkω) ⊂ Ej and so,

for some n dependent on the cover,

Ph(Fω) = inf

{
n∑
i=1

Ph
0 (Ei)

∣∣∣ Fω ⊆ n⋃
i=1

Ei

}

≥ inf

{
Ph

0 (Ej)
∣∣∣ Fω ⊆ n⋃

i=1

Ei

}
(j as above)

≥ inf

{
Ph

0 (f(φ, Fσkω))
∣∣∣ Fω ⊆ n⋃

i=1

Ei

}

≥ inf

{
lim
δ→0

κPh
δ (Fσkω) =∞

∣∣∣ Fω ⊆ n⋃
i=1

Ei

}
(a.s.)

where the infimum is taken over all finite covers and κ is a finite constant arising
from the maximal distortion of the map f(φ, .) (bounded by ckmin and ckmax) and the
doubling of h, see Lemma 5.3.1.

Inspired by the recent progress on the packing measure of random recursive at-
tractors mentioned above, we would hope that using the gauge h1(t, β, γ) should give
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similar similar convergence and divergence, depending on the sign of γ. This can be
achieved by considering the natural dual to h1. Let α ≥ 0, γ ∈ R and β > 0, we set

h∗1(t, β, γ) = tα exp
(
−
√

2β log(1/t) log log(β log(1/t))
)1−γ

.

We remark that, in light of Lemma 5.4.1, we only sketch proofs.

Theorem 5.4.2. Let Fω be the random homogeneous attractor associated to the self-
similar RIFS (L, µ) satisfying the UOSC and suppose that ciλ = cλ ∈ [cmin, cmax]
for every i ∈ {1, . . . ,#Iλ} and λ ∈ Λ, where 0 < cmin ≤ cmax < 1. Let ε > 0,
α = ess dimH Fω = ess dimP Fω and β∗0 = η0 Var(logSα

ω1
) for some η∗0 ∈ R (arising

in the proof). Then Ph∗1(t,β∗0 ,ε)(Fω) =∞ almost surely.

Proof. By Lemma 5.4.1 we only have to analyse limδ→0 P
h∗1(t,β∗0 ,ε)
δ (Fω). Let 〈X〉

denote the compact convex hull of X. Since cλ is uniformly bounded away from 0
and 1 and #Iλ is uniformly bounded above there exist l,M < ∞ such that there
exists at least one φch(ω) ∈ Cl

ω for which f(φch(ω), 〈Fω〉) ⊂ 〈Fω〉. Thus we get, in a
similar fashion to the Hausdorff measure argument,

lim
δ→0

P
h∗1(t,β∗0 ,ε)
δ (Fω) = lim

δ→0
sup

{ ∞∑
i=1

h∗1(2ri, β
∗
0 , ε)

∣∣∣ {B(xi, ri)} is a disjoint

collection of balls with 2ri < δ and xi ∈ Fω

}

≥ lim sup
k→∞

∑
φ∈Ckω

h∗1(|f(φ� φch(σkω), Fσk+lω)|, β∗0 , ε)

≥ lim sup
k→∞

(
k∏
i=1

Nωi

)
h∗1(cω1

cω2
. . . cωkc

l
min, β

∗
0 , ε)

≥ lim sup
k→∞

(
k∏
i=1

Nωi

)
κ(cω1cω2 . . . cωk)α exp

(
− (1− ε)

·
√
β∗0 log(1/(cω1

. . . cωk) log log(β∗0 log(1/(cω1
. . . cωk))

)

≥ lim sup
k→∞

κ exp

(
k∑
i=1

logSα
ωi −(1− ε)

√
vk log log vk

)
=∞,

writing v = Var(Sα
ω1

) and having used he law of the iterated logarithm in the last
step.

Finally, we also obtain an upper bound.

Theorem 5.4.3. Let Fω be the random homogeneous attractor associated to the self-
similar RIFS (L, µ) satisfying the UOSC and suppose that ciλ = cλ ∈ [cmin, cmax]
for every i ∈ {1, . . . ,#Iλ} and λ ∈ Λ, where 0 < cmin ≤ cmax < 1. Let ε > 0,
α = ess dimH Fω = ess dimP Fω and β∗ = ηVar(logSα

ω1
) for some η∗ ∈ R (arising in

the proof), then Ph∗1(t,β∗,ε)(Fω) = 0 holds almost surely.

Proof. By the homogeneity of the construction

sup

{ ∞∑
i=1

h∗1(2ri, β
∗
0 , ε)

∣∣∣ {B(xi, ri)} are disjoint balls with 2ri < δ and xi ∈ Fω

}
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≤ κ sup
n≥k(δ)

{(
n∏
i=1

Nωi

)
h∗1(cω1

. . . cωn , β
∗, ε)

}

for some κ > 0 depending on the diameter of Fω and the doubling properties of h1

only. So, for an appropriately chosen η, we obtain the desired conclusion from the
law of the iterated logarithm in a similar fashion to results above.

Clearly limδ→0(h∗1(t, β, γ))/(h1(t, β, γ)) = 0 and so h∗1 and h1 are not equivalent
gauge functions. This, however, means that while Hausdorff and packing dimensions
coincide, in this simple setting they also require different but related gauge functions
for finite and infinite measure.

This of course means that while both the 1-variable as well as the ∞-variable
constructions are very natural and the Hausdorff and packing dimensions coincide,
their precise asymptotic behaviour measured by the gauge functions differ immensely.
This means that any implicit theorem that was to capture these fine details must take
into account the random process defining them.





Chapter 6

The Assouad dimension of randomly
generated sets

6.1 Introduction

In this last chapter, we study the generic Assouad dimension for a variety of different
models for generating random fractal sets. We start by considering the 1-variable
random iterated function systems model. Recall that we already established some
results regarding the Assouad dimension in the self-similar setting in Chapter 3. In
Section 6.2 we revisit these results and give more precise results in the 1-variable RIFS
case, in particular we establish a sharp bound using the uniform open set condition as
opposed to the uniform strong separation condition, cf. Theorem 3.2.27. We compute
the Hausdorff dimension of the exceptional set where this value is not attained.

We then consider the setting of self-affine carpets in Section 6.3 and establish
the almost sure Assouad dimension of 1-variable Bedford-McMullen carpets. In par-
ticular, these sections seek the generic dimension from a measure theoretic point of
view. In Section 6.4 we consider 1-variable attractors from a topological point of view
and compute the Assouad dimension for a residual subset of the sample space. This
approach was initiated by Fraser [Fr3] and we compute the generic dimension for a
finite collection of IFSs with bi-Lipschitz contractions.

In Section 6.5 we will return to Mandelbrot percolation and compute, conditioned
on non-extinction, the almost sure Assouad dimension of fractal percolation as well
as the almost sure Assouad dimension of all orthogonal projections of the percolation
simultaneously. While the first conclusion follows directly from Theorem 3.3.6 we
prove this specific example here on its own. A somewhat surprising corollary of our
results is that, conditioned on non-extinction, almost surely the fractal percolation
cannot be embedded in any lower dimensional Euclidean space, no matter how small
the almost sure Hausdorff dimension is.

The key common theme throughout this chapter is that the Assouad dimension
is always generically as large as possible. In the measure theoretic setting this be-
haviour is completely different from that observed by other important notions of
dimension, such as Hausdorff, packing or box-counting, where these dimensions are
generically an intermediate value, which take the form of an appropriately weighted
average of deterministic values, cf. Theorem 3.2.23, Corollary 3.2.24, Theorem 3.4.2,
Corollary 4.3.7, and Corollary 4.4.6.

In the topological setting, the generic dimensions of random fractals were shown
to be ‘extremal’ in [Fr3]: some are generically as small as possible and others are
generically as large as possible. Interestingly, the Assouad dimension of random
attractors agree in both the measure theoretic and topological framework. This is
also in stark contrast with what is ‘usually’ the case. A classical example being that

The content of this chapter is based on The Assouad dimension of randomly generated fractals
in collaboration with Jonathan M. Fraser and Jun-Jie Miao, and to appear in Ergodic Theory and
Dynamical Systems, see [FMT].
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Lebesgue almost all real numbers are normal, but a residual set of real numbers are
as far away from being normal as possible [HLOPS, S].

