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Abstract

1. Regression is an important method for characterising the form of natural selection from
individual-based data. Many kinds of regression analysis exist, but few are regularly em-
ployed in studies of natural selection. I provide an overview of some of the main underused
types of regression analysis by applying them all to test analyses of viability selection for
lamb traits in Soay sheep (Qwis aries). This exercise highlights known problems with exist-
ing methods, uncovers some new ones, and also reveals ways to harness underused methods

to get around these problems.

2. I first estimate selection gradients using generalised linear models, combined with recently-
published methods for obtaining quantitatively interpretable selection gradient estimates
from arbitrary regression models of trait-fitness relationships. I then also apply generalised
ridge regression, the lasso, and projection-pursuit regression, in each case also deriving
selection gradients. I compare inferences of non-linear selection by diagonalisation of the

matrix and by projection-pursuit regression.

3. Selection gradient estimates generally correspond across different regression methods. Al-
though there is little evidence for non-linear selection in the test datasets, very problematic
aspects of the behaviour of analysis based on diagonalisation of the ~ are apparent. In addi-
tion to better-known problems, (i) the direction and magnitude of estimated major axes of
quadratic selection are biased toward directions of phenotype that have little variance, and
(7i) the magnitudes of selection of major axes of variance-standardised -y are not themselves

interpretable in any standardised way.

4. While all regression-based methods for analysis of selection have useful properties, projection-
pursuit regression seems to stand out. This method can: (i) provide both dimensionality-
reduction, (ii) be the basis for inference of quantitatively interpretable selection gradients,
and (iii) by characterising major axes of selection, rather than of linear or quadratic selec-

tion separately, provide biologically-interpretable inference of non-linear selection.
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1 Introduction

Understanding multivariate microevolutionary parameters is currently one of the key challenges
of evolutionary quantitative genetics (Blows, 2007; Philips & Arnold, 1989; Walsh & Blows,
2009). It is now well established that univariate and bivariate views of the genetics and selec-
tion of ecologically-important traits can, and perhaps even generally will, fail to reveal critical
aspects of microevolutionary processes, including selected axes of phenotype and genetic con-
straints (Dickerson, 1955; Roff & Fairbairn, 2007). Furthermore, microevolutionary parameters
of natural populations are likely to vary with many aspects of population structure, including
age and sex (Lande & Arnold, 1983; Poissant et al., 2008), space (Siepielski et al., 2013), time
(Bell, 2010; Morrissey & Hadfield, 2012; Siepielski et al., 2009), and environmental conditions
generally (Carlson & Quinn, 2007; Grant & Grant, 2002; MacColl, 2011). Consequently, char-
acterisation of key aspects of the evolutionary process is generally very challenging, not only in
the ecological insight required to conceive data collection strategies and conduct analyses, but
also in that collection of required quantities of relevant data in realistic conditions and under
any particular regime of population structure is often very difficult. Here, I consider methods for
multivariate selection analysis with special focus on the biological interpretability of inferences
about multivariate selection from limited data. I consider viability selection of skeletal size,
mass, horn length, and burden of an ectoparasite in male and female Soay sheep lambs under
two different population dynamic regimes.

The best known pitfall of interpreting tables of statistical results is the problem of multiple
testing and false positives (Rice, 1989). Less appreciated complexities pertain to statistical
estimates themselves. Biological interpretation of statistical inferences about natural selection
generally involves consideration of tables of selection coefficients. Tables of estimated selection
coefficients will generally have very undesirable properties. Many of the aspects of selection in
which we may be primarily interested are not represented by individual selection coefficients,
but rather are obtained by applying mathematical procedures to tables of estimated selection
coefficients (gradients, typically). Even when applied to a table of selection coefficients that

are obtained by an unbiased method, few properties of tables of selection coefficients will have
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desirable statistical properties, and in general, “doing statistics on statistics” can easily generate
complex statistical artefacts that can appear to represent meaningful and interesting biological
results.

A simple illustration of potential biases in interpreting tables of evolutionary quantitative
genetic parameters arises from the geometric interpretation of the multivariate selection gradient.
The length of the gradient, or its vector norm, denoted ||3||, represents an important aspect
of the total strength of multivariate directional selection. In multivariate studies, geometric
properties such as ||3|| are often integral to the best theory that we can apply to understanding
how selection and genetics interact to generate evolutionary trajectories (Hansen & Houle, 2008;
Walsh & Blows, 2009). However, the length of an estimated selection gradient vector — even
one composed of individually unbiased component selection gradient estimates such as those
generated by multiple regression analysis (Lande & Arnold, 1983; Morrissey & Sakrejda, 2013)
— is biased in a potentially biologically misleading way.

A simplified model is instructive. Consider a vector of k selection gradients, with equal
absolute values of b, i.e., the true value of selection for each trait (for whatever scaling of
phenotype has been deemed appropriate for the study) is equal. Consider that this true selection
gradient is estimated with error. Assume that each estimated selection gradient Bz is drawn
from a normal distribution according to 5’2 ~ N(b;, s%), so, each estimated gradient is unbiased,
sampling errors are independent, and standard errors, s, are equal across estimates. The true
norm of 3 is V/kb2. The expected value of the sum of squared estimated elements of 3 is k(b*+s2),
as opposed to the sum of the true squared elements, which is kb?>. An exact expression for the
expected value of the norm of ,@ is not easily obtained. However, since /x is a monotonic
function of z, it follows from k(b2 + s?) > kb? that E[||B||] must be greater than ||8]|, ie.,
upwardly biased, whenever s > 0.

A first order approximation for E[||B|] is thus y/k(b? + s2), and this allows us to start to
get a handle on the nature of this upward bias. Bias is normally expressed as the difference
between the expected value of an estimator, e.g., F[z]|, and the true value of the estimator’s

target estimand, x. Here, where both the true and estimated values of the length of a vector

E[lIBI]
]

must be non-negative, a proportional approach may be more intuitive. We can express
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(which will have a value of 1 in the absence of bias) in terms of the proportional sampling error,

p = 3. Substituting pb for s in the expressions above and simplifying gives

E[||B]]
18]l

~ 1+ p

This again indicates that estimates of the length of 3, given individually unbiased component
elements of B, will be upwardly biased!. Furthermore, this expression illustrates that the problem
is severe. Since standard errors of selection gradients are generally as large as most selection
gradients (so p ~ 1; remembering that the distribution of selection gradients in the literature also
provides an upwardly biased impression of the average magnitude of selection; Hereford et al.
2004), upward bias in the estimated strength of multivariate directional selection on the order of
40% should be expected. Also, the assumptions of the instructive example should not hinder the
generality of its interpretation. The basic principle will hold for arbitrary distributions of true
values of selection gradients. Furthermore, sampling covariances among elements of E, as arise
from phenotypic covariances, will cause larger biases than the simple calculation suggests. This
is the principle of variance inflation under multicolinearity, which has recently been reviewed by
Dormann et al. (2013) in the context of ecological statistics.

The goal of this study is to explore a variety of approaches to selection analysis, in order to
determine what methods hold the most promise for making robust inferences of different aspects
of multivariate selection. I apply a range of regression methods to analyses of multivariate
selection of Soay sheep lamb traits, including generalised linear models, regularised generalised
regression models, and projection-pursuit regression. I use a recently-described approach for
obtaining selection gradient estimates from general fitness functions (Morrissey & Sakrejda,
2013) to obtain quantitative inferences of selection gradients from each of these analyses. I also
explore the properties of estimated major axes of quadratic selection, and of selection analysis
of principle components of the multivariate phenotype. These methods all provide tables of

selection gradients that may differ in bias, and other aspects of informativeness, with respect to

I This approximation for the proportional bias is itself somewhat upwardly biased. If selection gradients can be scaled such that
their standard errors are equal to one (as a hypothetical instructive situation), the expected norm of the estimated selection gradient
vector is given by the expectation of a chi distribution. This does not lead to a simple informative expression, but numerical analysis
shows that the approximation % ~ /1 + p? upwardly estimates the bias by about 10% for k and p ~ 0.7, and is otherwise a
close depiction of bias.
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different aspects of multivariate selection.