6.2 The self-similar setting

As before we let L = {Ii}i∈Λ be a collection of IFSs indexed by Λ = {1, . . . , N}. Let
~π = {π1, . . . , π#Λ} be a probability vector such that πi > 0 for all i ∈ Λ. We write P
for the product probability measure on Ω = ΛN induced by ~π, see Section 1.6 and 5.1.
For Ii = {f ji }

#Ii
j=1 we code the map f ji by the letter eji and refer to the arrangement

of words encoding the IFS Ii by Wi = e1
i t e2

i t · · · t e
#Ii
i . The 1-variable attractor

associated with ω ∈ Ω can then be expressed as

Fω =

∞⋂
k=1

f(Ck
ω,∆),

where Ck
ω = Wω1 � · · · �Wωk and f is defined recursively as in Definition 4.3.2.

First we obtain a sure upper bound, i.e. an upper bound which holds for all
realisations.

Theorem 6.2.1. Let (L, ~π) be a RIFS consisting of IFSs of similarities such that
0 < #Ii <∞ for all i ∈ Λ. Assume that (L, ~π) satisfies the UOSC and let Fω denote
the associated 1-variable attractor. Then, for all ω ∈ Ω,

dimA Fω ≤ sup
i∈Λ

dimA Fi.

The proof of Theorem 6.2.1 will be given in Section 6.6.1.1. Note that for each
i ∈ Λ, dimA Fi is the Assouad dimension of the deterministic self-similar set Fi, which
may be computed via the Hutchinson-Moran formula since the OSC is satisfied. We
will provide an example in Section 6.2.1 showing that this upper bound can fail if we
do not assume the UOSC. We are also able to obtain an almost sure lower bound.

Theorem 6.2.2. Let (L, ~π) be a RIFS consisting of IFSs of similarities such that
0 < #Ii <∞ for all i ∈ Λ. Let Fω denote the associated 1-variable attractor. Then,
for almost all ω ∈ Ω, we have

dimA Fω ≥ sup
i∈Λ

dimA Fi. (6.2.1)

The proof of Theorem 6.2.2 will be given in Section 6.6.1.2. Note that the The-
orem 6.2.2 requires no separation conditions, whereas Theorem 6.2.1 requires the
UOSC. Combining the upper and lower estimates immediately yields our main result
on random self-similar sets.

Theorem 6.2.3. Let (L, ~π) be a RIFS consisting of IFSs of similarities such that
0 < #Ii <∞ for all i ∈ Λ. Assume that (L, ~π) satisfies the UOSC and let Fω denote
the associated 1-variable attractor. Then

dimA Fω = sup
i∈Λ

dimA Fi = max
i∈Λ

dimA Fi,

for almost all ω ∈ Ω.

The results above are in stark contrast to the analogous almost sure formulae for
the Hausdorff, packing and box-counting dimension which are some form of weighted
average of the deterministic values. As can be deduced from Corollary 3.2.24 the
Hausdorff dimension of a random 1-variable self-similar set satisfying the UOSC is
almost surely given by the unique zero of the weighted average of the logarithm of
the Hutchinson-Moran formulae for the individual IFSs. A neat consequence of this
is that the Assouad dimension and the Hausdorff dimension can be almost surely
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distinct, no matter which separation condition you assume. Recall that in the de-
terministic setting the WSP is sufficient to guarantee equality, and in the random
setting the Hausdorff and box-counting dimensions almost surely coincide, even if
there are overlaps. In fact the only way the Assouad and Hausdorff dimensions can
almost surely coincide in the UOSC case is if all of the deterministic IFSs had the
same similarity dimension. Also, apart from this special situation, our result shows
that random self-similar sets are almost surely not Ahlfors regular, as for Ahlfors reg-
ular sets the Hausdorff and Assouad dimensions coincide. Finally we obtain precise
information on the size of the exceptional set of Theorem 6.2.3.

Theorem 6.2.4. Let (L, ~π) be a RIFS consisting of IFSs of similarities such that
0 < #Ii <∞ for all i ∈ Λ. Assume that (L, ~π) satisfies the UOSC and let Fω denote
the associated 1-variable attractor. Assume further that dimA Fi is not the same for
all i ∈ Λ, i.e. the similarity dimensions of the deterministic attractors are not all the
same. Then the exceptional set

E =
{
ω ∈ Ω | dimA Fω < max

i∈Λ
dimA Fi

}
is a set of full Hausdorff dimension, despite being a P-null set, i.e. dimHE = dimH Ω.

The proof of Theorem 6.2.4 can be found in Section 6.6.1.3. The following two
figures depict some examples of random self-similar sets. The RIFS is made up of
three deterministic IFSs, which are shown in Figure 6.1. Dotted squares indicate
the (homothetic) similarities used. In Figure 6.2, three different random realisations
are shown, which will (almost surely) all have the same Assouad dimension as the
maximum of the three deterministic values.

Figure 6.1: Deterministic self-similar attractors F1, F2 and F3.

Figure 6.2: Random self-similar attractors Fα, Fβ and Fγ for different realisations
α = (1, 2, 3, 1, 2, 1, 3, 3, . . .), β = (2, 1, 2, 1, 1, 1, 1, 3, . . .), γ = (2, 3, 3, 2, 1, 1, 1, 3, . . .) ∈
Ω.
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We finish this section by mentioning that Li et al. [LLMX] studied the Assouad
dimension of Moran sets E generated by two sequences

{nk ∈ N}∞k=1 and {φk ∈ Rnk}∞k=1,

where nk indicates the number of contractions, and ξk = (ck,1, · · · , ck,nk) gives the
contraction ratios at the kth level. They show that

dimAE = lim
m→∞

sup
k
sk,k+m,

where sk,k+m is the unique solution to the equation

k+m∏
i=k+1

ni∑
j=1

(ci,j)
s = 1.

By choosing ξk = (ck,1, · · · , ck,nk) from a fixed number of patterns, such a Moran set
may be regarded as a particular realisation of our random self-similar sets. Therefore
this result gives information about specific realisations, whereas our results study the
generic situation.

6.2.1 An example with overlaps

Here we provide an example showing that the assumption of some separation condition
in Theorem 6.2.1 is necessary. Let the RIFS L be the system consisting of two IFSs
of similarities, I1 and I2. Let I1 be the IFS consisting of the three maps S1,1, S1,2 and
S1,3 and I2 consist of the three maps S2,1, S2,2 and S2,3, where Si,j : R→ R and

S1,1 = 1
2x, S1,2 = 1

4x, S1,3 = 1
16x+ 15

16 ,

S2,1 = 1
3x, S2,2 = 1

9x, S2,3 = 1
81x+ 80

81 .

As Si,1 and Si,2 have the same fixed point for i = 1, 2, both I1 and I2 fail the OSC.
Note that

Id = (Si,1 ◦ Si,1)−1 ◦ Si,2 ∈ E

where E is the set of composition maps, see Definition 2.1.3. We conclude that the
two IFSs fail the OSC and so L fails to satisfy the UOSC, see the discussion following
Definition 2.1.3. Let cji be the contraction rate of Si,j . If one considers the individual
IFSs, since (log c1i )/(log c2i ) ∈ Q for i = 1, 2, one can show directly from the definition
that the WSP is satisfied. Therefore, for both systems the Assouad and Hausdorff
dimensions coincide and are therefore no greater than their similarity dimensions,
see [FHOR]. That is dimA Fi ≤ si for i = 1, 2, where si is given implicitly by

the Hutchinson-Moran formula
∑3
j=1(cji )

si = 1. Solving numerically we find that
s1 ≈ 0.81137 and s2 ≈ 0.511918 and so maxi∈Λ dimA Fi < 1. Consider however
ω = (1, 2, 1, 2, 1, . . .). This is equivalent to the deterministic IFS consisting of the 9
possible compositions of a map from I1 with a map from I2. Consider just the two
maps

T1 = S1,1 ◦ S2,2 =
1

18
x,

T2 = S1,2 ◦ S2,1 =
1

12
x.

One can check that log 18/ log 12 /∈ Q and therefore using an argument similar to
the one in [Fr2, Section 3.1] one can show that dimA F(1,2,1,...) = 1, which is strictly
greater than the maximum given by the deterministic IFS, showing that if the UOSC
is not satisfied, then the Assouad dimension of particular realisations can exceed the
maximum of the deterministic values.
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Figure 6.3: Top and middle: the two deterministic attractors which both have As-
souad dimension strictly smaller than 1. Bottom: the random self-similar set for the
realisation ω = (1, 2, 1, 2, . . . ) which has Assouad dimension 1. Stretching the imagi-
nation slightly, one can see the unit interval emerging as a tangent at the origin for
the third set, but the rational dependence between the contraction ratios prevents
this happening for the first two examples.

6.3 Almost sure Assouad dimension for random self-affine carpets

We have already answered some dimension theoretic properties of random self-affine
sets in Chapter 4. Here we investigate the Assouad dimension of special class of
self-affine carpets, a random version of Bedford-McMullen sets.

Fraser and Shmerkin [FS] considered the dimensions of random self-affine carpets
where for them the randomness was obtained by randomly translating the column
structure. They computed the almost sure Hausdorff and box-counting dimensions
and remarked that the situation for the Assouad dimension was not clear because the
Assouad dimension could ‘jump up’ above the initial value. It turns out that in our
model, the Assouad dimension is similarly sensitive to ‘jumping up’ and we show that,
in a different context, the Assouad dimension of random self-affine carpets can again
‘jump up’ above the initial and expected values, see the example in Section 6.3.2.

6.3.1 Notation

For each i ∈ Λ, let mi, ni be fixed integers with ni > mi ≥ 2. Then, for each i ∈ Λ,
divide the unit square [0, 1]2 into a uniform mi × ni grid and select a subset of the
sub-rectangles formed. Let the IFS Ii be made up of the affine maps which take the
unit square onto each chosen sub-rectangle without any rotation or reflection. Thus
the constituent maps f ji : [0, 1]2 → [0, 1]2 are of the form

f ji =

(
x

mi
+
ai,j
mi

,
y

ni
+
bi,j
ni

)
,

for integers ai,j , bi,j , where 0 ≤ ai,j < mi, and 0 ≤ bi,j < ni. For each i ∈ Λ, let
Ai be the number of distinct integers ai,j used for maps in Ii, i.e. the number of
non-empty columns in the defining pattern for the ith IFS. Also, for each i ∈ Λ,
let Bi = maxk∈{0,...,m−1}#{Si,j ∈ Ii : ai,j = k}, i.e. the maximum number of
rectangles chosen in a particular column of the defining pattern for the ith IFS. For
the deterministic IFS Ii with attractor Fi, it was shown by Mackay [M] that

dimA Fi =
logAi
logmi

+
logBi
log ni

. (6.3.1)

One interpretation of this is that the Assouad dimension is the dimension of the
projection of Fi onto the first coordinate plus the maximal dimension of a vertical
slice through Fi. A reasonable first guess for the almost sure Assouad dimension of
the random attractors of L would be to take the maximum of equation (6.3.1) over
all i ∈ Λ. Surprisingly this is not the correct answer, as we shall see in this section.
First we prove a sure upper bound, which at first sight does not look particularly
sharp.
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Theorem 6.3.1. Let (L, ~π) be a RIFS with individual IFSs satisfying the conditions
above. Then for all ω ∈ Ω

dimA Fω ≤ max
i∈Λ

logAi
logmi

+ max
i∈Λ

logBi
log ni

.

Theorem 6.3.1 will be proved in Section 6.6.2.2. It turns out that this upper
bound is almost surely sharp and this is the content of our main self-affine result in
this section.

Theorem 6.3.2. Let I be as above. Then for almost all ω ∈ Ω, we have

dimA Fω = max
i∈Λ

logAi
logmi

+ max
i∈Λ

logBi
log ni

.

Theorem 6.3.2 will be proved in Section 6.6.2.3. As remarked above this is in
stark contrast to results concerning the classical dimensions of attractors of RIFS,
but still in keeping with the ‘almost surely maximal’ philosophy. An example of the
‘averaging’ that happens with Hausdorff, packing and box-counting dimension, which
was discussed and expanded upon in Chapter 4, is the result by Gui and Li [GL1],
where if mi = m < n = ni for all i ∈ Λ, the almost sure dimension is given by the
weighted average of the dimensions of the individual attractors:

dimFω =
∑
i∈Λ

pi dimFi,

where dim can refer to any of the Hausdorff, packing or box-counting dimension, see
also Corollary 4.3.8. The key difference between the case considered here and the
self-similar case is that, despite whatever separation conditions one wishes to impose,
the ‘maximal value’ is not generally the maximum of the deterministic values. We
construct a very simple example to illustrate this difference in Section 6.3.2.

The following two figures depict some examples of random self-affine Bedford-
McMullen carpets. The RIFS is made up of three deterministic IFSs, which are
shown in Figure 6.4. We chose m1 = 2, n1 = 3, m2 = 3, n2 = 5, m3 = 2 and n3 = 4
and indicate the chosen affine maps with rectangles. In Figure 6.5, three different
random realisations are shown.

Figure 6.4: Deterministic Bedford-McMullen Carpets F1, F2 and F3.
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Figure 6.5: Random Bedford-McMullen Carpets Fα, Fβ and Fγ for realisations α =
(1, 1, 3, 3, 1, 3, 1, 3, . . .), β = (1, 2, 1, 2, 2, 3, 2, 1, . . .), γ = (2, 2, 3, 2, 1, 2, 2, 2, . . .) ∈ Ω.

6.3.2 An example with larger Assouad dimension than expected

In this section we briefly elaborate on our belief that the formula for the almost
sure Assouad dimension of random self-affine carpets returns a surprisingly large
value. Consider the following very simple example. Let L = {I1, I2}, where m = 2
and n = 3 for both deterministic IFSs. Let I1 consist of the maps corresponding
to the two rectangles in the top row of the defining grid and let I2 consist of the
maps corresponding to the three rectangles in the right hand column of the defining
grid. Both the deterministic attractors are not very interesting; they are both line
segments. In particular, they both have Assouad dimension equal to 1. Moreover, it
is a short calculation to show that the Assouad dimension of Fω is no larger than 1 for
any eventually periodic word ω. This means that, unlike the self-similar example in
Section 6.2.1, the Assouad dimension cannot increase by taking a finite combination
of the initial IFSs. However, Theorem 6.3.2 shows that the Assouad dimension of Fω
is almost surely 2.

Figure 6.6: The left-most image is the random self-affine carpet associated to the
above RIFS for the realisation (3, 3, 3, 1, 1, 1, 1, 3, . . . ). The other images show small
parts of the set blown back up to the unit square. One can see the zoomed in images
filling up more and more space, leading to the unit square being a very weak tangent to
the random self-affine set. This is what causes the Assouad dimension to be maximal,
see Section 6.6.2.3.

6.4 Typical Assouad dimension for random attractors

In this section we consider an alternative approach to deciding the ‘generic properties’
of random fractals. This approach is topological rather than measure theoretic and
was first considered by Fraser [Fr3]. Let (Y, dY ) be a complete metric space. A set
N ⊆ Y is nowhere dense if for all y ∈ N and for all r > 0 there exists a point
x ∈ Y \ N and t > 0 such that B(x, t) ⊆ B(y, r) \ N. A set M is said to be of the
first category, or, meagre, if it can be written as a countable union of nowhere dense
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sets. We think of a meagre set as being small and the complement of a meagre set
as being big. A set T ⊆ Y is residual or co-meagre, if Y \ T is meagre. A property is
called typical if the set of points which have the property is residual. In many ways
a residual set behaves a lot like a set of full measure. For example, the intersection
of a countable number of residual sets is residual and the space cannot be broken up
into the disjoint union of two sets which are both residual. As such it is a reasonable
replacement for the notion of almost all in describing generic properties in a complete
metric space. In Section 6.6 we will use the following theorem to test for typicality
without mentioning it explicitly.