2 Methods and Results

2.1 Example study system and data

Soay sheep on Hirta, St Kilda, in the Outer Hebrides, have been monitored in an individual-based
study since 1984 (Clutton-Brock & Pemberton, 2004). The portion of the phenotypic data used
here are collected each August, when a large portion of the Soay sheep resident in the Village
Bay study area are captured. I analyse body mass (kg), hind leg length (mm), horn length
(mm), and number of keds (Melophagus ovinus), an ectoparasite, of lambs measured in August.
Aspects of size have previously been shown to be related to survival (e.g., Clutton-Brock et al.
1992; Milner et al. 1999), and to have complex phenotypic and genetic covariances with lifetime
fitness (Morrissey et al., 2012a). Horn size is also closely related to aspects of both survival and
reproduction (Coltman et al., 1999; Johnston et al., 2013; Robinson et al., 2006). Although keds
cause some skin irritation (Wilson et al., 2004) their presence or prevalence has not previously
been related to fitness, and this parasite does not appear to impact negatively on other aspects
of sheep performance. I focus on traits in lambs, and furthermore restrict the dataset to those
individuals with the normal horn morph (Clutton-Brock & Pemberton, 2004).

The month, and usually day, of death is known for nearly all individuals, allowing us to
determine viability from the time of measurement in August through to one year of age, defined
operationally as 1t April in the year following birth. The Soay sheep population experiences a
wide range of over-winter survival rates, with pronounced crashes in some years (Clutton-Brock &
Pemberton, 2004). For all selection analyses, I therefore divide the dataset into four subsets, for
male and female lambs in crash and non-crash years. Cohorts born in springs prior to overwinter
crashes are: 1988, 1991, 1994, 1997, 2004 and 2011. Sample sizes and mean survival rates are:
males in non-crash years: n = 633, W = 0.687, females in non-crash years: n = 213, W = 0.803,
males in crash years: n = 281, W = 0.359, and females in crash years: n = 117, W = 0.470.
Sample size is smaller for females because the expression of the horn polymorphism is sex-specific,

and fewer females have normal horns (Clutton-Brock & Pemberton, 2004). Means, variances,
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and correlations among traits in each sex and environmental condition are given in table 1. All
traits, i.e., mass, leg length, horn length, and log ked number, were standardised to unit variance

within each of the four datasets.

2.2 General strategy for selection gradient estimation

Analyses in sections 2.3 - 2.7 all use a common framework for selection gradient estimation.
In each case, the relationship between multivariate phenotype and expected individual fitness,
E[W;] = f(z;), is first determined using a generalised regression model. Subsequently, pop-
ulation mean fitness, given the sample of phenotypes z and the function f(z) is obtained by
W = %Zf f(z;). The first and second partial derivatives of population mean fitness with re-
spect to population mean phenotype are then calculated by numerical methods. When scaled
by dividing by population mean fitness, these derivatives provide estimates of directional and
quadratic/correlational selection gradients, i.e., 8; = %Wﬁl, and v; ; = %Wﬁl, respectively.
This method is described in detail in Morrissey & Sakrejda (2013). Where appropriate, stan-
dard errors were calculated and statistical hypothesis tests were applied using the parametric
bootstrap method also described in Morrissey & Sakrejda (2013). All traits were standardised
to unit variance.

The Morrissey & Sakrejda (2013) method for obtaining selection gradients estimates from
arbitrary inferences of E[W;] = f(z;), directly calculates the partial derivatives of population
mean fitness with respect to population mean phenotype, scaled to the relative fitness. These
quantities are returned regardless of the distribution of phenotype. For example, if the distri-
bution of one or more traits is skewed, the estimates of 3 and ~ will still reflect the first and
second partial derivatives of mean relative fitness with respect to phenotype. This definition of
3 relates to evolutionary change via Az = G3 under the assumption that breeding values are
multivariate normal (see proof in appendix). In contrast, the estimates of 3 and - provided
by the familiar regression analysis described by equation 16 in Lande & Arnold (1983), will not
predict evolutionary change when the phenotype is not multivariate normal, even if breeding

values are MVN.

The shape of f(z;), as obtained by generalised regression analysis, will be determined in part
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by the link function. If f(z;) is a linear function on the linear predictor scale, i.e., takes the form of
EW;] = link‘l(u—i—Z? b;z; j), then the curvature will be entirely determined by the shape of the
link function. Estimates of B8 obtained from such a model of the fitness function will generally
provide robust inference of directional selection, but estimates of 4 should not generally be
interpreted biologically. When quadratic, or otherwise curved (e.g., spline) generalised regression
models are used for f(z;), the link function will generally have very little effect on estimates of
either 3 or «. For example, models of binary outcomes (e.g., survival) could equally be fitted
using logit or probit link functions. For any given dataset, the parameters of f(z;) will differ
between models using the logit and probit link functions, but the shape of f(z;) on the expected
fitness scale, and therefore estimates of 3 and ~, will typically differ trivially.

All analyses in the present work consider relatively simple distributions of fitness. In particu-
lar, all analyses and empirical examples involve a binary (survival) fitness response. The method-
ological focus is thus on aspects of inferring selection of the multivariate phenotype. These issues
should be seen as complimentary to other ongoing avenues for methodological development of
methods for the analysis of natural selection. The work here is hopefully complimentary to,
for example, methods for using information about the life cycle to construct sensible models of
variation in fitness (Geyer et al., 2007; Shaw & Geyer, 2010), efforts to characterise selection in
a demographic context (Engen & Saether, 2014; Engen et al., 2012; Morrissey et al., 2012b), and
application of theory to disentangle purely correlative from direct and indirect effects of traits

on fitness (Morrissey, 2014).

2.3 Selection differentials and multiple regression-based estimation of selection gra-

dients

I obtained variance-standardised directional selection differentials S for each trait by calculating
the difference between mean phenotype weighted by fitness and mean phenotype before selection.
I obtained quadratic selection differentials as C = AP + SST, where AP is a matrix of trait
variances and covariances, weighted by relative fitness, minus the variance and covariances before
selection, and S is the vector of directional selection differentials. I obtained standard errors and

p-values of selection differentials by case bootstrapping.
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I obtained standardised directional and quadratic selection gradients by first fitting gener-
alised linear models (glm) with a binomial responses, using the R package macv (Wood, 2006),
and (linear predictor scale) linear, quadratic, and interaction effects for all traits and trait combi-
nations, for each of the four datasets. I then obtained the selection gradient estimates from these
fitted models (see section 2.2), as implemented in the R package GSG (Morrissey & Sakrejda,
2013), with standard errors and p-values, using a parametric bootstrap.

Survival covaries positively with mass and leg length in both sexes and in both environmental
conditions (table 2a). In crash years only, but in both males and females, survival covaries
positively with horn size as well. No consistent patterns occur in changes in variances and
covariances due to selection, over and above those necessarily associated with changes in the mean
(Endler, 1986; Lande & Arnold, 1983), with the exceptions of some marginally non-significant
values, and one nominally significant value (i.e., without accounting for multiple tests) for the
change in the covariance of horn length and ked number.

Selection gradients revealed that covariance of survival with mass and leg length is primarily
directly attributable to variation in mass in non-crash years (table 2b). Also in non-crash
years, horn length has negative direct effects on survival, again in both sexes, i.e., the slightly
positive and non-significant covariances of horn length and survival arise via opposite effects of
correlated selection of mass, and direct selection of horn length. Inference of the direct causal
structure of selection in crash years appeared to be hindered in part by smaller sample sizes
for crash years, compared with the relatively high degree of correlation of phenotypic traits
(which happened across conditions; table 1). Importantly, this should not be taken as a lack of
statistically significant selection: the covariances of traits and fitness (table 2a), arise somehow,
and multiple regression analysis can only attribute this covariance to the traits that are included
in the analysis. Thus there is significant selection, but there is also a statistical failure to
robustly partition total selection into direct effects among the available predictor variables. This
alone is an important property of a table of multiple regression coefficients, and potentially an
interpretive trap (see also discussion in Mitchell-Olds & Shaw 1987); non-significance of each
gradient in isolation (table 2b) does not correspond to non-significance of total selection (table

2a).
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2.4 Major axes of the quadratic approximation of the fitness surface

I further investigated multivariate quadratic selection following methods discussed and promoted
by Philips & Arnold (1989) and by Blows (2007). To characterise the major orthogonal axes of
quadratic selection, I performed canonical rotations of each matrix of estimated quadratic and
correlational selection gradients

~ = MAM” (1)

where M is a matrix of orthogonal eigenvectors, and A is a diagonal matrix containing the
associated eigenvalues. Values in A are interpreted as the quadratic selection gradients of the
new independent axes of the quadratic component of the relative fitness surface.

I constructed null distributions of the magnitudes of the eigenvalues of the rotated ~ matrices
using an algorithm very similar to that suggested by Reynolds et al. (2010). I first generated 1000
datasets with the original phenotypic data (separately for each combination of sex and crash vs.
non-crash conditions) and permuted values of fitness. I then re-fitted the multivariate quadratic
logistic regression model, and for each logistic model fitted to the permuted fitness data, I re-
calculated the associated selection gradients, as above. From each set of selection gradients for
each permuted dataset, I rotated the v matrix and recorded the eigenvalues (i.e., the quadratic
selection gradients of the diagonalised estimated v matrix), ordered by their absolute values.
Statistical hypotheses tests associated with the comparison of observed values to permuted values
are given in table 3.

Some authors have reported statistical hypothesis tests of selection along axes with smaller
eigenvalues. While there is potentially some value in considering statistical hypothesis tests of
minor axes, when larger axes are non-significant, it is not clear that any interpretive gain could
outweigh the dangers of multiple testing. In the present analyses, across 16 tests of four axes of
quadratic selection, in each of both sexes and both crash and non-crash years, no permutation-
based tests of any axis were statistically significant at a marginal value of 0.05 (table 1).

The major axis of the diagonalised v matrix in both sexes and in both environments involved
loadings of mass and leg length in opposite directions (table 1). In other words, the main axis of

estimated selection was aligned in the direction of phenotype that had the least variance. This
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is probably an artefact of the fact that selection is most difficult to characterise in this direction,
and therefore sampling error will produce the largest errors in the direction of phenotype with
the least variance. A second interpretive difficulty is apparent in figure 1. Even though the
analysis is conducted on unit variance-standardised values of phenotype, the major axes of ~
cannot be interpreted with the benefits that come from variance standardisation. Despite the
fact that the first axes represent much greater absolute curvature than the second axes in each
case (table 3), the amount of variation in fitness associated with the first two axes - over the
distribution of phenotype in those directions - is very similar in two cases (figure la,c), and in
two cases the variance in fitness associated with the second estimated axis is clearly greater that

that associated with the first (figure 1b,d).

2.5 Regularised regression-based selection gradient estimates

Elastic net regularisation (Zou & Hastie, 2005) is a general form of biased regression estimation
that includes ridge regression (Tikhonov & Arsenin, 1977) and least absolute shrinkage and
selection operator (“the lasso”; Tibshirani 1996) as special cases. Where least squares regression
obtains estimated regression coefficients b by minimising ||y — Xb||?, the elastic net minimizes
(Jly — Xb||? + «||b]|> + (1 — @)||b]|). When « = 1, the analysis is a ridge regression, and when
a = 0, the analysis is the lasso.

Both ridge regression and the lasso thus minimise penalised sums of squares, with the goal
of maximising predictive ability, rather than fit to the sample data. In practice, ridge regression
reduces the overall magnitude of regression coefficients, relative to least-squares regression, and in
particular, gives more plausible values for regression coefficients associated with highly correlated
predictor variables. The lasso also produces shrunken values, but will generally shrink different
coefficients to a much greater extent, in particular, potentially assigning zero values to coefficients
associated with variables that have no probable predictive ability. Ridge regression and the lasso
therefore have properties that may be desirable overall, and that can be particularly desirable
when predictors are highly correlated, as is often the case in selection analysis.

I used generalised elastic net (with ridge regression and the lasso, and a combination of

the two with o« = 0.5) regression to estimate selection gradients, as above, by first estimating
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fitness functions, and then obtaining selection gradient estimates from those functions. I used
the function cv.glmnet () in the R package GLMNET (Friedman et al., 2008) to fit the ridge
regression, lasso and elastic net regressions (o = 0.5) with binomial responses by generalised
cross-validation, and used those estimated regression coefficients based on the penalty parameter
A that minimised the cross-validation score. All estimated selection gradients derived from these
models of the fitness function are given in table 4.

In non-crash years, results of lasso, ridge, and elastic net regressions yielded selection gradients
(table 4a) that largely match gradients obtained from glm-based inferences of the fitness functions
(table 2b). Gradient estimates that are near zero and not statistically significant in glm-based
analysis are often shrunken to zero or very near zero by the lasso, and substantially shrunken
by the ridge regression, with the elastic net yielding intermediate results.

When applied to data from crash years, where partitioning of direct effects proved more
difficult in the glm-based analysis, the regularised regression yielded inferences that may be
somewhat more useful. For example, mass was identified as being under positive selection.
It does not make sense to try to obtain standard errors or p-values, for example, using the
bootstrap, as above, for regularised regression analyses. To some extent, the “significance” of
each coefficient is represented in its estimated value, in the degree to which it is shrunken,
especially for coefficients with non-zero values in lasso regression. For sequential model-building
exercises, new experimental methods can provide p-values for the lasso (Lockhart et al., 2013).

As a visual measure of the total strength of directional and quadratic multivariate selection,
[ predicted expected absolute fitness (survival) for each individual from the fitted glm and ridge
regression models. The distributions of expected absolute fitness are shown in figure 2. This
provides a overall picture of the amount of variation in fitness that is associated with regression-
based inference about selection. The distributions of expected fitness from the glm, suggests that
on the basis of just four traits out of the entire multivariate phenotype, one could essentially
predict death or survival for many individuals with near certainty. On the other hand, the ridge
regression represents a seemingly more appropriately modest inference of the predictive power
of a handful of traits. This does not demonstrate that the non-regularised regression analysis is

somehow wrong; rather, it is another way of illustrating ways in which alternative methods may
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have more reasonable interpretations for some purposes.

2.6 Selection of major axes of P

An alternative and common (e.g., Bolnick & Lau 2008; Grether 1996; Schluter & Smith 1986)
means of reducing the dimensionality of a selection analysis is to consider only the relationship
between major axes of phenotypic variation and fitness. For each dataset, I applied a spectral
decomposition of the phenotypic correlation matrix, and then rotated the phenotypic data onto
the two largest axes (largest eigenvalues) of P. Specifically, given the first two eigenvectors
of the distribution of phenotype, Ly, and the original phenotypic records z, the new ‘traits’
representing loadings of the first two major axes of phenotype are zo = zLs. I then estimated
selection gradients of z, by first fitting a glm with linear, quadratic and interaction terms, and
then obtained selection gradients from this function, as above, and also generated standard errors
and applied statistical hypothesis tests using the parametric bootstrap. Variance-standardised
selection gradient estimates pertaining to the major axes of P are given in table 5. These
estimates are interpretable as the selection intensities of the main axes of phenotype as defined
by the correlation structure of the traits. A variety of other standardisations are possible. Each
would require different interpretation, and each may reveal different information about natural
selection.