Theorem 6.4.1. In a complete metric space, a set T is residual if and only if T
contains a countable intersection of open dense sets or, equivalently, T contains a
dense Gδ subset of Y .

For a proof of this result and for a more detailed account of Baire Category
the reader is referred to [Ox]. By applying these notions to the complete metric
space (Ω, d) we can replace “full measure” with “residual” to gain our new notion of
genericity. In [Fr3] it was shown that these two approaches differ immensely in the
context of Hausdorff and packing dimension. Indeed, it was shown that there exists
a residual set R ⊆ Ω such that for all ω ∈ R

dimH Fω = inf
u∈Ω

dimH Fu,

and

dimP Fω = sup
u∈Ω

dimP Fu,

for any 1-variable RIFS consisting of bi-Lipschitz contractions without assuming any
separation conditions. This is very different from the measure theoretic approach,
which tends to favour convergence rather than divergence, with the almost sure pack-
ing and Hausdorff dimensions often equal to some sort of average over the parameter
space, rather than opposite extremes. Our main result in this section proves an anal-
ogous result for Assouad dimension. In the wider context of the paper, the main
interest of this result is that in the setting of Assouad dimension, the topological and
measure theoretic approaches seem to agree. Observe that we are able to compute
the typical Assouad dimension in a much more general context than the almost sure
Assouad dimension, but this is not surprising in view of [Fr3].

Theorem 6.4.2. Let L be an RIFS consisting of deterministic IFSs of bi-Lipschitz
contractions. Then there exists a residual set R ⊆ Ω such that for all ω ∈ R

dimA Fω = sup
u∈Ω

dimA Fu.

We will prove Theorem 6.4.2 in Section 6.6.3. Notice that the above result assumes
no separation properties and the mappings can be much more general than similarities
or even affine maps.

An immediate and perhaps surprising corollary of this is that Theorems 6.2.3 and
6.3.2 remain true even if the measure theoretic approach is replaced by the topological
approach adopted in this section.

6.5 Random recursive constructions

We answered several questions about random recursive constructions in Chapter 3.
Here we will give some complementary results for Mandelbrot percolation defined in
Section 2.3. Recall that Mandelbrot percolation is simply a random recursive RIFS
and Theorem 3.3.6 implies that, if p > 1/nd, then, conditioned on non-extinction,

dimA F = d.
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We remark that this can also be obtained by studying the notion of porosity, see
Berlinkov and Järvenpää [BJ].

Recently, there has also been a lot of work on almost sure properties of the or-
thogonal projections of fractal percolation. In particular, one wants to obtain a
‘Marstrand type result’ for all projections π ∈ Πd,k rather than just almost all. Here
Πd,k is the Grassmannian manifold consisting of all orthogonal projections from Rd
to Rk (k ≤ d) identified with k dimensional subspaces of Rd in the natural way and
equipped with the usual Grassmann measure. Our main result is the following, which
gives, conditioned on non-extinction, the almost sure Assouad dimension of F as well
as an optimal projection result.

Theorem 6.5.1. Let p > 1/nd. Then, conditioned on F being nonempty, we have
that almost surely

dimA F = d

and for all k ≤ d and π ∈ Πd,k simultaneously,

dimA πF = k.

We will prove Theorem 6.5.1 in Section 6.6.4. Observe that, provided p > 1/nd,
the almost sure Assouad dimension does not depend on p. This is in stark contrast
to the Hausdorff and packing dimension case, but by now not surprising. An imme-
diate corollary of Theorem 6.5.1 is the following embedding theorem for Mandelbrot
percolation.

Corollary 6.5.2. Let p > 1/nd. Then, conditioned on F being nonempty, almost
surely F cannot be embedded in any lower dimensional Euclidean space via a bi-
Lipschitz map, i.e. there does not exists a bi-Lipschitz map φ : F → Rd−1.

This follows from Theorem 6.5.1 and the fact that bi-Lipschitz maps cannot de-
crease Assouad dimension [Lu, Theorem A.5.1]. This result is somewhat surprising
in that given any ε > 0, one can choose p sufficiently close to (but greater than) n−d,
such that almost surely (conditioned on non-extinction) the Hausdorff dimension of
F is smaller than ε, but yet F still cannot be embedded in any Euclidean space with
dimension less than that of the initial ambient space.

6.6 Proofs

6.6.1 Proofs concerning random self-similar sets

6.6.1.1 Proof of Theorem 6.2.1

The proof of Theorem 6.2.1 will closely follow the strategy of Olsen [O2], who gave
a simple argument demonstrating the sharp upper bound for the Assouad dimension
of a deterministic self-similar set satisfying the OSC. Before beginning the proof we
recall some notation. Let O be the uniform open set given by the UOSC and write
|X| for the diameter of a set X and let u = |O|. Fix a realisation ω = (ω1, ω2, . . . ) ∈ Ω
and define the arrangements of words in the usual way, see the discussion just after
Definition 4.2.3. Observe that

Fω =
⋂
k

⋃
φ∈Ckω

f(φ,O) =
⋂
k

⋃
φ∈Ckω

f(φ,O).

Write cji = Lip(f ji ), then |f(φ,O)| = cφ1
ω1
cφ2
ω2
. . . cφlωlu, where l = |φ|. We write cφω =

|f(φ,O)| for brevity. For r ∈ (0, 1], let Ξω(r) be the arrangement of words φ for which
the associated f(φ,O) has diameter approximately r, that is

Ξω(r) =
⊔{

φ ∈
⊔
k∈N0

Ck
ω

∣∣∣ cφω < r ≤ cφ
†

ω

}
,
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where φ† = φ1φ2 . . . φ|φ|−1. First, recall from Lemma 5.1.5 that the number of sets

f(φ,O) with diameter approximately r that intersect a closed ball B(z, r) centred at
z ∈ Fω of radius r is bounded by a constant not depending on r and z.

Write s = maxi∈Λ(dimA Fi).

Lemma 6.6.1. Under the same assumptions as Theorem 6.2.1,

#Ξω(r) ≤ us c−smin r
−s

for all r ∈ (0, 1].

Proof. Fix r ∈ (0, 1] and observe that since the Assouad dimension of each determin-
istic attractor is given by the appropriate version of the Hutchinson-Moran formula,
we have, for every i ∈ Λ,

#Ii∑
j=1

(cji )
s ≤ 1

for all i ∈ Λ. By repeated application of this, it follows that

us ≥
∑

φ∈Ξω(r)

(cφω)s ≥
∑

φ∈Ξω(r)

(cminr)
s = #Ξω(r) csminr

s,

which proves the lemma.

We can now prove Theorem 6.2.1. Let O be the open set given by the UOSC. Fix
z ∈ Fω, R ∈ (0, 1] and r ∈ (0, R]. Clearly

B(z,R) ∩ Fω ⊆
⋃

φ∈Ξω(R)

f(φ,O)∩B(z,R)6=∅

f(φ,O)

and for each such set f(φ,O) in the above decomposition we have

f(φ,O) ⊆
⋃

ϕ∈Ξσ(|φ|,ω)(r/R)

f(φ� ϕ,O),

where for clarity we have written σ(|φ|, ω) = σ|φ|(ω). These observations combine to
give

B(z,R) ∩ Fω ⊆
⋃

φ∈Ξω(R)

f(φ,O)∩B(z,R)6=∅

⋃
ϕ∈Ξσ(|φ|,ω)(r/R)

f(φ� ϕ,O),

which is an r-cover of B(z,R) ∩ Fω, yielding

Nr(B(z,R) ∩ Fω) ≤
∑

φ∈Ξω(R)

f(φ,O)∩B(z,R) 6=∅

#Ξσ(φ,ω)(r/R)

≤
∑

φ∈Ξω(R)

f(φ,O)∩B(z,R) 6=∅

us c−smin

(
R

r

)s
by Lemma 6.6.1

≤ (4/cmin)d us c−smin

(
R

r

)s
by Lemma 5.1.5,

which proves the theorem.
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6.6.1.2 Proof of Theorem 6.2.2

In order to prove the almost sure lower bound we identify a ‘good set’ of full measure
within which we can prove the lower bound surely. Fix i ∈ Λ which maximises
dimA Fi. The good set Gi is the set of all realisations ω ∈ Ω such that there are
arbitrarily long subwords consisting only of the letter i. Equivalently, let

Gi = {ω = (ω1, ω2, . . .) ∈ Ω | ∀n ∈ N,∃k ∈ N,∃m ≥ n
such that ωj = i for all k ≤ j < k +m}.