In these datasets, estimating selection of compound axes of phenotype does not provide very
meaningful inference of multivariate selection. In the example analyses, this practice revealed a
pattern of “bigger is better” across all traits, i.e., there would appear to be positive selection of
an axis onto which all three of the morphometric traits load positively. This fails to elucidate
patterns that are otherwise easily obtained (tables 2 and 4). In particular, the “bigger is better”
result that arises from analysis of principle components of phenotype conflicts with two important
findings: (i) Mass, rather than structural size is more proximally related to fitness, certainly in
non-crash years, and probably overall, and (ii) while large horns appear to be positively selected
via their loading of the directionally selected first ‘size’ axis of phenotype, horns are probably

either detrimental or unrelated to lamb survival in most circumstances (tables 2 and 4).
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2.7 (Generalised) projection-pursuit regression-based selection gradients and fit-

ness surface estimation

The use of projection-pursuit regression (Friedman & Stuetzle, 1981) to estimate fitness functions
has been little-used since its introduction to the field by Schluter & Nychka (1994). This method
reduces the dimensionality of the problem by seeking the orthogonal axes of the multivariate
phenotype that maximise the explained variation in fitness. Each axis is characterised by a ridge
function, typically characterised by a semi-parametric smooth regression function. Briefly, the
response variable (or its linear predictor) is modelled as link(E[y]) = p+S2F fi(b;X)+ e;, where
fi() are the ridge functions associated with the estimated axes of phentoype that best explain v,
as defined by b; in the notation employed here for fitness functions, y = W and X = z. Both b
and the parameters of the arbitrary ridge functions f;() are estimated, simultaneously yielding
inference of the axes of phenotype that are selected, and of the form of selection. A complete
description of the method, with specific application to inference of fitness functions, is given in
Schluter & Nychka (1994).

I implemented a generalised projection-pursuit function (gppr) by wrapping the function
ppr (), in the R package STATS in an iterative re-weighting function. I used cubic regression
spline regressions fitted by generalised cross validation for the ridge functions (matching the
implementation by Schluter & Nychka 1994). I characterised each fitness function with gppr
functions with one and two main axes. As above, I extracted selection gradient estimates from
the inferred fitness functions following Morrissey & Sakrejda (2013). The gppr function, gppr ),
and a function to obtain selection gradients from gppr analysis, gppr.gradients (), are included
in version 2.0 of the R package gsg (originally described in Morrissey & Sakrejda 2013). 1
obtained estimates of the selection gradients of the major axes of selection as determined by
gppr by rotating the phenotypic data onto the axes identified in the gppr analysis, and then
refitting the model using gam() in mgcv, with univariate splines for each axis. I then recovered
the selection gradients of these axes using gam.gradients() in gsg.

Because familiar hypothesis testing is not directly compatible with models fitted by cross-

validation, I applied a randomisation procedure to help give an idea of how much variation was
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explained by the gppr models, over and above statistical noise. I made 1000 datasets for each
sex and environmental condition, each with the available sample size and observed distribution
of phenotype, but with randomised survival records. I then applied the gppr analyses with
one and two ridge functions, predicted individual absolute fitness for each fit, and recorded the
variance in predicted absolute fitness for each fitted function for each randomised dataset. I then
compared the variance in predicted absolute fitness, and the differences in predicted absolute
fitness between models with one and two dimensions, between the randomised datasets and the
real datasets.

The gppr analyses revealed largely directional and linear selection (figure 3). The only sug-
gestion of curvature of the major axes of selection was for females in non-crash years, and is more
interpretable as expected fitness asymptotically approaching one, rather than any mechanism of
non-linear selection. Because selection appears to be largely linear, the loadings of phenotype
onto the major axis of selection closely matched estimated directional selection gradients (table
2b).

In all cases, one axis of phenotype explained substantial variation in fitness (table 6). For all
analyses, I plotted the first major axis for ease of interpretation (figure 3); for males in non-crash
years, the predictions based on two axes were not interpretable in terms of any simple pattern
of selection. The gppr functions with two dimensions of selection did not explain much more
variation than the replicated analyses of randomised datasets (table 6), except for males in non-
crash conditions; however, in that case, the amount of additional explained variation associated

with the two dimension model was nonetheless modest.

2.8 Supplementary simulations

For better or worse, the primary approach in this study was to compare the inferences that
could be made by applying different types of regression-based selection analyses to the same
empirical datasets. For better, consideration of the behaviour of the different analyses in their
application to real data has revealed a number of phenomena that might not otherwise have
surfaced. For worse, it is rarely possible to determine with certainty which analyses are most

likely to best reflect reality when conducting a case study on real data. Also, it is not necessarily
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clear whether and which phenomena that have occurred in the specific analyses here will be
important in general. While the purpose here is not to conduct any comprehensive simulation
studies, two specific issues seem to necessitate a little further investigation. These and other

issues would certainly benefit from more comprehensive studies.

2.8.1 Regularised regression analyses

The application of ridge regression, the lasso, and the elastic net regression to the Soay sheep
lamb datasets did not reveal any major benefits relative to other methods. One reason for this
may be that the dimensionality of the selection analysis problems in this study are rather low,
i.e., four traits. Combined with the fact that the ecological relevance of each trait is reasonably
intuitive to a human, we are inclined to think about selection on a trait-by-trait basis. It would be
a shame if the potential benefits of these analyses were marginalised because their benefits are not
immediately apparent in a single case study. One major potential benefit of regularised regression
is that it should be expected to provide some reduction in the tendency for statistical noise to
generate biases in some geometric properties of selection gradients, in particular, in the total
length of B If evolutionary quantitative genetic studies are able to become more multivariate,
and are able to apply geometric concepts to understanding evolution, as advocated for example
by Blows (2007) and Walsh & Blows (2009), robust inference of geometric properties of quantities
such as selection gradient vectors and G matrices will become increasingly important. Here, I
continue with the idea from the introduction that the norm of B may be a very biased estimator
of ||3]], and test more generally by simulation whether regularised regression can provide better
inference. In geometric interpretations of microevolutionary parameters, ||3|| is just one of
several important geometric quantities, appearing, for example, in theoretically well-justified
metrics of evolutionary constraint (Hansen & Houle, 2008).

I simulated 24 different scenarios, including every combination of: (i) sample sizes of n=100,
200, and 500 individuals, (i4) number of trait, & = 4, 10, (i%) normal (u=0, 0=0.5) and t-
distributed (u=0, 0=0.5, df=1) logistic scale regression gradients of expected fitness (i.e., W
in [0,1]), and (iv) low and high dispersion of eigenvalues of the P matrix. For each simulation,

unique P matrices were simulated from an inverse Wishart distribution of V=I, and v = 20
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and 5, when k£ = 4 for low and high dispersion of P, respectively, and v = 30 and 11, when
k = 10 for low and high dispersion of P. Each P matrix was standardised to unit variance
in each trait. For each simulation, I simulated n records of k traits, z, with mean vectors of
0, and covariance P. For each simulation I also drew unique logistic scale gradients of fitness
with respect to phenotype, b, according to either the normal or t-distribution, depending on the
scenario. I then simulated individual fitness records from a binomial distribution with expected
value logit—(zb).

I calculated the resulting true selection gradients by a modification of the Morrissey & Sakre-
jda (2013) algorithm. T generated 10° records of phenotype according to the true value of P
for each replicate simulation. For each phenotypic record, I then calculated expected absolute
fitness, and averaged these to obtain population mean expected fitness. Then, separately for
each of the k traits, I re-calculated population mean fitness for a modified dataset in which 0.03
had been added to each phenotypic record for a given trait, and repeated with subtracting 0.03.
I then calculated the partial derivative of population mean fitness with respect to phenotype,
scaled to relative fitness, i.e., the selection gradient, for each trait, by finite differences. 1 re-
peated this algorithm five times for each replicate of each simulation scenario. Values of the true
values of B agreed to the 4" decimal place in most replicate applications of the MC procedure.
I took the means across the five simulations to be the true values of 3.

I then applied logistic regression analyses with linear terms only in each replicate simulation
scenario. I fitted GLMs, as well as ridge, lasso, and elastic ridge regressions, and in each case

obtained selection gradient estimates, as described above for the case studies in Soay sheep. In

Ll
2l

predicted by the simple theory developed in the introduction and the appendix, the estimates

each replicate simulation I calculated for each of the four regression-based estimates of B As
of the total magnitude of selection are upwardly biased in analyses non-regularised analyses,
especially when the P matrix is ill-conditioned (figure 4). Regularised regression analyses yield
somewhat negatively, but less, biased inference of ||3||. The analyses also reveal that the best

route to robust inference is to collect sufficient quantities of data (figure 4).
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2.8.2 Major axes of selection

I further investigated the degree to which the inference of the major axes of estimated ~ matrices
is biased toward minor axes of the phenotype by simulating eight different scenarios of bivariate
quadratic selection analyses, involving high and modest phenotypic correlations (r = 0.8 and
0.5), two sample sizes (n = 250 and 500), and for no selection, and for true stabilising selection
on one trait (fitness function was binomial with logit(E(W|z;)) = —0.32?). The simulations
with true stabilising selection thus had a true angle between the major axes of P and ~ of 45
degrees.

The null distribution of the direction of the major axis of quadratic selection, relative to the
major axis of phenotype, is highly biased toward orthogonality, especially when there are strong
phenotypic correlations between traits (figure 5a,c). Even when selection occurs, substantial
bias of estimated major axes of selection occurs (figure 5b). In the best case scenario, with sub-
stantial (true) selection which is easily characterised because of modest phenotypic correlations,
inferences based on rotation of estimated v matrices can become robust (figure 5d). In the
context of multivariate selection analyses, even when correlations as high as 0.8 do not occur,
similarly minor axes of phenotype to the simulations in figure 5a,b are common. Consequently,
it seems that substantial biases in the direction of major axes of ~ relative to P are likely to be

prevalent in most studies of multivariate non-linear selection.

3 Discussion

Exploration of a broad range of regression analyses for quantitative inferences of natural selec-
tion revealed useful properties of several under-used approaches, and also illustrated important
limitations of some commonly applied analyses. In particular, two previously unacknowledged
properties of diagonalised quadratic selection matrices seriously hinder interpretation: (i) the
method is biased toward apparent detection of quadratic selection that is orthogonal to major
axes of variation, and (i7) biases aside, the magnitudes of the major axes of variance-standardised
~ cannot be interpreted in variance-standardised units. However, in conjunction with recently

developed methods for quantitative inference of selection gradients from arbitrary fitness func-
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tions (Morrissey & Sakrejda, 2013), projection-pursuit regression may be able to serve for the
main biological questions for which diagonalisation of 4 has been suggested, and will also pro-
vide other useful properties. More generally, quantitative inference of selection gradients from
arbitrary regression analyses will allow useful properties of a greater range of types of selection
analysis to be exploited for the study of natural selection.

In the example datasets, several conclusions are repeatedly supported by different analyses.
First, while larger size is generally selected, mass is more directly associated with first winter
survival than is structural size, as represented here by leg length. The positive direct selection
of mass reported here does not contradict the previously reported associations of limb length
with neonatal survival Coltman et al. (1999), as the lack of direct effect characterised by the
selection differential (low here for leg length; table 2b) neither precludes association (table 2a),
or an indirect mechanistic effect of leg length on survival. The strong direct effect of mass is
supported by all regression-based inferences of selection gradients, although the pattern is more
tenuous in crash rather than non-crash years, and also coincides with extensive work showing
associations of mass with life history in this population (Milner et al., 1999). While it is probably
not possible to conclude that mass-fitness relationships, in adults at least, are causal (Morrissey
et al., 2012a), it seems plausible that energy reserves in lambs could well be a key causal variable
in determining first winter survival. It appears that for crash years, smaller available sample
sizes combined with high covariances among traits conspire to make separation of direct and
indirect effects very difficult. The regularised regression analyses, particularly the lasso, which
allows some degree of inherent variable selection, suggest that the pattern of mass, rather than
structural size, being most proximal to survival, may hold in crash years as well (table 4).

Whereas there is either little selection, or positive selection, of horn size in lambs across sexes
and environmental conditions (i.e., near zero or positive selection differentials), there appears to
be substantial selection for (terminology for association vs. effect following Sober 1984) smaller
horn size in non-crash years. The pattern in non-crash years, at least, is simple and intuitive, as
investment in horns is unlikely to positively influence survival in general (Johnston et al., 2013;
Robinson et al., 2006) or survival of lambs in particular. I am hesitant to interpret estimated

selection gradients of horn length in crash years as indicative of any environmentally-induced
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variation in selection, as uncertainty in their estimation precludes rejection of the possibility of
similar selection across environmental conditions. If indeed selection does directly favour horn
size, at least directly with reference to the traits studied here, this could reflect utility of horns
for competition for scarce resources.

The simple “bigger is better” pattern apparently revealed by positive selection of the first
axis on phenotypic variation gives an impression of simple directional selection on the traits
underlying the first axis (mass, leg length, and horn length), in both sexes and environmental
conditions. All other analyses show that this pattern does not reflect reality, at least not in
non-crash years where direct effects of traits can be estimated with relative precision. Certainly,
situations will arise where principle components will reflect ecologically-relevant axes of varia-
tion. However, the analyses here highlight that statistically dominant and ecologically important
axes of variation may be very different. At the very least, results of selection analyses of prin-
ciple components should be approached with caution, especially when the motivation for using
principle components is statistical (dimensionality reduction), rather than biological.

Regularised regression methods (i.e., the lasso, ridge regression, and the elastic net) generally
supported patterns in selection gradients that were obtained from more traditional regression-
based analyses. The lasso may have provided improved inferences in cases where trait covariances
otherwise precluded inference of selection gradients. For example, it is useful that the lasso
was able to identify a most-probable proximate effect of mass on survival in males in crash
years, where other methods were essentially unable to distinguish among potential effects of the
different traits. Similarly, the total amounts of variation in survival that are apparently explained
by regression analyses (figure 2) are much more plausible for ridge, rather than for (unpenalised)
least-squares regression. While the application of these regularised regression analyses did not
greatly help interpretation of the Soay sheep example data, it is possible that they could be quite
useful in other circumstances, especially for making geometric interpretations about multivariate
selection (figure 4).