The following Lemma follows from a standard Borel-Cantelli argument.

Lemma 6.6.2. Let P be the Bernoulli probability measure on Ω induced by ~π. Then
for all i ∈ Λ, the set Gi ⊆ Ω has full measure, i.e. P(Gi) = 1.

Proof. Fix i ∈ Λ and let Cj be an increasing sequence of integers such that Cj+1 >
Cj + j and set

Ai(j) =

{
ω ∈ Ω

∣∣∣ there exists l0 such that ωk = i for all k s.t. l0 ≤ k ≤ l0 + j

and l0 satisfies

j∑
l=1

Cj ≤ l0 <

(
j+1∑
l=1

Cj

)
− j

}
,

that is, given a j ∈ N, realisations in the event Ai(j) have a subword consisting only

of the letter i of length k starting between positions
∑j
l=1 Cj and

∑j+1
l=1 Cj−j. Given

that the fixing of letters are on disjoint intervals the events {Ai(j)}j∈N are pairwise
independent. Given a string of length Cj+1, we divide it into blocks of length bj/2c
(with a possibly shorter final block). The probability of choosing j consecutive letters
equal to i in a string of length Cj+1 is at least the probability that at least one of
these blocks consists just of the letter i, that is

P(Ai(j)) ≥ 1− (1− πbj/2ci )bCj+1/jc.

We can now choose the constants Cj large enough such that (1−πbj/2ci )bCj+1/jc < 1/2.
Then

∑
j∈N P(Ai(j)) ≥

∑
j∈N 1/2 =∞ and, using the Borel-Cantelli Lemma,

P({ω ∈ Ω | ω ∈ Ai(j) for infinitely many j}) = 1.

But,

{ω ∈ Ω | ω ∈ Ai(j) for infinitely many j} =
⋂
k∈N

⋃
j≥k

Ai(j) ⊆ Gi

and so the desired result follows.

Let i ∈ Λ and ω = (ω1, ω2, . . . ) ∈ Gi. We will show that the deterministic attractor
Fi is a very weak pseudo tangent to Fω and this is sufficient to prove Theorem 6.2.2 in
light of Lemma 1.7.13. Note that, since we do not assume any separation conditions,
the existence of complicated overlaps mean that Fi may not be a weak (or very weak)
tangent to Fω.

Since ω ∈ Gi, for every n we can find kn such that ωj = i for all kn+1 ≤ j ≤ kn+n.
Choose any arrangement φ = φ1 � φ2 � · · · � φkn with φ ∈ Ckn

ω and let Tkn be the
similarity given by Tkn(x) = f(φ, x)−1. Write cimax = maxj∈{1,...,Ii} c

j
i ∈ (0, 1). It

follows that
Fσkn (ω) ⊆ Tkn(Fω)

and therefore, since the first n symbols in σkn(ω) are all i,

Fi ⊆ [TknFω](cimax)n .

This proves that
dlH
(
Fi, TknFω

)
≤ (cimax)n → 0

as n→∞. Thus Fi is a weak pseudo tangent to Fω, choosing the sequence of maps
{Tkn}n∈N.
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6.6.1.3 Proof of Theorem 6.2.4

Using the mass distribution principle, Theorem 1.7.6, it is easy to see that dimH Ω =
logN/ log 2 where N is the cardinality of Λ and the ‘2’ comes from our choice of
metric d(ω, ν) = 2−ω∧ν . Let β = maxi∈Λ dimA Fi and

ΛE = {i ∈ Λ | dimA Fi < β}

which by assumption is non-empty and by definition a proper subset of Λ. Let

En =
{
ω ∈ Ω | if, for some k ∈ N, whenever ωj /∈ ΛE

for all j = k, k + 1, . . . , k + n− 1, then ωk+n ∈ ΛE

}
,

i.e. the set of all sequences such that the length of subwords consisting only of letters
which maximise the Assouad dimension is bounded above by n. First we will show
that for ω ∈ En, we have dimA Fω < β. Let Λ†n be a new alphabet consisting of
all combinations of words of length at most n (including length zero) over Λ \ ΛE

concatenated with an element of ΛE , that is

Λ†n = {vw | v ∈ ∪nk=0(Λ \ ΛE )k and w ∈ ΛE }.

To each word (now identified as a letter) in Λ†n we associate the IFS formed by
composing the IFSs corresponding to Λ in the natural way. Since the UOSC was
satisfied, it is easy to see that the similarity dimension of each such deterministic IFS
is strictly less than β since they are all influenced by an IFS associated to an element
of ΛE . Moreover, every word in En can be obtained as a word over Λ†n and so we
obtain a lower bound from Theorem 6.2.2. It follows from this that the exceptional
set from Theorem 6.2.4 contains

E :=

∞⋃
n=1

En

and so it suffices to prove that the Hausdorff dimension of E is logN/ log 2. Now
consider the finite set Λ′ consisting of all possible words of length dn/2e. We could
have equivalently defined Ω in terms of those words rather than the individual symbols
Λ where, abusing notation slightly, Ω = ΛN = Λ′N. Consider Λ′ and remove the
words consisting only of letters from Λ \ ΛE forming a new set Λ′′. If one considers
E ′n = Λ′′N one notes that several combinations are now no longer possible. Crucially
it restricts the length of subwords over Λ \ΛE to 2(dn/2e − 1), which corresponds to
two concatenated elements of Λ′′, one starting with symbol j ∈ ΛE followed by letters
from Λ \ ΛE and the second word starting with letters from Λ \ ΛE but ending with
j ∈ ΛE . Since 2(dn/2e − 1) ≤ n we have that elements of E ′n have more restrictive
conditions than En and so E ′n ⊆ En. Let ν be the uniform Bernoulli measure on E ′n,
given by a uniform probability vector associated with Λ′′, and let

αn =
log(Ndn/2e − |Λ \ ΛE |dn/2e)

dn/2e log 2
.

Let Uk ⊆ E ′n be a cylinder of length k (over Λ′′) and observe that ν(Uk) = (Ndn/2e −
|Λ \ ΛE |dn/2e)−k and |Uk| = 2−kdn/2e and so

|Uk|αn = 2−kdn/2e log(Ndn/2e−|Λ\ΛE |dn/2e)/(dn/2e log 2)

= 2−k log(Ndn/2e−|Λ\ΛE |dn/2e)/ log 2

= (Ndn/2e − |Λ \ ΛE |dn/2e)−k

= ν(Uk)

and thus by the mass distribution principle dimH E ′n ≥ αn. Finally dimH E =
supn dimH En ≥ supn αn = logN/ log 2, as required.
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6.6.2 Proofs concerning random self-affine carpets

6.6.2.1 Preliminary results and random approximate R-squares

In this section we introduce random approximate R-squares, which will be heavily
relied on in both the upper bound and the lower bound. Fix ω = (ω1, ω2, . . . ) ∈ Ω
and R ∈ (0, 1) and let kω1 (R) and kω2 (R) be the unique natural numbers satisfying

kω1 (R)∏
i=1

n−1
ωi ≤ R <

kω1 (R)−1∏
i=1

n−1
ωi (6.6.1)

and
kω2 (R)∏
i=1

m−1
ωi ≤ R <

kω2 (R)−1∏
i=1

m−1
ωi (6.6.2)

respectively with notation as in Section 6.3.1. Also let

mmax = max
i∈Λ

mi and nmax = max
i∈Λ

ni.