Two major features of the analyses of multivariate non-linear selection in the Soay sheep lamb
datasets highlight the difficulties in interpretation of the major axes of the quadratic selection

gradient matrix, . It may initially seem quite bold to criticise existing methods for analysis
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of non-linear selection based on example analyses of datasets that do not, it turns out, seem
to contain much non-linear selection. However, the undesirable behaviours of inferences about
the estimated ~ matrix here will exist in any analysis, regardless of the underlying reality. The
first serious problem is that statistical noise has a very insidious effect on the orientation of the
estimated major axes of «v. The true curvature of v will be hardest to estimate in directions
within P that have the least variance. Therefore, major axes of « are likely to correspond to
minor axes of phenotype, purely as an artefact of the fact that statistical noise will create the
greatest estimated values in directions within P that have the least variance. Such a pattern
unfortunately has a very tempting biological interpretation, i.e., that quadratic selection and
multivariate phenotype are aligned. This problem is quite intuitive once one starts to consider
the effect of noise on a table of estimated selection coefficients such as «v. Note that this problem
will affect all axes of estimated « matrices, influencing both shape and orientation. Even where
axes exist that are subject to quadratic selection, inference of their orientation will be hindered
by the fact that the orientation of other axes is biased by the shape of P, combined with the
constraint of orthogonality inherent to diagonalisation (table 5). This problem arises because
of different amounts of variation in different directions of phenotypic space. Therefore, it will
affect analyses of major axes of v matrices under any system of trait standardisation.

A second difficulty with spectral decomposition of - is specific to analysis of variance-
standardised « matrices. Where the original gradients are interpretable as the direct components
of selection intensities, i.e., they reflect the amount of fitness variation directly associated with
(quadratic) selection of the traits, given the standing variation in the traits, the major axes of
gamma do not have this interpretation. This phenomenon is particularly noticeable in figure 1b.
Here, the most curved direction of « is aligned with an axis of P (table 1) that has little variation
(whether this is real, or chance, is not immediately relevant to this second point). Consequently,
the first axis of stabilising selection is actually associated with less variation in fitness than the
second axis! This is apparent in figure 1b, where the curvature of the second axis is indeed
less than that of the first, but it represents stronger selection because it is associated with more
phenotypic variation.

Of course, understanding multivariate selection, including multivariate non-linear selection,
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remains extremely important. Fortunately, a variety of features of projection-pursuit regression
make it highly amenable to the study of multivariate selection. In combination with methods to
obtain quantitatively interpretable selection gradients from projection-pursuit regression-based
inferences of fitness functions, as applied here, this method can probably supplant the practice
of diagonalisation of 4. The first major empirical benefit of projection-pursuit regression is that
it can be used to seek the major axes of selection, not just the major axes of directional or of
quadratic selection. In addition to the issues already discussed about diagonalisation of «y, there
has never been any real resolution to the fact that quadratic univariate or multivariate selection,
considered either in isolation or in conjunction with 3, does not address key biological questions
about natural selection, such as whether or not fitness optima exist (Schluter, 1988). gppr, on
the other hand, provides a method of characterising the major axes of selection, whether they
be linear, disruptive, stabilising, or purely directional but curved. Further investigations of the
behaviour of gppr-based selection analysis seems warranted, as it is currently unknown what
effects details of its application, for example the form of ridge functions, may have on inferences
of selection.

Reporting of maximum likelihood estimates of selection coefficients, i.e., such as those com-
monly reported to date and in table 2, will remain very important. These, and associated
information about their statistical uncertainties, are required for meta analysis. To date, failure
to report standard errors has severely limited sample sizes in formal meta-analyses of selection
(Morrissey & Hadfield, 2012; Siepielski et al., 2013). However, reporting standard errors is only
a start. Reporting of sampling variances and covariances, in additional to full reporting of sum-
mary statistics, will also be very useful. Sampling covariances could potentially be reported by
archiving posterior distributions, or bootstrap samples, of fitted models of fitness functions. An
efficient way to report full distributions of sampling variance may be to archive bootstrap dis-
tributions of selection coefficients, such as those that are generated automatically by functions

in the R package asG (Morrissey & Sakrejda, 2013).
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Conclusion

The availability of an approach to obtain valid inference of selection gradients from arbitrary
regression-based inferences of fitness functions renders a large range of techniques available for
quantitative inference of natural selection. I have explored a range of these methods, and dis-
sected some key aspects of the behaviour of each. Projection-pursuit regression seems to stand
out as a method for characterisation of multivariate selection. Its greater use will facilitate on-
going attempts to implement multivariate quantitative genetic studies on selection in natural
populations and experimental systems. Furthermore, identification of major axes of selection, as
opposed to major axes of directional or quadratic selection, will bring much more direct biological

interpretation to multivariate selection analysis.
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5 Appendix

Denote an arbitrary function relating trait to relative fitness, w(z), and a decomposition of an
individual ¢’s trait value, z, into effects of breeding value and environment z; = a; + ¢; Assume
that a and e are independent, a; ~ p(a) and e; ~ ¢(e), such that the variance of phenotype
in a population obeys 02 = 02 + 0. Assume that p(a) represents a normal probability density

a

function with mean zero and variance o7, such that p(a) = - \%e_ﬁ, and that g(e) is an

a’

arbitrary probability density function (not necessarily with mean of zero).
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The secondary theorem (Robertson, 1966) defines
AZ =044, (A1)

which by definition is
Az = E(a-w) — E(a)E(w). (A2)

The second term in A2 is zero because the E(a) is zero by construction. So, from equation A2,

- / Za / Zw(a—i— e)p(a)q(e)deda. (A3)

The average slope of the relative fitness function, w’(z), given normally distributed breeding
values and conditioning on e, can be written [*°_w'(a+e)p(a)da. p'(a) = —%p(a), so integration
by parts gives

/OO w'(a+ e)pla)da = [w(a+ e)p(a)] + /00 w(a + e)%p(a}da
- o ; I ¢ (A4)
_ /_ w(a+e)Spp(a)da.

The simplification assumes that the relative fitness function is bounded. Applying Fubini’s
2
theorem to the double integral and multiplying equation A3 by 7%, and then substituting using

equation A4 gives
B oo oo 2 a
= o,w(a + e)—p(a)q(e)dade,
—o0 — 0o Ua

— [ ] cwter ptarg(eidade (A5)

=0 / / "(a+ e)p(a)q(e)dade.

So, evolution of the mean phenotype is given by the variance of normally distributed breeding
values, times the average slope of the relative fitness function integrated over the distribution of
phenotype, regardless of the distribution of environmental effects on phenotype.

6 Data accessibility

R functions and example datasets are included in an update to the R package GSG.
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Table 1: The distribution of mass, hind leg length, horn length, and log ked number in Soay sheep lambs. (a)
Correlation matrices (all associated analyses are conducted on unit variance-standardised data for both sexes in
crash and non-crash years), and (b) spectral decomposition of the correlation matrices. Units are kg for mass,

and mm for leg and horn lengths.

(a) correlation, means and variances

mass leg length horn length
(ai) males, non-crash years mean (SE)  variance (SE)
mass 13.85 (0.11)  7.79 (0.44)
leg length 0.84 162.00 (0.40)  98.99 (5.57)
horn length 0.573  0.421 126.72 (1.53)  1484.8 (83.5)
(log) ked number -0.025 0.005 0.062 1.269 (0.028)  0.515 (0.029)
(aii) females, non-crash years
mass 12.35 (0.15) 4.79 (0.46)
leg length 0.861 157.63 (0.64)  86.64 (8.42)
horn length 0472 0.425 83.06 (1.55)  511.2 (49.6)
(log) ked number -0.105 -0.056 -0.052 0.978 (0.046)  0.460 (0.45)
(atii) males, crash years
mass 13.54 (0.19) 9.95 (0.84)
leg length 0.864 161.21 (0.64)  117.47 (9.93)
horn length 0.594 0.507 125.94 (2.35) 1555.7 (131.5)
(log) ked number  0.006 0.005 -0.004 1.21 (0.045)  0.563 (0.048)
(aiv) females, crash years
mass 12.56 (0.24) 6.60 (0.87)
leg length 0.856 157.08 (0.85)  83.75 (11.00)
horn length 0.509  0.454 83.40 (2.11)  521.5 (68.48)
(log) ked number -0.329 -0.286 -0.154 1.124 (0.074)  0.637 (0.084)
(b) major axes of correlation matrices
eigenvalue eigenvector loadings
mass leg length horn length ked number
(bi) males, non-crash years
term 1 2.224 0.633 0.594 0.496 0.017
term 2 1.009 0.070 0.051 -0.115 -0.990
term 3 0.621 0.182 0.499 -0.836 0.136
term 4 0.146 0.749 -0.629 -0.205 0.044
(biii) females, non-crash years
term 1 2.211 0.628 0.615 0.465 -0.103
term 2 0.988 0.031 0.085 0.065 0.994
term 3 0.665 0.292 0.371 -0.881 0.017
term 4 0.136 0.721 -0.690 -0.051 0.040
(biii) males, crash years
term 1 2.322 0.619 0.599 0.508 0.004
term 2 1.000 0.004 0.004 -0.016 1.000
term 3 0.548 0.267 0.447 -0.853 -0.016
term 4 0.129 0.738 -0.664 -0.117 -0.002
(biv) females, crash years
term 1 2.383 0.601 0.584 0.447 -0.314
term 2 0.871 0.082 0.107 0.389 0.911
term 3 0.606 0.314 0.434 -0.802 0.264
term 4 0.140 0.731 -0.678 -0.067 0.042




31

Morrissey, options for multivariate selection analysis

€09°0 0¥1°0 €L0°0- €€8°0 601°0 €200 006°0 970°0 900°0- G100 €00 62,0°0 Toquinu pay - YIFud] wioy ‘A
€849°0 €020 ¢ITo GL0 TLT°0 GG0°0- ¢I10 ¥90°0 ¢0T°0- ¥ce0 160°0 0¢0°0 Idqumu poy - YIgudy 397 ‘A
0880 9¢¢’0 9€0°0- 808°0 G81°0 G70°0 889°0 680°0 9€0°0- 9¢¢’0 Ga00 ¢90°0- )3us wI0y - YY3us] o[ ‘L
6.8°0 Geeo 9€0°0 G180 ¢8T1°0 6¢0°0 T€T°0 990°0 00T°0 €L2°0 Ga00 190°0- Igquunu pay - sseur ‘A
€780 89¢°0 €50°0 788°0 ¢02°0 6¢0°0- ¥€¢°0 780°0 10T°0 180°0 650°0 €01°0 [)3us[ w0y - sseut ‘A
L2870 LLT°0 v61°0 G¥6°0 ¢ST°0 110°0 6290 ¥460°0 9¢0°0- 8G¢°0 160°0 8600 33U Fo - sseut ‘L
6LL°0 L0070 ¢00°0- 1.6°0 ¥10°0 100°0- ¥1¢°0 900°0 20070 €990 900°0 €00°0 Tdpqumu pay ‘A
¥8T°0 ¢10°0 910°0- GG9°0 Gc0'0 1T0°0- Ge6°0 100°0 000°0 66¢°0 800°0 600°0- )3uar wioy ‘L
€880 ¥10°0 ¢00°0 1180 ¥10°0 ¢00°0- TLL°0 600°0 €00°0- ¢60°0 €00°0 900°0- )3ud] 397 ‘A
1790 1€0°0 GT0°0- €780 ¥10°0 €00°0 086°0 800°0 000°0 LvT°0 600°0 €10°0- ssewr ‘L
¥97°0 601°0 80°0 v1€°0 180°0 ¢80°0 28T°0 ¥€0°0 8¥0°0- 6,90 L20°0 110°0 Idqumu pay ‘¢
€L7°0 6V1°0 80T°0 960 601°0 79070 9000 6€0°0 601°0- ¢00°'0 9€0°0 80T'0- [y8udy wroy ‘g
89€°0 L0¢°0 L8T°0 686°0 TLT°0 ¢00°0- 8¥¢°0 990°0 ¢90°0 ¥67°0 ¢S0°0 9€0°0- )3uof 391 ‘¢
G¢c0 44\ 69¢°0 6ST°0 I8T°0 9¢¢°0 €10°0 190°0 8910 1000 > 9%0°0 LIT0 sseut ‘g
d S 9)BUII)SO d S 9)BUII)SO d S 9)BUII)SO d S 9)BUII)SO
soreuroj so[emt So[eUIo] so[emt
sIeof ysei)) SIeAA [SRID-UON
syuatpeIs (q)
814°0 L80°0 ¢90°0- ¢S80 9.0°0 ¥10°0- 0€€0 8¢0°0 220°0- 9100 8¢0°0 790°0 IdquInu pay - YIS WIoy ‘1)
860°0 980°0 0ST°0 067°0 9.0°0 €40°0- ¥4¢0 170°0 9%0°0- e840 9¢0°0 910°0 Idquimu poy - qIgudy 397 )
8€80 611°0 L10°0- 9140 €80°0 2600~ ¢64°0 Lv0°0 ¥c0°0- 86¢°0 6¢0°0 ¢€0°0- ¥3ud] wroy - Yy3us] I[ ‘9
¥05°0 780°0 8600 9,90 6,00 ¥¥0°0- arvo 8¢0°0 0€0°0- ¢€9°0 Gc00 ¢100 Ioqunu pay - sseul ‘)
¢89°0 8¢1°0 L60°0 ¢c6°0 ¥60°0 600°0- 9660 €70°0 ¢00°0- 869°0 0€0°0 110°0- [)3us[ WIOY - sseu ‘)
¢6¢°0 GI1°0 8TT°0- 89.°0 10T°0 €€0°0- 88¢°0 €90°0 190°0- 8L€°0 7€0°0 6¢0°0- 33U o[ - sseut ‘)
901°0 9¢1°0 9€¢°0- 084°0 ¢01°0 ¢S0°0- ¢96°0 9€0°0 100°0- 9E7°0 €€0°0 €200 Idqunu pay ‘)
VIT0 1¢1°0 L6T°0- ¢19°0 880°0 ¢v0°0- ¢S0°0 G700 €60°0 ¥€6°0 €00 €00°0 8ud[ UI0y ‘)
090°0 60T°0 6¢¢°0- ¢LGq0 G01°0 ¢90°0- 9€T°0 G90°0 860°0- ¥60°0 770°0 0L0°0- )3usl 39 ‘D
000 8¢T°0 060°0- 08.°0 121°0 0€0°0 997°0 190°0 €40°0- 8¥6°0 Ge0'0 €00°0 sseut ‘)
8¢€0 660°0 00T°0- ¢Le0 L20°0 280°0 8LT1°0 Ge0'0 Lv0°0- 068°0 2200 700°0 Idqumu pay ‘g
T000> 680°0 ¥9€0 800°0 8.0°0 [44al) ¥19°0 0€0°0 G100 999°0 2200 110°0 )3y wioy g
T000 > g980°0 8¢€°0 c00°0 GL.0°0 €920 T000> 6€0°0 €910 1000 > 4200 €IT0 )3y 397 ‘g
T1000> %¥60°0 96€°0 T1000> 9.0°0 €620 T1000 > L€0°0 6410 1000 > 1200 €€T°0 ssewt ‘g
d S 9)BUII)SO d S 9)BUII)SO d S 9)BUII)SO d S 9)eUII)SO
soreuroj so[emt So[RUIo] so[emt

sIeoA Ysei))

SIRAA [SRIO-UON

S[eIfULIogIp ()

"STROA seId-uou pue yseId ur deays ArOG o[BUI9] PUR d[RW Ul SjIeI) UIR] IOWIWINS I0] SHUSIPRIS PUR S[RIJUSISHIP UOIJI9[eS PISIPIRPUR)S 9OURLIBA 7 9[®],



Morrissey, options for multivariate selection analysis

32

Table 3: Quadratic selection gradients of the major axes of estimated =y; obtained as the eigenvalues of the the
diagonalised estimated < matrix for each sex and environmental condition. p-values are permutation-based two-
tailed values following Reynolds et al. (2010). The first two eigenvectors for each analysis are depicted graphically

in figure 1.

axis of ~ 1 p 2 P 3 P 4 P

non-crash, males -0.222  0.497 0.070 0.845 0.024 0.926 -0.021 0.436
non-crash, females -0.475 0.224 -0.199 0.23 0.159 0.068 -0.017 0.627
crash, males 0.37 0.935 -0.137 0.978 -0.074 0.925 0.016 0.867
crash, females -1.874 0.069 -0.373 0.686 0.089 0.947 -0.069 0.559




Table 4: Variance standardised selection gradients for summer lamb traits in male and female Soay sheep in crash and non-crash years using regularised
regression and projection-pursuit regression. Zero values with no decimal places shown are quadratic gradients associated with traits that have both
associated directional and quadratic coefficient estimates shrunken to zero.