A rectangle [a, b]× [c, d] ⊆ [0, 1]2 is called a random approximate R-square if it is of
the form

S
(
[0, 1]2

)
∩
(

Πx

(
T
(
[0, 1]2

))
× [0, 1]

)
,

where Πx : (x, y) 7→ x is projection onto the first coordinate and

S(x) = f(φ, x) for some φ ∈ Ckω1 (R)

and

T (x) = f(ϕ, x) for some ϕ ∈ Ckω2 (R).

The use of the term ‘random’ indicates that the family of approximate R-squares
depends on the random sequence ω and observe that such rectangles are indeed ap-
proximately squares of side length R because the base

b− a =

kω2 (R)∏
i=1

m−1
ωi ∈ (m−1

maxR,R] by (6.6.2)

and the height

d− c =

kω1 (R)∏
i=1

n−1
ωi ∈ (n−1

maxR,R] by (6.6.1).

These approximate squares are a standard tool in the study of self-affine carpets, see
e.g. [M, Fr2].

6.6.2.2 Proof of Theorem 6.3.1

Fix ω = (ω1, ω2, . . . ) ∈ Ω, R ∈ (0, 1) and r ∈ (0, R). For k, l ∈ N and i ∈ Λ let

Ni(k, l) = #
{
j = k, k + 1, . . . , l : ωj = i

}
.

We wish to bound Nr
(
B(x,R)∩Fω

)
up to a constant uniformly over x ∈ Fω, but since

there exists a constant K ≥ 1 depending on mmax and nmax such that for any x ∈ Fω,
B(x,R) is contained in fewer than K random approximate R-squares, it suffices to
bound Nr(Q∩Fω) up to a constant uniformly over all random approximate R-squares,
Q. We will adopt the version of Nr(·) which uses covers by squares of sidelength r.
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Fix such a Q and observe that Q ∩ Fω can be decomposed as the union of the parts
of Fω contained inside rectangles of the form

X = f
(
ei1ω1
� ei2ω2

� · · · � e
ikω2 (R)

ωkω2 (R)
, [0, 1]2

)
for some i1, i2, . . . with ij ∈ {1, . . . ,#Iωj} for all j. Moreover, the number of such
rectangles in this decomposition can be bounded above by∏

i∈Λ

B
Ni(kω1 (R)+1,kω2 (R))
i .

Now, let us continue to iterate the construction of Fω inside such a rectangle X , i.e.
by breaking it up into smaller basic rectangles. Assuming kω1 (r) > kω2 (R) continue
iterating until level kω1 (r) where each X ∩ Fω can be written as the union of parts of
Fω inside rectangles of the form

Y = f
(
ei1ω1
� ei2ω2

� · · · � e
ikω1 (r)

ωkω1 (r)
, [0, 1]2

)
for some i1, i2, . . . with ij ∈ {1, . . . ,#Iωj} for all j. Note that this time we use words
of length kω1 (r). Writing Ni = #Ii (i ∈ Λ), we can bound the number of rectangles
of the form Y used to decompose a rectangle of the form X by∏

i∈Λ

N
Ni(kω2 (R)+1,kω1 (r))
i .

If kω1 (r) ≤ kω2 (R), then we leave X alone and set Y = X , corresponding to Ni(kω2 (R)+
1, kω1 (r)) = 0 for each i. Note that each rectangle Y in the new decomposition is a
rectangle with height

kω1 (r)∏
i=1

n−1
ωi ≤ r,

and we are trying to cover it by squares of side length r. Thus to give an efficient
estimate on Nr(Y) we need only worry about covering Πx(Y) and we can certainly
do this using no more than ∏

i∈Λ

A
Ni(kω1 (r)+1,kω2 (r))
i

such squares. Combining the above estimates and using the fact that for all i ∈ Λ,
Ni ≤ AiBi yields

Nr(Q ∩ Fω) ≤
(∏
i∈Λ

B
Ni(kω1 (R)+1,kω2 (R))
i

)
·
(∏
i∈Λ

N
Ni(kω2 (R)+1,kω1 (r))
i

)
·
(∏
i∈Λ

A
Ni(kω1 (r)+1,kω2 (r))
i

)

≤
∏
i∈Λ

A
Ni(kω2 (R)+1,kω2 (r))
i B

Ni(kω1 (R)+1,kω1 (r))
i .

Now that this estimate has been established, the desired upper bound follows by
careful algebraic manipulation. In particular,

Nr(Q ∩ Fω) ≤
(∏
i∈Λ

A
Ni(kω2 (R)+1,kω2 (r))
i

)(∏
i∈Λ

B
Ni(kω1 (R)+1,kω1 (r))
i

)

=
∏
i∈Λ

(
m
Ni(kω2 (R)+1,kω2 (r))
i

)logAi/ logmi
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·
∏
i∈Λ

(
n
Ni(kω1 (R)+1,kω1 (r))
i

)logBi/ logni

≤
(∏
i∈Λ

m
Ni(kω2 (R)+1,kω2 (r))
i

)maxi∈Λ logAi/ logmi

·
(∏
i∈Λ

n
Ni(kω1 (R)+1,kω1 (r))
i

)maxi∈Λ logBi/ logni

=

(∏
i∈Λm

−Ni(1,kω2 (R))
i∏

i∈Λm
−Ni(1,kω2 (r))
i

)maxi∈Λ logAi/ logmi

·

(∏
i∈Λ n

−Ni(1,kω1 (R))
i∏

i∈Λ n
−Ni(1,kω1 (r))
i

)maxi∈Λ logBi/ logni

=

(∏kω2 (R)
i=1 m−1

ωi∏kω2 (r)
i=1 m−1

ωi

)maxi∈Λ logAi/ logmi(∏kω1 (R)
i=1 n−1

ωi∏kω1 (r)
i=1 n−1

ωi

)maxi∈Λ logBi/ logni

≤

(
R

m−1
max r

)maxi∈Λ logAi/ logmi(
R

n−1
max r

)maxi∈Λ logBi/ logni

by (6.6.1) and (6.6.2) and so

≤ mmax nmax

(
R

r

)maxi∈Λ logAi/ logmi + maxi∈Λ logBi/ logni

,

which proves that

dimA Fω ≤ max
i∈Λ

logAi
logmi

+ max
i∈Λ

logBi
log ni

and since ω ∈ Ω was arbitrary this proves the desired result.

6.6.2.3 Proof of Theorem 6.3.2

In light of Theorem 6.3.1, all that remains is to prove the almost sure lower bound.
In order to do this we identify a ‘good set’ of full measure within which we can prove
the lower bound surely, similar to Theorem 6.2.2. First fix i ∈ Λ which maximises
logAi/ logmi and j ∈ Λ which maximises logBj/ log nj . Of course i and j may be
different, and this is the more interesting case which leads to examples such as those
in Section 6.3.2.

A first guess for the good set might be the set of strings containing arbitrarily
long runs of j followed by the same number of i. This is philosophically the correct
approach, but does not work because the point where the string is required to change
from j to i depends crucially on the stage one is at in the sequence. Since one may
have to wait much longer than O(n) steps to get a string of n js followed by n is,
by the time it occurs the eccentricity of the rectangles in the construction will be so
large that switching from j to i after n steps in the approximate square is not enough
to obtain the desired tangent. A second approach might be to look for strings of js
followed by is where the number of js depends on the starting point of the string (in
fact the dependence would be linear), however, this approach also fails because one
cannot guarantee that such strings exist infinitely often almost surely. Our solution
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is to recognise that one needs a long string of is and a long string of js to get the
necessary tangent, but these strings do not have to be next to each other.

The good set Gi,j ⊆ Ω is defined to be

Gi,j =
{
ω = (ω1, ω2, . . . ) ∈ Ω | there exists a sequence of pairs (Rl, nl) ∈ (0, 1)× N

with Rl → 0 and nl →∞ with nl ≤ kω2 (Rl)− kω1 (Rl) such that

ωi′ = j for all i′ = kω1 (Rl) + 1, . . . , kω1 (Rl) + nl and

ωi′ = i for all i′ = kω2 (Rl) + 1, . . . , kω2 (Rl) + nl

}
.

Lemma 6.6.3. Let i, j ∈ Λ be the maximising indices, as above. The good set has
full measure in Ω, i.e. P(Gi,j) = 1.

Proof. For n ∈ N let

l(n) =

⌈
− log 2

log(1− pnj pni )

⌉
and let

θ =
maxi∈Λ log ni
mini∈Λ logmi

> 1.

Also, for n ∈ N and m = 1, . . . , l(n) + 1, we define numbers K(n),Kn(m) ∈ N
inductively by

K(1) = 1,

Kn(1) = K(n),

Kn(m+ 1) = θKn(m) + n (m = 1, . . . , l(n))

K(n+ 1) = Kn(l(n) + 1).

These numbers are arranged as follows and will form partitions of the natural num-
bers:

· · · < K(n) = Kn(1) < Kn(2) < · · · < Kn(l(n) + 1) = K(n+ 1) < · · · .

For ω ∈ Ω, n ∈ N and m ∈ {1, . . . , l(n)}, let Kω
n (m) = kω2 (R) for

R =

Kn(m)∏
i=1

n−1
ωi

and let

En(m) =
{
ω = (ω1, ω2, . . . ) ∈ Ω | ωi′ = j for all i′ = Kn(m) + 1, . . . ,Kn(m) + n

and ωi′ = i for all i′ = Kω
n (m) + 1, . . . ,Kω

n (m) + n
}

observing that n� Kω
n (m)−Kn(m) for large n. Finally, let

En =

l(n)⋃
m=1

En(m).

It follows from these definitions that⋂
k∈N

⋃
n>k

En ⊆ Gi,j

and, moreover, the events {En}n∈N are independent because they concern properties of
ω at disjoint parts of the sequence. This can be seen since Kω

n (m)+n ≤ θKn(m)+n =

Kn(m+ 1). Also, for a fixed n, the events {En(m)}l(n)
m=1 are independent. We have

P(En) = 1−
l(n)∏
m=1

P
(
Ω \ En(m)

)
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= 1−
(
1− pnj pni

)l(n)

≥ 1− (1− pnj pni )− log 2/ log(1−pnj p
n
i ) = 1/2.

Therefore ∑
n∈N

P(En) ≥
∑
n∈N

1/2 = ∞

and since the events En are independent the Borel-Cantelli Lemma implies that

P(Gi,j) ≥ P

(⋂
k∈N

⋃
n>k

En

)
= 1

as required.

We can now prove Theorem 6.3.2. Fix ω ∈ Gi,j and consider a column of the
defining pattern for Ij containing a maximal number of chosen rectangles Bj . If there
is more than one such column, then choose one arbitrarily. This column induces a
natural IFS of similarities on the unit interval, consisting of Bj maps with contraction
ratios n−1

j and satisfying the OSC. Let Kj denote the self-similar attractor of this IFS

and for l ∈ N, let Kl
j denote the lth level of the construction, i.e. the union of (Bj)

l

intervals of length n−lj corresponding to images of [0, 1] under compositions of l maps
from the induced column IFS. Also, consider the IFS Ii and let Πx(Fi) denote the
projection onto the first coordinate of the attractor of Ii, which is also a self-similar
set satisfying the OSC. We will now show that Πx(Fi) ×Kj is a very weak tangent
to Fω.

For a random approximate square Q, let TQ be the uniquely defined affine map
given by the composition of a non-negative diagonal matrix and a translation which
maps Q to [0, 1] × [0, 1]. Let (Rl, nl) ∈ (0, 1) × N be a pair which together with
ω satisfy the definition of Gi,j and consider the family of random approximate Rl
squares. Since ωi′ = j for all i′ = kω1 (Rl)+1, . . . , kω1 (Rl)+nl, by keeping track of the
maximising column mentioned above we can choose Q satisfying

TQ(Q) ⊆ Πx

(
F
σk
ω
2 (R)(ω)

)
×Knl

j .

Moreover, by decomposingKnl
j into its basic intervals of length n−lj , we see that within

each corresponding rectangle in TQ(Q) (which has height n−lj ), one finds affinely
scaled copies of F

σk
ω
2 (R)(ω)

. Since ωi′ = i for all i′ = kω2 (Rl) + 1, . . . , kω2 (Rl) + nl, this

implies that TQ(Q) occupies every basic rectangle at the nlth stage of the construction
of Πx(Fi)×Kj . Since such rectangles have base m−nli and height n−nlj this yields

dlH

(
TQ(Q), Πx(Fi)×Kj

)
≤
(
m−2nl
i + n−2nl

j

)1/2

.

This is sufficient to show that Πx(Fi)×Kj is a very weak tangent to Fω because we can
choose our sequence of maps to be TQ for a sequence of random approximate squares
Q satisfying the above inequality, but with nl →∞, giving the desired convergence.
Moreover, for any random approximate R-square Q we have

R−1|x− y| ≤ |TQ(x)− TQ(y)| ≤ nmaxR
−1|x− y| (x, y ∈ R2),

and so the maps satisfy the conditions required in Definition 1.7.11. It follows that

dimA Fω ≥ dimA

(
Πx(Fi)×Kj

)
by Lemma 1.7.13

≥ dimH

(
Πx(Fi)×Kj

)
≥ dimH Πx(Fi) + dimHKj by [F6, Corollary 7.4]

=
logAi
logmi

+
logBj
log nj

as required.
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6.6.3 Proof of Theorem 6.4.2

Let s = supu∈Ω dimA Fu. We will show that the set

A = {ω ∈ Ω | dimA Fω ≥ s}

is residual, from which Theorem 6.4.2 follows.
First we recall some useful functions. Consider Fω = F (ω) as a function between

two metric spaces i.e. F :
(
Ω, d

)
→
(
K(Rk), dH

)
and observe that it is continuous.

For x ∈ Rk and R ∈ (0, 1] let βox,R : K(Rk)→ P(Rk) be given by

βox,R(F ) = Bo(x,R) ∩ F,

where Bo(x,R) is the open ball centered at x with radius R, and P(Rk) is the power
set of Rk (the images need not be compact). Also, for r ∈ (0, 1], let Mr(F ) denote the
maximum number of closed sets in an r-packing of F ⊆ Rk, where an r-packing of F
is a pairwise disjoint collection of closed balls centered in F of radius r. It was shown
in [Fr2, Lemma 5.2] that the map Mr ◦βox,R : K(Rk)→ R is lower semicontinuous. It
thus follows from the continuity of F , that the function C := Mr ◦ βox,R ◦ F : Ω→ R
is lower semicontinuous. We have

A =

{
ω ∈ Ω

∣∣∣ for all n ∈ N, C, ρ > 0, there exists x ∈ Rk and 0 < r < R < ρ,

such that Mr

(
Bo
(
x,R

)
∩ Fω

)
> C

(
R

r

)s−1/n
}

=
⋂
n∈N

⋂
C∈N

⋂
ρ∈Q+

⋃
x∈Rk⋃

R∈Q∩(0,ρ)

⋃
r∈Q∩(0,R)

{
ω ∈ Ω

∣∣∣Mr

(
βox,R(Fω)

)
> C

(
R

r

)s−1/n
}

=
⋂
n∈N

⋂
C∈N

⋂
ρ∈Q+

⋃
x∈Rk

⋃
R∈Q∩(0,ρ)

⋃
r∈Q∩(0,R)

C−1
((
C (R/r)s−1/n,∞

))
.