(a) Non-crash years

males females

lasso  ridge elastic net gppr gppr SE gpprp lasso ridge elastic net gppr gppr SE  gppr p
[, mass 0.145 0.094 0.121 0.214 0.057 0 0.153  0.117 0.126 0.194 0.063 0.004
B, leg length 0 0.039 0.006 -0.023 0.048 0.596  0.022  0.079 0.052 0.038 0.057 0.488
B, horn length -0.051 -0.046 -0.036 -0.105 0.034 0 -0.054 -0.086 -0.062 -0.121 0.044 0
B, ked number -0.001  0.007 -0.001 0.014 0.026 0.628 -0.010 -0.030 -0.019 -0.032 0.032 0.316
7, mass -0.024 0.019 -0.017 -0.045 0.027 0.01 -0.067 -0.036 -0.040 -0.081 0.054 0.018
v, leg length -0.003 -0.035 -0.002 0 0.004 0.674 -0.002 -0.078 -0.009 0 0.015 0.668
v, horn length -0.005 -0.006 -0.003 -0.01 0.009 0.022  -0.007 -0.002 -0.008 -0.027 0.025 0.018
v, ked number -0.002  0.019 -0.002 0 0.001 0.916 -0.001 -0.002 -0.003 0.001 0.005 0.916
v, mass - leg length 0 0.004 -0.001 0.005 0.013 0.594 -0.010 0.014 -0.019 -0.020 0.025 0.492
7, mass - horn length 0.009  0.015 0.005 0.023 0.013 0.01 0.035  0.058 0.038 0.050 0.029 0.004
v, mass - ked number 0 -0.018 0 -0.003 0.006 0.596  0.003 -0.004 0.008 0.008 0.017 0.492
v, leg length - horn length -0.001  -0.015 -0.001 -0.003 0.007 0.626  0.006  0.036 0.012 0.013 0.015 0.326
v, leg length - ked number 0 0.013 0 0 0.002 0.972 -0.011 -0.048 -0.021 0 0.006 0.888

v, horn length - ked number 0.043  0.048 0.038 0.001 0.003 0.634 -0.002 -0.014 -0.004 -0.01 0.011 0.316
(b) Crash years

males females

lasso  ridge elastic net gppr gppr SE gpprp lasso ridge elastic net gppr gppr SE  gppr p
B, mass 0.182  0.060 0.154 0.233 0.169 0.166  0.133  0.137 0.126 0.176 0.364 0.340
B, leg length 0 0.046 0.021 0.019 0.158 0.836  0.083 0.118 0.102 0.158 0.370 0.424
B, horn length 0.009 0.042 0.036 0.077 0.095 0.43 0.133  0.108 0.13 0.216 0.327 0.038
B, ked number 0 0.022 0.006 0.088 0.077 0.232 0 0.008 0 0.041 0.329 0.674
7, mass 0.014  0.010 0.010 0.016 0.060 0.368  0.002 -0.004 0.001 -0.006  12.657 0.496
v, leg length 0 -0.003 0 0 0.044 0.684  0.001 -0.023 0.001 -0.006  12.657 0.242
v, horn length 0 -0.016 0.001 0 0.013 0.812  0.002 -0.084 -0.009 -0.007  12.657 0.430
v, ked number 0 -0.018 0 0.001 0.012 0.69 0 -0.059 -0.001 -0.002  12.654 0.170
v, mass - leg length 0 0 0.001 0.002 0.048 0.978  0.001 0.014 0.001 0.002 12.651 0.812
7, mass - horn length 0.001  0.002 0.002 0.007 0.020 0.53 0.002  0.029 0.002 0.002 0.220 0.572
v, mass - ked number 0 -0.004 0 0.001 0.017 0.774  0.001  0.013 0.002 0.002 12.65 0.898
v, leg length - horn length 0 -0.005 0 0.009 0.016 0.276 0 0.012 0 0.001 0.111 0.598
v, leg length - ked number 0 -0.008 0 0.001 0.009 0.758 0 0.041 0.005 0 0.111 0.614
v, horn length - ked number 0 0.001 0 0.003 0.010 0.416 0 -0.04 0 0.001 0.110 0.602
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Figure 1: Major axes of estimated . The estimated values of v are given in table 2 and permutation test-based
inferences of the statistical significance of quadratic selection of these axes are given in table 6. The coloured
arrows represent the loadings of the traits (blue - mass, red - leg length, green - horn length, and orange - log
ked count) onto the space defined by the first two eigenvectors of 4. Selection of no axes of 4 in either sex or
environmental condition are statistically significant.
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Figure 2: Distributions of expected fitness from the generalised-linear model-based estimates of selection gradients
(blue), and from ridge regression-based estimates of selection gradients (red).
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(a) males, non—crash years (b) females, non-crash years
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Figure 3: Generalised projection-pursuit regression-based fitness functions for the major axes of selection of
Soay sheep lambs. Grey points indicate the values of the four traits transformed to the two major axes of the
projection-pursuit regression for each of males (a) and (c), and females (b) and (d), in non-crash (a) and (b),
and crash (c¢) and (d) years, respectively. Coloured arrows describe the rotation of the four traits onto the two
major axes: blue - mass, red - leg length, green - horn length, and orange - log ked count. Contours show
expected absolute fitness. Values of 5 and v reported on each of the plots are the unit variance standardised
directional and quadratic selection gradients, and the x-axis is also plotted for unit variance scaled factors. They
are obtained by projecting the phenotype onto the major axis of selection, as inferred by gppr, and then fitting a
univariate cubic spline to the rotated phenotype, predicting individual survival, and the using the GSG function
gam.gradients () to obtain the selection gradients.
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Figure 4: Proportional error in the length of estimated selection gradient vectors. Points represent means, and
lines represent 80% quantile ranges of the difference between estimated and true values of ||3]|. Mean values
greater than one represent positive bias, and values below one demonstrate negative bias. Colours represent:
black - non-regularised GLM regression, red - ridge regression, green - lasso, and blue - elastic net. “d = high or
low” indicates covariance matrices with high and low dimensionality, “some large 8” in parts (a) and (c) indicate
[ in those simulations are drawn from a t-distribution, rather than a normal distribution; further details on
simulation scenarios are given in the text.
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Angle between quadratic selection and phenotype

Figure 5: Simulation results showing bias in the direction of major axes of estimated ~ matrices. All plots show
the distribution of angles between the major axis of phenotype, and the major axis of the estimated v matrix.
Left plots (a and ¢): no selection, right plots (b and d) quadratic selection of one trait; top plots: phenotypic
correlations of 0.8, and bottom plots: 7p = 0.5. Solid lines show simulations for sample size of 500, and dotted
lines show n = 250. Each simulation scenario was repeated 50000 times. In (a and c), the blue lines show the
distribution of an hypothetical unbiased estimator. In (b and d), the blue lines show the true value around which
an unbiased estimator would be distributed.