The set C−1
((
C (R/r)s−1/n,∞

))
is open by the lower semicontinuity of C−1 and

therefore A is a Gδ subset of Ω.

To complete the proof that A is residual, it remains to show that A is dense in
Ω. For n ∈ N let

An = {ω ∈ Ω : dimA Fω ≥ s− 1/n}.
It follows that An is Gδ by the same argument as above, and since

A =
⋂
n∈N

An

it follows from the Baire Category Theorem that it suffices to show that An is dense
in Ω for all n. Let n ∈ N, ω = (ω1, ω2, . . . ) ∈ Ω, and ε > 0. Let u = (u1, u2, . . . ) ∈ Ω
be such that dimA Fu > s − 1/n, choose l ∈ N such that 2−l < ε and let v =
(ω1, . . . , ωl, u1, u2, . . . ). It follows that d(v, ω) < ε and, furthermore,

Fv =
⋃

φ∈Clω

f(φ, Fu).

Since, for all φ0 ∈Wi and i ∈ Λ the map f(φ0, ·) is a bi-Lipschitz contraction, it follows
from basic properties of the Assouad dimension that dimA Fv ≥ dimA Fu > s − 1/n
and so v ∈ An, proving that An is dense.
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6.6.4 Proof of Theorem 6.5.1

The upper bound is trivial, and we prove the lower bound here. As we condition
on non-extinction, we may assume there exists x ∈ F and hence also a sequence of
nested compact cubes Qxk that each contain x, have sidelengths equal to n−k and are
such that x = ∩k∈NQxk. We start by introducing some additional notation. At the
(k + 1)th stage in the construction of F the cube Qxk was split into N = nd compact
cubes. We will index these cubes by I = {1, 2, . . . , N} (ordered lexicographically
by their midpoints) and keep track of the tree structure of subcubes by words that
give their position in the iteration. That is for words of length m we write Qxk(w),
where w ∈ Im, to mean the uniquely determined cube at the (k + m)th stage of
the construction lying inside Qxk at position w starting from Qxk. We also write
Qxk = Qxk(∅). Let p¬e > 0 be the probability that any cube which has survived up
to some point in the construction does not go on to become extinct. Due to the
independence and homogeneity of the construction, this is the same for any surviving
cube at any level. Moreover, it is strictly positive due to our assumption on p. The
following lemma is similar in spirit to Lemma 6.6.2.

Lemma 6.6.4. Let x be as above. Almost surely there exists an increasing sequence
of natural numbers (Mi)

∞
i=1 such that, for all i ∈ N, all cubes

QxMi
(w) where w ∈ {∅} ∪

i⋃
a=1

Ia

survive and each of the last cubes {QxMi
(w)}w∈Ii in this iteration do not become

extinct.

Proof. Let m, r ∈ N be given. First we establish the probability of all cubes Qxr (w)
for w ∈ {∅} ∪

⋃m
a=1 Ia surviving and not becoming extinct. By the homogeneity

of the construction the probability of those cubes surviving is independent of r and
is the number of ‘(weighted) coin tosses’ needed for all cubes to survive. As we are
given that at least one path (the one for x) survives, the number of ‘tosses’ is

LmN =

m∑
a=1

(Na − 1) =
Nm+1 −N
N − 1

−m,

and so the probability of all of the cubes surviving is pL
m
N . We also have to take into

account the non-extinction criteria. Given that they have survived to the (r +m)th
level, the probability that all of the cubes {Qxr (w)}w∈Im will not become extinct is
pN

m−1
¬e . Thus the probability of all cubes Qxr (w) for w ∈ {∅} ∪

⋃m
a=1 Ia surviving

and not becoming extinct is p̂m = pL
m
N pN

m−1
¬e . Now define l(m + 1) = l(m) + k(m),

where l(1) = 1 and

k(m) = m

⌈
− log 2

log(1− p̂m)

⌉
.

Let Em be the event

Em =

{
for at least one of j ∈ {0,m, 2m, . . . , k(m)−m} we have that all

Qxl(m)+j(v) survive and are non-extinct in the limit for v ∈ {∅} ∪
m⋃
a=1

Ia
}
.

Given that the cubes Qxk all survive, it is evident that the behaviour of one k(m)/m
block is independent of the next and so

P(Em) = 1− (1− p̂m)k(m)/m ≥ 1/2.

Lemma 6.6.4 now follows immediately by the Borel Cantelli Lemma and the fact that
Em are easily seen to be independent.
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Using Lemma 6.6.4 we now show that, almost surely and conditioned on non-
extinction, that [0, 1]d is a weak tangent to F . The required lower bound on the
dimension of F then follows from Lemma 1.7.13. Let Ti be the homothetic similar-
ity that maps the cube QxMi

to X. By Lemma 6.6.4 we have that, almost surely

conditioned on non-extinction, each of the subcubes QxMi
(v) for v ∈ Ii survive and

are non-empty in the limit. Now Ti(F ) ∩ X is the union of all blow ups of these
subcubes under Ti and, since each blown up subcube contains at least one point and
has diameter

√
dn−i, it follows that

dH (Ti(F ) ∩X,X) ≤
√
dn−i

and so dH (Ti(F ) ∩X,X)→ 0 as i→∞ as required.
The optimal projection result now follows as a simple consequence of F being

almost surely of full dimension. In particular, for all k ≤ d and Π ∈ Πd,k we have

F ⊂ ΠF ×Π⊥,

where Π⊥ is the (d − k)-dimensional orthogonal complement of (the k dimensional
subspace identified with) Π, and so by basic properties of how Assouad dimension
behaves concerning products [Ro, Lemma 9.7] it follows that, for all realisations where
dimA F = d,

d = dimA F ≤ dimA ΠF + dimA Π⊥ = dimA ΠF + d− k

which gives dimA ΠF ≥ k. The opposite inequality is trivial and since dimA F = d
occurs almost surely conditioned on non-extinction, the result follows.
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[B] K. Barański. Hausdorff dimension of the limit sets of some planar geometric
constructions, Adv. Math., 210, (2007), 215–245.
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[S] T. Šalát. A remark on normal numbers, Rev. Roumaine Math. Pures Appl., 11,
(1966), 53–56.

[Sc] A. Schief. Separation properties for self-similar sets, Proc. Amer. Math. Soc.,
122, (1994), 111–115.



122 BIBLIOGRAPHY

[SS] P. Shmerkin, V. Suomala. Spatially independent martingales, intersections, and
applications, preprint, (2014), arXiv:1409.6707v5.

[T1] S. Troscheit. On the dimensions of attractors of random self-similar
graph directed iterated function systems, J. Fractal Geom., (to appear),
arXiv:1511.03461.

[T2] S. Troscheit. The box dimension of random box-like self-affine sets, preprint,
(2015), arXiv:1512.07022.

[W] D. Williams. Probability with Martingales, Cambridge University Press, Cam-
bridge, 1991.

[Z] M. P. W. Zerner. Weak separation properties for self-similar sets, Proc. Amer.
Math. Soc., 124, (1996), 3529–3539.



Index

1-variable attractor, 22, 36, 57, 86, 90,
94

V -variable, 22, 28, 39, 90
ε-stopping graph, 33
∞-variable attractor, 22, 23, 39, 60, 85
σ-algebra, 3, 4, 5

affinity dimension, 20, 25, 27, 60
almost impossible, 4
almost sure (a.s.), 4, 6
approximate square, 105, 107
arrangement of words, 31
arrangements of words, 23, 30, 56
Assouad dimension, 15, 20, 39, 41, 93,

94, 96, 97, 99–101
attractor, 18

Bedford-McMullen carpet, 20, 25, 59,
63, 93, 97

Bernoulli measure, 11, 29, 57, 63, 103,
104

Borel measurable, 4
Borel-Cantelli lemma, 8, 51, 79, 103,

109, 111
box-counting dimension, 13, 20, 26, 38,

39, 41, 59, 62, 94, 98, 101

Cantor set, 1, 20, 24
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